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Abstract

In this thesis, we are concerned with the effect of randomly sampling a stochastic process. 

We consider two stochastic processes: the underlying process, {Xt}teri and the observation 

process a strictly increasing process taking values in r .  The process of interest

is generated by sampling the underlying process a t the times specified by the observation 

process,

We call this transformation random sampling and refer to {¥„} as the observed, or sample, 

process.

In particular, we are interested in how the large deviations properties of the process are 

affected by this operation and so we only consider those tha t satisfy an LDP. In the case 

where the process counting the number of observations is Poisson, a formula can be obtained 

for the new rate function in terms of the rate function for the underlying process. Using 

order theoretic ideas, we can, in certain cases, characterise the inverse to this formula 

and partially determine the rate function of the underlying process, given only tha t of the 

observed process. Applying this formula when the underlying process is Markov, we derive 

a novel expression for the 2-state Markov rate function.

In the case where the observation process is not Poisson, we can establish general condi­

tions tha t ensure the observed process will obey an LDP. For a large class of observation 

processes, we show how certain conditions on the underlying process, sufficient for an LDP, 

are preserved by the random sampling transformation.
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Chapter 1

Introduction

We are interested in considering how certain asymptotic properties of a stochastic process 

are affected by considering only the values assumed by that process at a random subset of 

its index set. Specifically, we have in mind a second stochastic process which determines 

a strictly increasing sequence of times at which the first process is observed. We wish to 

determine how the two processes interact in generating the observed process and how much 

information it is possible to regain about the asymptotics of the underlying process.

In particular, we are concerned with looking at the large deviation asymptotics of the 

process. In Chapter 2, we provide a technical summary of the aspects of the theory which 

are relevant to our investigations. In the following section, we provide a context for the 

abstract treatment with a heuristic discussion of a concrete example.

1.1 W hat are large deviation asymptotics?

The theory of large deviations grew from a study of the probabilities of rare events in 

widely different areas, most famously risk theory and thermodynamics. It is concerned with 

rare events whose probabilities decay due to some inherent scaling. To provide a concrete 

example, consider the much beloved coin-tossing experiment. Out of n tosses of an unbiased 

coin, we expect that roughly half will come up heads. In fact, the weak law of large numbers 

tells us that the probability of unusual behaviour becomes arbitrarily small as we toss more 

and more coins. To be precise, if we write the proportion of heads after n tosses as M„,

1
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then the weak law of large numbers tells us that for an arbitrarily small e,

Large deviation theory tells us how this probability decays when examined on an exponential 

scale.

An obvious question to ask is why we expect decay on an exponential scale to be of 

interest. The answer to this lies in the fact that we assume that successive coin tosses are 

independent and statistically identical. Hence, any particular sequence of heads and tails 

is equally likely. As a consequence of this, the probability of any event which depends only 

on the aggregate behaviour, such as our example where we look at the proportion of heads, 

will be determined by the number of different sequences which give rise to that behaviour. 

This means that the probability of getting an unusually high number of heads, after many 

tosses, will be dominated by those sequences where the number of extra heads have been 

more or less evenly distributed throughout the course of the experiment. This is the case 

simply because there are a far greater number of these sequences than with the extra heads 

arriving in a clump. It is not hard to see that as the number of tosses grows, so too does 

the domination of the probability by those sequences where the heads are most evenly 

distributed. Effectively, as n becomes larger, the deviation from the expected behaviour is 

shared as equally as is possible over all the coin tosses. Since we axe thus expecting each 

toss to behave in a similarly deviant fashion, and the tosses are independent of each other, 

we would expect that the probability would roughly factor into n equal contributions. In 

other words, where x is some number greater than we might hope to prove the existence 

of the Hmit

I{x)  is called the rate function because it describes the rate of decay of the probability,

lim P( Mn w x )"  .
n—)>oo

To be more specific, a typical large deviation statement is of the form

n^oo n
lim — logP( Mn ~  a;) =  —/(a ;) . ( 1 . 1)

which depends on how far the behaviour is from that which is expected. To emphasise this.
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Figure 1-1: The rate function for coin tossing

we sometimes write equation (1.1) using the following notation,

F{ Mn ^ x )

Obviously, the rate function has to be non-negative everywhere, and it reaches zero at 

the mean because the probability of this typical behaviour tends to 1. In the case of our 

coin-tossing example, a graph of the rate function is shown in Figure 1.1.

One can think of the rate function as associating a probabilistic cost to a specified 

deviation and only mean behaviour has no cost. The rate function is a measure of the 

limiting cost per unit time associated of the behaviour in question. Using this analogy, 

the heuristic argument above can be summarised by saying that, as the time interval in 

question grows, the cheapest way that the process can achieve a specified deviation from 

mean behaviour is by spreading that deviation evenly over the interval. This is reflected in 

the convex shape of / ,  which is a common, though not essential, feature of rate functions. 

For example, we consider a deviation of 0.7 in the coin-tossing experiment. Convexity 

derives from the fact that it is cheaper for the coin to turn up heads with a frequency of 0.7 

for the duration of the experiment, than for the coin to turn heads with a frequency of 0.6
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half the time and with a frequency of 0.8 the rest of the time.

In a more general situation, we can consider arbitrary stochastic processes and ask 

whether some large scale property of the process, such as its empirical average, satisfies 

a large deviation principle (LDP). In such cases, the heuristic argument above can break 

down. For example, heavy-tailed processes, where, for each individual random variable, 

the probability of unusual behaviour does not decay quickly, may satisfy LDPs on hyper- 

exponential scales. In such cases, the deviation can be caused by the action of a single 

random variable, rather than being spread over the entire history of the process, and the 

rate function will not necessarily be convex.

The precise definition of an abstract LDP is somewhat technical and is covered in Chap­

ter 2. In the general case, instead of a sequence of laws of empirical averages, as for 

coin-tossing, we look at an arbitrary sequence of measures and examine the logarithmic 

asymptotics of the sequence on certain sets, against some specified scale. Roughly speaking, 

the LDP holds when

lim log P( e -B) =  -  inf 7 (x ),
n —>oo l/^ xeB

for B  in some suitably defined class of sets.

1.2 W hat we talk about when we talk about random sam­

pling

We have in mind a situation where a stochastic process can only be observed at certain times, 

which are governed by some other random process. Thus the observer has only partial infor­

mation about the behaviour of the underlying process. As a concrete, if somewhat artificial, 

example, consider the transit time along some city bus route, subject to unpredictable vari­

ations, as the underlying stochastic process. Consider also an individual commuter who, 

subject to random whims, may choose alternatives to the public transport provided. We 

could describe this situation as a random sampling of the transit time process. The process 

consisting of the commuter’s transit times on public transport is obviously related to the 

underlying process, but there is also an effect due to his random decision process.

The process under observation is referred to as the underlying process, and in continuous 

time, is usually denoted The times at which {Jft} is sampled are determined by
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the observation process, and the time of the n^^ observation is usually denoted T„. Nt 

typically refers to the number of observations before time t. In that case, the observed 

process, consisting of the sequence of samples, is defined by

Yn := X t^ .

We are interested in finding out how the random sampling transformation affects the large 

deviations properties of the underlying process, and, if possible, relating the rate functions 

of {Xt} and {T„} to that of {Vn}. We would expect that the asymptotic properties of the 

process would be changed by this operation, since the number of ways in which an event can 

happen is greatly increased by the addition of random time intervals between observations. 

For instance, to achieve some deviation of the observed process, either the underlying process 

could behave in a similarly deviant fashion and the observations be typically distributed, 

or the underlying process could behave in a more typical manner and the deviation be 

attributable to an unusual sequence of observations. Hence, to use the cost analogy, we 

can see there should be some trade-off of the cost of atypical behaviour of the underlying 

process against that of atypical behaviour of the observation process.

We start by considering a concrete example where the underlying process is a Markov 

process and the times between observations are independent. In this case, the resulting 

process can be completely described by a Markov chain, the large deviation properties of 

which are well-known. When the state space of the Markov process consists of only two 

values, and the inter-observation times are exponentially distributed, we can identify the 

Markov chain precisely. This we describe in Chapter 3, where we use this result to come up 

with a new, if rather unwieldy, formula for the rate function of a 2-state Markov chain.

In so doing, we rely on a formula which is at the centre of Chapter 4 where we relax the 

conditions on the underlying process while keeping the Poisson structure of the observation 

process. In this case, we can derive a formula which describes the rate function for the 

observed process in terms of the underlying one.

Random sampling is related to sampling without replacement, the large deviations of 

which is considered by Dembo and Zeitouni in [4, Section 7.2]. They consider a deterministic 

underlying sequence, which is sampled according to a random subsequence drawn

from its index set, N. The random subsequence is such that for each n, there are n  samples
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drawn from the first m(n) elements, where

6

lim =  ^ , for /? € (0,1). n->oo m(nj

Its distribution is such that every distinct set of n samples in ,m} is equally likely.

When the empirical average of the underlying deterministic sequence converges, they show 

that the resulting stochastic process obeys an LDP and they provide a formula for the rate 

function. They generalise this analysis to consider empirical measures.

For the most part, we restrict our intentions to continuous time processes. When the 

arguments used in Chapter 4 are converted to the discrete time case, the observation pro­

cess we choose has geometrically distributed inter-observation times, this being the closest 

analogue of the Poisson process. This process conforms to the conditions for the LDP de­

rived by Dembo and Zeitouni, and, in that case, the rate function they derive occurs as an 

intermediate step in the derivation of the rate function in the discrete time random sampling 

transformation.

Under conditions on the continuity of the rate function, we can affect a partial inversion 

of the formula derived in Chapter 4. Viewing that formula as a mapping from the space 

of rate functions to itself, the pseudo-inversion characterises the pre-image. This derivation 

depends on some elementary results from order theory and is detailed in Chapter 5. Finally, 

we examine the case where the inter-observation times are not exponentially distributed. In 

this case, we have not been able to find a formula for the rate function of the observed process 

but we can nonetheless prove that it satisfies an LDP, and we consider sufficient conditions 

in Chapter 6. We approach this problem by imposing conditions on the underlying process 

which guarantee that it satisfies an LDP, and then showing that the observed process obeys a 

similar condition. These conditions effectively limit the strength of the process’s correlation 

structure.



Chapter 2

Large deviations

The aim of this chapter is to provide an abstract introduction to some of the technical aspects 

of the theory of large deviations and to define some concepts that we will use throughout the 

remaining chapters. We use the framework described and developed by Lewis and Pfister 

in [7]. A minor, but potentially confusing, difference is that in our discussion of the LDP, 

the rate function is defined to have a different sign to that of the rate function in [7]. We 

do this because, outside of this chapter, we are only interested in the large deviations of 

probability measures, whose logarithm is always non-positive. For this reason, we follow the 

convention of the probability literature and choose to deal with non-negative rate functions. 

This implies that the rate function be lower, rather than upper, semi-continuous.

In Section 2.1, we define some of the terminology we will use and state some simple results 

regarding the properties of semi-continuous functions and their relation to set functions. In 

the following section we describe the incremental approach to proving an LDP which is 

explained in some detail by Lewis and Pfister in [7]. In Section 2.3, we investigate the 

general form of Varadhan’s theorems, originally proved by Varadhan in [10]. We prove 

these theorems, in a more restricted setting, within the framework of [7]. In Section 2.4, we 

review some issues relating to stochastic processes and the LDPs deriving from them.

The material in Sections 2.1 and 2.2 is not original, begin merely a summary of [7], but 

in Section 2.3, where proofs are provided either the result or the method of proof is believed 

to be novel.

7
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2.1 Semi-continuity, set functions and level sets

In advance of discussing the definition of an LDP, it is helpful to gather together some facts 

about semi-continuous functions, set functions and the links between them. Let X  be a 

Hausdorff topological space, and let G denote a generic member of Q, the collection of open 

sets.

For a function /  : X ^  E, its level sets are those of the form

{x : f {x)  < a},

for some finite a. We say that /  is lower semi-continuous (Isc) iff all its level sets are closed. 

/  is upper semi-continuous (use) if —/  is Isc, or, in other words, if all sets of the form 

{x : f {x)  ^  a} are closed, for finite a.

A set function is a function from a class of subsets of X  to E. We define two operations, 

which transform set functions into real-valued functions on X  and vice versa. We only 

concern ourselves with set functions whose domain includes Q.

Definition 1 For a set function c, the inf-derivative of c is

{x) inf c[G] =  {c[G] : G £ Q , x E G} .
G3x

For a function /  : X  -> E, the sup-integral of f  is

'^/[G] := sup f i x ) .
xGG

Using this terminology, for an arbitrary function we define semi-continuous regularisations. 

Definition 2 For an arbitrary function f  : X  R, we define the use regularisation by

fO

and the Isc regularisation by

f . : = - i - i r -

It is easy to see, directly from the definitions, that /o  ^  < f^.
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Lemma 2.1 /  is use if and only if = f-

Proof. For any a, we define Ga •— {x  : f {x)  < a}.

Assume first that /  is use. Since f ^ ^ f  automatically, we need only prove the opposite 

inequality. Fix x, and take any a > f{x).  Since /  is use, Ga G Q, and of course [Go] ^  o- 

Therefore, because Ga B x,

f^{x)  =  inf sup /(y ) ^  a.
G 3 x  y e U

Since this holds for all a > f{x),  we can conclude that f ^  ^  / .

On the other hand, assuming that /^  =  / ,  we want to show that Ga is open.

Ga =  <x : inf sup f{y) < a
G 3 x  y S G

= \ 3 G  3 X such that G is open and G C Gqj- .

Thus Ga is equal to its interior and so is open. Hence /  is use. □

For an arbitrary function, / ,  it can be shown, by a similar argument to that used in

proving the second part of the previous lemma, that (x : f^{x)  < a} is open for all finite a.

Hence, f ^  is always use. Of course, parallel statements hold true for the Isc regularisation: 

/o is Isc for any / ,  and /  itself is Isc if and only if /  =  /<>.

Using this characterisation of upper semi-continuity, we can show that the inf-derivative 

of c, a set function, is a use function by showing that for any a:,

{'^cY{x) < ^c{x),

and this follows from the fact that

sup inf c\G'] ^  c[G], V G 9 a:
y ^ G  C ' 3 y

by taking infima over all G 9 a;.
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2.2 The vague and narrow path to the LDP

In later chapters, we will only be concerned with LDPs on but for the present we wish 

to define a more general setting in which to prove the extension to Varadhan’s theorem.

