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1 Introduction and summary

In many instances a better understanding of a physical system or theory takes place once
this system or theory is put under deformation. Recently there was an interesting proposal
on how to deform the sigma model for strings on AdSs x S° while keeping its classi-
cal integrability [1]. Deformations of this type constitute a general class of the so-called
Yang-Baxter deformations [2, 3], which in modern parlance comprise n- [1], [4]-[9] and
A-deformations [10]-[13], as well as deformations related to solutions of the classical Yang-
Baxter equation [14]-[20]. Our primary interest in studying these deformations is that they
typically break (super)symmetries of the original string model, yet allowing for a possibility
to solve them exactly.

Here we continue the studies of the n-deformed AdS; x S sigma model based on
a solution of the modified classical Yang-Baxter equation corresponding to the standard
Dynkin diagram of the psu(2,2|4) superalgebra. Recall that for this model the metric
and the B-field are explicitly known [4]. At the classical level the model exhibits a local
fermionic k-symmetry and a hidden PSU4(2,2[4) symmetry [7]. It was shown [4] that its
world-sheet bosonic tree-level scattering matrix factorises into two copies, each of which
coincides under proper identification of the parameters with the large tension limit of the ¢-
deformed S-matrix found from quantum group symmetries, unitarity and crossing [21, 22].

The aim of the present paper is to clarify an important question of whether or not
the n-deformed model is type IIB string sigma model. As we will show, under certain
assumptions the answer turns out to be negative.

One way to approach this question would be to try to find an embedding of the given
NSNS background into a full solution of type IIB supergravity. Given complexity of the
NSNS background, this appears however a rather difficult task. First of all the equation
for the dilaton has many solutions and also many components of the RR forms seem to
be switched on. Surprisingly, A-deformations and deformations based on solutions of the
classical Yang-Baxter equation behave better in this respect, and some of the metrics
could be completed to a full supergravity solution. Even if successful, this approach does
not however guarantee that the string sigma model in the corresponding supergravity
background will actually coincide with a deformed model.

Another way to proceed is to note that the Green-Schwarz action restricted to quadratic
order in fermions contains all the information about the background fields. The correspond-
ing Lagrangian has the form, see e.g. [23-25],

Loz = —g i9; (’yaﬁé[‘] + eo‘ﬁagl,J)eZTm DgK@K,

where ©; are two Majorana-Weyl fermions of the same chirality. The operator DX’ acting
on fermions has the following expression
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where (e, w, H) constitute a vielbein, the spin connection and the field strength of a B-field,
while F’s are RR forms and ¢ is a dilaton. Note that the dilaton and RR forms appear only
through the combination e?F. An approach we undertake in this paper will be therefore
to work out the quadratic fermionic action starting from the n-deformed action of [1]
and some conveniently chosen representative of the coset PSU(2,2|4)/SO(1,4) x SO(5).
Then we need to find a field redefinition which brings this action into the Green-Schwarz
canonical form above. This would allow us to identify the background fields and further
check if they satisfy the equations of motion of type IIB supergravity and, in particular,
to find a solution for the dilaton. Such a strategy works perfectly, for instance, for the
AdSs x S° sigma model [26].

We succeeded in constructing a field redefinition which brings the quadratic fermionic
Lagrangian of the n-deformed theory to the canonical form. However, reading off the
corresponding RR couplings' in section 2.3, we find that they fail to satisfy the super-
gravity equations! The next surprising observation is that these couplings do not meet
the necessary conditions of the mirror duality [27], and, as the consequence, the mirror
background [28] is not reproduced in the expected limit 7 — 1. Although this duality is
a symmetry of the exact S-matrix, it involves rescaling of the string tension and therefore
its absence in the classical Lagrangian might be explained by the order of limits problem.

Another interesting observation, which supports the correctness of our result, concerns
a reproduction of a known string background. As was previously noted by one of us [29],
there is a special scaling limit under which the n-deformed metric and B-field reproduce
the NSNS part of the Maldacena-Russo background [30] dual to a non-commutative Yang-
Mills theory.? Now we observe that in this limit the RR couplings we found precisely
reproduce the rest of the Maldacena-Russo background which is a genuine solution of type
IIB supergravity.

In view of these surprising results it is time to ask how our findings are compatible with
k-symmetry, especially in view of the work [31, 32], where it was shown that the fulfilment
of the supergravity constraints is sufficient for the Green-Schwarz action to be invariant
under xk-symmetry. To answer this question, we have explicitly developed the k-symmetry
transformations of the n-deformed model [1] to the leading order in fermions. We then
find that the same field redefinition which brings the original Lagrangian to the canonical
Green-Schwarz form also brings the k-symmetry variations of the target-space coordinates
to the standard form in type IIB theory. Then the variation of the world-sheet metric auto-
matically acquires the standard form as well and contains RR couplings, allowing therefore
for their independent determination. The RR couplings we read off from the x-variations
of the world-sheet metric coincide with what we found from the canonical Lagrangian.
Clearly, at the level of the quadratic Lagrangian k-symmetry cannot say anything about
equations of motion for RR couplings. Indeed, the latter couple to fermion bilinears and
their leading order k-symmetry variations should be combined with variations of the quar-

! Throughout the paper we loosely refer to F-forms as to RR couplings although as found a posteriori
they are not a part of a supergravity background.

2The NSNS part of the Maldacena-Russo background also appears in the context of deformations related
to solutions of the classical Yang-Baxter equation [15].



tic fermionic terms to produce differential constraints on F’s which guarantee invariance of
the action. The failure of the RR couplings to satisfy the supergravity equations including
the Bianchi identities suggests that k-symmetry transformations in the n-deformed theory
will deviate from that of the Green-Schwarz superstring beyond the leading order.

