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ABSTRACT: The Monte Carlo method delivers an unbiased estimate of the probability of failure.
However, the variance of the estimate depends on the number of evaluated samples. This number must
be very large for estimations of a low probability of failure. If the evaluation of each sample is
computationally expensive, the crude Monte Carlo simulation strategy is impracticable. Therefore,
subset simulations are used to reduce the required number of evaluations. Subset simulations require a
Markov Chain Monte Carlo sampler, such as the random walk Metropolis-Hastings algorithm. The
algorithm, however, struggles with sampling in low-probability regions, especially if they are narrow.
As a consequence, advanced Markov Chain Monte Carlo simulations have been developed. In
particular, the Hamiltonian Monte Carlo method explores the target distribution rapidly. Driven by the
idea of Hamiltonian dynamics, this sampler provides a non-random walk through the target distribution.
The incorporation of subset simulation and Hamiltonian Monte Carlo methods has shown promising
results for reliability analysis. One downside of the Hamiltonian Monte Carlo method is that gradient
evaluations are computationally expensive, especially when dealing with high-dimensional problems
and evaluating long trajectories. We show that integrating Hamiltonian neural networks in Hamiltonian
Monte Carlo simulations significantly speeds up the sampling task. Furthermore, the enhancement of
adaptive trajectory length within the Hamiltonian Monte Carlo results in the efficient proposal of the
following states. Based on this recent enhancement, we provide a fast sampling strategy for subset
simulations using Hamiltonian neural networks to replace the evaluation of the gradient and
significantly speed up the Hamiltonian Monte Carlo simulation.
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1. INTRODUCTION
Rigorous analysis to estimate the response statis-

tics of structures and relevant structural parts is cru-
cial in probabilistic engineering. To this end, engi-
neers have to investigate the uncertainties in mate-
rial properties, loads, and design. Reliability anal-
ysis aims to estimate the probability of failure con-
sidering these uncertainties, which is written as:

P(F) =
∫
· · ·

∫
g(x)≤0

fX(x) dx1 . . .dxn , (1)

where fX(x) is the probability density function of
the random vector x = [x1,x2, . . . ,xn]. The fail-
ure region is defined using the limit state function
g(x). Failure occurs if this function is negative, i.e.,
g(x)≤ 0. However, due to complex response func-
tions and probability density functions, this integra-
tion is sometimes impossible. Therefore, it requires
simulation methods. The Monte Carlo method eval-
uates independent samples from the distribution to
provide an unbiased estimate of the probability of
failure.

In general, most structural entities in our daily
life are designed so that they fail rarely. At the same
time, the construction cost must remain reasonable.
However, in the case of high-damage events, such
as the collapse of a building or the failure of key
functional parts in aerospace engineering, the fail-
ure probability should be extremely low. For a re-
liable estimate of low probabilities, the number of
required samples for the crude Monte Carlo simu-
lations becomes huge. In the case of complex sys-
tems, the computational cost of these simulations
becomes infeasible. To decrease the computational
burden, there are two approaches:

• Methods to reduce the computational burden
of each sample evaluation: The complexity
of structures can be simplified, and model or-
der reduction methods applied (e.g. Bamer and
Bucher (2012); Bamer et al. (2017)). Fur-
thermore, machine learning models can learn
the structural behavior and enable many eval-
uations (Thaler et al. (2021); Bamer et al.
(2021)).

• Methods to reduce the number of samples: Es-
tablished methods are, for example, impor-
tance sampling and subset simulations (Au and
Beck (2001)).

In this contribution, we focus on subset simulations.
This algorithm requires Markov Chain Monte Carlo
sampling to ensure the correct mapping of the prob-
ability density in the subset. The basic, traditional
approach is the Metropolis-Hastings sampling al-
gorithm (Hastings (1970)). However, for complex
and high-dimensional distributions, as well as for
very thin distributions, this random-walk method
results in a low acceptance rate, which leads of-
ten to an underestimation of the failure probabil-
ity. To this end, more elaborate sampling strate-
gies have been developed, e.g., Stretch-sampling
and Hamiltonian Monte Carlo. Both approaches
have shown promising results in subset simulations
(Shields et al. (2021); Wang et al. (2019)). How-
ever, the Hamiltonian Monte Carlo simulation re-
quires expensive gradient calculation for each step
during the integration procedure for the proposal of
a new state.