We consider a sequence of measures on a HausdorfF topological space X ,

equipped with a Borel structure. We denote the collection of closed sets by T ,  and the 

compact sets by 1C. We let denote a scale, an increasing sequence of positive real

numbers, diverging to +oo. We are interested in examining the exponential asymptotic 

properties of these measures on this scale. To this end, we make the following definitions

m n [ B ]  := :̂ logM„[5];
m[B] := limsupm„[jB];

n —> 0 0

rn\B] := lim infm „f5 l.
n —>-00

Using these definitions, we can state the abstract LDP as follows.

D efinition 3 {M„} satisfies an LDP, on the scale { V n } ,  with rate function I  : X  ^  R, if 

the following conditions are satisfied

(L D P l) I  is lower semi-continuous;

(LDP2) I  has compact level-sets;

(LDPS) - i n f / ( a ; )  ^  m[G] , y O e Q ;
xGG

(LDP4) fn[F] ^  - i n f / ( x ) ,  F ^ T .
i g F

There is a general approach to showing the existence of a rate function for a given 

sequence {(M^, V'„)} which relies on finding a function to satisfy a weaker set of conditions, 

and then using topological arguments to show that this function qualifies as a rate function. 

We make these weaker conditions precise in the following definition.

D efinition  4 {M„} satisfies a vague LDP on the scale {Ki} with r a t e  function I, if I  sat­

isfies LDPl, LDPS and

(L D P4’) m[K]  ^  — i n f / ( x ) , M K  £ 1C.
x ^ K
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In order to establish some useful conditions under which a vague LDP is guaranteed, we 

define two new functions.

fi{x) ;= inf m[G],
—  G B x

JI (x) := inf m [G] ,
G B x

called, respectively, the upper and lower deviation functions. This pair of functions can be 

used to show the existence of the function I,  satisfying the vague LDP.

The inf-derivative of a set function is necessarily upper semi-continuous, which means 

that —/£ and —JI both satisfy LDPl. We also note that the definition of ^  implies

sup /i (x) < m [G] , V G e ^ ,
x e G ~

and it is proved in [7, Lemma 2.5], via the principle of the largest term, that

m  [K] ^  sup J l { x )  , V K  € /C.
x € K

Hence, if /i and JI are equal, then the conditions for the vague LDP are met by the negative 

of that function. In this case, we define the Ruelle-Lanford (RL) function,

/i(x) := [i{x) =Jl{x) .

Of course, this merely reduces the problem of proving the vague LDP to showing the 

existence of the RL function. However, there is a fact to note about the definition of the 

upper and lower deviation functions which helps us to do this. If 6  is a base of Borel 

neighbourhoods, then for all G G ^  there exists B E B such that B  C G. Since both m and 

m are increasing set functions, this means that (using B  to denote a generic element of B)

u (x) = inf m [G] = inf m  [B] ,
-  ’ G ^ x —  ̂  ̂ B 3 x ~ ^  ^

JI (x) = inf m [G] =  inf m [B] .
 ̂ G 3 x ^  B a x  ^

Hence, if we can show that for some such base, B,

m  [B] = m[B],  Vi? 6 B ,
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then we can conclude that the RL function exists. At several points, we will use this 

technique in the case where X  is , where the open balls are a base for the usual topology.

In certain cases, it is possible to promote a vague LDP to a full LDP. This involves two 

steps, the first is changing the scope of the upper bound by showing that the rate function 

satisfies LDP4, rather than just LDP4’; the second is proving that the level sets of the 

rate function are compact. With the strengthening of the upper bound from compact sets 

to closed sets, we get what Lewis and Pfister term a narrow LDP. Some authors, such as 

Dembo and Zeitouni in [4], define an LDP to be what we term a narrow LDP; they then 

use the term good to describe a rate function with compact level sets.

If all closed sets are compact, then LDP4’ implies LDP4, and since the level sets of a 

lower semi-continuous function are closed, by definition, we can move immediately from a 

vague to a full LDP. In most cases that will concern us in this thesis, X  itself is compact, 

in which case all closed sets are also compact. Therefore, in such cases, if we choose to 

prove the LDP via showing the existence of the RL function, then that is in fact all that 

we need to prove since its existence guarantees a vague LDP which leads automatically to 

the full LDP. Lewis and Pfister show that, even if the space is not compact, the exponential 

tightness condition guarantees that a sequence satisfying a vague LDP will obey a full LDP.

D efinition 5 A sequence of measures, {Mn}, is exponentially tight on the scale {V'n} if 

there exists a sequence, {Kn}, of compact subsets of X  such that

lim f fi[X\Kn\ = —oc . n->oo

In [7, Section 5], they show that if a sequence of measures obeys a vague LDP and is 

exponentially tight on the same scale, then the sequence obeys a narrow LDP with the 

same rate function. In the case where X  is regular, this rate function is unique, and so is 

equal to the RL function whose level sets are compact, which completes the conditions for 

the full LDP.

2.3 Varadhan’s theorem

We now investigate a method of using an LDP for one sequence of measures to prove an 

LDP for a related sequence. Throughout this section, we assume the following:
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A ssu m p tio n  2.1 {M„}n^i is a sequence of locally finite measures on a Hausdorff space 

X , which obey an LDP on the scale {Vn} with rate function I  =  —jj,, where /i is the RL  

function for the sequence.

We are interested in considering the large deviations of a sequence of exponentially tilted 

measures, where we define

J b

W ith suitable conditions on the sequence of functions {gn}i we can show tha t ^n)}

satisfies an LDP. In keeping with the notation of the previous section, we define the following 

functions.
:= :^logM ^'^[5] 

m^\B] := lim inf [5 ], H^ix) inf [G] ,
n->-oo — G 3 x

m^[B] :=  lim supm n"[S], Ti^ix) :=  inf [G] .
n —)-oo G 3 x

The result known as Varadhan’s theorem concerns the exponential asymptotics of the tilted 

measure applied to the whole space, [X].

Varadhan’s approach

In Varadhan’s original paper, [10], he imposes certain convergence criteria on the sequence 

of functions which ensure tha t the tilted measures, applied to the whole space, have the 

appropriate exponential asymptotics. In order to obtain the upper bound, he also imposes 

a tail condition on the tilted measures which ensures tha t the functions do not grow too 

quickly. This condition is trivially satisfied by a sequence of functions which are uniformly 

bounded.

To be more explicit, for a sequence of functions, {g’n}, and a function g, he defines two 

convergence-like conditions at each xq E X:
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V I Ve > 0, there exists a neighbourhood, N  9 xq, such that for all sufficiently 

large n and all x  E N,

9n{^) ^  9(^0)  ̂5

V2 Ve > 0, there exists a neighbourhood, N  3 Xq, such that for all sufficiently 

large n and all a; 6 AT,

9n{x) > gixo) -  e;

and the tail condition,

V3 lim limsup l o g [ 5„“ ^[L,oo)] = - 00.
L->oo n-foo Vn

Using these conditions, Varadhan proves the result in three stages. First, he proves the 

upper bound.

Theorem  2.2 If condition VI holds at every x for the function g{x), and VS is satisfied, 

then

m^[X] < sup {g{x) -  I{x)} .
xex

Next, he defines the set X q to be the set of points in X  where condition V2 holds and this 

gives the following lower bound.

Theorem  2.3

^  sup {c;(a:) -  I{x)} . 
x£Xo

These are then combined to give the result known as Varadhan’s theorem.

Theorem  2.4 I f  condition V3 holds and there exists a function g \ X  ^  B. satisfying 

condition VI at every x  such that

sup {g{x) -  I{x)} =  sup{(/(a;) -  I{x)} ,
xeX o  ajGX

then

m^[X] = rn^[X] = sup {c/(x) -  I{x)} .
x e X
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T he Lew is-Pfister approach

In the more common statement of Varadhan’s theorem, the sequence of tilted measures is 

obtained from the original sequence by means of a single function,

=  M® , (2.1)

where g : X  —)■ K is some locally bounded function. This is the situation considered by

Lewis and Pfister in [7]. In the case where g is continuous, they show the existence of, and

identify, the RL function

jjP =  ll +  g^ (2 .2)

and conclude that the sequence satisfies a vague LDP. As explained in the previous section, 

when the space is compact, a vague LDP is equivalent to a full LDP, and so they get the 

following theorem.

Theorem 2.5 If  X  is compact then, for a locally bounded, continuous function, g : X —>• M,

rn^[X] = rn^[X] =  sup {g(a:) -  I{x)} . 
xex

They also show that for an arbitrary Hausdorff space, this vague LDP can be promoted to 

a full LDP by using Varadhan’s condition, V3.

In the remainder of this section, we wish to expand the approach taken by Lewis and 

Pfister to cover the situation where the measures are tilted by a sequence of functions. We 

also explore equivalent conditions to VI and V2.

A central lemma in the investigation of tilted measures, defined as in equation (2.1), 

in [7, section 2], states that

[i{x)+goix)  < < Jl{x)+g^{x),

l£{x) + go{x) ^  yP{x) < -Ji{x)+g^{x).

If g is continuous, then g<> = g^, and

Jl{x) +  g{x) =  p  

lAx)+g{x)  =
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and the existence of fx gives the vague LDP for {(IV!^,F„)} with the rate function given 

in equation (2.2).

We can prove a similar lemma in the more general setting, but we require more than just 

continuity of the limit function to attain equality. However, before imposing any conditions 

on {^n}) a-iid without needing to assume that ^  =  /Z, we can prove the following;

Lemma 2.6 Let Qn be locally bounded and measurable for all n. Then the upper and lower 

deviation functions for are related to those for (Mn,F„) by

~pp{x) < Ti{x)+ inf limsup sup 5 „(y) ,
G 3x n-^oo y&G

li^{x) ^  +  sup liminf inf gniv) ■
— — G 3x n ^ o o  y€G

Proof. The proofs of the inequalities are almost identical, so we will just prove the first. 

For any open set G,

m^[G] ^  m„[G] +  sup c/n(y)-
yeG

In fact, for G D G' 3 x,

[G'] ^  [G'] +  sup (y),
yeG

mP [G'] ^  fn[G'] + lim sup sup (y).
n->oo y eG

Taking the infimum over G' and the supremum over G,

ju®(x) ^  /7(a;) +  inf lim sup sup 3 n{y).
G 3 x  n —> o o  j/£G

□

Because of the LDP we have assumed for the sequence {{M„, Fn)}, we know that the 

RL function exists; ^  =  /i =  /I. In order to deduce, from this lemma, an LDP for the tilted 

measures, we need to find conditions under which the inequalities in Lemma 2.6 collapse 

down to an equality. We first define two operations on the sequence {^n}-
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{Cg){x) ;=  inf limsup sup 5 „(y).
GBx  n->oo 2/ec?

Lemma 2.6 then implies

H + {Sg) ^  ^  n + {Cg) ,

and hence equality of (Sg) (x) and (£g) (x) implies existence of the RL function at x  for the 

tilted sequence. Not surprisingly, it turns out tha t the conditions VI and V2 are sufficient 

to dem onstrate the equality of Cg and Sg,  and in fact, they are also necessary.

Lem m a 2.7

{Cg) (x) ^  g{x) <=> VI holds at x  fo r  g{x).

{Sg) {x) ^  g{x) V2 holds at x  for  g{x).

Proof. We check the details for the first equivalence by simply following the definitions.

{Cg) {x) < g{x)

<;=^ inf lim sup sup gn{y) g{x) ,
G 3x  n—>oo 2/€u

V e > 0 , 3 G g 3 a :  s.t. lim sup sup gn{y) ^  g{x) + e ,
n —>oo y€Gc

V e > 0 , 3 G e 9 x  S.t. Ve' >  0 , 3  iVff s .t .  sup sup 9 n(y) ^  9 (a;) +  e +  e ' , 

\/S > 0 , 3Gs  3 X ,Ns  s.t. sup sup gn{y) ^  g{^) + S ,
n>Ns  y€Gs

V I holds a t X for g { x )

The proof of the second equivalence is identical. O

In the light of Lemma 2.7, it is easy to see the tru th  of the remark before Lemma 2.6 that 

continuity of the limit function is not sufficient to strengthen the inequalities to equalities. 

Varadhan’s conditions imply a m ixture of continuity of g, and a  local uniformity of con­

vergence of gn to g. Hence, if we consider continuous functions converging only point-wise 

to a continuous limit, we can see tha t Varadhan’s condition will not be met. For example,
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consider

gn(x) = i  n x  + 2

—nx

a: ^  or a; ^  0

The hmit of gn{x) is zero for all a;, but there does not exist G 9 a: for which supg„ is not
G

ultimately 1.

If the conditions VI and V2 both  hold at a point x  E X  w ith value g{x), then we say 

tha t condition V is satisfied, where the condition is stated  as follows.

(V) Ve > 0, there exists G 3 x  and N  such that \gniy) ~  g(^)l < e , Vn > N .

So, if we assume that condition V holds true at a point x, we know from Lemmas 2.6 and 2.7 

tha t the RL function exists there and is given by

H^ix) = iJ,{x)+g{x),

and if condition V is met at every x € X , we know tha t the tilted measures obey a vague 

LDP. If X  is compact then, as explained before, Varadhan’s theorem is immediate; since we 

know tha t X  is also open, we can use the equal bounds provided by the upper and lower 

deviation functions.

sup IjL̂ {x ) ^  ^  fnP[X] ^  sup /i®(x),

Using the observation in Lemma 2.9, this can be summarised in the following theorem.

T heorem  2.8  I f X  is compact, then for a sequence of locally bounded functions gn : X —> K, 

which satisfy condition V at all x  E X

lim log f  =  sup {g{x) — I (x) }  ,
n-^oo Vn J x  xeX

where g(x) — lim
n->oo

When the space is not compact, it is more difficult to apply the style of argument used 

by Lewis and Pfister to the case of the measures tilted by a  sequence of functions.
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L ocally  un iform  convergence

We now wish to detail some implications, and provide alternative formulations, of condition 

V.

When V holds at a point x, we know tha t given e > 0, there exists an open neighbourhood 

G 3 X such tha t \gn{y) — 5(a:̂ )| < e for all y & G. Since all such G certainly contain x, we 

obtain the following natural result.

