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Abstract

Knowledge processing in an optimal way is of great importance in decision making. In this 

thesis, we propose a consistent Bayesian mechanism for processing knowledge via the design 

of the probability distribution. Bayes’ rule is exploited as a consistent mechanism when a 

complete model is available. In this thesis, we examine an important context for this, namely 

conjugate Bayesian inference for the autoregressive (AR) model. We characterise this as 

an example of uniquely specified distributional design, and we provide some novel results 

related to the computation of the associated statistics within fully tractable signal processing 

algorithms.

In contrast, fully probabilistic design (FPD) is motivated in this thesis for cases where a model 

of the knowledge is not available. Much of this thesis is concerned with constructing novel 

FPD solutions of distributional design through processing stochastic knowledge in multiple 

participant systems (MPS). We propose a centralized deliberator-based scheme where all 

participants independently report their beliefs (distributions) about some common quantity 

of interest to a parametric deliberator. The latter processes this knowledge into an optimal 

distribution via FPD, as it is fully explained in the thesis. Four FPD solutions are derived 

in Chapters 4-5, addressing various different knowledge specification and ways of processing 

them. A thorough comparison of these solutions is provided with extensive simulation results. 

In an extended application in Chapter 6, a selection of these solutions is derived and simulated 

for processing knowledge in the context of multiple AR nodes.

In Chapter 7, the Bayesian filtering (BF) problem is studied in the case where time-variant 

states are incompletely modelled. Once again, requiring an optimal distributional design in 

place of FPD related techniques, stabilized forgetting and logarithmic pooling are derived 

and simulated. We extend the solution to the distributed knowledge processing for multiple 

BF nodes. In Chapter 8, we conclude the thesis by summarizing core results of each Chapter, 

and provide numerous suggestions for further research in this field.
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Summary

This thesis is concerned with designing an appropriate distribution through processing 

knowledge in multiple participant systems (MPS). A consistent Bayesian mechanism is 

provided for processing knowledge underlying both complete and incomplete models of 

knowledge. In particular, we aim to derive functionally tractable and optimal distributional 

designs. Processing knowledge in a complete model context can be handled via Bayes’ rule, 

yielding a unique design. However, Bayes’ rule is not available for knowledge processing in an 

incomplete model eontext. Instead, we employ fully probabilistic design (FPD) to aecomplish 

this task.

In Chapter 2, we review the basies of distributional deeision making and the most common 

methods of distributional design. Also, some important techniques for the related problem 

of distributional approximation are reviewed. FPD methodology is chosen as our primary 

method for accomplishing the task of distributional design and its properties are explained. 

The main contributions of the thesis are presented in Chapters 3-7, as follows:

In Chapter 3, we uniquely process eonventional (crisp) data into probability distributions via 

Bayes’ rule. As an important context for this, we model dynamie data using an autoregressive 

(AR) model. We contribute to this area by exploring both inferential and computational 

tasks. In particular, Bayesian conjugate and tractable inferenee of model order and unknown 

parameters are derived. Also, Bayesian one-step-ahead and multi-step-ahead predictors are 

computed. Effieient reeursions (in time and order) for the extended information matrix (EIM) 

are proposed, and the associated computational loads are audited.

Throughout Chapters 4-6, we employ FPD within a centralized deliberator-based scheme 

for processing stochastic knowledge in multiple participant systems (MPS). FPD solutions 

using this centralized scheme are not currently available when processing the continuous 

distributions, and so the key aim of the thesis is to derive one.

In Chapter 4, a eentralized deliberator-based seheme is adopted to aecomplish distributional 

design using FPD by merging multiple stoehastic participants. This scheme is parametrie and
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moral; the knowledge-constrained set involves bounding the expectation of the expected loss 

imposed on each participant. The proposed FPD-optimal solution is functionally tractable for 

a wide class of continuous and discrete parametric deliberators and participants. It quantifies 

uncertainty in the deliberator’s parametric model, while also yielding the optimal predictor. 

In Chapter 5, the deliberator processes the knowledge in different way, i.e. the deliberator 

no longer bounds the expectation of expected loss. Once again, the centralized deliberator- 

based scheme is adopted to process the participants’ predictor in three alternative ways. 

Alternative ideal distributions arc specified in each case, leading to alternative FPD solutions. 

In pai'ticular, a tractable FPD-optimal prior is derived and adopted for which the optimal 

predictor is deduced. A thorough comparison of FPD solutions is presented.

In Chapter 6, the FPD solutions—derived in Chapter 5— are implemented in order to merge 

multiple AR nodes, for the purpose of deducing the deliberator’s FPD-optimal prior and 

predictor. The AR participants process their local data into their local predictive distribution 

using conjugate Bayesian inference—presented in Chapter 3. The AR deliberator processes 

these predictors along with their own parametric observation model into an optimal AR 

parameter prior. The optimized prior is used for prediction in both cases of known and 

unknown model order.

In Chapter 7, the context of Bayesian filtering (BF) is considered, i.e. the case where the 

observation model is sequentially parametrized with time-variant states. The task of BF is 

to infer these states sequentially and tractably. The exact solution for continuous states is 

only available in the Kalman filter case. We extend this by considering the dynamic model of 

states that arc missing. In place of FPD which can not be applied in this context, we adopt 

stabilized forgetting (SF) to design the time step of BF. This solution is extended to a rich 

class of observation models and validated in simulation. Furthermore, the SF solution for an 

incompletely modelled BF is shown to be a special case of the logarithmic pooling design for 

merging multiple alternative state predictors. This connects these results to the pooling-based 

solutions for distributional knowledge processing presented in Chapter 4. We mention how 

FPD solutions for this BF task might be developed in the future.

Chapter 8 considers this point in the little more detail. In addition, conclusions and future 

directions related to all technical achievements in the thesis arc presented.
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Chapter 1
The purpose and motivation

Generally, data are defined as a simple observations e.g. numbers, texts, and messages and 

symbols [1-3]. The data is referred as raw data and it does not have meaning in and of 

themselves [3]. Information is defined as the data with meaning, relevance and purpose [1], 

On the other hand, knowledge is defined to be valuable information from the human mind 

which can be experience, values, insights, truths, beliefs, perspectives, and contextual 

information [4].

The representation of knowledge is understood as the way in which we express reason 

and encode knowledge, via thinking rather than acting. In particular, the formulation of 

knowledge can be considered as the mathematical representation of knowledge. In this 

thesis, the knowledge is represented either in the form of crisp knowledge which we refer to 

as data, or in the form of probabilities/distributions which we refer to as the stochastic 

knowledge. We aim to process these knowledges in the Bayesian paradigm which is firmly 

based on axiomatic foundations by providing a unified and consistent framework [5] for 

knowledge quantification. This paradigm is fundamentally studied in seminal literature 

such as [6-8]. Empirical facts, beliefs, observations/values and constraints can be considered 

as the knowledge in the Bayesian paradigm. In the rest of this Chapter, we set up a 

fundamental probabilistic model of knowledge. Then we introduce a consistent Bayesian 

mechanism through which we process this knowledge. We present the main objectives of 

the thesis and then our proposed methodology.

1.1 Probabilistic model

Data can be seen as the realizations of X which might be heterogeneous [9], or multivariate 

[10]. A core clement of any Bayesian paradigm is the specification of a probability distribution



(pd) (i.c. probability model) which quantifies and manipulates knowledge via the probability. 

We wish to specify our pd (i.e. to quantify our belief) in the proposition of x € C X, 

for a measurable set In this thesis, we will assume that this requirement is consistently 

and fully accomplished by specifying a pd, i.e. F{x), for x G X, defined with respect to 

(w.r.t) the counting measure when X is a countable set, and Lebesgue measure, otherwise. 

In both cases, we will define,

P{x G Si} = / F{x)dx, i.e. F{x) is a pd understood via integration. (1.1) 

Formally, when X is countable c.g., X = {xi, X2,...}, F{x) may be expressed as:

- Xi), (1.2)

where, (5(x) is the Dirac’s function [11], i.c. F{x) is a linear combination of the Dirac’s 

6— function. Notably,

6{x - Xo)gix)dx = g{xo), (1.3)
Jx

if X G X is a continuous variable. In the discrete case, F{x) is completely specified by a 

probability mass function (pmf) , i.c. p, = Pr(vY' = Xi),i — 1,2,....

The expected value of a function g{X) of the continuous random variable X, is then defined

as:

i^F(x)[ff(^)] = / g{x)F{x)dx. 
»/x

(1.4)

For the discrete case (X is countable), (1.4) is specialized via the sifting property [12], as 

follows:

EF{x)[g{X)] = Y.Pi9{Xi)- (1.5)

For simplicity, we will use small letter, e.g. x, to show both the random variable and its 

value except for some necessary cases where it is explicitly mentioned. Also, the notation 

F{.) can represent either the probability density function for continuous x, or a probability 

mass function for discrete x. We will refer to F{.) as a pd in both cases.



1.1.1 Parametric probabilistic model

Generally, F{x) is the nonpararnetric observation model of x where F is seen as the unknown, 

infinite-dimensional quantity. Specifically, in the parametric setting, the observation model, 

F(x), is parametrized by the unknown, finite-dimensional parameter 6. In particular, a 

parametric probabilistic model of x, will model the observation, so that the parameter 

6 describes the data-generating system. We will refer to this as parametric observation 

model— denoted by F{x\6). As mentioned, the Bayesian paradigm is a unified and 

consistent framework which completely quantifies all unknown quantities. In this paradigm, 

current knowledge about the parameter model is quantified via a pd of the parameter, 

called the “prior pd”—denoted by F{6). An important task in Bayesian paradigm is to 

choose F{9) which is essentially a decision making task. We will refer to this task as the 

prior design. Some widely-used methods for prior design will be reviewed in Chapter 2. 

In the following, we express the main aims of this research. Then, we propose our 

methodology to handle the objectives.

1.2 Aims of research and proposed methodology

Generally, we aim to process the knowledge K, in particular, probabilistic form of knowledge 

in the context of the Bayesian decision making. For this reason, we provide a consistent 

Bayesian framework for processing knowledge, K, in the optimal way. The knowledge, K, 

refers to anything that can serve the designer/decision maker towards model construction. 

As mentioned in the opening Section, K is divided into data and stochastic knowledge. In 

this thesis we focus on knowledge processing in parametric setting where we wish to design 

the prior pd, F{9). For this reason, we can use the conditional probability (as a Bayesian 

mechanism) for processing K in order to update F{9) to F{9\K). This mechanism is 

symbolically represented as follows:

F{9) ^ F{9\K). (1.6)

We will show that the mechanism (1.6) can be either uniquely handled or widely specified, 

depending on the following taxonomy. This important taxonomy is the distinction between
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Figure 1.1. The schematic diagram for the taxonomy of knowledge, K, the model of K and the 
proposed methodologies

the complete and an incomplete model. We refer to a model as a eomplete model if the 

model of knowledge, K, i.e. M{6,K), is explicitly available. In particular, K might be 

a function of some unknown c.g. K — g{x), where the joint model of all unknowns, i.e. 

M{x,6), is required. On the other hand, we refer to the model as an incomplete model 

if the joint model of unknowns is not explicitly available. In Sections 1.2.1 and 1.2.2, we 

will propose appropriate methodologies to optimally handle the mechanism (1.6) through 

processing K, depending on whether the model is complete or incomplete. Figure 1.1 fully 

represents the taxonomy of knowledge, /F, the model of K and the proposed methodologies.

Furthermore, tractability will be an important property in this thesis. Therefore, it is 

important to distinguish between the concepts that are functionally and computationally 

tractable. These concepts are defined as follows.

Definition 1.2.1. (Functionally tractable). A term is defined to he functionally 

tractable if it is mathematically derived in the closed form. Notice that this term can be 

in the form of the standard tabulated function e.g. Gamma function, error function, etc. 

Notably, most terms presented in this thesis are pds. We consider all standard pds [13] as 

functionally tractable terms.

For illustration, let

= J 9{^\s)f{x\s)dx, (1.7)



then k{s) is functionally tractable if the marginalization (1.7) is computed in an explicit 

form. For instance, if

c;(a:|s) = 1

f{x\s) = f{x\aua2) = x‘^^ - x)°‘^ \ x € (0,1), ai,a2G

then,

k{s) = K{ai,a2) = r(ai)r(a2)
r(Q;i + 02) ’

where r(.) denotes Gamma function and ai and 0:2 arc known scalars. Notice that the 

values for k{s) arc available via table. On the other hand, if

£/(x|s) = cxp{(x - s)^}.

f{x\s) = -, x,se R,1 + (x — ’

then, k{s) cannot be derived in the closed form. In this case, k{s) is not functionally 

tractable.

Definition 1.2.2. (Computationally tractable). A tenn is defined to be computation­

ally tractable if it can be computationally evaluated without manipulation and approximation, 

i.e. is available in number or is directly computed using a table.

For instance, let

«;(ai, 02) = F(q;i + 02) + g{ai,a2),

where 0:1,02 are unknown and g{.) is a known function. In this case, k(.) is functionally 

tractable, however to solve ^(01,02) = 0, 01,02 cannot be inverted in a closed form. In 

particular, inverting the Gamma function involves some manipulations, c.g. the grid search, 

to specify 0i,02. Therefore, we consider this function as computationally intractable. 

Recall that most pds have a Gamma function in their normalizing constant. We refer 

to these pds as computationally tractable pd if the normalizing constant is available in 

tabulated form. Notice that standard pds are typically functionally tractable. However, 

they might not be computationally tractable. Some examples will be illustrated in Chapter



4 and 5. The tractability issue will typically happened when a marginalization operator 

is applied. We will show that in most cases marginalization is not functionally tractable 

where an approximation needs to be used. Also, the output of marginalization might be in 

the closed form, however in many cases, its evaluation requires numerical manipulations.

1.2.1 Bayesian data processing

One of the important objectives here is Bayesian data (signal) processing in parametric 

setting. The signal is typically a discrete time sequence i.e. = {a;i, 0:2,..., x„}. In signal 

processing, the signal, a:„, treat as stochastic process which mainly emphasis on correlation 

structure, i.e. the correlation between Xj’s. To be consistent, we refer to the signal as data 

in the rest of the thesis. Processing data is quite popular in the task of Bayesian data 

processing. In Bayesian data processing, observations, Xn, take the role of the knowledge 

i.e. K = Xn- In data processing, the time-invariant parametric complete model of K is 

usually available i.e. F{xn\0), and it is uniquely handled by Bayesian calculus (i.e. Bayes’ 

rule) [8],

F{B\Xn) =
F{xn\e)F{0)

(1.8)
F{Xn)

Notice that F{9\xn) in (1.9) is an example of Bayesian conditioning (1.6) where K = a:„. 

Here, F{6) represents our beliefs and uncertainties about an unknown parameter 6, before 

the data is observed, i.e. prior pd. We refer, F{9\xn), as the posterior pd of 9, which we 

read as our updated belief of 9, given that the processed knowledge is a:„. This is a very 

important example of knowledge processing which allows us to convert the data, a:„, into 

the pd, F{9\Xn)-, via Bayesian calculus (1.9). The trivial case of data processing is the 

static case, i.e.

Xi ~ F{xi\9), z = 1,..., n, (1.9)

where, iid, denotes identically independent distributed. But here we aim to process data 

using dynamic models. For this reason, we will model the data using the Autoregressive 

(AR) model [14] as one of the flexible models. This AR model is a very important dynamic 

model for dealing with information bearing signals where there is a regression onto the 

history of data [15]. In the third Chapter, we will explore Bayesian statistical signal 

processing as a specific task of Bayesian knowledge processing in the context of the AR

6



model.

1.2.2 Stochastic knowledge processing

The more advanced task of Bayesian conditioning is related to processing of stochastic 

knowledge, i.e. K = F{x). The task of processing stochastic knowledge is essentially 

a Bayesian decision making (DM) task [7,16]. In this case the parametric model of K, 

i.e. M{F{x)\6) is not available and Bayes’ rule is not useful. Therefore, F{6\K) is not 

uniquely available. We note that the knowledge, K, acts as the constraint. In particular, 

the knowledge constraints the unlimited set of possible pds (i.e. models) to a constrained 

set which we refer as the knowledge-constrained set of possible pds. In Chapter 2, we will 

show that F{9\K) is not uniquely available. Therefore, it becomes a variational quantity 

that we denote with A{9\K), throughout the thesis. Recall that for incomplete models, 

Bayes’ rule docs not provide a unique solution of A{9\K). This is a core challenge in this 

thesis and we aim to set up a decision making (DM) scheme by choosing a pd (i.e. model) 

from the set of candidates, A{9\K), through processing K. The fundamental DM task will 

be fully presented in the second Chapter.

In this thesis, the main methodology is fully probabilistic design (FPD) [17-19], where 

the design is to be understood as choosing a pd. Indeed, this is a DM for the task of the 

distributional design. Some other methods of distributional design have also been explored 

c.g. minimum cross-entropy (MXE) [20] and the maximum entropy (ME) [21-23] principles. 

We arc fundamentally interested in the FPD methodology because it is formally justified as a 

consistent and axiomatic framework of the distributional design [18]. FPD is also consistent 

with Bernardo’s theory of utility-based ranking for decision making in distribution. [24]. 

FPD is recently justified as the extension of the MXE and the ME principles [19]. We note 

that in the case where the pd (the member of knowledge-constrained set), is degenerate 

at crisp data, the FPD-optimal pd is the same as the output of the mechanism of Bayes’ 

rule [25,26]. The FPD methodology and related principles of distributional design will be 

fully explained in the second Chapter.



1.2.3 Stochastic knowledge processing in multiple distributed nodes: 

objectives of thesis

In the recent years, there has been increased interest in determining the optimal merging (i.e. 

cooperation, interaction, sharing, combination, itegration, fusion, etc.) of the knowledge 

distributed among multiple knowledge holders which we refer as nodes. Nodes are also 

referred as sources [27], sensors [28,29], opinions [30] etc.. Recall that the task of merging 

knowledge is essentially a DM task. There arc huge literature in this area i.e. [31-33]. 

Specifically, the DM task for the distributional design through merging stochastic knowledge 

in multiple nodes is studied by [34-38]. This task can be accomplished either by one 

node (i.e. an external node), or can be performed among the nodes themselves. The 

related DM schemes arc respectively the centralized scheme and the decentralized (i.e. 

distributed) scheme. Each of these DM schemes is widely studied. For example, the 

centralized DM scheme is studied in i.e. [28,39-42]. Also, the decentralized DM scheme is 

explored in i.e. [30-32,43]. A comprehensive review of DM schemes and their advantages 

and disadvantages arc presented in the fourth Chapter. Despite the extensive literature 

on the distributional design through merging knowledge of multiple nodes, there arc still 

significant gaps. The main limitations of current approaches arc fully discussed in the 

Sections 4.2.1.2 and 4.2.2.1.

Recall that one of the main aims is to accomplish the task of data processing using Bayes’ 

rule. In a more advanced setting where Bayes’ rule does not provide a solution, we wish to 

process the stochastic knowledge by investigating the following objectives:

• We fundamentally aim to accomplish the task of distributional design through 

processing different forms of knowledge.

• We provide a consistent and unified Bayesian scheme of merging knowledge in multiple 

nodes that allows us to process different knowledge in different ways. For this reason, 

we adopt a parametric model—which quantifies the uncertainty in the decision 

maker’s model. We then employ the centralized DM scheme of distributional design 

using FPD.

• We formulate different stochastic knowledges which leads to different knowledge-



constrained sets of possible pds. Processing different knowledge yields different FPD 

solutions that will be presented throughout Chapters 4 and 5.

• The FPD-optimal solution of parameter prior acts as the prior for the decision maker’s 

generative model of x. In particular, we use this optimal parameter prior via the 

standard Bayesian calculus (i.e. Bayes’ rule) to deduce the FPD-optimal predictor 

i.e. F{x). This optimal predictive pd is employed for processing future data.

• A unique, tractable and optimal weights arc automatically derived from our FPD 

structure. The optimal weights are consistently used as the weights in the optimal 

predictor. Also these weights can be used in distributional linear pooling which will 

be fully explored in Chapter 5.

• We will implement our centralized deliberator-based scheme for merging multiple AR 

nodes where both data and stochastic knowledge are processed. In particular, the 

local AR nodes process their own local data using Bayesian calculus to deduce their 

predictive pds. They then report their predictive pds to the central AR node in order 

to accomplish the task of stochastic knowledge processing (i.e. processing of predictive 

pds). This is a very important context of science and technology i.e. prediction 

in financial markets [44], applications of signal processing using AR models [45], 

seismology [46], multiple step ahead prediction i.e. [47].

• We wish to accomplish Bayesian filtering (BF) for incomplete models where the 

state evolution model docs not explicitly exist. So, the time step of BF needs to 

be designed. For this reason we process the alternative state predictors using the 

logarithmic pool to derive the optimal state predictor in time step. Also, the data 

are processed via Bayes’ rule to derive filtering pd in data step.

In the following, we specify the layout of the general tasks that will be presented throughout 

the thesis.

1.3 Layout of the thesis

This work consists of eight Chapters briefly summarized as follows.



• In the second Chapter, we present the basics of and requirements for distributional 

decision making. This essentially involves distributional design and distributional 

approximation. We focus on distributional design and indicate our methodology and 

its properties.

• In the third Chapter, we fully address the task of Bayesian data processing via the 

mechanism of Bayes’ rule. In particular, we parametrize data using the time-invariant 

AR model, as one of the flexible models, and perform Bayesian conjugate framework 

to achieve a tractable inference of unknowm parameters, model order inference and 

future data prediction.

• In the fourth Chapter, we formulate the task of processing the stochastic knowledge in 

multiple participant systems (MBS). This knowledge includes participant’s predictive 

pds of the common x, and is constrained to bounded expectation of Kullback-Lciblcr 

divergence (KLD). For this reason, we will adopt a parametric centralized DM scheme 

and apply FPD methodology for designing the optimal pd. Furthermore, we will 

examine optimal solutions within the exponential family.

• In the fifth Chapter, we rearrange the knowledge by relaxing the bounded expectation 

of KLDs (i.c. the imposed constraint in Chapter 4). Then we process this knowledge 

(i.e. external predictors of the common x)— provided by multiple participants— in 

three different ways. We will employ FPD methodology and derive optimal prior and 

predictive pds underlying each way. Finally different FPD solutions are compared 

and simulation results are provided.

• In the sixth Chapter, we implement FPD solutions—derived Chapter 5— for process­

ing multiple AR nodes which involves both data and stochastic knowledge. For this 

reason, AR participants adopt the Bayes’ rule mechanism presented in Chapter 3, to 

process their local data. Then they report the shaping parameters of the predictive 

pds to the parametric AR dcliberator. The AR deliberator processes these predictive 

pds and their own knowledge to derive the optimal prior and predictor.

• In the seventh Chapter, we process the knowledge in the context of Bayesian Altering 

(BF) which involves the time step and data step. We note that the time step generally
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is intractable and needs to be approximated or designed. We study distributional 

design of the time step of BF where the model is incomplete (i.e. no state evolution 

model). Then using the designed time step and Bayes’ rule, the data is processed.

• In the eighth Chapter, we conclude the main results of each chapter and suggest the 

possible implications for further research in this field.

1.4 The novel contributions of the thesis

The main contributions of the thesis are presented in Chapters 3-7 as follows.

In Chapter 3, we propose a novel perspective of the extended information matrix (EIM) 

implied by a formal conjugate Bayesian inference. In particular, we uniquely and tractably 

process data into the shaping parameters of the posterior pd and predictor in AR model. 

These shaping parameters are fixed-finite dimensional statistics (i.e. sufficient statistics)— 

which involve EIM. We contribute the context by exploring both inferential and computa­

tional tasks using the prism of EIM for AR model. In particular, wc propose a Bayesian 

inference in a subset of unknowns, Bayesian one-step-ahead (OSA) and multi-step-ahead 

(MSA) predictors and a new criterion of model order selection. Also, novel recursive 

algorithms arc provided for computing EIM efficiently and the computational load of each 

recursion is audited. This work is yet to be published.

In Chapter 4, knowing that FPD solution through processing stochastic knowledge in MPS 

using the centralized scheme is currently available for discrete pd only. In this Chapter, we 

extend the context by providing two novel contributions. First, the deliberator’s unknown 

pd is parametric on a continuous support. Second, the scheme adopts a hierarchical model 

for the deliberator, optimizing the deliberator’s parameter prior. This allows quantification 

of the dcliberator’s uncertainty in their model choice. We formulate conditions under which 

a conjugate and functionally tractable design is achieved. Some parts of this Chapter are 

published in [48] and presented in [49,50].

The limitation of the work in Chapter 4 '■ the main drawback of the proposed FPD solution 

here is that it might not be generally evaluated and therefore cumbersome numerical 

manipulations arc required. This issue comes from the defined knowledge, K, which
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involves the bounded expectation of KLDs. Notably this constraint directly affects the 

functional form of the FPD solution. Therefore, in the next Chapter wc relax this constraint. 

In Chapter 5, wc provide two novel contributions, (i) we restructure the knowledge, 

K, which involve the predictive pds of the same x without the bounded expectation of 

KLDs. This restructuring of knowledge allows us to derive the FPD-optimal solution 

with principled and tractable weights. This solution can be derived functionally and in a 

computationally tractable for a rich class of parametric model of x. The designed weights 

are used for deducing the optimal predictor of the future data via Bayes’ rule, (ii) Three 

different ways are proposed to merge this knowledge. Each way provides a different FPD 

solution. A thorough comparison among these FPD solutions is provided. Notably one way 

of processing this knowledge yields the same functional form of FPD solution presented in 

Chapter 4. Some parts of this work is presented in [51]. This work is yet to bo published. 

In Chapter 6, the main contribution here is to implement the proposed FPD solutions 

of Chapter 5 for merging multiple AR nodes. For this reason, AR participants adopt 

conjugate Bayesian inference to deduce their predictors. Also, the AR deliberator employs 

the proposed FPD solutions in Chapter 5 to deduce their optimal prior and predictor. The 

FPD-optimal prior and predictor arc derived for different cases of AR model with known 

and unknown model order and an extensive simulation results are provided. This work is 

yet to be published.

In Chapter 7, The novel contributions of this Chapter are as follows: (i) the task of BF 

is generally defined, (ii) the time step of BF is designed using stabilized forgetting (SF) 

through merging the alternative state predictor. Then Bayes’ rule is employed to derive 

data step, (iii) A tractable SF is investigated for a rich class of parametric observation 

model, (iv) the SF solution is extended to general solution for merging multiple alternative 

state predictors where the logarithmic pooling design is exploited. We perform extensive 

simulation results for various examples for different operating factors. Some part of this 

work are published in [52,53].
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Chapter 2
Distributional decision making: design and ap­
proximation

The decision making (DM) task involves making a choice from a set specification of 

algorithms, policies, strategics etc. [54,55]. More specifically, the task of choosing a pd from 

the set of pds can be divided into distributional design and distributional approximation. 

Recall that processing stochastic knowledge, K, for incomplete model cannot be handled 

via Bayes’ rule. Therefore, we need to accomplish this task using distributional design in 

order to select the best pd (i.c. model) compatible with our knowledge, K. To do this. We 

employ FPD [18] as our methodology for designing the optimal pd. Furthermore, in this 

Chapter the hierarchical extension of FPD is discussed. Some other important principles of 

distributional design and approximation arc reviewed in the sequel. Finally, the promising 

aspects of FPD arc presented.

2.1 The fundamental decision making (DM)

In this section we briefly review the fundamental task of DM. DM is studied in many seminal 

literatures i.e. [7,8,56]. Generally, the aim of the decision maker (2o) is to choose the best 

decision (i.e. action)—denoted by d°— from the set of possible decisions constrained to our 

knowledge, i.c. P/f. We refer to P^ as the knowledge-constrained set of decisions. Under 

Savage’s requirements [56], Xq need to specify a loss to every decision in P/c. The loss 

function associated with the decision d when the true decision is dt is defined as follows:

L{d,dt), where, L : P/c (2.1)
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Wc note that the negative loss function is referred as to the utility function which is more 

common in economics i.e. [57]. If Tq is certain about the value of the loss resulted from 

each decision, it is easy to choose the best one which has the lowest loss value. Yet, the 

loss resulting from an decision depends on features beyond IqS control and they ^ arc 

uncertain about features. Therefore, they need to take expectation of the associated loss 

w.r.t. the probability of x as follows:

R{d,dt) = EF[x)[Lid{x),dt)]. (2.2)

The expected loss (2.2) is well known as risk i.e. [7,56]. Futhcrmorc, the expected loss 

(2.2) ranks all possible decisions to the true decision, dt. For this reason, it is refered to as 

the ranking rule in the practical contexts i.e. [58] and [59]. Using (2.2), wc choose the best 

decision, as follows:

= argmin/?(d, dt), (2.3)

Notably, is defined as the set of possible decisions constrained to our knowledge.

2.2 Loss function for distributional decision making

Recall that the main aim of this thesis is to select the optimal pd from the possible set 

of pds. We refer to this task as the distributional DM which involves both distributional 

design and approximation. The difference between distributional design and approximation 

can be understood via the existence of the true (zero-expected loss) pd. In distributional 

design, the true pd docs not exist and it needs to be designed. On the other hand, in 

distributional approximation the true pd is available but it requires to be approximated 

due to intractability, high dimensionality etc. Figure 2.1 shows the key distinction between 

the distributional design and approximation. Following the Bernardo’s theory [24], the loss 

function (2.1) for distributional DM is defined as follows:

L {Fi{x), F2{x)) = In Fi{x)
F2(x)’

(2.4)

^Throughout this thesis, we adopt the gender-neutral possessive subject/adjective, ''they/their", in 
place of he/his or she/her.
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Figure 2.1. The schematic diagram for the taxonomy of distributional DM

This is the loss evaluated at a particular realization of x. In distributional approximation 

[24], L {Fi{x), F2{x)) (2.4) measures the loss associated with choosing each possible ^2(0 

(i.c. the candidate pd to approximate Fi{-)), when the true pd is F\{-). On the other hand, 

distributional design is related to the case where the true pd does not exist. In this case, 

we follow Karny and Kroupa’s theory [18] where the FPD methodology is applied. FPD 

axiomatically requires an ideal pd to rank all pds in the knowledge-constrained set i.e. 

F2 = Fj.

2.2.1 Kullback-Leibler divergence (KLD) and its properties

In this Section, we aim to specialize the expected loss (2.2) for distributioal DM. The 

expectation of the loss function (2.2) w.r.t. the first argument is the core objective 

function—which is well known as Kullback-Leibler divergence (KLD) [60]— defined as 

follows.

Definition 2.2.1 (KLD). Let Fi G ¥i ^ 0, F2 G F2 7^ 0, and D : ¥i x ¥2 M"*", then

using the loss function (2.4), the KLD for a continuous x is defined as:

D[F,\\F2] = R[FuF2]

= E, In Fi{x)
F2{x)

Fi{x)
(2.5)

being KLD [60] from Fi{-) to F2{-).
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KLD is also well-known as cross-cntropy i.e. [20]. KLD is widely used for various purposes 

in different contexts i.e. for distributional design in signal processing [61], for optimal 

strategies in control design [62], for information fusion in wireless networks [63], and for 

forecast aggregation in economic [64], to name a few. Recently KLD has been greatly 

attractive due to its properties. These properties have been reviewed in many literatures 

i.e. [60] and [65]. We here summarize the key properties of KLD as follows.

• KLD-value: The nature of Fi and F2) leads to different values of D[.||.] (2.5) as 

follows;

D[F,\\F2] = <
< 00, supp(Fi) C supp(F2)

= docs not exist, supp(F2) C supp(Fi)

Non-negativity: KLD is non-negative, i.e.

D[Fi||F2] >0. (2.6)

Self-similarity:

D[Fi||F2] = 0, Fi = F2 a.s.. (2.7)

where ‘a.s.’ denotes ” almost surely'’. Recall that, in probability theory, an event 

happens almost surely if it happens with probability one. This implies that the set 

of possible exceptions may be non-empty, but it has probability zero.

Asymmetry:

D[Fi||F2] 7^D[F2||Fi]. (2.8)

Non-triangle inequality: for three pds Fi, F2, and F3,

D[Fi||F3] i D[Fi||F2] + F»[F2||F3]. (2.9)

The equation (2.9) asserts that the KLD docs not obey the triangle inequality.
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• Convexity in the first argument: the KLD obeys the Jensen’s inequalities which 

is related to convexity. Let .F be a convex function, then

F(D[Fi||F2]) <D[F(Fi)||F2], (2.10)

where T (Fi) is point-wisely defined. Notice that KLD is not necessarily convex in 

the second argument.

Remark 2.2.1. (The relationship between KLD, Kerridge inaccuracy and Shan­

non entropy). KLD (2.5) can he decomposed to the Kerridge inaccuracy and the Shannon 

entropy as follows.

F[Fi||F2] = Ferr[Fi||F2]-//[Fi], (2.11)

where,

Ferr[Fi||F2] = Ep, 

is the Kerridge inaccuracy [66] and

In
F2{x)\ ’

(2.12)

F[Fi] =-Ff^, [InFi(x)], (2.13)

is the Shannon entropy [67]. It immediately follows that the solution of minimum KLD 

equals to the solution of the maximum entropy if and only if Kerridge inaccuracy is zero. 

