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Summary

Geometric discretisation (GD) [1] is a novel approach capable of capturing topo-
logical properties, based on a correspondence between discrete objects and operations
on a triangulation with continuum ones on a manifold. We felt that much work re-
mained to be done to fullfill the potential it appeared to have and we were not wrong.

We began by trying to incorporate metric into the scheme where we found that
a cubic formulation, which required the introduction of a non-trivial variation of the
Whitney map (2], was well suited to the task. These were our initial goals.

Along the way we found an interesting space which is generated by the Whitney
map. This is a finite dimensional space (FDS) which means that operators can
be expressed as matrices and provides another discretisation scheme altogether: a
variation of finite element methods in some sense. With this for example our discrete
wedge product is associative which is not the case in GD. Unfortunately topology is
lost in this process though.

In GD, we are trying to construct a discretisation scheme which captures differ-
ential geometry. From our point of view fermions provide an excellent laboratory
in which to test what we have, since if we were able to reproduce the properties of
continuum theory completely we would not have fermion doubling, which is after all
an discretisation artifact.

Thus, we were interested in applying the insights we gained from our work to the
Fermion doubling problem. The Dirac-Kahler [3] formulation puts the Dirac equation
in terms of differential geometry which is what our scheme is based on too. We looked
at this.

GD is too similar to standard Kogut-Susskind theory [4] and suffers from the same
problem with constructing projection operators which leads to degeneracy due to
being unable to separate the multiple Dirac fermions which arise. FDS, on the other
hand, uses continuum operators and so can, but since it does not capture topology
it suffers from spectrum doubling [5]. We have made some progress in identifying

where the potential problem lies in our current work.
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Chapter 1

Introduction

QED has been spectacularly successful, with its determination of the Bohr magneton
as 1.0011596522 compared to the experimental value of 1.0011596525, and inspired
the Standard Model; one of the cornerstones of theoretical physics.

It is an Abelian theory with a small coupling constant which means that it is not
easily generalised to other interactions where this is not the case. Due to the work of
Yang and Mills [6] the first is no longer a problem but the coupling constant is. This
is because we are unable to ignore higher order terms in expansions as we do in QED
making analytical work very difficult; as a result we look at numerical methods.

In the early 70’s Wilson used a lattice as a means for non-perturbative regularisa-
tion of QCD [7]. This enabled work involving strong interactions at long range where
the coupling grows and analytic methods fail [8]-[19]. We can then evaluate path
integrals using Monte Carlo methods to determine for example the string tension
and mass gap.

Usually we work with perturbation theory expanding our action around the vac-
uum of the field, keeping highest order terms. Since the mid-70’s though there has
been growing interest in effects from extended field configurations which are station-
ary points of the action (instantons, for example) [20, 21, 22]. This effect is usually
small though not in QCD and produces exotic effects in electroweak theory [23].

Standard discretisation involves taking a collection of points as the discrete space.
Functions can then be approximated by their values at these points, interpolating

in between. We can also implement finite difference as well as integration schemes
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in this framework. We do not have any information about the connectivity of the
underlying space (the topology) with the grid though and cannot recover it; we do
not know whether there are holes in the regions between the points.

Finite element methods [24, 25, 26] on the other hand have a more complex discrete
space. Here our discrete space is a triangulation as opposed to simply a collection
of points and a triangulation can capture the topology of the space we are working
with. We have a collection of cells with standard functions defined inside them,
representing continuum functions with piecewise approximations.

In his work Wilson used a finite difference approach, for putting fermions on the
latice, losing the topological information now required, as well as leading to the
fermion doubling problem [5]. A new approach is needed to deal with these effects
computationally.

When we are déaling with topology in continuum theory we work with differential
geometry and algebraic topology. Borrowing from these we can create a new form
of discretisation where the topology is explicitly captured known as geometric dis-
cretisation. We work with a triangulation, which is topologically equivalent to the
continuum space, and have discrete analogues of continuum objects and operations.

Geometric discretisation (GD) is a discrete analogue of differential geometry. A
triangulation is used instead of a manifold with analogues for p-forms as well as
various operators, including notably the Hodge star which was a significant develop-
ment [1]. GD is a topological theory which we had used to compute invariants[27]
and wanted to develop further. In particular we wanted to incorporate metric which
would let us solve equations in more applied fields where the ability to capture prop-
erties which standard approaches are unable to might be fruitful. The theory has
many exciting possibilities, including insights into field theory discretisation like the
. Dirac-Kahler formulation [3, 4, 28, 29, 30, 31] and fermion doubling as well as multi-
equation solvers (meaning solving for a variable which must satisfy more than one
differential equation simultaneously) to name but a few. So far geometric discreti-
sation has used the tools of algebraic topology to construct a discretisation scheme
but it remains too topological and the excitement associated with it is based more
on potential than reality (though we hope this is changing). In this work we make

four main contributions:
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e We develop a cubic theory which is a non-trivial modification to the simplicial

one.

e We incorporate metric demonstrating the convergence of * as the complex is

refined.

e We introduce a finite dimensional subspace (FDS) which provides a new dis-

cretisation scheme.
e We investigate Dirac-Kahler in both GD and FDS.

We begin by reviewing some differential geometry so that we can recall what
the continuum theory, which we are trying to capture, is and what properties various
objects and operators have. We would also like to make this accessible to an audience
who might not have a theoretical physics background since ideally we would like to
have a system which can be widely used.

We then look at topology. The basic notation and language we use comes from
algebraic topology. Having looked at this we note the correspondence between the
discrete structure we have here and the continuum one from differential geometry.
Further development of this correspondence to GD. Note that cochains were not
developed as discrete analogues of forms, this is just what we want to use them as.

We then move onto new work. Having noticed the potential correspondence be-
tween the discrete and the continuum, we develop it. We initially follow the work of
Dodziuk [32] who used a pair of mappings:The Whitney (WX), which maps discrete
objects to continuous ones, and the de Rham (AX), which is its left inverse. Taking
the derivative before using either of these mappings gives the same result as taking it
after. He proved that the various discrete operators converged to the correct contin-
uum limit. Adams developed this further by introducing a new discrete Hodge star
*X and wedge product, using which we were able to capture topological properties.
In this work, we incorporate metric and show that in the new framework we also get
the correct continuum limits.

We first note that we can do this by adding factors to our discrete *X but % and

the inner product are related since

(z,y) = /w:c A xy. (1.1)
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If we just introduce factors in an ad hoc manner to * we break this relationship and
therefore the discrete structure would no longer match the continuum one, which is
our aim. That being the case we make a natural modification to our discrete inner
product and see how this alters **. We find in doing this that our simplicial theory
has problems but that for the cubic case we get exactly the factors which we had
introduced previously in an ad hoc manner. This lets us show that *K | the discrete
coderivative and the discrete Laplacian all converge to the continuum cases.

In our work on %X in the simplicial case we needed to develop computational
methods. We noticed that the WX mapped onto linear functions which were finite
dimensional, letting us deal with them computationally. We found that the space
generated by WX provided an interesting discretisation in itself. In this space, wedge
is associative since we are no longer restricted to linear functions as we were in GD. If
vou wedge two linear functions you get a quadratic. This needed to be approximated
in GD which is where the nonassociativity arose. Working in this finite dimensional
space (FDS) we show that we can approximate functions as well as have operators
which converge to the continuum results. This comes at a cost though since if we want
to have an associative wedge we need a larger space which results in a nonconformal
finite element method. This does not have the same topology as the continuum
theory , though in the limit the topology is recovered. We see that the method is not
too computationally expensive since even though the dimension of the spaces is very
large, the operations which we perform on them are near linear. So FDS provides
a practical scheme which is comparable to FE though with richer structure able to
represent differential forms.

We then look briefly at how we can discretise scalar field theory, which follows from
the fact that our discrete approximations converge to their continuum counterparts.
Note that since our discrete derivative satisfies the Leibniz rule as well as Stokes’

theorem, we can perform integration by parts discretely. So we have
[ a0 = o001~ [ 68,00 (12)
—- [on.% (13)

Finally we look at the Dirac-Kahler (DK) formulation of the Dirac equation. Here

we note the relationship of the Dirac equation to find the square root of the Laplacian.
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In terms of differential geometry this is simply
d+d. (14)

The Dirac fields can be represented by differential forms as shown in [31]. This leads
to a 16-dimensional representation of the problem which in the continuum theory
splits into 4 copies of the Dirac equation. In the discrete DK theory we cannot
separate the spaces due to the non-locality of certain operators. We find that if we
use FDS, instead of using GD, we can get around this problem since FDS works in the
continuum space and so uses the local operators available. Unfortunately topology
is not captured in FDS which from the work of Rabin [5] is related to spectrum
degeneracy.

We have looked primarily at Becher and Joos [31] from which we can see that
GD with its extra structure does not avoid the central problem of being unable to
create a discrete projection operator. Rabin’s analysis is perhaps more suited to our
work since he shows that the degeneracy problem is fundamentally related to the
lack of a proper discrete Hodge star operator, with the properties which we have in
GD. This does not resolve the problem entirely though since in differential geometric
terms chiral symmetry is invariance under the infinitesimal transformation w®=?) to
w™ P 4 je x wP). In the discrete setting this involves a combination of elements
on the original and dual space, but does this lead to a mixed solution which we
cannot seperate, as we found with Becher and Joos, or not? At worst we expect a
single doubling, which is the case with Dirac-Kahler using continuous time, though
degeneracy in a new form. Previously we have spectrum degeneracy from using an
antisymmetric derivative and degenerate states which we are unable to seperate in
discrete Dirac-Kahler. Here the doubling, if it occurs, would be due to mixed states
on the original and dual lattice.

Geometric discretisation aims to capture as much mathematical structure as we
can and to isolate what the trade-offs are. The advantage of this is that we should
be able to deal with fermions on a lattice, for example, with a generic system. Since
we now have metric, this same system should also be applicable to problems related
to gravity. It is still a theory in development, but we have most of the structure we

set out to achieve. The specific objectives in this work have been reached in that

.
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metric has been incorporated and we have generalised to a cubic lattice theory. We
can now worry about how to apply what we have in various areas without having to
be concerned about making new developments in GD.

We have four parts to this thesis:

1. We begin by reviewing differential geometry and algebraic topology , noting the
relationships between the their structures which leads to geometric discretisa-

tion.

2. We further develop GD, which is the main part of our work, generalising it to

the cubic lattice case, demonstrating convergence and incorporating metric.

3. We investigated a finite dimensional space (FDS) that exists, associated with

the image of the Whitney map.

4. We conclude by looking at applications of these ideas to scalar field theory and

in particular the Dirac-Kahler approach to fermions.



Chapter 2

Differential Geometry

2.1 Introduction

Differential geometry is calculus generalised to curved spaces. Since calculus is one
of the pillars of mathematics, it appears in a wide range of applied and theoretical
disciplines. Our objective is to create a discretisation scheme which captures the
spirit of differential geometry, by creating a discrete analogue to the various objects,
as well as operations, that appear in the continuum theory.

Note that we do not just want to capture features but to get the inter-relationships
that exist, so that if we compute something in different ways the result will be the
same. The classic example being Stokes’ theorem which does not hold for most
computational methods.

Before we create our discrete analogues we look at the continuum theory to see

what it is that we are trying to capture.

- 2.2 From manifolds to differential forms

2.2.1 Manifolds

A manifold is a topological space which is locally Euclidean but not necessarily
globally[33]. For example, the real line R is Euclidean globally, and hence a triv-
- ial manifold, whereas the circle, S?, is only locally.

We take the circle 22 + y*> = 1 in the zy-plane to demonstrate the structure of
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manifolds explicitly. We parametrise it with one coordinate, § and consider that case
where we begin at § = 0 and keep moving away by constantly increasing §. Even
though the coordinate difference between § = 0 and @ is increasing we find that we
end up back where we started which is not very satisfactory since points which are
nearby should have coordinates which are close to each other. This can be remedied
by splitting the space into regions each of which is Euclidean ; this is the key idea
behind manifolds. Each region, with its associated coordinate function, is known as a
chart and the collection of charts is known as an atlas. Continuing with our example,
we need to determine an atlas for S*.

The initial problem we face is the selection of charts. It is reasonable to begin
by looking at the simplest choice, that is using one chart with the region being the
entire circle and the coordinate being 6, ranging from 0 to 27. This has a problem
though since points which are near each other do not necessarily have coordinates
which are nearby. For example 0.01 and 27 appear to be distant but are not.

If, on the other hand, we choose two regions we can avoid this problem which is
why manifolds are useful. For the first chart we can take the region 6 € (0, 27) which
covers all of S! except the point (1.0) and for the second the region 8 € (—m, +)
which covers all of S* except the point (—1,0). We could have chosen three, four or
more charts if we wanted but two is sufficient in this case.

We need to introduce the idea of a topological space before we can provide a more
precise description of what a manifold is. Let X be a set and C' = {U; | 1 € I} denote
a collection of subsets of X. The pair (X, C) is a topological space if C satisfies the

following requirements:
e XeC.
e The union of any (may be infinite) collection of U;’s is an element of C.
e The intersection of any finite collection of U;’s is an element of C.

X is often called a topological space. The U;’s are called open sets and C' is said to
give a topology to X.

So we can now say that M is an n-dimensional differentiable manifold if

1. M is a topological space.
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2. M has a family of pairs {(U;, ¢;)}.

3. U; is a family of open sets which covers M. ¢@; is a homeomorphism from U; to

an open subset of R".

4. Maps between coordinate systems in overlapping regions are infinitely differen-

tiable.

2.2.2 The Tangent space - T,(\M)

Let M be an n-manifold with basis (z,---,z,) in each chart. The tangent space
T,(M) is the vector space spanned by the tangents to all curves passing through p.
T,(M) then is always an n-dimensional vector space at each point with basis vectors
v; given by

0
= — 2
8$i (—1)

evaluated at p. We have a vector field on M when the tangent vectors vary smoothly

v

with p, as in

g

with a’(Z) some differentiable function of .

2.2.3 The cotangent space - T;(M)

The cotangent space (M) is defined as the dual vector space to the tangent space
T,(M), where a dual vector space V* is defined as follows: Given an n-dimensional
vector space V with basis E;, 1 = 1,---,n, the basis e of the dual space V* is

. determined by the scalar product

< Eyel >= 6. (2.3)

‘When we take the basis vectors E; = 2 for T,(M), we write the basis vectors for

~(M) as the differential elements

hus the scalar product is given by

9 : .
—_— e '? .
o (%i,dzJ >= &, (2.5)
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Using the basis elements of T,,(M) and T,;(M) we can extend the concept of fields
to include tensor fields with covariant and contravariant indices where each basis
element is taken to act independently of the others. A tensor of type (p,q) has p

contravariant indices and g covariant ones. For example,

Wl oyt O o 0 0 i (26)

(@ — Tirje-da Goin Ozl
Totally antisymmetric covariant tensor fields are known as differential forms. A p-

form is of type (0, p).
2.2.4 The wedge product

The wedge product of p 1-forms is defined as

drt Ade® N Ade'? = Z sgn(P)dz"P® ® dztP® @ --- @ dzHP®,  (2.7)

PeS-
where sgn(P)=+1 for even permutations and -1 for odd, and S, is the symmetric

group of order p. For example,
dzP AdzIANdr" = +dr? @dr? @ dx" — dz? @ dz" @ dz? + dz" ® dxP ® dxf?
—dz? @ dr’ ® dz" + dz? ® dz” @ dzP
—dz" @ dr! ® dz®. (2.8)
It satisfies the following properties:
1. dz"* A --- Adz*™ = 0 if some i, appears twice.
2. dz™ A --- Adz® =sgn(P)dz'®® A -+ Adz'P®),

3. dx' A--- Adz® is linear in each dx'.

2.3 Integration of differential forms

2.3.1 Orientations of manifolds

 Integration of forms can only be defined if M is orientable. This means that for any

) overlapping charts U; and Uj there exist coordinates {z*} for U; and {y*} for U; such
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that

M
J= det(gg—;) > 0. (2.9)

If an m-dimensional manifold M is orientable then there exists an m-form , w which
vanishes nowhere, called the volume element. Two volume elements, w; and ws, are
said to be equivalent if there exists a strictly positive function h € F(M) such that

Wy == hLUQ.

2.3.2 Partitions of unity

Take an open covering {U;} of M such that each point of M is covered by a finite
number of U;. If this is always possible M is called paracompact, which we assume

to be the case. If a family of differentiable functions ¢;(p) satisfies
e 0<e€(p) <1,
e 6(p)=0ifp ¢V,
e ¢1(p) + €(p) + - -+ =1 for any point p € M,

the family of functions is called a partition of unity subordinate to the covering {U;}.
It follows that

Flol= Z f(p)e(p) = Z fi(p). (2.10)

where fi(p) = f(p)e;(p) vanishes outside of U;. Hence given a point p € M there are
only a finite number of terms in the summation over i due to paracompactness. For
each f;(p) we can define the integral over U; as

fiw = / fild: (x)h(d; (z))dz . . . dz™, (211)
| Ui ¢i(Us)
. where the RHS is an ordinary multiple integration of a function of m variables.

The integral of f over M is then given by
fu = fiw. 2.12)
M Z,: Ui (

Example: Let’s evaluate fo% sin®fd6. For simplicity we choose two charts U; =

S - {(1,0)} and U, = S* — {(~1,0)}. We then need to get a partition of unity. So
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take €1(0) = sin?(6/2) and €(8) = cos?(6/2). Note that we use 6/2 in order for the

first condition, of being between 0 and 1, to hold. So we have

27

/ dfsin*(f) = dfsin*(6/2) sin2(9)-f-/7r df cos’(6/2) sin*(¢)  (2.13)
S1

0 -

- %n % i (2.14)
which we know is the solution. We have left out h which we know is positive but
otherwise arbitrary. We can not just set it to one since it depends on which coordi-
nates are being used. This changes if the manifold has a metric, since then we get an
invariant volume element which has a square root of the determinant of the metric

term in it — so in the Euclidean case the factor is 1.

2.4 The Cartan exterior algebra

Let AP(z) be the set of anti-symmetric p-tensors at a point x. This is a vector space
of dimension ,(—n;— C*°(AP) is the space of smooth p-forms represented by anti-
symmetric tensors f;; (z) having p indices contracted with the wedge products of p

differentials. The elements of C®(A?) may then be written explicitly as follows:

c=(a% = {f@)}, (2.15)
C*(AY) = {fi(x)dr}, (2.16)
CoA = {flo)de Ads'), (2.17)
A e L det K A deT ) (2.18)

Note that A? and AP have the same dimension as vector spaces.
We can now introduce the Cartan exterior algebra (of differential forms) which is

] the space A* of all possible antisymmetric covariant tensors. So we have
A=A"QAN QAR .- @ A™. (2.19)

This space reproduces itself under the wedge product operation.
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2.4.1 The exterior derivative

Another operation which can be applied to elements of this algebra is the exterior

derivative which takes p-forms to (p + 1)-forms according to the rule

d:C®(AP) — C®(APH), (2.20)
d: fili,ﬁ,mipd:c,-l ARKI AN d.’]:lp - Z 6—]05;—22dl'] A d.’L'i1 N\ d.'l?ip. (221)
j /]

In the case of d acting on C*°(A!) explicitly, d(f;(z)dz?) = 8f’ -dz* Adz?. An impor-
tant property of this is that d> = 0, which follows from the equahty of mixed partial

derivatives. For example
df = 0,fds, (2.22)
dif = O8yde’ hde? = (08 - 0,0 )da’ A dd = 0. (2.23)

In 3D this operator is more familiarly known as grad, curl and div when acting

on 0,1 or 2 forms respectively:

Lo o o ¢
df = 035 8 ——dy + =— P —dz = grad f, (2.24)
d(fidz + fody + fadz) = cwrl(fidz + fody + f3dz), (2.25)
w = fidz A dy + fodz A dy + f3dy A dz, (2.26)
0fi  0fy 5f3 i
dw——(a + =— By 5 —Ydz Ady A dz = divw. (2.27)

The exterior derivative naturally arises from Stokes’ theorem

/de & /aMw. (2.28)

2.4.2 Hodge star

" The number of independent functions C*°(AP) is the same as that in C*®(A™?).

