Trinity College Dublin
Colaiste na Triondide, Baile Atha Cliath
The University of Dublin

PHD THESIS

TRINITY COLLEGE DUBLIN
THE UNIVERSITY OF DUBLIN

SCHOOL OF COMPUTER SCIENCE AND STATISTICS

Topological and Perceptual Representations
for Reference Frame Retrieval
in Hand-Drawn Animation

Author: Supervisor:
Rachael Elizabeth Schwartz Dr. Rachel McDonnell
Dr. John Dingliana

Submitted
July 22, 2026

A dissertation submitted in partial fulfillment of the degree of
Doctor in Philosophy






Declaration of Work

I hereby declare that this dissertation is entirely my own work and that it has not been submitted as an

exercise for a degree at this or any other university.

I have read and I understand the plagiarism provisions in the General Regulations of the University

Calendar for the current year, found at http://www.tcd.ie/calendar.

I have completed the Online Tutorial on avoiding plagiarism ‘Ready Steady Write’, located at
http://tcd-ie.libguides.com/plagiarism/ready-steady-write.

I consent to the examiner retaining a copy of the thesis beyond the examining period, should they
so wish (EU GDPR May 2018).

Signed: I/;//@ Date: July 22, 2026


http://www.tcd.ie/calendar
http://tcd-ie.libguides.com/plagiarism/ready-steady-write
July 22, 2026





Abstract

Hand-drawn animation is a resolutely human art form, with its unique artistic and commercial
appeal emerging directly from the emotion and soul captured within each of the 100,000+ hand-crafted
frames of a feature-length film. Remarkably, watching hand-drawn animation invokes the “illusion of life”
within the human mind, whereby highly stylized characters formed from collections of simple 2D shapes
are somehow perceived as real 3D entities, despite their penchant for physically impossible motion and
bodily deformations. Although this perceptual phenomenon has not been widely empirically studied, the
small yet vibrant field of hand-drawn animation technology research aims to computationally model its
key elements, such that frames’ material collections of 2D lines and shapes are automatically interpreted

with respect to the “living” characters they depict.

Despite the extensive and complex technical challenges hand-drawn studios face during animated film
production, many of the technical solutions produced by hand-drawn animation technology researchers are
rarely used by high-level animation studios. This fact reveals a disconnect between technology researchers’
and professional animators’ respective understandings of technology’s role within the hand-drawn animation

process. Our research seeks to gain insights into and begin to resolve this disconnect.

This thesis begins by evaluating the present state of hand-drawn animation technology research
through a novel analytical lens. We consider the field subject to its deep theoretical roots in computational
topology, aided by artistic and practical insights from hand-drawn animation industry experts. Our analysis
indicates that technologies’ artistic advantages and limitations arise directly from their chosen topological
approaches, with topological sophistication generally improving artistic functionality. Crucially, advanced
topological approaches to hand-drawn animation technology appear to emulate cognitive processes likely

underpinning hand-drawn animation perception.

With this in mind, our research pursues the first application of Topological Data Analysis (TDA)
to hand-drawn animation technology, focusing on advanced topological frameworks’ potential to model
human visual perception of hand-drawn animation. Advised by hand-drawn animation industry experts,
we focus on the specific problem of computationally modeling animators’ Reference Frame Quality (RFQ)
perception — that is, how good one hand-drawn frame is as drawing reference for another. To this end,
we conduct perceptual experiments on professional animators at the hand-drawn studio Cartoon Saloon,
each exploring how animators’ specialized visual perception skills practically impact different aspects of

RFQ perception.

From our perceptual findings, we construct a novel general-purpose TDA framework for complex
system analysis, rigorously defining its mathematical, conceptual, computational, and data analytical
facets. To demonstrate our framework’s efficacy, we detail its application to perceptually-based RFQ
analysis, illustrating its suitability for modeling hand-drawn frame perception. In future, our framework

will underpin a reference frame retrieval system for use within hand-drawn animation studios.
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Chapter 1

Introduction

1.1 Motivation

Transformative technological advancements of recent decades are deeply connected to progress in animated
filmmaking. Seminal graphics and human-computer interaction technologies underpinning our modern
digital world emanated from the genesis of 3D animated filmmaking in the late 20th century, and synergy
between animation technology research and broader technological development has persisted ever since.
Animation technology research investigates fundamental questions at the intersection of art, psychology,
mathematics, computer science, and our understanding of the natural world, often yielding cutting-
edge advancements in both artistic expression and scientific knowledge. The 3D animation industry in
particular has gained immense fiscal and cultural prosperity by proffering unprecedented artistic spectacles
grounded in exciting new technologies. 3D animation’s technical foundations fluently meld with lucrative
emerging entertainment sectors like gaming, virtual production, and augmented reality, securing 3D

studios’ continued prosperity in coming decades.

Despite these many successes arising from reformulating hand-drawn animation for the digital age,
hand-drawn animation itself has not benefited from 3D animation’s extraordinary technological progress.
Hand-drawn films and TV shows are made with a semi-digitized version of the original Disney production
pipeline devised in the 1930s, lacking the technological developments integral to 3D animation’s present
eminence. While hand-drawn animation technology research is an active field, many of its technological
contributions to the art form are not used in industry settings. This sharply contrasts the present state
of 3D animation, where studios have prominent in-house research departments developing proprietary
software tailored to animators’ artistic and technical needs. These departments also routinely collaborate
with technology giants like Google, Adobe, and NVIDIA on research projects with broader applications.
Audiences’ continued interest in hand-drawn animation is demonstrated by immense successes of 2D
animated TV shows like Avatar: The Last Airbender, Bob’s Burgers, and Rick and Morty, alongside those
of 3D animation incorporating hand-drawn techniques like Spiderman: Into the Spider-Verse, Arcane,
and KPop Demon Hunters. This raises the possibility that 3D animation’s present dominance over
hand-drawn animation is linked to the industries’ divergent approaches to technological advancement.
Most concretely, hand-drawn studios’ technological brittleness will likely hinder synergy with profitable

emerging entertainment technology markets in coming decades.

An essential technological difference between 3D and hand-drawn animation is that 3D animated
characters are material digital entities, whereas hand-drawn characters exclusively exist as collections of

pixels or vector strokes. This disparity has profound ramifications for both industries. 3D models and



rigs (i.e., digital skeletons used to animate characters) hard-code 3D characters’ visual and functional
qualities, enabling large animation teams to work from the same ground-truth designs. These qualities can
also be accessed and altered programmatically, supporting extensive artistic and technical customization
of 3D animation pipelines. Meanwhile, hand-drawn characters wholly emerge from animation teams’
collective understanding and consistent renderings of characters’ visual and functional qualities — in
other words, characters are primarily designed as the film is made. Consequentially, animators and
film directors solely interact with their characters by watching the film or manually sifting through
image files comprising the film’s 100,000+ frames, contrasting the dynamic interactions possible in 3D
pipelines. Hand-drawn characters’ lack of ground-truth representations precludes 3D-style programmatic
interventions and dynamic interactions. However, it is the linchpin of their unique artistic appeal and
cannot be jettisoned in favor of technological ease. For hand-drawn studios to enable such interventions
and interactions, they must adopt computer vision strategies for extracting and evaluating visual and

functional qualities of raw hand-drawn frames.

Computer vision has made phenomenal progress in recent years, largely due to advances in deep
neural networks (DNNs). Yet such techniques rely heavily on the dense color and texture data inherent
to real-world photo and video inputs, often faltering on data-sparse inputs like uncolored hand-drawn
animation frames. DNNs also appear insensitive to visual features governing human perception of
hand-drawn frames, limiting their ability to provide hand-drawn studios with viable, perceptually-based
computer vision frameworks and artistic technologies. Although extensive and highly-specialized training
may resolve these issues, most hand-drawn studios lack the in-house technical knowledge needed to train
DNNSs. Moreover, training may be needed for each new production to address DNNs’ poor generalization
across hand-drawn films’ diverse artistic styles. This could render DNN-based hand-drawn animation

technologies unusable until late into production, when sufficiently many training frames have been created.

Novel computer vision approaches are therefore critical for advancing hand-drawn studios’ technical
infrastructures. Such approaches should aim to optimally leverage hand-drawn frames’ sparse visual data
in ways compatible with professional animators’ frame perception, enabling dynamic and customizable
access to hand-drawn production data. Then, understanding hand-drawn frames from both technical
and perceptual perspectives is essential to devising such approaches. Despite hand-drawn animation
technology research’s limited industry uptake, the field offers profound insights into hand-drawn frames’
technical qualities. Strikingly, computational topology pervades hand-drawn animation technology research,
with the vast majority of methods employing some form of topological approach. This is no accident
— computational topology and hand-drawn animation share deep parallels, with topological techniques
frequently capturing fundamental properties of and relationships between hand-drawn frames. Crucially,
research indicates that topological techniques are also uniquely adept at capturing frame features vital
to hand-drawn frame perception. Although existing techniques’ topological simplicity and consequential
artistic limitations can deter industry usage, their mathematical foundations are profoundly enhanced by
the emerging field of Topological Data Analysis (TDA). Adapting previously pure topological constructs
to accessible computational settings, TDA offers sophisticated mathematical approaches to data modeling
and analysis. These advanced topological ideas explainably capture data relationships inaccessible by
other analytical approaches, presenting an ideal setting for developing hand-drawn animation technologies

tailored to studios’ artistic and technical needs.

This thesis takes initial steps towards integrating TDA computer vision techniques into hand-
drawn animation technology research. Specifically, we address the problem of reference frame retrieval
during hand-drawn animated film production. Because hand-drawn characters lack ground-truth body

representations, animators continually resolve poses as they work — that is, they determine how to best



Wolfwalkers Cartoon Saloon - Folivari - M. e Wolfwalkers Cartoon §

SIDE STRAIGHT
KEEP THE SHOULDERS NARROW. & SIDE BROKEN UP }
NOT A SQUARE!
-

P /
)
AR N

~

- } CHEST PART HAS A HEAVY BASE AW,

£

ma ﬁﬂ\ (g\\ [ -
l +A 7N N\ X

“SHIRT” PART FOLDS IN AT THE 7. “ TORSO IS THE SIZE OF
BOTTOM OF THE STERNUM, R

OBYN'S FACE, FROM TOP

NOT HIP, NOT BELT LINE OF EYES TO CHIN

Cart'oon Name: Robyn Costume: Hunte
saloon Sheet: Hood Up Turnaround Page 1/1

Wolfwalkers Cartoon Sek

T00
DUND

v

\féﬁ (( g/‘ /(J ﬁi'\

. 9 vimta oot
TOO BLOCKY SIMPLER SHAPES >< b3 b ‘//
MORE FLOW y/8. —
BRAIDS HAVE A HEAVY BOTTOM W
Cart‘OOn Name: Robyn ost Hunte

Carroon Name: Robyn Costume: Hunte
saloon Sheet: Hood Down Turnaround

Saloon Sheet H(m' To Page 2

Figure 1.1: Examples of model sheets from Cartoon Saloon’s hand-drawn feature film Wolfwalkers.

represent the 3D pose they aim to draw within the 2D character design’s artistic and technical confines.
Incorrectly resolved poses must be redrawn, costing valuable production time. To avoid this, animators
reference technical character design guidelines called model sheets (Figure 1.1), though these depict only a
small portion of the many character poses appearing in the film. Animators therefore seek out existing
director-approved frames for drawing reference, but must remember exactly where in the film their desired
frame appears and search through dozens of image files to find it. To support future construction of an
automated reference frame retrieval system for hand-drawn studios, our research explores reference frame
quality (RFQ) — i.e., how helpful one frame is as drawing reference for another — from both perceptual

and topological perspectives.

Though such approaches are hallmarks of hand-drawn animation technology research, several aspects
of this thesis diverge from prior work. By devising our RFQ analysis framework alongside professional
animators at the acclaimed hand-drawn animation studio Cartoon Saloon, we bypass common pitfalls
impeding industry adoption of new technologies. Our perceptual studies of Cartoon Saloon animators reveal
specialized, artistic task-specific attributes of animators’ hand-drawn frame perception, informing RFQ
framework design. Our framework offers a novel 3D pose estimation approach for hand-drawn characters
leveraging perceptual factors found to impact animators’ RFQ perception. This entails topologically
integrating frames’ salient, heterogeneous visual information across multiple scales and abstraction levels,
emulating visual perception within a fully explainable TDA computer vision framework. We model diverse
facets of animators’ hand-drawn frame perception, including multiresolution (local-to-global and global-
to-local) visual data integration (Figure 1.2), local (body part-wise) symmetry invariance, visual data
(in)consistency detection, and abstract functional relationship comprehension. In future, this will endow

our reference frame retrieval system with advantageous functionalities like usability early in production,



pose estimation for both partial-body and full-body frames, pose resolution strategy retrieval up to
multiresolution symmetries, and fluent accommodation of hand-drawn characters’ bodily deformations.
Our work extends beyond hand-drawn animation technology, underpinning a novel TDA theory and

analytical framework for complex system analysis across manifold diverse applications.

1.2 Research Questions

This thesis addresses the following research questions:

1. What are the artistic and technical barriers to industry adoption of hand-drawn animation technology

research, and how can they be resolved?

2. Which perceptual factors influence professional animators’ judgments of reference frame quality, and

how can they be empirically characterized?

3. How can these perceptual factors be computationally modeled to systematically compare hand-drawn

animation frames according to animators’ perception of reference frame quality?

1.3 Methodology

Hand-drawn animation technology research is deeply Global
grounded in computational topology, illuminating pro- N
found connections between topological structures and [ \ |

hand-drawn frames. However, topological structures @
presently employed in hand-drawn animation technol- i A
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emulate the human brain’s multiresolution integration of

local strokes and shapes into globally coherent scene un- Figure 1.2: Multiresolution visual data integration

derstandings. Methods thus often require significant user on fine vs. coarse data topologies (left and right,

. . . . . . respectively). Figure adapted from [271].
interventions, which can interfere with animators’ work-
flows and artistic freedom. According to hand-drawn

animation experts consulted throughout our research, these limitations may inhibit industry adoption.

In this thesis, we explore how advanced computational topology can elevate hand-drawn animation
technology research by addressing pervasive barriers to industry uptake. After surveying the research field
and offering topological and industry-based recommendations for improving capabilities and desirability of
future work, we illustrate a practical application of this ethos to the problem of reference frame retrieval.
To identify the optimal topological approach to RFQ analysis, we conduct perceptual studies on Cartoon
Saloon animators, investigating how established traits of artists’ visual perception manifest in their work.
Our findings imply that animators’ RFQ perception is moderately multiresolution isometry-invariant
(Figure 1.4) and sensitive to both visual and pose features; moreover, frames with inconsistent visual
features may engender different pose perceptions between animators. To topologically model these
perceptual traits, we employ sheaves — graphs with local data spaces attached to vertices and edges,
“stitched” together by data consistency constraints (Figure 1.3) — and Group Equivariant Non-Ezpansive

Operators (GENEQs), a theoretical formalization of equivariant data analysis. We synthesize these theories
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Figure 1.4: Left: Heterogeneous multiresolution symmetries on hand-drawn animation frames: local rotation
(top, darker blue) and near-global reflection (bottom, paler blue). Right: Conceptual diagram of multiresolution

data consistency across local-to-global subsystems within a complex system. Figure adapted from [1].

to create GENEOQO sheaves, a novel TDA framework which, when applied to RFQ analysis, explainably
professional animators’ hand-drawn frame perception. RFQ GENEO sheaves are designed to integrate
easily into studio pipelines, readily accommodating hand-drawn characters’ physically impossible poses,
data-sparse depictions, and heightened stylization. Unlike many DNN body pose estimators, GENEO
sheaves’ local-to-global awareness handles both whole-body and partial-body depictions of hand-drawn

characters, both of which are common in animated films.

GENEO sheaves inhabit the

intersection of heterogeneous data

fusion and equivariant data anal-

ysis, addressing key research gaps

in these increasingly popular disci-

plines. Sheaves’ sophisticated data
representation and multiresolution

Figure 1.3: Conceptual illustration of a sheaf, with blue arrows depicting consistency evaluation features are

consistency constraints. Figure adapted from [154]. rapidly gaining traction in network
analysis, especially for heteroge-
neous network data fusion and enhancing graph neural networks (GNNs). However, these features
are designed for vector data, inhibiting applicability to tasks like image processing. Equivariant neural
networks (EqNNs) are hugely popular for controllably modeling regularities like rotation and translation
invariance in real-world data, but only when regularities act globally over a system. Yet many complex
systems comprise heterogeneous regularities acting locally on different subsystems (Figure 1.4). GENEO
sheaves address these research gaps through a novel theory of heterogeneous multiresolution equivariance,
modeling complex systems’ heterogeneous subsystem data and regularities while maintaining system-wide

data consistency.



1.4 Scope & Limitations

Due to the interdisciplinary nature of this thesis, we pursue a limited research scope in order delve deeply
into each facet of our work, thereby establishing novel bonds between and insights into our varied fields of
interest. We focus exclusively on uncolored hand-drawn animation frames depicting human characters
with articulate bodies — i.e., comprising multiple local, independent, yet interrelated parts able to assume
complex physical and visual pose configurations — drawn by professional animators for high-level animated
feature films. These character designs comprise sets of regions (closed simple 2D curves) formed by
strokes (lines drawn by animators), matching the vast majority of hand-drawn animated character designs
throughout history, and ensuring the relevance of our work to industry settings (Figure 1.1). As discussed
in Chapter 2, these qualities set hand-drawn frames apart from typical line drawings, distinguishing
our work from the broader field of sketch processing. Accordingly, our survey of hand-drawn animation
technology strictly reviews topological approaches to processing professional-quality frames over articulate
motion, excluding topics such as sketch vectorization, frame segmentation, line drawing auto-coloring, and

sketch-based object recognition.

Our perceptual experiments endeavor to establish basic tenets of professional animators’ hand-
drawn frame perception with respect to their studio working environments and artistic tasks routinely
encountered in their work. This experimental scope deviates from prior perception research, which studies
professional artists’ performance on general visual tasks in generic experimental settings. It was therefore
imperative that we exclusively test animators’ perception of real, raw hand-drawn frames, since edited or
synthetically generated frames would have intractably confounded our experimental results. Consequently,
our experimental frame data was limited to frames drawn for real Cartoon Saloon feature films. These did
not always contain numerous examples of every variable case we aimed to test, limiting our experiments
to small frame data sets. Moreover, the formidable subject of empirical perception-based metrics for
comparing artistic data far exceeds the scope of this thesis, leading us to classify and compare experiment
frames by eye. Lastly, because this is an industry-based thesis pursued in partnership with Cartoon Saloon,
our experiments were conducted on Cartoon Saloon animators and frames only, precluding generalization

of our perceptual results to other hand-drawn studios’ diverse animation styles.

Unlike the vast majority of hand-drawn animation technology research, this thesis’ primary aim
is not to create a new frame processing algorithm, but to construct a wholly novel perceptually-based
mathematical and computational framework for understanding hand-drawn frames across numerous
interconnected data analytical dimensions. As such, we focus on carefully crafting a rigorous mathematical
theory with deep philosophical and neuroscientific motivations, rather than chiefly outputting software and
user trials; however, we computationally verify our key mathematical findings via proof-of-concept code.
Accordingly, while the work presented in this thesis will underpin a reference frame retrieval system for
Cartoon Saloon and other hand-drawn studios in future, development of this system exceeds our present
scope. Yet prioritizing mathematical development alone ultimately magnifies our data analytical scope
far beyond hand-drawn frame processing, yielding a novel, general-purpose data analytical framework
unifying the increasingly prominent fields of heterogeneous data fusion and equivariant data analysis.
Although hand-drawn frames remain our primary objects of study, our mathematical contributions position
our research firmly within the theoretical foundations of TDA and Topological Signal Processing. Our
work is thus prospectively applicable to knowledge modeling, protein analysis, scene reconstruction, and
many other diverse fields. While we do not contribute to deep learning directly, GENEO sheaves’ strong

compatibility with DNNs are discussed in this thesis and will be cultivated in future work.



1.5 Contributions

e Hand-drawn Animation Technology Through the Lens of Computational Topology

Our first main contribution is the first state-of-the-art review of hand-drawn animation technology
research subject to the field’s mathematical foundations in computational topology, illuminating
how methods’ artistic advantages and limitations arise directly from their topological approaches.
Combining our analysis with insights from hand-drawn animation experts Glen Keane (Disney) and
Mark Mullery (Cartoon Saloon), we diagnose practical barriers to industry adoption of the methods

surveyed, highlight overarching research trends, and offer informed guidance for future work.

Associated Publication: Schwartz, R., Mullery, M., Dingliana, J., & McDonnell, R. (2025). Compu-
tational topology for hand-drawn animation technology: A survey. Computers & Graphics, 129,
104225. doi:10.1016/j.cag.2025.104225

e Controlled Evaluation of Professional Animators’ Reference Frame Quality Perception

We contribute the first controlled studies on professional animators’ RFQ perception, addressing the
research gap regarding how artists’ specialized perceptual traits practically impact their work. Our
first novel finding is that animators’ RFQ perception is local isometry-invariant, indicating that RFQ
perception prioritizes pose resolution strategy preservation over depicted pose similarity. Secondly,
we contribute evidence that animators’ perceptions of hand-drawn characters’ 3D body poses grow
more divergent as frames’ visual information grows less consistent, meaning multiple animators may

differently interpret the same frame. These findings motivate our RFQ analysis framework.

Associated Publications: Schwartz, R., Mullery, M., Dingliana, J., & McDonnell, R. (2025). Per-
ception of Drawing Reference Quality among Professional Hand-drawn Animators. In ACM/EG

Ezxpressive Symposium — WICED: Eurographics Workshop on Intelligent Cinematography and Editing
— Artworks, Posters, Demos. doi:10.2312/exw.20251068

Schwartz, R. & McDonnell, R. (2026). Visual Data Consistency in Cartoon Poses Governs Pose
Interpretation in Professional Animators. In ACM Symposium on Applied Perception 2026 (SAP
’26). doi:10.1145/3821409.3821478

¢ GENEO Sheaves & Heterogeneous Multiresolution Equivariance

Our second main contribution is GENEO sheaves, a novel TDA framework for modeling complex
systems comprising heterogeneous subsystems and subsystem interactions across multiple resolutions,
which are increasingly prominent across data analysis applications. GENEO sheaves underpin our
novel theory of heterogeneous multiresolution equivariance which, unlike prior equivariant analysis
techniques, heterogeneously modulates subsystems locally while preserving global data consistency.
We contribute numerous GENEO sheaf data analysis features and evaluation metrics, all of which

have strong potential for theoretical expansion and diverse applications.

Associated Peer Review: An early version of this work was submitted to the International Symposium

on Computational Geometry 2025. Though the work was too preliminary for publication, the expert
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reviewer praised its “deep and novel mathematical theory,” “rigorous formulation of a soft problem,”
and “lots of potential future directions for research,” calling it “one of the most fun papers I’ve read

in a long while.” We have since addressed the reviewer’s critiques.


https://doi.org/10.1016/j.cag.2025.104225
https://doi.org/10.2312/exw.20251068
https://doi.org/10.1145/3821409.3821478

¢ Reference Frame Quality Analysis Framework

We contribute a new GENEO sheaf-based RFQ analysis framework tailored to professional animators’
perceptual processes and hand-drawn studios’ practical needs. Heterogeneous multiresolution
equivariance undergirds the first TDA 3D pose estimation technique for hand-drawn characters,
designed to handle partial-body shots, physically impossible poses, body part occlusion, and diverse
artistic styles. GENEO sheaf frame comparison metrics model animators’ local isometry invariance,
pose perception subjectivity, and complex perceptual relationships between frames’ visual and pose

similarities, supporting highly customizable reference frame retrieval.

1.6 Thesis Overview

The research presented in this thesis is organized as follows:

e Chapter 2 overviews the interdisciplinary research fields foundational to this thesis, including
hand-drawn animated film production, hand-drawn animation technology, human pose estimation,
human visual perception and its DNN-based computational models, and Topological Data Analysis.

This chapter contains our review and analysis of hand-drawn animation technology research.

e Chapter 3 presents our perceptual studies on professional hand-drawn animators, investigating
their visual understandings of hand-drawn animation frames. We study animators’ frame perception
subject to their typical hand-drawn animation studio working environments, and discuss how our

results further our understanding of animators’ RFQ perception.

e Chapter 4 introduces GENEO sheaves, our novel general-purpose data analytical framework for
modeling and evaluating complex real-world systems. After briefly reviewing the relevant mathemat-
ical background, we rigorously catalog GENEO sheaves’ foundational definitions, theorems, metrics,
and data analytical tools. We present our GENEO sheaf-based conceptual and computational model
of animators’ RFQ perception, demonstrating its efficacy through a proof-of-concept implementation

estimating 3D arm poses depicted in hand-drawn frames.

e Chapter 5 reviews this thesis’ contributions, conclusions, and directions for future work.



Chapter 2

Background

This thesis spans a wide range of specialized topics: hand-drawn animation as an art form and an
industry, hand-drawn animation technology research, visual perception research, computer vision, and
advanced mathematics including topology, group theory, and category theory. Our interdisciplinary
scope warrants provision of considerable background information on each of these subjects, given in this
chapter. In particular, a major contribution of this chapter is our state-of-the-art review on hand-drawn
animation technology (Section 2.2) through the novel, dual lens of the field’s mathematical foundations
in computational topology alongside artistic and practical insights from hand-drawn animation industry
experts (interview transcripts in Appendix B). Our review advances our understanding of hand-drawn
animation technology research across artistic, mathematical, and practical dimensions, enabling diagnosis
of reasons why hand-drawn studios may be reluctant to adopt many of the field’s technological outputs.

Using this analysis, we provide informed guidance for future work.

The insights gained from this survey guide our research approach to hand-drawn animation technology
throughout this thesis, thereby also determining the additional topics covered in this chapter. Section 2.1
overviews the standard hand-drawn animation production pipeline through which modern hand-drawn
films are made, also discussing the nature of hand-drawn frames as data entities. Section 2.2 presents
our state-of-the-art review, throughout which we provide in-depth technical and artistic analysis of each
approach discussed. Section 2.3 briefly overviews the expansive computer vision subfield of human pose
estimation research, focusing on techniques presently or potentially applicable to hand-drawn frames. In
Section 2.4, we review research on human visual cognition, highlighting findings relevant to hand-drawn
frame perception and critically evaluating DNNs’ emulation of human perceptual processes. Section 2.5
summarizes results in Topological Data Analysis (TDA), and begins establishing the deep connections
between TDA and hand-drawn animation technology fundamental to this thesis. This chapter concludes
with Section 2.6, where we knit together these many disparate themes and explore what they collectively
reveal about how hand-drawn animation technology’s present limitations can best be addressed, alongside

exciting opportunities for the research field’s future.

2.1 Hand-drawn Animation

This section provides an introduction to hand-drawn animation from artistic, procedural, and data
analytical viewpoints. First, we overview the production pipeline through which each hand-drawn frame
passes as an animated film is made, from initial conception to final product. We discuss the order in

which frames pass through various production departments, as well as each department’s artistic and



technical responsibilities. Subsequently, we detail properties of uncolored hand-drawn animation frames
distinguishing them from other types of line drawings. We discuss frames as material data entities upon
which frame processing and computer vision tasks can be performed. Frames are also described as products

of animators’ artistic expression, drawing on insights from hand-drawn animation experts (Appendix B).

2.1.1 Hand-drawn Animation Production Pipeline

Hand-drawn animation production pipelines can vary between  wolfwalkers

studios, and even across different productions within the same stu-
dio. Each production presents a unique set of artistic, practical,
and technical challenges, which determine if and how particu-
lar softwares are used, mechanisms of asset passage between
studio departments, and many other intricacies of procedure,
practice, communication, and data management. However, the
general steps involved in hand-drawn animation production have
remained fixed since their inception nearly a century ago; the
most seismic pipeline change since then has been studios’ mi-
gration to drawing on computers rather than paper. To equip
readers with the technical knowledge necessary to understand

this thesis, we review the core stages of hand-drawn animation

production pipelines specifically involved in character animation;
scene design and non-character animation stages are not covered. Figure 2.1: Color model sheets from
We focus primarily on the artistic pipeline; technical pipelines Wolfwalkers for Digital Ink & Paint.
comprise many interconnected softwares for creation and transfer

of artistic assets between production departments. For detailed information on hand-drawn animation

production, please consult [311, 333, 171].

Storyboard Storyboarding is a process also used in live-action filmmaking in which the entire film is
sketched shot-for-shot, resembling a comic strip. Because this process involves more high-level creative
decision-making than artistic expertise, storyboard artists are not necessarily animators, although many
industry professionals possess both skill sets. Aside from playing a pivotal role in visually crafting the film’s
narrative, storyboard lays the groundwork for every frame animators will draw. Storyboarding defines
characters’ emotional beats, physical interactions, prop involvement, and basic movement choreography
throughout the entire film, defining the artistic, emotive, and technical challenges animators will need
to meet to bring the director’s vision to life. Storyboard panels and audio recordings of corresponding
screenplay dialogue are sequentially compiled into the animatic, the most primitive version of the film,

from which all subsequent production departments work.

Character Design Character designers are often high-level artists and animators tasked with defining
characters’ appearances and developing exacting artistic and technical drawing guidance for animators.
With this guidance, animators are better equipped to draw characters matching the film director’s desired
look. When challenges like view-dependent character geometry arise (Figure 2.23), designers must devise
strategies by which animators can retain characters’ visual cohesion over articulate motion without
violating complex or conflicting design constraints. Designers ultimately produce model sheets (Figure
1.1), which are used by animators as drawing reference throughout the entire animation process. Color
versions of model sheets (Figure 2.1) also carry detailed information for DIP and compositing (see below),

which must be replicated exactly across each individual frame to ensure visual continuity.
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Figure 2.2: Hand-drawn animation

production pipeline stages for a single
Cartoon Saloon Wolfwalkers frame: (a)
storyboard, (b) posing, (c) rough anima-
tion, (d) clean-up animation, (e) DIP,
and (f) compositing. The diagrams on
the rough frame provide directions for
clean-up animators; the colored lines on
the clean-up frame specify technical in-

formation for DIP and compositing.

Posing Posing serves an analogous purpose to blocking in a
stage play. Posing artists work primarily from storyboards and
the animatic in order to choreograph characters’ physical motions,
positions, and interactions across each scene of the film. This is
often the stage at which the emotional beats set forth in storyboards
begin to assume visual and physical manifestations, with each pose
expressing the character’s state of mind at a moment in time.
Posing thus serves as animators’ emotional and physical roadmap
for characters’ internal and external progressions throughout each
scene. Moreover, it bridges the gap between characters’ emotional
vs. visual appeal, beginning the process of capturing gesture and

emotion within model sheets’ design constraints.

Rough Animation Rough animation begins the process through
which consecutive poses are converted into fluid, articulate charac-
ter motion. Working approximately yet not always stringently from
model sheets, rough animators produce several drafts of keyframes
depicting source and target poses differing by a smooth character
motion. Upon finalizing keyframes, rough animators begin the
process of drafting intermediate or inbetween frames depicting the
motion itself, through which they dictate the exact physicality and
quality of character motion throughout the film. Because motion
quality is the essence of hand-drawn animation’s artistry, rough
animators make many of the film’s pivotal artistic decisions and
are thus generally senior to clean-up animators. Rough animators
dictate when and how Principles of Animation (Section 2.1.2) are
deployed — particularly timing, exaggeration, anticipation, follow-
through, motion arcs, and appeal. They also further develop pose
resolution strategies comporting with the director’s artistic vision,

providing artistic direction for clean-up animators to follow.

Clean-up Animation Clean-up animators draw the frames
which get colored in and, ultimately, appear in the completed film.
Their job is to preserve the articulate motion quality given by
rough animation while satisfying model sheets’ strict artistic design
guidelines. Clean-up fills in intermediate frames not yet drawn by
rough animators, as well as refining and finalizing rough animators’
pose resolution strategies. Clean-up animators also ensure that
each frame’s line quality meets the requisite technical standards to
be colored in by Digital Ink & Paint (see below), balancing rough
animation’s line and emotion quality, character design consistency,
character recognizably, depicted pose clarity, and line technicalities
essential for subsequent production stages. Since finalized clean-up
frames are fully director-approved and offer the best-quality artistic
and technical visual information, they typically provide the most

helpful drawing references for both rough and clean-up animators.
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Digital Ink & Paint (DIP) DIP colors in hand-drawn frames after they are animated. Because
DIP is an independent production stage typically beginning well into animation, this thesis exclusively
studies uncolored animation frames, as they are most abundant at the time in production when animators
are seeking drawing references. DIP artists reference color versions of model sheets when coloring each
frame’s regions; depending on the film’s style, both regions and strokes may need to be colored for each
frame. Because hand-drawn characters lack ground-truth body representations, it may be unclear to
DIP artists how certain regions in clean-up frames correspond to the regions defined in model sheets,
sometimes requiring them to track regions across multiple frames to determine their representational
meanings. DIP involves highly technical artistic procedures contributing significantly to the film’s final
style — on Wolfwalkers, for instance, all region colors were slightly offset to emulate woodblock printing,

and strokes were softened to simulate watercolor.

Compositing Compositing is the final animation stage in which scene design, character animation,
and non-character animation are visually integrated. This not only involves receiving, managing, and
assembling assets from numerous production departments into cohesive scenes, but also adding lighting
effects, color gradation, and shading (although sometimes shading is partially completed by a separate
department). Prior to compositing, the various components of an animated scene may appear visually flat
or discombobulated; compositing artists are thereby tasked with making these assets visually harmonious,

ultimately delivering the final version of each frame in the film.

2.1.2 Hand-drawn Animation Frames

In this thesis, we aim to understand hand-drawn animation frames
from mathematical, computational, perceptual, and artistic perspectives
simultaneously, seeking stable and actionable relationships between these
perspectives. Before we can begin discussing these perspectives and
formulating these relationships, we require a baseline understanding of
what hand-drawn animation frames are as data entities. In other words,
we seek to ascertain concrete traits of hand-drawn frames persisting
across effectively any character design and artistic style. Throughout
this thesis, hand-drawn frames will refer specifically to uncolored clean-

up frames. For expository clarity, this section supposes that each frame

depicts exactly one hand-drawn character.

Figure 2.3: (a) Occluding con- While standard line drawings and hand-drawn frames both com-
tours (highlighted red) on a 3D prise strokes and regions, they present and employ these features very

polygon mesh, from [193]. (b-c) differently. Line drawings tend to place strokes along occluding contours,
Standard line drawing examples

from [78, 158].

or edges bounding the visible portion of a surface at a given viewpoint
(Figure 2.3) [158], imbuing line drawings with depth and volume infor-
mation [289]. Though hand-drawn frames also use occluding contours,
strokes often delineate adjacency between distinct yet depth-equivalent design elements (e.g., Figure 2.1,
bottom, cuff and arm). Line drawings may also contain open curves (Figure 2.3b-c), whereas hand-drawn
frames typically only comprise the closed simple 2D curves bounding regions. This is because DIP uses
region closure to color frames consistency and efficiently, a practice established at Disney during the art
form’s inception. Consequently, image processing methods designed for standard line drawings may not
be suitable for hand-drawn frames, although frames’ unique visual features are leveraged to great effect

throughout hand-drawn animation technology research.
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Hand-drawn frames contain two types of visual information: material features and depicted features.
Material features comprise a connected set of regions formed by a collection of boundary strokes, with
region geometry (shape) and topology (connectivity) dictated by the character’s model sheet (Figure 1.1).
Depicted features include the character’s depicted volumetric body geometry, body topology (i.e., ground-
truth connectivity between depicted body parts), body pose, physical motion (e.g., walking, running,
jumping), and abstract functional relationships between body parts (e.g., joint motion constraints, body
parts’ inability to self-intersect). Here, volumetric refers to animators’ mental conceptions of the body
poses they aim to draw or, relatedly, perceived physical poses of hand-drawn characters. Throughout this
thesis, the term denotes mental or computational representations of hand-drawn characters as non-planar
entities, including but not limited to 2.5D and 3D modeling. As discussed throughout this chapter, mental
conceptions of volumetric pose are far more flexible and abstract than the material geometry of 3D
character models. Hand-drawn frame perception fluently accommodates physically impossible volumetric

poses (Figure 2.12), view-dependent geometries (Figure 2.23), and other visual irregularities.

Understanding relationships between frames’ material and depicted features is vital to understanding
animators’ artistic processes, human visual perception of hand-drawn frames, and computational frame
processing methods. As discussed throughout this thesis, these relationships are highly complex and not
fully understood; however, we outline some basic premises here. Material and depicted topology and
geometry are heavily related but not synonymous. Depicted topology is fixed across articulate motion
because adjacent body parts’ corresponding regions remain materially connected; e.g., in Figure 1.1, sleeve
and cuff regions remain connected (unless their shared edge is occluded) to preserve depicted connectivity
between forearm and wrist. Meanwhile, material topology and geometry change continually across frames
in order to depict volumetric body motion, although changes are subject to strict constraints. Material
topology changes primarily convey self-contacts between functionally unrelated body parts (e.g., hand on
hip), foreground-background occlusion relationships, and body part-wise perspective change. The last of
these typically accompanies material geometry change (e.g., Figure 2.4, forearm) preserving the body
part’s depicted geometry. That is, body part thickness and length should not appear to drastically change
as characters move (although exceptions exist, discussed below). Besides these types of material topology
changes, model sheet region topology is otherwise preserved over articulate motion, creating the illusion of

hand-drawn characters as coherent physical entities and ensuring character recognizability across frames.

It should now be clear that material feature changes are governed by depicted features: strokes and
regions are entirely subject to the volumetric pose they collectively aim to convey. Since hand-drawn
frames are so data-sparse, material feature degradation compromises depicted feature clarity: e.g., missing,
misplaced, or deformed strokes can make character pose difficult to interpret. Yet because hand-drawn
characters have no ground-truth body representations, it follows that depicted features are an emergent
property of interactions between material features and the human visual system. Even more remarkably,
perception of hand-drawn characters as coherent physical entities is extraordinarily stable under unnatural
material feature changes. Although most frames depict poses reasonably consistent with viewers’ abstract
topological, geometric, and functional understandings of character body structure (e.g., human legs do not
bend along multiple joints), Principles of Animation frequently engender perception of physical impossible
poses and bodily deformations (Figure 2.12). While human vision easily identifies such deformations, they
generally do not hinder our ability to coherently perceive frames’ volumetric features by visually processing
their material features. Principles of Animation underpin the unique visual qualities of hand-drawn
characters’ motion, causing bodies to appear elastic, motion to be artistically timed and exaggerated, and

characters to look and move with immense visual appeal [311].

Hand-drawn characters are artistically stylized in myriad ways, fluidly varying between realistic and
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symbolic depictions of their physical form, sometimes across different body parts within a single frame.
Symbolic depictions are visual denotations of physical entities, varying enormously across films’ artistic
styles. They are not limited to objects, also denoting physical states. For instance, a character’s hand on
their hip may be symbolized by the topological hole enclosed by their arm and torso, instantly recognizable
to viewers even when the arm shape conveys bone foreshortening physically impossible for the symbolized
pose. This interplay between realistic and symbolic dominates the technical process of pose resolution,
which is balanced against animators’ paramount goal of finding the character, or conveying a character’s
emotive and artistic essence even at the expense of their design and physical motion constraints. The
related idea of finding the line involves visually sculpting characters’ volumetric form from beautiful and
carefully chosen hand-drawn strokes. As such, material frame features contain visual data far beyond
that contained in standard line drawings. As discussed by hand-drawn animation experts in Appendix B,

material features convey emotion and artistry indispensable to frames’ artistic quality.

2.2 Hand-drawn Animation Technology

Hand-drawn animation technology explores deep problems at the intersection of art and computation,
facing formidable and often ill-defined technical and practical challenges. Hand-drawn frames’ data
sparsity, stylization, frequent deformations, variation between visual realism and symbolism render them
inherently difficult to computationally analyze and manipulate. However, this is not hand-drawn animation
technology’s only obstacle to success. Technologies must integrate seamlessly with hand-drawn studios’
artistic and technical pipelines; most essentially, they should respect animators’ artistic processes and
agency while relieving some of the tediousness and fastidiousness of their work. Although the vast majority
of hand-drawn animation technology research endeavors to meet these goals, hand-drawn animation
studios are often hesitant to adopt new technologies created by researchers. This indicates a schism
between hand-drawn studios’ technological needs and researchers’ understandings of those needs, with the

latter determining the technologies researchers choose to develop.

This section comprehensively evaluates the
present state of animation technology research in
an effort to understand the disconnect between
hand-drawn animation researchers and industry
professionals, ultimately aiming to diagnose barri-
ers to industry adoption of hand-drawn animation
technology. Our review employs a novel analyt-
ical approach, examining hand-drawn animation

technology subject to the field’s mathematical foun-

dations in computational topology while incorporat-
Figure 2.4: Examples of consecutive clean-up keyframes ing insights from interviews conducted with hand-
frames from Wolfwalkers illustrating complex stroke topol- Jrawn animation industry experts. Connections

ogy change arising from a physically small articulate move- between topology and hand-drawn animation are

ment. detailed throughout our survey, guiding researchers

towards topological techniques best suited for their
computational objectives. We describe how methods’ artistic advantages and limitations arise explicitly
from their chosen topological approaches, informed by our interviews with Glen Keane, master Disney
animator, executive producer, and director (credits include The Little Mermaid, Beauty and the Beast,

Aladdin, and Tangled), and Mark Mullery, Cartoon Saloon Chief Technology Officer and former assistant
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director (credits include The Breadwinner and Wolfwalkers). Full transcripts of interviews with Keane

and Mullery are available in Appendix B.

While related surveys include image processing techniques for cartoon drawings [361, 309], sketch-
based modeling [34, 338], and topological techniques for various sketch analysis tasks [192], our work
focuses exclusively on methods specialized for hand-drawn frame processing over complex articulate
character motion (Figure 2.4), which is often beyond the scope of sketch-based modeling methods. We
review three main research subfields: frame deformation, frame feature correspondence, and volumetric
modeling of articulate hand-drawn characters. By incorporating knowledge from industry veterans, we aim
to better inform researchers about how their work may be received and implemented in industry settings.
Because we seek to diagnose present barriers to industry adoption of hand-drawn animation technology,
we focus primarily on the past 15 years of research output. All methods reviewed are underpinned by
computational topology and are designed to process hand-drawn clean-up frames of the data format

described in the previous section.

2.2.1 Frame Deformation

Frame Deformation is a major realm of hand-drawn animation technology research. By automatically
deforming or interpolating between keyframes, these methods seek to relieve animators of manually
drawing intermediate frames. As several intermediate frames typically separate each pair of consecutive
keyframes, this can drastically reduce animators’ drawing time during film production. Intermediate
frames can be generated by attaching (parts of) frames to deformable topological structures — like lattices
(Section 2.2.1) or meshes (Section 2.2.1) — and deforming the structure to produce character motion.
Alternatively, pairs of corresponding source and target keyframe features — usually strokes (Section 2.2.1)
— can be interpolated. Some methods, such as mesh-based region interpolation and deformable stroke
topologies, straddle multiple categories. This section explores the efficacy of various frame deformation
strategies, examining the advantages and limitations of their topological techniques and their usability for

professional animators.

Lattices
Lattice deformation assigns a lattice to the image
[}
plane, dividing a frame into square pixel patches P i
/0 ™, .
(Figure 2.6). When the lattice is deformed, each | )
frame patch takes on the local deformation of @,\:J,/> -

. . b
its lattice square. Lattices topologize the image @ . ©

plane rather than frame features, making them

lightweight regardless of feature intricacy. Without [/ 1

direct stroke or region tracking, their only feature
. g . . g’ y . x ’)
preservation mechanism is topology-preserving de-

source target

formation: if lattice squares cannot collapse, their
Figure 2.5: As-Rigid-As-Possible lattice deformation

image patches cannot degenerate. Preservation of
from Sykora et al. [302]: (a) identifying target vertex loca-

animators’ line quality, faithfulness to character

tion (boxed red), (b) lattice square isometry, (c) centroid

design, and sound visual communication with view- .
of corners (circled red).
ers therefore entirely depends on lattice topology

preservation during deformation.

Animation arising from these confines strongly preserves stroke geometry, particularly suiting

articulate planar motion (parallel to view plane) of characters with rigid skeletons (Figure 2.6). Planar
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motion is well-approximated by As-Rigid-As-Possible (ARAP) lattice deformation, demonstrated by
Sykora et al.’s influential technique [302]. Each source keyframe lattice vertex moves to the target
keyframe location most visually similar to its source location. Each lattice square isometrically transforms
to optimally align with its repositioned corner vertices, which move to the centroid of their transformed
squares’ corners, restoring lattice topology (Figure 2.5). While robust geometry preservation maintains
character design, it lacks hand-drawn animation’s expressiveness. Kazi et al. [179] aim to improve lattice
deformation’s expressiveness by defining seven lattice deformation modes, each modeling one of the 12
Principles of Animation. Though this achieves good results on small motions, larger motions are noticeably
synthetic. Many lattice methods suffer from similar issues, arising from their treatment of hand-drawn
strokes as textures on a deformable surface — i.e., the image plane. Strokes are then easily distorted beyond
the physical arcs of hand-drawn lines, degrading their hand-crafted appearance. To address this, Chen
et al. [64] generate novel strokes at intermediate frames by applying small transformations to keyframe
strokes, preserving each stroke’s hand-drawn shape. Keyframe stroke contours and density maps are then
ARAP lattice interpolated to guide generated stroke placement for each intermediate frame, yielding

natural looking sketchy animation (Figure 2.6).

Choice of lattice resolution heavily impacts vi-

~ ~ — 5 7? sual deformation quality. Finer lattices deform fewer
§ pixels per square, reducing artifacting but becoming

; 2 B incomputable when squares get too small [302]. Raster
FX/N \ :"‘ l frames deformed by coarser, computable lattices are
A JBR o8 3 ] post-processed with linear interpolation smoothing op-
Sk 4 of (7 '“ erations to restore image quality [118, 179], sometimes
alongside shape preservation handling [302]. However,

automatic line reconstruction may degrade line natural-

Figure 2.6: Example of transformation lattices as-

signed to cach body part in a walk cycle from Chen ness. Moreover, visually imperceptible artifacts often

ot al. [64]. Finer resolution lattices animate both persist after smoothing and can cause color-fill issues
hands. for DIP [171, 306]. Finer resolution also supports artic-

ulation by reducing likelihood of trapping nearby but
semantically unrelated strokes within the same square and forcing them to move together during animation.
To address resolution issues without sacrificing computability, Noris et al. [238] capture strokes’ topological
and geometric relationships by applying a distance transform, then iteratively employing Sykora et al.’s
ARAP algorithm at increasingly fine lattice resolutions. Stroke deformation data is transferred across
resolutions to speed up extraction of stroke-wise motion, offering computationally inexpensive lattice

deformation at fine resolution.

Since unwanted distortion of nearby body parts necessarily arises when a single lattice globally
topologizes an entire frame, many methods define local layered lattices for each body part [179, 107,
64, 108, 97, 114] (Figure 2.6). These work for coarse articulate motion, but cannot animate body part
articulation within each local lattice. Carvalho et al. [51] resolve this issue by individually lattice-
interpolating hand-drawn gesture strokes, each representing several detailed strokes along the gesture’s
contour (Figure 2.7). Corresponding keyframe gesture strokes are optimally aligned by local isometry
followed by thin-plate spline warp. The thin-plate spline warp non-linearly interpolates points sampled
along pairs of corresponding source and target strokes, using lattice interpolation derived from sample point
interpolation to align keyframe strokes. Hand-drawn gesture strokes relieve the need for larger lattices to
maintain strokes’ relative spatial relationships and, alongside a hierarchical stroke layering scheme, enrich

articulation opportunities. Mo et al. [225] automatically detect and parse unrelated nearby strokes using
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Figure 2.7: Example of semi-automatic inbetweening method from Carvalho et al. [51]. Hand-drawn keyframes

and color-coded corresponding gesture strokes shown in boxes, with intermediate frames between them.

perceptual cues derived from stroke curvature and geometry at shared endpoints (Section 2.2.2). For
corresponding keyframe stroke groups, a learning-based Adaptive Spatial Transformation Module predicts
the affine transformation interpolating their local lattices over intermediate frames. The module learns
to homogenize similar transformations on neighboring lattices and negotiate transformation disparities
between overlapping lattices to depict smooth articulate rigid motion. Resulting animation is high-quality

but needs user intervention to appear hand-drawn, which learning-based methods unfortunately preclude.

