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General Introduction

“Credo di essere semplicemente un uomo medio,
che ha le sue convinzioni profonde,
e che non le baratta per niente al mondo”.

A. Gramsci, Lettera dal carcere del 12.X1.1927

The impact of Noether theorem [1] in physics could be the subject of more
than one thesis of philosophy of science. The motivations behind it are at the
core of the contemporary approach to theoretical physics based on various
versions of the symmetry principle. We suggest here to the reader some
historical and philosophical references [2] for those who like these topics as
well as hard core physics.

This thesis has been devoted to the construction of the Noether supercharges
for the Seiberg-Witten (SW) model [3]. One of our most important results
is the first complete and direct derivation of the SW version of the mass
formula [4].

The astonishing results obtained by Seiberg and Witten in their seminal
papers are commented in a variety of review papers since their work was
published in 1994. Their most exciting achievement is the exact solution of

a quasi-realistic quantum Yang-Mills model in four dimensions which leads



to the explanation, within the model, of the confinement of electric charge
along the lines of the long suspected dual Meissner effect. The spin-off’s are
various and in a wide range of related fields, among others surely there is
Supersymmetry (Susy) itself, their model being strongly based on the very
special features of N=2 Susy.

Although Susy has been extensively developed this is not the case for Susy
Noether currents and charges and this is regrettable because many aspects
of Susy theories could be clarified by the currents. A case in point is the
SW model where the occurrence of a non-trivial central charge Z is vital.

In a nutshell the important features of Z are:

e It allows for SSB of the gauge symmetry within the supersymmetric

theory.

e It produces the complete and exact mass spectrum given by! M =

|Z| = V2|nea + nmapl.

e It exhibits an explicit SL(2, Z) duality symmetry whereas this sym-

metry is not a symmetry of the theory in the Noether sense.

e It is the most important global piece of information at our disposal,

therefore it is vital for the exact solution of the model.

Susy Noether currents present quite serious difficulties due to the following
reasons. First Susy is a space-time symmetry therefore the standard proce-
dure to find Noether currents does not give a unique answer. A term, often

called improvement, has to be added to the term one would obtain for an

'ne and n., are the electric and magnetic charges respectively and a and ap are the
v.e.v.’s of the scalar field and its dual surviving the Higgs phenomenon in the spontaneously

broken phase SU(2) — U(1).
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internal symmetry. The additional term is not unique, it can be fixed only

by requiring the charge to produce the Susy transformations one starts with,

and for non trivial theories it is by no means easy to compute. Second the

linear realization of Susy involves Lagrange multipliers called dummy-fields,

which of course have no canonical conjugate momenta. On the other hand,

if dummy-fields are eliminated to produce a standard Lagrangian, then the

variations of the fields are no longer linear and the Noether currents are

no longer bilinear. A further problem is that the variations of the fields

involve space-time derivatives and this happens in a fermi-boson asymmet-

ric way (the variations of the fermions involve derivatives of the scalars but

not conversely). This implies some double-counting solved only by a correct

choice of the current. Besides these problems we also had to deal with an

effective Lagrangian. In this case the Lagrangians are not constrained by
renormalizability requirements, as it is the case for SW effective Lagrangian.

For that theory we deal with terms quartic in the fermions and coefficients

of the kinetic terms non-polynomial functions of the scalar field. Because of
this, the Noether procedure requires a great deal of care.

We have solved all those problems by implementing a canonical formalism
in the different cases under consideration. Firstly we construct the Noether

currents for the classical limit of the U(1) sector of the theory. In this case
Susy is linearly realized regardless of the dummy fields, no complications
arising in the effective case are present and the fields are non-interacting.
When the procedure is clearly stated in this case we move to the next level,
the effective U(1) sector and we see what is left from the classical case and
what is new. Now the currents are very different and, for instance, we
cannot use a formula one finds classically to overcome the above mentioned

fermi-bose asymmetry in the transformations of the fields. Nevertheless the

11



constraints imposed by Susy are strong enough to force the effective centre

to an identical form as the classical one? proving the SW conjecture that

Z = nea + npmap. The last step is to consider the SU(2) sector. There

we find that the canonical procedure implemented in the U(1) sector does

not need any further change and our analysis confirms that U(1) is the only

sector that contributes to the centre.

Naturally the future work will be the generalization of our results to any

Susy theory, possibly to obtain a Susy-Noether Theorem. The task is by

no means easy due to the above mentioned problems and other difficulties.

For instance, as well known, for ordinary space-time symmetries the energy

momentum tensor T}, can be obtained by embedding the theory in a curved

space-time with metric gy, defining 7, = 3‘;% and then taking the flat-

space limit. In Susy the situation is much more complicated because the-
embedding has to be in a curved superspace which only has a quasi-metrical
structure.

One may also want to investigate the (non-holomorphic) next-to-leading
order term in the superfield expansion of the SW effective Action. The
presence of derivatives higher than second spoils the canonical approach
and Noether procedure cannot be trivially applied. The interest here is to
understand how the lack of canonicity and holomorphy (a crucial ingredient

for the solution of SW model) affects the currents and charges, and therefore
the whole theory itself. Of course this analysis is somehow more general and
it could help to understand how to handle the symmetries of full effective

Actions.

20f course this does not mean that quantum corrections are not present, as is expected
to be the case for N=4, but only that having a dictionary we could replace classical

quantities by their quantum correspondents with no other changes.
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Chapter 1

Noether Theorem and Susy

In this Chapter we want to review the difficulties of the Noether standard
procedure in relation to Susy. In the first two Sections we shall state Noether
theorem and we shall discuss in particular its application to space-time sym-
metries and Susy. The aim is to clarify some of the points we found either
uncovered or obscure or even wrong in literature. We show a recipe we have
found to deal with Susy Noether charges, also in the context of an effec-
tive field theory. The Chapter ends with the application of this recipe to a

supersymmetric toy model, namely the massive Wess-Zumino model.

1.1 Noether Theorem

Given a theory described by an Action A = [ d4:z[,((1>1-, 0®;), where ®; are
fields of arbitrary spin, we define a symmetry of the theory a transformation
of the coordinates and /or of the fields that leaves A invariant without the use
of the equations of motion for the fields (off-shell). The last requirement is
crucial because any transformation leaves A invariant when the fields obey

the equations of motion (on-shell). Noether theorem for classical fields states

13



that
“To any continuous symmetry of the Action corresponds a conserved charge”.
The invariance of the Action only ensures the invariance of the Lagrangian

density up to a total divergence
0A=0=0L=0,V" (1.1)

As we shall see V# plays a major role in Susy.
There are different ways to prove this theorem!, the simplest one is obtained
in Quantum Mechanics in Hamiltonian formalism [5]. It consists in the
observation that [H, Q] = 0, where H is the Hamiltonian and @ the charge,
tells us at once that time-conserved charges are symmetries of the theory!
The classical derivation of the theorem is based on Lagrangian rather than
Hamiltonian formulation. For instance, one could prove the theorem by
comparing the variation off-shell to the variation on-shell of the Lagrangian
density £. On the one hand, by the above given definition of symmetry, one
has that off-shell

0L = o'V, (1.2)

On the other hand the same transformation (and any other transformation)
on-shell gives
0L = 0¥ Ny (1.3)

where

. B
N, =T6®; and II, = Wip- (1.4)

Therefore one can write a current given by

Ju=Nu=Vu (1.5)

1We leave to Appendix A a detailed discussion of one proof.
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that obeys
0" J, = (E.L.);6®" (1.6)

where (E.L.); stands for the Euler-Lagrange constraint for the field ®*, given
by 8ﬂHf - [?Tﬁ-. Thus the Noether current is conserved on-shell.

We shall call N, the rigid current as this is the only contribution to the
Noether current when rigid internal symmetries are concerned?.

The other part V,, is never zero for space-time symmetries and in general is
not unique. As a matter of fact it is obtained from (1.2) thus an improvement
term 8,,W[“"] could be added to it with no effects on the theorem. For

ordinary space-time transformations it could be written as® [6]
Vu=—Loz, (1.7)

For instance, if one considers the translation symmetry of a scalar field
theory, for which é,¢ = d,¢ and 6,2, = 7y, the Noether current is the

canonical energy-momentum tensor given by
Tyo = 11,000 = N L (1.8)

The reader could wonder about the sign of V, entering the canonical ex-
pression (1.8). The point is that one may also obtain the energy-momentum

tensor T}, in a slightly different way, namely by not explicitly making use

21t is a well known fact that local gauge symmetries only fix the form of the interaction
but do not introduce new charges. For instance, in Quantum Electrodynamics we have
LoED = — 30,V + ithy, (8" — ev*)sp, which is U(1) locally invariant. This means that
dv, = 9,0 and 61 = 161, where 6 is the z dependent gauge parameter. From Noether
theorem it follows that on-shell J% = 8, (v""), therefore 8 L 2 f d3zV - (EG) — 0 for

0 — 0 at infinity. Therefore the only conserved charge of this theory is e f Bz
3See Appendix A
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of the V,,. This is done by considering z-dependent and z-independent vari-
ations of the fields, and identifying the 7),, as the coefficient of éz,. This is
explained in some details in Appendix A (see in particular Eq.(A.10)).

A different way to produce the 7),, is by embedding the Action A in a curved

space-time, computing its derivative with respect to the metric tensor

_ LA
Hv \/g 5g,uu

and taking the flat space-time limit. This gives the symmetric (Belinfante)

(1.9)

energy-momentum tensor but for instance this 7},, is not improved to give
T} = 0, as required by the scale symmetry. Equation (1.9) may also give the
improved energy-momentum tensor provided that a suitable extra coupling
of the fields to the Ricci scalar is introduced [7].

Even if we do not require any improvement there is another problem with
space-time symmetries, namely how to express V, in terms of canonical
momenta, HL and transformations d®; [8].

From the previous discussion it is clear that many difficulties arise in the
computation of the currents when space-time symmetries are involved. Susy
is a very special case of space-time symmetry and we shall see in the next

Section that extra complications appear.

1.2 Susy-Noether Theorem

We follow the Weyl notation and the conventions of Wess and Bagger (9],
explained in some details in Appendix B. For what follows let us introduce

the N extended Susy algebra, given by

Q2 Onra)s = 20095400 (1.10)

Risght) = 208 (1.11)

16



[QLd?QMﬁ.]_}. s fd,('iZ[*LM] (1.12)

where [,]+ is the anticommutator, L,M = 1,...,N, a,& = 1,2, the Q,’s

are the supersymmetry charges, P, is the four-momentum and Z [LM] are

central terms.

It is beyond the scope of this thesis to discuss Susy in all details. A par-

tial list of references on Susy is [10], [11], [12], [13], [14], [15]. We shall

explain some of its nice features in the following Chapters. In particular

Chapter 2 is a pedagogical introduction to some of the more advanced ap-

plications. What we want to say here is that Susy is the only known way to

non trivially combine space-time (Poincaré) and internal symmetries of the

S matrix, according to the Haag-Lopuszanski-Sohnius generalization [16] of

the Coleman-Mandula theorem [17].

The algebra (1.10)-(1.12) is only the part of the full Susy algebra we shallv
be interested in. Together with the ordinary Poincare algebra it is referred
to as the Super-Poincare (SP) algebra’. From (1.10)-(1.12) it is evident
that Susy is a (special kind!) of space-time symmetry. This can be seen
for instance by looking at the r.h.s. of Eq. (1.10) where we find P, the

generator of translations®. Therefore Susy currents share all the difficulties

“The rest of the algebra contains the internal symmetry algebra and the non trivial

commutations between the Q.’s and the internal symmetry generators.
5The space-time nature of Susy becomes more evident in superspace language. Let us

consider N=1 for simplicity. The generic group element of the SP group is given by [18]
g = exp{auP" + € Qa + Q%) exp{wp, L""} (1.13)

where L*” are the Lorentz generators, then the coset space of SP/Lorentz is parameterized

by the supercoordinates z* = (z*,0%,0%) corresponding to the group element
exp{z,P" + 6°Qa + 0aQ%} (1.14)

thus the left action by a g, € SP is equivalent to a transformation of the supercoodinates

17



mentioned in the previous Section with respect to space-time currents. The
situation is even more complicated now due to the special nature of this
symmetry. Following the same approach described in the last Section, for
ordinary space-time symmetries, we shall work with rigid Susy, namely we
shall take the parameters €,’s to be z-independent. Thus, in our approach,
being N, the part of the current with no ambiguities, the problem amounts
to find a suitable V},. Of course, one could also obtain the Susy currents
by letting the ¢*’s become local® and then identifying the currents as the

coefficients of the 0,€,’s after variation of the Action and partial integration
docal A = /d4xe°‘(8ujg) = /d4x(5uea)jg + surface terms (1.15)

(see also the discussion following Eq.(1.8)).

The point is that one wants to produce the right (improved) Susy-Noether
charges QL that correctly generate the Susy transformations of the fields,
and this is not straightforward. For instance the charges obtained from the
currents J* in (1.15) need to be improved [19].

Furthermore, although V), could be obtained as related to the second-last
term in the superfield expansion [15], [11], this V,, in general does not corre-
spond to the one required. If one also demands the supercurrent to enter a

supermultiplet with the R-current and T}, we have a V), different from the

given by

b M +ie,0M0 — 100t + whVx,
@ uv

1
0% = 0% e+ Z(a’,we) wh

&, pv

: S Finl el
G5y 0‘*+€3+Z(66,w) Wy

SThis is in the same spirit of what discussed earlier for standard local internal symme-
tries. But in that case no ambiguities due to improvements arise and the current is once

and for all given by the rigid one N*.
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one obtained from superfield expansion and again we cannot produce the
Susy transformations. This problem cannot be cured by a simple analogue
of Eq.(1.9), to obtain an improved supercurrent from the Action embed-
ded in a curved superspace because only a quasi-metrical structure is given.
Note also that there is no simple analogue of Eq.(1.7).

A second point is that the linear realization of Susy involves bosonic La-
grange multipliers called dummy fields to which we cannot associate a con-
jugate momentum and the standard Noether procedure, based on such con-
jugates, breaks down. Of course the dummy fields can be eliminated by
using their Euler-Lagrange equations but this introduces other ambiguities,
unsolved in literature. Namely: when to put the dummy fields on-shell,
before or after the computation of V,,? Does that mean that all the fields
have to be on-shell? Note that this last point is vital since the definition of
symmetry in the first place is based on the variation off-shell of the Action.
Finally, the probably best known feature of Susy is that it transforms
fermions into bosons and vice versa. It does so by transforming fermions into
derivatives of the bosons and bosons into fermions. Therefore the conjugate
momenta of the bosons appear in the Susy transformations of the fermions
but the contrary is not true in general. This makes even more difficult to
express the full current in terms of canonical momenta and transformations.

In a nutshell the difficulties of Susy-Noether currents are

e Susy is a superspace-time symmetry;
e Susy involves dummy-fields;

e Susy variations involve space-time derivatives in a way not symmetrical

with respect to fields of different spin.
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For the application in which we shall be more interested in, the SW model
[3], the situation is even more complicated due to the following problem
that closes the list of difficulties encountered in the computations illustrated

later:
e Effective Lagrangians, even non-Susy.

Namely, as we shall see, in SW theory we have to deal with effective La-
grangians and renormalization does not constraint the fermionic terms to
be bilinear and the coefficients of the kinetic terms to be constant and in
general this is not true. As a matter of fact, the SW effective Lagrangian
is quartic in the fermionic fields and has coefficients of the kinetic terms
that are non-polynomial functions of the scalar field. Because of this, the
Noether procedure requires a great deal of care’. For example we shall en-
counter equal time commutations (Poisson brackets®) between fermions and

bosons such as

{¢, m} = f(p)¥ from {my, m} =0 (1.16)

where f(¢) is a non-polynomial function of the scalar field related to the
coefficient of the kinetic terms. This reflects the difficulty of treating Noether
currents in a quantum context [6].

All these problems are solved in our analysis and we give here the recipe we

have found:

e The Susy-Noether charge that correctly reproduces the Susy transfor-

mations is the one obtained from J# = N¥ — V¥ where 6L = 0,V*

"Generally speaking, the Noether procedure has always to be handled with care when

applied to quantum theories. On this point see [6].
8See Appendix C
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and V* has to be extracted as it is, i.e. no terms like 8, W[¥# have to

be added.

The variation £ has to be performed off-shell by the definition of sym-
metry. Nevertheless the dummy fields, and only them, automatically

are projected on-shell.

The full current J# contains terms of the form 7,47, that generate the
fermionic transformations. The same term can be written as m40¢ +- - -
therefore it also generates the bosonic transformations. The situation

is more complicated for effective theories.

The canonical commutation relations are preserved also at the effective
level, even if some of the usual assumptions, such as that at equal time
all fermions and bosons commute, are incorrect. Noether currents at
the effective level do not exhibit the same simple expressions as at the

classical level.

Of course a recipe is not a final solution and lot of work has to be done to

fully understand the issue of Susy-Nother currents or more generally space-

time Noether currents. Nevertheless our work surely is a guideline in this

direction and successfully solved the problem of the SW Susy currents that

we intended to study.

1.3 Wess-Zumino model

Before starting our journey to the analysis of SW theory, we want to apply

the above outlined recipe to the simplest N=1 supersymmetric model where

the dummy fields couple to dynamical fields: the Wess-Zumino massive

model.
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The Lagrangian density and supersymmetric transformations of the fields

for this model are given by [9]

Vok _%¢ P — %1; §— 9,A0" At + FFt + mAF + mAtFt — Zy2 _ T2

2 2
(1.17)

and
6A = V2ey SAT = V2ep (1.18)
8he = iV2(0 ) aOuA + V2eaF 69 = iv/2(5%€)%8, At + V2e4 FT(1.19)
6F = iv2e Qo SFT = iv2e P (1.20)

where A is a complex scalar field, 1 is its Susy fermionic partner in Weyl
notation and F' is the complex bosonic dummy field.

A note on partial integration in the fermionic sector of (1.17) is now in
order. We see that 1 and v play the double role of fields and momenta at
the same time. It is just a matter of taste to choose Dirac brackets for this
second class constrained system [20] or to partially integrate to fix a proper
phase-space and implement the canonical Poisson brackets.

If one chooses the canonical Poisson brackets, as we did, then it is only
a matter of convenience when to partially integrate the fermions. In fact,
even if N# and V# both change under partial integration, the total current
J# is formally invariant, namely its expression in terms of fields and their
derivatives is invariant but the interpretation in terms of momenta and vari-
ations of the fields is different. Of course both choices give the same results,
therefore one could either start by fixing the proper phase space since the
beginning or just do it at the end.

Let us keep (1.17) as it stands, define the following non canonical momenta
¥ s U
ﬂ-’f/ja o= 5(0’“1/))& Wga o= %(O’“t/))a (121)
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mh = —0tAl b = —0rA (1.22)

and use Eq. (1.5) to obtain the supersymmetric current J*.
We use the first two ingredients of the recipe to compute V# by varying

(1.17) off-shell, under the given transformations, obtaining
§ o t =
V= §ArY + 8ATY, — §4yml — 64 s + 65yl + 67 g
Frde
_25Fon¢7r’tz L 25Fonr(/)7-‘—5 (1.23)

where 6XY stands for the part of the variation of Y which contains X (for
instance 0¥ stands for v/2¢F) and Fy,, F, are the dummy fields given
by their expressions on-shell (F' = —mAt, FT = —mA). Note here that we
succeeded in finding an expression for V# in terms of 7#’s and variations of
the fields. Note also that the terms involving F,, and F(;fn were obtained
without any request but they simply came out like that.

Then we write the rigid current

N* = §Amly + §ATnl, + ymly + 9l (1.24)
and the full current is given by

Ji = Nb — V¥ = 25 bl + 5°“z/3wg) (1.25)

therefore J* = 2(NH#)g» .. with obvious notation. In the bosonic sector
NH completely cancels out against the correspondent part of V#. In the
fermionic sector 6% '¢7er in N* cancels out against the term coming from
Vs, 5A1/)7r1’2 in N* and in V* add up and combined with the 25(1;;,1/)@’2 in V#
gives 260nv,b7r1‘2 in the full current J*. Similarly for ). This illustrates the
third difficulty.