Now we comment on the issue of field redefinitions. How can one be sure that no
other field redefinitions exist which produce better results for RR couplings? Note that we
already brought our Lagrangian to the canonical form where NSNS fields (e, w, H) appear
automatically to be the same as determined from the bosonic action. Thus, if we want
to perform further field redefinitions we have to require that they keep the NSNS part
of the fermionic action untouched and change exclusively the RR content. Moreover, in
the limit 7 — 0 such redefinitions should either trivialize or become a symmetry trans-
formation of the undeformed model and the same must be true for the scaling limit to
the Maldacena-Russo background. By performing an infinitesimal analysis we then show
that there is no smooth 7-dependent transformation of fields which reduces to the identity
in the limit n — 0 and does not modify the NSNS part of the action. An existence of
discrete, i.e. n-independent transformations is much more difficult to rule out and, there-
fore, our result on non-existence of the supergravity background is only applied if no such
transformation exists.

Since inclusion of fermions leads to a variety of puzzling results, we find it interesting
to extend our earlier computation of the bosonic tree-level two-particle S-matrix [4] to
include fermions. What we are computing is in fact T-matrix. In the purely bosonic case
this T-matrix factorises into two parts, each satisfies the classical Yang-Baxter equation
(i.e. it is a classical r-matrix) and coincides with the leading term of the large tension
expansion of the known g-deformed S-matrix. In other words, this T-matrix has precisely
the same properties as its undeformed counterpart. We then use our quadratic fermionic
Lagrangian to compute new elements in the scattering matrix and discover that this time
it does not factorise on two copies. This nice property is spoiled by Boson+Fermion — Bo-
son+Fermion scattering elements. However, there exists a unitary momentum-independent
transformation of the basis of two-particle states which brings our T-matrix to a factoris-
able form. Each factor coincides with the large tension limit of the psu,(2[2)-invariant
S-matrix. The transformation of the two-particle basis we found does not however admit
a factorisation on transformations of one-particle states. A similar situation has been ob-
served at the one- and two-loop level where integrability of the corresponding S-matrix
obtained through unitarity-based methods also required a (momentum-dependent) one-
particle-unfactorisable rotation on the basis of two-particle states [9].> We note that one
can think about our unitary transformation as acting on the Hamiltonian which then be-
comes highly non-local. Moreover, this transformation is n-independent and is therefore a
symmetry of the undeformed S-matrix.

The light-cone Hamiltonian has an important feature. Although the theory has only ¢-
deformed supersymmetry, the masses of bosons and fermions in the light-cone Hamiltonian

30ne important difference, though, is that in [9] factorisation of the T-matrix could be also achieved
by performing a one-particle transformation which made however the spin and dimension of single-particle
states complex.



appear to be the same and they both have a mild dependence of the deformation parameter.
Thus, the BMN vacuum is supersymmetric just as it was in the undeformed case.

The paper is organised as follows. In the next section we recall the basic facts about
the n-deformed AdSs x S® sigma model, describe the main steps in the derivation of the
fermionic quadratic Lagrangian, present and discuss our main result on the RR couplings.
Section 3 contains an alternative derivation of the RR couplings from k-symmetry. Sec-
tion 4 is devoted to the discussion of residual field redefinitions. In section 5 we present the
T-matrix and discuss how to achieve its factorisation and fulfilment of the Yang-Baxter
equation. Definitions and technical derivations are relegated to three appendices. For the
reader’s convenience we also attach appendix D with the equations of motion of type IIB
supergravity.

2 Quadratic fermionic Lagrangian and RR couplings

2.1 7n-deformed model

Let us recall that the Lagrangian density of the n-deformed model is given by [1]

= 90 42 (2B _ B sty | d 1
Z=-=(1 - tr(d(Ay) ———(A 2.1
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and the action S is normalised as S = [dod7r.Z. We use the notations and conventions
from [33]: €7 = 1; v = h*B\/—h , 47T < 0; g is the effective string tension. The current
Ay = —g 1040, where g = g(7,0) is a coset representative from PSU(2,2[4)/SO(4,1) x
SO(5). The operators d and d acting on the currents A, are defined as

d= P + Py — P, d=—-P +

P+ P5,

1—n? 1—n2

where P, 1 = 0,1,2,3, are projections on the corresponding components of the Z4-graded

decomposition of the superalgebra psu(2,2]4), see appendix A.1.
The operator Ry acts on M € ¢ as follows

Ry(M) =g 'R(sMg')g, (2:2)
where R is a linear operator on ¢ which in this paper we define as

1 ifi<j
R(M)U =—1 EijM’ijv €5 = 0 if i = ] 5 (23)
—1ifi>j

where M is an arbitrary 8 x 8 matrix. This choice of R corresponds to the standard Dynkin
diagram of psu(2,2|4).

In our previous paper [4] the fermions were switched off, a particular choice of the
bosonic coset element g, was made, and the operator 1/(1 — nRy, o d) was found and
used to determine the bosonic part of the n-deformed action. Introducing the convenient
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Figure 1. Geometry of the n-deformed background depicted via embeddings of two-dimensional
surfaces (t, p) and (¢, r) and into three-dimensional pseudo-euclidean and euclidean spaces, respec-
tively.

deformation parameter > = 1—37777—2 and § = gv/1 + »2, the n-deformed metric and the B-field

can be written in the form
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The effect of the deformation on the shape of AdSs and S? is shown on figure 1.
In what follows for convenience we are enumerating the coordinates as
ont, X1: 27 X2: 17 X3: ’ X4: ,
(G (0 ¢ P 27)

X' =g, X°=¢ X'=¢', Xx'=¢ X'=p



so that the non-vanishing components of the B-field are B3 and Brg while the non-
vanishing components of the field strength Hg s are Hogq and Hrgg.