Lemma 2.9 I f  V holds at x  for the value g{x), then lim gn{x) exists and is equal to g{x).
n—>oo

In order to make condition V easier to check we prove a couple of theorems about the 

convergence of sequences of functions. First of all we isolate the convergence aspect of 

Varadhan’s condition.

Definition 6 The convergence of a sequence of functions, {gn}, to the function, g, is locally 

uniform iff given e > 0 and x  £ X ,  there exists a neighbourhood of G 3 x, and an N  such 

that,

\9n{y) -  g{y)\ < e, ^ y £ G , n > N .

Theorem  2.10 The convergence of gn to g is locally uniform and g is continuous if and 

only if  condition V holds at every x  E X .

Proof. Considering the “i f ’ part first, we start by proving the continuity of g. By 

Lemma 2.9, we know tha t g is the pointwise limit of the sequence {^n}- For any e > 0, 

condition V tells us th a t there exists G 3 x  and number N  such tha t

\9n{ y ) - g { x ) \  < e, y y  e G , n >  N ,

< e, yy€G,
\ g{y) -g{x) \  < e, ^ y e G .

lim gn(y) -  g{x) n—¥oo

Hence g is continuous.

Now we wish to show tha t the convergence is locally uniform. Consider e > 0. Since g 

is continuous there exists a set Gi 3 x  such that

\ 9{ y ) - 9{ x) \  < y y & G i ,
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and, by condition V, there exists a set G2 3  x, and a number N  such that

\ 9 n{ y ) - g i x ) \  <  V y G G 2 , n > i V .

Hence, as required

\9n{y) -  g{y) \  <  e, Vy e  Gi n G2 ,n  > iV.

The proof of the “only if” part is almost identical. Again, taJie e >  0 . Since g is

continuous, and the convergence of to g is locally uniform, we know there exist open

neighbourhoods of x, Gi  and G 2 and a number N  such that

\9niv)  -  g{y)\ <  ̂ , \g{y) -  g{x)\ < € , Vy e  Gi n G2 ,n  >  iV,

\9n{y)  -  g{x)\ <  2e , Vy e  Gi n G 2 ,n  >  iV,

which shows that condition V is satisfied. □

For characterising the convergence of sequences of functions, uniform convergence on 

compact subsets is a more common criterion than locally uniform convergence. The following 

theorem shows that it is, in fact, sufficient, and in the case of locally compact spaces, 

necessary.

T h eo rem  2 .11  If the convergence to g, of the sequence of functions {gn}> is locally uniform, 

then it is uniform on compact subsets of X .

In a locally compact space, if the sequence converges uniformly to g on compact subsets, 

then the convergence is locally uniform.

P roof. Assume first that the convergence is locally uniform. Then, given a compact subset 

i f ,  and e > 0, then for every x E K ,  we can find a neighbourhood G^ 9 x, and a number 

Nx, such that

l f f n { y )  -  5 ( y ) l  <  e ,  M y e G x , n > N x .

Since these neighbourhoods cover K  and K  is compact, there exists a finite collection
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{Gxii- ■ ■, whose union contains K.  Hence

21

\9n{y) -g{.y)\ < e, Vy G K ,n  > max{JVxi, . . . , ■

On the other hand, if X is locally compact then every point, x, has a compact neigh­

bourhood, say Kx- Since convergence is compact on this subset and it contains an open 

neighbourhood, we can conclude that condition V holds at this point. □

2.4 Stochastic processes

The LDPs which will concern us in the following chapters derive from either the empirical 

averages, or empirical measures, of stochastic processes.

Empirical Averages

For a stochastic process, {1^}, taking values in S, we might be interested in the large 

deviation properties of the sequence of measures, {M„}, defined by

M„ [B] ^  ^ ^ ^  Borel sets B.

These measures are the laws of the empirical means. We will usually only consider the 

empirical average of a 2-state process. In that case, the average at time n tells us the 

number of those n random variables in each of the states; for instance, if S =  {0,1}, then 

the partial sum, Yi is the number of times the process has been in state 1.

Empirical Measures

For a process where the cardinality of the state space is greater than two, the partial sum is 

likely to hide the percentage of the total time spent in each state. To capture the same type 

of information about such a process, we construct the empirical measure. The empirical 

measure of a discrete-time process, {V^}) is a measure on E, defined by

tin[A]-.= ^^SYAA], V4cs .
i<n
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In order to examine the large deviations of the laws of these measures, we need to specify a 

topology on the space of measures, M. (S). In general, this space can have many topologies, 

but we will only concern ourselves with processes taking values in a finite set. We let the 

cardinality of S be M  and, to simplify notation, we take E to be the set {1, . . . ,  M}. In this 

case, each measure can represented as a sum of Dirac measures;

M ^ M [{i}] Si ■

^ i^M

In this way, to each measure, we can associate a vector in We define the set of all 

probability vectors

r  =  {y € ]R+ : yi +  •. • yjw =  1} , 

and the natural mapping to this set from the space of measures,

C : M ( S ) ^ r ,

C : /i 1-̂  ^/i[{l}],.. .  .

We will refer to the components of the image vector as the coordinates of the measure. We 

take r  to be equipped with a topology which is the relativisation of the usual topology on 

. Since C is bijective, we will talk about a measure and its coordinates interchangeably. 

In particular, we will refer to an LDP on F, for the coordinates of the empirical measure, 

as an LDP on A i (S) for the empirical measures.

Relative entropy and accessibility

For the purposes of defining some further notation, we consider a E-valued stochastic process 

consisting of independent random variables sharing a common distribution on S; 

we fix a probability vector v G F to describe this distribution.
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Let yUn be the empirical measure of the process at time n, and define :=  C(fin) so that

Of course, the components of this vector must be of the form ^ for fc G { 0 ,1 ,.. .  n}, and so

we define the following finite subset of F, which contains the attainable vectors at time n,

Tn =  {q S r  : nqi G N for all 1 ^  i ^  M } .

Thus, we have that for y  G r \ r „ ,  P ^ ~  ^  ~  ^ for q G Fn,

This function occurs frequently in Chapter 4, and so, with exponential asymptotics in mind, 

we define, for q G F„,

ft„(q,v) := i log P ( U(”) =  q ) =  i  log -  - f f  (q| v) -  ff  (q) , (2.3)

where H  (u| v ), the relative entropy of u w ith respect to v, is defined for u G F by
M

H{ u\ v )  :=
Vii=l ®

and -ff(u), the entropy of u  G F is given by
M

H  { u )  : =  - ' ^ U i l o g U i .

The relative entropy, i /  (• | v ) , is the rate function for the laws of the empirical measures 

of {Yn}. We also extend /i„ to a set function by the following definition. For B , a Borel 

subset of F, we define

fc„(S ,v) ;= i l o g l  5 3  I ,
^ \qeBnr„ /

where, of course,
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P

Lastly, we wish to define the set of probability vectors from which a given vector is 

accessible. This definition helps to simplify some technical details of the proofs in Chapter 4. 

For a process such as {Fn}, it is possible to choose v, the vector describing the distribution,

zero. We say that a state is accessible from v  if it has a non-zero probability of being visited. 

A support for a probability measure is any set whose measure is 1. Similarly, we define the 

support, 5(v), of a probability vector, v, to be

We have, therefore, that for v G .A(x), Uj =  0 => Xj =  0.

Continuous time processes and measurability

Although the process resulting from the random sampling transformation is necessarily a 

discrete time process, we will also deal with continuous time processes. The underlying 

process in many cases will be indexed by R-|_, rather than N. The statement of the LDP in 

continuous time is almost identical to that in discrete time. For example, we can define the 

empirical average of a process by

and then look at an LDP for the sequence {Ci^Zt)) the scale t.

The discussion of LDPs earlier in this chapter goes through analogously when the se­

quence of measures is indexed by R rather than N. However, there is a potential difficulty is 

in the definition of quantities such as the integral in equation (2.4). In order to guarantee 

that functions such as Zt are measurable, we need to impose an additional measurability 

constraint on the process {Xi}. In [5], Doob defines measurability of a stochastic process

to be on the boundary of F. In that case, the probability of visiting certain states will be

and using this, the set of vectors from which x is accessible is given by

^ (x ) := {v e F : 5(x) C 5(v)} .

(2.4)
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in the following way:

Definition 7 A stochastic process {XtjtgR, defined on the probability triple is

measurable iff the function X  : O x K ->• K, where X{u},t) = Xt{u}), is measurable with 

respect to the product space x R, x B, X x  Leb).

Doob discusses stochastic convergence properties that guarantee measurability, and shows 

how measurability of a stochastic process ensures that integrals of the process, such as in 

equation (2.4), are measurable.

Throughout the remaining chapters, we will assume that all continuous time processes 

are measurable.

The Poisson process

In this section, we wish to gather a few facts about the Poisson process, which we will have 

need of in Chapter 4.

Consider a Poisson process with rate a, {Nt}teM.+i defined on the probability triple 

We will be principally interested in the related process, which defines

the sequence of jump times.

Since Nt is Poisson, {T„+i — T„} are independent and are all exponentially distributed with 

parameter a. Using this simple structure, it is not difficult to see that the joint law of 

{Ti,. . . ,  T„} has a density given by

Of course, by integrating over the first n — 1 variables, we see that the law of T„ has the 

density

We also make use of the fact that the laws of T„/n obey an empirical average LDP on

Tn = sup{i : Nt < n } .

(2.5)

the scale n. This can be easily seen from Cramer’s theorem (see, for example, [4, Chapter 

2]). Since T„ is a sum of iid random variables, its scaled cumulant generating function is
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given by

A(0) =  logEe^^i,

= , ‘° « (* )  ’

+00  ,
V

Hence, we can conclude that {C^Tn/n)} satisfy an LDP 

Fenchel transform of A,

Ir it)  = sup{i0 — A(0)} , 
e

— a t — log(o;i) — 1. (2.8)

The scaled cumulant generating function

We made use in the previous section of the scaled cumulant generating function (sCGF); 

this is a very useful tool in the theory of large deviations. In general, for a discrete time 

process {X„}, the sCGF is defined by

A(0) := lim — logE exp +  . . .  +  ,7i->oo n \ /

where this limit exists. The usefulness of the sCGF stems from the fact that existence of 

the rate function implies, by Varadhan’s theorem, existence of the sCGF, and furthermore 

that A is the Legendre-Fenchel transform of I. If, in addition, I  is known to be convex, 

then there is a duality and I  is the Legendre transform of A. This is often the easiest way 

to calculate the rate function.

6 <  a
(2.7)

9 a .

with rate function It , the Legendre-



Chapter 3

Markov underlying processes

For this initial investigation of random sampling, we will restrict our attention to a specific 

class of processes. If we examine random sampling in discrete time, we have the option of 

choosing an uncorrelated underlying process, for instance a Bernoulli process. However, for 

any choice of observation process (with strictly increasing observation times), it is not hard 

to see that the observed process is identical in distribution to the underlying process. So, 

in order to have a non-trivial transformation to examine, we work with a correlated process 

and choose a Markov process as a relatively simple example.

In fact, we choose to work in continuous time since, despite some additional technical 

considerations, the calculations are more tractable. We will use a Poisson process to deter­

mine the sequence of observations and restrict the underlying process to lie in the class of 

finite state Markov processes. An almost identical analysis can be carried out in discrete 

time if we replace the continuous time Markov process by a Markov chain and the observa­

tion process by a counting process whose inter-arrival times are geometrically distributed.

3.1 Randomly sampled Markov processes

Let P) be a probability triple. With respect to this triple, we denote the time of the

observation by the random variable and the number of observations before time t 

by Nt, where

Nt := sup {n:Tn .

27
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We also define the inter-observation process, by

28

W fi •—  '^ n  ^ n - 1  )

where To := 0.

Assum ption 3.1 The inter-observation times {Wn} are independent and share a common 

distribution with W , an almost surely bounded random variable taking values in K_)_.

We denote the underlying process by and its countable state space by S. For

convenience we take S to be a copy of N. We define T - t  := cr ( X t )  and

:= a {Xs : s ^  t) .

Assum ption 3.2 {Xf } is a time-homogeneous Markov process with transition function

F{ i , j ; t )  := P( Xg+t = j  | = i)  , Vs ^ 0.

The sample process is then given by

: =  Xt^  .

We are interested in finding out how the correlation structure of {Xj} is related to that 

of {yn}- As shown in the following theorem, the Markov character is preserved by the 

sampling.

Theorem  3.1 {yn}neN is a Markov chain with transition matrix

f,j-.= EF { i , r , W) .

Proof. We wish to show that for any G S,

P (  ^ + 1  =  i n + l  I ^ 0 )  ■ • • i ^  ~  P {  ^ n + l  —  in+1 | ) •
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a { Y o , Y n )  is generated by the family V  consisting of all sets of the form

{w : FoM  = = in} .

V  is a partition of fi, and is countable due to the countability of S. Therefore, we can write 

P {Y n+ i= in+ i \Y o , . . . ,Y n ){u ; )=  Y 1  (3.1)P{ B)
{BeV:P{B)>0} ^

and

P ( l i + i  =  i»+ i I M  (3-2)
{ k € f ^ : P { Y n = k ) > 0 }  '

We can calculate these functions explicitly. For an arbitrary set

B  =  {Yb =  *0) • • • 5 =  in} G V )

we can use Theorem 4.1 to write

P( =  *n+l} n -S )

~  P( Yq — id, ■ ■ ■ 1 ^n+l ~  '^n+l )

=  J  X  . . . X  d t n + l ) P { X o  =  i o , X t ^  =  i l , .  . . =  i n + l )  •

Now, since is a Markov process, we can rewrite the integrand as

P ( X o  =  *0) =  ■*!, ■ ■ • =  *n+l )

=  P( X q =  *0) • • • t Xfn ~  *n ) -P' (*n> *n+l) ^n+1 ~~ n̂) ■

This expression only depends on tn+i through the difference {tn+i — tn) and so, since {T„} 

has independent increments, we can split the integral into a product
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P( {^+1 — *71+1} n 5 )

=  J  ^{Ti,.. .,Tn) [ d t i  X ■ ■ ■ ^  d t j i ) P { X Q  =  = i i , . .. ,Xt„ = in)

poo
X /  C ( ^ w ) { d w ) P  i ' i ' n , i n + l ’, w )

J w=0

=  P ( Y o  =  i o , . . . , Y n  =  i n ) ' ^  ( F { i n , i n + i ; W ) ^

=  P { B ) E  ( ^ F { i n , i n + i ; W ) )  .