Therefore we conclude that: a the dummy fields are on-shell automatically

and, if we keep the fermionic non canonical momenta given in (1.21), b the

full current is given by twice the fermionic rigid current (N#)o% ..
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The result a is the second ingredient of the recipe given above. We shall see
in the highly non trivial case of the SW effective Action that this result still
holds and it seems to be a general feature of Susy-Noether currents.

The result b instead is only valid for simple Lagrangians and it breaks down
for less trivial cases. There are two reasons for that curious result: the
fictitious double counting of the fermionic degrees of freedom and the third
difficulty explained above. Nevertheless, when applicable, Eq.(1.25) remains
a labour saving formula. All we have to do is to rewrite J* in terms of fields

and their derivatives
JH = 25+ 0" ed, A + ieoPpFon + h.c.) (1.26)
then choose one partial integration

JF = Gonpmhl + V2ot 5V ed, At + iv2eaH Yy, (1.27)

or = V2yYstoYed, A+ i\/iea“'(ZFon - 60n1/37r“{/—)1 (1.28)

where T = iotq) (w“{{; =0) and 71"“11/-)1 = 1My (ﬂ“{/ = 0) are the canonical
momenta obtained by (1.17) conveniently integrated by parts, and perform
our computations using canonical Poisson brackets. To integrate by parts
in the effective SW theory a greater deal of care is needed due to the fact

that the coefficients of the kinetic terms are functions of the scalar field.

Choosing the setting I, for instance, what is left is to check that the charge
Q= / BrJz) = / @ (8o, + /200" €0, Al +i/3e5 Y Fl,) (1.29)

correctly generates the transformations. This is a trivial task in this case
since the current and the expression of the dummy fields on-shell are very
simple and the transformations can be read off immediately from the charge

(1.29). We shall see that this is not always the case. It is worthwhile to
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notice at this point that to generate the transformations of the scalar field

At one has to use
sAymhl = 6ATm 41 + V295 0 €0, A (1.30)

Notice also that the transformation of 1 is obtained by acting with the

charge on the conjugate momentum of 9: {Q , Wi}._.
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Chapter 2

SW Theory

In this Chapter we want to introduce the model discovered by Seiberg and
Witten in [3], focusing on the aspects we are more interested in. For a
complete review we leave the reader to the excellent literature [21], [22],
[23], [24], [25], and of course to their beautiful seminal paper.

The solution of this model essentially consists in the computation of a com-
plex function F. This amounts to find singularities and monodromies and
to construct the relative differential equation. We intend to describe this
strategy here, by stressing on the vital role of the quantum corrected mass
formula, descending from the N=2 Susy.

In the first Section we introduce the model and make clear the mathematical
side of the problem. In the second Section we describe in greater detail the
physics, showing how the mass formula allows for a very intuitive interpre-
tation of a singularity. In the third Section we introduce electromagnetic
(e.m.) duality, again by analyzing the mass formula, and we show how the
monodromies around the above mentioned singularities identify a unique

F. In the last Section we collect the arguments presented and motivate the
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interest in the computation of the central charge of the SW model.

2.1 Introduction

SW model is a N=2 supersymmetric version of a SU(2) Yang-Mills theory
in four dimensions.

This is the first and only example of exact solution of a non-trivial four
dimensional quantum field theory. The task was achieved by cleverly com-

bining together the following ingredients:

N=2 Susy: holomorphy of the effective Action, non trivial non-renormalization

properties, central charge Z;

Spontaneous Symmetry Breaking (SSB): the space of gauge inequivalent
vacua in the quantum theory, My, exhibits singularities defined in

terms of the Higgs vacuum expectation values (v.e.v.’s);

E.M. Duality: electrically charged elementary particles in the asymptot-
ically free sector and magnetically charged topological excitations in

the infrared slave sector are exchanged by means of duality.

The N=2 supersymmetric, SU(2) gauged, Wilsonian effective Action! in
N=2 superfield language is given by [21]
A= Zl—Im / d*zd*0d*0F (T 09) (2.1)
T

where 6 and 6 are the grassmanian coordinates of the N=2 superspace® and

eg? g = 1,2,3, is the SU(2) gauge Casimir. ¥? is the N=2 superfield

!The Wilsonian effective Action differs from the standard one particle irreducible effec-

tive Action when massive and massless modes are both present. The Wilsonian effective
Action allows for the description of the strong coupling regimes in terms of massless (or

light) modes only. We shall not enter into details here. For a lucid introduction see [22].
2See note on superspace in Chapter 1
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that combines a scalar field A%, a vector field vj;, two Weyl fermions ¢)* and
A% (and possibly dummy fields) into a single Susy multiplet. Thus all the
fields are in the same representation of the gauge group SU(2) as vf, i.e. the
adjoint representation.  is a holomorphic® and analytic* function.
The point we want to make here is that the knowledge of the function F,
sometimes called prepotential, completely determines the theory.
The key idea of Seiberg and Witten is to compute F by first posing and
then solving what mathematicians call a “Riemann-Hilbert (RH) problem®”
[30], namely: given as initial data singularities and monodromies, does there
ezist a Fuchsian system having these data?
A Fuchsian system is a system of differential equations in the complex do-
main, given by ;

df*(2)

i e Aij(z)fj(z) Uil R (2.2)

where the f!(z)’s are in general multi-valued complex functions and the
matrix A(z) is holomorphic in S = C—{zy, ..., 2n } and 21, ..., 2, are poles of
A(z) of order at most one. We can naturally associate a group structure to

a fundamental system of solutions of (2.2), say® GL(p, C). We shall see that

3 F is not a function of ¥ and this only happens if we stop at the leading order term in
the expansion in p, of the effective Action. For instance the next-to-leading order term
H(, ¥) is no longer holomorphic [26] [27].

4By analytic, we mean that it can have branch cuts, poles etc., but no essential singu-
larities.

°In a paper published in 1900 (28] Hilbert presented a list of 23 problems. The state-
ment we are describing here appears as the 21°* one in the list. The RH problem seems to
be very fruitful in physics. Recently it has been applied to renormalization in Quantum
Field Theory [29].

This corresponds to the simple request to have p linearly independent solutions com-

bined together into an invertible p X p complex matrix, say F(z) € GL(p,C).
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in SW theory this group turns out to be a subgroup of SL(2,Z), namely

I m

F2E{7€SL(2,Z):7=1+ l,m,n,pez} (2.3)

Thi o P

If we now consider the universal covering surface’ of S, say S, we can define
maps 0 : S — S. The monodromy representation of GL(p, C) is then defined
as M : 6 — M(6) € GL(p,C). More practically the monodromy constant
matrices M are obtained by winding around the singularities z;’s of A(z)
with loops «;’s in one-to-one correspondence with the z;’s.

Therefore the RH problem consists in finding a system of the type (2.2) start-
ing from the knowledge of the singularities 21, ...,2, and the monodromies
around them. If at least one of the matrices M(ay), ..., M(ay) is diagonal-
izable then the RH problem has a positive answer[30].

We want to show in the following how these singularities arise in SW model,
their physical meaning and the vital role of the central charge Z of the

underlying N=2 Susy.

2.2 SSB and mass spectrum

The Action (2.1) is obtained in component fields in the following Chapters

and is given by
1 + %
A= Elm/d‘lx []:ab( Lo ivaﬂl’@zu s D”AG'DHATI) — ® zD,L/)b — §)\® p}\b
1 S
_ﬁeadC(Ac,‘pb)\d + Ategbrd) 4 _;_EacdebngcATdAfATg” (2.4)

ot Aquantum

"This simply means that we are considering all the Riemann sheets obtained by winding
around the singularities 21, ..., 2,. For instance, in the case of a logarithmic function of

one complex variable, S represents the infinite copies of the complex plane.
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where F is now a function of the scalar fields only, 7% % = 9"F /0 A ... J A%
v, f, and Dy, are the vector field strength, its self-dual projection and
the covariant derivative respectively®.

The Action (2.4) is immediately recognized as (an effective version of) a
Georgi-Glashow type of Action. It has: self-coupled gauge fields, topological
excitations (instantons and monopoles), gauge fields coupled to matter, a
Yukawa potential, and a Higgs potential to spontaneously break the gauge
symmetry. The purely quantum term contains third and fourth derivatives
of F, vertices with two fermions coupled to the gauge fields and vertices with
four fermions. The SU(2) gauge symmetry can be spontaneously broken
down to U(1) preserving the N=2 Susy.

This is possible since the Higgs potential Tr([A4, AT])2, where X = %X aga
and the ¢®’s are the generators of SU(2)°, admits flat directions, i.e. di-
rections in the group that cost no energy. This is the first requirement to
spontaneously break SU(2) down to U(1), but preserve Susy at the same
time, since the Hamiltonian of a supersymmetric theory is always bounded
below. In particular the Higgs potential must be zero on the vacuum(31].
By choosing a direction, say < 0|A%|0 >= §%®a, the potential is indeed still
zero on the vacuum preserving Susy but spontaneously breaking the gauge

symmetry.

We now want to show that the algebraic structure of N=2 Susy indeed
allows for a SSB of the gauge symmetry, but only for non-vanishing central
charge. The problem is how to handle the jump in the dimension d of the
representation of Susy when the Higgs mechanism switches the masses on,

but the number of degrees of freedom is left invariant.

8These quantities and our SU(2) conventions are all given later in greater detail.
9See previous Note.
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The irreducible representations of extended Susy are easily found in terms of
suitable linear combinations of the supercharges Q{; ,L=1,...,N, to obtain
creation and annihilation operators acting on a Clifford vacuum [9]. On
general grounds one finds that the dimension of the representation of the

Clifford algebra corresponding to massless states is given by

d=2N (2.5)
while for the massive case this number becomes

d=22N (2.6)

As well known, the number at the exponent is the number of the anti-
commuting creation and annihilation operators mentioned above'®. Thus
we have a problem if we want to keep Susy in both phases, massless and
massive.

The way out was found in [32]. Let us consider the algebra given in (1.10)-

(1.12) for N=2, our case. In the rest frame we can write[9]

[Q%, @'+ = 2M 6j4] (2.7)
QL, @Yy = eap ZEM (2.8)
[(Qé)Ta (Q%)T]-q- = g Z[*LM] (29)

where L, M =1, 2.
By performing a unitary transformation on the Q% we can introduce new

charges QL = U TN that obey!!

QL @)+ = 2M o3oq (2.10)

%There are N (2N) creation and N (2N) annihilation operators in the massless (massive)

case.
"'In this basis Z(“M) is mapped to €“M2|Z|, where Z = |Z|e* and |Z| > 0.
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[Qév Q%].p s 2|ZI eaﬂfLM (2.11)
(@), (@5,

P ML 0

Il

2|1Z| €Pern (2.12)

where €

We can now define the following annihilation operators

i %@hem(@%)*) (2.13)
S %(Qa—eav(c?%)*) (2.14)

and their conjugates a], and bTa, in terms of which we can write the algebra

as

[@a , aﬂ]+ = [ba, bﬁ]+ = [aq , bﬁ]+ =0 (2.15)
[aa, ably = 6ap2(M +|Z]) (2.16)
ba, b5, = dap2(M —|Z)) (2.17)

For o = 3 the anticommutators (2.16) and (2.17) are never less than zero
on any states. Therefore from (2.16) follows M + |Z| > 0 and from (2.17)
follows M — |Z| > 0. By multiplying these two inequalities together we

obtain

M > |Z| (2.18)

Thus, for non-vanishing central charge, the saturation of this inequality,
M = |Z|, implies that the operators b, must vanish. This reduces the
number of creation and annihilation operators of the Clifford algebra from 4
to 2. Therefore the dimension of the massive representation reduces to the
dimension of the massless one: from 2% = 16 to 22 = 4. We have a so-called
short Susy multiplet.

States that saturate (2.18) are called Bogomolnyi-Prasad-Sommerfield (BPS)
states[33]. They are the announced way out from the problem posed by the
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Higgs mechanisms: the fields in the massive phase have to belong to the
short Susy multiplet, i.e. they have to be BPS states. It is now matter to

give physical meaning to the central charge Z arising from the algebra.

We shall concentrate first on the classical case. In [32] the authors considered
the classical N=2 supersymmetric Georgi-Glashow Action with gauge group
O(3) spontaneously broken down to U(1) and its supercharges. In Chapter
4 we shall compute the quantum central charge for the SU(2) Action (2.4),
for the moment let us just write down the classical limit of it that gives back

the result obtained in [32]
Z= i\/i/d2fl (e A% % %EGA‘;J) a=1,23 (2.19)
7r

where d2% is the measure on the sphere at spatial infinity S2,, the A%’s
are the scalar fields, the B%s are the magnetic fields, Ii° is the conjugate

momentum of the vector field 7 and A% = 7A® where!?

0 Ar

is the classical complez coupling constant, g is the SU(2) coupling constant
and 6 the CP violating vacuum angle[35]. In the classical case A%, is merely
a formal quantity with no precise physical meaning. On the contrary, in the
low-energy sector of the quantum theory, it becomes the e.m. dual of the
scalar field.

In the unbroken phase Z = 0, but, as well known, in the broken phase this
theory admits 't Hooft-Polyakov monopole solutions [36]. In this phase the
scalar fields (and the vector potentials) tend to their vacuum value A® ~ af;

’ 3 b 7 . . s
(v® ~ Ezab%, v® = (), where a € C, as 7 — o0o. This behavior gives rise

2The @ contribution to the complex coupling 7 was discovered by Witten in [34] shortly

after.
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to a magnetic charge. By performing a SU(2) gauge transformation on this
radially symmetric (“hedgehog”) solution we can align < 0|A%|0 > along
one direction (the Coulomb branch), say < 0/A%|0 >= §%%a, and the 't
Hooft-Polyakov monopole becomes a U(1) Dirac-type monopole [35], [22],
[23].

In this spirit we can define the electric and magnetic charges as [32]

1 ke
b = —/d22-H3A3 (2.21)
a
1 gt ade =09 1/2"1"33
goaptpgegh, ux Lius phagh, 0 2.2
o a/d 47rBA ap 47TB Ap i)

where ap = 7a and only the U(1) fields remaining massless after SSB appear.
These quantities are quantized, since'® g, € m1(U (1)) ~ m2(SU(2)) ~ Z and
ge is quantized due to Dirac quantization of the electric charge in presence
of a magnetic charge[22].

Thus, after SSB, the central charge becomes

Z = iV2(nea + nmap) (2.23)
The mass spectrum of the theory is then given by

M = V2|nea + npap| (2.24)

We shall call this formula the Montonen-Olive mass formula!?. It is now

crucial to notice that this formula holds for the whole spectrum consisting

13We say that the 't Hooft-Polyakov magnetic charge is the winding number of the map
SU(2) ~ 8% — 8%, that identifies the homotopy class of the map. By considering the
maps U(1) ~ S* — SL | where S, is the equator of S, it is clear that a similar comment
holds for the U(1) Dirac type magnetic charge. It turns out that the two homotopy groups,
72(S?) and 71(S?), are isomorphic to Z. For an enjoyable and pedagogical introduction

to topological objects and their role in physics I recommend [37].
1n our short-cut to write down the classical version of the mass formula, we did not

follow the chronological order of the various discoveries that led to it.
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of elementary particles, two W bosons and two fermions!®

, and topological
excitations, monopoles and dyons. For instance the mass of the W bosons
and the two fermions can be obtained by setting n. = +1 and n,, = 0,
which gives mwy = Mgermi = \/§|a|, whereas the mass of a monopole (n, =0
and n,, = +1) amounts to Mmen. = V2|ap|. This establishes a democracy

between particles and topological excitations that becomes more clear when

e.m. duality is implemented.

After this long preparation we are now in the position to introduce the most
important tool to reduce the solution of SW model to that of a RH problem
in complex analysis: the singularities.

Since the Higgs v.e.v. a € C, we can think of C as the space of gauge
inequivalent vacua, namely to a,a’, with a # @, correspond two vacua not
related by a SU(2) gauge transformation (but only by a transformation in

the little group U(1)). To be more precise we have to introduce the SU(2)

First Bogomolnyi, Prasad and Sommerfield [33] showed that, for a theory admitting

monopole solutions, the formula
M = a(q: + gm)'* (2.25)

holds classically for monopoles and dyons (topological excitations carrying electric and
magnetic charge). Then Montonen and Olive [38] showed that it is true classically for all
the states, elementary particles included. Finally Witten and Olive [32] obtained it, again
classically, from the N=2 Susy.

The formula (2.25) can be written in the following form
M = |ag(ne + Tonm)| (2.26)

where ¢. = gne, gm = (—47/g)nm and 7o = i4m/g*. This is the formula we are showing

here, provided ag — a and 79 is improved to T.
1We work with Weyl (chiral) components ¥* and A®, whose masses are generated by

the Yukawa potential in (2.4).
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invariant parameter
1
u(a) = Tr < 0|A2%|0 >= 5a2 (2.27)

to get rid of the ambiguity due to the discrete Weyl group of SU(2), which
still acts as a — —a within the Cartan subalgebra. This is now a good
coordinate on the complex manifold of gauge inequivalent vacua. We shall
call this manifold M, for moduli space.

Eventually we can define a singularity of M as a value of u at which some
of the particles of the spectrum, either elementary or topological, become
massless. Classically there is only one of such values, namely © = 0 where
the SU(2) gauge symmetry is fully restored and M looses its meaning. It is
worthwhile to notice that the classical moduli space is merely a tool to
introduce the idea of a singularity, since the running of the coupling is
a purely quantum effect, therefore there is no physical reason to vary u
classically. Nevertheless the crucial point is to keep the idea of a singularity

of M as a point where some particles become massless.

The big step is to go to the quantum theory (2.4) where non trivial renormal-
ization leads to a non vanishing beta function. The running of the effective
coupling ges (1), where p is the renormalization scale, presented in Figure
2.1, explains why the physics changes dramatically from the high energy
regime to the low energy one. In fact at low energies the coupling is ex-
pected to become strong and we cannot make reliable predictions based on
perturbative analysis as at high energies where the coupling is weak. The
masses of the elementary fields in SU(2)/U(1) become big in the low energy
sector and the effective theory can be described all in terms of the massless

U(1) fields (the heavy fields can be integrated out form the effective Action).
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1/8gix(k)

high-energy
low-energy (weak coupling)
(strong coupling)
B<0
3 m

Figure 2.1: Running of the effective coupling. a is the Higgs v.e.v. and A
is the dynamically generated mass scale at which the W bosons and two

fermions are expected to become infinitely heavy.

We can replace p in 7o (p) = %’ﬂ + i;ﬁ% by the Higgs v.e.v.. Thus now
is a (therefore u) that varies and 7eg(a) becomes a field-dependent coupling
as often happens in effective theories. Therefore in the quantum theory we
can define a proper moduli space M,.

What happens to the mass formula (2.24)? Seiberg and Witten conjec-
tured that, due to the preservation of the N=2 Susy, the formula is formally

unchanged: quantum corrections play a major role since now [3]

class eff — oF (a)

aD =Tclassa—>G,D - 60,

where F(a) is the prepotential in the low energy sector, evaluated at a

(2.28)

(see more on this in the next Section), but no other changes are expected.
Therefore the quantum improvement of the Montonen-Olive mass formula

(2.24) is simply given by
M = \2|nea + nmF'(a)| (2.29)
This statement is vital for the whole theory. Nevertheless no direct proof
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from the N=2 Susy algebra was presented. In the following Chapters we
shall dedicate most of our attention to this point.

