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Background. Cancer natural history models are essential 
when evaluating screening/preventative interventions or 
changes to diagnostic pathways. Natural history models 
commonly use a state transition structure, but it is often 
not possible to observe the state transition probabilities 
required for parameterization. Aim. The work aimed to 
accurately represent the uncertainty in the parameters of 
a state transition model for the natural history of colorec-
tal cancer by embedding the problem in the framework of 
Bayesian inference. Methods. The Metropolis-Hastings 
algorithm was used to estimate natural history parameters 
and screening test characteristics by generating multiple 
sets of parameters from the posterior distribution, which is 
the probability distribution that is compatible with the 
observed data. Observed data included colorectal cancer 
incidence categorized by age and stage, autopsy data on 
polyp prevalence, and cancer and polyp detection rates 
from the first round of screening with the fecal occult 

blood test in England. The approach was implemented 
using Visual Basic. Results. The results were subsequently 
examined for convergence using the package CODA in R 
2.8.0. Outputs from fitting were samples from the joint 
posterior distribution of the natural history parameters 
given the epidemiological data. The parameter sets 
obtained are shown to have a good fit to all the observed 
data sets. These parameter sets are used when running 
probabilistic sensitivity analysis. Conclusion. The advan-
tages of this strategy are that it draws efficiently from a 
high-dimensional correlated parameter space. The algo-
rithm is simple to code and runs overnight on a standard 
desktop PC. Using this method, the parameter sets are 
drawn according to their posterior probability given cali-
bration data, and thus they correctly summarize the 
residual uncertainty in the parameter space. Key words: 
Bayesian; calibration; natural history; colorectal cancer. 
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INTRODUCTION

Cancer natural history models are vital tools in 
developing our understanding of disease pathways 
and enabling improved decision making. These 
models commonly describe the disease natural his-
tory in terms of a set of mutually exclusive and 
exhaustive health states, together with a set of transi-
tion probabilities or rates that describe possible 
transitions between health states. There is currently 
a limited understanding of how best to estimate  
the set of transition probabilities within such  
natural history models. This article reports a 
Bayesian approach to model calibration that uses the 

Metropolis-Hastings algorithm to estimate transition 
probabilities and their joint uncertainty.

Cancer Natural History Models

Cancer natural history models are essential when 
evaluating screening interventions, changes to diag-
nostic pathways such as a new diagnostic tool, or 
preventative interventions. Such interventions aim 
to reduce morbidity, mortality, and treatment costs 
through earlier diagnosis and cancer prevention. 
Natural history models can predict the number of 
cases of cancer and precancerous conditions that are 
present in a population and the rate at which they 
are likely to progress. This information can then be 
used to estimate the capacity implications of an 
intervention (e.g., the number of positive screening DOI:  10.1177/0272989X10384738
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tests), for service planning, or to calculate the cost-
effectiveness of a proposed intervention. In particu-
lar, modeling can be useful to help evaluate screening 
options when it is not feasible to perform large-scale, 
long-term trials of all options available.

Parameterizing a Natural History Model

Natural history models commonly use a state 
transition structure where the progression of disease 
is split into distinct health states. However, often the 
state transition probabilities required to parameter-
ize such a model cannot be observed directly, and 
this can lead to difficulties. Specifically, in colorec-
tal cancer (CRC), the rate at which a patient moves 
between the disease states would be extremely dif-
ficult to observe directly. There are very little data 
on the rate at which polyps occur and cancers grow 
as large polyps, and cancer will be treated if found 
for ethical reasons. It is known that polyps and early 
stage cancers are largely asymptomatic. The asymp-
tomatic nature of early stage cancer is the motivation 
behind screening interventions. The probability that 
an existing cancer will be diagnosed cannot be 
directly measured, but there are data on the numbers 
who present for treatment and data from screening 
interventions. We therefore have related but not 
direct data from which we want to estimate a set of 
natural history parameters.

A model and a set of natural history parameters 
can be used to predict CRC incidence and screening 
outcomes. If model predictions are “close” to 

observed data, then we say that the parameter set 
has a “good fit.” Pure optimization methods can be 
used to select a “best-fitting” set of natural history 
parameters; however, a method that explores the 
parameter space to identify plausible (i.e., reason-
ably well fitting but not necessarily the “best” fit) is 
needed for probabilistic sensitivity analysis.

A number of approaches have been taken by other 
authors working in this and related areas. For exam-
ple, Tappenden and others1,2 describe a multiple 
dimensional uniform simple Monte Carlo proposal 
set and accepted sets within a certain threshold on a 
goodness-of-fit test. Kim and others3 use a likelihood-
based approach to draw sets that are not “statistically 
significantly” different from the best-fitting set. 
Blower and others4 used a Latin Hypercube design to 
sample the fit at different points and then used targets 
of fit to identify which combinations of parameters to 
use in further analyses, whereas Harper and Jones5 
used distributions guided by expert opinion. The 
Cancer Incidence and Surveillance Network (CISNET) 
group6,7 described colorectal cancer models that use 
the Nelder and Mead simplex algorithm or an adapta-
tion of this method to obtain an optimal parameter 
set. Finally, Rutter and others8 have examined the 
statistical properties of methods such as this for simi-
lar calibration exercises in microsimulation models.