By summing over ij 6 S, for each j  ^  n — 1, and taking in = k, we can also conclude that

P { Y n + i = i n + l , Y „  =  k ) = P { Y n  =  k ) E  ■

Hence, using the equations (3.1,3.2), we can see that

P( Y n + l = i \ Y n ) = P { Y n + l = i \ Y o , . . . , Y n ) = Y , E  ( ^ F { j ,  r ,  W ) )  .

je s

□

In order to further our investigation, we now choose to be more specific about the 

underlying process.

Assum ption 3.3 {X*} is a stationary 2-state process, taking values in {0,1}, with transi­

tion function

F(i,r,t) = :=
n ^ O

where, with Aq,Ai > 0,

Prom the condition that {Xt} be stationary, we know that its starting distribution must 

be the invariant distribution of its transition function, which is defined by
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Starting from this distribution, the process then consists of a sequence of alternate sojourn 

times in states 0  and 1 , whose lengths are exponentially distributed with parameters Aq, Ai 

respectively.

In the light of this further assumption, {^71}) being a stationary 2-state Markov chain, 

is characterised by the two transition probabilities

a := P (y „+1 =  1| yn =  0 ) , 

d :=  P (Fn+i  = 0 |  Yn = l )  .

By applying Theorem 3.1, we can calculate these probabilities in the case where the obser­

vation process is Poisson.

Theorem 3.2 I f W  is exponentially distributed with parameter a  then

^0 j  ja =  ------;-------  and a ■
Aq +  Ai -|- CK Aq +  Ai -|- Q;

Proof. We first calculate a. Using Theorem 3.1, we can write

roo
a = E[e^^]^-^= (3.3)

Jo

We first need to evaluate ê .̂ Because of the simple form of A, it is easy to see that

=  ( - A o - A i ) A  

= > A ^  =  ( -Ao-Ai r- 'A,

and so.
^ { t A r

n!
n —O

1 0 \  g-(Ao+Ai)t — 1 /  —Aq Aq

0 1 y Ao +  Ai y 

Substituting this in equation (3.3) gives

a =  ( 1 -  ae-^^dt
7 o  ^0 +  A i   ̂ '
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—  Aq

Aq +  +  Q!

The derivation for d is almost identical. □

We now wish to examine the large deviations of {Yn,}. Dembo and Zeitouni show, in 

[4, Theorem 3.1.2], that a finite-state Markov chain with irreducible transition matrix will 

obey an LDP. Furthermore, the rate function, J , is given by a Legendre-Fenchel transform,

J(y) =  sup (y0 -  X(0)} . (3.4)

A(0), the sCGF, is the logarithm of the largest eigenvalue of the twisted transition matrix, 

which is obtained from the transition matrix by multiplying the elements of row k by 

exp{9k). Having restricted to the 2-state case we have explicit formulae for the transition 

rates and the matrix in question is given by

d (1 — d)e

This matrix is obviously irreducible since Aq, Ai and n are all finite and greater than zero. 

Solving the characteristic equation for this matrix, we see that

X{G) = log
(1 — a) 4- (1 — d)e^ -I- ^ [(1  — a) -I- (1 — d)e®]  ̂— 4(1 — a — d)e^

To obtain an explicit form for J , we need to complete the optimisation in equation (3.4). 

Unfortunately, due to the form of A, this calculation reduces to the solution of a quartic 

equation in e® for the optimising value of 6.

3.2 The rate function of a Markov chain

Taking a more abstract approach to the random sampling problem provides a novel ex­

pression for the rate function of the empirical mean LDP of a 2-state Markov chain. This 

approach relies on a general result. Theorem 4.5, concerning the large deviations of random 

sampling. If the observation process is Poisson and the underlying process satisfies an em-
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pirical measure LDP with rate function / ,  then the observed process will satisfy an LDP 

with a rate-function that can be expressed in terms of I.

As explained in Section 2.4, in the case of a 2-state process the empirical mean LDP 

is identical to the empirical measure LDP. We use I(x) to denote the rate function for the 

empirical mean of {X*}. Applying Theorem 4.5, we obtain an alternative expression for the 

rate function for {yn}?

where,

H { y \ x )  = y l o g - + ( 1 - y ) l o g ^ —
X  ± 3 0

The Markov fluid rate function

In order to complete the optimisation in equation (3.5), we need an expression for the I{x).  

This can be calculated by means of the Legendre-Fenchel transformation once the scaled 

cumulant generating function for the 2-state Markov process is known. In [6, Section 2.3.2], 

Kelly provides an expression for the effective bandwidth function for a process identical 

to {-X”*}, assuming that in Kelly’s model we set h = 1 , \  = Aq,M =  Ai. Kelly defines the 

effective bandwidth function, a, for a process whose partial sum up to time t is denoted Zt, 

to be

a{s,t) =  ^ l o g E  [exp(sZf)] , 

from which it follows that the sCGF for such a process can be written as

u,(0) = 6 lim a{9, t ) .t-^oo

Using the expression provided for this limit by Kelly, we find that the sCGF for {^t} is 

given by

(i{9)  =  -  —  A i  —  A o  4 -  {0 -  +  A o ) ^  - I -  4 A q A i ^  .
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Calculation of the Legendre-Fenchel transform of this function is quite straightforward and 

a small amount of analysis yields an explicit form for I{x).

I{x) = sup {x6 — fj,{9)}
6eu

=  A i x  +  A o ( l  — x )  -  2 \ / A o A i x ( 1  -  x)

The 2-state chain rate function

Using this expression in equation (3.5), it is possible to perform the optimisation analytically. 

In Chapter 5, we prove results useful in calculating the infimum. In particular, Theorem 5.2 

shows how the infimum is attained. To check that I{x) satisfies the conditions of the 

theorem, we note first that I  is continuous. Secondly, it is easy to see that I  must be 

positive because if

I{x) < 0

then, since Airr and Aq(1 — x) are positive,

A ix -  2 \/A^^^\o(1 '^ -^  +  Aq(1 -  x) <  0,

which implies that

-  \ / A o( 1 -  a:)^ <  0 ,

and this is obviously false. Finally, the convexity of I  is ensured by considering its second 

derivative _________

=  \ /  X)) ’

which is strictly positive.

Therefore, we can conclude that for y G (0,1), the infimum in equation (3.5) is attained 

at the point x  which is the unique solution of the equation

x - y  _  I ' j x)  ^  Q 

r r ( l - a ; )  I{x)  +  a
(3.6)
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After substitution of explicit forms for I  and / '  this equation can be reduced to the form

A x - B  =  C ^ / x { \ - x ) , (3.7)

where

>1 — q: +  Aoy +  Ai(l  — y ) , B  =  y { a  +  \ o ) ,  C  ~  y / AoAi(l — 2 y ) . (3.8)

Squaring both sides of this equation yields a quadratic equation in x  whose solutions are

2AB +  C ^ ±  C V 4A S +
= ----------- 2(1= + C5)------------ ■

Of these two roots, one solves equation (3.7) and the other solves the equation

A x - B = ^  -  C ^ x { l  -  x ) . (3.10)

We denote the solution of equation (3.10) by X2 and the solution of equation (3.7) by x\

and can conclude, since the function Ax -  B  is  increasing and the function C y / x { l  -  a:) is 

positive, that ar2 <  The sign of C  determines which of the two roots, is larger; this 

in turn depends upon the sign of (1 — 2y).  Hence, the solution of equation (3.6) must be

x{y)  ^  j (3 .11)
[ a : -  : y >  ^

and so, for y  € (0,1),

J{ y)  =  H  { y \ x { y ) )  +  log +  l )  •

For y =  0 or y =  1, Theorem 5.2 tells us that the infimum will be attained on the interior 

of [0 ,1] if, respectively.
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I  is finite at both endpoints and it is clear from the form of / '

36

l'{x) = Xi — Xq — \/AoAi l - 2 x  
y/x{l  -  x) ’

that it diverges to -oo  at 0, and to +oo at 1. The infimum being attained on the interior 

for both y = 0 and y = 1, Theorem 5.2 shows that the point at which the infimum occurs 

can be found, in both cases, by differentiation. Running through some analysis, which is 

similar to, but slightly simpler than, that for y  G (0,1), yields the expressions

1 (0 ) =  - — , (̂0) =
(Ai + a)^ +  AqAi ’ (Ao +  Q;)̂  +  AqAi

which are the values of and x_ respectively, with y =  0 or y =  1 in the definitions of A, 

B  and C.

In summary, we can state that for y € [0,1], with A^ B  and C  defined as in equation 

(3.8) and x{y) defined as in equations (3.11,3.9),

J{y) = H  {y\ x{y)) +  log ^   ̂ ^   ̂ ■ (3.12)

We can use this formula to provide an explicit, albeit complicated, expression for the 

rate function of any positively correlated Markov chain. For a Markov chain with transition 

probabilities a and d, we define the burstiness,

b 1 ~ a — d.

This parameter measures the strength of the correlation structure, through the relation,

cov{Xo,Xn)
corr(Xo,X„) := yvar(Xo)var(X„) 

=  6" .

Since a and d are probabilities, b can, in general, take values between -1  and 1. A Markov 

chain is said to be positively correlated when the burstiness is positive.

By Theorem 3.2 we know that a 2-state Markov process sampled accordmg to a Poisson
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observation process results in a 2-state Markov chain. This chain will necessarily have a 

positive burstiness since, using the notation of the previous section, we can see that

•̂ 0 “I' -̂ 1 +  Q!

This is to be expected since the underlying process cannot be negatively correlated. We can 

turn this around and represent any positively correlated Markov chain by a randomly sam­

pled continuous time Markov process. If we are given a chain with transition probabilities 

a and d, then for some a  > 0, we define the transition rates

aa da
I — a — a 1 —a — a

a  is a free parameter which determines the time scale on which the Markov process will 

change state. The rate function for the chain is then given by equation (3.12).



Chapter 4

Poisson sampling : I

In this chapter, we consider random sampHng where the underlying process does not have to 

be Markovian. Instead, we ask only that it satisfy an LDP and require that the observation 

process be Poisson. Due to the specific structure of the Poisson distribution, we can show 

that the rate function for the observed process is related to that of the underlying process 

by means of an explicit formula involving the relative entropy function, H  (• j •) •

4.1 A rough sketch

In this section, we wish to provide an outline of the proof of the main result, Theorem 4.5. 

To illustrate roughly how the formula is derived, we consider {Xt}, a 2-state process in 

continuous time. We take the state space to be {0,1} and assume an empirical average 

LDP. We denote the Poisson process by {Nt}, and the corresponding sequence of jump 

times by {T„}, where Tn =  sup{t : Nt < n}. A well known property of the Poisson 

process tells us that, conditioned on the event {Nt = n}, and up to a re-ordering, the 

variables T i , . . .  ,T„ are independent and uniformly distributed in [0,<]. We are interested 

in calculating a quantity of the form

(4.1)

and so the question of re-ordering need not concern us. We examine this probability con­

ditioned on the event {T„+i w t} and also on the empirical average of the process up to

n

38
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time Tn+i being x. Roughly speaking, the former ensures that the observation times are 

independent and uniformly distributed in [0, t]; the latter ensures that the process has spent 

a fraction x  of its time in state 1. Hence, for 1 < i < n, P( X t  ̂ =  1) is just x. Therefore, we 

would expect this conditional probability to behave like a Bernoulli process; in other words,

n

It is easy to see, by Stirling’s formula, that

K{y, x)  := -  log 
n

n
ny

_ 3,)n(l-y) H{ y \ x )  ,

where the relative entropy reduces, in the 2-state case, to

H  (y|a;) =  y lo g -  +  (1 - y ) l o g ^ ^ ^  .
X  1 . x

To regain the original probability in the expression (4.1), we need to integrate over all 

possible values of T„+i and ■ This leads to the expression

The random time-change, defined by Russell in [9], tells us that the measures 

obey an LDP and provides a formula for the rate function. We can also show that the 

convergence of the functions {bn{y, ' )} to —H  ( j / | ’ ) is locally uniform. Hence, we can 

apply the version of Varadhan’s theorem extended to sequences of functions. Finally, we 

arrive at the expression

To convert this heuristic argument into a proof, we need to make certain aspects more 

precise; while doing so, we also allow {Xt} to be any process with a finite state space. We 

replace undefined expressions of the form {F «  y} by {y  G B},  for some suitably small
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neighbourhood B  3 y. We also need to prove tha t the convergence of the multi-dimensional 

analogue of {6„} to i f  (• | •) is locally uniform. In fact, as a consequence of the introduction 

of neighbourhoods, this convergence m ust be established for related set functions, making 

the proof of Lemma 4.4 quite technical. The main work in the proof of the central result, 

Theorem 4.5, lies in showing tha t conditional probability exhibits the required Bernoulli-like 

behaviour.

4.2 The details

In proving the central result of this chapter, we need to be able to trea t separately the effects 

of the randomness due to the underlying process and tha t due to the observation process. 

The following simple theorem allows us to examine the effect of conditioning on particular 

events determined by the observation process.

Theorem  4.1 Let be a real valued measurable stochastic process, and let

be a sequence of positive random variables. I f  the two processes are independent and f  is a

real valued measurable function on K", then

A, ( T i , . . . , T n ) G 5 )

=  f  F { f { X t „ . . . , X t J  G A) T„)(d*i X . . .  x d t„ ) ,

where A C K and B  C TSP' are Borel and £ ( T i , . . . , t „ )  jo in t law o / T i , . . .  ,T„.

Proof. Let {^,T,P)  be the underlying probability space. For a; G f2, let X. {w)  £ <?i 

denote a sample path  of the process, where <Si =  iP"'' is the space of all sample paths, and 

note th a t is ^  random vector taking values in <52 =  K!J.. Since X.  is independent

of { T n } ,  we can take = 5i x S 2 , P = ^ { x . ) ^ T  =  x 5", where B is

the Borel cr-algebra on IR

We can use the product structure to verify the result, once we have checked the mea­

surability of the function

F  : 5 i  X 5 2  — > m2"

where.

