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Abstract

Manufacturing routes for metal alloy components often involve solidification processes. In
order to obtain a product that meets given requirements in terms of mechanical properties,
the ability to predict the grain structure development during solidification is crucial. In par-
ticular, grains with two different morphologies can form, i.e. columnar or equiaxed grains.
When both types of grain structures develop during the process, the final product exhibits
a columnar to equiaxed transition (CET), which is usually to be avoided since it introduces
abrupt changes in the mechanical properties. In order to investigate the influence of process
parameters on grain structure evolution, directional solidification processes such as Bridgman
and power-down solidification are widely used in research, since they allow to control nominal
temperature gradients and cooling rates in the solidifying samples. The overarching objective
of this thesis is to provide a methodology for the numerical investigation of directional so-
lidification in metal alloys. In particular, this study is carried on in the framework of ESA’s
GRADECET (Gravity Dependence of CET in Peritectic TiAl Alloys) project, with the aim
to investigate the influence of process parameters and gravity conditions (micro, terrestrial,
hyper-gravity) on grain structure evolution and CET. In order to achieve this goal, three ever
more advanced models are presented. Firstly, a 2D axisymmetric enthalpy method is devel-
oped. This model allows to predict the transient evolution of temperature and solid fraction
during Bridgman solidification in absence of convection. Secondly, the model is improved by
the inclusion of a front tracking algorithm. Such improvement allows to model the growth
of the columnar grain region by the means of a series of markers connected by linear seg-
ments, representing the envelope of the columnar grain tips. Furthermore, the front tracking
model does not assume equilibrium solidification, therefore it allows to identify a region of
undercooled liquid ahead of the front. This is a fully liquid region below the alloy’s liquidus
temperature, where equiaxed grains might nucleate and grow. Hence, these features allow to
predict the development of columnar grains with different orientation (axial columnar and ra-
dial columnar). Furthermore, the analysis of the thermal conditions in the undercooled liquid
region during the solidification process enables to evaluate the likelihood of CET occurrence.
Finally, the front tracking model is further expanded by including the treatment of thermal
convection arising under terrestrial and hypergravity conditions. Throughout the thesis, the
three models are used for simulating different experimental scenarios, and to perform several
parametric studies. These simulations corroborate the ability of the models in reproducing
realistic results. Furthermore, they enable to gain information on hard to observe phenom-
ena, such as transient evolution of temperature and fluid flow in the bulk of the samples, or
transient growth of different grain morphologies, providing a significant contribution to the
analysis and understanding of the directional solidification process.
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Chapter 1

Introduction

1.1 Context for this research

In the past 20 years, much attention has been paid to the study of γ titanium aluminides,
due to the ever-increasing requirement for high performance materials to be used in advanced
engineering applications. Excellent properties such as low density, high specific strength, and
good oxidation and creep resistance at high temperatures make γ TiAl alloys the perfect
candidate for the production of light-weight components such as low pressure turbine blades
for aero engines or turbocharger wheels and exhaust valves [1–3] (figure 1.1). In particular,
when compared with nickel-based superalloys, titanium aluminides display comparable values
of specific strength, but about half of the density. Therefore, the substitution of nickel super-
alloy components with γ-TiAl ones would allow considerable weight reduction of gas turbine
engines and consequentially significantly lower fuel consumption and CO2 emissions [4].

Figure 1.1: Titanium aluminides properties and applications.

Because of titanium aluminides low room temperature ductility and fracture toughness,
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which limit their machinability at room temperature [5,6], investment casting is acknowledged
as a potentially feasible and cost effective processing route for manufacturing near-net shape
γ-TiAl components [7–9]. Nevertheless, the efficacy of this method of production strictly
depends on the ability to control the quality of the final product in terms of grain structure,
porosity level, homogeneity of composition (macrosegregation) etc....

In general, alloys solidify with dendritic structures (i.e., treelike structures, from the Greek
δένδρoν, déndron, "tree"). Depending on the thermal conditions in the casting, the dendrites
can either nucleate at the mould wall and grow directionally under an imposed thermal gra-
dient, or can nucleate and grow radially at multiple locations in an undercooled melt (alloy in
molten phase below its equilibrium liquidus temperature TL). Therefore, two different grain
morphologies can develop, i.e., columnar grains or equiaxed grains (figure 1.2). Depending
on the required mechanical properties for the product, either one or the other structure is
desired. For example, fine equiaxed grains provide uniform and isotropic properties, while
aligned columnar grains can improve strength and creep resistance in a given direction. On
the other hand, in some cases mixed structures could develop in a casting, such as in the case
of columnar to equiaxed transition (CET). In particular, CET occurs when equiaxed grains
nucleate and grow ahead of an advancing columnar growth front. This topic is of critical
concern for the production of structural components, since this transition introduces abrupt,
undesired variation of the mechanical properties.

Figure 1.2: Different types of grain structures.

Therefore, a deep understanding of the influence of process parameters on the solidifica-
tion process is crucial in order to ensure the achievement of targeted mechanical properties.

With this in mind, two pan-European research projects, led by ESA, have been estab-
lished: IMPRESS (Intermetallic Materials Processing in Relation to Earth and Space Solidi-
fication) [10, 11], and GRADECET (Gravity Dependence of CET in Peritectic TiAl Alloys).
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Whithin the first project, started in 2004 and concluded in 2009, an extensive campaign of
research activities, involving ternary Ti-Al-Nb alloys, was carried out. These included several
solidification experiments and modelling activities, both in terrestrial and microgravity condi-
tions, which allowed the elaboration of reliable thermodynamic and kinetic databases, precise
thermophysical properties measurement, and material structure characterization [12–14]. In
addition, experimental and numerical studies were performed with the aim of investigating
different casting processes for the manufacturing of TiAl components, such as centrifugal, tilt,
and counter gravity casting [15–17]. The second project, started in 2010, aims to develop
and integrate the research initiated within IMPRESS, by investigating additional solidifica-
tion scenarios under terrestrial, micro, and hyper-gravity conditions.

1.2 The GRADECET project

Figure 1.3: The GRADECET project.

The present work is carried out within the framework of ESA’s GRADECET project (figure
1.3). Specifically, this project aims to investigate gravity dependence of microstructure for-
mation and segregation in peritectic TiAl-based alloys, with special attention to mechanisms
responsible for columnar to equiaxed transition (CET). The occurrence of CET depends on
the combination of several factors, such as thermodynamic and thermophysical properties
of the alloy, solidification parameters, temperature conditions and flow patterns in the melt.
Understanding the effect of each of these mechanisms is therefore indispensable, and requires
the employment of carefully designed experiments and numerical models. In order to ac-
complish this overarching objective, several tasks were identified and carried out by different
partners of the GRADECET project:



4 Chapter 1. Introduction

• to perform directional solidification experiments on ground under terrestrial gravity
conditions;

• to perform directional solidification experiments under microgravity conditions on board
of MAXUS sounding rockets;

• to perform directional solidification experiments under hypergravity conditions on ESA’s
large diameter centrifuge LDC (Noordwijk, NL)1;

• to perform 2D/3D multi-scale modelling of solidification scenarios under different grav-
ity conditions.

1.2.1 Why considering different gravity conditions?

The conduction of solidification experiments under different gravity conditions is due to sev-
eral reasons.

Firstly, the importance of considering terrestrial gravity conditions appears obvious, since
they are the ones found during any solidification process taking place on Earth. In general,
during a solidification process, density inhomogeneities arise because of thermal expansion
and composition variation in the material, hence in the presence of gravity natural convection
in the melt occurs. In turn, convective motion can affect the quality of the final product,
inducing phenomena such as macrosegregation, grains buoyancy or sedimentation, or den-
drites fragmentation. From an experimental point of view, tests under terrestrial gravity
conditions can be conveniently repeated, and experimental setup can be easily adjusted. In
the framework of GRADECET, this would allow for example to identify the range of process
parameters leading to CET, and to establish guidelines for the setup of experiments to be
performed in micrograviy and hypergravity conditions.

Secondly, microgravity experiments are relevant because they offer an opportunity to
eliminate natural convection during the solidification process. In fact, in a microgravity envi-
ronment, transport phenomena are essentially diffusive and buoyancy forces are suppressed.
Therefore, by comparing identical experiments on ground and in space it is possible to discern
the effect of process parameters, such as imposed temperatures and cooling rates, from the
effect of gravity and phenomena such as thermal and solutal convection.

Thirdly, hypergravity experiments in the LDC, besides contributing to a better under-
standing of gravity dependence of CET, are particularly relevant in consideration of the im-
portance of the centrifugal casting process, sketched in figure 1.4, as a manufacturing route
for titanium aluminide near-net shape components. In fact, centrifugal casting is particularly
fitting when dealing with lightweight and highly reactive materials such as TiAl. Usually, in

1https://www.esa.int/Education/Spin_Your_Thesis/The_Large_Diameter_Centrifuge2
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a normal gravity casting system, the feeding of the mould relies on the weight of the molten
metal, however for low-density materials an assistant force, such as the centrifugal one, may
be needed to avoid shrinkage defects. In addition, highly reactive alloys react with refractory
materials in the melting crucible, suffering from contamination during melting. This can be
prevented by employing specific processes, such as induction skull melting, where the alloy
is melted in a water-cooled copper crucible. However, this process implies melting at a low
superheat, that can be easily lost during pouring. Therefore, the centrifugal force can be ex-
ploited in order to fill the moulds as quickly as possible and avoid defects such as incomplete
filling or gaps.

Figure 1.4: Schematic of a centrifugal casting process.

1.2.2 Directional solidification experiments

In research, a way to investigate columnar grain growth and CET is to perform transient di-
rectional solidification experiments such as the ones shown in figure 1.5. Cylindrical samples
are held in a furnace where a series of heaters at different temperatures is used to impose
a chosen temperature gradient. Initially, a steady state condition is considered, where the
columnar front in the sample is at equilibrium at the liquidus temperature. At this point,
CET can be triggered operating the furnace in two possible modes, i.e., either in Bridgman
mode or in power down mode.

In Bridgman mode, the sample is pulled towards the coldest region of the furnace, which
results in applying a cooling rate. During the pulling stage, columnar growth in general does
not occur at equilibrium, instead a region of undercooled liquid develops ahead of it. In
this region, depending on the thermal conditions, equiaxed grains can nucleate and grow,
eventually leading to CET.

The power down process is analogous to the Bridgman one, however in this case the sam-
ple is held stationary, and the cooling rate is achieved by lowering the temperature of the
heaters. Again, columnar growth does not keep pace with the applied cooling rate, leading
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to the formation of an undercooled liquid region and the potential for CET occurrence.

Figure 1.5: Bridgman and power down directional solidification processes for
the study of CET.

Within the framework of GRADECET, experiments which combined Bridgman and power
down solidification were performed with the aim to obtain samples showing clear CET.
Nonetheless, as figure 1.6 shows, during some of the experiments different, unexpected re-
sults were obtained, such as the growth of radial columnar grain regions during power down
solidification, or skew columnar grains and CET during experiments in the LDC. Therefore,
the observation of these results has raised the following research questions:

• which conditions lead to the development of CET during directional solidification?

• How do process parameters such as applied pulling or cooling rates influence the devel-
opment of radial columnar growth?

• How does natural/forced convection influence the solidification process?
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In order to answer these questions, both experimental and numerical investigations are
required to understand the transient phenomena that take place during the solidification
process.

Figure 1.6: Outcomes of different GRADECET experiments.

1.2.3 Role of this thesis within GRADECET

Numerical simulations play a crucial role both in the preparation of the experiments and in
the analysis of the experimental results. In order to cover different aspects of the solidification
process, two sub-tasks were established within GRADECET, i.e. the development of numer-
ical models for the investigation of grain growth at the scale of several dendrites (microscale),
and the development of meso-macroscopic models for the investigation of temperature, fluid
flow patterns, and CET at the scale of the samples (mm to m).

Within this context, the main task of the author was to provide for the development of
a methodology for the numerical investigation of directional solidification at the scale of the
sample. In particular, a novel numerical model for directional solidification, incorporating
heat transfer, fluid flow, and grain growth, should be implemented and applied to repro-
duce different GRADECET experimental scenarios. The chosen methodology should be able
to give enlightenment and deeper understanding of the solidification process under different
gravity conditions, with particular focus on the questions raised by the experimental results
discussed in the previous paragraph.



8 Chapter 1. Introduction

1.3 Thesis objectives and contribution

As mentioned in the previous section, the overarching objective of this work is to develop
a computational model of directional solidification of γ titanium aluminide samples under
micro, terrestrial, and hyper-gravity conditions in order to contribute to the understanding
of mechanisms leading to the development of different grain morphologies and CET. In order
to achieve this goal, the following sub-objectives are identified:

• to develop a transient numerical method for the investigation of directional solidification
in absence of convection (e.g., microgravity conditions) in cylindrical samples;

• to perform simulations of experimental scenarios and parametric investigations in order
to gain a better understanding of the influence of process parameters on temperature
and grain structure evolution, with particular focus on phenomena such the formation
of radial columnar grains and CET;

• to include the effect of thermal convection in the model in order to investigate solidifi-
cation under terrestrial and hyper-gravity conditions in centrifuges;

• to perform numerical simulations in order to gain a better understanding of the influ-
ence of different gravity levels on the development of flow patterns in the melt during
directional solidification, and their effect on the evolution of temperatures and grain
structures in the samples.

Each of these points is addressed in the thesis, providing enlightenment on different as-
pects of the solidification process under consideration, as shown in figure 1.7. In fulfilment of
the first task, a 2D axisymmetric enthalpy method for Bridgman solidification of binary alloys
in the absence of convection is developed. Following this, the model is expanded to include
a front tracking algorithm, and applied to investigate Bridgman/power down solidification
of γ-TiAl samples in absence of convection. Finally, according to the third task, the front
tracking model is further expanded by incorporating the treatment of thermal convection
arising under terrestrial gravity and hypergravity conditions in a centrifuge.

To accomplish the second and fourth tasks, the three models are used for simulating
different experimental scenarios, both from the literature and from experiments carried out
in the frame of GRADECET. These simulations corroborate the ability of the models in
reproducing realistic results. Furthermore, they enable to gain information on hard to ob-
serve phenomena, such as transient evolution of temperature and fluid flow in the bulk of the
samples, or transient growth of different grain morphologies. This gives a significant contri-
bution to the analysis and understanding of experimental results, which usually consist in
the measurement of surface temperatures and post mortem analysis of the solidified samples.
In addition, throughout the thesis several parametric simulations are performed, in order to
shed light on different queries arising either from gaps in the literature or from observation
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of experimental data.

Figure 1.7: Models and case studies addressed the thesis.

The different models proposed in the thesis were developed following a meticulous study of
the literature, and implemented by the author into a solution code written using FORTRAN,
briefly described in the Appendix. Unless where explicitly mentioned (i.e. section 2.5),
no commercial solver was used, and all the simulations were run by the author using the
FORTRAN code, while experimental data and results were either taken from the literature
or provided to the author by other GRADECET partners.

1.4 Numerical modelling of alloys solidification

Modelling the solidification process of alloys is a challenging task in many respects [18,19]:

• coupled, non-linear, conservation equations for mass, energy, species, and momentum
must be solved for each phase;

• from a mesoscopic point of view, alloys do not exhibit a sharp interface between solid
and liquid, but a mushy zone with changing properties where solid and liquid coexist;

• nucleation and growth of different grain structures (columnar and equiaxed), that in-
teract in complex ways, must be modelled;

• phenomena taking place at different length scales are involved, e.g., dendrite growth
and fragmentation on the micrometres scale, and heat transfer and fluid flow on the
scale of the casting (metres).

Several models that focus on different aspects of the solidification process can be found
in literature (see figure 1.8). Some of these simulation techniques, like the phase field
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method [20,21], are extremely accurate in simulating the shape and features of each growing
grain, but they are suitable only for microscale problems, due to their severe computational
cost.

On the other hand, when the computational domain is macroscopic, the simplest way to
model phase change problems is using single domain models, such as the enthalpy method
[22–25]. These methods do not need to track phase interfaces, and are developed from vol-
ume averaging techniques based on mixture theory. In this case, solidification phenomena are
included in the macroscopic transport equations through solid fraction evolution, averaged
thermophysical properties and appropriate source terms, and latent heat effect is usually
treated by the general enthalpy formulation. However, these models, despite being computa-
tionally efficient, suffer from significant limitations since they cannot identify different grain
regions developing in the mushy zone, and hence they are unable to predict phenomena such
as CET.

Figure 1.8: Different models for alloys solidification in relation to phenomena
length-scale and computational cost.

Therefore, some bridging technique is needed that is able to capture, in some measure,
the development of different grain morphologies, but at the same time retaining an acceptable
computational cost to be used on macroscopic domains. With this purpose in mind, Spittle
and Brown proposed a Monte Carlo technique to simulate solidification in small castings [26].
Another model was developed by Gandin and Rappaz [27], who coupled cellular automata
(CA) techniques to simulate grain growth with finite elements (FE) flow calculations. This
method, known as CAFE approach, allows the solution of heat flow on a fairly coarse grid
(scale of geometric features of the casting), but requires a much finer mesh to simulate grain
growth, typically of the order of 50-100 µm [18]. Hence, the requirement of such a fine grid
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makes this method still quite computationally intensive to be applied to a whole casting do-
main.

A good compromise can be found in the front tracking method (FTM) by Browne and
Hunt [28]. According to this approach, a front corresponding to the envelope of columnar
grains tips is traced during the process. This allows the resolution of a region of undercooled
liquid where equiaxed grains could nucleate and grow, leading eventually to the blocking of
columnar grains. Once the undercooled liquid region is identified, CET can be investigated
using either direct (e.g., FTM for equiaxed growth [29]), or indirect (e.g., Hunt analysis [30]
or equiaxed index approach [31]) methods. At the same time, computational cost for this
method is reasonable since calculations are performed on a fixed control volume grid of the
order of millimetres, such as in the case of single domain models.

1.4.1 Front tracking method studies

In the work by Browne and Hunt [28], the front tracking technique was employed to model
the problem of solidification of Al-2wt%Cu in the absence of convection on a 2D planar
square domain. Even if some simplifying assumptions were used in this case, such as linear
evolution of solid fraction with temperature and constant thermophysical properties, the ef-
fectiveness of the FTM was successfully verified via comparison with enthalpy method results.

An improved model was then proposed by McFadden and Browne [29]. In this case,
several advances were introduced. In particular, an improved algorithm for solid fraction
evolution according to Scheil law was included, as well as eutectic solidification and variable
thermal conductivity. Furthermore, the FTM was extended to treat growth and impingement
of multiple equiaxed grains.

Banaszek et al. [19,32] applied the FTM to model solidification in the presence of natural
thermal convection. To do so, the FTM was coupled to a fully implicit control volume finite
difference method for the solution of fluid flow and heat transfer phenomena. The columnar
region was modelled as an isotropic porous medium. Equiaxed growth was not directly sim-
ulated. However, using an indirect approach for CET prediction (equiaxed index [31]), the
influence of natural convection on the potential formation of equiaxed grains was evaluated.
Results of this analysis showed that natural convection promoted the occurrence of CET.
The model was also validated by comparison with Al-Si solidification experiments.

Mirihanage [33] employed the front tracking technique to predict CET in Al-7wt%Si cast-
ings in the presence of natural convection. In this study, the FTM, used to trace columnar
growth and identify the undercooled liquid zone, was coupled with a volume averaging ap-
proach to follow the evolution of equiaxed grains. A mechanical blocking criterion was then
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used to simulate CET, giving results in good agreement with experimental data.

Later, Seredyński and Banaszek [34] extended the FTM to study alloys solidification con-
sidering both thermal and solutal convection. The authors introduced some modifications to
the original algorithm by Browne and Hunt [28]. In particular, they employed a grid indepen-
dent method, where the markers forming the front could be located inside the control volumes,
and not only on grid lines. This choice was made in order to simplify the algorithm for further
extension of the model to 3D geometries [35]. In addition, a slurry model was included for
treating the fluid flow in the undercooled liquid by modelling the growth of equiaxed grains
as an increasing dynamic viscosity. To calculate the flow field, a single domain model based
on the study of Ni and Incropera [36] was used to write conservation equations valid in the
whole domain. In addition, a switching coefficient, defined as a function of the front position,
was included in order to switch on and off specific terms, such as Darcy’s term, or slurry
model terms, in different regions. The model was compared with available experimental and
numerical data from the literature and good agreement was found. Remaining discrepancies
with experimental data were attributed to the assumption of an isotropic porous medium in
the columnar region and the simple slurry model in the undercooled/equiaxed grain region.
In ref. [35], an extension of the FTM to a 3D problem was proposed and applied for the
solution of a solidification problem in a cubic cavity. Results where compared with those
obtained by the 2D version of the model, finding good agreement. In addition, an analysis
of the role of different dendrite tip kinetics was conducted, showing that the chosen dendrite
growth model had a weak impact on the final results.

Within the framework of GRADECET, Mooney et al. [37] developed a hybrid 1D Bridg-
man Furnace FTM (BFFTM) for studying directional solidification, including the sample
translation in accordance to the Bridgman solidification process. The BFFTM was developed
for modelling solidification in cylindrical samples where heat flow could be regarded as 1D in
the axial direction (small sample radius, Bi<0.1). In this case, the front was represented by a
unique marker that could move in the axial direction. Unlike the previous FTMs, where the
markers velocity was determined exclusively by the assumed dendrite tip kinetic law, in the
BFFTM an additional velocity component was included to account for the movement of the
sample. This model was firstly applied for studying Bridgman solidification of Al-7wt%Si,
investigating the effect of pulling velocity jumps applied to the sample [37]. Finally, the
BFFTM was adapted for treating solidification of multicomponent alloys (Ti-44.5Al-4.5Nb-
0.2C-0.2B), and employed to examine a series of directional solidification experiments which
combined power down and Bridgman techniques [38,39]. This analysis allowed to character-
ize the heat transfer in the Bridgman furnace used during GRADECET experiments, and to
evaluate conditions leading to CET. Nonetheless, due to the intrinsic limitation of the model
to treat 1D problems, several aspects remain to be investigated, such as the development of
radial heat fluxes and melt convection in the sample.
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1.4.2 General methodology adopted in the thesis

In light of the discussion reported above, the front tracking method is identified as a suitable
approach for modelling, at the scale of the sample, the directional solidification process of
γ-TiAl alloys in different gravity environments, as required for the fulfilment of the thesis
objectives. Hence, this section gives an overview of the main steps to be considered for the
development of this model.

In the case of a general solidification process, the modelling of transport phenomena re-
quires the solution of conservation equations for mass, energy, and momentum. In particular,
considering the mixture theory, the set of macroscopic conservation equations, valid in all the
solid, mushy, and liquid regions, is well established and can be found in the literature, such
as in Bennon and Incropera [22] or in Ni and Incropera [36]. Table 1.1 reports the general
conservation equations employed throughout the thesis. These equations are valid with the
assumption of equal densities for the solid and liquid phases (ρs = ρl = ρ). Also, it is assumed
that the solid phase velocity is either zero for stationary sample cases, or constant and equal
to the pulling velocity in the case of Bridgman solidification. The term S in the momentum
equation is a general source term representing the interactions of the solid and liquid phases.
In the equations, the mixture value of a general variable φm in the solid-liquid mush is defined
as a linear combination of its value in the liquid and solid phases as φm = gsφs + (1− gs)φl,
where gs is the fraction of solid phase in the mush.

Table 1.1: General mixture conservation equations.

Continuity ∂ρ
∂t +∇ · (ρum) = 0

Energy ∂Hm
∂t +∇ · (Hmum) = ∇ · (km∇T )−∇ · [(Hl −Hm) (um − us)]

Momentum ∂ρum

∂t +∇ · (ρumum) = −gl∇pl + ρB −∇ ·
[
ρgs

gl
(um − us) (um − us)

]
−∇ · (µl∇um) + S

In the following chapters of the thesis, the conservation equations reported in table 1.1
are specialized, depending on the case study under consideration, by defining appropriately
the different terms.

