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Summary
The random vortex method is a Lagrangian technique which involves solving 

the stream function-vorticity formulation of the Navier-Stokes equations. Discrete 

vortex particles, which are created at the surface to satisfy zero slip, are convected 

in the inviscid flow, while diffusion is modelled as a random walk.

The interaction of the discrete vortices can be computed more efficiently by 

use of a cloud-in-cell technique. Here the vorticity of the particles is spread onto a 

fixed Eulerian mesh, providing a source term for the Poisson equation which can 

be easily solved to provide the stream function (and hence velocity) field on the 

mesh. The cloud-in-cell technique has traditionally been used with regular polar or 

Cartesian grids in two dimensions, thus requiring conformal transformation and/or 

multi-grid methods for application to complex geometries.

A new method, referred to herein as the cloud-in-element method, is presented 

which allows a single unstructured mesh to be used for multiple bodies and ar­

bitrary geometries in two dimensions. The technique requires a computationally 

efficient location of point vortices in an unstructured mesh, which has been made 

possible by use of reference matrices. A finite element method is used to solve the 

velocity field on the unstructured mesh.

The method is shown to be computationally efficient, with a process time 

which varies linearly with the number of point vortices used in the simulation. A 

preliminary study of accuracy and mesh dependency has shown the method to be 

stable, with increasing accuracy for finer discretisations in space and time.

The algorithm is described, and results for the standard case of impulsively 

started flow over a circular cylinder are presented for a range of Reynolds numbers 

from 40 to 9500. Good quantitative agreement for Strouhal number and total drag 

has been achieved. Qualitative agreement of the instantaneous streamline pattern 

and flow structure was also observed. Vorticity plots are presented for flow over 

two cylinders, showing the application of the method to multiple bodies.



Drinking

The thirsty Earth soaJcs up the Rain,

And drinks, and gapes for drink again. 

The Plants soak up the Earth, and are 

With constant drinking fresh and fair.

The Sea itself, which one would think 

Should have but little need of Drink, 

Drinks ten thousand Rivers up.

So filled that they o’erflow the Cup.

The busy Sun (and one would guess 

By his drunken fiery face no less)

Drinks up the Sea, and when hs has done. 

The Moon and Stars drink up the Sun. 

They drink and dance by their own light. 

They drink and revel all the night. 

Nothing in Nature’s sober found.

But an eternal health goes round.

Fill up the Bowl, then fill it high.

Fill all the Glasses there, for why 

Should every creature drink but I,

Why, Man of Morals, tell me why?

Abraham Cowley, 1656
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N om enclature

A element area

Ai area of triangular region i

Li area coordinate i

N number of vortices

Ni shape function i

Re Reynolds number
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free-stream flow velocity
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P pressure

A t time step

u local velocity in x-direction
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V velocity vector

r circulation
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Chapter 1

Introduction

Fluid dynamics, the study of fluids in motion, is important across a broad range 

of interests. The way weather systems form, how a plane flies through the air, the 

way our blood flows, and how the ocean forms currents and waves, all involve the 

motion of fluids and their interactions with their surroundings.

Fluid dynamics has traditionally been reseaxched by empirical and analytical 

methods. The empirical approach involves running experiments to understand 

different types of flows. These experiments supply important data and flow vi­

sualisations, which allow a deeper understanding of the flow structure, and can 

yield empirical relations of great practical use. However, most empirical results 

can not be generalised to new types of flows or geometries. The analytical ap­

proach has resulted in mathematical descriptions of fluid characteristics, and rules 

governing their behaviour. Unfortunately, analytical approaches are often limited 

by too many simplifications and assumptions to be applicable to flows of practical 

engineering interest.

The emergence of large scale computing power has meant that physical systems 

which would have been impracticable to calculate by hand could now be solved. 

The area of computational fluid dynamics (CFD) has developed, which involves 

formulating the governing equations of fluid flow in ways which can be solved by 

computers. The role of computers in fluid dynamics is becoming more important
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as advances are being made in simulation techniques, and computer hardware 

becomes more powerful and more widely available.

The governing equations require more than mere computational power to allow 

them to be solved for general applications. Direct numerical simulation (DNS) in­

volves solving the governing equations on a fine mesh attem pting to  capture all of 

the small scale variations in space and time which may occur in the fluid. The com­

putational effort involved in doing this is so great that this method can currently 

only be applied to simple cases and low Reynolds numbers. Some simplification 

of the governing equations is necessary if they are to be solved in a more efiicient 

manner.

Large eddy simulation (LES) involves solving the governing equations on a 

mesh, as for DNS, except the resolution of the numerical model is not as fine. 

Some of the fluid behaviour will take place on scales smaller than those which can 

be captured by the solution on the grid. These sub-grid scales are removed from 

the main calculation by filtering, and accounted for with a calibrated model of 

their behaviour.

Most commercial CFD codes implement a further simplification whereby the 

governing equations are split into a time-averaged component and a random fluc­

tuating component. The resulting equations of the mean behaviour of the flow are 

called the Reynolds averaged Navier-Stokes equations (RANS), and are solved on 

a grid. The fluctuating paxt gives rise to Reynolds stresses, the effects of which 

are simulated by some mathematical model.

All of these approaches to CFD follow an Eulerian method and discretise the 

flow space onto a grid before applying and solving the governing equations. This 

means that the flow is solved only for the nodes of the grid, and the solution is 

very dependent on the meshing techniques used. If the mesh is too coarse, then 

the small-scale motions of the flow may not be modelled accurately. Alternatively, 

if the mesh is too fine the computational efficiency decreases.

Vortex methods offer an alternative approach to the solution of the flow field
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by using a Lagrangian method. This effectively discretises the flu id  rather than 

the flow space. The vorticity field is discretised into a set of representative points 

and the progress of these points is followed as they interact with the flow and 

with each other. In flows where boundary-layer separation is an important phys­

ical phenomenon, such as flow past blufi'-bodies, the vorticity creation process at 

solid wall boundaries and the subsequent transport of vorticity along the bound­

ary is of primary importance. Modelling the flow by tracking particles of the 

discretised vorticity field is an efficient approach, because fluid vorticity often lies 

in concentrated regions of the flow, and thus a vorticity formulation reduces the 

mathematical description to its essential components.

The use of point vortices in a flow simulation requires that the velocity fleld due 

to the point vortices present be calculated at every time step, taking into account 

the presence of any solid boundaries in the flow. The velocity field calculation can 

be carried out efficiently by using an Eulerian (grid-based) solution for the velocity 

field of the point vortices. This mixed (Lagrangian - Eulerian) formulation, while 

efficient, is limited to use on regular grids which axe superimposed on the flow. 

Using point vortices for simulations of flow over multiple bodies, and arbitrary 

geometries, becomes a difficult task.

The present work introduces a new technique whereby the velocity field due 

to all point vortices present may be calculated making use of an unstructured 

mesh. Location of point vortices in the unstructured mesh is made efficient by use 

of reference matrices, and the velocity field is solved on the mesh using a finite 

element method. The unstructured mesh may be used to cover flow flelds which 

include multiple bodies and arbitrary geometries, allowing an efficient solution 

using a mixed Lagrangian-Eulerian method.
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1.1 Objectives and overview

The primary objectives of the present work are:

• To allow the random vortex method to be easily applied to multiple bod­

ies and arbitrary geometries in two dimensions by making use of a single 

unstructured mesh to calculate the velocity field

• To efficiently locate point vortices within the unstructured mesh.

• To investigate the numerical stability and accuracy of the method as simu­

lation parameters are varied

• To validate the method by comparison of results with other computational 

and experimental results.

The documentation of how these objectives are achieved has been organised 

into seven sections.

The background of the vortex method will be reviewed in C hap te r 2, from its 

introduction in the study of the roll-up of a vortex sheet, through the inclusion of 

viscous effects and the velocity field calculation, to the problems posed by multiple 

bodies and arbitrary geometries.

C hap ter 3 will discuss the random vortex method. The governing equations 

used in this method will be described, and the way they are modelled by the 

creation, convection and diffusion of vortex particles will be discussed. An expla­

nation of how boundary conditions which arise at a solid surface are enforced in 

the course of a simulation is given.

The discussion moves on to consider the calculation of the velocity field in 

C hap ter 4. This not only concerns maintaining a bounded and physically realistic 

velocity calculation during the simulation, but also involves methods whereby these 

calculations may be carried out as efficiently as possible. The central issue of the
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present work, which allows such efficient and bounded calculations to be applied 

to arbitrajy geometries and multiple bodies is discussed here.

C hap te r 5 discusses the more practical issues of the CFD program. Issues to 

be considered when generating the unstructured mesh are discussed, along with 

the effect of time step, mesh spacing, and other simulation parameters.

The computer algorithm is presented in C h ap te r 6, and the main processes 

at each stage of the algorithm are illustrated. A time profile of the simulation is 

also presented.

The simulation was run for the standard case of flow over a circular cylinder, 

and the results are presented in C h ap te r 7. Comparison is made with other 

computational and experimental results over a range of Reynolds numbers from 

40 — 9500. The method allows application to axbitraxy geometries and multiple 

bodies, and an illustrative simulation of the flow over two circular cylinders was 

executed.

In the concluding chapter. C h ap te r 8, the method introduced in this work, 

and the results of the present simulations are summarised. Some areas which could 

be of interest to future research are mentioned.
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Chapter 2 

Background of the vortex method

The first calculations which made use of tracking point vortices to investigate 

the behaviour of a vortex sheet were pubhshed in 1931 by Rosenhead [18]. The 

use of point vortices to predict the roll-up of a vortex sheet was the subject of 

subsequent publications by others, and the different problems encountered, and 

proposed solutions, are outlined in Section 2.1.

Initially, point vortices were used in calculations of inviscid flows. In 1973, 

Chorin [5] introduced the random-walk method to allow viscous effects to be in­

cluded in the flow simulations. Another way of including viscous effects is the 

particle strength exchange method used in modern vortex blob methods [9]. These 

methods are discussed in Section 2.2.

When simulations involve a large number of point vortices, as may be required 

for high Reynolds numbers, high resolution, or long run times, the question of 

efficient computation becomes important. Both in the early years of research 

into vortex methods, when computing power was minimal in modern terms, and 

nowadays, on powerful supercomputers, the limiting factors for simulations are 

the available memory and processor speed. Methods to increase the efficiency of 

a simulation are discussed in Section 2.3.

Section 2.4 will discuss the methods of applying traditional vortex methods to 

flow past multiple bodies and arbitrary geometries, while Section 2.5 will introduce
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the rationale for the method presented in this work.

2.1 Vortex sheet roll-up

The first attempt to numerically calculate a flow by solving an approximation to 

the vorticity equations was carried out without the aid of computer power. Rosen- 

head [18] considered the behaviour of a vortex sheet in 1931 tracking the position 

of point vortices with calculations performed by hand. A simple example of a 

vortex sheet is two inviscid fluids moving parallel to each other at different speeds 

(Figure 2.1(a)). The vorticity in this type of flow is zero everywhere except for 

along the thin sheet which separates the two fluids. This vortex sheet is unstable, 

and will roll up into a spiral structure if it is disturbed.

(a)

(b)

(c)

Figure

Rosenhead proposed that instead of having a continuous distribution of vor­

ticity over the surface of separation, the surface is broken up into many parts by 

lines at equal intervals (Figure 2.1(b)), and the vorticity in each of these sections 

is imagined concentrated into an elemental vortex at its centre (Figure 2.1(c)). In 

this way, Rosenhead allowed himself to consider a finite number of points instead 

of a continuous vortex sheet, with the strength of each point being the total circu­

lation of the line segment it replaced. These points, used to replace sections of the 

vortex sheets, are called point vortices. The motion of these point vortices may 

now be considered, and at any time the line joining them gives an approximation 

to the vortex sheet.

In Rosenhead’s calculations the sheet initially lay along the x  axis, with a flow

2.1: Modelling a vortex sheet
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velocity in the positive x  direction above the sheet, and in the negative x  direction 

below the sheet. A small initial sinusoidal disturbance was given to the vortex 

sheet, and the evolution of the sheet was tracked.

The instantaneous velocities of the vortices in their initial positions were cal­

culated, and the vortices were then moved with this local velocity for a time step 

A t to their new positions. The velocities of the vortices induced by all the vor­

tices themselves were calculated again at their new positions, and the vortices 

convected. Using this first order time-stepping technique, Rosenhead was able to 

produce a qualitative picture of the process of periodic concentration of vorticity 

accompanied by a rolling up of the vortex sheet, shown in Figure 2.2, which had 

been noted experimentally.

Figure 2.2: Vortex sheet roll-up [18].

Rosenhead’s technique was a very successful approximation, however £is all 

calculations were done by hand, he could only use 12 vortices per wavelength of 

the disturbance. The idea of tracking point vortices was investigated by others, and 

it was thought that with the advent of computers, more point vortices and smaller 

time steps could be used, and the accuracy of the results would be increased. 

However, this was not the case. In 1959 Birkhoff and Fisher [3] tried to reproduce 

the results Rosenhead obtained, but using 22 vortices per wavelength instead of 

twelve, and also taking smaller time steps. The results showed that although the 

vortices did gather in clusters, the paths they followed during the simulation were
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irregular, and the point vortices crossed paths, which is physically impossible for a 

vortex sheet (Figure 2.3). They argued against the idea that vortex sheets roll up 

smoothly, and indicated that point vortex simulations may be expected to exhibit 

a tendency towards randomisation of position. Viscosity was said to be essential 

to stabilise the rolling up of real vortex sheets, which will only roll up smoothly 

without amalgamation by diffusion for one or two complete turns at most.

Figure 2.3: Random behaviour during vortex sheet roll up [3].

The challenge of obtaining smooth roll up of a vortex sheet approximated by an 

array of point vortices remained for a decade, until three different papers offered 

practical solutions. Moore [16] thought that it was the discretisation of the vortex 

sheet which was responsible for the chaotic motion. The area of most interest in 

vortex sheet roll up is the motion near the tips of the vortex sheet. As the vortex 

sheet rolls up, a spiral shape forms at the tip. If the distance between layers in 

the roll up, referred to as turns, is much less than the typical arc distance between 

the constituent vortices then there will be instants when vortices on neighbouring 

turns come very close together. This, Moore claimed, will lead to a spuriously 

large interaction between this pair which might disrupt the orderly evolution of 

the system. Thus any attempt to replace the sheet by a finite number of point 

vortices will cease to be sufficiently adequate near the centre of the spiral, where 

the number of turns is large. Moore suggested the following approach: “One can 

suppose that the velocity field of a turn of the spiral is adequately represented
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by N  or more point vortices, where the integer N  has to be determined by trial 

and error. If a turn proves to contain less than N  point vortices, one gives up 

the attem pt to describe it individually, but represents instead the net effect of all 

such turns by a single vortex of appropriate strength at the centre of the spiral... 

In effect, vortices which try to get too far into the inner spiral are absorbed into 

the tip vortex, whereas the outer turns of the spiral have at least N  vortices on 

each.” Using this method, Moore obtained a smooth roll up of the vortex sheet 

(Figure 2.4).

»« »» 1-q i :
T “ ' I— t— ! "■ I '■ I—ryrrsT-—1— p~r*

/ / \
•  i '  ! i

\  /  «I

Figure 2.4: Moore’s roll up by combining inner vortices [16].

Another successful simulation of vortex sheet roll up was obtained by Chris­

tiansen [8] when applying the cloud-in-cell (CIC) method to some hydrodynamic 

problems. The main intended benefit of using CIC with point vortices was in­

creased computational efficiency, and CIC will be discussed further in Section 2.3. 

However, it also had the effect of avoiding the chaotic motion during the roll up 

of point vortices. Christiansen replaced a vortex sheet by a finite set of point 

vortices, and allowed these point vortices to move in a velocity field given on a 

Cartesian mesh by the CIC method. In the CIC method, a Cartesian mesh is 

superimposed on the flow field, and the vorticity of the point vortices is credited 

to surrounding mesh points through a bilinear interpolation. When the vorticity 

from all of the point vortices has been distributed to the mesh points, the stream 

function-vorticity equation can be solved on the mesh, and reverse interpolation
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used to find the velocity a t the locations of the point vortices. The relevant part of 

this method in avoiding chaotic motion is th a t the velocity field is obtained from 

a Cartesian mesh. If two point vortices lie very close to each other, direct vortex- 

to-vortex calculations will result in spuriously large interactions, as Moore had 

reported. W ith the CIC method, however, the vorticity is assigned to the nodes of 

the mesh before the stream  function (and hence velocity) is calculated. Therefore, 

so long as the nodes of the mesh do not lie very close to each other, the calculated 

velocities will remain physically realistic, and the simulation may progress without 

randomisation of the point vortex positions. This m ethod allowed Christiansen to 

obtain the picture of the roll up of a vortex sheet shown in Figure 2.5.

