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Abstract

Knowledge processing in an optimal way is of great importance in decision making. In this
thesis, we propose a consistent Bayesian mechanism for processing knowledge via the design
of the probability distribution. Bayes’ rule is exploited as a consistent mechanism when a
complete model is available. In this thesis, we examine an important context for this, namely
conjugate Bayesian inference for the autoregressive (AR) model. We characterise this as
an example of uniquely specified distributional design, and we provide some novel results
related to the computation of the associated statistics within fully tractable signal processing
algorithms.

In contrast, fully probabilistic design (FPD) is motivated in this thesis for cases where a model
of the knowledge is not available. Much of this thesis is concerned with constructing novel
FPD solutions of distributional design through processing stochastic knowledge in multiple
participant systems (MPS). We propose a centralized deliberator-based scheme where all
participants independently report their beliefs (distributions) about some common quantity
of interest to a parametric deliberator. The latter processes this knowledge into an optimal
distribution via FPD, as it is fully explained in the thesis. Four FPD solutions are derived
in Chapters 4-5, addressing various different knowledge specification and ways of processing
them. A thorough comparison of these solutions is provided with extensive simulation results.
In an extended application in Chapter 6, a selection of these solutions is derived and simulated
for processing knowledge in the context of multiple AR nodes.

In Chapter 7, the Bayesian filtering (BF) problem is studied in the case where time-variant
states are incompletely modelled. Once again, requiring an optimal distributional design in
place of FPD related techniques, stabilized forgetting and logarithmic pooling are derived
and simulated. We extend the solution to the distributed knowledge processing for multiple
BF nodes. In Chapter 8, we conclude the thesis by summarizing core results of each Chapter,

and provide numerous suggestions for further research in this field.
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Notational conventions

General notational convention

X

T

0
PG

A M, P

Er@)[9(X)]
X, F, A, etc.

©

X
0

T

supp(A)
The superscript, ° e.g. A°(x)

The subscript 7, e.g. A;(z)
The subscript p, e.g. Ap(z)

The superscript, “e.g. A(z)

The superscript, “e.g. A(x)

The upper-case math calligraphy
Z

A upper-case symbol K
6(z)

the random variable

the realization of a random variable

the unknown parameter

distributions with known and specified parametric forms
(i.e. fixed distributions)

distributions whose parametric form is unspecified (i.e.
variational distributions)

the expectation of g(X) with respect to F(z)

The set of possible values of the quantity shown with
Latin letter

The set of possible values of the quantity shown with
Greek letter

the cardinality of the set

the empty set

multivariate quantity

The support of A

the FPD-optimal objects (i.e. distributions, parameters,
etc.)

the ideal specifications (i.e. distributions, parameters,
etc.)

the deterministic choice of prior distribution on z in the
minimum cross entropy (MXE) context

the optimal distributional approximation

the approximating distribution

the decision maker, Bayesian modeller/observer, data or
knowledge processor

the knowledge

delta-type function. It is determined by the type of
the argument, . For a continuous z, then §(z) is the
Dirac’s delta function. For the discrete z, then 6(z) is
the Kronecker function.

More detailed symbols and decorations will be used throughout the thesis which are

listed as follows.
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Specific notational convention in chapter 3

=, B
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AIC
BF
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BPO
CE
CEF
DEF
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EF
EIM
EPD
FPD-A

FPD-R

FPD-S
HQ
KF
KLD
KT
LDL
LS
MDL
ME
MKF
ML
MML
MPS
MR
MS
MSA
MSE

AutoRegressive (model)

Akaike’s Information Criterion
Bayesian Filtering

Bayesian Information Criterion
Bayesian Posterior Order

Certainty Equivalent

Conjugate Exponential Family
Dynamic Exponential Family
Decision Making

Exponential Family

Extended Information Matrix

Fully Probabilistic Design

Fully Probabilistic Design with Augmen-
tation

Fully Probabilistic Design with Restric-
tion

Fully Probabilistic Design Sequential
Hannan and Quinn

Kalman Filter

Kullback Leibler Divergence

Kuhn Tucker

Lower Diagonal Lower decomposition
Least Square

Minimum Description Length
Maximum Entropy

Mixture Kalman Filter

Maximum Likelihood

Minimum Message Length

Multiple Participant Systems
Minimum Risk

Minimum Square

Multi Step Ahead

Mean Squared Error
xviii



MSF Mixture of Stabilized Forgetting

MXE Minimum Cross Entropy
SF Stabilized Forgetting
OSA One Step Ahead

VB Variational Bayes

WSS Wide Sense Stationary
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Summary

This thesis is concerned with designing an appropriate distribution through processing
knowledge in multiple participant systems (MPS). A consistent Bayesian mechanism is
provided for processing knowledge underlying both complete and incomplete models of
knowledge. In particular, we aim to derive functionally tractable and optimal distributional
designs. Processing knowledge in a complete model context can be handled via Bayes’ rule,
yielding a unique design. However, Bayes’ rule is not available for knowledge processing in an
incomplete model context. Instead, we employ fully probabilistic design (FPD) to accomplish
this task.

In Chapter 2, we review the basics of distributional decision making and the most common
methods of distributional design. Also, some important techniques for the related problem
of distributional approximation are reviewed. FPD methodology is chosen as our primary
method for accomplishing the task of distributional design and its properties are explained.
The main contributions of the thesis are presented in Chapters 3-7, as follows:

In Chapter 3, we uniquely process conventional (crisp) data into probability distributions via
Bayes’ rule. As an important context for this, we model dynamic data using an autoregressive
(AR) model. We contribute to this area by exploring both inferential and computational
tasks. In particular, Bayesian conjugate and tractable inference of model order and unknown
parameters are derived. Also, Bayesian one-step-ahead and multi-step-ahead predictors are
computed. Efficient recursions (in time and order) for the extended information matriz (EIM)
are proposed, and the associated computational loads are audited.

Throughout Chapters 4-6, we employ FPD within a centralized deliberator-based scheme
for processing stochastic knowledge in multiple participant systems (MPS). FPD solutions
using this centralized scheme are not currently available when processing the continuous
distributions, and so the key aim of the thesis is to derive one.

In Chapter 4, a centralized deliberator-based scheme is adopted to accomplish distributional

design using FPD by merging multiple stochastic participants. This scheme is parametric and



moral; the knowledge-constrained set involves bounding the expectation of the expected loss
imposed on each participant. The proposed FPD-optimal solution is functionally tractable for
a wide class of continuous and discrete parametric deliberators and participants. It quantifies
uncertainty in the deliberator’s parametric model, while also yielding the optimal predictor.
In Chapter 5, the deliberator processes the knowledge in different way, i.e. the deliberator
no longer bounds the expectation of expected loss. Once again, the centralized deliberator-
based scheme is adopted to process the participants’ predictor in three alternative ways.
Alternative ideal distributions are specified in each case, leading to alternative FPD solutions.
In particular, a tractable FPD-optimal prior is derived and adopted for which the optimal
predictor is deduced. A thorough comparison of FPD solutions is presented.

In Chapter 6, the FPD solutions—derived in Chapter 5— are implemented in order to merge
multiple AR nodes, for the purpose of deducing the deliberator’s FPD-optimal prior and
predictor. The AR participants process their local data into their local predictive distribution
using conjugate Bayesian inference—presented in Chapter 3. The AR deliberator processes
these predictors along with their own parametric observation model into an optimal AR
parameter prior. The optimized prior is used for prediction in both cases of known and
unknown model order.

In Chapter 7, the context of Bayesian filtering (BF) is considered, i.e. the case where the
observation model is sequentially parametrized with time-variant states. The task of BF is
to infer these states sequentially and tractably. The exact solution for continuous states is
only available in the Kalman filter case. We extend this by considering the dynamic model of
states that are missing. In place of FPD which can not be applied in this context, we adopt
stabilized forgetting (SF) to design the time step of BF. This solution is extended to a rich
class of observation models and validated in simulation. Furthermore, the SF solution for an
incompletely modelled BF is shown to be a special case of the logarithmic pooling design for
merging multiple alternative state predictors. This connects these results to the pooling-based
solutions for distributional knowledge processing presented in Chapter 4. We mention how
FPD solutions for this BF task might be developed in the future.

Chapter 8 considers this point in the little more detail. In addition, conclusions and future

directions related to all technical achievements in the thesis are presented.
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Chapter 1
The purpose and motivation

Generally, data are defined as a simple observations e.g. numbers, texts, and messages and
symbols [1-3]. The data is referred as raw data and it does not have meaning in and of
themselves [3]. Information is defined as the data with meaning, relevance and purpose [1].
On the other hand, knowledge is defined to be valuable information from the human mind
which can be experience, values, insights, truths, beliefs, perspectives, and contextual
information [4].

The representation of knowledge is understood as the way in which we express reason
and encode knowledge, via thinking rather than acting. In particular, the formulation of
knowledge can be considered as the mathematical representation of knowledge. In this
thesis, the knowledge is represented either in the form of crisp knowledge which we refer to
as data, or in the form of probabilities/distributions which we refer to as the stochastic
knowledge. We aim to process these knowledges in the Bayesian paradigm which is firmly
based on axiomatic foundations by providing a unified and consistent framework [5] for
knowledge quantification. This paradigm is fundamentally studied in seminal literature
such as [6-8]. Empirical facts, beliefs, observations/values and constraints can be considered
as the knowledge in the Bayesian paradigm. In the rest of this Chapter, we set up a
fundamental probabilistic model of knowledge. Then we introduce a consistent Bayesian
mechanism through which we process this knowledge. We present the main objectives of

the thesis and then our proposed methodology.

1.1 Probabilistic model

Data can be seen as the realizations of X which might be heterogeneous [9], or multivariate

[10]. A core element of any Bayesian paradigm is the specification of a probability distribution



(pd) (i.e. probability model) which quantifies and manipulates knowledge via the probability.
We wish to specify our pd (i.e. to quantify our belief) in the proposition of z € S, C X,
for a measurable set S;. In this thesis, we will assume that this requirement is consistently
and fully accomplished by specifying a pd, i.e. F(z), for z € X, defined with respect to
(w.r.t) the counting measure when X is a countable set, and Lebesgue measure, otherwise.

In both cases, we will define,
P{z €S,} = /SI F(z)dz, i.e. F(z)is a pd understood via integration. (1.1)
Formally, when X is countable e.g., X = {1, zy,...}, F(z) may be expressed as:
F(z) = ;Pﬂs(-’” - Zi), (1.2)

where, §(z) is the Dirac’s d—function [11], i.e. F'(z) is a linear combination of the Dirac’s

0— function. Notably,
/8@ — z0)g(@)da = g(ao), (13)

if z € X is a continuous variable. In the discrete case, F(x) is completely specified by a
probability mass function (pmf) , ie. p; =Pr(X =x;),i=1,2,....
The expected value of a function g(X) of the continuous random variable X, is then defined

as:

Br@lg(X)] = [ 9@)F(@)de. (14)

For the discrete case (X is countable), (1.4) is specialized via the sifting property [12], as

follows:

Epml9(X)] = Zpig(%‘) (1.5)

For simplicity, we will use small letter, e.g. x, to show both the random variable and its
value except for some necessary cases where it is explicitly mentioned. Also, the notation
F(.) can represent either the probability density function for continuous x, or a probability

mass function for discrete . We will refer to F'(.) as a pd in both cases.



1.1.1 Parametric probabilistic model

Generally, F(x) is the nonparametric observation model of z where F is seen as the unknown,
infinite-dimensional quantity. Specifically, in the parametric setting, the observation model,
F(z), is parametrized by the unknown, finite-dimensional parameter §. In particular, a
parametric probabilistic model of z, will model the observation, so that the parameter
f describes the data-generating system. We will refer to this as parametric observation
model— denoted by F(z|f). As mentioned, the Bayesian paradigm is a unified and
consistent framework which completely quantifies all unknown quantities. In this paradigm,
current knowledge about the parameter model is quantified via a pd of the parameter,
called the “prior pd”—denoted by F(#). An important task in Bayesian paradigm is to
choose F'(#) which is essentially a decision making task. We will refer to this task as the
prior design. Some widely-used methods for prior design will be reviewed in Chapter 2.

In the following, we express the main aims of this research. Then, we propose our

methodology to handle the objectives.

1.2 Aims of research and proposed methodology

Generally, we aim to process the knowledge K, in particular, probabilistic form of knowledge
in the context of the Bayesian decision making. For this reason, we provide a consistent
Bayesian framework for processing knowledge, K, in the optimal way. The knowledge, K,
refers to anything that can serve the designer/decision maker towards model construction.
As mentioned in the opening Section, K is divided into data and stochastic knowledge. In
this thesis we focus on knowledge processing in parametric setting where we wish to design
the prior pd, F(6). For this reason, we can use the conditional probability (as a Bayesian
mechanism) for processing K in order to update F(6) to F(0|K). This mechanism is

symbolically represented as follows:

F0) % FO|K). (1.6)

We will show that the mechanism (1.6) can be either uniquely handled or widely specified,

depending on the following taxonomy. This important taxonomy is the distinction between
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Figure 1.1. The schematic diagram for the taxonomy of knowledge, K, the model of K and the
proposed methodologies

the complete and an incomplete model. We refer to a model as a complete model if the
model of knowledge, K, i.e. M(6, K), is explicitly available. In particular, K might be
a function of some unknown e.g. K = g(z), where the joint model of all unknowns, i.c.
M (z,0), is required. On the other hand, we refer to the model as an incomplete model
if the joint model of unknowns is not explicitly available. In Sections 1.2.1 and 1.2.2, we
will propose appropriate methodologies to optimally handle the mechanism (1.6) through
processing K, depending on whether the model is complete or incomplete. Figure 1.1 fully

represents the taxonomy of knowledge, K, the model of K and the proposed methodologies.

Furthermore, tractability will be an important property in this thesis. Therefore, it is
important to distinguish between the concepts that are functionally and computationally

tractable. These concepts are defined as follows.

Definition 1.2.1. (Functionally tractable). A term is defined to be functionally
tractable if it is mathematically derived in the closed form. Notice that this term can be
in the form of the standard tabulated function e.g. Gamma function, error function, etc.
Notably, most terms presented in this thesis are pds. We consider all standard pds [13] as

functionally tractable terms.

For illustration, let

k(s) = [ 9(als)f(els)da, (L7)

4



then x(s) is functionally tractable if the marginalization (1.7) is computed in an explicit

form. For instance, if

glzls) =1

f(.’L'|S) = f(x|a17a2) = 1.011—1(1 T x)az—l’ S (O) 1)9 a1, Qg € R+a

then,
['(en)T (a2)

k(s) = k(ag, ) = =———=,
() (01, 2) I'og + ag)
where I'(.) denotes Gamma function and «; and ay are known scalars. Notice that the

values for x(s) are available via table. On the other hand, if

g(zls) = exp{(z — 5)*},

1
flzls) = Tl R,

then, k(s) cannot be derived in the closed form. In this case, k(s) is not functionally

tractable.

Definition 1.2.2. (Computationally tractable). A term is defined to be computation-
ally tractable if it can be computationally evaluated without manipulation and approzimation,

i.e. is available in number or is directly computed using a table.

For instance, let

k(ag, az) = T(ag + az) + g(a1, ag),

where ay, ay are unknown and g(.) is a known function. In this case, «(.) is functionally
tractable, however to solve k(aj, as) = 0, ag, @y cannot be inverted in a closed form. In
particular, inverting the Gamma function involves some manipulations, e.g. the grid search,
to specify aj,ap. Therefore, we consider this function as computationally intractable.
Recall that most pds have a Gamma function in their normalizing constant. We refer
to these pds as computationally tractable pd if the normalizing constant is available in
tabulated form. Notice that standard pds are typically functionally tractable. However,

they might not be computationally tractable. Some examples will be illustrated in Chapter

5



4 and 5. The tractability issue will typically happened when a marginalization operator
is applied. We will show that in most cases marginalization is not functionally tractable
where an approximation needs to be used. Also, the output of marginalization might be in

the closed form, however in many cases, its evaluation requires numerical manipulations.

1.2.1 Bayesian data processing

One of the important objectives here is Bayesian data (signal) processing in parametric
setting. The signal is typically a discrete time sequence i.e. @, = {z1,2s,...,2,}. In signal
processing, the signal, @, treat as stochastic process which mainly emphasis on correlation
structure, i.e. the correlation between z;’s. To be consistent, we refer to the signal as data
in the rest of the thesis. Processing data x,, is quite popular in the task of Bayesian data
processing. In Bayesian data processing, observations, x,, take the role of the knowledge
i.e. K = x,. In data processing, the time-invariant parametric complete model of K is
usually available i.e. F(x,|0), and it is uniquely handled by Bayesian calculus (i.e. Bayes’

ule) (8],
rule) (8 F@lf)F(0)

F(0]@,) = F @)

(1.8)

Notice that F(f|x,) in (1.9) is an example of Bayesian conditioning (1.6) where K = x,,.
Here, F'(0) represents our beliefs and uncertainties about an unknown parameter 6, before
the data is observed, i.e. prior pd. We refer, F(6|z,), as the posterior pd of §, which we
read as our updated belief of @, given that the processed knowledge is @,. This is a very
important example of knowledge processing which allows us to convert the data, x,, into
the pd, F(0|x,), via Bayesian calculus (1.9). The trivial case of data processing is the
static case, i.e.

z; X F(zilf), i=1,...,n, (1.9)

where, iid, denotes identically independent distributed. But here we aim to process data
using dynamic models. For this reason, we will model the data using the Autoregressive
(AR) model [14] as one of the flexible models. This AR model is a very important dynamic
model for dealing with information bearing signals where there is a regression onto the
history of data [15]. In the third Chapter, we will explore Bayesian statistical signal

processing as a specific task of Bayesian knowledge processing in the context of the AR



model.

1.2.2 Stochastic knowledge processing

The more advanced task of Bayesian conditioning is related to processing of stochastic
knowledge, i.e. K = F(z). The task of processing stochastic knowledge is essentially
a Bayesian decision making (DM) task [7,16]. In this case the parametric model of K,
i.e. M(F(x)|f) is not available and Bayes’ rule is not useful. Therefore, F(6|K) is not
uniquely available. We note that the knowledge, K, acts as the constraint. In particular,
the knowledge constraints the unlimited set of possible pds (i.e. models) to a constrained
set which we refer as the knowledge-constrained set of possible pds. In Chapter 2, we will
show that F(f|K) is not uniquely available. Therefore, it becomes a variational quantity
that we denote with A(8|K), throughout the thesis. Recall that for incomplete models,
Bayes’ rule does not provide a unique solution of A(f|K). This is a core challenge in this
thesis and we aim to set up a decision making (DM) scheme by choosing a pd (i.e. model)
from the set of candidates, A(f|K), through processing K. The fundamental DM task will
be fully presented in the second Chapter.

In this thesis, the main methodology is fully probabilistic design (FPD) [17-19], where
the design is to be understood as choosing a pd. Indeed, this is a DM for the task of the
distributional design. Some other methods of distributional design have also been explored
e.g. mintmum cross-entropy (MXE) [20] and the mazimum entropy (ME) [21-23] principles.
We are fundamentally interested in the FPD methodology because it is formally justified as a
consistent and axiomatic framework of the distributional design [18]. FPD is also consistent
with Bernardo’s theory of utility-based ranking for decision making in distribution. [24].
FPD is recently justified as the extension of the MXE and the ME principles [19]. We note
that in the case where the pd (the member of knowledge-constrained set), is degenerate
at crisp data, the FPD-optimal pd is the same as the output of the mechanism of Bayes’
rule [25,26]. The FPD methodology and related principles of distributional design will be
fully explained in the second Chapter.



1.2.3 Stochastic knowledge processing in multiple distributed nodes:

objectives of thesis

In the recent years, there has been increased interest in determining the optimal merging (i.e.
cooperation, interaction, sharing, combination, itegration, fusion, etc.) of the knowledge
distributed among multiple knowledge holders which we refer as nodes. Nodes are also
referred as sources [27], sensors [28,29], opinions [30] etc.. Recall that the task of merging
knowledge is essentially a DM task. There are huge literature in this area i.e. [31-33].
Specifically, the DM task for the distributional design through merging stochastic knowledge
in multiple nodes is studied by [34-38]. This task can be accomplished either by one
node (i.e. an external node), or can be performed among the nodes themselves. The
related DM schemes are respectively the centralized scheme and the decentralized (i.e.
distributed) scheme. Each of these DM schemes is widely studied. For example, the
centralized DM scheme is studied in i.e. [28,39-42]. Also, the decentralized DM scheme is
explored in i.e. [30-32,43]. A comprehensive review of DM schemes and their advantages
and disadvantages are presented in the fourth Chapter. Despite the extensive literature
on the distributional design through merging knowledge of multiple nodes, there are still
significant gaps. The main limitations of current approaches are fully discussed in the
Sections 4.2.1.2 and 4.2.2.1.

Recall that one of the main aims is to accomplish the task of data processing using Bayes’
rule. In a more advanced setting where Bayes’ rule does not provide a solution, we wish to

process the stochastic knowledge by investigating the following objectives:

o We fundamentally aim to accomplish the task of distributional design through

processing different forms of knowledge.

» We provide a consistent and unified Bayesian scheme of merging knowledge in multiple
nodes that allows us to process different knowledge in different ways. For this reason,
we adopt a parametric model—which quantifies the uncertainty in the decision
maker’s model. We then employ the centralized DM scheme of distributional design

using FPD.

o We formulate different stochastic knowledges which leads to different knowledge-



constrained sets of possible pds. Processing different knowledge yields different FPD
solutions that will be presented throughout Chapters 4 and 5.

o The FPD-optimal solution of parameter prior acts as the prior for the decision maker’s
generative model of z. In particular, we use this optimal parameter prior via the
standard Bayesian calculus (i.e. Bayes’ rule) to deduce the FPD-optimal predictor

ie F (). This optimal predictive pd is employed for processing future data.

« A unique, tractable and optimal weights are automatically derived from our FPD
structure. The optimal weights are consistently used as the weights in the optimal
predictor. Also these weights can be used in distributional linear pooling which will

be fully explored in Chapter 5.

« We will implement our centralized deliberator-based scheme for merging multiple AR
nodes where both data and stochastic knowledge are processed. In particular, the
local AR nodes process their own local data using Bayesian calculus to deduce their
predictive pds. They then report their predictive pds to the central AR node in order
to accomplish the task of stochastic knowledge processing (i.e. processing of predictive
pds). This is a very important context of science and technology i.e. prediction
in financial markets [44], applications of signal processing using AR models [45],

seismology [46], multiple step ahead prediction i.e. [47].

« We wish to accomplish Bayesian filtering (BF) for incomplete models where the
state evolution model does not explicitly exist. So, the time step of BF needs to
be designed. For this reason we process the alternative state predictors using the
logarithmic pool to derive the optimal state predictor in time step. Also, the data

are processed via Bayes’ rule to derive filtering pd in data step.

In the following, we specify the layout of the general tasks that will be presented throughout
the thesis.

1.3 Layout of the thesis

This work consists of eight Chapters briefly summarized as follows.



o In the second Chapter, we present the basics of and requirements for distributional
decision making. This essentially involves distributional design and distributional
approximation. We focus on distributional design and indicate our methodology and

its properties.

o In the third Chapter, we fully address the task of Bayesian data processing via the
mechanism of Bayes’ rule. In particular, we parametrize data using the time-invariant
AR model, as one of the flexible models, and perform Bayesian conjugate framework
to achieve a tractable inference of unknown parameters, model order inference and

future data prediction.

o In the fourth Chapter, we formulate the task of processing the stochastic knowledge in
multiple participant systems (MPS). This knowledge includes participant’s predictive
pds of the common z, and is constrained to bounded expectation of Kullback-Leibler
divergence (KLD). For this reason, we will adopt a parametric centralized DM scheme
and apply FPD methodology for designing the optimal pd. Furthermore, we will

examine optimal solutions within the exponential family.

o In the fifth Chapter, we rearrange the knowledge by relaxing the bounded expectation
of KLDs (i.e. the imposed constraint in Chapter 4). Then we process this knowledge
(i.e. external predictors of the common z)— provided by multiple participants— in
three different ways. We will employ FPD methodology and derive optimal prior and
predictive pds underlying each way. Finally different FPD solutions are compared

and simulation results are provided.

o In the sixth Chapter, we implement FPD solutions—derived Chapter 5— for process-
ing multiple AR nodes which involves both data and stochastic knowledge. For this
reason, AR participants adopt the Bayes’ rule mechanism presented in Chapter 3, to
process their local data. Then they report the shaping parameters of the predictive
pds to the parametric AR deliberator. The AR deliberator processes these predictive

pds and their own knowledge to derive the optimal prior and predictor.

« In the seventh Chapter, we process the knowledge in the context of Bayesian filtering

(BF) which involves the time step and data step. We note that the time step generally
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is intractable and needs to be approximated or designed. We study distributional
design of the time step of BF where the model is incomplete (i.e. no state evolution

model). Then using the designed time step and Bayes’ rule, the data is processed.

o In the eighth Chapter, we conclude the main results of each chapter and suggest the

possible implications for further research in this field.

1.4 The novel contributions of the thesis

The main contributions of the thesis are presented in Chapters 3-7 as follows.

In Chapter 3, we propose a novel perspective of the extended information matriz (EIM)
implied by a formal conjugate Bayesian inference. In particular, we uniquely and tractably
process data into the shaping parameters of the posterior pd and predictor in AR model.
These shaping parameters are fixed-finite dimensional statistics (i.e. sufficient statistics)—
which involve EIM. We contribute the context by exploring both inferential and computa-
tional tasks using the prism of EIM for AR model. In particular, we propose a Bayesian
inference in a subset of unknowns, Bayesian one-step-ahead (OSA) and multi-step-ahead
(MSA) predictors and a new criterion of model order selection. Also, novel recursive
algorithms are provided for computing EIM efficiently and the computational load of each
recursion is audited. This work is yet to be published.

In Chapter 4, knowing that FPD solution through processing stochastic knowledge in MPS
using the centralized scheme is currently available for discrete pd only. In this Chapter, we
extend the context by providing two novel contributions. First, the deliberator’s unknown
pd is parametric on a continuous support. Second, the scheme adopts a hierarchical model
for the deliberator, optimizing the deliberator’s parameter prior. This allows quantification
of the deliberator’s uncertainty in their model choice. We formulate conditions under which
a conjugate and functionally tractable design is achieved. Some parts of this Chapter are
published in [48] and presented in [49, 50].

The limitation of the work in Chapter 4: the main drawback of the proposed FPD solution
here is that it might not be generally evaluated and therefore cumbersome numerical

manipulations are required. This issue comes from the defined knowledge, K, which

il



involves the bounded expectation of KLDs. Notably this constraint directly affects the
functional form of the FPD solution. Therefore, in the next Chapter we relax this constraint.
In Chapter 5, we provide two novel contributions. (i) we restructure the knowledge,
K, which involve the predictive pds of the same z without the bounded expectation of
KLDs. This restructuring of knowledge allows us to derive the FPD-optimal solution
with principled and tractable weights. This solution can be derived functionally and in a
computationally tractable for a rich class of parametric model of . The designed weights
are used for deducing the optimal predictor of the future data via Bayes’ rule. (ii) Three
different ways are proposed to merge this knowledge. Each way provides a different FPD
solution. A thorough comparison among these FPD solutions is provided. Notably one way
of processing this knowledge yields the same functional form of FPD solution presented in
Chapter 4. Some parts of this work is presented in [51]. This work is yet to be published.
In Chapter 6, the main contribution here is to implement the proposed FPD solutions
of Chapter 5 for merging multiple AR nodes. For this reason, AR participants adopt
conjugate Bayesian inference to deduce their predictors. Also, the AR deliberator employs
the proposed FPD solutions in Chapter 5 to deduce their optimal prior and predictor. The
FPD-optimal prior and predictor are derived for different cases of AR model with known
and unknown model order and an extensive simulation results are provided. This work is
yet to be published.

In Chapter 7, The novel contributions of this Chapter are as follows: (i) the task of BF
is generally defined. (ii) the time step of BF is designed using stabilized forgetting (SF)
through merging the alternative state predictor. Then Bayes’ rule is employed to derive
data step. (iii) A tractable SF is investigated for a rich class of parametric observation
model. (iv) the SF solution is extended to general solution for merging multiple alternative
state predictors where the logarithmic pooling design is exploited. We perform extensive
simulation results for various examples for different operating factors. Some part of this

work are published in [52,53].
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Chapter 2
Distributional decision making: design and ap-
proximation

The decision making (DM) task involves making a choice from a set specification of
algorithms, policies, strategies etc. [54,55]. More specifically, the task of choosing a pd from
the set of pds can be divided into distributional design and distributional approximation.
Recall that processing stochastic knowledge, K, for incomplete model cannot be handled
via Bayes’ rule. Therefore, we need to accomplish this task using distributional design in
order to select the best pd (i.e. model) compatible with our knowledge, K. To do this, We
employ FPD [18] as our methodology for designing the optimal pd. Furthermore, in this
Chapter the hierarchical extension of FPD is discussed. Some other important principles of
distributional design and approximation are reviewed in the sequel. Finally, the promising

aspects of FPD are presented.

2.1 The fundamental decision making (DM)

In this section we briefly review the fundamental task of DM. DM is studied in many seminal
literatures i.e. [7,8,56]. Generally, the aim of the decision maker (Zy) is to choose the best
decision (i.e. action)—denoted by d°— from the set of possible decisions constrained to our
knowledge, i.e. Dx. We refer to Dg as the knowledge-constrained set of decisions. Under
Savage’s requirements [56], Zo need to specify a loss to every decision in Dg. The loss

function associated with the decision d when the true decision is d; is defined as follows:

L(d,d;), where, L:Dg— R (2.1)
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We note that the negative loss function is referred as to the utility function which is more
common in economics i.e. [57]. If Z; is certain about the value of the loss resulted from
cach decision, it is easy to choose the best one which has the lowest loss value. Yet, the
loss resulting from an decision depends on features beyond Zy’s control and they ! are
uncertain about features. Therefore, they need to take expectation of the associated loss

w.r.t. the probability of z as follows:
R(d,d;) = Ep)[L(d(z), dy)). (2.2)

The expected loss (2.2) is well known as risk i.e. [7,56]. Futhermore, the expected loss
(2.2) ranks all possible decisions to the true decision, d;. For this reason, it is refered to as
the ranking rule in the practical contexts i.e. [58] and [59]. Using (2.2), we choose the best
decision, d?, as follows:

= argggﬁi}r}( R(d, d;), (2.3)

Notably, Dk is defined as the set of possible decisions constrained to our knowledge.

2.2 Loss function for distributional decision making

Recall that the main aim of this thesis is to select the optimal pd from the possible set
of pds. We refer to this task as the distributional DM which involves both distributional
design and approximation. The difference between distributional design and approximation
can be understood via the existence of the true (zero-expected loss) pd. In distributional
design, the true pd does not exist and it needs to be designed. On the other hand, in
distributional approximation the true pd is available but it requires to be approximated
due to intractability, high dimensionality etc. Figure 2.1 shows the key distinction between
the distributional design and approximation. Following the Bernardo’s theory [24], the loss

function (2.1) for distributional DM is defined as follows:

Fl(l')
Fy(z)’

L (Fi(z), F>(z)) =In (2.4)

'Throughout this thesis, we adopt the gender-neutral possessive subject/adjective, “they/their”, in
place of he/his or she/her.

14



Distributional DM

Complete model
[epouu aja[duroouy

<
<

Y

Approximation

|
@
ot
=

|

Deterministic approximation Stochastic approximation ~ FPD- optimal design

Figure 2.1. The schematic diagram for the taxonomy of distributional DM

This is the loss evaluated at a particular realization of z. In distributional approximation
(24], L (Fy(x), F5(z)) (2.4) measures the loss associated with choosing each possible Fy(.)
(i.e. the candidate pd to approximate Fi(-)), when the true pd is F3(-). On the other hand,
distributional design is related to the case where the true pd does not exist. In this case,
we follow Karny and Kroupa’s theory [18] where the FPD methodology is applied. FPD
axiomatically requires an ideal pd to rank all pds in the knowledge-constrained set i.e.

Fg = F].

2.2.1 Kullback-Leibler divergence (KLD) and its properties

In this Section, we aim to specialize the expected loss (2.2) for distributioal DM. The
expectation of the loss function (2.2) w.r.t. the first argument is the core objective
function—which is well known as Kullback-Leibler divergence (KLD) [60]— defined as

follows.

Definition 2.2.1 (KLD). Let Fy € F1 # 0, Fy € Fy # 0, and D : F; x Fy — R*, then
using the loss function (2.4), the KLD for a continuous x is defined as:

D[F\||F;) = R[F,F)
ot F](J.’?)
] EFl |:h'l FZ(:E :|

v N—r
=
—
8
L
U
8

L / <ln 28 (2.5)

being KLD [60] from F(-) to F»(-).
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KLD is also well-known as cross-entropy i.e. [20]. KLD is widely used for various purposes
in different contexts i.e. for distributional design in signal processing [61], for optimal
strategies in control design [62], for information fusion in wireless networks [63], and for
forecast aggregation in economic [64], to name a few. Recently KLD has been greatly
attractive due to its properties. These properties have been reviewed in many literatures

i.e. [60] and [65]. We here summarize the key properties of KLD as follows.

o KLD-value: The nature of F, and F, leads to different values of D[.||.] (2.5) as

follows:

< 00, supp(F;) C supp(F2)
D[F||F;) = 1

= does not exist, supp(Fy) C supp(F;)

 Non-negativity: KLD is non-negative, i.e.

