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Chapter 6

Topics

A major proposal of this work, which has already been elaborated upon in
detail in the Introduction, relates to the notion of a Topic and its envisaged
central role as part of the teaching of a new syllabus. In that section it was

maintained, in relation to the instructional sequence:

Motivation Exposition Application
of the e of A% or
Need for Theory Relevant Theory Evident Purpose

Figure 6.1: Instructional sequence guiding the design of a Topic.

that the predominant practice at the moment is an almost total (technical)
concentration on the middle element, with little or no attention being given
to the other two vital components.!

By contrast, it was explained that “A Topic is seen as the expansion of an

existing syllabus entry, or a newly proposed one, to such an extent that the

ISee page 31.
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302 CHAPTER 6. TOPICS

reason for teaching it is indisputably evident.”? According to the Canadian

mathematician Ed Barbeau:?

Rather than fragment mathematics, it may be more produc-
tive to take an integrated approach, in which students are
encouraged to dwell on a mathematical topic long enough
to sense how it is put together and what its proper context
is.

It was also indicated in the Introduction that “the meaning, elaboration
and practical illustration of this notion constitutes an essential element of
this thesis, and dictates much of the mathematical content and discussion
appearing in its core section.”* Furthermore, it was promised that the nature
of a Topic would be made clear by comparing “the current treatment of
one segment of the present syllabus ... with a suggested more substantial
treatment which devotes more time to initial motivation, requires no more
technical knowledge than the present syllabus and which justifies itself by
both solving the practical problems raised initially and the showing of fresh
applications.”®

The term ‘exposition of relevant theory’, as it features in the second
stage of the above instructional sequence guiding the design of a Topic, sim-
ply means the description/development of the mathematical theory needed
to solve the general class of problems presented and (in PISA03 terminol-

ogy) ‘horizontally mathematised’ in the motivational stage. This three-stage

instructional sequence puts the all-important ‘why’ of mathematics before

2See pages 31-32.

3Ed Barbeau, Polynomials, (USA: Springer-Verlag, 1989), vii.
4See page 32.

5See page 32.
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its ‘how’, whereas, according to Conway and Sloane, the traditional model
(with its origins in the New Math approach) is one where “the sequence of
instruction often proceeds from a generalisation to specific examples, and to

applications in context.”®

In this latter approach a ‘ready-made’ body of mathematical theory is
first presented as the means of solving a category of problems of both a
technical and applied nature. The task for the teacher is then to guide and
assist the student in assimilating this body of received knowledge through the
repeated solving of carefully chosen examples most of which, in the context
of current Irish provision, tend to be of the technical kind resulting in a
very impoverished treatment of the more authentic real-world applications.
When this practice becomes the accepted norm there is a danger, as has
already been indicated, that the ‘how’ of mathematical teaching dominates,
almost to the point of obscurity, the equally, if not more, important ‘why’ of

mathematics instruction.

For example, in relation to the topic of Quadratics, the four current
texts (examined previously) adopt this traditional approach. They begin
ex abrupto by simply telling the reader (teacher and/or student) what a
quadratic equation is, and then they reveal how such equations are solved
using the celebrated quadratic formula. This is then illustrated by a number

of purely technical examples which are followed by a raft of exercises of the

6Paul F. Conway, & Finbarr C. Sloane, International Trends in Post-Primary Educa-
tion, (Dublin: NCCA, 2005), 142.
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same nature. If there is a problem of an applied type it is almost always

connected with area (quadrature).

On the other hand, as will be demonstrated presently in relation to
quadratics, the instructional sequence displayed above equates to a policy
whereby quadratic polynomials (equations) are first revealed in context. It
is only when the student is acquainted with this family of problems (having
the same underlying mathematical structure) and the need of a general the-
ory for their solution, that he or she is introduced to the relevant powerful
theory. In terms of the PISA03 ‘mathematisation cycle’ this motivational
stage involves a crucial part of the problem-solving process — the formula-
tion or horizontal mathematising stage whereby the real-world problem gets
translated horizontally into the mathematical problem. From this perspective
the first — in the sequence may be seen as the horizontal mathematisation
aspect whereas the second — incorporates the element of ‘vertical math-
ematisation’, which is mathematics acting on itself through the application
of general theory to specific intra-mathematical problems. In this viewpoint,
the horizontal element of backward interpretation of the mathematical result

in the real-world situation also falls under the umbrella of this second arrow.

With regard to the terms ‘problem space’ and ‘solution space’ as used by
some writers, one might consider the term ‘problem space’ as broadly corre-
sponding to the motivational stage with the term ‘solution space’ referring
to the second phase in the instructional sequence — the setting out of the rel-

evant theory by which problems residing in the problem space are eventually
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resolved.

It is not the intention of this writer to elevate the instructonal sequence
underpinning a Topic to that of a new pedagogical model of teaching, nor
is there any need to, since as will be pointed out momentarily, it is but one
individual’s visualisation of a concept which resides in a number of existing
models of effective teaching. In fact, the connection that can be made be-
tween this instruction sequence and the PISA03 mathematisation cycle has
already been indicated.

The Conway and Sloane quote cited a little earlier continues: “Mathe-
matics in Context reverses this sequence; mathematics originates from real
problems.”” Since the rationale for this reversal is an essential feature of the
instructional sequence underpinning the notion of a Topic, the pedagogical
stance adopted in this work could be viewed has having an affinity with that

of Mathematics in Context (MiC). In that:®

... Mathematics in Context is really a combination of three
things: the NCTM Curriculum and Evaluation Standards,
the research base of a problem-oriented approach to the
teaching of mathematics, and the Dutch realistic mathe-
matics education approach.

the philosophy underlying this work can be squarely seen has having close ties
with both RME and the recently espoused principles and standards of the
NCTM. Needless to say, there are other modern models of effective teaching

which differ from those just referred to. Some of these are described at length

"Ibid., 142.
8Ibid., 140.
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in Conway and Sloane.”

The remainder of this chapter is dedicated to describing the rationale and
general nature of each of the three pieces written to illustrate the notion of
a Topic. These extensive expositions are to be found in the core section of
this treatise which resides on an accompanying CD. The three subject areas

from the current sylabus chosen for this purpose are

1. Quadratics

2. Difference Equations

3. The Newton-Raphson Algorithm

These headings are the names given to each of the Topics respectively.

It should be clear from the amount of material devoted in the core to
each of these Topics that, in each case, the relevant discourse is much more
extensive than the corresponding one to be found in current textbooks. One
reason for this is that it was felt necessary to elaborate in as explicit a
manner as possible on much of the proposed content and related background
information so as to ensure that the teacher could easily assimilate any theory
and ideas that might be new to him and thereby achieve a level that would
guarantee him that higher viewpoint so neccessary to any form of teaching.

As Freudenthal says in this regard:'°

9Ibid., 139-170.
10Hans Freudenthal, Mathematics as an Educational Task, 661.
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It is an axiom of teachers’ training that the teacher should
know more than merely what he teaches. This “more” does
not only aim at the subject matter. The teacher has to know
the things he knows in a form different from that in which he
is teaching them. He shall not only stand above the subject
matter which he teaches but also above its logical form. To
reach his goal he shall be able to fathom the logical depth
of subject matter.

Another reason for the expansive treatment is that it was considered
important to describe a considerable number of diverse examples in an effort
to make each Topic a rich syllabus entry, which would allow the selection of a
sample of applications for a given cycle rather than being constrained to use
all of the examples from a more limited collection. While the overall thrust
of the discussion is aimed at the teacher, it is hoped that pupils would also
be able to read most parts of these expositions on their own and certainly
after being taken through it once by the teacher.

As will be evident from these core treatments, a feature of the presenta-
tions is that they integrate, at various appropriate junctures, with subject
matter from other areas of the mathematical programme. This is in keeping
with views expressed by Freudenthal, who wrote:!!

| would recommend integration or coordination of math-
ematics not with other disciplines but integration around
mathematics, that is with mathematics as a nuclear disci-
pline that attracts subject matter of other disciplines to have
them worked on by the student as fields of mathematical or-
ganization. This does not make other disciplines dispensable
nor are they devalued in any way, but at least the student
would learn what he can do with mathematics.

"UHans Freudenthal, Mathematics as an Educational Task, 139.
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6.1 On Quadratics

The current treatment of quadratics by the textbooks and examinations has
been described in some detail.'? In brief, it was argued that the topic receives
no concrete motivation (in the texts) by way of indicating where quadratic
equations arise, that the celebrated ‘quadratic formula’ is simply revealed and
that there is an almost total absence of genuine applications. Furthermore,

it was pointed out that no references are made to historical sources.

It has already been claimed here that it is a major omission in the current
provision not to derive the quadratic formula from first principles using ‘the
method of completing the square’, particularly when the algebra involved
is straightforward but so empowering. Judging from an IMTA Newsletter
of November 2001, it would appear that some secondary school teachers
may not be familiar with this very effective technique. In that issue, one
such teacher presents a single page article on how to find the critical point
of a quadratic polynomial using this method which he remarks he learned
from one of his Chinese students.'® Motivating and deriving the ‘completed
square’ form of an arbitrary quadratic polynomial is central to the discussion
of Quadratics to be found in the core section of this work. The overall nature

of this treatment is now elaborated upon under various headings.

12Gee pages 295-298 and Appendix E.
B3Patrick Quill, “The Turning Point of a Quadratic Function”, IMTA Newsletter 100
(November, 2001)
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Sequence of Presentation: The discussion is divided into three major
stages and embraces a number of themes relating to the use of history, for-
mulation, terminology and notation, transformations, technique and applica-
tions (which include the use of physics). It is proposed here to first describe

each of the three stages and afterwards to discuss the various themes.

Stage I: This first stage “How Quadratics Arise” is a motivational one
which presents the teacher/student with a number of different problems
which, when analysed, amount to asking mathematical questions about quadratic
polynomials. This policy of presenting examples before the statement and
proofs of theorems is in line with that advocated by Freudenthal who criti-
cised the opposite approach adopted by many textbook writers. He believed
strongly that it is through examples that one first gleans what is central and

what is peripheral.