Utilising this, the Hodge * operator (or duality transformation) transforms p-forms

nto (n — p)-forms. In a flat Euclidean space this operator is defined by

: : 1 . .
Rl N\ NdTT) = 6l e N A T, (2.29)

(n—pl

Note that for a p-form w, we get

*xwp = (1P Ply, (2.30)
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2.4.3 The adjoint of the exterior derivative
We can now define the inner product of two p-forms, a, and by, as

[ by) = /u ap A (*bp), (2.31)
from which the adjoint of the derivative c;n be obtained since

(ap, dby_1) = (005, bps (2.32)
where :

6= (="t dx. (2.38}

2.4.4 The Laplacian

Once we have d and § we can construct the Laplacian which is (6 + d)?. Using the

fact that d®> = 0 and 6% = 0 we have
(d+0)*=d*+db + 6d + 6> = dé + dd. (2.34)

Note that d maps p-forms to (p+1)-forms while § maps from p-forms to (p—1)-forms;

so one followed by the other, maps from p-forms to p-forms.

2.5 Summary

In generalising calculus to deal with curved spaces we uncover a rich structure which
we have only touched on in our brief review. We have p-forms, primitive operators

(d, A\, %) and the following properties:
1.8 =0
| 2. 2P AY = (1P AP

i 3. d(aP Ay?) = da® Ay + (—1)PzP A (dy?)

4 lzAyAz=3zA{yAh2)

5. #x = (—1)P(r+D

6. 6 = (—1)"* & dx

&. There are many excellent texts on the subject, the following which I found to be
ﬁférticmmy useful 33, 34, 35, 36, 37, 38].
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Chapter 3

Topology

The vocabulary we use in our work was developed in topology for entirely different
reasons. We begin by looking at some topology proper which is used to classify
manifolds [34, 39, 40, 41, 42]. In so doing we notice that there is a correspondence
between the objects we have found useful and the objects we have from differential
geometry. This suggests that we can use them as the basis for a discrete differential

geometry, which we go on to develop in subsequent chapters.

3.1 Topological invariants

A square and a triangle are topologically equivalent. This means that you can contin-
uously deform a square into a triangle and vice versa. They are both 2-dimensional
spaces without holes. We can see that their Euler characteristic, that is the difference
between the number of even and odd dimensional pieces they are composed of, are
equal. For a triangle we have 1 face and 3 vertices which add to give 4. We only
have 3 edges so the Euler characteristic is 4 — 3 = 1. For a square we have 1 face
and 4 vertices which add to give 5 while we have 4 edges so the Euler characteristic

185 —4 =1 (See Fig. 3-1). As expected they are the same.
2 1

Figure 3-1: Triangulation of square and triangle.

4

15
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Figure 3-2: Triangulation of cube and tetrahedron.

Similarly in 3-dimensions we see that a cube and a tetrahedron have equal char-
acteristics. For a tetrahedron we have 4 faces and 4 vertices which sum to give 8
while we have 1 volume element and 6 edges which add to give 7. The Euler charac-
teristic is thus 8 — 7 = 1. For a cube we have 8 vertices and 6 faces which add to 14
while we have 12 edges and 1 volume element which sum to 13 resulting in an Euler
characteristic of 14 — 13 = 1 (See Fig. 3-2). Again, they are the same.

The Euler characteristic is a topological invariant which means that two spaces
which are topologically equivalent have the same values. Two spaces which have the
same characteristic, though, are not necessarily topologically equivalent, for example
a cube and a square.

This suggests that we can examine the properties of spaces of interest by analysing
their triangulations. It is not known which spaces can be triangulated [39](40] but
spaces which we will come across can (differentiable manifolds and/or 3D manifolds).
Further development of this idea can lead to homology theory which in turn leads to

cohomology theory which is our objective.

3.2 Simplicial complexes

Let po,p1,...,pr be points geometrically independent in R™ where m > r. An r-

simplex 0, =< pg...p, > can be written as

r 3
or={z€R™|z=) ap,c20,) =1} (3.1)
(co,...,c,) are called the barycentric coordinates of a point on the simplex. A 0-

simplex is thus a point, a 1-simplex an edge and a 2-simplex a triangle.

An (r—1)-simplex formed from all the vertices of an r-simplex except one, is called
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its face. The (r—1)-simplex with the vertex p, removed is written as < popip2 - - - Pr >-
A finite collection of simplices in R™ is called a simplicial complex if it satisfies

the following conditions
o The faces of any simplex in the collection belongs to the collection.
e T'wo simplices are joined only along common faces.

The dimension of a simplicial complex K is defined as the maximum dimension
of simplexes in K. For example a triangle < pop;p» > is part of a 2-dimensional

simplicial complex consisting of
< popip2 >, < Pop1 >, < Pop2 >, < p1p2 >, <po >,<p1 >, < p2 > . (3.2)

We can assign orientations to simplices. Using the notation in [33] we say that

(pop1) = —(p1po). (3.3)

where (..) are used for oriented simplices while < ... > are used for unoriented ones.
We take the increasing order of vertices as being positively oriented. To determine
whether a simplex is positively or negatively oriented determine the number of ex-
changes which are required to sort the vertices into increasing order. If an even (odd)
number is needed then it is positively (negatively) oriented.

Let X be a topological space. If a homeomorphism f :| K |— X from a simplicial
complex K to X exists then the pair (K, f) is called a triangulation of X. This

triangulation is not unique.

3.3 Homology theory

Let K be an n-dimensional simplicial complex, its r-chain group C,(K) is a free
Abelian group generated by the oriented r-simplices of K. If r > dimK then C.(K)
is defined to be 0. An element of C,(K) is called an r-chain.

We introduce the boundary operator defined as

r

O(po-..pr) = Z(“l)(i)(?o-uﬁi---llr)- (34)

i=0
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Figure 3-3: Oriented Triangle.

For example & (pop1p2) = (p1p2) — (pop2) + (pop1) which gives the correct orientations
for the various edges (See Fig. 3-3 whose boundary has an edge going from 2 to 0,
hence -< 0,2 >). The boundary operator defines a map 0, : C1(K) — C,_1(K).

If ¢ € C,(K) satisfies

Ohc =0 (3.5)

then it is called an r-cycle. The set of r-cycles Z,.(K) is a subgroup of C,(K) called
the r-cycle group. Note Z,.(K) = Ker0,.

If ¢ € C,(K) with the property that there exists some d € Cr41(K) such that

€= ar-i-ld (36)

then c is called an r-boundary. The set of r-boundaries B,(K) is also a subgroup of
C,(K) and is called the r-boundary group. Note B,(K) = Im0,4,.
Since we know that the kernel and image of a homomorphism are subgroups we

know that Z,(K) and B,(K) are subgroups of C(K).
Theorem: 0,(0,,10) =0 [39].
Theorem: B,(K) is a subgroup of Z.(K).

, Proof: Trivial consequence of the above theorem.

We now have three groups associated with the simplicial complex K and thus the

topological space of which K is a triangulation. What topological properties do we
have from this? Clearly C,(K) is not a topological invariant since it differs for a
~ square and a triangle which are the same topologically (C;(K) is Z & Z & Z for a
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triangle while for a square it is Z @ Z @ Z @ Z. Similarly Z,(K) and B,(K) are not

invariants. However, the rth homology group H,(K) defined as
H,(K) = Z,(K)/B.(K) (3.7)

is an invariant (which can be seen using Cech cohomology [39]). Since B.(K) is a
subgroup of Z,.(K) it is well defined. It is a set of equivalence classes of r-cycles.
The rth Betti number b.(K) is defined as the rank of the free Abelian part of
H.(K) This leads to the Euler-Poincaré theorem which defines the Euler character-
istic, &, with which we began.
E(K) = S (15, (K). (3.8)
r=0

Since the Betti numbers are topological invariants £(K) is also an invariant.

3.4 Cohomology theory

We can define associated groups of forms. The set of closed forms is called the rth
cocycle group , Z"(M). The set of exact r-forms is called the rth coboundary group
B"(M). Since d*> = 0 we again have B"(M) € Z"(M) and can define the rth de
Rham cohomology groups

H™(M) = Z"(M)/B"(M). (3.9)

Note that the vector spaces here have real rather than integral coefficients.
The duality between the cohomology and homology theory is due to de Rham’s

theorem. Given an r-form, w, and an r-chain, ¢ , we can define an inner product

(w,¢) = /w. (3.10)

- This provides an inner product between elements of H"(M) and H,(M). To show
that H"(M) is the dual of H,(M) we need to show that their dimensions are the
- same which is a consequence of de Rham’s theorem (the inner product is bilinear and

~ non-degenerate).




CHAPTER 3. TOPOLOGY 20

3.5 Discretisation

Usually when working with differential equations, an approximation is made for the

derivative which is
g Vi f(I+h)_f(-r) (3.11)

dr  h=0 h g
where instead of taking the limit as A — 0 we set it to something small. This is

called the finite difference approach.

As we noted in our introduction, the solution obtained using this approach does
not have the physical properties of what it represents. For example if you were to
integrate the energy density of an electric field inside a volume you would get a
solution but this solution would not obey Stokes’ theorem and so the flux at the
surface of the volume would not be compatible with the charge inside.

In a way this is just a symptom of the underlving deficiency of taking a point
wise discretisation of space. If we discretise a space with a collection of points we are
unable to capture its topology. We have no knowledge of their connectivity which is
essential to topology. What we can do instead is take a triangulation as our discrete
space since we know it is topologically equivalent to the space it triangulates and so
the topological information is not lost.

We can look at our discretisation as occurring at 3 layers. In the first we discretise
the space (in the case of FD the collection of points), next we need to have a discrete
representation of functions (the value of the function at the various points in FD)

and finally a representation of operators like d (finite difference in FD). If we want to

capture topology we can use a more elaborate discrete space (triangulations instead
of just points). Note that the functions are built on top of the space we use which
means that if we loose the topology at that level, as in FD, we are unable to regain

it later.

3.5.1 Triangulations

We know that a triangulation captures topology so since a “triangulation” does not
have to consist of triangles (the simplicial case) we look at the kind of triangulations

- We might consider as our discrete space (in 2D):
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Simplicial case

Firstly, we have the simplicial case which consists of triangles, edges and vertices.
This uses the standard notation, which we have been using so far, where triangles

whose vertices are vy, v; and v, are denoted by < vg, v1,v2 >.

Cubic

The cubic case has squares, edges and vertices as its components. Here, we use the
notation [vo, v1,v2,v3] where the vertices are put in a specific order using what we
call binary notation. Here we note that in binary 0 = 00, 1 = 01, 2 = 10 and 3 = 11.
If we take the binary digits and use them as z and y coordinates we get that vy is
the vertex in the bottom left, v; is the one on the bottom right, v, on the top left
and v3 on the top right.

This can easily be generalised to higher dimensions and has several advantages.

For example in 3D we have [0, 1,2,3,4,5,6,7]. Here we can say that:

e Edges can only be in the z, y or z directions. This means that if we have an
edge [v;, v;] then v; — v; must be either 1, 2 or 4 so we can tell immediately that

[0, 3] is not an edge while [1, 3] is.

e We can look at the edge [0,4] and know that the edges parallel to it are [1, 5]

and [2, 6] since we can shift both vertices in the 1 or 2 direction.

Dual

For every p-cell (not all complexes are simplicial, the generalisation of a simplex
being a cell) there is an associated (n — p)-cell. First though we need to subdivide
the complex, after which we take the union of all the (n —p) dimensional pieces which
have p-cell as a face. This results in more exotic cells; for example we end up with
polygons being associated with vertices, edges with edges and vertices with trianglesv.
In the cubic case we end up associating squares with vertices, edges with edges and
vertices with squares so we simply generate another cubic lattice. We discuss this in
greater depth in Section 4.5.1.

In short we can discretise the space in various ways. We look at discrete functions

and operators next.
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Figure 3-4: Dual of a vertex

3.5.2 Chains and cochains

Given a p-form, ¢, we can integrate it over a p-dimensional volume. If the volume
is composed of disjoint pieces then the integral can be expressed as the sum of many

separate integrals, one for each piece. So

/¢>” =/ =] ot | ¢, (3.12)
1% 11UV, Wi Va
where V = V3 UV,. The =+ is due to the fact that the orientations might be opposite.

If the volume is some complex K, with its associated simplices then we have many
p dimensional volumes, a},. Because the simplices are disjoint, the integral over K
can be written as the integral over Uicia; where the coefficients ¢; are £1. So we

have that :
L o> o (3.13)
Uiciop i %

It is clear that this can be generalised by relaxing the restriction of ¢; being *1
to say being a real number. Also note that the p-simplices are acting like basis
elements of some vector space in the manner in which they are describing the p-
volumes being integrated over. In this sense the differential forms — with the scalar
* product associated with integrating the forms over the simplices — are members of
the dual vector space. This can be refined into the notion of chains (the basis elements

of the vectors space) and cochains (their duals, which the forms can be expressed in

terms of).
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- Chains
An m-dimensional chain on a complex K is a function ¢, on the oriented m-simplices
" of K with values in some Abelian group G such that if cn(+om) = g. g € G
, then ¢m(—0m) = —g. The collection of all such m-dimensional chains is denoted

Addition of m-chains can be defined as
(c}n e C?n)((am) =3 C:n(am) e c?n(am)a (3'14)

using the usual addition of the group.

Elementary m-chains have a close relationship to the simplices in that they map
all of them to zero except one. They are denoted by the simplex which they are
associated with, so the elementary m-chain o}, maps o}, to 1 and all other simplices

to zero. An arbitrary m-chain ¢, can be written as

Zgi oh (3.15)

where g; = cp(+0%).
This means that if we take a collection of simplices — or their associated elemen-
tary chains — we can add them together to get another chain since the chains are a

group and are thus closed.

Cochains

- We can integrate a differential form over a given volume element to get a real number,

which of course belongs to an Abelian group — the real numbers under addition. Now
if the volume which is being integrated over is composed of several disjoint pieces then
the integral can be broken into separate ones. So if the integral is being done over
collection of simplices belonging to a complex, it can be broken into one integral
tor each simplex since they are all disjoint, being members of a complex. In this way
‘ tegration of a form maps the chains (since the collection of simplices corresponds
0 a member of the group of chains) to real numbers and can be seen as belonging to
the dual space of the chains i.e. the cochains.

Cochains, as mentioned above, are the duals to chains. To every basis element of

e chains there exists a cochain basis element which maps it to 1 and all the others
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. to zero. p-cochains have the p index raised, for instance o”, in contrast to p-chains

which have lower indices. Once we have the dual basis elements we can write dual
* chains with respect to them. This is done for the differential forms using de Rham’s
. theorem which says that the coefficient of dual basis element i is simply the integral

of the form over the basis element i.

Example We take a simple example where our complex consists of the simplex

o, =< 01 >. If we want to represent dz on it we evaluate the integral

/a dz. (3.16)

This is equal to z([1]) — z([0]), some real number c say. This means that the discrete

analogue to dx is the cochain co!.

3.5.3 Operations on the complex

Given a simplex, a natural operation on it is to obtain its boundary. So for example
if we have a triangle < vov 9 >, it's boundary is < vivy > — < vvg > + < vgv; >.
On an arbitrary p-simplex it is defined as
0 <vvp:: U >= Z(—l)i < g Uire U >, (3.17
i
- where < vg---9; - -v, > is the face of the p-simplex with v; removed.
We can similarly define the coboundary operator as

0 < U2V >= Z(—l)i < Vg * *Vp >, ‘ (3.18)

i

where the resulting (p + 1)-simplices must belong to the complex with which we are
‘working. Also we have 8% = 0 and 4*> = 0.
Finally with an inner product we can define the adjoint of the boundary which

maps from p-cochains to (p + 1)-cochains.

.5.4 An interpretation

his discrete structure is traditionally used to analyse manifolds in topology, as we

id in the beginning of this chapter. but we are more interested in noting the overlap



Table 3.1: Analogues

em which we have and differential geometry! (See Table

analogy further next.




Chapter 4

(Geometric discretisation

4.1 Introduction

Our aim is to build on the correspondence between the discrete structures associated
with complexes and the continuum ones of differential geometry! which we observed

in Sec.3.5.4, extending it as we go along:

Physics Complex K Manifold M
Fields | p-cochains: CP(K) p-forms: QP (M)

Operators | Coboundary: 6 | Exterior derivative: d

Table 4.1: Objects in Physics and their Continuum/Discrete Analogues.

Essentially, we need to decide what features of the continuum theory we want to
capture. Ideally we would like to have discrete objects which correspond to continuum
ones. We would like to have analogous discrete operators on these objects and be able
to switch from continuous to discrete and back again at will. Of course the discrete
structure only has a finite amount of information, so we have to accept some loss

- of information in our discretisation, but we can expect convergence as we refine our
triangulations? We set up the basic structures first, before moving on to convergence
issues.

We begin by listing various properties of differential geometry before identifying

% discrete analogies. We have p-forms, primitive operators (d, A, *) and the following

properties:

!See Appendix A for a discussion on similar work

‘ 26
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P =0
2. 2 A y? = (-1)PyI A 2P
3. d(zP A y?) = dzP A y? + (—1)PzP A (dy?)
B AYNz=2zA(yA2)
5. xx = (—1)Pm+D]
B 6 (1) x dx
This then is what we are aiming for. One of the key achievements of geometric
discretisation (GD), as developed by Adams(1], is that it manages to do this (with

the noticeable exception of an associative wedge). In our work, we extend this further

by incorporating metric, as well as generalising to a cubic theory.

4.2 The Simplicial Case

4.2.1 The de Rham map

Our fundamental associations are those between p-cochains and § on the complex K
and p-forms and d on the manifold M. Here the de Rham map plays a vital role,
specifying what the discrete analogue of a given p-form is. The idea is to simply
integrate it over the p-chains. In this way we have a scalar product between p-forms
and p-chains which means that we can describe the p-form in terms of p-cochains
(since it belongs to the dual space of the chains).

The de Rham map A is a linear map from forms to cochains defined by

< Alw), e >= /w, (4.1)

«

for each oriented p-simplex(chain)  in K.

. Example: On the 1-simplex [0, 1], we can see that the 1-form dz goes to:

< A(dz), [0,1] >= . ]d:z: = z[1] — z[0]. (4.2)

So that the associated cochain is (z[1] — z[0])[0, 1].
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. W : C?(K) — QP(M), comes in. This has the remarkable property that AW = I
and dW = Wd which provides the “commutative”? diagram below (Fig. 4-1):

p d P+1
B £
\
W A A W
iy d P+1

Q Q

Figure 4-1: The interplay of W, A and d.