An obvious choice of holding this equality is that F2(-) be the standard uniform pd presented 

in Appendix A.3.

Definition 2.2.2. (Closed-form KLD). Using Definition 1.2.2, the KLD, F[Fi||F2], 

is available in the closed form if the integration (2.5) is solved functionally tractable i.e. 

no approximation is required.

17



Fi(x\K)

K FPD A°{x\K)

A{x\K)

Figure 2.2. The schematic diagram for processing K via FPD (2.14).

2.3 Distributional design

Wc here aim to review well-known principles of distributional design. Most of these 

principles are based on KLD (2.5). Wc note that in distributional design the zero-loss 

pd docs not exist. Therefore, it is required to specify a pd(i.c. fixed-ideal pd) to rank 

all possible true (unreduced) pds with that. One of the most important principles is 

the fully probabilistic design (FPD) [17,62]. FPD is formally justified as an axiomatic 

framework [18] for the design of the optimal pd. FPD chooses the optimal choice of the 

true pd by minimizing KLD (2.5) with respect to its first argument as follows.

Definition 2.3.1 (FPD principle ). Let F/(-) be the fixed ideal pd of x, then the FPD- 

optimal design of A{-) — denoted by is

A°{x\K) = A° = argmin D [AjjF/], (2-14)
AehK

where, denotes the constrained set of all possible true pds to our knowledge, K.

Recall that FPD (2.14) is achieved using KLD (2.5) replacing Fi(-) with A(-) and F2(') 

with Fj{-). The schematic diagram of processing K via FPD is depicted in Figure 2.2.

The axioms that are accepted as requirements for an uncertainty measure arc informally 

presented in [20]. Also the requirements of Bayesian DM under uncertainty arc listed 

in [68]. Using [18,20], we can summarize axioms of FPD as uniqueness, consistency and 

completeness. To show consistency, let L be the set of loss functions associated with the 

same ideal pd Fj{x), VL € L. Then the logarithmic loss function (2.4) is the represen-
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tativc loss function of L whose values do not depend on the realization of X. Also, the 

completeness is referred to a complete ordering of the possible pd, i.c. A, in order to select 

the optimal pd i.e. as the most preferred one in terms of this ordering. This ordering 

is quantified via a local functional E acting on L, i.e. E{L). This quantified functional is 

equivalent to f3[.||.] in (2.14).

We note that FPD [18] and Bernardo’s prescription [24] are consistent, since the logarith­

mic loss function (2.4) is used for both methods. However they solve different tasks of 

distributional DM.

Remark 2.3.1 (Ideal specification). The role of Fj{x) in FPD is to quantify preferences 

and aims of the decision maker— which can be considered as the origin of the knowledge- 

constrained set, Ak, i.e. D[Fj\\Fj] — 0, a.s.. The F/(') can be interpreted as the ideal 

choice where no knowledge is applied. We note that the ideal pd need not be in the knowledge- 

constrained set, A/i- Under Kdrny and Kroupa’s requirements [18], it is not prescribed 

by FPD that whether Fj is a member of Ak or not. But in the case where Fj E Ak, 

FPD solution is trivial i.e. A° = Fj a.s.. Furthermore, K forces F/(-) be specified outside 

Ak and we wish to design the optimal pd such that it has the smallest KLD with Fj{x) 

using (2.If)' Therefore, in the rest of this thesis, we specify the ideal pd outside the 

knowledge-constrained set.

Notice that processing, K, through FPD (2.14) implies that the whole knowledge is firstly 

gathered and then processed— which we refer as one-batch (i.e. off-line) processing. 

Another way of processing K, is the case where the task of processing interleaves with 

updating knowledge. In this case, K is processed in a sequence so that one FPD is applied 

for each step. We refer to this way of processing K as sequential {on-line) processing. For 

better sense, we define the sequence of knowledge being processed in each step as follows:

Ei-j — {Ki,... ,Kj}, j e {1,...,s}. (2.15)

Notice that (2.15) represents Ki-i = Ki and Ki-s = K. The FPD principle for sequential 

processing of K is defined as follows.

Definition 2.3.2 (FPD sequential processing). Using (2.14), the FPD-sequential 

processing of the sequence of knowledge (2.15) is:
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A°{x\Ki,j) = A° = arg^^min D [Ap°_i] , j = 1,...,, (2.16)

where Aj denotes the output of step, and Aq = Fj.

The hierarchical extension of FPD (2.14) is proposed by [19], where the decision maker’s 

uncertainty model for x is defined hierarchically. The hierarchical setting is as follows. Let 

G be an unknown, infinite-dimensional pd and so we model:

x\G,K ~ G(a:|/r), X G X, G € G, 

G\S,K - S{G\K), 5gS. (2.17)

Defining the decision maker’s knowledge, K, as:

• The unknown parameter, G, is specialized to a pd of x,

• x is conditionally independent of S given G.

Then the hierarchical model of x is defined as follows:

M{x,G\S,K) = M{x\G,S,K)M{G\S,K)

= G{x\K)S{G\K), G eG, S eS. (2.18)

Notice that S{G\K) is not explicitly available. Therefore, it needs to be designed. Using 

the principle (2.14 ), the non-parametric hierarchical FPD principle [19] is defined as 

follows.

Definition 2.3.3 ( Non-parametric hierarchical FPD). Using (2.18), the FPD- 

optimal design for the variational quantity S in the hierarchical model is:

S°{G\K) = argmin D [M\\Mj],
5gS/<-

(2.19)

where the ideal hierarchical model of x is denoted by Mi = Mi{x,G\S,K), Supp{M) = 

Supp{Mi).

20



The non-parametric hierarchical setting (2.18) can be specialized to standard parametric 

model in two different ways as follows:

Remark 2.3.2. (Parametric hierarchical FPD).

1. G is parametric: in this case, x is parametrized with the finite-dimensional unknown 

parameter, 6, having the same pd given either by G or G i.e..

x\G = x\0, = (denoting the same pd), G gG. (2.20)

This asserts that Iq’s model for x is determined by finite-dimensional unknown 

parameters, 0. In this case, the hierarchical model (2.18) becomes:

M{x,e\G,A,K) = G{x\e,K)A{e\K). (2.21)

where A denotes the parameter pd which needs to be designed. In (2.21), 6 fulfils the 

conventional roles of a hyperparameter, hidden field, missing data, etc. , depending 

on the context. We will widely adopt this parametric setting for merging distributed 

knowledge in multiple participant context throughout Ghapters 4-6.

2. A is parametric with unknown hyperparameters: This case provides a para­

metric relaxation of the previous case such that:

x\G = x\6, 

G\A ^ 0\ri, (2.22)

where r] is the unknown hyperparameter. In this case, the hierarchical model (2.18) 

becomes:

M{x,G,r]\G,A,S,K) = G{x\e, K)A{e\r], K)Sirt\K). (2.23)

Notice that 6 is conditionally independent of S given A.
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In the following we define other important principles for distributional design.

Definition 2.3.4 (minimum cross entropy (MXE) principle for distributional 

design). Let Fp{x) he the prior pd of x, then the MXE-optimal design of prior pd [20] 

—denoted by Amxe{-), is

Amxe{x) = A°mxe = arg min D [^||Fp], (2.24)

It is shown [69] that the MXE principle and Bayesian conditioning are usually consistent.

Definition 2.3.5 (maximum entropy (ME) principle for distributional design).

Let A be the constrained-knowledge set of possible pds. then using (2.13) the ME-optimal 

design of A{-) —denoted by Ame{-), is

Ame{x) = Ame = argmax H[A\, 
A^Ak

(2.25)

Remark 2.3.3. (Special cases of FPD). FPD is justified i.e. [19] as the extension of 

other established principles i.e. minimum cross entropy (MXE) and maximum entropy 

(ME) principles of distributional design.

• MXE principle i.e. [20]: This principle is a special case of FPD where Fj{.) is 

explicitly assumed to be a prior pd.

• ME principle i.e [22], [21]: This principle is a special case of FPD where Aj{.) is 

explicitly assumed to be a uniform pd.

2.3.1 Distributional parameter prior design

Recall that our proposed distributional design will aim to process quite extensive structures 

of knowledge, K, and this knowledge need not be sequentially followed by data. In 

parametrie setting, we specifically process K which involves the parametric observation 

model, F{x\9), then one task of distributional design will be the ta.sk of parameter prior 

design. Recall that for processing data modelled with time-invariant parameter, the Bayes’ 

rule (1.9)— as a consistent mechanism in (1.6)— yields the unique solution for F{9\K).
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2.3.1.1 Parameter prior classes and designs

In this section, we specialize distributional design to the context of prior design. For this 

reason, we review the most popular classes of parameter prior design as follows.

Definition 2.3.6 (Conjugate prior). The pd F(0|so) is defined to be conjugate prior 

to the parametric observation model, F{x\9), if the form of posterior pd i.e. F{9\sn), is 

identical to the form of prior, F(0|so)-) f-e. the inference is functionally invariant w.r.t. 

Bayes ’ rule.

oc F{Xn\9)F{9\So), (2.26)

where Sn is fixed finite-dimensional shaping parameters of posterior pd and it will be updated

as

Sn = s{Xn, So), s G R^, q < oo. (2.27)

One important class of conjugate prior pd is conjugate exponential family (CEF) (A.3) 

in Section A.2.

Definition 2.3.7 (Jeffreys prior). Let F{x\9) be the parametric observation pd, with 

univariate parameter 9. Jeffreys prior is directly derived from, F{x\9) via information 

matrix, I{9), as follows:

F{9) cx yTW (2.28)

where I{9) is defined as:

I{9) =-E[^^F{x\9)]. (2.29)

Notice that Jeffreys prior is the limit of conjugate prior, i.e. conjugate prior converges to 

Jeffreys prior by diffusing shaping parameters of conjugate prior.

Definition 2.3.8 (Reference prior). The basic idea of reference priors originates in 

Bernardo [79]. This is a prescriptive procedure to design the prior where it describes
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approximately inferences with “ little prior information”. Here, the designer’s knowledge, 

K, is the relationship between x and 9 via the parametric observation model, F{x\6). 

Following [70] the objective function which needs to be optimized is:

h{K,Ap) = EF^,,)[D{Fpost\\Ap)] (2.30)

where Fpost = Fpost{G\x) denotes the fixed posterior pd, Ap = Ap[6) is the variational prior 

pd, Ax is the knowledge-constrained set and /^[.||.] is the KLD defined in Definition 2.2.1. 

The objective function (2.30) is known as the expected information about 9 provided by K. 

Therefore using (2.30), the reference prior Ap is achieved as,

Ap = arg max Ig(K,Ap).
i4pGA/c

(2.31)

2.4 Distributional approximation

Distributional approximation is the other important task of distributional DM. This task 

is to choose the optimal approximation, F{6) € F/c, from the set of possible approximating 

pds constrained to our knowledge, F^. Notice that in distributional approximation the 

complete model is available. So using Bayesian calculus F{9\K) exists, however the key 

problem is that F{6\K) is not in tractable/standard form and it has to be replaced with a 

tractable approximation. Distributional approximation is mainly divided into two kinds of 

techniques: stochastic technique and deterministic technique.

2.4.1 Distributional stochastic approximation

Stochastic distributional approximation maps the true pd F{.) to the randomly-generated 

approximation, F{.). Stochastic methods allow us generate a random sample.

9^^ ~ F{9\xr0 (2.32)

(2.33)
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Notice that the set of sample is used to construct the empirical pd [71],

-j m 

i=i

(2.34)

where 5{.) is the Dirac ^-function (1.3) located at By the strong law of large numbers 

[72], the empirical pd (2.34) will almost surely (a.s.) converge to the true pd F{6\xn). 

Notice that achieving the true pd F{d\xn) is quite difficult in practice due to the high 

dimensionality of 6 and the increment of the size of 9 over time. In Chapter 8, we will 

fully explain some popular stochastic methods i.e. Monte Carlo Markov Chain (MCMC) 

techniques [73] and Sequential Monte Carlo (SMC) [74].

Although distributional stochastic approximation is widely used, in particular for high­

dimensional variables, distributional deterministic approximation is of more interest due to 

providing a trade-off between computational load and accuracy. Therefore wo review the 

scope of distributional deterministic approximation in the following part.

2.4.2 Distributional deterministic approximation

Distributional deterministic approximation involves well-established techniques to approxi­

mate intractable pds based on some well-known distance. In the following, we review very 

popular techniques of deterministic distributional approximation.

• The certainty equivalent (CE) approximation: in this approach, the full pos­

terior pd, F[6\xn) is replaced by Dirac (^-function located at the point estimate, 

0,

F{9\xn)^S{9-e). (2.35)

The approximation (2.35) is know as the certainty equivalent principle [75].

In particular, KLD-based deterministic distributional approximation is quite popular in 

the literature. Some of the important ones are technically reviewed as follows.

• Minimum risk (MR) approximation: Following the Bernardo’s prescription [24], 

the MR approximation is as follows:

F{9) = argmin D [EjlFl ,
F€¥k ^

(2.36)
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where the optimal approximation, F(-), is chosen from the set of possible approxi­

mating pds, F, and F(-) denotes the fixed true pd. The optimal approximation, F{.) 

in (2.36) has the minimal risk.

Notably the Bernardo’s approximation (2.36) is not FPD-optimal design (2.14). Since in 

FPD (2.14), the variational argument of the KLD is the first argument which is totally 

different from the optimal approximation (2.36) where the variational quantity is the second 

argument of KLD.

• Variational Bayes (VB) approximation: the VB approximation is the other 

KLD-based method of distributional approximation which is widely adopted in the 

literature i.e. [61] and [76]. The VB approximation is defined as follows:

F{6) = argmin D , (2.37)

where, F is restricted functionally, using the assumption of conditional independent 

i.e.,
F={f-. F{e) = F(0i)F(6»2)}.

Notice that a necessary condition for applying the VB approximation is that 0 be 

multivariate [61], e.g. 9 = [0f, Recall that VB approximation (2.37) is achieved 

using KLD (2.5) replacing Fi{-) with F{-) and F2{-) with F(-).

2.5 Properties of fully probabilistic design (FPD)

In this thesis, we are interested in FPD methodology because of promising prospects which 

are summarized as follows.

• FPD is a consistent probabilistic framework, which processes stochastic knowledge 

and the aims/constraints and preferences of the decision maker, in a common Bayesian 

form, yielding a unique solution.
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• FPD enables us to quantify and process the 2o’s multiple aims. Also, a multi-modal 

ideal pd can be processed via FPD i.e. [18]. As a result, it allows us to merge 

preferences expressed by several ideal pds in the multiple participant context.

• FPD is characterized as an approximate dynamic programming technique [77], with 

KLD taking the role of the value function, and yielding an explicit and the unique 

minimizer via solution of a nonlinear integral equation i.e. [78].

Figure 2.3 shows the schematic diagram for KLD-based optimal distributional designs 

presented in Section 2.3. Also, the schematic diagram for KLD-based distributional 

deterministic approximations presented in Section 2.4, follows in Figure 2.4.

2.6 Discussion

In this chapter, we have reviewed the basic DM task and then specialized this task into 

distributional DM. Two main tasks of distributional DM are distributional design and 

distributional approximation which are presented in Sections (2.3) and (2.4) respectively. 

We have noted that the difference between design and approximation is related to whether 

the true pd exists or not. Also, different ordering of the arguments of KLD leads to different 

methods. The most important methods of distributional design and approximation are 

discussed.

Notice that in this Chapter, we have not reviewed the current methods for merging 

knowledge in the context of multiple nodes. Instead, we thoroughly review the competing 

approaches, popular schemes of merging distributed knowledge in MPS and the related 

works in Chapter 4.

In Chapters 4, 5 and 6 we will employ FPD (2.14) as the core methodology for accomplishing 

the task of distributional design. In particular, FPD is exploited for designing the optimal 

merging of knowledge provided by multiple nodes. For this purpose, we formulate the 

knowledge of the system into the knowledge-constraint set. Then we apply the fundamental 

definition of FPD for designing the optimal pd. The proposed FPD-optimal design 

accommodates all properties of FPD which were highlighted in Section 2.5.
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Ao{d\K)

• FPD r, = ideal pd 

#MXE fj=pnorpd 

0 ME E/ = unifoim pd

Fi{d\K)

Figure 2.3. The schematic diagram for KLD-based optimal distributional 
designs (2.14), (2.24) and (2.25).

■ F{9\K) true pd

□ F(9\K) approximating pd

• FygiOlK) VB approximation

• Fmr{9\K) MR approximation

F{e\K)

Figure 2.4. The schematic diagram for KLD-based distributional determin­
istic approximation (2.36 ) and (2.37).
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Chapter 3
Bayesian statistical data processing

In this Chapter, we aim to process data (as the non-probabilistic form of knowledge) to infer 

the posterior pd of the parameters of interest and predictive pd of the quantity of interest, 

X. For this reason, we model the data with the autoregressive (AR) model and adopt the 

conjugate prior pd presented in Definition 2.3.6. We exploit Bayes’ rule to process the 

data into fixed finite dimensional statistics—which completely specify the posterior pd 

and predictor. Data processing here involves both inferential tasks—which are performed 

analytically tractable— and novel algorithms which are computationally efficient. The 

inferential tasks will be presented in Sections 3.3 and 3.4. Then the computational tasks 

will be explored in Section 3.6 in sequel.

3.1 Linear regression models

Linear regression model is a special class of linear models which generally has the additive 

structure as follows:

D^A^if + E (3.1)

where D e is the matrix of observed data, A € RP’^^ is the parameter (coefficient) 

matrix, T' G is the regression matrix, E G Rp^"* is the matrix of noise. We note that 

(3.1) is the off-line representation of linear regression model where D has been gathered 

and saved, at once. Then, the task of data processing will be commenced. Alternatively, 

linear regression model can be represented in on-line scenario where D are accumulated 

incrementally with time (i) growing possibly up to infinity. In this scenario, the processing 

data interleaves with the data acquisition throughout times. The on-line representation of 

linear regression model is:

Xi^ Aip^ + Si f = l,2,... (3.2)
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In regression models, either A or ^ is assumed to be known. The aim is to infer the other 

one to accomplish the task of data processing.

3.2 AR model

The task of data processing using the AR model has been the target of many studies 

both in classical and Bayesian paradigms. The AR model as a flexible model is widely 

adapted with all-poles model which has many applications i.e. speech processing [79], [80]; 

telecommunication networks [61], [81], [82]; data analysis [45]; ecology [83]; economics [84], 

finance [44]; and wireless communication [85]. The AR model is the specific case of regression 

model (3.2) where Xi is regressed on the history of previous data, and is assumed to 

be known, i.e. it may contain any observed variables or their known transformations. 

Formally,

i’i =9{Di-i,yi),

where auxiliary variable, y^, may contain any known variables, such as a measured external 

(exogenous) signal, time variable, i, for time-variant systems, etc. For instance, if the 

external input, y^, be a time-variant auxiliary variable, the model (3.2) is specialized 

into the AR model with exogenous variable (ARX) i.e. [61]. For better understanding 

we will focus on the univariate AR model in the rest of this chapter. Recall that, the 

key tasks in the data processing using the AR model arc inferential tasks and studying 

the computational complexity. Inferential tasks mostly involve the inference of unknown 

parameters, model order estimation and future prediction. Furthermore, the survey on 

computational complexity involves recursive algorithms to reduce computational load. In 

particular, the reduction of computational loads is essential for processing real-time data or 

processing high-dimensional data. Despite extensive research on AR models, surprisingly, 

there are missing parts yet to be studied. Therefore, it is worthwhile to explore the Bayesian 

data processing using time-invariant parametrization of the AR model to solve some of the 

current issues.
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3.3 Time-invariant parametrization of AR model: known 

model order

In this section, wc aim to model the data using the AR model in Bayesian paradigm. The 

Wold representation of the univariate, parametric the AR model with known model order 

p, is defined as,
p

Xi = Y" a^Xi-i + e,:, i = p + 1,..., n, (3.3)Lj ^ ^ CljXi—j “h 6^, Z P d” 1) • • • I

where gj is the observation error assumed to be normal with zero mean and variance r i.e.,

did 
Bi ~ M'e{0,r), i = p+l,...,n, (3.4)

where, J\f, denotes the normal pd and did denotes that ej’s arc conditionally independent 

identical distributed. Therefore, the univariate AR observation model [61] is,

F{xi\xi^i,a^P\r,p) = F{xi\zpl^\a^P\r,p) = f = p + 1,... ,n, (3.5)

where, and r arc the unknown parameters of the AR model, and is the regressor 

vector. Notice that the observation model (3.5) belongs to dynamic exponential family [61]. 

The Wildcard form of p-conditional joint pd of data and unknowns is.

F{x^^\a^P\r\p) = n F{xi\'ip‘f’\a''^\r,p)F{a^P\r\p)
i=p+l

(3.6)

where, x^^ = [xp+i,..., x„]^, the first term in right hand side (3.6) is the observation 

model (3.5) from p + 1 to n, and the second term is the prior pd of unknowns.

Remark 3.3.1. (Compact Wold representation)

The compact form of Wold representation is,

a,W^^(p)a(p) + e{p), (3.7)

where, = [cp+i,..., e„]'^ and = [9„,i, • • ■ are defined in the Section
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notational conventions.

3.3.1 The p-conditional parameter inference of AR model

In this section, our aim is the inference of p-conditional unknown parameters of the AR 

model, {a^P\r). In particular, we are interested in deducing the tractable inference of 

parameters. Tractability is assured when we adopt the conjugate prior pd (Definition 2.3.6) 

and the form of the posterior pd is identical for all i. Adopting a conjugate prior pd i.e. 

Normal-inverse Gamma (NiG) [61],

F{a^P\r\p) =
,iP)

T 2
2r
^[-l,a(P)^]yW[-l,a(P)^]^}, (3.8)

where is the counter, is the extended information matrix (EIM)— which is 

partitioned as follows.

v(p) =p

,(p) .iP)T
^p,ll • ^P,al

yip) : yip)
^p,al • ^ p,aa

(3.9)

The EIM, V^J’^ € jg partitioned into blocks, isolating v^h the (1,1) element.

is a (p X 1) vector, and is a (p x p) matrix. In (3.8), the normalizing constant.

«^a,r-(-)) is computed as follows,

(
, .(p) \ pp)

(3.10)

where, the reminder, is.

\(p) _ „(p) _ ifp'i'^/yip) I-G/pI
^p ^p,il ^p,al 1 p,aa/ ^p,al' (3.11)

Using Bayes’ rule (1.9), the posterior pd is attained via substituting (3.5) and (3.8) into 

(1.9) as follows:

F{AP\r\xn,p) oc F{xn\'iplf\a’'P\r,p)F{a^\r\p) (3.12)
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(3.13)

Notably, the posterior pd (3.13) is uniquely determined by sufficient statistics, = 

and the functional recursion (3.12). Therefore, the posterior pd (3.13) are 

updated via time recursions on sufficient statistics, i.c..

= s(sj^\,Xi) i=p + l,...,n (3.14)

In particular, the counter and accumulator arc respectively updated in two scenarios as 

follows.

+ {n — p) (off-line)

= i^nli + 1 (on-line)

V(f) = y(p) +
t=p+i

= (on-line)

(3.15)

(3.16)

(3.17)

(3.18)

where, is defined in notational conventions. Also (3.15) and (3.17) express off-line 

recursions and (3.16), (3.18) express on-line recursions [61], respectively. Notice that 

has the same partitioning (3.9), i.e.

v(p) =

(p)
^n,n V {P)T

n,al

V (P)
Ti,al yip)

(3.19)

Remark 3.3.2. (Diffuse prior)

Whenever we do not have any preferences, we use non-informative prior pd diffusing shaping 

parameters e.g. = pIp+\, — p where Ip+i is the (p -|-1) x (p -f 1) identity matrix 

and p is a small positive scalar. □

Remark 3.3.3. (Evidence)

The normalizing constant, Ka,r(-), is a projection of data and obtained by marginalizing 

F{a^'‘’\r,Xn\p) over global parameters, {a^^\r). It is referred as ‘evidence’, ‘marginalized 

observation model’ or ‘marginal likelihood’ in the literature i.e. [86].
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In problems such as clustering time scries based on the AR model [87], [88], it might 

be interesting to infer some special coefficients of Let Here

— [®fci) • • •) flfc,] be the coefficients of interest, where 5 = {fcj,..., kq} is a q distinct 

indices from p}. After reordering (shuffling) the restructured EIM is as

follows:

V(P)

^(P) yv
^ n,l(5 • ^ n,S'S

r{p)T

V (p) (p)
(3.20)

where € ]R(I‘5|+i)x(I<5I+i), e £(p-|5i)x|i|+i) ^ k(p-I<5|)x(p-|<5|) |^| as

the size of subset a (p)

Remark 3.3.4. ( Marginal pds)

• The inference of coefficients: Using (3.13) and marginalization over r, the 

p-conditional marginal posterior pd of a^^^ is,

F(a(p)|x„,p) = 5t„(p) 77(f)) (3.21)

where St denotes the Student’s-t pd with shaping parameters,

=t^n

jip) —

= V.

[V^aa! -n,al,

fv(p) ^-1___ \ ^ n,aQ/_____
An^(r'n^) - p + 2)’ 

(p) - p + 2.

(3.22)

(3.23)

(3.24)

The inference of variance: using (3.13) and marginalization over a^'‘’\ the p- 

conditional marginal posterior pd of r is.

F{r\Xn,p) = iGr{''^^^ /■.. (3.25)

where iGr{.) is the inverse-Gamma pd.

The inference of a subset of global parameters: using (3.13) and marginal-
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ization over ay\ the p-conditional marginal posterior pd of ,r), is,(p)

F{af\r\xr„p) ^

where V^l Bayesian multivariate reminder and it is computed,

(3.26)

T/(P) _ T/(P)
^ n,S = ^ n,lS ~ n,<5'<5l n,5'S') ^ n.S'S- (3.27)

Notably, shaping parameters of marginal NiG (3.26) is a transformation on original 

shaping parameters, Notice that after necessary mathematical operations

on V^ff\ the index, S, enters shaping parameters of marginal NiG (3.26) via ^nV

The inference of a subset of coefficients: using (3.21) and marginalization 

over the marginal pd of is.

F{a^f'^\xn,p) = StM , (3.28)

where shaping parameters are computed based on shaping parameters of marginal 

NiG in (3.26).

Notably, the shaping parameters of iG is a projection of shaping parameters of marginal

NiG in (3.26) which is invariant w.r.t. any choice of 5.

Remark 3.3.5. (Bayesian version of Multivariate LS reminder)

• Noting that is the Bayesian version of multivariate LS reminder, where

6 m6<5|+i)x(I'5|+i) is the multivariate form of in (3.11) at timen. We note that 

it corresponds to LS reminder underlying diffuse priors and

• Although depends on 6, marginalization of F{a!f\r\xn,p) (3.26) over a"f\ 

yields iGr{.) (3.25), for any choice of 5. It is obvious that iGr{.) (3.25) does not 

depend on 6 which reguires for consistency.

Remark 3.3.6. (Bayesian point estimation)

• Bayesian point estimation of a^^^ and its variance-covariance matrix are attained as 

follows:

a?’ = = ,.?) (3.29)
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('«') "'n *■ n,aa*
l^n - P

(3.30)

Bayesian point estimation of r and its variance are attained as follows

AlP)
r'n^ - p - 3

(3.31)

VarF{r\xn,p)[r\V^r^\uif^] =
{l^n^ -p - 'iY{l'n' - p - 4)2 (11^1 — n —

(3.32)

For any subset a'f',

3.3.2 p-conditional one-step-ahead predictor

We here aim to compute the tractable Bayesian p-conditional one-step-ahead (OSA) 

predictor. This is computed as follows:

F(a:„+i|a:„,p) = f [ F{xn+i,a^’'\r\p)da ’̂P'>dr
Jr Ja^P)

= [ f F{x„+i\xr^,a‘'P\r,p)F{a^^\r\xn,p)da^^^dr
Jr Ja^P)

F{Xr,+ l\p)
F{Xn\p)

(3.33)

Using Remark 3.3.3,

. «a,r(t^nil,4+l)

\/^.Ka^r{V^n\^n^)

_________ ____________
A'r)(i+^i"jM:aaVSi)

F{Xn+i\Xn,p)

= St 'ipnh^

(3.34)

The proof of (3.34) is presented in Appendix A.4. Moreover, the expected value and 

variance of Bayesian OSA predictor are respectively:

E{Xn+l\Xn,p) =

36
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Var{Xn+l\Xn,p)
2

(3.36)

3.3.3 p-conditional multi-step-ahead predictor

The aim here is to obtain Bayesian p-eonditional multi-step-ahead (MSA) predictor. For 

this reason, we wish to eompute MSA predietor for the next k steps, i.c. F{xn+k\xn,p)- 

Let k > 1, using OSA predietor (3.34), the bloek fc-step-ahead predietor is the produet of 

the scalar Student’s-t pd.

. . . , Xn+k\Xn> p') A'(a^jj_|_j jcCn+t— 1 > p)

1=1
(3.37)

We note that (3.37) is not multivariate Student’s-t pd. The reason is that the next 

Student’s-t pd is highly non-linear conditioning on the earlier data (which are unknown) 

and a standard form of F(x„+j|a:„,p), i = 2,3,... cannot be attained. However, we ean 

exploit the produet of Student’s-t structure (3.37) in the context of an exact sequential 

sampling. Therefore we use generated/artificial datum to augment data to obtain shaping 

parameters of each scalar Student’s-t pd (3.37), using (3.34). Once we attain exact 

fc-dimcnsional sample from structure (3.37), sample (i = l,...,k) of the block is 

associated to T^-step-ahead predictor. Notably, this way proposes a simpler, elegant and 

fundamental sampling method for /c-step ahead prediction. There are several methods 

available in the literature. For instance, [89] exploits one-step-ahead predicted value as a 

datum for the next step to built up a multi-step-ahead prediction which is quite different 

from our proposal (3.37). Also, [90] deduces an approximate fc-step-ahead expectation by 

mixing the empirical approximation of the posterior inference of as follows.

^ l^nlkl^n] ~ 4 E ^ ^n] ■
1=1

(3.38)

The MSA predictor (3.38) [90] is completely different from our proposal which does not 

construct any pd in favour of constructing the first moment. In against, our approach does 

not require sampling from since we exactly marginalise w.r.t. the parameters {a^^\r). 

Although we then simulate from the exact block k-step-ahead predictor.
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Remark 3.3.7. (Bayesian computation)

Notice that LDL factorization is widely used for Bayesian computation in literature i.e. [55j 

and [91], This decomposition is mainly exploited for computational reason and numerical 

stability.

3.4 Time-invariant parametrization of the AR model: 

unknown model order

Here we relax the assumption of known model order allowing to be p = 1, • • • ,Pu- The 

discrete non-uniform prior pd of p is adopted as

Pr{L=p} = a^f’\p= (3.39)

where arc known a priori. We note that in the case where is unknown, the Dirichlct 

hyper prior pd can be adopted [61]. Since the global inference of unknowns (a,r) is a 

special case of an arbitrary subset inference of unknowns, we here particularly interested 

in the inference of a subset of (a, r) in the case where p is unknown. This involves a 

posteriori marginalization over p that leads to a finite mixture model in all cases. In 

general, components wights will be the posterior model order inference which is derived as.

= Pr{L == p\xn}

= / / F{a,r,p\xn)drda
Ja Jr

(3.40)

Using Remark 3.3.3, (3.40) becomes.

a (p) _ -,p= l,...,p„.

Notably (3.41) is also seen as the normalizing normalizing constant of NiG(V^\

(3.41)
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Remark 3.4.1. (Model order inference using automatic Ockham’s regulariza­

tion)

Based on posterior model order (3.41), we can define a criterion i.e. Bayesian posterior 

order (BPO) as follows,

BPO{p) = -21og[a^'’)

= -2log[naAV^f\ulf^)]+2\og
Pu

Ld=l
(3.42)

Since the second term in (3.42) is constant, BPO reduces to.

BPO{p) = -2\og[KaAV^f\Af^)\

= -21og
,(p)

+ log[|VWj], (3.43)

where, the first term represents data fidelity and the second and third terms together 

are Ockham’s term. We note that BPO engenders Ockham’s term automatically due to 

marginalization over (a^^\r) and it does not require any extra operations. □

It will be necessary also to evaluate the conditional model order inference which is derived:

P = PO, • • • ,Pu- (3.44)

Recall that we here aim to derive posterior pd of a subset of parameters c.g. aj where p is 

unknown. Let = [ufej,..., OkfA be a subset of 0^^“^ with 5 = {ki,..., kq) as a selection 

of q distinct indexes from {1,... ,p„} and Po(< Pu) is the biggest index in <5. We will adopt 

the following assumptions:

1. Availability: For inference of as, we assume that the indices of all elements of as 

arc known.