The first example discussed does not give rise to a ‘quadratic problem’
but appears for the purposes of providing a contrast to the second problem,
deliberately chosen to be the ‘inverse’ of the first and is a genuine ‘quadratic’
problem. This is done so the student can appreciate the significant technical
differences that exist between the relatively straightforward task of multipli-
cation and the considerably more involved operation of extracting a square
root. The practical difficulties involved in extracting a square-root are not
dwelt on by the texts reviewed, presumably because of the existence of cal-
culators. However, the core treatment discusses this matter in some detail

because it affords a number of opportunities which are elaborated upon in
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that section. Briefly, it allows the teacher to talk a little about the practical
and the abstract; the former in relation to aspects of ‘computation’ and the
latter by way of revealing (historically) how the concept of number had to be
extended to accommodate irrational numbers. Later it is emphasised that
not alone does one encounter the realm of irrational numbers when attempt-
ing to extract the square root of a natural number as simple as 2 but that
one is also led to discover the much vaster domain of complex numbers when
faced with the similar problem of extracting the square-root of the negative
number —1. It is important that students be given such overviews from
time to time as it provides them with a broader perspective of the general

mathematical landscape.

These two examples are followed by three problems whose ultimate so-
lutions require no more than this ability to extract square-roots. Thus they
reinforce for the student the central importance of this operation. However,
to arrive at the final equation requires that the student be able to formu-
late the underlying context in mathematical terms — a skill often referred to
as mathematisation. As already stated, it is intended to discuss the theme
of equation formulation (as it relates to this Topic) in more detail under a
separate heading later. The first two of these three problems are ‘practical’
relating as they do to the construction of a box of a certain volume and how
one might measure the speed of a river. The third, while dressed in the guise
of a puzzle whose context is known to have appealed to many a student and

teacher, requires clear physical thinking for its solution and is perhaps more
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demanding than its precursors.

At this juncture a number of different directions the teacher might take
are indicated before presenting an algorithm for extracting square roots be-
lieved to be known to the Ancient Babylonians but almost certainly known to
the Greeks of the first century A.D. The reasons for this aside are explained
in the relevant section and are reproduced here for the sake of completeness.

Doing this

1. addresses the mathematics curriculum injunction to teach something

of the history of mathematics

2. serves as a special case of the Newton-Raphson algorithm which follows

later in the course

3. shows how, with no more than elementary reasoning, one can fashion

a very useful computational tool
4. explains the meaning of algorithm as a recursive procedure

5. affords pleasure to those students who revel in calculations, of whom

there are many.!4

After a brief reference to the hierarchy of computational abilities encom-

passed in the operations

5 =3 B § %5

"Elizabeth Oldham, private communication.
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and which are the only five operations that can be executed geometrically
using no more than a compass and straight edge, a problem relating to opti-
misation is introduced. It should be stressed that since the HLC treatment
of the quadratic does not touch on the method of completing the square,
problems of this type which are amenable to solution from a knowledge of
quadratics alone are not set on the examinations. This problem concerning
maximising a Garden Plot subject to certain constraints is related in the
form of a story designed to engage the student’s interest. It is developed
in detail both experimentally and analytically, so as to reflect what often is
done by practicing mathematicians when confronted with similar problems.
It will be noted that the discussion of this example is considerably longer
than that afforded to any similar one treated by the textbooks and is used
as a vehicle by which to introduce in a natural fashion some terminology
and notation — another theme discussed at greater length under a separate
heading. This problem is also used to show how quadratic equations also

arise.

The subsection which follows shows how one and the same mathematical
problem is often encountered in different guises, some of which appear more
‘relevant’ than others. Some problems of this latter type drawn from Baby-
lonian sources are given and prove most useful for pedagocical reasons to be

explained in due course under the theme heading of history.

The HLC often sets questions on quadratic equations involving parame-

ters but given without context. At this juncture the Topic treats an example
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which shows how an equation of this type arises in an applied context. It
also demonstrates a very important technique by which such an equation
is rendered into an equivalent but parameter-free quadratic. This is some-
thing that is done very often when solving ‘real-world’ problems and at least
one other example of this is to be found in this work in relation to a cubic

equation connected to a calibration problem.

Having by this stage of the development been exposed to a number of
different situations requiring the optimisation of a quadratic or the finding
of its roots, the reader’s attention is now turned to clasifying the equations
found to date. This requires introducing further terminology such as poly-
nomial, roots, degree to name but a few. Considerable pains are taken to
explain these terms, which are too often glossed over or mentioned without
explanation in some texts. This done, the notion that certain quadratics
can be factorised easily is demonstrated and exploited in a particular case
to verify that a certain quadratic has exactly two roots. An exploration of
whether or not factorisation holds out the prospect of finding a method to
solve all quadratic equations is then undertaken and ends with the discovery
that such is not the case. This is revealed by examining a classical problem
related to the golden section which provides an example of an irreducible

quadratic (over the rationals).

The treatment goes on to explain under the heading ‘Using an Equation’
how certain equations can be made to reveal characteristics of their solutions

even when these solutions are not explicitly known. The pedagocical point
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here being that even if one does not know how to solve an equation, it can
still be a valuable possession in its own right.

The final segment of the first stage allows the student to design quadrat-
ics of his own. This experimental exercise can give the students a greater
appreciation of the nature of a quadratic polynomial and can prove useful
when finding the expression for a curve known to be generated by such a
polynomial. A problem of this type arises in stage III.

By setting before the student a considerable number of examples where
quadratics arise in practice, one hopes to impress upon him the need for
developing a relevant theory which can solve these problems as well others
of a similar type. This is the business of the second major division in the
treatment of this Topic.

Stage II: The second portion of the Topic entitled ‘Theory of the Quadratic’

is concerned with deriving the key identity

(a # 0) (6.1)

b 2+4ac—b2
2a

p($)=a:c2+bx+cza<:r+— ™ :

and then revealing the pivotal theoretical role played by this relationship.
The discussion begins by describing how the Arab mathematician Mo-
hammed ben Musa al-Khowarizmi solved the particular quadratic equation
22 4+ 10z = 39 geometrically circa 830A.D. Since the process of solution ac-
tually involves forming a geometrical square to arrive at its final result, the

student is afforded a tangible visualisation of ‘the method of completing the
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square’ which is central to the algebraic solution of the general quadratic
equation. If, in the derivation of the general formula, this step is carried out
purely algebraically then it can appear unmotivated and consequently mys-
terious. However, by revealing the inspiration of this simple but ingenious
step, this historical problem helps demystify the process, thereby making it
easier to understand and appreciate.

With the phrase ‘the method of completing the square’ thus introduced,
the exposition focuses on the ‘normal’ form of the expression p(z) = ax?+bx+
¢ solely as a polynomial function and slowly unfolds the algebraic derivation
of the identity (6.1), taking care to explain the vital role of the completing
the square step. When this is done, it is advised that “the teacher should
hail this result as an important advance, whose full significance is about
to be revealed in a few short strokes”.!® This process is begun under the
heading “The Anatomy of an Expression” where it is clearly revealed how
the ‘completed-square form’ of p(z) given by

WO 2+4ac—b2
ks 4a

is much more informative than its normal form “despite having the appear-
ance of being more cumbersome and artificial”.'® This is done by showing
how to ascertain and classify the critical point of p(z) with no more than
simple logic, and as such it is an excellent exemplar of the mathematical

method.

On Quadratics, 84.
$On Quadratics, 86.
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At this juncture there is an ideal opportunity to cross-reference the re-
sults just obtained with their alternative derivation using calculus. This
is covered briefly in the aside ‘Confirming with Calculus’ which concludes
with the remark: “All-in-all, a wonderful illustration for students of different

mathematical methods reaching the same important conclusions.”!”

Before revealing a second major consequence of the identity (6.1) which is
that of the ‘quadratic formula’, the discourse revisits and solves the optimi-
sation problem connected with the Garden Plot problem. Doing this gives
a concrete application of the theoretical results just derived and confirms for
students what they strongly suspected to be the case from their own numer-
ical investigations. Then the famous quadratic formula of 1544 is obtained
and highlighted to stress its significance. Again it is urged that teachers give
the result the due emphasis it deserves as young minds may not, of their own
accord, appreciate its powerful generality. The formula is then set to work
on solving all of the quadratic equations encountered in the introductory sec-
tion. Naturally the treatment is accompanied by comments when they are
deemed necessary and by the explanation of further points of detail along
with any added insights. For example, once the golden section problem is
solved, the opportunity is availed of to talk a little about the golden ratio ¢

and the golden rectangle which appears both in art and architrcture.

After the numerous concrete illustrations of the quadratic formula, the

discussion returns to its final but significant technical application of the iden-

70n Quadratics, 89.
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tity (6.1) by way of using it to deduce “The Shape of a Quadratic”. The na-
ture of this long section will be elaborated upon in greater detail under the
theme of Transformations. However, as explained in the introduction to that
piece, “it appears to this writer that the approach adopted by the textbooks
is to assume that it is obvious that the graph of p(z) has the U-shape (or
()-shape) indicated in the drawings that accompany their examples. Besides
being logically unsatisfactory, it is poor pedagogy to make this assumption
about the nature of the graph, particularly without explicitly admitting that
it is something which needs to be established. That it can be demonstrated
is the task at hand.”'® The importance of this section is that it provides
the student with a concrete image of the graph of the general quadratic p(z)
which proves invaluable when the nature of the roots of p(z) are being dis-

cussed. It also gives a clear visualisation of the minimum (maximum) of p(x)
b 4dac—b?
2a’  4a '

The subsection which follows connects this shape with that of a parabola.

at the apex with coordinates given by <—

This is done so that one can justifiably refer to the shape of a quadratic
as parabolic and vice versa and the importance of this becomes apparent
in stage III in relation to the shape of an arch and more significantly to
the path of a projectile. This writer would have liked to expand upon the
special characteristics of the shape of a parabola which underpin the design
of satellite dishes because of its obvious application but considerations of

time and space did not allow. However, there are Internet sources which do

180n Quadratics, 107.
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just this and which the teacher could call on should he wish to expand on this
theme. It would also make for a worthy school project to reveal and explain
these properties since the mathematical prerequisites are all accessible at
senior cycle level.

