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Abstract

This thesis investigates the thermodynamics of quantum systems far from equilibrium, with
particular emphasis on nonequilibrium steady states (NESS). Its central contributions are
twofold: a methodological development of the mesoscopic leads technique for modeling open
quantum systems, and a geometric framework for understanding entropy production in slow
transitions between NESS.

The first part of the thesis refines the mesoscopic leads approach, providing a consis-
tent thermodynamic description within this formalism. By treating each lead as a finite
quantum system weakly coupled to an external Markovian reservoir, the method enables a
Markovian embedding of the extended system, even when the central system itself exhibits
non-Markovian dynamics. Within this framework, we derive expressions for heat currents
and entropy production, recovering the Landauer–Büttiker formula in the limit of large
leads. As an application, the method is used to study thermal rectification in a periodically
driven double quantum dot.

The second part focuses on entropy production in slow, quasistatic transitions between
nonequilibrium steady states. Using the Hatano–Sasa decomposition, we separate the total
entropy production into adiabatic and non-adiabatic contributions, where the latter quanti-
fies deviations from instantaneous steady states. In the slow-driving limit, this non-adiabatic
entropy production is shown to be governed by a Riemannian metric on the space of control
parameters, allowing the use of geometric techniques to derive thermodynamic bounds.

In addition to these original results, the thesis offers pedagogical reviews of foundational
topics in quantum thermodynamics, including a comprehensive introduction to Gaussian
fermionic systems without pairing terms and a modern exposition of the Hatano–Sasa frame-
work for both classical Markov chains and Lindblad master equations.
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1 Introduction

T
he foundations of thermodynamics were established with a primary focus on sys-
tems in equilibrium and quasistatic processes. The pioneering work of Carnot,
Clausius and Kelvin, centered on idealized cyclic engine protocols involving trans-

formations between well-defined equilibrium states [1, 2, 3]. Central to this framework was
the second law of thermodynamics, formalized via the Clausius inequality,

Δ𝑆 ≥
ˆ

𝛿𝑄
𝑇

, (1.1)

which states that the total change in entropy Δ𝑆 of a system is greater than or equal to
the reversible heat exchange, with equality holding only for reversible processes. While the
second law imposes fundamental constraints on all thermodynamic processes—including
those that pass through nonequilibrium states, the dominant theoretical focus at the time—
shaped by the technological demands of the industrial era—remained on stroke-based ther-
modynamic cycles operating between equilibrium states.

The emergence of statistical mechanics, particularly through the work of Boltzmann, of-
fered a complete microscopic understanding of equilibrium thermodynamics. The H-theorem
offered a statistical interpretation of the second law, providing a bridge between macro-
scopic irreversibility and an underlying microscopic dynamics [4, 5]. Yet even within this
framework, nonequilibrium states appeared only as transient stages—intermediate steps in
processes connecting equilibrium points.

In contrast, a nonequilibrium steady state (NESS) represents a fundamentally different
regime: one in which macroscopic observables remain stationary over time, despite ongoing
dissipation and exchange with the environment. A canonical example is a system connected
to two heat baths at different temperatures. For instance, a metal rod in thermal con-
tact with a hot and a cold bath will, after sufficient time, exhibit a stable temperature
profile—indicative of stationarity—yet will sustain a nonzero heat current, reflecting its
nonequilibrium nature.

Such systems are characterized by persistent entropy production. This can be made ex-
plicit by rearranging the Clausius inequality to define the entropy production Σ as the
discrepancy between the total entropy change and the entropy flow due to heat exchange:

Σ = Δ𝑆 −
ˆ

𝛿𝑄
𝑇

≥ 0. (1.2)

In a NESS, while the system’s state remains unchanged in time (Δ𝑆 = 0), entropy is
continuously produced due to maintained fluxes. This is quantified by the entropy production
rate,

𝜎 = dΣ
d𝑡

> 0, (1.3)

1



1 Introduction

which remains strictly positive in steady-state conditions. Persistent entropy production is
thus a hallmark of NESS, distinguishing them from equilibrium configurations.

A major milestone in the theoretical understanding of nonequilibrium phenomena was the
development of linear response theory, particularly through the work of Lars Onsager in the
1930s. Onsager’s reciprocity relations formalized the behavior of systems near equilibrium,
describing how small perturbations give rise to proportional responses [6, 7]. But it was
Ilya Prigogine, in the mid-20th century, who pushed thermodynamics beyond linearity. His
work on dissipative structures and far-from-equilibrium systems laid the groundwork for
describing self-organization in systems subject to continuous driving [8, 9, 10].

Not coincidentally, Prigogine had a background in chemistry, for which he was awarded the
Nobel Prize in 1977. Chemical reaction networks served as prototypical examples demon-
strating how far-from-equilibrium systems can exhibit complex and self-organized behavior.
Canonical models such as the Brusselator—a chemical oscillator developed in the Free Uni-
versity of Brussels—exemplify how chemical systems can give rise to NESS with structured
dynamics [11].

This connection between thermodynamics and chemical networks has since inspired a
wide range of interdisciplinary applications. In biology, for example, cellular processes such
as ATP synthesis and ion transport operate in NESS, sustaining order through continuous
dissipation [12, 13]. In chemistry, autocatalytic cycles and oscillatory reactions, such as
the Belousov–Zhabotinsky reaction, illustrate robust far-from-equilibrium behavior [14]. In
engineering, continuously operating thermal devices—unlike traditional cyclic engines—are
designed to function in NESS, with sustained fluxes of heat or particles [15].

As noted by Schrödinger in his seminal book What is Life?, based on a series of public
lectures given at Trinity College Dublin, “it is by avoiding the rapid decay into the inert
state of ‘equilibrium’ that an organism appears so enigmatic; [...] it feeds on negative
entropy” [16]. This metaphor captures the essential insight that living systems must operate
in nonequilibrium steady states. In nature, equilibrium is the exception, not the rule.

As attention turned to microscopic and mesoscopic systems, the need for a thermodynamic
theory incorporating fluctuations became increasingly apparent. This led to the development
of stochastic thermodynamics [17], a framework in which thermodynamic quantities—such
as work, heat, and entropy production—are defined at the level of individual stochastic
trajectories. Central to this theory are the fluctuation theorems [18, 19, 20, 21], which quantify
the statistical weight of entropy-reducing events and extend the second law beyond its
traditional, macroscopic limits. Stochastic thermodynamics has become a foundational tool
in describing systems where noise and fluctuations are essential—such as molecular motors,
colloidal particles, and other microscale systems operating far from equilibrium.

The late 20th and early 21st centuries brought new challenges—and opportunities—with
miniaturization of technology. As devices have scaled down to the nanoscale and coherence
times have increased, the need for a quantum formulation of thermodynamic principles has
become increasingly pressing. These developments gave rise to quantum thermodynamics—a
field that seeks to generalize thermodynamic laws and concepts to the quantum regime [22,
23, 24, 25].
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This thesis presents a set of theoretical tools and results that advance our understanding
of thermodynamics in quantum systems far from equilibrium, with a focus on nonequilibrium
steady states, entropy production, and quantum transport.

The contributions of this thesis are in two fronts: methodological and theoretical. From
a methodological perspective, we formulate a thermodynamic framework for open quantum
systems coupled to mesoscopic leads, enabling a consistent description of energy exchange
and entropy production under time-dependent driving. From a conceptual perspective, we
analyze transitions between NESS using tools from information geometry.

Beyond Markovianity: The Mesoscopic Leads Framework

The natural setting for quantum thermodynamics is the theory of open quantum systems,
which deals with quantum systems interacting with external environments. One of the pillars
of this theory is the Gorini–Kossakowski–Sudarshan–Lindblad (GKSL) master equation [26,
27], often referred to simply as the Lindblad equation. This equation describes the effective
dynamics of a system that is weakly coupled to an environment, along with other suitable
conditions, and characterizes the most general form of Markovian quantum dynamics that
is completely positive and trace-preserving (CPTP).

The Lindblad formalism offers substantial advantages for both analytical and numerical
treatments. From a computational perspective, the Markovian and time-local structure
of the equation facilitates scalable simulations. In particular, the quantum trajectories or
quantum jump method enables efficient stochastic unravelings of the dynamics, substantially
reducing memory requirements compared to full density matrix evolution [28, 29].

From a theoretical point of view, the Lindblad framework has been the subject of extensive
mathematical and physical investigation, resulting in a vast library of results. In particular,
entropy production in Markovian systems—especially those with a thermal steady state—is
well understood through Spohn’s framework [30].

The Lindblad equation has found widespread application across many different fields,
both phenomenologically or grounded in a microscopic derivation. It has been successfully
used to describe many experimental setups, particularly in quantum optics [31, 32]. How-
ever, despite its success, the Lindblad paradigm has important limitations. The Markovian
approximation that underlies most derivations of the Lindblad equation amounts to ne-
glecting memory effects and assuming a clear separation of time scales between the system
dynamics and the decay of bath correlations. In many textbook treatments this is justified
by assuming that the environmental spectral density is smooth on the scale of the system’s
transition frequencies, so that bath correlation functions decay rapidly in time [31, 33, 34].
Crucially, however, a flat (or nearly flat) spectral density is neither necessary nor sufficient
for Markovianity: structured environments can still give rise to effectively memoryless dy-
namics on appropriate time scales, and conversely, deviations from the weak-coupling or
secular approximations may lead to non-Markovian behaviour even for relatively featureless
spectra [33, 34]. What ultimately characterizes Markovianity is therefore a property of the
dynamical map (e.g. semigroup or divisibility properties), not of the spectral density alone.

At this point it is useful to clarify the terminology that will be used throughout this the-
sis. In the mathematical theory of open quantum systems, a prototypical notion of quantum
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Markovian dynamics is provided by quantum dynamical semigroups, whose generators have
the Lindblad form [26, 27]. More generally, modern discussions of quantum (non-)Marko-
vianity emphasise properties such as complete-positive divisibility of the dynamical map or
the absence of information backflow, which allow for time-local master equations with time-
dependent (but still Lindblad-like) generators that need not form a strict semigroup [33].
Different, partly inequivalent, definitions of quantum Markovianity coexist in the literature;
see, for example, Refs. [35, 34, 36] for detailed discussions.

In this thesis, unless explicitly stated otherwise, we will adopt the common but somewhat
narrower convention of using the term Markovian dynamics synonymously with dynamics
generated by a time-homogeneous Lindblad master equation, i.e. by a completely positive,
trace-preserving quantum dynamical semigroup. When we wish to refer to more general
notions of Markovianity (such as CP-divisible time-local evolutions) we will state this ex-
plicitly. Likewise, when we speak of non-Markovian dynamics we will simply mean dynamics
that cannot be described within this semigroup / Lindblad framework.

A promising strategy to overcome these challenges is the mesoscopic leads approach. This
method replaces the infinite-dimensional macroscopic bath with a finite subsystem—the
lead—which is itself weakly coupled to an idealized thermal reservoir. The resulting com-
posite system evolves according to a Lindblad master equation, effectively restoring a Marko-
vian description. This is an example of a Markovian embedding: the system of interest is
enlarged to include part of the environment, and the composite dynamics is Markovian.

The concept of substituting the environment with a damped finite subsystem dates back
to seminal work by İmamoğlu in the 1990s [37, 38], initially devised to extend quantum jump
methods—which was then a promising new technique—to non-Markovian systems. Around
the same time, the idea was further extended by the works of Garraway, under the name of
pseudomodes [39, 40].

The central idea underpinning mesoscopic leads is to approximate the environmental
spectral density—a crucial function characterizing environment-system interactions—with a
finite sum of Lorentzians:

𝒥(𝜔) ≈
𝐿

∑
𝑖=1

𝑐𝑖𝐿𝑖(𝜔), where 𝐿𝑖(𝜔) = Δ2
𝑖

(𝜔 − 𝜖𝑖)2 + Δ2
𝑖

. (1.4)

If the spectral density is well approximated, the original dynamics is also recovered.

While this can be seen as a mathematical construction, the mesoscopic leads formulation
bears close resemblance to actual experimental setups, particularly in mesoscopic transport
scenarios [41], such as molecular junctions [42].

Moreover, recent experiments have demonstrated the ability to directly implement the
setup. A compelling illustration is provided by a recent trapped-ion quantum simulation of
spin-boson models with structured baths [43]. As summarized in Fig. 1.1, the experiment
uses a chain of seven 171Yb+ ions, where a central spin qubit is coupled to selected motional
modes that serve as a controllable bosonic environment. By applying laser-induced ampli-
tude and phase noise to these modes, the environment’s spectral density can be finely tuned,
approximating complex target functions through a sum of damped Lorentzian components.
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The ability to experimentally realize such environments with programmable structure un-
derscores the need for thermodynamic tools that remain valid beyond idealized reservoirs—
precisely the setting addressed in this thesis.

ωm-ωm

δm
δm

Frequency

Carrier

1

2

3

Motional modes

(a) (b)

Figure 1.1: Quantum simulation of a spin-boson model with structured bath. (a) Schematic
of the experimental setup: a chain of seven 171Yb+ ions in a linear Paul trap, where a
single ion encodes the spin qubit and selected motional modes serve as the bosonic bath.
The spectral properties of the environment are engineered via laser-induced amplitude
and phase noise, allowing programmable damping and coupling. (b) Engineered spectral
densities for the spin–boson setup. Solid lines show the spectral densities realized using
only two bath modes. For each curve, the mode parameters are chosen so that the
resulting spectral density approximates, within the relevant frequency window indicated
by the grey rectangle, a Leggett spectral density 𝒥Legg(𝜔) = 𝐴𝜔𝑠𝜔1−𝑠

𝑐 𝑒−𝜔/𝜔𝑐 in one of
three regimes: sub-Ohmic (𝑠 = 0.5), Ohmic (𝑠 = 1.0), and super-Ohmic (𝑠 = 2.0).
The corresponding target densities are indicated by dot–dashed lines. The insets show a
magnified view inside the relevant window. Adapted from Ref. [43].

Thus, the mesoscopic leads framework emerges as a versatile methodology for analyzing
quantum systems strongly coupled to structured environments. This naturally raises the
question of how quantum thermodynamics can be studied within the approach.

Previous work [44] has presented a detailed thermodynamic analysis in steady-state regimes,
alongside an exploration of implementations for interacting systems using tensor-network
methods.

A key methodological advancement of this thesis lies in extending this thermodynamic
analysis to time-dependent scenarios, with arbitrarily fast driving. This work, presented
in [45], establishes a consistent and rigorous quantum thermodynamic framework for strongly
coupled driven systems within the mesoscopic leads formalism. The analysis includes a rigor-
ous derivation of energy flows, entropy balances, and the identification of thermodynamically
consistent definitions of work and heat within the mesoscopic leads framework.

This thesis also provides a pedagogically structured introduction to the mesoscopic leads
method, with a particular focus on its thermodynamic foundations, along with practical
implementation details for non-interacting systems. In addition, it provides a formal jus-
tification of the technique via the reaction coordinate mapping. While this connection is
acknowledged in the literature, the derivation is presented here in full detail and with ped-
agogical clarity.

An important feature of the mesoscopic leads approach is that it opens access to the rich
toolbox of Markovian quantum theory. Notably, it enables the use of the quantum jump
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method for memory-efficient numerical simulation, which was originally one of the main
motivations for the framework [37, 46]. Importantly, however, these tools only apply directly
to the extended system, comprising both system and lead. For example, applying Spohn’s
results for entropy production [30] to make predictions about the central system requires
careful interpretation.

Another central contribution of this thesis, detailed in Ref. [47], is to establish how Spohn’s
framework can be consistently adapted to the mesoscopic leads setting. We provide a de-
tailed comparison between the entropy production in the extended and central systems,
interpreting each term from an information-theoretical perspective. This result offers valu-
able insights into the challenging problem of characterizing entropy production under strong
coupling and non-Markovianity [34, 48].

Finally, the thesis introduces a detailed and practical prescription for implementing the
mesoscopic leads method in non-interacting systems using the formalism of fermionic Gaus-
sian states. A comprehensive and pedagogically guided introduction to these systems is
provided, with particular emphasis on their role in efficient numerical simulations.

In summary, this thesis provides a detailed and rigorous thermodynamic exploration of
the mesoscopic leads approach, demonstrating its utility as a flexible platform for quantum
thermodynamics under strong coupling and fast driving.

Having outlined the methodological contributions, we now turn to the theoretical results
concerning transitions between nonequilibrium steady states.

Transitions between NESS

The thermodynamics of nonequilibrium processes, particularly in quantum systems, remains
one of the most intriguing and actively investigated frontiers in statistical physics. Among
the most striking phenomena in this domain are dissipative phase transitions [49], character-
ized by the closing of the Liouvillian gap and abrupt qualitative changes in the steady state.
Such transitions are fundamentally distinct from equilibrium or zero-temperature quantum
phase transitions, where the energy gap of the Hamiltonian itself closes.

A paradigmatic example is the open Dicke model [50, 51, 52], in which a large ensemble of
atoms interacts with a single mode of an optical cavity. As the atom-light coupling strength
is tuned, the system transitions from a normal phase, with negligible photon occupation, to
a superradiant phase, where the cavity population becomes extensive.

Brunelli et al. (2018) demonstrated that the irreversible entropy production diverges as
the critical point is approached [53]. Their experiment, which combined optomechanical
systems with ultracold atoms in a cavity QED setup, employed full state tomography to
dynamically monitor entropy production, revealing its singular behavior at criticality (see
Fig. 1.2).

This experiment suggests that dissipative phase transitions exhibit a distinct thermody-
namic signature, which initially motivated our investigation.

While compelling, this question also revealed that a general understanding of the thermo-
dynamics of transitions between quantum NESS, irrespective of criticality, is still absent. In
particular, the divergence of the irreversible entropy production in Ref. [53] signals a break-
down of adiabaticity near the critical point, where the system fails to track the instantaneous
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Figure 1.2: Irreversible entropy production near the critical point in the Dicke model.
Experimental measurement of the irreversible entropy production rate Π𝑠 in a two-mode
cavity–BEC setup, as a function of the coupling strength between the modes. The system
realizes a Dicke model in an open quantum setting, and the entropy production is seen to
diverge as the critical point is approached, highlighting its role as a dynamical indicator
of criticality. Inset: contribution 𝜇𝑏 from the atomic (BEC) subsystem. Adapted from
Ref. [53].

steady state and becomes dynamically “frozen”. This led us to consider the important ques-
tion: What is the thermodynamic cost of slow transitions between nonequilibrium steady
states?

Addressing this broader question naturally invokes the powerful framework of thermody-
namic length, originally introduced within classical equilibrium thermodynamics. Crooks
(2007) established that entropy production during slow transitions between thermal states
in classical systems can be interpreted geometrically through a metric defined on parameter
space [54]. This geometric perspective enables the use of geometric tools to obtain bounds
of thermodynamic quantities. Subsequently, Sivak and Crooks (2012) explicitly connected
this metric to dissipative work, demonstrating that minimal dissipation can be achieved by
following geodesic paths in parameter space [55].

This idea was extended to classical nonequilibrium steady states by Jarzynski and Man-
dal [56]. They considered a slow protocol between two NESS of a classical continuous-time
Markov chain. However, a slow transition between NESS is fundamentally different than
that between thermal states.

In a quasistatic transition between equilibrium states, in which the state remains arbi-
trarily close to a thermal state, the entropy production is zero at all times. In contrast, even
in a quasistatic transition between NESS, there is a non-zero entropy production at each
point in time, due to baseline steady-state currents. For this reason, in order to apply the
formalism of Ref. [54, 55], it is necessary to isolate the entropy production coming from the
baseline NESS dissipation and the entropy production associated with the protocol itself.

A suitable framework for such decomposition is the Hatano–Sasa formalism [57, 58]. In
this formalism, the heat exchange with the environment is split into two contributions: the
housekeeping heat—which is the heat supplied by the environment to sustain the NESS—
and the excess heat, reflecting deviations from the steady state induced by the protocol.
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Employing this formalism, Mandal and Jarzynski established a metric structure governing
excess heat during slow transitions between classical NESS.

The quantum extension began with Scandi and Perarnau-Llobet (2019), who considered
slow transitions between thermal states within Lindblad dynamics, showing a deep connec-
tion between the resulting metric and the Kubo-Mori Fisher information [59].

Building upon this foundation, our primary contribution is the generalization of Mandal
and Jarzynski’s framework to quantum systems undergoing slow NESS transitions governed
by Lindblad master equations. Utilizing the Hatano–Sasa decomposition [57, 60, 61], we em-
phasize the splitting of entropy production into adiabatic and non-adiabatic contributions.
Analogous to Scandi and Perarnau-Llobet, our results reveal a close relationship between
the derived metric and modified quantum Fisher information.

Our work thereby completes a critical conceptual framework, summarized in the following
table:

Classical Quantum

Equilibrium Sivak & Crooks(2007) [55] Scandi & Perarnau-Llobet (2019) [59]

NESS Mandal & Jarzynski (2016) [56] Present work (2025) [62]

This contribution represents a significant advancement in understanding the thermody-
namics of quantum nonequilibrium processes.

1.1 Structure of the Thesis

The thesis is organized into ten chapters, each building on the previous ones to develop
a comprehensive framework for the study of thermodynamics in nonequilibrium quantum
systems. What follows is a brief overview of each chapter and its role in the overall narrative.

• Chapter 1: Introduction
Introduces the field of quantum thermodynamics, the motivating questions behind this
work, and an overview of the experimental and theoretical landscape. It presents the
scope, goals, and structure of the thesis.

• Chapter 2: Open Quantum Systems
Reviews the foundational tools used to model quantum systems coupled to environ-
ments. It introduces the Lindblad master equation, including its microscopic deriva-
tion, and discusses the issue of local versus global master equations. It also provides
the basic mathematical tools used throughout the thesis.

• Chapter 3: Quantum Thermodynamics
Provides definitions of work, heat, and entropy production, and discusses the first
and second laws in the context of open quantum systems. It examines conceptual
challenges that arise in the strong coupling regime and introduces key quantities such
as the von Neumann entropy and the relative entropy. The chapter concludes with
a treatment of quantum thermodynamics in the Markovian regime, focusing on the
frameworks developed by Alicki and Spohn.
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1.1 Structure of the Thesis

• Chapter 4: Gaussian Systems
Provides a comprehensive overview of Gaussian fermionic systems described by quadratic
Hamiltonians. It introduces the covariance matrix formalism and the Lyapunov equa-
tion, which serve as essential technical tools for the mesoscopic leads framework de-
veloped in the following chapter.

• Chapter 5: Mesoscopic Leads
Develops the mesoscopic leads framework and provides a consistent formulation of
thermodynamics within this approach, with a focus on time-dependent driving. It
presents a formal justification of the method via the reaction coordinate mapping and
illustrates its application through two example systems.

• Chapter 6: Entropy Production in Mesoscopic Leads
Discusses the application of Spohn’s framework for entropy production within the
mesoscopic leads formalism, demonstrating how the method can be used to analyze
entropy production in the strong coupling regime.

• Chapter 7: Information Geometry
Provides a pedagogical introduction to quantum Fisher information and its role in
information geometry. It then presents a historical overview of the concept of thermo-
dynamic length.

• Chapter 8: Entropy Production in Nonequilibrium Steady States
Provides a modern and comprehensive review of entropy production in nonequilib-
rium steady states using the Hatano–Sasa decomposition. The first part focuses on
classical continuous-time Markov chains, introducing the concepts of adiabatic and
non-adiabatic entropy production and deriving the corresponding fluctuation theo-
rems. The second part extends these ideas to the quantum regime, highlighting the
technical difficulties that emerge in formulating consistent quantum analogues.

• Chapter 9: Slow Transitions
Investigates entropy production in slow transitions between quantum nonequilibrium
steady states, linking irreversible entropy production to a metric in parameter space.
It discusses how this connection can be used to optimize finite-time driving protocols.

• Chapter 10: Conclusion
Summarizes the main results and contributions of the thesis and outlines future direc-
tions for theoretical and experimental development in quantum thermodynamics.
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2 Open quantum systems

O
pen quantum systems are, in a nutshell, quantum systems that interact with an
external quantum environment. No physical system is perfectly isolated. Any real-
istic quantum system interacts, to some extent, with its surrounding environment,

whether due to thermal fluctuations, electromagnetic noise, or coupling to measurement
devices. While this coupling may be detrimental for certain quantum technologies—e.g., in
quantum computing—it also enables a wide range of applications in quantum thermody-
namics and transport. The theory of open quantum systems provides the tools to describe
and understand these processes, and it will play a central role in this thesis.

In the open quantum systems framework, the dynamics of the joint state is unitary, but
the dynamics of the reduced state of the system—obtained by tracing out the environment—
is generally non-unitary and often highly non-trivial. The environment is typically modeled
as a large reservoir with an effectively infinite number of degrees of freedom. As a result,
exact solutions of the full dynamics are rarely accessible. Much of open quantum systems
theory revolves around developing controlled approximations to derive an effective equation
of motion for the system.

One of the central approximations in this context is the Markovian assumption. Although
multiple definitions of Markovianity exist in the literature (see, e.g., the review by Breuer et
al. [63]), they all share the same spirit of the memorylessness property in classical stochastic
processes: conditioned on the present, the future of the evolution is independent of the
past. In this chapter, we adopt the widely used definition based on divisibility of the
dynamical map: if the evolution can be described by a quantum dynamical semigroup, then
the dynamics is said to be Markovian.

The structure of the most general Markovian dynamics was independently established by
Lindblad [27] and by Gorini, Kossakowski, and Sudarshan [26]. In their seminal work, they
show that any Markovian and completely-positive trace-preserving (CPTP) evolution must
take the form of a Lindblad master equation, which is one of the pillars of open quantum
systems theory.

Lindblad master equations offer several practical advantages, especially for numerical
simulations. The Lindblad structure opens the way for the quantum jumps method, which
is a powerful tool for simulating large systems. For non-interacting systems, methods based
on the Lyapunov equation [64] or the third quantization formalism [65] can reach very large
system sizes. Moreover, there is growing effort in combining Lindblad dynamics with tensor
network methods to simulate open many-body systems [66, 67, 68]. From a theoretical
perspective, Lindblad master equations have been extensively studied and there is a wide
library of results available.

Nevertheless, the Lindblad formalism has limitations. The derivation of a Lindblad equa-
tion usually assumes weak coupling and a structureless (memoryless) environment, and
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that the initial state of the system is uncorrelated from the bath. When these assumptions
break down—such as in the strong-coupling regime or in the presence of structured or finite
reservoirs—the Markovian approximation may fail. In such cases, non-Markovian methods
are needed. Notable examples include the Hierarchical Equations of Motion (HEOM) [69, 70],
path integral approaches [71] such as QUAPI (Quasi-Adiabatic Path Integral) [72], TEMPO
(Time-Evolving Matrix Product Operator) [73] and TEDOPA (Time-Evolving Density ma-
trix using Orthogonal Polynomials Algorithm) [74], and the Nakajima–Zwanzig and Time-
Convolutionless master equation [31]. These methods are typically numerically demanding,
but they allow for accurate simulations of strongly coupled and/or structured environments
far beyond the reach of Lindblad-based descriptions.

Another important class of methods is based on embedding techniques. These approaches
simulate non-Markovian dynamics by embedding the system of interest into an enlarged,
effectively Markovian system. For instance, in the Mesoscopic Leads formalism [44, 45], which
will be the theme of Chapter 5, the system is coupled to finite-sized auxiliary reservoirs that
are themselves coupled to larger baths. The evolution of the extended system is Markovian,
but the original system exhibits memory effects.

In this Chapter, we review some important aspects of open quantum systems theory. This
Chapter is structured as follows. in Section 2.1, we introduce the concept of dynamical map
and discuss the Markov assumption. Then, in Section 2.2, we introduce the Lindblad master
equation and discuss some of its formal properties. From Sections 2.2.1 to 2.5, we apply
the formalism to two simple examples: a single qubit and a single fermionic mode, each
subject to dissipation. In Sections 2.6, we discuss a method for performing a microscopic
derivation and in Section 2.8 we discuss an example. Finally, in Section 2.9.1, we discuss
the dichotomy between local and global master equations through an instructive example:
transport in a double quantum dot.

⬥

2.1 Dynamical map

We begin by introducing the general framework of open quantum systems and the concept of
a dynamical map. Consider a quantum system 𝑆 with Hilbert space ℋ𝑆 interacting with an
environment 𝐸 with Hilbert space ℋ𝐸. The Hilbert space of the total system is ℋ𝑆 ⊗ ℋ𝐸,
and its Hamiltonian takes the general form

𝐻̂ = 𝐻̂𝑆 ⊗ 𝟙̂𝐸 + 𝟙̂𝑆 ⊗ 𝐻̂𝐸 + 𝐻̂𝑆𝐸, (2.1)

where 𝐻̂𝑆 and 𝐻̂𝐸 are the Hamiltonians of the system and environment, respectively, and
𝐻̂𝑆𝐸 is the interaction term, which acts on both Hilbert spaces. A schematic representation
of an open quantum system is shown in Fig. 2.1 (a).

The joint state of the system and environment ̂𝜌 evolves unitarily under the total Hamil-
tonian (2.1), according to the von Neumann equation ̇̂𝜌 = −𝑖[𝐻̂, ̂𝜌]. The formal solution is
given by

̂𝜌(𝑡) = ̂𝑈𝑡 ̂𝜌(0) ̂𝑈†
𝑡 , (2.2)
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2.1 Dynamical map

Figure 2.1: (a) Schematic representation of an open quantum system. (b) Diagram describing the
action of the dynamical map. Adapted from [31].

where ̂𝑈𝑡 = 𝒯𝑒−𝑖
´ 𝑡

0
d𝑡′ 𝐻̂(𝑡′) is the time-evolution operator and 𝒯 denotes the time ordering

operator.
To obtain the dynamics of the system alone, we trace over the environment:

̂𝜌𝑆(𝑡) = Tr𝐸[ ̂𝜌(𝑡)], (2.3)

where Tr𝐸[⋅] denotes the partial trace over ℋ𝐸. This reduced state contains all the expec-
tation values of observables acting only on the system, i.e., those of the form ̂𝐴 ⊗ 𝟙̂𝐸.

Assuming that the system and environment are initially uncorrelated, we write the initial
state as ̂𝜌(0) = ̂𝜌𝑆(0) ⊗ ̂𝜌𝐸(0). The state of the system at time 𝑡 is then given by

̂𝜌𝑆(𝑡) = Tr𝐸[ ̂𝑈𝑡( ̂𝜌𝑆(0) ⊗ ̂𝜌𝐸(0)) ̂𝑈†
𝑡 ]. (2.4)

This motivates the definition of the dynamical map, a linear superoperator 𝒱𝑡 that takes
the system from the initial time to 𝑡:

̂𝜌𝑆(𝑡) = 𝒱𝑡 ̂𝜌𝑆(0) ≡ Tr𝐸[ ̂𝑈𝑡( ̂𝜌𝑆(0) ⊗ ̂𝜌𝐸(0)) ̂𝑈†
𝑡 ]. (2.5)

Without further assumptions, the map 𝒱𝑡 can be highly nontrivial. However, to be physically
consistent, it must preserve the defining properties of a density matrix. This leads to the
requirement that 𝒱𝑡 be a completely positive trace-preserving (CPTP) map.

A map ℰ is CPTP if it satisfies the following:

(i) Linearity: ℰ(𝛼 ̂𝜌1 + 𝛽 ̂𝜌2) = 𝛼ℰ( ̂𝜌1) + 𝛽ℰ( ̂𝜌2),

(ii) Trace preservation: Tr[ℰ( ̂𝜌)] = Tr[ ̂𝜌],

(iii) Complete positivity: ℰ ⊗ ℐ𝑛 maps positive operators to positive operators for all
𝑛 ≥ 1, where ℐ𝑛 is the identity map on an 𝑛-dimensional ancillary space.

Property (iii) is stronger than simply requiring ℰ( ̂𝜌) to be positive. It ensures that the map
behaves properly even when the system is entangled with an ancillary system.

Any CPTP map admits an operator-sum (Kraus) representation [75, 31]:

ℰ( ̂𝜌) = ∑
𝑘

𝑀̂𝑘 ̂𝜌𝑀̂†
𝑘 , with ∑

𝑘
𝑀̂†

𝑘𝑀̂𝑘 = 𝟙̂. (2.6)
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The operators {𝑀̂𝑘} are known as Kraus operators. To obtain them for 𝒱𝑡, we expand
̂𝜌𝐸(0) in its eigenbasis:

̂𝜌𝐸(0) = ∑
𝑗

𝑝𝑗∣𝑒𝑗⟩⟨𝑒𝑗∣. (2.7)

Inserting this into Eq. (2.5) and tracing over the environment yields

𝒱𝑡 ̂𝜌𝑆(0) = ∑
𝑗,𝑘

𝑀̂𝑗𝑘 ̂𝜌𝑆(0)𝑀̂†
𝑗𝑘, where 𝑀̂𝑗𝑘 = √𝑝𝑗⟨𝑒𝑘∣ ̂𝑈𝑡∣𝑒𝑗⟩. (2.8)

2.2 Lindblad master equation

The dynamical map [(2.5)] is a formal object but may not be particularly useful for practical
calculations. Without further assumptions, the dynamics of the reduced state can be as
complicated as the global one, as it requires keeping track of the environment at all times.
Moreover, it is often more convenient to work with a differential equation for ̂𝜌.

To derive such an equation, we must make simplifying assumptions. One of the most
important is the Markov assumption. As mentioned in the introduction of this chapter,
Markovianity in open quantum systems can be characterized in several ways [63]. Here,
we adopt the definition based on the divisibility of the dynamical map. Specifically, the
dynamics is Markovian if the evolution satisfies the semigroup property:

𝒱𝑡1
∘ 𝒱𝑡2

= 𝒱𝑡1+𝑡2
, ∀𝑡1, 𝑡2 ≥ 0. (2.9)

This is analogous to the Markov property in classical stochastic processes: the future evo-
lution depends only on the present state, not on the system’s history. The approximation
is well justified when the environment correlation time is much shorter than the system’s
characteristic timescale. In such cases, the environment cannot retain or return informa-
tion to the system, resulting in memoryless dynamics. We will revisit the validity of this
assumption in the context of microscopic derivations in Section 2.6.

A map satisfying Eq. (2.9) is known as a quantum dynamical semigroup [31]. For time-
independent and finite 𝐻̂𝑆, such a map can be written in the exponential form 𝒱𝑡(⋅) =
𝑒ℒ𝑡(⋅) [31, 76], where the linear map ℒ is the generator of the semigroup. The reduced state
then satisfies a linear differential equation

d ̂𝜌𝑆
d𝑡

= ℒ ̂𝜌𝑆. (2.10)

Lindblad’s theorem [27, 26] states that the most general form of ℒ that generates a CPTP
semigroup is

d ̂𝜌𝑆
d𝑡

= ℒ ̂𝜌𝑆 ≡ −𝑖[𝐻̂′, ̂𝜌𝑆] + ∑
𝑘

𝛾𝑘(𝐿̂𝑘 ̂𝜌𝑆𝐿̂†
𝑘 − 1

2
{𝐿̂†

𝑘𝐿̂𝑘, ̂𝜌𝑆}), (2.11)

where 𝐻̂′ is a Hermitian operator, the 𝐿̂𝑘 are the so-called jump operators, and 𝛾𝑘 > 0
are rates associated with different dissipative channels. This equation is known as the
Gorini–Kossakowski–Sudarshan–Lindblad (GKSL) master equation [26, 27].
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2.2 Lindblad master equation

The term in Eq. (2.11) involving 𝐻̂′ generates unitary evolution, while the remaining
term, referred to as the dissipator, accounts for decoherence and dissipation due to the
environment. We define

𝒟( ̂𝜌𝑆) = ∑
𝑘

𝛾𝑘(𝐿̂𝑘 ̂𝜌𝑆𝐿̂†
𝑘 − 1

2
{𝐿̂†

𝑘𝐿̂𝑘, ̂𝜌𝑆}), (2.12)

and introduce the shorthand

𝔻[𝐿̂𝑘] = 𝐿̂𝑘 ̂𝜌𝑆𝐿̂†
𝑘 − 1

2
{𝐿̂†

𝑘𝐿̂𝑘, ̂𝜌𝑆}, (2.13)

so that 𝒟( ̂𝜌𝑆) = ∑𝑘 𝛾𝑘𝔻[𝐿̂𝑘].
Lindblad’s theorem guarantees that any Markovian master equation must take the form

of Eq. (2.11), but it does not specify the explicit forms of 𝐻̂′ and {𝐿̂𝑘}. In many cases,
𝐻̂′ coincides with the system Hamiltonian 𝐻̂𝑆, but this is not true in general. Moreover,
the representation is not unique: one can perform unitary transformations on the jump
operators without changing the dynamics [31].

There are two main approaches to obtaining Eq. (2.11). The first is phenomenological: one
posits a Lindblad equation based on symmetry arguments and physical intuition, selecting
jump operators that model the observed behavior. This approach is widely used across
many areas of quantum physics and provides excellent agreement with experiments.

The second is the microscopic approach, in which one begins with the full system–bath
Hamiltonian and derives an effective equation for the reduced state via a sequence of ap-
proximations and partial tracing over the environment. This derivation is discussed in detail
in Section 2.6.

In the next sections, we explore the Lindblad master equation through two illustrative
examples: a single qubit and a single fermionic mode, each subject to dissipation.

2.2.1 Example: Single qubit coupled to a thermal bath

In this first example, we consider a single qubit (a two-level system) coupled to a thermal
reservoir at inverse temperature 𝛽. The Hamiltonian of the system is given by

𝐻̂ = Ω
2

𝜎̂𝑧, (2.14)

where Ω is the energy difference between the two energy levels and

𝜎̂𝑧 = (1 0
0 −1). (2.15)

The interaction with the bath is described by the following master equation:

d ̂𝜌
d𝑡

= −𝑖Ω
2

[𝜎̂𝑧, ̂𝜌] + 𝛾(1 − 𝑓)𝔻[𝜎̂−]( ̂𝜌) + 𝛾𝑓𝔻[𝜎̂+]( ̂𝜌), (2.16)

where 𝛾 > 0 is the strength and 𝑓 = (𝑒𝛽Ω + 1)−1 is the Fermi-Dirac distribution of the bath.
A schematic representation of the model is shown in Fig. 2.2 (a).
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(b)

0 2 4 6 8
0.0

0.2

0.4

0.6

0.8

1.0

0 2 4 6 8 10

-0.4

-0.2

0.0

0.2

0.4

(c)

Figure 2.2: (a) Schematic representation of a qubit coupled to a thermal bath. (b) Dynamics of the
populations in the single qubit model starting at the excited state. (c) Dynamics of the
coherence 𝑞(𝑡) in the single qubit model, with 𝑝(0) = 0.5 and 𝑞(0) = 0.5. In both plots,
we used Ω = 5, 𝛾 = 1 and 𝑓 = 0.2.

A general density matrix of a two-level system can be parametrized as

̂𝜌 = ( 𝑝 𝑞
𝑞∗ 1 − 𝑝), (2.17)

where 0 < 𝑝 < 1, by Tr[ ̂𝜌] = 1 is the population of the excited state and 𝑞 represents
the coherence, with |𝑞| < √𝑝(1 − 𝑝) by positivity. We insert this parametrization into
Eq. (2.16), resulting in the following set of equations:

̇𝑝 = 𝛾(𝑓 − 𝑝),

̇𝑞 = −(𝑖Ω + 𝛾
2 )𝑞.

(2.18)

The solutions to these equations are

𝑝(𝑡) = 𝑝(0)𝑒−𝛾𝑡 + 𝑓(1 − 𝑒−𝛾𝑡),

𝑞(𝑡) = 𝑒−(𝑖Ω+ 𝛾
2 )𝑡𝑞(0).

(2.19)

An example of the dynamics of the population and the coherence for a particular choice
of parameters is shown in Figs. 2.2 (b) and (c). Taking the limit 𝑡 → ∞, we see that the
system relaxes to a thermal state:

̂𝜌ss = lim
𝑡→∞

̂𝜌 = (𝑓 0
0 1 − 𝑓) = 𝑒−𝛽𝐻̂

𝑍
(2.20)

where 𝑍 = Tr[𝑒−𝛽𝐻̂]. Therefore, we see that the dissipator in Eq. (2.16) simultaneously kills
the coherences and thermalizes the populations.

2.3 Example: single qubit under pure dephasing

Consider again the single qubit Hamiltonian, but it is now subject to a dissipator of the
form:

𝒟( ̂𝜌) = Γ
2

𝔻[𝜎̂𝑧] = Γ
2

(𝜎̂𝑧 ̂𝜌𝜎̂𝑧 − ̂𝜌). (2.21)
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2.4 Adjoint master equation

This dissipator models a dephasing environment. The master equation under pure dephasing
is given by

d ̂𝜌
d𝑡

= −𝑖𝜔
2

[𝜎̂𝑧, ̂𝜌] + Γ
2

(𝜎̂𝑧 ̂𝜌𝜎̂𝑧 − ̂𝜌). (2.22)

Using the parametrization (2.17), we obtain the equations

̇𝑝 = 0,
̇𝑞 = −(Γ + 𝑖𝜔)𝑞, (2.23)

from which we see that the dephasing environment does not affect the populations, while
the coherences decay as

𝑞(𝑡) = 𝑒−(Γ+𝑖𝜔)𝑡𝑞(0). (2.24)

Therefore, in the long time limit, the off-diagonal elements vanish, and the system reaches
the steady state:

̂𝜌ss = lim
𝑡→∞

̂𝜌 = (𝑝(0) 0
0 1 − 𝑝(0)) (2.25)

2.4 Adjoint master equation

In this section, we discuss how the Lindblad master equation [(2.11)] can be recast in the
Heisenberg picture, which is very useful for the computation of expectation values. We start
by assuming that the Liouvillian ℒ is time-independent, so that the density matrix evolves
as ̂𝜌(𝑡) = 𝑒ℒ𝑡 ̂𝜌(0). For a general operator ̂𝒪, we define its Heisenberg-picture evolution ̂𝒪(𝑡)
by imposing that its expectation is the same in the Schrödinger and Heisenberg pictures:

⟨ ̂𝒪⟩𝑡 = Tr[ ̂𝒪(𝑡) ̂𝜌(0)] = Tr[ ̂𝒪 ̂𝜌(𝑡)] = Tr[𝒪𝑒ℒ𝑡[ ̂𝜌(0)]]. (2.26)

This motivates the introduction of the adjoint Liouvillian, formally defined by the identity

Tr[ ̂𝐴ℒ[𝐵̂]] = Tr[ℒ†[ ̂𝐴]𝐵̂]. (2.27)

From this definition, it follows that Tr[ ̂𝐴𝑒ℒ𝑡[𝐵̂]] = Tr[𝑒ℒ†𝑡[ ̂𝐴]𝐵̂], which can be seen by
expanding 𝑒ℒ𝑡 in a power series and using the identity Tr[ ̂𝐴ℒ𝑛[𝐵̂]] = Tr[(ℒ†)𝑛[ ̂𝐴]𝐵̂].

Substituting into Eq. (2.26), we find:

⟨𝒪⟩𝑡 = Tr[𝑒ℒ†𝑡[𝒪] ̂𝜌(0)], (2.28)

which implies that the Heisenberg-picture operator evolves as ̂𝒪(𝑡) = 𝑒ℒ†𝑡 ̂𝒪. Therefore, in
the Heisenberg picture, operators satisfy the differential equation

d ̂𝒪
d𝑡

= ℒ† ̂𝒪, (2.29)

with ℒ† acting as the generator of time evolution. For a time-dependent Liouvillian, the
generalization is given by the time-ordered exponential:

̂𝒪(𝑡) = 𝒯 exp(
ˆ 𝑡

0
d𝜏ℒ†𝜏) ̂𝒪(0). (2.30)
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2 Open quantum systems

The explicit form of ℒ† can be derived from the Lindblad master equation. For an
arbitrary operator ̂𝒪 and state ̂𝜌, the definition (2.27) yields:

Tr[ℒ† ̂𝒪 ̂𝜌] = Tr[ ̂𝒪ℒ ̂𝜌]

= −𝑖Tr[ ̂𝒪[𝐻̂, ̂𝜌]] + ∑
𝑘

Tr[ ̂𝒪(𝐿̂𝑘 ̂𝜌𝐿̂†
𝑘 + 1

2
{𝐿̂†

𝑘𝐿̂𝑘, ̂𝜌})]

= 𝑖Tr[ ̂𝜌[𝐻̂, ̂𝒪]] + ∑
𝑘

Tr[ ̂𝜌(𝐿̂†
𝑘

̂𝒪𝐿̂𝑘 + 1
2

{𝐿̂†
𝑘𝐿̂𝑘, ̂𝒪})],

(2.31)

where the final equality uses the cyclic property of the trace. Since this holds for arbitrary
̂𝜌, we identify:

ℒ†[•] = 𝑖[𝐻̂, • ] + ∑
𝑘

(𝐿̂†
𝑘 • 𝐿̂𝑘 + 1

2
{𝐿̂†

𝑘𝐿̂𝑘, •}). (2.32)

The non-unitary contribution in this equation is referred to as the adjoint dissipator, which
we will often write compactly as

ℒ†[•] = 𝑖[𝐻̂, • ] + ∑
𝑘

𝔻†[𝐿̂𝑘](•) (2.33)

where
𝔻†[𝐿̂𝑘](•) = 𝐿̂†

𝑘 • 𝐿̂𝑘 + 1
2

{𝐿̂†
𝑘𝐿̂𝑘, •}. (2.34)

Alternatively, using cyclic property of the trace, this can also be expressed in the sym-
metrized form

𝔻†[𝐿̂](•) = 1
2

𝐿̂†[ •, 𝐿̂] + 1
2

[𝐿̂†, • ]𝐿̂. (2.35)

2.5 Single fermionic mode

We now consider a system consisting of a single fermionic mode coupled to a thermal bath
at inverse temperature 𝛽. This system is fully equivalent to the single qubit analyzed in
Section 2.2.1, since both are two-level systems. Nevertheless, the fermionic formulation is
particularly convenient for time-evolution analysis using the adjoint master equation. It will
also serve as the fundamental building block for the Lyapunov equation formalism discussed
in Chapter 4.

The Hamiltonian of the system is given by

𝐻̂ = Ω ̂𝑐† ̂𝑐, (2.36)

where ̂𝑐 is a fermionic annihilation operator satisfying { ̂𝑐, ̂𝑐†} = ̂1 and Ω is the energy of the
mode. The coupling to the thermal bath is modeled by a Lindblad master equation:

d𝜌
d𝑡

= −𝑖[𝐻̂, ̂𝜌] + 𝛾(1 − 𝑓)𝔻[ ̂𝑐] + 𝛾𝑓𝔻[ ̂𝑐†], (2.37)
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2.6 Microscopic Derivations

where 𝑓 = (𝑒𝛽Ω + 1)−1 is the Fermi-Dirac distribution of the bath and 𝛾 > 0 is the coupling
strength. Let 𝑝(𝑡) = ⟨ ̂𝑐† ̂𝑐⟩ be the occupation number of the dot. Using the adjoint master
equation formalism, we obtain:

d⟨ ̂𝑐† ̂𝑐⟩
d𝑡

= 𝑖⟨[𝐻̂, ̂𝑐† ̂𝑐]⟩ + ⟨𝛾(1 − 𝑓)𝔻†[ ̂𝑐]( ̂𝑐† ̂𝑐)⟩ + ⟨𝛾𝑓𝔻†[ ̂𝑐†]( ̂𝑐† ̂𝑐)⟩. (2.38)

Using the identity [ ̂𝐴𝐵̂, ̂𝐶] = ̂𝐴{𝐵̂, ̂𝐶} − { ̂𝐴, ̂𝐶}𝐵̂, we find

[ ̂𝑐† ̂𝑐, ̂𝑐] = − ̂𝑐 and [ ̂𝑐† ̂𝑐, ̂𝑐†] = ̂𝑐†. (2.39)

The first adjoint dissipator is given by

𝔻†[ ̂𝑐]( ̂𝑐† ̂𝑐) = 1
2

̂𝑐†[ ̂𝑐† ̂𝑐, ̂𝑐] + 1
2

[ ̂𝑐†, ̂𝑐† ̂𝑐] ̂𝑐 = − ̂𝑐† ̂𝑐 (2.40)

Similarly, we obtain 𝔻†[ ̂𝑐†]( ̂𝑐† ̂𝑐) = ̂1 − ̂𝑐† ̂𝑐. Combining these results in Eq. (2.38), we obtain

d⟨ ̂𝑐† ̂𝑐⟩
d𝑡

= 𝛾(𝑓 − ⟨ ̂𝑐† ̂𝑐⟩). (2.41)

Solving the differential equation yields:

𝑝(𝑡) = 𝑝(0)𝑒−𝛾𝑡 + 𝑓(1 − 𝑒−𝛾𝑡). (2.42)

Therefore, the population of the mode relaxes exponentially to the thermal value 𝑓 with
a rate 𝛾. In the spin formulation, ⟨ ̂𝑐† ̂𝑐⟩ corresponds to the excited-state population 𝑝(𝑡), in
agreement with Eq. (2.19).

2.6 Microscopic Derivations

A microscopic derivation of a Lindblad equation involves starting from a unitary description
of the system and its environment, and deriving an effective master equation for the system
by tracing out the environmental degrees of freedom. This process relies on a series of key
approximations that render the equations tractable. The three main ingredients are:

1. The Born approximation: assumes weak system-bath coupling, such that the total
density matrix factorizes as ̂𝜌(𝑡) ≈ ̂𝜌𝑆(𝑡) ⊗ ̂𝜌𝐸.

2. The Markov approximation: neglects memory effects by assuming a fast-decaying
environment.

3. The Secular approximation: eliminates fast-oscillating terms and ensures the re-
sulting equation has a proper Lindblad form.

Different approaches to microscopic derivations can be found in the literature, including
the Nakajima–Zwanzig projection method and the quantum Langevin formalism. In this
chapter, we primarily follow the eigenoperator approach of Ref. [31]. Our main interest lies
in a specific example: a fermionic system coupled to a non-interacting fermionic bath. For
completeness, we begin with a general setup and later specialize to this case.
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2 Open quantum systems

While this derivation is standard and can be found in many references [31, 35, 77, 32,
78], it introduces several useful tools for later chapters. In particular, the spectral density—
naturally arising in the derivation—will play a central role in the mesoscopic leads framework
discussed in Chapter 5. Moreover, upon completing the derivation, we will have all the
necessary tools to discuss the dichotomy between local and global master equations, which
will be important in Chapter 6.

We consider an open quantum system described by the total Hamiltonian

𝐻̂ = 𝐻̂𝑆 + 𝐻̂𝐸 + 𝐻̂𝑆𝐸, (2.43)

where 𝐻̂𝑆 is the system Hamiltonian, 𝐻̂𝐸 describes the environment, and 𝐻̂𝑆𝐸 encodes the
interaction between the two. We assume the environment is initially in a thermal state:

̂𝜌𝐸 ≡ ̂𝜌𝐸(0) = 𝑒−𝛽𝐻̂𝐸

𝑍
, 𝑍 = tr[𝑒−𝛽𝐻̂𝐸]. (2.44)

We also assume, without loss of generality, that the interaction Hamiltonian satisfies 1

Tr[𝐻̂𝑆𝐸 ̂𝜌𝐸(0)] = 0. (2.45)

We now move to the interaction picture with respect to the free Hamiltonian 𝐻̂0 =
𝐻̂𝑆 + 𝐻̂𝐸, where the time evolution of the full density matrix is governed by

d ̃𝜌
d𝑡

= −𝑖[𝐻̃𝑆𝐸(𝑡), ̃𝜌(𝑡)], (2.46)

where ̃𝜌(𝑡) = 𝑒−𝑖𝐻̂0𝑡 ̂𝜌(𝑡)𝑒𝑖𝐻̂0𝑡, 𝐻̃𝑆𝐸 = 𝑒−𝑖𝐻̂0𝑡𝐻̂𝑆𝐸(𝑡)𝑒𝑖𝐻̂0𝑡. Here, the tilde notation denotes
operators in the interaction picture. Formally integrating Eq. (2.46), we obtain

̃𝜌(𝑡) = ̃𝜌(0) − 𝑖
ˆ 𝑡

0
d𝑠 [𝐻̃𝑆𝐸(𝑠), ̃𝜌(𝑠)] (2.47)

Substituting this result back into Eq. (2.46), we find

d
d𝑡

̃𝜌𝑆(𝑡) = −𝑖[𝐻̃𝑆𝐸(𝑡) ̃𝜌(0)] −
ˆ 𝑡

0
d𝑠 [𝐻̃𝑆𝐸(𝑡), [𝐻̃𝑆𝐸(𝑠), ̃𝜌(𝑠)]]. (2.48)

Taking the partial trace over the environment and using assumption Eq. (2.45), we obtain
the equation

d
d𝑡

̃𝜌𝑆(𝑡) = −
ˆ 𝑡

0
d𝑠Tr𝐸[𝐻̃𝑆𝐸(𝑡), [𝐻̃𝑆𝐸(𝑠), ̃𝜌(𝑠)]]. (2.49)

Born approximation—At this point, Eq. (2.49) is formally exact, but typically intractable
due to the dependence on the full system-environment density matrix. To make progress, we
employ the first main ingredient of the derivation: the Born approximation which assumes

1If this condition is not satisfied, one can always redefine 𝐻̂′
𝑆 = 𝐻̂𝑆 + Tr[𝐻̂𝑆𝐸 ̂𝜌𝐸(0)] and 𝐻̂′

𝑆𝐸 = 𝐻̂𝑆𝐸 −
Tr[𝐻̂𝑆𝐸 ̂𝜌𝐸(0)] [79].
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2.6 Microscopic Derivations

weak coupling between system and bath. This allows us to neglect system- environment
correlations and write

d
d𝑡

̃𝜌𝑆𝐸(𝑡) ≈ ̃𝜌𝑆(𝑠) ⊗ ̂𝜌𝐸(0). (2.50)

Substituting this into Eq. (2.49) and performing the change of variables 𝜏 = 𝑡−𝑠, we obtain
the non-Markovian master equation:

d
d𝑡

̃𝜌𝑆(𝑡) = −
ˆ 𝑡

0
d𝑠Tr𝐸[𝐻̃𝑆𝐸(𝑡), [𝐻̃𝑆𝐸(𝑡 − 𝜏), ̃𝜌𝑆(𝑡 − 𝜏) ⊗ ̂𝜌𝐸]]. (2.51)

We now express the interaction Hamiltonian in the general form:

𝐻̂𝑆𝐸 = ∑
𝛼

̂𝐴𝛼 ⊗ 𝐵̂𝛼, (2.52)

where { ̂𝐴𝛼} are operators acting on the system and {𝐵̂𝛼} act on the environment. The
Hermiticity of 𝐻̂𝑆𝐸 implies that ∑𝛼

̂𝐴𝛼 ⊗ 𝐵̂𝛼 = ∑𝛼
̂𝐴†
𝛼 ⊗ 𝐵̂†

𝛼, but the operators ̂𝐴𝛼 and
𝐵̂𝛼 are not necessarily Hermitian. Under this decomposition, condition (2.45) becomes
Tr𝐸{𝐵̂𝛼} = ⟨𝐵̂𝛼⟩ = 0.

In the interaction picture, the interaction Hamiltonian evolves as

𝐻̃𝑆𝐸(𝑡) = ∑
𝛼

̃𝐴𝛼(𝑡) ⊗ 𝐵̃𝛼(𝑡), (2.53)

with
̃𝐴𝛼(𝑡) = 𝑒𝑖𝐻̂𝑆𝑡 ̂𝐴𝛼𝑒−𝑖𝐻̂𝑆𝑡 and 𝐵̃𝛼(𝑡) = 𝑒𝑖𝐻̂𝐸𝑡𝐵̂𝛼𝑒−𝑖𝐻̂𝐸𝑡. (2.54)

Before substituting Eq. (2.53) into Eq. (2.51), it is helpful to expand the nested commutators
explicitly:

d
d𝑡

̃𝜌𝑆(𝑡) =
ˆ 𝑡

0
d𝜏Tr𝐸{𝐻̃𝑆𝐸(𝑡 − 𝜏) ̃𝜌𝑆(𝑡 − 𝜏) ̂𝜌𝐸𝐻̃𝑆𝐸(𝑡) − 𝐻̃𝑆𝐸(𝑡)𝐻̃𝑆𝐸(𝑡 − 𝜏) ̂𝜌𝑆(𝑡 − 𝜏) ̂𝜌𝐸}

+ h.c.,
(2.55)

Here, h.c. denotes the Hermitian conjugate of the preceding terms, which compactly accounts
for the remaining two terms.

Substituting Eq. (2.53) in the expression above, we obtain:

𝐻̃𝑆𝐸(𝑡 − 𝜏) ̃𝜌𝑆(𝑡 − 𝜏) ̂𝜌𝐸𝐻̃𝑆𝐸(𝑡) =

= [∑
𝛽

̃𝐴𝛽(𝑡 − 𝜏)𝐵̃𝛽(𝑡 − 𝜏)] ̃𝜌𝑆(𝑡 − 𝜏) ̂𝜌𝐸[∑
𝛼

̃𝐴†
𝛼(𝑡)𝐵̃†

𝛼(𝑡)]

= ∑
𝛼𝛽

̃𝐴𝛽(𝑡 − 𝜏) ̃𝜌𝑆(𝑡 − 𝜏) ̃𝐴†
𝛼(𝑡) 𝐵̃𝛽(𝑡 − 𝜏) ̂𝜌𝐸𝐵̃†

𝛼(𝑡).

(2.56)
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where we used the fact that ̃𝜌(𝑡) is a product state to push all the bath operators to the
right. Then, tracing out the environment and using the cyclic property of the trace, we
obtain

Tr𝐸{𝐻̃𝑆𝐸(𝑡 − 𝜏) ̃𝜌𝑆(𝑡 − 𝜏) ̂𝜌𝐸𝐻̃𝑆𝐸(𝑡)} = ∑
𝛼𝛽

𝑔𝛼𝛽(𝜏) ̃𝐴𝛽(𝑡 − 𝜏) ̃𝜌𝑆(𝑡 − 𝜏) ̃𝐴†
𝛼(𝑡), (2.57)

where we introduced bath correlation functions:

𝑔𝛼𝛽(𝜏) = Tr𝐸[𝐵̃†
𝛼(𝑡)𝐵̃𝛽(𝑡 − 𝜏) ̃𝜌𝐸] = ⟨𝐵̃†

𝛼(𝑡)𝐵̃𝛽(𝑡 − 𝜏)⟩. (2.58)

Because the environment is in a thermal state, [𝐻̂𝐸, ̂𝜌𝐸] = 0, thus the bath correlation
functions are time translation invariant:

⟨𝐵̃†
𝛼(𝑡)𝐵̃𝛽(𝑡 − 𝜏)⟩ = ⟨𝐵̃†

𝛼(𝜏)𝐵̃𝛽(0)⟩. (2.59)

Consequently, the correlation functions satisfy

𝑔∗
𝛼𝛽(𝜏) = 𝑔𝛽𝛼(−𝜏). (2.60)

Repeating the same procedure for the second term in Eq. (2.55), we finally obtain the master
equation under the Born approximation:

d
d𝑡

̃𝜌𝑆(𝑡) = ∑
𝛼𝛽

ˆ 𝑡

0
d𝜏 𝑔𝛼𝛽(𝜏)[ ̃𝐴𝛽(𝑡 − 𝜏) ̃𝜌𝑆(𝑡 − 𝜏) ̃𝐴†

𝛼(𝑡) − ̃𝐴†
𝛼(𝑡) ̃𝐴𝛽(𝑡 − 𝜏) ̃𝜌𝑆(𝑡 − 𝜏)] + h.c.,

(2.61)
This equation is starting to resemble the Lindblad form, but further steps are still required.
In particular, Eq. (2.61) is not time-local, and the solution depends on the whole history of
the evolution.

Markovian approximation—In order to convert Eq. (2.51) into a Markovian master equa-
tion, we want to replace ̃𝜌𝑆(𝑡 − 𝜏) with ̃𝜌𝑆(𝑡), so that the right-hand side becomes local in
time, and extend the upper limit of the integral to ∞, eliminating dependence on the initial
condition. This approximation is justified if the integrand in Eq. (2.61) decays very quickly
with 𝜏, so that the change in ̃𝜌𝑆(𝑡 − 𝜏) from its value at 𝑡 = 0 is negligible. This is the
case if the bath operators have a very short correlation time 𝜏𝐸 compared to the system’s
relaxation time 𝜏𝑅, for instance if the correlation functions decay as 𝑔𝛼(𝜏) ∼ 𝑒−𝜏/𝜏𝐸 , with
𝜏𝐸 ≪ 𝜏𝑅 [80]. Therefore, performing the approximation in Eq. (2.51), we get the equation

d
d𝑡

̃𝜌𝑆(𝑡) = −
ˆ ∞

0
d𝜏Tr𝐸[𝐻̃𝑆𝐸(𝑡), [𝐻̃𝑆𝐸(𝑡 − 𝜏), ̃𝜌𝑆(𝑡) ⊗ ̃𝜌𝐸]], (2.62)

which is known as the Born–Markov master equation. In terms of the operators { ̂𝐴𝛼}, this
becomes

d
d𝑡

̃𝜌𝑆(𝑡) = ∑
𝛼𝛽

ˆ ∞

0
d𝜏 𝑔𝛼𝛽(𝜏)[ ̃𝐴𝛽(𝑡 − 𝜏) ̃𝜌𝑆(𝑡) ̃𝐴†

𝛼(𝑡) − ̃𝐴†
𝛼(𝑡) ̃𝐴𝛽(𝑡 − 𝜏) ̃𝜌𝑆(𝑡)] + h.c.. (2.63)
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Unfortunately, however, Eq. (2.63) is not guaranteed to be in Lindblad form [31, 35]. To
enforce a Lindblad structure, it is often necessary to perform a further approximation, which
will be the last main ingredient of this derivation: the secular approximation, also known as
rotating wave approximation (RWA).

The approximation consists, essentially, in averaging out fast oscillating terms. To do
this, we need to make the time dependence of the operators ̃𝐴𝛼(𝑡) explicit, which can be
achieved by expanding them in the eigenbasis of 𝐻̂𝑆. We define the jump operators ̂𝐴𝛼(𝜔)
via

̂𝐴𝛼(𝜔) = ∑
𝜖′−𝜖=𝜔

|𝜖⟩⟨𝜖| ̂𝐴𝛼|𝜖′⟩⟨𝜖′|, (2.64)

where {|𝜖⟩} is the eigenbasis of 𝐻̂𝑆, defined via 𝐻̂𝑆|𝜖⟩ = 𝜖|𝜖⟩. Notice that, in general, the
construction of the operators ̂𝐴𝛼(𝜔) requires the diagonalization of 𝐻̂𝑆. The operators

̂𝐴𝛼(𝜔) connect eigenstates with energy difference 𝜔, These operators will later give rise to
the jump operators in the Lindblad equation. From the completeness of the basis {𝜖}, it
follows that ̂𝐴𝛼 can be recovered by summing over all frequencies, i.e., ̂𝐴𝛼 = ∑𝜔

̂𝐴𝛼(𝜔).

The key property of the jump operators is the fact that they satisfy the properties

[𝐻̂𝑆, ̂𝐴𝛼(𝜔)] = −𝜔 ̂𝐴𝛼(𝜔) and [𝐻̂𝑆, ̂𝐴†
𝛼(𝜔)] = 𝜔 ̂𝐴†

𝛼(𝜔), (2.65)

which can be seen from the definition (2.64):

[𝐻̂𝑆, ̂𝐴𝛼(𝜔)] = ∑
𝜖′−𝜖=𝜔

( ̂𝐻𝑆|𝜖⟩⟨𝜖| ̂𝐴𝛼|𝜖′⟩⟨𝜖′| − |𝜖⟩⟨𝜖| ̂𝐴𝛼|𝜖′⟩⟨𝜖′|𝐻̂𝑆)

= ∑
𝜖′−𝜖=𝜔

(𝜖 − 𝜖′)|𝜖⟩⟨𝜖| ̂𝐴𝛼|𝜖′⟩⟨𝜖′|

= −𝜔 ̂𝐴𝛼(𝜔),

(2.66)

and similarly for ̂𝐴†(𝜔). For this reason, ̂𝐴𝛼(𝜔) and ̂𝐴†
𝛼(𝜔) are said to be eigenoperators of

𝐻̂𝑆 Bohr frequencies ±𝜔. As a consequence, their time evolution in the interaction picture
becomes:

𝑒𝑖𝐻̂𝑆𝑡 ̂𝐴𝛼(𝜔)𝑒−𝑖𝐻̂𝑆𝑡 = ∑
𝜖′−𝜖=𝜔

𝑒𝑖𝐻̂𝑆𝑡|𝜖⟩⟨𝜖| ̂𝐴𝛼|𝜖′⟩⟨𝜖′|𝑒−𝑖𝐻̂𝑆

= ∑
𝜖′−𝜖=𝜔

𝑒𝑖𝜖𝑡|𝜖⟩⟨𝜖| ̂𝐴𝛼|𝜖′⟩⟨𝜖′|𝑒−𝑖𝜖𝑡

= 𝑒−𝑖𝜔𝑡 ̂𝐴𝛼(𝜔).

(2.67)

Summing over all frequencies, we obtain ̃𝐴𝛼(𝑡) = ∑𝜔 𝑒−𝑖𝜔𝑡 ̂𝐴𝛼(𝜔). Inserting this result in
Eq. (2.62) and computing the integral over 𝜏, we arrive at

d
d𝑡

̃𝜌𝑆(𝑡) = ∑
𝜔,𝜔′

∑
𝛼𝛽

𝑒𝑖(𝜔−𝜔′)𝑡Γ𝛼𝛽(𝜔)[ ̂𝐴𝛽(𝜔) ̃𝜌𝑆(𝑡) ̂𝐴†
𝛼(𝜔′) − ̂𝐴†

𝛼(𝜔) ̂𝐴𝛽(𝜔′) ̃𝜌𝑆(𝑡)] + h.c. (2.68)

where we introduced the one-sided Fourier transform of the bath correlation functions:

Γ𝛼𝛽(𝜔) =
ˆ ∞

0
d𝜏 𝑒𝑖𝜔𝜏𝑔𝛼𝛽(𝜏). (2.69)
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Secular approximation—Eq. (2.68) contains terms oscillating with 𝑒𝑖(𝜔−𝜔′)𝑡. If 𝜔 ≠ 𝜔′,
these terms oscillate rapidly in time. The solution ̃𝜌𝑆(𝑡) at some given time 𝑡 is found
by integrating Eq. (2.68). The secular approximation consists in neglecting the rapidly
oscillating terms assuming that their contribution averages out to zero when integrated over
the relevant timescales of the system’s dynamics. To see this explicitly, consider the rescaled
time 𝑠 = 𝑡/𝜏𝑅. Integrating Eq. (2.68) and using this change of variables, we find

̃𝜌(𝑡) = ̂𝜌(0) − 1
𝜏𝑅

∑
𝜔,𝜔′

∑
𝛼𝛽

ˆ 𝑡/𝜏𝑅

0
d𝑠 𝑒𝑖𝜏𝑅(𝜔−𝜔′)𝑠Γ𝛼𝛽(𝜔)[ … ]. (2.70)

We can now apply the Riemann–Lebesgue lemma [81, 35], an important result in real and
complex analysis which states that

lim
𝜉→0

ˆ 𝑏

𝑎
d𝑡 𝑒𝑖𝜉𝑡𝑓(𝑡) = 0, (2.71)

where 𝑓(𝑡) is an integrable function. Applying this lemma to Eq. (2.70), we see that if the
Bohr frequencies satisfy

|𝜔 − 𝜔′| ≪ 1
𝜏𝑅

, ∀𝜔, 𝜔′, (2.72)

then the time integral of these oscillatory terms over timescales ∼ 𝜏𝑅 vanishes. Under this
assumption, we can remove all the terms with 𝜔 ≠ 𝜔′ in Eq. (2.68), which yields

d
d𝑡

̃𝜌𝑆(𝑡) = ∑
𝜔

∑
𝛼𝛽

Γ𝛼𝛽(𝜔)[ ̂𝐴𝛽(𝜔) ̃𝜌𝑆(𝑡) ̂𝐴†
𝛼(𝜔) − ̂𝐴†

𝛼(𝜔) ̂𝐴𝛽(𝜔) ̃𝜌𝑆(𝑡)] + h.c. (2.73)

To cast this into Lindblad form, we decompose Γ𝛼𝛽(𝜔) into its Hermitian and anti-
Hermitian parts:

𝛾𝛼𝛽(𝜔) = Γ𝛼𝛽(𝜔) + Γ∗
𝛼𝛽(𝜔) and Δ𝛼𝛽(𝜔) = 1

2𝑖
(Γ𝛼𝛽(𝜔) − Γ∗

𝛼𝛽(𝜔)). (2.74)

By construction, both matrices are Hermitian, and we can write:

Γ𝛼𝛽(𝜔) = 1
2

𝛾𝛼𝛽(𝜔) + 𝑖Δ𝛼𝛽(𝜔). (2.75)

Moreover, it can be shown that the matrix 𝜸(𝜔) is positive semi-definite [31, 35].

Inserting this decomposition back into Eq. (2.73) and adding the Hermitian conjugate
term, we obtain:

d
d𝑡

̃𝜌𝑆(𝑡) = ∑
𝜔

∑
𝛼𝛽

{ − 𝑖Δ𝛼𝛽(𝜔)[ ̂𝐴†
𝛼(𝜔) ̂𝐴𝛽(𝜔), ̃𝜌𝑆]

+ 𝛾𝛼𝛽(𝜔)( ̂𝐴𝛽(𝜔) ̂𝜌𝑆(𝑡) ̂𝐴†
𝛼(𝜔) − { ̂𝐴†

𝛼(𝜔) ̂𝐴𝛽(𝜔), ̃𝜌𝑆(𝑡)})}.
(2.76)

This equation can be now written as

d ̃𝜌𝑆
d𝑡

= −𝑖[𝐻̂LS, ̃𝜌𝑆] + 𝒟( ̃𝜌), (2.77)
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where the dissipative term is given by

𝒟( ̃𝜌) = ∑
𝜔

∑
𝛼𝛽

𝛾𝛼𝛽(𝜔)( ̂𝐴𝛽(𝜔) ̃𝜌𝑆
̂𝐴†
𝛼(𝜔) − { ̂𝐴†

𝛼(𝜔) ̂𝐴𝛽(𝜔), ̃𝜌𝑆}) (2.78)

and the unitary term is generated by the so called Lamb-Shift Hamiltonian:

𝐻̂LS = ∑
𝜔

∑
𝛼𝛽

Δ𝛼𝛽(𝜔) ̂𝐴†
𝛼(𝜔) ̂𝐴𝛽(𝜔). (2.79)

It can be verified from the definition of the operators ̂𝐴𝛼(𝜔), Eq. (2.64), that they also
satisfy the property

[𝐻̂𝑆, ̂𝐴†
𝛼(𝜔) ̂𝐴𝛼(𝜔)] = 0. (2.80)

Consequently, the Lamb-Shift Hamiltonian commutes with 𝐻̂𝑆, which means they can be
diagonalized in the same basis. Therefore, the presence of 𝐻̂LS only induces energy level
shifts without affecting the eigenstates of 𝐻̂𝑆. In many systems of interest, the energy shifts
Δ𝛼𝛽(𝜔) are typically very small and are often neglected.

Finally, to express the master equation in the diagonal Lindblad form of Eq. (2.11), we
diagonalize the matrix 𝜸(𝜔). Being Hermitian and positive semi-definite, 𝜸(𝜔) has non-
negative eigenvalues 𝜅𝑘(𝜔) and can be diagonalized via a unitary matrix 𝑺(𝜔), yielding
𝛾𝛼𝛽(𝜔) = ∑𝑘 𝜅𝑘(𝜔)𝑆𝛼𝑘(𝜔)𝑆∗

𝛽𝑘(𝜔).

Therefore, by defining a new set of jump operators ̂𝒜𝑘(𝜔) = ∑𝛼 𝑆∗
𝛼𝑘(𝜔) ̂𝐴𝛼(𝜔) and sub-

stituting back in Eq. (2.78) we obtain:

d ̂𝜌𝑆
d𝑡

= −𝑖[𝐻̂𝑆 + 𝐻̂LS, ̂𝜌𝑆] + ∑
𝜔

∑
𝑘

𝜅𝑘(𝜔)( ̂𝒜𝑘(𝜔) ̂𝜌𝑆
̂𝒜†
𝑘(𝜔) − { ̂𝒜†

𝑘(𝜔) ̂𝒜𝑘(𝜔), ̂𝜌𝑆}). (2.81)

2.7 A note on fermions

A key step in the microscopic derivation of the Born–Markov master equation is expressing
the system-bath interaction as

𝐻̂𝑆𝐸 = ∑
𝛼

̂𝐴𝛼 ⊗ 𝐵̂𝛼, (2.82)

which assumes a tensor product structure between system and environment operators. While
this formulation works naturally for bosonic systems or spins, it becomes problematic when
applied to fermionic systems.

To see this, consider a simple model where a single fermionic mode, represented by the
annihilation operator ̂𝑐, is linearly coupled to a continuum of fermionic bath modes ̂𝑏𝑘:

𝐻̂𝑆𝐸 = ∑
𝑘

𝜆𝑘( ̂𝑐†𝑏̂𝑘 + ̂𝑏†
𝑘 ̂𝑐) (2.83)

= ̂𝑐† ∑
𝑘

𝜆𝑘
̂𝑏𝑘 − ̂𝑐 ∑

𝑘
𝜆𝑘

̂𝑏†
𝑘. (2.84)
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Here, the minus sign in the second line arises due to the fermionic anti-commutation relations
between ̂𝑐 and ̂𝑏𝑘. Crucially, this Hamiltonian is not of the form in Eq. (2.82), since fermionic
operators do not admit a simple tensor product decomposition. That is,

̂𝑐† ̂𝑏𝑘 ≠ ̂𝑐† ⊗ ̂𝑏𝑘. (2.85)

As a result, the standard microscopic derivation, such as the one outlined in Section 2.8,
cannot be directly applied to fermionic systems in the second quantization language.

One approach to resolving this issue is to use the Jordan-Wigner transformation to map
the fermionic operators onto spin operators, which exhibit a tensor product structure. After
tracing out the environment and evaluating the bath correlation functions, the resulting
master equation can be mapped back into the fermionic picture. As noted in Refs. [77, 82]
this procedure yields the same result if one replaces the tensor product in Eq. (2.52) with
an ordinary product between operators.

2.8 Example: microscopic derivation for a single
fermionic mode

We now apply the general procedure to a concrete example: a single fermionic mode coupled
to a fermionic thermal bath. We consider a system described by a single fermionic mode,
with Hamiltonian

𝐻̂𝑆 = 𝜖 ̂𝑐† ̂𝑐, (2.86)

where 𝜖 is the energy gap of the level. The system is coupled to a non-interacting fermionic
environment via a linear interaction. The environment Hamiltonian and the interaction
term are given by

𝐻̂𝐸 = ∑
𝑘

𝜔𝑘
̂𝑏†
𝑘

̂𝑏𝑘 (2.87)

𝐻̂𝑆𝐸 = ∑
𝑘

𝜆𝑘( ̂𝑐† ̂𝑏𝑘 + ̂𝑏†
𝑘 ̂𝑐) (2.88)

The total Hamiltonian is then

𝐻̂ = 𝐻̂𝑆 + 𝐻̂𝐸 + 𝐻̂𝑆𝐸 (2.89)

= 𝜖 ̂𝑐† ̂𝑐 + ∑
𝑘

𝜔𝑘
̂𝑏†
𝑘

̂𝑏𝑘 + ∑
𝑘

(𝜆𝑘 ̂𝑐†𝑏𝑘 + 𝜆∗
𝑘

̂𝑏†
𝑘 ̂𝑐). (2.90)

We assume the environment is initially in a thermal state at inverse temperature 𝛽:

̂𝜌𝐸 ≡ ̂𝜌𝐸(0) = 1
𝑍

𝑒−𝛽𝐻̂𝐸 with 𝑍 = Tr[𝑒−𝛽𝐻̂𝐸]. (2.91)
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For a non-interacting environment, the thermal averages of the bath operators satisfy

⟨ ̂𝑏𝑘
̂𝑏𝑞⟩ = ⟨ ̂𝑏†

𝑘
̂𝑏†
𝑞⟩ = 0

⟨ ̂𝑏†
𝑘

̂𝑏𝑞⟩ = 𝑓(𝜔𝑘)𝛿𝑘𝑞

⟨ ̂𝑏𝑘
̂𝑏†
𝑞⟩ = [1 − 𝑓(𝜔𝑘)]𝛿𝑘𝑞,

(2.92)

where 𝑓(𝜔𝑘) = (1 + 𝑒−𝛽𝜔𝑘)−1 is the Fermi function. Following the prescription of Ref. [77],
we decompose the interaction Hamiltonian into the form 𝐻̂𝑆𝐸 = ̂𝐴0𝐵̂0 + ̂𝐴1𝐵̂1, where

̂𝐴0 = ̂𝑐, ̂𝐴1 = ̂𝑐†, 𝐵̂0 = ∑
𝑘

𝜆𝑘
̂𝑏†
𝑘 and 𝐵̂1 = − ∑

𝑘
𝜆𝑘

̂𝑏𝑘. (2.93)

As in the general case, we need to express these operators in the interaction picture
with respect to the free Hamiltonian 𝐻̂0 = 𝐻̂𝑆 + 𝐻̂𝐸. In this case, the system operators

̂𝐴0 = ̂𝑐 and ̂𝐴1 = ̂𝑐† are already eigenoperators of 𝐻̂𝑆, satisfying the required commutation
relations:

[𝐻̂, ̂𝑐] = −𝜖 ̂𝑐 and [𝐻̂, ̂𝑐†] = 𝜖 ̂𝑐† (2.94)

Therefore, using the BCH expansion, we find that

̃𝑐(𝑡) = 𝑒−𝑖𝜖𝑡 ̂𝑐 and ̃𝑐†(𝑡) = 𝑒𝑖𝜖𝑡 ̂𝑐†. (2.95)

Similarly, since the environment is non-interacting, the bath operators evolve as

𝐵̃0(𝑡) = ∑
𝑘

𝜆𝑘𝑒𝑖𝜔𝑘𝑡 ̂𝑏†
𝑘 and 𝐵̃1(𝑡) = − ∑

𝑘
𝜆∗

𝑘𝑒−𝑖𝜔𝑘𝑡 ̂𝑏𝑘. (2.96)

We will now compute the bath correlation functions. Using the thermal correlation relations
in Eq. (2.92), we see that the off-diagonal bath correlation functions vanish:

𝑔0,1(𝜏) = ⟨𝐵̃†
0(𝜏)𝐵̂1⟩ = 0,

𝑔1,0(𝜏) = ⟨𝐵̃†
1(𝜏)𝐵̂0⟩ = 0,

(2.97)

while the diagonal correlation functions read

𝑔0,0(𝜏) = ∑
𝑘

|𝜆𝑘|2𝑒−𝑖𝜔𝑘𝜏[1 − 𝑓(𝜔𝑘)], (2.98)

𝑔1,1(𝜏) = ∑
𝑘

|𝜆𝑘|2𝑒𝑖𝜔𝑘𝜏𝑓(𝜔𝑘). (2.99)

As expected, the bath correlation functions decay exponentially with 𝜏, supporting the
Markov approximation.

The bath correlation functions can be expressed in terms of the spectral density, which is
a central quantity in open quantum systems, defined as

𝒥(𝜔) = 2𝜋 ∑
𝑘

|𝜆𝑘|2𝛿(𝜔 − 𝜔𝑘). (2.100)

This function quantifies the effective coupling strength between the system and the envi-
ronment at each frequency 𝜔. In this discrete form, 𝒥(𝜔) corresponds to a series of Dirac
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2 Open quantum systems

delta peaks located at frequencies 𝜔𝑘—a so-called Dirac comb. However, in the continuum
limit of the bath modes, it becomes a smooth function of 𝜔 and the sum can be replaced by
an integral. With this definition, the bath correlation functions become

𝑔0,0(𝜏) =
ˆ

d𝜔
2𝜋

𝑒−𝑖𝜔𝜏𝒥(𝜔)[1 − 𝑓(𝜔)], (2.101)

𝑔1,1(𝜏) =
ˆ

d𝜔
2𝜋

𝑒𝑖𝜔𝜏𝒥(𝜔)𝑓(𝜔). (2.102)

Note that due to the assumption that the environment is thermal, which gets rid of the
non-diagonal elements in 𝑔𝛼𝛽(𝜏), the bath correlation functions are fully specified by 𝒥(𝜔).
According to the Eq. (2.61), which only required the Born approximation, the dynamics of
the system is completely characterized by the knowledge of 𝑔𝛼𝛽(𝜏) and 𝐻̂𝑆, which dictates
how ̂𝐴𝛼 evolve in the interaction picture. Therefore, we conclude that, under the Born
assumption, the spectral density fully characterizes the action of the environment on the
system, even before the Markovian approximation (although the resulting master equation
might be intractable).

Substituting the bath correlation functions in the Born–Markov master equation (2.63),
we obtain

d ̃𝜌𝑆
d𝑡

=
ˆ ∞

0
d𝜏 {𝑒𝑖𝜖𝜏𝑔0,0(𝜏)[ ̂𝑐 ̃𝜌𝑆 ̂𝑐† − ̂𝑐† ̂𝑐 ̃𝜌𝑆] + 𝑒−𝑖𝜖𝜏𝑔1,1(𝜏)[ ̂𝑐† ̃𝜌𝑆 ̂𝑐 − ̂𝑐 ̂𝑐† ̃𝜌𝑆]} + h.c.

= Γ0,0[ ̂𝑐 ̃𝜌𝑆 ̂𝑐† − ̂𝑐† ̂𝑐 ̃𝜌𝑆] + Γ1,1[ ̂𝑐† ̃𝜌𝑆 ̂𝑐 − ̂𝑐 ̂𝑐† ̃𝜌𝑆] + h.c.,
(2.103)

where we defined

Γ0,0 =
ˆ ∞

0
d𝜏 𝑒−𝑖𝜖𝜏𝑔0,0(𝜏) and Γ1,1 =

ˆ ∞

0
d𝜏 𝑒𝑖𝜖𝜏𝑔1,1(𝜏). (2.104)

Since ̂𝐴0 and ̂𝐴1 are eigenoperators of 𝐻̂𝑆, this equation is already in the form (2.68) and
no further expansion is necessary. Consquently, there are no fast-oscillating terms, and the
secular approximation is not required. Therefore, to obtain the Lindblad form, all we need
is to add the Hermitian conjugate term and perform the integrals in 𝜏. To do so, we split
the complex coefficients Γ0,0 and Γ1,1 in real and imaginary parts:

Γ0,0 = 1
2

𝛾− + 𝑖Δ0 and Γ1,1 = 1
2

𝛾+ + 𝑖Δ1 (2.105)

Finally, including the Hermitian conjugate in Eq. (2.103), we obtain

d ̃𝜌𝑆
d𝑡

= −𝑖[𝐻̂LS, ̃𝜌𝑆] + 𝛾−𝔻[ ̂𝑐]( ̂𝜌𝑆) + 𝛾+𝔻[ ̂𝑐†]( ̂𝜌𝑆), (2.106)

where the Lamb-Shift Hamiltonian is given by

𝐻̂LS = Δ0 ̂𝑐 ̂𝑐† + Δ1 ̂𝑐† ̂𝑐 = (Δ1 − Δ0) ̂𝑐† ̂𝑐 − Δ0. (2.107)
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2.9 Local vs global master equations: transport in a double quantum dot

To evaluate the rates and the Lamb-Shift term, we can use the identity [35]

ˆ ∞

0

d𝜏
2𝜋

𝑒𝑖(𝜖−𝜔)𝜏 = 1
2

𝛿(𝜖 − 𝜔) − 𝑖
2

𝒫 1
𝜖 − 𝜔

, (2.108)

where 𝒫 denotes the Cauchy principal value. Using this identity in Eq. (2.104), we find

Γ0,0 = 1
2

𝒥(𝜖)[1 − 𝑓(𝜖)] − 𝑖
2

𝒫
ˆ

d𝜔
2𝜋

𝒥(𝜔)
𝜖 − 𝜔

,

Γ1,1 = 1
2

𝒥(𝜖)𝑓(𝜖) + 𝑖
2

𝒫
ˆ

d𝜔
2𝜋

𝒥(𝜔)
𝜖 − 𝜔

.
(2.109)

Therefore, by comparison with Eq. (2.105), we obtain

𝛾− = 𝒥(𝜖)𝑓(𝜖) and Δ0 = −1
2

𝒫
ˆ

d𝜔 𝒥(𝜔)
𝜖 − 𝜔

(2.110)

and similarly

𝛾+ = 𝒥(𝜖)[1 − 𝑓(𝜖)] and Δ1 = 1
2

𝒫
ˆ

d𝜔
2𝜋

𝒥(𝜔)
𝜖 − 𝜔

. (2.111)

The energy of the level is thus renormalized as

𝜖′ = 𝜖 + 1
2

𝒫
ˆ

d𝜔 𝒥(𝜔)
𝜖 − 𝜔

. (2.112)

Again, we see that the rates can be directly computed from 𝒥(𝜔), which shows that it
completely characterizes the environment.

As an example, consider a spectral density that is constant in some frequency window
[−𝑊, 𝑊] that contains 𝜖:

𝒥(𝜔) =
⎧{
⎨{⎩

Γ, 𝜔 ∈ [−𝑊, 𝑊]

0, otherwise.
(2.113)

In this case, the master equation in the Schrödinger picture takes the familiar form

d ̂𝜌𝑆
d𝑡

= −𝑖[𝐻̂𝑆, ̂𝜌𝑆] + Γ[1 − 𝑓(𝜖)]𝔻[ ̂𝑐]( ̂𝜌𝑆) + Γ𝑓(𝜖)𝔻[ ̂𝑐†]( ̂𝜌𝑆). (2.114)

2.9 Local vs global master equations: transport in a
double quantum dot

To address the issue of local versus global master equations, we analyze transport in a chain
of two coupled fermionic modes under both approaches. The system Hamiltonian is given
by

𝐻̂𝑆 = 𝜖1 ̂𝑐†
1 ̂𝑐1 + 𝜖2 ̂𝑐†

2 ̂𝑐2 + 𝑔( ̂𝑐†
1 ̂𝑐2 + ̂𝑐†

2 ̂𝑐1), (2.115)

where 𝜖1,2 are the on-site energies of each mode and 𝑔 is the inter-mode coupling strength.
Note that this Hamiltonian can be decomposed as 𝐻̂𝑆 = 𝐻̂𝐴 + 𝐻̂𝐵 + 𝐻̂𝐴𝐵, where 𝐻̂𝐴 =
𝜖1 ̂𝑐†

1 ̂𝑐1, 𝐻̂𝐵 = 𝜖2 ̂𝑐†
2 ̂𝑐2, and 𝐻̂𝐴𝐵 = 𝑔( ̂𝑐†

1 ̂𝑐2 + ̂𝑐†
2 ̂𝑐1). Additionally, each mode is coupled to an

independent non-interacting fermionic environment.
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2 Open quantum systems

The total Hamiltonian of the setup is

𝐻̂ = 𝐻̂𝑆 + ∑
𝛼=1,2

(𝐻̂𝛼 + 𝐻̂𝑆𝛼), (2.116)

with bath and interaction Hamiltonians defined as

𝐻̂𝛼 = ∑
𝑘

𝜔𝑘𝛼
̂𝑏†
𝑘𝛼

̂𝑏𝑘𝛼

𝐻̂𝑆𝛼 = ∑
𝑘

𝜆𝑘𝛼( ̂𝑐†
𝛼 ̂𝑏𝑘𝛼 + ̂𝑏†

𝑘𝛼 ̂𝑐𝛼).
(2.117)

For the microscopic derivation, it is convenient to define a collective environment 𝐸, so that
𝐻̂ = 𝐻̂𝑆 + 𝐻̂𝐸 + 𝐻̂𝑆𝐸, where 𝐻̂𝐸 = ∑𝛼 𝐻̂𝛼 and 𝐻̂𝑆𝐸 = ∑𝛼 𝐻̂𝑆𝛼.

We assume each reservoir has a flat spectral density within a bandwidth:

𝒥𝛼(𝜔) =
⎧{
⎨{⎩

Γ𝛼, 𝜔 ∈ [−𝑊, 𝑊]

0, otherwise.
(2.118)

We allow Γ1 and Γ2 to take arbitrary values, which enables us to selectively couple or
decouple each mode from its respective bath.

We assume that, at 𝑡 = 0, each environment is in a thermal state with inverse temperature
𝛽𝛼 and that the global state is factorized:

̂𝜌(0) = ̂𝜌𝑆(0) ⊗ ̂𝜌𝐸1
⊗ ̂𝜌𝐸1

, with ̂𝜌𝐸𝛼
= 1

𝑍𝛼
𝑒−𝛽𝛼𝐻̂𝛼 . (2.119)

Under this assumption, the initial two-point correlations for each bath satisfy:

⟨𝑏̂𝑘𝛼𝑏̂𝑞𝛼⟩ = ⟨ ̂𝑏†
𝑘𝛼

̂𝑏†
𝑘𝛼⟩ = 0

⟨𝑏̂†
𝑘𝛼𝑏̂𝑞𝛼⟩ = 𝑓(𝜔𝑘𝛼)𝛿𝑘𝑞

⟨𝑏̂𝑘𝛼𝑏̂†
𝑞𝛼⟩ = [1 − 𝑓(𝜔𝑘𝛼)]𝛿𝑘𝑞.

