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Abstract

By a proposal of Dijkgraaf, the generating function of simple Hurwitz numbers admits a
striking reformulation: it is the partition function of a Wi ..-deformed conformal field
theory. We make this claim explicit via a series of Fock space isomorphisms. In so doing,
we discover a Clifford and Heisenberg action on the class functions of the symmetric group,
easily computable by a Young-diagrammatic calculus. Finally, to present the advantages of
the physical perspective, we elaborate on Zagier’s recent proof of the quasimodularity of the
Bloch-Okounkov g-bracket to show that, in a CFT context, quasimodularity is a consequence

of spin structures and spectral flow.
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Summary

This thesis elaborates on an observation of Dijkgraaf in [Dij95], namely, that deforming a
free CONFORMAL FIELD THEORY (CFT) by higher-spin currents lends its partition function
a topological significance: the CFT correlators are none other than HURWITZ NUMBERS,
which count covers of Riemann surfaces. To justify this coincidence without recourse the
original string-theoretical arguments [GT93], [Dou95|, we start with the Hurwitz generating
function as calculated by the representation theory of the SYMMETRIC GROUP, and express
it as a trace over the class algebra of the symmetric group. By a series of isomorphisms of
VERTEX OPERATOR ALGEBRAS (VOAS) we will make physical sense of this trace as the

partition function of a CFT deformed by Wi, currents.

Throughout the thesis, we use the graphical calculus of YOUNG DIAGRAMS, whose orig-
inal purpose was to index characters of the symmetric group. One new result we obtain is
a ‘quantisation’ of characters: namely, the presence of a Heisenberg algebra, which adds or
removes hooks in their corresponding Young diagrams. We formulate a BOSON-FERMION
CORRESPONDENCE in the symmetric group to obtain a Clifford algebra acting diagonally
on characters, which adds or removes arms or legs in their Young diagrams. This gives the
required isomorphism of algebras; to write an isomorphism of Fock spaces, we map from the
Young diagram associated to a character to the partition associated to a fermionic/bosonic
state; we map the offset of an off-diagonal ‘cut’ of the Young diagram to the charge of a

fermionic/bosonic state.

With the VOA isomorphism in hand, we follow Dijkgraaf’s original argument to write
the Hurwitz generating function as a sum of eigenvalues of certain operators. It turns out
these eigenvalues, too, are evaluated in terms of Young diagrams: they are the difference of
power-sums of the arm-lengths and leg-lengths, relative to the ‘cut’ of the Young diagram.

We then proceed to write equivalent operators which live in the Wi, VOA. Hence we



equate the Hurwitz generating function and a character of the Wi, VOA.

The final two chapters of this thesis expand upon the physical significance of the pre-
ceding mathematics. First, we give a physical proof of the Jacobi triple product, by setting
equal the partition functions of the free boson/fermion CFT, whose VOAs are isomorphic by
the Boson-Fermion correspondence. We confirm the modularity one expects in a CFT par-
tition function [Zhu96]. However, the W14 -deformed CFT does not enjoy this behaviour,
which we demonstrate explicitly using results from [Dij97] and |[GLT25]. Finally, we exhibit
the phenomenon of QUASIMODULARITY. Usually this is proven using classical analytic tech-
niques, e.g. [KZ95|, [BO00]; instead we cast Zagier’s new proof [Zagl6] in the CFT context.
We find that quasimodularity is a consequence of spectral flow and spin structures on the

elliptic curve.
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Introduction

This thesis answers the question: how does the partition function of a free, ¢ = 1, genus 1
CoNFORMAL FIELD THEORY (CFT) change, once its action is deformed by a higher spin
current? For a clue, consider the well-known JACOBI TRIPLE PRODUCT:

— 57 n -1 n 1 In? n
N N R e R DL

TLEZEO—‘y-% n€ezZ

Fermionic Bosonic

This formula is an incarnation of the famous BOSON-FERMION CORRESPONDENCE—the
CFT partition function tr(g0—1/242%0) can be evaluated as a trace over the either fermionic
Fock space or bosonic Fock space. In [Dij95|, a formula very similar to Jacobi’s product is
presented:
-1 n, in? -1 n, —in?
> ]I (1+zqy2 )<1+z q"y "2 ) (%)
nGZEDJr%

Dijkgraaf interprets this product as a higher-spin partition function tr(y"Vogro=1/24z%0

) over
fermionic Fock space. If one evaluates instead over the charge 0 Fock bosonic space, this

trace is the generating function of the simple HURWITZ NUMBERS!

This coincidence was originally explained with recourse to string theory |[GT93|, [Dou95|.
We choose to work mathematically, by phrasing Dijkgraaf’s formula as a trace over a different
Fock space: the class algebra of the SYMMETRIC GROUP. The symmetric group is the natural
setting to calculate Hurwitz numbers, and Dijkgraaf’s observation gives us the evidence that
the symmetric group admits a physical interpretation. For example, we will find the ‘cut-
and-join’ operator of the Hurwitz literature [Gou94] is exactly the higher-spin operator Wj.

In this thesis we justify the above mixed metaphors, by a series of isomorphisms of
VERTEX OPERATOR ALGEBRAS (VOAS). These are similar to the famous Vertex Algebras

of [Bor86|, but enjoy additional Virasoro structure, which allows them to axiomatically



describe aspects of 2d CFT. It is through this technology that we construct the infinite
dimensional Lie algebra Wi, in which the higher-spin operators live. Let us briefly

describe the route we take.

Chapter 1: The Symmetric Group and Dijkgraaf’s Formula

In Chapter|[T} the story begins with the representation theory of the SYMMETRIC GROUP S,,.
We exhibit the inductive decomposition of representations, by indexing them with partitions,
or equivalently, with YOUNG DIAGRAMS of n boxes, an essential piece of machinery in
what follows. Ordering Young subdiagrams by inclusion gives the desired decomposition of

representations, as paths through the lattice of Young subdiagrams.

Now the quantities of interest are the Hurwitz numbers, which count ramified coverings of
a target Riemann surface by other (possibly disconnected) Riemann surfaces. Alternatively,
by describing a ramified covering by its monodromy, as explained in Appendix [A] we find

the Hurwitz numbers count FACTORISATIONS OF THE IDENTITY of S,,.

The classical solution to this problem, when the target has genus 0, is FROBENIUS’S
FORMULA. We give a generalisation of Frobenius’s formula to genus g, originally appearing
in [Burll]. Interestingly, this formula also appears in a topological QFT context [DW90]—in
this vein, we find that Hurwitz numbers are nicely described by a FUSION ALGEBRA [Bea94],
since the Riemann surfaces they count can be recursively degenerated into sums over thrice-
punctured Riemann spheres. This result makes contact with the Verlinde formula [Ver88].
In particular, the genus 1 case simplifies to a trace of certain operators II; on the CLASS

ALGEBRA 3. This is our first Fock space.

The culmination of this chapter is Dijkgraaf’s proof |Dij95] that summing these traces
over 3 with simple ramification data produces the above infinite product formula . The
key step is to choose a basis indexed by Young diagrams, which diagonalises the operators
ITx on 3. The trace then turns into a sum over the eigenvalues of IIj, which we call the

PARTITION INVARIANTS py.

If we want to translate Dijkgraaf’s formula as a trace over different Fock spaces, our task,

therefore, is to define analogous operators whose eigenvalues are the partition invariants py.

ii



Chapter 2: Bosons and Fermions

With our task in mind, in Chapter 2, we formulate the FERMIONIC FOCK SPACE § in terms of
the exterior algebra, and the BOSONIC FOCK SPACE §) in terms of the symmetric algebra. We
define the Clifford and Heisenberg algebras to act on these Fock spaces, before axiomatically
constructing their VERTEX OPERATOR ALGEBRAS (VOAS). Following the exposition of
|[Kac98], we show that they are isomorphic by the Boson-Fermion correspondence, which goes
back to |[Sky71]. On the level of Fock spaces, fermionic states are SEMI-INFINITE WEDGES
[BOO00], which we index by partition and charge. The Boson-Fermion correspondence of the
$ and $H VOAs sends wedges to SCHUR FUNCTIONS, which are also indexed by partition
and charge. Finally, we realise the VOA of the infinite Lie algebra Wi, over the Fock
spaces § and ). It is in this VOA where we find the special II; operators we wanted, having

partition invariants py for eigenvalues.

Chapter 3: Boson and Fermions in the Symmetric Group

Now to close the circle of Chapters 1 and 2, in Chapter [3] we discuss a Fock space isomorphic
to the class algebra 3: namely, the CLASS FUNCTIONS X. This chapter presents an original
result that ‘quantises’ the characters of the symmetric group. In particular, we discover
a Heisenberg action of multiplication by the conjugacy class indicator functions dc. We
then employ the Boson-Fermion correspondence to obtain Clifford operators on the class

functions X.

We propose that characters form a ‘fermionic’ basis of class functions X: they can be
written as a determinant of induced trivial characters, and this determinant is diagonalised
as a product of Clifford operators. It is easy to explain the Clifford action through the
Young-diagrammatic decomposition of characters mentioned above. The Clifford operators
1/Jk,wT_k respectively insert arms or legs of length k into the Young diagram, moving the
character around the Young lattice; Heisenberg operators Jij are bilinears in the Clifford
operators, and so add or remove hooks of size k. This is proved using the Murnaghan-
Nakayama theorem [Mur63], [Nak41]. We compose the boson-fermion correspondence map
with the FROBENIUS CHARACTERISTIC MAP between characters and Schur polynomials,
following the classic exposition of [Mac95]. Through the bijection between class functions

X and the class algebra 3, we can elaborate on an intriguing comment by Dijkgraaf [Dij95,

§5]:

il



“The representation basis and the conjugacy class basis [...] correspond respec-

tively to fermions and bosons.”

The moral of Chapters 1-3 is that the Fock space isomorphisms:

Frobenius Characteristic Boson-Fermion
Y Y

3 = X S ks S

make physical sense of Dijkgraaf’s formula , as a trace over fermionic Fock space.

Chapter 4: Jacobi Triple Product

As a prototype for the physical arguments of Chapter [B] in Chapter [4 we prove the JACOBI
TrIPLE PRODUCT formula by equating U(1) characters of the isomorphic ) and § VOAs
|Gin89]. Out of physical interest, we then show how to sum these charged characters over
the four spin structures supported on the elliptic curve E, in order to obtain the expected

modular CFT partition function on E [Zhu96].

Chapter 5: Deformed CFT

Having established Dijkgraaf’s formula as a trace of Wy, operators over a Fock space,
we can synthesise Chapters 1-4 as a description of the PARTITION FUNCTION OF A Wi, -

DEFORMED CFT.

One advantage of the physical formalism we present is having access to OPEs, which
reveal analytic structure in the partition function, obscured in the combinatorial Fock space
picture. For example, it is natural to expect the partition function of a CFT to enjoy modu-
larity. We use the results of |[Dij97], which were verified in a recent announcement [GLT25|,
to obtain some modularity properties. Unfortunately our hopes of interpreting formula
as a generalised Jacobi form are dashed, since we find modular transforms of mixed
weight. However, the deformation produces QUASIMODULAR properties in the coefficients
of the partition function. For the deformed partition function given by Dijkgraaf’s formula
, quasimodularity was proven in [KZ95]; and in fact holds for a general Wi o.-deformed
partition function, as shown in the seminal result of [BO00|. Both of these results are in
the spirit of classical analysis. We cast Zagier’s new proof [Zagl6] of this quasimodularity
in a CFT context, finding that quasimodularity is a consequence of spectral flow and spin

structures on the elliptic curve.
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Chapter 1

The Symmetric Group and
Dijkgraaft’s Formula

1.1 Representation Theory of the Symmetric Group

To begin, we dive to the heart of the representation theory of finite groups. For a

detailed exposition of the subject, consult e.g. [FHI1, Part I].

Much of our work relies on the omniscience of the following functions:

Definition 1.1.1. The CHARACTER of a representation w : G — GL(V') of a group G over
a field F is the function
Xr:G—=F:gw—tr(n(g)).

Definition 1.1.2. The CLAss FUNCTIONS X(G) of a finite group G are the functions
f € L*(Q) that are invariant under conjugation, that is, f(h=tgh) = f(g) for all g,h € G.

The character x.(g) is an example of a class function, which depends only on the conju-

gacy class C, of g and the isomorphism class of 7. Define the shorthand x,(Cy) := x(9).

It is a striking fact that characters of the irreducible representations of G are orthonormal
under the following inner product on «, 8 € X(G):
1 _
(a,B)c = @ Z a(g9)Blg™) (1.1)

geG



and indeed the characters of G form an orthonormal basis for all class functions on G [FH91|
1.2.12].

Write |z¢,| = |24| = #{h € G : gh = hg} = % for the size of the centraliser of a
representative element g € Cy in a conjugacy class. It is well-defined by the orbit-stabiliser

theorem.

Proposition 1.1.1. The FIRST ORTHOGONALITY RELATION of characters X, X= € X(G)
18

1 _
(vaX‘rr/) = Z WXW(C)XN’(C 1) = 577,71-“ (12)
cec 7€

where C is the finite set of conjugacy classes of G.
Proposition 1.1.2. The SECOND ORTHOGONALITY RELATION of conjugacy classes C,C’ €
C is

> X (O)xx(C"7) = |zcldccr. (1.3)

TER

where w, ' € R, the finite set of isomorphism classes of irreducible representations of G

[FH91, 1.2.21].

1.1.1 Class Algebra

We decompose the group algebra by group Fourier transform, and find that the

centre has two natural bases.

Let a group G act on a finite set X. This gives a permutation representation F[X] over
IF, which is the vector space of linear combinations of formal symbols > o, [z], where
a, € F. The character of this representation is given by the number of fixed points of the
action:

x(9) = #Fix(g) = #{z € X|g.x = z}. (1.4)
To see this, it is enough to note that x(g) = >,y coeff. of [z] in [g.z].

Now, if G is finite, we can replace X by G itself, and let G act on itself via g.¢g' = gg’

for g,¢’ € G. This multiplicative structure lets us upgrade to:

Definition 1.1.3. The GROUP ALGEBRA F[G| of a finite group G is the set of linear
combinations dec aglg] of formal symbols [g], for ag in a field F, and g € G, with addition

and multiplication inherited from F and G.



Definition 1.1.4. The RECULAR REPRESENTATION F[G| of G is the linear, faithful repre-

sentation afforded by the group action of G on itself.

The module point of view is enlightening: given an F-vector space V and a representation

m: G — GL(V) of G over F, we place an F[G]-module structure on V' by

Z aglgl | v= Z agm(g)(v), ag€F,veV.

geG geG

Conversely, if V' is an F[G]-module, V is also a representation of G, by
m:G—= GL(V):g~ (v [g]v)

and an F-vector space, by av = (a[1])v, where 1 € G. Now this language lets us write the

regular representation of G as the F[G]-module F[G].

Now we attempt to decompose the regular representation.

Theorem 1.1.1. (Maschke) Fvery representation of a finite group G over F with charac-

teristic not dividing |G| is a direct sum of irreducible representations.

Proof. (Sketch of [FH91, I.1.5]) Let VIl be a subrepresentation of a representation V of G.
There is a procedure for finding its supplement, by using a projection operator P on V. If
V = VIl @ V7% is a decomposition of vector spaces induced by a projection map p, define

1
P:V—)V:v»—)Eng(g_lv).
G| %2

This is a morphism of representations. Then V = Im P @ ker P = VIl @ ker P, and ker P is
a subrepresentation of G. As G has finitely many irreducible representations, finitely many
iterations of this decomposition will terminate with V' = @ __p 79Mr  where m, € N are

multiplicities. O

In particular, for the regular representation over a field of characteristic 0 like C, we find:

Corollary 1.1.1.

ClG) = P n®dim™.
TER

Proof. From Maschke’s theorem, we know a representation is irreducible if and only if

Xxs Xx) = 1. In the regular representation, we have xyee(9) = |G|d41, so it is clearly
g g



reducible for non-trivial G. The result now follows directly from the orthogonality of char-

acters (1.2]), where the multiplicities of m € R in the regular representation are:

1 —_ .
(XTeg7X7T) = ‘G| E Xreg(g)Xn-(g 1) =dimm.
geG

The central object in what follows is:

Definition 1.1.5. The CLASS ALGEBRA 3(G) := Z(CIG]) is the centre of the group algebra.

In order to analyse it, it is easier to first display the Maschke decomposition of Corollary

from the module perspective:

Proposition 1.1.3. [FHI1, I1.3.29].

C[G) = [] End(Vx) (1.5)

TER

where V is the vector space associated to the representation .

This isomorphism is a powerful tool in the representation theory of finite groups. It has

a nice interpretation as:

Definition 1.1.6. The GROUP FOURIER TRANSFORM of ¢ : G — C is

¢(p) :=>_ @(9)p(g) € End(V7),
geG

where p is any representation of G.

The Fourier perspective of the isomorphism (L.5) views o =~ . a4lg] € C[G] instead
as the L?(@) function a : G — C: g — ay. Extending a representation p from G to C[G] is

then accomplished via a Fourier transform,
pla) =Y agplg) = a(p).
This gives the most natural description of the isomorphism ((1.5):

ClG) = [] End(Va) : a = (&(7))er -

TER



Furthermore the Fourier description also supplies the backwards direction of the isomor-
phism, by the Fourier inversion formula [FH91| 1.3.32]:

1 _ 1y s
alg) = @l > dim(m)tr (7(g™") - é(m)) -

TER

We now have the tools to analyse the class algebra: the central elements of [ End(V;)

TER
as a matrix algebra are linear combinations of the various identity elements 1g,q(v,). Their

image under Fourier inversion,

dim 7 _
(0, Lend(vy)s---0) = iR ZXw(g Ylgl, (1.6)
geG

will remain central in C[G]. In fact, recalling that characters form a basis of class functions,

a pleasant condition for centrality in C[G] is:
Proposition 1.1.4. a =3 - a4lg] € 3(G) if and only if o : g — oy is a class function.

Corollary 1.1.2. There are as many irreducible representations of G as there are conjugacy

classes in G, i.e. |R| =|C|.

Proof. One clear choice of basis for the class functions X(G) are the class indicator functions
{6c}cec, which return 1 if their argument is in C, and 0 otherwise. Their corresponding

elements in 3(G) are

ec =) [g, CeC, (1.7)

gecl
and this forms a basis by Proposition Hence dim¢ 3(G) = |C|.

Finally, to arrive at the desired equality, recall the isomorphism (|1.5)). By Schur’s Lemma,
End(V,) = C is 1-dimensional, thus

C| = dimc ] Z(End(Vz)) = [R].
TER

This corollary puts the irreducible representation basis of the class algebra,

dim 7 _
€xr = W Z X‘n’(C 1)60,
CcecC

which is the right-hand-side of equation (1.6)), on equal footing with the conjugacy class basis
from equation ([1.7]). We favour the representation basis since it diagonalises 3(G), with

Erlrr = 671',7\”67” (18)



as easily seen from the left-hand-side of (|1.6]). Passage between bases is via

_ ¥y [Ch(C)
66_7;{ dimm ™ (1.9)

as can easily be checked by using the second orthogonality relation (1.3[). We will denote
by C = 1 the conjugacy class of the identity, which is simply the identity. Then the
distinguished element e; € 3(G) is the element [1] € C[G].

1.1.2 Jucys-Murphy Decomposition

For the remainder of this thesis, G will be the SYMMETRIC GROUP S,,. We decom-

pose S, by partitions, via two distinct approaches.

First, we will index the conjugacy classes of S,, by the set P, of integer partitions of n. We
denote a partition A € P,, by A = (A1,... Agn)), where Ay + ...+ Ayx) = n, and £()) is the
length of the partition.

Definition 1.1.7. The CYCLE TYPE of o € S,, is the ordered tuple cyc(o) := (01,...,0n),

where o; is the number of cycles of length i in the factorisation of o into disjoint cycles.

This is sometimes written cyc(o) = (192272 ...n°"). Notice that specifying a cycle type

cyc(o) of o € S, is equivalent to specifying a partition A = (101,209, ...,n0,) of n.
Proposition 1.1.5. The conjugacy classes of S,, are indexed by partitions of n.

Proof. Any conjugacy class of S,, consists of elements of equal cycle type. This is because the
entries inside the cycle factorisation do not affect the conjugacy class, because conjugation

in the symmetric group is simply a relabelling of elements:
m(araz ... )71 = (1(a1)7(az)...). (1.10)

Therefore to specify a conjugacy class it is necessary and sufficient to specify cycle type,

which by the above comment is equivalent to specifying a partition of n. O

Secondly, we will index the irreducible representation classes R, of S, by partitions,

exploiting the rich inductive structure of S,,. That is, we will consider S,,_1 as a subgroup



of S, specified by the set of elements in S,, fixing n. This induces a subalgebra C[S,,_1] in
C[Sn]-

The essential piece of machinery is:

Definition 1.1.8. The JUCYS-MURPHY element is
M, = (1,n)+(2,n)+---+ (n—1,n) € C[S,].

For cosmetic reasons we let JM; := 0. These elements were discovered independently by
Jucys [Juc74] and Murphy [Mur81]. Recent literature, e.g. [VOO04], understands them as

generators of the maximal commutative subalgebra of the group algebra.

It is illuminating to write the Jucys-Murphy elements as the difference of central elements
in 3(S,) and 3(S,—1):
M, = €Tty — €T(n_1)s (1.11)

where 7y is the conjugacy class of a transposition in Sk.

Theorem 1.1.2. An irreducible representation m € R,, when restricted to the subgroup
Sp_1 C Sy, splits into a sum of irreducible representations ©' € R,,_1, with simple multi-

plicities.
The strategy of proof we employ is classical, and relies on:

Definition 1.1.9. The YOUNG DIAGRAM Y is a subset of N? such that (x,y) € Y implies
(2,9 )eY for1 <z’ <z andl <y <y, orienting the x-axis south and the y-azis east.

The set of Young diagrams of n entries is denoted Y.

Write " < 7 if 7’ occurs in 7| g We will set up a bijective correspondence between R,

n—1°

and Y,, such that 7’ < 7 if and only if the corresponding Young diagrams satisfy Y’ C Y.

The graphical avatar of a decomposition of 7 is a path descending from Y in Young’s lattice:

Definition 1.1.10. YOUNG’S LATTICE is the set Y = U2 oV, partially ordered by subsets,
as pictured in Figure[1.1]

Proof of Theorem [1.1.9 following ([LZ04], A.1.B). By restricting once,

s, = P . (1.12)
' <
' ERn_1
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Figure 1.1: The frist few layers of Young’s lattice.

Continuing this restriction, we can split 7|g into a direct sum in R,_3, and so on.

-2
When we arrive at Sy, it is clear that 7 splits into a direct sum indexed by the chains
h:m<---<m,=m, with 7, € Ryg.

By equations and (L.9), we find that multiplication of basis elements of the class
algebra ec and e, is simply multiplication by a scalar, the so-called CLASS MULTIPLIER

v (C):
_ [CIx«<(C)

gl vr(Cenr, (1.13)

€cér

Define a left action of S, on the set R, as scalar multiplication by the class multiplier,
gm = v, (Cy)m.

In particular, the transposition element (1"722!) € T(n) acts on representations ™ € R,
and every subrepresentation 7’ < 7 as multiplication by a scalar v,(7(,)) € Z. Using the

expression (|1.11)), we find JM,, acts on 7/, for 7’ € R,,—1 as multiplication by
)\n = Vfr(,]-(n)) - 1/71"(7—(71))

So by applying the Jucys-Murphy elements all the way down the decomposition chain II :
m < --- < m, =, we prescribe a series of n weights A(II) = (A1 (I),..., A\, (I)) € Z™ to
the decomposition IT of 7.

Conversely, these weights uniquely determine the decomposition, and thus 7 as well. The
prescription is: a weight vector A € Z™ must satisfy (i) Ay = 0; (ii) Vj > 1, 3i < j such that
[A; — Al = 1; (iii) if \; = A; for some ¢ < j then A; —1 and A; + 1 occur amongst { A }ick<;-
Furthermore two weight vectors A(IT), A(II') correspond to the same representation if and

only if one is a permutation of the other. This means 7 is uniquely characterised by a



multiplicity-counting function f(r) = #{i : A; = r} of all the occurrences of r in the series.

To establish the desired bijection between the Young diagrams ), of n cells and the
irreducible representation classes R,, we first map ¥ € ), to f : Z — Z>( satisfying

>, f(r) = n, and having finite support, where inside its support

fr+1) = f(r) € {0, [r| = [r + 1]}

This is accomplished by inscribing & — y at each (x,y) € Y:

012 3\

o1

ol (1.14)
—r

The required function is f(r) = #{(z,y) € Y : « —y = r}. Pictorially one constructs f(r)
from Y by counting the number of boxes in the r** off-diagonal x = r +y in ¥ C N2,
So f must sum to the number of boxes of Y. The support is the finite interval between
min{y : (z,y) € Y} and max{z : (z,y) € Y}. Finally, if the 7" off-diagonal of Y is non-
empty, then the (r + 1)* off-diagonal is either the same length, or possibly one box shorter

for > 0, or possibly one box longer for r < 0.

Conversely, given f with the aforementioned conditions, the corresponding Young dia-
gram is Y = {(z,y) € N? : min(z,y) < f(z — y)}. The pictorial construction, in which f(r)
is the length of the r off-diagonal, is made obvious by writing Y = U,cz Uzen {(z,2 —7) :
min(x,z —r) < f(r)}. This is the union of diagonals of length f(r), finite since f has finite

support, and since the length of the diagonals sums to n, we have Y € ), as desired. O

Remark 1.1.1. A Young diagram Y € Yy, if drawn, is quite literally a partition A € P, of
n into the number of boxes in each row. So there is a four-fold bijection C, =Py =V, X R,,.
In what follows, where the meaning is obvious, we freely write an integer partition \ in place

of its corresponding representation wy or conjugacy class C.

1.1.3 Class Multipliers



Our last task is to compute the class multipliers v, (7 ), as they determine the weights

of the decomposition.

It turns out that the inscription procedure ([1.14) can be used to calculate arbitrary class

multipliers v, (C'), and so deserves a name:
Definition 1.1.11. The CONTENTS of a Young diagram Y € Y, is the tuple
cY)= (x—y| (z,y) € Y) cz".

It is well-known [FH59, 1.1] that the following elements {Z;};~o,...» form an alternative

.....

basis of the class algebra 3(S,,):

Zy=" > eo, (1.15)
Yy ixi=n
S A=k

We interpret Zj; as a sum over classes in C,, having k cycles, i.e. a sum over all elements
o € S, such that Y. | cyc(o); = k, where cyc(o) is the cycle type of Definition m

Equivalently this is a sum over Young diagrams of n boxes with k rows.

Proposition 1.1.6. [Juc74, §3] The elementary symmetric polynomials e,, in the Jucys-

Murphy elements form a basis of the class algebra 3(Sy,) via
Znem = em(IMy, ..., IM,,)  form=0,...,n.

See Section for a primer on the symmetric polynomials &,,. Now {e,}m=o0,..n
freely generate &,,, so there is a homomorphism between the &,, and 3(S,,) given by f +—
FUMq, -+ JIM,,).

Proposition 1.1.7.
FUMy, . IMy e, = fle(N))er,,
where f € &, is any symmetric function [JucT4, §4].

This result allows us to calculate class multipliers in terms of contents.