The existing Bayesian literature examines the 
problem of “black box” computationally intensive 
model calibration for many different examples. 
Some approaches to the problem, with examples, are 
provided by Higdon and others9 and Goldstein and 
others.10

Bayesian Methods Applied to Cost-Effectiveness 
Analysis

A number of authors have examined the use  
of Bayesian methods in fitting models for cost-
effectiveness analyses. This inferential framework 
is reported to be a convenient and natural way in 
which to combine evidence.11 The residual uncer-
tainty taking the evidence into account is encapsu-
lated in the posterior distribution for the parameters. 
Samples from this joint distribution can then be 
used to quantify decision uncertainty, precisely as 
probabilistic sensitivity analysis (PSA) is used as 
advocated under the current National Institute for 
Health and Clinical Excellence (NICE) guidance.12

The software package WinBUGS can be used to 
implement the Bayesian approach using Markov 
chain Monte Carlo (MCMC). Examples include the 
evaluation of neuraminidase inhibitors for influ-
enza, taxanes for the treatment of breast cancer, and 
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model calibration in its own right.13,14 In addition to 
WinBUGS, it is possible to implement MCMC using 
other software, including Visual Basic within Excel, 
which is the approach taken here.

Aims and Objectives

Tappenden and others1,15,16 used a Markov state 
transition model for the natural history of CRC in the 
option appraisal of population-based colorectal can-
cer screening programs in England that informed the 
establishment of the NHS Bowel Cancer Screening 
Programme. This model was updated and modified 
to evaluate possible screening options for Ireland.17 
This has subsequently been further developed and 
populated using recent English incidence data and 
data from the first round of screening in England, 
and it is this work that we describe here.18 The 
recent availability of both incidence data with good 
staging information and results from screening in 
England makes this piece of work particularly timely.

The aim in updating the natural history model 
was to accurately represent the uncertainty in natu-
ral history parameters and fecal occult blood test 
(FOBt) characteristics. This was done by embed-
ding the problem in the framework of Bayesian 
inference. Outputs from the fitting process were 
samples from the joint posterior distribution of the 
natural history parameters and FOBt characteristics 
given the epidemiological data. These parameter 
sets were used to run PSA for models evaluating 
screening programs, chemoprevention, and possible 
new screening/diagnostic technologies.

METHODS

Model Structure

The model uses a Markov state transition struc-
ture with a cycle length of 1 year and follows a 
cohort of 30-year-olds for 70 years. A diagram depict-
ing the model structure is presented in Figure 1. The 
disease states are as follows:

•• Normal epithelium
•• Low-risk polyp
•• High-risk polyp
•• Dukes A CRC preclinical
•• Dukes B CRC preclinical
•• Dukes C CRC preclinical
•• Stage D CRC preclinical
•• Dukes A CRC clinical
•• Dukes B CRC clinical

•• Dukes C CRC clinical
•• Stage D CRC clinical
•• Dead

The low- and high-risk polyp health states are 
asymptomatic precancerous conditions, and if sev-
eral polyps are present, then the most advanced will 
determine the health state.19 CRC is split into 4 
health states that describe the severity of the cancer. 
The preclinical CRC states are patients with undiag-
nosed CRC.

We define a sequence of annual transition pro
babilities between each of these states relating to 
CRC developing through the adenoma–carcinoma 
sequence, which is how most CRC is thought to 
arise.20 In addition, we define a transition probability 
from normal epithelium to Dukes A CRC relating to 
cancers that do not arise from polyps, that is, de 
novo cancers. For each cancer state, we define a vari-
able that is the probability of being diagnosed 
through symptomatic presentation or chance, and 
this corresponds to moving from a preclinical to a 
clinical health state. The model structure does not 
split cancers by proximal/distal colon and males/
females. Including more detail in the modeling may 
make the structure more accurate, but the increased 
model complexity would necessitate additional 
unobservable input parameters.

All transition probabilities are assumed to be 
independent of age with the exception of the proba-
bility of developing a low-risk polyp. The probabil-
ity of developing a low-risk polyp was allowed to 
vary by age. For simplicity, a piecewise linear model 

Normal Epithelium

Low risk adenomas

Highriskadenomas  

Dukes’ A CRC preclinical

Dukes’ B CRC preclinical

Dukes’ C CRC preclinical

Stage D CRC preclinical

Dead (CRC)

Dukes’ A CRC
clinical 

Dukes’ C CRC
clinical

 

Stage D CRC clinical

Dukes’ B CRC clinical

Dead (non-CRC)

Transition estimated within model calibration

Transition estimated directly from mortality data

Figure 1  Model structure.
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was used with parameter values being the transition 
probabilities at ages 30, 40, . . ., 100.