To find the part of the n-deformed action quadratic in fermions we use the following
coset element

g = o0y, (2.8)

where the bosonic element g, = Ag, is the same as in [4]. The element g; which comprises
fermionic degrees of freedom can be defined through the exponential map g; = exp x, or
as g = X + /1 + x?. The two choices produce the same expression if we stop at quadratic
order. The Lie algebra element x is a linear combination of odd generators of the psu(2,2|4)
algebra® y = QI%GIM.

The current A :ig_ldg can be decomposed in terms of linear combinations of the
generators of the psu(2,2[4) algebra

1
A= L"Pry+ 5L I nn + L 0gQ' %% (2.9)

It is useful to look at the purely bosonic and purely fermionic currents separately, that are
found by switching off fermions and bosons respectively. The purely bosonic current is a
combination of even generators P, and J,,,

1
A" = —gy " Hdgy = " P + 50" T (2.10)

where €™ = efd XM is the AdSs x S° vielbein and w™" = w*"dX™M is the corresponding
spin connection whose explicit expressions can be found in appendix A.4.
The purely fermionic current is decomposed in terms of even and odd generators

1
Al = —gi gy = QP + SO I + 25, Q" (2.11)

where we have defined the yet to-be-determined quantities 2™, Q™" Q Expanding g;

Iaa
in powers of # up to quadratic order in fermions we find

Al = — g~ ldg;
—_qf Ls1ag m L s gy 3 1 1z g 3 (2.12)
= Q dej + 25 0[’7 dGJ Pm 46 0[’7 d@J Jmn —+ 46 017 dHJ JTTL’VL7

where“and " refers to the quantities related to AdS5 and S°, respectively, and the matrices
~,, are defined in (A.23). The computation of the full current is similar and one gets

7 -
A= —gldg= A4 g;71A%; = (em + 20,%1)“&,) P, — Q' D", (2.13)
1 1 ;= « A
+§wanmn _ ZEIJQI (’)’mn']mn o 7anmn) D']KHK,

where the operator D!” acting on fermions 6 is given by
i

1
D =17 (d - 4wm”'ymn) + 261J6m’)’m. (2.14)

4See appendix A.1 for the definition of the psu(2,2|4) generators we use.



Sometimes it is useful to split this operator as

DY =D 4 Zemy,, DY =5"D, (2.15)

where D =d — iwm"’ymn is the covariant derivative acting on fermions.
The action of the projections d and d on the current A are found from the formulae

~ 2

AT ) = AT ) =0, d(P,,) = d(P,,) = 1_7772Pm, d(Q) = —d(Q") = (03)"'Q7.  (2.16)

In particular, the J-part of the current is irrelevant for the computation of the Lagrangian,
since it is projected out when defining the coset.
The next step consists in constructing the inverse of the operator

O=1-nRyod. (2.17)
To this end, we find convenient to expand it in powers of fermions 6 as
0= O(o) + 0(1) + 0(2) +---, (2.18)

where Oy is the contribution at order 6%. On generators J of degree 0 the inverse operator
O acts as the identity, at any order in fermions. To find its action on the other generators,
we invert it perturbatively in powers of fermions:

O ' =Of + O + O +--+, (2.19)
where (’)5;‘)’ is the contribution at order #*. The leading contribution 0?5‘)’ was already
derived in [4]. Demanding that O - O~1 = O~!. O =1 we find

inv _ _ minv inv
O) = =% ° P ° ) (2.20)
O = =0 ° O © O) — O © Oy © Oy

We will not need higher order contributions. To keep the discussion transparent, for an
explicit construction of @' up to quadratic order in fermions we refer the reader to
appendix B.1.

2.2 Quadratic fermionic Lagrangian

Substituting now all the ingredients, that is the current (2.13) and O~! into the La-
grangian (2.1), we expand it up to quadratic order in fermions. At leading order we
find the already known [4] bosonic Lagrangian

g o (07 m _n
Loy = —5(7 B¢ ’8) en eﬁknpnmp, (2.21)

where e} = e;0, X M is the vielbein of AdSs x S® and the coefficients k,” are presented
in appendix B.1, see egs. (B.12) and (B.13). We can rewrite this result in the standard
sigma model form recovering the deformed metric (2.4), (2.5) and the B-field (2.6), which
happens due to the identities

eme%)knpnmp = eNeNImn » e?”Me%] knPNmp = Bun (2.22)



where €7 is a vielbein for the deformed metric which we present in appendix A.4 and 7 is
the Minkowski metric (A.20).

In the expansion of the Lagrangian (2.1) in powers of fermions, contributions to a given
power come from three sources: from the current A, from the operator O~! and from the
current Ag. Thus, the quadratic fermionic Lagrangian is a sum of six terms

Loy = ZLoo2y + Li200r + L0
(2) {002} {200} {101} (2.23)
+ Zio11y + Loy + ZLo203 5

where three numbers in the brackets indicate powers of fermions coming from A,, O~! and
Apg, respectively. For the first two contributions we find

9, a fe i min
ZLioo2y = —5(7 P — ey 591(€ak mYn) D50,
(2.24)

9, a « i m n
200y = *5(7 P — ey 591(65 km"¥n) DL 0,

where k", = 1"k npy. Note that the sum of Zgp2) + Z200y gives a non-trivial con-
tribution also to the Wess-Zumino term, since the matrix k,,, has a non-vanishing anti-

symmetric part.