Figure 2.5: Christiansen’s roll up achieved by applying the cloud-in-cell method.

Chorin k . Bernard [7] took a different approach to the problem. They recog­

nised th a t the point vortex approximation to a vortex sheet (or to a continuous 

vorticity distribution) could not be taken too literally, since a point vortex induces 

a velocity field which becomes unbounded (very large velocities are predicted near 

the centre of the point vortex). However, they argued th a t as soon as the velocity 

field of the point vortices is smoothed out and made bounded, the approximation 

becomes reasonable. In fact, they suggested th a t the hand calculations of people 

such as Rosenhead offered apparently better results than  more modern calculations 

performed on computers “because the limited accuracy of precomputer calculation 

had a smoothing effect” .

The problem they attacked was the “unduly large flow” produced by a point 

vortex when the typical distance between vortices became comparable to the in­

trinsic characteristic lengths of the problem, and the solution they offered was to
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make use of vortex blobs (introduced by Chorin earlier that year [5]). Whereas 

the velocity induced by a point vortex approaches infinity as the distance from its 

centre approaches zero (Figure 2.6(a)), with vortex blobs a small cut-off length is 

used. The velocity outside this cut-off length is calculated the same way as for a 

point vortex, with the stream function varying by the log of the distance. Inside 

the cut-off length, Chorin set the stream function to reduce linearly towards zero, 

giving a constant induced velocity inside the core (Figure 2.6(b)). This results in 

a bounded velocity field and removes the problem of singularities due to vortices 

in close proximity. Later models involving vortex blobs would use Gaussian based 

velocity distributions in the core, with zero velocity at the centre.

cut-off length

radius^ radius^

(a) Point vortex velocity field, (b) Vortex blob velocity field.

Figure 2.6: Chorin’s vortex blob.

Applying vortex blobs to the case of vortex sheet roll up resulted in the chaotic 

motion near the tip being damped, and a smooth roll up was obtained, as shown 

in Figure 2.7. The paper concluded that Rosenhead’s point vortex approximation 

is valid and useful, providing the singular character of all the vortices is obviated 

by some smoothing.
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Figure 2.7: Chorin & Bernard’s smooth roll up using vortex blobs.

2.2 Including viscosity

Research using point vortices to study the roll up of a vortex sheet had resulted 

in the development of new tools for vortex methods. The next step was to see 

if these methods could be extended into the region of viscous flow. The interest 

in vortex methods lay in their efficient representation of the flow. If the govern­

ing equations were to be solved in an Eulerian manner, using a flnite-difference 

method to solve for the flow on a grid, then the mesh spacing would need to 

be flne enough to capture the behaviour in the boundary layer, and at Reynolds 

numbers of practical significance the number of mesh points as well as the amount 

of computational labour required to obtain a solution would be prohibitive [5]. 

Vortex methods oflFered a more efficient approach, where interest was focused on 

the vorticity in the flow. The flow information can be extracted from the vorticity 

field, and the vorticity field is compact compared to a mesh covering the entire 

flow domain. By discretising the vorticity field (into either point vortices or vortex 

blobs) a Lagrangian approach can be used, and the flow development calculated 

by considering the behaviour of the discretised vorticity field. The efficiencies of­

fered by this vorticity-based Lagrangian method prompted research into extending 

vortex methods into the region of viscous flow. To do this, the effect of viscosity 

would have to be included into the calculations in a manner which suited vortex

13



methods. The effects of including viscosity in the flow are:

• the creation of vorticity at the surface to satisfy the no-slip condition,

• viscous diffusion.

The way in which these effects are included in vortex methods are discussed in 

the following sections.

2.2.1 Vorticity creation

Chorin investigated slightly viscous two-dimensional flow over a circulax cylinder 

using vortex methods [5]. He enforced the no-slip condition, whereby the fluid 

velocity at the surface is zero due to the effects of viscosity, by creating a vortex 

sheet at the surface of the cylinder at each time step. If the strength of this vortex 

sheet was set so that it induced an equal but opposite velocity to that due to the 

flow present, then the total tangential velocity at the surface would be zero, and 

the no-slip condition enforced (Figure 2.8). Chorin suggested using a cut-off value 

for the circulation assigned to any point vortex. Thus, if the circulation required 

at a boundary point to satisfy zero tangential velocity was above this cut-off value, 

a number of point vortices would be created, each of strength less than the cut-off 

value, and totalling to the required circulation.
r -------------------------------------------------- \

u=0

Velocity at surface 
due to onset flow 
and vortex sheet

V__________________________ /

Figure 2.8: Vortex sheet enforcing no-slip condition.

The boundary condition of zero-permeability must also be enforced at the 

surface of the cylinder. Zero-permeability ensures that the fluid flows around.

Consider a section 
of the surface.

Velocity o f fluid

Velocity induced by 
vortex sheet
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and not through, the cylinder. Chorin enforced this condition by applying the 

source panel method [12], The source panel method replaces the solid surface with 

source panels, the strengths of which have been calculated to reduce the normal 

velocity at the surface to zero, hence there is no flow through the surface and 

zero-permeability is enforced.

2.2.2 Viscous diffusion

The presence of viscosity in a fluid requires that the viscous diffusion term of the 

governing equations be solved. The two ways which are most commonly used by 

vortex methods to include the effects of viscous diffusion are the random walk 

method, and particle strength exchange.

The random walk m ethod

The random walk method was introduced by Chorin [5]. A more detailed descrip­

tion of this method will follow in Chapter 3, but in short, the method involves 

modelling the viscous diffusion part of the governing equations by moving the 

point vortices at each time step by a random distance taken from a Gaussian dis­

tribution with a mean of zero, and a variance which is related to the length of 

the time step and the Reynolds number, hence statistically satisfying the effects 

of viscous diffusion [28].

Chorin used vortex blobs to overcome singularities, source panels for zero- 

permeability, and created a vortex sheet at the surface to enforce the no-slip con­

dition. The simulation was advanced through time by discretising this vortex sheet 

into a number of vortex blobs, and using a fractional step algorithm, whereby the 

vortex blobs were moved in their local velocity field to solve the convective part 

of the governing equations, and then a random walk was added to their positions 

to solve the diffusive part of the governing equations. The new velocity field was 

calculated, the boundary conditions applied, and the process repeated. Using this
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method, Chorin was able to obtain results for the drag coefficient which were in 

good agreement with experimental results, and also achieved a natural develop­

ment of boundary layer separation at the surface.

Peuiiicle strength exchange

Vortex methods which use vortex blobs and the particle strength exchange scheme 

to solve for viscous flow are discussed in detail by Cottet &: Koumoutsakos [9]. An 

outline of the method is offered here.

Viscous diffusion causes a change in the distribution of vorticity in a flow, while 

maintaining constant total circulation. The random walk method accounts for this 

change by moving the point vortices in a manner which statistically reproduces 

the effects of diffusion. An alternative to this would be to allow the point vortices 

to remain stationary while accounting for diffusion.

In the particle strength exchange scheme, the effects of viscous diffusion are 

modelled by changing the strengths, and not the locations of the point vortices. The 

viscous diffusion term is solved to find the change in the strengths of the point 

vortices required to give the new vorticity distribution after diffusion has taken 

place, while maintaining a constant total circulation in the flow. Convergence of 

this method requires tha t particles overlap enough to give a correct sampling of 

the (Gaussian) diffusion kernel. This calculation is included in the solution of 

the convective equation so that there is no longer any operator-splitting of the 

governing equations into a convective and diffusive term to be solved separately 

for each time step. Time discretisation can be done through classical time-stepping 

schemes, with no need for a fractional time step.

2.3 Increasing efficiency

Vortex methods could now be applied to viscous flows, and researchers started 

to consider the problem of obtaining flow simulations with as efficient a usage of
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processor power and memory as possible. The two main areas of interest discussed 

here involve the calculation of the velocity field, and the treatment of vortices 

crossing a solid surface.

2.3.1 Velocity field calculation.

Christiansen [8] considered a collection of point vortices lying inside a rectangular 

region covered by a Cartesian mesh. He assumed that each point vortex possessed 

uniform vorticity within a unit square such that the corresponding unit amount 

of vorticity can be distributed to surrounding mesh points through a bilinear in­

terpolation. At each time step, the vorticity of the point vortices is attributed to 

the nodes of the cell in which it is contained. He proposed that the vorticity be 

spread from the point vortices onto the nodes of the mesh by using the cloud-in-cell 

(CIC) method, sometimes referred to as the area-weighting technique. Using this 

technique, the vorticity is spread onto the nodes of its cell by means of a bilinear 

interpolation based on the sizes of the areas the point vortex forms within the cell.

Once all of the point vortices have been spread in this way onto the nodes of the 

mesh, the governing stream function - vorticity equation can be solved on the mesh 

using standard Eulerian mesh techniques, such as finite-difference. The velocity 

of each point vortex in this flow field can be now be obtained from the stream 

functions at the mesh points by interpolation, and the simulation advanced.

This reduces the cost of the flow field calculation for N  point vortices from 

0{N^)  (calculating the effect of every point vortex on every other point vortex) 

to a number of computations that is roughly linear in the number of vortices and 

mesh points, 0{N + M)  [15]. This forms the basis for the present work, and so a 

more detailed discussion of this method is given in Section 4.2.

An alternative method for eflacient calculation of the velocity field due to N  

vortices is often used in modern vortex blob simulations [9]. The method developed 

by Reenact & Rohklin [10] offers 0{N)  operation counts. The basic idea of the
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method is to decompose the vortex blobs spatially into clusters of particles and 

build a hierarchy of clusters. This hierarchy is created by dividing the flow field 

into a coarse regular mesh. Any cell of the mesh which contains more than a 

certain number of vortices is subdivided into smaller cells, and the number of 

vortices inside the new cells is again counted. This process is repeated, going from 

the coarse cell size to finer and finer cells, until no cells contain more than the 

cut-off value of vortices (Figure 2.9).

Figure 2.9: A hierarchy of clusters for a spiral distribution of vortex particles [9].

The velocity field is now calculated making use of this hierarchy. Cell to cell 

velocity calculations are carried out by treating distant cells as single vortices with 

strengths equal to the combined strengths of all vortices in the cell. Velocity calcu­

lations inside a cell are calculated for the direct interaction between all the vortices, 

hence a core model is essential, as vortices in the same cell may be close together. 

Although this method may offer up to 0{N) operation counts, it does have the 

fundamental weakness of requiring a re-mesh of the hierarchical cell structure at 

each time step. The application of this method, along with vortex blobs and the 

particle strength exchange method, was used by Koumoutsakos Leonard [13]
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to achieve high-resolution simulations of the flow around an impulsively started 

cylinder. The results they obtained are considered to be a benchmark for vortex 

methods, and will be compared to the results obtained in this work in Chapter 7.

2.3.2 Problems near solid boundaries

Chorin [6] presented a vorticity generation method to overcome the problem of 

a slow rate of convergence near boundaries. In his earlier paper, the tangential 

boundary condition was satisfied on the surface by creating a vortex sheet of 

strength u per unit length of the wall, where u is the tangential velocity at the wall. 

This vortex sheet was then broken up into elements and allowed to participate in 

the subsequent motion of the fluid. The vorticity elements which crossed the wall 

were deleted, and the effect of their vorticity recreated by the tangential surface 

velocity calculated at the next step. This formulation converged as the time step 

approached zero, but convergence was slow.

The method which Chorin proposed extended the velocity field across the solid 

surface. The tangential velocity inside the surface would be equal and opposite 

to the velocity outside the surface, giving a jump of velocity equal to 2uq across 

the surface. Therefore, in order to satisfy the no-slip condition and reduce the 

tangential velocity on the surface to zero, a vortex sheet with strength 2uq per 

unit length of the wall would need to be created (Figure 2.10(a)).

Vortices were convected by their local velocity field for the time step to solve 

the convective term of the governing equations, and a random walk added to their 

positions to solve the diffusive term. After these operations, some vortex particles 

may have moved to the inside of the solid surface, (Figure 2.10(b)). Any of the 

newly created vortices which cross the boundary are deleted, (Figure 2.10(c)), 

thus on average the amount of newly created point vortices which remain in the 

simulation will be half of those created, or a vortex sheet of strength uq, which is 

required to maintain the boundary condition from the external field to the surface.
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Any old point vortices which cross the boundary are reflected back to their mirror- 

image location in the flow field (Figure 2.10(d)). Hence, all vorticity which enters 

the simulation remains in the simulation, and at each time step the correct amount 

of new vorticity is added to the simulation.
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(a) Create new vortices.
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(b) Convect and diffuse.

e o 
o  e

o  o
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(c) Delete new internal vortices. (d) Reflect old internal vortices.

Figure 2.10: Point vortices crossing the solid boundary.

Stansby & Dixon [26] used Chorin’s improved surface treatment of vortices 

which cross the boundary, except they perform the rather logical reflection of a 

single strength vortex sheet (w) rather than Chorin’s double strength sheet idea 

(2u): “This simulation of diffusion may be conveniently effected by diffusing a sheet 

of the original strength and reflecting any sheets which move inside the surface on 

to their mirror-image positions on the outside. Sheets which were not initially 

on the surface but which cross due to their random walk are also reflected back. 

On average, this will balance those which would have crossed the surface from 

the inside in the course of their random walk. As well as being computationally 

desirable, these reflections ensure that the exact amount of vorticity created by
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the zero-slip condition is maintained in the flow.” This simply treats all vortices 

in the same way after diffusion.

As computers became more powerful, research into the vortex method contin­

ued. Smith and Stansby [23] published a comprehensive paper on their results 

for impulsively started flow around a circular cylinder. They used Chorin’s ran­

dom vortex method and Christiansen’s cloud-in-cell method on a single, radially 

expanding polar mesh, but also implemented a different scheme to calculate the 

surface conditions, whereby the value of the stream function on and inside the sur­

face was set to a flxed value. Vortices which crossed the boundary were reflected to 

their mirror-image positions. Simulations were run in a range of Reynolds numbers 

from 2.5 X 10  ̂ to 10 .̂ The number of vortices introduced per time step needed to 

be increased as the Re increases (and for longer computations) in order to obtain 

accurate velocity predictions. They compared their calculations with analytical 

solutions, Eulerian flnite-difference solutions and experimental flow visualisations, 

and there was good agreement between the results.

Smith & Stansby later went on to introduce an efficient method of dealing with 

vortices which crossed the surface [24]. Vortex particles which crossed the solid 

boundary were removed from the calculation, and their circulation was included 

in the circulation of particles created at the surface at the next time step, with 

an adjustment made to their random walk. This method of absorbing particles 

rather than reflecting them reduced the overall number of particles remaining in 

the simulation with no loss of accuracy. Hence more particles could be introduced 

at the surface at each time step than could be used with the reflect method, giving 

better accuracy and efficiency. Absorbing internal vortices is used in the present 

calculations, and the method is explained further in Section 3.7.3.
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2.4 M ultiple bodies and arbitrary geometries

All simulations which use the CIC method solve the Poisson equation on a regular 

grid, using a finite-difference approach. This introduces problems when there are 

certain areas in the flow where a fine grid resolution is required, or if the flow over 

multiple bodies is to be computed. The two methods which have been used in 

the past to allow the regular grids required by CIC to be adapted for use in these 

conditions involve using overlapping meshes, and using conformal transformations.

2.4.1 Overlapping meshes

The paper by Stansby &; Dixon [26] (which reflected all point vortices crossing the 

boundary, as discussed above) used more vortices at the surface of the cylinder 

than Chorin had (120 instead of 20), applied the cloud-in-cell method to handle 

the larger number of vortices, and maintained the zero-velocity condition on the 

surface by using only a vortex sheet (Chorin used a source sheet as well as creating 

vorticity).