This is the heart of GD, where the equivalence between the discrete and the
continuum is clear to see. It does not matter whether we take the derivative of
something and then take its discrete approximation or make the approximation and
then take its discrete derivative since both lead to that same result.

In order to define W though we first need to introduce an idea, the barycentric

coordinates, which W is expressed in terms of.

Barycentric coordinates

- The barycentric coordinates are a set of functions, p,:|K|— A, one for each vertex v
of the complex K. These are equal to one at v € K and decrease linearly to zero at

 the boundary (and outside) of St(v), where St(v) is the union of the interiors of all

the simplices in K containing v. They have the property that
fi € [0, 1] (4.14)

and

Y m(y)=1, Vyeld, (4.15)

vEQ
where & € K and are the discrete analogue of coordinates on a patch in manifolds.
Note though that the number of coordinates is not equal to the dimension of the

ace and that the barycentric coordinates are not independent, since they satisfy

?1t is not fully commutative since WA # [




Figure 4-2: Barycentric coordinates

tric coordinates for a triangle
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In general we have that (i =1,..., D)

Hi = Z;

po=1-=> u. (4.25)

But all triangles are not of this form. In general, we need to transform the particular
triangle we are interested in to the standard, with some mapping which we can then
use to get the appropriate barycentric coordinates.

For example to get the barycentric coordinates of a triangle with vertices vy =

(1,2), v1 = (2,4), va = (3, 3) we:
1. Choose a vertex as our origin b, (1,2) say.
2. Shift the others by this to get (1,2) and (2, 1).

3. Determine the mapping from this shifted triangle to the standard one: to do this
we note that we are looking for a 2 X 2 matrix which has 4 unknown components
and say that A maps (1,2) to (0,1) and (2,1) to (1,0) which provides us with 4

equations. So A is

1 -}
N 4.2
B (426
Then we have that p; = A(v; — b) so that
K1 = %[21/—33_3]
po =32z —y] (4.27)
o =1—p—pa=3z6—z—yl

Note that these satisfy the properties that u;(v;) = 6;; and >, p; = 1.
Now we can introduce the Whitney map [32, 2] which is the (right but not left)
inverse of the de Rham map mapping from p-cochains to p-forms. It is a linear map,

defined by

P
W(a) = p! Z(—l)iﬂidﬂo A Adgiy Adie A -+ A dpsp, (4.28)
i=0

where a = [vy, ..., ).



Figure 4-3: A triangulation of S*.

Consider a triangulation of S (Fig. 4-3) with V; =
: plexf‘ [0, 1] to obtain

Wl([01 1]) T #Od:ul = ,u'lduﬂ,

—dp,. Using this we get

(o — m)dm
(ko — (1 — po))dp

—dpy = dpy.
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AW =d(q!y (~1)mduo A+ Adpt A~ A dpg),

i=

o q
‘ :—-—\-q!Edyo/\...dpq = (q+ Dlduo A - - - A dpyg.
& -
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4.3 The Cubic Lattice and its Dual

4.3.1 Introduction

We have been dealing with triangulations so far but can we generalise our scheme to
deal with other complexes? The problem is that there is no systematic method to
develop an appropriate Whitney map. We can see why the standard Whitney map
works since we want W vy, v)] to give us a 1-form. A natural map would be to say
that this gives terms involving dug and dp,. Now if we want dW = Wd, we need to
have some function coefficient in front of the dug which we can differentiate. This
would have to involve a p; which could be turned into a du,. So terms like podpy
seem very natural. Then we want the mapping to have the same symmetry as the
simplices so that W vy, v1] = —W{ry, 7] for example. This leads to the sign factors
we have in the Whitney map and then with AW = I we gain the normalisation. Of
course this is easy to say when you know the answer but is it obvious that such a
mapping should exist?

At first it seems that a cubic Whitney should be trivial since it is far closer to a
Euclidean coordinate system. We would expect that W of the z — y face of a 3D
cube should simply be dzdy. We cannot get dWW = Wd using this though which is
an essential property.

Notation is another problem. The simplicial setup can be very neatly expressed
using a notation designed specifically for it. This means that initially things look far
cruder in the cubic case simply because they are expressed in an unfamiliar language.

The cubic system though has many advantages over the simplicial one as we will see.

We initially noted a natural way of describing cubes where the 8 vertices were

d z coordinates equal to either 0 or 1. Now each vertex has 3 numbers associated
th it, as in its coordinates, and this combination is unique. This means that we can’
bel the vertices by using these 3 coordinates, which we take as 3 binary digits. In
her words the number 7, being 111 in binary, would have (1, 1, 1) as its coordinates.
This system has the advantage that it generalises to other dimensions and gives
e relative positions of various vertices; so you know that vertex 7 is connected

an edge with vertex 6, 5 and 3 since there are edges in the x(4), y(2) and z(1)



R 4. GEOMETRIC DISCRETISATION

&ﬁéction. This seems to be quite a nice way of looking at things, but it did.
to a Whitney map.

The spaces we are working with can be viewed as R™ . This is just a collection
n real numbers in the interval [0, 1]. In 3D then we refer to a cube as [z,y, z]. This
has the faces [0,y, 2], [z,0, 2] and [z, y, 0] as well as [1,y, 2], [z,1,2] and [z,y, 1]. The
edges are of the form [0, 0, 2] as in it has one coordinate free and two set as constants
0 or 1. Note that [z,y,0] means that you have z and y ranging in the interval [0, 1]
while z = 0. In other words we can describe things as n-tuples (ai,...,an) where
a; = ;,0 or 1. If there are p entries which are z;’s then the object you are describing
is a p dimensional face of the n-cube. There are 2"~? parallel objects which are
labelled by having 0 or 1 in the remaining (n — p) slots. We look at a square to

familiarise ourselves with the new language:

1 3

0 s

Figure 4-4: Labelling of vertices using binary convention.

We can then see how the various vertices, edges and faces of the figure above can
be described (Table 4.2 ).

7de' Rham
| ‘map can readily be applied to a cubic theory with no alterations needed -

cochains Simply referring to cubes instead of simplices. Using incidence
ve again gﬂe_t{that dA = Ad (this is covered in depth at the end of Sec. 4.3).
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: o |00
0| o

2 | [0

B | L)

0.1 |0y

[0,2] [z,0]

[1,3] [z,1]

23 | (L

[0,1,2,3] | [z.y]

Table 4.2: Cubic notation.
4.3.3 Whitney

- We start with an example:

Sl

W(z,0,2] = (1 — y)dzd=. (4.45)

~ The idea here is that the coordinates z and z are free and so we have a dr and a dz
f?ifactor. The y slot though has a 0 in it and so we say that we get a (1—y) contribution.
If it had a 1 then we would have a y factor instead. The rational is simple since this

1s what gives us AW = 1.

AW |z,0,2] = A((1 — y)dzdz) = / (1-y)dzdz = / dedz =1, (4.46)
[2,0,2]

[z,0,2]
since in the region [z,0, 2] we have that y =0 and so (1—y) = (1 -0) = 1. If we
were working on the face [z,1, 2] then we would have a factor y in a region where

=1 and again get the same result.

An unfamiliar d?

does look quite odd but it is the d thé.t you expect. It is given in the form which
e constructed it though it can be viewed in a more algebraic manner. We want a d
’c ich has the property that d?> = 0 and which is geometrically what we expect. We
escribe what it is operationally first since it is very simple then we can think about

nat it means.

| D[x, 0,2] = —d[0,2] = —[1,0,2] = [0,1,2] = [z, ¥, 2]. (4.47)
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We call the new operator on the cube D to differentiate it from the f:
We associate with [z,y, 2], or [zo, ), x,], the triangle [0,1,2]. We then act o H
triangle with the familiar d and convert what we get back in terms of [z,y, 2]. ‘
only other thing is that if the constant factor being replaced by a coordinate is a 0
then we have an additional (—1) factor. This is because the face with a constant
factor 1 is oppositely oriented to that with a constant factor 0 which needs to be
taken into account. With this we get Ad = DA, AW = I and WD = dW. In other

words:

e Convert from [z, y, z] language to [0,1,2]. This is done by ignoring the constant

factors and replacing z; by i. So [z,0, 2] = [z, z2] = [0, 2].

o Act on the resulting simplex with the traditional d operator. The only difference
is that if we are joining vertex [1] to the simplex we need to see what constant

used to be in the z; slot. If the constant was 0 we insert a (—1) factor.

e Convert back from the the simplex language to the cubic one, putting in the

constant factors that were there before into the available space.

We can look at the various examples below to see how it behaves in action.

xamples

dW =WD (4.48)
dW|z,0,2] = d(1 — y)dzdz = dzdydz (4.49)
WDIz,0, 2] = W(-d[0,2]) = W([0,1,2]) = dzdydz. (4.50)
dWz,0,0] = d(1 — y)(1 — 2)dz = (1 — 2)dzdy + (1 — y)dzdz (4.51)
WD[z,0,0] = W(-d[0]) = W([0,1] + [0, 2]) (4.52)

= W([z,y,0] + [z,0,2]) = (1 — 2)dzdy + (1 — y)dzdz. (4.53) -
i dW[O, ¥,0] = d(1 — z)(1 — 2)dy = —(1 — 2)dzdy + (1 — z)dydz (4.54)
‘N,-(;WD[O,Y y,0] = W(=d[1]) = W(=[0,1] + [1,2)) (4.55)

= W(=[z,y,0] + 0.9, ) = ~(1- 2)dedy + (1 - z)dydz.  (4.56)

” llows from Stokes’ theorem as before.

L e



¢

0O;WD=0
dzdydz,dW =0




=d[0] =[0,1] +[0,2; WD = (1 — 2)dzdy + (1 — y)dzdz
(1-9y)(1 - 2)dz; dWV = —(1 — 2)dydz — (1 - g)dzdx = (1 - z)dzdy
+ (1 — y)dzdz

=d[0] = [0,1) = [0,2; WD = zdzdy — (1 — y)dzdz
= (1 — y)zdz; dW = —zdydz + (1 — y)dzdz = 2drdy — (1 — y)dzdz

=d[0] = —[0,1] +[0,2; WD = —(1 — 2)dzxdy + ydzdz
= y(1 — z)dz; dW = (1 — 2)dydz — ydzdz = —(1 — 2)dzdy + ydzdz

= d[0] = —[0,1] — [0,2; WD = —zdzdy — ydzdz

= yz;da:; dW = zdydz + ydzdz = —zdxdy — ydzdz
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[0,0,0)
D[0,0,0] = —[0] — [1] = [2; WD = —(1 — y)(1 = 2)dz (1 — 2)(1 = 2)dy
B 0o |

W([0,0,0] = (1 - z)(1 - y)(1 - 2):dW = —(1 - y)(1 — 2)dz — (1 — z)(1 — 2)dy

[0,0,1]

[0,1,0]

L W(0,1,0] = (1 — 2)y(1 — 2); dW = —y(1 — 2)dz + (1 - 2)(1 = 2)dy — (1 - z)ydz
- [0,1,1]

D0, 1,1] = —[0] + 1]+ 2; WD = —yzdz + (1 — z)zdy + (1 — z)ydz
W[O 1 1] (1 i z)yz; AW = —yzdz + (1 — z)zdy + (1 — z)ydz

[1 0, 0]
D[l 0, 0] 1]=[2;WD=(1-y)(1-2)dzx—z(1l - 2)dy — z(1 — y)dz

—9)(1 - 2) = (1 - y)(1 - 2)dz — a1 — 2)dy —a(1 - y)dz

{]‘

i [2] WD = (1- y)zdx zzdy + z(1 — y)dz
,dW =(1- y)zd:c a:zdy+z(1 y)dz

D[0,0,1] = —[0] - [1] + [2; WD = —(1 ~ y)zdz — (1 — z)zdy + (1 — 2)(1 — y)dz A
- W[0,0,1] = (1 —2)(1 —y)z;dW = —(1 — y)2dz — (1 — 2)zdy + (1 — z)(1 — y)dz

D[0,1,0] = —[0] + [1] = 2; WD = —y(1 — z)dz + (1 = z)(1 — 2)dy — (1 — z)yd
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@ Finally we prove that dW = W D. To do this we first note that the cubic Wthney

has a nice property whereby

Wlao, a1, - ... a,) = Wag]Wlay] ... Wlan), (4.57)

‘where a; = z;, 0 or 1. The only cases we need to know then are Wia; = 0] = (1—z;),

Wla; = 1] = z; and Wq; = z;] = dz; and d of these which are simply dWla; =0] =
y:—dl’i, dW[ai = 1] = d.’l‘i and dI’V[ai — 1‘1-] =0.

dW ao, a1, . .., a,) = d(Wlag)Wlay] ... Was)) (4.58)

= Z (dW[a)W]aq) . .. Wiai] . .. Wan])- (4.59)

Note that the only non-zero contributions come from those where dW(a;] # 0 or in
other words when a; # ;.
Let s; equal +1 if a; = 1, -1 if a; = 0 and 0 otherwise . Using this s; factor, we

say that dWW|a;] is equal to s;dz; with no sign factor required. So

dWlao,...,an] = Y si(dWa)Wlao] ... Wlai] ... W[as). (4.60)

“Now let n; be the number of a;’s which are z;’s (as in not 0 or 1) for j less than i.
As the dW [ai] factor is moved through n; 1-forms to its proper place it generates a

p;i = (—1)™) factor. This means that
dWlao, . ..,a Zs,pJV [ao] -+ | dWlaq | ... Wlan) (4.61)

xWhich is exactly what we get from applying WD ; there is the + factor depending

whether you have a 0 or a 1 and then a sign factor which arises when you move
e dz; into its rightful place.
So

Dlag, . ..,an] = Z Sibi By, o 0 (4.62)

- Z sipilao, - - ., an, (4.63)

WDl .. o= Zs,-piW[ao] o Wi, (4.64)
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iwhere the sum is over i where a; # z,. q; is then converted to s;z; which is how Dis
>deﬁned and then needs to be moved to the right place through various dz’s leadmg
to the p; term. This is what had for d since | dW/[a;] |= W(a; = ;] = dz;.
, When determining dW, d gave non-zero terms if a; # z;. New terms in WD came
by adding in vertices which corresponded to a; # ; too. The s; factors are identical
f"};which leaves the p; factor. This is concerned with moving the new dz; term to the
_proper place. When working with dIV we needed n; to count the number of dz’s it
','l_fhad to move through but with WD this is done automatically since while working

with simplicial [0, 1, 2] notation we discard the constant terms. It is the same factor
and dW = WD.

A closer look at D

We have been using D as if it had the same properties as di (the discrete d acting
on a simplicial complex K) without showing that this is the case. We can’t just, for
§xample, apply Stokes’ theorem to determine that AD = dA since we have yet to
show that D is related to the incidence matrix in the appropriate manner.

We begin by looking at D?. The prescription here is to map our cubic object to
a simplicial one to which we apply dgx. That being the case, when we use D? we
‘_é:‘:,pply d% and thereby automatically satisfy D? = 0. So at least D satisfies this basic

. ff;}roperty.

Next we introduce the boundary operator which we have yet to determine in the

a [aOa an] e Zpl a a e ,an] I [a07 e ,0, RN 7an])a (465)

here we have replaced the ith slot with a 0 and a 1, the second one having opposite

le orientation. p; is the number of a; = z;’s with 7 < 4. In other words

olz] = (1] - [0] (466)

[z, y] = —[0, 9] + [1,4] + [z,0] — [z, 1] (4.67)

ch is what we expect the boundary operation to be. To test it more thoroughly

apply it to [z, y, 2:
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0lz,y,2] = —[0,y,2] + [1,v. 2] + [2.0, 2] - [z, 1, 2] — [z,4,0] + [z, 9,1]

&lz,y,2) =[0,0,2] — [0,1,2] + [0,5.1] - [0,,0] + [1,1,2] — [1,0, 2]+
[1,9,0] - [1,y,1] + [1,0, 2] - 0.0, 2] + [z,0,0] — [z,0, 1]
-[1,1,2]+[0,1,2] + [z,1,1] = [z, 1,0] = [L,,0] + [0,, 0]
+[2,1,0] — [z,0,0] + [1,4,1] = [0,y,1] = [z, 1,1] + [z,0, 1]

=0.

The boundary map is clearly taking us to faces of the object it is acting on but from
tlns we can see that the orientation of the various factors is being dealt with properly
5

We want to show that 9 = 0 in general. We can see that this happens for various
, a.ses When we determine the boundary of an edge [0, 1], say, we end up with two
B tices [0] and [1]. The boundary of these is 0 since the boundary of a vertex is zero.

boundary of a square [0, 1, 2, 3] results in four edges:

8[0,1,2,3] = [0,1] +[1,3] - [2.3] - [0,2].

(10, 1] + [1,3] - [2,3] = [0,2)) = 0] - [1]+ [1] - (8] — 2} + 31— [0] + 21 = 0.

e find that the various vertices occur in pairs which cancel leading to the desired
t. The same thing can be seen when we look at cubes, as in the edges which
ult, occur in oppositely oriented pairs and so cancel. Using this observation we
see how this occurs in general.

e have that the boundary, on an m-cell, maps it to two oppositely oriented
s. Wé say that the first O sets ax to either 0 or 1. The second 0 does the same -

We denote this as
o™ =gl A (4.71)

rt hand, where we mean sum over i where a; = 0 by oj*~. Then

‘ =2 3 S0
629'"‘ —onl—on g gt (4.72)
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Jn fact we have two cases to consider, depending on whether k < [ or k > I. The

! jdea is that if £ < [ then we get the same sign factor if the first 0 removes k or the

on whether [ is odd or even. If [ is odd and k has been removed before then [ is now
| "‘;ven which means that depending on whether k is removed first or second the sign
%éhanges. So we get two oppositely oriented versions of the same term which cancel.
If k > [ then the same argument applies where the sign changes occur from the &k

term as opposed to the [ one. Thus

e The sign from 0 depends on the position of a;. If it is the kth term then it
depends on whether k is odd or even. Note that when we say kth here we are
only counting the a;’s which are equal to z; since they are the only terms that

contribute.

e If we are removing a; and a; where k < [ then our first 0 could remove the kth

term and the second one the /th or the other way round.

e The orientation is opposite, depending on which order things are done and so,
since both versions occur, the net result is zero. In the continuum case, for

example, we would have dz A dy = —dy A dz and so a similar result.