The vital importance of the mass formula is immediately seen if one wants to
define the singularities of the quantum theory in the spirit outlined above.
In fact Seiberg and Witten conjectured that, in the quantum theory, the
singularity at u = 0 splits into u = +A2, where monopoles and dyons, and
not W bosons and fermions (as in the classical case) are supposed to become
massless. This makes sense if the W bosons in the low energy sector can
decay into a monopole + dyon pair. Since all the states are BPS, one can
show [25] that the mass formula (2.29) indeed allows for this decay. Thus,
if some particles have to become massless in the low energy sector, these
cannot be the W bosons, whose mass is frozen at low energies, but only the
topological excitations. Of course this is only a sufficient but not necessary
condition for this to happen. Furthermore one should explain why only two
singularities and why at +A? and there is no rigorous proof of these points.
In Figure 2.2 we present a pictorial summary of this Section. We see from
the picture that also a third singular point appears at u = oco. We could
say that, due to the asymptotic freedom, at that point all the elementary
particles become massless. As we shall see in the following Section, this
point is somehow on a different footing respect to the other two.

In the following we shall remove the suffix “eff” from the effective quantities,

since their field dependence clearly identifies them.
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elementary particles
have negligible masses

dyons become

massless
monopoles

become massless

HIGH ENERGY

Figure 2.2: The quantum moduli space M,. The singularities and the

different corresponding phases are shown.

2.3 Duality and the solution of the model

It is now matter to associate these singularities to the function F we are
looking for and determine the monodromies around them.

For large values of a (a >> A) the theory (2.4) is weakly coupled, thus
a perturbative computation to evaluate F leads to a reliable result. This

computation was performed in [39] and it turns out that

Fla) = lra + az—h ln( ) + a? Z Ck— A (2.30)
\ 2 A2 alk
where the function is parameterized by the Higgs v.e.v. a (i.e. evaluated
on the vacuum). The first two terms are the perturbative contributions:
tree level and one loop terms respectively®, and the last term is the non-
perturbative instanton contribution. From this expression we see that the

classical limit consists in the substitution F(a) — —Ta2

"®For N=2 Susy these are the only two contributions to the perturbative F (non-
renormalization) whereas for N=4 the tree level (classical) term is enough (super-

renormalization).
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F(a) is well defined only in the region of M, near u = oo since the instanton
sum converges there. If we try to globally extend F(a) to the whole M,
this is not longer the case. This can be seen from another perspective. If
one requires the mass formula (2.29) to hold on the whole M,, since at
u = 0 there are no singularities, Z|,—o = iv2(a(u)ne + ap(w)nm)|u=o # 0.
If we use the relation (2.27) to write a = v/2u, we expect the elementary
particles (ne # 0 and n,, = 0) to become massless, but this implies Z|,—o =
iv/2a(u)|y—o = 0, which contradicts the hypothesis. Therefore u = 0% a =
0 and a is not a good coordinate to evaluate F in the low-energy sector.
We learn here that the functions a(u) and ap(u) are very different in the
three sectors of M,. All these are clear signals that we need different local
descriptions in the weak coupling and strong coupling phases of the quantum

theory.

There is a peculiar symmetry, well known in physics, that exchanges weak
and strong coupling regimes: G — 1/G, where G indicates a generic cou-
pling. This symmetry is called duality'” and is the way out of our dilemma.
Well known examples are certain two-dimensional theories, where duality
may exchange different phases of the same theory, as for the Ising model
[23], or map solutions of a theory into solutions of a different theory, as for
the bosonic Sine-Gordon and fermionic Thirring models [40]. In the latter
case duality exchanges the solitonic solutions of the Sine-Gordon model with
the elementary particles of the Thirring model.

As explained above this is not a symmetry in the Noether sense, but rather

a transformation that connects different phases. To see how this applies to

'"This is referred to as S duality. Shortly we shall see that in SW theory this duality is
represented by only one of the generators of the whole duality group SL(2,Z), the other
one corresponding to the 7' duality [3].
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our problem let us look again at the central charge Z

ap

Z = iV2(nea 4 nmap) = ivV2(nm, ne) (2.31)
a
; i 0 -1
If we act with S™* = on the row vector (nm,,n), we exchange
R

electric charge with magnetic charge and wvice-versa. This is the e.m. du-
ality transformation: it maps electrically charged elementary particles to
magnetically charged collective excitations, giving meaning to the democ-
racy announced above between all the BPS states. In SW theory this is an
exact symmetry of the low energy Action, as well explained in [21] and it

corresponds to the mapping

1
mp(ap)

7(a) — — (2.32)

where 7(a) is the effective coupling introduced in the last Section, and 7p
its dual. Thus by means of this transformation we map the strong coupling
regime to the low coupling one and vice-versa.

The mass of all the particles, regardless to which phase of M, one considers,
has to be given by the mass formula (2.29). Therefore to S~! acting on

(M, ne) it has to correspond S acting on the column vector, namely

a a
it el e (2.33)

a a —ap

so that Z is left invariant. Thus the S duality invariance of Z suggests that
the good parameter for F (or better, its dual Fp) near u = 0 is ap rather
than a. As already noted the functions ap(u) and a(u) are now different
from the ones obtained near u = oo, and the task is to find them. The

mass formula is actually invariant under the full group SL(2,Z) of 2 x 2
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unimodular matrices with integer entries, generated by

| b
o andi = (2.34)
-1 0 04

where b € Z.

We now have to make this symmetry compatible with the singularities by
considering the monodromies of ap(u) and a(u) around them. This will
restrict the group of dualities to a subgroup of SL(2, Z) containing the
monodromies.

The monodromy at u = oo can be easily computed, since here we can
trust the perturbative expansion (2.30) and we have a = v/2u and ap(u) ~
z%\/ﬁ(ln(%’é) - 1). By winding around u = oo, the branch point of the

logarithm, we obtain

12m
= +2
anw) | _ [ene | _ [ ~apt) +20(w s
a(u) a(e?™u) —a(u)
or g — My . where
a a
-1 2
Rv (2.36)
0 -1

This matrix is diagonalizable, therefore the RH problem has a positive so-
lution [30]. We are on the right track!

To find the other two monodromies we require the state of vanishing mass
responsible for the singularity to be invariant under the monodromy trans-

formation:

(nm’ne)M(nm,ne) = (Nm, Ne) (2.37)
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This simply means that, even if SL(2, Z) maps particles of one phase to
particles of another phase, once we arrive at a singularity the monodromy
does not change this state into another state. From this it is easy to check
that the form of the monodromies around the other two points +A? has to

be

77 14 2n,n, QnZ (2.38)
( ms e) - i
it —2nfn 1—2n,n.

Note that My, is not of this form.
The global consistency conditions on how to patch together the local data
is simply given by!®

M+A2 L M_AZ = MOO (239)

which follows from the fact that the loops around £A? can be smoothly

pull around the Riemann sphere to give the loop at infinity. By using the

expression (2.38) we can obtain the solution of this equation given by
0 -1 2

M+A2 = M(l,O) = M_AZ - M(l,l) > (240)

-2 1 -2 3

and we see that the particles becoming massless are indeed monopoles and

dyons as conjectured.

The monodromy matrices generate the subgroup I's of the full duality group

SL(2,Z) given in (2.3).

81n the Ising model the gluing of the different local data consists in the identification
of a self-dual point K = K™, where K = J/kpT << 1 is the coupling at high temperature
T and K* >> 1 is the coupling at low temperature given by sinh(2K*) = (sinh(2K)) ™",
J is the strength of the interaction between nearest neighbors and kg the Boltzman
constant. This determines exactly the critical temperature of the phase transition 7

given by sinh(2J/ksT.) = 1 [23].
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We have now all the ingredients and we can write down the announced

Fuchsian equation!®

TE _ are) (2.41)
where [21]
1rl=-M  1-M 1-M-A+M
dee i oo GG 4

z = u/A? and A(z) exhibits the described singularities at z = 1 and z = oo
Seiberg and Witten have found that the coefficients are Ay = Ay = 1 and
A3 = 0, thus
K 1
A) = —-+—F—
Gy gy

The two solutions of (2.41) with A(z) in (2.43), are given in terms of hy-

(2.43)

pergeometric functions. By using their integral representation one finally

obtains [3], [21]

4 \/§ 2 Vv —z

A =ap(z) = = / ol (2.44)
Tk R

faz) =alz) = — /_ dac——\/xz,___1 (2.45)

We can invert the second equation to obtain z(a) then substitute this into
ap(z) to obtain ap(a) = 9,F(a). Integrating with respect to a yields to
F(a). Thus the theory is solved!

As noted above this expression of F(a) is not globally valid on M, but only
near u = co. For the other two regions one has [25] Fp(ap) near u = +A*
and Fp(a — 2ap) near u = —A2. The unicity of this solution was proved in
[41].

19This is a second order differential equation therefore it is equivalent to a Fuchsian

system (2.2) with p = 2. Note also that the poles of A(z) become second order.

44



Let us conclude this quick tour de force on SW model by saying that this
theory is surely an exciting laboratory to study the behavior of gauge the-
ories at the quantum core. Nevertheless it is strongly based on N=2 Susy
and, at the present status of the experiments, Nature does not even show

any clear evidence for N=1 Susy?°!

2.4 The computation of the effective Z
As we hope is clear from the previous Sections, the mass formula
M = |Z| = V2|nea + nmap| (2.46)

plays a major role in SW model. Let us stress here again that the knowledge
of the central charge Z amounts to the knowledge of the mass formula.

In a nutshell the important features of Z are:

e It allows for SSB of the gauge symmetry within the supersymmetric
theory.

e It gives the complete and exact mass spectrum. Namely it fixes the

masses for the elementary particles as well as the collective excitations.

e It exhibits an explicit SL(2, Z) duality symmetry whereas this sym-

metry is not a symmetry of the theory in the Noether sense.

e In the quantum theory it is the most important global piece of in-
formation at our disposal on M,. Therefore it is vital for the exact

solution of the model.

20There is an intense search for N=1 superparticles in the accelerators. For instance,
the next generation of linear colliders will run at ranges of final energy 2 TeV [42], where

signals of N=1 Susy are expected.
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It is then not surprising that, following the paper of Seiberg and Witten,
there has been a big interest in the computation of the mass formula in the
quantum case. As a matter of fact, in their paper there is no direct proof
of this formula but only a check that the bosonic terms of the SU(2) high
energy effective Hamiltonian for a magnetic monopole admit a BPS lower
bound given by v/2|F'(a)| [3].

A similar type of BPS computation, only slightly more general, has been
performed in [43]. There the authors considered again the SU(2) high energy
effective Hamiltonian but this time for a dyon, namely also the electric
field contribution was considered. By Legendre transforming the Lagrangian
given in (2.4), one sees that the bosonic terms of the Hamiltonian, in the

gauge DoA® = DyA!® = 0 and for vanishing Higgs potential, are given by
1
H=ln / BoFe(BSEY + BUBY + 2D, AD;ATY)  (2.47)

where the electric and magnetic fields are defined as Ef = v and B =
%emjkvjk, respectively, a,b = 1,2,3 are the SU(2) indices and 7,j,k =1,2,3
are the spatial Minkowski indices, F is a function of the scalar fields only.
By using the Bogomolnyi trick to complete the square one can write this
part of the Hamiltonian as the sum of two contributions, one dynamical and

one topological: H = Hy + Hyop. Explicitly we have

Hy = -é%lm / dzF®(B? +iE® + V2D;A%)(B¢ — iE? + V2D; A1)
(2.48)
\/§ 3 b a s a a a % a Ta
Hiop = —glm/d zF* ((Bi —iE})D;A® + (B{ +iE")D; A )(2.49)

Of course the topological term (2.49) is the lower bound for H. The inequal-
ity H > Hy,p is saturated when the configurations of the fields satisfy the
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BPS equations [33] (BPS configurations)
B? +iE? + V2D;A* = 0 (2.50)

Note that these equations hold in the classical case with no changes.

The authors in [43] found that
Hiop = \/élnea' M nmf,(a)l (2.51)

therefore they identified the r.h.s. of this equation with the modulus of the
central charge |Z|.

This computation is rather unsatisfactory since it only considers the bosonic
contributions to |Z| and, due to Susy, one has to expect fermionic terms to
play a role. Furthermore it is too an indirect computation of the central
charge. The complete and direct computation has to involve the Noether
supercharges constructed from the Lagrangian (2.4). As discussed earlier,
Witten and Olive [32] have done that in the classical case. But for the
effective case a direct and complete derivation is in order. We shall dedicate
most of our attention to this point in the rest of this thesis.

Firstly we shall concentrate on the U(1) low energy sector of the theory,
since the U(1) massless fields are supposed to be the only ones contributing
to the central charge. As a warming-up we shall re-obtain the classical
results of Witten and Olive [32]. Then we shall move to the U(1) effective
case to compare this case with the classical one and give the first direct and
complete derivation of the mass formula [4].

The SU(2) high energy sector is analyzed in the last Chapter. The main
interest there is to check the role of the massive fields in SU(2)/U(1) with
respect to the central charge.

The other interest, not less important, is the application of the Noether
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procedure to find effective supercurrents and charges, as explained in some

details in the first Chapter.

The kind of computation we are considering also seems to follow from a
geometric analysis of the N=2 vector multiplet in [44], where, however, the
authors’ aim there is completely different, the fermionic contribution is not
present and there is no mention of Noether charges. On the other hand
an independent complete computation [19] was performed while we were
working on the SU(2) sector. We shall present our independent results for
the SU(2) sector referring to this computation as a double-checking of our

formulae.
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Chapter 3

SW U(1) Low Energy Sector

In this Chapter we shall construct the Noether Susy currents and charges
for the SW U(1) low energy Action. The second Section is dedicated to the
classical case, where we shall set up a canonical formalism, necessary for
the implementation of the Noether procedure for constructing the currents
and the charges, as explained in Chapter 1. In this Section the classical
central charge of the N=2 Susy is re-obtained. The result is in agreement
with [32]. In the third Section we shall deal with the highly non trivial
case of the quantum corrected theory. We shall show that the canonical
setting still survives, but many delicate issues have to be handled with care.
We shall compute the non trivial contributions to the full currents, which
we christened V), in Chapter 1. Then, after having tested these results by
obtaining the Susy transformations from the Susy charges, we shall compute
the effective central charge Z. This computation is the first complete and

direct proof of the correctness of SW mass formula and it appears in [4].
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3.1 Introduction

There exist two massless N=2 Susy multiplets with maximal helicity 1 or
less: the vector multiplet and the scalar multiplet [14], [15]. We are in-
terested in the vector multiplet ¥, also referred to as the N=2 Yang-Mills
multiplet, for the moment in its Abelian formulation. Its spin content is
(1 %, %,0,0) and, in terms of physical fields, it can accommodate 1 vec-
tor field vy, 2 Weyl fermions ¢ and A, one complex scalar A. The N=2
vector multiplet can be arranged into two N=1 multiplets, the vector (or
Yang-Mills) multiplet W and the scalar multiplet ®, related by R-symmetry:
Y — =)\, E! & E and v* — —v* (charge conjugation). In terms of compo-

nent fields the N=1 multiplets are given by
W = (Aa, vy, D) and @ = (A, g, E) (3.1)

where E and D are the (bosonic) dummy fields'. Note that W is a real
multiplet and ® is complex. This means that v, and D are real, and W
contains also )\, as can be seen by the Susy transformations given below. Of
course the complex conjugate of ® is given by ® = (ET, ¢4, Af).

The N=2 Susy transformations of these fields are well known [14], [15], [11].
In our notation they are given by [46]

first supersymmetry, parameter €,

HhA = V2eay
aHY® = V2SE (3.2)
SHE = 0

We use the same symbol E for the electric field and for the dummy field. Its meaning

will be clear from the context.
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5 Et
8104
5 At

HA" =
511)” =

51)\61 =

second supersymmetry, parameter €

8 A = —V2e)
82A% = —/2e2EY
5ET = 0
62E = —i\/2—62 @5\
525\5', = i\/ieg ﬁad'AT
5AT = 0
5™ = —€5(0'y “vu +i6§D)
62’0” o iego"zZ (52D=62 ﬂ'@
ba%a = O

= iV2e P
= —i\/ielll @adAT
= ()

—e?(a‘g/ *Vuw — 103 D)
'L'610'l"'5\ (51D = —€ @5\

0

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

We note here that by R-symmetry we can obtain the second set of trans-

formations by the first one, by simply replacing 1 — 2, ¢ < —\, v# — —v#

and ET « E in the first set.
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The N=2 Yang-Mills low-energy effective Lagrangian, up to second deriva-

tives of the fields and four fermions is given by [47]

L = ZI:( F'(A)0,AT0*A + 4UWW + it PP +1i\ PA — (EET + %172)]
111 1 v 1 /11 1

+ AN — 5B + BN) + -\%Dw] + F(A)7922)

(3.8)

where F(A) is the prepotential discussed in the last Chapter, the prime
indicates derivative with respect to the scalar field; the fields appearing are
the ones remaining massless after SSB, they describe the whole effective
dynamics; vy, = Oy, — 9yvy, is the Abelian vector field strength, v), =
€upoV?? is its dual, Dy = vy + %v;,, is its self-dual projection and ﬁ:‘w =
Uy — %v;l, its anti-self-dual projection. Note that if we define the electric
and magnetlc fields as usual, E* = v% and B! = O’kajk, respectively, we
have 9% = E' + iB* and 9% = E! — iB'. Susy constraints all the fields to
be in the same representation of the gauge group as the vector field, namely
the adjoint representation. In the U(1) case this representation is trivial,
and the derivatives are standard rather than covariant. We notice here that
vo plays the role of a Lagrange multiplier, and the associate constraint is

the Gauss law. Thus, by taking the derivative of £ with respect to vy we

obtain the quantum modified Gauss law for this theory, namely

oL .
O Ea (3.9)

where IT¢ = 0L /3(Apv;) is the conjugate momentum of v;, given by

L (Fe%y — F"e%G)  (3.10)

II' = —(IE' - RB") + —=
( T

and F = R +1I.
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3.2 The classical case

We shall study, for the moment, the classical limit of this Lagrangian. At
this end it is sufficient to recall that in the classical case there is no running
of the coupling constant, therefore there is only one global description at
any scale of the energy. Thus we can use the expression (2.30) to write the

classical limit as

1
F(A) - 57A2 (3.11)
where 7 is the complex coupling constant already introduced
0 4
P TRd e e (3.12)
2r .. g*

In this limit the second line of (3.8) vanishes and the first line becomes

i2 g 1
L= 2 (~r{0,A0" A+ oo +itp §i+i) PA— (BE'+ DY) (3.13)

By using Im(zw) = zjwgr + zrwy = %;(zw — z*w*) we can write explicitly
this Lagrangian as

1l 1

L = —g—2(Z'U,“,’U“V +8,Al0*A — (EE! + §D2)) o iy e

= (Lw - T dpu+ Tr gA- A (314)

The non canonical momenta from the Lagrangian (3.14) are given by
mh = % o —912-6“,4* (3.15)
LT B_Z_ffo - —gizB“A = (w4t (3.16)
I = 5% = —gl—zv#" — #v*’“’ = ~%(TW — T*91H)(3.17)

and

dn(ml)a = giﬂaUZa dm(my)® = —72—*1/_)515”&“ (3.18)
dm(18)a = %)\aogd dr(n{)* = _%t;\d(—,uda (3.19)
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where T4 = 3——, X=%A%,A

Now we want to compute the Susy © Noether currents for this theory. In fact
we have only to compute the first Susy current, since by R-symmetry, charge
conjugation and complex conjugation we can obtain the other currents. As
explained in the first Chapter, it is matter to compute the V,, part of the
current. In the classical case this is an easy matter. Thus, by taking the
variation off-shell of (3.14) under the first Susy transformations in (3.2)-
(3.4), 61.£ = 9, V", we obtain

Vlu = wﬁélA + IT* v,

+T751ng + oty + 6Pl + %5}%; (3.20)

where again 6XY stands for the term in the variation of Y that contains X,

for instance 6P \* = e} D. The total current J{' is then given by?