2. Nesting: we will assume C a^^\ where a^O = {a^’^~^\ap), and = r, Vj =

1,... ,Pu. In the other words, we are adopting a nested model.
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3. Consistency: wc assume all propositions involving as and r arc conditioned on 

L > Pq.

Underlying assumptions 1-3 and using (3.26), the conditional joint pd of {as,r) is:

F{as,r\L > po,Xr.
Pu
^ /3^P\F(ai,r|L =p,cc„)

Pu

P=PO

(3.45)

Notably using (3.26) and (3.44), therefore (3.45) is a finite mixture of marginal NiG 

with weights, given in (3.44).

Remark 3.4.2. (Marginal pds with p unknown)

• The inference of as is the mixture of Student’s-t pd with components (3.28) and

weights (3.44).

• Since r is shared by Pu candidate models, we use unconditional model order inference

(3.41) for marginal inference of r as follows:

Pu

F{r\Xn) =
p=l

M-P-2 A(p) (3.46)

Remark 3.4.3. (Prediction and point estimation with unknown p) 

• The OSA predictive pd is:

Pu

F{Xn+\\Xj() — (x^+l |iCri) P)
p=l

Pu j(p)
(3.47)

where is given in (3.41). Also MSA predictor is the mixture of the p-conditional 

MSA predictor (3.37) with weight

The moments in the case of unknown p, are a linear combination of p-conditional 

case with associated weights.
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□

3.5 Classical data processing using the AR model: known 

model order

Here, we review some of the established classical approaches for processing data using the 

AR model. Notice that we refer to non-Bayesian methods as classical approaches. In these 

approaches, the existence of prior pd is not explicitly assumed. Classical approaches usually 

design the statistics non-prescriptively, then they investigate the property of statistics. 

Here we briefly review some key concepts in classical statistical signal processing. Let 

be a random process. This random process is called to be strict sense stationary (SSS) if 

its finite order pds arc time invariant, i.e..

• • • ) ^nic+i ) = F{xn,,... V k, i, and, ni,...,nk (3.48)

Also, Xn, is said to be wide sense stationary (WSS) if its mean and autocorrelation functions 

are time invariant, i.e.,

(j){n,n + i) = E{xnXn+i) = (f>{i)

(3.49)

(3.50)

More details on properties of moments (3.49) and (3.50) are provided in [14]. Recall that 

the classical approaches directly process the accumulator matrices which is related to EIM 

in Bayesian paradigm. We freshly investigate the core matrices of classical approaches and 

connect them to EIM, in the AR model. Eor this reason, we firstly need to define the two 

important variants of the data cross-product matrices.

Outer product matrix: one of the key variants in the classical approach for the AR 

model is the accumulator of (n — p) outer products, ^— which we refer as outer product 

matrix. This matrix enjoys the same partitioning as (3.20) with a scalar

JP) = ^{p)T^{p)
^n,ll
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= E X7 (3.51)
i=p+l

and is a (p x 1) vector with elements,

(cSi)i = E l = l,...,p
i=p+l

(3.52)

and is a (p x p) full-rank, symmetric and invertible matrix with elements

(C‘l)« = (Ki.'’’"'4'ir’)H
_ T

9n,kSnjl

= ^ Xi^kXi-i k,l = l...p
i=p+l

(3.53)

Sample auto-correlation matrix: the other important variant is being sample auto­

correlation matrix, with the same partitioning as (3.20), as follows.

do di 

d\ do

dp dp—1

dp 
dp—I

do

(3.54)

which is a deterministic, Toeplitz-symmetric matrix with descending diagonal from left to 

right, with elements.

di = xi* x-i
n

= l = 0,--;P- (3.55)

Remark 3.5.1. (Relationship between classical variants with EIM)

Based on Bernstein-von Mises theorem [92,93], and under diffuse prior i.e. <S
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EIM (3.20) becomes

y(p) ^ (3.56)

Furthermore, under ergodicity assumption and p,

y^n = (inprob.) (3.57)

where ‘in prob. ’ denotes convergence in probability expressed via Law of Large Numbers 

(LLN).

• In practice, the matrix (3.54) widely used for computational savings where the 

Levinson algorithm i.e. [94], [95] is applied.

3.5.1 Technical assumptions for classical strategies

In this section, we aim to provide the technical assumptions which arc exploited in the 

classical methods in order to estimate unknown parameters of the AR model. The most 

popular classical strategics are Maximum likelihood{ML), least squared{LS) and mean 

squared{MS) (i.e. Wiener) approaches. These strategics arc based on different modelling 

assumptions as follows.

ML strategy: in this strategy, the parametric observation model (3.4) is adopted to Wold 

structure (3.3). But no prior pd is explicitly assumed.

LS strategy: this strategy involves a non-parametric model in which observation is 

structured via (3.3).

MS strategy: this strategy adopts a non-parametric model to structure (3.3) in which 

Ci is assumed to be real-finite valued, zero-mean, wide-sense stationary (WSS) random 

process. Underlying MS modelling assumptions, the first two moments can be defined as:

E{xn) = gi{a^’'\r) 

E{XnXn-l) = <p{l), l^0,---,p

= g2{a^\r)

(3.58)

(3.59)
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Notice that (3.58) and (3.59) are a function of unknowns and therefore they are unknown as 

well. Furthermore, using the auto-correlation sequence (3.59), the Toeplitz auto-correlation 

matrix (unknown) can be defined as:

$(p) —

m m 
m m

(f){p) (f){p -1)

4>{p) 

<P{p -1)

^(0)

(3.60)

Notably (3.60) is unknown matrix which enjoys the same partitioning as in 

(3.20).

3.5.2 p-conditional parameter estimation strategies

In this section, wc provide classical estimation strategics for unknown parameters of the 

AR model in the case where p is unknown. Underlying ML modelling assumptions, the 

ML estimate of is:

,(p)«ML = argm&x C{a^P\r\xn,p),
a(P)

(3.61)

where £(.) is the likelihood function and it equals to observation model (3.5). Notice that 

the computation of for the AR model is not feasible in practice [96], since it requires 

the first p data. An practical alternative is LS approach in which is estimated as.

a (p) _
LS — argmm \\x^

a(p)
(P) _ (3.62)

where jj.jj is Euclidean norm. It immediately follows,

Cl^La.(p)
n^aa^riyLS

dp) 
^n,LS

^ n,al 5

(cil) -■ c-w
n,al •

(3.63)

(3.64)

Wc note that LS estimation for a subset —denoted by ^^e associated subset

selection of global estimation ais- It is demonstrated that is consistent i.e. [97].
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Underlying MS modelling assumptions, the MS estimate of is,

“JLs = arg min E[{xi - tpl
a(P)

(3.65)

Therefore, is attained by solving normal equations,

(3.66)

We note that, 0^5, (3.66) is not statistics. Since it is a unknown function of autocorrelation 

sequence (/>(.), which involves unknown parameters {a^^\r). Therefore, using (3.54), the 

estimate of unknown autocorrelation matrix, is:

|>(p)

n — p
(3.67)

substituting (3.67) into (3.66), the MMSE estimate of is asserted [98]. Notably, 

underlying MS modelling assumptions and LLN, for large n,

|)(p) (|)(p)^ (in prob.) (3.68)

Remark 3.5.2. (Classical estimate ofr)

• ML estimate of r —conditioning on accessibility of the first p data— can be attained 
by substituting a'^^ into likelihood function, in step-wise sense, as follows.

rn,ML{p) = argmax£(r|aj,^]v^jr,cc„,p)

/ . Ti ri -*-) ®n,MLj

n — p i=p+l

(3.69)

Although, observation variance, r, is not available in LS and MS approaches, but 

related problem provides a formula using LS approach and MS criteria are respectively 

as follows,
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rn,Ls{p) = II "n IIL5

(3.70)

rn,Ms{p) = MO) - Yli^%s)jMj),
j=i

(3.71)

where {a^nMs)j the M— element of

In the following, we technically summarize the interrelationships between Bayesian point 

estimates (Remark 3.3.6) and the above classical criteria.

Remark 3.5.3. (Relationship with Bayesian point estimates)

• LS estimate: underlying Bernstein-von Mises theorem, adopting a diffuse prior NiG 

for {a^P\r), i.e. , and < Vff‘\

a(p) _ a(p)
“n,LS — “n

'r'n,LS

(3.72)

(3.73)

MS estimate: underlying MS modelling assumption, and using LLN for large n.

(inprob.)(p) (3.74)

rn,Ms{p) = prob.).

Under regularity conditions [99], posterior pd (3.13) converges in probability to the 

Dirac’s delta function, (5[.], as follows.

lim F{a^^\r\xn,p) = 6[{a^^\r) - (d^^\f)oo] (3.75)

where (d^^\f)oo = hm„_>oo(di^\ f^n)- Notice that and fn can be substituted by 

related LS and MS estimates.
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3.5.3 p-conditional prediction

In this section, a technical review of classical prediction strategics from the Bayesian 

perspective is provided. For this reason, let.

hn = h{xn) = g{a^^\fn)

(3.76)

the classical OSA prediction, Xn+i, is computed.

F{Xn+l\Xn,p) ~ F{Xn+l\hn,p)

= 6[Xn+l - (3.77)

This strategy exploits certainty equivalent (CE) technique (2.35), in which the uncertainty 

about is replaced by their estimates. Furthermore, fc-step ahead prediction in the

classical approach i.c. [89] is attained sequentially as follows.

X, , _ a(p)t JSp)
Xn+k — (in+k-lTn+kJ (3.78)

where = [Xn+k-p, ■■■,Xn,X^nll, ■■■,Xnlk-lfyP >

More details of classical MSA prediction are provided in [47].

Remark 3.5.4. (Drawbacks of classical prediction)

• The main drawback of classical OSA predictor (3.77) is that the actual uncertainty 

about {a^^\r) is not accounted for, i.e. it is adopted the following approximation,

F(a^P\r|x„,p) ^ 5[(a(P\r) - (a[f\f„)], n < oo. (3.79)

Equation (3.79) is true if and only ifhn is sufficient statistics for inference of{a^^\r).

The Bayesian OSA predictor (3.33) and the classical prediction strategies (3.77) 

converges only as n increases.
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3.5.4 Classical data processing using the AR model: unknown 

model order

In this section, we study classical estimation and prediction strategies in the AR model 

with unknown p. For this reason, we focus on LS strategy. We note that in the case where p 

is unknown, this strategy usually exploits CE technique in a stage wise sense. In particular, 

it involves model order estimation in order to estimate the unknown parameters. We note 

that LS strategy (i.e. risip) (3.70)) does not have any term to control complexity which 

leads to the over-fitting problem. Therefore, it requires an external term—which we refer 

as Ockham’s term (i.e. penalty term) to solve this issue. For this reason, various criteria 

have been proposed which will be shortly presented.

3.5.5 Model order estimation strategies

Beyond the Bayesian solution (3.43), various methods of model order estimation arc 

proposed to estimate p in the literature i.e. [100]. Universally they are an objective function 

of order p with an additive structure as follows,

C{p) = Cd{p) + Co{p), (3.80)

where Cdip) = risip), is a non-increasing function of p (i.e. data fidelity term) and Co{p) 

is an non-decreasing function of p (i.e. Ockham’s term). The Ockham’s term has to be 

performed to avoid this problem in CE-based estimation strategics. In the following, wo 

review the principle beyond different methods and specialize them to our AR case.

3.5.5.1 Principles of model comparison and specialization into AR case

We here consider the most popular criteria of model order estimate involving Akaike’s 

Information Criterion (AIC) [101], Bayesian Information Criterion (BIC) [102], Hannan 

and Quinn (HQ) [103], Minimum Description Length (MDL) [104] and Minimum Message 

Length (MML) [96]. Notice that these follows the additive structure (3.80) criteria. These 

principles are reviewed for the general case as follows:
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BIC (Oliver and Baxter version, 1994): in BIG, the prior pd on all unknowns 

{9,p), is adopted. Using the Bayes’ rule:

F{e^P\p\xn) =
F{p)F{e^P^\p)Fixn\e^^\p)

^(^n)

K{Xn)
(3.81)

where p here is the number of free parameters in the model. BIC adopts the discrete 

uniform prior of p which classifies the unknown space 0 G 0 into pu local parameter spaces, 

q(p) g 0(P)^ p= ■Pu- It also adopts a uniform prior on i.c. F(0^^^|p) = 1. Adopting 

these priors to (3.81), eliminating constant terms w.r.t. p and taking a second-order Taylor 
scries expansion of £(0^^^|p, x„) about O^mapi

F{9^^\p\Xn) ^ C{9^MAp\P: ®n) exp - d^MApYW{Xn\9^MAP^PW^'^'^ “ ^^MAp)]

(3.82)

where /(.) denotes the Fisher information matrix. Then marginalization of (3.82) w.r.t 

9^^^ yields,

.27r.F{p\Xn) ^ Ci9^MAp\P,Xn){ — )^\I{Xn\9^MAP,P)\ (3.83)

Recall that the Ockham’s term is emerged in (3.83) via marginalization. Ignoring terms 

that are bounded as n increases to infinity, the BIC is derived as,

-21ogF(p|a:„) ss -21og [£(0^^^p|a:„,p)]+plog(n) = ^/(^(p) (3.84)

Notably, (3.84) is only valid for large n.

BIC for AR case: substituting 0^^^ = (a^^’^r) (where the number of free parameters are 

p -t- 1), and using (3.5), BIC (3.84) is specialized to AR case as follows.

BIC{p) = nlog -I- (p + 1) log(n (3.85)
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where and f^'> are respectively the estimate of and r. □

Remark 3.5.5. ( BIC versus BPO)

Although the prior pd of unknowns are assumed in both criteria, the BPO (3.43) is the 

only consistent and completely tractable criterion for model order inference. In against, 

BIC (3.85) is obviously achieved with approximations and remained valid for large n. 

Furthermore, for small n, BPO outperforms other BIC and indeed computational load is 

small and could not be an obstacle. However, BIC might be popular for large n, in terms 

of complexity. □

AIC: it is a ML-based principle and no prior for unknowns is adopted. The AIC involves 

the KLD as follows,

D FgiP)\\F^(p)

\ip)

(3.86)

where F„(p) = F(xn\6^o\p), Fm = F(xn\0ML^P) is a target value of parameter.
^0 ^ML

Underlying certain regularity conditions, KLD (3.86) is approximated as.

D Fg(p) I |F-(p) ^0 ''MZ. = E
0

log
F{Xn\9o\p))

(p).F{Xn\9ML,P)/.

^ log(F(Xnl0^o’\p)) - log(F(Xnl0m[>P)) (3.87)

Furthermore, using (3.87) the AIC principle of the model comparison is.

AIC(p) = 2 log (^F(xnl0lf\p)) - log (F(Xnl0ML,p) + 2co(p), (3.88)

where Co(p) is the number of free parameters (i.e. the dimension of 0^^^). Since, the first
A.

term in RHS (3.88) does not relate to the ML estimate, 0ml> therefore.

(p)AIC(p) = -2loglF(x„l0M^,p))-h2co(p). (3.89)

Remark 3.5.6. (AIC for AR case:) substituting 0^^^ = {a^’’\r) and using (3.5), AIC

50



(3.89) is specialized to AR case as follows,

AIC{p) = nlog ’)) + 2(p + 1) (3.90)

Remark 3.5.7. (AIC versus BPO.) the AIC is completely different from the BPO. 

Since in AIC, no prior is adopted. Also it involves an approximated version of KLD which 

usually leads to a poor estimate of p.

Remark 3.5.8. (HQ:) this criterion is specifically introduced to adjust AIC criterion in 

AR case. Since the AIC criterion in the AR case overestimates p, therefore [103] proposed 

the HQ as follows,

HQ{p) = n\og{f^)f\a^^^)) + 2{p + 1) log(logn)

MDL and MML are based on the idea of optimal coding theory [104-106] which minimizes 

total code length,

- log [F{xn,0,p)] (3.91)

MDL; In this criterion, 0 in (3.91) is quantized (due to Shannon theory) to discrete values, 

i.e. 6d, therefore (3.91) becomes:

- log [F{Xn,0,p)] = -log[e(r)F(0db)] - log[F(x„|0d,p)]

= - log [e(r)] - log [F{xn, Od\p)] (3.92)

where e(.) is volumetric space and r is.

MAP) (3.93)

By definition the discretization allows F{xn, d\p) to be projected around the discrete value 

6d, for each p, where the Ockham’s term is created. The second term of right hand-side 

(3.92) is approximated using the second-order Taylor expansion around the Omap- Then,
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the expected value of resulting approximation is,

log [F{xn, 6,p)] ^ - log [e(r)] - log [F{xn, 9map\p)] + ^ (3.94)

Minimizing r (i.c. f) is revealed by setting the first derivative of right-hand side (3.94) w.r.t 

r equals to zero. Then replacing f into (3.94) yields the MDL criterion of p, as follows,

MDL{p) = - log [e(f)] - log [F{xn, OmapIp)] + | (3.95)

Remark 3.5.9. (MDL for AR case:) Let 0 = (a, r), Rissanen [105] compromised the 

universal MDL principle and exploited the measure of prediction performance in order to 

estimate model order in AR case as follows,

MDL{p) = 1 -f log(n)
n

(3.96)

MML (Wallace-Freeman version): Slightly different from MDL which is a criterion 

just for p, MML is a estimation strategy for estimating both unknown parameter 9 and 

p. For simplicity, let 6 be univariate. Similar to MDL, continuous parameter space is 

quantized to particles, S^{9ci) = [9d — ^,9d + |], with particle’s precision e. Recall that.

-log [F{xn,9,p)] = - log [F{e,p)] - log [F{xn\6,p)] (3.97)

The p-conditional prior pd of 9 is adopted and approximated as follows.

F{e\p) Pr{9 e S,{9d)\p)

= Pr{9d-^<9 <9d +^\p) 

w eF{9d\p) (3.98)

Using the second-order Taylor expansion of log [F{xn\9d,p)] around the target estimate of 

9 (i.e. 9'), and substituting (3.98) into (3.92),

■ log [F{xn, 9,p)\ « - log(e) - log [F{9'\p)] - log [F{xn\9',p)] 24 09'^
log [F{xn\9',p)]
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(3.99)

The minimizing e (i.c. e) is obtained by setting the first derivative of (3.99) w.r.t. e to zero. 

Substituting e into (3.99), it yields a function of 6' and p as follows,

log[F(cc„,6»,j9)] Si -log[T(6''|j9)] +-log
I{xn\9',p)

= -log[F(x„,6''|p)] +-log

12
I{Xn\d\p)

12

-log [F{Xn\e\p)] + ]^

+ (3.100)

where I{xn\9'^^^) = I{xn\6',p) — —^ log [F{xn\0',p)\ is Fisher information matrix. Using 

(3.100), the p-conditional MML estimate of is attained.

^MML = I “ 9'^^^ \p)] + ^ log I{Xn\9'^^^)
12 + (3.101)

Recall that exploiting CE technique and replacing MML estimate (3.101) into (3.100), the 

MML criterion of p is derived as,

1MML{p) = - log [F{xn, 9m̂ml\p)] + ^ log I{Xn\9 (p) 'I
MML)

12
1

+ 2 (3.102)

A multivariate version of MML principle (3.100) is achieved after some manipulations [100] 

as follows,

MML{G’^^\p) = -log[F(a:„,6>'|p)] + ^ [1 + log(/?p)] + ^log [det{/(a:„|0'(^^j):^.]lO3)

where Up is the lattice constants [106]. Recall that MML criterion (3.103) is known as 

MML87 in literature i.e. [106] , [107]. Notice that MML estimate of 0 and p can be 

computed with the same procedure as the univariate case. In the following, we deduce a 

MML criterion of p, based on EIM (3.20) as follows.

Remark 3.5.10. (MML for AR case:)

• Let 6 = {a,r), using the submartix we can define a MML criterion of p as
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follows,

MML{p) = nlog f [1 + log(i?p)] + ^ log\VJi% -

(3.104)

Remark 3.5.11. ((MDL and MML versus BPO:) MDL and MML are both pseudo- 

Bayesian approach in which a prior pd on only 0 is considered but not for p, instead CE 

technique is employed. They involves many manipulation and approximations. In against, 

the BPO is simple and tractable which automatically engenders the Ockham’s term without 

any approximation.

Remark 3.5.12. (Bayesian view of the classical model order estimate:)

From Bayesian perspective, classical order estimate of p, is equivalent to degeneration of 

posterior model order (S.fl) inp, i.e..

Pr{L =p\xn} « S{p-p), (3.105)

which is effectively a CE strategy.

3.5.6 Parameter estimation and prediction

When p is unknown, the elassical estimation and prediction strategies replaces the model 
order estimate, p (3.105), in p-conditional estimations e.g. (3.64) and rlfj^s (3-70).

Also, the classical prediction is achieved by substituting p (3.105) into OS A prediction 

(3.77) and MSA prediction (3.78).

3.6 Computational load of extended information ma­

trices (EIMs)

In this section, recursive algorithms are presented to reduce Bayesian computational loads. 

For this reason, we provide efficient recursions on EIM—which is the core object in Bayesian 

computation. We note that the data can be processed in off-line scenario (in n-data batch).
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where n data has been collected and saved, then they are processed once. Also, they can 

be processed in on-line scenario, where data arc acquired increasingly with i = 1 growing 

from one to possibly infinity [61]. For simplicity, the number of multiplications (N) is 

considered as a benchmark for computational load.

3.6.1 Computational Load of EIMs: off-line scenario

The aim here is to compute Pu EIMs at time n (> + 1). Notice that non-recursion form

of EIMs with a batch of n-data is

2
/Luk=p-{-l

(p)r

ELp+i Xk-tp,ip) : .j.(p).i{p)T
■ 2^k=p+\ Vk Vk

p=l,...,p„, (3.106)

where is a diffuse prior (i.c. e/p). Exploiting the non-recursion (3.106) requires,

(3.107)« = E(n-p)(y + f+ 1).
p=l

Applying the non-recursion (3.106) accompanies a heavy computational load. Therefore, it 

is worthwhile to propose an efficient recursion in order (p) as follows.

= 9n{V^n ^\xp+i,Xn-p)

ELp+i^fcV’i"^ : V^r>-i)-^iP-r)^ip-i)T

, p = 2,...,pu, (3.108)

where 5„(.) is a transformation function on EIMs (i.e. which is invariant w.r.t

order. Notice that the recursion in order (3.108) can be performed either in incremental 

way and decremental way.
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3.6.1.1 Incremental way

In this way, the EIM is augmented in order (i.e. from L — p—1 to L — p), using (3.108) 

in off-line scenario. This augmentation requires N = {n — p){p + 1) + 

the total multiplications is,

p(p+0 Therefore,

Pu

Nr-o = 3(n-l) + Yl[{n-p){p-\-l) + p(p+ 1), (3.109)
p=2

where A^/_o denotes the multiplications required incremental order via (3.108).

3.6.1.2 Decremental way

In this way, EIM is computed by extracting the lower sub-matrix from the maximum order 

(i.e. L = Pu) to minimum order (L = 1) using (3.108). In particular, eliding the first row 

and column of EIM at order L = p and adding the matrix to sub-matrix

^nfaa yields EIM at order L = p — 1. This requires only N = Therefore, the total

computational load for all orders in this way is.

Nd-o = {n-pu)[{Pu + I) + 1)^ (3.110)
p=2

where Nd-o denotes the multiplications required for applying the decremental way of 

the order using (3.108). The following lemma confirms that the decremental way is more 

efficient in terms of computational loads exploiting (3.108).

Lemma 3.6.1. The computational load of exploiting the decremental way i.e. (3.110) is 

smaller than that of the incremental way i.e. (3.109) using (3.108) for pu > 8. The proof 

is given in Appendix A.5. □

3.6.2 Performance in simulation

In this section, we provide the extensive simulation result using the comparison of different 

ways for computing EIM in off-line scenario. Our PC processor is Intel Core(TM) i7 — 4770 

CPU @3.40 GHz (8CPUs), 3.4 GHz. In Figure 3.1, we compare computational load (3.110) 

with (3.109) and (3.106) by plotting running timc(s) in terms of maximum order Pu with
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n = 1000. This figure shows that the decremental way is the fastest way to compute EIMs 

using the recursion in order (3.108) for different pu — {10,20,30,40}.

Moreover, Figures 3.2 shows the performance of different ways in accuracy of BPO (3.43)

0.15

0.1

0.05 •

—No-reciirsioii 
-0— Incremental way 
-O- Decremental way

O

-cr ': -o'

0 5 10 15 20 25 30 35 40 45

Figure 3.1. Comparison of different ways of computation EIMs using recursion in order (3.108), 
n = 1000

to estimate model order in terms of different Here data are generated from AR{A) 

(in LHS) and AR{S) (in RHS). We here fix computational load to = 6 x 10^ at the 

level of EIM for = {10,14,18, 20}, e.g. for = 10, the number of available data for 

no-recursion, recursion in order with incremental and decremental ways are respectively 

n = {245,960,1050}.
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Figure 3.2. Performance of different ways in accuracy of model order inference using recursion 
in order (3.108) with TV = 6 x 10^. Data are simulated from AR{4:) (LHS) and AR{8) (RHS).
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3.6.3 Computational load of EIMs: on-line scenario

Recall that the on-line scenario allows us to interleave updating data with computing 

EIM [61], The exploitation of recursion in time and also a full-recursion (i.e. recursion in 

both time and order) will be worthwhile in on-line scenario. Notice that the recursion in 

time is available in literature i.e. [108] and [61]. However, its computational load is not 

audited. The recursion in time on EIMs [61] is;

(p) _

= i = P + 1, •••, n (3.111)

where is the transformation function on EIM and is invariant w.r.t time. Using

(3.111) N — (P+0Jp+^) jg required to update EIM from time i to f -|-1 at order p. Therefore, 

updating EIM from z=p-|-ltof = nat order p requires.

N = {n — p)
{p+l)ip + 2)

Moreover, we exploit (3.108) and (3.111) to introduce full-recursion.

=

T,Up+ixl + e ; n=p+i iP)T

T,i=p+i

, i=p+l,...,n

(3.112)

where g{.) is transformation function on EIMs and is invariant w.r.t time and order. Notice 

that the full recursion (3.112) enables us to update EIMs in both time and order with 

N = i{p + 1) + p{p -b 1) multiplications. Notice that the construction of EIMs for all 

possible order in a specific time i in the on-line scenario can be seen as the construction 

of EIMs with f-batch data in off-line scenario. Also from Lemma 3.6.1, the decremental 

way in (3.6.1.2) is more efficient. Therefore, we investigate computational load of EIMs in 

decremental way in on-line scenario.
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3.6.3.1 Decremental way

Exploiting dccremcntal way (3.6.1.2) at fixed time i and then updating time using (3.111) 

yields an efficient algorithm to compute EIMs as follows.

Algorithm (Full-recursion in the decremental way:)

1. Compute EIM at time i = 2 (since p > 1) in order L = 1. It requires N = 2>.

2. Exploit (3.111) to update the EIM from time ztof + 1 (2<i< p^), and use (3.108) 

to extract lower submatrix from order p = i — 1 to one at time i + 1 (3 < f < Pu). 

The total number of multiplications required is

jv= e‘^^+i;(p+i)(i+|)
p=l ^ p=2 ^

Pu
+ £[(p+1)'-3(p+1)2 + 2(p+1)-1]

p=3
1 4 3 1 2 1

= 4P„+p„ + —p„--p„-4 (3.113)

3. The (n — Pu — 1) time update of EIMs from i = pu + 1 to z = n at order L = p„

requires A' = (n — p„ — 1) ^

4. Apply the decremental way to draw lower sub-matrix from the order p„ to one at

time z (pu + 2 < z < n) requires N = — Pu — 1)^^^^^^ □

Therefore, the total computational load of the Algorithm 3.6.3.1 is

^d-f = ^Pu + pI + ^pI - - 4 + (n - Pu -

+ (n-pu-l)f:^^^^ (3.114)

where Nd-f is the number of multiplications needed for decremental way using full-recursion 

(3.112). Figure 3.3 shows the schematic diagram of computation EIMs for Algorithm 3.6.3.1.
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i = p«

Figure 3.3. Schematic diagram for computation of the EIM using full recursion (3.112) for 
decremental way in on-line case

3.6.4 Comparison of computational load of EIMs between two 

different scenarios

In this part, wc aim to compare computational load of EIM in the off-line seenario versus 

the on-line scenario both in decremental way. Notice that the computation of EIM in 

off-line scenario can also be performed sequentially through time at different orders via the 

on-line scenario. This analogy is displayed in the following lemma.

Lemma 3.6.2. Computation of EIMs using the decremental way in off-line case requires 

smaller number of multiplications compared to the on-line scenario. The proof is presented 

in Appendix A.6. □

We here provide a simulation-based evidenee for Lemma 3.6.2. In Figure 3.4, we audit 

the running time for exploiting the decremental way for different scenario in terms of 

This figure shows that decremental way in off-line case is faster than that of on-line ease 

in order, with n = 1000 for different Pu = {10,20,30,40}. Also this difference is more 

distinetive as Pu grows.
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Figure 3.4. Comparison of running time of decremental way in off-line case versus on-line case, 
n = 1000

3.7 Comparative performance evaluation under simu­

lation

In this section, we aim to compare different criteria of the model order selection in extensive 

simulation. Then point estimates of a subset of AR coefficients of different methods are 

compared. Also, simulation results for OSA and MSA predictors using different approaches 

arc provided for the AR model.

3.7.1 Comparison between classical approaches and Bayesian method 

in model order selection

In this part, we examine a simulation result to compare the performance of different criteria 

for model order selection in term of some operating factors i.e. maximum model order 

(Pu), number of observations (n), and true model order (p). Notice that we also exploit LS 

method (3.63) to estimate AR coefficients in classical estimation strategies. Recall that we 

design simulation with halving poles randomly in the annular,

{(r, 0); a < r < 6 (0 < a < 6 < 1), — vr < 0 < tt}. (3.115)
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where, r and 6 ^ respectively indicate the radius and angle of a pole in the z-plane which is 

distributed as,

f{e,T) = f{0).f{r) (3.116)

where

fiO) =

fir) =

1
— n < 9 < n

2r
— 0?

a < r < b. (3.117)

The rest of poles are their conjugate complex pairs. In order to have a desirable per­

formances, let a = 0.7 and b = 0.9, and MC denotes the number of Monte Carlo runs. 

Figure 3.5 shows the performance of the different criteria of model order selection by 

assessing the probability of correct identification of true order in terms of maximum pos­

sible order Observations here are simulated from AR{4) with n = 1000. From this 

Figure, the identification of the model order in all criteria does not depend on the choice 

of pu- Notice that BPO generally outperforms other criteria , however it is competitive 

with BIC, MDL and MML. The reason can be followed from the discussion in 3.5.5.1. In

Figure 3.5. Comparison of different criteria of model order selection in terms of pu with Ti?(4), 
n = 1000.

Figure 3.6, different criteria are compared in terms of the true model order. In this figure.

^Hcrc 6 is the old-fashioned .symbol for the angle not parameter.
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the simulated data are designed with pu = 20, n = 1000 and MC = 1000. In general, 

this figure shows that BPO outperforms others. Once again BIG, MDL and MML are 

competitive with BPO for p < 10, in the identification of the ture model order. Notice that 

the ability of identifying the true order in all criteria decreases with the increase of the 

true order. To see the reason, we repeat simulation with MC — 10000 in the Figure 3.7. A 

comparison between the Figures 3.6 and 3.7 shows that the performance usually collapse 

for large p. In particular, this collapse happens for larger p by increasing n, which is related 

to the small value of ratio, n/p. In Figure 3.8, we examine the different criteria of model 

order selection in terms of observed data ( i.e. n ~ {100, 500,1000}). Here the simulation 

is designed with p^ = 20, AR{4) (LHS) and Ai?(16) (RHS). It obviously shows that BPO 

outperforms for both designs. In particular, it is more distinctive where the model order is 

increased from p = 4top=16.

Figure 3.6. Comparison of different criteria of model order selection in terms of true model 
order with n = 1000, Pu = 20.

3.7.1.1 Comparison between classical approaches and Bayesian method for 

the estimation of the subset of parameters

In this part, we aim to compare the performance of our Bayesian approach with LS 

estimation strategy in order to estimate the subset, We first design the simulation
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Figure 3.7. Comparison of different criteria of model order selection in terms of true model 
order with n = 10000, Pu = 20.
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Figure 3.8. Comparison of different criteria of model order selection in terms of number of 
observations designed with AR{A) (LHS), AR{16) (RHS) and pu = 20.

for known p. In this case, we simulate data from yli?(10) (Figure 3.9 above) and AR(\A) 

(Figure 3.9 below) for different choices of the n (i.e. n = {50,100,500,1000}). Also, 

for |5| = 3, is randomly chosen from For simplicity, we compare these criteria using 

the evaluation of the Euclidean norm (EN) as follows:

EN{n,p) = (3.118)
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Figure 3.9 shows that the Bayesian approach outperforms classic estimation to estimate 

for different choices of true model order and n as well. Notice that the performance of 

different criteria converges by growing n from n = 50 to n = 1000.

z
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5

0

. ^

* classic estimate 
■ ^ ■ Bayes estimate

----------------------- -------->

0 100 200 300 400 500 600 700 800 900 1000
number of data

Figure 3.9. Comparison of different criteria for estimation of an arbitrary subset in terms of the 
number of available observations n, with |5| = 3, and simulated from Ai?(10) (in the above) and 
AR{\A) (in the below).