DIR|IF)] 2 0. (2.6)

o Self-similarity:

D[FIHFQ] = (0= Fi="F5 a.s., (27)

»

where ‘a.s.” denotes ” almost surely”. Recall that, in probability theory, an event

happens almost surely if it happens with probability one. This implies that the set

of possible exceptions may be non-empty, but it has probability zero.

+ Asymmetry:

D[F,||F3) # D[F;||Fy). (2.8)

+ Non-triangle inequality: for three pds Fy, F5, and Fj,

D[F\||F5] £ D[F\||F;] + D[F||F3). (2.9)

The equation (2.9) asserts that the KLD does not obey the triangle inequality.
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+ Convexity in the first argument: the KLD obeys the Jensen’s inequalities which

is related to convexity. Let F be a convex function, then
F (D[F||F2]) < DIF (F1) ||F2, (2.10)

where F (F}) is point-wisely defined. Notice that KLD is not necessarily convex in

the second argument.

Remark 2.2.1. (The relationship between KLD, Kerridge inaccuracy and Shan-
non entropy). KLD (2.5) can be decomposed to the Kerridge inaccuracy and the Shannon

entropy as follows.
D[FIHFQ] ZKCT’I"[F1||F2] —H[Fl], (211)
where,

BoreF| 7= B [m ﬁ} , (2.12)

is the Kerridge inaccuracy [66] and
H[F}] = —Er, [ln Fy(z)], (2.13)

is the Shannon entropy [67]. It immediately follows that the solution of minimum KLD
equals to the solution of the mazimum entropy if and only if Kerridge inaccuracy is zero.
An obvious choice of holding this equality is that Fy(-) be the standard uniform pd presented
in Appendiz A.S.

Definition 2.2.2. (Closed-form KLD). Using Definition 1.2.2, the KLD, D[F}||F;],
is avatlable in the closed form if the integration (2.5) is solved functionally tractable i.e.

no approximation is required.
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Figure 2.2. The schematic diagram for processing K via FPD (2.14).

2.3 Distributional design

We here aim to review well-known principles of distributional design. Most of these
principles are based on KLD (2.5). We note that in distributional design the zero-loss
pd does not exist. Therefore, it is required to specify a pd(i.e. fixed-ideal pd) to rank
all possible true (unreduced) pds with that. One of the most important principles is
the fully probabilistic design (FPD) [17,62]. FPD is formally justified as an axiomatic
framework [18] for the design of the optimal pd. FPD chooses the optimal choice of the
true pd by minimizing KLD (2.5) with respect to its first argument as follows.

Definition 2.3.1 (FPD principle ). Let Fi(-) be the fized ideal pd of x, then the FPD-
optimal design of A(-) — denoted by A°(-), is

A°(z|K) = A° = argmin D [A||F;], (2.14)
A€Ak

where, Ak denotes the constrained set of all possible true pds to our knowledge, K.

Recall that FPD (2.14) is achieved using KLD (2.5) replacing Fi(-) with A(:) and F5(:)
with F;(-). The schematic diagram of processing K via FPD is depicted in Figure 2.2.
The axioms that are accepted as requirements for an uncertainty measure are informally
presented in [20]. Also the requirements of Bayesian DM under uncertainty are listed
in [68]. Using [18,20], we can summarize axioms of FPD as uniqueness, consistency and
completeness. To show consistency, let L be the set of loss functions associated with the

same ideal pd Fj(z), VL € L. Then the logarithmic loss function (2.4) is the represen-
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tative loss function of L. whose values do not depend on the realization of X. Also, the
completeness is referred to a complete ordering of the possible pd, i.e. A, in order to select
the optimal pd i.e. A°, as the most preferred one in terms of this ordering. This ordering
is quantified via a local functional E acting on L, i.e. E(L). This quantified functional is
equivalent to D[.||.] in (2.14).

We note that FPD [18] and Bernardo’s prescription [24] are consistent, since the logarith-
mic loss function (2.4) is used for both methods. However they solve different tasks of

distributional DM.

Remark 2.3.1 (Ideal specification). The role of Fi(x) in FPD is to quantify preferences
and aims of the decision maker— which can be considered as the origin of the knowledge-
constrained set, Ak, i.e. D[Fi||F;] =0, a.s.. The Fi(-) can be interpreted as the ideal
choice where no knowledge is applied. We note that the ideal pd need not be in the knowledge-
constrained set, Ax. Under Kdrniyj and Kroupa’s requirements [18], it is not prescribed
by FPD that whether F; is a member of Ag or not. But in the case where F; € Ay,
FPD solution is trivial i.e. A° = Fy a.s.. Furthermore, K forces Fi(-) be specified outside
Ak and we wish to design the optimal pd such that it has the smallest KLD with Fy(x)
using (2.14). Therefore, in the rest of this thesis, we specify the ideal pd outside the

knowledge-constrained set.

Notice that processing, K, through FPD (2.14) implies that the whole knowledge is firstly
gathered and then processed— which we refer as one-batch (i.e. off-line) processing.
Another way of processing K, is the case where the task of processing interleaves with
updating knowledge. In this case, K is processed in a sequence so that one FPD is applied
for each step. We refer to this way of processing K as sequential (on-line) processing. For

better sense, we define the sequence of knowledge being processed in each step as follows:
K1J={K1,,KJ}, ]E{l,,S} (215)
Notice that (2.15) represents K., = K; and K., = K. The FPD principle for sequential

processing of K is defined as follows.

Definition 2.3.2 (FPD sequential processing). Using (2.14), the FPD-sequential
processing of the sequence of knowledge (2.15) is:
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A’(z| Ky ) = Ad = in D |A||lAS j=1,... 2.16
(@lKiy) = A =org,min D [AllA.], 5=1....8 (2.16)

where A7 denotes the output of jih step, and A = Fy.

The hierarchical extension of FPD (2.14) is proposed by [19], where the decision maker’s
uncertainty model for z is defined hierarchically. The hierarchical setting is as follows. Let

G be an unknown, infinite-dimensional pd and so we model:

z|G,K ~ G(z|K), z€X, G €G,
G|S,K ~ S(GIK), S€S. (2.17)
Defining the decision maker’s knowledge, K, as:
e The unknown parameter, G, is specialized to a pd of z,
e 1z is conditionally independent of S given G.

Then the hierarchical model of z is defined as follows:

M(z,G|S,K) = M(z|G,S, K)M(G|S, K)

G(z|K)S(G|K), G €G, SES. (2.18)

Notice that S(G|K) is not explicitly available. Therefore, it needs to be designed. Using
the principle (2.14 ), the non-parametric hierarchical FPD principle [19] is defined as

follows.

Definition 2.3.3 ( Non-parametric hierarchical FPD). Using (2.18), the FPD-

optimal design for the variational quantity S in the hierarchical model is:
S°(G|K) = argmin D [M||M;], (2.19)
SeSk

where the ideal hierarchical model of x is denoted by M; = M(z,G|S,K), Supp(M) =
Supp(Myj).
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The non-parametric hierarchical setting (2.18) can be specialized to standard parametric

model in two different ways as follows:
Remark 2.3.2. (Parametric hierarchical FPD).

1. G is parametric: in this case, x is parametrized with the finite-dimensional unknown

parameter, 6, having the same pd given either by G or 6 i.e.,

z|G 4 z|0, 4 (denoting the same pd), G € G. (2.20)

This asserts that Zo’s model for x is determined by finite-dimensional unknown

parameters, 6. In this case, the hierarchical model (2.18) becomes:
M(z,0|G,A,K) = G(z|0,K)A(0|K). (2.21)

where A denotes the parameter pd which needs to be designed. In (2.21), @ fulfils the
conventional roles of a hyperparameter, hidden field, missing data, etc. , depending
on the context. We will widely adopt this parametric setting for merging distributed

knowledge in multiple participant context throughout Chapters 4-6.

2. A is parametric with unknown hyperparameters: This case provides a para-

metric relazation of the previous case such that:

1ES

z|G
6|A < 6|n, (2.22)

x|0,

where m is the unknown hyperparameter. In this case, the hierarchical model (2.18)

becomes:

M(z,0,n|G,A S, K) = G(z|0,K)A(0|n, K)S(n|K). (2.23)

Notice that @ is conditionally independent of S given A.
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In the following we define other important principles for distributional design.

Definition 2.3.4 (minimum cross entropy (MXE) principle for distributional
design). Let Fp(x) be the prior pd of x, then the MXE-optimal design of prior pd [20]
—denoted by AMXE('); 18

Apuxe(z) = Ayxp = arg min D [A||Fp], (2.24)
€Ak

It is shown [69] that the MXE principle and Bayesian conditioning are usually consistent.

Definition 2.3.5 (maximum entropy (ME) principle for distributional design).
Let A be the constrained-knowledge set of possible pds. then using (2.13) the ME-optimal
design of A(-) —denoted by Apg(+), is

Ane(z) = Ayp = argmax H[A], (2.25)
A€Ak

Remark 2.3.3. (Special cases of FPD). FPD is justified i.e. [19] as the extension of
other established principles i.e. minimum cross entropy (MXE) and mazimum entropy

(ME) principles of distributional design.

e MXE principle i.e. [20]: This principle is a special case of FPD where Fi(.) is

ezplicitly assumed to be a prior pd.

e ME principle i.e [22], [21]: This principle is a special case of FPD where A(.) is

explicitly assumed to be a uniform pd.

2.3.1 Distributional parameter prior design

Recall that our proposed distributional design will aim to process quite extensive structures
of knowledge, K, and this knowledge need not be sequentially followed by data. In
parametric setting, we specifically process K which involves the parametric observation
model, F(z|#), then one task of distributional design will be the task of parameter prior
design. Recall that for processing data modelled with time-invariant parameter, the Bayes’

rule (1.9)— as a consistent mechanism in (1.6)— yields the unique solution for F(6|K).
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2.3.1.1 Parameter prior classes and designs
In this section, we specialize distributional design to the context of prior design. For this
reason, we review the most popular classes of parameter prior design as follows.

Definition 2.3.6 (Conjugate prior). The pd F(0|so) is defined to be conjugate prior
to the parametric observation model, F(z|0), if the form of posterior pd i.e. F(0|sy), is
identical to the form of prior, F(0|so)., i.e. the inference is functionally invariant w.r.t.

Bayes’ rule,

F(0]sn) o< F(zn|0)F(6]80), (2.26)

where s, is fired finite-dimensional shaping parameters of posterior pd and it will be updated

as
8y =8(2,,80); a€ R ¢ < 0. (2.27)

One important class of conjugate prior pd is conjugate exponential family (CEF) (A.3)

in Section A.2.

Definition 2.3.7 (Jeffreys prior). Let F(z|0) be the parametric observation pd, with
univariate parameter 6. Jeffreys prior is directly derived from, F(x|6) via information

matriz, 1(6), as follows:
F(6) o< \/I(6) (2.28)

where 1(0) is defined as:

82

1(6) = ~ El 5 F(«l9)]. (2.29)

Notice that Jeffreys prior is the limit of conjugate prior, i.e. conjugate prior converges to

Jeffreys prior by diffusing shaping parameters of conjugate prior.

Definition 2.3.8 (Reference prior). The basic idea of reference priors originates in

Bernardo [70]. This is a prescriptive procedure to design the prior where it describes
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approximately inferences with “ little prior information” Here, the designer’s knowledge,
K, is the relationship between x and 6 via the parametric observation model, F(x|6).

Following [70] the objective function which needs to be optimized is:

Io(K,Ap) = Er@)[D (Fpost||Ap)] (2.30)

where Fpost = Fposi(0|x) denotes the fized posterior pd, Ap = Ap(8) is the variational prior
pd, Ak is the knowledge-constrained set and DY.||.] is the KLD defined in Definition 2.2.1.
The objective function (2.30) is known as the expected information about 6 provided by K.

Therefore using (2.30), the reference prior Ap is achieved as,

Ap = arg max Iy(K, Ap). (2.31)

2.4 Distributional approximation

Distributional approximation is the other important task of distributional DM. This task
is to choose the optimal approximation, F(6) € Fy, from the set of possible approximating
pds constrained to our knowledge, Fx. Notice that in distributional approximation the
complete model is available. So using Bayesian calculus F(0|K) exists, however the key
problem is that F'(f|K) is not in tractable/standard form and it has to be replaced with a
tractable approximation. Distributional approximation is mainly divided into two kinds of

techniques: stochastic technique and deterministic technique.

2.4.1 Distributional stochastic approximation

Stochastic distributional approximation maps the true pd F(.) to the randomly-generated

approximation, F'(.). Stochastic methods allow us generate a random sample,
0% ~ F(f|z,) (2.32)

{6} = {6Y,...,0™)} (2.33)
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Notice that the set of sample is used to construct the empirical pd [71],

3

F(O|x,) = 5(6 — 09, (2.34)

=
m .3

fi

where 4(.) is the Dirac d-function (1.3) located at 8. By the strong law of large numbers
[72], the empirical pd (2.34) will almost surely (a.s.) converge to the true pd F(8|z,).
Notice that achieving the true pd F(0|z,) is quite difficult in practice due to the high
dimensionality of @ and the increment of the size of @ over time. In Chapter 8, we will
fully explain some popular stochastic methods i.e. Monte Carlo Markov Chain (MCMC)
techniques 73] and Sequential Monte Carlo (SMC) [74].

Although distributional stochastic approximation is widely used, in particular for high-
dimensional variables, distributional deterministic approximation is of more interest due to
providing a trade-off between computational load and accuracy. Therefore we review the

scope of distributional deterministic approximation in the following part.

2.4.2 Distributional deterministic approximation

Distributional deterministic approximation involves well-established techniques to approxi-
mate intractable pds based on some well-known distance. In the following, we review very

popular techniques of deterministic distributional approximation.

« The certainty equivalent (CE) approximation: in this approach, the full pos-
terior pd, F(f|x,) is replaced by Dirac é-function located at the point estimate,
0,

A

F(f|z,) ~ 6(6 — 0). (2.35)
The approximation (2.35) is know as the certainty equivalent principle [75].

In particular, KLD-based deterministic distributional approximation is quite popular in

the literature. Some of the important ones are technically reviewed as follows.

¢ Minimum risk (MR) approximation: Following the Bernardo’s prescription [24],

the MR approximation is as follows:

F(0)

argmin D [F||F], (2.36)
FeFg
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where the optimal approximation, F (+), is chosen from the set of possible approxi-
mating pds, F, and F(-) denotes the fixed true pd. The optimal approximation, F(.)

in (2.36) has the minimal risk.

Notably the Bernardo’s approximation (2.36) is not FPD-optimal design (2.14). Since in
FPD (2.14), the variational argument of the KLD is the first argument which is totally
different from the optimal approximation (2.36) where the variational quantity is the second

argument of KLD.

+ Variational Bayes (VB) approximation: the VB approximation is the other
KLD-based method of distributional approximation which is widely adopted in the

literature i.e. [61] and [76]. The VB approximation is defined as follows:

F(0) = argminD [F||F], (2.37)
Felr

where, [ is restricted functionally, using the assumption of conditional independent
ie.,

F

{F:F(6)=F(0.)F(6,)}.

Notice that a necessary condition for applying the VB approximation is that @ be
multivariate [61], e.g. @ = [@7,0%]7. Recall that VB approximation (2.37) is achieved
using KLD (2.5) replacing F(-) with F(-) and Fy(-) with F(-).

2.5 Properties of fully probabilistic design (FPD)

In this thesis, we are interested in FPD methodology because of promising prospects which

are summarized as follows.

« FPD is a consistent probabilistic framework, which processes stochastic knowledge
and the aims/constraints and preferences of the decision maker, in a common Bayesian

form, yielding a unique solution.
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« FPD enables us to quantify and process the Zy’s multiple aims. Also, a multi-modal
ideal pd can be processed via FPD i.e. [18]. As a result, it allows us to merge

preferences expressed by several ideal pds in the multiple participant context.

« FPD is characterized as an approximate dynamic programming technique [77], with
KLD taking the role of the value function, and yielding an explicit and the unique

minimizer via solution of a nonlinear integral equation i.e. [78].

Figure 2.3 shows the schematic diagram for KLD-based optimal distributional designs
presented in Section 2.3. Also, the schematic diagram for KLD-based distributional

deterministic approximations presented in Section 2.4, follows in Figure 2.4.

2.6 Discussion

In this chapter, we have reviewed the basic DM task and then specialized this task into
distributional DM. Two main tasks of distributional DM are distributional design and
distributional approximation which are presented in Sections (2.3) and (2.4) respectively.
We have noted that the difference between design and approximation is related to whether
the true pd exists or not. Also, different ordering of the arguments of KLD leads to different
methods. The most important methods of distributional design and approximation are
discussed.

Notice that in this Chapter, we have not reviewed the current methods for merging
knowledge in the context of multiple nodes. Instead, we thoroughly review the competing
approaches, popular schemes of merging distributed knowledge in MPS and the related
works in Chapter 4.

In Chapters 4, 5 and 6 we will employ FPD (2.14) as the core methodology for accomplishing
the task of distributional design. In particular, FPD is exploited for designing the optimal
merging of knowledge provided by multiple nodes. For this purpose, we formulate the
knowledge of the system into the knowledge-constraint set. Then we apply the fundamental
definition of FPD for designing the optimal pd. The proposed FPD-optimal design
accommodates all properties of FPD which were highlighted in Section 2.5.
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@ FPD  F; =ideal pd

@ MXE F; = prior pd

AO(GIK) ® ME F; = uniform pd

D[A||Fi]

Figure 2.3. The schematic diagram for KLD-based optimal distributional
designs (2.14), (2.24) and (2.25).

s F(§|K)  true pd

o F(6K)

approximating pd
F(0|K) * Fyp(d|K) VB approximation
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-~ L FMR(0|K)
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Figure 2.4. The schematic diagram for KLD-based distributional determin-
istic approximation (2.36 ) and (2.37).
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Chapter 3
Bayesian statistical data processing

In this Chapter, we aim to process data (as the non-probabilistic form of knowledge) to infer
the posterior pd of the parameters of interest and predictive pd of the quantity of interest,
x. For this reason, we model the data with the autoregressive (AR) model and adopt the
conjugate prior pd presented in Definition 2.3.6. We exploit Bayes’ rule to process the
data into fixed finite dimensional statistics—which completely specify the posterior pd
and predictor. Data processing here involves both inferential tasks—which are performed
analytically tractable— and novel algorithms which are computationally efficient. The
inferential tasks will be presented in Sections 3.3 and 3.4. Then the computational tasks

will be explored in Section 3.6 in sequel.

3.1 Linear regression models

Linear regression model is a special class of linear models which generally has the additive
structure as follows:

D=AV+E (3.1)

where D € RP*™ is the matrix of observed data, A € RP*? is the parameter (coefficient)
matrix, ¥ € R?7*™ is the regression matrix, £ € RP*™ is the matrix of noise. We note that
(3.1) is the off-line representation of linear regression model where D has been gathered
and saved, at once. Then, the task of data processing will be commenced. Alternatively,
linear regression model can be represented in on-line scenario where D are accumulated
incrementally with time (i) growing possibly up to infinity. In this scenario, the processing
data interleaves with the data acquisition throughout times. The on-line representation of
linear regression model is:

o =Ap, +e i=1.2,... (3.2)
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In regression models, either A or ¥ is assumed to be known. The aim is to infer the other

one to accomplish the task of data processing.

3.2 AR model

The task of data processing using the AR model has been the target of many studies
both in classical and Bayesian paradigms. The AR model as a flexible model is widely
adapted with all-poles model which has many applications i.e. speech processing [79], [80];
telecommunication networks [61], [81], [82]; data analysis [45]; ecology [83]; economics [84],
finance [44]; and wireless communication [85]. The AR model is the specific case of regression
model (3.2) where x; is regressed on the history of previous data, and 4, is assumed to
be known, i.e. it may contain any observed variables or their known transformations.

Formally,
Y = 9(Di-1,95),

where auxiliary variable, y;, may contain any known variables, such as a measured external
(exogenous) signal, time variable, ¢, for time-variant systems, etc. For instance, if the
external input, y,;, be a time-variant auxiliary variable, the model (3.2) is specialized
into the AR model with exogenous variable (ARX) i.e. [61]. For better understanding
we will focus on the univariate AR model in the rest of this chapter. Recall that, the
key tasks in the data processing using the AR model are inferential tasks and studying
the computational complexity. Inferential tasks mostly involve the inference of unknown
parameters, model order estimation and future prediction. Furthermore, the survey on
computational complexity involves recursive algorithms to reduce computational load. In
particular, the reduction of computational loads is essential for processing real-time data or
processing high-dimensional data. Despite extensive research on AR models, surprisingly,
there are missing parts yet to be studied. Therefore, it is worthwhile to explore the Bayesian
data processing using time-invariant parametrization of the AR model to solve some of the

current issues.
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3.3 Time-invariant parametrization of AR model: known
model order

In this section, we aim to model the data using the AR model in Bayesian paradigm. The
Wold representation of the univariate, parametric the AR model with known model order

p, is defined as,

P
rzzz%-xi_j—%ei,i=p+1,...,n, (33)
j=1

where e; is the observation error assumed to be normal with zero mean and variance 7 i.e.,
cud
By MlO: ) d=0 11 .51, (3.4)

where, NV, denotes the normal pd and ciid denotes that e;’s are conditionally independent

identical distributed. Therefore, the univariate AR observation model [61] is,
F(zil@io, a®,r,p) = F@l9f”,a®,r,p) = No(@” P, 1), i=p+1,...,n,  (35)

where, a® and r are the unknown parameters of the AR model, and @Dl(p ) is the regressor
vector. Notice that the observation model (3.5) belongs to dynamic exponential family [61].

The Wildcard form of p-conditional joint pd of data and unknowns is,

F@®,a®rlp) = I F@i®, a®,r,p)F@®,rip)
i=p+1
(3.6)
where, %) = [2,41,...,2n)7, the first term in right hand side (3.6) is the observation
model (3.5) from p + 1 to n, and the second term is the prior pd of unknowns.
Remark 3.3.1. (Compact Wold representation)
The compact form of Wold representation is,
m%p) = \Ilgf’)a(”) + eﬁf’), (3.7)
where, e®) = [epi1,...,en)T and ¥P) = [g,,,...,g9,,]7 are defined in the Section
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notational conventions.

3.3.1 The p-conditional parameter inference of AR model

In this section, our aim is the inference of p-conditional unknown parameters of the AR
model, (a”,r). In particular, we are interested in deducing the tractable inference of
parameters. Tractability is assured when we adopt the conjugate prior pd (Definition 2.3.6)
and the form of the posterior pd is identical for all .. Adopting a conjugate prior pd i.e.

Normal-inverse Gamma (NiG) [61],

F(a® rlp) = NiGa(p),r(Vép): P

P
_,(P)
e { 1[ 1, a7V @ [1 <p>T]T} (3.8)
= expii=———l/a —La ) :
Ha,r(Vép), ,/z(,P) ) 2r =

where u,(,”) is the counter, V,(,”) is the extended information matriz (EIM)— which is

partitioned as follows,

o
U(pl)l vifil

N ool ottt e s, : (3.9)
v;pg,l : Vg,)ga

The EIM, V;”) € RP+Ux(®+1) is partitioned into blocks, isolating vz(f ) the (1,1) element,

'vif ) is a (p x 1) vector, and V;f’c)m is a (p x p) matrix. In (3.8), the normalizing constant,

Kayr(.), is computed as follows,

(p) (»)
v, I el i
Na(V P t) =T (—’; ) (AP |V |2 (2m)z, (3.10)
where, the reminder, AP, is,
T a1
/\;E;p) = U;(fl)l o U;Efc)u (Vﬁf,’ia) 1”;’,)1)11- (3.11)

Using Bayes’ rule (1.9), the posterior pd is attained via substituting (3.5) and (3.8) into
(1.9) as follows:

F(a®,r|@n,p) o« F(zapP,a®,r,p)F(a?,r|p) (3.12)
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= NiG,» (VP vP). (3.13)

Notably, the posterior pd (3.13) is uniquely determined by sufficient statistics, s =
(VP y®) and the functional recursion (3.12). Therefore, the posterior pd (3.13) are

n ''n

updated via time recursions on sufficient statistics, i.e.,

sg”) _ s(sgf)l,xi) i=p+1,...,n (3.14)

In particular, the counter and accumulator are respectively updated in two scenarios as

follows,

y» = V;(;p)+(n_p) (off-line) (3.15)

= uff_)l+1 (on-line) (3.16)

VO = VP4 3 P07 (oftling (317)
i=p+1

= VP, +o®Pe®T  (on-line) (3.18)

where, @) is defined in notational conventions. Also (3.15) and (3.17) express off-line
recursions and (3.16), (3.18) express on-line recursions [61], respectively. Notice that V¥

has the same partitioning (3.9), i.e.

T
vﬁf,’? vifll

Vi = [ e ; (3.19)
vl i M,

Remark 3.3.2. (Diffuse prior)
Whenever we do not have any preferences, we use non-informative prior pd diffusing shaping
parameters e.g. VI()”) = plosy, 1/,(,”) = p where Ipi1 is the (p+ 1) x (p+ 1) identity matriz

and p is a small positive scalar. O

Remark 3.3.3. (Evidence)
The normalizing constant, kqr(-), is a projection of data and obtained by marginalizing
F(a® 1, x,|p) over global parameters, (a®,r). It is referred as ‘evidence’, ‘marginalized

observation model’ or ‘marginal likelihood’ in the literature i.e. [86].
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In problems such as clustering time series based on the AR model [87], [88], it might

be interesting to infer some special coefficients of a®. Let a®T = [a{", a{’"]. Here
a'" = [ag,, . .. , ak,] be the coefficients of interest, where 6 = {ki,...,k,} is a ¢ distinct

indices from {1,...,p}. After reordering (shuffling) V%, the restructured EIM is as

follows:
s T
Vgﬁa : ngzs/a
VP = . (3.20)
Way.: M

T,

where V), € RIHDx(14D) &) ¢ Ro-I00xI51+1) and V), & RO-IDx@-1) with |3] as

the size of subset al?.

Remark 3.3.4. ( Marginal pds)

e The inference of coefficients: Using (3.13) and marginalization over r, the

p-conditional marginal posterior pd of a® is,
Pla®|oq,p) = Stym (42,72, 42, (3.21)

where St denotes the Student’s-t pd with shaping parameters,

uP = (VLT el (3:22)
() y-1
P ( )(‘f';,aa) 4 (3.23)
)\np (Vnp = D 2)
n® = v —p+2. (3.24)

 The inference of variance: using (3.13) and marginalization over a®, the p-

conditional marginal posterior pd of r is,

P _p—_92 \P)
F(r|wa,p) = i, (—f—— 7) : (3.25)

where iG,(.) is the inverse-Gamma pd.

o The inference of a subset of global parameters: using (3.13) and marginal-
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ization over af;, the p-conditional marginal posterior pd of (aé ), r); 18,
F(a,r|@n, p) = NiGa,(VE,vP), (3.26)
where Vﬁft); is the Bayesian multivariate reminder and it is computed,

Vs = Vavis = Voaal¥ STV s (3.27)

n, n,

Notably, shaping parameters of marginal NiG (3.26) is a transformation on original
shaping parameters, (Vﬁf’), vP)). Notice that after necessary mathematical operations

on VP the indez, §, enters shaping parameters of marginal NiG (3.26) via VS?,);.

o The z’nference of a subset of coefficients: using (3.21) and marginalization

over a5, the marginal pd of a is,

F(af|an,p) = St o0 (42, 78, 12)) (3.28)

where shaping parameters are computed based on shaping parameters of marginal
NiG in (3.26).
Notably, the shaping parameters of G is a projection of shaping parameters of marginal
NiG in (3.26) which is invariant w.r.t. any choice of 4.

Remark 3.3.5. (Bayesian version of Multivariate LS reminder)

e Noting that Vﬁf 3, = Aﬁf (); is the Bayesian version of multivariate LS reminder, where

Agf?; € RHDXWRIHD) 45 the multivariate form of AP) in (8.11) at time n. We note that

it corresponds to LS reminder underlying diffuse priors 1/1(,”) < VP, and VI(,”) < V%p).

o Although fo?; depends on 8, marginalization of F(al) r|@,,p) (3.26) over a{,
yields iG,(.) (8.25), for any choice of §. It is obvious that iG,.(.) (3.25) does not

depend on & which requires for consistency.
Remark 3.3.6. (Bayesian point estimation)

e Bayesian point estimation of a® and its variance-covariance matriz are attained as
follows:

AR = EF(a(P) |zn,p) [a(p)lvilp)’ Vr(lp)] lu"E'Lp) i329)
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(p) _
[a(p)|V£lp),V£lp)] _ (VP — p + 2)?

CoVp(a®izn p) = Ay e (3.30)
v’ —p
e Bayesian point estimation of r and its variance are attained as follows
r \(®)
# = Brlenn VD, ) = - 5 (3.31)
n p
AP
Varp iz, »rlVP, vP] = (A7) (3.32)

e For any subset a((;p),

Covp(a(p)’”z",p)(agp), T') — 0

3.3.2 p-conditional one-step-ahead predictor

We here aim to compute the tractable Bayesian p-conditional one-step-ahead (OSA)

predictor. This is computed as follows:

Fnnlenp) = [ [ F@i,a®, rip)da®dr

= //( )F(“’"Hlmnva(”),r,p)F(a(”),r|a:n,p)da(”)dr
r Ja'P

F(z,
_ “f%j%))) (3.33)
Using Remark 3.3.3,
F(zp|z P K‘aT(Vn+17 7(521)
n+1|Tn, D) N a,r(V%p), T(lp))
yP)
p ( i ML+ VW) (p)H)

(3.34)

The proof of (3.34) is presented in Appendix A.4. Moreover, the expected value and

variance of Bayesian OSA predictor are respectively:

E(Tpsi|Tn,p) = aPTy®), (3.35)
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A®@ (1 + (P)TV(—I) (p)
Var@alznp) = 20t ¥riViwatni) (3.36)

v —2

3.3.3 p-conditional multi-step-ahead predictor

The aim here is to obtain Bayesian p-conditional multi-step-ahead (MSA) predictor. For
this reason, we wish to compute MSA predictor for the next k steps, i.e. F(Zpik|Tn,p).
Let k > 1, using OSA predictor (3.34), the block k-step-ahead predictor is the product of
the scalar Student’s-t pd,

k
F(mn+17 phee a$n+k|mn)p) = H F(xn+i|wn+i—1ap) (337)

=1

We note that (3.37) is not multivariate Student’s-t pd. The reason is that the next
Student’s-t pd is highly non-linear conditioning on the earlier data (which are unknown)
and a standard form of F(z,i|@,, p), ¢ = 2,3, ... cannot be attained. However, we can
exploit the product of Student’s-t structure (3.37) in the context of an exact sequential
sampling. Therefore we use generated/artificial datum to augment data to obtain shaping
parameters of each scalar Student’s-t pd (3.37), using (3.34). Once we attain exact
k-dimensional sample from structure (3.37), i"— sample (i = 1,...,k) of the block is
associated to i*"-step-ahead predictor. Notably, this way proposes a simpler, elegant and
fundamental sampling method for k-step ahead prediction. There are several methods
available in the literature. For instance, [89] exploits one-step-ahead predicted value as a
datum for the next step to built up a multi-step-ahead prediction which is quite different
from our proposal (3.37). Also, [90] deduces an approximate k-step-ahead expectation by

mixing the empirical approximation of the posterior inference of a® as follows,

] - .
E[plhlen] ~ 53 E[$2(@®,n)® 2]
=i
(3.38)

The MSA predictor (3.38) [90] is completely different from our proposal which does not
construct any pd in favour of constructing the first moment. In against, our approach does
not require sampling from a® since we exactly marginalise w.r.t. the parameters (@@, 7).

Although we then simulate from the exact block k-step-ahead predictor.
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Remark 3.3.7. (Bayesian computation)
Notice that LDL factorization is widely used for Bayesian computation in literature i.e. [55]
and [91]. This decomposition is mainly exploited for computational reason and numerical

stability.