One possibility to decrease the computational
burden is to use neural networks for the gradi-
ent calculation, cf. Li et al. (2019). Recently,
researchers focused on more elaborate machine
learning architectures, e.g., physics-informed neu-
ral networks (Raissi et al. (2017)), and gradient-
based neural networks have gained popularity. The
Hamiltonian neural network is a gradient-based ar-
chitecture, which has been proposed by Greydanus
et al. (2019) to solve the dynamics of mechanical
systems.

Dhulipala et al. (2022) proposed to use latent
Hamiltonian neural networks for Bayesian infer-
ence problems using both the Hamiltonian Monte
Carlo and the No U-Turn sampler since the archi-
tecture shows good estimations over long trajecto-
ries in classic mechanics problems. The applica-
bility of Hamiltonian neural networks was further
demonstrated by (Thaler et al.) for both the tradi-
tional and the dynamic Hamiltonian Monte Carlo
simulation.

Considering that the Hamiltonian neural network
is suitable to use in Hamiltonian Monte Carlo, we
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propose to use the enhanced method in subset simu-
lations. In the following, we show the basic theory
and demonstrate the strategy on numerical exam-
ples.

2. HAMILTONIAN NEURAL NETWORK
SUBSET SIMULATIONS

2.1. Methodology
2.1.1. Probability of Failure

As stated in Equation 1, the failure probability is
generally written as the integral over the failure do-
main. However, one can also use an indicator func-
tion Ig(x), which is 1 if g(x)≤ 0, and else 0. Thus,
one integrates over the entire domain (cf. Bucher
(2009)) using the indicator function:

P(F) =
∫

∞

−∞

∫
∞

−∞

· · ·
∫

∞

−∞

Ig(x1, . . . ,xn)

fX1,...,Xn(x1, . . . ,xn) dx1 . . .dxn . (2)

Unfortunately, the solution to this integral is, in
many cases, not straightforward, and often there
is no analytical solution. Therefore, one needs to
draw samples from the distribution and evaluate
them. This procedure is the crude Monte Carlo sim-
ulation. The estimation of the failure probability
is then the number of failures divided by the total
number of experiments:

P(F) =
1
m

m

∑
k=1

Ig(x(k)) . (3)

The Monte Carlo method delivers an unbiased
estimate of the failure probability. However, for
low probabilities and complex distributions, the
method has a high variance, except one evaluates
a vast number of samples. To reduce the compu-
tational burden, subset simulations were proposed
(Au and Beck (2001)).

2.1.2. Subset Simulations
In subset simulations, intermediate “failure” re-

gions are used to sample gradually toward the re-
gion of failure (Au and Wang (2014)). After each
subset evaluation, only the samples which are clos-
est to the failure region, in other words, which
reached the intermediate region, are considered.

Thus, the probability of failure is composed of the
probabilities of reaching the next intermediate state,
given that the sample is in the current region:

P(F) =P(Fn) = P(∩n
i=1Fi)

=P(Fn | ∩n−1
i=1 Fi)P(∩n−1

i=1 Fi)

=P(Fn | ∩Fn−1)P(∩n−1
i=1 Fi)

= · · ·= P(F1)
n−1

∏
i=1

P(Fi+1 | Fi) (4)

The intermediate failure regions can be chosen
adaptively, e.g., by choosing the probability of
reaching the next region P(Fi+1 | Fi) = 0.1. The
threshold for the region is then based on the high-
est value of the limit state function of the samples.
The samples for each set are simulated using the
state from the previous set by Monte Carlo Markov
Chain samplers, i.e., the Hamiltonian Monte Carlo.

2.1.3. Hamiltonian Monte Carlo
In general, any Monte Carlo Markov Chain sam-

pler can be used to propagate samples through the
distribution. However, classic approaches, such
as the Metropolis-Hastings sampler, suffer from
poor acceptance rates and high correlations be-
tween samples for complex distributions. To this
end, the Hamiltonian Monte Carlo sampler pro-
vides a non-random walk sampling that efficiently
explores the target distribution. We briefly intro-
duce the method in this section. More details are
provided by Brooks et al. (2011) and Betancourt
(2017).