F {4>{’ ) , t \ , . . . itji)  —  • • • 1 • itn)
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It is easily shown that a function, / ,  from to (O', J '') is measurable if there exists B

such that !F =  cr(fi) and f~ ^B  G for all B  E B. Hence F  will be measurable if, for any 

Borel sets in K, the set

{(*/*) • • • ) ^n) • ^ Ai, ti G 1 ^  Z ^  Tl}

is measurable with respect to the product fr-algebra on «Si x S 2 - But this set is just

P i ■ ■ i ^ n )  ■ ( I > { U )  ^  Ai^t i  £  B i }  . (4.2)

Now, since {^t} is measurable, the set

{ ( X , t ) : X t G A }

is measurable; it follows that each of the sets in 4.2 is measurable, and hence so is the 

intersection.

Applying this to the event in question, and using the product structure we obtain:

p ( ^ f { X T , , . . . , X T j e A ,  ( T i , . . . , t „ ) g b )

=  ( A ^ .)   T„)) { f ~ ^ A x  B)^

— [  dtn)  C(^X.) [{4 '̂• F  I^n) ^ f  A  X  B \ \
J R "

=  [  ^ ^ d tn)  C{ ^X. ) [ { ^ '• f  ^ A} ]
J  B

=  f  P { f { X t , , . . . , X t J e A ) C ^ T u . . . , T , . ) { d t l X . . . x d t n )

which is the required result.

We now describe the precise setting in which we shall consider random sampling. Let 

i ^ , J ^ , P )  be a probability triple. Our underlying process, {Xt}tgR^, takes values in S — 

{1, . . . ,  M}.  The observation process, takes values in (0, oo) and is strictly mcreas-

ing; we define

Nt := sup{n : < i},
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as the number of observations before time t. The observed process, {Fn}n^i) is then given 

by

Yn =  X t„ .

A ssum ption 4.1 The processes {Xt} and {Tn} are independent of each other.

We define ut to be the empirical measure of {X(} at time t,

M

n  : =
1=1

where

\ ^{Xs=i}i^)ds

denotes the fraction of the time before t spent in state i. As discussed in Section 2.4, we 

talk interchangeably of an LDP for the empirical measure and an LDP for the vector 

on r .  For the remainder of this chapter we assume that the underlying process obeys an 

empirical measure LDP.

A ssum ption 4.2 The laws of'V^^^ obey an LDP on the scale t, with rate function Ix -

As mentioned in the heuristic argument given at the start of this chapter, the large 

deviation properties of the process obtained by examining at the sampling times {T„} 

are described by the random time-change investigated by Russell in [9]. In his treatment, 

{Xt} and {Nt} are defined in a more general setting and do not have to be independent of 

each other. In our case, the mutual independence of the two processes allows for a simple 

and novel proof of the result. We require the following lemma, which is used in proving a 

result akin to locally uniform convergence.

Lem m a 4.2 I f  a function /  : R satisfies

nm inf/(a;) ^  a,
x->oo

then for t > Q

sup lim inf inf s f  {xs) ^ t a .
G s t  I —>00 s£G
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P ro o f. By assumption, given e >  0, there exists B{e) such that

43

f { x ) > a  — €, V x > B { e ) .

Consider t  >  0 and g > 0. Since

lim in f inf s f ( xs )
I —>oo sGG

is a decreasing set function, we can choose to only consider intervals containing t  whose 

infimum is greater than zero (any neighbourhood of t  will contain such a set). We let 

G  =  { h , t 2 ) 3  t,  where t i  >  0 and define B'{e) — B{ e / t 2 ) / t i .  Then, for any x  >  B'{e)  and 

s  G G,

“  >  s ( i ) ,

s f { xs )  >  s ^ a - ^  ,

=y> inf s/(a:s) ^ i n f | s ( a -  — ) >,  Va; >5 ' ( e ) ,
sEG s£G y  *2 /  }

lim inf inf s f ( xs )  ^  i n f i s f a -  — )i .
i-»-oo s6G  s€G \  ^2 /  J

If a  ^ 0, then a  — e/ < 2  ^  0 and

iic {“ (“ '  ^ ) } = (“ - 5) ' ■

Therefore,

lim in f inf s f { xs )  >  *2 0 : —e,X—>00 s6G
and since this holds for any e >  0, we have that

lim inf inf s f { xs )  ^  t2 0 :,
x-ycx> s e G

and since a  <  0

sup lim inf inf s f { xs )  ^  t a .  
G 3 t x -y o o  s £ G



C H APTER 4. PO ISSO N SAM PLING  : I  44

On the other hand, if a  >  0, then we can choose e < a t 2 - In tha t case,

(“ “ i )  =

Hence,

lim inf inf s f { x s )  ^  t i a - —e,
I —>oo seG t2

and since this holds for any positive e < a t 2 , we have tha t

Since a  > 0

lim inf inf s f { xs )  ^  t i a .
I—>00 sGG

sup lim inf inf s f ( x s )  ^  t a .
G3t  I—>oo seG

□

The next theorem is the statement of the random time-change, in our simplified setting. 

The proof relies on applying Lemma 4.2 to obtain large deviation bounds for open and 

closed sets, and then showing tha t LD Pl and LDP2 are also satisfied.

T h e o re m  4.3  I f  the sequence {'^-(r„/n)}„>x obeys an LDP on the scale n  with rate function  

It , then the sequence |£ ( v ^ n ) |  obeys an LDP on the scale n with rate function

=  inf { t l x { y )  + h i t ) } .
t€R+

P ro o f. We are interested in the large deviations of the laws of Using Theorem 4.1

we can express ^  ^  tilted form of {^(r„/n)}„>i- Then Varadhan’s theorem

can be used to  calculate upper and lower bounds on the exponential asymptotics of these 

laws.

Let B  be a  measurable set in Using Theorem 4.1, we can write
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We define the function /i : M by

(x, t )  i-> hxit)  := ilogP^V^^*) G .

Using this function, we can write equation (4.3) as

e B ^ =  [dt] .

We note first that

hx{t) =  thxt{l)  ■ (4.4)

Using X  to denote a real number and n to denote a natural number, we then consider the 

bounds for open and closed sets separately.

•  Taking B  =  G E Q, the LDP for the underlying process tells us that

l i m i n f / i x ( l )  >  -  inf  / x ( v ) .
X  veG

Given this lower bound, we can conclude from Lemma 4.2 that for all t >  0,

which implies

sup lim inf inf shxs(l) ^ —t  inf / x ( v ) ,
TB t  X—>oo s€ T  v £ G

sup lim inf inf s/i„3 ( l)  >  —t  inf /^^(v),
T 3 t  n—>oo s ^ T  v6G

and by equation (4.4) we get

sup lim in f inf hn{s) ^  —t  inf Ixi'^)-  
T 3 t  n - > c »  s e T  v 6 G

By Theorem 2.7, equation (4.5) guarantees that, at every t  > 0, the seqeuence {/»n(*)} 

satisfies V2, Varadhan’s convergence condition for the lower bound. Since we have 

assumed that {£(T„/n)} obeys an LDP we can conclude, by Theorem 2.3, that

lim inf -  log P f  G G )- ^ sup j - t  inf I x (v) -  hit) 
n-yoo n  ̂ > «>0 L veG

=  - i n f  i n f {< /x(v)  + /r(^)} 
veG t>o ’■
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• Similarly, taking B  = F € the LDP for the underlying process tells us that

lim sup/ii(l) ^  -  inf /x (v )
X  veF

We can convert this into a lower bound of the form

lim inf ( -  /ia;(l)) ̂  inf 7 x (v ),
X '  '  v g F

and, by a similar argument to that just used for the lower bound, we can conclude 

that for all t > 0,

sup lim inf inf ( — h n ( s ) )  ^  t inf /xC v),
TBt  n-^oo s6T  v e F

inf limsup sup hnis) ^  —t inf 7x(v). (4.6)
TBt  n->oo s£T  v 6 F

By Theorem 2.7, equation (4.6) guarantees that the sequence, {hn}, satisfies VI, 

Varadhan’s convergence condition for the upper bound. Obviously, hn is bounded 

above by 0 for all n. Therefore, we can conclude by Theorem 2.2 that for all F  £

limsup —lo g p f G f ') ^  sup |  < in f /x (v )  — |
n-voo n  V /  t>0 L v€ F  J

= - i n f  i n f + / t W}  •
V6F t>0  "

Therefore, the function

J(v ) := inf |< /x (v ) + (4-^)

is a candidate for a rate function. It provides the appropriate upper and lower bounds,

meaning that LDP3 and LDP4 are satisfied. It remains to check that it satisfies LDPl and

LDP2. However, the space F is compact, and so, as noted in Section 2.2, LDPl implies 

LDP2. Hence, to conclude that the laws of satisfy an LDP with rate function J  we 

need only check that J  is lower semi-continuous.

J  is Isc if it is equal to its Isc regularisation, i.e. if
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First we consider a point v where J(v) = oo. Since It  is the rate function of a sequence 

of probability laws, inf{/T(i) : t > 0} =  0; hence, It must be finite somewhere. So, by the 

definition of J  in equation (4.7), we can see that

J(v) =  oo /(v) = oo.

Therefore, by the lower semi-continuity of I x , there exists G 3 \  such that Ix  (u) =  oo for 

all u 6 G, and this implies J©(v) =  J(v).

We now consider J(v) < oo. If Jx(v) =  0 then J(v) =  0. But, since I x  and It  are 

non-negative, J  is non-negative, and hence, so too is Jo. Therefore,

=  0 => 0 < Joi'v) < J(v) ^ 0  J is Isc at v.

The only remaining points in F to consider are those where J  is finite and I x  > 0. Let v be 

such a point. Since I x  is Isc, we know that for any e, there exists a set G{e) 9 v for which

/ x ( v ) - e <  inf /x ( u ) ^ /x ( v ) .  
ueG(e)

From this, we can conclude by equation (4.7) that

inf {Ir{ t )  + t (/x(v) -  e)} < inf J(u) ^  J ( v ) . (4.8)
t>0  ueG(c)

Since /x (v ) > 0, we can choose e < /x (v), and hence

h i t )  + t (/x(v) -  e) ^  h i t )  ■

Therefore, for any b,

{t  : h i t )  t  ( 7 a ' ( v )  - € ) ^ b }  C  {<  : Ir{t)  ^ b} .

It  has compact level sets and so there must exist some finite L{b) such that

{t : h i t )  + t (Jx(v) - e ) ^ b ) c  [0,L{b)]
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Because J(v ) is finite, we can choose 6 > J(v ), and because of equation (4.8),
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inf {Irit) + t { I x H  -  e)} =  { h i t )  + t {Ix{v) -  e)}

^  t>o ~ ■

Therefore, using equation (4.8),

J ( v ) - L ( 6 ) e ^  inf J(u) ^  J(v ) 
ueG(«)

So, for c > 0,

J ( v ) - e  ^  inf | j ( u )  : u G G ^  J (v) ,

J(v ) -  e < sup inf J(u ) < J('v)-
G ^v  uCG

Since e is arbitrary we can conclude that Jo(v) =  J(v). □

The last result we need to prove, before we address the main theorem, concerns the 

convergence of the functions {/i„(x, •)} to the relative entropy function. As indicated in 

the sketch of the derivation of the random sampling formula at the start of this chapter, 

these functions occur in the application of Varadhan’s theorem. Hence we need to identify 

the limit function and ensure that the convergence is locally uniform. As we shall see in

the proof of Theorem 4.5, we need to consider these functions extended to set functions, as

defined in Section 2.4.

Lem ma 4.4 For any x G F, there exists r  > 0 such that B(x, r )  C -4(x) and

lim /i„(B(x, r), v) =  -  inf H  ( y | v ) ,
n-^oo yeB(x,c)

and this convergence is locally uniform over v G ^ (x ).

Proof. First we choose an arbitrary a; G F. We then choose r  < min{ii : i ^ ‘̂ (*)} 

this ensures that B(x , r )  C ^(x ). We then take any open ball B  3 x  contained in B(x, r ) .  

We establish the convergence in three stages.
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First we use an argument known as the principle of the largest term. Remembering the 

definition of hn{B, •),

, E '
\qeBnr„

n/in(q,v)

we note that

sup hn(q,v) < hn(B,v) ^ sup /i„(q, v) +  Mog |B Pi Tn|, 
q€J5nr„ qeBnr„

Since |5  fl Fn| grows algebraically, we see that

- i o g |B n r „ |
n
lim hn{B,\)

n —>00
lim sup/i„(q,v). 

qeB

Obviously, this convergence is independent of v.

Next we use a crude version of Stirling’s formula, based on a derivation in [1];

0 < (nlogn -  n + 1) -  flog n! -   ̂log n j  < log 2,

— logn! — logn +  1 
n

1 + 5 log n
n

Now, from the definition of /i„, equation (2.3), we see that

(4.9)

^n(q, v) +  H {q \v )  =  -  log
n\

n {nqi)\... {nqMV- +  X ] 9tloggi-
l<t<M

Using the inequality, (4.9), and adhering to the conventions that OlogO = 0 and 0! -  1, we 

can see that for q G F„,

1 +  i  log n
— log(ngi)! -  Qi log(ngi) + qi 
n n

1 n!
n (n^i)!. • • {nqMV-

lim
n -^ 0 0

^ (M +  1) —

=  0 .

1 + 5 log n
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This convergence is independent of q, so we can conclude that
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hm sup /in (q ,v ) =  lim sup ( - i? (q |v ) )  , 
qeBnr„ qesnr„

=  -  lim inf H { q \ \ ) .
n-^oo q6Bnr„

Finally we need to show that

lim inf / /(q lv )  =  inf i7 (y |v )
n^ooqeB nr„ y e B

and tha t this convergence is locally uniform over v  G ^ (x ) .  In other words, given an

arbitrary such v  and e > 0, we wish to show the existence of a radius 6 and an N  such that,

for C  :=  {u : |u  -  v] < 5},

inf i / (q |u )  -  inf i / (y |u )  < e , V u 6 C , n > i V .  
q€Bnr„ y e s

We choose 6 such tha t C  C A{x)  and fix an arbitrary u  € (7. We note tha t the infimum, 

in ^ iJ  (x | v ) , will be attained at some point, in the closure of B,  which depends on the 

choice of u; we denote this point by y  G A{'x.). We define I  to be the complement in S , of 

5 (v ), the support of v; and so i € /  iff Vj =  0. We can choose a sequence of points {q(n)}, 

where q(n) € B  H Fn, which converges to y and satisfies

qi{n) = , Vi G /  and \qi{n) -  J/il < — , for 1 ^  i < M  .
n  n

We wish to compare (• | u) on this sequence of points to i /  (y | u ):

H{q{n)\u) -  H{y\u) = ^  ^9i(n) log -  yi log

We examine this sum on a component-wise basis, treating those components in the support 

of V differently from the rest.

