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Abstract

In this thesis, we are concerned with the effect of randomly sampling a stochastic process.
We consider two stochastic processes: the underlying process, {X;}icr, and the observation
process {1, }nen, a strictly increasing process taking values in 7. The process of interest
is generated by sampling the underlying process at the times specified by the observation

process,

Yn = XTn .

We call this transformation random sampling and refer to {Y,} as the observed, or sample,

process.

In particular, we are interested in how the large deviations properties of the process are
affected by this operation and so we only consider those that satisfy an LDP. In the case
where the process counting the number of observations is Poisson, a formula can be obtained
for the new rate function in terms of the rate function for the underlying process. Using
order theoretic ideas, we can, in certain cases, characterise the inverse to this formula
and partially determine the rate function of the underlying process, given only that of the
observed process. Applying this formula when the underlying process is Markov, we derive

a novel expression for the 2-state Markov rate function.

In the case where the observation process is not Poisson, we can establish general condi-
tions that ensure the observed process will obey an LDP. For a large class of observation
processes, we show how certain conditions on the underlying process, sufficient for an LDP,

are preserved by the random sampling transformation.
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Chapter 1

Introduction

We are interested in considering how certain asymptotic properties of a stochastic process
are affected by considering only the values assumed by that process at a random subset of
its index set. Specifically, we have in mind a second stochastic process which determines
a strictly increasing sequence of times at which the first process is observed. We wish to
determine how the two processes interact in generating the observed process and how much
information it is possible to regain about the asymptotics of the underlying process.

In particular, we are concerned with looking at the large deviation asymptotics of the
process. In Chapter 2, we provide a technical summary of the aspects of the theory which
are relevant to our investigations. In the following section, we provide a context for the

abstract treatment with a heuristic discussion of a concrete example.

1.1 What are large deviation asymptotics?

The theory of large deviations grew from a study of the probabilities of rare events in
widely different areas, most famously risk theory and thermodynamics. It is concerned with
rare events whose probabilities decay due to some inherent scaling. To provide a concrete
example, consider the much beloved coin-tossing experiment. Qut of n tosses of an unbiased
coin, we expect that roughly half will come up heads. In fact, the weak law of large numbers
tells us that the probability of unusual behaviour becomes arbitrarily small as we toss more

and more coins. To be precise, if we write the proportion of heads after n tosses as M,
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then the weak law of large numbers tells us that for an arbitrarily small e,

2

1
lim P( Mn——’ >e) =0.
n—,oo

Large deviation theory tells us how this probability decays when examined on an exponential
scale.

An obvious question to ask is why we expect decay on an exponential scale to be of
interest. The answer to this lies in the fact that we assume that successive coin tosses are
independent and statistically identical. Hence, any particular sequence of heads and tails
is equally likely. As a consequence of this, the probability of any event which depends only
on the aggregate behaviour, such as our example where we look at the proportion of heads,
will be determined by the number of different sequences which give rise to that behaviour.
This means that the probability of getting an unusually high number of heads, after many
tosses, will be dominated by those sequences where the number of eztra heads have been
more or less evenly distributed throughout the course of the experiment. This is the case
simply because there are a far greater number of these sequences than with the extra heads
arriving in a clump. It is not hard to see that as the number of tosses grows, so too does
the domination of the probability by those sequences where the heads are most evenly
distributed. Effectively, as n becomes larger, the deviation from the expected behaviour is
shared as equally as is possible over all the coin tosses. Since we are thus expecting each
toss to behave in a similarly deviant fashion, and the tosses are independent of each other,
we would expect that the probability would roughly factor into n equal contributions. In
other words, where z is some number greater than %, we might hope to prove the existence

of the limit

3=

lim P(M, ~ z)

n—oo

To be more specific, a typical large deviation statement is of the form

lim s logP(M, = z)=—I(z). (1.1)

n—oo N

I(z) is called the rate function because it describes the rate of decay of the probability,

which depends on how far the behaviour is from that which is expected. To emphasise this,
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Figure 1-1: The rate function for coin tossing

we sometimes write equation (1.1) using the following notation,
P(M, ~z) =< e ™M@,

Obviously, the rate function has to be non-negative everywhere, and it reaches zero at
the mean because the probability of this typical behaviour tends to 1. In the case of our
coin-tossing example, a graph of the rate function is shown in Figure 1.1.

One can think of the rate function as associating a probabilistic cost to a specified
deviation and only mean behaviour has no cost. The rate function is a measure of the
limiting cost per unit time associated of the behaviour in question. Using this analogy,
the heuristic argument above can be summarised by saying that, as the time interval in
question grows, the cheapest way that the process can achieve a specified deviation from
mean behaviour is by spreading that deviation evenly over the interval. This is reflected in
the convex shape of I, which is a common, though not essential, feature of rate functions.
For example, we consider a deviation of 0.7 in the coin-tossing experiment. Convexity
derives from the fact that it is cheaper for the coin to turn up heads with a frequency of 0.7

for the duration of the experiment, than for the coin to turn heads with a frequency of 0.6



CHAPTER 1. INTRODUCTION 4

half the time and with a frequency of 0.8 the rest of the time.

In a more general situation, we can consider arbitrary stochastic processes and ask
whether some large scale property of the process, such as its empirical average, satisfies
a large deviation principle (LDP). In such cases, the heuristic argument above can break
down. For example, heavy-tailed processes, where, for each individual random variable,
the probability of unusual behaviour does not decay quickly, may satisfy LDPs on hyper-
exponential scales. In such cases, the deviation can be caused by the action of a single
random variable, rather than being spread over the entire history of the process, and the
rate function will not necessarily be convex.

The precise definition of an abstract LDP is somewhat technical and is covered in Chap-
ter 2. In the general case, instead of a sequence of laws of empirical averages, as for
coin-tossing, we look at an arbitrary sequence of measures and examine the logarithmic
asymptotics of the sequence on certain sets, against some specified scale. Roughly speaking,
the LDP holds when

lim ilogP(Mn € B)=— inf I(z),

n—o0 Vp z€B

for B in some suitably defined class of sets.

1.2 What we talk about when we talk about random sam-
pling

We have in mind a situation where a stochastic process can only be observed at certain times,
which are governed by some other random process. Thus the observer has only partial infor-
mation about the behaviour of the underlying process. As a concrete, if somewhat artificial,
example, consider the transit time along some city bus route, subject to unpredictable vari-
ations, as the underlying stochastic process. Consider also an individual commuter who,
subject to random whims, may choose alternatives to the public transport provided. We
could describe this situation as a random sampling of the transit time process. The process
consisting of the commuter’s transit times on public transport is obviously related to the
underlying process, but there is also an effect due to his random decision process.

The process under observation is referred to as the underlying process, and in continuous

time, is usually denoted {X;}¢cr,. The times at which {X;} is sampled are determined by



CHAPTER 1. INTRODUCTION 5

the observation process, and the time of the nth

observation is usually denoted T,. N
typically refers to the number of observations before time ¢. In that case, the observed

process, consisting of the sequence of samples, is defined by
Yoi=Xg, .

We are interested in finding out how the random sampling transformation affects the large
deviations properties of the underlying process, and, if possible, relating the rate functions
of {X;:} and {T,} to that of {Y,}. We would expect that the asymptotic properties of the
process would be changed by this operation, since the number of ways in which an event can
happen is greatly increased by the addition of random time intervals between observations.
For instance, to achieve some deviation of the observed process, either the underlying process
could behave in a similarly deviant fashion and the observations be typically distributed,
or the underlying process could behave in a more typical manner and the deviation be
attributable to an unusual sequence of observations. Hence, to use the cost analogy, we
can see there should be some trade-off of the cost of atypical behaviour of the underlying
process against that of atypical behaviour of the observation process.

We start by considering a concrete example where the underlying process is a Markov
process and the times between observations are independent. In this case, the resulting
process can be completely described by a Markov chain, the large deviation properties of
which are well-known. When the state space of the Markov process consists of only two
values, and the inter-observation times are exponentially distributed, we can identify the
Markov chain precisely. This we describe in Chapter 3, where we use this result to come up
with a new, if rather unwieldy, formula for the rate function of a 2-state Markov chain.

In so doing, we rely on a formula which is at the centre of Chapter 4 where we relax the
conditions on the underlying process while keeping the Poisson structure of the observation
process. In this case, we can derive a formula which describes the rate function for the
observed process in terms of the underlying one.

Random sampling is related to sampling without replacement, the large deviations of
which is considered by Dembo and Zeitouni in [4, Section 7.2]. They consider a deterministic
underlying sequence, {z,, }nen, which is sampled according to a random subsequence drawn

from its index set, N. The random subsequence is such that for each n, there are n samples
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drawn from the first m(n) elements, where

nll{lgoﬁn—)Zﬂ’ fOI‘,BG(O,].).

Its distribution is such that every distinct set of n samples in {1,...,m} is equally likely.
When the empirical average of the underlying deterministic sequence converges, they show
that the resulting stochastic process obeys an LDP and they provide a formula for the rate
function. They generalise this analysis to consider empirical measures.

For the most part, we restrict our intentions to continuous time processes. When the
arguments used in Chapter 4 are converted to the discrete time case, the observation pro-
cess we choose has geometrically distributed inter-observation times, this being the closest
analogue of the Poisson process. This process conforms to the conditions for the LDP de-
rived by Dembo and Zeitouni, and, in that case, the rate function they derive occurs as an
intermediate step in the derivation of the rate function in the discrete time random sampling
transformation.

Under conditions on the continuity of the rate function, we can affect a partial inversion
of the formula derived in Chapter 4. Viewing that formula as a mapping from the space
of rate functions to itself, the pseudo-inversion characterises the pre-image. This derivation
depends on some elementary results from order theory and is detailed in Chapter 5. Finally,
we examine the case where the inter-observation times are not exponentially distributed. In
this case, we have not been able to find a formula for the rate function of the observed process
but we can nonetheless prove that it satisfies an LDP, and we consider sufficient conditions
in Chapter 6. We approach this problem by imposing conditions on the underlying process
which guarantee that it satisfies an LDP, and then showing that the observed process obeys a
similar condition. These conditions effectively limit the strength of the process’s correlation

structure.



Chapter 2

Large deviations

The aim of this chapter is to provide an abstract introduction to some of the technical aspects
of the theory of large deviations and to define some concepts that we will use throughout the
remaining chapters. We use the framework described and developed by Lewis and Pfister
in [7]. A minor, but potentially confusing, difference is that in our discussion of the LDP,
the rate function is defined to have a different sign to that of the rate function in [7]. We
do this because, outside of this chapter, we are only interested in the large deviations of
probability measures, whose logarithm is always non-positive. For this reason, we follow the
convention of the probability literature and choose to deal with non-negative rate functions.
This implies that the rate function be lower, rather than upper, semi-continuous.

In Section 2.1, we define some of the terminology we will use and state some simple results
regarding the properties of semi-continuous functions and their relation to set functions. In
the following section we describe the incremental approach to proving an LDP which is
explained in some detail by Lewis and Pfister in [7]. In Section 2.3, we investigate the
general form of Varadhan’s theorems, originally proved by Varadhan in [10]. We prove
these theorems, in a more restricted setting, within the framework of [7]. In Section 2.4, we
review some issues relating to stochastic processes and the LDPs deriving from them.

The material in Sections 2.1 and 2.2 is not original, begin merely a summary of [7], but
in Section 2.3, where proofs are provided either the result or the method of proof is believed

to be novel.
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2.1 Semi-continuity, set functions and level sets

In advance of discussing the definition of an LDP, it is helpful to gather together some facts
about semi-continuous functions, set functions and the links between them. Let X be a
Hausdorff topological space, and let G denote a generic member of G, the collection of open
sets.

For a function f : X — R, its level sets are those of the form

{z: f(z) <a},

for some finite a. We say that f is lower semi-continuous (Isc) iff all its level sets are closed.
f is upper semi-continuous (usc) if —f is Isc, or, in other words, if all sets of the form
{z : f(x) > a} are closed, for finite a.

A set function is a function from a class of subsets of X to R. We define two operations,
which transform set functions into real-valued functions on X and vice versa. We only

concern ourselves with set functions whose domain includes G.

Definition 1 For a set function c, the inf-derivative of c is

i) = Clggc[G] ={dG|:Geg,xeG}.

For a function f : X — R, the sup-integral of f is

Yf[G] := sup f(z).

z€G

Using this terminology, for an arbitrary function we define semi-continuous regularisations.

Definition 2 For an arbitrary function f : X — R, we define the usc regularisation by
f<> — /\\/f
o= )

and the lsc regularisation by

o]

It is easy to see, directly from the definitions, that fo < f < f°.
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Lemma 2.1 f is usc if and only if f°=f.

Proof. For any a, we define G, := {z: f(z) < a}.

Assume first that f is usc. Since f° > f automatically, we need only prove the opposite
inequality. Fix z, and take any a > f(z). Since f is usc, G, € G, and of course ¥ f [G,] < a
Therefore, because G, 3> z,

f°(z) = inf sup fly

Gz ye

Since this holds for all a > f(z), we can conclude that f® < f.

On the other hand, assuming that f°® = f, we want to show that G, is open.

G = {=: gt mp 10 <of
= {m:EiGaa: such that G is open and GCG’a}.

Thus G, is equal to its interior and so is open. Hence f is usc. O

For an arbitrary function, f, it can be shown, by a similar argument to that used in
proving the second part of the previous lemma, that {z : f°(z) < a} is open for all finite a.
Hence, f°© is always usc. Of course, parallel statements hold true for the Isc regularisation:
fo is 1sc for any f, and f itself is Isc if and only if f = f..