All persons may die of causes other than CRC. 
Persons diagnosed with cancer may also die from 
CRC, and in addition, undiagnosed stage D may be 
fatal. Once a person is diagnosed with cancer, the 
transitions between Dukes stages are no longer mod-
eled, and a stage-specific CRC mortality rate is 
applied. A significant proportion of patients survive 
colorectal cancer (5-year relative survival is over 
90% for Dukes A), so it is not appropriate to use a 
constant mortality rate (exponential model). For 
each Dukes stage, a mixed model was used for CRC 
mortality, which assumes that a certain proportion 
of patients will be cancer survivors.

In addition to predicting transitions through the 
health states, the model is able to predict outcomes 
related to a screening intervention. The model  
uses FOBt sensitivity to polyps, FOBt sensitivity to 
CRC, and FOBt specificity to predict detection rates 
for both polyps and CRC in the prevalent round of 
screening in England.

Calibration Method

Natural history transition probabilities and FOBt 
characteristics are estimated within the calibration 

process, and these parameters are listed in Table 1. 
The Excel model could quickly be run to produce 
predictions of CRC incidence and screening out-
comes for a given set of parameters. Our calibration 
process used the Metropolis-Hastings (MH) algo-
rithm to generate multiple sets of parameters from 
the posterior distribution, that is, a probability dis-
tribution that is compatible with the observed data. 
The MH algorithm is conceptually straightforward 
and is described in Figure 2. An initial parameter set 
is selected at random. From this current parameter 
set, a proposal parameter set is obtained by making 
a random step in the parameter space. The likeli-
hood of both the current set and the proposal set 
given the observed data is compared to determine 
whether the proposal parameter set is accepted. If 
the proposal parameter set is accepted, then it is the 
new current set. If the proposal set is not accepted, 
then the current parameter set is repeated in the 
chain. This process is then repeated to obtain a 
chain of parameter sets. During the initial “burn-in” 
period, the parameter sets in the chain will have 
decreasing likelihood, and the chain will converge to 
the part of the parameter space with the greatest likeli-
hood. The MH random walk, which converges on the 
part of the parameter space with the greatest likeli-
hood, is illustrated in the top section of Figure 3.

Table 1  Values of Maximum a Posteriori Estimate and the Marginal 95% Credible Intervals for 
Each of the Natural History Parameters Estimated

Parameter Maximum a Posteriori Estimate (95% Credible Interval Percentiles) 

Normal epithelium to low-risk polyp, age 30 0.0019 (0.0003, 0.0036) 
Normal epithelium to low-risk polyp, age 40 0.0010 (0.0004, 0.0026) 
Normal epithelium to low-risk polyp, age 50 0.0053 (0.0030, 0.0068) 
Normal epithelium to low-risk polyp, age 60 0.0110 (0.0071, 0.0157) 
Normal epithelium to low-risk polyp, age 70 0.0156 (0.0091, 0.0153) 
Normal epithelium to low-risk polyp, age 80 0.0019 (0.0011, 0.0126) 
Normal epithelium to low-risk polyp, age 90 0.0046 (0.0017, 0.0143) 
Normal epithelium to low-risk polyp, age 100 0.0074 (0.0008, 0.0129) 
Low-risk polyp to high-risk polyp 0.1770 (0.1544, 0.1990) 
High-risk polyp to Dukes A 0.0225 (0.0174, 0.0364) 
Normal epithelium to Dukes A 3.04E-06 (1.60E-07, 3.4E-05)
Dukes A to Dukes B 0.91 (0.7306, 0.9696) 
Dukes B to Dukes C 0.72 (0.7207, 0.9449) 
Dukes C to Dukes D 0.83 (0.6073, 0.9194) 
Probability of presenting symptomatically with Dukes A 0.09 (0.0694, 0.1006) 
Probability of presenting symptomatically with Dukes B 0.21 (0.2148, 0.2693) 
Probability of presenting symptomatically with Dukes C 0.49 (0.4115, 0.5269) 
Probability of presenting symptomatically with stage D 0.82 (0.6109, 0.9891) 
FOBT sensitivity for polyps 0.078 (0.0615, 0.1270) 
FOBT sensitivity for CRC 0.354 (0.3278, 0.3923) 
FOBT specificity 0.9945 (0.9940, 0.9952) 

CRC, colorectal cancer; FOBt, fecal occult blood test.
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The algorithm was easily coded in Visual Basic 
within Excel, and further details of the algorithm 
and implementation are provided in Appendixes A 
and B. As described by Higdon and others,9 a direct 
MCMC approach may be taken in these circum-
stances and is a simple yet powerful method of 
drawing samples from the joint posterior distribu-
tion for the parameters. We will now describe in 
detail the steps and implementation of the MH 
algorithm and the calculation of the likelihood 
function.