In order to solve the set of conservation equations, either explicit or implicit finite volume
methods are employed in the thesis. Therefore, the discretized equations must be solved in
each defined control volume (CV) of the computational domain representing the solidifying
sample. As figure 1.9 shows, when an enthalpy method is used (chapter 2), the CVs can be
of three types, i.e., liquid (gs = 0), mushy (0 < gs < 1), or solid (gs = 1). In this case, the
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fraction of solid gs in the CVs is calculated exclusively as a function of the local temperature.

On the other hand (see figure 1.9), when the front tracking model is employed (chapters
3 and 4), four types of CVs are identified, i.e., liquid, partially liquid and partially mushy
(CVs containing the front), mushy, and solid. For this reason, a new variable Gs is defined to
represent the overall fraction of solid in a CV, which is proportional to the fraction of solid
of the mush and the volume of the mush in the CV: Gs = gs

Vm
VCV

. Clearly, in fully mushy
CVs, gs = Gs. The volume of mush Vm in a CV is calculated from the position of the front.

Figure 1.9: Enthalpy method versus front tracking method control volume
types and calculation of solid fraction.

The front is composed by a series of markers connected by linear segments, and represents
the envelope of the columnar grain tips. Hence, the displacement of the markers in time mod-
els the growth of the columnar grain region during the solidification process. In particular,
the markers advance in a direction which is normal to the front, and their speed is calculated
according to a dendrite tip kinetic law, function of the local undercooling, characteristic for
the alloy under consideration.

For a more detailed and specific description of the different algorithms and procedures
adopted, please refer to each chapter’s methodology section (sections 2.2, 3.2, and 4.2).
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1.5 Thesis structure

This work is presented in the form of "Thesis by publications", therefore the following chap-
ters correspond to research papers which are either published or submitted for publication.

In accordance to this format choice, the structure of each chapter reflects the specific
journal paper, including an introductory section where the relevant literature is discussed
and objectives of the paper are identified. This is followed by a specific methodology section,
where the main equations, model description, and case studies are illustrated. Finally results
and conclusions are discussed. Also, "addendum" sections report additional results which are
not included in the published documents. References are included at the end of each chapter.

The contents of the thesis are organized as follows:

• Chapter 2: reports the paper entitled "Numerical simulation of Bridgman solidification
of binary alloys" [40] 2, published in the International Journal of Heat and Mass Trans-
fer. Here, a transient 2D axisymmetric enthalpy model is presented and applied for
the investigation of Bridgman solidification of binary alloys. A parametric investiga-
tion is reported, in order to contribute to the understanding of the influence of process
parameters on important aspects such as the development of axial and radial temper-
ature gradients in the solidifying sample. The addendum section reports a summary
of the paper "Code-to-code verification of an axisymmetric model of the Bridgman so-
lidification process of alloys" [41], published in the International Journal of Numerical
Methods for Heat and Fluid Flow.

• Chapter 3: reports the paper entitled "Axisymmetric front tracking model for the inves-
tigation of grain structure evolution during directional solidification" [42] 3, published
in the International Journal of Heat and Mass Transfer. In this paper, the model is im-
proved by the inclusion of the front tracking algorithm and is applied for the simulation
of experimental scenarios involving combined Bridgman and power down solidification
of TiAl alloys. Empirical results are used for validating the model and tuning boundary
conditions. Furthermore, the model is used to provide enlightenment on mechanisms
leading to undesired radial columnar growth, which was found to block axial columnar
growth and prevent CET during previous experiments. CET is parametrically inves-
tigated by the means of indirect methods (equiaxed index and Hunt’s analysis). In
particular, an adaptation of Hunt’s model to the 2D front tracking is illustrated in the
addendum (results presented at the SP17 and TMS2018 conferences).

• Chapter 4: reports the paper entitled "Influence of natural and forced gravity condi-
tions during directional columnar solidification" [43] 4, published in the International

2https://doi.org/10.1016/j.ijheatmasstransfer.2016.08.030
3https://doi.org/10.1016/j.ijheatmasstransfer.2017.07.095
4https://doi.org/10.1016/j.ijheatmasstransfer.2018.05.151
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Journal of Heat and Mass Transfer. This paper introduces a further development of the
numerical model by the inclusion of thermal convection induced either by terrestrial
gravity or by accelerations due to centrifugation. Data from power down solidification
experiments carried out in the framework of GRADECET are used to set up boundary
conditions for the simulations. The influence of terrestrial gravity is then investigated
by considering different furnace configurations (top or bottom heated). Furthermore, a
parametric investigation is performed in order to understand the influence of centrifugal
and Coriolis accelerations on fluid flow and solidification during centrifugal casting.

• Chapter 5: presents the overall conclusions for the thesis and provides suggestions for
potential future work.

• Appendix: describes the main features of the FORTRAN code developed for the solu-
tion of the front tracking model adopted in the thesis.

Since the journal papers listed above are included in their entirety, it is acknowledged
that some repetitions are present throughout the thesis. Nonetheless, each chapter reports
different numerical models and case studies, so that none of the sections is deemed redundant.
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Chapter 2

Numerical Simulation of Bridgman
Solidification of Binary Alloys

Abstract

A transient 2D axisymmetric numerical model for the Bridgman solidification process for a
stationary furnace and moving sample is presented. The model is able to predict the evolution
of temperature and solid fraction of binary alloys in cases where buoyancy induced convec-
tion is negligible, such as in microgravity conditions. A dimensionless form of the governing
equations is derived in order to identify the dimensionless parameters that characterise the
process, those being the Stefan, Péclet, and Biot numbers. The problem is solved using a
finite volume method and an explicit time stepping scheme. To test the efficacy of the model,
simulated results are compared with experimental data from the literature and acceptable
agreement is obtained. Finally, a parametric analysis is performed for understanding the
influence of the process parameters on solidification. One key feature of this study is the in-
clusion of a term describing the advection of latent heat due to the translation of the mushy
zone with varying solid fraction. This thermal transport mechanism is shown to be signif-
icant, since its magnitude is comparable to the advection of sensible heat. It is also found
that when small Biot numbers are due to low values of the heat transfer coefficients at the
surface of the sample, rather than to small sample radii, advective mechanisms are enhanced
resulting in more convex shapes of the liquidus isotherm. This highlights the importance of
considering both axial and radial heat fluxes when describing the process.

2.1 Introduction

The Bridgman–Stockbarger solidification process, originally developed to produce single crys-
tals [1,2], allows for control of directional solidification. Figure 2.1 shows a simple schematic
of a Bridgman furnace where a cylindrical sample is held inside a long and slender crucible.
Using a series of controlled coaxial heaters and an adiabatic baffle zone, the sample is sub-
jected to a thermal gradient along its length such that the material is fully molten at the
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hotter end and fully solid at the colder end. As figure 2.1 shows, when samples of binary or
multicomponent alloys are considered, a mushy zone (where solid and liquid phases coexist)
develops. A relative axial translation, identified as the pulling speed u, is imposed between
the sample and the furnace either by pulling the crucible from the hot to the cold regions
while keeping the furnace stationary or by moving the furnace and keeping the crucible sta-
tionary. For typical constant pulling speed operation, steady state conditions are reached
and the solidification process keeps pace with the relative translation speed of the sample.
However, the sample will experience initial transient conditions during start-up and stopping
periods.

In steady state operation, the cooling rate of the solidification process can be roughly
estimated as the product of the temperature gradient in the axial direction, G, and pulling
speed, u. Accurate information about the temperature gradient may be lacking because of
the temperature distribution, and hence temperature gradients, change along the length of
the sample. In addition, width, shape and position of the mushy zone during the solidifica-
tion process depend on the temperature distribution to which the sample is subjected. In
some processes, much attention is paid to the morphology of the solid–liquid interface. For
example, radial temperature gradients can cause a deviation from a planar interface to either
a concave or convex ones [3].

In some cases the Bridgman furnace is used in a transient mode of operation. For exam-
ple, when a phenomenon such as the Columnar to Equiaxed Transition (CET) is investigated,
it is necessary to establish transient conditions during the solidification process [4]. In this
case, a step change in pulling rate (known as a velocity jump) can cause a CET. In other
modes of operation, the Bridgman may use a combination of velocity jump and controlled
power down of the heaters to provide the desired transient conditions in the sample [5].

In metallurgical studies, a Bridgman furnace under steady-state operation may be used
to determine which conditions are favourable for the formation of different microstructural
features in the final casting. For instance, specific steady-state conditions can be related
to microstructural characteristics such as primary and secondary arm spacing in dendritic
growth [6]. In most cases, due to the opaque nature of metal alloys, only a post mortem anal-
ysis is possible, whereby the samples are cut, polished, and etched after solidification and
then observed by optical or electron microscopy techniques. These types of procedures allow
for the direct observation of relevant details, like the final grain structure and size, or the
dendritic arm spacing [7–10]. Nevertheless, the observation of some features may still be dif-
ficult, as in the case of alloys that experience solid-state phase transformations that may alter
or completely remove the initial solidification microstructure [11]. The main disadvantage of
post mortem analysis is the lack of time resolved information during the solidification process.
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Additional methods may be employed to investigate the solidification phenomenon in real
time. X-ray radiographic imaging has been used in some alloy systems to monitor the real-
time evolution of the microstructure. However, the applicability of this technique is limited
by strict requirements on the sample geometry (thin samples only) and segregation of solute
species [12–15]. For example, Reinhart et al. [16] observed CET in a Bridgman furnace in
real-time after a velocity jump was imposed on the sample. Another approach for gathering
real-time information during Bridgman solidification is the use of the ultrasonic pulse-echo
technique. In this case the time-of-flight of an ultrasonic signal reflected by the solid–liquid
interface was measured and used to estimate the velocity of the solidification front [17,18].

Figure 2.1: Schematic of a Bridgman furnace.

For the purpose of gaining accurate insight into the process, practitioners cannot always
rely exclusively on experimental results. Therefore, reliable numerical models are valuable,
and sometimes necessary tools for analysing alloy solidification. Simulations performed prior
to physical experiments may be useful to predict the conditions that the material is likely to
encounter during the process. In addition, computational models can be employed during or
after the process to extract key information which would be difficult or impossible to observe
or measure experimentally.

Nevertheless, it is crucial to highlight that the benefits of adopting numerical methods are
highly dependent on the accuracy of the input data, the validity of initial modelling assump-
tions, and above all, the correctness of the model and solution technique themselves. Hence,
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when possible, verification and validation of the model are essential steps in establishing the
efficacy of the model predictions [19].

Several models for the investigation of the Bridgman solidification process of alloys have
been developed in recent years. Timchenko et al. [20, 21] implemented a method, based on
a single domain enthalpy approach, to study the evolution of temperature, solute concen-
tration and solid–liquid interface during Bridgman solidification of Bi-1at%Sn. This model
assumed furnace configurations with low growth speeds and high thermal gradients, allowing
the model to treat the phase change as isothermal and without the formation of any mushy
zone between solid and liquid. The simulated solutions showed good agreement with mea-
sured experimental results.

Mirihanage et al. [8] employed a front tracking method to simulate the advance of the
columnar dendritic front and development of the undercooled region in Al-7wt%Si samples
during Bridgman solidification in microgravity. The purpose of this study was to estimate
the conditions for CET. Thermal data collected during experiments were used as inputs for
the thermal boundary conditions. In the aforementioned models, the relative translation of
sample and furnace was treated as a moving boundary condition. As a result, advection was
not included in the conservation equations of the model.

A novel Bridgman Furnace Front Tracking Model (BFFTM) was developed by Mooney et
al. [5,22–24] where the boundary conditions were fixed and the movement of the sample was
modelled by including an additional term in the energy equation for the advection of sensible
heat. The model was used to solve an inverse heat transfer problem for the characterisation
of the heat transfer conditions of a Bridgman furnace using experimental data as inputs [24].
The obtained thermal data were used in a subsequent study to investigate the solidification
conditions during a series of experiments [5]. This particular BFFTM was based on a 1D
hybrid approach; therefore its applicability was limited to cases when an axial heat flow as-
sumption could be made, requiring that Bi < 0.1.

The overarching objective of this study is to investigate the transient evolution of tem-
perature and solid fraction during Bridgman solidification of binary alloys. To this end, a
new 2D axisymmetric model is proposed that is capable of capturing both axial and radial
heat flow within the cylindrical samples. Microgravity conditions are assumed, therefore
buoyancy-induced convection is not considered. This assumption is applicable to practical
cases, such as experiments carried out on the International Space Station or on sounding
rockets [25], or experiments designed to suppress thermal and solutal convection in the sam-
ple [18]. Importantly, the new 2D model also accounts for the advection of latent heat due
to the translation of the mushy zone with varying solid fraction within the mushy zone. The
specific aims of this investigation are as follows:
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1. to outline the details of a new general dimensional 2D axisymmetric numerical model
for Bridgman solidification of binary alloys;

2. to derive a dimensionless form of the equation in order to identify key non-dimensional
quantities that influence the evolution of temperature and solid fraction during solidi-
fication;

3. to test the efficacy of the general model by simulating a suitable and relevant experi-
mental test case [18];

4. to perform a parametric analysis of the Bridgman solidification process so as to con-
tribute to the understanding of the influence of different dimensionless parameters on
temperature and solid fraction evolution.

2.2 Methodology

2.2.1 Model

To obtain the temperature field in the sample, the conservation equations for a mixture of
solid and liquid phases must be solved. The general form of these equations is well established
and may be found in Bennon and Incropera [26] and Ni and Incropera [27]. In order to reduce
the complexity of the problem, the following assumptions are considered:

• negligible buoyancy induced convection;

• uniform velocity in the domain, equal for the solid and liquid phases (us = ul = pulling
velocity u);

• constant and uniform density ρ in the sample.

With these assumptions, momentum and continuity equations are automatically satisfied
so that it is sufficient to solve only the energy conservation equation. Applying the hypothesis
of uniform axial velocity u to the general mixture energy equation [26,27], it follows:

∂H

∂t
+ u

∂H

∂x
= ∇ · (k∇T ) (2.1)

where enthalpy is defined as:

H = ρ

∫ T

Tref

cpdT + ρ (1− gs)L (2.2)
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Therefore, by substituting equation 2.2 into equation 2.1, the heat transfer equation writ-
ten in terms of temperature becomes:

ρcp
∂T

∂t
= 1
r

∂

∂r

(
rk
∂T

∂r

)
+ ∂

∂x

(
k
∂T

∂x

)
+ ρL

∂gs
∂t
− uρ∂ (cpT )

∂x
+ uρL

∂gs
∂x

(2.3)

Note that r is the radial coordinate and x is the axial coordinate (figure 2.2). Since zero
gravity conditions are assumed, the orientation of the axial direction is not relevant. The
term on the left hand side of this equation represents the rate of change of sensible heat per
unit volume. The first and second terms on the right hand side represent the conductive rate
of heat flow per unit volume in the radial and axial directions. The third term accounts for
the release of latent heat due to the solidification process. The fourth and fifth terms are,
respectively, the rate of sensible and latent heat flow per unit volume due to the advection
of material at the given pulling velocity u. Clearly, the terms that include variations of solid
fraction gs are present exclusively in the mushy zone. Hence, these terms are only present in
alloy systems that exhibit a mushy zone and are not applicable in the case where there is a
sharp interface between liquid and solid regions.

In the context of the past literature, Bridgman solidification of binary alloys under the
assumption of negligible buoyancy induced convection was investigated by Mirihanage et
al. [8] and by Mooney et al. [22]. In the case of Mirihanage et al., the relative translation
between the sample and the furnace was simulated by applying moving boundary conditions.
With the assumption of this reference frame, the effect of advection on solidification was
intrinsically included in the boundary conditions hence the two advection terms of equation
2.3 were not considered in the model. Mooney et al., did model a moving sample, however
the last term of equation 2.3 was not considered, which limits its range of applicability to
cases when cp � L · |∂gs/∂T |. Furthermore, this study focussed on scenarios where radial
temperature gradients were negligible such that the heat flow throughout the sample could
be approximated as 1D.

In the present study, the reference frame choice of a moving sample in a stationary furnace
facilitates for the study of both advection thermal transport mechanisms on the solidification
process. Also, the model considers 2D effects which can be significant with respect to the
development of the mushy zone.

In order to solve equation 2.3, a closure relation for evaluating the evolution of the solid
fraction, gs, during the process must be included in the model. In the case of binary alloys,
the solid fraction may be derived from the Scheil equation as follows [28]:
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gs = 1−
(
TM − T
TM − TL

) 1
kpart−1

for TL < T < TE , 0 < gs < gE (2.4)

where gE is the value of solid fraction at eutectic temperature, calculated by using T = TE

in equation 2.4. Finally, eutectic solidification was assumed to be in equilibrium and was
treated using a conservative enthalpy method for isothermal freezing at eutectic temperature
TE [29], such that,

gs = 1− H − cpTE
L

for T = TE , gE ≤ gs < 1 (2.5)

Specific heat capacity cp and thermal conductivity k, in general, change as functions of
temperature and are often different for the solid and liquid phases. Depending on the data
available for the alloy under consideration, the model can accommodate these thermophysical
properties as being either constants or variable. When distinct values for the different phases
are available, the general property P in the mushy zone is calculated as follows:

P = (1− gs)Pl + gsPs (2.6)

where Pl and Ps may be either constants or polynomial functions of temperature [30].

Figure 2.2: Computational domain for simulations.

Figure 2.2 shows the computational domain adopted for the simulations. As it is shown,
the heat input and heat extraction zones are separated by an adiabatic baffle zone. The total
length of the domain is xdom, while the radius of the cylindrical sample is rsamp.
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Since the problem is axisymmetric, half of the axial cross section of the sample was con-
sidered and an adiabatic boundary condition was assumed on the axis to enforce symmetry.

Dirichlet boundary conditions were applied at each end of the domain such that,

T (x, r, t) =
{
Tleft for x = 0
Tright for x = xdom

(2.7)

where Tleft and Tright could be either constant or variable with time.
To model the radial heat flow at the sample circumference, the following boundary conditions
were applied along the interface between the sample and the heaters,

− k∂T
∂r

(x, rsamp, t) =
{
hhot (T − Thot) for 0 ≤ x < x1

hcold (T − Tcold) for x2 < x ≤ xdom
(2.8)

where Thot and Tcold are the temperatures of the hot and cold heaters respectively. In
reality, the heat flux between the furnace heaters and the sample has a convective component,
hconv (T − Theater), as well as a radiative component, hrad

(
T 4 − T 4

heater

)
. Nonetheless, the

radiative component can be rewritten as:

qrad = hrad
(
T 4 − T 4

heater

)
≈ hrad · 4T (T − Theater) = hrad (T − Theater) (2.9)

from this approximation, an overall heat transfer coefficient, that includes both convection
and radiation, can be defined as h = hconv + hrad. Therefore, the heat transfer coefficients
hhot and hcold in equation 2.8 include both convective and radiative heat transfer between
the furnace and the sample.

Finally, at the interface with the adiabatic baffle, the radial heat flux is zero such that,

∂T

∂r
(x, rsamp, t) = 0 for x1 ≤ x ≤ x2 (2.10)



2.2. Methodology 29

2.2.2 Non-dimensional formulation

In order to perform a parametric study, and to identify the dimensionless numbers that char-
acterise the Bridgman solidification process, a non-dimensional formulation of equation 2.3
was derived. For this purpose, the following dimensionless variables are defined:

x∗ = x

lref
; r∗ = r

lref
; T ∗ = T

∆Tref
; t∗ = αt

l2ref
(2.11)

where α is the thermal diffusivity, and lref and ∆Tref are the length and temperature
reference scales respectively. By substituting these quantities into equation 2.3, a new di-
mensionless formulation for the energy equation is obtained:

∂T ∗

∂t∗
= 1
r∗

∂

∂r∗

(
r∗
∂T ∗

∂r∗

)
+ ∂2T ∗

∂x∗2
+ 1
Ste

∂gs
∂t∗
− Pe∂T

∗

∂x∗
+ Pe

Ste

∂gs
∂x∗

(2.12)

Note that, for the derivation of equation 2.12, all the thermophysical properties were
considered constant.

Here, two dimensionless numbers are identified, the Péclet number and Stefan number:

Pe = ulref
α

; Ste = cp∆Tref
L

(2.13)

From a physical point of view, the first parameter represents the relative magnitude of
convective and diffusive transport of heat, whereas the second parameter represents the ra-
tio of sensible and latent heat. In order to assign a meaningful value to the Stefan number
for a eutectic alloy, the difference between the liquidus and eutectic temperatures of the al-
loy under consideration was used to define the reference temperature scale: ∆Tref = TL−TE .

It is also noticed that the axial variation of solid fraction is proportional to the ratio
Pe/Ste. This quantity may be rewritten as follows,

Pe

Ste
=

ulref

α
cp∆Tref

L

=
ρuL
lref

k∆Tref

l2
ref

∼ convective latent heat transport
diffusive heat transport (2.14)
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Therefore this dimensionless quantity has the same meaning as the Péclet number, in the
sense that it represents the relative magnitude of conductive to advective heat transport,
though for this instance it is latent heat advection opposed to that of sensible heat.
The dimensionless formulation of equations 2.4-2.10 was obtained in an analogous way; in
particular, the convective condition expressed in equation 2.8 becomes:

− ∂T ∗

∂r

(
x∗, r∗samp, t

∗
)

=
{
Bihot (T ∗ − T ∗hot) for 0 ≤ x∗ < x∗1
Bicold (T ∗ − T ∗cold) for x∗2 < x∗ ≤ x∗dom

(2.15)

In doing so a third dimensionless number is identified, the Biot number Bi, defined as,

Bi = hlref
k

(2.16)

This quantity represents the relative magnitude of the diffusion resistance inside the sam-
ple and the convective resistance at the surface of the sample. To characterise the value of Bi
along with the other dimensionless parameters the reference length scale was chosen as the
ratio between the volume and the external surface where the heat transfer is occurring. Thus,
for the cylindrical domain under consideration, the reference length scale is lref = rsamp/2
as is common for radial systems.

2.2.3 Numerical model

A finite volume numerical model was implemented for solving the problem outlined above.
The cylindrical computational domain was divided into annular control volumes of length ∆x
and thickness ∆r, as shown in figure 2.3. For practical purposes, related to the performance
of a grid convergence study, half control volumes were considered at the boundaries.
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Figure 2.3: Domain discretization.

Using an explicit formulation in time, the temperature at the centre of a general control
volume (i, j) at the new time step, given by the discretized heat equation 2.3, is:

Tnewi,j =Ti,j + ∆t
ρcpi,j

{
1

VCV i,j

[(
Asi,jqsi,j +Ani,jqni,j

)
+
(
Awi,jqwi,j +Aei,jqei,j

)]

−uρ

(
cpei,jTei,j − cpwi,jTwi,j

)
∆x + uρL

(
gsei,j − gswi,j

)
∆x + ρL

(
gs
new
i,j − gsi,j

)
∆t


(2.17)

where the volume and faces of each control volume are calculated as follows:

VCV i,j = 2πrj∆r∆x; Awi,j = Aei,j = 2πrj∆r;

Asi,j = 2π
(
rj −

∆r
2

)
∆x; Ani,j = 2π

(
rj + ∆r

2

)
∆x

(2.18)

The quantities qs, qn, qw, and qe are the heat fluxes at the faces of each control volume
such that:
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qsi,j = ki,js
(Ti,j−1 − Ti,j)

∆r ; qni,j = ki,jn
(Ti,j+1 − Ti,j)

∆r ;

qwi,j = ki,jw
(Ti−1,j − Ti,j)

∆r ; qei,j = ki,je
(Ti+1,j − Ti,j)

∆r

(2.19)

The values of the thermophysical properties at the CV faces were calculated as harmonic
means of the values at their respective centres [31]. The model adopted is explicit in time
so that all the terms on the right hand side of equation 2.17 refer to the previous time step,
except for the new value for solid fraction gsnew, given by the discretization of the time deriva-
tive of solid fraction in equation 2.3. To calculate this term, a Newton–Raphson iteration
method was employed at each time step, similar to that described in [29]. This was required
because the solid fraction is expressed by the Scheil equation 2.4 which is a non-linear func-
tion of temperature.