Using this characterisation of upper semi-continuity, we can show that the inf-derivative

of ¢, a set function, is a usc function by showing that for any z,

("e)%(@) < "ela),

and this follows from the fact that

sup inf c[G'] < ([G], VG>o«z
yeG G'>y

by taking infima over all G > z.
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2.2 The vague and narrow path to the LDP

In later chapters, we will only be concerned with LDPs on R?, but for the present we wish
to define a more general setting in which to prove the extension to Varadhan’s theorem.
We consider a sequence of measures {M, },>1 on a Hausdorff topological space X,
equipped with a Borel structure. We denote the collection of closed sets by F, and the
compact sets by K. We let {V,,},>1 denote a scale, an increasing sequence of positive real
numbers, diverging to +oco. We are interested in examining the exponential asymptotic

properties of these measures on this scale. To this end, we make the following definitions

1

mn[B] = -logMa[B];
n

m[B] := limsupmy,[B];
n—o0

m[B = lin_l'infmn[B].

Using these definitions, we can state the abstract LDP as follows.

Definition 3 {M,} satisfies an LDP, on the scale {V,,}, with rate function I : X — R, if

the following conditions are satisfied

(LDP1) I is lower semi-continuous;

(LDP2) I has compact level-sets;

(LDP3) - llélgI(Z) £ m[G], Y@ eU;
Z
(LDP4) m[F] < - ixelgI(a:), VFeF.

There is a general approach to showing the existence of a rate function for a given
sequence {(M,,, V;,)} which relies on finding a function to satisfy a weaker set of conditions,
and then using topological arguments to show that this function qualifies as a rate function.

We make these weaker conditions precise in the following definition.

Definition 4 {M,} satisfies a vague LDP on the scale {V,} with rate function I, if I sat-
isfies LDP1, LDP3 and

(LDP4) m[K] < - inf I(z), VKE€EK.
zeK
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In order to establish some useful conditions under which a vague LDP is guaranteed, we

define two new functions,

p() = infm[G],
Blz) = nfm[G],

called, respectively, the upper and lower deviation functions. This pair of functions can be
used to show the existence of the function I, satisfying the vague LDP.
The inf-derivative of a set function is necessarily upper semi-continuous, which means

that —u and —7 both satisfy LDP1. We also note that the definition of 4 implies

supp(z) < m[G],VGEeQG,
zeG

and it is proved in [7, Lemma 2.5], via the principle of the largest term, that

m[K] < supz(z),VKeKk.
zeK

Hence, if 4 and 7z are equal, then the conditions for the vague LDP are met by the negative

of that function. In this case, we define the Ruelle-Lanford (RL) function,

w(@) = p(2) = B() -

Of course, this merely reduces the problem of proving the vague LDP to showing the
existence of the RL function. However, there is a fact to note about the definition of the
upper and lower deviation functions which helps us to do this. If B is a base of Borel
neighbourhoods, then for all G € G there exists B € B such that B C G. Since both m and

m are increasing set functions, this means that (using B to denote a generic element of B)

p@) = fm(G] = nfmlB],
A(z) = égfzm[G] = Infm(B].

Hence, if we can show that for some such base, B,

Ei
=

=m|[B], YBEB,
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then we can conclude that the RL function exists. At several points, we will use this
technique in the case where X is R%, where the open balls are a base for the usual topology.

In certain cases, it is possible to promote a vague LDP to a full LDP. This involves two
steps, the first is changing the scope of the upper bound by showing that the rate function
satisfies LDP4, rather than just LDP4’; the second is proving that the level sets of the
rate function are compact. With the strengthening of the upper bound from compact sets
to closed sets, we get what Lewis and Pfister term a narrow LDP. Some authors, such as
Dembo and Zeitouni in [4], define an LDP to be what we term a narrow LDP; they then
use the term good to describe a rate function with compact level sets.

If all closed sets are compact, then LDP4’ implies LDP4, and since the level sets of a
lower semi-continuous function are closed, by definition, we can move immediately from a
vague to a full LDP. In most cases that will concern us in this thesis, X itself is compact,
in which case all closed sets are also compact. Therefore, in such cases, if we choose to
prove the LDP via showing the existence of the RL function, then that is in fact all that
we need to prove since its existence guarantees a vague LDP which leads automatically to
the full LDP. Lewis and Pfister show that, even if the space is not compact, the ezponential

tightness condition guarantees that a sequence satisfying a vague LDP will obey a full LDP.

Definition 5 A sequence of measures, {M,}, is exponentially tight on the scale {V,} if

there exists a sequence, {Ky,}, of compact subsets of X such that
lim m[X\K;] = —.
n—o0

In [7, Section 5], they show that if a sequence of measures obeys a vague LDP and is
exponentially tight on the same scale, then the sequence obeys a narrow LDP with the
same rate function. In the case where X is regular, this rate function is unique, and so is
equal to the RL function whose level sets are compact, which completes the conditions for

the full LDP.

2.3 Varadhan’s theorem

We now investigate a method of using an LDP for one sequence of measures to prove an

LDP for a related sequence. Throughout this section, we assume the following:
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Assumption 2.1 {M, }n>1 is a sequence of locally finite measures on a Hausdorff space
X, which obey an LDP on the scale {Vn} with rate function I = —pu, where p is the RL

function for the sequence.

We are interested in considering the large deviations of a sequence of ezponentially tilted

measures, {MJ" },>1, where we define

MY [B] := / eVn9n(* )M}, [dz] .
B

With suitable conditions on the sequence of functions {g,}, we can show that {(M7",V,)}

satisfies an LDP. In keeping with the notation of the previous section, we define the following

functions. 1
my*[B] := — logMj" [B]
Vn
g g 3 5 gn g - . g
mI[B] : llnnigfmn [B], ui(z) : cl;ggm [al,
mI[B] := limsupmi*[B], m%(z) := inf mI[G].
n—00 Goz

The result known as Varadhan’s theorem concerns the exponential asymptotics of the tilted

measure applied to the whole space, MJ" [X].

Varadhan’s approach

In Varadhan’s original paper, [10], he imposes certain convergence criteria on the sequence
of functions which ensure that the tilted measures, applied to the whole space, have the
appropriate exponential asymptotics. In order to obtain the upper bound, he also imposes
a tail condition on the tilted measures which ensures that the functions {g, } do not grow too
quickly. This condition is trivially satisfied by a sequence of functions which are uniformly
bounded.

To be more explicit, for a sequence of functions, {gn}, and a function g, he defines two

convergence-like conditions at each zg € X:
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V1 Ve > 0, there exists a neighbourhood, N 3 zg, such that for all sufficiently
large n and all z € N,

gn(z) < g(20) +€;
V2 Ve > 0, there exists a neighbourhood, N 3 zg, such that for all sufficiently

large n and all z € N,

gn(z) > g(T0) — €;

and the tail condition,
V3 lim hmsupilogM.n" [gn 1L, 0)] = —00
Lo pnaoo V ' '

Using these conditions, Varadhan proves the result in three stages. First, he proves the

upper bound.

Theorem 2.2 If condition V1 holds at every z for the function g(z), and V3 is satisfied,
then

mI[X] < Sp {9(z) — I(z)} .

Next, he defines the set X to be the set of points in X where condition V2 holds and this

gives the following lower bound.
Theorem 2.3

mI[X] > sup {g(z) — I(z)} .

z€Xo

These are then combined to give the result known as Varadhan’s theorem.

Theorem 2.4 If condition V3 holds and there exists a function g : X — R satisfying

condition V1 at every x such that
sup {g(z) — I(z)} = sup{g(z) — I(z)},
z€Xo zeX

then

mI[X] = mI[X] = fi {9(z) —I(z)} .
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The Lewis-Pfister approach

In the more common statement of Varadhan’s theorem, the sequence of tilted measures is

obtained from the original sequence by means of a single function,

M = Mg, , (2.1)

where g : X — R is some locally bounded function. This is the situation considered by
Lewis and Pfister in [7]. In the case where g is continuous, they show the existence of, and

identify, the RL function
w=p+g, (2.2)

and conclude that the sequence satisfies a vague LDP. As explained in the previous section,
when the space is compact, a vague LDP is equivalent to a full LDP, and so they get the

following theorem.

Theorem 2.5 If X is compact then, for a locally bounded, continuous function, g : X — R,

m?[X] = mI[X] = fup {9(z) - I(z)} .

They also show that for an arbitrary Hausdorff space, this vague LDP can be promoted to
a full LDP by using Varadhan’s condition, V3.

In the remainder of this section, we wish to expand the approach taken by Lewis and
Pfister to cover the situation where the measures are tilted by a sequence of functions. We
also explore equivalent conditions to V1 and V2.

A central lemma in the investigation of tilted measures, defined as in equation (2.1),

in [7, section 2], states that



CHAPTER 2. LARGE DEVIATIONS 16

and the existence of u gives the vague LDP for {(Mf,,V,,)} with the rate function given
in equation (2.2).

We can prove a similar lemma, in the more general setting, but we require more than just
continuity of the limit function to attain equality. However, before imposing any conditions

on {gn}, and without needing to assume that y =z, we can prove the following:
Lemma 2.6 Let g, be locally bounded and measurable for all n. Then the upper and lower
deviation functions for (Mi™,V,) are related to those for (Myp,Vy) by

#(z) < p(z)+ inf limsup sup ga(y),
G5 mn—o0 YE

p(z) > p(z)+ sup liminf ing gn(y) -
i L

G35 n—o0

Proof. The proofs of the inequalities are almost identical, so we will just prove the first.

For any open set G,
m’lgl [G] < mn[G] + sup gn(y)-
yeG

In fact, for G D G’ > z,

mi[G'] < mp[G'] + sup gn(y),
yeG

mI[G'] < m[G'] + limsupsup gn(y).
n—o0 yeG

Taking the infimum over G’ and the supremum over G,

#(z) < F(z)+ inf limsupsup ga(y).
G353 n—oo yeEG

O

Because of the LDP we have assumed for the sequence {(M,,V;)}, we know that the
RL function exists; u = p = 2. In order to deduce, from this lemma, an LDP for the tilted
measures, we need to find conditions under which the inequalities in Lemma 2.6 collapse
down to an equality. We first define two operations on the sequence {gn}-

(Sg) () := sup liminf inf g,(y),

G>x n—oo YyeG
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(£g)(w) = Inf limeup sup gn(y).

Lemma 2.6 then implies

p+(Sg) < <P <p+(Ly),

and hence equality of (Sg) (z) and (Lg) (z) implies existence of the RL function at z for the
tilted sequence. Not surprisingly, it turns out that the conditions V1 and V2 are sufficient

to demonstrate the equality of £g and Sg, and in fact, they are also necessary.

Lemma 2.7

(Lg) (z) < g(z) = V1 holds at x for g(x).

(Sg) (z) = g(z) = V2 holds at x for g(z).

Proof. We check the details for the first equivalence by simply following the definitions.

(Lg) () < g(x)

<= inf limsup sup an(y) < g(z),
G3r n—oo  YE
< Ve>0,3G>z st. limsup sup gn(y) < g(z) + ¢,
n—oo YEGe
< Ve>0,3Gc>z s.t. Ve >0,3N(¢) st sup sup gn(y) < g(z) +e+¢€,
’ n>N(E‘E/) yeGe
< V6>0,3Gs;>z,N; st. su sup gn(y) < g(z) + 46,
n>Ns y€Gs

<= V1 holds at z for g(z)

The proof of the second equivalence is identical. o

In the light of Lemma 2.7, it is easy to see the truth of the remark before Lemma 2.6 that
continuity of the limit function is not sufficient to strengthen the inequalities to equalities.
Varadhan’s conditions imply a mixture of continuity of g, and a local uniformity of con-
vergence of g, to g. Hence, if we consider continuous functions converging only point-wise

to a continuous limit, we can see that Varadhan’s condition will not be met. For example,
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consider
0 t<-2orz>0
gn(z) =< nz+2 —%gxg—%
—-nT —%gxgo

The limit of g,(z) is zero for all z, but there does not exist G 5 z for which sup g, is not
e
ultimately 1.
If the conditions V1 and V2 both hold at a point z € X with value g(z), then we say

that condition V is satisfied, where the condition is stated as follows.
(V) Ve > 0, there exists G 5  and N such that |g,(y) — g(z)| <e€,Vn > N.

So, if we assume that condition V holds true at a point z, we know from Lemmas 2.6 and 2.7

that the RL function exists there and is given by

pi(z) = p(z) +9(z),

and if condition V is met at every z € X, we know that the tilted measures obey a vague
LDP. If X is compact then, as explained before, Varadhan’s theorem is immediate; since we
know that X is also open, we can use the equal bounds provided by the upper and lower
deviation functions.

sup pf(z) < mI[X] < M?[X] < sup p(x),
zeX zeX

Using the observation in Lemma 2.9, this can be summarised in the following theorem.
Theorem 2.8 If X is compact, then for a sequence of locally bounded functions g, : X — R,
which satisfy condition V at all z € X

i =l / V9@, [dz] = sup {g(z) — I(z)} ,
X zeX

n—oo V),

where g(z) = lim g, (z).

n—o00

When the space is not compact, it is more difficult to apply the style of argument used

by Lewis and Pfister to the case of the measures tilted by a sequence of functions.
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Locally uniform convergence

We now wish to detail some implications, and provide alternative formulations, of condition
V.

When V holds at a point z, we know that given € > 0, there exists an open neighbourhood
G > z such that |g,(y) — g(z)| < € for all y € G. Since all such G certainly contain z, we

obtain the following natural result.
Lemma 2.9 If V holds at x for the value g(x), then lgxc}o gn(x) exists and is equal to g(z).
n

In order to make condition V easier to check we prove a couple of theorems about the
convergence of sequences of functions. First of all we isolate the convergence aspect of

Varadhan’s condition.