Next we compare the performance of BPO approach versus to CE-based criteria in 

subset estimation for the case where p is unknown. For this reason, let as = (01,02,04), 

and |5| = 3. Recall that the CE-based criteria usually exploit (3.90)-(3.96) and then select 

the corresponding estimates of the subset, i.e. where p is estimated order, in the 

case p > 4. Notice that in order to compute a^\ we use LS estimate of for CE-based 

criteria except for MML where this method provides the estimate of parameters too. In 

contrast, our Bayesian proposal is the linear combination of the first shaping parameters of
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Figure 3.10. Comparison of different criteria for estimation of an arbitrary subset in terms of 
number of observations, n, with |(5| = 3, Pu = 10 and simulated from yli?(4).

Comparison classic versus Bayes, p known n=500

Figure 3.11. Comparison of different criteria in one-step-ahead prediction in terms of true 
model order (known) with n = 500.

Student’s-^ pd with weights (3.44).

Figure 3.10 shows the performance of different criteria assessing the norm between 

the simulated with estimated value of a^, in terms of n for |^| = 3, Pu — 10. Here the 

data are simulated from AR{4:) for MC = 1000. It is obvious that our Bayesian approach 

outperforms CE-based criteria. In particular, all criteria converge by growing n. Notice 

that for consistency reason, we consider L > 4.
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3.7.1.2 Comparison between classical prediction strategies and Bayesian pre­

diction

Here the simulation results for OSA and MSA prediction are provided for the AR model 

discussed in Sections 3.3.2 , 3.3.3 and 3.5.4.

Simulation results for OSA prediction

We here consider the squared prediction error (SPE) as a measure of performance as follows

SPE{n,p) =
1 MC

E(eSi)(dMC (3.119)
t=i

Notice that we here use Yule-walker approach [98] for computing OSA prediction (3.77) 

for LS strategy as a classical approach. For this reason, a diffuse prior, = (0.001)/p is 

adopted to compute Bayesian prediction (3.34). Figure 3.11 compares (3.34) versus (3.77) 

by evaluating (3.119) in terms of true order for n — 500, r = 1, MC = 1000. This figure 

shows that SPE of Bayesian prediction (3.34) is smaller than that of LS prediction (3.77) 

and by growing order p, this difference grows.

Comparison classic versus Bayes. AR(6)

2 -

1 -

-O- 'Classic 
- -0“ - Bayes

A

s.

Q 100 200300400500B00 700 800 900 1000
time

Figure 3.12. Comparison of different criteria in OSA prediction in terms of time simulated from 
AR{G) and r = 1.

Figure 3.12 shows the evaluation of (3.119) for different criteria in terms of n. It is shown 

that SPE of Bayesian prediction (3.34) is smaller than that of LS prediction (3.77), they 

converge by growing n. Notice that increasing n leads to the tendency of (3.119) to r = 1
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which is considered as the variance of simulated data. In other words, for large n, the 

estimate of AR parameters are more accurate and squared prediction error tends to be r.

Figure 3.13. Comparison of different criteria in OSA prediction in terms of data, n, with 
Pu = 20, and simulated from AR{6) and r = 4.

Figure 3.13 shows the evaluation of (3.119) in terms of time for AR{6) and r = 4 , = 20.

This also shows that the Bayesian approach outperforms other approaches for small n. 

Furthermore SPE (3.119) for all eriteria converge by growing n.

Simulation for A:-step ahead prediction:

The different criteria of MSA prediction (3.37), (3.38) and (3.78) are here compared in 

simulation. Figure 3.14 shows that despite of deterioration performance of different 

criteria (i.e. increasing trend in SPE) for large steps, the rate of increasing SPE of (3.37) 

is less than other approaches for AR{8),r = 2,n = 100. Moreover, Figure 3.15 shows the 

SPE for 6-step ahead of different criteria in terms of different true model order. This figure 

shows that Bayesian approach (3.37) outperforms for all true model order, for different 

value of p.

3.8 Discussion

We have provided a unique, consistent and tractable Bayesian inference of model order, 

and any subset of global set of parameters of the AR model. Notably, we no longer need
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to exploit CE technique to compute OSA and MSA prediction. Instead, we have applied 

Bayesian predictors discussed in Sections 3.3.2 and 3.3.3 which are indeed simple and 

elegant. LDL decomposition is popiilar for Bayesian computations in the current Bayesian 

literature [55,91]. Recursions introduced in Section 3.6 provide us efficient tools to compute 

Bayesian tasks without a need of LDL decompositions.

We have discussed on widely used criteria of model order estimation and specialized 

them into the AR case. Moreover, automatic Ockham’s regularization of BPO has been 

mathematically justified and a comprehensive explanation of emerging Ockham’s term in
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estimation strategics of model order in AR case is provided. Despite a massive literature on 

MDL and MML principles, yet they are not fully explored in AR case in Bayesian context. 

Some possible explorations will be discussed in Chapter 8.

The proposed Bayesian inference can be exploited in multiple participant systems (MBS) [48]. 

In particular, when each participant (i.e. an automate node [109]) models x with the AR 

model and processes the data set into a predictive pd (i.e. Student’s-f pd). Then it is quite 

important to process these predictive pds in order to reach a global design. A promising 

context for applying this idea is available in [48]. This task will be explored in Chapter 6.
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Chapter 4
Multiple participant processing: the moral de­
liberator

In this Chapter, we address the fundamental problem of optimal processing of stochastic 

knowledge distributed among nodes in a knowledge-sharing network. One of the nodes— 

called the deliberator ^—mediates between all the other nodes in order to reach an optimal 

compromise, and each of these other nodes interacts only with the deliberator. We will 

refer to the contributing nodes as participants and knowledge-sharing network as a system. 

The deliberator is a Bayesian moral (i.c. empathctic) decision maker, who bound their 

own expectation of the expected loss (KLD) suffered by each participant, were they to 

accept the merged pd. This is fully explained in Section 4.3. Therefore, we shorten the 

title of this Chapter to multiple participants processing; the moral deliberator.

Processing stochastic knowledge by the deliberator is essentially a distributional DM. 

In particular, this is the specialization of distributional design presented in Section 2.3 

where the knowledge K is defined in a particular way and consequently the ideal pd is 

specified in a particular form. Now, wo can implement the fundamental FPD (2.14) to 

the interesting problem in engineering where processing knowledge of distributed MP 

arises [30,43,110,111]—which is fully expressed in Section 4.2.2. We start to review the 

schemes of DM for merging knowledge distributed in MPS. The merits and demerits of 

each scheme are addressed. Then, different approaches of the distributional design within 

centralized scheme in MPS is explored. Next, we define the knowledge and formulate the 

task of DM. More importantly, our proposed scheme and methodology are adopted for 

merging multiple pds of the same x.

throughout this thesis, we adopt the gender-neutral possessive adjective, “their”, in place of “his/her", 
and we adopt the gender-neutral pronoun, “they".
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4.1 DM schemes for merging knowledge in multiple 

participant system (MPS)

The task of merging knowledge in MPS is very often referred as the consensus of knowledge. 

It seems that the consensus knowledge of participants originated in management science 

and statistics i.c. [112,113] and references therein. Then some Bayesian approaches have 

been proposed to merge expert judgements i.e. [114]. Latter, they have been implemented 

in the wireless network [32,115].

In this part, we review different DM schemes for merging the distributed knowledge in MPS. 

Two major DM schemes arc widely adopted in the literature, namely the decentralized 

(i.c. distributed, fiat) DM scheme i.e. [29,38,111] and the centralized (i.e. non-flat) DM 

scheme [36,41,48]. In the following, each scheme is expressed with its advantages and 

disadvantages.

• DM centralized scheme: In this scheme, the local nodes i.c. participants, report 

their data/pds to the central node, i.e. deliberator. The deliberator is also refrered as 

the facilitator [39]). The deliberator processes the provided knowledge to reach a global 

and optimal decision. In this scheme, all DM efforts are happened at a single node 

(deliberator) where a global decision is reached. We note that hard detection technique 

for the purpose of target detection in the fusion of multiple sensors, i.e. [29], has some 

similarity with this scheme, some other published applications of the centralized 

DM scheme include a dynamic load balancing scenario for wireless networks [40], the 

classification of geographic data from multiple sensors [116], reliability estimation 

among multiple sources [28], optimized traffic management [42,117], and airspace 

resource management [41].

• DM decentralized scheme; In this scheme, the deliberator does not exist and 

DM efforts are distributed among participants. In particular, all nodes have the 

capability of making a decision. They process their own knowledge and the knowledge 

provided by their neighbouring participants [118] to reach a local decision. Notice that 

neighbouring participants of a specific participant i.e. Xi are referred to participants 

who provide knowledge for Xi, i.e. I2 and X3 in Figure 4.1. In the decentralized

72



Figure 4.1. Schematic diagram for different structures; Left-hand side is the structure of a 
centralized deliberator-based scheme and Right-hand side is the structure of a decentralized 
scheme.

scheme, there is no a central node for providing the global decision. The decentralized 

DM scheme has been applied in fault diagnosis for telecommunication networks [30], 

feature extraction for big data sets [31], analysis of consensus algorithms in networked 

systems [32], and optimization of rewards in on-line learning [43], for example.

The schematic diagram for different DM schemes is presented in Figure 4.1.

Remark 4.1.1. (Advantages and disadvantages of each scheme).

• The centralized scheme allows us to provide a global decision reached by the deliberator. 

This global decision is acceptable to be deserved as the optimal decision for the whole 

system. However, in the traditional centralized scheme, the deliberation (i.e. decision­

making) itself is confined to the deliberator. This may lead to scalability problems [29] 

in cases where the number of participants, s, is large. The vulnerability of failure 

of the overall system to deliberator node might happen [109]. In particular, it is 

not easy to transmit the big data set to the deliberator, in the system where each 

participant involves a large number of local state and control variables i.e. [119], or 

in highly dynamic networks i.e. [110]. Furthermore, handling a centralized scheme 

for large-scale systems with a big amount of data creates time delays and even failure 

in the knowledge transmission [120].

• In the current research, the decentralized scheme receives more attraction due to low- 

complexity [111] and scalability [29]. However, this scheme has its own drawbacks. For

73



instance, it is unable to propose a global solution, and only provides local decisions— 

which increase conflict among participants. Also local decisions are expected to serve to 

the whole system, while they might not be reliable due to limited knowledge/resources of 

participants. Furthermore, designing an appropriate and formal way of communication 

(interconnection) among participants, in particular, for a large-scale system is the 

other challenge. These properties reduce the real applications of a decentralized DM 

scheme in practice i.e. [4I].

Therefore, it is worthwhile to explore a centralized deliberator-based scheme for merging the 

distributed knowledge in order to solve the current issues. In our proposed scheme, no data 

are transmitted from the participants to the deliberator. Instead, the participants report 

only pds. In particular, reporting the shaping parameter of pds is adequate. Therefore, 

the issue of transferring data and time delays are hugely improved. The deliberator’s task 

is to process the shaping parameters for designing the optimal pd. This scheme leads to 

the following advantages.

• Low computational complexity: The proposed seheme requires low computa­

tional load. Because, the large scale of raw data arc converted to shaping parameters 

in each participant. Then the shaping parameters arc reported to the deliberator. 

This leads to a significant computational savings in the deliberator.

• The reduction of time delays: The transmission of the whole data-batch from 

the distributed participants to the dcliberator, requires many bandwidths and creates 

long-time delays. But in our proposed scheme, only few bandwidths are needed to 

transfer shaping parameters.

4.2 Distributional design in MPS

The task of distributional design through merging multiple pds arc widely studied. For 

instance, [121] comments to infer the posterior pd of the parameter through merging 

knowledge partially shared among multiple participants. It is assumed that participants 

arc dependent because of shared knowledge. Notice that this assumption leads to an 

incomplete model of knowledge. References [114] and [122] are the other related works 

proposed under an incomplete model of knowledge.
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One of desirable approach for merging multiple pds is copula-based approach i.e. [123], 

Following the Sklar’s theorem, the construction of joint pds of (xi,... ,Xn) can be written 

as the copula function, C(.), of marginals:

Go(xi,... ,X5) = C[Gi{xi),.. .,Gs{xs)] (4.1)

Notice that (4.1) is general formula for copula functions where Gi,l = l,...,s, are 

cumulative distributions. For differentiable G/ and C(.), the joint density is also available 

i.e. [123]. Also for the purpose of sensor fusion and feature selection, [124] constructs 

the joint pd of sufficient statistics through merging marginal pds using hypothesis test. 

Then [125] studies the construction of the joint pd of features within exponential family. 

The constructed pd can be seen as the MXE-optimal design (2.24) (the special case of 

FPD) where the knowledge-constrained set is the set of moment constraints.

The other popular methods are distributional pools. Reference [126] suggest the pooling of 

different forecasts with unequal weights. Pooling design has been advocated as a established 

approach for combining expert judgements i.e. [127,128].

In the rest, we focus on distributional design in MPS, where all nodes construct pd of 

same x of the same functional form with differently chosen hyperparameters. This is not 

the requirement, but we use it in what follows for case of interpretation. In particular, we 

are interested in investigating distributional pools and FPD approaches as very popular 

approaches for merging pds in MPS. In the following, each approach is fully addressed.

4.2.1 Distributional pools in MPS

Distributional pools can be seen as a construction of an additive or multiplicative mixture 

across participants. Recall that the task of distributional pool is to merge s pds in order 

to reach the optimal pd. The distributional pools are also referred to opinion pcols 

i.e. [129].We here specifically focus on the optimal design of predictive pd using pooling 

approaches. The most popular distributional pools arc linear and logarithmic pools.

• Linear pooling prediction: The pioneering works of linear pool are [112,130]. 

Latter, the linear pool has been quite popular to combine multiple prior pds of 

the same parameter i.e. [35,131,132]. It is also widely used for merging predictive
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pds of same x [34], This pooling approach involves a weighted linear mixture of 

participant-indexed predictions, G/S, as follows:

(4.2)
i=\

where Gq denotes the linear pooling prediction and the wf is the weight of th 

participant which belongs to (s — 1)—probability simplex As_i (i.e. ruf € As_i). 

This pooling approach is justified [34] as the solution of,

= arg min Y.^1D[Gi\\G],
G€Gk

(4.3)
i=\

where G is the variational pd as a member of knowledge-constrained set of predictive 

pds, Gk, and Tl[.||.] is defined in Definition 2.2.1.

Logarithmic pooling prediction: This pool is a weighted geometric mixture of 

participant-indexed prediction, with weights wf as follows:

G?sGS{i) = —n[G,(x)rf, 
1=1

(4.4)

where Koa — / nf=i[G;(a:)]“'?da;, Gg denotes the logarithmic pooling prediction and 

by definition, wf € As_i. This pooling approach is justified [34,36] as the solution of,

Go = arg rnin ^ u;fD[G|lG/],
;=i

(4.5)

4.2.1.1 Weights assignment

Recall that one of the main challenges in distributional pools (4.2), (4.4) is the optimal 

design of the weights. There are many approaches for the design of (unequal) weights 

i.e [64,133-135] in linear pool, and [36,136] in the logarithmic pool. We here review some 

empirical approaches for the design of weights.

• The inverse of arithmetic mean of KLDs: this empirical design i.e. [48], proposes
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Figure 4.2. Schematic diagram for the inverse of an arithmatic mean of KLDs. 

the average KLD from Gi to all the other participant pds,

® J = 1
(4.6)

which provides a measure of outlierness of the X; among the ‘cluster’ of participant 

pds. 2o can empirically assign the weight to X;, via ^ > 0, I = 1, • ■ ■ , s. Normalizing 

this ratio can be interpreted as the Xq’s probability of correctness of the X(, i.c.

Wl
Pi

Pi

1 ! ^ 1) ■ ■ ■ ! (4.7)

The inverse of maximum KLD: the other KLD-based empirical design of weight 

i.e. [134] is proportional to the inverse of KLD from G/ to whose X/ has the maximum 

distance in KLD sense, i.e.

/3; = D[G,||Gr], (4.8)

where, Gf = argmaxj D[Gi||Gj]. Here, G;* is pd of the furthest participant. Using 

(4.8), weights are obtained as:

^ = I.-- -
X=1 /3*

(4.9)
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Figure 4.3. Schematic diagram for the inverse of of maximum KLDs.

4.2.1.2 Limitations of the distributional pools

Most approaches of the distributional pools foeus on (4.2), (4.4) which obviously have 

different structure. Although, distributional pools enable us process stochastie knowledge 

in MPS, the following limitations of distributional pools are eurrently exist:

1. Ambiguity in the structural form of merging the predictive pds, Gis, in distributional 

pools duo to the lack of a unified and axiomatie framework.

2. The lack of consistent processing of the generative model of x, (i.e. Go{x\0)) available 

to the deliberator, for the future data. Since in the distributional pools, all pds have 

the same nature i.e. all arc predictors or prior pds. This property of distributional 

pools docs not allow the deliberator share their parametric model of x. Notice that 

in the literature i.e. [35,36], a parametric model of x is inconsistently adopted for 

pooling multiple priors of the same parameter. This is inconsistent because the 

parametric model is externally adopted which does not belong to any node, the 

deliberator’s model docs not exist. Instead, Iq’s task is merging pds provided by 

participants. Therefore, these approaches do not have the capacity of uncertainty, 

where the processing of future data is impossible due to the lack of the deliberator’s 

parameter model.

3. The lack of a principled design of weights.

We will show that the adaptation of the centralized DM scheme using FPD with a parametric 

deliberator is going to solve these issues in a successful way.
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4.2.2 FPD for distributional design in MPS

Similar to distributional pools, FPD [17] exploits KLD as a ranking rule. However, this is 

quite different from distributional pools, because one objective function (i.c. one KLD) is 

minimized in FPD, while in distributional pools, a weighted combination of KLDs with 

unknown weights is minimized. Also, in FPD, an ideal pd is explicitly and consistently 

proposed as the origin of the set of parameter pds—which true pds of parameter are 

ranked with. But there is not such possibility in distributional pools. Recall that a 

summary of properties of FPD is presented in Section 2.5. FPD is exploited for MPS 

i.c. [25,37,38,111], [48]. In particular, [37] uses FPD in the centralized DM scheme, designing 

the deliberator’s parameter prior in the special case of discrete pds (i.e. multinomial pd). 

Reference [38] proposes a decentralized DM scheme for merging multiple multinomial pds 

using FPD. In both [37,38], weights assignment is underlying the numerical approximations. 

Reference [111] adopts a decentralized DM scheme for merging multiple pds using FPD. 

Reference [25] heuristically adopts FPD for merging the external predictive pds, where 

again, no formal design of weights is proposed. We note that [25,111] propose a heuristic 

and informal way of weights assignment.

4.2.2.1 Limitations of available FPD in MPS

The main limitations of the available FPD approaches are as follows.

• available FPD methods do not provide an axiomatic and tractable design of weights 

in the optimal design of parameter prior.

• FPD has been widely studied in decentralized scheme, however employing FPD yet 

to be adopted for the centralized scheme is not widely. To authors, the published 

research on centralized merging via FPD is [37]

We here adopt a parametric deliberator-based model of x—which quantifies the uncer­

tainty in the deliberator node— and employ the centralized DM scheme of distributional 

design using FPD. The deliberator is a Bayesian moral (i.e. empathetic) decision maker, 

who bound their own expectation of the expected loss suffered by each participant. This 

will be fully explained in Section 4.3. The moral deliberator process pds into a FPD-optimal
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design of the parameter prior. Recall that in FPD, we employ only one KLD to rank 

the set of possible parameter priors to an explicit ideal pd of parameter. This provides 

a consistent and unified structure for merging the stochastic knowledge. We note that 

this is the extension of the available FPD method with centralized DM scheme i.e. [37] 

to the continuous case with a finite-dimensional parameter. The FPD-optimal design of 

parameter prior acts as the prior for the deliberator’s generative model of x (i.e. Go(a;|0)). 

In particular, we employ this optimal parameter prior using Bayesian calculus to deduce the 

FPD-optimal predictor , Go{x\9). This optimal predictive pd is employed for processing 

future data. The proposed FPD here is the adaptation of the parameteric hierarchical 

FPD item 1 in Remark 2.3.2. Notice that this is the spccializction of the (nonparamctric) 

hierarchical FPD optimal design [19] to the parametric deliberator model. Also, this is the 

first time which we apply this for continuous pds in the centralized scheme for MPS.

4.3 Knowledge definition and modelling

We propose a system involving s -f 1 nodes (s > 1), s of them (i.e. Ii... ,1^) arc 

participants. Each participant independently contributes a known pd of the same x, i.e. 

Gi{x) = Gi, I — 1,..., s. The extra (i.e. (s -I- l)st) node is the deliberator, Xq—receive 

these pds from the s participants, and also contribute their own parametric pd of x, i.e. 

Go{x\0,K) = Go, conditioned on their aggregate knowledge, K. Here, 0 6 © is 2o’s 

finite-dimensional, unknown parameter, modelled hierarchically by Iq, as defined next. 

We note that x]Go = x\9, where = denotes equality in pd. Xq adopt FPD methodology 

to merge Gi, I = 1,... ,s and Go{x\9,K) = Go, leading to an optimal design of the Xq’s 

parameter prior. This prior can then be used to express their uncertainty in the parametric 

model. Also it will be used to predict x, as explained in the sequel. 2o’s knowledge, K, 

is specified below. Hereinafter, we will suppress the notational dependence on K of Xq's 

model factors, e.g. Go(x|0, AT) = Go(x|0). In the context of this Chapter, participants are 

forced to approximate their pd, G;(x), with Gq{x\6) imposed by Xq, and so their expected 

loss is D [G/]]Go(.]0)]. As a moral deliberator, Xq impose an upper bound on the expected 

loss related to each participant, which will be presented in item 3 of the knowledge K 

defined as follows:
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Definition 4.3.1. (Knowledge, K, processed by the parametric moral delibera­

tor, Iq, in FPD). Xq, and Ii,l = 1,..., s, model a common unknown quantity, x. Iq’s 

knowledge, K, comprises the following elements;

1. a known parametric form, Go{x\0), of model for x, conditioned on the unknown, 

finite-dimensional parameter, 6.

2. known pds, Gi{x), I = 1,... ,s, reported independently to Xq by the s participants.

3. Xq’s parameter pd, A{0\K), confined to the following set:

AgAi, = {A{e\K) : Eawk) [D[G/||Go(.|0)]] < Pi, I = 1,..., s} (H. (4.10)

Here, Pi > 0 bounds Xq’s expectation of the expected loss suffered by the -participant 

when Go{x\6) is imposed on them. A lower choice of Pi expresses Xq’s greater 

confidence in the l^^-participant. P = {Pi,..., Ps}^ is known to Xq, and therefore 

forms part of their knowledge.

In the following, Xq’s model of {x,6), conditioning on available K, is defined as follows.

Definition 4.3.2 (2o’s joint model of unknowns). Let M be Xq’s joint pd of x and 0, 

and let A be their (hierarchical) parameter prior pd of 6. Then, using the chain rule:

M{x,e\GQ,A,K) = M{x\e,GQ,A,K)M{e\A,K) 

= GQix\e)A{9\K). (4.11)

Xq’ specify their joint ideal pd of {x,G) as follows,

Mj{x, e\GQ, Fi, K) = GQ{x\e)Fj{e\K). (4.12)

Notably, Go(x|0) is not the variational pd in (4.11) and (4.12). Also, the pd of x in the 

joint true and ideal models is the same. Therefore, the only variational quantity in the 

joint model (4.11) is A{0\K).

No unique solution for M{.) (4.11), in particular A(.) is available. Since, M(.) is 

incomplete model. Instead, Xq, ranks all possible parameter pds, A(.), consistent with their
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knowledge, K (Definition 4.3.1), to ideal parameter pd, F/(.), using FPD. The definition 

of the FPD principle (2.14) for processing K in Definition 4.3.1, into an optimal design of 

A[6\K)—being the only free factor in 2o’s model (4.11)—is therefore as follows:

Definition 4.3.3 (The FPD principle for the parameter pd). Using (2.14)) the 

FPD-optimal design oflo’s parameter pd, A{6\K), is defined as

A°{e\K) = argmin D[A\\Fj], (4.13)

where Fj is the ideal parameter pd and Ak is the variational space of A{.), constrained 

by K (Definition 4-3.1).

lo’s parametric model (Definition 4.3.2) is hierarchical, via the parameter prior pd, 

A(9\K). However, it is not a fully relaxed, nonparametric hierarchy, in that the dcliberator 

assumes knowledge of the parametric form of their model for x, i.e. of Go{x\0) (item 1 of 

K, in Definition 4.3.1). This allows x to be continuous—extending the contexts in [37,38], 

while avoiding the technical difficulties of optimally designing a nonparametric prior pd. 

FPD for a nonparametric prior is addressed in [19], but not in a multiple participant 

context. The following lemma proposes the FPD-optimal design of the parameter pd, i.e. 

A°{9\K), in Definition 4.3.3, when processing knowledge, K, specified in Definition 4.3.1.

Lemma 4.3.1 ( 2o’s FPD-optimal design of the parameter pd). The solution of 

(4-13), when processing K (Definition 4-3.1), and underlying the regularity conditions.

D[G,l|Go(.|e)] <oo, l = l,...s, (4.14)

is as follows:

A°{9\X, K) oc Fi{9\K) exp - ^ A,D [G,||Go(.|0)]
(=1

(4.15)

A = A(/3) is a vector of non-negative Kuhn-Tucker multipliers, Xi, / =

Proof. D[yl||F/] (4.13) is a convex function of variational A in the convex set, Ak (4.10). 

Therefore, the minimizer exists, and it minimizes the following Kuhn-Tucker functional:
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C{A,Fi,\) = C{A,X)
= I A{e\K)\og^^^^de + p^Xi{E^^e\K)[D[Gi\\Gom]]-/3i}

^ I A{9\K) log
I 1 i-^/=i [G/||Go(-|0)]} j /=i

= D[A\\A°]-\og{c{X))-^\Pi,
1=1

where A°{0\X,K) is given by (4.15), and

(4.16)

c(A) = J F/(0|/Ocxp|-^A;D[G,||Go(.|0)]|d0<oo (4.17)

normalizes this pd. Using the properties of KLD, A°{0\X,K) is therefore the unique FPD 

minimizer defined in (4.13). Using the complementary slackness [137] property of convex 

optimization, it follows that

Xi Gi{X) = 0, / = 1,..., s. (4.18)

where Gi{X) = £’/io(0|a,a') [D [G(||Go(.|0)]] — /S/. Complementary slackness guarantees that 

the Kuhn-Tuckcr multipliers, X{P), arc unique, with cither A;(/3) > 0, s.th Gi{X) = 0 (i.c. 

those cases where the constraint is active), or else A;(/3) = 0, s.th C;(A) < 0 (inactive 

constraint). □

The key computational task implied by Lemma 4.3.1 is the evaluation of the optimal 

Kuhn-Tucker multipliers. More specifically, the processing of the specified bounds, /3 (item 

3 in Definition 4.3.1) via the unique, deterministic mapping, ^ ^ A is the computational 

challenge. This is highly intractable, but the following remark specifies the general 

procedure.

Remark 4.3.1. (Computation of X = X{P)). Following Definition 4-3-3, the optimal
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Kuhn-Tucker multipliers—denoted by A° are:

X° = argminZ? [yl°||F/] subject (by (4.10)) to 

EA°{e\x,K)[D{Gi\\Go{-\9)] < Pu 1 = 1,..-,8. (4.19)

Equivalently, this requires the unique solution, in X, of the following system of non-linear 

equations:

^£^.(,iA,K)iiog +i: \ w iG,iiGo(.ie)i - m=0,

d\i
[- log(c(A)) - ^ XjPj] = 0, 1 = 1,..., s. (4.20)

j=i

We note that solving (4-20) generally does not lead to an explicit solution of X° (except for 

some special cases). Therefore, numerical techniques is required i.e. [38],

A further challenge is the requirement for Xq to specify upper bounds, /3, on expected 

KLDs, as part of their knowledge, K (Definition 4.3.1). Recall that (4.6) provides the 

empirical design of j3. Using that, Iq respect more (smaller /?;) those participants which 

cluster well among the set of participants. Also (4.7) can be used as an empirical design of 

A. Notice that using (4.7), we no longer need to employ Remark 4.3.1.

4.3.1 FPD-optimal design of the deliberator’s predictor

In many MRS, the aim is to construct an optimal predictor, Gq{x\K), after merging the 

participants’ knowledge [64,138]. The following remark adopts standard Bayesian calculus 

to constuct this predictor, consistent with the FPD-optimal parameter prior (4.15).

Remark 4.3.2. ( Tq’s FPD-optimal predictive pd) Adopting A = A° (f.lS) in Xq’s 

model (4.11), then Xq’s FPD-optimal predictor, Gq, is deduced by marginalization overQ. 

It follows that

Go'^{x\X,K) = EAo^g^x^K)[Go{x\e,K)] (4.21)

Figure 4.4 shows the schematic diagram for processing K in Definition 4.3.1. Then, 

Jo’s optimal predictor is deduced using Bayes’ rule and applying marginalization.

84



K

K) Bayes' /e
Gl{x\X\K)

Rule

Figure 4.4. Schematic diagram for processing K (Definition 4.3.1) into the FPD-optimal design 
of the moral delibrator (4.15), then deducing their optimal predictor. Here, /q denotes the 
marginalization operator.

There is no uncertainty associated with the functional form of the FPD-optimal predictor 

(4.21). This is because 2o’s hierarchy (Definition 4.3.2) is parametric, with known functional 

forms. If an unknown nonparametric model (2.18), had instead been adopted a priori, the 

FPD-optimal prior would necessarily be nonparametric, furnishing predictive uncertainty. 

This will be addressed in future work, using Definition 2.3.3, as an established theory of 

nonparametric, hierarchical FPD developed in [19]. The FPD-optimal parameter prior 

pd (4.15) furnishes uncertainty in respect of Xq's parametric model, x ~ Go{x\6). An 

optimal choice, Gq{x\0), requires a criterion for estimation of 0 ~ A°{6\X, K) (4.15). The
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expectation, i.c.

d = £’a°(6>|A,A')[0], (4.22)

is justified as the minimum Bayes’ risk estimate under many loss function choices [14,61]. 

More importantly, A°{0\\,K) (4.15), allows to exploit (Monte Carlo) randomization [61], 

yielding the random sample, ~ A°{d\X,K), i = 1,2,.... Then using (2.34), we can 

approximate (4.22) or (4.21)—to arbitrary accuracy—the integral in (4.21) with a simple 

sum, and eliminates the need for the (potentially difficult) optimization yielding the 

estimate, 0 or Gg. Recall that pooling approaches (4.2) and (4.4) do not provide this 

strategy for evaluation of (4.21). In the following, we wish to compare the structure of our 

predictor (4.21) to the logarithmic pooling prediction.

Remark 4.3.3. (Relationship to the logarithmic pool). The FPD-optimal design, 

A°{6\X,K) (4-i5), involves a geometric mean of participant-indexed Gibbs-type pds [19], 

with weights. A/. It can be seen as an FPD-optimal parametric extension of the logarithmic 

pool [34J of the participants’ contributed pds given in (4-4)■ FPD replaces this with (4-21), 

i.e. the geometric mean is replaced by an optimized infinite mixture of parametric observation 

models.

A special case of Lemma 4.3.1 arises when x is finite-state (discrete) and Go{x\6) (4.11) is 

multinomial, with 9 = p, as explained in the following Corollary.

Corollary 4.3.1 (of Lemma 4.3.1: quantization of x). Let x € X = {vi, then

Go(x|0) = Go(x|p) = Mu^{l,p) = p,

p={pk, k = l,...,m} e Am-i, (4.23)

where Mu denotes the multinomial probability mass function (pmf) and Am_i denotes the 

open probability simplex of dimension m — 1 [139]. Also,

Gi = Pi = {pi,k, k = 1,... ,m} E Am-u 1 = 1,.. .,3, (4.24)

where Pi is defined on the same set, X, and pi^k = Pr([a; = Vk] are known. Adopting these
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assignments in (4-15), the FPD-optimal design of A{p\X,K) is

A°{p\X,K) oc Fi{p\K)exp\-Y,>^iD[Pi\\p]
1=1

M
= Fi{p\K) II exp I-J2^iPi,k 

k=l I 1=1

oc F;(p|X)
k=l

(4.25)

A°{p\X, K) (4.25) is a Dirichlct pd [55,61] if Fi{p\K) is Dirichlct, a result which was derived 

in [37] (using Kerridgc inaccuracy instead of KLD) and [38]. Consider Ip’s parametric 

observation model, Go{x\6) (4.11), under a quantization operator [139], Q : R —>■ X:

Go{x\6) —> Mux{l,p) (4.26)

i.c. the pre-image of X under Q is a partition of K,. Therefore (4.25) specializes the FPD- 

optimal design (4.15) under Q, and consistent with the parameter transformation in (4.26). 