The numerical scheme for the solution of the dimensionless form of the equation is anal-
ogous and its derivation straightforward so is not discussed here for conciseness.
As an initial condition for the temperature distribution in the sample, an arbitrary piece-wise
linear function was defined as follows:

T (x, r, 0) =


Tleft for 0 ≤ x < x1

(Tleft − Tright) x−x2
x1−x2

+ Tright for x1 ≤ x ≤ x2

Tright for x2 < x ≤ xdom

(2.20)

In order to obtain a physically realistic distribution of temperature within the sample,
during the first stage of the simulations the pulling velocity u was set to zero. The first stage
lasted until temperature and solid fraction distribution settled to a steady-state solution.
After this condition was reached, a velocity jump was applied to the sample.

2.2.4 Conditions for comparison with experimental data

In order to verify the efficacy of the model and solution technique, simulations were com-
pared with data from experiments performed by Zimmerman et al. [18]. In the experiments,
directional Bridgman solidification of Al-1.3 wt%Cu cylindrical samples was performed in
a furnace with argon atmosphere. Three thermocouples were used to measure temperature
evolution during the process and an ultrasonic pulse echo technique was employed to deter-
mine the growth rate. Importantly, the availability of time-dependent measurements makes
this experiment particularly suitable for the comparison with the transient model developed
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in this work. It is important to note that in the experiments the sample was stationary
while the furnace was translated. On the contrary, the model simulates a moving sample in
a stationary furnace. Nevertheless, since the pulling velocity was constant it is possible to
compare the result by considering the simple relation x = u · t.

Table 2.1 shows the setup parameters used for the comparisons. As shown in the last
two columns, hhot and hcold were varied in different ranges of values. This calibration was
necessary due to the impossibility to calculate precise values for the heat transfer coefficients
relative to the considered experiments. In fact, such calculation would require the knowledge
of precise data, such as heaters geometry and emissivity values, which are not available.
Nonetheless, the values reported in table 2.1 were measured for a similar Bridgman furnace
(sample diameter of 16 mm) with argon atmosphere [32, 33], hence the real heat transfer
coefficients for the experiment are deemed to fall in this range.

Table 2.1: Setup for comparison with experimental data from Zimmermann
et al. [18].

xdom Baffle length rsamp u Tleft = Thot Tright = Tcold hhot hcold

[m] [m] [m] [m/s] [◦C] [◦C] [W/(m2◦C)] [W/(m2◦C)]

200·10−3 4·10−3 4·10−3 2·10−6 1100 25 [100,350] [20,50]

2.2.5 Conditions for the parametric study

A parametric study was carried out simulating the Bridgman solidification process for a range
of conditions aimed to gain knowledge with respect to the relative influence of each of the im-
portant dimensionless parameters, along with several key aspects of the solidification process,
such as the temperature evolution, shape of the mushy zone and its position in the furnace.

The parametric study was performed by considering only variations corresponding to
physically realistic scenarios, i.e, material properties were not allowed to change. Here, the
length of the domain xdom and the length and temperatures of the heaters were maintained
constant and the same sample material was used for all the simulations, such that the ther-
mophysical properties, and hence Ste, were constant.
Table 2.2 reports the dimensional input data used in the study, while table 2.3 shows the
relevant dimensionless quantities relative to each simulation. An arbitrary reference setup
(simulation S0) was selected and the following cases were considered:

• samples with different radii (simulations S1 and S2): x∗dom, Pe and Bi change at the
same time;

• different pulling velocities (simulations S3 and S4): only Pe changes;
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• different heat transfer coefficients (simulations S5 and S6): only Bi changes.

Note that in this case arbitrary values for the heat transfer coefficients were used since
this analysis does not attempt to reproduce a real experimental case study.

Table 2.2: Dimensional input values for parametric simulations.

Simulation run
xdom x1 x2 Tleft = Thot Tright = Tcold rsamp u h

[m] [m] [m] [◦C] [◦C] [m] [m/s] [W/(m2◦C)]

S0 200·10−3 90·10−3 110·10−3 668 527 2·10−3 0.5·10−3 1000

S1 200·10−3 90·10−3 110·10−3 668 527 1·10−3 0.5·10−3 1000

S2 200·10−3 90·10−3 110·10−3 668 527 4·10−3 0.5·10−3 1000

S3 200·10−3 90·10−3 110·10−3 668 527 2·10−3 0.25·10−3 1000

S4 200·10−3 90·10−3 110·10−3 668 527 2·10−3 1·10−3 1000

S5 200·10−3 90·10−3 110·10−3 668 527 2·10−3 0.5·10−3 500

S6 200·10−3 90·10−3 110·10−3 668 527 2·10−3 0.5·10−3 2000

Table 2.3: Dimensionless input values for parametric simulations.

Simulation run x∗dom r∗samp Ste Pe Bi

S0 20 2 0.211 0.1686 0.1250

S1 40 2 0.211 0.0843 0.0625

S2 10 2 0.211 0.3372 0.2500

S3 20 2 0.211 0.0843 0.1250

S4 20 2 0.211 0.3372 0.1250

S5 20 2 0.211 0.1686 0.0625

S6 20 2 0.211 0.1686 0.2500

Table 2.4 lists the thermophysical properties of the alloys used in the comparison with
experimental data and in the parametric study. Al-1.3 wt%Cu was the alloy used by Zim-
merman et al. in the experiments [18], and hence used in the comparison.
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Table 2.4: Thermophysical properties of Al-1.3wt%Cu and Al-7wt%Si used
in simulations.

Al-1.3wt%Cu Al-7wt%Si

Solid Liquid

TM / [◦C] 660.2 660.2

TL / [◦C] 657 618

TE / [◦C] 547 577

kpart 0.17 0.13

ρ / [kg/m3] 2500 2452.5

ρL / [J/m3] 961·106 1064·106

cp / [J/(kg◦C)] 2396 496 1100

k / [W/(m◦C)] 209 90.7 80

The material considered for the parametric study was Al-7 wt%Si. This alloy was selected
both due to the availability of data in the literature and for its solidification behaviour. In
fact, at eutectic temperature, the solid fraction is equal to 0.5417 which means that half of
the solidification process occurs over a wide range of temperatures (TL − TE = 41◦C). As
such, a wide mushy zone develops during solidification. This characteristic is particularly
suitable for observing the influence of the process parameters on this region.

2.3 Results and discussion

This section reports and discusses the results of the comparison with experimental data and
of the parametric investigation. In all simulations the domain was divided into annular con-
trol volumes of length ∆x = 1 mm and thickness ∆r = 1 mm. The time step used in the
simulations was equal to 0.001 s, which ensured the stability of the explicit scheme employed.
Grid and time step independence for this choice were investigated and the numerical model
was proven to be convergent. The estimated L2 norm of the truncation error due to the
discretization was of the order of 0.1◦C. It should be noted that a code-to-code verification
exercise was performed with this model by comparing it with a commercial code (ANSYS
Fluent). The details of this numerical verification are provided in section 2.5.
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2.3.1 Comparison with experimental data

Due to the complex nature of the solidification process under consideration, there does not yet
exist benchmark experimental data that can be leveraged to validate numerical simulations
in accordance with established validation criteria [34]. As a result, relevant measurements
from the literature have been used which means that the analysis cannot be regarded as a
rigorous validation exercise, since the experiments do not provide all of the relevant data to
reproduce exactly the same conditions. Regardless, the data provided from the experiments
are sufficient to establish the veracity of the simulations provided that any assumptions, such
as the magnitudes of the heat transfer coefficients, are within acceptable limits. Albeit ad-
justable parameters, there are established ranges for their magnitudes and, for the scenario
under consideration here, adequate agreement was found when hhot = 300 W/(m2◦C) and
hcold = 40 W/(m2◦C) which are acceptable values based on the literature [32,33].

Figure 2.4: Measured and computed cooling curves at steady state, nor-
malised to the time where the temperature equals the solidus temperature of

the alloy in thermal equilibrium (627.5◦C).

Figure 2.4 shows the cooling curve measured during the experiments by thermocouples
at steady state during the pulling stage. This is compared with the computed cooling curve
at steady state after the velocity jump. The time scale is normalised to the time where the
temperature was equal to the equilibrium solidus temperature of Al-1.3 wt%Cu, which in
this case is 627.5 ◦C. The experimental cooling rates were about 34 · 10−3 ◦C/s in the liquid
and 20 ·10−3 ◦C/s in the solid. In the simulations, similar results were obtained, with cooling
rates of 33 · 10−3 ◦C/s in the liquid and 16 · 10−3 ◦C/s in the solid.

Figure 2.5 shows the temperature gradient obtained from the difference of temperatures
measured by two thermocouples located 16 mm and 10 mm above the measured solid–liquid
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interface at the beginning of the pulling stage. Since the numerical model reproduces the
actual formation of a mushy zone, instead of a sharp solid–liquid interface, the simulated
temperature gradient in figure 2.5 was calculated as the difference of temperatures between
two points located 16 mm and 10 mm ahead of the mid-point of the mushy zone. Time t = 0
s corresponds to the beginning of the pulling stage when the velocity jump was imposed.

Figure 2.5: Axial temperature gradient taken from the temperature difference
measured by two thermocouples and temperature gradient from simulations;

time is normalised to the beginning of the pulling stage.

In general, the simulation results show qualitative agreement with experimental data
from Zimmermann et al. [18]. Nevertheless, some differences are present. These differences
could be due to several reasons. For example, the values of the heat transfer coefficients
at the circumference were chosen in a realistic range for an argon atmosphere furnaces, but
the actual values from the experiments were unavailable. Also, in reality the heat transfer
coefficients may vary with axial position, while in the simulations constant values of hcold
and hhot were assumed. In addition, for the Dirichlet boundary condition at the right and
left ends of the sample, constant temperatures were assumed, since precise measurements of
real temperatures from thermocouples were not available. Nonetheless, the agreement be-
tween the simulations and experiments was deemed to be acceptable, especially considering
the uncertainty in the experimental data. In particular, figure 2.5 shows good agreement,
demonstrating that the model was capable of effectively reproducing the axial temperature
gradient.

Since the pulling velocity was very low (u = 2 · 10−6 m/s), and with respect to the reso-
lution of the grid (∆x = ∆r = 1 mm), it was not possible to observe a transient in the shape
and position of the mushy zone envelope in the simulations for this test scenario. However,
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it was possible to detect the duration of the transient phase by calculating the difference of
temperature at subsequent time steps. The total duration of the transient stage was similar
to the one measured in ref. [18]. During the experiments the transient stage lasted about 500
s while in the simulations a full steady-state condition was reached after about 530 s, which
is deemed to be acceptable agreement.

Based on the verification work [35] and the validation attempt against the relevant but
limited experimental data, it is believed that the model is sufficiently accurate that it can
be used to provide correct physical insight into the influence of physical parameters on the
Bridgman solidification process.

2.3.2 Influence of varying Pe and Bi on Bridgman solidification

The dimensionless parameters that characterise the Bridgman solidification process are the
Stefan number Ste, Péclet number Pe, and Biot number Bi. Ste is defined as cp∆Tref/L. In
the present work, the temperature range is defined as ∆Tref = TL−TE . Hence Ste represents
the ratio of sensible and latent heat released across the temperature range where solidifica-
tion occurs, i.e., in the range of temperature where a mushy zone exists. With this choice,
Ste is exclusively a function of the sample material properties and is not a variable process
parameter. Hence variations in Ste were not characterized explicitly in the parametric study
since only one alloy, Al-7 wt%Si, was considered. That is not to say that its influence is not
considered since the ratio Pe/Ste defines the order of magnitude of the advection of latent
heat, which is a key parameter under investigation in this work.

On the other hand, Pe and Bi are functions of the material properties as well as of pro-
cess parameters such as pulling velocity, dimension of the sample and furnace heat transfer
coefficients. Therefore, their variations were considered explicitly in the parametric study.
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Figure 2.6: Simulation S0: temperature distribution on the axis of the sam-
ple, obtained with and without advection.

In the discussion, particular emphasis is placed on the evolution of the envelope of the
mushy zone on the liquid side, corresponding to the liquidus isotherm (T = 618◦C). In fact,
depending on the magnitude of axial and radial heat fluxes at locations close to the liquidus
isotherm, the development of different grain structures in front of the axial columnar grains
which usually constitute the mushy zone in Bridgman processes could be promoted, i.e., ra-
dial columnar or equiaxed grains. In particular, previous studies [5] suggest that negative
radial thermal gradients close to this position could promote the growth of radial columnar
grains, while this radial growth would be suppressed by positive radial thermal gradients.
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Figure 2.7: Simulation S0: solid fraction and temperature distribution in
an axial section of the sample. Resting stage Pe = 0 (left), and pulling stage
Pe > 0 (right).The white highlights the position of the liquidus isotherm, which

represents the envelope of the mushy zone on the liquid side.

As mentioned earlier, the last two terms of the heat equation 2.12 describe the thermal
transport by advection and are functions of Ste and/or Pe. In particular, the term that
expresses the transport of sensible heat by advection is directly proportional to Pe, while the
last term representing the transport of latent heat by advection is proportional to the ratio
Pe/Ste. From table 2.3, Ste = 0.211, while Pe ranges between 0.0843 and 0.3372, such that
0.4 < Pe/Ste < 1.6. From a scaling point of view, one would thus expect the latter to be the
dominant advection mechanism in the mushy zone i.e., within the region between the liquidus
isotherm and the eutectic isotherm where the solid fraction is varying. To demonstrate the
relative influence of each advection term, figure 2.6 shows the temperature distribution along
the axis of the sample both with and without advection terms, for the baseline simulation
S0. In one case, advection is assumed to be absent by setting u = 0. Advection of sensible
heat only, as well as the case whereby advection of both sensible and latent heat together, are
also simulated for comparison. It is clear that the steady state temperatures for the Pe > 0
cases are higher when the terms describing the advection of both sensible and latent heat
are included. In particular, the inclusion of the advection of latent heat has a significantly
higher impact on the temperature distribution, highlighting it as the dominant advection
mechanism which is consistent with the scaling argument posed above.
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Figure 2.8: Curvature of the liquidus isotherm (T = 618◦C) at steady state
in the pulling stages; note that both axes are dimensionless.

Figure 2.7 shows the distribution of solid fraction and temperature in a cross section of
the sample for the baseline simulation S0. The images on the left represent the steady state
solution in the resting stage (Pe = 0), while the images on the right are the steady state
solution reached during the pulling stage (Pe > 0). As it is shown, when the pulling velocity
is zero the mushy zone is located within the adiabatic zone i.e., 90 mm≤ x ≤ 110 mm. In this
case, the liquidus isotherm is located marginally inside the left hand heat source side of the
domain. Here, heat flows inward to the material from the heat source along its circumference
such that ∂T/∂r > 0, hence the liquidus line assumes a corresponding concave shape. Heat
transfer from the heat source region to the heat sink region is thus predominantly axial, across
the thin mushy zone, resulting in the steep temperature gradient observed in figure 2.6. Once
steady state is achieved subsequent to the velocity jump (Pe > 0), the mushy zone moves
to the right penetrating deep into the low temperature heat sink region. In contrast to the
Pe = 0 case, the liquidus isotherm is now positioned within the heat sink region. Thermal
access to the cold heat sink walls causes ∂T/∂r < 0 for the entire mushy zone resulting in
a convex liquidus isotherm. The figure also shows a substantially lengthened mushy zone,
to the point that it occupies a significant portion of the heat sink domain. Latent heat is
being released within this region, acting as a volumetric heat source term. Generation and
advection of latent heat cause the higher temperatures over the mushy zone compared with
the Pe = 0 case, as shown clearly in figure 2.6. There is also a prominent and almost dis-
continuous increase in the magnitude of the temperature gradient near the end of the heat
sink region, which occurs after the end of the mushy zone (T = TE). This is due to the fact
that the latent heat terms, whose magnitude is particularly high in correspondence to the
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eutectic zone where the solid fraction gradient is higher, drop abruptly to zero in the solid
zone. Thus, the inclusion of advection, in particular for this case that of latent heat, has a
significant influence on the heat transfer within the system, especially in the region where
the solid fraction is varying. As will be discussed, advection and 2D effects are coupled and
can influence the heat transfer and solidification mechanics, as is represented in figure 2.8
which shows a wide variation of the shape of the liquidus isotherms (T = 618◦C) from each
simulation listed in table 2.3 for the steady state pulling stage.

Figure 2.9: Simulations S1 (left) and S2 (right) showing solid fraction (top)
and temperature distribution (bottom) in an axial section of the samples during

the pulling stage (Pe > 0).

Figure 2.9 shows the steady state solution of solid fraction (top) and temperature (bot-
tom) during the pulling stage for simulations S1 and S2, corresponding to Bi = 0.0625 and
Pe = 0.0843, and Bi = 0.25 and Pe = 0.3372 respectively. When the radius is smaller
(S1) Bi is also lower due to a reduction in the scale of the radial conductive thermal resis-
tance within the sample. Compared with S2, the overall radial thermal gradients of S1 are
expectedly weaker and the curvatures of the isotherms are notably smaller along the entire
domain. In this comparison, Pe is also small for S1, so that advection is weak compared
with thermal diffusion. Albeit weak, it is still sufficient to influence the position of the mushy
zone such that it is located inside the cold heat sink region with the liquidus positioned just
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outside of the adiabatic zone. Being inside the heat sink zone, heat is transferred both axially
and radially which influenced the breadth of the mushy zone and curvature of the liquidus
isotherm, showing low yet noticeable positive curvature in figure 2.8. In comparison, by in-
creasing the radius (S2) the radial component of the conductive thermal resistance increases,
increasing Bi, while at the same time the effect of advection becomes stronger by the increase
in Pe. The former reduces the scale of radial conduction while the latter increases the scale
of advection causing the mushy zone to penetrate deeper into the colder heat sink region.
These two effects compound in such a way as to induce strong radial heat flow, including
significantly more pronounced curvature of the liquidus isotherm, as seen in figure 2.8. For
later reference, it is also worth noting that both Bi and Pe are directly proportional to the
value of the sample radius, hence when rsamp changes the ratio Bi/Pe as well as Bi/(Pe/Ste)
remain constant.

Figure 2.10: Simulations S3 (left) and S4 (right) showing solid fraction (top)
and temperature distribution (bottom) in an axial section of the samples during

the pulling stage (Pe > 0).

Figure 2.10 shows the steady state solution of solid fraction and temperature during the
pulling stage for simulations S3 and S4, corresponding to Pe = 0.0843 (Pe/Ste = 0.4) and
Pe = 0.3372 (Pe/Ste = 1.598) respectively. It is noticed from the temperature plots of figure
2.10 as well as the liquidus isotherm profiles of figure 2.8 that radial gradients are significantly
higher for S4 even though the Biot number is the same for both cases, at Bi = 0.125. As
implied considering S2 discussed above, the reason for this is that for certain cases advective
thermal transport within the material can be significant and Bi does not account for this as
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it only scales the relative magnitude of conduction within the sample and convection at the
boundaries. To highlight this, figure 2.11 shows the distribution of the dimensionless rate
of sensible heat flow by advection, −Pe∂T ∗/∂x∗ (top), and latent heat flow by advection,
Pe/Ste · ∂gs/∂x∗ (middle). Since these terms are dimensionless, figure 2.11 illustrates the
relative magnitudes of the two advective thermal transport mechanisms in order to reveal
which one is dominant and over what region within the domain. When the pulling velocity is
lower, Pe is lower. Therefore, in simulation S3 the advective terms are weaker and the mushy
zone is located partially within the adiabatic zone and the curvature of the liquidus isotherm
is low (figure 2.8), similar to the case S1 described earlier. Correspondingly, the length of
the mushy zone is small. On the contrary, in simulation S4 Pe is significantly higher and
both sensible and latent heat transfer by advection are more important. Advection causes the
mushy zone to shift towards the cold end of the domain and the shape of the liquidus isotherm
becomes notably more convex (figure 2.8) due to enhanced radial heat transfer. Considering
the scales of to figure 2.11, it is clear that only the sensible heat advection is present in the
single phase liquid and solid regions, whereas the latent heat advection is dominant within
the mushy zone. Thus, advection of heat, both sensible and latent, can be an important
factor in determining the thermal profile within the sample, which of course will influence
the resulting grain structure of the resulting solid.
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Figure 2.11: Simulations S3 (left) and S4 (right) showing the advec-
tive sensible heat term −Pe∂T ∗/∂x∗ (top), the advective latent heat term
Pe/Ste ·∂gs/∂x

∗ (middle), and the comparison of the two terms at r = 0; note
that these terms are dimensionless.

The above discussion indicates that 2D effects, here broadly considered by scrutinising
the shape of the liquidus isotherm, are strongly influenced by advective thermal transport.
Above, the strength of this term was considered by increasing Pe, by increasing the length
and velocity scales separately. As it was shown, increasing Pe has the effect of increasing
the curvature of the liquidus isotherm even for the case when Bi is identical. However, all
of the above simulated cases have the same heat transfer coefficient, in the sense that Bi
was altered by changing the radius of the sample. Figure 2.12, on the other hand, shows the
radial temperature gradient distribution in the samples for simulations S5 and S6 correspond
to Bi = 0.0625 and Bi = 0.25 respectively, where Bi is increased for S6 by increasing the
heat transfer coefficient whilst keeping the dimensions the same as S5. For reference, the
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baseline S0 simulation corresponds to an intermediate case with Bi = 0.125 whilst having
the same dimensions as S5 and S6. Each S0, S5 and S6 have the same Pe = 0.1686.

Figure 2.12: Simulations S5 (left) and S6 (right) showing the solid fraction,
temperature distribution, and radial temperature gradient in an axial section

of the samples during the pulling stage (Pe > 0).

Simulation S5 has a lower Bi compared with the baseline S0 case. This would suggest that
the radial thermal gradients in the sample would generally be weaker than S6 due to the lower
relative thermal resistance of convective heat transport compared with that of radial conduc-
tion. In fact, the mean value of the radial temperature gradient in the cold heat sink region
at the circumference is ∂T/∂r ≈ −0.6◦C/mm in simulation S0 and ∂T/∂r ≈ −0.4◦C/mm in
simulation S5, showing the expected trend. Similarly, in simulation S6 Bi is larger than that
of both the S0 and S5 cases and the magnitude of the radial heat flux increases as is clear in
figure 2.12. Here the mean value of the radial temperature gradient is ∂T/∂r ≈ −0.8◦C/mm.
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Thus, there is clear evidence that Bi in part determines the temperature distribution, in-
cluding 2D radial effects, during Bridgman solidification of alloys due to the interplay of the
conductive and convective thermal resistances. Interestingly however, figure 2.8 shows that,
compared with the baseline S0 case, the curvature of the liquidus isotherm increases in sim-
ulation S5 and decreases in simulation S6, which is opposite to what one would expect based
purely on a Biot number scaling argument i.e., one that only includes convective and con-
ductive thermal resistances to characterise 2D heat flow. This behaviour can be understood
by observing the position of the mushy zone in the sample. It is evident that in simulation
S5 the liquidus isotherm is located much deeper in the heat sink region even though Pe is
the same as in S6. As discussed earlier, the radial heat fluxes are generally higher due to
the relative location of the mushy zone with respect to thermal communication with the cold
heat sink walls, since the latent heat generated during the phase change induces higher tem-
perature gradient between the sample and the cold boundary. On the contrary, in simulation
S6 the liquidus is located at the border region between the adiabatic and heat sink zone
where the isotherms are inherently flatter. Although the location of the mushy zone accounts
for the enhanced (S5) or the reduced (S6) curvature of the liquidus isotherm, the reason for
the different positions is not immediately clear since the magnitude of advection, as defined
by the scale of Pe, is the same in both simulations. However, this could be understood by
considering the meaning of the ratios Bi/Pe and Bi/(Pe/Ste). In fact, these two terms could
be regarded to as the ratios of the sensible and latent heat advective resistances inside the
sample to the convective resistance at the boundary, respectively. Therefore, when h is lower
(S5), Bi/Pe and Bi/(Pe/Ste) diminish, which means that the sensible and latent heat advec-
tive resistances in the sample are relatively lower. As a consequence, the mushy zone moves
deeper in the cold region due to the enhanced effect of advection. On the contrary, when the
heat transfer coefficient is higher (S6), Bi/Pe and Bi/(Pe/Ste) increase, hence the sensible
and latent heat advective resistances in the sample are greater and the effect of advection is
reduced. For the alloy under consideration in this work, this effect is dominated by the latter
of the two, meaning that the advection of latent heat largely determines this effect, though
it cannot be generally stated that this is true for all alloys and will be the focus of future study.