3.4 Time-invariant parametrization of the AR model:
unknown model order

Here we relax the assumption of known model order allowing to be p = 1,--- ,p,. The

discrete non-uniform prior pd of p is adopted as

Pr{L=p} = a(()p),p — | B (3.39)

(p)

where a5’ are known a priori. We note that in the case where aép )

is unknown, the Dirichlet
hyper prior pd can be adopted [61]. Since the global inference of unknowns (a,r) is a
special case of an arbitrary subset inference of unknowns, we here particularly interested
in the inference of a subset of (a,r) in the case where p is unknown. This involves a
posteriori marginalization over p that leads to a finite mixture model in all cases. In

general, components wights will be the posterior model order inference which is derived as,

a;p) = Pr{L = plz,}

= /G/TF(a,r,p]:cn)drda (3.40)

Using Remark 3.3.3, (3.40) becomes,

(p)
af’l’p) oy :“&a,T(Vnp ) Ur(Lp))d p= 17 e P (341)
21 har(VE, 1)

Notably (3.41) is also seen as the normalizing normalizing constant of NiG(V® v®).
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Remark 3.4.1. (Model order inference using automatic Ockham’s regulariza-
tion)
Based on posterior model order (3.41), we can define a criterion i.e. Bayesian posterior

order (BPO) as follows,

BPO(p) = -2log [af{’)]
Pu
= —2log [kar(VP, )] +21og [2 Bay (V8,09
d=1
(3.42)
Since the second term in (3.42) is constant, BPO reduces to,
BPO(p) = -2log [na,r(Vgp),z/,(f))]
(p)
= P log [Agp] —2log [r (%)] + log [|V53j)m|] : (3.43)

where, the first term represents data fidelity and the second and third terms together
are Ockham’s term. We note that BPO engenders Ockham’s term automatically due to

marginalization over (a®,r) and it does not require any extra operations. O

It will be necessary also to evaluate the conditional model order inference which is derived:

BP) = Pr(L=p|L > py,,)

(p) ,(p)
. K’a,T(Vn ’Vn ) ALY
T YR (V@ @y PEPeeabe (3.44)
d=pg "va,r n y¥n

Recall that we here aim to derive posterior pd of a subset of parameters e.g. as where p is
unknown. Let a5 = [ak,, - .. ,akq]T be a subset of @), with § = {ky,...,k,} as a selection
of ¢ distinct indexes from {1,...,p,} and po(< p,) is the biggest index in 6. We will adopt

the following assumptions:

1. Availability: For inference of a;s, we assume that the indices of all elements of a;

are known.

2. Nesting: we will assume a®V C a®, where a® = (a®V,q,), and 1) =7, Vj =

1,...,pyu. In the other words, we are adopting a nested model.
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3. Consistency: we assume all propositions involving as and r are conditioned on

L > po.

Underlying assumptions 1-3 and using (3.26), the conditional joint pd of (as,7) is

Pu
Flagn| Lz priag) = o3 8% Flagr|L=p, @)

P=Ppo

= Z ,B(P) NZGa,sT(Vn(SJ )

P=Po

(3.45)

Notably using (3.26) and (3.44), therefore (3.45) is a finite mixture of marginal NiG
with weights, 8%), given in (3.44).

Remark 3.4.2. (Marginal pds with p unknown)

e The inference of as is the mixture of Student’s-t pd with components (3.28) and
weights BP) (3.44).

e Since r is shared by p, candidate models, we use unconditional model order inference

(P) (8.41) for marginal inference of v as follows:
® _pn_92 N\
§j s, [ BB pl 3.46
F(ries) = ) afhG, ( 5 ' ) : (3.46)

Remark 3.4.3. (Prediction and point estimation with unknown p)

e The OSA predictive pd is:

Pu
F(:L'n+1|:l:n) = Z aglp)F(xn-{-llmn)p)

p=1
Pu (p)
ot () St (P)Tw Yn ) 3.47
= Z «Q n+1» T yVn | ( 3 )
p=1 b ( /\(p)(l ar wr(za)-l ng ala 7(112})-1)

where alP) is given in (3.41). Also MSA predictor is the mizture of the p-conditional
MSA predictor (3.37) with weight o(P).

e The moments in the case of unknown p, are a linear combination of p-conditional

case with associated weights.
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3.5 Classical data processing using the AR model: known
model order

Here, we review some of the established classical approaches for processing data using the
AR model. Notice that we refer to non-Bayesian methods as classical approaches. In these
approaches, the existence of prior pd is not explicitly assumed. Classical approaches usually
design the statistics non-prescriptively, then they investigate the property of statistics.
Here we briefly review some key concepts in classical statistical signal processing. Let x,,
be a random process. This random process is called to be strict sense stationary (SSS) if

its finite order pds are time invariant, i.e.,
Bai 5 5 Bugit) 7 B\ Bpps o ol Ve W B, 4, B0, Ry s o000 (3.48)

Also, x,, is said to be wide sense stationary (WSS) if its mean and autocorrelation functions

are time invariant, i.e.,

E(wn-f»i) = Hn :E(zn) (349)

¢(n,n+1i) = E(@nTnii) = (i) (3.50)

More details on properties of moments (3.49) and (3.50) are provided in [14]. Recall that
the classical approaches directly process the accumulator matrices which is related to EIM
in Bayesian paradigm. We freshly investigate the core matrices of classical approaches and
connect them to EIM, in the AR model. For this reason, we firstly need to define the two
important variants of the data cross-product matrices.

Outer product matrix: one of the key variants in the classical approach for the AR
model is the accumulator of (n — p) outer products, C?— which we refer as outer product

matrix. This matrix enjoys the same partitioning as V% (3.20) with a scalar cﬁf 28

01(5)11 oF mgp)Twszp)
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= 3z, (3.51)
and cP); = P TP is a (p x 1) vector with clements,

(Ciff?u)z = Z Ty sali== k| 25D (3.52)

i=p+1

and C’gfzm = UPITYP) is a (p x p) full-rank, symmetric and invertible matrix with elements
(CE = (TPTTD),

il T
- gn,kgn,l

n
= z Tij—kTi—y k',lzlp

i=p+1

(3.53)

Sample auto-correlation matrix: the other important variant is being sample auto-

correlation matrix, with the same partitioning as V% (3.20), as follows,

B AR
dy dy -+ dp-

pp=| " (3.54)
ey e e

which is a deterministic, Toeplitz-symmetric matrix with descending diagonal from left to

right, with elements,
d[ = I *T_

=3 @y, =07 (3.55)

i=l+1

Remark 3.5.1. (Relationship between classical variants with EIM)

e Based on Bernstein-von Mises theorem [92, 93], and under diffuse prior i.e. Vﬁ,”) <
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V) EIM (8.20) becomes CP,
ve = c®, (3.56)
Furthermore, under ergodicity assumption and n > p,
v® = D®  (in prob.) (3.57)

where ‘in prob.’ denotes convergence in probability expressed via Law of Large Numbers

(LLN).

e In practice, the matriz (3.54) is widely used for computational savings where the

Levinson algorithm i.e. [94], [95] is applied.

3.5.1 Technical assumptions for classical strategies

In this section, we aim to provide the technical assumptions which are exploited in the
classical methods in order to estimate unknown parameters of the AR model. The most
popular classical strategies are Mazimum likelihood(ML), least squared(LS) and mean
squared(MS) (i.e. Wiener) approaches. These strategies are based on different modelling
assumptions as follows.

ML strategy: in this strategy, the parametric observation model (3.4) is adopted to Wold
structure (3.3). But no prior pd is explicitly assumed.

LS strategy: this strategy involves a non-parametric model in which observation is
structured via (3.3).

MS strategy: this strategy adopts a non-parametric model to structure (3.3) in which
e; is assumed to be real-finite valued, zero-mean, wide-sense stationary (WSS) random

process. Underlying MS modelling assumptions, the first two moments can be defined as:

Blz,) = ¥, r) (3.58)
Blontnt) = @), =0, 5 ,p
= go(a®,r) (3.59)
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Notice that (3.58) and (3.59) are a function of unknowns and therefore they are unknown as
well. Furthermore, using the auto-correlation sequence (3.59), the Toeplitz auto-correlation

matrix (unknown) can be defined as:

L 4(0) @(1) é(p) |
g | 4D 6O - =1 oy
| o) d(p—1) -+ ¢(0) |

Notably ®® (3.60) is unknown matrix which enjoys the same partitioning as fo’) in

(3.20).

3.5.2 p-conditional parameter estimation strategies

In this section, we provide classical estimation strategies for unknown parameters of the
AR model in the case where p is unknown. Underlying ML modelling assumptions, the

ML estimate of a®, is:

ajy, = agmaxL(a®,rle,,p), (3.61)
al\?P

where £(.) is the likelihood function and it equals to observation model (3.5). Notice that

the computation of ag’,’,)L for the AR model is not feasible in practice [96], since it requires

the first p data. An practical alternative is LS approach in which a® is estimated as,

&(,fg = arg(rr)lin 2P — ¢PTqP))2, (3.62)
alP
where ||.|| is Euclidean norm. It immediately follows,
o gl R O (3.63)
- =1
s =R O, (3.64)

We note that LS estimation for a subset a{"’—denoted by dg’)’ ) is the associated subset

selection of global estimation a.s. It is demonstrated that dfff),s is consistent i.e. [97].
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Underlying MS modelling assumptions, the MS estimate of a® is

diﬁws =arg I‘Ill(gl E[(zi — ¢vTa?)?). (3.65)

Therefore, as\’,’,{g is attained by solving normal equations,

Al = ([@ohslas) (3.66)

We note that, ds\’}s, (3.66) is not statistics. Since it is a unknown function of autocorrelation
sequence ¢(.), which involves unknown parameters (a®,r). Therefore, using (3.54), the

estimate of unknown autocorrelation matrix, ®® | is:

P — D®) (3.67)

substituting (3.67) into (3.66), the MMSE estimate of a® is asserted [98]. Notably,
underlying MS modelling assumptions and LLN, for large n,

A

®» — @ (in prob.) (3.68)

Remark 3.5.2. (Classical estimate of r)

e ML estimate of r —conditioning on accessibility of the first p data— can be attained

by substituting ds\’})L into likelihood function, in step-wise sense, as follows,

famr(p) = argmaxﬁ(rldﬁlpLL,mn,p)
it . 2
= spbadal > By, a8k I
i=p+1

(3.69)

e Although, observation variance, r, is not available in LS and MS approaches, but
related problem provides a formula using LS approach and MS criteria are respectively

as follows,
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fars(p) = [|€P|3s

= |lz® — TPTaR)|? (3.70)
)\ 2
Frms(p) = Z ans % (3.71)
J=1

where (dﬁf}ws)j is the j""— element of dgﬂ,s.

In the following, we technically summarize the interrelationships between Bayesian point

estimates (Remark 3.3.6) and the above classical criteria.
Remark 3.5.3. (Relationship with Bayesian point estimates)

e LS estimate: underlying Bernstein-von Mises theorem, adopting a diffuse prior NiG

for (a®,r), i.e. 1/,(,”) < VP, and Vp(p) L VP,

ars = a¥ (3.72)
Pars = AP, (8.73)

e MS estimate: underlying MS modelling assumption, and using LLN for large n,
a?,.s = a® (in prob
n MS n pro ) (374)

Fams(®) = AP (in prob.).

e Under reqularity conditions [99], posterior pd (3.13) converges in probability to the

Dirac’s delta function, ¢[.], as follows,

lim F(a®,r|e,,p) = 6[(a®,r) — (6, 7)) (3.75)

n—oo

where ((1("),7*)oo = llmn_,oo(a( P) ,Tn). Notice that dg’) and 7, can be substituted by

related LS and MS estimates.
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3.5.3 p-conditional prediction

In this section, a technical review of classical prediction strategies from the Bayesian

perspective is provided. For this reason, let,

hn = h(z,) = g(@®, 7,)
= aPTy® (3.76)

the classical OSA prediction, z,41, is computed,

F($n+1|wn,p) ~ F(l‘n+1|hn,p)
= Oan — aPTYT]. (3.77)

This strategy exploits certainty equivalent (CE) technique (2.35), in which the uncertainty
about (a®,r) is replaced by their estimates. Furthermore, k-step ahead prediction in the

classical approach i.e. [89] is attained sequentially as follows,

T
Tk = a’np-{)-k 1¢§£3k, (3.78)

7(p) A -
where PP, = [Znik_py or Tn, 2001, 0y 87 )T, 0 > K.

More details of classical MSA prediction are provided in [47].
Remark 3.5.4. (Drawbacks of classical prediction)

e The main drawback of classical OSA predictor (3.77) is that the actual uncertainty

about (a®),r) is not accounted for, i.e. it is adopted the following approzimation,

F(a(”),rlmmp) ~ 6[(0’(”)’ ) ( & Tﬂ)]’ n < oo. (379)

Equation (3.79) is true if and only if hy, is sufficient statistics for inference of (a®),r).

o The Bayesian OSA predictor (3.33) and the classical prediction strategies (3.77)

converges only as n increases.
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3.5.4 Classical data processing using the AR model: unknown

model order

In this section, we study classical estimation and prediction strategies in the AR model
with unknown p. For this reason, we focus on LS strategy. We note that in the case where p
is unknown, this strategy usually exploits CE technique in a stage wise sense. In particular,
it involves model order estimation in order to estimate the unknown parameters. We note
that LS strategy (i.e. 7rs(p) (3.70)) does not have any term to control complexity which
leads to the over-fitting problem. Therefore, it requires an external term—which we refer
as Ockham’s term (i.e. penalty term) to solve this issue. For this reason, various criteria

have been proposed which will be shortly presented.

3.5.5 Model order estimation strategies

Beyond the Bayesian solution (3.43), various methods of model order estimation are
proposed to estimate p in the literature i.e. [100]. Universally they are an objective function

of order p with an additive structure as follows,

C(p) = Ca(p) + Co(p), (3.80)

where Cy(p) = 7s(p), is a non-increasing function of p (i.e. data fidelity term) and C,(p)
is an non-decreasing function of p (i.e. Ockham’s term). The Ockham’s term has to be
performed to avoid this problem in CE-based estimation strategies. In the following, we

review the principle beyond different methods and specialize them to our AR case.

3.5.5.1 Principles of model comparison and specialization into AR case

We here consider the most popular criteria of model order estimate involving Akaike’s
Information Criterion (AIC) [101], Bayesian Information Criterion (BIC) [102], Hannan
and Quinn (HQ) [103], Minimum Description Length (MDL) [104] and Minimum Message
Length (MML) [96]. Notice that these follows the additive structure (3.80) criteria. These

principles are reviewed for the general case as follows:
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BIC (Oliver and Baxter version, 1994): in BIC, the prior pd on all unknowns
(0,p), is adopted. Using the Bayes’ rule:

(p)
F(0Y) plz,) = a li)a:) 00
F(p)F (67 |p)L(67|p, z,) (3.81)
) 7 '

where p here is the number of free parameters in the model. BIC adopts the discrete
uniform prior of p which classifies the unknown space 8 € © into p,, local parameter spaces,
%) c P p=1,...p,. It alsoadopts a uniform prior on 8% i.e. F(8®|p) = 1. Adopting
these priors to (3.81), eliminating constant terms w.r.t. p and taking a second-order Taylor

series expansion of £(8®|p, x,) about OMAP,

1
F(6%), plen) ~ LOG4plp, @) cxp {~5(6% — 081,)" (0] @al6% 4, DO - 68p) |
(3.82)

where I(.) denotes the Fisher information matriz. Then marginalization of (3.82) w.r.t

0 yields,

2 i1
F(plan) ~ LOWapIp, ) () 5| (@0]6304p, p) /2 (3.83)

Recall that the Ockham’s term is emerged in (3.83) via marginalization. Ignoring terms

that are bounded as n increases to infinity, the BIC is derived as,
~2log F(plza) =~ —2log [L(6ip|@n,p)] +plog(n) = BIC(p)  (3.84)

Notably, (3.84) is only valid for large n.
BIC for AR case: substituting 8% = (a®,r) (where the number of free parameters are

p+ 1), and using (3.5), BIC (3.84) is specialized to AR case as follows,

BIC(p) = nlog [ ®) (g %”))] + (p+ 1) log(n) (3.85)
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(p

where a,’

) and #) are respectively the estimate of a? and r. O

Remark 3.5.5. ( BIC versus BPO)

Although the prior pd of unknowns are assumed in both criteria, the BPO (8.48) is the
only consistent and completely tractable criterion for model order inference. In against,
BIC (8.85) is obviously achieved with approzimations and remained valid for large n.
Furthermore, for small n, BPO outperforms other BIC and indeed computational load is
small and could not be an obstacle. However, BIC might be popular for large n, in terms

of complezity. O

AIC: it is a ML-based principle and no prior for unknowns is adopted. The AIC involves
the KLD as follows,

D [Fo(()p) 1 Fy } (3.86)

where Fyp) = F(z.|6, p), Fyp = F(mn|9§5,)L, p) and 6" is a target value of parameter.
0 ML

Underlying certain regularity conditions, KLD (3.86) is approximated as,

5 (F(mnuf%:,p)))}
F(mnleML’p)
~ [log(F (2al6, p)) ~ log(F(waldiop))]  (387)

D[FpliFygy] = Brpen

X

Furthermore, using (3.87) the AIC principle of the model comparison is,

AIC(p) = 2

log (F(@nl6, ) — log (F(@nlBiz, »))| +200(p),  (3:89)

where ¢,(p) is the number of free parameters (i.e. the dimension of 8®). Since, the first

term in RHS (3.88) does not relate to the ML estimate, és\?L, therefore,
AIC(p) = —2log (F(:cﬂ@&%,p)) + 2¢,(p). (3.89)

Remark 3.5.6. (AIC for AR case:) substituting 87 = (a®),r) and using (3.5), AIC
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(8.89) is specialized to AR case as follows,
AIC(p) = nlog ({P(a®)) + 2(p + 1) (3.90)

Remark 3.5.7. (AIC versus BPO:) the AIC is completely different from the BPO.
Since in AIC, no prior is adopted. Also it involves an approzimated version of KLD which

usually leads to a poor estimate of p.

Remark 3.5.8. (HQ:) this criterion is specifically introduced to adjust AIC criterion in
AR case. Since the AIC criterion in the AR case overestimates p, therefore [103] proposed
the HQ as follows,

HQ(p) = nlog(*®(a?))) + 2(p + 1) log(log n)

MDL and MML are based on the idea of optimal coding theory [104-106] which minimizes
total code length,
—log [F(zn, 6, p)] (3.91)

MDL: In this criterion, @ in (3.91) is quantized (due to Shannon theory) to discrete values,

i.e. 8,4, therefore (3.91) becomes:

—log [F(xn, 0,p)] = —logle(r)F(0alp)] — log [F(2n|04,p)]
= —logle(r)] — log [F(xn, B4lp)] (3.92)

where €(.) is volumetric space and r is,
r=—(0% — 0371p) (I (037 plk, 1)) (0% — 634p). (3.93)

By definition the discretization allows F(x,, 8|p) to be projected around the discrete value
6,4, for each p, where the Ockham’s term is created. The second term of right hand-side

(3.92) is approximated using the second-order Taylor expansion around the O374p. Then)
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the expected value of resulting approximation is,

~log [F(wy,0,p)] ~ — log [€(r)] — log [F(@n, Bxarlp)] + 5 (3.94)

Minimizing r (i.e. ) is revealed by setting the first derivative of right-hand side (3.94) w.r.t

r equals to zero. Then replacing £ into (3.94) yields the MDL criterion of p, as follows,

MDL(p) = — log [e(£)] — log [F(axn, Brarlp)] + (3.95)

N R

Remark 3.5.9. (MDL for AR case:) Let @ = (a,r), Rissanen [105] compromised the
universal MDL principle and exploited the measure of prediction performance in order to

estimate model order in AR case as follows,

p+1

MDL(p) = #®(a®) |1 + log(n) (3.96)

MML (Wallace-Freeman version): Slightly different from MDL which is a criterion
just for p, MML is a estimation strategy for estimating both unknown parameter € and
p. For simplicity, let 6 be univariate. Similar to MDL, continuous parameter space is

quantized to particles, é.(04) = [6a — §, 04 + 5], With particle’s precision e. Recall that,
—log [F'(zn, 0, p)] = —log [F(6, p)] — log [F(zn|6, p)] (3.97)
The p-conditional prior pd of € is adopted and approximated as follows,

F(6lp) ~ Pr(0 € i (0a)|p)
€ €
= ol e <
Pr(6y 2 _9_9d+2|p)
~ €F(84)p) (3.98)

Using the second-order Taylor expansion of log [F(x,|04, p)] around the target estimate of

6 (i.e. €), and substituting (3.98) into (3.92),

62 2

—log [F(x,,0,p)] ~ —log(e) — log [F('|p)] — log [F(x,|0', p)] — A

log [F'(zn|0', p)]
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(3.99)

The minimizing € (i.e. €) is obtained by setting the first derivative of (3.99) w.r.t. € to zero.

Substituting € into (3.99), it yields a function of 6’ and p as follows,

, 1
—log [F(x,,0,p)] = —log[F(0'|p)]+ =log

[I(mnw’,p)
2

12
I(z.|0',p)
12

| - g Fanit. 1+ 5

1
& e pr il [

1
: ] s (3.100)

where I(mnlﬁ’(”)) = I(xz,|0,p) = ——5‘3% log [F(x,|0, p)] is Fisher information matriz. Using

(3.100), the p-conditional MML estimate of /% is attained,

1

) /(p)
0%, = argmin {—log [F(a;n’gl(P)lp)] e [M

12

I

¢'(») 2 T 5} (3004

Recall that exploiting CE technique and replacing MML estimate (3.101) into (3.100), the

MML criterion of p is derived as,

A i@ %) 1
MML(p) = ~log [F(n, 0i7hs1Ip)] + 5 log [—(ETMW} e (3.102)

A multivariate version of MML principle (3.100) is achieved after some manipulations [100]

as follows,
/(p) Ly / p 1 , /()
MML(0™,p) = —log[F(zn,|p)]+ 5 [1+log(Ry)] + 5 log [dct{f(wnlﬁ’ 03-]103)

where R, is the lattice constants [106]. Recall that MML criterion (3.103) is known as
MMLA?7 in literature i.e. [106] , [107]. Notice that MML estimate of @ and p can be
computed with the same procedure as the univariate case. In the following, we deduce a

MML criterion of p, based on EIM (3.20) as follows.
Remark 3.5.10. (MML for AR case:)

e Let @ = (a,r), using the submartiz V)., we can define a MML criterion of p as

n,aa’
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follows,

1
MML(p) = nlog [fﬁl”)(dﬁlp))] + g[l + log(Ry)] + 5 log |V —v® |

n,aa p,aa

(3.104)

Remark 3.5.11. ((MDL and MML versus BPO:) MDL and MML are both pseudo-
Bayesian approach in which a prior pd on only 0 is considered but not for p, instead CE
technique is employed. They involves many manipulation and approzimations. In against,
the BPQO is simple and tractable which automatically engenders the Ockham’s term without

any approximation.

Remark 3.5.12. (Bayesian view of the classical model order estimate:)

From Bayesian perspective, classical order estimate of p, is equivalent to degeneration of

posterior model order (3.41) in p, i.e.,
Pr{L = p|x,} =~ é(p — p), (3.105)

which is effectively a CE strategy.

3.5.6 Parameter estimation and prediction

When p is unknown, the classical estimation and prediction strategies replaces the model
order estimate, p (3.105), in p-conditional estimations e.g. dff)LS (3.64) and fif)Ls (3.70).
Also, the classical prediction is achieved by substituting p (3.105) into OSA prediction

(3.77) and MSA prediction (3.78).

3.6 Computational load of extended information ma-

trices (EIMs)

In this section, recursive algorithms are presented to reduce Bayesian computational loads.
For this reason, we provide efficient recursions on EIM—which is the core object in Bayesian

computation. We note that the data can be processed in off-line scenario (in n-data batch),
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where n data has been collected and saved, then they are processed once. Also, they can
be processed in on-line scenario, where data are acquired increasingly with 7 = 1 growing
from one to possibly infinity [61]. For simplicity, the number of multiplications (/) is

considered as a benchmark for computational load.

3.6.1 Computational Load of EIMs: off-line scenario

The aim here is to compute p, EIMs at time n (> p, + 1). Notice that non-recursion form

of EIMs with a batch of n-data is

Vslp) — V’(,p) ST | LN vl L B e I e s e ks o oo =L P (3106)

. i i
O LRy I ) 1T

where VI(,”) is a diffuse prior (i.e. eI,). Exploiting the non-recursion (3.106) requires,

2

N:i(n-p)(%+%+l). (3.107)

Applying the non-recursion (3.106) accompanies a heavy computational load. Therefore, it

is worthwhile to propose an efficient recursion in order (p) as follows,

V(p) = gn(vﬁlp_l),mzﬁl»xn—p)

n
n 2 : (p
Zk=p+l DEEEN: ZZ:p—f-l TPy

=T e PRy PR el S PRI IRIR SR R v op= 0 by (3,108)

Z’;Cl.':p-{-l "L‘k,‘b[(cp) V,’,Ep—l) —_ Soslp_l)(p%p—l)T

where g,(.) is a transformation function on EIMs (i.e. V®~V) which is invariant w.r.t
order. Notice that the recursion in order (3.108) can be performed either in incremental

way and decremental way.
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3.6.1.1 Incremental way

In this way, the EIM is augmented in order (i.e. from L = p — 1 to L = p), using (3.108)
in off-line scenario. This augmentation requires N = (n — p)(p+ 1) + ﬁ(”QLl) Therefore,

the total multiplications is,

p(p+1)]

! (3.109)

Pu
Nio=3(n—1)+> [(n—p)p+1)+
p=2
where Nj_, denotes the multiplications required incremental order via (3.108).

3.6.1.2 Decremental way

In this way, EIM is computed by extracting the lower sub-matrix from the maximum order
(i.e. L = p,) to minimum order (L = 1) using (3.108). In particular, eliding the first row
and column of EIM at order L = p and adding the matrix pP~Yp®~YT to sub-matrix
Vrffjl)a yields EIM at order L = p — 1. This requires only N = ”(”T’Ll). Therefore, the total

computational load for all orders in this way is,

Ny s= (n—pu)[(Pu+1)+W] +-;—p2up(p+l), (3.110)

where Ny, denotes the multiplications required for applying the decremental way of
the order using (3.108). The following lemma confirms that the decremental way is more

efficient in terms of computational loads exploiting (3.108).

Lemma 3.6.1. The computational load of exploiting the decremental way i.e. (3.110) is
smaller than that of the incremental way i.e. (3.109) using (3.108) for p, > 8. The proof
s given in Appendiz A.5. O

3.6.2 Performance in simulation

In this section, we provide the extensive simulation result using the comparison of different
ways for computing EIM in off-line scenario. Our PC processor is Intel Core(TM) i7 — 4770
CPU @3.40 GHz (8CPUs), 3.4 GHz. In Figure 3.1, we compare computational load (3.110)

with (3.109) and (3.106) by plotting running time(s) in terms of maximum order p, with
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n = 1000. This figure shows that the decremental way is the fastest way to compute EIMs

using the recursion in order (3.108) for different p, = {10, 20, 30, 40}.

Moreover, Figures 3.2 shows the performance of different ways in accuracy of BPO (3.43)

running time(s)

0.15 = T T T
-—8- No-recursion
~&— Incremental way
—0—-Decremental way

SNE
0.1¢ R
a”
’
Z ks o
7 PR >)
./i e £
0.05} o i
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.g’, e
0 i 1 5 1 1 1 1 1
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pll
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Figure 3.1. Comparison of different ways of computation EIMs using recursion in order (3.108),

n = 1000

to estimate model order in terms of different p,. Here data are generated from AR(4)
(in LHS) and AR(8) (in RHS). We here fix computational load to N = 6 x 107 at the
level of EIM for p, = {10, 14, 18,20}, e.g. for p, = 10, the number of available data for

no-recursion, recursion in order with incremental and decremental ways are respectively

n = {245,960, 1050}.
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Figure 3.2. Performance of different ways in accuracy of model order inference using recursion
in order (3.108) with N = 6 x 10”. Data are simulated from AR(4) (LHS) and AR(8) (RHS).
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3.6.3 Computational load of EIMs: on-line scenario

Recall that the on-line scenario allows us to interleave updating data with computing
EIM [61]. The exploitation of recursion in time and also a full-recursion (i.e. recursion in
both time and order) will be worthwhile in on-line scenario. Notice that the recursion in
time is available in literature i.e. [108] and [61]. However, its computational load is not
audited. The recursion in time on EIMs [61] is

Vi(p) C g (V( (P))

1—

- V(%+LPP)C,OSP)T, 1= Dl (3.111)

where ¢gP)(.) is the transformation function on EIM and is invariant w.r.t time. Using
(3.111) N = gﬂ);—pﬂ is required to update EIM from time ¢ to i + 1 at order p. Therefore,
updating EIM from ¢ = p+ 1 to i = n at order p requires,

(p+ 1)(;0+2)_

N=(n-p) 5

Moreover, we exploit (3.108) and (3.111) to introduce full-recursion,

- 1
V(p) = g(v(—pl V@Epl )awl(p))a

1 1

) ’ ; T
L k=p 1 gh+e i g xkd}l(cp)
— D e S R S ety S et o , t=p+1,.,n
. v =il 1 1 i
ZL:[)—H kal(cp) : ‘/1,(—’)1 ‘ (pgpl )(701’: ) ar 1/11(p)¢z(p)
(3.112)

where g(.) is transformation function on EIMs and is invariant w.r.t time and order. Notice
that the full recursion (3.112) enables us to update EIMs in both time and order with
N =i(p+ 1) + p(p + 1) multiplications. Notice that the construction of EIMs for all
possible order in a specific time ¢ in the on-line scenario can be seen as the construction
of EIMs with i-batch data in off-line scenario. Also from Lemma 3.6.1, the decremental
way in (3.6.1.2) is more efficient. Therefore, we investigate computational load of EIMs in

decremental way in on-line scenario.
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3.6.3.1 Decremental way

Exploiting decremental way (3.6.1.2) at fixed time i and then updating time using (3.111)
yields an efficient algorithm to compute EIMs as follows.

Algorithm (Full-recursion in the decremental way:)
1. Compute EIM at time i = 2 (since p > 1) in order L = 1. It requires N = 3.

2. Exploit (3.111) to update the EIM from time ¢ to ¢ +1 (2 < i < p,), and use (3.108)
to extract lower submatrix from order p = ¢ — 1 to one at time ¢ +1 (3 <@ < p,).

The total number of multiplications required is

pu—1 Pu
p+1 P
Y
4 Z[(p+1)3_3(p+1)2+2(p+1)—1]
p=3
1 1 2 1
= = ey | ]
4pu+pu+12 3P (3.113)

3. The (n — p, — 1) time update of EIMs from i = p, + 1 to ¢ = n at order L = p,
requires N = (n — p, — I)M%(p“—”l.
4. Apply the decremental way to draw lower sub-matrix from the order p, to one at

time i (p, +2 < ¢ < n) requires N = Y5 o(n — py —l)iﬂ2 0

Therefore, the total computational load of the Algorithm 3.6.3.1 is

1 1 1 (pu + 1)(ps + 2)
Np; = =pt4pd e i e P e
i f 4pu+pu+12pu 3P + (0= py—1) 5
1
+ (n—pu—l)zM (3.114)

p=2 2

where Ny ¢ is the number of multiplications needed for decremental way using full-recursion

(3.112). Figure 3.3 shows the schematic diagram of computation EIMs for Algorithm 3.6.3.1.
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Figure 3.3. Schematic diagram for computation of the EIM using full recursion (3.112) for
decremental way in on-line case

3.6.4 Comparison of computational load of EIMs between two

different scenarios

In this part, we aim to compare computational load of EIM in the off-line scenario versus
the on-line scenario both in decremental way. Notice that the computation of EIM in
off-line scenario can also be performed sequentially through time at different orders via the

on-line scenario. This analogy is displayed in the following lemma.

Lemma 3.6.2. Computation of EIMs using the decremental way in off-line case requires
smaller number of multiplications compared to the on-line scenario. The proof is presented

in Appendixz A.6. O

We here provide a simulation-based evidence for Lemma 3.6.2. In Figure 3.4, we audit
the running time for exploiting the decremental way for different scenario in terms of p,.
This figure shows that decremental way in off-line case is faster than that of on-line case
in order, with n = 1000 for different p, = {10,20,30,40}. Also this difference is more

distinctive as p, grows.
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Figure 3.4. Comparison of running time of decremental way in off-line case versus on-line case,

n = 1000

3.7 Comparative performance evaluation under simu-
lation

In this section, we aim to compare different criteria of the model order selection in extensive
simulation. Then point estimates of a subset of AR coefficients of different methods are
compared. Also, simulation results for OSA and MSA predictors using different approaches

are provided for the AR model.

3.7.1 Comparison between classical approaches and Bayesian method

in model order selection

In this part, we examine a simulation result to compare the performance of different criteria
for model order selection in term of some operating factors i.e. maximum model order
(pu), number of observations (n), and true model order (p). Notice that we also exploit LS

method (3.63) to estimate AR coeflicients in classical estimation strategies. Recall that we

design simulation with halving poles randomly in the annular,

{(r,0);ja<r<b(0<a<b<l), —w<O<m7}, (3.115)
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where, r and 6 ! respectively indicate the radius and angle of a pole in the z-plane which is

distributed as,

where

f(0,x) = f(6).f(r)

27

b2_a2

—mT<f<m

2r

gr=iti<<b.