The likelihood of the observed data, given model 
predictions, was taken to be normally distributed 
and centered on the fitted values. Thus, the joint 
posterior distribution factors as a product of 
Gaussians, and this is used during the acceptance 
step in the sampler.

Let θ = (q1, . . ., q21) be a set of model parameters. 
Consider one observed data set, for example, Dukes 

A incidence. Let xi denote the observed incidence 
at age i and mi denote the model-predicted inci-
dence at that age, which is in turn a function of the 
model parameters, θ. We can consider the scatter of 
our observed incidence about the model as repre-
sented by independent Gaussians conditional on 
the parameters. The error term for these Gaussians 
is considered the same. Thus,

xi ~ N(mi, s) for all ages, where mi = mi(θ)

and we denote the likelihood of observing xi for a 
parameter set θ as

f(xi|θ, s) = f(xi|mi, s).

Under the assumption that the errors are indepen-
dent, conditional on the model, we can then factor 
this as follows:

Generate a new parameter set
A proposed new set of parameters are generated, conditional on 
the current state of the chain. This is effectively a ‘random step’ in 
the parameter space.

Compute likelihood
Model predictions and data sources are compared to calculated 
sum squared errors. The total SSE is used to compute the 
likelihood of the parameter set, and thus the posterior probability 
at the new location in the parameter space.

Run the model
Obtain model predictions of cancer incidence and polyp 
prevalence by age without screening and polyp and cancer 
detection by age with screening

Accept/Reject parameter set
The decision to accept/reject the parameter set is based on 
considering the ratio of the posterior probability distribution at the 
proposed location, to the previous location. Note that the 
algorithm allows a parameter set with a lower probability than the 
previous set to be accepted sometimes, to ensure the parameter 
space is fully explored.

Repeat
The calibration process involves 
repeating these steps. (50,000 times)

Initial parameter set
The calibration starts with an initial parameter set. The calibration 
process was repeated with several different initial parameter sets.

Figure 2  Flowchart describing the steps of the Metropolis-Hastings algorithm. SSE, sum of the squared errors.
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f(x1, x2, x3, . . ., xn|m1, m2, . . ., mn, s) = 
f(x1|m1, s)f(x2|m2, s) . . . f(xn|mn, s).

Thus, this can be written using the probability den-
sity function of a Gaussian as

Figure 3  The Metropolis-Hastings algorithm and other calibration methods illustrated on a 2-dimensional parameter space.
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f(x|θ, s) = (2ps2)(n/2)exp(–(2s2)–1((x1 – m1)
2 

                  + (x2 – m2)
2 + . . . + (xn – mn)

2)),

where the term

(x1 – m1)
2 + (x2 – m2)

2 + . . . + (xn – mn)
2

is the sum of the squared errors (SSE) of the difference 
between the observed data and prediction from the 
model. So the likelihood function is proportional to

exp(–0.5(SSE/s2)),

and this formula is used in the acceptance step of 
the algorithm.

The calibration fitted to 9 observed data sets: ade-
noma prevalence, screening number of positive FOBt, 
screening number of low-risk and high-risk (HR) pol-
yps detected at colonoscopy, screening number of 
CRC detected at colonoscopy, Dukes A incidence, 
Dukes B incidence, Dukes C incidence, and stage D 
incidence. For each data set, the SSE is calculated be 
comparing the observed number of observations to 
the predicted number of observations for each age.

The target distribution for our analysis is the pos-
terior distribution for the parameters, and this 
requires specification of a prior distribution as well 
as the likelihood function. In general, if there is 
some information about the parameters from other 
sources, this can be used directly in the formulation 
of the prior, but in this calibration, noninformative 
Beta(1,1) priors were used for all parameters. The 
proposal set is obtained by varying the values of 
each parameter in the current set by a small amount. 
A different increment, epsilon, is used for each 
parameter. For each parameter in the set, the new 
proposal value is obtained by adding a random 
sample from Uniform (–ei, ei) distribution to the cur-
rent parameter value. The proposal distributions for 
the sampler were tailored so that the acceptance rate 
for the algorithm was approximately 0.23.21 This 
was done by examining initial outputs from the 
chains for each parameter and then increasing the 
width of the proposal, ei, where the acceptance rate 
was high and decreasing it where the acceptance 
rate was low.

To run the calibration, an estimate of variance is 
required for each observed data set, and these were 
obtained as follows. For each data set, an estimate of 
the minimum SSE value was obtained by running 
the MH algorithm 1000 times using only the SSE 
relating to that data set to determine acceptance. For 

each data set, the minimum SSE value was divided 
by the number of observations in the data set to pro-
vide an estimate of variance. To aid quick conver-
gence, the values for the variances were held constant 
during the calibration process. The variance param-
eters for the Gaussians associated with the observed 
data sets enter the joint likelihood function as 
weights for each of the fitted curves. The total SSE 
was calculated as

 Total SSE
SSE data set j

variance data set jj

=
=
∑

1 9..

