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ABSTRACT: Reliability analysis based on probabilistic methods is widely applied in geotechnical
engineering. Several analytical and numerical methods have been developed to assess reliability based

on the concept of occurrence of failure. Nevertheless, the critical aspect involves the input data used for
performing these analyses. Common geotechnical engineering real-world problems deal with scarce and
sparse information due to the lack of experimental data, which are not available to a sufficient extent and
quality to be used to infer a reliable probability distribution. Therefore, non-probability and hybrid
methods based on fuzzy logic and possibility theory as well as imprecise probabilities, have been
developed. In this paper, a methodology based on the possibility approach has been proposed to account
for an external local database to support the reliability assessment of wind turbine foundations. A Target
Reliability Index is proposed to assess the fuzzy reliability. This cardinality is calibrated to be consistent

with the probabilistic concept of failure probability, if data were of an ideal random nature. Moreover,
fuzzy clusterization is carried out to determine fuzzy partitions to be used for the computation of the
fuzzy limit state. The number of subclasses is related to a specific degree of understanding; therefore,
the proposed method integrates the practitioner’s local experience for finalizing the decision-making
process and assessing the reliability of the geotechnical problem. The reliability assessment of the
bearing capacity for a wind turbine foundation is provided to highlight the potential of the proposed

methodology.

1. INTRODUCTION

A safe design of a foundation is achieved when
a specific target reliability level is properly met.
When dealing with geotechnical engineering prob-
lems, various sources of uncertainty affect the reli-
able assessment of the safety level, such as inherent
variability (e.g., Lumb 1966), measurement scatter
due to limitations of the experimental techniques
as in Phoon and Kulhawy (1999) and Uzielli et al.
(2006), and sampling or statistical error as in Ching

et al. (2016) because of the limited number of soil
samples used in the investigation.

Therefore, a reliability framework should allow
the quantification of the various uncertainties af-
fecting the parameters of the engineering problem.
According to the nature of the uncertainty, e.g.
aleatoric or epistemic, different approaches have
been developed. Under the probabilistic frame-
work, well-established approaches can be used:
Zorzi et al. (2020) developed a reliability frame-
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work with emphasis on verifying the serviceabil-
ity limit state criterion in terms of maximum al-
lowable rotation during an extreme cyclic loading
event assuming the soil parameters are normally
distributed; Carswell et al. (2015) used a first-order
method (B method) and Monte Carlo simulation
(MCS) to estimate the reliability of an offshore
wind turbine monopile foundation when the beta
distribution has been adopted for modeling the vari-
ability of the soil properties.

Nevertheless, practical geotechnical problems
are associated with sampling uncertainty resulting
from sparse and scarce information. Ching and
Phoon (2019) and Ching and Phoon (2020) pro-
posed a Bayesian machine learning method to han-
dle Multivariate, Uncertain and unique, Sparse, and
InComplete (MUSIC) data. Non-probabilistic ap-
proaches have been also applied for geotechnical
reliability analyses; nominal soil properties have
been treated as fuzzy numbers in Nawari and Liang
(2000), or as fuzzy sets in Pramanik et al. (2021).
Possibility theory (Dubois and Prade 2004) based
on Zadeh’s theory of fuzzy sets (Zadeh 1965) pro-
vides a simple quantitative framework for statistical
reasoning with imprecise probabilities (Beer et al.
2013; Dubois and Prade 2015).

In this paper, a novel definition of reliability
based on the possibility approach is proposed. This
provides a simple and robust tool for the uncertainty
propagation of MUSIC data and subjective informa-
tion. By adopting the probability-possibility con-
sistency (Hose and Hanss 2019), the novel defini-
tion of possibilistic reliability equips practitioners
with an alternative cardinality of reliability that ex-
tends the classical definition.

Data, represented by possibility distributions, are
estimated from samples of datasets (e.g., Hose and
Hanss 2020) through fuzzy clustering (Oliveira and
Pedrycz 2007). Therefore, the database becomes a
fundamental support for practitioners for assessing
reliability. Moreover, through clustering, a robust
approach to account for local experience and en-
gineering judgment is integrated into the proposed
reliability assessment of geotechnical systems.
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2. PROPOSED POSSIBILITY RELIABILITY AP-
PROACH WITH DATABASE CLUSTERING

2.1. Possibilistic Reliability

The structural safety at the Ultimate Limit State
(ULS) of a geotechnical system can be described
through a limit state function or performance func-
tion, G, taking as arguments a vector of d real pa-
rameters (Xi,...,Xy) with elements in a nonempty
subset X C R4, The safety criterion can be ex-
pressed as follows:

G(X],Xz, ...,Xd) > (0 = Safe

. (1)
G (X1,X2,...,X;) < 0= Failure.

