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Abstract—In this paper, we propose time and frequency syn-
chronization techniques for the uplink of multiuser orthogonal
time frequency space (MU-OTFS) in high-mobility scenarios. We
introduce a spectrally efficient and practical pilot pattern where
each user utilizes a pilot with a cyclic prefix (PCP) within a shared
pilot region on the delay-Doppler plane. At the receiver, a bank
of filters is deployed to separate the users’ signals and accurately
estimate their timing offsets (TOs) and carrier frequency offsets
(CFOs). Our technique employs a threshold-based approach that
provides precise TO estimates. Our proposed CFO estimation tech-
nique reduces the multi-dimensional maximum likelihood (ML)
search problem into multiple one-dimensional search problems.
Furthermore, we apply the Chebyshev polynomials of the first kind
basis expansion model (CPF-BEM) to effectively handle the time-
variations of the channel in obtaining the CFO estimates for all the
users. Finally, we numerically investigate the error performance of
our proposed synchronization technique in high mobility scenarios
for the MU-OTFS uplink. Our simulation results confirm the
efficacy of the proposed technique in estimating the TOs and CFOs
which also leads to an improved channel estimation performance.

I. INTRODUCTION

The sixth-generation networks (6G) is expected to support
a variety of applications in high-mobility and high-frequency
environments. In such scenarios, wireless channels become
doubly selective and orthogonal frequency division multiplex-
ing (OFDM) as a technology of choice in the existing wireless
standards loses its benefits [1]. To overcome this challenge,
orthogonal time frequency space (OTFS) modulation was in-
troduced in [2]. OTFS operates in the delay-Doppler domain
where the wireless channel has a sparse and time-invariant
representation [3]. Since its emergence, there has been growing
interest among researchers in this technology, as highlighted
by the formation of a large body of literature in this area [4].
However, OTFS is still in its early stages of development as the
majority of its literature is focused on single-user systems. This
is while multiple access and multiuser capabilities are important
aspects of the future wireless networks [3].

Various orthogonal multiple access techniques for OTFS are
discussed in [4]–[7]. Specifically, interleaved resource alloca-
tion in the delay-Doppler and time-frequency domains were
proposed in [5] and [6], respectively. However, these schemes
have limitations. To overcome these limitations, a generalized
resource allocation scheme was introduced in [7]. For channel
estimation of multiuser OTFS (MU-OTFS), a pilot pattern was
proposed in [4] where the users’ pilots are multiplexed along the
delay dimension. However, the required delay guards between
the users’ pilots leads to spectral efficiency loss. While the
works in [4]–[7] address different aspects of MU-OTFS, as of
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yet, to the best of our knowledge, there is no comprehensive
literature on synchronization in multiuser uplink scenario. Syn-
chronization errors can adversely affect the subsequent blocks
of the receivers resulting in performance degradation. Hence,
the focus of this paper is on synchronisation of OTFS in the
uplink. Multiple timing offsets (TOs) and carrier frequency
offsets (CFOs) in MU-OTFS lead to interference between
the users’ pilot signals. Due to such interference, the single-
user synchronization techniques are not adaptable to multiuser
scenarios. Except [8], the existing literature on OTFS synchro-
nization is focused on single-user scenarios [9]–[17]. In [8],
the authors propose a closed-loop TO estimation technique,
where the estimated TO is fed back to the mobile terminal
(MT). However, such an approach may lead to outdated TO
estimates in the next uplink transmission. Thus, an open-loop
solution can effectively address this issue. In [9], TO and
CFO are estimated as a part of the channel in single-user
scenario. However, this approach is not applicable to the uplink
as accurate estimation of multiple TOs is required to locate
the pilots of the users. Moreover, as we show in this paper,
absorbing the CFOs into the channel leads to channel estimation
performance degradation. To the best of our knowledge, these
problems have not been reported in the literature to date.

To address the above challenges, in this paper, we propose
a novel pilot pattern for MU-OTFS uplink while we develop
effective TO and CFO estimation techniques. In our proposed
pilot pattern, all the users share a common pilot region on
the delay-Doppler plane to avoid spectral efficiency loss. To
better understand the effects of multiuser synchronization er-
rors on OTFS, we formulate the received MU-OTFS signal
in the uplink. Then, we analyze the effect of CFOs on the
Doppler spectrum. We derive an input-output relationship for
the received uplink signal with a compound channel matrix
that encompasses the TOs, CFOs, and the channels of all the
users. As the uplink signal is affected by the users’ TOs and
CFOs, aligning one user’s signal in time and frequency leads to
misalignment of the other users’ signals. To tackle this issue,
we show that our derived compound channel representation can
be used to jointly compensate the TOs and CFOs of all the
users, after they are estimated. For effective estimation of the
users’ TOs and CFOs, we propose deploying a bank of filters
to separate their signals and alleviate the effect of interference
between the users’ pilots. We propose a threshold-based method
that provides highly accurate TO estimates. Then, we develop a
maximum likelihood (ML) estimation technique for frequency
synchronization. User separation by the bank of filters reduces
the multidimensional search for estimating multiple CFOs
into multiple single-dimensional search procedures in paral-