In the next subsection on “The Nature of the Roots of a Quadratic”, the
advantages of having first given the student an understanding of the graph
of a quadratic becomes evident. With the aid of a number of these graphs
the three different cases that can arise in relation to the roots of a quadratic
are made clear visually. The treatment does however re-derive these results
purely algebraically for the sake of completeness.

The final subsection of part two presents the general quadratic in fac-

torised form, that is, as

p(z) =az? +br+c=a(r—a)(z - f)

where

£ —b+ /b2 — 4ac

o, 3 %

It is pointed out that this result shows that there is not just one quadratic
satisfied by the roots o and 3 but a whole family characterised by the param-
eter a, an important observation that is not made plain in a number of the
texts. One particular example appearing in the final part of this dicourse on
quadratics gives a tangible application of this result to a problem connected

with a parabolic arch.
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By way of concluding this section on the theory of the quadratic, it may be
stated that the clear advantage of the organic (from the ground-up) treatment
is that the student sees the formula for obtaining the roots of any quadratic
polynomial deriwved using no more than elementary algebra. Furthermore,
he gets to see why the graph of such a polynomial is a parabola, something
which makes it all the easier to see that a quadratic can have at most two
real roots. In addition he is able to decide whether the polynomial has a
local maximum or minimum and can give this value. There is none of the
mystery that an approach which simply hands students results out of the
blue can engender, a practice that has to be unsatisfactory for those able
students who like to see as much as possible explained. For others, there is
the danger that they will come to think of this as an acceptable scientific
approach. By contrast the approach adopted here shows a substantial piece
of mathematics being developed in a consistent fashion, achieving significant
insights in a few short steps due to one simple ingenious insight — the method
of completing the square. This is much closer to the spirit of mathematical
thought and it seems a shame not to adhere to it in cases such as this where
the derivation of the result is accessible and highly educational. According

to the great Russian mathematician Andrei Nikolaevich Kolmogorov:!?

19 American Mathematical Society, Kolmogorov in Perspective,(USA: AMS, History of
Mathematics Series 20 (2000)
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| regard formal rigour to be obligatory, and | think that
in the final analysis, after a lot of work (which is usually
helpful for a final understanding), rigour can be always
combined (in the exposition of important results, that is,
in essence, simple results) with complete simplicity and
naturalness. The only way to realise these ideals is strictly
to require logical clarity even where it is burdensome for
the present.
By way of a section summary it may be said that as soon as the hugely in-
formative identity given by (6.1) is either established (as recommended here)
or simply placed before the student, one can derive results which otherwise

would require the use of calculus. As already indicated this approach enables

the teacher to

e demonstrate the existence of a unique local minimum (maximum) point
e  derive the quadratic formula

e  explain the shape of the graph of the general quadratic.

which, it is fair to say, is a very good return for the labour involved in

assimilating the method of completing the square.

Stage III: The third stage of the discourse is entitled “Applied Quadratics”
and, as its title suggests, treats a number of applied problems which are a
little more substantial than those presented in stage one. However, the extra
sense of realism which these possess make their purpose self-evident and so
should appeal to the student. The treatment begins with four problems

relating to optimisation which could be regarded as examples of ‘how to
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solve max-min problems without the use of calculus’. The first, dealing with
a cinema maximising its revenue, is expounded at length in order to guide
the students to the correct formulation of the relevant quadratic. The second
is essentially concerned with determining a rectangle of maximum area and
while presented in an historical context is subsequently given various guises,
some of which may strike the student as more relevant than others. The
third problem is related to the second and receives consideration because it
introduces the theme of recognising that a certain quartic equation may in
fact be regarded as a quadratic. The fourth example shows the theory of
the quadratic deriving a statistical result relating to the mean and variance
of a sample and is designed to give students a greater appreciation for the
connection betwen these two measures. While it is recognised that “this
example is unquestionably at a level which is higher than that which students
are exposed to currently, it represents a genuine application of the theory of

the quadratic to a significant aspect of statistics.”?°

Next a problem regarding a network of computers is chosen because it
leads to a quadratic inequality as opposed to a quadratic equation. Its solu-
tion is approached initially through an examination of small cases which are
illustrated with appropriate diagrams. It requires an elementary knowledge
of combinatorics or the formula for the sum of first n natural numbers in
order to formulate the relevant inequality whose solution is then obtained

with some care. This example affords the teacher a context to show a use for

200n Quadratics, 161.
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the ‘floor notation’. This specific example is then generalised and its elegant
solution presented as an example of a mathematical vignette, which is de-
cribed by Mankiewicz as a sutra — “ a short poetic aphorism which strives
to give the essence of an argument in the most condensed and memorable
form”.2! The result, which is expressed concisely with the aid of the floor
function, is connected to two sequences of natural numbers which the teacher
and student may find interesting for no other reason than the possible novelty

of what they portray.

The next subsection shows how the evaluation of certain values of the
trigonometric functions can be accomplished with the aid of appropriately
formulated quadratics. The treatment shows how early mathematicians
blended algebra and trigonometry rather skillfully to find these values which
were of such practical concern to surveyors and navigators. This section con-
tains a vignette linked to a short aside on the golden ratio and the pentagon
which may hold some appeal for the mathematically stronger student and
might also be made the basis of a student project.

Under the heading ‘Quadratics and Calculus’ a number of problems re-
quiring a knowledge of the quadratic and the basic notions of the calculus
are presented. The first relating to maximising a volume is discussed in some

detail and is afterwards harnessed to provide a realistic question involving

21Richard Mankiewicz, the story of mathematics, (London: Cassell & Co, 2000), 40. A
number of mathematical vignettes have been written for this work to convey the ingenuity
present in many arguments relating to or at the level of school mathematics. These are
described in due course in a relevant section and are accompanied by suitable examination
questions.
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a cubic equation whose solution requires the use of the Newton-Raphson
algorithm. As such it provides subject matter for another of the Tof)ics
considered in this treatise and will be taken up again. The second offering
concerns a parabolic arch and has already received mention earlier in this
work as furnishing a ‘more vibrant and relevant alternative’ to the type of
question being examined currently. It is a problem in two halves; the first
reveals to the student the necessity of being able to describe the shape math-
ematically by a quadratic polynomial while the second shows the integral
calculus finding an area. The valuable lessons this problem can be made
to teach are discussed at some length and involve, among other things the
notion of a solution being dimensionally correct as well as the concept of
linearity. This arch problem is then linked to the calculus exercise of obtain-
ing the area subtended by the function sinz over the interval [0, 7] which
is designed to have students make an observation. The subsequent explo-
ration of this finding reveals how well a certain quadratic polynomial can
be made to approximate the sine function over the given interval under con-
sideration. Among other things, this exercise demonstrates to the student
how important mathematical interconnections can be discovered by playful
mathematical experimentaion. These deliberations are followed by two fur-
ther problems relating to parabolic arches and tangents to these curves, so
that a little differential calculus is called on. Afterwards by way of giving
these problems a contexts it is pointed out that they arise in connection with

the drawing of parabolic curves using a certain typesetting package.
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Continuing with the theme of the parabola the following subsection is
a substantial one treating projectile motion in the absence of friction and
is presented at this juncture simply because it can be cross-referenced with
calculus. However, since the entire discussion can be carried out without
any use of calculus it could appear at any point in a section dealing with
applications of the theory of the quadratic. As stated in the introduction to

this piece:??

Everybody has seen a football kicked into the air or a golf
ball driven along a fairway and observed the path taken by
the projectile in question without, perhaps, reflecting on or
knowing much more about its geometrical shape. Many
students are interested to learn that the shape of this tra-
jectory is parabolic and thus is a particular example of the
graphs of certain quadratic polynomials already discussed in
the classroom. Making such a connection reveals to stu-
dents a tangible link between the abstract and the concrete
and as such is an invaluable lesson.

Besides being a grade one application of the theory of the quadratic,
it is also a rich illustrator of the application of many other quite simple
mathematical facts covered in the senior cycle programme. As the treatment
shows, a discussion of this simplest form of projectile motion allows the

teacher to illustrate the use of:

e History — to act as a possible motivator
e Coordinate Geometry — to embed a problem within a framework

e Vectors — to resolve a vector into orthogonal components

220n Quadratics, 200.
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e Trigonometry — to reveal just how useful it can be to have a basic

knowledge of the trigonometric functions

e Parametrisation — to introduce parametric equations in a natural

way

e Calculus — to either derive results ab initio or confirm those obtained

by other methods

e Mathematics in action — providing, with the help of a basic fact

from physics, a deeper understanding of a natural phenomenon.

The final example treated would have to be considered a ‘modern’ one
in the sense that the application to be described was first conceived of as
recently as 1977. It deals with the use of quadratic polynomials to an eas-
ily understood and visibly practical problem in cryptography which, in the
experience of this writer, students find very appealing. The mathematics un-
derpinning the application involves no more than the simple but fundamental
fact that any three points in the plane with distinct abscissae determine a
unique quadratic polynomial. After discussing how this observation can be
made evident, the student is introduced to the problem to be solved which is
that of ‘How to Share a Secret’. The nature of what is involved along with the
central notion of a ‘threshold’ is explained, after which the student is invited
to come up with mechanical schemes for solving the problem at hand. These
solutions require logical thinking as opposed to specific mathematical knowl-

edge and as explorations in the classroom they can provide a welcome change
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to the normal fare. Once the students through their own investigations come
to understand what is involved, the discussion can then be broadened by the
teacher to show how simple but clever combinatorial reasoning can be used
to gain greater insight into the limitations of the mechanical schemes being

proposed.

Because several pages are devoted to explaining the ideas involved the
teacher /student does not see how quadratic polynomials enter the fray until
the combinatorial reasoning used convinces one and all that the proposed
mechanical schemes are totally impractical. As pointed out at this stage
of the development “the student gets to see a general argument showing
that a proposed solution is computationally infeasible because of its inherent
complezity — two notions which pervade the practical implementation of algo-
rithms”. There is an accompanying PowerPoint presentation which parallels
the written description but which is bound to be more appealing for visual
and dynamic reasons. It might perhaps be used by the teacher in the first
class or two by way of an engaging introduction or used in the third class
or so after the students have had a chance to make their own independent

discoveries.