(2.120)

Furthermore, the factorized initial state ensures that inter-bath correlations vanish:

⟨ ̂𝑏𝑘,1
̂𝑏𝑘,2⟩ = ⟨ ̂𝑏†

𝑘,1
̂𝑏𝑘,2⟩ = ⟨ ̂𝑏†

𝑘,2
̂𝑏𝑘,1⟩ = 0. (2.121)

To proceed with the derivation, we rewrite the interaction Hamiltonian in the canonical
form 𝐻̂𝑆𝐸 = ∑𝑖

̂𝐴𝑖𝐵̂𝑖. Grouping terms, we obtain

𝐻̂𝑆𝐸 = ̂𝑐†
1( ∑

𝑘
𝜆𝑘,1

̂𝑏𝑘,1) + ̂𝑐1( − ∑
𝑘

𝜆𝑘,1
̂𝑏†
𝑘,1) + ̂𝑐†

2( ∑
𝑘

𝜆𝑘,2
̂𝑏𝑘,2) + ̂𝑐2( − ∑

𝑘
𝜆𝑘,2

̂𝑏†
𝑘,2)

= ̂𝐴(0)
1 𝐵̂(1)

1 + ̂𝐴(1)
1 𝐵̂(0)

1 + ̂𝐴(0)
2 𝐵̂(1)

2 + ̂𝐴(1)
2 𝐵̂(0)

2 .
(2.122)
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2.9 Local vs global master equations: transport in a double quantum dot

where we defined
̂𝐴(0)
1 = ̂𝑐1, 𝐵̂(0)

1 = ∑
𝑘

𝜆𝑘,1
̂𝑏𝑘,1,

̂𝐴(1)
1 = ̂𝑐†

1, 𝐵̂(1)
1 = − ∑

𝑘
𝜆𝑘,1

̂𝑏†
𝑘,1

̂𝐴(0)
2 = ̂𝑐2, 𝐵̂(0)

2 = ∑
𝑘

𝜆𝑘,2
̂𝑏𝑘,2,

̂𝐴(1)
2 = ̂𝑐†

2, 𝐵̂(1)
2 = − ∑

𝑘
𝜆𝑘,2

̂𝑏†
𝑘,2.

(2.123)

Although the operators could be labeled with a single index, the use of double indices ̂𝐴𝛼(𝜎)

and 𝐵̂𝛼(𝜎) proves more convenient for expressing general results. Here, the index 𝛼 denotes
the subsystem or bath, and 𝜎 indicates whether the operator is Hermitian-conjugated.

2.9.1 Local approach

The next step in our microscopic derivation involves expanding the system operators ̂𝐴(𝜎)
𝛼

in terms of eigenoperators of the system Hamiltonian and computing their evolution in the
interaction picture. In the local approach, we neglect the coupling between the modes and
instead expand ̂𝐴(𝜎)

𝛼 in terms of the eigenoperators of the local version of the Hamiltonian,
𝐻̂ local

𝑆 = 𝐻̂𝐴 +𝐻̂𝐵. The time evolution in the interaction picture will be generated by 𝐻̂ local
𝑆 ,

but the full system Hamiltonian 𝐻̂𝑆 still contributes to a unitary term in the Schrödinger
picture.

Since 𝐻̂ local
𝑆 = 𝜖1 ̂𝑐†

1 ̂𝑐1 + 𝜖2 ̂𝑐†
2 ̂𝑐2 is already in diagonal form, the operators ̂𝑐𝛼 and ̂𝑐†

𝛼 are its
eigenoperators, satisfying

[𝐻̂ local
𝑆 , ̂𝑐𝛼] = −𝜖𝛼 ̂𝑐𝛼 and [𝐻̂ local

𝑆 , ̂𝑐†
𝛼] = 𝜖𝛼 ̂𝑐†

𝛼, 𝛼 = 1, 2. (2.124)

Therefore, as in the single-mode case, no additional expansion is needed, and the interaction-
picture evolution is straightforward:

̃𝑐𝛼(𝑡) = 𝑒−𝑖𝜖𝛼𝑡 ̂𝑐 and ̃𝑐†
𝛼(𝑡) = 𝑒𝑖𝜖𝛼𝑡 ̂𝑐†. (2.125)

Additionally, since each bath is non-interacting, the bath operators evolve according to

𝐵̃(0)
𝛼 (𝑡) = ∑

𝑘
𝜆𝑘𝛼𝑒𝑖𝜔𝑘𝛼𝑡 ̂𝑏†

𝑘𝛼 and 𝐵̃(1)
𝛼 (𝑡) = − ∑

𝑘
𝜆∗

𝑘𝛼𝑒−𝑖𝜔𝑘𝛼𝑡𝑏̂𝑘𝛼. (2.126)

Next, we calculate the bath correlation functions, defined as

𝑔(𝜎,𝜎′)
𝛼𝛽 (𝜏) = ⟨𝐵̃(𝜎)

𝛼 (𝑡)†𝐵̂(𝜎′)
𝛽 ⟩. (2.127)

Due to the assumption that the initial state is uncorrelated, correlation functions involving
different baths vanish:

𝑔(𝜎,𝜎′)
𝛼𝛽 (𝜏) = 0 for 𝛼 ≠ 𝛽. (2.128)
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For example,

𝑔(0,0)
1,2 (𝜏) = ⟨𝐵̃(1)

1 (𝑡)†𝐵̂(0)
2 ⟩

= ∑
𝑘𝑞

𝜆𝑘,1𝜆𝑞,2𝑒𝑖𝜔𝑘,1𝜏⟨ ̂𝑏†
𝑘,1

̂𝑏𝑞,2⟩

= 0.

(2.129)

Additionally, within each individual bath, only correlations with 𝜎 = 𝜎′ survive, making the
correlation matrix diagonal—mirroring the single-mode case discussed earlier. Consequently,
the two baths act independently, and each generates its own dissipator. This leads to a
master equation of the form

d ̃𝜌𝑆
d𝑡

= ∑
𝛼

{𝛾−
𝛼 𝔻[ ̂𝑐𝛼]( ̃𝜌𝑆) + 𝛾+

𝛼 𝔻[ ̂𝑐†
𝛼]( ̃𝜌𝑆)}, (2.130)

where the rates 𝛾±
𝛼 are obtained from the spectral densities as

𝛾+
𝛼 = 𝒥𝛼(𝜖)𝑓𝛼(𝜖) and 𝛾−

𝛼 = 𝒥𝛼(𝜖)[1 − 𝑓𝛼(𝜖)], (2.131)

with 𝑓𝛼(𝜖) = (1 + 𝑒−𝛽𝛼𝜖𝛼)−1.

Finally, returning to the Schrödinger picture and restoring the full Hamiltonian 𝐻̂𝑆, we
arrive at

d ̂𝜌𝑆
d𝑡

= −𝑖[𝐻̂𝑆, ̂𝜌𝑆] + 𝒟1( ̂𝜌𝑆) + 𝒟2( ̂𝜌𝑆), (2.132)

where each dissipator is given explicitly by

𝒟𝛼( ̂𝜌𝑆) = Γ𝛼𝑓𝛼(𝜖)𝔻[ ̂𝑐†
𝛼] + Γ𝛼[1 − 𝑓𝛼(𝜖)]𝔻[ ̂𝑐𝛼]. (2.133)

The Liouvillian in Eq. (2.132) is a simple example of a quadratic system, as it includes
only terms up to second order in fermionic operators. In Chapter 4, we present a thorough
discussion of such systems. In particular, we show that the steady state of Eq. (2.132) is
completely characterized by the covariance matrix

𝐶𝑗𝑖 = ⟨ ̂𝑐†
𝑗 ̂𝑐𝑖⟩. (2.134)

As detailed in Section 4.4.4, the steady-state covariance matrix can be obtained by solving
a corresponding Lyapunov equation:

𝑾 𝑪ss + 𝑪ss𝑾 † = 𝑭 , (2.135)

where 𝑾 = 𝑖𝑯 + 𝜞 /2. The matrices 𝑯, 𝜞 and𝑭 are given by

𝑯 = (𝜖1 𝑔
𝑔 𝜖2

), 𝜞 = (Γ1 0
0 Γ2

), 𝑭 = (𝑓1Γ1 0
0 𝑓2Γ2

). (2.136)

Here, 𝑯 is the single-particle Hamiltonian corresponding to 𝐻̂𝑆.
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2.9 Local vs global master equations: transport in a double quantum dot

Let us first consider the case where only the first mode is coupled to a reservoir, i.e.,
Γ1 = Γ and Γ2 = 0. Solving the Lyapunov equation yields the steady-state covariance
matrix:

𝑪ss = (𝑓1(𝜖1) 0
0 𝑓1(𝜖1)) [Γ2 = 0]. (2.137)

We observe that both modes acquire the same occupation 𝑓1(𝜖1), despite only one of them
being directly coupled to a bath. This covariance matrix does not correspond to a thermal
state, which would take the form

𝑪𝛽 = (𝟙 + 𝑒−𝛽𝑯)−1, (2.138)

as discussed in Chapter 4. We thus conclude that the local bath fails to properly thermalize
the system.

Next, we examine a non-equilibrium scenario in which both modes are coupled to reser-
voirs at different temperatures, setting Γ1 = Γ2 = Γ. To study transport in this setting, we
consider the dynamics of the local occupations 𝑛𝑖 = ⟨ ̂𝑐†

𝑖 ̂𝑐𝑖⟩. From the master equation, we
obtain the following continuity equations:

d𝑛1
d𝑡

= −𝐽1→2 + 𝐽bath
1 ,

d𝑛2
d𝑡

= +𝐽1→2 + 𝐽bath
2 ,

(2.139)

where the edge currents 𝐽bath
𝛼 describe the flow of particles between bath 𝛼 and site 𝛼,

𝐽bath
𝛼 = Tr[ ̂𝑐†

𝛼 ̂𝑐𝛼𝒟𝛼( ̂𝜌)] = Γ(𝑓𝛼 − 𝑛𝛼). (2.140)

and the bulk current 𝐽1→2 accounts for coherent hopping between the two sites,

𝐽1→2 = 𝑖𝑔⟨ ̂𝑐†
2 ̂𝑐1 − ̂𝑐†

1 ̂𝑐2⟩ = 2𝑔 Im⟨ ̂𝑐†
2 ̂𝑐1⟩ (2.141)

In the steady state, both time derivatives vanish, so all the currents must coincide. We can
then define a single steady-state current flowing through the system:

𝐽ss ≡ 𝐽bath
1 = 𝐽1→2 = −𝐽bath

2 . (2.142)

Solving the Lyapunov equation, we find the steady-state covariance matrix:

𝑪ss = 1
4𝑔2 + Γ2 + Δ𝜖2 (

𝑓1(Γ2 + Δ𝜖2) + 2𝑔2(𝑓1 + 𝑓2) 𝑔 Δ𝑓(Δ𝜖 − 𝑖Γ)
𝑔 Δ𝑓(Δ𝜖 + 𝑖Γ) 𝑓2(Γ2 + Δ𝜖2) + 2𝑔2(𝑓1 + 𝑓2)

),

(2.143)
where Δ𝑓 = 𝑓2 − 𝑓1 and Δ𝜖 = 𝜖2 − 𝜖1. From this expression, the steady-state current is
readily obtained:

𝐽ss = 2Γ𝑔 Δ𝑓
4𝑔2 + Γ2 + Δ𝜖2 . (2.144)

This shows that the local master equation, despite failing to yield thermal equilibrium in
the single-bath case, supports non-equilibrium steady states with finite currents, making it
a useful tool for modeling quantum transport.
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2.9.2 Global approach

In the global approach, the full system Hamiltonian 𝐻̂𝑆 is retained throughout the micro-
scopic derivation. Unlike the local case, the operators ̂𝑐𝛼 and ̂𝑐†

𝛼 are no longer eigenoperators
of 𝐻̂𝑆, and must be expanded in terms of the true energy eigenmodes. Since the Hamiltonian
is quadratic, this diagonalization can be performed analytically, as described in Chapter 4.

We begin by diagonalizing the single-particle Hamiltonian 𝑯, which is a real symmetric
2 × 2 matrix. It can be diagonalized by an orthogonal transformation 𝑺:

𝑺⊤𝑯𝑺 = (Ω1 0
0 Ω2

), with 𝑺 = (cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃 ), tan 𝜃 = 2𝑔

𝜖2 − 𝜖1
, (2.145)

where the eigenvalues are given by

Ω1,2 = 1
2

(𝜖1 + 𝜖2) ± √4𝑔2 + (𝜖1 − 𝜖2)2, (2.146)

and 𝑺 satisfies 𝑺𝑺⊤ = 𝑺⊤𝑺 = 𝟙. The system Hamiltonian then takes the diagonal form

𝐻̂𝑆 = Ω1 ̂𝜂†
1 ̂𝜂1 + Ω2 ̂𝜂†

2 ̂𝜂2, (2.147)

where the energy eigenmodes are defined by

̂𝜂1 = cos 𝜃 ̂𝑐1 + sin 𝜃 ̂𝑐2 and ̂𝜂2 = sin 𝜃 ̂𝑐1 − cos 𝜃 ̂𝑐2. (2.148)

These new modes are eigenoperators of 𝐻̂𝑆, since they satisfy the properties

[𝐻̂𝑆, ̂𝜂𝑘] = Ω𝑘 ̂𝜂𝑘 and [𝐻̂𝑆, ̂𝜂†
𝑘] = −Ω𝑘 ̂𝜂†

𝑘, 𝑘 = 1, 2. (2.149)

By inverting Eq. (2.148), we express ̂𝑐𝛼 in terms of eigenoperators and obtain their
interaction-picture evolution:

̃𝑐𝛼(𝑡) =
2

∑
𝑘=1

𝑒−𝑖Ω𝑘𝑡𝑆𝛼𝑘 ̂𝜂𝑘. (2.150)

Substituting this into the general interaction-picture master equation [Eq. (2.68)], and
using the fact that inter-bath correlation functions vanish, we find

d ̃𝜌𝑆
d𝑡

= ∑
𝑘,𝑞,𝛼

𝑒𝑖(Ω𝑘−Ω𝑞)𝑡𝑆𝛼𝑘Γ−
𝛼(Ω𝑘)𝑆𝛼𝑞[ ̂𝜂𝑘 ̃𝜌𝑆 ̂𝜂†

𝑞 − ̂𝜂†
𝑞 ̂𝜂𝑘 ̃𝜌𝑆]

+ ∑
𝑘,𝑞,𝛼

𝑒𝑖(Ω𝑘−Ω𝑞)𝑡𝑆𝛼𝑘Γ+
𝛼(Ω𝑘)𝑆𝛼𝑞[ ̂𝜂†

𝑘 ̃𝜌𝑆 ̂𝜂𝑞 − ̂𝜂𝑞 ̂𝜂†
𝑘 ̃𝜌𝑆] + h.c.,

(2.151)

with frequency-dependent complex rates

Γ−
𝛼(Ω𝑘) =

ˆ ∞

0
d𝜏 𝑒−𝑖Ω𝑘𝜏𝑔(0,0)

𝛼𝛼 (𝜏) and Γ+
𝛼(Ω𝑘) =

ˆ ∞

0
d𝜏 𝑒𝑖Ω𝑘𝜏𝑔(1,1)

𝛼𝛼 (𝜏). (2.152)
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Applying the secular approximation, we retain only terms with Ω𝑘 = Ω𝑞, yielding

d ̃𝜌𝑆
d𝑡

= ∑
𝑛,𝛼

(𝑆𝛼𝑛)2Γ−
𝛼(Ω𝑛)[ ̂𝜂𝑛 ̂𝜌𝑆 ̂𝜂†

𝑛 − ̂𝜂†
𝑛 ̂𝜂𝑛 ̂𝜌𝑆] + ∑

𝑛,𝛼
(𝑆𝛼𝑛)Γ+

𝛼(Ω𝑛)[ ̂𝜂†
𝑛 ̂𝜌𝑆 ̂𝜂𝑛 − ̂𝜂𝑛 ̂𝜂†

𝑛 ̂𝜌𝑆]

+ h.c.
(2.153)

Finally, including the Hermitian conjugate term and neglecting the Lamb-Shift term, we
obtain

d ̃𝜌𝑆
d𝑡

= ∑
𝑘,𝛼

{𝛾+
𝛼𝑘𝔻[ ̂𝜂†

𝑘]( ̃𝜌𝑆) + 𝛾−
𝛼𝑘𝔻[ ̂𝜂𝑘]( ̃𝜌𝑆)}, (2.154)

where the rates are

𝛾+
𝛼𝑘 = (𝑆𝛼𝑘)2𝒥𝛼(Ω𝑘)𝑓𝛼(Ω𝑘), 𝛾−

𝛼𝑘 = (𝑆𝛼𝑘)2𝒥𝛼(Ω𝑘)[1 − 𝑓𝛼(Ω𝑘)]. (2.155)

Transforming back to the Schrödinger picture and assuming flat spectral densities, we
obtain the global master equation:

d ̂𝜌𝑆
d𝑡

= −𝑖[𝐻̂𝑆, ̂𝜌𝑆] + 𝒟1( ̂𝜌𝑆) + 𝒟2( ̂𝜌𝑆), (2.156)

where the dissipator corresponding to the first bath is

𝒟1( ̂𝜌𝑆) = Γ1 cos2𝜃{𝑓1(Ω1)𝔻[ ̂𝜂†
1] + [1 − 𝑓1(Ω1)]𝔻[ ̂𝜂1]}

+ Γ1 sin2𝜃{𝑓1(Ω2)𝔻[ ̂𝜂†
2] + [1 − 𝑓1(Ω2)]𝔻[ ̂𝜂2]}

(2.157)

and the dissipation corresponding to the second bath is given by

𝒟2( ̂𝜌𝑆) = Γ2 sin2𝜃{𝑓2(Ω1)𝔻[ ̂𝜂†
1] + [1 − 𝑓2(Ω1)]𝔻[ ̂𝜂1]}

+ Γ2 cos2𝜃{𝑓2(Ω2)𝔻[ ̂𝜂†
2] + [1 − 𝑓2(Ω2)]𝔻[ ̂𝜂2]}.

(2.158)

As in the local case, we first consider equilibrium by setting Γ2 = 0 and 𝛽1 = 𝛽, so
only the dissipator 𝒟1 is active. Despite the local nature of the system-bath coupling, the
dissipator acts globally on delocalized eigenmodes. Since 𝐻̂𝑆 is diagonal in the ̂𝜂𝑘 basis,
each eigenmode evolves independently and thermalizes individually.

Thus, the steady-state covariance matrix in the energy eigenbasis, defined by 𝐵𝑘𝑞 =
⟨ ̂𝜂†

𝑞 ̂𝜂𝑘⟩, becomes diagonal:

𝑩 = (
𝑓1(Ω1) 0

0 𝑓1(Ω2)
) [Γ2 = 0]. (2.159)
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To find the covariance matrix in terms of the original fermionic modes ̂𝑐1 and ̂𝑐2, we rotate
back using 𝑺:

𝑪 = 𝑺(𝟙 + 𝑒𝛽𝜴)−1𝑺⊤ (2.160)

= (𝟙 + 𝑒𝛽𝑺𝜴𝑺⊤)−1 (2.161)

= (1 + 𝑒𝛽𝑯)−1. (2.162)

This coincides exactly with the thermal covariance matrix of 𝐻̂𝑆, confirming that the global
master equation under the secular approximation yields the correct thermal equilibrium.

We now consider the non-equilibrium case, with two baths at different temperatures and
symmetric coupling Γ1 = Γ2 = Γ. The equation of motion for each population now includes
terms coming from both baths:

d𝑛1
d𝑡

= −𝐽1→2 + ∑
𝛼=1,2

Tr[𝑛̂1𝒟𝛼( ̂𝜌)],

d𝑛2
d𝑡

= +𝐽1→2 + ∑
𝛼=1,2

Tr[𝑛̂2𝒟𝛼( ̂𝜌)],
(2.163)

Combining the dissipators from Eqs. (2.157) and (2.158), we obtain the total dissipator:

𝒟( ̂𝜌𝑆) = 𝒟(1( ̂𝜌𝑆) + 𝒟(2( ̂𝜌𝑆) (2.164)

= Γ ̃𝑓1𝔻[ ̂𝜂†
1] + Γ(1 − ̃𝑓1)𝔻[ ̂𝜂1] + Γ ̃𝑓2𝔻[ ̂𝜂†

2] + Γ(1 − ̃𝑓2)𝔻[ ̂𝜂2] (2.165)

where we defined the effective occupations

̃𝑓1 = cos2𝜃𝑓1(Ω1) + sin2𝜃𝑓2(Ω1), ̃𝑓2 = sin2𝜃𝑓1(Ω2) + cos2𝜃𝑓2(Ω2). (2.166)

As before, the dynamics of the energy modes remain uncoupled, and the total dissipator
(2.164) can be interpreted as two fictitious baths with Fermi functions ̃𝑓1 and ̃𝑓2 acting
individually on modes ̂𝜂1 and ̂𝜂2, respectively. Consequently, the steady-state covariance
matrix in the energy eigenbasis remains diagonal:

𝑩 = (
̃𝑓1 0

0 ̃𝑓2
), (2.167)

and the corresponding density matrix is diagonal in the energy eigenbasis:

̂𝜌 = ⨂
𝑘

[𝑓𝑘 ̂𝜂†
𝑘 ̂𝜂𝑘 + (1 − 𝑓𝑘)(𝟙̂ − ̂𝜂†

𝑘 ̂𝜂𝑘)]. (2.168)
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2.9 Local vs global master equations: transport in a double quantum dot

A key implication is that, because ⟨ ̂𝜂†
𝑗 ̂𝜂𝑘⟩ = 0 for 𝑗 ≠ 𝑘, the current in the bulk of the chain

vanishes:

𝐽1→2 = 𝑖𝑔⟨ ̂𝑐†
2 ̂𝑐1 − ̂𝑐†

1 ̂𝑐2⟩

= 𝑖𝑔 ⟨(sin 𝜃 ̂𝜂†
1 − cos 𝜃 ̂𝜂†

2)(cos 𝜃 ̂𝜂1 + sin 𝜃 ̂𝜂2) − h.c.⟩

= 𝑖𝑔 sin(2𝜃) ⟨ ̂𝜂†
1 ̂𝜂2 − ̂𝜂†

2 ̂𝜂1⟩

= 0

(2.169)

Therefore, although the dissipative contributions at each site are locally balanced—i.e.,
Tr[𝑛̂𝑖𝒟1( ̂𝜌)] = Tr[𝑛̂𝑖𝒟2( ̂𝜌)]—there is no coherent particle current flowing through the sys-
tem.

Nevertheless, one can define a global current based on particle number conservation.
Letting ̂𝑁 = 𝑛̂1 + 𝑛̂2, we write:

𝐽 = Tr[ ̂𝑁𝒟1( ̂𝜌)] = Γ( ̃𝑓1 − ⟨ ̂𝜂†
1 ̂𝜂1⟩) + Γ( ̃𝑓2 − ⟨ ̂𝜂†

2 ̂𝜂2⟩). (2.170)

However, this current reflects the total particle exchange between the system and the reser-
voir and does not correspond to a locally conserved current flowing through the chain.

This observation is consistent with the general result of Ref. [83], which shows that the
global master equation under the secular approximation always yields a steady state that
is diagonal in the energy eigenbasis, even when the system is coupled to baths at different
temperatures. As a result, no coherent steady-state current can be sustained within this
framework.

In summary, both the local and global approaches offer limited descriptions of open
quantum systems. The local approach, while numerically advantageous, fails to reproduce
thermalization in equilibrium scenarios. Nevertheless, it naturally supports nonequilibrium
steady states with finite currents, making it suitable for studying transport.

In contrast, the global approach correctly enforces thermalization in the case of a single
bath. Yet, due to the secular approximation, the resulting steady states are diagonal in the
energy eigenbasis, leading to the suppression of coherent currents.

These complementary limitations are some of the motivations of the mesoscopic leads
approach, where the system is coupled to an auxiliary leads that are, in turn, damped
by local Markovian baths. This hybrid method retains the numerical advantages of local
Markovian master equations, while preserving the capability to sustain steady-state currents,
offering a consistent and computationally efficient framework for quantum transport and
thermodynamics.
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T
hermodynamics is one of the most universal frameworks in physics, governing
the flow of energy and entropy in systems across vastly different scales—from
steam engines to black holes. Traditionally formulated for macroscopic systems,

it provides a powerful description of energy exchanges through heat and work. Rooted
in empirical laws, classical thermodynamics has been remarkably successful in predicting
the behavior of thermal devices such as heat engines and refrigerators—regardless of the
microscopic details of their working medium [84, 85].

However, with the advent of quantum technologies and the ability to isolate and control
individual quantum systems, such as superconducting qubits, trapped ions and ultracold
atoms, a natural question arises: How do thermodynamic laws manifest at the quantum
scale?

Quantum thermodynamics is the field that seeks to answer this question by merging the
principles of thermodynamics with the formalism of quantum mechanics [24, 23]. It aims
to understand how thermodynamic concepts such as heat, work, and entropy emerge and
behave in quantum systems, where phenomena like coherence, entanglement, and measure-
ment backaction play a fundamental role.

One of the central challenges in quantum thermodynamics is to formulate consistent
thermodynamic quantities in the strong coupling regime. When a system interacts strongly
with its environment, the boundary between them becomes blurred, and assigning a clear
meaning to quantities such as heat and internal energy becomes subtle. This challenge
sparked an active area of research aimed at extending thermodynamic concepts beyond the
weak coupling limit [86, 87, 88, 89]. Establishing consistent definitions in this regime remains
an open problem and a central focus of ongoing efforts in the field.

In this chapter, we examine the challenge of defining thermodynamic quantities in quan-
tum systems, particularly in the strong coupling regime. After introducing a general system-
bath setup and the underlying assumptions, we discuss different approaches from the liter-
ature [90, 87], highlighting the ambiguities that arise at strong coupling. We then focus on
one of such proposals, which we refer to as the global energy approach.

This chapter is structured as follows. In Section 1, we introduce a general microscopic
description of open quantum systems, which serves as the foundation for our thermodynamic
analysis. Section 2 focuses on the first law of thermodynamics and the definition of work
and heat at the quantum level. In Section 3, we turn to the second law and discuss entropy
production in quantum systems. Finally, in Section 4, we extend the framework to multiple
baths and nonzero chemical potentials, allowing for the treatment of energy and particle
currents.

⬥
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3.1 Setup: microscopic description of open quantum
systems

The starting point for our discussion of thermodynamics is a microscopic description of
open quantum systems—a global Hamiltonian describing system and environment. Specif-
ically, we consider a composite system consisting of a finite-dimensional quantum system
𝑆 interacting with an environment 𝐸. The dynamics of the total system is governed by a
time-dependent Hamiltonian of the form

𝐻̂(𝑡) = 𝐻̂𝑆(𝑡) + 𝐻̂𝐸 + 𝐻̂𝑆𝐸, (3.1)

where 𝐻̂𝑆(𝑡) is the Hamiltonian of the system, 𝐻̂𝐸 is the Hamiltonian of the environment,
and 𝐻𝑆𝐸 describes their interaction. Importantly, we assume that only 𝐻𝑆(𝑡) has an explicit
time dependence, corresponding to an externally controlled driving protocol. Moreover, we
assume that [𝐻̂𝐸, ̂𝑁𝐸] = 0, where ̂𝑁𝐸 is the particle number operator of the environment.
These assumptions imply that all energy and particle changes in the environment are me-
diated through the system-bath couplings 𝐻̂𝑆𝐸.

The environment is assumed to be initially uncorrelated with the system and prepared in
a thermal state at inverse temperature 𝛽

̂𝜌(0) = ̂𝜌𝑆(0) ⊗ 𝜔̂𝛽, where 𝜔̂𝛽 = 𝑒−𝛽𝐻̂𝐸

𝑍𝐸
, (3.2)

and 𝑍𝐸 = Tr𝐸[𝑒−𝛽𝐻̂𝐸 ] is the corresponding partition function.

For simplicity, we begin by considering the case of vanishing chemical potential, 𝜇 = 0,
where only energy is exchanged between system and environment. The generalization to
multiple baths and nonzero chemical potentials will be addressed later in the chapter.

The total state ̂𝜌(𝑡) evolves unitarily under the von Neumann equation,

d
d𝑡

̂𝜌(𝑡) = −𝑖[𝐻̂(𝑡), ̂𝜌(𝑡)], (3.3)

so that at time 𝑡 the total state is

̂𝜌(𝑡) = ̂𝑈(𝑡) ̂𝜌(0) ̂𝑈†(𝑡), where ̂𝑈(𝑡) = 𝒯 exp(−𝑖
ˆ 𝑡

0
d𝑡′ 𝐻̂(𝑡′)), (3.4)

and 𝒯 denotes time-ordering. From this total state, one obtains the reduced state of the
system via partial tracing:

̂𝜌𝑆(𝑡) = Tr𝐸[ ̂𝜌(𝑡)]. (3.5)

This framework will serve as the foundation for the definitions of work, heat, internal
energy, and entropy production.
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3.2 First Law of Thermodynamics

With the system-bath framework in place, we now turn to the fundamental thermodynamic
quantities: work, heat, internal energy, and entropy. Throughout this chapter, we focus
on a thermodynamic description based on average quantities. That is, we consider average
work and heat, without addressing fluctuations or trajectory-level formulations.

Work—Among these quantities, work is the most straightforward to define. Since the
global system is isolated and does not participate in any heat exchange, any energy change
must be attributed to work:

𝑊̇ (𝑡) ≡ d
d𝑡

⟨𝐻̂(𝑡)⟩, (3.6)

where 𝑊̇ (𝑡) denotes the instantaneous work. Computing the derivative, we find

d
d𝑡

⟨𝐻̂(𝑡)⟩ = Tr [d ̂𝜌(𝑡)
d𝑡

𝐻̂(𝑡)] + Tr [ ̂𝜌(𝑡)d𝐻̂(𝑡)
d𝑡

]. (3.7)

Since the total evolution is unitary, the first term vanishes. In our setting, only the system
Hamiltonian 𝐻̂𝑆(𝑡) varies with time, so that 𝜕𝑡𝐻̂ = 𝜕𝑡𝐻̂𝑆. We are then left with

𝑊̇ (𝑡) = Tr[ ̂𝜌𝑆(𝑡)d𝐻̂𝑆(𝑡)
d𝑡

], (3.8)

where we used that Tr[ ̂𝜌𝐻̂𝑆] = Tr𝑆[ ̂𝜌𝑆𝐻̂𝑆]. The total work performed on the system up to
time 𝑡 is then

𝑊(𝑡) = ⟨𝐻̂(𝑡)⟩ − ⟨𝐻̂(0)⟩

=
ˆ 𝑡

0
d𝜏 Tr[ ̂𝜌(𝜏)𝜕𝐻̂(𝜏)

𝜕𝜏
].

(3.9)

Therefore, the work associated with the external protocol can be interpreted as the work
performed on the system alone.

Internal energy and heat—The definitions of internal energy and heat are more subtle,
particularly in the presence of strong coupling. In thermodynamics, one way of defining
heat is via the first law, as the component of energy exchange not accounted for by work.
To understand the energy balance in our setup, let us examine the time evolution of the
total average energy:

d
d𝑡

⟨𝐻̂(𝑡)⟩ = d
d𝑡

⟨𝐻̂𝑆(𝑡)⟩ + d
d𝑡

⟨𝐻̂𝐸⟩ + d
d𝑡

⟨𝐻̂𝑆𝐸⟩. (3.10)

The interaction energy ⟨𝐻̂𝑆𝐸(𝑡)⟩ contributes to the total energy of the composite system,
but it is unclear whether this term should be attributed to the system, the environment, or
treated as a separate entity. Moreover, since 𝐻̂𝑆𝐸 acts on both Hilbert spaces, its expectation
value cannot be computed from the reduced states ̂𝜌𝑆 and ̂𝜌𝐸 alone, as it may depend on
the correlations. As a result, defining internal energy solely in terms of system observables
becomes problematic.
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This ambiguity disappears in the weak coupling regime, where the energy stored in the
interaction becomes negligible:

⟨𝐻̂⟩ ≈ ⟨𝐻̂𝑆⟩ + ⟨𝐻̂𝐸⟩ (weak coupling). (3.11)

In that case, the internal energy can be identified unambiguously as

𝑈(𝑡) = ⟨𝐻̂𝑆⟩ = Tr𝑆 [ ̂𝜌𝑆(𝑡)𝐻̂𝑆(𝑡)]. (3.12)

Substituting into Eq. (3.10) and neglecting the contribution from 𝐻̂𝑆𝐸, we obtain

̇𝑈(𝑡) = 𝑊̇(𝑡) − d
d𝑡

⟨𝐻̂𝐸⟩, (3.13)

where we used Eq. (3.8) for the work rate. This implies that the heat rate should be defined
as

𝑄̇(𝑡) = − d
d𝑡

⟨𝐻̂𝐸⟩, (3.14)

which is aligned with the intuition: since 𝐻̂𝐸 is time-independent, any change in the envi-
ronment’s energy must result from heat exchanges with the system.

Together, these definitions satisfy the first law of thermodynamics in differential form:

d𝑈(𝑡)
d𝑡

= 𝑊̇(𝑡) + 𝑄̇(𝑡). (3.15)

However, computing ⟨𝐻̂𝐸⟩ requires access to the full environment state, which is generally
not experimentally accessible. To obtain an expression in terms of system observables alone,
we take the derivative of 𝑈(𝑡):

d⟨𝐻̂𝑆(𝑡)⟩
d𝑡

= Tr𝑆[ ̂𝜌𝑆(𝑡)d𝐻̂𝑆(𝑡)
d𝑡

] + Tr𝑆[d ̂𝜌𝑆(𝑡)
d𝑡

𝐻̂𝑆(𝑡)], (3.16)

Comparing with Eq. (3.8), we identify the first term as work, so the second term must
be attributed to heat. Therefore, in the weak coupling regime, the heat rate admits two
equivalent expressions:

𝑄̇(𝑡) = − d
d𝑡

⟨𝐻̂𝐸⟩ = Tr𝑆[d ̂𝜌𝑆(𝑡)
d𝑡

𝐻̂𝑆(𝑡)], (3.17)

with the second form having the advantage of being accessible through system operators
alone. This approach yields a consistent thermodynamic description in the weak coupling
limit, where the contribution of ⟨𝐻̂𝑆𝐸⟩ can be safely ignored.

However, this clean separation breaks down in the strong coupling regime. When the
interaction Hamiltonian 𝐻̂𝑆𝐸 is non-negligible, the splitting of total energy into system and
environment contributions becomes ambiguous. The system may be strongly correlated with
the environment, and the interaction energy ⟨𝐻̂𝑆𝐸⟩ can no longer be ignored. Crucially, this
quantity depends on the full system-environment state and cannot be reconstructed from
the reduced states ̂𝜌𝑆(𝑡) or ̂𝜌𝐸(𝑡) alone. As a result, internal energy and heat can no longer
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be defined purely in terms of system observables. Several alternative definitions have been
proposed in the literature to ensure thermodynamic consistency in this regime [89].

One possible route—referred to here as the bare Hamiltonian approach—is to retain the
weak-coupling definition and define the internal energy as

𝑈bare(𝑡) = ⟨𝐻̂𝑆(𝑡)⟩. (3.18)

This choice is appealing for its simplicity. However, if heat is defined as the change in the
energy of the environment [(3.14)], the first law is no longer satisfied. Substituting the
definitions of internal energy and heat in the global energy balance [(3.10)] yields

̇𝑈bare(𝑡) = 𝑊̇(𝑡) + 𝑄̇(𝑡) − d
d𝑡

⟨𝐻̂𝑆𝐸⟩, (3.19)

which clearly violates the first law.

To restore consistency with the first law, one might instead define heat via the time
derivative of the internal energy, as in Eq. (3.16), leading to

𝑄̇bare(𝑡) = Tr[d ̂𝜌𝑆(𝑡)
d𝑡

𝐻̂𝑆(𝑡)]. (3.20)

With this choice, the first law is automatically satisfied, provided work is defined via
Eq. (3.8). However, from the global energy balance, it follows that

𝑄̇bare(𝑡) = − d
d𝑡

⟨𝐻̂𝐸⟩ + d
d𝑡

⟨𝐻̂𝑆𝐸⟩, (3.21)

indicating that this definition implicitly includes changes in the interaction energy into the
heat flow. As a result, although the first law is satisfied, the physical interpretation of heat
becomes ambiguous. Furthermore, as we will see in the next section, this definition can lead
to apparent violations of the second law.

To address some of these ambiguities, particularly in equilibrium scenarios with strong
coupling, an alternative framework has been proposed based on the Hamiltonian of Mean
Force (HMF) [91, 89]. Here, we briefly outline the formalism and its main properties.

The HMF formalism is originally formulated under the assumption that the system Hamil-
tonian 𝐻̂𝑆 is time-independent and that the global system—including the environment—
reaches thermal equilibrium at long times:

̂𝜌
𝑡→∞
⟶ 𝑒−𝛽𝐻̂

𝑍
, (3.22)

where 𝑍 = Tr[𝑒−𝛽𝐻̂] is the global partition function. As discussed in Ref. [89], this assump-
tion is expected to hold in the long-time limit under suitable conditions.

The central idea is to express the reduced equilibrium state as a thermal state with respect
to an effective, temperature-dependent Hamiltonian 𝐻̂∗

𝑆(𝛽), known as the Hamiltonian of
mean force:

̂𝜌𝑆 = 𝑒−𝛽𝐻̂∗
𝑆(𝛽)

𝑍∗
𝑆(𝛽)

. (3.23)
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where 𝑍∗
𝑆(𝛽) = Tr𝑆[𝑒−𝛽𝐻̂∗(𝛽)] is the corresponding partition function. The operator 𝐻̂∗(𝛽)

is then implicitly defined by Eq. (3.23).
An explicit expression for the HMF can be obtained by tracing out the environment in

the global equilibrium state (3.22) and equating the result with Eq. (3.23), leading to

𝐻̂∗
𝑆(𝛽) = − 1

𝛽
log(Tr𝐸[𝑒−𝛽𝐻̂]

𝑍𝐸
) (3.24)

where 𝑍𝐸 = Tr𝐸[𝑒−𝛽𝐻̂𝐸 ]. Although 𝐻̂∗
𝑆(𝛽) acts only on the system, it encapsulates the

influence of both the environment and interaction on the system. Importantly, the HMF
explicitly depends on the temperature.

Once 𝐻̂∗
𝑆(𝛽) is defined, all the thermodynamic quantities follow from the partition func-

tion using standard relations [84]. For example, the internal energy is defined via 𝑈∗(𝛽) =
−𝜕𝛽 log𝑍∗

𝑆(𝛽) [89]. The expressions obtained this way are thermodynamically consistent, re-
duce to the weak-coupling form in the appropriate limit, and correctly reproduce equilibrium
properties.

Despite these appealing features, the HMF approach is not without limitations. Its defi-
nition relies on the global equilibrium state (3.22), and as such, it lacks a natural extension
to nonequilibrium situations. In particular, there is no clear prescription for defining a time-
dependent HMF during a general dynamical process. Moreover, because the HMF depends
on temperature in a nontrivial way, the identification of thermodynamic quantities such as
internal energy or heat becomes less transparent outside of equilibrium. These issues have
been highlighted in previous work [92, 89, 88], which emphasize that, while the HMF provides
a useful tool for strong-coupling equilibrium thermodynamics, it does not readily generalize
to nonequilibrium processes.

The final approach we consider, which we adopt throughout the remainder of this chapter,
will be referred to as the global energy approach. It defines the internal energy by explicitly
including the interaction term:

𝑈(𝑡) = ⟨𝐻̂𝑆(𝑡)⟩ + ⟨𝐻̂𝑆𝐸(𝑡)⟩. (3.25)

This choice is paired with the natural definition of heat as the change in the environment’s
energy:

𝑄̇(𝑡) = − d
d𝑡

⟨𝐻̂𝐸(𝑡)⟩. (3.26)

With these definitions, the first law of thermodynamics is satisfied, as can be verified by
substituting into the global energy balance equation (3.10).

It is important to emphasize, however, that the heat rate in this formulation cannot be
expressed solely in terms of system observables. In particular,

𝑄̇(𝑡) = − d
d𝑡

⟨𝐻̂𝐸(𝑡)⟩ ≠ Tr𝑆[d ̂𝜌𝑆(𝑡)
d𝑡

𝐻̂𝑆(𝑡)], (3.27)

which reflects the fact that the heat flow requires knowledge of the environment’s energy.
While this might appear to conflict with the goal of a thermodynamic description based
solely on system observables—especially given that the environment’s degrees of freedom
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are generally inaccessible experimentally—we will show in later sections that all relevant
thermodynamic quantities, including the heat rate, can be re-expressed in terms of the
particle and energy currents, which are typically accessible. This resolves the apparent issue
and ensures that the global energy approach remains both thermodynamically consistent
and operationally meaningful.

3.3 Second Law of Thermodynamics

3.3.1 Classical Clausius inequality

With internal energy, work, and heat now defined, we turn to the second law of thermo-
dynamics. To motivate our discussion, let us briefly recall one of its classical formulations.
Consider a system in contact with a thermal reservoir at temperature 𝑇. According to the
Clausius formulation, the second law states that the change in entropy of the system satisfies
the inequality

Δ𝑆 ≥ 𝑄
𝑇

, (3.28)

where 𝑄 is the heat absorbed by the system, and equality holds only for reversible processes.
This bound naturally motivates the definition of the entropy production as

Σ = Δ𝑆 − 𝑄
𝑇

, (3.29)

which quantifies the irreversibility of the process. The second law then takes the form

Σ ≥ 0, (3.30)

with Σ = 0 characterizing reversible transformations.
It is sometimes convenient to refer to the quantity Φ = 𝑄/𝑇 as the entropy flow, rep-

resenting the entropy change associated with reversible heat exchange. In this case, the
second law can be expressed as

Δ𝑆 = Φ − Σ, (3.31)

emphasizing that the system’s entropy change can be decomposed into two contributions:
one arising from heat exchange with the environment, and another from irreversible effects
such as internal dissipation or correlation buildup.

3.3.2 Von Neumann and relative entropies

Motivated by this classical picture, we now seek to formulate the second law in the quan-
tum regime. We begin by introducing the von Neumann entropy, the natural quantum
generalization of the classical Shannon entropy. For a given state ̂𝜌, it is defined as

𝑆( ̂𝜌) = −Tr[ ̂𝜌 log ̂𝜌] = − ∑
𝑖

𝑝𝑖 log 𝑝𝑖, (3.32)

where 𝑝𝑖 ≥ 0 are the eigenvalues of ̂𝜌.

47
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It will also be useful to introduce the quantum relative entropy, which plays a central role
in quantum information and quantum thermodynamics. Given two density matrices ̂𝜌 and
𝜎̂, it is defined as

𝐷( ̂𝜌‖𝜎̂) = Tr[ ̂𝜌 log ̂𝜌 − ̂𝜌 log 𝜎̂], (3.33)

and satisfies the non-negativity condition

𝐷( ̂𝜌‖𝜎̂) ≥ 0, (3.34)

with equality if and only if ̂𝜌 = 𝜎̂ [93]. The relative entropy can be interpreted as a measure
of distinguishability between quantum states. It will be key in our formulation of entropy
production.

We also note the alternative form,

𝐷( ̂𝜌‖𝜎̂) = −𝑆( ̂𝜌) − Tr[ ̂𝜌 log 𝜎̂], (3.35)

which will prove useful in later calculations.

Let us now recall some properties of the von Neumann and relative entropies. Consider
a bipartite state ̂𝜌𝐴𝐵 with marginals ̂𝜌𝐴 = Tr𝐵 ̂𝜌𝐴𝐵 and ̂𝜌𝐵 = Tr𝐴 ̂𝜌𝐴𝐵. If the joint state is
a product, ̂𝜌𝐴𝐵 = ̂𝜌𝐴 ⊗ ̂𝜌𝐵, then the entropy is additive:

𝑆( ̂𝜌𝐴 ⊗ ̂𝜌𝐵) = 𝑆( ̂𝜌𝐴) + 𝑆( ̂𝜌𝐵). (3.36)

This follows from the identity

log( ̂𝜌𝐴 ⊗ ̂𝜌𝐵) = log ̂𝜌𝐴 ⊗ 1̂𝐵 + ̂1𝐴 ⊗ log ̂𝜌𝐵. (3.37)

which, when substituted into the definition of entropy, yields:

𝑆( ̂𝜌𝐴 ⊗ ̂𝜌𝐵) = −Tr[( ̂𝜌𝐴 ⊗ ̂𝜌𝐵) log( ̂𝜌𝐴 ⊗ ̂𝜌𝐵)]

= −Tr[ ̂𝜌𝐴 log ̂𝜌𝐴] − Tr[ ̂𝜌𝐵 log ̂𝜌𝐵]

= 𝑆( ̂𝜌𝐴) + 𝑆( ̂𝜌𝐵).

(3.38)

In the general case, where ̂𝜌𝐴𝐵 may be correlated, the entropy satisfies the subadditivity
inequality:

𝑆( ̂𝜌𝐴𝐵) ≤ 𝑆( ̂𝜌𝐴) + 𝑆( ̂𝜌𝐵). (3.39)

To see this, we will show that

𝐷( ̂𝜌𝐴𝐵‖ ̂𝜌𝐴 ⊗ ̂𝜌𝐵) = 𝑆( ̂𝜌𝐴) + 𝑆( ̂𝜌𝐵) − 𝑆( ̂𝜌𝐴𝐵) ≥ 0, (3.40)
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where the inequality holds because relative entropy is non-negative. To verify this identity,
we use the relation Eq. (3.35):

𝐷( ̂𝜌𝐴𝐵‖ ̂𝜌𝐴 ⊗ ̂𝜌𝐵) = −Tr[ ̂𝜌𝐴𝐵 log( ̂𝜌𝐴 ⊗ ̂𝜌𝐵)] − 𝑆( ̂𝜌𝐴𝐵)

= −Tr[ ̂𝜌𝐴𝐵 log ̂𝜌𝐴] − Tr[ ̂𝜌𝐴𝐵 log ̂𝜌𝐵] − 𝑆( ̂𝜌𝐴𝐵)

= −Tr𝐴[ ̂𝜌𝐴 log ̂𝜌𝐴] − Tr𝐵[ ̂𝜌𝐵 log ̂𝜌𝐵] − 𝑆( ̂𝜌𝐴𝐵)

= 𝑆( ̂𝜌𝐴) + 𝑆( ̂𝜌𝐵) − 𝑆( ̂𝜌𝐴𝐵),

(3.41)

The subadditivity property motivates the definition of the mutual information:

𝐼𝐴𝐵 = 𝑆( ̂𝜌𝐴) + 𝑆( ̂𝜌𝐵) − 𝑆( ̂𝜌𝐴𝐵) = 𝐷( ̂𝜌𝐴𝐵‖ ̂𝜌𝐴 ⊗ ̂𝜌𝐵), (3.42)

which quantifies the total (classical and quantum) correlations between subsystems 𝐴 and
𝐵.

Second law in the quantum regime

Having established these formal properties, we now turn to the dynamics of entropy in our
setup. The global state evolves unitarily according to ̂𝜌(𝑡) = ̂𝑈(𝑡) ̂𝜌(0) ̂𝑈†(𝑡). Since unitary
evolution preserves the eigenvalues of the density matrix, the von Neumann entropy of the
global state is conserved:

𝑆( ̂𝜌(𝑡)) = 𝑆( ̂𝜌(0)). (3.43)

In contrast, the entropy of the reduced system, which we denote by

𝑆(𝑡) = −Tr𝑆[ ̂𝜌𝑆(𝑡) log ̂𝜌𝑆(𝑡)], (3.44)

generally evolves with time, since the reduced dynamics of ̂𝜌𝑆(𝑡) is non-unitary.
Motivated by the classical second law, our aim is to derive a quantum analogue of the

splitting Δ𝑆 = Φ − Σ. To this end, we follow the approach of Ref. [94], deriving this decom-
position from first principles using the global conservation of entropy and the properties of
the initial state.

To begin, recall that the system and environment are initially uncorrelated:

̂𝜌(0) = ̂𝜌𝑆(0) ⊗ ̂𝜌𝐸(0), (3.45)

with the environment prepared in a thermal state, ̂𝜌𝐸(0) = 𝜔̂𝛽. Since the von Neumann
entropy is additive for product states, the initial global entropy is

𝑆( ̂𝜌(0)) = 𝑆( ̂𝜌𝑆(0)) + 𝑆( ̂𝜌𝐸(0)). (3.46)

As the system and environment evolve, they typically become correlated, and this additivity
no longer holds. However, using the definition of mutual information, the global entropy at
time 𝑡 can be expressed as

𝑆( ̂𝜌(𝑡)) = 𝑆( ̂𝜌𝑆(𝑡)) + 𝑆( ̂𝜌𝐸(𝑡)) − 𝐼𝑆𝐸(𝑡). (3.47)
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Combining this with the conservation of global entropy,𝑆( ̂𝜌(𝑡)) = 𝑆( ̂𝜌(0)), we find

Δ𝑆 = 𝑆( ̂𝜌𝐸(0)) − 𝑆( ̂𝜌𝐸(𝑡)) + 𝐼𝑆𝐸(𝑡), (3.48)

where Δ𝑆 = 𝑆( ̂𝜌𝑆(𝑡)) − 𝑆( ̂𝜌𝑆(0)) is the change in the system’s entropy.

To evaluate the change in the environment’s entropy, we first note that the initial entropy
can be computed using the fact that ̂𝜌𝐸(0) = 𝜔̂𝛽 is a thermal state:

log 𝜔̂𝛽 = −𝛽𝐻̂𝐸 − log𝑍𝐸 ⇒ 𝑆( ̂𝜌𝐸(0)) = 𝛽⟨𝐻̂𝐸⟩0 + log𝑍𝐸. (3.49)

At later times, the environment is generally no longer thermal. Nevertheless, using Eq. (3.35),
its entropy can be written as

𝑆( ̂𝜌𝐸(𝑡)) = −𝐷( ̂𝜌𝐸(𝑡)‖𝜔̂𝛽) − Tr[ ̂𝜌𝐸(𝑡) log 𝜔̂𝛽]

= −𝐷( ̂𝜌𝐸(𝑡)‖𝜔̂𝛽) + 𝛽⟨𝐻̂𝐸⟩𝑡 + log𝑍𝐸.
(3.50)

Substituting this into Eq. (3.48), we obtain

Δ𝑆 = 𝐷( ̂𝜌𝐸(𝑡)‖𝜔̂𝛽) + 𝐼𝑆𝐸(𝑡) − 𝛽(⟨𝐻̂𝐸⟩𝑡 − ⟨𝐻̂𝐸⟩0)

= Σ + 𝛽𝑄,
(3.51)

where we identified the heat as

𝑄 = ⟨𝐻̂𝐸⟩𝑡 − ⟨𝐻̂𝐸⟩0, (3.52)

and defined the entropy production as

Σ = 𝐷( ̂𝜌𝐸(𝑡)‖𝜔̂𝛽) + 𝐼𝑆𝐸(𝑡) ≥ 0, (3.53)

with the inequality following from the non-negativity of both relative entropy and mutual
information.

Therefore, the second law can be stated as

Σ = Δ𝑆 − 𝛽𝑄 ≥ 0 (3.54)

The decomposition of the entropy production in Eq. (3.53) provides an interesting inter-
pretation of the sources of irreversibility in quantum thermodynamics. The term 𝐷( ̂𝜌𝐸(𝑡)‖𝜔̂𝛽)
quantifies how much the environment has deviated from its initial thermal equilibrium, while
𝐼𝑆𝐸(𝑡) captures the total correlations generated between the system and its environment
during the evolution.

The entropy production can also be expressed in a more compact and widely used form,
which highlights a different physical interpretation. Specifically, Σ can be written as the
relative entropy between the actual global state and the uncorrelated reference state ̂𝜌𝑆(𝑡)⊗
𝜔̂𝛽:

Σ = 𝐷( ̂𝜌(𝑡)‖ ̂𝜌𝑆(𝑡) ⊗ 𝜔̂𝛽). (3.55)
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This expression emphasizes that irreversibility arises from how distinguishable the true joint
state of the system and environment is from an idealized scenario where the two remain
uncorrelated and the environment stays thermal.

To verify the equivalence with the earlier decomposition, we expand the relative entropy
using Eq. (3.35):

𝐷( ̂𝜌(𝑡)‖ ̂𝜌𝑆(𝑡) ⊗ 𝜔̂𝛽) = −𝑆( ̂𝜌(𝑡)) − Tr[ ̂𝜌(𝑡) log( ̂𝜌𝑆(𝑡) ⊗ 𝜔̂𝛽)]

= −𝑆( ̂𝜌(𝑡)) − Tr𝑆[ ̂𝜌𝑆(𝑡) log ̂𝜌𝑆(𝑡)] − Tr𝐸[ ̂𝜌𝐸(𝑡) log 𝜔̂𝛽]

= 𝑆( ̂𝜌𝑆(𝑡)) + 𝑆( ̂𝜌𝐸(𝑡)) − 𝑆( ̂𝜌(𝑡)) + 𝐷( ̂𝜌𝐸(𝑡)‖𝜔̂𝛽) − 𝑆( ̂𝜌𝐸(𝑡))

= 𝐼𝑆𝐸(𝑡) + 𝐷( ̂𝜌𝐸(𝑡)‖𝜔̂𝛽).

(3.56)

This derivation confirms the equivalence between the two expressions for Σ.

3.3.3 Validity of the Global Energy Approach

The definitions of entropy production based on relative entropy play a central theoretical
role. They offer a clear interpretation of the sources of irreversibility and provide a rigorous
formulation of the second law. However, in practical applications it is often more convenient
to use the expression

Σ = Δ𝑆 − 𝛽𝑄, (3.57)

especially in scenarios where the heat 𝑄 can be expressed in terms of currents. However,
this formulation must be used with care, as it coincides with the relative entropy definition
only when heat is defined as the energy lost by the environment, i.e.,

𝑄̇ = − d
d𝑡

⟨𝐻̂𝐸⟩. (3.58)

This condition is satisfied in the global energy approach, where internal energy includes
both 𝐻̂𝑆 and the interaction term 𝐻̂𝑆𝐸. As a result, the second law is guaranteed to hold:

Σ ≥ 0. (3.59)

In contrast, the bare Hamiltonian approach defines internal energy as 𝑈bare = ⟨𝐻̂𝑆⟩ and
computes heat from the system alone:

𝑄̇bare = Tr[d ̂𝜌𝑆
d𝑡

𝐻̂𝑆]. (3.60)

Using the global energy balance, this quantity satisfies

𝑄̇bare = − d
d𝑡

⟨𝐻̂𝐸⟩ + d
d𝑡

⟨𝐻̂𝑆𝐸⟩ = 𝑄̇ + d
d𝑡

⟨𝐻̂𝑆𝐸⟩. (3.61)

Consequently, the corresponding entropy production is given by

Σbare = Σ + 𝛽 d
d𝑡

⟨𝐻̂𝑆𝐸⟩. (3.62)
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Because ⟨𝐻̂𝑆𝐸⟩ may fluctuate—and even decrease—over time, the second term can be
negative and outweigh Σ, leading to Σbare < 0.

This result highlights a key limitation of the bare Hamiltonian approach in the strong
coupling regime. By defining heat using only the system’s reduced dynamics, it overlooks
the role of interaction energy, leading to potential violations of the second law. In contrast,
the global energy approach explicitly includes the interaction term, ensuring consistency
with both the first and second laws, even in the presence of strong coupling and system-
environment correlations.

3.4 Generalized Setup: Multiple Baths, Chemical
Potential and Currents

We consider now a generalization of the setup introduced earlier, in which the system is
coupled to multiple reservoirs that are allowed to have a non-zero chemical potential. Each
bath is labeled by the index 𝛼 and is characterized by an inverse temperature 𝛽𝛼 and
chemical potential 𝜇𝛼. The total Hamiltonian is taken to be of the form

𝐻̂(𝑡) = 𝐻̂𝑆(𝑡) + ∑
𝛼

(𝐻̂𝛼 + 𝐻̂𝑆𝛼), (3.63)

where 𝐻̂𝑆(𝑡) is the (possibly time-dependent) Hamiltonian of the system, 𝐻̂𝛼 is the Hamil-
tonian of bath 𝛼 and 𝐻𝑆𝛼 describes its interaction with the system.

We assume that the initial state of the full system is uncorrelated, with each reservoir
prepared in a Gibbs state state. Explicitly, the initial state is

̂𝜌(0) = ̂𝜌𝑆(0) ⊗ ⨂
𝛼

𝜔̂𝛼, with 𝜔̂𝛼 = 𝑒−𝛽𝛼(𝐻̂𝛼−𝜇𝛼𝑁𝛼)

𝑍𝛼
. (3.64)

where ̂𝑁𝛼 is the particle number operator of bath 𝛼 and 𝑍𝛼 = Tr[𝑒−𝛽𝛼(𝐻̂𝛼−𝜇𝛼𝑁̂𝛼)] is the
corresponding partition function. Additionally, we assume that [𝐻𝛼, 𝑁𝛼] = 0, ensuring that
each bath preserves the number of particles in the absence of coupling.

Generalized Definitions of Work and Heat

The presence of reservoirs with nonzero chemical potentials introduces an additional con-
tribution to the energy balance: chemical work. When reservoir 𝛼 exchanges particles with
the system, each particle transfer delivers an energy 𝜇𝛼 to it. The corresponding power
input is given by

𝑊̇chem(𝑡) = − ∑
𝛼

𝜇𝛼
d
d𝑡

⟨ ̂𝑁𝛼⟩. (3.65)

In addition to this term, the system may also be subject to external driving through a
time-dependent Hamiltonian 𝐻̂𝑆(𝑡). This is associated with mechanical work, defined as in
the previous sections:

𝑊̇mech(𝑡) = Tr[𝑑𝐻𝑆(𝑡)
𝑑𝑡

𝜌(𝑡)]. (3.66)
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The total work performed on the system is then

𝑊̇ (𝑡) = 𝑊̇mech(𝑡) + 𝑊̇chem(𝑡). (3.67)

The notion of heat must also be adapted to account for particle exchange. For each
reservoir 𝛼, we define the heat flow into the system as the change in the reservoir’s energy,
excluding the contribution associated with particle transfer:

𝑄̇𝛼(𝑡) = − d
d𝑡

⟨𝐻̂𝛼⟩ − 𝜇𝛼
d
d𝑡

⟨ ̂𝑁𝛼⟩. (3.68)

This definition can be understood as the rate of change of the expectation value of an
effective Hamiltonian 𝐻̂eff = 𝐻̂𝛼 − 𝜇𝛼

̂𝑁𝛼, which explicitly corrects for the energy exchanged
through particle transfer. The total heat flow is given by

𝑄̇(𝑡) = ∑
𝛼

𝑄̇𝛼(𝑡). (3.69)

As before, we define the internal energy through the global energy approach, explicitly
including the interaction term:

𝑈(𝑡) = ⟨𝐻̂𝑆⟩ + ⟨𝐻̂𝑆𝐸⟩. (3.70)

With these definitions in place, the first law of thermodynamics retains its familiar struc-
ture:

𝑑𝑈(𝑡)
𝑑𝑡

= 𝑊̇(𝑡) + 𝑄̇(𝑡). (3.71)

3.4.1 Second law

The second law of thermodynamics admits a natural extension for the generalized setup.
With the heat flow from each reservoir now defined to account for both energy and particle
exchange, the entropy production over a process can be written as

Σ = Δ𝑆 − ∑
𝛼

𝛽𝛼𝑄𝛼, (3.72)

where Δ𝑆 is the change in the system’s von Neumann entropy, and 𝑄𝛼 is the total heat
received from reservoir 𝛼. This expression is fully consistent with the global energy approach
and reflects the same physical content as the entropy balance derived earlier.

Indeed, the derivation proceeds in close analogy to that of Sec. 3.3, with the only mod-
ification being the use of a grand canonical thermal state for each environment. More
precisely,

log 𝜔̂𝛼 = −𝛽𝛼𝐻̂𝛼 + 𝛽𝛼𝜇𝛼
̂𝑁𝛼 − log𝑍𝛼. (3.73)

With this replacement, the argument follows as before, relying on the conservation of global
entropy and the assumption of an initially factorized state.

The entropy production can equivalently be expressed as a quantum relative entropy,

Σ = 𝐷( ̂𝜌(𝑡) ∥ ̂𝜌𝑆(𝑡) ⊗ ⨂
𝛼

𝜔̂𝛼), (3.74)
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highlighting its interpretation as a measure of irreversibility arising from the buildup of
system-environment correlations and deviations from equilibrium. This form ensures that
Σ ≥ 0 at all times, in agreement with the second law.

3.4.2 Particle and energy currents

While it is conceptually clear to define thermodynamic quantities via changes in the environ-
ment observables, this approach is not always practical from an operational or computational
perspective. In many situations—especially in transport setups—it is more convenient to
express thermodynamic quantities in terms of energy and particle currents. These currents
not only provide an operational description of the thermodynamics but also connect directly
to experimentally accessible quantities.

To define these currents, we consider the time evolution of observables in the Heisenberg
picture, where an operator ̂𝒪 evolves according to

d ̂𝒪
d𝑡

= 𝑖[𝐻̂, ̂𝒪] (3.75)

The energy current operator associated with bath 𝛼 is then defined as

̂𝐽𝐸
𝛼 (𝑡) = −d𝐻̂𝛼

d𝑡
= 𝑖[𝐻̂𝛼, 𝐻̂]. (3.76)

Similarly, the particle current operator is defined as

̂𝐽𝑃
𝛼 (𝑡) = −d ̂𝑁𝛼

d𝑡
= 𝑖[ ̂𝑁𝛼, 𝐻̂]. (3.77)

Under the assumptions that [𝐻̂𝛼, ̂𝑁𝛼] = 0 and using [𝐻̂𝑆, 𝐻̂𝐸] = 0, these expressions simplify
to

̂𝐽𝐸
𝛼 (𝑡) = 𝑖[𝐻̂𝛼, 𝐻̂𝑆𝛼], ̂𝐽𝑃

𝛼 (𝑡) = 𝑖[ ̂𝑁𝛼, 𝐻̂𝑆𝛼], (3.78)

making explicit that the currents originate at the system-reservoir boundary.
The average energy and particle currents are obtained by taking the expectation value:

𝐽𝐸
𝛼 (𝑡) = Tr[ ̂𝜌(𝑡) ̂𝐽𝐸

𝛼 (𝑡)] = ⟨ ̂𝐽𝐸
𝛼 (𝑡)⟩ and 𝐽𝑃

𝛼 (𝑡) = Tr[ ̂𝜌(𝑡) ̂𝐽𝑃
𝛼 (𝑡)] = ⟨ ̂𝐽𝑃

𝛼 (𝑡)⟩. (3.79)

The heat current from reservoir 𝛼 is then defined as

𝐽𝑄
𝛼 (𝑡) = 𝐽𝐸

𝛼 (𝑡) − 𝜇𝛼𝐽𝑃
𝛼 (𝑡), (3.80)

in direct correspondence with the definition introduced earlier. Total energy, particle, and
heat currents are given by sums over reservoirs, e.g., 𝐽𝑄(𝑡) = ∑𝛼 𝐽𝑄

𝛼 (𝑡).
In terms of these currents, the first law takes the form

d𝑈(𝑡)
d𝑡

= 𝑊̇(𝑡) + ∑
𝛼

𝐽𝑄
𝛼 (𝑡), (3.81)

where the total work rate is given by 𝑊̇ (𝑡) = 𝑊̇mech(𝑡) + ∑𝛼 𝜇𝛼𝐽𝑃
𝛼 (𝑡).
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3.5 Example: Entropy Production in a Single Fermionic Mode

To express the second law in terms of energy and particle currents, we rewrite it in
differential form. Following standard convention, we define the entropy production rate as

𝜎(𝑡) ≡ Σ̇(𝑡). (3.82)

The second law then takes the compact form

𝜎(𝑡) = d𝑆(𝑡)
d𝑡

− ∑
𝛼

𝛽𝛼𝐽𝑄
𝛼 (𝑡). (3.83)

Unlike the total entropy production Σ(𝑡), the entropy production rate 𝜎(𝑡) can occasion-
ally become negative. However, as discussed earlier, the integrated entropy production must
satisfy

Σ(𝑡) =
ˆ 𝑡

0
d𝜏 𝜎(𝜏) ≥ 0. (3.84)

In the special case of Markovian dynamics—which requires the weak coupling assumption—
it can be shown that the entropy production rate remains non-negative at all times [30]. We
will focus on this regime in the following section.

A particularly important situation arises when a system coupled to multiple reservoirs
reaches a non-equilibrium steady state (NESS). In this regime, the reduced state of the
system becomes time-independent, so that d𝑆(𝑡)

d𝑡 = 0. Nevertheless, the system remains out
of equilibrium, as steady-state currents continue to flow through it. In this case, the entropy
production rate simplifies to

𝜎 = ∑
𝛼

𝛽𝛼𝐽𝑄
𝛼 , (3.85)

which is constant in time. As a result, the total entropy production grows linearly with
time,

Σ(𝑡) ∼ 𝜎𝑡, (3.86)

emphasizing that the currents required to maintain the NESS inevitably lead to continuous
dissipation. This persistent entropy production is the hallmark of non-equilibrium steady
states.

3.5 Example: Entropy Production in a Single Fermionic
Mode

To illustrate the general formalism developed so far, we consider a minimal model that allows
for transparent and complete thermodynamic analysis: a single fermionic mode coupled to a
non-interacting fermionic reservoir. Our goals are to compute explicit expressions for energy
and particle currents, analyze the entropy production decomposition, and demonstrate a
second law violation under the bare Hamiltonian approach.

The total Hamiltonian is written in the standard form:

𝐻̂(𝑡) = 𝐻̂𝑆(𝑡) + 𝐻̂𝐸 + 𝐻̂𝑆𝐸, (3.87)
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where the system Hamiltonian is
𝐻̂𝑆(𝑡) = 𝜖(𝑡) ̂𝑐† ̂𝑐, (3.88)

and the bath Hamiltonian and interaction term are given by

𝐻̂𝐸 = ∑
𝑘

𝜔𝑘
̂𝑏†
𝑘

̂𝑏𝑘,

𝐻̂𝑆𝐸 = ∑
𝑘

𝜆𝑘( ̂𝑐† ̂𝑏𝑘 + ̂𝑏†
𝑘 ̂𝑐).

(3.89)

Here, ̂𝑐 and ̂𝑏𝑘 are fermionic annihilation operators for the system and reservoir modes,
respectively. The time-dependent parameter 𝜖(𝑡) controls the energy level of the system,
while 𝜔𝑘 and 𝜆𝑘 denote the energies and coupling strengths of the reservoir modes.

As in previous sections, we assume that the system and reservoir are initially uncorrelated,
with the environment prepared in a grand canonical Gibbs state:

̂𝜌(0) = ̂𝜌𝑆 ⊗ [𝑒−𝛽(𝐻̂𝐸−𝜇𝑁̂𝐸)

𝑍𝐸
], (3.90)

where 𝑍𝐸 = Tr[𝑒−𝛽(𝐻̂𝐸−𝜇𝑁̂𝐸)].

3.5.1 Finite-Size Bath Approximation

To make the model numerically tractable, we approximate the fermionic reservoir using a
finite number of modes 𝑁, chosen to reproduce a flat spectral density over a finite band-
width [95]. Specifically, we assume a constant spectral density over the interval [−𝑊/2, 𝑊/2],
given by

𝒥(𝜔) =
⎧{
⎨{⎩

Γ, 𝜔 ∈ [−𝑊
2 , 𝑊

2 ],

0, otherwise.
(3.91)

where Γ sets the overall coupling strength and 𝑊 denotes the reservoir bandwidth.

The bath frequencies are sampled uniformly within this range as

𝜔𝑘 = (𝑘 − 1)Δ𝜔 − 𝑊
2

, for 𝑘 = 1, … , 𝑁 (3.92)

where Δ𝜔 = 𝑊/(𝑁 − 1) is the level spacing. The coupling strengths are then set to

𝜆𝑘 = √ΓΔ𝜔
2𝜋

, (3.93)

ensuring that the discretized reservoir reproduces the desired spectral density in the limit
𝑁 → ∞ [95]. With this choice, the couplings are frequency-independent, reflecting the
assumption of a flat spectral density. A schematic representation of the setup is shown in
Fig. 3.1

This finite-bath approximation captures the relevant short- and intermediate-time dy-
namics. However, due to the finite number of degrees of freedom, the system eventually
exhibits Poincaré recurrences, leading to unphysical revivals. Consequently, this approach
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Figure 3.1: Schematic representation of a single fermionic mode interacting with a finite bath with
𝑁 modes. The energy of the mode is controlled by a time-dependent protocol 𝜖(𝑡).

is valid only up to a finite time scale set by the number of modes 𝑁 and the structure of
the spectral density [31, 96, 97].

3.5.2 Time evolution

The system and environment considered here are both non-interacting, with a linear coupling
between them. Consequently, the total Hamiltonian remains non-interacting. To see this
explicit, we group the system and bath fermionic operators into a single vector:

̂𝒅 = ( ̂𝑐, ̂𝑏1, ̂𝑏2, … , ̂𝑏𝑁), (3.94)

so that the full Hamiltonian takes the compact form

𝐻̂(𝑡) = ∑
𝑖,𝑗

𝐻𝑖𝑗(𝑡) ̂𝑑†
𝑖

̂𝑑𝑗, (3.95)

where 𝐻𝑖𝑗(𝑡) denotes the elements of the single-particle Hamiltonian matrix. For the model
introduced above, this matrix is given by

𝑯(𝑡) =
⎛⎜⎜⎜
⎝

𝜖(𝑡) 𝜆1 ⋯ 𝜆𝑁
𝜆1 𝜔1 ⋯ 0
⋮ ⋮ ⋱ ⋮

𝜆𝑁 0 ⋯ 𝜔𝑁

⎞⎟⎟⎟
⎠

(3.96)

which is a Hermitian (𝑁 + 1) × (𝑁 + 1) matrix.

The Hamiltonian in Eq. (3.95) is quadratic in the modes ̂𝑑, which implies that the dynam-
ics is Gaussian-preserving. We discuss the theory of Gaussian systems in detail in Chapter 4.
Here, we will simply use the relevant results. For a full treatment, we refer the reader to
that chapter [4].

The key property of a Gaussian state is that is completely characterized by its two-point
correlation functions. Accordingly, we define the covariance matrix

𝐶𝑗𝑖 = ⟨ ̂𝑑†
𝑗 ̂𝑐𝑖⟩, (3.97)

which is a Hermitian (𝑁 + 1) × (𝑁 + 1) matrix that fully encodes the state of the system
and environment.
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Given that the reservoir is initially in a Gibbs state, the initial two-point correlations sat-
isfy ⟨ ̂𝑏†

𝑘
̂𝑏𝑘⟩ = 𝑓(𝜔𝑘), where 𝑓(𝜔) = (1+𝑒𝛽(𝜔−𝜇))−1 is the Fermi-Dirac distribution. Therefore,

the initial covariance matrix is diagonal:

𝑪(0) =
⎛⎜⎜⎜
⎝

𝑛0 0 ⋯ 0
0 𝑓(𝜔1) ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝑓(𝜔𝑁),

⎞⎟⎟⎟
⎠

(3.98)

where 𝑛0 = ⟨ ̂𝑐† ̂𝑐⟩0 is the initial occupation of the system mode.
The time evolution of the covariance matrix is then governed by the equation

d𝑪(𝑡)
d𝑡

= −𝑖[𝑯(𝑡), 𝑪(𝑡)], (3.99)

which closely resembles the von Neumann equation for an (𝑁+1)-level system evolving under
the single-particle Hamiltonian 𝑯(𝑡). For further details, see Section 4.4.1 of Chapter 4.

Equation (3.99) can be integrated numerically using standard techniques, yielding the full
time evolution of the covariance matrix and, consequently, of all physical observables.

3.5.3 Currents and Entropy Production: Numerical Results

The energy and particle currents can be computed using the definitions introduced earlier:

̂𝐽𝑃 = 𝑖[ ̂𝑁𝐸, 𝐻̂], (3.100)
̂𝐽𝐸 = 𝑖[𝐻̂𝐸, 𝐻̂], (3.101)

The explicit computation of these commutators involves a bit of algebra, which we carry
out in detail in Chapter 4. The final result is

𝐽𝑃(𝑡) = ∑
𝑘

𝜆𝑘[⟨ ̂𝑐† ̂𝑏𝑘⟩ − ⟨ ̂𝑏†
𝑘 ̂𝑐⟩], (3.102)

𝐽𝐸(𝑡) = ∑
𝑘

𝜆𝑘𝜔𝑘[⟨ ̂𝑐† ̂𝑏𝑘⟩ − ⟨ ̂𝑏†
𝑘 ̂𝑐⟩], (3.103)

which shows that both currents are encoded in the coherences of the covariance matrix.
These expressions have a clear physical interpretation. The term ⟨ ̂𝑐† ̂𝑏𝑘⟩ corresponds to a

particle transfer from bath mode 𝑘 to the system, while ⟨𝑏̂†
𝑘 ̂𝑐⟩ describes the reverse process.

The total current reflects the net imbalance between these two processes, with each mode
weighted by the corresponding tunneling rate 𝜆𝑘. In the case of the energy current, the
contributions are further weighted by the mode energies 𝜔𝑘, accounting for the energy
carried by each particle transfer.

The heat current is then defined as

𝐽𝑄(𝑡) = 𝐽𝐸(𝑡) − 𝜇𝐽𝑃(𝑡), (3.104)

This is the quantity that enters the entropy balance and second law.
To compute the von Neumann entropy of the system, we draw on results from Chapter 4.
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The von Neumann entropy of a Gaussian state can be computed directly from its covari-
ance matrix. If 𝜈𝑖 are its eigenvalues, the entropy is given by

𝑆 = − ∑
𝑖

[𝜈𝑖 log 𝜈𝑖 + (1 − 𝜈𝑖) log(1 − 𝜈𝑖)]. (3.105)

The reduced covariance matrix of a subsystem is obtained by simply restricting the full
covariance matrix 𝑪(𝑡) to the corresponding rows and columns. In our case, the reduced
covariance matrix is 1 × 1 and has eigenvalue 𝜈 = 𝑛(𝑡), the mode occupation. The entropy
therefore simplifies to

𝑆(𝑡) = −𝑛(𝑡) log𝑛(𝑡) − (1 − 𝑛(𝑡)) log(1 − 𝑛(𝑡)). (3.106)

In numerical simulations, the time derivative of the entropy is often computed using finite
differences. However, in the single-mode case, 𝑆(𝑡) depends explicitly on the occupation
number 𝑛(𝑡), allowing for an analytic expression. Since the total particle number is con-
served, i.e., [𝐻̂, ̂𝑁𝑆 + ̂𝑁𝐸] = 0, it follows that 𝑛̇(𝑡) = −𝐽𝑃(𝑡). Substituting into the derivative
of the entropy yields

d𝑆
d𝑡

= −𝐽𝑃(𝑡) log( 𝑛(𝑡)
1 − 𝑛(𝑡)

). (3.107)

With the currents and entropy expressions in hand, the total entropy production reads

Σ(𝑡) = Δ𝑆(𝑡) − 𝛽𝑄(𝑡). (3.108)

Alternatively, as discussed in Sec. 3.3, the entropy production can be broken down into
two components:

Σ(𝑡) = 𝐷( ̂𝜌𝐸(𝑡) ∥ ̂𝜌𝐸(0)) + 𝐼𝑆𝐸(𝑡), (3.109)

where 𝐼𝑆𝐸(𝑡) is the mutual information between system and environment.

Both 𝐷𝐸(𝑡) and 𝐼𝑆𝐸(𝑡) can be computed efficiently from the covariance matrix using
formulas provided in Section 7.2 of Chapter 4. This enables a numerical verification of the
entropy production decomposition.

To illustrate the entropy dynamics, we consider a simple linear ramp protocol for the
system energy level:

𝜖(𝑡) = 𝜖0 + 𝛼𝑡. (3.110)

We fix the overall energy scale by choosing Γ = 1, and discretize the reservoir with 𝑁 = 50
modes. The bath is initialized at inverse temperature 𝛽 = 3 and chemical potential 𝜇 = 1.
The protocol parameters are 𝜖0 = 0 and 𝛼 = 0.1, corresponding to a slow drive that starts
aligned with the chemical potential. To ensure the energy level remains well within the
reservoir’s frequency range throughout the evolution, we choose 𝑊 = 5. The system is
initially empty, with 𝑛(0) = 0.

As shown in Fig. 3.2(a), the entropy production rate 𝜎(𝑡) can become temporarily negative
due to system-bath coherences, a behavior allowed in the general non-Markovian regime.
Nevertheless, the total entropy production Σ(𝑡) remains non-negative at all times, in accor-
dance with the second law.
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Figure 3.2: Entropy production and its decomposition for a driven single fermionic mode. (a) Entropy
production rate 𝜎(𝑡) as a function of time. Regions where 𝜎(𝑡) > 0 are shaded in blue,
while regions where 𝜎(𝑡) < 0 are shaded in red. While 𝜎(𝑡) can become temporarily
negative due to non-Markovian effects, Σ(𝑡) remains non-negative, in accordance with
the second law. (b) Total entropy production Σ(𝑡), decomposed into the relative entropy
𝐷( ̂𝜌𝐸(𝑡)‖ ̂𝜌𝐸(0)) and the mutual information 𝐼𝑆𝐸(𝑡), as in Eq. (3.53). Both contributions
are non-negative at all times, confirming the consistency of the decomposition. Simulation
parameters: Γ = 1, 𝑊 = 5,𝑁 = 50, 𝛽 = 3, 𝜇 = 1, 𝜖0 = 0, 𝛼 = 0.1, and initial occupation
𝑛(0) = 0.

Figure 3.2(b) confirms the decomposition of Σ(𝑡) into the two non-negative contributions
discussed in Eq. (3.53): the relative entropy 𝐷( ̂𝜌𝐸(𝑡) ∥ ̂𝜌𝐸(0)) between the environment and
its reference thermal state, and the mutual information 𝐼𝑆𝐸(𝑡) between the system and en-
vironment. While neither term is guaranteed to increase monotonically, both contributions
remain non-negative throughout the evolution.

3.5.4 Second law violation with the bare Hamiltonian approach

We now show that the bare Hamiltonian approach, introduced in Section 3.2, can lead to a
violation of the second law of thermodynamics when applied beyond its regime of validity.

For simplicity, we consider a time-independent protocol 𝜖(𝑡) = 𝜖0 and set 𝜇 = 0. In the
bare Hamiltonian framework, the internal energy and heat rate are defined as

𝑈bare(𝑡) = Tr[ ̂𝜌𝑆(𝑡)𝐻̂𝑆] and 𝑄̇bare(𝑡) = Tr[d ̂𝜌𝑆
d𝑡

𝐻̂𝑆], (3.111)

which, by construction, satisfy the first law. However, as discussed in Section 3.2, the
corresponding entropy production differs from the global definition. In particular, it obeys
the relation

Σbare(𝑡) = Σ(𝑡) + 𝛽Δ⟨𝐻̂𝑆𝐸(𝑡)⟩, (3.112)

which shows that a sufficiently negative change in the interaction energy ⟨𝐻̂𝑆𝐸(𝑡)⟩ can render
Σbare(𝑡) negative—violating the second law.

To demonstrate this behavior, we carefully choose the initial conditions to emphasize the
role of the interaction energy. We fix the parameters Γ = 1, 𝛽 = 3, and 𝜇 = 0, and set
𝜖0 = 1. Since 𝜖0 ∼ Γ, this corresponds to a strong coupling regime. Crucially, the system is
initialized with population

𝑛0 = 1
1 + 𝑒𝛽(𝜖0−𝜇) ≈ 0.0474, (3.113)
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3.6 Quantum Thermodynamics in the Markovian Regime

which matches the equilibrium population set by the bath. If the system were decoupled
from the reservoir, this choice would correspond to a thermal equilibrium configuration and
the global state would remain stationary.

However, due to the strong system-reservoir coupling, the total initial state is not an
equilibrium state of the full Hamiltonian. Although the dot population remains close to
𝑛0 throughout the evolution, coherences between the system and the environment quickly
develop. Importantly, these coherences induce significant fluctuations in the interaction
energy ⟨𝐻̂𝑆𝐸(𝑡)⟩, even though the system’s occupation barely changes.

This setting creates the ideal conditions for testing the bare Hamiltonian framework: while
the population dynamics are essentially frozen, the neglected interaction energy dominates
the evolution. As a result, the bare entropy production Σbare(𝑡) becomes negative throughout
the process, as shown in Fig. 3.3. In contrast, the globally defined entropy production Σ(𝑡)
remains strictly non-negative, in agreement with the second law.
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Figure 3.3: Comparison of the entropy production computed using the global and bare Hamiltonian
approaches. The globally defined entropy production Σ(𝑡) (blue) remains non-negative
throughout the evolution, consistent with the second law. In contrast, the bare entropy
production Σbare(𝑡) (orange) becomes negative, demonstrating the failure of the bare
approach in the strong coupling regime. Parameters: Γ = 1, 𝛽 = 3, 𝜇 = 0, 𝜖0 = 1, and
𝑛0 = 1/(1 + 𝑒𝛽𝜖0) ≈ 0.0474.

This example highlights the importance of a consistent definition of heat in the appli-
cation of the second law. In the strong coupling regime, where interaction energy plays a
significant role, naively defining heat in terms of reduced system dynamics—such as in the
bare Hamiltonian approach—can lead to apparent violations of fundamental thermodynamic
principles.

3.6 Quantum Thermodynamics in the Markovian Regime

In this section, we study the thermodynamics of open quantum systems in the weak-coupling,
Markovian regime. The dynamics of such systems are described by a Lindblad master equa-
tion, which constitutes a quantum dynamical semigroup. Within this setting, two theoretical
frameworks are particularly significant: the formulation of the first law by Alicki [98], which
connects the master equation to energy and particle currents, and Spohn’s formulation of
the second law [30], which provides a general expression for entropy production.
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3 Quantum thermodynamics

We consider a system with Hamiltonian 𝐻̂ coupled to 𝑁 reservoirs labeled by 𝛼 = 1, … , 𝑁.
The dynamics of the system is described by a Lindblad master equation:

d ̂𝜌
d𝑡

= ℒ( ̂𝜌) ≡ −𝑖[𝐻̂, ̂𝜌] + ∑
𝛼

𝒟𝛼( ̂𝜌), (3.114)

where each dissipator 𝒟𝛼 models the effect of a single reservoir, characterized by an inverse
temperature 𝛽𝛼 and chemical potential 𝜇𝛼. We define the partial generator

ℒ𝛼( ̂𝜌) ≡ −𝑖[𝐻̂, ̂𝜌] + 𝒟𝛼( ̂𝜌), (3.115)

which describes the dynamics under the effect of reservoir 𝛼 alone.
We assume that each ℒ𝛼 admits a thermal Gibbs state 𝜔𝛼 as a fixed point,

ℒ𝛼(𝜔̂𝛼) = 0, (3.116)

with

𝜔𝛼 = 𝑒−𝛽𝛼(𝐻̂−𝜇𝛼𝑁̂)

𝑍𝛼
, where 𝑍𝛼 = Tr[𝑒−𝛽𝛼(𝐻̂−𝜇𝛼𝑁̂)] (3.117)

and ̂𝑁 is the system’s particle number operator. We assume that [𝐻̂, ̂𝑁] = 0, ensuring that
changes in the average particle number occur only through particle exchange with the baths.

3.6.1 Alicki’s Framework: Energy Balance and the First Law

In the Markovian regime, the first law of thermodynamics acquires a particularly transparent
form. The effects of the environment are fully encoded in the dissipators, and interaction
energy considerations no longer arise. Consequently, both particle and energy currents can
be expressed solely in terms of system observables.

We begin by defining the internal energy of the system as

𝑈(𝑡) = Tr[𝜌(𝑡)𝐻̂]. (3.118)

To introduce the particle current, we consider the time derivative of the average particle
number:

d
d𝑡

⟨ ̂𝑁⟩ = Tr[d ̂𝜌
d𝑡

̂𝑁] (3.119)

= −𝑖Tr[ ̂𝜌[𝐻̂, ̂𝑁]] + ∑
𝛼

Tr[𝒟𝛼( ̂𝜌) ̂𝑁] (3.120)

= ∑
𝛼

Tr[ ̂𝜌 𝒟†
𝛼( ̂𝑁)], (3.121)

where we used that [𝐻̂, ̂𝑁] = 0 and the definition of the dissipator 𝒟†
𝛼, discussed in Chap-

ter. 2.
This can be interpreted as a continuity equation, which motivates the definition of the

particle current from reservoir 𝛼 as

𝐽𝑃
𝛼 = Tr[ ̂𝜌 𝒟†

𝛼( ̂𝑁)], (3.122)
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3.6 Quantum Thermodynamics in the Markovian Regime

representing the rate of particle exchange with this bath. Similarly, the energy current
associated with bath 𝛼 is defined as

𝐽𝐸
𝛼 = Tr[ ̂𝜌 𝒟†

𝛼(𝐻̂)]. (3.123)

The total particle and energy currents are obtained by summing over all contributions,
yielding 𝐽𝑃 = ∑𝛼 𝐽𝑃

𝛼 and 𝐽𝐸 = ∑𝛼 𝐽𝐸
𝛼 .

This brings us to the notion of work. While Alicki’s original formulation [98] did not explic-
itly account for chemical potentials, it is natural to extend the framework by incorporating
a chemical work contribution, as discussed in Section 3.2.

The mechanical work is associated with changes in the system Hamiltonian due to the
external protocol,

𝑊̇mech(𝑡) = Tr[ ̂𝜌(𝑡)d𝐻̂
d𝑡

], (3.124)

whereas the chemical work accounts for the energy transferred through particle exchange:

𝑊̇chem(𝑡) = ∑
𝛼

𝜇𝛼𝐽𝑃
𝛼 . (3.125)

The total power is then
𝑊̇ (𝑡) = 𝑊̇mech(𝑡) + 𝑊̇chem(𝑡). (3.126)

To derive the first law, we consider the energy balance of the system. Differentiating
Eq. (3.118) yields

d𝑈
d𝑡

= Tr[𝜌(𝑡)d𝐻̂
d𝑡

] + Tr[d𝜌
d𝑡

𝐻̂]. (3.127)

The first term can be recognized as the mechanical work, while the second term corresponds
to the total energy current:

Tr[d𝜌
d𝑡

𝐻̂] = ∑
𝛼

Tr[𝒟𝛼( ̂𝜌)𝐻̂] = ∑
𝛼

𝐽𝐸
𝛼 . (3.128)

Therefore, we obtain the energy balance

d𝑈
d𝑡

= 𝑊̇mech + ∑
𝛼

𝐽𝐸
𝛼 . (3.129)

In this purely energetic formulation, the particle currents and chemical work do not appear
explicitly. To connect with the conventional statement of the first law, we introduce the
heat current associated with each bath as

𝐽𝑄
𝛼 = 𝐽𝐸

𝛼 − 𝜇𝛼𝐽𝑃
𝛼 . (3.130)
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3 Quantum thermodynamics

Substituting 𝐽𝐸
𝛼 = 𝜇𝛼𝐽𝑃

𝛼 + 𝐽𝑄
𝛼 into the energy balance, we find

d𝑈
d𝑡

= 𝑊̇mech(𝑡) + ∑
𝛼

𝜇𝛼𝐽𝑃
𝛼 + ∑

𝛼
𝐽𝑄

𝛼 (3.131)

= 𝑊̇mech(𝑡) + 𝑊̇chem(𝑡) + ∑
𝛼

𝐽𝑄
𝛼 (3.132)

= 𝑊̇(𝑡) + 𝑄̇(𝑡), (3.133)

where we defined the total heat flow as

𝑄̇(𝑡) = ∑
𝛼

𝐽𝑄
𝛼 . (3.134)

This completes the formulation of the first law in the Markovian regime. In the next
section, we address the second law, which characterizes the irreversibility of the dynamics
through the entropy production rate.

3.6.2 Spohn’s framework: Entropy Production and the Second Law

In this section, we formulate the second law of thermodynamics for open quantum systems
within the framework introduced by Spohn. The definition of entropy production in the
quantum regime can sometimes lead to confusion, often due to subtle differences in conven-
tions and formulations. However, in most cases, these differences are primarily semantic. To
avoid any ambiguity, we will adopt a careful and systematic approach, explicitly analyzing
different definitions and identifying the conditions under which they coincide.

Single bath case

For clarity, we begin by considering the simplest setting: a system coupled to a single
reservoir, characterized by a temperature and chemical potential. This will allow us to
establish the essential concepts before addressing the more complex case involving multiple
reservoirs.

In this case, the master equation simplifies to

d ̂𝜌
d𝑡

= ℒ( ̂𝜌) = −𝑖[𝐻̂, ̂𝜌] + 𝒟( ̂𝜌) (3.135)

where 𝒟 models the coupling to a single environment characterized by an inverse tempera-
ture 𝛽 and chemical potential 𝜇. As before, we assume that the dynamics admits a Gibbs
state as a stationary state,

̂𝜌ss = 𝑒−𝛽(𝐻̂−𝜇𝑁̂)

𝑍
, (3.136)

where 𝑍 = Tr[𝑒−𝛽(𝐻̂−𝜇𝑁̂)] is the partition function.

As discussed in Chapter 2, the Liouvillian ℒ is the generator of the dynamical map 𝒱𝑡 =
𝑒𝑡ℒ, which forms a quantum dynamical semigroup. That is, 𝒱0 = 𝟙 and 𝒱𝑡1+𝑡2

= 𝒱𝑡1
𝒱𝑡2

,
for all 𝑡1, 𝑡2 ≥ 0.
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3.6 Quantum Thermodynamics in the Markovian Regime

In his seminal work [30], Spohn introduced the notion of entropy production rate relative
to the stationary state for quantum dynamical semigroups. It is defined as

𝜎(𝑡) = − d
d𝑡

𝐷( ̂𝜌(𝑡)‖ ̂𝜌ss) (3.137)

where 𝐷(𝜌‖𝜎) denotes the quantum relative entropy. As we will discuss shortly, 𝜎(𝑡) is
non-negative at all times.

In the single-reservoir case, it turns out that this definition coincides with the familiar
thermodynamic expression

𝜎(𝑡) = d𝑆(𝑡)
d𝑡

− 𝛽𝑄̇(𝑡), (3.138)

where 𝑆(𝑡) is the von Neumann entropy of the system. To verify this, we compute the
logarithm of the steady state, using the fact that it is a Gibbs state:

log ̂𝜌ss = −𝛽(𝐻̂ − 𝜇 ̂𝑁) − log𝑍. (3.139)

Substituting into the definition of the relative entropy yields

𝐷( ̂𝜌(𝑡)‖ ̂𝜌ss) = −𝑆(𝑡) + 𝛽(Tr[ ̂𝜌(𝑡)𝐻̂] − 𝜇Tr[ ̂𝜌(𝑡) ̂𝑁]) + log𝑍, (3.140)

thus

𝜎(𝑡) = − d
d𝑡

𝐷( ̂𝜌(𝑡)‖ ̂𝜌ss)

= d𝑆
d𝑡

− 𝛽(𝐽𝐸 + 𝜇𝐽𝑃)

= d𝑆
d𝑡

− 𝛽𝑄̇,

(3.141)

where we used the definitions of the particle and energy currents.