Example 1.1.1. The transposition basis element in 3(S,) can be expressed in terms of the

first power-sum polynomial pq,

T = Y IM; =pi(IMy,...,IMy,),

i=1

10



by definition of the Jucys-Murphy elements. So to calculate the class multiplier vy (T)), by
Proposition we need only evaluate the sum of the contents of the partition \ associated

to m:

2 2

R (A — i) — i F_ A —i
z/,\(T(n))_Pl(C()\))_Z(()\Z Oiix D B 08 +1)>

(1.16)

-3 ((Ai —i?— (Al - i)2>

In the above calculation, \' is the CONJUGATE PARTITION to A, defined in terms of their
corresponding Young diagrams by

Yy =Y, (1.17)

i.e. transposing x and y.

1.2 Frobenius’s Formula

How many ways can we factorise the identity of a finite group? We give a modern
topological interpretation of Frobenius’s classical solution, and show that it satisfies the

axioms of a fusion algebra.

Our goal is to calculate the number of factorisations of the identity 1 € G:

k
1
Zo(G;C,...,C) = @#{(Cl, k) €CL X x gt [[ e =1}, (1.18)

for G a finite group, with fixed data of conjugacy classes Ci,...,Cr € C. An elegant

computation of this number by representation-theoretic means is:

Theorem 1.2.1. (Frobenius’s Formula)

C1) - Xr(Ck)
(dimm)k=2  °

Cql---1C .
Zo(G;Ch, ..., Cp) == | 1||G2| k| > X (1.19)
TER

Before we prove this formula, note the special case:

Example 1.2.1. For k = 2, equation reduces to the second orthogonality relation

3. t

1
Z(C, C/_l) = @(SCC/,

which indeed matches equation .

11



Proof of Theorem[I.2.1} This formula was first produced [Fro00] while the representation
theory of S,, was nascent. We take the elegant approach of [LZ04, A.1.9]: let the product
ec, - - ec, act by left multiplication on both sides of the isomorphism , then equate the
traces of this action.

On the left-hand-side, the multiplication is by a formal sum of [¢; ---¢g] for ¢; € C;.
Now the trace of left multiplication by [g] on C[G] is either |G| if ¢ = 1, and otherwise 0.
This trace is essentially the character of the regular representation C[G]. Since the
non-vanishing trace occurs for ¢; - - ¢, = 1, the trace of ec, - - - e, -multiplication on C[G]
is |G|?Z(G;Cy, ..., Ch).

Now the isomorphism was a Fourier transform, so the Fourier-transformed Hle ec;-
multiplication acts on 7 as multiplication by H:;l vz (C;), and so the trace of this action is
(dim 7)2 T2, vx(C;), noting that End(V;) is a (dim 7)2-dimensional space.

Equating these two traces gives

2 k
Z(G;Ch,. i) = Y (XIWCE’II)> Hyﬂ(ci) (1.20)

which, after substituting the class multiplier definition (1.13]), is exactly Frobenius’s formula.
O

The topological interpretation of Frobenius’s formula is very elegant. On the k-punctured
genus 0 Riemann surface X4—9 — {P1,..., Py}, with each puncture decorated by a label

(1,...,n), the fundamental group is simply

(= A{P,, Pe}) = {5 o =1)

and Zy(G;C4,...,Ck) counts the number of homomorphisms p : 71(Xy) — G with pre-
scribed data p(v;) = C; around each puncture. So long as G acts faithfully on some finite
set, e.g. G = S, acting on {1,...,n}, our interpretation is: each p corresponds to a (not
necessarily connected) covering of ¥y with ramification points {P,..., Py}, such that the
permutation of this finite set induced by the local monodromy about P; belongs to the

conjugacy class C;. Then Zj counts exactly the number of such coverings.

Naturally, we can play the same game with the coverings of genus g > 0 Riemann

surfaces. The fundamental group of the genus g surface ¥ is

Wl(zg) = <a17'~~,a97517'“a59 | [alaﬂl} [agaﬁg] = ]->a

12



where [, 8] = aBa~1B71. We can apply the Seifert-Van Kampen theorem to derive the

appropriate expression for the genus ¢g punctured Riemann surface £, — {P,. .., Py}

1

Zg(G;Cl,...7Ck)' #Hom(m(Zg—{Pl,...,Pk})7G)

el
1
— @#{(ala~..7ag7bla~..;bgacla~..7ck) c G29 X Cl X oo X Ck'[G'l,bl]"'[agabg]cl"'ck — 1}
(1.21)
Remark 1.2.1. The upshot is that Z,(C1, ..., Cy) is a count of monodromy representations

of cycle type {\1,..., A}, where \; = cyc(C;) and C; € Cq. Crucially, this gives the
identification with the connected Hurwitz number of Definition [A.]],

Zg(Ch,...,Cr)=H 4 (M,..., ),

h—g
due to the bijection between monodromy representations and covers of Riemann surfaces,

given in Theorem[A.4 See Proposition[A.1] for the proof.

The following formula, an arbitrary genus analogue of Frobenius’s [Fro00], was discovered
in physics in the context of topological QFT with finite gauge group [DW90|. It goes back

in a sense to an exercise by Burnside [Burlll §238].

Theorem 1.2.2. For g >0,
dim 7\ 2% &
Zy(G;Ch,.. . C) =) (|G|) [v-(Co). (1.22)
™ =1

There is a simple generalisation of the g = 0 proof above, which hinges on the first
orthogonality relation (1.2). Instead, to make contact with the upcoming section on fusion

algebras, we base our proof around the so-called ‘Kommutator’, coined in [CM16, §9.2]:

Definition 1.2.1. The KOMMUTATOR is

8= Z |zcled € 3(G).

ceC

One should think of 8 as a way to express the sum of all commutators in G (with
multiplicity) as an element in the class algebra 3(G). More precisely, denote by M the set of
ordered monomials in the formal expansion of the quadratic ). ezc, without multiplying

any elements of the group. Consider the function
k:GxG— M :(a,b) — [a,b)

13



This is surjective; furthermore, for every a € G which appears in a monomial of the form

aa in M, the number of pairs whose commutator produces ad is |[x~1(ad)| = |24]-

We can now express Z as the solution to a multiplication problem in the class algebra.

Lemma 1.2.1.

1
|G‘ [eﬂﬁ ec, ***eq,- (1.23)

where [e1] is an instruction to select the coefficient of e = 1 € 3(G).

Zy(G;Cy,...,Ch) =

Proof. We are concerned with counting all the tuples
(a1, yag,b1, . by Cryenycp) €GP x Oy x -+ x Cy,
such that
[a1,b1] -+ - [ag, bgler - cp =1 (%)
Expanding (3 ccc e%)g ec, -+ ec, as a sum of monomials, we can find terms of the form
a1dy - - agaycy - cy

which satisfies (*) when a; = (bja;b; ')~ . Such a term arises [[7_, |z,,| times. In order to
introduce this multiplicity into our count, we weight our sum appropriately, by inserting a
factor of |z¢| in front of €2 in the sum (3 .cc ec) But this is exactly R9. Therefore, by

selecting the identity coefficient of RIC] - - - C, we obtain the desired count of tuples. O

Proof of Theorem[I.2.2. We rewrite £ using equation ((1.9) and the orthonormality e e, =
Oxnen of the representation basis (|1.8):

_ Clx~(C)*
ﬁ—zc:\zdec Z|z |Z< d1m7r er.
Rearranging and using the identities 3 X=(9)? = |G| and |z¢| = |G|/|C], we find
2
ﬁzzﬁz‘cbﬁr(C)Qeﬂ' :Z ZXT{' Er = Z |G‘ €r.
— (dimm)? S - dlmﬂ' — \dim7

We can also simplify the product by using the class multipliers (1.13)) and orthonormality

9):

ec, - -ec, = (Z Vny (01)67”) s (Z Vn,. (Ck))eﬂ'k>
k
= Z <H Vw(ci)> e

14



Incorporating both of these expressions into equation ([1.23) gives

2g k
Z4(G;Ch, ..., Cy) = ﬁ[el]z (dlitr) (H VW(C¢)> €r.

Simply return to the conjugacy class basis ([1.9)) with

_ dimm (dim )2
Er = Xﬂ' = ——e€1+t...,
a2 cl

to extract the coefficient of the identity e;.

1.2.1 Fusion algebra

Definition 1.2.2. [Sch08, §11.4] The FUSION ALGEBRA (V, 1, F'), where V is finite-dimensional
C-vector space with a distinguished element 1 € V; where F' = (Fy)gez., is a family of

functions on the symmetric algebra F, : S(V) — C which for every g € 720, and every
fi,---s fn €V, satisfy

1. (Constant Vacuum) Fy(1,...,1) := Fp(1).
2. (Linearity) f— Fo(f1,-.., fj, fo fi+1,-- -, fn) is C-linear in f € V.

3. (Non-degeneracy) (f1, f2) — Fo(f1, f2) is non-degenerate.
Define a pair of bases of V:
(b;), (W) such that Fy(bi,b7) = .. (1.24)
Then in addition the FUSION RULES must hold:

F1. (Genus reduction) For g > 0,

Fg(fla-“vfn)zz g— l(ijb f17'~-7fn)~
J

F2. (Puncture reduction)

Fg-‘rg’(fl?'--afnvf{v--.vf;n) :ZFg(f17~'-afn7bj)Fg'(bjaf{7~'~7f7/n)'
J
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X*€C,

F NaY >
g *e
Cy
*eco, ec*
=>F NaY NaY% s NaY%
*eo, €7

Figure 1.2: Fusion by genus reduction.

This notion arose in the study of the Verlinde formula when calculating dimensions of

conformal blocks, e.g. |Bea94, I1.5]. We have met a fusion algebra already.

Proposition 1.2.1. (3(Sd),el, (Zg)gezzo) is a fusion algebra.

Proof. By the class algebra version of the Frobenius formula in Lemma[T.2.T} Z, is a function

on 3(S,) viewed as a vector space, so by abuse of notation, we will write
Zg(ecl, ey ecn) = Zg(Cl, e ,Cn)

interchangeably. From the results of the previous section, the class algebra 3(S4) equipped

with Z, satisfies conditions (1) to (4) of a fusion algebra, as follows.

Firstly, Z, is defined on the symmetric algebra of 3(54) because by definition (1.21) of

Z4, we are counting the set

M = {(a1,..,ag,b1,. .. by, 1, ) €839 X Oy X -+ x Oy |

[a1,b1] - [ag, bgler -+ - cp = 1}

Since ¢;ci+1 = ciH(c;rllcicHl), we can swap arbitrary C;, Ci41.

The constancy of vacuum condition (1) holds by definition. The linearity condition (2)
can be checked using the class algebra expression for Z; in Lemma Finally, condition
(3) becomes exactly the second orthogonality relation , which is non-degenerate by

definition.

The fusion rules (F1) and (F2) are so-called ‘degeneration’ formulas, of which there are

many variants in the Hurwitz literature, e.g. [CM16, 7.5.1]. We give a combinatorial proof

16



of (F1). Define

. 2g—2
Ne :={(a1,...,ag-1,b1,...,bg—1,¢,¢,¢1,...,¢) €57 " xCxCxCyx---xCp|

[al,bl] s [ag_l,bg_l]éccl e Cp = 1}
There is a map M — g No given by
(@1,...,ag,b1,...,bg,C1,...,Cp)
— (al,...,ag,l,bl,...,bg,l,(agbgag_l),bg_17cl,...7cn)

Our topological interpretation of M tells us that we have exchanged two ‘genus generators’
for two ‘puncture generators.” Before and after the exchange, the multiplication of all factors
remains equal to the identity. Also note that ¢ and ¢ are in the same conjugacy class, since
in S4 every element is conjugate to its inverse, as can be seen through equation .
The map is surjective. To see this, take a tuple in N¢ for some conjugacy class C. Then

its inverse image in M consists of tuple where b, = ¢!, and ag satisfies the equation

1 -1 _ =
agC ag = C.

But since ¢, ¢ are in the same conjugacy class C, there are precisely |z¢| solutions.
We define the pair of bases (1.24) of 3(S;) to be ec and

e = |zolec—1 = |zolec,

which satisfy Zy(ec, eCl) = d¢,c’, by Example
Finally we can compute the size of M by adding the sizes of the inverse images:
M| = 3 JeclINGl.
cecC

Hence

Zg(ecy, ... ec,) = Z Zy1(ec, e ecy,. .. ea,).
cecC

An alternative one-line proof of (F1) uses the Kommutator equation (1.23) for Z;:

1 _
Zg(ecy,- .. ec,) = ﬁ[el]ﬁﬁg leo, - ec, = Z Zy1(ec,e® ec,,. .. ec,).
' c

where the last equality follows from substituting Definition of the first factor of &.

17



As for fusion rule (F2), we factorise the Kommutator equation (|1.23) for Z . o into two
parts, then factorise the coefficient selection [e1]fh =3 ﬁ[ecfﬂf[ec]h for f,h € 3(Sq):

1 /
_ +
Zg+g'(€clv~-~7ecnv€c;7---7604") = E[el]ﬁg Yec, Trec,€cy ecy

m

m

1 1 /
= d Z @[60—1],@9@(;1 ---eo, lec]RY ecy - ecy
e

1
= gletlfecec, "'ecnifc,'[el]ﬁg/ec-leq ey,
c ’
= Z Zg(ec,ecy,--- ,eC")Zg/(eC, €cy, -y €ecn)-
C

O

Many other parallels emerge as easy consequences of our definition of fusion. First we
present the analogue of the genus g Frobenius formula (1.23]), which is a type of Verlinde

formula.

Lemma 1.2.2. In the notation N}’ffj = Fo(fi, f5,V%), the product
k
fir fi= ZN})’ifjbk
k
induces on V' the structure of a commutative and associative algebra with identity 1.
Proposition 1.2.2. (Verlinde Formula, c.f. [Ver88, 3.14])
Fy(fiy- oo fn) = Fo(R9 - fiooo fu),
for &=73%,0b; b
Proof. Firstly, we proceed by induction on n € Z> to prove:

E‘](f17~-~afn) :El](fl fn)

The case n = 1 is trivial. Assume this holds for n > 1. We may use fusion rules and the

18



inductive hypothesis to deduce

Fg(flv"'afn FQZFO fl’f% ) (ijf3a"~afn)

Z f1f2 bJ7f3""’fn)

ZNflbejafﬁ'u"'afn

=Fy(f1- fo, fas-- s fn)
=F,(fi- . fn)

With this in hand, we can rewrite:

“Z Lt ) 2R, Zb - f ) = Fya(®- ),

and therefore Fy(f) = Fy(RY - f) by iteration. Set f = fi-...- f, and we are done. O

Remark 1.2.2. We briefly draw an analogy to rational CFTs on the torus with N primary
operators {®;}i=o,... N1, each corresponding to an irreducible representation H; of some
chiral algebra. The characters of this theory are Z; = try, (qLO*C/M), and the fusion rules
are ;X ;= ;. Nz”3¢k [Ver88, 2.2]. A modular S-transformation T — —1/7 acts as unitary
matriz multiplication Z; — Zj Sij. Surprisingly, this matriz diagonalises the fusion rules

[Ver88, 3.11],
SnsnSik
k J 3 n

Likewise, multiplication in the conjugacy class basis of the class algebra is encoded the

structure constants

ccrecy = 3 NE.opec (125
ceC

determined by Zy(G; Cy, Cg, C;l) = T5a ‘NC Cy Just as with fusion rules, the matriz N, =

(Ng;cﬁ)ﬂ,'yecd can be diagonalised. The base change is given by the class multiplier matriz

v=(Vp (C))ﬂng,Cecd‘
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1.3 Dijkgraaf’s Formula

We now turn to Dijkgraaf’s celebrated quasimodular formula [Dij95], originally writ-
ten down by Douglas [Dou95|. We will follow Dijkgraaf’s topological proof closely. See

Appendix A for a primer on Hurwitz theory.

The primary object of interest is the generating function of simple disconnected Hurwitz

numbers:

H*(q,7):= ) He ., (Ta)a' =y

(d,b,g)ERHp

These are the weighted number of degree d covers of the genus i Riemann surface by
Riemann surfaces of arbitrary genus g, possibly disconnected, with the ramification data
of a transposition 7(4) in Sgq at b many branch points. The sum is over the set RHj, of
solutions of the Riemann-Hurwitz formula for simple ramification k; = 2 at b many
branch points, and genus h target curve. Since the ramification indices sum to Zle k; =0,

the solution set is

RHy, :=={(d,b,9) |29 —2=d(2h —2) + b and d,b,g9 € Z>(}.
Henceforth we count covers of the elliptic curve by fixing h := 1. This choice weakens the
Riemann-Hurwitz constraints to b = 2g — 2 and d € Z>y.

Define the infinite product
Z(w,q,x) := H (1 + wq“e%“2> (1 + wilq“e*%‘ﬂ) . (1.26)
a€+7220
Theorem 1.3.1.
H*(q,7) = w° coeff. of Z(w,q,x). (1.27)

Proof following (D795, §4]. By Proposition the h = 1 case of our Verlinde formula for

Z is a trace:
Zl(ecl, ey eCn) = Zo(ﬁecl tee ecn)

= Zy(e ec, - ec,ec) (1.28)
C

= tr3(sd)(ecl T ecn)
for the inner product Zy(-,-) on 3(Sq). Following Remark [[.2.1] we know the Hurwitz

numbers are exactly calculated by Z, and in particular H* (Tb) A (eg—(d)).
9%
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Putting these formulas together, the Hurwitz potential is:

b

. x

H*(q,2) =) trs(sd)(ebﬁd))qdﬁ
RH;

= > q'tras,) (€"7) (1.29)

dGZZO

— Z q\kleﬂwx(Tm)

AEP
where vy are the class multipliers defined in (|1.13).

Dijkgraaf’s key insight was to recognise |A| and vy as PARTITION INVARIANTS:

pe(A|B) = % (Z <a + ;)k = (-i - b>k> . ABCZso.  (130)

a€A beB

Definition 1.3.1. The FROBENIUS COORDINATES of a partition A € P are
Y= (Ax|By) = (a1, -, aaq0) [ b1, - -5 ban))

where d(X) € N is the length of the longest diagonal (x = —y) in the Young diagram Yy of
A. The positive integers ag > -+ > aq(xy = 0, the arms of Y, and by > -+ > byxy > 0, the
legs of Y, are the number of cells to the right and below, respectively, the cells of the v = —y

diagonal.

N | \4

Figure 1.3: A Young diagram of the partition A = (5,3,1,1) with Frobenius coordinates
(4,1[3,0).

When evaluated on Frobenius coordinates, these are exactly the eigenvalues we need:
d(>) 14 1 1
p1(Yy) = Z (ai +b;+1) =X, pa(Yy) =3 Z ((ai +5)2 = (=5 - bi)2> =vx(T),

, 2 ¢
i=1 i=1

where the latter class multiplier calculation is given in Example
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We could also consider (A | B), made up of two arbitrary finite subsets A, B C Z>q. This
will not in general be coordinates of a partition, unless po(A|B) = #A — #B = 0. This
forces (A| B) =Y, for some partition .

Now expanding the infinite product Z(w, g, z) as a power series, each term is associated
to a choice of two finite subsets A, B C Zx>o:

Z(w,q,x):pr“(A‘B)qpl(A‘B)EZM(A'B) (1.31)
AB

Selecting just the w® term in this expansion enforces po(A | B) = 0, so that (A | B) =Y for

some partition A. Therefore the sum is
w? coefficient of Z(w, ¢,z Z gPr () gzp2(V2) Z gMe (Tix)
AEP AEP
which exactly equals the trace expression (|1.29)) for the Hurwitz potential.
O

Remark 1.3.1. In the string theory of an elliptic curve target space, one would include
the so-called free energy of 1/24. In the sequel we include this physically motivated term,
understanding it as the contribution of a degree zero ‘constant map’ anomaly. Mathemati-
cally, this is not present in the Hurwitz theory, but is necessary for quasimodularity of the

generating function.
First split the generating function into
b
=S (T = S O X A (T
d,b>0 b! d>0 d,b>1

where we have distinguished the covers for which both target and source have genus 1, and
are therefore unramified, with b =0 by the Riemann-Hurwitz formula.

The disconnected Hurwitz number Hl' o 1(@) with degree d > 1 is exactly the number of
conjugacy classes in Sq, which equals the number of partitions p(d) of d. So by a standard

generating function argument,

. 1
d>1

the inverse of the Buler function ¢(q) = [[;=,(1 — q%). By the disconnected-connected
relation e!” =1+ H®, [CM16, 10.2.1], we see HY_,1(0) = —In¢(q).
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The degree d = 0 free energy prescription is to set %LFOHfﬁl(q) = —1/24, where g = €'
[Dy95]. After integration, one finds

H;1(a) = —53 g~ Ing(q) = ~ (o)

where 1n(q) is the Dedekind eta function, the free energy of an elliptic curve string theory.

In order to implement this in the trace formalism of the above proof, we express equation
11.29) as

H*(q,2) = trggp 35, (¢7e™),
in terms of the operators

Ll3(ssy =dy - Wlz(sy) = €700

The free-energy prescription suggested by string theory simply changes L to L — 1/24.
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Chapter 2

Bosons and Fermions

Dijkgraaf’s formula, proved at the end of Chapter [1) seems physical by nature: it is
a trace over a ‘Fock space’ of the class algebra. This chapter is dedicated to exploring

various Fock spaces, and algebras on them.

2.1 Free Fermions

2.1.1 Infinite Wedge

We will first construct the Fock space for free fermions. We will construct a vector
space from the infinite subalgebra of the exterior algebra, in order to impose Fermi-Dirac

statistics.

Definition 2.1.1. The EXTERIOR ALGEBRA of a vector space V is

NV =TV)/I,

where
oo

(V) =pver

k=0
is the tensor algebra of V', and I is the (two-sided) ideal generated by elements of the form

v®v forv eV, with wedge product

uAw:=u®w (mod I).
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Given a ring B of characteristic 0, define a C-vector space V(B) whose basis elements

are i, where the index runs over all i € B.

Definition 2.1.2. The FERMIONIC FOCK SPACE [Kac85, 14.9]

ir€B, VkeN
F(B) := spang { /\ i S }

ip41=1k—1, VE>0
keN k+1 k

is the C-vector space whose basis elements are SEMI-INFINITE WEDGES taken from the
subalgebra V (B)®> /I of the exterior algebra \ V(B), and we index the entries of said wedges

by the natural numbers N :=Z>;.

For our purposes, the entries in the wedge will take values in Z or F := Z + %, which we

call the RAMOND (R) and NEVEU-SCHWARZ (NS) sectors, respectively.

Definition 2.1.3. The VACUUM VECTOR of charge m € B + % s

lmyp =m —1/2Am —3/2A\--- € F(B),

where B is either Z or F.

For example, [1/2)g =0A—=1A—=2A--- and |O)ns = —1/2 A =3/2 A —=5/2 A ---.

Definition 2.1.4. A vector v € F(B) has CHARGE m if v differs from |m)p in finitely many

entries.

Definition 2.1.5. The WEDGE COORDINATES of a partition A € P at charge m are

1
XA;m:{)\jj++m} CF+m.
2 p
jEN

One way to think of the X, coordinates is as the entry-wise difference of a charge m
vector A\, ix and the charge m vacuum |m), given by i, = A\x — j + 2 + m, creating a
finite integer partition A with Ay = 0 for £ > N > 0. Therefore we can compactly label any

charge m vector by
[A;m) = /\ i
iEX)\;m

Notably, the charge 0 wedge coordinates X .9 are in bijection with the Frobenius coordinates

,,,,,

1 1
FsoNXyo = {04 + 5,...7(151()\) + 2}
(2.1)

1 1
Feo—Xpo=9-b1—=,...,—b — = 0.
<0 ;0 { 1 9’ ; d(\) 2}
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In this notation, the vacuum vectors are given by trivial partition |m) = |;m). In fact
any subset X C Z + m that is bounded above and whose complement is bounded below
defines a state /\;,cx i € F(Z +m). This gives a DIRAC SEA interpretation to the fermionic
Fock space: the holes are legs; the occupations are arms.

Clearly, we can grade the Fock space into sectors of charge m, §(B) = B, ,c511/2 T (B),
where F™ = {|A\;m)}xep. We require {|\;m)}rep meni1/2 to be an orthonormal basis of
F(B), with inner product

(s m[A;m) = 0y \Gmn, (2.2)

a la Dirac bra-ket notation.

Example 2.1.1. A quick way to calculate the wedge coordinates Xy, from a Young diagram
Y\ is to cut the Young diagram in two. In the Neveu-Schwarz sector with m € Z, the cut
is along the diagonal x = —y — m; in the Ramond sector with m € F, we cut the zig-zag
r = —|y+1/2+m]. Then in the k" row of the diagram, count the number of boves
i, € F4+m to the right of the diagonal (negative if the boxes are to the left). See Figure .

‘s ‘3% :
<. 11 .
S 2 !
. % : 2
N 0
L 7 Ty
[]
7 3 1 5 9 1
' L) = cASA—A—2A—ZA ) =2A0A—2A-3A
|_4 ) > 2 2 72 72 72 ‘5:172> £ /Y

Figure 2.1: Cutting Yy along the m*™ diagonal determines the charge m wedge coordinates

Xxm- On the left is a Neveu-Schwarz cut, and on the right is a Ramond cut.

Remark 2.1.1. We can rewrite Frobenius’s partition invariants in terms of the wedge
coordinates Xy,0 of the Neveu-Schwarz sector S(O)(F) :

1
k!

= [ S A Y A =SS (i1 - (i 1/2)Y) (23)

F>oNXx;0 Feo—Xx0 JEN
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using equation . The fact that these invariants take the form of differences is an artifact
of ‘normal ordering’ the Frobenius coordinates relative to charge 0, that is, relative to the
x = —y diagonal of Y.

This suggests a generalisation of partition invariants. Cut along the m™ diagonal of Yy,
by the procedure of Example dividing it into an unequal number of arms and legs.

Define the CHARGED PARTITION INVARIANTS:
1 k k
Pi(Xam) = o Z z” — Z zv | . (2.4)
F>oNXx;m Feco—Xx;m

As an application of these invariants, consider the charge m € Z Neveu-Schwarz sector
F(F). The difference in number of arms and legs is po(Xx.m) = m. By substituting the
invariants into , we immediately see that the Dijkgraaf’s partition function is

Z(w7 q, x) — Z wp(J(XA;nL)qpl (XA;m)exfh(X)\;m) (25)
MELNEP

In particular, we can view the w™ coefficient as a trace over charge m Neveu-Schwarz Fock

space.

Introduce the wedging and contracting operators 1; and %T- for j € B, whose action on
v e FB) is
v =3 Av,
o u if v can be expressed as j A u for some wedge u € §(B),
D =
J
0 otherwise.

Wedging and contracting are adjoint under the inner product (2.2)) on F(B).

Definition 2.1.6. The CLIFFORD ALGEBRA Cl of V, where V is a vector space equipped

with a symmetric bilinear form (.|.), is the tensor algebra quotient
CWV)=T(V)/I
where I is the (two-sided) ideal generated by elements of the form u®v—(ulv)ly foru,v € V.

It is natural to define a Clifford module over F(F). Indeed, the wedge and contraction
operators, together with a central element 1, generate Cl := CI(V(F) @ V(F)") with the

bilinear form (i[;1) = d;;, (i|j) = 0 = (i'[;'), where we decorate the elements of the second
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vector space with a dagger (which is purely cosmetic, and does not denote conjugation).
After quotienting, the vector space elements i € V(B) and i € V(IB%)T correspond to v; € Cl

and 1/13 € Cl, as they obey standard Clifford anticommutation relations:

(i 1} =051, {1} =0={y] ¢!}, forallijeF. (2.6)
Proposition 2.1.1. The Cl-module § is irreducible.