The real parameters (Xi,...,Xy) represent the
geotechnical properties governing the resistance of
a given foundation as well as the external loads ap-
plied to it. Because of the uncertainty in the charac-
terization of the soil medium, the Possibility The-
ory of Dubois (2006) offers a framework to deal
with multivariate, uncertain, unique, sparse and in-
complete (or MUSIC, Phoon 2018) data. Therefore,
a subset of the previously defined real-valued quan-
tities X;, j = 1,2,...,d are now expressed in terms
of d fuzzy intervals (or fuzzy numbers) represented
by membership functions uy; : R — [0, 1] such that,
given two closed real intervals [a;,b;] and [c},d;]
witha; <c; <d; <bj,itis, for z € R,

z<aj
a;<z<cj
cj<z<d;
dj<Z§bj

Z>bj

)

where u}L(j : laj,c;j] — [0,1] is a non-decreasing
right-continuous function, uﬁi (z) > 0 for €laj,cjl,
called the left side of the fuzzy interval and
u§j : [dj,bj] — [0,1] is a non-increasing left-
continuous function, u§j(z) > 0 for z € [dj,bj],
called the right side of the fuzzy interval. By con-
vention, if d = 1 the index j will be omitted in (2).

Zadeh’s extension principle (Zadeh 1975) is
hence applied to transform the limit state function
G in Eq. (1) to a fuzzy function which takes the
membership functions of the inputs, uy;, j=1...,d
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and returns the membership function ug of the out-
put. In analogy with the representation of Eq. (2),
ug takes the following form

if g<ag
g) if ag<g<cg

0
I if cg<g<dg
&
G
0

uG(g) = 3)

ur(g) if dog<g<bg

it g>bg

where the support is given by the interval [ag,bg]
and the core by [cg,dg]; g € R is a dummy variable
that denotes any possible value of function G on its
range.

This allows exploitation of important features for
the definition of a safety criterion: since a proba-
bilistic cumulative distribution function (CDF) can
be transformed to a possibility distribution func-
tion (Hose and Hanss 2019), and vice-versa, a pos-
sibilistic cardinality based on Eq. (3) can be cali-
brated to be consistent with the target probability
of failure prescribed by the structural code (e.g. EN
1990 British Standards Institution. et al. (2021)).

The conventional safety criterion is hence con-
verted as follows:

ug(0) < a® = Safe

4
uc(0) > a* = Failure @

where, for a fixed (possibilistic) Target Reliabil-
ity Value, a*, the value G < 0 is possible only at
a small maximum acceptable possibility level to
guarantee structural safety.

In this paper, the probability-to-possibility trans-
formation is represented by the Average Cumula-
tive Function (ACF for short) of u, (see Stefanini
and Guerra 2017), stated in terms of the function F,,
satisfying the equality

u(x) =2-min{F,(x),1 —F,(x)}. )

There exists a bijective correspondence between
the family of all AC functions F;, and the family of
the probabilistic CDFs Fy of a real random variable
X. For a fixed F, the function

F~'(a) = inf{x|F(x) > o} for all o €]0,1]

6
F10)=a ©
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is called the quantile function of F. Then, given F
as above, there exists a unique membership func-
tion u with AC function F,, = F such that, for all
x € R, equation (5) is satisfied and the o-cuts of the
fuzzy number u coincide with the a-quantiles of the
inverse function Fu_1 obtained as in Eq. (6) for F,,
for all & € ]0, 1] (Stefanini and Guerra 2017).

For example, through the transformation of the
Gaussian cumulative distribution function into the
average cumulative function, as explained below, it
is possible to define a value of membership func-
tion consistent with the prescribed failure probabil-
ity of 7.2348 x 107> in EN 1990 British Standards
Institution. et al. (2021) for RC2 class with a 50-
year reference period; the consistent Target Relia-
bility index is computed as o* = 1.447 x 10~* for
the same conditions.

Since the membership functions of the X;, j =
1,2,...,d parameters can be obtained from the em-
pirical cumulative distribution functions, we pro-
mote the use of an external database to support the
reliability assessment of geotechnical foundations.

2.2.  Integrating Databases and Local Experience
Given a database of d-dimensional tuples, x; =
(Xi1,Xiq), 1 =1,2,...,m, with m records for each
of the given d attributes, the estimation of the mem-
bership function for each of the d parameters taken
independently is achieved through the three-step
procedure described below. In the rest of this sec-
tion, the procedure is developed for a single given
input parameter X, hence d = 1 and the j index is
omitted.

2.2.1. Step 1: Fuzzy clustering and partitioning
Clustering is essentially an optimization approach
that consists of determining a family of n classes
1, ...,%, and the clustering (m x n)-matrix, U =
[uj k] with u;; € {0,1} for k-means deterministic
clustering or u;; € [0,1] for c—means fuzzy clus-
tering, in order to minimize an appropriate objec-
tive function. This can be based on some distance
measure, d(x;, %), between the i-th record and the
k-th class (cluster).