The non-negativity of the entropy production rate follows from a fundamental property of
the quantum relative entropy: its monotonicity under completely positive trace-preserving
(CPTP) maps. Specifically, for any CPTP map ℰ and any pair of density matrices ̂𝜌 and 𝜎̂,
one has

𝐷(ℰ ̂𝜌‖ℰ𝜎̂) ≤ 𝐷( ̂𝜌‖𝜎̂), (3.142)

as shown, for instance, in Refs. [99, 100, 101].

In our setting, the dynamics is generated by the quantum dynamical semigroup 𝒱𝑡 = 𝑒𝑡ℒ,
and the steady state satisfies 𝒱𝑡( ̂𝜌ss) = ̂𝜌ss for all 𝑡 ≥ 0. Applying the monotonicity property
with ℰ = 𝒱𝜖, we obtain

𝐷( ̂𝜌(𝑡 + 𝜖)‖ ̂𝜌ss) ≤ 𝐷( ̂𝜌(𝑡)‖ ̂𝜌ss). (3.143)

Rearranging and dividing by 𝜖, we find

𝐷(𝜌(𝑡 + 𝜖)‖𝜌ss) − 𝐷( ̂𝜌(𝑡)‖ ̂𝜌ss)
𝜖

≤ 0 (3.144)
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Thus, taking the limit 𝜖 → 0, we conclude that

𝜎(𝑡) = − d
d𝑡

𝐷( ̂𝜌(𝑡)‖ ̂𝜌ss) ≥ 0, (3.145)

as claimed.
It is important to emphasize that the non-negativity established here applies to the en-

tropy production rate 𝜎(𝑡) at each instant in time, not merely to its time-integrated value.
This is a distinctive feature of Markovian dynamics. In contrast, non-Markovian dynamics
can exhibit temporary negative entropy production rates.

The expression for the entropy production rate can be written in an alternative but
equivalent form, known as Spohn’s inequality [30]. Using the master equation ̇̂𝜌 = ℒ( ̂𝜌), we
can write the entropy production rate as

𝜎(𝑡) = −Tr[ℒ( ̂𝜌(𝑡))(log ̂𝜌(𝑡) − log ̂𝜌ss)] ≥ 0. (3.146)

The unitary contribution vanishes due to the cyclic property of the trace, using the identity
Tr[𝐴[𝐵, 𝐶]] = 0. As a result, the same expression holds with 𝒟 in place of ℒ:

𝜎(𝑡) = −Tr[𝒟( ̂𝜌(𝑡))(log ̂𝜌(𝑡) − log ̂𝜌ss)] ≥ 0. (3.147)

This quantity is non-negative at all times.

Entropy production as a free energy consumption rate

Before moving to the multiple-bath case, it is worth discussing an interesting thermodynamic
interpretation of Spohn’s entropy production rate in terms of free energy.

For a system in thermal equilibrium, the equilibrium free energy is defined as

𝐹eq(𝜔̂𝛽,𝜇) = Tr[𝜔̂𝛽,𝜇(𝐻̂ − 𝜇 ̂𝑁)] − 𝛽−1𝑆(𝜔̂𝛽,𝜇), (3.148)

where 𝜔̂𝛽,𝜇 is the corresponding Gibbs state.
For a general out-of-equilibrium state ̂𝜌(𝑡), we define the non-equilibrium free energy as

𝐹neq( ̂𝜌(𝑡)) = Tr[ ̂𝜌(𝑡)(𝐻̂ − 𝜇 ̂𝑁)] − 𝛽−1𝑆( ̂𝜌(𝑡)). (3.149)

As shown in Eq. (3.139), the relative entropy with respect to a Gibbs state can be written
as

𝐷( ̂𝜌(𝑡)‖𝜔̂𝛽,𝜇) = 𝛽 [Tr[ ̂𝜌(𝑡)(𝐻̂ − 𝜇 ̂𝑁)] − 𝛽−1𝑆( ̂𝜌(𝑡))] + log𝑍

= 𝛽 𝐹neq( ̂𝜌(𝑡)) + log𝑍.
(3.150)

On the other hand, since 𝜔̂𝛽,𝜇 is a Gibbs state,

log𝑍 = −𝛽 𝐹eq(𝜔̂𝛽,𝜇), (3.151)

so we find
𝐷( ̂𝜌(𝑡)‖𝜔̂𝛽,𝜇) = 𝛽[𝐹neq( ̂𝜌(𝑡)) − 𝐹eq(𝜔̂𝛽,𝜇)], (3.152)

thereby interpreting the relative entropy as the excess free energy relative to equilibrium.
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As a consequence, the entropy production rate admits a simple thermodynamic interpre-
tation as the rate at which non-equilibrium free energy is dissipated:

𝜎(𝑡) = −𝛽
d𝐹neq(𝑡)

d𝑡
, (3.153)

where the factor 𝛽 ensures that 𝜎(𝑡) is dimensionless.

3.6.3 Multiple Reservoirs

We now generalize the previous analysis to the case where the system is coupled to mul-
tiple reservoirs. In this setting, the steady state ̂𝜌ss is in general no longer a Gibbs state.
Nevertheless, one can still define the entropy production rate relative to the steady state as

𝜎Spohn(𝑡) = − d
d𝑡

𝐷( ̂𝜌(𝑡)‖ ̂𝜌ss), (3.154)

which is guaranteed to be non-negative. This quantity will play a central role in our later
discussion of the information geometry of nonequilibrium transitions.

However, this does not coincide in general with the operational definition of entropy
production, which is determined by the heat flows exchanged with the reservoirs:

𝜎(𝑡) = d𝑆(𝑡)
d𝑡

− ∑
𝛼

𝛽𝛼𝐽𝑄
𝛼 (𝑡). (3.155)

Here, the term operational is used in a non-standard but practical sense, referring to entropy
production computed directly from currents. This convention is motivated by the fact that
in the steady state, where d𝑆/d𝑡 = 0, this quantity can be inferred from measurements,
unlike the relative entropy, which requires full state tomography.

Fortunately, we can still prove that this operational entropy production rate is non-
negative, using a generalization of Spohn’s inequality that applies when multiple reservoirs
are present.

We first note that the time derivative of the von Neumann entropy can be written as

d𝑆(𝑡)
d𝑡

= −Tr[d ̂𝜌(𝑡)
d𝑡

log ̂𝜌(𝑡)], (3.156)

as shown in Appendix A.1. Using the master equation, we obtain

d𝑆(𝑡)
d𝑡

= − ∑
𝛼

Tr[𝒟𝛼( ̂𝜌) log ̂𝜌(𝑡)]. (3.157)

Each dissipator 𝒟𝛼 admits a Gibbs state 𝜔̂𝛼 as a fixed point. From the expression
log 𝜔̂𝛼 = −𝛽𝛼(𝐻̂ − 𝜇𝛼

̂𝑁) − log𝑍𝛼, we can similarly write the contribution from the heat
flows as

𝛽𝛼𝐽𝑄
𝛼 = −Tr[𝒟𝛼( ̂𝜌) log 𝜔̂𝛼]. (3.158)

Combining these results, the entropy production rate becomes

𝜎(𝑡) = ∑
𝛼

Tr[𝒟𝛼( ̂𝜌)(log 𝜔̂𝛼 − log ̂𝜌)]. (3.159)
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Using the identity Tr[𝐴[𝐵, 𝐶]] = 0, each term remains unchanged if we replace 𝒟𝛼 by the
partial generator ℒ𝛼 = −𝑖[𝐻̂, ⋅] + 𝒟𝛼. Each contribution can thus be interpreted as the
entropy production in the dynamics generated ℒ𝛼. By Spohn’s inequality, each term is
non-negative. Therefore, we conclude that

𝜎(𝑡) = ∑
𝛼

Tr[ℒ𝛼( ̂𝜌)(log 𝜔̂𝛼 − log ̂𝜌)] ≥ 0, (3.160)

thus establishing the non-negativity of the operational entropy production rate in the
multiple-reservoir setting.
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4 Gaussian fermionic systems

G
aussian states are a fundamental class of quantum systems that arise as ground and
thermal states of non-interacting Hamiltonians. Their key property is that they
are fully characterized by the two-point correlation functions of the creation and

annihilation operators, which allows for a drastic simplification: instead of working with the
exponentially large density matrix, one can describe Gaussian states using the covariance
matrix, which scales only quadratically with system size. As a result, many problems
involving Gaussian systems are analytically treatable, and numerical computations become
significantly more efficient. A very common approach to deal with interacting systems, used
extensively, for example, in optomechanics [102], is to perform a mean-field approximation
that effectively renders the system Gaussian [102].

Beyond their computational advantages, Gaussian systems have great theoretical sig-
nificance. Since spin chains can be mapped to fermionic systems via the Jordan–Wigner
transformation, Gaussian fermionic states are very useful in quantum computation and con-
densed matter. This mapping has been widely used to study transport in non-interacting
spin chains [103, 104, 105, 65]. Bosonic Gaussian states are equally important, as they form
the backbone of quantum optics.

Here we focus specifically on fermionic systems. Fermionic Gaussian states have been
extensively studied in the literature. A key reference is the seminal work by Bravyi [106],
which lays much of the theoretical foundation for the study of these systems. Ref. [107]
provides an introduction to numerical methods with Gaussian states. Quantum information
with Gaussian states has also been widely explored. Notably, Peschel’s formula [108] for the
computation of the Von Neumann entropy using the covariance matrix, is a well-known
result. However, when considering quantum information quantities that involve two states,
such as the relative entropy or the trace distance, the results are less well-known, despite
their presence in the literature [109, 110].

In this chapter, we provide a pedagogical introduction to fermionic Gaussian states, cov-
ering their fundamental properties, numerical methods and key quantum information quan-
tities. These results will be essential in Chapter 5, when we discuss the mesoscopic leads
approach applied to non-interacting systems.

⬥

4.1 Quadratic Hamiltonians

Quadratic Hamiltonians play a fundamental role in the study of Gaussian states and will
be central to our discussion. In this section, we introduce their formalism and establish the
notation used throughout this chapter.
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4 Gaussian fermionic systems

We consider a system of 𝑁 fermionic modes described by the creation and annihilation
operators { ̂𝑐†

𝑖 }𝑁
𝑖=1 and { ̂𝑐𝑖}𝑁

𝑖=1, which satisfy the canonical anti-commutation relations:

{ ̂𝑐𝑖, ̂𝑐†
𝑗} = 𝛿𝑖𝑗𝟙̂, { ̂𝑐𝑖, ̂𝑐𝑗} = 0. (4.1)

An important property of these operators is that a unitary transformation preserves the
anti-commutation relations. To see this, consider the transformation ̂𝑏†

𝑘 = ∑𝑖 𝑈𝑖𝑗 ̂𝑐†
𝑖 , where

𝑼 is an 𝑁 × 𝑁 unitary matrix, i.e., 𝑼†𝑼 = 𝟙. We then have that

{ ̂𝑏†
𝑘, ̂𝑏𝑞} = ∑

𝑖𝑗
𝑈𝑖𝑘𝑈 ∗

𝑗𝑞{ ̂𝑐𝑖, ̂𝑐†
𝑗}

= ∑
𝑖

𝑈𝑖𝑘𝑈 ∗
𝑖𝑞 = 𝛿𝑘𝑞,

(4.2)

where the last equality follows from the unitarity of 𝑼.

A Hamiltonian is called quadratic (or non-interacting) if it contains only terms that are at
most quadratic in the fermionic operators. While this definition, in principle, includes linear
terms proportional to ̂𝑐†

𝑖 or ̂𝑐𝑖, we focus exclusively on strictly quadratic Hamiltonians. The
most general form of such a Hamiltonian is

𝐻̂ = ∑
𝑖𝑗

(𝐴𝑖𝑗 ̂𝑐†
𝑖 ̂𝑐𝑗 + 𝐵𝑖𝑗 ̂𝑐𝑖 ̂𝑐†

𝑗 + 𝐶𝑖𝑗 ̂𝑐𝑖 ̂𝑐𝑗 + 𝐷𝑖𝑗 ̂𝑐†
𝑖 ̂𝑐†

𝑗), (4.3)

where 𝑨, 𝑩, 𝑪, and 𝑫 are 𝑁 × 𝑁 complex matrices.

This expression can be brought to a more convenient form without loss of generality.
Requiring 𝐻̂ to be Hermitian imposes the constraints 𝑨 = 𝑨†, 𝑩 = 𝑩†, and 𝑪 = 𝑫†.
Using these conditions along with Eq. (4.1), we can rewrite 𝐻̂ in the symmetrized form:

𝐻̂ = ∑
𝑖𝑗

[(𝐴𝑖𝑗 − 𝐵𝑗𝑖) ̂𝑐†
𝑖 ̂𝑐𝑗 + 1

2
(𝐷𝑖𝑗 − 𝐷𝑗𝑖) ̂𝑐†

𝑖 ̂𝑐†
𝑗 − 1

2
(𝐷∗

𝑖𝑗 − 𝐷∗
𝑗𝑖) ̂𝑐𝑖 ̂𝑐𝑗] + tr[𝑩]. (4.4)

Disregarding the constant term and defining 𝑯 = 𝑨 − 𝑩 and 𝑮 = 𝑫 − 𝑫⊤, we see that
the most generic quadratic Hamiltonian can be written as

𝐻̂ = ∑
𝑖𝑗

[𝐻𝑖𝑗 ̂𝑐†
𝑖 ̂𝑐𝑗 + 1

2
(𝐺𝑖𝑗 ̂𝑐†

𝑖 ̂𝑐†
𝑗 − 𝐺∗

𝑖𝑗 ̂𝑐𝑖 ̂𝑐𝑗)], (4.5)

where 𝑯 ∈ ℂ𝑁×𝑁 is Hermitian and 𝑮 ∈ ℂ𝑁×𝑁 is antisymmetric (𝑮 = −𝑮⊤). The matrix
𝑯 is known as the single-particle Hamiltonian, and should not be confused with the full
many-body operator 𝐻̂, which acts on the full Hilbert space. Here, we follow the notation
of Refs. [111, 112].

In Eq. (4.5), the terms of the form ̂𝑐†
𝑖 ̂𝑐𝑗 preserve the total number of particles, since they

commute with the total number operator 𝒩̂ = ∑𝑖 ̂𝑐†
𝑖 ̂𝑐𝑖, but the terms proportional ̂𝑐†

𝑖 ̂𝑐†
𝑗 and

̂𝑐𝑖 ̂𝑐𝑗 do not. The term ̂𝑐†
𝑖 ̂𝑐†

𝑗 creates a pair of fermions, while ̂𝑐𝑖 ̂𝑐 destroys a pair. For this
reason, they are often referred to as pairing terms.

In what follows, we focus exclusively on Hamiltonians that conserve total particle number,
i.e., those with 𝑮 = 0.
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4.2 Diagonalization

The most general quadratic Hamiltonian that preserves the total particle number is obtained
by setting 𝑮 = 0 in Eq. (4.5), yielding

𝐻̂ = ∑
𝑖𝑗

𝐻𝑖𝑗 ̂𝑐†
𝑖 ̂𝑐𝑗. (4.6)

Defining the column vector

̂𝒄 = ⎛⎜
⎝

̂𝑐1
⋮
̂𝑐𝑁

⎞⎟
⎠

, (4.7)

we can express the Hamiltonian compactly as a quadratic form, 𝐻̂ = ̂𝒄†𝑯 ̂𝒄.

The non-interacting nature of 𝐻̂ allows it to be diagonalized by simply diagonalizing
the single-particle Hamiltonian 𝑯, whose dimension is exponentially smaller. To see this,
suppose 𝑯 admits the eigendecomposition

𝑯 = 𝑺𝝐𝑺†, (4.8)

where 𝑺 is unitary (𝑺𝑺† = 𝟙) and 𝝐 = diag(𝜖1, … , 𝜖𝑁) contains the eigenvalues of 𝑯. Using
this decomposition, we rewrite the Hamiltonian as

𝐻̂ = ̂𝒄†(𝑺𝝐𝑺†) ̂𝒄 = (𝑺† ̂𝒄)†𝝐(𝑺† ̂𝒄) = 𝒃̂†𝝐𝒃̂, (4.9)

where we defined the energy-basis fermionic modes

𝒃̂ = 𝑺† ̂𝒄, or component-wise ̂𝑏𝑘 = ∑
𝑖

𝑆∗
𝑖𝑘 ̂𝑐𝑖. (4.10)

Since 𝑺 is unitary, the new operators 𝒃̂ satisfy canonical anti-commutation relations. In
terms of these new modes, the Hamiltonian takes the diagonal form

𝐻̂ = ∑
𝑘

𝜖𝑘
̂𝑏†
𝑘

̂𝑏𝑘, (4.11)

showing that a quadratic Hamiltonian is equivalent to a free-fermion system in a rotated
basis.

The eigenvalues and eigenstates of the full many-body Hamiltonian 𝐻̂ follow directly from
this diagonal form. The eigenstates are number states in the ̂𝑏𝑘 basis:

|𝐸𝒏⟩ =
𝑁

∏
𝑘=1

( ̂𝑏†
𝑘)𝑛𝑘 |0⟩ 𝑛𝑘 ∈ {0, 1}, (4.12)

where 𝒏 = (𝑛1, ..., 𝑛𝑁) denotes the fermionic occupation profile in the energy basis, with
𝑛𝑘 = ⟨ ̂𝑏†

𝑘
̂𝑏𝑘⟩. The corresponding eigenvalues are

𝐸𝒏 = ∑
𝑘

𝜖𝑘𝑛𝑘. (4.13)
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4.2.1 Canonical Transformations

The eigenstates |𝐸𝒏⟩ obtained in the previous section form a complete basis of the Fock
space. Thus, they must be related to the original number basis |𝒏⟩ by a unitary transfor-
mation:

|𝐸𝒏⟩ = ̂𝒮|𝒏⟩. (4.14)

In this new basis, the Hamiltonian is given by ̂𝒮†𝐻̂ ̂𝒮 and, as previously discussed, is diagonal:

̂𝒮†( ̂𝒄†𝑯 ̂𝒄) ̂𝒮 = (𝑺† ̂𝒄)†𝝐(𝑺† ̂𝒄) = 𝒃̂†𝝐𝒃̂. (4.15)

This implies that ̂𝒮 acts on the fermionic operators as

̂𝒮† ̂𝒄 ̂𝒮 = 𝑺† ̂𝒄, and ̂𝒮† ̂𝒄† ̂𝒮 = ̂𝒄†𝑺. (4.16)

In other words, the unitary ̂𝒮 acting on the many-body Hilbert space implements the linear
transformation ̂𝒄 ↦ 𝑺† ̂𝒄 derived from the single-particle basis change.

This is an instance of a more general and foundational result in the theory of quadratic
fermionic systems: any unitary transformation of the form

̂𝒄 ↦ 𝑺† ̂𝒄, with 𝑺†𝑺 = 𝟙, (4.17)

can be implemented by a unitary operator ̂𝒮 acting on the Fock space, which is generated
by a quadratic, Hermitian operator:

̂𝒮 = 𝑒−𝑖𝐾̂, with 𝐾̂ = ̂𝒄†𝑲 ̂𝒄, (4.18)

where 𝑲 ∈ ℂ𝑁×𝑁 is Hermitian and satisfies 𝑺 = 𝑒−𝑖𝑲 [106, 113].

Note that, since 𝑺 is unitary, it can always be written as 𝑺 = 𝑒−𝑖𝑲 for some Hermitian
matrix 𝑲. The operator ̂𝒮 then implements the transformation

̂𝒮† ̂𝒄 ̂𝒮 = 𝑺† ̂𝒄 that is, 𝑒𝑖 ̂𝒄†𝑲 ̂𝒄 ̂𝒄 𝑒−𝑖 ̂𝒄†𝑲 ̂𝒄 = 𝑒−𝑖𝑲 ̂𝒄. (4.19)

We now present a proof of this result, following an argument adapted from Ref. [113]. We
will use the Baker-Campbell-Hausdorff (BCH) formula:

𝑒 ̂𝐴𝐵̂𝑒− ̂𝐴 =
∞

∑
𝑛=0

1
𝑛!

̂𝐶𝑛, with ̂𝐶0 = 𝐵̂, ̂𝐶𝑛 = [ ̂𝐴, ̂𝐶𝑛−1], (4.20)

setting ̂𝐴 = 𝑖 ̂𝒄†𝑲 ̂𝒄 and 𝐵̂ = ̂𝒄. Using the identity

[ ̂𝐴𝐵̂, ̂𝐶] = ̂𝐴{𝐵̂, ̂𝐶} − { ̂𝐴, ̂𝐶}𝐵̂, (4.21)

and the canonical anticommutation relations, one finds:

[ ̂𝑐†
𝑖 ̂𝑐𝑗, ̂𝑐𝑛] = −𝛿𝑖𝑛 ̂𝑐𝑗, [ ̂𝑐†

𝑖 ̂𝑐𝑗, ̂𝑐†
𝑛] = 𝛿𝑗𝑛 ̂𝑐†

𝑖 . (4.22)

These expressions will be useful in later sections.
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Applying these, we obtain

[𝑖 ̂𝒄†𝑲 ̂𝒄, ̂𝑐𝑖] = ∑
𝑘𝑗

𝑖𝐾𝑘𝑗[ ̂𝑐†
𝑘 ̂𝑐𝑗, ̂𝑐𝑖] = − ∑

𝑗
𝑖𝐾𝑖𝑗 ̂𝑐𝑗, (4.23)

or, in vector notation,
[𝑖 ̂𝒄†𝑲 ̂𝒄, ̂𝒄] = −𝑖𝑲 ̂𝒄. (4.24)

where the commutator is to be understood component-wise, i.e., [ ̂𝒄†𝑲 ̂𝒄, ̂𝒄]𝑗 = [ ̂𝒄†𝑲 ̂𝒄, ̂𝑐𝑗].
Since each successive commutator introduces another factor of −𝑖𝑲, we find

𝑒𝑖 ̂𝒄†𝑲 ̂𝒄 ̂𝒄 𝑒−𝑖 ̂𝒄†𝑲 ̂𝒄 =
∞

∑
𝑛=0

(−𝑖𝑲)𝑛

𝑛!
̂𝒄 = 𝑒−𝑖𝑲 ̂𝒄, (4.25)

which completes the proof.
This correspondence between unitary transformations and canonical transformations is

central to the formalism of Gaussian states, as we will explore in later sections. A key
consequence of this result is that time evolution under a quadratic Hamiltonian acts as a
linear transformation on the fermionic modes. Specifically, let

̂𝑈𝑡 = 𝑒−𝑖𝑡 ̂𝒄†𝑯 ̂𝒄. (4.26)

In the Heisenberg picture, operators evolve according to ̂𝒪𝑡 = ̂𝑈†
𝑡

̂𝒪 ̂𝑈𝑡. Applying this to the
fermionic modes, we obtain

̂𝑈†
𝑡 ̂𝒄 ̂𝑈𝑡 = 𝑒−𝑖𝑯𝑡 ̂𝒄, ̂𝑈†

𝑡 ̂𝒄† ̂𝑈𝑡 = ̂𝒄†𝑒𝑖𝑯𝑡. (4.27)

This result demonstrates that the single-particle Hamiltonian 𝑯 fully determines the time
evolution of the fermionic operators, highlighting the convenience of quadratic Hamiltonians.

4.3 Gaussian states

In this section, we introduce the definition of Gaussian states and discuss some important
properties.

A Gaussian state (with no pairing terms) is a state of the form

̂𝜌 = 1
𝑍

𝑒− ∑𝑖𝑗 𝑀𝑖𝑗 ̂𝑐†
𝑖 ̂𝑐𝑗 = 1

𝑍
𝑒− ̂𝒄†𝑴 ̂𝒄, with 𝑍 = tr[𝑒− ̂𝒄†𝑴 ̂𝒄], (4.28)

where 𝑍 is a normalization factor and 𝑴 ∈ ℂ𝑁×𝑁 is a Hermitian matrix. From this
expression, we see that Gaussian states can be interpreted as thermal states (with 𝛽 = 1)
of a quadratic Hamiltonian 𝐻̂𝑴 = ̂𝒄†𝑴 ̂𝒄, which is known as the entanglement or parent
Hamiltonian.

The key property of a Gaussian state is that it is entirely characterized by its second
moments ⟨ ̂𝑐†

𝑗 ̂𝑐𝑖⟩. Consequently, there is a one-to-one correspondence between ̂𝜌 and the
covariance matrix 𝑪, which is an 𝑁 ×𝑁 Hermitian matrix collecting all the second moments:

𝐶𝑖𝑗 = Tr[ ̂𝜌 ̂𝑐†
𝑗 ̂𝑐𝑖]. (4.29)
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Note that we define 𝐶𝑖𝑗 as ⟨ ̂𝑐†
𝑗 ̂𝑐𝑖⟩ (rather than ⟨ ̂𝑐†

𝑖 ̂𝑐𝑗⟩). This is simply a stylistic choice made
to avoid transposes when discussing time evolution.

4.3.1 Diagonal Form of the Density Matrix

We now show that ̂𝜌 can be fully expressed in terms of its second moments. To do so, we
diagonalize the parent Hamiltonian using the procedure from Section 4.1. Let 𝑴 = 𝑼𝜴𝑼†,
with 𝜴 = diag(𝜔1, … , 𝜔𝑁) and 𝑼†𝑼 = 𝟙. Setting

̂𝑏𝑘 = ∑
𝑖

𝑈 ∗
𝑖𝑘 ̂𝑐𝑖, 𝐻̂𝑴 = ∑

𝑘
𝜔𝑘

̂𝑏†
𝑘

̂𝑏𝑘, (4.30)

we can rewrite ̂𝜌 in the convenient factorized form1

̂𝜌 = 1
𝑍

𝑒− ∑𝑘 𝜔𝑘𝑏̂†
𝑘𝑏̂𝑘 =

𝑁
⨂
𝑘=1

1
𝑍𝑘

𝑒−𝜔𝑘𝑏̂†
𝑘𝑏̂𝑘 , (4.31)

where 𝑍𝑘 = Tr[𝑒−𝜔𝑘𝑏̂†
𝑘𝑏̂𝑘 ] = 1 + 𝑒−𝜔𝑘 and 𝑍 = ∏𝑘 𝑍𝑘. Alternatively, the normalization can

be obtained from the trace–det formula for fermionic quadratic forms [114, 115]:

𝑍 = Tr[𝑒− ̂𝒄†𝑴 ̂𝒄] = det(𝟙 + 𝑒−𝑴). (4.32)

The trace-det formulas are, in fact, a family of relations, which are extremely useful when
dealing with quadratic fermionic systems [116]. We discuss these formulas in Appendix A.3.

Equation (4.31) shows that ̂𝜌 is a product of single-mode thermal states with inverse
temperature 𝛽 = 1. Each such state is fully specified by its occupation number 𝑓𝑘 =
⟨ ̂𝑏†

𝑘
̂𝑏𝑘⟩ = (1 + 𝑒𝜔𝑘)−1. Thus, the state is completely characterized by the occupation profile

{𝑓𝑘}𝑁
𝑘=1.

Since ( ̂𝑏†
𝑘

̂𝑏𝑘)2 = ̂𝑏†
𝑘

̂𝑏𝑘, each factor can be written as

𝑒−𝜖𝑘𝑏̂†
𝑘𝑏̂𝑘 =

∞
∑
𝑛=0

(−𝜖𝑘
̂𝑏†
𝑘

̂𝑏𝑘)𝑛

𝑛!
= 𝟙2 + ̂𝑏†

𝑘
̂𝑏𝑘

∞
∑
𝑛=1

(−𝜖𝑘)𝑛

𝑛!

= 𝟙2 + (𝑒−𝜖𝑘 − 1) ̂𝑏†
𝑘

̂𝑏𝑘,
(4.33)

where 𝟙2 is the 2 × 2 identity acting on the local mode. Substituting this into Eq. (4.31)
yields

̂𝜌 = ⨂
𝑘

1
1 + 𝑒−𝜖𝑘

[𝟙̂2 + (𝑒−𝜖𝑘 − 1) ̂𝑏†
𝑘

̂𝑏𝑘], (4.34)

which explicitly shows that ̂𝜌 can be written in terms of the second moments. Collecting
terms, this can also be written the form

̂𝜌 = ⨂
𝑘

[𝑓𝑘
̂𝑏†
𝑘

̂𝑏𝑘 + (1 − 𝑓𝑘)(1 − ̂𝑏†
𝑘

̂𝑏𝑘)], (4.35)

making explicit that the state is diagonal in the energy eigenbasis, with eigenvalues deter-
mined by the mode occupations 𝑓𝑘 = ⟨ ̂𝑏†

𝑘
̂𝑏𝑘⟩.

1We are making a slight abuse of notation: we use the same notation for 𝑏̂𝑘 acting on the full Fock space
and on the local two-level mode with basis {|0⟩𝑘, |1⟩𝑘}.
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This discussion is a consequence of a simple result: since ̂𝜌 = 𝑒−𝐻̂𝑀/𝑍, the same unitary
̂𝑆 the diagonalizes 𝐻̂𝑀 brings ̂𝜌 to the factorized form in Eq. (4.31). Consequently, their

eigenvalues are related by

𝜆𝒏 = 1
𝑍

𝑒−𝐸𝒏 , 𝐸𝒏 = ∑
𝑘

𝜔𝑘𝑛𝑘, 𝑛𝑘 ∈ {0, 1}. (4.36)

Substituting the expression for the partition function 𝑍 = ∏𝑘(1 + 𝑒−𝜔𝑘), we obtain

𝜆𝒏 =
𝑁

∏
𝑘=1

𝑒−𝜔𝑘𝑛𝑘

1 + 𝑒−𝜔𝑘
. (4.37)

This expression will allow for a convenient computation of the von Neumann entropy in a
later section.

4.3.2 Covariance Matrix in the Energy Basis

We can exploit the factorized form of ̂𝜌 to derive the covariance matrix in terms of 𝑴. Since
the state is thermal, the two-point correlators in the energy basis satisfy

⟨ ̂𝑏†
𝑘

̂𝑏𝑞⟩ = 𝑓(𝜔𝑘)𝛿𝑘𝑞. (4.38)

Thus, the covariance matrix in the energy basis 𝑩, defined via 𝐵𝑘𝑞 = ⟨ ̂𝑏†
𝑞 ̂𝑏𝑘⟩ is diagonal:

𝐵𝑘𝑞 = 𝑓(𝜔𝑘)𝛿𝑘𝑞, (4.39)

or, in matrix notation,
𝑩 = (𝟙 + 𝑒𝜴)−1. (4.40)

Transforming back to the original basis via ̂𝑏𝑘 = ∑𝑖 𝑈∗
𝑖𝑘 ̂𝑐𝑖, we find

𝑪 = 𝑼𝑩𝑼†, or 𝑩 = 𝑼†𝑪𝑼. (4.41)

This shows that 𝑪 and 𝑴 are diagonalized by the same unitary:

𝑴 = 𝑼⎛⎜
⎝

𝜔1
⋱

𝜔𝑁

⎞⎟
⎠

𝑼† and 𝑪 = 𝑼⎛⎜
⎝

𝑓(𝜔1)
⋱

𝑓(𝜔𝑁)
⎞⎟
⎠

𝑼† (4.42)

Hence, the eigenvalues of 𝑪 and 𝑴 are related by

𝜁𝑖 = 𝑓(𝜔𝑖) = 1
1 + 𝑒𝜔𝑖

, (4.43)

where {𝜁𝑖} are the eigenvalues of 𝑪. In matrix notation:

𝑪 = 1
𝟙 + 𝑒𝑴 , 𝑴 = log(𝟙 − 𝑪

𝑪
). (4.44)
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In terms of the covariance matrix, the normalization constant can be written as

𝑍 = 1
det(𝟙 − 𝑪)

. (4.45)

This parallel structure extends to the many-body level: just as 𝑪 and 𝑴 are diagonalized
in the same basis by the unitary matrix 𝑺, the density matrix ̂𝜌 and its parent Hamiltonian
𝐻̂𝑀 are diagonalized by a corresponding unitary operator ̂𝒮 = 𝑒−𝑖 ̂𝒄†𝑲 ̂𝒄 acting on the Fock
space, where 𝑺 = 𝑒𝑖𝑲. This sets up a useful structural analogy between the single-particle
and many-body representations of Gaussian states.

4.3.3 Wick’s Theorem

One of the most important properties of fermionic Gaussian states is that they satisfy Wick’s
theorem, which states that all higher-order correlation functions can be expressed entirely
in terms of two-point functions.

Our goal is to evaluate expectation values of strings of creation and annihilation operators
of the form ⟨ ̂𝑐†

𝑖 ̂𝑐†
𝑗 ̂𝑐𝑘 ̂𝑐𝑙⟩. We begin by noting that, In the absence of pairing terms, expectation

values of operator strings with unequal numbers of creation and annihilation operators—
such as ⟨ ̂𝑐⟩ or ⟨ ̂𝑐†

𝑖 𝑐†
𝑗 ̂𝑐𝑘⟩—vanish.

To see this, note that the Gaussian state defined in Eq. (4.28) commutes with the total
number operator 𝒩̂ = ∑𝑖 ̂𝑐†

𝑖 ̂𝑐𝑖:
[ ̂𝜌, 𝒩̂] = 0. (4.46)

As a result, ̂𝜌 and 𝒩̂ can be simultaneously diagonalized. The spectral decomposition of ̂𝜌
takes the form

̂𝜌 = ∑
𝑛,𝛼

𝑝𝑛,𝛼|𝑛, 𝛼⟩⟨𝑛, 𝛼|, 𝒩̂|𝑛, 𝛼⟩ = 𝑛|𝑛, 𝛼⟩, (4.47)

where 𝑛 ∈ {0, 1, … , 𝑁} and 𝛼 labels states within each fixed-number sector. This decom-
position shows that ̂𝜌 has a block-diagonal structure, with each block supported entirely
within a fixed particle-number sector.

Now consider an operator ̂𝒪 containing an unbalanced number of creation and annihilation
operators. Such an operator only connects states in different number sectors, i.e., it satisfies

⟨𝑛, 𝛼| ̂𝒪|𝑛, 𝛼⟩ = 0. (4.48)

Therefore, the expectation value vanishes:

⟨ ̂𝒪⟩ = Tr[ ̂𝜌 ̂𝒪] = ∑
𝑛,𝛼

𝑝𝑛,𝛼⟨𝑛, 𝛼| ̂𝒪|𝑛, 𝛼⟩ = 0. (4.49)

In particular, this implies that
⟨ ̂𝑐𝑖⟩ = ⟨ ̂𝑐†

𝑖 ⟩ = 0. (4.50)

Consequently, we can restrict our attention to correlation functions involving equal num-
bers of creation and annihilation operators of the form ⟨ ̂𝑐†

𝑖1
… ̂𝑐†

𝑖𝑛
̂𝑐𝑗1

… ̂𝑐𝑗𝑛
⟩.
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In this case, Wick’s theorem states that the expectation value computed over a Gaus-
sian state is given by the sum over all possible pairings between creation and annihilation
operators [106, 113, 117]:

⟨ ̂𝑐†
𝑖1

⋯ ̂𝑐†
𝑖𝑛

̂𝑐𝑗𝑛
⋯ ̂𝑐𝑗1

⟩ = ∑
𝜎

sgn(𝜎)⟨ ̂𝑐†
𝑖1

̂𝑐𝑗𝜎1
⟩ ⋯ ⟨ ̂𝑐†

𝑖𝑛
̂𝑐𝑗𝜎𝑛

⟩, (4.51)

where the sum runs over all the permutations of {1, ..., 𝑛} and sgn(𝜎) denotes the signature
of 𝜎, which is +1 for even and -1 for odd permutations.

Alternatively, the result can be compactly expressed as a determinant:

⟨ ̂𝑐†
𝑖1

⋯ ̂𝑐†
𝑖𝑛

̂𝑐𝑗𝑛
⋯ ̂𝑐𝑗1

⟩ =
∣
∣∣
∣

⟨ ̂𝑐†
𝑖1

̂𝑐𝑗1
⟩ ⋯ ⟨ ̂𝑐†

𝑖1
̂𝑐𝑗𝑛

⟩
⋮ ⋱ ⋮

⟨ ̂𝑐†
𝑖𝑛

̂𝑐𝑗1
⟩ ⋯ ⟨ ̂𝑐†

𝑖𝑛
̂𝑐𝑗𝑛

⟩

∣
∣∣
∣
. (4.52)

A particularly useful case is the four-point correlator:

⟨ ̂𝑐†
𝑖 ̂𝑐†

𝑗 ̂𝑐𝑘 ̂𝑐𝑙⟩ = ⟨ ̂𝑐†
𝑖 ̂𝑐𝑙⟩⟨ ̂𝑐†

𝑗 ̂𝑐𝑘⟩ − ⟨ ̂𝑐†
𝑖 ̂𝑐𝑘⟩⟨ ̂𝑐†

𝑗 ̂𝑐𝑙⟩. (4.53)

In the next few sections, we discuss some important properties of Gaussian states.

4.3.4 Reduced and product states

The definition of the partial trace over a subset of fermionic modes is inherently subtle.
Unlike in quantum spin chain, for example, the fermionic Fock space does not admit a
decomposition as a tensor product of single-mode Hilbert spaces. Instead, each sector of
the Hilbert space with a fixed particle number is constructed as an anti-symmetrized tensor
product of single-particle spaces. Due to this structure, the usual way of defining the partial
trace as a sum over an orthonormal basis of the subspace results in a sign ambiguity [118].

Fortunately, however, for fermionic Gaussian states the problem is rather simple. Consider
a subset of modes 𝐴 = {𝑖1, … , 𝑖𝑀} of the 𝑁 modes and let ̂𝜌𝐴 be the reduced state of the
system restricted to 𝐴. From a physical grounds, any definition of a reduced state must
recover all expectation values within the subsystem. Since the global state satisfies Wick’s
theorem, any observable in 𝐴 can be factorized as a combination of the second moments of
the subsystem alone—specifically, expectation values of the form ⟨ ̂𝑐†

𝑗 ̂𝑐𝑖⟩, where 𝑖, 𝑗 ∈ 𝐴. This
ensures that ̂𝜌𝐴 also satisfies Wick’s theorem and is therefore a Gaussian state. Moreover,
its covariance matrix is simply the restriction of the global covariance matrix 𝑪 to rows and
columns in to 𝐴, denoted as 𝑪|{𝑖1,…,𝑖𝑀}.

Operationally, the covariance matrix of a reduced state is obtained by removing the rows
and columns corresponding to the modes being traced out. For instance, in a system with
𝑁 = 4 modes, tracing out modes 2 and 4 results in:

⎛⎜⎜⎜
⎝

𝐶11 𝐶12 𝐶13 𝐶14
𝐶21 𝐶22 𝐶23 𝐶24
𝐶31 𝐶32 𝐶33 𝐶34
𝐶41 𝐶42 𝐶43 𝐶44

⎞⎟⎟⎟
⎠

trace out modes
2 and 4

−−−−−→ (𝐶11 𝐶13
𝐶31 𝐶33

). (4.54)
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Conversely, the covariance matrix of a product state takes a block-diagonal form, where
each block corresponds to the covariance matrix of an independent subsystem. Specifically,
for a system composed of 𝑀 independent subsystems, the global covariance matrix is given
by the direct sum:

𝑪 = 𝑪1 ⊕ 𝑪2 ⊕ ⋯ ⊕ 𝑪𝑀 =
⎛⎜⎜⎜⎜⎜⎜
⎝

𝑪1

𝑪2
⋱

𝑪𝑀

⎞⎟⎟⎟⎟⎟⎟
⎠

. (4.55)

As a particularly relevant case, the covariance matrix of a pure state with a given occupa-
tion profile {𝑛𝑖}𝑁

𝑖=1, where 𝑛𝑖 = ⟨ ̂𝑐†
𝑖 ̂𝑐𝑖⟩, is a diagonal matrix of the form 𝑪 = diag(𝑛1, ..., 𝑛𝑁).

Expectation value of a quadratic operator

The covariance matrix representation of a Gaussian state provides a convenient framework
for computing expectation values of quadratic operators. Consider an observable of the form

̂𝐴 = ̂𝒄†𝑨 ̂𝒄, (4.56)

where 𝑨 is a Hermitian matrix. The expectation value of ̂𝐴 with respect to a Gaussian
state ̂𝜌 follows as:

⟨ ̂𝐴⟩ = Tr[ ̂𝜌 ̂𝒄†𝑨 ̂𝒄]

= ∑
𝑖𝑗

𝐴𝑖𝑗 Tr[ ̂𝜌 ̂𝑐†
𝑖 ̂𝑐𝑗]

= ∑
𝑖𝑗

𝐴𝑖𝑗𝐶𝑗𝑖

= Tr[𝑨𝑪].

(4.57)

Therefore, the expectation value of any quadratic operator can be directly computed from
the covariance matrix.

4.3.5 Von Neumann Entropy

One of the most convenient features of a Gaussian state is that the von Neumann entropy
can be computed directly from the eigenvalues of the covariance matrix.

The von Neumann entropy of a quantum state ̂𝜌 is defined as

𝑆( ̂𝜌) = −Tr[ ̂𝜌 log ̂𝜌]. (4.58)

For a Gaussian state of the form ̂𝜌 = 𝑒− ̂𝒄†𝑴 ̂𝒄/𝑍, the entropy can be written as

𝑆( ̂𝜌) = Tr[ ̂𝜌 ̂𝒄†𝑴 ̂𝒄] + log𝑍 (4.59)

= ⟨𝐻̂𝑴⟩ + log𝑍. (4.60)
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where 𝐻̂𝑴 = ̂𝒄†𝑴 ̂𝒄 is the parent Hamiltonian and 𝑍 = Tr[𝑒−𝐻̂𝑴 ] is the normalization
constant.

Using the expression for the expectation value of a quadratic operator (Eq. (4.57)), we
obtain

⟨𝐻̂𝑴⟩ = Tr[𝑪𝑴]

= Tr[𝑪 log(𝟙 − 𝑪
𝑪

)]

= Tr[𝑪 log(𝟙 − 𝑪)] − Tr[𝑪 log𝑪],

(4.61)

where we used the relation between 𝑴 and 𝑪 given in Eq. (4.44).

The contribution from the normalization factor is

log𝑍 = log(det(𝟙 − 𝑪)) = Tr[log(𝟙 − 𝑪)], (4.62)

where we used the identity Tr[log𝑨] = log det𝑨.

Combining these results, the von Neumann entropy becomes

𝑆( ̂𝜌) = −Tr[𝑪 log𝑪] − Tr[(𝟙 − 𝑪) log(𝟙 − 𝑪)]

= −
𝑁

∑
𝑘=1

[𝜁𝑘 log 𝜁𝑘 + (1 − 𝜁𝑘) log(1 − 𝜁𝑘)].
(4.63)

where 𝜁𝑘 are the eigenvalues of the covariance matrix 𝑪.

This expression is often referred to as Peschel’s formula [108], and shows that the von
Neumann entropy of a Gaussian state reduces to the Shannon entropy of the eigenvalues
of the covariance matrix. This provides an efficient and widely used method for entropy
calculations in free fermion systems.

4.3.6 Covariance matrix of a thermal state

The procedure used in Section 4.3 to diagonalize the parent Hamiltonian can also be applied
to compute the covariance matrix of a thermal state. Consider a quadratic Hamiltonian of
the form 𝐻̂ = ∑𝑖𝑗 𝐻𝑖𝑗 ̂𝑐†

𝑖 ̂𝑐𝑗. The corresponding thermal state at inverse temperature 𝛽 is
given by

𝜔𝛽 = 1
𝑍

𝑒−𝛽 ̂𝒄†𝑯 ̂𝒄. (4.64)

Viewing 𝛽𝐻̂ as the parent Hamiltonian of a Gaussian state, we immediately find that the
covariance matrix is

𝑪𝛽 = (𝟙 + 𝑒𝛽𝑯)−1, (4.65)

as given in Eq. (4.44).

Alternatively, the same result can be obtained by first diagonalizing the single-particle
Hamiltonian, 𝑯 = 𝑺𝝐𝑺†, and constructing the diagonal covariance matrix in the energy
basis:

𝑩 = (𝟙 + 𝑒𝛽𝝐)−1. (4.66)
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Rotating back to the original basis yields

𝑪 = 𝑺𝑩𝑺†

= 𝑺 ⋅ (𝟙 + 𝑒𝛽𝝐)−1 ⋅ 𝑺†

= (𝟙 + 𝑒𝛽𝑯)−1,

(4.67)

reproducing the same expression for the thermal covariance matrix.

4.4 Time evolution

4.4.1 Unitary time evolution

As discussed in Section 4.2.1, the time-evolution operator generated by a quadratic Hamil-
tonian implements a linear transformation on the fermionic modes. A direct consequence
of this fact is that an initially Gaussian state remains Gaussian at all times. To see this
explicitly, consider the time evolution operator

̂𝑈𝑡 = 𝑒−𝑖𝑡 ̂𝒄†𝑯 ̂𝒄 (4.68)

and let the initial state be the Gaussian density matrix ̂𝜌0 = 1
𝑍𝑒− ̂𝒄†𝑴 ̂𝒄. The time-evolved

state is given by ̂𝜌𝑡 = ̂𝑈 ̂𝜌0
̂𝑈†
𝑡 , so

̂𝜌𝑡 = ̂𝑈𝑡(
𝑒− ̂𝒄†𝑴 ̂𝒄

𝑍
) ̂𝑈†

𝑡

= 1
𝑍

𝑒−𝑈̂𝑡( ̂𝒄†𝑴 ̂𝒄)𝑈̂†
𝑡

= 1
𝑍
exp(− ̂𝒄†𝑒𝑖𝑯𝑡𝑴𝑒−𝑖𝑯𝑡 ̂𝒄)

= 1
𝑍
exp(− ̂𝒄†𝑴𝑡 ̂𝒄),

(4.69)

where we defined 𝑴𝑡 = 𝑒𝑖𝑯𝑡𝑴𝑒−𝑖𝑯𝑡. This shows that ̂𝜌𝑡 remains Gaussian at all times,
and its evolution is fully captured by 𝑴𝑡, or equivalently, of the covariance matrix.

In the Heisenberg picture, operators evolve according to ̂𝒪𝑡 = ̂𝑈†
𝑡

̂𝒪 ̂𝑈𝑡. Applying this to
the covariance matrix elements, we find

𝐶𝑖𝑗(𝑡) = ⟨ ̂𝑈†
𝑡 ̂𝑐†

𝑗 ̂𝑐𝑖
̂𝑈𝑡⟩. (4.70)

Since the evolution is unitary, we may insert the identity ̂𝑈𝑡
̂𝑈†
𝑡 = 𝟙 between ̂𝑐†

𝑗 and ̂𝑐𝑖:

𝐶𝑖𝑗(𝑡) = ⟨ ̂𝑈†
𝑡 ̂𝑐†

𝑗
̂𝑈𝑡 ⋅ ̂𝑈†

𝑡 ̂𝑐𝑖
̂𝑈𝑡⟩ (4.71)

From Eq. (4.27), the explicit action of ̂𝑈𝑡 on the fermionic modes is given by

̂𝑈†
𝑡 ̂𝑐𝑖

̂𝑈𝑡 = ∑
𝑛

[𝑒−𝑖𝑯𝑡]
𝑖𝑛

̂𝑐𝑛, ̂𝑈†
𝑡 ̂𝑐†

𝑗
̂𝑈𝑡 = ∑

𝑚
̂𝑐†
𝑚[𝑒𝑖𝑯𝑡]

𝑚𝑗
(4.72)
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Therefore,
𝐶𝑖𝑗(𝑡) = ∑

𝑛𝑚
[𝑒−𝑖𝑯𝑡]

𝑖𝑛
⟨ ̂𝑐†

𝑚 ̂𝑐𝑛⟩[𝑒𝑖𝑯𝑡]
𝑚𝑗

, (4.73)

which in matrix notation reads

𝑪(𝑡) = 𝑒−𝑖𝑯𝑡𝑪0𝑒𝑖𝑯𝑡. (4.74)

Alternatively, the time evolution of 𝑪 can be derived from the Heisenberg equation of
motion,

d ̂𝒪
d𝑡

= 𝑖[𝐻̂, ̂𝒪]. (4.75)

Applying this to ̂𝑐†
𝑗 ̂𝑐𝑖, and using the identity [ ̂𝐴𝐵̂, ̂𝐶] = [ ̂𝐴, ̂𝐶]𝐵̂ + ̂𝐴[𝐵̂, ̂𝐶], we obtain

d
d𝑡

̂𝑐†
𝑗 ̂𝑐𝑖 = 𝑖[𝐻̂, ̂𝑐†

𝑗 ] ̂𝑐𝑖 + 𝑖 ̂𝑐†
𝑗 [𝐻̂, ̂𝑐𝑖]

= ∑
𝑛𝑚

{𝑖𝐻𝑛𝑚[ ̂𝑐†
𝑛 ̂𝑐𝑚, ̂𝑐†

𝑗 ] ̂𝑐𝑖 + 𝑖𝐻𝑛𝑚 ̂𝑐†
𝑗 [ ̂𝑐†

𝑛 ̂𝑐𝑚, ̂𝑐𝑖]}

= ∑
𝑛

𝑖𝐻𝑛𝑗 ̂𝑐†
𝑛 ̂𝑐𝑖 − ∑

𝑚
𝑖𝐻𝑖𝑚 ̂𝑐†

𝑗 ̂𝑐𝑚.

(4.76)

Taking the expectation value leads to the matrix equation

d𝑪
d𝑡

= −𝑖[𝑯, 𝑪], (4.77)

which is the differential form of Eq. (4.74).

4.4.2 Quadratic Lindblad Master Equation

Consider an open fermionic system with a quadratic Hamiltonian 𝐻̂ = ̂𝒄†𝑯 ̂𝒄, evolving under
a Lindblad master equation:

d ̂𝜌
d𝑡

= −𝑖[𝐻̂, ̂𝜌] + ∑
𝜇

(𝐿̂𝜇 ̂𝜌𝐿̂†
𝜇 − 1

2
{𝐿̂†

𝜇𝐿̂𝜇, ̂𝜌}), (4.78)

where {𝐿̂𝜇} are the jump operators.
From the structure of the Lindbladian, the dissipator includes quadratic terms such as

𝐿̂†
𝜇𝐿̂𝜇 and 𝐿̂𝜇 ̂𝜌𝐿̂†

𝜇, acting on both sides of ̂𝜌. If the Hamiltonian is quadratic and the jump
operators are linear in the fermionic modes, then the Liouvillian remains quadratic in the
fermionic operators.

For example, consider the two jump operators

𝐿̂+ = ∑
𝑖

𝛼𝑖 ̂𝑐𝑖 and 𝐿̂− = ∑
𝑖

𝛽𝑖 ̂𝑐†
𝑖 , (4.79)

The corresponding master equation becomes:

d ̂𝜌
d𝑡

= −𝑖[𝐻̂, ̂𝜌] + ∑
𝑖𝑗

[Γ−
𝑖𝑗𝑓𝑖( ̂𝑐𝑖 ̂𝜌 ̂𝑐†

𝑗 − 1
2

{ ̂𝑐†
𝑗 ̂𝑐𝑖, ̂𝜌}) + Γ+

𝑖𝑗( ̂𝑐†
𝑖 ̂𝜌 ̂𝑐𝑗 − 1

2
{ ̂𝑐𝑗 ̂𝑐†

𝑖 , ̂𝜌})]. (4.80)

where Γ+
𝑖𝑗 = 𝛼𝑖𝛼∗

𝑗 and Γ−
𝑖𝑗 = 𝛽𝑖𝛽∗

𝑗 .
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When the Hamiltonian is quadratic and the jump operators are linear, Gaussianity is
preserved throughout the evolution. A detailed proof of this result can be found in Ref. [119],
and also via the third quantization formalism discussed in Ref. [120].

As a consequence, time evolution under such a quadratic Liouvillian defines a Gaussian-
preserving map. In particular, if the Liouvillian admits a unique steady state, that steady
state must be Gaussian—since any initial Gaussian state remains Gaussian under the dy-
namics.

4.4.3 The Lyapunov equation

We now consider the case in which the jump operators are { ̂𝑐𝑖} and { ̂𝑐†
𝑖 }, modeling a chain

coupled to thermal baths at each site. The master equation takes the form

d ̂𝜌
d𝑡

= −𝑖[𝐻̂, ̂𝜌] + ∑
𝑖

𝒟𝑖( ̂𝜌), (4.81)

where each dissipator is given by

𝒟𝑖( ̂𝜌) = Γ𝑖𝑓𝑖𝔻[ ̂𝑐†
𝑖 ] + Γ𝑖(1 − 𝑓𝑖)𝔻[ ̂𝑐], (4.82)

with 𝑓𝑖 the Fermi-Dirac occupation of bath 𝑖, and Γ𝑖 the coupling strength. The superop-
erator 𝔻[𝐿̂] is shorthand for

𝔻[𝐿̂] = 𝐿̂ ̂𝜌𝐿̂† − 1
2

{𝐿̂†𝐿̂, ̂𝜌}. (4.83)

For completeness, the full master equation reads

d ̂𝜌
d𝑡

= −𝑖[𝐻̂, ̂𝜌] + ∑
𝑖

[Γ𝑖𝑓𝑖( ̂𝑐𝑖 ̂𝜌 ̂𝑐†
𝑖 − 1

2
{ ̂𝑐†

𝑖 ̂𝑐𝑖, ̂𝜌}) + Γ𝑖(1 − 𝑓𝑖)( ̂𝑐†
𝑖 ̂𝜌 ̂𝑐𝑖 − 1

2
{ ̂𝑐𝑖 ̂𝑐†

𝑖 , ̂𝜌})]. (4.84)

This master equation includes the important case of boundary-driven chains, where only
the first and last sites are coupled to reservoirs. We return to this scenario in Section 4.7,
where we discuss an example.

Since the jump operators are linear, the dynamics is Gaussian-preserving, and the evo-
lution is fully captured by the covariance matrix. In the Heisenberg picture, the Lindblad
equation becomes

d ̂𝒪
d𝑡

= 𝑖[𝐻̂, 𝒪] + ∑
𝑖

𝒟†
𝑖 (𝒪), (4.85)

where 𝒟†
𝑖 is the adjoint dissipator, given by

𝒟†
𝑖 ( ̂𝒪) = Γ𝑖𝑓𝑖𝔻†[ ̂𝑐†

𝑖 ]( ̂𝒪) + Γ𝑖(1 − 𝑓𝑖)𝔻†[ ̂𝑐𝑖]( ̂𝒪), (4.86)

with
𝔻†[𝐿̂]( ̂𝒪) = 1

2
𝐿̂†[ ̂𝒪, 𝐿̂] + 1

2
[𝐿̂†, ̂𝒪]𝐿̂. (4.87)

Unlike the unitary case, one cannot compute 𝑪𝑡 by simply evolving the individual fermionic
operators, since 𝑒ℒ†𝑡( ̂𝑐†

𝑗 ̂𝑐𝑖) ≠ 𝑒ℒ†𝑡( ̂𝑐†
𝑗)𝑒ℒ†𝑡( ̂𝑐𝑖). However, it can be obtained from the master
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equation in the Heisenberg picture. Using the commutator identities from Eq. (4.22), one
finds:

𝔻†[ ̂𝑐𝑛]( ̂𝑐†
𝑗 ̂𝑐𝑖) = 1

2
̂𝑐†
𝑛[ ̂𝑐†

𝑗 ̂𝑐𝑖, ̂𝑐𝑛] + 1
2

[ ̂𝑐†
𝑛, ̂𝑐†

𝑗 ̂𝑐𝑖] ̂𝑐𝑛

= −1
2

𝛿𝑗𝑛 ̂𝑐†
𝑛 ̂𝑐𝑖 − 1

2
𝛿𝑖𝑛 ̂𝑐†

𝑖 ̂𝑐𝑛

= −1
2

(𝛿𝑗𝑛 + 𝛿𝑖𝑛) ̂𝑐†
𝑗 ̂𝑐𝑖

(4.88)

Proceeding analogously for 𝔻†[ ̂𝑐†
𝑛], we obtain

𝔻†[ ̂𝑐†
𝑛]( ̂𝑐†

𝑗 ̂𝑐𝑖) = 1
2

(𝛿𝑗𝑛 + 𝛿𝑖𝑛) ̂𝑐𝑖 ̂𝑐†
𝑗 . (4.89)

Combining all terms, the dissipator acting on site 𝑛 is given by

𝒟†
𝑛( ̂𝑐†

𝑗 ̂𝑐𝑖) = Γ𝑛𝑓𝑛[1
2

(𝛿𝑗𝑛 + 𝛿𝑖𝑛) ̂𝑐𝑗 ̂𝑐†
𝑖 ] + Γ𝑛(1 − 𝑓𝑛)[1

2
(𝛿𝑗𝑛 + 𝛿𝑖𝑛) ̂𝑐†

𝑗 ̂𝑐𝑖]

= −1
2

Γ𝑖𝛿𝑖𝑛 ̂𝑐†
𝑛 ̂𝑐𝑖 − 1

2
Γ𝑗𝛿𝑗𝑛 ̂𝑐†

𝑗 ̂𝑐𝑛 + Γ𝑖𝑓𝑖𝛿𝑖𝑗.
(4.90)

Substituting into Eq. (4.85), the Heisenberg equation of motion for ̂𝑐†
𝑗 ̂𝑐𝑗 becomes

d
d𝑡

̂𝑐†
𝑗 ̂𝑐𝑖 = − ∑

𝑘
(𝑖𝐻𝑖𝑘 + 1

2
Γ𝑖𝛿𝑖𝑘) ̂𝑐†

𝑘 ̂𝑐𝑖 − ∑
𝑘

̂𝑐†
𝑗 ̂𝑐𝑘(𝑖𝐻𝑘𝑗 + 1

2
Γ𝑗𝛿𝑗𝑘) + Γ𝑖𝑓𝑖𝛿𝑖𝑗. (4.91)

Taking the expectation value yields the equation of motion for the covariance matrix:

d𝑪
d𝑡

= −(𝑾 𝑪 + 𝑪𝑾 †) + 𝑭 , (4.92)

where we defined the matrices

𝑾 = 𝑖𝑯 + 𝜞
2

, 𝜞 = diag(Γ1, … , Γ𝑁) and 𝑭 = diag(𝑓1Γ1, … , 𝑓𝑁Γ𝑁). (4.93)

Equation (4.92) is a linear differential equation in 𝑪, known as the Lyapunov differential
equation. It can be efficiently integrated numerically. In vectorized form, it reads

d
d𝑡

vec(𝑪) = −(𝟙 ⊗ 𝑾 + 𝑾 ∗ ⊗ 𝟙) ⋅ vec(𝑪) + vec(𝑭 ), (4.94)

where vec(⋅) denotes the vectorization described in Appendix A.2.

To find the steady-state covariance matrix 𝑪ss, we set d𝑪/d𝑡 = 0 in Eq. (4.92), yielding

(𝑾 𝑪ss + 𝑪ss𝑾 †) = 𝑭 . (4.95)

This is the continuous Lyapunov equation, which plays a central role in control theory.
Most numerical linear algebra libraries include efficient solvers based on the Bartels–Stewart
algorithm [121], whose computational complexity scales as 𝒪(𝑁2). In Section 4.4.4, we
present an alternative method based on the eigendecomposition of 𝑾, which often performs
better in practice.
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Finally, the knowledge of the steady state allows us to convert Eq. (4.92) into a homoge-
neous equation. Define ̃𝑪 = 𝑪 − 𝑪ss, which satisfies

d ̃𝑪
d𝑡

= −(𝑾 ̃𝑪 + ̃𝑪𝑾 †), (4.96)

which can be verified by a direct differentiation:

d ̃𝑪
d𝑡

= d
d𝑡

(𝑪 − 𝑪ss)

= d𝑪
d𝑡

= −(𝑾 𝑪 + 𝑪𝑾 †) + 𝑭

= −[𝑾 (𝑪 + 𝑪ss) + (𝑪 + 𝑪ss)𝑾 †] + 𝑭

= −(𝑾 ̃𝑪 + ̃𝑪𝑾 †) − (𝑾 𝑪ss + 𝑪ss𝑾 †)⏟⏟⏟⏟⏟⏟⏟
=𝑭

+𝑭

= −(𝑾 ̃𝑪 + ̃𝑪𝑾 †).

(4.97)

The formal solution to Eq. (4.96) is ̃𝑪𝑡 = 𝑒−𝑾 𝑡 ̃𝑪0𝑒−𝑾 †𝑡, which in terms of the original
covariance matrix reads

𝑪𝑡 = 𝑪ss + 𝑒−𝑾 𝑡(𝑪0 − 𝑪ss)𝑒−𝑾 †𝑡. (4.98)

This expression explicitly shows the relaxation of the covariance matrix towards the steady
state.

4.4.4 Efficient steady-state solution

In this section, we present an efficient method for computing the steady-state covariance
matrix when the matrix 𝑾 is diagonalizable. This approach was first introduced in Ref. [122].
Although 𝑾 is generally non-Hermitian and not guaranteed to be diagonalizable, many
systems of interest satisfy this condition in practice.

The formal solution to Eq. (4.92) is given by [123]

𝑪𝑡 = 𝑒−𝑾 𝑡𝑪0𝑒−𝑾 †𝑡 +
ˆ 𝑡

0
d𝑡′ 𝑒−𝑾 (𝑡−𝑡′)𝑭 𝑒−𝑊 †(𝑡−𝑡′). (4.99)

Making the change of variables 𝑡 − 𝑡′ → 𝑡′ and taking the limit 𝑡 → ∞, we obtain the
steady-state solution:

𝑪ss =
ˆ ∞

0
d𝑡 𝑒−𝑾 𝑡𝑭 𝑒−𝑾 †𝑡, (4.100)

Assuming 𝑾 is diagonalizable, it can be written as

𝑾 = 𝑺𝜦𝑺−1, (4.101)

where 𝜦 = diag(𝜆1, … , 𝜆𝑁) contains the eigenvalues of 𝑾 and 𝑺 is the matrix of right
eigenvectors. In general, 𝑺 is not unitary.

86



4.5 Spin-chains and the Jordan–Wigner transformation

Using this decomposition, the matrix exponentials become

𝑒−𝑾 𝑡 = 𝑺𝑒−𝜦𝑡𝑺−1, 𝑒−𝑾 †𝑡 = (𝑺−1)†𝑒−𝜦∗𝑡𝑺†. (4.102)

Substituting into Eq. (4.100), we obtain

𝑪ss = 𝑺[
ˆ ∞

0
d𝑡 𝑒−𝜦𝑡𝑺−1𝑭(𝑺−1)†𝑒−𝜆∗𝑡]𝑺†. (4.103)

Defining the matrix 𝒀 as

𝒀 =
ˆ ∞

0
d𝑡 𝑒−𝜦𝑡𝑺−1𝑭(𝑺−1)†𝑒−𝜦∗𝑡, (4.104)

we can write the solution compactly as

𝑪ss = 𝑺𝒀 𝑺†. (4.105)

Element-wise, 𝒀 is given by

𝑌𝑖𝑗 = ∑
𝑘

(𝑆−1)
𝑖𝑘

(𝑆−1)∗
𝑗𝑘

Γ𝑘𝑓𝑘

ˆ ∞

0
d𝑡 𝑒−(𝜆𝑖+𝜆∗

𝑗)𝑡

= ∑
𝑘

(𝑆−1)
𝑖𝑘

(𝑆−1)∗
𝑗𝑘

Γ𝑘𝑓𝑘
𝜆𝑖 + 𝜆∗

𝑗
.

(4.106)

This formulation provides a computationally efficient method for obtaining the steady-
state covariance matrix, avoiding explicit solution of the Lyapunov equation and reducing
the problem to matrix diagonalization and integration over exponentials.

4.5 Spin-chains and the Jordan–Wigner transformation

A chain of spin operators can be mapped to a fermionic chain via the Jordan–Wigner
transformation [124], so that one may choose to work in whichever representation is more
convenient. In particular, a non-interacting spin chain is mapped to a quadratic fermionic
system, so the covariance matrix formalism can also be applied to the spin picture. In this
section, we briefly describe the Jordan–Wigner transformation, focusing on a boundary-
driven chains.

Boundary-driven chains

For a chain with 𝑁 sites and open boundary conditions, the most general non-interacting
spin Hamiltonian is

𝐻̂ =
𝑁−1
∑
𝑖=1

[𝐽𝑥𝜎̂𝑥
𝑖 𝜎̂𝑥

𝑖+1 + 𝐽𝑦𝜎̂𝑦
𝑖 𝜎̂𝑦

𝑖+1] + 𝑔
𝑁

∑
𝑖=1

𝜎̂𝑧
𝑖 , (4.107)
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where 𝐽𝑥 and 𝐽𝑦 are the nearest-neighbor coupling strengths in the 𝑥 and 𝑦 directions, and
𝑔 is the magnetic field in the 𝑧-direction. The couplings are often written in the form

𝐽𝑥 = 𝐽(1 + 𝜅
2

) and 𝐽𝑦 = 𝐽(1 − 𝜅
2

), (4.108)

where 𝜅 ∈ [−1, 1] is the anisotropy parameter and 𝐽 > 0 sets the energy scale. When
0 < 𝜅 < 1, the interaction is anisotropic and the model is known as the 𝑋𝑌 chain; for
𝜅 = 0, it reduces to the isotropic 𝑋𝑋 chain. When 𝜅 = ±1, the interaction vanishes in one
direction and the model corresponds to the transverse-field Ising model (TFIM).

The system is driven out of equilibrium by two reservoirs coupled to each boundary,
modeled by Lindblad dissipators. There are four jump operators, two corresponding to each
bath, given by

𝐿̂±
1 = √Γ(1 ± 𝜇)

2
𝜎̂±

1 and 𝐿̂±
𝑁 = √Γ(1 ∓ 𝜇)

2
𝜎̂±

𝑁, (4.109)

where Γ is the coupling strength and 𝜇 is the magnetization bias. The master equation
reads

d ̂𝜌
d𝑡

= −𝑖[𝐻̂, ̂𝜌] + 𝒟1( ̂𝜌) + 𝒟𝑁( ̂𝜌), (4.110)

where each dissipator is given by

𝒟1( ̂𝜌) = Γ(1 − 𝜇
2

)𝔻[𝜎̂+
1 ] + Γ(1 + 𝜇

2
)𝔻[𝜎̂−

1 ],

𝒟𝑁( ̂𝜌) = Γ(1 + 𝜇
2

)𝔻[𝜎̂+
𝑁] + Γ(1 − 𝜇

2
)𝔻[𝜎̂−

𝑁].
(4.111)

The dissipator on the left tries to push the magnetization of the first site to 𝜇, while the
bath on the right tries to push the magnetization of the last site to −𝜇.

Alternatively, this can be written as

𝒟𝑖( ̂𝜌) = Γ𝑓𝑖𝔻[𝜎̂+
𝑖 ] + Γ(1 − 𝑓𝑖)𝔻[𝜎̂−

𝑖 ], (4.112)

with 𝑓1 = (1 + 𝜇)/2 and 𝑓𝑁 = (1 − 𝜇)/2.

Jordan–Wigner Transformation

Before applying the Jordan–Wigner transformation, it is convenient to rewrite the Hamil-
tonian in terms of the spin ladder operators:

𝜎̂±
𝑖 = 𝜎̂𝑥

𝑖 ± 𝑖𝜎̂𝑦
𝑖

2
, (4.113)

resulting in

𝐻 =
𝑁−1
∑
𝑖=1

{𝐽(𝜎̂+
𝑖 𝜎̂−

𝑖+1 + 𝜎̂−
𝑖 𝜎̂+

𝑖+1) + 𝐽𝛾(𝜎̂+
𝑖 𝜎̂+

𝑖+1 + 𝜎̂−
𝑖 𝜎̂−

𝑖+1)} + 𝑔
𝑁

∑
𝑖=1

𝜎̂𝑧
𝑖 . (4.114)

In terms of these operators, we have that 𝜎̂𝑧
𝑖 = 2𝜎̂+

𝑖 𝜎̂−
𝑖 − 1.
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The Jordan–Wigner transformation maps spin operators to fermionic modes as follows:

̂𝑐𝑖 = [
𝑖−1
∏
𝑘=1

(−𝜎̂𝑧
𝑘)]𝜎̂−

𝑖 and ̂𝑐†
𝑖 = [

𝑖−1
∏
𝑘=1

(−𝜎̂𝑧
𝑘)]𝜎̂+

𝑖 . (4.115)

The term (−𝜎̂𝑧
1) ⋯ (−𝜎̂𝑧

𝑖−1) is known as a Jordan–Wigner string. Notice that all the operators
in the string commute with each other. With this definition, the operators ̂𝑐𝑖 and ̂𝑐†

𝑖 satisfy
the anti-commutation relations [125]:

{ ̂𝑐𝑖, ̂𝑐†
𝑗} = 𝛿𝑖𝑗 and { ̂𝑐𝑖, ̂𝑐𝑗} = 0. (4.116)

Moreover, one finds that ̂𝑐†
𝑖 ̂𝑐𝑖 = 𝜎̂+

𝑖 𝜎̂−
𝑖 , so

𝜎̂𝑧
𝑖 = 2 ̂𝑐†

𝑖 ̂𝑐𝑖 − 𝟙. (4.117)

Applying this transformation to Eq. (4.114), we obtain the fermionic Hamiltonian:

𝐻 =
𝐿−1
∑
𝑖=1

{𝐽( ̂𝑐†
𝑖 ̂𝑐𝑖+1 + ̂𝑐†

𝑖+1 ̂𝑐𝑖) + 𝐽𝛾( ̂𝑐†
𝑖 ̂𝑐†

𝑖+1 + ̂𝑐𝑖+1 ̂𝑐𝑖)} + 2ℎ
𝐿

∑
𝑖=1

̂𝑐†
𝑖 ̂𝑐𝑖. (4.118)

Effect on Jump Operators and Parity Conservation

To analyze how the boundary jump operators transform under the Jordan–Wigner mapping,
it is helpful to recast the transformation in an alternative, more convenient form. Using the
identity (−𝜎̂𝑧

𝑖 ) = 𝑒𝑖𝜋𝜎̂+
𝑖 𝜎̂−

𝑖 , the transformation and its inverse become

̂𝑐𝑖 = exp(𝑖𝜋
𝑖−1
∑
𝑘=1

𝜎̂+
𝑘 𝜎̂−

𝑘 )𝜎̂−
𝑖 , 𝜎̂−

𝑖 = exp(𝑖𝜋
𝑖−1
∑
𝑘=1

̂𝑐†
𝑘 ̂𝑐𝑘) ̂𝑐𝑖. (4.119)

Applying Euler’s identity 𝑒𝑖𝜋 = −1, this can be written compactly as

𝜎̂−
𝑖 = (−1)𝒩̂𝑖−1 ̂𝑐𝑖, (4.120)

where 𝒩̂𝑖−1 = ∑𝑖−1
𝑘=1 ̂𝑐†

𝑘 ̂𝑐𝑘 is the number operator up to site 𝑖 − 1.

A useful trick here is that the string can be extended by one. Let 𝑛̂𝑖 = ̂𝑐†
𝑖 ̂𝑐𝑖, then

(−1)𝑛̂𝑖 ̂𝑐𝑖 = ̂𝑐𝑖, since the action of ̂𝑐𝑖 ensures 𝑛̂𝑖 = 0 afterward, making the prefactor equal to
one2. This allows us to insert the additional factor (−1)𝑛̂𝑖 without modifying the operator:

𝜎̂−
𝑖 = (−1)𝒩̂𝑖−1 ⋅ (−1)𝑛𝑖 ̂𝑐𝑖 = (−1)𝒩̂𝑖 ̂𝑐𝑖. (4.121)

However, this extended string no longer commutes with ̂𝑐𝑖, so when taking the Hermitian
conjugate, the order must be reversed:

𝜎̂+
𝑖 = ̂𝑐†

𝑖 (−1)𝒩̂𝑖 . (4.122)

2This also follows from the identity (−1)𝑛̂𝑖 = 1 − 2𝑛̂𝑖.
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We now examine how the jump operators transform. At the first site, the string is trivial:
𝜎̂−

1 = ̂𝑐1. Therefore, the left-bath jump operators map directly to fermionic operators:

𝐿̂+
1 = √Γ

2 (1 − 𝜇) ̂𝑐†
1, and 𝐿̂−

1 = √Γ
2 (1 + 𝜇) ̂𝑐1. (4.123)

However, the fermionic operator corresponding to the last site picks up a string:

𝜎̂−
𝑁 = (−1)𝒩̂ ̂𝑐𝑁, (4.124)

with 𝒩̂ = ∑𝑁
𝑘=1 ̂𝑐†

𝑘 ̂𝑐𝑘 the total particle number operator. Consequently, the right bath’s
jump operators become nonlocal and nonlinear:

𝐿̂+
𝑁 = √Γ

2 (1 + 𝜇) ̂𝑐†
1

̂𝑃 , and 𝐿̂−
𝑁 = √Γ

2 (1 − 𝜇) ̂𝑃 ̂𝑐𝑁. (4.125)

where ̂𝑃 = (−1)𝒩̂ is the fermionic parity operator.

To determine whether this nonlocality affects the dynamics, we consider the dissipator
acting on a density matrix ̂𝜌. The fermionic operators ̂𝑐†

𝑖 and ̂𝑐𝑖 change the particle number
by one, so they flip the parity, which implies that they anticommute with ̂𝑃:

̂𝑃 ̂𝑐𝑖 = − ̂𝑐𝑖
̂𝑃 , ̂𝑃 ̂𝑐†

𝑖 = − ̂𝑐†
𝑖

̂𝑃 . (4.126)

Thus, the action of the right-bath dissipator dissipator reads

𝒟( ̂𝜌) = Γ−[ ̂𝑃 ̂𝑐𝑁 ̂𝜌 ̂𝑐†
𝑁

̂𝑃 − 1
2{ ̂𝑃 ̂𝑐†

𝑁 ̂𝑐𝑁
̂𝑃 , ̂𝜌}] + Γ+[ ̂𝑐†

𝑁
̂𝑃 ̂𝜌 ̂𝑃 ̂𝑐𝑁 − 1

2{ ̂𝑃 ̂𝑐𝑁 ̂𝑐†
𝑁

̂𝑃 , ̂𝜌}]

= Γ−[ ̂𝑐𝑁( ̂𝑃 ̂𝜌 ̂𝑃 ) ̂𝑐†
𝑁 − 1

2{ ̂𝑐†
𝑁 ̂𝑐𝑁, ̂𝜌}] + Γ+[ ̂𝑐†

𝑁( ̂𝑃 ̂𝜌 ̂𝑃 ) ̂𝑐𝑁 − 1
2{ ̂𝑐𝑁 ̂𝑐†

𝑁, ̂𝜌}],
(4.127)

where Γ± = Γ(1 ± 𝜇)/2, and we used ̂𝑃 2 = 𝟙. We observe that if the state ̂𝜌 is parity
symmetric, i.e., which implies that [ ̂𝑃 , ̂𝜌] = 0, then the string has no dynamical effect. It
remains to verify that the Lindblad evolution preserves parity.

Every quadratic operator commutes with the parity operator. Terms like ̂𝑐†
𝑖 ̂𝑐𝑗 commute

with 𝒩̂, and pairing terms such as ̂𝑐𝑖 ̂𝑐𝑗 or ̂𝑐†
𝑖 ̂𝑐†

𝑗 destroy or create a pair of particles, preserving
the parity. Since the Hamiltonian is quadratic, ̂𝑃 𝐻̂ ̂𝑃 = 𝐻̂. Therefore, the unitary term
conserves parity:

̂𝑃 [𝐻̂, ̂𝜌] ̂𝑃 = [𝐻̂, ( ̂𝑃 ̂𝜌 ̂𝑃 )] (4.128)

Consider now a jump operator 𝐿̂ with well-defined parity:

̂𝑃 𝐿̂ ̂𝑃 = ̂𝜂𝐿̂, 𝜂 ∈ {−1, +1}. (4.129)
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Then the corresponding dissipator satisfies

̂𝑃𝔻[𝐿̂]( ̂𝜌) ̂𝑃 = ̂𝑃 𝐿̂ ̂𝜌𝐿̂† ̂𝑃 + 1
2

̂𝑃 {𝐿̂†𝐿̂, ̂𝜌} ̂𝑃

= ̂𝑃 𝐿̂ ̂𝑃 ( ̂𝑃 ̂𝜌 ̂𝑃 ) ̂𝑃 𝐿̂† ̂𝑃 + 1
2{ ̂𝑃 𝐿̂† ̂𝑃 ̂𝑃 𝐿̂ ̂𝑃 , ̂𝑃 ̂𝜌 ̂𝑃 }

= 𝜂2𝐿̂ ̂𝜌𝐿̂† + 1
2𝜂2{𝐿̂†𝐿̂, ̂𝜌}

= 𝔻[𝐿̂]( ̂𝑃 ̂𝜌 ̂𝑃 ),

(4.130)

Thus, the Lindblad dynamics preserves parity as long as the Hamiltonian commutes with
̂𝑃 and the jump operators have a well-defined parity. A direct calculation shows that our

right-bath jump operators are parity-odd:

̂𝑃 ( ̂𝑃 ̂𝑐𝑛) ̂𝑃 = − ̂𝑃 ̂𝑐𝑛, ̂𝑃 ( ̂𝑐†
𝑛 ̂𝑃 ) ̂𝑃 = − ̂𝑐†

𝑛 ̂𝑃 . (4.131)

In summary, although the Jordan–Wigner transformation introduces a nonlocal string at
the final site, in boundary-driven quadratic fermionic systems. It is therefore equivalent to
work with local jump operators in both the spin and fermionic pictures.

4.6 Dephasing noise

In the spin formulation, the presence of local dephasing noise acting on site 𝑖 with coupling
strength Γ can be modeled by the dissipator

𝒟deph
𝑖 ( ̂𝜌) = Γ

2
𝔻[𝜎̂𝑧

𝑖 ] = Γ
2

( ̂𝜎𝑖
𝑧 ̂𝜌𝜎̂𝑧

𝑖 − ̂𝜌). (4.132)

In the fermionic language, this translates to

𝒟deph
𝑖 ( ̂𝜌) = 2Γ𝔻[ ̂𝑐†

𝑖 ̂𝑐𝑖] = 2Γ( ̂𝑐†
𝑖 ̂𝑐𝑖 ̂𝜌 ̂𝑐†

𝑖 ̂𝑐𝑖 − 1
2

{( ̂𝑐†
𝑖 ̂𝑐𝑖)2, ̂𝜌})

= 2Γ(𝑛̂𝑖 ̂𝜌𝑛̂𝑖 − 1
2

{𝑛̂𝑖, ̂𝜌})
(4.133)

where 𝑛̂𝑖 = ̂𝑐†
𝑖 ̂𝑐𝑖, and we have used the identity 𝜎̂𝑧

𝑖 = 2 ̂𝑐†
𝑖 ̂𝑐𝑖 − 1. Since the jump operator is

nonlinear in the fermionic operators, the resulting dissipator is not quadratic. As a result,
the dynamics no longer preserve Gaussianity, even if the Hamiltonian is quadratic.

However, it can be shown that, due to the algebraic structure of the fermionic operators,
the Heisenberg equations of motion for the second-moments ̂𝑐†

𝑗 ̂𝑐𝑖 remain closed, meaning
they do not depend on higher moments [104, 120, 65]. Therefore, the equation of motion for
the covariance matrix is still numerically tractable. Since the state is not guaranteed to be
Gaussian, the covariance no longer reproduces all the expectation values of the system, and
in particular cannot be used to compute the von Neumann entropy. Nonetheless, it still
provides access to observables relevant for transport, such as the magnetization profile and
particle or energy currents.

To compute the effect of dephasing on the covariance matrix, we evaluate the action of
the adjoint dissipator:

𝔻†[𝑛̂𝑘](•) = 𝑛̂𝑘 • 𝑛̂𝑘 − 1
2

{𝑛̂𝑘, •} (4.134)
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Using that 𝑛𝑘 ̂𝑐†
𝑖 = 𝛿𝑖𝑘 ̂𝑐†

𝑖 and ̂𝑐𝑖𝑛𝑘 = 𝛿𝑖𝑘 ̂𝑐𝑖, we find:

𝔻†
𝑘[𝑛̂𝑘]( ̂𝑐†

𝑗 ̂𝑐𝑖) = [𝛿𝑘𝑗𝛿𝑘𝑖 − 1
2

(𝛿𝑘𝑗 + 𝛿𝑘𝑖)] ̂𝑐†
𝑗 ̂𝑐𝑖. (4.135)

The contribution of all the dephasing channels to the time evolution of ̂𝑐†
𝑗 ̂𝑐𝑗 is then

∑
𝑘

𝔻†
𝑘[𝑛̂𝑘]( ̂𝑐†

𝑗 ̂𝑐𝑖) = (∑
𝑘

𝛿𝑘𝑗𝛿𝑘𝑖 − 1
2

∑
𝑘

(𝛿𝑘𝑗 + 𝛿𝑘𝑖)) ̂𝑐†
𝑗 ̂𝑐𝑖 (4.136)

= (𝛿𝑖𝑗 − 1) ̂𝑐†
𝑗 ̂𝑐𝑖, (4.137)

where we used the identity ∑𝑘 𝛿𝑘𝑗𝛿𝑘𝑖 = 𝛿𝑖𝑗. Taking the expectation value and inserting into
the Heisenberg equation for 𝑪, we find that dephasing contributes:

d𝑪
d𝑡

∣
deph

= −Γ Δ(𝑪), (4.138)

where Δ(𝑪) = 𝑪 −diag(𝑪). Thus, the presence of dephasing leads to a modified Lyapunov
equation:

d𝑪
d𝑡

= −(𝑾 𝑪 + 𝑪𝑾 †) − ΓΔ(𝑪) + 𝑭 , (4.139)

where Δ(𝑨) = 𝑨 − diag(𝑨).

The steady state satisfies

(𝑾 𝑪 + 𝑪𝑾 †) + ΓΔ(𝑪) = 𝑭 . (4.140)

This equation is no longer of Lyapunov form, so it cannot be solved using specialized routines
or the efficient method described in Section 4.4.4. However, since Δ(⋅) is a linear operation,
the equation remains a sparse linear system in the entries of 𝑪ss, and can be solved by
vectorization.

The operation Δ(𝑪) corresponds to a linear transformation on vec(𝑪), so there exists an
𝑁2 × 𝑁2 matrix ℳΔ such that

ℳΔ ⋅ vec(𝑪) = vec(Δ(𝑪)). (4.141)

Using the vectorization notation, this matrix is given explicitly by

ℳΔ = 𝟙𝑁2 − diag(Vec(𝟙𝑁2)), (4.142)

where 𝟙𝑁2 is the 𝑁2 × 𝑁2 identity matrix in the vectorized space. Thus, the vectorized
form of Eq. (4.140) becomes

(𝑾 ⊗ 𝟙 + 𝑾 ∗ ⊗ 𝟙 + ΓℳΔ) ⋅ vec(𝑪) = vec(𝑭 ). (4.143)
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4.7 Case study: dephasing enhanced transport in a
tilted-lattice

In this section, we illustrate how the covariance matrix formalism can be employed to
analyze transport in a boundary-driven chain with dephasing. As a case study, we discuss
the results of Ref. [105], one of the works listed in the list of publications. In that work, we
explored the interplay between dephasing and a tilted potential in the transport properties
of an 𝑋𝑋 chain. Here, we reformulate the problem in the fermionic language and show how
the steady-state properties, including magnetization and current profiles, can be efficiently
computed using the covariance matrix approach.

Model and Observables

We consider a one-dimensional spin-1
2 chain of length 𝐿, governed by an 𝑋𝑋 Hamiltonian

in the presence of a site-dependent magnetic field:

𝐻̂ = 𝐽
𝐿−1
∑
𝑗=1

(𝜎̂𝑥
𝑗 𝜎̂𝑥

𝑗+1 + 𝜎̂𝑦
𝑗 𝜎̂𝑦

𝑗+1) +
𝐿

∑
𝑗=1

𝜖𝑗𝜎̂𝑧
𝑗 , (4.144)

where 𝐽 > 0 is the nearest-neighbor coupling strength and 𝜖𝑗 defines a linear magnetic
potential:

𝜖𝑗 = −𝑈𝑗, (4.145)

with 𝑈 > 0 representing the tilt strength. The linear field introduces an energy gradient
across the chain, inducing Wannier–Stark localization in the coherent system.

The system is driven out of equilibrium by coupling the boundary spins to Markovian
reservoirs that inject and remove spin excitations. The dynamics are described by a Lindblad
master equation,

d ̂𝜌
d𝑡

= −𝑖[𝐻̂, ̂𝜌] + 𝒟𝐿( ̂𝜌) + 𝒟𝑅( ̂𝜌) + 𝒟deph( ̂𝜌), (4.146)

where 𝒟𝐿 and 𝒟𝑅 describe the boundary dissipators, and 𝒟deph accounts for local dephasing
noise. Each boundary is modeled by two jump operators acting on the first and last spins:

𝐿̂±
1 = √Γ

2
(1 ± 𝑓) 𝜎̂±

1 , 𝐿̂±
𝐿 = √Γ

2
(1 ∓ 𝑓) 𝜎̂±

𝐿, (4.147)

where Γ is the system-bath coupling and 𝑓 ∈ [−1, 1] sets the magnetization bias. Dephasing
is modeled by local jump operators at each site 𝑗:

𝐿̂deph
𝑗 = √𝛾

2
𝜎̂𝑧

𝑗 , (4.148)

with 𝛾 ≥ 0 the dephasing rate.
The main observables of interest are the local magnetization and the spin current. The

magnetization profile is given by the expectation values ⟨𝜎̂𝑧
𝑗 ⟩. In the bulk of the chain, the

spin current is defined via the continuity equation:

d⟨𝜎̂𝑧
𝑗 ⟩

d𝑡
= ⟨ ̂𝐼𝑗−1⟩ − ⟨ ̂𝐼𝑗⟩, 1 < 𝑗 < 𝐿, (4.149)
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where ̂𝐼𝑗 is the spin current operator flowing from site 𝑗 to site 𝑗 + 1, defined as

̂𝐼𝑗 = 2𝐽(𝜎̂𝑥
𝑗 𝜎̂𝑦

𝑗+1 − 𝜎̂𝑦
𝑗 𝜎̂𝑥

𝑗+1). (4.150)

At the boundaries, the magnetization change is governed by exchange with the baths. This
leads to the continuity equations:

d⟨𝜎̂𝑧
1⟩

d𝑡
= Tr[𝜎̂𝑧

1 𝒟𝐿( ̂𝜌)] − ⟨ ̂𝐼1⟩

d⟨𝜎̂𝑧
𝐿⟩

d𝑡
= ⟨ ̂𝐼𝐿−1⟩ + Tr[𝜎̂𝑧

𝐿 𝒟𝑅( ̂𝜌)],
(4.151)

where

Tr[𝜎̂𝑧
1 𝒟𝐿( ̂𝜌)] = Γ(𝑓 − ⟨𝜎𝑧

1⟩), Tr[𝜎̂𝑧
𝐿 𝒟𝑅( ̂𝜌)] = −Γ(𝑓 + ⟨𝜎𝑧

𝐿⟩). (4.152)

In the steady state, all time derivatives vanish and the current becomes spatially homo-
geneous. We define the stationary current ⟨𝐼⟩∞ as

⟨𝐼⟩∞ ≡ ⟨ ̂𝐼1⟩ = ⋯ = ⟨ ̂𝐼𝐿−1⟩. (4.153)

This also matches the currents at the boundaries:

⟨𝐼⟩∞ = Γ(𝑓 − ⟨𝜎̂𝑧
1⟩) = Γ(𝑓 + ⟨𝜎̂𝑧

𝐿⟩) (4.154)

Steady-State Solution: Lyapunov Equation

To solve for the non-equilibrium steady state, we map the spin model to a quadratic fermionic
system using the Jordan–Wigner transformation. This mapping allows us to work within
the covariance matrix formalism, which enables an efficient computation of steady-state
observables for non-interacting or weakly interacting systems.

Under the Jordan–Wigner transformation, the Hamiltonian becomes

𝐻̂ = 2𝐽
𝐿−1
∑
𝑗=1

( ̂𝑐†
𝑗 ̂𝑐𝑗+1 + ̂𝑐†

𝑗+1 ̂𝑐𝑗) +
𝐿

∑
𝑗=1

𝜖𝑗(2 ̂𝑐†
𝑗 ̂𝑐𝑗 − 1), (4.155)

where ̂𝑐𝑗 and ̂𝑐†
𝑗 are fermionic annihilation and creation operators, and 𝜖𝑗 = −𝑈𝑗 is the

linear potential.
The boundary jump operators transform as

𝐿̂+
1 = √Γ

2 (1 + 𝑓) ̂𝑐†
1, 𝐿̂−

1 = √Γ
2 (1 − 𝑓) ̂𝑐1, (4.156)

𝐿̂+
𝐿 = √Γ

2 (1 − 𝑓) ̂𝑐†
𝐿, 𝐿̂−

𝐿 = √Γ
2 (1 + 𝑓) ̂𝑐𝐿. (4.157)

As discussed in Section 4.5, the right-bath operators formally pick up a fermionic parity
string under the Jordan–Wigner transformation. However, for systems with parity sym-
metry, this string has no effect on the dynamics of the second moments and can be safely
omitted in the covariance matrix description.
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The dephasing jump operators transform into nonlinear fermionic operators:

𝐿̂deph
𝑗 = √𝛾 𝑛̂𝑗, with 𝑛̂𝑗 = ̂𝑐†

𝑗 ̂𝑐𝑗. (4.158)

Although these operators are not linear, they preserve the closure of the Heisenberg equa-
tions for second moments due to the algebraic properties of fermions [104, 65, 120].