Complex stroke topology changes are inherent and ubiquitous to hand-drawn articulate mo-
tion (Figure 2.4), yet unattainable from standard lattice deformation. Because lattices topologize
the image plane, they cannot undergo square collapse necessary for modeling stroke topology change
without permanently degenerating collapsed squares’ feature data, distorting nearby features, and
destroying lattice structure. Further, cutting along lattice edges or independently repositioning in-
dividual squares leaves holes in the image plane. While many of these operations are possible in
mesh- and stroke graph-based frame interpolation, lattices remain popular for their computational
efficiency, usability, and robust preservation of relative feature positions, sizes, shapes, and angles.
To animate stroke topology change while retaining

lattices’ advantages, Even et al. [107] introduce

a technique for interpolating frames with topo- : Reqism> ST Red'aw>
logically unrelated lattice structures (Figure 2.8). % ( ) -
An invertible ARAP lattice warp optimally aligns O
source to target keyframe strokes, registering the | € end / E, start

€, keyframe / keyframe

source lattice to the target lattice despite their dif-
fering stroke topologies. Warped source strokes are Figure 2.8: Example of stroke groups with separate
cross-faded with invertibly-warped target strokes lattices (green and red) merging into a single stroke group

to generate intermediate frames, simulating topo- with different lattice topology (blue) through the lattice

. . o . registration method from Even et al. [107]. Registration
logical changes like stroke splitting and merging. . . . .
transforming green strokes into blue strokes is depicted;

The target frame receives new appropriate lattice red strokes undergo an equivalent process.
topology upon becoming the new source frame, and

Bezier lattice trajectories offer smooth interpolation over topology change. Even et al. [108] extend this
technique by automatically layering stroke group lattices and cross-fading layers undergoing depth-order
change during articulate motion, handling stroke disappearance/reappearance over view angle change.
Fukusato et al. [128] achieve even more freedom by storing frame features in both lattices and meshes,
providing backup records of artistic data when lattice topology breaks. To restore broken lattice topology,
graph Laplacian diffusion [363] finds each square’s ARAP transformation optimally matching the given
frame deformation, with mesh vertex position weights expressing feature change over deformation. The

graph Laplacian is a matrix representation of a graph that can be used to discretely diffuse data over
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weighted graphs. Here, the graph Laplacian’s usage reveals that the relationship between feature and

lattice topology change is so intimate that the former can be used to reconstruct the latter.

Meshes

Meshes topologize shapes rather than the image plane, naturally relating their topology and geometry to
frame features. Whereas lattice topology change breaks image plane topology and permanently damages
feature data, mesh topology can alter substantially without disturbing frames’ visual information. Topology
change is straightforward because meshes comprise triangles rather than uniformly sized squares; triangles
can collapse and emerge without degrading overall mesh shape. Mesh topology change is also more

localizable than lattice topology change since nearby triangles can vary in size and be subdivided or

merged if needed.

Many methods leverage deformation local-
ity for articulate motion by equipping meshes
with 2D character skeletons. Skeletons are as-

sociated to meshes by imposing each bone’s

transformations on its intersecting mesh edges

[325], intersecting mesh triangles [324, 60], or

vertices bounding intersecting triangles [347].
When bones move and transform their intersect-
ing mesh elements, the graph Laplacian propa-
gates those transformations throughout the mesh.

Harmonic weights associated with the Laplacian

refine transformation locality [325] and shape

Figure 2.9: Mesh deformation approach of Brodt & Bess- Preservation [324, 60]. For transformations prop-
melstev [40]: (a) hand-drawn source and target keyframes agated over triangles, ARAP lattice deforma-
with 2D skeletons; (b) 2.5D mesh cuts matching articulate tion [302] is adapted to isometrically transform
self-occlusion discontinuities from the projected smooth 3D  a5ch triangle independently before restoring mesh

deformation field; (c¢) piecewise-smooth 2.5D deformation topology [324, 60]. Local rigidity can also be en-

field; (d) an output intermediate frame. forced vertex-wise by optimally preserving each
mesh vertex’s nearest-neighbor star graph geome-
try over deformation [347]. Since Laplacian influence on meshes depends on the graph path distance rather
than proximity in the image plane, single-layer meshes can move articulately without undesirable motion
of nearby body parts. However, these methods confine mesh deformation and skeleton motion to the
plane, consequently struggling to model complex volumetric body part articulation. Brodt & Bessmeltsev
[40] improve articulation by framing the problem inversely: they search for a mesh deformation field
matching a given 2D skeleton motion. They observe that the smooth 3D deformation field of a hand-drawn
character’s depicted volumetric motion projects to a piecewise-smooth 2.5D deformation field of frame
feature motion, with discontinuities arising from articulate self-occlusion (Figure 2.9). Deep learning and
graph optimization combine to construct the 3D deformation field from input 2D skeleton motion and
find 2.5D mesh cuts along keyframe strokes. Cuts match the projected piecewise-smooth deformation field
while minimizing stroke distortion. The method succeeds on local out-of-plane articulate motion but may

degenerate strokes, a problem pervading learning-based hand-drawn frame deformation [66].

Mesh geometry can be defined in myriad ways depending on the problem at hand. While intentional
triangle collapse can help generate expressive articulate animation, unintentional triangle collapse during

deformation can alter frame features undesirably. To mitigate such occurrences, nearly all mesh methods
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source target

/A

Figure 2.10: Compatible frame interpolation results from Yang et al. [344]: compatible meshes given by strokes

(@), (b)

(a) and original strokes (b) from input keyframes and a generated intermediate frame; (c) mesh triangle collapse
for stroke topology change.

construct Delaunay triangulations maximizing every mesh triangle’s internal angles, as skinny triangles
easily collapse (Figure 2.10c, bottom). Delaunay triangulations and their dual Voronoi diagrams are widely
used in hand-drawn animation technology for partitioning and grouping strokes [25, 349, 234], interpolating
frames in parametric pose space [269, 172, 82|, and modeling natural phenomena like mountain ranges [90]
and water caustics [168]. Their relationship to convex hulls of 3D point sets [90] likely compliments their use
in volumetric modeling (Section 2.2.3). To further enhance feature preservation, Delaunay triangulations
can be constructed as compatible triangulations: graph-isomorphic triangulations on ordered keyframe
vertices such that corresponding source and target triangles have matching vertex orientations. Compatible
triangulations are guaranteed to prevent mesh degeneration over deformation, and any topology-preserving
mesh deformation defines compatible source and target triangulations. Applications to hand-drawn frame
interpolation often relax compatibility requirements, balancing robust feature preservation with artistic
expressivity. A suite of methods use Euclidean Minimum Spanning Trees to compatibly triangulate
piecewise-linear stroke approximations of input keyframes [345, 344, 346]. Since directly interpolating

compatibly triangulated frames precludes the stroke topology changes requisite for articulate motion,

compatible interpolation is approximated by edge-

wise ARAP interpolation. Triangle collapse enables @ (b) EdgeFlip  Edge Split  Edge Collapse

small stroke topology change while optimally pre-

serving larger visual features (Figure 2.10). Individ-

ual pairs of corresponding keyframe strokes can also

be compatibly triangulated and interpolated [127].

Still, like lattices, treatment of compatible meshes
as planar stroke embeddings hinders larger topology
changes and occlusion handling. These limitations
are somewhat remedied by depth-ordering triangles
in compatible meshes [327, 202].

Zhu et al. [367] further temper compatible

meshes’ mathematical rigor with artistic expressiv-
ity, devising a technique for compatibly interpolat- Figure 2.11: Mesh deformation techniques from Zhu

ing arbitrary shapes. Topological operations like et al. [367]: (a) topological cut operation simulated by

cutting, gluing, and self-overlap are dynamically vertices and edges initially occupying the same position;
simulated on a single mesh by permitting multiple (b) edge flip, split, and collapse operations for changing

mesh topology.
vertices and edges to simultaneously occupy the polosy

19



same position (Figure 2.11). Every triangulation of a point set is reachable by a sequence of edge
flips [90] which, alongside shape preservation optimization, are used reestablish Delaunay meshes after
extreme deformation. Because deformed meshes are compatible and simultaneous edge flips on compati-
ble meshes preserve compatibility [301], flips can be propagated to all other deformations of the given
mesh. Mesh compatibility is thus maintained across all deformations while the current deformation is
retopologized. Although this method could model hand-drawn region topology change during articulate
motion, animators would need to manually specify these intricate changes and fine-tune deformation
rules to ensure aesthetically pleasing animation. Mullery reports that hand-drawn studios may eschew
technologies demanding such effort, which is more time-consuming and draining for animators than simply
drawing frames. Bai et al. [10] offer an approach that, though lacking support for extreme deformation
and topology change, allows animators to specify region correspondences between frames with different
region topologies. Interpolations map between disjoint subspaces of isomorphically-meshed region shapes
to interpolate mesh topologies, creating one of the most self-contained and user-friendly interpolation
workflows to date. Combining Bai et al.’s workflow with Zhu et al.’s shape deformation capabilities could
provide robust region deformation and reduce demands for manual mesh edits and deformation rules,

promoting adoption in industry settings.

Stroke Complexes

Hand-drawn animation technology’s central data structure is the cell complex: a topological space of
connected vertices, edges, faces, and their higher-dimensional counterparts. Lattices, meshes, and graphs
are all examples of cell complexes. Stroke complexes — cell complexes of strokes — enjoy unparalleled
popularity among frame interpolation methods for their many artistically expressive and computationally
appealing incarnations. These methods often indicate strong connections between stroke complexes, visual

perception, and animators’ drawing process.

Figure 2.12: Examples of Principles of Animation and other hand-drawn animation techniques that are challenging
to model computationally: exaggerated motion creating physically impossible poses (circled red), squash-and-stretch
(circled green), stylized visual perspective due to preference for symbolic over realistic depictions of character pose
(circled blue).

20



Stroke complexes most often appear as stroke graphs of stroke edges connecting vertices at strokes’
shared endpoints (Figure 2.13, bottom), or vice versa. After defining isomorphic or highly similar stroke
graphs for input keyframes (Section 2.2.2), many methods attach a local stroke data space to each
edge. Intermediate frames are generated by interpolating each corresponding key stroke pair within
their common edge’s local data space, modeling animators’ practice of tracking individual stroke shape
and motion across consecutive frames. These methods typically employ stroke-wise ARAP interpolation
[330, 345, 336, 344, 346], although least squares interpolation on bipartite-matched key stroke sample
points may offer smoother motion via bidirectionally optimal matching and deformation continuity [51].
Stroke tangent consistency is checked and smoothed at strokes’ shared endpoints, ensuring curvature
continuity across intermediate frames. Consistency checking edge-wise transformations helps identify
articulate body parts, which often manifest as connected stroke subgraphs undergoing near-uniform
isometries. This is a powerful example of topological frame analysis extracting sophisticated information
from simple features, indicating deep synergy between topology and hand-drawn animation. Through the
simple construction of local data spaces attached to a stroke graph, key elements of animators’ drawing
process can be emulated and complex articulate body structure becomes discernible. Once a body part is
identified, its strokes’ transformations are homogenized for motion uniformity and given a logarithmic
spiral trajectory [330, 344, 346], modeling the motion arcs foundational to hand-drawn character motion
[311]. However, animators move and deform a body part’s strokes at slightly different rates and shapes
to convey weight, express emotion, and heighten appeal. Their deference to core animation principles —
e.g., squash-and-stretch, follow-through, and exaggeration [311] — and penchant for symbolic over realistic
depiction greatly complicates automatic stroke interpolation. Homogenized motion can look mechanical,
lacking stroke naturalness and artistry essential to professional hand-drawn animation (Figure 2.12).
Animators also rely heavily on their internal proprioception and volumetric mental models of characters
when choosing stroke shape and motion across frames [160, 183]; in the words of animator Norman
McLaren, “animation is not the art of drawings that move but the art of movements that are drawn” [294].
Neither ARAP nor bipartite matching interpolation incorporates volumetric knowledge, often yielding
noticeably synthetic line quality. These methods also cannot modify stroke graph topology, relying on
stroke visibility toggles to simulate limited feature topology change (Section 2.2.2).

A competing stroke complex formulation
offers superior topological flexibility by exploit-
ing parallels between hand-drawn stroke topology
changes and topological cell complex operations.

By treating each frame as a formal topological cell

complex, Dalstein et al. [86] supports operations
like cutting, gluing, and cell collapse on stroke
°] complexes, similarly to Zhu et al.’s mesh deforma-
s 7 " tion scheme [367]. A sequence of stroke topology
' : changes over consecutive frames is modeled as a
space-time cell complex, which can be “sliced” at
Figure 2.13: Intermediate frame generation method &1¥Y point in time to yield frames of valid stroke
from Dalstein et al. [87] demonstrating stroke and re- complexes [87]. These space-time complexes are

gion collapse across frames (top) and stroke complexes distinct from 3D stroke networks, simulating rather
(bottom). than explicitly computing out-of-plane motion via

planar stroke deformation. Animators’ concurrent
consideration of individual strokes and the regions they form is modeled by the boundary operator, a

topological cell complex operator exchanging data between faces (regions) and their surrounding edges
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(strokes) (see Section 2.5 and Figure 2.37 for formal details). Whereas most frame deformation methods
force animators to work exclusively with either strokes or regions, the boundary operator enables joint
exploitation of strokes’ artistic freedom and regions’ consistency over articulate motion. Unlike stroke
graph methods, body parts can be identified as regions rather than by detecting uniform stroke group
transformations, leaving animators free to unsynchronize individual stroke shapes and motions for artistic
effect without potentially inhibiting body part identification. Because regions and strokes are explicitly
encoded as topological cells, they can alter topologically and undergo cell collapse to depict feature

topology change and collapse without need for stroke visibility toggles (Figure 2.13).

Although topological stroke operations and hand-drawn stroke manipulation share many similarities,
they are not equivalent. Some visually simple stroke edits are difficult or unattainable via topological
stroke operations, costing animators time and energy better spent translating their artistry onto the page.
Given Dalstein et al.’s user feedback [86], Mullery notes that animators’ frustrations may be exacerbated if
they fail to grasp the topological logic needed for stroke editing workarounds, a pitfall pervading methods
modeling frames as formal mathematical spaces. Clearly, each frame deformation method’s choice of cell
complex and use of accompanying mathematical devices — local data attachment to cells, graph diffusion,

topological operations — profoundly impact its advantages, limitations, and aesthetic results.

2.2.2 Frame Correspondence

Before keyframes are interpolated, correspondences between their features must be established. Although
many researchers approach fame deformation and correspondence simultaneously, the problems are
distinct: correspondence refers to establishing relationships between features appearing in multiple
(typically consecutive) keyframes, while deformation refers to strategies for transforming source frame
features into target frame features. Correspondence concerns recognition of the same stroke or region as
a character changes pose and view angle, rather than deformation of said features to animate pose and
view change. In practice, stroke correspondence methods (Sections 2.2.2 and 2.2.2) typically provide the
correspondence relationships needed to interpolate keyframe strokes, while region correspondence methods
(Section 2.2.2) serve to automatically propagate region colorization across sequences or sets of frames.
This section reviews the wide variety of stroke and region correspondence techniques across topological,

combinatorial, and spectral domains.

Stroke Graph Isomorphism

To interpolate stroke data over isomorphic keyframe stroke graph topology as described in Section 2.2.1,
a stroke graph isomorphism between keyframes must be found. As with topology-preserving lattice
deformation and compatible triangulation, fixing isomorphic stroke topology across a frame sequence
guarantees preservation of hand-drawn keyframe features throughout intermediate frames.

Isomorphisms are often defined by simultaneously tracing isomorphic paths along input keyframes’

stroke graphs until all edges have been reached. Whited et al.[330] begin at a user-defined pair of
corresponding key strokes, halt upon encountering non-isomorphic 1-hop subgraph topology or a visually
dissimilar stroke pair, and resume once the user provides another stroke correspondence. Without the
ability to detect and parse stroke connectivity arising from contact or occlusion between disjoint body
parts, this method is best suited to interpolating frames with highly similar stroke topology, which can be
tedious for animators to draw. However, hand-drawn animation is most often on 2s, with new drawings
on every other frame of the standard 24 frames-per-second rate. Consecutive frames therefore likely differ
by articulate motion, frequently involving complex stroke topology changes precluding isomorphism. Mo

et al. [225] bypass stroke T-junctions during tracing to parse superficial stroke connectivity, handling
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self-contacts and simple occlusion with their learning-based local transformation technique (Section
2.2.1). Unfortunately, strokes are missing or erroneously added when keyframes lack bijective stroke
correspondence (Figure 2.19). Both [330, 225] exclusively trace connected strokes, which can cause

oversensitivity to natural artistic variation in exact stroke connectivity across hand-drawn frames.

Other tracing methods define a-topology stroke graphs
connecting disjoint yet visually cohesive strokes that should
move together during animation (e.g., head and facial fea-

G tures) (Figure 2.16, red box at right). CACAI [344] de-
> p N\~ fines k-nearest neighbor a-topology and greedily matches
\L strokes by geometric and a-topological features during trac-

A ing. However, matchings do not guarantee global stroke

/\/\ topology preservation and the fixed k may be too small for

high-complexity stroke neighborhoods and too large for low-

complexity neighborhoods. Addressing these issues, Yang et

al. [346] introduce dynamically optimized proximity-based

Figure 2.14: Drawing unseen strokes when .
a-topology. They strengthen CACAI’s stroke matching al-

using stroke visibility toggles. Figure from Yang
ot al. [346]. gorithm by requiring local a-topology isomorphism between

corresponding key strokes, improving topology preservation
at coarser resolutions (Figure 2.16). Still, global topology preservation is not guaranteed and, like all
tracing methods, user intervention is needed to correct correspondence errors. To prevent nearby but
semantically distinct strokes from moving together, a-close strokes not touching in one or both keyframes
are a-disconnected if their proximity differs excessively between keyframes. Though this improves on
previous tracing methods’ articulation handling, users may still need to remove superficial connectivity
between unrelated body parts. Tracing methods’ imposition of bijective key stroke correspondence also
creates extra work for animators in practice. Although animators track individual strokes across frames,
natural key stroke relationships are rarely bijective and can require exhaustive fine-tuning to appear as
such (Figure 2.19). A prevalent example of this are stroke visibility toggles, used to ensure bijectivity and
simulate certain (but not all) stroke topology changes by compelling animators to draw unseen strokes
(Figure 2.14). Visibility is automatically modulated over intermediate frames at T-junctions intersecting
seen and unseen strokes [330, 344|, sometimes alongside user-defined stroke splitting/merging [346], to cr-
eate immersion-like functionality without explicit
layering.

Despite tracing methods reporting substan-
tial time saved for animators in user studies
[330, 344, 346], drawing freely costs animators far
less energy than intricate interventions like manual

stroke matching and drawing unseen strokes. Ac-

cording to Mullery, talented animators are rarely

Diffusion on source Diffusion on target
talented machinists, and hand-drawn studios will stroke graph stroke graph

always choose the former over the latter. Energy Figure 2.15: Stroke graph diffusion (indicated by red

spent on anything besides finding the character, arrows) from Xing et al. [336] comparing respective
maintaining their design, and conveying emotion gsource and target stroke neighborhoods (red circles) sg
is likely not energy that hand-drawn studios are and s11. Diffusion compares increasingly distant stroke
willing to spend. Even drawing interventions like neighborhoods (blue circles), capturing multiresolution

unseen strokes may be extrinsic to animators’ artis- stroke topology on topologically distinct stroke graphs.
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tic process and slow their workflow. To alleviate

~

/ need for such interventions, several methods adapt

stroke graph tracing and a-topology to accom-

JT— modate more flexible keyframe correspondences.
As with compatible triangulations — another type

of isomorphism — the most successful approaches

0

Figure 2.16: Stroke correspondence (color-coded) fail-
ure case of CACALI [344] due to lack of global topology

awareness. Insets (outlined blue) show stroke topology

soften isomorphism constraints enough to substan-
tially enhance artistic freedom, but not enough to
sacrifice mathematical feature preservation guaran-
tees. Some use graph Laplacian diffusion to process

imprecisions handled by a-topology but not by meth-
coarser-resolution stroke topology, finding larger

ods enforcing exact stroke connectivity like Whited et al.
[330]. Figure from Yang et al. [346]. stroke group correspondences impossible to detect

from 1-hop stroke neighborhoods. Myronova et al.
[234] use stroke proximity, connectivity, and visual contiguity reasoning to embed a frame’s strokes in a
tight fitting a-topological mesh. Differential operators ill-suited to stroke graphs can be stably applied to
the mesh, and minimizing the commutativity of the Laplacian for such operators yields correspondences be-
tween frames with arbitrary stroke topology and cardinality differences. This method’s main limitations are
its run time and its inability to generate intermediate frames. In Xing et al.’s [336] tracing approach, stroke
graph vertices represent groups of neighboring strokes, and edges indicate neighborhoods sharing strokes.
Tracing diffuses over keyframe stroke graphs to contextualize stroke neighborhoods within global stroke
topology, tracking multiresolution (local-to-global) geometry and topology similarities and differences
between frames (Figure 2.15). Stroke neighborhoods are compared without defining bijections between
them, enabling many-to-many stroke correspondence across topologically distinct local neighborhoods.
Large-scale topology change is also possible since stroke graph isomorphism is optimally approximated but
not required. Recently, Chen et al. [68] use optical flow to simulate rather than explicitly compute stroke
graph isomorphism between raster keyframes. To generate intermediate frames, vectorized source strokes
are linearly interpolated according to their local optical flows, optimally aligning with their corresponding
target strokes. User interaction simply involves redrawing local stroke inconsistencies arising from stroke
topology change, a much more intuitive and natural task for animators than interventions used in stricter

stroke graph isomorphism methods.

Stroke Graph Matching

Seeking improved correspondence flexibility, several methods eschew formal topological approaches to
stroke graphs. Instead, they favor combinatorial and analytical techniques such as graph labeling, graph
fusion, and spectral graph theory. These approaches fluently bypass topological constraints like bijective
stroke matching and local isomorphism, showcasing the diverse graph processing approaches applicable to

keyframe stroke correspondence.

A major advantage of graph matching methods is their ability to output and then optimize many-
to-many stroke matchings. Isomorphic stroke graph tracing methods do not accommodate many-to-many
matchings at all. To enable one-to-many and many-to-many matchings, Carvalho et al. [51] conducts
maximum bipartite matching on keyframes’ guideline strokes and regions. However, this technique
performs best on one-to-one matchings, becoming increasingly unreliable in more complex cases. Yu et al.
[353] and Song et al. [295] support many-to-many correspondence by respectively utilizing graph learning
and graph statistics within similar pipelines. Both methods sample stroke feature points, label points

with local rotation- and scale-invariant stroke shape descriptors, generate a many-to-many labeling, and

24



iteratively prune graph edges to reach optimal 1)

Source Character  Target Character

correspondence. For optimal labeling, Yu et al. “lpeeepd - 0lay 0

alternates graph transductive labeling — a semi-

supervised learning-based graph labeling technique

— and distance metric learning; Song et al. alter-  siep 1: Data Input Step 2: Sampling
. . . . . and Local Shape Context
nates maximum a posteriori estimation modeled by
6) 5)

Markov random fields and solved by stroke graph >
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mation, such that minimizing graph cut minimizes R
correspondence energy. Alternation continues until

. . Step 6: Curve Step 5: User Correspondence Step 4: Graph-TL

the correspondence function converges to an opti- Correspondence Feedback and DML Estimation

mal many-to-many labeling. Both methods out- _. o
Figure 2.17: Frame analysis pipeline and stroke corre-

perform Hungarian bipartite matching, although spondence results (5-6, blue arrows) from Yu et al. [353].
neither is evaluated by animators so their efficacy

in practice is unknown.

Spectral graph theory is becoming increasingly popular in hand-drawn animation technology for
its flexible yet powerful global topology awareness. For instance, spectral analysis can reconstruct the
Delaunay triangulation of a point set from graph matrix data alone [296]. A suite of methods called Patch
Alignment Frameworks marry spectral graph theory with manifold learning to compute stroke graph
correspondence. Keyframes’ stroke feature vectors given by local shape context descriptors are mapped
into a single high-dimensional feature space, where either k-nearest neighbor clustering [352, 195] or sparse
coding [322] is used to construct patches of similar source and target stroke feature vectors. Semi-supervised
patch construction allows users to add correspondence constraints [352]. Patches are then aligned via
spectral analysis and projected into lower-dimensional clusters with respect to shape and proximity data,
where they are matched within each cluster to find stroke correspondence. Nearest-neighbor matching
naturally accommodates many-to-many correspondence [352]; Hungarian bipartite matching requires
reformulating many-to-many matching as one-to-one matching to achieve comparable flexibility [322, 195].
This technique offers substantially relaxed stroke correspondence constraints compared to tracing methods,

yet provides far fewer opportunities for manual correction and falters on exaggerated motion and occlusion.

To better handle occlusion, Siyao et al. [292]
train a Vertex Correspondence Transformer on syn-

thetic line drawings generated from 3D charac-

ter meshes (Figure 2.18). The Transformer pro-

cesses pixel data, stroke vertex position, and spec-

~gtd
.

.

tral stroke graph topology. Vertices with high-

‘ confidence correspondences between keyframes
2D source frame 3D source mesh 2D target frame . . .

propagate their articulate motion vectors to nearby
Figure 2.18: Stroke vertex matching between synthetic unmatched vertices, completing vertex correspon-

source and target frames and a 3D character mesh posed Jepce by leveraging spectral methods’ efficacy on

to match the source frame from Siyao et al. [292]. incomplete graph data. An occlusion-handling visi-
bility mask predictor tracks 3D mesh vertices along-
side their projected 2D counterparts, yielding correspondence robustness unattainable from 2D data alone.
This method performs competitively against other learning-based frame interpolation methods like Chen
et al. [66] and outperforms all comparison methods in perceptual tests. However, authors note that strokes

often degrade in intermediate frames, a common issue for learning-based frame interpolation methods
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[66]. Despite this limitation, many aspects of this approach are compelling and will likely inspire future

methods combining topological and learning-based correspondence techniques.

Region Adjacency Graphs

Despite the intimate relationship between strokes
and regions (Section 2.2.1), regions are the more
stable frame feature (Figure 2.19). Regions always
explicitly correspond to ground-truth character de-
sign, whereas strokes more often indicate body
contours appearing at particular poses and view
angles. Stroke methods’ reliance on isomorphism
likely arises from inherent challenges predicting
and semantically interpreting stroke emergence and

evolution over articulate motion; contrastingly, the

A
clear relationship from volumetric body structure K
to region shape and connectivity often makes re- :t\»

gions easier to identify. Hand-drawn characters

comprise a ground-truth set of regions, each typ-
Figure 2.19: Results from Mo et al. [225] illustrating

stability of strokes vs. regions over articulate motion. Top:

ically symbolizing a body part. Ground-truth re-
gion connectivity then strongly correlates to skele-
input keyframes with corresponding strokes numbered

ton structure. Region shape change, connectivit
& P 8 Y and differences indicated by arrows. Bottom: color-coded

change, and collapse respectively indicate volumet- .
many-to-one stroke and one-to-one region correspondence,

ric motion, partial or full occlusion, and viewpoint with dotted lines showing strokes missing (indicated by
change. Therefore a character’s Region Adjacency arrows) from the output target frame.

Graph (RAG) — comprising region vertices and

edges indicating region adjacency — deeply relates to their depicted volumetric pose. This connection
parallels Brodt & Bessmeltsev’s association between 2.5D and 3D deformation fields (Section 2.2.1). Still,
the relationship may not be straightforward in practice. According to Keane, hand-drawn characters’
volumetric forms are frequently subservient to their symbolic depictions. Region shape and RAG topology

can thus deviate unpredictably from projected 3D character pose (Figure 2.12).

Early RAG correspondence methods exclusively exploit local topology and geometry. Nascimento
et al. [235] compare functions encoding 1-hop RAG neighborhood topology and geometry to recursively
track regions over frames, handling mild occlusions but failing to correctly track similarly shaped regions.
Sato et al. [279] formulate correspondence as quadratic programming graph matching, comparing graph
vertices by their corresponding regions’ length, area, and midline angle similarity. Despite its simplicity,
this method achieves good results on frames with highly similar RAGs, though fails on RAG topology
change. Recent methods’ integration of intermediate and global topology awareness improves results.
Similarly to stroke graph tracing methods (Section 2.2.2), Miyauchi et al. [223] greedily trace keyframes’
RAGs simultaneously to match regions by shape, local topology, and depth cues. Depth cues provide
intermediate topology awareness, as they are a consequence of global 3D skeleton pose. Comparative tests
of different cue combinations show shape alone performs far worse than shape and topology together,
with depth cues only aiding region matching when correct. The authors extend their existing approach to
incorporate 2D skeleton estimation, which they use to improve depth cue accuracy and provide global
topology awareness by relating skeleton and RAG topology [224]. Better intermediate and global topology

awareness improve their prior results. Liu et al. [197] also employ greedy RAG tracing, attempting to
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reinforce their local region geometry- and topology-matching scheme with global RAG topology awareness.
Their matching scheme involves bipartite matching on keyframe correspondence graphs — one for regions
and another for 1-hop region neighborhoods — edge-weighted with Kendall shape similarity measures.
Kendall measures are isometry-invariant for robust shape matching over articulate motion, but computable
only for shapes with equal numbers of sample points, causing shape detail loss for larger regions. As in

stroke correspondence, bipartite matching also precludes one-to-many and many-to-many correspondence.

Given greedy tracing methods’ instability
from lack of multiresolution topology awareness
(Section 2.2.2), recent RAG methods turn to spec-
tral RAG analysis for better results. Continuing
ideas from [197], Liu et al.[198] define a graph with

a vertex for each source and target region pair,

weighted by Kendall shape similarity. Edges con-

nect vertices whose source and target regions are

adjacent in source and target RAGs, respectively,

target frame target RAG correspondence graph
only if source and target regions’ respective shared

Figure 2.20: RAG and correspondence graph construc- houndaries are of the same connectivity type (Fig-
tion from Liu et al. [198]. ure 2.20). Edges are weighted with Kendall shared

boundary similarity. Spectral decomposition on
this graph outputs region correspondence maximizing shape and topology similarity. Comparison testing
between both of Liu et al.’s methods [197, 198] indicates global topology comprehension via spectral
analysis outperforms greedy tracing in correspondence accuracy. However, both methods’ focus on
1-hop RAG topology causes difficulties when correctly matching corresponding regions with geometrically
and topologically distinct local neighborhoods, which frequently arise in articulate motion (Figure 2.4).
Matching labeled source and unlabeled target regions, Chen et al. [70] minimize harmonic energy on a
connected graph of keyframe region vertices with shape similarity edge weights. Optimal correspondence
is reached when each source region’s label equals the vertex-wise graph Laplacian, which is the average
of the adjacent target regions’ labels with respect to incident edges’ shape weights. To aid shape- and
symmetry-aware global topology comprehension, users label semantically equivalent regions (e.g., left and
right feet). Mixed integer quadratic programming optimizes correspondence between topologically similar
but geometrically distorted RAG subgraphs, supplying additional global topology awareness. Overall,
spectral RAG methods appear more robust than spectral stroke methods (Section 2.2.2). This phenome-

non may arise from regions being more stable than

strokes during articulate motion, alluding to the Vs, on o Vin,,,T)
n,, nh
possibility that spectral methods capture part of V(mbnh
the relationship between RAG topology and volu- V( Son) @ D(n,.) @%T
metric body structure. .
V(S,n,.) V(n,.,T)

In addition to spatial multiresolution analy-
sis, temporal multiresolution analysis also proves
useful for region correspondence. Such methods - n -

match regions over sets of more than two frames, Frame 1 Frame 2 Frame 3

leveraging this increased data availability to han-
Figure 2.21: Approach of Zhu et al. [365]. Top: net-

dle complex region topology changes. For a set
work flow on correspondence graph. Bottom: consecutive

of consecutive frames, Zhu et al. [365] define a

] ) ) frames matching the network flow.
correspondence graph with vertices for potentially
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corresponding region pairs in source and target frames, and edges between vertices when one vertex’s
source region equals another vertex’s target region. Regions correspond when a globally optimal net-
work flow passes through their representative vertex (Figure 2.21). Network flow splitting and merging
effectively models one-to-many and many-to-many correspondences. Graph vertices are weighted with
isometry-invariant shape similarity, best suiting this method to rigid region transformations. Analyzing
several frames at once provides superior occlusion handling than a similar approach analyzing only frame
pairs [199]. Although region topology is not considered, it could potentially improve this technique’s
region tracking over long-range occlusions by adding ground-truth body structure awareness. Maejima et
al. [210] is the only method to date marrying spatial and temporal multiresolution analysis, spectrally
matching target and multiple source frames’ RAGs. This approach addresses region data loss arising
from occlusion, and correspondence ambiguity arising from articulate RAG topology change. Results
demonstrate that as keyframe RAG topologies increasingly differ, more reference frames are needed for
correct correspondence. Future spectral methods may be able to avoid complex correspondence graph

constructions by simply considering more frames during region matching.

2.2.3 Volumetric Modeling

Volumetric modeling methods leverage stroke and region topology and geometry cues to build 2.5D or
3D representations of hand-drawn characters. Such methods echo human visual perception of cohesive
volumetric body pose exclusively from the uncolored strokes and regions comprising hand-drawn frames.
Many methods therefore use psychological Gestalt cues — especially stroke continuity, proximity, and closure
— to assess depth relationships between features. Cues are used to detect stroke junctions indicating depth
changes and complete open curves defining region boundaries. Volumetric modeling can be approached
in many different ways, from depth-ordering strokes (Section 2.2.3) to generating 3D character models
and poses (Section 2.2.3) to “sculpting” volumetric forms from hand-drawn strokes (Section 2.2.3). Such
techniques serve to generate depictions of characters at novel view angles, automatically layer depth-
inequivalent features, build 3D character models, and give animators volumetric understanding of frames
as they draw. This section examines topological structures and techniques utilized by each of these

approaches and discuss challenges inherent to volumetrically modeling hand-drawn 2D characters.

Stroke Depth Ordering

Besides manual layering and simulating occlusion with visibility toggles, the stroke methods reviewed thus
far exhibit virtually no depth awareness. Yet stroke depth ordering is an active research field, producing
techniques for automatically depicting hand-drawn characters at novel view angles, informing 3D character
model generation, and automatically structuring input frames into layers. Stroke depth ordering is a
challenging task, with some approaches involving automatic recognition and processing of Gestalt depth
cues thought to play pivotal roles in human visual perception. These necessitate stroke graph formulations
topologically distinct from those used for deformation and correspondence. Other stroke depth approaches,
particularly viewpoint generation methods, parametrize stroke depth relationships across viewpoints

within topological spaces.

Rivers et al.’s [269] influential viewpoint generation approach leverages relative stroke positions and
user-defined partial stroke depth orderings from select key view angles. Novel views then are generated by
interpolating stroke shape, position, and depth within parametric viewpoint space. Despite its lack of
stroke merging and region overlap handling, this simple approach to viewpoint generation inspired many

similar methods [136, 130, 181, 125], some incorporating 3D mesh awareness [170, 200]. Fukusato et al.
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[126] extend Rivers et al.’s framework to gener-
ate novel viewpoints for view-dependent charac-
ter designs, compatibly triangulating each region

across its view-dependent depictions to ensure their

smooth interpolation. A roll dimension is added

to Rivers et al.’s original pitch and yaw parametric

pitch ..
viewpoint space (Figure 2.22) to improve results.
View-dependent character designs are exceedingly
common in hand-drawn animation because artis-

tic stylization increases likelihood that geometries

Figure 2.22: Results of Countinho et al. [82] posi-

drawn in certain poses may not be possible in oth-
p y p tioned according to a pitch-yaw parametric viewpoint

ers. Even if they are possible, their visual meaning space adapted from Rivers et al. [269].

may be unclear to the viewer, prompting pose-

specific redesigns (Figure 2.23). Because frames themselves are discrete, most view-dependent design
changes are discrete rather than continuous and often cannot be captured by simple stroke or shape
interpolation. Moreover, these methods only permit topological events resolvable by stroke depth ordering
and therefore may not accommodate symbolic view-dependent geometries, as these are rarely expressible
as consistent 3D geometries (Figure 2.23). To model discrete view-dependent geometry changes, Coutinho
et al. [82] define a hierarchical 2.5D skeleton and associate to each bone the set of hand-drawn depictions
of its corresponding body part across various local view angles. Posing the skeleton causes each bone’s
strokes to deform towards the depiction best matching its current local pose, mix-and-matching discrete
depictions of local body parts to generate novel poses and views (Figure 2.22). Still, articulation is limited

since multiple depth values cannot be assigned to the same stroke.

Many methods seek to define stroke graph data structures capable of representing depth. A critical
goal of such techniques is to model strokes as planar immersions — rather than embeddings, as in Sections
2.2.1 and 2.2.2 — so that strokes bounding depth-inequivalent adjacent regions can be depth-equivalent along
the regions’ shared boundary (Figure 2.27, top). Immersion greatly benefits articulate pose representation:
for instance, an arm can be in front of the torso while connected to the torso at the shoulder. Early
attempts to model such poses with standard stroke graphs are unsuccessful. Sykora et al. [303] estimate
stroke depth by segmenting regions with LazyBrush [306], with user-defined partial depth orderings on
regions serving as color labels. Topological sorting gives a consistent depth order from the resulting depth
graph, which can be propagated across consecutive frames via ARAP registration of moving components

[302]. However, it is unclear how character motion inducing depth order change might be handled. Liu

Figure 2.23: Example of view-dependent geometry in a hand-drawn animated character design, sourced from
Wolfwalkers. The helmet face guard has a center bar in the side profile design (right), but not in the front (left)
and partial turn (center) designs.
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et al. [199] similarly utilize topological sorting on a depth inequality graph, incorporating T-junction
stroke depth estimation and network flow-based region correspondence between frame pairs to improve
performance. Cordier et al. [81] estimate stroke depth by combining Gestalt cues with topological depth
cues devised for modeling impossible figures, an approach potentially suited to modeling symbolic view-
dependent geometry. However, their graph of depth-equivalent stroke groups limits 3D model generation
capabilities (Section 2.2.3). Both methods require depth-equivalent region interiors and boundary strokes,

precluding smooth connections between depth-inequivalent components.

Later methods overwhelmingly employ half-edge stroke graphs to model articulate stroke immersions.
Originally devised for planar embeddings of polyhedra, half-edge graphs replace each stroke edge with a
pair of oppositely-oriented half-edges which can assume different depth values (Figure 2.25a). Half-edge
graphs’ boundary operator on interior half-edges describes region depth; their boundary operator on
exterior half-edges describes adjacent regions’ pairwise depth relationships. Unlike stroke layering schemes,
which are inherently depth-discrete, half-edge graphs easily model articulate stroke immersions, allowing
continuous stroke tracing across depth levels. Methods automatically constructing half-edge graphs
from frames ubiquitously rely on Gestalt stroke depth cues. Some detect Gestalt junctions and cusps
by applying Laplacians on strokes, with stroke-wise diffusion rates signifying local continuity change
[303, 349]. Others combine Gestalt cues with stroke graph tracing, sometimes incorporating awareness
of region containment relationships for better detecting foreground-background relationships [104, 265].
Jiang et al. [169] attach occluding surfaces to foreground half-edges, simulating occlusion-aware stroke
topology change while keeping stroke graph topology static. Despite this unique and important decoupling
of stroke and stroke graph topology over articulate motion, users must re-define strokes’ intricate occlusion

relationships for each frame with novel stroke graph structure, likely dissuading industry use.

More automatic half-edge approaches jointly detect stroke depth with Gestalt cues and partition line
drawings into their depth-equivalent components, either by graph-cut on Delaunay stroke triangulation
[349] or medial axis region detection [105]. These techniques are deeply related, as Voronoi diagrams are
bounded by medial axes [90]. By topologically sorting a graph of stroke junctions, Yeh et al. [349] globally
optimizes region depth order consistency over local stroke groups’ intersection angles and respective areas.
Entem et al. [105] recursively subdivide half-edge stroke graphs of input frame components until every
subgraph exclusively comprises depth-equivalent strokes (Figure 2.24). Subgraphs’ recursive processing
order is decided by matching their stroke geometries to Gestalt depth cue cases. Although both methods
output half-edge complexes of depth-equivalent regions, Yeh et al. [349] is designed specifically for

2) 3) 4 S) 6) 7
for each
part compute | classification of select separation into two

P
initialization > medial axis 3> o . — . b
part-aware metric salient junctions one junction layered sub-parts

+ + cluster high values to process
1) T 9) —

o e e A o g
76 oo CR 3o

- output
input (exploded view)

reapply for each computed sub-parts

Figure 2.24: Stroke depth processing pipeline of Entem et al. [105] recursively partitioning strokes into depth-
equivalent stroke groups via medial axis and Gestalt cue comprehension.
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animating hair strands, while Entem et al. [105] processes arbitrary line drawings.

(a) (b)
R
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Figure 2.25: (a) Half-edge graph modeling self-overlap
without internal hole [105]. Half-edge graph failure cases
(b-d): (b) cyclically-overlapping regions [105], (c) region
(soda can label) whose visibility changes with view angle

[169], (d) self-overlap with internal hole, successfully

Similarly to Dalstein et al.’s stroke complexes
(Section 2.2.1), half-edge stroke graph methods’ lim-
itations arise from exchanging artistic expressiv-
ity for topological and computational simplicity.
Methods searching for globally consistent depth
orderings expect adjacent regions to have simple
foreground-background relationships, failing to ac-
commodate complex depth orderings like inter-
twined regions [349], view-dependent region visibil-
ity changes [169], and cyclically-overlapping regions
[105] (Figure 2.25). Gestalt cues’ exclusive sensitiv-
ity to local depth relations and obliviousness com-
plex depth orderings emerging at intermediate and
global scales may compound these challenges. Ex-
tending Gestalt comprehension to coarser stroke res-
olutions may help resolve some of these failure cases.
Although Entem et al. can model self-overlapping
regions without internal holes (Figure 2.25a), half-

edge methods cannot model self-overlapping regions

modeled by subdividing strokes (blue edge) [86]. with internal holes [86, 169, 105] (Figure 2.25d).

Strokes can be subdivided and assigned different
depths as a work-around, but inconsistencies may present during animation [86, 169]. Such limitations
arise because half-edge methods assume that depth-inequalities exclusively occur at adjacent regions’
shared boundaries, trading complex depth processing for algorithmic ease and straightforward Gestalt
comprehension. Still, there is no apparent reason why half-edge graphs and Gestalt cues could not be
differently combined to handle complex cases. Future work in this vein would greatly enhance usability in
industry settings, since the distinction between cases like Figures 2.25a and 2.25d is near-meaningless
to animators while drawing and should not require complex work-arounds. As with certain topological
operations on stroke complexes, these cases highlight the confluence and tension between computational

topology, computability, and animators’ drawing processes.

3D Character Modeling

Hand-drawn characters’ symbolic and view-dependent geometry, as well as their tendency to adopt
physically impossible poses, render them inherently resistant 3D modeling. Despite its challenges, the
many applications of 3D character modeling — from estimating 3D character pose to creating digital
versions of character reference sculptures used by 20th century Disney animators — make it a vibrant
research area. Only methods using computational topology data structures and techniques to generate
3D models from uncolored line drawings are discussed in this subsection, covering a small sliver of an
expansive field. Most methods reviewed explicitly generate 3D character meshes from input frames; others

estimate frames’ depicted poses and use them to pose existing 3D models.

Several methods generate 3D models by fitting an existing character skeleton into an input frame,
defining a skeleton graph planar embedding with respect to stroke Gestalt cues. For an input frame and a
correspondingly posed 3D character skeleton, Bessmeltsev et al. [24] first segment the drawing into strokes

overlaying each body part sub-skeleton. Strokes are then further segmented into individual bones’ occluding
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contours by defining a Voronoi diagram for the sub-skeleton graph’s planar embedding. Self-occluding
strokes are handled by Gestalt continuity consistency checks. A 3D surface-of-revolution mesh is generated
around each curved medial skeleton bone, preventing unnatural cylindrical body part modeling. Users
can refine the generated 3D model by drawing the input 3D pose at other view angles (Figure 2.26). A
similar technique, enriched with strict bone length foreshortening cues, automatically poses existing 3D
character models from input gesture drawings [25]. By fixing bone lengths, 3D joint positions are uniquely
determined by 3D bones’ projected lengths. This enormously simplifies joint location space, which in turn
computationally facilitates the respective 2D skeleton embedding and 3D pose estimation optimizations.
Here, the trade-off between computability and artistic expressivity is significant. Animators constantly
break realistic foreshortening cues to better pre-
serve character design, express emotion, heighten
visual appeal, and improve visual communication
with viewers, hindering this method’s applicability.
Often, underlying pose is more reliably indicated by
character body topology than by bone length (Fig-
ure 2.12). Favoring body topology over foreshort-
ening, Sketch2Pose [39] adds self-contact awareness
to a learning-based 3D pose estimation scheme. To
find regions involved in self-contacts, SMPL [204]

body models are aligned with input frames before

computing intersecting convex hulls of non-adjacent Figure 2.26: 3D modeling results by Bessmeltsev et

skeleton subgraphs. Because 2D self-contacts do al. [24]: (a) hand-drawn 2D skeleton; (b) sketched and
(c) colored 2D frame; (d) input 3D skeleton and strokes

extracted from colored 2D frame; (e) output 3D mesh

not always indicate 3D self-contacts (e.g., a hand
in front of, but not on, the hip), flexible foreshort-
ening is estimated by statistically correlating bone character model.

angle distributions from the training frame data

set and a motion capture dataset. Despite its many benefits, this method may fail on highly stylized
hand-drawn characters. It particularly struggles on poses drawn more symbolically than realistically,
which may interfere with the initial SMPL alignment phase. Jain et al. [167] offer an even more topological
approach with three increasingly abstract pose representation modes: full 3D models, generic 3D bone
cylinders, and graphs encoding connectivity relationships between entities depicted in hand-drawn frames.
By focusing on abstract topological data and only including geometric data when feasible, this approach
can model highly symbolic and volumetrically inconsistent hand-drawn characters. Its major drawback is
intensive manual intervention during skeleton fitting: users must annotate each frame’s skeleton and body

parts, then search a motion capture database for motion resembling the input animation. This extent of

user intervention would likely deter usage in industry settings.

A common 3D model generation technique is inflation, where 2D region meshes are deformed into 3D
volumes and fused into character models. Inflation methods typically employ stroke depth comprehension
to handle articulate body structure. Generally, more sophisticated depth comprehension yields better
modeling results. Buchanan et al. [44] compute a medial axis-like skeleton for a character silhouette, then
use a simple and effective polygonal surface-of-revolution estimator to generate a 3D mesh. Unfortunately,
their lack of stroke depth comprehension wholly prevents articulate body part modeling, placing strong
restrictions on the types of drawings producing acceptable outputs. While methods utilizing standard
stroke depth graphs fare better, their limited depth representation capabilities cannot fully resolve all

modeling challenges. Cordier et al. [81] use a standard stroke graph of depth-equivalent stroke groups to
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generate 3D models of mirror-symmetric shapes from line drawings. Stroke groups’ component models
are created separately, then fused together. While this technique models a variety of complex articulate
shapes, foreground components must be flattened to intersect adjacent background shapes’ exterior
contours, creating undesirable component mesh shapes (Figure 2.27, bottom). Olsen et al. [241] use
edge-weighted RAGs to encode pairwise region depth relationships estimated from Gestalt cues, then
employ Delaunay-based inflation to generate models. Because they encode region and stroke depth
relationships in standard — rather than half-edge — stroke graphs, articulate body part modeling may
require user intervention (e.g., Figure 2.27, top). Parakkat et al. [248] similarly exploit the relationship
between Delaunay triangulations and convex hulls [90] to create a simple yet effective inflation technique
intended for automatically shading hand-drawn characters. Once components are modeled separately,
they are attached with respect to user-defined standard stroke graph depth ordering. Again, the familiar
impediments to modeling of articulate poses with complex inter-component depth relationships arise.
Borosan et al. [35] use medial axis partitioning to segment silhouettes into cylindrical component shapes
with their own internal skeletons. Components are joined by manually connecting their local skeletons,
enabling construction of complex rigged character meshes. Still, lack of stroke depth comprehension
causes all drawn components to be depth-equivalent, with articulation made possible only by posing the

generated rig after modeling.

Inflation methods utilizing half-edge graphs

i i i i or similar stroke depth (in)equality comprehen-

i'i sion exhibit markedly better performance. Some
By

use stroke graph tracing and Gestalt cues to au-

o Q o | o tomatically construct half-edge graphs from input

frames as described in Section 2.2.3 [104, 265]. Oth-
ers semi-automatically construct half-edge graphs
~CO— G~ - -
N from stroke annotations [98] or stroke drawing or-
D
\&@)*&&/
process. Once a half-edge graph is constructed, in-

Figure 2.27: Inflation with different types of stroke fation can be approached in various ways. Ramos
graph depth comprehension. Top: Topologically “stitch-

der [104]. The latter approach assumes strokes are

drawn in depth order, constraining users’ artistic

et al. [265] compute 2D normal vectors at points

ing” together components related by depth (in)equality ,
. . sampled along each component’s contour, then as-
from Dvoroziak et al. [98]. Bottom: Fusing components

modeled with standard stroke depth graphs by manipu- sess component geometry to convert these into a 3D

lating component shape from Cordier et al. [81]. normal field. Component volumes are connected
by interpolating surface normals with respect to
half-edge depths, yielding smooth depth-equivalent junctions connecting depth-inequivalent components.
Other methods approach modeling as a global non-linear optimization problem, offering better results
than modeling components independently before fusing them together [99]. From stroke depth-annotated
input drawings, Dvoroznak et al. [99] use Ink-and-Ray [305] to generate layered component meshes
topologically connected by stroke-wise depth (in)equality constraints. Jointly optimizing inflation and
shifting functions globally inflates, reshapes, and repositions all component meshes to slot together with
minimum discontinuity while respecting (in)equality constraints. However, only bias relief meshes are
generated rather than full volumetric models. Extending this framework, Dvoroziak et al. [98] inflate
double-sided component meshes into full 3D models while topologically “stitching” together adjacent
meshes (Figure 2.27, bottom). Finally, 3D components are ARAP repositioned to optimally align their
external contours with their input stroke groups. Optimization on stroke-wise depth (in)equality and

contour alignment constraints recomputes when users animate the model, maintaining mesh topology and
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component depth order over character movement. Consequently, component depth order cannot change
during animation. Since only side profile drawings are accepted as input, articulation is severely limited.
Users also report that generated animation is sometimes not what they envision, which is suitable for
exploratory artistic work, but could easily frustrate the exacting technical artistic demands of industry

settings.