2.4 Conclusions

This investigation aimed to contribute to the understanding of Bridgman solidification. In
particular, this work focussed on numerical simulations which included 2D effects and the in-
teraction of advective thermal transport mechanisms. With reference to the stated objectives
the following steps were addressed:

1. A new 2D axisymmetric numerical model for Bridgman solidification of binary alloys
was developed.
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2. Key non-dimensional quantities that influence the evolution of temperature and solid
fraction during solidification were identified as Stefan number, Péclet number, and Biot
number.

3. The efficacy of the model was tested by simulating a suitable and relevant experimental
test case [18].

4. A parametric analysis of the Bridgman solidification process was performed so as to
contribute to the understanding of the influence of different parameters on temperature
and solid fraction evolution.

The main conclusions from this study are as follows:

the Bridgman solidification process of binary alloy systems that exhibit a freezing range
is characterized by several mechanisms of heat transfer. In particular, there is a strong in-
teraction between the convective heat transfer at the boundaries, conduction and advection
of sensible and latent heat in the sample. The parametric study showed that changing any
of the process parameters, either in isolation or in combination, can induce significant and
sometimes counter intuitive responses. This investigation suggests that, in order to anticipate
the development of the mushy zone (position in the sample, shape of the mushy zone enve-
lope), the single values of the dimensionless numbers Bi, Pe and Ste might not be sufficient,
and that considering the ratios Pe/Ste, Bi/Pe and Bi/(Pe/Ste) will give more relevant
information on the process. One advantage of the proposed model is the ability to repro-
duce both axial and radial thermal gradients. This is an important feature for investigating
Bridgman solidification, since magnitude and direction of heat transfer at locations close to
the liquidus isotherm could lead to the formation of different grain structures in front of the
axial columnar grains, i.e., radial columnar or equiaxed grains [5]. In order to investigate
the formation of different grain morphologies, plans for future work include the integration
of a front tracking algorithm into the model. The front tracking method would facilitate the
prediction of distinct regions in the mushy zone, namely columnar mush, equiaxed mush, or
in the absence of equiaxed nucleation, constitutionally undercooled liquid regions.

2.5 Addendum

2.5.1 Code-to-code verification

In this section, the main results of a code-to-code verification of the 2D axisymmetric model
described in section 2.2.1 are discussed.

As part of model development, a numerical model should be verified before it is vali-
dated. Validation is achieved by confirming agreement between numerical model simulations
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and well-understood benchmark experiments. Verification (a prerequisite to validation) is
preferably achieved by comparing numerical model simulation results against a closed-form
analytical solution [19]. However, such closed-form solutions are often difficult or impossible
to obtain. In the case where an analytical solution is unavailable, numerical modelling simu-
lation results can be compared to alternative or established numerical models of the process;
this approach is known as code-to-code verification. It is important to note that complete
code verification can only be achieved using an exact analytical model, nonetheless the code-
to-code approach is useful as a confidence building exercise in the overall model development
process.

Therefore, results from the numerical model proposed in section 2.2.1 are compared to
the ones obtained with the commercially established software ANSYS Fluent 15, which was
adapted to solve the Bridgman solidification process of binary alloys by the inclusion of User
Defined Function macros [35, 36]. In order to perform a thorough verification, different sce-
narios were considered, with different samples and furnace dimensions, and different alloy
compositions (Al-7wt%Si and Al-11wt%Si). In this section, results for Bridgman solidifica-
tion of Al-7wt%Si are reported as an example.

Tables 2.5 and 2.6 show the main input parameters for the specific case study. In par-
ticular, with the purpose of proving the ability of the model to solve correctly a transient
process, two different pulling regimes are investigated, i.e., a double velocity jump input, and
a velocity ramp input.

Table 2.5: Input values for code-to-code verification.

xdom x1 x2 rsamp Tleft = Thot Tright = Tcold h

[m] [m] [m] [m] [◦C] [◦C] [W/(m2◦C)]

200·10−3 60·10−3 90·10−3 16·10−3 668 527 1500
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Table 2.6: Pulling velocity input data.

Simulation run pulling velocity u / [m/s] time t / [s]

Sjump

0 t < 500

0.5·10−3 500 ≤ t < 800

1·10−3 t ≥ 800

Sramp

0 t < 500

t−500
550−500 ·1·10

−3 500 ≤ t < 550

1·10−3 t ≥ 550

Figure 2.13 shows the thermal histories registered during the simulations Sjump (left) and
Sramp (right) at different axial locations. Recalling that in the setup under consideration the
hot region of the furnace is located on the left (see figure 2.2), the temperature curves on the
top correspond to earlier axial positions (x=63 mm), and the bottom ones to more advanced
axial locations (x=87 mm). Results obtained using the non-commercial code are shown in
blue, while the ones obtained with ANSYS Fluent are shown in red.

Clearly, the two models show good mutual agreement in their transient thermal responses,
since the temperature curves are nearly coincident in all cases. The same level of agreement
was found when comparing simulations for samples with a different radius [35], and for
different alloy compositions [36], hence giving confidence in the efficacy of the non-commercial
code.
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Figure 2.13: Temperature histories at several axial location in response to
the velocity jump regime (left) and the velocity ramp regime (right). Axial
location shown are: x=63 mm (top), 67 mm, 71 mm, 75 mm, 79 mm, 83 mm,

and 87 mm (bottom).
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Chapter 3

Axisymmetric Front Tracking
Model for the Investigation of
Grain Structure Evolution During
Directional Solidification

Abstract

The numerical investigation reported in the previous chapter shows that the heat and mass
transfer associated with steady-state Bridgman furnace solidification is dependent on ad-
vection of sensible and latent heat, and also on the axisymmetric geometry of the sample.
The present work extends the previous one by considering more complex non-steady solidi-
fication scenarios, where transient (limited-duration) Bridgman solidification is subsequently
combined with a controlled power-down cooling process. A significant advancement with
respect to the previous model is the inclusion of a front tracking method for the simulation
of columnar growth. In the front tracking method the columnar mush region is demarcated
by a series of markers that advance at a growth rate governed by the solutal undercooling
at the dendrite tips. A classic micro-segregation law is used to govern the evolution of solid
fraction in the columnar mush and the release of latent heat. The inclusion of the front
tracking method provides greater insights into how heat fluxes and thermal conditions can
influence the final grain structure. Firstly, it is shown that by analysing the trajectories of
the markers, it is possible to predict the transition from axial columnar growth (directional
solidification) to radial columnar growth due to significant radial heat fluxes in the sample.
Secondly, it is demonstrated that model can simulate an undercooled liquid region ahead
of the columnar front where equiaxed grains could possibly nucleate and grow, leading to a
columnar to equiaxed transition (CET). Two indirect CET prediction methods from liter-
ature are included in the model to assess the likelihood of a CET occurring in the as-cast
grain structure of the alloy. The model is employed to simulate experimental scenarios from
literature involving a γ-TiAl alloy where the samples are subjected to different transient cool-
ing conditions in a Bridgman furnace. Examples of axial columnar growth, radial columnar
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growth, and CET are discussed in detail with elucidation from the model.

3.1 Introduction

Typical processing technologies for metallic components, such as investment casting or near
net shape casting, involve melting and solidification. The grain structure that develops dur-
ing the solidification process significantly influences the mechanical properties of the final
product, and usually either fully columnar or fully equiaxed grains are desired. For example,
in the case of directionally solidified turbine blades, axial columnar grains help to improve the
creep resistance at high temperatures. On the other hand, equiaxed grains allow for higher
strength and improved feeding in castings.

In order to produce a component that satisfies given requirements, it is crucial to un-
derstand how solidification process parameters influence the evolution of grain morphologies,
leading to the formation of columnar grains, equiaxed grains, or a columnar to equiaxed
transition (CET). In metallurgical research, a Bridgman furnace is well-suited for this pur-
pose. Indeed, this apparatus (originally developed for the production of single crystals [1])
provides a means for the control of solidification parameters such as the nominal temperature
gradient, cooling rate, and growth rate in a sample. A schematic of a Bridgman furnace was
shown in figure 2.1. A heater and a crystallizer, separated by an adiabatic baffle, allow for
the imposition of a desired axial temperature gradient, G, in the furnace. The sample is then
translated with respect to the furnace towards the crystallizer at a pulling velocity, given by
parameter u. In particular, during steady-state operation the growth rate of the solidification
front keeps pace with the translation velocity, u, of the sample. Therefore, in such conditions
the cooling rate of the solidification process can be approximated as the product of gradient
and pulling velocity (Ṫ = G · u). In addition, Bridgman furnaces can be operated in a tran-
sient mode, for example by imposing step changes in the pulling velocity. This is required
when transient phenomena such as CET are investigated [2]. Alternatively, Bridgman fur-
naces may be operated in stationary mode, i.e., keeping u = 0 and imposing a cooling rate
by varying the temperature of the heater in a controlled way. This mode of operation, which
is not unique to Bridgman furnaces, is often referred to as power-down mode.

Several experimental and numerical studies, aimed at investigating grain structure evo-
lution during Bridgman solidification, can be found in literature [3–7]. Most of these works
consider binary alloys, such as Al-Si [4, 6], Al-Cu [3, 5], or Ti-Al [7]. Nonetheless, in recent
years much attention has been paid to the study of multicomponent γ titanium aluminides.
In fact, these intermetallic alloys are of particular interest due to their attractive mechanical
and chemical properties such as low density, high specific strength and creep resistance at
high temperatures [8–10]. Such qualities make γ-TiAl alloys excellent candidates as struc-
tural materials in advanced engineering applications, such as automotive and aeronautical
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engines, where control of the microstructure and mechanical properties is essential.

Some examples of Bridgman solidification studies on γ-TiAl alloys, can be found in the
archived literature. Saari et al. [11] investigated the columnar grains development in a direc-
tionally solidified γ-TiAl alloy at different pulling velocities. The experimental results showed
that for lower withdrawal rates the grains were aligned to the axial direction of the casting.
For faster rates, finer columnar grains were obtained, however they tended to converge to-
wards the centre of the casting. This behaviour is due to the fact that for faster withdrawal
rates, higher negative radial temperature gradients develop, as demonstrated in the previous
chapter, hence columnar grains tend to grow towards the center of the sample.

Zhong et al. [12] performed a series of directional solidification experiments to investigate
CET in Ti-48Al-2Cr-2Nb cylindrical samples. Their results suggested that growth rates be-
low 500 µm/s should be used to obtain fully columnar grain structures.

Lapin et al. [13] studied the solidification behaviour of two different TiAl based alloys,
Ti-46Al-8Ta and Ti-46Al-8Nb, by performing two types of experiments, one at steady state
conditions to investigate columnar dendritic growth, and another in transient mode to char-
acterize CET. A CET diagram was experimentally determined for Ti-46Al-8Nb, however for
Ti-46Al-8Ta the observation of CET was prevented by solid state phase transformation. In
a subsequent study, Lapin et al. [14] carried out a series of combined Bridgman solidifica-
tion and power down experiments with different cooling rates of Ti-44.5Al-4.5Nb-0.2C-0.2B
samples. These experiments were designed to investigate directional solidification and CET.
However, the experimental findings showed unwanted radial columnar growth, which in some
cases appeared to prohibit the development of a CET. When CET occurred, regions with
axial columnar, radial columnar and equiaxed grains were present, and it was observed that
longer columnar grain regions corresponded to lower cooling rates.

Mooney et al. [15,16] employed a bespoke 1D transient Bridgman Furnace Front Tracking
Model (BFFTM) for investigating the experiments by Lapin et al. [14]. Firstly, the model was
applied to solve a steady state inverse heat transfer problem for the determination of the heat
transfer coefficients at the circumference of the crucible [15]. Subsequently, in ref. [16], the
thermal data obtained were used as boundary conditions for the series of combined Bridgman
and power down experiments [14]. The 1D BFFTM directly modelled axial columnar growth,
and was able to predict CET by indirect analysis of the conditions in the undercooled liquid
ahead of the axial columnar front [16, 17] (indirect CET prediction methods are reviewed in
McFadden et al. [18]), but could not directly model radial growth. The 1D model did high-
light the onset of conditions for radial growth (by showing a change in direction of the radial
heat flux), but, nevertheless, the model was limited to predicting directional solidification
along the axis.
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Hence, the BFFTM by Mooney et al. is limited to cases when the thermal gradient can
be assumed 1-dimensional in the axial direction, i.e., when the sample radius is sufficiently
small and the Biot number is lower than 0.1. In general, in order to include the effect of radial
heat fluxes, which can induce the growth of radial columnar grains, it is necessary to extend
the method to 3D geometries. Nevertheless, if the assumption of zero buoyancy-induced
convection is considered, the cylindrical sample solidification process can be regarded as 2D
axisymmetric.

In the previous chapter, the author developed a 2D axisymmetric transient model for
the investigation of Bridgman solidification of binary eutectic alloys. The model assumed
equilibrium solidification, therefore a mushy zone existed between the liquidus and eutec-
tic temperatures, without distinction of the columnar and undercooled liquid regions. The
evolution of solid fraction in the mushy zone was non-linear and followed Scheil law. The
model, which was verified by code-to-code comparison [19], was employed in a parametric
study [20] to understand the influence of process parameters on temperature and solid frac-
tion evolution. Interestingly, the study suggested that, due to the combination of several
heat transfer mechanisms, the existence of radial heat fluxes did not depend exclusively on
the Biot number. This demonstrates the importance of using an axisymmetric geometry for
a more accurate description of the process.

The work outlined here details the development of a transient model for the prediction
of combined Bridgman and power down solidification of γ-TiAl alloys. The 2D axisymmetric
thermal model is derived from the one described in ref. [20]. In order to model γ-TiAl instead
of binary alloys, Scheil’s law is replaced with a non-linear solid fraction to temperature rela-
tionship [15]. The main advancement with respect to the previous model is represented by
the inclusion of a front tracking algorithm, similar to the approach of Browne and Hunt [21].
According to this method, the envelope of the columnar grains tips is represented by a series
of markers connected by linear segments. These markers advance at a speed that is a function
of the local undercooling. Furthermore, a series of inactive markers, set to nucleate when
a given undercooling is reached, is placed on the sample circumference to simulate radial
columnar growth. Ahead of the axial and radial columnar zone, a region of undercooled
liquid is identified. Nucleation and growth of equiaxed grains in this region are not directly
modelled, however the likelihood of CET is assessed indirectly with the equiaxed index by
Browne [22] and with Hunt’s method for CET prediction [23].

This new model is applied to the original experimental results from refs. [14, 16]. Using
this extended approach, predictions of both axial and radial columnar growth morphologies
are possible and will be demonstrated.
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The main objectives of the present study are as follows:

• to illustrate the details of a 2D axisymmetric front tracking model for the investigation
of transient Bridgman and power down solidification of multicomponent alloys;

• to simulate a series of experimets from refs. [14] and [16], involving combined Bridgman
and power down solidification of γ-TiAl;

• to parametrically investigate the development of axial and radial columnar grains and
CET.

3.2 Methodology

3.2.1 Thermal model

The general conservation equations for a mixture of solid and liquid phases may be found in
refs. [24, 25]. In this work, the following assumptions are considered:

• negligible buoyancy induced convection;

• uniform velocity in the domain, equal for the solid and liquid phases (us = ul =pulling
velocity u);

• constant and uniform density ρ in the sample.

With these assumptions, the momentum and continuity equations are automatically sat-
isfied so that it is sufficient to solve only the heat equation [24,25]:

∂H

∂t
+ u
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∂x
= ∇ · (k∇T ) (3.1)
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In general, the volumetric solid fraction of a mushy volume Vm is defined as gs = Vs/Vm,
therefore the overall solid fraction within a given control volume CV containing a volume
of mush Vm is equal to gsVm/VCV . By substituting this definition and equation 3.2 into
equation 3.1 it follows that:

ρcp
∂T

∂t
= 1
r

∂

∂r

(
rk
∂T

∂r

)
+ ∂

∂x

(
k
∂T

∂x

)
−uρ∂(cpT )

∂x
+uρL

∂

∂x

(
gsVm
VCV

)
+ρL

∂

∂t

(
gsVm
VCV

)
(3.3)



62
Chapter 3. Axisymmetric Front Tracking Model for the Investigation of Grain Structure

Evolution During Directional Solidification

Note that r is the radial coordinate and x is the axial coordinate (figure 3.1). The term
on the left hand side of this equation represents the rate of change of sensible heat per unit
volume. The first and second terms on the right hand side represent the conductive rate of
heat flow per unit volume in the radial and axial directions respectively. The third term is
the advective rate of sensible heat flow per unit volume. The fourth and fifth terms account
for the latent heat due respectively to the advection of material with varying solid fraction
and to the solidification of the alloy.

Equation 3.3 is a Eulerian formulation of the heat transfer equation for a moving sample
i.e., its solution gives the temperature field in a fixed domain where the sample-crucible
system translates. The total computational Eulerian domain is shown in figure 3.1. The
overall domain is further subdivided into two adjacent sub-domains corresponding to the
TiAl sample (light grey) and the Y2O3 crucible (dark grey).

Figure 3.1: Computational domain for simulations in grey. a) Beginning of
pulling stage. b) End of pulling stage.

For the solution of equation 3.3 a finite volume numerical model was implemented. The
two adjacent computational domains representing the sample and the crucible were discretized
into annular control volumes of length ∆x and thickness ∆r, as depicted in figure 3.2.
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Figure 3.2: Discretization grid of computational domain.

The general description and derivation of a similar FV model is reported in the litera-
ture [20]. From this procedure, the following discretized equation was obtained:

Tnewi,j = Ti,j + ∆t
ρcpi,j

{
1

VCVi,j

[(
Asi,jqsi,j +Ani,jqni,j

)
+
(
Awi,jqwi,j +Aei,jqei,j

)]

− uρ

(
cpei,j

Tei,j − cpwi,j
Twi,j

)
∆x + uρL

Vmi,j

VCVi,j

(
gsei,j

− gswi,j

)
∆x + uρL

gsi,j

VCVi,j

(
Vmei,j

− Vmwi,j

)
∆x

+ρL
Vmi,j

VCVi,j

(
gnewsi,j

− gsi,j

)
∆t + ρL

gsi,j

VCVi,j

(
V new
mi,j
− Vmi,j

)
∆t


(3.4)

where Ai,j are the areas of the faces of the i, j-th control volume and qi,j are the entering
heat fluxes at each face of the i, j-th control volume [20]. Note that the last four terms in equa-
tion 3.4 result from the decomposition of the derivatives in the last two terms of equation 3.3.

The explicit time scheme expressed by equation 3.4 is coupled to a Newton-Raphson it-
erative scheme for the calculation of gnews and to a front tracking algorithm for determining
Vm and V new

m .

Equation 3.4 is valid in a general CV where a mixture of solid and liquid phases are
present. In fully liquid and fully solid CVs, including the crucible region, the last four terms
of equation 3.4 must not be considered.
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3.2.2 Solidification model

In order to solve equation 3.4, it is necessary to model the evolution of the mushy zone in
the sample during solidification to calculate the values of Vm and gs at any time step during
the process.

As described in section 3.1, two different dendritic structures may develop during alloys
solidification, i.e., columnar or equiaxed grains. In the present study, only columnar grain
growth is directly modelled, by the means of a front tracking algorithm. According to this
procedure, the volume of columnar mush is delimited at the liquid side by a front that
envelopes the columnar grains tips.

Figure 3.3: Front tracking model.

Figure 3.3 shows the front, identified by a series of markers connected by linear segments,
at two consecutive time steps. Also, in the liquid non active markers are positioned on each
physical border of the sample, and are activated if a given nucleation undercooling ∆Tnucl is
reached. This allows the modelling nucleation and growth of radial columnar grains from the
sample circumference and axial columnar grains from the right end of the sample.

The velocity at which each active marker, and hence the front, advances during the pro-
cess is calculated as the sum of two components which represent the contribution of the
solidification process and of the sample translation. The first component, vt, is normal to
the front and directed towards the liquid, and its magnitude is calculated according to the
following dendrite tip kinetic law [26]:

|vt| = C∆T bt (3.5)
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where ∆Tt is the undercooling at each marker position, i.e., the difference between the
equilibrium liquidus temperature of the alloy and the temperature at the marker position.
The latter is calculated by bilinear interpolation from the temperatures of the four CVs clos-
est to the marker. C and b are the dendrite growth coefficient and the undercooling exponent,
respectively.
For the alloy under consideration, the dendrite growth coefficient and undercooling exponent
for the evaluation of equation 3.5 are equal to C = 2.63 · 10−6 m/s·◦C−b and b = 2.79, re-
spectively [15].

The second component is equal to the axial pulling velocity, u, and is the same for each
marker.

After the markers displacement, the new markers positions are checked to avoid marker
rarefaction or accumulation, and the new front is determined. The marker spacing is deter-
mined in order to maintain the resolution of the grid spacing, therefore the distance between
two markers could not be greater than the chosen ∆x, nor smaller than 0.5∆x.

Knowing the position of the front in the domain permits one to calculate, at each time
step, the volume of mush Vm in each CV containing the front. This value, Vm, is the captured
mushy volume.

Finally, a further relation must be included to calculate the value of solid fraction, gs, in
the mushy zone as a function of temperature. For this purpose, a solid fraction-temperature
relationship for the TiAl intermetallic alloy of interest was estimated by Mooney et al. [15],
and is shown in figure 3.4.



66
Chapter 3. Axisymmetric Front Tracking Model for the Investigation of Grain Structure

Evolution During Directional Solidification

Figure 3.4: Solid fraction to temperature relationship for Ti-44.5Al-4.5Nb-
0.2C-0.2B estimated using Thermocalc via the "Modified Scheil Module" [15].

3.2.3 CET prediction

The nucleation and growth of equiaxed grains in the undercooled liquid ahead the columnar
region, and hence CET, were not modelled directly. In order to assess the potential of a CET
occurrence, two indirect methods were employed.

The first approach consisted in the evaluation, at each time step, of the equiaxed index,
according to Browne [21]:

Ieq =
NCVs∑
i,j

Ubi,j
VCVi,j (3.6)

where Ubi,j
is the undercooling in the i, j-th control volume:

Ubi,j
=


TL − Ti,j if Ti,j ≤ TL and Vmi,j

VCVi,j
< 0.5

0 elsewhere

(3.7)
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The equiaxed index rises during the solidification process as the temperature in the sam-
ple is lowered and the volume of undercooled liquid and level of undercooling increase. The
parameter reaches a maximum after which it quickly drops as the undercooled liquid is con-
sumed by the columnar mush. As Ieq increases, CET becomes more probable, and the peak
reached by Ieq during the process corresponds to the instant at which the transition is most
likely to occur. Therefore, the peak value for Ieq highlights the moment when conditions for
CET formation within the sample are at their optimum level. Equiaxed index is a useful
comparison tool for predicting the likelihood of CET between experiments with different pro-
cess conditions. However, when used on its own or without knowledge of a threshold value,
equiaxed index provides insufficient evidence to determine whether a CET could take place.

To overcome this issue, Hunt’s method [23] is used in conjunction with the equiaxed index.
According to Hunt, the critical temperature gradient condition for fully equiaxed growth is:

G < 0.617 ·N1/3
0

[
1−

(∆Tnucl
∆Tt

)3]
∆Tt = GCET (3.8)

where G is the temperature gradient at the columnar front location, N0 is the nuclei
density, ∆Tt is the undercooling at the columnar front location and ∆Tnucl is the nucleation
undercooling of the equiaxed grains.

Hunt’s model is formulated for 1D directional steady state solidification. Since the ax-
isymmetric model proposed is 2D, Hunt’s analysis is performed at specific marker locations
where the local temperature gradient and columnar growth are either fully axial or fully
radial. This allows a qualitative evaluation of the possibility of CET occurrence at different
locations at each time step of the solidification process.