lel. In this technique, we employ the Chebyshev polynomial-
exponential basis expansion model (CPF-BEM) to absorb the
time variation of channel coefficients into the basis function
and effectively estimate the CFOs. To analyze the performance
of our proposed techniques, we numerically examine the mean
and variance of the TO estimation error, and the mean squared
error (MSE) of the CFO estimates versus signal-to-noise ratio
(SNR) and normalized Doppler spread. Our simulations confirm
the efficacy of our techniques in providing accurate TOs and
CFOs, which also improves channel estimation performance.

Notations: Scalars, vectors, and matrices are denoted by
regular, bold lowercase, and bold uppercase letters, respectively.
CM×N represents the set of M ×N complex matrices, while
IN , 1N , and 0N refer to N ×N identity, one, and zero matri-
ces. The Hermitian, transpose, and inverse are represented as,
(.)H, (.)T, and (.)−1, respectively. The element-wise product,
Kronecker product, and Dirac delta function are denoted by
⊙, ⊗, and δ[·], respectively. FN is the normalized N -point
discrete Fourier transform (DFT) matrix with the elements
F [l, n] = 1√

N
e−j 2πln

N for l, n = 0, . . . , N − 1. Operators ((.))i,
(.)i, vec{.}, diag[.], and maxi{.} represent a circular shift,
modulo, vectorization, diagonal matrix, and the maximum of
a function with respect to i, respectively. Finally, C = circ{c}
represents a circulant matrix whose first column is c.

II. SYSTEM MODEL

In this paper, we consider an uplink OTFS system where Q
users are simultaneously communicating with the base station
(BS) simultaneously. At each MT, the information bits are
mapped onto quadrature amplitude modulation (QAM) constel-
lation and placed on a delay-Doppler grid with M delay bins
and N Doppler bins. We present the sets of Mq delay bins
and Nq Doppler bins allocated to the users q = 0, . . . , Q−1 as
Uq

τ and Uq
ν , respectively. The delay-Doppler resources allocated

to any pair of distinct users q, p ∈ {1, . . . , Q} belong to
mutually exclusive sets Uq

τ/ν ∩ Up
τ/ν = ∅ where ∪Q

q=1Uq
τ =

{0, . . . ,M −1} and ∪Q
q=1Uq

ν = {0, . . . , N −1}. After stacking
the QAM symbols of user q into Mq×Nq data matrix Dq , they
are mapped onto their corresponding delay-Doppler bins. This
is done by the delay and Doppler resource allocation matrices
Γq
τ and Γq

ν , respectively, to obtain the M × N matrix Dq as
Dq = Γq

τD
qΓq

ν with the elements Dq[l, k] for l=0, . . . ,M−1
and k=0, . . . , N−1. The matrices Γq

τ and Γq
ν are formed by

the columns of IM with the indices in Uq
τ and the rows of IN

with the indices from the set Uq
ν , respectively, for a generalized

resource allocation [7].
Then, the transmit signal of user q is formed by converting

the data symbols into the delay-time domain via an inverse DFT
(IDFT) operation along the Doppler dimension, i.e., as

Xq = DqFH
N , (1)

with the elements of Xq represented as Xq[l, n] =
1√
N

∑N−1
k=0 D

q[l, k]ej
2πkn

N for time index n = 0, . . . , N − 1.
After parallel-to-serial conversion, xq = vec{Xq}, a CP of
length Lcp is added to the OTFS frame for user q as

sq = Acpx
q, (2)

where Acp = [JT
cp, I

T
MN ]T is the CP addition matrix and the

matrix Jcp includes the last Lcp rows of the identity matrix
IMN . We consider a quasi-synchronous system in time where
the signals from MTs arriving at the BS are time-aligned within
the CP [18]. In a quasi-synchronous system, the channel length
for user q extends from Lq

ch to Ľq
ch=L

q
ch+ θ

q , where θq is the
TO of user q, normalized by the delay spacing. Thus, the CP
length can be chosen as Lcp=maxq{Ľq

ch}=maxq{Lq
ch}+θmax−

1, where θmax is the maximum delay spread normalized to
the delay spacing. Substituting (1) into (2), the transmit signal
can be obtained as sq =Acp(F

H
N ⊗IM )dq where dq= Γqďq ,

ďq=vec{Dq} and Γq=(Γq
ν)

T ⊗ Γq
τ .