Definition 6 The convergence of a sequence of functions, {gn}, to the function, g, is locally
uniform iff given € > 0 and = € X, there exists a neighbourhood of G 3 x, and an N such
that,

lgn(y) —9(y)| <€, Vy€G,n>N.

Theorem 2.10 The convergence of g, to g is locally uniform and g is continuous if and

only if condition V holds at every x € X.

Proof. Considering the “if” part first, we start by proving the continuity of g. By
Lemma 2.9, we know that ¢ is the pointwise limit of the sequence {g,}. For any ¢ > 0,

condition V tells us that there exists G 3 z and number N such that

l9n(y) —9(2)] < & VyeG,n>N,
= lim g,(y) —g(z)| < ¢ Vye@G,

n—00

lg(y) —g(z)] < & Vyeq.

Hence g is continuous.
Now we wish to show that the convergence is locally uniform. Consider € > 0. Since g

is continuous there exists a set G; S z such that

€
lg(y) —g(z)] < = Vy € Gy,
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and, by condition V, there exists a set G2 3 z, and a number N such that

€
lgn(y)_g(x)l < 3 Yy€e Gyyn > N.

Hence, as required

lgn(y) —9(y)] < €&  VyeGiNGz,n>N.

The proof of the “only if” part is almost identical. Again, take ¢ > 0. Since g is
continuous, and the convergence of g, to g is locally uniform, we know there exist open

neighbourhoods of z, G; and G5 and a number N such that

lgn(y) —g()| <€, |g(y) —g(z)| <€ , Vye GiNGa,n>N,
= |gn(y)"'g($)| < 2 ) VyeGlﬂG2an>N1
which shows that condition V is satisfied. O

For characterising the convergence of sequences of functions, uniform convergence on
compact subsets is a more common criterion than locally uniform convergence. The following
theorem shows that it is, in fact, sufficient, and in the case of locally compact spaces,

necessary.

Theorem 2.11 If the convergence to g, of the sequence of functions {gn}, is locally uniform,
then it is uniform on compact subsets of X.
In a locally compact space, if the sequence converges uniformly to g on compact subsets,

then the convergence is locally uniform.

Proof. Assume first that the convergence is locally uniform. Then, given a compact subset
K, and € > 0, then for every z € K, we can find a neighbourhood G, 3 z, and a number

N,, such that
lgn(y) —g(y)| <€, VY€Gz n>N,.

Since these neighbourhoods cover K and K is compact, there exists a finite collection
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{Gq,,.--,Gz,}, whose union contains K. Hence
lgn(y) —9(W)l <€, Vy€ K,n>max{N,,...,N,,}.

On the other hand, if X is locally compact then every point, z, has a compact neigh-
bourhood, say K,. Since convergence is compact on this subset and it contains an open

neighbourhood, we can conclude that condition V holds at this point. a

2.4 Stochastic processes

The LDPs which will concern us in the following chapters derive from either the empirical

averages, or empirical measures, of stochastic processes.

Empirical Averages

For a stochastic process, {Y,}, taking values in ¥, we might be interested in the large

deviation properties of the sequence of measures, {M, }, defined by

_ofht...+Y
Mn[B]-—P(—n

% e B) , for all Borel sets B.

These measures are the laws of the empirical means. We will usually only consider the
empirical average of a 2-state process. In that case, the average at time n tells us the
number of those n random variables in each of the states; for instance, if ¥ = {0,1}, then

the partial sum, Y; + ...+ Y, is the number of times the process has been in state 1.

Empirical Measures

For a process where the cardinality of the state space is greater than two, the partial sum is
likely to hide the percentage of the total time spent in each state. To capture the same type
of information about such a process, we construct the empirical measure. The empirical

measure of a discrete-time process, {Y,}, is a measure on ¥, defined by

4] = %Z&fi[A], VACSE,

i<n
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In order to examine the large deviations of the laws of these measures, we need to specify a
topology on the space of measures, M (X). In general, this space can have many topologies,
but we will only concern ourselves with processes taking values in a finite set. We let the
cardinality of ¥ be M and, to simplify notation, we take ¥ to be the set {1,..., M}. In this

case, each measure can represented as a sum of Dirac measures:

=3 nlliN6.

i<M

In this way, to each measure, we can associate a vector in IRﬁ_’! . We define the set of all

probability vectors

F={y€R_A‘f1:y1+...yM=1},

and the natural mapping to this set from the space of measures,

C : M(X)-T,
¢ o oprs (W ml{MY])

We will refer to the components of the image vector as the coordinates of the measure. We
take I' to be equipped with a topology which is the relativisation of the usual topology on
RM . Since C is bijective, we will talk about a measure and its coordinates interchangeably.
In particular, we will refer to an LDP on I, for the coordinates of the empirical measure,

as an LDP on M (X) for the empirical measures.

Relative entropy and accessibility

For the purposes of defining some further notation, we consider a ¥-valued stochastic process
{Yn}n>1, consisting of independent random variables sharing a common distribution on >

we fix a probability vector v € T' to describe this distribution,

P(Y,=i)=v;, Vi€ZL, Vn.



CHAPTER 2. LARGE DEVIATIONS 23

Let pun be the empirical measure of the process at time n, and define U™ := C(u,) so that
m_Lly
Uin = ; Zl ]-{Y]:z} (w) 2
]:

Of course, the components of this vector must be of the form % for k € {0,1,... n}, and so

we define the following finite subset of I', which contains the attainable vectors at time n,
I'n={q€el:ngeNforalll<i< M}.

Thus, we have that for y € I'\T',, P(U(") = y) =0, and it is easy to see that for q € Iy,

n!

(ng1)!... (ngn)! 5 T

P(U(") =q) =

This function occurs frequently in Chapter 4, and so, with exponential asymptotics in mind,

we define, for q € Iy,

n!

hn(q,v) = %logP<U(”) = q) = llog — H(q|v) —H(q),(23)

n (nql)!..:(on)!

where H (u|v), the relative entropy of u with respect to v, is defined for u € I' by

M
H(u|v) := Zuilog%,
i=1 o

and H(u), the entropy of u € T is given by

M
Ha) = —Zuilogui.
i=1

The relative entropy, H (-

v), is the rate function for the laws of the empirical measures
of {Y,}. We also extend h,, to a set function by the following definition. For B, a Borel

subset of ', we define
1
ha(B,v) = _log| D, emn@av ),

where, of course,
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P(U(")eB) = enha(BY)

Lastly, we wish to define the set of probability vectors from which a given vector is
accessible. This definition helps to simplify some technical details of the proofs in Chapter 4.
For a process such as {Y, }, it is possible to choose v, the vector describing the distribution,
to be on the boundary of I'. In that case, the probability of visiting certain states will be
zero. We say that a state is accessible from v if it has a non-zero probability of being visited.
A support for a probability measure is any set whose measure is 1. Similarly, we define the

support, S(v), of a probability vector, v, to be

Blv) = {i:1€4< M5 >0},

and using this, the set of vectors from which x is accessible is given by

A(x) = {vel:8(x)cCS(v)}.
We have, therefore, that for v € A(x), v; =0 =z; =0.

Continuous time processes and measurability

Although the process resulting from the random sampling transformation is necessarily a
discrete time process, we will also deal with continuous time processes. The underlying
process in many cases will be indexed by Ry, rather than N. The statement of the LDP in
continuous time is almost identical to that in discrete time. For example, we can define the

empirical average of a process { X} }ier + by
1 rt
Zt = —-—/ Xsds, (24)
t Jo

and then look at an LDP for the sequence {Lz,)} on the scale t.

The discussion of LDPs earlier in this chapter goes through analogously when the se-
quence of measures is indexed by R rather than N. However, there is a potential difficulty is
in the definition of quantities such as the integral in equation (2.4). In order to guarantee
that functions such as Z; are measurable, we need to impose an additional measurability

constraint on the process {X;}. In [5], Doob defines measurability of a stochastic process
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in the following way:

Definition 7 A stochastic process {Xi}ier, defined on the probability triple (2, F, ), is
measurable iff the function X : @ X R = R, where X(w,t) = X;(w), is measurable with

respect to the product space (2 X R, F x B, A x Leb).

Doob discusses stochastic convergence properties that guarantee measurability, and shows
how measurability of a stochastic process ensures that integrals of the process, such as in
equation (2.4), are measurable.

Throughout the remaining chapters, we will assume that all continuous time processes

are measurable.

The Poisson process

In this section, we wish to gather a few facts about the Poisson process, which we will have
need of in Chapter 4.

Consider a Poisson process with rate o, {N;}icr,, defined on the probability triple
(Q,F, P). We will be principally interested in the related process, {T} }nen, which defines
the sequence of jump times,

T, =sup{t: N; < n}.

Since Ny is Poisson, {T),+1 — T, } are independent and are all exponentially distributed with
parameter . Using this simple structure, it is not difficult to see that the joint law of

{T1,...,T,} has a density given by

ote % . ift; ... <t
fay,..m) (1, tn) = S " (2.5)
0 : otherwise

Of course, by integrating over the first n — 1 variables, we see that the law of 7, has the

density
a™n— il -

fa) (@) = P (2.6)

We also make use of the fact that the laws of 7,,/n obey an empirical average LDP on
the scale n. This can be easily seen from Cramér’s theorem (see, for example, [4, Chapter

2]). Since Ty, is a sum of iid random variables, its scaled cumulant generating function is
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given by

A(#) = logEefT,
N {log(ﬁ) , 0<a 27)

400 , 0> .

Hence, we can conclude that {L(7,, /n)} satisfy an LDP with rate function Iz, the Legendre-

Fenchel transform of ),

Ty = eupll =40,
= at—log(at) —1. (2.8)

The scaled cumulant generating function

We made use in the previous section of the scaled cumulant generating function (sCGF);
this is a very useful tool in the theory of large deviations. In general, for a discrete time

process { Xy}, the sCGF is defined by

A(f) := lim llogE exp (0(X1 +...+ Xn)> :

n—oo n

where this limit exists. The usefulness of the sCGF stems from the fact that existence of
the rate function implies, by Varadhan’s theorem, existence of the sCGF, and furthermore
that X is the Legendre-Fenchel transform of I. If, in addition, I is known to be convex,
then there is a duality and I is the Legendre transform of A. This is often the easiest way

to calculate the rate function.



Chapter 3

Markov underlying processes

For this initial investigation of random sampling, we will restrict our attention to a specific
class of processes. If we examine random sampling in discrete time, we have the option of
choosing an uncorrelated underlying process, for instance a Bernoulli process. However, for
any choice of observation process (with strictly increasing observation times), it is not hard
to see that the observed process is identical in distribution to the underlying process. So,
in order to have a non-trivial transformation to examine, we work with a correlated process
and choose a Markov process as a relatively simple example.

In fact, we choose to work in continuous time since, despite some additional technical
considerations, the calculations are more tractable. We will use a Poisson process to deter-
mine the sequence of observations and restrict the underlying process to lie in the class of
finite state Markov processes. An almost identical analysis can be carried out in discrete
time if we replace the continuous time Markov process by a Markov chain and the observa-

tion process by a counting process whose inter-arrival times are geometrically distributed.

3.1 Randomly sampled Markov processes

Let (2, F,P) be a probability triple. With respect to this triple, we denote the time of the
n't observation by the random variable T}, and the number of observations before time ¢
by N;, where

N;:=sup{n:T, < t}.

27
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We also define the inter-observation process, {Wp}nen, by
Wy i=Tp — T,

where T := 0.

Assumption 3.1 The inter-observation times {W,} are independent and share a common

distribution with W, an almost surely bounded random variable taking values in Ry .

We denote the underlying process by {X;}+cr,, and its countable state space by X. For

convenience we take ¥ to be a copy of N. We define F—; := o (X;) and
Fer =0 (Xy16€1).
Assumption 3.2 {X;} is a time-homogeneous Markov process with transition function
Fi.iil) =Pl Xui=d| Ly=1), Yo 2 0.
The sample process is then given by
Y, =X, .

We are interested in finding out how the correlation structure of {X;} is related to that
of {Y;}. As shown in the following theorem, the Markov character is preserved by the

sampling.

Theorem 3.1 {Y,}nen is a Markov chain with transition matriz

T i=EFP{,5;W).

Proof. We wish to show that for any i,,1 € X,

P(Ypt1 =tint1| Yo, Yo ) =P(Yari =inpa | Ya) -
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o(Yo,...,Yy) is generated by the family P consisting of all sets of the form

{w : Yo(w) — & 1T ,Yn(w) = Zn} .

P is a partition of €2, and is countable due to the countability of 3. Therefore, we can write

P({Ynt1=in41} N B)

P( Y’rH-l ‘:in-i-ll YOa,Yn)(w) = Z P(B) 13((‘))’ (31)
{BeP:P(B)>0}
and
. P(Yni1 =tint1,Yn =k
P(Ypi1 =ing1| Yn) (w) = > ( +113(YZ :k) )l{Ynzk}(w)- (3.2)

{keN:P(Yn=k)>0}

We can calculate these functions explicitly. For an arbitrary set
B =¥ =45 s Yn =W} EP,;
we can use Theorem 4.1 to write

P({Ynt1 = tny1} N B)
= P(YE]:'L.O"",YTL+1=7:TL+]-)
= / ‘C(Tx,--~,Tn+1) (dty X ... % dtn+1)P(X0 =10, Xt; =1y Xtpyy = in+1) :

0<t1 <Lttt

Now, since {X;} is a Markov process, we can rewrite the integrand as

P X ==, Xy, = Figuvs s B, == gl )

= P(X() :io,...,Xt Zin)F(in,’in+1;tn+1 —tn) .

n

This expression only depends on ¢, through the difference (¢, — t,) and so, since {7}

has independent increments, we can split the integral into a product
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P( {Yn—H = in+1} N B)

= / ﬁ(Tl,---,Tn) (dtl K X dtn) P(XQ = i07Xt1 = 1:1, — ,th = Zn)
0<t1<...Ltn

o0
X/ E(W)(d'w)F (in,in+1;w)
w=0
PO s B S (F(z’n,in+1;W))
= P(B)E (Flin,ins1;W)) -
By summing over i; € X, for each j < n — 1, and taking i, = k, we can also conclude that
Bl =i, Yo = B =B, = BIE (F(z’n,z’n+1; W)) .

