The Efficiency of Taking First Dzﬁ%rences in Regresszon
Analysis: A Note

J. A. TILLMAN

N a recent article, Geary [1972] discussed the merit of taking first differences
I to deal with the problems that trends in data present in regression analysis.
Geary gave examples of situations where this -procedure leads to highly
inefficient estimates of the regression coefficients. The first difference transforma-
tion has also been suggested as an appropriate way of dealing with multicollinearity
among the mdependent variables, for example Kane [1968, p. 280]. This note
generalises Geary’s results and shows that transforming the data by taking first
differences for such a purpose cannot improve the efficiency of the regression
estimates but will in general cause a reduction in efficiency. Although the usual
least squares formula is not appropriate for calculating the variance of regression
estimates obtained from the transformed data, they are often used for this
purpose. Their relation to the variance of the regression estimates obtained from
the untransformed data is examined.
For completeness this note concludes with a brief discussion of first differencing
to deal with serially correlated disturbances in the regression model.

Trend and Multicollinearity
Let the regression model be

y= XB+u | (1)

where y is a nX 1 vector, X a nX k matrix of rank k, and B a vector of k parameters
to be estimated. u is an unobserved nX 1 vector of dlsturbances such that E(u ) o,

E(u u') = o2 For such a regression model the best linear unbiased estimator is the
familiar least squares estimator
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b= (X'X)"1Xy
with covariance Cov (b) = o%(X'X)~1

= 0‘221;

However, trends in the data may give rise to implausibly large r Valucs Another
problem frequently met with is that of a high degree of multicollinearity between
the independent variables. This may result in the estimated coefficients having
insignificant ¢ ratios. Taking first differences is sometimes employed as a way out
of these difficulties. We will show that this cannot lead to more efficient estimates
if the underlying regression is given by (1).
Premultiplying (1) by the n—1Xn matrix T transforms the regression to first
differences, thus

Ty = TXB+Tu (2)
-1 I 0 ... 0 O O
0 —1 I 0o o0 ©
where T = : :
0o 0 o -1 I o
0 0 0 v.. 0—I I

If an'intercept term is included in the regression, first differencing reduces this to
zero. To avoid this, both the dependent and independent variables are expressed
as deviations about the1r‘means This eliminates the need for an expl1c1t intercept
term in (I).

- Let y*=Ty, X*=TX and w*= Tu. Hence y* X* and #* have n—1 rows and
E( Pu*) = o2TT". Therefore (2 ) may be re-written as

L [©

where B is now to be estimated from (3) But, to_quote Geary, “Invariably,
however, when the regress1on problem is deltalsed the assumption is made thdt
the error term ‘u*’ is regular which assumption amounts to a wrong specrﬁcatlon
if the basic model is (1).” The least squares estimator using the deltaised data
Y*’ X* :

X*B+u

‘ b* = (X*'X*)' IX*'Y*
with covariance

Cov(t*) = o(X* X*)~1X* TT X*(X* X*)~1

=U22b' i )
o ' ' . R )

whereas the best Imear unblased estlmator is now -

LA I A ! ’ . ‘2'

= Qoo

iy
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Wlth covarlance e
Cov(B*) = o} X* (TT) 1X*)-1

- 0'22/3.

The question to be resolved is that of the relative efficiency among the three

estimators b, b* and B*. Successively applymg the Generahsed Gauss Markov
theorem Y]CldS the inequality?

.Cov(h) <Cov(B*) < Cov(b*)

Thus b* is the least efficient of the three estimates. This loss of efficiency is due both
to incorrectly assuming that E(w*u*’) = ¢ and to “losing’’ one observation in
taking first differences. If T were a nxX n matrix of full rank £* would be identical
to b, but b* would still, in general differ from b.

If, after taking first dlfferences to remove trend or mulmcollmeamty, the u* are
rcgarded as bemg regular, then not only will b* be used instead of £* but the
covariance of b* is estimated (incorrectly) by

Cov(b*) = o2(X* X*)1

First differencing would be judged as having successfully dealt with multi-

collinearity if Cov(b*) is smaller than Cov(b). It is therefore of some interest to

investigate the extent to which such a reduction is possible. We shall obtain

bounds for the ratio of the generalised covariances, | Cov(b*)| /| Cov(b) | .
The matrix of regression vectors X may be written

X = P K
- L ek
where PP = I and K is non-singular.
Hence
o | x| = | kK|
S SEE
and -

Clxexr| = X’T’TX|
. =|KPTTTPK|
=|P'T’TP| | K| 2
,—IX’X| HCh(P’T’TP)

R

1. This is dlSCllSSCd further in Appcnchx 1.
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\
where we have made use of the fact that the determinant of a symmetric matrix

is equal to the product of its characteristic roots. The ith largest characteristic root
of a symmetric matrix A may be denoted by Chi(A).

Although the characterlstlc roots of P''T" T P depend on X, Cauchy s inequality
enables them to be bounded by the characteristic roots of T"T.