Stansby &: Dixon also used overlapping meshes in their simulation. The cell 

size of the cloud-in-cell mesh determines the lower limit of the resolution of the 

velocity field calculation. A very small dimension is required on the cylinder 

boundary to model the behaviour in the boundary layer, while a large dimension 

will be adequate to transport large vortex structures which have convected large 

distances from the body. To achieve this overlapping meshes were used and solved 

together. An inner mesh, just large enough to cover the body, was used to provide 

sufficient definition for the boundary. The middle mesh covered the formation  

region, where vorticity shed from the surface forms large-scale structures, which are 

eventually convected downstream on the outer mesh. The velocity calculation was 

performed from the outside mesh towards the inner mesh. Boundary conditions 

for an internal mesh were obtained from its overlapping mesh. For convenience, 

mesh points on larger meshes coincided with the smaller mesh points where they
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overlapped. Poisson’s equation was thus solved three times and the velocity of a 

vortex was calculated from the stream function distribution of the mesh with the 

smallest possible cell size. As the surface boundary condition was satisfied by a 

vortex sheet, and multiple meshes were used to calculate the flow in diflferent areas 

of the flow field, this method could be applied to multiple bodies and arbitrary 

geometries which need not follow mesh contours.

Stansby & Dixon also mention that the CIC method predicts velocities due 

to a vortex sheet accurately on the sheet and at distances from the sheet greater 

than about one cell size. The influence of vortex sheets within one cell size of the 

surface, therefore, may not be represented accurately at the surface. Tangential 

velocities for the boundary integral (vortex sheet) calculation were calculated a 

small distance inside the surface, and this idea is followed in the present calcula­

tions, where the circulation strengths of newly created vortices are defined from 

the tangential velocity calculated inside the surface.

Slaouti & Stansby [22] investigated the flow around two circular cylinders in 

side-by-side and tandem arrangements, using multiple meshes. This required some 

thought to be put into the solution of the governing equations on overlapping 

meshes with the flow field boundary conditions. Figure 2.11 shows a typical ar­

rangement of overlapping meshes used.

The coarse outer mesh extends to a large distance away from the cylinders, 

where uniform flow may be assumed. The stream function on the outer boundary 

is thus simply given by ^  =  Ucy. The outer mesh is solved flrst, giving the stream 

function boundary values for the finer intermediate mesh by linear interpolation. 

This mesh is then solved, giving the stream function values on the boundaries of 

the polar meshes again by interpolation. A velocity is obtained from the stream 

function values on the mesh with the smallest size available. The boundary condi­

tion for the cylinder surfaces is enforced by using a coarse vortex-sheet boundary- 

integral method to enforce zero normal velocity and zero slip inside the cylinders. 

The value of the stream function is constant within each cylinder, and can now
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Intermediate mesh

Outer Mesh

Figure 2.11: Overlapping meshes for vortex-in-cell computation.

be calculated at the cylinder centre and applied to the surface control nodes. The 

coarse vortices are then removed, and a more accurate tangential velocity calcu­

lated to determine the circulation of the vorticity to be created at the surface. 

Their simulations of flow over two cylinders in both side-by-side and tandem con­

figurations agreed with experimentally observed features and allowed some further 

understanding of the interactions in the flow. Multiple meshes were also used in 

this way to study blockage effects for flow over a circular cylinder [27].

2.4.2 Conformal transformation

Smith &: Stansby [25] extended the random-vortex method to prismatic bodies of 

arbitrary cross-section. Using a conformal transformation which was divided into 

a number of separate transformations (Figure 2.12) they were able to calculate the 

oscillatory flow past cylindrical bodies with a number of sharp edges, such as the 

flow past a sharp-edged square. The conformal transformation maps the region 

outside the cylinder in the complex physical plane onto the region outside the unit 

circle in the transform plane, and the vortex calculations were performed in the
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transform plane, as if for a circular cylinder. Reasonable agreement with experi­

ment was attained, although it was noted that the real flows have three-dimensional 

components which were not modelled in the two-dimensional simulations.

. Zi Z2 /k
_____ 2 V  r 2----- ^

The sharp edges are removed by successive applications of the 

Karman-Trefftz transformation. The resulting near-circle is 

mapped onto a unit circle using the Theodorsen-Garrick trans­

formation [25].

Figure 2.12: Conformal transformations.

2.5 The present work

The development of the CIC method resulted in a combined Eulerian-Lagrangain 

technique, whereby the governing equations are solved by convection in the local 

flow field, diffusion by a Gaussian random walk, and the flow field itself is calculated 

by spreading the vorticity onto a regular grid. The advantages of solving the flow by 

tracking the vorticity field is offered, along with the eflBciency of using a fixed grid to 

solve the Poisson equation, and hence calculate the interaction of a large number 

of vortices. The problem which faced this method, however, was that the CIC 

method was only applied for regular Cartesian or polar geometries, where point
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location in the mesh is trivial. For simulations of the flow over multiple bodies or 

arbitrary geometries techniques such as conformal trajisformations (requiring the 

problem to be formulated in the transformed plane), or multiple meshes (requiring 

mesh interaction schemes) needed to be used.

In the work presented here, a new technique is proposed which allows the 

method of point vortices to be used efficiently and easily on multiple bodies or 

arbitrary geometries by extending the idea of the CIC method so that it can be 

applied to a single unstructured mesh.
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Chapter 3

The random vortex m ethod

The flow of an incompressible Newtonian fluid is governed by the continuity and 

the Navier-Stokes equations. The continuity equation is an expression of the con­

servation of mass, and in two dimensions becomes

du dv , .

The Navier-Stokes equations concern the momentum equation and the viscous 

stresses acting in the fluid. They were derived independently by Claude Navier in 

1827 and George Stokes in 1845 and are expressed in two dimensions as

du
d i

du du 1 dp ( d'̂ u d"^u\ ,

dv dv dv Id p  ( d“̂v d^ v\ . .

There are a number of books which discuss the derivation of these governing 

equations (e.g. [2],[21],[14]).

In the random vortex method, the governing equations of the flow are solved 

by considering the creation, interaction and motion of point vortices. Before this 

method is described, a short review of point vortices is presented.
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3.1 Vorticity

Consider the flow with spatial variations in the velocity as shown in Figure 3.1. If 

a small cogwheel is placed in the fluid, it will begin to rotate. At point A in the 

figure the cogwheel rotates counterclockwise, while at B, clockwise. This rotational 

motion is characterised by the vorticity, defined as the curl of the velocity field 

at that point. In two-dimensional flow, this can be considered as a scalar, as the 

direction of the vorticity vector will always point normal to the 2D plane.

u  =  curl (v) (3.4)

_  dv du 
dx dy

The vorticity, uj (units s“^), is equal to twice the angular velocity of the cog­

wheel. Vorticity is defined in the present work as positive for counterclockwise 

rotation, and negative for clockwise rotation.

\ \ \ \ \ \ \ \ \ \ \

* ‘j
\ \ \ \ \ \ \ \ \ \ \  

Figure 3.1: Vortex motion in a viscous fluid.
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Figure 3.2: Closed loop C  for determining circulation.

3.2 Circulation

Figure 3.2 shows a closed loop C in a flow. The circulation, F, is defined as the 

counterclockwise line integral, around a closed curve C, of arc length ds times the 

velocity component tangent to the curve.

r  = (p ij • ds = (f {udx +  vdy) (3.5)
Jc Jc

where ds =  {dx,dy) is the incremental distance along the loop. Non-zero 

circulation implies a component of rotation of flow in the system. An alternative 

definition of circulation, chosen in aerodynamics for convenience in the analyses 

of airfoil and wing theory, carries out the integral in a clockwise direction, which 

would be indicated by a minus sign in Eq. (3.5). In this work, for mathematical 

consistency, positive circulation is defined in a counterclockwise direction.

Another way of perceiving circulation is by considering the circuit of integration 

to consist of a large number of rectangular cells of area 5x5y, as shown in Figure 3.3. 

Applying the integral F =  §^{udx +  vdy) for the element which contains point 

P{x,y) ,  where the velocity is (u,v),  gives
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Figure 3.3: Circulation by cells.

Ar ^ ( v + % ‘l ) 5 y - { u + ^ f j 6 x - ( v - % ^ ) S y + { u - % f j 6 x

= (i - ft)
The sum of the circulations of all the areas is cleaxly the circulation of the

circuit as a whole because, as the circulation of each cell is added to that of the

neighbouring cell, the contributions of the common sides disappear.

Applying this argument from cell to neighbouring cell throughout the area, 

the only sides contributing to the circulation when the circulation of all areas are 

summed together are those sides which actually form the circuit itself. This means 

that for the circuit as a whole we are left with an expression of Stokes’ theorem:

r  = yy* dxdy = ^ { u d x  + vdy) (3.6)

over the area around the circuit
A relationship between circulation and vorticity can be obtained by considering

the circulation of a fluid element, and the definition of vorticity given by Eq. (3.4):

(d u  d'Ut \ - - - —  J  5x5y =  {vorticity) (area of element) (3.7)

Thus vorticity can be considered to be the local circulation per unit area.
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3.3 The point vortex

A point vortex can be thought of as a point with a defined circulation strength. 

A point vortex acting on its own in a two-dimensional plane will result in circular 

streamlines, as shown in Figure 3.4.

Figure 3.4: Flow induced by a point vortex.

A point vortex is, in fact, something of a misnomer, as it is really a point of 

defined circulation, and not vorticity. However, point vortex is the term commonly 

used in the literature and so it will be used here. A single point vortex will induce 

a circular flow around it, however this flow is not rotational. An infinitesimally 

small cogwheel placed in the flow would travel in a circular path around the point 

vortex, but would not rotate around its own axis. The only position in which the 

cogwheel would rotate on its own axis would be if it were placed with its centre 

on the point vortex. By this example, it can be seen that the vorticity of the flow 

is zero everywhere, except at the point vortex itself, where (due to the infinitely 

small area of a point vortex) the vorticity is infinite. The induced velocity at a 

point P  will depend on the circulation of the vortex, F, and the distance from the 

point vortex to P, r

^  (3.8)
This is often referred to as the Biot-Savart law.
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3.4 Vorticity transport equation

Vortex methods are used to solve the governing equations of fluid flow by concen­

trating on the behaviour of the vorticity in the flow. To do this, the governing 

equations need to be recast to describe the behaviour of the vorticity. The vorticity 

is the curl of the velocity, Eq. (3.4), and so to state the Navier-Stokes equations 

in terms of vorticity, differentiation of Eq. (3.3) with respect to x  and Eq. (3.2) 

with respect to y must be carried out

d f  d v \  d f  d v \  dudv  d f  d v \  dv dv
dt ^d x  \ d x )  ^  dx dx ^  ^ dx \ d y )  dxdy

p dxdy  ^ dy"̂  \ d x  )  )
d f  d u \  d f  9 u \  dudu d f  9 u \  dv du
dt \ d y )  ^dy  ^  dx d y ^  ^dy \ d y  )  dy dy

p dxdy ^ \ 9 j / /  dy"̂  \ d y ) )

exchange the order of differentiation and subtract to get

d f d v  d u \  d f d v  d f d v
dt d y )  ~^^dx  \9a: d y )  ^ ^ d y  \9a: d y } ^

dv /  du \  du ^ du dv \  
dx \ d x  ^  d y )  dy ^  d y )

_  1 /  d^p d^p \  f  d"̂  f d v  SuN d^ ( dv
p \ d xdy  dxdy J  ^ V^rr  ̂ \5a; d y )  dy"̂  d y ) )

Using the expressions for vorticity in Eq. (3.4) and continuity in Eq. (3.1) this 

equation reduces to the vorticity transport equation

du dcj doj ( d' û) \  .

The vorticity transport equation is an expression of the Navier-Stokes equations 

which intrinsically includes the continuity equation. This is the governing equation 

for the fluid flow. In order to solve this equation, however, the velocity field {u, v)
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must be calculated. The velocity field can be obtained from the vorticity field by 

use of the stream function, tp.

3.5 Stream function-vorticity relation

A streamline is a curve along which the tangent at every point is in the same 

direction as the flow velocity vector. The stream function is defined as being 

constant along a streamline, and is given by

dip di) . .

If the stream function was related to the vorticity then the velocity field could 

be calculated from the vorticity field. The relationship between the two is straight­

forward. The expression for vorticity given by Eq. (3.4) relates vorticity to velocity.

_  dv du
^  dx dy

By substituting stream functions for velocities,

9 /  d'(jj\ d ^d ip \  _
V d x )  dy \ d y )

t j

the stream function-vorticity relation can be obtained:

dx"̂  dy"̂  ^
This is often seen written in the form

V V  =  -oj  (3.11)

which is the Poisson equation.
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3.6 The operator-splitting scheme

The governing equations which are needed to describe fluid flow are given by the 

vorticity transport equation, Eq. (3.9), and the stream function-vorticity equation, 

Eq. (3.11). The next challenge is to find some technique that can be used to 

efficiently solve these equations. Such a technique, the random vortex method, was 

proposed by Alexandre Chorin in 1973. Chorin [5] has shown that an operator- 

splitting scheme can be used to solve the vorticity equation. To do this, the 

equation is separated into a convection term and a diffusion term:

duj
dt

dipduj dipdco 
dy dx dx dy +

c
(3.12)

Ddx"̂  dy"̂
The processes of convection and viscous diffusion are denoted by the suffices 

C and D, respectively. Convection is solved by moving the point vortices in the 

velocity field, while diffusion is solved by adding a random walk to their positions. 

The final position of each point vortex at the end of a time step is given by the 

combination of the diffusion and convection processes. The simulation then ad­

vances onto the next time step, and the new velocity field is calculated and the 

boundary conditions applied. This time-stepping procedure by which the govern­

ing equations are solved is called the random vortex method. If the random vortex 

method were applied to a continuum of vorticity, with an infinitesimal time step, 

it would offer an exact solution to the viscous equations of motion [20]. No ap­

proximation is involved until the infinite system is reduced to a finite number of 

point vortices, with a discrete time step. When this is done, the solution accuracy 

depends on the size of the time step, and the number of point vortices in the sim­

ulation. However, as point vortices are being used as a discretised approximation 

of the spatially compact vorticity field, and the evolution of this vorticity field is 

being calculated in a Lagrangian manner by following the point vortices, coarser 

discretisation is required than would be with a primitive variable Eulerian scheme, 

which solves velocity formulations on the nodes of a meshed flow domain.
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3.6.1 Vorticity convection

The convection part of the vorticity transport equation is solved by an inviscid 

calculation, in which vortex particles are convected in their local velocity field, 

which can be obtained by solving the Poisson equation in stream function and

vorticity, V^'0 =  —w. The most straightforward way of doing this is to use Euler’s

method of discrete integration, which is a first-order approximation. Starting with 

vortex position {x,y), the point vortex is moved according to the local velocity 

field, as in Eq. (3.13) and Figure 3.5.

x{t +  Ai) =  x{t) +  uAt (3.13)

y{t +  M )  =  y{t) +  vAi

I
/

Figure 3.5: Euler’s method.

It has been suggested (Smith h  Stansby [23]) that as the Reynolds number 

of the flow increases, the accuracy of the random vortex method depends on the 

accuracy of the solution of vorticity convection. To obtain higher accuracy, there­

fore, a second-order Runge-Kutta convection scheme could be used. The point 

vortices are convected in their local velocity field for the time step At, as for the 

first-order case (Figure 3.6(a)). The Poisson equation is solved to obtain the new 

velocity field, and convective distances calculated for Ai once more. The final 

vortex position is then set as the average of the two convective distances, as in 

Figure 3.6(b) and Eq. (3.14).
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Figure 3.6: Second-order Runge-Kutta convection scheme.

dxi = ui At , dyi = ViAt  (3.14)

dX2 =  U2At  , dj/2 =  V2At  

x{t + At) = x{t) + ^{dxi + dx2) 

y{t + At) = y{t) + |(dyi + dy2)

This second-order accuracy, however, requires a second solution of the stream 

function-vorticity equation to obtain the new velocity field at positions { x m , y m ) -  

In the present work, the simpler first-order scheme is used when convecting the 

point vortices. Although it may not offer the same resolution of the velocity field, 

it is more computationally eflScient, and allows simulations to be calculated in less 

time than would be required by the second-order scheme, while still capturing the 

main features of the flow, as will be shown by the results in Chapter 7.