Proof. Any finite linear combination of wedges can be projected onto a single wedge by
applying a finite series of wiz/};r and ¢2 1); operations; any single wedge is obtainable from
any other by a finite number of wedge and contraction operations. Hence any non-zero

submodule must be the full Cl-module. O

Consider the Clifford action on vacua. The vacuum state of charge m = 0 is a ‘Dirac

sea’ in which all negative modes are ‘empty’ and all positive modes are ‘occupied’:
1;]0) = 0 for j <0, ¢!|0) =0 for j > 0.

Definition 2.1.7. The CREATION operators with respect to a vacuum |m) are ¢;<m and

+

Yj>m. The ANNIHILATION operators with respect to a vacuum |m) are Vj<n, and 7/’j>m~

Excited states, i.e. those differing from the vacuum, are obtained by filling holes in the
wedge with creation operators or making holes in the wedge with annihilation operators:

d(A)

|)‘am> = H (¢T_bi_m_1/2wai+m+1/2) |m> (27)

i=1
in terms of the Frobenius coordinates (a;|b;)i—1,... 4(x)- The arms a; and legs b; of a Young
diagram respectively represent positive and negative excitations of the vacuum.

Finally, we define a useful notion to tame divergences when dealing with the infinite

wedge:

Definition 2.1.8. The NORMAL ORDERING of a product ¥ € Cl of fermionic operators,
with respect to a vacuum |m), is the rearrangement :U:,, that moves, with respect to |m),
all annihilation operators to the right and creation operators to the left, introducing an
appropriate sign for each exchange of neighbouring operators. When we normal order relative

to the Dirac sea |0), we drop the subscript, :¥: = :U:.
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Normal ordering can be used to give an alternative interpretation of charge: namely, as

the eigenvalue of the CHARGE operator «q := Zjerwﬂb;:
ap|A;m) = mlX;m).

Another interpretation of the charge eigenvalue, obtained from the anti-commutation rela-

tions ([2.6)), is that it counts of the difference of wedges and contractions:

ao [T ¢a [T 0410y = #A - #B) [] va [[ ¥410)

a€A beB a€A beB
where A, B C F both have no repeated entries.

Since [, ;] = +1; and [ao,’l/J;] = —1/}}, we say that the operators wj,w} have charges
+1 respectively, leading to the following definition:

Definition 2.1.9. An operator ® € Cl has charge m if (o, P] = m®.
Finally we note an important combinatorial result:
Theorem 2.1.1. (Wick)
(m|vy -+ vpwy, - - W1 M) = 1<(%S‘cgn(m|uiwj|m>,

for arbitrary linear combinations v; = Z]‘ Vi, w = Zj w”w; [AZ15, §2.7].

2.1.2 gl(cc) Representation

We begin with the observation that the commutation relation between quadratic Clifford

elements
[7/)m1/1;rm 1/}m’1/)jll] = énm’d}mwll - 5mn/¢m/¢;ru (2-8)

is the commutation relation for the elementary matrices (€mn)ij = dim0jn. To align with

literature, in this section we consider the Clifford elements as acting in the Neveu-Schwarz

sector § = F(F).

Definition 2.1.10. gl(co) is the Lie algebra of the matrices
{(asj)ijer |aij € C, all but a finite number of a;; are 0},

whose Lie bracket is the standard commutator.
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Consider the map

r:gl(oo) = Cl:eyj 1/%¢J

which is an embedding of gl(co) into the subalgebra of charge 0 operators in Cl. It pre-
serves the respective bracket r([®,¥]) = r(®)r(¥) — r(¥)r(¥). Since §F is a Cl-module by

Proposition m, it is also gl(co)-module, where the action on vectors is a derivation:

r(a)(is Nig A=) =a-ig Nig A---

FigAa-ig At
while the action on the entries of the wedge is linear, by a -1 = Z]EF aijj.

We now try to extend our representation r to
gl(c0) == {(aij)ijer | ai; = 0 for |i — j| > 0},

whose importance stems from that fact that many algebras can be embedded in gl(co) but
not gl(co), for example those containing elements with infinitely many diagonal entries.
However, such an extension is impossible, for if we naively use r again, we encounter an
anomalous representation of diagonal elements, e.g.
r(diag(a;)ier)|0) = Y aghip][0) = > a;]0)
icF iEF<0

generally diverges. To correct this, we must normal order the representation relative to the
vacuum |0),

7(eij) == r(eiy): (2.9)
Note that normal ordering only hits the diagonal elements, #(e;) = r(e;) — 1 for i < 0.

From this it can be checked [Kac98, §5.3] that for a,b € gl(cc), the bracket is given by
[#(a),7(b)] = #(la, b]) + ¥(a, b)1

in terms of a 2-cocycle

U(a,b) :=tr || Z ei,alb | . (2.10)

i€F=0

So by normal ordering, we have centrally extended gl(co) to
gl(oc) = gl(o0) + CK

with the bracket [a,b] = ab — ba + ¥(a,b)K. By letting #(K) = 1, we obtain a projective

representation 7 of the Lie algebra gl(oo) in the Fock space §.
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2.2 Fermion-Boson Correspondence

We give an algebraic Fermion-Boson correspondence. The other direction of this

correspondence, which is VOA-theoretic, will appear in Theorem (2.4.1)).

First we define a Fock space which respects Bose-Einstein statistics, using the symmetric

algebra.

Definition 2.2.1. The SYMMETRIC ALGEBRA over a vector space V is

where T(V') is the tensor algebra of V and I is the (two-sided) ideal generated by elements

UR®V—vQu, foru,ve V.

It is clear that S(V') is isomorphic to the polynomial ring over basis elements of V. We
consider the infinite-dimensional vector space C*, and label its coordinates by {t;}ien, so
that S(C*>) = Clty, ta,...].

In view of the upcoming boson-fermion correspondence , we also would like to
impose a grading by charge, so we tensor by the group algebra C[w,w™!] of a charge lattice

Z. The full Fock space is:

Definition 2.2.2. The CHARGED BOSONIC FOCK SPACE is

= C[tl,tg .. ] ® (C[w, wil} = @f)(n)’

nez

where $H™ = wClty, ta, .. ]

Definition 2.2.3. The HEISENBERG-WEYL ALGEBRA is
He=C[...,t_1,t0,t1,...] ®C1

where 1 is central, subject to commutation relations

[ty tn] = MOminol. (2.11)

We will represent He by an irreducible $)-module on which the central elements ¢y and

1 act as multiplication by a fixed integer charge and 1 respectively. By slightly abusing
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notation and letting the letter ¢ denote both vector space and algebra elements, we easily

define an action of t,, € He on each $("):

—-mt_,, m<O0

Theorem 2.2.1. (Stone-von Neumann) Once one fizes a non-zero scalar by which the
central element 1 € He acts, there is a unique irreducible representation of He [Kac85,

§9.13].

It is easily checked that the operators (2.12) satisfy the commutation relations (2.11)).
Hence $™ is a He-module for all n € Z, all of which are irreducible and isomorphic by the

Stone-von Neumann theorem. What is more surprising is:

Proposition 2.2.1. §™) is an irreducible He-module for all n € 7.

Proof following [Kac83, 14.9]. If we can verify the commutation relations (2.11)), then the
Stone-von Neumann theorem (2.2.1)) will guarantee irreducibility. The construction is to

realise He as a subalgebra of gl(oo)7 and represent the result in the Fock space §.
Consider sl(co) = {a € gl(c0) | tr(a) = 0}, whose central extension sl(cc) is given by the
following 2-cocycle, induced from the Q(oo) cocycle :
Y(eij, i) = —U(ejise;5) =1 fori <0andj>1,
Y (€eij, €mn) =0 otherwise.

Then an embedding p : He — a(oo) is given by

Sm = p(tm) = Zej,j+m
JEL
since ¥(Sym, Sn) = MOm4n, 0. These matrices s, have entries 1 on the m*" off-diagonal, and
0 elsewhere. The final step is to represent a(oo) in §. We map s, to Cl by the projective
representation 7, defined in equation ({2.9):
Q= T(8m) = :Z zljjzj);er: (2.13)
JEL
which satisfy the Heisenberg commutation relations (2.12))

[Olm, an] = m5m+n,0~ (214)
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2.3 Vertex Operator Algebras

The culmination of this chapter is the Boson-Fermion correspondence, which has a
natural formulation in the language of vertex operator algebras, which we now formulate

axiomatically.

2.3.1 Axioms

Take V' = @®nez.,Vn a graded vector space of STATES, satisfying dim V;, < oo for all n. The

basic object is a FIELD on V, a formal power series

d(z) = Z¢(j)z_j_h € End(V)[[z,z_l]],

nez
whose MODES are ¢(;) € End(V) satisfying ¢(;V;, C V,,—; for all n, and ¢;)V = 0 for
j > 0. The WEIGHT associated to this field ¢(z) is h.

Most of the subtlety in a VA is a consequence of locality:

Definition 2.3.1. Two fields ¢(z),v(w) are MUTUALLY LOCAL if
(z —w)N[p(2),(w)] =0, N> 0.
Definition 2.3.2. A (graded) VERTEX ALGEBRA (VA) (V,]0),Y) is specified by the data:
i (State Space) A (graded) vector space V;

it (State-Field Correspondence) A linear map of V,, to the space of fields End(V)[z, 2],
written ¢ — Y (¢,2) =3, cp (20"

it (Vacuum) |0) € Vp;
satisfying axioms:
I (Vacuum)
(a) Y(]0),2) = 1v;
(b) lim,_,o Y (¢, 2)|0) = ¢ for p € V;
II (Translation) [T,Y (¢, 2)] = 0,Y (¢, 2), where T € End(V) is defined by

T(¢) = d(-2)[0). (2.15)
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IIT (Locality) All fields Y (¢, 2),Y (¥, w) are mutually local with respect to each other, for
al p,p € V.

We will generally work with:

Definition 2.3.3. A (CONFORMAL) VERTEX OPERATOR ALGEBRA (VOA) (V,]0),Y,w,c)
is a VA (V,|0),Y) with additional data:

iv (Virasoro Element) w € V5;
v (Central Charge) ¢ € C;
such that Y (w,2) =3, .y Lnz"""2 obeys an additional aziom:

IV iL.,=T;

11 Lo

D = nlvn 7'

iti Low = 1c|0).

Let us derive a basic implication of the VA axioms, which builds a field from a state and

translation.
Proposition 2.3.1. In a VA (V,|0),Y),
Y(4,2)[0) =T (¢), o€V (2.16)
Proof. According to the translation axiom (II),
[T, ¢(n)] = —nP(n-1)- (2.17)

By (L.a), [0)(n) = 0n,—1, so that
T|0) = 0. (2.18)

According to the vacuum axiom (I.b),
¢(n)|0> =0 forn>0, ¢(,1)‘0> = ¢.

To put all these implications together, apply T to both sides of equation (2.15)) n — 1 times,
and using equations ([2.18) and (2.17)), we find T"(¢) = n!¢_,,_1]0). The result follows. [
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An alternative derivation is to consider the differential equation for f(z) € V[z, 271],
0.£(2) = Tf(2).

for which both sides of equation (2.16]) are solutions, by the translation axiom (II). The
coincidence of initial conditions follows from letting z = 0 and invoking the vacuum axiom

(I), so equality follows.
Corollary 2.3.1. (VA Skew-Symmetry) [Kac98, §4.2]
Y(®,2)0 = *TY (U, —2)®.

Proof. From axiom (III), Y (¢,2)Y (¢, w)|0) = Y (¢, w)Y (¢, 2)|0). Substituting equation
(2.16) gives
Y (¢, 2)e"" (1) = Y (4, w)e*" (¢).

Simply apply the ‘shift’ identity, derived from axiom (II),
Y (p,2)e*T = e TY (p, 2 — w) (2.19)
on both sides, and set w = 0, to obtain the result. O]

In the study of VOA representations, the following object will be useful:

Definition 2.3.4. Let V be a VOA. The CHARACTER of a V-module W with highest weight

h e C is
x(g) =g~ > dim Wy yng"t",
TLGZZO
where W = @neZ>o Whin is the weight space decomposition into (h + n)-eigenspaces of Ly.

2.3.2 Existence and Uniqueness

Split a VA field ¢(z) of weight h into

bi(2):= > bzl b-(2) =D oz "
j>—h j<—h

Definition 2.3.5. The NORMALLY ORDERED product of two fields ¢(z), v (w) is

9(2)P(2): = - (2)¥(2) + ¥(2)94.(2)-
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Proposition 2.3.2. [Kac98, 2.53(iii)] The fields ¢(z), ¥(w) are mutually local if and only
if

$) = 3 | ) +soladu(o)

1
|z]>[w]

7=0
for some fields n (w) and N € N.

An equivalent statement is that the fields ¢(z), ¢(w) are mutually local if and only if

N —

[Bm)s )] = >

J=0

Ju

my o
. n(m+n—j)’ m,n € Z. (2'20)
J

for 7/ € End(V), [Kac98| 2.3(iv)].

Abbreviating to just the singular part of a mutually local product gives:

Definition 2.3.6. OPERATOR PRODUCT EXPANSION (OPE) of fields is

N-1

$(2)p(w) ~ Y (

Jj=0

1

z—w)itt nj(w)'

We have arrived at the working physicist’s OPE, whose importance stems from the fact
that the singular part of the OPE encodes all the brackets (2.20]), and so provides a complete

description of the product of mutually local fields.

Definition 2.3.7. For n > 0, the n'® PRODUCT ¢(w) X (w) is the n,(w) coefficient of
(n)

the ¢(2)¢(w) OPE:

p(w) 5 P(w) :=Res:—y ([¢(2), ¥ (w)](z — w)")

The Leibnitz rule for the normally ordered product 0:¢(2)1(z): = :0¢(2)Y(2):+:¢(2) 0 (2):

allows one to extend the n'® product to encompass negative integers:

$(z) x (z) =:0"(2)p(2): (2.21)

(=n—h)

We shall need the following uniqueness theorem, originally due to Goddard.

Theorem 2.3.1. (Uniqueness) [Kac98, 4.4] Let V be a VA and ¢(z) an End(V)-valued
field which is mutually local with respect to all fields Y (n,z), n € V. If $(2)|0) = e*T(¢) for
some ¢ € V, then ¢(z) =Y (¢, 2).

Corollary 2.3.2. Let V be a VA. For all ¢, € V and n € Z,
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Proof. First we show both sides of

(¥(6.2) % (5.2 1) = Y (000y,20)
satisfy the differential equation
0f(z) = [T, f(2)]

for f(z) € V[z,27']. The LHS is a solution since both & and ad(T) act as derivations on
n't products. By the translation axiom (II), the RHS is a solution. The coincidence of
initial conditions follows from applying the vacuum axiom (I.b), which tells us both sides

have constant term ¢(,)1(_1)-.

Now using equation (2.16)), we find
Y(9,2) 5 Y (1, 2)[0) = Y (¢, 2)[0) = € (d(n)¥0)
By Dong’s Lemma [Kac98| §3.2], Y(¢,z) x Y (¢, z) is mutually local with respect to all
(n)

fields Y'(n, ), n € V, so the result follows from the Uniqueness Theorem O

One use-case is: given a VA (V,]0),Y), with some vectors ¢* € V;, and fields ¢*(z) =
ZjeZ ¢E’Jz)z_j_h“ of weight h,

%1 a1 1 J1 Q1 j o
Y (¢(7j17ha1)---¢ 7%,%)\0%2) = 0 () e e (2.22)

This is a combination of equation (2.21]) and Corollary

Alternatively, starting with algebraic data, it is possible to build a VA. The construction
is due to the following existence theorem, sometimes called the ‘reconstruction’ theorem,

together with VA uniqueness, due to Theorem [2.3.1

Theorem 2.3.2. (Existence) [Kac98, 4.5], [Fre+95, 3.1] Take a collection of vectors {¢* €
Vi | € A}, for A some indexing set, including ¢° = |0), and associated fields ¢*(z) =
diez d)‘()‘j)z’jfhﬂ of weight hq,, including ¢°(z) = 1y. If the fields ¢®(z) enjoy the following

properties for all a € A:
1. ¢%(2),¢°(2) are mutually local for all B € A;
2. lim; 0 ¢%(2)[0) = ¢;
3. the state space V' is spanned by
Sy O O e €7
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4. there exists T € EndV such that T|0) =0 and [T, ¢*(z)] = 0¢°(2).

Then the formula

<¢(Jl —hay) ¢(aj1n—han)|0>7z> = d)al(z)(ﬁjm) <¢°‘2 (2) (jz_iaz) < - <¢a"(z) (jn_ﬁl%) 1v>)>

defines a unique VA structure on V' given by (V,|0),Y) with translation T and state-field
correspondence Y (9%, z) = ¢*(z).

The final tool we need before proceeding with examples is the famous Borcherds com-

mutator formula, which we present in OPE form:

Proposition 2.3.3. (Borcherds OPE) [Kac98, 4.6] In the domain |z| > |w|, for all ¢,¢ €
v,

Y(4,2) Z ¢(”)¢;+1 + Y (6, 2)Y (1, w):.

This OPE is a direct consequence of Corollary

2.3.3 Heisenberg and Clifford VOA

As an example of the preceding axioms, we now reconstruct VOAs from the Heisen-

berg and Clifford algebras, and their respective Fock spaces.

The bosonic Fock space $(©) of charge 0, given in Definition admits a VOA structure

as follows.

Example 2.3.1. (Charge 0 Heisenberg VOA) The endomorphisms of the state space will
be elements of the Heisenberg algebra He, defined in equation . We need a notion of
bosonic normal ordering on He. Since t,,t, = tyt, if n # m, we can easily place positive
(annihilation) modes before negative (creation) modes:

tptm  ifn=-m,n <0,

tntn: =
timtn otherwise.
Define the fields

Latk-4(2) € He[z, 2]

tp(2) == ol
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with a base case, sometimes called the bosonic current, a field of weight 1,

t(z) =ti(2) =Y tnz "7

nez

Clearly the vectors
Uyt - thys ki € Z, (2.23)

span the space H©). Let 1 € C C HO be the vacuum element, and let the translation T be
defined by T(1) = 0 and [T t;,] = mtyy1. By the Reconstruction Theorem|[2.5.9 there exists
a Heisenberg VOA over ), with state-field correspondence Y given by Y (ty,z) = ti(2),

which sends the state ty, ty, - tr, € HO to the normally ordered product
Y(tkltk2 e tsz) = ZY(tkl , Z) e Y<tkn7 z)

The t(z) OPE is
1
t(z)t ~N—.
(@) ~ =
Finally, to upgrade this VA to a VOA, we are free to choose the Virasoro elements from
the one-parameter family wy := %t% + Mo, for X € C, with central charge cy = 1—12)X2. We

will take A = 0 in the future, so that the central charge is ¢ = 1, and the Virasoro field is
1 2
L(z) :=Y(wo, 2) = 5:1&(2) . (2.24)

In particular, the mode Lo = ), ., :txt_1: can be used to calculate the character of the
$H©0) VOA at ¢ = 1, given in Definition m The vacuum vector has weight h = 0, and any
other vector has weight equal to the sum of its modes h =Y .| k;. Thus the weight
grading is

HO0 = EB 53510), dimf)gbo) = p(h),

hGZEO

where p(h) is the number of partitions of h into natural numbers, giving the character

x@)= > pmq" =] ﬁ = q1/247) (2.25)

1
TLEZZD neN n(q

where 1(q) == ¢*/**],en(1 — ¢") is the DEDEKIND ETA FUNCTION.

The fermionic Fock space §, given in Definition also admits a VOA structure. Here

we describe the Neveu-Schwarz sector §(F).
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Example 2.3.2. (Clifford VOA) The fields will be Cl-valued, as in Deﬁmtzon 6. Define
the fields

warl/Q(Z) = %8(@1/}('2) € C|[[Z7Z_1]], w k— 1/2( ) 8(k)wT< ) € C|[[Z,Z_1]]7

for k € N, with base cases

e = 0Tyl () = =Yl a2 (2.26)

JEF jEF
called the charge 1 fermionic fields, each of weight 1/2.

Let |0) € § be the vacuum element, and let the translation T be defined by T|0) =0 and
[T,v¢;] = (—j +1/2)1j_1 and [T, 1/11 = (—j+1/2)y! i1+ Lastly observe that we can span
§ by |\;m), which by equation is a product of operators V1,2 and 1/111671/2 applied to
|m), where k € Z>o. Therefore, by the Reconstruction Theorem there exists a Clifford

VOA over §, with state-field correspondence Y given by

(|/\ m ( wm-l-ar‘rl/QwT_m_bi_l/g) m),z)

d(\)

H wm+al+1/2a ) (W_m_bi_l/z’Z)) Y(|m>,z)

where Y (¥141/210), 2) = Yrq1/2(2) and Y(wik_1/2|0>, z) = 1/)T_k_1/2(2); and

Y(jm),2) = 0" (z) - 0p(2)(z): Y (l=m), z) =00Vl (z) - 00T ()0 (2):
(2.27)
form > 0, and Y(|0),2) = 1. The vacuum field has the above expression since | + m),

m > 0, can be written in terms of |0) as
Im) = Ymi121200),  |-m) = ZZJT_m_l/g - '1/1T_1/g|0>~

The various OPFEs are

Pt (w) ~ —2— ) (p(w) ~ 0, PT(2) (w) ~ 0

Z—Ww

To promote this VA to a VOA, we note the one-parameter family of Virasoro elements
[Kac98, 5.1]
wy = (1= \hsyatp’ | ,[0) + Ml 101 /2[0) (2.28)
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The central charge, in terms of this parameter, is cx = —12X% + 12\ — 2. Henceforth we set

A =1/2, so that c = 1. The Virasoro field is therefore

L(2) = ¥ (w12,2) = 5 (OB () + (=)0 (2)) (2.20)
Remark 2.3.1. In terms of the field
a(2) = ()1 (2):
the Virasoro field of the c = 1 Clifford VOA s
L(z) = —:a(2)*:
c.f. the Virasoro field of the ¢ = 1 Heisenberg VOA. This is a VOA wversion of the

algebraic Fermion-Boson correspondence of Equation .

2.3.4 Wi VOA

We use the technology of Section to establish a free fermion realisation of the
infinite Lie algebra Wi 4 o, by embedding the generators in Q(oo) A VOA is constructed

in the manner of the previous section.

Definition 2.3.8. [Sch08, §5.1] The WITT ALGEBRA Wi is the Lie algebra of the diffeomor-
phism group of the circle S1, equivalent to the algebra of vector fields on C* with coordinate
z, whose generators are

l,=—2"T9,, nez,
with commutation relations

[, lm] = (n —m)lyym-

Definition 2.3.9. [Sch08, §5.3] The VIRASORO ALGEBRA Vir. = Wi @ C1 is the unique

non-trivial central extension of the Witt algebra Wi, with commutation relations

(Lo Lin] = (0 — m) Ly + — (n®

"

— n)§n+m,0]l (230)

at CENTRAL CHARGE c.
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We consider a higher-order generalisation of the Witt algebra: the Lie algebra D of

differential operators on the punctured complex plane x € C*, with generators [Fre495, §1]:
JE =" tR o)k, n e 2k € Tso. (2.31)
The generators act on E; := x=I71/2 j € F by
JuBy = (1) {j - 2} kEj—n

where we have used the falling factorial [s]; := s(s —1)...(s — [+ 1). This allows us to
construct the following embedding
_ 1
LT CORVISYSD i EVEE] [ (2.32)
JEF k
recalling the notation e;; for the elementary matrices of gl(co).

Now we use the cocycle ¥ given in equation (2.10]), which defined the central extension

gl(00) of gl(c0). Lift the gl(co) cocycle W to a D cocycle ¢ := Wo p~L.

Definition 2.3.10. [Kac98, §5.3] The Wi4oo ALGEBRA D = D+CC is the central extension
of D by the cocycle 1.

To realise the W14 algebra in gAI(oo), we extend the embedding p to

~

p:D — g(o0)
by letting H(C) := K, where K is the central element of gl(co).

We can define a translation by the derivation T' := d, of the Lie algebra D, which
lifts to the central extension D by letting T (C) = 0. To check this, it suffices to notice
V([0y,a),b) = —(a, [Og,b]) for a,b € D. Tt is immediate that [T, J*(2)] = 9..J%(2).

To construct a VA from this data, we need a graded vector space for D to act on. A

common construction [Awa+95] is to realise D by the Clifford VOA:
W:[A)—ﬁ>gA|(oo)i>C|,

where we use the Q(oo) embedding 7 defined in |i This lets us define the weight k + 1
Clifford field,

F(z) =Y W(IH)z ) ez, 27, k€ Zxo.
nez

The fields ®F(z) are all mutually local [Kac98, §2.10]. We can write an attractive expression

using the fermionic fields v(z),%1(z) defined in (2.26):
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Proposition 2.3.4.
F(2) = (2)(-0)"¥! (2):. (2.33)
Proof. By definition of the embedding (2.32)) , we have
.1 i
F(z) = (-1)F [—g — 2} pypl Tt Am (D), (2.34)
i,j€F k
To make the identification, differentiate k many times the normal ordered product :1) ()T (w):

and set z = w, to obtain the above sum. O

The modes ®F = W (J¥) of this field annihilate the vacuum, ®*|0) = 0, for n + k > 1.
To see this one must note that falling factorials [s]; vanish for [ > s+ 1. Now since ®F are

charge 0 operators, linear combinations of the vectors
okm @MY, my k> 1for1<i<m

produce any |);0), A € P, and so span (). Define a state-field correspondence Y by:

1

ma(_”_k_l)d)k(z). (2.35)

Y(<I>i’|0>,z) =

These data determine a Wiy, VA.

To upgrade to a W11, VOA we must determine a Virasoro element. To do this, we use

a popular basis for computation in D, namely:
LF :=a2"(-D)*, neZkcZs, (2.36)
where D = x0, is the Euler derivative. The passage between these bases is via
JE = (-1)k2"[D) = LE + ... (2.37)

In this language it is easier to calculate products, e.g. " f(D)x*g(D) = z"+* f(D + s)g(D)
for polynomials f,g. Furthermore, the cocycle takes the form [KR93, 1.5.5]:

Z—rgjg—1 fGg(G+r) ifr=-s>0,

0 ifr+s#0orr=s=0.

P(z"f(D),2°g(D)) =

Example 2.3.3.

n3—n

6

2 _
5n+'m,03 w(Lfr)wL}n) = z "

¢(L91, Lgn) = n57L+TrL,Oa ¢(L}m Lin) = - 6n+m,07 n > 0.
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B(k)

Introduce a grading D= @kez>0 by the differential order k of the operator LE. By

~(0
the calculations in the above example, D( ) is isomorphic to the Heisenberg algebra He with
~(1
central element C. Moreover D( ) contains a l-parameter family of Virasoro algebra Vir,,
with generators

Li(A\) == Li + Mk + 1)Ly,

satisfying the Virasoro relations , with central element C' and central charge
ey = —120% + 12\ — 2.
We can therefore define a Virasoro element [Fre+95| 3.1]:
wy = ®L,[0) — XD, |0), (2.38)
for A € C, with corresponding Virasoro field

L(2) = Y(wy,2) = ®'(2) — M0®%(2) = ZLk()\)sz*z.
kez
This provides all data needed to reconstruct, by Theorem a Witoo,c VOA at central
charge ¢, isomorphic to the charge 0 Clifford VOA §(©. The isomorphism sends respective

Virasoro elements (2.28) to (2.38).