Hence, using the equations (3.1,3.2), we can see that

P( Yo =i| Ya) = P(Yas1 =i| Yo,...,Ya) = 3 E (F(,5W)) Livams)
JjET

O

In order to further our investigation, we now choose to be more specific about the

underlying process.

Assumption 3.3 {X;} is a stationary 2-state process, taking values in {0,1}, with transi-

tion function

tn
N A e tA _
F(Z,],t) = € = E HA"',
n>0
where, with Ao, \y > 0,

X A

A = 0 0
A =\

From the condition that {X;} be stationary, we know that its starting distribution must

be the invariant distribution of its transition function, which is defined by

Ao
P(=1)=5" 5"
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Starting from this distribution, the process then consists of a sequence of alternate sojourn
times in states 0 and 1, whose lengths are exponentially distributed with parameters Ag, A1
respectively.

In the light of this further assumption, {Y,}, being a stationary 2-state Markov chain,

is characterised by the two transition probabilities

¢ = P(Y%u=1|Y=0),

d = P(Yp1=0|Y,=1).

By applying Theorem 3.1, we can calculate these probabilities in the case where the obser-

vation process is Poisson.

Theorem 3.2 If W is exponentially distributed with parameter o then

Ao and d= al

A TR o T I

Proof. We first calculate a. Using Theorem 3.1, we can write
o0
a=E [eAW]O1 = / [etA] - et . {3.3)
0
We first need to evaluate e'4. Because of the simple form of A, it is easy to see that

A2 = (=x-X))A
S A" = (—-A() = Al)n_lA,

and so,

oA _ Z(ts')"

10 e~ (GotA)t _ 1 [ —Xg N
01 Ao+ A1 By by

Substituting this in equation (3.3) gives

P . R SN, T
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Ao
Ao+ A +a’

The derivation for d is almost identical. O

We now wish to examine the large deviations of {Y,}. Dembo and Zeitouni show, in
[4, Theorem 3.1.2], that a finite-state Markov chain with irreducible transition matrix will

obey an LDP. Furthermore, the rate function, J, is given by a Legendre-Fenchel transform,

J(y) = p {y6 — A(6)} . (3.4)

A(6), the sCGF, is the logarithm of the largest eigenvalue of the twisted transition matrix,
which is obtained from the transition matrix by multiplying the elements of row &k by
exp(6k). Having restricted to the 2-state case we have explicit formulae for the transition

rates and the matrix in question is given by

1—a ae’

d (1-d)e

This matrix is obviously irreducible since Ag, A\; and p are all finite and greater than zero.

Solving the characteristic equation for this matrix, we see that

(1-a)+ (1 - d)e® +1/[(1 - a) + (1 — el - 4(1 — a — d)e?

A(0) = log 5

To obtain an explicit form for J, we need to complete the optimisation in equation (3.4).
Unfortunately, due to the form of A, this calculation reduces to the solution of a quartic

equation in e’ for the optimising value of 6.

3.2 The rate function of a Markov chain

Taking a more abstract approach to the random sampling problem provides a novel ex-
pression for the rate function of the empirical mean LDP of a 2-state Markov chain. This
approach relies on a general result, Theorem 4.5, concerning the large deviations of random

sampling. If the observation process is Poisson and the underlying process satisfies an em-
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pirical measure LDP with rate function I, then the observed process will satisfy an LDP
with a rate-function that can be expressed in terms of I.

As explained in Section 2.4, in the case of a 2-state process the empirical mean LDP
is identical to the empirical measure LDP. We use I(z) to denote the rate function for the
empirical mean of {X;}. Applying Theorem 4.5, we obtain an alternative expression for the

rate function for {Y,},

, I(z)
J(y) = Oégfgl{H(yh)-f-log( - +1)}, (3.5)
where,
" Y 4(1—y)log =Y
H(y|lz) = ylogx+(1 y)logl_x.

The Markov fluid rate function

In order to complete the optimisation in equation (3.5), we need an expression for the I(z).
This can be calculated by means of the Legendre-Fenchel transformation once the scaled
cumulant generating function for the 2-state Markov process is known. In [6, Section 2.3.2],
Kelly provides an expression for the effective bandwidth function for a process identical
to {X;}, assuming that in Kelly’s model we set h = 1,A = Ao, = A;. Kelly defines the
effective bandwidth function, «, for a process whose partial sum up to time t is denoted Z;,
to be

1
a(s,t) = = logE [exp (sZ})] ,

from which it follows that the sCGF for such a process can be written as
w(0) =6 lim «(6,1).
t—o00

Using the expression provided for this limit by Kelly, we find that the sCGF for {X:} is
given by

1
u(0) = 2 <0— A1 — Ao+ \AO— A+ da)® +4/\0/\1> .
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Calculation of the Legendre-Fenchel transform of this function is quite straightforward and

a small amount of analysis yields an explicit form for I(z).

I(z) = sup{zf—pu(6)}

0€er
= Az + (1l —z) =24/ AoMz(1 — )

The 2-state chain rate function

Using this expression in equation (3.5), it is possible to perform the optimisation analytically.
In Chapter 5, we prove results useful in calculating the infimum. In particular, Theorem 5.2
shows how the infimum is attained. To check that I(z) satisfies the conditions of the
theorem, we note first that I is continuous. Secondly, it is easy to see that I must be

positive because if

Iz} = 0

then, since A\;z and \o(1 — ) are positive,
Mz — 2/ Mz X(l—z) +X(l—2) < 0,

which implies that

(Viz-val-9) <o,

and this is obviously false. Finally, the convexity of I is ensured by considering its second

derivative

I'g) = [,
(z(1 - z))
which is strictly positive.

Therefore, we can conclude that for y € (0,1), the infimum in equation (3.5) is attained
at the point 2 which is the unique solution of the equation

z—y I'(z) _
x(l-—x)_l(z)—i-a_o' (3.6)
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After substitution of explicit forms for I and I’ this equation can be reduced to the form

Az — B=Cvz(1-1), (3.7)

where

A=a+X y+M(1-y), B=yla+X), C=+vIM(1-2y). (3.8)

Squaring both sides of this equation yields a quadratic equation in z whose solutions are

s, — 2AB+C?+CV4AB+C? 4B’ (3.9)
a = 2(A2 + C?) ' '

Of these two roots, one solves equation (3.7) and the other solves the equation

Az - B= —-Cyz(1—-1x). (3.10)

We denote the solution of equation (3.10) by z2 and the solution of equation (3.7) by z1
and can conclude, since the function Az — B is increasing and the function C/z(1 — ) is
positive, that zo < z1. The sign of C determines which of the two roots, z+, is larger; this

in turn depends upon the sign of (1 — 2y). Hence, the solution of equation (3.6) must be

(3.11)

B
=
I
PN
8
+
<
N\
= N

and so, for y € (0,1),

J(y) = H (y| z(y)) + log <@ 4+ 1) )

For y = 0 or y = 1, Theorem 5.2 tells us that the infimum will be attained on the interior

of [0,1] if, respectively,

I'(z) y sl 0]
ORI e L A L Iim ————— > 1.
al:l—I%I(z)+a< L, - xl—>mlI(x)+a>
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I is finite at both endpoints and it is clear from the form of I’

Pl i Bl B0

z(l —z)

that it diverges to —oo at 0, and to +o00 at 1. The infimum being attained on the interior
for both y = 0 and y = 1, Theorem 5.2 shows that the point at which the infimum occurs
can be found, in both cases, by differentiation. Running through some analysis, which is

similar to, but slightly simpler than, that for y € (0, 1), yields the expressions

AoA1

(Mt a)?
()\1 + OL)2 + AoA1 ’ .’L‘(O)

0) = =
IE( ) (/\0 + 0)2 + AO)\I .

which are the values of z, and z_ respectively, with y = 0 or y = 1 in the definitions of A,
B and C.

In summary, we can state that for y € [0,1], with A, B and C defined as in equation

(3.8) and z(y) defined as in equations (3.11,3.9),

I (=())

J(y) = H (y|z(y)) + log — +1]. (3.12)

We can use this formula to provide an explicit, albeit complicated, expression for the

rate function of any positively correlated Markov chain. For a Markov chain with transition

probabilities a and d, we define the burstiness,
bi=1—a-d.

This parameter measures the strength of the correlation structure, through the relation,

COV(XO, Xn)

corr(Xo, Xn) = Vvar(Xo)var(X,)
b’n

Since a and d are probabilities, b can, in general, take values between —1 and 1. A Markov
chain is said to be positively correlated when the burstiness is positive.

By Theorem 3.2 we know that a 2-state Markov process sampled accor ding to a Poisson
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observation process results in a 2-state Markov chain. This chain will necessarily have a

positive burstiness since, using the notation of the previous section, we can see that

(87

b= ——mm.
A+ A+

This is to be expected since the underlying process cannot be negatively correlated. We can
turn this around and represent any positively correlated Markov chain by a randomly sam-
pled continuous time Markov process. If we are given a chain with transition probabilities

a and d, then for some o > 0, we define the transition rates

ax da

)‘Ozl—a—d’ Al:l—a—d’

a is a free parameter which determines the time scale on which the Markov process will

change state. The rate function for the chain is then given by equation (3.12).



Chapter 4
Poisson sampling : I

In this chapter, we consider random sampling where the underlying process does not have to
be Markovian. Instead, we ask only that it satisfy an LDP and require that the observation
process be Poisson. Due to the specific structure of the Poisson distribution, we can show

that the rate function for the observed process is related to that of the underlying process

by means of an explicit formula involving the relative entropy function, H (

4.1 A rough sketch

In this section, we wish to provide an outline of the proof of the main result, Theorem 4.5.
To illustrate roughly how the formula is derived, we consider {X;}, a 2-state process in
continuous time. We take the state space to be {0,1} and assume an empirical average
LDP. We denote the Poisson process by {N;}, and the corresponding sequence of jump
times by {7T,}, where T, = sup{t : N; < n}. A well known property of the Poisson
process tells us that, conditioned on the event {N; = n}, and up to a re-ordering, the
variables T4, ..., T, are independent and uniformly distributed in [0,¢]. We are interested
in calculating a quantity of the form

p(XT1+"'XT"zy), (4.1)

n

and so the question of re-ordering need not concern us. We examine this probability con-

ditioned on the event {7, ~ t} and also on the empirical average of the process up to

38
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time Tp,41 being x. Roughly speaking, the former ensures that the observation times are
independent and uniformly distributed in [0,]; the latter ensures that the process has spent
a fraction z of its time in state 1. Hence, for 1 < i < n, P(Xr, = 1) is just z. Therefore, we

would expect this conditional probability to behave like a Bernoulli process; in other words,

X, +...+ X1 ‘ 1 [Tn n
P = ~xy| T, ~t, / Xids =~z =( )z"yl_;p"(l-y).
( n #| Sl Tnt1 Jo ’ ny ( )

It is easy to see, by Stirling’s formula, that

bM%w%=%k%[<n

ny) Z(1 - x)”(l_y)] S H(y|2),

where the relative entropy reduces, in the 2-state case, to

1-—
H (y|z) =ylog%—i—(1—y)1og1 Z

To regain the original probability in the expression (4.1), we need to integrate over all

possible values of 75,11 and X7, ,,. This leads to the expression

X s nah
(2t
n

enbn(yvm)ﬁ(xt) [dm] L(Tn+1) [dt] )
0<t 0<z<1

- e"bn (y,z)ﬁ

(%4 ) 1921 -

0<z<1

The random time-change, defined by Russell in [9], tells us that the measures {E( Kiii )}
obey an LDP and provides a formula for the rate function. We can also show that the

+) is locally uniform. Hence, we can

convergence of the functions {b,(y,+)} to —H (y
apply the version of Varadhan’s theorem extended to sequences of functions. Finally, we
arrive at the expression

: ) I(z)
lim _1_10gP<_&_1_-_X’5_ eB) = — inf {H(y|a:)+log (_(;_+1)} .

n—oo N n 0<z<1

To convert this heuristic argument into a proof, we need to make certain aspects more
precise; while doing so, we also allow {X;} to be any process with a finite state space. We

replace undefined expressions of the form {Y = y} by {Y € B}, for some suitably small
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neighbourhood B 5 y. We also need to prove that the convergence of the multi-dimensional

analogue of {b,} to H (-

. ) is locally uniform. In fact, as a consequence of the introduction
of neighbourhoods, this convergence must be established for related set functions, making
the proof of Lemma 4.4 quite technical. The main work in the proof of the central result,

Theorem 4.5, lies in showing that conditional probability exhibits the required Bernoulli-like

behaviour.

4.2 The details

In proving the central result of this chapter, we need to be able to treat separately the effects
of the randomness due to the underlying process and that due to the observation process.
The following simple theorem allows us to examine the effect of conditioning on particular

events determined by the observation process.

Theorem 4.1 Let {X;}icr, be a real valued measurable stochastic process, and let {Th}nen
be a sequence of positive random variables. If the two processes are independent and f is a

real valued measurable function on R", then

P(f(X,,..., Xr,) € A, (Ti,...,Tn) € B)

= / P(f(th,...,th) S A)E(Tl,...,Tn)(dtl X e thn),
(t1,..tn)EB

where A C R and B C R" are Borel and L7, 1,) 15 the joint law of T, ..., Tn.