With the stage thus set, the students are shown the elegant fashion by
which quadratic polynomials can be made to implement a (3,n) scheme —
a protocol by which a secret number is shared among any number (n) of
persons but in such a way that it takes the cooperation of 3 or more before

the secret can be recovered. The manner in which the number is shared is
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described in detail with the aid of many diagrams while the procedure by
which this same secret is recovered reveals to the student one reason why
it is crucial to know how to solve a 3 x 3 system of simultaneous linear
equations. With the theory explained and illustrated with simple examples,
some real-world applications of such a scheme are described, one being the
digital signing of cheques. In this way the student gets to see an effective use
of quite elementary mathematics.

The last page of the rather extensive discourse contains a list of other
applications which fall under the umbrella of Quadratics and which over
time might be described and made part of the content of this Topic.

This section describing the nature of the proposed Topic on Quadratics
is brought to a close by giving short descriptions of a number of the themes

permeating the exposition.

Use of History: Historical sources provide many problems whose solutions
require the solving of a quadratic equation. The earliest such problems date
from Babylonian times and are invariably linked to squares or rectangles.
Even if they appear contrived they are not without their uses. For one thing
they provide reasonably simple exercises in formulation for the student while
linking with the mathematical past where insights into the ancient mind can
be gleaned. A number of these are presented in stage I, with one in particular
being harnessed to introduce the concept of factorisation and to suggest that

a quadratic equation has exactly two roots.
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Another historical example from the middle ages due to Al Khowarizimi
proves of particular value in stage Il where, as has already being mentioned,
it is used to introduce the ingenious idea of completing the square. This
accessible example blending algebra and geometry is studied because it acts
as a precursor to the general algebraic method which leads to the quadratic
formula that solves all quadratic equations. As such it is judged to be crucial
to the discussion, while also affording an historical cameo that reveals a
little of the legacy of mathematics. The historical progression is continued
when Michael Stifel is credited in 1544 with fusing all that was known about
quadratics into the one single quadratic formula that is now so commonplace.

Stage III also contains its historical references, in particular to the trajec-
tory of a projectile where the observations and speculation of such luminaries
from the mathematical past as Niccolo Tartaglia, Galileo Galilei, Bonaven-
tura Cavalieri and Evangelista Torricelli are described in some detail and act
as a springboard for the subsequent discussion. By way of giving a glimpse
of more recent history reference is also made to the living mathematician Adi
Shamir in connection with cryptography, something which may be regarded

as noteworthy by some students.

Formulation: Since the first part of the Topic is concerned with reveal-
ing how quadratic expressions and equations arise from the consideration of
different problems there is a greater emphasis placed on formulation than is

the case with the current HLC programme where students are not normally
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required to derive such equations but simply solve them. The final section
on applications offers more sophisticated examples which it is believed are
described in sufficient detail to allow teachers to impart this particular skill

without undue difficulty.

Terminology and Notation: Considerable care is taken, whenever it is
judged informative, to explain terms which in the current HLC provision
are often used without any mention of their etymological origins. Almost
from the outset stress is laid upon functional notation, considering it better
pedagogy to place the emphasis on polynomials rather than equations, since,
after all, the latter normally arise in connection with special questions relat-
ing to the underlying polynomial. While this approach is not predicated on
the assumption that students will already have been introduced to functions
and their graphs, (something it would appear is not being done at present
judging from the order in which material is presented in the textbooks), it
does provide an ‘as early as possible motivated introduction’ to the function
notation. This affords the teacher greater flexibility in handling subsequent
material in a concise manner faithful to context. As Siu writes in his arti-
cle, “Felix Klein strongly advocated an emphasis on the function concept in
»23

teaching as a unifying idea permeating all mathematics.

The parabolic arch and the projectile problems discussed in part III are

Z3Man-Keung Siu, “Concept of a Function — Its History and Teaching” ,Learn From The
Masters, edited by F. Swetz et al. (USA: Mathematical Association of America, 1995),
105.
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used to illustrate how effective function notation can be.

Transformations: The gradual process by which the graph of the gen-
eral quadratic is arrived at helps introduce students to the general topic
of the transformations of functions in a particularly straightforward case.
The function notation in particular is seen to be most convenient when the
completed-square form of the the general quadratic polynomial is used to
show that the graph of az? + bx + c is simply a translation of that of az?.
By way of exhibiting the shape of this latter curve, the treatment has the
student sketch the graph of the fundamental curve of y = 22, followed by a
number of the form axz? for different values of a, carefully chosen to reveal
the essential features of what holds in general. This done, the general shape
of the quadratic need no longer be taken as an act of faith, as is the case at
present, but becomes clear to the student and provides him with a strong vi-
sual guide by which to appreciate the different cases that can arise in relation
to the nature of the roots of a quadratic.

Currently there is little or no treatment of the transformation of func-
tions on the HLC, although it is clear from Internet searches that many
of the American High Schools devote much time to this very dynamic sub-
ject matter. The treatment here shows students how to effect reflections,
translations and dilations. This is as it should be, because exploring these
transformations reinforces the concept (of the graph) of a function in a very

visual manner which, of course, can be made that much more attractive by
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being executed almost instantly on a computer using a mathematical pack-
age. Thus an important aspect of this Topic is the manner in which it helps
students arrive at an understanding of the transformation of functions in an

accessible manner.

6.2 Difference Equations

Another recommendation of this work is that the current syllabus segment
relating to difference equations be expanded into a substantial and engaging
Topic. As a step in this direction, first-order recurrence relations drawn from
recreational and applied contexts should be introduced with the equations
being derived from actual contexts that reveal their importance and useful-
ness. In this regard, it is suggested that, in particular, the recurrence relation
governing the amortisation of loans be treated in depth. As already claimed,
“this is perhaps one of the most useful applications of mathematics lying
outside of the scientific situation that bears on a student’s (future) personal
life and which can be undertaken at the level of senior-cycle.” 24

It is also advised that the treatment of some second-order difference equa-
tions be retained as part of any future syllabus. However, by contrast to the
current practice, it is urged that the examples studied be presented in con-
text so that their purpose is clear. In particular, it is recommended that

the difference equation connected with the Fibonacci sequence receive some

attention because of its historical roots and because it arises in the study of

24See page 256.
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a wide variety of problems. It is also suggested that the Topic be examined
by one full question devoted to it alone.

It is hoped that the core treatment of the Topic on difference equations
is envigorating by having much to offer by way of intrinsic interest. Its
nature and rationale is discussed at length after a short review of the current

programme’s provision.

Current Treatment: The following is the fourth and final entry appearing
under the subheading Discrete Mathematics and Statisticson the HLC

Mathematics Syllabus:?

Difference equations: If a and b are the roots of the
quadratic equation pz? + qz +r = 0, and s, = la"™ + mb"
for all n, then ps,12 + qSny1 + s, = 0 for all n.
Examples of difference equations ps, o + ¢Spi1 + 18, =
0 (n > 0), (with so, s, given) to be solved, p, ¢, and 7 being
specific numbers and the quadratic equation pz?+qx+r = 0
having distinct roots.

This entry seems to amount to no more than asking for the solution of sec-
ond order homogeneous difference equations with constant coefficients and
specified initial conditions subject to the restriction that the characteristic-
equation have distinct roots. It is not explicitly stated that n is assumed to
be a non-negative integer nor is it clear whether or not difference equations
whose characteristic equations have complex roots are to be excluded. It
may be that the intention was to have a characteristic-equation with positive

discriminant rather than one with distinct roots.

ZDepartment of Education, The Leaving Certificate Mathematics Syllabus (Higher Level
and Ordinary Level) (Dublin: Government Publications Sales Office, n.d.), 11.
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In this syllabus abstract there is no explanation as to why the equations to
be solved are called Difference Equations. Likewise the texts, while defining
a difference equation in the manner indicated by this syllabus entry, fail to
mention why it is so called. Furthermore, the extract makes no attempt
to justify itself by setting the topic of difference equations in a context nor
does it give guidance to young and possibly inexperienced teachers on how
to interpret it, except by reference to sample or past examination questions.
As one secondary school teacher wrote in an IMTA article of 1995: “At first
glance one might wonder what this is all about.” In the same article the

author O’ Loughlin writes:

What intrigued me about the method of solution was:
how might it have been developed?

why use a quadratic equation as a starting point?
why use a linear combination of powers of the roots?

The major portion of the remainder of the article is devoted to answering
these questions and concludes with a discussion of “an example of a difference

equation taken from the computer science field”.?8

6.2.1 First Order Recurrence Relations

This work advocates that first-order recurrence relations be part of a future
syllabus segment devoted to the Topic of Difference Equations, since many
‘first-order’ problems are ideal for illustrating the method of recursion. This

powerful technique where the solution to a problem depends on finding the

26M. O’Loughlin, “Difference Equations”, IMTA Newsletter 86 (1995): 9-16.



334 CHAPTER 6. TOPICS

solutions to smaller instances of the same problem is not explicitly catered

for in the current syllabus.

The first part of this account describes a number of problems which illus-
trate the effective use of ‘recurrence relations’ or ‘first-order difference equa-
tions with initial condition’ as they are also styled. Some of these problems
are treated extensively either in the core section or by means of PowerPoint
presentations to help the teacher understand the intent and actual imple-

mentation of the suggested new syllabus entries.

The Tower of Hanoi Puzzle: The first problem considered is presented by
means of a PowerPoint slide show to be found on the CD accompanying this
work. It treats the Tower of Hanoi puzzle, a game invented in 1883 by the
French mathematician Edouard Lucas. This engaging recreational problem
is chosen because it is an ideal vehicle for introducing many of the key notions

and concepts used in discussing recurrence relations.

The presentation first describes the objective of the game which involves a
‘toy’ consisting of three pegs set in a base with a tower of eight disks, stacked
in decreasing size on the first peg. It then recounts how Lucas furnished his
puzzle with a romantic legend about a much larger Tower of Brahma, which
supposedly has 64 disks of pure gold resting on three diamond needles. The
method of solving the problem is then shown over a series of slides. While
doing so, track is kept of the minimum number of moves required because

this acts as a prelude to the mathematical problem about to be introduced
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and which is the real purpose of considering this children’s puzzle. The prob-

lem for the senior-cycle student is

Determine how many moves are necessary and sufficient to
reconstruct a tower of height n according to the stipulated
conditions.