Concerning the contribution {101}, in appendix B.2 we manipulate the initial re-
sult (B.24) to bring it to the form most close to the canonical one

Loy = —geaﬁéLieZ"Ym (O':%KD?JGJ eLKDé(JHJ) . (2.25)

4
_1+\/1—|—%2

which holds up to a total derivative.

Now we spell out the contributions stemming from the inverse operator taken at first
order in the 6 expansion. The two contributions {011},{110} can be naturally considered
together®

) . 1 mn
Zi011}+{110} = —%(VQB — €M) | — (eot ! = (=1 + V14 2)"T) (Wp + §7mn)‘p )

+ (50T — (=1 4+ V1 4 »2)eBT) i’yn/\p"] (kP ed DY + kqpeqﬁDéJ)HJ. (2.26)

Finally, the last contribution to the Lagrangian is delivered by the term where the inverse

5The result can be put in this form thanks to the properties (B.7).



operator is taken at order #2. We find

% —
Zio20y = —%(’Yaﬂ ) Ze”eg"b Yokm Ok

i
l— 26" (% (% qum) - 4'qu7nkp3> = & (AP = V)
—-1+V1+ %2)5KI( <’yu — ;'ypq)\ﬁq> ( + )\rs,7m> + YA An” '7r>

-1+ V1+ %2)6K1< e ( )\Ts'yrs) + <’yu - 'ypq/\pq) )\n”'yr>

1 1
+%0{<I< <7u - 27quzq> (777, + 2/\:{977’5) - 7p)‘up)‘nr7r>

—%03 <7p>\ ( )\’"S'ym) + ('yu 'ypq)\pq) )\n’"'yr> 0. (2.27)
The last two expressions involve the coefficients A;,,", A\PP AP - AP9  which are collected in

appendix B.1.

Summing up all the above contributions, we discover that the result is not the standard
Green-Schwarz Lagrangian, see the Introduction. Yet, in the undeformed limit it reduces
to that one. Indeed, when > — 0, the contributions Zg11}4 {110} and ZJg20y vanish, while
Emn in eq. (2.24) becomes 7y, so that (2.24) transforms into the standard kinetic term,
while (2.25) provides its Wess-Zumino completion.® This is of course expected because the
canonical form of the undeformed Lagrangian is intrinsically built in our construction based
on global symmetries and the choice (2.8) of the coset representative. On the other hand in
the deformed model the AdS5 x S® coset plays an auxiliary role because only six commuting
isometries remain unbroken. It is thus clear that the Lagrangian we got describes couplings
of bosons with fermion bilinears written with a more or less arbitrary choice of coordinates
and that field redefinitions will in general modify its form. Our next task is therefore to
find a field redefinition that will cast (2.23) in the desired canonical form.

To search for necessary field redefinitions we need a guidance principle. All terms in
“Z(2) can be split into two parts: the kinetic part 29 which contains all couplings of the
form 6060, and the mass part 66, which constitutes the rest of the Lagrangian. The idea
is to concentrate just on the kinetic part and find field redefinitions which bring it to the
canonical form. In the process new mass terms will be generated and we look at all of them
at the very end. Clearly, two types of field redefinitions are possible: rotations of fermions
67 — U797 with coefficients U/ depending on bosons and shifts of bosons by fermion
bilinears. In the second case, the bosonic Lagrangian () will generate contributions to
Z\2) and if we do not want to create higher derivatives of 6, the corresponding shifts should
be of the form

XM XM o fM(x) 67 (2.28)

with boson-dependent coefficients f{4(X).

STn particular, the self-dual five-form of the AdSs x S® background arises from the term with /7 in the
definition (2.14) of the operator D' [26].

~10 -



Next, all the terms in .#? are naturally divided according to their symmetry properties
into two categories ff and .29, Given an expression of the form 6;M!796;, we classify
it according to

oM 00; = +00 M0, = £?,
61M1J80J = —891M”0J — g?

The symmetry properties are manifested through purely algebraic manipulations, not by

(2.29)

integrating by parts. They are inherited from symmetries of gamma matrices contained
in M/ and from the behaviour of M’/ under the exchange of I,J. We then show in
appendix B.3 that there exists a choice of the coefficients in (2.28) such that the corre-
sponding shift completely removes .22, leaving behind a bunch of new mass terms. As to
9 it remains untouched under this shift because the symmetry properties of the deriva-
tive couplings generated by (2.28) are opposite to that of £?. The only manipulations we
are left with at this point are boson-dependent rotations of fermions. Since .£2¢ and the
canonical kinetic term share the same symmetry (2.29), a rotation which transforms one
into the other always exists and we find its explicit form in appendix B.3.

Through the shift of bosons and the rotation of fermions we generated quite a lot of new
mass terms. It is now time to sum them up and group together according to their tensorial
structures. Quite remarkably, after this is done, the mass part turns out to automatically
fit the canonical arrangement. In terms of a 32-dimensional Majorana fermion © of positive
chirality (A.46), our Lagrangian is therefore

Loy = —g 107 (05" + Bl )err,, DI oy, (2.30)
where the operator Dé‘] enjoys the canonical form”

~ 1 1
DI’ =6 (aa ~ 4w~gmrmn) + 98 0 Honp T
(2.31)

1 1 1
-5 (ef TTPED 5ot TP E) 5 qu’“stFIE;’,lst) ey,

In the last equation €7} is the same vielbein of the n-deformed metric, cf. appendix A .4,

that features in the bosonic Lagrangian, while w}* is the spin connection that is related

to €} by the standard formula (A.54). Finally, for the 3-form H,,,, we find the following

two non-vanishing components

V14 p2\/1— 22p2sin( V1 —1r2y1+ 2r2siné
—5 ,  Hrgg = +4oer — .