Other methods incorporate both stroke

depth awareness and medial axis skeletons

into their inflation approach. Entem et al.

=

3

[104] find the medial axis of each depth-

7N

equivalent half-edge stroke group, then in- Q) 4‘?‘“\4 /\@
flate and fuse body parts according to their "m0 N 4 S 6y {
local medial axis shape and global half-edge O = o

=z = e, 3 i
depth order. This generates smooth surfaces ) LTS S

rather than rigged articulate characters, and
is limited to modeling side-profile drawings of Figure 2.28: Results from Ma et al. [208]: input 2D character

animals. Ma et al. [208] construct complex drawings (red boxes), 2D component meshes and skeletons

rigged articulate character meshes via stroke embedded in 3D space (blue boxes), and output 3D meshes and

depth comprehension without employing half- Skeletons (green boxes).

edge graphs. A rapid shape intersection test

estimates pairwise component depth relationships as users draw. To generate component skeletons, each
depth-equivalent stroke group is simplified to piecewise-linear strokes whose edges are propagated inwards,
adding skeleton junctions where edges topologically split or merge during propagation. The resulting
skeleton — a piecewise-linear version of the medial axis — is then simplified and used to further segment the
component if necessary, similarly to [105, 104, 35]. Extending Borosan et al.’s approach of cylindrically
approximating components and connecting their skeletons, Ma et al. combine skeleton and stroke depth
data to automatically determine how to best connect articulate depth-inequivalent components. Prior

v~ oz

algorithms including Dvorozndk et al. [98] are used to generate and smooth the final 3D mesh. Ma
et al. comparison test their method against Borosan et al. and Dvoroznak et al.’s full 3D modeling
approach, finding that they outperform both methods on users’ modeling speed and accuracy. This is
likely because Ma et al. use pose-specific stroke depth data to infer pose-invariant articulate 3D skeletons.
Contrastingly, Dvoroziidk et al. constrain 3D articulation with respect to initial half-edge graphs, while
Borosan et al. fail to accommodate complex stroke depth relationships. Although half-edge stroke graphs
are not explicitly used, Ma et al.’s success reveals their potential suitability for constructing underlying
3D character skeletons. Alongside their proven efficacy for informing component surface connectivity
[265, 99, 98], half-edge stroke depth graphs are powerful data structures for 3D modeling hand-drawn

uncolored frames.

Sculptural Drawing

Sculptural drawing techniques generate volumetric understandings of hand-drawn characters as users draw,
with strokes acting to refine volumetric form. Hand-drawn animators often lack expertise with standard
3D modeling software and techniques, so sculptural drawing offers 3D modeling capabilities within their
existing skill set. While the closely-related field of sketch-based modeling is extremely well-developed for

non-articulate objects, the nascent field of sculptural drawing focuses on modeling articulate characters.

Sculptural drawing methods heavily rely on user-drawn construction curves denoting 3D surface

curvature within the 2D drawing plane (Figure 2.29). Projecting 3D curves to the plane creates false
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intersections between them, making depth ambiguity a central challenge of sculptural drawing. Andre
et al. [6] requires user annotations to parse curve depths at intersection points, while other methods
embed intersecting construction curves in different view planes to circumvent the need for annotations
[222, 323, 356]. Both Andre et al. and Miao et al. [222] generate 3D surfaces from construction curves
by sweeping along one curve’s length while modulating shape with respect to other curves’ contours.
Alternatively, Zhang et al. [356] optimally inflate Delaunay-meshed construction curves to satisfy curve
shape and bilateral symmetry constraints while preserving mesh topology. As a computational bonus,
topology preservation enables the given optimization matrix to be reused to update output when users
modify their sketches. Wang et al. [323] update 3D models as users sketch, using construction curves along
XY, Z-axis cross-section planes to both enhance users’ volumetric understanding of their model as they
draw and to generate the model itself. Construction curves along cross-section planes are extruded until
they intersect, forming a topologically connected mesh. The mesh is then smoothed and optimally aligned
with users’ strokes. Li et al. [189] opt for sparse cross-hatch curves rather than traditional construction
curves, solving a stroke graph labeling problem to determine whether each input stroke indicates surface
convexity or concavity (Figure 2.29a). Similarly to Ramos et al.’s [265] inflation approach, a 3D mesh
is generated via diffusion over a discrete surface curvature field, computed from labeled input strokes.
Similar approaches are commonly used throughout sketch-based object modeling [337, 141], but have yet

to be widely applied to articulate characters.

Sculptural drawing is not yet a well-developed
field, although this may soon change given the (a)
recent explosion of interest and success in sketch-
based modeling. For now, sculptural drawing meth-
ods exhibit several limitations. Because construc-
tion curves depict occluding contours of volumetric

forms, they are associated with a particular view

angle. Sculptural drawing methods exploit this rela-

tionship to generate 3D models, often constraining  iecsae
BUILT UP

functionality in the process. For instance, Miao BYHAves

et al. rely heavily on view planes, designing their

method for characters exclusively comprising bi- TROUSERS ARE LOOSE AND CAN
DRAG BEHIND THE LEG.
THE LEATHER PART OF THE BOOT IS
MORE RIGID, BUT IT CAN BE PUSHED
BACK FOR A NICER SHAPE.

laterally symmetric body parts. Characters must |

drawn in side profile so that all component sym-

metry planes are parallel. Stroke depth ordering Figure 2.29: Different types of construction curves: (a)

is obtained by tracking users’ stroke drawing or-
der, adding additional usability constraints. Users

indicate when components have mirror-symmetric

sparse cross-hatching and modeling results from Li et al.
[189]; (b) example of construction curves (left) vs. detail

(right) from Noris et al. [239]; (c¢) construction curves

. i fessional hand-d imated ch ter desi
occluded counterparts (e.g., right leg occluded by 1 professional hand-drawn amimated character desigh,

presented with permission from Cartoon Saloon.

the left leg), so visible construction curves can be

duplicated, reflected, and depth-ordered, a tech-

nique also used by Sykora et al. [98]. Contrastingly, Zhang et al. [356] let users draw and reposition
local component-wise bilateral symmetry planes in 3D, supporting characters drawn in myriad poses and
ensuring proper component depth regardless of drawing order (Figure 2.30). This method outperforms
Borosan et al. [35] on usability and output quality in user trials, requires fewer annotations than Andre et
al., and supports more diverse articulate poses than Sykora et al. Still, it only works on non-frontal view

drawings and cannot model non-bilaterally symmetric or intertwined components.
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Perhaps sculptural drawing’s primary limitation is that hand-drawn characters often cannot be
faithfully translated into consistent 3D models. As discussed throughout this review, phenomena including
view-dependent geometry (Figure 2.23), subservience of 3D form to 2D symbol, and physically impossible
character motion (Figure 2.12) create immense difficulty in volumetrically modeling hand-drawn characters.
At times, even hand-drawn animators themselves must confront unresolvable volumetric inconsistencies
in character designs as they draw (Figure 2.23). Despite these challenges, sculptural drawing is worthy
of future exploration. Volumetric comprehension of
hand-drawn characters could help studios with their
colossal frame data management tasks. Some anima-
tors, including Glen Keane, hope to integrate volumet-
ric knowledge directly into animation software. Keane
believes this would improve his focus on finding the
character and expressing himself through line, leaving
accessories like clothing and props to be added auto-
matically. Both Keane and Mullery conjecture that
sculptural drawing in virtual reality may prove useful to

animators in future [274, 209], although existing studio

workflows are not yet ready to adopt such technology.
Figure 2.30: Construction curves from Zhang et al. 10 achieve these aims, researchers will have to think
[356]. Top: input user-drawn construction curves. carefully about the relationships between hand-drawn
Bottom: local component symmetry planes for the frames and the volumetric body poses they depict, es-

input pose (left) and a novel generated pose (right). pecially since such relationships have yet to be fully

captured by topological modeling alone.

2.3 Human Pose Estimation

To computationally model professional animators’” RFQ perception, we must be able to assess similarities
and differences between frames depicting a hand-drawn character in different body poses. Human pose
estimation (HPE) is therefore relevant to this thesis’ research objectives, particularly Research Questions 2
and 3 (Section 1.2). HPE is an expansive research field, a thorough survey of which [59, 362] far surpasses
the scope of this thesis. Overwhelmingly, it is dominated by learning-based computer vision techniques,

especially and increasingly those employing DNNs.
The vast majority of DNN HPE methods — and DNN computer vision methods generally — comprise

layers of multiscale pixel patch processing. Deeper networks with more pixel patch processing layers
generally outperform shallower networks, implying that extensive, iterative pixel patch processing underpins
these methods’ success [59]. However, this paradigm’s efficacy depends upon input images’ pixel data
density and variability at small scales, likely engendering DNNs’ intractable preference for highly local
texture-based image features [37]. Real-world photo and video data generally contain considerable pixel-
wise variability, offering DNNs abundant local texture data. Contrastingly, hand-drawn frames’ mostly
all white pixel patches preclude DNNs’ usual modes of image feature extraction [5, 66], as illustrated
by results of pixel patch-based DNN inbetweening methods for uncolored hand-drawn frames, which
exhibit poor stroke quality and connectivity preservation [292, 162, 366] (Figure 2.31). In HPE, this issue
persists for other types of data-sparse inputs like low-resolution photographs [190], highlighting DNNs’
difficulties leveraging image features essential for human visual cognition (Section 2.4.2). Without these

features, DNN HPE methods are prone to overfitting and poor visual abstraction on other computer vision
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tasks [354], prospectively hindering their handling of diverse artistic styles across hand-drawn animated
films. We therefore constrain our review to HPE methods which, at least in theory, can accommodate
hand-drawn frames’ data sparsity and stylistic diversity, focusing on multiresolution data integration and
body structure-awareness. These techniques have markedly advanced HPE in recent years, likely because

they imbue DNNs with key traits of human vision.

Most learning-based HPE models are either top-down (global-to-local)
like AlphaPose [115] or bottom-up (local-to-global) like OpenPose [49]. The
former localize skeleton joint keypoints within whole-body bounding boxes,

whereas the latter detect and label small pixel patches likely containing key-
points before globally connecting them according to human skeletal structure.
Contrastingly, multiresolution data integration supports bidirectional passage

and synthesis of visual information between local and global scales, mitigating

local pixel patch biases and better emulating visual perception [75, 351, 300].

An early multiresolution integration effort obtained local pixel patches for
each body part, before contextualizing them within global body structure and
learning body part appearance with a convolutional neural network (CNN)
[113]. Stacked Hourglass Networks [236, 103] pioneered repeated layers of
top-down and bottom-up processing, outperforming other state-of-the-art

models and cementing the importance of multiresolution data integration

in HPE research. Tang et al. [308] learn a CNN-based hierarchical pose
model by transmitting and synthesizing feature data bidirectionally across
local and global hierarchical levels, outperforming state-of-the-art methods
on multiple benchmarks. To optimize body part descriptors, Cai et al.’s [47]

model learns the scales at which each body part’s salient features appear,

then synthesize visual data exclusively across these scales. Scale-selectivity

improves efficiency and noise reduction, with this model winning the 2019
COCO Keypoint Challenge. HRNet [300], a particularly influential example

of multiresolution data integration, implements parallel subnetworks each

Figure 2.31: DNN-based

inbetweening results from (a)
processing data at a different resolution. Iterative multiresolution data ex- [202], (b) [162], and (c) [366].

change and synthesis across these parallel networks, outperforming numerous

state-of-the art pose estimators.

As well as integrating data across multiple visual resolutions, propagating local, body part-wise
data globally across skeleton models also proves a successful HPE strategy. Global (whole-body) diffusion
of local (body part-wise) data helps contextualize body parts within global body structure, constrain
physically feasible poses, and identify occluded body parts, emphasizing multiscale visual structure over
local pixel features [76, 359, 196]. An initial attempt imbues each joint’s feature map with additional
information from nearby joints, exceeding state-of-the-art performance at the time [74]. Many recent
efforts employ graph convolutional networks (GCNs), a version of graph neural networks convolving
subgraphs of graph-structured data. GCNs’ underlying graphs model various aspects of human skeleton
structure, proficiently capturing and propagating dependency relationships between body parts and
joints. GCNs can learn to dynamically modulate the direction and path-length of information passage
between body parts, adaptively finding optimal information propagation patterns for the given input [357].
Introduced by Qiu et al. [262], Dynamic GCNs synthesize results from joint data diffusion across both
nearest-neighbor and fully-connected keypoint graphs [71, 148]. The former encodes keypoint relationships

closer to ground-truth skeletal structure, while the latter encodes any kind of keypoint relationship (Figure
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2.32). Human body structure is learned as both graphs vary over pose and view angle changes, excelling

at complex pose and occlusion handling.

Because real human bodies have ground-truth geometric

S l:{ighl Nock sh‘ziugl*(‘j‘er “‘T‘_,I“k Lo Structure, many HPE methods successfully exploit relative joint
oo, S < Shoulder  distance [312|, bone orientation [49], body part volume [72], and
Sﬁl:; other geometric pose metrics. Yet as discussed in Section 2.2,

i Pelv'i‘s‘“.(\v such metrics often break on hand-drawn animated characters,
Elbow < whose lack of ground-truth geometry yields constant bodily defor-
S mations (Figure 2.12). However, HPE methods encoding bodies

Hand-Crated Graph Dynamic‘\;:aph as topological systems rather than geometric objects are gain-

ing popularity for their superiorly flexible body representations,
Figure 2.32: Dynamic topology-based pyltiresolution data integration capabilities, and sensitivity to

body model from [262], capturing ground- o) topological features [341, 255]. For instance, Fu et al.

truth body topology (left) and superficial .
. . [124] leverage graph cycle emergence and disappearance across
topology changes over articulate motion

and viewpoint change (right). 3D-to-2D projections of various poses and view angles (e.g., plac-

ing a hand on a hip creates a graph cycle) to estimate body pose.
Since graphs are topological body models, GCNs dominate this line of inquiry [362]. Qiu et al. [260]
combine a heatmap joint locator with a GCN pose refiner to label joints as either visible or occluded,
outperforming state-of-the-art methods on complex poses by leveraging this joint (in)visibility information.
More ambitiously, Xu et al. [339] attempt to conceptually unify multiresolution data integration, local
information propagation, and topological body structure within a single GCN model, learning multiscale
skeleton structure and dynamics by propagating visual feature data across distinct local and global levels

of a highly deformable skeleton graph.

Unfortunately, as seen with stroke complexes and RAGs throughout Section 2.2, graphs simply
lack the topological sophistication needed to fluidly transition between local and global scales within
a single model, causing Xu et al. and other GCN HPE methods to employ multiple, separate tactics
when attempting multiresolution integration. Moreover, GCNs struggle with heterogeneous graphs, often
precluding body part-wise shape comprehension [348], and are restricted to ground-truth skeleton structure,
requiring additional functionality to model semantic relationships between body parts [340]. In Chapter 4,

we discuss ways to mitigate these limitations while preserving GCNs’ desirable functionalities.

Hand-drawn characters Despite the litany of research on volumetric modeling for hand-drawn
characters (Section 2.2.3) and HPE for real-world photos and videos, pose estimation methods for hand-
drawn characters are scarce [264, 192]. Research presently falls into two categories, neither of which is
suitable for industry-quality hand-drawn animation frames. The first category comprises learning-based
methods reliant on color data from fully colored (and sometimes also shaded) characters, which seldom
handle uncolored frames [293, 218, 207, 69]. The second category includes methods designed for generic
character depictions like silhouette outlines and stick figures, which cannot accommodate hand-drawn films’
complex region-based character designs [25, 321, 144, 315]. The only true contenders for hand-drawn frame
pose estimation are Sketch2Pose [39] (Section 2.2.3), HRNet trained on MSCOCO [191] and Human-Art
[174] datasets, Brodt & Bessmeltsev’s 2.5D-t0-3D mesh topology method [40] (Section 2.2.1), and Chen &
Zwicker’s transfer learning framework [67]. Of these, Sketch2Pose is the only fully 3D pose estimator.

While Sketch2Pose is trained on many different kinds of line drawings, our preliminary tests show
poor performance on uncolored Cartoon Saloon frames. Sketch2Pose struggles to identify character body

parts, handle partial-body frames, and match SMPLs model to character geometry, yielding substantial
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Figure 2.33: Human pose estimation methods for hand-drawn animation frames: (a) a method designed to
automatically animate children’s drawings [293], (b) Sketch2Pose [39] with accompanying SMPL body models
[204], (c) HRNet [300] trained on Human-Art [174], (d) Chen & Zwicker’s transfer learning framework [67]. Tests

performed in collaboration with Mohamed Fazil Tajudeen.

pose degeneration (Figure 2.33b). In our preliminary tests, HRNet trained on Human-Art outperformed
Chen & Zwicker’s transfer learning framework (Figure 2.33¢,d). Though we cannot establish the precise
reasons for the methods’ differing results, Human-Art’s size and artistic diversity may help HRNet learn
general features of stylized artistic representations. Still, Human-Art-trained HRNet cannot accommodate
partial-body frames, which seems to be a general weakness of many DNN-based HPE methods (Figure
2.33a,c). Since partial-body frames are extremely common in hand-drawn animated films, this is a

considerable barrier to hand-drawn character HPE methods’ usability in industry settings.

2.4 Visual Perception

As this thesis endeavors to design perceptually-based hand-drawn animation technology, we briefly overview
relevant research on human visual perception. Because hand-drawn frames are so data-sparse, we focus on
aspects of visual cognition likely vital to hand-drawn frame perception, including lower-level processes like
contour and shape comprehension alongside higher-level processes like multiresolution data integration
and abstract visual reasoning. Subsequently, we motivate our novel TDA-based approach to perceptual
computing by critically evaluating DNN-based models of visual cognition, which are presently the gold
standard for perceptual computing. We compare DNNs’ visual data processing capabilities with those
constituting human vision, considering whether DNNs are suitable for hand-drawn frame processing, or

whether alternative approaches are warranted.
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2.4.1 Human Visual Perception

Our discussion of human visual perception research focuses on cognitive pro-
cesses particularly relevant to line drawing perception, as well as overviewing
perceptual studies performed on professional artists. Numerous studies confirm
that humans process photographs and uncolored line drawings along nearly
identical neural pathways, indicating that many generalized features of vi-
sual cognition are equally applicable to line drawings and real-world scenes
[289, 201, 319]. These findings extend to children and infants, implying that
line drawing perception is innate rather than learned [280, 92, 203]. Studies
also show that visual perception of surfaces is both illumination invariant [332]
and insensitive to illumination inconsistencies [243]. Researchers conclude that
when encountering complex or inconsistent illumination, the visual system
assumes that the light source is co-located with the viewer [332], corroborating
Hertzmann’s theory of why line drawings are so fluently perceived. Hertzmann
proposes that line drawings are perceived analogously to 3D scene render-
ings in which the light source is co-located with the camera, casting shadows

exclusively along surfaces’ occluding contours [158] (Figure 2.3c).

Contours are indeed highly salient for human visual perception. Unlike

illumination, contour inconsistencies — including misalignment [4], distortion

Figure 2.34:
of an impossible object,

Depiction

demonstrating how impossi-
bility perception arises from
multiresolution feature in-
tegration. Local patches
of material features (color-
coded)

possible object components,

depict physically

becoming impossible only

when perceived collectively.

[318], decomposition [331, 319], and disconnection [46] — significantly impair

visual perception. Impairment is more pronounced for global rather than local contour inconsistencies
[319, 11] (Figure 2.35). Across line drawings created by many people, occluding contours are depicted
more uniformly than other contours [286], demonstrating that they provide especially vital visually
diagnostic information. Vision is also sensitive to changes in contour curvature, T-junction geometry,
and relative contour and junction placement [46, 318], suggesting that multiresolution contour geometry
and topology strongly influence line drawing perception. However, vision readily accommodates global
contour distortions [27], indicating that perception degrades with local material feature inconsistencies, but
remains robust when coherent groups of material features change uniformly. This trait is likely relevant to

hand-drawn frame perception, particularly in cases of squash-and-stretch (Figure 2.12).

Shape sensitivity is a pivotal element of visual cognition [253, 318], fusing lower-level contour
information with higher-level abstract visual reasoning, prior knowledge, and symbolic comprehension
[213, 277, 155]. Both adults and children easily glean volumetric shape understandings from line drawings of
3D objects [116, 92, 166, 156], comporting with findings that shape — rather than depth or object category —
features underpin early visual processing [228]. Humans are also strongly attuned to relationships between
contours, explaining medial axes’ salience to visual perception. Medial axis similarity is an effective
predictor of shape similarity perception [8, 89, 188], also predicting contour grouping cognition during scene
perception [331]. This comports with findings that contour inconsistencies cause perceptual impairment,
as such inconsistencies alter shapes’ medial axes. Although perception is impaired when shape features
are scrambled (Figure 2.35, middle), scenes remain coherent when viewed upside-down [177], suggesting
that contour consistency perception may be isometry-invariant. Human vision is also heavily attuned
to global shape features, integrating them with prior visual knowledge during scene perception. Scenes
depicting objects in familiar spatial configurations far easier to classify [253, 176, 178, 229], suggesting
that line drawings’ preservation of global shape features found in natural scenes may aid visual perception

[206, 319, 228].

The human visual system is deeply dependent upon multiresolution integration of visual data.
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Visual data initially enters the brain in small, local feature patches [45], coalescing into globally coherent
visual understandings via simultaneous local-to-global and global-to-local feature processing and synthesis
[65, 45, 129, 310, 205]. Multiresolution integration enables comprehension of both local scene components
and global composition of components within the scene, with each modulating perception of the other
[253]. Additionally, prior knowledge integration during perception supports comprehension of structural
and functional relationships between object parts [212, 164]. Perception thus bidirectionally passes visual
data between low-level brain areas processing local, material features and high-level brain areas processing
global, abstract features until multiresolution visual and relational consistency is achieved [45, 129]. This
is well-illustrated by hand-drawn frame perception: a stroke viewed alone is meaningless, yet is readily
perceived as, for instance, an arm’s occluding contour when viewed alongside all other strokes in a frame.
Visual perception is impaired when scenes are scrambled, even when local features are maintained (Figure
2.35, middle), demonstrating how local features’ meanings degrade when their global spatial and relational
consistency is violated [326, 177, 11]. Multiresolution integration is thought to lend enormous flexibility to
human vision, potentially explaining why unnatural visual perspective in stylized art is fluently perceived
(Figure 2.12). A new theory proposes that perspective perception is specific to the local material feature
patch on which the eye is focused, recalibrating as the eye moves about the image [159]. The global image
understanding gained is then abstract, and thus highly flexible under local perspective inconsistencies
(Figure 2.34).

Cognitive representations of visual data evolve as they pass between lower- and higher-level brain
areas [316], yielding heterogeneous visual understandings with which humans fluently extrapolate missing
visual information. For instance, deleting arbitrary global contours from line drawings impedes scene
perception [319], but this effect is mitigated when deletion does not alter image features’ medial axes [331].
Inversely, global shape remains perceptually coherent even when local contours are perturbed (Figure
2.35, bottom) [11]. Visual extrapolation also facilitates common perceptual tasks, enabling understanding
of scene fragments via contour extension [251] and occlusion handling via contour grouping and shape
completion [228, 46, 310, 73]. At the global level, visual extrapolation appears to leverage prior knowledge
of natural scene composition, alongside logical scene reasoning [73, 215, 242]. Importantly, extrapolation
of local, lower-level features and global, higher-level features appears to operate bidirectionally: both
types of visual information modulate one another until optimal interpretations of local and global features

are mutually reached [253].

Artists’ perception Because professional artists’ brains are so practiced at focused and precise visual
perception, they possess many unique perceptual skills. Laypeople’s shape perception is fully invariant
to planar translations and mildly invariant to planar reflection and rotation [252]. Professional artists
significantly improve these invariances by practicing drawing [184, 317, 56]. Drawing practice also gives
artists specialized multiresolution perceptual acuity [54, 53]; i.e., conscious restriction of visual attention
to isolated multiscale parts of an image. Relatedly, artists make superior choices to laypeople regarding
visual information included in line drawings, making their drawings especially easy to interpret [185, 138].
However, artists do not appear to have specialized access to visual information captured directly by the
retina [256], implying that their specialized perceptual skills arise from mid- and high-level visual processing
proficiency. This makes sense, as creating and perceiving line drawings always involves visual abstraction
processing [289, 94, 111]. Research suggests that artists are uniquely adept at visual abstraction, and that
this skill arises from their superior integration of visual data across different brain regions while drawing
[55, 26, 112].
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2.4.2 Deep Learning & Visual Perception

Deep neural networks are presently considered the gold standard for effectively any complex computer
vision task. Despite their biologically-inspired architecture, a growing body of evidence suggests that
DNNs’ reported similarities to human vision to not hold up to rigorous scientific scrutiny. Critics argue
that DNNs fail to emulate basic principles and characteristics of human visual cognition [37, 213, 212, 166|,

especially those most essential to hand-drawn frame perception.

A principal schism between human vision and DNNs is the latter’s heavy
reliance on non-shape image features. Whereas human vision is enormously
sensitive to shape, DNNs appear unable to exploit shape features even when
explicitly trained to do so [37, 213].

performance, even basic aspects of shape cognition must be hard-coded

For optimal shape comprehension

into DNNs [211], implying that human-level shape comprehension is not an
emergent property of DNNs. Conversely, and further distinguishing DNNss
from visual cognition, human shape awareness is not an emergent property
of learning to classify objects, which is precisely how DNNs supposedly
learn shape features [212]. DNNs’ preference for local texture features over
multiresolution shape features is well-documented [140, 133, 38], posing
major challenges for processing data-sparse hand-drawn frames [66]. Texture
reliance potentially explains DNNs’ sensitivity to pixel patch modifications,
even those invisible to the human eye [211]. Moreover, metrics commonly used
to demonstrate similarities between DNNs’ and human brains’ visual data
representations can be manipulated via pixel modifications [95]. Evidence
also suggests that texture fixation prevents DNNs from learning shape-based

concepts, often precluding abstract visual reasoning [140].

As hand-drawn frame perception relies considerably on shape compre-

hension and abstract visual reasoning, these limitations do not bode well for

our specific application. Unlike real-world photos and videos, hand-drawn

frames’ absence of texture information and extreme data sparsity hinders

Figure 2.35: Figures from
[11]:
middle:
bled shape, impairing human

. DNN-based frame processing (Figure 2.31) [284, 292], persisting even for
Top: original shape;

globally colored frames, which also lack texture [66]. DNN performance also evidently

SCram-

degrades on deformed shapes [212, 133, 3|, likely impeding their handling of

recognition but not DNN ob-
ject classification; bottom:

local contour perturbations,

hand-drawn characters’ common bodily deformations (Figure 2.12). More-
over, training DNNs to accommodate hand-drawn character deformations

is challenging, since Principles of Animation do not reflect physical laws of

impairing DNN classification motion, thereby lacking data regularities which DNNs can easily exploit [162].

but not human recognition. DNNs also demonstrate inability to recognize key visual features governing
perception of volumetric form from 2D line drawings (Figure 2.36a-c) [166],
which are vital to establishing relationships between hand-drawn frames’ material and depicted features.
This lack of volumetric awareness prevents six state-of-the-art DNNs from distinguishing between line

drawings of possible and impossible objects (Figure 2.34) [156], further diverging from human vision.

Although DNN architectures can be designed to integrate information across multiple resolutions
(Section 2.3), DNNs are often insensitive to multiresolution visual features. Whereas human vision
retains global shape awareness when contours are locally perturbed, DNNs appear to lack with global
shape awareness, struggling to classify shapes under such perturbations (Figure 2.35, bottom) [11, 230].

While scrambling local features impairs human perception, DNNs classify scrambled and unscrambled
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Figure 2.36: Stimuli from [166]. Left: All figures share material features, but due to 3D shape comprehension,
humans perceive the figures in (a) as less similar than the respective figures in (b) or (c); DNNs treated figures (a),
(b), and (c) as equally similar. Right: Humans perceive figures depicting consistent surface-pattern curvatures (e)
as more similar than figures with inconsistent surface-pattern curvatures (d); DNNs do not appear to exhibit this

property, indicating that they cannot detect surface-pattern curvature inconsistency.

images with similar ease (Figure 2.35, middle) [11]. Their lack of global awareness is so profound that
convolutional neural networks have been approximated by bag-of-local-features models [38]. DNNs also
appear insensitive to multiresolution relationships between visual features, particularly those involved in
occlusion perception [166, 230], feature consistency detection [166, 156], and natural feature organization
within scenes [178]. Strikingly, evidence suggests that DNNs lack sensitivity to relational features even
when trained on relevant relationships, or when relational features are uniquely diagnostic to the given
computational task [212, 166]. This is likely the cause of their inability to identify impossible objects [156],
a task contingent on multiresolution relational processing (Figure 2.34). This also potentially explains
DNNSs’ difficulties recognizing familiar objects in novel contexts and poses, a task requiring decomposition
of globally novel input into locally familiar components [37, 3]. Multiresolution relationship comprehension
could potentially address DNNs’ vulnerability to adversarial attacks from nonsense images [237]; while

resistance to attacks improves with training, humans do not require training to recognize nonsense images.

DNNSs also struggle with abstract, compositional visual reasoning, an essential ingredient in humans’
fluent perception of stylized art. This limitation is thought to arise from DNNs’ difficulties with dynamically
accessing and distributing salient information throughout their architecture [140]. Again, this behavior
departs from visual cognition, which mobilizes and distributes information across numerous diverse
brain areas during multiresolution integration. Representational entanglement is thought to be a key
barrier to DNN-based compositional abstract reasoning, whereby salient visual features are not parsed,
separately perceived, and abstractly related as they are in human vision. Consequently, salient features
cannot be independently modulated or evaluated within DNNs, and inconsistencies between related,
entangled features are not easily detected (Figure 2.36d-e). This may preclude DNNs from learning about
salient features individually, prospectively explaining their poor visual generalization and abstraction,
and therefore their tendency for overfitting [226, 227]. Even if DNNs were attuned to perceptually
salient features like contour shape, part-wise relationships, and depicted volumetric form, representational
entanglement precludes controllably modeling the complex interactions between these features underpinning
visual cognition. While DNNs show improvements when explicitly trained for abstract symbolic reasoning
[140, 14], substantial generalization arises when abstract relations are hard-coded into their architectures
[15, 57], suggesting that human-level abstract reasoning is not an emergent property of DNNs. Abstraction

also improves when DNN ‘neurons’ are endowed with specialized structural traits evocative of dendrites
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in the human brain, potentially indicating that DNNs’ standard biologically-inspired designs remain

insufficient for faithfully modeling human neuronal activity [58].

2.5 Topological Data Analysis

As we will discuss thoroughly in Section 2.6, hand-drawn animation technology research substantially
benefits from sophisticated topological ideas. In fact, particularly successful frame processing strategies
often intersect precisely with key elements of Topological Data Analysis (TDA). TDA is a rapidly evolving
field with applications far beyond hand-drawn animation technology, as discussed in this section. With
respect to our own research, TDA offers topological structures and data analytical strategies enabling
dramatic elevation of successful topological approaches to hand-drawn animation technology, including
stroke complex analysis, lattice and mesh topology comprehension, Laplacian diffusion, spectral analysis,
and DNN integration into topological frame representations. TDA excels in providing sound conversion
mechanisms between diverse data representation and analysis strategies, paving computable through-lines
between stroke complexes, lattices and meshes, RAGs, point clouds, spectral analysis, Laplacians, and
more. Because TDA systematically connects these data analytical settings, data representations can
be freely chosen to optimally suit analysis needs, while retaining a more computable version of the
chosen representation. Since TDA is rooted in pure mathematics, data characteristics are guaranteeably
transferred from the chosen data representation to its more computable approximation. While TDA’s
abstract topological foundations offer higher-order, dimensionality-reducing analysis capabilities largely
absent from hand-drawn animation technology, it is distinct from classical topology in its incorporation of
multiresolution analysis. Like visual perception, this captures critical structural information about how

data features interact and combine at varying scales.

Homology Homology is a topological concept foundational to TDA. Computable with simple linear
algebra yet connected to deep conceptual and mathematical ideas, homology captures fundamental features
of a topological space. Moreover, it relates these features across varying dimensions, providing highly
compact and expressive feature description. The features captured by homology are called invariants —
meaning they are preserved under any deformation besides cutting and gluing — and typically include
connected components (0-dimensional features), holes (1D features), cavities (2D features), and so on
[102].

The homology of a topological space K encodes all features of dimension n as a mathematical group

C,,, connecting them across descending dimensions with a chain of group homomorphisms §

On—1

6n
Cpo1 —

Ont2 Ont1
A O S 0, 2

such that 6, 6,41 = 0. This equality guarantees that §,, maps each n-dimensional feature in C,, to its
(n — 1)-dimensional boundary in C,_;: edges map to their bounding vertices, surfaces map to their
bounding edges, volumes map to their bounding surfaces, and so on. In fact, § is the same boundary
operator utilized in hand-drawn animation technology research to relate strokes and regions, encode depth

relationships between strokes, and relate 2(.5)D and 3D frame features.

More precisely, imd,, 11 comprises all n-dimensional boundaries, and ker d,, comprises all “loops” of
n-dimensional features whose boundaries cancel themselves out — for example, a line segment is bounded
by its endpoints, but when formed into a circle, the line segment has no endpoints, and thus no boundary.
The n** homology group

H, (K) = kerd, /imd,+1

44



boundary map
to 2D faces

L]
d
boundary map bf:’[‘])“i)(’j(‘:ip
to 0D vertices s
o
L]
° cnbw

to 1D edges

coboundary map

coboundary map to 3D volumes

to 2D faces

Figure 2.37: Illustration of the boundary and coboundary operators across topological spaces of descending and

ascending dimension, respectively.

captures all n-dimensional topological holes in K, enabling the structure of a topological space to be traced
across varying dimensions. Later, we will discuss the dual concept of cohomology, which is constructed

similarly to homology but connects features across ascending, rather than descending, dimensions.

Cell complexes Many TDA techniques are designed for analyzing data represented as cell complexes,
presenting another parallel with hand-drawn animation technology research. One such technique is
persistent homology, which creates a collection of nested cell complexes from the input point cloud,
capturing point proximity across local-to-global scales. Linear maps connect these complexes’ homology
groups, enabling multiresolution tracking of multidimensional topological features [50, 102]. Persistent
homology is highly popular in practice, with relevant applications including shape comparison [109, 121,
320], HPE and human action recognition [93, 187, 142], and many other computer vision applications
[22, 246]. It also benefits from deep algebraic and category theoretic foundations [84, 20, 149], from
which emerge many theoretical features desirable for data analysis: sensitivity to input data changes
[77], high-quality computable metrics [43], and compatibility with numerous other topological descriptors
useful in TDA [343]. Alternative persistence formulations specialize in point clouds with density variations
[36, 299], dynamic point clouds [91, 335], and 2D-to-3D shape reconstruction [21, 314]. However, persistent
homology often neglects critical geometric data, fails to record features’ spatial distribution, and is

ill-suited for continuous data.

Laplacians on cell complexes are another active TDA subfield, dovetailing with the diffusion and
spectral techniques increasingly popular in hand-drawn animation technology for their multiresolution
analysis capabilities. This is no accident, as Laplacians and their TDA formulations are intimately
connected with topological features. In particular, the combinatorial Laplacian L, = 0,41 0. 11+ 0n 5T
generalizes the graph Laplacian to n-dimensional cell complexes, with dim(ker L,,) giving the number of
n-dimensional features [153, 150]. Recently, persistence and combinatorial Laplacians have been combined
[220, 329] for protein analysis [221, 328] and viral evolution forecasting [63]. Spectral analysis of persistent
Laplacians recovers both topological and geometric features of data [299], and can successfully characterize
causes of DNN overfitting [175]. Sheaf Laplacians extend combinatorial Laplacians to sheaves — cell
complexes with local data attached to vertices, edges, faces, etc. — with recent success in network analysis
[355, 32, 13] alongside formidable spectral analysis capabilities [153]. Sheaves are important topological
structures discussed at length in Chapter 4. They also happen to formalize hand-drawn animation
technology research’s longstanding attempts to imbue bitmap frame stroke complexes with stroke geometry

comprehension, without relying on stroke geometry data supplied within vector graphics settings.

Manifolds Although the relationship between Laplacians and the topology of differentiable manifolds
has been known for decades [131], it has only recently become computable [88, 299]. This relationship,
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formalized with differential geometry by de Rham-Hodge theory, is intimately connected to the discrete
TDA concepts discussed above. In particular, geometric descriptors a manifold M can be decomposed
into orthogonal components corresponding to elements of M’s cohomology groups H™(M), explicitly
linking geometric and topological data [266, 334]. Moreover, such decomposition is possible only for
descriptors that are trivial under the manifold’s Hodge Laplacian, which is equivalent to the combinatorial
Laplacian [153]. This enables analysis of continuous manifold data within the same discrete, highly
computable frameworks used for persistent homology and combinatorial Laplacians, rendering TDA
applicable to continuous data analysis tasks like medical imaging, fluid dynamics, and 3D modeling
without requiring discretization of naturally continuous data. Applications include molecular analysis
[267, 261], GPS analysis [276], manifold learning and topology evaluation [23, 137, 61], lattice and mesh
analysis [360, 298, 259], and 3D mesh modeling [110, 134, 364].

Curves Curve analysis is an emerging realm of TDA, grounded in centuries of mathematical work on
knot, braid, and link analysis, classifying interactions within and between 2D curves in 3D space. These
fields have numerous applications in physics and biology [232], robotics [135, 219], and cryptography
[283, 217], and a related concept called the winding number is foundational to computer graphics [90, 216].
Because curve interactions are challenging to compute when highly complex, TDA progress in this
domain is very recent. Such advances are promising for hand-drawn animation technology, which often
grapples with curve interaction analysis during stroke deformation, correspondence, and depth ordering
[85]. A multiresolution formulation of a classical knot invariant was recently proposed, yielding a matrix
representation of local-to-global curve interactions alongside prior knowledge specialized to the given use
case [285]. The same invariant has been used for polymer [245] and protein [12, 244] analysis. Approaches

adjacent to persistent homology are also used for materials analysis [254, 101] and shape analysis [290, 100].

Relational learning Abstract topology studies deformable geometric structures alongside relationships
within and between these structures, rendering TDA especially suitable for explainable and controllable
deep learning. Most notably, geometric deep learning has exploded in recent years, with equivariant
neural networks and GNNs enjoying particular success [42, 48, 20, 307, 147, 41]|. Equivariance leverages
group theory to imbue neural networks with prior knowledge about data behavior and guarantee desirable
data properties in analysis results, while graph learning models the topological structure of pairwise data
relationships [246]. With TDA, multiway data relationships inaccessible to GNNs [19] can be modeled
on diverse topological spaces including cell complexes [145, 31, 180, 16], sheaves [157, 152, 32|, and
hypergraphs [96, 119, 9]. Within these spaces, it becomes possible to capture multiresolution features
of data relationships [146, 31|, augmenting existing capabilities of frameworks like equivariant GNNs
[157, 18, 163, 233] and yielding more accurate models of real-world phenomena [19]. Although this thesis
does not directly concern machine learning, Chapter 4 explores ideas related to those described above in

hopes of furthering TDA-based relational learning in future.

2.6 Discussion

In this chapter, we comprehensively assess the present state of hand-drawn animation technology research.
This analysis — alongside knowledge gained from overviewing human pose estimation, visual perception,
and topological data analysis — enables us to address Research Question 1 of this thesis (Section 1.2),
which we do here and in Section 5.2. To understand present artistic and technical barriers to industry
adoption of hand-drawn animation technology research, we identify the field’s overarching successes and

limitations by critically evaluating our survey findings and knowledge gained throughout this chapter. Our
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interdisciplinary analysis illuminates viable strategies for extending hand-drawn animation technology’s

successes and mitigating limitations to better accommodate industry needs.

Our review of hand-drawn animation technology research establishes a simple yet profound fact:
hand-drawn frames are best computationally formulated as topological spaces. Since frames exclusively
comprise stroke/region geometry and topology information, these material features are undeniably vital
to visual perception of frames’ depicted features. Accordingly, most hand-drawn animation technology
research focuses on relating material features within and between frames. Volumetric modeling methods
exploit stroke relationships salient to occlusion perception [46, 73], as well as medial axes’ connections to
volumetric shape perception [89, 188]. Likewise, most Deformation and Correspondence methods preserve
depicted features by preserving material features, comporting with findings that material feature changes
impact line drawing perception [318, 331]. Keane and Mullery describe how animators are also highly
attuned to material features as they draw, with Mullery reporting that clean-up animators’ quasi-topological
material feature understandings align with popular topological frame processing approaches. Yet both
experts emphasize that animators’ material and depicted feature perceptions coexist and continually
inform one another, a process increasingly reflected in topological HPE approaches but rarely emulated by
hand-drawn animation technologies. With this dual feature understanding, animators effectively preserve

characters’ depictions across articulate motion, despite their lack of ground-truth body representations.

To understand why hand-drawn animation technologies often struggle to capture essential relation-
ships between material and depicted features, we turn again to their topological foundations. Most methods
exploit very simple topological structures, such as stroke graphs, stroke complexes, and RAGs. Simply
put, these structures are not sufficiently mathematically sophisticated or expressive to capture aspects of
visual cognition essential for relating material and depicted features. For instance, while half-edge stroke
graphs’ depth comprehension provides marginal awareness of material and depicted feature relationships,
their lack of multiresolution data integration capabilities yields failure cases (Figure 2.25). These cases are
potentially resolvable via global depth reasoning, similarly to humans’ impossible object perception (Figure
2.34). As discussed, depicted features emerge from interactions between material features and the human
visual system; thus, without computationally modeling higher-level cognitive processes, technologies
often cannot process depicted features alongside material features. While Volumetric Modeling methods
advance considerably towards these aims, their topological approaches are often too naive to accommodate

articulate motion [104, 98, 35], squash-and-stretch [25], or view-dependent geometry [25, 39].

Without the topological machinery needed to emulate perceptual processes generating material and
depicted feature relationships, Deformation and Correspondence methods heavily rely on material feature
isomorphism. Since material feature preservation ensures depicted feature preservation, isomorphism
acts as a proxy for true depicted feature comprehension, whereby isomorphic features guaranteeably
depict the same body part (Figure 2.14). Consequently, frames’ frequent material feature changes often
require manual resolution via user interventions like bijective stroke matching, drawing unseen strokes,
or redefining stroke depth relationships after each stroke topology change [169]. Mullery discusses how
such interventions can cost valuable production time, drain animators’ energy, and draw their focus away
from crucial artistic tasks, potentially disrupting studios’ production schedules and budgets. Bijectivity
constraints also hinder bipartite stroke match approaches [51, 322, 195] and RAG methods [197, 198],
despite regions’ strong relationships with depicted body structure. Although not all hand-drawn animators
are interested in automatic frame generation, often preferring to maintain artistic agency over line quality —
Keane calls the line “a seismograph of my soul” — a sizable market exists for automatic region colorization,

exemplified by integration of Sykora et al.’s work into TVPaint animation software [306, 304].

To access this and other markets, such as Keane’s desired sculptural drawing capabilities, hand-
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drawn animation technology must forgo its reliance on material feature isomorphism and instead seek to
establish genuine relationships between material and depicted features, which will support handling of
frames’ frequent material feature changes. Such advancements will also invite further computer vision
research on hand-drawn frames, which is a key theme of this thesis. By automatically comprehending
and comparing hand-drawn frames’ depicted features, computer vision-based frame processing could
automatically organize artistic assets by their depicted information, including facial expression, costume,
depicted body motion, and camera angle. Such processing methods could significantly ameliorate hand-
drawn studios’ immense data management challenges without inhibiting animators’ artistic agency, yielding

many potential technologies desirable to hand-drawn studios.

Next, we explore how best to pursue this research objective. Given DNNs’ extraordinary success on
myriad computer vision tasks, alongside their recent contributions to hand-drawn animation technology,
they may appear well-poised to model perceptual processes governing material and depicted feature
relationships. However, DNNs do not leverage key visual features or emulate cognitive processes vital
to frame perception, and appear resistant to acquiring these capabilities even when specially engineered
to do so. Since hand-drawn frames are so data-sparse, their material features are likely uninterpretable
without 2D and 3D shape comprehension, topology comprehension, multiresolution data integration,
and abstract visual reasoning; as discussed, these analytical capabilities are often inaccessible to DNNs.
DNNs appear highly promising for hand-drawn animation technology when incorporated into primarily
topological approaches [40, 225], but perform poorly when used independently (Figure 2.31). Fortunately,
existing trends across hand-drawn animation technology research suggest alternative and potentially

transformative pathways towards relating material and depicted features in future work.

Naive topological structures effectively capture local material feature interactions like stroke con-
nectivity and T-junction depth awareness, even modeling body part-wise shape comprehension when
accompanied by additional handling [344, 208]. However, they cannot capture high-level perceptual
processes like multiresolution data integration, functional relationship comprehension, and depicted feature
consistency evaluation. These are exactly the kinds of capabilities offered by emerging TDA techniques.
Moreover, frame processing methods already achieve better results by elevating their topological so-
phistication, frequently (albeit likely unintentionally) coinciding with key TDA ideas. For instance,
(co)homology theory’s boundary operator mathematically formalizes 2D region formation from loops of
1D boundary strokes. The boundary operator thereby imbues strokes with regions’ superior stability
over articulate motion, handling material feature topology change better than other approaches [86, 87].
This both enhances artistic freedom and reveals profound connections between frame perception and
stroke complex (co)homology. Half-edge stroke graphs also use boundary comprehension to encode region
depth relationships [105, 265, 98, 169]. When accompanied by coarser-resolution structure awareness from
medial axes, they support 3D character skeleton comprehension [208, 24]. Here, as in visual perception,
heterogeneous material features combine to produce volumetric comprehension of depicted body topology.
Moving beyond simple depth relationships, many methods attach local geometric data to stroke/region
complexes’ vertices, edges, or faces, aiding stroke-wise transformation [330, 344, 346], lattice topology
reconstruction [128|, mesh deformation localization [325, 324, 60, 347], and frame feature correspondence
[292, 198, 70, 210]. As discussed in Section 2.5, these are examples of sheaves, an increasingly important
TDA approach to multiresolution data fusion and relational learning. Relatedly, graph diffusion and
spectral analysis are gaining popularity for the fluency with which they relate local and global frame
topology [336, 292, 198, 210], mirroring GCNs’ success in HPE. In future, these methods will likely benefit

from TDA’s profound fluency within these domains

Alternatively yet relatedly, other successful methods modify topological frame representations enough
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to relax keyframe similarity requirements while retaining their feature preservation guarantees, topological
operators, and data representation capabilities. These techniques achieve superior balance between artistic
expressivity, computability, and powerful mathematical functionality. Such approaches will be particularly
critical as hand-drawn animation technology’s topological sophistication increases, likely improving frame
processing expressivity beyond capabilities of even the most advanced TDA methods. Examples include
recent lattice formulations vastly improving articulation and stroke naturalness [107, 108, 64], coarse
stroke graph diffusion approximating isomorphism without stroke bijectivity/connectivity constraints
[336], compatible deformation approximation [344, 346|, and compatible triangulation reconstruction over
extreme deformation and topology change [367]. Although these methods still exhibit certain limitations in
practice, they demonstrate how careful and creative adaptations of mathematical ideas can more effectively
leverage relationships between computational topology and hand-drawn animation. Best practices for
these informal topological frame modeling techniques have yet to be established; to this end, researchers
should collaborate with professional hand-drawn animators and study the perceptual processes involved
in their work. As showcased in this thesis, collaboration between industry professionals and technical
researchers can yield deep insights into how mathematical frame representations can be tailored to best

meet hand-drawn studios’ needs.

Specific suggestions for future work along these paths of inquiry are given in Section 5.2; for now,
we return our attention to the research presented in this thesis. As discussed, hand-drawn characters’ lack
of ground-truth body representations renders them simultaneously visually inconsistent yet physically
coherent (Figure 2.23), realistic yet symbolic, materially dynamic yet volumetrically stable (Figure 2.4),
governed by yet constantly violating body motion constraints (Figure 2.12). As revealed by present
limitations of Volumetric Modeling methods, these qualities are so mercurial and elusive that they
may not even admit explicit formulations. Yet without accommodating them in computational frame
representations, it is likely impossible to establish perceptually salient relationships between frames’
material and depicted features. We circumvent this paradox by leveraging our observation that depicted
frame features are emergent properties of interactions between material frame features and human visual
cognition. Our research seeks to model these interactions as a complex system, from which depicted frame

features can implicitly emerge, rather than being explicitly encoded within frame representations.