Instead of a random sample proposal, the sam-
pler conserves energy-like quantities of the current
state to provide a new state. The idea of the sampler
is inspired by Hamiltonian mechanics. The Hamil-
tonian H is the sum of the potential U and kinetic
energy K of a system:

H(q,p) =U(q)+K(p) . (5)

Hereby, in classical mechanics, q is the position,
and p is the momentum of the system. Using the
derivatives of the Hamiltonian with respect to the
phase space variables q and p enables to evaluate
the canonical equations of the system:
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dq
dt

=
∂H
∂p

,

dp
dt

=−∂H
∂q

. (6)

Incorporating the idea of Hamiltonian dynamics
in the Markov Chain Monte Carlo concept gener-
ates a Hamiltonian Monte Carlo Markov sampler.
Thus, for the Hamiltonian Monte Carlo algorithm,
a mathematical equivalent model is built to evalu-
ate the samples in the target probability space. The
vector q is then defined as the variable of interest
having a target distribution π(q). The vector p is
used as an auxiliary variable to introduce random-
ness to the sampler. The Hamiltonian is reformu-
lated based on the probability distribution as:

H(q, p) =− logπ(q,p) . (7)

Analogous to the classical (mechanical) system, the
"potential energy" is defined as the negative of the
logarithmic probability density of the target distri-
bution:

U(q) =− logπ(q) , (8)

and the "kinetic energy" is formulated as a func-
tion of the auxiliary variable p, usually chosen as:

K(p) =
1
2

pM−1p . (9)

The initial state of the variable of interest q is
chosen randomly, e.g., from multivariate normal
Gaussian distribution. Starting from that state, the
algorithm requires a random Gaussian vector p to
“walk” through the distribution. Using q and p,
the derivatives of the Hamiltonian can be deter-
mined. In general, the leapfrog integrator is used
to evaluate the trajectory. After finishing the cho-
sen step number L, the updated auxiliary variable
pL is negated p∗ =−pL to make the proposal state
(q∗,p∗) reversible.

Finally, the evaluated next state is accepted or re-
jected based on a reformulation of the Metropolis-
Hastings criteria for Hamiltonian Monte Carlo. The
new state (q∗,p∗) is accepted with a probability of

α = min [1,exp(H((q,p)−H(q∗,p∗)] . (10)

The algorithm for the next state proposal in
Hamiltonian Monte Carlo simulation is provided in
Algorithm 1.

Algorithm 1 Hamiltonian Monte Carlo
Initial state: q, Hamiltonian: H, Steps: L, Step
size: ε
p0←N (0,1)
q0← q
p 1

2
← p0− ε

2
∂H
∂q

for 1≤ N < L do ▷ Leapfrog integrator
qn← qn−1 + ε pn
pn+ 1

2
← pn− 1

2
− ε ∂H

∂q
end for
pL← pL−1− ε

2
∂H
∂q

q∗← qL
p∗←−pL
α = min [1,exp(−H(q∗, p∗)+H(q, p))]
if α ≥U (0,1) then

return (q∗, p∗)
else

return (q0, p0)
end if

Performing the Hamiltonian Monte Carlo simu-
lation, one has to provide the step size ε and the
number of leapfrog steps L. This choice influences
the efficiency and reliability of the Monte Carlo
simulation. As a consequence, for a complex distri-
bution, the dynamic Hamiltonian Monte Carlo sam-
pler or the No U-Turn sampler (Homan and Gelman
(2014)) is preferable.

Assuming well-chosen ε and L, the sampler pro-
vides a more effective exploration of the target dis-
tribution compared to the Metropolis-Hastings al-
gorithm. However, one drawback of the Hamilto-
nian Monte Carlo method is the high computational
cost. For each new state, the leapfrog integrator
takes L steps, and in each of these steps, the numer-
ical gradient of the Hamiltonian must be calculated
to update the state. For the sake of computational
efficiency, surrogate models can be used to predict
the next state.
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2.1.4. Hamiltonian Neural Networks
For the speed-up of the Hamiltonian Monte Carlo

algorithm, any surrogate model which is able to
predict the gradient of the Hamiltonian accurately
can replace the numerical gradient evaluation. To
this end, traditional neural networks have been
used (Li et al. (2019)). However, more elabo-
rate architectures have been created in recent re-
search. Hamiltonian neural networks have shown
to conserve the Hamiltonian well (Greydanus et al.
(2019)). Indeed, conservation of the Hamiltonian
is needed to provide good proposals for the next
state within the Hamiltonian Monte Carlo simula-
tion. Therefore, using Hamiltonian neural networks
in Hamiltonian Monte Carlo simulation is particu-
larly promising.