Remark 2.3.2. The history of the Wiy, algebra begins as an extension of the Virasoro
algebra, in the context of extending the symmetry algebra of 2d CFT to higher conformal
spin: the currents of spin h = 2,..., N and their non-linear commutators can be arranged
into the so-called Wy algebra [Zam85]. Depending on how the background charge scales
with N, there are many N — oo limits of Wy . One such limit is weo, the Lie algebra of
area-preserving diffeomorphisms of 2d phase space. Now ws only admits a central extension
in its spin h = 2 (Witt) sector [Awa+95, §1]. However there exists a deformation [PRS90]
of weo that admits a central extension in all spin h = 2,...,00 sectors, called the W, Lie
algebra. Including the spin 1 current after the fact produces the very same Wiy algebra

we have discussed above.

2.4 Boson-Fermion Correspondence
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The following construction marks the beautiful culmination of this chapter’s ideas.

We will roughly follow [Kac98, 5.2].

We begin recalling Example[2.3.2] the field-theoretic interpretation of the algebraic Fermion-
Boson correspondence of Proposition 2:2.1] There, we found a Heisenberg representation in

§ via the modes oy, € Cl defined in equation (2.13)).

Can we attempt the opposite direction, expressing the fermionic fields (2),(z) in
terms of the bosonic field «(z)? This is clearly impossible, since a(z) is a charge 0 operator,

while 9(2), 1 (2) have charges +1 respectively.

The way around this is to consider the conjugate pairing of «,,/n with a_,,, for n > 0,
induced by the Heisenberg relations [y, cn] = Mdpm4n,0. To do the same with the charge
operator g, we must introduce a new operator 8 € Cl, conjugate to ag in the sense that

[, B] = ko, [B, 1] = 0. Tt is defined such that w = € is the charge shift operator:
whw ™ = dusr, wplw =gl
which therefore acts on vacua as
wH|m) = |m + 1).

2Tk

Now we make a leap-of-faith definition. Define a+(2) := >, atr .

Definition 2.4.1. The VENEZIANO FIELD is

¢(z) =B+ aglnz+ Z %zk - %z_k
k>0 k>0

=B+ aglnz+a (2) —ag(2).

Clearly a(z) = 0¢(z).

Proposition 2.4.1. The exponential of the Veneziano field corresponds to the charge m
vacuum field:

Y (|m), z) = : e,
Proof following [Kac98, §5.2]. Define an auxiliary field
Nm(2) == w T _(2)""Y (jm), 2)T4 (2)™ € Cl[z, 27 ']
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where
Di(z) := e+ (), (2.39)
We claim:
Nm(2) = 270
Consider the OPE of the charge m field Y (|m), z) with the bosonic field. From the
Borcherds OPE, Proposition we find

a(w)Y (jm),z) ~ Y Z(Uaflz;z;zg _ miu(li@i, 2)7
k>0

since ag|m) = dopm|m). Equivalently,
[k, Y (|m), 2)] = m2"Y (jm), 2).

We find that oy, commutes with 7,,(z) for all k& € Z.

From Equation , we have an expression for the field Y (Jm), z) in terms of 9 or 1t
for m > 0 or m < 0 respectively. In particular, apply the field
Y(lm),z) = 0" Ve(z) - 0 (2)i(2):, m >0,
to the charge n vacuum:
Y(|m), z) : 3 Flntm) [z, 27
dn)y = 2™+ m) + ..

where we have omitted the higher energy non-vacuum states. Due to the charge shift

operator w~"", the auxiliary field has the following effect on the vacuum:

N (2) : 3 5z [z, z_l]]

dn) = 2™ Ny + ...

We know that the representation of the Heisenberg algebra He given by a4, acting on (™
is irreducible, by Proposition 2.2.1] So if 1, commutes with all ay, it must be the central
element 1 € He. Therefore

Nm(2)|g = 2™ Lgm)
and so 7y, (z) = 2™ as claimed. Exponentiate the Veneziano field ¢(z) and rearrange to

obtain:

@) = ™MD _(2)™2MmT (2) 7™ = Y (|m), 2).
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To realise a fermionic field acting on bosonic Fock space $), we must write down a different

version of the field :e™?(?): with Heisenberg-valued coefficients—namely, define
U, (2) = w™z™T _(2)™T, (2) ™™ € He[[z,27'] (2.40)
where we have w € He, and the fields T'1(2) € He[z, 271] are

2—J

F—(Z) =e Zj>0tjzj7 F+(Z) - 62j>0 atj 7

substituting the Heisenberg operators ¢; € He, defined in equation (2.12), in place of the
Heisenberg operators o; € Cl. One important use of this field is to implement charge in the

following VOA:

Example 2.4.1. (Charged Heisenberg VOA) To upgrade the uncharged Heisenberg VOA
over H© from Example to a Heisenberg VOA over full Fock space §, the only difference

in VOA data is a new state-field correspondence:
Y (trthy o teyw™, 2) =:Y (tgy,2) - Y (thp, 2) Ui (2):.

One important implication is the shifting of vacuum energy by charge. Writing Ly =

2
2it(2)?%: = %0 + Y entontn, we find that the weight of a state in H™ is

2 N
n
LO(tklth ce tkan) = <2 + Z ]%) (tk‘ltk‘g cee tkan). (241)
=1

Combining Proposition [2.4.1] with the Fermion-Boson correspondence noted of Remark

the final VOA isomorphism is:

Theorem 2.4.1. (Boson-Fermion Correspondence) There exists an isomorphism o : § —
of VOAs, such that

oln) = w"

and
op(2)l(2):07" = 1(2)

and in general, for charge m > 0,

0™ (2) - () )0 = W (),
0201l (2) - T (2 (2):07 = T (2).
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2.4.1 Schur Functions

We now make the Boson-Fermion map ¢ more explicit: the famous Schur functions

sx(t) € $ become the analogues of |);0) € §.

We begin by defining a generating function:
Ii(x):=e+® (2.42)

where a4 (x) = Y, Z+ra+r, and we have introduced the generating function variables

x={...,0_9,2_1,%0,71,T2,...}. In the previous section, we took xy; = 2**/k.

By definition of the vacua, we know (n|a_(x) = 0 = ay(x)|n), and so
(P (x) = {nl, T+ ()} = |n). (2.43)

We will now expand more the complicated states I'_(x)|A;n) and (A\;n|T'y(x) as linear

combinations of basis states, whose coefficients are the famous Schur functions.

Definition 2.4.2. The ELEMENTARY SCHUR POLYNOMIAL si(x) is defined implicitly by
X1 mrt Z sp(x)2F,
k>0

or explicitly by

The fermionic modes transform diagonally under the adjoint action of I'y(x), with ele-

mentary Schur functions for coefficients:

Lemma 2.4.1. [AZ15, §2.9]
Te(x)ile(x) ™ = Y tigese(x), T@UTex) = Y vl su(—x).
kez=20 kez=0
Definition 2.4.3. The SCHUR FUNCTION associated to a partition A € P is defined by the
Jacobi-Trudi formulas [Mac95, I §3.4]
= det (%), 2.44
960 = det () (244)
Definition 2.4.4. A Hoox of a Young diagram Y is a Young diagram h C'Y of at least
one box, with one arm of length a(h) > 0 and one leg of length b(h) > 0.
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The Schur function sy can be calculated as a determinant of Schur functions of the hooks

(14 a;,1,...,1) composed of the i*" arm-leg pair in the of the Young diagram Y). Here
——

b;
we are using (a;|b;)i=1,....a(n), the Frobenius coordinates of Yy from Definition The

formula is:

Theorem 2.4.2. (Giambelli) I1§3 Ex. 9]

sa() = det s (%),

Proposition 2.4.2. §2.10.2]

P_(x)n) = Y (=1)"Vsx(x)[xin),  (nllr(x) = D (=1)"NMsa(x) (A, (2.45)

AEP AEP

where b(\) = ngi)(bi +1).

Proof. We treat just the first formula, since the second follows from a similar argument.

We will need the expression for the Schur polynomial of a hook, which is an easy case of

the Jacobi-Trudy definition (2.44]) of Schur functions:
S(alp) (% Z Sat1—m (X)Shm (—X). (2.46)

Using Wick’s Theorem Lemma and Giambelli’s Theorem, we find

<>\; 7L|F_(X)|Tl> <n|wn+a1 1’/}”+ad(x)w"—bd(>\)—l - 7/}n—b1_1r_|n>
det I
- 1<”<d()\ (n ‘¢n+a1wn b—10—|n)
— det F_ r_1r- T
1§i,j%d()\)<n| D b, -1l |n)
a(X)
)b, +k+1(—X)

E sal—k
- 1<”<d(>\

det  (=1)%*ls, 1.
1<zge<d()\)( ) S(ailby) (%)

(=1)*MN gy (x).

IS
I En
(=2

2.4.2)

Since the |A;n) basis of § is orthonormal, we have proved the original statement. O

One can generalise this statement to non-vacuum states, using the following coefficients:
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Definition 2.4.5. The SKEW SCHUR FUNCTIONS sy, are given by the modified Jacobi-
Trudi formula,
= det i —i(%).
SA\N(X) 19);;[()\)5% +ij J(X)
Proposition 2.4.3. [AZ13, §2.10.2]

P_(x)Asn) =Y (=)= Vs, (x) s )

Lr()Asm) = D (=1) N0y, () s m)

With the machinery of this section, we make the Boson-Fermion correspondence map

explicit. Set the generating function variables to be the Heisenberg Fock space elements,

Corollary 2.4.1. The Fock space map o of Theorem is

olxim) = 37w (Il (1) Ain) = (~1)P D wm s (¢)
meZ

The upshot is that Schur functions are the counterparts to fermionic states inside bosonic

Fock space, a theme which will be expanded upon in Chapter

2.4.2 Partition Invariant Operators

As an application of the correspondence between Heisenberg and Clifford VOAs, we
show how to realise the Wi, fields in the Heisenberg VOA. We define W1, fields

whose eigenvalues are the partition invariants py.

Recall the Wy, o, fermionic field ®%~1(z) = w)(2)(—0)* 19T (2): of weight k, defined in
equation (2.33). A bosonic expression of this field is available as follows: write down a

Taylor expansion

z)—p(w (Z — w)k
ef@—ew), _q = Z TWk(z),
keN
for weight k£ € N bosonic fields Wy(z), in terms of the Veneziano field ¢(z) of Definition
We can determine this expansion through the well-known identity |[AZ13} 2.92],
e9(2)—b(w), _ 1
() (w): =

Z—w

The result is:
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Proposition 2.4.4. [LZ21, 2.11] [FKN92, §4]

ki
1 = (k,ll)!iw(Z)@’“_lw(Z)i: > o k! : Jorl H(laiqb(z)) L (247)

Yy iki=k - 121

We can write a more attractive Wiy, field by using the LE = 2"(—D)* generators
(2.36) of Wi, instead of the J* = 2"(—9)* generators. The prescription is to sandwich
the LE between the normally ordered product of fermions [Awa+95, §3.1], similar to how

we sandwiched J§ between a normally ordered product in equation (2.33).

Definition 2.4.6. The PARTITION INVARIANT (PI) FIELD of weight k+ 1 is
1 . i
*(z) := ik (2)(=D)k 4yt (2): = Z (4 + 1/2)’“:7,[12-1/11].:2 Il k€ Zso.
’ i,jEF
There is a simple bosonic expression for the PI field, derived by a similar manner to the

Wi (z) field above. It is proportional to the top term of equation (2.47)):

Iy(z) = (0 (2))F T (2.48)

(k +1)!
The zero modes of II;(z), which we call PI OPERATORS, are

i g (i 1/2) il (249)

" i€F

Proposition 2.4.5. The eigenvalues of the PI operator are given by the partition invariants

pi of equation :
g |A;m) = pr(Xam)[A;m).

Proof. To see this, notice that :wiwj : can detect if an entry is present in wedge coordinates:

1 i€ Fs0nNXam
Wil Am) = | § -1 e Feg— Xagm | Nim).
0 otherwise.

Combine this observation with the definition of partition invariants py in equation (2.4)), and
the definition of wedge coordinates, Xx,,m, = {\; —j+1/24+m} ey, to obtain the eigenvalues

of (249). O

At this point, we have the necessary tools to express Dijkgraaf’s partition function
as a trace over NS fermionic Fock space: we substitute PI operators for their eigenvalues in
equation (2.5 giving

Z(w, g, x) = trgg (wogMe™?). (2.50)
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Therefore by Theorem [1.3.1] the simple Hurwitz generating function is a trace over charge
0 Fock space:
H*(q,x) = trgo (queg”H?) .
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Chapter 3

Bosons and Fermions in the

Symmetric Group

In Chapter[2] we defined bosonic and fermionic operators acting on Fock spaces. This

chapter constructs analogous operators acting on the class functions of the symmetric

group.

3.1 Class Functions

3.1.1 Symmetric Functions

Any discussion of symmetric functions must defer to the meticulous exposition of

[Mac95| T §2]. We satisfy ourselves with some definitions.

Definition 3.1.1. The ring of SYMMETRIC POLYNOMIALS in n variables is the S, -invariant

subring

Gy =Lty ..., ta]5".

We can grade this ring as &,, = ®keZ>0 &k, where &F consists of the homogeneous

symmetric functions of degree k. One obvious Z-basis of &,, is composed of the symmetric
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monomials:

ma(t) = Z Hti»”, A € P, u € {permutations of A}.

poi=1
This makes the grading clear: m, constitute a basis for &%, where £(\) < n and |\ = k.
For our purposes, we will need symmetric functions in infinitely many variables, formulated
as a projective limit,

G :=1limG,,
o
where the projections are

ma(ty, ... tn) £(A) <n,
S =6, :m\— for n € Z>o.

0

Here {my}rcp constitutes a basis for &. But in practice, one generally uses the following

polynomial generators of &,,, with 0 < k < n:

(Elementary) ey := Z tiy -ty = Mk,
i< . <
(Complete) hy := Z my,
A=k

(Power-sum) py := th = M)

Let
(\)
pr =[] o
=1

where py, is the k** power-sum symmetric function. These are linearly independent, and
in fact {pr}trep, forms a Q-basis of &,. The basis change to elementary and complete
functions is given by [Mac95| I §2]:

- 1 1
ep = Z (—1)M e(A)i‘pM hy = Z PN (3.1)

A=n 2 A=n
The last tool we need to define is a Z-valued bilinear form on basis elements of &, defined
by [Mac95, T §4]
(hasmp) =6xu, A p€P, (3.2)
in terms of which the power-sum polynomials form an orthogonal basis (px,p.) = 0xul2als

while the Schur functions satisfy (sx, s.) = 0, i.e. {sx}rep, form an orthonormal basis of

S,
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3.1.2 Frobenius Characteristic Map

Let X,, := X(S,,) be the space of class functions of S,, from Definition Our principal

concern will be the infinite dimensional, graded algebra

X = éxn,
n=0

with multiplication
axf = Inds”*’” (a®p) € Xnym, «a€X,,BEX, (3.3)
defined by induction:

Definition 3.1.2. For H a subgroup of a finite group G, the INDUCTION of the class function
a€X(H) to G is:
1
Ind%(a)(s) = o > a(tTst) € X(G).

H =
t~lsteH

The counterpart to induction is the standard RESTRICTION Res% () € X(H) of the class

function o € X(G) to H. They are adjoint in the following sense:

Proposition 3.1.1. (Frobenius Reciprocity) [Ser71, II.7.2] For H a subgroup of a finite
group G,
(a7ReSg(/B))H = (Indfl(a)HB)G’

under the standard inner product (-,-)¢ on class functions defined in ,
We can now describe the well-known route [Mac95| I §7] between the symmetric functions

and class functions of the symmetric group. Recall from Definition that the cycle type

cyc(o) := (17t ...n") of o € S, also defines a partition (101,209, ...,n0y,) of n.

Definition 3.1.3. The CYCLE MAP is
Y:8, > 6,:0— Hpgk,

Definition 3.1.4. The FROBENIUS CHARACTERISTIC MAP is contraction with the cycle
map:

chy : Xy = &t f > (f,00) Z|

[Al=

This clearly admits a linear extension to ch : X — &. The basic fact is that:
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Theorem 3.1.1. The Frobenius characteristic ch is an isometry.

To prove this we need to distinguish the TRIVIAL CHARACTER 7,, € X,, of the trivial

representation of .S,,, which maps every element of S;, to 1. This has Frobenius characteristic
ch(n,) = E‘ Men ITIAIPA = h,, the complete symmetric polynomial, by equation |i

Now define the class function

X 1= det(nx,—i+j)1<ij<n € Xn, (34)

in terms of the character 7y of S, induced by the character of the trivial representation
of Sy = Sy, X Sy, X -+, [Mac95, T §3]. Explicitly the character induced by the trivial

representation of S is given by
NN = NA, XK Mg * 00, A€ P,.

From this, one immediately clear property of x, is its Frobenius characteristic: namely, the

Schur function sy, as defined by the Jacobi-Trudy formula (2.44):
ch(xx) = det(hx,—itj)1<ij<n =: Sx-

Proof of Theorem[3.1.1 (Sketch of [Mac95, I §7] First of all, isometry follows from

b

|ZC/\|

(ch(a),ch(B))e, = D a(Cr)B(CA) = (o, B)s,

[Al=n
where o, f € X,,.

Next we verify that ch is a ring homomorphism as follows. Notice that it is possible to
embed S, X Sy, in Sy, by making Sy, and S,, act on complementary subsets of {1,...,m+
n}. There are many such actions, but they are all related by a conjugation. Thus the
product o X 7 € Spym of 0 € S, and 7 € 5, is well defined up to conjugacy, with cycle

type cyc(o x 7) = cyc(o) U cye(r), which implies
Ungm (0 X T) = Pn(0)hm (7). (3.5)
Then by Frobenius reciprocity,

ch(axp) = (ndgis (axB),0) = (axBRes§ S (@) = (a,1)s,(8,0)s,

Sn+m Sn X Sm

= ch(a)ch(p).
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Secondly we show that ch is bijective. Since ch is an isometry, we have by equation

(B12) that

(XA?X/L) = <5)\7S,ll,> = 5)\/L-

Since the number of irreducible representation classes in S,, is exactly the number of parti-
tions of n, which equals the dimension of X,,, we conclude that {xx}z|=» forms a basis of

X,

Therefore, ch is a isomorphism from X,, 2 &,,, and so X &£ & also. O

Proposition 3.1.2. [Mac95, I §7] If A € P,, is the partition corresponding to an irreducible

representation ™ € R,,, then

X\ = Xmy

3.2 Heisenberg Algebra

In this section, we uncover a Heisenberg algebra acting on class functions in X, which
plays the role of a Fock space. In the character basis of X, the Heisenberg operators

applied to y will add or remove hooks from A.

We will define Heisenberg operators to act on class functions by restriction or induction, i.e.

removing cycles from or inserting cycles into the argument. First, some notation.

Definition 3.2.1. The CONTRACTION try : Xp1m — Xy of a class function o € Xpqp,

with respect to ¢ € X, is

try : = <a|—> ‘S—L Z gb(T)oz(oXT)).

TESm

Recall ¢, was the indicator function of an A conjugacy class. We normalise it by the
centraliser:

(5)\ = |Z)\‘(5C)\.

We will use the indicator function d(,,) of the m-cycle conjugacy class extensively. This
takes value |z(,,)| = m if its argument is an m-cycle, and 0 otherwise. In particular, we

define the negative Heisenberg operators as multiplication by this indicator function.
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Definition 3.2.2. The HEISENBERG OPERATORS Jiy, : X,y = Xpgm are
Sntm
J—m(a) =ak §(m) = IndSnJ;Sm (a @ 5(m))a
Im (@) :== tr(;(m)Res‘g:;Xsn_m (),
where m € N, and set Jy := 0.

Proposition 3.2.1. The operators J,, and J_,, are adjoint in the following sense:
(']—ma7ﬁ)5‘n+m = (O[, Jmﬂ)sn 9 [eAS xna/B S %m_m.

Proof. Expand the left-hand-side using Frobenius reciprocity, the definition of the inner

product, and the definition of the indicator function:

(@ O(m)s B)Spim = (@ Sm), RGSS"M (8)) S0 xSm

= Y alo)m(MResS Y, (07)

nlm!
(0,7)ESH XSm

1
= ) Z a(o) Z |2(m) |Resg ", (0.7)

oES, TGC(m)
1
=3 al@)Blo x (m),
oES
where last line follows from the fact that Res S";’g (0,-) is constant over the conjugacy class
C(m), which has size |C(m)| = (m —1)!, and [z(m)| = m. Since we also have

1
(trsB)(0) = — Y SamyBlo x7) = —1lCom [z Bl > (m)) = Blo x (m)),  (3.6)

! TGC(m) ’

we can equate

(@* 6(m)s B)Spim = - Z o)(trs,,, B) (o) = (o trs,, B)s,

’ cES,

O

Remark 3.2.1. A simple generalisation of this argument shows that in X, multiplication is

adjoint to contraction: schematically, (- x ¢,-) = (-, tryRes).

To explain why we named Ji,, as Heisenberg operators, we show they form a represen-

tation of He, acting on a Fock space X.

Theorem 3.2.1.
[J,m, Jl] = mdml.
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To prove Theorem the fundamental tool is:

Theorem 3.2.2. (Mackey) If H, K are subgroups of a finite group G, and x € X(H) is a
character of H, then

ResgIndf() = @ Indfy (Resif? (*x)) € x(K),
SEK\G/H

where s is a representative of the double coset 5, *H = sHs ', H, =°*HN K, and *x(g) =
x(s71gs) [Ser71, 11.7.3].

Some machinery is necessary in order to apply Mackey’s theorem to the symmetric group.
We follow the exposition of |Zel81l A].

Definition 3.2.3. The YOUNG SUBGROUP

Sy =Sy, X xSy

n

where |A| = k, is the subgroup of Sy consisting of permutations that leave invariant the blocks

L; of length X\; partitioning {1, ..., k},

Li={1,.... x}h Lo={\+1,...; 0+ X}, ., Ly ={ M+ 4+ o1+, A+ -+ A

That is, permutations o € Sy do not mix entries between blocks, o(L;) = L;.

Proposition 3.2.2. Double cosets S,\Si/Sx, where |\| = |u| = k, are parametrised by
matrices
K = (ki) cicen, 1 <<

such that k;j € Z>q, and

D kij=Xi, 1<i<U) and > kij=p5, 1< §<p). (3.7)

J

Proof following [Zel81, A.3]. Let L; be the blocks of A and M; be the blocks of . Given
o € Sk, the construction is to count the elements mixed by o between L; and M;:
kij = #{o (L) N M;},

which automatically satisfies the conditions (3.7). For all s € S,,, s’ € Sy, and o € S}, we

have
S/O'S(Li) n Mj = S/U(Li) n Mj
= 5/ (O’(LZ) n Slil(Mj))

=s"(o(L;) N M;).
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Hence #{s'os(L;) N M;} = #{o(L;) N M;}, i.e. k;; does not change when o varies in its
double coset S, \Si/Sx. If

#{U(Li) M Mj} = #{O'I(Ll) n Mj}

then o and ¢’ lie in the same double coset.

Conversely, given K = (kij)1<i<e(>\) 1<j<e(n) satisfying the conditions 1) we construct

o in the double coset as follows.

Since the length of L; is A; = ki1 + -+ + kjg(), We can split each L; into subsets
Liy U...U Ly, where

L= {1, ceey ki1}7 Lo = {kzl +1,..., k1 + kig}, etc.

Similarly split M; = Mi; U...U Mjy);. Then let o € Si be the permutation sending L;;
to M;;. By construction, this permutation mixes k;; many elements, i.e. {o(L;) N M;} =

kij. L]

Proof of Theorem|[3.2.1. Our strategy is to calculate J,,J_; using Mackey’s formula, which
switches restriction and induction, recovering J_;J,,. First, specialise Proposition to

S; X 5. \Sk/Sm x Sp. This double coset is parametrised by

b
K= ¢ ta+b=m,c+d=na+c=0lb+d=r;,. (3.8)
c d

For all double coset representatives s € K,

(S X Sn)s = (81 x 8,) N8(Sp X Sp)s™! =8, x S x Sy x Sy
(S; X 8p)s = (S x Sp) N s™H(S; x S,)s =Sy x Sy x Se x Sy

so we see that s € Sy, fixes {1,...,a} and {a+b+c+1,...,d}, and switches the two parts
{a+1,...;,a+b}and {a+b+1,...,a+ b+ c}. Finally we apply Mackey’s theorem

Jmd_1(e) = trs,,, Resgt ¢ Indr, g (50 ® @)

J— Sm Sn S(S XST) S
= trg(m) Z Ind(slisr)s (ReS(Sl;Sr)s ( (5([) ® Oz)))
5€S; XSy \Sk/Sm XSn

_ S X Sn S1 xS,
=trs,, Y, IdgriEis s, (Ressaxscxsbxsd (O ® a)) :

(ah)ex

60



Since Resgl «s.(6@1)) vanishes unless a = [ or ¢ = [, we reduce the sum to two double cosets:

((l)m;l)’ (?nﬂjl)u

each still satisfying the parametrisation (3.8)). For these two remaining summands, we can

push the restriction through to obtain

S X Sn S S X Sn S,
trs,,, | Indgs" s, (5(1) ®@Resg" .g. (a)) +Indg™ X5 s, (5(l) ® Ressmxsn,,L(a)>

() (I

The contraction of (I) collapses down to

1
E05(1m) (Indglmxswl (0w ® 5)) =15 Z Z Oy @ B) (¢ at)

TESm tESm
cyc(o)=(m) t~ote S xS

where § = Resgr _,(a) is one block of the above restriction of a.. This expression is a sum
over m-cycles, but must also be a sum over elements in S; x S,,_;. So it vanishes unless

m = I, in which case n = r, and so trs,, (I) is exactly
tr5<7n)lnd§$§§2 (5(m) ® Resg: (a)) = ma,

using the fact that trs,, () = m from equation (3.6).

As for the contraction trs, (II), moving tensor products around produces the desired

result:

SpXSm S, _ Sitr—m Sy
trs,,, Indg’ ;g™ o (5(1) ® Ressn,,xsm(a)) =Indg g™ (5(1) ® (tr&m)ReSSmxsr_m(a)))

= J,lJm(a).

3.2.1 Character Basis

We find that Heisenberg operators have a graphical interpretation in terms of Young
diagrams corresponding to characters, which matches the well-understood representa-

tion of Heisenberg operators on the symmetric functions.

First let us explain the Heisenberg representation on symmetric functions, as it has been

noted before, e.g. [Mac95, I §5 Ex. 3.d)], and is easy to describe.
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Proposition 3.2.3. Under the standard inner product on &, the adjoint of multiplication
by pn, € 6 is
0

*
= n—
P Opn

Proof. Recalling orthogonality of power-sums under the inner product (3.2) on &,
lza] i A=vx(n),

(DnPx>Pv) = (DA, PnPv) =
0 otherwise.

It follows that pypx = Z2p, = nmy,(\)py, so long as n is a part of A, and p is obtained from
wn
removing a single part n from \. Here m,, () is the multiplicity of the part n in A, which is

exactly the effect of applying the derivative 9/9p;,. O

Define the operators P, on & for n € Z as:

6;%' n >0
P,-=<1. n=0 (3.9)
—NP_p- n<0.