3.2.4 Boundary conditions

Given the axisymmetric nature of the problem, on the x axis an adiabatic boundary condition
is assumed.

At each end of the two sub-domains, i.e., at x = 0 and x = xdom, Neumann boundary
conditions are imposed such that:


qleft = −k ∂T∂x |x=0 for x = 0, 0 ≤ r ≤ rcr

qright = −k ∂T∂x |x=xdom
for x = xdom, 0 ≤ r ≤ rcr

(3.9)
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As shown in figure 3.5, at the common nodes st the interface between the sample and
the crucible domains, the temperature difference between the two materials is modelled by
considering a thermal contact resistance [27], hence:

− k∂T
∂r

= 1
Rint

(Tsamp − Tcr) for 0 ≤ x ≤ xdom, r = rsamp (3.10)

Figure 3.5: Thermal contact resistance between sample and crucible

To model the radial heat flow at the crucible external circumference, the following bound-
ary conditions are applied along the heater and the heat sink:

− k∂T
∂r

=
{
hcold (T − Tcold) for 0 ≤ x < x1, r = rcr

hhot (T − Thot) for x2 < x ≤ xdom, r = rcr
(3.11)

Note that to model the power down solidification process, Thot is a function of time, T 0
hot

being its initial value. The heat transfer coefficients include both the effect of convective and
radiative heat transfer.

Finally, at the interface with the adiabatic baffle the radial heat flux is set to zero so that:

∂T

∂r
= 0 for x1 ≤ x ≤ x2, r = rcr (3.12)
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3.2.5 Input data

Table 3.1 shows the main thermophysical properties of the crucible and the sample material,
taken from refs. [28] and [29]. In particular, the specific heat and thermal conductivity are
modelled as polynomial functions of temperature, P = a0 +a1T +a2T

2 +a3T
3. For the alloy,

the properties in the mushy zone are given by a linear combination of the solid fraction as
follows:

Pm =
(

1− gsVm
VCV

)
Pl + gsVm

VCV
Ps (3.13)

The heterogeneous nucleation undercooling of the columnar grains at the crucible surface
is ∆Tnucl =1 ◦C.

Finally, the geometrical data used in the simulations are reported in table 3.2.

Table 3.1: Thermophysical properties of Ti-45.5Al-4.7Nb-0.2C-0.2B and
Y2O3 used in the simulations.

Ti-45.5Al-4.7Nb-0.2C-0.2B Y2O3

TL / [◦C] 1550

TS / [◦C] 1434

ρ / [kg/m3] 3674 5000

ρL / [J/m3] 1249·106

cp / [J/(kg◦C)]
sol. 6.32 · 102 + 7.44 · 10−2T − 2.07 · 10−4T 2 + 2.97 · 10−7T 3

0.44 · 103 + 0.14T
liq. 1040

α / [m2/s] 5.36 · 10−6 + 5.18 · 10−9T + 4.3 · 10−13T 2 − 3.01 · 10−15T 3

k / [W/(m◦C)] α · ρcp 21.31− 0.02T + 5.83 · 10−6T 2
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Table 3.2: Geometrical data used in the simulations.

xdom / [m] x1 / [m] x2 / [m] rsamp / [m] rcr / [m]

150·10−3 20·10−3 27·10−3 5·10−3 7.5·10−3

3.2.6 Simulation setups

The simulation setups described in the following sections are aligned to two different exper-
imental scenarios from the literature [15, 16]. Two operation modes are considered, namely,
stationary operation and Bridgman combined with power-down operation. Stationary oper-
ation was performed experimentally in order to characterise the heat transfer performance
(and boundary conditions) of the furnace. In this case the sample was held under steady
conditions while temperature measurements were recorded [15] . Combined Bridgman with
power-down operation was performed experimentally where the Bridgman (or pulling) mode
was used to initiate columnar growth and was then switched to a power-down (stationary
with controlled cooling) mode. This combined mode of operation was designed to generate
suitable conditions for CET [16].

Stationary solidification

As a first step, the model is used to simulate a series of experiments carried out in stationary
conditions. During these experiments, the temperatures of the crystallizer and of the heater
are kept constant and the pulling velocity is set equal to zero. This analysis is used to test
the efficacy of the model in reproducing realistic solutions. Hence the numerical results are
compared to the measured temperature profiles along the axis of the samples. The main
input data for these simulations are reported in table 3.3.



3.2. Methodology 71

Table 3.3: Input data for stationary simulations.

Simulation run

S1 S2 S3 S4

Tcold / [◦C] 17

Thot / [◦C] 1600 1630 1650 1680

Rint / [(m2◦C)/W] 1·10−5

∂T/∂x|x=0 / [◦C/m] 7.5·103

∂T/∂x|x=xdom
/ [◦C/m] 0

hcold / [W/(m2◦C)] 70

hhot / [W/(m2◦C)] 200

Combined Bridgman and power-down simulation

The numerical model is set up for the simulation of combined Bridgman and power down
experiments. Starting from an initial steady state condition, the sample is first pulled 20
mm towards the crystallizer (pulling stage). Following this, the temperature of the heater is
gradually lowered with a constant cooling rate (stationary stage). This procedure is repeated
with different cooling rates applied, just as was done in the experiments [16]. The input data
for these simulations are shown in table 3.4.

Table 3.4: Input data for combined Brigman and power down simulations.

Simulation run

PD1 PD2 PD3 PD4

T 0
hot / [◦C] 1720

Pulling Stage u / [m/s] 2.78·10−4

Cooling Stage −∂Thot/∂t / [◦C/min] 15 20 30 50



72
Chapter 3. Axisymmetric Front Tracking Model for the Investigation of Grain Structure

Evolution During Directional Solidification

3.3 Results and discussion

In this section, the results of the stationary (S1 to S4) and combined Bridgman and power
down (PD1 to PD4) simulations are reported and compared to experimental data from refs.
[15], [14] and [16]. The grid and time steps assumed for all the simulations are ∆x=∆r=0.625
mm and ∆t=0.001 s, which ensure the stability and convergence of the numerical scheme.
Grid and time step independence were investigated. The root mean square deviation of
the temperature distributions obtained with ∆x=∆r=0.625 mm and ∆t=0.001 s, and with
∆x=∆r=0.3125 mm and ∆t=0.0005 s was of the order of 0.03◦C.

3.3.1 Stationary solidification

Figure 3.6: Comparison of experimental and simulated temperature profiles
at the sample axial position.

For the case studies S1, S2, S3 and S4 the sample is stationary and the temperatures of
crystallizer and heater are kept constant (table 3.3). The scope of this analysis is to assess
the model efficacy in reproducing realistic results.

Figure 3.6 shows the temperature profiles in the sample when a steady state condition
is reached. Experimental temperatures, available from Mooney et al. [15], are represented
with dashed lines. These temperatures were measured by a thermocouple that was trans-
lated along the axis of the sample. The experimental data are compared to the simulated
temperatures at the axial CVs, and are represented in figure 3.6 by solid lines.

The simulated results show good agreement with the experiments. Some differences are
present, with a root mean square error between the simulated and experimental data of the
order of 30◦C. These differences are due to a combination of several factors. For instance,
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we assumed constant values for the heat transfer coefficients at the circumference of the
crystallizer and heater respectively. The chosen values fall into a realistic range for furnaces
with argon atmosphere [30, 31], though real values would vary with both temperature and
geometrical, material and surface characteristics of the furnace and crucible interface. An
accurate estimate of actual values would require further experimental data and analysis which
are beyond the scope of the present study.

Another assumption was made for the values of the axial temperature gradients for the
Neumann boundary conditions. In fact, uniform temperature gradients were imposed along
the entire radius of the sample and the crucible. In reality, the values would change with the
radius and in the different materials, however temperature measurements at different radii
were not available.

Nevertheless, acknowledging the modelling assumptions and experimental uncertainties,
the model is deemed to be sufficiently accurate to reproduce, in a realistic way, the solidifi-
cation processes under consideration.

3.3.2 Bridgman and power down solidification

Simulations PD1, PD2, PD3 and PD4 are divided into two steps. First, starting from a steady
state condition, the sample is pulled 20 mm into the crystallizer (Bridgman solidification or
pulling stage). The first stage is common to all the simulations. Afterwards, four different
cooling rates are imposed to each sample (power down or cooling stage). As mentioned, these
scenarios replicate the conditions performed in the reported experiments [16].

Since equiaxed grains growth is not directly simulated in the model, a first analysis is
presented considering the free evolution of axial and radial columnar grains in the entirety of
the samples. Afterwards, the likelihood of CET will be discussed according to the results of
the equiaxed index and Hunt models (section 3.2.3).

Figure 3.7 shows the temperature (top half of images) and solid fraction (bottom half of
images) distribution in the samples at the initial time and at the end of the pulling stage. The
columnar front, composed by markers connected by straight lines, is represented in white.
Solid black lines demarcate the sample and the crucible domains.
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(a)

(b)

Figure 3.7: Temperature (top half of images) and solid fraction (bottom half
of images) distributions at the beginning (a) and at the end (b) of the pulling

stage.

Initially (figure 3.7(a)), the front is located close to x =50 mm, with the axial marker
at x =49.8 mm and the radial marker at x =49.2 mm. The shape of the columnar front is
slightly convex, meaning that the radial temperature gradient is positive, hence heat is flow-
ing from the external heater to the center of the sample. The initial condition corresponds
to the steady state solution for the initial furnace configuration with a stationary sample,
Tcold = 17 ◦C and Thot = 1720 ◦C. At steady state the columnar front is stationary and
at equilibrium, hence its position corresponds to the one of the liquidus isotherm and an
undercooled liquid region is not present.

During the pulling stage temperature in the sample increases due to the advection of
sensible and latent heat, represented by the third and fourth terms of equation 3.3.

As figure 3.7(b) shows, at the end of the pulling stage the columnar front shifts towards
the crystallizer according to the pulling direction. The overall displacement of the front is
the effect of two distinct mechanisms: the pulling velocity u and the growth velocity of each
marker due to the local undercooling as per equation 3.5. The final position of the axial
marker is x =32.5 mm, while the position of the marker at the sample circumference is
x =31.2 mm. The front is still located in the heater region, that begins at x2 =27 mm. At
this location, the radial heat flux is positive and the convexity of the front is slightly more
pronounced than in the initial conditions. The width of undercooled liquid region is less than
1 mm, with a maximum undercooling of 2 ◦C.
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Following the Bridgman solidification phase, the furnace is switched to power down mode.
Cooling rates of 15, 20, 30 and 50 ◦C/min are imposed during simulations PD1, PD2, PD3
and PD4, respectively.

Figures 3.8, 3.9, 3.10 and 3.11 show the temperature and solid fraction distribution, and
the front at different times during PD1, PD2, PD3 and PD4. In the figures, tPD is the time
passed since the beginning of the cooling stage.

Figures 3.8(a), 3.9(a), 3.10(a) and 3.11(a) show the sample at tPD =200 s. At this time
the front is still convex in all the simulations, meaning that the radial heat flux is positive.
The instant corresponding to the radial heat flux reversal is represented in figures 3.8(b),
3.9(b), 3.10(b) and 3.11(b). The front at this time is almost perfectly flat in all the simula-
tions, with a maximum difference between the x coordinate of the axial and outer markers
of 0.08 mm.

The radial heat flux reversal is strictly related to the value of the applied cooling rate. In
fact, due to the thermal inertia of the sample, its cooling rate is slower than the one applied to
the furnace, hence at some point the temperature of the furnace becomes lower than the tem-
perature of the solidifying material. Clearly, this effect is more pronounced for higher cooling
rates. This is visible in figures 3.8(b), 3.9(b), 3.10(b) and 3.11(b), showing that proceeding
from PD1 to PD4 the radial heat flux reversal occurs earlier in time, when the front is in
a less advanced position. The exact times and axial marker positions are reported in table 3.5.

After, the front advances in a region with a negative radial heat flux. Furthermore, the
radial thermal gradient is stronger towards the right end of the sample where the difference
between the furnace and sample temperatures is higher. This condition is favourable for
radial columnar growth, which occurs when the nucleation undercooling is reached at the
circumference of the sample.

Figures 3.8(c), 3.9(c), 3.10(c) and 3.11(c) show the samples 100 s after the radial heat
flux reversal. In all simulations, the front is evidently concave, and markers are nucleating
at the circumference of the sample. Concavity and radial growth are more pronounced at
higher cooling rates (PD3 and PD4). Figures 3.8(d), 3.9(d) and 3.10(d) show the solution
150 s after the reversal. At this time, nucleation of all the markers along the length of the
sample PD1 is evident. In PD2 and especially PD3 radial growth is quite significant. Finally,
figure 3.11(d) shows the sample from PD4 at tPD=344 s, i.e., 131 s after the radial heat
flux reversal. At this time all the undercooled liquid is enveloped by the front, which has
converged to the axis of the sample.
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Figure 3.8: PD1: temperature, solid fraction and front evolution during the
power down solidification process. tP D is the time since the beginning of the
cooling stage. (a) tP D=200 s. (b) Radial heat flux reversal time. (c) 100 s

after radial heat flux reversal. (d) 150 s after radial heat flux reversal.

Figure 3.9: PD2: temperature, solid fraction and front evolution during the
power down solidification process. tP D is the time since the beginning of the
cooling stage. (a) tP D=200 s. (b) Radial heat flux reversal time. (c) 100 s

after radial heat flux reversal. (d) 150 s after radial heat flux reversal.
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Figure 3.10: PD3: temperature, solid fraction and front evolution during the
power down solidification process. tP D is the time since the beginning of the
cooling stage. (a) tP D=200 s. (b) Radial heat flux reversal time. (c) 100 s

after radial heat flux reversal. (d) 150 s after radial heat flux reversal.

Figure 3.11: PD4: temperature, solid fraction and front evolution during the
power down solidification process. tP D is the time since the beginning of the
cooling stage. (a) tP D=200 s. (b) Radial heat flux reversal time. (c) 100 s
after radial heat flux reversal. (d) Time at which all the liquid is enveloped by

columnar mush.
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Table 3.5: Time and axial marker position corresponding to the radial heat
flux reversal and to the transition to a fully radial columnar growth.

Radial heat flux reversal Transition to fully radial growth

tPD / [s] x(maxis) / [m] tPD / [s] x(maxis) / [m]

PD1 658 67.0·10−3 ∼823 ∼85·10−3

PD2 501 63.2·10−3 ∼649 ∼82·10−3

PD3 340 56.9·10−3 ∼466 ∼75·10−3

PD4 213 49.5·10−3 ∼318 ∼67·10−3

After the radial heat flux reversal, radial columnar grains start to nucleate and grow, and
a region of mixed axial and radial columnar grains develops in the sample. After some time,
however, axial columnar growth is obstructed by radial grains and a transition to a fully
radial columnar region occurs.

The last two columns of table 3.5 show an estimate of the time and position of the
axial marker corresponding to a full transition to radial grains. These results derive from
a graphical analysis of the trajectory of the markers during the four solidification processes
PD1, PD2, PD3 and PD4, shown in figure 3.12. The red vertical lines in the samples show
the position of the radial heat flux reversal. The blue lines are the trajectories formed
by the positions of the markers in time. It is evident that before the reversal the marker
trajectories are directed from the axis to the circumference of the sample, accordingly to a
convex shape of the front. In the proximity of the red line, the trajectory is basically parallel
to the axial direction. Almost immediately after the reversal, some markers directed in the
radial direction are present in all the samples. Finally, a region where the displacement of the
markers is completely radial is observed. The overall process is faster for higher cooling rates.
The images do not allow to identify a sharp transition from the axial to the radial columnar
zone of the alloy, since the method employed models a unique front that delimits the overall
region of columnar mush. Also, the trajectories of the markers are in part affected by the
markers rarefaction/accumulation checking algorithm, hence they are not the precise scientific
indication of the solidification process of the alloy. Nevertheless, the marker displacement
depends mainly on the local temperature gradient, therefore their trajectories are useful in
giving a rough estimate of the direction of the columnar grains in the different regions.
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(a)

(b)

(c)

(d)

Figure 3.12: Marker trajectories during the power down solidification process.

CET prediction

The previous analysis does not consider the possible nucleation and growth of axial grains
in the samples, since only columnar growth is directly modelled. Hence, the likelihood of
CET is investigated indirectly by the means of the equiaxed index by Browne [22] and Hunt
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analysis [23].

Figure 3.13 shows the equiaxed index (equation 3.6) for each of the four simulations
from the beginning of the pulling stage (tPD ∼ −72 s) to the end of each simulation, that
corresponds to the instant at which all the undercooled liquid is enveloped by the columnar
front. Table 3.6 reports the exact time and axial marker position corresponding to the peak
of Ieq, and figure 3.14 shows the level of undercooling in the samples at this time. The
maximum of Ieq represents the instant at which CET is most likely. Nontheless, CET could
develop also before the maximum of Ieq.

Figure 3.13: Equiaxed index for PD1, PD2, PD3 and PD4.

By comparing the times in table 3.6 with the times in table 3.5, it can be noticed that
the maximum of Ieq occurs after the radial heat flux reversal. Therefore it is probable that,
if CET occurs, a region of mixed axial and radial columnar grains would be present before
the equiaxed region. Interestingly, in all the simulations the maximum of Ieq precedes, just
by a few seconds, the time at which a fully radial columnar growth was estimated. This can
be explained by the fact that after radial grains start to grow along the entire length of the
sample, they quickly consume all the undercooled liquid. With the decrease in the volume of
undercooled liquid Ieq drops quickly, indicating that equiaxed growth is less probable.
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Table 3.6: Time and axial marker position corresponding to the maximum
of Ieq.

Maximum of Ieq

PD1 PD2 PD3 PD4

tPD / [s] 802 630 459 316

x(maxis) / [m] 81.7·10−3 78.4·10−3 73.5·10−3 66.7·10−3

Observing the trend of Ieq for each of the simulations, it could seem that CET is more
likely during PD4, since the peak of the index is higher than for the other simulations. This
is due to the fact that at higher cooling rates all the liquid ahead of the front becomes un-
dercooled earlier, i.e., when the front is in a less advanced position. Hence, the volume of
undercooled liquid is larger at higher cooling rates. Nevertheless, it must be noticed that at
lower cooling rates, like in the case of PD1, the variation of Ieq is much slower, meaning that
there would be a longer time for equiaxed grains to nucleate and grow.

The equiaxed index Ieq gives an indication of the time within which CET is most likely to
develop during each of the simulations PD1, PD2, PD3 and PD4. However, it is not sufficient
to establish whether and exactly when CET would actually occur in any of the four samples.
For this reason an additional analysis was performed using Hunt’s model [23]. The results of
this study are shown in figures 3.15, 3.16 and in tables 3.7, 3.8.
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Figure 3.14: Level of undercooling at the time corresponding to the maximum
of Ieq.
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Figure 3.15: Hunt plot showing the advancement velocity of the axial marker
versus the axial temperature gradient at its location.

Figure 3.15 is referred to as a Hunt plot and represents, on a logarithmic scale, the tip
velocity of the columnar front versus the local temperature gradient. The gray curves were
calculated with equation 3.8, where the tip velocity and tip undercooling were related by the
equation |vt| = C∆T bt . These lines divide the plot into two regions. In particular, Hunt’s
model predicts fully equiaxed growth above these curves. On the other hand, the coloured
curves in figure 3.15 represent the velocity of the axial marker versus the local axial temper-
ature gradient at every time step during the simulations. CET in the samples is predicted
when each of these lines crosses the ones given by Hunt’s model.

Several possible values for the nuclei density N0 and equiaxed grain nucleation under-
cooling ∆Tnucl were investigated. In particular, the maximum undercooling measured in the
samples was of the order of 4◦C (see figure 3.14). For this reason, nucleation undercooling
levels up to this value were considered. Also, it is assumed that the undercooling required
for equiaxed nucleation is at least equal to the one required for columnar grains, i.e., 1◦C.
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Table 3.7: Time and position of the axial marker corresponding to CET as
predicted by Hunt model for different nuclei densities and equiaxed nucleation

undercooling values.

∆Tnucl=1◦C ∆Tnucl=2◦C ∆Tnucl=3◦C ∆Tnucl=4◦C

N0 / [ mm−3] 0.1 1 0.1 1 0.1 1 1

tPD / [s]

PD1 752 692 761 713 793 748 /

PD2 593 543 598 556 624 581 /

PD3 432 395 436 402 462 418 456

PD4 305 275 308 279 / 287 306

x(maxis) / [mm]

PD1 75.4 69.1 76.5 71.5 80.5 75.0 /

PD2 72.9 67.1 73.6 68.5 77.4 71.4 /

PD3 68.7 63.1 69.3 64.1 74.1 66.4 72.9

PD4 64.2 58.2 64.8 58.9 / 60.4 64.4

Since non-inoculated samples are considered, only nuclei densities up to 1 mm−3 were
investigated. Clearly, for combinations with lower nucleation undercoolings and higher nuclei
densities, CET in the samples would occur earlier. Also, figure 3.15 shows that at low tip
velocity and temperature gradients the nucleation undercooling is the main factor that should
be considered for the determination of CET. On the contrary, at higher tip velocities and
temperature gradients, the nuclei density is more important.

Table 3.7 reports, for all the simulations, the time and position of the axial marker cor-
responding to CET according to Hunt’s model for all the different combinations of N0 and
∆Tnucl. When N0=0.01 mm−3 the experimental curves in figure 3.15 never cross the ones
calculated with Hunt’s model, therefore it is assumed that higher values of nuclei densities
are required in order to achieve CET. Similarly, except for PD3 and PD4, a nucleation un-
dercooling lower than 4◦C is required. Interestingly, in all PD1, PD2, PD3 and PD4 the
earliest CET, predicted when N0=1 mm−3 and ∆Tnucl=1◦C, occurs after the radial heat flux
reversal, hence when some radial nucleation and growth is already present. Moreover, when
the same values of N0 and ∆Tnucl are considered, the length of the axial columnar region up
to CET diminishes with the increase of cooling rate, from PD1 to PD4.

Given the 1 dimensional nature of Hunt’s model, the previous analysis is valid for the
region of the sample immediately ahead the axial marker, where the temperature gradient
is mostly axial. However, in the rightmost part of the sample columnar growth is radial as
well as the temperature gradient. Also, undercooling is lower than in the immediate region in
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front of the axial columnar grains. These different conditions could lead to different situations
than the classical CET from axial columnar grains to a fully equiaxed region. For example,
radial columnar grains could continue to grow after CET in front of the axial columnar grains
has occurred, resulting in a sample with an equiaxed region between an axial columnar zone
and a radial columnar one.

Therefore, the conditions in the region of radial growth were investigated in an analogous
way to the one presented for the axial marker. In particular, the growth velocity of a marker
located at x =120 mm versus the radial temperature gradient at this location was compared
to Hunt’s conditions for CET. Results are reported in figure 3.16 and table 3.8.

Figure 3.16: Hunt plot showing the advancement velocity of the radial marker
at x=120 mm versus the radial temperature gradient at its location.
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Table 3.8: Time corresponding to CET in the radial columnar zone (x=120
mm) as predicted by Hunt model for different nuclei densities and equiaxed

nucleation undercooling values.

∆Tnucl=1◦C ∆Tnucl=2◦C ∆Tnucl=3◦C

N0 / [ mm−3] 0.01 0.1 1 0.01 0.1 1 0.1 1

tPD / [s]

PD1 794.5 793 792 798.4 797.3 796.8 / /

PD2 624.6 623 622 627.3 626.1 625.5 / /

PD3 453.5 452 451.2 455.3 454 453.5 457.1 456.6

PD4 313.4 311.4 310.5 314 312.5 311.8 314.4 313.7

From the comparison between table 3.7 and table 3.8, it emerges that, in most of the
cases, CET in the rightmost part of the sample occurs after the one in front of the axial
columnar region. This means that some amount of radial grains could still be present in
the samples at the end of the process. Interestingly, in some cases (e.g., PD1 and PD2 with
∆Tnucl=3◦C), CET is predicted only in front of the axial columnar region, meaning that a
fully radial columnar zone could be present at the right of the equiaxed region. On the con-
trary, for different values (e.g., when N0=0.01 mm−3), CET is predicted only in the region of
radial heat flux, meaning that the final structure of the sample could show a transition from
axial columnar to radial columnar to equiaxed grains.