In Figure 1, the traditional feedforward neural
network architectures and the Hamiltonian neural
network architecture are shown.

(a) Regular feedforward architecture

Neural network layers
with trainable parameters θ

q

p

dq
dt
dp
dt

(b) Hamiltonian Neural Network

Neural network layers
with trainable parameters θ

In-graph gradient

q

p
Hθ

∂Hθ
∂p

−∂Hθ
∂q

Figure 1: Architecture of artificial neural networks: (a)
The "traditional" feedforward architecture predicts the
targets in the output layer; (b) The Hamiltonian neural
network architecture uses the in-graph gradient of the
output node with respect to the input nodes to predict
the targets (cf. Greydanus et al. (2019)).

The main difference between the two architec-
tures is the way the target is estimated. The reg-
ular architecture predicts the targets in the output
layer, i.e. the derivative of the input with respect
to time. On the other hand, the Hamiltonian neu-
ral network uses an in-graph gradient of the output

with respect to the input. Thus, it predicts the gra-
dient of the Hamiltonian with respect to the input
quantities, which is equivalent to the input with re-
spect to time, cf. Equation 6.

The gradient prediction requires a small frac-
tion of the time necessary to evaluate the numer-
ical gradient traditionally. This enables fast eval-
uation of the trajectory. However, traditional nu-
merical gradient evaluation is necessary to provide
training data for supervised learning of the Hamil-
tonian neural network.

2.2. Hamiltonian Neural Network sampler
The speed of the Hamiltonian Monte Carlo simu-

lation can be increased by using Hamiltonian neural
networks to predict the gradient instead of the tra-
ditional numerical gradient calculation (Dhulipala
et al. (2022); (Thaler et al.)). Algorithm 1 is also
used for the proposal of the next state with the faster
gradient evaluation using the Hamiltonian neural
network. The sampler is used to create an initial
sample set and thereafter to simulate the next states
within the subset simulation. In the following chap-
ter, we show the application of the proposed strat-
egy.

2.3. Application
The numerical examples are implemented in

Python using the environment for subset simu-
lations within the package UQPy for uncertainty
quantification (Olivier et al. (2020)). The code
for Hamiltonian neural networks for accelerat-
ing Hamiltonian Monte Carlo (HMC) is avail-
able through the Bayesian inference with Hamilto-
nian Neural Networks (BIhNNs) Github repository
(https://github.com/IdahoLabResearch/BIhNNs).

2.3.1. Gaussian Distribution
For the numerical example for subset simula-

tions, a multivariate normal distribution with zero
mean µµµ and identical correlation ρ between all of
its components is chosen:

µµµ = [0,0, · · · ,0,0] ; ΣΣΣ =


1 ρ . . . ρ

ρ 1 . . . ...
... . . . 1 ρ
ρ . . . ρ 1

 .

(11)
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The probability density function of this distribu-
tion is written as:

p(q) =
exp

(
−0.5(q−µµµ)T

ΣΣΣ
−1 (q−µµµ)

)
√

(2π)2 ∥ΣΣΣ∥
. (12)

We choose a linear limit state function with a
specified reliability index β :

g(x) = β
√

σmaxn−
n

∑
i=1

xi . (13)

Hereby, σmax denotes the maximum eigenvalue
of the covariance matrix ΣΣΣ of the distribution. Fig-
ure 2 shows the described problem for uncorrelated
ρ = 0 and highly correlated ρ = 0.95 Gaussian vari-
ables in two-dimensional space. The value of β is
chosen to be 4 in the example.

Using the above-mentioned settings, we perform
the subset simulation for two and ten variables.
The Hamiltonian neural network requires super-
vised training before it can be used within the sam-
pler. The training data is collected by evaluating
40 samples using the traditional gradient calcula-
tion. The Hamiltonian neural network architecture
has three hidden layers with ten neurons in each
layer. The settings for the architecture and the sam-
pling are also kept constant for all examples. We
chose a step size of ε = 0.025. The trajectory length
is calculated and adapted within the subsets using
the algorithms proposed by Wang et al. (2019) for
Hamiltonian Monte Carlo subset simulations. The
result of one subset simulation for two dimensions
using Hamiltonian neural networks in the Hamilto-
nian Monte Carlo sampler is shown in Figure 3.