Guided by our analysis of hand-drawn animation technology detailed in this chapter, we begin by
considering which perceptual factors are salient to animators’ RFQ perception. Motivated by perception
researchers’ growing calls for perceptual computing frameworks capturing empirically established traits of
human vision [37, 166, 213], alongside hand-drawn animation technology’s material feature processing
techniques, we aim to devise a computer vision system for extracting high-level, global depicted features
from local material features salient to low- and mid-level visual cognition. Thereafter, we depart from
prior hand-drawn animation technology research, endeavoring to model higher-level visual processes
— including multiresolution data integration, part-wise relationship comprehension, visual consistency
analysis, and abstract visual reasoning — from which material and depicted feature relationships emerge.
Chapter 3 details perceptual studies conducted to ascertain relationships between material and depicted
features influencing professional animators’ RFQ perception, guiding our design of perceptually-based
TDA strategies tailored to industry needs. Chapter 4 synthesizes this knowledge into our TDA-based RFQ
analysis framework which, like human vision, synthesizes local material frame features across multiple
resolutions and visual abstraction levels, enabling depicted feature comprehension. Unlike prior volumetric
modeling frameworks, we do not attempt to explicitly model relationships between material and depicted
features. Instead, we mathematically guarantee stability — formalized as equivariance — between material

and depicted features, capturing the feature relationships themselves within system behavior.
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Chapter 3

Perceptual Experiments

Despite the wealth of knowledge about human visual perception of line drawings and professional artists’
specialized perceptual skills on generic visual tasks (Section 2.4), controlled perceptual experiments have
yet to explore how these perceptual characteristics practically impact professional artists’ perception of
their own art as they work. Such experiments are particularly essential for designing perceptually-based
technology for high-efficiency, highly technologized collaborative artistic environments like hand-drawn
animation studios. As discussed, hand-drawn animation technology researchers’ sometimes incomplete
understandings of hand-drawn studios’ artistic workflows and technical needs can beget technologies

unattractive to industry professionals.

Hand-drawn animation frames exhibit many properties atypical of line drawings studied in perception
research, which usually comprise simple shape depictions [4, 27], rudimentary sketches [319, 289], or
unstylized drawings derived from photographs [331, 318]. Moreover, the artistic workflows guiding hand-
drawn frame creation require specialized perceptual processes far beyond those recruited for producing
line drawings studied in prior research, most notably pose resolution and staying on-model (i.e., strictly
retaining model sheet design specifications in every frame). Consequently, we cannot assume that prior
perceptual studies’ findings faithfully translate to professional animators’ perception of hand-drawn frames’
unique artistic qualities within industry-based artistic workflows. Accordingly, controlled experimental
evaluation of professional animators’ hand-drawn frame perception can provide indispensable insights into

devising technologies desirable to hand-drawn studios.

This chapter details two perceptual experiments conducted on professional Cartoon Saloon animators,
both of which are designed to faithfully emulate animators’ studio working conditions. Through this
novel methodological framework, we investigate perceptual factors influencing animators’ judgments
of Reference Frame Quality (RFQ), providing information vital for effective RFQ analysis framework
design. Our first experiment (Section 3.1) explores whether animators’ RFQ perception is exclusively
dependent on characters’ depicted pose, or if it is invariant up to local body part-wise isometry. We find
evidence of the latter, demonstrating that animators’ RFQ perception is robust to local material feature
changes preserving body part-wise pose resolution strategies, and concluding that jointly comparing
frames’ material and depicted features is essential for modeling animators’ RFQ perception. Our second
experiment (Section 3.2) investigates whether animators’ perceptions of hand-drawn characters’ depicted
volumetric body poses increasingly diverge as frames are increasingly distorted by Principles of Animation,
such as squash-and-stretch, bone bending/breaking, and stylized perspective (Figure 2.12). Instead, we
find evidence that animators’ pose perceptions increasingly diverge as frame features grow less perceptually

consistent, increasingly hindering perceptual synthesis of frames’ visual information into a globally cohesive
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pose interpretation. This implies that our RFQ analysis framework must anticipate animators’ subjective
pose interpretations when analyzing frames’ depicted features, and therefore must detect multiresolution

frame feature inconsistencies from which heightened subjectivity arises.

To conduct both experiments, we first propose perceptually-based criteria for systematically evaluat-
ing material and depicted frame features. Motivated by Chapter 2’s discussions of hand-drawn frames’
material features (Section 2.1.2), manifold evidence of contour geometry and topology’s vital roles in
visual perception (Section 2.4), the many successes of stroke complex and RAG frame processing methods
(Section 2.2), we propose that material frame feature geometry and topology are salient to professional
animators’ frame perception. Moreover, Glen Keane and Mark Mullery both assert that characters’
depicted body motions and animators’ own internal proprioception are at the forefront of animators’
minds during hand-drawn frame creation (Appendix B). Our experiments are therefore based upon three

classes of proposed perceptual cues for hand-drawn animation frames:
1. Geometric cues, including body part-wise geometry, region foreshortening, and occluding contours;
2. Topological cues, including region connectivity and region presence/absence;

3. Motion cues, indicating the body weight distribution needed to physically realize a character’s

depicted pose and/or body movement.

While our experimental findings suggest that these cue classes are salient to professional animators’
hand-drawn frame perception, our studies exclusively employ observational, rather than empirical, per-
ceptual cue control and evaluation strategies. Our justification is twofold: first, existing empirical image
processing techniques and metrics cannot guaranteeably emulate professional animators’ perception of
hand-drawn frames. Therefore, observational cue assessment — assisted by Cartoon Saloon animation
professionals — was deemed most prudent within the scope of this thesis, which does not concern per-
ceptual quality evaluation of image processing metrics. Second, hand-drawn animation frame creation
entails immeasurable intentional and subliminal expert artistic choices presently impossible to model
computationally. Even one such choice can make the difference between director approval or a retake, and
we endeavor to exclusively study animators’ perception of director-approved frames. Accordingly, we could
not synthetically generate hand-drawn frames of our desired artistic quality in which perceptual cues
could be empirically controlled. Controlling cues by editing frames would have heavily corrupted frames’
artistic integrity and almost certainly impacted animators’ frame perception beyond our experimental

control. In future, we aim to pursue empirical perceptual cue control and evaluation techniques.

3.1 Perceptual Experiment 1: Local Frame Isometry

When first considering reference frame retrieval system design, it may seem sensible to simply perform
body pose estimation on hand-drawn characters. Then, for a given character, the system could return
frames depicting poses closest to a given input pose, which the user aims to depict in a hand-drawn frame.

In this case, hand-drawn frame HPE methods (Section 2.3) might prospectively support RFQ analysis.

Although frames depicting similar body poses can be good drawing reference for one another, two
key observations suggest that animators’ RFQ perception involves both depicted and material feature
similarity between frames. First, frames depicting physically similar poses for the same body part — i.e.,
poses differing by small articulate motion — may be poor drawing references for each other when their local
(i.e., body part-wise) material features differ non-isometrically (Figure 3.2, top, arm). Second, frames
depicting physically distinct body part-wise poses may be good drawing reference for one another when

their local material features differ isometrically; i.e., by 2D rotation/reflection (Figure 3.3, bottom, arm).
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Human vision is somewhat isometry-invariant [252], and artists develop enhanced rotation invariance
[184, 317, 56] and multiresolution perceptual acuity [54, 53] — i.e., conscious restriction of visual attention
to isolated multiscale parts of an image — by practicing their trade. It is then reasonable to expect that
frames equivalent up to local material feature isometry are good drawing references for each other with
respect to the isometrically-transformed body part. However, the practical impact of these perceptual
characteristics on professional artists’ understandings of their own artistic work has not been studied
previously. This preliminary experiment tests our second observation: professional animators perceive
frames depicting physically different body part-wise poses as good drawing reference when the body part’s

depictions in each frame differ by local material feature isometry.

3.1.1 Variable & Data Selection

To test our hypothesis, we selected three region trans-
formation variables: Rotation, Reflection, and Non-
Isomorphic Transformation (NIT). Generally, some com-

bination of these variables fully describes material feature

differences between depictions of the same body part for

a single character design across different poses and frames

(Figure 3.1). Because local Rotation and Reflection pre-

\ serve frames’ geometry and topology cues up to local
\ isometry, the pose changes they convey do not alter a

body part’s relative angle to the camera (drawn as fore-

4\ shortening). Ounly NIT induces the non-isometric region

w transformations necessary for conveying foreshortening

change. We therefore hypothesized that animators’ RFQ
"\ perception would inversely correlate to NIT more strongly
\/ than to Rotation and Reflection.

To optimize variable control, all hand-drawn frames

used in our experiment depicted the same character:

Mebh, from Cartoon Saloon animation studio’s feature

film Wolfwalkers; frames were provided by Cartoon Sa-

loon. Although Mebh appears in diverse poses across tens

~ of thousands of frames, a frame set offering full variable

control over her entire body did not exist. Consequently,

Figure 3.1: Experiment frame pairs demonstrat- participants were asked to consider only one of Mebh’s

ing how each transformation variable affects ge-

. . . arms in each frame when answering experiment ques-
ometric and topological cues, with RAGs super- & eXp a

imposed for instructional purposes (not shown in tions (Figure 3.3). Mebh’s arm was chosen because it is
experiment). Top = (high NIT, low Reflection, low a complex object comprising multiple regions, appears
Rotation). Middle = (low NIT, high Reflection, in myriad articulate poses, and is stylistically consistent
low Rotation). Bottom = (low NIT, low Reflection, throughout the film. All experiment frames show Mebh in

high Rotation). RAG topology is preserved only i},o game costume, with the same hairstyle, and without

in Middle and Bottom cases. props. Frames were reasonably consistent in scale, line
quality, and adherence to model sheet character design.
Only frames showing Mebh at eye-level (not from above or below) and facing front (not from behind or
side profile) were used. Experiment frames were uncolored to match the majority of frames available at

the time in production when animators need drawing references.
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Most experiment frames were manually selected from
the 245 frames of Mebh within a database of 649 Wolfwalk-
ers frames, built by manually scrubbing through the film to
find frames with high-quality depicted body pose (e.g., no
head shots or blurred motion) and without prop, environ-
ment, or other character interactions. Using a custom-built
compositing program, these frames were exported from TV-
Paint animation files as uncolored line drawings depicting
Mebh in isolation. After finalizing experiment design, other
frames depicting arm poses needed for full variable control
were found and exported as described above. For the reasons
described earlier in this chapter, use of raw, unedited clean-up

frames was essential to the validity of our experiment design;

synthetic or manually edited frames would intractably con-
found our perceptual results. 64 frames were selected for the Figure 3.2: Experiment frame pairs with

experiment and organized into pairs of reference frames. superimposed skeleton poses (in blue), demon-

strating that physically similar poses can pro-

Rotation, Reflection, and NIT change between each vide poor drawing reference (top; average RFQ

frame pair’s respective arms was evaluated observationally for rating = 2.09) and physically different poses
the reasons given earlier in this chapter. Observational vari- can provide good drawing reference (bottom;
able change measurement guidelines were as follows: Rotation: average RFQ rating = 5.0).

low = 0-10°; medium = 11-89°; high = 90-180°. Reflection:

low = no reflection; medium = cross-body reflection (Figure 3.2, bottom); high = inside-outside reflection
(Figure 3.1, middle). NIT: low = no cue change; medium = mild geometric cue change without topological
cue change (Figure 3.3); high = strong geometric cue change with topological cue change (Figure 3.2,
top). Professional animators who did not participate in the experiment confirmed that our evaluations

were likely to comport with animators’ hand-drawn frame perception.

3.1.2 Method

Rotation, Reflection, and NIT were each modulated across low, medium, and high levels (Figure 3.1),
creating 27 cases overall. Two frame pairs were selected for each case, yielding 54 experiment questions
measuring animators’ RFQ perception. For each question, both frames were resized and cropped to
maximize their visual similarity. A red arrow showed participants which arm to consider in each frame
when answering the question (Figure 3.3). The experiment questions were presented on Qualtrics software.
Each RFQ question clearly described the participants’ task: Given two frames A and B, rate the helpfulness
of Frame B as drawing reference for Frame A. Ratings were recorded on a 1-7 scale slider, with 1 being
“Not at all helpful” and 7 being “Extremely helpful” (Figure 3.3). This rating was our measurement of
animators’ RFQ perception between Frames A and B — specifically, of Frame B with respect to Frame A.

Qualtrics was used to randomize the order in which questions appeared during the experiment.

Out of 30 professional hand-drawn animators employed by Cartoon Saloon at the time of the
experiment, 10 volunteered to participate. Animators were recruited by internal email sent by Cartoon
Saloon’s CTO, and were not paid to participate. Before starting the experiment, participants provided
information on their professional history. Seven participants had 3-6 years of experience working for
hand-drawn animation studios and the remaining three participants had 14-30+ years of experience; on
average, participants had 9.6 years of industry experience. Seven participants had an additional 2-4 years

of hand-drawn animation experience from attending animation college. Eight participants worked on
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Wolfwalkers and had experience drawing Mebh. Since requiring participants to draw all 54 Frame As
during the experiment was impractical, especially as the experiment took place during working hours,

participants were asked to imagine that they were drawing Frame A using Frame B as drawing reference.

To model real-life anima-

If you were trying to draw Mebh's RIGHT ARM (see arrow) in Frame A, how helpful tion studio conditions, participants
would Mebh's LEFT ARM (see arrow) in Frame B be as drawing reference? were given Mebh’s model sheets

and asked to reference them dur-
ing the experiment, as they would
while animating. Participants were
asked to imagine that they could
manipulate Frame B in their draw-
ing software as they would while

animating (e.g., via rotation, reflec-

tion, etc.) to optimize its draw-

Not at all Extremely .
helpful epu  ing reference quality for Frame A.
1 5 3 4 5 6 7 Because this experiment aimed to

measure animators’ RFQ percep-

tion with respect to their profes-

sional workflows, it was important
Figure 3.3: Example experiment question (average RFQ rating = 4.5).  for their in-practice software usage

to impact experiment results. Par-
ticipants were asked to complete the experiment on the computer monitor or drawing tablet they used
while animating, further emulating their working conditions (participants’ reported screen widths =
15-32"). Because Mebh’s hand pose was too variable across experiment frames to be empirically controlled,
participants were asked to ignore differences in hand pose when answering experiment questions. Hands
could not be edited out of frames, as this would impact frames’ artistic quality, and thus our perceptual
results as well. Participants completed two RFQ training questions to familiarize themselves with the
question format, and were required to confirm their understanding of all experiment directions before
proceeding to the RFQ perception experiment questions. After completing all RFQ questions, participants
answered debriefing questions. They were asked to verbally describe which factors determined their
answers to RFQ perception questions, and to report how much they referenced Mebh’s model sheets

during the experiment.

3.1.3 Results

We analyzed animators’ RFQ scores via Three-Way ANOVA with repeated measures: NIT (low, medium,
high), Reflection (low, medium, high), and Rotation (low, medium, high). We conducted Mauchly’s test for
sphericity, and where the assumption was violated, we applied the Greenhouse-Geisser correction (indicated
with an asterisk). We found a main effect of NIT (F*(1.18,10.64) = 74.40, p* < 0.001, 2 = 0.892), where
posthoc analysis showed that all three levels of NIT were rated significantly differently from each other:
low (5.139), medium (4.556) and high (2.778) (p < 0.004 in all cases). We also found a main effect of
Reflection (F*(1.27,11.49) = 11.773, p < 0.001, 2 = 0.567), where posthoc showed that low (5.556)
was rated the same as medium (4.239), while high (3.678) was significantly different to both (p < 0.03
in both cases). We also found a main effect of Rotation (F*(1.79,16.08) = 14.652, p =~ 0, 12 = 0.619),
where posthoc showed that low (4.344) was rated the same as medium (4.389), while high (3.739) was
significantly different to both (p < 0.02 in both cases). The higher effect size of NIT compared to those
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Figure 3.4: Significant Interactions between (left) NIT and Reflection, (center) NIT and Rotation, and (right)
Reflection and Rotation. The Y-axis shows average RFQ ratings across participants on a 1-7 scale slider, with 1
being “Not at all helpful” and 7 being “Extremely helpful.”

of Reflection and Rotation supports our hypothesis that animators’ RFQ perception is impacted more

strongly by pose changes depicted by NIT than by pose changes depicted by local Rotation or Reflection.
We also found a significant interaction between NIT and Reflection (F'(4,36) = 4.127, p < 0.007, 77;2> =

0.314): pairwise comparisons showed us that, at low NIT, there were three significantly different ratings
for Reflection levels low, medium and high (p < 0.04 in all cases). For medium NIT, low and medium
Reflection were rated the same, while high Reflection was rated significantly worse than the other two
(p < 0.04 in both cases). For high NIT, there was no effect of Reflection level, indicating that the more
NIT present, the less important the differences in Reflection levels (Figure 3.4, left).

A significant interaction between NIT and Rotation was also found (F*(2.04,18.38) = 3.999, p <
0.035, ng = 0.308): at low NIT, low and medium Rotation were rated the same, while high Rotation
was significantly worse than both (p < 0.01 in both cases). For medium NIT, low Rotation was rated
significantly higher than either medium or high Rotation (p < 0.02 in all cases), while at high NIT,
medium Rotation was rated significantly higher than low or high Rotation (Figure 3.4, center). This last

result was most likely an artifact of particular selected frames.

Finally, a significant interaction occurred between Rotation and Reflection (F'(4,36) = 4.088, p <
0.008, ng = 0.312), where the pattern matched that of the NIT and Rotation interaction (Figure 3.4,

right). No three-way interaction occurred.

Qualitative Results Participants reported that their RFQ ratings depended on foreshortening difference
(6 participants), body pose difference (4), overall visual similarity (3), and how well the reference frame
matched model sheet character design (2). One participant remarked that “even though an arm could look
similar, a tilt in volume or rotation in space that is different might induce mistakes of interpretation of the
design style.” As NIT corresponds to foreshortening changes, this further indicates NIT’s predominant
effect on RFQ perception. 4 participants reported that referencing model sheets during the experiment
helped them preserve character design — which naturally varies across animators and hand-drawn frames
— and 3 reported that model sheets helped them draw basic poses. According to one participant, “if
the foreshortening/exaggeration was too much for the B pose, I found it not very helpful [as drawing
reference] and referred to the model sheets for clarity on the design on the arm.” Animators with < 6
years of industry experience gave more detailed answers about model sheet helpfulness, possibly indicating

that they are still actively learning skills for extrapolating novel poses from drawing references.

3.1.4 Discussion

Our preliminary experiment results support our hypothesis that animators’ RFQ perception is sensitive

to geometric and topological cue change (NIT) and moderately stable under local isometry (Reflection
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and Rotation). Therefore geometric and topological cue similarity is a key factor in animators’ RFQ
perception, superseding body pose similarity in several cases (e.g., Figure 3.2). As such, our RFQ analysis
framework must assess frames’ RAG topology/geometry similarity alongside their depicted pose similarity.
However, future studies are needed to ascertain the exact relationship between pose and perceptual cue
similarity in animators’ RFQ perception. Pairwise interactions indicate that local isometry’s influence on
RFQ may diminish as NIT intensifies, but further testing is needed to confirm. We expect this to be true,
since NIT the alters visual information available in frames, and most participants reported that visual
information preservation between frames positively influenced their RFQ ratings. More specifically, we
interpret these reports to mean that frame pairs with arms differing by local material feature isometries
optimally preserve director-approved pose resolution strategies, though this inference requires experimental
validation in future. Therefore to model animators’ perceptual behavior, our RFQ analysis framework
cannot simply measure joint angle differences between frames’ depicted poses; rather, it must recognize

material feature equivalences up to body part-wise isometry.

Prior perceptual experiments on professional artists study their mental rotation abilities alongside
general visual perception tasks like mentally combining objects [317], Gestalt completion [184], and
multiresolution perceptual acuity [54, 53], finding that artists are experts in these tasks and their expertise
improves with drawing practice over time [56]. As detailed inferences about professional hand-drawn
animators’ RFQ perception cannot be made from these studies, our experiment was conducted to address
this knowledge gap. We offer the first controlled evaluation of how professional artists’ visual perception
expertise impacts their choices of reference frames as they work, allowing them to obtain high-quality pose
resolution information from frames depicting physically dissimilar poses. Our preliminary findings build
upon and cohere with prior research on artists’ perception, specifically regarding mental rotation and
multiresolution perceptual acuity. We also endeavor to replicate hand-drawn animation studio conditions
within our experiment design, which we consider vital for understanding artists’ perceptual processes in
studio settings. This methodological approach can support future creation of effective perceptually-based
artistic tools, potentially mitigating hand-drawn animation technology’s present barriers to industry

uptake.

Limitations The small number of examples per variable case likely affected pairwise interactions.
Additionally, the small number of participants working at the same animation studio, alongside testing of a
single character and body part prevent, us from generalizing our findings to all hand-drawn animators, art
styles, characters, and body parts. Because our experiment only tested local — rather than multiresolution
— RFQ isometry invariance, we were unable to assess how isometry scale interacts with RFQ perception; for
instance, frames differing by global pose reflection may be better references for one another than frames
differing by many small, local limb rotations. However, prior perceptual studies provide strong reasons to
expect our findings to generalize across characters, styles, and isometry scales. Professional artists are
exceptionally skilled at localizing visual attention across multiscale image features [54, 53], increasing
the likelihood that our results generalize across multiscale isometries. Moreover, artists’ expertise at
mentally rotating, decomposing, and recomposing generic visual data [317, 56] imply that our findings

will generalize across diverse characters and artistic styles.

Classifying variable cases by eye was appropriate for our preliminary study, but may have impacted
our results, although every effort was made to prevent this. Moreover, our variable classifications may
have relied on our perception of visual features specific to the character design and artistic style we
evaluated, possibly rendering observational classification unsuitable for larger studies evaluating diverse

characters and styles. Future work can use empirical shape comparison metrics for classification to address
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these issues, but such metrics’ differences to human visual perception may create new limitations. An
alternative, albeit time-consuming, approach is for animators to rate shape similarity between frames’
corresponding regions shown in isolation; these ratings can then serve to classify geometric cue change
between frames. Topological cue change can likely be evaluated via empirical RAG comparison metrics —
particularly those assessing shape similarity — although optimal choice of metric should be determined
with another perceptual study. More broadly, for studies like our own to rigorously evaluate professional
artists’ visual perception in practice, perceptually-based empirical metrics on artistically stylized and

symbolic visual data must be thoroughly researched and tested.

Our findings offer compelling evidence that professional animators’ RFQ perception is, within their
professional workflows, moderately invariant to local (i.e., body part-wise) isometry. Although this
experiment exclusively studies local isometry invariance on a single body part, prior studies demonstrating
professional artists’ multiresolution perceptual acuity [54, 53|, alongside informal discussions with Cartoon
Saloon animators on RFQ analysis framework design, lead us to pursue RF(Q analysis up to multiresolution
isometry invariance. In practice, this means that our RFQ framework’s frame comparison metrics should
detect isometry invariance between frames at any scale, from one local bone to the entire global body
(Figure 1.4). In our Figure 3.2 examples, our metrics will treat the top frames as similar everywhere
but their left arms and the bottom frames as different everywhere but their left arms, comporting with
their respective RFQ ratings. However, our results indicate that treating frames as fully multiresolution
isometry-invariant will not accurately emulate animators’ RFQ perception. Since high Rotation and
Reflection cases’ ratings were significantly distinct from those of low and medium cases, our RFQ framework
should combine both isometry-invariant multiresolution material feature metrics with depicted pose metrics
to optimally model animators’ RFQ perception. In practice, multiresolution isometry invariance will
support body part-wise reference frame searches. This will enable animators to reference multiple frames
depicting different parts of their desired pose when, as is often the case, a suitable full-body reference
frame does not exist. Despite the extreme popularity of equivariant data analysis frameworks — especially
EgNNs — prior research does not offer a framework in which heterogeneous isometries can be detected and
compared across multiple scales within an articulate body model. The following chapter details our novel
theory of heterogeneous multiresolution equivariance, which, unlike prior work, models animators’ RFQ

perception subject to multiresolution isometry invariance.

3.2 Perceptual Experiment 2: 3D Body Pose Perception

Because hand-drawn characters lack ground-truth body representations, they undergo continual material
feature deformations as they move. Such deformations can alter characters’ depicted body geometry and
apparent functional body part-wise relationships across frames, and thus likely influence perception of
hand-drawn characters’ depicted body poses. By studying how frame deformation impacts professional
animators’ perception of characters’ depicted body poses, we gain insights into how best to design our

RFQ analysis framework’s pose comprehension functionalities.

Deformations arise from either pose resolution or Principles of Animation. The former involves
subtle, often imperceptible character design modifications made to better convey the given depicted
pose, engendering view-dependent geometry in extreme cases (Figure 2.23). Such deformations can
create inconsistencies between related perceptual cues, with each cue indicating a slightly different pose
than the others. However, animators are so skilled at pose resolution that such inconsistencies often
become noticeable under scrutiny, appearing natural to casual viewers. Crucially, inconsistency is a

‘global’ perceptual property: cues are ‘locally’ consistent when perceived independently, only becoming
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inconsistent when perceived collectively via multiresolution visual integration (Figure 2.34). While prior
studies evidence humans’ perceptual sensitivity to multiresolution cue consistency [166, 177, 27] and
k)

artists’ exceptional multiresolution perceptual acuity [54, 53], these traits’ practical impact on artists

perception of their own work has not yet been investigated.

Deformations involving Principles of Animation — especially squash-and-stretch, stylized perspective,
and bone bending/breaking — distort characters overtly because they are employed for artistic effect (Figure
2.12). Such distortions frequently generate visual ambiguities — for instance, a squashed limb could be
perceived as foreshortened — which are heightened by frames’ data sparsity and artistic stylization [94, 158].
Since individuals differently interpret perceptual meanings of visually ambiguous stimuli [282, 83], it is
possible that professional animators’ perceptions of characters’ depicted body poses increasingly diverge
when frames are increasingly distorted. On the other hand, since perceptual expertise improves with
artistic practice [55, 56], professional animators’ extensive experience deforming hand-drawn characters
via Principles of Animation could help them uniformly interpret distorted frames’ depicted poses. Our
Experiment 1 findings and a small study showing significant variation among professional 3D animators’ 3D
pose perceptions of animated characters [24] make the former option more likely, though either possibility

will influence how our RFQ framework analyzes characters’ depicted body poses.

This experiment tests the hypothesis that professional hand-drawn animators’ perceptions of
hand-drawn characters’ depicted poses increasingly diverge as characters become increasingly distorted.
Although visual ambiguities in artistic works is extensively studied [214, 94], controlled evaluation of how
these ambiguities impact artists’ perception of artistic works is lacking. As discussed throughout this
chapter, such insights are critical for understanding collaborative artistic environments like hand-drawn
animation studios, particularly when designing technology for teams of artists. In our study, Cartoon
Saloon animators pose a 3D Blender rig — designed to emulate wooden maquettes that animators use for
posing reference (Figure 3.5) — to match character poses depicted in hand-drawn animation frames, also
rating frames’ Distortion intensity and posing task Difficulty. We envision that animators will pose similar
rigs when querying our proposed reference frame retrieval system. Thus, our RFQ analysis framework on
which the system will be based must be able to understand animators’ perceptual relationships between
input rig poses and hand-drawn frames. Our quantitative results fail to support our hypothesis, instead
indicating that pose perception deviation increases as perceptual cue consistency decreases. This has
deep topological implications for our RFQ analysis framework, highlighting the importance of detecting
obstructions which prevent local perceptual cues from being collectively perceived as representing a single,

globally consistent body pose.

3.2.1 Variable & Data Selection

)

This experiment’s primary objective was to compare professional animators’ ratings of hand-drawn frames
Distortion intensity to variability of their depicted pose perceptions for each frame. In Section 2.1.2, we
noted the subtle distinctions between animators’ mental conceptions of volumetric pose vs. material 3D
body pose, with the former being far more flexible and abstract than the latter. However, because studying
animators’ cognitive pose representations is beyond the scope of this thesis, and since our reference frame
retrieval system will take 3D rig poses as input, this experiment uses 3D pose estimates as practical
proxies for animators’ volumetric pose perceptions.

Like Experiment 1 (Section 3.1), this experiment was conducted at Cartoon Saloon during working
hours, requiring us to accommodate active production schedules in our study’s design. Because our
experimental setup included both frame rating and Blender posing tasks — the latter taking animators 10-25

minutes per frame, depending on pose complexity and their 3D modeling proficiency — only 12 frames were
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used in the experiment. This was smallest number of frames needed to reasonably assess our hypothesis’
validity, ensuring that our experiment minimally interfered with participants’ professional duties. While
a larger number of experiment frames would have been preferable, this would have required a longer
experiment run, which Cartoon Saloon production schedules prevented at the time of the experiment.

Since posing tasks were so time-consuming, only a few frames were tested per day.

To optimize variable control, all 12 of our experiment frames depicted the
same character: Robyn, from the Cartoon Saloon feature film Wolfwalkers. All
frames showed Robyn with the same costume and hairstyle, and without other
characters, significant prop interaction, or self-occlusion obscuring portions of her
body. Only frames showing Robyn at eye-level (not from above or below) and
facing front (not from behind or side profile) were used. As Wolfwalkers employs
multiple line styles, experiment frames used either solid or slightly sketchy line
styles to maximize visual consistency. Frames were manually selected from the
Wolfwalkers clean-up frame database used in Experiment 1, which contains 404
frames of Robyn and 649 frames total. As described previously, frames were
collected through manual search and exported from TVPaint files via our custom
compositing program. Experiment frames were manually edited to remove minor
prop interactions without altering artistic quality — for instance, Robyn’s crossbow
was removed when it protruded from behind her shoulder or arm, potentially

impacting perception of her upper body pose.

To emulate reference frame availability during production, seven full-body

and five partial-body frames were used in the experiment. Although full-body

shots offer complete body pose information and are therefore preferable, partial-

body shots are more common in practice. Selected partial-body frames showed

Robyn from the hips up to prevent participants from extrapolating her leg poses,
which would extend experiment runtime and confound pose perception results.
Frames fell into three categories: Static Full-body (SF), Static Partial-body (SP),
and Motion Full-body (MF); Static frames depicted Robyn standing still, while for drawing reference by

Motion frames depicted her walking, running, or jumping. Each category included professional animators.

Figure 3.5: Posable

wooden maquette used

frames that were expected to vary in perceived Distortion intensity; selections

were guided by Cartoon Saloon personnel who were not experiment participants.

While every effort was made to include cases of extreme Distortion, the found while manually searching the
film involved purely geometric and not topological cue change. Therefore, our study primarily examines
perception of purely geometric Distortion. As an aside, our inability to find Distortion cases involving
topological cue change was somewhat surprising. Since perception is robust to deformation yet sensitive
to part-wise relationship change [11, 27, 297|, geometric cue change may be easier to interpret than
topological cue change. Because animators typically aim to make frames as easy to visually interpret as

possible, they may favor geometric Distortion to preserve characters’ perceptual clarity.

3.2.2 Method

Participants Of the 16 professional animators employed by Cartoon Saloon at the time of the experiment,
12 agreed to participate. Since the experiment ran during working hours, participation was unpaid.
Animators were recruited via internal email sent by Cartoon Saloon’s CTO, with full cooperation of
all production coordinators and animation department supervisors. Before starting the experiment,

participants provided information on their professional history. Four participants had 2-5 years of

59



animation industry experience, five participants had 7-16 years’ experience, and the remaining three had
30+ years’ experience. Participants had on average 18.5 years of industry experience, with most reporting
an additional 1-3 years of hand-drawn animation experience during college. Seven participants worked on
Wolfwalkers and had experience drawing Robyn. Five participants were Cleanup Animators, three were

Rough Animators, and five were Posing Artists (one of whom is primarily a Storyboard Artist).

To minimize workday disruption and participant fatigue, the experiment took place over three
consecutive days, with four frames tested per day. Before starting the experiment, participants answered
training questions to familiarize themselves with the experiment’s format. They were also required to
correctly answer questions about the experiment’s format and instructions, which were especially crucial
for questions about frame Distortion. Because professional animators are so skilled at making physically
awkward or impossible poses appear natural, distortion can be difficult to recognize. Participants were

directed to carefully look for three types of frame distortion:
1. Visual Distortion: How much is Robyn distorted away from her model?
2. Physical Distortion: How physically possible is Robyn’s body pose?
3. Animation techniques involving distortion, like squash-and-stretch, bone bending/breaking, and
stylized perspective.
Each day comprised a Distortion rating section followed by a 3D posing section. Experiment questions
and posing instructions were presented on Qualtrics software. To ensure an even mix of stimuli throughout

the experiment, each day tested frames expected to depict low, medium, and high Distortion cases, as

well as both full- and partial-body frames.

Posing tasks were performed on a generic 3D Blender rig modeling the human body, initially obtained
from an online template and customized by the Cartoon Saloon software department. The rig was designed

to emulate the posable wooden human body maquettes which animators routinely reference for posing

scroll the mouse ) 0
to zoom use this window to
keep track of how

your pose looks in
front view
click-and-drag the
Ctrl+Z to undo green (Y-axis), blue (Z-axis),
and red (X-axis) lines to
move the bone

Figure 3.6: Blender instruction sheet given to participants. Instructions are superimposed over the Blender file

containing the skeleton rig and viewport setup used during the experiment.
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guidance while drawing frames (Figure 3.5). The rig lacked human body joint motion constraints, leaving
participants free to create physically impossible poses. Although participants were given the option to
complete each day’s Distortion rating section at their own desks, they were required to complete posing
tasks on one of three software department computers with the correct version of Blender installed, ensuring
technical setting uniformity for all posing tasks. All three computers were next to each other, enabling
close supervision of the experiment and immediate technical and instructional support for participants as
needed. Because most participants lacked 3D modeling experience, they were each given verbal, visual,

and written instructions on how to pose the Blender rig before beginning the experiment (Figure 3.6).

Each day’s Distortion rating section comprised four questions, each involving a different experiment
frame. Question order was randomized for each participant by Qualtrics. For each question, participants
were shown the frame and asked: In this frame, how intensely is Robyn distorted from her character
model? (Look for Visual Distortion, Physical Distortion, and distorting animation techniques applied to
her body pose.) This question was answered on a 1-7 slider scale, with 1 labeled “No distortion” and 7
labeled “Intense distortion.” Participants were given Robyn’s model sheets for reference when answering

Distortion rating questions.

Participants completed four posing tasks per day, each involving a frame from that day’s Distortion
rating section. Again, the order in which frames’ posing tasks appeared was randomized for each
participant by Qualtrics. During each posing task, animators were instructed to open a specific Blender file
corresponding to the experiment frame specified on Qualtrics. Each file contained a copy of the Blender
rig in a standard T-pose (Figure 3.6). Participants were shown a large image of the experiment frame, and
asked to pose the Blender rig to match the pose depicted in the frame. Each participant completed posing
tasks using two computer monitors, so the Blender file and the Qualtrics window showing the reference
frame were visible simultaneously. Every Blender file contained two viewports: a working viewport where
participants could change the camera view angle to better manipulate the rig, and a viewport fixed in
front-view. Because all experiment frames depicted Robyn in front-view, participants were instructed to

pose the rig such that its appearance in the front-view viewport optimally matched the given frame.

Although posing tasks were not time-constrained, participants were encouraged to complete each
Blender rig pose within 20 minutes. Upon completing each rig pose, participants were instructed to save
their work, which activated a Python script automatically exporting the rig’s bone positions to a JSON
file. After returning to the Qualtrics interface, they were again shown the experiment frame and asked:
How difficult was posing the Blender model to match this frame? This question was answered on a 1-7

slider scale, with 1 labeled “Extremely easy” and 7 labeled “Extremely difficult.”

3.2.3 Results

For every frame, each joint’s position was averaged across all 12 participants’ pose estimates, generating
an average 3D pose estimate. Joint-wise 3D and 2D Deviations were then found by computing unweighted
RMSD joint angle differences (in degrees) between each participant’s pose and the frame’s average pose;
2D Deviations were computed after projecting poses to the XY-plane. 3D and 2D joint-wise Deviations
were separately averaged, yielding respective, whole-body 3D and 2D Deviation scores for every frame. 3D
Deviations were analyzed because the posing tasks took place in 3D; 2D Deviations were analyzed because
animators were instructed to optimally match the Blender rig’s pose to the given frame subject to the
orthographic 2D front-view viewport. One participant’s Blender pose was missing for frame MF4, so the
11 remaining Deviations were averaged to fill the missing entry. As animators were not required to pose

the rig’s head, neck, hands, and feet, these body parts’ Deviations were excluded from statistical analysis.
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Figure 3.7: Average per-frame Difficulty ratings (top left), Distortion ratings (top right), 3D pose Deviation
(bottom left), and 2D pose Deviation (bottom right). Error bars: 95% CI.

3D Deviation

To determine the effects of Distortion and Difficulty ratings on 3D Deviation, a linear mixed effects model
was constructed with 3D joint angle Deviation as the dependent variable, Distortion and Difficulty ratings
as fixed effects, random intercepts for each participant, and diagonal covariance structure. Although an
significant effect of Distortion on 3D Deviation was not found (F'(1,88.502) = 0.695, p = 0.407, slope
est. = 0.242), Difficulty significantly predicted 3D Deviation (F'(1,103.465) = 8.847, p = 0.004, slope
est. = 0.901). These findings comport with Pearson correlations across all frames and users, with a
stronger positive relationship between 3D Deviation and Difficulty (r(144) = 0.249, p = 0.003) than
between 3D Deviation and Distortion (r(144) = 0.176, p = 0.035). While the Pearson correlations suggest
that Distortion ratings have a marginal effect on 3D Deviation, the effect becomes insignificant when
accounting for repeated measures in our mixed effects model. Contrastingly, the association between
larger 3D joint Deviations and higher Difficulty ratings remains consistent in both our Pearson and mixed
effects models, indicating that Difficulty’s effect on 3D Deviation likely reveals a genuine relationship

between these variables.

2D Deviation

The same analysis procedure conducted for 3D Deviations was also used for 2D Deviations. Pearson
correlations for all frames and users between 2D joint Deviation and, respectively, Distortion (r(144) =
0.14, p = 0.095) and Difficulty (r(144) = 0.234, p = 0.005) suggested similar findings to our 3D case, but
our mixed effects model revealed that neither Distortion (F'(1,74.634) = 1.44, p = 0.234) nor Difficulty
(F(1,58.884) = 1.008, p = 0.32) induced significant effects on 2D Deviation.

One-Way ANOVA

In order to determine if differences in ratings occurred across the frames, One-Way Repeated measures

ANOVAs were conducted on participant ratings for Distortion and Difficulty, and on the calculated 3D
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Deviation and 2D Deviation scores. Shapiro-Wilk tests found that normality was violated in every case, so
non-parametric tests were conducted. Friedman tests revealed a significant effect of Frame on Distortion
(x% = 49.144, p < 0.001), Difficulty (y* = 21.113, p = 0.004), 3D Deviation (x? = 38.474, p < 0.001), and
2D Deviation (x? = 40.885, p < 0.001). Post-hoc pairwise Wilcoxon Signed-Rank tests with Benjamini-
Hochberg corrections found multiple significant differences among frame pairs (Table 3.1), with the highest
pairwise Wilcoxon p-value for Distortion (p = 0.01), Difficulty (p = 0.018), 3D Deviation (p = 0.008), and
2D Deviation (p = 0.005) greater than each measure’s main effect p-value. Therefore the respective main
effects of Frame on Distortion, Difficulty, 3D Deviation, and 2D Deviation are stronger than any pairwise

contrast between frames.

Level Distortion Difficulty 3D Deviation 2D Deviation
. MF2, MF5, SF2, MF5, SF2, SP2,
High MF5, SP3 SP1. SP2, SP3 MF3, SP2, SP3 SP3. SP5

MF1, MF2, MF4,

MF1, MF2, MF3, MF1, MF2, MF3,

Medium MF$, SF2, SP1,
MF4, SP2 SP4. $P3 MF4, SP1, SP4
Low SF1, SF2, SP1, | MF1, MF3, MF4, SF1 SF1

SP4, SP5 SF1, SP4, SP5

Table 3.1: Significant relationships between frames from pairwise Wilcoxon Signed-Rank tests. Groupings are

relative to each variable and not indicative of rating/joint angle values, which are shown in Figure 3.7.

Qualitative results

The lack of relationship between Distortion and 3D Deviation is surprising, particularly given geometric
and topological cues’ impact on animators’ frame perception, as found in Experiment 1 (Section 3.1.4).
However, experiment frames’ high Distortion cases alter geometric but not topological cues (e.g., MF1 left
leg, SP3 right arm), which Experiment 1 found to only moderately impact animators’ frame perception. It
is therefore possible that professional animators recover pose information reasonably well in cases of purely
geometric cue change. This effect may have also influenced 2D Deviation scores, potentially explaining the
lack of statistical relationship between Distortion and 2D Deviation. Because Difficulty ratings reflected
animators’ experiences with 3D rather than 2D posing tasks, the lack of statistical relationship between
Difficulty and 2D Deviation is understandable.

To discern why Difficulty significantly predicted 3D Deviation in the linear mixed-effects model, we
observationally evaluate frames with similar poses and varied Difficulty ratings. For each frame in the
group rated highest Difficulty (Table 3.1), we identified similarly posed frames with lower Difficulty ratings,
then compared and contrasted perceptual cues across higher and lower Difficulty frames (Figures 3.8 and
3.9). In the following analysis, we report body part-wise Deviations (in degrees) averaging constituent
joint-wise 3D Deviations (e.g., arm Deviation averages elbow and shoulder Deviations). L/R denote
left /right. While our analysis is limited to experiment frames and lacks formal experimental control of
perceptual cues and depicted poses, we observe an overall trend of Difficulty and Deviation rising as
perceptual cues become increasingly inconsistent.

For example, MF5 (high Difficulty) and MF1’s (low Difficulty) weight-bearing legs have identical
foreshortening, indicating they are both posed vertically under Robyn’s body. Since this leg pose enables
Robyn to land her jump safely in MF1, geometric and motion cues agree. Animators uniformly pose
MF1’s leg accordingly (hipR = 1.61°). Yet MF5’s foreshortening and motion cues conflict: the leg should

extend forward at the depicted point in a run cycle. Animators are thus divided between posing the leg
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Figure 3.8: Experiment frames (top row) and participants’ pose estimates for each frame, shown from front-view
(27 row from top), side-view (3™ row from top), and aerial-view (bottom row). Pose estimates are color-coded by
participant, with average pose shown in black. Pose estimates’ heads, necks, hands, and feet are not shown since

participants were not required to pose these bones. Continued in Figure 3.9.

vertically or extending it forward (hipL = 10.49°). Note that MF5’s upper body cannot explain its high
Difficulty, as low Difficulty frames MF3 and SF1 have similar upper bodies. Meanwhile, MF1 and MF2
(high Difficulty) depict identical motion, but MF2’s weight-bearing leg foreshortening and visible boot sole
imply forward leg extension. This conflicts with the vertical pose required for landing the jump, dividing
animators between posing MF2’s leg vertically to satisfy the frame’s motion cues, or extending it forward

to satisfy the frame’s geometric and topological cues (hipR = 8.73°).
While left arms in frames SP2 (high Difficulty) and SP5 (low Difficulty) share similar poses and

hand/bodice connectivity, cue consistency again predicts Deviation and Difficulty. SP5’s foreshortening
and arm/torso topology cues agree, indicating the arm is maximally bent and flush with the torso (armL
= 8.44°). Aside from shoulder rotation, SP2 differs from SP5 primarily in its forearm foreshortening.
Forearm geometry is physically incompatible with hand/bodice topology; perceived forearm pose thus
varies extensively (armL = 18.08°). SP2’s right arm resembles MF4’s (low Difficulty) left arm; for both
of these arms, upper arm body part-wise geometry and foreshortening indicate mild forward extension.

This agrees with MF4’s forearm cues (armL = 9.77°), whereas SP2’s forearm foreshortening and topology
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Figure 3.9: Experiment frames (top row) and participants’ pose estimates for each frame, shown from front-view
(27 row from top), side-view (3™ row from top), and aerial-view (bottom row). Pose estimates are color-coded by
participant, with average pose shown in black. Pose estimates’ heads, necks, hands, and feet are not shown since

participants were not required to pose these bones. Continued from Figure 3.8.

contradictorily imply backward arm extension (armR = 20.17°).

SF2’s (high Difficulty) upper body geometry and topology uniquely arise from Robyn’s narrow-
shouldered character design, and are thus not replicable on the wide-shouldered Blender rig (shoulders
= 22.19°). SF1’s (low Difficulty) right arm is similarly posed but exhibits no character/rig cue conflicts,
decreasing Deviation (shoulderR = 10.7°). Interestingly, the same inconsistency likely produced an
outlier 3D Deviation and Difficulty relationship in SP5 (low Difficulty): right forearm foreshortening and
elbow crease convey backwards arm extension, but Robyn’s narrow shoulders make arm pose geometry
impossible unless the arm is camera-parallel. Accordingly, animators were evenly divided between these
poses (armR = 14.32°). However, the rig’s shoulder width preserves SP5’s pose geometry when the arm is
back-extended, likely preventing animators from noticing inconsistencies between these various geometric

cues, and potentially explaining SP5’s low Difficulty. It is unlikely that rig/character incompatibility
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considerably impacted our results beyond these cases; otherwise, frames with similar upper body poses

would all have similar Deviations and Difficulty ratings. As we have illustrated, this is not at all the case.

3.2.4 Discussion

Our experiment results failed to validate our initial hypothesis of a positive relationship between animators’
perception of frame Distortion and 3D Deviation across animators’ pose estimates. However, we found a
clear predictive relationship between 3D Deviation and animators’ perception of posing task Difficulty.
Observational analysis of experiment frames revealed that both Difficulty and 3D Deviation elevation
appear related to increased perceptual cue inconsistency. Practically speaking, this implies that Difficulty
ratings increased when animators struggled to integrate local perceptual cues into a globally consistent

pose interpretation.

While future studies employing more systematic cue evaluation approaches are needed to confirm this
relationship, our findings comport with extensive evidence that material and depicted feature inconsistencies
impair line drawing perception [253, 318, 331, 46]. Prior work also demonstrates humans’ perceptual
sensitivity to multiresolution feature consistency [166, 177, 27] and part-wise relationships [253, 212, 164],
further corroborating our theory of cue consistency’s impact on animators’ pose perception. For our
theory to hold, animators must be able to (i) localize their visual attention to individual perceptual
cues, (ii) perceptually interpret the local patch of depicted pose information conveyed by each individual
perceptual cue, and (74) identify inconsistencies between related cues’ depicted pose information. We also
expect that, like impossible object perception (Figure 2.34), cognitively integrating body part-wise pose
perceptions subject to prior knowledge of human motion constraints supports physically impossible pose

recognition. Both of these inferences have substantial implications for our RFQ analysis framework.

We also found evidence that geometric incompatibilities between our generic Blender rig and Robyn’s
character design elevated 3D Deviation and — when incompatibility was noticeable during the posing
task — Difficulty. Our reference frame retrieval system will then benefit from character-specific rigs for
specifying input poses. Since our rig emulated animators’ real-life posing reference maquettes (Figure 3.5),
these cases invite further study of animators’ (in)ability to perceptually translate poses between generic

articulate body references and character-specific body geometries as they work.

Experiment frame Distortion cases involved purely geometric cue change, which Experiment 1 found
to only moderately impact animators’ frame perception (Section 3.1.4). It is therefore possible that pose
perception is less susceptible to Principles of Animation than we initially predicted, although extreme
Distortion may elevate Deviation as hypothesized (e.g., MF1 legl. = 16.67°, SP3 elbowR = 14.66°). To
interpret these results, observe that many experiment frame Distortion cases were accompanied by other
perceptual cues constraining feasible pose interpretations. If our theory of cue consistency’s impact on
pose perception is sound, then animators may interpret distorted body parts’ poses more uniformly in
such cases. This would agree with prior studies on perceptual mechanisms of visual ambiguity resolution
[182] and possibly explaining the lack of statistical relationship between Distortion and 3D Deviation.
Animators’ extensive practice drawing distorted hand-drawn characters may also enhance the fluency of
their distorted pose interpretations, comporting with findings that drawing practice enhances perceptual
skill [55, 56]. This would explain comparable 3D Deviations between certain cases of non-distorted vs.
mildly distorted frames with similar poses and cues. For instance, the average elbow Deviation for slightly
curved arms in SF1, SP1, MF1, MF2, and MF3 is extremely low (7.68°), and nearly identical to that of
straight arms in SF2 and MF5 (7.44°).
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Limitations Despite the many benefits of conducting this study in an industry setting, real-world
time and resource constraints created several limitations. Though our frame and participant sample
sizes exceeded those of prior studies on professional animators [24, 86], it is possible that our statistical
results are underpowered, and should be validated through larger-scale studies in future. To accommodate
active production schedules and minimize participant fatigue, we only collected whole-body Distortion
and Difficulty ratings, rather than individual ratings for each body part. While this strategy would have
sufficed if our initial hypothesis held, it was not sensitive enough to statistically verify our qualitative
findings. Since Deviation often varied substantially between different body parts in a single frame, future
studies should employ rigorous body part-wise posing task difficulty and visual consistency metrics. It is
also possible that the different types of frame distortion we tested — Visual Distortion, Physical Distortion,
and distorting animation techniques — may differently impact animators’ pose perception, and should be

separately evaluated in future work.

Alongside our small participant and frame sample sizes, our evaluation of only one hand-drawn
character and artistic style prevents confident generalization of our findings to other characters, films,
and studios. However, corroborating evidence from prior studies on visual inconsistency perception
[253, 318, 156] increases the likelihood that our results will generalize successfully. Since dissimilarities
between Robyn’s character design and our Blender rig appeared to impact both Deviation and Difficulty
scores, similarities and differences between characters and rigs should be minimized and carefully controlled
in experiments involving more characters, frames, and artistic styles. This will likely improve detection
of patterns in animators’ pose perception which persist across multiple styles and human body types.
Relatedly, our study exclusively concerns human characters, preventing generalization of our findings to
non-human characters. Given animators’ reliance on their own internal proprioception while drawing, their
perceptions of human vs. non-human character pose might substantially diverge. Lastly, as computational
evaluation of character distortion and visual cues may not comport with animators’ frame perception,
observational analysis was appropriate for our study. Future work should explore how these variables

might be empirically controlled via perceptually-representative computational metrics.

