Mathematical Thinking:
Challenging prospective teachers to do more than ‘talk the talk’

ABSTRACT: This paper reports on a research project which aims to improve prospective mathematics teachers’ relational understanding and pedagogical beliefs for teaching in second level Irish classrooms. Prospective mathematics teachers complete their teacher education training with varying pedagogical beliefs, and often little relational understanding of the mathematics they are required to teach at second level. This paper describes a course designed by the authors to challenge such beliefs and encourage students to confront and possibly transform their ideas about teaching, while simultaneously improving their subject knowledge and relational understanding. Both content and pedagogical considerations for teaching second level mathematics are integrated at all times. The course was originally optional and was piloted and implemented in a third level Irish university. As well as offering an insight into the design considerations when creating a course of this type, this paper also addresses some of the challenges faced when evaluating such a course. Overall participant feedback on the course is positive and both qualitative and quantitative results are provided to support this and also highlight the efficacy of the programme.
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1. Introduction
In Ireland, there is understandable unease about the low number of students studying Higher Level[footnoteRef:1] mathematics and the subsequent low level of mathematical skills emerging from second level education [1, 2]. Despite many contributing factors, the literature suggests that ineffective teaching is the major cause of such student difficulties in mathematics [3]. Research carried out by the National Council for Curriculum and Assessment (NCCA) [4] describes mathematics teaching in Ireland as procedural in fashion and highly didactic. Mathematics is presented as the replication of procedures demonstrated by the teacher [5, 6]. As evidenced by Dossey [7], this dysfunctional approach results in students learning the ‘how rather than the why of mathematics’, hence, raising the debate between relational understanding and instrumental understanding. Backhouse, Haggarty, Pirie and Stratton [8] offer a number of examples of such ‘rules without reasons’ which are often used by teachers, for example, solving equations (crossing the equals sign), dividing fractions (invert and multiply) and ‘two minuses make a plus’. Often no explanations for such actions are provided and many students leave school without ever fully understanding these rules. Furthermore Lyons, Lynch, Close, Sheerin, and Boland [9] found that students were not given insights into many of the applications of mathematics in everyday life.  [1:  There are three levels of mathematics in the Irish school examination system with the upper level referred to as Higher, the next level referred to as Ordinary and the lowest level that can be taken referred to as Foundation.] 

The introduction of the new secondary mathematics syllabus ‘Project Maths’ in Ireland aims to promote a less abstract approach to the teaching of mathematics which focuses on developing within all students, a concrete understanding of mathematics. The style is synonymous with a constructivist approach in which activities are student centred and new knowledge is linked to previously learned concepts. These concepts can then be linked to the curriculum and indeed other subjects. However, such an approach to teaching mathematics requires a much firmer knowledge of the subject [10]. It requires teachers to step away from the textbook and to make subtle connections between different elements of mathematics and other subject areas as well as everyday life [11]. The entire body of this knowledge has been typically phrased as mathematical knowledge for teaching (MKT). MKT means the mathematical knowledge needed to carry out the work of teaching mathematics and includes both content and pedagogical considerations [12]. Many studies have found that teachers’ MKT is essential to the improvement of teaching and learning mathematics [13, 14] and has been linked with improvements in students’ achievement [12, 15]. However despite such obvious importance, research studies have shown evidence of inadequate knowledge of mathematics for teaching amongst teachers [16, 17]. Many teachers exhibit a rule based sense of understanding of mathematics and this is reflected in their teaching [14, 18]. A considerable amount of research points to limitations in teachers’ subject knowledge in mathematics when leaving college [19]. Li and Kulm [20] found that insufficient content and pedagogical knowledge exists among prospective mathematics teachers. This is reinforced by Blanco [21] who found that prospective mathematics teachers have inadequate levels of mathematical knowledge when they first enter the workforce.
To add to this problem, research also suggests that prospective teachers hold sets of pedagogical beliefs more traditional than progressive with respect to the teaching of mathematics [22]. Such beliefs are often the result of teacher’s own experiences as students of mathematics where they observed their own teacher [23]. These beliefs are also difficult to change [24] and very often conflict with educational innovations. There is evidence that, in some cases, teacher education programmes are so busy concentrating on imparting mathematical knowledge that little consideration is even given to modifying these beliefs [25]. Consequently, teacher education programmes find it difficult to produce teachers with beliefs consistent with curriculum innovation and research [26].
There are many suggestions on how best to challenge these critical problems. The majority focus on the continuous professional development of experienced teachers and the up skilling of out of field teachers[footnoteRef:2]. However, this research will focus solely on improving the subject knowledge and beliefs of prospective mathematics teachers.  [2:  Out of field teaching occurs when teachers are assigned by school administrators to teach subjects which do not match their training or education] 