It is understood that n denotes a non-negative integer.

The would-be solver is advised at this stage to attack this problem by first
examining small cases with the exhortation that “smart mathematicians are
not ashamed to think small, because general patterns are easier to perceive
when the extreme cases are well understood (even when they are trivial)”.?’
When this is done the student is instructed to employ the tactic of ‘name
and conquer’, which is that stage in solving a general problem where one
introduces appropriate notation. Specifically, he is told to let ¢(n) denote
the minimum number of moves needed to reconstruct a tower of height n

according to the stipulated rules.?® With this notation in place the student

displays the results of his analysis of small cases in the form
tili=1 ; #HA=3 ; =7 ¢ Wii=15

He might prepend to this list the entry ¢(0) = 0, after noting, perhaps on

a prompting from the teacher, that it requires zero moves to reconstruct a

2TR. Graham, D. Knuth D. & O. Patashnik, Concrete Mathematics (USA: Addison -
Wesley, 1989), 5.

281t should be noted that throughout the discussion of this Topic the function notation
is used rather than the subscript notation employed on the HLC.
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tower having no disks. In this way the student obtains the sequence whose
leading terms are

By ds ooy, &y 105 «xs

Now it is time to use this knowledge of the ‘little’ to go ‘large’, but to
do this one needs to be fortunate to have made a key observation from the
study of the small cases.

From an examination of the numerical data just presented one insight,
which many students have is that the current value is obtained by doubling
the previous value and adding 1. It is here that the teacher may have to
show the students how to formulate this insight mathematically though some
students may well do this for themselves. Specifically, if ¢t(n) denotes the
current value, so that ¢(n — 1) is the previous one, then the ‘conjectured’

rule, believed to be valid for n > 1, can be written as

ttn)=2t(n—-1)+1

However, it is preferable that the reason why this relation holds in general
be established by making a key observation regarding the process itself. A
considerable number of slides are devoted to having the student see that the
problem relating to n disks can be related to the smaller problem concerned
with n — 1 disks. This is where the concept of recursion is revealed and it is
this understanding of the underlying mechanism of the game that allows mere
conjecture to be turned into fact. It is crucial at this stage that students fully

appreciate how justifying the relation on physical ground turns conjecture
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into proof.

Whatever route is taken, and normally both are, the student has been
shown a recursion relation — so named because of its connection with the
process of recursion. The relation is more commonly referred to as a recur-
rence relation. In fact, as the treatment explains, strictly speaking it is the

relation
o) =1
describing the ‘initial’ condition, combined with the general relation
t(n) =2tn—1)+1
valid for n > 0, often written together as
tn)=2t(n—-1)+1 ; t(0)=0

that constitutes the recurrence relation.

The manner in which the recurrence relation can be used to generate succes-
sive values of t(n) is reinforced by calculating further terms of what is often
called the recurrence sequence.

However, under the heading “But It Takes Too Long”, it is pointed out
that, starting from the initial value ¢(0) = 0, it takes 64 iterations of the
general recurrence equation to reach n = 64; a prohibitive amount of cal-
culation to be carried out by hand or with the aid of a calculator. While
mentioning that a computer program could be used, it is noted that chang-

ing the value of n from 64 to 1,000, 000 results in the amount of calculation



338 CHAPTER 6. TOPICS

becoming prohibitive even for a machine. The purpose of this exploration is
that for n ‘large’, it simply takes too long to generate values recursively to
obtain a desired t(n). In this way, it is hoped the student will realise that
it would be much better to have a closed form for ¢(n), that is, a formula
which allows t(n) to be calculated for each value of n, without reference to
any other values. Such a formula, if it exists, would be a solution to the

recurrence relation.

The student is told that one way of solving a recurrence relation is to
guess a solution and then try to prove that it is correct! It is important
that young people be told that much of mathematics is discovered in this
way, intuitively as it were, and that this is a perfectly acceptable way of
doing business provided one can subsequently copper-fasten one’s guesses

with irreproachable logic.

In this case, many students guess that t(n) = 2" —1 in general because this
formula fits the data accumulated for the first few values of n starting with
the value 0. The teacher can then explain that all that is needed to prove
this new conjecture is to verify that t(n) satisfies the recurrence relation
since, as the students now know, this has been firmly established. This
is an elementary but valuable exercise. Leaving to one side questions of

uniqueness, the general problem can then be considered as solved.
After pointing out that finding the solution in this manner requires an

inductive leap, that is, a lucky guess about the possible general answer,

one must consider how to proceed when such flashes of inspiration are not
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forthcoming. This leads to the final portion of the discussion of this problem
which shows how the recurrence relation itself can be used to provide the
general formula for ¢(n) in a systematic fashion.

It is first explained that the manner in which the recurrence is used to
obtain successive values of t(n) can be described as ‘forward recursion’ since
it moves forward through the sequence of values that t(n) attains as n itself
moves forward through the natural numbers. Then it is shown in great
detail how the value of #(8) can be calculated using ‘downward recursion’
or ‘backward recursion’. A number of important points are revealed in this
discussion including the notion of a ‘recursive call’, common in programming
parlance. Then in ‘Unfolding the General Recurrence’ it is shown how one
obtains, with the aid of this technique and the general formula for the sum of
a geometric series, the previously conjectured formula for ¢(n). The student
is reminded that it is vital that it too be checked in the manner indicated.

After remarking that the Tower of Hanoi recurrence relation is typical
of many that arise in applications of all kinds, the three stages involved in

solving a problem of this type are reviewed as follows:

1. The examination of small cases which give insight into the problem and

help with the second stage.

2. To find and justify a recurrence relation connected to the quantity of

interest.

3. To find a closed form satisfying the recurrence relation.
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As can be seen, this problem alone has a number of valuable features

warranting its study and which might be synopsised as follows:

1. Exploration and the Scientific Method: the exploration of small cases
teaches something of the scientific method where one gathers data by
careful enumeration with the intention of examining it afterwards in

the search for patterns which might prevail in general.

2. Conjecture and Proof: upon analysis the accumulated data may lead to
the formulation of a recurrence relation which, if it is to be subsequently

used with any degree of confidence, needs to be proved.

3. The Value of a Recurrence Relation: once justified, the recurrence re-
lation is a valuable possession in its own right since it allows one to
generate answers by the process of recursion, which is quite feasible for

moderate values and often suffices for many practical problems.

4. The Limitations of a Recurrence Relation: however, if one desires a
method for specifying an arbitrary value without recourse to previous
values, then the recurrence relation alone is not enough to furnish such

a general solution to the underlying problem.

5. The Art of Guessing: from an examination of even a small amount
of numerical data one can often ‘induct’ a general formula which can
be immediately checked on the recurrence relation. This method of

arriving at an answer is perfectly acceptable and can prove hugely
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time-saving. However it needs to be stressed for the student that such

‘inductive leaps’ only prove their worth after they have been verified.

6. Solving a Recurrence: the method of downward recursion often allows
one to find the general solution of a recurrence relation in a systematic

fashion.

7. Need for Technical Mathematical Knowledge: to arrive at the general
solution of a recurrence relation often requires knowing basic facts con-
cerning certain sums, in particular those connected with arithmetic
series or, as in this case, geometric series. Thus the solving of recur-
rence relations shows the student technical mathematics being called

upon.

The Planar Regions Problem: The second problem treated in detail, also
by means of a PowerPoint presentation, is a geometric one entitled the Planar

Regions problem. The task is to

Determine the number of regions into which the plane is
divided by n lines if

1. no two lines are parallel

2. no three lines intersect at a common point.

Like the problem just discussed, this is another example of an enumeration
task where one must enumerate or count a complete set of possibilities. The
method of recursion is very often used in such ‘counting’ problems because

the strategy of reducing a larger problem to a number of smaller but similar
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problems often proves very successful, as is illustrated for a second time with
this example. Since the treatment of this problem teaches most of the same
lessons as the Tower of Hanoi puzzle, the commentary here is confined to
briefly describing those aspects of this example in which it differs from the
first offering.

After passing through the examination of small cases, students soon con-

jecture on the basis of the data gathered that the relevant recurrence is
rn)=r(n—-1)+n ; r0)=1

where r(n) stands for the number of regions created by n lines subject to the
stipulated restrictions.

By contrast with the first problem where some students actually hit upon
the physical explanation for the relevant recurrence almost immediately, it
is unlikely that this will happen with the same alacrity in this case. How-
ever, as part of the search to establish the validity of this recurrence relation
the teacher should ask the students to interpret the recurrence in the con-
text of the underlying geometrical context. Some students note that general

equation can be cast in the form
r(n) —r(n—1)=n

and interpret the ‘difference’, r(n) —r(n— 1), in this equation, as the number
of new regions created by the introduction of the n'" line. In so doing they
provide the ideal opportunity for the teacher to mention that a recurrence

relation of this type is also called ‘a difference equation with initial condition’.
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The observation also points the way to proving the conjecture, and is a
task on which the exposition spends some time by way of explaining this
difference geometrically and making it clear that once this is accomplished,
the recurrence relation can be regarded as fully justified.

The other facet of this problem not found in the previous one occurs at
the stage where the recurrence relation is used to provide its own solution by
downward recursion. In this instance, the student needs to know the formula

for the sum of an arithmetic series as opposed to a geometric series.

Other Recurrences: It is recommended that a number of the recurrences
listed below be part of the discussion of first-order recurrence relations at

senior cycle level:

1. Permutations:

3. Mortgage Repayments:

a(n) = (1 +r)aln-1)-p ; a(0)=A

4. Tower of Hanoi Puzzle:
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5. The Regions Problem:

6. Determinant Evaluation:
Mmn)=nMn-1)+1] ; M(2) =2
7. Even Number of Zeros:
a(n)=an—-1)+3"" ; a(l)=2

It should be remarked that the topic of ‘integration by parts’ can also be
harnessed to present a number of first-order recursions in connection with

the evaluation of certain families of anti-derivatives.