This is the first perceptual study demonstrating that professional hand-drawn animators’ perception of
hand-drawn characters’ 3D body poses can deviate significantly, and that the extent of Deviation varies
significantly between frames. Then, a single frame could provide suitable drawing reference for multiple
3D body poses inputted into proposed reference frame retrieval system. Our RFQ analysis framework
must therefore assess each frame’s space of perceptually feasible 3D poses, rather than simply obtaining a
single pose estimate. Although our whole-body Distortion and Difficulty ratings precluded linear mixed
effects analysis of body part-wise pose Deviations, observational analysis indicates that Deviation also
varies across different body parts within each frame. Accordingly, perceptually feasible pose assessment
should be body part-specific. This approach starkly contrasts with leading HPE methods, which output a
single pose estimate for each input image and do not evaluate perceptual quality differences across various
body parts (Section 2.3).

We also offer preliminary insight into specific factors engendering and increasing pose perception
subjectivity for each frame, namely perceptual cue (in)consistency across multiple visual resolutions.
As such, our RFQ analysis framework should not only anticipate potential variation across animators’
multiresolution pose perceptions, but should also detect obstructions preventing local perceptual cues
from being collectively perceived as representing a globally consistent body pose. Obstruction detection
must also discern (in)feasible pose relationships between body parts — thus enabling physically impossible

pose detection — without breaking when impossible poses and extreme Distortion arise. While both
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multiresolution perceptually feasible pose assessment and multiresolution obstruction detection may
initially appear to be ill-defined problems, both concepts are topologically formalizable with cohomology

(Section 2.5), as we discuss in the following chapter.

3.3 Conclusions

As discussed throughout Chapter 2, the relationships between frames’ material and depicted features lie
at the heart of hand-drawn animation technology research. More specifically, these relationships underpin
the challenge set forth in Research Question 2 (Section 1.2): to identify and empirically characterize the
perceptual factors influencing professional animators’ judgments of RFQ. To this end, both perceptual
experiments detailed in this chapter follow our novel methodology of modeling professional animators’
working environments within experiment design. Moreover, both systematically examine the same proposed
set of geometric, topological, and motion perceptual cues for hand-drawn frames. However, each experiment
studies distinct aspects of the relationships between frames’ material and depicted features regulating
animators’ RFQ perception. Experiment 1 investigates conditions under which frames’ material feature
similarity supersedes their depicted pose similarity in determining animators’ RFQ perception, finding that
RFQ perception is moderately invariant to local material feature isometries. Experiment 2 explores how
animators, even as experts in visual perception, vary in their subjective interpretations of depicted pose for
the same material frame features, finding evidence of interpretations growing more diverse as perceptual
cues grow less consistent. These findings point to extraordinarily sensitive and complex relationships
between frames’ material and depicted features, which is unsurprising given hand-drawn characters’ lack

of ground-truth body representations.

Reflecting on our findings yield further insights into animators’ RFQ perception. Our Experiment 2
findings indicate that pose resolution is likely an informationally destructive process, whereby the exact
body pose envisioned by the animator who drew each frame cannot always be reliably recovered by other
animators, despite their own perceptual pose resolution expertise. This further illuminates our Experiment
1 findings, as isometries uniquely preserve director-approved pose resolution strategies. Because these
strategies intimately rely on relationships between frames’ material and depicted features, our findings
suggest that animators cannot necessarily infer these relationships from frames with similar depicted poses
and different perceptual cues to the frame they aim to draw. Therefore, animators are not innately fluent
in relationships between material and depicted features, instead constructing them collaboratively by
trial-and-error throughout production. Our RFQ analysis framework must accordingly prioritize pose
resolution strategy preservation during reference frame retrieval, rendering purely HPE-based solutions
— and DNNs generally, given their poor shape comprehension — insufficient. Yet performing dozens of
material feature comparisons between hundreds of frames for each reference frame query would be grossly
inefficient; moreover, depicted pose cannot be wholly discounted during RFQ analysis. Our framework must
therefore model robust, perceptually-based relationships between frames’ material and depicted features

such that pose comparisons efficiently and guaranteeably approximate material feature comparisons.

Experiments 1 and 2 both suggest that visual composability and decomposability factor strongly into
animators’ RFQ perception. Experiment 1 illustrates animators’ ability to localize their comprehension of
pose resolution strategies to a specific body part, regardless of global differences between frames’ depicted
poses. More subtly, our Experiment 2 findings suggest that animators’ pose perception is sensitive to
multiresolution symbolic relationships between local material perceptual cues. Frames’ perceptual cues
are generally materially consistent (i.e., free from contour degradation and junction misplacement) and

each symbolize coherent physical information about some local aspect of depicted pose. However, when

68



related local cues’ symbolic meanings conflict with one another or with depicted body motion, animators
struggle to integrate local cues into globally coherent pose interpretations. Together, these findings indicate
that material frame features function similarly to a visually symbolic language for conveying volumetric
character pose. Material features can be decomposed into smaller parts, with each part retaining its
local symbolic information. Visual meaning arises from local-to-global material feature integration, but is
degraded by inconsistent multiscale relationships between material features’ symbolic meanings. Pose
resolution thus involves translating animators’ conceptual understandings of physical form into the film’s
visual symbolic language, which can be decomposed, restructured, and recomposed to engender different
depicted pose perceptions, the coherence of which hinges upon consistency between local depicted pose

information conveyed by local material components.

These cognitive processes — visual composability and decomposability, dual material and depicted
feature similarity awareness, pose resolution strategy preservation, pose interpretation subjectivity, local-
to-global perceptual cue integration, and multiresolution consistency evaluation — form the bedrock of our

RFQ analysis approach, detailed in the following chapter.
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Chapter 4

GENEO Sheaves

The perceptual experiment results of the previous chapter — alongside those discussed in Section 2.4 — are
highly challenging to model computationally. Aside from 3D pose estimation for uncolored hand-drawn
frames being a presently unsolved problem, an accurate model of professional animators’ RFQ perception
must incorporate dual material and depicted feature similarity awareness, RFQ equivalence up to multires-
olution isometry, perceptual cue consistency assessment, feasible pose and motion constraints, stylized
deformation handling, and anticipation of animators’ various subjective pose perceptions for each frame.
These perceptual features arise from core traits of human vision — including multiresolution integration,
multiresolution contour geometry and topology awareness, part-wise relationship comprehension, and
abstract visual reasoning — which are not adequately emulated by state-of-the-art DNN-based models
of visual cognition. However, they are highly compatible with emerging subfields of Topological Data
Analysis.

In this chapter, we step back from the specialized problem of RFQ analysis for hand-drawn frames
and focus instead on the far more general problem of modeling and analyzing complex real-world systems.
Rather than developing a computational framework exclusively suited to hand-drawn frame analysis, as is
standard practice in hand-drawn animation technology research (Section 2.2), we devise a novel, general-
purpose TDA framework, illustrating its utility through our application to RFQ perception modeling.
This application successfully and explainably models all requisite perceptual features listed above, while
our general-purpose framework invites myriad potential applications far beyond hand-drawn animation
technology. These include but are not limited to motion capture analysis, macromolecular mechanics
modeling, and 3D scene reconstruction. Pivotally, we introduce new data modeling and evaluation features
unattainable by previous methods, shifting our focus from studying hand-drawn frame data to studying

the theory of data analysis itself.

In the latter context, a data analysis framework is a mechanism for converting observations of a
real-world system into meaningful information about the system. It comprises an ordered collection of
data transformations extracting and preserving information and data relationships relevant to the task at
hand. The primary objects of study are thus data transformations, data relationships, and interactions
between relationships and transformations. These are approached from two distinct perspectives, each

with a robust topological formalization and significant practical success.

The first perspective examines frameworks whose transformations preserve relationships — formalized
as group symmetries — within a homogeneous data set. Relationship preservation, or equivariance, guaran-
tees that symmetries on input data induce corresponding symmetries on analysis results. Symmetries

encode real-world properties of observed systems pertinent to analysis objectives — for example, convolu-
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tional neural networks’ translation equivariance facilitates object recognition regardless of spatial location.
Equivariant analysis frameworks, including CNNs, are formalized with Group Equivariant Non-expansive
Operators (GENEOQOs). GENEOs define how best to select and exploit equivariant data relationships and
transformations [20], achieving state-of-the-art performance in protein analysis [28], subgraph classification
[2], and scene understanding [186] using less than 20 parameters. Although GENEOs can model local
relationships between states of a singular subsystem, they cannot model relationships between states of
multiple, independent subsystems of a given system, or, for instance, ensure that translating one subsystem
and rotating another yields a globally valid system state. In many cases, this precludes GENEO analysis

of complex real-world systems.

The second perspective concerns frameworks analyzing complex
systems observed by multiple heterogeneous sensors, each recording a sub-
system’s local state. To assess the system, sensor data must be fused into a
globally valid system state respecting all relationships between subsystems.
Heterogeneous data fusion is formalized with (cellular) sheaves: networks of
sensor data alongside data transformations encoding relationships between
subsystems [271]. Sheaves stitch together local information into a global

picture of the system, enabling multiresolution consistency evaluation and

optimization of related subsystems’ states; that is, sheaves can analyze sys-
tems at any level of granularity. They succeed in various domains including
opinion dynamics [154], image feature detection [161], and geolocation
[173]. Yet sheaves exclusively model relationships between subsystems,
lacking GENEOs’ valuable insights into relationships within subsystems.
Moreover, their most desirable fusion and analysis mechanisms require
vector-valued data representations and linear data relationships, limiting
their utility when vector representations are unsuitable and relationships

between subsystems are nonlinear.

This chapter introduces GENEO sheaves, a novel data analysis frame-
work synthesizing equivariant data analysis and heterogeneous data fusion.
Combining sheaves’ and GENEOs’ mathematical and computational advan-

tages, GENEO sheaves present a unified scheme for modeling, modulating, Figure 4.1: Conceptual dia-

. . . . . i ram of heterogeneous multires-
and evaluating heterogeneous multiresolution data relationships within & . 8 . ]
olution symmetries (top) acting

and between subsystems of complex real-world systems. Whereas prior .
over multiscale heterogeneous

equivariant sheaf-like frameworks are limited to modeling systems with subsystems (red, green, blue) vs.
homogeneous data representations and only local or global homogeneous homogeneous symmetries (bot-
symmetries [288, 163, 18, 80], GENEO sheaves stitch together heteroge- tom) exclusively acting either lo-
neous multiresolution subsystems and symmetries via equivariant maps cally (purple-outlined vertices)
encoding subsystem relationships (Figure 4.1). This setting undergirds °* globally (purple overlay).
our novel GENEO sheaf heterogeneous data fusion algorithm for function-

valued — rather than vector-valued — data representations and non-linear data relationships, improving
upon sheaf expressivity. Our algorithm prevents subsystems’ local behavior from violating global system
state validity, emulating the tension between part-wise independence and system-wide coherence char-
acteristic of real-world systems. This is formalized within our novel mathematical and data analytical
theory of heterogeneous multiresolution equivariance, with which subsystems’ system-wide influence can
be be tracked and controlled. Most importantly, our theory ensures that GENEO sheaf data fusion is

equivariant to heterogeneous multiresolution symmetries on (collections of) subsystems, guaranteeing
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preservation of real-world system properties, behavior, and relationships in analysis results.

After overviewing sheaves and GENEOs (Section 4.1), we introduce GENEO sheaves (Section 4.2)
and our GENEO sheaf heterogeneous data fusion algorithm (Section 4.3), improving upon computational
and analytical capabilities of prior work. Next, we formalize our theory of heterogeneous multiresolution
equivariance for GENEO sheaves and prove our data fusion algorithm’s equivariance to heterogeneous
multiresolution symmetries (Section 4.4). GENEO sheaf pseudometrics and analytical tools are introduced
for comparing and evaluating sensor observations of real-world systems, extending prior work on sheaf
and GENEO pseudometrics (Section 4.5). We then detail our GENEO sheaf model of animators’ RFQ
perception, proof-of-concept RFQ GENEO sheaf implementation estimating hand-drawn characters’ 3D
arm poses (Section 4.6), and proposed reference frame retrieval industry pipeline. Finally, we discuss the
chapter’s contributions and opportunities for further development (Section 4.7). This research has been

conducted in collaboration with Faraz Ahmad.

4.1 Sheaves & Group Equivariant Non-expansive Operators

4.1.1 Sheaves

For a given system, let I be a graph comprising vertex v € V(I") for each sensor observing a subsystem
and edge e € E(I") connecting v,u € V(I') whenever the respective subsystems observed by v and u are
related. T' is therefore a topological space (specifically, a cellular complex) capturing the structure — but
not nature — of relationships between subsystems observed by sensors V(I'). To specify the nature of

subsystem relationships with respect to sensor observations, we construct a (cellular) sheaf over T.
Definition 4.1.1. A (cellular) sheaf F over graph I' comprises:

1. Vector space F(v) for each vertex v € V(I'), encoding each sensor’s local space of subsystem

observations;

2. Vector space F(e) for each edge e € E(T"), where observations of sensors v,u € V(I') incident to e

can be meaningfully compared;

3. Linear map F,q. : F(v) — F(e) for each incident vertex-edge pair v < e, encoding the relationship

from sensor v to sensor u € V(I') incident to e.

Vector spaces F(v) and F(e) are called stalks, and linear maps F, . are called restriction maps.
The latter terminology conveys an important topological meaning, founded on the premise that related
subsystems must share common information, and the information they share depends on their relationship.
Topologically speaking, related subsystems overlap, and their intersection contains their shared information.
Restriction maps transform subsystem observations x,, € F(v) and x,, € F(u) into data representations
Foae(Xy) and Fyqe(x,,) comprising only the subsystems’ shared information, literally restricting related

subsystems to their informational and topological intersection F(e).

Restriction maps homogenize heterogeneous sensor observations according to subsystem relationships,
making it possible to meaningfully compare the local states of related subsystems. In practice, such
comparisons quantify how close a collection of sensor observations is to representing a globally valid
system state. If all sensors observe the system simultaneously, we have local observation x, € F(v)
for each v € V(I"). Aggregating these local observations forms an element x of the space of 0-cochains
CUTy F) = @yevry F (v). The space of 1-cochains C'(T'; F) = @, pry F (€) is similarly defined. The
coboundary map

§: 0N F) — CHT; F) (4.1)
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is defined 0(x)e = Fyae(Xv) — Fuce(Xy) at each (arbitrarily oriented) edge e = u — v, measuring consistency
between the observed local states of related subsystems. Because § locally quantifies consistency over each

edge e € E(T), it becomes possible to geometrically identify where within the system inconsistencies arise.

Due to noise, errors, and other confounding factors, real-world simultaneous sensor observations
are rarely globally consistent. Local observations must therefore be fused into a globally valid system
state, called a global section of F. Global sections arise when all states of related subsystems are entirely
consistent with subsystem relationships; that is, when 6(x). = 0 for every e € E(T"). Different types of
sheaves require different fusion techniques. Fusion on cellular sheaves is performed by generalizing the

graph Laplacian to the sheaf-theoretic context.

Definition 4.1.2. For sheaf F over graph I', the (cellular) sheaf Laplacian Ly = 67§ : C°(T; F) —
CO(T; F) at vertex v is defined

LJ’(X)U = Z fm?;e(fvsle(xv) - -Fusle(xu)) (4'2)

v,uge

Theorem 4.1 in [154] guarantees that Lx converges to a global section x’ € ker ¢ that is the orthogonal
projection of 0-cochain x — the system observation aggregating all initial sensor observations — onto
ker§. Recent work details Lz’s myriad formulations, diffusion dynamics, and analytical capabilities

[154, 13, 157], all of which hinge upon its linear algebraic formulation.

A key drawback of the sheaf Laplacian is its reliance on stalks of (vector) data spaces, rather than
of (possibly finite and/or non-vector) data sets. A sheaf with data set stalks can be formalized as a sheaf
of pseudometric spaces if every stalk admits a pseudometric [272]. Fusion on pseudometric sheaves is
an optimization problem: for initial system observation x and pseudometric D, on stalk F(v) for every
v € V(I), find

argmin Dz (x, x') = argmin sup D,(xy, X}) (4.3)
x’ Eker § x'€ker§ veV (I")

However, the space keré of global sections must be known in advance. Global sections can either be

manually specified or computed with linear algebra, although the latter requires a cellular sheaf [271].

While sheaves are highly computationally expressive, their real power lies in their topological theory.
An algebraic feature called cohomology encodes fundamental obstructions to global data consistency and
measures subsystems’ independence from the rest of the system [275, 154]. As discussed in Chapter
2, cohomology is dual to homology, and sheaves’ coboundary map is dual to the boundary operator
relating topological spaces’ multi-dimensional features. Rather than evaluating and modulating sensor
data, cohomology captures essential properties of the system itself, illustrated by successes of boundary
operators and Laplacians in hand-drawn animation technology. Yet like the sheaf Laplacian, cohomology
cannot be defined or computed without vector space stalks and linear restriction maps, creating a trade-off
between accessing sheaves’ full suite of features vs. gaining expressivity beyond linear algebraic data.
Although the benefits of reformulating these features for more expressive types of sheaves are recognized

[275, 271], pseudometric sheaves have been the only effort towards this end.

Sheaves support diverse real-world applications, including signal processing [139, 273, 173], knowledge
modeling [257, 132], and computer graphics. In sheaf-based scene analysis and image mosaicing, vertex
stalks are populated with vectorized data extracted from local scene images. Restriction maps encode
relationships between local images — including camera position, lighting, and object locations — needed to
evaluate the scene [271]. Local images are then stitched together into a mosaic, while inconsistencies within

the sheaf reveal scene condition differences among local images, indicating how the scene might change
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over time. Sheaves also support 3D shape reconstruction, stitching together 2D shape data from multiple
view angles of a 3D object. Shape data at each view angle can be represented by persistent homology,
which “scans” the shape’s surface along each given view axis. Sheaf theory enforces quality guarantees on
the 3D surface reconstructed from these scans, as well as parametrizing the space of reconstructed 3D
shapes for accurate and efficient shape comparison [7]. In these applications and our own (Section 4.6.2),
sheaves employ controllable and explainable spatial and functional reasoning to synthesize a collection of

isolated visual data into a globally coherent understanding of a physical entity.

4.1.2 Group Equivariant Non-expansive Operators (GENEOs)

Sensor observations of a system are often expressible as bounded functions ¢ : X — R, where the structure
of set X # () is determined by the sensor itself. For instance, CT scans are functions from a 3D helix to the
quantity of matter encountered by the X-ray beam at each point in space [123]. The set @ of admissible
functions comprises all possible observations ¢ that can be made by the given sensor. Observations

©, ¢ € ® are compared using pseudometric
Dalp,¢) = sup lo(z) — ¢'(2) (4.4)

Studying ® entails studying data relationships — formalized as group symmetries — arising from
the interaction between the sensor and observed system behavior. The group Aute(X) of ®-preserving
automorphisms contains all symmetries g on X such that pog, ¢ o g™t € ® for every g € Aute(X),
o € ®. However, not all data relationships are useful in every data analysis context. To define a Group
Equivariant Non-expansive Operator (GENEO) for a specific analysis task, we begin by selecting subgroup
G < Aute(X) encoding relationships relevant to the analysis objectives at hand — e.g., CNNs use group
G of planar translations. The tuple (®, G) is called a perception pair.

Next, we consider the information we wish to extract from ®. Data analysis generally involves data
transformations which jettison irrelevant information, leaving only information pertinent to the given
analysis task. This is critical for meaningfully comparing sensor observations, since irrelevant information
(e.g., noise) hinders accurate data evaluation. Let admissible function space ¥ contain the target data
representations we aim to obtain from ®. Data transformation F' : ® — ¥ must be non-expansive, meaning
that F' decreases dissimilarity among data in ® by virtue of discarding irrelevant information. F' must
also preserve data relationships defined by G so that they remain useful when evaluating data in ¥. These
stipulations yield the notion of a GENEO.

Definition 4.1.3. For perception pairs (®,G) and (¥, H) with group homomorphism 7' : G — H, the
function tuple (F,T) : (?,G) — (¥, H) is a GENEO if for all p,¢’ € ® and all g € G,

1. F(pog)=F(p)oT(g) (equivariance)
2. Dg(F(p), F(¢")) < Dg(p, ¢') (non-expansivity)

In many applications, equivariance group G defines not only data relationships, but also data
equivalences with which observations can be classified. For example, drug design benefits from classifying
molecules by physical and chemical properties invariant to their 3D spatial orientations, given by G = SO(3).

The ground-truth pseudometric

da(p,¢') = inf Dg(p, ¢’ 0 g) (4.5)
geG
measures differences between observations ¢, ¢’ € ® up to data equivalences defined by G [20].

Because the space of GENEOs is closed under composition and convex combination [263], sophisti-
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cated data transformations can be constructed by combining simple GENEOs. Moreover, compactness
of the space of GENEOs ensures that any data transformation can be approximated by a finite set of
sampled GENEOs. Together, compactness and convexity provide strategies for choosing and hierarchically
connecting GENEOs into operator networks, explainably modeling equivariant neural networks [20].
In practice, these strategies dramatically reduce the number of parameters needed for state-of-the-art
performance on object recognition [20], protein pocket detection [28], and point cloud feature detection
[186]. Although various GENEO formulations exist, including graph GENEOs [2], set equivariance [120],
and linear GENEOs [29], these cannot model symmetries acting on isolated subsystems, i.e., local parts of

system data.

4.2 GENEO Sheaves

Although sheaves are considered the canonical framework for heterogeneous sensor integration [271],
they are ill-equipped to gauge interactions between sensors themselves and system behavior. This is
the domain of GENEOs, which capture the geometric regularities arising from real-world phenomena
and the mechanisms by which they are observed. Because these regularities so profoundly benefit data
analysis [42], it makes sense to consider data transformations stitching together heterogeneous sensor
observations according to subsystem relationships alongside data transformations encoding heterogeneous

multiresolution symmetries on (collections of) observed subsystems.

Cellular sheaves lack a mechanism for defining, synthesizing, or propagating heterogeneous stalk-wise
symmetries, comporting only with global homogeneous symmetries [80, 157]. Analogously, existing
equivariant analysis frameworks cannot localize symmetries to subsystems, precluding learning and
equivalence detection on subparts of data. To achieve heterogeneous multiresolution equivariance, local
symmetries and sensor data must be jointly stitched together, ensuring that local symmetry modulation
preserves global data consistency. Moreover, sheaves’ data analysis capabilities — including multiresolution

data evaluation, obstruction detection, and diffusion — should extend to symmetry analysis.

For a given system, let T" be a graph comprising vertex v € V(T') for each sensor observing a
subsystem and edge e € E(T") connecting v,u € V(I') whenever the respective subsystems observed by v
and u are related. For each sensor, the set ®, of admissible observations comprises bounded functions
©y : X, = R, with the structure of set X, # () determined by the sensor. The group Aute, (X, ) comprises
®,-preserving automorphisms g : X, — X, such that ¢, 09, p,097 ! € @, for all ¢, € ®,, g € Auts, (X,).
We assume that Aute, (X,) is a finite group (or a finite approximation of an infinite group) and thus admits
an orthogonal representation; we do not distinguish between groups and their orthogonal representations
for notational and expository simplicity. We also assume that the sensor data is not arbitrary, and encodes
real system observations taken concurrently. A GENEO sheaf connects this heterogeneous collection of

local symmetries and sensor data into a global system model.

Definition 4.2.1. For directed graph I', a GENEO sheaf F on I' comprises
1. Perception pair stalks (®,, Autg, (X)) for each v € V(T') and (U,, Auty,(Y:)) for each e € E(T),

3. GENEOs (Fyae, Toue) © (®y,Goe) — (U, Ho) and (Fuse, Tuce) : (P, Gue) — (W, He) with
H, < Auty_(Y.) for edge e € E(T") incident to v,u € V(I').

2. Equivariance group G, . < Aute, (X,) for each incident v < e with v € V(I'), e € E(T'),

To emphasize their connection with sheaf restriction maps, we call (Fyqe, Tyae) and (Fiuqe, Tuge) restriction

GENEQOs, and groups Gy e, Gy, restriction equivariance groups.

GENEO sheaves unify sheaves’ and GENEOs’ topological and data analytical perspectives. Like
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Figure 4.2: Illustration of a GENEO sheaf F on graph I' (Definition 4.2.1) at adjacent v, u € V(I") sharing edge
e € E(T"). Mathematical notations are given alongside conceptual descriptions for expository clarity.

cellular sheaves, the topology of I' captures the structure of relationships between subsystems observed
by sensors V(I'). Groups Autg,(X,) encode local subsystem regularities engendered by interactions
between each sensor v € V(I') and subsystem behavior recorded by observations ®,. Choice of unique
Gy.e < Autg, (X,) for each incident v < e defines regularities relevant to the local data analysis objectives
over each edge e € E(I'), encoding subsystem behavior common to both ®, and V.. Importantly, adjacent
vertices v,u sharing edge e can have different edge-wise restriction equivariance groups Gy, Gy, SO
long as Tyqe @ Gy,e = He < Gy @ Tyge. Restriction GENEOs stitch together related subsystems’
heterogeneous observations ®,, ®, and regularities G, ¢, G4, homogenizing the local topologies on

X, and X, respectively induced by ground-truth pseudometrics dg, ., and dg, ., (Equation 4.5).

From a data analysis standpoint, restriction GENEOs convert heterogeneous sensor observations
Yy € By, p, € P, into homogeneous data representations Fyie(¢y), Fuge(py) € Yo which can be
meaningfully compared. Meaningful comparison of heterogeneous data is possible when (i) observations
©u, @y contain shared information and (i) there exist data transformations Fiqe, Fiqe extracting and
homogenizing this shared information. For instance, 2D and 3D shapes can be meaningfully compared
when 3D shapes’ occluding contours are projected to 2D outlines. Because GENEO sheaves are not
confined to vector data and linear restriction maps, modes of data representation and homogenization are

far more expressive than those of cellular sheaves.

Following from both sheaf and GENEO theories, we study the system modeled by GENEO sheaf
F by studying the sets of raw and homogenized sensor observations. These are respectively the sets of

admissible 0-assignments ®g and admissible 1-assignments Vg, defined

= I] @ vp= [ v (4.6)

veV(T) eeE(T)

Like a sheaf 0-cochain, admissible 0-assignment ¢ € &y aggregates choice of observation ¢, € ®, for every
v e V(D).

To understand how well ¢ portrays a globally valid picture of the observed system, we must evaluate

consistency between related subsystems’ observed states ¢, € ®, and ¢, € ®, according to subsystem
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relationships (Fyce, Tvee) and (Fyce, Tuge). That is, we measure how close ¢ is to being a global section.
Adapting GENEOs’ admissible function pseudometric (Equation 4.4), we say that ¢ is a global section of
Fif

Dy, (Fyac(¥v), Fuce(u)) = sup |[Foae(0o)(y) — Fuae(@u)(y)] =0 (4.7)

yEYe

for every edge e € E(I"). An A-local section on subgraph A C I' is an admissible 0-assignment ¢ € @ for
which Dy, (Fyge(v), Fuge(pw)) = 0 for every e € E(A).

As discussed, raw sensor observations are rarely globally consistent, requiring data fusion to optimize
consistency. Like the relationship between the cellular sheaf coboundary map and sheaf Laplacian, our
GENEO sheaf consistency measurement should comport with a data fusion strategy. By exploiting
restriction GENEO equivariance, we can convert consistency-optimizing transformations on ¥, into
respective consistency-optimizing transformations on ®, and ®,. The Hp-coboundary map oy : Pp —
Hg = @eeE(F) H, is defined 0y, () = h, where h is a choice of transformation h, € H, for each e € E(T")
such that

Dy, (Fuse(pu); Foae(pw) 0 he) = hienl—fl Dy, (Fuse(pu); Foae(pw) 0 h) = du, (Fuge($u), Foae(pv))  (4.8)

at each (arbitrarily oriented) edge e = u — v. The set of global Hp-sections of F is given by
ker 6HF = {QD € Op | 5HF(90)@ = idHe for all e € E(F)} (49)

By restriction GENEO equivariance, ¢, o T@E(he) optimizes data consistency at v over edge e while
maintaining the quality, structure, and integrity of sensor observation ¢, for allh € H., v € V(I), e € E(I).

In the next section, we will see how transformations Tv_gle(he) underpin our data fusion algorithm.

Modeling complex relationships Because convex combinations of GENEOs are GENEOs [20],
combining simple data transformations lets us model complex local relationships. For instance, multiple
GENEOs encoding physical and chemical molecular properties can be combined for protein pocket detection
[28], and multiple GENEOs detecting simple 3D scene geometries can be combined for object detection
within 3D scenes [186]. To extend this functionality to GENEO sheaves, consider the space of all possible
restriction GENEOs from (®,, G, ) to (¥., H.) for incident v < e with v € V(I'), e € E(T"). From this
space, select (Fi, Tyqe), - - -, (Fn, Tyee) all sharing homomorphism T, : Gy e = He. Let y1,...,7, € R
with >, .., || = 1. Define restriction GENEO (Fyqc, Tyae) : (Po, Gue) = (¥, He) such that

Fvge(@v): Z A/ZFI(SD’U)

1<i<n

This is a straightforward technique for constructing sophisticated restriction GENEOs from combinations

of simple, easily interpretable restriction GENEOs.

4.3 GENEO Sheaf Data Fusion

Heterogeneous data fusion constructs a globally consistent picture of a system from interrelated heteroge-
neous sensor observations. As discussed, raw observations are virtually never globally consistent. Fusion
thus aims to match the collection of raw observations to the globally consistent system state they best
resemble. In practice, researchers often work with real-world sensor data alongside a computational system

model. The model comprises model sensors, whose observations can and should be globally consistent.
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Our heterogeneous data fusion algorithm plugs raw sensor observations into a GENEO sheaf system
model, then optimizes consistency throughout the system model and between corresponding raw and
model observations. Consistency optimization is performed via the GENEO sheaf Laplacian, the first

adaptation of the cellular sheaf Laplacian to non-cellular sheaves.

4.3.1 The GENEO Sheaf Laplacian

Adapting the cellular sheaf Laplacian’s myriad desirable features to non-cellular sheaves is a valuable
endeavor. However, progress has been stymied because the cellular sheaf Laplacian is inherently linear
algebraic, generalizing tenuously to other mathematical settings. Although the cellular sheaf Laplacian
has a nonlinear formulation [154], its nonlinear component is applied after vector data is homogenized by
linear restriction maps. Rather, a truly non-cellular sheaf Laplacian should homogenize non-vector data
via nonlinear restriction maps. GENEO sheaves can support such a construction by leveraging restriction

GENEO equivariance.

The GENEO sheaf Laplacian must convert consistency-optimizing transformations on homogeneous
data representations Fyqe(py), Fuqe(py) into respective consistency-optimizing transformations on hetero-
geneous sensor observations ¢, € ®,, ¢, € ®,. It should also be ®g-preserving; that is, it must output
(approximately) valid sensor observations ¢! € ®, for all v € V(T"), thereby preventing data distortion

and degradation during Laplacian diffusion.

To motivate the GENEO sheaf Laplacian, consider the general bundle (sheaf) Laplacian [13]
written Lp(x), = Zu’v I Oyuxy for consistency-optimizing orthogonal transformation O,,. In other
words, Lp(x), averages the (orthogonal Euclidean) isometries minimizing edge-wise disagreement for
each incident v < e. Recall that the Hp-coboundary map outputs edge-wise consistency-optimizing
transformation h, € H, on U, for every e € E(T"), from which we can define vertex-wise consistency-
optimizing transformation T,_%(h.) on ®, for every v € V(T'). Because T, (he) € Aute, (X,), it is an

isometry on X, [20]. Moreover, restriction GENEO equivariance guarantees that

Dy, (Fusle(@u)v Fv@e(‘ﬂv) © he) = Dy, (Fuée(wu)v Fvse(ﬁov © Tygle(he)))
for he = dpp(p)e at every v € V(T') and e € E(T).
Definition 4.3.1. Let ¢ € ®g. For each v € V(T), let gy = Tyae (Omp()e) € Go e and

Aye = argmin Dy, (Fuge(®u), Foae((@o 0 gv,e) © a)). (4.10)
acAutg, (Xy)\Gy,e

The GENEO sheaf Laplacian at each vertex v € V(T') is defined

Le(9)s = > Gue © Que (4.11)

vge

At each vertex v € V(T'), the GENEO sheaf Laplacian aggregates ®,-preserving isometries on sensor
observation ¢, € ®,, with each isometry optimizing consistency between v and one of its neighbors u. Put
differently, Ly (), measures the aggregate disagreement between ¢, and observations ¢, for all adjacent
u € V(T'). Like cellular sheaf diffusion, our implementation of Lg diffusion (Section 4.6.2) transforms
©(t), by a small increment of Lg(¢(t)), at each diffusion step ¢. Since these increments are scaled-down

averages of (orthogonal representations of) isometries in ®,,, Ly diffusion is approximately ®g-preserving.

Like the cellular sheaf Laplacian, Lg’s diffusion dynamics are designed to steer input heterogeneous
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Figure 4.3: Illustration of the GENEO sheaf Laplacian (Definition 4.3.1) at vertex v € V(I"), showing the cycle
of data exchange and integration across vertex and edge stalks at each diffusion step.

sensor observations towards a globally valid system state. In particular, we conjecture that Ly converges

to global Hg-sections.

Conjecture 4.3.2. For initial p(0) € ®p, solutions ¢(t) to the GENEO sheaf Laplacian diffusion

dynamics equation Cfi—f = —aLp(p) for a > 0 converge as t — oo towards a global Hg-section ¢’ € ker dp,, .

Although a formal proof of Conjecture 4.3.2 is left to future work, we have strong reasons to expect
it is true. Crucially, our computational implementation of Lg in our data fusion algorithm (Section 4.6.2)
exhibits the Conjecture’s predicted convergence behavior. Moreover, the GENEO sheaf Laplacian is
constructed analogously to the cellular sheaf Laplacian, with both operators minimizing neighborhood
disagreement at each diffusion step. We can therefore reasonably expect that as ¢ — oo, Ly pushes ¢,
towards @, o Lr(¢)y = ¢y © ﬁ(v) Zwe(gvye 0 ay,e); that is, towards ¢, transformed by the average of
consistency-optimizing automorphisms g, ¢ © @, . over each incident edge e > v. If this is the case, Equation
4.8 ensures that dp,(p(t)). converges to idy, as edge-wise consistency is optimized. Our mathematical

reasoning and computational validation justifies our assumption that Conjecture 4.3.2 holds.

The relationship between Ly and global Hg-sections is described by the following lemma.

Lemma 4.3.3. ker Ly C ker dg,.

Proof. For ¢ € ker Ly, we have Lr(¢)y = D, .0 Gue © Qe = idauty, (x,) for all v € V(). ay. # g;c}
because a, . ¢ Gy, implying that a,. = idaut,, (x,) = Jue- Since Tyae(gve) = idm,, we have ¢ €
ker Ogrg.. O

4.3.2 Harmonic Extension for Data Fusion

Presently, the only data fusion algorithm for non-cellular sheaves matches real-world sensor observations
to the nearest global section of the sheaf system model [271]. This requires the space of global sections to
be known in advance, which is not always feasible in practice. Unless global sections can be manually
specified, they must be computed via linear algebra from a cellular sheaf approximating the original sheaf,

potentially degrading the original sensor data and system model. We propose an alternative approach to
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data fusion via the GENEO sheaf Laplacian and harmonic extension.

Definition 4.3.4. For GENEO sheaf F on graph I and subgraph A C T, let ¢4 € ®4 be a choice of
oy € @, for all u € V(A). A Hp-harmonic extension of w4 to the rest of I' is an admissible 0-assignment
¢ € @ such that ¢|a = pa and Lp(p), = idaut,, (x,) for all v e V(T'\ A).

Let subgraph A be our collection of real-world sensors and ¢4 be our raw sensor observations.
Due to noise, errors, and the impossibility of extrapolating a complex whole from one of its parts, we
cannot correctly interpret real observation ,, for u € V(A) simply by finding its closest model observation
py € @, for adjacent v € V(I'\ A). Rather, correct interpretation of a single input sensor observation
requires consideration of all input sensor observations, as each sensor’s meaning depends on the meanings
of all other sensors observing the system. Philosophically speaking, observations of real-world phenomena
are immutable, but interpretation of their meaning depends upon the given informational context — which,
in our case, is supplied by data diffused across model system I\ A. Our algorithm takes the Hp-harmonic
extension of raw observations p4 to the rest of I', yielding a globally consistent model system state

matching input observations.

The following theorem assumes that Conjecture 4.3.2 holds, and has been computationally validated

by our data fusion algorithm implementation (Section 4.6.2).

Theorem 4.3.5. Foru € V(A), v € V(I'\ A), and o > 0, the A-restricted dynamics L4 defined

dy dy

it | = idAute, (X.) it | = —aLp(p)y (4.12)

on initial p(0) € g converge toward a Hp-harmonic extension of p4 .

Proof. For adjacent u, v € V(I'), let u € V(A), v € V(I'\ A). Assuming that Conjecture 4.3.2 holds,
lim¢ s 00 ©(t)y = ©(0)y © (Gu,e © ay,e) such that

Gv,e O Quv,e = argmin Dy, (Fuce(¢u), Foae((poog)oa)).
gEG, ¢, a€Auts, (Xu)\Go,e
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Figure 4.4: GENEO sheaf data fusion. (a) Initial admissible 0-assignment comprising input raw, real-world
sensor observations (blue nodes) and model sensor states (red nodes). (b) F during data fusion, with model sensors
(pink and purple nodes) evolving to match fixed real-world sensor observations pa over subgraph A (blue nodes).
(c) F after data fusion, showing the Hp-harmonic extension of real-world sensor observations (nodes outlined dark

blue) to the model system. Obstructions to global consistency are recorded in the model system (lavender nodes).
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Then the A-restricted dynamics on initial ¢(0) € ®g converge as ¢ — oo toward a Hp-harmonic extension

of PA. [

Unlike prior work, our fusion algorithm does not require advance knowledge or computation of our
GENEO sheaf system model’s global sections. This in turn circumvents the need to cellularly approximate
our GENEO sheaf, fully preserving our sensor data and system model during fusion. Moreover, our
algorithm optimizes system-wide consistency without requiring the output model system state to be
a global section, creating new analytical opportunities. Whereas prior work identifies obstructions to
system-wide consistency directly from raw sensor data, harmonic extension propagates obstructions to
the model system (Figure 4.4c) where their causes and consequences are easily assessed. Our algorithm
also accommodates flexible relationships between sensor observations and the system model, which may
present as certain kinds of obstructions to global consistency. This benefits applications involving variable

part-wise relationships, such as hand-drawn characters’ bodily deformations (Section 4.6).

4.4 Heterogeneous Multiresolution Equivariance

Equivariant data analysis frameworks guarantee that symmetries on input data induce corresponding
symmetries on analysis results [42]. Despite their growing prominence, existing frameworks exclusively
admit global symmetries on data — for instance, rotating or reflecting a photograph. Yet many real-
world systems admit heterogeneous multiresolution symmetries — for instance, rotating a human arm or
exchanging left and right sides of a body pose (Figure 1.4). In applications such as our own (Section 4.6),
analyzing, relating, and controlling heterogeneous multiresolution symmetries is essential for data analysis.
GENEO sheaves provide the setting for such functionality, yielding the novel theory of heterogeneous
multiresolution equivariance detailed in this section. After defining our theory’s underlying mathematical
machinery, we introduce two types of heterogeneous multiresolution symmetries. Most importantly, we
prove our data fusion algorithm’s equivariance to both types of heterogeneous multiresolution symmetries,
guaranteeing that symmetries on raw heterogeneous sensor data induce corresponding symmetries on our

algorithm’s output model system state.

4.4.1 GENEO Sheaf Morphisms

Before introducing symmetries on GENEQO sheaves, we take a brief category theoretic interlude. Heteroge-
neous multiresolution symmetries demand a rigorous mathematical formulation to underpin our proofs of
their behavior during data fusion. They are best formulated as morphisms, or structure-preserving maps,
between GENEO sheaves.

Definition 4.4.1. For GENEO sheaves F, F’ on graph I, a GENEO sheaf morphism (u, M) : F — F’
comprises functions (i, My) : (P, Aute, (X,)) — (P, Aute, (X)) for all v € V(') and functions
(e, M) : (P, He) — (U, H,) for all e € E(I") such that (u, M) commutes with restriction GENEOs.
That iSa :U'e(Fvée(SDU)) = Fége(uv(¢v)) and Me(Tvﬂe(g)) = T{)ge(Mv(g)) fOI‘ au Po € (pvv au g € Gv,e, and
each incident v < e with v € V(T'), e € E(T).
For all ¢, ¢, € Oy, e, € U, v € V(T'), and e € E(T'), we say that (pu, M) is:

e equivariant if i (Fyae(po 0 9)) = F{;ge(ﬂv(@v)) 0 Mc(Tyae(9))-

e non-expansive if D<I>; (o (p0), Nv(‘»@;)) < Ds, (¢, 4,0;) and D‘Pg (te(te), /‘e(@bé)) < Dy, (¢e, @/Jé)

Remark. If (u, M) is an equivariant non-expansive GENEO sheaf morphism, then (p,, M,,) and (g, M)

81



are GENEOs for all v € V(T'), e € E(T).

GENEO sheaf morphisms are closed under composition. For GENEO sheaves F, F’, and F” on
I' and GENEO sheaf morphisms (u, M) : F — F" and (¢/,M’) : F' — F”, define map (¢, M") =
(W' o, M o M):F — F’. We can easily confirm that (1", M") is a GENEO sheaf morphism:

the (pe(Fyae(90))) = te (Flae (10 (00))) = File (pt, (1o (90)))
M(Mc(Tyae(9))) = MUT, . (My(9))) = Ty (M (My(9)))

vde vde

By Proposition 3.1.1 in [263], composing GENEOs (F, T) : (?,G) — (¥, H) and (F',T") : (¥, H) — (Q, K)
yields a GENEO. Therefore under these conditions, equivariant non-expansive GENEO sheaf morphisms

are closed under composition as well.

4.4.2 Stalk Symmetries

Our first type of heterogeneous multiresolution symmetry acts locally on (collections of) subsystem
observations, uniformly transforming vertex stalk data over subgraphs of I'. These so-called stalk
symmetries arise when modulating part, but not all, of a system — for instance, when repositioning a
satellite within a satellite network, rotating a molecule within a macromolecule, or rotating a limb within

a body pose (Figure 4.13, left column). Stalk symmetries provide fine-tuned control over system behavior.

Definition 4.4.2. For subgraph A C T, s4 is a stalk symmetry over A if s4 € )
v e V(A) and e € E(A).

vae Gv,e Whenever

Despite heterogeneity of data representations ¢, € @, for v € V(A), existence of nontrivial stalk
symmetries over A implies some degree of functional homogeneity among data within A. In fact, group
Sa = ﬂv cecA Gy of stalk symmetries over A describes the extent to which the subsystems in A (as
observed by sensors V(A)) function as a unit. If Ss is nontrivial, then the smaller (high-resolution)
subsystems observed by individual sensors v € V(A) can be combined into a larger (lower-resolution)
subsystem over A. Choice of restriction equivariance groups G, . determines existence and behavior of
these multiresolution subsystems. Stalk symmetry groups thus provide a local-to-global picture of how
heterogeneous subsystems arise within the system modeled by GENEO sheaf F. Because local subsystems
within A are free to act collectively (via S4) or individually (via Aute, (X)), multiresolution subsystems

are not hard-coded into F and can emerge and dissipate as needed via application of stalk symmetries.

Theorem 4.4.3. Stalk symmetries induce GENEO sheaf morphisms.

Proof. For GENEO sheaf F on I, let s4 be a stalk symmetry on F over subgraph A C I". Define map
(u, M) : F — F comprising functions (u,, M,) : (9y, Aute, (Xy)) = (Py, Aute, (X)) for all v € V(T') and
functions (e, Me) : (Ve, He) — (U, He) for all e € E(T") such that

1. py(pu) = @y 084 for all u € V(A) and py(0y) = @, for all v € V(I'\ A),

2. pre(Fuae(®n)) = Fuae(@w) © Tuae(sa) for all u € V(A) and pe(Fyae(py)) = Foae(py) for all v €
V(IT'\ A),

3. Da, (1o(#0), po(97,) © Mu(9)) = Da, (pu; @y, 0 9) and Dy, (pe(te); pe(¥e) © Me(h)) = Du, (ve, e 0 h)
for all g € Autg, (X,) and h € H,, respectively, and all v € V(T'), e € E(T).

ME(Fvge(SDv)) = Fvge(@v) o Tvge(SA) = Fvge((ﬂv o SA) = Fyge(uy(ﬁpv)), So pu commutes with restriction
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GENEOs.

Dy, (pe(Foae(pv)), Ne(Fvse(SO;)) 0 Me(Tyae(9))) = Dy,

pe(Foae(®w)); te Fvsc(%p;)) 0 Tyae(My(9))),

80 Mc(Tyae(9)) = Tyae(My(g)). The third equality follows from Equation 6 in [20]. Therefore (p, M) is a
GENEOQO sheaf morphism. O

The following result implies that stalk symmetries on F preserve the stalk symmetries of F.

Lemma 4.4.4. Let (u, M) : F— F' be a GENEO sheaf morphism. If sa is a stalk symmetry of F over
A CT, then M,(s4) is a stalk symmetry of F' over A.

Proof. By definition of GENEQO sheaf morphism, M, (s4) € im T{)gel = G, . for all incident v < e with
v e V(A), e € E(A). Then M,(sa) € .. G for all v € V(A), so M,(sa) is a stalk symmetry of F’
over A. O

By formalizing stalk symmetries as GENEO sheaf morphisms, we can study their interactions with
the GENEO sheaf Laplacian. First, we show that s4 preserves data consistency over A because it acts
uniformly over A. This makes sense in practice: if observations ,, ¢, on adjacent v,u € V(A) undergo
the same symmetry transformation, then the local relationship between Fyqe(@y), Fuqe(n) over edge

e = v, u should remain unchanged. Formally speaking, s4 commutes with Lg(®)4.

Lemma 4.4.5. Let (4, M) : F — F be the GENEO sheaf morphism induced by stalk symmetry sa on F
over ACT. Then Lp(u(p))a = M(Lr(@)a)-

Proof. Let v,u < e for v,u € V(A), e € E(A), and g, = Tyue(0mp(9)e) € Gye. By Equation (6) in [20],
Equation 4.8, and Theorem 4.4.3,

)7 lffe(Fvsle(QOv)) © Me(Tvge(gu,e)))
)a Fvée(ﬂv(‘Pv) © Mv(gme)))'

Then Lg(u(9)), = nge My(gue) 0 a’v’e such that

a,. = argmin Dy, (Fuae(pu(u)); Foae((tio(p0) © My(gue)) 0 a’)).
a’€Auty, (Xo)\Go,e

Let aye € Gy, such that Lg(p), = nge Gu,e © Aye-

Dy, (Fuge(,uu(@u)), Fvge((ﬂv(@v) © Mv(gv,E)) o M, (av,e)))
= D‘Pe (Fu@e(@u)a E;ge((@v © gv,e) o av,e))
Dy, (Fuce(Pu)s Foae((9v 0 gue) 0 a))

inf
a€Auty, (X,)\Gy e

= aEAutq>jI(1§(v)\Gv,e Dy, (Fuge(tu(pu))s Foae((to(wy) 0 M, (gv,e)) o M,(a))),
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so a;, . = My(aye). Then Ly (u(p))y, = nge My (gv,e © aype) = My(Lr(p)y) for all v e V(A). O

Next, we examine how Lg propagates stalk symmetries s4 across A’s boundary. For adjacent
v,u € V(T') with u € V(A) and v € V(T'\ A), there is no guarantee that sy € Autg, (X,). However, s4 is
related by restriction GENEO homomorphisms Te, Tyae to corresponding symmetry Tyos(Th e (s4)) €
Aute, (X,) whenever sy € Gy. Therefore Ly propagates heterogenecous versions of subsystem stalk

symmetries to the rest of the system.

Theorem 4.4.6. Let (u, M) : F — F be the GENEO sheaf morphism induced by stalk symmetry sa on F
over ACT. Forve V(I'\ A) with adjacent vertices u € V(A), w € V(I'\ A), suppose s € Gy for each
adjacent uw € V(A). If Lr(p), = nge Gv,e © Gy e then

Lp(pu(p))y = Z Guv,e © Qu,e © Tv;ile(Tu@e(sA)) + Z Gv,e’ © Qy,e’ (4.13)
u,vde; ueV (A) w,vge’;weV (I\A)

Proof. By Equation (6) in [20],

da, (Fuae(tu(u)s Foae(tto(p0))) = da, (Fuse($u)s Foae(®w))

Dy, (Fuae(pu), Foae(©v © gue © tue))

= Dy, (Fuae(@u) © Tuae(8a); Fuae(0v © Gue © ue) © Tuge(sa))
Dy, (Fuse(ttu(©u))s Foae(©v 0 gue © ave © Ty (Tuae(54))))-

Therefore gy 0 Gy,e © TU_@t(Tuge(sA)) is the term in Ly (u(¢)), optimizing consistency over edge e > u, v.
Because 0py (1(@))er = Opp(p)er for all € &= w, v such that w € V(I'\ A), Equation 4.13 holds. O

Lemma 4.4.7. Let (u, M) : F — F be the GENEO sheaf morphism induced by stalk symmetry sq on
F over A CT. For (arbitrarily oriented) edge e = u — v with u € V(A) and v € V(L' \ A), we have
Srp(1())e = Tvae(gu,e) © Tuge(sa).