Therefore, (4.15) can be understood as the extension of the quantized design—available 

in [37]—to FPD for non-quantized parametric models.

4.3.2 Functionally tractable FPD: exponential family

In this part, we arc interested in finite-dimensional representations of the FPD-optimal 

design of parameter pd, A°{0\X, K) (4.15). An important such case arises when A° is a 

member of the conjugate exponential family (CEF) [61]:

A%e\X,K) = A%9\Vx,ux)

oc [a(0)]‘^^exp[((j(>(0),FA)]- (4.27)

Here, the shaping parameters, {Vx,ux}, are fixed, finite-dimensional functions of A, and 

therefore, of the knowledge objects in K (Definition 4.3.1). These are combined with 

kernels, a{0) and 4){9), and via an appropriate scalar product, (•, •), in the manner specified 

in (4.27), and all quantities have compatible dimensions. The form (4.27) is very important 

for sequential processing of data, as expressed in Chapter 3. If adopted by the deliberator
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then future sequential observations, Xi ~ Go{xi\0), i = 1,2,..are projected invariantly 
into finite-dimensional statistics if Go(-) has the associated exponential family form [61]. 

The following lemma provides sufficient conditions under which the FPD-optimal design, 

A°{0\X, K), achieves the (CEF) form (4.27).

Lemma 4.3.2 (CEF-FPD-optimal design of A{0\X,K)). Sufficient conditions under 

which the FPD-optimal parameter prior (4-15) achieves the conjugate exponential family 

(CEF) form (4-27) are as follows:

1. The deliberator’s parametric pd, Go{x\6) (Definition 4-S-l), is an exponential family 

member, as follows:

Go(2;|0) = a{d)b{x) cxp[((/)(0), d{x))]. (4.28)

Also, Eg,[log(6(a;))] < oo and Eci[d{x)] < oo, I = l,...,s, where the Gi are the 

participants’ pds (item 2 of K, in Definition 4-3.1).

2. Fi{0\K) (Definition 4-3.1) is chosen conjugate to Go{x\G), i.e. with the CEF form 

(4-27).

Proof. By definition of KLD (2.2.1),

D[G,||Go(.|0)] = Eg,[logG;(a;)] - EG,[logGo(x|0)]. (4.29)

Substituting (4.28) into the final term (4.29), and noting that Eg, is distributive across

D [G,||Go(.|0)] = EG,[logG,] - EG,[log(6(x))] 

-log[a(0)] - {4>{9),EGfid{x)]). (4.30)

Substituting (4.30), VZ, into the FPD-optimal parameter prior (4.15):

Afe\X,K) = ^^Fj{G\K)[a{e)]^^l^^‘hxp\{m,E^‘Eofid{x)]) } . (4.31)
i=i

Imposing the condition 2 above, then (4.31) has the CEF form (4.27), with shaping

88



parameters,

Va = V‘ + ^\iEgM{^)],
l=l
s

I'x = +
(=1

where {V\u^] arc the shaping parameters of Fj{0\K).

(4.32)

(4.33)

□

Notice that the CEF-FPD form (4.31) suggests a class of Z’s parametric model where 

the FPD-optimal design (4.15) is functionally tractable. Also, Remark 4.3.1 proposes a 

guideline for processing K into the Kuhn-Tucker multipliers, A = A(/3) (4.15), by FPD. 

Nevertheless, in general, A arc computationally intractable due to the lack of explicit 

mapping function. In the following we provide a special case where A are computationally 

tractable.

4.3.2.1 An illustrative example: the normal case

In this part, we aim to implement the FPD-optimal predictor (4.21) into the normal 

example. Let X/, / = 1,..., s be normal participants, each modelling x S R:

Gi[x\'qi) = N:,{fii,ri), l = (4.34)

where all the participant-specific shaping parameters, t/; = I = 1,..., s, are known.

Tq adopts

Go(x|6») = Go(x|a) = A,(a, r), (4.35)

where 0 = a is an unknown mean and r is a known variance. Assuming Fi{a\K) be a diffuse 

Normal, then the conditions (Lemma 4.3.2) for achieving CFF form of the deliberator’s 

FPD-optimal prior design are satisfied. In this case, (4.31) specializes to the following:

A%a\K) ^ lV„(/i°,r°),

Ej=iA,- ’

r

(4.36)

A,
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Notice that the optimal Kuhn-Tucker multipliers, A° is compiited as follows. Substituting

(4.36) into the constraints (4.19) (i.e. into the nonlinear system (4.20)), and summing over 

1. leads to

A^{6- AA} = 0, (4.37)

where

b = rsl.

(here. Is is a column vector of I’s, of length s), and

A = (2^
;=i
S / j.

+ lslJY^ iri + fif + r\og----- r-2rl3i
1=1 ^ ’’"i

(4.38)

Using complementary slackness (4.18), the optimal Kuhn-Tucker multipliers. A", are 

deduced tractably as:

A” = maxjOs, A“*6}, (4.39)

where max is a^rplied elementwise. Finally, adopting (4.36) as the optimized prior and 

using Gn(2:lfl) = N:c{<^,r) to (4.21), Xo’s FPD-optimal predictor is

Go°(x|A') = iV,(/i°,r° + r) (4.40)

4.4 Comparative Performance Evaluation under Sim­

ulation

We now examine the form and behaviour of the deliberator’s FPD-optimal design of 

parameter prior pd (4.15) in simulation.
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Figure 4.5. A°[a\K) for s = 20 with MC — 1000 runs. Normal case with r = 1.

Figure 4.6. lo’s predictor, Go°{x\K) (4.40), compared with the participants’ pds, Gi{x), for 
s = 5, with shaping parameters averaged across MG = 100 runs in all cases. Normal case with 
r = 1.

4.4.1 The hierarchical property of the FPD-optimal design (4.15)

For computational convenience, we consider the normal deliberator/participants case of 

Section 4.3.2.1. We simulate the normal participants’ pds, independently drawing r; ~ 

iG{2,1) (where iG denotes the inverse Gamma pd), and ^i\ri ~ A^(0, r/), / = 1,..., s = 20, 

in each of MC = 1000 runs. We design the simulation with Xq’s variance being r = 1 In 

Figure 4.5, we plot 2o’s FPD-optimal design, A°{a\K) (4.36), for each of these runs.

X()’s FPD-optimal predictor, G(i°{xWK) (4.40), is then computed in the case where
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Figure 4.7. Comparison of Iq’s predictor, Gq{x\K) (4.40), and the logarithmic pool, Oq{x) 
(4.4), in terms of the participants’ expected loss (i.e. D[Gi\\Gq] and D[Gi\\Gq]). The s = 20 
participants are in the order of increasing /3/. Normal case with r = 1.

s = 5, and for each of MC = 100 runs. In Figure 4.6, we illustrate the predictor with 

shaping parameters averaged across the 100 runs. For comparison, we also plot the 

participants’ contributed pds, Gi{x), / = 1,..., 5, for the averaged shaping parameters of 

the respective participants.

4.4.2 Optimal design of the Kuhn-Tucker multipliers, A

Next, we simulate the FPD-optimal design of the Kuhn-Tucker multipliers (weights). A" 

(4.39), associated with the participants, in the tractable normal case (Section 4.3.2.1). We 

manage the simulations in the same way as in Section 4.4.1, and use KLD as a measure 

of performance. In Figure 4.7, we plot both D[G/||Go] where Go(x) is the

logarithmic pooling predictor design (4.4) with uniform weights. We plot these quantities 

against the participants’ index, / = 1,..., s, ordering the latter from lower to higher values 

of Pi (4.10) (higher to lower confidence of the deliberator in the respective participants). Wc 

find that those participants with lower Pis have lower KLD, as the moral deliberator expects. 

Furthermore, Xq’s FPD-optimal predictor design (4.40) outperforms the uniformly-weighted 

logarithmic pool design (4.4).
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Figure 4.8. Comparison of Iq’s G^{x\X, K) (4.40) and Gq{x) (4.4) in terms of weighted KLD 
(4.41), as a function of the number of participants, s. Normal case with r = 1 and wi = K

In Figures 4.8 and 4.9, we illustrate the weighted KLD (WKLD), defined as follows;

WKLD
/=!

(4.41)

In Figure 4.8, uniform weights, Wi = are used in (4.41) to compare Jq’s FPD-optimal 

predictor design to the logarithmic pool, as a function of the number of participants, s 

(4.4). This figure shows that the logarithmic pool has an increasing trend (i.e. diminishing 

performance), while 2o’s FPD-optimal design does not. Furthermore, 2o’s FPD-optimal 

design outperforms the logarithmic pool for all values of s. In Figure 4.9, we use wi —

A- (4.7) in (4.41). In this case, WKLD increases with s for the logarithmic pooling

predictor design, but decreases for the FPD-optimal design. The FPD-optimal design 

outperforms the logarithmic pool for s > 5.

4.5 Discussion

The simulation results of Section 4.4 demonstrate that the FPD-optimal predictor, Go'’(x| A, K) 

(4.21), outperforms logarithmic pooling for a range of operating conditions. Furthermore, 

the FPD-optimal parameter pd (4.15) can be arranged to belong to the conjugate ex­

ponential family, yielding functionally tractable algorithms for sequential processing of 

dynamic data. Lemma 4.3.2 restricts the class to which Go{x\6) must belong, if this is to
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be guaranteed. In the next Chapter, we will explore richer classes which also yield this 

property, in particular mixtures of the participants’ pds, i.c. Go(x|a,0) = oiigi{x), 

where a G As_i are probabilistic which will be designed via FPD.

The FPD-optimal design (4.15) is functionally tractable for a rich class of I’s parametric 

model i.e. (4.28), however they may not be computationally tractable. This is because 

processing of K^ in particular ^ (as the part of knowledge), into A (4.20) is highly nonlinear 

(Remark 4.3.1). Therefore, numerical manipulations are required. Some possible solutions 

will be expressed in Chapter 8.

The parametric hierarchical continuous model adopted by the deliberator (which extends 

the discrete case reported in [37,38]) enjoys the usual advantage of Bayesian approaches in 

that uncertainty in the deliberator’s knowledge, Go(a:|0), is quantified, after merging, via the 

FPD-optimal parameter prior, A°{6\X, K) (4.15), while also yielding the optimal, consistent 

predictor, Go(x|A, K) (Remark 5.3.2). A practical way to report the uncertainty in Go(x|0) 

is via random draws from the FPD-optimal prior; ~ A°{0\X, K), i = 1,2,.... The 

randomized deliberator parametric model, Go(a;|0^*^), i = 1,2,..., can then be reported. 

This also circumvents the problem of intractable normalizing constant of (4.15) (i.c. 

intractable forms of A°). Also, as discussed in the comments following Remark 5.3.2, this 

can provide a convenient alternative to computing an estimate, 0, and it replaces the 

integral in (4.21) with a sum. The FPD-optimal parametric hierarchy of the deliberator
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(Lemma 4.3.1) remains sensitive to the model choice, Go{x\6), and forms an important 

part of Xo’s knowledge, K (see item 1 of Dehnition 4.3.1). Indeed, the nature of x will 

often justify the choice of Gq, such as in the Normal case of Section 4.3.2.1. Nevertheless, 

important progress will be made when the parametric form can be fully relaxed to a 

continuous nonparametric form, d = Go, so that x ~ Go(x), where Go(x) is now a 

functionally unknown (i.e. nonparametric) pd. A possible direction for exploration of this 

task will be explained in chapter of the future work. In our scheme, each participant 

provides their knowledge of x to the deliberator in the form of their local predictor, gi{x) 

(see item 3 of Definition 4.3.1). This allows for distributed processing of local data into these 

respective predictors, leading to major savings in communication with the deliberator. For 

instance, in linear-Normal modelling of x by each participant, only the shaping parameters 

(mean and covariance) of the Normal (or, more generally, the Student-^) predictor need 

be reported to the deliberator. In future work, we will derive the specific solution for 

autoregressive participants.

While our deliberator-based (centralized) scheme delivers this advantage of distributed 

processing by local participants, the deliberation (i.e. decision-making) itself is confined to 

the deliberator, by definition. This may lead to scalability problems [29] in cases where 

the number of participants, s, is large. There is also concern about vulnerability of the 

overall system to deliberator node failure [109]. In order to overcome these problems, the 

participants—particularly in large-s cases—can be grouped, each group being moderated 

by a local deliberator. The current framework can then be adoped by each group, with 

each group’s deliberator reporting their local FPD-optimal predictor (4.21) to the (global) 

deliberator, for final deliberation. Recursive FPD schemes such as this allow local inter­

actions between participants to be considered, particularly when local deliberation is fed 

back to the participants in a closed-loop scheme. Another option is to introduce a group 

label, 0 —y {0, L = /}, into the deliberator’s hierarchical model, allowing the deliberator 

to optimize their model for heterogenous groups of participants. Ultimately, a global model 

of interaction between the participants and deliberator needs to be considered, as a formal 

means of achieving a fully distributed deliberation scheme, with local interactions modelled 

via a Markov random field [140].

The solution presented in this Chapter is a static, open-loop one, involving a single
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invariant unknown, x. The framework can be extended to the dynamic case, involving 

modelling of a discrete-time random process, Xi,iEZ. In particular, we will show in future 

work how the dcliberator’s FPD-optimal inference may be fed back to the participants 

as a prior for their (conjugate) processing of local data, x[, I — l,...,s, achieving an 

FPD-optimal, closed-loop, Bayesian distributed filtering scheme.
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Chapter 5
Multiple participant processing: external pre­
dictors

In this Chapter, we aim to process the probabilistic knowledge involving multiple participant 

predictors in the centralized deliberator-based scheme. The knowledge here does not involve 

the constraint 3 of /iT in Definition 4.3.1 which makes them quite different. This knowledge 

is formulated in Section 5.1. Processing K in different ways will require the specification 

of different ideal pds and consequently leads to different FPD solutions. Therefore, the 

ideal specification and the FPD solutions in this Chapter are totally different from those 

presented in the previous Chapter. In particular, here we process the same knowledge (in 

Definition 5.1.1) in three different ways yielding three different FPD solutions. We are 

going to distinguish these different FPD solutions as follows:

1. FPD-optimal merging with augmentation (FPD-A): in the first way of merg­

ing participants’ predictors, unknown parameters, 0, are augmented by the label of 

participant. This yields XqS FPD-optimal merging with augmentation which will be 

presented in Section 5.2.

2. FPD-sequential merging (FPD-S): the second way is merging participants’ pre­

dictors in a sequence. This way yields 2o’s FPD-sequential merging which will be 

presented in Section 5.3.

3. FPD-optimal merging with restriction (FPD-R); the third way is processing 

of participants’ predictors whei'e the knowledge-constrained set is restricted to the 

linear mixture of participants’ predictors. This yields XqS FPD-optimal merging with 

restriction (FPD-R) which will be presented in Section 5.4.
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Notably, we specify the ideal pd differently for different ways of processing K in each Section. 

The first and third ways are one-batch processing (i.e. processing multiple predictors using 

only one KLD), while the second way is the sequential processing of participants’ predictors. 

Recall that the main limitation of the proposed FPD-moral deliberator in Chapter 4 is the 

lack of generally tractable design of weights. Xq’s FPD-A as our primary FPD solution, 

provides a principled design of non-uniform weights which is evaluated tractably and 

axiomatically for a rich class of TqS parametric pd of x. The designed weights derived 

from the FPD-optimal prior will be used for computing the optimal predictor via Bayesian 

calculus.

5.1 Knowledge definition and modelling

In this section we define K in the way which is totally different from the knowledge in 

Definition 4.3.1. In particular, we relax the constraint 3 of Definition 4.3.1 such that 

the knowledge-constrained set. Ax is not confined to the bounded expectation of KLDs. 

Instead, The deliberator believes that one and only one of the participants will be accepted 

for designing of the prior of 6. We wish to design them optimally. For this reason, let L 

be an uncertain proposition which is treated as a random variable. The realization L = I 

implies that we will choose the participant from s possible participants in order to 

learn about 6. Iq’s augmented set of unknowns is:

{x,9,l) G X X 0 X {1, • • • , s}. (5.1)

Therefore, Iq's knowledge is defined as follows.

Definition 5.1.1. (Iq’ Knowledge, K, without bounded expectation of KLD ).

Xq, and Ii,l = 1, • • ■ ,s, model a common unknown quantity, being the random variable, x. 

Iq’s knowledge, K, comprises the following elements;

1. a known parametric form, Go(a:|0), of their model for x, conditioned on the unknown, 

finite-dimensional parameter, 9.

2. known pds, Gfx), I = 1, - ■ ■ ,s, are reported independently by the s participants to 

lo-



S. no special constraints are placed on s variational quantities i.e. A{0\1), / = 1, • • ■ ,s, 

nor on pmf P{1) G As_i.

□

2o’s joint model of augmented set (5.1) is defined as follows.

Definition 5.1.2 (2o’s joint model of unknowns). Let M be Iq’s joint model of {x, 0,1). 

Then, using the chain rule:

Mix, 9, l\A, P, K) = Mix\e, I, A, P, K)M{e\l, A, P, K}M(HA, P, K) (5.2)

□

After knowing K, Xq specify their joint ideal pd of the augmented set (5.1) as follows:

Miix, 6, l\Fi, Pi, K) - Miix\e, I, Fi, P,, K)Mi{0\l, F,, Pj, K)Mjil\F,, P,, K)

= G<i[x\e)F,ie\l,K)P,{l\K), (5.3)

where F/ and Pj = Pjil\K) = wij denote the ideal (pre-prior) pds of 9 and I respectively. 

Also the following assumptions are adopted:

• Iq replaces their parametric model of x, with participant’s predictor, knowing 1. 

It means that Xq model x independent of 9 conditioning on Gi{x):

Mix\9,l,A,P,K) = Gi{x). (5.4)

By the usual conditional independence property of hierarchical model A:

M{9\l,A,P,K) = A{9\l,K). (5.5)

By the definition of model P:

Mil\A,P,K) = Pil\K)=wi.
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Therefore, 2o’s hierarchical model (5.2) becomes:

M{x, e, l\A, P, K) = Gi{x)A{e\l, K)P{l\K) (5.6)

We note that the joint model (5.6) involves s +1 variational quantities, i.e. s of them are 

Ai = A{0\1, K), I — 1,... ,s, and one of them is P{l\K). For this reason, M is not unique 

and we use the joint ideal pd (5.3), to rank M G Mk, using KLD via FPD methodology.

5.2 FPD-optimal merging with augmentation (FPD-

A)

In this section, we aim to derive the FPD-A of parameter prior, i.e. A°, through processing 

K in Definition 5.1.1. For this reason, we exploit modelling assumptions (5.3) and (5.6) 

and define FPD principle for the model of unknown set (5.1) as follows.

Definition 5.2.1. (FPD principle for joint parametric pd) The FPD-optimal design 

of unknown M— denoted by M°, when processing knowledge, K (Definition 5.1.1) is given 

by the following:

M° = arg min D[M\\Mj\. 
M€Mk

(5.7)

Recall that M denote the model of augmented set (5.1). Notably the only variational 

quantities are Ai and P in (5.7). Notice that (5.7) is a step-wise minimization,

A(P° = argmin (^arg^mm , (5.8)

□

The following lemma proves that a tractable FPD-optimal solution of augmented model 

(5.6) is implied by the knowledge specified in Definition 5.1.1.

Lemma 5.2.1 ( FPD for Jo’s hierarchical model of unknown, processing K, in 

Definition 5.1.1). The solution of (5.7), when processing K in Definition 5.1.1 underlying
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the regularity assumptions:

D[G,||Go(.|6>)] <oo, / = (5.9)

is as follows:

where,

M°{x, e, P°, K) = Gi{x)A‘’{G\l, K)P°{l\K)

A^{e\l,K) cx Fjie\l,K)exp{-D[Gi\\Go{.m},

CAf = J^Fj{e\l,K)exp{-D[Gi\\Goi.m}de.

ZU Pi{j\K)cAo -
Fi(1\K)caoF%l\K) = „„ J. = wr

Proof. Substituting (5.3) and (5.6) into (5.7),

(5.10)

(5.11)

(5.12)

(5.13)

D[M\\Mj] = tL 
1=1 Xx©

In Giix)A{e\l,K)Pil\K)
Go{x\0)F,{e\l,K)Piil\K)

A{e\l,K)P{l\K) \

Giix)A{e\l, K)P{l\K)dxde

= g {/e ■" (1^) + >» (^) }
= g{ol.4,|W|-lnc.,+l„(^)}p(;|;f)

= ^ D[Ai\\A^]P{l\K) + ^ Inc^o + In } ^(^1^)
(5.14)

By the properties of KLD, the first term on the (RHS) of (5.14) achieves its minimal value 

of zero if A{6\1, K) = A°{d\l, K), I = 1,..., s, where Af is given in (5.11). Therefore, using 

step-wise minimization, the FPD optimal design of P is achieved by minimizing

E | - Inc^o + In } ^(^1^) = D[P\\P‘^] - In Cpo (5.15)
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Therefore (5.14) achieves its minimal value if P{l\K) — P°{l\K), where P° is given in 

(5.13). Inserting (5.14) into (5.7), the FPD-optimal design of M is M° (5.10). □

Notice that we aim to deduce the FPD-optimal design of A{0\K) using M° (5.10). For 

this reason, we marginalize M° (5.10) over I and x as follows.

Remark 5.2.1. (FPD-A of parameter prior.) Using the FPD-A of components 

(5.11) and weights (5.13), the FPD-A of A{0\K) is, by marginalization of M° (5.10) over 

I and X,

A^{e\K) = f M°{x,e,l\A°,P‘’,K)dx 
1=1

= ^u;,M°(0|/,iF),
1=1

(5.16)

□i. e. A° is the mixing pds.

Remark 5.2.2. (Interpretation of FPD-A of parameter prior (5.16)) The FPD- 

A of parameter prior (5.16) might be interpreted as the optimal design of multi-channel 

model, where the deliberator adopts the different ideal (pre-prior) pds (i.e. Fj{0\l, K),l = 

1,. .., s/ Then the l^^ ideal pd is updated using the knowledge provided by l’^^-participant 

leading to the optimal local prior (5.11). Then Xq’s optimal prior of 9 conditioning on K, 

is tractably achieved using an optimal combination of these s local priors i.e. (5.16).

So far, we have updated multiple ideal pds (i.e. Fi{0\l, K), / = 1,..., s), to the optimal 

prior pd (i.e. A°{9\K) (5.16)). Notice that A° (5.16) is the parameter prior pd for sequential 

processing of data presented in Chapter 3 by 2o. Alternatively, in the following we are 

interested in applying the optimal parameter prior (5.16) for achieving Tffs predictor in 

the optimal way.

5.2.1 FPD-A of the deliberator’s predictor

Here, we use the FPD-A of A{d\K), (i.e. A° (5.16)) to derive FPD-A of Iq’s predictor.

Remark 5.2.3. ( FPD-A of Xq’s predictor)

Notice that x is generated from Xq’s parametric model, i.e.

Xi Go{x\e), i = 1,2, 

102

(5.17)



According to standard Bayesian calculus (i.e. Bayes’ rule), Xq’s prediction is an infinite 

mixture of observation model (5.17) and the optimal prior pd A°{d\K) (5.16). Alternatively, 

it seems compelling to choose (as a predictor) a linear mixture of participants’ pd Gfix) 

w.r.t optimal weights (5.13). These two predictive designs are now formally defined. After 

which we will specify when each should be used by Tq.

• FPD-A of Xq’s predictor: Replacing Xq’s parametric observation model, i.e.

Go{x\0) with Gi{x) in M° (5.10), and its marginalization over 6 and I, it yields,

G^q{x\K) = EAo[GQ{x\e)\K]

/=i

where,

Gl{x\l,K) = j^GQ{x\e)A°{e\l,K)de

(5.18)

(5.19)

linear pooling prediction with the FPD-optimal weights: Returning to the 

actual form of M° (5.10) and its marginalization over 6 and I yields

G^Q^’ixlK) = Z^Gfix) (5.20)
/=i

where, wf is given in (5.13).

Now we explain the role of each predictor as follows:

□

Prediction in (5.20) is a linear pooling with tractable and consistent weights via FPD. 

Using this prediction, we can understand the role of linear pooling. When Xq wishes 

to predict the same x i.e. Xi, prediction structure (5.20) is applied.

Alternatively, Xq may wish to predict a future observation i.e. X2. In this case, the 

consistent prediction of X2 is the structure (5.18), in FPD optimal sense.
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The main difference between prediction (5.18) and (5.20) is the design of components. 

In prediction (5.18), the components (5.19) must be an infinite mixture of observation 

model (5.17) and the optimal prior A°{6\K) (5.16). This structure allows us to consistently 

process the 2o’s generative model of x, for the future data. On the other hand, the structure 

(5.20) is simply an optimal merging of participants’ predictions. This structure docs not 

propose a consistent way of processing 2o’s future data. Notice that there is no uncertainty 

associated with the functional form of predictions (5.18) and (5.20). This is because 

lo’s parametric model, Go(x|0), conditioning on Q is functionally known. Notably, the 

FPD-A of parameter prior (5.16) furnishes uncertainty in respect of 2o’s parametric model, 

X ~ Gq{x\6). Figure 5.1 shows the schematic diagram for processing K in Definition 5.1.1 

into the FPD-A of parameter prior (5.16). Then, Zq’s optimal predictor is deduced using 

Bayes’ rule and applying marginalization.

Remark 5.2.4. (Relationship to logarithmic pooling prediction). Notably, Iq can 

propose a logarithmic pooling prediction by empirically designing wf (4-4) with FPD-optimal 

weight w° (5.13) as follows:

a^lx\K) = f- niG,(i)|”s
CG90

where ccao = / nf=i[G;(a;)]”’°da;.

(5.21)

□

5.3 FPD-sequential merging (FPD-S)

Recall that the knowledge, K, is defined in Definition 5.1.1. Using modelling assumptions 

(5.4) and (5.6), K constraints the possible set of models to Mk in (5.7). In fact, processing 

the joint model M (5.6) via (5.7) implies one-batch processing of multiple participants’ 

predictors. In this section, we aim to employ the FPD-sequential processing (2.3.2) to 

process the knowledge, K. For this reason, the sequence of knowledge (2.15) is specialized 

to participant predictors, Gi{x)s. In particular, Ki-j involves Gi to Gj. The schematic 

diagram of sequential processing is given in Figure 5.2. Processing knowledge in the 

sequential way leads to different solution from FPD-A of parameter prior (5.16). The
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Fi{e\i = i,K) F!{e\i = s,K)

Goix\e)
2o

K

Bayes'
Rule *

le
Gl(x\K)

Figure 5.1. Schematic diagram for processing K (Definition 5.1.1) into the FPD-A (5.16), then 
deducing their optimal predictor. Here, /q denotes the marginalization operator.

guideline for sequential merging is formulated in the following lemma.

Lemma 5.3.1 ( FPD-sequential merging of parameter prior). Using (2.3.2), thi 

sequential processing of Kj,j E {l,...,s}, by Iq, yields the FPD-sequential merging of 

A{6\K) as follows:

A%G\K) oc F;(0|i^)exp<'-^H[G'i||Go(.|0)][, (5.22)
i=i

where Fj{.) denotes the ideal pd conditioning on knowledge K, yet to be processed.
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Proof. The ideal pd Fi{0\K) is specified as the pre-prior pd. Then we perform the following 

steps:

1. processing Ki involving Gi leads to,

A^, = A%9\K,) (X F;(01i^)oxp{-D[Gi||Go(.|0)]}, (5.23)

c^o = f Fj{G\K) exp {-D[G^\\Gu{.\e)]}de. (5.24)
^ J&

2. in this step, the optimal design A° (5.23) takes the role of pre-prior for processing 

Ki.,2 which leads to,

A° = A%e\K,.,2) oc A°{e\K,) exp {-D[G2\\Goi.\9)]}, (5.25)
= F;(0|/^)cxp|-X:^[G/||Go(.|0)]|, (5.26)

c^o = I^Fi{9\K)expi^-j2D[Gt\\Gom]^d9. (5.27)

3. adopting the same strategy, the sequential processing of K in Definition 5.1.1 yields:

Al = A<>{9\K,..s) = A%9\K)

oc A%9\K,..s-x) exp {-D [a|lGo(.|0)]} ,
= F/(01i^)cxp|-^D[Gil|Go(.|0)]|,

c^o = I^Fj{9\K)expl^-p^D[Gi\\Gom]^d9.

(5.28)

(5.29)

□

Remark 5.3.1 ( Properties of the FPD-sequential merging (5.22)). The result 

(5.22) is invariant w.r.t. the order of processing participant’ predictors and its functional 

form is totally different from the FPD-A of parameter prior (5.16). Notably, for the case 

where s = 1, they yield the same result which is also consistent with the result presented 

in [26].

Using the FPD-S of parameter prior (5.22) and applying standard Bayesian calculus, 

the FPD-S of 2o’s predictor is derived as follows.
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Gi{x) )
F,{0\K)

AXi

Go{x\e)

AX2

G.(x)

A Is
^ A{e\Ki) Aie\Kv.2)

FPD A°{e\K,)' FPD A‘>{e\Kus-i)
K, Ki:2 K

A{e\K)
FPD

A°{e\K)

A°i9\K) Bayes' r
Rule

-------- ^ L
G^oNK)

Figure 5.2. Schematic diagram for sequential processing of K (Definition 5.1.1) into the 
FPD-sequential merging (5.22), then deducing their sequential predictor. Here, /q denotes the 
marginalization operator.

Remark 5.3.2. f FPD-S of Iq’s predictor) Using A° (5.22), FPD-S of Iq’s predictor, 

Gq, is computed as:

Go%x\K) = EAo^e\K)[Go{x\G,K)] (5.30)

Recall that the FPD-sequential designs (5.22) and (5.30) do not provide non-uniform 

weights for the participants. Therefore, as an extension of sequential design we need to 

explore the other way of processing K in Definition 5.1.1 which allows us to optimally 

design non-uniform weights.

Figure 5.2 shows the schematic diagram for sequential processing of K in Definition 5.1.1 

into the FPD-sequential merging (5.22). Then, FPD-S of Iq’s predictor is deduced using 

Bayes’ rule and applying marginalization.

5.4 FPD-optimal merging with restriction (FPD-R)

In this Section, we express the third way of processing the knowledge, K in Definition 5.1.1 

where the knowledge-constrained set is the set of linear mixture of participant’ predictors. 

Similar to the first way of knowledge processing in Section 5.2, this way is a one-batch
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processing, however it yields different FPD solution which we refer it as FPD-optimal 

merging with restriction (FPD-R). This design can be considered as the extension of FPD-S 

(5.22). Since it proposes a principled and non-uniform design of weights. For this reason, 

we process the same knowledge, K, (Definition 5.1.1) and adopt a further assumption on 

the joint model (5.6) as follows,

A{0\l,K) = A{e\K), l = (5.31)

Applying (5.31) into (5.6) and marginalizing it over I yields:

Mix,e\A,P,K) = [YmmCiix)] A{e\K) 

= (^pwiGi{x)]A{e\K).

Also, we specify the ideal pd as.

(5.32)

Mj{x,e\Fj,K) = Go{x\e)Fi{e\K), (5.33)

Notice that we here do not specify different ideal pds for different participants— as we 

did in Section (5.3). Instead, one ideal pd is specified to process K. FPD-R of parameter 

prior is derived in the following corollary.

Corollary 5.4.1 ( of Lemma 4.3.1, FPD-R of parameter prior). Processing K 

(Definition 5.1.1) and underlying assumptions (5.31)-(5.33), the FPD-R of A{6\K) is:

A\e\K) oc F;(0|K)exp ,
(=1

(5.34)

where, A° = (A®,..., A°), denote the FPD-optimal design of weights,

X° = argmax CAo(tt;), (5.35)

where

= ^A)’= 1.
(=1 /=i

Proof. Substituting (5.32) and (5.33) into (5.7),
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D[M\\Mj] = /
JXx&

- L
In

{i:UwiGi{x))A{e\K)
Go{x\e)Fj{e\K)

Y,wiGi{x)\ A{e\K)dxde
l=\ /

«[|:»,G,iiG„(.ie)i+i„(«) A{e\K)de

D[A\\A*] - In ca^{w), (5.37)

where,

A*{e\K) cc Fj{e\K)cxp\-D[J2mGi\\Gom] \ ,
i=\

C^. = I^Fj{e\K) exp l^-D[pwiGi\\Go{.\e)]jde,

(5.38)

(5.39)

By the properties of KLD, the first term on the (RHS) of (5.37) achieves its minimal value 

of zero if A{0\K) = A*{9\K). Notably,

D['^wiGi\\Go{.\9)] = Y.'^t^Oii^ri'^wiGiix)] - ^u;/£;G,(i)[ln(G'o(a;|0))]. (5.40)
(=1 1=1 1=1 1=1

Since, the first term in RHS (5.40) docs not depend on 9, it can be ignored. Therefore, 

substituting (5.40) into A* (5.38) yields.