3.6.2 The random walk

The viscous diffusion term of the vorticity transport equation is solved following 

the method introduced by Chorin [5]. The effect of viscosity is simulated by
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walking the point vortices through a distance taken at random from a Gaussian 

distribution. This is achieved by changing the position of each point vortex in the 

direction of the two axes by an amount, 77, chosen at random from a Gaussian 

distribution with standard deviation y/2uAt  so that:

x{t +  At) =  x{t) + T}\ (3.15)

y{t +  At) =  y{t) +  772

where rji and 772 are the two random walks. This method can be shown to be a 

statistically accurate solution to diffusion term of the governing equation [9], while 

offering the advantages of being simple to apply, and maintaining the Lagrangian 

character of vortex methods.

3.7 Flow around a circular cylinder

The random vortex method can be used to calculate how a flow develops by track­

ing points of prescribed circulation. Although in principle this method may be 

applied to any arbitrary shape, and indeed to more than one body, the discussion 

here will use the case of flow axound a circular cylinder. This allows an easier 

explanation of the methods involved. Furthermore, as impulsively started flow 

over a circular cylinder is the most commonly used benchmark case in the litera­

ture, it also allows results to be compared to other published computational and

experimental results.

If the random vortex method is to be applied to the case of flow over a circular 

cylinder, or indeed any solid boundary, there are certain boundary conditions 

which must be applied. These axe:

•  the zero-permeability condition, which ensures that the fluid does not flow 

through the solid.
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• the no-slip condition, which enforces zero tangential fluid velocity at the 

surface.

The case of point vortices crossing the solid boundary during diffusion or con­

vection must also be taken into account.

3.7.1 The zero-perm eability boundary condition

The first boundary condition which needs to be enforced ensures that the fluid 

travels around and not through the cylinder, as in Figure 3.7. The condition 

th a t the fluid must not flow through the surface is know as the zero-permeability 

condition, and results in the normal velocity of the fluid being zero at the surface. 

This condition can be enforced by setting the value of the stream function at the 

surface to be a constant, hence making the surface a streamline, and ensuring no 

flow will cross it. Setting a variable to equal a constant value along a boundary is 

known as a Dirichlet boundary condition. Alternatively, a panel method can be 

used, whereby the strength of a collection of source, or vortex, panels is calculated 

from the onset velocity and the geometry of the solid, so as to ensure that the flow 

does not cross the boundary [12]. This is effectively a Neumann condition as the 

surface normal flux is set to zero.

3.7.2 The no-slip boundary condition

In order to understand the effect of viscosity for flow past a solid boundary, and 

how it can introduce vorticity into the flow, consider uniform laminar flow past a 

plate. For an inviscid fluid, shown in Figure 3.8(a), the velocity far from the plate 

will be the same as the velocity near the plate surface. As the viscosity is zero, 

there is no shear stress between the plate and the fluid. All of the layers of fluid 

move with the same velocity, and so there is no velocity gradient, and hence no 

rotational effect between the layers. No vorticity is created at the surface.
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Figure 3.7: Streamlines around a cylinder for starting flow.
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Figure 3.8: Uniform laminar flow past a plate.
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If the fluid is viscous, as shown in Figure 3.8(b), the situation is diflFerent. The 

velocity of the fluid at the surface is zero, as viscosity causes the fluid to stick to the 

solid surface. This is called the no-slip condition. In terms of the stream function, 

zero tangential velocity at a boundary will occur when the normal gradient of the 

stream function equals zero at the boundary. Defining the normal gradient of a 

flow variable on a boundary is called a Neumann boundary condition. Viscosity 

also causes an interaction between adjacent layers of the fluid so that a velocity 

proflle exists in a region increasing from zero at the surface to the free-stream 

velocity some distance from the surface. This region is the boundary layer. The 

velocity profile in the boundary layer introduces a rotational effect, hence vorticity 

is created. The vorticity transport equation states that the vorticity will be diffused 

and convected with time, hence vorticity moves away from the solid surface and 

downstream. New vorticity is constantly created in the boundary layer due to the 

no-slip condition.

In the simulation, the no-slip condition is enforced at the surface by using a 

vortex sheet of the appropriate strength to ensure zero tangential velocity, and 

this vortex sheet is then discretised into point vortices which diffuse into the flow. 

A vortex sheet is a sheet which has a deflned circulation strength at every point of 

its surface. Figure 3.9 shows the flow for a perpendicular cross-section through a 

vortex sheet with a defined circulation per unit length, 7 . The circulation for the 

dashed control volume of the vortex sheet can be calculated as follows:

F =  jd s  =  uids  -h vidn  — U2 ds — V2 dn

If the height of the box normal to the panel is allowed to approach zero, then 

the dashed box will approximate the length of vortex sheet ds, and the equation 

can be written as

7 =  « i  -  «2 (3.16)
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Figure 3.9: Vortex sheet.

The velocity jump across a vortex sheet, then, equals the strength (circulation 

per unit length) of the vortex sheet. In order to satisfy the no-slip condition, the 

tangential velocity at the surface must equal zero. This can be achieved by creating 

a vortex sheet at the surface which will reduce the overall tangential velocity to 

zero. Consider a fluid flowing past the surface with tangential velocity Vt, as shown 

in Figure 3.10(a). To reduce this velocity to zero, a vortex sheet must be created 

which will induce an equal and opposite velocity in the flow, Figure 3.10(b), and 

maintain a zero velocity at the surface. The overall velocity at the surface, due 

to the onset tangential velocity and the velocity induced by the vortex sheet, will 

equal zero and the no-slip condition will be satisfied, Figure 3.10(c). The strength 

of the created vortex sheet equals the velocity jump across it, which equals minus 

the onset tangential velocity.

(a) onset velocity (b) vortex sheet (c) overall velocity 

Figure 3.10: Vortex sheet enforcing no-slip condition at surface.

The velocity of the fluid along a cylinder surface changes at different positions 

on the cylinder surface, and so the strength of the vortex sheet required at each 

section will also change. These vortex sheets can then be discretised into the point 

vortices which this simulation of fluid behaviour is based upon.

/ / / / / / / / / /
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3.7.3 Point vortices crossing the surface

In Section 3.7.1, zero-permeability was enforced as a boundary condition when 

calculating the insteintaneous velocity field due to the point vortices present in 

the flow. When the point vortices are then convected and diffused through finite 

distances in this velocity field, it is possible that some point vortices may cross to 

the inside of the solid surface. This is not physically realistic, as a fluid cannot 

flow through a solid surface, but rather occurs due to the fact that we are moving 

particles by a distance which depends on the velocity at their initial position, and 

the discrete time step used in the simulation. In other words, it is an artifact of 

the numerical simulation. It is necessary, therefore, to decide what to do with 

point vortices which cross the surface in the course of a simulation. Consider, for 

example, the particles in the velocity field in Figure 3.11.

Figure 3.11: Velocity field around cylinder.

It is the process of convection and diffusion of the point vortices which can 

result in point vortices crossing the surface, as shown in Figure 3.12. The three 

main methods which have been used to deal with the case of point vortices crossing 

the surface during a simulation are illustrated in Figure 3.13. The simplest method, 

used in the original random vortex method paper by Chorin [5] is to delete any 

point vortices which are found to be inside the boundary. This will remove those
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Figure 3.12; Point vortices crossing the surface.

point vortices from subsequent velocity field calculations. When the velocity field 

is next calculated, the velocity at the surface will have changed not only due to 

the convection and diffusion of all the point vortices in the flow, but also due to 

the fact that the circulation of the deleted point vortices is no longer included in 

the calculation. The calculated tangential velocity at the boundary will result in 

the effect of the circulation of any deleted internal point vortices being included 

again in the simulation by the creation of the new point vortices at the surface 

as required to satisfy the no-slip condition. This method is easy to implement, 

however a greater number of point vortices need to be created at the surface per 

time step to obtain the same resolution with this method than would be needed 

with methods introduced later. The removal of internal point vortices results in 

less point vortices being available when calculating the velocity field. To counteract 

this, more point vortices need to be introduced at the surface at each time step 

than would be necessary if no vortices were deleted.

In a later paper [6], Chorin used a different approach. Instead of deleting any 

point vortices found inside the boundaxy, he reflected the point vortices to their 

mirror-image positions outside the boundary. This ensures that any circulation 

added to the flow remains in the flow at all times, and the calculation of the 

velocity field is not threatened by deleted vortices.

A third approach involving absorbing any internal point vortices was proposed 

by Smith & Stansby in 1989 [24]. In this approach, the internal point vortices
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Figure 3.13: Delete, Reflect, Absorb.

were deleted, but their circulation was noted. The circulation of all internal point 

vortices was then assigned to the surface, and thus included in the next velocity 

field calculation. The no-slip condition was enforced by the creation of a vortex 

sheet, and new point vortices were created with circulation strengths defined by 

the total of the circulation assigned to the surface due to the deleted internal point 

vortices, and the circulation due to the vortex sheet enforcing no-slip. The new 

point vortices were diffused with a random walk which was altered slightly from 

the Gaussian distribution used for all other point vortices. The rest of the method 

used was identical to the standard random vortex method. In this way, although 

internal point vortices were deleted, the circulation strengths of the deleted point 

vortices was recorded and included in the calculation of the velocity field, and 

simulations could be obtained with less point vortices than would be required 

with previous methods.
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3.8 Sumrrictry

In this chapter, the random vortex method has been described. With the random 

vortex method, it is possible to perform simulations of viscous flow efficiently by 

tracking particles of defined circulation, which are created at the solid boundary 

to satisfy the no-slip condition, and which then diffuse and convect with the flow 

field to satisfy the vorticity transport equation. Zero-permeability is enforced at 

the solid surface during the velocity field calculation by setting a constant value 

of stream function at the surface, or by using a panel method. Methods of dealing 

with point vortices which may cross the solid surface due to convection or difi’usion 

have been discussed. In order for the random vortex method to advance in time, 

the velocity field must be calculated at each step. The issues which arise when 

calculating this velocity field are discussed in the next chapter.
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Chapter 4

Cloud-in-element

The random vortex method satisfies the vorticity transport equation by convecting 

point vortices in their local velocity field and adding a random walk to their posi­

tions. The solution of the velocity field due to the onset flow, the solid boundary, 

and the point vortices present is thus required at each time step in the simulation. 

The velocity field calculation gives rise to two important issues:

• singularities which may cause physically unrealistic results due to the prox­

imity of point vortices in the velocity field calculation must be avoided,

•  the method of calculation should allow the simulation to be performed with 

the least possible amount of operations (CPU eflBiciency) and with a practical 

requirement of storage (memory efficiency).

The velocity field calculation and the resolution of these issues are described 

in this chapter.

4.1 Singularities

The velocity induced by a point vortex is tangential in direction, and increases as 

the centre is approached, as shown in Figure 4.1. The rate at which the velocity 

increases with decreasing radius is governed by Eq. (3.8):
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Figure 4.1: Velocity around a point vortex.

r
2'Kr

In a real vortex, the magnitude of the velocity is limited by viscosity. As the 

centre is approached this viscous effect becomes significant aind reduces the velocity 

towards zero at the centre of the vortex. The area where this viscous effect is 

significant is called the vortex core. The point vortex is a mathematical model 

of the physical flow around a vortex, which works well for areas outside the core, 

(Figure 4.2). The model breaks down, however, as the centre is approached. As the 

distance from the centre approaches zero, the velocity induced by a point vortex 

approaches infinity, and a singularity exists at the centre of the point vortex. This 

velocity field is unbounded, and introduces problems when calculating the velocity 

field due to a number of point vortices. If one point vortex lies close to another 

point vortex, it will experience a very large induced velocity, and when convected 

for that time step it will move a large distance, which is not physically realistic.

If a velocity field is to  be calculated for use in the simulation it must remain 

bounded, physically realistic, and so the effects of the singularity must be avoided. 

One way of doing this is by using vortex blobs as the computational elements 

in the simulation. Vortex blobs make use of a model for the core area of the



radius

core

Figure 4.2: Core region of a point vortex.

vortex. A vortex blob uses a cutoff function to ensure that the induced velocity 

remains physically realistic inside the core area. The choice of a suitable cutoff 

function is important. The calculation of the velocity field will involve applying this 

cutoff function for the interaction of aJl the vortex blobs. Core models based on a 

Gaussian distribution of vorticity are often favored because of their smoothness and 

fast decay, but they are expensive to compute, and their values are often tabulated 

for actual computations. Two examples of Gaussian-based cutoff functions are 

shown in Figure 4.3 (see [9] for details).

Figure 4.3: Cutoff functions.

Vortex blob techniques are an active area of research in modern vortex methods, 

and the paper by Koumoutsakos & Leonard [13], which applies the method of 

vortex blobs for the case of flow around an impulsively started cylinder, presents 

results of a better resolution than those previously obtained by vortex methods. 

A comprehensive description of the vortex blob method is given by Cottet &
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Koumoutsakos [9]. Although the vortex blob method does deal with the problem 

of the vortex core, and offers high-resolution results, it introduces the issue of 

cutoff functions. A simpler way of avoiding nonphysical velocity fields is to use 

the cloud-in-cell method.

4.2 The cloud-in-cell method

In order to illustrate the cloud-in-cell method, consider the velocity field due to a 

number of point vortices, such as those shown in Figure 4.4(a). The cloud-in-cell 

method involves superimposing a mesh over the flow field, Figure 4.4(b). The 

aim is to assign all of the vorticity from the point vortices onto the nodes of the 

mesh. Consider the point vortex in Figure 4.4(c). This point vortex will cause a 

larger vorticity to be experienced at nodes closer to the point vortex than at nodes 

further away from the point vortex. An area-weighting technique may be used to 

assign the vorticity of the point vortex onto the nodes of the cell in which it is 

contained. The point vortex may be considered to split its cell into four areas. 

When spreading the vorticity onto the nodes of the cell, the area opposite the 

node is used to decide the fraction of the vorticity of the point vortex which gets 

assigned to that node. The vorticity experienced at node 1, being the furthest 

from the point vortex, will be the smallest. It is assigned a vorticity equal to 

o ;(^ ) .  Node 3, on the other hand, is closer to the point vortex, and is assigned a 

vorticity equal to o '( ^ ) ,  and so on for the other nodes. This technique is repeated 

for all the point vortices, and results in the vorticity being spread onto the nodes 

of the mesh. Figure 4.4(d).

The stream function-vorticity (Poisson) equation may now be solved on this 

mesh, typically by employing a finite difference scheme, and the velocities can be 

obtained from the gradients of the stream function. The velocity of each point 

vortex may be found by interpolation. In practice, this is effectively applying the 

area-weighting technique in reverse, to obtain the velocity at each point vortex
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(a) Point vortices, (b) Superimpose mesh.
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Figure 4.4: Cloud-in-cell method.

from the values of the nodes of its cell.

The cloud-in-cell method inherently overcomes the problem of an unbounded 

velocity field due to point vortices. As described above, in the cloud-in-cell method, 

the Poisson equation is solved at the nodes of a mesh which has had the vorticity 

of all of the point vortices assigned to it. If the nodes of the mesh are spaced 

sufficiently far apart from each other, then the calculated velocity field will remain 

bounded and the problem of singularities is automatically overcome.

4.3 Com putational efficiency

One problem which quickly becomes apparent with the random vortex method is 

the amount of computational effort required to calculate the velocity field due to 

the vortices which exist in the simulation. At each time step, new vortices are 

created along the surface of the body to enforce the no-slip condition. Hence, as 

the simulation progresses through more time steps, there will be more vortices
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present in the flow field. The effect of each point vortex on every other point 

vortex needs to be calculated in order to solve for the velocity field. This becomes 

more difficult as the simulation progresses and the total number of point vortices 

present increases, and the computer takes longer to calculate each new solution as 

there are more point vortices involved in the calculation. The cloud-in-cell method, 

however, offers greatly increased efficiency in this velocity field calculation.