J{L i N{L—V#

= mhoA+ H‘“’(Slv,, + 511/)7rfz + G Ak + 511/_)7r1’/f) -V
227‘1

= Lagrh - L6 (3.21)

where N{' is the rigid current, §;A = 0 and §{"\ stand for the variation of
A with dummy fields on-shell (there are no dummy fields in the variation of
1). In this case this means E = D = 0 and one could also wonder if they
are simply canceled in the total current. But, in agreement with our recipe,
we shall see later that indeed the dummy fields, and only them, have been

automatically projected on-shell.

*We choose to explicitly keep the Susy parameters €f, L = 1,2. This simplifies some
computations involving spinors. Therefore J! stands for €' J{* and also for e;J'*. In the
following we shall not keep track of the position of these indices, they will be treated as
labels.

54



If we set # = 0 in this non-canonical setting, we recover the same type of

expression, J# = 2N} .. for the total current obtained in the massive WZ

fermi’
model, namely

It o=0 = 2(8" Ak + 5lzzqrg) (3.22)

Once again we see that the double counting of the fermionic degrees of free-
dom provides a very compact formula for the currents. All the informations
are contained in the fermionic sector, since the variations of the fermions
contain the bosonic momenta. Unfortunately this does not seem to be the
case for the effective theory, as we shall see in the next Section.

We have now to integrate by parts in the fermionic sector of the Lagrangian
(3.14) to obtain a proper phase space. Everything proceeds along the same

lines as for the WZ model. The fermionic sector becomes

oo —z'%(w 5+ X P) (3.23)

where with I we indicate one of the two possible choices (1) and X are the

fields). Thus the canonical fermionic momenta are

7 2
(W,I;“)d * o’y o )iss 55)\0‘0551 (3.24)

and wllp” = 7r,1\“ = 0. In this case there is no effect of the partial integration

on the bosonic momenta since 9,7 = 0, we shall see that this is not longer
the case for the effective theory. Also, the partial integration changes V#,
but, of course, also N# changes accordingly and they still combine to give

the same total current J#. Namely

N{* = nh&1A+T1"6, + 6i9r (3.25)

1 * Egee
Vit = nh&A+ il €10, AV*H (3.26)
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and

T e In In
Jl e Nl _‘/1

e i g1
61'(/171'3‘ - 9—2610,,/\11’“’ (3.27)
1 i
= —V2e10% 7,4 + I* 610, — 8—75’7’*610',//\1}*“1/ (3.28)

where we used the identities

61&77{[—)“ = —V2e10%5 7,4 (3.29)
: : 1 ;
—;—2610,,)\13“" = II"6§v, — %T*QO’V}\’U*“V (3.30)

The point we make here is that the current is once and for all given by
1 "
S = g—z(\/iela"aﬂauAT — €10, A0M) (3.31)

but its content in terms of canonical variables changes according to partial
integration. Furthermore one has to conveniently re-express the current ob-
tained via Noether procedure to obtain the expression (3.27) or (3.28) in
terms of bosonic or fermionic momenta and transformations, respectively.
Note also that § does not appear in the explicit formula, as could be ex-
pected.

The next step is to choose a gauge for the vector field and define the conju-
gate momenta (remember that the metric is given by n* = diag(—1,1,1,1)).
We shall work in the temporal gauge for the vector field v° = 0, the conju-

gate momenta are then given by

1 1
TAS Ty = —?aOAT Tt = Tat = —9—230,4 (3.32)
m=1m%= ——1—_(719‘"' — 1% (3.33)

811
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and?®
Ao® (3.34)

With this choice the first Susy charge is given by

1 HE
elQ{ /d3xJ{0 - g—z/d%(\/ﬁela”&ozba,,/ﬁ —iero; 00%)  (3.35)

= /d3x(511/—)7r§-} e g—zz-elai/_\ﬁOi) (336)

i

— /d3x(61A7rA + V2610'5%8; At + §1uITF + 3

6101-5\11*0")
(3.37)

The other charges are obtained by R-symmetry, charge conjugation and

complex conjugation. They are given by
@@t = /d3m.]10 = Elz-/dsw(—\/ﬁega"&o)\&,AT — iegoh0®) (3.38)
GOl = / a3z = 512- / d*z (V26,5 0P8, A — ie15: 201%) (3.39)
no = / a3zl = % / d®z(—V2e,5" 008, A — iex5,01%)(3.40)
Of course one needs to rearrange also these expressions in terms of conjugate

momenta and fields transformations as we did in (3.36) and (3.37) for the

first Susy charge.

3.2.1 Transformations and Hamiltonian from the Q,’s

We now want to test the correctness of these charges by commuting them
to obtain the Susy transformations of the fields and the Hamiltonian. At
this end we first introduce the basic non zero equal-time graded Poisson

brackets, given by (see also Appendix C)

{A(e),ma(y)}- = {AN@),7h@)}- =¥ (@ -7) (3.41)
{vi(2), ()} = &6®)(EF-7) (3.42)

3See Appendix C on the conventions for these momenta.

57



and
#a@), oW} = Pale) P} = 06O (@E-9)  (3.43)

Due to the conventions used for the graded Poisson brackets, for the fermions
we act with the charge from the left while for the bosons we act from the
right. We shall call A; the transformation induced by our charge €;Qf
in (3.35). For the bosonic transformations we use the expression (3.37),

whereas for the fermions we use the expression (3.36). Thus we obtain

MAR) = {AW), a@f)}- = [ @y{A@), VIerhu)mal) + i)} -

= V2e19(z) = 6, A(z) (3.44)
M AN (z) = {Al(z), eQi}- =0=5§,Al(2) (3.45)
Awi(z) = {vi(z), aQi}-

= [dyiu(@) , W@)}-0;(0) = (o) (3.46)
Ara(z) = {aQf, va(z)}-

= [ v w)  Ba@)s = (o) (3.47)
Ada(z) = {aQf, Aa(®)}- =0=ddi(z) (3.48)

where “irr.” stands for terms irrelevant for the Poisson brackets. The trans-
formations for 9 and A\ have to be obtained by acting with the charge on

the conjugate momenta of ¥ and ), respectively

Ayl (@) = {aQ] , mj(2)}- =0 (3.49)

since 7r{zd = 5’7 a9 we have Aj9* = 0 = 67" For A we have

Mrdy(e) = (0@l rh@)- = [EU-d0 (3 0)  ma@)s

. _ée?"iad@Oi(w) (3.50)
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by multiplying both sides by °%? and using the identities given in Appendix
B we obtain

AP (z) = —(e10")Pup, = 8P NP(x) (3.51)

Note that, due to the gauge chosen for the vector field, we only reproduce
the transformations up to 0.

Thus A; = 0". By a similar computation, that we shall not write down
here, we see that the same happens for A;, Ay and Ay. Therefore our
charges are the correct ones, in the spirit described in Chapter 1. Note that
we did not need to improve the current (therefore the charge) in order to
produce the right transformations.

One could also check that the Hamiltonian obtained by Legendre transform-
ing the Lagrangian agrees with the one obtained from our charges.

The Susy algebra for N=2, introduced in Chapter 2, in terms of Poisson

brackets is given by*

$08, , Ongatr = Nol Fuldrm (3.52)
{Qra, Qmpl+ = 2i ZeapeLm (3.53)
{QLd ) QM,B}+ sy Z*Edﬂ'ELM (354)

where L, M = 1,2. The Hamiltonian is then simply obtained as

H= —§5Oda{QLa AL N (3.55)

where L = 1 or L = 2, and we define H = P = —P,.
We shall not write down the details of this easy computation here, since
in the next Chapter we shall spend some time on the effective Hamilto-

nian of the SU(2) effective theory. The result of the classical computation,

“Note that we keep all the indices L, M in the lower position. This reflects our choice

to work with €,@Qr as explained earlier.
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performed for 6 = 0, is

H = / d3x[gz(7rA7rL+%E"2)+gi2(ﬁAﬁAT — i W —iANA)] (3.56)

l\DIr—a

where E* = v% and B* = %emj kvjk. The same result is obtained by Legendre

transforming the Lagrangian (3.14) for § = 0.

3.2.2 The central charge

We can now compute the central charge Z for the classical theory from the
algebra above given. Let us start by computing the six terms (three pairs)

contributing to the centre

{61Q1,€2Q2}- = /d3:1:d3 {Hi,v*oj}_élviT*egojz/_)
ke 8;{ 0TI} _byvim* 105 (3.57)
4+ Hi525\d{61v,~,7r§‘}_
+ TP61Pa{ng, 0205} - (3.58)
+ Siél'(/_)d{'"%,QUﬂE}—T*v*oj
+ —62/\,1{610,/\ n} 7 %) (3.59)

On the one hand, terms (3.57) give
%T* /d3:c6i(61001/3620i5\ — e20°Xe10) (3.60)
On the other hand, terms (3.58) and (3.59) give
et / (BT At + - *OiA}))+2(8iHi)AT+11;(8iv*°i)A})) (3.61)

where ATD = 7* Al is the classical analogue of the dual of the scalar field, as

discussed in the previous Chapter.
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Getting rid of €; and €3 and summing over the spinor indices ( {€1Q1, €2Q2}_ =

—e‘l’eg {Q10,Q2p}+ and €,3¢*P = —2) we can write the centre as

2 = 26 {Quar Qua)s (3.62)

obtaining
: 1 ! 1 P
i 3 s SAT ATy 0
Z /d 2(BiliV2(T AT + B D) — 735" Y]
: 1 ;
+ z'\/i[(ainl)Au4—7;(@1;*01),4}3]) (3.63)

By using the Bianchi identities, 9;v*® = 0, and the classical limit of the
Gauss law (3.9), we are left with a total divergence. The final expression for

Z is then given by
Lok Lo
7252 / @5 (fAl + —Bal) (3.64)

where d2% is the measure on the sphere at infinity S%, and we have made

the usual assumption that ¢ and X fall off at least like r~2. This is the
classical result discussed in the previous Chapter. Note that we ended up
with the anti-holomorphic centre.

When we define the electric and magnetic charges a la Witten and Olive,
we can write

Z = iV2(nea* + nma}d) (3.65)

where < 0|AT|0 >= a* and n,, n,, are the electric and magnetic quantum

numbers, respectively.

3.3 The effective case

We now want to move to the interesting case of the effective theory described

by the Lagrangian (3.8). Let us write down this Lagrangian explicitly
1

b e o e g
L % —F"(A)[BMATB“A+ZUW1)“ +i) P +iX PA - (EE" + 5D )]
2
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FF"(A) [\/_)\ Wy — _(ET'(/;Z +EX) + :/—_D'(ﬁ/\]

+.7-”"(A) [Z¢2 /\2]

+ F"ahe,.Ater A + iv ot 4 b v + P — (BE! + %D"’)]

.'. n

i
(A" [Two""AvW + S(B@ + BN + + DN
n - =
—#t (A*)[wal} (3.66)
where, for the moment, we scale F by a factor of 4.
The non canonical momenta are given by
==ZIo#At  ahy = (n))! (3.67)
™ = _%(f"fﬂ“' J—"T"‘T“") - ﬁ(f-”’x o — F1"Xe" )  (3.68)
and
7 1 1, 1,0 1AV 1 i .7 —uaa
(7r1/;) o 2.7-' Vel (mp)® = 2.7: Ve (3.69)
(ﬂ_;{) ;f///\a ga ( )a ol TII}\ — e (3.70)

where ' = R +4T.
This time the dummy fields couple non trivially to the fermions. Their

expression on-shell is given by

it T
D = - f (For + FiN) (3.71)
B = (- 1) (372)
B = ('R i) (3.73)

where f(A, At) = F"/1.
As in the classical case we can concentrate on the computation of the first
Susy current J{'.The task, of course, is to find V{*. It turns out that its

computation is by no means easy as shown in some details in Appendix D
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3.3.1 Computation of the effective J}'

To compute V}* we first realize that, by varying £ off-shell under d§; given
in (3.2)-(3.4), there is no mixing of the F(A) terms with the FT(A") terms.
The structure of the Lagrangian (3.66) is

L= -7 W+ F" 1+ 77 [3]) - {h.c.}J (3.74)

The terms [1] are bilinear in the fermions and in the bosons ([1] ~ [2F'+2B]),
the terms [2] are products of terms bilinear in the fermions and linear in the
bosons ([2] ~ [2F'-1B)), finally the terms [3] are quadrilinear in the fermions
([3] ~ [4F]). When we vary the F terms under 6; we see that (6; F"")[3] = 0,

whereas

F"51[3] ~ F" (1B - 3F) combines with (6;F")[2] ~ F" (1B - 3F)

F"§ 2] ~ F"(2B - 1F + 3F) combines with (6;F")[1] ~ F"(2B - 1F + 3F)

Similarly for the F' terms. The aim is to write these variations as one single
total divergence and express it in terms of momenta and variations of the

fields.

The €; computation, illustrated in Appendix D, gives

n

o
= ) s
+'21—i.7j”610'u)\'v*“" + m]ﬂ"’elaud)/\? (3.75)

VP = Ak +

51@’”5 + 19y, + S AT

This expression of V' is far from being a straightforward generalization of
the classical one given in (3.20). One could naively try to guess the effective
V{ by simply “inverting the arrow” of the classical limit (3.11), 7" « 7, but
this is not the case. In fact, there are many other substantial differences.
The main three are: the dummy fields now have the quite complicated

expressions in terms of functions of the scalar fields (the factors f) and
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fermionic bilinears given in (3.71)-(3.73); II*” does not appear in V{* and it
will not be canceled in the total current, as in the classical case (it is now
given by the expression (3.68), again with fermionic bilinears and functions
of the scalar fields); the last term is an additional quantum factor which one
could not have guessed. Of course the rigid current is formally identical to

the classical one, namely
N{‘ = (51Aﬂ'ﬁ + 610, T + 51'()[_)7# + (51'¢7T,f;1 -+ (51)\71'5“ (3.76)
Thus we can write down our total current as

gl = Ny

- ?;-%—51'4071' <L HMV(;I,UV e _]_- 610',//\'!)*”' 08 FFT”’QO'“J);\Z
(3.77)
1 k¥ ——
= V2Iey(PAT)o"y - QEFT"QUUM*W i F]:Tmew“w)\?

+[—§<f~w — Ft"ptmy 4 %(f"’xaﬂ"w - F"Xa" h)ero, A

(3.78)

The current (3.77) is not canonically expressed, due to partial integration
necessary in the fermionic sector of the kinetic terms in (3.66). Nevertheless
if we explicitly write the current in terms of fields and their derivatives as
in (3.78) this form will be insensitive to partial integration as we shall show
in the next Subsection. We have seen that this is true for simpler cases (the
classical theory and the massive WZ toy model of the first Chapter). In the
effective case the matter is not trivial.

A final remark is in order. If we conveniently rearrange the terms in (3.78)

we can write

1

2ﬂ
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F" erot P2+
1 ’(/) \/5

207
J1 Yl 611/17r¢ ]:,,, 5"“/\ "+



and we see that the “labour saving” formula J, = 2Nf,

fermi> 1O longer holds.

3.3.2 Canonicity

In this Subsection we digress for a moment to establish the canonicity in
the effective context. This is a delicate point since it affects not only the
definition of the canonical momenta for the fermionic fields, as in the classical
case, but even the definition of the canonical momenta for the scalar fields.

Let us extract the fermionic kinetic piece from (3.66)
1 ol e
Liinsormi = 5= [=F"it) P+ FUish Fip + (1 — N)] (3.80)

If we call £! the Lagrangian with ¢ and X as fields, it differs from £ only in
the fermionic kinetic piece and F e type of terms

T”’

(Ou AP Y + (1 — V)]
(3.81)

l; } - ; s
‘Cﬁin‘fermi T Z[_fuub (31/) + Jj”“wb P —iF

Similarly for £ () and X as fields)
1 L Sl o i
Ll terms = 5 [=F" b P+ F i) Pp+iF" (Bu AP+ (% — V)] (382)

The relation among the three Lagrangians is clearly

r oy aﬂ(%ﬁ”(z/}auw +364)) (3.83)
el 8,,(—%]’"(1/)0“1,7) +A0™R)) (3.84)
and the momenta change accordingly.
From £!:
nlh =t lh=_To"A- %f*”'(&aﬂz/) + XG")) (3.85)
and

(Wzl/';u)d i iI¢aUZd (qupu)a =0

(13*)e = iTX0hy (rih)* =0 (3.86)
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From LI
1 3 i
Tt = ~TOMA + S F" (Yotp + Ao*R)  m =y
and

(m")a =0 (m")" = iTpagHse

(m™)a =0 (m*)® = iThs5"
Note that nothing changes for II*”, since

HI;W P HIIp,u = [I*
whereas in both cases (74)" # 7 4t. From (3.83) follows that
ul poo E Ry L4
Vi =W —5}' 01(paryp + At N)

where §; L7 = 9,V T and 6, F' = 0. Explicitly (3.90) reads

’

VM = &A%+ S19mt; + Syl + Syl

]:'Il
1 1 - 1 1 o T
i, At 4+ —— F e gth A2

+2z' ero A\ + 2\/§f erotp

— S F oty — " Gats — - ate )

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)

the second, third and fourth terms in the first line cancel against the first,

second and third terms in the third line respectively, therefore the fermionic

momenta are absent from Vl“l . But also the rigid current changes to

N{ = 6y Ay + 1610, + 619m

thus, recalling that J* = N*/ — V}*!| we have

(3.92)

S 1 1" Y% 1 1 -
J{LI = 511#7[5;“ + 1" 610, — Z}. 1610'1/)\'0 g m]: T610“¢A2 (3-93)
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which is identical to the one in (3.78) when we write explicitly the transfor-
mations and the new momenta.
At this point we have to check that the same thing happens with the other
partial integration. Here things are slightly more complicated due to the
fact that 7r1141” is no longer equal to 7/ and §;F” # 0. As we shall see these
two problems cancel each other.

First let us look at V;'’*. From (3.84) follows that

Vi = vi gy %f’”&lA(w% + Ao#)) + %f”él(w% + Aok )

= 51A7rf; i e 51’([)71’ G 51'1/)7T¢ s (51)\71')\ (394)

f'”
+l.7-'"1610,,)\v*“" + —.7-' “te1oH P

2i 2v2
s %.7:”61'(/;6”'1[1 = %.7:”7,55'”611/} = %]‘-”5\5’“51)\ (3.95)

1 e iy
+3LAZF" (ot p + Ao ) (3.96)
The first term in (3.94) combines with the last term in (3.96) to give d; AWQI“’ :
the second term in (3.94) and the the first in (3.95) combine to —iZ&;9"1);
the third and fourth terms in (3.94) combine with the second and third

terms in (3.95) respectively. The final expression for VIH" is then given by

Vit = ¢ Awﬁ, — Tt + Syypmy, o+ Sy Ay

TI”

ko J—"’ €10, M + W_—}' 10" P2 (3.97)

The rigid current is
NITB = 5, ArlIP 4 610,11 + 619my " + 8 Am| ™ (3.98)
thus the total current is given by
T 1 =n e 1 e ke
J{TH = (T8 datyp — =F teyo, A — 2—\7—5}‘ Teratp? + 10, 11# (3.99)
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Again we see that writing explicitly the momenta and the transformations
we recover the expression (3.78).

We conclude that the current is once and for all given by (3.78), but in order
to implement the canonical procedure we have to express that current either

as in (3.93) or as in (3.99) and stick to it.

We can now impose the temporal gauge for the vector field +° = 0 and
introduce the canonical conjugate momenta of the fields. As in the classical
case we define Ty field = Wgny fielq- Thus it is simply matter to pick up the
time component of (3.85) and (3.86), for the Lagrangian £, or (3.87) and
(3.88), for the Lagrangian £//. Note that for IT* = I1® there is no difference,
it is always given by the time component of (3.68).