We are interested in the function

f { y , v )  = y \ o g ^ ,
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— logu

—v/e

Figure 4-1: A plot of ylog{y/v)  for a typical v

which is convex and decreases from 0 a t ?/ =  0 to a minimum value of at as shown in 

Figure 4.2. Hence,

0 ^  re <  y <  1 ^  f { x , v )  -  f { y ,v )  <

First consider i e  I.  By construction, we must have qi(n) <  yi. If Ui > 0, then

Ui
f{qi{n),Ui) -  f iVuUi) < — .

However, for i 6 /  it is possible tha t u, =  0. u  G «4(x) means tha t i f  (x | u) < oo and so, 

by definition of y,

/ /  (y| u) < oo.

If Ui = 0, the definition of H  then implies tha t y, =  0 and then qi{n) < y, implies that 

qt = 0. In tha t case, taking 0 log ^ =  0, we get

u^ =  0 ^  f { q i { n ) , U i )  -  f { y i , U i )  = 0 .
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Using the fact tha t Vi =  0 imphes Ui <  S, we get

(qi{n) log -  Vi log , (4,10)
Ui UiJ e

For i ^ I, we have less information about qi{n) in relation to yi\ we only know that

M
n

However, since Uj > 0 we can ensure Uj > 0 by choosing 6 appropriately. The steepest parts 

of the / ( •  ,it) are at 0 and 1, so the larger of

/ ( 0 , u ) - /  — ,n  =  — log —  , \ n  J n M
and

gives us a bound on \ f { x , u )  — f {y , u) \  when \x -  y\ <  Now, noting tha t we can choose 

S sufficiently small so tha t u minuj > 0, we have the upper bound
i^I

Ui UiJ

(^M -  l / | j  max | /  1^ ,
n \  n

which is uniform over u  G C. Since / ( • ,  1) is continuous and zero a t both  0 and 1, it is clear 

tha t we can choose N  such tha t

5 3  ^  2 ' ^ i ^ >  N  ■

i^I  '  '

C €If we also ensure tha t S <  - r ^ ,  we know by the earlier bound, 4.10, that
Z \ I \

f f(q (n ) |u )  — H (y |u ) < e , V u  G C ,?! > TV.
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Hence

l im inf / f ( q l v )  =  i n f H ( y l v ) ,  
n^oo qeBnr„ yGB ’

^  lim h n { B { x , r ) , v )  =  -  inf i? (yjv) ,
n-^oo  y £ B  I '  ’

and this convergence is locally uniform in v  G >l(x).

□

Finally, we are ready to prove the main result. We define the empirical measure induced 

by the random sampling to be

: =  E
l^ i^M

where

j= l

is the fraction o f the samples observed in state i. We wish to prove an LDP for the vector 

and find its rate function. To do so, we must impose an additional constraint on {T„}.

T h eo r e m  4 .5  If { Nt }  is a Poisson process with rate a , then the sequence obeys

an LD P on the scale n, with rate function  Jo, the Isc regularisation of

J (u ) :=  mf | h (u 1v ) +  log |

P roo f. We prove this result by using Varadhan’s theorem to demonstrate the equality of 

the upper and lower deviation functions. Due to the compax;tness of F, it is easy to extend 

this to a full LDP.

Following the notation defined in Section 2.4, we choose an arbitrary x  6 F, and by 

virture o f Lemma 4.4 we know there exists an open ball B ,  centred on x, such that B  C .4(x). 

We wish to show the existence of, and calculate, the limit

lim i  log P f  ^ ^  )
n-yoo n '' '
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Since the vector can only take values in (using the notation of Lemma 4.4) we 

will need to obtain estimates on quantities of the form, =  q ^ , for q  € 5  fl r„ .  A

useful step is to consider the distribution of in conjunction with (T i,. . .  ,T„+i). In 

anticipation of fixing the sampling times, we confuse notation slightly and define a random 

vector . . .  ,t„) to be the components of the empirical measure obtained from the

process (Xfj, . . . , Xf^),  where the (fi, . . .  ,tn) are understood to no longer be random. We 

can then use Theorem 4.1 to write 

=  q )  =

Jtn+ieu JtieK  ̂ '

Using equation (2.5), the particular joint density function for (T i,. . . ,  T„), which arises from 

their exponentially distributed inter-sample times, we find 

= q)  =

f  r  p ( u ( '^ ) ( t i , . . . , f „ ) = q ) a " + i e - “‘" + id i i . . .d W i .
J t n + l € R  J t n = 0  J t i = Q  ^ '

Concentrating initially on the integration over ( t i , . . . , i „ ) ,  we note that the integrand is 

symmetric in its remaining arguments. For such an integral, we have the well known result 

that

'•tn+i rh
p ( v ^ ^ H t u . . . , t n ) = q ) d h . . . d t n  

J t n = 0  J t i = 0  ^ '
1 / ' t n + 1  r tn + \ f in + l  /  , , \

= -  / / . . .  p ( v ^ ^ H t i , . . . , t n ) ^ q ) d t i . . . d t n ,
n l  J t n = o  J t n - i = o  J t i = o   ̂ '

r*n+i rin+\ rtn+i r
= —7 /  /  ■ I /  ■

J t n = 0  J t n - 1 = 0  J t i = 0  Jci

Using the function F, defined in Theorem 4.1, it is easily shown that the integrand is 

measurable as a joint function of w and ( i i , .• • ,in)- We can apply Pubini’s theorem to 

change the order of integration and obtain:
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= (4.11)
J tn= 0  J t i = 0  ^ '

 «.)=q) (")*!■  ■■''*«) (4-12)

For each uj, the integral over can now be easily done by remembering that the

vector represents the fractions of time spent in each state up to time tn+i- First

of all, we note that if ^  ^ (q ) =  ^ (x ) , the integral is zero. Otherwise, the

indicator function selects those combinations of values of the observation times that result 

in the number of observations of state i  being n q i .  Having removed the interdependence 

of the ranges, the integral is symmetric with respect to the order in which the states are 

observed, and so we can choose one such ordering and multiply by the number of distinct 

permutations. To this end, we define the event

C =  {w : Xt- (w) =  1, 1 < i < nqi,

X t i i u j )  = ^ 2 , n q i  < i  ^ n q i  +  n q 2 ,

. . .  5

M - 1

Xt; (w) =  M , n ^  < z < n } ,
j = i

which specifies the ordering where the observations of the first state precede those of the 

second state and so forth. W ith the aid of the combinatorial factor that counts the number 

of ways in which these observations could be re-ordered, we can rewrite the integral as

rtn+1 r̂ n+1

J tn = 0  J t i = 0
rtn+1 r^n+l

1--- —1------^ I ••• /  ...dtn,{nqiy. .. . [nqM)'- J tn = o  Jti=o

Due to the simple structure of the set C, Ic  can be written as an n-fold product of the form

n

i c = ’
i = l
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where ki := min{m : nqi +  . . .  +  nqm ^  i}- Since each function can be integrated separately 

and for each z ^  n,

^ { X t i = k i } i ‘̂ ) d U  =  { u j ) ,

we have that equation (4.13) reduces to

= <;+. «P ( -  '‘H (<l| V ‘-«>) -  nH (q))

=  l{v(*n+l>£^(x)}(^) ^"+1

Therefore, returning to equation (4.12),

f tn+l  f t2

J t n= 0  Jt i=Q ^ ^

= ^  (g, V(‘"+i)(w))) P[du]

which, by a change of variables,

n'- >

Using the notation of Lemma 4.4, we return to equation (4.11). Relabelling t^+i at t, we 

get

Now, noting that the probability density function, see equation (2.6), for T„+i is given by

f  It) -  J(T.+i)U) - n \

we can write

p(u<">=q) = f  f  £(v(.>)(<iv]£(r.«)[*l
' JteK JveA{x) ’

=  f e " ' - ' ’ -'-) £ , v ( T „ « , J d v l ,
Jv€A{-x.) '
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where the last step relies again on Theorem 4.1. Returning to the open ball B,

^  p (u (" )  =  q 
qGBnr„

We know by Lemma 4.4 that hn{B,v) converges to sup |  -  i f ( u |v ) |  and that the conver-
u e B  J

gence is locally uniform over v  G A{x.). Since we have assumed that {Nt }  is Poisson, we 

know that obeys an LDP and so we can use Theorem 4.3 and Varadhan’s theorem

to conclude that

lim -  log P f  e  S  )  =  lim -  log /  M
n ^ o o n  ^  \  )  n - . ^ n  ^ J ^ e A i K )  { v ^  n + 0 ) l  J

=  sup < — inf if(u |v ) — inf { tlxi 'v)  +  I r i t ) }  
v eA { x . )  I

Now, since we have chosen the observation process to be Poisson, equation (2.8) gives an 

explicit form for It - We can complete the infimisation over t by differentiation to obtain

lim — log P (  G 5  )  =  — inf inf < iJ(ulv) +  log ( +  1 11 .
n->oo n  \  ]  u € B  v e ^ ( u )  i  \  J  )

Since i?(u |v) is infinite for v  ^ .A(u) we can define

J(u) := mf | h ( u |v ) +  log ^  ’

and write

lim - lo g P fu ( " )  -  -  inf J ( u ) .
n —>oo n  \  '  u £B

Hence the large deviation limit exists for sufficiently small open balls around any point 

in r . Since the open balls form a base for the neighbourhood system in the usual topology 

on , and hence in the induced topology on F, we can see by the standard argument that 

the upper and lower deviation functions are equal. Using the notation of Chapter 2, we can 

write their joint value as

/i(x) =  inf m  [G] =  inf m  [G]
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= inf < -  inf J (u ) l  
G9x ueG  ̂j

= -  Jo(x) .

Jo is lower semi-continuous by construction. Since F is compact, we have, therefore, that 

the sequence satisfies an LDP on the scale n with rate function Jo-

□

We remark that the function J  must be upper semi-continuous. Indeed, for each v the 

function

;v(u) := -ff(u|v) +  log 

is continuous for all v. By the definition of J , we have that for any b,

{u : J(u) < 6} =  |J {u  : jv(u) < b } .
V

Since all the sets in this union are open, by continuity of jv, we have that {J  < 6} is open. 

Hence, J  is upper semi-continuous.



Chapter 5

Poisson sampling : II

In this chapter, we will consider what information we can regain about the underlying 

process based on Theorem 4.5, knowing only the rate function of the sample process. It 

turns out that in the case where the underlying process has a convex rate function, 

we can deduce its shape around the mean, based on the knowing the rate function for the 

sample process.

5.1 Galois connections

Consider Q as the set of functions from F to the positive real line, and let P  be a copy of 

Q, so that
P =  Q =

The random sampling transformation, derived in Theorem 4.5, can be viewed as a functional 

from Q to P  given by

(/-/■)(y) =  ^nf | i ? ( y |x )  +  l o g | ^ ^  +  l ^ |  , Vy g F.

We are interested in examining the structure of this transformation, with a view to finding 

a characterisation of the pre-image. The methodology of Galois connections, a concept 

used in order theory, proves useful to us here. A Galois connection is a pair of functions 

between two partially ordered sets (which are often termed posets), that satisfies certain of 

the properties of inverse functions. We will show that the functional /  can be viewed as

59
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ha lf o f a Galois connection. The set Q, and hence P, can be considered posets under the 

product pa rtia l order, by which we mean tha t for a ll 7 i,/2  S Q,

h  ^  h  h { x )  ^  l 2 { x ) X  £ T .

In  [9, Chapter 4], Russell provides an in troduction  to order theory and to the theory of

Galois connections in  particular. For our purposes here, we jus t want to  indicate the basic

structure. We start w ith  the defin ition o f a Galois connection. A  pair o f functions {f ,g)  

between two posets P  and Q,

g : P ^ Q : f ,

is termed a Galois connection i f

g{p) ^  q 4=^ p ^  f{q).

The functions are also referred to as adjoints, w ith  /  being the upper adjoint and g being 

the lower adjoint. Knowing tha t two functions form  a Galois connection defines each in  

terms o f the other, by the following formulae

g(p) =  m i { q e Q  : p ^ f { q ) } ,  (5.1)

f{q)  =  sup{p e P  : g{p) <  q} . (5.2)

A lthough  the functions in  a Galois connection are not inverse to  each other, they can be 

used to  identify  a related bijection. When the domain o f each function is restricted to the 

image o f the other,

g\f{Q) ■ f{Q)^9{P)^

f\g{P) ■ 9 { P ) ^ f i Q ) i  

the resulting pair forms an isomorphism:

9\f{Q)
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Returning to the case in question, our posets P  and Q are copies of the set of positive 

functions from T to 1+. The function /  takes /  € Q to J G P  by the transformation

-̂ (y) = (/^)(y) = inf {^ ? '(x ly )+ L (^ 7 (x )) | ,

where

L{z) =  log (^  +  l )  •

We are interested in determining whether there is a function, g, from P  to Q such that 

( / ,  g) form a Galois connection. We assume that there is such a function, write it in terms 

of /  using equation (5.1) and then prove that the two functions axe adjoint. We first note 

that the inverse to L is

L~^{z) =  O' (e  ̂ — 1).

T heorem  5.1 If we let

g j  := inf{7 e  Q : J  ^  / / }  ,

then

{gJ){x) =  f sup{J(y) -  F ( y l x ) }  j ,

and (f , g)  form a Galois connection.

Proof. We first establish the form of g:

gJ  -  i n f { / : J < / / }

=  inf : J(y) <  inf | i ? ( y | x ) + L  ^ / ( x ) j |  , V y G r j  

=  i n f j / ;  J(y) ^ i? (y | x )  +  l ( / ( x ) )  , V x , y e r }

=  inf | / : / (x)  ^ ( j ( y ) - ^ / ' ( y | x ) )  , V x , y e r }

=  inf | / : 7(:c) ^ supL'^ ( j ( y ) - ^ ^ ( y | x ) )  , V x e p j  

= supL-  ̂ ( j ( y ) - ^ ( y |x ) )  • 
yer ^

We can now show that {f ,g)  form a Galois connection via the following chain of equiv-
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alent inequalities:
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gJ <

< / ( x ) , Vx G r ,

su p i 1 (j(y) -  
yer ^

/(x) ,  V x e r ,

sup|j(y)  -
yer >- ^f(y |x)} L(j(x)), V x e r ,

Ay) L(/(x)), V y , x € r ,

J{y) “ f {^T(y|x) +X(/(x))}

J < f l -

Thus we have established that

g j  ^  I  J  ^  f  I .