.

The acceptance step of the MH algorithm compares 
the total SSE between the current and proposal 
parameter sets. If the proposal parameter set has 
lower total SSE than the current parameter set, then 
it will be accepted. Otherwise, the proposal set will 
be accepted with probability:

exp(–0.5(Total SSEproposal set – Total SSEcurrent set)).

We note that in this calibration, we have weighted 
all data sets equally (but the algorithm implicitly 
weights according to sample size), but if there were 
significant differences between the quality of the 
data in different sets, then it may be appropriate to 
weight data sets accordingly.

The MH algorithm was run using 6 different ini-
tial parameter sets, and these runs are referred to as 
independent chains. Chains were run for 50,000 
iterations with a burn-in of 10,000 iterations and 
were thinned so that every fifth parameter set was 
stored. The model calibration process was under-
taken using standard desktop PCs (2.66-GHz Core 2 
Duo processor, 3 GB RAM), and the code was run 
overnight, which was facilitated by having free 
access to multiple machines in an undergraduate 
teaching laboratory. The results were examined for 
convergence using the package CODA in R 2.8.0.22 
Autocorrelation and cross-correlation for the chains 
were also examined using the standard diagnostic 
suite within CODA.

Parameter sets from after convergence in each of 
the 6 chains were combined, and this combined set 
was used to calculate the a posteriori estimate and 
the 95% credible interval for each parameter. A 
sample of these parameter sets was used for probabi-
listic sensitivity analysis. Since the values are sam-
ples from the joint posterior probability distribution, 
they reflect the residual uncertainty about the natural 
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history parameters conditional on the data that are 
available for the fitting process.

Data Sources

The model was calibrated to incidence and polyp 
prevalence data in the absence of screening and also 
to results from the prevalent round of the NHS 
Bowel Cancer Screening Programme in England. As 
the cohort of individuals in the model ages from 30 
to 100, the model predictions are compared to 
observed data at each age.

England has the advantage of having a particu-
larly good data set for such a calibration. From 2004 
to 2006, there was virtually no screening, and there 
are incidence data that include stage at diagnosis. 
After 2006, population screening commenced, and 
there is now a large data set from the first round of 
screening.

Incidence data were grouped by both age at diag-
nosis (quinary age bands) and stage at diagnosis. It is 
important that data split by age and stage are used, 
as this will inform the transition rates between 
stages. Data from Oxford, Northern and Yorkshire, 
and Eastern regions from 2004 to 2006 was used. 
These regions were chosen as they have a good level 
of recording of staging information, with a propor-
tion unstaged of 22% when combined. Incidence 
data from after 2006 cannot be used, as screening 
was taking place then, so the underlying natural his-
tory is affected. Unstaged cases were assumed to be 
Dukes C or stage D, and a 55%:45% split was 
applied as this is the split in the staged cases. This 
assumption is supported by evidence that survival 
in the unstaged cases is between that of C and D. 
Incidence data were provided by the Northern 
and  Yorkshire Cancer Registry and Information 
Service (NYCRIS) on behalf of the National Cancer 
Intelligence Network (NCIN).23 The figures were 
based on data that were collected and quality assured 
by the 8 regional English cancer registries. The 
Cancer Registry population denominators were pro-
vided by the United Kingdom Association of Cancer 
Registries (UKACR).24

The proportion of total CRC incidence that arises 
in persons with irritable bowel disease (IBD) is 2%, 
and expert opinion suggests that the same propor-
tion of CRC may arise from other non-polypoid 
routes.25 Based on this information, the proportion 
of cancers that arise from non-polypoid routes, 
which we refer to as de novo CRC, was represented 
by a prior beta distribution with a mean of 5% and a 
wide 95% confidence interval (1%–13%).

As colonoscopy is an invasive procedure associ-
ated with significant morbidity, there are limited 
data available on underlying polyp prevalence. 
Pendergrass and others26 report on a well-conducted 
autopsy study from the Mayo clinic (N = 2807) 
describing prevalence of adenomatous polyps in 30- 
to 89-year-olds split into 10-year age bands. In addi-
tion, data from several smaller and older autopsy 
studies were included within the calibration.27–32 A 
high level of uncertainty was present in the polyp 
prevalence data due to the age of the studies, geo-
graphical differences in populations, and weak-
nesses in study designs.

Detection rates for cancer, high-risk and low-risk 
polyps, and FOBt positivity rates in the first (prevalent) 
round of screening in England categorized by ages 
60 to 69 were used within the model calibration.18 
This data set includes 1.9 million persons who have 
attended CRC screening in England.

Model predictions for screening outcomes are 
highly sensitive to screening test characteristics, and 
there is considerable uncertainty around FOBt charac-
teristic values. For this reason, the FOBt characteristic 
values were estimated within the calibration process.