In conclusion, the results give an approximate indication of the grain structures that could
develop in the samples, showing that it highly depends on the combination of several factors.
In particular, radial growth depends on the cooling rate applied to the furnace. In order to
avoid it, much lower cooling rates should be used to maintain a positive radial temperature
gradient in the samples. On the other hand, CET strictly depends on the equiaxed nuclei
density and their nucleation undercooling. In general, in front of the columnar zone axial
temperature gradients were quite high in all the simulations, hence in this region CET de-
pended mainly on the nuclei density. On the contrary, in the zone of radial growth, radial
temperature gradients and growth velocities were lower, so CET depended more on the un-
dercooling required for equiaxed nucleation.

Comparison with experiments

Experimental results for case studies PD1, PD2, PD3 and PD4 can be found in the litera-
ture [16], and are shown in figure 3.17. In particular, for PD2 and PD4 only axial columnar
and radial columnar grains were observed in the samples. The region of mixed axial and
radial columnar grains went from x=65 mm to x=68 mm for PD2, and from x=57 mm to
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x=65 mm for PD4. The length of this mixed region was slightly overestimated by the model
(see table 3.5), however its position in the sample was close to the one measured in the exper-
iments. According to Hunt’s model, it would seem that the nuclei density in these samples
was lower than 0.01 mm−3 or that the undercooling required for equiaxed grain nucleation
was higher than 4 ◦C.

Different situations were observed in PD1 and PD3. In the first case, a zone with mixed
columnar, equiaxed and radial grains was found between a fully axial columnar and a fully
radial columnar region, in particular from x=70 mm to x=115 mm. From the simulation
results, this situation is close to the one obtained with values of nuclei density around 1 mm−3

with nucleation undercooling between 1 and 2 ◦C. In this case the numerical model predicts
that CET in the radial zone would occur after the one in front of the axial marker. This could
explain the formation of a region where all the three structures are present simultaneously.
In fact, equiaxed grains would grow and block the axial marker, but some radial growth could
still occur.

On the other hand, in PD3 a region of fully equiaxed grains was observed from x=76
mm to x=100 mm, followed by a fully radial region. In this case, the best agreement with
the model is found when ∆Tnucl=3◦C and N0=0.1 mm−3. Interestingly, with these values,
the model predicts an earlier CET in the radial region. Hence the growth of radial grains
is immediately blocked, unlike in the previous case. This could explain the different grain
structure observed in the experiments.

Figure 3.17: Images of samples showing different grain regions: U = un-
melted, C = axial columnar, R = radial columnar, E = equiaxed [16].

From this comparison, it is evident that the conditions in the samples where not con-
sistent during the different experiments PD1, PD2, PD3 and PD4. The numerical model is
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able to predict, at least qualitatively, the different grain structures that could develop in the
samples, showing that also small variations in the number and quality of nucleation seeds in
the material could lead to different situations.

3.4 Conclusions

A 2D axisymmetric transient model for Bridgman and power down solidification was pre-
sented. The model included a front tracking algorithm to simulate the nucleation and growth
of axial columnar and radial columnar grains in cylindrical samples. Equiaxed grain growth
was not directly simulated, but the likelihood of CET in different scenarios was investigated
indirectly by the means of Browne equiaxed index [22] and Hunt model for CET [23]. The nu-
merical model was applied to investigate the grain structure development in γ-TiAl samples
subjected to cooling rates of 15, 20, 30 and 50 ◦C/min. In all the cases, the cooling rate was
sufficiently high to induce a negative radial temperature gradient in the undercooled liquid
region, leading to the nucleation and growth of radial columnar grains. In the absence of
equiaxed growth in the samples, the model predicted the transition from a zone with mixed
axial and radial columnar grains to a fully radial grain region. The position of this transition
in the samples was less advanced when higher cooling rates were applied. The likelihood of
CET was investigated both in the region in front of the axial marker, characterized by an
axial temperature gradient, and in the rightmost part of the sample, characterized by a radial
temperature gradient. The results suggest that the occurrence of CET highly depends on the
values of equiaxed nuclei density and the level of undercooling required for their nucleation.
Comparison with experiments [15, 16] showed good qualitative agreement, even though the
limited availability and significant variability of experimental data did not allow for a thor-
ough validation of the model. Plans for future work include further investigation of different
case studies, and the inclusion of a direct model for simulating equiaxed grains growth.

3.5 Addendum

3.5.1 Indirect evaluation of CET position

In this section, further considerations of CET occurring during the case studies PD1 to PD4
(table 3.4) are discussed, and the adaptation of Hunt’s model for CET to the 2D front track-
ing model is refined.

As mentioned in section 3.2.3, Hunt’s model is formulated for 1D steady state directional
solidification, as it defines a critical temperature gradient GCET in the growth direction below
which fully equiaxed growth is predicted. In section 3.3.2, Hunt’s CET predictor is adapted
to the 2D axisymmetric front tracking model by investigating the conditions for CET at two
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locations where columnar growth and temperature gradient in the sample are approximated
as either 1D axial or 1D radial. This analysis predicts that, in general, CET in the axial
columnar and radial columnar regions occurs at different times, due to the different thermal
conditions across the sample. This result suggests the possible formation of different combi-
nations of axial columnar, radial columnar, and equiaxed regions.

In order to ease the visualization of the different grain regions which might develop during
the solidification process, here Hunt’s condition for CET (equation 3.8) is evaluated for each
front marker, by considering the component of the temperature gradient in the direction of
the marker’s advance as follows:

∇Tt · êt < GCET (3.14)

where ∇Tt is the temperature gradient calculated at each marker’s position, and êt is the
unit vector in the direction of each marker’s displacement, i.e., êt = vt/|vt|. Again, GCET is
a function of the temperature undercooling at the marker’s position ∆Tt, and of the values
of nucleation undercooling ∆Tnucl and nuclei density N0.

Hence, condition 3.14 is evaluated and stored for each front marker at every time step
during the simulations. The results of this analysis are then superimposed to the plots of the
markers positions in time (figure 3.12), by deleting from the figures all the traces of markers
that satisfy condition 3.14. In this way, regions of equiaxed growth are identified in the
samples. It should be remembered that this is a qualitative evaluation of CET, since the one
proposed here is a post-process graphic operation, and no blocking criterion is applied to the
front markers during the simulations, nor equiaxed growth is directly modelled. Results of
this operation, repeated for different values of ∆Tnucl and N0, are shown in figures 3.18 and
3.19.

Figure 3.18 reports the graphical evaluation of CET for different values of the nucleation
undercooling, when a nuclei density of 0.1 mm−3 is considered. The left column in figure
3.18 shows results for PD1 (low cooling rate), while the right column shows results for PD4
(high cooling rate). As one would expect, CET occurs earlier in the samples when the
assumed nucleation undercooling for equiaxed growth is lower. Also, CET occurs earlier
when the applied cooling rate is higher (PD4), since the undercooling in the liquid region is
larger (see figure 3.14). Nonetheless, the position of CET in PD4 occurs at a more advanced
position with respect to the radial heat flux reversal (red lines), hence more extended radial
columnar regions are predicted in the samples along with axial columnar and equiaxed ones.
Interestingly, in the case of high nucleation undercooling (∆Tnucl=4◦C), the equiaxed grain
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region in PD4 is found after the transition to a fully radial columnar region. On the other
hand, for PD1 no CET is registered in the sample when ∆Tnucl=4◦C, since the sufficient level
of undercooling in the liquid is not reached. Therefore, for a given value of the nuclei density,
CET at lower cooling rates might not occur if the nucleation undercooling of equiaxed grains
is not sufficiently low.

Figure 3.18: Qualitative evaluation of CET position for different values of
nucleation undercooling ∆Tnucl

Figure 3.19 shows the qualitative evaluation of CET for different values of the nuclei den-
sity N0, assuming that the undercooling required for equiaxed nucleation is ∆Tnucl=2◦C. As
for the previous figure, the left column in figure 3.19 shows results for PD1 (low cooling rate),
while the right column shows results for PD4 (high cooling rate). As expected, CET occurs
earlier when the equiaxed nuclei density is higher. As for the previous case, at lower cooling
rates (PD1) CET occurs at a more advanced position in the sample, but at an earlier stage
with respect to the radial heat flux reversal. Noticeably, for a low value of the nuclei density
(N0=0.01 mm−3), CET is predicted only for PD1. This is due to the fact that for higher
growth rates of the columnar front, which occur in PD4, a much lower temperature gradient
is required for CET to occur, since GCET ∝ N

1/3
0 . Therefore, at higher cooling rates, CET

might not occur if the nuclei density is not sufficiently high.
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Figure 3.19: Qualitative evaluation of CET position for different values of
nuclei density N0
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Chapter 4

Influence of Natural and Forced
Gravity Conditions during
Directional Columnar Solidification

Abstract

The previous chapter reports an analysis of a transient process which combines Bridgman
and power down directional solidification of TiAl alloys in the absence of convection. The
adopted front tracking model, also coupled with indirect methods for CET prediction, shows
how the development of different grain regions, namely axial columnar, radial columnar
and equiaxed, depends on process parameters such as temperature distribution and applied
cooling rates, as well as on properties such as the degree of inoculation of the melt and
nucleation undercooling required for equiaxed growth. In this chapter, the previous front
tracking model is significantly developed, by including the solution of momentum equations
in order to predict thermal convection in the liquid region as well as in the columnar mush
(treated as an isotropic porous medium). This improvement is introduced with the aim
to fulfill the overarching objective of ESA’s GRADECET project to investigate TiAl alloys
solidification under different gravity conditions. Accordingly, the simulation setup employed
in the study reproduces the one used in experimental campaigns carried out on the MAXUS
9 rocket (microgravity) and on ESA’s Large Diameter Centrifuge (hypergravity). The ability
of the model in predicting thermal convection is demonstrated by considering several case
studies. Results show that the evolution of fluid flow patterns in the samples depends on the
external forces considered, combined to the transient change of axial and radial temperature
gradients that occur during the solidification process. A parametric study of the directional
solidification process on a centrifuge is performed by changing the value of the centrifuge
arm and rotation rate and results are compared to predictions derived from non-dimensional
considerations.
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4.1 Introduction

Metallic alloy components for advanced engineering applications, such as aerospace, auto-
motive, and medical industries, are often manufactured by casting processes like investment
casting or directional solidification. One of the main advantages of these technologies is the
possibility to produce near-net shape components. Nonetheless, in order to produce a com-
ponent that is free of defects and satisfies given requirements, it is necessary to identify and
control important process parameters. In particular, to ensure the attainment of required
mechanical properties, it is essential to be able to control the final grain structure of the
casting. The development of columnar grains, equiaxed grains, or columnar to equiaxed
transition (CET), depends on the transient thermal and fluid flow conditions in the molten
alloy. These, in turn, are functions of several interdependent variables, such as imposed tem-
perature gradients, cooling rates, geometric factors and the presence of external forces. For
this reason, the choice of process parameters is not straightforward and requires a thorough
analysis of the process under consideration. For instance, in the case of directional solidifi-
cation, specifically defined axial temperature gradients, combined with precise cooling rates
(power down mode) or pulling rates (Bridgman mode) are required to ensure the development
of the desired grain structure. For example, fully axial columnar grains, desired in industrial
applications such as the production of turbine blades, are achieved by using high tempera-
ture gradients and low pulling rates [1–3]. On the other hand, several studies show that low
temperature gradients combined with high pulling or cooling rates promote the formation
of a more extended undercooled region, and hence equiaxed growth [4, 5]. Nonetheless, high
pulling and cooling rates might induce radial temperature gradients and the development of
unwanted radial columnar grains [6–8].

In addition to thermal conditions, it is imperative to consider also the effect of external
forces which might be present during the solidification process. First of all, unless in the case
of microgravity experiments in space, any solidifying alloy is subject to terrestrial gravita-
tional acceleration. This, combined with temperature, density, and composition gradients,
induces several phenomena such as convection in the melt, segregation, and buoyancy or
sedimentation. For this reason, the influence of terrestrial gravitational field on solidification
has been extensively investigated in the literature. Narrowing down to studies that consider
directional solidification, different conditions can be investigated, such as thermal stabilizing
situations, i.e., upward solidification, or unstabilizing conditions such as in the case of down-
ward solidification. Nonetheless, in both cases predicting the final outcome is not trivial.
For example, it has been shown that even in stabilizing conditions, convection may arise
due to radial temperature gradients, inducing significant segregation [9–12]. On the other
hand strong unsteady convection might lead to a high degree of mixing and reduce segrega-
tion [9]. Considering the effect on the development of the grain structure, natural convection
modifies the heat fluxes in the melt, affecting temperature gradients and the extent of the
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undercooled liquid zone. In general, previous studies showed that melt convection has a ten-
dency to promote the occurrence of CET, due both to the reduction of temperature gradients,
and to the mechanism of dendrite fragmentation that improves equiaxed nucleation [4,13,14].

Besides terrestrial gravity, additional forces could be related to external accelerations im-
posed to the mould. One important example is centrifugal casting. This process is often
employed since centrifugal forces help mould feeding and filling processes, especially when
dealing with lightweight or highly reactive alloys. At the same time, however, centrifugal
acceleration influences melt convection. Furthermore, in the case of rotation, the effect of
Coriolis acceleration cannot be neglected. For what concerns directional solidification under
the influence of centrifugal and Coriolis forces, most studies in the literature focus on crystal
growth of semiconductors rather than alloy solidification. A remarkable result was found by
Rodot et al. [15, 16] when studying the effect of increased gravity obtained by centrifugal
force on crystal growth of PbTe and Pb1-xSnxTe. They observed that, for a well defined
value of the centrifugal force, the crystal quality and homogeneity were improved, and the
segregation profiles were similar to the ones expected in the absence of convection under
microgravity. The authors hypothesized that this particular condition was a combined effect
of the centrifugal force and the action of Coriolis acceleration. Müller and Weber [17,18] car-
ried out an extensive study, both experimental and numerical, for better understanding the
stabilizing effect of centrifugal motion on the convective flow during solidification. From the
experiments, the authors observed that for particular acceleration levels, the crystal started
to grow without striations, due to a transition from an unsteady to a steady flow. Accord-
ingly, the numerical simulations predicted a transition from an unsteady flow state called I, to
a steady flow state II. The authors concluded that the flow pattern in the sample, and hence
the enhanced quality of the crystals grown at higher rotation speed, was an effect of Coriolis
force, rather than centrifugal force. Lan et al. [19] performed a self-consistent simulation of
gradient-freeze crystal growth in a centrifuge and observed that for a horizontal configura-
tion (decreasing temperature with distance form centrifuge axis), the flow speed decreased
monotonically with the rotation speed, and as result the unstable flow was suppressed; for
a free-swing configuration a condition for a minimum convection was found, where Coriolis
force balanced the gravitational ones. Several possible reasons for the minimum in convection
were proposed by Wilcox et al [20], for example due to a balance between buoyancy forces and
Coriolis forces, or the occurrence of thermal stability conditions (density gradients parallel
to net acceleration vectors). However, predictions based on these criteria did not find a clear
correlation with experimental results. It is worth noting that all the previous investigations
are focused on crystal growth. On the other hand, to the author’s knowledge, studies on di-
rectional solidification of metal alloys in centrifuges are not present in the published literature.

For the reasons highlighted above, it is evident that a full understanding of the effects of
both thermal variables and external forces is required in order to predict the grain structure
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development during a given solidification process and produce high quality castings. With
this intent, a recent European project, called GRADECET (GRAvity Dependence of Colum-
nar to Equiaxed Transition in TiAl alloys) has been dedicated to the investigation of the
influence of gravity conditions on grain structure evolution in γ titanium aluminides. Tita-
nium aluminides feature outstanding properties like low density and high specific strength,
expecially at high temperatures. This makes them ideal candidates for the production of com-
ponents such as low pressure turbine blades or turbocharger wheels [21,22]. Yet, these alloys
lack ductility at room temperature, hence processing routes such near-net shape investment
casting are often employed [23, 24]. Furthermore, amongst casting techniques, centrifugal
casting is particularly fitting for manufacturing γ-TiAl based parts, since these alloys have
low density, high melting points, and components such as turbine blades show thin sections,
hence would benefit from an assistant force to help the filling process.

In the framework of GRADECET, various directional solidification experiments were
performed, also supported by several numerical studies. So far, most of the published works
focused on directional solidification under microgravity [25] or terrestrial conditions [6]. On
one hand, microgravity conditions are suitable for understanding the effect of process pa-
rameters such as imposed temperature gradients or cooling rates, since convection in the
melt is suppressed. On the other hand, comparing results achieved in terrestrial conditions
with microgravity ones allows one to discern the effect of natural convection. In addition to
microgravity and 1g experiments, a series of hyper-gravity experiments have been recently
performed in ESA’s large diameter centrifuge, in order to extend the understanding of the
influence of forced convection on titanium aluminide solidification.

In this context, the aim of the present paper is to perform a series of numerical simulations
which reproduce experimental scenarios carried out within the GRADECET project, and to
parametrically investigate the influence of gravity variations on fluid flow, temperature and
grain structure during the process. In order to do so, a novel numerical model is proposed.
A 2D axisymmetric front tracking algorithm has been recently developed by the author for
the solution of directional solidification of cylindrical titanium aluminide samples [8]. In the
original model convection in the melt was not treated. In the present work, a significan
t improvement to the model is introduced. Alongside the heat equation, the solution of
momentum equations is included, in order to capture the thermal convection induced by
the presence of either terrestrial gravity or centrifugal and Coriolis accelerations. In the
existing literature, the front tracking algorithm has been widely used for modelling binary or
multicomponent alloys solidification [26–31]. The main feature of this method is the ability
to capture the development of a columnar grain region and an undercooled liquid region,
which can then be analysed for an indirect prediction of CET. The original front tracking
model by Browne and Hunt [26] only considered diffusive heat transfer. The effect of buoyant
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natural convection was included in the model by Banaszek et al. [28, 32], who simulated Al-
Cu binary alloy solidification in a 2D square mould, equally cooled from all the four sides.
Further contribution was given by Seredyński et al. [30, 33] with the inclusion of solutal
convection for the study of macrosegregation. Also in this case, solidification of binary alloys
in rectangular moulds was considered. So far, the front tracking model has not been applied
to investigate the effect of buoyant natural convection during directional solidification, nor
the effect of forced convection such as the one arising during centrifugal casting.
Therefore, the main objectives of the current work are:

• to describe the features of a new front tracking model able to capture transient di-
rectional solidification of multicomponent alloys in the presence of thermal convection
induced by either terrestrial gravity or centrifugal and Coriolis accelerations during
centrifugal casting;

• to reproduce microgravity directional solidification experiments, in order to tune bound-
ary conditions and provide benchmark solutions for the comparison with solutions in
the presence of convection;

• to investigate the influence of terrestrial gravity during vertical directional solidification
when thermally stable (top heated) or thermally unstable (bottom heated) conditions
are considered;

• to simulate the directional solidification process carried out on a centrifuge and perform
a parametric investigation of the influence of centrifugal and Coriolis acceleration.

4.2 General methodology

4.2.1 Governing equations

In order to solve the heat and mass transfer problem in the sample material, continuity,
momentum, and heat equations must be solved. The general derivation of these equations
for a mixture of solid and liquid may be found in refs. [34, 35].

In this chapter, the following simplifying assumptions are considered:

• constant thermophysical properties;

• stationary solid phase;

• Boussinesq approximation for buoyancy induced thermal convection;

• no inclusion of solutal convection;

• laminar flow.
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With these assumptions, the heat equation takes the form:

∂T

∂t
+ u∇ · T = α∇2T + L

cp

∂Gs
∂t

(4.1)

where all the quantities without subscript refer to the mixture of solid and liquid phase.
Since the front tracking algorithm is employed to model solidification, it is possible to
have control volumes where both a mushy zone and a fully liquid zone are present [8].
In such control volumes, Gs represents the overall solid fraction, and can be expressed as
Gs = gsVm/VCV , where gs = Vs/Vm is the volumetric solid fraction of the volume of mush,
Vm, contained in the control volume (CV). In an analogous way, the overall liquid fraction in
these CVs is defined as Gl = (glVm + 1 · (VCV − Vm))/VCV . Note that gs + gl = 1, hence also
Gl +Gs = 1. In the CVs of mush not containing the front Gs = gs and Gl = gl.

The second term on the left hand side of equation 4.1 represents advection of heat in the
sample. Due to the assumption of stationary sample and stationary solid phase, this term
is non-zero only in the mushy and liquid regions of the sample. Furthermore, the mixture
velocity vector u is equal to u = Glul +Gsus = Glul.

With the assumption of constant thermophysical properties, the densities of the solid and
liquid phases are the same, and constant in time. Therefore, continuity equation is defined as:

∇ · (ρu) = ρ∇ · (Glul) = 0 (4.2)

In order to calculate the velocity field in the sample, the following Navier-Stokes equations
must be solved in the mushy and liquid regions:

∂u

∂t
+∇ · (ulu) = νl∇2u− Gl

ρref
∇pl +GlB − νlK0

G2
s

G3
l

u (4.3)

The last term of equation 4.3 corresponds to a damping term used to model the flow in
the columnar mush as a Darcy flow in a porous medium [36]. K0 is a morphological constant,
defined as K0 = 180/λ2

2, where λ2 is the secondary arm spacing.
The term B represents the body forces. With Boussinesq approximation, and in the

presence of terrestrial, centrifugal, and Coriolis accelerations, this term is defined as:

B = −β (T − Tref ) (g − ω × (ω ×R))− 2 (ω × u) (4.4)
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where R is the distance from the axis of rotation, ω is the angular velocity vector, and g

is gravitational acceleration (see figure 4.10). Clearly, centrifugal acceleration, −ω×(ω ×R),
and Coriolis acceleration, −2ω × u, are present only in the centrifugal casting scenarios.

4.2.2 Solidification model

Columnar growth during the solidification process is modelled by the means of a front track-
ing model (FTM), derived from the one originally proposed by Browne [26]. According to this
method, the envelope of columnar grain tips is represented by a series of markers connected
by linear segments. During solidification, the markers advance in a direction orthogonal to
the front, at a rate which is a function of the level of undercooling ∆Tt at the marker location,
calculated according to the dendrite tip kinetic law |vt| = C∆T bt . A more detailed description
of the model can be found in chapter 3. The front tracking model allows for the calculation
of the volume of columnar mush Vm in the control volumes. In order to evaluate the overall
solid fraction Gs = gsVm/VCV , a closure relation is needed for the calculation of the mush
solid fraction gs. For this purpose, an appropriate solid fraction-temperature relationship,
based on Scheil assumptions, was calculated for the alloys of interest and is shown in figure 4.1.
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Figure 4.1: Solid fraction to temperature relationship for Ti-48Al-2Cr-2Nb
estimated using Thermocalc via the "Modified Scheil Module".
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4.2.3 Solution algorithm

A general flowchart of the solution algorithm employed is shown in figure 4.2. At the begin-
ning of each timestep, the previous temperature field is used to update the position of the
columnar front (time explicit FTM), and the new captured volumes Vm in the cells contain-
ing the front are calculated. Afterwards, an iterative loop for the time implicit calculation
of velocity, pressure and temperature is performed. At the beginning of each iteration the
SIMPLER algorithm is employed for the solution of velocity and pressure fields [37]. The
obtained velocities are then employed for solving heat equation 4.1.

Figure 4.2: Flowchart of general solution algorithm.