2. The study
The programme designed and implemented by the authors is entitled Mathematical Thinking and its key aim is to improve prospective teachers’ relational understanding and pedagogical beliefs in teaching second level mathematics. This is achieved through further developing the prospective teachers’ mathematical appreciation, knowledge and understanding of a range of mathematical topics, while at the same time focusing on the pedagogical issues associated with teaching second level mathematics. The programme is an integrated mathematical content and mathematical pedagogy course and is designed to help the prospective teachers confront and transform their ideas and beliefs about teaching.
2.1 Rationale for the programme
Many prospective teachers think of teaching as a straightforward activity where teachers teach and students learn. Feiman-Nemser, McDiarmid, Melnick  and Parker [27, p. 3] found at the start of their “Exploring Teaching” course that most of their students believed that ‘Teaching is telling. Learning is listening to what the teacher says and giving it back more or less intact’. Unfortunately, this is still a dominant view among many prospective teachers in the Irish education system. The Mathematical Thinking programme was designed to address this conservative outlook in the hope of altering the nature of mathematics teaching and learning in schools.
When attempting to alter the practices of teachers, it is important to consider their beliefs about teaching [28, 29]. It is quite challenging to alter the beliefs of any individual. Moreover, prospective teachers’ beliefs about teaching are well established by the time they enter third level [24]. Such beliefs are developed when they themselves were students during what Lortie [23, p. 61] referred to as “the apprenticeship of observation”. During this period ‘they develop ideas about the teacher’s role, form beliefs about “what works” in teaching math, and acquire a repertoire of strategies and scripts for teaching specific content’ [29, p. 40]. Therefore, commencing prospective teachers do not enter formal teacher education void of knowledge but instead bring with them a plethora of ideas and assumptions about teaching based largely upon their own personal experience. The Mathematical Thinking programme offers an opportunity to challenge these predefined views of teaching by exposing the prospective teachers to alternate teaching approaches and strategies that differ from the “frontal teaching” [27] approach that they themselves possibly encountered during their previous education. 
In addition to having pre-defined beliefs about teaching, prospective teachers often feel that the mathematical content that they study at third level has little or no relevance to the content that they will be teaching once they qualify [30]. Toumasis [31, p. 290] highlighted the inadequate subject matter preparation that prospective teachers in Greece were subjected to by stating that ‘many preservice teachers have no opportunity to study in depth some very important concepts which they will teach’. This view is also shared by prospective teachers who participated in the Mathematical Thinking programme who stated that
‘… some of the modules … I don’t see them being, you know, appropriate for the maths that we’ll be teaching.’ 
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Prospective mathematics teachers need further opportunities to develop the depth of their knowledge of topics appropriate for the secondary school mathematics syllabus [32]. This is vital in terms of their ability to alter their teaching strategies and ultimately teach for understanding. The role of the Mathematical Thinking programme is to provide prospective teachers with such opportunities, while simultaneously examining sound pedagogical practices for teaching those topics to pupils.
3. Methodology
The authors decided to use a mixed method approach by combining both qualitative and quantitative methods of research. The use of multiple methods was decided upon in order to get an in-depth understanding regarding the efficacy of the programme. 