- We can define the incidence matrix and then use it to define d and D or the other
way round which is what we do here. These show how the pieces of various dimension
t together in a coherent manner.

he faces our D maps onto do contain the edges we act on but is the orientation
ect? Since the incidence matrix is determined by the boundary operator we need
 check to see whether the orientations determined by 0 are compatible with the
ntations determined by D. When & maps a face to an edge we get an associated
%vand when D acts on an edge we get a face with an associated sign. We need to
‘ that they are the same.

oking at @ we can see that the sign is determined by whether we introduce a
": 1. This is also the case in D. We get a (-1) contribution if we introduce or
e a 0. The remaining factor is the p; one which occurs in both 0 and D. So
idence matrix associated with J induces a D which is the same as the one we

) using. Since D is compatible with the incidence matrix AD = dA follows.

cond. This is not the case with [ since the sign associated to this operation depends o
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§4.4 Wedge product

é\\'e can use W and A to induce a discrete wedge product® on our cochains. -
.

ven a p-simplex, zP, and a g-simplex, y?, we define their wedge product, AT

L CP(K) x CI(K) — CP*(K) as
P AK yt .= A(W (2P) A W (y9)). (4.73)
ince dA = Ad and dW = Wd we have that
d¥ (zP A y?) = d P AK 9+ (=1)P22 AK @y, (4.74)

and
P NK gyt = (—1)P9yt AKX 2P, (4.75)

Unfortunately our wedge is non-associative since

0 L . Uy = / W([vo,....v)) AW ([ ..., Up4q]) (4.76)
0 (vt pt]

— [ Patipdiss -+ Ny (4.77)

(4.78)

(4.79)

ere zP, y? and 2" are p, q and 7 cochains respectively.
The wedge product also has these properties in the cubic case since dW = Wd
dA = Ad there too. The non-associativity follows from a similar calculation.

- We can redefine our wedge product to make it associative by introducing a
(p+q+1)! (4.80)
plg! '

. This is not compatible with the Leibniz rule though.

Hodge star

iscrete star * developed by Adams[l] is one of the cornerstones of geometric

isation. The key observation was that:
ix A.1.1 for further discussion on this issue.
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1. The discrete Hodge star needs to map to a dual complex in order to sa

xx = ].

2. We need to work in a subdivided space in order to satisfy

0 =xdx*. (4.82)

ith this we have extended our discrete analogy to near completion®.

First we note that if we do not use a dual space, we do not get ** = I type
ehaviour. If we act on a vertex of a triangle (See Fig. 4-5) with %, which must be
apped to a face in 2D, the only option we have is to map it to the triangle. While
* is applied to a triangle, which must be mapped to vertices in 2D, it must mapped
all its vertices. As a result we end up with *x mapping a vertex of a triangle to

its vertices, as opposed to back to itself, which is not what we desire.

b
"IN

Figure 4-5: ** when there is no dual space.

» ith e, dua.l space * maps the vertex to the 2—cells in the dual space (See Fig. 4-6).
len * IS apphed to these there is only one vertex they can go to from the original

plﬁx a.nd'as a result we see ** mapping a vertex back to itself, as required.

A.12 for a dlscussxon on other attempts to construct a discrete Hodge star.
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l
1
|

Figure 4-6: *x when there is a dual space.

In order to get the property § = x0% we need to use a subdivided space. For
example we look at a 1D complex (See Fig. 4-7) where we act on a vertex with
#0x. We begin with the vertex highlighted by the arrow. x maps this to an edge,
coimecting the original vertex to its nearest neighbours. This edge is then mapped to
its boundary vertices by 0. These are the nearest neighbours of our original vertex.
* ‘_acting on these maps them to edges connecting them to their nearest neighbours
which result in an edge containing five vertices. We want x0x to correspond to 0, the
cc)};oundary operator, and ¢ acting on the original vertex maps to an edge containing
1“3?3 the the original vertex and its nearest neighbours (See Fig. 4-8).

If we work with a subdivided space, then we introduce barycentres at the centre

of each of our original edges. Then * would map to the original vertex to the edge

een the two nearest neighbours which are both barycentres. 9 would then take
boundary of this and * of these would map to the nearest neighbours of the
ycentres. The end result again being an edge containing five vertices but this
2 two of them are barycentres so we have exactly what § maps to as desired. Note
; here § is the coboundary operator which lives in the original complex K and is
ware of the barycentres, whereas * is.

yil discrete Hodge operator maps to a different complex to the one it is acting
herefore we have two of them, ¥, which maps to the dual complex, and *%,
maps back to the original complex. We need to introduce B, the barycentric

d complex in which both K and L can be embedded, to see how the original,
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; ua)and subdivided complex all work together which we do next.

s *—- L —r A
L 2 @ . g e 2 ]
° i B J ‘8
® . 2 - . 4 -0

Figure 4-7: x0* without a subdivided space, leading to the wrong result.

R LR W

[ ]

L °

Figure 4-8: What 9= should be.

.5.1 Barycentric subdivision and the Dual space

‘ ven a complex K, we can barycentric subdivide it to produce another complex. B.
Io do this we first add a new vertex to the middle of every simplex o , called the
centre & to determine the vertices and then connect them to nearest neighbours

create the new complex (See Fig. 4.5.1). The various barycentres for a triangle

h vertices vp, v; and v, are given in Table 4.3.

Geometrical object | Corresponding barycentre
vo = 07 = [vp] vio = Vo,
1 =09 = [v1] U = vy,
v=03=[w] | = =,
: o1 ='¢7§1) = [vo, 1] i g3 = %('vo,-l-vl),

o3 =0§" = [vs,v0]

=0® = [u,v1,v9]
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Figure 4-9: Barycentric subdivided triangle.

- To put it another way, the vertices of B are the barycentre of the various simplices

f K and its oriented p-simplices are
{[&(QO), - .’d(‘h) | a(QO) C a(Ql) C A a(‘]v) = K}’ (483)

here a! C a? means that a! is a face of .

i

5.2  Simplicial

o C, Vi

Figure 4-10: Dual complex.
is not composed of triangles but of general oriented p-cells.
ted p-simplex a(® is denoted o) and is an (n — p)-cell. It is
the union of all (n—p)-simplices in B of the form [6?), ..., 4]
«--c o™ e K. The

tation is uniquely determined by

»(, C c a™ e K such that

ith the orienta iC hen the orientation of a®) is

o4
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Since the barycentric subdivision of K contains both K and L, they can
ribed in terms of the basis elements of B. We denote z an element of K or
z when expressing it as a combination of elements of B. For example an edge [0, ;
ith barycentre [3] can be written as [0,3] + [3,1] and for a (p + 1)-simplex a” we

d up with N(aP) = p! bits. Following Adams [1] we use the convention

i
et ~p ~p+l ~n
Bo? = N(a?) E +af, 8" e ], (4.84)

aPCaPtlC.-Ca™

where the = sign is chosen so that [¢?,a7*!.... a"] has orientation compatible with

We then define the discrete Hodge star as

1)! )
<Kz y> :=L/ WB(Br) A\WE(B 4.85
y e 1l 8 (Bz) (By) (4.85)
+1)! .
< *L ,x>:=ﬂ————/wBB)AWBB , 4.86
Y e (By (Bz) (4.86)

Shere +K : CP(K) — C"?(L) and <% : C1(L) — C"~9(K).

The factors before the integrals are there for normalisation. The p! and (n — p)!
e cancelled by the factorial term which arises by applying the Whitney map (See
qn. 4.28) to p and (n—p) cochains while the (n+1)! comes from the wedge product
a p cochain with an (n — p) cochain (See Eqn. 4.78).

- With these we have that

«Ka® = o (4.87)

eH(ab) = (<Pl (455)
“ere the (—1)P(*1) factor is due to the fact that we have the z and y flipped in
B(y) AWB(z). This implies that

(%) = (+")" fmndl (11" = (4" (4.89)

#L oK = (—1)P*D]d and =X

n—p*p = (1) g, (4.90)

—q ¥
"th‘ some manipulation this implies that

n—-p —1 "p+1

B 8+, and (df)f"#(—l)""“ Ly e, (T
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3 Cubic

In the cubic case we have that the dual space is also a cubic complex, thdl
separate one. This means that we have a Whitney map on our dual space which ‘
»ot the case before in the simplicial one. We can again in the same way generate
‘ barycentric subdivided space and determine the same results, except instead of

etting p! terms we get 2P,

.6 A Generalised de Rham Map

Ve define the new de Rham map R — instead of A — by introducing a new factor,
Z?. as follows:
AN TSR (4.92)

.6.1 Modifications to the exterior derivative

Ve have a natural definition for the boundary as

6 : [’U(), i avn] = Z(—l)i[UOV s ’ﬁia i l’n]y (4’93)
- ere [vg, -+ ,¥j, - - , V) means the n-simplex [vp, - - - , v,] with v; omitted. Similarly
e coboundary can be defined as

0: oy sl = Z[vk,vo, il (4.94)
k

ere'_‘ [vk, vo, - ,vp] € K. Both these operators act on chains. We refer to them as

lows:

08y = [0p(K)]5Sp-1s
05p; = [Jp(K)]§Sp+1,l-
define the coboundary on cochains By”setting

< U8, S, .1 (4.95)

§SPI = [JP(Kj 1 (4.96)




ch tells us that
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< [JP(K)]{SP-FI'I, Spt1n > =< Sp'jv [ap-*-l(K)]ﬁsp,k >,

[ (KO, = [0p1 (K-

f‘ e want to check that R[d¢] = R[¢] using Stokes’ theorem.

R[dg] =< R[d0], Spy1x > SPHE

1
ZII:H

1
Zp+1

d¢psp+l,k

Sp+1.k

¢psp+1,k

aSp+1 k

Zp+1 P+1 / ¢psp+l .

Z’J .
Zp+1 [6p+1] < R[g), Sp; > GrHLk

D
ZPH[&P] < Rlg), Sy > SPHLE
P
Zp+1 R[¢], Sp; > 857
P
Z"“(S % Bldl 5, > S
D
Zp+15R[¢]

es made to R The only optlon available is to modlfy § with a,m—%

(4108)

(4109)

(4.110)
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.6.2 Modifications to the Whitney map

‘e have mentioned the generalisation of the de Rham map. next we look at the éffet:
this has on W. We want
RWeaw =1, (4.111)

we say that our new W simply has a Z” multiplicative factor which cancels with

.~ the one we now have in R. So

Wewo? = ZPWo?. (4.112)

“’»Using our new d we also get dWe,y = WiewOpew since the LHS now has a Z? factor

'vas does the RHS as can be seen by doing the following calculation:

W iOnen, " = 22T W ZZ —L 6P} 5P (4.113)
J
= Z}W[oP); 8P+ (4.114)
So our new definitions are
1
< RuP,of > = ?/ WP, (4.115)
Wittt =2 Wo?, (4.116)
s -
097 = ?ﬁ[él’]f gk (4.117)

6.3 An interpretation

stead of looking at this freedom as something associated with R which filters
rough to W and d, we can for example say that we have a scale factor associ-
with d.

If we are working with a 3D complex and want to add a factor of 5 to d acting on
ices, 3 when acting on edges and 7 on faces then we can just set the Z’s on faces
_ing 3, Z’s on edges as 21 = 7% 3 and Z = 105 on vertices.

i‘ e have yet to find a use for this factor, though we know that this freedom exists.

.~ Computational GD

these ideas to perform calculations we define basis lists for the various

we are interested in. Using these we can then define matrices for operators
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‘which we can happily work with. We start by creating a basis list for the complexes
K and B, since they are both simplicial and can therefore be treated in the same i
Way, leaving L for later. :

A simplicial complex consists of vertices, edges, faces, ..., n-simplices. Let n, be “
the number of p-simplices then we say that the first ny basis list elements are the
wertices, the next n; the edges and so on.

The dual complex, L, has to be treated differently since it is not simplicial. For
example, say our original complex consisted of a single triangle [0, 1,2], then the
dual to the vertex [0] consists of two triangles in B. The basis list element which
corresponds to this will have two entries which are the appropriate basis list elements
of B. In other words the basis list elements of L are described in terms of basis list
elements of B. The ordering is chosen so that the ith basis list element of L is the
dual of the ith basis list element of K which means that the elements are arranged

in decreasing as opposed to increasing dimension.

4.8 Convergence

We can map between a continuous and discrete theory with the use of W and A
but we have yet to compare their behaviour. We know for example that AW = I
but what does this mean? How well do discrete objects approximate their contin-
uum analogues? In fact, what do we mean by a discrete operator approximating a

continuum one?

natural way to proceed is to compare a continuous object with its image after

has been applied to it. Ideally we would like to have
f-WAf=0 (4.118)

t we only have that AW = I and not WA = I so this is not the case. While we
able to get perfect agreement, we do (as we will see) have that the discrete
ximation converges to the continuum case as the triangulation is refined, which
lat we would hope.

e will now go through the analysis, comparing discrete and continuum objects,

' we find that p-form approximation converges, albeit only to O(h) (which has
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ﬁﬁen shown before by Dodziuk [32]), as does the discrete d operator while there are
problems with . This is reasonable enough since our theory so far has been based ~
Qp topological techniques which are of course metric independent whilst * is not.

To deal with x we use the insight gained from our analysis of discrete approxima-

tions to make a natural modification to our scheme and show that, with this change,
:k?;;too behaves properly (for the cubic case at least).

481 Approximation

We can compare discrete objects, Xy, to continuous ones, Xeont by looking at the
difference between X,,; and W X;;.. We start by looking at various p-forms before
moving onto operators such as d and .

F(;i'ms

The simplicial and cubic cases differ so we start with the simplicial and come back

t the cubic.
If we look at a function (0-form) f, we can see how it behaves. First we need to
map it to K using A. This results in assigning the value of f at each of the vertices to

h vertex, since from the definition of the de Rham map you evaluate the integral

e function over the O-cochain (vertex):
Af = Z f, v (4.119)

ere fi = f(v;). Next, we use the Whitney map to take us back to the continuum
and compare the result with f. The Whitney map on vertices v; gives us p;,
ch is one at the vertex and goes linearly to zero on other vertices (as well as

ide the triangles which contain v;). So we get
WAf =3 fus, (4.120)

h is a piecewise linear approximation of f. This agrees with the continuous case

Feont(Ti + 1) = feont(7i) + p 2 eomiTi g’"“" + O(h?), (4.121)

faise(xi + h) = faisc(T:) + haf d’;“x’ (4.122)
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fdisc(ri) = fcont(zi)

afcontzi e afdzsczz
az oz O(R),

ce the slope of the approximation is the same to O(h). So we have that

Jeont(Zi + ) — faisc(zi + h) = O(R?). (4.125)

te that this is not a proper bound since we do not have a cap on the first derivative

working with Sobolev spaces, where this is not the case, is sufficiently general for

- work. Next we look at a 1-form (on a 1D manifold) where A takes us to

Afds = | fdalo}),

1
95

WAfdz = ( / fdz)W(ol].
which W maps to

pidp; — pdp;. (4.128)

‘we know that y; + p; = 1, which implies that du; = —du;. Using

W[vu v]] (ﬂz + “J)dﬂj ™ dﬂ‘r
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converges to the continuous result but only to O(h) since it can be re y

WAfdz = faveragedl" (4’ |
ause [ |
r g I
faverage o —"—"——‘l“%] . (4134)
Iy — T

n other words, the discrete approximation is to simply take the average result. This

W of a p-simplex is equal to dPx when restricted to the p-simplex.

14
70,1,...,p = p! Y (—1)'uduo A+ Ndfis A dp, (4.135)
1=0

p
= plpodps A - -+ A dpp + pldpo A (Z(—l)iuidul Ao Adds A idig]

=1

(4.136)

using the fact that > . y; = 1 to replace duy we get:

P P
0,1,...,p] = plpodus A - Aduy + pl(~ Z dpi) A (Z("l)lﬂidﬂl A. .. (&3
i=1

=1

---/\dﬂi/\...d,up)

du; from this substitution fills in for the omitted dy; which ends up cancelling

—1)? factor as it is moved to its proper place to give

= pldy A -+ - A dpy, (4.138)
& Vo}ap dz* A -+ A dzP. (4.139)

§

iis works for the standard triangle but in general we are unable to convert to
easily as we did above. This means that we only have convergence results for
indard triangles case.

o the cubic case where we have that

A apdmo Lod, . (4.140)
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n the p-face o? of the n-cube and so the result also holds. Note that thlg
om a sum of several terms of the form [zdy + (1 — z)dy] = dy. |
The cubic theory has a product form, as in each dimension leads to a term which
independent of the others. The approximation in each is linear or average which
eads to either O(h?) or O(h) convergence respectively. If all the terms are linear, ‘
hich is the case for functions, the overall approximation is O(h?), otherwise it is
J(h). So in that sense the result is the same as in the simplicial case.
. We have demonstrated that our discrete objects converge to the continuous ones
s the complexes are refined when the complex consists of cubes or regular triangles.

xt we look at operators.

Ve begin with the exterior derivative. If we take the 1D case with vertices [z;] and

edges [z, ;+1] we can look at the convergence of

df — WdgAf. (4.141)
;;;acting on f assigns the value of f at each of the vertices to the vertices. So we
ve

Af =) filzi, (4.142)

ere f; = f(z;) and that di acting on [z;] gives

i
ki

(21, 8] — [r2, Tina)- (4.143)

G look at the [z;, z;11] term, it has an f; coefficient, but there are two contributions

"! since dx acting on [z;41] also provides an [z;, z;11] term. This results in
dxAf =Y (firr = fi)lzs, zisa]- (4.144)
map "oj:’)n this gives

WdxAf = z—’:—-——: - i - dz, (4.145)

(4.146)
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Unfortunately this analysis is very specific so we are unable to say what
for higher dimensional spaces. In general though the result follows from P
approximation (which we only have for cubes and standard triangles) since d. =
Ad: . '

df —~ WdgAf = df — [WAldf = O(h). e

* requires metric which is the subject of the next chapter.

4.9 Summary

What then can our discrete theory do? Nearly everything. Looking aﬁ‘the tal
properties from continuum theory we can say that our discrete theory has all
with the only anomaly being the non-associativity of the Wedge‘prod !
discrete forms with a discrete d, * and A with the properties th

1.&¢ =0
2.2 Ayt = (-1)PyI AP

3. d(zP Ay?) = daP Ay? + (—1)PzP A (dy?)

4. (xAYy)Az#zA(yA2)
5. %% = (=1)P(v+D ]

6. 5 = (=1)"* & dx



Chapter 5

Incorporating metric

5.1 A heuristic

* is metric dependent while our theory is topological and hence m
So, in order to truly have a discrete Hodge star, weneed ga.l
we have to develop our understanding of our scheme to
can be made.
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which makes far more sense.

So the suggested change to * is

Vol(&("“"))‘*‘
Vol(a?)

where *x is the new *. A nice property of this is that when we take #x, the volu

*KO'p =

(53)

factors introduced cancel and so we retain %% = 1.

This means that we now have discrete forms converging to their oontinm

gies as well as the operators d and .

The coderivative and Laplacian

Note that
dg = dg AW = AdW,

muddle things up by creating factors involving 4 different volum

to make any sense:
Vol(6(*P) Vol(g®-V)
Vol(oP) Vol(a"‘P*‘l) o

The convergence of the Laplacian follows from the

since d commutes with both Aand W.
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derivative if we want dA = Ad. In the case of * we have a close relationship with
(,) which is destroyed if we only alter the former. That being the case we consider
another way of introducing metric where we alter our inner product in a natural way

and see what effect this has on *. We had in our original formulation that
(e ¢) = 0ij (5.7)

which means that the inner product of an edge with itself is 1 whilst we expect from
the continuum case to get its length. This can be achieved by using a new inner
product

o) / W (el) A £ W (&) (5.8)

as used by Dodziuk [32]. We want to investigate the effect this has on *. We have
introduced metric information into our system which ideally should filter through
the system in a nice way leaving all the properties which we are happy with whilst
sorting out the metric dependence of *.