Proof. Let (2,F,P) be the underlying probability space. For w € €, let X. (w) € &1
denote a sample path of the process, where S; = R*+ is the space of all sample paths, and
note that {7;}1<i<n is a random vector taking values in S = R}. Since X, is independent
of {T,}, we can take Q@ = S} x S, P = Lx,) X L(1y,...,1,,) and F = BR+ x B", where B is
the Borel o-algebra on R

We can use the product structure to verify the result, once we have checked the mea-

surability of the function

F:8, xS —R"®

where,

F(A(+)st1y---rtn) = ($(t1)s--» $(tn)s 1, ... ) -
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It is easily shown that a function, f, from (2, F) to (', F') is measurable if there exists B
such that F = o(B) and f~'B € F for all B € B. Hence F will be measurable if, for any
Borel sets in R, {A;}icn,{Bi}ign, the set

{(¢,t1,... ,tn) : (f)(t,’) € A;, t; € B;,1<i< n}
is measurable with respect to the product o-algebra on &; x Sz. But this set is just

n {(¢7t1,' .. 7tn) : ¢(t1) = A‘i7ti = Bl} . (42)

1<ign

Now, since {X;} is measurable, the set
{(X.,t): X¢ € A}

is measurable; it follows that each of the sets in 4.2 is measurable, and hence so is the
intersection.

Applying this to the event in question, and using the product structure we obtain:

P(f(XT,,...,XTn) €A, (T,...,Th) € B)
= (Lox) X £apy,.m) [F7 (14 x B)]
= /R Lry,.my(dt % ... x dtn) Lix,) [{¢: F(6(+),t1,..-,ta) € fT1A x BY]
= [ Lt x . x dt) Lo (85 (6(8), -+, 6a)) € A)

= / P(f(th, ooy Xt,) € A) E(Tl,...,T,.)(dtl X ... X dty)
(t1,..stn)EB

which is the required result. o

We now describe the precise setting in which we shall consider random sampling. Let
(2, F, P) be a probability triple. Our underlying process, {X;}cz,, takes values in X =
{1,...,M}. The observation process, {Tn}n>1, takes values in (0, 00) and is strictly increas-
ing; we define

N; :=sup{n: Tn < t},
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as the number of observations before time ¢. The observed process, {Yy}n>1, is then given
by
Y= X .

Assumption 4.1 The processes {X:} and {T,,} are independent of each other.

We define v to be the empirical measure of {X;} at time ¢,

M
vy = ZV;(t)éi,
=1

where

(t L
V@ = 5 [ 1pe)ds
denotes the fraction of the time before ¢ spent in state 7. As discussed in Section 2.4, we
talk interchangeably of an LDP for the empirical measure and an LDP for the vector v®
on I'. For the remainder of this chapter we assume that the underlying process obeys an

empirical measure LDP.
Assumption 4.2 The laws of V(t) obey an LDP on the scale t, with rate function Ix.

As mentioned in the heuristic argument given at the start of this chapter, the large
deviation properties of the process obtained by examining V® at the sampling times {T},}
are described by the random time-change investigated by Russell in [9]. In his treatment,
{X:} and {N;} are defined in a more general setting and do not have to be independent of
each other. In our case, the mutual independence of the two processes allows for a simple
and novel proof of the result. We require the following lemma, which is used in proving a

result akin to locally uniform convergence.

Lemma 4.2 If a function f : Ry — R satisfies

liminf f(z) > a,

then fort > 0

sup liminf inf sf(zs) > ta.
G35t z—o00 SEG
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Proof. By assumption, given ¢ > 0, there exists B(e) such that
f(z) > a—¢, Vz > B(e).
Consider ¢t > 0 and € > 0. Since

et g oI

is a decreasing set function, we can choose to only consider intervals containing ¢ whose
infimum is greater than zero (any neighbourhood of ¢ will contain such a set). We let

G = (t1,t2) O t, where t; > 0 and define B'(¢) = B(¢/t2)/t;. Then, for any z > B'(e) and

s € G,
s > B(-e—),
to

sf(zs) > s (a— {;)

. > inf
=> ;ggsf(:z:s) in

liminf inf sf(zs) > inf {s (a - t2>

00 SEG seG

If @ <0, then a — €/t <0 and

il )} o) e

Therefore,

liminf inf sf(zs) 2> tea—e,
r—00 SEG

and since this holds for any € > 0, we have that

lim inf 1nf sf(zs) 2 ta,
z—00 SEG

and since a < 0

sup liminf 1nf sf(zs) 2 ta.
G5t z—00 SEG
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On the other hand, if o > 0, then we can choose € < at,. In that case,

. . _E_ ot _ _E_ _ tl
A e e G R

Hence,

T t1

1 f inf > thao— —

mRlEL oSl > hamge

and since this holds for any positive € < aty, we have that
liminf inf > .
BE Rl > he

Since a > 0

sup liminf inf sf(zs) > ta.
G3t z—00 sEG

a

The next theorem is the statement of the random time-change, in our simplified setting.
The proof relies on applying Lemma 4.2 to obtain large deviation bounds for open and

closed sets, and then showing that LDP1 and LDP2 are also satisfied.

Theorem 4.3 If the sequence {E(Tn /n)} obeys an LDP on the scale n with rate function

n>1

IT, then the sequence {L(an)} obeys an LDP on the scale n with rate function

i

J(v, 1) = tielllzf+{tIX (v) + Ir(2)}.

Proof. We are interested in the large deviations of the laws of {V(T") } Using Theorem 4.1

We can express {L(an)} . as a tilted form of {E(T,. /")}n>1' Then Varadhan’s theorem
n> z

can be used to calculate upper and lower bounds on the exponential asymptotics of these

laws.

Let B be a measurable set in RM . Using Theorem 4.1, we can write

P(V@™eB) = /t>0P(V(‘) € B) L, [df

= /t>0P(V("t) € B) £z, ldf]. (4.3)
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We define the function h: RZ — R by
(z,t) > hg(t) := 2 logP(V(”) € B) .
T

Using this function, we can write equation (4.3) as

n

P(V(T") € B) =/ e"h"(t)ﬁ(zn) [di] .
t>0

We note first that
hz(t) = thzt(l) . (4-4)

Using z to denote a real number and n to denote a natural number, we then consider the

bounds for open and closed sets separately.

e Taking B = G € G, the LDP for the underlying process tells us that
liminfh,(1) > — inf Ix(v).
z veG
Given this lower bound, we can conclude from Lemma 4.2 that for all ¢ > 0,

liminf inf shgs(1) > —tinf I )
e R

which implies

liminf inf shpg(1) > —tinf Ix(v),
T T ol >t )

and by equation (4.4) we get

R il o hnle) > Il ) =

By Theorem 2.7, equation (4.5) guarantees that, at every ¢ > 0, the seqeuence {ha(+)}
satisfies V2, Varadhan’s convergence condition for the lower bound. Since we have

assumed that {£(r, /n)} obeys an LDP we can conclude, by Theorem 2.3, that

itk int - logP(V(T") € G)- > sup {—t inf Ix(v) - IT(t)}

n—oo N t>0 veEG

o, hids % I t .
Inf inf {tIx(v) + r(t)}
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e Similarly, taking B = F € F, the LDP for the underlying process tells us that
limzsuphz(l) < _32% Ix(v).
We can convert this into a lower bound of the form
hmsz( - hz(l)) > ‘}gglx(v),

and, by a similar argument to that just used for the lower bound, we can conclude

that for all ¢ > 0,

sup liminf inf (— hp(s)) > ¢inf Ix(v),

TS5t n—oo seT vEF
i i < —ti . .
J imap p fnle) € —tSLIx(Y) (4

By Theorem 2.7, equation (4.6) guarantees that the sequence, {h,}, satisfies V1,
Varadhan’s convergence condition for the upper bound. Obviously, hy, is bounded
above by 0 for all n. Therefore, we can conclude by Theorem 2.2 that for all F € F,

limsupl logP(V(T") € F) < sup {—t inf Ix(v) — IT(t)}
n—ooo T t>0 veF

- —yelip" gx(i; {tIx(v) + IT(t)} .

Therefore, the function

J(v) := inf {tIx(v) + IT(t)} (4.7)

is a candidate for a rate function. It provides the appropriate upper and lower bounds,
meaning that LDP3 and LDP4 are satisfied. It remains to check that it satisfies LDP1 and
LDP2. However, the space I' is compact, and so, as noted in Section 2.2, LDP1 implies
LDP2. Hence, to conclude that the laws of V(T») gatisfy an LDP with rate function J we
need only check that J is lower semi-continuous.

J is Isc if it is equal to its Isc regularisation, i.e. if

T = %lv):= g 256 T
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First we consider a point v where J(v) = 0o. Since Iy is the rate function of a sequence

of probability laws, inf{I7(t) : ¢ > 0} = 0; hence, I7 must be finite somewhere. So, by the

definition of J in equation (4.7), we can see that
J(v) =00 = Iv) =w.

Therefore, by the lower semi-continuity of Iy, there exists G 3 v such that I'x(u) = oo for
all u € G, and this implies J,(v) = J(v).
We now consider J(v) < oo. If Ix(v) = 0 then J(v) = 0. But, since Ix and It are

non-negative, J is non-negative, and hence, so too is J,. Therefore,
Ix(v)=0 = 0 J(v)<J(v)<0 = Jislscatv.

The only remaining points in I' to consider are those where J is finite and Iy > 0. Let v be

such a point. Since Iy is Isc, we know that for any €, there exists a set G(€) 3 v for which

Ix(v) —e< inf Ix(u)<Ix(v).
ueG(e)

From this, we can conclude by equation (4.7) that

inf {I2(t) + t(Ix(v) ~ 9} < inf J(w) < (). (48)

Since Ix(v) > 0, we can choose € < Ix(v), and hence

Ir(t) + t(Ix(v) —€¢) 2 Ir(t).
Therefore, for any b,

{t:Ip(t)+t(Ix(v) —€) <b} C {t:Ir(t) <b}.
IT has compact level sets and so there must exist some finite L(b) such that

{t: Ip(t) +t(Ix(v) —€) < b} C[0,L(b)].
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Because J(v) is finite, we can choose b > J(v), and because of equation (4.8),

inf {Ir(t) +t (Ix(v) =€)} = mmL {z~)+tIXW)—d}

> ggg{IT t) + tIx(v)} — L(b)e.

Therefore, using equation (4.8),

So, for € > 0,

J(V) — € <iﬁ{ﬂw:uea<il)} < JWv),
<

J(v)—e < f
V)—e < o ol J)

Since € is arbitrary we can conclude that J,(v) = J(v).

48

O

The last result we need to prove, before we address the main theorem, concerns the

convergence of the functions {h,(x,+)} to the relative entropy function. As indicated in

the sketch of the derivation of the random sampling formula at the start of this chapter,

these functions occur in the application of Varadhan’s theorem. Hence we need to identify

the limit function and ensure that the convergence is locally uniform. As we shall see in

the proof of Theorem 4.5, we need to consider these functions extended to set functions, as

defined in Section 2.4.

Lemma 4.4 For any x € I, there exists r > 0 such that B(x,r) C A(x) and

lim h,(B(x,r),v) =— inf H(y|v),

n—00 YEB(x,€)

and this convergence is locally uniform over v € A(x).

Proof. First we choose an arbitrary z € I'. We then choose r < min{z; : 1 € S(x)} and

this ensures that B(x,r) C A(x). We then take any open ball B 5 z contained in B(x,r).

We establish the convergence in three stages.
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First we use an argument known as the principle of the largest term. Remembering the

definition of h,(B, ),

hn(B,v)=%1°g > e"”““"”)>,

quﬂFn

we note that

sup hn(q,v) < ha(B,v) < sup hqp(q,v)+ Lilog|BNT,|,
qEBNI', qEBNI'y

Since |B NT',| grows algebraically, we see that

1
ﬁlongﬂFn| - 0

=>nli_)n010hn(B,v) = lim sup hy(q,v).

n—oo qu

Obviously, this convergence is independent of v.

Next we use a crude version of Stirling’s formula, based on a derivation in [1]:

.
0<(nlogn—n+1)—(logn!—ilogn) < log2,

1+ 31
¢ X3 B0 (4.9)
n

1
=3 —T;logn! —logn+1

Now, from the definition of h,, equation (2.3), we see that

'I'L!
+ E lo
Q! g qt

1
hn(av) + H (q] v) = 7 log
1<isM

Using the inequality, (4.9), and adhering to the conventions that 0log0 = 0 and 0! =1, we

can see that for q € I'y,,

1 1+ Llogn
‘—log(nql)!—quOg(nqi)+qi ARl S il
n n
! 1+ Llogn
5 l108 2 Y gilogai| > (M+1)—«27——,
no " (nq)!... (ngm)! - S
= lim |hn(q,v) + H(qlv)] = 0.
n—00
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This convergence is independent of q, so we can conclude that

lim sup hy(q,v) = lim sup (—H(qlv
=4S selnty (% W00 qurIw)P,.( @),

e
w35 qeBir, T (AY)-

Finally we need to show that

e B -
g gt B (alv) L. £ (yv)

and that this convergence is locally uniform over v € A(x). In other words, given an
arbitrary such v and € > 0, we wish to show the existence of a radius § and an N such that,

for C:={u:|u-v| <},

inf H — i "
qelllalnl“,, (q|u) ;IGlg H(y|u) <, Yuel,n> N

We choose ¢ such that C' C A(z) and fix an arbitrary u € C. We note that the infimum,
zigg H (x| v), will be attained at some point, in the closure of B, which depends on the
choice of u; we denote this point by y € A(x). We define I to be the complement in X, of
S(v), the support of v; and so i € I iff v; = 0. We can choose a sequence of points {q(n)},

where q(n) € B NI, which converges to y and satisfies

gi(n) = LngiJ

M .
, Viel and |q.-(n)—y,-|<;, forl<i< M.