3.1 Programme design and implementation
The Mathematical Thinking programme was piloted in the academic year 2009/2010 with final year students from the Bachelor of Science in Physical Education and Mathematics teaching. Due to the perceived success of the pilot, the programme was expanded and in the academic year 2011/2012 it was offered to all the undergraduate students in the Bachelor of Science in Physical Education programme in addition to the Professional Diploma in Education (Mathematics Teaching) students. The programme was run on a weekly basis at 6pm and lasted for approximately 1.5 hours.  Attendance was voluntary and at any particular class the numbers attending could vary from 6 to 34 participants. The programme at the time was not part of a core timetabled module for these students and this, as well as other commitments on the students’ time, may have accounted for the low attendance at some of the classes. Topics covered included Logarithms, Indices, Trigonometry, Fractions, Integers, Equations and Inequalities, Quadratic Equations, Formulae and Statistics (see Appendix 1 for example).  Each week a minimum of three members of the mathematics education team would attend the class and facilitate the students as they attempted to deepen and expand their knowledge of the chosen topic. In the academic year 2012/2013 the Mathematical Thinking classes were embedded into the subject pedagogy modules for both the undergraduate and diploma students and have now become a core part of the syllabus of these modules. 
3.2 Participants
The subjects participating in this study were prospective secondary school mathematics teachers from both the Bachelor of Science in Physical Education and Mathematics teaching and the Professional Diploma in Education (Mathematics Teaching). The Bachelor of Science programme is a four year undergraduate degree where students complete modules in physical education, mathematics, subject specific pedagogy as well as general educational studies. The modules that compromise the mathematics element of the Bachelor degree are Calculus(x2), Algebra(x2), Linear Algebra, Statistics, Analysis, History of Mathematics, Group Theory and Differential Equations.  The professional diploma students all have mathematics degrees or degrees with a significant element of mathematics (e.g. Engineering or Joint Honours (e.g. English and Mathematics)). During the one year diploma these students are required to study number theory and either pure mathematics or mathematical modelling and applications, depending on their mathematical backgrounds. The primary focus of the diploma is on subject specific pedagogy and general educational studies as well as providing the student teachers with as much practical classroom teaching experience as possible. These students are deemed to have adequate mathematical content knowledge due to the fact that they all possess a previous degree in mathematics or a mathematical related subject.
3.3 Pedagogical implementation
The primary teaching methodology employed during the intervention is that of constructivism. Constructivism is based upon the concept that individuals construct their own new understandings or knowledge through the interaction of what they already know and believe and the ideas, events, and activities with which they come in contact [33]. The role of the teacher is altered when utilising a constructivist teaching approach due to the fact that rather than being a provider of knowledge, the teacher is a guide or facilitator who encourages students to question, challenge, and formulate their own ideas, opinions, and conclusions. As previously mentioned, prospective teachers enter formal teacher training with predefined views and beliefs on how to teach mathematics. Therefore the role of the facilitators, supported by the constructivist approach to learning, is to shape these views and beliefs and challenge the prospective teachers to question and scrutinise their previous beliefs regarding mathematics and its teaching and learning. Additionally, constructivist approaches are found to produce greater ownership and deeper understanding of a topic than traditional teaching methods [34]. The primary method of instruction employed under the constructivist umbrella was that of guided discovery. Mayer [35] proposed that the constructivist approach to learning works best when guided discovery is employed as a method of instruction rather than pure discovery. In a review of different teaching strategies dating back to the 1960s, he found that in each case ‘guided discovery was more effective than pure discovery in helping students learn and transfer’ [35, p. 14]. 
A key teaching strategy employed during Mathematical Thinking was that of collaborative learning. The prospective teachers worked collaboratively in small groups to construct or deepen their understanding of the topics while at the same time developing potential strategies for teaching the chosen topic. Group work allowed the prospective teachers to share ideas but also to challenge the thoughts and assumptions of their colleagues when attempting to complete the tasks laid out for them by the facilitators. For most of the prospective teachers this was a novel approach to the teaching and learning of mathematics compared to what they would have previously encountered in their own education due to the fact that ‘rarely are prospective teachers treated as learners who actively construct understanding about specific subject matter and its pedagogy’ [30, p. 292].