□

5.2 Recovering the underlying rate function

We continue this analysis in the 2-state case, where the calculus is more tractable. As 

explained in Section 2.4, when the state space is confined to {0,1}, the empirical average 

contains the same information as the empirical measure. In this case, the vectors x, y G F 

reduce to two numbers x , y  E [0,1], which makes it possible to perform the optimisations in 

the definitions of g and / .  We rewrite the relevant function as follows:

B{y,x)  : =  H  {y\x)  =  y  log |  + (1 -  y )  log | ;

i f f ) { y )  = 1 { B ( y , x )  + L  (/(x )) I  ; (5.3)

{gJ){x) = sup {J{y) -  B{y , x )}]  . (5.4)
/

Before examining the effect of composing g with / ,  we need to gather some information
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about / .  This involves a lot of differentiation, so we first collect some useful functions :

=  6  log +  (1 -  6 )  log ; (5.5)

^  -  , - - 6 ( 1 - 6 ) .
9 6  ® 6 ( i - 6 ) ’
dB  £2 -  6

We will investigate over the next few theorems how the infimum in equation (5.3) is 

attained and what information can be recovered from f l  about I. In order to do this 

analysis, we need to assume I  is convex and that it satisfies some differentiability conditions.

Assum ption 5.1 I  is a strictly convex and twice-differentiable rate function, which is finite 

on the interior of the unit interval.

/  is a rate-function and so its infimum over [0,1] must be 0. Since this set is compact, this 

infimum must be attained and we denote the point at which it is attained by m. We know 

that this point is unique because I  is strictly convex. Of course, I  being a rate function also 

implies that it is positive. We note that since I  and I' are both differentiable, they must 

both be continuous. Finally, we remark that we have limi^o-^H^) < because otherwise 

I  is infinite everywhere in (0,1) since I ' is increasing in x\ similarly, we must have that 

l i m a ; _ 4 . i / ' ( r r )  >  — 0 0 .

We denote by hy the function that we axe interested in infimising.

hy{x)  := B{y, x)  + log • (^-8)

Since [0,1] is compact, this infimum must be attained; the next theorem explains how this 

happens.

Theorem  5.2 For all y G [0,1], the infimum of hy{x) ,  over x  G [0,1], is attained at a 

unique point x{y)> defined as follows:

• For y G (0,1), xiu) ** unique solution of h y { x )  = 0.

.  l i m - f ^ < l  X ( 0 ) = 0 .  
x->o I ( x )  +  a
Otherwise, x(0) unique solution of the equation hQ{x) 0.
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I ' { x )
•  T T S . ^  1 ^  X(l) =  1 •x->i I[x) + a

Otherwise, x ( l)  is the unique solution of the equation h[{x) =  0.

Proof. We first wish to show tha t if hy has a root, then that root must be unique. We note 

tha t the condition for a; to be a root is tha t

, ,  , , X — y  I ' { x )

Now the second derivative is given by

„ ^  x ^ + y { l - 2 x )  I " { x )  _  I ' j x f

x H l - x ) ^  ^ I ( x )  +  a  ( 7 ( x )  +  a ) 2 -

At any point, x q , th a t satisfies equation (5.9), we must have that

X^( l -Xo)^ I{xo) + a '

Since y  G [0,1] and I  is strictly convex, we can see tha t hy must be positive at x q . Therefore, 

hy is strictly increasing at any point where it is zero. The continuity of I '  ensures continuity 

of h'y and so we can conclude that hy can only reach zero once if it does so at all.

The question of where the infimum is attained is answered by examining hy at 0 and 1. 

If hy is decreasing a t 0 and increasing at 1, then it must attain  its infimum on the interior 

and hy must be zero at th a t point. We know tha t hy can reach 0 at most once, so xiv)  

(which we will sometimes denote by x  for convenience) is defined uniquely by the equation

X - y  ^  = o_  (5.11)
x(i -  x) (̂x) + «

It remains to check the behaviour of hy at the endpoints of the interval. 

For y 6 (0,1), we note tha t

X — y
lim  —7- r — - 0 0 ,
x-^o x[ l  -  x)

and, as remarked after assumption 5.1,
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Since I  is positive, we conclude that l imh'{x)  is negative. Similarly, we can show that
X—>0

hm^h'y{x) is positive. Therefore, for y e  (0,1), we see that xiv)  is defined by equation

(5.11).

For y equal to 0 or 1, the situation is a little more complicated as the value of the 

derivative at the endpoints depends on the steepness of I. Taking y =  0 in equation (5.9), 

we note that
I'(x)

lim h'Jx) =  1 +  lim ------ and lim hUx) = oo .’ x-^Ql{x)+a  x^i

—

If lim ——------  > 1, then ha is decreasing at 0, and so, as before, xiv)  is defined by equationx->o 1 (a:) +  a
(5.11), with y = 0. Otherwise, ho is increasing at 0. Since, for any y, hy{xo) =  0 implies

that hy is increasing at xq, we can see that if ho is increasing at 0, then ^(0) =  0.

A similar argument holds true for y =  1. □

We can use the function xiv)  defined in the preceding theorem to help analyse the

properties of J  f l .  First we prove a simple lemma concerning x-

L em m a 5.3 The function x  is differentiable and is strictly increasing.

Proof. By applying the implicit function theorem to h'y (noting that for all x  such that 

hy{x) — 0, hy{x) > 0), we can conclude that x  has a continuous derivative on (0,1).

To examine x'{y)i we differentiate equation (5.11) with respect to y to obtain

x' x(i - x )  ’
(5.12)

where we have used equation (5.11) again to simplify the expression after differentiation.

We have demonstrated in the proof of Theorem 5.2 that hy(x{y)) > 0, and x  ^ (Oj 1) implies 

that the right hand side is positive. Hence, we can conclude that x'iv) must be positive. □

T h eo rem  5.4 The function
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IS convex.

Proof. We know by Theorem 5.2 and Lemma 5.3 that

J{.y) =  hy i x i v ) ) ,

where x  is differentiable on (0,1). Since, J  is a composition of diflFerentiable functions we 

can calculate the second derivative and check its positivity.

J{y) = B{y, x(y))  +  log  ̂j  •

So, using the functions defined in equations (5.6, 5.7),

A v )  =  +  +

=  | | ( S , X ) .

since the last two terms cancel by equation (5.11). Hence,
r n r .  _   X'

y { l - y )  X ( l - X ) ’

which implies that

J"(y)^0 ^
x(i  -x)

Prom equation (5.12), we know that

, y { l - y )  _  , I " i x ) x { ^ - x )
^ x ( i - x )   ̂ (̂x) + « ‘

Hence,

Prom Lemma 5.3, we know that x'  positive, and so convexity of I  guarantees that J  is 

convex.

When i f ,g)  form a Galois connection it is easily shown, see [9], that

go f  ^  idq.

Prom the point of view of recovering information about the origmal rate function, it is
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interesting to examine which function in Q this combined transformation picks out. Suppose 

J  =  / / ,  so that

J{y) =  inf ! .B{y ,x )+log  0  I  •\  a J )

We wish to examine

°I{z) := {go f ) I  = I  sup {J{y) -  B {y ,z ) } \

Because of the structure of Galois connections, we know that 9 \ f ( Q )  and f \ g ( p )  are inverse 

functions and hence

Before calculating the form of °I, we need to prove a result about the function which is to 

be optimised in the definition of g.

Lem m a 5.5 If  J  = f  I  then

aziv) := J{ y )  -  B{y,z)

is strictly concave on [0,1].

Proof. Prom Theorem 5.2, we know

az{y) =  B{y,x) + L { I { x ) ) - B { y , z ) .

Differentiating, we get
d B , , d B , , , I' ix) , d B . ,

Using equation (5.11) once more, to cancel the middle two terms, this reduces to 

X , ( 1 - x ) ^

which implies that
/ / /  N X'

But Lemma 5.3 states that the derivative of x is positive, thus guaranteeing the concavity 

of O2 . °

Finally, we can calculate the form of °/, by using the concave structure of a, to determine
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where the supremum occurs.

Theorem  5.6 The function °I has the following structure:

• For x(0) < ;̂ < x (l), °I{z) = I{z).

•  ^ / x ( 0 ) t^O, ^ / l e n / o r  z  ^  x (0 ) ,  ° / ( ^ )  = / ( x ( 0 ) ) + / ' ( x ( 0 ) ) ( 2  -  x ( 0 ) ) .

•  ^ /x ( l)  /  1, then for z ^  x (l); °I{z) = I{x{^)) + l '{xi^)){z -  x(l)) •

Proof. The function °I is defined by the equation

°I{z) =  sup Uziy).
O^y^l

We know by Lemma 5.5 that a^(y) is a concave function of y for all Since [0,1] is compact,

the supremum is attained and we can determine where by examining the derivative of az

at the endpoints. If a^(0) ^  0, the supremum is attained at 0, since the derivative is a 

decreasing function of y. Similarly, if a^(l) ^  0 the supremum is attained at 1. Otherwise, 

the supremum in attained on the interior of the unit interval at the solution of

a'ziy) =  0 -

Prom the proof of Lemma 5.5, we know that

/ / X  1 - X ( y ) )

Hence,

4(0) > 0  <;==>  ̂> x(0)

4 ( 1) <0  z < x { ^ ) ,

and

a'M  = 0

Since X has a positive derivative everywhere, it must be continuous and strictly increasing
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and hence, invertible. Therefore, for x(0) < z < x(l), defining 7 = we have that

LCl{z)) = 0, ( 7 )

=  B{'y,xi'y)) + Lilixij))) -  Bi'y.z)

= L{I{z)).

Hence

°I{z) = I{z),

since L is invertible.

For 0 ^ z < x(0), we have that

L{°I{z)) = a,(0)

= B (0 ,x (0 ))+ L (/(x (0 )))-S (0 ,z )

°I{z) + a = — U(x(0)) + «),

°j(z) =  /(x (0)) -  -  x(0))

= /(x(0)) + 7 '(x(0))(z-x(0)),

where the last step uses equation (5.11) with y = 0.

Similarly, for x(l) ^  ^  1)

LCl{z)) = a ,( l) ,

°I{z) + a = ^ ( / ( x ( l ) ) + « )
x(i)

= /(x(i)) + » + ® ^ ( ^ - x ( i ) ) ,

and using equation (5.11), we get

°I{z) -  7 (x (l) )+ ^ '(x ( l) ) (^ -x (l) )-



I

CHAPTER 5. POISSON SAMPLING : II  70

1

0
x(i)

— a

0 1

Figure 5-1: A geometrical definition of x (l)

So, in conclusion,

lum+i'ixmiz-xm
I{z)

/(x(i)) + /'(x(i))(^-x(i))

□

We can interpret the points x(0) and x (l) geometrically. Figure 5.2 shows the graph of 

a typical function, / ,  satisfying our requirements. For a given value of a , the corresponding 

value of x (l) is the point at which a tangent to I  will pass through vertical axis at - a .  

There is a corresponding construction on the other side to define x(0)- The condition

I'{x)
Hm . ' - — > 1 x-^i I[x) +  a

ensures that there exists a point at which the tangent to I  will pass through the point 

(0 , -a ) .
Figure 5.2 shows the shape of between x(0) x(l))  ̂ agrees with J, and outside

this region assumes the values of the dotted tangent lines. Thus I  is the infimum (in
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1
I{x)

0
x(o) 10

Figure 5-2; I{x)  with tangents at x(0) and x(l)

the sense of the product partial order) over all convex functions which agree with I  on

(x (o ),x (i))-



Chapter 6

Non-Poisson sampling

In this chapter we wish to consider the case where the samphng process is not Poisson. In 

Chapter 4, we were able to find a formula for the rate function of the observed process, 

requiring only that the underlying process obey an LDP. However, the derivation of this 

formula relied heavily on the particular form of the Poisson distribution. With fewer re­

strictions on the observation process, in Chapter 3 we were able to characterise the observed 

process, but this was subject to a Markovian assumption on the underlying process.

In the general case, without precise information on either the underlying or observation 

processes, it seems unlikely that a formula for the rate function of the observed process 

could be found. However, we are able to establish general conditions on the underlying 

process which ensure that the sample process still satisfies an LDP. The difficulty in only 

assuming an LDP of the underlying process is that we lose the non-asymptotic properties, 

while in general, the process formed of the successive samples depends in a finely detailed 

fashion on the interaction between the observation and underlying processes. To get around 

this difficulty, we would like to be able to specify some non-asymptotic properties of the 

underlying process which would hold if and only if the process obeyed an LDP.

In general, there is no such characterisation of the class of processes which satisfy an 

LDP. However, we can specify sufficient conditions; in fact, any process which is stationary 

and whose correlation structure is sufficiently weak will be a member of this class. These 

two conditions generalise, in a natural way, the simplest class of processes for which an 

LJ)P can be proved, namely processes which are composed of identically distributed and 

independent random variables.

72
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We will discuss these conditions in the abstract before applying them to the random 

sampling transformation, but first we need to describe our setting and notation.

The setting

We choose to to work in discrete time to reduce the technical complications.

Let A) be a probability triple. We consider an underlying process taking

values in K,  a compact subset of and use K. to denote the Borel cr-algebra on K.  For 

concreteness, we take ft := K^,

X y i  :  ^  K  * CjJ t— ^  u)yi ,

and

T:=a{Xi ,X2, . . . )=IC^.

We also define, for m  < n, 

and denote T q by

We define the inter-observation-time process, {W„}n6N» on the probability triple 

(A, Q, M).  Again, for the sake of concreteness, we take A =

Wfi : A —̂ N ; 5 i—̂ ,

and Q = a (W i ,W 2 , . ■ ■)■ We then define the observation process {T„}„eN by

Tn:=^Wi +  . . .  +  Wn.

A ssu m p tion  6.1 is a sequence of independent and identically distributed random

variables which are almost surely greater than zero.

Thus, we are assuming that M is a countable product of identical copies of a probability 

measure on the strictly positive integers. The random sequence (Ti, T2,...)  also takes values
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in A, and we can define the law of this sequence, another probability measures on A,

C[B] = m [{Ti , T 2 , . . . ) £ B  .