A*i9\w,K) cx Fji9\K)cxp{-J2u>iEG,^:c)[Go{x\9)]
1=1

cx F,{9\K) exp - [G,||Go(.|0)] ,
1=1

Ca* = Fi{9\K) exp [GH|Go(.|0)]| ,

(5.41)

(5.42)

Notably, A* (5.41) involves the unknown weights, w. Therefore, using step-wise maximiza­

tion (5.35),

\° = argmaxc^.(m). (5.43)

Substituting (5.43) back into (5.41) and (5.42), FPD-R of parameter prior (5.34) is 

achieved. □
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Notice that FPD-R of parameter prior (5.34) is derived underlying the assumption 

(5.31). This assumption restricts the knowledge-constrained set, M^, to the set of linear 

mixture of participants’ predictors. For this reason, we refer to (5.34) as FPD-optimal 

merging with restriction.

Notice that FPD-R of parameter prior (5.34) can be evaluated more easily by using the 

underlying assumption (5.36). Recall that the evaluation of optimal weights in (4.15) is 

generally difficult. This issue can be improved using (5.43). In the following, we propose a 

class for which the FPD solutions is functionally tractable.

Remark 5.4.1 ( Functionally tractable FPD solutions). Using Definition 2.2.2, the 

FPD solutions (5.16), (5.22) and (5.34) are functionally tractable for the class of parametric 

model of X, Go{x\d), where D[G'i||Go(.|0)] is available in the closed form, e.g. Go{x\0) be 

a member of dynamic exponential family (DBF) [61]. The full explanation of employing 

FPD designs in AR model as an important member of DBF is presented in Chapter 6 .

The FPD-R (5.34) is attained under assumption (5.32) stating that the joint space 

search, Mk, involves the weighted linear mixture of participant’ predictors. In particular, 

the variational space involves two variational quantises i.e. A{0\K) and P{l\K) S As_i. 

In the following Remark, FPD-R of Zq’s predictor is presented.

Remark 5.4.2. ( FPD-R oflo’s predictor) Using A°{.) (5.34) the optimal weights 

(5.35), FPD-R oflo’s predictor is deduced as:

Go'’{x\K) = BAo^e\K)[Goix\e,K)] (5.44)

Figure 5.3 shows the schematic diagram for processing K in Definition 5.1.1 into FPD-R 

of parameter prior (5.34). Then, FPD-R of Iq’s predictor is deduced using Bayes’ rule and 

applying marginalization.

Notably FPD-R of predictor (5.44) and FPD-moral deliberator (4.21) have the same 

structure. But they are derived underlying different knowledges.
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Figure 5.3. Schematic diagram for processing K (Definition 5.1.1) into the FPD-R (5.34), then 
deducing their optimal predictor. Here, /q denotes the marginalization operator.

5.5 Relationships among FPD-A, FPD-S and FPD-R

Recall that the way which K in (Definition 5.1.1) is processed leads to different knowledge- 

constrained set, ideal specifications and FPD solutions. In the following, we aim to 

compare and contrast the main perspectives of these three ways of knowledge processing 

and highlight the similarities and differences among FPD solutions (5.16), (5.22) and (5.34).

• In all FPD solutions, the same knowledge, K (Definition 5.1.1 ), is processed, but
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underlying different assumptions and in different ways. In particular, FPD-A (5.16) 

and FPD-R (5.34) is derived under one-batch processing (i.e. one KLD for once). 

The difference between FPD-A (5.16) and FPD-R (5.34) is that the latter is attained 

under the extra assumption (5.31). On the other hand, the FPD-S (5.22) is achieved 

under sequential processing of s predictors (i.e. sequential processing of s KLDs).

• Processing knowledge, K, in different ways constraints the variational space to 

different number of variational quantities. For instance, the number of variational 

quantities of the knowledge-constrained set associated with FPD-A (5.16), FPD-R 

(5.34) and FPD-S (5.22) are respectively s -I- 1, 2 and 1. Notably FPD-A (5.16) is 

derived in the most flexible set and FPD-S (5.22) is achieved in the least flexible set.

• Different ideal pds are specified for different ways of processing K. For instance, 

FPD-A (5.16) requires us specify s ideal pds (5.3), i.e. Fj{6\l, K),l = l,...,s. 

While, for FPD-S (5.22), wo specify one ideal pd in the first step. Then we use the 

optimal design of the previous step as the ideal pd of the next step in the Lemma 5.5. 

Furthermore, in FPD-R (5.34), only one ideal pd is specified i.e. Fj{9\K) (5.33).

• In FPD-S (5.22), any order of processing Gi{x), yields the same result which asserts 

that this design is invariant w.r.t. the order of processing of predictors.

• FPD-A (5.16) and FPD-R (5.34) propose the principled and non-uniform design of 

weights, while FPD-S (5.22) assigns the uniform weights to all participants.

• None of these approaches proposes a non-uniform weight for the case where s = 1.

5.6 An illustrative example: normal case

Let participants contribute normal pd, each modelling a: € M:

Gi{x\rii) = Nxini, ri), l = (5.45)

where r)i = Iq contribute parametric normal model:

GoixlG) = Go{x\i2,r) = (5.46)
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where the unknown parameters are 0 = (/r, r) with unknown mean fj, and unknown variance 

r. In the following, we specialize the FPD solutions presented in Sections 5.2-5.4, into the 

normal ease. Also, the corresponding predictor for this special case is deduced.

5.6.1 FPD-A: normal case

Adopting F/(p, r\l, K) = NiG{Vij, vij), / = 1,..., s, and substituting (5.45) and (5.46) 

into (5.11), the FPD-A of parameter pd for ^^^-component becomes.

A\^i,r\l,K)^N^G{Vlu^) (5.47)

where,

Fr - Vu +

I'f = i^i,i +1-

(5.48)

(5.49)

Therefore, FPD-A of parameter prior (5.16) in the Remark 5.2.1, becomes:

where.

A%e\K) =
l=l

(5.50)

and,

w, =
WljCAf

Ej=l WjjCAo
,I 1,..., s,

Ca°
r(f)(Ar)-^|V;i-^(27r)i 1^1,...,s.

(5.51)

(5.52)

Remark 5.6.1. ( Iq’s FPD-A of predictor (specialization of Remark (5.2.3))

• Notice that using (5.18) and (5.50), the FPD-A of predictor (5.18) becomes a mixture
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of Student’s-t pd i.e.

Go{x\K) = + 1),
i=i

(5.53)

where the optimal weights (5.51) and the Student’s-t shaping parameters, pf,T°, are 

derived from V( (5.48) and uf (5.49).

• Using the optimal weights, w° (5.51), the linear pooling predictor (5.20) is a mixture 

of normal pds,

= (5.54)
1=1

5.6.2 FPD-R: normal case

Adopting Fj{iJ,,r\K) = NiGlVand substituting (5.45) and (5.46) into (5.34), this 

FPD-R of prior becomes:

A\ii,r\K) ^ NiG{Vl.,ulo) (5.55)

where,

V°y \o = Vj +
'ZUlKi.n + ^F^) EU>^fhi

Et=iXfhi ■ ELiA?

— ^/ + X! A°,
/=i

where Y)Ui A° = !•

(5.56)

(5.57)

Remark 5.6.2. (Evaluation of \° in (5.55)) Using (5.43), the FPD-optimal design 

of weights for the normal case, is computed as follows:

A° = argmm{-log(c^(A))} (5.58)
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where

CaW = -logr ( yj + y logAA + ^ log |V'22,a| - ^ log(27r) (5.59)

Aa = Vii.>
1/2 ^21,A
^22,A

(ELi A,) {eLi Mri + f^f)) - (ELi Xmf
Ef=i A,

(5.60)

Substituting X]f=i A; = 1 into (5.59) and (5.60), and using the “optimtool in MatLab”, the 

optimal value of X, i.e. X°, is derived.

Remark 5.6.3. ( Xq’s FPD-R of predictor (specialization of Remark (5.4-2))

Adopting (5.55) into (5.4.2), the FPD-R of predictor for the normal case is the Student-t’s 

pd.

Gq{x\K) — Stx{p"x°i'''\°^ ^A° + ^)i (5.61)

where X°, (5.51) and the Student-t’s shaping parameters, /i^o,r^o, are derived from V^o 

(5.56) and u^o (5.51).

Notice that the FPD-moral deliberator predictor of moral deliberator (4.21) for the 

normal case is quite similar to FPD-R (5.61), i.e.

Goix\K) ^ SG{pIo,Txo, ufo -b 1), (5.62)

where A° does not have to be restricted to,

1=1

Remark 5.6.4. ( Xq’s FPD-S for the normal case) Substituting Af = 1, / = 1,..., s 

into (5.55), the FPD-S of parameter prior (5.22) for the normal case is:

A%n,r\K) = NiG(y\v°). (5.63)
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Notice that adopting (5.63) to (5.30), the FPD-S of predictor is a Student-t’s pd, i.e.

G(fx\K) = SU^N,T°,ly‘>+l), (5.64)

where the Student-t’s shaping parameters, //°, r" are derived from in (5.63).

5.7 Comparative performance evaluation under simu­

lation

Here we examine the simulation performance of different X’s FPD solutions of predictor in 

the normal case presented in Section 5.6. As mentioned in Remark 5.6.2, the “optimtool” 

in MatLab is used for numerical evaluation of X°. This simulation is performed for the 

normal case presented in the illustrative example Section 5.6. For this reason, we evaluate 

these I()’s predictors for s = 2 particii)ants and pi = 1 and /i2 = 5, rj = 1 and r2 — 4. 

R{\sults here are derived in MC = 1000 runs.

The diffuse ideal pds are adopted and simulations are examined for operating factors 

i.e. the X’s /r, r, n and U] in different figures. Here, the measure of performance is the 

mean squared error (MSE) defined as

1 MC
VSE = — (5.65)

i=l

where, is a simulated value and is the predicted value in z^^-MC run. Notice that 

the MSE (5.65) is computed for different approaches by replacing x^*^ with predicted 

values of corresponding approach in each run.

In Figure 5.4 the simulation is designed for r = 1, n = 500, s = 2. The participants 

report shaping parameters to Xq who process them and their own data, a;„. Recall that 

here X()’s shaping parameters (/i,r) are unknown. The plot is sketched in terms of different 

Xq’s simulated fi. Figure 5.4 shows that X’s FPD-A of predictor (5.53) outperforms others. 

The difference of MSE is more distinctive where fi increases. An increasing trend is seen 

when /X grows.

In Figure 5.5 the simulation is designed for fi — A, n — 500, s = 2 in terms of
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Figure 5.4. Comparison of MSE for Iq’s predictors: FPD-A (5.53), lin pool-FPD weights (5.54), 
FPD-R (5.61), FPD-moral deliberator (5.62), FPD-S (5.64) against Iq’s /r for r = 1, n = 500, 
s = 2.

W
■Xi

Figure 5.5. Comparison of MSE for Iq’s predictors: FPD-A (5.53), lin pool-FPD weights (5.54), 
FPD-R (5.61), FPD-moral deliberator (5.62), FPD-S (5.64) against Zo’s r for /i = 4, n = 500, 
s = 2.

r = {1,2,3,4,5,10,15, 20}. This figure is designed for different simulated r. It shows that 

T’s FPD-A of predictor (5.53) outperforms others with an increasing trend. The MSE of 

all predictors increases when r grows.

In Figure 5.6 the simulation is designed for p = 4, r = 1, s = 2 in terms of the number 

of observation n = {50,100,200,300,400,500}. It shows that X's FPD-A of predictor (5.53) 

outperforms others with a flat trend.

In Figure 5.7 the simulation is designed for p = 4, r = 1, n = 500 and s = 2 in terms of 

= {10, 20, 30,40, 50}. It shows that X’s FPD-A of predictor (5.53) outperforms others
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w

Figure 5.6. Comparison of MSE for Xq’s predictors: FPD-A (5.53), lin pool-FPD weights (5.54), 
FPD-R (5.61), FPD-moral deliberator (5.62), FPD-S (5.64) against 2o’s n for // = 4, r = 1, s = 2.

Figure 5.7. Comparison of MSE for 2o’s predictors: FPD-A (5.53), lin pool-FPD weights (5.54), 
FPD-R (5.61), FPD-moral deliberator (5.62), FPD-S (5.64) against Iq’s I'l for /x = 4, r = 1, 
n = 500.

with a flat trend.

5.8 Discussion

In this Chapter, we have proposed two FPD-optimal solutions (i.e. FPD-A and FPD-R) 

and one FPD sequential solution (i.e. FPD-S) of parameter prior, through merging the 

distributed predictive pds supplied by multiple participants. FPD-A (5.16) has provided 

the optimal and principled weights which are used to obtain the optimal predictor via Bayes’ 

rule. Using FPD-A (5.16), the optimized predictor is in the form of linear mixture (5.18) for 

which both components and weights arc tractably evaluated for many model-based contexts.
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The FPD-R of predictor (5.44) is typically derived in the form of a single component. The 

FPD-S predictor (5.30) is also in the form of single component where the weights are unit, 

e.g. (5.64). We favour the FPD-A (5.16) over FPD-S (5.22) and FPD-R (5.34), and its 

corresponding predictor (5.18) for the following reasons:

• The FPD-A of parameter prior (5.16) is achieved under more flexible modelling 

assumption with s 4- 1 variational quantities, i.e. it does not require the extra 

assumption (5.31) and the marginalization (5.32) compared to FPD-R (5.34).

• The FPD-A of parameter prior (5.16) can be considered as the hierarchical extension 

of linear pooling approach yielding a linear weighted mixture of predictors with a 

tractable and optimal design of weights.

• In Section 5.7, it is shown that the FPD-A of predictor (5.18) outperforms FPD-S of 

predictor (5.30) and FPD-R of predictor (5.44) for the normal example (Section 5.6).

The FPD-moral deliberator (4.15) and FPD-A (5.16) are both functionally tractable when 

D[G'z||Go(.|0)] is available in the closed form (Remark 5.5). However, generally the former 

is computationally intractable except for some very special case (e.g. the normal case 

4.3.2.1). Therefore, this might limit the application of FPD-moral dcliberator (4.15). Also 

we have evaluated the normal case presented in Section 5.6 for at most s = 2 using the 

“optimtool in MatLab”. Recall that the computational issue of FPD-moral deliberator 

(4.15) in normal case (5.6) is related to solving s equations in (5.59), where the optimal 

Kuhn-Tucker multipliers, A° cannot be computed in an explicit function of K. Also, the 

simulation result (Section 5.7) shows that the performance of FPD-moral deliberator (4.15) 

is quite weak compared to FPD-A (5.16). Therefore, we will not proceed with FPD-moral 

deliberator (4.15) in the next Chapter. Instead, we will implement the FPD solutions 

presented in this Chapter for AR model.

FPD-A (5.16) is achieved under this assumption that just one of the participant is true. 

However, for more general contexts where two or more participants are true, this approach 

is not applied. The future direction of this extension will be explained in Chapter 8. 

Also, FPD-A (5.16) and FPD-moral deliberator (4.15) are designed for the knowledge- 

constrained set with s -t-1 variational quantities. For instance, Mk corresponding to (5.16) 

involves A(0\l,K), I — I,-- - ,s, and pinf P{l\K) G As_i. Also, Mk corresponding to
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FPD-moral dcliberator (4.15) involves A{0\K), and A;, / = 1, • • ■ ,s. However, they are 

derived under different knowledge-constrained set with different functional form. Also, 

FPD-moral deliberator (4.15) and FPD-R (5.34) have the same functional form, while they 

arc derived within different knowledge-constrained set with different variational quantities. 

In this Chapter, the deliberator fully respects to the true participant and do not hold 

any proportion for their own parametric model i.c. Go(x|0). A possible direction will be 

provided in Chapter 8.

The FPD-optimal parametric hierarchy of the dcliberator (Lemma 5.2.1 and Corol­

lary 5.4.1) remains sensitive to the model choice, Go(a;|0), and forms an important part of 

2o’s knowledge, K (see item 1 of Definition 5.1.1). The relaxation of parametric form to a 

continuous nonparametric form, Q = G { i.c. x ~ Gq{x), where Go(x) is now a functionally 

unknown pd) is an important task which will be fully discussed in Chapter of the future 

work.

While our centralized deliberator-based scheme delivers important advantages in Re­

mark 4.1.1, the deliberation (i.c. decision-making) itself is confined to the dcliberator 

(centralized deliberation). In practice i.c. smart grid systems [109] and networks with local 

controllers [111], the centralized scheme might face with scalability problems [29] for large 

s, and vulnerability of the overall system to deliberator node failure [109]. In order to 

overcome these problems, the participants—particularly in large-scale systems—can be 

grouped, each group being moderated by a local dcliberator. The current framework can 

then be adopted by each cluster, with each group’s dcliberator reporting their local FPD-A 

of predictor (5.18) to the global deliberator, for final decision.
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Chapter 6
Processing multiple autoregressive nodes

In this Chapter, we aim to design the FPD-optimal parameter prior and deduce optimal 

predictor through processing both stochastic knowledge and data distributed among 

multiple nodes. For this reason, we exploit the technology presented in Chapter 3 for 

processing data and adopt the centralized deliberator-based scheme presented in Chapter 5 

to process the probabilistic knowledge. In particular, we assume that each node (i.e. 

both deliberator and participants) models x with AR model. The participants adopt the 

conjugate prior and process their own local data into the OS A predictor (3.33). Then all 

participant’ predictors are reported to the AR deliberator who processes these predictors 

with own parametric model (i.e. AR observation model) to design their optimal parameter 

prior using the methodology presented in Chapter 5. Notably, we will study the AR 

deliberator for both known and unknown model order, p. Then we will employ FPD-A of 

parameter prior (5.16) and corresponding optimal predictor (5.18) to derive the tractable 

and optimal design of parameter prior and predictor with principled and tractable design of 

weights. The FPD-optimal weights are exploited for linear pooling prediction. Furthermore, 

the FPD-R of parameter prior (5.34) and its corresponding predictor are derived for 

multiple AR nodes. Notably, FPD-A of predictor (5.18) is considered as our primary 

solution for the reasons discussed in the Section (5.8). We perform extensive simulations in 

order to compare FPD solutions with linear pooling predictor (with FPD-optimal design 

of weights) (5.20) for a range of operating factors.
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6.1 FPD solutions for AR deliberator: known model 

order

Here, we assume that the deliberator and each participant are commonly modelling 

a; G M using AR model with known model orders, p and pi,l = 1,..., s respectively. The 

knowledge, A, for a system with multiple AR nodes is defined as follows.

Definition 6.1.1. (Iq’ Knowledge,K, for multiple AR nodes with known model 

order).

1. Xq adopt the parametric AR model with known model order (p) (3.5), i.e.

Go{xn\xn-\,a^^\r,p) = ,a‘'^\r) = Nx{iplf'>'^a^P\r), (6.1)

2. using (3.33), the contributed predictor by participant is Student’s-t pd,

Gi{xn\xn-u,Pi) = r£'li, t'Sli + 1), / = 1, • • • , s, (6.2)

where known shaping parameters of Student’s-t pd. Recall

that Gi converts data Xn-i,i into shaping parameters of Student’s-t pd. For simplicity, 

we denote Var{xn\xn-i,Pi) =

3. the data sets, I = I,... ,s, are assumed to be the part of knowledge. Notably,

the deliberator and participants process their own data set possibly with different 

sample size. Here, to avoid rotational confusion, we assume that the sample size of 

all nodes are the same.

4. Iq’s model order, p, which is known.

5. participants’ model order, pi, I = \,... ,s, which are known.

Adopting the ideal pd,

Fj{a^P\r\l,p,K) = NiG{Vff,ol(^), (6.3)
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wc will employ FPD-A (5.16) and derive the optimal design of A{a'^^\r\l,p,K) underlying 

K (Definition 6.1.1) in the following section.

6.1.1 FPD-optimal solution of deliberator’s AR parameter prior: 

Application FPD-A (5.16) and FPD-R (5.34)

Processing K in Definition 6.1.1 and using ideal specification (6.3), the FPD-A of A{a^'P\r\l,p, K) 

is:

A°{a^'P\r\p,l,K) oc F[{a^P\r\p, I, K) exp [-D[Gi\\Go{.\a^^\r,p)]'^

= NiGa,r{yu\v\^i)r'^ exp + (/rJLi)^ -

(6.4)

Therefore,

A^{a^^\r\p, I, K) = NiGaAVtlU,i^i'n-i) (6.5)

where, enjoys the same partitioning as (3.20) with.

V

V

r(v)o

(p)o
/,(n—l)al 

{p)o
l,{n—l)aa

v!J„+1 + (i + 

vtL+dshv-?’.

and

t'/iP)0 _ (P) , 1
n-l —

(6.6)

(6.7)

(6.8)

(6.9)

Let Pi{l\p, K) be uniform, then using FPD-A (5.16) and (6.5), the FPD-A of A{Ap\r\p, K)

is:

A°{A'P\r\p,K) =
i=\

_ {p)o pr-n (y(p)o {p)o N

l=l
(6.10)
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where is tractably evaluated as:

(p)o _ '^a,r{y ;,n-li
t"“l ~ V^s ^

Z^j=l l^a,T \ y
(6.11)

where,

/ (p)o \ Jp'>°
dp)o ,,(p)o 

!,n—1

, (p)o — •[Ap)° _ (\rWo '\Tc^(P)0 \-lT/^p;o
'^/,(n—1)11 w /,(n—l)la/ w /,(n—l)aa/ /,(n—l)la

(p)o \Tcir(p)o \-1t/{p)o

(6.12)

(6.13)

Remark 6.1.1. (FPD-R of deliberator’s AR parameter prior: Application 

(5.34))

Recall that when we restrict the knowledge-constrained set to linear mixture of predictors, 

the FPD-R of A{a^f‘\r\p,K) through processing K (Definition 6.1.1) and underlying ideal 

specification (6.3) is:

A<’{a^^\r\p,K) = (6.14)

where,

\r{P)o _ ST' \{P)o T/lP)o 
^A°,n-l ~ 2^ ^(,n-l

1=1

(p)o
VioA^.n-l E 451.4

i=i
(p)o ,,{p)o

(n-1)'

(6.15)

(6.16)

Here, is given in (6.9) and the elements ofV^°_^^ are given in (6.6) , (6.7) and

(6.8). Notice that the similar guideline to Remark (5.6.2) can be exploited to evaluate the 

optimal weights, A°.

In the following Remark, we adopt FPD-A (6.10) and FPD-R (6.14) in order to deduce 

the optimal predictors underlying Definition 6.1.1.

Remark 6.1.2. (Iq’s optimal predictors underlying Definition 6.1.1)

• FPD-A of Iq’s predictor (5.18) underlying Definition 6.1.1: using the
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FPD-A o/Xq’s predictor (5.18) and adopting the optimal prior (6.10) and the optimal 

weights (6.11), FPD-A ofXo’s predictor of Xn, underlying Definition 6.1.1 is:

Gl{xn\Xn-uP,K) = + 1) (6.17)(p)o _(p)o ,,(p)o

/=1

where, the counter, is given in (6.9) and

(p)o ',-l-l/(p)o 
/ ^ /,(n—l)al ’ (6.18)

,,(p)o
{P)o 5 (6.19)

Also, the FPD-A oflo’s predictor of Xn+i is

Gl{Xn+l\Xn,P, K) = + 1)
l=l

(6.20)

linear pooling prediction with Xq’s FPD-optimal weights underlying Def­

inition 6.1.1: using participants’ predictors (6.2), the linear pooling predictor with 

the FPD-optimal weights (6.11) of Xn is

Go°{Xn\Xn-\,K) = '^W^f^l°_.^Gi{Xn\,Xn-\,Pl)
l=\

_ Sr .,,{P)0 q. ( API) (Pi) (Pi) \(Pl) Api) ,,{Pl)
(6.21)

/=i

Notably, the linear pooling design (6.21) cannot be applied to deduce the optimal 

predictor of Xn+i. Instead, we can exploit the FPD-optimal design (6.20) to process 

Xq’s future data.

FPD-R of Xq’s predictor (5.44) underlying Definition 6.1.1: using the 

FPD-R of predictor (5.44), the optimal prior (6.14), FPD-R ofXo’s predictor of 

Xn is:

G°o{Xn\Xn-l,P,K) = + 1)’
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where \° can be evaluated using Remark (5.6.2) with Y)t=i □

6.2 FPD solutions for deliberator’s AR parameter prior: 

unknown participants’ model order

In this Section, we aim to design the FPD-optimal prior and predictive pds underlying 

knowledge, K, (Definition 6.1.1) where constraint 5 is relaxed. For this reason, let the 

order of participants pi, ^ = 1,..., s, be unknown. In this case each participant contributes 

the mixture of Student’s-t pd, i.e.

Pl,u

Gl{Xn\Xn—\) — y ] Cl;
Pi = l
Pl,u

_ Y- (Pi) cf ( (pi) ipi) {pi)\ / _ 1

Pi=l

(6.23)

Adopting 2o’s parametric AR model (6.1) and using the ideal pd (6.3), the FPD-A of 

A{aG\r\p, K) is:

A\a^^\r\p,K) = ^r|p, I, K),
(=1

where, the /—conditional FPD-A of A(a(P\ r|/,p, AT) is:

(6.24)

A<>{a^^\r\l,p,K) = NiGaAVtu-xAtU) (6.25)

Here, the elements of are:

V (p)o
;,(n-l)ll

\/(p)o 
^ /,(n—l)al

y(p)o 
^ /,(n—l)aa

+ Tin-\ + (mc„-i)^ (l + (6.26)

+ (6.27)

+ (6.28)

/,/ll

r{p)

where,
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Pi,l
,, _ ^KVi)

p, = l 

Pl.u
E “S’. Wn!i + - E “?»’lft‘(Pl)

(6.29)

(6.30)
Pi=i Vpi=i

Notice that (6.29) and (6.30) arc available in [141].

Remark 6.2.1. (The application of FPD-R of prior (5.34) underlying Defini­

tion 6.1.1 for unknown pi)

Applying (6.26)-(6.28) into (6.15), the FPD-R of parameter prior is derived in the form 

of NiG (6.14). Since the computation is quite similar to (6.14), we avoid repetition.

Remark 6.2.2. (Tq’s optimal predictors underlying Definition 6.1.1 without 

constraint 5) adopting A°{.) (6.24) the optimal prior in (6.17), (6.20) and (6.21), the 

FPD-A predictors underlying Definition 6.1.1 without constraint 5, are achieved. Also, 

using the FPD-R of parameter prior derived from Remark 6.2.1, the FPD-R of predictor is 

computed in the straight way.

6.3 FPD-optimal solutions of the AR deliberator: un­

known model order

Here, the aim is to derive the FPD-optimal prior and predictor underlying Definition 6.1.1, 

relaxing constraint 4. For this reason, let p be unknown. Underlying assumptions 1-3, 

Section 3.4, and using p-conditional design (6.10), the FPD-A of an arbitrary subset of 

parameters, A{a5,r\L > Pq,K) is:

Pu
A°{as, r\L > po, K) = ^\P>

P=P0
Pu S

= E4'’lE>»“-.«G<..'(VSl.,.'S!.). (6.31)
P=PQ 1=1

where the weights, filfli, is computed via (3.44). Furthermore, the FPD-R of parameter 

prior in the set of linear mixture is:
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Pu

A‘’{as,r\L>po,K) = Yl ’■{p)o ,,(p)o (6.32)
P=PO

where, are respectively given in (6.15) and (6.16).,(p)o

Remark 6.3.1. (lo’s predictors underlying Definition 6.1.1 relaxing constraint

4)

• FPD-A of predictor for unknown p: using the p—conditional FPD-A of 

predictor (6.17) and the Remark 3.4-3, the computation of FPD-A of To’s predictor 

for unknown p is:

Pu

G oiXn\^n—\t ~ 'y G pi^Xn, p\Xji^\, K)
p=l
Pu S

= E “K E ^5’-.. ‘'S-. +1) (6-33)
P=i (=1

• linear pooling predictor with FPD-optimal weights for unknown p: apply­

ing the same procedure, the linear pooling predictor of Xn with FPD-optimal weights 

for unknown p is computed as follows:

Pu

Gl°{xn\xn-uK) = (6-34)
p=i i=\

FPD-R of Tq’s predictor for unknown p: Adopting p-conditional FPD-R of 

parameter prior (6.14), the FPD-R of predictor for unknown p is obtained as follows:

Pu

G^{Xn\Xn-l, K) = Y + 1) (6-35)
p=l

where p-conditional optimal predictor is given in (6.22).
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6.4 Comparative performance evaluation under simu­

lation

Here we examine the simulation performance for different optimal predictors i.e. FPD-A 

(6.17), lin pool-FPD weights (6.21) and FPD-R (6.22) for known p in Section 6.1. Also wc 

aim to compare FPD-A (6.33), lin pool-FPD weights (6.34) and FPD-R (6.35) for unknown 

p proposed in Sections 6.3.

6.4.1 Simulation results for Xq’s predictors with known model 

order p

In this part, wo wish to examine the performance of different 2o’s predictors with known 

model order p presented in Section 6.1. For this reason, we consider s = 10 AR participants 

who process their own local data into OSA predictor with three shaping parameters. These 

shaping parameters are reported to Iq. We assume that all participants and Iq arc AR(8), i.e. 

P; = 8, f = 1, ■ • • , 10. Also, simulated data are generated from A/?(8). Notice that results 

here are derived in MC = 1000 runs. The ideal pds, F/(0|/,p, K) = ^^^(O.Ol 1)

and Fj[l] = 1/s, I — 1, ■ ■ • , s arc adopted. We examine simulation for operating factors p, 

s in different figures. Here, the measure of performance is the mean squared error (MSE) 

defined as

MSE =
1 MCuX (i) ^(0)2^ (6.36)

where, is a simulated value and is the predicted value in the run. Notice

that the MSE is computed for different approaches by replacing x^) with predicted values 

of corresponding approach in each run.

In Figures 6.1, parts (a)-(c), we plot the MSE for 2o’s predictors (6.17),(6.21) and 

(6.22). These Figures are plotted against the model order p with p; = 8, I — 1,... ,s, for 

n = 10 in part (a), n = 50 in part (b) and n = 500 in part (c). These figures show that the 

FPD-A of predictor (6.17) outperforms others for n = {10,50, 500}, which are plotted in 

terms of p = (1, • • • ,8}.

In Figure 6.2 the simulation is designed for r = 1, p = 8, n = 100, p; = 5, I — 1,... ,s 

and the simulated data are generated from Ai?(8). Recall that here participants generate
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Figure 6.1. Comparison of MSE for Xo’s predictors; FPD-A (6.17), lin pool-FPD weights (6.21), 
and FPD-R (6.22) for p/ = 8, s = 10. (a) n = 10, (b) n = 50, (c) n = 500.
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Figure 6.2. In LHS, comparison of MSE for Xq’s predictors: FPD-A (6.17), lin pool-FPD weights 
(6.21), and FPD-R (6.22) for p/ = 5, / = 1,..., s and n = 100 in terms of s. In RHS, MSE for 
FPD-A (6.17) against lin pool-FPD weights (6.21), with the same operating factor.
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Figure 6.3. Comparison of MSE for Iq’s predictors: FPD-A (6.17), liri pool-FPD weights (6.21), 
and FPD-R (6.22) for pi = 5, p2 = 10, s = 2 and n = 100 in terms of Iq’s variance, r.
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Figure 6.4. Comparison of MSE for 2()’s predictors: FPD-A (6.33), lin pool-FPD weights (6.34), 
and FPD-R (6.35) for pi = 5, s = 10, n = 100 and r = 1 and unknown order p, in terms of pu-

and process their own local data, then they report shaping parameters to Iq. Here the plot 

is sketched in terms of s. In Figure 6.2 (RHS), we monitor Xq’s FPD-A of predictor (6.17) 

versus lin pool-FPD weights (6.21) to see more distinction between them. Both plots show 

that FPD-A of predictor (6.17) outperforms others with tendency to lower MSE where s 

increases.

In Figure 6.3, we examine the performance of different predictors in terms of Iq's 

variance, i.e. r = {1,2,3,4}. Once again this figure shows that the FPD-A of predictor 

(6.17) outperforms others. Also, MSE of all predictors increases as r is increased.
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6.4.2 Simulation results for Jq’s predictors with unknown model 

order p

In this part, we examine the performance of Xq’s optimal predictors (6.33)-(6.35) for 

unknown model order p. In Figure 6.4 the simulation is designed for r — 1, n = 100, 

Pi = 5, I = I,..., s, s = 10. Once again, the participants locally generate and process 

their own data, then they are reported to Jq- Here Iq does not know the model order, p, 

therefore, the deliberator applies (6.33)-(6.35) in terms of maximum order, p^. Figure 6.4 

shows that FPD-A of predictor (6.33) outperforms others. This figure shows that the MSE 

of predictors is not visually affected by changing in p„.