In fuzzy clustering, the component u; . of the par-
titioning matrix measures the degree of member-
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ship of x; to class 6} and B > 1 is a fixed fuzzifica-
tion coefficient. For B = 1, the approach will pro-
vide the same results as the deterministic k-means
clustering. Usually, each cluster 4 is identified
in terms of a computed (representative) prototype
value ¢ € [a,b], k =1,2,...,n and the distance d; x
is the euclidean one.

After assigning a degree of membership, u; g,
to the i-th data for each of the k = 1,...,n,
classes, a (finite) fuzzy partition of the interval
la,b] in terms of a family of n. fuzzy numbers
{Aj|k=1,2,...,n} is sought. In this paper, the
so-called Ruspini condition (see, e.g., HolCapek
et al. 2015; Novék et al. 2016) is satisfied, namely,
A (x)+ A (x) =1 forall k=1,2,...,n. — 1 and
all x € [a,b] . The usefulness of a fuzzy partition is
that each observed datum x; has either one mem-
bership value A;°(x;) = 1 (and it belongs to the
core of the fuzzy number AZC representing the k-th
cluster), or exactly two positive values A;*(x;) and
Al (x;) = 1 — Aj“(x;), the others being zero.

2.2.2. Step 2: Determine Empirical Membership
Functions

The second step consists of obtaining, for the n,
classes of the Ruspini partition, the empirical mem-
bership functions extracted from the observed val-
ues {x;|i=1,2,...,m} in the clustered database.
Each k-th Ruspini partition, AZ“, is converted to an
empirical membership function uﬁCF S k=1,....n.
through the ACF transformation of the subset of
data of each cluster belonging to the support of A7¢,
k=1,2,....n., as described by Eq. (5). The trans-
formation will generate a possibility number con-
sistent with the empirical cumulative distribution of
the data.

2.2.3. Step 3: Derivation of the Design Fuzzy
Membership function

The final step of our procedure is to obtain the
fuzzyfied version of the input parameter X = X,
i.e., its membership function u; on the range [a, D],
for any possible value X. The core of the fuzzy
value % is represented by the characteristic or nom-
inal value embodying the aleatory randomness of
the considered parameter. The remaining features,
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Figure 1: Investigated Wind Turbine Foundation prob-
lem

i.e. the support and shape of the membership func-
tion, are derived from the information extracted
from the database. In particular, two consecutive
fuzzy numbers AZC and A’]:f|r , of the Ruspini parti-
tion {A}°|,k=1,2,...,n.} obtained in Step 2 are
identified in relation the the position of X; there-
fore, a convex combination is used for merging
the two adjacent empirical membership functions
as follows:

(7)

Uy = Wﬁf(-i— (1 —W)I/Atfc_’_l

where the weights w and 1 —w are given by w = AZ"
(or, equivalently, 1 —w = AZ:L | ) . The obtained
fuzzy number, uz, defines the Design Membership
Function to be used as an argument of the fuzzy
performance function in Eq. (1) and to assess the
possibilistic reliability in Eq. (4).

3. POSSIBILITY RELIABILITY ASSESSMENT OF
WIND TURBINE PILE FOUNDATION

3.1.  Problem Description

A 65-KW onshore wind turbine founded on a 4 x 4
pile group is considered. Data of the wind turbine
are taken from Austin and Jerath (2017). The tower
i1s 23 m high and its mass is 10700 kg. In this in-
vestigated example, the piles have been designed to
have a diameter, D, equal to 0.25m and pile length,
L, of 45m. An equivalent vertical static load of
about 235 kN is applied to the pile group founda-
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Figure 2: CPT soundings obtained from the BGS

database (Self et al. 2012) in grey colour and reference

CPT test (red colour curve)

tion to consider gravity and wind load. The per-
formance function G to define the structural safety
at the Ultimate Limit State (ULS) is defined as the
difference between the resistance and the external
load V as follows:

G=R-V (8)
The pile bearing capacity, R, is evaluated directly
from the results of a Cone Penetration Test (CPT)
sounding carried out in the Oxford Clay Formation
(see Figure 1). Therefore, the resistance parame-
ters are evaluated through the Bustamante and Gi-
aneselli approach where the cone resistance, gc, is
used to derive the pile unit end bearing, gp, and the
pile unit side friction, fp.