The first recurrence listed is connected with the problem of counting the
number of different ways n distinct objects can be permuted among them-
selves. It requires no more for its formulation than a clear understanding of
the multiplication principle which underpins all counting procedures. Fur-
thermore, it is easily solved by the method of backward recursion. As a
consequence it might be used as an introduction to the theme of recurrence.

The second recurrence concerns the total amount of capital available af-
ter a principal of A units has been invested for n years where interest is
compounded annually at the decimal rate r. It is a practical problem from

the ‘personal and financial’ domain and as such is an invaluable example
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bearing on the lives of all students irrespective of their future career paths.
Its solution is easily found by downward recursion and verified, if required,
by the method of mathematical induction. It is also a vital stepping stone
for the even more important recurrence appearing next on the list.

The third recurrence relating to mortgage repayments is treated in some
detail in the core section, while the rationale for its inclusion will be elabo-
rated upon.

The fourth and fifth recurrences have already been described and are each
the subject of a presentation.

In order to derive the fifth recurrence students would need to know about
determinant evaluation for arbitrary n x n determinants. This is not covered
on the current HLC. However, in a future framework where this might be the
case, the recurrence allows the teacher to generate successive values recur-
sively and show how quickly M(n) grows. The teacher is then in a position
to mention that mathematical algorithms based on determinant evaluation,
such as Cramer’s rule, are totally impractical for even moderate values of n.
Having done this, he might instruct his pupils on how to obtain the formula
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recursively. They could then check that this formula for M (n) reproduces
the same values as those obtained recursively using the recurrence relation.
It is also an excellent exercise for students to verify that the formula does

indeed satisfy the general recurrence relation.
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The final recurrence concerns codewords of ‘length’ n formed using char-
acters from the ternary alphabet {0, 1,2}. Here a(n) denotes the number of
these codewords in which the character 0 appears an even number of times.
It is a challenging but not overly difficult exercise, particularly if guided, to

derive the given recurrence. However, it is an easy exercise to show that

and easier still to check that this formula satisfies the given recurrence. The
importance of the example is the powerful manner by which it illustrates
the recursive technique solving a counting problem. It is the second of the

first-order recurrences treated in some detail in the core section.

The first example treated in the core is perhaps the primary show piece
of a recurrence relation being used to solve a practical problem which im-
pinges on almost everybody’s life at some stage. The exposition is written
in such a way that renders it independent of the two presentations already
described, but on those points which have been amply elaborated upon in
these presentations it is less expansive. At the small cost of being repetitious,
if not irksome, this gives the material greater flexibility in that it can be re-
garded as a self-contained unit. However, as mentioned in the introduction
to the piece, it is still advised that one or both of these two problems form
part of the students’ preparation for the study of this particularly important

example.
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The Mortgage Problem: One method by which mortgage repayments can
be calculated is through the formulation and solution of a first order recur-
rence. Since most young people will face the problem of raising a loan at
some time or another, be it to purchase a car or buy a house/apartment,
it is truly of genuine benefit that part of their mathematical education at
school be made to inform them on how the repayments on such loans are cal-
culated. Once understood, the solution obtained provides the student with
the ability to work out such repayments and frees him from having to trust
to someone versed in financial matters. As such it is a worthwhile objective
and should be part of any mathematical syllabus which aims to provide a

general education as part of a preparation for adult life.

This is perhaps one of the most useful applications of mathematics lying
outside of the scientific situation that bears on a student’s future personal
life and which can be undertaken at the level of senior-cycle. In the language
of PISA03, this application is as an extra-mathemtical one belonging to the
‘personal situation’. Besides being of value to all members of the classroom,

it is also likely to appeal to a broader band of students.

The core discussion begins by explaining why the word mortgage is used
in connection with house loans and presents a scenario of a typical loan a
first-time buyer might want to raise. After this, the problem is stated and
treated in abstract terms so as to achieve the greatest generality. The algebra
used subsequently is quite elementary and within the compass of present

HLC students. The method of solution via recursion draws on nothing more
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technical than the formula for the sum of a finite geometric series, something
which is part of the current HLC syllabus. Thus, outside of the possibility
of taking some time to become accustomed to the mode of reasoning, the

diligent student need fear no other difficulties.

Considerable care is taken in introducing appropriate notation and re-
vealing its efficacy, first through specific examples before being generalised.
The purpose is to have the student see the function notation facilitating rea-
soning and circumventing excessive algebraic manipulation which is a crucial

lesson.

Once the recurrence relation has been derived, it is emphasised how it
gives a concise description of the simple but fundamental mechanism by
which the amount owed at the end of one year is connected to that of the
previous year and how it incorporates both the effects of interest accruing on
the outstanding balance and the reduction due to repayment. The impor-
tance of taking time to discuss equations in their own right is a point which

is made a number of times throughout this work.

By contrast with the previous problems discussed the treatment here
proceeds directly to solving the recurrence rather than, as heretofore, using
the recurrence itself to generate values. The reason this is done is explained.
Then it is shown how the general solution can be guessed at and the student
is reminded once more that guessing general answers from particular cases is
a much valued skill in any form of investigative work, as it often proves to be

the fastest route to an overall solution. Then a direct derivation using the



6.2. DIFFERENCE EQUATIONS 349

method of downward recursion is demonstrated and it is here that knowledge
of a finite geometric series is needed. Thus again the student is shown the

importance of knowing technical results.

Empowered by the possession of a general formula, one reaches the excit-
ing stage where the question of how much a loan costs can be answered. This
is done in stages over the next few paragraphs and is where the student gets
‘a real education’ in layman’s terms. It is shown in an illustrative example
that a moderate loan of €160,000 over twenty-years at an interest rate of
r = 0-05 costs in excess of €250,000 — an amount which often has students
reeling in shock upon realising that such a loan appears to cost nearly a hun-
dred thousand euro. For some this is a moment of deep realisation concerning

the cost of borrowing money.

Under the heading ‘Mathematical Theory and Computer Implementa-
tion’, the student is told that mortgage repayment tables are best compiled
with the use of a package such as Excel. In fact, it is recommended that
students be taught how to use such a package to numerically investigate a
wide range of possibilities, which would be too time consuming to do manu-
ally. In addition to gaining an appreciation for the power of technology, this
would enable them to investigate the repayments on different sized loans,
at different rates of interest, and over varying loan-durations. However, the
overall purpose of these computer-aided explorations should be that the stu-
dent comes to understand that it is the mathematical theory which enables

one to carry out all these informative calculations, ably assisted, of course,
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by the computer.

The discussion concludes by displaying a table giving both the outstand-
ing balance and reduction of principal at the end of each year during the
term of the loan given in the illustrative example. This table often holds
a number of other surprises for the student, one being that after ten years
of repayments amounting to €128, 388 - 10, a borrower still owes close on a

hundred thousand euro.

It is believed that the core description of the mortgage problem is a
substantial one which illustrates the power and relevance of mathematical
thinking. But what recommends it above all else is that it an example of

school mathematics being of educative value to all members of the classroom.

Even Number of Zeros: The other first-order recurrence presented in the
core arises out of a counting problem of the type that is often of concern to
computer scientists. While the exposition of this problem teaches most of the
same lessons taught by the three problems discussed to date, this problem has
an ‘open-ended’ feature which is the sole focus of this short section devoted
to its rationale and nature.

After the preliminary stages of investigation, students invariably come up
with a recurrence relation which accounts for the data gathered empirically
but which they fail to justify from the context of the problem. On the other
hand, the teacher is able to show a different observation leading to a recur-
rence which, after some thought which he may need to supply, can be firmly

established from the context of the problem in a straightforward manner.
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When this latter recurrence is solved and its general solution checked, it is
then revealed that this general solution also solves the original recurrence.
Thus students have to part company with the problem unable to justify
the recurrence they have observed, and yet knowing it to be right. It is this
‘unfinished business’ aspect of this problem which gives students a genuine
glimpse of the nature of the mathematical endeavour; often while solving one

problem, another crops up for which a solution is not readily forthcoming.

Nomenclature: It should be pointed out that the exposition to date has
consistently used the term recurrence relation rather than ‘difference equa-
tion with initial condition’, because the way in which such relations are typ-
ically derived connects with recursive thinking. However, as mentioned, the
dicussion relating to the Planar Regions problem does suggest why the rele-
vant recurrence can quite naturally be regarded as a difference equation with
initial condition. It is only in the next section dealing with second-order re-
currences that time is taken to expound on the terms first- and second-order
as well as explain why a second-order recurrence relation is also referred to
as a second-order difference equation with initial conditions. This is done
by means of an historical aside on the ‘difference operator’ introduced by

mathematician George Boole in the mid-nineteenth century.
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6.2.2 Second Order Difference Equations

The practice of asking for no more than the solution of a second-order dif-
ference equation (with specified initial conditions) presented without any ref-
erence to a context has been criticised in this work as being no more than
an academic exercise of doubtful value and a mis-use of a syllabus segment
which could be greatly invigorated by a more imaginative interpretation.

The manner by which a difference equation is arrived at is more often
than not a greater practical skill than the routine by which the solution of
the difference equation is obtained. While it undeniably essential to be able
to solve such equations, it is of little educational import if that is all the
student is able to do.

It will be noted that many of the educational points made heretofore

in connection with first-order difference equations are often repeated in the
core examples dealing with second-order difference equations. This makes
them somewhat self-contained and would prove a virtue in the event that
first-order recurrences were not sanctioned for a future airing,.
Tiling a 1 x n Hallway: This first example concerns another counting
problem and focuses on revealing how recursive thinking leads to a second-
order recurrence relation or a second-order difference equation with specified
initial conditions. It emphasises that the possession of such a recurrence is
of great value in itself while the matter of finding a closed-form solution,
though dealt with, is regarded as one of secondary importance.

The problem is presented in the form of a puzzle and the recursive man-



6.2. DIFFERENCE EQUATIONS 353

ner by which one obtains a valuable difference equation is developed. This
accomplished, it is shown how other problems with different contexts are in
fact connected to this puzzle problem; in that each is underpinned by the
same difference equation governing the puzzle, albeit with different initial
conditions. One such problem provides an applied context for the forego-
ing discussion and, as such, may prove more engaging for students. It is

concerned with the transmission of codewords.