Facilitators promoted the use of Information and Communications Technology (ICT) as a teaching and learning tool as teachers are expected to utilise ICT as part of the Project Maths approach (www.projectmaths.ie). Participants within the programme were instructed to bring a laptop with them to the classes and were encouraged to actively seek online resources to facilitate their inquiry or to utilise specialised software which would aid their understanding, for example GeoGebra (www.GeoGebra.org). Pre-constructed applets were made available to the participants (www.ul.ie/cemtl) but participants were also encouraged to develop their own resources to aid in their exploration of the mathematical concepts under study. Fahlberg-Stojanovska & Stojanovski [36, p. 76] highlight how GeoGebra can be utilised to aid pupils discover and investigate mathematical concepts giving them ‘the freedom to explore and learn’. Additionally participants utilised online virtual manipulatives (http://nlvm.usu.edu/en/nav/vlibrary.html) to explore and deepen their understanding of concepts. It is important to afford prospective teachers with the access and opportunities to utilise ICT resources prior to them being placed full time in the classroom. Without training, practical experience and addressing the pedagogical considerations of utilising ICT in the classroom, the expectation that they will be able to utilise ICT effectively and efficiently may prove unrealistic. Halpin [37] discovered that the integration of ICT into elementary teaching methods courses increased the chance that prospective teachers transferred the computer skills into the classroom during their first year teaching. Therefore, the participants in the programme were encouraged to utilise ICT when appropriate and additionally challenged to consider the pedagogical ramifications of utilising ICT to aid in the teaching and learning of mathematics.
Another important design consideration was the integration of process and context. Since the early 1980s there has been an increased emphasis placed on teaching mathematics in context. Boaler [38, p. 552] wrote that advocates of this philosophy believe ‘that everyday contexts would provide learners with a bridge between the abstract world of mathematics and their world outside of the classroom’. The inclusion of real world contextual applications and problems when teaching mathematics presents teachers with the opportunity for flexibility and creativity in the mathematics classroom and will present more meaningful activities which will invite pupils to become more active in finding solutions [39]. Unfortunately, the effective inclusion of real world contextual applications and problems into the mathematics classroom is not an easy goal to achieve. Many pupils struggle to solve routine problems and this places increased pressure on teachers. Schoenfeld [40, p. 7] pointed out that an inability to apply procedural skills to solve real problems ‘constitutes a dramatic failure of instruction’. The facilitators in each class attempted to challenge the prospective teachers to find real world “relevant” contexts that they could use as applications when teaching the specific topics. The prospective teachers were told that these contexts should be age appropriate but also draw upon the cultural interests of the pupils while at the same time attempt to bridge gaps and make connections between what pupils see as ‘discrete’ elements of the mathematics curriculum.
4. Feedback from the programme
In order to get feedback regarding the effectiveness of the programme, focus groups were conducted with students whose participation was constant throughout each year. These focus groups were conducted on two occasions; after the piloting of the programme in the academic year 2009/2010 and after its expansion in the academic year 2011/2012. Each student was coded to ensure confidentially. There were eight students in the 2009/2010 focus group (P1 – P8) and six students in the 2011/2012 focus group (P9 – P14). Their responses were transcribed and analysed using NVivo software. After careful analyses, involving each member of the mathematics education team, two main themes emerged from both focus groups which embraced the key issues from the data, namely; 
· Benefits of Mathematical Thinking,
· Adjustments for future programme.

The key aim of Mathematical Thinking was to improve prospective teachers’ relational understanding and pedagogical beliefs in teaching second level mathematics. The responses of the participants indicated that such improvements were achieved throughout the programme. The participants acknowledged that prior to the programme they had an instrumental understanding of many concepts of mathematics which was based on ‘rules without reasons’. 
P11: ‘I surprised myself to think “I’ve never actually thought where did that come from?’’ because the whole way up its being drilled in’.
P14: ‘(Any number to the power of zero equals one)… that’s something I always took for granted…. I never really thought about it’.

However as a result of the classes, some feel their understanding has improved.
P2: ‘I just learned that off (formula), it was a series of letters, I wrote one after the other and that was it. But now I actually understand what we are doing’.
P7: ‘we went through it, it actually made sense, it was really good’.