The probability of failure of this simulation is
2.64 ∗ 10−5 which corresponds to β = 4.04. This
subset simulation was highly accurate since there is
only an error of 0.04 in beta.

Figure 4 shows the result of the Hamiltonian neu-
ral network subset simulation with high correla-
tion ρ = 0.95. The result for the failure probabil-
ity is 1.48 ∗ 10−6 which is equivalent to a value
of β = 4.67. Even though there is a higher error
compared to the uncorrelated case, this result is in
a reasonable range. In both simulations, the subsets

(a)

−4 −2 0 2 4
−4

−2

0

2

4

X1 [−]

X 2
[−

]

(b)

−4 −2 0 2 4
−4

−2

0

2

4

X1 [−]

X 2
[−

]

β = 4 p(X) = 0.005, . . . , 0.15

Figure 2: Probability density levels for (a) uncorrelated
ρ = 0 and (b) highly correlated ρ = 0.95 Gaussian
variables are shown in black down to a probability of
0.005. The limit state function g is highlighted in red
for the reliability index β = 4.

evaluate over the intermediate failure domains and
show fair acceptance rates. The fundamental appli-
cability of Hamiltonian neural networks for subset
simulations works out.

To verify these good findings, the simulations are
performed 100 times for the two-dimensional and
the ten-dimensional case. Here, we used uncorre-
lated ρ = 0 and highly correlated ρ = 0.95 distribu-
tions again. For comparison, we ran the same simu-
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q 2
[−

]

Figure 3: Subset results for one subset simulation using
two-dimensional Gaussian distribution with zero corre-
lation ρ = 0.

−2 0 2 4

−2

0

2

4

q1 [−]

q 2
[−

]

Figure 4: Subset results for one subset simulation using
two-dimensional Gaussian distribution with high corre-
lation ρ = 0.95.

lations using the modified Metropolis-Hastings al-
gorithm. The results in terms of the mean failure
index β are shown in Table 1. The correct solu-
tion for all four simulations is β = 4. Furthermore,
the coefficient of variation (CV) is of interest, as it
shows how the results vary in relation to the calcu-
lated mean value.

beta ρ = 0 ρ = 0.95
4 mean CV mean CV

HNN 2-D 4.43 0.039 4.19 0.050
MMH 2-D 4.33 0.052 4.23 0.075
HNN 10-D 4.42 0.039 4.28 0.066
MMH 10-D 4.63 0.061 6.25 0.074

Table 1: Mean values and coefficient of variation (CV)
of 100 subset simulations using the Hamiltonian Neural
Network sampler (HNN) and the modified Metropolis-
Hastings algorithm (MMH).

We observe that both samplers provide reliable
results in the case of zero correlation ρ = 0 for two
and ten dimensions. Also, the variance is relatively
low in these cases. However, if we choose highly
correlated distribution ρ = 0.95 the results differ
a lot. In the case of two dimensions, the Modi-
fied Metropolis-Hastings algorithm gives an appro-
priate estimate of the failure. However, the algo-
rithm struggles with the high correlation distribu-
tion if ten variables are included. In contrast, the
Hamiltonian neural network Monte Carlo simula-
tion is able to estimate the failure probability, or in
our case the reliability index with a mean error of
0.63. Furthermore, the coefficient of variation of
this approach is more stable compared to the mod-
ified Metropololis-Hastings algorithm, see MMH
10-D and HNN 10-D in Table 1.

3. CONCLUSIONS

This contribution corroborates the potential of
gradient-based artificial neural networks for Hamil-
tonian Monte Carlo simulations. The results show
the applicability of Hamiltonian neural networks
for subset simulations, which enables fast evalua-
tions. However, the examples are shown on two-
and ten-dimensional examples with different corre-
lations. Future work should focus on higher dimen-
sions and incorporate different distributions. Fur-
thermore, the regions close to the failure region
might have low acceptance rates if the error of the
gradient calculation decreases typically in super-
vised learning models (cf. Thaler et al. (2022)).
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