Mortality rates were not estimated within the 
calibration process; instead, they were estimated 
directly from available data. Age-specific other-
cause death was estimated by removing CRC deaths 
from all-cause mortality taken from Office of National 
Statistics life tables.33 CRC survival rates dependent 
on age, CRC stage at diagnosis, and time since diag-
nosis were used. Data consisted of CRC 1-, 3-, and 
5-year relative survival from persons diagnosed 
from 1997–2001 in England (provided by NYCRIS 
and the NCIN).23 CRC survival was estimated to be 
relative survival multiplied by the age-specific 
expected survival.

The data on 1-, 3-, and 5-year survival were 
extrapolated using a mixed model in which a pro-
portion of patients are assumed to have terminal 
cancer with exponential survival, whereas remain-
ing patients are assumed to be cancer survivors. The 
proportion of patients who are cancer survivors was 
estimated to be slightly lower than the 5-year sur-
vival rates. This is based on clinical opinion, which 
suggests that for patients who have survived CRC for 
5 years, the mortality rate for subsequent years is 
very low.

RESULTS

The output of the chains was saved in Excel and 
then exported to .csv format. These files were then 
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read into R and exported as text in list format, 
which is the same as produced by BUGS. The index 
file was also created for the variables. The chains 
were then processed using codamenu() in CODA 
v.0.13-4.22 The Gelman and Rubin plots for each of 
the variables were examined. Formal diagnostics 
examined included the interval estimates of poten-
tial scale reduction factors, Raftery and Lewis con-
vergence diagnostics, and the Heidelberger and 
Welch stationarity and interval half-width tests. 
Graphical summaries of the chains were also exam-
ined, and examples of these are shown in Figures 4 
and 5.

Figure 4 shows the total SSE (as defined earlier) 
for one of the chains. At the start of the chain, as 
convergence occurs, the total SSE is quickly reduced. 
In the later part of the chain, the total SSE may 
increase as the algorithm can allow a step to a 
parameter set with a higher total SSE. Figure 5 
shows the 6 chains for the FOBT specificity. Each of 
the 4 chains is exploring the parameter space. 
Convergence was assessed using CODA in R as 
described earlier.

Table 1 shows the maximum a posteriori estimate 
of the parameter values, that is, the best-fitting 
parameter set. Also presented are the 95% credibil-
ity intervals for each parameter, which were calcu-
lated using parameter sets after burn-in.

Figures 6, 7, and 8 compare model predictions to 
observed data for CRC incidence, polyp preva-
lence, and screening outcomes. Rather than plot-
ting the model predictions corresponding to just 
one parameter set, we present the range of model 
predictions that corresponds to the parameter sets 

obtained in the calibration process. The range of 
model predictions based on 120 values randomly 
selected from the posterior predictive are pre-
sented. This corresponds to an approximate 99% 
prediction interval. Using these parameter sets rep-
resents the uncertainty in the model predictions. 
The graphs demonstrate that overall, the results of 
the calibration had a good fit to each of the observed 
data sets.

Figure 6 shows CRC incidence rate by age and 
stage. The uncertainty in the predictions is greater in 
ages older than 75 due to a smaller population and 
an absence of screening data for these ages.

Figure 7 shows polyp prevalence by age and dem-
onstrates that there is considerable variation between 
the prevalence seen in the different autopsy studies. 
The figure shows that there is considerable uncer-
tainty in model-predicted polyp prevalence. The 
predicted prevalence values are roughly between the 
values from the 2 largest autopsy studies. It is impor-
tant to realize that, as the screening data have large 
sample sizes, the polyp detection rates seen at 
screening will have a bigger impact on the predicted 
polyp prevalence rates than the smaller autopsy 
studies. Due to the heterogeneity, the parameter esti-
mates may be sensitive to inclusion of particular 
studies; however, this was not explored in depth due 
to the computational overhead.

Figure 8 shows the model predictions for the 4 
screening outcomes: CRC and low/high-risk polyp 
detection rates and FOBT positivity rates. A very 
good fit is seen in all ages except for 70 to 74. As the 
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Figure 4  The total sum of the squared errors (SSE) during 1 run 
of the calibration process.

Figure 5  How 6 chains explore the parameter space for 1 param-
eter. FOBT, fecal occult blood test.
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number of observations in the 70 to 74 age group 
was very low, the rates seen in this age group are 
subject to significant sampling uncertainty.

Figure 9 shows a cross-plot of 2 parameters: the 
transition probability from low-risk to high-risk 
polyp and the transition probability from high-risk 
polyp to Dukes A preclinical. The figure shows 
that there is a positive correlation between these  
2 parameter values. The correlation matrix demon-
strates that there is correlation between many of 
the parameters (see Appendix C). The correlation 
between parameters confirms the importance of 
sampling natural history parameters from the joint 
distribution. This is a good example of why the 
independent (uncorrelated) distributions alone are 
an inappropriate summary for natural history 
parameters such as these. The importance of using 
correlated parameter sets can be demonstrated by 
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Figure 6  Colorectal cancer (CRC) incidence rate in the absence of screening, by age and Dukes stage at diagnosis: model predictions 
compared to observed data.
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sampling parameters independently from the mar-
ginal distributions. Figure 10 shows model predic-
tions for 120 parameter sets (20 sets from each of 
the 6 runs) independently sampled from the 
marginal distributions. It is clear that some of  
the sampled parameter sets have a poor fit to the 
observed data.