The system’s steady-state correlations are encoded in the covariance matrix 𝑪, with
entries

𝐶𝑖𝑗 = ⟨ ̂𝑐†
𝑗 ̂𝑐𝑖⟩. (4.159)

From this matrix, we can reconstruct the observables of interest using the Jordan–Wigner
transformation. The magnetization profile is contained in the diagonal of 𝑪:

⟨𝜎𝑧
𝑗 ⟩ = 2⟨ ̂𝑐†

𝑗 ̂𝑐𝑗⟩ − 1 = 2𝐶𝑗𝑗 − 1. (4.160)

In the fermionic picture, the spin current operator translates to

̂𝐼𝑗 = 2𝐽(𝜎̂𝑥
𝑗 𝜎̂𝑦

𝑗+1 − 𝜎̂𝑦
𝑗 𝜎̂𝑥

𝑗+1) = 4𝑖( ̂𝑐†
𝑗 ̂𝑐𝑗+1 − ̂𝑐†

𝑗+1 ̂𝑐𝑗) (4.161)

Taking the expectation value, we find

⟨ ̂𝐼𝑗⟩ = 8𝐽 Im(𝐶𝑗,𝑗+1). (4.162)

The equation of motion for 𝑪 takes the form of a modified Lyapunov equation:

d𝑪
d𝑡

= −(𝑾 𝑪 + 𝑪𝑾 †) − 2𝛾Δ(𝑪) + 𝑭 , (4.163)

where 𝑾 is an effective non-Hermitian matrix determined by the Hamiltonian and boundary
dissipators, 𝑭 is a source matrix, and Δ(𝑪) = 𝑪 − diag(𝑪) removes the diagonal elements.
In the steady state, d𝑪/d𝑡 = 0, so the equation reduces to:

𝑾 𝑪 + 𝑪𝑾 † + 2𝛾Δ(𝑪) = 𝑭 . (4.164)

Although this equation is no longer of strict Lyapunov form due to the Δ(𝑪) term, it
remains a sparse linear system in the entries of 𝑪 and can be efficiently solved numerically.

The matrix 𝑾 has tridiagonal structure, given explicitly by

𝑊𝑖𝑗 = 𝑖𝐻𝑖𝑗 + Γ
2

(𝛿𝑖1𝛿𝑗1 + 𝛿𝑖𝐿𝛿𝑗𝐿), (4.165)

where 𝑯 is the single-particle Hamiltonian, given by

𝐻𝑖𝑗 = 2𝐽(𝛿𝑖,𝑗+1 + 𝛿𝑖,𝑗−1) + 2𝜖𝑖𝛿𝑖𝑗. (4.166)

The source matrix 𝑭 is diagonal and nonzero only at the boundaries:

𝑭 = diag(Γ
2 (1 + 𝑓), 0, … , 0, Γ

2 (1 − 𝑓)). (4.167)
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Wannier–Stark Localization

We now analyze the transport properties of the clean system in the absence of dephasing
(𝛾 = 0).

The linear field introduces an energy offset 𝑈 between neighboring sites, so the total
energy drop across the chain is 𝑉 = 𝑈(𝐿 − 1). To ensure a well-defined thermodynamic
limit, we hold 𝑉 fixed as 𝐿 → ∞, implying 𝑈 ∼ 𝑉 /𝐿 → 0 as 𝐿 → ∞.

In the closed system, the model exhibits Wannier–Stark localization [126, 127]: the single-
particle eigenstates become localized due to the linear potential, despite the absence of
disorder. The energy spectrum forms a set of equally spaced levels 𝐸𝑛 = 𝐸0 + 𝑛𝑈, known
as the Wannier–Stark ladder.

This phenomenon is closely related to Bloch oscillations [128], where a wavepacket in a
constant field (in our case, a constant energy offset 𝑈 between neighboring sites) undergoes
coherent periodic motion in momentum space, with a characteristic period 𝜏B ∼ 𝑈−1.

In the boundary-driven setting, the interplay between the Wannier–Stark localization
and external driving leads to the formation of a domain wall. The left reservoir attempts
to impose a local magnetization ⟨𝜎̂𝑧

1⟩ = +𝑓, while the right reservoir enforces ⟨𝜎̂𝑧
𝐿⟩ = −𝑓.

In the strongly localized regime, the excitations injected at the boundaries fail to traverse
the bulk. As a result, they accumulate near the edges, forming a non-equilibrium steady
state with two nearly uniform polarization domains separated by a sharp domain wall at
the center. From the boundary current relation, we find

⟨𝐼⟩ = Γ(𝑓 − ⟨𝜎̂𝑧
1⟩) ≈ 0, (4.168)

up to exponentially small corrections, and hence

⟨𝐼⟩ ∝ 𝑒−𝐿/𝜉, (4.169)

where 𝜉 is a localization length that depends on 𝑉.
This behavior is illustrated in Fig. 4.1. Panel (a) shows the formation of the magnetization

domain wall as 𝐿 increases at fixed tilt 𝑉, while panel (b) confirms the exponential decay of
the steady-state current.

4.7.1 Dephasing-assisted Transport

We now investigate the role of dephasing (𝛾 > 0) in restoring transport in the tilted chain.
While the clean system exhibits Wannier–Stark localization and an exponentially suppressed
current, the introduction of bulk dephasing noise breaks quantum coherence and disrupts
localization. As a result, spin excitations can propagate across the chain, leading to a finite
steady-state current even in the presence of a large tilt.

This effect, known as dephasing-enhanced transport, arises from the interplay between co-
herent dynamics and incoherent noise. At small 𝛾, the current grows rapidly with increasing
dephasing. At large 𝛾, however, incoherent scattering dominates and suppresses transport,
giving rise to a non-monotonic current profile with a clear maximum at intermediate de-
phasing strength.
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Figure 4.1: Wannier–Stark localization in the absence of dephasing. (a) Steady-state mag-
netization profiles for different system sizes at fixed total tilt 𝑉, showing the formation
of flat polarization domains separated by a sharp domain wall. (b) Spin current as a
function of system size 𝐿, showing exponential decay ⟨𝐼⟩ ∝ 𝑒−𝐿/𝜉. Both panels are re-
produced from Fig. 2 of Ref. [105].

Exact Current for 𝐿 = 2

To illustrate the mechanism of dephasing-assisted transport, we begin with the smallest
nontrivial case: a two-site chain (𝐿 = 2). In this case, the steady-state current can be
computed exactly as [105]:

⟨𝐼⟩ = 𝑓 ⋅ 16𝐽2Γ(2𝛾 + Γ)
16𝐽2(2𝛾 + Γ) + 4Γ𝑈2 + Γ(2𝛾 + Γ)2 . (4.170)

The optimal dephasing rate that maximizes the current is obtained by differentiating
Eq. (22), yielding

𝛾max = 𝑈 − Γ
2

≥ 0. (4.171)

This relation shows that dephasing-assisted transport occurs when the potential gradient 𝑈
is sufficiently large compared to the boundary coupling Γ.

The full behavior of the current as a function of 𝛾 is shown in Fig. 4.2, which confirms
the existence of a well-defined maximum at intermediate dephasing.
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Figure 4.2: Dephasing-enhanced transport in a minimal system. Steady-state current as a
function of dephasing rate 𝛾 for a chain of length 𝐿 = 2, showing a pronounced maximum
at intermediate dephasing. The curve corresponds to the exact expression in Eq. (4.170).
Reproduced from Fig. 4 of Ref. [105].
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Tridiagonal Approximation

To gain analytical traction for larger chains, we adopt a tridiagonal approximation for the
steady-state covariance matrix. In the strongly localized regime (𝑉 ≫ 0), correlations decay
rapidly with distance, justifying the truncation of 𝑪 to a tridiagonal form:

𝐶𝑖𝑗 = 1
2

(⟨𝜎̂𝑧
𝑗 ⟩ + 1)𝛿𝑖𝑗 + (𝜅𝑗 + 𝑖⟨𝐼⟩

4𝐽
)𝛿𝑗,𝑗+1 + (𝜅𝑗 − 𝑖⟨𝐼⟩

4𝐽
)𝛿𝑗,𝑗−1 (4.172)

Here, the diagonal elements encode the local magnetization, while the imaginary part of the
nearest-neighbor terms fixes the (homogeneous) current ⟨𝐼⟩.

Substituting this ansatz into the steady-state Lyapunov equation and retaining only the
equations corresponding to the main and first off-diagonals yields a closed system:

⎧{{{{
⎨{{{{⎩

Γ(𝑓 − ⟨𝜎̂𝑧
1⟩) = ⟨𝐼⟩

Γ(𝑓 + ⟨𝜎̂𝑧
𝐿⟩) = ⟨𝐼⟩

[2𝛾 + Γ
2

(𝛿𝑗,1 + 𝛿𝑗,𝐿−1)]𝜅𝑗 = 𝑈⟨𝐼⟩
4𝐽

𝐽(⟨𝜎̂𝑧
𝑗+1⟩ − ⟨𝜎̂𝑧

𝑗 ⟩) + 2𝑈𝜅𝑗 + 𝛾⟨𝐼⟩
8𝐽

+ Γ⟨𝐼⟩
16𝐽

(𝛿𝑗,1 + 𝛿𝑗,𝐿−1) = 0

(4.173)

Summing the last equation from 𝑗 = 1 to 𝐿 − 1 yields a telescopic identity:

𝐽(⟨𝜎̂𝑧
𝐿⟩ − ⟨𝜎̂𝑧

1⟩) + 2
𝐿−1
∑
𝑗=1

𝑈𝜅𝑗 + 𝛾⟨𝐼⟩
4𝐽

(𝐿 − 1) + Γ⟨𝐼⟩
4𝐽

= 0 (4.174)

The difference ⟨𝜎̂𝑧
𝐿⟩ − ⟨𝜎̂𝑧

1⟩ is set by the continuity equation at the boundaries:

⟨𝜎̂𝑧
𝐿⟩ − ⟨𝜎̂𝑧

1⟩ = 2⟨𝐼⟩
Γ

− 2𝑓 (4.175)

From the third equation, we obtain expression for 𝜅𝑗, which reads

𝜅𝑗 = 𝑈⟨𝐼⟩
4𝐽[2𝛾 + Γ

2 (𝛿𝑗,1 + 𝛿𝑗,𝐿−1)]
, (4.176)

leading to the sum

𝐿−1
∑
𝑗=1

𝑈𝜅𝑗 = 𝑈2⟨𝐼⟩
8𝐽𝛾

(𝐿 − 3) + 𝑈2⟨𝐼⟩
2𝐽[2𝛾 + Γ

2 ]

= 𝑈2⟨𝐼⟩
4𝐽

[𝐿 − 3
2𝛾

+ 4
4𝛾 + Γ

]
(4.177)

Substituting all the terms in Eq. (4.174) and solving for ⟨𝐼⟩ yields

⟨𝐼⟩ = 16Γ𝐽2𝑓
16𝐽2 + Γ[2𝛾(𝐿 − 1) + Γ] + 4Γ𝑈2[𝐿−3

𝛾 + 4
4𝛾+Γ]

(4.178)

This expression captures the key features of dephasing-assisted transport, including its
non-monotonic behavior as a function of 𝛾. In particular, for fixed total tilt 𝑉 = 𝑈(𝐿 − 1),
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the current is maximized when 𝛾 ∼ 𝑈, reflecting a resonance between the dephasing rate
and the intrinsic Bloch frequency.

This behavior is illustrated in Fig. 4.3, which shows the finite-size diffusion coefficient
𝐷 = 𝐿⟨𝐼⟩/𝑓 as a function of 𝛾 for different values of 𝑉. Each curve exhibits a clear peak
around 𝛾 ≈ 𝑈, confirming that moderate dephasing enhances transport by suppressing
Wannier–Stark localization. For larger 𝛾, the current decreases as transport enters a diffusive
regime, with 𝐷 ∝ 𝛾−1.

10−3 10−2 10−1 100 101

100

101

D ∼ 1/γ

γ

D

V = 0
V = 5
V = 10
V = 20
V = 50

Figure 4.3: Finite-size diffusion coefficient 𝐷 = 𝐿⟨𝐼⟩/𝑓 as a function of the dephasing rate 𝛾, for
several values of the total tilt 𝑉. Each curve displays a clear maximum near 𝛾 ≈ 𝑈,
consistent with the resonance condition for optimal transport. For 𝛾 ≫ 𝑈, transport
becomes diffusive and 𝐷 ∼ 𝛾−1. Adapted from Fig. 6(a) of Ref. [105])

4.8 Quantum information with Gaussian states

A key advantage of Gaussian states is that quantum information measures—such as fidelity,
relative entropy, and Rényi relative entropy—can be computed directly from their covariance
matrices. In this section, we derive explicit expressions for these quantities between two
Gaussian states.

To do so, we use several properties of Gaussian states. For a Gaussian state ̂𝜌 = 𝑒− ̂𝒄†𝑴 ̂𝒄,
one can move freely between its density matrix and covariance matrix representations via
the relations

𝑪 = 1
𝟙 + 𝑒𝑴 , 𝑴 = log(𝟙 − 𝑪

𝑪
), (4.179)

with normalization constant

𝑍 = 1
det(𝟙 − 𝑪)

=
𝑛

∏
𝑘=1

1
1 − 𝜁𝑘

, (4.180)

where 𝜁𝑘 are the eigenvalues of 𝑪.

The logarithm of a Gaussian state, which appears in definitions of quantities such as the
von Neumann entropy and relative entropy, takes the form

log ̂𝜌 = − ̂𝒄†𝑴 ̂𝒄 − log𝑍. (4.181)
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We also make use of trace-determinant identities for quadratic fermionic operators, which
we review in Appendix A.3. For a quadratic operator of the form ̂𝐴 = ̂𝒄†𝑨 ̂𝒄, the trace of
the exponential is given by

Tr[𝑒 ̂𝐴] = det(𝟙 + 𝑒𝑨). (4.182)

There is also a useful generalization to products of exponentials. Given another quadratic
operator𝐵̂ = ̂̂𝒄

†
𝑩 ̂̂𝒄, one has

Tr[𝑒 ̂𝐴𝑒𝐵̂] = det(𝟙 + 𝑒𝑨𝑒𝑩). (4.183)

It is also useful to recall the identity relating the trace and determinant of a square matrix:

log det(𝑨) = Tr[log𝑨]. (4.184)

With these tools in hand, we now proceed to the explicit evaluation of quantum informa-
tion measures.

4.8.1 Relative entropy

The relative entropy between two quantum states ̂𝜌 and 𝜎̂ is defined as

𝐷( ̂𝜌 ‖ 𝜎̂) = Tr[ ̂𝜌(log ̂𝜌 − log 𝜎̂)]

= 𝑆( ̂𝜌) − Tr[ ̂𝜌 log 𝜎̂].
(4.185)

Consider now two Gaussian states of the form

̂𝜌 = 1
𝑍𝜌

𝑒− ̂𝒄†𝑴𝜌 ̂𝒄, 𝜎̂ = 1
𝑍𝜎

𝑒− ̂𝒄†𝑴𝜎 ̂𝒄, (4.186)

with associated covariance matrices 𝑪𝜌 and 𝑪𝜎.
The first term in Eq. (4.185) is the von Neumann entropy of ̂𝜌, as computed in Sec-

tion 4.3.5. To evaluate the second term, we use the expression

log 𝜎̂ = − ̂𝒄†𝑴𝜎 ̂𝒄 − log𝑍𝜎, (4.187)

which gives

Tr[ ̂𝜌 log 𝜎̂] = −Tr[ ̂𝜌 ̂𝒄†𝑴𝜎 ̂𝒄] − log𝑍𝜎

= −Tr[𝑴𝜎𝑪𝜌] − log𝑍𝜎,
(4.188)

where we used the trace-det identity. Combining these expressions, the relative entropy
becomes

𝐷( ̂𝜌 ‖ 𝜎̂) = 𝑆( ̂𝜌) + Tr[𝑴𝜎𝑪𝜌] + log𝑍𝜎 (4.189)

4.8.2 Rényi entropy

The Rényi-𝛼 entropy of a state ̂𝜌 is defined as

𝑆𝛼( ̂𝜌) = 1
1 − 𝛼

logTr ̂𝜌𝛼. (4.190)
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Assuming ̂𝜌 has the Gaussian form ̂𝜌 = 𝑍−1𝑒− ̂𝒄†𝑴 ̂𝒄, we obtain

𝑆𝛼( ̂𝜌) = 1
1 − 𝛼

log( 1
𝑍𝛼 Tr[𝑒−𝛼 ̂𝒄†𝑴 ̂𝒄])

= 1
1 − 𝛼

[log det(𝟙 + 𝑒−𝛼𝑴) − 𝛼 log𝑍].
(4.191)

Using the identities log det(𝑨) = Tr[log𝑨] and 𝒆−𝑴 = 𝑪(𝟙 − 𝑪)−1, the entropy simplifies
to

𝑆𝛼( ̂𝜌) = 1
1 − 𝛼

Tr[log(𝟙 + ( 𝑪
𝟙 − 𝑪

)
𝛼

)] − 𝛼
1 − 𝛼

log𝑍. (4.192)

This expression can be conveniently evaluated in terms of the eigenvalues {𝜁𝑘} of the co-
variance matrix 𝑪:

Tr[log(𝟙 + ( 𝑪
𝟙 − 𝑪

)
𝛼

)] =
𝑁

∑
𝑘=1

log(1 + ( 𝜁𝑘
1 − 𝜁𝑘

)
𝛼

) (4.193)

4.8.3 Rényi relative entropy

The Rényi relative entropy of order 𝛼 between two quantum states ̂𝜌 and 𝜎̂ is defined as

𝑆𝛼( ̂𝜌 ‖ 𝜎̂) = − 1
1 − 𝛼

logTr[(𝜎̂ 1−𝛼
2𝛼 ̂𝜌𝜎̂ 1−𝛼

2𝛼 )
𝛼

] (4.194)

Assuming both ̂𝜌 and 𝜎̂ are Gaussian states, the operator inside the trace becomes

𝜎̂ 1−𝛼
2𝛼 ̂𝜌𝜎̂ 1−𝛼

2𝛼 = 1
𝑍𝜌𝑍2𝜈

𝜎
𝑒−𝜈 ̂𝒄†𝑴𝜎 ̂𝒄 𝑒− ̂𝒄†𝑴𝜌 ̂𝒄𝑒−𝜈 ̂𝒄†𝑴𝜎 ̂𝒄, with 𝜈 = 1 − 𝛼

2𝛼
. (4.195)

As shown in Appendix A.3, a product of exponentials of quadratic operators remains of
Gaussian form:

𝑒− ̂𝒄†𝑨1 ̂𝒄 𝑒− ̂𝒄†𝑨2 ̂𝒄 𝑒− ̂𝒄†𝑨3 ̂𝒄 = 𝑒− ̂𝒄†𝑸 ̂𝒄, where 𝑒−𝑸 = 𝑒−𝑨1𝑒−𝑨2𝑒−𝑨3 . (4.196)

Applying this to our case yields

𝑒−𝜈 ̂𝒄†𝑴𝜎 ̂𝒄 𝑒− ̂𝒄†𝑴𝜌 ̂𝒄𝑒−𝜈 ̂𝒄†𝑴𝜎 ̂𝒄 = 𝑒− ̂𝒄†𝑸𝛼 ̂𝒄, 𝑸𝛼 = − log(𝑒−𝜈𝑴𝜎 𝑒−𝑴𝜌𝑒−𝜈𝑴𝜎). (4.197)

Therefore,
(𝜎̂ 1−𝛼

2𝛼 ̂𝜌𝜎̂ 1−𝛼
2𝛼 )

𝛼
= 1

𝑍𝛼
𝜌 𝑍 1−𝛼

𝜎
𝑒−𝛼 ̂𝒄†𝑸𝛼 ̂𝒄. (4.198)

Using the trace-determinant identity, we obtain

logTr[𝑒−𝛼 ̂𝒄†𝑸𝛼 ̂𝒄] = log det(𝟙 + 𝑒−𝛼𝑸𝛼) (4.199)

= Tr log(𝟙 + 𝑒−𝛼𝑸𝛼). (4.200)

The Rényi relative entropy then becomes

𝑆𝛼( ̂𝜌 ‖ 𝜎̂) = − 1
1 − 𝛼

Tr log(𝟙 + 𝑒−𝛼𝑸𝛼) + 𝛼
1 − 𝛼

log𝑍𝜌 + log𝑍𝜎. (4.201)
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To express this in terms of the covariance matrices, we use the identities

𝑒−𝜈𝑴𝜎 = ( 𝑪𝜎
𝟙 − 𝑪𝜎

)
1−𝛼
2𝛼

, 𝑒−𝑴𝜌 = (
𝑪𝜌

𝟙 − 𝑪𝜌
), (4.202)

so that

𝑆𝛼( ̂𝜌 ‖ 𝜎̂) = − 1
1 − 𝛼

Tr log[𝟙 + (( 𝑪𝜎
𝟙 − 𝑪𝜎

)
1−𝛼
2𝛼

(
𝑪𝜌

𝟙 − 𝑪𝜌
)( 𝑪𝜎

𝟙 − 𝑪𝜎
)

1−𝛼
2𝛼

)
𝛼

]

+ 𝛼
1 − 𝛼

log𝑍𝜌 + log𝑍𝜎.
(4.203)

Note that due to non-commutativity, the exponent 𝛼 cannot be distributed across the
product of the three matrices. A convenient way to evaluate this expression is by diagonal-
izing the covariance matrices:

𝑪𝜌 = 𝑺𝜌𝜻𝜌𝑺†
𝜌, 𝑪𝜎 = 𝑺𝜎𝜻𝜎𝑺†

𝜎, (4.204)

where 𝜻𝜌 and 𝜻𝜎 are diagonal matrices containing the eigenvalues of 𝑪𝜌 and 𝑪𝜎, respectively.
Then, we define the matrix

𝑮 = 𝑒−𝑸𝛼

= 𝑺𝜎( 𝜻𝜎
𝟙 − 𝜻𝜎

)
𝜈

𝑺†
𝜎 ⋅ 𝑺𝜌(

𝜻𝜌

𝟙 − 𝜻𝜌
)𝑺†

𝜌 ⋅ 𝑺𝜎( 𝜻𝜎
𝟙 − 𝜻𝜎

)
𝜈

𝑺†
𝜎.

(4.205)

Finally, we diagonalize 𝑮 to obtain its eigenvalues {𝑔𝑘}. The final expression for the Rényi
relative entropy becomes

𝑆𝛼( ̂𝜌 ‖ 𝜎̂) = 𝛼
1 − 𝛼

log𝑍𝜌 + log𝑍𝜎 − 1
1 − 𝛼

𝑁
∑
𝑘=1

log(1 + 𝑔𝛼
𝑘 ). (4.206)

4.8.4 Fidelity

The Uhlmann fidelity between two quantum states ̂𝜌 and 𝜎̂ is defined as

𝐹( ̂𝜌, 𝜎̂) = (Tr[√√
𝜎̂ ̂𝜌

√
𝜎̂])

2

. (4.207)

It satisfies 0 ≤ 𝐹( ̂𝜌, 𝜎̂) ≤ 1, with equality 𝐹( ̂𝜌, 𝜎̂) = 1 if and only if ̂𝜌 = 𝜎̂.

Setting 𝛼 = 1
2 in the definition of the Rényi-𝛼 relative entropy, we obtain

𝑆1/2( ̂𝜌 ‖ 𝜎̂) = −2 logTr[(𝜎̂ 1
2 ̂𝜌𝜎̂ 1

2 )
1
2 ] = − log𝐹( ̂𝜌, 𝜎̂). (4.208)

Hence, the fidelity can be computed using the results derived in the previous section:

𝐹( ̂𝜌, 𝜎̂) = 𝑒−𝑆1/2( ̂𝜌 ‖ 𝜎̂) (4.209)
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Alternatively, the fidelity can also be expressed in the symmetric form [129]

𝐹( ̂𝜌, 𝜎̂) = (Tr[√ ̂𝜌𝜎̂])
2
, (4.210)

Using the fact that exponentials of quadratic operators remain Gaussian under multiplica-
tion, we write

̂𝜌𝜎̂ = 𝑒− ̂𝒄†𝑴𝜌 ̂𝒄𝑒− ̂𝒄†𝑴𝜎 ̂𝒄 = 𝑒− ̂𝒄𝑸 ̂𝒄 with 𝑒𝑸 = 𝑒𝑴𝜌𝑒𝑴𝜎 . (4.211)

The fidelity then becomes

𝐹( ̂𝜌, 𝜎̂) = 1
𝑍𝜌𝑍𝜎

(Tr[𝑒− 1
2 ̂𝒄†𝑸 ̂𝒄])

2
. (4.212)

In terms of the matrices 𝑴𝜌 and 𝑴𝜎, the fidelity becomes

𝐹( ̂𝜌, 𝜎̂) =
det(𝟙 +

√
𝑒−𝑴𝜌 ⋅ 𝑒−𝑴𝜎)

2

det(𝟙 + 𝑒−𝑴𝜌) ⋅ det(𝟙 + 𝑒−𝑴𝜎)
, (4.213)

while in terms of the covariance matrices it reads

𝐹( ̂𝜌, 𝜎̂) = 1
det(𝟙 − 𝑪𝜌)det(𝟙 − 𝑪𝜎)

det⎛⎜
⎝

𝟙 + [(
𝑪𝜌

𝟙 − 𝑪𝜌
)( 𝑪𝜎

𝟙 − 𝑪𝜎
)]

1
2
⎞⎟
⎠

2

. (4.214)
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5 The mesoscopic approach to
quantum thermodynamics

M
odeling quantum systems in contact with an environment is essential for under-
standing real-world phenomena across quantum optics, condensed matter, and
quantum information. As discussed in the Introduction and in Chapter 2, one of

the central tools in this context is the Lindblad master equation, which describes the most
general form of completely positive and trace-preserving (CPTP) Markovian evolution [63].
The Lindblad framework offers both theoretical and numerical advantages: from a compu-
tational perspective, it eliminates the need to track the state of the environment, enabling
significant simplifications in both memory and time. In particular, it provides access to the
quantum jump method, which is especially efficient in terms of memory usage [29, 28].

Despite its versatility, the Lindblad description has important limitations. The underlying
assumptions—especially the Markov approximation—break down in a number of physically
relevant scenarios. For instance, strong system-environment coupling, structured reservoirs
with non-flat spectral densities (as encountered in photonic crystals or nanocavities), low-
temperature environments, or finite-size baths (such as in ion trap experiments or mesoscopic
quantum dots) can all induce memory effects that invalidate a Markovian treatment. Addi-
tionally, in systems driven on timescales comparable to or faster than the bath correlation
time, non-Markovian behavior naturally emerges [34].

To address these limitations, various techniques have been developed to model non-
Markovian dynamics. These include the hierarchical equations of motion (HEOM) [69, 130],
the TEMPO algorithm [73], and other tensor-network-based approaches. Each comes with
trade-offs in terms of computational cost, scalability, and physical transparency. Among
the most elegant approaches in the context of quantum transport is the Landauer–Büt-
tiker formalism [131, 132], which is particularly well-suited to steady-state transport through
mesoscopic systems. However, generalizing this framework to time-dependent driving re-
mains challenging. While periodic driving can sometimes be handled using Floquet theory,
capturing transient dynamics and short-time current behavior is significantly more difficult.
Furthermore, computing the transmission function—the central quantity in Landauer–Büt-
tiker theory—becomes highly nontrivial when interactions are present.

A promising alternative for treating non-Markovian dynamics is the mesoscopic leads for-
malism, also known in various contexts as the pseudomodes method [40], the extended reser-
voir approach [133, 134], or, in related fashion, the driven Liouville–von Neumann (DLvN)
method [135, 136]. The central idea is to embed the system within a larger structure: one
couples the system to a finite auxiliary subsystem—the “lead”—which is in turn subject to
Markovian dissipation. The dynamics of the combined system (system + lead) then follow
a Lindblad equation, even though the reduced dynamics of the system alone can display
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non-Markovian features. This so-called Markovian embedding enables one to recover mem-
ory effects while retaining the numerical advantages of Lindblad dynamics. Importantly,
it also permits the use of the quantum jump method in non-Markovian settings, offering a
computationally efficient route to simulate open quantum systems [37, 46].

This technique has seen important theoretical development in recent years. An important
step was taken by Brenes et al. [44], who demonstrated how the method can be used to
study thermodynamics in interacting systems, using a tensor-network approach, focusing
on the steady-state. Building on this, we extended the thermodynamic analysis to the time-
dependent case, without requiring perturbation theory in the driving speed [45]. In parallel,
Ref. [137] investigated unravelings of the dynamics within this framework, exploring the role
of quantum trajectories.

The present work contributes to this growing literature by extending the thermodynamic
analysis within the mesoscopic leads formalism to fully time-dependent driving scenarios.
This generalization is crucial for addressing realistic quantum thermodynamic protocols
where systems are subject to strong driving or evolve far from equilibrium. The approach
retains thermodynamic consistent defintion, thereby providing a flexible and efficient tool
for studying energy flows, entropy production, and irreversibility in dynamically evolving
quantum systems.

This chapter focuses on the development, application, and extension of the mesoscopic
leads framework to quantum thermodynamics beyond the weak-coupling and adiabatic lim-
its. It is based on Ref. [45], which is on the main contributions of this thesis.

The present work contributes to this growing literature by extending the thermodynamic
analysis within the mesoscopic leads formalism to fully time-dependent driving scenarios.
This generalization is crucial for addressing realistic quantum thermodynamic protocols
where systems are subject to strong driving or evolve far from equilibrium. The approach
retains thermodynamically consistent definitions of work, heat and entropy production and
accommodates strong coupling, thereby providing a flexible tool for studying thermodynam-
ics beyond the weak-coupling regime.

This chapter is structured as follows. In Section 5.1, we discuss the main system-bath
setup and introduce the necessary notation. In Section 5.2, we provide a pedagogically-
oriented introduction to the technique and provide a prescription for a numerical implemen-
tation. Then, In Section 5.3, we discuss its relationship to the reaction coordinate (RC)
mapping. In particular, we provide a formal justification of the mesoscopic leads frame-
work via the RC mapping. While this connection is acknowledged in the literature, here
we present it in details. In Section 5.4, we discuss the thermodynamics within the frame-
work, deriving consistent definitions of particle and energy currents from first principles. In
Section 5.5, we discuss implementation details of the technique when the central system is
non-interacting, via the Lyapunov equation formalism. In Section 5.6 we benchmark the
technique using the resonant-level model. Finally, in Section 5.7, we use the method to
study rectification in a driven-double dot system, which exhibits rectification despite being
quadratic.

⬥
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5.1 The Target Problem: Fermionic System Coupled to
Thermal Reservoirs

In this section, we present the main setup we want to approximate with the mesoscopic
leads approach: a fermionic system coupled to non-interacting fermionic baths. For future
reference, we will refer to this setup as the original or target problem.

We consider a fermionic system 𝑆, possibly interacting and time-dependent, described by
𝑁 fermionic modes { ̂𝑐𝑖}𝑁

𝑖=1. The system is coupled to 𝑀 reservoirs, indexed by 𝛼. The total
Hamiltonian of the setup takes the form

𝐻̂tot(𝑡) = 𝐻̂𝑆(𝑡) + ∑
𝛼

(𝐻̂𝑆𝛼 + 𝐻̂𝛼). (5.1)

Throughout this chapter, we denote by 𝐻̂tot the full microscopic Hamiltonian, encompassing
the system, the baths and their interactions.

Each bath is described by a continuum of non-interacting modes with annihilation oper-
ators ̂𝑏𝑚𝛼:

𝐻̂𝛼 =
∞

∑
𝑚=1

𝜔𝑚𝛼
̂𝑏†
𝑚𝛼 ̂𝑏𝑚𝛼. (5.2)

We assume that each reservoir couples to a single system site 𝑝𝛼. In a one-dimensional
chain, these would typically correspond to the first and last site. The system-bath coupling
terms are modeled as tunneling Hamiltonians:

𝐻̂𝑆𝛼 =
∞

∑
𝑚=1

(𝜆𝑚𝛼 ̂𝑐𝑝𝛼
̂𝑏𝑚𝛼 + 𝜆∗

𝑚𝛼
̂𝑏†
𝑚𝛼 ̂𝑐𝑝𝛼

). (5.3)

A schematic illustration of this setup is shown in Fig. 5.1.
Both 𝐻̂𝛼 and 𝐻̂𝑆𝛼 conserve the particle number ̂𝑁𝛼 = ∑𝑚

̂𝑏†
𝑚𝛼 ̂𝑏𝑚𝛼. Additionally, we will

assume that the total particle number is also conserved, i.e., [𝐻̂tot, ̂𝑁𝑆 + ∑𝛼
̂𝑁𝛼] = 0, where

̂𝑁𝑆 = ∑𝑖 ̂𝑐†
𝑖 ̂𝑐𝑖.

At 𝑡 = 0, each bath is prepared in a Gibbs state with inverse temperature 𝛽𝛼 and chemical
potential 𝜇𝛼, and the full system is initialized as a product state:

̂𝜌(0) = ̂𝜌S(0) ⊗ ⨂
𝛼

𝜔̂𝛼, 𝜔̂𝛼 = 𝑒−𝛽𝛼(𝐻̂𝛼−𝜇𝛼𝑁̂𝛼)

𝑍𝛼
, (5.4)

which implies that the initial occupation of the bath modes is given by the Fermi–Dirac
distribution, ⟨ ̂𝑏†

𝑚𝛼 ̂𝑏𝑚𝛼⟩ = 𝑓𝛼(𝜔𝑚𝛼) = (𝑒𝛽𝛼(𝜔𝑚𝛼−𝜇𝛼) + 1)−1.
We focus on an average description of thermodynamics, without account for fluctuations

or stochastic effects. Within this framework, the particle and energy currents are sufficient
to express the first law. For the second law, a fully time-dependent formulation requires
the time-derivative of the von Neumann entropy, which depends on the full state of the
system. However, in the steady-state regime, the entropy becomes time-independent, and
its derivative vanishes. As a result, the entropy production can be expressed entirely in terms
of particle and energy currents. Accordingly, these currents become the central quantities
in our thermodynamic analysis.
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5 The mesoscopic approach to quantum thermodynamics

Figure 5.1: Schematic of the target problem: a fermionic system (green) is coupled at site 𝑝 to
a reservoir composed of non-interacting modes 𝜔𝑚 (red), with coupling strengths 𝜆𝑚.
Insets illustrate the Fermi–Dirac distribution 𝑓(𝜔) with thermal width ∼ 1/𝛽, and the
reservoir’s spectral density 𝒥(𝜔), supported over a bandwidth 𝑊.

The definitions of the currents were introduced in Section 3.4.2 of Chapter 3. For com-
pleteness, we recall them here. The average energy current flowing out of reservoir 𝛼 is
defined by

𝐽𝐸
𝛼 = −d⟨𝐻̂𝛼⟩

d𝑡
= 𝑖⟨[𝐻̂𝛼, 𝐻̂𝑆𝛼]⟩, (5.5)

where we used [𝐻̂tot, 𝐻̂𝛼] = [𝐻̂𝑆𝛼, 𝐻̂𝛼]. The particle current is given by

𝐽𝑃
𝛼 = −d⟨ ̂𝑁𝛼⟩

d𝑡
= 𝑖⟨[ ̂𝑁𝛼, 𝐻̂𝑆𝛼]⟩, (5.6)

since [𝐻̂tot, ̂𝑁𝛼] = [𝐻̂𝑆𝛼, ̂𝑁𝛼]. The heat current is then naturally defined as

𝐽𝑄
𝛼 = 𝐽𝐸

𝛼 − 𝜇𝛼𝐽𝑃
𝛼 . (5.7)

Together with the assumption that baths are initially thermal states, the effect of reservoir
𝛼 on the system is fully characterized by its spectral density:

𝒥𝛼(𝜔) = 2𝜋
∞

∑
𝑚=1

|𝜆𝑚𝛼|2𝛿(𝜔 − 𝜔𝑚𝛼), (5.8)

which encodes both mode density and coupling strength. A common measure of total
coupling strength is

Γ𝛼 = 1
2𝑊𝛼

ˆ
d𝜔 𝒥𝛼(𝜔), (5.9)

assuming 𝒥𝛼(𝜔) is supported on some frequency interval with half-bandwidth 𝑊𝛼.

When the system Hamiltonian is non-interacting and time-independent, the steady-state
currents can be computed from the Landauer–Büttiker formalism. For a system coupled to
two reservoirs—denoted left (L) and right (R)—the steady-state particle current is given by
the Landauer–Büttiker formula:

𝐽𝑃 =
ˆ

𝑑𝜔
2𝜋

𝒯(𝜔)[𝑓L(𝜔) − 𝑓R(𝜔)], (5.10)
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where 𝑓𝛼(𝜔) = (𝑒𝛽𝛼(𝜔−𝜇𝛼) + 1)−1 is the Fermi–Dirac distribution of reservoir 𝛼, and 𝒯(𝜔) is
the transmission function, computable from the system’s non-equilibrium Green’s functions.
The corresponding energy current is

𝐽𝐸 =
ˆ

d𝜔
2𝜋

𝜔𝒯(𝜔)[𝑓L(𝜔) − 𝑓R(𝜔)], (5.11)

with heat current 𝐽𝑄
𝐿 = 𝐽𝐸

𝐿 − 𝜇𝐿𝐽𝑃
𝐿 .

This framework provides an elegant description of coherent transport in mesoscopic sys-
tems and has been foundational in quantum thermoelectrics [131, 132]. However, it relies
critically on assumptions of non-interacting dynamics, time-translational invariance, and a
well-defined steady state. These assumptions break down in the presence of time-dependent
driving or strong coupling, where memory effects and reservoir back-action become impor-
tant. This motivates the development of alternative approaches—such as the mesoscopic
leads formalism—capable of treating strongly coupled, dynamically driven open systems in
a thermodynamically consistent manner.

5.2 The Mesoscopic Leads Approach

In this section, we present the mesoscopic leads formalism. We begin with a unitary descrip-
tion of the setup, which serves as the foundation for the Markovian embedding developed
in the next subsection.

5.2.1 Unitary description

To clarify the construction, we begin by considering the case of a single reservoir. The total
Hamiltonian then simplifies to

𝐻̂tot = 𝐻̂𝑆 + 𝐻̂𝐵 + 𝐻̂𝑆𝐵, (5.12)

where 𝐻̂𝐵 is the reservoir Hamiltonian, and 𝐻̂𝑆𝐵 represents the system-bath coupling:

𝐻̂𝐵 =
∞

∑
𝑚=1

𝜔𝑚
̂𝑏†
𝑚 ̂𝑏𝑚,

𝐻̂𝑆𝐵 =
∞

∑
𝑚=1

(𝜆𝑚 ̂𝑐†
𝑝 ̂𝑏𝑚 + 𝜆∗

𝑚
̂𝑏†
𝑚 ̂𝑐𝑝),

(5.13)

where the reservoir is coupled locally to a given site 𝑝. This environment is described by
some spectral density 𝒥(𝜔), which we seek to approximate.

The mesoscopic leads approach replaces this continuum bath with a finite set of 𝐿 modes
{ ̂𝑎𝑘}𝐿

𝑘=1, collectively referred to as the lead. The Hamiltonian of the lead and its coupling
to the system are given by

𝐻̂𝐿 =
𝐿

∑
𝑘=1

𝜖𝑘 ̂𝑎†
𝑘 ̂𝑎𝑘, (5.14)

𝐻̂𝑆𝐿 =
𝐿

∑
𝑘=1

(𝜅𝑘 ̂𝑐†
𝑝 ̂𝑎𝑘 + 𝜅∗

𝑘 ̂𝑎†
𝑘 ̂𝑐𝑝). (5.15)
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5 The mesoscopic approach to quantum thermodynamics

The energies 𝜖𝑘 are chosen to sample the frequency range of the original bath’s spectral den-
sity, typically over a finite energy window where the system–reservoir coupling is significant.
We return to this point below.

Replacing an infinite reservoir with a finite lead having a discrete spectrum has important
consequences for the dynamics. In particular, the system will inevitably exhibit recurrence
behavior on long time scales, with a Poincaré recurrence time set by the inverse of the
minimal level spacing [63, 138].

To restore the irreversible behavior, each lead mode ̂𝑎𝑘 is coupled to its own auxiliary
reservoir, modeled as a collection of non-interacting modes ̂𝑏𝑘𝑞 with energies 𝜔𝑘𝑞. The total
Hamiltonian of these auxiliary baths, which we collectively denote as ℰ, is

𝐻̂ℰ =
𝐿

∑
𝑘=1

∑
𝑞

𝜔𝑘𝑞
̂𝑏†
𝑘𝑞

̂𝑏𝑘𝑞, (5.16)

𝐻̂𝐿ℰ =
𝐿

∑
𝑘=1

∑
𝑞

(𝜈𝑘𝑞 ̂𝑎†
𝑘

̂𝑏𝑘𝑞 + 𝜈∗
𝑘𝑞

̂𝑏†
𝑘𝑞 ̂𝑎𝑘). (5.17)

The role of these auxiliary environments is to induce dissipation on the lead modes.

The lead interacts directly with the system, while the external environment couples only
to the lead modes. This yields a total Hamiltonian with a natural hierarchical structure:

𝐻̂tot = 𝐻̂𝑆 + 𝐻̂𝑆𝐿 + 𝐻̂𝐿 + 𝐻̂𝐿ℰ + 𝐻̂ℰ. (5.18)

Crucially, we assume that each auxiliary environment has a flat spectral density over a wide
energy range,

𝒥𝑘(𝜔) = 2𝜋 ∑
𝑞

|𝜈𝑘𝑞|2𝛿(𝜔 − 𝜔𝑘𝑞) = Γ𝑘, (5.19)

where Γ𝑘 is taken to be constant and independent of 𝜔. Under this assumption, as we
will show in the next section, the effective spectral density seen by the system through the
damped lead modes becomes

𝒥eff(𝜔) =
𝐿

∑
𝑘=1

|𝜅𝑘|2Γ𝑘
(𝜔 − 𝜖𝑘)2 + (Γ𝑘/2)2 . (5.20)

This expression corresponds to a sum of Lorentzians centered at the lead mode energies 𝜖𝑘,
each broadened by the corresponding damping rate Γ𝑘.

To determine the lead couplings 𝜅𝑘 and damping rates Γ𝑘, we divide the relevant frequency
window into 𝐿 energy bins of width Δ𝜖𝑘, each centered at 𝜖𝑘. Each Lorentzian is constructed
to approximate the local spectral weight of 𝒥(𝜔) within its corresponding bin. This leads to
a natural identification of the damping rate with the bin width, Γ𝑘 = Δ𝜖𝑘. We then require
that the integrated weight of the Lorentzian matches that of the true spectral density over
the same interval:

ˆ ∞

−∞
d𝜔 |𝜅𝑘|2Γ𝑘

(𝜔 − 𝜖𝑘)2 + (Γ𝑘/2)2 =
ˆ 𝜖𝑘+ 1

2 Δ𝜖𝑘

𝜖𝑘− 1
2 Δ𝜖𝑘

d𝜔 𝒥(𝜔). (5.21)
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Assuming that 𝒥(𝜔) varies slowly across each bin, we approximate the right-hand side using
the midpoint rule: ˆ 𝜖𝑘+ 1

2 Δ𝜖𝑘

𝜖𝑘− 1
2 Δ𝜖𝑘

d𝜔 𝒥(𝜔) ≈ 𝒥(𝜖𝑘) Δ𝜖𝑘. (5.22)

The left-hand side evaluates to
ˆ ∞

−∞
d𝜔 Γ𝑘

(𝜔 − 𝜖𝑘)2 + (Γ𝑘/2)2 = 2𝜋, (5.23)

yielding the identification
2𝜋|𝜅𝑘|2 = 𝒥(𝜖𝑘) Δ𝜖𝑘. (5.24)

Therefore, if we take 𝜅𝑘 to be real, we arrive at the parameter prescription

Γ𝑘 = Δ𝜖𝑘, 𝜅𝑘 = √𝒥(𝜖𝑘)Δ𝜖𝑘
2𝜋

. (5.25)

To verify that this choice yields a faithful approximation of 𝒥(𝜔), we recall that a
Lorentzian provides a representation of the 𝛿-function:

𝛿Γ(𝜔 − 𝜖) = 1
2𝜋

⋅ Γ
(𝜔 − 𝜖)2 + Γ2

Γ→0
−−−→ 𝛿(𝜔 − 𝜖), (5.26)

in the distributional sense. With the parameters defined in Eq. (5.25), the effective spectral
density can be written as

𝒥eff(𝜔) = ∑
𝑘

𝒥(𝜖𝑘) Δ𝜖𝑘 ⋅ 𝛿Γ𝑘
(𝜔 − 𝜖𝑘), (5.27)

which is a Riemann sum approximation to the convolution of 𝒥(𝜔) with a sequence of
normalized Lorentzians. Therefore, assuming that 𝒥(𝜔) is continuous and slowly varying on
the scale of Δ𝜖𝑘, we find

𝒥eff(𝜔)
Γ→0
−−−→

ˆ
d𝜖 𝒥(𝜖) 𝛿(𝜔 − 𝜖) = 𝒥(𝜔). (5.28)

As mentioned above, the lead mode energies 𝜖𝑘 are chosen to sample the relevant fre-
quency window where the system–bath coupling is significant. Suppose this window is
symmetric around zero, 𝜔 ∈ [−𝑊, 𝑊]. A simple and widely used choice is uniform (linear)
discretization, where the 𝜖𝑘 are evenly spaced across the interval. In this case, the spacings
are constant, Δ𝜖𝑘 = 2𝑊/𝐿, leading to uniform damping rates Γ𝑘 = 2𝑊/𝐿 and coupling
amplitudes

𝜅𝑘 = √𝒥(𝜖𝑘) (2𝑊/𝐿)
2𝜋

. (5.29)

An alternative is the so-called linear-logarithmic (lin-log) discretization, which uses finer
resolution near a reference energy—typically the chemical potential—and coarser resolu-
tion away from it. This is particularly advantageous when modeling transport near sharp
features in 𝒥(𝜔), such as the Fermi edge or localized resonances. Lin-log schemes have
been used in various contexts, including pseudomode constructions [39], reaction coordinate
mappings [139, 88], and numerical renormalization group approaches [140].
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5.2.2 Markovian embedding

The structure of the mesoscopic leads setup naturally enables a Markovian description of
dissipation. As the number of lead modes 𝐿 increases, the energy resolution of the dis-
cretization improves. The energy bin widths scale as Δ𝜖𝑘 ∼ 1/𝐿, and the corresponding
damping rates and couplings satisfy

Γ𝑘 ∼ 1
𝐿

, 𝜅𝑘 ∼ 1√
𝐿

. (5.30)

This ensures that the total spectral density remains finite in the limit 𝐿 → ∞, even though
the coupling to each individual mode becomes weak. Importantly, even though the coupling
to each lead mode 𝜅𝑘 becomes small, the overall system–lead coupling can still be strong.

In this regime, the conditions for a Born–Markov approximation are met at the level of
each lead–environment pair: (i) the coupling 𝜈𝑞𝑘 to each reservoir is weak, and (ii) the
reservoir correlation functions decay rapidly, which follows from the fact that a flat spectral
density corresponds to white-noise correlations:

⟨ ̂𝑏†
𝑘𝑞(𝑡) ̂𝑏𝑘𝑞(𝑡′)⟩ ∝ 𝛿(𝑡 − 𝑡′). (5.31)

Moreover, since the individual system-lead couplings 𝜅𝑘 are small, the local master equation
approach is well-justified.

The full environment ℰ can thus be replaced by a set of independent Lindblad operators
acting on the lead. The dynamics of the system and lead is governed by a local, Markovian
master equation:

d ̂𝜌
d𝑡

= −𝑖[𝐻̂, ̂𝜌] +
𝐿

∑
𝑘=1

𝒟𝑘[ ̂𝜌], (5.32)

where 𝐻̂ is the Hamiltonian of the extended system:

𝐻̂ = 𝐻̂𝑆 + 𝐻̂𝑆𝐿 + 𝐻̂𝐿, (5.33)

Throughout this chapter, we use 𝐻̂ exclusively to denote the Hamiltonian of the extended
system, to distinguish it from the full microscopic Hamiltonian 𝐻tot.

Each dissipator 𝒟𝑘 acts only on lead mode ̂𝑎𝑘 and takes the form

𝒟𝑘[ ̂𝜌] = Γ𝑘(1 − 𝑓𝑘)𝔻[ ̂𝑎𝑘]( ̂𝜌) + Γ𝑘𝑓𝑘𝔻[ ̂𝑎†
𝑘]( ̂𝜌), (5.34)

with the standard Lindblad superoperator

𝔻[𝐿̂]( ̂𝜌) = 𝐿̂ ̂𝜌𝐿̂† − 1
2

{𝐿̂†𝐿̂, ̂𝜌}. (5.35)

Here, 𝑓𝑘 = (𝑒𝛽(𝜖𝑘−𝜇) + 1)−1 is the Fermi–Dirac distribution of the fictitious environment at
inverse temperature 𝛽 and chemical potential 𝜇.

The resulting master equation describes a Markovian embedding of the original open sys-
tem problem: the true reservoir is replaced by a finite auxiliary system (the lead) coupled
to idealized, memoryless environments. While the full dynamics of the original system is
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Figure 5.2: Construction of the mesoscopic leads formalism. (a) In the original model, the
system (green graph) is coupled to a continuum reservoir described by a spectral density
𝒥(𝜔) and coupling amplitudes 𝜆𝑚. (b) In the mesoscopic leads approach, the bath is
replaced by a finite set of discrete lead modes with energies 𝜖𝑘 and couplings 𝜅𝑘, each
broadened by a damping rate 𝛾𝑘 through coupling to an auxiliary environment with flat
spectral density. (c) The auxiliary environments are then traced out under the Born–
Markov approximation, ̂𝜌𝐿ℰ ≈ ̂𝜌𝐿 ⊗ ̂𝜌ℰ, yielding an effective Lindblad dissipator for each
lead mode that enforces a local Fermi distribution 𝑓𝑘. The resulting effective spectral
density 𝒥eff(𝜔) approximates the original continuum.

non-Markovian, the inclusion of the lead degrees of freedom explicitly accounts for nontrivial
environmental correlations, thereby restoring a Markovian structure in the enlarged space.
This perspective has deep implications. It allows the use of the extensive theoretical and nu-
merical machinery developed for Lindblad master equations, including quantum trajectory
methods, tensor-network simulations, and steady-state solvers.

Indeed, one of the original motivations for this type of embedding was to enable a quantum
jump description of open fermionic systems [37, 38], by shifting non-Markovian memory
effects into coherent degrees of freedom. Once the dynamics is cast in Lindblad form,
stochastic unravelings and trajectory-based methods become applicable, even in regimes of
strong coupling and structured environments.

Furthermore, if one is interested only in the steady-state properties, there exist efficient
techniques to compute the stationary solution of Eq. (5.32) directly—without explicit time
evolution. In the non-interacting case, the problem reduces to solving a quadratic equation
for the covariance matrix [65, 120], while in the interacting case, iterative and variational
methods remain tractable due to the locality and structure of the Lindblad generators.

Figure 5.2 summarizes the mesoscopic leads construction and its Markovian embedding.
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Initial state of the lead

In the target open system, the reservoir is assumed to be initially in a thermal state,

̂𝜌𝐵(0) ∝ 𝑒−𝛽(𝐻̂𝐵+𝜇𝑁̂𝐵). (5.36)

This assumption is necessary for the correct thermodynamic interpretation of the entropy
production. See, for example, our discussion of the second law in Section 3.3.2 of Chapter 2.

In the mesoscopic leads formalism, the original reservoir 𝐵 is replaced by the composite
𝐿+ℰ, where 𝐿 is the finite lead and ℰ represents the collection of auxiliary environments. To
preserve consistency with the original setup, the composite system must also be initialized
in a thermal state,

̂𝜌𝐿ℰ(0) ∝ 𝑒−𝛽(𝐻̂𝐿+𝐻̂ℰ+𝐻̂𝐿ℰ−𝜇(𝑁̂𝐿+𝑁̂ℰ)). (5.37)

On the other hand, the microscopic derivation of the Lindblad equation—obtained by
tracing out the auxiliary environments—requires that ℰ alone is initially thermal:

̂𝜌ℰ(0) ∝ 𝑒−𝛽(𝐻̂ℰ−𝜇𝑁̂ℰ). (5.38)

This assumption is necessary to ensure the resulting reduced dynamics takes Lindblad form,
as discussed in Chapter 2.

These two requirements are reconciled by the fact that the derivation also invokes the
Born approximation at the level of the lead–environment coupling, which imposes

̂𝜌𝐿ℰ(𝑡) ≈ ̂𝜌𝐿(𝑡) ⊗ ̂𝜌ℰ(𝑡) (5.39)

at all times. In particular, the initial global state must be uncorrelated. Since the to-
tal Hamiltonian 𝐻̂𝐿 + 𝐻̂ℰ is non-interacting, the thermal state of the composite system
factorizes:

̂𝜌𝐿ℰ(0) ∝ 𝑒−𝛽(𝐻̂𝐿−𝜇𝑁̂𝐿) ⊗ 𝑒−𝛽(𝐻̂ℰ−𝜇𝑁̂ℰ). (5.40)

This implies that the lead must also be initialized in a thermal state:

̂𝜌𝐿(0) = 1
𝑍𝐿

𝑒−𝛽(𝐻̂𝐿−𝜇𝑁̂𝐿), 𝑍𝐿 = Tr[𝑒−𝛽(𝐻̂𝐿−𝜇𝑁̂𝐿)]. (5.41)

Thus, the thermal initialization of the lead is required to maintain consistency between
the assumptions of the microscopic derivation and the thermodynamic structure of the full
model.

5.2.3 Time Resolution

In this section, we examine the temporal resolution of the mesoscopic leads method and
its implications for dynamical accuracy. The central object in this analysis is the reservoir
correlation function, which governs the influence of the environment on the system through
both dissipation and memory.
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For a continuum reservoir with spectral density 𝒥(𝜔), the correlation function takes the
form

𝐶(𝑡) =
ˆ ∞

−∞

d𝜔
2𝜋

𝒥(𝜔) 𝑓(𝜔) 𝑒−𝑖𝜔𝑡, (5.42)

where 𝑓(𝜔) is the Fermi–Dirac distribution. The structure of 𝐶(𝑡) directly determines the
memory kernel in the system’s effective dynamics.

In the mesoscopic leads approach, each lead mode ̂𝑎𝑘 is coupled to an auxiliary environ-
ment with flat spectral density. The Heisenberg equations of motion for the lead modes
yield a quantum Langevin equation [44, 38]:

d ̂𝑎𝑘
d𝑡

= −𝑖𝜖𝑘 ̂𝑎𝑘 − 𝑖𝜅𝑘 ̂𝑐𝑝 − Γ𝑘
2

̂𝑎𝑘 + ̂𝜉𝑘(𝑡), (5.43)

where ̂𝜉𝑘(𝑡) is a quantum noise operator with delta-correlated fluctuations. Solving this
equation and substituting the result into the Heisenberg dynamics of the system yields an
integro-differential equation of the form

d ̂𝑐𝑝

d𝑡
= … −

ˆ 𝑡

0
d𝜏 𝐶eff(𝑡 − 𝜏) ̂𝑐𝑝(𝜏) + noise, (5.44)

with an effective bath correlation function

𝐶eff(𝑡) = ∑
𝑘

|𝜅𝑘|2 𝑓(𝜖𝑘) 𝑒−𝑖𝜖𝑘𝑡𝑒−Γ𝑘𝑡/2. (5.45)

This expression shows that the system interacts with its environment through a convolution
with 𝐶eff(𝑡), which encodes the accessible memory time scales.

Since 𝐶eff(𝑡) is constructed from a finite set of discretized frequencies 𝜖𝑘, it lacks fine-
grained spectral structure. In particular, it cannot resolve features in the true correlation
function 𝐶(𝑡) that occur on timescales shorter than the inverse of the average level spacing:

𝛿𝑡min ∼ 1
Δ𝜖

. (5.46)

This limitation reflects a general time–frequency uncertainty principle and is closely re-
lated to the Shannon–Nyquist theorem [141, 142], which states that sampling a function in
frequency with resolution Δ𝜖 restricts the shortest resolvable timescale to 𝑡 ≳ 1/Δ𝜖. Conse-
quently, if the target spectral density 𝒥(𝜔) contains fine spectral features on scales narrower
than Δ𝜖, these cannot be faithfully reproduced by the mesoscopic leads construction. How-
ever, when 𝒥(𝜔) is smooth and already well approximated by a sum of a few Lorentzian
components, accurate results can be obtained even with a small number of lead modes.

Generalization to Multiple Reservoirs

The mesoscopic leads formalism naturally extends to the case where the system is coupled
to multiple reservoirs, indexed by 𝛼. For each reservoir, we introduce a corresponding finite
lead 𝐿𝛼, composed of 𝐿𝛼 discrete modes with annihilation operators ̂𝑎𝑘𝛼, energies 𝜖𝑘𝛼,
and couplings 𝜅𝑘𝛼 to the system. Each lead mode is further coupled to its own auxiliary
environment with a flat spectral density, inducing a damping rate Γ𝑘𝛼.
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5 The mesoscopic approach to quantum thermodynamics

The extended Hamiltonian, encompassing the system and all mesoscopic leads, takes the
form

𝐻̂ = 𝐻̂𝑆 + ∑
𝛼

(𝐻̂𝑆𝐿𝛼
+ 𝐻̂𝐿𝛼

), (5.47)

with the lead and coupling Hamiltonians given by

𝐻̂𝐿𝛼
=

𝐿𝛼

∑
𝑘=1

𝜖𝑘𝛼 ̂𝑎†
𝑘𝛼 ̂𝑎𝑘𝛼,

𝐻̂𝑆𝐿𝛼
=

𝐿𝛼

∑
𝑘=1

(𝜅𝑘𝛼 ̂𝑐†
𝑝𝛼 ̂𝑎𝑘𝛼 + 𝜅∗

𝑘𝛼 ̂𝑎†
𝑘𝛼 ̂𝑐𝑝𝛼

).

(5.48)

Each lead mode is subject to a local Lindblad dissipator enforcing relaxation toward a
Fermi–Dirac distribution characterized by the temperature 𝛽𝛼 and chemical potential 𝜇𝛼 of
the corresponding reservoir. The full dynamics is governed by the master equation

d ̂𝜌
d𝑡

= −𝑖[𝐻̂, ̂𝜌] + ∑
𝛼

𝐿𝛼

∑
𝑘=1

𝒟𝑘𝛼[ ̂𝜌], (5.49)

with dissipators

𝒟𝑘𝛼[ ̂𝜌] = Γ𝑘𝛼(1 − 𝑓𝑘𝛼)𝔻[ ̂𝑎𝑘𝛼]( ̂𝜌) + Γ𝑘𝛼𝑓𝑘𝛼𝔻[ ̂𝑎†
𝑘𝛼]( ̂𝜌), (5.50)

where 𝑓𝑘𝛼 = (𝑒𝛽𝛼(𝜖𝑘𝛼−𝜇𝛼) + 1)−1 is the Fermi–Dirac occupation of lead mode 𝑘 in reservoir
𝛼.

This modular structure enables the straightforward simulation of setups with arbitrary
reservoir configurations, including thermal machines and multi-terminal transport settings.

5.3 Mesoscopic Leads and Reaction Coordinate Mapping

The mesoscopic leads construction introduced above is conceptually and mathematically
related to the reaction coordinate (RC) mapping, a technique developed to address non-
Markovian environments. In this section, we clarify this connection by presenting the RC
transformation in the fermionic setting. We demonstrate how it gives rise to Lorentzian
spectral densities and how the mesoscopic leads structure naturally emerges as a multi-mode
generalization. We also discuss the chain mapping technique, which iteratively applies the
RC procedure to recast the bath as a one-dimensional tight-binding chain—a representation
that has proven particularly effective in numerical simulations of open quantum systems.

5.3.1 The Reaction Coordinate Transformation

We begin by reviewing the RC mapping for a fermionic system linearly coupled to a reservoir.
Consider a system Hamiltonian 𝐻̂𝑆, coupled via a single site 𝑝 to a bath of non-interacting
fermionic modes. The total Hamiltonian is

𝐻̂tot = 𝐻̂𝑆 + 𝐻̂𝑆𝐵 + 𝐻̂𝐵

= 𝐻̂𝑆 + ∑
𝑘

(𝜆𝑘 ̂𝑐†
𝑝 ̂𝑏𝑘 + 𝜆∗

𝑘
̂𝑏†
𝑘 ̂𝑐𝑝) + ∑

𝑘
𝜔𝑘

̂𝑏†
𝑘

̂𝑏𝑘, (5.51)
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5.3 Mesoscopic Leads and Reaction Coordinate Mapping

where 𝜔𝑘 are reservoir frequencies and 𝜆𝑘 are coupling amplitudes. The influence of the
reservoir is fully encoded in the spectral density

𝒥(0)(𝜔) = 2𝜋 ∑
𝑘

|𝜆𝑘|2𝛿(𝜔 − 𝜔𝑘). (5.52)

The core idea of the RC mapping is to isolate a collective degree of freedom of the
reservoir—the reaction coordinate—that mediates the system-bath interaction. The system
couples only to this mode, which in turn interacts with a residual environment. This struc-
ture closely resembles the mesoscopic leads construction. The hope is that the residual bath
is weakly coupled to the RC, enabling a Markovian description.

To perform the mapping, we apply a unitary transformation of the bath operators into a
new set of modes ̂𝑓𝑛 = ∑𝑘 Λ𝑛𝑘

̂𝑏𝑘, with 𝜦†𝜦 = 𝟙. As discussed in Section 4.2.1 of Chapter 4,
such transformations preserve the canonical anticommutation relations { ̂𝑓𝑛, ̂𝑓†

𝑚} = 𝛿𝑛𝑚. We
designate the first mode of this new set, ̂𝑓1. Specifically, we want the interaction term to
transform as

𝐻̂𝑆𝐵 = ∑
𝑘

(𝜆𝑘 ̂𝑐†
𝑝 ̂𝑏𝑘 + 𝜆∗

𝑘
̂𝑏†
𝑘 ̂𝑐𝑝) → 𝑔 ̂𝑐†

𝑝 ̂𝑓1 + 𝑔∗ ̂𝑓†
1 ̂𝑐𝑝. (5.53)

This is achieved by choosing the first row of 𝜦 as

Λ1𝑘 = 𝜆𝑘
𝑔

, so that 𝑔 ̂𝑓1 = ∑
𝑘

𝜆𝑘
̂𝑏𝑘. (5.54)

The anticommutation relation { ̂𝑓1, ̂𝑓†
1} = 1 then determines the system–RC coupling

strength:
|𝑔|2 = ∑

𝑘
|𝜆𝑘|2 =

ˆ
d𝜔
2𝜋

𝒥(0)(𝜔), (5.55)

where the sum has been replaced by an integral in the continuum limit.

To ensure that the residual bath remains diagonal in the new basis, we impose that 𝜦
also diagonalizes the bath Hamiltonian in the subspace orthogonal to ̂𝑓1:

∑
𝑘

Λ𝑛𝑘𝜔𝑘Λ∗
𝑚𝑘 = 𝛿𝑛𝑚𝜀𝑛 for all 𝑛, 𝑚 ≠ 1, (5.56)

Under this transformation, the bath Hamiltonian becomes

𝐻̂𝐵 = ∑
𝑘

𝜔𝑘
̂𝑏†
𝑘

̂𝑏𝑘 = 𝜀1
̂𝑓†

1
̂𝑓1 + ∑

𝑛>1
(𝑡𝑛

̂𝑓†
1

̂𝑓𝑛 + 𝑡∗
𝑛

̂𝑓†
𝑛 ̂𝑓1) + ∑

𝑛>1
𝜀𝑛

̂𝑓†
𝑛 ̂𝑓𝑛, (5.57)

with
𝑡𝑛 = ∑

𝑘

𝜔𝑘𝜆𝑘Λ∗
𝑛𝑘

𝑔
, 𝜀𝑛 = ∑

𝑘
𝜔𝑘|Λ𝑛𝑘|2. (5.58)

In particular, the energy of the RC is

𝜀1 = ∑
𝑘

𝜔𝑘|𝜆𝑘|2

|𝑔|2
= 1

2𝜋|𝑔|2

ˆ
d𝜔 𝜔𝒥(0)(𝜔). (5.59)
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RC
g

Figure 5.3: Schematic representation of the reaction coordinate (RC) mapping. The origi-
nal bath, characterized by the spectral density 𝒥(0)(𝜔), is shown on the left as a collection
of modes (red) coupled to the system (green). The RC mapping Λ transforms the envi-
ronment by isolating a collective mode (orange node labeled “RC”) with energy 𝜀1 and
coupling strength 𝑔. The remaining modes define a residual environment with a new
spectral density 𝒥(1)(𝜔). The system now couples only to the RC mode, which in turn
mediates the interaction with the residual bath.

The full Hamiltonian after the RC transformation thus reads

𝐻̂′
tot = 𝐻̂𝑆 + 𝑔 ̂𝑐†

𝑝 ̂𝑓1 + 𝑔∗ ̂𝑓†
1 ̂𝑐𝑝 + 𝜀1

̂𝑓†
1

̂𝑓1 +
∞

∑
𝑛>1

(𝑡𝑛
̂𝑓†

1
̂𝑓𝑛 + 𝑡∗

𝑛
̂𝑓†

𝑛 ̂𝑓1) +
∞

∑
𝑛>1

𝜀𝑛
̂𝑓†

𝑛 ̂𝑓𝑛. (5.60)

From a linear algebra perspective, the unitary matrix 𝜦 can always be constructed. Once
the first row 𝜦1 = (𝜆1/𝑔, … ) is fixed, the remaining rows can be chosen to diagonalize the
matrix 𝑾 = diag(𝝎) restricted to the orthogonal subspace 𝜦⟂

1 . Explicitly, this corresponds
to diagonalizing 𝑽 𝑾 𝑽 †, where the rows of 𝑽 form an orthonormal basis for 𝜦⟂

1 .
Figure 5.3 provides a schematic illustration of the transformation.

Residual Spectral Density

The influence of the residual bath on the reaction coordinate is described by the spectral
density

𝒥(1)(𝜔) = 2𝜋 ∑
𝑛

|𝑡𝑛|2𝛿(𝜔 − 𝜀𝑛). (5.61)

We now aim to express 𝒥(0)(𝜔) as a functional of 𝒥(1)(𝜔) by comparing the system dynam-
ics before and after the mapping. This is done by matching the system’s effective dynamics
before and after the RC transformation, allowing us to relate the two self-energies via the
equations of motion.

Under the original Hamiltonian, the Heisenberg equations of motion for the system oper-
ator ̂𝑐𝑝 and bath modes ̂𝑏𝑘 are

⎧{{
⎨{{⎩

d
d𝑡

̂𝑐𝑝(𝑡) = 𝑖[𝐻̂𝑆(𝑡), ̂𝑐𝑝(𝑡)] − 𝑖 ∑
𝑘

𝜆𝑘
̂𝑏𝑘(𝑡)

d
d𝑡

̂𝑏𝑘(𝑡) = −𝑖𝜔𝑘
̂𝑏𝑘(𝑡) − 𝑖𝜆∗

𝑘 ̂𝑐𝑝(𝑡).
(5.62)

To proceed, we define the transformation for 𝑧 ∈ ℂ with Im 𝑧 > 0:

̃𝑓(𝑧) =
ˆ ∞

0
d𝑡 𝑒𝑖𝑧𝑡𝑓(𝑡). (5.63)
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Note this is not exactly a Fourier transform, but rather a hybrid between a Fourier and a
Laplace transform, owing to the complex nature of 𝑧. The condition Im 𝑧 > 0 is necessary
for the convergence of the integral. While this terminology is not standard, we will refer to
it as a Fourier-Laplace transform.

Similarly to the conventional Fourier transform, it satisfies the identity

d̃𝑓
d𝑡

= −𝑖𝑧 ̃𝑓(𝑧). (5.64)

Applying this transformation to Eq. (5.62), we obtain

⎧{
⎨{⎩

−𝑖𝑧 ̃𝑐𝑝(𝑧) = ̃𝑖[𝐻̂𝑆, ̂𝑐𝑝](𝑧) − 𝑖 ∑
𝑘

𝜆𝑘
̃𝑏𝑘(𝑧),

−𝑖𝑧 ̃𝑏𝑘(𝑧) = −𝑖𝜔𝑘
̃𝑏𝑘(𝑧) − 𝑖𝜆∗

𝑘 ̃𝑐𝑝(𝑧).
(5.65)

Solving for ̃𝑏𝑘(𝑧) and substituting into the equation for ̃𝑐𝑝(𝑧) yields

̃𝑏𝑘(𝑧) = 𝜆∗
𝑘

𝑧 − 𝜔𝑘
̃𝑐𝑝(𝑧), 𝑧 ̃𝑐𝑝(𝑧) = − ̃[𝐻̂𝑆, ̂𝑐𝑝](𝑧) + ∑

𝑘

|𝜆𝑘|2

𝑧 − 𝜔𝑘
̃𝑐𝑝(𝑧). (5.66)

We now define the reservoir (retarded) self-energy as

Σ(0)(𝑧) = ∑
𝑘

|𝜆𝑘|2

𝑧 − 𝜔𝑘
= 1

2𝜋

ˆ
d𝜔′ 𝒥(0)(𝜔′)

𝑧 − 𝜔′ , (5.67)

which is the Cauchy transform of the spectral density 𝒥(0)(𝜔). It satisfies the Sokhot-
ski–Plemelj theorem [143, 144]:

Σ(0)(𝜔 + 𝑖0+) = − 𝑖
2

𝒥(0)(𝜔) + 1
2𝜋

𝒫
ˆ

d𝜔′ 𝒥(0)(𝜔′)
𝜔′ − 𝜔

, (5.68)

where the limit is defined as Σ(𝜔 + 𝑖0+) = lim𝜖→0+ Σ(𝜔 + 𝑖𝜖).
The second term in Eq. (5.68) is an instance of the Hilbert transform [145], a singular

integral operator defined as

ℋ[𝑓](𝜔) = 1
𝜋

𝒫
ˆ

d𝜔′ 𝑓(𝜔′)
𝜔′ − 𝜔

. (5.69)

This operation plays an important role in signal processing theory.
Hence, the equation of motion for the system mode becomes

𝑧 ̃𝑐𝑝(𝑧) = − ̃[𝐻̂𝑆, ̂𝑐𝑝](𝑧) + Σ(0)(𝑧) ̃𝑐𝑝(𝑧). (5.70)

Now consider the equations of motion after the RC transformation:

⎧
{{{
⎨
{{{
⎩

d
d𝑡

̂𝑐𝑝(𝑡) = 𝑖[𝐻̂𝑆(𝑡), ̂𝑐𝑝(𝑡)] − 𝑖𝑔 ̂𝑓1(𝑡),

d
d𝑡

̂𝑓1(𝑡) = −𝑖𝜀1
̂𝑓1(𝑡) − 𝑖𝑔∗ ̂𝑐𝑝(𝑡) − 𝑖 ∑

𝑛>1
𝑡∗
𝑛

̂𝑓𝑛(𝑡),

d
d𝑡

̂𝑓𝑛(𝑡) = −𝑖𝜀𝑛
̂𝑓𝑛(𝑡) − 𝑖𝑡𝑛

̂𝑓1(𝑡), 𝑛 > 1.

(5.71)
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Applying the Fourier-Laplace transform, we obtain:

⎧
{{
⎨
{{
⎩

−𝑖𝑧 ̃𝑐𝑝(𝑧) = 𝑖 ̃[𝐻̂𝑆, ̂𝑐𝑝](𝑧) − 𝑖𝑔 ̃𝑓1(𝑧),

−𝑖𝑧 ̃𝑓1(𝑧) = −𝑖𝜀1
̃𝑓1(𝑧) − 𝑖𝑔∗ ̃𝑐𝑝(𝑧) − 𝑖 ∑

𝑛>1
𝑡∗
𝑛

̃𝑓𝑛(𝑧),

−𝑖𝑧 ̃𝑓𝑛(𝑧) = −𝑖𝜀𝑛
̃𝑓𝑛(𝑧) − 𝑖𝑡𝑛

̃𝑓1(𝑧), 𝑛 > 1.

(5.72)

Solving hierarchically, we first eliminate the residual bath modes:

̃𝑓𝑛(𝑧) = 𝑡𝑛
𝑧 − 𝜀𝑛

̃𝑓1(𝑧), (5.73)

and substitute into the equation for ̃𝑓1(𝑧):

̃𝑓1(𝑧) = 𝑔∗

𝑧 − 𝜀1 − ∑𝑛>1
|𝑡𝑛|2
𝑧−𝜀𝑛

̃𝑐𝑝(𝑧). (5.74)

Here, we recognize the self-energy of the residual bath:

Σ(1)(𝑧) = ∑
𝑛>1

|𝑡𝑛|2

𝑧 − 𝜀𝑛
. (5.75)

The resulting equation of motion for the system mode then becomes

𝑧 ̃𝑐𝑝(𝑧) = −𝑖 ̃[𝐻̂𝑆, ̂𝑐𝑝](𝑧) + |𝑔|2

𝑧 − 𝜀1 − Σ(1)(𝑧)
̃𝑐𝑝(𝑧). (5.76)

Since the reaction coordinate mapping is an exact unitary transformation of the bath
degrees of freedom, the dynamics of the system mode must remain unchanged. This allows
us to equate the two expressions for ̃𝑐𝑝(𝑧) and directly compare the corresponding self-
energies. Matching with Eq. (5.70) gives

Σ(0)(𝑧) = |𝑔|2

𝑧 − 𝜀1 + Σ(1)(𝑧)
⇒ Σ(1)(𝑧) = (𝑧 − 𝜀1) − |𝑔|2

Σ(0)(𝑧)
. (5.77)

Finally, using the Sokhotski–Plemelj relation and the identity Im(1/𝑥) = − Im(𝑥)/|𝑥|2,
we obtain the transformed spectral density:

𝒥(1)(𝜔) = 2|𝑔|2 ReΣ(0)(𝜔 + 𝑖0+)
|Σ(0)(𝜔 + 𝑖0+)|2

= 4|𝑔|2𝒥(0)(𝜔)

[ 1
𝜋𝒫
´
d𝜔′ 𝒥(0)(𝜔′)

𝜔′−𝜔 ]
2

+ [𝒥(0)(𝜔)]2
. (5.78)

This completes the formal derivation of the RC-transformed spectral density.

Interpretation and Example

The RC mapping is formally exact: it involves a unitary transformation on the bath degrees
of freedom and introduces no approximation. Its practical value lies in the fact that, for
many spectral densities of physical interest, the residual bath couples more weakly to the
RC than the original bath did to the system. This can make the setup more amenable to
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Markovian treatments, even though the dynamics of the reduced state of the system remains
non-Markovian.

A useful heuristic, discussed in Ref. [146], helps explain why this often occurs. If the
original spectral density is scaled as 𝒥(0)(𝜔) → 𝛼𝒥(0)(𝜔) for some 𝛼 > 0, the system–RC
coupling becomes 𝑔 →

√
𝛼 𝑔, while the residual spectral density 𝒥(1)(𝜔) remains unchanged.

Thus, even in the strong-coupling limit, the non-Markovianity is absorbed into the system–
RC interaction, while the residual bath remains weakly coupled.

While the RC mapping often leads to a reduction in coupling strength, this behavior is not
guaranteed and depends on the form of the initial spectral density. Table 5.1 presents several
representative spectral densities along with the resulting system–RC coupling strength, RC
frequency, and residual spectral density following a single RC mapping. These examples,
adapted from Ref. [146], demonstrate how certain forms lead to dramatic simplifications,
while others retain significant structure in the residual bath.

Table 5.1: Examples of initial spectral densities 𝒥(0)(𝜔), corresponding system–RC coupling strengths
|𝑔|2, RC frequencies 𝜀1, and residual spectral densities 𝒥(1)(𝜔) after a single reaction
coordinate mapping. Adapted from Ref. [146].

𝒥(0)(𝜔) |𝑔|2 𝜀1 𝒥(1)(𝜔)

Γ𝛿2

(𝜔 − 𝜖)2 + 𝛿2

Γ𝛿
2

𝜖 2𝛿

Γ𝑒− (𝜔−𝜖)2

𝛿2
Γ𝛿

√
𝜋

2
𝜖 2Γ𝛿

√
𝜋[1 + (𝜔−𝜖

𝛿 )2]
1 − erf(𝑖𝜔−𝜖

𝛿 )

ΓΘ(𝜔, 𝜖 − 𝛿, 𝜖 + 𝛿) Γ𝛿
𝜋

𝜖 4𝜋Γ𝛿 atanh2(𝜔−𝜖
𝛿 )

𝜋2 + 4 atanh2(𝜔−𝜖
𝛿 )

Θ(𝜔, 𝜖 − 𝛿, 𝜖 + 𝛿)

Γ√1 − (𝜔 − 𝜖
𝛿

)
2
Θ(𝜔, 𝜖 − 𝛿, 𝜖 + 𝛿)

Γ𝛿
4

𝜖 Γ𝛿
4

√1 − (𝜔 − 𝜖
𝛿

)
2
Θ(𝜔, 𝜖 − 𝛿, 𝜖 + 𝛿)

One particularly simple and widely used case is the Lorentzian spectral density:

𝒥(0)(𝜔) = 𝜅2𝛾
(𝜔 − 𝜖)2 + (𝛾/2)2 , (5.79)

which is centered at frequency 𝜖, with width 𝛾, and coupling strength 𝜅.
The coupling between the system and the RC, denoted |𝑔|, follows from the general

identity

|𝑔|2 =
ˆ ∞

−∞

d𝜔
2𝜋

𝒥(0)(𝜔) =
ˆ ∞

−∞

d𝜔
2𝜋

𝜅2𝛾
(𝜔 − 𝜖)2 + (𝛾/2)2 = 𝜅2, (5.80)

where the final equality follows from the normalization of the Lorentzian function.
To compute the residual spectral density, we make use of the Hilbert transform of the

Lorentzian [145]:

ℋ[ 1
(𝑥 − 𝑎)2 + 𝑏2 ] = (𝑥 − 𝑎)

𝑏[(𝑥 − 𝑎)2 + 𝑏2]
. (5.81)

Applying this to Eq. (5.79), we obtain:

ℋ[𝒥(0)](𝜔) = 2𝜅2(𝜔 − 𝜖)
(𝜔 − 𝜖)2 + (𝛾/2)2 . (5.82)
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5 The mesoscopic approach to quantum thermodynamics

Figure 5.4: (a) The reaction coordinate (RC) mapping isolates a single mode from an initial
Lorentzian spectral density 𝒥(0)(𝜔), resulting in a flat residual spectral density 𝒥(1)(𝜔).
(b) In the mesoscopic leads construction, the system couples to multiple discrete modes,
each connected to a flat auxiliary reservoir. The resulting effective spectral density is a
sum of Lorentzians, generalizing the RC mapping to a multi-mode setting.

We now substitute the explicit forms of 𝒥(0)(𝜔) and its Hilbert transform into Eq. (5.78)
to obtain the residual spectral density. For compactness, define 𝐷 = (𝜔 − 𝜖)2 + (𝛾/2)2.
Then,

𝒥(1)(𝜔) =
4𝜅2 ⋅ 𝜅2𝛾

𝐷

(2𝜅2(𝜔 − 𝜖)
𝐷

)
2

+ (𝜅2𝛾
𝐷

)
2 (5.83)

= 4𝜅4𝛾𝐷
4𝜅4(𝜔 − 𝜖)2 + 𝜅4𝛾2 (5.84)

= 𝛾 ⋅ 𝐷
(𝜔 − 𝜖)2 + 𝛾2/4

= 𝛾. (5.85)

We conclude that the residual spectral density is a constant:

𝒥(1)(𝜔) = 𝛾. (5.86)

This shows that when a discrete mode is coupled to a flat reservoir, the resulting effective
spectral density seen by the system takes a Lorentzian form. This observation forms the
conceptual bridge to the mesoscopic leads formalism, which we now examine.

5.3.2 Connection to the Mesoscopic Leads Approach

In the mesoscopic leads picture, the system couples to 𝐿 discrete modes, each of which is
connected to an independent auxiliary bath with a flat spectral density. The intuition from
the RC mapping suggests that the resulting effective spectral density should be a sum of
Lorentzians. This analogy is summarized visually in Fig. 5.4. In this section, we make this
correspondence explicit by directly analyzing the equations of motion.
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5.3 Mesoscopic Leads and Reaction Coordinate Mapping

We first observe that the mesoscopic leads setup can be recast into the standard form of
a system linearly coupled to a quadratic environment. The Hamiltonian reads

𝐻̂tot = 𝐻̂𝑆 +
𝐿

∑
𝑘=1

(𝜅𝑘 ̂𝑐†
𝑝 ̂𝑎𝑘 + h.c.)+

𝐿
∑
𝑘=1

𝜖𝑘 ̂𝑎†
𝑘 ̂𝑎𝑘 +∑

𝑞
(𝜈𝑘𝑞 ̂𝑎†

𝑘
̂𝑏𝑘𝑞 + h.c.)+∑

𝑞
Ω𝑘𝑞

̂𝑏†
𝑘𝑞

̂𝑏𝑘𝑞. (5.87)

Our goal is to bring the hierarchical environment (lead plus auxiliary baths) into the
standard form 𝐻̂𝐵 = ∑𝑘 𝜔𝑘

̂𝜓†
𝑘

̂𝜓𝑘, where the system couples to a diagonalized bath. In
principle, this requires diagonalizing a hybrid environment composed of discrete modes ( ̂𝑎𝑘)
coupled to a continuum ( ̂𝑏𝑘𝑞). The procedure of diagonalizing such composite systems is
known as Fano diagonalization [147], and underlies the pseudomode formalism developed by
Garraway [39, 148].

In our case, however, we work with fermionic baths whose spectral densities have finite
support. This allows us to treat the auxiliary reservoirs as effectively finite-dimensional
by discretizing them into 𝐾 modes with 𝐾 → ∞. Within this approximation, the diago-
nalization becomes a standard unitary transformation on a large but finite single-particle
Hamiltonian. This discretized picture retains the physical intuition of the Fano framework
while allowing us to focus on the connection with the RC mapping.

To simplify the notation, we define a composite basis { ̂𝑓𝑛}, where the first 𝐿 elements
correspond to the lead modes ̂𝑎𝑘, and the remaining elements span the auxiliary reservoirs:

{ ̂𝑓𝑛} = { ̂𝑎1, … , ̂𝑎𝐿, ̂𝑏11, ̂𝑏12, … }.

The full Hamiltonian can then be expressed as

𝐻̂tot = 𝐻̂𝑆 +
𝐿

∑
𝑛=1

(𝜅𝑛 ̂𝑐†
𝑝 ̂𝑓𝑛 + h.c.) + ∑

𝑛𝑚
ℎ𝑛𝑚

̂𝑓†
𝑛 ̂𝑓𝑚, (5.88)

where ℎ𝑛𝑚 is the single-particle Hamiltonian of the hierarchical environment.

To recover the standard form, we diagonalize this matrix as ∑𝑛𝑚 𝑆𝑗𝑛ℎ𝑛𝑚𝑆∗
𝑘𝑚 = 𝜔𝑗𝛿𝑗𝑘.

We denote the corresponding normal modes

̂𝑓𝑛 = ∑
𝑘

𝑆∗
𝑘𝑛

̂𝜓𝑘, (5.89)

which yields the standard system–bath form

𝐻̂tot = 𝐻̂𝑆 + ∑
𝑘

𝜔𝑘
̂𝜓†
𝑘

̂𝜓𝑘 + ∑
𝑘

(𝑔𝑘 ̂𝑐†
𝑝 ̂𝜓𝑘 + h.c.). (5.90)

This result is not surprising: it simply reflects the fact that, although the environment in
the mesoscopic leads formalism is hierarchically structured, the system ultimately couples
to an effective spectral density.
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5 The mesoscopic approach to quantum thermodynamics

Having established this connection, we now derive the effective spectral density seen by
the system, following the same approach used in the RC mapping. The coupled Heisenberg
equations of motion are

d
d𝑡

̂𝑐𝑝 = 𝑖[𝐻̂𝑆, ̂𝑐𝑝] − 𝑖
𝐿

∑
𝑘=1

𝜅𝑘 ̂𝑎𝑘,

d
d𝑡

̂𝑎𝑘 = −𝑖𝜖𝑘 ̂𝑎𝑘 − 𝑖𝜅∗
𝑘 ̂𝑐𝑝 − 𝑖 ∑

𝑞
𝜈𝑘𝑞

̂𝑏𝑘𝑞,

d
d𝑡

̂𝑏𝑘𝑞 = −𝑖Ω𝑘𝑞
̂𝑏𝑘𝑞 − 𝑖𝜈∗

𝑘𝑞 ̂𝑎𝑘,

(5.91)

where we have suppressed the explicit time dependence for clarity.

Applying the Fourier–Laplace transform, we obtain

−𝑖𝑧 ̃𝑐𝑝 = 𝑖 ̃[𝐻̂𝑆, ̂𝑐𝑝] − 𝑖 ∑
𝑘

𝜅𝑘 ̃𝑎𝑘,

−𝑖𝑧 ̃𝑎𝑘 = −𝑖𝜖𝑘 ̃𝑎𝑘 − 𝑖𝜅∗
𝑘 ̃𝑐𝑝 − 𝑖 ∑

𝑞
𝜈𝑘𝑞

̃𝑏𝑘𝑞,

−𝑖𝑧 ̃𝑏𝑘𝑞 = −𝑖Ω𝑘𝑞
̃𝑏𝑘𝑞 − 𝑖𝜈∗

𝑘𝑞 ̃𝑎𝑘.

(5.92)

Solving the last equation gives

̃𝑏𝑘𝑞(𝑧) =
𝜈𝑘𝑞

𝑧 − Ω𝑘𝑞
̃𝑎𝑘(𝑧), (5.93)

and substituting into the equation for ̃𝑎𝑘(𝑧), we find

̃𝑎𝑘(𝑧) = 𝜅∗
𝑘

𝑧 − 𝜖𝑘 − Σ𝑘(𝑧)
̃𝑐𝑝(𝑧), (5.94)

where
Σ𝑘(𝑧) = ∑

𝑞

|𝜈𝑘𝑞|2

𝑧 − Ω𝑘𝑞
= 1

2𝜋

ˆ
d𝜔 𝒥𝑘(𝜔)

𝑧 − 𝜔
(5.95)

is the self-energy due to the reservoir coupled to ̂𝑎𝑘.

Substituting back, the equation of motion for ̃𝑐𝑝(𝑧) becomes

𝑧 ̃𝑐𝑝(𝑧) = 𝑖 ̃[𝐻̂𝑆, ̂𝑐𝑝](𝑧) +
𝐿

∑
𝑘=1

|𝜅𝑘|2

𝑧 − 𝜖𝑘 − Σ𝑘(𝑧)
̃𝑐𝑝(𝑧). (5.96)

Now, we assume that each auxiliary reservoir has a flat spectral density:

𝒥𝑘(𝜔) = Γ𝑘, (5.97)

supported over a broad frequency interval [−𝑊𝑘, 𝑊𝑘] with 𝑊𝑘 ≫ Γ𝑘. In this case, the prin-
cipal value integral diverges logarithmically as 𝑊𝑘 → ∞, but its imaginary part converges
to

ImΣ𝑘(𝜔 + 𝑖0+) = −Γ𝑘
2

, (5.98)
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5.3 Mesoscopic Leads and Reaction Coordinate Mapping

Figure 5.5: (a) Iterative application of the reaction coordinate (RC) mapping. Starting from an
original environment characterized by the spectral density 𝒥(0)(𝜔), the first RC (with
energy 𝜀1 and coupling 𝑔0) is extracted, yielding a residual spectral density 𝒥(1)(𝜔). This
process is repeated, resulting in a semi-infinite tight-binding chain with on-site energies
𝜀𝑛 and hoppings 𝑔𝑛, where the system 𝑆 couples only to the first site. (b) In practical
simulations, the chain is truncated after 𝐿 modes, introducing finite-size effects that limit
simulation time.

and the real part can be absorbed into a redefinition of 𝜖𝑘. Thus, in the so-called wide band
limit, we approximate

Σ𝑘(𝑧) ≈ −𝑖Γ𝑘
2

. (5.99)

The effective self-energy is then

Σeff(𝑧) = ∑
𝑘

|𝜅𝑘|2

𝑧 − 𝜖𝑘 + 𝑖Γ𝑘/2
, (5.100)

and the corresponding spectral density is

𝒥eff(𝜔) = 2 ImΣeff(𝜔 + 𝑖0+) = ∑
𝑘

|𝜅𝑘|2Γ𝑘
(𝜔 − 𝜖𝑘)2 + (Γ𝑘/2)2 , (5.101)

which is a sum of Lorentzians centered at the lead mode energies 𝜖𝑘, each broadened by Γ𝑘.

5.3.3 Chain Mapping

The reaction coordinate (RC) mapping can be iteratively applied to derive a powerful tech-
nique known as chain mapping. After a single RC transformation, the original bath is
replaced by a single mode (the RC) coupled to a residual environment. One can then apply
the RC mapping again, this time to the residual bath, resulting in a chain of two modes
coupled to a residual bath at the end. Repeating this process 𝐿 times results in an 𝐿-mode
tight binding chain, with only the last one coupled to a residual bath.

The total Hamiltonian after 𝐿 such transformations takes the form

𝐻̂tot = 𝐻̂𝑆 + (𝑔0 ̂𝑐†
𝑝 ̂𝑓1 + h.c) + 𝐻̂(𝐿)

chain + ∑
𝑘>𝐿

(𝑡𝑘
̂𝑓†

𝐿
̂𝑓𝑘 + h.c.) + ∑

𝑘>𝐿
𝜀𝑘

̂𝑓†
𝑘

̂𝑓𝑘, (5.102)

where

𝐻̂(𝐿)
chain =

𝐿
∑
𝑛=1

𝜀𝑛
̂𝑓†

𝑛 ̂𝑓𝑛 +
𝐿−1
∑
𝑛=1

(𝑔𝑛
̂𝑓†

𝑛 ̂𝑓𝑛+1 + h.c.). (5.103)
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5 The mesoscopic approach to quantum thermodynamics

The parameters {𝜀𝑛, 𝑔𝑛} defining the chain are obtained by recursively applying the RC
map. Starting with the original bath spectral density 𝒥0(𝜔), the recursion relations are
given by

|𝑔𝑛|2 =
ˆ

d𝜔
2𝜋

𝒥𝑛(𝜔), (5.104)

𝜀𝑛+1 = 1
|𝑔𝑛|2

ˆ
d𝜔
2𝜋

𝜔𝒥𝑛(𝜔), (5.105)

𝒥𝑛+1(𝜔) = 4|𝑔𝑛|2𝒥𝑛(𝜔)

[ 1
𝜋𝒫
´
d𝜔′ 𝒥𝑛(𝜔′)

𝜔′−𝜔 ]
2

+ [𝒥𝑛(𝜔)]2
. (5.106)

This iterative procedure is illustrated schematically in Fig. 5.5, where each RC transfor-
mation converts a residual bath into an additional site in a growing tight-binding chain,
ultimately yielding an exact representation of the environment as a semi-infinite lattice.