(3.116)

(3.117)

The rest of poles are their conjugate complex pairs. In order to have a desirable per-

formances, let a = 0.7 and b = 0.9, and MC denotes the number of Monte Carlo runs.

Figure 3.5 shows the performance of the different criteria of model order selection by

assessing the probability of correct identification of true order in terms of maximum pos-

sible order ,p,. Observations here are simulated from AR(4) with n = 1000. From this

Figure, the identification of the model order in all criteria does not depend on the choice

of p,. Notice that BPO generally outperforms other criteria , however it is competitive

with BIC, MDL and MML. The reason can be followed from the discussion in 3.5.5.1. In
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Figure 3.5. Comparison of different criteria of model order selection in terms of p, with AR(4),

n = 1000.

Figure 3.6, different criteria are compared in terms of the true model order. In this figure,

'Here 6 is the old-fashioned symbol for the angle not parameter.
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the simulated data are designed with p, = 20, n = 1000 and MC = 1000. In general,
this figure shows that BPO outperforms others. Once again BIC, MDL and MML are
competitive with BPO for p < 10, in the identification of the ture model order. Notice that
the ability of identifying the true order in all criteria decreases with the increase of the
true order. To see the reason, we repeat simulation with M C = 10000 in the Figure 3.7. A
comparison between the Figures 3.6 and 3.7 shows that the performance usually collapse
for large p. In particular, this collapse happens for larger p by increasing n, which is related
to the small value of ratio, n/p. In Figure 3.8, we examine the different criteria of model
order selection in terms of observed data ( i.e. n = {100,500,1000}). Here the simulation
is designed with p, = 20, AR(4) (LHS) and AR(16) (RHS). It obviously shows that BPO
outperforms for both designs. In particular, it is more distinctive where the model order is

increased from p = 4 to p = 16.
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Figure 3.6. Comparison of different criteria of model order selection in terms of true model
order with n = 1000, p,, = 20.

3.7.1.1 Comparison between classical approaches and Bayesian method for

the estimation of the subset of parameters

In this part, we aim to compare the performance of our Bayesian approach with LS

estimation strategy in order to estimate the subset, af;’ ). We first design the simulation
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Figure 3.7. Comparison of different criteria of model order selection in terms

order with n = 10000, p, = 20.
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Figure 3.8. Comparison of different criteria of model order selection in terms of number of
observations designed with AR(4) (LHS), AR(16) (RHS) and p, = 20.

for known p. In this case, we simulate data from AR(10) (Figure 3.9 above) and AR(14)
(Figure 3.9 below) for different choices of the n (i.e. n = {50, 100,500, 1000}). Also, afsp)

for || = 3, is randomly chosen from a?). For simplicity, we compare these criteria using

the evaluation of the Euclidean norm (EN)

as follows:

EN(n,p) = |a{ — a%}|.
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Figure 3.9 shows that the Bayesian approach outperforms classic estimation to estimate
agp ) for different choices of true model order and n as well. Notice that the performance of

different criteria converges by growing n from n = 50 to n = 1000.
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Figure 3.9. Comparison of different criteria for estimation of an arbitrary subset in terms of the
number of available observations n, with |§| = 3, and simulated from AR(10) (in the above) and
AR(14) (in the below).

Next we compare the performance of BPO approach versus to CE-based criteria in
subset estimation for the case where p is unknown. For this reason, let as = (a1, a2, ay),
and |6 = 3. Recall that the CE-based criteria usually exploit (3.90)-(3.96) and then select
the corresponding estimates of the subset, i.e. &(ﬁ), where p is estimated order, in the
case p > 4. Notice that in order to compute a® | we use LS estimate of a? for CE-based
criteria except for MML where this method provides the estimate of parameters too. In

contrast, our Bayesian proposal is the linear combination of the first shaping parameters of
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Figure 3.11. Comparison of different criteria in one-step-ahead prediction in terms of true
model order (known) with n = 500.

Student’s-t pd with weights 3% (3.44).

Figure 3.10 shows the performance of different criteria assessing the norm between
the simulated with estimated value of as, in terms of n for |§| = 3, p, = 10. Here the
data are simulated from AR(4) for MC = 1000. It is obvious that our Bayesian approach
outperforms CE-based criteria. In particular, all criteria converge by growing n. Notice

that for consistency reason, we consider L > 4.
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3.7.1.2 Comparison between classical prediction strategies and Bayesian pre-

diction

Here the simulation results for OSA and MSA prediction are provided for the AR model
discussed in Sections 3.3.2 , 3.3.3 and 3.5.4.

Simulation results for OSA prediction
We here consider the squared prediction error (SPE) as a measure of performance as follows

MC

el 2 (3.119)

SPE(nap):W ( n+1
=1

Notice that we here use Yule-walker approach [98] for computing OSA prediction (3.77)
for LS strategy as a classical approach. For this reason, a diffuse prior, Vp(”) = (0.001)1, is
adopted to compute Bayesian prediction (3.34). Figure 3.11 compares (3.34) versus (3.77)
by evaluating (3.119) in terms of true order for n = 500, r = 1, MC = 1000. This figure
shows that SPE of Bayesian prediction (3.34) is smaller than that of LS prediction (3.77)

and by growing order p, this difference grows.
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Figure 3.12. Comparison of different criteria in OSA prediction in terms of time simulated from

AR(6) and r = 1.

Figure 3.12 shows the evaluation of (3.119) for different criteria in terms of n. It is shown
that SPE of Bayesian prediction (3.34) is smaller than that of LS prediction (3.77), they

converge by growing n. Notice that increasing n leads to the tendency of (3.119) to r =1
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which is considered as the variance of simulated data. In other words, for large n, the

estimate of AR parameters are more accurate and squared prediction error tends to be r.
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Figure 3.13. Comparison of different criteria in OSA prediction in terms of data, n, with
pu = 20, and simulated from AR(6) and r = 4.

Figure 3.13 shows the evaluation of (3.119) in terms of time for AR(6) and r = 4 | p, = 20.
This also shows that the Bayesian approach outperforms other approaches for small n.

Furthermore SPE (3.119) for all criteria converge by growing n.

Simulation for k-step ahead prediction:

The different criteria of MSA prediction (3.37), (3.38) and (3.78) are here compared in
simulation.  Figure 3.14 shows that despite of deterioration performance of different
criteria (i.e. increasing trend in SPE) for large steps, the rate of increasing SPE of (3.37)
is less than other approaches for AR(8),r = 2,n = 100. Moreover, Figure 3.15 shows the
SPE for 6-step ahead of different criteria in terms of different true model order. This figure
shows that Bayesian approach (3.37) outperforms for all true model order, for different

value of p.

3.8 Discussion

We have provided a unique, consistent and tractable Bayesian inference of model order,

and any subset of global set of parameters of the AR model. Notably, we no longer need
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Figure 3.15. Comparison of different criteria in 6-step-ahead prediction with 7 = 2,n = 100

to exploit CE technique to compute OSA and MSA prediction. Instead, we have applied
Bayesian predictors discussed in Sections 3.3.2 and 3.3.3 which are indeed simple and
elegant. LDL decomposition is popular for Bayesian computations in the current Bayesian
literature [55,91]. Recursions introduced in Section 3.6 provide us efficient tools to compute
Bayesian tasks without a need of LDL decompositions.

We have discussed on widely used criteria of model order estimation and specialized
them into the AR case. Moreover, automatic Ockham’s regularization of BPO has been

mathematically justified and a comprehensive explanation of emerging Ockham’s term in
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estimation strategies of model order in AR case is provided. Despite a massive literature on
MDL and MML principles, yet they are not fully explored in AR case in Bayesian context.
Some possible explorations will be discussed in Chapter 8.

The proposed Bayesian inference can be exploited in multiple participant systems (MPS) [48].
In particular, when each participant (i.e. an automate node [109]) models z with the AR
model and processes the data set into a predictive pd (i.e. Student’s-t pd). Then it is quite
important to process these predictive pds in order to reach a global design. A promising

context for applying this idea is available in [48]. This task will be explored in Chapter 6.
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Chapter 4
Multiple participant processing: the moral de-
liberator

In this Chapter, we address the fundamental problem of optimal processing of stochastic
knowledge distributed among nodes in a knowledge-sharing network. One of the nodes—
called the deliberator '—mediates between all the other nodes in order to reach an optimal
compromise, and each of these other nodes interacts only with the deliberator. We will
refer to the contributing nodes as participants and knowledge-sharing network as a system.
The deliberator is a Bayesian moral (i.e. empathetic) decision maker, who bound their
own expectation of the expected loss (KLD) suffered by each participant, were they to
accept the merged pd. This is fully explained in Section 4.3. Therefore, we shorten the
title of this Chapter to multiple participants processing; the moral deliberator.

Processing stochastic knowledge by the deliberator is essentially a distributional DM.
In particular, this is the specialization of distributional design presented in Section 2.3
where the knowledge K is defined in a particular way and consequently the ideal pd is
specified in a particular form. Now, we can implement the fundamental FPD (2.14) to
the interesting problem in engineering where processing knowledge of distributed MP
arises [30,43,110,111]—which is fully expressed in Section 4.2.2. We start to review the
schemes of DM for merging knowledge distributed in MPS. The merits and demerits of
each scheme are addressed. Then, different approaches of the distributional design within
centralized scheme in MPS is explored. Next, we define the knowledge and formulate the
task of DM. More importantly, our proposed scheme and methodology are adopted for

merging multiple pds of the same z.

IThroughout this thesis, we adopt the gender-neutral possessive adjective, “their”, in place of “his/her”,
and we adopt the gender-neutral pronoun, “they”.
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4.1 DM schemes for merging knowledge in multiple
participant system (MPS)

The task of merging knowledge in MPS is very often referred as the consensus of knowledge.
It seems that the consensus knowledge of participants originated in management science
and statistics i.e. [112,113] and references therein. Then some Bayesian approaches have
been proposed to merge expert judgements i.e. [114]. Latter, they have been implemented
in the wireless network [32,115].

In this part, we review different DM schemes for merging the distributed knowledge in MPS.
Two major DM schemes are widely adopted in the literature, namely the decentralized
(i.e. distributed, flat) DM scheme i.e. [29,38,111] and the centralized (i.e. non-flat) DM
scheme [36,41,48]. In the following, each scheme is expressed with its advantages and

disadvantages.

« DM centralized scheme: In this scheme, the local nodes i.e. participants, report
their data/pds to the central node, i.e. deliberator. The deliberator is also refrered as
the facilitator [39]). The deliberator processes the provided knowledge to reach a global
and optimal decision. In this scheme, all DM efforts are happened at a single node
(deliberator) where a global decision is reached. We note that hard detection technique
for the purpose of target detection in the fusion of multiple sensors, i.e. [29], has some
similarity with this scheme. some other published applications of the centralized
DM scheme include a dynamic load balancing scenario for wireless networks [40], the
classification of geographic data from multiple sensors [116], reliability estimation
among multiple sources [28], optimized traffic management [42,117], and airspace

resource management [41].

« DM decentralized scheme: In this scheme, the deliberator does not exist and
DM efforts are distributed among participants. In particular, all nodes have the
capability of making a decision. They process their own knowledge and the knowledge
provided by their neighbouring participants [118] to reach a local decision. Notice that
neighbouring participants of a specific participant i.e. Z; are referred to participants

who provide knowledge for Z;, i.e. Z, and Z3 in Figure 4.1. In the decentralized
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Figure 4.1. Schematic diagram for different structures; Left-hand side is the structure of a
centralized deliberator-based scheme and Right-hand side is the structure of a decentralized
scheme.

scheme, there is no a central node for providing the global decision. The decentralized
DM scheme has been applied in fault diagnosis for telecommunication networks [30],
feature extraction for big data sets [31], analysis of consensus algorithms in networked

systems [32], and optimization of rewards in on-line learning [43], for example.

The schematic diagram for different DM schemes is presented in Figure 4.1.
Remark 4.1.1. (Advantages and disadvantages of each scheme).

e The centralized scheme allows us to provide a global decision reached by the deliberator.
This global decision is acceptable to be deserved as the optimal decision for the whole
system. However, in the traditional centralized scheme, the deliberation (i.e. decision-
making) itself is confined to the deliberator. This may lead to scalability problems [29]
in cases where the number of participants, s, is large. The vulnerability of failure
of the overall system to deliberator node might happen [109]. In particular, it is
not easy to transmit the big data set to the deliberator, in the system where each
participant involves a large number of local state and control variables i.e. [119], or
in highly dynamic networks i.e. [110]. Furthermore, handling a centralized scheme
for large-scale systems with a big amount of data creates time delays and even failure

in the knowledge transmission [120)].

e In the current research, the decentralized scheme receives more attraction due to low-

complezity [111] and scalability [29]. However, this scheme has its own drawbacks. For
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instance, it is unable to propose a global solution, and only provides local decisions—
which increase conflict among participants. Also local decisions are expected to serve to
the whole system, while they might not be reliable due to limited knowledge/resources of
participants. Furthermore, designing an appropriate and formal way of communication
(interconnection) among participants, in particular, for a large-scale system is the
other challenge. These properties reduce the real applications of a decentralized DM

scheme in practice i.e. [41].

Therefore, it is worthwhile to explore a centralized deliberator-based scheme for merging the
distributed knowledge in order to solve the current issues. In our proposed scheme, no data
are transmitted from the participants to the deliberator. Instead, the participants report
only pds. In particular, reporting the shaping parameter of pds is adequate. Therefore,
the issue of transferring data and time delays are hugely improved. The deliberator’s task
is to process the shaping parameters for designing the optimal pd. This scheme leads to

the following advantages.

« Low computational complexity: The proposed scheme requires low computa-
tional load. Because, the large scale of raw data are converted to shaping parameters
in each participant. Then the shaping parameters are reported to the deliberator.

This leads to a significant computational savings in the deliberator.

o The reduction of time delays: The transmission of the whole data-batch from
the distributed participants to the deliberator, requires many bandwidths and creates
long-time delays. But in our proposed scheme, only few bandwidths are needed to

transfer shaping parameters.

4.2 Distributional design in MPS

The task of distributional design through merging multiple pds are widely studied. For
instance, [121] comments to infer the posterior pd of the parameter through merging
knowledge partially shared among multiple participants. It is assumed that participants
are dependent because of shared knowledge. Notice that this assumption leads to an
incomplete model of knowledge. References [114] and [122] are the other related works

proposed under an incomplete model of knowledge.
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One of desirable approach for merging multiple pds is copula-based approach i.e. [123].
Following the Sklar’s theorem, the construction of joint pds of (z1,...,z,) can be written

as the copula function, C(.), of marginals:

Go(xl,...,a:s) :C[Gl(xl),...,Gs(xs)] (41)

Notice that (4.1) is general formula for copula functions where G|, = 1,...,s, are
cumulative distributions. For differentiable G; and C/(.), the joint density is also available
i.e. [123]. Also for the purpose of sensor fusion and feature selection, [124] constructs
the joint pd of sufficient statistics through merging marginal pds using hypothesis test.
Then [125] studies the construction of the joint pd of features within exponential family.
The constructed pd can be seen as the MXE-optimal design (2.24) (the special case of
FPD) where the knowledge-constrained set is the set of moment constraints.

The other popular methods are distributional pools. Reference [126] suggest the pooling of
different forecasts with unequal weights. Pooling design has been advocated as a established
approach for combining expert judgements i.e. [127,128].

In the rest, we focus on distributional design in MPS, where all nodes construct pd of
same z of the same functional form with differently chosen hyperparameters. This is not
the requirement, but we use it in what follows for ease of interpretation. In particular, we
are interested in investigating distributional pools and FPD approaches as very popular

approaches for merging pds in MPS. In the following, each approach is fully addressed.

4.2.1 Distributional pools in MPS

Distributional pools can be seen as a construction of an additive or multiplicative mixture
across participants. Recall that the task of distributional pool is to merge s pds in order
to reach the optimal pd. The distributional pools are also referred to opinion pcols
i.e. [129].We here specifically focus on the optimal design of predictive pd using pooling

approaches. The most popular distributional pools are linear and logarithmic pools.

+ Linear pooling prediction: The pioneering works of linear pool are [112,130].
Latter, the linear pool has been quite popular to combine multiple prior pds of

the same parameter i.e. [35,131,132]. It is also widely used for merging predictive
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pds of same x [34]. This pooling approach involves a weighted linear mixture of

participant-indexed predictions, Gs, as follows:

= Gi(o) = X uiGio) (42)

where G§ denotes the linear pooling prediction and the w}f is the weight of [—th
participant which belongs to (s — 1)—probability simplex A;_; (i.e. wi! € Ag_q).
This pooling approach is justified [34] as the solution of,

Gg = argcne%nk ; w; D[G]|G], (4.3)

where G is the variational pd as a member of knowledge-constrained set of predictive

pds, Gk, and D|.||.] is defined in Definition 2.2.1.

Logarithmic pooling prediction: This pool is a weighted geometric mixture of

participant-indexed prediction, with weights w as follows:
1 8
G§ = Gi(z) = — [1(Gi(=)™, (4.4)
el =1

where kgo = [ [I5_,[Gi()]*! dz, G§ denotes the logarithmic pooling prediction and

by definition, wi € As_;. This pooling approach is justified [34,36] as the solution of,

G = arg min l}; w{D[G|Gl], (4.5)

4.2.1.1 Weights assignment

Recall that one of the main challenges in distributional pools (4.2), (4.4) is the optimal

design of the weights. There are many approaches for the design of (unequal) weights

i.e [64,133-135] in linear pool, and [36,136] in the logarithmic pool. We here review some

empirical approaches for the design of weights.

o The inverse of arithmetic mean of KLDs: this empirical design i.e. [48], proposes
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Figure 4.2. Schematic diagram for the inverse of an arithmatic mean of KLDs.

the average KLD from G| to all the other participant pds,
1 S
fi= > DIGIG)). (16)
=1

which provides a measure of outlierness of the Z; among the ‘cluster’ of participant
pds. Zy can empirically assign the weight to Z;, via ﬂl: >0,1=1,---,s. Normalizing

this ratio can be interpreted as the Zy’s probability of correctness of the Z;, i.e.

L
w = —L" =y b=, 8, (4.7)

S
J=1 B;

The inverse of maximum KLD: the other KLD-based empirical design of weight
i.e. [134] is proportional to the inverse of KLD from G; to whose Z; has the maximum

distance in KLD sense, i.e.

B = DIGI|GY], (4.8)

where, G} = argmax; D[G,||G;]. Here, G is pd of the furthest participant. Using

(4.8), weights are obtained as:

= s 2 l — 1, cee 08 (49)
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Figure 4.3. Schematic diagram for the inverse of of maximum KLDs.

4.2.1.2 Limitations of the distributional pools

Most approaches of the distributional pools focus on (4.2), (4.4) which obviously have
different structure. Although, distributional pools enable us process stochastic knowledge

in MPS, the following limitations of distributional pools are currently exist:

1. Ambiguity in the structural form of merging the predictive pds, Gs, in distributional

pools due to the lack of a unified and axiomatic framework.

2. The lack of consistent processing of the generative model of z, (i.e. G,(x|@)) available
to the deliberator, for the future data. Since in the distributional pools, all pds have
the same nature i.c. all are predictors or prior pds. This property of distributional
pools does not allow the deliberator share their parametric model of z. Notice that
in the literature i.e. [35,36], a parametric model of z is inconsistently adopted for
pooling multiple priors of the same parameter. This is inconsistent because the
parametric model is externally adopted which does not belong to any node. the
deliberator’s model does not exist. Instead, Zy’s task is merging pds provided by
participants. Therefore, these approaches do not have the capacity of uncertainty,
where the processing of future data is impossible due to the lack of the deliberator’s

parameter model.
3. The lack of a principled design of weights.

We will show that the adaptation of the centralized DM scheme using FPD with a parametric

deliberator is going to solve these issues in a successful way.
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4.2.2 FPD for distributional design in MPS

Similar to distributional pools, FPD [17] exploits KLD as a ranking rule. However, this is
quite different from distributional pools, because one objective function (i.e. one KLD) is
minimized in FPD, while in distributional pools, a weighted combination of KLDs with
unknown weights is minimized. Also, in FPD, an ideal pd is explicitly and consistently
proposed as the origin of the set of parameter pds—which true pds of parameter are
ranked with. But there is not such possibility in distributional pools. Recall that a
summary of properties of FPD is presented in Section 2.5. FPD is exploited for MPS
i.e. [25,37,38,111], [48]. In particular, [37] uses FPD in the centralized DM scheme, designing
the deliberator’s parameter prior in the special case of discrete pds (i.e. multinomial pd).
Reference [38] proposes a decentralized DM scheme for merging multiple multinomial pds
using FPD. In both [37,38], weights assignment is underlying the numerical approximations.
Reference [111] adopts a decentralized DM scheme for merging multiple pds using FPD.
Reference [25] heuristically adopts FPD for merging the external predictive pds, where
again, no formal design of weights is proposed. We note that [25,111] propose a heuristic

and informal way of weights assignment.

4.2.2.1 Limitations of available FPD in MPS

The main limitations of the available FPD approaches are as follows.

« available FPD methods do not provide an axiomatic and tractable design of weights

in the optimal design of parameter prior.

o FPD has been widely studied in decentralized scheme, however employing FPD yet
to be adopted for the centralized scheme is not widely. To authors, the published

research on centralized merging via FPD is [37]

We here adopt a parametric deliberator-based model of z—which quantifies the uncer-
tainty in the deliberator node— and employ the centralized DM scheme of distributional
design using FPD. The deliberator is a Bayesian moral (i.e. empathetic) decision maker,
who bound their own expectation of the expected loss suffered by each participant. This

will be fully explained in Section 4.3. The moral deliberator process pds into a FPD-optimal
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design of the parameter prior. Recall that in FPD, we employ only one KLD to rank
the set of possible parameter priors to an explicit ideal pd of parameter. This provides
a consistent and unified structure for merging the stochastic knowledge. We note that
this is the extension of the available FPD method with centralized DM scheme i.e. [37]
to the continuous case with a finite-dimensional parameter. The FPD-optimal design of
parameter prior acts as the prior for the deliberator’s generative model of z (i.e. Go(z|@)).
In particular, we employ this optimal parameter prior using Bayesian calculus to deduce the
FPD-optimal predictor , Go(x|@). This optimal predictive pd is employed for processing
future data. The proposed FPD here is the adaptation of the parameteric hierarchical
FPD item 1 in Remark 2.3.2. Notice that this is the specializetion of the (nonparametric)
hierarchical FPD optimal design [19] to the parametric deliberator model. Also, this is the

first time which we apply this for continuous pds in the centralized scheme for MPS.

4.3 Knowledge definition and modelling

We propose a system involving s + 1 nodes (s > 1), s of them (i.e. Z;...,Z;) are
participants. Each participant independently contributes a known pd of the same z, i.e.
Gi(z) =G, l=1,...,s. The extra (i.e. (s + 1)st) node is the deliberator, Zo—receive
these pds from the s participants, and also contribute their own parametric pd of z, i.e.
Go(z|6, K) = Gy, conditioned on their aggregate knowledge, K. Here, 8 € © is Zy's
finite-dimensional, unknown parameter, modelled hierarchically by Zy, as defined next.
We note that z|Gy 2 x|, where £ denotes equality in pd. Zy adopt FPD methodology
to merge G;, | =1,...,s and Gy(z|0, K) = Gy, leading to an optimal design of the Zy’s
parameter prior. This prior can then be used to express their uncertainty in the parametric
model. Also it will be used to predict z, as explained in the sequel. Zy’s knowledge, K,
is specified below. Hereinafter, we will suppress the notational dependence on K of Zy’s
model factors, e.g. Go(z|0, K) = Go(z|@). In the context of this Chapter, participants are
forced to approximate their pd, G;(z), with Go(z|6) imposed by Zy, and so their expected
loss is D [G)||Go(.|@)]. As a moral deliberator, Z, impose an upper bound on the expected
loss related to each participant, which will be presented in item 3 of the knowledge K

defined as follows:
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Definition 4.3.1. (Knowledge, K, processed by the parametric moral delibera-
tor, Iy, in FPD). Iy, and Z;,l = 1,...,s, model a common unknown quantity, x. Iy’s

knowledge, K, comprises the following elements;

1. a known parametric form, Go(z|@), of model for x, conditioned on the unknown,

finite-dimensional parameter, 6.
2. known pds, Gi(x), | =1,...,s, reported independently to Iy by the s participants.

3. Iy’s parameter pd, A(B|K), confined to the following set:
A€ Ax = {A(O|K) : Eak) [D[GI||Go(.10)]] < B, L=1,...,8} #0. (4.10)

Here, ; > 0 bounds Zy’s expectation of the expected loss suffered by the I""-participant
when Go(z|@) is imposed on them. A lower choice of [ expresses Iy’s greater
confidence in the I"*-participant. B = {B1,...,Bs}" is known to Iy, and therefore

forms part of their knowledge.
In the following, Zy’s model of (z, @), conditioning on available K, is defined as follows.
Definition 4.3.2 (Z’s joint model of unknowns). Let M be Zy’s joint pd of x and @,

and let A be their (hierarchical) parameter prior pd of 6. Then, using the chain rule:

M(z,0|Go, A, K) = M(z|0,Go, A, K)M(6|A, K)
Go(z]0)A(0]K). (4.11)

|

7y’ specify their joint ideal pd of (z,8) as follows,
M (z,0|Gy, Fr, K) = Go(z|0)F;(0|K). (4.12)

Notably, Go(z|@) is not the variational pd in (4.11) and (4.12). Also, the pd of z in the
joint true and ideal models is the same. Therefore, the only variational quantity in the
joint model (4.11) is A(0|K).

No unique solution for M(.) (4.11), in particular A(.) is available. Since, M(.) is

incomplete model. Instead, Zy, ranks all possible parameter pds, A(.), consistent with their
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knowledge, K (Definition 4.3.1), to ideal parameter pd, Fj(.), using FPD. The definition
of the FPD principle (2.14) for processing K in Definition 4.3.1, into an optimal design of
A(0|K)—being the only free factor in Zy’s model (4.11)—is therefore as follows:

Definition 4.3.3 (The FPD principle for the parameter pd). Using (2.14), the
FPD-optimal design of Zy’s parameter pd, A(0|K), is defined as

A°(0|K) = arg min D[A||FY], (4.13)
A€Ak
where F is the ideal parameter pd and Ak is the variational space of A(.), constrained
by K (Definition 4.3.1).

Z,’s parametric model (Definition 4.3.2) is hierarchical, via the parameter prior pd,
A(0|K). However, it is not a fully relaxed, nonparametric hierarchy, in that the deliberator
assumes knowledge of the parametric form of their model for z, i.e. of Go(z|@) (item 1 of
K, in Definition 4.3.1). This allows z to be continuous—extending the contexts in [37,38],
while avoiding the technical difficulties of optimally designing a nonparametric prior pd.
FPD for a nonparametric prior is addressed in [19], but not in a multiple participant
context. The following lemma proposes the FPD-optimal design of the parameter pd, i.e.

A°(B|K), in Definition 4.3.3, when processing knowledge, K, specified in Definition 4.3.1.

Lemma 4.3.1 ( Zy’s FPD-optimal design of the parameter pd). The solution of
(4.18), when processing K (Definition 4.3.1), and underlying the regularity conditions,

D[G||Go(.|10)] < o0, 1=1,...5, (4.14)
is as follows:
A°(O|\, K) x Fi(6|K)exp {— Zs: ND [G'z||G0(.|0)]} . (4.15)

A = A(PB) is a vector of non-negative Kuhn-Tucker multipliers, \;, | =1,...,s.

Proof. D[A||F}] (4.13) is a convex function of variational A in the convex set, Ag (4.10).

Therefore, the minimizer exists, and it minimizes the following Kuhn-Tucker functional:
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L(A, Fr,\) = L(4,)\)

A(O|K &
= /A(0|K)1 F,((0||K)) de + ; M{Ea@ik) [D [Gil|Go(.10)]] — Bi}
= /A(9|K) log O dd —logc(A) — Z A
oy F1(01K) exp {— X, D [Gi]|Go(.10)]} =1
= D[AHAO] lOg Z/\[ﬁl,
(4.16)
where A°(@|\, K) is given by (4.15), and
/F; 0|K) cxp{ Z MD (G| Gof. |9)]} df < oo (4.17)

normalizes this pd. Using the properties of KLD, A°(@|A, K) is therefore the unique FPD
minimizer defined in (4.13). Using the complementary slackness [137] property of convex

optimization, it follows that

/\[ C[(/\) == 0, = yooey S, (418)

where Cj(A) = Eao0)a, k) [D [Gi||Go(.|0)]] — Bi. Complementary slackness guarantees that
the Kuhn-Tucker multipliers, A(3), are unique, with either A\;(83) > 0, s.th C;(A) =0 (i.e.
those cases where the constraint is active), or else \(8) = 0, s.th C;(A) < 0 (inactive

constraint). O

The key computational task implied by Lemma 4.3.1 is the evaluation of the optimal
Kuhn-Tucker multipliers. More specifically, the processing of the specified bounds, 8 (item
3 in Definition 4.3.1) via the unique, deterministic mapping, 8 — A is the computational
challenge. This is highly intractable, but the following remark specifies the general

procedure.

Remark 4.3.1. (Computation of A = X(B)). Following Definition 4.3.3, the optimal
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Kuhn-Tucker multipliers—denoted by X° are:

A= argm}%nD [A°||Fr] subject (by (4.10)) to
EA0(0|,\,K)[D(GZHGO(-le)] S ﬂ[, l = 1, vony S (419)

Equivalently, this requires the unique solution, in X\, of the following system of non-linear

equations:
0 A°(B|\ K) g _ . T
a/\l EAD(9|'\»K)[1Og F[(O'K) + ]gl )\] {D [G]”GO(‘O)] 51}] e Oﬂ
a S
5}\;[— log(c(A)) = Y_AiBil =0, 1=1,..,s (4.20)
j=1

We note that solving (4.20) generally does not lead to an explicit solution of A° (except for

some special cases). Therefore, numerical techniques is required i.e. [38].

A further challenge is the requirement for Zy to specify upper bounds, 8, on expected
KLDs, as part of their knowledge, K (Definition 4.3.1). Recall that (4.6) provides the
empirical design of 8. Using that, Zy respect more (smaller ;) those participants which
cluster well among the set of participants. Also (4.7) can be used as an empirical design of

A. Notice that using (4.7), we no longer need to employ Remark 4.3.1.

4.3.1 FPD-optimal design of the deliberator’s predictor

In many MPS, the aim is to construct an optimal predictor, G§(z|K), after merging the
participants’ knowledge [64,138]. The following remark adopts standard Bayesian calculus
to constuct this predictor, consistent with the FPD-optimal parameter prior (4.15).
Remark 4.3.2. ( Z,’s FPD-optimal predictive pd) Adopting A = A° (4.15) in Iy’s
model (4.11), then Iy’s FPD-optimal predictor, G, is deduced by marginalization over 6.
It follows that

GOO(CL’lA,K) = EAo(g|,\,K)[G0(Il0, K)] (421)

Figure 4.4 shows the schematic diagram for processing K in Definition 4.3.1. Then,

Ty’s optimal predictor is deduced using Bayes’ rule and applying marginalization.
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Figure 4.4. Schematic diagram for processing K (Definition 4.3.1) into the FPD-optimal design
of the moral delibrator (4.15), then deducing their optimal predictor. Here, [ denotes the
marginalization operator.

There is no uncertainty associated with the functional form of the FPD-optimal predictor
(4.21). This is because Zy’s hierarchy (Definition 4.3.2) is parametric, with known functional
forms. If an unknown nonparametric model (2.18), had instead been adopted a priori, the
FPD-optimal prior would necessarily be nonparametric, furnishing predictive uncertainty.
This will be addressed in future work, using Definition 2.3.3, as an established theory of
nonparametric, hierarchical FPD developed in [19]. The FPD-optimal parameter prior
pd (4.15) furnishes uncertainty in respect of Zy’s parametric model, z ~ Go(z|@). An

optimal choice, Go(|@), requires a criterion for estimation of 6 ~ A°(8|X, K) (4.15). The
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expectation, i.e.

0 = Eo00. 5[0, (4.22)

is justified as the minimum Bayes’ risk estimate under many loss function choices [14, 61].
More importantly, A°(@|X, K') (4.15), allows to exploit (Monte Carlo) randomization [61],
yielding the random sample, 8% ~ A°(4|A\, K), i = 1,2,.... Then using (2.34), we can
approximate (4.22) or (4.21)—to arbitrary accuracy—the integral in (4.21) with a simple
sum, and eliminates the need for the (potentially difficult) optimization yielding the
estimate, 6 or G§. Recall that pooling approaches (4.2) and (4.4) do not provide this
strategy for evaluation of (4.21). In the following, we wish to compare the structure of our

predictor (4.21) to the logarithmic pooling prediction.