The basic non zero equal time Poisson brackets are the same as in the

classical case, namely

(A@),maW)}- = {AT@),ma(w)}-=6D@EF -9  (3.100)
{vi(z),[F(y)}- = &9 (3.101)
and®
{Bala) , (L) = 626O@E - )
Dalz), (P} = 326@@ - ) (3.102)
{Walz), (mPW)}+ = 3853 (z - )
Pal@) , (WP} = L6 E -9 (3.103)
See also Appendix B. For instance, there we explain the conventions for

{p*, (W,L)B}+ = {(71'1[,)[3 ‘ 1/;d}+ = ed"éé(:;)(f— 7).
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but, many subtleties have to be handled with care. Classically there is no
effect of the partial integration on the bosonic momenta. Effectively this
is no longer the case, as we have seen, but their Poisson brackets do not
depend on which Lagrangian one uses (£! or £7), thus we did not write an
index I or II on the momenta.

On the other hand, the fermionic brackets, classically and effectively, do
depend on the Lagrangian used. Nevertheless we could easily derive a for-
mula which does not depend on the partial integration. At this end we have
simply to notice that the expression of the conjugate momenta in the two
settings, (71'{;)& = iI*0?, and (ﬂ'{bl )& = iZ1ps5°4® (same for \) implies that

the canonical commutations (3.102) and (3.103) are both equivalent to

-— ’L d
{$a(@) , PaW)}+ = —700:0° (T~ 9) (3.104)
(same for ). Thus we can use either (3.104) or one of the two canonical

brackets (3.102) and (3.103).

The other Poisson brackets are all zero. Note for instance that
{If, x}_=0 (3.105)

where x = 1, \, 1, \, even if the effective IT' has all the fermions. Fur-
thermore, it is crucial to notice that the usual assumption that the Poisson
brackets of bosons and fermions are all zero no longer holds. Choosing for
instance the first setting, we must have {ma , ¥}_ = {m41 , ¥} =0. If we

take into account that

{ra, I} = ——21—i]:”’ {rat, I} = 2%,?'"* (3.106)
and the above mentioned definition of ”{E we also have

(ra, mg}-=0 = {4, ¥} =21y (3.107)

{mat, mg}-=0 = {mat, ¥} = +%f*¢ (3.108)
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where f = F"/Z. Similar formulae hold for A.

3.3.3 Verification that the ),’s generate the Susy transfor-

mations

At this point really we have to verify that our charges produce the given Susy
transformations. As explained in the first Chapter, this is a very delicate
point for Susy and, more generally, for any space-time symmetry. In the
simple case of the classical theory we succeeded in doing that, but for the
highly non trivial effective theory we have to be more careful. For instance
the charges Qa obtained by letting the Susy parameters become local (see
Eq.(1.15)) do not work in this sense, as can be seen in [19].

In the following Section we shall choose the setting I to compute the centre
Z. For the moment we want to show how in both cases our charges produce
the Susy transformations.

If we choose the current (3.93), the charge is given by

1. n

o : LG e
elQ{=/d3:c[611,b7r11;+H’61m—%}'J’”elai)\v*m———?}' 61001[))\2] (3.109)

2V/2

Using the same conventions as for the classical case, we shall call A; the
transformation induced by this charge. Again we have to conveniently ex-

press it in terms of fermionic and bosonic variables.

We have:

AA(z) = {Az) , e1Q1}-

/d3y{A(w) y 511/3(.'!)7"{7,(1/)}—
s /d3y{A(m), V2e105%(y)I (), Al (y)} -

= [ @A), Vaerb)mh(y) +irm)-
= V2ei(z) = 6 A(z) (3.110)
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where “irr.” stands for terms irrelevant for the Poisson bracket.
A Al(z) = {AT(2), Q1) =0=6,A1(2) (3.111)

Ar(@) = {w(a) , @Ql)- = [ Eu{ui(e) , TP@)}-6100) = (o)
(3.112)

Afa(e) = {aQ], wa@}- = [PudNl W), da@)}s

= 61904(z) (3.113)

Arda(x) = {a1Qf |, Ma(x)}- = 0= Xa(z) (3.114)

For Aﬂ{zd some attention is due to the fact that 7L is a product of a

Pa
bosonic function Z and of a fermion . On the one hand

Aimhy(@) = (0@, Th@)- = [ (——f”'f{qa% , 7k (@)}-32)
= kol 02 3.115
ke (3.115)
on the other hand, writing explicitly ’”{Za we have
1 ¢
Alwl—d(:v) b ﬁ}""eldnﬁaogd +iZa0, 010" (3.116)

m

where we have used A1Z = 2%.(.7-"”A1A — F" A, A!). Thus, by comparing

the two expressions for Amé—)d we obtain

A1y = V2ef( ——f¢2+ fW) = V2§ Eon = 63"¢° (3.117)

where we have used the expression (3.73) for E on-shell and the Fierz identity

wa'ﬁbﬂ = “6'6 '¢'2
More labour is needed to compute AjA from Al”,!\a and we leave this to

Appendix E. The result of that computation is the following

AN = —e3(0")Bu,, + i) (——=(fPA + fIPN)) = &A% (3.118)

1
22
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where we have used again the expression of the dummy fields on shell (3.71).
We can conclude that in the effective case as well A; = §¢". Thus our effec-
tive charge €1 Q! correctly generates the first supersymmetry transformations
(3.2)-(3.4). The second set of supersymmetry transformations (3.5)-(3.7) is
obtained by first replacing the charge in (3.109) by its R-symmetric coun-
terpa.rt6
1

2/2

and then performing for A, the same kind of computations we have done

o . 1 £tk M
Q5 = /d3x[52)\7rf\+H’52vi—2—2_.7"“”6201-1#11*0’-% fT’/IGQUO)\Tl)Q] (3.119)

so far for A;. We immediately see that this charge reproduces the correct
transformations for A (“R mirror” computation of (3.110)), A" (xf; is ab-
sent), v; (trivial), A (trivial) and 9 (7r§-) absent). By a direct “R mirror” check
we also reconstruct the transformations for A and ¢». We give in Appendix
E the explicit computation for the tricky one, Ag).

We also leave to Appendix E the interesting check that Q{’ as well generates
the transformations (3.2)-(3.4). As we shall show there, in this case the
delicate point is to handle the 7 term in 7%/. This problem is absent
for elQ{ due to the fact that 7r/14 = w4 and there is no 71"1,“ in the charge,
as we expect being 5;A' = 0. Note that even if we use €;Q! the same
problem will appear in handling €,Q{ where we have 7",14\‘- This means that
we have to express the time derivative of the scalar field in terms of the
correspondent canonical momentum and commute this expression with the
fields and momenta. From this follows that it is simpler to compute the
central charge Z with the Q!’s, whereas for the Hamiltonian there is no

such a computational advantage. Thus we shall choose the “L’ setting” for

SNote that under R-symmetry II' — —II* due to v' — —v' and Ao%y — +9o*A =
=A%,

72



our computations, being now sure that the results will be the same in the

other setting.

3.3.4 The central charge

Another interesting check is the computation of the Hamiltonian H. Since
we shall perform this computation in the SU(2) sector we do not show it
here. The main point is the computation of the central charge. Now it is an
easy matter.

Let us first write the R-symmetric of (3.109) given by

e 3 i ' < E +1 T 1 g gl

€2Q9 = /d :I:(H 0ov; + do ATy + 2.7' €209v™ + —2\/5.7: €20° A\ )
(3.120)
We have simply to commute the two charges as we did in the classical case,
paying due attention to the subtleties discussed earlier. The eight terms

(four pairs) different from zero are

{€1Q1,€2Q2}- = /d3$d3y({ni’U*Oj}—5lvi%ftllfzﬂj1!_)
+ {u*"",Hj}_&zvj%fT"qaiZ\ (3.121)
" 51@&{”3,152}-5%.71”’62005\
" 62;\,5‘{5\2,%5\*}_—1—?*",6100117 (3.122)

2v2
+ ITopda{b1vi, 75} -

+ IV6Pa{ng, davs}- (3.123)
+ 1¥a{n, 6201‘1;}—%]:1"1;*07
0 62/_\61{510'12/_\, Wf\d}_%ffllv*m) (3.124)

The terms (3.121) combine to a term in any respect similar to the classical

counterpart (3.57). It is of the form F t"9(p)\). When we write explicitly
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619 = —iv/2e; PAt and S\ = iv2ey PAT we see that the terms (3.122)
combine to a term of the form (9F" ”)1/7/_\. Thus from these terms we obtain

the total divergence given by
/d%&,» [iffl’(elaod_zegai/_\ - 6200/_\610i1/_1)] (3.125)

Again by explicitly writing 611 and dy\, we see tha the terms (3.123) and
(3.124) give a total divergence and two additional terms, as in the classical

case

/ &z (82V2T AT + V2O F'1] + 2v2(0,1T) AT + V20 ) F ) erer

(3.126)

Imposing the Bianchi identities and the Gauss law, dropping the Susy pa-

rameters €; and ez, using the formula Z = %eaﬁ {Q1a, Q28}+, reintroducing

the factor 47 and dropping the fermionic term as in the classical case, we
can write

Z=1i/2 / d®3 - (1At + %EAB) (3.127)

where d2¥ is the measure on the sphere at infinity Sgo, B = %eOijkvjk as in

the classical case, and we introduced the SW dual of the scalar field A
Al = 71 (3.128)

Surprisingly enough the expression (3.127) is formally identical to the clas-
sical one given in (3.64). We see that the topological nature of Z is sufficient
to protect its form at the quantum level. All one has to do is to use a little
dictionary and replace classical quantities with their quantum counterparts.
Thus we can apply exactly the same logic as in the classical case and define
the electric and magnetic charges a la Witten and Olive. The final expression
is

Z = iV/2(nea* + nmap) (3.129)
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where < 0|At|0 >= a*, < 0]A},|0 >= a}, and n,, n,, are the electric and
magnetic quantum numbers, respectively.

Eventually we proved the SW mass formula. At this end we can simply
use the BPS type of argument given in [3] or [43], noticing that our direct
computation includes fermions but they occur as a total divergence which

falls off fast enough to give contribution on S%. Thus
M = |Z| = V2|nea + npF'(a)| (3.130)

A last remark is now in order. The U(1) low energy theory is invariant
under the linear shift F(A) — F(A) + cA. This produces an ambiguity in
the definition of Z. For this and other purposes we want also to analyse the

SU(2) high energy theory in the next Chapter.
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Chapter 4

SW SU(2) High Energy

Sector

We want now to generalize the results obtained in the previous Chapter
to the high energy sector taking into account all the effective SU(2) fields,
massive and massless.

We intend to clarify the following points. First, the U(1) Lagrangian is
invariant under the linear shift 7(A) — F(A) + cA, where c is a c-number.
In principle, this induces an ambiguity in the central charge due to the
presence of F'(A). This ambiguity can be removed in the full high energy
theory, where the prepotential is a function of the SU(2) Casimir A®A®,
and such a linear shift is not allowed, since it would break the SU(2) gauge
symmetry. Second, we want to see what is the role in the mass formula of
the heavy fields. Third, the SU(2) theory has non trivial features, absent in
the low energy sector, as for instance, a non trivial Gauss law. We want to
test our Susy Noether recipe on this more complicated ground as well, even

if we do not expect any change with respect to the U(1) case.
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In the first Section we shall construct a unique charge Q;, for the first
Susy starting from its U(1) limit. In the second Section we shall commute
this charge with its complex conjugate to obtain the Hamiltonian and, by
Legendre transforming it, the Lagrangian. The Chapter ends with the com-
putation of the central charge Z by commuting Q,, with its R-symmetric

counterpart.

4.1 The SU(2) Susy charges

To construct the SU(2) Susy charges' we shall write the most natural gen-
eralization of the U(1) Susy charges obtained in the last Chapter, impose
canonicity and define the SU(2) fields and conjugate momenta and finally
fix them by requiring that they generate the given Susy transformations.
Before starting our journey let us introduce the SU(2) notation we shall use
and make few remarks.

A generic SU(2) vector is defined as X = 30°X° with a = 1,2,3 and we
follow the summation convention. The 0®’s are the standard Pauli matrices
satisfying [0%, %] = 2i€%%0°, where € are the structure constants of SU(2),
and Tro%?® = 26%. The covariant derivative and the vector field strength
are given by D, X = 8,X — i[dy, X) and ¥, = 0,0, — 8,0 — [T, U,
respectively.

We shall work in components thus it is convenient to write down these

formulae explicitly

DuX® = 9, X° + ey X° (4.1)
and
Uy = Vo — Oy + e“bcvzv,c, (4.2)

1As in the Abelian case we can concentrate on the first Susy charge.
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Some authors, [26], [46], [21], keep the renormalizable SU(2) gauge coupling
g even in the effective theory (for instance their covariant derivatives are
defined as D, X = 9, X + ge“bcvf‘X €). This is somehow misleading since,
as discussed earlier, in SW theory the effective coupling is once and for all
given by 7(a) = F"(a). Of course the microscopic theory is scale invariant
before SSB?, and a redefinition of the fields gX — X does no harm. The
matter is less clear in the effective theory, where even the definition of what is
a field poses some problems and scale invariance is lost after SSB. Therefore
we prefer to follow the conventions of Seiberg and Witten [3], where already
at microscopic level the g is absorbed in the definition of the fields and
only appears in the overall factor 1/g? (see also our expression for the U(1)
classical Lagrangian in (3.14)).

Nevertheless we can keep track of g since by charge conjugation® g — —g
(see for instance [48]), which in our notation becomes €%¢ — —e®.
Finally, as we have seen in Chapter 2, the SU(2) prepotential F is a holo-
morphic function of the SU(2) gauge Casimir A®A%, a = 1,2,3. Our F
corresponds to the function M in Seiberg and Witten conventions [3]. For

some properties of this function see also Appendix F.

Let us now write down the SU(2) generalization [46] of the U(1) Susy trans-
formations given in (3.2)-(3.7)

first supersymmetry, parameter €;

2As a matter of fact, it is invariant under the full superconformal group.
3In the Abelian case we implemented the R-symmetry as ¢ «» —\, E < E' and v, —

v transforms
A

—v,, (charge conjugation) when €; — €2. Noticing that the doublet (

0
v — —v, which becomes the Z; discrete part of U(2).

under — ( ey ) € U(2) we can say that there is room for the charge conjugation
1
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HA = V2ey
59® = V2eE (4.3)
HE = 0

SHE' = iv2e, D+ 2[4 1))

S1%g = —iV2e® Do Al (4.4)
5HAt = 0

01X = —€f(o¥ *t — i65D)

611—)"1 = iela"i 515=—€1 Pi (4.5)
Fidg w0

second supersymmetry, parameter €3

62/&‘ = —\/5525:
B\ = —23E! (4.6)
SET = 0
62E = —i\/§62 pi+ 21:[/?,6215]
Sada = V262 DosAl (4.7)
SAt = 0
89* = —€§(a"y *tuw +1i85D)
ot* = i62a""(z 521-j=€2 Pvz (4.8)
Oy = 0
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We want now to construct the SU(2) Susy charges that generate these trans-
formations by generalizing the U(1) Susy charges obtained in the last Chap-
ter. At this end we simply write down the explicit expression of the first
U(1) charge as the spatial integral of the time component of the explicit

current Ji' given in (3.78)

Sy 1 —-=

€1QI11(1) oo /daz: \/‘21-61(5‘41)50,‘/) e l.-}—f”elai/\v*oz 7l Wi 111/6100¢A2
+ [__ .FI/AO‘I ff”'*fo‘l)_i_ \/_(F”Ao’mtp fT /\5'011/;)1610'1/_\)

(4.9)

where, for the moment, we scale F by a factor of 4.

Then we generalize this expression in the most natural way, namely
1 . :
€1Q§U(2) = /d3x fzIabel(aAaT)a.O,‘pb i Ef-ab't610_1_)\¢1.,Umb(}1
Gt 1 o e
=L et e, g0 x0e + ool Feitglel

2f

+E(.Fb°d)\°0°i1/)d - f""“*Z\CaO"z/’;d)]ela,-,‘\") (4.10)
where Fo10n = g F /JA™ ... JA% (see Appendix F) and F® = R¥®+iT%.
In order to impose a canonical form to this charge we have to define the

conjugate momenta of the fields and therefore produce the transformations

above given. The SU(2) version of the U(1) conjugate momenta is given by

e — ___2_12(]_-@0011; Fabt toiby | \/_]_-abc/\b Mg — L pabet 30500 e

7
(4.11)

6= —TI%PA® x4 = —T*A® - %f’f““(z;”&%c + M%502%) (4.12)
w4 = iT%Pe® 7} =iT%\b° (4.13)

where we chose the setting I (see the correspondent U(1) expressions given
in the previous Chapter in (3.85), (3.86) and (3.68)) and the temporal gauge
for the vector field (thus D° = 3°).
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With these definitions the charge (4.10) becomes

1

aQ; @ = /d3a:(H“i5lv?+511za7f,7;+—;‘fmbflai/—\av*o"b"2\/5

Fabe & Uo,d‘)a b /‘\c)
(4.14)

By using the same techniques as in the Abelian case, we see that this charge

correctly generates the transformations that do not involve dummy fields,

namely

108 514 5 AT 5,9° & (4.15)

To produce the other transformations one needs the explicit expressions of
the dummy fields on shell. At this point we notice that one of the main
differences between the U(1) and the SU(2) theories relies on the coupling
of the dummy fields D® to the scalar fields to give the Higgs potential, after
elimination [14]. This potential (and the Yukawa potential) can never be
reproduced in the Hamiltonian by commuting the charge (4.14) with its
complex conjugate. Therefore we see that this first generalization needs to
be improved.
We can obtain the missing terms by considering the classical (microscopic)
SU(2) Lagrangian LISES(: ) and solving the Euler-Lagrange equations for D“.
The result is given by

(D*)%R, = ie®* A’ AT (4.16)

SU(2)

dass (see, for instance, [21]

where we used the standard expression for £

and [46]). Note that (E®)% = 0. From the recipe given in the first
Chapter and extensively applied in the U(1) case, we know that the charge
has to produce the transformations with the dummy fields on shell. D®
appears in the transformation of \* therefore we want to produce &2
from {;Q}"?, 7%}, where 7 = iry\%0° is the classical limit of the SU(2)

effective conjugate momentum of A® given in (4.13). Thus we conclude that
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a missing term in the classical charge is given by
iTre10° A% A° AN (4.17)
Furthermore this term is the only missing term, because once it is added then

we obtain all the correct Susy transformations. The term in the effective

charge that will produce (4.17) in the classical limit is evidently

d ot 5 . e’ A (4.18)
and it is therefore clear that we must add such a term to the charge in (4.14).
We shall see in the next Section that, as in the classical theory, this term
is the only new term that is required. It produces the Higgs and Yukawa
potential in the Hamiltonian and it is responsible for most of the new terms

in the centre.
Thus finally, the first Susy SU(2) effective charge is given by
L0l = /d3$ Haitsl’U? +611,/;“1r1“; = %fmbqai;\“v*mb
L Flabee 0gaxbxE 4 iT%e,0ONbe®d ACAN) (419
Wp €10 1 ) ( )
where we have dropped the label “SU(2)”.