While this is not guaranteed in general, if the coupling to the residual reservoir decays
with 𝑛, the Markovian approximation may become justified for the dynamics of the system
plus a finite-length chain.

Significant theoretical effort has been devoted to analyzing the asymptotic behavior of
the chain parameters {𝑔𝑛, 𝜀𝑛} and the residual spectral densities 𝒥𝑛(𝜔) as 𝑛 → ∞ [149].

In the limit 𝑛 → ∞, the environment is mapped exactly onto a semi-infinite tight-binding
chain. The full Hamiltonian becomes

𝐻̂tot = 𝐻̂𝑆 + (𝑔0 ̂𝑐†
𝑝 ̂𝑓1 + h.c.) +

∞
∑
𝑛=1

(𝑔𝑛
̂𝑓†

𝑛 ̂𝑓𝑛+1 + h.c.) +
∞

∑
𝑛=1

𝜀𝑛
̂𝑓†

𝑛 ̂𝑓𝑛. (5.107)

This transformation belongs to a family of methods known as chain mapping, and has
become a foundational tool in the simulation of open quantum systems [150, 97, 74, 149].

The chain mapping is formally exact: it is implemented by a unitary transformation
that preserves all dynamical properties of the original system–bath model. Importantly,
although it maps a continuum bath to a discrete semi-infinite chain, this transformation is
not a discretization in the conventional sense.

Each mode in the chain is constructed as a carefully weighted average over the original
bath modes, preserving the full spectral information. Essentially, the mapping consists in
transforming the diagonal bath into a tridiagonal form. This ensures that no frequency
resolution is lost, unlike standard discretization techniques based on mode sampling.

A thermal state of the bath is mapped into a thermal state of the chain via the unitary
transformation. Since the original bath is assumed to be initially thermal, the initial state
of the chain is given by

̂𝜌𝐵(0) = 𝑒−𝛽(𝐻̂chain−𝜇𝑁̂chain)

𝑍
(5.108)

where 𝐻̂chain and ̂𝑁chain are the Hamiltonian and particle number of the semi-infinite chain
and 𝑍 is the corresponding partition function.

In practice, simulations based on the chain mapping require truncating the semi-infinite
chain to a finite length 𝐿. This approximation introduces important finite size effects:
after a finite time, the dynamics will inevitably exhibit recurrences due to the reflection
of excitations at the end of the truncated chain. These effects are analogous to Poincaré
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5.4 Thermodynamics in the Mesoscopic Leads Approach

recurrences, with a characteristic timescale that scales inversely with the chain length, 𝑡rec ∼
1/𝐿 [31].

A useful perspective comes from causality: information propagates along the chain with
a finite velocity, so it takes a finite time for any influence from the end of the chain to travel
back to the system. This idea is formalized by the Lieb–Robinson bound [151], which sets
an effective light cone for information propagation in local quantum systems. Consequently,
the simulation remains faithful up to a maximum time

𝑡max ∼ 𝐿
𝑣

, (5.109)

where 𝑣 is the Lieb–Robinson velocity. Ref. [152] provides rigorous bounds for error intro-
duced in this truncation in a bosonic chain, using a closely related chain mapping method
(TEDOPA).

An additional subtlety arises in how the initial state of the truncated chain is prepared.
In practice, one typically initializes the finite chain in a Gibbs state of the truncated chain
Hamiltonian:

̂𝜌(𝐿)
chain(0) = 𝑒−𝛽(𝐻̂(𝐿)

chain−𝜇𝑁̂(𝐿)
chain)

𝑍𝐿
. (5.110)

where 𝐻̂(𝐿)
chain and ̂𝑁 (𝐿)

chain refer to the Hamiltonian and number operator of the truncated
chain, and 𝑍𝐿 is the corresponding partition function.

This differs from the true reduced state obtained by tracing out the remainder of the
semi-infinite chain:

̂𝜌(𝐿)
chain(0) ≠ Tr𝑁>𝐿[ ̂𝜌chain(0)], (5.111)

where Tr𝑛>𝐿 denotes the partial trace over the discarded modes. However, the error in-
troduced by this approximation vanishes as 𝐿 → ∞, particularly when the coupling to the
residual environment becomes negligible.

One way to circumvent this issue is by applying a thermofield transformation, which
maps the finite-temperature chain to two coupled zero-temperature chains with temperature-
dependent couplings [150, 153].

5.4 Thermodynamics in the Mesoscopic Leads Approach

As we briefly discussed in Section 5.1, the main ingredients for the description of the ther-
modynamics are the particle and energy currents, as well as the entropy production rate.

Let us consider the case of a system coupled to multiple baths. In the mesoscopic leads
approach, the extended system Hamiltonian takes the form

𝐻̂ = 𝐻̂𝑆 + ∑
𝛼

(𝐻̂𝑆𝐿𝛼
+ 𝐻̂𝐿𝛼

), (5.112)

where 𝐻̂𝐿𝛼
is the Hamiltonian of lead 𝛼 and 𝐻̂𝑆𝐿𝛼

describes its coupling to the system.
The dynamics of the extended state (system + leads), denoted simply by ̂𝜌, follows a

Lindblad master equation:
d ̂𝜌
d𝑡

= −𝑖[𝐻̂, ̂𝜌] + ∑
𝛼

𝒟𝛼[ ̂𝜌], (5.113)
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where 𝐻̂ is the Hamiltonian of the extended system, and 𝒟𝛼 is the collective dissipator
acting on lead 𝛼.

Within this Lindblad framework, the thermodynamic formalism developed by Alicki (see
Chapter 3, Section 3.6) provides operational definitions for the energy and particle currents:

𝐼𝐸
𝛼 = Tr[𝐻̂𝒟𝛼( ̂𝜌)], 𝐼𝑃

𝛼 = Tr[ ̂𝑁𝒟𝛼( ̂𝜌)], (5.114)

where ̂𝑁 denotes the particle number operator of the extended system.

Since the dissipator 𝒟𝛼 is local and acts only on operators of lead 𝛼, the particle current
simplifies to

𝐼𝑃
𝛼 = Tr[ ̂𝑁𝒟𝛼( ̂𝜌)] = Tr[ ̂𝑁𝛼𝒟𝛼( ̂𝜌)], (5.115)

which reflects the rate at which particles are injected into lead 𝛼. The energy current, on
the other hand, accounts for the injection of energy into both the lead and the interaction
term:

𝐼𝐸
𝛼 = Tr[(𝐻̂𝐿𝛼

+ 𝐻̂𝑆𝐿𝛼
)𝒟𝛼( ̂𝜌)], (5.116)

since 𝐻̂𝑆𝐿𝛼
includes operators acting on the lead.

However, a subtle distinction arises in the mesoscopic leads construction: the currents
defined above describe the flow of energy and particles into the full extended system. We
refer to these quantities as the external currents, reflecting flows from the auxiliary baths
into the extended system. They do not necessarily coincide with the currents flowing from
the leads into the original system, which also include coherent contributions from the unitary
part of the evolution. We refer to these as the internal currents.

In the steady state, this distinction becomes irrelevant: conservation of energy and particle
number ensures that internal and external currents are equal. Outside the steady state,
however, this equivalence no longer holds. The lead modes may accumulate or release
energy and particles, and the external currents no longer reflect the net exchange with the
system.

Ultimately, our goal is to define currents that recover those of the original setup in the
limit 𝐿𝛼 → ∞. A schematic distinction between internal and external currents in the
mesoscopic leads framework is shown in Fig. 5.6.

In the remainder of this section, we examine this question in detail. We begin with the
steady-state case, deriving explicit expressions for the particle and energy currents. We then
turn to the transient regime, where we rely on the unitary structure of the mesoscopic leads
model to define the internal currents.

5.4.1 Steady-State Currents

If the system Hamiltonian is time-independent, the extended system relaxes to a non-
equilibrium steady state (NESS), where the external and internal currents coincide.
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currents

currents
internal

external

Figure 5.6: Internal vs external currents in the mesoscopic leads approach. The auxiliary
reservoirs (red) inject energy and particles into the lead modes (orange) via local dissi-
pators 𝒟𝛼, collectively denoted by the large red 𝒟. These define the external energy and
particle currents, 𝐼𝐸 and 𝐼𝑃, entering the extended system (leads + system). In turn,
the lead modes exchange energy and particles with the system (green), giving rise to the
internal currents 𝐽𝐸 and 𝐽𝑃. At steady state, internal and external currents coincide,
but they differ during transients due to finite lead occupation.

To illustrate this, consider the paradigmatic setup of a system coupled to two baths—de-
noted left (𝐿) and right (𝑅)—held at different temperatures or chemical potentials. The
master equation governing the dynamics takes the form

d ̂𝜌
d𝑡

= −𝑖[𝐻̂, ̂𝜌] + 𝒟𝐿( ̂𝜌) + 𝒟𝑅( ̂𝜌), (5.117)

where 𝒟𝐿(𝑅) are the dissipators associated with the left (right) auxiliary environments.
From this, the time evolution of the average particle number ⟨ ̂𝑁⟩ follows:

d⟨ ̂𝑁⟩
d𝑡

= −𝑖Tr([𝐻̂, ̂𝑁] ̂𝜌) + Tr[ ̂𝑁𝒟𝐿( ̂𝜌)] + Tr[ ̂𝑁𝒟𝑅( ̂𝜌)]. (5.118)

Assuming global particle-number conservation, [𝐻̂, ̂𝑁] = 0, we obtain a continuity equation:

d⟨ ̂𝑁⟩
d𝑡

= 𝐼𝑃
𝐿 + 𝐼𝑃

𝑅, where 𝐼𝑃
𝛼 = Tr[ ̂𝑁𝛼𝒟𝛼( ̂𝜌)], 𝛼 = 𝐿, 𝑅. (5.119)

Explicit expressions for the external currents can be obtained using the adjoint master
equation formalism introduced in Section 2.4. Acting on the operator ̂𝑁𝛼 = ∑𝑁𝛼

𝑘=1 ̂𝑎†
𝑘𝛼 ̂𝑎𝑘𝛼

with the adjoint dissipator 𝒟†
𝛼, we find

𝐼𝑃
𝛼 =

𝑁𝛼

∑
𝑘=1

𝛾𝑘𝛼⟨𝑓𝑘𝛼 − ̂𝑎†
𝑘𝛼 ̂𝑎𝑘𝛼⟩, (5.120)

where 𝛾𝑘𝛼 is the damping rate and 𝑓𝑘𝛼 is the thermal occupation of mode 𝑘 in bath 𝛼.
In the steady state, particle number is conserved, so Eq. (5.119) reduces to

d
d𝑡

⟨ ̂𝑁⟩ = 0 ⇒ 𝐼𝑃
𝐿 + 𝐼𝑃

𝑅 = 0. (5.121)

In this regime, the system supports a unique steady-state particle current:

𝐽𝑃
ss ≡ 𝐼𝑃

𝐿 = −𝐼𝑃
𝑅. (5.122)

131



5 The mesoscopic approach to quantum thermodynamics

Figure 5.7: Structure of the hierarchical environment in the mesoscopic leads framework.
Each lead mode (orange) is coupled to a system site (green, right) via the Hamiltonian
𝐻̂𝑆𝐿. The lead modes themselves form part of a larger environment (shaded red region)
composed of the lead Hamiltonian 𝐻̂𝐿, auxiliary reservoirs ℰ (red), and their couplings
𝐻̂𝐿ℰ. The full bath Hamiltonian is given by 𝐻̂𝐵 = 𝐻̂𝐿 +𝐻̂𝐿ℰ +𝐻̂ℰ. This structure under-
lies the definition of internal currents (between system and lead) and external currents
(from the auxiliary environments into the lead).

Moreover, since 𝐻̂𝑆 conserves particle number, any particle current defined at an internal
bond within the system must match the steady-state value 𝐽𝑃

ss , as there is no accumulation
in the system bulk

An analogous argument holds for the energy current. The total energy continuity equation
is

d
d𝑡

⟨𝐻̂⟩ = 𝐼𝐸
𝐿 + 𝐼𝐸

𝑅 where 𝐼𝐸
𝛼 = Tr[𝐻̂𝒟𝛼( ̂𝜌)], 𝛼 = 𝐿, 𝑅. (5.123)

Since the dissipators act only on the lead modes, and the interaction term 𝐻̂𝑆𝐿𝛼
involves

lead operators, the energy current simplifies to

𝐼𝐸
𝛼 = Tr[(𝐻̂𝐿𝛼

+ 𝐻̂𝑆𝐿𝛼
)𝒟𝛼( ̂𝜌)]. (5.124)

Acting with the adjoint dissipator 𝒟†
𝛼 on the lead and interaction Hamiltonians given in

Eq. (5.48), we obtain:

𝐼𝐸
𝛼 =

𝑁𝛼

∑
𝑘=1

𝛾𝑘𝛼𝜖𝑘𝛼⟨𝑓𝑘𝛼 − ̂𝑎†
𝑘𝛼 ̂𝑎𝑘𝛼⟩ − 1

2

𝑁𝛼

∑
𝑘=1

𝛾𝑘𝛼⟨𝜅𝑘𝛼 ̂𝑐†
𝑝𝛼 ̂𝑎𝑘𝛼 + 𝜅∗

𝑘𝛼 ̂𝑎†
𝑘𝛼 ̂𝑐𝑝𝛼

⟩. (5.125)

5.4.2 Internal Currents

In this section, we construct definitions of the internal particle and energy currents—those
flowing between the system and the leads—which remain consistent with the original mi-
croscopic model, both in the steady state and in the transient regime. Our derivation relies
on the unitary picture of the setup, which is illustrated schematically in Fig. 5.7.

For clarity, we focus on the single-bath case. In the original model, the total Hamiltonian
reads

𝐻̂tot = 𝐻̂𝑆 + 𝐻̂𝑆𝐵 + 𝐻̂𝐵. (5.126)
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The particle and energy currents are then defined as

𝐽𝑃 = − d
d𝑡

⟨ ̂𝑁𝐵⟩ = 𝑖⟨[ ̂𝑁𝐵, 𝐻̂]⟩,

𝐽𝐸 = − d
d𝑡

⟨𝐻̂𝐵⟩ = 𝑖⟨[𝐻̂𝐵, 𝐻̂]⟩.
(5.127)

As discussed in Chapter 3, this definition of the energy current is consistent with the first and
second laws, provided the interaction term is included in the definition of internal energy,
i.e., 𝑈(𝑡) = ⟨𝐻̂𝑆 + 𝐻̂𝑆𝐵⟩.

Because [𝐻̂𝐵, ̂𝑁𝐵] = 0 and [𝐻̂𝑆, 𝐻̂𝐵] = 0, these expressions simplify to

𝐽𝑃 = 𝑖⟨[ ̂𝑁𝐵, 𝐻̂𝑆𝐵]⟩, 𝐽𝐸 = −𝑖⟨[𝐻̂𝐵, 𝐻̂𝑆𝐵]⟩. (5.128)

In the unitary picture of mesoscopic leads, the bath is replaced by a hierarchical structure:

𝐻̂𝐵 → 𝐻̂𝐿 + 𝐻̂𝐿ℰ + 𝐻̂ℰ, 𝐻̂𝑆𝐵 → 𝐻̂𝑆𝐿. (5.129)

Since 𝐻̂𝑆𝐿 acts only on the system and lead degrees of freedom, it commutes with all
operators acting solely on ℰ:

[ ̂𝑁ℰ, 𝐻̂𝑆𝐿] = [𝐻̂ℰ, 𝐻̂𝑆𝐿] = 0. (5.130)

Let us begin with the particle current. In the new setting, the bath number operator
becomes ̂𝑁𝐵 = ̂𝑁𝐿 + ̂𝑁ℰ, so Eq. (5.128) becomes

𝐽𝑃 = 𝑖⟨[ ̂𝑁𝐿 + ̂𝑁ℰ, 𝐻̂𝑆𝐿]⟩ = 𝑖⟨[ ̂𝑁𝐿, 𝐻̂𝑆𝐿]⟩, (5.131)

where we used [ ̂𝑁ℰ, 𝐻̂𝑆𝐿] = 0. This expression depends only on operators of the extended
system (system + lead), and thus remains valid when the environment ℰ is traced out under
the Born–Markov approximation. It can therefore be computed from the reduced state ̂𝜌.

We now turn to the energy current. From Eq. (5.127), and using the identifications above,
we write

𝐽𝐸 = 𝑖⟨[𝐻̂𝐿 + 𝐻̂𝐿ℰ, 𝐻̂𝑆𝐿]⟩. (5.132)

However, since [𝐻̂𝐿ℰ, 𝐻̂𝑆𝐿] ≠ 0, this expression involves operators outside the extended
system and cannot be used directly once ℰ is traced out.

To eliminate these external terms, we consider the time derivative of the interaction
energy. From the Heisenberg equation under the full Hamiltonian 𝐻̂tot, we have

d
d𝑡

⟨𝐻̂𝑆𝐿⟩ = 𝑖⟨[𝐻̂tot, 𝐻̂𝑆𝐿]⟩

= 𝑖⟨[𝐻̂𝐿 + 𝐻̂𝐿ℰ, 𝐻̂𝑆𝐿]⟩ + 𝑖⟨[𝐻̂𝑆, 𝐻̂𝑆𝐿]⟩

= 𝐽𝐸 + 𝑖⟨[𝐻̂𝑆, 𝐻̂𝑆𝐿]⟩

(5.133)

Rearranging terms gives a convenient expression for the internal energy current:

𝐽𝐸 = d
d𝑡

⟨𝐻̂𝑆𝐿⟩ − 𝑖⟨[𝐻̂𝑆, 𝐻̂𝑆𝐿]⟩ (5.134)
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Crucially, both terms depend only on operators acting within the extended system, and
therefore remain valid after tracing out the environment ℰ.

The time derivative of ⟨𝐻̂𝑆𝐿⟩ can now be evaluated using the master equation:

d
d𝑡

⟨𝐻̂𝑆𝐿⟩ = 𝑖⟨[𝐻̂, 𝐻̂𝑆𝐿]⟩ + Tr[𝐻̂𝑆𝐿𝒟( ̂𝜌)]

= 𝑖⟨[𝐻̂𝑆, 𝐻̂𝑆𝐿]⟩ + 𝑖⟨[𝐻̂𝐿, 𝐻̂𝑆𝐿]⟩ + Tr[𝐻̂𝑆𝐿𝒟( ̂𝜌)].
(5.135)

Substituting into the previous expression for 𝐽𝐸, we arrive at:

𝐽𝐸 = 𝑖⟨[𝐻̂𝐿, 𝐻̂𝑆𝐿]⟩ + Tr[𝐻̂𝑆𝐿𝒟( ̂𝜌)]. (5.136)

The expressions above generalize straightforwardly to multiple baths. For each lead 𝐿𝛼,
the internal particle and energy currents are given by:

𝐽𝑃
𝛼 = 𝑖⟨[ ̂𝑁𝐿𝛼

, 𝐻̂𝑆𝐿𝛼
]⟩ (5.137)

𝐽𝐸
𝛼 = 𝑖⟨[𝐻̂𝐿𝛼

, 𝐻̂𝑆𝐿𝛼
]⟩ + Tr[𝐻̂𝑆𝐿𝛼

𝒟𝛼( ̂𝜌)]. (5.138)

In terms of creation and annihilation operators, these become:

𝐽𝑃
𝛼 =

𝑁𝛼

∑
𝑘=1

𝑖⟨𝜅𝑘𝛼 ̂𝑐†
𝑝𝛼 ̂𝑎𝑘𝛼 − 𝜅∗

𝑘𝛼 ̂𝑎†
𝑘𝛼 ̂𝑐𝑝𝛼

⟩ (5.139)

𝐽𝐸
𝛼 =

𝑁𝛼

∑
𝑘=1

[𝑖𝜔𝑘𝛼⟨𝜅𝑘𝛼 ̂𝑐†
𝑝𝛼 ̂𝑎𝑘𝛼 − 𝜅∗

𝑘𝛼 ̂𝑎†
𝑘𝛼 ̂𝑐𝑝𝛼

⟩ − 𝛾𝑘𝛼
2

⟨𝜅𝑘𝛼 ̂𝑐†
𝑝𝛼 ̂𝑎𝑘𝛼 + 𝜅∗

𝑘𝛼 ̂𝑎†
𝑘𝛼 ̂𝑐𝑝𝛼

⟩]. (5.140)

Equivalence in the Steady State

As we mentioned, the internal and external currents coincide in the steady state. To see
this explicitly, we consider the energy and charge balance in the lead 𝐿𝛼. From the master
equation, the time evolution of the lead particle number ̂𝑁𝐿𝛼

is given by

d
d𝑡

⟨ ̂𝑁𝐿𝛼
⟩ = Tr[ ̂𝑁𝐿𝛼

𝒟𝛼( ̂𝜌)] + 𝑖⟨[𝐻̂, ̂𝑁𝐿𝛼
]⟩

= 𝐼𝑃
𝛼 − 𝐽𝑃

𝛼 ,
(5.141)

where in the second equality we used that [𝐻̂𝑆, ̂𝑁𝐿𝛼
] = [𝐻̂𝐿𝛼

, ̂𝑁𝐿𝛼
] = 0, so that only the

commutator with 𝐻̂𝑆𝐿𝛼
contributes. This explicitly shows that any mismatch between the

internal and external particle currents corresponds to a net accumulation of charge in the
lead. In the steady state, the left-hand side vanishes, and we recover the equality

𝐼𝑃
𝛼,ss = 𝐽𝑃

𝛼,ss, (5.142)

as claimed.
A similar analysis applies to the energy current. From the master equation, the time

evolution of the lead energy is given by

d
d𝑡

⟨𝐻̂𝐿𝛼
⟩ = 𝑖⟨[𝐻̂, 𝐻̂𝐿𝛼

]⟩ + Tr[𝐻̂𝐿𝛼
𝒟𝛼( ̂𝜌)]. (5.143)
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To interpret the dissipative term, we note that 𝐻̂𝐿𝛼
= 𝐻̂ − 𝐻̂𝑆 − 𝐻̂𝑆𝐿𝛼

, so that

Tr[𝐻̂𝐿𝛼
𝒟𝛼( ̂𝜌)] = Tr[(𝐻̂ − 𝐻̂𝑆 − 𝐻̂𝑆𝐿𝛼

)𝒟𝛼( ̂𝜌)]

= 𝐼𝐸
𝛼 − Tr[𝐻̂𝑆𝐿𝛼

𝒟𝛼( ̂𝜌)],
(5.144)

where we have used the definition of the external energy current 𝐼𝐸
𝛼 = Tr[𝐻̂𝒟𝛼( ̂𝜌)] and the

fact that the system Hamiltonian does not couple directly to the dissipator.
Substituting back, we find

d
d𝑡

⟨𝐻̂𝐿𝛼
⟩ = 𝐼𝐸

𝛼 − (𝑖⟨[𝐻̂𝐿𝛼
, 𝐻̂𝑆𝐿𝛼

]⟩ + Tr[𝐻̂𝑆𝐿𝛼
𝒟𝛼( ̂𝜌)])

= 𝐼𝐸
𝛼 − 𝐽𝐸

𝛼 ,
(5.145)

which again shows that any difference between the internal and external energy currents
corresponds to energy accumulation in the lead. In the steady state, the derivative vanishes,
and we obtain

𝐼𝐸
𝛼,ss = 𝐽𝐸

𝛼,ss. (5.146)

5.5 Mesoscopic Leads with Non-Interacting Systems

In this section, we describe the implementation of the mesoscopic leads method when the
central system is non-interacting. For clarity, we begin by considering a single reservoir and
later generalize to multiple baths.

5.5.1 Single-Particle Hamiltonian

The system is assumed to be non-interacting and governed by a general quadratic Hamilto-
nian,

𝐻̂𝑆 = ∑
𝑖𝑗

[𝑯𝑆]𝑖𝑗 ̂𝑐†
𝑖 ̂𝑐𝑗, (5.147)

where 𝑯𝑆 ∈ ℂ𝑁×𝑁 is a Hermitian matrix representing the single-particle Hamiltonian of
the system.

The lead is also non-interacting, with a diagonal single-particle Hamiltonian:

𝐻̂𝐿 = ∑
𝑘

𝜖𝑘 ̂𝑎†
𝑘 ̂𝑎𝑘. (5.148)

It couples linearly to the system via a specific site 𝑝:

𝐻̂𝑆𝐿 = ∑
𝑘

(𝜅𝑘 ̂𝑐†
𝑝 ̂𝑎𝑘 + 𝜅∗

𝑘 ̂𝑎†
𝑘 ̂𝑐𝑝). (5.149)

As a consequence, the Hamiltonian of the extended system 𝐻̂ = 𝐻̂𝑆 + 𝐻̂𝐿 + 𝐻̂𝑆𝐿 remains
quadratic in the modes { ̂𝑐𝑖} and { ̂𝑎𝑘}.

It is then convenient to collect the modes of the system and leads into a single set of
𝑁 + 𝐿 modes:

{ ̂𝑑𝑖} = { ̂𝑐1, … , ̂𝑐𝑁, ̂𝑎1, … , ̂𝑎𝐿} (5.150)
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so that the full Hamiltonian takes the compact quadratic form

𝐻̂ = ∑
𝑖𝑗

𝐻𝑖𝑗
̂𝑑†
𝑖

̂𝑑𝑗, (5.151)

where 𝑯 ∈ ℂ(𝑁+𝐿)×(𝑁+𝐿) is the single-particle Hamiltonian of the extended system.
This matrix naturally inherits a block structure from the decomposition into system and

lead:
𝑯 = (

𝑯𝑆 𝑯𝑆𝐿
𝑯†

𝑆𝐿 𝑯𝐿
). (5.152)

Here, 𝑯𝐿 = diag(𝜖1, … , 𝜖𝐿) is the single-particle Hamiltonian of the lead, and the off-
diagonal term 𝑯𝑆𝐿 ∈ ℂ𝑁×𝐿 encodes the system-lead coupling. It is a rectangular matrix
whose only non-zero row is the 𝑝th, containing the system-lead coupling via site 𝑝:

[𝑯𝑆𝐿]𝑖𝑘 = 𝜅𝑘𝛿𝑖𝑝. (5.153)

This structure generalizes naturally to the case of multiple leads. If the system is coupled
to 𝐾 independent reservoirs, the full single-particle Hamiltonian becomes

𝑯 =
⎛⎜⎜⎜⎜⎜
⎝

𝑯𝑆 𝑯𝑆𝐿1
⋯ 𝑯𝑆𝐿𝐾

𝑯†
𝑆𝐿1

𝑯𝐿1

⋮ ⋱
𝑯†

𝑆𝐿𝐾
𝑯𝐿𝐾

⎞⎟⎟⎟⎟⎟
⎠

, (5.154)

where each 𝑯𝐿𝛼
is diagonal and each 𝑯𝑆𝐿𝛼

contains nonzero entries only in the row corre-
sponding to the system site 𝑝𝛼 coupled to lead 𝛼.

5.5.2 Covariance Matrix

The Hamiltonian 𝐻̂ is quadratic, and the dissipators introduced by the mesoscopic leads
construction are linear in the lead modes. As a result, the full Liouvillian is quadratic in
fermionic operators.

As discussed in Chapter 4, a quadratic Lindbladian generates Gaussian-preserving dynam-
ics. That is, if the initial state is Gaussian–i.e., fully characterized by its second moments—it
will remain Gaussian throughout the evolution. Importantly, this implies that the steady
state is Gaussian.

The leads are initialized in thermal states, which are Gaussian by construction. If the
system is also initialized in a Gaussian state—which includes a wide range of physically
relevant states such as thermal or uncorrelated product states—then the full initial state is
Gaussian.

This significantly reduces the computational complexity: instead of solving for the full
density matrix, one can work entirely at the level of the covariance matrix. We define the
covariance matrix 𝑪 ∈ ℂ(𝑁+𝐿)×(𝑁+𝐿) as

𝐶𝑖𝑗 = ⟨ ̂𝑑†
𝑗

̂𝑑𝑖⟩, (5.155)

This particular ordering of the indices leads to a cleaner equation of motion.
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For Gaussian states, there is a one-to-one correspondence between the state and the
covariance matrix:

𝑪 ↔ ̂𝜌 (5.156)

The structure of Gaussian states also simplifies the treatment of reduced states and tensor
products. Like the single-particle Hamiltonian, the covariance matrix inherits a natural
block structure:

𝑪 = (
𝑪𝑆 𝑪𝑆𝐿

𝑪†
𝑆𝐿 𝑪𝐿,). (5.157)

where the diagonal blocks represent the reduced covariance matrices of the system and lead:

[𝑪𝑆]𝑖𝑗 = ⟨ ̂𝑐†
𝑗 ̂𝑐𝑖⟩, [𝑪𝐿]𝑘𝑞 = ⟨ ̂𝑎†

𝑞 ̂𝑎𝑘⟩, (5.158)

and the off-diagonal block encodes system-lead correlations:

[𝑪𝑆𝐿]𝑘𝑖 = ⟨ ̂𝑎†
𝑘 ̂𝑐𝑖⟩. (5.159)

The covariance matrices of the reduced states ̂𝜌𝑆 = Tr𝐿[ ̂𝜌] and ̂𝜌𝐿 = Tr𝑆[ ̂𝜌] are then
obtained by extracting the corresponding diagonal blocks:

𝑪𝑆 ↔ ̂𝜌𝑆, 𝑪𝐿 ↔ ̂𝜌𝐿. (5.160)

Since the system and lead are initially uncorrelated, the off-diagonal block vanishes:
𝑪𝑆𝐿(0) = 0. The lead is prepared in a Gibbs state at inverse temperature 𝛽 and chem-
ical potential 𝜇, resulting in a diagonal covariance matrix:

⟨ ̂𝑏†
𝑞 ̂𝑏𝑘⟩ = 𝑓𝑘𝛿𝑘𝑞 ⇒ 𝑪𝐿(0) = (𝟙 + 𝑒𝛽𝑯𝐿)−1 = ⎛⎜

⎝

𝑓1
⋱

𝑓𝐿

⎞⎟
⎠

, (5.161)

where 𝑓𝑘 = (𝑒−𝛽𝜖𝑘 + 1)−1 is the Fermi occupation of mode ̂𝑎𝑘.

The full initial covariance matrix of the extended system then reads

𝑪 =
⎛⎜⎜⎜
⎝

𝑪𝑆(0)
𝑓1

⋱
𝑓𝐿

⎞⎟⎟⎟
⎠

. (5.162)

In the presence of multiple leads, each prepared in its own thermal state, the initial
covariance matrix is constructed by simply adding the corresponding diagonal blocks. That
is, if the system is coupled to 𝐾 leads, the initial covariance matrix takes the form

𝑪(0) =
⎛⎜⎜⎜⎜
⎝

𝑪𝑆(0)
𝑪𝐿1

(0)
⋱

𝑪𝐿𝐾
(0)

⎞⎟⎟⎟⎟
⎠

, (5.163)

where each 𝑪𝐿𝛼
(0) = diag(𝑓1,𝛼, … , 𝑓𝐿𝛼,𝛼) contains the thermal occupations of the 𝛼th lead.
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5.5.3 Dynamics: Lyapunov Equation

As discussed in Chapter 4, when the Liouvillian is quadratic, the covariance matrix 𝑪(𝑡)
evolves according to a Lyapunov differential equation

d𝑪
d𝑡

= −(𝑾 𝑪 + 𝑪𝑾 †) + 𝑭 , (5.164)

where 𝑾 ∈ ℂ(𝑁+𝐿)×(𝑁+𝐿) is a non-Hermitian matrix—often called the drift matrix—given
by

𝑾 (𝑡) = 𝑖𝑯(𝑡) + 𝜞
2

. (5.165)

Here, 𝑯 is the Hermitian single-particle Hamiltonian of the extended system introduced
earlier, while 𝜞 is a diagonal matrix collecting the damping rates:

𝜞 = diag(0, … , 0, Γ1, … , Γ𝐿) (5.166)

where the first 𝑁 zeros indicate the absence of dissipation on the system modes. The matrix
𝑭 ∈ ℝ(𝑁+𝐿)×(𝑁+𝐿), often called the diffusion matrix, is a diagonal matrix given by

𝑭 = diag(0, … , 0, 𝑓1Γ1, … , 𝑓𝐿Γ𝐿). (5.167)

The Lyapunov equation provides an efficient numerical framework for simulating the time
evolution of the extended system. Since it is linear in 𝑪(𝑡), standard integration routines for
matrix differential equations can be used, and no truncation of the Hilbert space is required.

In particular, the steady state is obtained by setting the left-hand side to zero. This yields
a continuous Lyapunov equation for the stationary covariance matrix 𝑪ss:

𝑾 𝑪ss + 𝑪ss𝑾 † = 𝑭 . (5.168)

This equation defines a linear system that can be solved using standard numerical techniques.
Its solution characterizes the non-equilibrium steady state reached by the extended system
in the long-time limit.

This structure generalizes naturally to the case of multiple baths. If the system is coupled
to 𝐾 leads, with the 𝛼th lead having 𝐿𝛼 modes, then the dissipation matrices take the form

𝜞 =
⎛⎜⎜⎜
⎝

0
𝜞1

⋱
𝜞𝐾

⎞⎟⎟⎟
⎠

, 𝑭 =
⎛⎜⎜⎜
⎝

0
𝑭1

⋱
𝑭𝐾

⎞⎟⎟⎟
⎠

, (5.169)

where 𝜞𝜶 = diag(Γ1,𝛼, … , Γ𝐿𝛼,𝛼) and 𝑭𝛼 = diag(𝑓1,𝛼Γ1,𝛼, … , 𝑓𝐿𝛼,𝛼Γ𝐿𝛼,𝛼). Here, 𝑓𝑘𝛼 de-
notes the thermal occupation of mode 𝑘 in lead 𝛼, and Γ𝑘𝛼 its damping rate. All matrices
are defined over the 𝑁 + ∑𝛼 𝐿𝛼 modes of the extended system.
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5.5.4 Floquet Solution of the Periodically-Driven Lyapunov
Equation

We now consider the case where the single-particle Hamiltonian 𝑯(𝑡) of the extended system
is periodic in time, satisfying 𝑯(𝑡 + 𝑇 ) = 𝑯(𝑡), with 𝑇 = 2𝜋/𝜔. This leads to a time-
dependent Lyapunov equation for the covariance matrix 𝑪(𝑡):

𝑑𝑪
𝑑𝑡

= −(𝑾 (𝑡)𝑪 + 𝑪𝑾 †(𝑡)) + 𝑭 , (5.170)

where 𝑭 is constant, while 𝑾 (𝑡) is periodic with frequency 𝜔, i.e., 𝑾 (𝑡 + 𝑇 ) = 𝑾 (𝑡), with
𝑇 = 2𝜋/𝜔. Since the Liouvillian is periodic, the system is expected to reach a limit cycle
in the long-time limit. That is, after a transient time, the covariance matrix itself becomes
periodic:

𝑪(𝑡 + 𝑇 ) = 𝑪(𝑡). (5.171)

We now describe an efficient method to compute this limit-cycle solution without directly
integrating the Lyapunov equation over time.

We assume the drift matrix admits a Fourier expansion

𝑾 (𝑡) =
𝑀

∑
𝑚=−𝑀

𝑾𝑚𝑒𝑖𝑚𝜔𝑡, (5.172)

where 𝑀 is the number of harmonics, which ideally is small. We seek a time-periodic solution
with the same period 𝑇, which we represent as a Fourier series:

𝑪(𝑡) =
∞

∑
𝑛=−∞

𝑪𝑛𝑒𝑖𝑛𝜔𝑡, (5.173)

where the Hermiticity of 𝑪(𝑡) implies 𝑪−𝑛 = 𝑪†
𝑛.

Substituting into Eq. (5.170), the left-hand side becomes

d𝑪(𝑡)
d𝑡

= ∑
𝑛

(𝑖𝑛𝜔)𝑪𝑛𝑒𝑖𝑛𝜔𝑡. (5.174)

while the right-hand side yields

𝑾 (𝑡)𝑪 + 𝑪𝑾 †(𝑡) = ∑
𝑙𝑚

𝑾𝑚𝑪𝑙𝑒𝑖(𝑚+𝑙)𝜔𝑡 + ∑
𝑙𝑚

𝑪𝑙𝑾
†
𝑚𝑒𝑖(𝑙+𝑚)𝜔𝑡

= ∑
𝑛

𝑒𝑖𝑛𝜔𝑡[∑
𝑚

𝑾𝑚𝑪𝑛−𝑚 + 𝑪𝑛−𝑚𝑾 †
𝑚],

(5.175)

where we changed the summation index to 𝑛 = 𝑚 + 𝑙.

Equating both sides and comparing Fourier coefficients, we obtain the set of equations

𝑖𝑛𝜔𝑪𝑛 = −
𝑀

∑
𝑚=−𝑀

(𝑾𝑚𝑪𝑛−𝑚 + 𝑪𝑛−𝑚𝑾 †
𝑚) + 𝑭 𝛿𝑛,0. (5.176)
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Isolating the 𝑪𝑛 term, we obtain the recursive equation

(𝑖𝑛𝜔𝟙 + 𝑾0)𝑪𝑛 + 𝑪𝑛𝑾 †
0 = −

𝑀
∑

𝑚=−𝑀
𝑚≠0

(𝑾𝑚𝑪𝑛−𝑚 + 𝑪𝑛−𝑚𝑾 †
𝑚) + 𝑭 𝛿𝑛,0. (5.177)

This set of equations can be solved iteratively using a procedure analogous to the Gauss–Sei-
del method. Given an initial guess 𝑪(𝑘)

𝑛 , the coefficients are updated by solving

(𝑖𝑛𝜔 𝟙 + 𝑾0)𝑪(𝑘+1)
𝑛 + 𝑪(𝑘+1)

𝑛 𝑾 †
0 = 𝑹(𝑘)

𝑛 , (5.178)

where the right-hand side is

𝑹(𝑘)
𝑛 = −

𝑀
∑

𝑚=−𝑀
𝑚≠0

(𝑾𝑚𝑪(𝑘)
𝑛−𝑚 + 𝑪(𝑘)

𝑛−𝑚𝑾 †
𝑚) + 𝑭 𝛿𝑛,0. (5.179)

The initial guess is taken as a static solution:

𝑪(0)
𝑛 =

⎧{
⎨{⎩

𝑪(0)
0 if 𝑛 = 0,

0 otherwise,
(5.180)

where 𝑪(0)
0 solves the time-independent Lyapunov equation:

𝑾0𝑪(0)
0 + 𝑪(0)

0 𝑾 †
0 = 𝑭 . (5.181)

The iteration proceeds until convergence is reached within some precision 𝜖, which can be
measured by monitoring the norm of the update

‖𝑪(𝑘+1)
𝑛 − 𝑪(𝑘)

𝑛 ‖ < 𝜖, (5.182)

for all 𝑛.

The recursion relation couples each coefficient 𝑪(𝑘+1)
𝑛 to its 2𝑀 neighbors, namely 𝑪(𝑘)

𝑛−𝑀, … , 𝑪(𝑘)
𝑛+𝑀.

As a result, the number of nonzero coefficients increases by 2𝑀 with each iteration. After 𝑘
steps, the support of the solution extends to Fourier modes satisfying |𝑛| ≤ 𝑘𝑀. In practice,
the amplitudes 𝑪𝑛 typically decay with increasing |𝑛|, allowing us to introduce a finite cut-
off 𝑛max beyond which the coefficients are neglected. The time-dependent solution is then
approximated by the truncated Fourier series

𝑪(𝑘)(𝑡) =
𝑛max

∑
𝑛=−𝑛max

𝑪(𝑘)
𝑛 𝑒𝑖𝑛𝜔𝑡. (5.183)

The matrix equation solved at each iteration has the form

𝑨𝑿 + 𝑿𝑩 = 𝑹, (5.184)

with 𝑨 = 𝑖𝑛𝜔 𝟙 + 𝑾0, 𝑩 = 𝑾 †
0 , and 𝑿 = 𝑪(𝑘+1)

𝑛 . This system is known as the Sylvester
equation, and it can be efficiently solved using standard numerical routines.
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A further simplification occurs when 𝑾0 is diagonalizable. Let 𝑾0 = 𝑺𝜦𝑺−1, with
𝜦 diagonal. In this basis, the Sylvester equation becomes diagonal in component form.
Defining

̃𝑪𝑛 = 𝑺−1𝑪𝑛𝑺−†, 𝑹̃𝑛 = 𝑺−1𝑹𝑛𝑺−†, (5.185)

each matrix element satisfies

[ ̃𝑪𝑛]𝑖𝑗 =
[𝑹̃𝑛]𝑖𝑗

𝑖𝑛𝜔 + 𝜆𝑖 + 𝜆∗
𝑗
, (5.186)

where 𝜆𝑖 is the 𝑖-th eigenvalue of 𝑾0. After solving, the original coefficients are recovered as
𝑪𝑛 = 𝑺 ̃𝑪𝑛𝑺†. This approach significantly reduces computational cost by avoiding repeated
solutions of the Sylvester equation.

5.6 Example: Thermodynamics of a Driven
Resonant-Level

5.6.1 Model and Implementation

In this section, we apply the formalism to the driven resonant-level model—a minimal setup
for studying thermodynamics in driven open quantum systems [154, 155, 156, 157, 158, 159,
136]. This model allows us to benchmark our results against a range of methods previously
used in the literature. The presentation here is adapted from Ref. [45], included in the list
of publications.

The system consists of a single fermionic mode—representing a quantum dot—with an
externally modulated energy 𝜖(𝑡), coupled to two thermal baths. The Hamiltonian of the
system is

𝐻̂S(𝑡) = 𝜖(𝑡) ̂𝑐† ̂𝑐, (5.187)

where ̂𝑐† and ̂𝑐 are fermionic creation and annihilation operators for the dot. We take the
dot energy to be driven by a sinusoidal protocol of the form

𝜖(𝑡) = 𝐴 sin(𝜔𝑡), (5.188)

with driving amplitude 𝐴 and frequency 𝜔.
The system is coupled to two fermionic baths, labeled by 𝛼 = 𝐿, 𝑅. While the mesoscopic

leads formalism can accommodate arbitrary, structured spectral densities, we focus here on
a simplified case in which both baths are described by the same flat spectral density:

𝒥(𝜔) =
⎧{
⎨{⎩

Γ, 𝜔 ∈ [−𝑊, 𝑊]

0, otherwise,
(5.189)

where Γ is the system-bath coupling strength and 𝑊 is a hard cut-off.
Following the mesoscopic leads prescription, each bath is replaced by a finite lead. We take

both leads to contain the same number of modes 𝐿 and use a linear-logarithmic discretization
for the lead energies {𝜖𝑘𝛼}. Specifically, 𝐿lin modes are spaced linearly within a central
window [−𝑊 ∗, 𝑊 ∗], while the remaining 𝐿log modes are logarithmically spaced within the
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Figure 5.8: (a) Particle current and (b) energy current in the driven resonant-level model. Solid
lines show results obtained using the mesoscopic leads method for increasing numbers of
lead modes 𝐿. The dashed line shows numerically exact results from the chain-mapping
approach, valid up to a finite time. Parameters: Γ = 1, 𝐴 = 1, 𝜔 = 0.25, 𝜇L = −𝜇R = 0.5,
𝑇L = 𝑇R = 1, 𝑝0 = 0.5.

outer intervals [−𝑊, −𝑊 ∗] and [𝑊 ∗, 𝑊]. This yields a total of 𝐿 = 𝐿lin + 2𝐿log modes per
lead, with symmetric sampling about zero. Throughout this section, we set Γ = 1 to define
the energy scale and use 𝑊 = 8, 𝑊 ∗ = 4 as standard parameters unless otherwise noted.

Since the system is non-interacting, the dynamics is fully encoded in the covariance matrix
𝑪(𝑡), which evolves according to the Lyapunov equation introduced in Section 5.5.

To test the accuracy of the mesoscopic leads formalism, we compute the particle and
energy currents from the left bath, 𝐽𝑃

𝐿 and 𝐽𝐸
𝐿 , and compare them to results obtained using

the chain-mapping method, discussed in Section 5.3.3.
Figure 5.8 shows the particle and energy currents as functions of time for increasing values

of the lead size 𝐿. We observe rapid convergence with increasing 𝐿, indicating that even a
modest number of lead modes is sufficient to accurately capture the system dynamics. For
reference, we also include results from the chain-mapping method, which are numerically
exact up to a finite time set by the length of the chain. An estimate of this time threshold
is indicated by a vertical dashed line.

The agreement with chain-mapping illustrates an important conceptual point: physical
observables are insensitive to the microscopic details of the baths, provided the effective
spectral densities are matched. However, this invariance relies on using a consistent defini-
tion of currents—specifically, the internal currents. Figure 5.9 highlights the difference by
comparing internal and external current expressions.

5.6.2 Entropy production

A key advantage of the mesoscopic leads framework is that it provides complete access to
the state of the system at all times. Such time-resolved quantities are generally inaccessible
in methods based on Floquet or scattering theory, which typically yield only cycle-averaged
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Figure 5.9: Comparison between internal and external currents in the driven resonant-level model.
(a) Particle current from the left lead into the system, computed using the internal current
expression (solid) and the residual bath expression (dashed). (b) Same comparison for
the energy current. Both leads have 𝐿 = 100 modes, with parameters Γ = 1, 𝑊 = 8,
𝑊 ∗ = 4, 𝑇𝐿 = 𝑇𝑅 = 1, 𝜇𝐿 = −𝜇𝑅 = 0.5, 𝐴 = 1, 𝜔 = 0.25, 𝑝0 = 0.5, and 𝐿lin/𝐿log = 0.1.

results. In particular, this enables the computation of time-dependent thermodynamic quan-
tities such as entropy and entropy production at all times.

In the resonant-level model, the system consists of a single fermionic mode. Its state is
fully described by the occupation probability 𝑝𝑡 = ⟨ ̂𝑐† ̂𝑐⟩, corresponding to the single entry
of the system’s covariance matrix. The von Neumann entropy of the system is then given
by the binary entropy function:

𝑆(𝑡) = −𝑝𝑡 log 𝑝𝑡 − (1 − 𝑝𝑡) log(1 − 𝑝𝑡). (5.190)

For this single-mode system, the time derivative of the entropy can be computed analytically
as:

̇𝑆(𝑡) = − ̇𝑝𝑡 log( 𝑝𝑡
1 − 𝑝𝑡

). (5.191)

The instantaneous entropy production rate is obtained from the second law:

Σ̇(𝑡) = ̇𝑆(𝑡) − ∑
𝛼=𝐿,𝑅

𝛽𝛼𝐽𝑄
𝛼 (𝑡), (5.192)

where 𝐽𝑄
𝛼 (𝑡) is the heat current flowing from reservoir 𝛼 into the system, and 𝛽𝛼 = 1/𝑇𝛼 is

the inverse temperature.

Figure 5.10 shows the entropy production rate Σ̇(𝑡) computed using the mesoscopic leads
framework for increasing numbers of lead modes. For reference, we also include results
obtained from the chain-mapping approach. The curves exhibit rapid convergence with
increasing 𝐿, and demonstrate excellent agreement with the numerically exact result within
its time window of validity.

5.6.3 High-Temperature Limit

As a final benchmark, we test whether the mesoscopic leads approach correctly reproduces
the classical dynamics expected in the high-temperature regime. In the limit 𝑇 ≫ Γ,
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Figure 5.10: Instantaneous entropy production rate Σ̇(𝑡) for the driven resonant-level model. The
curves show convergence of the mesoscopic leads method with increasing 𝐿, compared
against exact results from chain mapping (black dashed). Same parameters as in Fig. 5.8.
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Figure 5.11: Convergence of the entropy of the dot in the driven resonant-level model as the tem-
perature increases. Solid lines correspond to the mesoscopic leads approach; black dots
represent the solution of the classical Pauli master equation [Eq. (5.193)]. Parameters:
𝐴 = 1, 𝜔 = 0.25, 𝑊 = 8, 𝑊 ∗ = 4, 𝐿 = 100, 𝐿log/𝐿lin = 0.1, Γ = 1, 𝑝0 = 0.5.

the occupation probability of the dot becomes well-described by a classical Pauli master
equation:

̇𝑝𝑡 = ∑
𝛼=𝐿,𝑅

Γ[𝑓𝛼(𝑡) − 𝑝𝑡], (5.193)

where 𝑓𝛼(𝑡) = [𝑒(𝜖(𝑡)−𝜇𝛼)/𝑇 + 1]−1 is the instantaneous Fermi–Dirac distribution for reservoir
𝛼.

In Fig. 5.11, we compare the entropy of the dot computed using the mesoscopic leads
method to the result obtained from numerically integrating the classical master equa-
tion (5.193). As the temperature increases, the two results converge, demonstrating that the
mesoscopic leads formalism correctly recovers the high-temperature limit, providing further
support for the consistency of the approach.

5.7 Case Study: Rectification in a Driven Double Dot

We now demonstrate the capabilities of the mesoscopic leads formalism by investigating heat
rectification in a periodically driven, non-interacting system. Inspired by Ref. [160], which
examined the bosonic version of this problem, we consider instead a chain of two coupled
fermionic modes, where only the first site is driven. Similar problems have been addressed
in Refs. [161, 162], though with focus on particle currents. Our framework enables a natural
extension to energy transport, allowing us to study heat rectification [163].
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(a)
forward

(b)
reverse

Figure 5.12: Schematic of the rectification model. Two coupled quantum dots are connected to sep-
arate thermal baths. Only the left dot is subject to a periodic drive at frequency 𝜔.
Heat rectification is studied by comparing the energy current in the forward configura-
tion—where the left bath is hotter—with the reverse configuration, in which the baths
are swapped.

The Hamiltonian of the system is given by

𝐻̂S(𝑡) = 𝜖1(𝑡) ̂𝑐†
1 ̂𝑐1 + 𝜖2 ̂𝑐†

2 ̂𝑐2 + 𝜆( ̂𝑐†
1 ̂𝑐2 + ̂𝑐†

2 ̂𝑐1), (5.194)

where 𝜆 is the tunneling amplitude between the two dots, and 𝜖1(𝑡) = 𝐴 sin(𝜔𝑡) is a time-
dependent onsite energy applied only to the first dot. In simulations, we set 𝜖1(0) = 𝜖2 = 0.

Each dot is coupled to an independent thermal bath, modeled via mesoscopic leads with
flat spectral densities as in Eq. (5.189). We fix Γ = 1 to set the energy scale and take
𝜇𝐿 = 𝜇𝑅 = 0, so that energy and heat currents coincide.

To investigate rectification, we consider two configurations. In the forward configuration,
the left bath is hot and the right bath is cold: 𝑇𝐿 = 𝑇ℎ, 𝑇𝑅 = 𝑇𝑐, with 𝑇ℎ > 𝑇𝑐. In the
reverse configuration, the baths are swapped: 𝑇𝐿 = 𝑇𝑐, 𝑇𝑅 = 𝑇ℎ.

Because the system is time-dependent, care is needed when defining rectification: the
heat flowing through the system is not uniquely defined. In particular, due to the driving,
the time-averaged energy currents into the left and right baths are generally not equal, even
in the long-time limit. They differ precisely by the time-averaged power supplied by the
driving protocol. Consequently, we restrict attention to the energy current into the left
mode, which is the one directly driven.

Figure 5.13 shows the energy current into the left bath as a function of time for both
configurations, across increasing values of the driving frequency 𝜔, with fixed coupling 𝜆 = 3.
In all simulations, we set the driving amplitude to 𝐴 = 1, and the bath temperatures to 𝑇ℎ =
2 and 𝑇𝑐 = 1. We use 𝐿 = 100 modes in each lead, which was verified to ensure convergence.
We denote by 𝐽𝐸

𝐿 the energy current from the left bath in the forward configuration, and
by − ̃𝐽𝐸

𝐿 the energy current into the left bath in the reverse configuration (see Fig. 5.12).

Both currents settle into limit cycles that exhibit periodic oscillations at the driving
frequency. The horizontal dashed lines represent the cycle-averaged energy currents in the
steady state, computed using the method described in Sec. 5.5.4. The results demonstrate
that the magnitudes of the forward and reverse currents differ in the limit cycle, and that
the gap between them depends on the driving frequency. Notably, we have found that such
rectification effects are absent in the particle current for this setup.
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Figure 5.13: Energy current from the left bath in the forward configuration (blue) and the negative
of the current in the reverse configuration (orange), plotted for increasing values of the
driving frequency: (a) 𝜔 = 3, (b) 𝜔 = 4, (c) 𝜔 = 5, (d) 𝜔 = 6. Dashed lines indicate
the corresponding cycle-averaged values in the limit cycle. Parameters: 𝜆 = 3, 𝑇ℎ = 2,
𝑇𝑐 = 1, 𝐴 = 1, Γ = 1, 𝜇𝐿 = 𝜇𝑅 = 0, 𝑊 = 8, 𝑊 ∗ = 4, 𝐿 = 100, 𝐿lin/𝐿log = 0.1.

To quantify rectification, we define the rectification coefficient as

𝑅 = |𝐽 + ̃𝐽|
|𝐽 − ̃𝐽|

, (5.195)

where, for compactness, we denote the cycle-averaged energy current from the left bath in
the forward (reverse) configuration by

𝐽 = 1
𝜏

ˆ 𝑡0+𝜏

𝑡0

d𝑡 𝐽𝐸
𝐿 (𝑡), ̃𝐽 = 1

𝜏

ˆ 𝑡0+𝜏

𝑡0

d𝑡 ̃𝐽𝐸
𝐿 (𝑡), (5.196)

with 𝜏 = 2𝜋/𝜔 the driving period, and 𝑡0 chosen sufficiently late so that the system has
reached the limit cycle. If the system acts as a perfect diode, i.e., one configuration yields
current while the other yields none, then 𝑅 = 1. If both configurations give equal and
opposite currents, 𝑅 = 0. In driven systems, 𝑅 can exceed 1 if both 𝐽 and ̃𝐽 have the same
sign, as seen in Fig. 5.13(d).

In Fig. 5.14(a), we plot 𝑅 as a function of 𝜔/𝜆 for various values of 𝜆. Rectification is
suppressed at both low and high frequencies and reaches a maximum at intermediate values
of 𝜔/𝜆. For 𝜆 > 1, the location of this maximum occurs around the same value of 𝜔/𝜆.

In the limit cycle, the average entropy production rate is given by

𝜎 = ∑
𝛼

𝛽𝛼 𝐽𝑄
𝛼 , (5.197)

where 𝐽𝛼 is the cycle-averaged heat current from reservoir 𝛼, and 𝛽𝛼 = 1/𝑇𝛼. Interestingly,
although the energy current into the left bath differs between forward and reverse setups,
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Figure 5.14: (a) Rectification coefficient 𝑅 as a function of 𝜔/𝜆 for increasing values of the inter-dot
coupling 𝜆. (b) Corresponding cycle-averaged entropy production rate 𝜎, showing a
peak aligned with maximal rectification. Parameters: 𝑇ℎ = 2, 𝑇𝑐 = 1, 𝐴 = 1, Γ = 1,
𝜇𝐿 = 𝜇𝑅 = 0, 𝑊 = 8, 𝑊 ∗ = 4, 𝐿 = 100, 𝐿lin/𝐿log = 0.1.

the entropy production rate 𝜎 is identical in both cases. As shown in Fig. 5.14(b), the
entropy production exhibits a pronounced peak at the same frequency where rectification is
maximized, suggesting that stronger rectification comes at the cost of greater irreversibility.

These results would be difficult to obtain using standard methods. The regime explored
here lies well beyond the validity of Markovian master equations and perturbative expan-
sions. Our approach enables non-perturbative, time-resolved access to thermodynamic ob-
servables across a broad range of parameters.

Even in this minimal setup, many interesting directions remain open. The dependence of
rectification on temperature, chemical bias, or the shape of the driving protocol can all be
explored within our framework. These topics merit dedicated investigation in future work.
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6 Entropy production in the
mesoscopic-leads formalism

C
omputing entropy production in open quantum systems strongly coupled to their
environment remains a central challenge in quantum thermodynamics. Standard
techniques often rely on weak-coupling and Markovian approximations, which

break down in this regime.
In Chapter 5, we introduced the Markovian embedding provided by the mesoscopic leads

approach: a discretized representation of a thermal bath in which each mode is weakly
coupled to an external reservoir. This construction enables a Lindblad evolution for the
extended system (system + leads), even though the system’s reduced dynamics is generally
non-Markovian. A schematic illustration of the embedding is shown in Fig. 6.1.

Figure 6.1: Markovian embedding in the mesoscopic leads framework. The system 𝐻̂𝑆 is coupled to
a lead 𝐻̂𝐿, which is locally damped by Markovian reservoirs (red). The extended system
(system + lead) evolves under a Lindblad equation.

One appealing feature of this approach—discussed throughout the thesis—is that it allows
us to import results from the theory of quantum dynamical semigroups, including Spohn’s
framework for entropy production [30]. This raises a natural question: Can we compute the
entropy production of the original system using Spohn’s definition, applied at the level of the
embedding? This is the central goal of this chapter.

If the extended system reaches a thermal stationary state, then Spohn’s formula defines
the entropy production as the relative entropy between the evolving state and this thermal
fixed point. However, in our setting, the dissipators act only on the lead modes, so ther-
malization of the full extended system is not guaranteed. Nevertheless, we present strong
numerical evidence—both for non-interacting and interacting systems—that the extended
system becomes approximately thermal as the number of lead modes increases.

Once this thermalization property is established, Spohn’s definition of entropy production
can be applied at the level of the embedding. We show that this definition agrees with the
standard thermodynamic expression based on external particle and energy currents in the
limit of large lead modes.
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6 Entropy production in the mesoscopic-leads formalism

Finally, we analyze the relationship between the entropy production computed from the
system alone and that obtained from the full embedding.

⬥

6.1 Entropy production in Markovian systems

In this section, we briefly review the definition of entropy production in Markovian open
quantum systems. A more detailed discussion, including derivations and thermodynamic
interpretations, can be found in Chapter 3, Section 3.6.2.

For a system coupled to a single thermal reservoir at inverse temperature 𝛽 and chemical
potential 𝜇, and whose dynamics is described by a quantum dynamical semigroup with
generator ℒ, the entropy production rate is defined by Spohn as

𝜎(𝑡) = − d
d𝑡

𝐷( ̂𝜌(𝑡)‖ ̂𝜌ss), (6.1)

where 𝐷( ̂𝜌‖𝜎̂) = Tr[ ̂𝜌(log ̂𝜌 − log 𝜎̂)] denotes the quantum relative entropy and ̂𝜌ss is the
stationary state of the dynamics. This quantity is non-negative at all times, a consequence of
the monotonicity of the relative entropy under completely positive, trace-preserving (CPTP)
maps.

Equivalently, the entropy production rate can be expressed in terms of the dissipator 𝒟
as

𝜎(𝑡) = −Tr[𝒟( ̂𝜌(𝑡))(log ̂𝜌(𝑡) − log ̂𝜌ss)] ≥ 0, (6.2)

a form known as Spohn’s inequality [30].
This framework generalizes naturally to systems coupled to multiple reservoirs. In that

case, assuming each partial generator ℒ𝛼 = −𝑖[𝐻̂, ⋅] + 𝒟𝛼 has a Gibbs state 𝜔̂𝛼 as its fixed
point, the entropy production rate becomes

𝜎(𝑡) = ∑
𝛼

Tr[𝒟𝛼( ̂𝜌(𝑡))(log ̂𝜌(𝑡) − log 𝜔̂𝛼)] ≥ 0. (6.3)

Each term in the sum is non-negative and can be interpreted as the entropy production due
to the individual reservoir 𝛼.

These expressions will serve as the benchmark for the entropy production computed within
the Markovian embedding introduced in the following sections.

6.2 Model and Setup

To study entropy production in the mesoscopic leads framework, we focus on a paradigmatic
example: a fermionic lattice system coupled to a thermal reservoir. The system consists of
𝑁 sites with nearest-neighbour hopping, and may include nearest-neighbour density-density
interactions. Its Hamiltonian is given by

𝐻̂𝑆 =
𝑁

∑
𝑗=1

𝜖𝑗 ̂𝑐†
𝑗 ̂𝑐𝑗 − 𝑔

𝑁−1
∑
𝑗=1

( ̂𝑐†
𝑗 ̂𝑐𝑗+1 + ̂𝑐†

𝑗+1 ̂𝑐𝑗) + 𝑈
𝑁−1
∑
𝑗=1

𝑛̂𝑗𝑛̂𝑗+1, (6.4)
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where ̂𝑐𝑗 is the fermionic annihilation operator on site 𝑗, and 𝑛̂𝑗 = ̂𝑐†
𝑗 ̂𝑐𝑗.

We assume the system is coupled to a thermal reservoir at inverse temperature 𝛽 and
chemical potential 𝜇, characterized by a spectral function 𝒥(𝜔). To model this coupling, we
use the approach introduced in Chapter 5, where the bath is approximated by a finite set of
fermionic modes (the lead), each locally damped by a residual environment. The residual
reservoirs are assumed to be Markovian and weakly coupled, allowing the full dynamics to
be captured by a Lindblad master equation.

For simplicity, we take the spectral density to be flat:

𝒥(𝜔) =
⎧{
⎨{⎩

Γ, 𝜔 ∈ [−𝑊, 𝑊],

0, otherwise,
(6.5)

where Γ is the effective coupling strength and 𝑊 is a cutoff energy. The reservoir is dis-
cretized into 𝐿 equally spaced energy modes {𝜖𝑘} in the range [−𝑊, 𝑊], with each mode
weakly coupled to a local residual bath. We choose the couplings 𝜅𝑘 such that

𝜅𝑘 = √ΓΔ𝜖
2𝜋

, (6.6)

where Δ𝜖 = 𝜖𝑘+1 − 𝜖𝑘 = 2𝑊/𝐿 is the mode spacing. We also take the damping rates 𝛾𝑘

of the residual reservoirs to match the spacing: 𝛾𝑘 = Δ𝜖 = 2𝑊/𝐿. This ensures that the
mesoscopic representation becomes an accurate approximation to the original continuum
bath in the limit 𝐿 → ∞.

The total Hamiltonian of the extended system (system + lead) is then given by

𝐻̂ = 𝐻̂𝑆 + 𝐻̂𝐿 + 𝐻̂𝑆𝐿, (6.7)

where

𝐻̂𝐿 =
𝐿

∑
𝑘=1

𝜖𝑘 ̂𝑎†
𝑘 ̂𝑎𝑘, (6.8)

𝐻̂𝑆𝐿 =
𝐿

∑
𝑘=1

𝜅𝑘( ̂𝑐†
1 ̂𝑎𝑘 + ̂𝑎†

𝑘 ̂𝑐1), (6.9)

with ̂𝑎𝑘 the fermionic annihilation operator for the 𝑘-th lead mode.

The dynamics of the extended state ̂𝜌𝑆𝐿(𝑡) is governed by a Lindblad master equation of
the form

d ̂𝜌𝑆𝐿(𝑡)
d𝑡

= −𝑖[𝐻̂, ̂𝜌𝑆𝐿(𝑡)] + 𝒟( ̂𝜌𝑆𝐿(𝑡)), (6.10)

where the dissipator encodes the coupling of each lead mode to its residual bath:

𝒟[ ̂𝜌] =
𝐿

∑
𝑘=1

𝛾𝑘(1 − 𝑓𝑘)( ̂𝑎𝑘 ̂𝜌 ̂𝑎†
𝑘 − 1

2{ ̂𝑎†
𝑘 ̂𝑎𝑘, ̂𝜌}) + 𝛾𝑘𝑓𝑘( ̂𝑎†

𝑘 ̂𝜌 ̂𝑎𝑘 − 1
2{ ̂𝑎𝑘 ̂𝑎†

𝑘, ̂𝜌}), (6.11)

with 𝑓𝑘 = (𝑒𝛽(𝜖𝑘−𝜇) + 1)−1 the Fermi-Dirac distribution.

The analysis of the system dynamics depends on whether interactions are present. In
what follows, we consider both the non-interacting and interacting regimes separately.
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6 Entropy production in the mesoscopic-leads formalism

6.3 Thermalization of the extended system steady state

We now investigate whether the extended system reaches a thermal steady state when
coupled to a single mesoscopic lead. In particular, we ask whether the long-time state

̂𝜌𝑆𝐿(𝑡 → ∞) approximates a thermal Gibbs state ̂𝜌𝛽 ∝ 𝑒−𝛽𝐻̂, where 𝐻̂ is the full Hamiltonian
of system plus lead. The analysis is carried out separately for the non-interacting and
interacting cases, as they require different numerical and analytical tools.

6.3.1 Non-interacting systems (𝑈 = 0)

In the absence of interactions (𝑈 = 0), the total Hamiltonian is quadratic and the dynamics
remains Gaussian. In this regime, the full state ̂𝜌𝑆𝐿(𝑡) is entirely determined by its two-point
correlation functions.

We define a total of 𝑁 + 𝐿 fermionic modes,

̂𝑑𝑖 =
⎧{
⎨{⎩

̂𝑐𝑖, for 𝑖 = 1, … , 𝑁 (system modes),

̂𝑎𝑖−𝑁, for 𝑖 = 𝑁 + 1, … , 𝑁 + 𝐿 (lead modes),
(6.12)

and rewrite the full Hamiltonian as

𝐻̂ = ∑
𝑖𝑗

𝐻𝑖𝑗
̂𝑑†
𝑖

̂𝑑𝑗, (6.13)

where 𝑯 ∈ ℂ(𝑁+𝐿)×(𝑁+𝐿) is the single-particle Hamiltonian of the extended system.

The state is characterized by its covariance matrix 𝑪(𝑡), with entries

𝐶𝑖𝑗(𝑡) = Tr[ ̂𝜌𝑆𝐿(𝑡) ̂𝑑†
𝑗

̂𝑑𝑖]. (6.14)

Its time evolution is governed by the Lyapunov equation

d𝑪(𝑡)
d𝑡

= −(𝑾 𝑪(𝑡) + 𝑪(𝑡)𝑾 †) + 𝑭 , (6.15)

with 𝑾 = 𝑖𝑯 + 𝜞 /2, and

𝜞 = diag(0, … , 0, 𝛾1, … , 𝛾𝐿), 𝑭 = diag(0, … , 0, 𝑓1𝛾1, … , 𝑓𝐿𝛾𝐿). (6.16)

In the long-time limit, the system reaches a unique steady state ̂𝜌ss, whose covariance matrix
satisfies

𝑾 𝑪ss + 𝑪ss𝑾 † = 𝑭 . (6.17)

To test whether the steady state is approximately thermal, we compare ̂𝜌ss with the
thermal reference state

̂𝜌𝛽 = 1
𝑍

𝑒−𝛽𝐻̂, (6.18)
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6.3 Thermalization of the extended system steady state

where 𝐻̂ is the Hamiltonian of the extended system and 𝑍 = Tr[𝑒−𝛽𝐻̂] is the partition
function. As a measure of closeness, we use the quantum fidelity

𝐹( ̂𝜌1, ̂𝜌2) = Tr[√√ ̂𝜌1 ̂𝜌2 √ ̂𝜌1]
2
, (6.19)

which can be efficiently computed for fermionic Gaussian states in terms of their covariance
matrices.

This result was derived in Section 4.8 of Chapter 4; we recall it here for completeness.
Given two Gaussian states with covariance matrices 𝑪1 and 𝑪2, the corresponding density
operators can be written as

̂𝜌𝑗 = 1
𝑍𝑗

𝑒− ̂𝒅†𝑴𝑗
̂𝒅, 𝑴𝑗 = log(

𝟙 − 𝑪𝑗

𝑪𝑗
).

for 𝑗 = 1, 2. The fidelity is then given by

𝐹( ̂𝜌1, ̂𝜌2) =
det(𝟙 +

√
𝑒−𝑴1𝑒−𝑴2)

2

det(𝟙 + 𝑒−𝑴1) ⋅ det(𝟙 + 𝑒−𝑴2)
. (6.20)

In our case, we take ̂𝜌1 = ̂𝜌ss and ̂𝜌2 = ̂𝜌𝛽. The covariance matrix of a thermal state is given
by

𝑪𝛽 = (𝟙 + 𝑒𝛽𝑯)−1. (6.21)

so that 𝑴2 = 𝛽𝑯.
Figure 6.2 shows the infidelity 1 − 𝐹( ̂𝜌ss, ̂𝜌𝛽) as a function of the number of lead modes

𝐿, for different system sizes and temperatures. As 𝐿 increases, the infidelity decreases
monotonically, indicating convergence of the steady state toward a thermal state. We also
observe that larger systems require more lead modes to reach the same level of agreement,
consistent with the fact that a finite-size reservoir can only approximate thermalization up
to a certain precision.

6.3.2 Interacting systems (𝑈 ≠ 0)

In the presence of interactions (𝑈 ≠ 0), the system is no longer Gaussian, and the co-
variance matrix formalism no longer applies. To compute both thermal and steady states
in this regime, we use a matrix product state (MPS) approach based on the superfermion
representation of the entire Markovian embedding [44, 164]. In this framework, the density
matrix of the 𝑁 + 𝐿 site system is mapped to a pure state on a doubled Hilbert space with
2𝑁 + 2𝐿 sites, where each physical fermionic site is paired with an ancilla. This method of-
fers the advantage of incorporating fermionic correlations without introducing cumbersome
long-range Jordan-Wigner strings [44].

To generate a thermal state ̂𝜌𝛽, we employ imaginary time evolution using the time-
dependent variational principle (TDVP). The evolution is performed with a time step Δ𝛽 =
0.001, a truncation cutoff of 10−6, a maximum bond dimension of 80, and a minimum bond
dimension of 15. For a fixed Hamiltonian, the thermal state is obtained in a single sweep from
infinite temperature, progressing from the highest temperature state to the lowest. A brief
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Figure 6.2: Infidelity, 1 − 𝐹( ̂𝜌ss, ̂𝜌𝛽), between the steady state and thermal state of the extended
system, as a function of the number of lead modes 𝐿. The system consists of a chain of 𝑁
fermionic sites with nearest-neighbour hopping and on-site energies 𝜖𝑗 = 𝜖, and the lead
is coupled to the first site. We set 𝑔 = 𝜖 = 1, and consider temperatures 𝑇 = 0.5𝜖, 𝜖, and
5𝜖 in panels (a), (b), and (c), respectively. The infidelity is computed using Eq. (6.18)
and the fidelity formula above.

summary of the superfermion formalism and of the TDVP-based thermal-state preparation
is provided in Appendix A.5.

In tensor network simulations, quantities that involve high powers or matrix square roots
of the density matrix, such as the quantum fidelity, are generally difficult to compute, as they
require access to nonlocal operations that are not readily available in MPS representations.
In contrast, linear and quadratic functionals of ̂𝜌, such as expectation values and Hilbert-
Schmidt norms, can be efficiently evaluated. For this reason, to assess whether a thermal
state ̂𝜌𝛽 ∝ 𝑒−𝛽𝐻̂ is a good approximation to the steady state, we compute its variability,
defined as

𝑣( ̂𝜌𝛽) = √Tr[ℒ( ̂𝜌𝛽)†ℒ( ̂𝜌𝛽)]. (6.22)

This measure is motivated by the fact that ℒ( ̂𝜌ss) = 0, where ̂𝜌ss is the steady state. There-
fore, if 𝑣( ̂𝜌𝛽) ≈ 0, then ̂𝜌𝛽 is approximately a fixed point of the dissipative dynamics. This
approach has the significant advantage that it only requires knowledge of the thermal state
and does not require a separate calculation of the steady state. We assume throughout that
the steady state is unique, which is justified by the absence of known strong symmetries [165]
and the fact that we consider ergodic models in the interacting case. A discussion of the
error estimate for 𝑣( ̂𝜌𝛽) and the robustness of its computation, including convergence with
bond dimension, is provided in Appendix A.6.

Figure 6.3 shows the variability 𝑣( ̂𝜌𝛽) as a function of the number of lead modes 𝐿,
for a fixed system size 𝑁 = 3, and for various interaction strengths and temperatures.
As in the non-interacting case (cf. Fig. 6.2), the variability decreases monotonically with
𝐿, indicating that the extended system approaches a thermal fixed point as the number
of lead modes increases—even in the presence of strong system-lead coupling and local
interactions. This supports the conclusion that the mesoscopic lead construction faithfully
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Figure 6.3: Variability 𝑣( ̂𝜌𝛽) as a function of the number of lead modes 𝐿 for different temperatures
𝑇 = 0.5𝜖, 𝜖, 5𝜖 (blue, orange, green) and interaction strengths 𝑈 = 0, 0.5𝜖, 𝜖, 5𝜖 [panels
(a)–(d)]. Parameters: 𝜖 = 1, 𝑊 = 10, Γ = 1, system size 𝑁 = 3.

captures thermalization behavior, even for systems with non-quadratic interactions and
non-trivial system-bath correlations.

6.4 Entropy production

We now investigate how the entropy production (defined over the entire extended system)
behaves for a single bath in the transient regime before reaching the steady state. To this
end, we begin by defining the currents flowing between the lead modes and their respective
residual reservoirs—quantities we refer to as external currents. The external energy and
particle currents are given by

𝐼𝐸(𝑡) = Tr[𝐻̂ℒ( ̂𝜌𝑆𝐿(𝑡))],

𝐼𝑃(𝑡) = Tr[ ̂𝑁ℒ( ̂𝜌𝑆𝐿(𝑡))],
(6.23)

and the corresponding heat current is defined as

𝐼𝑄(𝑡) = 𝐼𝐸(𝑡) − 𝜇𝐼𝑃(𝑡) . (6.24)

Following Refs. [166, 167, 168, 169, 45], we define the entropy production rate at the level
of the extended system as

𝜎𝑆𝐿(𝑡) = ̇𝑆𝑆𝐿(𝑡) − 𝛽𝐼𝑄(𝑡), (6.25)

where 𝑆𝑆𝐿(𝑡) ≡ 𝑆( ̂𝜌𝑆𝐿(𝑡)) is the von Neumann entropy of the extended system and ̇𝑆𝑆𝐿(𝑡)
is its time derivative. Importantly, this definition does not assume that the steady state is
thermal [103].
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Figure 6.4: Comparison of the two different definitions of the entropy production rate, 𝜎𝑆𝐿(𝑡) and
𝜎Spohn(𝑡), for the resonant level model at different temperatures and lead sizes. We set
𝜖 = 1, Γ = 1, and 𝑊 = 10 in all plots. The temperatures and lead sizes are as follows:
(a) 𝑇 = 0.1𝜖, 𝐿 = 5; (b) 𝑇 = 𝜖, 𝐿 = 5; (c) 𝑇 = 0.1𝜖, 𝐿 = 100; (d) 𝑇 = 𝜖, 𝐿 = 100. Panel
(d) corresponds to the high-temperature, large-lead limit, where agreement between the
two definitions is expected and observed.

Since the extended system obeys Lindblad dynamics, we also consider Spohn’s definition
of the entropy production rate [30]

𝜎Spohn(𝑡) = − d
d𝑡

𝐷( ̂𝜌𝑆𝐿(𝑡)∥ ̂𝜌ss) ≥ 0, (6.26)

where ̂𝜌ss is the fixed point of the dynamics. As we discussed in Section 3.6.2, this quantity
is non-negative, which follows from the contractivity of quantum relative entropy under
CPTP maps. Moreover, in Section 3.6.2, we also show that if the steady state is thermal,

̂𝜌ss = ̂𝜌𝛽 ∝ 𝑒−𝛽𝐻̂, the two definitions coincide, i.e., 𝜎Spohn(𝑡) = 𝜎𝑆𝐿(𝑡).

As discussed in the previous section, the steady state of the extended system approaches
a thermal state when the number of lead modes is large. Therefore, we expect the two
definitions in Eqs. (6.25) and (6.26) to agree in the limit of large 𝐿 or high temperature.

To demonstrate this, we consider the resonant-level model with 𝑁 = 1, as defined in
Eq. (6.4). Figure 6.4 compares 𝜎Spohn(𝑡) and 𝜎𝑆𝐿(𝑡) for different lead sizes and temperatures,
assuming a flat spectral density as in Eq. (6.5). Agreement improves with increasing 𝐿, and
is particularly strong at higher temperature, consistent with expectations: the mesoscopic
leads approximation becomes more accurate as 𝐿 → ∞, though convergence requires more
modes at low temperature [44, 45].

It is worth noting that we restrict to moderate values of 𝐿 in Fig. 6.4, since the numerical
computation of ̇𝑆𝑆𝐿(𝑡) becomes ill-conditioned for large systems. This limitation does not
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affect entropy production computations at the level of the system alone, which we explore
in the next subsection.

6.4.1 Entropic discrepancy with a single bath

So far, we have studied the thermalization of the extended system ̂𝜌𝑆𝐿(𝑡) and analyzed the
entropy production rate during the transient regime in the presence of a single bath. It
is important to emphasize, however, that while the extended dynamics is Markovian by
construction, the reduced dynamics of the central system is generally non-Markovian.

In the limit of a large number of lead modes, we have seen that the two definitions of
entropy production rate, 𝜎Spohn and 𝜎𝑆𝐿, become equivalent for the full system. The question
we now address is how this global entropy production relates to that of the reduced system,
defined as 𝜎𝑆(𝑡), with ̂𝜌𝑆(𝑡) = Tr𝐿[ ̂𝜌𝑆𝐿(𝑡)].

As discussed in Section 5.4 of Chapter 5, the internal particle and energy currents are
defined as

𝐽𝐸(𝑡) = 𝑖⟨[𝐻̂𝐿, 𝐻̂𝑆𝐿]⟩ + Tr[𝐻̂𝑆𝐿 𝒟( ̂𝜌𝑆𝐿)],

𝐽𝑃(𝑡) = 𝑖⟨[ ̂𝑁𝐿, 𝐻̂𝑆𝐿]⟩,
(6.27)

where 𝒟(⋅) is the dissipator acting on the lead modes. These currents define the heat flow
as

𝐽𝑄(𝑡) = 𝐽𝐸(𝑡) − 𝜇𝐽𝑃(𝑡) (6.28)

The entropy production rate at the system level is then given by

𝜎𝑆(𝑡) = ̇𝑆𝑆(𝑡) − 𝛽𝐽𝑄(𝑡), (6.29)

where 𝑆𝑆(𝑡) is the von Neumann entropy of the reduced system state ̂𝜌𝑆(𝑡) = Tr𝐿[ ̂𝜌𝑆𝐿(𝑡)].

In the single bath case, both 𝜎𝑆(𝑡) and 𝜎𝑆𝐿(𝑡) vanish in the steady state. However,
they may differ in the transient regime. This is expected: information is thrown away when
tracing out the lead, which should be reflected in the entropy production rate. In particular,
while 𝜎𝑆𝐿(𝑡) ≥ 0 by construction, 𝜎𝑆(𝑡) can become negative due to the non-Markovianity
of the reduced dynamics.

To analyze this difference, we introduce the integrated entropy productions

Σ𝑆(𝑡) =
ˆ 𝑡

0
d𝑡′ 𝜎𝑆(𝑡′), Σ𝑆𝐿(𝑡) =

ˆ 𝑡

0
d𝑡′ 𝜎𝑆𝐿(𝑡′). (6.30)

Subtracting the definitions of 𝜎𝑆(𝑡) and 𝜎𝑆𝐿(𝑡), we find

Σ𝑆(𝑡) − Σ𝑆𝐿(𝑡) =
ˆ 𝑡

0
d𝑡′ [( ̇𝑆𝑆 − ̇𝑆𝑆𝐿) − 𝛽{(𝐽𝐸 − 𝐼𝐸) + 𝜇(𝐽𝑃 − 𝐼𝑃)}] (6.31)
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We now evaluate the three terms in this expression. First, consider the difference in
entropy production rates. Since system and lead are initially uncorrelated, the initial entropy
is additive, 𝑆𝑆𝐿(0) = 𝑆𝐿(0) + 𝑆𝑆(0). We can then write

ˆ 𝑡

0
d𝑡′ ( ̇𝑆𝑆 − ̇𝑆𝑆𝐿) = 𝑆𝑆(𝑡) − 𝑆𝑆(0) − 𝑆𝑆𝐿(𝑡) + 𝑆𝑆𝐿(0)

= 𝑆𝑆(𝑡) − 𝑆𝑆𝐿(𝑡) + 𝑆𝐿(0).
(6.32)

Adding and subtracting 𝑆𝐿(𝑡), we obtain

ˆ 𝑡

0
d𝑡′ ( ̇𝑆𝑆 − ̇𝑆𝑆𝐿) = 𝐼𝑆𝐿(𝑡) − Δ𝑆𝐿, (6.33)

where 𝐼𝑆𝐿(𝑡) = 𝑆𝑆(𝑡) + 𝑆𝐿(𝑡) − 𝑆𝑆𝐿(𝑡) is the mutual information between system and lead
and Δ𝑆𝐿 = 𝑆𝐿(𝑡) − 𝑆𝐿(0) is the change in the entropy of the lead. Next, consider the
particle current terms. From the master equation, we find

ˆ 𝑡

0
d𝑡′ (𝐼𝑃 − 𝐽𝑃) =

ˆ 𝑡

0
d𝑡′ (Tr[ ̂𝑁𝐿𝒟( ̂𝜌)] + 𝑖⟨[𝐻̂, ̂𝑁𝐿]⟩)

=
ˆ 𝑡

0
d𝑡′ 𝜕𝑡′⟨ ̂𝑁𝐿⟩

= Δ𝑁𝐿

(6.34)

where Δ𝑁𝐿 = ⟨ ̂𝑁𝐿⟩𝑡 − ⟨ ̂𝑁𝐿⟩0. A similar argument holds for the energy current difference,

ˆ 𝑡

0
d𝑡′ (𝐼𝐸 − 𝐽𝐸) =

ˆ 𝑡

0
d𝑡′𝜕𝑡′⟨𝐻̂𝐿⟩ = Δ𝐸𝐿, (6.35)

where Δ𝐸𝐿 = ⟨𝐻̂𝐿⟩𝑡 − ⟨𝐻̂𝐿⟩0. Bringing everything together, we obtain an expression for
the difference in the entropy production of the central and extended systems,

Σ𝑆(𝑡) − Σ𝑆𝐿(𝑡) = 𝛽Δ𝐹𝐿 + 𝐼𝑆𝐿(𝑡) (6.36)

where Δ𝐹𝐿 = 𝐹𝐿(𝑡) − 𝐹𝐿(0) is the change in the non-equilibrium free energy of the lead,
which is defined as

𝐹𝐿(𝑡) = ⟨𝐻̂𝐿⟩𝑡 − 𝜇⟨ ̂𝑁𝐿⟩𝑡 − 𝑇 𝑆𝐿(𝑡) (6.37)

This expression reveals that the difference between system-level and extended entropy pro-
duction comes from two contributions: the change in the lead’s nonequilibrium free energy
and the correlations built up between system and lead. Both terms are non-negative. More-
over, since the initial state of the lead is thermal, its free energy cannot decrease. Indeed, as
we show in Section 3.6.2, the change in free energy can be written as a relative entropy [170]:

Δ𝐹𝐿 = 1
𝛽

𝐷( ̂𝜌𝐿 ∥ 𝑒−𝛽(𝐻̂𝐿−𝜇𝑁̂𝐿)

𝑍𝐿
) ≥ 0, (6.38)

where we used the fact that 𝐹𝐿(0) = −𝑇 log𝑍𝐿.
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Figure 6.5: Difference between system-level and extended entropy production, Σ𝑆(𝑡) − Σ𝑆𝐿(𝑡), for
a resonant-level model with 𝑁 = 1, illustrating the contributions from correlations and
lead free energy. (a) Single-bath setup with flat spectral density, showing the decompo-
sition into mutual information 𝐼𝑆𝐿 and nonequilibrium free energy 𝛽Δ𝐹𝐿; (b) Two-bath
configuration with leads at different temperatures 𝑇1 = 0.5𝜖 and 𝑇2 = 𝜖, showing the
total correlation term 𝐶𝐿𝑆(𝑡) and the contributions 𝛽Δ𝐹1, 𝛽Δ𝐹2 from each lead. In
both panels, shaded regions represent the terms on the right-hand side of Eq. (6.36) and
Eq. (6.55), respectively. Parameters: Γ = 𝜖, 𝜇 = 0, 𝐿 = 100, 𝑊 = 10𝜖, and time step
Δ𝑡 = 0.01.

Therefore, we conclude that
Σ𝑆(𝑡) ≥ Σ𝑆𝐿(𝑡). (6.39)

This inequality holds regardless of whether the system is interacting or not. It expresses
the fact that focusing on the central system (i.e. tracing out the lead) represents a kind of
coarse-graining, under which the entropy production can only increase [171].

We can also identify two conditions which together suffice to ensure that Σ𝑆(𝑡) ≈ Σ𝑆𝐿(𝑡)
in the steady-state: (i) the lead returns to its initial state, i.e., Δ𝐹𝐿 ≈ 0; (ii) the correlations
between system and lead are negligible, i.e., 𝐼𝑆𝐿 ≈ 0.

This result is illustrated in Fig. 6.5(a), which shows a numerical evaluation of both sides
of Eq. (6.36) for the resonant-level model (𝑁 = 1). We observe excellent agreement between
the left- and right-hand sides of the equation, with the mutual information 𝐼𝑆𝐿 contributing
the dominant share of the difference. This reflects the significant system-lead correlations
that arise due to the strong coupling between them.

6.4.2 Entropic differences with multiple baths

We now extend the analysis to the case where the central system is coupled to 𝐾 distinct
baths. In the mesoscopic leads framework, each reservoir is modeled by an independent
damped lead. The joint state of the system and all leads is denoted by ̂𝜌𝑆𝐿, and its dynamics
is governed by a Lindblad equation of the form

d ̂𝜌𝑆𝐿
d𝑡

= −𝑖[𝐻̂, ̂𝜌𝑆𝐿] +
𝐾

∑
𝛼=1

𝒟𝛼( ̂𝜌𝑆𝐿), (6.40)

where 𝒟𝛼 is the dissipator associated with lead 𝛼.
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The internal energy and particle currents from each lead 𝛼 into the system are defined as

𝐽𝐸
𝛼 (𝑡) = 𝑖⟨[𝐻̂𝐿𝛼

, 𝐻̂𝑆𝐿𝛼
]⟩ + Tr[𝐻̂𝑆𝐿𝛼

𝒟𝛼( ̂𝜌𝑆𝐿)],

𝐽𝑃
𝛼 (𝑡) = 𝑖⟨[ ̂𝑁𝐿𝛼

, 𝐻̂𝑆𝐿𝛼
]⟩,

(6.41)

where 𝐻̂𝑆𝐿𝛼
is the interaction between system and lead 𝛼, and 𝐻̂𝐿𝛼

, ̂𝑁𝐿𝛼
are the lead’s

Hamiltonian and number operator, respectively.

The entropy production rate at the system level is then

𝜎𝑆(𝑡) = ̇𝑆𝑆(𝑡) −
𝐾

∑
𝛼=1

𝛽𝛼𝐽𝑄
𝛼 (𝑡), (6.42)

where 𝐽𝑄
𝛼 (𝑡) = 𝐽𝐸

𝛼 (𝑡) − 𝜇𝛼𝐽𝑃
𝛼 (𝑡) is the internal heat current associated with lead 𝛼.

To define the entropy production at the level of the extended system, the relevant currents
are the external ones:

𝐼𝐸
𝛼 (𝑡) = Tr[𝐻̂ 𝒟𝛼( ̂𝜌𝑆𝐿)],

𝐼𝑃
𝛼 (𝑡) = Tr[ ̂𝑁 𝒟𝛼( ̂𝜌𝑆𝐿)].

(6.43)

leading to external heat currents 𝐼𝑄
𝛼 (𝑡) = 𝐼𝐸

𝛼 (𝑡) − 𝜇𝛼𝐼𝑃
𝛼 (𝑡). The corresponding entropy

production rate for the extended system is

𝜎𝑆𝐿(𝑡) = d𝑆𝑆𝐿(𝑡)
d𝑡

−
𝐾

∑
𝛼=1

𝛽𝛼𝐼𝑄
𝛼 (𝑡). (6.44)

The non-negativity of 𝜎𝑆𝐿(𝑡) follows from the generalization of Spohn’s inequality to
multi-terminal setups [172], which we discussed in Section 3.6.2. Let ̂𝜌𝛼 denote the steady
state for that lead acting in isolation, i.e.

ℒ𝛼( ̂𝜌𝛼) ≡ −𝑖[𝐻̂, ̂𝜌𝛼] + 𝒟𝛼( ̂𝜌𝛼) = 0, (6.45)

where ℒ𝛼(⋅) = −𝑖[𝐻̂, ⋅] + 𝒟𝛼(⋅) is the partial generator associated with bath 𝛼. The con-
tractivity of the relative entropy implies

Tr[ℒ𝛼( ̂𝜌𝑆𝐿)(log ̂𝜌𝛼 − log ̂𝜌𝑆𝐿)] ≥ 0. (6.46)

Assuming ̂𝜌𝛼 ∝ exp[−𝛽𝛼(𝐻̂ − 𝜇𝛼
̂𝑁)] is a thermal state, 𝜎𝑆𝐿 can be rewritten as

𝜎𝑆𝐿(𝑡) =
𝐾

∑
𝛼=1

Tr[ℒ𝛼( ̂𝜌𝑆𝐿)(log ̂𝜌𝛼 − log ̂𝜌𝑆𝐿)] ≥ 0. (6.47)

See Section 3.6.2 of Chapter 3 for details.

We now derive an explicit expression for the difference between the integrated entropy
productions Σ𝑆 and Σ𝑆𝐿. Subtracting the two definitions yields

Σ𝑆(𝑡) − Σ𝑆𝐿(𝑡) =
ˆ 𝑡

0
d𝑡′( ̇𝑆𝑆(𝑡′) − ̇𝑆𝑆𝐿(𝑡′)) −

𝐾
∑
𝛼=1

ˆ 𝑡

0
d𝑡′ 𝛽𝛼(𝐽𝑄

𝛼 (𝑡′) − 𝐼𝑄
𝛼 (𝑡′)). (6.48)
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We begin by evaluating the current differences. The heat current term decomposes as
ˆ 𝑡

0
d𝑡′[𝐽𝑄

𝛼 (𝑡′) − 𝐼𝑄
𝛼 (𝑡′)] =

ˆ 𝑡

0
d𝑡′[𝐽𝐸

𝛼 (𝑡′) − 𝐼𝐸
𝛼 (𝑡′) − 𝜇𝛼(𝐽𝑃

𝛼 (𝑡′) − 𝐼𝑃
𝛼 (𝑡′))]

= −Δ𝐸𝛼 + 𝜇𝛼Δ𝑁𝛼,
(6.49)

where Δ𝐸𝛼 = ⟨𝐻̂𝐿𝛼
⟩𝑡 − ⟨𝐻̂𝐿𝛼

⟩0 and Δ𝑁𝛼 = ⟨ ̂𝑁𝐿𝛼
⟩𝑡 − ⟨ ̂𝑁𝐿𝛼

⟩0. These relations follow from
particle and energy conservation, and mirror the arguments given for the single-bath case.