In Figure 6.5 the simulation is designed for r = 1, = 20, p/ = 5, / = 1,..., s, s = 10

in terms of n = {50,100, 200,300} for the case where p is unknown. Using (6.33)-(6.35), the 

plot is sketched in terms of n for p„ = 20. Figure 6.5 shows that FPD-A (6.33) outperforms 

others.

6.5 discussion

In this Chapter, the FPD-A of parameter prior (5.16) and FPD-R of parameter prior 

(5.34) arc implemented in AR model. In particular, they arc used to compute the optimal 

predictors for known and unknown p for the AR model. In Section 6.4, it is shown that the 

FPD-A of predictor (5.16) outperforms FPD-R of predictor (5.34) for the AR model. Here,
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2()’s (OSA) optimal predictors are derived through merging OSA participant’ predictors 

(Section 3.3.2), by Iq- One possible extension of this work is merging multiple MSA 

predictors which will be explained in Chapter 8.

Notice that FPD-nioral deliberator of parameter prior (4.15) has the same functional 

form with FPD-R of parameter prior (5.34). The main difference between these designs 

is the evaluation of their normalizing constant, in particular, the evaluation of optimal 

weights A°. The FPD-R of predictor (5.34) is evaluated under.

yv = i,
/=i

(6.37)

while this assumption is not applied in FPD-moral deliberator (4.15). For the eases where 

the FPD-optirnal prior involves normalizing eonstant with Gamma funetion, r(.), we have 

to solve highly non-linear equations for computation of A°. Using the assumption (6.37), 

the computation of A° will be quite easier. On the other hand, FPD-moral deliberator 

(4.15) does not allow us to exploit the assumption (6.37) for evaluation of A", which requires 

many other manipulations. Therefore, this prior cannot be easily implemented for the 

system with multiple AR nodes.
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Chapter 7
Bayesian filtering using logarithmic pooling de­
sign

In this Chapter, we aim to process the knowledge in the context of Bayesian filtering (BF). 

BF is a standard task of data processing where the aim is to infer the state variables 

(i.c. non-stationary signal) which parametrize a sequence of observation models. BF 

involves two steps for processing knowledge (i.c. data), which we refer as the time step 

and the data step. We will show that the time step of BF usually is intractable except 

for few special cases i.c. [52,53,142]. Therefore, this step is required to be designed or 

approximated instead of analytically derived. In particular, for the complete model—where 

the state evolution model is adopted, the distributional approximation is applied. On 

the other hand, for the incomplete model where state evolution model is not available, 

the distributional design needs to be implemented. In this Chapter, we focus on the 

BF problem for the incomplete model where the knowledge K, is in the form of (OSA) 

alternative state predictors and FPD should be addressed. However, in Section 7.4, we 

will show that none of the FPD solutions presented in previous Chapters, can be used to 

handle this task. Instead, we exploit the stabilized forgetting (SF) technique for merging a 

single alternative state predictor and more generally logarithmic pool (4.4) presented in 

Section 4.2.1 for designing the time step of BF through merging multiple state predictors. 

Here, the deliberator and participants contribute the pd of time-variant unknown quantities 

of interest—which we refer as augmented states variable, T'n. Then the deliberator wishes 

to merge these state predictors to design the time step of BF. Using the designed time step 

of BF and 2o’s time-variant parametric model of the data step is derived via Bayes’ 

rule.

134



7.1 Bayesian filtering (BF) under first order Markov 

property

Here we aim to explore BF under first order Markov assumption. Let V’n be the state 

variable. The first order Markov property is defined as

V'n-l, • • • , V'l) = (7.1)

The task of BF is to compute dynamically the posterior pd of augmented state variables, 

F(T'„|a;„), n = 1,2,..., where, a;„ = [a;„_i,x„] denotes the vector of data. Recall that 

= {tpn^dn}, where. On could involve the time-variant parameters of the observations— 

denoted by 6n,x and the time-variant parameters of the state variable—denoted by , 

i.e On {^n,X)

The joint pd of observed data and possible unknowns i.e., ( V’n) ^n,x, ®n) can be

factorized in the off-line scenario, under conditional independency as,

On,xj ^n) — ^n,xi 0 F {pp ^\0 n^x j 0 n,\ji)F {0 n,xlj\0 n,x') F {On^x)

= F{Xn\'ll)n^0n,x)F{'li)n\dn,xl>)F{0n,ij)F{0n,x) (7.2)

where.

F{Xn\'tpnJ 0n,x) = Y[F{xi\rpi,9i^^)

i=l
(7.3)

F{i’n\^n,xl>)
i=2

(7.4)

F{On,xlj) = F(0i,^)nF(0,,^10,_i,V,)
i=2

(7.5)

F{0n,x)
= F{9,,,)flF{9iJ9i.^,x)

i=2
(7.6)

Note that F{9i^x) and F{9i^^) are prior pds, and (7.3)-(7.6) hold under the following 

assumptions:
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observation model (under conditionally independent distributed (cid) assumption):

(7.7)

state evolution model (under the first order Markov property),

(7.8)

state-parameters evolution model (under the first order Markov property),

F Xi—i'j — 7^(^j,v>l^i—i,V’) (7.9)

observation-parameters evolution model (under the first order Markov property)

F{Oi x\0i—l,x> ^i—l) — F{6i^x\9i—l,x^ (7.10)

The graphical model related to (7.7)-(7.10) is presented in Figure 7.1. Notably, Bayesian 

inference in off-line scenario (7.2) avoids marginalization over unknowns [143]. More 

interesting scenario is the on-line BF which happens in many practical research area such 

as control [144], telecommunication systems [61] and target tracking [145], etc. For this 

purpose, we need to re-factorize the joint pd (7.2) for the on-line scenario. The joint pd 

(7.2) can be factorized under assumptions (7.7) - (7.10) in the on-line scenario as follows,

0n,'ipf 0n,xj ®n)

F{Xn\'lpnj 9n^x)F(^'lpn\'4^n-l'i ^n,i/))7^(^n,^/i|^n—l,V')'^(^n,x|^n-l,x).^(‘0n-l) ^n—\,xi ^n—l)

(7.11)

Using (7.11), Bayesian conditional pd of unknowns at times i = {n — 1, n} conditioning 

on data is,

1) ^71,0) 9n—\,il)i 9n,xi l,x |®n) OC

F{Xji\ll}n^ 6n,x')F{^'tpn\'^n-\i ^n,7/i)-^(^n,!/>|^n-l,V’)-^(^n,x|^n—l,x)-^(f/’n-l j ^n-l,x|^n-l)
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Figure 7.1. Graphical model of unknowns under assumptions (7.7) - (7.10)

(7.12)

where,

-^(V^n—1? ^n—^n—l,x|^n—l) —

III 1’2,xj

Notice that 6n-2,x, dn-2,\i} and 'ipn-2 are respectively the aggregated parameters of observa­

tion model, the aggregated parameters of state model and the aggregated state variables 

at time n — 2.

The BF involves two main stops as follows.

• The time step: using (7.12), the time step of BF is.
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"'^n —l,x —l,t/> '^'4^n—\

(7.14)

The data step; using (7.14) and Bayes’ rule, the data step of BF is attained as 

follows,

^{}Pni^n,ipiQn,x\^n) ^ It^nj ^n,x)'^(^ni ^n,x |®n—1) ("^'l^)

Generally marginalization (7.14) in the time step is not (functionally) tractable. Therefore, 

a design or approximation of this step is required. Notice that if the integrand (7.14) (i.e. 

the second, third and fourth term in (7.12)) are explicitly available, then the model is 

complete and an approximation has to be applied. Otherwise, the model is incomplete 

and we need to design the time step of BF. Furthermore, the data step of BF (7.15) is not 

usually derived in the form of the standard pd. In particular, the normalizing constant 

is functionally intractable except for some special cases where again the distributional 

approximation needs to exploited.

Remark 7.1.1. (Conditional and marginal filtering pds)

Depending on the context, one might be interested in inferring marginals or conditional 

filtering pds. Some of important pds are listed as follows,

• using (7.15), the marginal filtering pd of the state parameter, 9n^,p,

•^(^n,i/>|®n) 9n,x\^ri)d'ljjr dan^^n.x (7.16)

using (7.15), the marginal filtering pd of the state parameter, Qn.xj

'''071
(7.17)

(7.18)

using (7.15), the marginal filtering pd of the state variable, xpn,

138



F(^'ljj‘n\Xn) OC / / 6ji^x\^n')d9fi^xd9n,'ip
*^^71,1/1 ''^n,x

(7.19)

(7.20)

the conditional filtering pd of the state variable, ifn, conditioning on On,ip,

7^(^n|^n,i/i) ®n)
F{0n,ij)\Xn)

(7.21)

In the following remark, we discuss some possible extensions of (7.7) and (7.8) by 

entering a hidden time-invariant pointer, p.

Remark 7.1.2. (Time-invariant pointer)

Each observation model (1.1) can be extended by a discrete scalar time-invariant pointer, p, 

(with Pu state), i.e. F{xn\ipn,0n,x,p)■ In this case, p is a time-invariant parameter of the 

conditional observation model for n = 1, 2,.... Therefore, the observation model (1.1) is 

marginalised w.r.t. p, which is therefore a —component mixture, regardless of the length 

of the data.

7.2 Exact BF

Recall that the exact BF is available for some special cases of the complete model. In this 

section, first we define the concept of the exact BF and mathematically derive the two 

steps of BF for these special cases. The exact BF is defined as follows.

Definition 7.2.1. Exact BF: BF is exact if; (a) marginalization in the time step (1.14) 

is tractable and, (b) the data step (1.15), preserves its functional form throughout time 

i = l,2,....
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7.2.1 Kalman Filter (KF)

KF is an important and exact BF which satisfies Definition 7.2.1. KF has been widely 

used in diffei'ent applications e.g. communication system [146], robotics [145], car and 

radar tracking [147], the weather prediction [145] , [148]. In this section, KF assumptions 

(in multivariate case) are fully explored and the time and data steps of BF in KF type— 

which we refer to as time and data steps of KF— is derived.

KF assumptions:

• known assumption of parameters: in KF, Gn^x Gn,^ are assumed to be known, 

therefore, the time step (7.14) and the data step (7.15) of KF is respectively reduced 

to,

F(V’jr>„-i) = / F(V’„|^„_i)F(V^„_i|F>„_i)dV>„_i, n = 2,3,... (7.22)

Fi-ipnl^n) OC F(x„|^/>„)F(^/j„|F>„_i), n= 1,2,... (7.23)

where denotes the multivariate states at time n and Dn-i is the matrix of 

observation at time n — 1.

• observation model (7.7) and state evolution model (7.8) arc binding with normal pd 

respectively as follows,

F{Xn\^Pn) = ^xACn^Pn,Rx) (7.24)

where An and are known matrices.

(7.25)

Furthermore, (7.24) and (7.25) are assumed to be linear in state variables and the 

associated Wold representation is as follows:

Ipn = An'lpn-l + Vn,

Xn Cn'^n

where A„ and C„ arc known matrices and and e„ respectively denotes state and 

observation errors.
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Let the KF at i = n — 1 be,

•^(■011-1 l^n-l) — (7.26)

underlying the KF assumptions in above, the time step (7.22) and the data step (7.23) arc 

respectively,

1. The time step of KF:

F{i>n\Dn-\) = F('0„|x„_i)
(7.27)

where,

^n|n—1 —

(7.28)

(7.29)

2. The data step of KF:

F(rAn|FF„) = F(r/>Jx„)

~ ■^V’n (/^ni ^n) (7.30)

where,

F'n — -^nF'n-l d“ { (FF]/) + )C7,^ [Cn(F?t/) +-An^n-l-^n )^n

+ R:^]~^][Xn- CnAn^ln-l], n = 2, ... (7.31)

E„ = (FF^ + A„S„_iA)^){F-C^[C„(F4 + A„S„_iA^)C^

+ Fl,]-iC„(FF,^ + A„S„_iA^)}, n = 2,... (7.32)

Notably, //„ (A.24) and S„ (A.25) are sufficient statistics of F(’0„|a;„) which fully 

accomplish the task of BF. The mathematical derivations of two steps of KF are 

presented in Appendix A.7.
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Notably, KF assumptions are too restrictive in the world applications. We wish to relax 

these assumptions so that (a) and (b) in Definition (7.2.1) still hold. A possible extension 

is employing Remark (7.1.2) in KF context which will be studied in the following.

7.2.2 Mixture Kalman Filter (MKF)

We extend beyond the KF and still maintain tractability of BF solution, namely mixture 

Kalman filter (MKF). In the MKF, we introduce the unknown, time-invariant pointer, p, 

(with pu states) to the observation model (7.24). Without loss of generality, we consider 

the univariate case with = C„ = 1. Then the p-conditional observation model (7.24) 

becomes:

F{xn\i^n,p) = ^ = 1,2, ■ ■ • ,p = 1,...,p„, (7.33)

where is the known scalar. Also, the state evolution model becomes:

F{lpn\i^n-l) = (7.34)

where is known scalar. Notably, (7.34) can be extended by p as well, but for simplicity, 

we work with state evolution model (7.34). The graphical scheme of the above structure is 

presented in Figure 7.2.

Figure 7.2. Graphical model for MKF
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The discrete non-uniform prior of p is adopted as follows,

F{p) = a^Q\p= (7.35)

where is known a priori. The joint prior pd of {'tpQ,p) is,

F{'ipQ,p) = F{p)F{'tpo\p)

)^0 ) (7.36)

Using KF calculation in (Section 7.2.1) data step for p—conditional filtering pd is,

F{'i/jn\p,Xn) = N^,{p.^P\a^P^^), (7.37)

where.

„(P) _ „{P) . J (^’/’ + i lx - 1 (7.38)

(p)2n {r^ +
{r^ +

(7.39)

Using the chain rule,

F{'lpn,p\Xn) = F{'ll;„\p,Xn)F{p\Xn)

(7.40)

Ap) k^'where (d) = . Therefore, the data step is achieved by marginalization
EPu \^Pu(i=l ‘̂\l>n 2-^d=l ' ^ '

(7.40) over p as follows

Pu

Fi-lpnlXu) = ^F(z/z„,p|x„)
p=l
Pu

p=i
(7.41)

Notably, (7.41) is a mixture of KF (MKF).
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Remark 7.2.1 (Kalman filter). When pu = 1, MKF collapses to the exact KF. The exact 

KF solution can be similarly obtained from (7.37)-(7.39).

7.3 A review of Bayesian methods beyond KF

Recall that beyond KF assumptions, the time step of BF is functionally intractable due to 

the intractability of the marginalization (7.14). Also, specification of the state evolution 

model i.e. F('I'„|'I'„_i) is the other challenging task. Notice that the incomplete models are 

the cases where state evolution model is not explicitly specified. Therefore, depending on 

using complete or incomplete model, either distributional approximation or distributional 

design is respectively exploited to handle the time step of BF.

Distributional approximation is fundamentally divided into stochastic methods and deter­

ministic approaches presented in the Section 2.4. In BF, these approaches are basically used 

to preserve the functional form of the approximate pd during the updates. Some classic 

examples of deterministic approximation for BF are extended Kalman filter [149] and 

the unscented filter [150]. These filters are applied to linearize non-linear state evolution 

and observation models. Also Bayesian examples of deterministic techniques are VB 

approximation i.e. [61,144,151]. Deterministic approximation is typically computationally 

efficient, however the accumulation error grows by time [143]. In against, MCMC and 

Particle filtering (PF) (i.e. sequential Monte Carlo (SMC) techniques are widely-stablished 

as stochastic sampling techniques i.e. [61], [152], [153]. Recall that using these stochastic 

techniques, the intractable posterior pd (7.15) is approximated by the empirical pd (2.34) 

as follows:

N
F(4'„|x„) = ^u;«5(4'„-T«), (7.42)

i=l

where is data-driven weights corresponding to particle and, 4'^®^ is i.i.d sample from 

importance function i.e. [61,153]. Notice that (7.42) requires an incomplete model where 

we adopt the approximation. PF techniques have particularly proved popular for global 

approximation, since they can achieve arbitrarily high accuracy. However they involve the 

higher computational load. Therefore, deterministic approaches are usually more accurate 

than PF techniques with availability of the same computational load [61]. Also recent

144



successful approaches emphasis on exploiting a eombination of deterministic and stochastic 

approaches in order to compromising computational load and accuracy [143], [154],

On the other hand, the distributional design is applied for designing the time step of BF for 

incomplete model specification. In particular, stabilized forgetting (SF)-bascd design is a 

well-stablished method for designing the time step of BF in the literature i.e. [52,78,155,156]. 

In the rest of this Chapter, we foeus on incomplete models of BF and we design the time 

step of BF through merging (alternative) state predictors.

7.4 Merging state predictors for designing the time 

step of BF

Recall that our primary methodology of distributional design for merging multiple predictors 

is FPD. However, the proposed FPD solutions of parameter prior, A°{9\K), presented 

in the previous Chapters do not allow us to derive the optimal design of 2o’s state 

predictor i.e. through merging multiple state predictors i.e. =

Fii'ifnlV/ = 1, •.., s. Sincc in previous Chapters, we have processed multiple 

predictors of x, i.e. Gi{x), where the deliberator’s parametric model of x follows the case 1 in 

Remark 2.3.2. In contrast, here we need to process multiple predictors of the state variable 

where the observation model of needs to be dynamically parametrized with the case 2 in 

Remark 2.3.2. These predictors arc reported in different level of hierarchy. Therefore they 

require the FPD-optimal design of the hyper-parameter prior i.e. S°{Vo,n\n-i, t^o,n\n-i\K)— 

which is functionally intractable too. For this reason, in place of FPD, we use the other 

KLD-based method, namely logarithmic pooling design— presented in Chapter 4— to 

handle the task of BF underlying an incomplete model. In particular, we exploit the SF 

technique as a special case of the logarithmic pooling design (s = 1) for merging alternative 

state predictor. Notice that the possible extension of FPD for processing knowledge in the 

context of BF will be discussed in Chapter 8.

7.4.1 SF-based design for merging alternative pd

Recall that distributional pools presented in Section 4.2.1 are popular distributional designs 

for merging participants’ predictors. In particular, logarithmic pooling design can be
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exploited for designing the time step of BF in incomplete models. Since it allows us to 

preserve the functional form of filtering pd through updating, while the linear pool (4.3) 

docs not grantee this condition. Therefore, we will focus on logarithmic pooling design in 

the rest of this Chapter. SF-based design, as a special case of logarithmic pool, can be 

directly derived from (4.4). For this reason, let s = 1, = A„ in (4.4), and redefining

notation i.e. Fi = Gi, then the SF solution for the time step of BF is:

(7.43)

Substituting Aq (7.43) into (7.15), the data step of BF is achieved via Bayes’ rule as 

follows.

^n) 0^ -^(®nIV’n)-^o(l^n|®n—11 -^n)

Remark 7.4.1. (Properties of SF)

(7.44)

• The SF solution is a local and deterministic technique to design the time step of BF. 

In particular, forgetting operator, A„, commute with Bayes’ rule which is quite natural 

in the case where an explicit time-evolution model (7.8)-(7.10) is not available [155],

• The SF solution is justified as an indispensable step in sequential local design [91].

• The SF solution is a special case of logarithmic pooling design where s = 1.

In the following, the tractability of the SF solution (7.44) is defined.

Definition 7.4.1. (Tractable SF)

The SF solution is tractable if the filtering pd, To(?/»„|x„, A„), can be recursively updated 

via a fixed finite-dimensional (non-sufficient) statistics. This implies that the functional 

form of the SF solution is invariant over time.

7.5 Tractable SF for Exponential Family

In this section, we aim to relax the modelling assumptions presented in Section 7.2 as far as 

possible, such that the SF solution (7.44) remains tractable, i.e. it satisfies Definition 7.4.1.
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This extends KF context to cases where the observation model belongs to exponential family. 

This extension allows us to model the capacity of channel, sensor, user, etc. Therefore, we 

study the SF solution in exponential family in the following.

7.5.1 SF solution in exponential family

Here, the normal assumption of the observation model in KF is relaxed in such a way 

that the SF solution is tractable. Notably, KF solution is no longer available. For this 

reason, let state variable, -ipn, and the time-variant parameter be unknown and constitute 

the augmented state variables = {ipn,6n}- Also, let the observation model (7.7) be a 

member in the exponential family as follows,

= a{'i!n)b{Xn) exp[((/)(^'„), h(x„))], n = 1,2,... (7.45)

Here, a(.), b{.), and h{.) arc known kernels, (.,.) is a known two-argument scalar 

operator. For tractability of the SF solution, we consider the conjugate exponential family 

(CEF) prior pd at time n — 1 as;

Ao(4'n-l |®n-l) — Ao(4'„_i|S'o,n-l)

oc a‘'°'"-'(^'„_i) exp[(0('I'„_i), Vo,„-i))], (7.46)

where the fixed, finite-dimensional statistics, So,n-\ = (Fo,n-i, t'o.n-i)) arc shaping param­

eters at time n — 1. An alternative CEF pd is adopted as follows:

Fi(^'„|5i,„_i) oc cxp[(</>(^'„), Vi,„_i))],

where = (Fi,„-i,i^i.n-i)- Then the SF solution is computed as follows:

Ao(4'n|aJn—1, Ajj) — AQ(^'„|iS'o,n—1, <S'l,n-l! A„)

OC ('!'„) cxp[{(f>{^n), Fo,„|„-l)], (7.47)
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where,
^0,ri|n—l(^n) — 0,n—1 “h (1 '^n)^l,n—1

^0,n|Ti—^n^O,n—1 "h (1 '^n)^l,r»—1

Therefore, using (7.45) and (7.47), and applying Bayes’ rule, the data step of BF, yields 

the following filtering pd, which, by construction, has the same CEF form as (7.46),

7^(4^711^71) -^n) - E’('F7j|iS'o,71, Atj)

oc a‘'‘’'’*(4'77)cxp[((?!)('F77), Vo,7j)] (7.48)

where — {Vo,n, i^o,n), is computed via;

^0,n{^n) ^0,n|n—l(An) T h(^Xn)

^0,71(^71) i^O,n|n—1 (Ati) T 1

(7.49)

(7.50)

From (7.48), the marginal state pds arc:

P'{'4^n\^nj Atj) — J 7^(4^77 1 S'0,71, Xn)d9n
F(^7i1X7i, A71) J E(4^7i|So,7i, Xn)(ilpfi

(7.51)

(7.52)

7.5.2 SF solution for mixture components of exponential family

In this section, we aim to relax significantly the restrictive assumptions of the observation 

model in KF, such that the SF solution is still tractable, where the KF solution is not 

available. This is a useful extension of MKF presented in Section 7.2. The following lemma 

provides us with a sufficient condition (set of observation models) for which the SF solution 

can be computed tractably.

Lemma 7.5.1. A sufficient condition for tractable SF is that the observation model (1.1) 

be in the form:

F(a;7i|4'7i,p) = ap(4'7i)5p(x7i)exp[(0p(4'7i),/ip(a:7i))], n=l,2,... , p=l,...,pu, (7.53)
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where ap{.) and bp{.) are p-conditional known, scalar kernels, and (f>p{.) , hp{.) are p- 

conditional known kernels with compatible dimensions, p is an unknown time-invariant 

index (model pointer) with Pu states.

Proof. Using (7.47), the time step of SF can be effected as

n\P-iXn-li ^n) — -^o |P) “^O.n—1 >1! •^n)

where,

<i|„-l(An) = KVZ_, + (1 -

+ (1 -

Also, the data step of SF (7.48) becomes:

F(4'„|p,x„, A„) = F(4'„|p, 5o,„,A„)
(p)

‘^O.n

dp) dp)

OC ap“'"(4'„) exp[((?!.p(4'„), Uf^)]

where.

V^£(An) = <i|„_i(A„) + hp(x„) 

^an(An) = ^an|n-l(An) + 1-

Adopting a non uniform prior pd for p,

F{p) = alf\ p = l,...,p„.

Then, the posterior pd of p is derived as:

a“ = F(p|a:„)

s^Pu ^(d) ,^(d) / <j(d) \ 4^(i=l “0
, P=l,...,Pu

where is the (available) normalizing constant of the recovered p-conditioned CEF
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form (7.48). Therefore, the joint filtering pd and its marginals are respectively a mixture 

of pu components of (7.48), (7.51) and (7.52), with mixture weights given by (7.58):

Pu
F(T„|cc„,A„) = ^d|f)F(T„|p,a:„,A„)

p=\
Pu

F('0„ |a:„, A„) = ^ F{'4^n\Vi ^ni An)
P=1
Pu

F{en\Xn,Xn) = X„, A„).
P=1

(7.59)

(7.60)

(7.61)

□

Notably the filtering pds (7.59)-(7.61)—which we refer to the mixture of SF (MSF), are in 

the form of mixture of the SF solution (7.48)-(7.52).

7.6 Illustrative examples and comparative performance 

under simulation

In this Section, we derive the SF solution for two examples. Then the simulation result is 

provided for each example. These examples are provided for different reasons as follows:

• In the first example, we derive the SF solution for the case where the observation 

model is (7.33). Though unnecessary and the exact KF solution is available in this 

case, it is worthwhile to examine that how much the SF solution is close to KF 

solution for tracking the true signal.

• In the second example, the SF solution is derived for an incomplete model where the 

observation is exponential (i.e. a special case of (7.53)). Notably for this case, the 

exact solution is not available. We examine the performance of the SF solution for 

tracking the true state in simulation.

Example 7.6.1. Let the conditional observation model (7.53) be the univariate normal 

(7.33). Therefore, using (7.47) and (7.48), the SF solution at time n is conjugate normal 

as,

F(^„|p,x„,A„) = (7.62)
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specializing, hp{xn) (7.56) with, [x„ 1]> o-nd constructing

ViP) =

T/(p) : \/(p)T^n,n ■ ^n,2\

yip) : yip) 
^n,21 ■ ^n,22

SF-designed of EIM,

the shaping parameters (7.62) are as follows.

yip)~ip) _
“ yip) ’ ^n,22

~(p)2 _
Mp) •n,22K

Therefore,

where.

Pu

F{rPn\Xn,Xn) = E
P=1

(p)l~ip) _ \^n .
" --Pu |-(d)|’ p= l,...,Pu-

(7.63)

(7.64)

X'Pu -V“
2-.d=l \^n

Further specialization of (7.53) can be considered when Pu = 1. Therefore, the resulting 

SF solution is for this case attained similarly, as follows:

F{glJri\Xni Xn) OC 6

7.6.1 Simulation study: evaluation of the example 7.6.1

We examine the performance of the MSF solution against the exact MKF solution. The 

results are attained in MC = 1000 runs. In Figure 7.3, we design the simulation for 

comparing the performance of the exact KF solution versus the SF solution (with three 

values of forgetting factor A = {0.7,0.8,0.9}, in the normal case, with r^; = = 1, and

the diffuse prior /ii = 0, d\ — 1 is adopted. Figure 7.3 shows reconstruction of (true) 

simulated state, fjn- It is clear that the exact KF solution outperforms others for tracking 

ipn, while the SF solution with A = 0.9 also performs well. This is because the variation 

of the state r^ is small (slowly time-varying). The upper and lower Bayesian interval, 

[E{'tp„\xn) — y^var(^/;„|a:„), E{ipn\xn) + y^var(i/>„|a;„)], around the SF solution with A = 0.9 

is also displayed. In Figure 7.4, we design the simulation with r,(, = 1, = 5 and

C^^') = {1.2,1.4,1.6,1.8,2}. The data are generated from N{'tpn, 2) and the state evolution
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Figure 7.3. State reconstruction using SF versus KF in normal case = 1, = 1.

model is 1). We adopt the diffuse prior jli = 0, = 1- In this figure, the

performance of the MKF solution (7.41) versus MSF (7.64) solution is compared. MSF 

with the highest A„ outperforms other. This is because the state is again slow-varying, and 

therefore, the maximum value of A„ best matches the data in this case. Nevertheless, most 

of the inferred state trajectories remain inside the standard interval for all tested values of 

An •

Figure 7.4. State reconstruction using MKF vs MSF (normal case).

Example 7.6.2. (Exponential Mixture with Time-Variant Rate)

In this example, the exponential observation model as a special case of the (7.53) is 

investigated. It models, for example, the inter-arrival times of particles released by a fixed 

mass of a radio-isotope, known to be one of Pu possible species (p = l,...,py:),

F{Xn\lfn^P) = Sxpitplf^), Xn > 0, > 0
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«p (^„ ) = , K {Xn )=Xr,.

where is the time-varying rate parameter of the exponential observation model for 
the p^^ species, and ap{.) and 0p(.) are the exponential family kernels (7.53). The CEF 

pd (7.46) at time n ~ I is , and the alternative pd is also chosen as Ga(.).

Therefore using (7.48), the SF solution is:

F{'4’n\p. Xn, Xn) OC V(f'^)]

yip) ^ yip) ,
n ''n\n-l ' -^n

fyijp) — r.ip) , 1

Furthermore, substituting (7.65) into (7.60), the MSF solution can be deduced

(7.65)

as

Pu
P'ii’nlXnAn) OC ■ exp[(^^P), }

p=l

where is obtained by substituting the normalizing constant, (V^p\ u^pI) = - ,Vn\ n j n y J

into (7.58).

7.6.2 Simulation study for evaluation of example 7.6.2

Figures 7.5 and 7.6 illustrate the reconstruction of the true state, V’n, using the SF 

solution in the case of slow and fast-varying state variables, respectively. In Figure 7.5, 

F(ln('0„)| ln('0„_i)) = ^”(0,0.5), for which larger A is chosen. On the other hand, in Figure 

7.6, F(ln('0„)| ln('0„_i)) = A^(0, 2) for which small A is selected. We infer (reconstruct) the 

state using A = 0.9 in the former case, and using A = 0.2 in the latter case. Once again, 

the true state trajectory is dominantly contained within the inferred Bayesian interval 

estimate of the state.

7.7 Optimal tuning of the forgetting factor (FF), A„

We aim to assign an optimal data-driven FF sequentially i.e. A„ = A(a:„) involving a fixed, 

finite-dimensional, optimal projection of the available data, at each time. In general, A„

153



Figure 7.5. State reconstruction using SF for the exponential observation model in the slowly- 
varying state case.

Figure 7.6. State reconstruction using SF for the exponential observation model in the fast- 
varying state case.

is unknown, but note that updating the SF-based (7.49) and (7.50) depends on the choice 

of A„, Vn. Available approach to sequential data-driven FF assignment is [157], which infers 

sequential A„ using an iterative variational Bayes (IVB) algorithm. Here we do not redreive 

caclulations and directly use the result [157] i.e. an IVB-based algorithm which sequentially 

estimates A„. Here, A„ is interpreted as an unknown parameter, assigned a uniform prior 

pd on [0,1], and the approximate VB marginal posterior pd is then sequentially computed. 

The data-driven assignment of A„ is chosen as the expected value of this VB approximate 

posterior pd, which we explicitly denote by An = A„(xn). Recall that An enters (7.49) and 

(7.50), and so an iterative algorithm needs to be implemented at each step n.
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7.7.1 Application: SF-based design for BF in a multiple signal- 

dependent noise problem

In this section, we investigate a signal-dependent noise problem as an application. Notice 

that here! the FF is designed using IVB in [157]. We adopt the normal model, with unknown 

time-variant variances. Assume that.

4p) _ Jp) P = l,---Pu, (7.66)

where is the unknown variance of a normal random walk for the state variable, V'n, 

and is a time-invariant known gain for the component. Under assumption (7.66), 

the dimension of state variables {,'4’n,'rn,i>,f'n}x) reduces to (V’n,r„_y,) with the presence of 

time-invariant index p. Note that we no longer model the time-evolution of the augmented 

state variables using Gaussian pd,so that an exact BF solution is not available

in the current context. Consider the conditional observation model (7.53), and adopt the 

NiG pd {IS the filtering pd and its alternative at time n — 1 for the component:

F{ipn-i,rn-i,4,\p,Xn-i) = A^iG(U,S, )

Fl{llJn,rn,rp\p,Xn-l) = iVzG(Uj?i, )

(7.67)

(7.68)

Therefore, SF design under IVB design of FF, at time n is attained as

F{'llJn,rn,4;\p,Xn,Xn) = (7.69)

where
+ (1 - A„)K^\ + l]^[x„, 1]

= A^P^^i + (1 - + 1

Applying (7.69) into (7.60) and (7.61), the marginal pd of ipn is the mixture of p-conditional 

Student’s-t pds and the marginal pd of is the mixture of p-conditional iG pds.
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Figure 7.7. Comparison of scaled mean squared error for fixed choices of A versus SF based on 
VB design: slowly-varying case.