The new velocity field is calculated by solving the stream function-vorticity 

Poisson equation. To solve this using a direct Biot-Savart summation for the 

interaction of N  point vortices would take an operation count of O(iV^). The 

cloud-in-cell method reduces the amount of calculations required to do this by 

solving the Poisson equation on a mesh, as opposed to calculating the interaction 

of the totaJ number of point vortices in the simulation. As the geometry of the 

mesh used to calculate the velocity field need not change throughout the course 

of the simulation, the number of equations to be solved in the discretised velocity 

calculation remains the same for each time step, no matter how many vortices are 

in the flow. Once the stream function has been calculated at the nodes of the 

mesh, these values can be used to interpolate for the velocities at the positions of 

the point vortices which can then be convected, and so the flow simulation may 

retain the richness of modelling by moving points, but with better computationally 

efficiency. The number of computations is roughly linear in the number of vortices 

and mesh points [15].

4.4 The cloud-in-elem ent m ethod

The usual way to approach the cloud-in-cell method is to use a regular mesh, such 

as a Cartesian or polar grid, and to spread the vorticity onto the closest mesh points 

at each time step. Hence, flow over a circular cylinder would be calculated on a 

single polar mesh, e.g. Figure 4.5(a). For more than one body, mesh interaction 

schemes would be required, with multiple meshes, e.g. Figure 4.5(b). The flow
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would be calculated on each mesh, and the solution of one mesh must be related to 

neighbouring meshes. For complex shapes, either some form of conformal mapping 

is required, as illustrated in Figure 2.12, or else the entire boundary area would 

need to be covered with a fine mesh and the surface represented by a boundary- 

integral panel method, requiring a  mesh such as that shown in Figure 4.5(c). For 

any shape more complex than a cylinder or square, the above methods are not 

easy to apply, and the efficiencies offered by the cloud-in-cell method are hindered 

by the complexities of the mesh handling.

An alternative approach to the cloud-in-cell method is presented in this work, 

which makes use of an unstructured mesh, avoiding the difficulties of meshing 

together different Cartesian and polar grids, or conformal mappings. The unstruc­

tured mesh allows:

•  complex geometries,

•  a multiply connected flow domain (i.e. multiple bodies),

•  a single mesh for the whole flow (Figure 4.5(d)).

The cloud-in-element method superimposes an unstructured mesh over the flow 

field, and uses the finite element method to efficiently calculate the velocity field 

due to the point vortices in the flow. There are two stages involved in preparing the 

mesh to calculate the velocity field. First, each point vortex needs to be located 

in the mesh. This involves finding which triangular finite element of the mesh 

contains each point vortex. Once the point vortices have been located in their 

home elements, the strength of the point vortices must be assigned to the mesh 

nodes, so that the velocity field can be calculated.
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(a) Single radially expanding polar mesh for flow over a cylinder.

(b) Multiple meshes for flow over two cylinders.

(c) Fine regular mesh over non-regular body.

(d) Unstructured mesh for multiple non-regular bodies [1]. 

Figure 4.5; Different meshes.
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4.4.1 Locating points in the mesh

Locating a point in a regular polax or Cartesian mesh is a simple procedure, as the 

coordinates of the point act as a pointer to the cell in which it belongs. Consider 

point location in a regular Cartesian grid, as shown in Figure 4.6.

y

25 31 32
17 o 24
9 10 16
1 2 3 4 5 6 7 8

^  I I I I I I I t I 
1 2 3 4 5 6 7 8

Figure 4.6: Location in a regular grid.

If CEILING is defined as a function which rounds a number up to the nearest 

integer, and FLOOR is defined as a function which rounds a number down to the 

nearest integer, then the home cell, home, of a vortex (x, y) could be given by ^

home = CEILING{x)  +  FLOOR{y) x 8

It is not so easy to locate points in an unstructured mesh, as the elements are 

not necessajily regular in size, or numbered sequentially. Although it is possible 

to determine if a point lies inside a triangle, given the coordinates of the point and 

the triangle vertices (as will be described in Section 4.4.2), to do this for N  point 

vortices and an unstructured mesh with E  elements would require a computational 

effort oi 0 { N  X E).

It is desirable to use the coordinates of the point vortex as a pointer to its home 

element. This can be achieved by building a matrix which reports the likely home 

element for the coordinates of a given point vortex. As an analogy, consider how

^Even if the cells in a Cartesian grid are not the same size, the topology of the mesh is as in 

Figure 4.6.
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an image is displayed on the screen by a computer. For each pixel, a number gives 

an index into a colormap which defines the colour for th a t pixel. The colormap 

information, then, can be considered to give a numerical representation of the 

image which is seen on the screen. The da ta  for the image shown in Figure 4.7(a) 

is represented by the m atrix  in Figure 4.7(b). This m atrix  shall be referred to 

herein as the graphical look-up matrix.

1, 1,1,1, 1, 1, 1,1, 1,1, 1,1, 1,1, 1, 
1, 1, 1,1, 1, 1, 1,1, 1,1, 1,1, 1,1, 1, 
1, 1, 1,1, 1, 1, 1,1, 1,1, 1, 1, 1,1, 1, 
1, 1, 1,1, 1,1, 1,1, 1,1, 1, 1, 1,1, 1, 
1, 1, 1,1, 1, 1, 1,1, 1,1, 1, 1, 1, 1, 1, 
2,2,2,2 ,2 ,2,2 ,2 ,2 ,2 ,2 ,2 ,2 ,2,2, 
2,2,2,2 ,2,2,2,2 ,2 ,2 ,2 ,2,2,2,2, 
2,2,2,2 ,2,2,2,2 ,2,2,2 ,2,2,2,2, 
2,2,2,2 ,2,2,2,2 ,2,2 ,2 ,2,2,2,2, 
2,2,2,2 ,2,2,2,2 ,2 ,2,2 ,2,2,2,2, 
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 
o.o.o.o.o.o.o.o.o.o.o.o.o.o.o

(a) Three-colour image. (b) Graphical look-up m atrix.

Figure 4.7: A graphical look-up matrix.

To see how this concept may be applied to locating a point in an unstruc­

tured mesh, consider Figure 4.8(a), which shows a point vortex located in element 

number 59 in an unstructured mesh. To enable the computer to efficiently locate 

this point in the mesh, a graphical look-up m atrix for the unstructured mesh is 

required. This m atrix is generated by stepping through the finite element mesh 

by a fixed am ount, and at each step entering the number of th a t location’s home 

element as an index into a m atrix. W hen a computer displays an image, the index 

points to a colormap which defines the colour to be displayed a t th a t location. 

W ith the graphical look-up m atrix, the index states the element number which 

contains the point at th a t location. This allows the coordinates of the point vor-
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tex, once suitably truncated, to be used as pointers to the row and column indices 

of the graphical look-up matrix, hence returning the number of the most likely 

home element of the point vortex. Figure 4.8(b). As the mesh does not change 

during the course of the simulation, neither does the graphical look-up matrix, 

and it can be assembled at the pre-processing stage and stored for use during the 

simulation.

44 44 36 35 35 35 35 30 29 29 29 29 18 18 17 17 
75 75 62 35 35 35 35Jft29 29 29 29 18 18 17 17
75 76 76 62 62 62 62\59^9 '59ia^9 29 17 46 46
76 76 76 62 62 62 63 63 59 59 59 ̂ 6 0  61 46 46
76 76 76 62 62 63 63 59 5 ^ 0  60 61 61 61
78 78 78 78 63 63 63 6 ^ 5 ^  60 60 61 61 61 
78 78 78 69 69 69 63 6 V 5 ^  60 60 60 60 81 81
77 78 78 69 69 59 69 69\S9 60 60 60 60 60 61 71 
77 78 78 69 69 69 58 58 51 52 52 52 52 52 71 71 
77 77 69 69 58 58 58 58 51 51 52 52 52 52 49 50 
74 74 57 58 58 58 58 58 51 51 52 52 52 49 49 50 
74 73 73 57 58 58 58 51 51 51 51 52 52 49 49 49 
73 73 73 57 57 57 58 51 51 51 51 51 49 49 49 49

(a) Finite element mesh. (b) Graphical look-up matrix.

Figure 4.8: Point location.

The graphical look-up matrix offers an efficient way of getting the home element 

of a point in a finite element mesh, requiring only two FLOPs and a memory 

operation per vortex, and it can be coded as a vector operation. However, if the 

point lies near the boundary separating two or more elements, the home element 

returned from the look-up matrix may be incorrect. The accuracy of the look up 

matrix in finding the home element of a given point depends on the spatial step 

size chosen when assembling the matrix.

In Figure 4.9 a step size equal to 1 has been used to generate a graphical look­

up matrix for the elements A and B. When this matrix is used to find the home 

element of point P, which lies near the boundary of A and B, the coordinates of 

P  are rounded off to the closest step size entry, and the element of this entry is 

returned. The closest step size entry, however, lies in element B, and therefore the 

graphical look-up matrix will return B as the (incorrect) home element. A check
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A B B B B B B

A A B B B B B
A A A B B B B
A A A A B B B

~A "A. A. A A^'B
A A A A A 

A A A A A A

B

B
A

Figure 4.9: Incorrect home element.

needs to be made to ensure that the element number returned by the graphical 

look-up matrix is correct.

4.4.2 Confirming the home element

To find out if the element number given is indeed the home element of that point, 

a rigorous mathematical test for determining whether a point lies inside a given 

triangle is required. The simple case of finding the closest element centroid to 

the point may not work in cases where adjacent elements have different sizes and 

shapes, as illustrated in Figure 4.10. Although the point P  lies inside element B, 

the closest centroid is that of element A.

OB

A o

Figure 4.10: Closest centroid.
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A more rigorous test is available by making use of the vector cross product. If 

a and b are collinear or one of these vectors is the zero vector, then c =  a x b =  0. 

In any other case, c =  a x b  is the vector whose length is equal to the area of the 

parallelogram with a and b as adjacent sides and whose direction is perpendicular 

to both a and b and is such that o, b, c, in this order, form a right-handed triplet 

as shown in Figure 4.11.

(a) Right-handed triplet. (b) Right-handed hand. 

Figure 4.11: Vector (cross) product.

The parallelogram with a and b as adjacent sides has the area \a\\b\sina,  where 

a  is the angle between a and b. We thus obtain

|c| =  |a||6|szna. (4.1)

Let a x b  — c and let 6 x  a =  <1 Then, by definition, |c| =  |(i|, and in order 

that b, a, d form a right-handed triplet we must have d =  —c. This implies that

b x a  =  - a x b  (4.2)

that is, cross multiplication of vectors is not commutative but anticommutative. 

Hence the order of the factors in a vector product is of great importance and must 

be carefully observed.
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The vector product can be used to test whether a point lies inside a triangle by 

the following method. For each vortex and corresponding test element, the vortex 

coordinates are subtracted from the vertices of the element, which results in the 

element being positioned with the vortex a t the origin. Figure 4.12 shows this 

operation for the cases when the vortex is inside and outside the element.

(a) Point inside the element. (b) Point outside the element.

Figure 4.12: Testing the home element.

The vertices of the triangle can now be considered as vectors from the point 

vortex to the vertices. If the vortex is inside the triangle, then a x  b, b x  c and 

c x  a will aJl be positive, or alternatively a x e ,  c x b  and b x a  will all be negative. 

They will all have the same sign, because the angles between them is less than 

7T, as shown in Figure 4.12(a). If the vortex is outside the triangle, on the other 

hand, one of the cross products will have the opposite sign to the others, as one 

of the angles is greater than tt (Figure 4.12(b)).

The order in which the cross products of the vectors are performed is important, 

as opposite directions produce opposite signs, and the sign of the cross product is 

the key to whether or not the point lies inside the triangle. However, if the connec­

tivity matrix is written in the same order for all elements, say counterclockwise, 

then the cross products of the vectors can be taken in the order in which they 

are listed in the connectivity matrix, and the test will be valid for all elements in 

the mesh. This test is mathematically sufficient to verify that a point lies within
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a triangular element. If it is found that the point vortex does not lie within the 

element given by the graphical look-up matrix, the neighbours matrix is used to 

find the correct home element.

4.4.3 The neighbours matrix

Figure 4.13 shows a point vortex near the edge of an element. The graphical look­

up matrix returns the home element of this point as being the adjacent shaded 

element (#69), instead of the true home element (#78).

67  . . .
68  . . .
69  58 62 78 63 59 60  51  52 74 57  73 77 76
70 . . .
71 . . .

(a) Neighbouring elements. (b) Neighbours matrix.

Figure 4.13: Finding the correct home element.

This is where the matrix of neighbouring elements can be used. Each row 

of the neighbours matrix lists all of the elements which share nodes with the 

element associated with that row. In Figure 4.13(a) the graphical look-up matrix 

has returned the incorrect element number 69 as the home element. However, by- 

testing the elements listed in row 69 of the neighbours matrix, element number 78 

will be found as the true home element.

The graphical look-up matrix offers an efficient way of locating a point in the 

mesh, and will usually return the correct element number. However, in cases when 

the point lies close to the boundary of its home element, the correct element can 

still be found within a few iterations with the help of the neighbours matrix. On 

average, the number of tests per vortex during a simulation is of 0(1.5).
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4.4.4 Spreading the circulation

At this stage of the process every point vortex has had its home element verified. In 

order to solve for the velocity field caused by these point vortices, their circulation 

needs to be spread from the point vortices onto the nodes of their home elements. 

Then the Poisson equation can be solved on the unstructured mesh using the finite 

element method to obtain the stream function and hence the velocity field.

The circulation is spread from the point vortex P to the nodes of the triangle 

in which it is contained by using an area-weighting scheme similar to that used in 

the cloud-in-cell method described in Section 4.2. Hence, if the circulation of the 

vortex at P  is F, then the circulation spread onto node 1 in Figure 4.14(a) will 

equal F ^ ,  that spread onto node 2 will equal F ^ ,  and for node 3 will equal F ^ ,  

where A  is the area of the triangle.

3

(a) Area-weighting. (b) Area coordinates.

Figure 4.14: Area-weighting in a triangle.

Area-weighting is efficient to implement with a regular Cartesian or polar co­

ordinate system as the ratio of the areas involved can be directly related to the 

coordinate system being used. When spreading onto the nodes of a triangular 

element in an unstructured mesh, these regular coordinate systems do not directly 

give information about the areas needed for area-weighting. A coordinate system 

based on the triangle itself is desirable. This can be achieved by using area co­

ordinates (see, for example, Zienkiewicz k, Taylor [30]). Area coordinates for a
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triangular element are defined by the linear relation given in Eq. (4.3).

/  \ ■ ( r  \
X X i  X 2  X z

y = Vl V2 J/3 L 2

Vv 1 1 1 [ L z J

(4.3)

This will produce the coordinate system (Li, L2 , L3 ) for the triangle in question. 

Each coordinate is equivalent to the fraction of the perpendicular distance from the 

opposite side to the node in question, as shown for Li  in Figure 4.14(b). Gaussian 

elimination yields an expression for L \ .

Li = (x -  X3)(y2 -  2/3) -  (X2 -  X3 )(p -  yz) (4.4)
( x i  -  X3){y2 -  y z )  -  (X2 -  X3 ) ( y i  -  y z )

To better understand how Eq. (4.4) can be used to efficiently apply the area- 

weighting technique, consider again Figure 4.14(b). The vectors from point 3 to 

points 1,2,  and P  are given by

3̂1 =  (xi -  X3)i  +  (yi -  y z ) ]

r z 2 =  { x 2 -  x z ) i  +  (?/2 -  y z ) j  

Tzp  =  { x -  X3) i  +  { y -  y z ) j

The magnitude of the cross product of fzi and fz2 will give the area of the 

paraJlelogram whose two corner sides are described by those vectors, which will 

equal twice the area of the triangle 123, ^ 123.

X f a i l  =  2 ^ 1 2 3  =  ( l l  -  -  Vz) -  (1 2  -  X3)(yi -  1/ 3) (4.5)

Similarly, the magnitude of the cross product of fzp and fz2 will equal twice 

the area of the triangle P23, Ap 2z-

\ rzp X faal =  2Ap2z  =  {x -  Xz){y2 -  yz)  ~  (x2 -  X z ) ( y  -  yz) (4.6)
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Comparing Eq. (4.5) and Eq. (4.6) to Eq. (4.4) the benefit of using area coor­

dinates for area-weighting becomes apparent.