Next, we compute the entropy difference term. Since the system and leads are initially
uncorrelated, the total initial entropy is additive:

𝑆𝑆𝐿(0) = 𝑆𝑆(0) +
𝐾

∑
𝛼=1

𝑆𝐿𝛼
(0). (6.50)

It follows that
ˆ 𝑡

0
d𝑡′( ̇𝑆𝑆(𝑡′) − ̇𝑆𝑆𝐿(𝑡′)) = 𝑆𝑆(𝑡) − 𝑆𝑆(0) − (𝑆𝑆𝐿(𝑡) − 𝑆𝑆𝐿(0))

= 𝑆𝑆(𝑡) − 𝑆𝑆𝐿(𝑡) + 𝑆𝑆𝐿(0) − 𝑆𝑆(0)

= 𝑆𝑆(𝑡) − 𝑆𝑆𝐿(𝑡) +
𝐾

∑
𝛼=1

𝑆𝐿𝛼
(0),

(6.51)

Adding and subtracting ∑𝛼 𝑆𝐿𝛼
(𝑡), we obtain

ˆ 𝑡

0
d𝑡′( ̇𝑆𝑆(𝑡′) − ̇𝑆𝑆𝐿(𝑡′)) =

𝐾
∑
𝛼=1

(𝑆𝐿𝛼
(𝑡) − 𝑆𝐿𝛼

(0)) + 𝑆𝑆(𝑡) +
𝐾

∑
𝛼=1

𝑆𝐿𝛼
(𝑡) − 𝑆𝑆𝐿(𝑡) (6.52)

=
𝐾

∑
𝛼=1

Δ𝑆𝐿𝛼
− 𝐶𝐿𝑆(𝑡), (6.53)

where Δ𝑆𝐿𝛼
= 𝑆𝐿𝛼

(𝑡) − 𝑆𝐿𝛼
(0), and

𝐶𝐿𝑆(𝑡) = 𝑆𝑆(𝑡) +
𝐾

∑
𝛼=1

𝑆𝐿𝛼
(𝑡) − 𝑆𝑆𝐿(𝑡) (6.54)

denotes the total correlation between the system and all the leads. Combining everything,
we find

Σ𝑆(𝑡) − Σ𝑆𝐿(𝑡) =
𝐾

∑
𝛼=1

𝛽𝛼Δ𝐹𝐿𝛼
+ 𝐶𝐿𝑆(𝑡), (6.55)

where Δ𝐹𝐿𝛼
is the change in nonequilibrium free energy of lead 𝛼, defined as

Δ𝐹𝐿𝛼
= Δ𝐸𝛼 − 𝜇𝛼Δ𝑁𝛼 − 𝑇𝛼Δ𝑆𝐿𝛼

. (6.56)

This generalizes Eq. (6.36) to the multi-terminal case. As in the single-bath scenario, the
coarse-grained entropy production is always greater than or equal to that of the full system:

Σ𝑆(𝑡) ≥ Σ𝑆𝐿(𝑡), (6.57)
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with equality achieved when both the leads return to their initial equilibrium state (Δ𝐹𝐿𝛼
≈

0) and correlations vanish (𝐶𝐿𝑆 ≈ 0).
To illustrate this, we consider the resonant level model connected to two leads at different

temperatures. Figure 6.5 (b) shows a numerical evaluation of both sides of Eq. (6.55). As in
the single-bath case (cf. Fig. 6.5(a)), the largest contribution to the difference comes from
correlations. Importantly, the difference between Σ𝑆(𝑡) and Σ𝑆𝐿(𝑡) saturates in the steady
state, while both entropy productions grow linearly in time. Hence, either formulation
provides a consistent thermodynamic description in the long-time limit.

162



Part IV

Information Geometry

163





7 Information Geometry in
Thermodynamics

I
nformation geometry provides a powerful mathematical framework for studying
families of probability distributions using tools from differential geometry. In this
approach, probability distributions are treated as points on a manifold endowed

with a Riemannian metric derived from the Fisher information. This geometric structure
allows one to quantify statistical distinguishability, define geodesics, and analyze curvature
from an information-theoretic perspective. The Fisher information plays a central role in
classical estimation theory, where it determines the precision limits of unbiased estimators
through the Cramér–Rao [173, 174]. In the quantum domain, it forms the backbone of quan-
tum metrology, where it sets fundamental limits on parameter estimation under constraints
imposed by quantum mechanics [175, 176].

Beyond statistics and metrology, the geometric perspective offered by Fisher informa-
tion has proven remarkably fruitful in thermodynamics. When thermodynamic states are
interpreted as probability distributions (or density matrices), the Fisher metric acquires
thermodynamic significance: it quantifies the distinguishability between nearby equilibrium
states and encodes the system’s linear response to external driving. Many thermodynamic
quantities—such as work and entropy production—can be interpreted geometrically, and
bounds on irreversibility often take the form of geometric inequalities involving distances
or actions on the space of control parameters [177, 54, 55]. This geometric approach uni-
fies diverse results in nonequilibrium thermodynamics and provides a powerful toolset for
identifying optimal driving protocols, particularly in the slow-driving or near-equilibrium
regime.

The aim of this chapter is to develop the foundations of information geometry and ex-
plore its applications in thermodynamics, with particular emphasis on quantum systems.
In the first part, we introduce the Fisher information as a Riemannian metric on the space
of probability distributions. Then, we extend this framework to quantum states. Unlike
the classical case, the quantum Fisher information is not unique; the noncommutativity of
quantum states leads to a family of monotone Riemannian metrics classified by operator
monotone functions [178]. We examine several important choices—including the symmetric
logarithmic derivative (SLD) and the Kubo–Mori–Bogoliubov (KMB) metrics—and high-
light their operational roles in quantum thermodynamics.

The second part of the chapter focuses on the concept of thermodynamic length, which
arises by integrating the Fisher metric along a path in parameter space. We trace the his-
torical development of this idea, beginning with the work of Weinhold and Ruppeiner on
thermodynamic metrics [179, 180], and continuing through its information-geometric refor-
mulation by Crooks [54]. We conclude with the recent quantum generalization of thermody-
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namic length for open quantum systems evolving under Lindblad dynamics [59], where the
KMB metric plays a central role.

This chapter is structured as follows. Section 7.1 introduces the classical Fisher informa-
tion and its interpretation as a Riemannian metric on the space of probability distributions.
Section 7.2 extends this framework to quantum systems, highlighting the ambiguities in-
troduced by noncommutativity and the resulting family of monotone Riemannian metrics.
Section 7.4 presents a historical overview of thermodynamic geometry, tracing the devel-
opment of thermodynamic length and its connection to dissipation in both classical and
quantum regimes. Finally, Section 7.4.6 summarizes the main insights and prepares the
ground for the next chapter, where we study the geometry of transitions between nonequi-
librium steady states.

⬥

7.1 Classical Fisher Information

In this section, we review the concept of classical Fisher information, which quantifies the
sensitivity of probability distributions to changes in external parameters. We then show
how this quantity gives rise to a natural geometric structure on the space of probability
distributions.

7.1.1 Single Parameter Case

Consider a parametric family of probability distributions 𝑝(𝑥|𝜃), where 𝜃 ∈ ℝ is a real
parameter. When 𝜃 is varied, the probability distribution changes accordingly. A natural
way to measure the sensitivity of the distribution with respect to 𝜃 is through the score
function, defined as

ℓ(𝑥, 𝜃) = 𝜕
𝜕𝜃

log 𝑝(𝑥|𝜃).1 (7.1)

From the chain rule, it follows that the score function can also be written as

ℓ(𝑥, 𝜃) = 1
𝑝(𝑥|𝜃)

𝜕𝑝(𝑥|𝜃)
𝜕𝜃

. (7.2)

The score function measures the rate of change of the log-likelihood at a given point 𝑥. To
quantify the global sensitivity of the distribution, one might consider taking the expectation
value of ℓ(𝑥, 𝜃) with respect to 𝑝(𝑥|𝜃). However, a direct calculation shows that this quantity
vanishes:

⟨ℓ(𝑥, 𝜃)⟩ =
ˆ

d𝑥 𝑝(𝑥|𝜃)ℓ(𝑥, 𝜃)

= 𝜕
𝜕𝜃

(
ˆ

d𝑥 𝑝(𝑥|𝜃))

= 0

(7.3)

1Physically, the score function measures the relative change of 𝑝(𝑥|𝜃) under an infinitesimal variation of 𝜃,
as (𝑝(𝑥|𝜃 + d𝜃) − 𝑝(𝑥|𝜃))/𝑝(𝑥|𝜃) ≈ ℓ(𝑥, 𝜃)d𝜃 for small d𝜃.
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where ⟨⋅⟩ denotes the expectation value with respect to 𝑝(𝑥|𝜃), and we used that
´
d𝑥 𝑝(𝑥|𝜃) =

1.
Since the mean of the score function vanishes, a more informative quantity to consider is

its variance, which defines the Fisher information:

ℐ(𝜃) = ⟨ℓ(𝑥, 𝜃)2⟩ =
ˆ

d𝑥 𝑝(𝑥|𝜃)(𝜕 log 𝑝(𝑥|𝜃)
𝜕𝜃

)
2

. (7.4)

The Fisher information plays a central role in statistical inference: it sets a lower bound
on the variance of any unbiased estimator of 𝜃 via the celebrated Cramér-Rao inequality,
thereby quantifying the fundamental limits of precision in estimation tasks [174, 173]. More
intuitively, Fisher information measures the amount of information that the random variable
𝑥 carries about the parameter 𝜃. When the Fisher information is large, small changes in 𝜃
induce significant, distinguishable changes in the probability distribution 𝑝(𝑥|𝜃), enabling
more precise estimation of the underlying parameter.

Beyond its interpretation in estimation theory, the Fisher information also introduces a
natural geometric structure on the space of probability distributions. Specifically, it defines
a Riemannian metric on the manifold of probability densities parametrized by 𝜃, allowing
one to measure infinitesimal distances between infinitesimally close distributions [181, 173,
182]. This geometric viewpoint will prove particularly powerful when we later extend these
ideas to quantum systems.

To make the connection with geometry more precise, we observe that the Fisher infor-
mation can be expressed as the squared norm of the score function under a weighted inner
product. Specifically, given two functions 𝑓(𝑥) and 𝑔(𝑥) of the random variable 𝑥, we define
their weighted inner product with respect to 𝑝(𝑥|𝜃) as

⟨𝑓, 𝑔⟩𝑝 =
ˆ

d𝑥 𝑝(𝑥|𝜃)𝑓(𝑥)𝑔(𝑥), (7.5)

so that
ℐ(𝜃) = ⟨ℓ(𝑥, 𝜃), ℓ(𝑥, 𝜃)⟩𝑝. (7.6)

This formulation highlights how the Fisher information captures the “length” of the score
function, thereby setting the stage for its geometric interpretation.

7.1.2 Classical Fisher Information from the Relative Entropy

Another fundamental connection between Fisher information and geometry emerges through
the local expansion of the relative entropy between nearby distributions. Given a parametric
family 𝑝(𝑥|𝜃), the relative entropy between 𝑝(𝑥|𝜃) and 𝑝(𝑥|𝜃 + 𝜖) is defined as

𝐷KL(𝑝(𝑥|𝜃) ‖ 𝑝(𝑥|𝜃 + 𝜖)) =
ˆ

d𝑥 𝑝(𝑥|𝜃) log 𝑝(𝑥|𝜃)
𝑝(𝑥|𝜃 + 𝜖)

. (7.7)

Expanding log 𝑝(𝑥|𝜃 + 𝜖) around 𝜃 to second order, we find

log 𝑝(𝑥|𝜃 + 𝜖) = log 𝑝(𝑥|𝜃) + 𝜖 𝜕
𝜕𝜃

log 𝑝(𝑥|𝜃) + 1
2

𝜖2 𝜕2

𝜕𝜃2 log 𝑝(𝑥|𝜃) + 𝒪(𝜖3). (7.8)
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Substituting this into the definition of 𝐷KL and keeping terms up to second order, we
obtain

𝐷KL(𝑝(𝑥|𝜃) ‖ 𝑝(𝑥|𝜃 + 𝜖)) = −𝜖
ˆ

d𝑥 𝑝(𝑥|𝜃) 𝜕
𝜕𝜃

log 𝑝(𝑥|𝜃)

− 1
2

𝜖2
ˆ

d𝑥 𝑝(𝑥|𝜃) 𝜕2

𝜕𝜃2 log 𝑝(𝑥|𝜃) + 𝒪(𝜖3)

= −𝜖⟨ℓ(𝑥, 𝜃)⟩ − 1
2

𝜖2⟨ 𝜕2

𝜕𝜃2 log 𝑝(𝑥|𝜃)⟩ + 𝒪(𝜖3).

(7.9)

The first term vanishes because ⟨ℓ(𝑥, 𝜃)⟩ = 0. To evaluate the second term, we use the
identity

𝜕2

𝜕𝜃2 log 𝑝(𝑥|𝜃) = 1
𝑝(𝑥|𝜃)

𝜕2

𝜕𝜃2 𝑝(𝑥|𝜃) − (𝜕 log 𝑝(𝑥|𝜃)
𝜕𝜃

)
2

, (7.10)

which follows from applying the chain rule to log 𝑝(𝑥|𝜃). Taking the expectation of both
sides, we obtain

⟨ 𝜕2

𝜕𝜃2 log 𝑝(𝑥|𝜃)⟩ = 𝜕2

𝜕𝜃2

ˆ
d𝑥 𝑝(𝑥|𝜃) −

ˆ
d𝑥 𝑝(𝑥|𝜃)(𝜕 log 𝑝(𝑥|𝜃)

𝜕𝜃
)

2

= −ℐ(𝜃),
(7.11)

where the first term vanishes due to normalization of the probability distribution. Using
this expression in Eq. (7.9) we obtain,

𝐷KL(𝑝(𝑥|𝜃) ‖ 𝑝(𝑥|𝜃 + 𝜖)) = 1
2

𝜖2 ℐ(𝜃) + 𝒪(𝜖3). (7.12)

This result shows that, to leading order, the Fisher information quantifies the infinitesimal
divergence between neighboring probability distributions. The second-order expansion of the
relative entropy thereby defines a Riemannian metric structure on the statistical manifold,
with ℐ(𝜃) playing the role of the metric tensor in parameter space. For the single-parameter
family, the infinitesimal squared distance between distributions is given by

d𝑠2 = ℐ(𝜃)(d𝜃)2. (7.13)

This metric quantifies the local distinguishability of nearby distributions in parameter space.

As a consequence of the second-order expansion, we find that the KL divergence becomes
locally symmetric. Although the KL divergence is not symmetric in general (i.e., 𝐷KL(𝑝‖𝑞) ≠
𝐷KL(𝑞‖𝑝)), this asymmetry appears only at third order when 𝑝(𝑥|𝜃) and 𝑝(𝑥|𝜃 + 𝜖) are
infinitesimally close. Indeed, reparametrizing 𝜃′ = 𝜃 + 𝜖 shows that

𝐷KL(𝑝(𝑥|𝜃 + 𝜖) ‖ 𝑝(𝑥|𝜃)) = 1
2

𝜖2ℐ(𝜃) + 𝒪(𝜖3), (7.14)

where we used that ℐ(𝜃 + 𝜖) = ℐ(𝜃) + 𝒪(𝜖). This local symmetry validates the use of the
second-order expansion of the KL divergence as a Riemannian metric.
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7.1.3 Multiparameter Generalization

We now generalize to the case where 𝜽 = (𝜃1, 𝜃2, … , 𝜃𝑛) ∈ ℝ𝑛 is a vector of real parameters.
For each parameter component, we define the corresponding logarithmic derivative (or score
function) as

ℓ𝑖(𝑥, 𝜽) = 𝜕
𝜕𝜃𝑖 log 𝑝(𝑥|𝜽), 𝑖 = 1, … , 𝑛. (7.15)

Each ℓ𝑖(𝑥, 𝜽) is a random variable depending on 𝑥.
The Fisher information matrix is then defined as the covariance matrix of the logarithmic

derivatives [174, 181]:

𝑔𝑖𝑗(𝜽) = ⟨ℓ𝑖(𝑥, 𝜽), ℓ𝑗(𝑥, 𝜽)⟩
𝑝

=
ˆ

d𝑥 𝑝(𝑥|𝜽) ℓ𝑖(𝑥, 𝜽) ℓ𝑗(𝑥, 𝜽). (7.16)

As a covariance matrix, 𝑔𝑖𝑗(𝜽) is symmetric and positive semi-definite by construction.
In analogy with the single-parameter case, the Fisher information matrix defines a Rie-

mannian metric on the parameter space. The infinitesimal squared distance d𝑠2 between
two nearby distributions 𝑝(𝑥|𝜽) and 𝑝(𝑥|𝜽 + d𝜽) is given by

d𝑠2 = 𝑔𝑖𝑗(𝜽)d𝜃𝑖d𝜃𝑗. (7.17)

Thus, the parameter space is endowed with a natural geometric structure where the Fisher
information matrix plays the role of the metric tensor.

The Fisher information matrix provides a natural metric that quantifies the distinguisha-
bility of nearby probability distributions. However, in quantum systems, the objects of
interest are density operators rather than classical distributions, and observables do not nec-
essarily commute. In the next section, we extend this geometric framework to the quantum
domain, making the necessary modifications to account for the noncommutative structure.

7.2 Quantum Fisher Information

In this section, we extend the notion of Fisher information to the quantum setting. This
requires generalizing two key ingredients: the classical score function, which is replaced by
a logarithmic derivative operator, and the classical weighted inner product, which must be
adapted to incorporate the density matrix.

In the quantum setting, we replace the probability distribution by a smooth family of
density matrices { ̂𝜌𝜃} parametrized by 𝜃 ∈ ℝ. Expectation values of observables ̂𝐴 are then
given by ⟨𝐴⟩𝜃 = Tr[ ̂𝜌𝜃

̂𝐴].
The direct analog of the classical score function ℓ(𝑥, 𝜃) is the operator 𝜕𝜃 log ̂𝜌𝜃. As long

as ̂𝜌𝜃 is full rank, this quantity is well-defined and unique. However, our primary objective
is not to generalize ℓ(𝑥, 𝜃) itself, but rather its operational properties that tie the Fisher
information to an underlying geometric structure.

To motivate this approach, let us first recall the key operational properties of the classical
score function. In particular, it satisfies the identity

𝜕𝜃𝑝(𝑥|𝜃) = 𝑝(𝑥|𝜃)ℓ(𝑥, 𝜃). (7.18)
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Given a smooth test function 𝑓(𝑥), multiplying both sides by 𝑓(𝑥) and integrating yields

⟨𝑓, ℓ⟩𝑝 =
ˆ

d𝑥 𝑓(𝑥) 𝜕𝜃𝑝(𝑥|𝜃), (7.19)

which we can write compactly as

⟨𝑓, ℓ⟩𝑝 = 𝜕𝜃⟨𝑓⟩𝑝, (7.20)

where ⟨⋅, ⋅⟩𝑝 denotes the 𝑝-weighted inner product defined previously, and ⟨𝑓⟩𝑝 the expecta-
tion value of 𝑓 under 𝑝(𝑥|𝜃).2

Thus, the score function plays a central operational role: it governs how expectation
values of observables change under infinitesimal variations of the underlying parameter.

To preserve this operational structure in the quantum setting, we seek an operator 𝐿̂𝜃,
referred to as a quantum logarithmic derivative, such that, for all observables ̂𝐴,

𝜕𝜃⟨ ̂𝐴⟩𝜃 = ⟨ ̂𝐴, 𝐿̂𝜃⟩ ̂𝜌, (7.21)

where ⟨⋅, ⋅⟩ ̂𝜌 denotes a generalized inner product weighted by ̂𝜌, to be precisely defined below.

However, an important distinction from the classical case emerges. Although 𝜕𝜃 ̂𝜌𝜃 is
well-defined, it generally does not commute with ̂𝜌𝜃,

[ ̂𝜌𝜃, 𝜕𝜃 ̂𝜌𝜃] ≠ 0, (7.22)

which prevents a straightforward quantum analog of the classical relation 𝜕𝜃𝑝(𝑥|𝜃) = 𝑝(𝑥|𝜃)ℓ(𝑥, 𝜃),
as the order of operator multiplication now matters.

The non-commutativity also complicates the choice of inner product. In the classical
setting, there is only one natural choice for the 𝑝-weighted inner product ⟨⋅, ⋅⟩𝑝, as it involves
a product of real numbers. In the quantum case, however, there is no canonical way to
“weight” an observable with the density matrix ̂𝜌𝜃, since the order of operator multiplication
becomes significant. For instance, one may consider different expressions such as

Tr[ ̂𝐴† ̂𝜌𝜃𝐵̂], Tr[ ̂𝐴†𝐵̂ ̂𝜌𝜃], or Tr[ ̂𝐴† ̂𝜌𝑠
𝜃𝐵̂ ̂𝜌1−𝑠

𝜃 ], (7.23)

where 0 < 𝑠 < 1. These forms are generally distinct due to the non-commutativity of the
operators involved.

To unify such expressions, we introduce a linear, positive map 𝕁 ̂𝜌 that generalizes the
classical notion of weighting by 𝑝(𝑥|𝜃):

𝕁 ̂𝜌(𝐵̂) =
ˆ 1

0
d𝑠 𝜇(𝑠) ̂𝜌𝑠𝐵̂ ̂𝜌1−𝑠, (7.24)

2In functional-analytic terms, ℓ(𝑥, 𝜃) is the Riesz representation of the linear functional 𝑓 ↦´
𝑑𝑥 𝑓(𝑥) 𝜕𝜃𝑝(𝑥|𝜃) on 𝐿2(𝑝). Geometrically, it describes the infinitesimal deformation of the distribution

as a vector in the same Hilbert space as the observables.
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where 𝜇(𝑠) is a probability distribution on [0, 1]. For example, setting 𝜇(𝑠) = 𝛿(𝑠) yields
𝕁 ̂𝜌(𝐵̂) = 𝐵̂ ̂𝜌, while a uniform distribution recovers the symmetrized form

´ 1
0
d𝑠 ̂𝜌𝑠𝐵̂ ̂𝜌1−𝑠.

Importantly, for any such choice of 𝜇(𝑠), the cyclic property of the trace ensures

Tr[𝕁 ̂𝜌(𝐵̂)] = Tr[ ̂𝜌𝐵̂], (7.25)

preserving the interpretation of 𝕁 ̂𝜌 as a generalized quantum weighting operation.

Using this map, we define a ̂𝜌-weighted inner product between operators ̂𝐴 and 𝐵̂ as

⟨ ̂𝐴, 𝐵̂⟩ ̂𝜌 = Tr[ ̂𝐴† 𝕁 ̂𝜌(𝐵̂)]. (7.26)

This construction mirrors the classical 𝑝-weighted inner product, with the map 𝕁 ̂𝜌 encoding
the choice of operator weighting.

We then define the quantum logarithmic derivative 𝐿̂𝜃 implicitly through the relation

𝜕𝜃 ̂𝜌𝜃 = 𝕁 ̂𝜌(𝐿̂𝜃), (7.27)

which generalizes the classical identity (7.18), supporting the interpretation of 𝐿̂𝜃 as the
quantum analog of the score function. Moreover, by the cyclic property of the trace, it
immediately follows that

Tr[𝕁 ̂𝜌(𝐿̂𝜃)] = Tr[ ̂𝜌𝜃𝐿̂𝜃] = 𝜕𝜃 Tr[ ̂𝜌𝜃] = 0, (7.28)

in direct analogy with the classical property ⟨ℓ(𝑥, 𝜃)⟩ = 0.

The quantum Fisher information associated with this choice of logarithmic derivative is
defined by

ℐ(𝜃) = ⟨𝐿̂𝜃, 𝐿̂𝜃⟩ ̂𝜌 = Tr[𝐿̂†
𝜃𝕁 ̂𝜌(𝐿̂𝜃)], (7.29)

which extends the classical expression given in Eq. (7.6). Using Eq. (7.27), the Fisher
information can also be expressed as

ℐ(𝜃) = Tr[𝐿̂†
𝜃 𝜕𝜃 ̂𝜌𝜃], (7.30)

mirroring the classical Fisher information as a measure of sensitivity to parameter changes.

Different choices for the map 𝕁 ̂𝜌 give rise to distinct generalizations of the classical Fisher
information. For example, a simple choice is to define the right logarithmic derivative (RLD)
via

𝜕𝜃 ̂𝜌𝜃 = ̂𝜌𝜃𝐿̂(RLD)
𝜃 , (7.31)

which corresponds to the map
𝕁(RLD)

̂𝜌 (𝐵̂) = ̂𝜌𝐵̂. (7.32)

Similarly, one may define a left logarithmic derivative (LLD) through the choice 𝕁 ̂𝜌(𝐵̂) =
𝐵̂ ̂𝜌𝜃.
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A particularly important choice that is widely used in quantum metrology is the symmetric
logarithmic derivative (SLD), in which the weighting is performed symmetrically on both
sides:

𝕁(SLD)
̂𝜌 (𝐵̂) = 1

2
(𝐵̂ ̂𝜌𝜃 + ̂𝜌𝜃𝐵̂). (7.33)

The associated operator 𝐿̂(SLD)
𝜃 satisfies

𝜕𝜃 ̂𝜌𝜃 = 1
2

{ ̂𝜌𝜃, 𝐿̂(SLD)
𝜃 }, (7.34)

where {⋅, ⋅} denotes the anticommutator. The corresponding Fisher information then takes
a particularly simple form:

ℐ(SLD)(𝜃) = Tr[ ̂𝜌𝜃(𝐿̂(SLD)
𝜃 )2]. (7.35)

Another prominent example, which arises naturally in quantum statistical mechanics, is
the Kubo–Mori–Bogoliubov (KMB) Fisher information [183, 184]. It is defined through the
KMB operator:

𝕁(KMB)
̂𝜌 (𝐵̂) =

ˆ 1

0
d𝑠 ̂𝜌𝑠𝐵̂ ̂𝜌1−𝑠. (7.36)

The corresponding logarithmic derivative operator 𝐿̂(KMB)
𝜃 satisfies the integral identity

𝜕𝜃 ̂𝜌𝜃 =
ˆ 1

0
d𝑠 ̂𝜌𝑠

𝜃 𝐿̂(KMB)
𝜃 ̂𝜌1−𝑠

𝜃 . (7.37)

Notably, the KMB logarithmic derivative coincides with the natural quantum generaliza-
tion of the classical score function ℓ(𝑥, 𝜃) introduced in Eq. (7.1):

𝐿̂(KMB)
𝜃 = 𝜕 log ̂𝜌𝜃

𝜕𝜃
. (7.38)

Since ̂𝜌𝜃 is Hermitian, this implies that 𝐿̂(KMB)
𝜃 is also Hermitian.

This identity follows from a general formula for differentiating operator exponentials.
Specifically, if 𝐴(𝜃) is a differentiable family of operators, then [185]

𝑑
𝑑𝜃

𝑒𝐴(𝜃) =
ˆ 1

0
d𝑠 𝑒𝑠𝐴(𝜃) 𝑑𝐴

𝑑𝜃
𝑒(1−𝑠)𝐴(𝜃). (7.39)

Applying this result to the identity ̂𝜌𝜃 = 𝑒log ̂𝜌𝜃 yields

𝜕𝜃 ̂𝜌𝜃 =
ˆ 1

0
d𝑠 ̂𝜌𝑠

𝜃
𝜕 log ̂𝜌𝜃

𝜕𝜃
̂𝜌1−𝑠
𝜃 , (7.40)

which precisely matches the integral definition of the KMB logarithmic derivative. In terms
of the associated superoperator, this expression can be compactly written as

𝜕𝜃 ̂𝜌𝜃 = 𝕁(KMB)
̂𝜌 (𝐿̂(KMB)

𝜃 ). (7.41)

This connection helps to explain why the KMB logarithmic derivative arises naturally
in quantum statistical mechanics. It frequently appears in the context of differentiating
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thermal states of the form ̂𝜌𝜃 ∝ 𝑒−𝛽𝐻̂(𝜃). Moreover, as will be discussed in the next section,
the KMB Fisher information emerges naturally as the second-order term in the expansion of
quantum relative entropy, further reinforcing its thermodynamic and information-theoretic
significance.

7.3 Quantum Fisher Information from Relative Entropy

In this section, we show how KMB quantum Fisher information naturally arises from the
second-order expansion of the relative entropy between nearby states. The proof closely
mirrors the classical case.

The quantum relative entropy between two density matrices ̂𝜌𝜃 and ̂𝜌𝜃+𝜖 is defined as

𝐷( ̂𝜌𝜃 ‖ ̂𝜌𝜃+𝜖) = Tr[ ̂𝜌𝜃(log ̂𝜌𝜃 − log ̂𝜌𝜃+𝜖)]. (7.42)

Expanding log ̂𝜌𝜃+𝜖 to second order, we find

log ̂𝜌𝜃+𝜖 = log ̂𝜌𝜃 + 𝜖 𝜕
𝜕𝜃

log ̂𝜌𝜃 + 1
2

𝜖2 𝜕2

𝜕𝜃2 log ̂𝜌𝜃 + 𝒪(𝜖3). (7.43)

Substituting into the definition of the relative entropy and keeping terms up to second
order, we find

𝐷( ̂𝜌𝜃 ‖ ̂𝜌𝜃+𝜖) = −𝜖Tr[ ̂𝜌𝜃𝐿̂𝜃] − 1
2

𝜖2 Tr[ ̂𝜌𝜃
𝜕2 log ̂𝜌𝜃

𝜕𝜃2 ] + 𝒪(𝜖3). (7.44)

The first term is zero, since ⟨𝐿̂𝜃⟩ = 0. To evaluate the second term, we use the product rule
to expand the second derivative:

Tr[ ̂𝜌𝜃
𝜕2 log ̂𝜌𝜃

𝜕𝜃2 ] = 𝜕
𝜕𝜃

Tr[ ̂𝜌𝜃
𝜕 log ̂𝜌𝜃

𝜕𝜃
] − Tr[𝜕 ̂𝜌𝜃

𝜕𝜃
𝜕 log ̂𝜌𝜃

𝜕𝜃
]

= −Tr[𝜕 ̂𝜌𝜃
𝜕𝜃

𝐿̂𝜃]

= −ℐ(𝜃)

(7.45)

where we have used the identity ℐ(𝜃) = Tr[𝐿̂†
𝜃 𝜕𝜃 ̂𝜌𝜃]. Substituting back into Eq. (7.44), we

obtain
𝐷( ̂𝜌𝜃 ‖ ̂𝜌𝜃+𝜖) = 1

2
𝜖2 ℐ(𝜃) + 𝒪(𝜖3). (7.46)

This result shows that the KMB quantum Fisher information quantifies the local distin-
guishability of nearby quantum states. As in the classical case, the second-order expansion
of the quantum relative entropy defines a Riemannian metric structure on the space of quan-
tum states, with ℐ(𝜃) playing the role of the metric tensor. For single-parameter families,
the infinitesimal squared distance is given by

d𝑠2 = ℐ(𝜃)(d𝜃)2. (7.47)
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7.3.1 Multiparameter Generalization

We now extend the formalism to the case where 𝜽 = (𝜃1, 𝜃2, … , 𝜃𝑛) ∈ ℝ𝑛 is a vector of
real parameters. For each parameter component, we define the corresponding logarithmic
derivative operator 𝐿̂𝑖 via the relation

𝜕𝜃𝑖⟨ ̂𝐴⟩𝜽 = ⟨ ̂𝐴, 𝐿̂𝑖⟩ ̂𝜌, (7.48)

for all observables ̂𝐴, where ⟨⋅, ⋅⟩ ̂𝜌 denotes the generalized inner product associated with the
choice of weighting map 𝕁 ̂𝜌.

The quantum Fisher information matrix is then defined as the covariance matrix of the
logarithmic derivatives:

𝑔𝑖𝑗(𝜽) = ⟨𝐿̂𝑖, 𝐿̂𝑗⟩ ̂𝜌. (7.49)

The matrix 𝑔𝑖𝑗(𝜽) is Hermitian and positive semi-definite, reflecting the statistical distin-
guishability structure induced by the choice of inner product.

In analogy with the classical case, the quantum Fisher information matrix defines a Rie-
mannian metric on the parameter space. The infinitesimal squared distance d𝑠2 between
two nearby quantum states ̂𝜌𝜽 and ̂𝜌𝜽+d𝜽 is given by

d𝑠2 = 𝑔𝑖𝑗(𝜽) 𝑑𝜃𝑖𝑑𝜃𝑗. (7.50)

Thus, the parameter space is endowed with a natural geometric structure, where the quan-
tum Fisher information matrix plays the role of the metric tensor.

7.4 Historical Development of Thermodynamic Geometry

The idea of introducing geometric structures into thermodynamics has a long and rich
history, motivated by the desire to quantify the distinguishability between macroscopic
equilibrium states and the costs associated with finite-time transformations.

A summary of the major developments in the concept of thermodynamic length is provided
in Table 7.1 at the end of this chapter, which may serve as a reference as we review the
individual contributions in detail.

7.4.1 Weinhold: Geometric Structure from Thermodynamic
Potentials (1975)

The first formal attempt to introduce a Riemannian geometric structure into thermody-
namics was made by Weinhold [179]. Motivated by analogies with differential geometry and
classical mechanics, Weinhold proposed equipping the thermodynamic state space with a
metric structure derived from second derivatives of thermodynamic potentials.

In Weinhold’s formulation, each equilibrium state is represented by a point in the space
of extensive variables (𝑋1, … , 𝑋𝑛), which serve as coordinates on the thermodynamic state
manifold. These variables typically include quantities such as entropy, volume, and particle
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7.4 Historical Development of Thermodynamic Geometry

number. A Riemannian metric on this manifold is then defined by taking the Hessian of the
internal energy 𝑈:

𝑔𝜇𝜈 = 𝜕2𝑈
𝜕𝑋𝜇𝜕𝑋𝜈 . (7.51)

This construction endowed the thermodynamic state space with notions of distance and
curvature. However, at this stage, the interpretation of the metric remained largely for-
mal and lacked a clear physical or statistical interpretation. Weinhold’s metric was not
explicitly connected to statistical mechanics or fluctuations, and its operational meaning in
thermodynamic processes was not yet clarified.

Nevertheless, this initial proposal laid the groundwork for later developments that pro-
vided physical content to thermodynamic geometry.

7.4.2 Ruppeiner: Metric from Fluctuation Theory (1979)

Building on Weinhold’s geometric formulation, Ruppeiner [180] introduced a thermodynamic
metric grounded in fluctuation theory and statistical mechanics. His approach begins with
the entropy function 𝑆, expressed in terms of extensive variables 𝑋𝑖, and draws on Einstein’s
theory of thermodynamic fluctuations.

Near equilibrium, spontaneous fluctuations occur around a macrostate, and the probabil-
ity of a fluctuation is given by

𝑃 ∝ exp(Δ𝑆), (7.52)

where Δ𝑆 is the entropy difference relative to equilibrium. For small deviations 𝛿𝑋𝑖, a
second-order expansion yields

Δ𝑆 ≈ −1
2

𝑔𝑖𝑗 𝛿𝑋𝑖𝛿𝑋𝑗, (7.53)

which corresponds to a Gaussian distribution over fluctuation space. The coefficients 𝑔𝑖𝑗 are
defined as the negative Hessian of the entropy:

𝑔𝑖𝑗 = − 𝜕2𝑆
𝜕𝑋𝑖𝜕𝑋𝑗 . (7.54)

This matrix defines a Riemannian metric on the manifold of equilibrium states. The
associated line element,

d𝑠2 = 𝑔𝑖𝑗 d𝑋𝑖d𝑋𝑗, (7.55)

measures the statistical distance between neighboring macrostates and quantifies the sys-
tem’s susceptibility to fluctuations.

Ruppeiner’s metric encodes how sensitively entropy responds to changes in macroscopic
variables, and thus reflects the underlying correlations in the system. It differs from Wein-
hold’s in the choice of thermodynamic potential—entropy rather than internal energy—but
the two are conformally related via temperature:

𝑔Ruppeiner
𝜇𝜈 = 1

𝑇
𝑔Weinhold

𝜇𝜈 . (7.56)
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This formulation introduced a clear physical interpretation to thermodynamic geometry
and laid the foundation for its application to diverse systems, including black holes [186, 187,
188, 189].

7.4.3 Salamon and Berry: Thermodynamic Length (1983)

Following the establishment of a geometric structure in thermodynamics, Salamon and
Berry [177] introduced the concept of thermodynamic length. Their work shifted attention
from static geometric structures to the dynamics of transformations between equilibrium
states, particularly focusing on finite-time processes.

Thermodynamic length was defined as the integrated distance along a path according to
the Weinhold metric:

ℒ =
ˆ

𝛾
d𝜉 √𝑔𝜇𝜈

d𝑋𝜇

d𝜉
d𝑋𝜈

d𝜉
, (7.57)

where 𝜉 parametrizes the trajectory 𝛾 through the space of extensive variables, and 𝑔𝜇𝜈 is
the metric tensor derived from the Hessian of internal energy.

It was demonstrated that, under near-equilibrium conditions and assuming linear re-
sponse, thermodynamic length provides a lower bound on the dissipation incurred during
a finite-time transformation. In particular, minimizing thermodynamic length corresponds
to minimizing the dissipated availability, a quantity closely related to irreversible entropy
production, when moving between states at a finite rate.

This insight connected geometric ideas directly to thermodynamic optimization, opening
a new perspective on nonequilibrium thermodynamics in which geometric concepts such as
distance and curvature influence the efficiency of real transformations.

7.4.4 Crooks: Thermodynamic Divergence and Information Geometry
(2007)

Amajor conceptual advance in thermodynamic geometry came with its reformulation through
information geometry, particularly in the work of Crooks [54]. By identifying thermodynamic
length with the Fisher information metric, Crooks established a direct link between the ge-
ometry of equilibrium distributions and the energetic costs of driving a system through
parameter space.

In Crooks’ framework, a classical system is in contact with a thermal bath at inverse
temperature 𝛽. The system is described by a time-dependent Hamiltonian of the form

𝛽𝐻(𝑥, 𝜆(𝑡)) = 𝜆𝑖(𝑡)𝑋𝑖(𝑥), (7.58)

where 𝑥 denotes a microstate, 𝜆𝑖(𝑡) are externally controlled parameters and 𝑋𝑖(𝑥) are the
corresponding observables. Here, the factor of 𝛽 is absorbed into 𝜆𝑖, rendering the product
𝜆𝑖𝑋𝑖 dimensionless.

For fixed 𝜆𝑖, the corresponding equilibrium distribution is given by

𝑝(𝑥|𝜆) = 1
𝑍(𝜆)

𝑒−𝜆𝑖𝑋𝑖(𝑥). (7.59)

176



7.4 Historical Development of Thermodynamic Geometry

This formulation moves the focus from the space of extensive variables to the manifold of
control parameters 𝜆, building on earlier work by Schlögl [190].

The metric is then constructed from the Massieu potential 𝜓(𝜆) = ln𝑍(𝜆), whose first
derivatives yield expectation values of the observables: 𝜕𝜓/𝜕𝜆𝑖 = −⟨𝑋𝑖⟩. The second
derivatives generate the covariance matrix:

𝑔𝑖𝑗(𝜆) = 𝜕2𝜓
𝜕𝜆𝑖𝜕𝜆𝑗 = ⟨(𝑋𝑖 − ⟨𝑋𝑖⟩)(𝑋𝑗 − ⟨𝑋𝑗⟩)⟩. (7.60)

As highlighted by Crooks, this metric coincides with the Fisher information matrix for
the family of equilibrium distributions:

𝑔𝑖𝑗(𝜆) =
ˆ

d𝑥 𝑝(𝑥|𝜆)𝜕 ln 𝑝(𝑥|𝜆)
𝜕𝜆𝑖

𝜕 ln 𝑝(𝑥|𝜆)
𝜕𝜆𝑗

. (7.61)

It quantifies the statistical distinguishability of nearby thermal states and is equivalent to
the Fisher–Rao metric in information geometry.

Using this metric, the thermodynamic length of a path in parameter space is defined as

ℒ =
ˆ 𝜏

0
d𝑡 √d𝜆𝑖

d𝑡
𝑔𝑖𝑗

d𝜆𝑗

d𝑡
, (7.62)

where 𝜏 is the protocol time. Crooks also introduced the notion of thermodynamic divergence,
which is given by the action of the metric along the path, scaled by 𝜏:

𝒥 = 𝜏
ˆ 𝜏

0
d𝑡 d𝜆𝑖

d𝑡
𝑔𝑖𝑗

d𝜆𝑗

d𝑡
. (7.63)

These quantities satisfy the inequality

𝒥 ≥ ℒ2, (7.64)

which follows from the Cauchy–Schwarz inequality
´ 𝜏

0
𝑢2 d𝑡

´ 𝜏
0

𝑣2 d𝑡 ≥ (
´ 𝜏

0
𝑢𝑣d𝑡)2 by taking

𝑢 = √𝑔𝑖𝑗𝜆̇𝑖𝜆̇𝑗 and 𝑣 = 1.

To assign operational meaning to these geometric quantities, Crooks proposed a dis-
cretized protocol that drives the system from 𝜆(0) to 𝜆(𝜏) in a sequence of quenches. At
each step, the control parameters are quenched from 𝜆𝑡 to 𝜆𝑡+1, and the system is allowed
to reequilibrate. Once the final state is reached, the protocol is reversed, returning to the
initial configuration.

It is then shown that, in the continuum limit, the total entropy produced over the complete
forward-reverse process—referred to as the hysteresis—converges to the thermodynamic
divergence:

Σ → 𝒥. (7.65)

Combining this with the inequality 𝒥 ≥ ℒ2 yields a geometric bound on total entropy
production:

Σ ≥ ℒ2. (7.66)
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This result has a compelling interpretation: the irreversibility of a finite-time process,
measured by entropy production, is bounded from below by a purely geometric quantity.
This suggests that minimally dissipative protocols can be designed by minimizing thermo-
dynamic length—that is, by identifying geodesics in the space of control parameters. This
principle laid the foundation for later work by Sivak and Crooks [55], who related thermo-
dynamic divergence to excess work in slowly driven processes.

The identification of thermodynamic length with the Fisher information metric has since
influenced a wide range of developments in nonequilibrium thermodynamics, optimal con-
trol, and quantum thermodynamics. It offers a useful perspective for understanding ener-
getic costs in systems undergoing nonequilibrium transformations.

7.4.5 Scandi and Perarnau-Llobet: Thermodynamic Length in Open
Quantum Systems (2019)

Building on classical results, Scandi and Perarnau-Llobet [59] extended the concept of ther-
modynamic length to the quantum domain. They considered open quantum systems evolv-
ing under Lindblad dynamics and showed that, in a slow transition between thermal states,
the dissipation can be expressed as the action of a Riemannian metric naturally related to
the Kubo–Mori–Bogoliubov (KMB) quantum Fisher information.

More specifically, they considered a system with a time-dependent Hamiltonian 𝐻̂𝑡 cou-
pled to a reservoir at inverse temperature 𝛽, assuming the dynamics is governed by a Lind-
blad master equation,

̇̂𝜌𝑡 = ℒ𝑡 ̂𝜌𝑡. (7.67)

If 𝐻̂𝑡 is fixed, the system is assumed to relax to the instantaneous thermal state:

𝜔̂𝛽(𝐻̂𝑡) = 𝑒−𝛽𝐻̂𝑡

Tr[𝑒−𝛽𝐻̂𝑡 ]
. (7.68)

As in Crooks’ framework, the Hamiltonian is taken to be a linear combination of control
observables:

𝐻̂𝑡 = 𝜆𝑖(𝑡)𝑋̂𝑖, (7.69)

where 𝜆𝑖(𝑡) are externally controlled parameters and 𝑋̂𝑖 are system observables.
The total work extracted over a protocol 𝛾 is given by

𝑊[𝛾] = −
ˆ

𝛾
𝑑𝑡Tr[ ̂𝜌𝑡

̇𝐻̂𝑡]. (7.70)

As they discuss, the total work can be split into two components: a reversible part, which
depends only on the endpoints, and an irreversible part, which is path-dependent. The
latter, referred to as dissipative work, is given by the integrated entropy production rate:

𝑊diss =
ˆ

𝛾
d𝑡 𝜎𝑡, (7.71)

To obtain a geometric structure, the authors consider the slow-driving limit, expanding the
state ̂𝜌𝑡 perturbatively in powers of the driving speed and substituting into the expression
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for 𝑊diss. This yields a Riemannian metric on the space of control parameters, and the
dissipative work takes the form of a quadratic action:

𝑊diss = 𝛽
ˆ

𝛾
d𝑡 𝜆̇𝑖

𝑡 𝑔𝑖𝑗(𝜆) 𝜆̇𝑗
𝑡 . (7.72)

The metric tensor is given by

𝑔𝑖𝑗 = −1
2
Tr[𝑋̂𝑖ℒ+[𝕁𝜔̂𝛽

(𝑋̂𝑗)] + 𝑋̂𝑗ℒ+[𝕁𝜔̂𝛽
(𝑋̂𝑖)]], (7.73)

where ℒ+ denotes the Drazin inverse of the Lindblad generator, and 𝕁𝜔̂𝛽
[⋅] is the KMB

operator introduced in Section 7.2.
We will return to this formalism in greater detail in Chapter 9, where it will be applied to

transitions between nonequilibrium steady states. For now, we emphasize that this result
provides a natural extension of thermodynamic length to the quantum regime.

7.4.6 Summary

In this chapter, we traced the development of information geometry in thermodynamics,
from its origin as a formal metric on the space of extensive variables to its modern role
in characterizing dissipation and irreversibility in finite-time processes. A central theme
has been the reinterpretation of thermodynamic quantities—such as entropy production
and work—as geometric path integrals over the space of control parameters. In the next
chapter, we extend these ideas to nonequilibrium steady-state transitions.

Table 7.1 summarizes the key milestones in this conceptual evolution, highlighting how
the notion of thermodynamic length has emerged and expanded over time.
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Table 7.1: Historical development of the concept of thermodynamic length.
Year Authors Contribution
1975 Weinhold [179] Introduced a Riemannian metric in ther-

modynamics via the Hessian of internal en-
ergy with respect to extensive variables.

1979 / 1995 Ruppeiner [180, 186] Related the thermodynamic metric to fluc-
tuation theory, connecting metric distance
to statistical distinguishability between
equilibrium states.

1983 Salamon and Berry [177] Defined thermodynamic length along
paths in thermodynamic space and linked
it to dissipation in finite-time processes.

2007 Crooks [54] Provided an information-theoretic founda-
tion for thermodynamic length using rel-
ative entropy and Fisher information ge-
ometry; introduced thermodynamic diver-
gence.

2012 Sivak and Crooks [55] Demonstrated that excess work in near-
equilibrium transformations is approxi-
mately proportional to thermodynamic di-
vergence, giving it operational meaning.

2019 Scandi and Perarnau-Llobet [59] Generalized thermodynamic length to
open quantum systems described by
Lindblad dynamics, using the Kubo–
Mori–Bogoliubov metric.
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8 Entropy production in
nonequilibrium steady states

E
ntropy production is a fundamental quantity in nonequilibrium thermodynamics,
capturing the irreversibility of physical processes and setting the direction of time’s
arrow. In the context of nonequilibrium steady states (NESS), where systems are

continuously driven by external forces or boundary conditions, entropy production becomes
a central object of study. While the total entropy production satisfies the second law in
the form of a non-negative average, recent developments have emphasized that it can be
usefully decomposed into two distinct contributions: the adiabatic and nonadiabatic com-
ponents [57, 60, 191]. The adiabatic term accounts for steady-state dissipation, while the
nonadiabatic term captures transient relaxation toward or between steady states. This de-
composition provides a refined understanding of irreversibility in both classical and quantum
nonequilibrium systems and underpins the derivation of multiple fluctuation theorems.

This chapter is structured in two main parts. In the first part, we review the trajectory-
level formulation of entropy production in classical Markov jump processes. We define the
dual and dual-reversed processes and derive fluctuation theorems for the total, adiabatic,
and nonadiabatic entropy production. Special attention is given to the role of steady-state
structure and local detailed balance in enabling a physically meaningful decomposition.

In the second part, we turn to the quantum setting, focusing on systems governed by Lind-
blad master equations. We develop a consistent trajectory-level thermodynamics within the
quantum jump formalism [29, 28, 192], construct the time-reversed and dual processes, and
derive quantum analogues of the fluctuation theorems. From an experimental standpoint,
this trajectory-level formulation is not merely a mathematical convenience: it matches the
level at which many platforms are probed, namely through continuous monitoring of the
system’s output channels. Different unravellings of a given Lindblad dynamics correspond
to different measurement schemes on the environment, for instance photon counting versus
homodyne or heterodyne detection, and the resulting stochastic state updates represent
conditioning on the observed record, while the master equation is recovered upon averaging
over records [193, 192, 32].

The mathematical subtleties of the quantum dual dynamics, including its non-uniqueness
and relation to modular theory [194], are addressed. Under appropriate assumptions—
notably, the existence of a privileged representation of the jump operators—we recover a
clear operational interpretation of the adiabatic and nonadiabatic entropy components in
the quantum regime.

Throughout the chapter, we emphasize conceptual continuity between classical and quan-
tum frameworks, while highlighting key differences that arise due to non-commutativity in
the quantum case.
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⬥

Classical Case

8.1 Entropy Production in Classical Markovian Systems

In this section, we introduce the framework of stochastic thermodynamics for classical
continuous-time Markov processes. Classical Markovian systems serve as a foundational
setting in stochastic thermodynamics, already exhibiting the essential structural features
we aim to generalize: the emergence of steady states, the distinction between equilibrium
and nonequilibrium regimes, and the production of entropy through stochastic dynamics.
Our goal is to establish notation and concepts that will guide our later analysis of entropy
production in open quantum systems. For background and comprehensive treatments, see
Refs. [17, 60, 195].

We consider a continuous-time Markov chain on a discrete set of states 𝑖 = 1, … , 𝑁, de-
scribed by a time-dependent probability distribution p(𝑡) = (𝑝1(𝑡), … , 𝑝𝑁(𝑡)). The dynamics
is governed by the Pauli master equation,

d𝑝𝑖
d𝑡

= ∑
𝑗∶𝑗≠𝑖

[𝑊𝑖𝑗𝑝𝑗 − 𝑊𝑗𝑖𝑝𝑖], (8.1)

where 𝑊𝑖𝑗 ≥ 0 denotes the transition rate from state 𝑗 to state 𝑖. The first term accounts
for probability flowing into state 𝑖, while the second describes probability leaving it.

To make the probability flow more transparent, we define the net probability current
between states 𝑖 and 𝑗 as

𝐽𝑖𝑗 = 𝑊𝑖𝑗𝑝𝑗 − 𝑊𝑗𝑖𝑝𝑖, (8.2)

which satisfies the antisymmetry relation 𝐽𝑗𝑖 = −𝐽𝑖𝑗. We set 𝐽𝑖𝑖 = 0 by convention. In
terms of these currents, the master equation becomes

d𝑝𝑖
d𝑡

= ∑
𝑗

𝐽𝑖𝑗, (8.3)

emphasizing its role as a continuity equation for probability flow.
This formulation is particularly convenient for computing the time derivative of expecta-

tion values. For any observable 𝐴 = {𝐴𝑖} defined in the network, the average ⟨𝐴⟩ = ∑𝑖 𝐴𝑖𝑝𝑖

evolves as
d
d𝑡

⟨𝐴⟩ = ∑
𝑖

𝐴𝑖
d𝑝𝑖
d𝑡

= ∑
𝑖𝑗

𝐽𝑖𝑗𝐴𝑖. (8.4)

To express the dynamics in matrix form, we assign the total escape rate from each state
to the diagonal elements of the rate matrix: 𝑊𝑖𝑖 = − ∑𝑗∶𝑗≠𝑖 𝑊𝑗𝑖. With this convention,
the columns of the matrix 𝑾 sum to zero, ∑𝑖 𝑊𝑖𝑗 = 0, ensuring conservation of total
probability:

d
d𝑡

∑
𝑖

𝑝𝑖 = ∑
𝑖𝑗

𝑊𝑖𝑗𝑝𝑗 = ∑
𝑗

𝑝𝑗(∑
𝑖

𝑊𝑖𝑗) = 0. (8.5)
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The master equation can thus be written compactly as

d𝒑
d𝑡

= 𝑾 𝒑. (8.6)

From this equation, we see that the steady-state distributions, for which d𝒑/d𝑡 = 0, lie
in the kernel of 𝑾:

𝑾 𝒑 = 0, (8.7)

which implies that the net inflow of probability vanishes at every state: ∑𝑗 𝐽𝑖𝑗 = 0. This
condition admits two physically distinct scenarios, depending on the structure of the indi-
vidual currents 𝐽𝑖𝑗. If each current vanishes independently, 𝐽𝑖𝑗 = 0 for all 𝑖, 𝑗, the system
is said to satisfy detailed balance, which characterizes equilibrium. Using Eq. (8.2), this
condition reads

𝑊𝑖𝑗𝜋𝑗 = 𝑊𝑗𝑖𝜋𝑖, ∀𝑖, 𝑗, (8.8)

which implies that balance holds at the level of each pairwise transition—hence the term
detailed balance.

A canonical example of detailed balance arises when the system is coupled to a thermal
reservoir at inverse temperature 𝛽, and each state 𝑖 is assigned an energy 𝐸𝑖. This is typically
modeled by imposing that the transition rates satisfy the local detailed balance condition1

𝑊𝑖𝑗

𝑊𝑗𝑖
= 𝑒−𝛽(𝐸𝑖−𝐸𝑗), ∀𝑖, 𝑗. (8.9)

The resulting steady state is the Boltzmann distribution,

𝜋𝑖 = 𝑒−𝛽𝐸𝑖

𝑍
, 𝑍 = ∑

𝑗
𝑒−𝛽𝐸𝑗 , (8.10)

which satisfies the detailed balance condition 𝑊𝑖𝑗𝜋𝑗 = 𝑊𝑗𝑖𝜋𝑖 for all 𝑖, 𝑗. We return to the
interpretation of the local detailed balance condition in the next section.

In contrast, many systems evolve toward nonequilibrium steady states (NESS), where the
stationary condition 𝑾 𝝅 = 0 still holds, but some individual currents 𝐽 ss

𝑖𝑗 do not vanish.
This typically occurs when probability flows form closed loops, leading to persistent circu-
lation in state space. As we will see, these steady-state currents are intimately connected
to sustained entropy production, even in the absence of time-dependent driving.

Figure 8.1 summarizes the structural distinction between equilibrium and nonequilibrium
steady states.

8.1.1 Local vs. Global Detailed Balance

Before introducing the framework of entropy production, it is useful to clarify the distinction
between two related concepts: local and global detailed balance. This distinction is not merely
terminological, but plays a key functional role: local detailed balance will later enable a
thermodynamic interpretation of the entropy balance.

1This is a stronger version of local detailed balance than the more general form 𝑊𝑖𝑗/𝑊𝑗𝑖 = 𝑒Δ𝑆𝑗→𝑖 , which
allows for arbitrary entropy flow assignments. We return to this point in the next section.
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𝑾 𝝅 = 0

𝐽 ss
𝑖𝑗 = 0, ∀ 𝑖, 𝑗

Equilibrium
(Detailed balance)

𝐽 ss
𝑖𝑗 ≠ 0 for some 𝑖, 𝑗

NESS
(Broken detailed balance)

Figure 8.1: Classification of steady states according to the structure of probability currents. All
steady states satisfy 𝑾 𝝅 = 0, but only those with vanishing currents 𝐽𝑖𝑗 satisfy detailed
balance and represent equilibrium.

In the previous section, we introduced the detailed balance condition

𝑊𝑖𝑗𝜋𝑗 = 𝑊𝑗𝑖𝜋𝑖 ∀ 𝑖, 𝑗, (8.11)

which characterizes equilibrium steady states. This condition is sometimes referred to as
global detailed balance to distinguish it from the more microscopic notion of local detailed
balance.

Global detailed balance is a property of both the transition matrix 𝑾 and the steady-
state distribution 𝝅: it asserts that every pairwise transition is exactly balanced in steady
state, and implies the absence of probability currents.

By contrast, local detailed balance refers to a condition on the transition rates alone. It
takes the general form

𝑊𝑖𝑗

𝑊𝑗𝑖
= 𝑒Δ𝑆𝑗→𝑖 , (8.12)

where Δ𝑆𝑗→𝑖 denotes the entropy transferred to the environment during the transition 𝑗 → 𝑖.
This relation implies that each transition is associated with a well-defined entropy flow.

In the case of a thermal reservoir at inverse temperature 𝛽, the entropy flow is determined
by the heat 𝑄𝑗→𝑖 = 𝐸𝑖 − 𝐸𝑗 absorbed by the system, yielding the Clausius relation

Δ𝑆𝑗→𝑖 = −𝛽(𝐸𝑖 − 𝐸𝑗). (8.13)

Substituting this into Eq. (8.12) recovers the familiar form 𝑊𝑖𝑗/𝑊𝑗𝑖 = 𝑒−𝛽(𝐸𝑖−𝐸𝑗), as dis-
cussed in the previous section.

When the entropy change Δ𝑆𝑗→𝑖 arises from an energy difference of the form −𝛽(𝐸𝑖 −𝐸𝑗),
the local detailed balance condition implies global detailed balance, with the steady-state
given by the Boltzmann distribution 𝜋𝑖 ∝ 𝑒−𝛽𝐸𝑖 . Indeed, from Eq. (8.13), one finds

𝑊𝑖𝑗

𝑊𝑗𝑖
= 𝑒−𝛽𝐸𝑖

𝑒−𝛽𝐸𝑗
= 𝜋𝑖

𝜋𝑗
, (8.14)

which ensures that 𝑊𝑖𝑗𝜋𝑗 = 𝑊𝑗𝑖𝜋𝑖 holds for all 𝑖, 𝑗.
By contrast, the more general local detailed balance condition in Eq. (8.12) does not

necessarily imply global detailed balance. The converse direction also does not hold in
general: a system may satisfy global detailed balance without any clear local interpretation
of the rates in terms of entropy exchange.
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In some contexts, the term “local detailed balance” is also used in systems coupled to
multiple environments—such as thermal reservoirs at different temperatures—where the
transition rates associated with each environment separately satisfy local detailed balance.
In such settings, the total rate matrix can be decomposed as

𝑾 = ∑
𝛼

𝑾 (𝛼), (8.15)

where each 𝑾 (𝛼) describes the transitions mediated by a specific reservoir 𝛼, and satisfies

𝑊 (𝛼)
𝑖𝑗

𝑊 (𝛼)
𝑗𝑖

= 𝑒Δ𝑆(𝛼)
𝑗→𝑖 . (8.16)

While global detailed balance is generally broken in such systems, the local structure allows
one to assign entropy flows to individual reservoirs. This is the typical setting for nonequi-
librium steady states and underlies models of thermal machines and transport phenomena.

8.1.2 Schnakenberg Entropy Production

We now discuss the entropic balance in classical Markovian systems and introduce the
notion of irreversibility. A natural starting point is the Shannon entropy of the probability
distribution 𝒑(𝑡), defined as

𝑆(𝑡) = − ∑
𝑖

𝑝𝑖(𝑡) log 𝑝𝑖(𝑡). (8.17)

Its time derivative is given by
d𝑆
d𝑡

= − ∑
𝑖

d𝑝𝑖
d𝑡

log 𝑝𝑖, (8.18)

as shown in Appendix A.1. Using the continuity equation ̇𝑝𝑖 = ∑𝑗 𝐽𝑖𝑗, this becomes

d𝑆
d𝑡

= − ∑
𝑖𝑗

𝐽𝑖𝑗 log 𝑝𝑖. (8.19)

To obtain a more symmetric expression, we exploit the antisymmetry of the probability
currents, 𝐽𝑖𝑗 = −𝐽𝑗𝑖, and rewrite the entropy change rate as

d𝑆
d𝑡

= −1
2

∑
𝑖𝑗

𝐽𝑖𝑗 log 𝑝𝑖 − 1
2

∑
𝑖𝑗

𝐽𝑗𝑖 log 𝑝𝑗

= 1
2

∑
𝑖𝑗

𝐽𝑖𝑗 log(
𝑝𝑗

𝑝𝑖
).

(8.20)

This expression reflects the internal redistribution of probability within the system. How-
ever, it does not, by itself, characterize thermodynamic irreversibility: the entropy can
increase or decrease depending on how the distribution evolves, and no information is yet
included about interactions with the environment. In particular, this is not the quantity
that enters the second law.
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8 Entropy production in nonequilibrium steady states

To quantify irreversibility, we seek a decomposition of the form

𝑑𝑆
𝑑𝑡

= Σ̇ − Π̇, (8.21)

where Π̇ describes the reversible entropy exchange rate with the environment, and Σ̇ ≥ 0 is
entropy production rate, which characterizes the spontaneous, irreversible entropy change.

To motivate the structure of this decomposition, consider the case where the transition
rates satisfy local detailed balance:

log(
𝑊𝑖𝑗

𝑊𝑗𝑖
) = Δ𝑆𝑗→𝑖, (8.22)

where Δ𝑆𝑗→𝑖 denotes the entropy exchanged with the environment in the transition 𝑗 → 𝑖.
Since 𝐽𝑖𝑗 gives the net transition rate from 𝑗 → 𝑖, the total entropy flux is

Π̇ = ∑
𝑖𝑗

𝐽𝑖𝑗Δ𝑆𝑗→𝑖 = 1
2

∑
𝑖𝑗

𝐽𝑖𝑗 log(
𝑊𝑖𝑗

𝑊𝑗𝑖
). (8.23)

If the environment is thermal, the entropy flux Π̇ admits a particularly transparent inter-
pretation. In this case, local detailed balance takes the form Δ𝑆𝑗→𝑖 = 𝛽𝑄𝑗→𝑖, where 𝑄𝑗→𝑖

is the heat released to the environment. The entropy flux then becomes Π̇ = 𝛽𝑄̇, with

𝑄̇ = ∑
𝑖𝑗

𝐽𝑖𝑗𝑄𝑗→𝑖 = 1
2𝛽

∑
𝑖𝑗

𝐽𝑖𝑗 log(
𝑊𝑖𝑗

𝑊𝑗𝑖
). (8.24)

To obtain the entropy production rate Σ̇, we substitute this expression into the entropy
balance (8.21), yielding

Σ̇ = d𝑆
d𝑡

+ Π̇

= 1
2

∑
𝑖𝑗

𝐽𝑖𝑗 log(
𝑝𝑗

𝑝𝑖
) + 1

2
∑

𝑖𝑗
𝐽𝑖𝑗 log(

𝑊𝑖𝑗

𝑊𝑗𝑖
)

= 1
2

∑
𝑖𝑗

𝐽𝑖𝑗 log(
𝑊𝑖𝑗𝑝𝑗

𝑊𝑗𝑖𝑝𝑖
),

(8.25)

which is the celebrated Schnakenberg expression for entropy production [195].

In the absence of local detailed balance, the decomposition in Eq. (8.21) is still mathe-
matically well-defined, since it follows directly from separating logarithmic terms. However,
its interpretation becomes more subtle. In this general setting, the entropy flux Π̇ may
no longer correspond to a physical current—such as heat—but the decomposition remains
operationally meaningful.

This structure is not arbitrary. It remains physically motivated by analogy with sys-
tems that do obey local detailed balance, including Langevin dynamics, as pointed out in
Ref. [17]. More importantly, the quantity Σ̇ defined in this way satisfies the essential prop-
erties expected of an entropy production rate. We now examine these properties in more
detail.
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8.1 Entropy Production in Classical Markovian Systems

The most fundamental of these properties is non-negativity:

Σ̇ ≥ 0, (8.26)

which encodes the second law of thermodynamics.

This result follows from the inequality

(𝑥 − 𝑦) log(𝑥
𝑦

) ≥ 0 for all 𝑥, 𝑦 > 0, (8.27)

with equality if and only if 𝑥 = 𝑦. This relation plays an important role in information
theory (see, e.g., Ref. [173]).

Recalling that 𝐽𝑖𝑗 = 𝑊𝑖𝑗𝑝𝑗 − 𝑊𝑗𝑖𝑝𝑖, the Schnakenberg expression can be written as

Σ̇ = 1
2

∑
𝑖𝑗

(𝑊𝑖𝑗𝑝𝑗 − 𝑊𝑗𝑖𝑝𝑖) log(
𝑊𝑖𝑗𝑝𝑗

𝑊𝑗𝑖𝑝𝑖
). (8.28)

Applying the inequality to each term in the sum, with 𝑥 = 𝑊𝑖𝑗𝑝𝑗 and 𝑦 = 𝑊𝑗𝑖𝑝𝑖, establishes
that Σ̇ ≥ 0.

Importantly, equality holds if and only if the detailed balance condition 𝑊𝑖𝑗𝑝𝑗 = 𝑊𝑗𝑖𝑝𝑖

holds for all 𝑖, 𝑗, which corresponds to thermodynamic equilibrium. Therefore, Σ̇ = 0 if and
only if the system is at equilibrium.

To further clarify the structure of entropy production, it is useful to introduce the ther-
modynamic affinity

𝒜𝑖𝑗 = log(
𝑊𝑖𝑗𝑝𝑗

𝑊𝑗𝑖𝑝𝑖
), (8.29)

which measures the deviation from the detailed balance condition 𝑊𝑖𝑗𝑝𝑗 = 𝑊𝑗𝑖𝑝𝑖. This
quantity plays the role of a generalized force driving the probability current along the tran-
sition 𝑗 → 𝑖. The entropy production then takes the compact form

Σ̇ = 1
2

∑
𝑖𝑗

𝐽𝑖𝑗𝒜𝑖𝑗, (8.30)

making explicit that entropy is produced when probability flows along nonzero thermody-
namic forces.

This formulation highlights that Σ̇ = 0 at equilibrium: when detailed balance holds, both
𝐽 ss

𝑖𝑗 and 𝒜𝑖𝑗 vanish identically.

By contrast, in a NESS, the probability distribution 𝒑ss is time-independent, so ̇𝑆 = 0,
but detailed balance is violated. This leads to sustained probability currents 𝐽 ss

𝑖𝑗 ≠ 0 and
nonzero affinities 𝒜ss

𝑖𝑗 ≠ 0, resulting in a strictly positive entropy production:

Σ̇ss = 1
2

∑
𝑖𝑗

𝐽 ss
𝑖𝑗 𝒜ss

𝑖𝑗 > 0. (8.31)

This persistent entropy production is a hallmark of nonequilibrium steady states: although
the system is stationary, it is continuously dissipating energy and generating entropy.
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8 Entropy production in nonequilibrium steady states

In the special case where the steady state 𝝅 satisfies detailed balance—such as for a
system coupled to a thermal reservoir—the entropy production reduces to the negative time
derivative of the relative entropy between 𝒑(𝑡) and 𝝅:

Σ̇(𝑡) = − d
d𝑡

𝐷(𝒑(𝑡)‖𝝅), (8.32)

where 𝐷(𝑝‖𝜋) = ∑𝑖 𝑝𝑖 log(𝑝𝑖/𝜋𝑖) is the Kullback–Leibler divergence. This expression reflects
the idea that entropy production quantifies relaxation toward equilibrium and vanishes if
and only if 𝒑(𝑡) = 𝝅.

To see this, we compute the time derivative

d
d𝑡

𝐷(𝑝(𝑡)‖𝜋) = ∑
𝑖

̇𝑝𝑖(𝑡) log(𝑝𝑖(𝑡)
𝜋𝑖

), (8.33)

and substitute the master equation ̇𝑝𝑖 = ∑𝑗 𝑊𝑖𝑗𝑝𝑗, yielding

d
d𝑡

𝐷(𝑝‖𝜋) = ∑
𝑖𝑗

𝑊𝑖𝑗𝑝𝑗 log( 𝑝𝑖
𝜋𝑖

). (8.34)

Using the antisymmetry of the probability current 𝐽𝑖𝑗 = 𝑊𝑖𝑗𝑝𝑗 − 𝑊𝑗𝑖𝑝𝑖, we symmetrize the
sum:

− d
d𝑡

𝐷(𝑝‖𝜋) = −1
2

∑
𝑖𝑗

𝐽𝑖𝑗 log( 𝑝𝑖/𝜋𝑖
𝑝𝑗/𝜋𝑗

) = 1
2

∑
𝑖𝑗

𝐽𝑖𝑗 log(
𝜋𝑖𝑝𝑗

𝜋𝑗𝑝𝑖
). (8.35)

This matches the Schnakenberg formula for entropy production when the rates satisfy de-
tailed balance, i.e., 𝑊𝑖𝑗/𝑊𝑗𝑖 = 𝜋𝑖/𝜋𝑗.

Beyond equilibrium, this identification no longer holds: if 𝝅 does not satisfy detailed
balance, the expression − d

d𝑡𝐷(𝑝(𝑡)‖𝜋) no longer coincides with the entropy production. In
the next section, we will see how this structure can be generalized by introducing a time-
dependent protocol.

8.1.3 Time-Dependent Driving and the Adiabatic/Nonadiabatic
Decomposition

When a system coupled to a thermal bath is driven out of equilibrium by an external proto-
col, dissipation arises from the currents induced by the system’s deviation from equilibrium.
In such cases, entropy production is entirely due to the system’s lag behind the instantaneous
equilibrium state.

As we discussed, a nonequilibrium steady state exhibits non-zero entropy production even
in the absence of external driving. The total entropy production has two distinct physical
sources: an intrinsic contribution associated with the steady-state currents, and another
other arising from the system’s response to the time-dependent driving.

In this section, we introduce a formalism that separates the total entropy production
into two non-negative components, corresponding to these two mechanisms. This decom-
position, into adiabatic and nonadiabatic contributions, provides a refined understanding of
irreversibility in driven nonequilibrium systems.
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We consider a classical Markov process governed by a time-dependent master equation,

d𝒑
d𝑡

= 𝑾 (𝜆𝑡) 𝒑(𝑡), (8.36)

where 𝜆𝑡 denotes an externally controlled parameter. For each fixed value of 𝜆, the rate
matrix 𝑾 (𝜆) is assumed to admit a unique instantaneous steady state 𝝅𝜆, satisfying
𝑾 (𝜆) 𝝅𝜆 = 0. This reference distribution may correspond to an equilibrium state (if detailed
balance holds) or to a nonequilibrium steady state (NESS) with nonvanishing steady-state
currents.

Even in the presence of time-dependent driving, the time derivative of the Shannon en-
tropy retains the same structure as in the time-independent case:

̇𝑆(𝑡) = − ∑
𝑖

d𝑝𝑖
d𝑡

log 𝑝𝑖(𝑡) = 1
2

∑
𝑖𝑗

𝐽𝑖𝑗(𝑡) log(
𝑝𝑗(𝑡)
𝑝𝑖(𝑡)

), (8.37)

with the probability currents given 𝐽𝑖𝑗(𝑡) = 𝑊𝑖𝑗(𝜆𝑡)𝑝𝑗(𝑡) − 𝑊𝑗𝑖(𝜆𝑡)𝑝𝑖(𝑡). Using the identity

log(
𝑝𝑗

𝑝𝑖
) = log(

𝑊𝑖𝑗(𝜆𝑡)𝑝𝑗

𝑊𝑗𝑖(𝜆𝑡)𝑝𝑖
) + log(

𝑊𝑖𝑗(𝜆𝑡)
𝑊𝑗𝑖(𝜆𝑡)

), (8.38)

we can again decompose ̇𝑆(𝑡) into an entropy production rate and an entropy flow rate.
This yields the total entropy production rate in the form:

Σ̇(𝑡) = 1
2

∑
𝑖𝑗

𝐽𝑖𝑗(𝑡) log(
𝑊𝑖𝑗(𝜆𝑡)𝑝𝑗(𝑡)
𝑊𝑗𝑖(𝜆𝑡)𝑝𝑖(𝑡)

), (8.39)

which is a time-dependent version of the Schnakenberg formula.

The remaining term from the logarithmic splitting defines the entropy flux into the envi-
ronment:

Π̇(𝑡) = 1
2

∑
𝑖𝑗

𝐽𝑖𝑗(𝑡) log(
𝑊𝑖𝑗(𝜆𝑡)
𝑊𝑗𝑖(𝜆𝑡)

), (8.40)

which quantifies the reversible entropy exchange with the environment. We return to this
term in the next section.

In the driven-NESS case, the Schnakenberg formula gives the total entropy production,
accounting for both the intrinsic NESS dissipation and the response to the driving. To
isolate these distinct contributions, we follow Refs. [57, 60] and decompose the total entropy
production rate into two non-negative parts:

Σ̇(𝑡) = Σ̇ad(𝑡) + Σ̇na(𝑡). (8.41)

where the adiabatic term Σ̇ad quantifies entropy production associated with persistent steady-
state currents, while the nonadiabatic term Σ̇na captures irreversibility due to the system’s
deviation from the evolving steady state.

To motivate the definition of the nonadiabatic entropy production, consider the special
case in which the instantaneous steady states satisfy detailed balance. In this equilibrium
setting, the steady-state currents vanish, and the Schnakenberg formula coincides with the
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nonadiabatic contribution. Inserting the detailed balance conditions 𝑊𝑖𝑗(𝜆𝑡)/𝑊𝑗𝑖(𝜆𝑡) =
𝜋𝜆𝑡

𝑖 /𝜋𝜆𝑡
𝑗 into the Schnakenberg expression, one finds

Σ̇na(𝑡) = 1
2

∑
𝑖𝑗

𝐽𝑖𝑗(𝑡) log(
𝜋𝜆𝑡

𝑖 𝑝𝑗(𝑡)
𝜋𝜆𝑡

𝑗 𝑝𝑖(𝑡)
)

= − 𝜕
𝜕𝑠

𝐷(𝒑(𝑠)‖𝝅𝜆𝑡)∣
𝑠=𝑡

,

(8.42)

where the second line follows from the same symmetrization argument used in Eq. (8.35),
now applied to the time-dependent reference distribution 𝝅𝜆𝑡 . Note that the derivative is
taken with respect to the first argument of the relative entropy, while the reference 𝝅𝜆𝑡 is
held fixed.

In the general case—without assuming detailed balance—it is natural to retain this defi-
nition:

Σ̇na(𝑡) ≡ − 𝜕
𝜕𝑠

𝐷(𝒑(𝑠)‖𝝅𝜆𝑡)∣
𝑠=𝑡

≥ 0. (8.43)

This expression quantifies the irreversibility due to the system’s deviation from the instanta-
neous steady state. In the quasistatic limit, where 𝒑(𝑡) ≈ 𝝅𝜆𝑡 at all times, this contribution
vanishes. As we will show in the next section, Σ̇na(𝑡) is always non-negative. The non-
negativity follows from the fact that it is the (negative) time derivative of a relative entropy,
which is known to decrease monotonically under Markovian dynamics—a result closely re-
lated to the H-theorem discussed in Ref. [5].

The complementary adiabatic entropy production is defined by subtracting the nonadia-
batic component from the total entropy production:

Σ̇ad(𝑡) ≡ Σ̇(𝑡) − Σ̇na(𝑡). (8.44)

Substituting the expressions for each term, we obtain

Σ̇ad(𝑡) = 1
2

∑
𝑖𝑗

𝐽𝑖𝑗(𝑡) log(
𝑊𝑖𝑗(𝜆𝑡)𝜋

𝜆𝑡
𝑗

𝑊𝑗𝑖(𝜆𝑡)𝜋
𝜆𝑡
𝑖

). (8.45)

To interpret this expression, we define the steady-state affinities as

𝒜ss
𝑖𝑗(𝜆𝑡) = log(

𝑊𝑖𝑗(𝜆𝑡)𝜋
𝜆𝑡
𝑗

𝑊𝑗𝑖(𝜆𝑡)𝜋
𝜆𝑡
𝑖

), (8.46)

which act as thermodynamic forces and vanish precisely when detailed balance holds. Using
this notation, the adiabatic entropy production becomes:

Σ̇ad(𝑡) = 1
2

∑
𝑖𝑗

𝐽𝑖𝑗(𝑡) 𝒜ss
𝑖𝑗(𝜆𝑡), (8.47)

which makes explicit its interpretation as the entropy produced by steady-state currents
flowing against instantaneous thermodynamic forces.

The terminology adiabatic and nonadiabatic finds its justification in a timescale separation
argument. As explained in Ref. [191], if the system relaxes much faster than the timescale of

190



8.1 Entropy Production in Classical Markovian Systems

the driving protocol 𝜆𝑡, then it remains arbitrarily close to the instantaneous steady state
throughout the evolution. In this quasistatic limit, the nonadiabatic contribution vanishes
and the total entropy production reduces to its adiabatic component. It is thus natural to
interpret the adiabatic term as the cost of maintaining the instantaneous nonequilibrium
structure, and the nonadiabatic term as a measure of the lag induced by finite-time driving.
We emphasize that the term “adiabatic” is not used here in the thermodynamic sense of
zero heat exchange, but rather to describe an evolution in which the system stays in its
instantaneous steady state.

We now show that the adiabatic entropy production Σ̇ad(𝑡) is non-negative at all times,
following Ref. [191]. The key ingredient is the inequality

− log𝑥 ≥ 1 − 𝑥 for all 𝑥 > 0, (8.48)

with equality if and only if 𝑥 = 1.
We begin by writing Σ̇ad(𝑡) in the unsymmetrized form

Σ̇ad(𝑡) = ∑
𝑖𝑗

𝑊𝑖𝑗(𝜆𝑡)𝑝𝑗(𝑡) log(
𝑊𝑗𝑖(𝜆𝑡)𝜋

𝜆𝑡
𝑖

𝑊𝑖𝑗(𝜆𝑡)𝜋
𝜆𝑡
𝑗

). (8.49)

Since 𝑊𝑖𝑗(𝜆𝑡)𝑝𝑗(𝑡) ≥ 0, we can apply the inequality term by term. Applying the inequality
with 𝑥 = 𝑊𝑗𝑖(𝜆𝑡)𝜋

𝜆𝑡
𝑖 /𝑊𝑖𝑗(𝜆𝑡)𝜋

𝜆𝑡
𝑗 , we find

∑
𝑖𝑗

𝑊𝑖𝑗(𝜆𝑡)𝑝𝑗(𝑡) log(
𝑊𝑗𝑖(𝜆𝑡)𝜋

𝜆𝑡
𝑖

𝑊𝑖𝑗(𝜆𝑡)𝜋
𝜆𝑡
𝑗

) ≥ ∑
𝑖𝑗

𝑊𝑖𝑗(𝜆𝑡)𝑝𝑗(𝑡)(1 −
𝑊𝑗𝑖(𝜆𝑡)𝜋

𝜆𝑡
𝑖

𝑊𝑖𝑗(𝜆𝑡)𝜋
𝜆𝑡
𝑗

)

= ∑
𝑖

𝑝𝑖 ∑
𝑗

𝑊𝑖𝑗 − ∑
𝑗

𝑝𝑗(𝑡)
𝜋𝜆𝑡

𝑗
∑

𝑖
𝑊𝑗𝑖𝜋

𝜆𝑡
𝑖

= 0,

(8.50)

where we used that ∑𝑗 𝑊𝑖𝑗 = 0 and 𝑾 (𝜆𝑡) 𝝅𝜆𝑡 = 0.
Therefore,

Σ̇ad(𝑡) ≥ 0, (8.51)

with equality if and only if the instantaneous steady state satisfies detailed balance, i.e.,
𝑊𝑖𝑗(𝜆𝑡)𝜋

𝜆𝑡
𝑗 = 𝑊𝑗𝑖(𝜆𝑡)𝜋

𝜆𝑡
𝑖 .

8.1.4 The Nonequilibrium Potential and the Housekeeping/Excess
Decomposition

In parallel with the decomposition of entropy production, the entropy exchange with the
environment can be separated into two distinct contributions. This leads to the housekeep-
ing/excess decomposition of the entropy flux, which is closely tied to the concept of nonequi-
librium potential—a central tool for describing how systems respond to time-dependent
driving.

The entropy flux Π̇(𝑡) can be decomposed into two contributions:

Π̇(𝑡) = Π̇ex(𝑡) + Π̇hk(𝑡), (8.52)
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8 Entropy production in nonequilibrium steady states

where Π̇hk is the housekeeping entropy flux required to maintain the nonequilibrium steady-
state, and Π̇ex is the excess flux arising from deviations from it. These terms mirror the
adiabatic and nonadiabatic components of entropy production introduced earlier.

With this decomposition, the full entropy balance becomes

d𝑆
d𝑡

= (Σ̇ad(𝑡) + Σ̇na(𝑡)) − (Π̇ex(𝑡) + Π̇hk(𝑡)). (8.53)

In a nonequilibrium steady state, the Shannon entropy remains constant, ̇𝑆(𝑡) = 0, and
the nonadiabatic entropy production vanishes by definition, Σ̇na(𝑡) = 0. If we additionally
require that the excess entropy flux vanishes in steady state, Π̇ex(𝑡) = 0, then the entropy
balance simplifies to

Π̇hk(𝑡) = Σ̇ad(𝑡). (8.54)

This motivates defining the housekeeping entropy flux to have the same structure as the
adiabatic entropy production:

Π̇hk(𝑡) ≡ Σ̇ad(𝑡)

= 1
2

∑
𝑖𝑗

𝐽𝑖𝑗(𝑡) log(
𝑊𝑖𝑗(𝜆𝑡)𝜋

𝜆𝑡
𝑗

𝑊𝑗𝑖(𝜆𝑡)𝜋
𝜆𝑡
𝑖

).
(8.55)

This quantity vanishes if the instantaneous steady state satisfies detailed balance, 𝑊𝑖𝑗(𝜆𝑡) 𝜋𝜆𝑡
𝑗 =

𝑊𝑗𝑖(𝜆𝑡) 𝜋𝜆𝑡
𝑖 , and admits the same current-force interpretation as Σ̇ad(𝑡), introduced in

Eq. (8.47).

The excess entropy flux is then obtained by the complement Π̇ex(𝑡) ≡ Π̇(𝑡)−Π̇hk(𝑡). Using
the expression for the total entropy flux in Eq. (8.40), this yields

Π̇ex(𝑡) = 1
2

∑
𝑖𝑗

𝐽𝑖𝑗(𝑡) log(
𝜋𝜆𝑡

𝑗

𝜋𝜆𝑡
𝑖

). (8.56)

An equivalent, unsymmetrized expression for this quantity is

Π̇ex(𝑡) = ∑
𝑖𝑗

𝑊𝑖𝑗𝑝𝑗(𝑡) log(𝜋𝜆𝑡
𝑖 ). (8.57)

In thermal systems obeying detailed balance, where the steady-state distribution takes the
Boltzmann form 𝜋𝜆𝑡

𝑖 = 𝑒−𝛽𝐸𝑖(𝜆𝑡)/𝑍, this becomes

Π̇ex(𝑡) = ∑
𝑖𝑗

𝑊𝑖𝑗𝑝𝑗(𝑡)(−𝛽𝐸𝑖 − log𝑍)

= −𝛽 ∑
𝑖

̇𝑝𝑖(𝑡)𝐸𝑖

= −𝛽 d
d𝑡

⟨𝐸⟩,

(8.58)

where ⟨𝐸⟩ denotes the average energy of the system, and we have used the fact that
∑𝑗 𝑊𝑖𝑗 = 0 to eliminate the log𝑍 term. In this setting, the excess entropy flux corre-
sponds precisely to the reversible heat current into the environment, that is, Π̇ex(𝑡) = 𝛽𝑄̇.
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Beyond the thermal case, Π̇ex(𝑡) generally loses a direct interpretation in terms of heat.
Nevertheless, it retains a meaningful structure when expressed in terms of the so-called
nonequilibrium potential,

Φ𝑖(𝜆𝑡) ≡ − log𝜋𝜆𝑡
𝑖 . (8.59)

This quantity, introduced by Hatano and Sasa in the context of Langevin dynamics [57],
captures the “energy-like” landscape associated with the instantaneous steady state. In
terms of Φ𝑖, the excess entropy flux becomes

Π̇ex(𝑡) = − ∑
𝑖𝑗

𝑊𝑖𝑗𝑝𝑗(𝑡) Φ𝑖 = − ∑
𝑖

̇𝑝𝑖(𝑡) Φ𝑖(𝜆𝑡), (8.60)

where the second equality follows from the master equation. In thermal systems, the
nonequilibrium potential reduces to Φ𝑖 = 𝛽𝐸𝑖 + log𝑍, recovering the earlier result.

The excess flux can also be written in the symmetrized form

Π̇ex(𝑡) = −1
2

∑
𝑖𝑗

𝐽𝑖𝑗(𝑡)[Φ𝑖(𝜆𝑡) − Φ𝑗(𝜆𝑡)], (8.61)

which reveals its structure as an entropy flux arising from differences in the nonequilibrium
potential across transitions.

With the identification Π̇hk(𝑡) = Σ̇ad(𝑡), the full entropy balance in Eq. (8.53) simplifies
to

d𝑆
d𝑡

= Σ̇na(𝑡) − Π̇ex(𝑡), (8.62)

which is known as the Hatano–Sasa relation [57].

This relation provides a refined version of the second law that isolates the effects of time-
dependent driving. In nonequilibrium steady states, dissipation arises continuously from
persistent probability currents, even in the absence of external driving. These contributions
are intrinsic to the steady-state structure and cannot be eliminated. The Hatano–Sasa
relation effectively renormalizes the second law by accounting for this baseline dissipation,
focusing instead on the additional irreversibility generated by the protocol itself.

Integrating over a finite protocol of duration 𝜏, one obtains

Δ𝑆 +
ˆ 𝜏

0
d𝑡 Π̇ex(𝑡) =

ˆ 𝜏

0
d𝑡 Σ̇na(𝑡) ≥ 0, (8.63)

which generalizes the Clausius inequality to nonequilibrium conditions. Here, the total
change in Shannon entropy is bounded below by the negative of the excess entropy flux,
reflecting the thermodynamic cost of driving the system away from its instantaneous steady
state. This relation becomes an equality in the quasistatic limit, where the system remains
arbitrarily close to the evolving steady state and the nonadiabatic entropy production van-
ishes.
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8 Entropy production in nonequilibrium steady states

8.1.5 Trajectory-Level Description of Markov Dynamics

In stochastic thermodynamics, the entropy production defined at the ensemble level admits
a natural refinement at the level of individual realizations, or trajectories, of the stochastic
process. This trajectory-level formulation is central for expressing fluctuation theorems.

A single realization of a continuous-time Markov process is specified by the sequence of
visited states and the times at which transitions occur:

𝛾 = {(𝑖0, 0), (𝑖1, 𝑡1), … , (𝑖𝑛, 𝑡𝑛), (𝑖𝑛, 𝜏)}, (8.64)

indicating that the system starts in state 𝑖0, jumps to 𝑖1 at time 𝑡1, and so on, eventually
reaching state 𝑖𝑛 at time 𝑡𝑛, where it remains until the final time 𝜏.

The probability of observing a given trajectory 𝛾 can be written as2

ℙ[𝛾] = 𝑝𝑖0
(0) ⋅ ℙ(no jump in [0, 𝑡1) ∣ 𝑖0) ⋅

𝑛
∏
𝑘=1

[𝑊𝑖𝑘𝑖𝑘−1
(𝜆𝑡𝑘

) ⋅ ℙ(no jump in [𝑡𝑘, 𝑡𝑘+1) ∣ 𝑖𝑘)],

(8.65)
where we define 𝑡𝑛+1 ≡ 𝜏 for convenience. For each interval [𝑡𝑘, 𝑡𝑘+1), the probability of
observing no jump is given by [17, 60]

ℙ(no jump in [𝑡𝑘, 𝑡𝑘+1) ∣ 𝑖𝑘) = exp(−
ˆ 𝑡𝑘+1

𝑡𝑘

d𝑡 𝑟𝑖𝑘
(𝑡)), (8.66)

where 𝑟𝑖(𝑡) = ∑𝑗≠𝑖 𝑊𝑗𝑖(𝜆𝑡) is the total escape rate from state 𝑖 at time 𝑡.

Substituting into Eq. (8.65), we obtain

ℙ[𝛾] = 𝑝𝑖0
(0) ⋅ exp(−

ˆ 𝑡1

0
d𝑡 𝑟𝑖0

(𝑡)) ⋅
𝑛

∏
𝑘=1

[𝑊𝑖𝑘𝑖𝑘−1
(𝜆𝑡𝑘

) ⋅ exp(−
ˆ 𝑡𝑘+1

𝑡𝑘

d𝑡 𝑟𝑖𝑘
(𝑡))]

= 𝑝𝑖0
(0) ⋅

𝑛
∏
𝑘=1

𝑊𝑖𝑘𝑖𝑘−1
(𝜆𝑡𝑘

) ⋅ exp(−
ˆ 𝜏

0
d𝑡 𝑟𝑖(𝑡)(𝑡)),

(8.67)

where in the last equality we combined all waiting-time contributions into a single integral,
denoting by 𝑖(𝑡) the system’s state at time 𝑡.

At the trajectory level, we define the stochastic entropy of the system at time 𝑡 as

𝑠(𝑡) = − log 𝑝𝑖(𝑡)(𝑡), (8.68)

where 𝑝𝑖(𝑡) is the probability of the system being in state 𝑖 at that time.

Taking the average of 𝑠(𝑡) over all realizations recovers the ensemble-level Shannon en-
tropy:

⟨𝑠(𝑡)⟩ = − ∑
𝑖

𝑝𝑖(𝑡) log 𝑝𝑖(𝑡) = 𝑆(𝑡). (8.69)

2Strictly speaking, ℙ[𝛾] is a product of discrete probabilities over state sequences and continuous probability
densities over jump times. Nonetheless, it is commonly referred to as the “probability” or “weight” of a
trajectory [17, 60].
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The total change in stochastic entropy along a trajectory 𝛾 is then given by

Δ𝑠[𝛾] = 𝑠(𝜏) − 𝑠(0) = log(
𝑝𝑖0

(0)
𝑝𝑖𝑛

(𝜏)
), (8.70)

where 𝑖0 and 𝑖𝑛 are the initial and final states of the trajectory, respectively.