Since power-sum symmetric functions form a Q-basis of &, we can always write f € G in
power-sums, so the operators (3.9) are well-defined. It is straightforward to verify these
operators form a representation of the Heisenberg algebra He (2.12]) over &,

[Pﬂlv Pn] = m5m+n,0-

Recall from Section that states in bosonic Fock space $(©) were expressed in a
symmetric basis of Schur functions s). We now propose that characters x form an attractive
and physically relevant basis for X, as they correspond to the Schur basis s) of & through
the Frobenius characteristic map, by equation . Furthermore there is a graphical

calculus one can use to quickly evaluate the Heisenberg action on a character.

Definition 3.2.4. The SKEW CHARACTER X\, 45 defined by ch(xa\,) = Sx\u, where sy,
is the skew Schur function of Definition [2.7.5

Recalling Definition of the hooks of a Young diagram Y, collect them into a set
hk(Y).
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Theorem 3.2.3. (Murnaghan-Nakayama) If u = (u1, ..., ftm) @S a partition of n, then

X)\(p“) = Z (71)b(h)X)\\h ((ul,“wﬁ;a"'aﬂm))a

hehk(Yy)
[h|=pk

fork=1,...,0(\) [Mur63, 5.2/, [Nak41).

A particular case of the Murnaghan-Nakayama theorem can be used to define operators

J+m : Xn = Xprm on characters x in X,,, whose action is to remove hooks of size m:

(Fmxa) () = xa ((m) &%] Y Do), (3.10)

nEhk(Yy)
[n|=m

or add hooks of size m:

(Gomxa) (1) = Z S (=DM (u), (3.11)

_ nehk(Yy)
= 750

where m > 0. Set jg := 0. These operators acting on character Fock space x, € X
are designed to mimic the Heisenberg operators «,, acting on the fermionic Fock space

|A;0) € §, as defined in Definition [2.1.2]

Example 3.2.1.

a_3|EF]; =S Wil :(3/2A —1/2A =5/2A~T/2A )

i€F

=H 0+ 0 50 - 050 - HHo
JA%XHJ = XH_I_LUJFXQ_‘XEHXH:H-

This Young-diagrammatic interpretation of the bases xx for X and |X;0) for T was how
we originally discovered the relation between hooks and Heisenberg operators. This fact also

foreshadows the correspondence between |\;0) and xx, developed in Section .

Remark 3.2.2. One can view our ji,, operators as generalising the formula [OP06, 3.1.2]

()

Hoz_m\0>: > xWro)

[A=]p]
in the wedge basis §, which itself is an incarnation of the Murnaghan—Nakayama theorem

15.2.5
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Finally, to close the circle, we claim
Proposition 3.2.4. In the character basis of X, Definition [3.2.3 specialises to:
I XX = JmXx, mE Z.
Proof. Applying equation to xa, we reproduce exactly the definition of ji,,, m > 0,
(Jmxn) (1) = (trs,, xa) (1) = X (e x (M) =2 (Fapmxx) (1)-
So Jy, = jm- To prove the J_,,, = j_,, case, we first demonstrate that ji,, are adjoint:

(ij/\aXu) = (X/\aj—mXu)a m > 0.

Substituting the definition (3.11)) of j_,,, the right-hand-side is

Z Z (_1>b(n)5)w: Z (_1)b(n)

n€hk(p) n€hk(X)

4
I=lpltm 5\ Mn=p

where we have used the first orthogonality relation (1.2]) between characters, (X, xx/) =
Or,x . Substituting the definition (3.10) of j,,, the left-hand-side is

Z (_1)5(17)%\”7#: Z (_1)1?(77)7

nehk(A) nehk(X)
[n|=m A\n=p
[nl=m

which verifies adjointness of jy,.

Now by Proposition the adjoint of J,, is J_,,. But we have already shown that
Jm = Jjm, and that j_,, is the adjoint of j,,. Therefore J_,, = j_,. O

Proposition 3.2.5. & and X are isomorphic as He-modules.

Proof. Under the Fock space isomorphism ch,

Ch(&,) = Po)
hence
Pm-Sx = ch((m) * xa) = ch(Jmxn)- (3.12)

By the isometry of ch, the adjoint operator md/dp,, (Proposition [3.2.3)) is sent to the
adjoint operator Jy,, (Proposition|3.2.1)). The result follows the Stone-von Neumann theorem
227l O
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3.3 Vertex Operators

The Frobenius characteristic map sends X to bosonic Fock space §), and so lays a
path, via the Boson-Fermion correspondence, to realise fermionic operators on X. We

propose that fermionic operators act diagonally in the character basis of X.

By Theorem we can now substitute the He-module X for the He-module (),
}:C%h.ﬁ(o) DX Sa-
and by Proposition [3.2.5] we obtain a VOA isomorphism sending the Heisenberg VOA over
$H© of Example to the Heisenberg VOA over X. Our task for the rest of this section
is to apply the Boson-Fermion correspondence of Theorem [2:41] in this new Fock space X.
Recall the notation n,, € X,, for the character of the trivial representation of .S,,. Denote

the character of the sign representation of S, by e, € X,,.

Remark 3.3.1. The elements in the class algebra Z(C[S,]) associated to the trivial char-
acter n, and the sign character €, are
Ctriv,n = Z [O’], €sign,n ‘= Z SgH(U)[G]
ocESy €Sy

Product expressions of the above are available:

n

Etriv = ZZn—m = Zem(JMla .- -,JMn) = H(ISk + JMk)
1=0 =0

n

Esign = H(lsk - JMk)

where JMy, are the Jucys-Murphy elements of Definition|1.1.8, and Zy, defined in equation
, is an elementary polynomial in the Jucys-Murphy elements by Proposition .

Since our party of distinguished elements has grown large, we collect them in a dictionary

in Table[31

We collect the relations (3.1]) between elementary, complete, and power-sum symmetric

functions into the generating functions:

1. .n _ (RO
E B2 = eXrz1 KPR g ez = e Zkz1 Tk PR (3.13)
n>0 n>0
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Z(C[Sq4]) X4 64

lzxlec,  Ox D

d!
dim 7y €y Xma SA

Etriv Na  hg

€sign €d €d

Table 3.1: Translations of distinguished elements between Z(C[S,]) = X4 = G&,.

Take the image of these relations under the Frobenius characteristic map to obtain

n Szt £ =" n —2k>1 SO Sy ="
E Np2" = e~k21% , E entt =e 21k . (3.14)

n>0 n>0

Introduce the following operators Hiy,, Etm @ X, — Xpzm for m > 0, defined as

multiplication by trivial and sign characters:

H_, (o) = axn, = InngxSm (@@ Nm), F_m(a) =axe, = Indg";g (a®em),

and their adjoints:

Hpy(a) = trnmResg:thS (@), En(a)= tremResglxs

(@).

n—m n—m

Now if we multiply a class function by (3.14)), we have obtained the vertex operators
H_(z),E_(z) and the adjoint vertex operators H(z), E4(z),

He(z) =Y Hinz®" =eX /™" Bi(z) =Y Eup(—2)™" = 25/ (3.15)

n>1 n>1

At this point, we have almost reproduced the exponential of the Veneziano field, as
in Proposition 2.:4.1}—but charge is still missing from the story. We use the Fock space
C[Z] ® X, where the rdle of the group algebra of the integer charge lattice Z is to keep track
of charge. Represent said charge by e?, where j is a formal parameter. The multiplication

"B xeP = e(mtn)B ¢ C[Z] ® % is simple charge shift. Define a charge operator Jy on C[Z],
Joe™? = 8,367”5 = me™?.
Some notation is needed to let a character carry charge: define the CHARGED CHARACTER

XAim = em,{i*x/\ e C[zZ] ®:fp\|.
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Finally we can construct Neveu-Schwarz fermionic operators on the Fock space C[Z] ® X,

following Theorem
B(z) = H_(2)eP22 12, (2), l(z) = B_(2)e P20+ 12 H (2).
Given the fermionic fields, we can deduce their modes via the contour integral approach

to VOAs, as explained in the appendix of [FLMS88]. We write the NS mode expansion
(2) = Xep iz V200 (2) = X cp ¥l 2771/ in terms of [FLMSS, A.2.18]

U= § o), Ui ()

2miz 2miz

Proposition 3.3.1.

Yiy Vi X030 = det(Mag—k+5)1<k,j <mX0im

where iy, = \p—k+m+1/2, ordered as iy > -+ > i,,, are the wedge coordinates of Definition

L. 1.9

Proof. We have vertex operator commutation relations,
Ey(z1)H (22) = (1+ ?)H,(@)&(zl), (2005 B _ 0B In(2)0s
1

valid in the region |z1] > |22|, which can be seen as a special case of the Baker-Campbell-

Hausdorff formula,
etef = eBetelABl for [A, A, B]] =0=[B,[A, B]],

using the commutation relation [J,,, J_;] = md,,; of Theorem and [0g, 5] = 1. Hence
[Kac83, §14.8]

G(21)(22) = (21 — z2)H_ (21)H—(22) B4 (21) By (22)€*? 27 T/ 20012, (3.16)

We define the normally ordered product

H_(z) % [] 2% x e x T[ B4 (), (3.17)
1 k=1 k=1

so that the equation is 1 (21)Y(22) = (21 — 22):0(21)¥(22): [FLMS8S| §8.4.25].

By a similar commutation argument, one can prove the following

s

p(21)Y(z2) - P(zm): =

~
Il

m

)= [ (-2 ]] ¢

k=1 1<i<j<m k=1
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valid in the region v C C™ cut out by |z;| > |z;],1 < i < j < m [FLMS88, A.2.9]. We
recognise [[; ;< (2i — 25) = det(z}"_i)lgi,jgm as the Vandermonde determinant. This

lets us write the product of modes as a multiple contour integral over +,

(Hqﬁl’“) W0 = T - fH ( e z) e
det(=") <kr_[ ww:) X600 H ( )

Applying the definition of the normally ordered product (3.17)) to xg.o gives

m
H ¥(2k X@o_emBH Znnzk (21 2m) "2

k=1 TL>0

where by definition H_(2)xp.0 = >_,50 H-nX0,02" = >_, 502" Expanding the determi-

nant as a sum over permutations, then taking the residue, we have

<kl:[1¢ik> X00 = oy f j{H > inzp ( I'Lck+1/2>

n>0 =1
m—a(1) m—o(m) dzy,
X Z sgn(o)z ceezy —
U'ES7YL Zk

=" Z N—(m+ir+1/2)+0(1) " —(m+ix+1/2)+0(m)
oESm

= emﬁ det( m+zk+1/2)+j)1<k,_]<m

= Xo:m det(n,\rkﬂ‘)lgkdﬁm’

where in the last line we moved from wedge coordinates i, € X, to partition coordinates

Api=—ip+k—m—1/2. O
As an application, we substitute the determinant formula for characters:
X = det(nx,—k+j)1<k,j<n;
into Proposition to immediately obtain
iy Vi X0:0 = XA0 * X0m = XAm-

Essentially we have diagonalised the determinant as a product of operators—in this sense

the fermionic operators act diagonally on the character basis of C[Z] ® X.
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Remark 3.3.2. We conjecture that Xxm * Xun = Vi, - Vi, i1 - ¥4, Xp0 18 a sum over
characters X, running over unions of wedge coordinates such that X . pmin = Xoim U Xain,
and the union is in descending order. Heuristically the sum is over mergers of arms and legs
from one diagram into the other (with the charge telling us how to decompose the diagram into

arms and legs). This could give an alternative method of computing Littlewood-Richardson

coefficients X, = (Xws X2 * Xp)-

‘We now have a method to edit characters in terms of the Young-diagrammatic calculus of
Section Given a character x),0 with corresponding diagram Y, applying 141 to xx;0
shifts the charge by +1, then inserts/removes an arm of length k € Fx into Y). Likewise,
1/1; . shifts the charge by —1, then inserts/removes a leg of length k. The lengths are relative
to the diagonal cut in the Young diagram, which is determined by the charge, as explained in
Example The location of the insertion/removal is that which preserves the descending
arm and leg length property that defines a Young diagram. See the example in Figure [3.1

Remark 3.3.3. Charge 0 operators insert hooks. For example, the Heisenberg operators jiy
defined in equations insert/remove every possible arm+leg hook of total size k

which still results in a Young diagram. Intuitively this is because under the Boson-Fermion

correspondence they are sums of bilinears ijT—j-i-k'

Arm of length 1/2 Arm of length 7/2

)
w_g/g 1’[)1/2 1/)7/2
e O “Ho o

Leg of length 3/2 / o

Figure 3.1: An example of the character Xﬁ:\j;l = ¢7/2¢1/2¢T_3/2X@;0 constructed from

fermionic operators. Lengths are measured relative to the diagonal, as explained in Example

211

This discussion can be summarised as follows: the Frobenius Characteristic map ch

composed with the Boson-Fermion correspondence o provides an isomorphism:
ch o
ClZl@ex=9H=5,
where characters X .., correspond to fermionic states w™sy € § or |A;m) € §. Meanwhile,
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conjugacy class indicator functions d) correspond to bosonic states py € $ or Hf(:)‘l) oy,

3.

0) €

In the class algebra, this translates to (c.f. Table|3.1]) the representation basis {e,}rer
being fermionic, and the conjugacy class basis {ec}cec being bosonic, thus explaining a

comment by Dijkgraaf [Dij95} §5]:

“The representation basis and the conjugacy class basis [...] correspond respec-

tively to fermions and bosons.”

3.3.1 Cut-and-Join

The partition invariant (PI) operators of the Wy algebra, defined in admit a bosonic
expression by equation ([2.48)), which we write as an operator on X:
1
Ry D DR I
i1+ +ig41=0

where the normal ordering of Heisenberg operators is the usual one, see Example 2.3.1]

Definition 3.3.1. The CUT-AND-JOIN operator on G is
1 5] 02
W =3 i+ J)pipj 5 +ijpi )
2 ijZEZ << Jpip; ODitj 7 Opidp;

where p; is the i power-sum symmetric polynomial.

By definition (3.9)) of the He-module &, we can rearrange the cut-and-join operator more

attractively as:

1
W = 6 _:E: :}%f?f%;
i,5,kEL
it jtk=0
By Proposition the He-modules & and X are isomorphic under the Frobenius char-
acteristic map, so that p;sy = p;ch(sy) = ch(J;xx). Hence we can interpret W as a PI

operator on symmetric functions G, i.e.
Wsy = ch(Ilaxy). (3.18)

It can be proved [Gou94, §3.1] that under the cycle map ¢ of Definition the cut-
and-join operator acts as multiplication by the transposition basis element e of the class

algebra:
Wip(o) = (ero).
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Therefore
Wi(er) = Ylerex) = va(T)P(ex),

where e, is a representation basis element of the class algebra. This implies that the eigen-
states of W are Schur functions, with transposition class multipliers v, (7) for eigenvalues.

An alternative approach, using our knowledge of PI operators, is:
Wiy = ch(Ilaxx) = va(T)ch(xa) = va(T)sn,
where we have used equation (3.18)) followed by Proposition m

Remark 3.3.4. At this stage, it is natural to ask if there are elements of the class algebra,
other than e, which have partition invariants 75 (Zf(:’\l)()\i — i)k — (A — z)k) for eigenval-
ues. But this is exactly the power-sum of contents px_1(c(N\)), as can be seen by a similar ar-
gument to Example . In that example, the PI operator was e, = p1 (UMq,...,IM,,) €
Z(C[S,]), where JM are the Jucys-Murphy elements of Definition . A straightforward
generalisation tells us that the power-sum pr_1(IJMy, ..., IMy,) € Z(C[S,]) has partition in-
variants for eigenvalues. It is known that pr—1(JMy, ..., IJM,,) is a linear combination of the

m-cycle basis elements ec,,, , m <k [Las13, 6.1], [LT01, §3].

Remark 3.3.5. The original cut-and-join formulation [Gou94] arose in the combinatorics
of multiplication of o € S, by a transposition T := (ij) € Sp. Suppose cyc(o) = X =
(A1, -5 Am), so there is a factorisation o = ¢y -+ ¢y € Sp. The possible cycle types of o

are:
(Cut) Ifi,j are in the same cycle ¢y, then this cycle is ‘cut’:
cyc(or) = (Al,...,X;,...,)\m,r,s)
where r + s = \j.
(Join) Ifi,j are in different cycles cx, # i, then these cycles are “joined’:

eye(oT) = My Mose oo s N s N Aoy Am)
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Chapter 4

Jacobi Triple Product

In this brief chapter, we evaluate the characters of a genus 1 free CF'T over both
fermionic and bosonic Fock space to give a physical proof of the famous Jacobi triple

product. We then construct the modular invariant partition function.

4.1 Genus 1 CFT

We briefly set up the free fermion CFT. For more authoritative material on CFT see

[Sch08| §2, §5, §9] and [Gin&9, §1-3]. For detail on the free fermion, see [Gin89, §6-8].

4.1.1 Conformal Group

The group of conformal coordinate transformations of C can be described as the holomorphic
coordinate transformations with non-vanishing derivative, given by z — f(2),z — f(2). We
write an infinitesimal holomorphic transform as the addition of a convergent Laurent series

€(z) [Sch08l 5.2],

o zte(z)i=2— ) 2", 2o E4E(z)i=2-) &zttt (4.1)
nez nez
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whose corresponding vector fields have basis l,, :== —2"%19,,1,, := —2"*19;. These form an

algebra, closed under commutation relations

loslm] = (0 =) lsms [y ln] = (0 = M)ty [lns lm] = 0. (4.2)

which we identify as nothing other than Wi ® Wi, two copies of the Witt algebra of Def-
inition [2.3.8] But it is impossible to promote this Lie algebra to a group of conformal

transformations [Sch08, §5.2]. The best we can do is:

Definition 4.1.1. The GLOBAL CONFORMAL GROUP of the Riemann sphere CP' consists

of invertible holomorphic functions f : CP' — CP'.

Proposition 4.1.1. The global conformal group of CP' has infinitesimal generators {1_1,10,01,1_1,10,11 }.

This can be seen by noting l,,l, are non-singular at z = 0 if and only if n > —1.
Furthermore, l,,,,, are non-singular at z = oo if and only if n < 1. Tt is easily seen from the

relations (4.2) that {l,,} _1<n<1 is a closed subalgebra of Wi.

In particular, the generators of the conformal transforms are

translations: 1_1, [_1; rotations: i(lg — lp);
) ) (4.3)
dilatations: Iy + lp; special conformal: [y, [;.

This can be phrased instead in terms of the MOBIUS GrOUP PSL(2,C) := SL(2,C)/Z>.

Corollary 4.1.1. The global conformal group of the Riemann sphere CP' is isomorphic to
the Mébius group PSL(2,C) [Sch08, §2.5].

The conformal transformations in this language are

6
0
translations: ; rotations: ;s (4.4)
01 0 e
. . a O i 0
dilatations: ; special conformal: . (4.5)
0 a? c 1

The question is now: how can we conformally transform the fields of a VA7 We follow
the exposition of [KacO8| §4.9-4.10]. Given a graded VA (V,|0),Y) from Definition 2.3.2]
the ‘shift’ identity of equation (2.19)) gives the translation z — z + b,

Y (¢, 2)e T =Y (¢,2+b), ¢eV.

73



By the grading of V', we assume the existence of a diagonal operator H on V such that
[H,Y (¢, 2)] = 20Y(¢,2) + Y (H¢, 2),

or equivalently [H, ¢(n)] = —n¢(y), then we can integrate this up to quS(n)a*H = a’HgZ)(n),

which gives the dilatation and rotation z — az,
Y (¢, 2)a " =Y (af¢,az).
Finally we must assume the existence of an operator 7 on V such that

[T*,Y (¢, 2)] = 220Y (¢, 2) + 22Y (Hp, 2) + Y (T* ¢, 2).

z

This integrates up to the special conformal transformation z — g

—cT* cT* —c(14c2)T™ —2H <
Y =Y 1
TV (T = e (1) 6. =)

It can be checked that spanc{T, H,T*} generate a sl(2,C) Lie algebra with commutation
relations

[H,T*)=-T*, [T*,T)=2H,
which we realise by matrices

1 0 0 O
5 2H - T* =
0 0 0 -1 -1 0

T =

By exponentiating this Lie algebra to the Lie group SL(2,C), and substituting, we find the
Mbobius transforms of equation (4.4)):

1 - a 0 a”l 0 "
Y(6,2) —Y(4,2+a), Y(6,2) — Y(a"$,a2),
0 1 0 1 0 at 0 a
1 0 1 0 x
Y(¢,2) -V (e—c(1+cz)T (1+ CZ)_2H¢, Z ) )
c 1 —c 1 1+cz

This is the origin of the additional Virasoro axiom of VOA Definition 2.3:3} it sup-
plies exactly the operators we need: T'= L_1,H = Lo, T* = L;. We now explore some

consequences of this axiom.

Proposition 4.1.2. In a VOA (V,|0),Y,w,c), the Virasoro OPE is

51 2Y (w,w)  9Y (w,w)
(z—w)t  (z2—w)? z—w

Y(w,2)Y (w,w) ~
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Proof. The weight 2 Virasoro field Y (w, z), due to the Borchards OPE of Proposition
has OPE
51 Y(Liw,w) Y(Low,w) 9JY(w,w)

Y(w72)y(w7w) ~ (Z,w)4 (qu;)3 (sz)2 zZ—w

By mutual locality, exchanging z and w should not change this equation, which implies

Lyw = 0, eliminating the cubic term, and by definition, Low = 2w. O

By using equation ([2.20), we can extract the commutation relations of Y (w,z) = >, ;) Lnz~ "2

from this OPE:

Corollary 4.1.2.

(L, L] = (0 — m) Loy + ~— (0% = 1)0ntmol, [Ln,1]=0, ne€Z,

"

These are exactly the Virasoro relations at central charge ¢ from Definition [2:3.9]

Definition 4.1.2. Given a VOA V and ¢ € V, the field Y (¢, w) is a PRIMARY FIELD of
weight h if

V(@ Y (6 ) ~ YV (6,0) + 0¥ (6,w)

(z —w)

Remark 4.1.1. To return to the local v.s. global discussion of holomorphic transforms
which began this section, we note the definition of primary fields for a chiral CFT, which
can contain an anti-holomorphic dependence: a CFT primary field ®(z, 2) of weight (h,h) €
R2, under the holomorphic coordinate transformations with non-vanishing derivatives z —

f(2),z— f(2), transforms as [Gin8Y, §2.1]

B(z,2) = (0)"(0F) 2(f(2), F(2)).
Explicitly, under the holomorphic transform , a primary field in a CFT transforms as

B(2,2) = ®(z,2) + (hoe(2) + €(2)0)P(2, 2) + (hOE(Z) + €(2)0)®(z, 2). (4.6)

Were ®(z) purely holomorphic, this would reproduce the OPE of Definition .

4.1.2 Dirac Fermion

(0]



We describe the free complex Dirac fermion CFT on an elliptic curve, paying par-

ticular attention to the difference between the Ramond and Neveu-Schwarz sectors.

To write down a CFT, we work with Euclidean R? space and time coordinates o and og,
or alternatively z := og + 901 € C. To eliminate any infrared divergences [Gin89, §2.2], we
compactify the space coordinate, o1 ~ o1 + 27, thus defining a cylinder. The conformal map

2z — ¢ = €® sends this cylinder to the plane C, c.f. Figure

Figure 4.1: Conformal map of the compactified space-time cylinder to C.

To convert the cylinder to the torus, we perform the usual discrete identification of two
periodic cycles. For convenience, rotate z + iz first, so that one period is z ~ z + 27, and
the other is z ~ z 4+ 277. This defines an elliptic curve, parametrised by 7 € H in the upper

complex half-plane.

We can now describe the ¢ = 1 Dirac fermion living on the elliptic curve E, parametrised
by the elliptic modulus 7 € H in the upper complex half-plane. The Dirac operator is
calculated by Pauli matrices o, oy:

0 05y — 100, 0 0

P = 0,05, + 0y0s, = =\ _ ,
By, + i, 0 a0

where z = 0 + 701, and the Euclidean measure is 2idz A dz = 4Im 7dog N do;. The action
is thus

1
2w Im T

/Ed%w(z, 2@ — AT (2, 2) + (2, 2)(0 + iA)FT (2, 2),

where A, A are components of a flat U(1) connection on E. We have split the Dirac fermion
into two independent chiral (Weyl) components 1,. For conciseness’ sake, we will treat

only the first chiral field 1; identical considerations apply to ).

Now the connection A on F is fully specified by the holonomy of i around the spatial
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and temporal cycles of E, which are sometimes known as the a-cycle and b-cycle. Fix

f Ly — f g,
a-cycle 2mi b-cycle 2mi

2mia and the holonomy around

i.e. the holonomy around the spatial/a-cycle z ~ z + 27 is e
the temporal/b-cycle z ~ z + 277 is €2™®. We will concentrate on the cases a,b € {0,1/2},

which cause periodicity or anti-periodicity around their respective cycles.

We can import the results of Example describing the Clifford VOA of a complex
holomorphic fermion 1(2),7(z) on the plane C. Under the exponential map z — ( = €,
the primary fields of weight h = 1/2 transform as 1(z) — 2*/2(z) and ¥ (z) — 21/2¢1(2).
Examining the new mode expansions of the fermionic fields ,

P(z)= D bz i) = Y w2
Jj€Z+a j€Z+a
we identify a = 0 (periodic boundary conditions) with the Ramond fermion and a = 1/2
(anti-periodic boundary conditions) with the Neveu-Schwarz fermion. The Virasoro field
L(2) :== Y (w, 2) is not primary, and under the exponential map picks up an anomalous term

from the Schwartzian derivative, [Gin89| §7.1]
L) o CLO = = =3 Ly — b ) e
S AT

In particular, the Ly mode on the cylinder has been raised by 1/24, known as the VAcuum

ENERGY CONSTANT of the cylinder.

From Proposition we know the ¢ = 1 Clifford VOA is generated by the Veneziano
field ¢(z):
o) = —i06(=), lz) = et () = 2O,

and by Remark we can write the Virasoro field as
L(z) = —=:a(2)?.

This allows us to examine the weights of various fields. Take the OPE of :e¥#(): with L,

using the Borcherds formula of Proposition [2.3.3

_%:a(z)2: eima(w). Y (Lo|+m), w) + Y(Lo1|£tm), w)

(z —w)? z—w

2
m /2 > zezl:imcb(z): + 1 a:e:i:im¢(z):
(z —w) z—w

~
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where we have used the state-field correspondence :e*¢(®): = Y'(| + m), w) of Theorem
and the fact that the eigenvalue Lg|tm) = %2\:I:m> is simply the sum of the modes
from +1/2 to £m=1/2. Therefore by Definition :eFm(2): is a primary field of weight
mTz. So we can be decompose the Fock space by charge m € Z into infinitely many Vir.—i-
modules of highest weight m?/2, since L_,, is a charge 0 operator, so the descendent states
of a charge m state will also be charge m. See Table and [4.2] for some sample low-energy

states.