Besides revealing the isomorphism that can exist between apparently un-
related problems, this example is chosen because it also links with the cel-
ebrated Fibonacci sequence. A short paragraph on Leonardo of Pisa tells
a little about the early history of the sequence and this renowned medieval

mathematician’s important contributions to mathematics.

Considerable space is then given over to establishing the truth of the
conjectured recurrence by means of an argument which ably illustrates the
method of recursion. Students are usually very impressed by the reasoning
and gain an added appreciation of the effectiveness of recursive thinking.
Because this demonstration is substantive it makes for a good examination
question requiring a certain skill to describe properly. Hence asking for its
description provides an excellent means of testing the Communications Stan-

dard.

It is at this juncture that issues relating to nomenclature are dealt with
by way of an historical aside which may be of interest to teachers and stu-

dents alike for the introduction it provides to certain operators much used in
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mathematics.

This detour is followed by a discussion revealing the need for a general
method for solving second-order recurrences where it is reiterated that the
method of recursively generating specific values is a task that may be hugely
labour intensive even with the assistance of a computer. Futhermore, it is
added that the method of downward recursion, which so often leads to a
closed-form expression for a first-order recurrence, is of no avail at the level
of second-order (or indeed higher-order) difference equations. In this way the
student is made to realise to an even greater extent the need for a theory by

which it is possible to solve equations of this ‘higher’ type.

One systematic procedure for solving equations of this order is the classi-
cal method (due to the Swiss mathematician Euler) which is simply presented
as a given in the DES syllabus segment. Whereas one might like to see some
form of motivation for the method, if it be the case that time is at a premium,
then it is better to opt for the source of equations being revealed rather their
method of solution. The core treatment takes the classical method of solu-
tion as a given since this is the one aspect of recurrence relations that does

receive adequate attention on the HLC.

However, when the classical method of solution is applied to the recur-
rence of this example it leads immediately to a quadratic polynomial which
is irreducible over the rationals. Since this quadratic does not factorise over
the rationals, any recurrence with this characteristic equation would not ap-

pear as question on the current HLC examination where the practice is to
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invariably choose test questions containing recurrences whose characteristic
equations split over the rationals. This despite the almost ubiquitous pres-
ence of this recurrence in all manner of different contexts and despite the
fact that one can use the quadratic formula to determine the two distinct
real roots of its quadratic to obtain its solution basis.

This is done in the core and yields the de Moivre-Binet formula for the
general term of the Fibonacci sequence as a function of the golden ratio ¢ and
its irrational conjugate. It is remarked that students find it quite remarkable
that this formula, specified as it is in terms of irrational quantities, yields an
integer value for every natural number. However, it is also stated that this
celebrated formula is not ideally suited for computation and is often rendered

in a form more amenable to this purpose.

Tiling a 2 x n Hallway: The second example of a second-order recurrence
relation presented differs from the one just treated in that its associated
characteristic equation is easily factorised over the rationals. As such it
would accord with the intentions of the current syllabus and might be made
the basis of a future examination question on the understanding that the
specific example would be explicitly mentioned in the syllabus segment.

It is treated at some length but teaches essentially the same lessons as
the problem just discussed. Initially it affords the student plenty of room
for careful exploration leading to the recognition of a certain pattern which

results in a conjectured recurrence. This is followed by using the recurrence
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and then the search for its proof. In addition, the problem has the virtue of
being easily solvable by the classical method to yield an amenable general
formula which is easily checked.

It also has an added feature, the elucidation of which closes out the dis-
cussion; that one can guess a first-order recurrence relation governing the
enumeration but without being able to justify it. This open-ended element
is something the student has already experienced in connection with the last
first-order recurrence treated in this Topic.

By contrast with the treatment of the previous problem, the different
stages one goes through when formulating and solving this second-order re-

currence are clearly sign-posted and are synopsised in the following list:

1. Conjecturing the Recurrence: this stage involves exploration, pattern

recognition, active participation and (one would hope) enjoyment.

2. Using the Recurrence: prior to justifying a recurrence one often simply
assumes its truth and uses it to generate values from the initial con-
dition to see if they accord with those obtained by direct enumeration

and also to generate a few further values.

3. Justifying the Recurrence: is the ‘thinking man’s part’ of the whole
undertaking. While it is often the most difficult, it can at the same
time be the most rewarding for those who find that understanding is
the ultimate satisfaction. It is also the area where the Communications

standard can best be addressed.
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4. Solving the Recurrence: at the moment this is the chief focus of HLC
examination questions where the method of solution is taken as a given
and is simply applied. While it is an essential element, it is sterile if

not integrated with the other aspects of recurrence relations.

5. Checking the General Solution: A crucial step in any form of problem

solving.

In conclusion, it is recommended that a number of the recurrences given in
the following list be part of the discussion of second-order recurrence relations

at senior cycle level.

Second-Order Recurrences:

1. Tiling the 2 x n Hallway:
ttn)=t(n—-1)+2t(n—-2) ; t(1)=3, t(2)=5
2. The Fibonacci Sequence:
fm) = fn-D+fln-2) ; fO)=1, f(1) =1
3. The Pell Sequence:
p(n) =2p(n—1) +p(n-2) ; p(0) =1, p(1) =1
4. Derangements:

dn)=Mm-1[dn—-1)+dn—-2)] ; d(1)=0, d(2) =1
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Remarks: The first two recurrences have been discussed in detail here and
are treated extensively in the core.

The third recurrence concerns the Pell sequence and arises in connection
with rational approximations to v/2 and the A series of paper. The closed

form for p(n), obtained by solving the recurrence, is given by

p(n) = 3 {1+ vay + (1= va)}

and so is similar to that for the Fibonacci numbers f(n), in that it is specified
in terms of irrational quantities and yet yields an integer value for every
natural number.

In the fourth recurrence, the quantity d(n) gives the number of different
ways that n distinct objects can be rearranged among themselves so that
no object remains in its original place. Such rearrangements are termed
‘derangements’. This recurrence differs from the three others listed in that it
contains wvariable coefficients, a circumstance which causes it to be insoluble
by the classical method. However, one can verify that

I | (-1)"

does indeed satisfy the recurrence.

Perhaps a more enjoyable exercise involving a simple exploration is to use
either the recurrence or the formula for d(n) to determine d(3), d(4) and d(5)
and then to confirm the numbers obtained, by directly counting the different
permutations of ABC, ABCD and ABC DEFE respectively, where no letter is

in its lexicographic place.
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6.3 The Newton-Raphson Algorithm

The purpose of this section is to discuss the rationale for the Topic on the

Newton-Raphson algorithm and to indicate the substance of that core piece.

The last entry in the section Functions and Calculus of the HLC syl-

labus reads®’

Newton-Raphson method for finding approximate roots of
cubic-equations.

Since the introduction of the new HLC Mathematics course in 1994 and
the year 2003, the material relating to this entry has been examined on six
separate occasions. The questions asked can be found in Appendix G and

are the source of the following comments:

1. With the exception of 1995 all the equations are cubics as stated in
the syllabus. The equation of 1995 is the quadratic % — 2 = 0, whose
positive solution is v/2. From a higher and historical viewpoint this
question can be seen as asking that the Newton-Raphson method be
used to derive the ancient formula of Hero for approximating the pos-
itive square root of 2. The question then asks that this formula be
applied with the initial approximation of o = 1 to determine the next
approximation to three decimal places.

[t may have been more attractive to follow the practice adopted in

29Department of Education, The Leaving Certificate Mathematics Syllabus (Higher Level
and Ordinary Level) (Dublin: Government Publications Sales Office, n.d.), 10.
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some of the questions of later years where the desired approximation
was to be expressed in fractional form and, perhaps, to then ask the
students to comment on the merits of the approximation. In this case,
the second approximation 7/5 is such that (7/5)* —2 = —(1/50). Since
1/50 is ‘quite close’ to 0, one might regard the approximation 1 -4 as

‘reasonably good’.

It should be remarked that in all subsequent years the initial or first

approximation is always denoted z; and not x( as in this example.

In all six questions candidates are given an initial approximation rather
than having to search for one themselves. One can understand the rea-
son for this from the point of view of correcting papers, but this practice
just adds another unrealistic element to questions already lacking in
explicit relevance. In practice this is an important and often contrary

aspect of the Newton-Raphson method.

With the exception of 1995 students are expected to know the state-
ment of the algorithm though they have never been asked to derive

it.

. With the possible exception of 1998, the questions are all the same,

being no more than procedural.

5. There is not a single instance of the given cubic being set in a context.
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Textbook Provision: Under the heading The Newton-Raphson Method

of Approximating Roots one of the current HLC texts begins:*

In Chapter 2 we saw how to find the roots of cubic equations,
if one of the roots is an integer. We now require a method
of finding roots of cubic equations, if none of the roots is
an integer.

This is the sum total of the author’s motivation of the topic, which to be fair,
is no worse than the unelaborated entry of the syllabus to which it is catering.
The author does not explicitly state at this juncture, nor subsequently, that
if a cubic equation does not possess an integer root then it is generally more
difficult to find its roots. After establishing the algorithm with the aid of a
diagram along standard lines with, however, no comment on the very fruitful
blending of coordinate-geometry and the calculus, the author presents two
examples of the method applied to cubic equations plucked out of thin air.
Example 1: Find a positive root of 2z3—3z?—122x—10 =0, correct
to two significant figures.

Example 2: Find a negative root of 22°-3z%+7 =0 to the nearest
integer. Use two iterations of the Newton-Raphson method to find
this root correct to two decimal places.

Prove that this is the only real root.

The treatment of these examples is followed by fourteen context-free exer-

cises. However, Q2(c) of the Revision exercises to be found immediately after

300. Murphy, Discovering Maths 4, Leaving Certificate Higher Level, 342.
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these exercises is given a context and is accompanied by a diagram. It reads:*!

A milk carton has a square base. Its height is 20cm greater than
the side of the base. The volume of the carton is 222cm’.

If z = the length of the side of the base, show that

2 +2022 — 222 =0

Show that the solution to this equation lies between 3 and 4.

Taking z; = 3 as the first approximation, find two more approximat _on:
correct to three decimal places.