We begin by looking at how the inner product is related to the Hodge star after
which we compute what * results when we use our new (,) for both the simplicial

and cubic cases.

5.2 The inner product is the star

Any linear map on a vector space can be expressed in terms of the dual basis list
elements. If we have any p-form A we can wedge it to an (n — p)-form, u ,to get an
n-form fdo = A A p. This is a linear map so f is uniquely determined. Since it is
linear we can also express it as (xA, ) = f where ¥\ belongs to the dual space. This
* is the Hodge star and we can see how closely it is related to (,). We cannot change
one without changing the other.

5.2.1 Basis lists

A complex consists of a collection of simplices of various dimensions. In our special
case of S we have just a triangle [0, 1, 2. Each of these vertices have given coordinates

s0 v; = (4, ;) which we will use later. The basis list (see section 4.7) for this complex
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o]
2l o
[0,1]

[0,2]

[1,2]

10,1, 2],

Ol = W N = o

D

whatever dimension we want.

Recall that we work with 3 complexes in general, the basic on
associated ones L and B which can be constructed from K Th
be determined though L is somewhat diﬁ'erelnt“i sihée it

is just a subdivided complex and its ba.sns list is wri

L.

5.2.2 Determining *

Our inner product is given by |
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We can use Eqn. (5.10) and Eqn. (5. 11) to det‘

matrix for the Hodge star operator.

elements of K and L to B respectively. So

eﬂ( = A’eB,
ef = Ble,
So Eqn. (5.11) can be rewritten as
(ricehes€F) = (R, eB),

hoB{ B (¢}, €p), ._
= R0 B / W(eg\)A*W(eJ}a).
o / W () A I (e’) '
KBRS
R

(*KelK7 ean)

Also using Eqn. (5.11) we have that %

(*xek, L)
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1. (a) Determine the basis list elements of B, L an& K .

(b) Figure out what the barycentric coofdihhﬁ

which we have.

2. Compute I and J, where we need to integrate exprwswns i
3. (a) Compute X and S from I and J.

(b) Solve the matric equation hX = S to determine h.

We will now carry through this procedure for a single simplex tria;ng1ﬂatﬁion"of

5.3 S! example

5.3.1 Stage one

We start with a triangulation. For theuéa._se‘ of St we use
then get its basis list as well as the basis lists of L a
barycentric coordinates and the result of the Wh\i-tne‘

elements. This gives us the basic objects we need to WO

Basis list elements

The triangulation of S' which we use if [0,1,2]. So th
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['Uo, U1, Uz] [3)) U1 V2
[0,3,6] | (0.0) | (0.5,0) | (1/3,1/3)
[1,3,6] | (1.0)| (0.5.0) | (1/3,1/3)
[1,5,6] | (1.0} | (0.50.5) | (1/3,1/3)
[2,5,6] | (0.1) | (0.5.0.5) | (1/3,1/3)
[2,4,6] | (0.1) | (0.05) | (1/3,1/3)
[0,4,6] | (0.0) | (0,0.5) | (1/3,1/3)

Table 5.1: Coordinates of triangles in B.

[vo, v1, v2)] Ho 1 po
[0,3,6] 1-2x%-y 2x-2y 3y
(1,3,6] | -142x+y | -2+2x-2y 3y
[1,5,6] X-y -2-2x-4y | 3-3x-3y
2,5,6] y-X -2—1xL2y | 3-3x-3y
(2,4, 6] Slx42y | 2-dx-2y 3x
[0,4, 6] 1-x-2y -2x4-2y 3x

Table 5.2: Barycentric coordinates associated with triangles in B.

Finally the dual basis list with its B basis list elements entries:

0. 19, =20
1 -8 92

2 23 -2

3 16 (5.31)
417

5 18

6 6

Barycentric coordinates

From Sec. 4.2.2, we can determine the barycentric coordinates for the various trian-
gles of our system. In particular, for S we want the u’s for the 6 triangles which
[0,1,2] is split into in forming B. These are given in Table 5.2 with the coordinates

of the associated vertices in Table 5.1.
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5.3.2 Whitney

Usmg these barycentres, which are of the form a-

compute the Whitney map of the various smphc% Wi

for the vertices we have

L

Wil=pw=a+br+ cy, : (5.32)
which is easily determined. Next for the edges
Wi, v] = widp; — pidps.

We say that

ﬂi=a+b9?+cy,
#]=p+q‘r+rys

and

Wlvi,v;] = (a + bz + cy)(gdz + rdy) — (p +qm ;
= (ag + bqz + cqy — bp — bgz — bry) :
— pc — qez —rey)dy o
= ((ag — bp) + (g — br)y)dz + ((ar — pc)
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5.3.3 Stage two

are now ready to enter the second stage of our computamon af the discrete Hodge ;
star, h, for S'. From sec. 5.2.2, we need to determ.me I and J m order to compute

X and S before we can compute h.
I = / W (e') AW (e) |
gl / W(el) AW ()
a=088

S =AJB.

Once we have X and S we can get h, from Eqn. 5.27,;-sifx‘§€é : “

RS
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triangles using the transformation which we already have. If A maps from the actual
triangle to the standard one, we know A(z — b) = Z so that z = A~!(z) + b. We can
then change from a + bz + cy — A+ Bz + Cj. So if we have an integral over the

actual triangle with variables X and Y we say

T = A[0] * (X — b[0]) + A[1] * (Y — b[1]), (5.48)
y = A[2] % (X - b[0]) + A[3] = (Y — b[1]). (5.49)

Plugging this into the expression for the general function we get that

a+bz + cy + dz’ + ey’ + fzy = (a+ bXA[0] + dX2A[0)*+ (5.50)

bY A[1] + 2dXY A[0]A[1] + dY2A[1)* + cX A[2] + FX?A[0]A]2] + FXY A[1]A2]+

eX?AR2) + cY A3] + fXY A[0]A[3] + fY2A[1]A[3] + 2e XY A[2]A[3]+

eY2A[3]* — bA[0]b[0] — 24X A[0]%6]0] — 2dY A[0]A[1]b[0] — cA[2][0]—

2f X A[0]A[2]b[0] — fY A[1)A[2)b[0] — 2eX A[2]*b]0] — fY A[0] A[3]b[0]—

2eY A[2]A[3]b[0] + dA[0]?b[0]* + £ A[0]A[2]6[0]* + eA[2]*b[0]*—

bA[1]b[1] — 2dX A[0]A[1]b[1] — 2dY A[1]*b[1] — fFX A[1]A[2]b[1] — cA[3]b[1]—

FXA[0]A[3]b[1] — 2fY A[1]A[3]b[1] — 2e X A[2] A[3]b[1] — 2eY A[3]%b[1]+

2dA[0] A[1]b[0]b[1] + fA[1]A[2]b[0]b[1] + fA[0]A[3]b[0]b[1]+

2eA[2] A[3]b[0]6[1] + dA[1]*b[1]* + FA[L]A[3]B[1]* + eA[3]*[1]?).
We can then apply the integral formula since z and y are in the standard triangle.
To determine A~! we just determine A as before and invert.

Note that the solutions we get are locally based so we get I* for the contribution to

I from triangle k. To get the final value for I we need to sum these with appropriate

sign factors taking into account how  is oriented with respect to the original triangle

[0,1,2]. After this summation we have our desired matrices.

5.3.4 Stage three

Now we are ready to compute the discrete Hodge star matrix. Using the I’s and J's

which we have just computed to determine X and S, we just multiply by A’s and
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B’s (see Eqn. 5.20 and Eqn. 5.26).

and S =

[N) — () D (S] H~ (P8} [S) — o

D Ot = W

This results in X =

() P ()

W o

QO

6

216.021606

162.016205

54.005402

—3.499199 (5.51)
9.501602

—46.003204

50.505154

12.002400

8.000900

12.000601

10.001801 (5.52)
~15.001502
—78.007805

117.010803

We want to determine X !, once we have these, since the discrete Hodge is simply

SX~1. This leads to hg =

D Ol = W NN = O

S O s W NN = O

5.555911e — 02
4.938155e — 02

2.222151e — 01

—2.858315¢ + 00 (5.53)
~1.578833¢ + 00

1.695734e + 00
2.316814e + 00
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and hy =

0 1.200000e + 01
1 7.784244e + 00
2 —4.794487e + 01
3 —2.001961e + 01
4 -3.013560e + 01
9 —2.999790e + 00
6 2.847700e — 01,

S O s WD = O

which implies that ** =:

0 6.667093e — 01

1 3.843980e — 01

2 —1.065407e+ 01

3 5.722235¢ + 01

4 4.757908e + 01

5 —5.086846¢ + 00
6 6 6.597591e —01, ﬂ

which is not proportional to the identity. Looking ca.refully»a% G

we see that essentially S is redefined to equal X there, in ‘

h = XX~!=1. In other words we have that X;; = éij. |

leads to h being diagonal but not *x = 1. To remedy

Sij to £d;; by using the %&5 factor which gives us h;;

Gl = W D = o
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4 3 5
B A

5 ) 1
C D

6 - 8

Figure 5-1: The reference square
5.4 Cubic Lattice case

In contrast to the simplicial case, the cubic lattice is more amenable to analysis and
can, in fact, be dealt with by hand. We take a simple one square system which is
subdivided as our reference system.

As for the simplicial case we define *x and *; using our basic equations:

(& iB)a= [ WP(h) AsW2() (5.56)
(G o0, = / WB(u2) A WB@P) (5.57)
by, / WB(u2) A WB WP, (5.58)

We only need to determine what the Whitney map is when applied to various compo-
nents of a single cube to know the answer in general since the only free factor is the
length scale “a”. Of course this is also true for the standard triangle case so is not
the main point but the fact that it is the case is important and worth mentioning.
Also, the integrals being performed are all basically the same, which means that it is
far easier to get what we want than one would expect.

We focus our attention on the example shown in Fig. 5 — 1. We need to know

what W2 acting on the various components of the reference square is to proceed so



g

B
2
¥
3

we do this next

.
.
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WE|[78] 5(-y)dz D (5.60)
WE[R1] = Lazdy D

W5[0123] = LdzAdy
We next use the fact that K can be embedded in the subdivided space B so that

]

if z belongs to K its image in B is Bz to get

il / WB[Be2] A +WB[By2] (5.61)

where the component on the RHS are known. Let z = ¢’ and y = e/ be basis list

elements of the complex K then we define
¥ = (e, )k = (Thitf)x. (5.62)
Note that:

1. I is diagonal since z and y are in different squares of B and so their images after

W do not overlap.

2. The various integrals that appear are are the same since we are integrating either
z? from 0 to a or something which can be expressed as this with a change of

variable.
3. The dz and dy integrals are independent and both of the form mentioned above.

The three possible cases are:

a 8 o
/0‘ $2d$ = [3]8 = 3' ;. (563)
a 0 \
/0 (a — z)%dz = /a YA (—dy) = %3 (5.64)
/Oa(z — a)’dr = /Oa yidy = %3-. (5.65)

So any of the integrals which we have is equal to % In the case of vertices we have
two such integrals leading to f%‘f factors with a symmetry term F to specify how
often a term occurs. For edges we only have one integral since we do not get z°y>

terms but z2dy instead . For the faces we get no such terms since the integral is
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simply dzdy. Finally W also has a % term associat

for edges

and for faces

For L we similarly get
(0102 = &
(o1, [o1))z =

([0123], [0‘1'23])L g

We only mention the results for partlcular vertice
-all the same except for the F factors andsothe
interested in complexes without boundairyulln_ whlc
every edge has F = 2. e

- To determine *x we use
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For the edges we get:

i 4/ WPl01] A W03

1 a2a2

AG42 2
& 1.

Il

And for the faces:

L / W2[0123] A WE(0]

L[l

Aa4 2?

=1L

2

The dual calculations are the same a;part from s.
W (z) and W (y) terms are flipped. So for’fthe;
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a normalisation factor to Eqn. 5.72:

(+k 2%,y ") = g / W2 (Brk) A WP (By; ™).

a appears in the various operators. In short they appear as ; u woul
using the heuristic which means that ¢ and the Laplaciali conver, '
case.

xd* f = xdfdzdy =0,

*d» fdr = waidy = *%f-dx ANdy = %f'

*d % fdzdy = »df = *(gfdz-l- de )—-‘a;f j

We can now look at what happens in the cubic case.

dr xx AX with the above.

%) 4 i)
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In this way we can see that we agree with the continuum result. The 1-form case
follows similarly with the boundary now vertices and the 0-form case is trivial since
* maps to a 2-form which d takes to zero.

The volume factors which arise are precisely those which we required from our
heuristic ( Sec. 5.1) so this result can be generalised to higher dimensions. First we
note that this is the case in 2D since * applied to vertices leads to an a* which is the
volume of the cell mapped to, divided by that of the cell acted on. For edges we get
a factor independent of a which again agrees with this picture as does the 517 factor
for faces.

In general we have a®?=% /a?P for p-cochains. In two dimensions this means that
we have a®=% /a* so a® for vertices, 1 for edges and a2 for faces. Similarly in three
dimensions we have a®~?P/a® or a® for vertices, a for edges, a=! for faces and a3
for cubes. In general the heuristic expression is the volume of the space mapped to.
aP~?, divided by the volume of the object acted on, a?. Our general expression above

was
3D-2 D-
@ g S

(5.94)

=a
g*? a?

which is our heuristic expression; so the two agree.

As we go from W applied to a p-cochain to a (p+1)-cochain, an z; term becomes a
dz; one, which leads to the 2p factor. The z; factor used to be squared and integrated.
contributing an a® contribution but the dz; factor integrated only contributes an a
factor which is a? less.

We had already seen that the heuristic suggested a modification® that could be
made to *X so that it, along with the coderivative and Laplacian, would converge
to the continuum result. The problem with this was that it broke the relationship
between the inner product and * which we have in differential geometry. In order
to retain this we made a natural modification to the discrete inner product to see
what effect this had on x*. We have found that this resulted in adding precisely
the factors which we wanted from the heuristic. As a result we can use the various

convergence results which we had before except of course the relationship of ** and

the inner product is now preserved.

2See Sec. 5.1.




Chapter 6
Finite Dimensional Subspaces

6.1 Introduction

We now move on to a new phase of our work. Finite dimensional subspaces (FDS)
provides a discrete representation of DG in a slightly different manner to GD. It has
an associative wedge product at the expense of topology which can be an acceptable
trade off as we will see later on.

When we were trying to determine the Hodge star associated with our new choice
of inner product (See Chap.5) in the simplicial case, we required computational meth-
ods. In this work we noticed that W of a cochain mapped to a function of the following

form in D dimensions:

D
f=a+) am;. (6.1)
=1

In other words W maps to linear functions. This is a far simpler system to work
with since the space of functions has a finite dimensional basis list. So we need only
a finite dimensional subspace of the original function space. For example in 2D our
general function is a + bz + cy which means that 3 numbers (a, b, ¢) parametrise the
entire space of functions of interest.

W having this form is also interesting from a theoretical point of view since it offers
a different style of discretisation where, instead of mapping onto a triangulation, we

map onto a subspace of our original function space much like in finite element methods

(FE).

80
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6.2 Back to function spaces

We have been using a complex since originally we noted the relationship between
the objects on the complex with the objects on manifolds. This provided us with a
ready made language which we used but we are looking at things from an applied
point of view or at least not as algebraic topologists. The finite dimensional space of
functions, which W maps, to provides an alternate approach to capturing differential
geometry computationally which has several advantages.

Since AW = I we can map back from FDS to GD without loss of information
so in some sense they are the same BUT we can chose to use the standard contin-
uum operations on the forms we have and extend the subspace too. So FDS is a
generalisation of GD.

Firstly note that since the forms we use are equivalent to the GD picture we know
that they converge to the continuum case. In fact that is how we compared the two
in the first place, by mapping the GD objects to differential forms using Whitney.

We also know that d acting on them gives the same result as if W A was applied
to df since it commutes with both #" and A. This means that the topology appears
to be captured since we reproduce the homology classes. We will look at this more
closely in Sec. 6.4. Next we note that we get different finite dimensional subspaces
in the cubic and simplicial case.

In 2D we have that fdz is mapped to Fdx + Gdy, in the simplicial theory, since
the de Rham map maps onto two edges, one of which has a dy component when acted
on by the simplicial Whitney. So we get dz going to dz + hdy which converges to dz
as we take finer triangulations but is not as good as in the cubic case.

The cubic version is far neater since dz is mapped cleanly only onto edges which
are parallel to the z-axis and are mapped back to dzr by the cubic Whitney. The
functions are not linear ones but higher order polynomials, but this is not a problem,
since the polynomial can approximate linear functions exactly. So the cubic theory
is our theory of choice.

So we get that WAfdz = f,dz, in the cubic case. If we apply the continuum * to
the result we get f,dy instead of fdy and since f, converges to f, * converges to the

continuum operator.



CHAPTER 6. FINITE DIMENSIONAL SUBSPACES 82

Wedge works this way too since we get f, A g,, instead of f A g. This is at least
the same as in GD, where we are always restricted to linear functions which is a
problem. If we wedge 2 linear functions together, the result is not linear, while in GD
we are forced to make it linear by taking an approximation; this is why the wedge is
non-associative. If we have p A ¢ Ar then taking the linear approximation of p A ¢
and wedging it to 7 is not the same as taking the linear approximation of ¢ A r and
then wedging it to p. In contrast, we can extend our basis list of functions in FDS
to make enough room to avoid this. Of course in the cubic theory our functions are
not linear but a similar extension can be made.

We could define our operations to be compatible with those from GD with *
defined as W x A say, but this would be more complex and not even as good with.
for example, a non-associative wedge. So it seems preferable to use the continuum

operators with an extended space.
6.2.1 Review
To summarize:
e WA maps forms to a subspace.
e This subspace has a finite dimensional basis list.
e It can be extended so that it is closed under the wedge product.

e We apply the usual continuum operators.

o We get the correct continuum limit as our triangulation is refined, for our objects

and operators.

e No dual space is required.

e fdz is mapped cleanly to F'dz in the cubic, but not the simplicial, case.

6.3 FDS in practice

We now look at some examples of FDS in action, starting in 1D, which is a very

simple system, before moving onto 2D where the whole scheme becomes clear.
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We use the cubic theory since there fdz is mapped to Fdz, with no dy components
as in the simplicial case. This is because A maps dr only to edges parallel to z which
results in a cleaner theory.

In the 1D continuum theory we have functions f(z) and 1-forms fdz. The FDS
analogies are f, and faveragedZ, since functions are approximated usixig piecewise
linear functions and 1-forms by averages. We look at these a little closer. In 1D the
complex consists of edges. On the edge [vp, v;] we have that the function is mapped
to the vertices using the de Rham map resulting in f(z)[vo] + f(z1)[v1]. Whitney
on this gives

(h— 1) z

fa) "= + f@)7 (62)

where z ranges from 0 to the length of the edge, h. This is simply a linear function,

from f(zp), at the vertex vy located at zo, to f(z), at the vertex v; located at z;.
So we have a linear approximation fy to our original function f.
The one form approximation is also simple. A maps fdz to ([ fdz)[vo, v1] which

W maps to

ffdr
h

So we approximate a function on an edge with its average value on it.