Navier-Stokes and heat equations are solved by a fully implicit finite volume method
[37, 38]. A staggered grid (see figure 4.3) is considered in order to avoid decoupling between
pressure and velocity. Each equation is discretized on the appropriate grid for the variable φ
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under consideration (u,p,T ), taking the general form:

apφp =
∑

anbφnb + aopφ
o
p + bp (4.5)

where the subscript p refers to the location where the variable is calculated and nb refers
to the neighbouring nodes. ai are coefficients deriving from the equation discretization.
Diffusive terms are discretized by central differencing, while the hybrid scheme is used for
convective terms. In the case of flow velocities and temperature, the system of equations
deriving from the discretization is solved using a two dimensional line by line tridiagonal
matrix algorithm [38]. For the solution of the system of equations for calculating pressure, a
preconditioned biconjugate gradient algorithm is used to improve convergence [39,40].

Figure 4.3: Staggered grid.

As figure 4.2 shows, an internal iterative loop is required for the solution of the heat equa-
tion. This is due to the presence of the last term of equation 4.1, which discretized becomes:

L

cp

∂Gs
∂t
≈ L

cpVcv

(
V o
m

gs − gos
∆t + gos

Vm − V o
m

∆t

)
(4.6)

While the value of the volume of mush in the control volume Vm at the current time is
calculated explicitly with the front tracking method, the current value of the fraction of solid
gs is a non-linear function of the current temperature. For solving the problem, an iterative
method based on a Taylor series expansion is used [40], so that

gs(Tn) ≈ gs(Tn−1) +
(
∂gs
∂T

)
n−1

(Tn − Tn−1) (4.7)
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where the subscripts n − 1 and n are the indices of the previous and current iteration
respectively. Once the convergence of the internal loop is reached, a new iteration of the
external loop is repeated and so on until convergence.

Finally, a further comment, related to the coupling of the time implicit model for the
equations solution with the time explicit front tracking is needed. In fact, one of the main
advantages in employing a time implicit method is the possibility to use an increased time
step ∆t without affecting the stability of the solution. However, using a large time step could
induce numerical oscillations in the advancement velocity of the front markers, especially in
the presence of high temperature gradients, as shown in figure 4.4. Relative to figure 4.4,
numerical oscillations occur when the distance travelled by the marker advancing at a velocity
vt1 over a ∆t is greater than the distance ∆smax between point 1 and the interception of the
normal to the front and the liquidus isotherm. For a general marker, this condition can be
written as follows:

vt∆t < ∆smax ≈
(TL − Tt)

Gn
(4.8)

having considered, between the marker location and the liquidus isotherm, an average
temperature gradient Gn normal to the front. Hence, a CFL condition for the front tracking
model can be defined as:

CFTM = vt∆tGn
∆Tt

< Cmax (4.9)

where Cmax ≤ 1. Therefore, in order to avoid oscillations, a ∆t that satisfies this condi-
tion during the whole simulation is necessary.

In order to preserve the advantage brought by the use of an implicit method, that allows
to assume bigger ∆t, avoiding at the same time oscillations, the total displacement of the
markers during a time step ∆t can be calculated as the sum of displacements calculated
over N smaller time steps ∆tsmall = ∆t/N that satisfy the CFL condition. In this way, the
velocity of the markers decreases according to the decreasing undercooling faced during the
advance, and oscillations are prevented (see figure 4.4).
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Figure 4.4: Solution for front tracking marker velocity oscillations arising
from the use of large time steps in the presence of high temperature gradients.

4.3 Solidification in microgravity

Figure 4.5: Computational domain.

In this case, the numerical model is employed for the simulation of directional solidification
experiments carried out in microgravity conditions on board the MAXUS 9 rocket. The
experimental apparatus and the related computational domain are shown in figure 4.5. For
the simulations, a 2D axisymmetric domain is considered, corresponding to the portion of the
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cylindrical sample in contact with the heaters. The main objective of these simulations is to
tune the boundary conditions, based on available experimental data, and to give a benchmark
solution for the comparison with results obtained in the presence of melt convection.
The geometrical data used in the simulations are listed in table 4.1.

Table 4.1: Geometrical data used in the simulations.

xdom / [m] rsamp / [m] LH1 / [m] LH2 / [m] LH3 / [m] LB / [m]

110·10−3 4·10−3 30·10−3 60·10−3 5·10−3 5·10−3

The experiments and related simulations consist in three different phases:

• equalization: all three heaters H1, H2 and H3 are kept at a constant temperature in
order to allow the realization of steady state conditions in the sample (duration of 184
s);

• first cooling: the temperatures of the hotter heaters H2 and H3 are kept constant, while
the colder heater H1 is cooled at a constant rate (duration of 120 s);

• second cooling: constant cooling rates are imposed to all three heaters (duration of 380
s).

A final quenching was then performed during the experiments, but is not considered in
the simulations. Temperature values and cooling rates applied to the sample are reported in
table 4.2.

Table 4.2: Input data for the heaters during different stages of the process.

Simulation stage

Equalization First cooling Second cooling

Duration 184 s 120 s 380 s

Heater 1 TH1=1543 ◦C CH1=0.3 ◦C/s CH1=0.1 ◦C/s

Heater 2 TH2=1623 ◦C CH2=0.0 ◦C/s CH2=0.4 ◦C/s

Heater 3 TH3=1623 ◦C CH3=0.0 ◦C/s CH3=0.4 ◦C/s

Due to the axisymmetry of the problem, the computations are carried out in half of the
sample section, and an adiabatic condition is applied along the axis x. At the circumference
of the sample (r=rsamp) convective conditions of the kind −k∂T/∂r = h(T−THi) are applied.
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At the left and right ends of the sample Neumann boundary conditions are imposed.

The sample material used in the experiments and simulations is Ti-48Al-2Cr-2Nb. The
relative thermophysical properties used in the simulations are given in table 4.3. For the
front tracking model, the marker velocity is calculated as vt = 2.63 · 10−6∆T 2.79

t m/s [41].

Table 4.3: Thermophysical properties of Ti-48Al-2Cr-2Nb used in the simu-
lations.

Ti-48Al-2Cr-2Nb

TL=Tref / [◦C] 1505

TS / [◦C] 1377

ρ=ρref / [kg/m3] 3660

β / [◦C−1] 1.43·10−4

ρL / [J/m3] 1042.37·106

α / [m2/s] 6·10−6

cp / [J/(kg◦C)] 1000

ν / [m2/s] 1·10−6

K0 / [m−2] 1.8·1012

4.3.1 Results and discussion

As stated above, the first objective of this analysis is to define appropriate boundary con-
ditions in order to reproduce realistic results. Firstly, steady state temperature profiles
measured by thermocouples at the end of the equalization stage were used to extrapolate the
axial temperature gradients for Neumann conditions at the ends of the sample. In particu-
lar, values of circa 17·103 ◦C/m at the colder side (x=0), and 0 ◦C/m at the warmer side
(x=xdom) were measured and are applied in the simulations. In addition, the same steady
state temperature profiles were used to solve an inverse heat transfer problem to calculate
the value of the heat transfer coefficient for the convective boundary condition at the circum-
ference of the sample. From this analysis, a mean value of h =120 W/(m2◦C) was estimated
and therefore employed in the simulations.
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Figure 4.6: Temperature at the circumference of the sample (r=rsamp) at
different times during the solidification process: comparison of experimental

and simulated results.

Figure 4.6 shows a comparison of temperature profiles measured during the experiments
at the side of the sample, and temperature profiles at r=rsamp obtained from the transient
simulations using the aforementioned boundary conditions. It is evident that during the first
part of the solidification process, excellent agreement between experimental and numerical
results is achieved (mean percentage error=0.5%, max percentage error=1.4%). At the end
of the second cooling stage differences are more pronounced (mean percentage error=1.2%,
max percentage error=2.5%). This could be due to several reasons, such as the application
of simplified boundary conditions in the model, the assumption of constant thermophysical
properties for the alloy, or differences between the nominal and actual values of the heaters
temperatures and cooling rates during the experiments.

Nonetheless, the agreement is deemed acceptable in order to give a good qualitative de-
scription of the process under consideration, and to serve as benchmark case for comparison
with results in the presence of convection.
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Figure 4.7: Columnar front position and temperature distribution in the
sample at different times during the solidification process. Isotherms are drawn

at intervals of 2◦C.

Figure 4.7 shows the position of the columnar front (red) and temperature distribution
in the sample at different stages of the solidification process. Initially (figure 4.7(a)), the
isotherms in the entire liquid zone are flat or slightly convex, indicating that the temper-
ature gradient is almost one dimensional in the axial direction, with small positive radial
temperature gradient. The shape of the front is mostly flat, which predicts axial columnar
growth. After some time (figure 4.7(b)), due to the cooling rate applied to the heaters, the
radial temperature gradient towards the right end of the sample becomes negative. Also,
the axial temperature gradient at the columnar front location decreases during the cooling
process, which could promote the development of a columnar to equiaxed transition (CET).
On the other hand, when an undercooling of 1◦C is reached at the circumference of the sam-
ple, inactive front markers are activated and start moving towards the axis, indicating the
possible growth of radial columnar grains. This is evident in the last stage of the process
(figure 4.7(d)), where the columnar front advances in the radial direction from the circumfer-
ence towards the axis. In this case, however it must be noticed that the radial temperature
gradient is not significant and that the entire liquid region has an undercooling of about 3◦C,
therefore the occurrence of a CET which could prevent radial growth is likely.
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4.4 Solidification under terrestrial gravity conditions

The scope of this investigation is to understand the influence of terrestrial gravity, hence
buoyant natural thermal convection, on the solidification process. Two different cases of
vertical directional solidification are investigated:

• thermally stable configuration with top heated furnace;

• thermally unstable configuration with bottom heated furnace.

For this analysis, the same set up and experimental scenario of the microgravity case is
assumed. Since for vertical solidification the terrestrial gravity vector is aligned with the
axis of the sample, a 2D axisymmetric domain is considered for the calculations. Note that
for coherency with the notation adopted in the microgravity case, x is the coordinate in the
direction of the axis of the sample, positive from the colder to the warmer heater, and r is
the coordinate in the direction of the radius of the sample. Therefore, with this notation,
terrestrial gravitational acceleration vector is directed in the negative x direction for the sta-
ble configuration, and positive x direction for the unstable configuration.

4.4.1 Results and discussion

Figure 4.8 shows the front position (red) and streamlines in the samples for the stable and
unstable configurations at different times during the solidification process. Streamlines in
figure 4.8 are drawn at intervals of 0.15 mm2/s of the stream function. Also, in figure 4.8,
green streamlines correspond to counter-clockwise rotating flow, while blue streamlines rep-
resent clockwise rotating flow.

At first glance, the images in figure 4.8 show that the columnar front position at different
times is almost identical in the stable and unstable configurations, as well as in the micro-
gravity case (see figure 4.7 for comparison). This is a direct consequence of the fact that the
temperature distribution calculated in the samples during the simulations is almost the same
in all cases, with maximum differences between the stable and unstable configurations of the
order of 1◦C. In order to explain this result, the nature of the heat transport problem under
consideration is investigated by the means of Péclet number Pe = lrefu/α, which expresses
the ratio of convective and diffusive heat transfer. Figure 4.9 shows the value of Péclet num-
ber derived from the simulations. In particular, a reference length lref = rsamp/2 is used in
the calculations (usual choice for cylindrical systems), while at each timestep the values cor-
responding to the maximum and the mean magnitude of the fluid velocity are considered. As
expected, in all cases the value of Péclet number is significantly below unity, demonstrating
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that heat transfer in the sample is determined by diffusion rather than convection, which ex-
plains the small differences in the temperature distribution and front position in the different
scenarios.

When observing the flow pattern in the sample, figure 4.8(a) shows that initially one
rotating cell develops in the sample. As expected, buoyant convection, driven by the high
axial temperature gradient, is stronger in the thermally unstable case. In particular, the
maximum flow velocities, predicted at the end of the first cooling stage, are 0.24 mm/s in the
stable case and 1.11 mm/s in the unstable configuration. It should be noted that according to
these results, the maximum Reynolds number (unstable case) is Re = umax ·2rsamp/ν = 8.88,
justifying the assumption of laminar flow. In the stable case, the Reynolds number is of the
order of 10−1, which is in accordance to the one obtained in similar case studies from the
literature [12].
The radial temperature gradient is positive for all the length of the region, hence tempera-
tures on the axis are lower than the temperatures on the circumference. Accordingly, in the
thermally stable case, fluid velocity is negative in the central part of the sample and positive
in the external regions. The contrary is observed in the unstable case. After some time,
as figure 4.8(b) shows, two counter-rotating cells are observed in the sample. In particular,
the development of the second cell is due to the change in the radial temperature gradient
arising from the applied cooling rate. In fact, observing the temperature distribution in figure
4.7(b), which as explained is analogous to the one obtained for the stable and unstable con-
figurations, it can be seen that the isotherms in the first part of the liquid region are convex,
corresponding to a positive radial temperature gradient, while they are concave towards the
right end of the sample where the radial temperature gradient is negative. In case b, close
to the front position, axial temperature gradient is still significant, therefore in the unstable
configuration the cell on the left side of the sample is stronger than the one in the stable
configuration. Nonetheless, the second cell on the right hand side of the sample is driven
mainly by the radial temperature gradient, hence the magnitude of velocity is equivalent
in the stable and unstable cases. Eventually, as figures 4.7(d) and 4.8(d) show, the radial
temperature gradient becomes negative in all the liquid and mushy region, therefore there
is another transition in the fluid flow from two to one rotating cell. Again, at this instant
convection is driven by radial temperature gradient rather than axial ones, therefore its mag-
nitude is the same in the stable and unstable configurations.

In summary, for the experimental scenario under consideration (tables 4.1 and 4.2), this
investigation shows that, both in stable and unstable configurations, buoyant natural convec-
tion does not influence in a significant way the temperature field and columnar front evolution
developing in the Ti-48Al-2Cr-2Nb samples. On one hand, this result suggests that for sim-
ilar experimental scenarios and similar alloys, simpler numerical models that do not include
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convection are still able to give sufficiently accurate information on the evolution of tem-
perature and columnar growth. Nonetheless, the flow cells arising in the two configurations
during the process show different intensity and rotate in opposite directions. This might in-
duce different results in terms of aspects that are not captured by the current model, such as
macrosegregation, dendrite fragmentation, or equiaxed grains floatation and sedimentation.
Therefore, if such phenomena are to be investigated, the importance of considering the fluid
flow appears evident.
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Figure 4.8: Streamlines in the sample at different times during the solidifica-
tion process. Green streamlines correspond to counter-clockwise rotating flow,
while blue stramlines correspond to clockwise rotating flow. Streamlines are

drawn at intervals of 0.15 mm2/s.
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Figure 4.9: Maximum and mean value of the Peclét number registered in the
sample during the solidification process.

4.5 Solidification on centrifuge

In this section, the front tracking model is used to investigate directional solidification on
a centrifuge. In particular, the setup used for the simulations aims to reproduce a series
of experiments carried out on ESA’s Large Diameter Centrifuge (LDC) in the framework of
the GRADECET project. During these experiments, centrifugal acceleration levels from 5 to
20 times terrestrial gravity are imposed by changing the angular velocity of the centrifuge.
In addition, besides considering the influence of different rotation speed ω , the effect of an
hypothetical variation of the length of the centrifuge arm RC is investigated.

Figure 4.10 shows a schematic of the centrifugal solidification problem under considera-
tion. A stable configuration (analogous to a top heated furnace) is adopted, i.e., the colder
heater is located externally with respect to the centrifuge axis. Unlike in the scenarios consid-
ered in the previous sections, in this case the real heat and fluid flow problem in the sample
is purely three-dimensional, due to the presence of terrestrial gravity acting in the vertical
direction, centrifugal acceleration acting radially with respect to the centrifuge axis, and Cori-
olis acceleration acting in the horizontal planes. However, the front tracking model employed
in the present work is strictly 2D, its extension to a 3D geometry being very challenging
and highly computationally expensive [42]. For this reason, the simulations are carried out
considering a 2D planar domain in the horizontal plane which has the same dimensions of the
cylindrical sample section. In this plane, the effects of both centrifugal and Coriolis accelera-
tions are present, while the action of terrestrial gravity is not considered. Unlike the previous
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cases, due to the presence of Coriolis acceleration, axisymmetry is not expected, therefore
the computational domain includes the whole section of the sample. A new reference system
(x′, r′) is introduced in order to make the analytical considerations reported in section 4.5.1
clearer. Nonetheless, all the results in section 4.5.2 are shown in the reference system (x, r)
for consistency with the previous case studies.

Figure 4.10: Schematic of the directional solidification process on a centrifuge
and 2D planar computational domain used in the simulations.

The thermal conditions and material used in the simulations are the same as in the for-
mer cases. For the parametric investigation, several values of ω and RC are considered, as
reported in table 4.4.

Table 4.4: Input values of the angular velocity and centrifuge arm used in
the parametric analysis. The bottom line shows the corresponding magnitude
of centrifugal acceleration with respect to terrestrial gravity: Ng ≈ ω2Rc/g.

Simulation run

S0 S1 S2 S3 S4 S5 S6 S7 S8

ω / [rad/s] / 2.2 3.5 5 7 5 10 22 44

RC / [m] / 4 4 4 4 2 2 0.1 0.1

≈ Ng 1 2 5 10 20 5 20 5 20
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Some considerations regarding the applicability of this model to real case studies are dis-
cussed. As stated above, due to the 2D nature of the front tracking model, a 2D planar
domain, orthogonal to the rotation axis of the centrifuge, is considered, corresponding to
a rectangular domain that extends indefinitely in the vertical direction. The real case sce-
nario for GRADECET experiments in ESA’s LDC is far more complex. Firstly, cylindrical
samples are employed. Secondly, the samples are mounted on a gondola with a free swing
configuration, so that the plane of rotation of the sample is not horizontal, but parallel to
the resultant of terrestrial gravity and centrifugal acceleration acting in the centre of gravity
of the gondola. For these reasons, forecasting the outcome for a real case study including all
these aspects is not trivial, since complex flow patterns, such as helicoidal ones [43], might
develop in the samples. Therefore, the necessity of a further development of a 3D model is
undeniable. Still, it is believed that the prediction obtained for higher level of gravity (e.g.,
simulation S4) could be qualitatively close to the experimental one, since for higher rotation
rates the resultant of terrestrial gravity and centrifugal acceleration is almost horizontal (for
S4 the inclination is about 2.68 degrees). Nonetheless, comparison with experimental results
will be needed to validate this hypothesis.

4.5.1 Non-dimensional analysis

In order to ease the parametric investigation of the influence of centrifugation on melt convec-
tion, the dimensionless form of momentum equation 4.3 is considered. Hence, the following
dimensionless quantities are defined:

x′∗ = x′

lref
; r′∗ = r′

lref
; T ∗ = T

∆Tref
; u∗ = u

uref

p∗ = p

ρrefu
2
ref

; t∗ = t

lref/uref
; K∗0 = K0

l−2
ref

(4.10)

In addition, the following dimensionless numbers are introduced:

Re = uref lref
ν

; Gr = ω2RC
β∆Tref l3ref

ν2 ; Ro = uref
2ωlref

(4.11)

In particular, the Reynolds number Re represents the ratio of inertial forces to viscous
forces. The Grashof number Gr indicates the ratio of buoyancy forces to viscous forces. Fi-
nally, the Rossby number Ro expresses the ratio of inertial forces to Coriolis forces.
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By substituting these scalings in eq. 4.3, it results:

∂u∗

∂t∗
+∇ · (u∗l u∗) = 1

Re
∇2u∗ −Gl∇p∗l +GlB

∗ − 1
Re

K∗0
G2
s

G3
l

u∗ (4.12)

The non dimensional expression of the term of body forces B, defined in equation 4.4, is:

B∗ = − Gr

Re2

(
T ∗ − T ∗ref

)(
êRC

+ x′

RC
+ r′

RC

)
− 1
Ro

(êω × u∗) (4.13)

where êRC
and êω are unity vectors. The terms within the second set of brackets derive

from the decomposition of the centrifugal acceleration vector in the reference system (x′,r′),
as shown in figure 4.10. In particular, the first term in the bracket corresponds to the effect
of an homogeneous acceleration ω2RC in the x′ direction. This acceleration increases pro-
portionally to the distance x′ according to the second term in the brackets. Finally the third
term in the brackets represents an acceleration field in the radial direction r′ of the com-
putational domain, which is symmetrical with respect to the axis x′. In the case of a large
centrifuge arm and small sample, these acceleration gradients are not significant, however
their effect might become important for small values of RC , or in the case of large samples.

In order to evaluate the respective importance of Coriolis forces with respect to buoy-
ancy, the quantities 1/Ro and Gr/Re2 are compared. In particular, their ratio is equal to
Re2/(GrRo) = uref/(ωRCβ∆Tref ). In general, the value of the reference velocity uref is
unknown a priori, however further considerations can be derived by defining it as uref =√
ω2RCβ∆Tref lref , after [19,43,44]. In this way, Reynolds number Re =

√
Gr, and equation

4.13 becomes:

B∗ = − (T ∗ − T ∗r )
(
êRC

+ x′

RC
+ r′

RC

)
−

√
Ta

Gr
(êω × u∗) (4.14)

with the Taylor number Ta = 4ω2l4ref/ν
2 representing the ratio of Coriolis forces to vis-

cous forces. Consequently, the ratio between Taylor number and Grashof number may be
regarded as the ratio of Coriolis forces to the buoyancy forces induced by the overall gravi-
tational field. It is to be noticed that this ratio does not depend on the value of the angular
velocity ω, but is inversely proportional to the value of RC . Therefore, the influence of Corio-
lis acceleration is expected to increase for smaller values of the centrifuge arm and vice versa.
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On the other hand, it is expected that variations of the rotation speed would not induce
critical variations in the effect of Coriolis forces with respect to buoyancy ones.

4.5.2 Results and discussion

In this section, the results from the simulations indicated in table 4.4 are reported and dis-
cussed. Firstly, the results from simulation S0 are considered. This case is analogous to
the stable configuration discussed in section 4.4. However, since a different geometry is as-
sumed, i.e., 2D planar instead of axisymmetric, some changes in heat transfer and fluid flow
are expected. Therefore, the scope of this simulation is to give a baseline solution in order
to discern the effects of the different geometry from the actual influence of centrifugation.
Temperature profile, front position and streamlines for this simulation are shown in figure
4.11. By comparing these results with the ones obtained for the axisymmetric geometry (see
figure 4.8), it can be noticed that the front position in the sample at corresponding times
is more advanced, demonstrating the presence of geometry related differences in the heat
transfer process. Nonetheless, the qualitative conditions in the samples are analogous, hence
initially only two counter rotating vortices develop, followed by the formation of two addi-
tional vortices due to the radial temperature gradient reversal at the right end of the sample.
Quantitatively, the different temperature distribution in the sample induces a slightly in-
creased convection than in the axisymmetric case, with maximum flow velocities of the order
of 0.38 mm/s instead of 0.24 mm/s.
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Figure 4.11: Columnar front position, temperature distribution, and stream-
lines in the sample at different times during the solidification process. Isotherms
are drawn at intervals of 2◦C, while streamlines are drawn at intervals of 0.15

mm2/s.

Secondly, results from simulations S1, S2, S3, S4 are compared. For these simulations, dif-
ferent angular velocities are imposed, while the length of the centrifuge arm is kept constant
and equal to 4 m (length of ESA’s large diameter centrifuge arm). This investigation aims to
show the influence on the fluid flow of different gravity levels (Ng=ω2RC/g). According to
the non-dimensional analysis reported in the previous section, it is expected that an increase
of the gravity level would induce the development of stronger buoyancy driven convection,
since Grashof number is directly proportional to ω2RC . On the other hand, since the value of
the centrifuge arm is much greater than the dimensions of the sample, the acceleration gra-
dients in the domain are not significant with respect to the uniform acceleration component
ω2RC . Also, according to the scaling shown in equation 4.14, the effect of Coriolis force with
respect to buoyancy should not change significantly when only the angular velocity is changed.
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Figure 4.12: Effect of gravity level changes on the flow. Green streamlines
correspond to counter-clockwise rotating flow, while blue stramlines correspond
to clockwise rotating flow. Streamlines are drawn at intervals of 0.2 mm2/s.