We conclude this Section by writing the R-symmetric counterpart of (4.19),

given by

€Qz = / d3x(H”J'62v§ + 82 \°78 + %}‘T“ezaﬂzcv*tﬁd

2

which generates the second set of Susy transformations above given, and the

+%f“efega°)—\d1/_)ed;f +iT% ego®Pl e AIAM)  (4.20)

complex conjugate of (4.19), given by
aQ1 = / d*z H"‘&v“ + V21% DAY + if“belai,\“v“”"
f-abc— ~0 aAb)\c 3 $ eaCdACAd"’ (421)
+——2 7 { 1 )

where we introduced the conjugate momentum 7.
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4.2 Hamiltonian and Lagrangian

We are now in the position to compute the Hamiltonian H. The main
points here are: first to compare the SU(2) Lagrangian obtained by Legendre
transforming H with the U(1) Lagrangian and with the Lagrangian obtained
by superfield expansion; second to obtain the non trivial Gauss law for the
SU(2) theory. The last point is vital for our purpose, since our main interest
is the computation of the central charge where the Gauss law is expected to
play an important role.
We computed H by taking the Poisson brackets of €;Q; given in (4.19)
with € Q; given in (4.21), then getting rid of ¢; and & ({€1Q1, @1Q1}- =
€8¢ {Q1a , Q14}+) and finally taking the trace with g% The final formula
for H is

H= “%_Oda{Qla , Quat+ (4.22)
where we defined H = P° = —Py. This lengthy computation is illustrated

in some details in Appendix F. Its final result is given by

%(Iab)—lftab};-efBibBif

/d3 Iab lHaiHb‘i A (Iab)—IRbCHaiBic ik
—(z)! i(wA>*+I“"<D‘A“)(D"A“'>
+iZPYCo Dy’ + iT A% D) + %(a,-ffab):\aoi,\b

—%zadeabc(A"d?df\b + Ateydn?) + —;—I“"c"c"e"ngcATdAf Al¢
+%(I“f )TLFIe9y Lo (IT + F1* BY)
o % (720)~1 Ftabegag, AO(IT + FedBid)
+11_6]-‘T€f9}'004(1'90)—1,,z,€1/;f¢0¢c % 1_16].-fabc]:efg (Iae)—l:\b;\cAf/\g
+]%ftbeCffefg(Iab)—11/;a1/;c:\f5\g + _l%fbec]:-efg (T~ 19095\ NI
_%( QII Fobedyjaybyexd _ i Fabod jagb ;\c;\d))
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& By ) AZL
o / d3$ai(§]:'1'ab/\a6.‘l/\b Vi %Iab,‘/)aa.l,l/}b) (423)

where E* = v and B = 3e"*v% are the SU(2) generalization of the
electric and magnetic fields, respectively.

If we call “classical” the terms whose factors are at most second derivatives
of F, we see that the first four lines contain only “classical” terms, modulo

the two fermions contribution to II%* (see (4.11)) and the term due to partial

integration. The first line are the e.m. terms, and if we write
% = —(I*°E% + R®BY) 4 1% (4.24)

where H%-i is the purely quantum two fermions piece, it is easy to see that
the “classical” terms combine to give —Z%(E%E% 4+ B%BY). The second
and third lines are the standard terms one would expect for the complex
scalars and the fermions, modulo the last term in the third line on which
we shall comment in a moment. As promised we reproduced the Yukawa
and Higgs potentials, given by the first and second term in the fourth line,
respectively. The other terms are purely quantum terms. There we have the
two fermions terms coupled to the e.m. fields and momenta and the four
fermions term. To check the correctness of these terms we have to consider
the correspondent terms in the Lagrangian and compare them with their
U(1) limit.

We notice here that, in the last line, we kept a total divergence to explicitly
show that we partially integrated the fermionic kinetic terms, in order to fix
the phase space (¥, \; T 7y) we started with. It turns out that this total
divergence is not symmetric with respect to ¢ and A and this is reflected
in the last term of the third line where only A-terms appear. This means
that the Lagrangian we shall obtain by Legendre transforming H will be
slightly different from the one expected. Nevertheless the difference will not
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affect the conjugate momenta (4.11)-(4.13), therefore the charges (4.19)-
(4.21) above constructed are not affected by this asymmetry. Furthermore
this problem is entirely due to the non trivial partial integration in the
effective case. As explained in the previous Chapter this does not affect the
explicit expression of the currents and charges.

A last remark on the computation of this Hamiltonian, is that we extensively
exploited the SU(2) generalization of the Poisson brackets defined in the last
Chapter. In particular we made use of the “setting independent” formula

for the fermions
{95, o)+ = (A%, N}+ = —i(T%) o0 (4.25)
and the non trivial brackets between bosons and fermions
(rh, W) = — () Py (4.26)
{7% » Yo}- = +%(I"C)‘1ﬁ°“d¢g (4.27)
similarly for A.
We want now to Legendre transform the Hamiltonian (4.23) to obtain the

correspondent Lagrangian. Recalling that our metric is ¥ = diag(—1,1,1,1)

we have
L = pv'II'"® + Qg A®nY + BoAl°nYy + 8oy’ + DA°n§ —H  (4.28)

where H = [ d®z’H and we discarded the total derivative in the last line of
(4.23).

Since for the potential terms (Yukawa, Higgs and four fermions terms) we
have simply to reverse the sign, let us concentrate on the other terms.

In the e.m. sector we obtain
1 fe i TR
Lom = —5T™(E“E®- B"BY) - RE“B"
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— o= (IO + iB*) + P\ (B — iB')

3 Kk -
+5(2*) T P TIR (4.29)

where the second line corresponds to the fifth and sixth lines of the Hamilto-
nian (4.23), we used the expression (4.24) with I1%, = IT}%* + II:‘;I’ X and the
last line is the four fermions term that has to be combined with the other
four fermions terms.

On the other hand, in the sector with the kinetic terms for the fermions and

the scalars we obtain

Localar—fermi = —Iab(aoAaaoAﬂ) 5 DiAaDiAtb)
—iZ%(%0%00P° + Y2 Dy 4+ X203\ + A% iD; )

_%(ayftab)j\aa_p)\b o %(aof'tab)d‘}aaowb

where we used the 741 # (74)! given in (4.13). Note again here that 1) and
A in the last line, do not have the same factor, as explained above.

If we reintroduce v° in these expressions, our Lagrangian density is given by

L=Ly+ Lo (4.30)
where
1 )
L = %[— %f“bv“""ﬁz,, - Z}'T"bv““" v;‘f:,]
—1%[D, A“D* AP + iy P +iX* PX°
__\;_5 €aalc( Acd;b;\d ‘s Atcwb )\d) pi %Eacdebfg AcAtd oS Atg]
= 1 a0
— 5 @uF1)XeHN — 5 (O F! )5 ! (4.31)

contains the “classical” terms, and

43

V2
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+13_6(Iab)—1 [fawfbef(¢d¢fAcAe — AN ) — FFObe gef yaycye S
 Fracdgtoef (Fd s xexe _ JaxexeqS) — FioveFtoes jogexers
+f1acd.7_-1bef(AcaotZ'f¢d00:\e e /\cao;\e,(/)do,o,d‘)f)]
_11_6(Iab)—1f1acd];bef(1/;c1/3d¢e¢f +A3dxer])
+%(2P"“’¢“¢b,\c,\d - %f"“”c"d}“zﬁb;\c;\d) (4.32)

contains the purely quantum terms. The second and third lines of (4.32)
come from the combination of %HF and the four fermions in the Hamiltonian,
whereas the fourth line comes from %HF alone. In Appendix F we shall show
that the factors are in agreement with the U(1) correspondent ones.

Note also that the above given expression for the SW SU(2) high-energy
effective Lagrangian is in agreement with the one obtained directly by su-
perfield expansion in [19].

What is left is to produce the Gauss law descending from this Lagrangian.
At this end we have only to consider the terms in the Lagrangian that contain
the Lagrange multiplier v9° and define the associated Gauss constraint as

we did in the U(1) sector (see (3.9)). We obtain

oL

0=5—rv_96

) : y
= SB(-F"0g + V2FP VoY)

—e99dyid Fabph 4 (9¢d\/2 FW\GE v — h.c.]
+  €99eT(ADY AT + AlDYA® + ibagy + i T A)4.33)
Recalling the definition of the conjugate momentum I1% of v{ given in (4.11)
and the definition of the covariant derivative, D, X* = 9, X* + e“bcsz ¢, we
see that the first two lines give D;I19°. Thus we have

D,'Hig s _egacIab(AcDOAfb % AtchOAb Y i,d}ba.o,(/’;c 3 ,i/\ba_o;\C) (4_34)

which is the required Gauss law.
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4.3 Computation of the central charge

We can now compute the central charge for the SU(2) theory. As we did

in the U(1) sector, we first compute the Poisson brackets of €;Q, and €2Q>

given in (4.19) and (4.20), respectively. The non zero contributions are given

by

{€1Q1,€2Q2} -

+

+ + + 4+

T PO T R e 2

/ d*zd>y ({Hai, U*Ojd}_(Slv{‘ %}'Tc‘iezaﬂ;c

{U*Oib, ch}_égvjqéfmbelai:\“

i )

804 {1r°‘d N2} mmm FToeg, o090

\/_
%8N8 {6108, m§°}
175, 8, {m3®, 6508} -
611/;(‘;{7r$a, €20,9°} %ftcdv*oj'd

8o\ {€1030%, 7;95}_ i Frtab, «0ib
{nm 52/\ }-61vi 7S "b

(6 )

iZ 6194 {n§ @ e} _ee9" A9 AN
iZ%6y 06 {€10°X ,Wf\&C}_eadeAdAef
{n%, T%7 16, Aliego 9/ €29" A9 AT
(Z%, 7%, }6, A%ie1 0O\ A° AT
(Y, A9}, AT 30"/ o AT
{A°, 75} 02 AT € 0" N0 Atd)

88

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)



The eight terms (four pairs) (4.35) - (4.38) are simply the SU(2) version of
the Abelian computation. On the one hand, terms (4.35) and (4.36) give

/d3z8i[if“bf (€10%¢%€20' N0 — €20 X%10%9)) (4.43)

where the terms (4.35) give F1%9(¢)*X?) type of term and the terms (4.36)
give (0F1%)3p%)\’ type of term. Note that there is no SU(2) contribution
coming from the covariant derivative DA'.

On the other hand, terms (4.37) and (4.38) give

/ (& [2V/3I1% AT 4 V300 419+ 2V E(DII*) A +V2(D0*0) ALY ) erc

(4.44)
where again B* = 3¢"/*y% and we introduced the SW dual of Ast, A% =
F°t. The Bianchi identities D;v*%*® = 0 can be applied in this case as well,
thus we expect the eight new terms (four pairs) (4.39)-(4.42) to contribute
to the Gauss law only. Let us look at them one by one.

The terms (4.39) give
/d3x 7 H“e“wAfd(ela‘(’roweezoid_)c + €20'3°\€1031°) (4.45)
the terms (4.40) give
— /daa: \/_ZI“b(D,,A*b)e“deAdATe(51006“62 + €10%3%,)
= —/dsz2\/§7r§e“deAdA“eeleg (4.46)

where we used 74 = —Z%8° At and (0% + 0#5°)5 = —2n"5}.

The terms (4.41) give
/d3:z: - %f‘fbeeghAgA"‘(elwbegaod_)f + €2\%10°0\)) (4.47)
Finally terms (4.42) give

/ Bz — V2oL 9 At (€9 e20°PF + €209€10°N) (4.48)
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As usual we now get rid of €; and €, sum over the spinor indices ({e1Q1, €2Q2}_ =
—5?fg{Q1m Q2p}+ and ﬁapeaﬁ = —2) and write the centre as Z = %e“ﬂ{Qla, Qa5}+-

Collecting all the contributions we obtain

fodiiss /dSz(ai[i\/i(HaiAfa + BaiAEl) o ]_-fabtzaa,io:\b]
+ i\/i(DiHai)Afa
Yk fzIbeebwATd(¢e001Zc + )\eao;\C)
1 o =
2% ’27§(Ibe€b6d % Ibcﬁbed)ATd(’l/JeUO’(ﬁc i AGO'O)\C)
- V2 AP Aten

s ;WfabceadeAdAte(,d)cao,J)b o )\co_O‘)‘\b)) (4.49)

As shown in Appendix F we can recast the terms in the last line into F
type of terms and combine them with the similar terms (remember that

2iT% = (Fe — Flab)), The result of this recombination is given by

z = [da(anvameat + BuAl) - Flojesox)

i ,i\/i[(Dinai)A'ta £ izkewdAtd(¢e00¢'c * /\CO’OXC)
—e“bcAbAfcwﬁ]) (4.50)
We see from here that the terms which are not a total divergence, given in

the second and third lines above, simply cancel due to the Gauss law (4.34)

obtained in the previous Section
D;II% = —eaberbd(geg0Atd 4 Ategl Ad 4 i(y20%9° + A%°X°))  (4.51)

Eventually we are left with the surface terms that vanish when the SU(2)
gauge symmetry is not broken down to U(1). If we break the symmetry
along a flat direction of the Higgs potential, say a = 3, we recover the same

result we found in the U(1) sector. In other words we see that on the sphere
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at infinity
¢ 5 {4 Y
7t = / P8 [V Al + B AY) — —FIgeFN)
e - 1 -
S8 / P25 (AP + —BAp) (4.52)

where & = (6°1,5%,5%) and we reintroduced the factor 4. We made the
usual assumption that the bosonic massive fields in the SU(2)/U(1) sector
(a = 1,2) and all the fermionic fields fall off faster than r®, whereas the
scalar massless field (a = 3) and its dual tend to their Higgs v.e.v.’s a* and
a}, respectively.

We conclude that the fields in the massive sector, have no effect on the mass

formula.
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Appendix A

Proof of Noether Theorem

The following proof is based on Ref.s [6] and [45].

Let us consider the Action
e /Q d*zL(B;, 0D;) (A1)

where ) is the space-time volume of integration. The infinitesimal transfor-
mations of the coordinates, of the fields and of the derivatives of the fields

are given respectively by

Ty — T, =T, + 0z, (A.2)
bi(z) — @i(z)) = Bi(z) +6%;(z) (A.3)
0,®i(z) — 0,24(a') = 0,Pi(x) + 69, Pi(x) (A.4)

note that 6 does not commute with the derivatives.

* When we act with this transformation the Action changes to
Alita /Q 2@, ') (A.5)

If the transformation is a symmetry we have Ag, — Ag = 0, therefore at the
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first order we obtain

s AL A
oL oL
= 4 p : 3 ol S e e
/d x (1+a,,5x )(c(<1>1,a<1>,) o 00 8(8#@)53,@1) c]
oL
e d*z .
/ a(a (I))aa P +£8,,x) (A.6)

where (1 + 0,0z") is the Jacobian of the change of coordinates from z’ to =
at the first order.
Let us now introduce another variation 6* that commutes with the deriva-

tives. If we do so we can write
0®; = 0,P;(x)oz" +6*®; and §(9,®P;) = 0,0, Pi(x)dx” + 6*0,®; (A.7)

Substituting these back in (A.6) we obtain

o oL oL
/d4 )5 ) + (5-0u0 + S5y i)t + £,52]
i / d4 a(a = )5*<1>,~) £t (-g;%ax“+ca“5mﬂ)] (A.8)

o / d'z(BE.L.);6*®"
Q
which finally gives the wanted conservation law on-shell 9, J#* = 0 where
J¢ = TI*6* ®* + LozH (A.9)

This leads to the identification V# = —Ldx* introduced in Section 1.1. If

we write back the space-time dependent variations §®* we obtain

Jh = I — (TIV0Y®; — 9™ L)éz,

= %' — T4z, (A.10)

that leads to the definition (1.8) of the energy-momentum tensor 7#".
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Appendix B

Notation and Spinor Algebra

Let us say here that in Susy conventions and notations are not a trivial
matter at all. We follow the conventions of Wess and Bagger [9] with no
changes. Fortunately these conventions are becoming more and more pop-
ular and this is one of the reasons why we chose them. Rather thén filling
pages with well known formulae we refer to the Appendices A and B in [9].
Here we shall comment on some of those conventions and show the formulae

more relevant for our computations.

B.1 Crucial conventions

The spinors are Weyl two components in Van der Waerden notation. Spinors
with undotted indices transform under the representation (%, 0) of SL(2,C)
and spinors with dotted indices transform under the conjugate representa-

tion (0, %) The relations between Dirac, Majorana and Weyl spinors are
given by

()
z{)(.l \I’Majorana o _o.‘ (B.l)
)\C! wa

\I’Dirac o~
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The sigma matrices are standard Pauli matrices

. -1 0 S 0 1

o = o = (B.2)
b #eaEy 10
0. =i 1.0

o= 0% = (B.3)
i 0 0. 0—1

= (B4)

The metric is 7, = diag(—1,1,1,1). To rise and lower the spinor indices

12 — _¢19=—€2 = 1. Also €g123 = —1.

we use €, and €8 where €3 = €
The position of the spinor indices is not negotiable and is given once and

for all by

oty T oG (B.5)
where
1 - ;
owP = 7(0hdP" —alaa%h) (B.6)
: e 1
5.#1/(;_3 =4 Z((-Taauazﬂ_&aauagﬁ) (B.7)

From o to ¢ and vice versa:

g’(‘m = €a[3€a55“ BB Fwoa — Edﬁeaﬂa’;ﬁ (B.8)
€aﬁ5ﬁﬁ = Eaﬁguaﬁ edﬁégﬂ 3 eaﬂauaﬂ (B'g)

To raise and lower spinor indices use A(9) in [9] always matching the indices

from left to right as follows:
Y= Eaﬂwﬁ Yo = eaﬁd’ﬂ (B.10)
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of course
¢ﬁfﬁa o G,Ba"pﬁ oo —5aﬂ'¢ﬂ = —t%a (B-ll)

As explained in Section B.4 momenta are on a different footing and the

convention to raise and lower their indices is the opposite to the standard

one. Namely

Ts To = €gam (B.12)

Quantities with one spinor index are grassmanian variables thus anti-commute:
Yaxs = —Xp¥ar VaXp=—Xs¥a WYaxs = —Xp¥a (B.13)

But some care is needed due to the (subtle) convention

VX = P Xa = —PaXx® (B.14)
and
¥X = PaX® = —P*Xa (B.15)
that leads to
(X))t = ¥x (B.16)
with no minus sign. Note that ¥x = x¥ (¥X = x¥) but 7x = —x7
(7x = —x7) where 7 is a momentum. Explicitly writing the indices that

S
means: m™*xq = TaX® and TeX® = T Xa-

Quantities with two spinor indices are c-number matrices

Eaﬂ’ Edﬂ.) O-ZB, 6udﬂ7 (Ul“j)a ﬁ) (54“/)d ﬂ', (B.l?)

For instance the (anti)commutator of ¢/ and 6" is with respect to the

Minkowski indices p, V.

Other formulae:
Posd*” =50 " oy = ~250 B39
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FeR; (6 7o ARGt X
where @o¢ = 0,0, and @ = ag o,

Also yo'x = —xat, (Yot x)T = —xa*P, (Y M)t = ~Y .

B.2 Useful algebra

Beside the Fierz identities given in (B.13) in [9] we also find

PN — gAY = —*PYX  Yadg — Ypha = €apth) (B.19)
Yo’ — 9P ha = —G5PN  P*Ag — YpA* = G5PA (B-20)
PN — GRS = BYX Py — Dpha = —€;5BA (B.21)
DX — PR = 600N A% - P00 = 039X (B.22)

Using the definitions and the properties given in (A.11), (A.14) and (A.15)
in [9] we find :

oot = %(—n’\” ol $ibe ie’\‘“"‘an) (B.23)
oher = %(n")‘d” — n‘wa}‘ + ie‘“’)‘”an) (B.24)
e Al %(—n*”&“ + o L e ) (B.25)
gre” = %(n‘“&" — 5 — e MG, ) (B.26)
which imply
oo, = 0,5 = —50“ e, = a0 & —%5“ (B.27)

Very useful is the version of the previous identities with free spinor indices

oW Poy Ny = %(U%ﬁe'yafﬁa“aiﬁy&?) (B.28)
HIFET = (o S eqse® + 54 RY) (B.29)
a‘“";aZW % %(5“5%"’%55—5“@76;) (B.30)
5”"%0,,(,;, =% %(a‘;(-sedsem+a’;ﬂ-6$‘) (B.31)
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We also have

MYB =G 3 e T siis
ol Top & 6;5a
0uB 6 1
oa‘“ﬁovoﬂ = —Z(ea,yeﬂ‘s + (5255)
e g T
o 0o A Y & 57
% o 2 (e*7es5 + 05 95)

Also useful are the following identities:

1 !
PO _pv\a R s N7 — PO = UV i
(0’ o )B'Upav;w = 26ﬁ’U,W’U (O’ (o )vaavuu =
P oty o gite
gHhoP? Ypy = Ry G,
P57y, = afiite
75 v, = $ig,
where
N2 iz i * UV ~tuv 0z i *UV
U = U U PIRY = B gy
2
and v* = —y¥H,

B.3 A typical calculation

(B.32)
(B.33)

(B.34)

]
e 5(52"[1‘“/0““/

(B.35)

(B.36)

(B.37)

We present here an example of a typical calculation encountered during the

lengthy computations we dealt with.