They also feel their pedagogical knowledge (P9: ‘The way I’d approach teaching things would be completely different now’) and curricular knowledge (P10: ‘Just one more thing I’d say as well these classes were very good ……just relating all the different parts of maths to each other’) has improved.
Subsequently, they now believe it is important to advocate and promote relational understanding in their own teaching.
P10: ‘….like changing the signs and all that and I’d ask them then ‘why?’’.
P9: ‘he’ll (pupil) be a lot less confused about things like cross multiplying and things like that because he will know why you can’t do it’.

Confidence in their teaching has also improved through the programme. This confidence is mainly as a result of improved content knowledge.
P6: ‘It’s a good confidence builder as well. It’s helped me understand some parts of maths that I wasn’t really sure of. I’m a bit more confident now to go teaching in secondary schools’.
P10: ‘it was good for the confidence I suppose. Going out I would have been sketchy enough if we had enough maths in us to go out and teach as it is like’.

It is obvious from the focus group that the participants also enjoyed the classes.
P8: ‘…it’s the best maths thing that we’ve done since we came in’.
P12: ‘I really enjoyed that class I really did. I had fun doing it’.

Nevertheless, participants did offer some recommendations for the programme if it was to be run in the future. They agreed that it should remain a voluntary class (P7: ‘I think it was better to have it voluntary) and that active participation is key (P5: ‘It’s a class that would be almost completely pointless if you weren’t into it. It would be very easy to just sit down and you would gain nothing from it by just being there. Really it is about participating in it’). 

The main issue was the timing of the classes. 
P9: ‘Yeah the timetable didn’t suit me at all in the second semester’.
The idea of having some sort of academic incentive/ acknowledgment for those students who attend the classes was also discussed.
P14: ‘academic credits somewhere?’

Finally, although the participants liked working in groups (P12: ‘the group work was good as well. You were kind of promoting us to work together’), they also thought it would be a good idea to bring the groups together at the end for a summary so that different groups could share good ideas and points of view (P8: ‘You can learn an awful lot from each other’). In the academic year 2012/2013 the organisers incorporated a summary section at the end of each class to collate and share the ideas and approaches of all the different groups as suggested by the previous participants.
Whilst qualitative feedback received during focus groups was resoundingly positive, in the academic year 2012/2013 the authors proceeded to quantify the efficacy of the programme. A pre and post-test was decided on, with content selected from that covered over the duration of the programme. How best to assess conceptual understanding (as opposed to or indeed, in conjunction with procedural understanding) was the main challenge that needed consideration within the time constraints imposed. According to Niemi [41] validation of such assessment tools is problematic and research in this area is scant. As mentioned previously the decision was taken to embed nine weekly sessions in their mathematics pedagogy module, as opposed to voluntary attendance like in previous years. One of the benefits of this was the improvement in attendance rates as compared to previous years which resulted in over 95% of the students completing both the pre and post-tests.
While Skemp [42] helpfully categorises understanding into two factions: instrumental and relational, Usiskin [43] maintains that there are five sub constructs to understanding mathematics: Skill-Algorithm, Property-Proof, Use-Application, Representation-Metaphor and History-Culture.  This sub-categorisation, minus the latter category, provided the framework which influenced the design of our assessment. Ten questions were selected and students were given one hour to complete the assessment under the four sub-constructs (see Appendix B). Marks were awarded on the following basis: 3 marks for a complete correct answer; 2 marks for almost complete answers, 1 mark for an attempt in the right direction; -1 mark for a blank or irrelevant answer and -2 for a misconception. A panel of three researchers scrutinised all scripts and awarded marks accordingly. A random sample of 15 scripts (33%) were selected and distributed to three other pairs of researchers who marked them independently for inter-rater reliability purposes. Inter-rater reliability was measured in the form of a kappa statistic between the original markers and each of the three pairs of secondary markers and returned values of 0.86, 0.88 and 0.88. A commonly cited scale for interpreting a kappa statistic is presented in Landis & Koch [44] and according to this scale all of the above kappa statistics lie in the “almost perfect agreement” category.
A total score was generated for every participant in all four of the sub-constructs (Skill-Algorithm, Property-Proof, Use-Application and Representation-Metaphor) by summing their score for all 10 questions in each construct. These total scores were then summated to give an overall total score in each construct for the entire test group for both the pre and post-tests. The difference between the pre and post scores were calculated (pre - post) and the Shapiro-Wilk test was used on the difference to test for normality. All four constructs of the instrument passed the test and so a one sample t-test was conducted on the differences to check for statistically significant changes in overall group performance. These results are shown in Table 1.
	Table 1. One sample t-test of the overall difference in each construct