3.2.  BGS Database Clusterization

To assess the reliability of the designed pile
group, the result of the experimental CPT is com-
pared with published data and local experience, as
suggested by EN 1990 2021. In this paper, the
dataset of CPT values recorded in the BGS National
Geotechnical Properties Database (Self et al. 2012)
is considered. The considered records are the cone
resistances of CPT testing conducted on 30 bore-
holes in the Oxford Clay formation from 3 different
members (i.e., Stewartby, Peterborough and Wey-
mouth ). Figure 2 shows with a red-color curve the
cone resistance, gc, derived from the experimental
CPT sounding used for the pile design whilst the
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Figure 4: Fuzzy Clustering of the cone resistance for
low DoU (n. = 3)

grey curves represents all the records collected in
the BGS database. To consider the measurement
error, for each record, 100 samples are generated
by using the original record as a mean trend and
summing up a random, normally distributed, fluc-
tuation (Ching et al. 2018) with coefficient of vari-
ation (COV) equal to 0.15, selected as the lower
bound of the COV values investigated in Phoon and
Kulhawy (1999) and Salgado et al. (2019) for CPT
testing. The generated values are represented by a
blue circle in Figure 3

Figure 4 and Figure 5 show the distribution of
the cone and frictional resistance and their Ruspini
partitions by black-curves for 2 different number of
subdivisions, i.e., n, = 3 and n, = 7; it is worth
emphasizing that, in our application, the number 7,
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Figure 5: Fuzzy Clustering of the cone resistance for
high DoU (n. =17)

of membership functions in a Ruspini partition can
be associated with a semantic interpretation, for in-
stance, for n. = 3 classes the DoU is considered
Low, for n. = 5 classes the DoU is Typical, and
DoU is High for n. = 7 classes.

This property is exploited in the proposed
methodology to embed the local experience and en-
gineering judgment in the assessment of the relia-
bility: if the level of confidence in the experimen-
tal data, hereinafter called Degree of Understanding
(DoU), based on local experience, number of sam-
ples and comparison with published data, is high, a
higher number of subclasses can be used to reduce
the epistemic uncertainty whilst for low DoU (no
local experience and few samples), the number of
subclasses is reduced by increasing the epistemic
uncertainty of the design parameter.

3.2.1. Assessment of the Possibilistic Reliability
The Ruspini partitions are then transformed
through the ACF-transformation and converted in
empirical membership functions as depicted with
black curves in Figure 4 and 5. The membership
function of the cone resistance, u,,, and frictional
resistance, uys,, for the reliability assessment are
obtained by positioning the nominal values used for
the pile design (in this case, the cone and frictional
resistance obtained by the CPT sounding) and then
merged to derive the red-colour membership func-
tions in Figures. 6-7 for different DoU.

It is worth noting that the support of the design
membership function is smaller when a higher DoU
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Figure 6: Empirical and Design membership function
(MF) for low DoU
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Figure 7: Empirical and Design membership function
(MF) for high DoU
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Figure 8: Membership function ug of the fuzzy per-
formance function G for three DoU levels: a) Low; b)
Typical; c) High.
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Table 1: Possibilistic Reliability Assessment

DoU
Test Result

Low | Typical
SAFE

High
SAFE

(High understanding) is considered, demonstrating
that by increasing the local experience and engi-
neering judgment, the method is able to capture the
decrease of the uncertainty of the parameter. Fi-
nally, the possibilistic reliability assessment is con-
ducted for each DoU by verifying Eq. (4).

Because of the monotonicity of the performance
function, G, the computation of the membership
function, ug, is simply obtained by calculating
the deterministic function, G, for each value of
the sides of the design membership function; each
value is associated with a certain level of member-
ship in [0, 1]. If the value of the membership func-
tion at G = 0 is greater than the Target Reliability
Value (a* = 1.447 x 10™%), the criterion is satis-
fied (Safe), otherwise not and the structure is un-
safe (Fail). Moreover, as evidenced in Figure 8, an
increase in DoU level is associated to a reduction
in the support [ag,bg| of membership function ug
in Eq. (3) and, consequently, a lower impact of the
uncertainties on the result.

Table 1 summarizes the outcome of the proposed
possibilistic reliability assessment; for Low DoU,
the pile design is considered unsafe due to the large
variation and weight of the database; for Typical
and High DoU, if local experience and number of
samples are sufficient, the design can be considered
safe.

4. CONCLUSIONS

In this paper, a novel reliability assessment of
geotechnical systems is proposed. To deal with
MUSIC data and subjective information, the Possi-
bility Theory is used to define a fuzzy performance
function based on the probability-possibility con-
sistency theorem. This allows the definition of a
possibilistic cardinality congruent with the proba-
bilistic concept of failure probability. Moreover, the
membership functions of the soil parameters can be
estimated from the fuzzy clusterization of an exter-
nal database, that can be modulated to accommo-
date different Degrees of Understanding to support
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the decision-making process based on subjective in-
formation such as local experience and engineering
judgment.
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