Considering multiple TO and CFO effects of the received
signal from all MTs at the BS can be represented as

r[κ] =

Q−1∑
q=0

ej
2πεq

Ns
κ

Lq
ch−1∑
ℓ=0

sq[κ− ℓ− θq]hq[ℓ, κ] + η[κ], (3)

where κ = 0, . . . , Ns − 1 and Ns = MN + Lcp is the
total number of samples for an OTFS frame over a duration
of T seconds. The parameter εq represents the CFO of user
q, normalized by the Doppler spacing. In (3), hq[ℓ, κ] is the
impulse response of the linear time-varying (LTV) channel
between the user q and BS antenna, expressed as

hq[ℓ, κ] =

Υq−1∑
i=0

hqi e
j2πνq

i (κ−ℓ)δ[ℓ− ℓqi ], (4)

where hqi , ℓqi , and νqi = νqmax cosψ
q
i , are channel gains, delays,

maximum Doppler shifts, and the angle of arrival, respectively,
for path i and user q. Additionally, Υq is the total number
of paths and η[κ]∼ CN (0, σ2

η) is the complex additive white
Gaussian noise (AWGN) with the variance σ2

η . By substituting
(4) into (3), the received signal can be rearranged as

r[κ] =

Q−1∑
q=0

Lq
ch−1∑
ℓ=0

ȟq[ℓ, κ]sq[κ− ℓ− θq] + η[κ], (5)

where ȟq[ℓ, κ] =
∑Υq−1

i=0 ȟqi e
j2πν̌q

i (κ−ℓ)δ[ℓ − ℓqi ] with ȟqi =
hqi e

j2πδqℓ, ν̌qi = δq + νqi , and δq = εq

Ns
.

Equation (5) shows that the CFO of each user is added as a
constant to all the Doppler shifts of its channel, increasing the
maximum Doppler frequency of the channel, [9]. This effect
makes channel estimation more challenging, especially as |εq|
increases. From (5), one may realise that the CFO and TO
for each user can be absorbed into its channel and thus, can
be estimated as a part of the channel and compensated at the
equalization stage. The TOs though need to be compensated
so that we can find the location of the pilot for each user on
the delay-Doppler plane. As shown in Section V, if the CFOs
are estimated as a part of the channel, the channel estimates
are not as accurate as estimating and compensating the CFOs
first and then estimating the channel. Hence, in the following
sections, we propose a CFO estimation technique for the MU-
OTFS uplink. Before proposing the techniques for estimating
TO and CFO values, let us first investigate the impact of these
offsets on the equivalent channel in the delay-Doppler domain.
To understand the real effects of TO and CFO on the MU-
OTFS channel, we derive the compound channel model for an
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Fig. 1. Proposed PCP structure for MU-OTFS in the delay-Doppler domain.

asynchronous MU-OTFS system in the following section.

III. CHANNEL EFFECT

Let us consider the received signal at the BS from all MTs
after transmission over the LTV channel by stacking the values
of r[κ], sq[κ] and η[κ] for κ = θmax, . . . ,MN + Lcp − 1 into
the vectors r, sq and η, and using (3) and (5), the received
signal vector can be represented as

r =

Q−1∑
q=0

Φ(εq)Π(θq)Hqsq + η, (6)

where Φ(εq) = diag[ej
2πεq(θmax)

Ns , . . . , ej
2πεq(MN+Lcp−1)

Ns ] and
Π(θq) = [0(MN+Ľcp)×θq , I(MN+Ľcp)

,0(MN+Ľcp)×(θmax−θq)]

are the CFO and TO matrices, respectively. The Hq ∈ CNs

is a Toeplitz matrix that stacks the channel coefficients from
(4). After removing the CP of length Ľcp = Lcp − θmax, the
received signal can be expressed as y = Rcpr where the
CP removal matrix is defined as Rcp = [0MN×Ľcp

, IMN ].
Hence, the received delay-Doppler domain signal is obtained
by applying N -point DFT to y along the time dimension as

d̃=(FN⊗IM )y=

Q−1∑
q=0

(FN ⊗ IM )Φ̌(εq)Λq(FH
N ⊗ IM )dq+η̌

=

Q−1∑
q=0

Φ̌DD(ε
q)Λq

DDd
q + η̌ = ΨDDd+ η̌. (7)

In the first line of (7), the CFO matrix of each
user after CP removal is presented by Φ̌(εq) =

diag[ej
2πεq(Lcp)

Ns ,. . .,ej
2πεq(MN+Lcp−1)

Ns ], Λq =RcpΠ(θq)HqAcp

is the combination of TO and channel response for user q,
and η̌ = (FN ⊗ IM )Rcpη is AWGN in the delay-Doppler
domain. In (7), Φ̌DD(ε

q) = (FN ⊗ IM )Φ̌(εq)(FH
N ⊗ IM ) and

Λq
DD = (FN ⊗ IM )Λq(FH

N ⊗ IM ) are the CFO matrix and the
channel response of the qth user in the delay-Doppler domain,
respectively. Ultimately, ΨDD=

∑Q−1
q=0 Φ̌DD(ε

q)Λq
DD(Γ

q)H is
the compound channel that includes the TO, CFO, and channel
responses of all the users and d =

∑Q−1
q=0 dq =

∑Q−1
q=0 Γqďq is

the combined delay-Doppler domain transmitted data symbols
of all the users.