1+ »2p*sin® 1+ s2rtsin? €
These are precisely the field strength components of the B-field (2.6) written with the

Hosy = —43p (2.32)

flat space indices. Thus, we completely restore the NSNS background of the 7-deformed
theory at the level of the quadratic fermionic action, which is rather non-trivial by itself
and provides a strong validity check of our computation.

Postponing the discussion of the RR couplings till the next section, we conclude by
pointing out that the field redefinitions of (X, #) we used do not involve world-sheet deriva-
tives and, as such, they can be viewed as a certain s-dependent reparametrisation of the
original coset representative (2.8) of AdSs x S°.

"The 10-dimensional T-matrices are given in (A.42).
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2.3 RR couplings

Here we present our main result — the RR couplings of the n-deformed theory, and then
discuss some of their features. From eq. (2.31) we find the following non-vanishing RR
forms written with flat indices of the tangent space

e¥Fy = —4s* c}l p>sin ¢,

e¥Fy1q = +45¢ c}l p?sinC,
e¥Frg9 = +4¢ c}l r?siné,
¥ Foyg = +4¢3 c}l pr3siné,

e? Flgg = —4¢3 Cp L p3rsin,

=+4 cl}l,

e? Fora59 = +457 C_lpzr sin ¢,

e? Fo1234

e? Fousey = +45¢% cplpresiné,

For simplicity we have defined the common coefficient

c
= 1+%2

\/1—%;) \/1+%p sin? (V1 4 52r24/1 + s2rdsin? €

e?Fs = +45* cpt r¥sing, (2.33)
e?Flog = —4s 01_71 P,
¥ Forg = —4s et 1,
o s (2.34)
e¥Fozg = —4 c; p“r’sinsin €,
e¥ Flqg = —4¢3 Cp L p3r?sin ¢siné,
e Fipzas = —4" c’1p3r3 sin sin¢,
e? Forars = +452% ¢l pPr? sin Csin €, (2.35)
e? Fougrs = —4° cF pr.
(2.36)

For the five-form we presented here only half of all its non-vanishing components, namely
those which involve the index 0. The other half is obtained from the self-duality equation
for the five-form. The answer appears to be rather simple and in the limit x — 0 all
the components vanish except Fyi234 which reduces to the constant five-form flux of the

AdSs5 x S° background.

For the reader’s convenience we present the same results written in curved indices

e¥Fy, = 45 ¢t ptsin? ¢,

3 in2

_4 p°sin“ ¢

e Frp,p = +45cp' 1— 2p27
3

_, rsin?¢

¥ Fpppr = +45 Fl T2

_, prisin? ¢
¢? Fipg, = +45° cp 1= 22

3,1 pirsin®¢

€ Fy,pr = —45¢" ¢ Tr22

4 c}lp?’ sin ¢ cos

e¢Ft’¢'2¢1CP =

4322 c}lp‘gr sin? ¢

ewa&P(ﬁT‘ == (1

452 e, Lord sin® ¢

ewFtP¢¢2T = -

(1=52p?) (1432 p*sin? )’
) (L)

(1 —52p2) (1 + 32r2)’

e¥Fy, = —ds® et rtsin? ¢, (2.37)

1 ptsinCcosC

F14 22ptsin? ¢’
r sinfcos{

ewazll)lC = +dxc

PR — 14 2.38
21§ xe F 14 s2r4sin? ¢’ ( )
oF, B! p*rsin ¢ cos ¢ sin” &
e Ly ¢pp = Fix 1+ %Qp meC
_ ptrt sin? Csmfcosg
e?F, = +45 et ’
PYapr€ 1+ »2r4sin? €
or _ 434 cr p r4sin ¢ cos ¢ sin? &
th1Cpea (1 — %2,0 ) (1 + »2p*sin C)
4
¥ Fupypre = + a °r /) rsin® CSIHECOS§, (2.39)

(1 —52p? )(1+%2r4sm 3)
45 g, Lortsin € cos &
—32p?) (1 + 1t sin® &)

e¢FtP¢2¢1§ == (1
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Inspection of the found RR couplings reveals that contrary to the natural expectations
they do not obey equations of motion of type IIB supergravity.

First of all for the Bianchi identities this is already obvious from the expression (2.37)
for the 1-form. To fit the supergravity content this form must be exact F(!) = dy, where y
is axion. One can verify that there is no way to split off an integrating factor e® in (2.37),
such that the corresponding F1) becomes exact.

Concerning other equations of motion, consider, for instance, the Einstein equa-
tions (D.12) which involve an unknown dilaton. One can show that to achieve vanishing of
the off-diagonal components of the Einstein equations the dilaton ¢ must be of the form

¥ = (I)a(p, C) + ‘1)5(7‘, 5) ) (240)

where ®, and ¥, are some functions. However, analysis of the diagonal components of the
Einstein equations shows that a solution for ®, and ®; does not exist.

Now we will attempt to make contact of our findings with known supergravity solutions
by considering special limits.

Mirror background. We first analyse a special limit »» — oco. Rescaling the bosonic
coordinates of the n-deformed metric as

t
t— —, p— —, <f>—>?, r—>£, (2.41)
4 4 4

and then sending s» — oo, yields upon an overall rescaling the metric for the AdSs x
S® mirror model [28]. The B-field vanishes in this limit. The resulting metric can be then
embedded into a full solution of type IIB supergravity by supplementing it with a dilaton
and a five-form flux [28].