7.7.2 Simulation study: multiple single-dependent noise problem

In this section, we compare the performance of the SF solution based on IVR design 

versus fixed choices of FF. Here, the results are evaluated based on 1000 MC rims. We 

design the simulation with xpQ = 0.2, Uq = 1 , = 1.5, Pu = 5 for slow-varying (so that

= 1,2, • ■ -, is kept small) hidden states. Note that an optimal fixed choice of FF is 

not available in general, but can be noted in the current Monte Carlo context. Figure 7.7 

shows that A = 0.8 (for the current simulation conditions) has the minimum scaled mean 

squared error (SMSE), defined as

SMSE{\) =
NM i=l J = 1

(7.70)
o

where N is the number of time steps and M is the number of Monte Carlo runs. This 

optimal value of fixed FF is chosen for the purposes of comparison with the data-driven, 

variable assignment arising with VB. Also F{'ipri\'ipn-i) = E{'ipn-i,0.7) and F(u„|u„_i) = 

lnN{lnUn-i,0-9) is adopted in the simulation. In Figure 7.8, SF for optimal fixed choice 

of FF . A„ = 0.8, is compared with the data-driven IVB assignment, with the latter 

outperforming the former. In fact, the VB-based assignment outperforms all fixed choices 

of FF. In Figures 7.9 and 7.10, we design the simulation with F('0„|i/)„_i) = A’(i/)„_], 3) and 

F{un\'Un-i) = lnN{lnUn-i,4) for fast-varying (r„,^ is kept large) hidden states. Figure 7.9
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Figure 7.8. SF-based reconstructon of the state using data-driven VB-based design of the FF 
versus an optimal fixed choice A„ = 0.8: slow-varying case.

shows that A = 0.2 minimizes the criterion (7.70) for different fixed choices of FF in this 

case.

Figure 7.9. Comparison of scaled mean squared error for fixed choices of A versus SF based on 
VB design: fast-varying case.

Comparison of SF for the optimal fixed choice of FF versus the data-driven VB-based 

sequential assignment of the FF in the fast-varying case is illustrated in Figure 7.10. For 

n < 16, we do not see a clear difference for the alternative schedules due to the large scale 

of differences for n > 15. Figure 7.10 shows SF design with the VB assignment of FF 

outperforms the solution for all fixed choices of FF, even in the case when the optimal
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value, A = 0.2, is chosen. In Figures 7.11 and 7.12, we assess performance of SF design

Figure 7.10. SF-based reconstructon of the state using data-driven VB-based design of the FF 
versus an optimal fixed choice An = 0.2: fast-varying case.

for reconstructing state variable under different schedules for aissignment of the FF. 

Figure 7.11 illustrates a slow-varying case for Un (F(u,„|u„_i) = lnN{lnUn-i,0.9)) where 

the SF design with a data-driven VB assignment of FF outperforms that using an optimal 

fixed value of FF, A„ = 0.8, Vn. For increasing n, this distinction becomes ever more 

evident. Also the lower and upper first standard deviations (SD) are depicted, providing

Figure 7.11. SF-based reconstructon of Un using data-driven VB-based design of the FF versus 
an optimal fixed choice A„ = 0.8: slow-varying case.

Bayesian intervals that summarize the SF-design of sequential filtering pds for for
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the case of the data-driven VB design of the FF. In figure 7.12, we compare the different 

schedules for a fast-varying case of (F(u„|w„_i) = /njV(/nu„_i, 2.5)). Once again, the 

SF design under VB-based assignment of the FF outperforms the case where the optimal 

fixed choice of FF (A„, = 0.2, Vn) is adopted.

n
Figure 7.12. SF-based reconstructon of Un using data-driven VB-based design of the FF versus 
an optimal fixed choice = 0.2: fast-varying case.

7.8 The logarithmic pooling design for incomplete mod­

els in MP

Here we aim to extend the SF solution to the context of multiple participants. Notice that 

SF is the design-based method for merging a single alternative pd. More generally, we 

might merge the multiple predictive pds of the state variable, i.e. F/(t/>„|a;„_i), / = 1,..., s. 

We note that the logarithmic pooling design (4.4) is an appropriate method for designing 

the time step of BF in the context of multiple participants. This is the extension of SF 

(7.43) from single participant to multiple participants. For this reason, let each participant 

reports the time-variant state pd Fi{ipn\xn-i), I — I, ■ ■ ■ ■, s, to Iq who also contribute their 

time-invariant filtering pd, and process these pds to reach the logarithmic pool as follows.

OC [Al{^n-,\x^-l)i.T'- fl[FlMXn-lT‘-.
1=1

(7.71)
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where wf^ € Aj, i.e. 5Zf=o^fn = 1- Using observation model (7.7) and applying (7.71) into 

BF, the data step of BF (7.15) is computed.

7.9 Discussion

In this chapter, we processed the probabilistic knowledge (i.e. pd of state variables) and 

data (i.e. Xn, n = 1,2,...), in order to reach a tractable design of filtering pd in the 

context of BF. In particular, we employ SF as a special case of the logarithmic pool (4.4) 

for designing the time step of BF for a sufficiently rich class of observation models (7.53) 

presented in Lemma 7.5.1.

The four classes of solutions for BF i.e., A,...D, are summarized in Figure 7.13. In 

particular, the boundary of each set of BF solution with related class of observation model— 

denoted inside [.]— is sketched in this Figure. Notably, the sufficiently large set of the 

observation model is the mixture of the exponential families, i.e. the class D.

Figure 7.13. Schematic boundary of different filters (solutions) denoting with A-D. For each 
filter, the associated class of observation models is expressed in [observation model].

Lemma 7.5.1 remains true for different design of the time-variant forgetting factor, A„. 

Although a data-driven design of the forgetting factor using IVB is presented in Section (7.7), 

there is the interest in the design of a schedule for A„ using more elegant and principled 

design. As mentioned, we specified the SF solution as a special case of the distributional 

logarithmic pool. Therefore, various approaches for designing the weights in logarithmic 

pool can be adopted for designing A„. In particular, the elegant empirical design presented 

in Section 4.2.1.1 could be used. Several proposals are available in the Bayesian literature
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such as metods presented in [48,91].

The lemma 7.5.1 does not claim to provide a necessary condition for tractability of SF 

solution of BF, and, indeed, we will explore further extensions to time-variant parameter 

models for which tractability is preserved in future work.

SF has been adopted as a design of the time step in BF for state variables, where 

the latter are augmented by the time-variant model parameters. SF has ensured that 

fixed, finite-dimensional statistics are maintained in the resulting filtering algorithm. In 

Section 7.7, the time-variant forgetting factor (FF) has been assigned optimally in a 

sccjncntial data driven scheme, A„ = A„(x„), using an iterative VB algorithm. A FPD- 

based proposal for a data-driven FF [91] will be explored in future research. Furthermore, 

we have restricted our focus to observation models with a mixture of pu components, Vn. 

This is the case when the pointer, p, is time-invariant. In future work, we will relax this 

simplification, adopting a time-variant pointer pn, in which case the number of components 

increases as p^, i.e. exponentially with n. Sequential design strategics arc then required in 

order to bound the dimension of the model, and of the computed statistics.

The task of BF —addressed in this Chapter — remains to be done using FPD. In Chapter 

8, wo will discuss more technical details on how it might be developed.
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Chapter 8
Conclusions and Future Work

In this Chapter, wc summarize the core results of each Chapter i.e. Chapters 3-7. Some 

possible extensions of the future work corresponding to each chapter will be discussed in 

sequel. Finally we summarize key contributions of this work and remaining tasks arc listed.

8.1 Conclusion of Chapter 3

In this Chapter, wc process data (as a special case of knowledge processing) to deduce 

the unique and consistent Bayesian inference of the model order, the subset selection 

of the global set of unknown parameters, and OS A and MSA predictors for AR model. 

Furthermore, recursive algorithms for processing data into shaping parameters (i.e. EIMs) 

of posterior pd are proposed. Widely used criteria of model order estimation arc discussed 

and specialized into the AR case. Moreover, automatic Ockham’s regularization of BPO has 

been mathematically justified and a comprehensive explanation of emerging Ockham’s term 

in estimation strategies of model order in AR case is provided. Furthermore, recursions 

introduced in Section 3.6 provide us efficient tools to compute the Bayesian data processing 

task. These recursions might be the good replacement of LDL decompositions which is 

popular for Bayesian computation in the current Bayesian literature i.e. [55,91].

8.1.1 Possible extensions and future directions of Chapter 3

Recall that recursion in order (3.108), the recursion in time (3.111) and full recursion (3.112) 

at the level of EIMs (Section 3.6), allow us efficiently process data into shaping parameters 

of pds for computing different Bayesian inferential tasks in Section 3.3. However, those 

recursions do not provide a recursive updating of pds. Therefore, an important progress
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will be exploring efficient recursions at the level of projection of EIMs in the future.

8.2 Conclusion for Chapter 4

In Chapter 4, the centralized moral deliberator-based scheme allows consistently processing 

distributed knowledge in multiple participants. This scheme is (i) parametric, and (ii) 

moral. Under (i), the participants’ knowledge is merged into a prior on the deliberator’s 

parameter. This prior is chosen optimally, using FPD. Under (ii), this optimal prior bounds 

the expected loss imposed on each participant. The scheme allows for a wide class of 

continuous parametric deliberators and participants to be handled. It quantifies uncertainty 

in the dcliberator’s parametric model, while also yielding the optimal predictor. This 

chapter has provided functionally tractable solutions in the conjugate case, and, specifically, 

for normal participants and deliberator. Extensive simulations point to the advantages of 

the scheme over logarithmic pooling, particularly in respect of uncertainty quantification, 

randomization, and predictive accuracy.

8.2.1 Possible extensions and future directions of Chapter 4

In this Section, some potential future tasks of Chapter 4 are pointed out. Despite the FPD- 

optimal parameter pd (4.15) and the optimal predictor (5.18) can be functionally tractable 

for a rich class of 2o’s parametric model of x, Gq{x\0), generally they are not computationally 

tractable. Recall that the main issue is deriving A° as an explicit function of and K. 

Some of the well-known numerical techniques are penalty function approximation [137] 

and the grid search [158]. Penalty function approximation has been considered for similar- 

tasks [38], and might be extended to our more general context. Also, the grid search 

is a popular algorithm for hyperparameter optimization where the hyperparameters are 

tuned in the space of hyperparameters. We would not aim to implement this algorithm. 

Because, KT multiplier A/>0, I = 1,..., s, which implies that hyperparametcr space 

includes unbounded value spaces for A. Therefore, discretization of space may be necessary 

before applying the grid search. Furthermore, the grid search alone does very poorly in 

practice [159].

Generally, it is difficult for the deliberator to specify their bounds, /3 (4.10), on the
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expected loss imposed on the respective participants. To solve this issue, we might re­

interpret A as the primary parameter of the deliberator’s model for x. In this case we can 

adopt an ideal pd (pre-prior) to A. There is then the opportunity to derive the FPD-optiinal 

design of A through processing K. A similar idea is adopted for the logarithmic pool 

in [160].

Adopting an ideal pd of A represents the quantification of 2o’s opinion via hyperparam­

eters. Then it will be updated after processing K, i.e. A°{X\K). In the future work, this 

task will be fully explored.

8.3 Conclusion for Chapter 5

In Chapter 5, different knowledge, K, is defined and processed for designing the FPD- 

optimal solutions. In particular, K in Definition (5.1.1) is no longer constrained to the 

bounded expectation of KLDs (i.e. constraint 3 in Definition 4.3.1). This K is processed in 

three different ways with three different specification of ideal pd. Each way of processing K 

yields the different FPD solution. In particular, FPD-A (5.16) in Section 5.2 and FPD-R 

(5.34) in Section 5.4 are one-batch processing of K. While FPD-S (5.22) in Section 5.3 is 

the sequential processing of participants’ predictors where FPD is applied s times. We note 

that FPD-A (5.16) yields a principled and tractable design of non-uniform weights. While 

the design (5.34) requires numerical techniques for evaluation of weights. Furthermore, 

FPD-S (5.22) assigns the unit weight to each participant. The main difference between 

(5.16) and (5.34) is that the further assumption (5.31) on the joint model (5.6) is adopted 

for deriving (5.34). A thorough comparison will be presented in Table 8.1. Notably these 

optimal priors can be used for sequential processing of data by Iq.

We favour FPD-A (5.16) over FPD-S (5.22) and FPD-R (5.34) for the reasons mentioned 

in Section 5.8. The optimized prior (5.16) is exploited to deduce the optimal predictor. 

Specifically, the optimal predictor (5.18) is in the form of the linear mixture for which both 

components and weights arc tractably evaluated for a rich class of 2o’s parametric model, 

i.e. DEF. On the other hand, 2o’s predictor (5.30) and (5.44) have the similar structure to 

(4.21) which is totally different from the optimal predictor (5.18).
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8.3.1 Possible extensions and future directions of Chapter 5

The proposed scheme in Chapters 4 and 5, indicates that participants provide their 

knowledge of same x to the deliberator, Gi{x). A possible extension of these works is to 

merge pds of partially common x, reported by participants. A related work is provided 

in [38] for the discrete case. Also [161,162] can be used where the joint pd of multiple 

transformations of x (the output of multiple distributed sensors) is constructed using 

hypothesis testing for the purpose of classifieation. In particular, the constructed pd is 

asymptotically optimal, i.e. the closest pd to the true pd in KLD sense. We will explore 

merging multiple pds in more general cases in the future work. The other possible future 

exploration is to implement the proposed FPD-optimal design for the recursive schemes 

where the 2o’s deliberation is fed back to the participants in a closed-loop scheme.

The FPD-optimal design presented in Chapters 4 and 5 is a static, open-loop one, involving 

a single invariant unknown, x. The framework can be extended to the dynamic case, 

involving modelling of a discrete-time random process, Xj, f G Z. In particular, we will 

show in future work how the dcliberator’s FPD-optimal inference may be fed back to 

the participants as a prior for their (conjugate) processing of local data, x[, I — I,..., s, 

achieving an FPD-optimal, closed-loop, Bayesian distributed filtering scheme. The related 

work is found in [111] in the case where the scheme is decentralized and the weights are 

informally derived.

The FPD-optimal design (5.16) and (5.34) are achieved under this assumption that just 

one of the participants is true. However, this is not applied for more general contexts 

where two or more participants might be true. This generalization will be explored (e.g. 

by rearranging knowledge) in the future work. Also, in Chapter 5, the deliberator fully 

respects to one participant and replace their parametric pd with the participant’s pd (5.4). 

A possible direction of the future work is to generalize the context to the case where the 

deliberator considers the participants’ predictors partially and involves their parametric 

model in formulating their joint model (5.6) i.e. replacing the assumption (5.4) with.

M{x\l, e, K) = aGi{x) + (1 - a)Go(x|6>) (8.1)
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or,

M{x\l,e,K) oc Gfix)Gl-‘^{x\e) (8.2)

Recall that FPD designs (5.16), (5.22) and (5.34) do not propose non-uniform weights for 

the case where s = 1. We note that this problem will be solved applying (8.1) in (5.32). 

The FPD-optimal parametric hierarchy of the deliberator in Chapters 4 and 5, constraints 

the model choice, Go{x\9), and forms an important part of Xq’s knowledge, K. In particular, 

this is the application of item 1 Remark 2.3.2. An important parametric extension is 

adopting item 2 Remark 2.3.2. Using that, we can provide the uncertainty measure on the 

lo’s optimal predictor, where this is not currently available. More important progress will 

be made when the parametric form can be fully relaxed to a continuous nonparamctric form, 

0 = Go, so that X ~ G'o(x), where Go{x) is now a functionally unknown (i.c. nonparamctric) 

pd. In particular, [19] develops the FPD framework for the design of priors in nonparamctric 

hierarchies, when processing external knowledge of a very general kind. In future work, we 

will apply that framework in MPS. This will also yield uncertainty measures in respect of 

the deliberator’s predictor, Go{x\K) (Remark 5.3.2).

Despite the advantages of our centralized deliberator-based scheme, the deliberation (i.c. 

decision-making) itself is confined to the deliberator. As mentioned in Section 4.1, this 

may lead to issues of scalability and vulnerability of the failure in the overall system in the 

large-scale systems. In the future, in order to overcome these problems, the participants— 

particularly in large-scale systems—can be grouped, each group being moderated by a local 

deliberator. The current framework can then be adopted by each group, with each group’s 

dcliberator reporting their local FPD-optimal predictor (4.21) to the (global) deliberator, 

for final deliberation. This scheme is referred as a hybrid of centralized and decentralized 

scheme in the related work i.c. [163].

8.4 Conclusion for Chapter 6

In Chapter 6, the FPD-optimal solutions of parameter prior and predictor derived in Chapter 

5, are adopted for merging multiple AR nodes for the purpose of deriving 2o’s optimal 

OSA predictor, through processing K (Definition 6.1.1). In particular, the deliberator
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processes AR parametric observation model and OSA predictors (Section 3.3.2)— reported 

by the participants— in order to derive Xq’s optimal parameter prior and also OSA optimal 

predictor. These FPD- optimal designs are derived for both known and unknown model 

order, p.

8.4.1 Possible extensions and future directions of Chapter 6

One direct extension of the work presented in Chapter 6 might be deriving the Xq’s optimal 

MSA predictor through processing multiple MSA predictors provided by AR participants. 

There is an opportunity to use MSA predictor in Section 3.3.3 for processing local data 

of AR participants, Then reporting them to the dcliberator for designing their optimal 

MSA predictor. This task will be reported in the future work. We might also implement 

FPD-moral deliberator (4.15) for processing multiple AR nodes after finding an effective 

technique for evaluation of the Kuhn-Tucker multiples, A.

8.5 Conclusion for Chapter 7

In Chapter 7, we derive the SF solution for designing the time step of BF through processing 

alternative predictor of time-variant states. The designed SF is derived for a rich class of 

observation models, i.c.(7.53) presented in Lemma 7.5.1. Furthermore, the designed SF is 

used for processing data in the data step of BF via Bayes’ rule. Then we have extended the 

SF solution to the logarithmic pooling design (4.4) for the purpose of processing multiple 

(alternative) predictors of time-variant states in MPS.

8.5.1 Possible extensions and future directions of Chapter 7

Recall that the proposed FPD solutions—presented in Chapters 4 and 5 cannot be used in 

this Chapter for the reasons mentioned in Section 7.4. The main reason is that the optimal 

design of the hyper-parameter prior of states i.e. 5'°(Vo,n|n-ij i^o,n|n-i|-^), is required. This 

will be possible using the second case of Remark 2.3.2, while the proposed FPD solutions 

are derived using case 1 Remark 2.3.2. Using the guideline provided in [19] and applying 

the second case of Remark 2.3.2, the FPD-optimal design of the hyper-parameter prior i.e. 

5«(Vo.n|n-l ) ^o,n|n-i|-^) can be computed. Therefore, the FPD-optimal design of A(^„|A')
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will be derived in sequel as:

(8.3)

We wish to extend the current work to fully hierarchical FPD [19] via (8.3) and use it 

for merging multiple state predictors in the context of BF. We note that the stochastic 

approximation is also required to evaluate this hierarchical FPD-optimal design,

Such computational tasks will be explored in the Future work.

8.6 Conclusion

Recall that in this thesis, the main aim was the optimal distributional design through 

processing knowledge distributed among multiple nodes. We have evoked FPD as our 

primary approach in a centralized deliberator-based scheme. This thesis extends the current 

context in the following way:

1. The FPD-optimal design is derived for a rich class of I’s parametric model of x (i.c. 

DEF), as a common quantity of interest for all nodes, in the centralized scheme. 

Only solution for discrete pd was already available.

2. FPD-optimal designs of parameter prior allow quantification of the dcliberator’s 

uncertainty in their model choice, i.e. Gq{x\6)—compared to distributional pooling 

design.

3. This work provides us the FPD extension (5.18) of linear pooling design. This 

extension allows designing the weights axiomatically and fully (functionally and 

computationally) tractably. Recall that the design of weights is the main challenge 

in distributional pooling designs.

4. The proposed FPD solutions derived for a centralized scheme might be adopted to 

the decentralized scheme too. Recall that in the decentralized scheme (i.e. the RHS 

Figure 4.1), each node will be capable to parametrize its own model of x and merge it 

with the received pds from the neighbouring nodes in order to derive optimal design.

168



Therefore, each node will be able to derive the FPD-optimal design through available 

knowledge by adopting our proposed solution.

5. We have understood that the FPD solutions in MPS are important applications of 

fundamental FPD (Definition 2.3.4) where the knowledge of the system is defined 

and processed in different ways. In particular, these solutions are derived through 

implementing the parametric hierarchical FPD expressed in item 1 Remark 2.3.2. A 

thorough summary of different FPD solutions proposed in the thesis is presented in 

Table 8.1. Recall that we favour FPD-A (5.16) over FPD-S processing (5.22) and FPD- 

R (5.34) for the reasons mentioned in Section 5.8. A critical comparison is between 

the core result of Chapter 5 i.c. FPD-A (5.16) and the main result of Chapter 4 i.e. 

FPD-moral deliberator (4.15). As shown in Table 8.1, both FPD-moral deliberator 

and FPD-A are functionally tractable and derived in the knowledge-constrained set, 

ATx with s -[-1 variational quantities. However, FPD-moral deliberator (4.15) is not 

computationally tractable. In particular, numerical techniques is required to evaluate 

its normalizing constant and more specifically designing weights. On the other hard, 

FPD-A (5.16) is computationally tractable for a rich class of Jo’s parametric moccl 

with principled and tractable design of weights. Therefore, we will consider (5.16) as 

our primary FPD solution for the future work.

---- FPD sol.
properties FPD-moral del. FPD-A FPD-R FPD-S

Knowledge, K K in Def. 4.3.1 K in Def. 5.1.1 K in Def. 5.1.1 K in Def 5.1.1
Var. quant, in M/c S -b 1 s -b 1 2 1
Funct. tractable Yes Yes Yes Yes
Comput. tractable No Yes No Yes
Design of weights num. eval. opt. and tract. num. eval. unit weights

Table 8.1. A summary of proposed FPD solutions in the thesis with their properties 

However,the following task remain for the future work:

• In this thesis, all Jo’s FPD solutions are the application of parametric hierarchical 

FPD (i.e. case 1 Remark 2.3.2). This work has involved parametric observation 

model, Go{x\0), and optimization of parameter prior (i.e. A°(.)) that allows rs 

the uncertainty about the parametric observation model. Notice that there is ro
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uncertainty on the optimized predictor. A important extension of the current work 

will be implementing the second setting of Remark 2.3.2 where parametric prior, A, 

is parametrized with finite-dimensional hyperparameter. Then the task is to derive 

the FPD-optimal design of hypcrparametcr prior. This setting will allow us quantify 

the uncertainty about the optimal design of A(0lrj,K). Further progress will be 

relaxing the constraint parametric hierarchies by allowing Go to be nonparametric 

process prior. Then we will exploit the nonparametric hierarchical FPD setting (2.18) 

in which x ~ Go(x), where Go(x) is unknown, nonparametric, infinite-dimensional 

parameter. Then we will design the nonparametric prior.

Notice that none of the PFD solutions summarized in Table 8.1, provides the FPD- 

optimal design of the time step of BF. For this reason, we will use the parametric 

hierarchical FPD ( i.c. the second setting of Remark 2.3.2) which allows us to derive 

the FPD-optimal design of hyperparameter prior, S°{Vo^n,^o,n\^)- Then using sam­

pling methods from 5°, the FPD-optimal design of filtering pd i.e. A°('0„|Vo,ni ^o,n-, K) 

is achieved.

In this thesis, all nodes provide the pd of the common x. A possible extension 

of this work is performing DM task for merging multiple pds of partially common 

X. For simplicity, let the deliberator and two participants respectively contribute 

Go(a:o|0), Gi(a:i) and G2(x2), where Xj 7^ cc/, for j ^ I, j,l = 0,1,2 and uf^o^t — 

then 2o’s task will be designing the FPD-optimal predictor of x. There are some 

proposed methods that might be exploited. For instance, [38] proposed the merging of 

multiple conditional and marginal pmfs to construct the joint pmfs using Bernardo’s 

prescription (2.36). Furthermore, [164] proposed the construction of copula-based 

joint pd using marginal pds of statistically dependent multi-modal random variables 

in multisensor fusion problem. Further related works of designing joint pds from 

dependent marginal pds are i.e. [161,162] for multiple sensor processing.

For the large-scale systems, there might be the scalability problem with the proposed 

centralized scheme. As a future task, the participants can be grouped, each group 

being moderated by a local deliberator. Then the current framework is used to merge 

local dcliberator’s predictors by a global dcliberator, for final deliberation.
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This work provided us with fully tractable FPD-optimal predictor of common x which was 

only explored for discrete pds in the state-of-the-art. As stated in the future work, this 

achievement can be exploited in various directions.
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Appendix A
Probability Distributions

A.l Exponential Family

The class of standard pds which belong to exponential family (EF) has the form:

F{x\6) = a{6)b{x) cxp[((^(0), h{x))], (A.l)

where a(.) and b{.) arc the known, scalar kernels, (.,.) is a known two-argument scalar 

operator which is distributive across addition in its second argument, and (^(.) , h{.) are the 

known kernels with compatible dimensions. In the following, we review some of standard 

pds belonging to EF (A.l) which arc used through this thesis.

• Multinomial, Mu{l,p): Let 0 = p = [pi,p2) • • • € Am-i, where m denotes

the number of states, and.

Am-i = |p| YlPj = 1,0 < pj < l,j = 1,... ,m (A.2)

is the open probability simplex of the dimension m — 1. The multinomial pd is a 

special case of EF (A.l), where a{0) = a{p) = 1, ^{6) = (f){p) = Inp.

Exponential, £xp{6): the exponential pd is a special case of EF (A.l), where x > 0, 

a{G) = 6 > 0 and b{x) = 1, 4’{6) = 9, h{x) = x, and {(f), h) = —0 • h (“•” denotes 

inner product).

Normal, Af{iJ,,r): Let 6 = {p,r), p € M, is the mean, and r > 0 is the variance. 

The normal pd is a special case of EF (A.l), where x € R, a{6) = a{p,r) = r~2 and

fA,h{x) = [x l]^-[x 1], (i.e. an
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outer product of an extended data vector), and (<^, h) = tr{(j) ■ h) {‘Hr{.y’ denotes the 

trace of matrix).

A.2 Conjugate Exponential Family (CEF)

The general form of CEF is as follows:

F{e\Xn) - Fie\Vn,l^n)

oc a''"(0)exp[((^(0), V„)], (A.3)

where, [Vn, Vnj together are sufficient statistics. Some of special cases of CEF arc listed 

below.

• Dirichlet, Viriyn - 1): Let 0 = p = {pi,P2, ■ ■ ■ ,Pm) € ^m-i, where Am-i =
Pj = 1) 0 < Pj < 1, j = 1) • • •, ’1^}) is the open probability simplex of the 

dimension M — 1. The Dirichlet pd is a speeial case of CEF (A.3), where a{9) = 

a{p) = 1, (j){e) = <t){p) = Inp, Vn = [Vi,„,..., Vu.nF, and (0, V„) = ■ Vn-

• Gamma, Qa{vn — 1) V’„): the Gamma pd is a special case of CEF (A.3), where

a{0) = = 6, and (0, V„) = —(p ■ Vn- Notably, the Gamma pd also belongs to

EE (A.l).

• Normal inverse Gamma, J\fiG{Vn,i^n) ■ the NiG pd is a special case of CEF

(A.3), where a(6) = a{p,r) = and (p{0) = (p{p,r) = —^[—1 • [—1 p], and

(0,V„) =fr(0-V„).

A.3 Non-Exponential Family

In the following, we list some of the non-EF pds which are used throughout this thesis.

• Uniform, l/{{a, b): let 6 = {a, b}, the continuous uniform pd on the support x G (a, b) 

is:

F{x\a,b) = ------ , X E {a,b), a,b E
b — a

(A.4)

173



Notably, if a = 0 and 6=1, then the uniform pd (A.4) is called standard uniform pd. 

The mixture of EF: A widely used form of non-EF pd is the mixture of EF, i.c.

F(x|0) = ^a,F,(x|0),
j=i

(A.5)

where, aj € Am_i is corresponding weight to component, and Fj{x\0) is a 

member of EF in the form (A.l).

• Student’s-t pd, St One of the standard non-EF pds is the Student’s-t

pd [165], i.e..

rf2±i) r 1 1F{x\fi, r, 7?) = -----h + —(x - /i)2
r(f)v^^ [ TT]

(A.6)

A thorough list of standard pds is available in [13].
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Appendix: Proofs

In the following, we present the proofs of lemma/expression that we left in the Chapters.

A.4 The proof of p-conditional OSA predictor (3.34)

Proof. Simplifying predictive pd as,

F{Xn+l\p)
F{Xn+l\Xn,p) =

F{Xn\p)

'x(p) \-5C"’’' + l) yip) 
I , V „4_

(P)
n+l,aa i-i

Y(p)
^ n,aa

(A.7)

Using (A.7), the main kernel of predictive pd is via.

\(p) 1
r-fAp) _ i/Ip)'^ \

. (p) . (p) \ ^ n4-l,ll ^ n+l,al\ •' n-\-l,aa) ^ n+l,al/
An An

= i {^Sl + 4+1 - [y^S\ + Xn+l'lPnl^][V^nla + V'i+lV’i+T]"^ + ^n+l4+l]}
An

(A.8)

Notice that the inversion lemma states,

W'^p) +^(p) = fv(p) )-i -

-iTZ-lP)

175



Moreover, using (A.9), we can simplify (A.8) as follows,

\(p)
^n+l
\(p)

= J_r;^(p)^^2 [1 _ ^(p)^(y(p) I i’n+l) i
^^p)l^n +^71+11-*- ^n+ll^n,aaJ ^ 1 + ^(P)^CVV(P) J

fr/(P)WP) 1-1 /(^)

(A.IO)

— 2x.n+l [

Therefore, using (A.IO), OSA predictive pd (A.7), can be attained as follows.

r(

1 +
1

St
/(p)

n+l> (p)
An’(1 + i’SWUM-ll)

(‘'n^+V
2

(A.ll)

□

A.5 Proof of Lemma 3.6.1

Proof. Using (3.109) and (3.110) we have,

Pu-i nfn+l'lNj^o-Nd-o = 3(n-1) + ^ (n-p)(p+1) - (n-p„)^^^-^------
p=2 ^

= f-f+ ^-i = o(p;)

Therefore, A/_o > A^d-o for Pu > 8.

(A.12)

□
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A.6 Proof of Lemma 3.6.2

Proof. Assume that we exploit the on-line seenario to compute all EIMs available in 
off-line scenario {V^;p = l,...,Pu). Using the flow in Figure 3.3, the best on-line 
trajectory has to be passed, at least, through time recursion from i = 2 to arrive at

5pu I j_
3^2

way in off-line scenario. Therefore, the lemma is proved.
i — n which requires ^ ^ + 5 = multiplications more than using dccrcmental

□

A.7 The proof of the time step (7.27) and data step 
(7.30) of KF

Proof. The proof of the time step of KF (7.27): using (7.25) and (7.26) we have,

= f F(T/j„|i/;„_i)F(V’„_i|a;„-i)dV’n-i

oc / cxp{-L„}(iV’Ti-i (A.13)
J'l’n-l

where,

Ln = ^(V>„ - “ A'l/’n-l) + “ P-n-lfn-l “
(A.14)

By decomposing L„ as.
Ln = L„(f/^„_i, V’n) + T„('0„) (A.15)

where, L„('0„_i,'i/’„) is considered as a quadratic form in 'ipn-i obtained by calcu­
lating the first two derivatives and minimizing it w.r.t V’n-i

An(^„_l,'0n) = A + S„li) ^ + S„li/X„_i])^

{AlR-^^Ar. + - {AlRfp^A^ +

(A.16)

Notably (A.16) is the common quadratic form of the negative exponent of a normal 
distribution satisfying in decomposition (A.15), whereas there are other quadratic forms
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holding (A.15). Consequently Ln{ipn) can be obtained as follows, 

Lni^n) 2'^n^x V’n "b 2^*'™—l^n-lb*'n—1

(A.17)

where (A.17) does not depend on tpn-i we are allowed to pull L„('0„) out of 
integration and (A. 13) can bo rewritten as,

F(^„|x„_i) oc exp{-Ln{ipri))

(A*n|n-1) ^n|n-l) (A.18)

By minimizing Ln{ipn) w.r.t t/>„ and using the inversion lemma, shaping parameters of 
the time step of KF are obtained as follows,

t^n\n—l Ant^n—l

Sri|n—1 R\l) "h

(A.19)

(A.20)

The proof of the data step of KF (7.30): once again applying similar calculation 
to latter part of the time step of KF, F{'ip^\xn) can be obtained as follows.

F{lp„\Xn) oc F{Xn\lpn)F{i’n\Xn-l) 

OC (P'jj, S„) (A.21)

where,

A*n ~ t^n\n-l "b (^nln-l^n ~b Rx) [X-n — CnfJ>n\n-l] (A.22)
Sn = S„|„_i — I]„|„_iC^(C'„S„|„_iC'^ + flj,) (A.23)

Replacing and S„|„_i with right-hand side of (A.19) and (A.20) respectively,
we have,

fin = + {(-^ + ^n51n-lA^)C'^[C'„(i2,/, + A„S„_iA^)C^
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+ Rx\ ^}[Xn- CnAn^ln_■^\, n = 2, ... (A.24)

+ R,\-^Cn{R^ + A^T.n-iAl)], n = 2,... (A.25)

Therefore, the proof is completed. □
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