From (7), one might deduce that the best way to compensate
the effects of multiple TOs and CFOs in the uplink and
equalize the channel is by using the compound channel matrix
ΨDD. However, as previously mentioned, channel estimation
after synchronization is more accurate than directly estimating
the channel which includes the CFO and TO effects. This is
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because TO estimation is required to find the users’ pilot signals
and CFO compensation before channel estimation prevents the
unwanted channel estimation errors.

IV. PROPOSED SYNCHRONIZATION TECHNIQUE

In a multiuser uplink system, the estimated TOs for each
user are fed back to the user for pre-compensation in the
next uplink transmission [18]. However, in an OTFS system,
the TO estimates are required for locating the pilot region
which is used for the CFO and channel estimation [16]. In
this section, we address the problem of multiple TO estimation
and then, we jointly estimate the CFOs and channels of all
the users. We propose a designated pilot region where all the
users transmit their pilots and the remaining delay-Doppler bins
are arbitrarily allocated to the users for data transmission, see
Fig. 1. To estimate these parameters, we deploy the pilot with
a cyclic prefix (PCP) as a pilot for synchronization that was
originally proposed for channel estimation in [19]. We use PCP
as it is a practical pilot opposed to the impulse pilot that has
prohibitively large peak-to-average power ratio (PAPR). For
each user, a PCP of length 2Lp − 1 is formed a by Zadoff-
Chu (ZC) sequence of length Lp in which the last Lp − 1
elements of the sequence are copied at the beginning as a
CP. In our proposed pilot structure, the pilots of the users
q = 0, . . . , Q − 1 reside within the same delay region, i.e.,
l = lp−Lp+1, . . . , lp+Lp−1 in Doppler bins kqp = kp+q⌊N

Q ⌋
for kp = 0, . . . , ⌊N

Q ⌋ − 1, see Fig. 1.

A. Proposed Correlation-Based TO Estimation Technique

As mentioned earlier, multiple TO estimations in the uplink
of OTFS are necessary for locating users’ pilot signals to per-
form CFO and channel estimation. Furthermore, TO estimation
in the uplink enables the BS to feed the estimated TOs back
to the MTs for pre-compensation before the next transmission
period. As we do not estimate the TOs as a part of the channel,
the parameter Lp only depends on maxq{Lq

ch}. This is an
important aspect of our approach as it requires a shorter pilot
than the case where TO would be absorbed into the channel.
This makes our pilot structure spectrally efficient.

To estimate the TO of each user, we propose to pass
the received signal r through a bank of digital bandpass
filters that separates different users’ pilots, see Fig. 2. Con-
sidering the brickwall filter aq = ((a))q⌊N

Q ⌋ where a =

[1T
⌊N

Q ⌋×1
,0T

(Q−1)⌊N
Q ⌋×1

]T, the signal of a given user q can be
separated by multiplication of the received signal in Doppler by



0 64 128
Delay

0

0.3

0.6

T
im

in
g
 M

et
ri

c

0 64 128
Delay

0

0.3

0.6

T
im

in
g

 M
et

ri
c

0 64 128
Delay

0

0.3

0.6

T
im

in
g

 M
et

ri
c

0 64 128
Delay

0

0.3

0.6

T
im

in
g
 M

et
ri

c

0 64 128
Delay

0

0.3

0.6

T
im

in
g
 M

et
ri

c

L

p

First Peak

L

p

p

p

First Peak

User 0

User 1

l +

l +

0

1

(a) Timing metric for multiple

users before filtering.

(b) Timing metrics for different

users after filtering.

(c) Finding the TOs for different 

users based on the thresholds.

Fig. 3. A snapshot of the timing metrics for Q = 2 and νqmaxT ≈ 2.91∀q.

the filter response which is equivalent to circular convolution in
delay-time domain by eq = FH

Naq . Hence, circular convolution
matrix Eq = circ{eq} can be used as follows to obtain rq . This
enables the BS to independently estimate the TOs for different
users and thus, reduce a Q-dimensional search problem into Q
parallel one-dimensional search problems. The separated pilot
signal for a given user q can be expressed as

rq =
(
(Eq)H ⊗ IM

)
ř, (8)

where q = 0, . . . , Q−1 and ř represents the first MN elements
of the received vector r.