^  ^  ( x  -  x z ) { y 2  -  y z )  -  {x2 -  x ^ ) { y  -  y^)  ^  A p^z

 ̂ { x i - x z ) { y 2 - y 3) -  { x 2 - x z ) { y i - y z )  ^ 1 2 3

The circulation spread onto node 1 can now be expressed as LiT,  the circulation

on node 2 is L 2 T, and for node 3 is LzT.  The set of area coordinates may be

rewritten as

Ci\ b\ C\ M
1

L 2
2 ^ 1 2 3

0,2 ^2 02 X

\ L z ) ®3 ^3 C3 \ y )
where

=  X2yz -  xzV2 

bi =  j/2 -  ys (4.8)

C l  =  X 3 -  X 2

with cychc rotation of indices 1,2, 3. As the geometry of the unstructured mesh 

does not change during the course of the simulation, the values of a, b, c and A

can be calculated for each element and stored before the simulation begins, and

axea-weighting can then be used to efiiciently spread the circulation from a point 

vortex onto the nodes of the triangular element in which it is contained.

4.5 The finite element method

The finite element method is discussed in detail by, for example, Zienkiewicz and 

Taylor [30]. The aspects relevant to the problem of solving for the stream function- 

vorticity equation are discussed here. The governing differential equation to be 

solved on the finite element mesh is Eq. (3.11).
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As the governing equation must equal zero at each point of the domain D, it 

follows that an integral form of this equation may be written as

dxdy =  0 (4.9)

where h is some arbitrary function. If Eq. (4.9) is satisfied for all choices of h 

then the governing differentiaJ equation is satisfied at all points of the domain. The 

weak form of this equation is obtained by integrating by parts, using the general 

formulae

//I ( I ) " ■/. I (f)
where S  is the boundary, and n®, riy are the direction cosines between the 

outward normal and the x, y  directions. This gives

f  dh dip , . f  dh  dip \ f  , f  dip dip \  1 f  , , , n
-  A. & ~ A % [Js (a?"' ^"V  ■"/p “

Noting that the derivative along a normal is given by

dip dip dip
dn dx  dy

and considering th a t the natural boundary condition will result in zero normal 

gradient at the boundary, the second term equals zero and the weak form is

f  \d hd ip  dhdip]  . . f  , , , n/  + dxdy -  /  hudxdy  -  0
J o l d x d x  d y d y j

The finite element method seeks a solution for ip at the nodes of the mesh. The 

value of Ip at any location in the mesh can then be obtained by interpolating from
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the nodal values of the elements. The functions used to interpolate a value at a 

location inside an element from the values at the nodes of that element are called 

the shape functions, Nf.

^  ^  iViV’i

For the work presented here, first order triangular elements have been used, 

with nodes at the vertices of the elements. The shape functions give the nodal value 

when evaluated at a node, and a weighted ratio of the nodal values when evaluated 

at a location inside the element. These criteria are met by the area coordinates 

defined in Section 4.4.4, and the area coordinates and the shape functions are 

identical. As the Poisson equation is to be satisfied for each element of our mesh, 

we define the arbitrary function h for each element. The Galerkin method uses the 

shape functions Ni as the arbitrary function h in the weak form of the governing 

equation. The problem can now be expressed in the form

[Km + {/} = 0
where [K] is the global stiffness matrix, {ip} is the vector of nodal values of 

the stream function, and { /}  is the loading vector of nodal values of circulation, 

after the circulation has been spread from the point vortices onto the nodes of the 

mesh. For each element

Ni =
Oi +  b iX  + C iy

- L

2A
dNi dNj ^  dNi dNj'

f t  =

dx dx

^  [bibj +  CiCj]

— / NiUidxdy 
Jd  
1

--aiUJi

dy dy
dxdy

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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where the loading vector was calculated using the integration formulae for a 

triangle with the origin at the centroid. In the cloud-in-cell method the vorticity 

is spread from the point vortex onto the nodes of the cell in which it is contained. 

In the cloud-in-element method the circulation is spread from the point vortex 

onto the nodes of the triangular element. To understand why this is so, consider 

the triangular element shown in Figure 4.15.

ĉ2

1 I
I

Figure 4.15: Triangle centroid at origin.

The loading vector for this element is given by

f e -  2 0,2 ^ 2 (4.15)

and the nodal vectors for this element are

f i  =  xii + y j  

?2 =  X2l - h  V2j 

f s  =  X31  - h  Vz3

It is known from Eq. (4.8) that

Oi =  X2Vz -  XzV2

66



however,

1̂ 2 X zTal =  X2V3 -  X3IJ2

and so

Oi — 2Aci

and similarly for the other nodes. As the origin is at the centroid,

Aci =  A c2 =  A c3 =  - A  

and the loading vector can now be written as

f e -  2 I A u 2

IAu)3\  3 ^ ^ ^  /
Area-weighting of circulation and vorticity onto nodel gives

(4.16)

A i
U i = -- UJ

A

Ti =  - r r
A

using the relationship between circulation and vorticity given by Eq. (3.7)

r
UJ =  —

A

allows the spread circulation and vorticity to be related by

Ti
0;, = -

resulting in the loading vector being expressed as
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f e  2

V Ta y
(4.17)

and so the loading vector consists of the circulation which has been spread onto 

the nodes as opposed to the vorticity.

4.6 Calculating the velocity field

Once the circulation has been spread from the distribution of point vortices present 

onto the nodes of the finite element mesh, the velocity field may be calculated. 

The system of linear equations at this stage may be considered to be

[Km + {/} = 0

The loading vector { /}  contains the spread circulation, and the matrix [K] 

can be assembled and stored before the simulation begins, as the mesh geometry 

does not change during the simulation. Solving this system yields the vector of the 

nodal values of stream function, {ip}. The velocity field may be obtained from the 

values of stream function by using the definition of stream function, Eq. (3.10).

hence.

u =
dtp _  dip
dy ' ^ dx

iP = '^  Niipi
Oi +  biX +  CiV

’ “  2A

(4.18)
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The expressions for the velocities do not depend on the position {x, y) inside 

the element, therefore it can be seen that for triangular elements with three nodes, 

the velocity is constant within an element. All point vortices which lie in the same 

element will be convected by the same velocity. This means that the resolution 

of the calculated velocity field in a certain area will depend on the size of the 

elements used to mesh those areas. Areas which are not of interest, such as the 

flow upstream of the cylider, or distant from the point vortices, where the velocity 

field is not expected to fluctuate much, may be meshed with larger elements. 

Areas where higher resolution is required, such as near the solid boundary and 

in the near wake, may be meshed with smaller elements to better capture the 

velocity field. In this way, computational effort may be concentrated in the areas 

of interest. A better resolution of the velocity field may also be obtained by using 

higher order finite elements, such as triangular elements with six nodes. This 

would allow a velocity field to be calculated which varies linearly across the face 

of each element. However, the global stiffness matrix [K\ increases in size as the 

number of nodes in the mesh increase, increasing the computational eff’ort required 

to solve the Poisson equation. Although preliminaxy studies were carried out of 

simulations using triangular elements with six nodes, the pros and cons of higher 

order elements have not been investigated in the present work, which simply uses 

triangular elements with three nodes for all simulations, increasing mesh density 

where higher resolution is required.

4.7 Summary

The cloud-in-element method allows an efficient calculation of the velocity field due 

to a distribution of point vortices in an unstructured mesh. The home element of 

each point vortex can be estimated by using the graphical look-up matrix. The 

point is confirmed as lying inside this triangular element by using vector cross 

products, and if the point does not lie inside the triangle, then the neighbours
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matrix caji be used to find the true home element. Once all point vortices have 

had their home elements verified, the circulation is spread from the point vortices 

onto the nodes of the finite element mesh using an area-weighting scheme. This is 

efficiently achieved by making use of area coordinates, which are identical to the 

shapefunctions for triangular elements with three nodes. The mesh is then solved 

using the global stiffness matrix to find the stream function, and from these values 

of stream function the velocity is obtained for each element of the mesh.
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Chapter 5

Preparing a simulation

5.1 Generating the mesh

Figure 5.1: A simple complete mesh.

The first step in preparing a simulation is to generate the mesh. GAMBIT, the 

meshing program which is part of the FLUENT package, was used but any meshing 

program can be used which will output the nodal coordinates and the connectivities 

of the mesh generated. The areas of most interest will be the flow near the solid 

boundary where zero-permeability is enforced and the vorticity created to enforce 

the no-slip condition, and the flow in the region near the body after separation has
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occurred, where recirculation and laxge scale shedding of vortical structures will 

be initiated. These areas are more densely meshed to provide more detail of the 

local velocity field. The area upstream of the body should experience no major 

flow fluctuations, and the area in the far wake should settle into a regular flow 

pattern.

5.1.1 Meshing near the surface

The surface of the circular cylinder is represented by a circle centred at the origin. 

In this study, a circular cylinder of radius acyi =  1.0 is studied in an impulsively 

started uniform velocity of Uoo =  1-0. This allows distance and time to be regarded 

as non-dimensional. Dimensional time t*, and velocity can be obtained by

.» _  o-cyit

Uoo
iT = U^u

The zero-permeability condition is enforced either by setting the value of the 

stream function to equal a constant, or by applying a boundary integral method, 

such as source panels. In both cases the required result is a velocity field which 

flows ajound (and not through) the body, and so exhibits a purely tangential 

velocity at the surface. The cloud-in-element method calculates the velocity field 

after the circulation has been spread from the point vortices onto the nodes of 

the home elements. This circulation spreading means that the resolution of the 

calculated velocity field is of the same scale as the element size. Some effects of 

spreading the circulation onto the mesh nodes must be taken into account. If the 

zero-permeability boundary condition is to be enforced by defining the value of the 

stream function on the boundary, then care must be taken to ensure circulation 

is not spread onto a boundary node. Figure 5.2(a) shows a point vortex near 

the boundary of a (shaded) solid in the flow. If the circulation of this point 

vortex is spread onto the nodes of the element in which it is contained, some
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circulation will be spread onto the nodes where the zero-permeability condition 

is being enforced (called the control nodes, circled). The effect of this will be 

that the boundary condition will no longer be enforced as required, as shown in 

Figure 5.2(b). Therefore, when using the stream function boundary condition, the 

boundary condition is enforced at nodes slightly inside the surface.

(a) (b)

Figure 5.2: Spreading circulation onto boundary nodes.

The strengths of the point vortices which are created at each time step of the 

simulation to enforce the no-slip boundary condition depends on the tangential 

velocity calculated at the surface. Spreading circulation onto the mesh nodes 

means that the tangential velocity used to define the strengths of the newly created 

point vortices is not actually calculated at the surface, but slightly inside the 

surface. Figure 5.3(a) shows a point vortex located near the surface. The effect 

of this point vortex would be to increase the tangential velocity at the surface. 

Figure 5.3(b) shows the new velocity calculated once the circulation of this point 

vortex has been spread onto the mesh.

If the tangential velocity at the surface was taken from the velocity of the 

element which meshes from the surface into the fluid, the velocity would not have 

changed much due to the presence of the point vortex. If the tangential velocity 

is taken from an element just inside the surface, the velocity will have increased, 

as expected. Therefore, in order to ensure that the surface velocity calculated due 

to the point vortices present is accurate, it must be taken from elements slightly 

inside the surface.
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Figure 5.3: Tangential velocity used when creating new point vortices.

At each time step in the simulation, point vortices will be created at the surface 

with circulation strengths defined by the tangential velocities at the control nodes. 

These point vortices will then be allowed to diffuse away from the surface by 

applying a random walk with a standard deviation of to their positions. In

order to calculate the velocity field with a good resolution, the element size must 

be of the same order as the motion of the point vortices. Hence, when meshing 

near the surface, an element spacing of the order of the standard deviation of the 

random walk is used. This gives a higher resolution of the velocity field near the 

surface, where the creation and diffusion of point vortices is of primary importance.

It is easy to decide if a point vortex lies inside a simple geometry. In the case of 

a circle, for example, the distance of the point vortex from the centre of the circle 

could be calculated and compared to the radius of the circle. For more complex 

geometries, or for multiple bodies, such simple tests cannot be applied. For this 

reason, when the mesh is being generated the entire flow field is meshed, including 

the interior of any solid boundaries. A reference matrix is then constructed which 

designates all elements as being either inside or outside the solid body. Once the 

home element of a point vortex has been found, this reference matrix can be used 

to decide if the vortex lies in the flow, or inside the solid body, and the simulation 

proceeds accordingly.

The number of nodes used to represent the surface of the cylinder is related to 

the mesh spacing normal to the surface (hereafter referred to as the surface mesh



spacing). If the distance between surface nodes is large relative to the surface mesh 

spacing, the elements will have a bad aspect ratio, as in Figure 5.4(a). The same 

is true if the distance between surface nodes is small relative to the surface mesh 

spacing, Figure 5.4(c). Good aspect ratios are obtained when the space between 

surface nodes is approximately equal to the surface mesh spacing, Figure 5.4(b).

(a) (b) (c)

Figure 5.4: Surface node dependency on surface mesh spacing.

For a given Reynolds number, the standard deviation of the random walk 

depends on the size of the time step. At. As the standard deviation changes with 

Reynolds number and time step, so too does the surface mesh spacing, and the 

number of surface nodes.

V2uAt

The effect of changing the time step and the surface mesh spacing was investi­

gated by running simulations at Re =  550 and comparing the computed coefficient 

of drag, Cd, with that obtained by Koumoutsakos & Leonard [13]. Figure 5.5 

shows how Co varies with time step, when the ratio of surface mesh spacing to 

the standard deviation of the random walk equals 1. The ratio of surface mesh 

spacing to the standard deviation of the random walk will hereafter be represented 

by MR, hence Mi? =  1 for Figure 5.5.

As the time step increases, the magnitude of the computed drag is also seen 

to increase. The trend remains the same for the different time steps, except the 

initial drop off in drag is not as sharp with larger time steps as it is with the 

smaller values. As the time step increases for the different simulations, so too does
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the standaxd deviation, and hence the surface mesh spacing also increases.

The effect of the time step and the mesh spacing size on the simulation results 

are investigated independently. Figure 5.6 shows the results obtained by varying 

the surface mesh spacing ratio while holding the time step constant. The effect 

of varying the time step while maintaining the same mesh spacing is shown in 

Figure 5.7

Figure 5.8 shows the CPU time required by the simulations in Figure 5.5, 

Figure 5.6 and Figure 5.7. The number of computations required for a simulation 

increases as the time step and mesh size decrease, and the overall number of 

point vortices in the simulation increase. Therefore, parameters have been chosen 

for the simulations presented in Chapter 7 which compromise between acceptable 

accuracy and fast simulation time.

Figure 5.8 also shows an important result about the efl&ciency of the cloud-in- 

element method. The slope of the line formed by plotting iteration time against the 

number of vortices present remains constant for the different simulations. Changes 

in mesh density cause a change in the initial offset of the plotted line. It can thus 

be seen that the iteration time varies lineaxly with the number of vortices present 

in the simulation, and this linear relationship is independent of the mesh density.

5.1.2 M eshing in the near wake

In areas further away from the surface, the point vortices will be convected as well 

as diffused, and the scale of motion becomes larger. Also, the effect which each 

point vortex in the flow field has at the surface of the body decreases with distance 

from the body. Hence the element size may be allowed to increase when meshing 

areas further away from the surface.

The region close to and behind the body is still of interest, however, and a good 

resolution is required. It is in this region that separation occurs, and recirculating 

regions will grow, interact, and move downstream. A good mesh definition in this
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Figure 5.9: The recirculation region.

area will allow the behaviour of the recirculating regions to be resolved accurately. 

The recirculating region of a mesh is shown in Figure 5.9.

5.2 Defining zones in the mesh

A useful function of GAMBIT, apart from simply generating a mesh, is the ability 

to define zones. This allows not only the nodal coordinates and element con­

nectivities to be exported, but also allows boundaries and regions to be grouped 

together and named. These zones can then be exported along with the nodes and 

connectivities. The zones which it is useful to designate are:

•  the top and bottom nodes - the list of nodes along the top and bottom of 

the mesh at which the stream function will be defined, to enforce the re­

quired onset velocity condition. In the present work, the inflow and outflow 

nodes had no boundary condition explicitly enforced, as the natural bound­

ary condition ensures zero normal gradient of stream function, resulting in 

flow parallel to the x  axis at the inflow and outflow boundaries.
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•  the control nodes - the list of nodes inside the surface which will be used to 

find the tangential velocities which define the circulation required to enforce 

no-slip. If zero-permeability is being enforced by setting the value of the 

stream function to a constajit, then the stream function values will be set at 

these control nodes.