We now introduce the total entropy flux exchanged with the environment along the tra-
jectory 𝛾, denoted Π[𝛾]. In the special case where the transition rates satisfy a local detailed
balance condition, each jump 𝑗 → 𝑖 is associated with a well-defined entropy change,

Δ𝑆𝑗→𝑖 = log(
𝑊𝑖𝑗

𝑊𝑗𝑖
). (8.71)

Accordingly, the total entropy flux is given by the sum of these contributions over all jumps
in the trajectory:

Π[𝛾] =
𝑛

∑
𝑘=1

log(
𝑊𝑖𝑘𝑖𝑘−1

(𝜆𝑡𝑘
)

𝑊𝑖𝑘−1𝑖𝑘
(𝜆𝑡𝑘

)
). (8.72)

Even when detailed balance does not hold, Eq. (8.72) can still be interpreted as the
entropy flux to the environment. This is justified by the same reasoning discussed in the
previous section: the expression coincides with the expected result under local detailed
balance, and—crucially—the corresponding entropy production, introduced below, obeys
all expected thermodynamic properties, including positivity and fluctuation relations [17].

8.1.6 Trajectory-Level Entropy Production

The entropy production along a trajectory is intimately connected to the concept of micro-
scopic reversibility. To define entropy production at this level—and to derive fluctuation
theorems—we must introduce the notion of a time-reversed process. This process corre-
sponds to observing the system as it evolves backward in time, retracing the original se-
quence of transitions in reverse order. Throughout this chapter, we use a tilde to denote
time-reversed quantities.

Given a trajectory 𝛾 generated by the forward process, the corresponding time-reversed
trajectory is defined as

̃𝛾 = {(𝑖𝑛, 0), (𝑖𝑛−1, 𝜏 − 𝑡𝑛), … , (𝑖0, 𝜏 − 𝑡1)}, (8.73)

where the system starts in the final state 𝑖𝑛 and undergoes transitions in the reverse order.

The time-reversed process is defined by reversing the driving protocol, so that 𝜆̃𝑡 = 𝜆𝜏−𝑡.
The initial distribution of the reversed process is taken to be ̃𝑝𝑖(0) = 𝑝𝑖(𝜏), i.e., the final
distribution of the forward process.

The probability weight of the time-reversed trajectory ̃𝛾 under the reversed dynamics is
then given by [60]

ℙ̃[ ̃𝛾] = 𝑝𝑖𝑛
(𝜏) ⋅

𝑛
∏
𝑘=1

𝑊𝑖𝑘−1𝑖𝑘
(𝜆̃𝜏−𝑡𝑘

) ⋅ exp(−
ˆ 𝜏

0
d𝑡 𝑟𝑖(𝑡)(𝑡)), (8.74)
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where 𝑖(𝑡) denotes the state occupied at time 𝑡 along the original trajectory. Notice that
the waiting-time contribution is unchanged under time reversal, since

´ 𝜏
0
d𝑡 𝑟𝑖(𝜏−𝑡)(𝜏 − 𝑡) =´ 𝜏

0
d𝑡 𝑟𝑖(𝑡)(𝑡),.

We now define the total entropy production along a trajectory as the log-ratio between
the probability of observing a given trajectory in the forward process and the probability of
observing its time-reversed counterpart under the reversed dynamics:

Σ[𝛾] = log ℙ[𝛾]
ℙ̃[ ̃𝛾]

. (8.75)

This expression captures the fundamental asymmetry between the forward and backward
dynamics. Physically, it quantifies how distinguishable the process is from its time reversal,
thereby serving as a trajectory-level measure of irreversibility. It was first introduced in the
context of stochastic thermodynamics by Crooks [21], and further developed by Seifert [58],
who identified the log-ratio of path probabilities as the natural definition of stochastic en-
tropy production.

Substituting the expressions for ℙ[𝛾] and ℙ̃[ ̃𝛾], and using the assumption ̃𝑝𝑖(0) = 𝑝𝑖(𝜏),
one finds

Σ[𝛾] = log
𝑝𝑖0

(0)
𝑝𝑖𝑛

(𝜏)
+

𝑛
∑
𝑘=1

log
𝑊𝑖𝑘𝑖𝑘−1

(𝜆𝑡𝑘
)

𝑊𝑖𝑘−1𝑖𝑘
(𝜆𝑡𝑘

)
. (8.76)

The first term can be recognized as the change in stochastic system entropy, given in
Eq. (8.70), while the second term corresponds to the total entropy flux to the environment
along the trajectory 𝛾, as defined in Eq. (8.72). This confirms the trajectory-level entropy
balance:

Σ[𝛾] = Δ𝑠[𝛾] + Π[𝛾]. (8.77)

Averaging over all possible trajectories yields3

⟨Σ⟩ = ∑
𝛾

ℙ[𝛾] log ℙ[𝛾]
ℙ̃[ ̃𝛾]

= 𝐷(ℙ ‖ ℙ̃), (8.78)

where 𝐷(ℙ ‖ ℙ̃) denotes the Kullback–Leibler divergence between the forward and time-
reversed trajectory distributions. Since the relative entropy is non-negative, this confirms
that ⟨Σ⟩ ≥ 0, with equality if and only if the process is microscopically reversible. For a
detailed derivation, see Ref. [60].

Moreover, this definition leads directly to the integral fluctuation theorem. Taking the
expectation value of 𝑒−Σ[𝛾], we find

⟨𝑒−Σ[𝛾]⟩ = ∑
𝛾

ℙ[𝛾] exp(− log ℙ[𝛾]
ℙ̃[ ̃𝛾]

) (8.79)

= ∑
𝛾

ℙ̃[ ̃𝛾] (8.80)

= 1, (8.81)

3The average over trajectories ∑𝛾 ℙ[𝛾](⋅) serves as a compact notation for a path integral over all possible
realizations, following the convention of Ref. [60].
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where we used the normalization of ℙ̃. Therefore, we obtain the integral fluctuation theorem

⟨𝑒−Σ[𝛾]⟩ = 1. (8.82)

This identity has a profound physical interpretation. While the entropy production Σ[𝛾] is
non-negative on average, individual trajectories can exhibit negative values. The fluctuation
theorem implies that such trajectories are exponentially rare. To see how this follows from
Eq. (8.82), it is useful to partition the space of trajectories into three disjoint subsets:

Γ+ = {𝛾 ∶ Σ[𝛾] > 0}, Γ0 = {𝛾 ∶ Σ[𝛾] = 0}, Γ− = {𝛾 ∶ Σ[𝛾] < 0}. (8.83)

In terms of this decomposition, the integral fluctuation theorem becomes

⟨𝑒−Σ[𝛾]⟩ = ∑
𝛾∈Γ+

ℙ[𝛾] 𝑒−Σ[𝛾] + ∑
𝛾∈Γ0

ℙ[𝛾] + ∑
𝛾∈Γ−

ℙ[𝛾] 𝑒−Σ[𝛾]. (8.84)

Since 𝑒−Σ[𝛾] < 1 on Γ+ and 𝑒−Σ[𝛾] > 1 on Γ−, the only way for the total to equal 1 is if there is
nonzero probability weight assigned to Γ−. Moreover, this balance also implies that the total
probability mass on Γ+ must be larger than that on Γ−. In other words, trajectories with
negative entropy production must exist, even though they are exponentially suppressed.

The ensemble-level second law also follows directly from the fluctuation theorem via
Jensen’s inequality. For any convex function 𝑓 and random variable 𝑋, the inequality

⟨𝑓(𝑋)⟩ ≥ 𝑓(⟨𝑋⟩) (8.85)

holds [173]. Since 𝑓(𝑥) = 𝑒−𝑥 is a convex function, applying Jensen’s inequality to Σ[𝛾] and
using Eq. (8.82), we find

1 = ⟨𝑒−Σ⟩ ≥ 𝑒−⟨Σ⟩ ⇒ ⟨Σ⟩ ≥ 0, (8.86)

which recovers the ensemble version of the second law.

8.1.7 Trajectory-Level Adiabatic and Nonadiabatic Contributions

In this section, we discuss the adiabatic/nonadiabatic decomposition of entropy production
at the level of individual trajectories. In analogy with the ensemble-level decomposition,
the total entropy production along a trajectory 𝛾 can be split into two contributions:

Σ[𝛾] = Σna[𝛾] + Σad[𝛾]. (8.87)

We begin with the adiabatic term Σad[𝛾]. Recall that at the ensemble level, the adiabatic
entropy production rate is given by

Σ̇ad(𝑡) = 1
2

∑
𝑖,𝑗

𝐽𝑖𝑗(𝑡) log(
𝑊𝑖𝑗(𝜆𝑡)𝜋

𝜆𝑡
𝑗

𝑊𝑗𝑖(𝜆𝑡)𝜋
𝜆𝑡
𝑖

), (8.88)
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where 𝐽𝑖𝑗(𝑡) is the probability current from state 𝑗 to 𝑖, and 𝜋𝜆𝑡
𝑖 denotes the instantaneous

steady-state distribution. The trajectory-level counterpart is defined as

Σad[𝛾] =
𝑛

∑
𝑘=1

log⎛⎜
⎝

𝑊𝑖𝑘𝑖𝑘−1
(𝜆𝑡𝑘

)𝜋
𝜆𝑡𝑘
𝑖𝑘−1

𝑊𝑖𝑘−1𝑖𝑘
(𝜆𝑡𝑘

)𝜋
𝜆𝑡𝑘
𝑖𝑘

⎞⎟
⎠

, (8.89)

where the summation runs over all jumps in the trajectory. Each term quantifies the entropy
produced in maintaining the system’s steady-state currents during a transition at time 𝑡𝑘.

We now turn to the nonadiabatic component Σna[𝛾], defined via the difference Σna[𝛾] ≡
Σ[𝛾] − Σad[𝛾]. Substituting the explicit expressions for each term, we find

Σna[𝛾] = log(
𝑝𝑖0

(0)
𝑝𝑖𝑛

(𝜏)
) +

𝑛
∑
𝑘=1

log⎛⎜
⎝

𝜋
𝜆𝑡𝑘
𝑖𝑘

𝜋
𝜆𝑡𝑘
𝑖𝑘−1

⎞⎟
⎠

. (8.90)

The first term can be recognized as the total change in stochastic entropy Δ𝑠[𝛾], introduced
in Eq. (8.70).

From the definition of the nonequilibrium potential, Φ𝑖(𝜆𝑡) = − log𝜋𝜆𝑡
𝑖 , we see that the

second term corresponds to the trajectory-level version of the excess entropy flux, defined
in Eq. (8.61), but with a minus sign:

Πex[𝛾] = −
𝑛

∑
𝑘=1

[Φ𝑖𝑘
(𝜆𝑡𝑘

) − Φ𝑖𝑘−1
(𝜆𝑡𝑘

)] = −
𝑛

∑
𝑘=1

log⎛⎜
⎝

𝜋
𝜆𝑡𝑘
𝑖𝑘

𝜋
𝜆𝑡𝑘
𝑖𝑘−1

⎞⎟
⎠

. (8.91)

This quantity corresponds to the Hatano–Sasa functional, often denoted 𝑌 [𝛾] in the litera-
ture [57].

Combining the terms, we recover the Hatano–Sasa relation at the trajectory level:

Δ𝑠[𝛾] = Σna[𝛾] − Πex[𝛾]. (8.92)

8.2 Three Fluctuation Theorems: the Dual and
Dual-Reversed Processes

Remarkably, each component of the entropy production—adiabatic and nonadiabatic—
satisfies its own fluctuation theorem [191, 60]. Just as the total entropy production can
be written as the log-ratio between the probability of a trajectory and that of its time-
reversed counterpart [Eq. (8.75)], each contribution admits a similar expression involving
suitably constructed auxiliary dynamics:

Σad[𝛾] = log ℙ[𝛾]
ℙ+[𝛾]

, Σna[𝛾] = log ℙ[𝛾]
ℙ̃+[ ̃𝛾]

, (8.93)

where ℙ+[𝛾] denotes the probability of a trajectory under the so-called dual process, and
ℙ̃+[𝛾] denotes the probability of the reversed trajectory under the dual-reverse process.
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These identities have two immediate consequences. First, taking the expectation over
all trajectories yields ensemble-level expressions in terms of Kullback–Leibler divergences,
which are manifestly non-negative:

⟨Σad[𝛾]⟩ = 𝐷(ℙ ‖ ℙ+) ≥ 0,

⟨Σna[𝛾]⟩ = 𝐷(ℙ ‖ ℙ̃+) ≥ 0.
(8.94)

Second, applying the same reasoning used to derive the fluctuation theorem for the total
entropy production [Eq. (8.79)] leads to a family of three fluctuation theorems [60]:

⟨𝑒−Σ[𝛾]⟩ = 1, ⟨𝑒−Σad[𝛾]⟩ = 1, ⟨𝑒−Σna[𝛾]⟩ = 1. (8.95)

Our goal in this section is to define the dual and dual-reversed processes ℙ+ and ℙ̃+ and
interpret their structure, preparing the ground for the quantum generalization.

The reverse process, introduced earlier, is constructed by running the external protocol
𝜆𝑡 in reverse while keeping the transition governed by the same family of rate matrices
𝑾 (𝜆𝑡). However, even for a fixed protocol 𝜆, Markovian dynamics can break time-reversal
symmetry in two distinct ways. First, the relaxation toward a steady state is inherently
time-asymmetric: the state evolves toward the fixed point, not away from it. Second, when
detailed balance is broken, the steady state itself supports persistent probability currents
that circulate in fixed directions through state space.

In equilibrium, where detailed balance holds, this asymmetry disappears: the time-
reversal of stationary dynamics coincides with the forward one. More generally, the time-
reversal of a Markov chain with time-independent rates can be constructed via the dual rate
matrix. For a fixed 𝜆, the dual rate matrix 𝑾 +(𝜆) with respect to the steady state 𝝅𝜆 of
𝑾 (𝜆) is defined as

𝑊 +
𝑖𝑗 (𝜆) = 𝜋𝜆

𝑖
𝜋𝜆

𝑗
𝑊𝑗𝑖(𝜆). (8.96)

In matrix form, the dual rate matrix can be written as

𝑾 + = diag(𝝅) ⋅ 𝑾 ⊤ ⋅ diag(𝝅)−1. (8.97)

This definition ensures that the dual rate matrix 𝑾 +(𝜆) shares the same steady state as
the original:

∑
𝑗

𝑊 +
𝑖𝑗 (𝜆)𝜋𝜆

𝑗 = ∑
𝑗

𝜋𝜆
𝑖

𝜋𝜆
𝑗

𝑊𝑗𝑖(𝜆)𝜋𝜆
𝑗 (8.98)

= 𝜋𝜆
𝑖 ∑

𝑗
𝑊𝑗𝑖(𝜆) = 0, (8.99)

where we used the fact that the columns of 𝑾 sum to zero.

However, the steady-state currents are reversed. Recall that the steady-state currents
associated with 𝑾 and 𝜋𝜆 are given by

𝐽 ss
𝑖𝑗 = 𝑊𝑖𝑗(𝜆)𝜋𝜆

𝑗 − 𝑊𝑗𝑖(𝜆)𝜋𝜆
𝑖 . (8.100)

199



8 Entropy production in nonequilibrium steady states

For the dual Markov chain, the corresponding expression becomes

𝐽+,ss
𝑖𝑗 = 𝑊 +

𝑖𝑗 (𝜆)𝜋𝜆
𝑗 − 𝑊 +

𝑗𝑖 (𝜆)𝜋𝜆
𝑖 (8.101)

= 𝑊𝑗𝑖(𝜆)𝜋𝜆
𝑖 − 𝑊𝑖𝑗(𝜆)𝜋𝜆

𝑗 = −𝐽 ss
𝑖𝑗 . (8.102)

Thus, the dual process generator inverts the direction of intrinsic steady-state currents,
while the steady-state distribution remains unchanged.

In the special case of detailed balance, where 𝑊𝑖𝑗(𝜆)𝜋𝜆
𝑗 = 𝑊𝑗𝑖(𝜆)𝜋𝜆

𝑖 for all 𝑖, 𝑗, the dual
rate matrix coincides with the original: 𝑾 +(𝜆) = 𝑾 (𝜆). This condition defines equilibrium
as the unique situation in which the Markovian dynamics is invariant under time reversal.

It is important to clarify the terminology. In the classical Markov chain literature, the
Markov chain associated with 𝑾 + is often referred to as the time-reversed chain. Here, we
adopt the term dual, more common in stochastic thermodynamics, to distinguish it from the
actual reverse process, which refers to the dynamics generated by running the protocol 𝜆𝑡

in reverse, while keeping the original transition matrix 𝑾 (𝜆). This distinction is essential:
the reverse process inverts the protocol, while the dual generator inverts the dynamics itself,
relative to a fixed steady state.

However, since 𝑾 +(𝜆) defines a valid rate matrix for every 𝜆, it can also be used to define
a time-dependent dual process by applying the instantaneous dual generator at each time:

d𝒑(𝑡)
d𝑡

= 𝑾 +(𝜆𝑡)𝒑(𝑡). (8.103)

This process runs the protocol 𝜆𝑡 forward in time, but with transition rates given by the
dual generator 𝑾 +(𝜆𝑡). We denote the probability of observing a trajectory 𝛾 under the
dual process by ℙ+[𝛾].

In the same way, we also define the dual-reversed process, in which the dual generator
is applied in reverse protocol order: that is, the system evolves under 𝑾 +(𝜆̃𝑡), where
𝜆̃𝑡 = 𝜆𝜏−𝑡. The probability of observing a reversed trajectory ̃𝛾 under this process is denoted
ℙ̃+[ ̃𝛾].

To compute these log-ratios explicitly, consider a trajectory 𝛾 = {(𝑖0, 0), … , (𝑖𝑛, 𝜏)}. Fol-
lowing the same steps as in Eq. (8.67), the probability of observing 𝛾 under the dual process
is given by

ℙ+[𝛾] = 𝑝𝑖0
(0) ⋅

𝑛
∏
𝑘=1

𝑊 +
𝑖𝑘𝑖𝑘−1

(𝜆𝑡𝑘
) ⋅ exp(−

ˆ 𝜏

0
d𝑡 𝑟+

𝑖(𝑡)(𝑡))

= 𝑝𝑖0
(0) ⋅

𝑛
∏
𝑘=1

𝑊𝑖𝑘−1𝑖𝑘
(𝜆𝑡𝑘

) ⋅
𝜋

𝜆𝑡𝑘
𝑖𝑘

𝜋
𝜆𝑡𝑘
𝑖𝑘−1

⋅ exp(−
ˆ 𝜏

0
d𝑡 𝑟+

𝑖(𝑡)(𝑡))
(8.104)

where 𝑟+
𝑖(𝑡) = ∑𝑗≠𝑖 𝑊 +

𝑗𝑖 (𝜆𝑡) denotes the escape rate from state 𝑖(𝑡) under the dual process.
By construction, the dual generator 𝑾 + has the same diagonal entries as the original:
𝑊 +

𝑖𝑖 = 𝑊𝑖𝑖. Consequently, the escape rates are identical:

𝑟+
𝑖(𝑡) = 𝑟𝑖(𝑡). (8.105)
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Thus, when computing the log-ratio log(ℙ[𝛾]/ℙ+[𝛾]), the initial condition 𝑝𝑖0
(0) and the

exponential cancel, leaving

log ℙ[𝛾]
ℙ+[𝛾]

=
𝑛

∑
𝑘=1

log⎛⎜
⎝

𝑊𝑖𝑘𝑖𝑘−1
(𝜆𝑡𝑘

)𝜋
𝜆𝑡𝑘
𝑖𝑘−1

𝑊𝑖𝑘−1𝑖𝑘
(𝜆𝑡𝑘

)𝜋
𝜆𝑡𝑘
𝑖𝑘

⎞⎟
⎠

, (8.106)

which matches exactly the expression for the stochastic adiabatic entropy production defined
in Eq. (8.89). We thus confirm the identity

Σad[𝛾] = log ℙ[𝛾]
ℙ+[𝛾]

, (8.107)

leading directly to a fluctuation theorem.

In the equilibrium case, the dynamics is time-reversal symmetric, in the sense that
ℙ[𝛾 | 𝒑(0) = 𝝅] = ℙ+[𝛾 | 𝒑(0) = 𝝅] for all trajectories. It follows that the adiabatic
entropy production vanishes identically: Σad[𝛾] = 0. This aligns with its interpretation as
the entropy generated by steady-state currents, which are absent in equilibrium.

Proceeding similarly, we compute the probability of the time-reversed trajectory ̃𝛾 un-
der the dual-reversed process. By definition, this process evolves under the time-reversed
protocol 𝜆̃𝑡 = 𝜆𝜏−𝑡 using the dual generator 𝑾 +. The path probability is then

ℙ̃+[ ̃𝛾] = 𝑝𝑖𝑛
(𝜏) ⋅

𝑛
∏
𝑘=1

𝑊 +
𝑖𝑘−1𝑖𝑘

(𝜆̃𝜏−𝑡𝑘
) ⋅ exp(−

ˆ 𝜏

0
d𝑡 𝑟+

𝑖(𝑡)(𝑡))

= 𝑝𝑖𝑛
(𝜏) ⋅

𝑛
∏
𝑘=1

𝑊𝑖𝑘𝑖𝑘−1
(𝜆𝑡𝑘

) ⋅
𝜋𝜆𝑡

𝑖𝑘−1

𝜋𝜆𝑡
𝑖𝑘

⋅ exp(−
ˆ 𝜏

0
d𝑡 𝑟𝑖(𝑡)(𝑡))

= 𝑝𝑖𝑛
⋅

𝑛
∏
𝑘=1

𝜋𝜆𝑡
𝑖𝑘−1

𝜋𝜆𝑡
𝑖𝑘

⋅ ℙ[𝛾].

(8.108)

where in the second line we used the definition of the dual rates and the equality 𝑟+
𝑖(𝑡) = 𝑟𝑖(𝑡),

and in the third line we grouped terms to factor out the original trajectory probability ℙ[𝛾].

Taking the logarithm of the ratio then yields

log ℙ[𝛾]
ℙ̃+[ ̃𝛾]

= log
𝑝𝑖0

𝑝𝑖𝑛

+
𝑛

∑
𝑘=1

log(
𝜋𝜆𝑡

𝑖𝑘

𝜋𝜆𝑡
𝑖𝑘−1

)

= Σna[𝛾].

(8.109)

which confirms the expression for the stochastic nonadiabatic entropy production given in
Eq. (8.93).

Now that we have explicit expressions for the probability of observing a trajectory un-
der each process, we can directly verify the interpretation of the dual rate matrix 𝑾 +

as generating a time-reversed Markov chain. At the level of trajectory probabilities, this
interpretation is captured by the identity

ℙ̃+
𝜆,𝝅𝜆 [ ̃𝛾] = ℙ𝜆,𝝅𝜆 [𝛾], (8.110)
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where both processes evolve under the fixed protocol 𝜆𝑡 = 𝜆, and are initialized in the
corresponding steady state 𝒑(0) = 𝝅𝜆.

Fixing 𝜆𝑡 = 𝜆 allows us to simplify the expression for the dual-reversed process probability
of the reversed trajectory ̃𝛾:

ℙ̃+
𝜆,𝝅𝜆 [ ̃𝛾] = 𝜋𝜆

𝑖𝑛
⋅

𝑛
∏
𝑘=1

𝑊 +
𝑖𝑘−1𝑖𝑘

(𝜆) ⋅ exp(−
ˆ 𝜏

0
d𝑡 𝑟+

𝑖(𝑡)(𝑡))

= 𝜋𝜆
𝑖𝑛

𝑛
∏
𝑘=1

𝜋𝜆
𝑖𝑘−1

𝜋𝜆
𝑖𝑘

⋅
𝑛

∏
𝑘=1

𝑊𝑖𝑘𝑖𝑘−1
(𝜆) ⋅ exp(−

ˆ 𝜏

0
d𝑡 𝑟+

𝑖(𝑡)(𝑡)).
(8.111)

Using the telescoping identity
𝑛

∏
𝑘=1

𝜋𝜆
𝑖𝑘−1

𝜋𝜆
𝑖𝑘

=
𝜋𝜆

𝑖0

𝜋𝜆
𝑖𝑛

, (8.112)

we obtain

ℙ̃+
𝜆,𝝅𝜆 [ ̃𝛾] = 𝜋𝜆

𝑖0

𝑛
∏
𝑘=1

𝑊𝑖𝑘𝑖𝑘−1
(𝜆) ⋅ exp(−

ˆ 𝜏

0
d𝑡 𝑟+

𝑖(𝑡)(𝑡))

= ℙ𝜆,𝝅𝜆 [𝛾],
(8.113)

which confirms the identity.
This equality confirms that the dual-reversed generator 𝑾 + reproduces the time-reversed

statistics of the original Markov process, provided the system is initialized in its steady state.
This result will serve as the starting point for constructing the dual process in the quantum
case, discussed in a later section.

Quantum Case

8.3 Entropy Production in Time-Dependent Lindblad
Dynamics

Having reviewed the classical framework for Markovian dynamics, we now extend the anal-
ysis of entropy production to open quantum systems governed by time-dependent Lindblad
dynamics. Our goal is to generalize the adiabatic/nonadiabatic and housekeeping/excess
decompositions to the quantum regime, both at the ensemble and trajectory levels. Al-
though originally developed for classical Markov processes, these ideas carry over naturally
to quantum systems under suitable conditions.

We consider a quantum system ̂𝜌𝑡 evolving under a time-dependent Lindblad master
equation:

d ̂𝜌𝑡
d𝑡

= ℒ𝜆𝑡
[ ̂𝜌𝑡], (8.114)

where 𝜆𝑡 is a time-dependent control parameter governed by an external protocol. The
Liouvillian superoperator ℒ𝜆 takes the standard Lindblad form:

ℒ𝜆[ ̂𝜌] = −𝑖[𝐻̂(𝜆), ̂𝜌] + ∑
𝑘

(𝐿̂𝑘(𝜆) ̂𝜌𝐿̂†
𝑘(𝜆) − 1

2
{𝐿̂†

𝑘(𝜆)𝐿̂𝑘(𝜆), ̂𝜌}), (8.115)
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where 𝐻̂(𝜆) is the system Hamiltonian and {𝐿̂𝑘(𝜆)} are Lindblad jump operators represent-
ing dissipative interactions with the environment.

We assume that for each fixed value of 𝜆, the system relaxes to a unique steady state ̂𝜋𝜆,
satisfying

ℒ𝜆[ ̂𝜋𝜆] = 0. (8.116)

At this stage, we do not require any specific thermodynamic interpretation of ̂𝜋𝜆; in partic-
ular, it may not correspond to a thermal equilibrium state.

8.3.1 Entropy Production and Entropy Flux

As in the classical case, our starting point for analyzing entropy production is the time
derivative of the von Neumann entropy:

d𝑆(𝑡)
d𝑡

= −Tr[ ̇̂𝜌𝑡 log ̂𝜌𝑡]. (8.117)

We aim to decompose this quantity into two contributions,

d𝑆(𝑡)
d𝑡

= Σ̇(𝑡) − Π̇(𝑡), (8.118)

where Σ̇(𝑡) denotes the irreversible entropy production rate, and Π̇(𝑡) corresponds to the
reversible entropy flux exchanged with the environment.

In certain settings, there is only one natural way of performing this splitting. The clearest
example is that of a system coupled to a single thermal reservoir, whose steady state is a
Gibbs state, ̂𝜋𝜆 ∝ 𝑒−𝛽𝐻̂(𝜆). As shown in Chapter 3.6, the entropy production rate in this
case is given by

Σ̇(𝑡) = − d
d𝑡

𝐷( ̂𝜌𝑡‖ ̂𝜋𝜆𝑡
) = d𝑆(𝑡)

d𝑡
− 𝛽𝑄̇(𝑡), (8.119)

where 𝑄̇(𝑡) is the heat current from the bath and 𝐷(⋅‖⋅) denotes the quantum relative
entropy. Here, the flux term is naturally identified as Π̇(𝑡) = 𝛽𝑄̇(𝑡), and Spohn’s expression
for entropy production serves as a direct quantum analogue of the classical Schnakenberg
formula.

This framework also extends naturally to systems coupled to multiple thermal reservoirs.
Each reservoir is modeled by a dissipative term 𝒟𝛼 in the master equation, associated with
an inverse temperature 𝛽𝛼. In this setting, the entropy production rate is given by a sum
of Spohn-like terms:

Σ̇(𝑡) = ∑
𝛼

Tr[𝒟𝛼( ̂𝜌𝑡)(log ̂𝜌𝑡 − log 𝜔̂𝛼)], (8.120)

where 𝜔̂𝛼 is the thermal state associated with bath 𝛼. This generalized expression, derived
in Chapter 3.6, remains non-negative and coincides with the operational notion of entropy
production, Σ̇ = ̇𝑆 − ∑𝛼 𝑄̇𝛼. The corresponding entropy flux is given by Π̇(𝑡) = ∑𝛼 𝛽𝛼𝑄̇𝛼,
thus preserving the structure of Eq. (8.118).

However, beyond these settings, the decomposition becomes more subtle. In open quan-
tum systems—especially those coupled to non-thermal or structured environments—the
splitting of ̇𝑆(𝑡) into entropy flux and production is no longer unique. In particular, there
is no universal analogue of the Schnakenberg expression [61]. The interpretation of entropy
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8 Entropy production in nonequilibrium steady states

flux becomes model-dependent, and identifying a physically meaningful entropy production
rate often requires additional assumptions about the system–environment interaction [196,
197].

Even when a unique instantaneous steady state ̂𝜋𝜆𝑡
exists, the lack of a thermal inter-

pretation introduces ambiguity. A notable intermediate case involves systems obeying local
detailed balance, which will be briefly discussed in the next section.

Several strategies have been proposed to address these issues. One approach is to express
the entropy production in the instantaneous eigenbasis of the system’s state, treating the
dynamics as effectively classical in that basis. While this can offer insights—especially in the
presence of strong decoherence—it introduces basis dependence and may overlook coherent
contributions [198, 199].

An alternative is to define entropy production at the trajectory level using quantum
jump unravellings of the Lindblad equation. In this framework, the division into flux and
production is performed along individual realizations of the stochastic dynamics [200, 201].
However, the resulting expressions are sensitive to the choice of measurement scheme or
unravelling, leading again to non-uniqueness at the ensemble level [202].

8.3.2 Ensemble-Level Adiabatic/nonadiabatic Splitting

In this section, we extend the adiabatic/nonadiabatic decomposition of entropy production
at the ensemble level to time-dependent Lindblad dynamics. As a starting point, we assume
that the total entropy production rate Σ̇(𝑡) is defined via the entropy balance introduced in
the previous section. While the decomposition is generally not unique, it is well-defined for
many physically relevant scenarios, including systems with a thermal steady state or those
satisfying local detailed balance. Taking Σ̇(𝑡) as given, we focus on its further division into
two components with distinct physical interpretations.

As we discussed in Section 8.1, in classical Markov processes the adiabatic/nonadiabatic
splitting is well-defined at both the ensemble level and along individual trajectories. Both
contributions are non-negative and satisfy fluctuation theorems. In the quantum setting,
the situation is more nuanced.

At the level of individual trajectories—defined via a quantum jump unravelling of the
Lindblad equation, which we revisit shortly—the adiabatic/nonadiabatic splitting is only
meaningful if the jump operators satisfy a specific structural condition [203, 61, 204]:

[Φ̂𝜆, 𝐿̂𝑘(𝜆)] = Δ𝜙𝑘(𝜆)𝐿̂𝑘(𝜆) with Φ̂𝜆 = − log ̂𝜋𝜆, (8.121)

which ensures that each jump induces a well-defined change in the nonequilibrium potential,
enabling a consistent definition of trajectory-level stochastic entropy production. Under this
condition, both components of the decomposition are non-negative and satisfy fluctuation
relations. We return to this point in the next section.

If these conditions are not met, a trajectory-level decomposition becomes ill-defined. Nev-
ertheless, the decomposition can still be carried out at the ensemble level, without additional
assumptions. While the resulting adiabatic term is not guaranteed to be non-negative, the
decomposition remains operationally meaningful and retains the expected physical interpre-
tation.
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Most importantly, the nonadiabatic component is always non-negative and quantifies the
dissipation due to the system being out of instantaneous steady state. In contrast with
the adiabatic contribution—which reflects intrinsic steady-state dissipation and is often
determined by the environment—the nonadiabatic term depends directly on the external
protocol. As such, it is typically the component over which one has the most control, making
it central to thermodynamic optimization and driving efficiency.

We now construct the decomposition of the total entropy production rate into adiabatic
and nonadiabatic components at the ensemble level. The structure closely parallels the
classical setting discussed in Section 8.1.3.

We begin by defining the nonadiabatic entropy production as the negative time derivative
of the quantum relative entropy between the system state ̂𝜌𝑡 and the instantaneous steady
state ̂𝜋𝜆𝑡

, with the derivative acting only on the first argument:

Σ̇na(𝑡) ≡ − 𝜕
𝜕𝑠

𝐷( ̂𝜌𝑠‖ ̂𝜋𝜆𝑡
)∣

𝑠=𝑡
. (8.122)

It quantifies the dissipation arising from the system’s failure to remain in the instantaneous
steady state. It vanishes in the quasistatic limit, where ̂𝜌𝑡 = ̂𝜋𝜆𝑡

.
Taking the derivative explicitly and using the master equation yields the equivalent ex-

pression:
Σ̇na(𝑡) = −Tr[ ̇̂𝜌𝑡(log ̂𝜌𝑡 − log ̂𝜋𝜆𝑡

)]. (8.123)

This form emphasizes the dynamical origin of the nonadiabatic contribution and coin-
cides with the entropy production rate with respect to a reference state ̂𝜋𝜆𝑡

introduced
by Spohn [30] for quantum dynamical semigroups. Its non-negativity follows from the con-
tractivity of quantum relative entropy under completely positive trace-preserving (CPTP)
maps, and was discussed in detail in Chapter 3.

The adiabatic entropy production is then defined as the residual:

Σ̇ad(𝑡) ≡ Σ̇(𝑡) − Σ̇na(𝑡). (8.124)

This term quantifies the entropy production that would persist even if the system were
always in its instantaneous steady state. It typically arises from steady-state currents or
irreversible processes intrinsic to the system–environment coupling and is not necessarily
non-negative. In many practical settings, Σ̇ad(𝑡) captures dissipation due to coupling with
the environment and is often outside direct control. Nevertheless, it remains important for
understanding the thermodynamic cost of maintaining nonequilibrium conditions.

8.3.3 Ensemble-Level Housekeeping/Excess Decomposition

In parallel with the adiabatic/nonadiabatic decomposition of entropy production, the en-
tropy flux can be split into two contributions: a housekeeping part, associated with steady-
state dissipation, and an excess part, arising from the time-dependent driving. Specifically,
we introduce the decomposition

Π̇(𝑡) = Π̇hk(𝑡) + Π̇ex(𝑡), (8.125)
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8 Entropy production in nonequilibrium steady states

where Π̇hk(𝑡) is the housekeeping entropy flux required to maintain the nonequilibrium
steady state, and Π̇ex(𝑡) is the excess entropy flux induced by the protocol. This mirrors
the classical decomposition introduced in Section 8.1.4.

As in the classical case, we motivate the definition of the housekeeping term by examining
the steady-state behavior of the global entropy balance:

d𝑆
d𝑡

= (Σ̇ad(𝑡) + Σ̇na(𝑡)) − (Π̇hk(𝑡) + Π̇ex(𝑡)). (8.126)

In a NESS, the system entropy remains constant, and the only non-vanishing contribu-
tions are the adiabatic entropy production and the housekeeping flux. This motivates the
identification

Π̇hk(𝑡) ≡ Σ̇ad(𝑡). (8.127)

Unlike in the classical Markovian setting, however, there is no universal closed-form expres-
sion for the housekeeping flux in the quantum case.

The excess entropy flux is then defined as the complement:

Π̇ex(𝑡) ≡ Π̇(𝑡) − Π̇hk(𝑡). (8.128)

To derive an explicit expression for this quantity, we use the identification Π̇hk(𝑡) = Σ̇ad(𝑡)
in the entropy balance equation (8.126), which yields

Π̇(𝑡) = ̇𝑆(𝑡) + Σ̇ad(𝑡). (8.129)

Substituting the definition for each term, we find

Π̇ex(𝑡) = Tr[ ̇̂𝜌𝑡 log ̂𝜌𝑡] − Tr[ ̇̂𝜌𝑡(log ̂𝜌𝑡 − log ̂𝜋𝜆𝑡
)]

= Tr[ ̇̂𝜌𝑡 log ̂𝜋𝜆𝑡
].

(8.130)

This leads naturally to the introduction of the nonequilibrium potential [57], a Hermitian
operator defined as

Φ̂𝜆𝑡
≡ − log ̂𝜋𝜆𝑡

, (8.131)

in terms of which the excess entropy flux becomes

Π̇ex(𝑡) = −Tr[ ̇̂𝜌𝑡Φ̂𝜆𝑡
]. (8.132)

Rearranging Eq. (8.129), we obtain the quantum version of the Hatano–Sasa relation:

d𝑆
d𝑡

= Σ̇na(𝑡) − Π̇ex(𝑡), (8.133)

Integrating over the protocol duration 𝜏 yields the generalized Clausius inequality:

Δ𝑆 +
ˆ 𝜏

0
d𝑡 Π̇ex(𝑡) =

ˆ 𝜏

0
d𝑡 Σ̇na(𝑡) ≥ 0, (8.134)

which refines the second law by isolating the contribution due to time-dependent driving.
The left-hand side represents the total reversible entropy exchange, while the right-hand
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side quantifies the irreversible dissipation. Equality holds in the quasistatic limit, where the
system remains arbitrarily close to the instantaneous steady state at all times.

8.3.4 Quantum Trajectories and Jump Unraveling

In the following sections, we study entropy production at the level of individual trajectories.
For systems governed by Lindblad dynamics, such trajectory-level descriptions are provided
by the quantum jump formalism. This section provides a brief introduction to the method,
presenting the key ingredients needed to define stochastic entropy production and formulate
fluctuation theorems. For comprehensive treatments, see Refs. [193, 192, 205].

The key idea is to interpret the Lindblad master equation as the ensemble average over
many realizations of a stochastic process. Each realization—or trajectory—consists of a
sequence of random quantum jumps interspersed with coherent evolution generated by a
non-Hermitian effective Hamiltonian.

To make this interpretation precise, consider a small time step of the Lindblad master
equation, expanded to first order as

̂𝜌𝑡+𝛿𝑡 = ̂𝜌𝑡 + 𝛿𝑡 ℒ[ ̂𝜌𝑡] + 𝒪(𝛿𝑡2), (8.135)

where, for notational simplicity, we temporarily suppress the dependence on the control
parameter 𝜆𝑡. Using the explicit form of the Lindblad generator, we can rewrite the right-
hand side as

̂𝜌𝑡+𝛿𝑡 = ̂𝜌𝑡 − 𝛿𝑡(𝑖𝐻̂ − 1
2

∑
𝑘

𝐿̂†
𝑘𝐿̂𝑘) ̂𝜌𝑡 − 𝛿𝑡 ̂𝜌𝑡( − 𝑖𝐻̂ − 1

2
∑

𝑘
𝐿̂†

𝑘𝐿̂𝑘) + 𝛿𝑡 ∑
𝑘

𝐿̂𝑘 ̂𝜌𝑡𝐿̂
†
𝑘 + 𝒪(𝛿𝑡2)

= ̂𝜌(𝑡) − 𝛿𝑡(𝐻̂eff ̂𝜌𝑡 + ̂𝜌𝑡𝐻̂
†
eff) + 𝛿𝑡 ∑

𝑘
𝐿̂𝑘 ̂𝜌𝑡𝐿̂

†
𝑘 + 𝒪(𝛿𝑡2),

(8.136)

where we introduced the non-Hermitian effective Hamiltonian

𝐻̂eff = 𝐻̂ − 𝑖
2

∑
𝑘

𝐿̂†
𝑘𝐿̂𝑘. (8.137)

This decomposition naturally leads to an operator-sum representation. Using the identity

(𝟙̂ − 𝛿𝑡 𝐻̂eff) ̂𝜌𝑡(𝟙̂ − 𝛿𝑡 𝐻̂†
eff) = ̂𝜌𝑡 + 𝛿𝑡 (𝐻̂eff ̂𝜌𝑡 + ̂𝜌𝑡𝐻̂

†
eff) + 𝒪(𝛿𝑡2), (8.138)

we can write the time evolution step as

̂𝜌(𝑡 + 𝛿𝑡) = Ω̂0 ̂𝜌𝑡Ω̂
†
0 + ∑

𝑘
Ω̂𝑘 ̂𝜌𝑡Ω̂

†
𝑘 + 𝒪(𝛿𝑡2), (8.139)

where the Kraus operators are given by

Ω̂0 = 𝟙̂ − 𝛿𝑡(𝑖𝐻̂ + 1
2

∑
𝑘

𝐿̂†
𝑘𝐿̂𝑘), (8.140)

Ω̂𝑘 =
√

𝛿𝑡 𝐿̂𝑘. (8.141)
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To leading order in 𝛿𝑡, these operators satisfy the completeness relation Ω̂†
0Ω̂0 +∑𝑘 Ω̂†

𝑘Ω̂𝑘 =
𝟙̂ + 𝒪(𝛿𝑡2).

This operator-sum decomposition admits a natural stochastic interpretation. At each
time step, the ensemble-level state evolves as a mixture of different possible outcomes. With
probability ℙ0 ≈ 1 − 𝛿𝑡, no jump occurs, and the system evolves under the non-Hermitian
effective Hamiltonian:

Ω̂0 = 𝟙̂ − 𝛿𝑡𝐻̂eff + 𝒪(𝛿𝑡2) ≈ 𝑒−𝑖𝐻̂eff𝛿𝑡. (8.142)

Alternatively, with probability ℙ𝑘 ≈ 𝛿𝑡, a jump of type 𝑘 occurs, and the system collapses
to

̂𝜌𝑡+𝛿𝑡 ↦
𝐿̂𝑘 ̂𝜌𝑡𝐿̂

†
𝑘

Tr[𝐿̂𝑘 ̂𝜌𝑡𝐿̂
†
𝑘]

. (8.143)

In this way, the Lindblad evolution can be interpreted as a stochastic process in which
the system undergoes periods of continuous, non-unitary evolution interrupted by discrete
quantum jumps. This picture forms the basis of the quantum jump formalism, which we
now use to construct trajectory-level descriptions of entropy production.

To proceed, we assume that the jump operators come in pairs {𝐿̂𝑘, 𝐿̂𝑘̃}, where each
pair corresponds to a single physical process occurring in two opposite directions, such as
excitation/relaxation or absorption/emission. We use the notation 𝑘̃ to denote the jump in
the opposite direction of 𝑘. However, we do not impose local detailed balance at this stage:
these forward and backward processes need not be thermodynamically equilibrated.

To formulate the trajectory, we adopt the two-point measurement (TPM) scheme, in
which projective measurements are carried out at the beginning and end of the protocol.
For simplicity, we assume that the projective measurements at 𝑡 = 0 and 𝑡 = 𝜏 are performed
in the eigenbases of ̂𝜌0 and ̂𝜌𝜏, respectively. Specifically, we assume that ̂𝜌0 has spectral
decomposition

̂𝜌0 = ∑
𝑛

𝑝0
𝑛|𝑛⟩⟨𝑛|, (8.144)

and that the initial projective measurement at time 𝑡 = 0 is performed in this eigenbasis.
The measurement yields outcome 𝑛 with probability 𝑝0

𝑛 = ⟨𝑛| ̂𝜌0|𝑛⟩, collapsing the state to
the pure state |𝑛⟩⟨𝑛|.

Following this initialization, the system then evolves stochastically under the quantum
jump dynamics associated with a time-dependent protocol 𝜆𝑡, undergoing a sequence of
jumps {(𝑘𝑗, 𝑡𝑗)}𝐾

𝑗=1. At time 𝑡 = 𝜏, a second projective measurement is performed in the
eigenbasis of ̂𝜌𝜏, yielding outcome 𝑚.

The full trajectory 𝛾 is then defined by the initial measurement outcome, the sequence of
jumps, and the final measurement outcome:

𝛾 = (𝑛, {(𝑘1, 𝑡1), … , (𝑘𝐾, 𝑡𝐾)}, 𝑚). (8.145)

Between jumps, the system evolves under the non-Hermitian effective Hamiltonian ac-
cording to the map

𝒰𝑡𝑏,𝑡𝑎
[ ̂𝜌] = ̂𝑈𝑡𝑏,𝑡𝑎

̂𝜌 ̂𝑈†
𝑡𝑏,𝑡𝑎

, with ̂𝑈𝑡𝑏,𝑡𝑎
= 𝒯 exp(−𝑖

ˆ 𝑡𝑏

𝑡𝑎

d𝑠 𝐻̂eff(𝑠)), (8.146)
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where 𝒯 denotes time-ordering. Each jump is represented by the superoperator

𝒥𝑘[ ̂𝜌] = 𝐿̂𝑘 ̂𝜌𝐿̂†
𝑘. (8.147)

Given a record of jump events {(𝑘𝑗, 𝑡𝑗)}, the unnormalized state at the end of the protocol,
before the final measurement, is

̄𝜌𝛾(𝜏) = 𝒰𝜏,𝑡𝐾
∘ 𝒥𝑘𝐾

∘ ⋯ ∘ 𝒥𝑘1
∘ 𝒰𝑡1,0[|𝑛⟩⟨𝑛|]. (8.148)

The conditional probability density for observing this trajectory, given the initial state
|𝑛⟩, is obtained by projecting ̄𝜌𝛾(𝜏) onto the final outcome |𝑚⟩:

ℙ[𝛾 | 𝑛] = ⟨𝑚| ̄𝜌𝛾(𝜏)|𝑚⟩

= ∣⟨𝑚| ̂𝑈𝜏,𝑡𝐾
𝐿̂𝑘𝐾

(𝜆𝑡𝐾
) ⋯ 𝐿̂𝑘1

(𝜆𝑡1
) ̂𝑈𝑡1,0|𝑛⟩∣

2
.

(8.149)

The total probability of observing the trajectory 𝛾 is then

ℙ[𝛾] = 𝑝0
𝑛 ⋅ ℙ[𝛾 | 𝑛]. (8.150)

We refer to this evolution—starting from the initial measurement, proceeding through
stochastic quantum jumps, and ending with a final measurement at time 𝜏—as the forward
process.

8.3.5 Trajectory-Level Entropy Production

Entropy production at the level of individual trajectories provides a microscopic measure
of irreversibility. As in the classical case, it is defined by comparing the probability of a
trajectory in the forward process with that of its time-reversed counterpart. A positive
entropy production indicates that the trajectory is more likely in the forward direction,
consistent with the second law.

In the classical setting, the reversed process is typically constructed by time-reversing
the protocol and transposing the rate matrix. In the quantum setting, it is implemented
through the time-reversal operator Θ̂, which is an anti-unitary operator. This means it
satisfies Θ̂Θ̂† = 𝟙̂, preserving inner products, but it acts anti-linearly on superpositions:

Θ̂(𝛼|𝜓⟩ + 𝛽|𝜙⟩) = 𝛼∗Θ̂|𝜓⟩ + 𝛽∗Θ̂|𝜙⟩, (8.151)

which can equivalently be written as the operator identity Θ̂𝑖 = −𝑖Θ̂. These properties
ensure that both the dynamics and observables transform correctly under time reversal,
particularly in the presence of time-odd quantities such as momentum or magnetic fields.

To define the reverse process, we first time-reverse the protocol: 𝜆̃𝑡 = 𝜆𝜏−𝑡. While one
could attempt to directly time-reverse the Lindblad master equation, it is more natural in
this setting to apply time reversal at the level of the operator-sum decomposition used in
the quantum jump formalism.
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Recall from the previous section that the state update over a small time step 𝛿𝑡 admits
the form

̂𝜌𝑡+𝛿𝑡 = Ω̂0(𝜆𝑡) ̂𝜌𝑡 Ω̂†
0(𝜆𝑡) + ∑

𝑘
Ω̂𝑘(𝜆𝑡) ̂𝜌𝑡 Ω̂†

𝑘(𝜆𝑡) + 𝒪(𝛿𝑡2). (8.152)

Applying the time-reversal transformation Θ̂(⋅)Θ̂† to both sides and substituting 𝑡 ↦ 𝜏 − 𝑡,
we obtain the operator-sum representation for a time step in the reversed dynamics:

̃𝜌𝑡+𝛿𝑡 = Θ̂ ̂𝜌𝜏−𝑡+𝛿𝑡Θ̂†

= Θ̂[Ω̂0(𝜆𝜏−𝑡) ̂𝜌𝜏−𝑡 Ω̂†
0(𝜆𝜏−𝑡) + ∑

𝑘
Ω̂𝑘(𝜆𝜏−𝑡) ̂𝜌𝜏−𝑡 Ω̂†

𝑘(𝜆𝜏−𝑡)]Θ̂† + 𝒪(𝛿𝑡2)

= Ω̃0(𝜆̃𝑡) ̃𝜌𝑡 Ω̃†
0(𝜆̃𝑡) + ∑

𝑘
Ω̃𝑘(𝜆̃𝑡) ̃𝜌𝑡 Ω̃†

𝑘(𝜆̃𝑡) + 𝒪(𝛿𝑡2),

(8.153)

where ̃𝜌𝑡 = Θ̂ ̂𝜌𝜏−𝑡Θ̂† is the time-reversed state, and the reversed Kraus operators are defined
as

Ω̃0(𝜆̃𝑡) = 𝟙̂ − 𝛿𝑡 𝐻eff(𝜆̃𝑡), (8.154)

Ω̃𝑘(𝜆̃𝑡) =
√

𝛿𝑡 𝐿𝑘(𝜆̃𝑡), (8.155)

with the time-reversed Hamiltonian and jump operators given by

𝐻(𝜆̃𝑡) = Θ̂𝐻̂(𝜆𝜏−𝑡)Θ̂†, 𝐿𝑘(𝜆̃𝑡) = Θ̂𝐿̂𝑘(𝜆𝜏−𝑡)Θ̂†. (8.156)

This yields a full quantum jump description of the reversed process. The no-jump prop-
agator becomes

𝑈𝑡𝑏,𝑡𝑎
= Θ̂ ̂𝑈†

𝜏−𝑡𝑎,𝜏−𝑡𝑏
Θ̂†, 𝒰𝑡𝑏,𝑡𝑎

[ ̂𝜌] = 𝑈𝑡𝑏,𝑡𝑎
̂𝜌𝑈†

𝑡𝑏,𝑡𝑎
, (8.157)

and each jump of type 𝑘 in the reverse process is represented by

𝒥𝑘[ ̂𝜌] = 𝐿𝑘(𝜆̃𝑡) ̂𝜌 𝐿†
𝑘(𝜆̃𝑡). (8.158)

It is important to emphasize that while the operator 𝐿𝑘 is the time-reversed version
of 𝐿̂𝑘, it still corresponds to a jump of the same type 𝑘 within the reversed dynamics.
Consequently, constructing a reversed trajectory requires more than simply applying time
reversal operator: we must also reverse the direction of each jump. This is where the
assumption of paired jump operators {𝐿̂𝑘, 𝐿̂𝑘̃} proves useful: reversing the direction of a
jump amounts to swapping 𝑘 ↔ 𝑘̃. We note, however, that it is possible to define a reverse
process even in more general settings where such a pairing is not available [61, 203].

To define the reverse process, we take its initial state to be the time-reversed final state
of the forward process, ̃𝜌0 = Θ̂ ̂𝜌𝜏Θ̂†. The initial projective measurement is performed in the
basis {|𝑚̃⟩ = Θ̂|𝑚⟩}, which diagonalizes ̃𝜌0. The probability of obtaining outcome 𝑚̃ is

𝑝𝜏
𝑚 = ⟨𝑚̃| ̃𝜌0|𝑚̃⟩ = ⟨𝑚| ̂𝜌𝜏|𝑚⟩. (8.159)
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Crucially, this is the same as the probability of measuring ̂𝜌𝜏 in its own eigenbasis. After
the measurement, the state collapses to |𝑚̃⟩⟨𝑚̃|.

The system then evolves under the reversed protocol 𝜆̃𝑡 = 𝜆𝜏−𝑡, undergoing a sequence
of reversed jumps in reverse temporal order. At the end of the protocol, a final projective
measurement is performed in the basis {|𝑛̃⟩ = Θ̂|𝑛⟩}. The final state ̃𝜌𝜏 is not, in general, di-
agonal in this basis, but the projectors {|𝑛̃⟩⟨𝑛̃|} still form a complete set, so the measurement
statistics remain well-defined.

The full reversed trajectory is thus

̃𝛾 = (𝑚̃, {(𝑘̃𝐾, 𝜏 − 𝑡𝐾), … , (𝑘̃1, 𝜏 − 𝑡1)}, 𝑛̃), (8.160)

where each 𝑘̃𝑗 denotes a jump of the type opposite to 𝑘𝑗 occurring at time 𝑡𝑗.

Given a record of jump events, the unnormalized final state is

̄𝜌𝛾̃(𝜏) = 𝒰0,𝜏−𝑡1
∘ 𝒥𝑘̃1

∘ ⋯ ∘ 𝒥𝑘̃𝐾
∘ 𝒰𝜏−𝑡𝐾,0[|𝑚̃⟩⟨𝑚̃|]. (8.161)

The conditional probability of observing ̃𝛾 under the reverse process, given the initial
state |𝑚̃⟩, is then

ℙ̃[ ̃𝛾 | 𝑚̃] = ⟨𝑛̃| ̄𝜌𝛾̃(𝜏)|𝑛̃⟩

= ∣⟨𝑛̃| 𝑈𝜏,𝜏−𝑡1
𝐿𝑘̃1

(𝜆̃𝜏−𝑡1
) ⋯ 𝐿𝑘̃𝐾

(𝜆̃𝜏−𝑡𝐾
)𝑈𝜏−𝑡𝐾,0|𝑚̃⟩∣

2

= ∣⟨𝑛̃| 𝑈𝜏,𝜏−𝑡1
(

𝐾
∏
𝑗=1

𝐿𝑘̃𝑗
(𝜆̃𝜏−𝑡𝑗

) 𝑈𝜏−𝑡𝑗,𝜏−𝑡𝑗+1
)|𝑚̃⟩∣

2

,

(8.162)

where we set 𝑡𝐾+1 ≡ 𝜏 for convenience. The total trajectory probability is then

ℙ̃[ ̃𝛾] = 𝑝𝜏
𝑚 ⋅ ℙ̃[ ̃𝛾 | 𝑚̃]. (8.163)

Finally, the entropy production along a single trajectory 𝛾 is defined as

Σ[𝛾] = log ℙ[𝛾]
ℙ̃[ ̃𝛾]

, (8.164)

quantifying the extent to which the trajectory breaks microscopic reversibility. A positive
value implies the trajectory is more likely in the forward process than in reverse, in line with
the second law.

To proceed, we impose the assumption of local detailed balance (LDB), which encodes the
thermodynamic structure of the environment and allows entropy changes to be consistently
assigned to individual quantum jumps. For each pair of jump operators {𝐿̂𝑘(𝜆), 𝐿̂𝑘̃(𝜆)}, we
assume the existence of a well-defined entropy change Δ𝑠𝑘(𝜆) such that

𝐿̂𝑘(𝜆) = 𝐿̂†
𝑘̃
(𝜆) 𝑒 1

2 Δ𝑠𝑘(𝜆). (8.165)

By consistency, this implies Δ𝑠𝑘̃(𝜆) = −Δ𝑠𝑘(𝜆).
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8 Entropy production in nonequilibrium steady states

This relation allows us to express the time-reversed jump operators 𝐿𝑘(𝜆̃𝑡), defined earlier
via time-reversal conjugation, in terms of the forward ones:

𝐿𝑘(𝜆̃𝑡) = Θ̂𝐿̂𝑘(𝜆𝜏−𝑡)Θ̂† = Θ̂𝐿̂†
𝑘̃
(𝜆𝜏−𝑡)Θ̂† 𝑒 1

2 Δ𝑠𝑘(𝜆𝜏−𝑡). (8.166)

Using this expression in Eq. (8.162), along with the facts that |𝑛̃⟩ = Θ̂|𝑛⟩ and ⟨𝑚̃| =
⟨𝑚|Θ̂†, we obtain

ℙ̃[ ̃𝛾 | 𝑚̃] = ∣⟨𝑛̃| 𝑈𝜏,𝜏−𝑡1
(

𝐾
∏
𝑗=1

𝐿𝑘̃𝑗
(𝜆̃𝜏−𝑡𝑗

) 𝑈𝜏−𝑡𝑗,𝜏−𝑡𝑗+1
)|𝑚̃⟩∣

2

= ∣⟨𝑛|Θ̂† ⋅ Θ̂ ̂𝑈†
0,𝑡1

Θ̂† ⋅ (
𝐾

∏
𝑗=1

𝑒
1
2 Δ𝑠𝑘𝑗(𝜆𝑡𝑗)Θ̂𝐿̂†

𝑘𝑗
(𝜆𝑡𝑗

)Θ̂† ⋅ Θ̂ ̂𝑈†
𝑡𝑗,𝑡𝑗+1

Θ̂†) ⋅ Θ̂|𝑚⟩∣
2

.

(8.167)

Noting that each Θ̂ is followed by its adjoint and using the anti-unitarity condition Θ̂Θ̂† =
𝟙̂, the conditional probability simplifies to

ℙ̃[ ̃𝛾 | 𝑚̃] = 𝑒∑𝑗 Δ𝑠𝑘𝑗(𝜆𝑡𝑗) ⋅ ∣⟨𝑛| ̂𝑈†
0,𝑡1

𝐿̂†
𝑘1

⋯ 𝐿̂†
𝑘𝐾

̂𝑈†
𝑡𝐾,𝜏|𝑚⟩∣

2
. (8.168)

Finally, using the identity |⟨𝑛| ̂𝐴†|𝑚⟩|2 = |⟨𝑚| ̂𝐴|𝑛⟩|2, which follows from the definition of
the Hermitian adjoint, we recognize the resulting amplitude as that of the forward process,
yielding

ℙ̃[ ̃𝛾 | 𝑚̃] = 𝑒∑𝑗 Δ𝑠𝑘𝑗(𝜆𝑡𝑗) ⋅ ℙ[𝛾 | 𝑛]. (8.169)

Therefore, by Eq. (8.164), the total stochastic entropy production along the trajectory is

Σ[𝛾] = log( ℙ[𝛾 | 𝑛] ⋅ 𝑝0
𝑛

ℙ̃[ ̃𝛾 | 𝑚̃] ⋅ 𝑝𝜏
𝑚

)

= log 𝑝0
𝑛

𝑝𝜏
𝑚

+ log ℙ[𝛾 | 𝑛]
ℙ̃[ ̃𝛾 | 𝑚̃]

= − log 𝑝𝜏
𝑚

𝑝0
𝑛

+
𝐾

∑
𝑗=1

Δ𝑠𝑘𝑗
(𝜆𝑡𝑗

).

(8.170)

The first term can be identified as the stochastic entropy along the trajectory [17, 204]:

Δ𝑠[𝛾] = log 𝑝𝜏
𝑚 − log 𝑝0

𝑛 = − log 𝑝𝜏
𝑚

𝑝0
𝑛

. (8.171)

This quantity measures the change in the system’s surprisal between the initial and final
measurement outcomes, as determined by the TPM scheme.

The second term in Eq. (8.170) corresponds to the total entropy exchanged with the envi-
ronment through quantum jumps. Each jump of type 𝑘𝑗 contributes an entropy increment
Δ𝑠𝑘𝑗

(𝜆𝑡𝑗
), so that the cumulative entropy flux is

Π[𝛾] =
𝐾

∑
𝑗=1

Δ𝑠𝑘𝑗
(𝜆𝑡𝑗

). (8.172)
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8.3 Entropy Production in Time-Dependent Lindblad Dynamics

Thus, the total stochastic entropy production admits the trajectory-level decomposition

Σ[𝛾] = Δ𝑠[𝛾] + Π[𝛾], (8.173)

which parallels the classical thermodynamic structure and gives a clear operational meaning
to irreversibility in the quantum setting.

As in the classical case, Eq. (8.164) immediately leads to an integral fluctuation theorem.
Taking the average over all trajectories yields

⟨𝑒−Σ[𝛾]⟩ = ∑
𝛾

ℙ[𝛾] 𝑒−Σ[𝛾] = 1. (8.174)

This identity encapsulates the statistical symmetry between forward and time-reversed dy-
namics. It implies that while individual trajectories can exhibit negative entropy produc-
tion, these are balanced in such a way that the ensemble average remains non-negative. In
particular, applying Jensen’s inequality recovers the second law in the form ⟨Σ⟩ ≥ 0, con-
firming the consistency of the trajectory-level description with macroscopic thermodynamic
irreversibility.

8.3.6 The Dual Dynamics

As in the classical case, deriving fluctuation theorems for the adiabatic and nonadiabatic
components requires the introduction of the dual dynamics. This is defined by time-reversing
the generator ℒ𝜆 itself, at fixed 𝜆, and is thus distinct from the reverse process, which in-
volves inverting the full protocol. However, in contrast to the classical setting, the definition
of the dual Lindblad generator is more subtle: it may not be unique and, crucially, may fail
to generate a valid quantum dynamical semigroup.

The mathematical framework underpinning dual quantum dynamics has been rigorously
established by Fagnola and Umanità [194], using tools from modular theory. In this formu-
lation, the dual process is closely tied to the concept of quantum detailed balance. Here, we
summarize the essential definitions and conditions for when a valid dual semigroup exists.

In the Heisenberg picture, the time evolution of observables is generated by the adjoint
map 𝒱†

𝑡 = 𝑒ℒ†𝑡, where ℒ† is the adjoint Liouvillian. Given a fixed steady state ̂𝜋, the 𝑠-dual
of 𝒱†

𝑡 , denoted 𝒱(𝑠)
𝑡 , is defined as the adjoint with respect to the weighted inner product

⟨ ̂𝐴, 𝐵̂⟩𝜋̂,𝑠 = Tr[ ̂𝜋1−𝑠 ̂𝐴† ̂𝜋𝑠𝐵̂], 𝑠 ∈ [0, 1]. (8.175)

That is, 𝒱(𝑠)
𝑡 satisfies the identity

⟨𝒱(𝑠)
𝑡 ( ̂𝐴), 𝐵̂⟩𝜋̂,𝑠 = ⟨ ̂𝐴, 𝒱†

𝑡 (𝐵̂)⟩𝜋̂,𝑠. (8.176)

Each value of 𝑠 ∈ [0, 1] defines a different dual map 𝒱(𝑠)
𝑡 . For 𝑠 = 1/2, the map is always

a quantum dynamical semigroup [194], but for other values of 𝑠, the dual may fail to be
completely positive or trace-preserving.
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8 Entropy production in nonequilibrium steady states

The necessary and sufficient condition for 𝒱(0)
𝑡 to define a quantum dynamical semigroup

is the commutation of the generator with the modular automorphism associated with the
steady state [194, Theorem 3.1]:

[ℒ†, ℳ𝜋̂] = 0, where ℳ𝜋̂(⋅) = ̂𝜋(⋅) ̂𝜋−1. (8.177)

When this condition holds, the dual maps for all 𝑠 ∈ [0, 1] coincide:

𝒱(𝑠)
𝑡 = 𝒱(0)

𝑡 ∀𝑠 ∈ [0, 1], (8.178)

and one obtains a unique dual semigroup 𝒱⋆
𝑡 , generated by a Liouvillian ℒ⋆.

To switch to the Schrödinger picture, we take the adjoint of ℒ⋆ under the Hilbert–Schmidt
inner product:

Tr[ ̂𝐴ℒ+(𝐵̂)] = Tr[ℒ⋆( ̂𝐴)†𝐵̂]. (8.179)

The resulting generator ℒ+ can be expressed as [194, Remark 3.1, Prop. 3.2]:

ℒ+( ̂𝜌) = ̂𝜋𝑠ℒ†( ̂𝜋1−𝑠 ̂𝜌 ̂𝜋𝑠) ̂𝜋1−𝑠, ∀𝑠 ∈ [0, 1]. (8.180)

For the symmetric case 𝑠 = 1/2, this reduces to a similarity transformation:

ℒ+( ̂𝜌) = 𝕁𝜋̂ ∘ ℒ† ∘ 𝕁−1
𝜋̂ ( ̂𝜌), with 𝕁𝜋̂(⋅) = ̂𝜋1/2(⋅) ̂𝜋1/2, (8.181)

which closely mirrors the classical dual generator in Eq. (8.97) and coincides with the ex-
pression introduced by Crooks [206].

A central result of Ref. [194] concerns the representation of the generator. The Lindblad
form of a quantum Markov semigroup is not unique: one may, for instance, apply unitary
transformations to the jump operators without affecting the dynamics [31]. In particular,
Fagnola and Umanità show that if the commutation condition

[ℒ†, ℳ𝜋̂] = 0 (8.182)

holds, then there exists a special representation—called the privileged representation—in
which the jump operators 𝐿̂′

𝑘 and the Hamiltonian 𝐻̂′ satisfy

̂𝜋𝐿̂′
𝑘 = 𝛼𝑘𝐿̂′

𝑘 ̂𝜋,

[𝐻̂′, ̂𝜋] = ∑
𝑘

[𝐿̂′†
𝑘 𝐿̂′

𝑘, ̂𝜋] = 0, (8.183)

where 𝛼𝑘 > 0. The constants 𝛼𝑘 are determined by the eigenvalues of ̂𝜋: given the eigende-
composition ̂𝜋 = ∑𝑛 𝜋𝑛|𝜋𝑛⟩⟨𝜋𝑛|, they satisfy

𝛼𝑘 = 𝜋𝑛
𝜋𝑚

for all pairs 𝑛, 𝑚 such that ⟨𝜋𝑛|𝐿̂𝑘|𝜋𝑚⟩ ≠ 0. (8.184)

In other words, each jump operator 𝐿̂𝑘 only connects eigenstates of ̂𝜋 whose stationary
probabilities are related by fixed ratio 𝛼𝑘, as noted in Ref. [207].
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8.3 Entropy Production in Time-Dependent Lindblad Dynamics

The first relation in Eq. (8.183) implies4

[𝐿̂′
𝑘, Φ̂] = −Δ𝜙𝑘 𝐿̂′

𝑘, (8.185)

where Φ̂ = − log ̂𝜋 is the nonequilibrium potential and Δ𝜙𝑘 = − log𝛼𝑘 is the associated
change. Thus, in the privileged representation, each jump operator 𝐿̂′

𝑘 corresponds to a
transition with a well-defined change in nonequilibrium potential, enabling a trajectory-
level decomposition of entropy production.

If the original operators (𝐻̂, {𝐿̂𝑘}) satisfy the conditions in Eq. (8.183), then they are
already in the privileged representation. In this case, the dual quantum dynamics is guaran-
teed to be a Markovian semigroup, and its trajectory-level interpretation remains physically
meaningful: each jump operator corresponds directly to an identifiable microscopic process
with a well-defined change in nonequilibrium potential.

If this is not the case—i.e., if the original representation does not satisfy Eq. (8.183)—the
dual dynamics may still form a valid quantum dynamical semigroup, provided the commu-
tation condition (8.177) holds. While a privileged representation always exists under this
condition, the resulting jump operators may involve linear combinations or transformations
of the original operators and thus may not correspond to physical or experimentally mean-
ingful trajectories. In such cases, the dual remains mathematically well-defined, but its
operational interpretation becomes ambiguous.

Accordingly, in the following section we assume that the original Lindblad operators 𝐻̂
and 𝐿̂𝑘 already satisfy Eq. (8.183). This assumption enables a consistent thermodynamic in-
terpretation and allows us to derive fluctuation theorems for the adiabatic and nonadiabatic
entropy components.

8.3.7 Dual and Dual-Reverse Processes

We now derive explicit expressions for the dual jump operators 𝐿̂+
𝑘 (𝜆) and no-jump propa-

gator ̂𝑈+
𝑡𝑏,𝑡𝑎

, and define the associated dual and dual-reverse processes.

The dual process corresponds to running the forward protocol 𝜆𝑡, but evolving under
the dual generator ℒ+(𝜆𝑡) at each time. The dual-reverse process is constructed by time-
reversing the dual process:

𝑈+
𝑡𝑎,𝑡𝑏

= Θ̂(𝑈+
𝜏−𝑡𝑎,𝜏−𝑡𝑏

)†, 𝐿+(𝜆̃𝑡) = Θ̂𝐿̂+
𝑘 (𝜆𝜏−𝑡)Θ̂†. (8.186)

We denote by ℙ+[𝛾] the probability of observing a trajectory 𝛾 under the dual process, and
by ℙ̃+[ ̃𝛾] the probability of its time-reversal ̃𝛾 under the dual-reverse process.

4This follows from the identity 𝑒Φ̂𝐿̂𝑘𝑒−Φ̂ = 𝑒adΦ̂(𝐿̂𝑘), where adΦ̂(⋅) ∶= [Φ̂, ⋅]. This is an important rela-
tion in Lie theory that expresses conjugation by an exponential as the exponential of the commutator
map [208].
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8 Entropy production in nonequilibrium steady states

As before, we assume that the Lindblad jump operators come in conjugate pairs {𝐿̂𝑘, 𝐿̂𝑘̃},
representing opposite directions of the same physical process. We also assume that the
privileged representation conditions hold:

[𝐿̂𝑘, Φ̂] = −Δ𝜙𝑘 𝐿̂𝑘 (or equivalently ̂𝜋𝐿̂𝑘 = 𝑒Δ𝜙𝑘𝐿̂𝑘 ̂𝜋)

[𝐻̂, Φ̂] = [ ∑
𝑘

𝐿̂†
𝑘𝐿̂𝑘, Φ̂] = 0, (8.187)

where Φ̂ = − log ̂𝜋 is the nonequilibrium potential. The second condition ensures that both
the Hamiltonian 𝐻̂ and the effective no-jump Hamiltonian 𝐻̂eff commute with the steady
state.

Additionally, we impose the local detailed balance condition:

𝐿̂𝑘(𝜆) = 𝐿̂†
𝑘̃
(𝜆) 𝑒 1

2 Δ𝑠𝑘(𝜆). (8.188)

which associates an entropy change Δ𝑠𝑘 with each jump of type 𝑘. This condition implies
that 𝐿̂𝑘̃ ∝ 𝐿̂†

𝑘. Consequently, if 𝐿̂𝑘 connects eigenstates |𝜋𝑚⟩ → |𝜋𝑛⟩, then 𝐿̂𝑘̃ connects
|𝜋𝑛⟩ → |𝜋𝑚⟩. Since Δ𝜙𝑘 reflects the logarithmic ratio of the corresponding eigenvalues, we
find

Δ𝜙𝑘̃ = −Δ𝜙𝑘. (8.189)

Thus, local detailed balance ensures that conjugate jumps produce opposite changes in
potential.

To determine the dual operators, we impose the condition [206, 207]

ℙ̃+
𝜆,𝜋𝜆 [ ̃𝛾] = ℙ𝜆,𝜋̂𝜆 [𝛾], (8.190)

which equates the probabilities of a trajectory 𝛾 under the forward process with its time-
reversal ̃𝛾 under the dual-reverse process. Here, the subscript 𝜆 indicates that the control
parameter is held fixed throughout the evolution, and the initial state is taken to be the
corresponding stationary state. For clarity, we suppress the explicit dependence on 𝜆.

To illustrate the implications of this requirement, consider a quantum trajectory 𝛾 =
{𝑛, (𝑘, 𝑡1), 𝑚} consisting of a single jump of type 𝑘 occurring at time 𝑡1, along with initial
and final projective measurements in the eigenbasis of ̂𝜋 = ∑𝑖 𝜋𝑖|𝜋𝑖⟩. The probability of
observing this trajectory under the forward process is given by

ℙ𝜋̂[𝛾] = ∣⟨𝜋𝑚| ̂𝑈𝜏,𝑡1
𝐿̂𝑘

̂𝑈𝑡1,0|𝜋𝑛⟩∣
2

⋅ 𝜋𝑛. (8.191)

We now seek expressions for the dual-reverse operators 𝐿+
𝑘̃
and 𝑈+

𝑡𝑏,𝑡𝑎
such that the time-

reversed trajectory ̃𝛾 = {𝑚̃, (𝑘̃, 𝜏 − 𝑡1), 𝑛̃} occurs under the dual-reverse process with the
same probability. This probability is given by

ℙ̃+
𝜋 [ ̃𝛾] = ∣⟨ ̃𝜋𝑛|𝑈+

𝜏,𝜏−𝑡1
𝐿+

𝑘̃
𝑈+

𝜏−𝑡1,0| ̃𝜋𝑚⟩∣
2

⋅ 𝜋𝑚

= ∣⟨𝜋𝑚| ̂𝑈+
𝜏,𝑡1

(𝐿̂+
𝑘̃

)† ̂𝑈+
𝑡1,0|𝜋𝑛⟩∣

2
⋅ 𝜋𝑚,

(8.192)
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where we inserted the identity 𝟙̂ = Θ̂Θ̂† between each operator and used the relation
|⟨𝑛| ̂𝐴†|𝑚⟩|2 = |⟨𝑚| ̂𝐴|𝑛⟩|2, as in the derivation of Eq. (8.168).

To reconcile the different prefactors 𝜋𝑛 and 𝜋𝑚, we can write |𝜋𝑛⟩ = 𝜋−1/2
𝑛 ̂𝜋1/2|𝜋𝑛⟩ and

⟨𝜋𝑚| = 𝜋1/2
𝑚 ⟨𝜋𝑚| ̂𝜋−1/2, which gives

ℙ𝜋̂[𝛾] = ∣⟨𝜋𝑚| ̂𝜋−1/2 ̂𝑈𝜏,𝑡1
𝐿̂𝑘

̂𝑈𝑡1,0 ̂𝜋1/2|𝜋𝑛⟩∣
2

⋅ 𝜋𝑚. (8.193)

Next, we insert identities of the form 𝟙̂ = ̂𝜋1/2 ̂𝜋−1/2 between each operator, yielding

ℙ𝜋̂[𝛾] = ∣⟨𝜋𝑚| ̂𝜋 1
2 ̂𝑈𝜏,𝑡1

̂𝜋 1
2 ̂𝜋− 1

2 𝐿̂𝑘 ̂𝜋 1
2 ̂𝜋− 1

2 ̂𝑈𝑡1,0 ̂𝜋− 1
2 |𝜋𝑛⟩∣

2
⋅ 𝜋𝑚. (8.194)

Comparing with Eq. (8.192), we identify the dual jump operators and the dual no-jump
propagator:

𝐿̂+
𝑘̃

(𝜆) = ̂𝜋 1
2 𝐿̂†

𝑘(𝜆) ̂𝜋− 1
2 , ̂𝑈+

𝑡𝑏,𝑡𝑎
= ̂𝜋 1

2 ̂𝑈𝑡𝑎,𝑡𝑏
̂𝜋− 1

2 . (8.195)

Using the commutation [ ̂𝜋, 𝐻̂eff] = 0, we find that ̂𝑈+
𝑡,𝑡0

satisfies the same differential
equation as ̂𝑈𝑡,𝑡0

:

𝜕 ̂𝑈+
𝑡,𝑡0

𝜕𝑡
= ̂𝜋 1

2
𝜕 ̂𝑈𝑡,𝑡0

𝜕𝑡
̂𝜋− 1

2

= −𝑖𝐻̂eff ̂𝜋 1
2 ̂𝑈𝑡,𝑡0

̂𝜋− 1
2

= −𝑖𝐻̂eff
̂𝑈𝑡,𝑡0

,

(8.196)

Therefore, since they share the same initial condition, ̂𝑈+
𝑡0,𝑡0

= ̂𝑈𝑡0,𝑡0
, it follows that

̂𝑈+
𝑡𝑏,𝑡𝑎

= ̂𝑈𝑡𝑏,𝑡𝑎
. (8.197)

From the privileged representation condition (8.187), we have ̂𝜋𝐿̂𝑘 = 𝑒Δ𝜙𝑘𝐿̂𝑘 ̂𝜋, which
implies that the similarity transformation by ̂𝜋1/2 acts as a scaling:

̂𝜋1/2𝐿̂†
𝑘 ̂𝜋−1/2 = 𝑒 1

2 Δ𝜙𝑘𝐿̂†
𝑘. (8.198)

Using the local detailed balance condition (8.188), we then find

𝐿̂+
𝑘̃

(𝜆𝑡) = 𝑒Δ𝜙𝑘(𝜆𝑡)𝐿̂†
𝑘(𝜆𝑡) = 𝑒− 1

2 (Δ𝑠𝑘(𝜆𝑡)−Δ𝜙𝑘(𝜆𝑡))𝐿̂𝑘̃(𝜆𝑡). (8.199)

Finally, the dual-reversed jump operators take the form:

𝐿+
𝑘̃

(𝜆𝑡) = Θ̂𝐿̂+
𝑘̃

(𝜆𝜏−𝑡)Θ̂† = 𝑒Δ𝜙𝑘(𝜆𝜏−𝑡)Θ̂𝐿̂†
𝑘(𝜆𝜏−𝑡)Θ̂†. (8.200)

8.3.8 Fluctuation Theorems for the Adiabatic and nonadiabatic
Components

We now have all the necessary ingredients to define the adiabatic and nonadiabatic com-
ponents of the entropy production at the trajectory level, and to derive the corresponding
fluctuation theorems. As discussed previously, these components are associated with two
distinct processes: the dual process and the dual-reversed process.
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8 Entropy production in nonequilibrium steady states

In analogy with the classical case, we define the trajectory-level adiabatic and nonadia-
batic entropy productions as [207, 204]:

Σad[𝛾] = log ℙ[𝛾]
ℙ+[𝛾]

, Σna[𝛾] = log ℙ[𝛾]
ℙ̃+[ ̃𝛾]

, (8.201)

where ℙ+[𝛾] denotes the probability of observing the trajectory 𝛾 under the dual process,
and ℙ̃+[ ̃𝛾] is the probability of its time-reversal ̃𝛾 under the dual-reversed process.

We now derive explicit expressions for these quantities. Using the definition of the dual-
reversed jump operators, we can write

ℙ̃+[ ̃𝛾 | 𝜋𝑚] = ∣⟨ ̃𝜋𝑛|𝑈+
𝜏,𝜏−𝑡1

𝐿+
𝑘̃1

(𝜆̃𝜏−𝑡1
) ⋯ 𝐿+

𝑘̃𝐾
(𝜆̃𝜏−𝑡𝐾

)𝑈+
𝜏−𝑡𝐾,0| ̃𝜋𝑚⟩∣

2

= 𝑒− ∑𝐾
𝑗=1 Δ𝜙𝑘𝑗 ⋅ ∣⟨𝜋𝑚| ̂𝑈𝜏,𝑡𝐾

𝐿̂𝑘𝐾
(𝜆𝑡𝐾

) ⋯ 𝐿̂𝑘1
(𝜆𝑡1

) ̂𝑈𝑡1,0|𝜋𝑛⟩∣
2
.

= 𝑒− ∑𝐾
𝑗=1 Δ𝜙𝑘𝑗 ⋅ ℙ[𝛾 | 𝜋𝑛].

(8.202)

Therefore, the nonadiabatic entropy production becomes

Σna[𝛾] = − log 𝜋𝑚
𝜋𝑛

+
𝐾

∑
𝑗=1

Δ𝜙𝑗 = Δ𝑠[𝛾] + Πex[𝛾], (8.203)

where Δ𝑠[𝛾] = − log(𝜋𝑚/𝜋𝑛) is the stochastic entropy change along the trajectory. The
term Πex[𝛾] = ∑𝑗 Δ𝜙𝑘𝑗

can be viewed as the trajectory-level counterpart of the excess flux
Π̇ex = −Tr[ ̇̂𝜌𝑡Φ̂], thereby recovering the Hatano–Sasa relation at the trajectory level.

To obtain the adiabatic component, we apply the generalized local detailed balance con-
dition from Eq. (8.199). The probability under the dual process is

ℙ+[𝛾|𝜋𝑛] = ∣⟨𝜋𝑚| ̂𝑈+
𝜏,𝑡𝐾

𝐿̂+
𝑘𝐾

(𝜆𝑡𝐾
) ⋯ 𝐿̂+

𝑘1
(𝜆𝑡1

) ̂𝑈+
𝑡1,0|𝜋𝑛⟩∣

2

= 𝑒− ∑𝑗[Δ𝑠𝑗(𝜆𝑡𝑗)−Δ𝜙𝑘𝑗(𝜆𝑡𝑗)] ⋅ ∣⟨𝜋𝑚| ̂𝑈𝜏,𝑡𝐾
𝐿̂𝑘𝐾

(𝜆𝑡𝐾
) ⋯ 𝐿̂𝑘1

(𝜆𝑡1
) ̂𝑈𝑡1,0|𝜋𝑛⟩∣

2

= 𝑒− ∑𝑗[Δ𝑠𝑗(𝜆𝑡𝑗)−Δ𝜙𝑘𝑗(𝜆𝑡𝑗)] ⋅ ℙ[𝛾|𝜋𝑛]

(8.204)

from which we obtain

Σad[𝛾] =
𝐾

∑
𝑗=1

[Δ𝑠𝑘𝑗
(𝜆𝑡𝑗

) − Δ𝜙𝑘𝑗
(𝜆𝑡𝑗

)] = Π[𝛾] − Πex[𝛾]. (8.205)

Importantly, the sum of the adiabatic and nonadiabatic components recovers the total
entropy production:

Σ[𝛾] = Σad[𝛾] + Σna[𝛾] = Δ𝑠[𝛾] + Π[𝛾], (8.206)

in agreement with Eq. (8.173).

Finally, each component satisfies a detailed fluctuation theorem:

⟨𝑒−Σad[𝛾]⟩ = 1, ⟨𝑒−Σna[𝛾]⟩ = 1, (8.207)
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8.3 Entropy Production in Time-Dependent Lindblad Dynamics

which directly implies ⟨Σad[𝛾]⟩ ≥ 0 and ⟨Σna[𝛾]⟩ ≥ 0. Thus, under the privileged representa-
tion conditions, both the adiabatic and nonadiabatic entropy productions are non-negative
and satisfy fluctuation theorems.
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9 Information geometry of
transitions between quantum
nonequilibrium steady states

N
onequilibrium steady states (NESS) arise in systems that are continuously driven
by external forces or gradients, resulting in persistent flows of energy, particles,
or entropy [209]. Unlike equilibrium states, NESS embody dynamic stability, bal-

ancing inflows and outflows while breaking detailed balance, making them central to under-
standing dissipation, irreversibility, and entropy production [210]. These states are central
to understanding a wide range of phenomena, from classical transport to quantum ther-
modynamic processes, and they play a crucial role in technologies such as quantum heat
engines, thermoelectric devices, and nanoscale machines [17, 211, 212].

In quantum systems, NESS offer a natural framework for studying dissipation, coher-
ence, and transport beyond equilibrium. They are particularly important in the context of
quantum technologies, where they underpin efforts to harness quantum resources for energy
conversion and information processing [213, 214]. In condensed matter physics, they provide
a foundation for understanding quantum transport [215, 216], emergent diffusion [217], and
nonequilibrium quantum critical phenomena [49, 218].

While significant progress has been made in characterizing steady states themselves, the
transitions between NESS remain less well understood—especially in the quantum domain.
Such transitions occur naturally when external control parameters are modulated in time, as
in the operation of quantum thermal machines or during driven open-system dynamics. In
classical stochastic thermodynamics, these processes have been thoroughly explored through
frameworks such as the Hatano–Sasa relation [219, 57, 220, 221, 222, 60, 56], which decomposes
entropy production into relaxation and excess contributions, providing a deep connection
between dissipation and information geometry. In contrast, the quantum case introduces
additional conceptual and technical challenges, owing to coherence, noncommutativity, and
the lack of a straightforward analog of detailed balance [223, 203, 61, 204].

In this chapter, we develop a geometric approach to characterize dissipation in quantum
NESS-to-NESS transitions. This approach both builds on and extends classical results [56],
providing a unified quantum framework for understanding and optimizing dissipation in
NESS transitions. We show that the leading term of the excess entropy flux is given by the
integral of a Riemannian metric along a path plus a boundary term. This boundary term
is, as we discuss, precisely the excess flux of a pure relaxation process to the final NESS
and the change in von Neumann entropy between initial and final NESS. In addition, we
provide a completely general upper bound on the excess entropy flux in NESS transitions
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9 Information geometry of transitions between quantum nonequilibrium steady states

which is based on recent works that explore the Fisher information with respect to time as
applied to classical and quantum dynamics [224, 225, 226, 227, 228, 229, 230].

The remainder of this chapter is structured as follows. We begin by reviewing the general
setup of nonequilibrium steady states in Lindblad dynamics and introduce the basic defini-
tions of entropy production. We then derive the geometric structure associated with slow
transitions, including the friction tensor, thermodynamic metric, and generalized relaxation
time. Finally, we apply this formalism to a concrete example: a three-level quantum ther-
mal machine undergoing a slow driving protocol. This example illustrates how geometric
considerations can guide the design of low-dissipation protocols even in simple quantum
systems.

This chapter is based on results of Ref. [62].

⬥

9.1 Housekeeping/excess decomposition

In this section, we summarize the main results of Ref. [62], which studied the thermodynamic
cost of driving a quantum system between nonequilibrium steady states (NESS) using slow,
time-dependent control. The focus is on characterizing the entropy production, particularly
the excess component, incurred during such transitions.

We begin by summarizing the decomposition of entropy flux into housekeeping and excess
components, which plays a central role in the thermodynamics of nonequilibrium steady
states (NESS). A more detailed discussion is provided in Chapter 8.

Consider a quantum system governed by a time-dependent Lindblad master equation,

̇̂𝜌𝑡 = ℒ𝜆[ ̂𝜌𝑡], (9.1)

where 𝜆𝑡 denotes a set of externally controlled parameters. For each fixed 𝜆, we assume the
existence of a unique instantaneous steady state ̂𝜋𝜆, defined by ℒ𝜆[ ̂𝜋𝜆] = 0.

We assume that the change in the system’s von Neumann entropy can be decomposed as

̇𝑆(𝑡) = Σ̇(𝑡) − Π̇(𝑡), (9.2)

where Σ̇(𝑡) is the entropy production rate and Π̇(𝑡) is the entropy flux to the environment.
For example, when the environment consists of multiple thermal baths at inverse tempera-
tures 𝛽𝛼, the flux takes the form Π̇ = ∑𝛼 𝛽𝛼⟨ ̂𝐽𝑄

𝛼 ⟩, where ⟨ ̂𝐽𝑄
𝛼 ⟩ is the average heat current

into bath 𝛼.

As discussed in Chapter 8, the entropy production can be further decomposed into adia-
batic and non-adiabatic components:

Σ̇(𝑡) = Σ̇ad(𝑡) + Σ̇na(𝑡), (9.3)
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9.2 Geometry of Slow NESS-to-NESS Transitions

where the non-adiabatic part captures dissipation due to deviations from the instanta-
neous steady state:

Σ̇na(𝑡) = − 𝜕
𝜕𝑠

𝐷( ̂𝜌𝑠‖ ̂𝜋𝜆𝑡
)∣

𝑠=𝑡
= −Tr[ ̇̂𝜌𝑡(log ̂𝜌𝑡 − log ̂𝜋𝜆𝑡

)]. (9.4)

The adiabatic term Σ̇ad = Σ̇ − Σ̇na accounts for the persistent dissipation required to main-
tain the NESS itself.

Equivalently, this decomposition can be expressed in terms of the entropy flux. The
housekeeping component is operationally defined as Π̇hk(𝑡) ∶= Σ̇ad(𝑡), ensuring that it is the
only nonzero contribution in the steady state. The excess entropy flux is then defined by
the remainder, Π̇ex(𝑡) ∶= Π̇(𝑡) − Π̇hk(𝑡). As shown in Section 8.3.3, it can be written as

Π̇ex = Tr[ ̇̂𝜌𝑡 log ̂𝜋𝜆]. (9.5)

This motivates the definition of the nonequilibrium potential, the Hermitian operator

Φ̂𝜆 = − log ̂𝜋𝜆, (9.6)

so that the excess entropy flux becomes

Π̇ex = −Tr[ ̇̂𝜌𝑡Φ̂𝜆]. (9.7)

In the special case where the steady state is thermal, ̂𝜋𝜆 = 𝑍−1
𝜆 𝑒−𝛽𝐻̂𝜆 , the nonequilibrium

potential reduces to Φ̂𝜆 = 𝛽𝐻̂𝜆 + log𝑍𝜆, and the excess flux becomes Π̇ex = 𝛽Tr[ ̇̂𝜌𝑡𝐻̂𝜆],
which is the standard expression for the heat current with a factor of 𝛽.

With these definitions, we arrive at the Hatano–Sasa relation:

̇𝑆(𝑡) + Π̇ex(𝑡) = Σ̇na(𝑡) ≥ 0, (9.8)

which generalizes the Clausius inequality to transitions between nonequilibrium steady
states. This can be interpreted as a modified second law, renormalized by the baseline
dissipation required to maintain the NESS.

9.2 Geometry of Slow NESS-to-NESS Transitions

In this section, we develop a perturbative and geometric framework for analyzing slow
transitions between quantum nonequilibrium steady states, with a focus on the associated
excess entropy flux. The material is based on Ref. [62].

9.2.1 Protocol

We consider a protocol in which the control parameters 𝜆𝑡 ∈ ℝ𝑑 are slowly varied from an
initial value 𝜆𝑖 to a final value 𝜆𝑓 over a finite time interval 𝑡 ∈ [0, 𝑇 ]. The system is initially
prepared in the steady state ̂𝜋𝜆𝑖

, and evolves under the time-dependent Lindblad equation
as 𝜆𝑡 is varied. The driving stage ends at time 𝑇, after which the system is allowed to relax
under the fixed Liouvillian ℒ𝜆𝑓

until it reaches the final steady state ̂𝜋𝜆𝑓
.
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9 Information geometry of transitions between quantum nonequilibrium steady states

Figure 9.1: Geometric representation of a slow transition between nonequilibrium steady states
(NESS). The system is initialized in the steady state ̂𝜋𝜆𝑖

, and the control parameters
𝜆𝑡 are slowly varied (red trajectory) toward 𝜆𝑓. The black curve represents the actual
state trajectory ̂𝜌𝑡, which lags behind the instantaneous NESS. The total excess entropy
flux Πex splits into a driving contribution Π(𝐴)

ex accumulated along the protocol, and a
relaxation contribution Π(𝐵)

ex incurred after the driving ends. The inset shows the persis-
tent entropy production Σ̇ = Π̇hk required to maintain a fixed NESS.