After the separation of different pilot signals of the users,
the TOs for different users can be estimated in parallel by
finding the two identical halves of the pilot in the delay-time
domain. Hence, the transmitted pilot of each user in the delay-
time dimension can be correlated and slid over the signal rq

to estimate θq for q = 0, . . . , Q − 1, see Fig. 3-(a) and -(b).
The received vector rq can be used to form Rq[l, n] ∈ CM×N

for l = 0, . . . ,M − 1 and n = 0, . . . , N − 1. Additionally,
matrix Zq

l′ [l, n] ∈ CM×N represents the transmitted delay-time
pilot signal Zq = [0(lp−Lp+1)×N , (Z

q
FH

N ),0(M−lp−Lp)×N ]T,
circularly shifted upwards by l′ positions along the delay di-
mension. Given Z

q
= [0(2Lp−1)×(kq

p−1), zp,0(2Lp−1)×(N−kq
p)]

and zp is a vector of size (2Lp − 1) × 1, containing the PCP
sequence elements. The two-dimensional correlation function
for user q can be obtained as

Pq[l′, n] =
1

M

∣∣∣M−1∑
l=0

Rq[l, n]⊙ (Zq
l′ [l, n])

H
∣∣∣, (9)

where l′ = 0, . . . ,M − 1. Then, the timing metric for TO
estimation can be obtained as

pq[l′] =
1

N

N−1∑
n=0

Pq[l′, n]. (10)

As explained in [16] and [17], the peak of the correlation
function for TO estimation is primarily influenced by the
strongest tap of the channel. Consequently, estimation errors
occur when the first tap of the channel is not the dominant
one. Hence, to address this issue, we propose to take a similar
approach to [7] and find the first peak of pq[l′] which indicates
the first tap of the channel. However, unlike the impulse pilot-
based method in [7], interference between the samples of PCP
hinders the effective detection of the first peak of the correlation
function. Therefore, in this paper, we use the cross-correlation
function of the received signal and the pilot signal as described

in (9). To find the first peak, we group all the peaks using a
threshold value T q , such that 0 < T q ≤ 1. The constructed set
of peaks can be described mathematically as

Θ̂
q
=
{
l′
∣∣∣ ∣∣pq[l′]

∣∣≥(
T q ×max

{
|pq[l′]|

})}
. (11)

Consequently, the first peak is identified as
θ̂q =

(
min{Θ̂

q
}+ Lcp − lp − 1

)
M
. (12)

After estimating the TOs for different users, the pilot region
for each user is identified. In the next stage, the CFOs of dif-
ferent users are estimated by Q parallel ML search procedures
as it will be explained in the next subsection.

B. Proposed ML-Based CFO Estimation Technique

As the first step for CFO estimation, we stack the received
pilot signal of user q into a vector rq . Hence, the received
samples after removing the CP from the pilot in the delay bins
ľqp = lp+θ

q to ľqp+Lp−1 over all the time slots are stacked in
the vector rq = [(rq0)

T, . . .,(rqN−1)
T]T ∈ CNLp×1 where rqn =

[rq[Lcp +nM + ľqp], . . . , r
q[Lcp +nM + ľqp +Lp − 1]]T. Using

(6) and (8), rq can be expressed as,
rq = Φ(εq)Ωqsq + ηq, (13)

where sq represents the transmitted delay-time pilot for
user q as sq = [(sq0)

T, . . . , (sqN−1)
T]T ∈ CNLp×1, and

sqn is the pilot samples of the user q in the delay bins
Lcp + lp to Lcp + lp + Lp − 1 and the time slot n. Ad-
ditionally, the CFO matrix in the pilot region is given
by Φ(εq) = diag[Φ0(ε

q), . . . ,ΦN−1(ε
q)] ∈ CNLp and

Φn(ε
q) = diag

[
ej

2πεq(Ľcp+nM+ľ
q
p)

Ns , . . ., ej
2πεq(Ľcp+nM+ľ

q
p+Lp−1)

Ns

]
.

The channel matrix for user q in the pilot region that real-
izes the convolution operation can be represented by Ωq =
diag[Ωq

0, . . . ,Ω
q
N−1] ∈ CNLp where Ωq

n has a structure
that is shown in (14), on the top of the next page. Finally,
ηq ∈ CNLp×1 is the noise vector in the pilot region of user q.
By interchanging the order of convolution in (13), the received
pilot in the time slot n, can be expressed as

rqn = Φn(ε
q)Aq

nh
q
n + ηq

n, (15)
where Aq

n = [Sq
n,0, ...,S

q
n,Lp−1], S

q
n,ℓ = diag[((sqn))ℓ] ∈ CLp ,

hq
n = [(hq

n,0)
T, . . . , (hq

n,Lp−1)
T]T, and hq

n,ℓ = [hq[ℓ, Lcp +

nM + ľqp], . . . , h
q[ℓ, Lcp + nM + ľqp + Lp − 1]]T for ℓ =

0, 1, . . . , Lp − 1. Finally, ηq
n ∈ CLp×1 is the noise vector at

time slot n.
In high mobility scenarios, the channel coefficients fluctuate

very rapidly. To facilitate accurate estimation in such scenarios,
BEM models are used to capture the channel time variations.
The CPF-BEM proposed in [20] for orthogonal frequency
division multiple access (OFDMA) systems outperforms other
BEM models in accuracy and simplicity. Using CPF-BEM, the
channel coefficients in (4) can be expressed as