Now we look at how the actual RR couplings behave in this limit. Upon rescaling (2.41)
it is enough to keep only those components with tangent indices that are of order O()
at large s to compensate the power 1/3¢ coming from the vielbein that multiplies the RR
couplings in eq.(2.31). The surviving components are thus

4p 4r
) e¥ Fgrg = — ,
VI-p2V1+r VI-p2V1+r
1—p2V1+41r2 o 1—p?vV1+41r2

4 4pr
) e? Fi =— .
V1—p2V/1+1r2 04078 V1=p2V/1+r?

This result does not match the proposed mirror background [28], and the limiting couplings

e? Fiog = —

(2.42)

e? Foia3a = +

continue to displease the supergravity equations.

Maldacena-Russo background. Here we look at a special » — 0 limit and show that
the solution we found reproduces in this limit the Maldacena-Russo (MR) background [30]
which is a genuine solution of supergravity equations.

To achieve this limit, we first rescale the coordinates parameterising the deformed AdS
space as

\/;¢27 ¢1_> ﬁiﬁh C_>C0+\/;C7 p%L (243)

sin (y cos (o N2

t— t, Py —
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where (j is a parameter, and then send > — 0. Because the coordinates of the deformed S°
do not undergo any rescaling, the corresponding part of the metric just reduces in this limit
to the underformed metric on S°, and the components of the B-field in those directions
vanish. The AdS part of the metric and the B-field remain non-trivial and we find

P’ d

2 2 /)2 2
———(d d — +d
1+p4sm2€0(¢1+ )+ sk,

dyp A d,

p* sin o
1+ ptsin? (p
which is precisely the NSNS content of the MR background.

Now we apply the same limiting procedure to the components of the RR cou-

(2.44)
Bor) =+

plings (2.33), (2.34) and (2.35) and find that the axion vanishes, and only one component
of F®) and one of F®) (plus its dual) survive

4p? sin (g 4
eIy = —m—m—, e? F{ = 2.45
014 e 01234 e (2.45)
If we identify the dilaton as
1 42
p=vo—5 log(1 + p*sin“ (o), (2.46)

where (g is a constant, we then find that the non-vanishing components for the RR fields,
written both with tangent and curved indices, are

Foia = e %0 4p”sin (o, Foiasa = €704,

403 (2.47)
o 3 . -

Frppp = €770 4p”sin o, Fioyrcp =€ T+ hsinZcy

These are precisely the dilaton and the RR fields of the MR background [30]. It is very
interesting that despite incompatibility with supergravity equations for generic values of
the deformation parameter, there exists a certain limit, different from AdSs x S®, where
this compatibility is retrieved.

3 RR couplings from k-symmetry

As was shown in [1, 7], the Lagrangian of the deformed model is invariant under xk-symmetry
transformations. Recall that in the undeformed case k-transformations are implemented
by multiplying a group representative of a coset element from the right:

g-exp(e) =g -b, (3.1)

where ¢ is a local fermionic parameter which takes values in psu(2,2]4). Here on the right
hand side g’ is a new coset representative and h is a compensating transformation from
SO(4,1) x SO(5). For generic ¢ this transformation is not a symmetry of the action, but

for a special choice
1

e = 5 (776" — Pol’) (Q'ksa AR + AT Q ksa) (3:2)
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one can show that this is indeed the case [33]. The spinors k1, and kg, are local transfor-
mation parameters which under Z,-decomposition have degree 1 and 3, respectively.

In the deformed case one can still prove the existence of a local fermionic symmetry of
the form (3.1). However, to achieve the invariance of the action the definition (3.2) has to
be modified, in particular € will no longer lie just in the odd part of the algebra, but will
have a non-trivial overlap with the even part. Precisely, € is written in terms of an odd
element o as [1]

e = Oy, 0= Q(l) + Q(S)- (3.3)
where O is the operator defined in (2.17) and the two projections o) are®
1 a (e} - (2) - @
oV = (7 — o) (lea (07145) " + (071 4p) lea) ,
! e (514 ® 4 (5402 g2 4
O (Q e (0745) "+ (07145) 7 Q *%) !
where we defined
O=1+nRgod. (3.5)

In appendix B.4 we explicitly derive the variations of bosonic and fermionic fields implied
by the above definitions, and observe that they do not have the usual form of the k-
variations of type IIB superstring. However, after implementing the field redefinitions of
appendix B.3, which were needed to put the Lagrangian in the canonical Green-Schwarz
form, we find that also the kappa-variations become indeed standard

(5,€XM = —% (:)](SIJngFm(sfi@J + 0(63)7
Licli af _ _1J afyomp 7o 2 0

%z(?)@%, (3.7)

and & is related to x as in (B.81). It is now instructive to also look at the kappa-variation

where

for the world-sheet metric, as this provides an independent way to derive the couplings of
the fermions to the background fields. The variation is given by [1]

1—n? ~
57 = 277 str (T [Qlff‘f‘+, PW o C’)_l(Ai)] +7 {szg‘_,P(g) o O_l(Aﬁ)D , (3.8)
where T = diag(14, —14) and the projections of a vector V,, are defined as

B ap
yP t e
f% . (3.9)

As we show in appendix B.4, after taking into account the field redefinitions performed to

Ve =

get the canonical action, we find a standard kappa-variation also for the world-sheet metric

—a —a -
6% = 2i| K1, D0, + K, D™6,| + 0(6") (3.10)
3.10

=2; '/ o'/K A% K, DEFO L + 0(6°),

8Comparing to [1] we have dropped the factor of i because we use “anti-hermitian” generators.
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where we have defined 1] oo 17 ad
Jaa’ — 0777 "503 e (3.11)

The operator ﬁé‘] turns out to be the same as obtained earlier in the Lagrangian approach.

It is given by eq.(2.31), and, in particular, it contains the same RR couplings as found in
section 2.3.