A2 = foveragett. (6.3)

We can then act on our discrete objects with x which maps fy to fudz or
* faveragedT = faverage; Doth of which converge to the correct continuum limit. We
also know that d is treated properly since d can go through A and W. Since we are
in 1D we have nothing to wedge dz to. This then is FDS in 1D. We have discrete
approximations to the various continuum objects and which we can apply continuum
operators to. The approximations are also made such that the topology is captured.
Next we move up a dimension and repeat the process.

In 2D we can have either functions, 1-forms or 2-forms. As above we look at each
in turn. Our space consists of a collection of squares. In each square we have f(z,y)
mapped to a polynomial approximation. We can see that again linear functions are
captured exactly.

We take our standard square [0,1,2,3] as in Fig.6-1. W A applied to f results in

(1 = )[fo(1 — ) + fz] + y[f2(1 — ) + faz], (6.4)



CHAPTER 6. FINITE DIMENSIONAL SUBSPACES 84

1 3

0 2

Figure 6-1: Labelling of vertices using binary convention.

where we are taking the unit square for simplicity. Then if the function is linear we

have f(z,y) = a + bz + cy. Substituting this into the expression above we get

(1—y)[(a+bzo + cyo) (1 — z) + (a + b(zo + 1) + cvo)z] + ylla+ bz (6.5)
+c(yo+1))(1—z) + (a+b(zo + 1) + c(yo + 1))z]

=(1-y+y)a+ (1 —1y)[bzo + cyo + bz] + y[bzo + c(yo + 1) + ba] (6.6)
= a+ bzy + cyo + bz + cy. (6.7)

The linear function f = a+bz + cy = a + b(zg + ) + ¢(yo + y) is captured perfectly
so we have at least a linear approximation.

2-forms are mapped to an average while 1-forms are part average and part linear
approximations. This is because in the cubic theory the various dimensions are
multiplied together so in the 1-form case we have one dimension averaged and the
other approximated by a linear function. This results in something like an average
since the product of an O(h) times an O(h*) approximation leads to an O(h) one.

* and d are as before. A product of two linear functions in z leads to a quadratic
one so when we wedge polynomial functions together, we end up with higher order
polynomials than we started with. As a result in order to have a closed space we
need to expand it. In 2D we can, at most, have second order terms in each variable
so we say our basis list is the complete set of polynomials in {1,,y} up to second
order in any given variable; in other words {1, z,y,z% y? zy}. This expanded basis
list of functions is closed under wedge for the various objects we get from W. If W

maps to fdz, then f has no z factor in it so we only need variables to the (D — 1)th
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order in D dimensions.

With this basis list we have an approximation for functions and the various forms.
We have * and d as well as A. We can also map from continuum objects to this space
preserving topology since d can go through A and W which is what is special about
our system.

We can do the same in 3D where we now have a wedge which is associative since

we are using the continuum wedge.

6.4 Topology

We know that d(WA) = (W A)d which suggests that the homology classes are cap-
tured. We have to check.

We begin by looking at continuum theory, where we can see how results are de-
termined before reproducing them in FDS; ideally leading to the same set of results
being established there.

We can integrate forms over chains as we noted in Sec.3.5.2. So we can define the

inner product (-,-) : Co(K) X Q" (M) — R as
c,w— (cw) = /w. (6.8)
In this language Stokes’ theorem can be expressed as
(cdw) = (Be,w) (6.9)

which we use next.

This then induces an inner product, A, between elements of H,(K) and H"(M).

Note that these are homology classes and not just chains and forms. For this to be

well defined we need
(c+ 8¢ ,w) = (c,w) + (¢, dw) = (c,w), (6.10)
since dw = 0 follows from w being an element of H"(M). Similarly

(C,UJ + dd’) e (C, w) + (8c, ¢) i (C, W), (611)

since Oc = 0.
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To prove the duality of H, and H™ we need to show that their dimensions are the
same. This is achieved by de Rham’s theorem which states that the inner product
on a compact manifold is bilinear and non-degenerate. If we can perform the same
procedure with FDS then we are done.

This involves

1. Defining an inner product between forms and chains.

2. Defining an inner product on elements of the homology groups.
3. Showing with use of Stokes’ theorem that this is well defined.
4. Applying de Rham’s theorem to show that H™ is dual to H".

We can define the inner products, since we have forms in FDS which we can
integrate over chains. We do not, however, have Stokes’ theorem.

If we take a differential form, which is defined over the manifold, it is mapped to a
form defined over the triangulation. This has internal boundaries which do not exist
in the continuum object and leads to non-zero terms.

This is not a problem in GD since the internal boundaries occur in oppositely
oriented pairs, which cancel. For example if we take an edge, the value on it is
determined by integrating the form over it. This results in the same value on both
oppositely oriented edges which cancel. In FDS, we have a function associated to
each cell and these need not agree. If they do not agree, they do not cancel. If they
do not cancel we do not get Stokes’ theorem.

If we do not have Stokes’ theorem we do not have the inner product on the ho-
mology classes being well defined and cannot apply de Rham’s theorem to show that
they are dual to each other. Thus their topologies are not the same.

Note that the functions need not agree. This does not mean that they have to
disagree. The question then is how can we ensure that they agree? We basically need
conformal elements. If they do agree we have Stokes’ theorem and topology.

If we have an edge then how do we ensure that the functions agree along it?, by
using linear functions. Then knowing the value of the functions on the vertices fixes
the value everywhere along the edge uniquely which is not the case with higher order
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polynomials. In fact this is what the Whitney map does in GD. The problem then is
that we are back to using linear functions and and a non-associative wedge.

We can use polynomials and sacrifice topology but then we might as well use FE
or other standard methods? The only advantage to using an FDS without topology
is that it captures the structure of differential geometry, in that we have functions
and various dimensiona] differential forms, which we can act on using d, * and A and

this is non-trivial.

6.4.1 Nonconformal FDS

If we sacrifice topology, this means that we use approximations which do not agree
in regions that overlap. In other words this involves using nonconformal methods,
for which we need to demonstrate convergence to agreeing in overlap regions.

Since our discrete theory approximates the continuum one we know that as we
refine the triangulation, our objects converge to their continuum counterparts. As
a result, since various versions of an object converge to the same continuum value,
they must converge to each other as required.

In particular we have Mz = y. We map y to y,, an approximation using W A. Do
we have that z,, the solution to the FDS equation, converges to x, the continuum
solution? Note that z, belongs to a different space to y,. If y, is a linear function.
we need z, to be one power higher. This is to ensure existence of our solutions since
df = a + bz means that f has to have an z2 term. y, is contained in a subspace of
the bigger space (which is the image of W A extended, in order to have an associative
wedge as well as existence of solutions to equations), containing z,, in which we work.

The operators we are interested in are linear and the the FDS operator is the same

as the continuum one. Subtracting the FDS equation from the continuum one we

have:

Mz — Mz, =y — 9. (6.12)
Since M is a linear operator this is the same as

N[(I o za) ===y (613)
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which means

M(z - z,) = O(h) (6.14)

because y, is an approximation of y. So z, converges to z.

For example we can look at % = f in FDS. Here the RHS is 1 + z since we are in
1D. Then f on the LHS equals z + 12—2 which approximately equals e*. The constant
term is fixed as one in order to agree with the one on the RHS. If we have a complex
consisting of two edges A and B then on each the solution above would be 1+z + 523
We have r ranging from 0 to a on each locally but globally zp ranges from a to 2a.
On the vertex where A and B meet the function agrees since z4 = a = zg, and they
have the same functional form.

So with nonconformal FDS we have the structure of differential geometry and

convergence to agreement on overlap regions.

6.5 Electrostatics

GD and FDS capture much of differential geometry. As a result they are better suited
to deal with electromagnetism which is naturally formulated in this language. In other
words if we use GD to solve an electrostatics problem we get physical solutions. If

we have an electric field £ = Eydz A dy + Esdz A dz + Eszdy A dz then

/V-Ede/E-dS, (6.15)

is Gauss’ law which is a special case of Stokes’ theorem.

If we use a finite difference approach then V, which is simply d acting on 2-forms
in 3D, would only converge to the continuum result, as would non-conformal FDS.
This means that E would converge to the case where Gauss’ law held but the law,
being exact, would not hold; so our discrete electric field would be quite unphysical.
At least with FDS we automatically have d? = 0.

Mathematically electromagnetic theory in its proper form is expressed in terms of
differential forms [36], computationally this means GD/FDS.

Some work has been done along these lines by Bossavit [44, 45] , where Whitney

forms are associated with FE, which we have only recently come across. He introduces
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a mixture of elements to capture various dimensional differential forms so that he has
d? = 0 too.

6.6 Finite Element

There are many similarities between FDS and FE. Both are based on a triangulation
and involve finite dimensional subspaces in each cell. In fact FE usually means a
triplet of the triangulation, the function space and a basis list for the finite dimen-
sional space.

We used to call this approach FDS, since it emphasises the shift from the trian-
gulation to the function spaces but then read in Braess [25] that when we say finite
elements we mean polynomials which are finite dimensional; suggesting that finite
element is the appropriate term for what we are doing. That is not the case though
since FE is quite different in nature.

Finite element is based on the following logic!. We begin with a differential equa-
tion. We replace this with a variational one which in turn can be expressed as a
matrix equation. We can then show that the solution exists within this framework
and that the solution of the matrix equation is a solution of the differential equation
we began with.

In FDS we begin with a differential equation and then map it to a matrix equation
by analogy. We do not convert it to a variational equation. We do not prove existence
via the Lax-Miligram? theorem. We have existence since the space which we work
with is closed. We know that if df = a, then f = az + b and az + b belongs to our
space. We know that the operator is the continuum operator and that everything of
interest converges to the relevant continuum analogy.

So in some sense FDS is a finite element method, but FE is based on the variational
principle which FDS is not. Courant [46] is generally regarded to be the inventor of
FE theory in 1943 though, again from Braess [25], Schellback’s work [47] had been
done nearly a century before and FE also appeared in some work of Euler depending
on how we define FE. In other words, FDS can be classified as being a finite element

method though, since it is not a variational method, it is not standard finite element.

1See Appendix B for a more detailed description of the foundations of FE.
2See Sec.B.1.2 for further details.
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The central calculation in FE involves inverting matrices. You reduce the problem
to the form Az = y and invert A to determine the solution you are looking for. This
is made easier since the matrix in general is near diagonal which simplifies things
considerably. In contrast the matrix inversions are simpler still in FDS. If we are
looking for df = a + bz, we know that the solution is az + bz?/2 + const. We can
invert the matrices theoretically which means that finding the solution is simply a
matter of matrix multiplication. The problem is also easily parallelisable since each
region is solved independently.

We also need to do some work setting up the problem. In FDS, M can be computed
once and for all, as well as M~!. It depends on the dimension of the space and is
the same in all cells. In comparison, computing M in FE requires integrals to be
evaluated. z is determined once we know M ! in the same way for both approaches.
y in FDS requires applying W A which involves a simple integral. This is also required
in FE so all in all FDS requires less work.

FE has the advantage that we can move down Pascal’s triangle and have O(h®)
accuracy for example, which is not so easily done in FDS. It might be possible to
use some other method to project continuum forms to our subspace instead of 11" A
which we have not considered yet.

At the moment is appears that not only is FDS feasible to work with but surpris-
ingly fast. That would be the case if the dimensions of the matrices were similar,
which they are not. Each 3D cell in FDS has a 256D basis list associated with it
which is far larger than is usually the case in FE. This swings the advantage speed-
wise back to FE. At the same time, even though the matrices are large they are very
easy to work with. If we had needed to say invert many 256D general matrices it

would have made things practically impossible.

6.7 Conclusions

The Whitney map projects onto a finite dimensional space. Looking at this we can
see why the wedge in GD is non-associative (see Sec. 6.2). We can avoid this problem
by extending the function space but this results in losing the topology.

This is quite similar to FE in that we have many regions, with finite dimensional



be done when the method is implemented in future

this in the same way as it is done in standard FE. 4

FE.




Chapter 7

Scalar field theory

We have in scalar field theory that

S =

2 e
the first one follows. :

el
e

To begin with we need a complex which we ta.ke :
- We knqu' that the discrete analogue of p-forms are p-c

ik
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2. XY which comes from a vertex interaétiﬁg.iwith ja
below, to the left or to the right of it.



Sihee 4R = Rd and 4l S Wd

(do,dg) =

follows, though only to O(a), since 1-forms aie oni
in GD. o




Chapter 8

8.1 The Dirac equation

Dirac noted that the non—relatviv‘ist’ic"S;:l{lriid‘in‘gér eq
probabilities since it was linear in time, While?the Klei
~did. So he tried to find a wave equation i:hatrw‘aa

g

mass-shell constraint:
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where

{4} =20 (8.9)

8.2 The Dirac-Kéahler equation

The Dirac equation involved determining the square root of the Laplacian. In differ-

ential geometric terms this is simply
d—o. (8.10)
This leads to the Dirac-Kahler equation (DKE)
(d—6+m)o =0, (8.11)

where the Dirac field is an inhomogeneous differential form. For example in 2D we
have

6= 9(@) + Yu(@)dz* + St a)da® A da. (8.12)
Following Becher and Joos (BJ) [31] we have that
dé = dz* A 8,6 (8.13)
In a similar manner we can define the Clifford product V to get
(d—0)¢ =dz* Vv §,0. (8.14)

This product of forms, which is distributive and associative, is defined as:
1Vv1i=1 IV de# = det ¥ = & (8.15)
de* vdz” = ¢* .1+ dz* Ade”. (8.16)
These relations are those of the v matrices:
Yty = e (8.17)

So dz*V in 4D defines a representation of the algebra of -matrices in the 16D space
of complex differential forms. Now, all representations of the complex Clifford algebra

of 4D Euclidean space can be decomposed into 4D irreducibles, equivalent to those
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generated by the y-matrices, so we can decompose the space of differential forms into

4D invariant subspaces [48] on which, the DKE implies the Dirac equation

(d—8+m)o = (dz* V8, +m)d=0 (8.18)
= (748, + m)¥ =0, (8.19)

where U belongs to one of the invariant subspaces.

We would like to actually be able to compute with these differential form fields
and separate them into the four subspaces which we know they can be split into. This
can be done using techniques from representation theory [49] where we introduce a
new basis with the property

dz® Vi{iZas) = (Y (2° sl = 1014 (8.20)

c
This allows the decomposition of the Clifford algebra, which the Dirac fields are a
representation of, into subspaces as desired.

The Dirac field in this new basis is given by

Z = 1+~7ds* + 370 % dz* Ade"+ gl on Vo et A det et (8.21)

2 u v

+%’y§7ﬁr ‘/Z*;Z dz# A dz¥ NdzP A da?.

This can be inverted to give the dz’s in terms of the Z’s so that we can say

b= oz, Hydz" = v (z)Zy (8.22)
H ab
or
o0 =3 " y¥(2)Z,y € D, (8.23)

with b fixed. The dz here is just a sum over the various differential forms which is
used by BJ. Then DKE for @ implies DE for ¢®)(z) which is an explicit representation
of Eqn.8.18.

BJ create a projection operator to separate the various solutions using right V-
multiplication. Using this they have a subsidary condition, that a projection operator
maps the field back to itself, which used in conjunction with the Dirac-Kahler equa-

tion is equivalent to the Dirac equation.
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Continuum | Discrete
dzP a?
d dx
] oK
TAYy rrg Uyk
Table 8.1:

With the DKE, we now have a formulation of the DE based on differential geom-
etry, which we can deal with computationally. We look at 3 approaches. The first
is that followed by BJ themselves, which is similar to our GD work in many ways
since they see cochains as the discrete analogue of differential forms. Then we have
GD where we have the Whitney and de Rham map allowing us to map to and from
the continuum. Finally we have FDS, where we live in the continuum and not the

complex, which is ideally suited for Dirac-Kahler.

8.2.1 Becher and Joos

We can work on a discrete form of this theory using cochains on complexes instead of

forms on manifolds, which was done by BJ. They used the following correspondences:

This (see Table 8.1) is quite similar to what we use in GD, although they use the
cup product as their wedge. This is associative but not anti-symmetric. The DKE
calculation above can be reproduced using this scheme but we have no projection
operator to select one subspace from the four leaving us with a degenerate theory;
the Susskind method [4, 28, 29] in fact . This is due to the non-locality of the discrete

Clifford product. BJ show that, in the continuum limit, this leadé to the continuum

result.

8.2.2 Geometric Discretisation

This is very similar to what BJ did and so has the same problem. We do have a
different * and wedge and can define a different Clifford product but it would be

non-local too.
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8.2.3 Finite Dimensional Subspaces

We can use FDS instead of GD since then we simply have continuum functions on
which we use the continuum operators. That being the case we can simply use the
continuum projection operator to pick out the subspaces and no longer suffer from
degeneracy. That is for nonconformal FDS where we have the algebra but not the
topology.

Recall that in cubic FDS we have the same forms as in the continuum theory (see
Sec. 6.2). By this we mean that fdz is mapped to Fdz where F is an approximation
of the continuum function f BUT the dr part is the same. That being the case
the whole DK analysis carries through since all our operations are defined on the
“form” part. We can use the same change of basis list, the same Clifford product
and projection operator since the only difference in our theory is that we have Fdz
instead of fdr with F' converging to f as we refine the triangulation.

Nonconformal FDS does not capture topology though which can be a source of

spectral degeneracy as shown by Rabin [5]. We take a brief look at his work next.

8.3 Topology and doubling

In [5], Rabin points out that the essential problem in dealing with chirality in a

discrete theory is related to *. We need to have

pa = T (8.24)
0 = xdx, (8.25)

which was not available to him, but we have this in GD.

He points out two sources of degeneracy. One is from discretising without respect-
ing the geometry of the problem. If we use a symmetric difference for our discrete
Laplacian we inevitably introduce degeneracy since the topology is distorted. This
is not only the case for the Dirac equation but even for the Klein-Gordan equation
where we know there is no degeneracy problem. This is related to the harmonic forms,
which are forms which are mapped to zero by the Laplacian. There is one harmonic

form in each homology class ; apart from linear combinations of these. From this
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we can show that no doubling can occur for topological reasons. Therefore spectrum
degeneracy is forbidden.

When dealing with the Dirac equation, we need to use the Dirac-Kéahler formula-
tion. Here though the antisymmetric derivatives do not lead to 4 copies of the Dirac
equation but into 4 decoupled Dirac spinors. Note we have no spectrurﬁ degeneracy
due to the topological reasons mentioned above but degeneracy of a different kind.

In this formalism chiral symmetry corresponds, upto sign, to *:
Y=Y = 4P o 4o w®), (8.26)
The Dirac equation is then invariant under the continuous chiral symmetry
WP s P 4 e gpe WP, (8.27)

This makes no sense in the traditional discrete setting since *xw'® is defined on the
dual space. In GD though we can imagine both the dual space and the original space
being in the subdivided space. He also notes that “In a real sense both the spectrum
and chiral problems are due to the existence of the dual lattice and the consequent
difference in properties of * and x!”. Fermion doubling is thus intimately related
to the discrete Hodge star. We should either be able to represent fermions without
doubling or pin point why a problem arises.

Note the SLAC derivative [50] can also be understood within the Rabin analysis.
There, even though a symmetric difference is used, the extra "harmonic” functions
associated do not correspond to particles in the continuum limit.