The total excess entropy flux generated during this process naturally splits into two con-
tributions: one accumulated during the driving stage, denoted Π(𝐴)

ex , and one due to the final
relaxation phase, denoted Π(𝐵)

ex . This decomposition is illustrated in Fig. 9.1. The total is
then

Πex = Π(𝐴)
ex + Π(𝐵)

ex . (9.9)

To analyze this decomposition, we examine how each term relates to the nonequilibrium
potential. Taking the derivative of ⟨Φ̂𝜆⟩ = Tr[ ̂𝜌𝑡Φ̂𝜆], we obtain

d
d𝑡

⟨Φ̂𝜆⟩ = Tr[d ̂𝜌𝑡
d𝑡

Φ̂𝜆] + Tr[ ̂𝜌𝑡
dΦ̂𝜆
d𝑡

]

= −Π̇ex − Tr[ ̂𝜌𝑡
d log ̂𝜋𝜆

d𝑡
],

(9.10)

Rearranging terms, we obtain the useful decomposition:

Π̇ex = − d
d𝑡

⟨Φ̂𝜆⟩ − Tr[ ̂𝜌𝑡
d log ̂𝜋𝜆

d𝑡
]. (9.11)

During the final relaxation stage, the control parameter 𝜆𝑡 is held fixed at 𝜆𝑓, so the second
term vanishes. The excess flux accumulated in the relaxation stage then becomes

Π(𝐵)
ex = −

ˆ ∞

𝑇
d𝑡′ d⟨Φ̂𝜆⟩

d𝑡′ = Tr[( ̂𝜋𝜆𝑓
− ̂𝜌𝑇)Φ̂𝜆𝑓

]. (9.12)

We now turn to the driving stage and develop the tools necessary to compute the path-
dependent contribution Π(𝐴)

ex , which will require a perturbative expansion around the in-
stantaneous steady state.
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9.2.2 Slow-driving Expansion

We now analyze the system’s evolution during the driving stage, where the control param-
eters 𝜆(𝑡) vary slowly from 𝜆𝑖 to 𝜆𝑓. Although the system does not remain in a steady
state at each instant, the slow variation ensures that the true state ̂𝜌𝑡 stays close to the
instantaneous steady state ̂𝜋𝜆. This motivates a perturbative expansion around ̂𝜋𝜆, which
allows us to compute the path-dependent contribution Πdrive

ex to the excess entropy flux.
To formalize the notion of slow driving, we introduce a small parameter 𝜖 > 0 that

characterizes the speed of the protocol:

𝜖 ∝ ∣d𝜆
d𝑡

∣ ∼ 1
𝑇

, (9.13)

where 𝑇 is the total duration of the protocol. We assume that all components of the velocity
vector 𝜆̇(𝑡) scale uniformly with 𝜖, i.e., 𝜆̇𝑖(𝑡) = 𝒪(𝜖) for each 𝑖.

In the limit 𝜖 → 0, corresponding to infinitely slow driving, the system remains arbitrarily
close to the instantaneous steady state ̂𝜋𝜆. For finite 𝜖, however, the actual state ̂𝜌𝑡 deviates
from ̂𝜋𝜆. To characterize this deviation, we define the lag:

̂𝜌𝑡 = ̂𝜋𝜆 + 𝛿 ̂𝜌𝑡, (9.14)

with Tr[𝛿 ̂𝜌𝑡] = 0 by trace preservation.
Substituting this decomposition into the master equation ̇̂𝜌𝑡 = ℒ𝜆[ ̂𝜌𝑡], we find:

d
d𝑡

̂𝜋𝜆 + d
d𝑡

𝛿 ̂𝜌𝑡 = ℒ𝜆[ ̂𝜋𝜆] + ℒ𝜆[𝛿 ̂𝜌𝑡]. (9.15)

Using ℒ𝜆[ ̂𝜋𝜆] = 0, this simplifies to

(ℒ𝜆 − d
d𝑡

)[𝛿 ̂𝜌𝑡] = d ̂𝜋𝜆
d𝑡

. (9.16)

In Ref. [62], we introduced an iterative solution to this equation. Here, we adopt an
equivalent approach based on a perturbative expansion in the driving speed.

Specifically, we consider an expansion of the state in powers of 𝜖:

̂𝜌𝑡 = ̂𝜌(0)
𝑡 + 𝜖 ̂𝜌(1)

𝑡 + 𝜖2 ̂𝜌(2)
𝑡 + ⋯ , (9.17)

where each ̂𝜌(𝑛)
𝑡 is 𝒪(1).

In the limit 𝜖 → 0, only the leading-order term ̂𝜌(0)
𝑡 survives, which implies

̂𝜌(0)
𝑡 = ̂𝜋𝜆. (9.18)

Comparing this with Eq. (9.14), we identify the lag as the sum of higher-order corrections:

𝛿 ̂𝜌𝑡 = 𝜖 ̂𝜌(1)
𝑡 + 𝜖2 ̂𝜌(2)

𝑡 + ⋯ . (9.19)

To compute the corrections ̂𝜌(𝑛), we substitute the expansion (9.17) into the master equa-
tion ̇̂𝜌𝑡 = ℒ𝜆[ ̂𝜌𝑡] and collect terms by powers of 𝜖. This step requires special attention to
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the time derivatives, which raise the order in 𝜖 by one. While ̂𝜌(𝑛) is 𝒪(1), its derivative ̇̂𝜌
(𝑛)

is 𝒪(𝜖). To make this explicit, it is convenient to introduce a rescaled time variable 𝑠 = 𝜖𝑡,
so that

d
d𝑡

= 𝜖 d
d𝑠

.

In terms of the rescaled time, the master equation becomes

ℒ𝜆 ̂𝜌(𝑠) = d ̂𝜌(𝑠)
d𝑠

(9.20)

Substituting the expansion (9.14) yields

𝜖 d
d𝑠

( ̂𝜌(0) + 𝜖 ̂𝜌(1) + ⋯) = ℒ𝜆[ ̂𝜌(0) + 𝜖 ̂𝜌(1) + ⋯]. (9.21)

Matching powers of 𝜖, we find:

𝜖0 ∶ ℒ𝜆 ̂𝜌(0) = 0, (9.22)

𝜖1 ∶ ℒ𝜆 ̂𝜌(1) = d
d𝑠

̂𝜌(0), (9.23)

𝜖2 ∶ ℒ𝜆 ̂𝜌(2) = d
d𝑠

̂𝜌(1), and so on. (9.24)

This confirms that the zeroth-order term corresponds to the steady state:

ℒ𝜆 ̂𝜌(0) = 0 ⇒ ̂𝜌(0) = ̂𝜋𝜆. (9.25)

The higher-order terms obey the recursive relation:

ℒ𝜆 ̂𝜌(𝑛) = d
d𝑠

̂𝜌(𝑛−1) for 𝑛 ≥ 1. (9.26)

In principle, Eq. (9.26) can be solved order by order to construct all corrections, starting
from ̂𝜌(0) = ̂𝜋𝜆. However, each step involves inverting the Liouvillian ℒ𝜆, which is not
invertible in the usual sense: it has a non-trivial kernel containing the steady state ̂𝜋𝜆. To
address this, we employ the Drazin inverse ℒD

𝜆 , which acts as a generalized inverse on the
image of ℒ𝜆. It satisfies

ℒ𝜆ℒD
𝜆 = 𝟙 − 𝒫𝜆 and ℒD

𝜆 ℒ𝜆 = 𝟙 − 𝒫𝜆, (9.27)

where 𝒫𝜆[ ⋅ ] = ̂𝜋𝜆 Tr[ ⋅ ] is the projection superoperator on the kernel of ℒ𝜆.

We now summarize the essential properties of the Drazin inverse. For any operator ̂𝐴, it
satisfies

(i) Partial inversion: ℒ𝜆ℒD
𝜆 [ ̂𝐴] = ̂𝐴 − ̂𝜋𝜆 Tr[ ̂𝐴],

(ii) Annihilation of the steady state: ℒD
𝜆 [ ̂𝜋𝜆] = 0,

(iii) Traceless image: Tr[ℒD
𝜆 [ ̂𝐴]] = 0.
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These properties ensure that ℒD
𝜆 yields a unique solution to equations of the form ℒ𝜆[𝑋] = 𝑌,

provided that 𝑌 lies in the image of ℒ𝜆, which is guaranteed when Tr[𝑌] = 0. This condition
is satisfied by each source term in the perturbative hierarchy.

Importantly, the Drazin inverse admits the integral representation:

ℒD
𝜆 [ ̂𝐴] ∶=

ˆ ∞

0
d𝜏 𝑒𝜏ℒ𝜆( ̂𝜋𝜆 Tr[ ̂𝐴] − ̂𝐴), (9.28)

which will prove useful when deriving the geometric structure.

Applying ℒD
𝜆 recursively to the hierarchy (9.26), each correction can be written as:

̂𝜌(𝑛)(𝑠) = (ℒD
𝜆
d
d𝑠

)
𝑛

̂𝜋𝜆, (9.29)

so that the full state expansion becomes

̂𝜌(𝑠) =
∞

∑
𝑛=0

𝜖𝑛(ℒD
𝜆
d
d𝑠

)
𝑛

̂𝜋𝜆. (9.30)

Returning to the original time variable 𝑡 = 𝑠/𝜖, we find:

̂𝜌𝑡 = ̂𝜋𝜆 +
∞

∑
𝑛=1

(ℒD
𝜆
d
d𝑡

)
𝑛

̂𝜋𝜆, (9.31)

where the zeroth-order term has been written explicitly to emphasize that it corresponds to
the instantaneous steady state.

This expansion expresses the lag as a series of nested derivatives and Drazin inverses
acting on the instantaneous steady state. It will serve as the basis for the geometric analysis
in the sections that follow.

9.2.3 Quasistatic Limit

We now use the slow-driving expansion to recover an expression for the excess entropy flux
in the quasistatic limit, providing a key consistency check. We begin by analyzing the
boundary contribution Π(𝐵)

ex , which quantifies the entropy flux during the final relaxation
stage. According to Eq. (9.12), this term is given by

Π(𝐵)
ex = Tr[( ̂𝜌𝑇 − ̂𝜋𝜆𝑓

) log ̂𝜋𝜆𝑓
] = Tr[𝛿 ̂𝜌𝑇 log ̂𝜋𝜆𝑓

]. (9.32)

At the final time, the slow-driving expansion gives ̂𝜌𝑇 = ̂𝜋𝜆𝑓
+ 𝜖 ̂𝜌(1)

𝑇 + 𝒪(𝜖2). Substituting
into Eq. (9.32), we find

Π(𝐵)
ex = 𝜖 Tr[ ̂𝜌(1)

𝑇 log ̂𝜋𝜆𝑓
] + 𝒪(𝜖2). (9.33)

Thus, in the quasistatic limit 𝜖 → 0, this contribution vanishes: Π(𝐵)
ex → 0. This agrees with

physical intuition: as the protocol becomes infinitely slow, the system remains arbitrarily
close to the instantaneous steady state at all times. In particular, the final state already
coincides with ̂𝜋𝜆𝑓

, and no additional relaxation is required.
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It follows that in the quasistatic limit, the total excess entropy flux is entirely due to the
driving stage, Πex = Π(𝐴)

ex . To compute this, we note that to first order, the expansion gives
̂𝜌𝑡 = ̂𝜋𝜆 + 𝜖 ̂𝜌(1)

𝑡 + 𝒪(𝜖2). Taking the time derivative yields

̇̂𝜌𝑡 = ̇̂𝜋𝜆 + 𝒪(𝜖2). (9.34)

Substituting into the definition of the excess entropy flux, Π̇ex(𝑡) = Tr[ ̇̂𝜌𝑡 log ̂𝜋𝜆], we obtain

Π̇ex(𝑡) = Tr[ ̇̂𝜋𝜆 log ̂𝜋𝜆] + 𝒪(𝜖)

= − d
d𝑡

𝑆( ̂𝜋𝜆) + 𝒪(𝜖),
(9.35)

where 𝑆( ̂𝜋𝜆) = −Tr[ ̂𝜋𝜆 log ̂𝜋𝜆] is the von Neumann entropy of the instantaneous steady
state. Integrating over time, we obtain the generalized Clausius equality:

Δ𝑆 +
ˆ 𝑇

0
d𝑡 Π̇ex(𝑡)

qs
= 0, (9.36)

where the label “qs” emphasizes that this equality holds in the quasistatic limit 𝜖 → 0.

This result mirrors the familiar equilibrium case, where quasistatic processes are reversible
and the system entropy change is exactly balanced by the entropy exchange with the en-
vironment. Here, even though the system evolves through nonequilibrium steady states,
an analogous balance holds: the excess entropy flux equals the net change in steady-state
entropy. However, the process is not thermodynamically reversible in the strict sense, as
the total entropy production, including the ongoing dissipation required to maintain each
NESS, diverges in the quasistatic limit. Still, the system remains arbitrarily close to the
instantaneous steady state at all times, and a time-reversed protocol would retrace the same
trajectory of NESS in reverse order [56]. In this sense, such transitions are the nonequilib-
rium analogues of reversible processes, despite ongoing entropy production from steady-state
maintenance.

This analogy is appealing, but it conceals a subtlety in the definition of the quasistatic
limit. One might argue that if the system is always in a steady state, then no excess entropy
flux should occur. Indeed, using the master equation, we can write

Π̇ex(𝑡) = Tr[ℒ𝜆[ ̂𝜌𝑡] log ̂𝜋𝜆]. (9.37)

Taking the limit 𝜖 → 0 directly at the level of the state gives ̂𝜌𝑡 → ̂𝜋𝜆, and since ℒ𝜆[ ̂𝜋𝜆] = 0,
this yields

Π̇ex(𝑡) → Tr[ℒ𝜆[ ̂𝜋𝜆] log ̂𝜋𝜆] = 0, (9.38)

which appears to contradict the earlier result.

The resolution lies in the order of limits. Taking the quasistatic limit before computing
Π̇ex eliminates the first-order corrections that are responsible for the leading contribution to
entropy flux. The correct procedure is to first expand ̂𝜌𝑡 to leading order in 𝜖, evaluate the
observable, and only then take the limit 𝜖 → 0, as done in Ref. [56]. While the instantaneous
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flux vanishes in this limit, it integrates to a finite value because the protocol duration scales
as 𝑇 ∼ 𝜖−1.

In the next subsection, we show that the next-order correction introduces a geometric
structure on the space of parameters. As we will show, this structure defines a Riemannian
metric on the space of control parameters, quantifying the dissipation incurred during slow
transitions between nonequilibrium steady states.

9.2.4 Geometric Structure and the Friction Tensor

To go beyond the quasistatic approximation, we now include the next-order term in the
slow-driving expansion. Using Eq. (9.11), the excess entropy flux rate during the driving
stage is given by

Π̇(𝐴)
ex = − d

d𝑡
⟨Φ̂𝜆⟩ − Tr[ ̂𝜌𝑡

d log ̂𝜋𝜆
d𝑡

], (9.39)

for 𝑡 ∈ [0, 𝑇 ]. Substituting the slow-driving expansion, Eq. (9.31), we find

Π̇(𝐴)
ex = − d

d𝑡
⟨Φ̂𝜆⟩ −

∞
∑
𝑛=1

Tr[d log ̂𝜋𝜆
d𝑡

(ℒD
𝜆
d
d𝑡

)
𝑛

̂𝜋𝜆], (9.40)

where we used Tr[ ̂𝜋𝜆 𝜕𝑡 log ̂𝜋𝜆] = 0, as shown in Appendix A.1, to eliminate the 𝑛 = 0 term.
Integrating over the protocol duration and keeping only the leading-order term in 𝜖, we

obtain
Π(𝐴)

ex = −⟨Φ̂𝜆⟩∣
𝑇

0
−
ˆ 𝑇

0
d𝑡 Tr[d log ̂𝜋𝜆

d𝑡
ℒD

𝜆
d ̂𝜋𝜆
d𝑡

] + 𝒪(𝜖2), (9.41)

where the boundary contribution is given by

⟨Φ̂𝜆⟩∣
𝑇

0
= −Tr[ ̂𝜌𝑇 log ̂𝜋𝜆𝑓

] + Tr[ ̂𝜋𝜆𝑖
log ̂𝜋𝜆𝑖

]. (9.42)

This term naturally splits into a change in steady-state entropy and the excess contribution
from the final relaxation stage. Expanding the final state as ̂𝜌𝑇 = ̂𝜋𝜆𝑓

+ 𝛿 ̂𝜌𝑇, we find

⟨Φ̂𝜆⟩∣
𝑇

0
= −Tr[ ̂𝜋𝜆𝑓

log ̂𝜋𝜆𝑓
] − Tr[𝛿 ̂𝜌𝑇 log ̂𝜋𝜆𝑓

] + Tr[ ̂𝜋𝜆𝑖
log ̂𝜋𝜆𝑖

]

= 𝑆( ̂𝜋𝜆𝑓
) − 𝑆( ̂𝜋𝜆𝑖

) − Tr[𝛿 ̂𝜌𝑇 log ̂𝜋𝜆𝑓
]

= Δ𝑆( ̂𝜋𝜆) + Π(𝐵)
ex .

(9.43)

Substituting into Eq. (9.41), we obtain the total excess entropy flux:

Πex = −Δ𝑆( ̂𝜋𝜆) −
ˆ 𝑇

0
d𝑡 Tr[d log ̂𝜋𝜆

d𝑡
ℒD

𝜆
d ̂𝜋𝜆
d𝑡

] + 𝒪(𝜖2). (9.44)

This formulation allows us to relax the assumption that the protocol has vanishing velocity
at the endpoints, thereby generalizing the treatment in Ref. [56].

To proceed, we use the chain rule to express the time derivative in terms of the protocol
velocity:

d
d𝑡

= ∑
𝜇

𝜆̇𝜇 𝜕
𝜕𝜆𝜇
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Substituting into the integrand of Eq. (9.44) yields

Tr[d log ̂𝜋𝜆
d𝑡

ℒD
𝜆
d ̂𝜋𝜆
d𝑡

] = − ∑
𝜇𝜈

𝜆̇𝜇𝜆̇𝜈 Tr[𝜕 log ̂𝜋𝜆
𝜕𝜆𝜈

ℒD
𝜆

𝜕 ̂𝜋𝜆
𝜕𝜆𝜇

]. (9.45)

We define the (generally asymmetric) tensor

𝜉𝜇𝜈 = −Tr[𝜕 log ̂𝜋𝜆
𝜕𝜆𝜈

ℒD
𝜆

𝜕 ̂𝜋𝜆
𝜕𝜆𝜇

], (9.46)

so that the integrand becomes

Tr[d log ̂𝜋𝜆
d𝑡

ℒD
𝜆
d ̂𝜋𝜆
d𝑡

] = − ∑
𝜇𝜈

𝜆̇𝜇𝜉𝜇𝜈𝜆̇𝜈. (9.47)

Since the quadratic form ∑𝜇𝜈 𝜆̇𝜇𝜉𝜇𝜈𝜆̇𝜈 is symmetric under exchange of indices 𝜇 ↔ 𝜈,
only the symmetric part of 𝜉𝜇𝜈 contributes to the sum:

∑
𝜇𝜈

𝜆̇𝜇𝜉𝜇𝜈𝜆̇𝜈 = 1
2

∑
𝜇𝜈

𝜆̇𝜇𝜉𝜇𝜈𝜆̇𝜈 + 1
2

∑
𝜇𝜈

𝜆̇𝜈𝜉𝜈𝜇𝜆̇𝜇 (9.48)

= 1
2

∑
𝜇𝜈

𝜆̇𝜇(𝜉𝜇𝜈 + 𝜉𝜈𝜇)𝜆̇𝜈. (9.49)

This motivates the definition of the friction tensor as the symmetric part of 𝜉𝜇𝜈:

𝜁𝜇𝜈 ∶= 1
2

(𝜉𝜇𝜈 + 𝜉𝜈𝜇), (9.50)

With this definition, the excess entropy flux takes the form

Πex = −Δ𝑆( ̂𝜋𝜆) + ∑
𝜇𝜈

ˆ 𝑇

0
d𝑡 𝜆̇𝜇𝜁𝜇𝜈𝜆̇𝜈 + 𝒪(𝜖2). (9.51)

9.3 Positivity of the friction tensor

In this section, we prove that the friction tensor 𝜁𝜇𝜈(𝜆) is positive semidefinite for any value
of the control parameters 𝜆. To do so, we first show that it determines the leading-order
contribution to the non-adiabatic entropy production rate Σ̇na:

Σ̇na = ∑
𝜇𝜈

𝜆̇𝜇𝜁𝜇𝜈𝜆̇𝜈 + 𝒪(𝜖3). (9.52)

We begin with the leading-order expression for the excess entropy flux rate during the
driving stage:

Π̇(𝐴)
ex = −d⟨Φ̂𝜆⟩

d𝑡
+ ∑

𝜇𝜈
𝜆̇𝜇𝜁𝜇𝜈𝜆̇𝜈 + 𝒪(𝜖3) (9.53)

Using the Hatano–Sasa decomposition from Eq. (9.8), we write

Π̇(𝐴)
ex = Σ̇na − ̇𝑆.
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Inserting this into Eq. (9.53) and rearranging terms, we find

Σ̇na = ∑
𝜇𝜈

𝜆̇𝜇𝜁𝜇𝜈𝜆̇𝜈 − d
d𝑡

(⟨Φ̂𝜆⟩ − 𝑆( ̂𝜌𝑡)) + 𝒪(𝜖3). (9.54)

The difference ⟨Φ̂𝜆⟩ − 𝑆( ̂𝜌𝑡) is, in fact, the relative entropy between ̂𝜌𝑡 and the instanta-
neous steady state ̂𝜋𝜆:

𝐷( ̂𝜌𝑡‖ ̂𝜋𝜆) = Tr[ ̂𝜌𝑡(log ̂𝜌𝑡 − log ̂𝜋𝜆)] = −𝑆( ̂𝜌𝑡) + ⟨Φ̂𝜆⟩. (9.55)

Therefore, we have
Σ̇na = ∑

𝜇𝜈
𝜆̇𝜇𝜁𝜇𝜈𝜆̇𝜈 − d

d𝑡
𝐷( ̂𝜌|| ̂𝜋𝜆) + 𝒪(𝜖3). (9.56)

To complete the argument, we show that d
d𝑡𝐷( ̂𝜌𝑡‖ ̂𝜋𝜆) = 𝒪(𝜖3), and is therefore negligible

to leading order. The operator logarithm admits the expansion [185]

log( ̂𝜋𝜆 + 𝛿 ̂𝜌𝑡) = log ̂𝜋𝜆 + 𝕁−1
𝜋̂ (𝛿 ̂𝜌𝑡) + 𝒪(𝜖2), (9.57)

where 𝕁−1
𝜋̂ is the super-operator

𝕁−1
𝜋̂ (⋅) =

ˆ ∞

0
d𝑠 ( ̂𝜋 + 𝑠𝟙)−1(⋅)( ̂𝜋 + 𝑠𝟙)−1, (9.58)

which is the inverse of the Kubo–Mori operator we introduced in Chapter 7: [185]

𝕁𝜋̂(⋅) =
ˆ 1

0
d𝑠 ̂𝜋𝑠

𝜆(⋅) ̂𝜋1−𝑠
𝜆 , (9.59)

so that 𝕁𝜋̂𝕁−1
𝜋̂ (𝑋̂) = 𝑋̂ for all 𝑋̂. In particular, since 𝕁𝜋̂(𝟙̂) = ̂𝜋𝜆, it follows that

𝕁−1
𝜋̂ ( ̂𝜋𝜆) = 𝟙̂. (9.60)

Substituting the expansion into the definition of the relative entropy, we obtain

𝐷( ̂𝜋𝜆 + 𝛿 ̂𝜌𝑡‖ ̂𝜋𝜆) = Tr[( ̂𝜋𝜆 + 𝛿 ̂𝜌𝑡)(log ̂𝜋𝜆 + 𝕁−1
𝜋̂ (𝛿 ̂𝜌𝑡) − log ̂𝜋𝜆)] + 𝒪(𝜖3) (9.61)

= Tr[ ̂𝜋𝜆 𝕁−1
𝜋̂ (𝛿 ̂𝜌𝑡)] + Tr[𝛿 ̂𝜌𝑡 𝕁−1

𝜋̂ (𝛿 ̂𝜌𝑡)] + 𝒪(𝜖3). (9.62)

The Kubo–Mori inverse 𝕁−1
𝜋̂ is self-adjoint with respect to the Hilbert–Schmidt inner prod-

uct [185]. As a result, the first term in the expansion vanishes:

Tr[ ̂𝜋𝜆 𝕁−1
𝜋̂ (𝛿 ̂𝜌𝑡)] = Tr[𝕁−1

𝜋̂ ( ̂𝜋𝜆) 𝛿 ̂𝜌𝑡]

= Tr[𝛿 ̂𝜌𝑡] = 0,
(9.63)

since 𝕁−1
𝜋̂ ( ̂𝜋𝜆) = 𝟙 and 𝛿 ̂𝜌𝑡 is traceless. Therefore,

𝐷( ̂𝜋𝜆 + 𝛿 ̂𝜌𝑡‖ ̂𝜋𝜆) = Tr[𝛿 ̂𝜌𝑡 𝕁−1
𝜋̂ (𝛿 ̂𝜌𝑡)] + 𝒪(𝜖3). (9.64)
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Since 𝛿 ̂𝜌𝑡 = 𝒪(𝜖), the relative entropy is 𝒪(𝜖2), and its time derivative is 𝒪(𝜖3):

d
d𝑡

𝐷( ̂𝜌𝑡‖ ̂𝜋𝜆) = 𝒪(𝜖3). (9.65)

Substituting this result into Eq. (9.56) gives

Σ̇na = ∑
𝜇𝜈

𝜆̇𝜇𝜁𝜇𝜈𝜆̇𝜈 + 𝒪(𝜖3), (9.66)

and integrating over the path yields

ˆ 𝑇

0
d𝑡 Σ̇na =

ˆ 𝑇

0
d𝑡 ∑

𝜇𝜈
𝜆̇𝜇𝜁𝜇𝜈𝜆̇𝜈 + 𝒪(𝜖2), (9.67)

We now turn to the main claim of this section: the friction tensor 𝜁𝜇𝜈(𝜆) is positive
semidefinite for all values of the control parameters 𝜆. To prove this, it suffices to show that
for any real vector 𝑥 ∈ ℝ𝑑,

∑
𝜇𝜈

𝑥𝜇 𝜁𝜇𝜈(𝜆) 𝑥𝜈 ≥ 0. (9.68)

To show this, fix an arbitrary point 𝜆0 in parameter space and consider a linear protocol of
the form 𝜆𝑡 = 𝜆0 +𝜖𝑥𝑡, where 𝑥 is a constant vector and 𝜖 is a small parameter. Substituting
into Eq. (9.66), we find

Σ̇na = 𝜖2 ∑
𝜇𝜈

𝑥𝜇 𝜁𝜇𝜈(𝜆0) 𝑥𝜈 + 𝒪(𝜖3). (9.69)

Since Σ̇na ≥ 0 for all protocols and 𝜖 can be made arbitrarily small, the leading-order term
must also be non-negative.

This establishes that the friction tensor 𝜁𝜇𝜈(𝜆) defines a positive semidefinite, symmetric
bilinear form, and thus constitutes a Riemannian metric on the space of control parameters.

9.3.1 Green-Kubo Relations and the Quantum Fisher Information

We now derive an alternative representation of the friction tensor 𝜁𝜇𝜈 in terms of steady-
state correlation functions. This Green–Kubo-type expression reveals how 𝜁𝜇𝜈 captures the
system’s linear response to slow driving and connects it to the quantum Fisher information.

We begin by recalling the unsymmetrized expression:

𝜉𝜇𝜈 = −Tr[𝜕 log ̂𝜋𝜆
𝜕𝜆𝜈 ℒD

𝜆 ( 𝜕 ̂𝜋𝜆
𝜕𝜆𝜇 )], (9.70)

where ℒD
𝜆 denotes the Drazin inverse of the Liouvillian ℒ𝜆. This structure already suggests

a connection to the Kubo–Mori–Bogoliubov (KMB) quantum Fisher information introduced
in Chapter 7. To make this connection precise, we first recall that the logarithmic derivative
of the steady state is given by

̂𝐹 𝜇 = 𝜕 log ̂𝜋𝜆
𝜕𝜆𝜇 . (9.71)
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As discussed in that chapter, the derivative of the steady state with respect to a control
parameter can be expressed as

𝜕 ̂𝜋𝜆
𝜕𝜆𝜇 =

ˆ 1

0
d𝑠 ̂𝜋𝑠

𝜆
̂𝐹 𝜇 ̂𝜋1−𝑠

𝜆 = 𝕁𝜋̂𝜆
[ ̂𝐹 𝜇], (9.72)

where 𝕁𝜋̂𝜆
[ ⋅ ] =

´ 1
0
d𝑠 ̂𝜋𝑠

𝜆(⋅) ̂𝜋1−𝑠
𝜆 is the KMB weighting operator. The corresponding Fisher

information matrix is then defined via the KMB inner product:

ℐ𝜇𝜈 = ⟨ ̂𝐹 𝜇, ̂𝐹 𝜈⟩𝜋̂𝜆
= Tr[ ̂𝐹 𝜇 𝕁𝜋̂𝜆

[ ̂𝐹 𝜈]]. (9.73)

Using this notation, we can rewrite the unsymmetrized friction tensor as

𝜉𝜇𝜈 = −Tr[ ̂𝐹 𝜇 ℒD
𝜆 (𝕁𝜋̂𝜆

[ ̂𝐹 𝜈])]. (9.74)

This expression closely resembles the KMB inner product, except that the presence of the
Drazin inverse introduces dynamical dependence that goes beyond the static geometry en-
coded in ℐ𝜇𝜈.

To bring this into the form of a Green–Kubo relation, we invoke the integral representation
of the Drazin inverse:

ℒD
𝜆 [ ̂𝐴] =

ˆ ∞

0
d𝜏 𝑒𝜏ℒ𝜆( ̂𝜋𝜆 Tr[ ̂𝐴] − ̂𝐴). (9.75)

Since Tr[𝜕𝜆𝜇 ̂𝜋𝜆] = 0, the trace term vanishes, and we find

𝜉𝜇𝜈 =
ˆ ∞

0
d𝜏 Tr[𝜕 log ̂𝜋𝜆

𝜕𝜆𝜈 𝑒𝜏ℒ𝜆( 𝜕 ̂𝜋𝜆
𝜕𝜆𝜇 )]

=
ˆ ∞

0
d𝜏 Tr[ ̂𝐹 𝜈 𝑒𝜏ℒ𝜆( 𝜕 ̂𝜋𝜆

𝜕𝜆𝜇 )].
(9.76)

We now switch to the Heisenberg picture, where observables evolve under the adjoint
Liouvillian ℒ†

𝜆:

̂𝒪(𝜏) = 𝑒𝜏ℒ†
𝜆 ̂𝒪, with Tr[ ̂𝐴 ℒ𝜆(𝐵̂)] = Tr[ℒ†

𝜆( ̂𝐴) 𝐵̂]. (9.77)

This allows us to move the time-evolution operator to the left:

Tr[ ̂𝐹 𝜈 𝑒𝜏ℒ𝜆( 𝜕 ̂𝜋𝜆
𝜕𝜆𝜇 )] = Tr[𝑒𝜏ℒ†

𝜆( ̂𝐹 𝜈) 𝜕 ̂𝜋𝜆
𝜕𝜆𝜇 ]. (9.78)

The symmetrized friction tensor is obtained by averaging 𝜉𝜇𝜈 and 𝜉𝜈𝜇:

𝜁𝜇𝜈 = 1
2

(𝜉𝜇𝜈 + 𝜉𝜈𝜇). (9.79)

Each term corresponds to a one-sided integral of a time correlation function. Combining
them, we obtain:

𝜁𝜇𝜈 = 1
2

ˆ ∞

0
d𝜏⟨ ̂𝐹 𝜇(0), ̂𝐹 𝜈(𝜏)⟩𝜋̂𝜆

+ 1
2

ˆ ∞

0
d𝜏⟨ ̂𝐹 𝜈(0), ̂𝐹 𝜇(𝜏)⟩𝜋̂𝜆

, (9.80)
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where the correlation function is defined with respect to the KMB inner product.

To isolate the geometric and dynamical content more cleanly, we define the generalized
integral relaxation time:

𝜏𝜇𝜈 =
ˆ ∞

0
d𝜏

⟨ ̂𝐹 𝜇(0), ̂𝐹 𝜈(𝜏)⟩𝜋̂𝜆

⟨ ̂𝐹 𝜇, ̂𝐹 𝜈⟩𝜋̂𝜆

. (9.81)

With this, the friction tensor takes the form

𝜁𝜇𝜈 = 1
2

(𝜏𝜇𝜈ℐ𝜇𝜈 + 𝜏𝜈𝜇ℐ𝜈𝜇), (9.82)

expressing it as a symmetrized product of dynamical and geometric quantities.

In the special case of systems satisfying detailed balance, the steady-state correlation
functions are symmetric under time reversal:

⟨ ̂𝐹 𝜇(0), ̂𝐹 𝜈(𝜏)⟩ = ⟨ ̂𝐹 𝜈(0), ̂𝐹 𝜇(𝜏)⟩.

In this case, both 𝜏𝜇𝜈 and ℐ𝜇𝜈 are symmetric, and the friction tensor reduces to

𝜁𝜇𝜈 = 𝜏𝜇𝜈ℐ𝜇𝜈 = 1
2

ˆ ∞

−∞
d𝜏 ⟨ ̂𝐹 𝜇(0), ̂𝐹 𝜈(𝜏)⟩𝜋̂𝜆

.

We note that in such equilibrium settings, the positivity of 𝜁𝜇𝜈 follows directly from the
time symmetry of the correlation function [56].

9.3.2 Optimization: Geodesics in Parameter Space

Having established that the leading-order excess entropy flux in a slow-driving protocol is
given by the action of a Riemannian metric 𝜁𝜇𝜈, we now focus on the optimization prob-
lem: finding protocols that minimize this dissipation. Throughout this section, we adopt
Einstein’s summation convention.

The connection to geometry becomes explicit through the identification of the friction ten-
sor 𝜁𝜇𝜈 with a Riemannian metric on the space of control parameters. The action associated
with this metric is given by

ˆ 𝑇

0
d𝑡 𝜆̇𝜇𝜁𝜇𝜈𝜆̇𝜈 =

ˆ 𝑇

0
d𝑡 Σ̇na + 𝒪(𝜖2), (9.83)

so that the geometric action approximates the total nonadiabatic entropy production up to
higher-order corrections. By the Cauchy–Schwarz inequality, this action is bounded from
below by the square of the thermodynamic length ℓ divided by the protocol duration 𝑇,

Σna ≥ ℓ2

𝑇
, ℓ =

ˆ 𝑇

0
d𝑡 √𝜆̇𝜇𝜁𝜇𝜈𝜆̇𝜈 (9.84)

Equality holds if and only if the protocol traces a geodesic at constant speed. This obser-
vation motivates searching for geodesic paths as a means to identify minimally dissipative
protocols.
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The optimal protocol corresponds to the path 𝜆(𝑡) that minimizes the geometric action

𝒮[𝜆(𝑡)] =
ˆ 𝑇

0
d𝑡 𝜆̇𝜇𝜁𝜇𝜈𝜆̇𝜈, (9.85)

subject to fixed boundary conditions 𝜆(0) = 𝜆𝑖 and 𝜆(𝑇 ) = 𝜆𝑓. This is a standard problem
in Riemannian geometry, and its solution is given by the geodesics of the metric 𝜁𝜇𝜈.

The geodesic path is defined as the solution to the second-order differential equation

d2𝜆𝜇

d𝑡2 + Γ𝜇
𝛼𝛽

d𝜆𝛼

d𝑡
d𝜆𝛽

d𝑡
(9.86)

where Γ𝛼
𝜇𝜈 are the Christoffel symbols associated with the metric 𝜁, given by

Γ𝜇
𝛼𝛽 = 1

2
𝜁𝜇𝜈(

𝜕𝜁𝛽𝜈

𝜕𝜆𝛼 + 𝜕𝜁𝛼𝜈
𝜕𝜆𝛽 −

𝜕𝜁𝛼𝛽

𝜕𝜆𝜈 ) (9.87)

where 𝜁𝜇𝜈 denotes the inverse of the metric tensor 𝜁𝜇𝜈.

In the special case where the protocol involves only a single control parameter 𝜆(𝑡) ∈ ℝ,
the problem simplifies considerably. The action becomes

𝒮 =
ˆ 𝑇

0
d𝑡 𝜁(𝜆)𝜆̇2, (9.88)

and the optimal protocol is one that proceeds at constant speed with respect to the ther-
modynamic length element d𝑠 = √𝜁(𝜆) 𝑑𝜆. Explicitly, the optimal trajectory satisfies

d𝜆
d𝑡

= ℓ
𝑇√𝜁(𝜆)

, (9.89)

where ℓ =
´ 𝜆𝑓

𝜆𝑖
√𝜁(𝜆) 𝑑𝜆 is the thermodynamic length of the path. Separating variables, we

can write

d𝑡 =
𝑇√𝜁(𝜆)

ℓ
d𝜆. (9.90)

Integrating from the initial condition yields

𝑡(𝜆) = 𝑇
ℓ

ˆ 𝜆

𝜆𝑖

√𝜁(𝜆′)d𝜆′, (9.91)

which can be evaluated numerically. Inverting this relation yields the optimal protocol
𝜆opt(𝑡). This approach avoids solving a differential equation directly and provides an explicit
construction of the minimal-dissipation trajectory for arbitrary 𝜁(𝜆).

On the Role of Nonadiabatic Optimization

One might reasonably ask why the focus is placed on minimizing the nonadiabatic entropy
production Σna, especially when the adiabatic term Σad can dominate the total dissipation
in the slow-driving limit. Under the assumption that the steady-state entropy production
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Figure 9.2: (a) Schematic of the three-level maser operating as a quantum thermal machine. The
system is coupled to three baths: hot (𝛽ℎ), cold (𝛽𝑐), and work (𝛽𝑤 = 0). (b) Three
protocols for driving 𝛽ℎ(𝑡) from 𝛽0 to 𝛽𝑓 in time 𝑇: the optimal protocol obtained from
the geodesic equation, a linear interpolation 𝛽lin(𝑡) = 𝛽0 + (𝛽𝑓 − 𝛽0)𝑡/𝑇, and a smooth
protocol 𝛽sin(𝑡) = 𝛽0 + (𝛽𝑓 − 𝛽0) sin2(𝜋𝑡/2𝑇 ). The system operates as heat engine when
𝜔𝑐/𝜔ℎ > 𝛽ℎ/𝛽𝑐 (shaded region), and as a refrigerator in the complementary regime. (c)
Exact (solid lines) and slow-driving approximation (dashed lines) of the nonadiabatic
entropy production for the three protocols. The geodesic protocol minimizes dissipation,
with excellent agreement between the slow-driving approximation and exact results. Pa-
rameters: 𝛾ℎ = 𝛾𝑐 = 𝛾𝑤 = 𝛾, 𝜔ℎ = 50𝛾, 𝜔𝑐 = 10𝛾, 𝛾𝛽𝑐 = 0.1, 𝛾𝛽0 = 0.001, 𝛾𝛽𝑓 = 0.039,
and 𝛾𝑇 = 200.

rate Σ̇ad(𝑡) varies slowly in time and remains relatively uniform across parameter space, the
integrated adiabatic contribution is expected to scale linearly with the protocol duration,

Σad ∼ 𝒪(𝑇 ). (9.92)

Our focus on Σna is motivated by the specific regime considered: slow transformations
between fixed initial and final nonequilibrium steady states, carried out over a fixed protocol
duration. In this setting, Σad reflects the baseline cost of maintaining the system close to
a steady state and is not sensitive to the protocol velocity. It depends primarily on the
locations in parameter space traversed by the protocol, rather than on the rate at which
they are visited.

By contrast, the nonadiabatic entropy production is explicitly shaped by the time de-
pendence of the control parameters. As seen in Eq. (9.66), it depends quadratically on the
driving speed 𝜆̇𝜇 ∼ 𝒪(1/𝑇 ), and thus scales as Σna ∼ 𝒪(1/𝑇 ) in the slow-driving limit.
Minimizing Σna therefore provides a well-defined and operationally meaningful strategy for
reducing the additional dissipation incurred by finite-time driving, within the linear-response
regime.

It is worth emphasizing, however, that this optimization does not necessarily minimize
the total entropy production. A protocol with slightly higher Σna but lower cumulative
Σad could, in principle, be more efficient overall. Our approach aims instead to isolate
and minimize the portion of the dissipation that is both controllable and universal in the
slow-driving limit.

9.4 Example: Three-Level Maser

To illustrate the geometric framework introduced in the previous section, we consider a
concrete example: a three-level quantum thermal machine operating as a maser. This
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model provides a minimal yet analytically tractable setting for studying dissipation in driven
nonequilibrium quantum dynamics.

The working medium consists of three energy eigenstates, denoted {|𝑔⟩, |𝑒𝐴⟩, |𝑒𝐵⟩}, with
corresponding energies 𝜖𝑔 < 𝜖𝐵 < 𝜖𝐴. The system is coupled to three thermal reservoirs.
The first is a hot bath at inverse temperature 𝛽ℎ, which drives transitions between the
ground state |𝑔⟩ and the excited state |𝑒𝐴⟩. The second is a cold bath at fixed inverse
temperature 𝛽𝑐, which induces transitions between |𝑒𝐵⟩ and |𝑒𝐴⟩. The third reservoir acts
as a work bath and is assumed to be at infinite temperature (𝛽𝑤 = 0) , enabling transitions
between |𝑔⟩ and |𝑒𝐵⟩. Because of the infinite temperature assumption, there is no entropy
flux associated with this transition.

The master equation for the three-level system is given by

d ̂𝜌
d𝑡

= −𝑖[𝐻̂, ̂𝜌] + 𝒟̂ℎ( ̂𝜌) + 𝒟̂𝑐( ̂𝜌) + 𝒟̂𝑤( ̂𝜌), (9.93)

where the system Hamiltonian is 𝐻̂ = 𝜖𝑔|𝑔⟩⟨𝑔| + 𝜖𝐴|𝑒𝐴⟩⟨𝑒𝐴| + 𝜖𝐵|𝑒𝐵⟩⟨𝑒𝐵|, and the dissipators
take the standard Lindblad form:

𝒟𝑥( ̂𝜌) = 𝛾𝑥(𝐿̂𝑥 ̂𝜌𝐿̂†
𝑥 − 1

2{𝐿̂†
𝑥𝐿̂𝑥, ̂𝜌}) + 𝛾𝑥𝑒−𝛽𝑥𝜔𝑥(𝐿̂†

𝑥 ̂𝜌𝐿̂𝑥 − 1
2{𝐿̂𝑥𝐿̂†

𝑥, ̂𝜌}), (9.94)

where 𝑥 ∈ {ℎ, 𝑐, 𝑤}. The corresponding jump operators are 𝐿̂ℎ = |𝑔⟩⟨𝑒𝐴|, 𝐿̂𝑐 = |𝑒𝐵⟩⟨𝑒𝐴|,
and 𝐿̂𝑤 = |𝑔⟩⟨𝑒𝐵|, and the transition frequencies are defined as 𝜔ℎ = 𝜖𝐴 − 𝜖𝑔, 𝜔𝑐 = 𝜖𝐴 − 𝜖𝐵,
and 𝜔𝑤 = 𝜖𝐵 − 𝜖𝑔.

The mode of operation of the machine depends on the ratio 𝜔𝑐/𝜔ℎ relative to 𝛽ℎ/𝛽𝑐.
When 𝜔𝑐/𝜔ℎ > 𝛽ℎ/𝛽𝑐, the system operates as a heat engine, exhibiting population inversion
between |𝑔⟩ and |𝑒𝐵⟩, and producing net work via stimulated emission. In the complementary
regime, the system operates as a refrigerator, consuming work to transfer heat from the cold
to the hot bath [231].

We now consider finite-time driving protocols in which 𝛽ℎ(𝑡) is varied slowly while all
other parameters remain fixed. In this setting, the friction tensor reduces to a scalar function
𝜁(𝛽ℎ) ≥ 0, which can be computed analytically:

𝜁(𝛽ℎ) =
𝜔2

ℎ 𝑒2𝛽ℎ(𝜖𝑔+𝜖𝐴)(𝑒𝛽𝑐𝜖𝐵 + 𝑒𝛽𝑐𝜖𝐴)
𝛾(𝑒𝛽ℎ𝜖𝑔 + 2𝑒𝛽ℎ𝜖𝐴)3(𝑒𝛽ℎ𝜖𝑔+𝛽𝑐𝜖𝐵 + 𝑒𝛽ℎ𝜖𝑔+𝛽𝑐𝜖𝐴 + 𝑒𝛽ℎ𝜖𝐴+𝛽𝑐𝜖𝐵)

, (9.95)

Similarly, the KMB Fisher information matrix reduces to a scalar function, corresponding
to the KMB Fisher information:

ℐ(𝛽ℎ) =
𝜔2

ℎ 𝑒(2𝜖𝑔+𝜖𝐴)𝛽ℎ(𝑒𝛽𝑐𝜖𝐵 + 𝑒𝛽𝑐𝜖𝐴)
(𝑒𝛽ℎ𝜖𝑔 + 2𝑒𝛽ℎ𝜖𝐴)2(𝑒𝛽ℎ𝜖𝑔+𝛽𝑐𝜖𝐵 + 𝑒𝛽ℎ𝜖𝑔+𝛽𝑐𝜖𝐴 + 𝑒𝛽ℎ𝜖𝐴+𝛽𝑐𝜖𝐵)

(9.96)

The analytical expression for the generalized time 𝜏(𝛽ℎ) is

𝜏(𝛽ℎ) = 1
𝛾(2 + 𝑒−𝛽ℎ𝜔ℎ)

. (9.97)

confirming the factorization 𝜁(𝛽ℎ) = 𝜏(𝛽ℎ) ⋅ ℐ(𝛽ℎ).
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Notably, the relaxation time depends only on 𝛾, which sets the time scale of the dynamics,
and the Boltzmann factor 𝑒−𝛽ℎ𝜔ℎ associated with transitions in the central system induced
by interactions with the bath. In the infinite temperature limit, 𝛽ℎ → 0, 𝜏0 = 1

3𝛾 , whereas
in the zero temperature limit, 𝛽ℎ → ∞, 𝜏∞ = 1

2𝛾 .
We compare three protocols for 𝛽ℎ(𝑡): (i) the optimal protocol 𝛽opt(𝑡), obtained by solv-

ing the geodesic equation corresponding to the friction tensor 𝜁(𝛽ℎ); (ii) a linear protocol
𝛽lin(𝑡) = 𝛽0 + (𝛽𝑓 − 𝛽0)𝑡/𝑇; and (iii) a smooth sinusoidal protocol 𝛽sin(𝑡) = 𝛽0 + (𝛽𝑓 −
𝛽0) sin2(𝜋𝑡/2𝑇 ). The geodesic protocol minimizes the thermodynamic length

´
√𝜁(𝛽ℎ)d𝛽ℎ,

and hence the leading-order contribution to the nonadiabatic entropy production in the
slow-driving regime.

We choose 𝛽0 and 𝛽𝑓 such that the protocol drives the system from a regime in which it
functions as a heat engine into one where it operates as a refrigerator, as shown in Fig. 9.2(b).

Figure 9.2(b) shows the three protocols. In Fig. 9.2(c), we compare the exact nonadiabatic
entropy production Σna(𝑡) with the slow-driving approximation Σna(𝑡) ≈

´ 𝑇
0

𝜆̇⊤𝜁𝜆d𝑡,. The
dashed lines indicate the slow-driving predictions, while the solid lines are computed from
the full quantum master equation. The excellent agreement between the two confirms the
validity of the geometric approximation in this regime.

As expected, the total nonadiabatic entropy production is minimized by the geodesic
protocol. This example demonstrates the practical utility of the geometric approach. Even
in a relatively simple system, the structure of the metric 𝜁 encodes nontrivial information
about the underlying dynamics and dissipation mechanisms.

9.5 Beyond Slow Driving: Arbitrary-Speed Transitions

The geometric framework developed in the previous sections relies on the assumption that
the driving is slow, such that the system remains close to its instantaneous nonequilibrium
steady state at all times. While this regime is analytically tractable and yields valuable
insights, it is important to address more general scenarios in which the driving may be fast
or strongly nonadiabatic. In this section, we present a complementary geometric approach
that applies to arbitrary-speed protocols.

The key idea is to shift from a geometry defined on the control parameter space to one
parametrized by time. In this formulation, time plays the role of a curve parameter, and
the relevant metric structure is provided by quantum Fisher information (QFI) defined with
respect to time [224, 225, 226, 227, 228, 229, 230].

Let ̂𝜌𝑡 be the time-dependent state of the system evolving under a general Lindblad
equation. We consider QFI-based metrics of the form [232, 178]

ℐ𝑓(𝑡) = ∑
𝑥,𝑦

|𝜕𝑡𝜌𝑥𝑦(𝑡)|2

𝑝𝑥(𝑡)𝑓(𝑝𝑦(𝑡)/𝑝𝑥(𝑡))
, (9.98)

where ̂𝜌𝑡 = ∑𝑥 𝑝𝑥(𝑡)|𝑥⟩⟨𝑥| is the spectral decomposition of the state, and 𝑓 is an operator
monotone function that defines a contractive quantum information metric. Well-known
examples include the symmetric logarithmic derivative (SLD), the Wigner-Yanase metric,
and the Kubo-Mori-Bogoliubov metric.
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These metrics define a statistical line element

𝑑𝑠2
𝑓 = 1

4
ℐ𝑓(𝑡) 𝑑𝑡2, (9.99)

which allows us to interpret the evolution as a trajectory in state space with an associated
speed 𝑣𝑓 = √ℐ𝑓.

Building on this geometric connection, Refs. [233, 229] established a generalized speed limit
on an arbitrary observable ̂𝐴 in terms of 𝑣𝑓, resembling the celebrated Mandelstam-Tamm
time-energy uncertainty relation [234],

| ̇𝑎| ≤ 𝜎𝑓
̂𝜌[ ̂𝐴]𝑣𝑓, (9.100)

where ̇𝑎 = Tr[𝐴 ̇𝜌], 𝜎2
̂𝜌[ ̂𝐴] = Tr[ ̂𝐴0𝐿 ̂𝜌𝑓(𝐿−1

̂𝜌 𝑅 ̂𝜌)( ̂𝐴0)], with ̂𝐴0 = ̂𝐴 − Tr[ ̂𝜌 ̂𝐴], is a gener-
alized variance that reduces to the standard one for the commonly used QFI based on the
symmetric logarithmic derivative (SLD), and super-operators 𝐿 ̂𝜌(⋅) = ̂𝜌(⋅) and 𝑅 ̂𝜌(⋅) = (⋅) ̂𝜌.

We apply this bound to the nonequilibrium potential Φ̂𝜆 = − log ̂𝜋𝜆, which governs the
excess entropy flux:

Π̇ex(𝑡) = −Tr[ ̇̂𝜌𝑡 Φ̂𝜆]. (9.101)

Using the speed limit, we obtain

|Π̇ex(𝑡)| ≤ 𝜎𝑓[Φ̂𝜆] 𝑣𝑓(𝑡). (9.102)

Upon integration, one finds

ˆ 𝑇

0
d𝑡 |Π̇ex| ≤

ˆ 𝑇

0
d𝑡 𝜎𝑓

̂𝜌[Φ̂] 𝑣𝑓, (9.103)

Alternatively, dividing both sides by the generalized variance and integrating gives a
bound in terms of the statistical length:

ˆ 𝑇

0
d𝑡 |Π̇ex(𝑡)|

𝜎𝑓[Φ̂𝜆]
≤ 2ℓ𝑓, (9.104)

where ℓ𝑓 =
´ 𝑇

0
d𝑡 𝑣𝑓(𝑡) is the path length traversed in state space under the metric defined

by 𝑓.
These results provide general, model-independent constraints on entropy production that

hold beyond the slow-driving limit. Importantly, they remain valid for arbitrary Lindblad
dynamics with a unique steady state, and they reveal how both the geometry of state space
and the statistical properties of observables constrain the dissipation incurred during fast
processes.
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10 Conclusion

T
his thesis has examined the thermodynamics of quantum systems beyond equi-
librium, with a focus on nonequilibrium steady states and strong system-bath
coupling. Structured around four original research papers, it aims not only to

present new results, but also to provide clear and pedagogically motivated discussions of
foundational and advanced topics in quantum thermodynamics. By integrating theoretical
development, critical review and methodological innovation, this work aspires to contribute
both to ongoing research and to the accessibility of the field for a broader audience.

The foundational chapters on open quantum systems and quantum thermodynamics pro-
vide (mostly) self-contained introductions to each topic, with a particular emphasis on
their later application within the mesoscopic leads framework. The discussion of quantum
thermodynamics pays special attention to the challenges that arise in the strong-coupling
regime, examining different approaches proposed in the literature. This point is illustrated
by an example in which inconsistent definitions of heat, work, and entropy production in
the strong-coupling regime lead to an apparent violation of the second law.

Chapter 4, Gaussian Fermionic Systems, presents a collection of tools, tricks and references
related to non-interacting fermionic models, gathered during the development of this work.
The chapter aims to be a concise “handbook”, covering topics such as the covariance matrix
formalism, the Lyapunov equation, and aspects of quantum information theory for Gaussian
states, including the computation of distinguishability measures like fidelity, relative entropy,
and Rényi divergences. The chapter concludes with an application drawn from one of
the thesis papers: a study of dephasing-assisted transport in a tilted lattice exhibiting
Stark localization [105]. While the chapter focuses on the number-conserving case (i.e.,
without pairing terms), a natural extension would be to reformulate the material in the
Majorana representation and incorporate the third quantization method—an effort that
could potentially lead to a tutorial-style publication.

The next part of the thesis focuses on the mesoscopic leads formalism. The original
motivation for this line of work was to extend the thermodynamic analysis presented in
Ref. [44], which was limited to nonequilibrium steady states (NESS), to time-dependent
scenarios. Chapter 5 offers a pedagogical introduction to the method, followed by a formal
justification via the reaction coordinate transformation. While the connection between
mesoscopic leads and reaction coordinate mappings has been acknowledged in the literature,
this thesis presents a detailed account of that relationship. Building on this foundation, we
develop a consistent formulation of thermodynamics within the mesoscopic leads framework,
one that remains valid under conditions of strong coupling and rapid driving [45].

This development is further extended through an analysis of entropy production in the
mesoscopic leads setting. As emphasized throughout the thesis, the mesoscopic leads method
implements a Markovian embedding: by incorporating additional degrees of freedom (the
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10 Conclusion

leads), the extended system follows a Lindblad-type Markovian evolution. This enables
the application of tools from the theory of quantum dynamical semigroups, particularly
Spohn’s inequality [30, 172], to study entropy production. We show how these tools can
be adapted to extract physically meaningful interpretations of entropy production in the
original, non-Markovian system, and how the resulting decomposition admits both thermo-
dynamic and information-theoretic interpretations. This approach provides a practical and
rigorous method for quantifying entropy production in regimes where standard techniques
break down.

The chapters dedicated to the mesoscopic leads method are closely aligned with the over-
arching theme of this thesis: the thermodynamics of quantum systems out of equilibrium,
especially in steady-state regimes. Although the method is applicable in single-bath sce-
narios, it is particularly well suited to the prototypical NESS setting—a system coupled to
two or more thermal reservoirs. This makes the mesoscopic leads framework a flexible and
powerful tool for investigating quantum transport and thermodynamic processes beyond
weak coupling and Markovian limits.

Looking ahead, one natural direction for future work is the application of the mesoscopic
leads formalism to systems where the standard Lindblad master equation fails, and struc-
tured environments must be taken into account. Particularly challenging applications are
the Anderson impurity model and Kondo phenomena. These systems feature strong corre-
lations and non-trivial bath structures, especially at low temperatures, which require a large
number of modes for accurate simulation. The mesoscopic leads framework, with its ability
to resolve spectral features and handle memory, offers a promising route to modeling such
systems beyond the weak-coupling, high-temperature limit.

From a methodological standpoint, there are several possible directions. One promising
approach is the application of a thermofield transformation, which maps finite-temperature
reservoirs into two zero-temperature chains, with the temperature information encoded in
the couplings [235]. This representation may reduce the number of modes required for
simulation at low temperatures and has connections to the concept of Markovian closure,
as recently explored in the context of fermionic environments [236, 237].

On the practical side, the development of a Julia-based library implementing the meso-
scopic leads tools is a potential direction of interest. Recent advances in many-body sim-
ulation techniques, such as Pauli string truncation methods [238], could enable efficient
simulations even in the presence of interactions.

The final part of the thesis explores the role of information geometry in understanding en-
tropy production during transitions between NESS. Chapter 7 begins with an introduction
to quantum Fisher information, offering a geometrical perspective on how it generalizes the
classical Fisher information. This is followed by a historical review of the concept of ther-
modynamic length, tracing its origins in the work of Ruppeiner and Weinhold, through its
development in classical stochastic thermodynamics, and into recent quantum formulations.

In Chapter 8, we present a modern review of the Hatano–Sasa framework for entropy
production in NESS. The discussion begins in the classical setting, using Markov processes
as a starting point, and then proceeds to the quantum generalization within the Lindblad
master equation formalism, where several technical challenges arise. While the framework is
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well established in classical stochastic thermodynamics [58, 60, 222], and has been explored
in the quantum context [207, 203, 61], it remains relatively underutilized within the quan-
tum thermodynamics community. We hope that the perspective provided in this chapter
contributes to making it more accessible.

The final chapter presents original work on the information geometry of slow transitions
between NESS [62]. Within the Hatano–Sasa framework, we show that in the slow-driving
regime, the non-adiabatic entropy production is governed by a Riemannian metric on the
space of control parameters. This metric is related to the quantum Fisher information,
but incorporates dynamical features that reflect the system’s evolution. The result gener-
alizes previous findings in classical and quantum thermodynamics [55, 54, 59], and further
advances the geometric formulation of nonequilibrium thermodynamics in the context of
open quantum systems.

Looking ahead, there are several promising directions for extending this work. A central
motivation of this research has been to apply the geometric formalism to the study of
dissipative phase transitions, which are characterized by the closing of the Liouvillian gap.
These transitions arise in models such as the dissipative Dicke model, the Kerr model, and
the boundary-driven 𝑋𝑌 model. Understanding these transitions from a thermodynamic
perspective remains a significant open challenge. In particular, the concept of adiabaticity—
and its breakdown near critical points—in open quantum systems is still not well understood.
The tools developed in this thesis may offer new insights into these unresolved questions.

Additionally, there is potential to extend the formalism beyond the slow-driving regime.
Preliminary results based on the quantum Fisher information with respect to time suggest
the existence of a more general structure that may remain valid under fast driving and in
more general nonequilibrium settings.

The study of nonequilibrium steady states lies at the forefront of quantum thermody-
namics. As experimental capabilities advance and strong coupling becomes the rule rather
than the exception, the tools and ideas developed in this thesis are intended to meet that
emerging challenge. Beyond contributing to the technical understanding of quantum irre-
versibility, this work aspires to help shape the conceptual foundations of future research in
open-system dynamics, thermodynamic control, and information geometry.

243





Appendix

245





A
A.1 Time Derivative of the von Neumann

In this appendix, we show that the time derivative of the von Neumann entropy can be
expressed as

d𝑆(𝑡)
d𝑡

= −Tr[d ̂𝜌𝑡
d𝑡

log ̂𝜌𝑡]. (A.1)

Recall that the von Neumann entropy is defined by

𝑆(𝑡) = −Tr[ ̂𝜌𝑡 log ̂𝜌𝑡]. (A.2)

Differentiating with respect to time yields

d𝑆(𝑡)
d𝑡

= −Tr[d ̂𝜌𝑡
d𝑡

log ̂𝜌𝑡] − Tr[ ̂𝜌𝑡
d log ̂𝜌𝑡

d𝑡
]. (A.3)

We now show that the second term vanishes. To do so, we expand the density matrix ̂𝜌𝑡 in
terms of its instantaneous eigenbasis, ̂𝜌𝑡 = ∑𝑛 𝑝𝑛(𝑡)|𝑛𝑡⟩⟨𝑛𝑡|. Using this decomposition, the
time derivative of log ̂𝜌𝑡 becomes

d log ̂𝜌𝑡
d𝑡

= ∑
𝑛

[ ̇𝑝𝑛(𝑡)
𝑝𝑛(𝑡)

|𝑛𝑡⟩⟨𝑛𝑡| + log 𝑝𝑛(𝑡)(|𝑛̇𝑡⟩⟨𝑛𝑡| + |𝑛𝑡⟩⟨𝑛̇𝑡|)]. (A.4)

Substituting into the trace term, we obtain

Tr[ ̂𝜌𝑡
d log ̂𝜌𝑡

d𝑡
] = ∑

𝑛
𝑝𝑛(𝑡) ̇𝑝𝑛(𝑡)

𝑝𝑛(𝑡)
+ ∑

𝑛
log 𝑝𝑛(𝑡)[⟨𝑛𝑡| ̂𝜌𝑡|𝑛̇𝑡⟩ + ⟨𝑛̇𝑡| ̂𝜌𝑡|𝑛𝑡⟩]

= ∑
𝑛

̇𝑝𝑛(𝑡) + ∑
𝑛

𝑝𝑛(𝑡) log 𝑝𝑛(𝑡)(⟨𝑛̇𝑡|𝑛𝑡⟩ + ⟨𝑛𝑡|𝑛̇𝑡⟩)

= d
d𝑡

∑
𝑛

𝑝𝑛(𝑡) + ∑
𝑛

𝑝𝑛(𝑡) log 𝑝𝑛(𝑡) d
d𝑡

⟨𝑛𝑡|𝑛𝑡⟩

= 0,

where we used that ∑𝑛 𝑝𝑛 = 1 and ⟨𝑛𝑡|𝑛𝑡⟩ = 1. This completes the proof.

A.2 Vectorization

In this appendix, we briefly discuss the vectorization operation and how it can be used to
solve the Lyapunov equation introduced in Section 4.4.3
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The vectorization operator (denoted vec) maps a matrix 𝑿 ∈ ℂ𝑚×𝑛 to a column vector
vec(𝑿) ∈ ℂ𝑚𝑛 by stacking the columns of 𝑿 on top of each other:

vec(𝑿) =
⎡
⎢
⎢
⎣

𝑋∶,1
𝑋∶,2

⋮
𝑋∶,𝑛

⎤
⎥
⎥
⎦

(A.5)

For example, the vectorization of a 2 × 2 matrix is

vec(𝑎 𝑏
𝑐 𝑑) =

⎛⎜⎜⎜
⎝

𝑎
𝑐
𝑏
𝑑

⎞⎟⎟⎟
⎠

. (A.6)

A key identity involves the vectorization of a product of three matrices:

vec(𝑨𝑿𝑩) = (𝑩⊤ ⊗ 𝑨) vec(𝑿), (A.7)

where 𝑨, 𝑿, and 𝑩 have compatible dimensions, and ⊗ denotes the Kronecker product.
Two important special cases follow immediately. If 𝑿 is multiplied only from the left (i.e.,
𝑩 = 𝟙), we obtain

vec(𝑨𝑿) = (𝟙 ⊗ 𝑨) vec(𝑿), (A.8)

and if it is multiplied only from the right (i.e., 𝑨 = 𝟙),

vec(𝑿𝑩) = (𝑩⊤ ⊗ 𝟙) vec(𝑿), (A.9)

where 𝟙 denotes the identity matrix of appropriate size.

These identities allow matrix equations to be recast in the standard linear form 𝑨𝒙 = 𝒃.
For example, consider the Lyapunov equation

𝑾 𝑪 + 𝑪𝑾 † = 𝑭 . (A.10)

Applying vectorization yields

(𝟙 ⊗ 𝑾 + 𝑾 ∗ ⊗ 𝟙) vec(𝑪) = vec(𝑭 ), (A.11)

where we used the identity (𝑾 †)⊤ = 𝑾 ∗.

A.3 Trace-Determinant Identities for Fermionic
Quadratic Forms

In this appendix we derive two important trace-determinant identities for fermionic Gaussian
operators that conserve particle number. These formulas are widely used in the theory of
Gaussian states. Key references include Klich (2003) [114] and Blankenbecler, Scalapino,
and Sugar (1981) [115]. Ref. [116] discusses applications and further generalizations.

248



A.3 Trace-Determinant Identities for Fermionic Quadratic Forms

A.3.1 Basic Trace-Determinant Formula

Let ̂𝐴 be a quadratic operator of the form

̂𝐴 = ̂𝒄†𝑨 ̂𝒄, (A.12)

where ̂𝒄 and ̂𝒄† are fermionic annihilation and creation operators.
The trace over the full fermionic Fock space satisfies

Tr[𝑒 ̂𝐴] = det(1 + 𝑒𝑨). (A.13)

Proof. We start by diagonalizing 𝑨 via a unitary transformation: 𝑨 = 𝑺𝝐𝑺†, where
𝝐 = diag(𝜀1, … , 𝜀𝑁). Let ̂𝑏𝑘 = ∑𝑗 𝑆∗

𝑗𝑘 ̂𝑐𝑗 be the new modes in the energy basis. In this basis,
the operator becomes diagonal:

̂𝐴 = ∑
𝑘

𝜀𝑘
̂𝑏†
𝑘

̂𝑏𝑘. (A.14)

The operator 𝑒 ̂𝐴 then factorizes as a tensor product:

𝑒 ̂𝐴 =
𝑁

⨂
𝑘=1

𝑒𝜀𝑘𝑏̂†
𝑘𝑏̂𝑘 , (A.15)

where each factor acts independently on a two-dimensional mode Fock space. Therefore,
the trace becomes

Tr[𝑒 ̂𝐴] =
𝑁

∏
𝑘=1

Tr𝑘[𝑒𝜀𝑘𝑏̂†
𝑘𝑏̂𝑘 ] =

𝑁
∏
𝑘=1

(1 + 𝑒𝜀𝑘) = det(1 + 𝑒𝝐). (A.16)

Finally, since 𝝐 is unitarily equivalent to 𝑨, we conclude

Tr[𝑒 ̂𝒄†𝑨 ̂𝒄] = det(1 + 𝑒𝑨). (A.17)

A.3.2 Generalized Trace-Determinant Formula

Consider two quadratic operators ̂𝐴 = ̂𝒄†𝑨 ̂𝒄 and 𝐵̂ = ̂𝒄†𝑩 ̂𝒄. Then

Tr[𝑒 ̂𝐴𝑒𝐵̂] = det(1 + 𝑒𝑨𝑒𝑩). (A.18)

This identity generalizes the basic formula to a product of Gaussian operators.
Proof. We begin by verifying the identity

[ ̂𝒄†𝑨 ̂𝒄, ̂𝒄†𝑩 ̂𝒄] = ̂𝒄†[𝑨, 𝑩] ̂𝒄. (A.19)

Writing the operators explicitly,

̂𝐴 = ∑
𝑖𝑗

𝐴𝑖𝑗 ̂𝑐†
𝑖 ̂𝑐𝑗, 𝐵̂ = ∑

𝑘𝑙
𝐵𝑘𝑙 ̂𝑐†

𝑘 ̂𝑐𝑙, (A.20)

we compute
[ ̂𝐴, 𝐵̂] = ∑

𝑖𝑗,𝑘𝑙
𝐴𝑖𝑗𝐵𝑘𝑙[ ̂𝑐†

𝑖 ̂𝑐𝑗, ̂𝑐†
𝑘 ̂𝑐𝑙]. (A.21)
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Using the canonical anticommutation relations, one finds

[ ̂𝑐†
𝑖 ̂𝑐𝑗, ̂𝑐†

𝑘 ̂𝑐𝑙] = 𝛿𝑗𝑘 ̂𝑐†
𝑖 ̂𝑐𝑙 − 𝛿𝑖𝑙 ̂𝑐†

𝑘 ̂𝑐𝑗. (A.22)

Substituting and rearranging indices gives

[ ̂𝐴, 𝐵̂] = ∑
𝑖𝑙

[𝐴𝐵]𝑖𝑙 ̂𝑐†
𝑖 ̂𝑐𝑙 − ∑

𝑘𝑗
[𝐵𝐴]𝑘𝑗 ̂𝑐†

𝑘 ̂𝑐𝑗 = ̂𝒄†[𝑨, 𝑩] ̂𝒄. (A.23)

Now apply the Baker–Campbell–Hausdorff formula to the product 𝑒 ̂𝐴𝑒𝐵̂. Since all com-
mutators remain quadratic by Eq. (A.19), the series yields another quadratic operator:

𝑒 ̂𝐴𝑒𝐵̂ = exp( ̂𝐴 + 𝐵̂ + 1
2 [ ̂𝐴, 𝐵̂] + 1

12 [ ̂𝐴, [ ̂𝐴, 𝐵̂]] + 1
12 [𝐵̂, [ ̂𝐴, 𝐵̂]] + ⋯). (A.24)

The result is again of the form 𝑒 ̂𝒄†𝑪 ̂𝒄, where the matrix 𝑪 is given by the BCH expansion:

𝑪 = 𝑨 + 𝑩 + 1
2 [𝑨, 𝑩] + 1

12 [𝑨, [𝑨, 𝑩]] + 1
12 [𝑩, [𝑨, 𝑩]] + ⋯ = log(𝑒𝑨𝑒𝑩). (A.25)

Therefore, the product is again Gaussian:

𝑒 ̂𝐴𝑒𝐵̂ = 𝑒 ̂𝒄†𝑪 ̂𝒄, 𝑪 = log(𝑒𝑨𝑒𝑩). (A.26)

Applying the basic trace-determinant formula yields the result:

Tr[𝑒 ̂𝐴𝑒𝐵̂] = det(1 + 𝑒𝑪) = det(1 + 𝑒𝑨𝑒𝑩). (A.27)

This identity extends naturally to products of more than two exponentials. Let ̂𝐴𝑘 =
̂𝒄†𝑨𝑘 ̂𝒄 for 𝑘 = 1, … , 𝑀. Then by iteratively applying the same logic, one finds

𝑒 ̂𝐴1𝑒 ̂𝐴2 ⋯ 𝑒 ̂𝐴𝑀 = exp( ̂𝒄†𝑸 ̂𝒄), 𝑸 = log(𝑒𝑨1𝑒𝑨2 ⋯ 𝑒𝑨𝑀). (A.28)

Applying the basic formula once more yields

Tr[𝑒 ̂𝐴1𝑒 ̂𝐴2 ⋯ 𝑒 ̂𝐴𝑀] = det(1 + 𝑒𝑨1𝑒𝑨2 ⋯ 𝑒𝑨𝑀). (A.29)

This generalization follows by induction, using the closure of quadratic fermionic operators
under commutation.

A.4 Action of the Inverse Kubo–Mori Operator on the
Steady State

In this appendix, we show that the inverse Kubo–Mori operator satisfies

𝕁−1
𝜋̂ ( ̂𝜋) = 𝟙̂, (A.30)

where ̂𝜋 is a full-rank density operator and 𝟙̂ is the identity.
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A.5 Superfermion formalism and TDVP implementation

Recall that the inverse Kubo–Mori operator is defined as

𝕁−1
𝜋̂ (𝑋) ∶=

ˆ ∞

0
d𝑠 ( ̂𝜋 + 𝑠𝟙̂)−1𝑋( ̂𝜋 + 𝑠𝟙̂)−1. (A.31)

We compute its action on ̂𝜋 directly. Using the spectral decomposition

̂𝜋 = ∑
𝑖

𝑝𝑖|𝑖⟩⟨𝑖|, 𝑝𝑖 > 0, (A.32)

we find

𝕁−1
𝜋̂ ( ̂𝜋) =

ˆ ∞

0
d𝑠 ∑

𝑖

𝑝𝑖
(𝑝𝑖 + 𝑠)2 |𝑖⟩⟨𝑖| (A.33)

= ∑
𝑖

(
ˆ ∞

0

𝑝𝑖
(𝑝𝑖 + 𝑠)2d𝑠)|𝑖⟩⟨𝑖|. (A.34)

Evaluating the integral,
ˆ ∞

0

𝑝𝑖
(𝑝𝑖 + 𝑠)2d𝑠 = [− 𝑝𝑖

𝑝𝑖 + 𝑠
]

∞

0
= 1, (A.35)

so we obtain
𝕁−1

𝜋̂ ( ̂𝜋) = ∑
𝑖

|𝑖⟩⟨𝑖| = 𝟙̂, (A.36)

which completes the proof.

A.5 Superfermion formalism and TDVP implementation

A.5.1 Superfermion formalism

In this appendix we briefly outline the superfermion formalism used for thermal-state prepa-
ration with TDVP in Sec. 6.2. The construction is closely related to third quantization and
vectorization techniques for open quantum systems [44, 164].

Consider a fermionic system with Fock basis |𝒏⟩. The key step is to double the system by
introducing an ancillary Fock space (the “tilde” space of Ref. [164]), with basis |𝒏̃⟩. Our goal
is to define fermionic operators on this global Fock space such that Liouvillian superoperators
can be represented as ordinary operators.

A naive definition of “superfermions” as tensor products, i.e., ̂𝑐𝑖 ⊗ 𝟙̂ and 𝟙̂ ⊗ ̂𝑐𝑖, is in-
adequate: although these operators anticommute within each Fock space, they commute
between the physical and tilde sectors and therefore do not satisfy the canonical anticom-
mutation relations on the doubled space. Instead, we define the superfermions by specifying
their action directly on basis states of the joint Fock space. We adopt an interleaved ordering
of physical and ancillary modes1:

|𝒏|𝒎̃⟩ =
𝑁

∏
𝑗=1

( ̂𝑐†
𝑗)𝑛𝑗( ̃𝑐†

𝑗)𝑚𝑗 |0⟩, (A.37)

1This is equivalent to attaching a parity operator to the tensor-product representation: ̂𝑐𝑗 = ̂𝑐𝑗 ⊗ 𝟙̂ and
̃𝑐𝑗 = (−1)𝑁̂phys ⊗ 𝑐𝑗, where 𝑁̂phys is the total physical number operator.
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where 𝑛𝑗, 𝑚𝑗 ∈ {0, 1} and |0⟩ is the vacuum of both chains. Here, there is a mild abuse
of notation: we use ̂𝑐𝑗 and ̃𝑐𝑗 both for the original annihilation operators and for their
representations on the doubled space.

On the doubled Fock space we define the (unnormalized) left vacuum

|𝐼⟩ ≔ ∑
𝒏

|𝒏|𝒏⟩, (A.38)

where the sum runs over all configurations 𝒏 of the physical modes. A density operator ̂𝜌(𝑡)
on the original Fock space is mapped to a state on the doubled space as

| ̂𝜌(𝑡)⟩ = ̂𝜌(𝑡)|𝐼⟩, (A.39)

so that expectation values of physical operators ̂𝐴 become

⟨ ̂𝐴(𝑡)⟩ = Tr[ ̂𝐴 ̂𝜌(𝑡)] = ⟨𝐼| ̂𝐴| ̂𝜌(𝑡)⟩. (A.40)

With the interleaved ordering one finds the following key identities on the left vacuum,
the so-called tilde conjugation rules [164, 44]:

̃𝑐†
𝑗 |𝐼⟩ = − ̂𝑐𝑗|𝐼⟩, ⟨𝐼| ̃𝑐𝑗 = −⟨𝐼| ̂𝑐†

𝑗 , (A.41)

̃𝑐𝑗|𝐼⟩ = ̂𝑐†
𝑗 |𝐼⟩, ⟨𝐼| ̃𝑐†

𝑗 = ⟨𝐼| ̂𝑐𝑗. (A.42)

An important property of fermionic density matrices is that, when expanded in the opera-
tors { ̂𝑐𝑗, ̂𝑐†

𝑗}, any physical ̂𝜌(𝑡) contains only even terms 2. As a consequence, ̂𝜌(𝑡) commutes
with all tilde operators, [ ̂𝜌(𝑡), ̃𝑐𝑗] = 0. Combining this with the tilde-conjugation rules above,
we can move all operators acting on the right of ̂𝜌 to the left. For example,

̂𝑐𝑖 ̂𝜌 ̂𝑐†
𝑖 |𝐼⟩ = ̂𝑐𝑖 ̂𝜌 ̃𝑐𝑖|𝐼⟩ = − ̃𝑐𝑖 ̂𝑐𝑖| ̂𝜌⟩, (A.43)

so the superoperator ̂𝜌 ↦ ̂𝑐𝑖 ̂𝜌 ̂𝑐†
𝑖 corresponds to the action of − ̃𝑐𝑖 ̂𝑐𝑖 on the state | ̂𝜌⟩. Applying

the same reasoning to all terms in the master equation, the Lindblad dynamics can be written
in the compact form

d
d𝑡

| ̂𝜌(𝑡)⟩ = ̂ℒ| ̂𝜌(𝑡)⟩, (A.44)

where ̂ℒ is an operator acting on the doubled Fock space.

As a simple illustration, consider a single fermionic mode with Hamiltonian

𝐻̂ = 𝜔 ̂𝑐† ̂𝑐 (A.45)

and jump operators
𝐿̂1 = √Γ1 ̂𝑐, 𝐿̂2 = √Γ2 ̂𝑐†. (A.46)

2Equivalently, physical states commute with the fermion-parity operator, so that ̂𝜌(𝑡) is even under fermion
parity and has no matrix elements between sectors of different parity; see Sec. 4.5 and, e.g., standard
discussions of fermion-parity superselection rules [239].
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A.5 Superfermion formalism and TDVP implementation

The corresponding Lindblad master equation reads

d ̂𝜌
d𝑡

= − 𝑖𝜔[ ̂𝑐† ̂𝑐, ̂𝜌] + Γ1
2

(2 ̂𝑐 ̂𝜌 ̂𝑐† − { ̂𝑐† ̂𝑐, ̂𝜌}) + Γ2
2

(2 ̂𝑐† ̂𝜌 ̂𝑐 − { ̂𝑐 ̂𝑐†, ̂𝜌}). (A.47)

Multiplying from the right by |𝐼⟩ and using | ̂𝜌⟩ = ̂𝜌|𝐼⟩ together with the tilde conjugation
rules, each term can be written as an operator acting on | ̂𝜌⟩, and we obtain

d
d𝑡

| ̂𝜌⟩ = [−𝑖𝜔( ̂𝑐† ̂𝑐 − ̃𝑐† ̃𝑐) + Γ1
2

(−2𝑖 ̃𝑐 ̂𝑐 − ̂𝑐† ̂𝑐 − ̃𝑐† ̃𝑐) + Γ2
2

(−2𝑖 ̃𝑐† ̂𝑐† − ̂𝑐 ̂𝑐† − ̃𝑐 ̃𝑐†)]| ̂𝜌⟩.

(A.48)

This identifies the Liouvillian as a quadratic operator acting on the doubled Fock space of
the physical and tilde mode.

A.5.2 Vectorized Liouvillian and TDVP thermal-state preparation

Applying the superfermion formalism described above to the master equation of the extended
system, Eq. (6.10), the dynamics is generated by a Liouvillian operator acting on the doubled
Fock space of physical and tilde modes,

̂ℒ = − 𝑖(𝐻̂ − 𝐻̃) −
𝐿

∑
𝑘=1

[𝑖 𝛾𝑘(1 − 𝑓𝑘) ̃𝑎𝑘 ̂𝑎𝑘 + 𝛾𝑘(1 − 𝑓𝑘)
2

( ̂𝑎†
𝑘 ̂𝑎𝑘 + ̃𝑎†

𝑘 ̃𝑎𝑘)

+ 𝑖 𝛾𝑘𝑓𝑘 ̃𝑎†
𝑘 ̂𝑎†

𝑘 + 𝛾𝑘𝑓𝑘
2

( ̂𝑎𝑘 ̂𝑎†
𝑘 + ̃𝑎𝑘 ̃𝑎†

𝑘)].
(A.49)

Here 𝐻̂ = 𝐻̂𝑆 + 𝐻̂𝐿 + 𝐻̂𝑆𝐿 is the Hamiltonian of the extended system, and 𝐻̃ = 𝐻̃𝑆 + 𝐻̃𝐿 +
𝐻̃𝑆𝐿 denotes its representation on the tilde space. The operators 𝐻̃𝑆,𝐿,𝑆𝐿 are obtained from
𝐻̂𝑆,𝐿,𝑆𝐿 by the replacements ̂𝑐𝑗 → ̃𝑐𝑗, ̂𝑎𝑘 → ̃𝑎𝑘, and similarly for their adjoints. Note that
for 𝑈 ≠ 0 the term −𝑖(𝐻̂ − 𝐻̃) contains quartic contributions inherited from 𝐻̂𝑆, while the
lead dissipator contributes only quadratic terms, shown explicitly in Eq. (A.49).

To prepare thermal states, we use time-dependent variational principle (TDVP) evolution
on the vectorized density matrix | ̂𝜌⟩. The unnormalized infinite-temperature state corre-
sponds to the left vacuum |𝐼⟩, which is an equal-weight superposition of all physical-tilde
occupation number configurations. Owing to the interleaved ordering of physical and ancil-
lary modes, this state admits an efficient matrix product state (MPS) representation and
can be prepared with bond dimension one.

A thermal state at inverse temperature 𝛽 is then obtained by imaginary-time evolution,

| ̂𝜌(𝛽)⟩ ∝ 𝑒𝛽 ̂ℒ/2|𝐼⟩, (A.50)

implemented using standard TDVP techniques for non-Hermitian generators. All simula-
tions were carried out within the ITensor ecosystem, which provides efficient support for
MPS-based real- and imaginary-time evolution on the doubled Fock space.
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A.6 Uncertainty estimate for the variability

In Sec. 6.3.2 we quantify how close the thermal reference state ̂𝜌𝛽 is to the fixed point
through the variability,

𝑣( ̂𝜌𝛽) ≡ √Tr[ℒ( ̂𝜌𝛽)†ℒ( ̂𝜌𝛽)] = ‖ℒ( ̂𝜌𝛽)‖2, (A.51)

where ‖ ⋅ ‖2 is the Hilbert–Schmidt norm. In practice, ̂𝜌𝛽 is represented as an MPS ∣ ̂𝜌𝛽⟩ in
the superfermion formalism (Appendix A.5) and obtained by imaginary-time TDVP with a
finite bond dimension and a finite truncation cutoff. This appendix explains how we obtain
a conservative numerical uncertainty 𝛿𝑣 on 𝑣( ̂𝜌𝛽).

Let ̂𝜌∗
𝛽 denote the exact thermal state and define the (unknown) error 𝛿 ̂𝜌 ≡ ̂𝜌𝛽 − ̂𝜌∗

𝛽. Using
the linearity of ℒ and the reverse triangle inequality,

∣𝑣( ̂𝜌∗
𝛽) − 𝑣( ̂𝜌𝛽)∣ = ∣‖ℒ( ̂𝜌𝛽 − 𝛿 ̂𝜌)‖2 − ‖ℒ( ̂𝜌𝛽)‖2∣ ≤ ‖ℒ(𝛿 ̂𝜌)‖2

≤ ‖ℒ‖2→2 ⋅ ‖𝛿 ̂𝜌‖2, (A.52)

where ‖ℒ‖2→2 is the induced norm associated with the Hilbert–Schmidt norm:

‖ℒ‖2→2 ≔ sup
𝑋̂≠0

‖ℒ(𝑋̂)‖2

‖𝑋̂‖2
. (A.53)

Therefore the problem reduces to bounding ‖ℒ‖2→2 and ‖𝛿 ̂𝜌‖2.

A conservative bound for ‖ℒ‖2→2 follows by treating the unitary and dissipative parts of
ℒ(⋅) = −𝑖[𝐻̂, ⋅] + 𝒟(⋅) separately. For the Hamiltonian contribution we use the commutator
inequality

‖[𝐻̂, 𝑋̂]‖2 ≤ 2‖𝐻̂‖∞ ‖𝑋̂‖2, (A.54)

which follows from ‖𝐻̂𝑋̂‖2 ≤ ‖𝐻‖∞‖𝑋̂‖2 and ‖𝑋̂𝐻̂‖2 ≤ ‖𝐻̂‖∞‖𝑋̂‖2. Hence ‖ − 𝑖[𝐻̂, ⋅]‖2→2 ≤
2‖𝐻̂‖∞.

For the dissipator, consider a single-jump channel of the form

𝒟(𝑋̂) = 𝛾(𝐿̂ 𝑋̂ 𝐿̂† − 1
2{𝐿̂†𝐿̂, 𝑋̂}), (A.55)

with 𝐿̂ ∈ { ̂𝑎, ̂𝑎†}. Using the bounds ‖𝐿̂𝑋̂𝐿̂†‖2 ≤ ‖𝐿̂‖2
∞‖𝑋̂‖2 and ‖{ ̂𝐴, 𝑋̂}‖2 ≤ 2‖ ̂𝐴‖∞‖𝑋̂‖2,

one finds
‖𝒟(𝑋̂)‖2 ≤ 𝛾(‖𝐿̂‖2

∞ + ‖𝐿̂†𝐿̂‖∞)‖𝑋̂‖2. (A.56)

For fermionic mode operators, ‖ ̂𝑎‖∞ = ‖ ̂𝑎†‖∞ = 1 and ‖ ̂𝑎† ̂𝑎‖∞ ≤ 1, hence ‖𝒟‖2→2 ≤
2𝛾. Since the full dissipator is a sum of independent single-mode channels with rates 𝛾𝑘,
we obtain the coarse estimate ‖𝒟‖2→2 ≤ 2 ∑𝑘 𝛾𝑘. In the wide-band discretization used
throughout this chapter, 𝛾𝑘 = 2𝑊/𝐿 and therefore ∑𝑘 𝛾𝑘 = 2𝑊, which leads to the practical
bound

‖ℒ‖2→2 ≤ 2‖𝐻̂‖∞ + 4𝑊. (A.57)
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A.6 Uncertainty estimate for the variability

Numerically, ‖𝐻̂‖∞ is itself upper bounded by a triangle inequality over the MPO coef-
ficients, that is, by the sum of absolute local coupling strengths. This further increases
conservativeness but is inexpensive and stable for large MPOs.

To estimate ‖𝛿 ̂𝜌‖2, we use truncation diagnostics produced during the imaginary-time
TDVP evolution. At each truncation step, the algorithm compresses the MPS back to the
target bond dimension and reports a discarded weight 𝜖𝑘, defined as the sum of discarded
squared singular values at that truncation. Standard MPS error estimates [240] imply that,
after a sequence of truncations, the deviation between the exact and truncated vectorized
state obeys the bound

‖𝛿𝜓‖2
2 = ∥|𝜓⟩ − |𝜓trunc⟩∥

2
2

≤ 2
𝑁trunc

∑
𝑘=1

𝜖𝑘, (A.58)

where 𝑁trunc is the total number of truncation events during the evolution and |𝜓⟩ denotes
the unnormalized vectorized state produced by TDVP.

The physical density operator is obtained by trace normalization,

∣ ̂𝜌𝛽⟩ = |𝜓⟩
𝑍

, 𝑍 = ⟨𝐼|𝜓⟩, (A.59)

where |𝐼⟩ is the left vacuum introduced in App. A.5. Propagating the perturbation 𝛿𝜓
through this normalization yields the conservative estimate

‖𝛿 ̂𝜌‖2 ≲ ‖𝛿𝜓‖2
|𝑍|

+ ‖𝜓‖2 ‖𝐼‖2
|𝑍|2

‖𝛿𝜓‖2, (A.60)

which captures both the direct scaling of the state by the trace factor and the sensitivity of
the normalization itself to perturbations in |𝜓⟩.

Combining Eqs. (A.52)–(A.60) defines the truncation-based uncertainty estimate

𝛿𝑣TDVP ≔ ‖ℒ‖2→2 ‖𝛿 ̂𝜌‖2. (A.61)

Finally, evaluating 𝑣( ̂𝜌𝛽) requires forming the state |𝜂⟩ = ℒ∣ ̂𝜌𝛽⟩ by applying the MPO
representation of ℒ to the MPS ∣ ̂𝜌𝛽⟩, followed by the contraction 𝑣 = √⟨𝜂|𝜂⟩. The MPO–
MPS product generally increases the bond dimension of |𝜂⟩ beyond the target one and
therefore involves an additional compression step, controlled by a cutoff 𝜀 and a maximum
bond dimension 𝜒 (singular values below 𝜀 are discarded and bonds are truncated to at most
𝜒). This truncation does not affect the prepared thermal state itself, but only the numerical
evaluation of 𝑣, and its discarded weight is not reported in a form suitable for an analytical
bound.

We therefore estimate this contribution empirically by recomputing 𝑣 in two regimes. In
the baseline regime we use 𝜀 = 10−10 and 𝜒 = 400, obtaining 𝑣base. In the strict regime we
use 𝜀 = 10−14 and 𝜒 = 1200, obtaining 𝑣strict. We then compute the estimated uncertainty
as

𝛿𝑣apply ≡ ∣𝑣strict − 𝑣base∣. (A.62)
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Figure A.1: Numerical uncertainty estimate for the variability. (a) Decomposition of the total error
bar 𝛿𝑣 into the TDVP contribution 𝛿𝑣TDVP and the contraction contribution 𝛿𝑣apply as
a function of the lead size 𝐿 at 𝛽 = 0.5 and fixed bond dimension. (b) Bond-dimension
convergence of the variability 𝑣( ̂𝜌𝛽) at fixed 𝛽 = 0.5 and 𝐿 = 30.

The total uncertainty reported is taken as the sum of the TDVP error bound and the
numerical uncertainty associated with evaluating 𝑣,

𝛿𝑣 ≡ 𝛿𝑣TDVP + 𝛿𝑣apply. (A.63)

Figure A.1 summarizes the uncertainty analysis. Panel (a) shows the decomposition of
𝛿𝑣 into 𝛿𝑣TDVP and 𝛿𝑣apply as a function of the lead size 𝐿 at fixed 𝛽 = 0.5 and fixed bond
dimension. We additionally verify convergence with respect to the bond dimension used to
represent ̂𝜌𝛽. Fixing 𝛽 = 0.5 and 𝐿 = 30, we compute 𝑣( ̂𝜌𝛽) for increasing bond dimension
(with the minimum and maximum bond dimensions set equal). Figure A.1 (b) shows that
𝑣( ̂𝜌𝛽) converges rapidly: beyond a modest bond dimension the successive differences |𝑣𝜒−𝑣𝜒′ |
become negligible, and the values agree with those obtained at the parameters used in
Fig. 6.3. This confirms that the reported variability is not limited by an insufficient bond
dimension in the thermal-state preparation.
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