Finally, we must modify the state-field correspondence, since we have introduced bound-
ary conditions on the fields. The standard trick |[Gin89, §6] to implement corresponding

boundary conditions on the level of states is to first define the TWIST VERTEX OPERATOR:

fa(z) == pi(—a+1/2)9(2).

with OPEs
V()pa(0) ~ O, 4l (2)ua(0) ~ O(2"71/2),

possessing square-root branch cuts. Intuitively, when a field e.g. () is transported around
pa(w), it is twisted by a holonomy factor e?@ from passing the branch cut. The twist vertex
operator /i4(z) has weight h = %(a — 1/2)? by equation (4.7). In the Neveu-Schwarz sector
a = 1/2, the state-field correspondence produces the familiar vacuum state Y (|0)xs, 2) =
p1/2(2) = 1, of weight h = 0. The Ramond sector a = 0 is more interesting: the state-field

correspondence defines two states, corresponding to 1(2), ,u(g (2):
Y (|£1/2), 2) = 15390

i.e. the Ramond sector has two vacua of conjugate charge +1/2, so surprisingly, the vacua
have weight h = 1/8. Referring back to the Definition of the Fock space vacua, we
identify

[1/2Yr =0A=1A=2A---, |=1/2)g=—1A—-2A-3A---

Note that this raises the vacuum energy constant to —1/24 + 1/8 = 1/12. Indeed, the

general value of this constant for 0 < a <1 is

1 a(l—a)

N(a) := T R (4.8)

c.f. |Ging9, §7.1] for a zeta-function regularisation argument.
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Remark 4.1.2. The CFT partition function is intimately related to the VOA character.
The equal-time surfaces og = const. on the cylinder z = o9 + 101, under the exponential
map, become circles of constant radius on the plane ( € C. So dilatations of C are just
the time translations on the cylinder, while rotations of C are space translations. After a
rotation z — iz and the discrete identification of z ~ z + 27 and z ~ z + 277, we find that

shifts in Re z are space translations, and shifts in Im z are time translations.

Now in the Hamiltonian formalism, the energy operator H is the zero mode of the field
that generates time translations on the cylinder; the momentum operator P is the zero mode
of the field that gemerates space tramslations on the cylinder. We know by that after
the rotation of z, dilatations and rotations are respectively generated by Lo + Lg, so we can

identify
c—cC
24

c+ ¢
24’

H=Ly+Lo— P=1Lo—Ly—

The partition function in the Hamiltonian operator formalism is:

Z(q) = tr (eQWiReTPe—Qﬂ'IInTH)

o (4.9)
= tr (qLD_zﬁ ’LO_TCZL> ,

where ¢ = €2 is the nome of 7. We can recognise the holomorphic part of this trace as

Definition of the VOA Virasoro character, after a zero mode shift by —c/24.

79



08

Ly-eigenvalue Neveu-Schwarz State Diagram
0 0) 0)
12 ¥1,/0), %7, ,[0) 1), -1)
1 YR 1/2|0> 30)
32 ¥a,[0), 47, ,[0) I 1), 10— >
2 Yathral0), T, [0), 65 nal0), 0T, 0T, 10) 12), 113 0), [H; 0),
5 Pra0), Wt 00,100, 05 L 10, el [0) IDJIMDJ—LH ,E,w
3 ot o]0, Yasathl 0, [0), vt 100, 00l o, 10), w0t l0) | 1T 2), HH 00, T 00, ﬁ; 0,103 —2)

Table 4.1: Low-energy states of the NS sector F(F).

é + Lg-eigenvalue Ramond State Diagram
§+0 1/2),[=1/2) 1/2),1=1/2)
st1 i) 1) =12, Ty =) 13/2), I3 =1/2), I8 2/2), |=3/2)
§T2 Dol /o), prool 12, o 1 f2), ol =1 /2), nh =1 /), T gl =1/2) | (532, IH; L2), IH; —3/2), L1 Vo), L1 —1/2), I —3/2)

Table 4.2: Low-energy states of the R sector §(Z).




4.2 U(1) Characters

Definition 4.2.1. The classical JACOBI THETA FUNCTION is (WW15, §21.1]

I w,7) = Z " w

neZ

Proposition 4.2.1. (Jacobi Triple Product)

Hw, q) _ . L
bl S bt = T (w1,
ma nGZ j€F>0

X5 X3 (F)

To prove this famous identity [WW15, §21.3], we equate characters x of the VOAs §

and §, which are isomorphic by the Boson-Fermion correspondence

Proof. Fermionic Side. Given the ¢ = 1 holomorphic fermion CFT of Section the
U(1) character of the Neveu-Schwarz sector §(FF) is

XF(F) (wa (I) = trg(F) (wanLO 1/24) 7

This trace is easily calculated by decomposing the Fock space. Fix j € Fy¢ and consider

the 2d Clifford algebra generated by 1, 1/) with representation V; spanned by
10)ns, 5100, ] 0)ns, ¥ 5 0)s

Projecting the trace onto this basis gives

1 0 0 0
. 0 wg 0 0 ) )
try, (W V) = ! | = (1 +wg)(1+w ). (4.10)
' 0 0 wl¢ 0
0 0 0 q23

Therefore
Xz (w,q) = ¢/ trg e (wza'ew:%w 2 jer JisY; )

aCA | A Rl (4.11)

Jj€F>0

=¢ ' I O+ we)) (1 +w™'¢).
J€F>o

Bosonic Side. The partition function of the free boson is the U(1) character
X5 (w,q) = try (w%qLo 1/24)
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Recall the calculation |j of the character of the £ VOA, X5 (q) = q1/24%. We

n(q

promoted this VOA to the full $ VOA in Example Since the charge m vacuum has Ly
weight %2 by equation 1) the charge m character is xgom (¢) = qm2/2X5(o> (¢). Putting
this together, we find:

_ n? 1 n? Hw, q)
Xo(W,0) = ) xpo(@)gTu" = —=< ) ¢Tu" = .
nze:z 9 n(q) EE:Z n(q)

(4.12)

Now, by the Boson-Fermion Correspondence the trace x(w,q) can be evaluated
over either § or §. Equating expressions (4.12)) and (4.11)), we obtain the desired identity. [

4.2.1 Spin Structures

We demand that conformally equivalent elliptic curves should have the same parti-
tion function. This forces us to consider the four spin structures supported on elliptic

curves.

A unifying object for what follows is:

Definition 4.2.2. The JAcoBI THETA FUNCTION OF CHARACTERISTIC a,f is [Pol98,

7.2.86):

@ .
Y (z,7):= qa2/2wa62ma619(z +ar+6,7). (4.13)
B
Example 4.2.1.
0 2 0 n?
v (va) = Zqun Y (waT) = Z(fl)anwn
0_ nez _1/2_ nez
1/2 n2 1/2 n2
) / (w,m)=Y q7uw" 9 / (w,m) =Y (~1)"gTw".
0 ] nelf _1/2_ nel
Proposition 4.2.2. (Ramond Jacobi Identity)
1/2 . . )
oY (w,q) = ¢"3("? +w™2) T (1= @)1 +wg) (1 +w™'¢).
0 J€Z>0

Proof. The argument of Theorem must be modified, as the Ramond sector F(Z)

presents new features: the presence of zero modes 1/1071/% shifts the ag charge by +1, but
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do not affect the Ly energy eigenvalue. For example, as was discussed in Section the

Ramond vacua | £ 1/2) p both have weight 1/8.

These Ramond vacua must provide a representation of the 2d Clifford algebra gener-

ated by 1, 77/18 and {4, zbg} = 1. We can write this Clifford representation through Pauli

matrices:
0 1 t 0 0
Yo =04 = L =0 =
0 0 1 0
1 0
acting on = |1/2)R, =|-1/2)g.
0 1

The calculation of the Ramond U(1) character plays out similarly to the Neveu-Schwarz
character of equation (4.11)): on the 2d vacuum representation with basis |1/2) g, |—1/2)g,
the projected trace is
w'/? 0

0 w—1/2

tr(w:wwg:qo) =tr = w'/? w2,

On the representation of the Clifford algebra generated by 1;, 1[1T_ j» J € Lo, the projected

trace is (1 4+ wq’)(1 +w~t¢’), following equation . Therefore

X32)(2.9) = ¢ Pz (waoqLOH/g) = ¢/ + 0™ ?) [T U +we’)(1+w'e).
J€ZL>o

Bosonically, we reproduce the character of equation , modified to be a sum over m € F.

By consulting the theta functions of Example [£.21] this can be written as

et = =0 || w.0)
Xnlz,q) = w,q).
n(a@) | o
Equating characters of the isomorphic VOAs produces the desired result. O

2mib 2mia garound the time and

The general U(1) character, twisted by the holonomy we

space cycles respectively, is
b|:|(w’ q) = " trgzia) (1) 0w 0gm0) (4.14)
a

where N(a) is the vacuum energy constant (4.8). The next proposition can be proved in
exactly the same manner as Propositions and

Proposition 4.2.3.

1 1/2—b w
bl;(w’Q)in(q)ﬂ 1/2—a el



Reading off the theta functions of Example we find the U(1) characters for each

of the four spin structures on the elliptic curve:

12 wn) = 0 | ) 1720000 = oo 132 (1,4)
12 - ! (4.15)
1 |12 w oy — L 1/2 y

Definition 4.2.3. The THETANULLWERT is the restriction of the Jacobi theta function

a
9 (z,7) to z=0.
B

Remark 4.2.1. Note the vanishing of the Thetanullwert

1/2 n2
0, ,T) =1 —1)" 20" =, 4.
U (0,7) n%( H2gT =0 (4.16)

since there is an involution n — —n of this summation over F, that sends terms to their
negative. We will return to this idea of an involution of a theta function summation, when

we prove quasimodularity in Chapter[3

Now there is a natural relationship between the various Thetanullwerte, revealed by the

action of:

Definition 4.2.4. The MODULAR GROUP is PSL(2,Z)/Z,.

This group has a well-defined linear fractional action on 7 € H:

ar +b

Hi
T ct+d’ c d

€ PSL(2,7). (4.17)

Remark 4.2.2. A geometric viewpoint sees PSL(2,Z) as the group of disconnected diffeo-
morphisms of the torus, where the action cuts along either of the non-trivial cycles,
then re-glues after a twist by 2. We follow [Gin89, §7.5] in defining generators of PSL(2,Z):

U:iris —— , T:t—=1+1,
1+7

which cut and glue along the space and time cycles, respectively, c.f. Figure|4.2.2

Now the traditional generators of PSL(2,Z) are T and S = T-'UT™! satisfying S? =
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Figure 4.2: Modular maps U and T acting on the fundamental parallelogram of E,

parametrised by 7.

1 = (ST)3. Ignoring prefactors, the restricted characters bD(O,T) transform as:

/2] = 0[] 120 o[]O
1/2 1/2 0o T 0o T (418)

0|:|<?>1/2[| 1/2[|O ODO

1/2 0 12 ° 0 S

This is clear from Figure[{.2.9. After transforming the elliptic curve by T, the new “time”
cycle, from lower left corner to the upper right corner, sees both old time and space boundary
conditions e2™ e2™i% o give an overall boundary condition of €2 @) on the new time
cycle. Meanwhile,
S:T— 1
.
s an inversion, which swaps the space and time cycles, and therefore swaps their boundary

conditions.
Let us fix the prefactors of the modular transforms (4.18]) of the restricted character
b |:|(0, 7). Via Poisson resummation, one can show that under T' € PSL(2, C), the Thetan-

a
ullwerte and the Dedekind eta function transform as |Gin89} §7.6]:

1/2 0 1/2 1/2 )
W / o0 , v / = Vi / e ™12y
1/2 1/2 0 0
while under S € PSL(2,C), they transform as

9 |Y| = i [P, ne (—in)V2y
B

This determines the prefactors of the T" transform of the z = 0 characters:

12 Jme ™0 ], o[ J=e™™1/2[ ], 12 ]=e™1/2[]
0

1/2 1/2 1/2 1/2 0
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while there are no prefactors for the S transform.

To construct a modular-invariant partition function, it is necessary to reintroduce the
other chiral field ¢ in the theory, as we ignored it from Section onwards. We enforce
identical boundary conditions on both ¢ and ). Then the character (4.9) in full chirality is:

bb D(w’ w, q, (j) = |Q|1/6_a(1_a)trg(z+a) ((_1)ao—dowaow&oqLoqueQﬂ'ib(ao—o?o)) — |b I:I(w7 (])|2
aa a

The partition function of the free Dirac fermion is the sum of U(1) characters over the

four spin structures of the elliptic curve, [Gin89, §8.2]

Z(z,T) ::% Z

a,be{0,1/2}

2

o[ ](w,q)

a

(4.19)

Proposition 4.2.4. Z(0,7) is modular invariant.

Proof. After noting the vanishing of one of the 0 D(O, 7) character by equation (4.16)), we

see that the above transformations of the Thetanullwerte simply swap terms in the sum over

j///”’7§——“\\\i 2 (f;‘) 2

spin structures:

Z(0,7) = % 1/2[](0,7) +»% 0[], +—% 1/2[](0,7)
0 1/2 1/2
T
T O

o
Remark 4.2.3. We restricted our study of ¥ (z,7) to the Thetanullwert z = 0 in order

to demonstrate their modular transformation—a more honest treatment of both modular and
elliptic transforms requires the framework of Jacobi Forms, as presented for the interested

reader in Appendiz Bl
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Chapter 5

Deformed Conformal Field

Theory

We deform the chiral fermionic CFT of the preceding chapter. This furnishes insights
into Dijkgraaf’s partition function Z which are not obvious from the Hurwitz-theoretic
view—in particular, Z has a modular transform of mixed weight, and has quasimodular

coefficients.

5.1 Chiral Deformations

We give a description of a ¢ = 1 CFT deformed by Wi, fields. Using contact
algebra results of [Dij97], recently proven by [GLT25], we study the effect of modular

transformations on the partition function.

5.1.1 Dijkgraaf’s Condition

Definition 5.1.1. A CHIRAL FIELD is a holomorphic field ®(z) of weight (h,0), for h > 0.

By the Reconstruction Theorem the space of chiral fields in a 2d CFT can be
arranged into a CHIRAL VOA W [Dij97, §2.1], with state-field translation Y (®, z) = ®(z),
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® ¢ W. We will denote the Virasoro field by L(z), and the translation by
T := L_1 = 82

which raises the weight of an operator by one.
The first-order term in the OPE of chiral fields induces a Lie algebra structure on the
quotient by the ideal TW,
V =W/TW,
given by

[D,T] :=®(2) x U(z),
(0)

for U, ® € V, recalling the notation for the n** product of Definition m

Proposition 5.1.1. V' equipped with the bracket |-,-] is a Lie algebra.

Proof. First consider the skew-symmetry of the n*" product:

Lemma 5.1.1.

D(z) (z) U(z) = (-1)""(2) (>T§) D(z)

where ®(z), ¥(z) are bosonic fields.

Proof. This identity is confirmed by comparing coefficients on both sides of the VA skew-
symmetry of Corollary which gives

O(z) x U(z)=— > (~1)" (\I/(z)( X (I)(z)>, (5.1)

(m) i nts)

for all n € Z. O

This is the original skew-symmetry formula of Borcherds |[Bor86|. Our bracket is the

n = 0 case, and is therefore skew-symmetric modulo derivatives.

Note that the weight of the product ®(z) x U(z) is given by he + hy — n. Hence, the
(n)
bracket closes, as [®, U] has weight he + hy > 0.

Lemma 5.1.2. [Kac98, 4.8.53] In a VAV, for ¢,p,n € V and m,n,k >0,

S U@ o) x o a=3 ["]vie x @ x n

S G ) e e G\ (mtn—j)  (k+j)

O N I A N

U
e\ (k+n—j)  (m+7)
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This result is also due to Borcherds. The m,n,k = 0 case produces the Jacobi identity,

up to total translation, for the bracket on V. Therefore V is a Lie algebra. O

Remark 5.1.1. One can identify this Lie algebra with the Lie algebra of Noether charges

of W, where the isomorphism is via a contour integral around 0 € C,
d
Q:W—>V:\I/b—>jl{—z,\l'(z)
2mi
which satisfies [Q(¥), Q(®)] = Q([¥, ®]). In particular, Q(P) = ®,—1) for a weight h field.
Henceforth we require the Lie algebra structure on V' to be abelian, i.e. the bracket [-, -]
vanishes. The appropriate condition is:

Condition 5.1.1. A sub-VOA A C W of a chiral VOA W satisfies DIJKGRAAF’S CONDI-

TION if:
I AnW; =0.
II [®,V] € TA for all ®,V € A,

Assume henceforth that there exists A C W satisfying Dijkgraaf’s Condition (5.1.1)), so

the bracket is a translation. Redefine
V:=A/TA.
We will try to determine structure constants cfj € C such that:

[, @] =T el ®), € T?A.
keN

A formal solution of this equation in V is T~ [®;, ®;] = >, o cf;®r. This can be made

precise:

Proposition 5.1.2. [GLT25, 2.8] Let A satisfy Dijkgraaf’s Condition . Then there

exists a well-defined inverse T™1 : A x A — A< of translation T.
0)

This allows us to strip off the translation from the bracket, to define the following product
[Dij97, 2.9]:
Definition 5.1.2. The CHIRAL PRODUCT in an abelian VOA'V = A/T A, where the VOA
A satisfies Dijkgraaf’s Condition , 1S

B(®;, W) o= T [®;, U] 1= cf

kD
keN
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This product is well-defined modulo translations. It is commutative but non-associative.
To see the necessity of Dijkgraaf’s Condition (I) which excludes weight 1 fields, note that
the weight of B(®,¥) is hg + hg — 2. So if hg = 1 = hy, then B(®,¥) is weight 0, and
therefore a multiple of 1, the vacuum field. Proposition does not apply, as 1 ¢ A5 is
not the inverse translation of any field. To see this, suppose 1 = T~'® for some weight 1

operator ®; but then ® = T'1 = 0, a contradiction.

Remark 5.1.2. The antisymmetric part of the chiral product yields a second Lie algebra
structure on V:

[V, 9] := B(V,®) — B(®, ). (5.2)

The Jacobi identity for this bracket follows from the identity
[B(¥,T), B(®,T)] = B([¥, 2], T). (5.3)

for U, & Y € V. Curiously, equations and together give B the interpretation of

a flat, torsion-free linear connection on V wviewed as a vector space.

‘We shall also need:

Definition 5.1.3. The CONTACT PRODUCT on a VOA A satisfying Dijkgraaf’s Condition
15.1.1) is

C(®,0):=d x U — B(®, V), & VcA
(1)

From equation (j5.1)) it follows that, in V', we have [Dij97, 2.10]
C(®,0) = B(U,d) &,0c A

Example 5.1.1. (Free Field) Our main example is the Wiy VOA at ¢ = 1, constructed
n Sectionm which we determined was isomorphic to the uncharged Clifford VOA F©).
Recall that we constructed the state-field correspondence of this VOA from the weight
k41 fields ®*(2) = 2)(2)0%T(2):, and the translation T = 0. Define a subalgebra A of
Wiioo, consisting of the fields :0%0%t:. Passing to the abelian subalgebra V := A/OA, we
find a unique field ®,, of weight h=1+a+ b =14 n in the class

:0%pd°)T: = ™Yt (mod 9).

We consider only ®,, forn > 1, i.e. restrict to the W, algebra, which discards the U(1) field
Oy = Wt of weight 1 from Wiys. The OPEs are can be determined by Wick’s theorem
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to be:

®, X &, =0(modd), P, X &, =(m+n)Ppipn_1, m,neN.
(0) (1)

From the 0™ product, we learn V satisfies Dijkgraaf’s Condition . The chiral product
18

B(®pn, ©) = 0Py pn_1, (5.4)

i.e. the structure constants are cé-k = kb; j4rx—1. The second Lie bracket on V, mentioned in

Remark[5.1.3, is
[©n, O] = (R —m)Ppi_1. m,neN.

Clearly this Lie algebra structure on V is isomorphic to the positive half of the Witt algebra
Wi of Definition[2.3.3,

b, =1, 1=—2"—, neN.

5.1.2 Dijkgraaf’s Master Equation

We write the Lagrangian of a chirally deformed CFT. A brief discussion follows,
concerning a technical result of [GLT25|: a differential equation relating the partition

function in Lagrangian and Hamiltonian formalisms.

The approach of this section is to take the free ¢ = 1 CFT with associated chiral VOA
W, subalgebra A C W satisfying Dijkgraaf’s Condition [5.1.1] and abelian subalgebra V =
A/TA. We then deform this CFT by adding to the free Lagrangian the fields ®; € V of
weight h;, with couplings ¢; for ¢ € N.

However, we would like to preserve conformality of the theory. Under a modular trans-

at+b
ct+d

a b
for € PSL(2,Z), the linear coordinate z € E transforms as
c d

Since the fields transform as

form, 7 —

z

Z'—}im'-‘rd'

®i(2) = (er + d) "1 ®y(2),

we can preserve conformality by requiring the couplings to have 7-dependence, obeying an

inverse modular transformation:

t; — (CT + d)_hiti. (55)
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Definition 5.1.4. The CHIRALLY DEFORMED CFT of a free CFT with action Sy has

action

where ®; € V= A/TA and t;(7) satisfy transformation .

We have normalised the action by Im 7 to make the measure invariant under a modular

transform, since Im7 ~ |er +d|2Im 7.

Next we write the partition function corresponding to S(t) in the Hamiltonian operator
formalism:
Z(s;7T) :=tr H exp glo—e/24 (@-i[dzi%(z)) . (5.6)
JEN @
where ¢ = €2™7, and Hamiltonian couplings s; are generally not equal to the Lagrangian

couplings. We must ensure that function is well-defined perturbatively.

The fundamental result, due to Zhu, gives a well-defined perturbative expansion in terms
of the CONFORMAL BLOCK on the elliptic curve, which is a family of maps S := (S, )nen,
where S, : A®™ — F,, maps to F,,, the space of meromorphic functions f(z1,...,2,) on C*
which are doubly periodic in each variable with period m + nr, for m,n € Z. We will abuse

notation to write the function itself as
S(q)'ll @R (I)ln) = S(((I)inzil)v R ((I)vazln))

This function must satisfy a long list of properties which is given in authoritative detail in
[Zhu96l 4.1.1]. A Feynman diagrammatic approach to calculating the conformal block of
the elliptic curve is given in |[GLT25| §3.1].
The partition function admits a perturbative expansion:
Z(s;7) = Z % Z (Hsl) (®r), (5.7)
n€Zso  ICNm \i€l
where @) := ®;c;®; € A" for I € N, and the correlators (-) : F,, — C are multiple a-cycle
integrals over conformal blocks, defined by
(@) =[] ¢ d=iS(®i,, 21,),- - (P, 20,)-
i€l v
which are convergent and modular [Zhu96, 4.4.3, 5.3.3].
Now a multiple a-cycle contour integral generally depends on the order of integration.

However, Dijkgraaf’s condition guarantees the following result:
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Proposition 5.1.3. In an VOA A satisfying Condition [5.1.1},

[j'{ dzi,j({dz]} S(®;) =0, i,jel, (5.8)

where ®; = ®;c1®; € A®" for I € N™.

Figure 5.1: Commutator of a-cycle contour integrals, depicted in the fundamental parallel-

ogram of F.

Proof. We have the following a-cycle contour integral identity:

[fa fas) = fas f

by the contour deformation of Figure [5.1.2] where ~; is the contour about z;. This is well-

known as the radial ordering contour |Gin89, §2.1].

We use three of the defining axioms [Zhu96} 4.1.1] of the conformal block:

L. (Symmetry) S(®;; @ -+ @ ;) = S(Py(;,) @ -+ ® Pyy;,)) for any permutation o of n;
2. (Vacuum) S(|10) @ &;, @ --- @ ®;,) =S (P;, ®--- @ Py, );

3. (Residue)

dw(w—zi)kS((‘ll,w), (@il,zil), ceey (fbin,zin)) = S((@il,zil), ceey (\I/(k)@“ Zi)7 ey (‘I’in, Zln))

Vi

(5.9)

We set £ = 0 in equation (5.9)) to obtain
[% dZi,%de:| S(‘I)]) = j{dzlazlS(BjHﬂ)z) = 0,
a a a
where we have extended the chiral product from Definition to A®™ as follows:
Bi—>j((1)1®"'®q)n) =0, ®---® |()> ®"'®B(®i7‘bj)®"'®®n
~~ ——
qth jth

for 1 <i#j<n. O
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Now that we have a well-defined expansion ([5.7)), our next task is to solve for the Hamil-
tonian coupling constants s;(¢) in terms of Lagrangian coupling constants ¢;, j € N. If we
accomplish this, we can use the modular transform of the Lagrangian couplings (5.5)) to

determine the modular transform of the partition function (5.6]).
Write the ‘mixed’ partition function of the deformation,
Z(t,s;7):=tr expz < / 27TImT(I>j(Z) +5j£dz<1>j(z)> . (5.10)
jEN
Solving for the Hamiltonian couplings s;(t) in terms of the Lagrangian couplings ¢;, j € N,

amounts to solving Z(t,0;7) = Z(0, s(t); 7). We need the following technical result:

Theorem 5.1.1. [Diy97, 3.34] The mized partition function Z of Equation satisfies
0 1 . 0 0 1 . 0 )
vl Z itk — 5 — 57— Z ik | Z(t,57) =0, jEN,
ot; 2Imr =t oty 0s; 2ImrT et 0s;

where cé-k are the structure constants of the chiral product B(®;, @) = >,y Cékq)z-

Remark 5.1.3. The basic philosophy of the recent proof of this theorem [GLT25|, 3.29] is to

trade each integration in the mized partition function for a contour integration plus
a contact interaction, as follows [Di97, 3.10], (GLT25, 3.16].

/ a2z Dy(z) = ]{dzpf )+ >0, <IIIITI112 (Bis;j®1)(2 )) +ﬁ(ciﬁjq>l)(z),

I
g Im7 i

$a

However, if we naively contour integrate over multiple a-cycles ay,...,ay,, the multiple
integml? e Ean will also generate a contact interaction, i.e. the property (.) s Tuined,
§ dzwgg dz;] # 0. To remedy this, a so-called ‘modified’ a-cycle contour integral f "
introduced in [GLT25, 3.22], whose relevance is the fact that it does not generate a contact

term, and it preserves double periodicity.
Write the mized partition function as a perturbative expansion in the coupling constants:
Zstr)= Y — < O ;)" @ (Zskq>k)®”> : (5.11)
m,n€lxq JEN kEN
where the mized correlators (), : A2+ — C are defined by

(@), =/f[

m-+n

" k= m+1




By induction, we can indeed trade integrals inside the mized correlator for a modified contour

integral plus contact terms [Dij97, 3.35], [GLT25, 3.27]:

SN d (@@ ®|O>® CRJR @i, Vmn

1<k<m+n l€N

k;ém 'ﬂlth kth

(5.12)

Assuming these results, we simply apply H] 1 Hk 1 8t 8s~ to both sides of equation
and substitute equation (5.12) to arrive at the statement of Theorem |5.1.1]

Example 5.1.2. (Stress-Energy Deformation) The simplest deformation of a free CFT is
a Lagrangian perturbation —tT'(z), where T'(z) is the holomorphic component of the weight
2 quasi-primary stress-energy T(z,Z). The stress-energy field deforms the action by 6S =

— I 21mTtT and the Hamiltonian by 6H = § dzs(t)T = —2ms(t)Lo.
Theorem gives
(O — —2 0, — 0, — ——50.)Z(s,t:7) = 0
= om0 T O T oy 800418 57) = 0.

To see this, note the chiral product identity B(T, ®) = ®, which arises from the leading term
of the OPE of quasi-primary fields T(2)®(w) ~ ==, ®(w) + .... So if we only deform by
T, there is only one structure constant ci; = 1.

17:1*2175

Introduce new variables a = 1 +
2 ImT’

(adq + b0p)Z(a,b;7) = 0.