While it is heartening to see such a question, one might like to see more

of this kind among the exercises with at least one being treated within the
exposition as a full-bodied example of mathematics in action.

Another of the texts begins its treatment of Solving Cubic Equations Us-
ing The Newton-Raphson method by discussing how one can locate the pres-
ence of roots by ‘change of sign” and by ‘explaining’ graphically that a cubic
equation has either one real root or three real roots. It then states (without
proof or the aid of a diagram) the NR algorithm and illustrates it by finding
an approximation of the root of the cubic equation 1 — 3z —2* = 0 which lies
in the interval [0, 1]. Unfortunately, it does not verify that the result found
does indeed furnish an (approximate) solution of the given equation. This

example is followed by another purely technical one, which in reality is no

311bid., 333.
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more than an algebraic exercise. All of the seventeen exercises that follow

are of the same technical ilk as the two examples discussed in the text.??

A third text begins in a similar manner to that just described by first deal-
ing with the nature and approximate location of the roots of a cubic equation
before treating the NR method. The rationale for the method is explained
in a more lengthy manner than the two previous texts and is followed by a
derivation of the algorithm which is then illustrated by two technical exam-

ples. The section concludes with sixteen technical exercises.?

The fourth text charts the same course as that of the treatment just de-
scribed in relation to the roots of a cubic. It then states the NR algorithm,
illustrates it by finding one root of the cubic 22®+x —15 = 0, before devoting

a page to its derivation. Then ten purely technical exercises are provided.??

It should be said that all four of the texts use a number of nicely drawn

graphs to illustrate different points raised in the technical exposition.

In summary one can say that, with the exception of the one applied ex-

ercise alluded to in reference to the first text, all of the texts illustrate the

32G. Humphreys, New Concise Maths 4 for Leaving Cert Level, 179-183.

330. D. Morris, Texts and Tests 4, Mathematics Higher Level, 323-330.

34A. Roantree, Leaving Certificate Maths, Mathematics for Higher Level Students, 290-
295.
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NR method solely by way of solving unmotivated context-free cubics.

One might add a criticism concerning a failure to reveal something of the
history and culture of mathematics: nowhere is it stated in any of the texts
that Italian mathematicians of the sixteenth century found a general formula
for solving all cubic equations which is similar to the quadratic formula, in
that it too requires no more than the four basic operations of arithmetic and
the extraction of roots for its implementation. While this should be related
as an historical fact, it is also essential to indicate that the striving after gen-
eral all-purpose formulae is an intrinsic part of the ‘culture’ of mathematics.
This done, one can state that the ‘cubic formula’ is, unfortunately, a compu-
tationally impractical method which is one reason why numerical methods,
such as the NR algorithm, are actually the preferred choice in practice for
solving cubics.

By way of elaboration the student might be told that the application
of the ‘Italian formula’ often involves considerably more labour than that
required for the quadratic formula. One fundamental reason concerns the
case where the cubic equation has three real roots; in this instance it is
known that the cubic formula cannot yield these solutions without recourse
to the use of complex numbers. As Turnbull relates, “To mathematicians
of the sixteenth and seventeenth centuries this feature was very mysterious:

they spoke of the irreducible case.”> Because of this need to go outside the

35H. W. Turnbull, Theory of Equations (London: Oliver & Boyd, 1944), 123.
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domain of real numbers and the approximations inherent in the practical
extraction of cubed roots, it can often be easier and quicker to simply opt
at the outset for a numerical method which will yield an approximation
of the desired solution of the cubic equation to any prescribed number of
decimal places of accuracy. It is suggested that what has just been described
should form part of the syllabus segment designed to show how a little of
the history of mathematics can be used to appraise the student of significant

mathematical results.

Neither is there any historical explanation as to why Newton and Raphson
are associated with this algorithm. One can well imagine a bright inquisitive
student wishing to know why there are two names associated with the method
along with wanting to know the contribution of each person. The same
student might also be curious as to what kind of problem motivated Newton
to develop the method such as it was in his time. In fact, by way of providing
a modicum of motivation for studying the example 2® — 2z — 5 = 0, the
teacher might relate that Newton considered this particular equation in 1671
(although his method of solution did not appear in print until 1736). In 1690
Joseph Raphson (1648-1715), while still a student at Cambridge, published
his Analysis aequationum universalis in which he describes a method for
approximating roots which is similar to that of Newton. The teacher might
add that Newton’s actual calculations of 1671, while not appearing to have
quite the same form as those obtained from an application of the NR method,

are, when examined, seen to be essentially the same as those produced by
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this algorithm.3°

Rationale and Nature of the Topic: By contrast with the provision in
the current texts and the nature of the questions being asked at HLC level,
the first purpose of the ‘NR Topic’ is to reveal a number of contexts in which
cubic equations arise.

As stated in the core piece, one obvious place to seek contexts for cubic
equations is in connection with problems relating to volume because of the
three dimensional nature of space. One such problem (already suggested in
the core Topic on Quadratics) relating to Constructing an Open-Box acts
as the introductory example. A simple analysis of the problem leads quite
naturally to the cubic equation 2® — 1422 + 492 — 49 = 0.

At this stage, the core treatment recommends a course of action which
may well be the practice of some or all teachers in the classroom, but which
is not explicitly spelt out in any of the texts in the manner to be described
presently by way of guiding the teacher. Specifically it is suggested that
once the teacher has one cubic, such as the one just revealed, that both the
teacher and students spend some time exploring how one might find the roots
of this equation, in particular, a root which is germaine to the question being
asked. In this regard the teacher might use the context of the problem in
conjunction with the technique of locating the presence of roots by ‘change

of sign’, to determine the integers between which this root resides.

36E. Hairer& G. Wanner, Analysis by its History (USA: Springer Verlag, 1996), 95.
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This important exercise reveals to the student that finding the roots of
this particular cubic is not a simple matter, certainly not as straightforward
as would be the case if the equation were one degree lower, that is, a quadratic
equation, when the general quadratic formula comes to the rescue. In this
way the teacher can have his students appreciate that even though a cubic
equation is just one degree higher than that of a quadratic, the general task
of solving such an equation is considerably harder. Should a student ask
if a general formula, such as the quadratic formula, exists for solving all
cubics, then the teacher can avail of this opportunity to discuss, along lines
indicated above, that while there is such a formula it is not considered hugely
practical for computational purposes although its discovery was a milestone
in the history of mathematics. He then may add that, fortunately, there is
a method, known as the Newton-Raphson algorithm, by which cubics (and
other equations) can be solved numerically. This will be derived once a
number of other equations, equally in need of numerical solution, have been
obtained from the consideration of problems in context.

With this exploration/discussion behind him, the teacher will have fully

revealed the two-fold purpose of this example which is to show the student
(i) why one needs to be able to solve a cubic equation
and

(ii) that finding the desired root is a task best undertaken using a

numerical method.
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The exercise which follows this particular example provides another con-
text where a cubic equation arises in relation to another problem concerning
volume. The first part of the question is an optimisation problem solvable
using calculus which, besides being asked for its own sake, is used to show
that the second part of the problem (giving rise to the cubic equation) does

indeed have a solution.

The next example presented shows how cubic equations arise in connec-
tion with the evaluation of the trigonometric functions using the triple-angle
formula. Specifically, it shows how to determine the values of the trigono-
metric functions for the angle 20°. While many students may find it hard to
regard this particular problem as a practical concern in today’s world when
the values of the trigonometric functions are readily available, either in table
form or by immediate recourse to a calculator, the teacher might point out
that such a problem was of central importance in former times when navi-
gators and others were in dire need of accurate values for the trigonometric
ratios. This general point is also made in the Topic on Quadratics where the
double-angle formula is used to derive quadratics whose roots also yield the
values of trigonometric ratios. One might add at this juncture, both for the
teacher and the student, that by combining the double- and triple-angle for-
mulae the early mathematicians were able to obtain many other values of the
trigonometric ratios. Elaborating on how exactly this is achieved makes for
a valuable student exercise testing the ability to communicate mathematical

ideas in writing as opposed to performing specific calculations. It has been



6.3. THE NEWTON-RAPHSON ALGORITHM 369

mentioned a number of times that this valuable skill is not examined in any

meaningful way by the current tests.

The next problem revealing a cubic equation arising in a context concerns
the precise calibration of a dipstick for a spherical tank. It is one which
most students grant is ‘reasonably sensible’. The example confines itself to
finding only one single calibration mark, that corresponding to a one-quarter-
full tank, as a subsequent problem treats a similar calibration problem in
complete generality. It requires either stating or deriving a result with the
aid of integral calculus relating to the volume of a spherical cap. As stated
in the core treatment “since the recommendation of this work is to present
a small number of full-bodied problems in the classroom rather than a host
of unmotivated and context-free fragments, the result stated is derived here

b

as an ‘application’ of the integral calculus.” Once this has been done, the
student is then shown how the calibration problem is equivalent to solving
a cubic equation. Besides displaying another instance of the need to solve
a cubic equation, a second virtue of the particular problem is that it also

affords the teacher a fresh context in which to show the student how natural

it is to formulate such an equation in terms of a dimensionless variable.

This discussion on producing cubics in context concludes by briefly de-
scribing three other problems, related to the extraction of cubed roots, the
geometrical construction of a regular heptagon and a chemical process, each

of whose solutions requires the solving of a corresponding cubic equation.
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The second intention of this Topic is to broaden the application of the NR
algorithm to equations other than cubics which arise in the study of applied
problems. This is begun with a short subsection outlining three problems
whose solutions require the solving of a fourth degree polynomial equation
or ‘quartic’. Its sole purpose is simply to impress upon the student that
polynomial equations other than cubics do arise and are also best solved
using a numerical method such as the NR algorithm. It is also indicated
that the final part of the Topic considers the problem of extracting square-
roots, so that all-in-all the student sees the NR algorithm being applied to

polynomial equations of degrees two, three and four.

Then the discussion proceeds to show that there are applied problems
whose analysis lead to equations other than polynomial equations; non-
polynomial or transcendental equations as they are termed. It is explained
how it is often the case that the only way of solving these equations is us-
ing a root-finding algorithm such as the NR method. Problems relating to
circular regions almost invariably lead to equations involving trigonometric
functions which, more often than not, re<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>