We will often use t{S) to denote the increasing sequence (5i,5i +  52, • • ■), or to denote 

<̂ 1 + . . . + Sn-

We define the random sampling transformation by the function

5  : 0  X A — > ,

S{w,6) = {usi,ujsi+s2,---) ■

It is easy to see that S  is measurable. Since is generated by { X~^B : B  E K., n E N}, it 

is sufficient to check that the pre-image of each such set is in .7̂  x For any B  E 1C

S - ^ { X - ^ B )  =  ] J{u j - . S i u ; , 6)&B}x{6}

<5eA

Each set is obviously measurable, and hence so is their union.

We then define the measure

H = { X x M ) o S - \

Using this measure, the sequence of samples, , is a stochastic process with respect

to (n,JF,/x), where

Yn{uj) =  .

We define stationarity in the usual way. For positive n, we define a shift operator by

On

—  ( W f i + l , ^ n + 2 )  • • • ) ■

We will sometimes use e to denote 0i. We say that a measure M on is stationary if for
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any 5  e  JF,

=  M[B].

In the case where the law of the sample paths of a process is stationary, it is usual to refer 

to the process as being stationary.

It will prove useful to have a family of projection operators which select a subsequence 

from each member of il. For 0 ^ m < n ^ c c ,  we define

7T,

As for the a-algebras, we use tt” to denote t t q . To complement this operator, we define a 

concatenation operator which we use to append a sequence (usually infinite) to the end of 

a finite sequence of the same type. For example, if a; € and y G ft, then we define

x - y  =

6.1 Correlated processes and large deviations

In order to ensure that a process obeys an LDP, in addition to stationarity we need to 

impose a limit on the strength of the correlations between the constituent random variables 

of the process. This restriction ensures that the behaviour of the process does not diverge 

sufficiently from that of an independent process to prevent it from obeying an LDP.

We can make this restriction precise in many ways, but most involve constructing a new 

measure, with respect to which certain classes of events are independent, and then comparing 

this to the original measure. Because we are interested in asymptotic results, the difference 

between the two measures will then be required to decay in some suitable fashion. Obviously, 

there are many procedures for imposing these restrictions; the constructed measure can be 

defined in terms of many different types of events, the distance between the two measures 

can be measured in many ways and this distance can be required to decay on any scale at 

any rate.
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M ixing conditions

Many of these conditions are grouped together under the general heading mixing conditions. 

Their definitions typically involve constructing a sequence of measures, indexed by n, with 

respect to which any a-algebras that are separated by a distance n (that is, of the form 

and independent. There are then a variety of ways of defining the

difference between the original measure and a member of this sequence. To ensure that an 

LDP holds, this difference is required to disappear, in an appropriately quick fashion, as 

n is increased. Bradley, in [2], reviews several different ways of comparing measures and 

develops relations between these different methods. These difference functions are denoted 

by, for example, or and a process for which the difference decays to zero with n is 

referred to as a-mixing, or ^-mixing, respectively. Dembo and Bryc, in [3], state conditions 

on the rates of decay of several of such differences which guarantee that the process satisfies 

an LDP. These conditions on mixing rates all imply a more general condition, which they 

refer to as condition (S). We will refer to a process which satisfies this condition as S-mixing. 

Assuming the notation of the previous section, we can state the condition as follows:

Definition 8 S-mixing iff for all C < oo, there exists a non-decreasing sequence

in N, {/(n)}, for which

We will say that A is S-mixing if there is no ambiguity. Dembo and Bryc prove that any 

stationary and S-mixing process, taking values in a Polish space, will satisfy an empirical 

measure LDP in the r-topology.

Weak dependence

There is an alternative approach to ensuring that a process have a sufficiently weak correla­

tion structure. This condition, termed weak dependence, was first advanced in the statistical

and such that, for all k \ ,k 2 G N,
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mechanics setting, by Lewis, Pfister and Sullivan, in [8]. The notion was relaxed slightly 

and applied to more general stochastic processes by Russell in [9]. Using this condition he 

establishes a sample path LDP for stationary processes in continuous and discrete time.

In our more narrow setting, we use the following simplified definition of weak dependence.

D efinition 9 For a measure M on Q, we define the sequence

C n  := sup sup
, M( A )  M{ B )  
log

A n B )

is weakly dependent if

lim ^  =  0.
n~¥oo Ti

The weak dependence condition is so defined in order to allow the the LDP to be proved 

using the sub-additivity argument; this is the technique used in both [9] and [8].

6.2 Stationarity and correlation structure after sampling

In this section, we wish to investigate whether properties of a process which guarantee an 

LDP are conserved by the random sampling transformation. We first tu rn  our attention to 

stationarity.

Theorem  6.1 If X is stationary, then /i is stationary.

Proof. It is well known (see, for example, [1]) tha t probability measures which agree on a 

TT-system, .4., must be equal on the cr-algebra generated by A. Therefore, if ̂  is a 7r-system 

and T  — o { A ) ,  then we can establish stationarity of /x by checking that

= ii[A] for all A e  A.

It is easy to see tha t

^  | A i  x . . . x A n ' x K x K x . . .  : Aj G /C for a lH  ^  n j

is a TT-system which generates T . If A denotes a generic element of A
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then

=  ( Xx  M) o S~^  oQ-^A 

^  (A X M)[{(w, J) : e  A j,l < i < m}]

= E E - E  X [^d+di+...+di G ) 1  ̂  ̂?7i] M  \tfi — d, 6ji^i — d j , 1  ̂i ̂  7n\
d'^n d i ^ \  (̂ 77x^1

by stationarity of A,

^   ̂ ^   ̂ ^  [^ d i+ ...+ d j €  5 1 ^  ^  ^   ̂M  \tji — d, Sfi^i = di , 1 ^  i  ^  77l] ,
rfi^l d^n

since M  is a product measure,

^   ̂ ^   ̂ X. G , 1 ^  i  ^  TTi] Jl̂ f[5jj-j-j = d i , 1 ^  i  ^  77i] ^   ̂M\tfi  =  d]
di^l dm^l d^n
^   ̂ • • • 'y  ̂ X € A j, 1 ^  i ^  Tn\ M  [(̂ n+j — d j , 1 ^  i ^  Tn\
di^l d m

by stationarity of M ,

= Y 1  ■■■ ' ^  ^ [î di+...+di e A i , l ^ i ^ m ] M [ 6 i  = d i , l ^ i ^ m ]
di^i dm

=  ( Ax M)[{{uj, S) : u>ti e  A i , l  ^ m}]

-  ( A x M ) o S “ [̂A]

=  /^[^]

Hence, /i is stationary. □

We next want to investigate whether n satisfies the same mixing and dependence condi­

tions as A. First we need to prove a lemma which helps to relate the correlation structure 

of fi to that of A. For a fixed sequence of sample times t E A,  S{t) denotes the random 

sequence .. .).

L em m a 6.2 I f  A is stationary and A  £ and B  G for some finite n, k, I then

^i[AMB] =  [  \[S{t) e  ^]A[5(i) G B]C[dt]
J t £ A
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Proof. By definition,

f i[AUB] = f  X[S{t) e  A]C[dt] [  A[5(7) g B]C[d^]
J t e A  J - yeA

= [  [  \[S{t{S)) £ A]X[S{t{j)) e  B]M[d5]M[d'^]
J s e A  J'yeAISeA J'yeA  

Now, since A  E we note tha t

{w : 5(o;, i(J)) G A} =  {u> : S(uj,t{'ir'^S • Tr^'y)) € A} . 

=> X [ S m ) e A ]  = X[ S{ t { 7r ^ S - n^ j ) ) e A] .

We can make a similar argument, using stationarity, for the measure of the second set.

{ S{ t { ' y ) ) e B}  = {w : (wij(^),wt2(^),...) G S }

=  |o ; : G '̂ n+fc -®} 5

since B  G We note tha t for all i >  0,

tn+k+i{Tr'^S ■ 7 T ~ 7 )  =  t n + k + i i l )  +  tn {5 )  ~  t n i l )  •

Writing d = tn{S) -  tni'y), it is clear tha t : 

for d ^  0,

6 i  [ s { t { i T ^ 6  ■ 7 T ~ 7 ) )  e B ]  =  { 5 ( < ( 7 ) ) |  ,

and for d < 0,

{S(((7r"i-7T“ 7 ) ) S B }  = «M){s(<(t))}  •

In either case, since A is stationary, we can conclude that

A[5(t(7)) € B ]  = A[5(i(7r"^ • C t ) )  e  B].
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Hence,

ti[A]n[B] = [  f  X[S{t{S)) eA]X[S{t{'y)) eB]M[dj]M[dS]
JseA Jj e a

= [  [  X[S{t{n-S ■ 7T-7)) e X[S{t{n-6 ■ € B] M[d^]M[dS],
J5€A JyeA

' <5GA J 7GA

f  Ii 5€A J j e A

and using the simple product structure of M,

=  [  X[S{t{6)) G ^]A[5(i(^)) G B]M[d6]
JseA

= [  X[S{t) G A]X[S{t) G B]C[dt].
J t GA

□

The following lemma is a simple result required in the proof of the weak dependence of

/i.

Lem ma 6.3 Let Cn be a positive sequence such that

lim — =  0.
n —>oo 71

Then, for any integer B  ^  1,

sup

^  lim — = 0.n-^oo Tt

Proof.

Since Cn/n —> 0, there exists N{e) such that

Cn < ne, Vn > N{e). 

Therefore, for any n > iV(e),
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n
< e, n >  N

Hence,

n—>oo n

□

We can now prove that the random sampling transformation preserves the weak de­

pendence property, assuming A is stationary and that the inter-sample times are uniformly 

bounded.

Theorem  6.4 If  X is stationary and weakly dependent and the process {Wn} is uniformly 

bounded, then // is weakly dependent.

Proof. We denote the uniform bound on {Wn} by K.  Since A is weakly dependent, we 

know that Cn/n —)■ 0 where

, X ( A n B )  
sup log , '

We wish to show that

lim — sup
n^oo n AeT'^,Be:F^ fi{A)n{B)

Let A £ and B  6 We know from Lemma 6.2 that

fi{A)n{B) = [  X{S{t) G A)X{S{t) G B)C[dt] 
JteA

Hence, noting that

At := {uj : S{oj,t) e A} C  ,

Bt := {uj : S(uj,t) e B}  C  ,

we can conclude that

f  exp{-Ct„) X{Atn Bt)C[dt] ^  ^{AOfj,{B) < f  exp (Cf^) A(v4j n 
JteA

(6 .1)



CHAPTER 6. NON-POISSON SAMPLING 82

We can, of course, write down a similar expression for fi{A n B); namely.

= [  X{S{t) £ A n B )  C{dt)
J t e A

=  f  Xi AtHBt )  C{dt) . 
JteA

i t e A

I
I t eA

Defining g{t) =  A {At fl Bt ) , we can write the upper bound of inequality 6.1 as

n{A)jji{B) < [  exp{CtJg{ t )C{dt )
JteA

since Wn < K,
I t eA

n K

= ^  /  ^wiCm)g{t )  C{dt)  ,
m = n

< exp I sup Cm)  /  g{t)C{dt)  
\ n ^ m ^ n K  /  J t^A

= exp ( sup Cm) B )  ,
\n < m ^ n K  )

/  1 n { A f \ B )
-  sup C m  ^  log . .X /ON •

n^m^nK

We can perform a similar manipulation with the lower bound of inequality 6.1 to obtain

, u ( A n B )  ^
r i f  7-5T ^  ^ r n  ■fi[A\lJ.[B\ n^m^nK

Combining these bounds, we find

1
n n { A) f i { B) < -  sup C m  ■ 

^ n<m<nK

Now, since this bound does not depend on the choice of A  or B , and Lemma 6.3 implies 

that the bound vanishes in the limit, we can conclude that

lim — sup
n^oo n  A e T ’' ,B e T ^

n { A n B )
log-/x( A)/x(J5) =  0 .

□

Alternatively, we can also show that the random sampling transformation preserves the 

S-mixing condition, assuming that A is stationary.
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Theorem 6.5 If X IS Stdij'lOTlCl7''y CLTld S~TY)i%3j'ITIQj thsTl so  IS

Proof. We wish to show that // is S-mixing. We begin by choosing an arbitrary C < oo. 

Since A is S-mixing, we know that there exists a suitable sequence {l{n)}, so that (S1,S2) 

hold for A. We shall show that // also satisfies SI and S2 for this sequence {/(n)}.

For arbitrary values of fci, A:2 ,n  we choose any A 6 and B € using

Lemma 6.2 we note that

n(A)ix(B) ~ e‘̂ ^ n̂(A ^ ^  (A[5(i) G A] A[5(^) £ B] -  A[5( )̂ € A n B ] ^ C { d t ) .

Now, by the definition of S  we can see that

{u : S{uj, t) G A} e

{0,: S(^, t) e 5 } 6 c < »■

where the last set inclusion follows since the are non-zero and almost surely finite. Since 

A is S-mixing we can therefore conclude that

/ / ( y l ) / i ( 5 ) f  e - " ^ £ ( d i )  =  e - ”^.
JteA

This bound does not depend on the choice of A or and so we have the required uniform 

bound;

sup {m( ̂ ) /i( 5 ) -  A n B ) : A e J ^ ' ^ \ B  e , h,k2 e z+}  ̂ .

An almost identical argument leads to the second bound:

sup [^i{A n B) -  ii{A)ix{B) : A e T ^ ^ , B e  , A:i, A: 2  G Z+} ^ •

Since the choice of C was arbitrary, these two bounds together show that {Yn} is S-mixing. 

□

Therefore we can conclude that if the underlying process is stationary and the observa­

tion process satisfies Assumption 6.1, then
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• S-mixing of the underlying process implies an LDP for the sample process

• Weak dependence of the underlying process, and a uniform bound on the inter­

observation times, implies an LDP for the sample process



Notation

K  =  E  U { + 0 0 }  U  { —0 0 }  

M-(. =  {2; G K  : a; ^  0}

For a  measures space we define, for x  G Cl, the measure

=

and define a function, 1a, on by 1^ (2;) =  <5a:[yl].

For a topological space X, we define

Q the set of all open sets

the set of all closed sets 

K, the set of all compact sets

For a random variable X , we denote its law by >C(x)-

85
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