•  the surface nodes - the list of nodes which define the surface of the body.

•  internal elements - the list of elements which lie inside the surface of the 

body. Once the home element of a point vortex has been found, this list can 

be used to decide if it lies inside the body or not. If inside the body, it must 

be reflected or absorbed.

•  graphical look-up elements - the list of elements contained in the region for 

which the graphical look-up matrix will be generated.

The last of these zones is required because the graphical look-up matrix is not 

generated for the entire mesh. The smallest element size is of the order of the 

standard deviation of the random walk. Therefore the step size required when 

building the graphical look-up matrix should be a fraction of this length. To 

cover the entire mesh by moving in steps of such a small length would require a 

very large graphical look-up matrix. Instead of doing this, the graphical look-up 

matrix is only generated in the region where the element sizes are small. Inside 

this region, a point vortex may easily move from its home element to a position 

a number of elements away in a single time step. If the element size is relatively 

large compared to the distance that a point vortex is expected to travel during 

one time step, then the point vortex will either be found in the same element at 

the end of the time step, or else in one of the neighbouring elements. In this case, 

the graphical look-up matrix is no longer needed. The first guess for the home 

element after convection and diffusion can be the previous home element of that 

point vortex. If this guess is incorrect, the neighbours matrix can be used to test
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which one of the bordering elements the point now lies in. Hence the new home 

can be found without need for the graphical look-up matrix. This is illustrated by 

Figure 5.10.

(a) Vortex motion near the surface, (b) Vortex motion when the element size is larger.

Figure 5.10: Situations which (a) do, and (b) do not require the graphical look-up 

matrix.

In Figure 5.10(a) the point vortex lies near the surface of the cylinder, and has 

moved to a non-neighbouring matrix during the time step. The previous home 

element offers no information as to the new home element, and the graphical 

look-up matrix is required. In Figure 5.10(b), which shows a region further away 

from the surface, the point vortex will not move outside the elements defined by 

the previous home element and its neighbours during one time step, and so the 

graphical look-up matrix is not needed.
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5.3 Blockage effects

The value of the stream function is set to equal the ^-coordinates of the nodes 

along the top and bottom boundaries of the flow field. This results in flow parallel 

to the X  axis at these boundaries.

When meshing the flow field, it is important to make sure that the boundaries 

are not too close to the solid surface. Continuity will result in an increase in the 

velocity of a constrained flow as the cross-sectional area decreases. Hence, if the 

boundaries axe too close to the solid surface in the simulation, they may cause 

unwanted effects in the velocity fleld.

This blockage effect is typically characterised by the blockage ratio, the distance 

between the upper and lower boundaries divided by cylinder diameter. Stansby & 

Slaouti [27] showed that for the random-vortex method with blockage ratios of 16 

or over, the effect of the boundaries on the calculated velocities and forces is small. 

The blockage ratio used in this work is always at least 20. As an illustration of this 

effect. Figure 5.11 shows the starting surface velocity for the cylinder calculated 

with a blockage ratio of 2 and 20, and compares these to the analytical solution of 

potential flow around a cylinder.

5.4 The outflow boundary

A problem with keeping the boundary distant from the point vortices occurs when 

a simulation is run over a large number of time steps. The point vortices will 

get closer to the outflow boundary condition as the simulation progresses. In the 

present work, this is dealt with by extending the flow mesh so that the outflow 

boundary remains distant from the point vortices. For simulations which will be 

run for long times, the outflow boundary was extended to 60 diameters down­

stream, allowing a simulation run to t* = 100 without point vortices approaching 

the outflow boundary. The areas near the boundary and the near wake require a
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Figure 5.11: Blockage effects.

high density of elements to obtain a good resolution of the velocity field, but larger 

element sizes may be used in the wake where the flow pattern is expected to be

ing the outflow boundary downstream need not require a large number of extra 

elements, and hence need not impose a large penalty.

5.5 Processing the mesh

Once the mesh has been generated, it needs to be exported in a form which can be 

read by other programs. The mesh data can be exported from GAMBIT by using 

the neutral {.neu) export format. This results in an ASCII file which contains the 

nodes, connectivities and zones required to run the simulation. MATLAB is used 

to continue preparing the mesh for the simulation.

The first major operation is to assemble the global stiffness matrix for the finite 

element mesh. During this process the components of the shape function for each 

element are calculated. These values are saved to a file, as they will be needed for

more regular, and a high resolution of the velocity field is not required. Extend-
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area-weighting and calculating the velocity from the stream function during the 

simulation. Once the global stiffness matrix and the loading (circulation) vector 

have been assembled and the boundary conditions applied, they are saved. As 

they are both sparse, only the values and indices need to be saved. The MATLAB 

program then generates the graphical look-up matrix for the area of small mesh size 

where one is needed, defined by the relevant GAMBIT zone, and finally generates 

the neighbours matrix for the whole mesh.

All of the information required to run the simulation is now available, and the 

next chapter will describe the algorithm step-by-step.
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Chapter 6 

Stepping through the program

?!.* a  r IH   ̂-5 4  ; §, .■: : j 'g - :. ,̂ 5 ■ , |

Solve for the stream function “ " ' '  " *
on the mesh (Sec 6.1)

Calculate the velocity field 
(Sec. 6.2)

Convect the oomt vortices

P
—r«?J. '

-Wi

Create new vortices at 
the surface (Sec. 6.4)

  ~N
Spread circulation onto the

mesh (Sec. 6.7) |

A | ; l  A'i
r f  - t.fiS-fT)

fe-: ri-:^r;________________
Locate the home elements fi- 

(Sec. 6.6) “ ‘

Diffuse all vortices 
(Sec. 6.5)

TTH

I?

mmmm
Figure 6.1: The algorithm.
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In this chapter, the main operations of the simulation will be described se­

quentially, as they are encountered in the simulation program, showing how the 

theory of the previous chapters is put into practice. Figure 6.1 shows a flowchart of 

the algorithm. The simulation was written in FORTRAN90, and uses the PETSc 

suite of data structures and routines [19] to efficiently solve the system of linear 

equations defined by the large sparse global stiffness matrix and the loading vector 

of the values of circulation at the nodes of the mesh, hence obtaining the values 

of stream function at the nodes of the mesh.

6.1 Solve for the stream function on the mesh

Once the FORTRAN program has loaded all of the program parameters, and the 

data from the files prepared by MATLAB, the algorithm is ready to run. The first 

operation involves solving for the nodal values of stream function. The PETSc 

sparse linear equation solver returns the vector of nodal stream functions from the 

global stiffness matrix and the vector of nodal circulations. For the first step, there 

will be no circulation in the flow, and the solution will be equivalent to uniform 

potential flow about a circular cylinder. A streamline plot of the calculated starting 

flow is shown in Figure 6.2.

Figure 6.2: Streamlines for starting flow.
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6.2 Calculate the velocity field

Once the stream function is known at the nodes of the mesh, the velocity field can 

be calculated by making use of Eq. (4.18).

As noted before, the area of an element and the components of the shapefunc- 

tion of that element are constant for that element. Hence the velocity calculated 

is uniform across each element. Figure 6.3 shows the velocity vectors plotted at 

the centroids of the elements for starting flow near the cylinder surface. As can be 

seen, the flow inside the cylinder is zero and zero-permeability has been enforced.

- i

Figure 6.3: Calculated velocity field near the surface.

6.3 Convect the point vortices

For the first time step in the simulation, there will be no point vortices in the flow 

to convect. For later time steps, there will be point vortices present, and the home 

elements of these point vortices will be known from the previous time step, when 

they were located in their home elements and had their circulation spread onto 

the map. The convection process then simply involves moving the point vortices 

by the velocity of their home element for that time step. Figure 6.4 shows the 

convection of some point vortices near the surface.
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Figure 6.4: Convecting point vortices.

6.4 Create new vortices at the surface

New point vortices will be created at the midpoints of the surface panels to enforce 

the no-slip boundary condition, with strengths set from midpoints of the control 

panels slightly inside the surface. A circulation cut-off value is used to limit the 

maximum value of circulation which any one point vortex may have. If the circu­

lation which needs to be created at a surface panel is greater than the circulation 

cut-off, then a number of point vortices will be created until the required circula­

tion has been introduced. As the cut-off value is decreased, more point vortices 

will be introduced into the simulation. This may give a more accurate represen­

tation of the flow field, but will also incur the penalty of higher computational 

cost. This cut-off value is for the circulation in the simulation, which, being based 

on non-dimensional velocity, has units (m). A cut-off value of 0.001m was used 

for all simulations in the present work, and was found to give a good balance of 

resolution of the flow field and computational efficiency.
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Figure 6.5(a) shows the velocity field near the surface before the new vortices 

have been created. The surface nodes are represented by the black stars. In 

Figure 6.5(b) the velocity field has been calculated including the effect of the newly 

created point vortices at the surface. It can be seen that the velocity inside the 

surface has been effectively reduced to zero, as required by the no-slip condition. 

This velocity calculation has only been performed here to show the effect of the 

newly created vortices. In the simluation, all point vortices are diffused before a 

new velocity field is calculated.

(a) (b)

Figure 6.5: Enforcing the no-slip condition.

6.5 Diffuse all vortices

The next step in the simulation involves diffusing all point vortices. Point vortices 

in the flow are diffused by adding a random walk to their position (Figure 6.6(a)), 

while point vortices newly created at the surface are diffused along the outward 

normal from the surface, to avoid them walking inside the solid boundary (Fig­

ure 6.6(b)).

6.6 Locate the home elements

(Figure 6.7) shows a typical region for which a graphical look-up matrix has been 

generated. When finding the home elements of the point vortices, those point 

vortices whose coordinates lie within the boundaries of this region will have their
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Figure 6.6: Diffuse all vortices.

home element estimated by the graphical look-up matrix. If the estimate is incor­

rect, the neighbours matrix will be used to find the correct home element. Those 

point vortices which lie outside the region covered by the graphical look-up matrix 

will have their previous home element used as an initial guess, and if incorrect, the 

neighbours matrix can be used to find the correct home element.

Figure 6.7; Typical region covered by graphical look-up matrix.

6.7 Spread circulation onto the mesh

Point vortices whose home elements are listed as being inside the solid boundary 

are deleted, and their circulation is noted. This internal circulation is then spread 

onto the surface nodes of the mesh, so that it is included in the next solution of 

the Poisson equation. When creating new point vortices at the next time step,
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this circulation will be reintroduced into the flow. All other point vortices have 

their circulation spread onto the nodes of their home elements. The program is 

now ready to solve the Poisson equation for the new stream function values on the 

mesh, and returns to the first operation in the algorithm.

6.8 Profiling the program

Time accounting information was recorded during a typical simulation to highlight 

the relative amount of time spent calculating different sections of the simulation. 

The time information was generated from consecutive steps of the algorithm, and 

the random component present may be due to background processes, and inter­

m ittent reporting lags. This time profiling is shown in Figure 6.8.

The processes of solving the Poisson equation, and the calculation of the ve­

locity for each element are seen to take the same amount of time throughout the 

simulation. This is to be expected, as these operations are carried out on the 

unstructured mesh. Thus, the calculation of the velocity field is independent of 

the number of vortices in the simulation.

The remaining processes are split into three groups; creating, convecting and 

diffusing point vortices, locating point vortices in the mesh, and spreading circu­

lation onto the mesh. All of these operations take a greater amount of time as the 

simulation progresses, and the overall number of point vortices involved increases. 

The most efficient of these operations is that of locating the point vortices in the 

mesh, which increases in a linear manner with the number of vortices present. The 

process of creating, convecting and diffusing point vortices follows a similar trend, 

but consistently takes longer to perform than locating the point vortices. The pro­

cess which takes the largest share of the cycle time is seen to be that of spreading 

the circulation of the point vortices onto the nodes of their home elements. The 

time required to perform this process also increases with the number of vortices 

present, although it does not increase as sharply as the previous two processes.
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The time profile information shows that all processes involved are either inde­

pendent of N,  or vary linearly with N.  Hence the entire process is linear in N,  as 

was seen by the total process time plot presented in Figure 5.8.

6.9 Summary

In this chapter, the algorithm to be used in the simulations was presented. The 

main operations were discussed sequentially, illustrating how the theory of the 

present method is applied in practice. Information about the process time was 

presented for a typical simulation run, showing overall process time to be 0{N).  

In the next chapter, simulations will be run to investigate the agreement between 

the present method and other computational and experimental results.
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Chapter 7

Results

In order to validate the computer code, simulations have been run over a range 

of Reynolds numbers from 40 to 9,500. The results obtained by this method are 

compared to other published results. Although many papers have been published 

for the case of impulsively started flow over a circular cylinder, the benchmark 

paper for high-resolution simulations is that of Koumoutsakos &: Leonard [13], 

and results generated here are compared with their computed results. Coefficients 

of lift and drag, surface circulation, vorticity and stream function contours were 

generated. Plots of the computed Strouhal number and mean drag variation with 

Reynolds number are compared with experimental results obtained from the com­

prehensive review on flow around circular cylinders by Zdravkovich [29]. Finally, 

results of a simulation showing the application of this method to flow around a 

multiply connected domain are presented.
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7.1 Reynolds number =  40

For Re =  40 the time step used (all times are non-dimensionalised) was A i =  0.02, 

and the mesh spacing ratio (given by dividing the normal mesh spacing at the 

surface by the standard deviation of the random walk) was M R  =  0.5. Point 

vortices which are created at the surface move towards the rear stagnation point 

and induce a reversal of flow direction (Figure 7.1(a)). The flow separates from the 

surface of the cylinder, and forms two primary recirculating regions (Figure 7.1(b)). 

These recirculating regions grow with time (Figure 7.1(c)), until the flow achieves 

an almost steady symmetrical closed near-wake. The free shear layers meet at 

the end of the near-wake at the confluence point. The elongated closed near-wake 

eventually becomes slightly unstable, with a sinusoidal oscillation of shear layers 

commencing at the confluence point (Figure 7.1(d)).

(a) t =  1.0 (b) t  =  2.5 (c) t =  5.0

(d) t =  100.0 

Figure 7.1: Streamlines for Re =  40.

The drag coefiicient has been calculated from the locations and strengths of 

the point vortices in the wake, following the method described by Koumoutsakos 

& Leonard [13] (hereafter referred to as KL). Figure 7.2 shows the computed drag 

coefficient for the present calculations and those of KL. The drag coefficient was 

ensemble averaged over 10 runs to reduce the random component. The response to
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the impulsively started  flow is slightly slower than  KL, but agreement after t  =  2.0 

is within 5%.
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Figure 7.2; Drag coefficient, R e =  40.

The creation of vorticity a t the surface of the body to satisfy the no-slip condi­

tion is a crucial step in vortex methods. In the present work, vortices are created 

with a defined value of circulation to  enforce the no-slip condition. The magnitude 

of the circulation created a t the surface depends on the tangential velocity at the 

control nodes, which in tu rn  is related to the magnitude of the tim e step. If a 

small time step is used, the point vortices created a t the previous time step will 

not have moved far from the surface, and the magnitude of the tangential veloc­

ity calculated, and hence circulation created, will be relatively small. For larger 

time steps, the point vortices may have moved further from the surface and larger 

tangential velocities may be calculated, and hence larger values of circulation will 

be required. For this reason, plots of circulation a t the surface of the body have
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been normalised about the maximum values. In KL, plots of body vorticity are 

used, rather than circulation. However, as surface circulation and vorticity can 

be related by a constant term, it is the comparison of the trends of the present 

results and those of KL that are of interest. Later plots of body circulation are 

on different axes to avoid cluttered graphs, and to allow easy comparison with the 

plots of KL.

Figure 7.3 shows the calculated body circulation of the present work to be in 

good agreement with the vorticity calculated in KL. The angle is measured in a 

counterclockwise direction from the rear stagnation point of the cylinder. When 

the recirculating zone has developed, the body circulation is initially positive due 

to the counterclockwise tangential velocity at the surface induced by the primary 

eddy. As the angle approaches the separation point, the circulation reduces to zero, 

and becomes negative when moving from the recirculation region into the onset 

flow. The circulation reduces to zero again at the front stagnation point. The plot 

of body circulation is symmetric for the second half of the cylinder surface.