Remark 4.3.3. (Relationship to the logarithmic pool). The FPD-optimal design,
A°(@|\, K) (4.15), involves a geometric mean of participant-indexed Gibbs-type pds [19],
with weights, A;. It can be seen as an FPD-optimal parametric extension of the logarithmic
pool [34] of the participants’ contributed pds given in (4.4). FPD replaces this with (4.21),
i.e. the geometric mean is replaced by an optimized infinite mizture of parametric observation

models.

A special case of Lemma 4.3.1 arises when z is finite-state (discrete) and Go(z|0) (4.11) is

multinomial, with @ = p, as explained in the following Corollary.

Corollary 4.3.1 (of Lemma 4.3.1: quantization of z). Let z € X = {vy, ..., vn}, then

Go(2]0) = Go(z|p) = Mu.(1,p) = p,
b= {pka k= bs . >m} € Am—17 (423)

where Mu denotes the multinomial probability mass function (pmf) and A,,—; denotes the

open probability simplex of dimension m — 1 [189]. Also,
G=p={pk, k=1,....m}elAp_1, l=1,...,s, (4.24)

where p; is defined on the same set, X, and p = Pr;[x = vy are known. Adopting these
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assignments in (4.15), the FPD-optimal design of A(p|A, K) is

AP\ K) o Fi(p|K) exp{—ix,mplnp]}

=1

M s
= Fi(p|K) H €xXp {— Z Aipuk log &E}
k=1 =i Dk
- Yoo APk
< Fi(p|K) [ pi= """ (4.25)

k=1

A°(p|A, K) (4.25) is a Dirichlet pd [55,61] if F;(p|K) is Dirichlet, a result which was derived
in [37] (using Kerridge inaccuracy instead of KLD) and [38]. Consider Z,’s parametric
observation model, Go(z|@) (4.11), under a quantization operator [139], @ : R — X:

Go(z]0) 2 Mu,(1,p) (4.26)

i.e. the pre-image of X under @ is a partition of R. Therefore (4.25) specializes the FPD-
optimal design (4.15) under @, and consistent with the parameter transformation in (4.26).
Therefore, (4.15) can be understood as the extension of the quantized design—available

in [37]—to FPD for non-quantized parametric models.

4.3.2 Functionally tractable FPD: exponential family

In this part, we are interested in finite-dimensional representations of the FPD-optimal
design of parameter pd, A°(@|A, K) (4.15). An important such case arises when A° is a
member of the conjugate ezponential family (CEF) [61]:

A0(0|A,K) = AO(0|V,\,V,\)
o< [a(0)]* exp[(#(6), V). (4.27)

Here, the shaping parameters, {V x, v}, are fixed, finite-dimensional functions of A, and
therefore, of the knowledge objects in K (Definition 4.3.1). These are combined with
kernels, a(@) and ¢(@), and via an appropriate scalar product, (-, ), in the manner specified
in (4.27), and all quantities have compatible dimensions. The form (4.27) is very important

for sequential processing of data, as expressed in Chapter 3. If adopted by the deliberator.
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then future sequential observations, z; S Go(x;]0),i=1,2,..., are projected invariantly
into finite-dimensional statistics if Go(-) has the associated exponential family form [61].
The following lemma provides sufficient conditions under which the FPD-optimal design,

A°(B|A, K), achieves the (CEF) form (4.27).

Lemma 4.3.2 (CEF-FPD-optimal design of A(8|\, K)). Sufficient conditions under
which the FPD-optimal parameter prior (4.15) achieves the conjugate exponential family
(CEF) form (4.27) are as follows:

1. The deliberator’s parametric pd, Go(z|@) (Definition 4.3.1), is an exponential family
member, as follows:
Go(z]0) = a(0)b(z) exp[(4(0), d(z))]. (4.28)
Also, Eg,[log(b(z))] < oo and Eg,[d(z)] < oo, I = 1,...,s, where the G, are the
participants’ pds (item 2 of K, in Definition 4.3.1).

2. F1(0|K) (Definition 4.3.1) is chosen conjugate to Go(z|@), i.e. with the CEF form
(4.27).

Proof. By definition of KLD (2.2.1),
D[G[|Go(.10)] = Eg,[log Gi(2)] — Eg,[log Go(x|6)]. (4.29)
Substituting (4.28) into the final term (4.29), and noting that Eg, is distributive across
<'1 >
D [Gi||Go(.|6)] = Eg,[log Gi] — Eg,[log(b(z))]
— log[a(8)] — (#(8), Eg, [d()])- (4.30)
Substituting (4.30), VI, into the FPD-optimal parameter prior (4.15):

A(OINK) = = P01 a(0) T exp {<¢<e), z MEo, [d(x)]>} s

Imposing the condition 2 above, then (4.31) has the CEF form (4.27), with shaping
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parameters,

Vi = VI+3 NEgld(2)], (4.32)
i=1

Uy = I/I-f-Z/\[, (433)
=t

where {V! 1/} are the shaping parameters of F;(0|K).
O

Notice that the CEF-FPD form (4.31) suggests a class of Z’s parametric model where
the FPD-optimal design (4.15) is functionally tractable. Also, Remark 4.3.1 proposes a

guideline for processing K into the Kuhn-Tucker multipliers, A = A(8) (4.15), by FPD.

Nevertheless, in general, A are computationally intractable due to the lack of explicit
mapping function. In the following we provide a special case where A are computationally

tractable.

4.3.2.1 An illustrative example: the normal case

In this part, we aim to implement the FPD-optimal predictor (4.21) into the normal

example. Let Z;, [ = 1,...,s be normal participants, each modelling z € R:

Gi(z|n) = No(,m), L=1,...,s, (4.34)
where all the participant-specific shaping parameters, n, = (w, ), | =1,...,s, are known.
Zo adopts

Go(z|0) = Go(z|a) = N(a,r), (4.35)

where @ = a is an unknown mean and r is a known variance. Assuming Fj(a|K) be a diffuse
Normal, then the conditions (Lemma 4.3.2) for achieving CEF form of the deliberator’s

FPD-optimal prior design are satisfied. In this case, (4.31) specializes to the following:

A°(a|K) = Na(p°r°), (4.36)
Zf:l/\l/ll
pt =
j=1)‘j
W = Bl Ll
;:1/\1‘
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Notice that the optimal Kuhn-Tucker multipliers, A is computed as follows. Substituting
(4.36) into the constraints (4.19) (i.e. into the nonlinear system (4.20)), and summing over

[. leads to
AT{b— AX} =0, (4.37)

where

b=rsl,

(here, 1, is a column vector of 1’s; of length s), and

A= (QZ,ul)lsuT — spupu’

=1

+ISIZZ (rl + ui +rlog AT 27‘51) :
1=1 ni

(4.38)

Using complementary slackness (4.18), the optimal Kuhn-Tucker multipliers, A, are
deduced tractably as:

A° = max{0,, A~'b}, (4.39)

where max is applied clementwise. Finally, adopting (4.36) as the optimized prior and

using Go(z|a) = N(a,r) to (4.21), Z,’s FPD-optimal predictor is

Go°(z|K) = No(p%,r° + 1) (4.40)

4.4 Comparative Performance Evaluation under Sim-
ulation

We now examine the form and behaviour of the deliberator’s FPD-optimal design of

parameter prior pd (4.15) in simulation.
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Figure 4.6. Zy’s predictor, Go°(z|K) (4.40), compared with the participants’ pds, G;(z), for
s = 5, with shaping parameters averaged across M C = 100 runs in all cases. Normal case with

gaee= L

4.4.1 The hierarchical property of the FPD-optimal design (4.15)

For computational convenience, we consider the normal deliberator /participants case of
Section 4.3.2.1. We simulate the normal participants’ pds, independently drawing r; ~
iG(2,1) (where iG denotes the inverse Gamma pd), and py|r; ~ N(0,7;), 1 =1,...,s = 20,
in each of MC = 1000 runs. We design the simulation with Zy’s variance being r = 1 In
Figure 4.5, we plot Zy’s FPD-optimal design, A°(a|K’) (4.36), for each of these runs.

Zy’s FPD-optimal predictor, Go°(z|A, K) (4.40), is then computed in the case where
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Figure 4.7. Comparison of Zy’s predictor, G§(z|K) (4.40), and the logarithmic pool, G§(x)
(4.4), in terms of the participants’ expected loss (i.e. D[Gi||G]] and D[G,||G}]). The s = 20
participants are in the order of increasing ;. Normal case with r = 1.

s = 5, and for each of MC = 100 runs. In Figure 4.6, we illustrate the predictor with
shaping parameters averaged across the 100 runs. For comparison, we also plot the
participants’ contributed pds, Gy(z), I = 1,...,5, for the averaged shaping parameters of

the respective participants.

4.4.2 Optimal design of the Kuhn-Tucker multipliers, A

Next, we simulate the FPD-optimal design of the Kuhn-Tucker multipliers (weights), A’
(4.39), associated with the participants, in the tractable normal case (Section 4.3.2.1). We
manage the simulations in the same way as in Section 4.4.1, and use KLD as a measure
of performance. In Figure 4.7, we plot both D[G,||G§] and D[G,||G{], where G{(z) is the
logarithmic pooling predictor design (4.4) with uniform weights. We plot these quantities
against the participants’ index, [ = 1,..., s, ordering the latter from lower to higher values
of ; (4.10) (higher to lower confidence of the deliberator in the respective participants). We
find that those participants with lower ;s have lower KLLD, as the moral deliberator expects.
Furthermore, Zy’s FPD-optimal predictor design (4.40) outperforms the uniformly-weighted
logarithmic pool design (4.4).
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Figure 4.8. Comparison of Zy’s G§(z|A, K) (4.40) and G§(z) (4.4) in terms of weighted KLD
(4.41), as a function of the number of participants, s. Normal case with » = 1 and w; = %

In Figures 4.8 and 4.9, we illustrate the weighted KLD (WKLD), defined as follows:

WKLD = iwlD[GlH - . (4.41)
=1

In Figure 4.8, uniform weights, w; = 1, are used in (4.41) to compare Zy’s FPD-optimal
predictor design to the logarithmic pool, as a function of the number of participants, s
(4.4). This figure shows that the logarithmic pool has an increasing trend (i.e. diminishing
performance), while Zy’s FPD-optimal design does not. Furthermore, Zy’s FPD-optimal
design outperforms the logarithmic pool for all values of s. In Figure 4.9, we use w;, =
fofa_g (4.7) in (4.41). In this case, WK LD increases with s for the logarithmic pooling
predictor design, but decreases for the FPD-optimal design. The FPD-optimal design

outperforms the logarithmic pool for s > 5.

4.5 Discussion

The simulation results of Section 4.4 demonstrate that the FPD-optimal predictor, Go°(z|A, K)

(4.21), outperforms logarithmic pooling for a range of operating conditions. Furthermore,
the FPD-optimal parameter pd (4.15) can be arranged to belong to the conjugate ex-
ponential family, yielding functionally tractable algorithms for sequential processing of

dynamic data. Lemma 4.3.2 restricts the class to which Gy(z|@) must belong, if this is to
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be guaranteed. In the next Chapter, we will explore richer classes which also yield this
property, in particular mixtures of the participants’ pds, i.c. Go(z|a,0) = ), agi(z),
where v € A,y are probabilistic which will be designed via FPD.

The FPD-optimal design (4.15) is functionally tractable for a rich class of Z’s parametric
model i.e. (4.28), however they may not be computationally tractable. This is because
processing of K, in particular B (as the part of knowledge), into A (4.20) is highly nonlinear
(Remark 4.3.1). Therefore, numerical manipulations are required. Some possible solutions
will be expressed in Chapter 8.

The parametric hierarchical continuous model adopted by the deliberator (which extends
the discrete case reported in [37,38]) enjoys the usual advantage of Bayesian approaches in
that uncertainty in the deliberator’s knowledge, Go(x|@), is quantified, after merging, via the
FPD-optimal parameter prior, A°(@|A, K) (4.15), while also yielding the optimal, consistent
predictor, G§(z|A, K) (Remark 5.3.2). A practical way to report the uncertainty in Go(x|0)
is via random draws from the FPD-optimal prior: 8% ~ A°(@|X, K), i = 1,2,.... The
randomized deliberator parametric model, Go(xle(i)), i=1,2,..., can then be reported.
This also circumvents the problem of intractable normalizing constant of (4.15) (i.e.
intractable forms of A?). Also, as discussed in the comments following Remark 5.3.2; this
can provide a convenient alternative to computing an estimate, 9, and it replaces the

integral in (4.21) with a sum. The FPD-optimal parametric hierarchy of the deliberator
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(Lemma 4.3.1) remains sensitive to the model choice, Gy(z|@), and forms an important
part of Zy’s knowledge, K (see item 1 of Definition 4.3.1). Indeed, the nature of z will
often justify the choice of Gy, such as in the Normal case of Section 4.3.2.1. Nevertheless,
important progress will be made when the parametric form can be fully relaxed to a
continuous nonparametric form, @ = Gy, so that z ~ Gy(z), where Gy(x) is now a
functionally unknown (i.e. nonparametric) pd. A possible direction for exploration of this
task will be explained in chapter of the future work. In our scheme, each participant
provides their knowledge of z to the deliberator in the form of their local predictor, g,(z)
(see item 3 of Definition 4.3.1). This allows for distributed processing of local data into these
respective predictors, leading to major savings in communication with the deliberator. For
instance, in linear-Normal modelling of z by each participant, only the shaping parameters
(mean and covariance) of the Normal (or, more generally, the Student-t) predictor need
be reported to the deliberator. In future work, we will derive the specific solution for
autoregressive participants.

While our deliberator-based (centralized) scheme delivers this advantage of distributed
processing by local participants, the deliberation (i.e. decision-making) itself is confined to
the deliberator, by definition. This may lead to scalability problems [29] in cases where
the number of participants, s, is large. There is also concern about vulnerability of the
overall system to deliberator node failure [109]. In order to overcome these problems, the
participants—particularly in large-s cases—can be grouped, each group being moderated
by a local deliberator. The current framework can then be adoped by each group, with
each group’s deliberator reporting their local FPD-optimal predictor (4.21) to the (global)
deliberator, for final deliberation. Recursive FPD schemes such as this allow local inter-
actions between participants to be considered, particularly when local deliberation is fed
back to the participants in a closed-loop scheme. Another option is to introduce a group
label, @ — {0, L = [}, into the deliberator’s hierarchical model, allowing the deliberator
to optimize their model for heterogenous groups of participants. Ultimately, a global model
of interaction between the participants and deliberator needs to be considered, as a formal
means of achieving a fully distributed deliberation scheme, with local interactions modelled
via a Markov random field [140].

The solution presented in this Chapter is a static, open-loop one, involving a single
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invariant unknown, z. The framework can be extended to the dynamic case, involving
modelling of a discrete-time random process, x;, i € Z. In particular, we will show in future
work how the deliberator’s FPD-optimal inference may be fed back to the participants
as a prior for their (conjugate) processing of local data, !, | = 1,...,s, achieving an

FPD-optimal, closed-loop, Bayesian distributed filtering scheme.
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Chapter 5
Multiple participant processing: external pre-

dictors

In this Chapter, we aim to process the probabilistic knowledge involving multiple participant
predictors in the centralized deliberator-based scheme. The knowledge here does not involve
the constraint 3 of K in Definition 4.3.1 which makes them quite different. This knowledge
is formulated in Section 5.1. Processing K in different ways will require the specification
of different ideal pds and consequently leads to different FPD solutions. Therefore, the
ideal specification and the FPD solutions in this Chapter are totally different from those
presented in the previous Chapter. In particular, here we process the same knowledge (in
Definition 5.1.1) in three different ways yielding three different FPD solutions. We are

going to distinguish these different FPD solutions as follows:

1. FPD-optimal merging with augmentation (FPD-A): in the first way of merg-
ing participants’ predictors, unknown parameters, 6, are augmented by the label of
participant. This yields Zy’s FPD-optimal merging with augmentation which will be

presented in Section 5.2.

2. FPD-sequential merging (FPD-S): the second way is merging participants’ pre-
dictors in a sequence. This way yields Zy’s FPD-sequential merging which will be

presented in Section 5.3.

3. FPD-optimal merging with restriction (FPD-R): the third way is processing
of participants’ predictors where the knowledge-constrained set is restricted to the
linear mixture of participants’ predictors. This yields Zy’s FPD-optimal merging with

restriction (FPD-R) which will be presented in Section 5.4.
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Notably, we specify the ideal pd differently for different ways of processing K in each Section.
The first and third ways are one-batch processing (i.e. processing multiple predictors using
only one KLD), while the second way is the sequential processing of participants’ predictors.
Recall that the main limitation of the proposed FPD-moral deliberator in Chapter 4 is the
lack of generally tractable design of weights. Zy’s FPD-A as our primary FPD solution,
provides a principled design of non-uniform weights which is evaluated tractably and
axiomatically for a rich class of Zy’s parametric pd of . The designed weights derived
from the FPD-optimal prior will be used for computing the optimal predictor via Bayesian

calculus.

5.1 Knowledge definition and modelling

In this section we define K in the way which is totally different from the knowledge in
Definition 4.3.1. In particular, we relax the constraint 3 of Definition 4.3.1 such that
the knowledge-constrained set, Ay is not confined to the bounded expectation of KLDs.
Instead, The deliberator believes that one and only one of the participants will be accepted
for designing of the prior of 8. We wish to design them optimally. For this reason, let L
be an uncertain proposition which is treated as a random variable. The realization L = [
implies that we will choose the ["— participant from s possible participants in order to

learn about 6. Zy’s augmented set of unknowns is:
(z,0,1) e Xx O x {1,---,s}. (5:1)

Therefore, Zy’s knowledge is defined as follows.

Definition 5.1.1. (Z,’ Knowledge, K, without bounded expectation of KLD ).
Ty, and I;,l = 1,- -+ , s, model a common unknown quantity, being the random variable, x.

To’s knowledge, K, comprises the following elements;

1. a known parametric form, Go(z|@), of their model for x, conditioned on the unknown,

finite-dimensional parameter, 6.

2. known pds, Gi(z), | =1,--- s, are reported independently by the s participants to
1.
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3. no special constraints are placed on s variational quantities i.e. A(0|l), [ =1,---,s,

nor on pmf P(l) € As_;.

Ty'’s joint model of augmented set (5.1) is defined as follows.

Definition 5.1.2 (Zy’s joint model of unknowns). Let M be Z,’s joint model of (z,0,1).

Then, using the chain rule:
M(z,8,1|A, P,K) = M(x|0,1, A, P, K)M(6]l, A, P, K)M(|A, P, K) (5.2)

O

After knowing K, Z, specify their joint ideal pd of the augmented set (5.1) as follows:

M(z,0,l|F;, P;,K) = M;(z|0,l, F, P, K)M;(8|l, F1, P, K)M;(l|Fy, P, K)
= Go(z|0)F(0|l, K)P(l|K), (5.3)

where F; and P; = P;(l|K) = w;; denote the ideal (pre-prior) pds of @ and [ respectively.

Also the following assumptions are adopted:

o 7, replaces their parametric model of z, with ["— participant’s predictor, knowing [.

It means that Zy model z independent of @ conditioning on G;(z):

M(z|0,l, A, P,K) = Gi(x). (5.4)

» By the usual conditional independence property of hierarchical model A:

M(8|l, A, P, K) = A6, K). (5.5)

» By the definition of model P:

M(l|A, P,K) = P(I|K) = w,.
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Therefore, Zy’s hierarchical model (5.2) becomes:
M(z,0,l|A, P,K) = G|(z)A(0|l, K)P(l|K) (5.6)

We note that the joint model (5.6) involves s+ 1 variational quantities, i.e. s of them are
A =A0|,K), l=1,...,s, and one of them is P(I|K). For this reason, M is not unique
and we use the joint ideal pd (5.3), to rank M € Mg, using KLD via FPD methodology.

5.2 FPD-optimal merging with augmentation (FPD-
A)

In this section, we aim to derive the FPD-A of parameter prior, i.e. A°, through processing
K in Definition 5.1.1. For this reason, we exploit modelling assumptions (5.3) and (5.6)

and define FPD principle for the model of unknown set (5.1) as follows.

Definition 5.2.1. (FPD principle for joint parametric pd) The FPD-optimal design
of unknown M — denoted by M°, when processing knowledge, K (Definition 5.1.1) is given
by the following:

M° = argMIélIiJ}K D[M||M;]. (5.7)

Recall that M denote the model of augmented set (5.1). Notably the only variational

quantities are A, and P in (5.7). Notice that (5.7) is a step-wise minimization,

o . .
A{P® = argmin (argArlréglKD[AzPllﬂ,IPID, (5.8)

The following lemma proves that a tractable FPD-optimal solution of augmented model

(5.6) is implied by the knowledge specified in Definition 5.1.1.

Lemma 5.2.1 ( FPD for Zy’s hierarchical model of unknown, processing K, in

Definition 5.1.1). The solution of (5.7), when processing K in Definition 5.1.1 underlying
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the regularity assumptions:

D[GI||Go(|0)] < o0, I=1,:--s, (5.9)
is as follows:
M°(z,0,1|A°, P°, K) = G,(z)A°(8]l, K) P°(I|K) (5.10)
where,
A°(0|l,K) o Fr(6]l,K)exp{—D [Gi||Go(.10)]}, (5.11)
o /@F,(eu,K)exp{_D[G,uao(.m)]}da (5.12)
Pe(lK) = ERlE o = wyf (5.13)

Yi=1 Pr(j|K)ca

Proof. Substituting (5.3) and (5.6) into (5.7),

B Gi(z)A(O|l, K)P(I|K)
DIM||M;] = ;/x@ [m GO(;w)Fl(OMK)PI(”K)JG,(z)A(ou,K)P(uK)dme

2 i L [D[Glnco(.wmm( s ?I;(llﬁg)ﬂA(OIZ,K)P(ZIK)dG
(

2 }:/[ [Gi||Go(.|0)] + In ( (?9||lz ];{))) +1n ( iﬂ'@)} (0|1, K)P(l|K)do

- g{/@ln <%) A(Ol, K)d8 — In co + In g((lzlyf( )} (I[K)
LR {D[A,HA;’] —Incg +1n (P,((lllfl(()))}P(”K)

f=1
. g g i e P(l|K)
= ED[AzHA,]P(MK)—F;{ Incao +1 (P](”K)>}P(I|K) (5.14)

By the properties of KLD, the first term on the (RHS) of (5.14) achieves its minimal value
of zero if A(0|l, K) = A°(0|l,K), l=1,...,s, where A} is given in (5.11). Therefore, using

step-wise minimization, the FPD optimal design of P is achieved by minimizing

g{—ln Ca? +In (1133]((?'};)))}})(”}() i D[PHPO] — In cpo. (515)
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Therefore (5.14) achieves its minimal value if P(I|K) = P°(l|K), where P is given in
(5.13). Inserting (5.14) into (5.7), the FPD-optimal design of M is M° (5.10). O

Notice that we aim to deduce the FPD-optimal design of A(8|K) using M° (5.10). For

this reason, we marginalize M° (5.10) over [ and z as follows.

Remark 5.2.1. (FPD-A of parameter prior.) Using the FPD-A of components
(5.11) and weights (5.13), the FPD-A of A(B|K) is, by marginalization of M° (5.10) over

[ and z,
A°6|K) = IX:E/XM"(-x,G,HA",P",K)dx
=3 zs:w;’A"(HH,K), (5.16)
1=1
i.e. A° is the mizing pds. O

Remark 5.2.2. (Interpretation of FPD-A of parameter prior (5.16)) The FPD-
A of parameter prior (5.16) might be interpreted as the optimal design of multi-channel
model, where the deliberator adopts the different ideal (pre-prior) pds (i.e. F;(0|l,K),l =
1,...,8). Then the I*" ideal pd is updated using the knowledge provided by I"*-participant
leading to the optimal local prior (5.11). Then Zy’s optimal prior of @ conditioning on K,

is tractably achieved using an optimal combination of these s local priors i.e. (5.16).

So far, we have updated multiple ideal pds (i.e. F;(0|l,K),l =1,...,s), to the optimal
prior pd (i.e. A°(@|K) (5.16)). Notice that A° (5.16) is the parameter prior pd for sequential
processing of data presented in Chapter 3 by Zy. Alternatively, in the following we are
interested in applying the optimal parameter prior (5.16) for achieving Zy’s predictor in

the optimal way.

5.2.1 FPD-A of the deliberator’s predictor

Here, we use the FPD-A of A(@|K), (i.e. A° (5.16)) to derive FPD-A of Zy’s predictor.

Remark 5.2.3. ( FPD-A of I,’s predictor)

Notice that x is generated from Iy’s parametric model, i.e.

z; ¥ Go(2]9), i=1,2,.... (5.17)
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According to standard Bayesian calculus (i.e. Bayes’ rule), Zy’s prediction is an infinite
mizture of observation model (5.17) and the optimal prior pd A°(0|K) (5.16). Alternatively,
it seems compelling to choose (as a predictor) a linear mizture of participants’ pd G(z)
w.r.t optimal weights (5.18). These two predictive designs are now formally defined. After
which we will specify when each should be used by Zy.

e FPD-A of I,’s predictor: Replacing Zy’s parametric observation model, i.e.
Go(z|0) with G,(x) in M° (5.10), and its marginalization over @ and [, it yields,

Go(z|K) = EAo[Go(fCIB)IK]
= Zw szl K) (5.18)
where,
GOzl K) = /@ Go(z]0)A°(0)1, K)dO (5.19)

e linear pooling prediction with the FPD-optimal weights: Returning to the

actual form of M° (5.10) and its marginalization over @ and | yields

S

w(zlK) = S uwf (5.20)

=1

where, wy is given in (5.13).

Now we explain the role of each predictor as follows:

+ Prediction in (5.20) is a linear pooling with tractable and consistent weights via FPD.

Using this prediction, we can understand the role of linear pooling. When Z, wishes

to predict the same z i.e. x, prediction structure (5.20) is applied.

o Alternatively, Zop may wish to predict a future observation i.e. z5. In this case, the

consistent prediction of z is the structure (5.18), in FPD optimal sense.
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The main difference between prediction (5.18) and (5.20) is the design of components.
In prediction (5.18), the components (5.19) must be an infinite mixture of observation
model (5.17) and the optimal prior A°(@|K’) (5.16). This structure allows us to consistently
process the Zy’s generative model of z, for the future data. On the other hand, the structure
(5.20) is simply an optimal merging of participants’ predictions. This structure does not
propose a consistent way of processing Zy's future data. Notice that there is no uncertainty
associated with the functional form of predictions (5.18) and (5.20). This is because
Ty’s parametric model, Go(z|@), conditioning on @ is functionally known. Notably, the
FPD-A of parameter prior (5.16) furnishes uncertainty in respect of Zy’s parametric model,
z ~ Go(z|0). Figure 5.1 shows the schematic diagram for processing K in Definition 5.1.1
into the FPD-A of parameter prior (5.16). Then, Zy’s optimal predictor is deduced using

Bayes’ rule and applying marginalization.

Remark 5.2.4. (Relationship to logarithmic pooling prediction). Notably, I, can
propose a logarithmic pooling prediction by empirically designing wi (4.4) with FPD-optimal
weight wy (5.13) as follows:

Ggo :EIK H[Gl (5.21)

CGoo |

where cgeo = [ TIi_,[Gi(z)] dz.

5.3 FPD-sequential merging (FPD-S)

Recall that the knowledge, K, is defined in Definition 5.1.1. Using modelling assumptions
(5.4) and (5.6), K constraints the possible set of models to M in (5.7). In fact, processing
the joint model M (5.6) via (5.7) implies one-batch processing of multiple participants’
predictors. In this section, we aim to employ the FPD-sequential processing (2.3.2) to
process the knowledge, K. For this reason, the sequence of knowledge (2.15) is specialized
to participant predictors, G;(z)s. In particular, K. involves G; to G;. The schematic
diagram of sequential processing is given in Figure 5.2. Processing knowledge in the

sequential way leads to different solution from FPD-A of parameter prior (5.16). The
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Figure 5.1. Schematic diagram for processing K (Definition 5.1.1) into the FPD-A (5.16), then
deducing their optimal predictor. Here, [g denotes the marginalization operator.

guideline for sequential merging is formulated in the following lemma.

Lemma 5.3.1 ( FPD-sequential merging of parameter prior). Using (2.3.2), thz

sequential processing of Kj,j € {1,...,s}, by Lo, yields the FPD-sequential merging of

A(O|K) as follows:

D

A°(0|K) o« Fi(OB|K)exp {—

8

l

[GlnGo(.w)J} |

(5.22)

where F(.) denotes the ideal pd conditioning on knowledge K, yet to be processed.
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Proof. The ideal pd F;(0|K) is specified as the pre-prior pd. Then we perform the following

steps:

1. processing K involving G; leads to,

A= A(B1K1) o« Fi(8]K)exp {~D[Gil|Gol.10)]}, (5.23)
cay = [ FOIK) exp{~D[Grl|Go(10)]}dB.  (5.24)

2. in this step, the optimal design A (5.23) takes the role of pre-prior for processing

K., which leads to,

A= A°(0|K12) o A°(6|K:)exp{-— D[GzllGo( 0)]}, (5.25)
= F(6K) e |- 3 DGilG(I0)]} (5.26)

=1
Cag = /F, 0|K) exp{ lz:D [G1]|Go(. |0)]} (5.27)

3. adopting the same strategy, the sequential processing of K in Definition 5.1.1 yields:

A° = A°(B|Kyy) = A°(O]K)
x A%8|K 1. 1)cxp{ D [Gs||Go(.10)]}

= Remen{-SoGIGUR 62
Cas = /F, 0|K) exp{ ZD [G4]|Go(. |0]} . (5.29)
O

Remark 5.3.1 ( Properties of the FPD-sequential merging (5.22)). The result
(5.22) is invariant w.r.t. the order of processing participant’ predictors and its functional
form is totally different from the FPD-A of parameter prior (5.16). Notably, for the case
where s = 1, they yield the same result which is also consistent with the result presented

in [26].

Using the FPD-S of parameter prior (5.22) and applying standard Bayesian calculus,
the FPD-S of Zy’s predictor is derived as follows.
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- Figure 5.2. Schematic diagram for sequential processing of K (Definition 5.1.1) into the
FPD-sequential merging (5.22), then deducing their sequential predictor. Here, [g denotes the
marginalization operator.

Remark 5.3.2. ( FPD-S of 1,’s predictor) Using A° (5.22), FPD-S of Zy’s predictor,

0, 18 computed as:

Go°(2|K) = Eaooix)[Go(2|6, K)] (5.30)

Recall that the FPD-sequential designs (5.22) and (5.30) do not provide non-uniform
weights for the participants. Therefore, as an extension of sequential design we need to
explore the other way of processing K in Definition 5.1.1 which allows us to optimally
design non-uniform weights.

Figure 5.2 shows the schematic diagram for sequential processing of K in Definition 5.1.1
into the FPD-sequential merging (5.22). Then, FPD-S of Zy’s predictor is deduced using

Bayes’ rule and applying marginalization.

5.4 FPD-optimal merging with restriction (FPD-R)

In this Section, we express the third way of processing the knowledge, K in Definition 5.1.1
where the knowledge-constrained set is the set of linear mixture of participant’ predictors.

Similar to the first way of knowledge processing in Section 5.2, this way is a one-batch
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processing, however it yields different FPD solution which we refer it as FPD-optimal
merging with restriction (FPD-R). This design can be considered as the extension of FPD-S
(5.22). Since it proposes a principled and non-uniform design of weights. For this reason,
we process the same knowledge, K, (Definition 5.1.1) and adopt a further assumption on

the joint model (5.6) as follows,

ABILK)= AB|K), l=1,...,s. (5.31)

Applying (5.31) into (5.6) and marginalizing it over [ yields:

M(z,0|A,P,K) = (i P(l|K)G,(m)) A(O|K)
=1
= (g lel(x)) AQ|K). (5.32)
Also, we specify the ideal pd as,
M;(z,0|F;,K) = Go(z|0)F;(0|K), (5.33)

Notice that we here do not specify different ideal pds for different participants— as we
did in Section (5.3). Instead, one ideal pd is specified to process K. FPD-R of parameter

prior is derived in the following corollary.