There is considerable uncertainty surrounding 
the test characteristics of FOBT, which was the moti-
vation for including these parameters within the 
calibration.34 We observe that the estimates of FOBt 
sensitivity produced by this calibration seem consis-
tent with values seen in trial situations. A systematic 
review and pooled analysis of the sensitivity of 

guaiac FOBT (gFOBT) reported a 95% confidence 
interval of 0.31 to 0.42 for cancer and 0.10 to 0.12 for 
polyps, whereas the calibration produced a 95% 
credible interval of 0.33 to 0.39 for cancer and 0.06 
to 0.13 for polyps.17 This alignment between sensi-
tivity in model predictions and trial data provides a 
validation of the model.

The specificity credible interval obtained from 
the calibration of 0.994 to 0.995 is higher than the 
range 0.96 to 0.98 obtained in the systematic review. 
This difference could be caused by differences 
between the England screening population and the 
trial populations or by differences in the use of the 
FOBT test such as the referral algorithm.35

Figure 8  Screening outcomes from the prevalent round: data compared with model predictions. FOBT, fetal occult blood test.
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CONCLUSIONS AND DISCUSSION

Comparison with Other Methods

A comparison with the results of the previous 
calibration method is presented in Appendix D. The 
previous calibration method used a multiple dimen-
sional uniform simple Monte Carlo proposal set and 
accepted sets within a certain threshold on a good-
ness-of-fit test.2,36 Comparison with the results of the 
previous calibration is of limited value, as different 
data were used to calibrate the model, and changes 
have been made to the model structure. The previ-
ous work did not include age-dependent probabili-
ties for the transition from normal epithelium to 
low-risk polyp, did not allow for de novo cancers, 
and did not estimate test characteristics within the 
calibration process. Some of the parameter esti-
mates differ significantly between the methods. We 
suggest that the difference in FOBT characteristic 
values could be the cause of the differing results.

In comparison with the Latin Hypercube approach, 
as used by Blower and others,4 and the approach 
used by Tappenden and others,1,2 the MH algorithm 
is a more efficient way of exploring a high-dimen-
sional parameter space with sets being sampled 
according to how well they fit the observed data.

Kim and others3 used a likelihood-based approach 
to draw sets that are not statistically significantly 
different from the best-fitting set. By ensuring that 
the sets that are chosen do not differ from the best-
fitting set, the correlation between parameters will 
be taken into account. This approach is a 2-step 
approach (generating sets and then observing fit), 
which compares to the approach taken here, which 
generates correlated sets of parameters directly 
within the MCMC.

Previous approaches have frequently used distri-
butions guided by expert opinion, for example, 
Harper and Jones.5 As data on incidence and screen-
ing results are now available, it is not necessary to 
resort to parameter estimates informed solely by 
expert opinion. However, within a Bayesian frame-
work as used here, expert opinions can be used to 
elicit priors for the parameters.

A Bayesian approach using the MH algorithm was 
used in the microsimulation model by Rutter and 
others.6,8 A cohort model approach is less computa-
tionally intensive compared with microsimulation.

Figure 3 illustrates the difference between some 
of these approaches for a 2-parameter space. This 
figure demonstrates that the MH algorithm is “more 
efficient” in the sense that it directly gets at the val-
ues rather than having to simulate lots of proposals 
at a first step then filter at a second. As for disadvan-
tages, it does require careful consideration of con-
vergence, and experience in doing this is useful/
important in practice.

Discussion of Model Structure

A more complex CRC natural history model 
structure could be used: for example, transition 
probabilities could be varied by birth cohort, sex, or 
adenoma location. It is possible to include many 
more parameters in the model and estimate them as 
described. However, as with all modeling, there is a 
tradeoff between model complexity and the data 
available to identify values for these parameters. 
The parameter set was chosen with this tradeoff in 
mind and by considering the data that were avail-
able at the time and from studies under way. 
Although clinical opinion was important in devel-
oping the model structure, it is worth noting that no 
clinical opinion was required to parameterize the 
model. As more detailed data become available, 
refinement of the model structure is anticipated for 
future applications.

The transition probabilities from normal to 
low-risk polyp for each age were assumed to be 
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independent, although another approach could have 
constrained these in some way. This independence 
allowed the model to reflect the heterogeneity within 
the cohort. These values represent the average prob-
ability of transition from normal to low-risk polyp for 
the cohort; however, the cohort contains individuals 
with varying risks of polyp growth. It may be the case 
that after a certain age, the majority of high-risk indi-
viduals will have grown polyps—hence the popula-
tion remaining in the “normal epithelium” disease 
state will consist of individuals with a lower risk of 
polyp growth. The data on polyp prevalence from the 
study by Pendergrass and others26 seem to plateau in 
older ages, and this fits with the suggestion that the 
probabilities of transition from normal to low-risk 
polyp do not increase monotonically with age.