We wish to compare H (+|u) on this sequence of points to H (y|u):

H(q(n)|u) - H(ylu) = ) (qi<">1°g%‘yf‘°g%)

1<i<M !

We examine this sum on a component-wise basis, treating those components in the support
of v differently from the rest.

We are interested in the function

Y
f(y’v) =y10g;’



CHAPTER 4. POISSON SAMPLING : I 51

—logw

—v/e

Figure 4-1: A plot of ylog(y/v) for a typical v

which is convex and decreases from 0 at y = 0 to a minimum value of —% at %, as shown in
Figure 4.2. Hence,

0<z<y<1 = f(z,9) - flyv) < =

First consider i € I. By construction, we must have g;(n) < y;. If u; > 0, then
Uj
f(qi(n)aui) = f(yi,ui) = ; .

However, for i € I it is possible that u; = 0. u € A(x) means that H (x|u) < oo and so,
by definition of y,
H (y|u) < oo.

If u; = 0, the definition of H then implies that y; = 0 and then g;(n) < y; implies that

gi = 0. In that case, taking Olog § = 0, we get

ui=0 = f(gi(n),w)— f(yi,w) =0.
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Using the fact that v; = 0 implies u; < 6, we get

b3 <qi(n) tog %) _ 4,10 %;) g5 (4.10)

iel " €
For i ¢ I, we have less information about ¢;(n) in relation to y;; we only know that
M
i(n) —yil < —.
|‘Iz( ) yzl ”

However, since v; > 0 we can ensure u; > 0 by choosing § appropriately. The steepest parts

of the f(+,u) are at 0 and 1, so the larger of

f(O,’U‘)—f<;,'U, = —n—lOgM

f(1,u)—f(l—%,u) = —Mfg“—(1—%)1og(1—%—>,

gives us a bound on |f(z,u) — f(y,u)| when |z — y| < -A;f- Now, noting that we can choose

M) M nu

and

0 sufficiently small so that u := ng;l u; > 0, we have the upper bound
1

> (qi(n) log qi@ — yilog yi) <
il b b

- (). 225 - )

which is uniform over u € C. Since f(+,1) is continuous and zero at both 0 and 1, it is clear

that we can choose N such that

Z (qi(n) log an) _ yilog -y—i) < % Vn>N.
il o Ui

If we also ensure that § < 5%, we know by the earlier bound, 4.10, that

H(q(n)lu) - H(ylu) <e, VYueC,n>N.
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Hence

ity M) = g )
= nll)ngo hn(B(x,'f')av) = —;Iel{}‘BH(yh,) 3

and this convergence is locally uniform in v € A(x).

a

Finally, we are ready to prove the main result. We define the empirical measure induced

by the random sampling to be

bn = Z Ui(n)(si,
1<i<M
where
(n) 1 ¢
U7 (w) = ;z:ll{ijm'}(w)
]:

is the fraction of the samples observed in state i. We wish to prove an LDP for the vector

U™ and find its rate function. To do so, we must impose an additional constraint on {T}}.

Theorem 4.5 If {N;} is a Poisson process with rate a, then the sequence {[,(U(,.))} obeys

an LDP on the scale n, with rate function J,,, the lsc reqularisation of

J(u) := inf {H(ulv) + log (IX(V) + 1) } .

vel o

Proof. We prove this result by using Varadhan’s theorem to demonstrate the equality of
the upper and lower deviation functions. Due to the compactness of T, it is easy to extend
this to a full LDP.

Following the notation defined in Section 2.4, we choose an arbitrary x € I, and by
virture of Lemma 4.4 we know there exists an open ball B, centred on z, such that B C A(x).
We wish to show the existence of, and calculate, the limit

lim llogP(U(") € B).

n—o00o N
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Since the vector U™ can only take values in T', (using the notation of Lemma 4.4) we
will need to obtain estimates on quantities of the form, P(U(") = q), forqe BNT'y,. A
useful step is to consider the distribution of U™ in conjunction with o 5 TR, % o |
anticipation of fixing the sampling times, we confuse notation slightly and define a random
vector U™ (t1,...,ts) to be the components of the empirical measure obtained from the
process (Xy,,...,X;,), where the (¢1,...,%,) are understood to no longer be random. We

can then use Theorem 4.1 to write

P(U(n) = q) =

/ / P(U(n)(tla---atn)IQ) LTy i Tnr) (A1 X - X dtnt1) .-
th+1€ER t1€ER

Using equation (2.5), the particular joint density function for (71,...,T}), which arises from

their exponentially distributed inter-sample times, we find

( u®
tn+l
/ / / U(n) - ,tn) = q) an+16_at"+1dt1 - dtn+1 .
th+1ER J ity t

Concentrating initially on the integration over (t1,...,t,), we note that the integrand is

symmetric in its remaining arguments. For such an integral, we have the well known result

that

tn+1
/ / P(U("> ..,tn)=q)dt1...dtn
tn t1

tn+1 tnt1 tnt1
= / P(U(")(tl,...,tn)=q)dt1...dtn
th=0 Jtp_1= 0 t1=0

tn41 tn+1 th+1
— / / /I{U(")(tl, ,tn) q} P[d&)]dtl
thn=0 Jit, t1=

Using the function F, defined in Theorem 4.1, it is easily shown that the integrand is
measurable as a joint function of w and (t1,...,tn). We can apply Fubini’s theorem to

change the order of integration and obtain:
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tn+1
/ / U(") R N =q) dty .. .dt, (4.11)
b t1
tnt1 tnt1
</; . /t' ket l{U(")(tl,...,tn)zq} (w)dt1 e dtn> P[dw] . (412)
For each w, the integral over tj,...,%, can now be easily done by remembering that the

vector V(t"“)(w) represents the fractions of time spent in each state up to time ¢,,,. First
of all, we note that if V(t»+1)(w) ¢ A(q) = A(x), the integral is zero. Otherwise, the
indicator function selects those combinations of values of the observation times that result
in the number of observations of state 7 being ng;. Having removed the interdependence
of the ranges, the integral is symmetric with respect to the order in which the states are
observed, and so we can choose one such ordering and multiply by the number of distinct

permutations. To this end, we define the event

O= {w : Xg(w)=1;1K1 < ngyy

X (w) =2, ng1 <4 < ngy+ nge,

Xt (w Man,<z

which specifies the ordering where the observations of the first state precede those of the
second state and so forth. With the aid of the combinatorial factor that counts the number

of ways in which these observations could be re-ordered, we can rewrite the integral as

tnt1 tnt1
</t /t 1{U('n,) tly 7tn)—q}( )dtl ces dtn

tn+1 tn+1
= / / w)dty ...dtn, (4.13)
(nq)!... (ngm)! Jt, t

Due to the simple structure of the set C, 1¢ can be written as an n-fold product of the form

n
1o=J] Lz, =}

1=l
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where k; := min{m : ng; +. ..+ ng,, > i}. Since each function can be integrated separately

and for each i < n,

tn+1
/0 1, ) (@)t = b1 VI (),

we have that equation (4.13) reduces to

: I (wavw)"™

n l
(nq1)!... (nqu)! {i<M:q;>0}

— n' oL 0 (= nt (a| Vi) =t (@)

= Liytae A(x)}(“’) tpt1 €XP (nhn (q, V(tn+1)(w)))

l{v(‘n-i-l)eA(x)} (w) t2+1 (

Therefore, returning to equation (4.12),

tn+1 to
/ P(U(")(tl,...,tn):q)dtl...dtn+1
tu=0 t1=0
b1 (tns1)
m= /Q l{V(t"“)eA(x)} (w) exp (nhn (q,V L (w))) Pldw]

which, by a change of variables,

tz—i-l nhn(q,v)
n! /veA(x) ’ £ (vinsn)ldv]-

Using the notation of Lemma 4.4, we return to equation (4.11). Relabelling ¢, at t, we
t
e an+1tn

(n) — . nhn(q,v) —uk gy
P ( U q) KGR /VEA(X) e E(V(t)) [dv] o e

Now, noting that the probability density function, see equation (2.6), for Tj,4; is given by

n+14n
o ey AL
e at,

f(Tn.H) (t) =

n!

we can write

(n) _ _ nhn(a,v) avl|L dt
P(U q) /tem /veA(x) ’ (V(t))[ "] (Tn+1)[ ]

_ / e’nhn (q’v) E(V(Tn+1 )) [dv] ’
vEA(X)
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where the last step relies again on Theorem 4.1. Returning to the open ball B,

P(UMeB) = ¥ P(U(")zq)
q€BNTy

% /veA(x) ) Lyt av].

We know by Lemma 4.4 that h,(B,v) converges to sup { - H (u|v)} and that the conver-
ueB

gence is locally uniform over v € A(x). Since we have assumed that {N;} is Poisson, we

know that {L(r, /n)} obeys an LDP and so we can use Theorem 4.3 and Varadhan’s theorem

to conclude that

n—oon n—oo n

1
lim — logP(U(”) € B) = T =l / ") £y irnpnr)[dv]
vEA(x)

= V:il()x) {— dggH(uW) — té%ﬂ{tIX(v) + IT(t)}} .

Now, since we have chosen the observation process to be Poisson, equation (2.8) gives an

explicit form for I7. We can complete the infimisation over ¢ by differentiation to obtain

lim llogP(U(n) € B) = —inf inf {H(u|v) + log (L)@ + 1)} .
n—oo n ueB veA(u) «

Since H(u|v) is infinite for v ¢ A(u) we can define

Tl = ik {H(u|v) Pl (IXO(I") + 1)} ,

vel

and write

lim 1logP(U<"> € B) = — inf J(u).

n—oo n ucB

Hence the large deviation limit exists for sufficiently small open balls around any point
in T'. Since the open balls form a base for the neighbourhood system in the usual topology
on RM™ | and hence in the induced topology on I', we can see by the standard argument that

the upper and lower deviation functions are equal. Using the notation of Chapter 2, we can

write their joint value as

p(x) = Inf m(G]= inf m[G]
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= inf {- inf J(u)}

Gox ueG
= —Jo(x) .

Jo is lower semi-continuous by construction. Since I' is compact, we have, therefore, that
the sequence {E(U(n))} satisfies an LDP on the scale n with rate function J,.

a

We remark that the function J must be upper semi-continuous. Indeed, for each v the

function

. I
Jv(u) := H(u|v) + log (——XCEV) + 1)
is continuous for all v. By the definition of J, we have that for any b,

{u:J(u) <b} = U{u 3 Jul) < B}

Since all the sets in this union are open, by continuity of jy, we have that {J < b} is open.

Hence, J is upper semi-continuous.



Chapter 5

Poisson sampling : 11

In this chapter, we will consider what information we can regain about the underlying
process based on Theorem 4.5, knowing only the rate function of the sample process. It
turns out that in the case where the underlying process has a C?, convex rate function,
we can deduce its shape around the mean, based on the knowing the rate function for the

sample process.

5.1 Galois connections

Consider @ as the set of functions from I' to the positive real line, and let P be a copy of
Q, so that
P=Q=R,T.

The random sampling transformation, derived in Theorem 4.5, can be viewed as a functional
from @ to P given by

. I(x)

(fI)(y) = inf { H (y|x) +1log{ —=+1) ¢, VyeT.

xel o
We are interested in examining the structure of this transformation, with a view to finding
a characterisation of the pre-image. The methodology of Galois connections, a concept
used in order theory, proves useful to us here. A Galois connection is a pair of functions

between two partially ordered sets (which are often termed posets), that satisfies certain of

the properties of inverse functions. We will show that the functional f can be viewed as

59
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half of a Galois connection. The set @, and hence P, can be considered posets under the
product partial order, by which we mean that for all I, I, € Q,

L <D &= = hiz) < Liz) Vo el.

In [9, Chapter 4], Russell provides an introduction to order theory and to the theory of
Galois connections in particular. For our purposes here, we just want to indicate the basic
structure. We start with the definition of a Galois connection. A pair of functions (f,g)

between two posets P and Q,
g:P=Q:f,

is termed a Galois connection if
9(p) <q <= p< f(9).

The functions are also referred to as adjoints, with f being the upper adjoint and g being
the lower adjoint. Knowing that two functions form a Galois connection defines each in

terms of the other, by the following formulae

glp) = inf{ge@:p< f(9)}, (5.1)

f(g) = sup{pe P:g(p) <gq}. (5.2)

Although the functions in a Galois connection are not inverse to each other, they can be
used to identify a related bijection. When the domain of each function is restricted to the

image of the other,

are : f@Q —g(P),
flqpy : 9(P) = (@),

the resulting pair forms an isomorphism:

95 " = flap)-
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Returning to the case in question, our posets P and @ are copies of the set of positive

functions from I" to R;. The function f takes I € Q to J € P by the transformation

Jy) = (fD() = inf {H (x1y)+ L (1)} ,

where
L(z) =log (2 + 1) .

We are interested in determining whether there is a function, g, from P to @ such that
(f,g) form a Galois connection. We assume that there is such a function, write it in terms
of f using equation (5.1) and then prove that the two functions are adjoint. We first note
that the inverse to L is

LY 2) =a(e® —1).

Theorem 5.1 If we let

g = mf{Ieq@:Jd & fI};
then
(gJ)(z) = L7 (SUP{J(Y) ~ H(y|X)}) ;

yerl
and (f,g) form a Galois connection.

Proof. We first establish the form of g:

gJ = inf{l:J < fI}
= inf{I L J(y) < ig%{H(y|x) +L (I(x))} . Vye r}
= inf{I:J(y)gH(y|x)+L(I(x)) ] Vx,yEF}

— inf{I:I(m);L—1 (J(y)—H(ylx)) : Vx,yeF}
= inf{I:I(az:)}supL_1 (J(y)—H(y|x)) , VxEl"}
yer

= 32;;1:-1 (J(y)—H<y|x>) .