Proof. Let dun(p(¢))e = he € H.; then by Equation 4.8,

di, (Fuge(Pu), Foae(pv)) = du, (Fuae(ttu(Pu))s Foae(po(pv)))

s Foge(po(pn)) 0 he)

s Fuge(ipw) 0 he)

s Fuae(ipw) 0 he)

0 he 0 Tyae(sa)™1).

Then Tvée(gv,e) =heo Tuse(sA)il = Tv@(gv,e) 0 Tuge(84) = he = dmp(p(®))e- O

During GENEO sheaf data fusion, symmetries on real-world sensor observations should induce
corresponding symmetries on the model system state. This heterogeneous multiresolution equivariance
guarantees that real-world system behavior is reliably reflected in the system model, ensuring faithful
computational approximation of real-world phenomena. This is especially critical when corresponding real
and model sensor observations are heterogeneous: for instance, when performing 3D reconstruction (model
system state) from 2D data (raw sensor observations). The following result guarantees that GENEO sheaf
data fusion converts stalk symmetries on raw sensor observations into corresponding stalk symmetries

within the system model (Figure 4.5).
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Figure 4.5: Illustration of Theorem 4.4.8, stating that GENEO sheaf data fusion is stalk symmetry-equivariant.
Note that ¢}, = @y 0 gu,e 0 @y, in the theorem statement.

Theorem 4.4.8 (Data fusion is stalk symmetry-equivariant). For GENEO sheaf F on graph T' and
subgraph A C T, let (u, M) : F— F be the GENEO sheaf morphism induced by stalk symmetry sq4 on F
over A CT. Iflimy o (1) = @' for p, ¢’ € ®p under A-restricted dynamics L, then

lim () (t)o = @y, 0 Tye(Tuae(54)) (4.14)

t—o00

under L4 for every v € V(I'\ A) adjacent to u € V(A) with sy € G, . for e > v, u.

Proof. Let gye € Gy e and aye € Aute, (X,) \ Gy,e such that ¢!, = ¢, 0 gye © aye. By Theorem 4.4.6 and
assuming Conjecture 4.3.2 holds, the A-restricted dynamics on u(y) converge at v to ¢, 0 (gye © Gye) ©
Tv_ﬂle(Tuse(SA)) =0 Tv_slle(Tusle(SA))~ O

4.4.3 Stalk Permutations

Our second type of heterogeneous multiresolution symmetry exchanges subsystems which are structurally
and functionally equivalent up to some stalk symmetry — for instance, left and right arm poses are
interchangeable up to reflection (Figure 4.13, right column). These so-called stalk permutations exchange
isomorphic vertex stalk data defined over isomorphic subgraphs of I'. Stalk permutations are vital for
modeling systems with interchangeable subsystems — such as self-assembling robots and macromolecular

structures — and analyzing important relationships between system states.

Definition 4.4.9. For GENEO sheaf F on graph T, let p € Aut(T") be a graph automorphism exchanging
isomorphic subgraphs A, A* CT. Let s4 be a stalk symmetry of F over A inducing equivariant GENEO
sheaf morphism (4, M) : F — F such that p, : &, — Py, pie : Uo = Yeu, M, 1 Gy e = Gyr e, and
M, : H, — H.~ for all v € V(A), e € E(A). A stalk permutation 4 : F — F over A, A* is defined

po (p, M) =ma: (Dy, Aute, (Xy)) = (Py+, Aute,. (Xo+))

(4.15)
. (\I/e, He) — (\Ije*, He*)

such that for g, = p(My(gv)) € Auts,. (Xy+) and hex = p(Me(he)) € He-,
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L. Da, (v, ¢}, 0 gv) = Da,. (ma(0), ma(@y) © gu)  Veou, ¢, € uy, Vg, € Aute, (X,)
2. D\I!e(ql)w ’@[Jé o he) = D\Pe* (WA(we)y WA(@[Jé) © he*) V¢e7 wé € \Peu vhe € He

These conditions ensure that stalk-wise data and automorphisms are both faithfully exchanged by
stalk permutations. Continuing our earlier example, w4 reflects then exchanges left and right arm poses,
while M exchanges clockwise and counterclockwise rotations between left and right arms’ vertex stalks.
In practice, this means that rotating the left arm clockwise before exchanging left and right arm poses is
equivalent to exchanging left and right arm poses before rotating the right arm counterclockwise. In other

words, stalk symmetries commute with stalk permutations.

Lemma 4.4.10 (Stalk symmetries commute with stalk permutations). For GENEO sheaf F on graph T
and stalk permutation wa of F over subgraphs A, A* C T, let sg be a stalk symmetry of F over B C A
such that sp- = p(M,(sp)) € Auts,. (Xy+) for allv € V(B). Then ma(posp) =ma(p) o sp=.

Proof. For all v € V(A), we have ma(p, 0 s5) = p(ts (00 0 5B)) = p(po(@0) © My(sB)) = Ta(py) © 5B+ by
Definition 4.4.1. The same argument holds for all e € E(A), so sp commutes with 74. O

Like stalk symmetries, stalk permutations act uniformly over the subsystems they exchange. Ac-

cordingly, data consistency is preserved under stalk permutation.

Lemma 4.4.11. For stalk permutation w4 of F over subgraphs A, A* C T, we have Lp(ma(p))ar =
Ta(Lr(p)a)-

Proof. Ly (ma(¢))a- = Le(p(pna(p)))as = p(Lr(palp))a) = p(Ma(Lr(p)a)) = ma(Lr(p)a). The second
equality follows from commutativity of graph automorphisms with sheaf Laplacians [150]. The third

equality follows from Lemma 4.4.5. O

For stalk permutation w4 over subgraphs A, A* C T', suppose we have isomorphic subsystems of raw
sensor observations on B C A, B* C A* with corresponding model sensor observations on A\ B, A*\ B*.
The following result states that permuting B, B* before data fusion is equivalent to permuting A, A*

after data fusion (Figure 4.6). This ensures that GENEO sheaf data fusion converts stalk permutations

v

observed within the system into corresponding stalk permutations recorded in the system model.
A*

AN L~ LI

B TA

Figure 4.6: Illustration of Theorem 4.4.12, stating that GENEO sheaf data fusion is stalk permutation-equivariant.

v
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Theorem 4.4.12 (Data fusion is stalk permutation-equivariant). For GENEO sheaf F on graph T, let
7a be a stalk permutation over subgraphs A, A* C T, and let B C A. If limy_,o, ©(t) = ¢’ for ¢, ¢’ € p

under B-restricted dynamics Lg, then for stalk permutation mp = ma|p ,

lim 75 (p)(t)y = Ta(¢)w (4.16)

t—o0

under LE for allv € V(A\ B) adjacent to u € V(B).

Proof. Let v € V(A\ B) with adjacent u € V(B). Because LE leaves ¢, fixed for all u € V(B),

Dy, (Fuslez(@;)v Fv@e(‘Pg)) = Dy, (Fuse(pu), Fvﬂﬂ(@;))
= Dy,. (15 (Fuge($u))s WA(E&@(WL)))
= Dy,. (Furaer (mB(0u))s Foraer (WA(SDL)))

Since @, = ¥, and m4 preserves stalk pseudometrics, Fy«qe«(m4(),)) minimizes LE (m5(¢))e. O

4.5 Pseudometrics on GENEQO Sheaves

Both sheaves and GENEQOs admit pseudometrics which facilitate data analysis in various ways. GENEO
pseudometrics Dg and dg respectively ensure data stability during analysis and enable ground-truth data
comparison up to equivariance group G [20]. Sheaf pseudometrics compare 0-assignments to assess system
state similarity, facilitate heterogeneous data fusion, and identify obstructions to global data consistency
[271, 272]. The last of these is especially important because non-cellular sheaves lack cohomology,
which summarizes multiresolution obstructions to patching local data into globally consistent states.
Multiresolution obstruction analysis is essential for understanding systems, since certain obstructions
only emerge at certain resolutions. For example, the Penrose triangle appears locally consistent at each
corner, revealing its physical impossibility only when perceived holistically (Figure 2.34). In this section,
we synthesize and extend existing work on sheaf and GENEO pseudometrics, yielding a suite of GENEO

sheaf tools for data comparison, obstruction analysis, and tracking subsystem influence.

A sheaf of pseudometric spaces on graph I' is a sheaf comprising set K, with pseudometric D,
for each v € V(I'), set K. with pseudometric D, for each e € E(T"), and continuous restriction maps
Joce : Ky = K, for every incident v < e in I' [271]. GENEO sheaves comport with this definition: for
every v € V(I'), e € E(T), the sets ®, and ¥, are respectively equipped with pseudometrics Dg, and Dy,
and restriction GENEOQOs are continuous by construction. To compare system states given by admissible

O-assignments ¢, ¢’ € ®p, we use admissible 0-assignment pseudometric

Do (o, ¢') = sup Da, (v, ¢,) = sup sup |o,(x) — ¢y, (2)] (4.17)
veV(T) veV () z€X,

synthesizing sheaf pseudometric Dz (Equation 4.3) with admissible function pseudometric Dg (Equation
4.4) extended to product pseudometric space g = [[, ev (D) ®,. We can localize comparison to subgraphs

A C T using pseudometric

Da, (¢, ¢') = sup Ds,(py, ¢,,) = sup sup |p,(z) — @, ()| (4.18)
veV (A) veV(A) z€X,

Symmetry-aware GENEO pseudometrics also fluently extend to GENEO sheaves. For GENEO
sheaf F on I' and subgraph A C T, let groups S4 and II4, 4+ respectively comprise all stalk symmetries
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over A and all stalk permutations over A, A*. The respective groups of all stalk symmetries Sg on F and

all stalk permutations Ilg on F are defined

Se= ][] % Ip = [[ Taa (4.19)
ACT A,A*CT

For admissible function space ®, GENEO theory compares ®-preserving automorphisms using pseudometric
[263]

Daut(g,9') = sup Dg(pog,poyg’), Vg,¢ € Aute(X)
pe

Accordingly, for heterogeneous multiresolution symmetries g, ¢’ € Sg X IIg, define symmetry pseudometric

Dsexiir(9,9') = sup Do (pog, ¢og) (4.20)
pEPF
To measure how well subsystem states @4, ¢/ locally align up to stalk symmetries s4 € Sy, we use

pseudometric

dSA (SOA, 901/4) = SjrelgA D<1>A (%‘h @1/4 © SA) (4‘21)

Definition 4.5.1. For GENEO sheaf F on graph I', let Aute, (Xr) = [[,cv (1) Aute, (Xo) comprise all
dp-preserving automorphisms of F. For the given analysis objectives, choose global equivariance group
Gr < Sp x IIp < Aute, (Xg) of stalk symmetries and permutations up to which admissible 0-assignments
are considered equivalent. The ground-truth pseudometric measuring global data similarity between every

, ¢ € ®p up to equivalences g € G is defined

dGF (QO? 90,) = inf D<1>F (907 80/ og) = inf sup D<1>v (‘Pva 502; Og|v) (422)
geGF geGF veV (')

A core advantage of equivariant analysis frameworks — and GENEOs specifically — is data classi-
fication up to symmetries comporting with the given analysis objectives. We have seen how GENEO
sheaves support heterogeneous multiresolution symmetry modulation, whereas other equivariant analysis
frameworks support only homogeneous global symmetry modulation. The ground-truth pseudometric
extends heterogeneous multiresolution equivariance to data comparison, assessing how well admissible
0-assignments can be aligned via heterogeneous multiresolution symmetries Gg selected to match the
analysis task at hand. In Section 4.6, we describe how the ground-truth pseudometric supports GENEO
sheaf analysis tailored to specialized applications. Note that while the ground-truth pseudometric is

expensive to compute, it can be robustly and efficiently approximated via persistent homology [20].

4.5.1 Obstruction Analysis

In place of cohomology, sheaves of pseudometric spaces admit a global data consistency measure which we
adapt for GENEO sheaves. For admissible 0-assignments ¢ € &g of GENEO sheaf F, the consistency
radius [272] is defined

cr(p) = sup Dy, (Fuge(pu), Fvge(‘ﬁﬂ)) = sup sup |[Fuqe(pu)(y) — Fv@(@v)(y)‘ (4.23)
ecE(T) ecE(T") yeYe

Whereas the Hg-coboundary map (Equation 4.8) evaluates edge-wide data alignment up to symmetry
groups H,, the consistency radius precisely measures differences between homogenized data representations

Foee(py) and Fuqe(py) at each edge e € E(I'). The set ker cgp comprises F’s global sections, and is a
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subset of F’s global Hg-sections (Equation 4.9). The difference between F’s global Hg-sections and global
sections is the difference between globally optimal data alignment and global data consistency. GENEO
sheaf data fusion optimally aligns input data, after which cg quantifies unresolved obstructions to global

consistency within the model system (Figure 4.4c).

Bounding obstructions By Proposition 23 of [271], the consistency radius for ¢ € ®p has upper
bound

cr(p) .
2 < D<1>F (90; ¥ )
for every global section ¢* € ker cp. For admissible 0-assignments ¢, ¢’ € ®p, define consistency radius
pseudometric
Der(p, ¢') = sup |cr(p)e — cr(¢')e] (4.24)
ecE(T)

measuring maximum edge-wise difference in data consistency between system states ¢ and ¢'.

Lemma 4.5.2. For GENEO sheaf F onI" and ¢, ¢" € OF, let (v,u) = argmax,cgry Dep(p, ¢')e- Then

Dep(p;¢') < Do, (¢u, ¢4,) + Da, (@0, ©) (4.25)

Proof.
Dep(p, ¢') = sup [er(p)e — cr(¢)e]
e€E(T)
= |Dy, (Fuse(#u) Foae($n)) = Dw, (Fuse(#,), Foce(¢y))]
< Dy, (Fuse(u)s Fuae(9y)) + Dy, (Foae(@v), Foce(#1,))
< Da,(Pus #0) + Da, (90, ¢1,)

The first inequality is derived from the reverse triangle inequality, and the second inequality follows from

restriction GENEO non-expansivity. O

Suppose we want to measure how subsystem modulation — in the form of stalk symmetry s € Sg —
impacts difference in data consistency between system states o, ¢’ € ®p. The following result bounds

data consistency difference under stalk symmetry with respect to restriction GENEO homomorphisms.

Lemma 4.5.3. For GENEO sheaf F on I, s € Sf, and ¢, ¢' € O, let argmax ¢ gy Deg(p, ¢ 0 5)e =
(v,u). Then

D (e, 80/ 0s) < Dy, (Fuge(pu), Fuslf:(‘%’/u) 0 Tuge(8]u)) + Dy, (Foae(pv), Fv@e(@;) 0 Tyae(slyv)) (4.26)

Proof.
Der(p, ¢ 05) = sup_|cp(p)e — cr(' 0 5)e|
ecE(T)
= |Dy, (Fuce(Pu), Foae(pv)) = Du, (Fuse(@y © 8lu)s Foae(@), 0 5l0))]
< Dy, (Fuce(#u)s Fuce(9y, 0 5u)) + D, (Foce(@v)s Fuae(#, 0 slv))
= Dy, (Fuce(Pu)s Fuge(#l) © Tuge(slu)) + Du, (Fuae(@o), Fose(9r,) © Tose(slo))

The inequality is derived from the reverse triangle inequality, and the final equality follows from restriction
GENEO equivariance. O
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To minimize data consistency difference between ¢, ¢’ € ®g up to stalk symmetries and permutations

relevant to analysis objectives, choose suitable Gg < Sg X Ilg and define pseudometric

depce (@, ¢") = inf Dep(p, ¢ 0g)= inf sup [cr(p)e —cr(¢’ ©g)e (4.27)
9eGF gE€GF ecE(T)

To maximize global data consistency for ¢ € ®g with respect to Gy, define pseudometric

crGr(P) = ot cr(pog) (4.28)

With these metrics, it becomes possible to measure how real-world multiresolution (sub)system behavior

defined by G interacts with obstructions to system-wide data consistency.

Multiresolution obstruction analysis Following data fusion on input real-world sensor observations,
we want to perform multiresolution obstruction analysis — that is, we want to know where in the model
system inconsistencies arise, from which we can infer why they arise. The consistency radius numerically
quantifies global system state inconsistency, but cannot detect multiresolution obstructions. To this end,
we present a natural extension of Robinson’s work on multiresolution obstruction detection for sheaves of
pseudometric spaces [272] to the GENEO sheaf context.

For GENEO sheaf F on I' with subgraph A C T, the A-local consistency radius of ¢ € ®g is defined
[272]

cr(p)a = sup Dy, (Fyae(#v); Fuge(pu))
u,v<e€E(A)

Lemma 3 of [272] states that if ¢ € Pg and B C A C T, then
cr(p)B < cr(p)a < cr(p)

Local consistency radii distinguish between widespread inconsistency and localized inconsistency.
For instance, if ¢, ¢’ € O with cr(¢) = cr(¢’), then it is possible that ¢ is inconsistent over many edges
while ¢’ is consistent over all edges except one. For € > 0, we call A C T" an e-consistent subgraph of T’
with respect to (F, @) if cr(p)a < e. Then, ¢ and ¢’ have distinct e-consistent subgraphs for some € > 0,

distinguishing between ¢’s widespread inconsistency and ¢’’s localized inconsistency.

By Lemma 5 of [272], there exists for every € > 0 a unique (maximally coarse) e-consistent subgraph
Ap ,(€) such that every other e-consistent subgraph of I with respect to (F, ¢) is a topological refinement
of Ap ,(€). It follows that for 0 < €; < e,

Brp(€1) C Arp(e2)

That is, lower-consistency subgraphs contain higher-consistency subgraphs. The relationship between
multiresolution data consistency and I'’s geometric structure yields the consistency filtration for (F, ¢),
comprising nested e-consistent subgraphs for increasing e-consistency thresholds 0 < e; < -+ < €,_1 <
en = cr(p) [272]. By tracking the geometry of data consistency across local-to-global scales, the
consistency filtration enables multiresolution obstruction detection on GENEOQO sheaves. In particular, by
identifying substantially different consecutive thresholds ¢; and €;11, we can localize a likely non-trivial
obstruction (i.e., an obstruction arising from system behavior rather than noise) to the edges e € E(T")
with e € E(Br,,(€;)) and e ¢ E(Ar o (€i41)).
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4.5.2 Tracking Subsystem Influence

We have demonstrated GENEO sheaves’ ability to apply, diffuse, and compare data up to heterogeneous
multiresolution symmetries on subsystems. However, we have yet to analyze heterogeneous multiresolution
symmetries’ system-wide influence. In real-world systems, each subsystem’s behavior can influence states
of other subsystems, even when subsystems and their behaviors are heterogeneous. We evaluate these
system dynamics by tracking obstructions to subsystems’ ability to influence the rest of the system.
This last contribution to our theory of heterogeneous multiresolution equivariance facilitates analysis of

subsystems’ relationships and interdependent behavior at various levels of granularity.

Definition 4.5.4. For GENEO sheaf F on graph T', let Sy be the group of stalk symmetries over
subgraph A C T'. For Sj C Sa, let A; C T be the largest subgraph of I' with A C A; such that for every
v € V(A), u € V(A;) connected by path eq,...,ex_1,ex € FE(A4;), there exists group homomorphism
Tyor : Gy ey = Gue,, defined

Tyow=Tp0Th_10---0Tp, T, =T, .o Ty,qe;, forall 0<j <k (4.29)

Vj+1€;

such that s4 ¢ kerT,,_,,, for all nontrivial s4 € Sj. We call A; the Sjj—reachable subgraph of T" for F.

Stalk symmetries’ reachable subgraphs geometrically define their maximal sphere of influence over
the system, and homomorphisms 7T,_,,, describe stalk symmetries’ heterogeneous manifestations on different
parts of A;. In other words, A; bounds how far local symmetries S; on subsystem A can heterogeneously
propagate across — and thereby impact — the rest of the system. In practice, stalk symmetries may not
thoroughly propagate across their reachable subgraphs; propagation extent and intensity depends upon
choice of restriction GENEOs and Ly diffusion dynamics. Theorems 4.4.6 and 4.4.8 show how different
Ly dynamics yield different propagation intensities, with Hg-harmonic extension being the most extreme
case. Additionally, stalk symmetries may not propagate if they fail to improve edge-wise data consistency

with respect to restriction GENEO relationships between subsystems.

Just as e-consistent subgraphs underpin analysis of multiresolution obstructions to data consistency,
Sji-reachable subgraphs underpin analysis of multiresolution obstructions to subsystem influence. Further,
for nested sets of local subsystem behaviors — encoded as sets of stalk symmetries — we can construct
a local-to-global filtration of these behaviors’ spheres of influence. This filtration geometrically tracks

obstructions to system-wide propagation of heterogeneous multiresolution stalk symmetries.

Definition 4.5.5. For GENEO sheaf F on I' and stalk symmetry group S4 over subgraph A C T, the
collection
{idg,} CSpC Sy C...CSi CSy (4.30)

induces stalk symmetry filtration AC Ay C--- CA,_ 1 CA, CT for F.

It follows from Definition 4.5.4 that stalk symmetry filtrations are indeed filtrations, since A; C A;11
whenever S XH C Si. Whereas consistency filtrations are specific to (F, ), stalk symmetry filtrations are
only specific to F. However, the extent to which S} propagates throughout 4; under Ly may vary for

different ¢ € Pp.

Stalk symmetry filtrations geometrically describe how different types of local subsystem behavior
heterogeneously manifest throughout the rest of the system, bolstering our understanding of heterogeneous
multiresolution equivariance. Multiple filtrations can be defined for a single subsystem, enabling precise
comparison of various behaviors’ spheres of influence. By comparing reachable subgraphs A; and A;;1, we
identify edges e € E(I') with e € E(A;) and e ¢ E(A;;,) where propagation of stalk symmetries Sj \ Sit*
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breaks down. As Ly diffusion is animated by restriction GENEO equivariance, stalk symmetry filtrations
also offer some indication of system behavior during heterogeneous data fusion. Accordingly, we can assess

how different subsystem behaviors impact global data alignment during GENEO sheaf data fusion.

4.6 GENEO Sheaves for Reference Frame Quality Analysis

Now that GENEO sheaves, heterogeneous multiresolution equivariance, and their data analytical features
have been mathematically formalized, we illustrate their conceptual depth and computational utility
through an application to RFQ analysis on hand-drawn frames. First, we detail a GENEO sheaf model of
animators’ RFQ perception, showcasing GENEO sheaves’ deep capacity for perceptual computing and
ability to model Chapter 3’s perceptual experiment findings. We then discuss the design and results of
our proof-of-concept RFQ GENEO sheaf implementation, which estimates 3D arm poses depicted in
hand-drawn animation frames. Lastly, we outline how our proposed RFQ GENEO sheaf-based reference

frame retrieval system will integrate into hand-drawn animation studios’ film production pipelines.

4.6.1 GENEO Sheaf Model of RFQ Perception

Presently, state-of-the-art computational models of human visual perception are overwhelmingly DNN-
based. As discussed in Section 2.4, these models struggle to exhibit core traits of visual cognition, including
multiresolution data integration, shape awareness, part-wise relationship comprehension, and abstract
visual reasoning. DNNs’ lack of explainability preclude decisive insights into why these failures occur
and how they can be provably resolved [156, 11]. Recent research reveals profound gaps between DNN
vision models and subtleties of visual system neurology [58], implying that modeling brain activity at a
granular, neuronal level may be a tenuous perceptual computing paradigm. Given TDA’s many parallels
with visual perception discussed throughout this thesis, it is unsurprising that TDA is rapidly advancing
explainable relational learning [246] and can provably imbue DNNs with perceptually-based functionalities
[146, 42, 231, 278]. Yet despite TDA’s considerable success in neuroscience research [52], TDA-based
perceptual computing is still in its infancy [313, 194]. In response to perception researchers’ growing
calls for perceptual computing frameworks exhibiting scientifically established traits of human vision
[37, 166, 213|, we propose GENEO sheaves as a novel TDA-based model of human visual perception,
which we illustrate subject to hand-drawn frame perception. Rather than modeling individual neurons,
GENEO sheaves can be programmed to emulate heterogeneous functionalities of and working relationships
between visual brain areas. Within this fully explainable framework, essential traits of human vision

inaccessible to DNNs can be provably installed.

In our illustrative example, GENEO sheaf F on graph I' models the abstract system of the human
body as understood within the visual brain, with system states comprising physically feasible body poses.
F is thus designed to approximate the perceptual processes involved in interpreting hand-drawn characters’
depicted volumetric body poses across diverse artistic styles, alongside professional animators’ RFQ
perceptual judgments. Although F’s perceptual formulation is RFQ-specific for expository clarity, the

analytical principles described generalize to many other computer vision scenarios.

F’s collection of raw subsystem sensor observations encode local patches of the retinal image, i.e.,
interactions between photons and retinal neurons when viewing a hand-drawn frame. Patch locality
comports with human visual biology, since retinal neurons cannot integrate visual data across resolutions
larger than a couple degrees of visual field [45] (Figure 4.8). Instead, local retinal image patches are globally
integrated into a cohesive perceptual interpretation via simultaneous bidirectional data exchange between

lower-level and higher-level brain areas (Figure 4.7) [45, 316, 65]. During perception, local lower-level
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visual data initially derived from the retinal image — including contour geometry, topology, and relative
placement — undergoes representational transformations as it is fed-forward to higher-level brain areas
[316]. There, it is integrated at coarser visual field resolutions. Concurrently, higher-level visual processing
— including abstract visual reasoning, structural and functional part-wise relationship assessment, and prior
knowledge injection — is performed on these coarser-resolution higher-level representations. Resulting
perceptual insights are fed-back to lower-level brain areas, where local lower-level data is recalibrated
subject to the received higher-level signals, before it is again fed-forward to higher-level areas. This
continues until both feed-forward and feed-back signals cease to be sent, meaning that a globally consistent

perceptual interpretation has been reached.

This bidirectional visual data integration process is congru-

ent to heterogeneous data fusion on GENEO sheaves. Suppose

LIP
FEF / vIP ‘\'
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F’s restriction GENEOs model various low- and high-level visual
processing operations applicable to diverse artistic styles, such
as contour extraction, region adjacency detection, foreshortening
assessment, medial axis computation, 3D shape comprehension,
and prior knowledge injection of joint motion constraints. Let
F’s model sensors each encode a model subsystem comprising one

isolated 3D skeleton bone. During harmonic extension on F, raw

Figure 4.7: Bidirectional visual data

exchange between lower-level (purple)
and higher-level (blue and pink) brain

areas. Figure from [358].

sensor observations (local retinal image patches from a hand-drawn
frame) are transformed by F’s heterogeneous restriction GENEOs

(representational transformations) as they map to F’s edge stalks

(lower- and higher-level brain areas), with I'’s topology directing
data passage between brain areas. Since both lower- and higher-level brain areas are active extremely early
in visual processing [65], F’s simultaneous data passage to edges modeling lower- and higher-level areas
is neurologically justified. Edges modeling higher-level areas evaluate abstract functional and relational
consistency (pose feasibility) between neighboring 3D skeleton bones’ respective local states (perceived
volumetric positions and orientations). Edges modeling lower-level areas recalibrate each bone’s local
state to optimally align its occluding contours with material frame features from the corresponding retinal
image patch. At each bone vertex stalk, heterogeneous signals from both higher- and lower-level brain
areas are progressively integrated until a globally consistent perception of the hand-drawn character’s
depicted body pose emerges and signals cease to be sent; that is, until Ly = idg,.. A proof-of-concept

implementation of this model is detailed in the following subsection (see Figure 4.10).

Multiresolution data integration Synthesizing a collection of local data (admissible 0-assignment;
retinal image) into a globally valid understanding of the collection’s holistic meaning (global section;
perceptual interpretation) is foundational to both GENEO sheaves and human vision. In both contexts,
sophisticated global meaning can be extracted from simple collections of local data because the analysis
framework itself — rather than the input data — is highly sophisticated and multifaceted. Moreover, the
analysis framework profoundly influences how each piece of local data is interpreted within the global visual
setting. In this way, sophisticated perceptual interpretations are obtained from simple material features, a
core trait of human line drawing perception [65, 326, 177]. Since multiresolution data integration enforces
structural and functional part-wise relationships across multiple scales, both GENEO sheaves and human

vision can detect multiresolution visual inconsistencies missed by DNNs (Figure 2.35) [11].

GENEO sheaves support multiscale analysis of part-wise visual and functional relationships (re-

striction GENEOs) and subsystem behavior (described by the space of A-local sections and by stalk
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symmetries/permutations over A C T'). Likewise, humans — especially artists — can localize visual reasoning
to multiple scales while retaining global understanding of visual data [54, 53]. This supports extrapolation
of how local subsystem changes globally impact the the abstract system (human body) represented by the
given visual data (hand-drawn frame) [164]. On F, this comprehension is modeled by stalk symmetry
filtrations. Moreover, differences between Ly diffusion dynamics

for various ¢ € ®p model human visual reasoning of how specific e Q @
subsystem changes differently impact certain global system states:

for instance, bending a leg unbalances the body (produces non-

trivial Ly dynamics) in some poses but not others.

Context-aware interpretation is a key visual cognition trait
arising from multiresolution data integration [94, 182], and is faith-
fully modeled by harmonic extension on F. Perceptual interpre-
tation of each retinal image patch depends upon multiscale visual
data relationships across the entire visual field: a circle, for in-
stance, has numerous interpretations when viewed in isolation, but
represents a human head when viewed in the context of restroom
signage. Likewise, for subgraphs B C A C I', F’s space of Hp-
harmonic extensions of ¢4 is a subset of the space of Hp-harmonic

extensions of pp, mirroring how perceptual interpretations are

generally further constrained by larger quantities of visual data.

Figure 4.8: Multiresolution integration

Humans can also meaningfully interpret visual data depicting part,

but not all, of a known whole, facilitating pose perception for both and material feature composability over

increasingly coarse resolutions of visual

partial-body and full-body hand-drawn frames (Figures 3.8 and field. Figure from [268].

3.9). Whereas partial-body frames frustrate DNN HPE methods
(Figure 2.33), our proof-of-concept GENEO sheaf implementation

demonstrates that, like human vision, F meaningfully interprets partial-body pose at local visual scales.

Visual ambiguity Human viewers can adopt unique subjective interpretations of visual data while
remaining aware of its multiple feasible perceptual interpretations [182, 83]. Analogously, A-restricted
dynamics converge towards a unique Hp-harmonic extension of @4 over I', while ¢4’s space of Hp-harmonic
extensions captures all globally valid system states preserving 4. Spaces of Hgp-harmonic extensions thus
encode feasible subjective interpretations of visual data, modeling animators’ varied pose estimates for
each frame in Experiment 2 (Section 3.2). Since a frame is unlikely to engender a finite set of perceptual
interpretations, the admissible 0-assignment pseudometric Dy, (Equation 4.17) can serve to construct

spaces of approximate — rather than exact — Hg-harmonic extensions up to some similarity threshold.

Because A-restricted dynamics optimize, but do not require, global data consistency, pose estimates
computed on F optimally approximate body motion constraints without necessarily satisfying them
explicitly. This naturally accommodates visual ambiguities created by hand-drawn characters’ frequent
stylistic deformations, which confound pose estimators assuming rigid body geometry [25]. In our model,
Principles of Animation like squash-and-stretch, bone bending/breaking, and stylized perspective (Figure
2.12) simply elevate inconsistency between adjacent skeleton bones in F’s pose estimates. Analogously,
human vision registers these impossible bodily deformations while maintaining a globally coherent
understanding of character pose. Pose estimates’ admissible 1-assignments thus quantifiably encode
input frames’ body part-wise deformations, and consistency filtrations over F’s model system subgraph

geometrically track deformation intensity across local-to-global scales. This means that similarly deformed
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frames should have similar consistency filtrations, facilitating reference frame retrieval subject to specified

body part-wise applications of Principles of Animation.

GENEO sheaves inherit sheaves’ ability to extrapolate missing information from available data
by leveraging part-wise relationships between subsystems [173, 143]. Feasible states of an unobserved
subsystem are constrained by the observed states of its related subsystems, alongside the nature of these
subsystem relationships. Comparably, human vision resolves ambiguities arising from object occlusion
through inferences made from nearby geometric data [228, 46] and part-wise relationships between visual
features [73, 215]. These strategies also support other types of visual ambiguity resolution [182], potentially
including animators’ possible ability to constrain their perceptions of distorted body part pose using nearby
perceptual cues, as theorized in our Experiment 2 Discussion. When estimating hand-drawn character
pose, F leverages perceptual cues and body motion constraints salient to the aforementioned kinds of
visual ambiguity resolution. In practice, this should facilitate reasonable handling of body part-wise

occlusion over articulate motion and perceptually-based pose estimation on distorted body parts.

Perceptual cue inconsistency Our Experiment 2 findings indicate that in order to anticipate animators’
varied subjective pose perceptions for a given frame, F must detect perceptual cue inconsistencies. Although
Lé always converges to a pose estimate optimally satisfying all perceptual cues in any given frame, frames
with cue inconsistencies may have empty spaces of Hg-harmonic extensions [275]. To reconstruct an
inconsistent frame’s space of perceptually feasible poses, a consistency filtration can be computed after data
fusion over the subgraph of input material feature patches and their adjacent 3D bones. High-inconsistency
areas show where perceptual cues disagree with the pose estimate, localizing cue inconsistencies to specific
body parts. The space of feasible pose perceptions is found by weighting Dg, to locally relax similarity
thresholds over inconsistent body parts, then finding poses sufficiently Dg,-similar to the frame’s pose
estimate. This models body part-wise differences in the subjectivity of animators’ pose perceptions for a
single frame, as observed in Experiment 2. Existing pose estimates for frames with similar inconsistency
cases can also be used to infer possible pose perceptions for a given input frame, especially when other

frames have additional perceptual cues better constraining the inconsistent body part’s feasible poses.

Multiresolution isometry invariance Retinal image data undergoes myriad representational trans-
formations during passage between and analysis within lower- and higher-level visual brain areas. Because
symmetries on visual data generally induce corresponding symmetries on perceptual interpretations of
its representational meaning [258], representational transformations must preserve visual symmetries;
that is, human vision exhibits equivariance. Analogously, restriction GENEO equivariance underpins
GENEO sheaf data fusion equivariance (Theorems 4.4.8 and 4.4.12), modeling how symmetries’ perceptual
meanings heterogeneously transform alongside data representations as information passes through the
visual system. Heterogeneous equivariance is a core component of visual abstraction, enabling animators to
convey a camera-parallel limb rotation in SO(3) by isometrically rotating the limb’s representative regions
in SO(2) across a sequence of frames. Moreover, our Experiment 1 (Section 3.1) findings alongside artists’
multiresolution perceptual acuity [54, 53] imply that animators’ RFQ perception is moderately equivariant
to heterogeneous multiresolution isometries on hand-drawn frames, modeled by stalk symmetries (body

part-wise rotation/reflection) and stalk permutations (cross-body reflections) on F (Figure 4.13).

The GENEO sheaf ground-truth pseudometric dg, (Equation 4.22) fluently captures animators’
RFQ perception equivariance and can be weighted to favor certain symmetries g € G, tailoring reference
frame retrieval to animators’ perceptual preferences and technical working environment. For instance,
frames differing from the desired pose by small limb rotation or full-body reflection (which animators

can reflect on their computers, improving RFQ) can be prioritized, while those differing by large local
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isometries are disregarded, comporting with Experiment 1’s results. However, Experiment 1 reveals that
animators’ RFQ perception can strongly depend on frames’ material rather than depicted feature similarity
(Figure 3.2). Comparing region geometry and topology across hundreds of frames for each reference frame
query would be extraordinarily inefficient. Because GENEO sheaf data fusion equivariance ensures that
R? frame isometries are faithfully converted into corresponding R3 pose isometries during pose estimation
on F, efficient pose estimate comparisons provably approximate cumbersome material feature comparisons
during reference frame retrieval. Additionally, restricting dg, to particular subgraphs will support body
part-specific reference frame retrieval, allowing animators to accrue high-quality body part-wise reference

frames when, as is often the case, a suitable full-body reference frame does not exist.

Equivariance can also support study of relationships between frames’ material and depicted features.
As Experiment 1 (Section 3.1) suggests that animators’” RFQ perception is best modeled by flexibly
combining depicted and material feature metrics, dg, can be dynamically weighted to prioritize pose
similarity, region shape similarity, or some combination of the two. Various spaces of related frames
generated by different weightings of dg, can then be compared to systematically study relationships
between frames’ material and depicted features with respect to animators’ RFQ perception. To enhance
this analysis, future perceptual studies on animators can be conducted to identify weightings especially
salient to RFQ perception. This can also be persued for other GENEO sheaf pseudometrics and other

frame perception tasks.

Because human vision involves part-wise relationship comprehension, prior knowledge injection,
and abstract visual reasoning, multiresolution symmetries are understood both representationally and
functionally. For instance, humans can understand region rotations as representing limb rotations, as well
as determine whether a certain volumetric limb rotation is physically feasible within a frame’s depicted
pose. While GENEO sheaves cannot yet fully emulate the depths of human visual reasoning, the physical
feasibility of applying symmetry g € G to pose ¢ can be determined by comparing consistency filtrations
for ¢ and ¢ o g. When g is a stalk symmetry, analyzing F’s g-reachable subgraph for ¢ o g reveals body
parts whose local poses may change under Ly while restoring global pose feasibility. Given sheaves’ success
in knowledge and logic modeling [257, 132|, extending these capabilities to higher-level abstract reasoning

presents promising paths for future work.

4.6.2 RFQ GENEO Sheaves for Hand-drawn Character Pose Estimation

To demonstrate GENEO sheaves’ utility, computationally corroborate our theoretical results, and illustrate
our GENEO sheaf perceptual model’s viability, we present a proof-of-concept GENEO sheaf implementation
estimating 3D arm poses depicted in Cartoon Saloon hand-drawn frames. Despite our implementation’s sim-
plicity, we showcase key features of our conceptual and analytical framework, including GENEO sheaf data
fusion, stalk symmetry equivariance, and integrated lower- and higher-level visual processing. We focus on
the arm because it is a structurally simple yet highly articulate body part, allowing us to test a wide variety
of complex poses. Because we test the arm in isolation and model only one type of lower-level visual process-
ing (occluding contour extraction) and higher-level visual processing (elbow pose feasibility), respectively,
we lack the majority of visual information we intend to leverage in our forthcoming full-body implementa-
tion. Consequently, we test synthetic arm regions rather than arm regions from real hand-drawn frames,
as our current implementation lacks the analytical features needed to accommodate the latter. However,

our test cases were inspired by real Wolfwalkers frames, which appear alongside our results (Figure 4.11).
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Implementation In our RFQ GENEO sheaf (Figure 4.10), real-world
sensor observations comprise respective 2D pixel images u and [ of synthetic
upper and lower arm regions, while model sensor observations comprise
respective 3D cylinder meshes U and L representing upper and lower arm
bones. Pose estimation involves heterogeneous data fusion on 2D regions
and 3D bones; that is, we take the Hp-harmonic extension of input arm
regions to the rest of the RFQ GENEO sheaf.

We construct GENEO sheaf F on (arbitrarily directed) graph I =
(V(I), E(I")) with V(I') = {u, !, U, L} and E(T') = {4, j, k}. Given
a fixed camera position ¢ € R? along the Z-axis, we evaluate visual
similarity between each 2D region and its corresponding 3D bone on edges
t=u— U and j =1 — L, respectively. On edge k = L — U, we evaluate
3D arm pose feasibility with respect to elbow joint motion constraints. F

has vertex perception pair stalks:

o (D, Autg, (X,)) at 2D region vertices v € {I, u}, with ®, = {¢p, :

X, —[0,1]} and X, = {(z,y) € R? : |z + y| + |x — y| < s}, and P,
comprising 2D binary pixel images of width and length s,

Figure 4.9: RFQ GENEO
sheaf left and right arm pose
estimates (bottom) for a hand-

drawn frame (top).

o (P, Autg, (Xv)) at 3D bone vertices V € {L, U}, with &y = {¢y : Xy — [0,1]} for Xy = R3

such that for 3D mesh my,

1 if (z,y,2) lies on my’s surface

Yv (l‘, Y, Z) = .
0 otherwise

and edge perception pair stalks:

o (U,, Auty, (Y.)) at edges e € {i, j} evaluating bone/region visual similarity, with ¥, = {¢. : Y, —

[0,1]} for Y, = {(x,y) € R? : |z + y| + |z — y| < s}, and ¥, comprising 2D binary pixel images of

width and length s,

o (U, Auty, (V1)) at edge k evaluating elbow joint constraints, with ¥y = {¢ : ¥ — [0,1]} for

Y}, = R? such that for 3D mesh my,

1 if (x,y, 2) lies on my’s surface

1/% (1’, Y, Z) =
0 otherwise

Meshes my, and my are tapered cylinders representing lower and upper arm bones, and mesh my is a

straight line segment in R3.

F has the following restriction GENEOs:

(Fugi, Tugi) : (Pu, SO(2)) = (¥;, SO(2)), such that F,q; extracts 2D keypoints along the sides of
upper arm region ¢, and T, is trivial.

(Fuai, Tuai) + (Pu, SO(Pyy)) — (U;, SO(2)), such that Fyg; extracts the occluding contour (Equa-
tion 4.31) of upper arm bone ¢ for camera position ¢, projects the contour to R?, and returns 2D
side keypoints. Ty, is the natural homomorphism from rotations in the XY -plane Py, C R3 to
SO(2).

(Flaj, Tiaj) = (®1, SO(2)) = (¥4, SO(2)), such that F;; extracts 2D keypoints along the top and

bottom edges of lower arm region ¢;, and T} is trivial.
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Figure 4.10: Diagram of our RFQ GENEO sheaf implementation, addressing the problem of 3D (arm) pose

estimation on 2D hand-drawn animation frames.

o (Fraj, Traj) : (®r, SO(Py)) — (¥, SO(2)), such that Fpry; extracts the occluding contour
(Equation 4.31) of lower arm bone 7, for camera position ¢, projects the contour to R?, and returns

2D top and bottom edge keypoints. Tp; is the natural homomorphism from rotations in the
XY-plane Py, C R3 to SO(2).

o (Frak, Trar) + (®r, E(3)) = (Wi, E(3)) and (Fuak, Tuek) ¢ (Pu, E(3)) = (Vk, E(3)), such that
both Fr g, and Fygy extract the directed center axis line segment for their respective input bones

wr € ®1, and ¢y € Pry. Both Tro, and Ty are trivial.

For point p on a given 3D surface, its surface normal n, and camera position ¢ € R3, the occluding
contour is computed as
1ifn-(c=p =0
O(p) = (4.31)

0 otherwise

Before proceeding, we informally confirm that F’s restriction GENEOs are in fact GENEOs. Proving
equivariance is straightforward, since all restriction GENEO homomorphisms are either trivial or natural.
To show non-expansivity, we observe that each restriction GENEO decreases dissimilarity between any pair
of inputs. Specifically, different 2D shapes can have equivalent sets of edge and side keypoints, different
3D surfaces can have equivalent occluding contours, and cylinders of different circumferences can have

equivalent center axis line segments.

We implemented F in Python with Vedo [106] for 3D mesh processing, and tested our method on 32
pairs of synthetic upper and lower arm regions. Regions were generated by projecting upper and lower 3D
bone meshes positioned to match arm poses from real hand-drawn animation frames from Wolfwalkers
(Figure 4.9, top), and depicted a wide variety of arm poses. All frames depicted the same character, and

side/edge keypoint restriction GENEOs were defined subject to the character’s design.

3D pose estimation on each input region pair was performed via GENEO sheaf data fusion: for
subgraph A C T of raw sensor observations with V(A4) = {l, u}, E(4) = 0, we take the Hg-harmonic
extension of pa to the rest of I' via A-restricted dynamics Li of the GENEO sheaf Laplacian Lg. Once
Lé converges, the model system state ¢p for model system subgraph B =T'\ A gives our output arm pose
estimate oy Uy, for {U, L} = V(B); that is, the union of respective upper and lower arm bone subsystem

states. Unlike a typical 3D character rig, bone meshes my and my, are not hierarchically connected, nor
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do they reside in a shared 3D space. Rather, my and my, are localized to their respective vertex stalks
and housed within respective 3D spaces Xy and X, interacting only when consistency between their
center axis line segments is evaluated subject to elbow motion constraints in Wy. Elbow constraints are

thus both angular and positional.

As discussed in Section 2.3, estimating hand-drawn character pose by fitting preexisting 3D body
geometry to each input frame [25, 39] can yield degenerate results (Figure 2.33). This is because, as seen
in Experiment 2, hand-drawn characters’ body geometry is extremely fluid, undergoing ceaseless minor
alterations during pose resolution alongside frequent overt distortion from Principles of Animation. Human
vision effortlessly handles these irregularities precisely because it does not employ geometry-fitting [212].
Instead, vision leverages multiresolution data integration and part-wise relational reasoning to obtain
globally cohesive geometric comprehension from geometrically incongruous visual data, as illustrated by
the Kanizsa triangle illusion (Figure 4.12). By allowing local character geometry to self-assemble into a
globally cohesive pose estimate according to both low-level shape and high-level relational cues, our RFQ
GENEO sheaf faithfully models key facets of human vision and is well-equipped to handle volatile and

inconsistent character geometry.

Hand-drawn frame | Input synthetic frame | Output GENEO sheaf pose Hand-drawn frame | Input synthetic frame Output GENEO sheaf pose

Figure 4.11: Example 3D arm pose estimates from our RFQ GENEO sheaf implementation, shown alongside
input pairs of synthetic upper and lower arm regions, as well as the Wolfwalkers frames on which they are based.

Complete results are available in Appendix A.
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Complete results of our implementation tests are available in Appendix A.

e /\ , While formal evaluation of our results was not possible due to lack of suitable
perceptual metrics and 3D pose baselines for hand-drawn frames, we obtained

L A satisfactory arm pose estimates in every case tested. Our results validate GENEO
sheaves as a suitable framework for 3D pose estimation of hand-drawn characters,

“ and confirm that the basic premises of our conceptual GENEO sheaf model of

RFQ perception (Section 4.6.1) behave as expected. They also demonstrate the

Figure 4.12: Kanizsa real-world efficacy of our GENEO sheaf data fusion algorithm (Conjecture 4.3.2 and
triangle illusion. Theorem 4.3.5), which is the first sheaf Laplacian-based fusion algorithm capable
of integrating heterogeneous non-vector data representations across nonlinear

subsystem relationships. Our work improves upon the expressivity of prior sheaf Laplacian formulations
[154, 32|, but is less efficient than these formulations due to the higher complexity of the data that we
process. However, our algorithm’s demonstrated efficacy suggests many desirable paths for future work,
such as spectral analysis on GENEO sheaves, which could build upon hand-drawn animation technology

research’s growing interest in spectral methods (Section 2.6).

Although our implemented GENEO sheaf was not large enough to thoroughly test all facets of
heterogeneous multiresolution equivariance, our results suggest that data fusion is equivariant to stalk
symmetries (Theorem 4.4.8) and stalk permutations (Theorem 4.4.12), computationally modeling our
Experiment 1 findings (Section 3.1). In particular, the frame pair shown in Figure 4.13’s right column
was tested in Experiment 1, achieving an average RFQ rating of 6.4 out of 7, the 2"? highest rating of
all 54 frame pairs tested. An Experiment 1 frame pair comparable to Figure 4.13’s left column (Figure
1.4, top left) was also tested, achieving the 3" highest average RFQ rating of 6.36. Simply put, our
results indicate that input 2D regions differing by a 2D isometry yield output 3D poses differing by a

corresponding 3D isometry.

Computational evidence of GENEOQO sheaf data fusion equivariance implies several key points. First,
our RFQ GENEO sheaf’s ability to model our Experiment 1 findings substantiate GENEO sheaves as
viable perceptual computing framework. Second and most crucially, our RFQ GENEO sheaf’s faithful
conversion of local R? isometries on frames into corresponding local R? isometries on pose estimates
ensures that pose estimate comparison up to ground-truth pseudometric dg, can approximate material
frame feature comparison up to dg.. Then, as discussed in the previous subsection, our reference frame
retrieval system can use pose estimates as computationally efficient proxies for assessing the geometric

and topological perceptual cues found to be salient to animators’ frame perception in Experiments 1 and

Hand-drawn frame Input synthetic frame Output GENEO sheaf pose Hand-drawn frame | Input synthetic frame Output GENEO sheaf pose

s

Figure 4.13: Results of our RFQ GENEO sheaf implementation indicating that stalk symmetries (left column)

and stalk permutations (right column) computationally behave as anticipated by Theorems 4.4.8 and 4.4.12.
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2. Heterogeneous multiresolution equivariance thus establishes the stability between frames’ material and
depicted features described in Chapter 2’s Discussion. From this stability, material and depicted feature
relationships can emerge naturally as described in the previous subsection, rather than being hard-coded
into our analysis framework. Moreover, by comparing pose estimates up to multiresolution isometry,
our reference frame retrieval system should be able to return frames preserving director-approved pose

resolution strategies relevant to the given input query.