With the initial condition Z(a,0;7) = Z(0,b;7), we find that the couplings are related by

a=b"1, or
S 1
1 = . 1
+21m7‘ 1— (5.13)

2Im T

Notice that under a modular transformation, the left-hand-side is invariant, thus s — (¢ +

d)~2s must have modular weight —

As a sanity check, we have the following;:

Example 5.1.3. (Stress-Energy Deformation as Complex Structure Deformation) We al-

ternatively view Fzample as a deformation of O into a Beltrami differential with

e t
Hi= —5Tm7>

95



In terms of the real coordinates z =z 4+ 71y,Z =+ Ty, and 0 = A ,0 = _Tffjay , this

8

UT—T

5., Tt

A
1—p

which corresponds to a deformation of the modulus, or complex structure, of E:

2iImTp

T T T

T 1) =7+

The Hamiltonian coupling is s(t) = —i(7(t) — 1) = Mﬁi,:“, which replicates equation

as desired.

5.1.3 Modularity

Following [D1j97, §4.3], we find a general solution to the PDE in Theorem when

the chiral algebra is W,. We examine the modular behaviour of these solutions.

We consider the VOA W, whose abelian subalgebra V' we studied in Example [5.1.1] con-
sisting of fields @ (2) = :1)(2)0%T(2): of weight k 4 1, where k € N. By equation (5.4), the
structure constants of the chiral product are cé- & = k01 j+r—1. We will always include @y,
i.e. we treat the deformation as being around the free action with ¢; = §;;. For this reason,

we will use normalised couplings

1 1
a; =0;1 + SIm S b= Oi1 — gy —"ti,
and rewrite the PDE as
(Aj + Bj)Z(a, b; 7') = 0, j (S Zzo, (514)

%) ) .
where B; =7, .y kbk 5, — and A; = Y keN kakga, =+ 2 0.

Remark 5.1.4. The differential operators A; and B; each form a representation of the
strictly positive part of the Witt algebra Wisq of Definition under the standard com-

mutator, since for example [A;, A;] = (i — j)Aiyj, 1,7 € N.

By the Boson-Fermion correspondence [2.4.1] instead of realising W1, in the Clifford
VOA F©), as detailed in Section we can realise it in the Heisenberg VOA $(©). We
calculated the bosonic counterpart to @ in equation (2.47). Under the quotient V = A/JA,
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the total derivatives in this equation vanish and we find that the abelian subalgebra V'

consists of
1

Akt — )
Py 1= 0l =

(8¢)k+1;

Because the fields are simply powers of d¢(z), we can collect the couplings into holomor-

phic functions on C*:

a(z) = Z anz", b(z) = Z bn2",

neN neN
and express the bosonic deformed action of Definition as

S = / d?2000¢ + :a(04(2)):.

The mixed partition function of the deformation is

2(a0) =t (expl [ sa(@0):+ f0000) = Zla2)00)]

This bosonic partition functional makes manifest the action of A;, B; on the coupling con-
stants: A;, B; act as Wis( vector fields acting on holomorphic functions a(z),b(z). The
differential equations express the invariance of the functional Z[a(z),b(z)] under the
Wis .

From the Wi vector fields we can construct an arbitrary diffeomorphism f : C — C
that fixes the origin f(0) = 0, such that Z[a o f,bo f] = Z[a,b]. In particular, setting
a(z) = z and f(z) = b=1(2) gives

Z[z,b(2)] = Z[b1(2), 2]. (5.15)

Recall we are attempting to solve this equation subject to the condition Z(a,0;7) = Z(0,b; 7).

This implies a(b(z)) = z, an equation which can be solved order-by-order to yield:

1
al::BI
— b2
ag———g§
2
a4——b4 %—51)2 etc
by Y b

Under a modular transformation 7 — Z:idb, the Lagrangian coupling transformation 1}
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induces the following Hamiltonian coupling transformation:

51+ (er 4+ d) %5y
sy (c7 4+ d) 3sy (5.16)
s3> (c7 4+ d)"1s3 — 2ics2(cr +d) 75, etc.

where as early as s3 we see modular transformations of mixed weight.

5.2 Quasimodularity and Spectral Flow

We discuss the spectral flow of partition invariants, which can be used to prove a

quasimodularity theorem of |[Zag16|. For a primer on quasimodular forms, see Appendix

In equation (2.50), we expressed Dijkgraaf’s partition function (1.26)) as a trace, over

fermionic Fock space, of partition invariant (PI) operators Iy, 0 < k < 3.

Now we study the full Wi, character [Awa+95, §3.1]. We understand this to be the
partition function of a free CFT deformed by the abelian subalgebra V' of W1 o, consisting
of weight k+1 fields IT;(z) = ﬁ:a(z)’“‘l: = L:(2)0%y1(2):, with Hamiltonian coupling

constants si. We express this character as a trace over Neveu-Schwarz Fock space:

1k _ _%_-k
Z(Q07q17q27"') = H q]]:]k H <1+(I0HC];§'] > <1+q01qu i ])>

kE€Z>o j€F> kEN keN

_ Z H qik(XA-,m)-‘rNk (5.17)

mEZLkEL>q
AEP B

I+ N,
= tr3() H g
kEZZO

for nomes ¢, = €%, ¢1 = ¢ = > and vacuum normalisation constants N yet to be

determined.
As in the proof of Dijkgraaf’s formula, we take the constant coefficient with respect to
qo:

H(q1,q2,...):= q8 coefficient of Z(qo,q1,q2,--.) = trzo (H q,?’““v’“) ,
keN
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to obtain a trace over the charge 0 Fock space. Develop this into a Taylor series in the
couplings:

SOC
H(r,sg,83,...) = Z HQ(T)J
) !

a=(ag,...

where the sum is over the multi-index « of Z>¢ with almost all entries a; = 0. Naturally

enough the coefficients are correlators:

Hy(7) = trg | ™2 T T
k>2

where the multi-index « defines a monomial in the polynomial ring of PI operators Q[II, I3, . . .].

Define the larger rings
Roo = Q[]].,Hl,ng,...L R1+oo = Q[]].,Ho,nl,...].

We have a natural derivation on polynomials Ry, given by the chiral product with IIj,
which we abbreviate to
V. := B(I, ). (5.18)

By equation , we have VII; = Ilx_; for k > 0 and VIl = 1. We also have a grading
of these rings by weight, wt(II;) := k 4+ 1, wt(1) = 0. Denote the graded sectors by R*).
The weight V" P of a polynomial P € Rgi)oo is wt(P) =k — n.

Now the monomial inside the correlator H, (7) has weight wt (HkZQ HZ"“) =D ksolk+
1)a.

Theorem 5.2.1. [BO0G, 0.2] n(7)Ha(7) is quasimodular of weight 3~ (k + 1)ay.

This theorem was motivated by the special case of Dijkgraaf’s formula (2.50) for H (7, s3) =
Y neZog H,(7)s3", where n(7) H,(7) was shown to be quasimodular of weight 6n in [KZ95).
We give a proof along the lines of [Zagl6), §4], presented in the language of Fock spaces.

Lemma 5.2.1. (Spectral Flow)
NymA4 n|g[A;m 4+ n) = (\;m|e"VIIg|\;m), neFUZ.

Proof. Recall the charged wedge coordinates X}, of Definition were coordinates for
the fermionic Fock space, where m € Z covered the Neveu-Schwarz sector §(F) and m € F

covered the Ramond sector §(Z). The charge shift by n is
%’(B) - S(B + n) : X’m;)\ — X)\;m +n= X)\;m_l'_n. (519)
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For n € F this defines a bijection between the sectors §(F) and §(Z), and vice-versa; for
n € 7, the charge shift leaves the wedge coordinates in the same sector.
Define the formal generating series for the wedge X)., in either sector:
P (D)= Y 17,
TE€Xxm
which is convergent for 7" > 1. Therefore we can define a meromorphic function fx,,, (%),

which evaluated on the charge 0 vacuum gives

1 7 31 .
—1 3 5 k—1
- N A — L= E Np_ .
? 9" 5760”7 o67630° T k1%
kEZZO

e*/? 1
e —1  2sinh(z/2)

fX@;o (e*) =

These Ni_1 € Q can be seen as vacuum normalisation constants for the PI operators IT_4
of weight £ € N, at central charge ¢ = 1. For general wedge coordinates Xy.,, in either
Neveu-Schwarz or Ramond sectors m € Z UF, we obtain
Fam @)= peo1(Xaim)2" ™+ fxpo (€)= > (pe—1(Xam) + Ni—1) 257
kE€Z>o kE€Z>o

whose coefficients are the partition invariants py(Xx.,) = % Erexk.m 2¥ defined in 1)
offset by the normalisation N;. We have defined by hand a trivial partition invariant p_; :=

0.

Notice that the charge shift (5.19)) by n simply scales the generating function

fXA-,m+n (T) = fXA;m-i-n(T) = Tan)\;'m (T)

Hence,
k i
> et Xnimen) 2 = fxy (€)= € fx L (€)= > Zpk,l,j(XA;m)ﬁz’“—l,
n€l>o k€Z>q j=0
which implies
Pi(Xnimtn) = (endpk)(X/\;m)7 (5.20)
where we employ the derivation dpy := pg_1 for £ > 0.

Recall from Proposition 2.4.5] that the eigenvalues of IIj are exactly the partition in-
variants pi. This derivation d is naturally implemented at the level of PI operators by the
derivation V of Riin, defined in equation (5.18]). Therefore equation (5.20) implies the

result:

(N4 n|g|A;m 4 n) = (A;mle™V g |\ m).
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Remark 5.2.1. This matches the expected spectral flow in the ¢ = 1 Wiy algebra, c.f.
[Awa+95, 2.9]

Example 5.2.1. We can use this Lemma to calculate spectral flows of the partition invari-

ants. Since VIIg = 1 and V1 = 0, we can expand:

k
nl k+1

L =S L R, + 1
e e ;l![]lkl+k+1’

where [k]; := (k)(k—=1)--- (k=14 1) is the falling factorial, with [k]o := 1. The first few

partition invariants are shifted by:

pO(X/\;m-i-n) =m+ n,
2

n
P1(Xniman) = P1(Xam) +nm + >

3

n
p2(X)\;m+n) = pQ(X)\;m) + 2npy (X)\;m) + n2m + ?

Notably, the energy eigenvalue of |\;0) is shifted by n?/2, which is consistent with the
energy shift of equation (m This is also consistent with the vacuum energy shift of 1/8
which we found in equation @, when moving from the Neveu-Schwarz vacuum |0) to the

Ramond vacua |£1/2).

We can write the Wi character (5.17)) in various spin structures, a,b € {0,1/2}:
b[ (a0, 91,02, ) = trgizray [ (D)™ T =t
a k‘GZzo

In the Ramond-Ramond spin structure, a = 0 = b, the Wi, o, correlators all vanish:
Lemma 5.2.2.
trg(z) ((_l)noqnl—1/24p) =0, fO’f’ P e R...

Proof. The following involution [Zagl6, §4] on the wedge coordinates of the Ramond sector,

X —-{0} ifoeX,
572)—>357): X —
Xu{o} ifoé¢ X,
changes the charge eigenvalue py by £1, but leaves the higher eigenvalues p; unchanged for

k € N. So by expressing the trace as a sum over eigenvalues, we find the terms of the sum

cancel in pairs, due to the presence of (—1)Po(X), O
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Remark 5.2.2. This involution is reminiscent of Section where we calculated the
U(1) character of equation in the Ramond-Ramond spin structure by using the Jacobi
theta function of Definition [[.2.5:

! /2 (w,q) = — > (-1)"g = w",

1
0 z,T) = tr —1)HogMi=1/24)M0 ) — 9
g( )= <( ) ) (@) {172 ) 2=

In Remark |4.2.1 we showed O |:|(0, 7) = 0, since there exists an involution n — —n of the

0
summation over n € F, that pairs sectors of opposite charge +n; due to the presence of

(—1)Mo_ the traces over sectors of charge £n cancel with one another.
Abbreviate the Ramond-Ramond theta function as:
1/2 n2
/ (z,7) = Z(—l)"qTe"Z. (5.21)

1/2 nelf

O(z) =1

Lemma 5.2.3.

trz o (qn1_1/24@(V)P> =0, forP € Ry.

Proof. Insertion of the theta operator ©(V) into the charge 0 Neveu-Schwarz trace has the

effect of summing over charge shifted traces:

trgio (¢ 1/#6(q)P) = ST 0[(-1)"g A (Y P) [ 0)

nel
AeP

D nl(=1)Tgm PN )

nel
AeP

= trg(z) ((—DHOQH“”%P)

=0.

To arrive at the second equality and fourth equalities, we used Lemma [5.2.1] and Lemma

[b-2:2] respectively. O
Lemma 5.2.4.
R® = VRED L 1,RED.

1400

Proof. This can be seen by lexicographically ordering the monomial basis of Rﬁ)m. O
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We are now ready to prove quasimodularity. Define a series

o(2) Z 1
=: H, (1)
/
@ (O) nEZZO
in terms of ©(z) given in equation (5.21f), whose first few non-zero coeflicients are:
E, 4F2 — 2F, 35E3 — 42F2Fy + 16E5

Hy=1, Hy=—2, Hj=-—2_""* = te.
°Th Tap T e 0 ° 2903040 e

where Ej, are the standard Eisenstein series given in Appendix [C] In general, H,, is quasi-

modular of weight n, |Zagl6, §2].

Proof of Theorem following [Zag16, §4]. We claim the more general statement is true:
that 7(q)trz (¢ ~1/2*P) is quasimodular of wt(P), for P € R,. We proceed by induction
on the weight k = wt(P) € N of polynomials P € R..

The base case of k = 0 is P € QL. Recalling the calculation trgzo (¢"') = ¢'/%n(q)~!
from equation , we find the trace n(q)trzo (¢ ~1/24P) = P is constant and so trivially
quasimodular. The presence of the 7(q) factor here is essential.

Notice that P € IIgR14 gives a vanishing trace, since H0|3(o) = 0. Hence, by Lemma
we can assume P € Rglj_)oo can be expressed as P = V(Q for Q € Rg’éﬂ).

Now assume the inductive hypothesis for all polynomials of weight less than k. By

applying Lemma [5.2.3] to @ we find

0= Z H,(q)n(q)trzo (qH1_1/24V”+1Q)

TLGZZO

Z H,(q)n(q)trzo (qn1_1/24V”P)
n€l>o

n(q)trg(m (qH171/24P) + n(q)Hg(q)trg(m (qH171/24V2P> + n(q)H4(q)tr3<0) (qH1’1/24V4P) + ...

Since wt(V"P) = wt(P) —n = k — n, by the inductive hypothesis, we see that all the
traces 7(q)trzo) (qu*l/MV”P) are quasimodular of weight £k —n for n > 0. Since H,, is
quasimodular of weight n, it follows that the leading term 7(q)trzco) (qH1_1/24P) must be
quasimodular of weight k. It follows by induction that this is true for all P € R.. O
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Chapter 6

Appendices

A Hurwitz Theory

We briefly detail the topological interpretation of the Frobenius formula of Chapter

in the case G = S,,. Namely, the formula calculates HURWITZ NUMBERS.

Hurwitz numbers, simply put, are a count of covers of Riemann surfaces, weighted by the size
of their automorphism group. An automorphism of a map of Riemann surfaces f: X — Y
is a holomorphic map ¢ : X — X such that f = f o ¢. Such automorphisms form a group

Aut(f) under the binary operation of composition.

For a degree d map of Riemann surfaces f : X — Y, the fibre over a point is f~1(P) =
{R1,...,Rp} for some 1 < m < d. At each point R;, the map f admits a local expression f :
2+ (z—R;)*Fri where kg, € N is the RAMIFICATION INDEX at R; € X. The RAMIFICATION

PROFILE of f at P € Y is the tuple consisting of ramification indices of points R; above P:
A= (kry,-.., kR, )-
Note that A will always be a partition of d. Some partitions have customary names:
e UNRAMIFIED: A = (1,...,1),
e SIMPLY RAMIFIED: A = (2,1,...,1),

e FULLY RAMIFIED: A = (d).
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Definition A.1. Let Y be a connected, compact Riemann surface of genus h. Fix points
Pi,...,P, €Y and let Ap,,...,Ap, each be partitions of d. The CONNECTED HURWITZ

NUMBER
1
HO )\ )\n - )
pan o) = D ey

1s the weighted sum over the isomorphism classes of all covers f : X —'Y satisfying

1. f is holomorphic, non-zero, of degree d.
2. X is compact of genus h.
3. The ramification profile of f at P; is Ap,.

4. X is connected.

The genus h of a valid Hurwitz cover is determined by the ramification data and the

target genus h. It can be found from the following formula:

Theorem A.l. (Riemann-Hurwitz) Let f : X — Y be a non-constant, degree d, holomor-
phic map of compact Riemann Surfaces. Denote by g the genus of X, and h the genus of
Y. Then

29 —2=d(2h—2)+ > (k. — 1), (6.1)
zeX

Example A.1. The genus zero Hurwitz number, fully ramified over O and oo, and unramified

everywhere else, is

To see this, apply the Riemann-Hurwitz formula. The cover must satisfy f : CP! — CP! :

2+ 2%, which has automorphism group

Aut(f) = {¢(z) = cz: ¢! =1},

which is isomorphic to the d* roots of unity. Hence |Aut(f)| = d.

A.1 Monodromy Representations

To make contact with our representation theory of the symmetric group Sy, developed in

Chapter |1} we shift from counting covers to counting monodromy representations of covers.
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Given a cover f : X — Y satisfying the conditions of Definition let us study the
effect of lifting the fundamental group of the target Y to the source X. A loop v : [0,1] —
Y—{P,...,P,}, based at Q € Y, can be lifted to possibly many paths starting and finishing
at possibly different points in the inverse image f~1(Q). For a given loop 7, there is clearly

a bijection sending the starting point to the end point:

oy fﬁl(Q) — fﬁl(Q) :9(0) = (1)

Hence a loop v based at @) yields a permutation o of the preimages of Q. It is natural to
decorate these preimages with labels, in order to keep track of the action of the permutation
0. Define the LABELLING (L, Q) of the preimage of @ by the bijection L : f~1(Q) —

{1,...,d}. Since it is a bijection, @ is necessarily unramified.

Definition A.2. The MONODROMY REPRESENTATIONS of a cover f : X — Y with labelling

(L, P) are the group homomorphisms
Q:m(Y —{P1,...,P},Q) = Sq:y— 0.

If, in addition, the subgroup Im(®) of Sq acts transitively on the set {1,...,d}, then we can

say that ® is a connected monodromy representation.

Since the permutation produced by concatenating two loops is equivalent to the product
of their permutations, that is, 0., = 0,0, the monodromy representation ®(vy) depends

only on the homotopy class of the loop ~, and is therefore well-defined.

The monodromy representation is a purely topological construction, in that it is ignorant
of the position of the punctures {Py,..., P,}. The reason for the ‘connected’ terminology is
that a monodromy representation ® is connected if and only if X, the source of the cover,
is a connected Riemann surface. Now we explain how to encode the ramification profiles of

a covering in a monodromy representation, as follows.

Recall from Definition that the CYCLE TYPE of o € Sy is cyc(o) := (191 ...d%%),
where o; is number of cycles of length 7 in the cycle-factorisation of o. Note that a cycle
type cyc(o) is equivalent to a partition of d, since 1oy + ...+ dog = d.

Let a cover f satisfying the conditions of Definition have a branch point P, with
preimages f~!(P) = {Ru,..., Ry}, and ramification profile A\p = (kg,,...,kr,,) at P. Let
~ be a simple loop based at ), winding once around P. Then the monodromy representation
o, € Sq of the loop v has cycle type given by the partition A = (kg,,...,kg,,) of d. To

m
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see why, take R; € f~!(P), and choose a chart around R; such that the local expression
of f around R; is f : z — z¥Ri. Choose a chart around P such that locally the loop is a
concatenation v = a * 3 * a~!, where in local coordinates, 3 is the loop |f(z)| = 1, and «
joins the base point @ to the point f(z) = 1. Then o, permutes the kg, roots of unity
2R = 1. That is, as the lifted loop 7 around R; progresses through kg, distinct points of
f71(Q), the base loop ~ passes kg, many times through . This occurs at each of the points

Ry,...,R,, in f~1(P). Hence the monodromy representation o0~ consists of m disjoint cycles

of lengths {kg,, ..., kR, }, which is exactly the ramification profile Ap of f at P.

Figure 6.1: A Hurwitz cover of ¥; by X5, with degree d = 6 and ramification profile
Ap = (4,2) at a single branch point p. The monodromy representation o~ of a loop v €

71 (21 — {P}, Q) has cycle type cyc(o,) = (2'41).

This gives a map from Hurwitz covers to monodromy representations. In fact, more is

true:
Theorem A.2. [CM16, 7.5] There is a bijection between

Isomorphism classes of maps f: X Ly of connected Riemann surfaces,
with labelling L over a base point Q, and ramification profiles {\1, ..., \n}
over branch points {Py,...,P,}.

and

Connected monodromy representations ® : m (Y — {Py,...,P,},Q) — Sy
of cycle type {\p,,...,Ap, }, where \; are partitions of d.

This gives us yet another rephrasing of our counting problem:

Proposition A.1. [CM16, 7.3.1] Let M° be the set of connected monodromy representations

from Theorem[A4 Then

_ Mo
~1Sal”
where g is determined by the Riemann-Hurwitz formula .

H°, (A, )

gih
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Proof. Given a base point P, there are always d! many ways to label the preimages f~!(P).
An automorphism of f produces an isomorphism of labelled maps with base point P. This is
a relabelling: that is, if ¢ € Aut(f) and (L, P) is a labelling, then (¢ e L, P) is a relabelling,
where ¢ L := L o¢~1. This defines the free left group action of Aut(f) on the set of labels
of f=1(P).

For a given map f, the number n of isomorphism classes of labels of f~!(P) counts the
number of monodromy representations of f, each of which arises from different choices of

labelling of f~!(P). The orbit-stabiliser theorem implies that d! = n¢|Aut(f), so that

1 nf |M|
H, MA,..ox) =Y —— =N 11
gih( BreeesAn) %]: |Aut(f)| T - d

O

Now we relax the connected condition in Definition i.e. drop the requirement that
the monodromy representations act transitively on {1,...,d}. We call these the disconnected
monodromy representations M*®. The corresponding Hurwitz number Hg‘ . h()\l, ceAn) =
|M*®|/]S4| is the DISCONNECTED HURWITZ NUMBER. This is defined identically to Defini-
tion except we remove condition (4). So topologically speaking, disconnected Hurwitz

numbers count (possibly) disconnected covers.

B Jacobi Forms

To examine the modular and elliptic properties of the Jacobi theta functions of

Section it is natural to place them into the framework of Jacobi Forms, as follows.

Fix the nomes ¢ = e?™" and w = e?™**. For a holomorphic function ¢ : C x H — C, define

a modular transform, parametrised by m, k € N:

a b o2 ar +b z
" , = d —k 727r1mc7+d —,
Ok, d (2,7) (er +d)~"e ¢(CT+d c7’—|—d>

a b
where € SL(2,Z). Define also an elliptic transform:
c d

®|m ; (z,7) == qma2w2ma¢(z +ar+p,7), «a,p€Z. (6.2)
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Definition B.1. [EZ85, §1] An SL(2,Z) JacoBl FORM of INDEX k € N and WEIGHT
m € N is a holomorphic function ¢ : C x H — C, invariant under modular and elliptic

transforms:

a b «
¢|k,m = ¢7 ¢|m = (b,
d B

a b
for € SL(2,7), which has a Fourier development of the form
c d

qS(z,T):Z Z c(n,r)g"w".

n=0 rezZ
r2<4mn

It is a routine matter to verify

(¢ k,mA) |k:,mAl - ¢|k,m(AA/)a (¢‘k,mA) |k,m(AX) = (Qs‘mX) |k,7nAa

for A, A’ € PSL(2,Z) and X = (o, 3),X’ = (o/,8') € Z2. The case of repeated elliptic

transforms is

(¢|mX) |mX/ = ¢|m(X + X/)v (63)

Hence Jacobi forms admit a a group action by PSL(2,Z) x Z2. However, we would prefer
if the translation z — 2z + a7 + f in equation (6.2]) was an honest elliptic transform, where
(o, 8) € R2. But this creates an obstruction which ruins the group action in (6.3):

(lemX) |mX/ — qm(a'2+a2+2a’a)w2m(o/+a)€27rimaﬁ’¢(Z Yo'+ B/ +az +/Ba7—)

= 2 (3], (X + X))

Since e2™m8” will not in general be equal to 1, the group action does not close.

The remedy [EZ85, §1(7)] is to redefine the elliptic transform of equation (6.2)) by:
@ ma?, 2ma 2mimaf
®|m (z,7) :=q™* w*™% o(z+ar+6,7), «a,B€R.
The effect of our redefinition on the obstruction is

(¢|mX) |mX/ _ GQWim(aﬁ/_a,ﬂ)¢|m(X +X’)

So the last step needed, to absorb this extra factor, is to introduce a real scalar action on

Jacobi forms:

(Blm[K]) (2,7) := 2™ (2, 7), K ER.

and then make the following central extension of the group R? by the group R:
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Definition B.2. The HEISENBERG GROUP is

a
Hg := k| la,B,keR Y,
) L ! o a+ o
with multiplication K K| = k+K +a'B—ap
s s B+p

Collecting the various factors together, the final definition is:

Definition B.3. The ELLIPTIC TRANSFORM of Jacobi forms is
®|m K (z,7) := qmaszmo‘ezﬂmaﬁJr”gb(z +ar+8,7), ([o,0],k) € Hg.
B

We now have a group action of PSL(2,Z) x H(R) on Jacobi forms.

e
Example B.1. The Jacobi theta functions (4.19), ¢ (z,7) are weak Jacobi forms,
B

which are a generalisation of Jacobi forms to half-integer weight m € %Z and index k € %N.

The transformation properties of the classical Jacobi theta function are as follows: the

elliptic transform is:
Iz +1,7) =0z, 1), Iz+71)=w g /29 (w,7).
The generators T and S of PSL(2,Z) act as
Wz, 7+ 1) =3z +1/2,7), Hz/7,—1/7) = (—iT)l/Qe”ZQ/Tﬁ(z,T).

see e.g. [Pol98, 7.2.32] or [WW15, §21.4] for a full treatment. The Jacobi theta functions
are weak Jacobi forms of weight m = 1/2 and index k = 1/2, with a multiplier system of

order 8. The Heisenberg action on theta functions is a classic result, see e.g. [Car66).
Proposition B.1. (Thetanullwert) [EZ85, §7] Given a Jacobi form ¢(z,T), the function

T+ ¢(0,7) is a modular form.

C Modular and Quasimodular Forms
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We record the basics facts of the theory of quasimodular forms, in particular defining

the Eisenstein series generators G, G4, and Gg of quasimodular forms.

Fix a subgroup I' C SL(2,Z) of the modular group, with finite index. Define the so-called

slash operator on functions f : H — C by

a b o ke aT+b
flx ; (1) := (et +d) f<c7’+d

c

)

Definition C.1. A MODULAR FORM of WEIGHT k is a holomorphic function f : H — C

satisfying

b b
Sl = f, eT. (6.4)
d d

The modular forms constitute a ring M(I') := @5, M®)(T') which we have graded by
weight [KZ95, §1].

Let us give an example. Provided it converges, a candidate modular form of weight &

is the series > p(1|x), where 1(7) := 1 is the constant function. Consider an extension
_ a b
of the linear fractional action of I' to H := HU {oo} by .00 = & when ¢ # 0, and
c d
a b b .
.00 := 0o when ¢ =0, and let I' := {£ € I'} be the stabiliser of the cusp
c d 0 1
at infinity.