Figure 4.12 shows the streamlines obtained in the samples from simulations S1, S2, and
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S3 (S4 is shown in figure 4.13). Noticeably, the fluid flow in all the samples is almost sym-
metrical with respect to the axial direction, which suggests a small impact of Coriolis force
with respect to buoyancy induced convection. In order to quantify the ratio of Coriolis forces
to buoyancy ones (CBratio), the quantity Re2/(GrRo) is calculated using the actual flow
velocities and temperatures registered during the simulations. Results, reported in table 4.5,
show that the effect of Coriolis force with respect to buoyancy due to the centrifugal force
is negligible for the solidification process under consideration. Furthermore, it is possible to
observe that the ratio of the two forces does not change significantly when ω is varied, as
predicted from the non-dimensional investigation.

The qualitative nature of the flow is similar to the one obtained in the terrestrial gravity
case (S0). As expected, an increase of the gravity level induces stronger convection. In
particular, in the scaling analysis in section 4.5.1, the reference velocity of the flow is defined
as directly proportional to

√
ω2RC . In fact, the actual rate of increase of velocity registered

during the simulations is close to this proportion, as shown in table 4.5. Despite the relative
stronger convection registered at higher values of the gravity level, the magnitude of velocity
is still low (Pe < 1), hence heat transfer in the sample is driven by diffusion rather than
convection. Also, the highest Reynolds number is obtained for simulation S8, with a mean
value of 2.32 and a maximum of 32.14, confirming the laminar nature of the flow.

Table 4.5: Simulation results compared to predictions from the non-
dimensional analysis.

Simulation run

S1 S2 S3 S4 S5 S6 S7 S8

umean / [mm/s] 0.09 0.15 0.21 0.27 0.20 0.27 0.16 0.29

umean/u
S1
mean 1 1.67 2.33 3.00 2.22 3.00 1.78 3.2

√
ω2RC/

√
ω2
S1R

S1
C 1 1.6 2.3 3.2 1.6 3.2 1.6 3.2

CBratio = Re2/(GrRo) 0.015 0.017 0.016 0.016 0.032 0.023 0.100 0.101

CBratio/CB
S1
ratio 1 1.13 1.07 1.07 2.13 1.53 6.67 6.73

√
1/RC/

√
1/RS1

C 1 1 1 1 1.41 1.41 6.32 6.32

Finally, simulations S2, S5, S7, and S4, S6, S8 are considered, in order to investigate the
influence of centrifuge arm variations, while keeping the quantity ω2RC constant. Recalling



124
Chapter 4. Influence of Natural and Forced Gravity Conditions during Directional

Columnar Solidification

that the ratio of Coriolis forces to buoyancy ones can be evaluated by considering the ratio√
Ta/Gr ∝

√
1/RC , a stronger influence of Coriolis force with respect to buoyancy is ex-

pected for smaller radii of the centrifuge arm. Furthermore, even though ω2RC is the same
in all cases, for smaller values of RC the acceleration components x′/RC and r′/RC become
more significant, hence some influence on the fluid flow is expected.

Figure 4.13: Effect of RC changes on the flow. Green streamlines corre-
spond to counter-clockwise rotating flow, while blue stramlines correspond to

clockwise rotating flow. Streamlines are drawn at intervals of 0.2 mm2/s.

Figure 4.13 shows the streamlines obtained in the samples from simulations S4 and S8.
In particular, the fluid flow in S8 is very similar to the one in S4, still showing a substantial
symmetry with respect to the axis of the domain. In fact, as reported in table 4.5, the ratio
of Coriolis forces to buoyancy ones is still very low. Nonetheless, it is worth noting that, as
predicted from the non-dimensional analysis in section 4.5.1, the relative magnitude of these
two forces increases when the radius of the centrifuge is reduced, at a rate close to 1/

√
RC

(see table 4.5). Moreover, the effect of the acceleration gradient is observed. In particular
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when the centrifuge arm is reduced to 0.1 m, due to the term x′/RC , the axial acceleration
increases from the right to the left of the sample, reaching values of circa 1.7 · ω2RC close to
the front position. This induces a slight increase in the flow velocity, principally close to the
front position. In addition, the effect of the radial acceleration r′/RC cannot be neglected.
Indeed, this component is stabilizing in the presence of negative radial temperature gradients
and vice versa. This effect can be easily observed by comparing the two samples in figure
4.13(b). In fact, in S8, where the value of r′/RC is much greater than in S4, the vortices on
the left of the sample, where radial temperature gradients are positive, are stronger. On the
contrary, convection is weaker on the left hand side of the sample where radial temperature
gradients are negative.

In summary, results from this parametric study confirm the fact that increased levels of
gravity induced by centrifugation lead to the development of stronger buoyancy convection
in the samples. Moreover, the effects of Coriolis forces and of variations of the centrifugal
acceleration field in the sample increase when the arm of the centrifuge is reduced. Remark-
ably, in all the examined cases, Coriolis forces are negligible with respect to buoyancy ones,
hence the predicted flow patterns in the samples are mostly symmetrical with respect to the
axial direction, i.e., to the centrifuge arm direction. As in the terrestrial gravity scenario, the
predicted convection is not sufficiently strong to modify significantly temperature evolution
and columnar grain growth in the samples, but its influence on other phenomena (segregation
etc...) should be further investigated.

4.6 Conclusions

In the present work, the following points were addressed, according to the objectives stated
in section 4.1:

• an existing front tracking model for directional solidification of metal alloys [8] was
significantly improved by the inclusion of a solver for Navier-Stokes equations, with the
final goal to model buoyancy induced convection either in terrestrial gravity conditions
or in hyper-gravity conditions arising during centrifugal casting;

• firstly, a case study corresponding to directional solidification carried out in micrograv-
ity conditions, and hence in absence of convection, was simulated. Results from this
case study were used as a benchmark for comparison with solutions in the presence of
convection;

• secondly, the novel numerical model was employed for the investigation of vertical so-
lidification under terrestrial gravity conditions. In particular, two configurations were
considered, i.e., thermally stable configuration (top heated furnace) and thermally un-
stable configuration (bottom heated furnace). As main finding, this study showed that
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in both cases convection was relatively weak (Pe <<1), hence temperature distribu-
tion and columnar front position were remarkably close to the ones calculated in the
microgravity case. Therefore, for similar experimental scenarios, simpler models not in-
cluding convection might be used for predicting temperature distribution and columnar
front evolution. Nonetheless, since different flow patterns are predicted in the two cases,
knowing the flow field appears necessary if other phenomena (e.g., macrosegregation)
were to be investigated;

• finally, the model was employed for the parametric investigation of directional solidifi-
cation on a centrifuge. In particular, several case studies were analysed, where different
values of the centrifuge rotation rate ω and centrifuge arm length RC were consid-
ered. Simulation results showed that convection in the melt increased proportionally
to the acceleration level. The rate of increase of convection was closely related to the
quantity

√
ω2RC , in accordance to what was predicted from non-dimensional consider-

ations. Also, in accordance to the non-dimensional analysis, the ratio of Coriolis forces
to buoyancy ones increased proportionally to

√
1/RC . Nonetheless, Coriolis forces did

not influence significantly the fluid flow in any of the case studies, since their magnitude
was negligible with respect to buoyancy induced by centrifugal acceleration. Therefore,
fairly symmetrical flow patterns were predicted. In addition, as in the terrestrial gravity
case, flow velocities were low and heat transfer in the sample was driven by diffusion
rather than convection. Therefore, temperature distribution and columnar front po-
sition did not change significantly. Since the model employed for this investigation is
2D planar, the validity of the results with respect to real, fully 3D problems is not
clear. Hence, further investigations, including comparison with experimental results
and extension to 3D numerical models are planned for the future.

4.7 Addendum

4.7.1 Effect of sample misalignment during centrifugal casting

As stated in section 4.5, the setup assumed for simulations S1 to S8 (tables 4.1, 4.2, 4.3, and
4.4) aims to reproduce and investigate a series of experiments carried out on ESA’s Large
Diameter Centrifuge in the framework of the GRADECET project. Results from such ex-
periments, part of the GRADECET LDC campaign II, are not yet accessible at the time of
submission, therefore comparison is intended for future work. Nonetheless, qualitative results
from previous experiments carried out during GRADECET LDC campaign I, are available
and are the object of this section discussion. In this campaign a similar alloy to the one
assumed for the simulations was used, i.e. Ti-46Al-8Nb. Due to the different alloy, the
temperatures in the furnace were slightly lower than for the case study detailed in table 4.2,
but the procedure to investigate the influence of gravity on the solidification process was the
same. In fact, directional solidification experiments were performed by varying the centrifuge
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rotation rate, reaching gravity levels of about 18 g. Besides the material, the main difference
between campaign I and II experiments was the positioning of the sample with respect to
the centrifuge arm, since in the first campaign these were not aligned, as shown in figure 4.15
and further discussed below.

Figure 4.14: Horizontal sections of Ti-46Al-8Nb samples obtained by direc-
tional solidification on ESA’s Large Diameter Centrifuge during GRADECET

LDC campaign I.

Figure 4.14 shows horizontal sections of Ti-46Al-8Nb samples obtained during said direc-
tional solidification experiments on ESA’s LDC. Interestingly, a remarkable lack of symmetry
in the grain structure can be observed, i.e., both columnar grains and CET show a nega-
tive inclination with respect to axis of the sample. This effect was initially ascribed to the
presence of Coriolis force. Apparently, this outcome contrasts with the predictions of the sim-
ulations reported in section 4.5.2, where Coriolis force was not sufficiently strong to induce
significant asymmetry in the fluid flow. To some extent, this qualitative discrepancy could
be due to the intrinsic limitations of the front tracking model employed. Firstly, the model
considers a 2D planar geometry, therefore it is impossible to capture any 3D effect due to the
presence of terrestrial gravity acting in the vertical direction, and to the cylindrical shape of
the sample. Secondly, solutal convection is not included in the model, which might induce
further modifications in the fluid flow.

Nonetheless, by analysing the actual setup used during the experiments, a further expla-
nation is proposed and tested with the numerical model. In particular, as figure 4.15 shows,
the sample was located in the LDC gondola with a misalignment of approximately 115 mm
with respect to the arm of the centrifuge.
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Figure 4.15: Experimental setup used during GRADECET LDC campaign
I, showing the furnace misalignment with respect to the centrifuge arm.

As discussed in section 4.5, the centrifugal acceleration vector is not constant, and varies
in the horizontal plane (x′, r′) according to the components ω2x′ and ω2r′ (see figure 4.10).
It must be noted that the latter component induces an acceleration field which is symmetric
with respect to the centrifuge arm. Therefore, even a slightly misaligned sample is subject to
an asymmetric acceleration field, which might be sufficient to induce the development of tilted
columnar grains and CET as the ones observed in figure 4.14. In order to test qualitatively
this hypothesis, simulation S4 (table 4.4) is repeated by including the sample misplacement.
Results are shown in figure 4.16.

In this case, it is evident that the fluid flow in the sample is not symmetric with respect to
the x axis. As for the model prediction, the fluid flow asymmetry influences only marginally
the temperature distribution and front position in the sample. The markers trajectories show
a slight negative inclination, though not as marked as the one observed in figure 4.14. Also,
when the likelihood of CET is investigated with Hunt’s approach (section 3.5.1), the predicted
transition is not as tilted as the one in the experiments. Nonetheless, it must be considered
that the model does not capture several phenomena such as nuclei and equiaxed grains flota-
tion or sedimentation, which combined to the asymmetric fluid flow might accentuate the
angle of CET. Also, it can be observed that the earliest CET position in figure 4.14 is located
on the top half of the samples sections, which corresponds to the region where the strongest
convection is predicted by the simulations. It could be possible, for example, that the nuclei
density in this area is higher due to dendrites fragmentation induced by the fluid flow.
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Figure 4.16: Simulation results for a sample positioned with 115 mm mis-
alignment with respect to the centrifuge arm.

In conclusion, even though a proper correspondence is not found in terms of CET incli-
nation, the numerical model does predict a significant asymmetry in the fluid flow, hence
demonstrating that a correct positioning of the sample with respect to the centrifuge arm is
crucial in order to at least reduce the development of asymmetric grain structures.
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Chapter 5

Conclusions

The work presented in this thesis was completed as part of ESA’s GRADECET project. This
project was established in order to investigate gravity dependence of microstructure forma-
tion and CET in TiAl alloys. With this purpose in mind, various directional solidification
experiments were performed in different environments, i.e., on board MAXUS rockets, on
Earth, and in ESA’s Large Diameter Centrifuge. Alongside, numerical modelling activities
were planned with a twofold scope; to help design the experiments, and to shed light on hard
to observe phenomena.

In this context, the final aim of this thesis was to propose a methodology for the numerical
investigation of directional solidification of TiAl alloys at the scale of the sample, and apply
it to study the solidification process under different gravity conditions. According to what
was stated in section 1.3, the main tasks to be addressed in order to achieve this goal were:
to model directional solidification in absence of convection (e.g., microgravity conditions) for
investigating the effect of process parameters on temperature and grain structure evolution,
and to model directional solidification in the presence of thermal convection for investigating
the influence of different gravity conditions (terrestrial and hypergravity) on flow patterns and
grain structure evolution. These tasks were fulfilled throughout the thesis by the development
of three ever more advanced models, and by the simulation of several experimental scenarios
and parametric studies. Presented here is a summary of the main findings of this thesis:

• in the case of Bridgman solidification of alloys (see chapter 2) the development of ax-
ial and radial temperature gradients in cylindrical samples is due to the interaction of
several phenomena such as heat transfer at the boundaries, conduction and advection
of sensible heat, and conduction and advection of latent heat (due to the translation
of the mushy zone). In particular, it was illustrated how the ratios of dimensionless
numbers Pe/Ste, Bi/Pe, and Bi/(Pe/Ste) could give valuable information regarding
the prediction of the final shape and position in the sample of the mushy zone. On one
hand, this conclusion is deemed important for practitioners, since it gives an indication
of the choice of process parameters in order to achieve the realization of desired condi-
tions in the mushy zone, such as magnitude and sign of radial temperature gradients.
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Moreover, when studying Bridgman solidification of alloys, the identified dimension-
less groups could be used by modellers in order to assess the validity of particular
simplifications, such as the assumption of 1D axial heat flow.

• In the case of Bridgman/power down directional solidification (see chapter 3) the de-
velopment of different columnar grain regions, i.e., axial or radial columnar, strictly
depends on process parameters such as applied cooling rates. Specifically, it was demon-
strated that the application of high cooling rates promotes the development of negative
radial temperature gradients, which lead to the formation of unwanted radial colum-
nar grain regions in the samples. Moreover, the extension of such regions becomes
larger with the increase of the applied cooling rate. For this reason, the employment
of low cooling rates (below 15◦C/min for the specific case considered in chapter 3) is
recommended in order to avoid radial columnar growth.

• The occurrence of columnar to equiaxed transition in the samples depends both on
process parameters such as applied cooling rates and on characteristics of the alloy such
as inoculation conditions. CET evaluation by means of the equiaxed index (see chapter
3) showed that the potential for equiaxed growth increases as cooling rates increase.
However, the presence of radial growth reduces the opportunity for an equiaxed zone to
develop at higher cooling rates. Further investigation, carried out with Hunt’s model,
showed that at higher cooling rates CET does not occur if the nuclei density is not
sufficiently high. On the other hand, at low cooling rates CET does not occur if the
undercooling required for equiaxed grains nucleation is too high. These observations are
valuable when experiments for the observation of CET must be designed. In particular,
in order to ensure a clear transition from axial columnar to equiaxed grains, avoiding at
the same time the problem of radial growth, relatively low cooling rates with sufficient
inoculation conditions are recommended (e.g., N0 ≥0.1 mm−3 and ∆Tnucl ≤2◦C for the
case study considered in chapter 3).

• In the case of TiAl vertical solidification by power down under terrestrial gravity condi-
tions (see chapter 4), it was shown that buoyant natural convection does not influence
in a significant way the temperature field and columnar front evolution. From a mod-
elling point of view, this is a valuable result, since it suggests that sufficiently accurate
information on the evolution of temperature and columnar growth occurring during
similar experiments could be obtained by using numerical models without the inclusion
of convection, requiring much lower computational costs.

• In the case of directional solidification in a centrifuge (see chapter 4), a parametric
study showed that the intensity of buoyant-driven convection in the samples increases
with the increase of the gravity level. In addition, the effects of Coriolis forces and of
variations of the centrifugal acceleration field increase when the arm of the centrifuge
is reduced. Moreover, it was demonstrated how the variations of the centrifugal accel-
eration field promote the development of asymmetric flows and tilted grain structures
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when the samples are mounted in a misaligned position with respect to the centrifuge
arm. Therefore, as a first conclusion, it seems reasonable to suggest the employment
of centrifuges with large arms (such as ESA’s LDC) in order to reduce the possibility
of asymmetric flows induced by Coriolis forces. Secondly, a careful positioning of the
samples is recommended in order to avoid the development of skewed grain structures.

In conclusion, the conducted studies contribute to a better understanding of the solidi-
fication process in relation to process parameters and environment characteristics, while at
the same time providing valuable recommendations for the potential design of further ex-
periments. Moreover, the front tracking model presented in this thesis was proven to be a
suitable tool for the investigation of the directional solidification process of alloys at the scale
of the samples, being able to capture important phenomena while still retaining reasonable
computational costs.

Finally, the main limitations of this thesis and consequent suggestions for future devel-
opment are illustrated. First, none of the models presented here included a method for
direct simulation of equiaxed grains nucleation and growth. While indirect methods such as
equiaxed index and Hunt’s analysis provided general indications on process parameters lead-
ing to CET, these are not able to capture several phenomena, such as latent heat release due
to equiaxed grain growth, or grains buoyancy/sedimentation in the presence of convection
etc. For this reason, the inclusion of a direct method for equiaxed nucleation and growth
would be beneficial for future studies.

Second, in the front tracking model presented in chapter 4, solutal convection was not
considered. This phenomenon, caused by the concentration gradients developing during solid-
ification as a consequence of solute enrichment/depletion, is generally significant in the case
of metal alloys. Along with thermal buoyancy, considering solutal convection is fundamental
in order to investigate important aspects of the solidification process such as the formation of
compositional heterogeneity (macrosegregation), which affect the quality of the cast. From
a modelling point of view, including solutal convection in the case of multicomponent alloys
implies the necessity to solve additional sets of transport equations for each solute, increasing
the required computational effort. Nonetheless, such an improvement is deemed essential and
highly encouraged in the future.

Last, the undeniable presence of three dimensional effects during the solidification process
in the LDC centrifuge was discussed in chapter4, hence demonstrating the necessity to extend
the front tracking model to 3D geometries.
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Appendix A

FORTRAN Solver Description

This section reports a brief description of the main features of the FORTRAN code developed
by the author for the solution of the numerical models presented. Here, the most general
code relative to the model presented in chapter 4 is described. For reference, the general
flowchart of the solution algorithm is reported here.

1

2

3

4

Figure A.1: Flowchart of general solution algorithm.
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1. Initial conditions
After the declaration of the variables and the definition of several constants (e.g., ther-

mophysical properties and dimensions), the first initial condition to be assigned is the tem-
perature field. This is followed by the creation of the initial front, which is positioned along
an isotherm corresponding to a chosen level of undercooling (e.g., 0.5◦C). Inactive markers
are also located along the liquid boundary of the sample to allow the simulation of radial
columnar growth (see figure 3.3). The front is created using a doubly linked list, where each
element of the list corresponds to a marker of the front. Specifically, each element contains
important information for the evaluation of the front evolution, such as:

• a marker’s flag, which allows to differentiate between active, inactive, and temporary
markers;

• marker’s coordinates;

• indices of the CV containing the marker;

• temperature at the marker’s location, calculated by bilinear interpolation of the tem-
peratures at the four closest CV centres;

• temperature gradient at the marker’s location, useful for the evaluation of CET accord-
ing to Hunt’s method;

• vectors representing the direction of the marker’s advance, corresponding to the normal
to the front;

• components of the marker’s velocity, calculated according to equation 3.5.

Defining the front as a doubly linked list is convenient for different reasons. For instance,
it is possible to keep track of the order of the markers in the front without the need to define
an actual index for each marker. This is essential since the front is designed in such a way
that traversing it from the head marker to the tail the liquid phase is always on the right
hand side, allowing to identify the correct direction of the front growth. Furthermore, the
elimination/insertion of markers in case of accumulation/rarefaction is extremely easy.

Following the front creation, the captured volumes Vm of the CVs containing the front
are evaluated. The subroutine developed for the calculation of the captured volumes allows
to consider several configurations which might develop during the simulations as the front
advances. Some examples are shown in figure A.2.
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Figure A.2: Some examples of possible configurations of the captured vol-
umes.

The vertices vi of the polygons used for the calculation of the captured volumes may be
front markers, corners of the CVs , or temporary markers that identify the intersections of the
front with the grid lines. The areas of the polygons is calculated using Gauss’s area formula:

A = 1
2

n∑
i=1

(xiri+1 − xi+1ri) (A.1)

considering n vertices of coordinates (xi; ri) with xn+1 = x1 and rn+1 = r1. If the corners
are numbered in a counter-clockwise order, such as in figure A.2(a)-(d), equation A.1 gives a
positive result, hence the calculated area corresponds to the captured area of columnar mush
in the CV. On the contrary, when the vertices are ordered in a clockwise way (e.g., figure
A.2(b)-(c)), the result of equation A.1 is negative and the captured area of mush is equal to
Am = ACV − |A|. In the case of a 2D planar geometry, the captured volume corresponds to
the captured area. In the case of a 2D axisymmetric geometry a further step is required. In
particular, in this case the volume of the solid obtained by revolution of the polygon around
the axis of the sample must be calculated. Considering an angle dθ, the volume is given by
Pappu’s second theorem:

V = A · d · dθ (A.2)

where d is the distance between the axis of the sample and the geometric centroid of the
polygon. Clearly, in cases such as the ones in figure A.2(b)-(c), the volume of mush will be
equal to Vm = VCV − |V |

Once the captured volumes are known, the initial solid fraction distribution can be eval-
uated. In particular, the value of mush solid fraction gs in the CVs is obtained as a function
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of temperature by interpolating tabulated values read from specific files. The overall solid
fraction is then calculated based on the captured volume in the CV as Gs = gs

Vm
VCV

.

2. FTM: new front position and new captured volumes
At the beginning of each time step, the new position of the front and the new values of the

captured volumes are calculated. As a first step, the temperature at each marker’s position
is evaluated. At this stage, if some of the inactive markers reach the undercooling required
for nucleation, their flag is changed to the one corresponding to active markers.

Afterwards, the advance direction of each active marker is determined as the bisector
of the angle between two segments formed by the previous, current and next marker. The
correct direction of advance on the bisector line is easily determined, since it must lay on the
right hand side of the front when proceeding from the previous to the next marker in the list.

The marker’s velocity is then calculated as a function of the local undercooling and the
new position of each marker is detemined with the procedure illustrated in figure 4.4.

Finally, the distances between successive markers of the new front are checked in order
to avoid markers accumulation or rarefaction, which are prevented by deleting or adding
markers to the list. Once the new front is identified, the new captured volumes are calculated
according to the procedure explained above.

3. SIMPLER algorithm for velocity and pressure calculations
Pressure and velocity fields are calculated on a staggered grid using SIMPLER algorithm.

Figure A.3 shows a flowchart of this algorithm. A detailed explanation on how to calculate
pseudo-velocities and how to determine pressure correction equations may be found in the
literature 1.

4. Internal loop for temperature and solid fraction calculations
After determining the new guess for the velocity field, the last step in the SIMPLER al-

gorithm consists in the calculation of the remaining variables, i.e., temperature and solid
fraction. As explained in section 4.2.3, an iterative procedure is needed due to the non-linear
dependence of gs from T . The steps required at each iteration are illustrated in figure A.4.

At the end of this internal loop, the convergence of all the variables is verified, and, if
reached, time is updated.

1H. Versteeg and W. Malalasekera, An Introduction to Computational Fluid Dynamics - The Finite Volume
Method. 1995
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Figure A.3: Flowchart of SIMPLER algorithm for the calculation of pressure
and velocity.
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Figure A.4: Flowchart of internal loop for the calculation of temperature and
solid fraction.
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