	
Difference 
(Pre – Post)
	

t
	

df
	

Sig. (2-tailed)
	
Mean Difference
	95% Confidence Interval of the Difference

	
	
	
	
	
	Lower
	Upper

	Skill 
Algorithm
	-3.028
	22
	.006
	-2.39130
	-4.0288
	-.7538

	Property
Proof
	-5.314
	22
	.000
	-2.73913
	-3.8081
	-1.6702

	Use 
Application
	-3.496
	22
	.002
	-2.65217
	-4.2255
	-1.0789

	Representation
Metaphor
	-.906
	22
	.375
	-.73913
	-2.4302
	.9519



The first three constructs, Skill-Algorithm, Property-Proof and Use-Application, showed a statistically significant increase in overall student understanding related to the specific topics being assessed. These results support the qualitative evidence that the Mathematical Thinking classes have aided in altering the understanding of the participants in three of the four constructs. A more detailed analysis of these results is beyond the scope of this paper but it hoped that the results presented here will aid in convincing readers about the efficacy of a programme of this nature.


5. Summary and Concluding Remarks
A recent study by Artzt et al. [45] found that affording prospective teachers the opportunity to revisit secondary school mathematics content from an advanced perspective is essential for their preparation to teach mathematics meaningfully. The Mathematical Thinking programme has afforded participating prospective teachers with such an opportunity. Perhaps for the first time, they have been facilitated and encouraged to analyse their relational understanding of fundamental mathematical topics. Based on the comments of the participants it is clear that many of them have never taken the time to reflect and think more deeply about the underlying principles upon which many of the mathematical topics covered in the programme were based. As one participant mentioned “I learned things I never knew before”. Presenting prospective teachers with the opportunity to reflect and analyse their own assumed knowledge is essential if we, as teacher educators, aim to play a role in transforming the secondary mathematics classroom for the better. 
Participants in the programme also commented that they viewed the mathematical content covered in the programme as “something you would use rather than abstract knowledge that you have that you’re not ever going to apply”. As highlighted previously, many prospective teachers view the mathematical content of their degree programmes as having little relevance to their future teaching profession [30, 31]. One participant felt so strongly about the Mathematical Thinking classes that they commented that they were the ‘best set of classes we have done while in college’ while another prospective teachers said that they were the ‘most useful maths classes we have done in college’. 
Consideration needs to be given to the selection of the topics that will make up a programme of this nature as selection of topics that participants deem “inappropriate” will have a detrimental effect of the overall impact of the programme as highlighted in the last paragraph. The organisers of the Mathematical Thinking classes specifically selected topics which they deemed to have significant curricular importance. These topics are also fundamental mathematical concepts that all competent teachers should deeply understand and be able to explain to their students. This was originally not the case as one participant commented that the Mathematical Thinking programme ‘makes you realise how little understanding we have of some mathematical concepts ourselves’.
Another consideration that needs to be addressed when designing a programme of this type is in terms of attendance and participation of the prospective teachers. Since attendance at the Mathematical Thinking programme was voluntary the number of prospective teachers attending from week to week fluctuated from between 6 to 34. Finding a suitable time in students’ already full timetables has proved in the past to be an issue and this has led some prospective teachers to comment that it would be better to ‘make them compulsory in the timetable so that people could attend’. However, a counter argument to this proposal has also been raised by some of the participants who felt that ‘it was better to have it voluntary because if it was compulsory people would moan and groan going into it whereas you go in and you’re there and you want to sit down and actually think about it’. Another participant commented that if the class was made compulsory and every prospective teacher had to attend, including those who felt they didn’t need to, then ‘it would be very easy to just sit down and you would gain nothing from it by just being there. Really it is about participating in it’.