Our results successfully demonstrate body part-wise pose estimation, implying that RFQ GENEO
sheaves will function as truly local-to-global pose estimators. Our framework emulates key traits of human
vision — like visual composability and decomposability, part-wise structural and functional relationship
comprehension, and multiresolution perceptual acuity — which appeared to play pivotal roles in animators’
frame perception during Experiments 1 and 2. Unlike DNN-based pose estimators, many of which lack these
traits and thus struggle on partial-body frames, these and other perceptual factors influencing animators’
RFQ perception are explainably and controllably programmed into F’s mathematical construction. In
future, we expect F’s multiresolution visual acuity to fluently handle both partial-body and full-body

frames and, eventually, to support body part-wise reference frame retrieval queries.

Limitations Our RFQ GENEO sheaf’s most significant limitation is that body structure and character
design must be encoded into F prior to analysis, making our method less dynamic than other hand-drawn
character pose estimators. Consequently, RFQ GENEO sheaves must be manually defined for each
model sheet, although we expect this process to become partially automatable in future. Note that
DNN-based HPE methods for hand-drawn characters also tend to require substantial manual set-up, as
they may need training on hundreds or thousands of manually annotated frames to achieve high-quality
performance. Our current implementation fails when the arm is highly foreshortened, although this issue
is not systemic. It is caused by keypoint overlaps, and can be addressed by improving our restriction
GENEO formulations. Unlike other HPE methods, F is not a combined body part recognition and pose
estimation framework, meaning that body part identification will need to be computed separately in
order to define p4. Although our implementation of Lg exhibits the convergence behavior described by
Conjecture 4.3.2, a full proof of this Conjecture will be formulated in future work to guarantee that this
behavior persists in all circumstances. Convergence of Lé is reasonably efficient in our implementation
(and can be made more so), but not as fast as DNN-based pose estimators. In practice, however, this
should not be a problem since animators can only draw so many frames in a day, and pose estimation can
run overnight on studio servers. Despite these drawbacks in comparison to DNN-based pose estimators,
we note that both sheaves and GENEOs are highly compatible with DNNs [150, 20, 32]. Therefore in
future, we will likely be able to integrate learning-based approaches into our RFQ GENEO sheaf while

retaining its existing advantages over purely DNN-based HPE approaches for hand-drawn frames.

4.6.3 Proposed Industry Pipeline

We conclude by overviewing how our proposed RFQ GENEO sheaf-based reference frame retrieval system
will integrate into hand-drawn animation studios’ film production pipelines. Although building our
proof-of-concept implementation into a complete reference frame retrieval system will take considerable
time and effort, a plan for its eventual deployment in an industry setting has already been carefully
developed through long-running collaboration with Cartoon Saloon animators and technical personnel. As
discussed throughout this thesis, a key shortcoming of many existing hand-drawn animation technologies
is their incompatibilities with professional animators’ artistic and technical needs. Technologies also

might conflict with hand-drawn studios’ established software ecosystems, data management protocols,
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and technological best-practices painstakingly developed over years of trial-and-error. It is therefore
essential for hand-drawn animation technology researchers to work with animators and studios directly

when conceiving their research goals to ensure their output is tailored to industry needs.

Our pipeline design makes reasonable assumptions about the softwares and file structures of other
hand-drawn studios. However, each studio’s technology usage is unique, and in-house software developers
frequently customize general-purpose technologies to the studio’s preferences. Our proposed pipeline is
based on Cartoon Saloon’s technology usage, but easily generalizes to other studios’ technical set-ups,
particularly with assistance from in-house software developers. Technical specifications, such as animation
file layer names, can be enacted by studios to comport with our proposed pipeline; it is usual for studios

to undertake low-effort technical protocols in order to use specific software.
Our proposed hand-drawn studio reference frame retrieval system pipeline is as follows:

1. Animation supervisor or film director approves an animation scene, comprising uncolored hand-drawn
animation frames. Approval is typically recorded in studios’ production tracking softwares, such as
Shotgrid.

2. Approval triggers a customized computer program linked to the production tracking software, which

obtains the approved scene’s animation file from within the studio’s file system.

3. Frames are extracted from the animation file via the proprietary compositing program used for
data selection in Experiments 1 and 2 (Sections 3.1 and 3.2), assuming the animation file’s layers
are labeled by depicted character name. If a frame depicts multiple characters, the compositing
program separates them into different frames according to the animation file’s layer names. If
multiple characters are drawn on the same layer, a face detector such as [291, 165] can be used
to identify characters’ faces, and diffusion-based RAG comprehension can serve to identify each

character’s body.

4. For each frame, a combination of HRNet 2D pose estimation trained on Human-Art [174], sheaf-based
shape recognition, and existing proprietary frame processing programs identifies body parts for each

character and extracts their local depictions.

5. Each frame’s set of local body part depictions are inputted into an RFQ GENEO sheaf specific to the
given character design, which is determined from the production tracking software’s metadata for the

given scene. 3D pose estimation is performed analogously to our proof-of-concept implementation.

6. Frames and their pose estimates are stored in a database on studio servers, which can be queried by
our reference frame retrieval system. Because GENEOQO sheaves require no training, our system will
be usable early in production.

7. To retrieve a reference frame, users pose a 3D rig like the one used in Experiment 2 (Figure 3.6) to
match their desired pose, then optionally customize their query according to desired body part(s),
multiresolution isometry preferences, body part-wise distortion preferences, and more.

8. The reference frame retrieval system queries the frame/pose database via GENEO sheaf pseudometrics
relevant to the given query.

9. Upon retrieving a set of frames matching search conditions, users can select particular frames to see

additional results visually similar to the selected frame.

Fach character design’s associated RFQ GENEO sheaf will be designed through collaboration
between in-house software developers and character designers before production begins. Each RFQ
GENEO sheaf will primarily employ restriction GENEOs from a predefined library of simple perceptual

cue evaluation functions, including occluding contour extractors, body part self-contact detectors, and
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joint motion constraints. These will be applied to particular body parts subject to the given character
design, with custom restriction GENEOs defined as needed. We aim to eventually devise automated
RFQ GENEO sheaf construction directly from model sheets (Figure 1.1) and accompanying body part

identification annotations on model sheets supplied by character designers.

Although a fully automated RFQ GENEO sheaf construction and reference frame retrieval system
pipeline will involve considerable future work, our proposed pipeline requires minimal interaction from
professional animators and other artistic personnel, avoiding interference with studios’ established artistic
and technical workflows. Cartoon Saloon character designers confirm that the aforementioned annotations
are easily supplied, unlike the hundreds of skeleton-annotated training frames requisite for most DNN-
based pose estimators; such substantial user interventions may conflict with production schedules and
personnel budgets. Even if we are unable to fully automate our pipeline, the manual interventions will
be performed by hand-drawn studios’ in-house software developers, rather than artistic personnel. Since
software developers are already responsible for in-house software customization, this division of labor

aligns well with existing professional responsibilities within hand-drawn studios.

4.7 Discussion

GENEO sheaves offer the first comprehensive theoretical and computational unification of heterogeneous
data fusion and equivariant data analysis, two influential yet largely separate data analytical perspectives.
Both perspectives primarily reside within the increasingly prominent field of Geometric Deep Learning
(GDL), which exploits topological and algebraic structures to model properties and behavior of real-world
data [42]. Interestingly, GDL shares parallels with hand-drawn animation technology research: both fields
model real-world systems as mathematical structures, which capture many essential system features and
offer deep insights into system behavior, but can also limit modeling and analytical flexibility. However,
TDA is increasingly enhancing already successful mathematical approaches to data analysis by deepening
and interconnecting their underlying topological ideas, often vastly improving analytical capabilities and
mitigating practical limitations. Sheaves and GENEOs are both prime examples of this phenomenon,
with the former substantially enhancing graph neural networks’ (GNNs) expressivity [150] and the latter

enabling explainable EqQNN construction for any selection of symmetry groups [20].

GENEO sheaves continue this path of inquiry, offering a novel mathematical setting in which systems
too complex for either sheaves or GENEOs can be explainably modeled and evaluated. GENEO sheaf
equivariance underpins the first Laplacian-based data fusion algorithm for non-cellular sheaves, integrating
heterogeneous function-valued subsystem data via nonlinear maps encoding subsystem relationships.
Our novel theory of heterogeneous multiresolution equivariance stitches together subsystems’ local data,
relationships, and behavior into a global system model. This enables fine-tuned subsystem modulation,
local-to-global subsystem influence tracking, and guaranteed preservation of heterogeneous multiresolution
symmetries during GENEO sheaf data fusion. Established sheaf and GENEO pseudometrics meld into
customizable, symmetry-aware comparison and consistency evaluation mechanisms for GENEO sheaf
data, facilitating a wide variety of insights into system behavior. GENEO sheaves’ mathematical depth
fluently translates into conceptual depth, showcased by our model of RFQ perception. These features
present considerable opportunities for further theoretical development, including GENEO sheaf Laplacian
dynamics [154], restriction GENEO construction algorithms [79], and maps between GENEO sheaves on
different graphs [2, 151].

GENEO sheaves invite myriad potential applications, following from and expanding upon sheaves’

and GENEOs’ many respective use cases. GENEO sheaves suit any application involving well-understood
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systems that can be modeled computationally, especially those with heterogeneous subsystem data and
behavior. As our own application illustrates, GENEO sheaves leverage prior knowledge of the system to
extrapolate its state from sparse or soft — as well as noisy or uncertain — sensor observations. Our use
case directly extends to human pose estimation from photos and videos, motion capture analysis, action
recognition, and 2D-to-3D reconstruction. Sheaf-based scene analysis from image, text, and numerical
data [271] may benefit from GENEO sheaves’ superior visual data handling, prospectively aiding 3D scene
reconstruction and generation, medical imaging analysis, and object recognition. Sheaves [288], GENEOs
[28], and related frameworks [281] all succeed in molecular analysis, laying groundwork for GENEO
sheaf macromolecular modeling and drug design. This dovetails with GENEO sheaves’ suitability for
decomposable systems of interchangeable subparts, indicating avenues into protein folding, nanotechnology,

and self-assembling robotics.

While many of these applications follow naturally from our own application to RFQ analysis, broader
paths of inquiry exist. GENEO sheaves fall within the purview of Topological Signal Processing, a subfield
of TDA employing topological structures and techniques to evaluate sensor data [270]. GENEO sheaf
approaches in this vein may enhance GENEO-based subgraph classification [2] and sheaf-based uncertainty
quantification [143], satellite synchronization [273], object tracking [287], and knowledge modeling [132, 257].
Yet the most promising research directions may stem from adapting sheaf and GENEO neural network
formulations [20, 152, 13] to GENEO sheaves. As discussed, the key limitations of our GENEO sheaf
computational model are its mathematical complexity and user-specified construction, both of which
restrict scalability. Such limitations are common in geometric and topological data analysis frameworks,
but are effectively addressed by integrating deep learning functionality. The resulting GDL and Topological
Deep Learning (TDL) models can reconstruct sophisticated mathematical machinery from sparse, user-
defined mathematical constraints, vastly improving scalability and off-the-shelf applicability [32, 15].
GDL and TDL models also exhibit critical advantages over standard DNNs, including controllability,
explainability, generalizability, higher-order relational reasoning, decreased training needs, and significant
parameter reduction [42, 246, 28, 20].

The growing success of GDL and TDL sheds light on GENEO sheaves’ analytical and computational
potential. Like prior syntheses of TDA and DNNs, we can reasonably expect GENEO sheaf neural
networks (GSNNs) to ameliorate GENEO sheaves’ present scalability limitations. While EqNNs are
restricted to global modulation and analysis of symmetries common to all subsystems, heterogeneous
multiresolution equivariance represents, modulates, propagates, and tracks diverse subsystem symmetries
across multiple system resolutions. Alongside sheaf neural networks’ established representational, relational,
and dynamical advantages over GNNs, heterogeneous multiresolution equivariance may enable entirely
novel modes of machine learning. Like other GDL and TDL models, GSNN learning will be highly
explainable and controllable, potentially addressing increasingly prominent transparency and efficiency
challenges within real-world deep learning sectors. Massive training needs, data center construction
regulation, energy consumption concerns, hardware limitations, and raw materials availability will further
galvanize interest in explainable and controllable DNNs in coming years, especially as DNNs’ analytical
limitations become increasingly clear (Section 2.4.2). In particular, GSNNs adapted from RFQ GENEO
sheaves may guaranteeably imbue learning-based computer vision with human-like visual processing,
including shape awareness, part-wise relationship comprehension, multiresolution data integration, and

abstract visual reasoning.
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4.8 Conclusions

This chapter synthesizes insights into hand-drawn animation technology presented throughout Chapters
2 and 3 into a novel data analytical framework. It endeavors to answer Research Question 3 of this
thesis (Section 1.2) — that is, how perceptual factors influencing animators’ RF(Q perception can be
computationally modeled to systematically compare hand-drawn frames. To contextualize this chapter’s
contributions, recall that Chapter 2 established how hand-drawn animation technology research often
focuses on processing and manipulating frames’ material features without robustly relating them to
depicted pose. Meanwhile, Chapter 3’s experimental findings reveal that relationships between frames’
material and depicted features influence animators’ RFQ perception and perception of hand-drawn
characters’ volumetric poses. However, these relationships can be so subtle and complex that even
expert animators learn them gradually throughout production, rather than innately and instantaneously
comprehending them. Moreover, pose resolution strategy preservation, dual material and depicted feature
similarity awareness, visual composability and decomposability, pose interpretation subjectivity, and
multiresolution perceptual cue integration, and cue consistency evaluation all appear relevant to animators’
RFQ perception. Then, by computationally modeling these perceptual factors, it becomes possible to

capture perceptually salient aspects of relationships between frames’ material and depicted features.

Chapter 2’s state-of-the-art review finds that especially successful trends in hand-drawn animation
technology comport precisely with this strategy. Sophisticated topological frame processing techniques
yield superior usability and visual results, which we attribute to their primitive emulation of some of the
perceptual factors described above, from which the crucial relationships between material and depicted
features emerge. This chapter substantially advances this strategy, presenting the first application of
TDA to hand-drawn animation technology. By anchoring our work in perceptual factors directly linked to
relationships between material and depicted features, we are able to select advanced topological approaches
precisely expressing the perceptual qualities — and thus, the feature relationships — we aim to model.
This strategy proves successful, yielding a deep, unified mathematical and computational framework
modeling perceptual factors salient to animators’ RFQ perception. Our proof-of-concept implementation
demonstrates this success by leveraging these modeled perceptual factors to accurately infer depicted
pose from material frame features. This indicates that our topology-based perceptual modeling approach
captures relationships between frames’ material and depicted features, as intended. Furthermore, RFQ
GENEO sheaves’ perceptually-based data analytical metrics and tools enable not only modeling, but
intentional exploitation and modulation of these perceptual factors, supporting perceptually-based RFQ

analysis and, in future, reference frame retrieval.

Our novel theory of heterogeneous multiresolution equivariance and novel heterogeneous data fusion
algorithm form the bridge between frames’ material and depicted features within our RFQ GENEO
sheaf framework. While restriction GENEOs extract local physical pose information symbolized by
each material perceptual cue, harmonic extension fuses this local information together into a globally
cohesive understanding of depicted pose. This process was essential to our Experiment 2 (Section 3.2)
findings, underpinning both pose perception subjectivity and perceptual cue (in)consistency’s impact
on pose perception. For each frame’s material features, our data fusion algorithm is designed to find a
pose interpretation optimally satisfying both material features’ symbolic meanings and humans’ innate
understandings of volumetric form, functional relationships between body parts, and spatial reasoning
informing occlusion and self-contact perception. Concurrently, heterogeneous multiresolution equivariance
ensures that relationships between frames’ material features — specifically, those Experiment 1 (Section
3.1) found salient to RFQ perception — faithfully translate into corresponding relationships between

frames’ pose estimates, enabling pose similarity to efficiently approximate material feature similarity
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during RFQ analysis. Heterogeneous multiresolution equivariance thus establishes a stable relationship
between material and depicted features; in practice, this stability underpins our perception of hand-drawn
characters as having ground-truth physical representations, despite no such representations existing. As
discussed throughout Section 4.6, unifying heterogeneous data fusion and heterogeneous multiresolution
equivariance supports deep investigation of further connections between material and depicted features
within our RFQ GENEO sheaf framework.
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Chapter 5

Conclusions

This thesis approaches a single problem — the stagnation of technological advancements within the
hand-drawn animation industry — from three distinct yet interconnected perspectives: methodological,
psychological, and mathematical. The first investigates the present state of hand-drawn animation technol-
ogy research, seeking explanations for hand-drawn studios’ frequent disinterest in the field’s technological
outputs. The second studies perceptual factors influencing professional hand-drawn animators’ artistic
and technical workflows, aiming to improve hand-drawn animation technology researchers’ understandings
of animators’ practical needs. The third constructs a novel data analytical framework, building upon suc-
cessful hand-drawn animation technology research approaches — specifically, those strategically deploying
advanced topological ideas — to computationally modeling our perceptual findings, tailoring our framework
to industry needs. The latter two perspectives concern a particular research objective: understanding
and systematically modeling animators’ perception of reference frame quality, supporting our ultimate
aim of building a reference frame retrieval system for hand-drawn studios. This chapter overviews our

contributions, findings, and directions for future work.

5.1 Contributions

As detailed throughout our review of the field (Section 2.2), hand-drawn animation technology research has
long understood hand-drawn frames as topological spaces. Yet researchers primarily utilize basic topological
constructs, which offer limited conceptual and computational expressivity when processing hand-drawn
frames. While TDA is dramatically improving the computability of mathematically sophisticated and
conceptually expressive topological ideas, these advancements have yet to permeate hand-drawn animation
technology research. Moreover, despite topology’s immense popularity and success in hand-drawn frame
processing, prior work has not thoroughly addressed why connections between topology and hand-drawn
animation exist, what can be learned from them, and how they can be strategically cultivated to allay
challenges plaguing the field. This thesis takes initial steps towards addressing these knowledge gaps,
investigating and interconnecting artistic, mathematical, perceptual, and computational dimensions of

relationships between hand-drawn animation and topology.

By surveying hand-drawn animation technology through the novel, dual lens of its topological
foundations alongside artistic and practical insights from industry experts, we find that present research
principally focuses on hand-drawn frames’ material stroke/region features without systematically relating
them to characters’ depicted volumetric pose features. Throughout Chapter 2, we discuss the process

whereby characters’ depicted body topology/geometry dictates their articulate motion over hand-drawn
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frames, inducing material feature changes. In turn, material changes are perceived as depicting volumetric
articulate body motion. Without automatic strategies for relating frames’ depicted and material features,
frame processing methods cannot anticipate perceptually coherent material feature changes, nor interpret
volumetric meanings of complex material feature relationships. Instead, many methods require frequent
and meticulous user interventions which may negatively impact animators’ artistry, studio workflows,
production schedules, and budgets. For instance, Mark Mullery describes how performing manual stroke
correspondence and depth ordering could deplete animators’ energy for artistic tasks, which may deter
industry uptake of softwares involving such interventions (Appendix B). Yet methods employing creative
or advanced topological techniques often more effectively relate frames’ material and depicted features,
outperforming naive topological methods. Such techniques emulate aspects of human vision likely vital to

hand-drawn frame perception.

Therefore, to develop topological frame processing solutions tailored to industry needs, perceptual
mechanisms underpinning professional animators’ artistic processes must be well-understood. Though line
drawing perception and professional artists’ perception have been rigorously studied, we contribute the
first controlled experiments investigating perceptual factors practically impacting professional animators’
visual understandings of their own artistic work. We focus specifically on animators’ RFQ perception, with
our findings guiding design of our RFQ analysis framework. From our joint topological and industry-based
understanding of hand-drawn frames, we propose a novel set of perceptual cues — geometric, topological,
and motion — for systematic frame classification and comparison within our experiments. Our experimental
findings substantiate these cues’ perceptual saliency, dovetailing with our state-of-the-art review findings.
Experiment 1 (Section 3.1) finds that animators’ RFQ perception is moderately invariant to local, body
part-wise isometry — likely generalizing to multiresolution isometry invariance on collections of body parts —
indicating that material feature preservation positively influences animators’ RFQ perception. Experiment
2 (Section 3.2) finds evidence that animators’ perceptions of frames’ depicted poses grow more subjective

as perceptual cue consistency decreases.

Together, our findings illuminate several insights into animators’ hand-drawn frame perception. First,
relationships between frames’ material and depicted features are challenging even for animators, as frame
perception experts, to discern. This explains why isometry — which uniquely preserves director-approved
pose resolution strategies — predicts RFQ more reliably than pose similarity. Animators thus collaboratively
craft and learn relationships between material and depicted frame features throughout production, rather
innately understanding such relationships by virtue of their expertise. Yet these relationships’ perceptual
clarity depends upon the consistency of pose information conveyed by related cues, with inconsistencies
degrading animators’ pose perception uniformity. Understanding animators’ frame perception thus involves
understanding how depicted volumetric pose interpretations form via multiresolution integration of visual

information conveyed by local material features.

Our insights into hand-drawn animation technology research and professional animators’ frame
perception culminate in our novel topological model of RFQ perception, designed to underpin a future
reference frame retrieval system for hand-drawn studios. We contribute RFQ GENEO sheaves (Section
4.6), a new TDA frame processing framework advancing hand-drawn animation technology’s burgeoning
trends towards TDA-based perceptual modeling. Unlike DNNs, RFQ GENEO sheaves explainably
relate frames’ material and depicted features through known tenets of visual perception, leveraging our
proposed perceptual cues to estimate hand-drawn characters’ depicted 3D body poses without any prior
training. RFQ GENEO sheaves’ data analysis and comparison tools computationally model our perceptual
experiment findings, including multiresolution isometry-invariant frame comparison, material and depicted

feature relationship awareness, perceptual cue (in)consistency detection, functional part-wise relationship
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comprehension, and pose perception subjectivity. In practice, these capabilities will provide numerous
advantages over DNN-based frame processing, including usability early in production, pose estimation for
both partial-body and full-body frames, pose resolution strategy retrieval up to multiresolution isometry,
and fluent accommodation of Principles of Animation. This will support development of our RFQ GENEO

sheaf-based reference frame retrieval system tailored to hand-drawn studios’ artistic and technical needs.

Theoretical contributions Rather than uniquely applying to RFQ analysis, GENEO sheaves contribute
a novel, general-purpose TDA framework for complex system analysis across interlinked mathematical
and computational dimensions (Chapter 4). GENEO sheaves unify the increasingly prominent yet largely
separate TDA subfields of heterogeneous data fusion and equivariant data analysis. The former synthesizes
independent yet interrelated heterogeneous subsystem data representations into globally valid system
states, while the latter models regularities, equivalences, and relationships between various system states
as group symmetries preserved across data analysis transformations. Prior to GENEO sheaves, Laplacian-
based heterogeneous data fusion was mathematically formalized only for vector-valued subsystem data
and linear subsystem relationships, while equivariant analysis frameworks primarily modeled homogeneous
global symmetries acting uniformly across a system. Improving upon previous frameworks’ expressivity,
GENEO sheaves support Laplacian-based heterogeneous data fusion over function-valued subsystem
data and nonlinear subsystem relationships. They also model heterogeneous multiresolution symmetries
acting independently across heterogeneous (collections of) subsystems, while ensuring that independent

subsystem behavior preserves global system state validity.

These features underpin our contribution of heterogeneous multiresolution equivariance, a novel
mathematical and data analytical theory. Our theory enables heterogeneous subsystems’ local behavior
and system-wide influence to be modeled, modulated, compared, and tracked via diverse, explainable,
and controllable GENEO sheaf metrics and analytical tools. GENEO sheaves thus offer advanced system
modeling capabilities within a unified mathematical and computational framework. Most essentially,
our theory guarantees that GENEO sheaf data fusion is equivariant to heterogeneous multiresolution
symmetries on (collections of) subsystems, ensuring real-world system behavior, characteristics, and
complex internal dynamics faithfully translate into analysis results. Given sheaves’ and GENEOs success
in myriad domains including sensor integration, protein analysis, and knowledge modeling, we expect
GENEO sheaves and heterogeneous multiresolution equivariance to have many exciting applications across

diverse research fields.

Methodological contributions This thesis introduces multiple new methodological approaches to
understanding hand-drawn animation technology. In our state-of-the-art review, we contribute a novel
analytical lens through which to view the subject, focusing jointly on the field’s topological foundations
and insights from industry experts. By identifying and evaluating methods’ underlying mathematical ideas
— rather than simply their algorithmic contributions and practical functionalities — we directly connect
topological frame representation and analysis techniques to their artistic advantages and limitations. To
contextualize these insights within hand-drawn animators’ and studios’ artistic and technical workflows,
we conduct interviews with hand-drawn animation industry experts Glen Keane and Mark Mullery.
These interviews (Appendix B) explore practical, philosophical, artistic, and technological barriers to
industry adoption of hand-drawn animation technologies, alongside desirable traits of such technologies.
By synthesizing topological, artistic, and industry perspectives on hand-drawn animation technology, we
diagnose impediments to industry uptake, gain novel insights into successful research trends, and provide
actionable, sound advice for future work. As many of the field’s challenges stem from disconnects between

technology researchers and industry experts, we advise researchers to work closely with hand-drawn
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animation industry professionals when developing prospective technologies.

In our perceptual experiments, we contribute a novel experimental design methodology optimally
emulating animators’ working studio environment. This methodology supports our controlled evaluations
of perceptual factors specific to practical tasks that animators encounter during hand-drawn animated film
production. Our approach deviates from prior work, which studies professional artists’ perceptual abilities
on abstract visual tasks within generic experimental settings. While valuable in their own right, such
studies do not necessarily illuminate perceptual factors influencing animators’ visual understandings of their
own artistic work subject to their professional duties. Modeling working environments within perceptual
experiment design is essential for understanding how best to develop technologies for collaborative artistic
workplaces like hand-drawn animation studios. For instance, Experiment 1 instructs animators to imagine
that they can improve frames’ RFQ via image manipulations in their drawing software. This ensures
that our RFQ GENEO sheaf metrics comport with animators’ industry-based artistic workflows, rather
than with their generic perceptual abilities. Likewise, Experiment 2 asks animators to record their
pose perceptions on digital versions of the posable wooden maquettes they commonly reference when
drawing frames. By recording pose perceptions on generic body structures already familiar to professional
animators, we gain insight into animators’ (in)ability to perceptually translate poses between posable

maquettes and character-specific body geometries as they work.

Material contributions Our primary material contribution is our proof-of-concept RFQ GENEO
sheaf implementation, substantiating a number of key claims within this thesis. Our implementation’s
efficacy validates our overarching research approach of topologically-based perceptual modeling (Section
4.6.2). We demonstrate RFQ GENEO sheaves’ ability to explainably model critical facets of human vision,
supporting our conceptual RFQ GENEO sheaf model of hand-drawn frame perception (Section 4.6.1)
and departing significantly from DNN-based models of visual cognition. Our results indicate that RFQ
GENEO sheaves emulate animators’ local isometry-invariant RFQ perception as found in Experiment 1
(Section 3.1), increasing the likelihood that RFQ GENEO sheaves will provide a suitable foundation for
our reference frame retrieval system. More generally, our implementation computationally verifies our
novel Laplacian-based GENEO sheaf heterogeneous data fusion algorithm and its associated theorems. It
also provides evidence supporting the validity our key heterogeneous multiresolution equivariance theorems
(Figure 4.13). By computationally validating core elements of GENEO sheaves’ mathematical theory, we
gain confidence in their data analytical efficacy within and far beyond hand-drawn animation technology.

Our code is owned by Cartoon Saloon, and can be made available upon request.

We also contribute a proprietary database of 649 raw clean-up animation frames from Cartoon
Saloon’s feature film Wolfwalkers, from which all perceptual experiment frame data presented in this thesis
was sourced. The database was generated via custom compositing software, which automatically obtained,
prepped, and edited frames, rendering them suitable for use in perceptual and computer vision experiments.
All frames within the database were manually selected to meet experimental needs, exclusively depicting
high-quality full-body or partial-body front-view poses (i.e., no close-up shots), exactly one character per
frame, and no character-prop interactions. This database has been made available to other Trinity College

Dublin students for academic research purposes, with permission from Cartoon Saloon.

5.2 Future Work & Limitations

Hand-drawn animation technology To complete our review of hand-drawn animation technology,

we overview the many exciting avenues for future work, informed by guidance from industry experts
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and our topological perspective on the field. First and foremost, we recommend that researchers and
hand-drawn studios pursue technological advancements in collaboration with one another. This will greatly
benefit researchers’ understandings of industry needs and ultimately greatly improve industry adoption
of research outputs. Researchers should also recognize that, as keepers of a highly traditional art form
rooted in human craftsmanship, hand-drawn studios are often both excited about and weary of artistic
technologies, with the latter sentiment growing in the dawning era of generative Al. Direct collaboration
and communication between researchers and studios will likely cultivate mutual understanding between
the two parties, making industry professionals more receptive to researchers’ work. Increased in-house
technological research and development can also tremendously benefit hand-drawn studios, following from

successful examples set by the 3D animation industry.

Moreover, we recommend that researchers seeking industry adoption of their technological outputs
shift their focus away from automating artistic tasks, and instead pursue computer vision research on
hand-drawn frames. According to both Keane and Mullery, artistic task automation is often antithetical
to hand-drawn studios’ philosophical, artistic, and business objectives. Meanwhile, computer vision
research has enormous potential to alleviate studios’ data management challenges and extend animators’
artistic capabilities in novel and desirable ways. Many hand-drawn studios purchase specialized softwares
and employ computer programmers for production data management, indicating that they may be
eager to adopt computer vision-based data management technologies. Mullery emphasizes the need
to technologically support animators as artists rather than machinists, suggesting potential benefits
of technologies ‘seeing’ frames as animators do. Keane speaks at length about his long-held wish for
high-quality sculptural drawing technologies, which also will likely benefit from advanced computer vision.
This dovetails with our assessment of the field’s most successful research trends, all of which involve
employing sophisticated or creative topological techniques — which happen to emulate key aspects of visual

cognition — to relate frames’ material and depicted features.

We expect that the most effective advancements along this path of inquiry will arise from incorporating
TDA into hand-drawn animation technology. As discussed, TDA can extend many existing hand-drawn
animation techniques to improve multiresolution data integration, part-wise relationship comprehension,
abstract visual reasoning, and more. Specifically, the many stroke/region deformation and correspondence
methods attaching local geometric data to stroke complexes and RAGs are formalized by sheaf theory
[292, 198, 344, 346]. Sheaf theory, combinatorial Laplacians on higher-dimensional cell complexes, coarser
topological features like medial axes, and other TDA-based relational learning strategies can imbue frame
processing methods with the visual reasoning and multiresolution data evaluation capabilities they need to
circumvent present failure cases (Figure 2.25) by relating material and depicted features [208, 24]. TDA also
advances data diffusion and spectral analysis on both discrete and continuous topological spaces, potentially
elevating sophistication and flexibility of these techniques in frame processing [336, 292, 198, 210]. de
Rham-Hodge theory could extend boundary operator-based stroke/region relationship modeling [86, 87] to
mesh-based depicted feature extraction methods [40], improving their topological awareness. Both de Rham-
Hodge theory and combinatorial Laplacians could advance topologically flexible mesh processing [367]
and lattice topology reconstruction under extreme deformation [128]|. Higher-order feature relationships
could also be modeled by extending present uses of boundary operators to higher dimensions, potentially
relating RAG subgraphs in multiple frames to the same volumetric body part. Although TDA-based curve
processing is still embryonic, its potential to improve non-isomorphic stroke correspondence handling
should be investigated in future. DNN-based frame processing approaches also prove effective when
combined with primarily topological techniques [225, 40, 39], encouraging further development of these
strategies in concert with TDA’s many DNN-compatible approaches.
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The primary limitation of our exploration of hand-drawn animation technology is our exclusive focus
on methods processing uncolored line drawings of articulate animated characters, excluding highly relevant
frame processing subfields including frame segmentation [239, 33, 350], frame vectorization [117, 62, 249],
frame auto-coloring [305, 122, 250], and sketch clean-up [240, 247, 342]. Given the success of our novel
methodological approach combining topological evaluation with industry-based insights, we recommend

that broader realms of hand-drawn animation technology be evaluated via similar means in future.

Hand-drawn frame perception Both of our perceptual experiments were limited by their small
numbers of experiment frames, small numbers of participants from the same animation studio, and use of
a single character and artistic style. Expanding our existing experiment design to include more frames,
participants, characters, and art styles will address most of these limitations, and will be the primary
goal of future work. Moreover, frames’ perceptual cues were classified by eye in both experiments, rather
than by empirical metrics. Such metrics can be used in future studies, although their incongruities to
human vision may beget further limitations. A more reliable alternative involves animators manually
rating shape similarity between frames’ corresponding regions displayed in isolation (Experiment 1) and
perceptual cue consistency for each body part depicted in each frame (Experiment 2). RFQ ratings and
3D pose estimates, respectively, can then be empirically evaluated subject to these ratings. However, it
will be highly challenging to collect animators’ perceptual cue consistency ratings within a controlled

experimental setting.

Experiment 1 only tested local isometry across arm poses, so future studies involving isometries
on varied (combinations of) body parts are needed to establish whether animators’ RFQ perception is
fully multiresolution isometry-invariant. While it was not possible for our participants to draw target
frames during the experiment, future work might explore this option. Our experiment was designed for
body parts with left-right symmetry, and could be reformulated for non-symmetric character designs
in future. Participants reported that reference frames’ visual clarity, character design correctness, and
pose resolution strategy preservation strongly influenced their RFQ ratings, so these factors should be
studied in future work. Further experiments can also compare animators’ and laypeople’s RFQ perception
or provide more reference frames per question to supplement available visual information. For our own
research objectives, it will be important to compare how RFQ ratings are influenced by depicted pose
vs. material feature changes. Such insights can guide construction of specialized GENEO sheaf frame

comparison pseudometrics in our future reference frame retrieval system.

Because Experiment 2 ran during studio working hours and animators’ participation time windows
were limited, we could not collect body part-wise Distortion and Difficulty ratings. In future, we may
benefit from rerunning this experiment to collect these ratings, enabling formal evaluation of our perceptual
cue consistency theory. To ensure that high-quality pose estimates are obtained for all experiment frames,
future studies should be conducted over several weeks, with only 1-3 frames tested per day. Written
responses should also be collected from animators in future, reporting specific factors determining their
perceived posing task difficulty for each frame. Another viable line of inquiry can examine whether
professional animators have particular facility in interpreting frame Distortion compared to laypeople.
This would be especially interesting to investigate with child participants, as children are often the primary
audience for hand-drawn animated films, and children’s perception of line drawings is an active research
area [92, 203, 200]. Although our findings agree with prior work on line drawing perception, hand-drawn
frames’ articulation, stylization, distortion, and integration of both visual symbolism and realism sets
them apart from typical line drawings. Accordingly, future hand-drawn frame perception studies on

perceptual cue consistency should be carefully designed, potentially requiring alternate, industry-specific
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methodologies to those used in prior line drawing perception experiments.

GENEO sheaves GENEO sheaves and heterogeneous multiresolution equivariance offer exciting,
diverse, and far-reaching avenues for future work. Mathematically, GENEQO sheaves’ greatest limitation is
their lack of a true cohomology theory, without which it is impossible to algebraically classify and compute
core properties of the given data. Although prior work on sheaves of pseudometric spaces [271, 272]
underpins GENEO sheaves’ obstruction detection capabilities in the absence of cohomology, this line
of inquiry is underdeveloped and presents exciting opportunities for mathematical and computational
maturation. Specifically, existing work on the theory of linear GENEOs for vector-valued data [29] may
facilitate links between GENEO sheaves and cellular sheaf cohomology theory. Cohomology theory is
also intimately connected with the cellular sheaf Laplacian [154, 150], which, unlike the GENEO sheaf
Laplacian, has a matrix presentation. This endows cellular sheaves with a profound and computable
spectral theory, which offers substantial data analytical advantages [153]. Future work should therefore
investigate whether any of this analytical machinery can be transferred to GENEO sheaf Laplacians. A
complete proof of Conjecture 4.3.2 is a critical element of future work, and may reveal whether the GENEO
sheaf Laplacian or another Laplacian-based GENEO sheaf data fusion operator exhibits mathematical
properties related to sheaf cohomology. Representation theory, in which group symmetries are encoded as
matrices [42], also presents a promising infrastructure for fluently translating cellular sheaves’ cohomology
and spectral theories to GENEO sheaves.

Cellular sheaf Laplacians [154, 355] and, more generally, combinatorial Laplacians [220, 329] have
myriad formulations for specialized data analysis objectives, all of which should be explored subject to
the GENEO sheaf Laplacian. Beyond harmonic extension, sheaf Laplacian diffusion dynamics have many
expressive and flexible incarnations controlling modes of system-wide data passage and subsystem influence
[154], which can be adapted for GENEO sheaf Laplacians in future. To enable higher-order subsystem
relationship modeling, sheaf Laplacians, combinatorial Laplacians, and persistent Laplacians have all been
generalized beyond graphs and applied to higher-dimensional cell complexes [173, 246], paving the way for
similar generalizations of GENEO sheaf Laplacians. Subsystem modeling expressivity and control might
also be bolstered by combining GENEO sheaves with other adaptations of GENEO theory, including
set equivariance [20] and partial equivariance [120]. A particularly exciting research direction is further
theoretical development of GENEO sheaf morphisms between different GENEO sheaves, which has the
potential to unite sheaves’ and GENEQOSs’ respective category theoretic formulations [151, 20] and will
likely dovetail with emerging research on GENEOs between non-isomorphic graphs [2]. If successful, this
line of inquiry will enable RFQ GENEO sheaf pose estimates to map between characters with different
ground-truth region complexes, possibly also opening new insights into relationships between hand-drawn

frames’ material and depicted features.

In future, heterogeneous multiresolution equivariance will be explored from group theoretic and
representation theoretic perspectives, prospectively facilitating development of mathematical infrastructure,
analytical tools, and conceptual insights. In particular, we aim to further study and expand upon stalk
symmetry filtrations and other mechanisms of subsystem influence tracking, perhaps in concert with
particular types of GENEO sheaf Laplacian diffusion dynamics. These investigations may reveal group
theoretic system analysis opportunities beyond stalk symmetries and permutations, potentially bolstering
GENEO sheaves’ system modeling capabilities. Given heterogeneous multiresolution equivariance’s potent
links to GENEO sheaf morphisms, we anticipate that rich and illuminating connections may arise between

category theoretic, group theoretic, and representation theoretic GENEO sheaf formulations.

Although this thesis does not explore learning-based GENEO sheaf formulations, both sheaves
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[13, 32, 17, 96, 152] and GENEOs |20, 28, 186, 30] are highly compatible with DNNs. Consequently,
combining GENEO sheaves with DNNs is a highly exciting prospect for future work, especially given
the increasing interest in TDA-based relational learning [246]. Given the myriad applications of sheaves’
and GENEOSs’ respective learning-based formulations (Section 4.7), we expect that GENEO sheaf-based
DNNs will be similarly applicable to many diverse domains. DNNs may also improve GENEO sheaves’
computational efficiency, which is another limitation of our proof-of-concept implementation. Given
GENEO-based DNNs’ state-of-the-art performance with minimal training data [28, 186], GENEO sheaf-
based DNNs may enable high-accuracy hand-drawn character pose estimation with minimal training
frames. Alongside yielding DNN-based frame analysis usable early in animation production, this prospect
extends frame processing methods’ recent success at integrating DNNs into primarily topological techniques
[225, 40, 39]. Like future manifestations of RFQ GENEO sheaf-based DNNs, these approaches leverage
DNNSs’ significant computational advantages while ensuring that core aspects of human vision are

topologically emulated during hand-drawn frame analysis.

Reference frame retrieval Although this thesis takes crucial steps towards developing a reference
frame retrieval system for hand-drawn studios, our work comprises only a proof-of-concept RFQ GENEO
sheaf implementation. Our present implementation is designed to process synthetic arm regions, and
will require significant future development to estimate the entire pose depicted in a raw clean-up frame.
Though our results are highly promising and computationally validate our key GENEO sheaf theorems, our
implementation was too small to test our entire suite of GENEO sheaf theoretical results and analytical
tools. Consequently, we were unable to verify every aspect of our RFQ GENEO sheaf frame perception
model. Verification will be completed in future after further development of our RFQ GENEO sheaf
implementation. Moreover, the perceptual quality of our implementation results was not empirically
tested. In future, we aim to evaluate result quality through another perceptual study on Cartoon Saloon
animators. While our implementation fails when the arm is highly foreshortened, this is not a systemic
issue; it is caused by our current restriction GENEO formulations. Improved restriction GENEOs will be
devised in future. Though we tested sufficiently many heterogeneous data representations and restriction
GENEO s to verify our framework’s efficacy, several other restriction GENEOs will need to be developed
in future to support complete pose estimation for each frame. These will likely include medial axis-based
region shape analysis, superficial region adjacency comprehension (e.g., for body part self-contacts and

occlusions), and relative region size analysis for depth comprehension.

Although we believe that RFQ GENEO sheaf construction can eventually be partially automated,
our present implementation requires manual specification of body part-wise restriction GENEOs for each
model sheet. In future, we aim to pursue automated construction by automatically assigning restriction
GENEOs from a basic function library — including those described above — to model sheets using model
sheet skeleton annotations, RAG comprehension, and GENEO sheaf-based DNN computer vision. To fully
automate RFQ GENEO sheaf pose estimation, we must develop a body part identification framework
in future. Given the success of Human-Art-trained HRNet pose estimation [174] on uncolored clean-up
frames, we aim to combine this method with region shape recognition and sheaf-based RAG analysis to
automatically identify each frame’s body parts. Alternatively, unifying GENEO sheaves and DNNs may
support an even more elegant solution, which can be trained on Human-Art to ensure robust performance.
To complete our reference frame retrieval system, we will need to develop a user interface, frame database
storage, and other software elements. These will be pursued in collaboration with Cartoon Saloon over the
coming years. As we develop our system, we will continue to solicit input from Cartoon Saloon animators
and technical personnel. We will also test our prototypes in real Cartoon Saloon production environments

throughout the software development process.
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5.3 Conclusions

This thesis endeavors to deeply investigate and interconnect disparate facets of hand-drawn animation
technology, presenting novel perspectives on a complex field intersecting technological advancement and a
resolutely human art form. Tension between technology and artistry is palpable throughout the research
field and within hand-drawn studios, albeit manifesting in distinct ways. Hand-drawn animation technology
research often pursues algorithmic solutions for artistic tasks, sometimes improving efficiency, but other
times requiring technical interventions which animators may be ill-equipped or unwilling to undertake.
Meanwhile, animators are weary of technologies potentially degrading their artistic agency — thereby
corrupting the humanity at the core of their work’s appeal — yet eager for technologies enhancing their
artistic capabilities or alleviating the burdens of their non-artistic tasks. This thesis provides research
foundational to automating the non-artistic task of reference frame retrieval, approaching the problem

from artistic and theoretical — rather than algorithmic — perspectives.

Our research seeks to understand the artistic process of hand-drawn animation itself as a formal
complex system, positioning animators and the perceptual mechanisms undergirding their artistry at the
heart of our work. While this perspective is largely absent from prior hand-drawn animation technology
research, our work suggests its potential to benefit and advance the field. Frame processing methods’
common topological foundations provide our empirical framework for assessing where, how, and why
researchers’ and animators’ understandings of hand-drawn frames diverge. Ultimately, we find that naive
topological approaches cannot emulate perceptual factors governing relationships between frames’ material
and depicted features. Without computational knowledge of these relationships, methods often cannot
fully interpret material frame features according to their perceptual meanings, and thus may struggle to

anticipate animators’ perceptions of depicted frame features.

Our research focuses on these relationships, studying the unified system of human vision’s interactions
with hand-drawn frames’ material features. We posit that material and depicted feature relationships
implicitly arise from heterogeneous data dynamics and relationships within this system. This notion is
motivated by humans’ perception of hand-drawn characters as coherent physical entities, despite their
lack of ground-truth body representations. Thus, volumetric pose interpretation is an emergent property
of material frame features’ interactions with the human visual system. Moreover, since hand-drawn
characters’ bodies have no ground-truth volumetric representations, relationships between frames’ material
and depicted features cannot be established directly. Instead, this thesis pursues a system model of frame
perception where volumetric pose arises as an emergent, rather than explicit, feature of hand-drawn frames.
Despite our research’s limitations, our system-oriented approach to hand-drawn animation technology
yields highly promising results and many compelling prospects for future work. Our novel frame analysis
framework, RFQ GENEO sheaves, faithfully, expressively, and controllably models every aspect of frame

perception we sought to capture, including those discovered through our own perceptual experiments.

The success of our approach has exciting implications for the future of hand-drawn animation
technology research, particularly research seeking industry adoption. Building off the connections between
hand-drawn animation technology, topology, and visual perception detailed in this thesis, we make the
following recommendations for future work. First, researchers should collaborate directly with professional
animators and industry experts to identify prospective technologies desirable to hand-drawn studios.
Strategies for integrating prospective technologies into existing studio pipelines and animators’ artistic
workflows should also be established in advance. Researchers should then carefully analyze the problem at
hand, identifying material and depicted frame features and feature relationships pertinent their desired

software functionality. Next, researchers should identify perceptual factors and cognitive mechanisms
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influencing perception of these features and relationships. This process may benefit from further perceptual
studies on professional animators following our novel methodology modeling animators’ studio workflows
and artistic tasks relevant to the given prospective technology. Finally, researchers should identify TDA
frameworks faithfully modeling the perceptual factors and processes undergirding the frame feature
relationships relevant to their desired software functionality. While some frame processing methods have
employed similar approaches [169, 105], our work illustrates the benefits of advancing the mathematical

and perceptual rigor of this research strategy.

As demonstrated in our research, this approach can enable analysis of depicted frame features as
emergent properties of the resulting computational framework. This circumvents the need to represent
depicted features explicitly, potentially improving functionality and consequently encouraging industry
adoption. While this thesis takes a high-level and intensive approach to this procedure, it can also be
applied to many simple frame processing tasks popular throughout the field. As discussed in Sections 2.6
and 5.2, many TDA solutions are ideally poised to extend existing methods’ capabilities and ameliorate

their limitations without profound mathematical or perceptual groundwork.

To contextualize this thesis within the current landscape of hand-drawn animation technology, we
compare our research approach to recent, rapid advancements in Al-based animation technology. RFQ
GENEO sheaves are obstinately a data analysis technology — rather than a data generation technology —
which is precisely why Cartoon Saloon invested in this research. According to Cartoon Saloon technical
personnel, data analysis technologies automating production data organization, tracking, and access tasks
— like reference frame retrieval — are desirable because they perform menial, non-artistic duties, thereby
maximizing studios’ available time and energy for artistic work. Contrastingly, Generative Al’'s (Gen-Al)
approach to hand-drawn animation technology minimizes time spent on artistic work by automating artistic
tasks. This contradicts hand-drawn studios’ core ethos, whereby hand-drawn animation’s hand-crafted
quality is both the means and the end of the filmmaking process. Many hand-drawn animators feel that
delegating artistic work to a machine fundamentally defeats the purpose of making hand-drawn films. To
Mullery, Gen-AT’s failure to support human artists extends beyond research contexts, and is beginning to
compromise the value of legacy artistic technology companies like Adobe and ToonBoom. “We still paint
our backgrounds physically, most of the time, because Photoshop is not yet good enough to produce the
effects that paint, markers, and pencils have,” he says. By pivoting towards Gen-Al, these companies
are neglecting functionalities most desirable for hand-drawn studios, while investing in functionalities

antithetical to hand-drawn animation’s guiding principles.

Not only does Gen-Al largely fail to benefit hand-drawn studios, it may actively harm hand-drawn
animation over time. As discussed throughout this thesis, novice animators often hone their skills on
the low-level artistic tasks which Gen-AI primarily seeks to automate, including in-betweening, Ink &
Paint, and shading. Hand-drawn studios may soon experience financial pressure to automate these
tasks using Gen-Al, limiting their ability to cultivate robust internal talent pools. Moreover, Gen-Al’s
trendiness could soon lead film funders to neglect hand-drawn studios in favor of Gen-AI hand-drawn-style
productions. Cartoon Saloon Technical Directors Helga Bjarnadottir, Fergal Brennan, and Anne Bolger
express serious concern that, even if these changes are only temporary, they could rapidly erode the
industry’s talent pool, triggering closure of studios and animation schools. Mullery also worries that
Gen-Al will exponentially exacerbate challenges originally born from hand-drawn animation’s transition
from drawing on paper to drawing on computers. In particular, digitizing animation made it easier to
store and modify numerous versions of each shot and design asset. Often, this leads to choice paralysis for
directors and supervisors, slowing and massively over-complicating the filmmaking process. Gen-Al will

likely intensify this phenomenon, and may even create new issues in this vein.
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The potential consequences of integrating Gen-Al into the hand-drawn animation industry beg a
critical and seldom-asked question: what is the value of technological innovation that fails to address — or
even actively contradicts — human needs? Computers are ultimately tools made by and for humans. They
are worthy of study as self-contained entities, but this does not mean that every resulting innovation is
necessarily fit for use across all realms of human life. Of course, transformational technical innovation
will always subsume the version of human civilization prior to its invention. But this does not absolve
researchers from the responsibility of interrogating how the technology they create best fits into the world
around them, focusing specifically on the intended human users’ needs. Our work showcases how such
interrogation can create exciting opportunities for technological innovation, even within an artistic, human-
driven, and technologically-averse industry. Once Al for hand-drawn animation is considered through
a user-focused lens, other cutting-edge technological opportunities become clear. Mullery, Bjarnadottir,
Brennan, and Bolger are strongly interested in Al-based character and asset design continuity tracking
across scenes, asset position consistency checking across multiple view angles of a location, 3D modeling
for previsualization and complex asset prototyping, automated retrieval of director-approved asset designs,
and frame-by-frame visual error tracking as production data passes between artistic departments. Al-
driven conversion of institutional production knowledge into a queryable internal search engine presents
a particularly exciting prospect; studios have long attempted manual efforts towards this end without
complete success. With careful, user-focused technical strategy and design, computer scientists will find

many exciting opportunities for innovation within the hand-drawn animation industry.