Corollary 5.4.1 ( of Lemma 4.3.1, FPD-R of parameter prior). Processing K
(Definition 5.1.1) and underlying assumptions (5.31)-(5.33), the FPD-R of A(B|K) is:

wO1K) o FO1K) exp {3 D (Gl Gl 10)]} (534

I=1

where, A = (X, ..., %), denote the FPD-optimal design of weights,

A= argmax Cao(w), (5.35)
where
Zwl = Z Ap = 1. (5.36)
=1 =1

Proof. Substituting (5.32) and (5.33) into (5.7),
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- 1lel 0
DIM||M;] = /XX@ [m (Zlco(xw)(ﬂ)()eleJ(Z“”G’ ) (0| K)dzd

/9 [D[g wGi|Go(.|6)] + In (FI((00||]I(()))J A(0|K)de

— D[A||A"] - In ca(w), (5.37)

where,
A1) o Fi6LK) exp{ -DIS wGHlGal19)]} (5.39)
ik /@F,(0|K)exp{—D[glelHGo(.W)]}d0, (5.39)

By the properties of KLD, the first term on the (RHS) of (5.37) achieves its minimal value
of zero if A(O|K) = A*(0|K). Notably,

Zlel IGO |0 ZleGl anw,Gl = ZleG,(z)[ln(G’o(:cw))]. (540)
I=1

=1

Since, the first term in RHS (5.40) does not depend on 6, it can be ignored. Therefore,
substituting (5.40) into A* (5.38) yields,

A*(0|w,K) X F1(0|K)oxp{—zs:w¢EG,(,)[Gg(m|0)]},
=1
: F,<9|K>exp{—iwm[Glnco<.|e)1}, (5.41)

AT /F, (0]K) cxp{ Zw, [G1]|Go 101} (5.42)

Notably, A* (5.41) involves the unknown weights, w. Therefore, using step-wise maximiza-

tion (5.35),
A= argmax c4s (w). (5.43)

Substituting (5.43) back into (5.41) and (5.42), FPD-R of parameter prior (5.34) is
achieved. 0

109




Notice that FPD-R of parameter prior (5.34) is derived underlying the assumption
(5.31). This assumption restricts the knowledge-constrained set, M g, to the set of linear
mixture of participants’ predictors. For this reason, we refer to (5.34) as FPD-optimal
merging with restriction.

Notice that FPD-R of parameter prior (5.34) can be evaluated more easily by using the
underlying assumption (5.36). Recall that the evaluation of optimal weights in (4.15) is
generally difficult. This issue can be improved using (5.43). In the following, we propose a

class for which the FPD solutions is functionally tractable.

Remark 5.4.1 ( Functionally tractable FPD solutions). Using Definition 2.2.2, the
FPD solutions (5.16), (5.22) and (5.34) are functionally tractable for the class of parametric
model of x, Go(x|0), where D|G,||Go(.|0)] is available in the closed form, e.g. Go(x|0) be
a member of dynamic exponential family (DEF) [61]. The full explanation of employing
FPD designs in AR model as an important member of DEF is presented in Chapter 6 .

The FPD-R (5.34) is attained under assumption (5.32) stating that the joint space
search, M i, involves the weighted linear mixture of participant’ predictors. In particular,
the variational space involves two variational quantises i.e. A(@|K) and P(I|K) € Ay—.

In the following Remark, FPD-R of Zy’s predictor is presented.

Remark 5.4.2. ( FPD-R of I,’s predictor) Using A°(.) (5.84) and the optimal weights
(5.35), FPD-R of Iy’s predictor is deduced as:

Go®(z|K) = Eao(e1)[Go (210, K)] (5.44)

Figure 5.3 shows the 'schematic diagram for processing K in Definition 5.1.1 into FPD-R
of parameter prior (5.34). Then, FPD-R of Zy’s predictor is deduced using Bayes’ rule and
applying marginalization.

Notably FPD-R of predictor (5.44) and FPD-moral deliberator (4.21) have the same

structure. But they are derived underlying different knowledges.
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Figure 5.3. Schematic diagram for processing K (Definition 5.1.1) into the FPD-R (5.34), then
deducing their optimal predictor. Here, [ denotes the marginalization operator.

5.5 Relationships among FPD-A, FPD-S and FPD-R

Recall that the way which K in (Definition 5.1.1) is processed leads to different knowledge-
constrained set, ideal specifications and FPD solutions. In the following, we aim to
compare and contrast the main perspectives of these three ways of knowledge processing

and highlight the similarities and differences among FPD solutions (5.16), (5.22) and (5.34).

 In all FPD solutions, the same knowledge, K (Definition 5.1.1 ), is processed, but
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underlying different assumptions and in different ways. In particular, FPD-A (5.16)
and FPD-R (5.34) is derived under one-batch processing (i.e. one KLD for once).
The difference between FPD-A (5.16) and FPD-R (5.34) is that the latter is attained
under the extra assumption (5.31). On the other hand, the FPD-S (5.22) is achieved

under sequential processing of s predictors (i.e. sequential processing of s KLDs).

« Processing knowledge, K, in different ways constraints the variational space to
different number of variational quantities. For instance, the number of variational
quantities of the knowledge-constrained set associated with FPD-A (5.16), FPD-R
(5.34) and FPD-S (5.22) are respectively s + 1, 2 and 1. Notably FPD-A (5.16) is
derived in the most flexible set and FPD-S (5.22) is achieved in the least flexible set.

o Different ideal pds are specified for different ways of processing K. For instance,
FPD-A (5.16) requires us specify s ideal pds (5.3), i.e. Fr(0|l,K),l = 1,...,s.
While, for FPD-S (5.22), we specify one ideal pd in the first step. Then we use the
optimal design of the previous step as the ideal pd of the next step in the Lemma 5.5.
Furthermore, in FPD-R (5.34), only one ideal pd is specified i.e. F;(0|K) (5.33).

o In FPD-S (5.22), any order of processing G;(z), yields the same result which asserts

that this design is invariant w.r.t. the order of processing of predictors.

« FPD-A (5.16) and FPD-R (5.34) propose the principled and non-uniform design of
weights, while FPD-S (5.22) assigns the uniform weights to all participants.

« None of these approaches proposes a non-uniform weight for the case where s = 1.

5.6 An illustrative example: normal case

Let participants contribute normal pd, each modelling z € R:
Gi(z|m) = No(u,m1), L=1,...,s, (5.45)
where 1, = (w, 7). Ty contribute parametric normal model:

Go(z|0) = Go(z|p,7) = Np(p,7) (5.46)
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where the unknown parameters are @ = (u, r) with unknown mean p and unknown variance
r. In the following, we specialize the FPD solutions presented in Sections 5.2-5.4, into the

normal case. Also, the corresponding predictor for this special case is deduced.

5.6.1 FPD-A: normal case

Adopting Fy(u,r|l, K) = NiG(V1,vu1), | =1,...,s, and substituting (5.45) and (5.46)

into (5.11), the FPD-A of parameter pd for [**-component becomes,

A, ll, K) oc NiG(VE,f) (5.47)
where,
rntu o
Vi = W : (5.48)
Ha 1
Vlo = y+1. (549)

Therefore, FPD-A of parameter prior (5.16) in the Remark 5.2.1, becomes:

8

A°(B|K) Zw NiG(V}, ), (5.50)
where,
Wi, 1CAQ
w = —>t—1=1,...,s, Bl
l > j=1Wj,1CA° @al)
and,

Car = r(%‘)( = F Vel E(2n), 1=1,...,s. (5.52)

Remark 5.6.1. ( Zy’s FPD-A of predictor (specialization of Remark (5.2.3))

e Notice that using (5.18) and (5.50), the FPD-A of predictor (5.18) becomes a mizture
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of Student’s-t pd i.e.

Go(z|K) = Y wiSta(uf, 7/, v + 1), (5.53)
=1

where the optimal weights (5.51) and the Student’s-t shaping parameters, uj, 77, are
derived from V7 (5.48) and v (5.49).

e Using the optimal weights, w® (5.51), the linear pooling predictor (5.20) is a mizture
of normal pds,

Goa CE‘I( Zw[ /J,[, T‘l (554)

5.6.2 FPD-R: normal case
Adopting Fy(u,r|K) = NiG(V,vy), and substituting (5.45) and (5.46) into (5.34), this
FPD-R of prior becomes:

A°(u,r|K) = NiG(V$o, %) (5.55)

where,

b3 /\?(TIJFP'?) : 2l=1 AT
Sa. B SV (L R D S , (5.56)

Ve = v+ A, (5.57)
1=1

where 3 A7 = 1.

Remark 5.6.2. (Evaluation of \° in (5.55)) Using (5.483), the FPD-optimal design

of weights for the normal case, is computed as follows:

A = argm/\in{— log(ca(A))} (5.58)
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where

| 1L
ca(A) = —logll <%> 4 % log Ax + 5 log |Vag a| — 3 log(2m) (5.59)
Vi
Ay = Vip—
A 11,2 T
_ (i M) (i Ml + ) = (B Augu)* (5.60)
Z?:l )\l

Substituting Y2, N = 1 into (5.59) and (5.60), and using the “optimtool in MatLab”, the

optimal value of X, i.e. A°, is derived.

Remark 5.6.3. ( Z,’s FPD-R of predictor (specialization of Remark (5.4.2))

Adopting (5.55) into (5.4.2), the FPD-R of predictor for the normal case is the Student-t’s
pd,
Gi(z|K) = Sty (p3e, Txo, Vo + 1), (5.61)

where A°, (5.51) and the Student-t’s shaping parameters, 3o, 750, are derived from V5o

(5.56) and v{. (5.57).

Notice that the FPD-moral deliberator predictor of moral deliberator (4.21) for the

normal case is quite similar to FPD-R (5.61), i.e.

G8($|K) = Stx('uf\o, T;o, l/f{o + 1), (562)
where A? does not have to be restricted to,
S
2o =1
=1

Remark 5.6.4. (Zy’s FPD-S for the normal case) Substituting \{ =1, [ =1,...,s
into (5.55), the FPD-S of parameter prior (5.22) for the normal case is:

A°(u,r|K) = NiG(V°,v°). (5.63)
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Notice that adopting (5.63) to (5.30), the FPD-S of predictor is a Student-t’s pd, i.e.
Gy(z|K) = Stz (p°, 7°,0° + 1), (5.64)

where the Student-t’s shaping parameters, p°,7° are derived from (V° v°) in (5.63).

5.7 Comparative performance evaluation under simu-
lation

Here we examine the simulation performance of different Z’s FPD solutions of predictor in
the normal case presented in Section 5.6. As mentioned in Remark 5.6.2, the “optimtool”
in MatLab is used for numerical evaluation of A°. This simulation is performed for the
normal case presented in the illustrative example Section 5.6. For this reason, we evaluate
these Zy’s predictors for s = 2 participants and p; = 1 and ps = 5, 7, = 1 and r, = 4.
Results here are derived in MC = 1000 runs.

The diffuse ideal pds are adopted and simulations are examined for operating factors
i.e. the Z's p, r, n and vy in different figures. Here, the measure of performance is the

mean squared error (MSE) defined as

1 MC @ ()\2
MSE = —— 3" (2 — @2, (5.65)
MC &

where, (9 is a simulated value and #® is the predicted value in #**-MC run. Notice that
the MSE (5.65) is computed for different approaches by replacing ¥ with predicted
values of corresponding approach in each run.

In Figure 5.4 the simulation is designed for r = 1, n = 500, s = 2. The participants
report shaping parameters to Z, who process them and their own data, x,. Recall that
here Zy's shaping parameters (i, ) are unknown. The plot is sketched in terms of different
Zy'’s simulated p. Figure 5.4 shows that Z's FPD-A of predictor (5.53) outperforms others.
The difference of MSE is more distinctive where g increases. An increasing trend is seen
when g grows.

In Figure 5.5 the simulation is designed for ¢ = 4, n = 500, s = 2 in terms of
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Figure 5.4. Comparison of MSE for Zy’s predictors: FPD-A (5.53), lin pool-FPD weights (5.54),
FPD-R (5.61), FPD-moral deliberator (5.62), FPD-S (5.64) against Zy’s p for r = 1, n = 500,
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Figure 5.5. Comparison of MSE for Zy’s predictors: FPD-A (5.53), lin pool-FPD weights (5.54),
FPD-R (5.61), FPD-moral deliberator (5.62), FPD-S (5.64) against Zy’s r for u = 4, n = 500,
8 — At
r={1,2,3,4,5,10,15,20}. This figure is designed for different simulated r. It shows that
T’s FPD-A of predictor (5.53) outperforms others with an increasing trend. The MSE of
all predictors increases when r grows.

In Figure 5.6 the simulation is designed for p =4, r = 1, s = 2 in terms of the number
of observation n = {50, 100, 200, 300, 400, 500}. It shows that Z’s FPD-A of predictor (5.53)
outperforms others with a flat trend.

In Figure 5.7 the simulation is designed for p =4, 7 = 1, n = 500 and s = 2 in terms of

v = {10, 20, 30,40, 50}. It shows that Z’s FPD-A of predictor (5.53) outperforms others
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Figure 5.7. Comparison of MSE for Zy’s predictors: FPD-A (5.53), lin pool-FPD weights (5.54),
FPD-R (5.61), FPD-moral deliberator (5.62), FPD-S (5.64) against Zy’s vy for p =4, r = 1,
n = 500.

with a flat trend.

5.8 Discussion

In this Chapter, we have proposed two FPD-optimal solutions (i.e. FPD-A and FPD-R)
and one FPD sequential solution (i.e. FPD-S) of parameter prior, through merging the
distributed predictive pds supplied by multiple participants. FPD-A (5.16) has provided
the optimal and principled weights which are used to obtain the optimal predictor via Bayes’
rule. Using FPD-A (5.16), the optimized predictor is in the form of linear mixture (5.18) for

which both components and weights are tractably evaluated for many model-based contexts.
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The FPD-R of predictor (5.44) is typically derived in the form of a single component. The
FPD-S predictor (5.30) is also in the form of single component where the weights are unit,

e.g. (5.64). We favour the FPD-A (5.16) over FPD-S (5.22) and FPD-R (5.34), and its

corresponding predictor (5.18) for the following reasons:

e The FPD-A of parameter prior (5.16) is achieved under more flexible modelling
assumption with s + 1 variational quantities, i.e. it does not require the extra

assumption (5.31) and the marginalization (5.32) compared to FPD-R (5.34).

e The FPD-A of parameter prior (5.16) can be considered as the hierarchical extension
of linear pooling approach yielding a linear weighted mixture of predictors with a

tractable and optimal design of weights.

« In Section 5.7, it is shown that the FPD-A of predictor (5.18) outperforms FPD-S of
predictor (5.30) and FPD-R of predictor (5.44) for the normal example (Section 5.6).

The FPD-moral deliberator (4.15) and FPD-A (5.16) are both functionally tractable when
D|G||Go(.|@)] is available in the closed form (Remark 5.5). However, generally the former
is computationally intractable except for some very special case (e.g. the normal case
4.3.2.1). Therefore, this might limit the application of FPD-moral deliberator (4.15). Also
we have evaluated the normal case presented in Section 5.6 for at most s = 2 using the
“optimtool in MatLab”. Recall that the computational issue of FPD-moral deliberator
(4.15) in normal case (5.6) is related to solving s equations in (5.59), where the optimal
Kuhn-Tucker multipliers, A° cannot be computed in an explicit function of K. Also, the
simulation result (Section 5.7) shows that the performance of FPD-moral deliberator (4.15)
is quite weak compared to FPD-A (5.16). Therefore, we will not proceed with FPD-moral
deliberator (4.15) in the next Chapter. Instead, we will implement the FPD solutions
presented in this Chapter for AR model.

FPD-A (5.16) is achieved under this assumption that just one of the participant is true.
However, for more general contexts where two or more participants are true, this approach
is not applied. The future direction of this extension will be explained in Chapter 8.
Also, FPD-A (5.16) and FPD-moral deliberator (4.15) are designed for the knowledge-
constrained set with s + 1 variational quantities. For instance, M g corresponding to (5.16)

involves A(0|l,K), |l = 1,---,s, and pmf P(l|K) € Ay_;. Also, Mg corresponding to
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FPD-moral deliberator (4.15) involves A(@|K), and A\, [ = 1,--- ,s. However, they are
derived under different knowledge-constrained set with different functional form. Also,
FPD-moral deliberator (4.15) and FPD-R (5.34) have the same functional form, while they
are derived within different knowledge-constrained set with different variational quantities.
In this Chapter, the deliberator fully respects to the true participant and do not hold
any proportion for their own parametric model i.e. Go(z|@). A possible direction will be
provided in Chapter 8.

The FPD-optimal parametric hierarchy of the deliberator (Lemma 5.2.1 and Corol-
lary 5.4.1) remains sensitive to the model choice, Go(z|@), and forms an important part of
Zy’s knowledge, K (see item 1 of Definition 5.1.1). The relaxation of parametric form to a
continuous nonparametric form, @ = G ( i.e. * ~ Gy(x), where Go(x) is now a functionally
unknown pd) is an important task which will be fully discussed in Chapter of the future
work.

While our centralized deliberator-based scheme delivers important advantages in Re-
mark 4.1.1, the deliberation (i.e. decision-making) itself is confined to the deliberator
(centralized deliberation). In practice i.e. smart grid systems [109] and networks with local
controllers [111], the centralized scheme might face with scalability problems [29] for large
s, and vulnerability of the overall system to deliberator node failure [109]. In order to
overcome these problems, the participants—particularly in large-scale systems—can be
grouped, each group being moderated by a local deliberator. The current framework can
then be adopted by each cluster, with each group’s deliberator reporting their local FPD-A
of predictor (5.18) to the global deliberator, for final decision.
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Chapter 6

Processing multiple autoregressive nodes

In this Chapter, we aim to design the FPD-optimal parameter prior and deduce optimal
predictor through processing both stochastic knowledge and data distributed among
multiple nodes. For this reason, we exploit the technology presented in Chapter 3 for

processing data and adopt the centralized deliberator-based scheme presented in Chapter 5

to process the probabilistic knowledge. In particular, we assume that each node (i.e.

both deliberator and participants) models z with AR model. The participants adopt the
conjugate prior and process their own local data into the OSA predictor (3.33). Then all
participant’ predictors are reported to the AR deliberator who processes these predictors
with own parametric model (i.e. AR observation model) to design their optimal parameter
prior using the methodology presented in Chapter 5. Notably, we will study the AR
deliberator for both known and unknown model order, p. Then we will employ FPD-A of
parameter prior (5.16) and corresponding optimal predictor (5.18) to derive the tractable
and optimal design of parameter prior and predictor with principled and tractable design of
weights. The FPD-optimal weights are exploited for linear pooling prediction. Furthermore,
the FPD-R of parameter prior (5.34) and its corresponding predictor are derived for
multiple AR nodes. Notably, FPD-A of predictor (5.18) is considered as our primary
solution for the reasons discussed in the Section (5.8). We perform extensive simulations in
order to compare FPD solutions with linear pooling predictor (with FPD-optimal design

of weights) (5.20) for a range of operating factors.
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6.1 FPD solutions for AR deliberator: known model
order

Here, we assume that the deliberator and each participant are commonly modelling
z € R using AR model with known model orders, p and p;,l = 1,..., s respectively. The

knowledge, K, for a system with multiple AR nodes is defined as follows.

Definition 6.1.1. (Z,’ Knowledge,K, for multiple AR nodes with known model

order).

1. Iy adopt the parametric AR model with known model order (p) (3.5), i.e.

Go(Tn|n1,a®,7,p) = Go(za|PT,aP,r) = N, (P Ta®, r), (6.1)

2. using (3.33), the contributed predictor by I*"— participant is Student’s-t pd,

Gi(@n|Tam1y 1) = Sta(p®) 7 LB 4 1), =1, s, (6.2)

)

where ufﬁ?_l, T,(Y’,’l’ll, u,(,”n‘)_ 1, are known shaping parameters of Student’s-t pd. Recall

that G| converts data ®,—1, into shaping parameters of Student’s-t pd. For simplicity,

we denote Var(z,|Ta—1,m) = Tz(,ffll-

3. the data sets, xn_1;, | =1,...,s, are assumed to be the part of knowledge. Notably,
the deliberator and participants process their own data set possibly with different
sample size. Here, to avoid notational confusion, we assume that the sample size of

all nodes are the same.
4. Iy’s model order, p, which is known.

5. participants’ model order, p;, | =1,...,s, which are known.

Adopting the ideal pd,

Fi(a® r|l,p, K) = NiG(\/;ff),Vl(’})), (6.3)

)
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we will employ FPD-A (5.16) and derive the optimal design of A(a®,r|l,p, K) underlying
K (Definition 6.1.1) in the following section.

6.1.1 FPD-optimal solution of deliberator’s AR parameter prior:

Application FPD-A (5.16) and FPD-R (5.34)

Processing K in Definition 6.1.1 and using ideal specification (6.3), the FPD-A of A(a'®, r|l, p, K)

iS:
A°(a®rlp, 1, K) < Fi(a®, r|p, I, K) exp{—D[GlHGo(.la(”) r,p)|}
= NiGar (Vv exp { 702, + (417 — 2682 P70 + (WP a)?)}
(6.4)
Therefore,
A°(a®, rlp, I, K) = NiGar(VIE21, u22)) (6.5)

where, Vl(fiZfl enjoys the same partitioning as (3.20) with,

( =
Vl,zz):—l)ll = V§p1)11 o Tl(fllzl = (Nﬁi) 1) (1 + {¢£lp)(¢r(zp)¢$zp)T) 11/’7(117)}) (6.6)

Vi pa = Vit +uia®, (6.7)
(p)
VP: 1)aa = Vl aa+w%p)wgp)’f, (68)
and
Vll;t)ol =P +1 (6.9)

Let P;(l|p, K) be uniform, then using FPD-A (5.16) and (6.5), the FPD-A of A(a®,r|p, K)
is:
4@, rlp, K) = 3wl A%(a®,rip, 1, K)

l—l

= Zwm NG (VI ), (6.10)
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where w,(f;)fl is tractably evaluated as:

B W )

(p)o
n—-1 = s o o (611)
Zj:l ’fa,r<V§pr)L 1aVJ(I;z) 1)
where,
) Vl(p)ol L(p)o1 1
) Jn— n __ nl
EGT(Vln 1 llr)r, l) = 2 (Aln 1) |Vl(n l)aal (271-)2 (612)

(p) ( ( (p)
Al,l;lf'l = ‘/l,(pr):—l)ll_(vl?):—l)la) (Vl(n l)aa) IVIIE: 1)1la (613)

Remark 6.1.1. (FPD-R of deliberator’s AR parameter prior: Application
(5.34))

Recall that when we restrict the knowledge-constrained set to linear mizture of predictors,
the FPD-R of A(a®,r|p, K) through processing K (Definition 6.1.1) and underlying ideal
specification (6.3) is:

A°(@®,7|p, K) = NiGor(V i1, Viom_1) (6.14)
where,
®) SR
] o o
V)g’,n—l o Z ’\1,pn—1vl§n—1)’ (6.15)
V)(\e)o = Z)‘ln 1 l(n 1) (6.16)

(p)o

Here, v),_y) is given in (6.9) and the elements of Vl(fz),f_l) are given in (6.6) , (6.7) and

(6.8). Notice that the similar guideline to Remark (5.6.2) can be exploited to evaluate the
optimal weights, A°.

In the following Remark, we adopt FPD-A (6.10) and FPD-R (6.14) in order to deduce
the optimal predictors underlying Definition 6.1.1.

Remark 6.1.2. (Z,’s optimal predictors underlying Definition 6.1.1)

e FPD-A of I,’s predictor (5.18) underlying Definition 6.1.1: using the
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FPD-A of Iy’s predictor (5.18) and adopting the optimal prior (6.10) and the optimal
weights (6.11), FPD-A of Iy’s predictor of x,, underlying Definition 6.1.1 is:

G3(@n|Tn-1,p, K wa‘i?% Sl e R (6.17)

where, the counter, Vl(”:l)fl, is given in (6.9) and

ity = YTV )V Rryar (6.18)
(p)o
(P) o Vln 1 (619)

Tin—1 0 i 0 :
Al(,z;z—l (1 i w(P) ( llz)n l)aa) lwl(,pn)>
Also, the FPD-A of Zy’s predictor of Tp41 1S

Go(zni1|Tn, p, K Zwlp)oSt pf’;)o,n(n ’Vln +1) (6.20)

linear pooling prediction with Z,’s FPD-optimal weights underlying Def-
inition 6.1.1: using participants’ predictors (6.2), the linear pooling predictor with

the FPD-optimal weights (6.11) of x, is

Go(TnlTn-1,K) = Zwln 1Gelal, B 1)
= Zwt(’;)ol llzzx)nﬂ(g)n’/t@z)l) (6.21)
Notably, the linear pooling design (6.21) cannot be applied to deduce the optimal

predictor of T,1. Instead, we can ezploit the FPD-optimal design (6.20) to process

Zy’s future data.

FPD-R of I,’s predictor (5.44) underlying Definition 6.1.1: using the
FPD-R of predictor (5.44), and the optimal prior (6.14), FPD-R of Zy’s predictor of

TnllSE

Go(ZalZar 5, K) | = Sh(pB° 1, 780 W8+ 1), (6.22)
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where A? can be evaluated using Remark (5.6.2) with Yj_; A} = 1. d

6.2 FPD solutions for deliberator’s AR parameter prior:
unknown participants’ model order

In this Section, we aim to design the FPD-optimal prior and predictive pds underlying
knowledge, K, (Definition 6.1.1) where constraint 5 is relaxed. For this reason, let the
order of participants p;, [ =1,...,s, be unknown. In this case each participant contributes

the mixture of Student’s-t pd, i.e.

Pl
Gl(mn|mn—l) T Z al(a)_lcl(xnlwn—hpl)
n=1
S @) o)
= Zaﬂi 1 M’Z,Tzﬁ’ ’Vln)v l=1,. (6‘23)

Adopting Zy’s parametric AR model (6.1) and using the ideal pd (6.3), the FPD-A of
A(a®) r|p, K) is:

A°(a®, r|p, K) wiP? A°(a®, r|p, 1, K), (6.24)
=1

where, the [—conditional FPD-A of A(a®,r|l,p, K) is:

A°(a®,r|l,p, K) = NiGop(VE2 420, (6.25)

n—1 “l,n—1

Here, the elements of Vz( (n—1) 8r€:

Vz(ﬁ)r?—l)u = Vl 1+ A+ (pana)? (1 it {wﬁp)(lpﬁlp)iﬁgp)T)_ll/)%p)}) (6.26)

Vg,z?no—l)al = V11a1+ﬂl,n—1w§p), (6.27)
Vl(ﬁilo_l)aa i V(f’)aa_i_w‘)(lp)w‘glp)T’ (628)

where,
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Plu

Hipn-1 = Z an 1#1(12 13 (6.29)

Plu

2
7-l,n—l " Zapl) ( Ir)zl 1_*_(#[" 1 ) (Z aln lu;Pl) (630)

Notice that (6.29) and (6.30) are available in [141].

Remark 6.2.1. (The application of FPD-R of prior (5.34) underlying Defini-
tion 6.1.1 for unknown p;)

Applying (6.26)-(6.28) into (6.15), the FPD-R of parameter prior is derived in the form
of NiG (6.14). Since the computation is quite similar to (6.14), we avoid repetition.

Remark 6.2.2. (Zy’s optimal predictors underlying Definition 6.1.1 without
constraint 5) adopting A°(.) (6.24) as the optimal prior in (6.17), (6.20) and (6.21), the
FPD-A predictors underlying Definition 6.1.1 without constraint 5, are achieved. Also,
using the FPD-R of parameter prior derived from Remark 6.2.1, the FPD-R of predictor is

computed in the straight way.

6.3 FPD-optimal solutions of the AR deliberator: un-
known model order

Here, the aim is to derive the FPD-optimal prior and predictor underlying Definition 6.1.1,
relaxing constraint 4. For this reason, let p be unknown. Underlying assumptions 1-3,
Section 3.4, and using p-conditional design (6.10), the FPD-A of an arbitrary subset of

parameters, A(as,r|L > po, K) is:

) Pu
A%as, L > po, K) = Y AP A%aP, rlp, K)

P=Po

Pu
Z (p)lzw(ln)o NiG,,( V(p)ol’ l(n)ol) (6.31)

P=po

where the weights, ﬁ(p ) 1, is computed via (3.44). Furthermore, the FPD-R of parameter

prior in the set of linear mixture is:
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A%(a5,TIL 2 0, K) = 5 B NiGar (V1 850, (6.32)

P=Po
where, V%)°_| and uf\’Z{fl_l are respectively given in (6.15) and (6.16).

Remark 6.3.1. (Z,’s predictors underlying Definition 6.1.1 relaxing constraint

4)

e FPD-A of predictor for unknown p: using the p—conditional FPD-A of
predictor (6.17) and the Remark 3.4.3, the computation of FPD-A of Iy’s predictor

for unknown p is:

Pu
Gg(xnlmn—lv K) = Z Gg(In,p|$n—1, K)

p=1

Pu 8
& Za OZWz(’L)Ol ﬂ%ol’ﬁ(?ov’ﬁﬁfl"’l) (6.33)

e linear pooling predictor with FPD-optimal weights for unknown p: apply-
ing the same procedure, the linear pooling predictor of x, with FPD-optimal weights

for unknown p is computed as follows:

G(zp|Tnr, K zan_lzw“" Bl s R0 g

e FPD-R of I,’s predictor for unknown p: Adopting p-conditional FPD-R of
parameter prior (6.14), the FPD-R of predictor for unknown p is obtained as follows:

GS(@n|nr, K za@)" b, L IEa v 1) (6:85)

where p-conditional optimal predictor is given in (6.22).
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6.4 Comparative performance evaluation under simu-
lation

Here we examine the simulation performance for different optimal predictors i.e. FPD-A
(6.17), lin pool-FPD weights (6.21) and FPD-R (6.22) for known p in Section 6.1. Also we
aim to compare FPD-A (6.33), lin pool-FPD weights (6.34) and FPD-R (6.35) for unknown
p proposed in Sections 6.3.

6.4.1 Simulation results for Z;’s predictors with known model
order p

In this part, we wish to examine the performance of different Zy’s predictors with known
model order p presented in Section 6.1. For this reason, we consider s = 10 AR participants
who process their own local data into OSA predictor with three shaping parameters. These
shaping parameters are reported to Zy. We assume that all participants and Z, are AR(8), i.c.
p =28, l=1,---,10. Also, simulated data are generated from AR(8). Notice that results
here are derived in MC = 1000 runs. The ideal pds, F1(0|l,p, K) = NiG(0.01 X I(p41,p4+1), 1)
and Fy[l] =1/s, l=1,---,s are adopted. We examine simulation for operating factors p,
s in different figures. Here, the measure of performance is the mean squared error (MSE)
defined as

MSE =~ Af(x(i) — §0N2 (6.36)

MC ;

i=1
where, z( is a simulated value and 2@ is the predicted value in the i*-MC run. Notice
that the MSE is computed for different approaches by replacing #(¥ with predicted values
of corresponding approach in each run.

In Figures 6.1, parts (a)-(c), we plot the MSE for Zy’s predictors (6.17),(6.21) and
(6.22). These Figures are plotted against the model order p with p; =8, I =1,...,s, for
n = 10 in part (a), n = 50 in part (b) and n = 500 in part (c¢). These figures show that the
FPD-A of predictor (6.17) outperforms others for n = {10, 50, 500}, which are plotted in
terms of p = {1,---,8}.

In Figure 6.2 the simulation is designed forr =1, p=8 n=100,p, =5, [=1,...,s

and the simulated data are generated from AR(8). Recall that here participants generate
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Figure 6.1. Comparison of MSE for Zy’s predictors: FPD-A (6.17), lin pool-FPD weights (6.21),
and FPD-R (6.22) for p; =8, s = 10. (a) n = 10, (b) n = 50, (c) n = 500.
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Figure 6.2. In LHS, comparison of MSE for Zy’s predictors: FPD-A (6.17), lin pool-FPD weights
(6.21), and FPD-R (6.22) for p, =5, [ = 1,...,s and n = 100 in terms of s. In RHS, MSE for
FPD-A (6.17) against lin pool-FPD weights (6.21), with the same operating factor.
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-»-FPD-R
-+ lin pool-FPD weights
& -o- FPD-A

0.5

Pu

Figure 6.4. Comparison of MSE for Zj’s predictors: FPD-A (6.33), lin pool-FPD weights (6.34),
and FPD-R (6.35) for p; =5, s = 10, n = 100 and r = 1 and unknown order p, in terms of p,.

and process their own local data, then they report shaping parameters to Z,. Here the plot
is sketched in terms of s. In Figure 6.2 (RHS), we monitor Zy’s FPD-A of predictor (6.17)
versus lin pool-FPD weights (6.21) to see more distinction between them. Both plots show
that FPD-A of predictor (6.17) outperforms others with tendency to lower MSE where s
increases.

In Figure 6.3, we examine the performance of different predictors in terms of Zy’s
variance, i.e. 7 = {1,2,3,4}. Once again this figure shows that the FPD-A of predictor

(6.17) outperforms others. Also, MSE of all predictors increases as 7 is increased.
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Figure 6.5. comparison of MSE for Zy’s predictors: FPD-A (6.33), lin pool-FPD weights (6.34),
and FPD-R (6.35) for p; = 5, s = 10, and r = 1 with unknown order p, in terms of n.

6.4.2 Simulation results for Z;’s predictors with unknown model

order p

In this part, we examine the performance of Zy’s optimal predictors (6.33)-(6.35) for
unknown model order p. In Figure 6.4 the simulation is designed for r = 1, n = 100,
m=>5,1=1,...,5 s=10. Once again, the participants locally generate and process
their own data, then they are reported to Z,. Here Z; does not know the model order, P,
therefore, the deliberator applies (6.33)-(6.35) in terms of maximum order, p,. Figure 6.4
shows that FPD-A of predictor (6.33) outperforms others. This figure shows that the MSE
of predictors is not visually affected by changing in p,,.