hq[ℓ, κ] =

βq−1∑
γ=0

B[κ′, γ]cqℓ [γ], (16)

where B[., γ] is the CPF of degree γ, κ′ = 2κ−Ns+1
Ns−1 , and

cqℓ [γ] represents the basis coefficients for user q. The ba-
sis functions can be obtained in a recursive manner using
B[κ′, γ + 1] = 2κ′B[κ′, γ] − B[κ′, γ − 1] with the initial



Ωq
n=


hq[0, Lcp + nM + ľqp] hq[Lp−1, Lcp + nM + ľqp] . . . hq[1, Lcp + nM + ľqp]

hq[1, Lcp + nM + ľqp + 1] hq[0, Lcp + nM + ľqp + 1] . . . hq[2, Lcp + nM + ľqp + 1]
...

...
. . .

...
hq[Lp−1, Lcp+nM + ľqp + Lp−1] hq[Lp−2, Lcp+nM + ľqp + Lp−1] . . . hq[0, Lcp+nM + ľqp + Lp−1]

, (14)

conditions B[κ′, 0] = 1 and B[κ′, 1] = κ′. The lower bound
for the number of basis functions, βq , can be chosen based on
βq ≥ ⌈2νqmaxT + 1⌉. Using (16), hq

n can be approximated in
terms of CPF coefficients, cqℓ [γ], as

hq
n = (ILp ⊗Bq

n)c
q, (17)

where Bq
n ∈ CLp×βq

is the CPF-BEM matrix that
stacks the values of B[κ′, γ] for κ′ = 2κ−Ns+1

Ns−1 , κ ∈
{Lcp + nM + ľqp, . . . , Lcp + nM + ľqp + Lp − 1}. Addition-
ally, cq = [(cq0)

T, . . . , (cqLp−1)
T]T ∈ CβqLp×1 for cqℓ =

[cqℓ(0), . . . , c
q
ℓ(β

q − 1)]T. Substituting (17) in (15), rq can be
approximated by CPF as

rq = Φ(εq)Gqcq + ηq, (18)
where Gq=[(Gq

0)
T, . . . , (Gq

N−1)
T]T and Gq

n=Aq
n(ILp ⊗Bq

n)
for n = 0, 1, . . . , N − 1.

For a given set (cq, εq), the vector rq is assumed to have the
Gaussian distribution with the mean Φ(εq)Gqcq and covariance
matrix (σq

η)
2INLp

. Hence, the joint probability density function
of rq , parameterized by (c̃q, ε̃q), is given by

f(rq; c̃q, ε̃q)=
1

(π(σq
η)2)NLp

e
− [rq−Φ(ε̃q)Gq c̃q ]H[rq−Φ(ε̃q)Gq c̃q ]

(σ
q
η)2 . (19)

Thus, the ML estimates of the CPF coefficient vector and
CFO are obtained as (ĉq, ε̂q) = argmaxc̃q,ε̃q{f(rq; c̃q, ε̃q)}.
Taking the logarithm and removing the constant terms,
the estimation problem can be simplified as (ĉq, ε̂q) =
argmaxc̃q,ε̃q{g(rq; c̃q, ε̃q)}, where g(rq; c̃q, ε̃q) = −1

(σq
η)2

[rq −
Φ(ε̃q)Gqc̃q]H[rq −Φ(ε̃q)Gqc̃q] is the joint cost function. This
maximization problem can be solved as follows.

We find c̃q which maximizes the joint cost function param-
eterized by ε̃q , as

c̃q(ε̃q) = (Gq)†Φ
H
(ε̃q)rq, (20)

where (Gq)† =
(
(Gq)HGq

)−1
(Gq)H. Then, the obtained

value of c̃q is used to find a new cost function for ε̃q which can
be maximized by finding the CFO estimate through a search
procedure. Thus, we fix ε̃q and c̃q that maximizes g(c̃q, ε̃q) can
be obtained as

gCFO(ε̃
q) = (rq)HΦ(ε̃q)Gq(Gq)†Φ

H
(ε̃q)rq. (21)

Next, the CFOs for all the users are estimated by solving
multiple single-dimensional search problems centered around
the zero as

ε̂q = argmax
ε̃q

{gCFO(ε̃
q)}. (22)

After CFO estimation, the CPF coefficients can be determined
as ĉq = (Gq)†Φ

H
(ε̂q)rq . Finally, the LTV channel in the delay-

time domain is estimated using (16).