Other attempts have also been made to work with fermions. Some even using FE
methods [51, 52, 53, 54, 55, though very different in style to what we have done.
There they developed a scheme which manages to capture the canonical commuta-
tion? relations though with problems regarding locality. Work has also been done
involving non-commutative geometry [56, 57, 58, 59, 60] which is similar in that this
provides a discrete differential geometry too but in a fundamentally different way.
This does not appear to suffer from any problem, though it has yet to be computa-

tionally implemented.

1The discrete star. :
2See Sec. B.2 for a more detailed description of this.
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8.4 Fermion Doubling

If we put scalars on the lattice we can make the substitution
=1
0u — = (Gn+s = ¢n). (8.28)
We can then calculate the propagator to find

K +m?—m?+ Z % sin®(ak,/2). (8.29)
m

In the limit as @ — 0 we find that the two expressions are identical, for small
k. They do differ for large k, but large k values are cut-off by being placed on the
lattice.
If we try to do the same for fermions though we find
1
k* +m? — = sin’ak, + m%. (8.30)
55
Unfortunately this has bad behaviour as we take the continuum limit. As before we
have a minimum at k = 0, but we now also have a minimum located at k = £ /a.
Therefore we have an unphysical doubling problem for each space-time dimension.

This can be avoided by adding the following Wilson term to our discrete action

et + o = 20n). (8.31)
This preserves the minimum at £ = 0 and eliminates the unwanted ones, but at a
cost.

On the lattice, chiral symmetry is exact for massless fermions. This means that
there can be no anomaly. Fermion doubling is the price we pay for the absence of the
anomaly. If we calculate the the chiralities of the two types of fermions we find that
they are opposite and hence produce no anomaly. The fermions doubling problem is
thus deeply connected with the problem of chiral symmetry breaking on the lattice.
For example, adding the Wilson correction term violates chiral symmetry.

This inability to avoid degeneracy, whilst capturing chiral symmetry, on the lattice
is known as the fermion doubling problem and led to the Nielsen-Ninomiya 61, 62]
which states that it is not possible to solve the problem of Dirac

“no-go theorem®
.Lathere are other related no-go theorem including Karsten and Smit (63, 64], for example, though Nielsen-Ninomiya

is more general.
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fermion degeneracy on a lattice in a chiraly invariant way for a general class of
fermion theories.
This constraint has been circumvented by slightly generalising it, so that we replace

the chiral symmetry condition 75 commutes with D, the lattice Dirac operator, with
"/5D a5 D"/5 = O,D’)’5D, (832)

which was done by Ginsparg and Wilson [68].

This can be traced back to Callan and Harvey [65] and to two subsequent papers.
One by Kaplan [66] and the other by Frolov and Slavnov [67]. Based on these papers
a generalised way to realize chiral symmetry on the lattice was devised known as the
“overlap”.

Once this was completed it was realized that this could have been arrived at
starting from an older work of Ginsparg and Wilson [68]. See [69] and [70] for a
review of these developments [71]-[89]. Note that the overlap operator is a special
case of Ginsparg-Wilson.

An alternative, and mathematically equivalent version exists, known as the domain
wall formulation, which has the advantage that its local action has the same form as
traditional lattice work which means that tested numerical methods can be applied.

This means that the fermion doubling problem has effectively been resolved with

the main difficulty being computational cost since Ginsparg-Wilson involves of the

order of 100 times more work.

8.5 Conclusions

We attempted to discretise fermions without doubling using the Dirac-Kahler ap-

proach but were unable to do so. This is because using GD we suffer from the same

problem as previous attempts using discrete Dirac-Kahler, the lack of a discrete pro-

jection operator. Using FDS this is not a problem, but since we lose topology we

suffer from doubling too. We know this from Rabin’s work which suggests that our
discrete Hodge star operator is good enough to capture chirality and avoid degener-
acy of the standard kinds. Further investigation is needed to see whether doubling

ises due to having the original and dual space, or not, which is our main topic of
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current research.

The advantage of our approach is naturality. We have a discretisation scheme
which captures mathematical structure more richly. As a result we aim to be able
to reproduce continuum theory in our discrete one. Since we have topology we know
we cannot have spectral degeneracy. Since we have a discrete * we know we can
represent chiral symmetry. If we are able to do this without doubling, and we do
not know whether we can or not yet, then we would be dealing with fermions on the
lattice with a generic structure. It would work because it captures the continuum

structures sufficiently well that the theory could be transfered to the discretisation

without serious difficulties.




Chapter 9

Conclusions

We began with geometric discretisation (GD), with its discrete Hodge star and wedge
product, which we had previously used to compute the Ray-Singer torsion [27]. a
topological invariant on 3-manifolds. The idea being to develop a correspondence
between objects and operations on a complex and a manifold. We set out to continue
in this spirit and see how much further we could go.

Our initial objectives were to:

1. See whether we could develop a variation of the Whitney map.

2 Incorpofate metric.

3. Develop a new discretisation scheme with potential applications to engineering

as well as theoretical physics using the insights we gained from our work.

4. Look at how the method developed would deal with fermions on the lattice.

We made considerable progress in all of these.

Note that our approach has been to develop GD primarily, before looking at other
areas, since we felt that we needed to develop the foundations of the theory further
before we could have anything concrete to say in other areas. Now GD is sufficiently
mature that we are aware of what the issues are. Once we have it fully developed
we should be able to translate continuum theory to it by analogy and this should
be effortless, since ;.he discrete structure is supposed to capture all the continuum
ones which we require. For example, when working with fermions, since we have a

discrete Hodge star, we can capture chirality without degeneracy automatically. Of

104
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course in this case we have yet to demonstrate that no doubling occurs, but it is also
interesting to isolate why if it does?

GD captures the properties of operators as well as just the basic continuum objects.
As a result we have many constraints on our system. This means that we have little
freedom to change any one part since to do so would change other parts too. For
example we would like to have an associative wedge, we can do so by redefining it
by adding a factor, but if we do this then we lose the Leibniz rule property which we
would also like (see Sec. 4.4). This is the beauty of the approach since we are unable
to brush a problem under the carpet.

We begin by looking at how we have dealt with our initial objectives before con-

sidering our current status.

9.1 Whitney

We did not know whether it was possible to create a new Whitney map and made
several attempts at doing so, with little success. We then developed a new notation
for the cubic case using which it quite naturally emerged. We showed that this cubic
formulation had all the desired properties. Since the dual space of a cubic lattice
is also cubic this meant that we also had a dual Whitney map too which was not
the case before. We still do not have a systematic method to develop Whitney maps
on say hexagons or other objects of interest and do not even know whether that is

possible but the cubic case was number one on our list (See Chap. 4).

9.2 Metric

Initially we noted that GD approximates things by taking averages. The de Rham

map integrates continuum things over the associated discrete space and the Whitney

map divides by a volume factor, and hence the average. When * is taken though

the discrete space we are working with is changed and so W divides by the wrong
volume. In order to correct this we

we can show that * converges to the o
This is unsatisfactory though since there is a relationship between the inner prod-

can put in a correction term by hand using which

ntinuum limit as well as § and the Laplacian.




CHAPTER 9. CONCLUSIONS 106

uct and *. If we put in terms by hand then this is no longer that case. As a result
we made a natural modification to our inner product and looked at what effect this
had on the discrete Hodge (See Chap. 5).

We had some difficulties with this in the simplicial case but in the cubic case we
could compute things by hand and show that we ended up with exactly the volume
factors which we had previously put in by hand. As a result we could show that

everything converged to their continuum counterparts as desired.

9.3 New discretisation schemes

When computing the discrete Hodge star, associated with our new inner product we
needed to develop computational methods in order to perform the many calculations
needed. Doing so we noted that the Whitney map, mapped onto a finite dimensional
space and began to look more closely at it. We could think of this finite dimensional
space as our discretisation instead of our complex and we could use our continuum
operations on it. We could then express our theories within this space with the
benefit, for example, of having an associative wedge, at the cost of topology (See

Chap. 6).
We made some comparisons with the finite element method which is a variational

formulation as opposed to an analogue method, which we use.
Since this scheme is a discrete differential geometry of sorts our basic objects are

differential forms which can be used to represent Clifford algebras and Grassman

variables.

9.4 Fermions on the lattice

GD suffers from the same problems as Becher and Joos when implementing Dirac-
Kihler fermions, in that we are unable to construct a discrete projection operator

to separate the mixed copies of the Dirac equation which we have. FDS does not

suffer from this problem, but since We lose topology in nonconformal FDS we might

have a degenerate spectrum (see Sec. 8.3). If we use conformal FDS though, we have

a projection operator and the topology is captured so the situation is not so clear.
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Doubling might occur due to having two lattices, the original and the dual. Note
that in comparison Becher and Joos only have a single doubling if continuous time is

used.

9.5 Future work

We have developed geometric discretisation further, as planned, but we have only
began applying it to our areas of interest. From Rabin [5] it appears that we should
be able to work with fermions without doubling unless we get a mixed solution on
the original and dual lattice which we are unable to deal with properly. This needs
to be investigated further.

FDS is a natural evolution of GD. From the FDS perspective it is clear why the
wedge in GD is non-associative since GD is restricted to linear functions and when we
wedge linear functions we do not get another linear function (see Sec. 6.2). FDS is
also close to FE and formulating differential equations can easily be done. It requires
further development to sort out how boundary conditions should be handled, for
example, but this should not be a problem since it is very similar to FE in this
regard.

GD is still restricted to only being able to deal with Abelian theory. This is a
non-trivial problem which needs a key idea in order to be resolved. As things stand
it is very hard to see how this could be done.

Now that we have incorporated metric into GD, we can consider applying it to
gravity problems and look at the relationship with Regge calculus [90, 91, 92, 93],
which, as with FE, has similarities.

The main questions which we now face then are:

1. Do we suffer from degeneracy in the Rabin approach? At worst we suffer from

a single doubling due to a mixed solution on the original and dual lattice, but

at best we have none.
2. What the relative computational costs are for problems using FDS and FE?

FDS needs little development for application. More detailed comparisons with
FE need to be made.
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Appendix A

Discrete Operator Approximations

A.1 Algebraic Topology

We have already discussed the similarities between the discrete structures from alge-
braic topology and the continuum ones in differential geometry in Sec. 3.5.2. There
have been and still are many attempts to build on this interplay. We will restrict

ourselves to looking at the problem of finding a discrete wedge and Hodge star as

well as what the goal of this effort is.

A.1.1 The Discrete Wedge
In the continuum we can wedge a p form with a g form to obtain a (p +¢) form. We
begin with a list of properties which this product has so that we have something to
compare our prospective discrete candidates with. Let w? denote a p-form.

1. wP Aw? = WP, basic property.

2. wP Awl = (—1)Pqu? A wP, antisymmetry.

3. dw? Aw?) = (dwP) Aw? + (=1)PwP A (dw?), Leibniz rule.

4. (WP AW) AW =wPA (WA w"), associativity.
In GD we have the first three of these but not associativity. We next look at the

classic discrete wedge, the cohomology or cup product.
In an oriented complex the vertices when we write 0? =< vy, ..., v, > it is implied

that vg < vy < - - - < v” in that ordering. The cup product U is defined on cochains

109
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c? and ¢? as follows
cUSE I 0 ) =<y, .. vy Up Z2JCHE Up, Vi1, - - -, Uprg =) TN
It satisfies the following properties:
1. U is a bilinear function.
2. U =gt
. (U Uei=U(cUC).
4. §(cPUC?) =6 Uc? + (—1)PP U b,

Note that in contrast to the wedge product on forms, this is not anti-symmetric.
The cup product on cochains was defined in terms of a particular ordering of the
vertices of the complex. We can though induce a a cup product on cohomology classes
which is independent of ordering and hence the cohomology ring is well defined (See
[39] p308 for details of the proof which involves showing that two cohomology rings

associated with different orderings are in fact isomorphic which means that they must

be independent of the ordering). Using this we have

ad?uUb! = (_I)Pqu U ap, (AQ)

and obtain a ring which is not quite commutative as we can see from Eq. (A.2) above
which is known as the Grassman property; note that in GD the wedge product has
this property (Sec. 4.4) on cochains and not just cohomology classes.

We can see why this is the case by considering two cup products, U and U', which
are associated with oppositely oriented vertices. Let 071! =< ;. :isprq > be &

(p + q)-simplex in the first ordering. For the second we write, < ¥piq,...,v >, the

prime being used merely to denote that the simplex is ordered in the opposite of the

given ordering. By definition we have

FUFan 0 >') = (< Uptgr--aUp >) - 22(<Wp,..., 00 >} (A3)

We also know that

1 1
< Uptgs - Y0 >'= (_1)2(p+q)(p+q+ ) <Yy -3 Uptq > (A4)
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since it will take exactly 3(p+q)(p+g+1) interchanges of the p+q vertices to reverse
their order. Similarly

R U, > (- 1)) Rt > (A.5)

and

< Upye o, U D= (—1)200H) £ g G 1h > (A.6)

Hence we may simply compute the result. First

.. 0> ) = (—1)%(”")(?“’“)2‘1 L 2P Vg, - o Ut
(A7)
(< Uprg, ..., 7 >) = (-1)10@D (< Ly, ),
(A8)

and

¥, > = (—1)%(")(”*1)z”(< ORI X B0 )

This implies that

(=1) 3@+ 20 | 22 (< vy, ..., Vpig > = (~1)3D6 (g, B

or
22U 22(< Vg, - - oy Uprg > = (17727 (< Vpy - -5 Upg >) -2 (< voy- .-y 9 >),  (ALE)

and, using the commutativity of the coefficient ring R, we next find that

20U 22(< Uy ooy Uprg > = (-1)72 (< 00,2 Vp >) 2P (<Vpy s Upig >), (AL3)

Finally, since 27 U 2? is the same as 29U 2P for cohomology classes, since there the

cup product is independent of ordering and therefore U and U’ are the same, we have

P U = (1P U2 (A.14)

This then implies that, for cohomology classes,
[2UZ) = (—1)P[zP U 29), (A.15)
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and the Grassman property of the cohomology ring is established, as required.

We next consider a variant of the cup product known as the star product [94] which
is somewhat closer to what we use in GD in that they are both an antisymmetrisation
of the usual cup product.

Let P denote one of the (p+¢-+1)! permutations of a set of vertices {vg, v1, . .., Upigl
which span some (p+g)-simplex and Pv; be the value of that permutation on v;. We
define x : C?(K) x CUK) — CP*(K) by

1
<cp q7 ] )....Y = - el IPI .
*ct, [vo, v1, .., Upyg] > PR Ep (=1) (A.16)

... Py, > < A [Py, .., Puggl >, (A.17)

when the order vy, vy,...,Vp4, is in the equivalence class of the orientations of the
simplices [vg, V1, . . . , Up4q] and where the sum is over all permutations of the vertices.
The number of independent terms in this sum is given by the number of ways we

can partition the set of vertices into two parts which contain one vertex in common.

In other words '
1)!

e p?q“,L L (A.18)

Note that we are explicitly diving by integers in the normalisation which means that

we can only déa.l with coefficient rings which include rational numbers and so we do
not have the same generality as we had with the cup product.

This product is graded commutative in that we have

Fxcl = (-1 x (A.19)

and also captures the derivation property

(e % &) = (67) » &+ (~1)P % (6¢) (4.20)
but, as in GD, is non-associative.

A.1.2 The Discrete Hodge Star

A discrete analogue “(;f the Hodge star can be developed via some dual lattice [5] aside

from what we have done in GD, W
1This is also the case in [95]-

here the metric becomes an issue.
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The problem is that we need a « with
0 = xdx (AQI)

and

dk =], (A.22)
Attempts to develop a discrete Hodge star are usually of the following kind:

1. Given the value of xw? on a (4 — p)-cell *Cy_, of the dual lattice let *w” take
the same value on the (4 — p) cell on the original lattice reached from *Cy_, by
translation of % in all lattice directions. This is unsatisfactory though because

*x leads to a translation of +1 in all lattice directions and § # xdx.

2. Given the value of *w” on a (4 — p)-cell xCy_, of the dual lattice let xw? take
the same value on the (4 — p)-cell of the original lattice. This obeys +x = 1 but

not § = xdx. All similar attempts fail as well.

The problem with a discrete * is related to the existence of the dual lattice and

its relationship to the original lattice which is at the heart of GD.

Topological field theories have produced many exact [96, 97, 98, 99], non-perturbative,
results and can be considered as natural testing grounds for computational techniques
which are applied to conventional theories. In order to do so it is vital to have suitable

discrete formulations on arbitrary manifolds with effective treatment of fundamental

continuum operations such as the wedge product and the Hodge star operator.

A.2 Dodziuk

Dodziuk [32] worked with a complex and used both the Whitney and the de Rham

map , as we do in GD, as well as the inner product

g / W(z) A+ W (y) (A.23)

which we used to incorporate metric. He did not however have a dual space and a

discrete wedge or *.
He showed that W R/ converged to f and that the Hodge decomposition theorem

which states that a form can be written as the sum of an exact, coexact and harmonic
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pieces is faithfully translated, meaning that the exact piece is mapped to an exact
piece, the coexact to a coexact and the harmonic to a harmonic. He also showed that
the eigenvalues of the Laplacian acting on functions and 1-forms converged to their
continuum values. We'll focus on his central result which is the Hodge decomposition
theorem.

Let o = [po,p1, ..., Pm] be an m-simplex in R¥, k > m. The vertices of S, the

standard subdivision of ¢ are the points

1 L
pij = 5(1%- +p;), 1< 5. (A.24)

We define partial ordering of the vertices of So by setting
pij <puifi>kand j <L (A.25)

The simplices of So are the increasing sequences of vertices with respect to the above

ordering.
If 7 is a face of ¢ then the simplices of So which are contained in 7 form a
subdivision of 7 which is precisely the standard subdivision of 7. This observation

allows us to define the standard subdivision of any simplicial complex L since we can

subdivide each simplex of L separately and to get SL.