To conclude, we reflect on an important point raised by our research about the future of TDA.
While we initially endeavored to devise a system model of hand-drawn frame perception, we ultimately
created a general-purpose data analytical framework addressing key limitations of heterogeneous data
fusion and equivariant data analysis. GENEO sheaves comprise a deep mathematical theory, effective
computational framework, rich conceptual and philosophical motivation, and myriad potential applications
across diverse data analytical domains. Although much future work is needed to thoroughly explore and
establish the depth and breadth of these varied facets, it is notable that studying an extraordinarily niche
computational problem — RFQ analysis for hand-drawn animation frames — yielded a promising general-
purpose framework for complex system modeling. This may be a coincidence, or due to the intricacy of
the system we initially aimed to model alongside our high-level mathematical approach. However, an
alternative possibility exists: rigorous and novel TDA approaches to niche, complex applications may
provide a highly effective starting point for exciting mathematical developments in future work. Much of
TDA research devises computational frameworks for general topological constructs before pursuing specific
applications. This thesis suggests that it may be equally effective to deeply study niche applications,
identify relevant topological ideas, and develop novel TDA frameworks expressing them effectively. TDA’s
success demonstrates the depth and diversity of potential connections between abstract mathematics and
real-world systems, far surpassing those typically studied in applied mathematics and related disciplines.
This thesis supports the possibility that these connections run both ways: not only can mathematics
model deep truths of real-world phenomena, but creative, complex, highly-specialized real-world problems

may in turn galvanize advancements in abstract mathematics.
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Appendix B

Interviews with Hand-drawn Animation

Experts

B.1 Glen Keane Interview Transcript

Glen Keane is a master Disney animator, ezecutive producer, and director whose credits include The Little
Mermaid, Beauty and the Beast, Aladdin, and Tangled.

This interview has been edited for clarity.

Glen Keane: When we went to Google [to make the hand-drawn animated short Duet|, I thought, ‘Oh,
this is going to be a wonderful thing. They’re going to have everything I need.” They had nothing. They
gave us a cardboard box with wires, some patch cords, and a couple monitors. They said, “What do you

need? Do you need a mouse?”

My son, Max, is a bridge person. Bridge people are those that connect people who draw or do
something [where| the technology is something very simple, like a pencil, to math. He’s not a mathematician,
but he’s understood how to translate drawing into that. He was my bridge. And bridge people are so, so

essential. They are the translators from one medium to the other.

When we, at Disney, were moving to computer animation, it was a horrible couple years of distrust.
You’d get on an elevator, one side of the elevator were people working on coding and the effects, but they

were the mathematicians, and on the other side were the animators. And they didn’t know how to relate.

[Max] just kept saying yes. He was constantly being asked, can you animate this? You know, add
some CG [(computer graphics, i.e., 3D animation)] or some kind of after effects or whatever. And he had
no idea how. He went to Ballyfermot [Animation College], but quit that pretty quick and played in a
punk band in Dublin at the Amen Dorms. But he had this attitude of like, ‘I will make it. I will survive.’
And so he would say, “Yes, I can do that.” And then he’d go home in a panic, and download tutorials and

figure out how to do it. Even now, he says, “I’'m always just barely staying ahead of the wolves.”

Rachael Schwartz: As you draw, what is your mental process for conveying a character’s volumetric
form and movement while also staying on-model [(an animation term for preserving model sheet character
design)|? You know, that tension between: you’re expressing a physical system that the viewer has to
understand instantaneously, but you also have this design that’s so stylistic and so grounded in the fact

that it’s two-dimensional with the way the shapes are connected and their configuration. What is that
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balancing and negotiation process like for you?

GK: That’s a great question. There was one point where I really was confronted with that, and it was
on [the Disney film] The Fox and the Hound. The emotions that I was trying to get, no matter what I
did with the model of this fox with the muzzle coming out, I couldn’t get. It just felt like I was taking
something that was very stiff and trying to bend it, and forcing it, and it never had the emotion. So I
thought, ‘Okay, I will not try to use the perfect three-dimensional design; I will go with the symbol.” So I
just went with a circle and very broad, expressive expressions that communicated instantly. You know,
from a mile away, you knew exactly that that fox was disappointed or panicking, and it was funny and it
had this energy. So I'd lay that down, and then I'd take this three-dimensional knowledge that I had of
the design, and put it on that. And that three-dimensional design was subservient to the symbol. And so
I would force and shape that, and it was like, ‘Okay, that’s the fox, but he feels the way I want him to
feel.” And that became the priority. It doesn’t have to look like that, exactly like that, it just has to feel

like that character. So I really allow the symbols to guide me in not getting too tied down.

But I've also done sculpting, and form means so much. Like one of the things that Ollie said to me
was, “Every line you draw is related to another line.” And he could tell, I didn’t understand what he was
talking about. He said, “Someday, you’ll get that.” But it’s like, if you push this, this is a line, but then it
creates another line here, and this is the form. It’s defining the top and the bottom of the form. Every
form is expanding and touching. And when you are sculpting, there’s this wonderful tool with teeth on it,
and you scrape it over the form, and it has these lines. And when I think that way of the solidity and the
beauty of form, and respect it with this symbol of emotion, putting the two of them together, it’s the
most satisfying thing when it all fits together and I haven’t lost either.

RS: I do think a lot about every like relating to another line.

GK: Well, there’s another word for it — and you probably don’t equate it that way, but maybe you do —
it’s this word ‘appeal.” There’s a show on Netflix called Voir, and one of their episodes is talking about
appeal, and they focus on me talking about that. But appeal is this kind of this mathematical harmony,
like music, where everything hits the perfect note. And it’s just, ‘Oh! Yeah.” And you get it off, and no,

it doesn’t work.

But I could tell that the way I started thinking about this was my wife has this sense of harmony
in design, three-dimensional design. The fact that these three elements [on the table in front of me] are
equidistant — that astray, that umbrella, and the phone — would be really bothering her. She wants to
create a little tension. These two are together, that one’s further away. So we had the salt and pepper
shakers and a sugar bowl on the table. And so I thought, ‘I’'m going to try this out.” Linda left to do
something, and then came back. But while she was gone, I slid that [salt shaker|, I made it all equidistant.
She sat down, and we'’re talking, and she just kind of [slid the shaker back to its original position]. I said,
“Why’d you do that?” [She said,| “Why’d T do what?” [I said,] “You moved the salt next to the pepper
there.” She said, “I don’t know. It just feels better.”

But the harmonics of the mathematical harmonics in music, the sounds, there is the same truth in
terms of form. And Freddie Moore had this sense of rhythm in his movement and the form. It just makes
me so happy. That little drawing I did online where you could see a Francois Boucher drawing, and then

you could see this French curve... that’s what it is for me. This harmony, this melody.

RS: But the line is still your communication mechanism.
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GK: Yeah.

RS: If you could magically create technologies to address challenges in hand-drawn animation workflows,
what would they be? What information or technical capabilities do you wish you could have at your

fingertips while you draw?

GK: Well, I know for me, the Holy Grail has always been this one thing. And no one’s done it. But
there’s no reason why you can’t. And that is: you take a sculpted figure, three-dimensional, beautiful
sculpture, you work with it, you get it so it’s like, ‘Gosh, this is gorgeous, this feels right.” Which I
would do with [Disney sculptor] Kent Melton all the time in designing. And then I’d animate. But I'm
seeing dimension there, and I'm playing with the forms, like jazz. You're stretching, and you’'re making
something feel straighter just for the energy of it. The form of a thigh, maybe, just feels heavier. That’s
all in there. And I just want the CG model to snap to the edge [of my hand-drawn line|, so that there’s a
perfect invisible form that I can throw light on, I can throw fabric on, but the line still remains exactly
the way I drew it. The rough line. But it has this perfect three-dimensional information on the inside. I

would love to be able to just get that.
RS: So you want the 3D sculpture, or model, or whatever it is, to be animated by your drawings?

GK: Yes. The drawings become the Al intelligence for it. It would require probably scanning in a lot of
my drawings, the way I’ve been picturing it, just teaching it to understand what these symbols mean.
And then it can start to learn. And maybe it’ll take six months of that, but it would know me. It would

know me.

RS: Imagine a computer could understand hand-drawn characters and volumetric poses, so animators
could easily search the entire film — or what portion of the film has been drawn so far — for frames
matching certain volumetric poses and movements. What would you think of this kind of technology, if
the computer could like follow along with the world of the film and the motion of the characters as you
create them? And not just have them siloed into sheets of physical or virtual paper, organized by [the

order in which they appear in the film]|?

GK: This is what I’ve been... Yeah. I mean, when we first moved from hand-drawn to computer, my
thought was, ‘I want those models, the 3D models, to be subservient to my line.” And so the only way we
could do it was by an animator, John Ripa, went through the... I did drawings. Well, first I animated
it: Ariel, it was a [The/ Little Mermaid thing. And then they took a CG version of her and snapped —
well, it didn’t snap to [my hand-drawn lines|, but they tried to get as close to the [hand-drawn] pose as
possible. And then we worked at them expanding and sculpting that to those lines, which is laborious
and stupid for doing any kind of production. But I wanted to see, what does it feel like when you have
an actual three-dimensional form there? It was really cool. It wasn’t perfect, but you could have it be
perfect. And what’s nice is that, when you draw a movement like this, there’s this little flow. I might just
have this wrist and go down to that finger, maybe a couple little slashes, but you don’t want everything
drawn in. You want just enough. And so I’'m trying to push into the area of impressionistic movement,
where the computer can help me by throwing light or fabric [onto the character| that T would love to have,
and I can freely draw. It will add pattern, like this [complex fabric print] would be wonderful to have.

Something that I’'m not going to, I don’t want to draw all that, but I would love to see it.

[During my Kilkenny Animated Festival talk today,] I showed a little animation of this girl walking,
for a future film that I want to do. I want that to be a CG film, but I don’t want it to be a CG film. I
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want it to be a hand-drawn film, but I want to benefit from the best of both worlds. As a matter of fact,
that was a group that I started around 2001, 2002 at Disney, called “Best of Both Worlds,” where I got
hand-drawn folks, and I got CG folks, and art directors, and everybody together said, ‘What is the best
of both worlds? What would be the ideal?” And that was what everybody agreed: it would be best if
computers could really deliver exactly what you were expressing in your drawing. Or, for people that
didn’t draw, to be able to move a CG pose, and it would give those dynamics and the harmony that I was
talking about with appeal. It’s like, is the drawing in tune? Is the pose in harmony? Does it have this
tilt, rhythm, twist? Does it have a rhythmic movement to it? These are the things that, it’s mathematics,

which I don’t do, but I know that I have something in me that knows when it’s right and when it’s not.

RS: So, you’re doing this in 2001. But you sound, 23 years later, like you're still dissatisfied, and I'm still
dissatisfied too. So, what’s wrong with [hand-drawn] animation technology development and research?

What’s missing? These breakthroughs and this synergy, why are they not happening?

GK: Well, I think that there’s a satisfaction level that, well, the audience likes it, so we just take it. I
think [of] computer animation as a used car salesman. You walk onto a used car lot, and you want to
buy a car. You’ve got something in your head, but it’s showing you something that you can afford and
that it has on the lot. But it’s not at all what you want, and it’s trying to convince you: CG looks like
it’s shaded just right and everything, and it’s like, ‘This is solid, this is real. Buy it.” And I was saying,
‘Don’t buy it. Don’t buy it. Push it.’

[My talk today| was all about, ‘How do you get technology, how do you get mathematics to solve
the problems you need to solve?’ It was with Rapunzel’s hair [on the Disney film Tangled], and that was
totally impossible. I realized that instead of trying to solve it, what I was hearing was, ‘Can you just
have Rapunzel not touch her hair?’ I realized the real problem is to motivate them to want to solve it,
to your question. Why isn’t it [happening|? Because people don’t want to. It’s hard. It’s painful. Does
anybody really care? Well, if you're going to do a character like Rapunzel, she cares. She’s real. To me,
she is. She’s real. And so I animated this in the morning, just this rough little animation of showing how
connected Rapunzel was to her hair. She’s walking, she’s touching it, she’s throwing it, she’s kicking it.
And T showed it to all of the coders and the effects [team| and everybody. And they’re just about having
a heart attack. But they can tell, ‘I like that girl. She’s wonderful. I want her to touch her hair. I'm
going to figure this out.” And they did. And so that’s the same path I would go. Make them want, show
them why, how wonderful the future will be with this.

RS: I suspect that part of the reason why hand-drawn animation has been largely set aside is that 3D
animation — and all the technology created for it — dovetails with the past several decades of cultural
excitement around technological advancement in the Information Age. This heightened interest in 3D
animation has incentivized massive advancements in 3D animation technologies, which in turn push 3D
animation forward. But we don’t see comparable advancements in hand-drawn animation technology. How
do you feel about people trying to make [technology| to help push hand-drawn animation [forward], in the

same way that all of these amazing advancements have pushed 3D animation, as an art form, forward?

GK: I lived in that setting aside of hand-drawn [animation|. And yet, I gotta say, part of it makes me
kinda happy, because I'm so dissatisfied with [where hand-drawn animation] was going. It was living in
a world that was already limited by technical limitations of painting on cells. Why? We don’t have to
do that. Drawing is so important, but... I continually ask myself, ‘If you took Degas or Michelangelo
and brought them to today, and did not show them any animated movies but gave them what is possible

with technology, with animation, what would they do with it? Where would they take it?’ I'm talking
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about specifically Michelangelo and Degas, because they both love sculpting and painting and drawing.
So Degas would do a ballet dancer, and he would do a sculpture of her, and then he would do a pastel
of her. He would take photos of models, and then he would draw them. He [would be] doing all of it
together, but separately. And I wanna do it all at the same time. I want to do what I call ‘sculptural

drawing.” It’s sculptural drawing, and this is the goal for me.

So sculptural drawing, as I'm drawing [a character|, I am completely imagining the whole three-
dimensional figure that’s in there — I'm just drawing one edge of it. I came to Paris and studied sculpture,
and then we did this film Tarzan, where I had to draw [such that] a human body was the costume. That
was just so wonderful, feeling this form. Usually when I’'m animating a character like Ariel [(from Disney’s
The Little Mermaid)| or the Beast [(from Disney’s Beauty and the Beast)], I'm turning them in space
to prove to you that they are three-dimensional. So that’s what I want: this perfect world where I can
animate freely, and the understanding of a [three-]dimensional figure is being integrated into that drawing,

but all that you are seeing is still just the freedom of my line.

The line is this seismograph. I think of it as the seismograph of my soul. There’s an energy to
it. I mean, imagine taking a Degas ballerina and the beautiful black line, this charcoal color and this
pastel, and just cleaning that up to one perfect line. You would kill it. There’s an energy that has to be
preserved. And so, the reason I'm glad that [hand-drawn] 2D [animation] is not what it was any longer, is
that it sets me free. [At my talk,] I was showing some of Beethoven’s ninth that I'm animating, and it
has this freedom, and dimensionality, and everything that I want. And there’s just one moment in there
where it’s... I'm just animating light, on black paper. So, that figure of dimensionality, there is a solid
form there. But just showing parts of it that you want the light touching. When I look at that, I think,
‘Well, I don’t want, actually, the computer to be throwing the light. I want to be the one drawing that.’

[Keane plays an audio clip of Hans Zimmer speaking]: ‘We don’t use the orchestras. If we don’t
figure out ways of keeping the orchestras relevant, then the orchestras are going to disappear, just like

hand-drawn animation disappearing. We will lose something unfathomable in our culture.’
[GK:] “Unfathomable.” T love that.

[Zimmer:] ‘The thing that you’re not supposed to see, and I love it, is the hand of the artist. I love
seeing that in every... I love when everything... Every little bit is hand-drawn, and it becomes... It’s just...

For me, it’s just beautiful. That’s just like playing music.’

[Keane plays a clip of his in-progress hand-drawn animation, drawn in a loose, rough line style:] I
don’t want to clean that up. No, absolutely not. But there’s a form in there; we just put in some shadow
that suggests it. My son keeps saying, “Dad you don’t have to draw so much in there. You’re going to
leave it a little bit looser.” I had four assistants working with me, doing the in-betweens. A lot of it was

all on ones. And it was this moment, right here, I had to just stop, and get up and run.

Those are things that I will keep pushing for, but it’s not going to stop me. I'm going to do it by
hand if T don’t have [this technology]. But that’s coming. That is coming,.

RS: What if [hand-drawn animation] hadn’t gotten trapped where you left it? What if the limitations
that are so inherent to the art form just vanished by some magical technology? How would you feel about

its future then?

For example, suppose you're not Glen Keane, and you’re just an animator working on a film. You
are one person, where the form [of the character’s body| that you want to convey exists in your mind, and
the feeling you want to convey exists in your mind and your body and your hand. But there are 10-20+

of you [on the animation team] all trying to meld into one expressive force for whatever character you're
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trying to introduce to the world, and put through their life and their story arc and their own emotional
journey and physical journey.

The only way that that happens right now is trying to get your minds to fit together into one
cohesive whole. And once you're done [drawing the film’s frames], there are tens of thousands of them,
and they go into a chronological organizational structure. So the world of the film gets trapped to these
sheets of paper that are all trying to converge towards telling the same story from all of these different
minds. That is a fundamentally overwhelming task for a team of animators to execute properly for a
feature length film. And it’s an overwhelming data management task. It is so much information, and the
information itself is alive, and yet it’s trapped in this inaccessible format, partially because there’s just
like so much of it. You can’t possibly look through it and interact with it all at the same time. So what

I'm getting at is, those are the limitations I see. I don’t know if that’s what you see.

GK: When you're saying that, I'm picturing Wolfalkers, for example, and all of the different shots and all
of the different movements and all the different angles, and the way they’re drawn from behind from the
side from above, close-ups, and that all of that is from a perspective. It’s a three-dimensional perspective.
It may be flat, but it’s projecting as if it’s seen from here. So then there’s another one seen from here.
Another one here, here, here, here, here. And if it would take some time, but to be able to put all of that
and go, ‘okay, this is from this perspective.” And then there’s an understanding of what the character is.
There’s no drawing that actually says all of that, but the truth of it is actually now in the mathematical

understanding of all of that.

RS: Yes, exactly. If the computer can take all of those drawings and put them together like that, then
that’s your character. And she lives in three dimensions. She’s in the computer. I feel like that would

open up so many different avenues.

GK: And Rachael, the thing that I don’t think you have to solve is: what are the steps afterwards? Like
if you have all of that information, you're going to discover something that you don’t even know. You just
move forward, just make that happen. And something wonderful is going to be there. And then you go to

the next step, and then to the next step. And that’s just the way this all works.
RS: What do you think those next steps would be if that was feasible computationally?

GK: Well, that’s what I was thinking of when we were talking there. And I realized that if a computer
had an imagination, if the computer had a full knowledge of that, it would be basically a sculpture that’s
living and acting and moving in with everything, from every angle that’s been animated there. And
there’d be gaps [in poses and view angles|, because not everything has been done. You may not have a
shot looking up when that character is pointing at the camera or something. But you would gain so much

of an expanded knowledge of that character. Model sheets were always horrible.

B.2 Mark Mullery Interview Transcript

Mark Mullery is the Chief Technology Officer of the five-time Oscar-nominated hand-drawn animation
studio Cartoon Saloon, whose credits include The Breadwinner and Wolfwalkers.

This interview has been edited for clarity.

Rachael Schwartz: When you use a lattice, you put a grid on an image — or even just part of an image

— and deform the image based on the grid. This is different from having a mesh or a click-and-drag shape
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deformation handle where the shape itself is parametrized, whereas with lattices, the space in which the
shape lives, like the plane, is parametrized. Does lattice deformation look bad, and if so, why? What are

the issues with it?

Mark Mullery: It does look bad, yeah. It mostly looks bad. I've never made the distinction between
lattices and meshes before, so I'm going to use the terms interchangeably. There’s a bunch of cases where
we’ve done some really nice lattice/mesh work. I've used that quite a bit, say, when we do waterfalls. We
will frequently get somebody to paint long directional brush strokes [depicting waterfall flow], and then
we will fix that into an infinite loop so that it’s constantly moving. Then we will take a mesh, bend it,
and embed that in [to warp the looping waterfall brush strokes|, and then it looks like it’s flowing. That

kind of stuff works: regular shapes that you’re trying to put very normal bends into.

But adjusting meshes has so many problems, like where to begin. I would start by saying it has
very poor sophistication of articulation. You just can’t articulate within it. You're really only doing XY
movements on things. You need Bezier curves, or something like that, in order to make the thing curve at
all. Then you have to say when you want it to curve and when you don’t, because otherwise you’ll just

get this angle with a 50 pence piece shape.
RS: Unless there’s a smoothing function on it.

MM: You can put a smoothing function in, that’s true. One of the biggest problems is that you are
actually pushing and pulling pixels around, such that you’re taking individual pixels and making one
massive, or taking five or six and you’re crushing them to the size of one. How does that even interpolate,
and what do you do on top of that? So yeah, it has an awful lot of problems. In order to make articulation
work, you have to make it a small element, like just the top of somebody’s arm, or just the forearm, or
something like that. Then you have to put rules on exactly how and where it can bend, and put limits on
how much it should bed. It’s not inherently a bad process because you can make it work, but there are

just so many landmines around you.

I would also make one further point as well. I don’t know how relevant this is to what you're saying
there, but when you are taking warping and pulling around a fixed descriptive texture, for our business
and brand identity, you are immediately [working exclusively| in the digital world because there is no
physical analogue to doing that. Let’s say you want to do paper cutout animation under the camera. One
of cutout animation’s defining features is that it does not bend and warp. Shapes rotate, and then are
substituted or replaced [to depict volumetric motion]|. You can imagine that as this physical looking thing.
Once you are bending and warping textured rendered elements, you are in the computer. There is nothing

wrong with that, but if you are trying to replicate something physical, the mind just doesn’t believe it.

RS: Yes, as soon as you start warping a stroke, even if it’s a vector stroke and its quality is preserved,
it doesn’t look like a human hand created it. Using either lattices or meshes to warp strokes, shapes,
contours, etc. always outputs animation where something looks off, unless it’s just motion trapped in the
plane. That’s because interpolating strokes is not equivalent to the volumetric understanding involved in
interpolating occluding contours. It doesn’t look the same. You just have artist-drawn physical source
and target character states, and lines that morph into other lines across those inbetween frames. It’s not

equivalent to every new frame describing a different artist-drawn physical state of a character’s body.

MM: There’s a very good quote from Norman McLaren, the animator. It is something along the lines of,
“Animation is not the art of drawings that move, it’s the art of movements that are drawn.” It sounds

slightly woo-woo when you first hear it, but then you go, ‘No, that is such a serious distinction.” Because
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it doesn’t look right. The problem with interpolation is attempting to make the drawing move, whereas
drawing a movement is about choosing exactly what you put in place. Even if you do lattice or mesh
interpolation on an individual stroke, that can work, but you need to use a new one on the next frame.
You can’t use that one again. If you keep using that one again, you’ve lost it. If you move between two
[hand-drawn strokes via lattice/mesh interpolation], even with some pretty nice algorithms, that’s maybe

going to be all right for this one basis, for this one line, for this first draft of what somebody used.

I’'m not saying it doesn’t have value, it clearly does, but it works in small ways to start to get you
somewhere. But if you took a whole character drawn that way and a whole character drawn this way and
try to [mesh/lattice] in-between them, it doesn’t matter how good your algorithm is, it will not be the

same thing [as hand-drawn inbetweening].

RS: Even besides the technical issues with reusing deformed strokes, on a visual level, they can easily be
deformed beyond the physical arc of what the human hand can draw. Especially with vector graphics.

And viewers notice that difference.
MM: Yeah.

RS: The thing that I keep coming back to is the fact that a hand-drawn frame is a representation of a
concept that the animator is visually communicating to the viewer. And the quality of representation is,
again, artistic choices. So you have functional choices of what is being represented and how that is arising
on screen, based on how the body works, etc. You have the artistic choices of what the region shapes
are, how things are drawn, how things move, etc. Those are all decisions made by the animator with a
lot of intention, and a lot of information moving through their head in very complex ways. And when
you start to get to a point where you're telling the computer to fill in the gaps between two key frame
representations, without giving the computer any understanding of what the drawing is representing,

that’s where you start to get problems.

I've seen a recent paper that has an animation of a character extending their arm, which [is a simple,
mostly planar motion], but there’s something wrong with the way that the character’s upper back is

shaped as the view changes slightly over intermediate frames.

MM: A lot of what animators focus on is balance and center lines and things like that. The most usual
way of doing this is that the head is basically always in line with the foot. And if you are unbalancing [the
character’s body|, unbalancing is good, but unbalancing is good specifically in the middle of a movement.
It’s really hard to get across to a machine what you're trying to do there. When animators have a sense
of their own bodies, or of what a body does, then as they’re attempting to move this arm out like this,
they’re intrinsically going, ‘Oh, as I move, the center of my body’s line is actually shifting to here. I’d
better just twist the torso slightly to accommodate for that.” Or the bone shape is different [as they
move|. As you look at something, more volume is revealed, basically. So all of these things, it’s not that a
machine can’t do it. I don’t mean that. But it produces things very bluntly that I think we’re doing a

very good job of imagining before we go to draw.

RS: Going back to the lattice deformation, when you’re stretching and compressing pixels and apply
smoothing functions, doesn’t that create artifacts that can cause issues in DIP (Digital Ink & Paint)
software? If you have color-fill up to a specific type of line, and then that type of line isn’t preserved by

the smoothing function on a pixel basis, that can lead you to need to go back and do corrections.

MM: Yeah. There’s a general problem in DIP with micro transparencies, the specific transparency of
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lines, of pixels. Anytime you draw a line and then [paint fill up to that line], the order of operation there
matters because we're presuming some kind of automatic [micro transparency handling] is happening here.
But when the line is re-imagined [by a stroke deformation algorithm] on top of [the initial hand-drawn
line], you can end up with a gap or [another type of line degeneration| because this transparency was

added or appeared as the result of the smoothing algorithm.
RS: Basically, DIP is more complicated than the line that you can visually see with your eyes.
MM: Yes.

RS: Moving on from lattices, a bunch of tweening algorithms process strokes separately from the plane in
which they’re drawn, for instance a network of strokes [comprising] the drawing. These methods need
to get some kind of stroke correspondence between keyframes. It’s much easier to tween keyframes that
have equivalent sets of strokes, where there’s a one-to-one correspondence between the strokes. There is a
Disney paper from 2010 that is specifically designed for tight in-betweening, where the source and target
keyframes have almost identical stroke configurations and topology — by that, I mean connectivity and
structure. The premise of the paper is that they want to alleviate the workload from manually tweening

these tight keyframes, which makes sense.
MDM: Yeah, that’s totally valid.

RS: Yes. But especially since most animation happens on 2s in our world, it’s much more likely to have
a stroke topology change across two consecutive keyframes than it is to have these tight inbetweening
instances. And when it doesn’t have that, the users have to specify down to extreme details, like one-to-one
correspondences across keyframes, which is very finicky. Or you can handle mild occlusion with visibility
toggles on strokes, like if you're drawing a hand, you would draw the backs of the fingers in frames where
you don’t see them. And then you would have to toggle [stroke visibility] on and off as the hand unfurls,

and operate the toggles on a teeny tiny level.

MM: The reason I react by saying that this is valid is because, in a funny way, it almost feels like you
have to exhaust this way of thinking. If anyone was presenting that as a genuine way of working, you’d

go, ‘Whoa, hang on.” But someone presenting it theoretically, I totally follow.

RS: It’s a really valid theoretical argument. My point is that it only works when the theory matches
up really well with the drawings. And most of the time that doesn’t happen. A lot of the papers that
work like this have small user studies that show some percentage of time was gained [when animating
using their auto-tweening algorithm|, and they expect more time gained with the more time users spend
learning to use software. They’re basically saying, ‘Yeah, you have to do extra work of drawing the
occluded fingers and resolving all the mismatched strokes, but it still takes less time than drawing all of
the in-between frames.” I'm wondering, despite that technically being perhaps true, if the amount and
frequency of tinkering you have to do [to make these auto-tweening algorithms work] may not justify
integrating into animators’ workflows. If I'm drawing a hand, I’'m thinking about what I see. I'm not
thinking about what the fingers that I don’t see. The extra work doesn’t just come from drawing extra

strokes, it’s also the mental effort of learning to think about and practice drawing in a totally new way.

MM: Yeah. It puts me in mind of somebody listening to jazz and saying, ‘Well, you have to listen to the
notes they’re not playing.” But what goes through my mind there is that time spent making little micro

decisions is not the same thing as time spent drawing freely. Even if it took [the animator| less time, they
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might have expended a lot of calories, literally, by attempting to think all the way through those micro
operations. And the second thing I would say is so much drive — not so much from research specifically,
but from companies attempting to work in this way — is, either intentionally or unintentionally, subtly
changing the profile of the kind of animator you want working for you. The logic goes, ‘Hey, if we just
have this incredibly elaborate machine, then all we need are very, very detailed machinists to operate it,’
as opposed to the way [Cartoon Saloon] would think of going, ‘We want artists and we want to provide

tools that keep them in the artist flow.’

RS: But you still need the machinists to be artists, or else you're making crazy workflow trade-offs. And

that type of person [who can take on that role] is ultra rare.

MM: Oh yeah, god. How many people, what kind of skill profile is that, that somebody could efficiently

be a star artist and a star machinist simultaneously?

RS: For sure. There’s more I want to talk about with the one-to-one stroke correspondence. It’s not just
the tightness thing. It’s also that consecutive keyframes don’t usually have the same number of strokes.
It’s not like animators are given a set of building blocks of strokes and then puzzle-piece them together

into [intermediate frames].

MM: But that’s why we got to where we got to with rigs. Well, that’s not exactly why, but that’s why
with rigs, their scaffolding and deformation guarantees are the only way to make them work. That’s
why you need to actually build the entire rig in advance: to build in those kinds of strict correspondence
guarantees between frames. I have a lot of respect for 2D rig software. I think it’s limiting in an awful
lot of ways, but I have a lot of respect for the animators and for the process. But it is not the same as
hand-drawn. Whenever you try to apply [rig animation workflow logic| to hand-drawn, you go, ‘Well, you
could make this work as long as you were to effectively rig [the character or body motion] up in advance,

and then you’ve just departed from hand-drawn.

RS: You're asking the animators think about drawing in ways too distantly related to the pursuit of

drawing.
MM: Exactly.

RS: Lots of tweening methods, even methods that actually seem pretty viable, require animators to draw
a new keyframe every time there’s a topology change [over intermediate frames|. And the type of topology
change can depend on the method. Sometimes it’s like stroke connectivity, sometimes it’s two shapes
merging into one. [This approach is| interesting because it’s not the worst thing in the world, right?
The worst case scenario is that you would just manually draw frames that otherwise you would want to

auto-tween.
MDM: In principle, it’s still saving you time on the frames you don’t have to draw.

RS: Yeah. And these methods are interesting because in order to work at the level of stroke connectivity,
strokes need to be algebraic objects that you can manipulate. From a technical standpoint, they handle
topology change by tracking and performing topological operations in individual strokes. But for animators
to know when to use [these methods| in practice, they might also need to be tracking strokes, so that they
can recognize when stroke topology change occurs. And that might be another drain on their energy, if a

small motion involves dozens of different strokes breaking and forming. What are your thoughts on asking
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animators to think about their drawing in terms of stroke tracking, and stuff like that?

MM: I was going to say was animators don’t think in terms of changing topology, but let me counter that.
There is a way in which they do, or in which some animators do. Certainly changes in topology are a

concern in rig animation all the time, in a way that they are not in CG (computer-generated) animation.
RS: Right. Because topology change is an emergent property of embedding a volumetric object in a plane.

MM: Perfectly put. But that is not the case when you have a 2D rigged puppet. You get in this thing
where if you need to turn [an arm a certain way, animators| have to choose the moment at which that
happens. Say, in Moho [animation software|, you have animated layer order with the arm parented to the
torso, and you can pull [the arm]| out from behind [the torso] and but in front, but you have to choose the
frame in which it happens. So if you have animators who have worked on both hand-drawn and rigged
animation, they actually would be able to think in that way. I have another case as well. I think Clean-up
animators do have to think this way. On Wolfwalkers, there were two bad cases, where the front and
back designs of characters were irreconcilable. With Merlin and the soldiers. You couldn’t move between

different character design viewpoints without visual inconsistency.

RS: Which is different from just having different character geometry per viewpoint, which is something

we always have to do [at Cartoon Saloon]|.

MDM: Yes. To put it simply, one of the reasons the generative Al stuff we see always looks a bit weird
and doesn’t work is because, in a sense, animation is defined by what changes and what remains the same.
The movement and articulation of the body is changing, but the body remains the same. Animation
represents the motion of bodies. The problem is that you can’t [animate the soldier| without the armor
plate changing into a different thing. So the point is when they need to be, certainly when they hit a
problem, Clean-up artists who are trying to solve shapes and volumes actually do probably think in

topology. They would never describe it that way, but they actually are.

RS: T agree with you, but I think that’s a different type of topological thought than what the methods
I'm describing are demanding. Clean-up is thinking about where certain shapes are when a character is in
a certain pose at a certain viewpoint, like, ‘If we want to resolve this pose a certain way, then we need to
make sure that we’re holding on like a version of that pose where you can see certain design elements of
the arm, so that’s recognizable to the viewer.” Stuff like that, decisions about like what shapes to show,
what shapes get collapsed, what shapes get split by which other shapes. That’s a topological way of
thought that has to do more with regions.

But these methods involve thinking topologically about drawings as networks of strokes, rather than
networks of regions that are connected to each other with respect to the way the character’s body is
structured. With strokes, you have different topological cases. You have cases where the strokes are just
in the 2D plane. You have cases of layers, which is pretty intuitive. There are other cases which work
better, but maybe less intuitive to people not used to thinking topologically, like stroke immersion vs.

stroke embedding. That’s a hard thing [for non-mathematicians| to conceptualize.

MM: You know, it’s a hard thing to conceptualize, but I would say that Clean-up animators do think
in strokes [in topological ways]|. If you watch them work, I mean, it’s very funny. They appear slightly

insane because they will just be going, ‘No... No... No’ [as they repeatedly draw and redraw strokes].

RS: But isn’t that them looking for the line? They’re not looking for the piece of stroke that slots in
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somewhere and connects to all the other strokes, necessarily.

MDM: No, not necessarily, but kind of. Because when they animate, when they draw each frame, they
will be kind of asking themselves, ‘How is this line going to travel across that?’ They will think in that
way. And the other thing that’s surprisingly similar is that if they have a stroke criss-cross point [like a
topological immersion|, they do have to treat those differently in their mind. They have to embody that
one stroke is in front of the other. Especially because strokes might parallax, and if they start tracking
that criss-cross point, then it will behave differently. It will behave as though it’s this one volumetric

object. I think they are drawing those criss-cossed lines consciously separate from each other.

RS: Gotcha. I want to drill down on some other differences from a computational perspective. There’s
this one auto-tweening method that’s quite recent, where a drawing is interpreted as sets of strokes. So if
you have an eyeball and an eyelid, that’s a set of strokes. You want to automatically tween a blink, which
means that the eyelid stroke will have to be in front of the eyeball strokes. The eyeball strokes have to be
grouped together so that the lid can slide over them uniformly. And they’ll have to be associated with the
lid so that the computer knows that when the lid moves, the lid stroke should be occluding. That all
has to be specified, often manually, at a stroke-by-stroke level. And if the strokes change enough [over
intermediate frames], like if the eye is turning to the side or something, you have to redefine the grouping,

because there’s going to be new types of [stroke| interactions.

MM: I think we are noticing a relationship between how modern Clean-up is done and these ways of
thinking in terms of topology and changing in topology. You would dismiss that [relationship| out of hand,
but there’s a part of me that goes, ‘Well, don’t for a second.” You jump in and think why this might or
might not work. A lot of that topological thinking would be happening sort of subconsciously, in the way
that the animators are visualizing [their drawing tasks|, and maybe even in the order of operation of how
they go and draw the eyelid. But I think there’s a chasm between that vs. being a willing machinist

detailing which strokes are related and how.

RS: Yeah, I think you’re right. I mean, I wouldn’t be professionally and intellectually where I am if I
didn’t think there was a deep relationship between thinking topologically and animators’ thought process

while they work.

MM: Exactly. I have an intuitive sense that there is a relationship there, but it’s not the same thing as

how this software should work.

RS: And it’s not like animators couldn’t overcome these [workflow demands| and learn to think like that
[so they could use this type of software]. They would just kind of have to understand how the software
works. And once they got that understanding, it would probably automatically tap into a comprehension

that they already had. They would just realize that they need to formalize it.
MM: Yeah, or move into a conscious mode of working with it.

RS: I'm still wondering about the potential cost to workflow of tinkering with those types of setups, where

you have to redefine them every time there’s a sufficient enough change [between keyframes].

MM: To speak as our business [i.e., Cartoon Saloon|, we just don’t want to do that. There was a desire, I
think, to get tighter and tighter and more perfect drawings, until we realized machines were the experts at

doing tighter and more perfect drawings. And [Cartoon Saloon| switched suddenly to going, ‘We’d rather
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just do things loose and imaginative as it is.” I can’t speak for the business [of hand-drawn animation]
across the world. I’'m sure there’s lots of companies who want to find solutions to improve efficiency, but

it just wouldn’t chime with the way [Cartoon Saloon| wants to work at all.

RS: I still have to answer the question of, ‘Would it actually improve efficiency?’ And that goes back to
your point of artists and machinists, because thinking that in way and being able to execute those types
of operations is one thing, but to do it over and over again with that level of mental load on top of the

mental load of trying to draw really quickly.
MM: And trying to find the character in there.

RS: Yeah, you know, you're saving time on frames. You don’t have to draw [some of the intermediate
frames|. But is that worth the cost of everything that workflow entails? It reminds me of what you’ve
described to me before, of why [Cartoon Saloon| doesn’t animate with vector graphics. Like you said,
animators will repeatedly draw and redraw lines to get them right. But the difference is that with vector
strokes, you might actually not be able to get it right [because it may not be technologically possible to
express the exact line you need as a vector stroke|. In theory, unlike with vector strokes, you should be able
to get these tweeting methods to work with enough time put in. There’s not some kind of mathematical
incompatibility, like with the vectors, that completely prevents you from doing what you want to do

artistically. So there is a finite end to the tinkering, but it is a lot of tinkering.

MM: My answer is basically that I don’t think [auto-tweening software involving these types of user
interventions| would improve efficiency. But my answer differs in degree, depending on what kind of
business and what kind of software and what kind of artist we’re talking about. But I essentially come

down on thinking, I don’t think I want the animator engaging in this kind of thing.

RS: Okay, let me give you an example. The algorithm I just described, where you have to hook [strokes] up
into foreground-background relationships — that system, computationally, mathematically, fundamentally,
cannot handle a case of a ribbon overlapping. You know, like one of the cancer research pins. Or, it
can’t handle a soda can with a label on it, where the label is one stroke, but you can’t see the whole
stroke. The problem is that in both those cases, strokes that exist on multiple depth levels at a time. And
computationally, just because of the way that they designed [this method], in order to make strokes exist
on two [depth] levels at the same time, you would have to parse the single stroke into two strokes on
different levels. That type of failure case, you know, it’s not a deal breaker. It works great, until you get
to someone’s hair or cloak blowing in the wind. Which, again, isn’t the end of the world, cause you can

just go back to drawing.

MM: If you limit it down to the cases where it might work well, it might have very little negative impact.
My worry is that there’s so many layers to what the animator would have to go through there. Because
on one hand, they would have to understand the process. There’d be like a learning curve. They’d have
to spend a bunch of time trying and maybe failing to use the tool properly, and only [after that learning
curve period| could you work out if they would get fatigued by this kind of workflow. If it works and they
can use it, great. But what if this number of conscious operations every hour burns them out by lunch?
Even so, it simply can’t be dismissed out of hand. It has too many relationships to how animators already
think that it’s worth thinking about.

RS: The last thing I’ll say is that another theme seems to be emerging, that the better that animators
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can think along the lines of how the software they’re using is representing and processing data, the more
successful they’ll be with using the software, and the more fluidly they’ll be able to understand when and
how to use it. And I actually think when and how to use it might be the most worrisome issue with these
kinds of methods, because if animators spend time trying and failing to use these tools on cases that the
software fundamentally can’t handle, like self-overlaps, not knowing why they can’t get it to work — that’s
a lot of work down the drain. And you’re only going to know exactly when and when not to use it if you

really understand how the underlying algorithm is functioning.

MDM: Or if you were forced to work this way, you could develop an intuition over years through brute
force. Through just repetitive success and failure, which would take a very long time. It would be a lot

better to have a mental model of how [the software| works.

RS: Which, going back to your point, is not actually necessarily prohibitive from a theoretical perspective,
because there’s such a strong relationship between how animators are already thinking and what these
softwares actually do when you drill down into the fundamentals. But [gaining fluency and intuition with

the software]| is still a big project for any trained artist.

There’s one paper that’s probably the most flexible of any method. But in user trials, the biggest
problem was the really steep learning curve. And the reason why it’s so successful is because it turns
the drawing very explicitly, much more explicitly than any other method that I'm looking at, into a full
topological space. With that, you get guaranteeably good ways of collapsing strokes and regions [over
volumetric articulate motion|. As long as you draw the topology change frames, you can animate things
like a head turning, and actually lose the eye strokes and the mouth strokes correctly because they’ll
just collapse down. And because it is so rigorously a mathematical topological space, you get all of the
mathematical guarantees of how topology works for free, which allows for these collapses. The number
one issue that the authors talk about is that animators have to basically learn topology to overcome the
software’s learning curve. Which isn’t necessarily a bad thing, but it connects back to your point about
the artist-machinist hybrid, and of how many [people capable of doing that work| are actually in existence

from an employment perspective, not necessarily a theoretical perspective.

MM: You know Anita [Gaughan, Cartoon Saloon animator|, her animal action stuff is so excellent. I
mean, Tomm [Moore, Cartoon Saloon co-founder /director| basically poached her out of animation school.
There’s a bunch of theories [explaining how she got so good]. One theory is that she evidently works
extremely hard, seems to animate a lot in the evening, seems to come home and keep practicing, keep
driving. But let’s say she found it particularly hard to think topologically, and so for animal action we

replaced her with someone who could. I think we would have lost something we were trying to aim for.

RS: Because the art always has to come first over the ability to interact with the machines. That’s a

really important point, and that’s always what you’re going to hire for.
MM: Yeah. That’s what [Cartoon Saloon| believes in.
RS: Well, it’s what makes [the animation| good. It’s what makes people want to watch it.

MDM: Yeah. Say there was an animator who really leaned on the machine a lot, and got a lot of animation
done. It’s probably nowhere near as good as Anita’s, but we got it done in X amount of time. With our
company specifically, when you start talking about efficiencies and things like that, yes, it matters, but

it’s low down the list for us.
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RS: Correct me if I'm wrong, but I think what you’re saying is that you want to balance maximum
efficiency with sufficiently maximal preservation of the artistic quality and artistic vision. Quality can
volley up and down depending on what type of technology we choose to employ, but as soon as it dips

below a certain threshold, it’s not worth efficiency maximization anymore.

MM: So that’s fairly well put, and I guess I would be saying the same thing. You know, flip it around
and suppose we're getting various different kinds of Al and calculation tools and using them for something
reasonably complex to compute, like stellar photography or planetary motion. Imagine we started saying,
‘These [types of tools] don’t really suit mathematicians, so let’s just get other people who are good at
working with the software.” You might end up [approaching the project| in a certain way. Imagine if the
most important skill was the speed you could type, and you pulled mathematicians out of the project to
hire speed typists instead. There’s part of me that goes, ‘I think you need a mathematician in there.’
So that’s where I come from. When I think about my own job and the whole idea of looking for new
animation technologies that will improve efficiencies, my guiding star is that we should take people who

are talented artists and then try to get systems and machines that support them in that way.

When we start talking about changing the profile of the person [we want to hire|, — saying, ‘This
computation only works if you’re a fast typer, it doesn’t matter if you’re a good mathematician’ — we
can talk in pure theory about how this could be more efficient. I’'m really open to that, and I'm actually
really open even to seeing where there are overlaps [between hand-drawn artistry and software-based
efficiency]. But provided we remain a hand-drawn studio, I'm going to take people who are naturally good
at hand-drawn animation unaided, and then try to provide aids for them. I’'m going to be driven by that,
as opposed thinking about this an entirely new way, where animators’ own innate senses of movement and
artistry don’t matter as much as their ability to understand topology and work with those operations

without getting fatigued.

RS: I'm thinking about how the people who have the ability to make animation software have been
trained in math and computer science and image processing. Often, that’s what they know, that’s the
world they live in, that’s what they start with, and that is the place from which they reach out into the
world, trying to offer things from their own expertise to potentially solve or alleviate problems that they
see [in animation]. That has fundamentally produced an entire field — excluding stuff like internal Pixar
researchers collaborating with artists on technology for specific projects — where [the methods that we
have been discussing] are how researchers can best conceive of the problem of auto-tweening within the
language of computational math and data structures that they’re familiar with. They’re trying to make it
as easy as possible for [animators| to meet them where they are. They’re basically saying to animators,
“Your problem looks like our problem. This is our best interpretation of your problem [(auto-tweening)] in
the language of our problem [(computational topology)]. And because of how our problem works, we can
help you solve your problem in all these different ways. We can’t solve every instance of your problem,
and you have to approach your problem in a particular way, but that shouldn’t be an issue because it’s

relatively innocuous work.’

That sounds great, and it seems like it should work. But it creates the fundamental issue that you're
describing, where the pool of people who are supposed to be using this [software| are not necessarily
equipped to use it, or are not equipped to understand how to use it efficiently. And [the hand-drawn
animation industry]| prioritizes an entirely different skill set [to that required to effectively use the software|,

and views the technology side of it as something potentially helpful, but not essential.

MM: Yeah. You know, it’s funny, the US truckers union is called the Teamsters, right? That’s because
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they used teams of horses [to deliver goods| when they were founded, but of course they don’t anymore. I
don’t know if the same people who were good at driving teams of horses eventually became good truck
drivers or not. But if the technology moved to such a place such that the original horse drivers couldn’t
adapt, Atlas would shrug a little bit. There’s someone who will commit to [learning how to operate
trucks]. There is the sort of cold, capitalist way in which all of this has to play out economically. It’s like
the emergence of puppet-style hand-drawn animation, where a technology gelled with people who were

capable of learning it. Suddenly, it takes off.

The fact is, at any point someone could strike gold, theoretically, and have this perfect [auto-tweening
software|. Say they struck gold, and [could automate] animation that looked hand-drawn, but the catch
was that we couldn’t use any of our existing hand-drawn animators. We would have to use this different
class of people [who could best operate the software|. Maybe Cartoon Saloon wouldn’t do that very

quickly, but someone would. Someone would switch and do it.
RS: I mean, I think that’s going to be an Al situation in 5-10 years.

MM: It’s what everyone’s trying. Attempting to leverage Al into making the better mousetrap, into
making a good movie. The thing is, everyone will be using it, so there will be a tremendous amount of Al
sludge. And the more sludge there is, the more audiences will switch off. And the easier it will be for
prestige [of human craftsmanship] to survive in that way. And then, I think companies are going to try to
come along and try to do prestige, but they’re going to try to use the same methods that laypeople can
use to produce games and memes and whatnot. I suspect they’ll find it difficult to release that in 500

theaters.

Then, you might find people who are able to make a marketable film with A, but it just takes a
tremendous amount of work on the back end, after it’s done, to craft it into something that’s usable. Then
you have to ask, ‘Is this seriously how you want to work, how you want to spend a 25 million production
budget? You don’t want to work for the ground up? You’d rather have people chisel away at [the Al
output] until it looks passable?’

RS: It’s the fundamental underlying issue with artistic technologies. I mean, this has much more to do
with generative Al than with auto-tweening tools, which are genuinely helpful or trying to be helpful.
But for researchers like me who work on this, there’s always the possibility of slipping thinking that
the technology output can get good enough to justify downscaling the role of human artists in the art

production process. It’s really easy to start [building technology| from a flawed design premise.

MDM: Yeah, exactly. I think ultimately what we're seeing at the moment is generative Al that are
essentially toys for people to play with. Toys have a bit of a half-life, and they’re a lot of fun. There are
two possibilities. Either they're a lot of fun for now, but eventually we don’t really use them anymore. Or
they completely become the norm for how everyone makes memes, or stuff like that. They become so
normal that everyone stops noticing how much they use them. Right now, half the charm of memes is that
they’re badly put together. Maybe eventually, tastes will change, and everyone will prefer the look of Al
memes. But either way, it will be hard to have the AI aesthetic work for toys while also being the aesthetic

of prestige. It’s going to be really difficult, if not impossible, for those trends to exist simultaneously.

Where Al may appear, where it likely will appear, is much more in the margins. It’s going to be
much more, for instance, that we’re able to use Al to do a first paint-potting pass in DIP. We could lower
the DIP team down to two people, who would the other 80% of the DIP work. It’s just not going to sound
that sexy to anybody, but it will save you money. And it will be a genuine application of the technology.
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