V. SIMULATION RESULTS

In this section, we numerically analyze the performance of
the proposed estimation techniques. We consider an MU-OTFS
uplink scenario where M = 128 delay bins and N = 32
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Fig. 4. Performance of the proposed TO estimation technique versus (a) SNR
for νqmaxT = 2.91 and (b) normalized maximum Doppler spread at SNR =
20 dB.

Doppler bins are equally divided between Q = 2 and 4 users.
We use the extended vehicular A (EVA) channel model [21],
with length Lq

ch ≤ 10 for q = 0, . . . , Q − 1, the bandwidth of
3.84 MHz, and the carrier frequency fc = 5.9GHz. The power
of the PCP is set to 40 dB and our proposed pilot structure as
in Fig. 2 is deployed where lp =M −Lp and kqp = q⌊ N

2Q⌋ for
Lp = 10. For all the users q, we choose the order of the CPF-
BEM as 1 ≤ βq ≤ 12 considering the normalized maximum
Doppler spreads of 0 ≤ νqmaxT ≤ 2.91. Finally, the threshold
for TO estimation is chosen as T q = 0.25, ∀q.

Fig. 4-(a) shows the mean of TO estimation error versus
SNR for Q = 2, 4. As shown, our proposed TO estimation
technique by finding the first peak of the timing metric achieves
orders of magnitude higher estimation accuracy than finding the
maximum peak. Our results indicate performance degradation
for Q = 4 compared to Q = 2. This is due to the increased
interference between the users’ pilots as the guard between
them shrinks by increasing Q for fixed M and N . In Fig. 4-
(b), we analyze the mean and variance of the estimation error
for the proposed TO estimation techniques versus normalized
Doppler spread, i.e., νqmaxT , for Q=4. Based on our results,
as Doppler spread increases, more accurate TO estimates are
obtained which is due to the additional diversity gains provided
by the time-selective channel.

To prevent interference between the users, based on the
results in [4], a guard of at least 4νqmaxT samples is required
along the Doppler dimension for the pilot region of the user
q. However, for Q = 4 and νmaxT = 2.91, this condition is
not satisfied and the CFO estimation performance is degraded
by multiuser interference. In Fig. 5-(a), we evaluate the MSE
performance of our proposed CFO estimation technique as a
function of SNR. The results show that our proposed CFO
estimation technique achieves an MSE in the order of 10−2,
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Fig. 5. MSE performance of the proposed CFO estimation technique versus
(a) SNR for νqmaxT = 2.91 and (b) normalized maximum Doppler spread at
SNR = 20 dB.

and a higher accuracy for Q = 2 as expected. In Fig. 5-(b),
we examine the performance of our proposed CFO estimator
with respect to normalized Doppler spread. The results indicate
that as the Doppler spread increases, the MSE performance
deteriorates due to the interference between the users’ pilots.

Fig. 6 illustrates the sensitivity of channel estimation to nor-
malized CFO. When the CFO is absorbed into the channel and
it is estimated as a part of the channel, the estimation accuracy
of the compound channel degrades as the CFO increases. In
contrast, when the CFO is separately estimated more accurate
channel estimate than the joint estimation case is obtained that
is not sensitive to CFO.

VI. CONCLUSION

In this paper, for the first time, we report the problems that
arise in MU-OTFS uplink if we absorb the TOs and CFOs into
the channel. Specifically, the TOs need to be estimated to locate
different users received pilots and then estimate the CFOs and
channels. Furthermore, it is important to estimate the CFOs first
and then the channels as it leads to a more accurate channel
estimation performance. We propose a pilot structure that is
spectrally efficient as its CP does not need to account for the
maximum TO and it deploys a shared delay region where all
the users’ pilots are located. A bank of filters is used to separate
the received signals of different users, and a correlation-based
estimation technique detects the periodicity in the pilot signals
to estimate the multiple TOs and locate the users’ pilots. Once
the pilot region for each user is identified, the ML-based CFO
estimation technique leverages CPF-BEM to capture variations
in the LTV channel, providing CFO estimates through multiple
parallel one-dimensional ML search problems. Finally, we
numerically analyzed our proposed techniques and confirmed
their effective performance.

REFERENCES

[1] Z. Zhang, Y. Xiao, Z. Ma, M. Xiao, Z. Ding, X. Lei, G. K. Karagiannidis,
and P. Fan, “6G wireless networks: Vision, requirements, architecture, and
key technologies,” IEEE Veh. Technol. Mag., vol. 14, no. 3, pp. 28–41,
2019.

[2] R. Hadani, S. Rakib, M. Tsatsanis, A. Monk, A. J. Goldsmith, A. F.
Molisch, and R. Calderbank, “Orthogonal time frequency space modula-
tion,” in IEEE Wireless Commun. and Netw. Conf., 2017, pp. 1–6.