Cauchy’s Inequality
If Aisannxn symrr(letrlc matrix and R an nx k matrix such that R'R = I,

Chi, n_o(A)<Chi(R’' A R)<Chi(A) i=1...k

The next step is to evaluate the characteristic roots of T’ T.
[ 1-1 o ... 0 o o]
-1 2 -1 0o 0 o©
o o0 o —1 2 —I

L o o o ... 0—1I I

It is known, for example see Anderson [1971], that

Ch(T'T) =2 (I ——Cos(n—i)n)

But TT=

n

Therefore
4>Chy(T'T)> ... >Ch(T'T) =

The characteristic vector of T" corresponding to Ch.(T" T) is a vector of identical

elements orthogonal to the columns of X. Therefore Cauchy’s inequality
contracts to give

Chi,uy (T'T)KCh(P' T'T P)KCh(T'T) i=1...k ()

The upper bound is attained if the columns of P correspond to the characteristic
vectors of T'T giving the k largest roots. These vectors may be written as P,.
The lower bound is attained if the columns of P correspond to vectors that yield
the k smallest roots excludlng Ch.(T"T). These may be written as P,.

After some simplification we obtain bounds for the ratio of the generahsed
covariances,

1 | Cov(b*) ] I (s)
S T <
rHClu( '1T) | Cov(b) | HCh¢ noeoo(T'T)

i=1
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The upper bound is attained if X=P;K, the lower if X=P,K. The bounds are
tabulated for various values of k and # in Table 1. The lower bound approaches

I . . -
4. as n increases but the upper bound has no limit as # increases.
k

The conditions for the ratio of the generalised covariances to attain its maximum
value has an interesting economic interpretation. In many economic applications,
particularly those using time series data the regression vectors are slowly changing,
that is the change from one period to the next is small in relation to the total
change over n periods. In such a case the matrix of regression vectors X is
approximately equal to P;K. It might be conjectured that for small divergences
from X=P,K the relation of | Cov(h)*| to | Cov(b)| is given approximately
by the upper bound in Table 1. Therefore in many economic applications the
incorrect estimate Cov(b*) will be larger than the covariance of the original b.
Thus even if the original estimator does not suffer from multicollinearity the
incorrect estimate b* will appear to do so.

TABLE 1
| Cov(t¥)|
| Cov(b¥)|
E
1 2 3 4
Upper bound 102 267 324 23'5 -
b Lower bound 0°250 0-071 0022 0009
! Upper bound I'6 X 10? 65 x10° I-2X10° I-2X10%
3 Lower bound v 0°250 0063 0016 0'004

k = number of independent variables, k does not include the constant term.

For n = 30, the figures for the Upper Bound have been rounded.

First Order Serial Correlation

For completeness we conclude by briefly describing another use for which the
first difference transformation has been proposed. In many applications of the
regression model, particularly those using time series data it is suspected that the
disturbance term u follows a first order autoregressive process. That is

Uy = pu,_ 1+£t

where the ®. are independent identically distributed error terms.
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Premultiplying equation (1) by the n—1X n matrix Q corresponds to the general-
ised first difference transformation and regularises the error term. Thus

Qy = QXB+Q | (©
s —p .1 0 0 0 0
- : [ 0 —p I o 0 o
where Q=" Lo :
' l o o0 o — 1 0
0 0 0 ... 0 —p I

It may easily be shown that E(Q u ' Q')=02I._,. Unlike the problem of trend
or multicollinearity, the purpose of the transformation is now to deal with the
irregular error term. i

Kadiyala [1968] discussed the efficiency of the least squares estimator obtained
using the transformed data Qy and QX relative to the ordinary least squares
estimator. For the speciallcase of X being a column of ones the estimator obtained
from (6) was always less efficient than the least squares estimator and asp approached
one the efficiency dropped to zero. It is for the values of p close to one that the
first difference transformation has been recommended for dealing with first order
serial correlation. A better procedure is to use a transformation Q*, where

Q* = ( ) and q—(\/ 1—p%,0,...,0). If p is unknown it can be estimated from
Q

the érdiilary least sqiiarcs residuals, for example Johnston [1972].

Conclitsion

The first difference transformation is not an appropriate way of deahng with
trend. on. multlcolhnearlty in regression analysis. Transforming the data in this
way cannot increase the efficiency of the regression estimates and will in general
reduce the efficiency.

For first order serial ,correlatlon the transformation Q* is superior to the
generalised first difference transformation Q.

I would like to thank T. Muench for his helpfu1 comments on an earlier draft
of this paper.

University of Massachusetts, Boston.
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APPENDIX 1

The k x k covariance matrics of b, B* and b* are given by 0'22:,, o®) 4+ and o?) o
respectively. The inequality between the covariances is to be understood in the following
way. If A and B are symmetric positive definite matrices of the same order then A<B
if and only if A—B is positive semi-definite.

The Generalised Gauss Markov theorem states that for the regression model ( )
b has minimum variance among all unbiased linear estimators of 8. Sincc B* is another
unbiased linear estimator of B it follows that Cov(b) <Cov(B¥).

Similarly for model (3), ,é\* has minimum variance among all unbiased linear estimator
of B where the data is of the form y*, X*. But b* is also an unbiased linear estimator
of B hence

Cov(B*)<Cov(b¥)