The annual transition probabilities used within 
this model may be a limitation. As one of the esti-
mated transition probabilities is 0.91, this suggests 
that a more accurate representation may be obtained 
if a shorter cycle length is used.

Advantages of Approach

Using this method, the parameter sets are drawn 
according to their posterior probability given cali-
bration data, and thus they correctly summarize the 
residual uncertainty in the parameter space given 
the data that are available. The strong correlation 
seen between parameters confirms the importance of 
this strategy, which ensures that candidate sets that 

are sampled conform correctly to this correlation 
structure. The correlation seen demonstrates the 
importance of sampling natural history parameters 
from the joint distribution when running PSA to 
consider uncertainty.

The underlying methodology is well developed in 
the Bayesian literature. The algorithm is simple to 
code in most programming languages (in this case, 
Visual Basic). Open-source modules for performing 
diagnostics on the outputs are freely available 
(CODA). We acknowledge that some prior experi-
ence of MCMC is useful to run the calibration effec-
tively; however, this experience requirement holds 
for most computational methods used in calibration 
experiments.

APPENDIX A 
Metropolis-Hastings Algorithm

The Metropolis-Hastings algorithm is a Markov 
chain Monte Carlo method, developed in the early 
computational science literature, which has been used 
extensively in Bayesian computation for many years. A 
simple explanatory article in the statistics literature is 
developed by Chib and Greenberg.37

The algorithm sets about constructing a Markov 
transition kernel that has as its equilibrium distribution 
some target density (in this case, the posterior distribu-
tion for the natural history parameters) of interest to the 
operator.

Figure 10  Dukes stage A colorectal cancer (CRC) incidence rate in the absence of screening, by age and Dukes stage at diagnosis: model 
predicted compared to observed data.
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Using the notation used earlier in this article, the set 
of model parameters of interest is denoted by the vec-
tor, θ, and the objective is to sample from the posterior 
distribution of these parameters, given the data of 
observation, x. At each stage of the sampler, a vector of 
parameters z[i] is recorded. After convergence, the 
algorithm provides that z[j]~f(θ|x).

The proposal distribution, q(), moves from a given 
state vector to a nearby location in the joint parameter 
space. Here the proposal is multivariate uniform with 
tuned variance.

The algorithm, then, works as follows:

Set i = 0; Set N = 500000;
Choose an initial state for z[0].
Propose y from q(y|z[i]).
Accept the proposal with probability

= min(1,(f(y|x)q(z[i]|y) / f(z[i]|x)q(y|z[i]))).
If accepted, set z[i+1]=y, else set z[i+1]=z[i].
If i<N set i=i+1; and go back to step 2.

After running the algorithm, it is essential to run 
diagnostic tests on the output to ensure that the algo-
rithm has converged and that the autocorrelation of the 
chains is correctly taken into account when using the 
outputs. A review of standard diagnostics is available in 
Cowles and Carlin38 and Brooks and Roberts.39 A pack-
age in R, CODA,22 is available that facilitates the run-
ning of these diagnostics in a straightforward fashion.

APPENDIX B 
VBA Code Used to Implement Metropolis-Hastings 

Algorithm within Excel

Sub MetropolisHastings()

‘Enters initial values as the current set.
Calculate
Range(“initialset1”).Select
Selection.Copy
Range(“currentset”).Select
Selection.PasteSpecial Paste:=xlValues

‘Says how many iterations to run.
Do While Range(“Current”) < Range(“max”) + 1
Application.StatusBar = “run no. “ & Range(“current”)

‘Takes samples from the proposal distribution (named 
cells on worksheet)
Range(“ProposalSetA”).Select
Selection.Copy
Range(“ProposalSet”).Select
Selection.PasteSpecial Paste:=xlValues

‘Recalculate the model with new parameter set to yield 
new prediction set
Calculate

‘Decide whether to accept or reject the new parameter 
set. The acceptreject value is obtained by comparing 
the acceptance probability to a rand() according to the 
MH algorithm as described in Appendix 1

If Range(“acceptreject”).Value = 1 Then
Range(“PROPSETentire”).Select
Selection.Copy
Range(“CurrentSET”).Select
Selection.PasteSpecial Paste:=xlValues
End If

‘Pastes the current parameter set onto the list of param-
eter sets. This stores the values z[i] on the worksheet

Range("currentset").Select
Selection.Copy
Range("PasteCaseHere").Select
ActiveCell.Offset((Range("current"), 0).Select
Selection.PasteSpecial Paste:=xlValues
End If

Range("current") = Range("current") + 1
Loop
End Sub
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