We can now show that (f,g) form a Galois connection via the following chain of equiv-
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alent inequalities:

gJ < I,
(¢/)x) < I(x), Vxer,
3161;;1;-1 (J(y)_H(y|x)) < I(x), VxeT,
3gg{J<y)—H<y|x)} < LU(x), VxeT,
Jy)-H(ylx) < LI(), VyxeT,
J3) < it {H(yIx+LUX)}, vyeT,
Jd £ §I.

Thus we have established that

gl &1 &% J & I1.

5.2 Recovering the underlying rate function

We continue this analysis in the 2-state case, where the calculus is more tractable. As
explained in Section 2.4, when the state space is confined to {0,1}, the empirical average
contains the same information as the empirical measure. In this case, the vectors x,y € I'
reduce to two numbers z,y € [0, 1], which makes it possible to perform the optimisations in

the definitions of g and f. We rewrite the relevant function as follows:

Bly.s) = H(ylx) = ylog’+(1-y)logi—2;
(0w = ot {Bw2)+L(1@)} (5.3)
(¢gJ)(z) = L7 (Oiggl{J(y)—B(y,z)}>- (5.4)

Before examining the effect of composing g with f, we need to gather some information
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about f. This involves a lot of differentiation, so we first collect some useful functions :

Blents) = eilog( )+ (-6 (128 (55)
aB .« & €ili=¢1)
B, = e g e
B _ &-&

8  Ll-&) (5.7)

We will investigate over the next few theorems how the infimum in equation (5.3) is
attained and what information can be recovered from fI about I. In order to do this

analysis, we need to assume [ is convex and that it satisfies some differentiability conditions.

Assumption 5.1 I is a strictly convezr and twice-differentiable rate function, which is finite

on the interior of the unit interval.

I is a rate-function and so its infimum over [0, 1] must be 0. Since this set is compact, this
infimum must be attained and we denote the point at which it is attained by m. We know
that this point is unique because I is strictly convex. Of course, I being a rate function also
implies that it is positive. We note that since I and I’ are both differentiable, they must
both be continuous. Finally, we remark that we have lim;_,o I'(z) < oo because otherwise
I is infinite everywhere in (0,1) since I’ is increasing in z; similarly, we must have that
limg_,; I'(z) > —oo0.

We denote by h, the function that we are interested in infimising.

hy(z) := B(y,z) + log (% + 1) : (5.8)

Since [0, 1] is compact, this infimum must be attained; the next theorem explains how this

happens.

Theorem 5.2 For all y € [0,1], the infimum of hy(z), over z € [0,1], is attained at a

unique point x(y), defined as follows:
e Fory e (0,1), x(y) is the unique solution of hy (z) = 0.

I s = = A=l

Otherwise, x(0) is the unique solution of the equation hgla) = 0.
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!
g il f )
z-11(z) + «
Otherwise, x(1) is the unique solution of the equation h! () = 0.

£l & ¥1)=1.

Proof. We first wish to show that if hy, has a root, then that root must be unique. We note

that the condition for z to be a root is that

= I'(z)
h’ == i y = V.
= s T e (5.9)
Now the second derivative is given by
2 _ " ! 2
Wi(z) = z° +y(1 — 2z) I"(%) Fz) (5.10)

(1 —@)? Iz)+a (I(z)+a)?
At any point, o, that satisfies equation (5.9), we must have that

y(1—y) I" (zo)
r3(1—1z9)2  I(zo)+a’

hZ(.’L‘()) =

Since y € [0,1] and [ is strictly convex, we can see that hy must be positive at zo. Therefore,
h;/ is strictly increasing at any point where it is zero. The continuity of I’ ensures continuity
of hy and so we can conclude that hy, can only reach zero once if it does so at all.

The question of where the infimum is attained is answered by examining h; at 0 and 1.
If hy is decreasing at 0 and increasing at 1, then it must attain its infimum on the interior
and h; must be zero at that point. We know that h; can reach 0 at most once, so x(v)

(which we will sometimes denote by x for convenience) is defined uniquely by the equation

X—Y I'(x) _
I By -

It remains to check the behaviour of h; at the endpoints of the interval.

For y € (0,1), we note that

; zT-Y
_— — —OO,
al;l—%z(l—x)

and, as remarked after assumption 5.1,

limI'(z) < oo.
z—0
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Since I is positive, we conclude that li_r)% h,(z) is negative. Similarly, we can show that
x
ix_)n} h;(a:) is positive. Therefore, for y € (0,1), we see that x(y) is defined by equation
(5.11).
For y equal to 0 or 1, the situation is a little more complicated as the value of the
derivative at the endpoints depends on the steepness of I. Taking y = 0 in equation (5.9),

we note that
I'(z)

. ! - 5
ool = T e e T

o ’ _
and 37l"l_)rri hplz) =00,

—1I'(z)
If lim ———— > 1, th i i i i
lim = @ +a > 1, then hy is decreasing at 0, and so, as before, x(y) is defined by equation
(5.11), with y = 0. Otherwise, hg is increasing at 0. Since, for any y, Ay (7o) = 0 implies
that hy, is increasing at 29, we can see that if ho is increasing at 0, then x(0) = 0.

A similar argument holds true for y = 1. O

We can use the function x(y) defined in the preceding theorem to help analyse the

properties of J := fI. First we prove a simple lemma concerning .
Lemma 5.3 The function x is differentiable and is strictly increasing.

Proof. By applying the implicit function theorem to h;l (noting that for all z such that
h(z) = 0, hy(z) > 0), we can conclude that x has a continuous derivative on (0,1).

To examine x’(y), we differentiate equation (5.11) with respect to y to obtain

[ ¥y -y) ') 1 1
XA-x)? I +a] x1-x° (5.12)

X

where we have used equation (5.11) again to simplify the expression after differentiation.

1
X [0l ==

We have demonstrated in the proof of Theorem 5.2 that Ay (x(y)) > 0, and x € (0,1) implies

that the right hand side is positive. Hence, we can conclude that x/(y) must be positive. O

Theorem 5.4 The function

1) = yint, { Bly.2) + 108 (%2 41)]
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18 convez.

Proof. We know by Theorem 5.2 and Lemma 5.3 that

where x is differentiable on (0,1). Since, J is a composition of differentiable functions we

can calculate the second derivative and check its positivity.

J(y) = B@w@”+k%(ﬂ%?n+l>-

So, using the functions defined in equations (5.6, 5.7),

, B B . ')
J(y) = %(y,x) + 55(:%)() X +I(x)(—)fi-)ax :
B
- 851 y?X *

since the last two terms cancel by equation (5.11). Hence,

" _ 1 _ X,
T = y1-y) x(1-x)’

which implies that

1-y)
J" S = y( <1
() X 0= )
From equation (5.12), we know that
yl-y) G T00xA-x)
x(1-x) I(x) + e
Hence,
I"(x)x(1 - x)
" !
Tl & e

From Lemma 5.3, we know that x' positive, and so convexity of I guarantees that J is

convex. 0O
When (f, g) form a Galois connection it is easily shown, see [9], that

go f <idg.

From the point of view of recovering information about the original rate function, it is
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interesting to examine which function in Q this combined transformation picks out. Suppose

T TT, 6 ihat
10) = int, { o) +1og (12 )}

0<z<1 [0}
We wish to examine

V&%=@°ﬁ1=54(mm{ﬂw—3wxﬂ>

0<y<1

Because of the structure of Galois connections, we know that g ;) and fi4p) are inverse

functions and hence

D) = f(D).

Before calculating the form of °I, we need to prove a result about the function which is to

be optimised in the definition of g.

Lemma 5.5 If J = fI then
a.(y) == J(y) — B(y,2)

is strictly concave on [0,1].

Proof. From Theorem 5.2, we know

a.(y) = B(y,x)+LI(x)) — B(y,2).

Differentiating, we get

! _ 0B 0B ] I'(x) _ a_B
a,(y) = &ﬁww+55mﬂx+ﬁgizx %J%d-

Using equation (5.11) once more, to cancel the middle two terms, this reduces to

/ _ (1-x)z
az(y) - lOg X(]- _ Z) )

which implies that

/
" X
a,ly) = —————~
V) = i
But Lemma 5.3 states that the derivative of z is positive, thus guaranteeing the concavity

of a,. O

Finally, we can calculate the form of 7, by using the concave structure of a, to determine
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where the supremum occurs.
Theorem 5.6 The function °I has the following structure:

o For x(0) < z < x(1), °I(2) = I(2).

* Ifx(0) #0, then for z < x(0), I(z) = I(x(0)) +I'(x(0))(z - x(0)) -

o If x(1) # 1, then for z > x(1), I(2) = I(x(1)) + I'(x(1))(z — x(1)).-

Proof. The function °I is defined by the equation

°I(z) = sup a,(y).
0<y<1

We know by Lemma 5.5 that a,(y) is a concave function of y for all z. Since [0, 1] is compact,
the supremum is attained and we can determine where by examining the derivative of a,
at the endpoints. If a,(0) < 0, the supremum is attained at 0, since the derivative is a
decreasing function of y. Similarly, if a’,(1) > 0 the supremum is attained at 1. Otherwise,

the supremum in attained on the interior of the unit interval at the solution of

Hence,

and
d(y) =0 = z=x(y)

Since y has a positive derivative everywhere, it must be continuous and strictly increasing
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and hence, invertible. Therefore, for x(0) < z < x(1), defining v = x~!(2), we have that

L(I(z)) = a:(7)
= B(v,x(7) + LU(x(7))) — B(v,2)
= L(I(2)).
Hence

I(z) = I(2),

since L is invertible.

For 0 < z < x(0), we have that

L(°I(z)) = a.(0)

= B(0,x(0)) + L(I(x(0))) — B(0, 2)
log(%—%l) = log i +log(&<og+l>

1 - x(0)
1) +a = XIEXOZE 100 + ),
1) = 1x(0) - DL x(0)

= I(x(0)) + I'(x(0))(z — x(0)),

where the last step uses equation (5.11) with y = 0.

Similarly, for x(1) < z < 1,

L(I(z) = a:(1),

I2) +a = —=I(x(1) +a)

and using equation (5.11), we get

°Iz) = I(x(1))+I'(x(1))(z—x(1).
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Figure 5-1: A geometrical definition of x(1)

So, in conclusion,

O

We can interpret the points x(0) and x(1) geometrically. Figure 5.2 shows the graph of
a typical function, I, satisfying our requirements. For a given value of , the corresponding
value of x(1) is the point at which a tangent to I will pass through vertical axis at —a.
There is a corresponding construction on the other side to define x(0). The condition

. I'(z)
lim

—>1
a—1 I(z) + «

ensures that there exists a point at which the tangent to I will pass through the point
(07 —a)'
Figure 5.2 shows the shape of °/; between x(0) and x(1), °I agrees with I, and outside

this region assumes the values of the dotted tangent lines. Thus °I is the infimum (in
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0 x(0)

Figure 5-2: I(z) with tangents at x(0) and x(1)

the sense of the product partial order) over all convex functions which agree with I on

(x©@,x(0))-



Chapter 6

Non-Poisson sampling

In this chapter we wish to consider the case where the sampling process is not Poisson. In
Chapter 4, we were able to find a formula for the rate function of the observed process,
requiring only that the underlying process obey an LDP. However, the derivation of this
formula relied heavily on the particular form of the Poisson distribution. With fewer re-
strictions on the observation process, in Chapter 3 we were able to characterise the observed
process, but this was subject to a Markovian assumption on the underlying process.

In the general case, without precise information on either the underlying or observation
processes, it seems unlikely that a formula for the rate function of the observed process
could be found. However, we are able to establish general conditions on the underlying
process which ensure that the sample process still satisfies an LDP. The difficulty in only
assuming an LDP of the underlying process is that we lose the non-asymptotic properties,
while in general, the process formed of the successive samples depends in a finely detailed
fashion on the interaction between the observation and underlying processes. To get around
this difficulty, we would like to be able to specify some non-asymptotic properties of the
underlying process which would hold if and only if the process obeyed an LDP.

In general, there is no such characterisation of the class of processes which satisfy an
LDP. However, we can specify sufficient conditions; in fact, any process which is stationary
and whose correlation structure is sufficiently weak will be a member of this class. These
two conditions generalise, in a natural way, the simplest class of processes for which an

LDP can be proved, namely processes which are composed of identically distributed and

independent random variables.

72



CHAPTER 6. NON-POISSON SAMPLING 73

We will discuss these conditions in the abstract before applying them to the random

sampling transformation, but first we need to describe our setting and notation.

The setting

We choose to to work in discrete time to reduce the technical complications.
Let (2, F, ) be a probability triple. We consider an underlying process { X, }nen taking
values in K, a compact subset of R?, and use K to denote the Borel o-algebra on K. For

concreteness, we take Q := KV,
X, Q> K:ww wy,

and

Fre= O'(Xl,XQ,...) :ICN.

We also define, for m < n,

FL = Xgidsons Xg) T F;

and denote Fj by F™.
We define the inter-observation-time process, {Wy, }nen, on the probability triple

(A, G, M). Again, for the sake of concreteness, we take A = NV,
Wo:A—>N:6—0d,,

and G = o(Wy, Ws,...). We then define the observation process {77 }nen by
Tp:=Wi+...+Wy.

Assumption 6.1 {W,} is a sequence of independent and identically distributed random

variables which are almost surely greater than zero.

Thus, we are assuming that M is a countable product of identical copies of a probability

measure on the strictly positive integers. The random sequence (T1, Tz, - .) also takes values
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in A, and we can define the law of this sequence, £, another probability measures on A,
LBl=M [(Tl,Tg,...) € B] :

We will often use ¢(d) to denote the increasing sequence (6,68, + d,...), or t,(J) to denote
01+ ...+ 0p.