We point out that at the level of the quadratic fermionic action, the requirement of
k-symmetry is unable to produce differential constraints on the RR fields, in particular,
the Bianchi identities. Constraints will start to emerge from the quartic action, because
to check its invariance, one has to vary the RR couplings entering the quadratic part of
the fermionic action, which will lead to the appearance of their derivatives. Thus, if our
result for the RR couplings is an ultimate one, i.e. if there are no further field redefinitions
changing the RR couplings only, one could expect that at higher orders in fermions both
k-symmetry transformations and the corresponding Lagrangian start to deviate from the
standard form in the theory of IIB Green-Schwarz superstring, and this could explain why
our results are compatible with the work [31, 32]. It is also worth stressing that in [31, 32]
it was shown that the supergravity constrains are sufficient for k-symmetry of the Green-
Schwarz action, whether they are also necessary is unknown to us.

4 On field redefinitions

In the previous section we were able to transform the original Lagrangian into the canonical
form and further observed that the RR couplings derived from the latter do not satisfy the
supergravity equations. On the other hand, the NSNS couplings in the quadratic fermionic
action are properly reproduced and they are the same as found earlier from the bosonic
Lagrangian. Therefore we are motivated to ask whether further field redefinitions could
be performed which exclusively change the RR content of the theory. It appears to be
rather difficult to answer this question in full generality. We will argue however that no
field redefinition of this type, continuous in the deformation parameter exists.

We will work in the formulation with 32-dimensional fermions @ obeying the Majorana
and Weyl conditions, see appendix A.3. We start with considering a generic rotation of
fermions®

07— Frj0;, ©r—0,F;, Fy=-ToFTy, (4.1)

where FTj are rotation matrices which depend on bosonic fields. We write F7; as an
expansion over a complete basis in the space of 2 x 2-matrices

3

Frj=6"Fs+o0{"Fy +/F.+03'F,, =) sl F,,
> (4.2)

Fry = 61 Fy + ol By + IV Fy 4 ol By — S s F
a=0

90One could imagine more complicated redefinitions like ©; — Fr;0; + G7;0.0 7, etc. They were not
needed to bring the original Lagrangian to the canonical form and we do not consider them here. These
redefinitions will generate higher derivative terms in the action, whose cancellation would imply further
stringent constraints on their possible form.
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where we have introduced

56‘] — 5IJ 1J _ O'{J

1J Ly _ _1J
1 53 .

) 55] =€ ) =03

Next, the coefficients F, and F, are 32 x 32-matrices and they can be expanded over the
complete basis generated by I'™ and identity, see appendix A.3 for the definition and
properties of T'("). Further, we require that the transformation F7; preserves chirality and
the Majorana condition. Conservation of chirality implies that the I'-matrices appearing
in the expansion of Fy; must commute with T'q1, i.e. the expansion involves T'") of even

rank only
1 k
247

_ _ 1- 1 -
Fa = fa ]132 + §fc71nrmn + ﬂfc]flmnrklmn .

Imn
Fklmn )

1
Fa = fa]l32 + ifgrmrmn +
(4.3)

In this expansion there are no matrices of higher rank, because those by virtue of duality
relations are re-expressed via matrices of lower rank. The Majorana condition imposes the

requirement
ToF] Ty =CF},C (4.4)

which implies that the coefficients f are real. Coefficients of F, are then given by

fo=fo, FI=—FT f = fRT (4.5)

Thus, the total number of degrees of freedom in the rotation matrix is

10-9 10-9-8-7
4.<1+ +

5 T >:210:(16+16)2,

which is precisely the dimension of GL(32,R). This correctly reflects the freedom to perform
general linear transformations on 32 real fermions of type IIB.
Under these rotations the kinetic part of the fermionic Lagrangian transforms into

(3517 + eB5l)y0EmT,,050; — (4.6)
— (7“551‘] + Eaﬁoé‘]) (éK F]K éLnFmFJL alg@L + éK F]K éZ”Fm(ﬁgFJL)@L> .

The requirement that under rotations the kinetic part remains unchanged can be formulated

as the following conditions on F7j:

8" Frg T Fyr, = 81T + removable terms, (4.7)
aﬁJF}K I',.Fjr, = afLI‘m + removable terms, '

where “removable terms” means terms which can be removed by shifting bosons in the
bosonic action by fermion bilinears. The equations (4.7) should hold on chiral fermions,
that is as sandwiched between two chirality projectors. To make the discussion simple, we
will not indicate these projectors explicitly till the very end. In the following it is enough
to analyse the first equation in (4.7) and, thus, we are led to understand the structure of
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s=+1| -1 +1 -1
s=-1] +1 -1  +1

Table 1. Values of s - t& for different r and s.

Frx Ty, Frr, which in general has an expansion over a basis of odd rank '™, The strategy
is to determine first the structure of removable terms. To this end we need to study the
properties of fermion bilinears.