Definition C.2. The EISENSTEIN SERIES for I' of weight k is Ey, =3 cr _\p(1k7).

0 -1 1 1
Henceforth we fix I" := SL(2, Z), which is generated by S := and T = ,

1 0 0 1
and in particular, I'y, is generated by T. Now if we take two arbitrary matrices v,7" € T

with the same bottom row entries ¢, d, we can show 7' = T™~, for some n € Z. Due to the
unit determinant, the entries ¢, d must be coprime. So the sum over I',,\I' reduces to the

elegant expression:

Definition C.3. The EISENSTEIN SERIES for SL(2,Z) of weight k > 2 is

Ey(r):= 1 Z (; (6.5)

k
c,d€Z T + d)
(c,d)=1
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Proposition C.1. [Bru+08, §2.1] For k > 2, the Eisenstein series Ej converges absolutely

to a modular form of weight k.

It is standard to normalise the Eisenstein series Ej by the Riemann zeta function ¢(k),

as it admits a nice Fourier expansion [Bru+08| §2.2]:
(k—1)!

G = —C(k)E =—— - "

k(7) @) C(k)Ex(T) 2% +Zak 1(n)q",

where By, denotes the k" Bernoulli number, and oj,_1(n) = 2din dkt.

In the case k = 2, we have no guarantee of absolute convergence of the Eisenstein series

(16.5). However we can, by analogy, define the function:

and undoing the normalisation defines Fo(7) :=1—24) _yo1(n)q". We now proceed to

the well-known anomalous transformation in the case k = 2:
Proposition C.2. [BO0O, §3]

Gals [ ° e ¢
2|2 . d (7')— 2(7')—m-

So G5 is not a modular form! Let us develop some theory which classifies objects with

these anomalous modular transformations.

If we assume a modular form f on SL(2,Z) is holomorphic as Im7 — oo, we can develop

a Fourier expansion, convergent for |q| < 1,

fr)=>"ang", (6.6)

n>0

where ¢ = €2™7. It is fruitful to consider functions F(7) which transform as (6.4, but have

expansion:
M
F(r) = Y fulr) iy (67)
m=0

for some f,,(7) having a Fourier expansion of the form , 0<m< M,and M > 0.
These functions are the ALMOST-HOLOMORPHIC MODULAR FORMS of weight k, which form

a ring M.
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Example C.1. We note the modular transform of Im T is simply

1 d|? d)?
= |CTI+ | = (er +d) — 2ic(er + d).
Im cT+d mr Y
Therefore the function
1
G
2(7) + 8rImT

s an almost-holomorphic modular form of weight 2.

Definition C.4. A holomorphic function f :H — C is a QUASIMODULAR FORM of weight

k if there exists an almost-holomorphic modular form F € M of weight k, whose leading

term is f, i.e. f = fo in the expansion .

The primary example of a quasimodular form is G5, by Example [C.1]

The quasimodular forms constitute a ring M. We can tie all of our objects together by

the following propositions:

Proposition C.3. [BOO00, 3.4] The leading term map

M
M%M:me(T)

m=0

Ty = fol7)

18 an isomorphism of rings.

Proposition C.4. [KZ95, §1] Fvery quasimodular form can be written as a polynomial in

the Eisenstein series with coefficients that are modular forms:
M = M ® C[Gy).

This Proposition combines nicely with the well-known fact that:

Proposition C.5. [Bru+08] The modular forms are generated by the Eisenstein series Gy

and Gg, i.e. M = C[Gy, Gg].

So we conclude that the ring of quasimodular forms is given by M= C[Gz2, Gy, Gg].
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Figure 6.2: Mathematica plots of Eisenstein series Ga, G4, Gg in the unit circle |¢| < 1,

coloured by complex argument.

114



Bibliography

[Awa+95]

[AZ13]

[Bea94]

[BO0O]

[Bor86]

[Bru+08]

Hidetoshi Awata et al. “Representation Theory of the Wi ., Algebra”. In:
Progress of Theoretical Physics Supplement 118 (1995), pp. 343-373. 1SsN: 0375-
9687. DOI: 10.1143/ptps.118.343. URL: http://dx.doi.org/10.1143/PTPS.
118.343.

Alexander Alexandrov and Anton Zabrodin. “Free fermions and tau-functions”.
In: J. Geom. Phys. 67 (2013), pp. 37-80. 1SsN: 0393-0440,1879-1662. DOI: |10.
1016/ j . geomphys . 2013 . 01 . 007. URL: https://doi.org/10.1016/].
geomphys.2013.01.007.

A. Beauville. Conformal blocks, fusion rules and the Verlinde formula. 1994.
arXiv: alg-geom/9405001 [alg-geom]. URL: https://arxiv.org/abs/alg-
geom/9405001!,

Spencer Bloch and Andrei Okounkov. “The character of the infinite wedge rep-
resentation”. In: Adv. Math. 149.1 (2000), pp. 1-60. 1ssN: 0001-8708,1090-2082.
DOI: |10.1006/aima.1999.1845. URL: https://doi.org/10.1006/aima.1999.
1845.

Richard E. Borcherds. “Vertex algebras, Kac-Moody algebras, and the Mon-
ster”. In: Proc. Nat. Acad. Sci. U.S.A. 83.10 (1986), pp. 3068-3071. 1SsN: 0027-
8424. DOI: [10. 1073/pnas . 83. 10. 3068, URL: https://doi.org/10.1073/
pnas.83.10.3068.

Jan Hendrik Bruinier et al. The 1-2-3 of modular forms. Ed. by Kristian Ranes-
tad. Universitext. Lectures from the Summer School on Modular Forms and their

Applications held in Nordfjordeid, June 2004. Springer-Verlag, Berlin, 2008,

115


https://doi.org/10.1143/ptps.118.343
http://dx.doi.org/10.1143/PTPS.118.343
http://dx.doi.org/10.1143/PTPS.118.343
https://doi.org/10.1016/j.geomphys.2013.01.007
https://doi.org/10.1016/j.geomphys.2013.01.007
https://doi.org/10.1016/j.geomphys.2013.01.007
https://doi.org/10.1016/j.geomphys.2013.01.007
https://arxiv.org/abs/alg-geom/9405001
https://arxiv.org/abs/alg-geom/9405001
https://arxiv.org/abs/alg-geom/9405001
https://doi.org/10.1006/aima.1999.1845
https://doi.org/10.1006/aima.1999.1845
https://doi.org/10.1006/aima.1999.1845
https://doi.org/10.1073/pnas.83.10.3068
https://doi.org/10.1073/pnas.83.10.3068
https://doi.org/10.1073/pnas.83.10.3068

[Burl1]

[Car66)

[CM16]

[Dij95]

[Dij97]

[Dou95)

[DW90]

pp. x+266. I1SBN: 978-3-540-74117-6. DOI: |10.1007/978-3-540-74119-0. URL:
https://doi.org/10.1007/978-3-540-74119-0.

W. Burnside. Theory of groups of finite order. Second. Cambridge University
Press, 1911.

Pierre Cartier. “Quantum mechanical commutation relations and theta func-
tions”. In: Algebraic Groups and Discontinuous Subgroups (Proc. Sympos. Pure
Math., Boulder, Colo., 1965). Amer. Math. Soc., Providence, RI, 1966, pp. 361—
383.

Renzo Cavalieri and Eric Miles. Riemann surfaces and algebraic curves. Vol. 87.
London Mathematical Society Student Texts. A first course in Hurwitz theory.
Cambridge University Press, Cambridge, 2016, pp. xii+183. ISBN: 978-1-316-
60352-9; 978-1-107-14924-3. por: 10. 1017 /CB09781316569252. URL: https :
//doi.org/10.1017/CB09781316569252

Robbert Dijkgraaf. “Mirror symmetry and elliptic curves”. In: The moduli space
of curves (Texel Island, 1994 ). Vol. 129. Progr. Math. Birkh&user Boston, Boston,
MA, 1995, pp. 149-163. 1SBN: 0-8176-3784-2. DOI1:|10.1007/978-1-4612-4264~
2\_5| URL: https://doi.org/10.1007/978-1-4612-4264-2_5|

Robbert Dijkgraaf. “Chiral deformations of conformal field theories”. In: Nuclear
Phys. B 493.3 (1997), pp. 588—612. 1SsN: 0550-3213,1873-1562. DOI: [10.1016/
S0550-3213(97)00153-3. URL: https://doi.org/10.1016/S0550-3213(97)
00153-3.

Michael R. Douglas. “Conformal field theory techniques in large N Yang-Mills
theory”. In: Quantum field theory and string theory (Cargése, 1993). Vol. 328.
NATO Adv. Sci. Inst. Ser. B: Phys. Plenum, New York, 1995, pp. 119-135.
ISBN: 0-306-44886-6. DOT: |10.1007/978-1-4615-1819-8\_10. URL: https:
//doi.org/10.1007/978-1-4615-1819-8_10.

Robbert Dijkgraaf and Edward Witten. “Topological gauge theories and group
cohomology”. In: Comm. Math. Phys. 129.2 (1990), pp. 393-429. 1ssN: 0010-
3616,1432-0916. URL: http://projecteuclid.org/euclid.cmp/1104180750.

116


https://doi.org/10.1007/978-3-540-74119-0
https://doi.org/10.1007/978-3-540-74119-0
https://doi.org/10.1017/CBO9781316569252
https://doi.org/10.1017/CBO9781316569252
https://doi.org/10.1017/CBO9781316569252
https://doi.org/10.1007/978-1-4612-4264-2\_5
https://doi.org/10.1007/978-1-4612-4264-2\_5
https://doi.org/10.1007/978-1-4612-4264-2_5
https://doi.org/10.1016/S0550-3213(97)00153-3
https://doi.org/10.1016/S0550-3213(97)00153-3
https://doi.org/10.1016/S0550-3213(97)00153-3
https://doi.org/10.1016/S0550-3213(97)00153-3
https://doi.org/10.1007/978-1-4615-1819-8\_10
https://doi.org/10.1007/978-1-4615-1819-8_10
https://doi.org/10.1007/978-1-4615-1819-8_10
http://projecteuclid.org/euclid.cmp/1104180750

[EZ85]

[FH59]

[FHO1]

[FKN92]

[FLMSS)]

[Fre+95]

[Fro00]

[Ging9)

[GLT25]

Martin Eichler and Don Zagier. The theory of Jacobi forms. Vol. 55. Progress
in Mathematics. Birkhauser Boston, Inc., Boston, MA, 1985, pp. v+148. ISBN:
0-8176-3180-1. DOI: [10.1007/978-1-4684-9162-3. URL: https://doi.org/
10.1007/978-1-4684-9162-3.

H. K. Farahat and G. Higman. “The centres of symmetric group rings”. In: Proc.
Roy. Soc. London Ser. A 250 (1959), pp. 212-221. 1ssN: 0962-8444,2053-9169.
DOI: |10.1098/rspa.1959.0060. URL: https://doi.org/10.1098/rspa.1959.
0060.

William Fulton and Joe Harris. Representation theory. Vol. 129. Graduate Texts
in Mathematics. A first course, Readings in Mathematics. Springer-Verlag, New
York, 1991, pp. xvi+551. ISBN: 0-387-97527-6; 0-387-97495-4. DOI: |10 . 1007/
978-1-4612-0979-9. URL: https://doi.org/10.1007/978-1-4612-0979-9

Masafumi Fukuma, Hikaru Kawai, and Ryuichi Nakayama. “Infinite-dimensional
Grassmannian structure of two-dimensional quantum gravity”. In: Comm. Math.
Phys. 143.2 (1992), pp. 371-403. 1ssN: 0010-3616,1432-0916. URL: http: //
projecteuclid.org/euclid.cmp/1104248961.

Igor Frenkel, James Lepowsky, and Arne Meurman. Vertexr operator algebras
and the Monster. Vol. 134. Pure and Applied Mathematics. Academic Press,
Inc., Boston, MA, 1988, pp. liv+508. 1SBN: 0-12-267065-5.

Edward Frenkel et al. “W14 o and W (gly) with central charge N”. In: Comm.
Math. Phys. 170.2 (1995), pp. 337-357. 1sSN: 0010-3616,1432-0916. URL: http:
//projecteuclid.org/euclid.cmp/1104273124,

Georg Frobenius. “Uber die charaktere der symmetrischen gruppe”. In: Kénigliche

Gesellschaft der Wissenschaften, Géttingen (1900), pp. 516-534.

Paul Ginsparg. Applied Conformal Field Theory. 1989. arXiv: hep-th/9108028
[hep-th]. URL: https://arxiv.org/abs/hep-th/9108028.

Zhengping Gui, Si Li, and Xinxing Tang. Contact Term Algebras and Digkgraaf’s
Master Equation. 2025. arXiv: 2506.13194 [math.QA]. URL: https://arxiv.
org/abs/2506.13194.

117


https://doi.org/10.1007/978-1-4684-9162-3
https://doi.org/10.1007/978-1-4684-9162-3
https://doi.org/10.1007/978-1-4684-9162-3
https://doi.org/10.1098/rspa.1959.0060
https://doi.org/10.1098/rspa.1959.0060
https://doi.org/10.1098/rspa.1959.0060
https://doi.org/10.1007/978-1-4612-0979-9
https://doi.org/10.1007/978-1-4612-0979-9
https://doi.org/10.1007/978-1-4612-0979-9
http://projecteuclid.org/euclid.cmp/1104248961
http://projecteuclid.org/euclid.cmp/1104248961
http://projecteuclid.org/euclid.cmp/1104273124
http://projecteuclid.org/euclid.cmp/1104273124
https://arxiv.org/abs/hep-th/9108028
https://arxiv.org/abs/hep-th/9108028
https://arxiv.org/abs/hep-th/9108028
https://arxiv.org/abs/2506.13194
https://arxiv.org/abs/2506.13194
https://arxiv.org/abs/2506.13194

[Gou94]

[GT93]

[Juc74]

[Kac83]

[Kac98]

[KR93]

[KZ95]

[Las13]

I. P. Goulden. “A differential operator for symmetric functions and the com-
binatorics of multiplying transpositions”. In: Trans. Amer. Math. Soc. 344.1
(1994), pp. 421-440. 1ssN: 0002-9947,1088-6850. DOI: 10 .2307 /2154724, URL:
https://doi.org/10.2307/2164724.

David J. Gross and Washington Taylor. “T'wo-dimensional QCD is a string
theory”. In: Nuclear Physics B 400.1-3 (July 1993), pp. 181-208. 1ssN: 0550-
3213. por: 10.1016/0550-3213(93) 90403-cl. URL: http://dx.doi.org/10.
1016/0550-3213(93)90403-C.

A-A. A, Jucys. “Symmetric polynomials and the center of the symmetric group
ring”. In: Rep. Mathematical Phys. 5.1 (1974), pp. 107-112. 1sSN: 0034-4877. DOTI:
10.1016/0034-4877(74)90019-6. URL: https://doi.org/10.1016/0034-
4877 (74)90019-6.

Victor G. Kac. Infinite-dimensional Lie algebras. Vol. 44. Progress in Mathemat-
ics. An introduction. Birkh&user Boston, Inc., Boston, MA, 1983, pp. xvi+245.
ISBN: 0-8176-3118-6. DOI: [10.1007/978-1-4757-1382-4. URL: https://doi.
org/10.1007/978-1-4757-1382-4.

Victor Kac. Vertex algebras for beginners. Second. Vol. 10. University Lecture
Series. American Mathematical Society, Providence, RI, 1998, pp. vi+201. 1SBN:
0-8218-1396-X. DOI: [10.1090/ulect/010. URL: https://doi.org/10.1090/
ulect/010.

Victor Kac and Andrey Radul. “Quasifinite highest weight modules over the Lie
algebra of differential operators on the circle”. In: Comm. Math. Phys. 157.3
(1993), pp. 429-457. 1SsN: 0010-3616,1432-0916. URL: http://projecteuclid.
org/euclid.cmp/1104254017.

Masanobu Kaneko and Don Zagier. “A generalized Jacobi theta function and
quasimodular forms”. In: The moduli space of curves (Texel Island, 1994).
Vol. 129. Progr. Math. Birkh&user Boston, Boston, MA, 1995, pp. 165-172.
ISBN: 0-8176-3784-2. DOIL: 10.1007/978-1-4612-4264-2\_6. URL: https:
//doi.org/10.1007/978-1-4612-4264-2_6l

Michel Lassalle. “Class expansion of some symmetric functions in Jucys-Murphy

elements”. In: J. Algebra 394 (2013), pp. 397-443. 1ssN: 0021-8693,1090-266X.

118


https://doi.org/10.2307/2154724
https://doi.org/10.2307/2154724
https://doi.org/10.1016/0550-3213(93)90403-c
http://dx.doi.org/10.1016/0550-3213(93)90403-C
http://dx.doi.org/10.1016/0550-3213(93)90403-C
https://doi.org/10.1016/0034-4877(74)90019-6
https://doi.org/10.1016/0034-4877(74)90019-6
https://doi.org/10.1016/0034-4877(74)90019-6
https://doi.org/10.1007/978-1-4757-1382-4
https://doi.org/10.1007/978-1-4757-1382-4
https://doi.org/10.1007/978-1-4757-1382-4
https://doi.org/10.1090/ulect/010
https://doi.org/10.1090/ulect/010
https://doi.org/10.1090/ulect/010
http://projecteuclid.org/euclid.cmp/1104254017
http://projecteuclid.org/euclid.cmp/1104254017
https://doi.org/10.1007/978-1-4612-4264-2\_6
https://doi.org/10.1007/978-1-4612-4264-2_6
https://doi.org/10.1007/978-1-4612-4264-2_6

[LT01]

[LZ04]

[LZ21]

[Mac95]

[Mur63]

[Mur81]

[Nak41]

[OP06]

DOI:|10.1016/j. jalgebra.2013.06.013. URL: https://doi.org/10.1016/j.
jalgebra.2013.06.013.

A. Lascoux and J.-Y. Thibon. “Vertex operators and the class algebras of sym-
metric groups”. In: Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov.
(POMI) 283 (2001), pp. 156-177, 261. 1SsN: 0373-2703. DOI: 10 . 1023 /B :
JOTH . 0000024619 . 77778 . 3d. URL: https://doi.org/10.1023/B: JOTH.
0000024619.77778.3d.

Sergei K. Lando and Alexander K. Zvonkin. Graphs on surfaces and their appli-
cations. Vol. 141. Encyclopaedia of Mathematical Sciences. With an appendix
by Don B. Zagier, Low-Dimensional Topology, II. Springer-Verlag, Berlin, 2004,
pp. xvi+455. 1SBN: 3-540-00203-0. DOI: [10. 1007 /978-3-540-38361- 1. URL:
https://doi.org/10.1007/978-3-540-38361-1.

Si Li and Jie Zhou. “Regularized Integrals on Riemann Surfaces and Modular
Forms”. In: Commun. Math. Phys. 388.3 (2021), pp. 1403-1474. DO1:|10. 1007/
s00220-021-04232-6. arXiv: 2008.07503 [math.DG].

I. G. Macdonald. Symmetric functions and Hall polynomials. Second. Oxford
Mathematical Monographs. With contributions by A. Zelevinsky, Oxford Science
Publications. The Clarendon Press, Oxford University Press, New York, 1995,
pp. x+475. 1SBN: 0-19-853489-2.

Francis D. Murnaghan. The theory of group representations. Dover Publications,

Inc., New York, 1963, pp. xi+369.

G. E. Murphy. “A new construction of Young’s seminormal representation of
the symmetric groups”. In: J. Algebra 69.2 (1981), pp. 287-297. 1ssN: 0021-
8693. DOI: 10.1016/0021-8693(81) 90205-2. URL: https://doi.org/10.
1016/0021-8693(81)90205-2.

T. Nakayama. “On some modular properties of irreducible representations of a

symmetric group. I”. In: Jpn. J. Math. 17 (1941), pp. 165-184. 1sSN: 0075-3432.

A. Okounkov and R. Pandharipande. “The equivariant Gromov-Witten theory
of P, In: Ann. of Math. (2) 163.2 (2006), pp. 561-605. 1SSN: 0003-486X,1939-
8980. DOI: 10.4007/annals.2006.163.561. URL: https://doi.org/10.4007/
annals.2006.163.561.

119


https://doi.org/10.1016/j.jalgebra.2013.06.013
https://doi.org/10.1016/j.jalgebra.2013.06.013
https://doi.org/10.1016/j.jalgebra.2013.06.013
https://doi.org/10.1023/B:JOTH.0000024619.77778.3d
https://doi.org/10.1023/B:JOTH.0000024619.77778.3d
https://doi.org/10.1023/B:JOTH.0000024619.77778.3d
https://doi.org/10.1023/B:JOTH.0000024619.77778.3d
https://doi.org/10.1007/978-3-540-38361-1
https://doi.org/10.1007/978-3-540-38361-1
https://doi.org/10.1007/s00220-021-04232-6
https://doi.org/10.1007/s00220-021-04232-6
https://arxiv.org/abs/2008.07503
https://doi.org/10.1016/0021-8693(81)90205-2
https://doi.org/10.1016/0021-8693(81)90205-2
https://doi.org/10.1016/0021-8693(81)90205-2
https://doi.org/10.4007/annals.2006.163.561
https://doi.org/10.4007/annals.2006.163.561
https://doi.org/10.4007/annals.2006.163.561

[Pol9g] Joseph Polchinski. String theory. Vol. I. Cambridge Monographs on Mathe-
matical Physics. An introduction to the bosonic string. Cambridge Univer-
sity Press, Cambridge, 1998, pp. xx+401. 1SBN: 0-521-63303-6. DOI: |10.1017/
CB09780511618123. URL: https://doi.org/10.1017/CB09780511618123|

[PRS90] C. N. Pope, L. J. Romans, and X. Shen. “A new higher-spin algebra and the
lone-star product”. In: Phys. Lett. B 242.3-4 (1990), pp. 401-406. 1SsN: 0370-
2693,1873-2445. DOT: |10.1016/0370-2693(90) 91782-7. URL: https://doi.
org/10.1016/0370-2693(90)91782-7.

[Sch08] M. Schottenloher. A mathematical introduction to conformal field theory. Sec-
ond. Vol. 759. Lecture Notes in Physics. Springer-Verlag, Berlin, 2008, pp. xvi+249.
ISBN: 978-3-540-68625-5.

[SerT1] Jean-Pierre Serre. Représentations linéaires des groupes finis. Deuxieme édition,

refondue. Hermann, Paris, 1971, p. 182.

[Sky71] T. H. R. Skyrme. “Kinks and the Dirac equation”. In: J. Mathematical Phys.
12 (1971), pp. 1735-1743. 18SN: 0022-2488,1089-7658. DOL: 10.1063/1 . 1665798
URL: https://doi.org/10.1063/1.1665798.

[Ver88] Erik Verlinde. “Fusion rules and modular transformations in 2D conformal field
theory”. In: Nuclear Phys. B 300.3 (1988), pp. 360-376. 1ssN: 0550-3213,1873-
1562. poI: [10.1016/0550-3213(88) 90603-7. URL: https://doi.org/10.
1016/0550-3213(88)90603-7.

[VOO04] A. M. Vershik and A. Yu. Okounkov. “A new approach to representation theory
of symmetric groups. I1”. In: Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst.
Steklov. (POMI) 307 (2004), pp. 57-98, 281. 1SsN: 0373-2703. DOI: |10. 1007/
$10958-005-0421-7. URL: https://doi.org/10.1007/s10958-005-0421-7.

[WW15]  E. T. Whittaker and G. N. Watson. A course of modern analysis. Second. Cam-
bridge Mathematical Library. Cambridge University Press, Cambridge, 1915,
p. 560. poI: |10.1017/CB09780511608759. URL: https://doi.org/10.1017/
CB09780511608759.

[Zagl6) Don Zagier. “Partitions, quasimodular forms, and the Bloch-Okounkov theo-
rem”. In: Ramanujan J. 41.1-3 (2016), pp. 345-368. 1SsN: 1382-4090,1572-9303.

120


https://doi.org/10.1017/CBO9780511618123
https://doi.org/10.1017/CBO9780511618123
https://doi.org/10.1017/CBO9780511618123
https://doi.org/10.1016/0370-2693(90)91782-7
https://doi.org/10.1016/0370-2693(90)91782-7
https://doi.org/10.1016/0370-2693(90)91782-7
https://doi.org/10.1063/1.1665798
https://doi.org/10.1063/1.1665798
https://doi.org/10.1016/0550-3213(88)90603-7
https://doi.org/10.1016/0550-3213(88)90603-7
https://doi.org/10.1016/0550-3213(88)90603-7
https://doi.org/10.1007/s10958-005-0421-7
https://doi.org/10.1007/s10958-005-0421-7
https://doi.org/10.1007/s10958-005-0421-7
https://doi.org/10.1017/CBO9780511608759
https://doi.org/10.1017/CBO9780511608759
https://doi.org/10.1017/CBO9780511608759

[Zam85]

[Zel81]

[Zhu96]

DOI:/10.1007/s11139-015-9730-8. URL: https://doi.org/10.1007/s11139-
015-9730-8.

A. B. Zamolodchikov. “Infinite extra symmetries in two-dimensional conformal
quantum field theory”. In: Teoret. Mat. Fiz. 65.3 (1985), pp. 347-359. ISSN:
0564-6162.

Andrey V. Zelevinsky. Representations of finite classical groups. Vol. 869. Lec-
ture Notes in Mathematics. A Hopf algebra approach. Springer-Verlag, Berlin-
New York, 1981, pp. iv+184. 1SBN: 3-540-10824-6.

Yongchang Zhu. “Modular invariance of characters of vertex operator algebras”.
In: J. Amer. Math. Soc. 9.1 (1996), pp. 237-302. 1sSN: 0894-0347,1088-6834. DOTI:
10.1090/S0894-0347-96-00182-8. URL: https://doi.org/10.1090/S0894-
0347-96-00182-8.

121


https://doi.org/10.1007/s11139-015-9730-8
https://doi.org/10.1007/s11139-015-9730-8
https://doi.org/10.1007/s11139-015-9730-8
https://doi.org/10.1090/S0894-0347-96-00182-8
https://doi.org/10.1090/S0894-0347-96-00182-8
https://doi.org/10.1090/S0894-0347-96-00182-8

	Introduction
	Acknowledgements
	The Symmetric Group and Dijkgraaf's Formula
	Representation Theory of the Symmetric Group
	Class Algebra
	Jucys-Murphy Decomposition
	Class Multipliers

	Frobenius's Formula
	Fusion algebra

	Dijkgraaf's Formula

	Bosons and Fermions
	Free Fermions
	Infinite Wedge
	gl() Representation

	Fermion-Boson Correspondence
	Vertex Operator Algebras
	Axioms
	Existence and Uniqueness
	Heisenberg and Clifford VOA
	W1+ VOA

	Boson-Fermion Correspondence
	Schur Functions
	Partition Invariant Operators


	Bosons and Fermions in the Symmetric Group
	Class Functions
	Symmetric Functions
	Frobenius Characteristic Map

	Heisenberg Algebra
	Character Basis

	Vertex Operators
	Cut-and-Join


	Jacobi Triple Product
	Genus 1 CFT
	Conformal Group
	Dirac Fermion

	U(1) Characters
	Spin Structures


	Deformed Conformal Field Theory
	Chiral Deformations
	Dijkgraaf's Condition
	Dijkgraaf's Master Equation
	Modularity

	Quasimodularity and Spectral Flow

	Appendices
	Hurwitz Theory
	Monodromy Representations

	Jacobi Forms
	Modular and Quasimodular Forms