Figure A-1: Standard subdivision

Using this subdivision we can generate a series of complexes from our original one

L, with SoL = L and Sps1L = S(S,L). In this framework we can define R,, as being

the de Rham map onto the nth subdivision of our original complex and W, being the

associated Whitney map. Using the mean value theorem Dodziuk showed function

ge n as we have done also.

approximation for lar
0 tion theorem: Let f € Af so that R,f is an element of

The Hodge decomposi

C1. Let
R,f = Gngn + hn + Onkn . (A.26)
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be the Hodge decomposition of R, f. If
f=dg+h+dk (A.27)

is the Hodge decomposition of f then

nli_l{.lo Wahy = h (A.28)
lim Wodngn = g (A.29)
lim Wronkn = 0k (A.30)

where the limits are in the norm of L2A9.
Proof:We prove that this holds for when f = h is harmonic. R,h is a cocycle by
Stokes’ theorem. It represents the same cohomology class a as h. Therefore
Roh = hq, + dngn (A.31)
with ha, € Hy representing a. We have
(Wadngn, h) = (dWngn, h) = (Wngn, 6h) = 0. (A.32)
On the other hand
| h— WaRah|[< chtn (A.33)
by function approximation. Therefore
& 2 3| h— WaRah |’=| h = Waha, — Wadngn |I* (A.34)
([ = Wl |+ || Wadnga | (A.35)

This proves the theorem for a harmonic form 1

Now we consider the case of an arbitrary f € Af. Let P, be the orthogonal

projection of C? onto the subspace of cocycles. We first estimate the norm of P, R, k.
let ¢ € C7 be a cocycle. Then

| (PaRa0k,©) |

| (Ru0k,c) [=| (WaRnbk, Wre) | (A.36)
=| (WyRndk — 0k, Wre) | (A.37)

because (6k, Wnc) = 0. So
| PuBabk,c) | S|l WaRabk =k || - || ¢l (A.38)
<t llell - (A.39)
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This implies that
” Pan5k ”S Cok * ln- (A40)

Now we can complete the proof. We have

WoRnf = WyRodg + WoRoh + W, Ro6k (A.41)
and
| WaRndg —dg || < gy tn (A.42)
|| WaRnh —h || < ch " tn (A.43)
|| WaRndk — 0k || < cs - tn (A.44)

By first part of the proof we know that
R.h=h, +¢ (A.45)
where h;, € H? and || € ||< cp * tn. Moreover
R.0j = P,R,0k + R,0k — P,R,0k (A.46)

where R,k — P,R,6k = 6,k and || P, R0k ||< csx - tn. We write €, = P, R,dk. So

we get
Rnf — Rndg + h;z e 5nk;n + €t €9, (A47)

Subtracting this from the Hodge decomposition of R, f we see that

(€1 + €) = (hn — ) + (Onkn — 6akn) + (dngn — Rndg) (A.48)

which implies that

|| B = ha || < c1tn (A.49)
|| nkn — 8 + nky, || < 2t (A.50)
|| dngn — Rndg || < catn (A.51)

for some constants c;, ¢, ¢3 > 0
Finally
| h = Wby || <|| h = WaBah [l + [| WaBnh = Wohy ||
=|| h — WaRah || + || Bah = hn ||
<|| b= WaRah || + 11 Bo = hn || + [ &1 [IS € - tn.




g 1 <11 dg — WoRodg || + 1| WaBadg — Wadega |
| ’:” dg = WoRag || + || Radg — dugn [|I< ¢" - 1

and

I 8k — Wabakn || < 8k = WaRaSE || + || WoRuSk — Wabaky |
Sl 6~ WaRaSk || + || Rudk = Sk ||
<|| 8k — WaRndk | + || 8ukl, — Sk || + || &2 |
' éd”-tn, (A.60)

related to that of Dodziuk. We both use the de Rham and
,t-he same inner product. We also show that our Laplacian

m one. At the same time our space is more complex,

and its dual space, in order to incorporate our dlscrete



Appendix B

Finite Element

B.1 Finite Element Method

We take a brief look at some of the main components behind the finite element
method in three phases:
1. Functional analysis which provides the basic framework in which the theory is
established.

2. The Variational formulation which links the partial differential equations which

we want to solve to the spaces established above.
3. Finite elements, where we express the problem as a matrix equation and establish

error bounds.
This is just an outline of a huge field and we make no claims of completeness. For-

tunately there is no shortage of excellent texts for comprehensive treatment of this

area; see for example [24, 25].

B.1.1 Functional Analysis

Let  be an open subset of R" with piecewise smooth boundary. L;(£2) consists of all
functions u which are square integrable over {2 in the sense of Lebesgue. We identify

two functions u and v whenever u(z) = v(z) for all z € {2 except on a set of measure

zero. Ls(R2) becomes a Hilbert space with the scalar product

(0o = (19)12 = [ ulaolo)do (B.1)

Q
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and corresponding norm
Il w llo= +/(u, u)o. (B:2)
u € Ly(2) possesses the (weak) derivative v = @*u in Ly(1) provided that v €
Ly(€2) and
(8, 0)0 = (-1)"(8°9, u), for all ¢ € CF(), (B.3)

where C*°(£2) denotes the space of infinitely differentiable functions and C$°(Q) de-
notes the subspace of such functions which are nonzero only on a compact subset of
Q.

Given an integer m > 0 let H™(Q), a Sobolev space, be the set of all functions u
in Ly(£2) which possess weak derivatives 0%u for all | a |< m. We can define a scalar
product on H™(2) by

(0,0, = Z (0%, 0%v)o (B.4)

la|<m

with the associated norm

e llmi= Vi wm= |3 I10°ullf,q (B.5)

laj<m

and semi-norm

' U |mi= Z || 0°u H2L2(Q)- (B.6)

laj=m
H™(Q) is complete with respect to the norm || - ||m and is thus a Hilbert space.
Poincare-Friedrich’s Inequality:Suppose {2 is contained within an n-dimensional
cube with side length s. Then
[oflo< s vl forall v € HY(@). 1)

Proof: Since C§°(Q2) is dense in HL(Q) it suffices to establish the inequality for

v € C2(R). We may assume that Ocw={lae ..
v =0 for all z € W/ Q. Then

zp) = v(0, T2, - / Ou(t, z2, . . ., Tn)dt. (B.8)

T,);0 < z; < s}, and set

0(21,32, Gy
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The boundary term vanishes and using the Cauchy-Schwarz inequality gives
Zo 21
|v(z) |* < / 1%dt / | Byo(t, Ta, .. ., z,) |2 dt (B.9)
0 0
3 s/ | Ov(t, zs,...,2,) P dt. (B.10)
0

Since the right-hand side is independent of z, it follows that

/3 | v(z) |? dz; < §° /s | B1v(z) |? d;. (B.11)
0 0

To complete the proof we integrate over the other coordinates to obtain
/lv[zdxgs"’/|81v]2da:§szlv]f. (B.12)
W 1%

See [100, 101] for more on functional analysis' in general as opposed to standard

finite element material.

B.1.2 Variational problem

Partial differential equations can be re-expressed as variational problems which the

finite element method is based on. We work our way through a selection of the key
theorems which are required to do this.

Characterisation Theorem: Let V be a linear space, and suppose

asV x V=R (B.13)

is a symmetrix positive bilinear form. In addition let

l1:V-R (B.14)

be a linear functional. Then the quantity

J(v) == %a(v,v)— <Ly (B.15)

attains its minimum over V at u if and only if

a(u,v) =<l,v> (B.16)

for all v € V. Moreover there is at most one solution to Eq. (B .16).

putations with no Banach spaces, as well as with no computers.”-

1« It is impossible to imagine the theory of com
S. Sobolev.
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Proof:For u,v € V and t € R we have

J(u+ty) = %a(u-i-tv,u-i—tv)— <lLu+tv> (B.17)

= J(u) +tla(u,v)- < v >] + %t2a(v,v). (B.18)

If u € V satisfies Eq. (B.16) then Eq. (B.18) with ¢ = 1 implies

o) = J(u) + %a(v, v) for gl y €14 (B.19)
> J(u) if v £0. (B.20)

Thus u is a unique minimal point. Conversely if J has a minimum at u then for every
v € V the derivative of the function ¢ — J(u + tv) must vanish at ¢ = 0, By Eq.
(B.18) the derivative is a(u,v)— < l,v > and Eq. (B.16) follows.

Minimal Property: Every classical solution of the boundary-value problem

- Z 0i(aix. Oxu) + apu = f in (B.21)
ik
u =0 on 082 (B.22)

is a solution of the variational problem

1 :
J@) = /[-;— Zaik&v@kv - §a002 — fv]dz— > min! (B.23)
2 “ ik

among all functions C*() N C°(Q) with zero boundary values.

Proof: The proof proceeds with the help of Green’s formula

/ vOwdz = — / O;vdz + / vwv;ds. (B.24)
Q Q N

Here v and w are assume to be C* functions and v; is the i-th component of the

outward pointing normal v. Inserting w = aixOcu in Eq. (B.24) we have

/ v0;(aOku)dz = — / a;,0;v0kudz (B.25)
Q
Q
provided v = 0 on 9. Let
a(u,v) = / [E aixOudkv + aguvldz, (B.26)
Q ik

(B.27)

< l,v S 0= /(;f’l)dl'
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Summing Eq. (B.25) over i and k gives that for every v € C'(Q) N C({) with v = 0
on 012,

a(u,v)-<Lv>= / v[- Z 0i(aixOku) + aou — fldz (B.28)
G

= /Q v[Lu - fldz = 0, (B.29)

provided Lu = f. This is true is u is a classical solution. Now the characterisation

theorem implies the minimal property.

Lax-Milgram Theorem(for Convex Sets). Let V be a closed convex set in a HIlbert
space H and let a : H x H — R be an elliptic bilinear form. Then for every [ € H’,

the variational problem

i) = %a(v. v)— < l,v >— min! (B.30)

4

has a unique solution in V.

Proof: J is bounded from below since

J@) 2 gallolF =1Ll (B:31)

= —(a ) ety Ak >._ i

Let ¢, := inf{J(v);v € V} and let (v,) be the minimizing sequence. Then

a || va0tm || < a(vn — Vm, Vn — Um) (B.32)

= 20(Vn, Vn) + 20(Vm; Vm) — a(Un + Vm, Un + Um) (B.33)

— 47(un) + 4Jom) ~ 8T (B.34)

< 4J(vy) + 4J(vm) — 8cu, (B.35)

since V is convex and thus 1(va +vm) € V. Now J(vg),J(vm) — c; implies ||

Un — Um ||~ 0 for n,m — oo. Thus (va) is a Cauchy sequence in H and u =
n m )

lim v.. exists. Since V is closed we also have u € V. The continuity of J implies
n—oo “Yn &

J(u) = limp_c0 J(vp) = infoevJ(V):
We now show that the solution is unique. Suppose u; and uy are both solutions.

Clearly uy, ug, uy, uz is a minimizing sequence. As we saw above, every minimizing
TR T TR

sequence is a Cauchy sequence. This is only possible if u; = us.
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Finally,

Existence Theorem:Let L be a second order uniformly elliptic partial differential
operator. Then the Dirichlet problem always has a weak solution in H 1(Q). It is the

minimum of the variational problem
1
§a(v,v) — (f,v)o — min! (B.36)

over H}(Q).

Proof: Let c := sup{| ax(z) |;z € Q,1 < i,k < n}. Then the Cauchy-Schwarz
inequality implies

| Z/aikaiu(?kvdz | < CZ/ | O;udv | dz (B.37)
ik ik

3

= clz; [/(Biu)Qd:r /(ak-v)2dx} : (B.38)
<Cluhlv|, (B.39)

where C = en?. If we also assume that C > sup{| ao(z) |;z € Q}, then we get
|/aouvdz|s ¢ [1wlds<C-llulo- vl (B40)

in an analogous way. Combining these we have

a(u,v) <C |l ulhll vl - (B.41)

Next the uniform ellipticity implies the pointwise estimate
Z aixO0;v0kv 2 @ Z(ail’)z (B.42)
ik i

for C! functions. Integrating both sides and using ag > 0 leads to

Ry /Q (0)dz = a | v |2 forall v € HY(Q) (B.43)

By Freidrich’s inequality, | - |1 and || - ||, are equivalent norms on Hj. Thus a is

an H'-elliptic bilinear form on H}(Q). By the Lax-Milgram Theorem there exists a

unique weak solution which is also a solution of the variational problem.
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B.1.3 Finite elements
The solution of the variational problem in a subspace Sj

1
ey — ia(v,v)— <lLv>— néin! (B.44)
h
can be computed using the Characterisation Theorem. In particular uj is a solution
provided

provided B i) - ] ae N Fiw Al ac G (B.45)

£ a(up, v) =< l,v> for all v € Sj,.

Suppose {¥1,%,...,%n} is a basis for S;. Then (B.45) is equivalent to (B.46)
4 a(’U,h,wi) =< l,'lLl}i Sep= 1,2,...,.'\/'.

Assuming that u, has the form wh=y _ av (B.47)
k=1

we are led to the system of equations

N
Za(wkv wi)zk =< lv (%} >7 1= 1, 27 ceny -’\rg (B48)
k=1
which we can write in matrix-vector form as
Az = b, (B.49)

where Ay = a(t;, ¥x) and b; =< 1,4 >.
There are several related methods including:
e Rayleigh-Ritz: Here the minimum of J is sought in the space Sy. Instead of the

basis-free derivation usually one finds u, by solving the equation (%J Ok z¥r)

Il

0.

e Galerkin:The weak equation is solved for problems where the bilinear form is

not necessarily symmetric. If the weak equations arise from a variational problem

with a positive quadratic form then often the term Ritz-Galerkin Method is used.
Cea’s Lemma: Suppose the bilinear form a is V-elliptic with H*(Q2) C V. C H™(Q).

In addition suppose u and uy, are the solutions of the variational problem V' and

Sp C V respectively. Then

o
b= S 5 226, 1=l

(B.50)
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Proof:By definition of u and wu;,
a(u,v) =<lv> forallveV, (B.51)
a(up,v) =< l,v > for all v € S. (B.52)
Since S, C V it follows by subtraction that
a(u — up,v) =0 for all v € S,. (B.53)

Let vy € Sp. With v = v, — u, € S}, it now follows immediately from Eq. (B.53)

that a(u — up,vp — up) =0 and

ol u—u |l < alu—up,u—up) (B.54)
= a(u — up, u — vp) + a(u — up, vy — up) (B.55)
<C|lu—unllmllv—vnllm . (B.56)

After dividing by || u — up ||m we get

allu=up|ln< Cllu—vh[lm (B.57)

as required.

B.2 Application to Field theory

We now look at the work of Bender et al [51, 52] where they apply finite element
methods to Operator field equations by taking operators as their coefficients for their
polynomials such that the equal-time commutation relations are captured. We will

look at the implementation of this idea from their original paper and then comment

on what this has lead to.
For example we look at
quantum system. If the Hamiltonian is

H= 502—2 +V(q), (B.58)

the Heisenberg equations of motion for a one-dimensional

the Heisenberg equations are

=

q(t)

.
dp(t)
dt

p(t) (B.59)

—= = f(q(¥)), (B.60)
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where f(g) = —V"(q). The quantum mechanical problem consists of solving these for

the operators p(t) and g(t) given the equal-time commutation relations (ETCR)

[a(®), p(t)] = . (B.61)

We solve this problem first on a single finite element. We approximate g(t) and p(t)
by linear functions of t:

q(t) = (1- %)qo - %(ha (B.62)
p(t)=(1- %)Po + %pl, (B.63)

0 <t < h. Substituting these expressions into our equations of motion and evaluating

the result at the center of the time interval, to = % gives

Gt _ 264 p) (B.61)
B _ 0+ ), (B65)

Are these consistent with the commutation relations? At ¢ = 0 we have [go, po] = .
If we solve the equations of motion we can compute p; and q;. Are these consistent

with the ETCR too? Commuting Eq. (B.64) on the right with po + p; we get
[g1 = qo,p0+p1] =0 (B.66)

and commuting Eq. (B.65) on the left with qo + q1 we get

g0 + g1, P1 — Po] = 0. (B.67)

Adding these we see that
lq1,p1] = (90, Po] = . (B.68)

Thus we prove that finite element is consistent with the ETCR’s.
Note that the ETCR’s hold at the end points of the finite elements and not in the

interior. Also the result depends on imposing the Heisenberg equations at the centre

of the element at ¢ = 4.
We now solve these equations. Using (B .64) we can say

2
nm= ﬁ(fh — o) — Po (B.69)
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and substitute this into (B.65). We express this in terms of 9(z) = f(z) — %% in order
to only have expressions with ¢ = ¢, on the LHS.

12 1
E[E(fh —q0) — Po— po) = f(§(% +q1)) (B.70)
2 2p 1 41(qo +
= w) -2 =g+ LD g
2 2Aq+q) 2 1
ﬁ(ql S )~ o —h—o =9(5(%0 + q)) (B.72)
—4 2p 1
77 (0 - 3= = (5 (00 + ). (B.73)
Using this we can say
L) 4
G1=—q+2g (‘(E)Po 5 (ﬁ)%) (B.74)
and
4 4. 2 4
kot 1(—(E)Po — (F)QO)- (B.75)

We can then simply iterate this N times in order to determine py and g.

This can be extended to scalar field theory by taking a bilinear approximation for
the field which satisfies the ETCR at t = t, and also for ¢t = ¢;; as well as in general
by induction as above. Not only that but using the same approach we can work with
the Dirac equation without doubling.

The Dirac equation is notoriously difficult to deal with. If we simply take a lattice
approximation for the continuum action with a forward difference scheme used for
space derivatives, the result is not Hermitian. In fact the Hermitian conjugate involves

a backward difference scheme for the derivative. This suggests using symmetric

difference but this, as we know from [5] , leads to fermion doubling.
It is possible to construct an action which is Hermitian and has no fermion dou-

bling, as was shown by Banks, Kogut and Susskind [28], however this explicitly

violates chiral symmetry.
If we proceed using ETCR with fermions we again use a forward difference scheme

but here Hermiticity is maintained since undifferentiated fields appear as averages.

These finite element formulations of lattice fermions escapes the no-go theorems [63,

61] because the Hamiltonian is non-local.
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This formulation has been developed further by incorporating at first Abelian [53]
and then Non-Abelian [54] gauge theories. It appears though that unitarity must be
sacrificed in order to obtain locality or vice vera. It is worth mentioning that there
is no fermion doubling using this approach and because it is based on the operator
equations of motion it is not constrained by the statistical limitations of traditional
lattice field theory.

As discussed in Sec.6.6, FDS is related though quite different to FE? and the
commutation relations are not central in our work. The work of Bender et al though
does demonstrate that FE like methods can be used to good effect® in field theory

and provides a good guide to the path ahead in our own work.

ational approach of FE.
t round some of the traditional problems, as in the no-go

2FDS uses an analogue method as opposed to the -
3Work using smeared lattice fermions [102] seems t £

theorems, and has connections to FE methods.
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Date: Thu, 18 Apr 2002 17:28:17 BST
To: siddhartha.sen@tcd.ie

From: stefan hutzler <shutzler@tcd.ie>
Subject: polygons

Return-Path: shutzler@tcd.ie
X-Mmdf-To: sen
MIME-Version: 1.0

Dear Siddhartha,

Simon Cox and myself were having this discussion about the "ideal"

structure of foam and we came to a point where I thought that maybe you
could give us some advice.

If one (wrongly) assumes the average cell in a foam as a regular
polyhedron with planar faces then one can obtain an approximation for ‘the

average number of faces, vertices and edges of such a polyhedron foam
cell.

One finds that the average number of faces is £=13.39
the average number of vertices is v = 22.79
and the average number of sides to each face is s=5.10

These values are not unreasonable as one sees by comparing them with
the Kelvin cell and the Weaire-Phelan structure:

Note that the Kelvin cell has
£=14

v=24

s=5.14

while Weaire Phelan has
f= 13.5

v= (can’t remember)

s= (can’t remember)

similar to the numbers computed above.
We have the following QUESTION:

What would be the area of a 5.1 sided regular polygon, what would be the
volume of the above ideal foam cell? That is, is there some subbranch of
mathematics on non-integer sided polygons and bodies composed of them? Or

maybe I am just totally naive in assuming that mathematics generalises
ALL possible topics?

Looking forward to your reply,
Many thanks,

Stefan

Stefan Hutzler

Physics Department Trinity College Dublin 2 Ireland
tel: 00353.1.608.1676 fax: 00353.1.671.1759

email: stefan.hutzler@tcd.ie
http://www.tcd.ie/Physics/Foams/
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