We define the random sampling transformation by the function
S:OxA—Q,

S(OJ, 6) = (w51?w51+52’ ol ) ®

It is easy to see that S is measurable. Since F is generated by {X,,'B: B€ K, n € N}, it

is sufficient to check that the pre-image of each such set is in F x G. For any B € K

S (x;'B) = |J{w:S(w,8) € B} x {5}
deA
= UXw@ €BYx {9}

dEA

Each set is obviously measurable, and hence so is their union.

We then define the measure
p=MAxM)oS™ L

Using this measure, the sequence of samples, Y;, = X7,,, is a stochastic process with respect
to (R, F, u), where

Yn(w) =wn -

We define stationarity in the usual way. For positive n, we define a shift operator by

O, : Q2 — Q

en(w) = (wn+1»wn+2a e )

We will sometimes use 0 to denote §;. We say that a measure M on () is stationary if for
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any B € F,
M[6~! B] = M[B].

In the case where the law of the sample paths of a process is stationary, it is usual to refer
to the process as being stationary.
It will prove useful to have a family of projection operators which select a subsequence

from each member of Q. For 0 < m < n < 0o, we define

i) Q- K™,

Ty ¢ W (Wint1y- -, Wn) -

As for the o-algebras, we use 7" to denote nf}. To complement this operator, we define a
concatenation operator which we use to append a sequence (usually infinite) to the end of

a finite sequence of the same type. For example, if z € 7™ and y € (2, then we define
r-y= ({L'l)-- 3 ZTny Y1, Y2, - - ) $

6.1 Correlated processes and large deviations

In order to ensure that a process obeys an LDP, in addition to stationarity we need to
impose a limit on the strength of the correlations between the constituent random variables
of the process. This restriction ensures that the behaviour of the process does not diverge
sufficiently from that of an independent process to prevent it from obeying an LDP.

We can make this restriction precise in many ways, but most involve constructing a new
measure, with respect to which certain classes of events are independent, and then comparing
this to the original measure. Because we are interested in asymptotic results, the difference
between the two measures will then be required to decay in some suitable fashion. Obviously,
there are many procedures for imposing these restrictions; the constructed measure can be
defined in terms of many different types of events, the distance between the two measures

can be measured in many ways and this distance can be required to decay on any scale at

any rate.
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Mixing conditions

Many of these conditions are grouped together under the general heading mizing conditions.
Their definitions typically involve constructing a sequence of measures, indexed by n, with
respect to which any o-algebras that are separated by a distance n (that is, of the form
Ft* and FtEtntl) are independent. There are then a variety of ways of defining the
difference between the original measure and a member of this sequence. To ensure that an
LDP holds, this difference is required to disappear, in an appropriately quick fashion, as
n is increased. Bradley, in [2], reviews several different ways of comparing measures and
develops relations between these different methods. These difference functions are denoted
by, for example, oy, or ®,, and a process for which the difference decays to zero with n is
referred to as a-mixing, or ®-mixing, respectively. Dembo and Bryc, in [3], state conditions
on the rates of decay of several of such differences which guarantee that the process satisfies
an LDP. These conditions on mixing rates all imply a more general condition, which they
refer to as condition (S). We will refer to a process which satisfies this condition as S-mixing.

Assuming the notation of the previous section, we can state the condition as follows:

Definition 8 {X,} is S-mizing iff for all C < oo, there exists a non-decreasing sequence
in N, {l(n)}, for which
o0
l(n)
D U
e n(n +

and such that, for all k1,ke €N,

sup {A(A))\(B) —e™MX\ANB): AeF Be f:;jl‘((:)“’“?} < e"C (81),

sup {A(A NB) - ™AA)NB): Ac Fi' B e f,f;j}g;))*k?} < e (S1).

We will say that A is S-mixing if there is no ambiguity. Dembo and Bryc prove that any
stationary and S-mixing process, taking values in a Polish space, will satisfy an empirical

measure LDP in the 7-topology.

Weak dependence

There is an alternative approach to ensuring that a process have a sufficiently weak correla-

tion structure. This condition, termed weak dependence, was first advanced in the statistical
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mechanics setting, by Lewis, Pfister and Sullivan, in [8]. The notion was relaxed slightly
and applied to more general stochastic processes by Russell in [9]. Using this condition he
establishes a sample path LDP for stationary processes in continuous and discrete time.

In our more narrow setting, we use the following simplified definition of weak dependence.

Definition 9 For a measure M on 2, we define the sequence

M(A)M(B)
C, = su su log ———————=
" m)% AE]“",BE}'},‘"”" . M( AN B)

M is weakly dependent if
Cn

lim — =0.
n—,oo N

The weak dependence condition is so defined in order to allow the the LDP to be proved

using the sub-additivity argument; this is the technique used in both [9] and [8].

6.2 Stationarity and correlation structure after sampling

In this section, we wish to investigate whether properties of a process which guarantee an
LDP are conserved by the random sampling transformation. We first turn our attention to

stationarity.
Theorem 6.1 If \ is stationary, then p is stationary.

Proof. It is well known (see, for example, [1]) that probability measures which agree on a
m-system, A, must be equal on the o-algebra generated by .A. Therefore, if A is a 7-system

and F = o(A), then we can establish stationarity of s by checking that
pl6; 1 A] = p[A] for all A€ A.
It is easy to see that

A:=U{A1x...><An><KxK><... A ER forallign}

neN

is a m-system which generates F. If A denotes a generic element of A

A=A X ... x Ap x K XK X ...,



CHAPTER 6. NON-POISSON SAMPLING 78

then

ul6n ' Al
= AxM)oSlo61A
= (AXM)[{(w,0): w,,, € A;1<i<m}]

= > D S Mwasditotds € Aiy 1< <M M [ty = dy6pyi = di, 1 < i < )
d>ndi>1  dp>1
by stationarity of ),

= D Y A Wahad €A, 1<i<m)Y Mt =d,0ppi=di, 1 <i < m],
di21  dm>1 d>n
since M is a product measure,

= D D AWarhya; € Ais 1< <M M[Spyi =di, 1< <m] Y Mty =d]
di>1  dm>1 d>n

= Z Z )\[wd1+,..+di €A;,1 SZS’m]M[Jn_H =, 1<{i€ m]
diz2l  dm2>1
by stationarity of M,

= Z Z /\[wd1+___+di EAi,1<i<m]M[6i=di,1<i<m]
di>1  dm>1

= (AX M)[{(w,d): wy;, € 4;;1 <7< m}]
= (Ax M)oS1[4]

= pl4]

Hence, p is stationary. a

We next want to investigate whether y satisfies the same mixing and dependence condi-
tions as \. First we need to prove a lemma which helps to relate the correlation structure
of p to that of A\. For a fixed sequence of sample times ¢t € A, S(t) denotes the random
sequence (X, , Xt,,...).

Lemma 6.2 If ) is stationary and A € F" and B € f,'::f“ for some finite n,k,l then

sAluiB) = [ AS() € ANS() € Bl
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Proof. By definition,

I

HlAYB] NS() € AlCldr) [ NS € Blcia

teA YEA

/ AS(4(6)) € ANS(t(7)) € BIM{d\M[dy].
deA JyeA

I

Now, since A € F", we note that

{w:S(w,t(d)) € A} = {w:S(w,t(r"d -7 7)) € A}.
= NS(t(6)) € A] = A[S(t(n™d-nly)) € A].

We can make a similar argument, using stationarity, for the measure of the second set.

{S(t(y)) € B} = {w: (wi(y)Wts(r)---) € B}
n+k+l1

= {w (W ga () » W () € Ttk } )
since B € fﬁi}:"’l. We note that for all 1 > 0,
tnahi(T"0 - T0y) = tntki(Y) +ta(8) — tn ()
Writing d = t,(8) — tn(y), it is clear that :

for d > 0,
6 {86 ny) € B} = {S¢)}
and for d < 0,
[S(tas-wen) € B} = 60 {SEN}

In either case, since X is stationary, we can conclude that

AS(t(y)) € B] = AS(t(r"3 - 1Y) € B].
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Hence,

plAlp(B]

/JGA /7 A A[S(t(6)) € AJA[S(¢(v)) € B] M[dy] M[ds]

= [ [ ASars - mon) € A NS(H"S - a32) € B) Mlan|M1ad],
deA JyeA

and using the simple product structure of M,
= / AS(4(8)) € AINS(#(8)) € BIM][do]
dEA

- / A[S(t) € AN[S(t) € BlL[d].
teA

O

The following lemma is a simple result required in the proof of the weak dependence of

L.
Lemma 6.3 Let ¢, be a positive sequence such that

Cn

lim — =0.
n—oo n
Then, for any integer B > 1,
ap, = Sup Cpm
n<m<nB
. Qn
= lim— =0
n—oo N
Proof.
Since ¢, /n — 0, there exists N (e) such that
cn < me, Vn > N(e).
Therefore, for any n > N (e),
Ln < ¢, VYmst.n<m<nB,
nB
B g Be.
n

So,
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Gn €
i N(=
= < e Vn> (B)
Hence,
lim = =0
n—oo n

O

We can now prove that the random sampling transformation preserves the weak de-

pendence property, assuming ) is stationary and that the inter-sample times are uniformly

bounded.

Theorem 6.4 If )\ is stationary and weakly dependent and the process {Wy} is uniformly
bounded, then p is weakly dependent.

Proof. We denote the uniform bound on {W,} by K. Since A is weakly dependent, we

know that C,/n — 0 where

AMANB) l
Cp= log ————=.| .
s ] AP
We wish to show that
1. | sl A O X |
0% B / exp (—Cy, ) A(A¢ N By)L[dt] < p(A0u(B) < / L oxp (Ct,) M4
teA te

Let A € F" and B € F°. We know from Lemma 6.2 that

/1\..(D\ Al / \(Ql+\ 7 ANY(QI4+\ £ R\ PTA4]
p(A)pu(B) = /t NS() € HNS() € B)Lld]
€

Hence, noting that

Ay i={w:S(w,t) € A} C o

B;:={w:S(w,t) € B} C F,

we can conclude that

/ exp (—=Cy, ) M(A; N By)L[dt] < p(A0u(B) < / exp (Ct,) A(A: N By)L[dt].  (6.1)
teA teA
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We can, of course, write down a similar expression for (A N B); namely,

WANE] & /GA/\(S(t) € ANB) L(dt)

i / A(A:N By L(dt) .
teA

Defining g(t) = A (A; N B;) , we can write the upper bound of inequality 6.1 as

p(A)u(B)

VA

/ exp (C.) g(t) £(dt)
teA
since W, < K,

- Z /u,,_m}e"p m) 9(t) £(dt)
€ exp( sup Cm> /tEAg(t)ﬁ(dt)

n<m<nK

= exp( sup Cm)u(AﬂB),

n<m<nK
ANB)

— sup C’mglogi)()

n<m<nK

We can perform a similar manipulation with the lower bound of inequality 6.1 to obtain

M—————(AOB)Q sup Cp,

lo
Y B T penann

Combining these bounds, we find

%

n

p(ANB)

o8 L (A u(B)

1
<= sup Cp
N n<mg<nK

Now, since this bound does not depend on the choice of A or B, and Lemma 6.3 implies

that the bound vanishes in the limit, we can conclude that

p(ANB)

o8 (A) u(B)

lim — sup
R¥e0 N AeFw Berpy

-o.
O

Alternatively, we can also show that the random sampling transformation preserves the

S-mixing condition, assuming that A is stationary.
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Theorem 6.5 If ) is stationary and S-mizing, then so is p.

Proof. We wish to show that y is S-mixing. We begin by choosing an arbitrary C < oo.
Since A is S-mixing, we know that there exists a suitable sequence {I(n)}, so that (S1,52)
hold for A\. We shall show that x also satisfies S1 and S2 for this sequence {I(n)}.

For arbitrary values of ki, ko, n we choose any A € F* and B € f:::ll((z))%ﬂ and using
Lemma 6.2 we note that

w(A)u(B) — ™ u(An B) = / ()\[S(t) € A] \[S(t) € B] - ™ A[S(t)e AN B]) L(dt).

teA

Now, by the definition of S we can see that

{w:S(w,t) € A} € Fim

t -~ l k
{wrBlwt) e B} € Ftbital e v e , for some k3 < oo,

t(ky+1(n)) tey +(n)

where the last set inclusion follows since the 4, are non-zero and almost surely finite. Since

A is S-mixing we can therefore conclude that

W(A)(B) — ™ u(ANB) < / e"CL(dt) = e~C.
teA

This bound does not depend on the choice of A or B, and so we have the required uniform

bound:

sup {u(A),u(B) ~é™u(ANB):AeF Be FRHIR ki ks € z+} <eC.

An almost identical argument leads to the second bound:

sup {,u(A NB) — ™ pu(A)u(B): Ac F¥1,B € f:::ll((:)sz , ki,ko € Z+} g5,

Since the choice of C' was arbitrary, these two bounds together show that {Y»} is S-mixing.

O

Therefore we can conclude that if the underlying process is stationary and the observa-

tion process satisfies Assumption 6.1, then
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e S-mixing of the underlying process implies an LDP for the sample process

e Weak dependence of the underlying process, and a uniform bound on the inter-

observation times, implies an LDP for the sample process



Notation

R = RU {400} U {—o0}
Ry = {zeR:z>0}

For a measures space (2, F), we define, for z € €2, the measure

{1 . T€A
615[A]= )
0 : z¢g A

and define a function, 14, on Q by 14(z) = 0;[A].

For a topological space X, we define

g the set of all open sets
F the set of all closed sets

K the set of all compact sets

For a random variable X, we denote its law by L(x).
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