In Figure 6.5 the simulation is designed for r =1, p, =20, p; =5, l =1,...,5, s = 10
in terms of n = {50, 100,200,300} for the case where p is unknown. Using (6.33)-(6.35), the
plot is sketched in terms of n for p, = 20. Figure 6.5 shows that FPD-A (6.33) outperforms

others.

6.5 discussion

In this Chapter, the FPD-A of parameter prior (5.16) and FPD-R of parameter prior
(5.34) are implemented in AR model. In particular, they are used to compute the optimal
predictors for known and unknown p for the AR model. In Section 6.4, it is shown that the

FPD-A of predictor (5.16) outperforms FPD-R of predictor (5.34) for the AR model. Here,
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Zy’s (OSA) optimal predictors are derived through merging OSA participant’ predictors
(Section 3.3.2), by Zy. One possible extension of this work is merging multiple MSA
predictors which will be explained in Chapter 8.

Notice that FPD-moral deliberator of parameter prior (4.15) has the same functional
form with FPD-R of parameter prior (5.34). The main difference between these designs
is the evaluation of their normalizing constant, in particular, the evaluation of optimal

weights A’. The FPD-R of predictor (5.34) is evaluated under,
S0 =1, (6.37)
I=1

while this assumption is not applied in FPD-moral deliberator (4.15). For the cases where
the FPD-optimal prior involves normalizing constant with Gamma function, I'(.), we have
to solve highly non-linear equations for computation of A°. Using the assumption (6.37),
the computation of A will be quite easier. On the other hand, FPD-moral deliberator
(4.15) does not allow us to exploit the assumption (6.37) for evaluation of A?, which requires
many other manipulations. Therefore, this prior cannot be easily implemented for the

system with multiple AR nodes.
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Chapter 7
Bayesian filtering using logarithmic pooling de-

sign

In this Chapter, we aim to process the knowledge in the context of Bayesian filtering (BF).
BF is a standard task of data processing where the aim is to infer the state variables
(i.e. non-stationary signal) which parametrize a sequence of observation models. BF
involves two steps for processing knowledge (i.e. data), which we refer as the time step
and the data step. We will show that the time step of BF usually is intractable except
for few special cases i.e. [52,53,142]. Therefore, this step is required to be designed or
approximated instead of analytically derived. In particular, for the complete model—where
the state evolution model is adopted, the distributional approximation is applied. On
the other hand, for the incomplete model where state evolution model is not available,
the distributional design needs to be implemented. In this Chapter, we focus on the
BF problem for the incomplete model where the knowledge K, is in the form of (OSA)
alternative state predictors and FPD should be addressed. However, in Section 7.4, we
will show that none of the FPD solutions presented in previous Chapters, can be used to
handle this task. Instead, we exploit the stabilized forgetting (SF) technique for merging a
single alternative state predictor and more generally logarithmic pool (4.4) presented in
Section 4.2.1 for designing the time step of BF through merging multiple state predictors.
Here, the deliberator and participants contribute the pd of time-variant unknown quantities
of interest—which we refer as augmented states variable, ¥,,. Then the deliberator wishes
to merge these state predictors to design the time step of BF. Using the designed time step
of BF and Zy’s time-variant parametric model of x,, the data step is derived via Bayes’

rule.
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7.1 Bayesian filtering (BF) under first order Markov

property

Here we aim to explore BF under first order Markov assumption. Let v, be the state

variable. The first order Markov property is defined as

F(Yn|¥n-1,¥n-1,. .., ¥1) = F(¥n|¢n-1) (7.1)

The task of BF is to compute dynamically the posterior pd of augmented state variables,
F(¥,|x,), n = 1,2,..., where, &, = [€,_1,2,] denotes the vector of data. Recall that
v, = {v,,0,}, where, 0,, could involve the time-variant parameters of the observations—
denoted by 6, , and the time-variant parameters of the state variable—denoted by 6, ,
ol = 10s,, 0,0}

The joint pd of observed data and possible unknowns i.e., ( %, 0z, Ony, T,) can be

factorized in the off-line scenario, under conditional independency as,

a0 Oniern) = F(@nltbns One: Ong) F(@lBs: Onig) (B 0ns) F(Br)
= P@althn 8n) F(100/000) F (O F(612) (72)
where,
F(@althn, On) = f{lF(azirwi,oi,a (7.3)
FWl8us) = Fll01) I FOl-1,00) (7.49)
F(Ous) = F(01) [[FOl0ss) (75)
F(B,:) = (eu)fl F(0sl6i 1) (7.6)

Note that F(6,,) and F(6,,) are prior pds, and (7.3)-(7.6) hold under the following

assumptions:
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« observation model (under conditionally independent distributed (cid) assumption):

F(ﬂ?i[wi, 01‘,1‘, 91‘,1/), 331—1) = F(l"z'|1/h', 01’,::) (7-7)

« state evolution model (under the first order Markov property),

Pl 1, 060100z, ®i-1) = F(ilthiz1,0i9) (7.8)

« state-parameters evolution model (under the first order Markov property),

F(0ipl0i-1y,%i-1) = F(6ipl0i-1,9) (7.9)

 observation-parameters evolution model (under the first order Markov property)

F(oi,z|0i—1,z,-’13i—1) = F(ei,x|9i—1,m) (7~10)

The graphical model related to (7.7)-(7.10) is presented in Figure 7.1. Notably, Bayesian
inference in off-line scenario (7.2) avoids marginalization over unknowns [143]. More
interesting scenario is the on-line BF which happens in many practical research area such
as control [144], telecommunication systems [61] and target tracking [145], etc. For this
purpose, we need to re-factorize the joint pd (7.2) for the on-line scenario. The joint pd

(7.2) can be factorized under assumptions (7.7) - (7.10) in the on-line scenario as follows,

F(lpnv on,wy on,:c, mn) =
F(xnlwm Bn,x)F(wnlwn—ly en,w)F(en,w|0n—1,w)F(9n,z|9n—1,z)F('¢'n—17On——l,w; On—l,x, mn—-l)
(7.11)

Using (7.11), Bayesian conditional pd of unknowns at times ¢ = {n — 1, n} conditioning

on data is,

F(djm %—1, 971,1/)1 en-—l,d)’ en,a:y en—l,zlwn) X
F(In|¢n,9n,z)F(¢n|¢n-1,9n,¢)F(9n,w en—l,w)F(gn,z|0n~1,x)F(1/)n—17en—l,z,baen—l,zlwn—l)
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Figure 7.1. Graphical model of unknowns under assumptions (7.7) - (7.10)

(7.12)

where,

wn 17 n— lwaen lz|wn 1)

/ / / n 1 n ldn n— lzlxn— )d'(;bn 2d0n 2wd0n 2,0y (713>
On— -2,z an 2,9

Notice that 0,24, On—2, and 1,,_, are respectively the aggregated parameters of observa-
tion model, the aggregated parameters of state model and the aggregated state variables
at time n — 2.

The BF involves two main steps as follows.

« The time step: using (7.12), the time step of BF is,

P, Bt Bl n-1) =
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/ / / F(¢na 1/1n—1, gn,d)y 0n—1,1/)a en,ma en—l,z|mn—1)d¢n—1d9n—l,wd6n—l,m
On—1,0 /Or_1 Y Yn-1
(7.14)

+ The data step: using (7.14) and Bayes’ rule, the data step of BF is attained as

follows,
F(wm gn,w’ 0n,z|wn) X F(xnlwna en,x)F(wmen,wv 9n,z|mn—l) (715)

Generally marginalization (7.14) in the time step is not (functionally) tractable. Therefore,
a design or approximation of this step is required. Notice that if the integrand (7.14) (i.e.
the second, third and fourth term in (7.12)) are explicitly available, then the model is
complete and an approximation has to be applied. Otherwise, the model is incomplete
and we need to design the time step of BF. Furthermore, the data step of BF (7.15) is not
usually derived in the form of the standard pd. In particular, the normalizing constant
is functionally intractable except for some special cases where again the distributional

approximation needs to exploited.

Remark 7.1.1. (Conditional and marginal filtering pds)
Depending on the context, one might be interested in inferring marginals or conditional

filtering pds. Some of important pds are listed as follows,

e using (7.15), the marginal filtering pd of the state parameter, 6,y

e using (7.15), the marginal filtering pd of the state parameter, 6y, .,

F(Onalzn) o /0 ; /w F(tn, Or s Or ) Aol (7.17)
(7.18)

e using (7.15), the marginal filtering pd of the state variable, ¥n,
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wnlmn / / wm n2Y) nzlwn)dgnzdenw (719)
On N
(7.20)

e the conditional filtering pd of the state variable, 1y, conditioning on 0, y,

F<wn79nw|mn)
G R i i (7.21)
5 F(Ony|Tn)
In the following remark, we discuss some possible extensions of (7.7) and (7.8) by

entering a hidden time-invariant pointer, p.

Remark 7.1.2. (Time-invariant pointer)

FEach observation model (7.7) can be extended by a discrete scalar time-invariant pointer, p,
(with p, state), i.e. F(Ty|tn,Onz,p). In this case, p is a time-invariant parameter of the
conditional observation model for n = 1,2,.... Therefore, the observation model (7.7) is
marginalised w.r.t. p, which is therefore a p,—component mizture, regardless of the length

of the data.

7.2 Exact BF

Recall that the exact BF is available for some special cases of the complete model. In this
section, first we define the concept of the exact BF and mathematically derive the two

steps of BF for these special cases. The exact BF is defined as follows.

Definition 7.2.1. Exzact BF: BF is exact if; (a) marginalization in the time step (7.14)
is tractable and, (b) the data step (7.15), preserves its functional form throughout time
pl= LA .
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7.2.1 Kalman Filter (KF)

KF is an important and exact BF which satisfies Definition 7.2.1. KF has been widely
used in different applications e.g. communication system [146], robotics [145], car and
radar tracking [147], the weather prediction [145] , [148]. In this section, KF assumptions
(in multivariate case) are fully explored and the time and data steps of BF in KF type—
which we refer to as time and data steps of KF— is derived.

KF assumptions:

» known assumption of parameters: in KF, 8, , and 8,,,, are assumed to be known,
therefore, the time step (7.14) and the data step (7.15) of KF is respectively reduced

to,

F(p,|Dny) = /w F(|thn1) (1| Dnr)dtp,_y, 0 =2,3, ... (7.22)

n—1

Flap ) o  Fl@aib ) Flap iDs 1) 5=12;.. (7:23)
where 1, denotes the multivariate states at time n and D, _; is the matrix of
observation at time n — 1.

« observation model (7.7) and state evolution model (7.8) are binding with normal pd

respectively as follows,

F(znl|th,) = N, (Crtpy, Ry) (7.24)
F(d’n'd’n—l) = an (Anwn—lv Rlb) (725)
where C,,, R;, A, and R, are known matrices.

+ Furthermore, (7.24) and (7.25) are assumed to be linear in state variables and the

associated Wold representation is as follows:

’JJn = Anwn—l + VUn,

Tn = Cn'l/’n + €n,

where A,, and C,, are known matrices and v,, and €, respectively denotes state and

observation errors.
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Let the KF at ¢ =n — 1 be,

F(’wn—llmn—l) == N¢n_1(”n-—17 271—1)7 (726)

underlying the KF assumptions in above, the time step (7.22) and the data step (7.23) are

respectively,

1. The time step of KF:

F(wn‘Dn—l) = F(wnlmn—l)

= Ny, (Bnjn-1, Znjn-1) (7.27)
where,
Hpn—1 = An“n—l (728)
San-1 = Ry+ ApEn 1AL (7.29)
2. The data step of KF:
= Ny, (t,, ) (7.30)

where,

Bo = A+ {(Ry+ ApZn_1A7)CL[Cn(Ry + AnEn147)C;

+ Ry = Cr i), =2, . (7.31)
Bn = (Ry+ AgSa1 AT = CL[Cu(Ry + AnZn1A7)Cy

+ R]7'Cu(Ry+ Ay 147)}, n=2,.. (7.32)

Notably, u, (A.24) and X,, (A.25) are sufficient statistics of F'(4,,|x,) which fully
accomplish the task of BF. The mathematical derivations of two steps of KF are

presented in Appendix A.7.
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Notably, KF assumptions are too restrictive in the world applications. We wish to relax
these assumptions so that (a) and (b) in Definition (7.2.1) still hold. A possible extension

is employing Remark (7.1.2) in KF context which will be studied in the following.

7.2.2 Mixture Kalman Filter (MKF)

We extend beyond the KF and still maintain tractability of BF solution, namely mixture
Kalman filter (MKF). In the MKF, we introduce the unknown, time-invariant pointer, p,
(with p, states) to the observation model (7.24). Without loss of generality, we consider
the univariate case with A, = C,, = 1. Then the p-conditional observation model (7.24)

becomes:

F(Crnwjmp) = Nzn(wnn’r;p))a T= 1a2) SRR =— 17 < ooy Puy (733)

where () is the known scalar. Also, the state evolution model becomes:

F(lpnlwn—l) = an(wn—l,rw)v (734)

where 7y is known scalar. Notably, (7.34) can be extended by p as well, but for simplicity,
we work with state evolution model (7.34). The graphical scheme of the above structure is

presented in Figure 7.2.

Figure 7.2. Graphical model for MKF
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The discrete non-uniform prior of p is adopted as follows,

Fp)=aPp=1,...,pu (7.35)

(»)

where g’ is known a priori. The joint prior pd of (¢, p) is,

F(o,p) = F(p)F(volp)
= o) Ny (1, o). (7.36)

Using KF calculation in (Section 7.2.1) data step for p—conditional filtering pd is,

F(tpnlp, @n) = Ny, (P, 0P?), (7.37)
where,
(P)

(p) (TIIJ + Op— 1) (p)
N = Up_q1 + Ty — Mp_ 7.38
1 {(r¢+a(p)2)+ <p)}[ Hn-1 (7.38)

(p)2

(p)2 = (ry _+_Ur(lp)§) 1— (ry *(‘)‘Zn 1) - (7.39)

(Tw S (o) o ) +1g

Using the chain rule,

o QB M (A, o) (7.40)

Tl

e A (”)I
i Lo
(7.40) over p as follows,

where oP) = ot Therefore, the data step is achieved by marginalization

F(wnlwn) = ZF Yn, P|Tn)

p_

- Za(p)N ﬂ(p) (p)2) (7.41)

n n

Notably, (7.41) is a mixture of KF (MKF).
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Remark 7.2.1 (Kalman filter). When p, = 1, MKF collapses to the exact KF. The exact
KF solution can be similarly obtained from (7.37)-(7.39).

7.3 A review of Bayesian methods beyond KF

Recall that beyond KF assumptions, the time step of BF is functionally intractable due to
the intractability of the marginalization (7.14). Also, specification of the state evolution
model i.e. F(¥,|¥,_1) is the other challenging task. Notice that the incomplete models are
the cases where state evolution model is not explicitly specified. Therefore, depending on
using complete or incomplete model, either distributional approximation or distributional
design is respectively exploited to handle the time step of BF.

Distributional approximation is fundamentally divided into stochastic methods and deter-
ministic approaches presented in the Section 2.4. In BF, these approaches are basically used
to preserve the functional form of the approximate pd during the updates. Some classic
examples of deterministic approximation for BF are extended Kalman filter [149] and
the unscented filter [150]. These filters are applied to linearize non-linear state evolution
and observation models. Also Bayesian examples of deterministic techniques are VB
approximation i.e. [61,144,151]. Deterministic approximation is typically computationally
efficient, however the accumulation error grows by time [143]. In against, MCMC and
Particle filtering (PF) (i.e. sequential Monte Carlo (SMC) techniques are widely-stablished
as stochastic sampling techniques i.e. [61], [152], [153]. Recall that using these stochastic
techniques, the intractable posterior pd (7.15) is approximated by the empirical pd (2.34)

as follows:
~ N » o
F(Un|zn) = > wé(T, — ¥), (7.42)
=1

where w(® is data-driven weights corresponding to i** particle and, () is i.i.d sample from
importance function i.e. [61,153]. Notice that (7.42) requires an incomplete model where
we adopt the approximation. PF techniques have particularly proved popular for global
approximation, since they can achieve arbitrarily high accuracy. However they involve the
higher computational load. Therefore, deterministic approaches are usually more accurate

than PF techniques with availability of the same computational load [61]. Also recent
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successful approaches emphasis on exploiting a combination of deterministic and stochastic
approaches in order to compromising computational load and accuracy [143], [154].

On the other hand, the distributional design is applied for designing the time step of BF for
incomplete model specification. In particular, stabilized forgetting (SF)-based design is a
well-stablished method for designing the time step of BF in the literature i.e. [52,78,155,156].
In the rest of this Chapter, we focus on incomplete models of BF and we design the time

step of BF through merging (alternative) state predictors.

7.4 Merging state predictors for designing the time
step of BF

Recall that our primary methodology of distributional design for merging multiple predictors
is FPD. However, the proposed FPD solutions of parameter prior, A°(6|K), presented
in the previous Chapters do not allow us to derive the optimal design of Zy’s state
predictor i.e. A°(¢,|K), through merging multiple state predictors i.e. Fj(¢n|Tn-1) =
F(YnlVin-1,vn-1), L =1,...,s. Since in previous Chapters, we have processed multiple
predictors of z, i.e. G;(x), where the deliberator’s parametric model of z follows the case 1 in
Remark 2.3.2. In contrast, here we need to process multiple predictors of the state variable
where the observation model of x, needs to be dynamically parametrized with the case 2 in
Remark 2.3.2. These predictors are reported in different level of hierarchy. Therefore they
require the FPD-optimal design of the hyper-parameter prior i.e. S°(Vonn—1, Yonjn—1/K)—
which is functionally intractable too. For this reason, in place of FPD, we use the other
KLD-based method, namely logarithmic pooling design— presented in Chapter 4— to
handle the task of BF underlying an incomplete model. In particular, we exploit the SF
technique as a special case of the logarithmic pooling design (s = 1) for merging alternative
state predictor. Notice that the possible extension of FPD for processing knowledge in the

context of BF will be discussed in Chapter 8.

7.4.1 SF-based design for merging alternative pd

Recall that distributional pools presented in Section 4.2.1 are popular distributional designs

for merging participants’ predictors. In particular, logarithmic pooling design can be
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exploited for designing the time step of BF in incomplete models. Since it allows us to
preserve the functional form of filtering pd through updating, while the linear pool (4.3)
does not grantee this condition. Therefore, we will focus on logarithmic pooling design in
the rest of this Chapter. SF-based design, as a special case of logarithmic pool, can be
directly derived from (4.4). For this reason, let s = 1, wj,, = A, in (4.4), and redefining

notation i.e. Fy = Gy, then the SF solution for the time step of BF is:

A (Wn]®n1, An) % [A§(Wn1|Zn1)pn ) F (] i), (7.43)

Substituting A§ (7.43) into (7.15), the data step of BF is achieved via Bayes’ rule as

follows,

Remark 7.4.1. (Properties of SF)

e The SF solution is a local and deterministic technique to design the time step of BF.
In particular, forgetting operator, A\, commute with Bayes’ rule which is quite natural

in the case where an explicit time-evolution model (7.8)-(7.10) is not available [155],
e The SF solution is justified as an indispensable step in sequential local design [91].
e The SF solution is a special case of logarithmic pooling design where s = 1.
In the following, the tractability of the SF solution (7.44) is defined.

Definition 7.4.1. (Tractable SF)
The SF solution is tractable if the filtering pd, Aj(Yn|Tn, \n), can be recursively updated
via a fized finite-dimensional (non-sufficient) statistics. This implies that the functional

form of the SF solution is invariant over time.

7.5 Tractable SF for Exponential Family

In this section, we aim to relax the modelling assumptions presented in Section 7.2 as far as

possible, such that the SF solution (7.44) remains tractable, i.e. it satisfies Definition 7.4.1.
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This extends KF context to cases where the observation model belongs to exponential family.

This extension allows us to model the capacity of channel, sensor, user, etc. Therefore, we

study the SF solution in exponential family in the following.

7.5.1 SF solution in exponential family

Here, the normal assumption of the observation model in KF is relaxed in such a way
that the SF solution is tractable. Notably, KF solution is no longer available. For this
reason, let state variable, 1, and the time-variant parameter 6,, be unknown and constitute
the augmented state variables ¥, = {1y, 0,}. Also, let the observation model (7.7) be a

member in the exponential family as follows,
F(z,|¥,) = a(P,)b(z,) exp[(¢(Vn), h(zn))], n=1,2, ... (7.45)

Here, a(.), b(.), ¢(.), and h(.) are known kernels, (.,.) is a known two-argument scalar
operator. For tractability of the SF solution, we consider the conjugate exponential family

(CEF) prior pd at time n — 1 as:

A%(\I’n_llmn_l) = Ag(‘l’n—ﬂso,n—l)

x a1 (U, _1) exp[{d(¥n-1), Von1))], (7.46)

where the fixed, finite-dimensional statistics, Son-1 = (Von-1,%n-1), are shaping param-

eters at time n — 1. An alternative CEF pd is adopted as follows:
Fl(\I/n|Sl,n—1) X aul'"_l(\lln) exp[<¢(an)) Vl,n—l))]y
where S1,-1 = (Vi,n-1,%,n-1). Then the SF solution is computed as follows:

Ag(\l’nlmn_l,)\n) = Ag(\I/nISO,n—l,Sl,n—l,/\n)
& auo’nin_l(q’n) eXp[<¢(\Ijn)’ VO:"M—I)]’ (7'47)

147




where,

VO,n[n—l(/\n) = /\nVO,n—l i (1 - /\n)Vl,n—l
VO,nln—1<)\n) — )\nVO,n—l + (1 - )\n)yl,n—l
Therefore, using (7.45) and (7.47), and applying Bayes’ rule, the data step of BF, yields

the following filtering pd, which, by construction, has the same CEF form as (7.46),

F(\I/n|mn>/\n) — F(\I/n|SO,n)/\n)

o< a”(¥,)exp[{¢(¥n), Von)] (7.48)
where So, = (Von, Yon), is computed via:

VO,H()‘n) = VO,n|n—1()\n)+h(xn) (749)
VO,"(/\n) o VO,n|n-l(/\n)+1 (750)

From (7.48), the marginal state pds are:

F(nl@n, Mn) = [ F(n|Son, An)dbh (7.51)
F(Oln, An) = [ F(¥alSop, An)dthn (7.52)

7.5.2 SF solution for mixture components of exponential family

In this section, we aim to relax significantly the restrictive assumptions of the observation
model in KF, such that the SF solution is still tractable, where the KF solution is not
available. This is a useful extension of MKF presented in Section 7.2. The following lemma
provides us with a sufficient condition (set of observation models) for which the SF solution

can be computed tractably.

Lemma 7.5.1. A sufficient condition for tractable SF is that the observation model (7.7)

be in the form:

F(20|%s,p) = ap(Yn)bp(zn) exp[(dp(Tr), bp(zn))], n=1,2,..., p=1,...,pu, (7.53)
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where ap(.) and by(.) are p-conditional known, scalar kernels, and ¢,(.) , hy(.) are p-

conditional known kernels with compatible dimensions. p is an unknown time-invariant

index (model pointer) with p, states.

Proof. Using (7.47), the time step of SF can be effected as

Ag(anlpvmn—ly/\n) = Ag(‘pn|p’so,n—l,Sl,n—la/\n)

where,

VO n|n— 1(/\ ) = )‘nV((fT)L—-l i (1 i ’\n)V(ll,’r)L—l
V((Jpv)lln 1(An) =2 VOn T ! _/\n)’/{pr)z—l'

)

Also, the data step of SF (7.48) becomes:

F(‘I’nlpawm/\n) = F(\I,nlpy SO,n,/\n)
U(p)
o ap"" (W) exp[(6p(¥n), VL]

where,

VEM) = VI () + hp(zn)

() = iapuoa(Ma) + 1.
Adopting a non uniform prior pd for p,
Pip) = aflya=15.5. 50,
Then, the posterior pd of p is derived as:

&'Slp) = F(plwn)

P) (S(P) )

— __‘1 ...
w d d d p ; >pu
Z la( )n(‘l,)(S( ))

P s
ap”"" 7 (W) exp[(¢p(¥n), Vopzz]n 1

(7.54)

(7.55)

(7.56)
(7.57)

(7.58)

where m&f}l(.) is the (available) normalizing constant of the recovered p-conditioned CEF
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form (7.48). Therefore, the joint filtering pd and its marginals are respectively a mixture

of p, components of (7.48), (7.51) and (7.52), with mixture weights given by (7.58):

Pu

F(Unlzp, An) = Y GPF(Valp, 20, An) (7.59)
p=1
Pu

F(wn‘wn,)\n) = Zd%p)F(wnlpawm/\n) (760)
p=1
Pu

F(Ou|Tn, An) = > &P F(On|p, Tn, Mn). (7.61)
p=1

O

Notably the filtering pds (7.59)-(7.61)—which we refer to the mizture of SF (MSF), are in
the form of mixture of the SF solution (7.48)-(7.52).

7.6 Illustrative examples and comparative performance
under simulation

In this Section, we derive the SF solution for two examples. Then the simulation result is

provided for each example. These examples are provided for different reasons as follows:

o In the first example, we derive the SF solution for the case where the observation
model is (7.33). Though unnecessary and the exact KF solution is available in this
case, it is worthwhile to examine that how much the SF solution is close to KF

solution for tracking the true signal.

o In the second example, the SF solution is derived for an incomplete model where the
observation is exponential (i.e. a special case of (7.53)). Notably for this case, the
exact solution is not available. We examine the performance of the SF solution for

tracking the true state in simulation.

Example 7.6.1. Let the conditional observation model (7.53) be the univariate normal
(7.83). Therefore, using (7.47) and (7.48), the SF solution at time n is conjugate normal

as,

F(%nlp, ©n, M) = Ny, (2P, 5P?) (7.62)
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specializing, hy(x,) (7.56) with, [z, 1]T[z, 1], and constructing

7(p) — SF-designed of EIM, (7.63)

R
Vn,22 Vn‘22
Therefore,
F(Wnln, M) = 3560, Ny, (79, 59%) (7.64)
p=1
where, )
&P = ZZ!:%”;IM)I, p=1,...,pu.

Further specialization of (7.53) can be considered when p, = 1. Therefore, the resulting

SF solution is for this case attained similarly, as follows:
F(wn!mnv /\n) X an(ﬁn’&?l)

7.6.1 Simulation study: evaluation of the example 7.6.1

We examine the performance of the MSF solution against the exact MKF solution. The
results are attained in MC = 1000 runs. In Figure 7.3, we design the simulation for
comparing the performance of the exact KF solution versus the SF solution (with three
values of forgetting factor A = {0.7,0.8,0.9}, in the normal case, with r, = ry, = 1, and
the diffuse prior ji; = 0, 62 = 1 is adopted. Figure 7.3 shows reconstruction of (true)
simulated state, ¥,. It is clear that the exact KF solution outperforms others for tracking
1, while the SF solution with A = 0.9 also performs well. This is because the variation
of the state ry is small (slowly time-varying). The upper and lower Bayesian interval,
[E(¢nl®n) — m, E(yn|z,) + \/\m], around the SF solution with A = 0.9
is also displayed. In Figure 7.4, we design the simulation with ry, = 1, p, = 5 and

C® ={1.2,1.4,1.6,1.8,2}. The data are generated from N(¢,,2) and the state evolution
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Figure 7.3. State reconstruction using SF versus KF in normal case r, = 1, ry, = 1.

model is N (29, 1,1). We adopt the diffuse prior ji; = 0, 62 = 1. In this figure, the

performance of the MKF solution (7.41) versus MSF (7.64) solution is compared. MSF

with the highest A,, outperforms other. This is because the state is again slow-varying, and

therefore, the maximum value of A,, best matches the data in this case. Nevertheless, most

of the inferred state trajectories remain inside the standard interval for all tested values of

An-

upper bound \/‘
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Figure 7.4. State reconstruction using MKF vs MSF (normal case).

Example 7.6.2. (Exzponential Mizture with Time- Variant Rate)

In this example, the exponential observation model as a special case of the (7.53) is

investigated. It models, for example, the inter-arrival times of particles released by a fixed

mass of a radio-isotope, known to be one of p, possible species (p =1, ..., p,),

F(2altn, p) Z Exp(WP), >0, 4P >0
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ap('l/)n) ¢p(¢n) - p) hp(zn) = Tp.

where PP is the time-varying rate parameter of the exponential observation model for
the p™ species, and a,(.) and ¢p(.) are the exponential family kernels (7.58). The CEF
pd (7.46) at time n — 1 is Ga(7",, V(’_')l), and the alternative pd is also chosen as Gaf(.).
Therefore using (7.48), the SF solution is:

F(Yulp, T, An) o [P expl(p®, 7#))] (7.65)

V(p) V(ln L Tn

RSy R

n]n 1

Furthermore, substituting (7.65) into (7.60), the MSF solution can be deduced as

F(n|®n, An) Z{a @) ¢(p)] PXPK (p) p)>]}

p_

where \P) is obtained by substituting the normalizing constant, Ii(p )(V(”) 7P = F("(p))

(v(P))u
into (7.58).

7.6.2 Simulation study for evaluation of example 7.6.2

Figures 7.5 and 7.6 illustrate the reconstruction of the true state, 1,, using the SF
solution in the case of slow and fast-varying state variables, respectively. In Figure 7.5,
F(In(¢n,)| In(¢p,—1)) = N(0,0.5), for which larger A is chosen. On the other hand, in Figure
7.6, F(In(¢y,)| In(¢n—1)) = N(0,2) for which small X is selected. We infer (reconstruct) the
state using A = 0.9 in the former case, and using A = 0.2 in the latter case. Once again,
the true state trajectory is dominantly contained within the inferred Bayesian interval

estimate of the state.

7.7 Optimal tuning of the forgetting factor (FF), )\,

We aim to assign an optimal data-driven FF sequentially i.e. A\, = A(x,) involving a fixed,

finite-dimensional, optimal projection of the available data, x,, at each time. In general, A,
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Figure 7.5. State reconstruction using SF for the exponential observation model in the slowly-
varying state case.
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Figure 7.6. State reconstruction using SF for the exponential observation model in the fast-
varying state case.

is unknown, but note that updating the SF-based (7.49) and (7.50) depends on the choice
of A\, Vn. Available approach to sequential data-driven FF assignment is [157], which infers
sequential )\, using an iterative variational Bayes (IVB) algorithm. Here we do not redreive
caclulations and directly use the result [157] i.e. an IVB-based algorithm which sequentially
estimates \,. Here, A, is interpreted as an unknown parameter, assigned a uniform prior
pd on [0, 1], and the approximate VB marginal posterior pd is then sequentially computed.
The data-driven assignment of A, is chosen as the expected value of this VB approximate
posterior pd, which we explicitly denote by Xi = S\H(mn). Recall that A, enters (7.49) and

(7.50), and so an iterative algorithm needs to be implemented at each step n.
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7.7.1 Application: SF-based design for BF in a multiple signal-

dependent noise problem

In this section, we investigate a signal-dependent noise problem as an application. Notice
that here the FF is designed using IVB in [157]. We adopt the normal model, with unknown
time-variant variances. Assume that,

r(P)

(r) c®)

Tny, DP= ]-7 © Puy (766)

where r,, 4 is the unknown variance of a normal random walk for the state variable, 1/,
and ¢ is a time-invariant known gain for the p* component. Under assumption (7.66),
the dimension of state variables (¢n, Tny, 7)) reduces to (¢, 7,) with the presence of
time-invariant index p. Note that we no longer model the time-evolution of the augmented
state variables (1,7, ) using Gaussian pd,so that an exact BF solution is not available

in the current context. Consider the conditional observation model (7.53), and adopt the

th

NiG pd as the filtering pd and its alternative at time n — 1 for the p* component:
F(wn—la Tn—l,¢|p7 mn—l) = NZG( ~7Ef)17 Dw(l,p—)l (767)
Fy(Yn, Tnplp; ®n1) = NiG(Vrff)la ’71(321) (7.68)
Therefore, SF design under IVB design of FF, at time n is attained as
F(n, Tag|D, @ny An) = NiG(VP), 5 (7.69)
where
~ s & i 1
V) = 30,2, + (1 - X Vo2 + =5 (2, 17 [, 1]

s h e vy S 4

Applying (7.69) into (7.60) and (7.61), the marginal pd of 1), is the mixture of p-conditional
Student’s-t pds and the marginal pd of ,,,, is the mixture of p-conditional iG pds.
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Figure 7.7. Comparison of scaled mean squared error for fixed choices of A versus SF based on
VB design: slowly-varying case.