-0.5 -0.3 -0.1 0 0.1 0.3 0.5

10
-3

10
-2

N
M

S
E

Channel Estimation (Absorbed CFO)

Joint CFO and Channel Estimation

q

Fig. 6. Normalized MSE (NMSE) of the channel estimation technique.

[3] Z. Wei, W. Yuan, S. Li, J. Yuan, G. Bharatula, R. Hadani, and
L. Hanzo, “Orthogonal time-frequency space modulation: A promising
next-generation waveform,” IEEE Wireless Commun., vol. 28, no. 4, pp.
136–144, 2021.

[4] P. Raviteja, K. T. Phan, Y. Hong, and E. Viterbo, “Embedded delay-
Doppler channel estimation for orthogonal time frequency space modu-
lation,” in IEEE Veh. Technol. Conf., 2018, pp. 1–5.

[5] R. M. Augustine and A. Chockalingam, “Interleaved time-frequency
multiple access using OTFS modulation,” in IEEE Veh. Technol. Conf.,
2019, pp. 1–5.

[6] V. Khammammetti and S. K. Mohammed, “OTFS-based multiple-access
in high Doppler and delay spread wireless channels,” IEEE Wireless
Commun. Lett., vol. 8, no. 2, pp. 528–531, 2019.

[7] A. Farhang and M. Bayat, “SC-FDMA as a delay-Doppler domain
modulation technique,” in IEEE Int. Conf. on Commun. Workshops, 2024,
pp. 69–74.

[8] A. K. Sinha, S. K. Mohammed, P. Raviteja, Y. Hong, and E. Viterbo,
“OTFS based random access preamble transmission for high mobility
scenarios,” IEEE Trans. on Veh. Technol., vol. 69, no. 12, pp. 15 078–
15 094, 2020.

[9] S. S. Das, V. Rangamgari, S. Tiwari, and S. C. Mondal, “Time domain
channel estimation and equalization of CP-OTFS under multiple fractional
Dopplers and residual synchronization errors,” IEEE Access, vol. 9, pp.
10 561–10 576, 2021.

[10] M. S. Khan, Y. J. Kim, Q. Sultan, J. Joung, and Y. S. Cho, “Downlink
synchronization for OTFS-based cellular systems in high Doppler envi-
ronments,” IEEE Access, vol. 9, pp. 73 575–73 589, 2021.

[11] M. S. Khan and A. K. Reddy Chavva, “Primary synchronization signal
design and low-complexity detection for OTFS cellular systems,” in IEEE
Global Commun. Conf., 2023, pp. 4122–4127.

[12] C.-D. Chung, M.-Z. Xu, and W.-C. Chen, “Initial time synchronization
for OTFS,” IEEE Trans. on Veh. Technol., pp. 1–16, 2024.

[13] M.-Z. Xu, C.-D. Chung, and W.-C. Chen, “Coarse initial time synchro-
nization for OTFS,” in IEEE Veh. Technol. Conf., 2023, pp. 1–7.

[14] J. Sun, P. Yang, X. Cao, Z. Xiong, H. Zhang, and T. Q. Quek, “Pilot-
aided joint time synchronization and channel estimation for OTFS,” arXiv
preprint arXiv:2408.04192, 2024.

[15] S. Li, M. Zhang, C. Ju, D. Wang, W. Chen, P. Zhou, and D. Wang,
“Downlink carrier frequency offset estimation for OTFS-based LEO
satellite communication system,” IEEE Commun. Lett., vol. 28, no. 1,
pp. 163–167, 2024.

[16] M. Bayat and A. Farhang, “Time and frequency synchronization for
OTFS,” IEEE Wireless Commun. Lett., vol. 11, no. 12, pp. 2670–2674,
2022.

[17] M. Bayat, S. P.S., and A. Farhang, “Practical synchronization for OTFS,”
in IEEE Int. Conf. on Commun., 2023, pp. 735–740.

[18] M. Morelli, C.-C. J. Kuo, and M.-O. Pun, “Synchronization techniques
for orthogonal frequency division multiple access (OFDMA): A tutorial
review,” Proc. of the IEEE, vol. 95, no. 7, pp. 1394–1427, 2007.

[19] S. P. S. and A. Farhang, “A practical pilot for channel estimation of
OTFS,” in IEEE Int. Conf. on Commun., 2023, pp. 1319–1325.

[20] P. Muneer and S. M. Sameer, “Joint ML estimation of CFO and channel,
and a low complexity turbo equalization technique for high mobility
OFDMA uplinks,” IEEE Trans. on Wireless Commun., vol. 14, no. 7,
pp. 3642–3654, 2015.

[21] 3GPP, “Evolved universal terrestrial radio access (E-UTRA); base sta-
tion (BS) radio transmission and reception,” 3rd Generation Partnership
Project (3GPP), TS 36.104 V15.3.0, 2018.