The vorticity in the wake of the cylinder was also recorded during the simu­

lation, and is compared to the equi-vorticity contours of KL in Figure 7.4. The 

vorticity in the recirculating zone is seen to remain symmetrical and attached to 

the cylinder.
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(a) Vorticity field. (b) Vorticity contours.

Figure 7.4: Re =  40: (a) Present work, (b) KL [13].
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7.2 Reynolds number =  550

For Re =  550 the time step used was A t = 0.01, and the mesh spacing ratio was 

M R  — 0.7. At this Reynolds number, a bulge which is initiated at the surface of 

the cylinder slightly behind the separation point, Figure 7.5(a), will separate from 

the surface of the cylinder as the magnitude of the back flow increases. This will 

give rise to a small secondary eddy, which has a rotation opposite to that of the 

primary eddy. Figure 7.5(b).

(a) Appearance of bulge, (b) Secondary eddy.

Figure 7.5: Re = 550, secondary eddy formation.

The presence of this secondary eddy causes a change in the trend of the body 

circulation, shown in Figure 7.6(c). The circulation is positive in the region of 

the primary eddy, then reduces to zero and becomes negative for the small region 

of the secondary eddy. The circulation again becomes positive when leaving the 

secondary eddy, as the primary eddy still causes counterclockwise flow between 

the secondary eddy and the separation point. From the separation point, where 

the circulation is zero, the circulation follows the same trend as before, becoming 

negative due to the onset flow and returning to zero at the front stagnation point.

The calculated coefficient of drag is compared to that of KL in Figure 7.7. 

Again, the initial time lag of the present computations is followed by a good 

agreement of predicted drag, within 5% of KL.

For this Reynolds number, a plot of the instantaneous streamlines at t =  5.0 

predicted by the present work (Figure 7.8(a)) is compared to the streamline plots 

of KL (Figure 7.8(b)) and that of Smith & Stansby [23] (Figure 7.8(c)), and the
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experimental flow visualisation of Bouard & Coutanceau [4] (Figure 7.8(d)). The 

images have been scaled to give the same cylinder size. Note that the outline of the 

cylinder is not wholly visible on the photographs of Bouard & Coutanceau because 

of shadow effects. The results are seen to be in good qualitative agreement.

(a) Present computations.

(b) KL [13].

(c) Smith & Stansby [23].

(d) Streaklines of Bouard & Coutanceau [4].

Figure 7.8: Re = 550, t =  5.0, computed streamlines and experimental streaklines.
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7.3 Reynolds number =  1000

At Re — 1000 the time step used was At  =  0.01, and the mesh spacing ratio was 

M R  =  0.95. The flow develops in the same manner as for Re =  550, with more 

marked effects of the recirculating regions. Figure 7.9(c) shows that the body 

circulation due to the primary eddy peaks at a higher value than for Re =  550. 

The section of negative circulation due to the secondary eddy has also increased 

in magnitude, showing good agreement with the predictions of KL.
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Figure 7.9: Re  =  1000, body circulation /  body vorticity.
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The calculated drag coefficient is compared to th a t of Smith & Stansby [23] as 

well as KL, Figure 7.10. The present work follows the predictions of KL within 

7%, after the initial drop in drag. The predictions of Smith & Stansby, using the 

cloud-in-cell method, show an oscillation of the drag which is not found in KL or 

in the present work.
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Figure 7.10; Drag coefficient, Re =  1000.
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7.4 Reynolds number =  3000

Simulations at Re =  3000 had a time step of At =  0.01, and the mesh spacing ratio 

was M R  =  1.6. At this Reynolds number, the secondary eddy has a larger effect on 

the flow than for smaller Reynolds numbers. There is a faster roll up of the primary 

eddy, with stronger circulation, which in turn causes stronger circulation in the 

secondary eddy, Figure 7.11. The secondary eddy then attempts to penetrate the 

boundary of the main recirculation zone, restricting the flow into the primary eddy 

and thus weakening it. This causes a plateau in the drag coefficient. Figure 7.12. 

The appearance of a tertiary eddy just upstream of the secondary eddy acts to 

restrain the growth of the secondary eddy, allowing flow to the primary eddy to 

continue, and the drag increases once more. The growth of the primary eddy 

is accompanied by a growth in the secondary eddy, causing a reduction in drag 

towards the end of the plot.
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Figure 7.12: Drag coefficient. Re =  3000.
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7.5 Reynolds number =  9500

At Re =  9500 the time step used was At =  0.01, and the mesh spacing ratio was 

M R  =  2.9. The development of the flow at this Reynolds number becomes more 

complex. There is an early and strong formation of the primary and secondary 

eddies, shown by the peaks in Figures 7.13(a)&(b). These regions interact and start 

to move away from the surface, resulting in multiple areas of opposing recirculation 

appearing at the surface. Figures 7.13(c)&(d). At later times, the present work 

shows these areas to merge, forming a more stable system of recirculating regions 

in the wake of the cylinder (Figure 7.13(e)). The simulation of KL, however, shows 

a greater amount of activity of the body vorticity (Figure 7.13(f)).

Figure 7.14 shows that the increased activity of body circulation is reflected in 

the behaviour of the drag coefficient. Following the discussions of KL, the rapid 

formation of a strong secondary eddy which penetrates the feeding vortex sheet of 

the primary eddy causes the drag to decrease around t  =  2.5. The drag increases 

once more when the secondary eddy reaches the outer flow, and the feeding of 

the primary eddy is re-established. The primary eddy subsequently rolls up and 

detaches from the body, carrying along part of the secondary eddy. The interplay 

between the primary and secondary eddies, with the formation of smaller regions 

of recirculation, causes peaks in the computed drag coefficient at later times in the 

simulation of KL. The present work, however, shows a less complex recirculating 

region at later times, and the peaks in the drag coefficient at later times are not 

predicted.
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Figure 7.13; Re  =  9500, body circulation /  body vorticity.

108



dr
ag

 
co

ef
fic

ie
nt

2
-  -  KL
  present computations

1.5

1

0.5

0
0 1 2 3 4 5

t

Figure 7.14: Drag coefficient, Re =  9500.
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The instantaneous streamlines of the present work, and KL, are compared to 

the flow visualisation of Bouard & Coutanceau for this Reynolds number in Fig­

ure 7.15. A good agreement is seen between the three, with a compact secondary 

eddy existing near the primary recirculating region, which is found further up­

stream on the cylinder surface than for lower Reynolds numbers.

(a) Present work.

(c) Streaklines of Bouard Sz Coutanceau [4].

Figure 7.15: Re = 9500, t =  2.0, computed streamlines and experimental streak­

lines.

The vorticity field of the present work is compared to that of KL in Fig­

ures 7.16 and 7.17. The overall flow structure is seen to compare well. An initial 

eruption of the secondary eddy from the surface at early times is followed by a re­

established feeding of the primary eddy, with intermittent leaching of circulation 

from the secondary eddy.
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Figure 7.16: Re =  9500, t  =  2.0 — 3.5: (a) Present work, (b) KL [13].
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Figure 7.17: Re =  9500, t  =  4.5 — 6.0: (a) Present work, (b) KL [13].
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7.6 Strouhal number

Simulations were run over the range of Reynolds numbers from 40 to 9500 in 

order to obtain values of the Strouhal number and the mean drag. The Strouhal 

number is a dimensionless parameter which is obtained from the frequency of eddy 

shedding, / ,  the free-stream velocity, Uoo, and the diameter of the cylinder, D:

t/o o

The Strouhal number was obtained by extending the mesh further into the 

wake, and running simulations up to t =  100. To avoid the large numbers of 

point vortices which would exist in the simulation after a large number of time 

steps, point vortices were combined at a distance of 4 diameters downstream. This 

was done by periodically creating new point vortices at the weighted centre of the 

uncombined point vortices in that element. The newly created vortices had a 

circulation cut-off equal to four times that used at the surface. In this way, the 

total number of vortices in the simulation could be kept low.

The frequency of eddy shedding could be obtained from these simulations, and 

the Strouhal number calculated. Figure 7.18 shows the comparison of the Strouhal 

number calculated in the present work to experimental results detailed in the book 

by Zdravkovich [29]. The present results agree well with the experimental results. 

The Strouhal number increases from a low value for low Reynolds numbers, to 

reach a reasonably level value from Re =  550 — 9500.

7.7 Mean drag

The same simulations which were used to obtain the Strouhal number yielded val­

ues of the mean drag coefficient. Figure 7.19 shows a comparison between the 

mean drag of the present work, and experimental results [29]. The simulations 

show a good initial trend, decreasing with increasing Reynolds number, and pre-

113



0 -za 

0 2 6  

0-24 

0 22 

WO-ZO 

0-iB 

Q-16 

0 'I4  

0-t2
10 )00 KX30 nooo naooo looo.ooo

He

O UTIA— 1955
•  Roshko— 1953
C K ovasznay— 1949 (after Roshko)
•  Relf’ -1924
T DVL Hiebtone— 1919 (after Lehnert)
X  S trouhal— 1878 (after Ix h n crt)

Figure 7.18: Strouhal number: Red stars - present work. Other symbols - experi­
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dieting value close to those found experimentally. At higher Reynolds numbers the 

predictions do not follow the experimental results as closely, but always remain 

correct within an order of magnitude

7.8 Fluctuating velocity

One of the advantages of computer simulations is the ability to easily define the 

location at which flow parameters are to be recorded. As an illustration of the 

type of data which may be required from a simulation. Figure 7.20 shows the 

magnitude of the velocity in the wake of a circular cylinder recorded at a position 

3.5 diameters downstream, and 1 diameter from the centre-line of the flow at 

Re =  100. The periodic nature of the flow is clearly visible, showing the effects 

of the eddy structures shed from the cylinder surface as they pass this point. The 

flow is initially unsteady, but later becomes periodic with a fixed amplitude.
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7.9 Flow over two cylinders

The motivation for this work was to generalise the application of the cloud-in- 

cell technique for complex geometries and multiply connected domains by making 

use of a single unstructured mesh to cover the flow field. To demonstrate this, a 

simulation was run for the flow over two circular cylinders, with a centre-to-centre 

longitudinal spacing of 4 diameters, at a Reynolds number of 550.

Figure 7.21 shows the development of the vorticity field for this fiow. The flow 

behind each cylinder develops in a regular manner with time, until the recirculating 

region of the upstream cylinder approaches the surface of the downstream cylinder. 

The downstream cylinder then starts to shed a recirculating region of negative 

vorticity, and in doing so leeches vorticity from the negative recirculating region of 

the upstream cylinder. This results in the upstream positive recirculating region 

growing, and subsequently being shed.

At later times, vortex shedding occurs regularly from both cylinders. Vortices 

which are shed from the upstream cylinder impinge on the downstream cylinder, 

which sheds vortices which are a combination of its own vorticity and that of the 

upstream cylinder.

The flow structure is in good qualitative agreement with other studies of cylin­

ders in tandem [11] [22].
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Figure 7.21: Vorticity field for flow over two circular cylinders, Re =  550.
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Chapter 8

Conclusions

8.1 Cloud-in-element

The present work allows an unstructured mesh to be used with the random vor­

tex method, offering a mixed Lagrangian-Eulerian simulation of viscous flow over 

multiple bodies of arbitrary geometry.

The velocity field due to the point vortices present is calculated by using a finite 

element method to solve the Poisson equation on a single unstructured mesh. This 

requires that the circulation of the point vortices be assigned to the unstructured 

mesh. The first step, that of locating the point vortices in the mesh, is carried 

out eflBciently by a novel technique which makes use of reference matrices. The 

circulation may then be spread onto the mesh using area coordinates.

Resolution of the velocity field depends on the size of the elements in the 

unstructured mesh. The mesh density may be increased in areas of interest, such 

as near the boundary and in the near wake, to better capture the velocity field, 

while larger element sizes are suflficient for areas where complex flow patterns do 

not occur.

Numerical stability and accuracy were examined by varying the time step and 

mesh density. The simulations remain stable for all parameters, showing better
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agreement with other results as the time step became smaller and mesh density 

became finer. The process tim e of the simulation was found to increase linearly 

with the number of vortices present in the calculation, rather than  0 { N ‘̂ ), or 

0{NlogN) .

8.2 Results obtained

The cloud-in-element m ethod was applied to the standard  case of impulsively 

started  flow over a circular cylinder, for a range of Reynolds numbers from 40 — 

9500. Streamline plots, vorticity field plots, body circulation and drag coefficient 

were recorded and compared to other com putational [13], and experimental [29] 

results. Agreement was found to be good across a large range of Reynolds numbers.

At low Reynolds numbers, two large recirculating regions developed behind the 

cylinder, giving a steady drag with a slight sinusoidal oscillation in the wake after 

long time runs. As the Reynolds number increased, secondary and tertiary  recir­

culating regions appeared, resulting in more complex behaviour of the body circu­

lation and vorticity field. The Strouhal number increased w ith Reynolds number 

until reaching a plateau around 0.22, showing good agreement with experimen­

ta l results. The values of mean drag showed an initial decrease with increasing 

Reynolds number before leveling off, in good agreement with experimental results. 

At higher Reynolds numbers, the mean drag increased again but was always within 

an order of m agnitude of the experimental results.

The use of an unstructured mesh allows this m ethod to  be easily applied to 

multiple bodies and arb itrary  geometries. As an example, a simulation was run for 

the flow over two longitudinally spaced cylinders, and the vorticity field presented 

at different stages of the flow.
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It is concluded that:

• The random vortex method has successfully been extended to use on a single 

unstructured mesh

• Points can efficiently be located within an unstructured mesh using reference 

matrices

• The method remains numerically stable, with increasing accuracy as time 

step and mesh spacing are decreased

• The method offers results which are in good qualitative and quantitative 

agreement with other computational and experimental results

• The new technique, referred to as the cloud-in-element method, offers an 

efficient way of simulating two-dimensional bluff body flow, 0{N),  and can 

easily be applied to multiple bodies and arbitrary geometries

8.3 Future work

Further study into the behaviour of the simulation with different parameters may 

offer a guideline on the requirements on time and space discretisation for different 

Reynolds numbers.

The present work used first-order elements in the unstructured mesh, resulting 

in the calculated velocity being constant across each element. The stream function 

in this case is Co continuous. Higher-order elements could allow a C\ continuity, 

and the calculated velocity would be able to vary across each element face. There­

fore, less elements may be required in a higher-order mesh than would be with 

first-order elements. However, higher-order elements require more nodes per ele­

ment in the unstructured mesh, and the efficiency gained by using less elements 

would have to be judged against the efficiency lost by requiring more nodes per 

element.
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Aerodynamic sound can be considered to be generated as a result of the move­

ment of vortices in an unsteady fluid flow [17], As point vortices form the basis of 

the present flow simulation, it would be interesting to investigate how the current 

method could be extended to offer predictions of the acoustic field generated by 

flow over multiple bodies.

The random vortex method offers a way of solving for viscous diffusion which 

is easy to implement, but it does require the vorticity transport equation to be 

split into two terms which are solved separately at each time step. The method of 

particle strength exchange allows viscous diffusion to be solved at the same time 

as solving for the velocity field. The only process remaining for each time step 

would then be the convection of the point vortices. Using a method like particle 

strength exchange would allow a clearer study of the dependency of the simulation 

on time step and mesh spacing, which may result in higher resolution simulations 

across a range of Reynolds numbers for multiple bodies and arbitrary geometries.

Vortex methods offer a Lagrangian approach to the solution of the governing 

equations. No separation into mean and fluctuating components has been done, 

and so a full solution to the flow is being sought. The present work allows vortex 

methods to be applied to multiple bodies and arbitrary geometries, however if flow 

at high Reynolds numbers is to be considered, three-dimensional effects must be 

taken into account. If the present method could be extended to three dimensions, 

then scales which are not caught by the discretisation of time and space used 

in the simulation could be modelled for the effects of turbulence, similar to the 

sub-grid scale modelling done in LES. This may then offer a powerful method of 

CFD analysis, combining Lagrangian and Eulerian methods, direct solutions and 

sub-grid modelling.
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