7.7.2 Simulation study: multiple single-dependent noise problem

In this section, we compare the performance of the SF solution based on IVB design
versus fixed choices of FF. Here, the results are evaluated based on 1000 MC runs. We
design the simulation with 1y = 0.2, ug = 1, ¢ = 1.5, p, = 5 for slow-varying (so that
Ty, = 1,2 -+ is kept small) hidden states. Note that an optimal fixed choice of FF is
not available in general, but can be noted in the current Monte Carlo context. Figure 7.7

shows that A = 0.8 (for the current simulation conditions) has the minimum scaled mean

squared error (SMSE), defined as

il - wu E(vi5] X5, A) 12
SMSE() = =33 5 2, (7.70)

—

t=1r=

where N is the number of time steps and M is the number of Monte Carlo runs. This
optimal value of fixed FF is chosen for the purposes of comparison with the data-driven,
variable assignment arising with VB. Also F(¢,|¢n-1) = N(¢¥n-1,0.7) and F(u,|u,-1) =
InN (Inu,_1,0.9) is adopted in the simulation. In Figure 7.8, SF for optimal fixed choice
of FF . A, = 0.8, is compared with the data-driven IVB assignment, with the latter
outperforming the former. In fact, the VB-based assignment outperforms all fixed choices
of FF. In Figures 7.9 and 7.10, we design the simulation with F (v, |¢,—1) = N(¢,,_1,3) and

F(up|un—1) = InN(Inu,_1,4) for fast-varying (r, , is kept large) hidden states. Figure 7.9
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Figure 7.8. SF-based reconstructon of the state using data-driven VB-based design of the FF
versus an optimal fixed choice A, = 0.8: slow-varying case.

shows that A = 0.2 minimizes the criterion (7.70) for different fixed choices of FF in this

case.
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Figure 7.9. Comparison of scaled mean squared error for fixed choices of A versus SF based on
VB design: fast-varying case.

Comparison of SF for the optimal fixed choice of FF versus the data-driven VB-based
sequential assignment of the FF in the fast-varying case is illustrated in Figure 7.10. For
n < 16, we do not see a clear difference for the alternative schedules due to the large scale
of differences for n > 15. Figure 7.10 shows SF design with the VB assignment of FF

outperforms the solution for all fixed choices of FF, even in the case when the optimal
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value, A = 0.2, is chosen. In Figures 7.11 and 7.12, we assess performance of SF design
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Figure 7.10. SF-based reconstructon of the state using data-driven VB-based design of the FF
versus an optimal fixed choice A,, = 0.2: fast-varying case.

for reconstructing state variable u,,, under different schedules for assignment of the FF.
Figure 7.11 illustrates a slow-varying case for u, (F(u,|u,—1) = InN(lnu,_1,0.9)) where
the SF design with a data-driven VB assignment of FF outperforms that using an optimal
fixed value of FF, A\, = 0.8,Vn. For increasing n, this distinction becomes ever more

evident. Also the lower and upper first standard deviations (SD) are depicted, providing
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Figure 7.11. SF-based reconstructon of u, using data-driven VB-based design of the FF versus
an optimal fixed choice A, = 0.8: slow-varying case.

Bayesian intervals that summarize the SF-design of sequential filtering pds for u,,, for

1)
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the case of the data-driven VB design of the FF. In figure 7.12, we compare the different

schedules for a fast-varying case of u,, (F(u,|u,—1) = InN(Inu,_,,2.5)). Once again, the

SF design under VB-based assignment of the FF outperforms the case where the optimal

fixed choice of FF (A, = 0.2,Vn) is adopted.
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Figure 7.12. SF-based reconstructon of u, using data-driven VB-based design of the FF versus
an optimal fixed choice A, = 0.2: fast-varying case.

7.8 The logarithmic pooling design for incomplete mod-
els in MP

Here we aim to extend the SF solution to the context of multiple participants. Notice that
SF is the design-based method for merging a single alternative pd. More generally, we
might merge the multiple predictive pds of the state variable, i.e. Fj(¢n|®n1),l=1,...,s.
We note that the logarithmic pooling design (4.4) is an appropriate method for designing
the time step of BF in the context of multiple participants. This is the extension of SF
(7.43) from single participant to multiple participants. For this reason, let each participant
reports the time-variant state pd Fy(¥n|@n-1),l = 1,...,s, to Zy who also contribute their

time-invariant filtering pd, and process these pds to reach the logarithmic pool as follows,

Ap

Ag(wnh}n—lv w?)

(A8 (1] Zn—1) ] "o TTIF (WonlTn1)]"t,

=1

(7.71)
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where wj, € Ay, i.e. 5o wi, = 1. Using observation model (7.7) and applying (7.71) into

BF, the data step of BF (7.15) is computed.

7.9 Discussion

In this chapter, we processed the probabilistic knowledge (i.e. pd of state variables) and
data (i.e. z,, n = 1,2,...), in order to reach a tractable design of filtering pd in the
context of BF. In particular, we employ SF as a special case of the logarithmic pool (4.4)
for designing the time step of BF for a sufficiently rich class of observation models (7.53)
presented in Lemma 7.5.1.

The four classes of solutions for BF i.e., A,...D, are summarized in Figure 7.13. In
particular, the boundary of each set of BF solution with related class of observation model—
denoted inside [.]— is sketched in this Figure. Notably, the sufficiently large set of the

observation model is the mixture of the exponential families, i.e. the class D.

D: MSF

[mixture exponential family|

Figure 7.13. Schematic boundary of different filters (solutions) denoting with A-D. For each
filter, the associated class of observation models is expressed in [observation model].

Lemma 7.5.1 remains true for different design of the time-variant forgetting factor, \,.
Although a data-driven design of the forgetting factor using IVB is presented in Section (7.7),
there is the interest in the design of a schedule for A, using more elegant and principled
design. As mentioned, we specified the SF solution as a special case of the distributional
logarithmic pool. Therefore, various approaches for designing the weights in logarithmic
pool can be adopted for designing A,. In particular, the elegant empirical design presented

in Section 4.2.1.1 could be used. Several proposals are available in the Bayesian literature
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such as metods presented in [48,91].

The lemma 7.5.1 does not claim to provide a necessary condition for tractability of SF
solution of BF, and, indeed, we will explore further extensions to time-variant parameter
models for which tractability is preserved in future work.

SF has been adopted as a design of the time step in BF for state variables, ¥,,, where
the latter are augmented by the time-variant model parameters. SF has ensured that
fixed, finite-dimensional statistics are maintained in the resulting filtering algorithm. In
Section 7.7, the time-variant forgetting factor (FF) has been assigned optimally in a
sequential data driven scheme, A, = A\,(z,), using an iterative VB algorithm. A FPD-
based proposal for a data-driven FF [91] will be explored in future research. Furthermore,
we have restricted our focus to observation models with a mixture of p, components, Vn.
This is the case when the pointer, p, is time-invariant. In future work, we will relax this
simplification, adopting a time-variant pointer p,, in which case the number of components
increases as py, i.e. exponentially with n. Sequential design strategies are then required in
order to bound the dimension of the model, and of the computed statistics.

The task of BF —addressed in this Chapter — remains to be done using FPD. In Chapter

8, we will discuss more technical details on how it might be developed.
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Chapter 8

Conclusions and Future Work

In this Chapter, we summarize the core results of each Chapter i.e. Chapters 3-7. Some
possible extensions of the future work corresponding to each chapter will be discussed in

sequel. Finally we summarize key contributions of this work and remaining tasks are listed.

8.1 Conclusion of Chapter 3

In this Chapter, we process data (as a special case of knowledge processing) to deduce
the unique and consistent Bayesian inference of the model order, the subset selection
of the global set of unknown parameters, and OSA and MSA predictors for AR model.
Furthermore, recursive algorithms for processing data into shaping parameters (i.e. EIMs)
of posterior pd are proposed. Widely used criteria of model order estimation are discussed
and specialized into the AR case. Moreover, automatic Ockham’s regularization of BPO has
been mathematically justified and a comprehensive explanation of emerging Ockham’s term
in estimation strategies of model order in AR case is provided. Furthermore, recursions
introduced in Section 3.6 provide us efficient tools to compute the Bayesian data processing
task. These recursions might be the good replacement of LDL decompositions which is

popular for Bayesian computation in the current Bayesian literature i.e. [55,91].

8.1.1 Possible extensions and future directions of Chapter 3

Recall that recursion in order (3.108), the recursion in time (3.111) and full recursion (3.112)
at the level of EIMs (Section 3.6), allow us efficiently process data into shaping parameters
of pds for computing different Bayesian inferential tasks in Section 3.3. However, these

recursions do not provide a recursive updating of pds. Therefore, an important progress
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will be exploring efficient recursions at the level of projection of EIMs in the future.

8.2 Conclusion for Chapter 4

In Chapter 4, the centralized moral deliberator-based scheme allows consistently processing
distributed knowledge in multiple participants. This scheme is (i) parametric, and (ii)
moral. Under (i), the participants’ knowledge is merged into a prior on the deliberator’s
parameter. This prior is chosen optimally, using FPD. Under (ii), this optimal prior bounds
the expected loss imposed on each participant. The scheme allows for a wide class of
continuous parametric deliberators and participants to be handled. It quantifies uncertainty
in the deliberator’s parametric model, while also yielding the optimal predictor. This
chapter has provided functionally tractable solutions in the conjugate case, and, specifically,
for normal participants and deliberator. Extensive simulations point to the advantages of
the scheme over logarithmic pooling, particularly in respect of uncertainty quantification,

randomization, and predictive accuracy.

8.2.1 Possible extensions and future directions of Chapter 4

In this Section, some potential future tasks of Chapter 4 are pointed out. Despite the FPD-
optimal parameter pd (4.15) and the optimal predictor (5.18) can be functionally tractable
for a rich class of Z’s parametric model of z, Go(z|@), generally they are not computationally
tractable. Recall that the main issue is deriving A° as an explicit function of B8) and K.
Some of the well-known numerical techniques are penalty function approzimation [137]
and the grid search [158]. Penalty function approximation has been considered for similar
tasks [38], and might be extended to our more general context. Also, the grid search
is a popular algorithm for hyperparameter optimization where the hyperparameters are
tuned in the space of hyperparameters. We would not aim to implement this algorithm.
Because, KT multiplier \; > 0, [ = 1,...,s, which implies that hyperparameter space
includes unbounded value spaces for A. Therefore, discretization of space may be necessary
before applying the grid search. Furthermore, the grid search alone does very poorly in
practice [159].

Generally, it is difficult for the deliberator to specify their bounds, 8 (4.10), on the
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expected loss imposed on the respective participants. To solve this issue, we might re-
interpret A as the primary parameter of the deliberator’s model for . In this case we can
adopt an ideal pd (pre-prior) to A. There is then the opportunity to derive the FPD-optimal
design of A through processing K. A similar idea is adopted for the logarithmic pool
in [160].

Adopting an ideal pd of A represents the quantification of Zy’s opinion via hyperparam-
eters. Then it will be updated after processing K, i.e. A°(A|K). In the future work, this
task will be fully explored.

8.3 Conclusion for Chapter 5

In Chapter 5, different knowledge, K, is defined and processed for designing the FPD-
optimal solutions. In particular, K in Definition (5.1.1) is no longer constrained to the
bounded expectation of KLDs (i.e. constraint 3 in Definition 4.3.1). This K is processed in
three different ways with three different specification of ideal pd. Each way of processing K
yields the different FPD solution. In particular, FPD-A (5.16) in Section 5.2 and FPD-R
(5.34) in Section 5.4 are one-batch processing of K. While FPD-S (5.22) in Section 5.3 is
the sequential processing of participants’ predictors where FPD is applied s times. We note
that FPD-A (5.16) yields a principled and tractable design of non-uniform weights. While
the design (5.34) requires numerical techniques for evaluation of weights. Furthermore,
FPD-S (5.22) assigns the unit weight to each participant. The main difference between
(5.16) and (5.34) is that the further assumption (5.31) on the joint model (5.6) is adopted
for deriving (5.34). A thorough comparison will be presented in Table 8.1. Notably these
optimal priors can be used for sequential processing of data by Z,.

We favour FPD-A (5.16) over FPD-S (5.22) and FPD-R (5.34) for the reasons mentioned
in Section 5.8. The optimized prior (5.16) is exploited to deduce the optimal predictor.
Specifically, the optimal predictor (5.18) is in the form of the linear mixture for which both
components and weights are tractably evaluated for a rich class of Zy’s parametric model,
i.e. DEF. On the other hand, Zy’s predictor (5.30) and (5.44) have the similar structure to
(4.21) which is totally different from the optimal predictor (5.18).
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8.3.1 Possible extensions and future directions of Chapter 5

The proposed scheme in Chapters 4 and 5, indicates that participants provide their
knowledge of same z to the deliberator, G;(z). A possible extension of these works is to
merge pds of partially common x, reported by participants. A related work is provided
in [38] for the discrete case. Also [161,162] can be used where the joint pd of multiple
transformations of z (the output of multiple distributed sensors) is constructed using
hypothesis testing for the purpose of classification. In particular, the constructed pd is
asymptotically optimal, i.e. the closest pd to the true pd in KLD sense. We will explore
merging multiple pds in more general cases in the future work. The other possible future
exploration is to implement the proposed FPD-optimal design for the recursive schemes
where the Zy’s deliberation is fed back to the participants in a closed-loop scheme.

The FPD-optimal design presented in Chapters 4 and 5 is a static, open-loop one, involving
a single invariant unknown, z. The framework can be extended to the dynamic case,
involving modelling of a discrete-time random process, z;, i € Z. In particular, we will
show in future work how the deliberator’s FPD-optimal inference may be fed back to
the participants as a prior for their (conjugate) processing of local data, 2!, [ = 1,...,s,
achieving an FPD-optimal, closed-loop, Bayesian distributed filtering scheme. The related
work is found in [111] in the case where the scheme is decentralized and the weights are
informally derived.

The FPD-optimal design (5.16) and (5.34) are achieved under this assumption that just
one of the participants is true. However, this is not applied for more general contexts
where two or more participants might be true. This generalization will be explored (e.g.
by rearranging knowledge) in the future work. Also, in Chapter 5, the deliberator fully
respects to one participant and replace their parametric pd with the participant’s pd (5.4).
A possible direction of the future work is to generalize the context to the case where the
deliberator considers the participants’ predictors partially and involves their parametric

model in formulating their joint model (5.6) i.e. replacing the assumption (5.4) with,

M(z|l, 0, K) = aG(z) + (1 — a)Go(z|0) (8.1)
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or,
M(z|l, 0, K) x G%(2)GL~*(2|). (8.2)

Recall that FPD designs (5.16), (5.22) and (5.34) do not propose non-uniform weights for
the case where s = 1. We note that this problem will be solved applying (8.1) in (5.32).
The FPD-optimal parametric hierarchy of the deliberator in Chapters 4 and 5, constraints
the model choice, Go(x|@), and forms an important part of Zy’s knowledge, K. In particular,
this is the application of item 1 Remark 2.3.2. An important parametric extension is
adopting item 2 Remark 2.3.2. Using that, we can provide the uncertainty measure on the
Zy’s optimal predictor, where this is not currently available. More important progress will
be made when the parametric form can be fully relaxed to a continuous nonparametric form,
0 = Gy, so that z ~ Gy(z), where Go(z) is now a functionally unknown (i.e. nonparametric)
pd. In particular, [19] develops the FPD framework for the design of priors in nonparametric
hierarchies, when processing external knowledge of a very general kind. In future work, we
will apply that framework in MPS. This will also yield uncertainty measures in respect of
the deliberator’s predictor, Go(z|K) (Remark 5.3.2).

Despite the advantages of our centralized deliberator-based scheme, the deliberation (i.e.
decision-making) itself is confined to the deliberator. As mentioned in Section 4.1, this
may lead to issues of scalability and vulnerability of the failure in the overall system in the
large-scale systems. In the future, in order to overcome these problems, the participants—
particularly in large-scale systems—can be grouped, each group being moderated by a local
deliberator. The current framework can then be adopted by each group, with each group’s
deliberator reporting their local FPD-optimal predictor (4.21) to the (global) deliberator,
for final deliberation. This scheme is referred as a hybrid of centralized and decentralized

scheme in the related work i.e. [163].

8.4 Conclusion for Chapter 6

In Chapter 6, the FPD-optimal solutions of parameter prior and predictor derived in Chapter
5, are adopted for merging multiple AR nodes for the purpose of deriving Zy’s optimal

OSA predictor, through processing K (Definition 6.1.1). In particular, the deliberator
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processes AR parametric observation model and OSA predictors (Section 3.3.2)— reported
by the participants— in order to derive Zy’s optimal parameter prior and also OSA optimal
predictor. These FPD- optimal designs are derived for both known and unknown model

order, p.

8.4.1 Possible extensions and future directions of Chapter 6

One direct extension of the work presented in Chapter 6 might be deriving the Zy’s optimal
MSA predictor through processing multiple MSA predictors provided by AR participants.
There is an opportunity to use MSA predictor in Section 3.3.3 for processing local data
of AR participants, Then reporting them to the deliberator for designing their optimal
MSA predictor. This task will be reported in the future work. We might also implement
FPD-moral deliberator (4.15) for processing multiple AR nodes after finding an effective

technique for evaluation of the Kuhn-Tucker multiples, .

8.5 Conclusion for Chapter 7

In Chapter 7, we derive the SF solution for designing the time step of BF through processing
alternative predictor of time-variant states. The designed SF is derived for a rich class of
observation models, i.e.(7.53) presented in Lemma 7.5.1. Furthermore, the designed SF is
used for processing data in the data step of BF via Bayes’ rule. Then we have extended the
SF solution to the logarithmic pooling design (4.4) for the purpose of processing multiple

(alternative) predictors of time-variant states in MPS.

8.5.1 Possible extensions and future directions of Chapter 7

Recall that the proposed FPD solutions—presented in Chapters 4 and 5 cannot be used in
this Chapter for the reasons mentioned in Section 7.4. The main reason is that the optimal
design of the hyper-parameter prior of states i.e. S°(Vonjn—1, Yonjn-1|K), is required. This
will be possible using the second case of Remark 2.3.2, while the proposed FPD solutions
are derived using case 1 Remark 2.3.2. Using the guideline provided in [19] and applying
the second case of Remark 2.3.2, the FPD-optimal design of the hyper-parameter prior i.e.
S°(Vo,nn-1, Yo,njn—1|K) can be computed. Therefore, the FPD-optimal design of A(¢y|K)
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will be derived in sequel as:

Ao(¢n|V0,n|n—1> Yonln—1, K) == ES" [A(’wan)] (83)

We wish to extend the current work to fully hierarchical FPD [19] via (8.3) and use it
for merging multiple state predictors in the context of BF. We note that the stochastic
approximation is also required to evaluate this hierarchical FPD-optimal design, S°(.).

Such computational tasks will be explored in the Future work.

8.6 Conclusion

Recall that in this thesis, the main aim was the optimal distributional design through
processing knowledge distributed among multiple nodes. We have evoked FPD as our
primary approach in a centralized deliberator-based scheme. This thesis extends the current

context in the following way:

1. The FPD-optimal design is derived for a rich class of Z’s parametric model of z (i.e.
DEF), as a common quantity of interest for all nodes, in the centralized scheme.

Only solution for discrete pd was already available.

2. FPD-optimal designs of parameter prior allow quantification of the deliberator’s
uncertainty in their model choice, i.e. Go(z|@)—compared to distributional pooling

design.

3. This work provides us the FPD extension (5.18) of linear pooling design. This
extension allows designing the weights axiomatically and fully (functionally and
computationally) tractably. Recall that the design of weights is the main challenge

in distributional pooling designs.

4. The proposed FPD solutions derived for a centralized scheme might be adopted to
the decentralized scheme too. Recall that in the decentralized scheme (i.e. the RHS
Figure 4.1), each node will be capable to parametrize its own model of z and merge it

with the received pds from the neighbouring nodes in order to derive optimal design.
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Therefore, each node will be able to derive the FPD-optimal design through available

knowledge by adopting our proposed solution.

. We have understood that the FPD solutions in MPS are important applications of
fundamental FPD (Definition 2.3.4) where the knowledge of the system is defined
and processed in different ways. In particular, these solutions are derived through
implementing the parametric hierarchical FPD expressed in item 1 Remark 2.3.2. A
thorough summary of different FPD solutions proposed in the thesis is presented in
Table 8.1. Recall that we favour FPD-A (5.16) over FPD-S processing (5.22) and FPD-
R (5.34) for the reasons mentioned in Section 5.8. A critical comparison is between
the core result of Chapter 5 i.e. FPD-A (5.16) and the main result of Chapter 4 i.e.
FPD-moral deliberator (4.15). As shown in Table 8.1, both FPD-moral deliberator
and FPD-A are functionally tractable and derived in the knowledge-constrained sat,
M i with s + 1 variational quantities. However, FPD-moral deliberator (4.15) is not
computationally tractable. In particular, numerical techniques is required to evaluate
its normalizing constant and more specifically designing weights. On the other hand,
FPD-A (5.16) is computationally tractable for a rich class of Zy’s parametric mocel
with principled and tractable design of weights. Therefore, we will consider (5.16) as

our primary FPD solution for the future work.

. PED R pBp.meral del FPD-A FPD-R FPD-S
properties
Knowledge, K K in Def. 4.3.1 | K in Def. 5.1.1 | K in Def. 5.1.1 | K in Def 5.1.1
Var. quant. in M g s+1 s+1 2 1
Funct. tractable Yes Yes Yes Yes
Comput. tractable No Yes No Yes
Design of weights num. eval. opt. and tract. num. eval. unit weizhts

Table 8.1. A summary of proposed FPD solutions in the thesis with their properties

However,the following task remain for the future work:

o In this thesis, all Zy’s FPD solutions are the application of parametric hierarchical

FPD (i.e. case 1 Remark 2.3.2). This work has involved parametric observatim
model, Go(z|@), and optimization of parameter prior (i.e. A°(.)) that allows us

the uncertainty about the parametric observation model. Notice that there is 10
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uncertainty on the optimized predictor. A important extension of the current work
will be implementing the second setting of Remark 2.3.2 where parametric prior, A,
is parametrized with finite-dimensional hyperparameter. Then the task is to derive
the FPD-optimal design of hyperparameter prior. This setting will allow us quantify
the uncertainty about the optimal design of A(8|n, K). Further progress will be
relaxing the constraint parametric hierarchies by allowing Go to be nonparametric
process prior. Then we will exploit the nonparametric hierarchical FPD setting (2.18)
in which z ~ Gy(z), where Gy(z) is unknown, nonparametric, infinite-dimensional

parameter. Then we will design the nonparametric prior.

Notice that none of the PFD solutions summarized in Table 8.1, provides the FPD-
optimal design of the time step of BF. For this reason, we will use the parametric
hierarchical FPD ( i.e. the second setting of Remark 2.3.2) which allows us to derive
the FPD-optimal design of hyperparameter prior, S°(Vo n, on|K). Then using sam-
pling methods from S°, the FPD-optimal design of filtering pd i.e. A°(¢n|Von, von, K)

is achieved.

In this thesis, all nodes provide the pd of the common x. A possible extension
of this work is performing DM task for merging multiple pds of partially common
x. For simplicity, let the deliberator and two participants respectively contribute
Go(xo|0), Gi(z1) and Go(xs), where x; # x;, for j # 1, j,1 =0,1,2 and ULz, = z,
then Zy’s task will be designing the FPD-optimal predictor of . There are some
proposed methods that might be exploited. For instance, [38] proposed the merging of
multiple conditional and marginal pmfs to construct the joint pmfs using Bernardo’s
prescription (2.36). Furthermore, [164] proposed the construction of copula-based
joint pd using marginal pds of statistically dependent multi-modal random variables
in multisensor fusion problem. Further related works of designing joint pds from

dependent marginal pds are i.e. [161,162] for multiple sensor processing.

For the large-scale systems, there might be the scalability problem with the proposed
centralized scheme. As a future task, the participants can be grouped, each group
being moderated by a local deliberator. Then the current framework is used to merge

local deliberator’s predictors by a global deliberator, for final deliberation.
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This work provided us with fully tractable FPD-optimal predictor of common x which was
only explored for discrete pds in the state-of-the-art. As stated in the future work, this

achievement can be exploited in various directions.
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Appendix A
Probability Distributions

A.1 Exponential Family

The class of standard pds which belong to exponential family (EF) has the form:

F(x|6) = a(0)b(z) exp[(4(0), h(x))], (A.1)

where a(.) and b(.) are the known, scalar kernels, (.,.) is a known two-argument scalar
operator which is distributive across addition in its second argument, and ¢(.) , h(.) are the
known kernels with compatible dimensions. In the following, we review some of standard

pds belonging to EF (A.1) which are used through this thesis.

o Multinomial, Mu(1,p): Let @ = p = [p1,p2,...,Pm|’ € Am_1, where m denotes

the number of states, and,

j=1

is the open probability simplex of the dimension m — 1. The multinomial pd is a

special case of EF (A.1), where a(0) = a(p) = 1, ¢(6) = ¢(p) = Inp.

+ Exponential, £zp(f): the exponential pd is a special case of EF (A.1), where z > 0,
a(@) =6 > 0 and b(z) = 1, ¢(0) = 6, h(z) = z, and (p,h) = —¢ - h (“-” denotes

inner product).

o Normal, NV(u,r): Let @ = (u,r), p € R, is the mean, and r > 0 is the variance.
The normal pd is a special case of EF (A.1), where z € R, a(0) = a(p,r) = r~% and

b(z) = A=, $(0) = d(u,r) = —£[-1 AT [-1 wh@=[c UT-[¢ 1], (e an
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outer product of an extended data vector), and (¢, h) = tr(¢- h) (“tr(.)” denotes the

trace of matrix).

A.2 Conjugate Exponential Family (CEF)

The general form of CEF is as follows:

F(0]z,)

11

F(O|V 4, )
o a™(8)exp[($(0), V), (A-3)

where, (V,, v,) together are sufficient statistics. Some of special cases of CEF are listed

below.

o Dirichlet, Dir(V, —1): Let @ = p = (p1,p2,.--,Pm) € ADm_1, where A, =
{p| Yipi=L0<p;<1l,j=1,... ,m}, is the open probability simplex of the
dimension M — 1. The Dirichlet pd is a special case of CEF (A.3), where a(0) =
a(p) =1, $(0) = ¢(p) =np, Vi = [Vin, ..., VaalT, and (4, Vi) = ¢7 - V.

« Gamma, Ga(v, — 1,V,): the Gamma pd is a special case of CEF (A.3), where
a(@) = ¢(0) =0, and (¢,V,) = —¢ - V,. Notably, the Gamma pd also belongs to
EF (A.1).

« Normal inverse Gamma, NiG(V ,,v,) : the NiG pd is a special case of CEF
(A.3), where a(0) = a(p,7) =2 and ¢(8) = ¢(u,7) = —5[-1 pT-[-1 py], and
(¢, Vi) =tr(¢- Va).

A.3 Non-Exponential Family
In the following, we list some of the non-EF pds which are used throughout this thesis.

o Uniform, U(a,b): let @ = {a, b}, the continuous uniform pd on the support z € (a, b)
is:

1

Flzla,0) = oy

, T € (a,b), a,beR (A4)
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Notably, if a = 0 and b = 1, then the uniform pd (A.4) is called standard uniform pd.

+ The mixture of EF: A widely used form of non-EF pd is the mixture of EF, i.e.
Flz]|8) = Za] (z]0), (A.5)
where, a; € A, is corresponding weight to ;- component, and Fj(z|6) is a
member of EF in the form (A.1).

» Student’s-t pd, St(u,7,7): One of the standard non-EF pds is the Student’s-t
pd [165], i.e

Bl e %—%{H%w—mz}” (A.6)

A thorough list of standard pds is available in [13].
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Appendix: Proofs

In the following, we present the proofs of lemma/expression that we left in the Chapters.

A.4 The proof of p-conditional OSA predictor (3.34)
Proof. Simplifying predictive pd as,

F(wn+1lp)
F(zn|p)
’ia,r(Vg:)—la Vr(zzjal)

V27 kg (VP )y

(p)

Vnt1 -1 +1)
F< ? ) (/\;p-i)—l) 2 |V‘$lp-9)-l,aa|—-é- (A?)
r() 09)tvar \WY

F($n+1|mnap) =

Using (A.7), the main kernel of predictive pd is via,

/\(P)
/\7;:)1 ™ p) {Vn+1 1 — Vn+1 al(VSH—l aa) 1‘/n+1 al}
n
1 T T
= ) {Vn 11+ T [V(npal + $n+1¢7(1121][vgf)1a + ¢£’21¢5§21] [V(pal + an+17/)n+1]}
n

(A.8)

Notice that the inversion lemma states,

A

V&, + 2P = (V) =
1+w7(1ﬂ)—1( npla) ,l/}(p)
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Moreover, using (A.9), we can simplify (A.8) as follows,

®)T (v (p) \—1,,(P) \2
A 1‘ n VTl aa n
D L0 a1 - g (VL)) + e (Ve )
/\n /\n 1+ wn+1 ( (0 aa) Lwn
v -1y _ Voo (VEL) i, (Valr (VL) ')
— 2£L'n+l[vn al( n,aa) wn+1 - ()T ®) (p) ]+ p)T (p) }
I wn—H (Vn aa) w L+ wn+l ( naa)
(A.lO)
Therefore, using (A.10), OSA predictive pd (A.7), can be attained as follows,
(P
r ( n 2+1>
F(In+1|mn,p) = ®) ® @) il
\/7_TF ( ) [/\ (1 = wn+1 (Vnpaa) 1¢n+1)]§
_(uu(”2)+1)
1 T 17, \?
1+ Tn+1 — np) (V(pl)la) Vna
{ L RV (e U (V) )
(P)
= ®)T @) Vi P 41 (A.11)
( AP+ T VEDYE) T
O
A.5 Proof of Lemma 3.6.1
Proof. Using (3.109) and (3.110) we have,
Pu—1
a1
Nico=Nes = 3(n=1)+ 3 (n=p)(p+1) - (n—pu) Pt
3 2
pu 7pu 4pu 3
CuNE R R e I A.12
Therefore, N;_, > N4_,, for p, > 8.
O
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A.6 Proof of Lemma 3.6.2

Proof. Assume that we exploit the on-line scenario to compute all EIMs available in
off-line scenario (V?;p = 1,...,p,). Using the flow in Figure 3.3, the best on-line
trajectory has to be passed, at least, through time recursion from i = 2 to arrive at
i = n which requires p—‘g* — ééﬂ + % = O(p3) multiplications more than using decremental

way in off-line scenario. Therefore, the lemma is proved. a

A.7 The proof of the time step (7.27) and data step
(7.30) of KF

Proof. The proof of the time step of KF (7.27): using (7.25) and (7.26) we have,

Fblen) = [ Fbaltbn ) F(@posl@nar)diby

n—1

oc /w exp{=La}dy, (A.13)

1 1
Ln = 5(1/)71 o Anwn~1)TR;1(wn i Anwn—l) o §(¢n—1 - Hn—1)T2;i1(‘/)n—1 i u'n—l)
(A.14)
By decomposing L,, as,
Ln = Ln(wn—lv wn) + Ln (’wn) (A15)

where, L,(%,_1,%,) is considered as a quadratic form in %,,_, and obtained by calcu-

lating the first two derivatives and minimizing it w.r.t ,,_; as,

| _ g " .
Ln("ﬂbn—hwn) = a(wn—l i (AZRtblAn + Z:nil) I[AZ;Rwlwn i 2nil/'l'n—lDT
(AnRy An + 2.0)(Wny — (ARG An + Z70) AT R W, + 270 1))
(A.16)

Notably (A.16) is the common quadratic form of the negative exponent of a normal

distribution satisfying in decomposition (A.15), whereas there are other quadratic forms
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holding (A.15). Consequently L,(%,,) can be obtained as follows,

1 . 1 .
Ln(wn) T szRxlwn+§“g—lznllun—l
1

S[ARRG Y+ Zhip | (ARG An + 220) A By 'y + 2 i)
(A.17)

where (A.17) does not depend on %,_; and we are allowed to pull L,(4,) out of

integration and (A.13) can be rewritten as,

F(Y,|en-1) o exp(—Ln(tpy,))
X Nlbn(p’mn—l’znm—l) (A18)

By minimizing L,(%,) w.r.t ¥, and using the inversion lemma, shaping parameters of
the time step of KF are obtained as follows,

Pajn—1 = Anply_y (A.19)
Z;'n.ln—l = R¢+An2n—1AZ (A20)

The proof of the data step of KF (7.30): once again applying similar calculation
to latter part of the time step of KF, F(3,|x,) can be obtained as follows,

(0.8 an (anm Rx)N#’n (p‘n|n—1’ 2Tlln—l)
o< Ny, (Hn, Zr) (A.21)

where,

Ky = I‘l’nln—l o (Enln—lcz(cnznln—lcz a5 RJE)_l[mn i Cnu’nln—l] (A22)
X, = 2n|n—1 il 2:n|n—1C'Z((;’nzznm—lc’g a0 Rz)—lcnznm—l (A23)

Replacing pt,,,_; and 3,1 with right-hand side of (A.19) and (A.20) respectively.

we have,

i = Agltuiy (R + 4201 ADCIIC (R AT, AT IO
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+ R 7'}Han— CrAnp, ], n=2,.. (A.24)
Sn = (Ry+AnZSa AT - CL[Cu(Ry + AnZn147)CF
+ RI]_lcn(Rw Gl Anzn—lAZ)}, =2, (A25)

Therefore, the proof is completed. O
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