One of the main challenges with a course of this nature is in evaluation. In the initial two years of the course, during its piloting and subsequent expansion, the authors relied upon focus groups for evaluation and feedback. In an ideal world, the authors would like to observe participants in a teaching environment (such as on their school placement) to evaluate whether their knowledge, understanding and pedagogical considerations were improved through the programme. However, there are many difficulties associated with this. In the authors’ university, students from the Bachelor of Science in Physical Education and Mathematics teaching only go on teaching placement in their second and fourth years. They are placed in schools throughout the country and are assigned tutors by the School Placement Office. Even if the authors were to attempt to evaluate those participants on teaching practice it would entail massive collaboration, time constraints and a host of other issues. For example, the evaluation of one student would have to involve the mathematics education team running the programme, the participant to be evaluated, their teaching practice tutor, their teaching practice school (principal, class teacher, pupils, and parents) and the Teaching Practice Office in the university. Hence, this has not proved feasible. In recent years a pre and post diagnostic examination has been conducted so that improvements in participants’ subject knowledge could be quantitatively measured. Preliminary analysis of the results has highlighted an overall statistically significant improvement in students’ relational understanding which is a positive reflection on the programme.
Despite the difficulties regarding the evaluation, the authors believe the Mathematical Thinking programme to be a success. The key aim at the outset was to improve prospective teachers’ relational understanding and pedagogical beliefs in teaching second level mathematics. The responses to the focus groups indicate that this aim was achieved by those students who participated in the programme throughout its piloting and expansion. It is hoped that these prospective mathematics teachers now have a broader and more integrated knowledge of mathematics and will be more likely to use a variety of teaching styles and approaches as advocated by ‘Project Maths’. Further improvements will continue to be made to the programme so that in the future it can provide all prospective teachers in the university with the relevant knowledge, understanding and pedagogical beliefs required for the effective teaching of mathematics.
Although there are many factors that influence the development of prospective teachers, the authors believe that a course like Mathematical Thinking is vitally important in all mathematics education programmes. This course provides students with the opportunity to actively construct understanding of specific subject topics relevant to their teaching. Both qualitative and quantitative evidence to support the benefit of a course like this has been provided and it is hoped that this evidence will help to convince educators worldwide, who work with prospective teachers, of the value of this course. Our study has shown that incorporating an element of "mathematical thinking" into an existing initial mathematics teacher education programme resulted in increases in conceptual understanding among the prospective teachers. Such findings would suggest an improvement in the teaching, and learning, of mathematics and highlight the benefits of the inclusion of such a course in any mathematics education programme.
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Sample Topic Sheet 

Integers


When multiplying integers . . .

1. + × + = +

2. + × − = −

3. − × + = −

4. − × − = +

When dividing integers . . .

1. + ÷ + = +

2. + ÷ − = −

3. − ÷ + = −

4. − ÷ − = +

When adding/ subtracting integers, the following holds . . .

1. x + (+y) = x + y

2. x + (−y) = x − y

3. x − (+y) = x − y

4. x − (−y) = x + y


Tasks/Questions:

• Explain each result by a numerical example and by a real life example.

• Where in the real world do we encounter negative integers?

• How would you introduce the concept of integers to a group of students?

• What leading questions would you ask?

• What activities or resources would you choose to introduce integers?

• What new vocabulary and symbols must you introduce here in the classroom? How will you explain these terms?

• Which rules do you anticipate students having difficulty with? Why? What would you do about this?
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Sample Questions from Assessment



	
	(Skill-algorithm)
Mathematical workings/calculations

	(Property-proof)
Can you explain the process you just carried out, your reasoning behind each step and what the answer means?
	(Use-application)
Can you think of a real life example to represent the mathematical process you just carried out?
	(Representation-metaphor)
Can you give a graphical/pictorial representation or a metaphor of the process and the answer?

	Simplify (x3)4





	












	
	
	

	Simplify 
log24 + log216
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