Often we have to reduce expressions of the form

A% xooip

(B.38)

In order to do that first we have to write in the spinor indices, then extract

the matrices being careful about the position of the spinors involved. Thus
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the expression above becomes
XX 05 0XPay, (B.39)

Then we use the definition (B.6) to write the product of the matrices as
1 o _iap

Tk (Jad6

1 - 0445%P)ad, (B.40)

using the properties (B.28) and (B.29) this becomes

1

5 ((0°F0)5erec™ + (0°50)3,08 — (005°)eane™ + (003°)305)  (B.A1)
using (0°50)2 = —6 we obtain

1

1
g( - €ya”? — 6355 + €aye®? - (555?!) < (e.yae‘sﬁ + 6265) (B.42)

When we substitute this back in (B.39), pay attention to the summation

conventions and commute the spinors we end up with
1
=1 (% Xx = ¥x Ap) (B.43)

In the case where p = A\ we can reduce the expression even more using the

Fierz identities given in (B.13) in [9]. In fact we can write
1 1
Y ha Mxp = — 5009 xs X = —Sx X° (B.44)
Thus for ¢ = ) the expression (B.39) can be reduced to

%ﬁx A? (B.45)

B.4 Derivation with respect to a grassmanian vari-

able

The derivative % is a grassmanian variable therefore anti commutes. From

the general rule 8, = m,u0" it follows that the indices have to be raised
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and lowered with the opposite metric tensor with respect to the standard

convention

R R
5y~ Py

This is crucial to get the signs right, for instance:

(B.46)

&w S W) = W(«/J Ya) = €ap W(zﬁ“wﬂ)—ew(wﬁ v8)) = +2¢,
(B.47)

and
5%(11111)) W(wwa)—e‘”(zwﬁ) ~2y" (B.48)

Similarly for dotted indices

8ot b 2onpnsBor, i Blilerd oy o
b GBS S Gl =2 (B9

Form here it is clear why the momenta have to be treated with the opposite

convention.
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Appendix C

Graded Poisson brackets

We deal with c-number valued fields, i.e. non operator, in the classical as
well as effective case. Therefore the Susy algebra has to be implemented
via graded Poisson brackets, namely with Poisson brackets {, }_ and anti-
brackets {, }+. We define the following equal time Poisson (anti) brackets'

{Bi(z), Bx(9)}- = / d3z <531(: 6511?12(2)) 6(51)2%) 631(( ))> (C.1)

(
(z)6F(y) dF(y) B(x)
/ dgz( (=) 0tie)oale) 6H(z)> e

{Fi(z), Ba(y)}+ = / d3( :)(fillilb((z))-l_i}g((z)) 21;11((:)) e

where the B’s are bosonic and the F’s fermionic variables and ® and II span

I

{B(z), F(y)}-

the whole phase space.

Form this definition it follows that the properties of the graded Poisson

Following a nice argument given by Dirac [20], this definition leads to the quantum
anti-commutator for two fermions. The original argument relates classical Poisson brack-
ets to the commutator [Bl(x),Bz(y)]— — ih{Bi(), B2(y)}-, where the B’s stand for
bosonic variables. The generalization to fermions is naturally given by [F; (z), F2(y)]+ —
ih{F1(z), F2(y)}+ (we shall use the natural units A = ¢ = 1), where the F’s are fermionic

variables.
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brackets are the same as for standard commutators and anti-commutators

1B1, B3} = —{By,B1}. {BiF}.=-{F,B}_ {F,FR}=+{R A"},
(C4)

Let us notice that only a formal algebraic meaning can be associated to the

Poisson anti-bracket of two fermions, since there is no physical meaning for

a classical fermion.

The Susy algebra (1.10)-(1.12) is modified by a factor i due to the relation?

[i]+ —d{ }a

The canonical equal-time Poisson brackets for a Lagrangian with ¢ and v

as boson and fermionic fields respectively are given by the usual relations

{6(@,1), 167, )}- = (E-§) (V@& 1), myp(@t)}+ = 0560 (F — )
(C.5)

and

{p, d}-={¥, ¢ }y={mg, T} ={my,my }+ = {0, my}- = {¥, mp}-
(C.6)
The same structure survives at the effective level even if a great deal of care
is required.
Note that
(o, s =8 and {y*, mys}y =05 (C.7)
are compatible iff m, = —ea[ﬂrﬁ which is the convention explained in Ap-

pendix B. Note also that we impose
{"/)a ) 7T¢ﬂ}+ = Cofi= {7T¢a ) 1!’a}+ (08)

We use the graded Poisson brackets in the same spirit of derivatives, thus

even if some of the variables involved are not dynamical we have to commute

2See previous Note.
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them. For instance {ey), my}— = {9, my}+ — {€, Ty }+9 = €{th, 7y } 4+ where
Y , my are dynamical and e is just a grassmanian parameter.

Useful identities:

{B1, BaB3}_ = {B1,Bs}_B3+ B2{Bi1,B3}- (C.9)
{B1B2 : B3}_ = 31{32,33}_ + {Bl,B3}_B2 (C.IO)
{Fl ; F2F3}_ — {Fl,F2}+F3 - Fz{Fl,F;;}.,_ (C.ll)
{F1F2 ; Fg}_ = Fl{Fg,F3}+ - {Fl,F3}+F2 (C.12)
{F1F2 § B}_ = Fl{Fg,B}_ it {Fl,B}_FQ (013)

{B Z F3F4}_ = {B,Fg}_F4 S F3{B,F4}_ (C.14)
{R\Fy, F3Fy} = F{F,, F3}Fy — F1{Fs, Fy} F3 (C.15)

—Fz{Fl,F3}+F4 +F2{F1,F4}+F3 (C.16)

where the B’s and the F’s are bosonic and fermionic variables respectively.
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Appendix D

Computation of the effective

Vi

We first notice that, by varying off-shell the Lagrangian (3.66) (the one not
integrated by parts) under the Susy transformations given in (3.2)-(3.7),
there is no mixing of the F terms with the F' terms. As explained in
Chapter 3, the structure of the Lagrangian is
2L = —F"[2B+2F]+ F"[1B2F)+ F"'[4F) (D.1)
+ rt"i2B+2F) - A" 1B2F) - F"'[4F)t (D.2)
where B and F stand for bosonic and fermionic variables, respectively.
For instance, if we vary the F terms under §; we have (§;F")[3] = 0,
whereas the other terms combine as follows
F™5,[AF) ~ F"(1B3F) with (5,F")[1B2F] ~ F""(1B3F)
F"§,[LB2F] ~ F"(2B1F + 3F) with (6:F")[2B + 2F] ~ F"(2B1F + 3F)

Finally there are terms F”6,[2B + 2F], the naive generalization of the clas-

sical V. The aim is to write these quantities as one single total divergence
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and express it in terms of momenta and variations of the fields, that we

write down again here

mh = —T#AT - oh, = (xh)

I = ~%(}‘”f;’“’ — Ftlptmy 4 %(7’—"'/\0“‘% — F g )
1 1 Gt s
(Wg)a = 5-7” ORI —57:T"¢a5“aa
1 o j
(m8)a = %fﬂ)\a‘fga (m3)* = —§fT'IAa5“aa
HA = V29
HY® = V2$E
HE = 0
SE' = iV2e PV
0ha = —iV2€e] PoaAl
HAT = 0
A* = —€](0'§ “vu — i03 D)

(511)“ = iela”jx (51D =€) ﬁj\

01dat = 0

This computation is by no means easy. It is matter of

e identifying similar terms and compare them

(D.3)

(D.4)

(D.5)

(D.6)

(D.7)

e use partial integration cleverly: never throw away surface terms!

e use extensively Fierz identities and spinor algebra
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We have found by direct computation V}* and VI“ . Of course the first one has
been the most difficult to find, since if one understands how to proceed in
the first case, the other cases become only lengthy checks. We do not have
the space here to explicitly show all the details. What we want to show
explicitly in this Appendix, is only the simplest part of the computation of
V}*, namely the contribution coming from the F terms.

Let us apply the scheme discussed above. First we consider the 7" type of
terms. If we find contributions from these terms we know that they cannot
be canceled by terms coming from the rigid current N, and there is no hope
to rearrange them in the form of on-shell dummy fields (they only contain
F" type of terms). This would then be a signal that by commuting the
charges we could have contributions that would spoil the SW mass formula.

What we find is that the terms

i S(G19)YA? + ¢2 (BN

o ]-'”"5[\/_2_611/))\ E — 10" M ? + iey Ap? D] (D.10)

F"61[AF)

summed to the terms

iEelsz? +iDeypep)]  (D.11)

(17" [1B2F] = F" [ Ao" Yvu — =5

fortunately give zero.
Let us then move to the next level, the 7 terms. In principle these terms
can be present, since they appear in the expression of the on-shell dummy

fields. We find that the terms
1 v 1 + 1
[-\/——M Yorvw = 5 (0L EN)YY + 75 01D)N

9 fll,[\/—AU“V¢2Z€1‘7V8 A — \/—61 P — %61 PAYA]

. %mzx ety —e1 Pp) (D.12)

P(saBRrF] = F"
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summed to the terms

— (01 F")[2F) = —iV2F" X Pheryp — ivV2F"yp Pher)) (D.13)

again give zero.

What is left are the other F”” terms and the F” terms. There we find

_F'§2B +2F] = —F'[(8,AN)9(3,4) + %(511)“1,)11’“’ - 2(511;“,,)1;*“"
+i(619) PP + i @(619) +i(01A) #A — ESE" — D6, D]
= —F"[(0,AN0*(V2a19) + (i€10,(8,0)) 0"
‘%(ielau(am)v*ﬂ" +iV2e1 PPE — V2 (Poa PP AN)erp
—i€} (0% “vuy — 03 D) Pac)®
—iv2e, PYE — De; PN
= —F'[V2e1(0"9)9, AT + V2e1 DAl
= —F'*[V2e199, Al (D.14)

Thus we find the first non zero contribution. Let us note that this term
would already be a total divergence if we impose the classical limit 7" — .
Thus we can guess that the 7 terms have to combine to give the quantum
piece missing in order to built up a total divergence when summed to the

terms (D.14). We find that
1
~5,F"[2B] = F"V2ay[-0,A'0"A— Juut" + EET + % D?]
summed to

1
FUB(6:2F)] = f"'[%(alx)a“"wvmEAU“”(élw)v,w

—%(ETw(Slv,b + EML) + %D(élw))\ + —\;—iszdl/\]
o .o
F"’[‘ﬁﬁldu o howvpe + -ﬁela“ Yv D
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+Xo* €10, E — EYEV2e1% + Eero™ Auy,)

—iei\DE 4 iDEey ) — —’ﬁDelan,Mp " %DQEYLM
3= —F”'[%ela“uap“vvaaiﬁ + E'EV2e19 + %D%Nb]
give
(*F")[—V2e199,AT] (D.15)

Collecting the two contributions (D.14) and (D.15) we end up with the

wanted total divergence
F" [~V 26190, AT] + (0" F") [~V 2€149, A']
= M(-F"V2e190,A")

f”
& 8“(761A7rff1) (D.16)

where the definitions of momenta and the Susy transformations were used.
More labour is needed for the F terms. We only give the result of that
computation here. We have
0u[F"V2erpot AT + iF T e10, XMt 4 F' ey g*AD
i
V2

Using the definitions of the non canonical momenta and the Susy transfor-

+F" /210" M8, AT + iﬁf"TIZ&“elE + .7:”/1-610'“’15)\2]

mations of the fields, these terms can be recast into the following form
it 1"t

-7: 7 £ N KUV
Oul—T 01 At + 20— bl + 2Bk + F €10, 3o

e .
+2i619my, 7 €10t 7] (D.17)

Summing up the terms (D.16) and (D.17) and dividing by 2i we obtain the

final expression
o
Vlu = 51A7-‘-i -+ ‘7,751@[)71':2 i 51’¢7!':;) i 51/\71'1;

2 1 i
+-21—-ff”e1mv*“" e Perotpa? (D.18)
2
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As explained in Chapter 3 this form is not canonical and has to be modified

according to the rules given there.
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Appendix E

Transformations from the

U(1) effective charges

In this Appendix we shall complete the proof given in Chapter 3 that our

U(1) effective charges correctly generate the Susy transformations.

E.1 Aj) from Q{

On the one hand

{1Q1, (@)}~

/ dPy(IT (y){d10i(y) , s(@)}-
_%ﬁ”(y)v*‘”(y){ewi\(y) ()}

_ L " e a" Bt )., ma(@)}-) (B

Amid(x)

2v2
On the other hand
Alﬂ-%\d = %fﬂl61'l/))\a0'gd N ’iIO'gdAlAa (EZ)
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Equating the two expressions, writing explicitly II* and collecting the terms

according to the order of the derivative of F we have
1L0oeD1X" = 2(.7-' 0 — FU ™) e§0i00 + 2.7-' e i

1 ; i
+ = F" XS oins — —=F " e192%0%4

V2 V2
—%]ﬂm 0’1,061 Cioty — Tmeela W (E.3)

The terms are arranged such that in the first column there are terms from
IT* and in the second the others. Now we notice that the terms in the first
line should combine to give the term proportional to vy, and the other two

lines should combine to give the term proportional to D°" in §; A. First line:

_%(]-"’ — F") 0% €S 0106 = —iZ(10"0°) sV (E.4)

where the identity 0%cins = (0"70°)aavw was used (see relative appendix).
Second line:

The first term in the second line

1 - 2
_\/_Ef/”)\ﬂ(o-oz)g’(/),ye?diad = F]:”,( '(,b)\a(fgd ks €1>\'¢ o-gd) (E5)

where the identity

il
U(Z R, i a(o%deage'y‘s — 0%a02) (E.6)

was used (see Appendix B). Combined with the second term in the same

line we have

1
_;ﬁﬂ'(elwaogd tadiol) = S F Aol (B)

where we used the Fierz identity Agy)® = —9gA* — 6gf¢)\, Third line:
Using similar identities (see the appendix) we can write the first term in the

third line as follows

1 ENE Nk
me/I,(elaow)\d — 16°2s) (E.8)
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which combined with the second term in the same line gives

1 " -
m}ﬂ "/})‘ €10, aa (EQ)

Collecting the terms in (E.4), (E.7) and (E.9) we have

T”/

2\/— 1/)/\ €10 aa
(E.10)

iZo05 A\ = —iT (10" 0%)qvp + \/_f"'w)\e‘f‘ o)+ —=
which eventually gives the wanted expression (3.118)

E.2 Ay from Q!

On the one hand

Agmjs(z) = {e2Q2, T5. (8}
[ Ev@ o), mhy(a)-
-—.f*”<y)v*°l<y>{emw<y> Lo

+§17ff (1)e20®AW{PW) , 7ha(@)}-)  (B11)

On the other hand

AQW'{Z}GL = —%f’”éz){l[)adgd ot iIO'gdAQ’(/)a (E12)

Equating the two expressions, writing explicitly IT* and collecting the terms

according to the order of the derivative of 7 we have

1 L % o
iZogsDayp® = §(f "% = 0% ef i+ 5}—1 "€ 0ias
. 1
_%f’”d)dow\fgaiad = ﬁfl"ez)\’d)adga
SAREE 1 T T
+%7‘- " 5% NS Tine + ﬁﬁmfw())\% (E-13)
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First line:
1
—'2‘(.7:" fT”)U 520'zaa 7 _iI(€2UuV0'0)d’Uuy (E.14)

Second line:

- \/_.7-'”’(6 22200, + €aA%al,) = e \/_]-'”’1/1)\62 i (E.15)

Third line:
1 o B

Fﬁ "(20"PXe + €20°A) = —mfwﬁb)\ 2006 (E.16)

Collecting the terms in (E.14), (E.15) and (E.16) we have
1
00, Agyp™ = —iT (20" 0°) 40 — Mf "YASTas — o= A0
(E.17)

or

Ba® = (0" oo — (=5 S(WA+ [19R) = 69 (E19)

E.3 The transformations from Q!’

The charge is given by

! ]- " = i 1 " -
=0 1 : *0
aQi’ = / @z (V2Ter(PANG Y+ 80— - F teroidv e Te10"P2?)

(E.19)

let us write again the momenta
= -19°A + %f”’(w% +X20%) wii=my T (E20)
(t)a=0 (7} =iTgad™* (m5)a=0 (m)* =iIXs5%* (E21)
The charge re-expressed

1 - € ;
agy = /dSm(\@eﬂ/M,Iqj £ ﬁf"'ﬁﬂﬁ(iﬁaoiﬁ + XN + V2T e, 0500, AT

. 1 1" < &0 1 " 07~
+, Whwe 7T teioidv*® — S fe10"Px?) (E.22)
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where the first line in (E.22) corresponds to the first term in (E.19). Let us
call A; the transformations induced by this charge.

Bosonic transformations.

When we commute the charge (E.22) with A according to the canonical
Poisson brackets we only have contribution from the first term therefore
A1 A = 6, A. Trivially we see that A; AT = 0= §; A" and Av; = 6,v;.
Fermionic transformations.

The interesting part is the commutation of the fermions. Let us start with

Aq1. First we commute the last term in (E.22) that can be written as

_____]: 0_5\2
W 2\f

and we see immediately that it is not enough to produce the expression

fT)\2617r¢ (E.23)

(3.73) of E,y, therefore we need also the piece introduced in the first line to

write the canonical momentum for A. The relevant term there is
1 o
——F"eppo’% = ——= fPermy E.24
V2 "o i
Now it is clear that

By = {EIQ{I ) "pa}-
. \/_ela er/\2 f’l/)Z)) = \/§€1ann = 61'¢)a (E-25)

Similarly for A\ when we consider the terms in the second line of (E.22)
they are not enough to give the right expression of Doy in (3.71) and also
the term —%]—"” e1Ao®) in the first line has to be considered. We do not
show the explicit computation being in any respect identical to the one we
have done with ¢;Q. At this end one could use the independent Poisson
(3.104) in both cases.

Let us show in some details what happens for the other two fermions A and

. The re-expressed charge (E.22) has the term -\/Li}"” €19 o), therefore
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we have to commute it

1 &
Mgt ={aQ1", 1''}- = = F"a(A5")” (E.26)
and
Avrle = 2 Fep(3a°)* + iT6%= A1 R (B.27)

N E
equating the two expressions we have the wanted Aj\g = 0 = 51 \s.

Finally Ay1. The only contributions come from the first line of (E.22)

A17T$II = {elQ{I, wgn}_
1 ) 1 W ]
= Vorlle® + — F"e10%p® — —F" Ao Ae? + V2T (e105°)25; AT
i Sl el (L 7 1 (€10°G°)*0;

(E.28)
using the Fierz identity waef = pPe — €*Peryp we have

Al = VEG (e — SF (0% + 20'R) + VE(c10'0”) 0, AT
1 i «
+$‘7;///€l¢(w50)
1 i
5 \/51(510“50)“8,,[‘+E]—"”'elzlj(z,b&())a (E.29)

which combined with the usual

" %f”’ew(&a‘))“ +iZ5% A (E.30)

gives the wanted

Al’lZd = “ie? aadAT = 511/_’6! (E-31)

Thus we conclude that A; = 6; also in the £-setting therefore this is a
final proof that the canonical procedure works even if some labour is needed.

Note that we could not get the right transformations for the spinors if we

had used the charge in (E.19).
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E.4 Transformations of the dummy fields

We want to show here that the transformations of the dummy fields on-shell
can be obtained by the transformations of the fermions. At this end let us

write again the Euler-Lagrange equations for E, ET and D

— T
Dioive \/—(fd»A+f 2 (E.32)
Bl = —I(N - 1) (E.33)
B = %) (E.34)

The Euler-Lagrange equations for the fermions, obtained from the Lagrangian

(3.66), are given by

1o 70 ] 1 a0 1 1 1 _ —B > ) & 1 t7aYY
i ——f(— .\ E — DX\ =

P Ya 2f(@ A)o Zf (\/—2— 8 v + EY +\/§ )+49 PEAX

(E.35)

s ! ey Lo L B b R o
Past® = =51 (Das AW+ 5.1 (508" Mgt + E'tba— —5DAa) = 70%aA)
(E.36)
de o Game Lo 1 eaged B e Let50 5
@ )‘a_if(a A))‘a 2f( \/io-“ 1/1 vuu+E A +\/—D'¢) ) A 1/)7[1
(E.37)

g tyyé Lk 1
aad/\ TEERTS f (aaaA )>‘ + f( \/§U ¢ﬂvllV+E}‘ \/tia) 4g)‘a¢¢
(E.38)

where f(A, A") = F" /T and g(A, AY) = F""|T. Note that after integration
by parts nothing happens to (E.32), (E.33) and (E.34), whereas, of course,
some of the Euler-Lagrange equations for the fermions become meaningless.

After a lengthy computation we obtain

5E =0 (F.39)
-%w = & -1 L (P AD)D®) + 5 L [(g——f2)¢ f FF1ON
! é—ﬂf(\/éwaE*+(o“"A>avW+z'AaD)] (E.40)
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and

—2V26D = €| — fF1ivV2(PaaAN)AY) + V20 [(g — %fQ)w - %ff*z/_);\]
+ O FVDGEL R waD)J (E.41)

where we used

5f =6A(g — % 2 + JAT% ff (E.42)

/

Comparing these expressions with the Euler-Lagrange equations for the

fermions we have
HE=0 6E'=iV2e @ 6D = —€ PA (E.43)

in agreement with the given Susy variations.
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Appendix F

The SU(2) computations

In this Appendix we collect all the formulae and computations relevant for

our analysis of the SW SU(2) effective theory.

F.1 Properties of F%

Some care is necessary in handling the derivatives of the prepotential F(A*A%),

function of the SU(2) Casimir A*A®. The first four derivatives are given by

g L gAeF (F.1)
]:ab b 25ab]:'/ & 4A11Ab}‘” (F2)
Fabe 4(5abAc o 5ac Ab i 5bcAa).7:” 4 8A® AbAoF (F.3)

fabcd it 4]:11(5ab50d e 5“65bd + 5bc5ad) + 8.7:”/(AaAb50d i AaAc(de o AaAd(sbc
+AbA%6% + AP A959¢ 4 A°A%6%) 4 16F™ A% AP A° A4 (F.4)

similarly for F 1y

Form the expressions (F.1)-(F.4) it is easy to obtain the following very useful

identities:

6abcy:-bdAc & 6adCJ_-c (F5)
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chedpbe gd . _ bed pbe 4d (F.6)

]:abc 6cde e i ]:be 6ade 4 Fae 6bde (F7)

similarly for FT.

Properties (F.5)-(F.7) are extensively used throughout the SU(2) computa-
tions. As an important example we want to show the explicit computation
of the bosonic coefficients of the spinor terms entering the Gauss constraint

in the expression (4.49) of the central charge. These terms are given by

; : 1 - 5
F: \/i[il-be ebed Atd %Ibe cbed gtd +£Ibc cbed gtd +§ ace adb pd AP (e 0P+ 20 2)

(F.8)
By expanding the terms in square brackets we obtain:
[% pbebed gtd  _ % ibe bed 4 td
+é pbebed gtd  _ % be bed g1
+% phecbed gtd % ibe bed 4td
_% Fedgebd gtb % Fedeebd gtb) (F.9)

where the identity (F.7) was used to write the last term. By collecting

similar terms and using the property (F.6) we end up with
[_;_ pbe bed gtd _ % Fbecbed gtd] — jTbecbed gtd (F.10)

which is the correct coefficient according to the Gauss law (4.34).

F.2 Computation of the Hamiltonian

First we have to conveniently write €1Q1 in (4.21) introducing 74+ (see

the discussion at the end of Section 3.3.3 and Appendix E). The Poisson
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brackets are then given by

{a1Q1,6Q:}- = /d3xd3y{Hai(51vf + élzzaw% + %..Ffabelaij\“v*mb
_% Fabe, g0 5a3bRe 4 i7abe, pORbeacd ge gt
96105 + 6, A°Tn%; + %azﬁefef 91 (4 3%%9 + A 5O09)
+V21¢ 659 6%  Dj A° + %fef €16;70* %7

1
+mfef9a&°¢af X — g méefIAT AT) (F.11)

where 51’11? = ’L'Elo”ij\a, 811); = iglﬁj/\e, SlAeT = \/5511,[_)6, (51Ab = \/iéﬂ,[)b,
519 = —iv/2e; DAY Jand 511/_)“%% = 61Ab7rf’4 + V2I%¢,0'5 09 D; A%, Let

us write
{101,801} = /d3xd3y(l +RFMEIvIiY: VI) (F.12)
where
terms I = —II%M% {e;0;0% , €10\

+%fengH“i€i1/_)e{elai/_\“ , M09y
+i\/§IefelaiS\a€15jao'¢f{Hai A G
—%fefelaij\“a&j)\e{ﬂai ; 'U*Ojf}_
—%fef{elaij\“ ; Eléj)\e}_Haiv*Ojf
+2Lﬁfef9ela°¢enai{elaixa , A9y

—ietf9I AT AMTI® {e10:X* , Eyme}_ (F.13)

terms II = +i\/§I“belo“6°¢b€16j,\E{D‘LATG ,I19 L
+2I%6,0' PP (DAl 75 }
_i2(€1 pAta)a{’lT%d y Elﬂ_)e}_ﬂ-eA*

120



—i(e1 PA)a{nd® , @/ a0} Fefgt
—i(ey PAI)a{nd® , @} MaoAFelot
+2e19{r% , T} 6570997 D, A°
~i2(e; DA {n% , @570%) } T/ D; A°
+2e19°2 €157 0% {1 , D; A%}

i e
+7_2—611/1a{7rf21, FeI} €620
+%61¢“{7rj‘4 , Fef9) _ea%pe NI\

——\/ieefgaﬂf‘ATg{wf\ , AT} _eryp®

1 T
terms III = —i]:tabl'[e]v*mb{eloi)\“, €10 A%}
—%fTab{U*Oib 3 HEj}_elaiX“a&j)\e
i_— ,(/;e{]_-ab’r e } € J_)'\av*Oib
+\/§€1 y T At S—€10%
L _Fabte ge{eoih® , M aONI}_v* O efot
2

2V/2
2 b refg, x0ib= =0_/e 2@ Fas
L f’[a FeI99*™e157 Y {610'1>\ y AKX }"
42

+%j—'TabeengfATg'U*Oibgld{7T§d 5 E]_U'ij\a}_

terms IV = —2—1—\./-2-fmbcnej€1001;a{5‘bxca €107} -
—%qoo@axbxc@ﬂ/}e{]ﬂaw y Bl
_%}‘Tabcj-"fefgaxﬁeS\bj\c{elaod_)a , P09}
_% plabe gtefog gee cOga{NAC | A 50N} _

_._i_fmbcfefv*ojf61001/;‘1{/_\175\6 y Elaj/\e}_

4/2
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1 £ L
_g}"Tabc}'efg,\b)\c)\f/\g{6100¢a , 6160¢e}_

1 CL il
_gffabCfefg{Ab)\c, )\f/\g}—flo'o'gbaa&()'(/)e

1 i S
—mﬁabcelaowem{wi" , A} _e¢f9AT A9 (F.16)

termsV = —eaCdIab{elaoj\b, El&jAe}_HejAcATd
+iv/2e%4T® | 1%} _&19°100N ACAM
iv/2e9%e 00N, §E AC{ AT | 76, }_ T
+%G“CdIabfTengcATdEﬂ/—)e{61005\17 G MaINYL
—%e“dfab}'efAcATdv*Ojf{elaoj\b y E30A° )
+2i—ﬁe“0d1abfengcATd€16o¢e{61005\1’ , M9
—jecdeefIT Ac AT AT AT9 {10000 | ans}- (F.17)
terms VI = +iV2e ¢TI {14 , €6;A°}-
+E Pyt FIeI9[(/3%) {n , ¥&}- + (Wa%)*{ng , A}-]
+%€1¢“fefv*0jf(€15j)a{7f% » Aat-

1 2 G 5 i
+_2_€1¢a_7_-efg[(6100)a{7TA : 'ng}—)\f)‘g‘*'ﬁoni/)e{ﬂ'%, )\f/\g}_]

(F.18)

where we kept explicitly the non trivial terms VI. It is now matter to ex-

plicitly compute the Poisson brackets. At this end let us write the following
useful formulae
(r, dh). = —p(@) T Fy (F.19)
(ny s gh). = +(T) T FIy (F.20)
same for A (these are responsible for terms VI)
(@2, ¥o}s = (08, Modr = —i(T®) o4 (F.21)
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{e10iX* | &3;2°}_
{eroix® , Ma%29}_
{n*, D;A
{I1%(z) , v (y)h
{e10:2% , M9} _
{e10:2% Exmithis
{DuA™(z) , 75(y)}-
{md, @l a%y}_
VA ao )
{e109® , P75%}-
{20, Ma% 34
{3000, Man

i(Z%)e10:6% ;& (F.22)

i(Z9) 160X (F.23)
o 4 (F.24)
— 2609k (590 + Mol (4))0) (& — F.25)
~i(T) 1052 + (f & g) (F.26)
592,516, (F.27)
(607 + ¥yl (2))6®) (7 — ) (F.28)
0oy 4 @t W) (F29)
i(Z%)1&15,0°0° + (b & c) (F.30)
i(T99) ey 00F (F.31)
i(Z9)IMR + (b o c) (F.32)

() 1003209~ i(T%9) T XN

+(f < 9) (F.33)

After commutation the terms above given become

termsI = —i(Iae)"lIIml'Iejelaiﬁoaﬁl

1

V2

(Iag)—lfengHaiEi,(Z}eela_i:\f

— V262 T8 Ahey o N85 O F

+/d3a:d3y[fef(y)eloij\a(a:)élc'fj)\e(y)emjk

i

2

s

x (097 8Y + e (1)) (z - )
(Iae)_1.7:efr.[ai’v*0jf€10'i5'00j€1

1

FeI9(2%) T 1%615% €1036° N

_ieel9 AT A1 €561 (F.34)

terms IT = +iv2e%hT%e 050 E15; 8 Ath
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+/d3xd3y[21'“"(x)elaiﬁoi/ib(x)gl’/_)e(y)
x (8707 + e*vd(x))d0®) (% — §)]
—i2e10#& 1% D, AT
_iFaet (DMAT“)[610“€1(1/3660¢9 & ;\e(}o)\g)
+e1075 Y9197
+ie1 2 FL €570  D; A
—~i2610"5°096,1°(D, A1) (D; A”)
& / Prd®y[2e19? ()T (y)a157 "% (y)
x (67¢0Y + v ())6®) (Z — )]
_ g Eeels, 5,30 f

V2

—%elz/ﬂfaefgela%exf Y

+iv2T% T A€, 50N %€ (F.35)

terms 11T = —%(Iae)*1ffabnejv*°ibqa,~a°ajel
—/d3xd3y[fT“b(a:)elaiS\“(m)EI&j)\e(y)eojik
x (6220F + el (2)) ) (7 — )]
= % Fobete, ey, Au* 00
_21%(Iag)—1fangl'(/_)eelo_iva*Oibfefgf
_%(Iae)—1]_-Tabfef,U*OibU*Ojfelaia.oo_jgl
1 —1 tabrefg Aiby Sl e o0
+2__\/§(Iaf) F1OFe9yp* €16 Y €106 NI
i % Flabeefa Af A19*00E, e (F.36)

18 =

terms IV = 72—(IGC)—1fTabcnefela°zzazlaja°Ab
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g _;_f'fabceglw"eelo,o,‘za /‘\bXC

?

2 ZfTachTefg(Iag)—lgl,(/')exb/_\celo,ol/_)f

_%]:Tabc]:’refg (IgC)—IENEeEIUO,J}a;\f)‘\b
B
2V2

(3

—g PRI TN Meiae

s ]:’rabC}-ef(IeC)—l,v*OjfelaO,l/_}aglajo_O/_\b

+%ffab0fefg(ch)—lj\ba,O)\gelo,O,‘Zaé—la,Owe

£ %ffabcelao,lﬁagl j\cebngfATQ (F37)

terms V. = —ie“CdI“b(Ibe)—1610j€1HejAcATd
i %Eacd}-abe’r & ’([_16610'0 XbAcATd
+i\/§6a6d61005\b€11/_)dAcIab
) %eacdl—ab(Ibg)—lf’rengcA’[dE“EeelaO;\f
_i%€acd1-ab(l-be)—lf-efAcATd,U*Ojfelo,jgl
+%eacdl—ab(zbf)—1fengcA1d€150¢e€1Ag
ieacdedfaTab A AT AT AT9¢, 0%, (F.38)

terms VI = %(Iec)"lfcadelz/)“ﬂeja&j)\d

_%(Igc)'ljf“w‘fT e ey [Py + M)

+_2_1\/§(IeC)—lfcadfefv*ojfel,(paglaj)\d
_%(IeC)-1]-_-cad]:efgelwaglaowd>\f>\g

(@) P By a g Y XN (F.39)
We now get rid of e; and & by using the property {€1Q, , &Q:1}- =

e‘f‘gﬁf {Qia's Q14}+ and after that we take the trace with %4 (5° = —ay).
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The non zero terms are all collected in the following. Note that we have still
to divide by a factor 4i and note also that, for instance, II(6) stands for the
sixth term in the group II and so forth.

“Classical” terms

Kinetic terms for the e.m. field'

I(1) B0 i B ) (F.40)
1(5) + I1I(1) Qi (ToyPera e (F.41)
UGB i i i i (F.42)

Kinetic terms for the scalar fields

0E)+10) () el + S FGe0 + X0
= —4i(Z%) 17 (xi)! (F.43)
11(6) 4TI (DA% (D AT) (F.44)

Kinetic terms for the spinors

for A:
1(4) 2%F® NG D; 2P (F.45)
I11(2) —2iF1a8 354D, \b (F.46)

for :
11(2) —27°%4 %o D) (F.47)
11(7) —27%9%5* Dy’ (F.48)
11(4) + IT1(5) 205 P [OT™ + ePuPTIC 4 9beybTec]  (F.49)

1(lassical test on the e.m. kinetic piece: I+ 2RI L %I—I(RZ + T2 =
I(E* + B?) where v* = 2B and Il = —(ZE + RB).
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to write the last term (purely quantum) we used the properties given in the

first Section of this Appendix. Integrating by parts we have

—4T%\ D, NP + 25(OFTYNAGEN + 8;(—2iF T A5 Ab) (F.50)

—4T%Y o D0 + 8;(—2I%¢ 54 y0) (F.51)

Yukawa potential

1(3) —i3v/2¢°2h TS AMapf 2o (F.52)

V(3) B s A LA (F.53)

IV(8) + V(2) + V(4) —\%e"f"}‘T“bCAfAT%“XC (F.54)
I1(1) = Ji/2etehob ARyt e (F.55)

11(10) —iv/2e19TA ATIyS \? (F.56)

V(6) —%eacdfeagACAwaeAg (F.57)

By using the properties of ¢ listed in the previous Section of this

Appendix we can recast these terms into
—i2v/2eabeTod( Aehdd + Ateypia®) (F.58)

Higgs potential

V(7) 2iedTe9A°AM AT AT (F.59)

Purely quantum corrections
Terms that will contribute to .’F“bcow,v“”

and to dummy fields on shell via the two fermions piece Ilp

1(2) + IV(1) 2v/2(T%) L FTe T )% Gep A° (F.60)
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1(6) + VI(1) —2V2(T) L FreaT1% e o\ (F.61)
I11(4) + IV(5) V2(T%9) 1R Flefay*0ibyeg N (F.62)
IT1(6) + VI(3) V2T IR® FeI9y 0 yesi NI (F.63)

111(3) iv/2Fabey*0ia b o N (F.64)
11(8) iV2F ey iaybain N (F.65)

Summing them up we obtain?

—2v2(2%) "L Fle9ye g NI (I + Flab Bid) (F.66)
2\/§(IeC)—lfTabc,J)aa.iO;\b(Hie ¥ fedBid) (F67)

Terms that contribute to the dummy fields on-shell only

VI(2) %f Tedugrood (raey Thgtiidys (F.68)
VI(4) %ffb“fffg(:r“b)-lwzpcxf Y (F.69)
IV(3) + VII(4) %}"‘ bec Fefa(7ab)~1hags NS NI (F.70)
IV(6) +§f*“"°fef 2T AONEN NS o (F.T1)

Fabed_type of terms

II(9) +IV(2) - %(fabcdzpazpbxc/\d — Fiabedyabxexd) (F.72)

Collecting all these terms and dividing by 4i we obtain the Hamiltonian

given in Chapter 4.

21+ LF"v* = —AT0! + Hr and I+ 37" = — 5,76 + Ilp. Also o = E + B and
ot = E—iB.
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F.3 Tests on the Lagrangian
Let us first rewrite the four fermions terms in the SU(2) Lagrangian

3
£§‘U(2) = E(Iab)—l []:acd}-bef(,(/)d,(pf/\cAe i wd}\e/\cwf) o ]_-gbCfgef,lpa,(/)c/\e/\f
5 ]_-Tacd]_-’fbef (J)d,‘z}fj\cj\e & ,&d;\e;\c,l/_)f) A ffgbc‘?:Tgef,(Za,d;c")‘\ej\f
" ffacd}-’rbef()\ca_ozz,f,lde_OS\e i /\caoxewaodjf)]
1 o e
i ——(Iab)_lfTGCdfbef(’lbc’g[}d'lbed)f o )\C}\d}\eAf)
1 1

tgity

]:adeQ/}ad}b’\c)‘d Tade¢a¢b)\c)\d) (F.73)

We now want to compare these terms with the U(1) correspondent ones. At
this end we write here the four fermions contributions to the U(1) effective
Lagrangian obtained after elimination of the dummy fields
31—1(}—1"’)2&2;\2

32

f’”(zZ%/ﬂ + X22% + 29APN)

EU(l) i iz—l(]_-//i)zw2)\2+
1

- =I'F
16

+ 2—@.(1}"’”1/)2)\2 E T’"’«p?,\z) (F.74)

T”,

1.///

We see immediately that the F” terms, the F1" F1)252 and F" F" \2\2
have the correct factors. For the (F”)21?A? terms we have simply to notice

that in the Abelian limit

136 (Iab)—lfacd]:bef(wdwaC)\e ik wd}\e/\cwf) g ]:gbCfgefz/)ancAe/\f (F.75)
reduces to
3
—EI LF"2ep AN (F.76)

and by using the Fierz identities given in Appendix B, A\ = ‘%1112 A2, we
in the correct factor 3. Similarly for the (FT")22)2 terms. For the
obta; 35

N szqZ)\ terms we cannot recast them into a proper form. Nevertheless
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there is no other terms to combine them with and we conclude that they
must give the right factors.

Note also that

1 1 i
su@ _ 1[_ lrab b L tab ~1b
Lo = % [ 4.7-'“ s 4.7-' i v“’“"um,]

L i L lfab Qpa0igb | g,@0iy kb 4 aijab 2 7 gy xb
at 4 01 o ALEDY ij
+Z]_-1'ab(2va01,ugi i ivaOz,Ua? o vamvgj & _;_vazjv;]b)]

i _1 ab pai ;pbi l ab rrai Rbi l ab pai Rbi __ l ab rpai Rbi

= 2I EY"E 2’R E™ B ik 21 o 2'R BB

(F.77)

The term REB is the effective version of the CP violating 6 term.
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