17 with s = +1. Now we take two sets of Majorana-Weyl

Suppose that s/ = s s
fermions, that we call © 4 and ©p in order to distinguish them. We consider odd rank

[-matrices (not to get vanishing expressions)

st @4, TMeR ;= s eA,Id(CF(T))dB@B,JB =—s"/ @B,JB(CP(T))QB@A,Id

. ’ (4.8)
=— st ep eerMye,r =s-tf ' 6p,1MO,

see appendix A.3 for the definition of the numbers L. The kinetic term for bosons under
the shift, which can be schematically represented as

XM xM 4 w?;[)’aséJ(:)[F(r)@J, (4.9)

will generate the fermionic terms containing the terms
Séjaa(é[F(T)GJ) = sg‘]@a(:)lf(’”)@J + si‘]é[I‘(”)BQGJ (4.10)

Clearly, for this expression to fit the structure of the fermionic kinetic term, the two terms
in the right hand side of (4.10) must be equal. Identifying 0,0 with © 4 and © with Op
in eq. (4.8) shows that removable structures in the fermionic action are those for which
s-tI' = +1. Indeed, the structures with s-t¢ = —1 entering in the shift (4.9) simply vanish
because of the same equation (4.8) considered for A = B. Using the results of appendix A.3
one can determine s - t. for various r and s and the corresponding values are collected in
table 1. According to this table, the condition that the kinetic term is invariant up to the
terms removable by a shift of bosons can be now written as

FixUipnFrr =0k 1lm + exr [(he)Tn + ()P4 T ppgrs]

(4.11)
+ [0k L (hs)pP! + o1k (hoy )oY + 03k L (Ros )Y Thpg -

Here h-tensors are arbitrary coefficients which parametrise the structures which can be
removed from the action by shifting bosons. Obviously, putting a generic F' satisfying the
Majorana-Weyl conditions in the left hand side of (4.11), one would expect an appearance
on the right hand side of all these h-tensors. But do they actually appear? As we show in
a moment the answer is negative.

Combining equations (4.1) and (4.4), we get

CF},C=~F;;, and CF},C=—-Fj;. (4.12)
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Now collect all terms on the right hand side of (4.11) that are removable by shifting bosons
into a tensor Mgy, ,,. This tensor has the following symmetry property '’

C(Mgpm)' C=—Mpgm. (4.13)

Note that the tensor in the canonical kinetic term has exactly the opposite symmetry

property
COrrTt )C =6k Tm. (4.14)

Putting this information together, let us consider (4.11) written as
FrgUoFrr, = 6xrlm + My rm . (4.15)
We take transposition and we multiply by C from the left and from the right
C (FrxTmFrs) € = 851 (T) € + € (MicLm)'C (4.16)
and further manipulate as
C(FrL) C-C(T) € C (Fix) € = 0rC (T) € 4 C (Micm)' C (4.17)
With the help of egs. (4.12) , (4.13) and (4.14) and relabelling the indices K and L, we get
FrxlmFrr = 0kilm — MgLm (4.18)

which shows that Mg, ,, = 0, that is this structure cannot appear because it is incompat-
ible with the symmetry properties of the rotated kinetic term. It is clear that the same
considerations are also applied to the second equation in (4.7), where UéJ replaces §77.
Thus, to keep the kinetic term invariant, the rotation matrix F' must satisfy the following

system of equations!'!

S Frg T Frp = 0 lm
o3 Frg Ty Fyp, = of Ty,

We have also learned that we cannot shift bosons anymore, any shift would spoil the kinetic

(4.19)

term in a way that cannot be fixed by rotations. In order not to deal with indices of the
2 x 2 space, we can introduce 64 x 64-matrices

3 3

3
U= s4®F,, EZ Z ®CF,C, (4.20)

a=0

which allow us to rewrite the equations above in the form

M (U (12 ® Tp)U = 1, @ Dy, )T, =0,
B (4.21)
M (U (03 @ Tn)U = 03 @ D )Ty = 0.

Here we reinstated the two chirality projectors T4 = 15 ® 5 (132 +T).

ONotice that to exhibit this symmetry property, one has to transpose also the indices K, L, on top of
transposition in the 32 x 32 space.

1YWould not be there indices I, J, we would immediately conclude that the first equation in (4.19) has
only a trivial solution F' = 1, because I';, form an irreducible representation of the Clifford algebra.
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Finally, we assume that U is a smooth function of #:
U=1g+nu+0O0n?). (4.22)
At first order in 1 we get a system of linear equations for u:

M (@ (12 © D) + (1o @ Dy )u) Ty =0,
(4.23)
m_ (a (03@T ) + (03 ® Fm)u)m —0.

This system appears to have no solution which acts non-trivially on chiral fermions. Thus,
non-trivial field redefinitions of the type we considered here do not exists. Whether equa-
tion (4.21) has solutions which do not depend on 7 is unclear to us. Finally, let us mention
that similar considerations of field redefinitions can be done for k-symmetry transforma-
tions with the same conclusion.

5 T-matrix and factorisation

To find the Lagrangian quadratic in fermions we used a coset element of the form

where g, depends on the transverse bosons and g; on the fermions. With this particular
choice fermions are uncharged under bosonic isometries. On the other hand to impose
a uniform l.c. gauge, one uses a coset element of the form g = A(t,¢) - gi' - g». In the
undeformed case this guarantees that the x-gauge-fixed bosons and fermions transform in
a bi-fundamental irreducible representation of the centrally-extended psu(2|2) & psu(2|2)
which is the symmetry algebra of the l.c. AdSs x S® Lagrangian, and this also allows one to
develop a perturbative expansion of the l.c. Lagrangian in inverse powers of string tension.
It is clear that the two fermionic group elements are related as follows

9 = 0, 9i9a - (5.2)

This redefinition of the fermionic group element is obviously equivalent to the corresponding
redefinition of the fermionic coordinates

X=0;'X0s (5.3)

The new version for the coset representative g has the same form as the one used in the
review [33] to construct the l.c. Lagrangian and develop the perturbative expansion, but it
is not exactly the same choice. The reason is that the bosonic coset element gy used here
and the one of the review gy’ differ by the action of a local Lorentz transformation h

g6 = 0o’ - h. (5.4)

In the limit 5 — 0 one does not get the same Lagrangian as in [33]. The Lagrangians are
related by a nontrivial redefinition of bosons. This however does not change the physical
quantities, and in particular both Lagrangians would give the same T-matrix.
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5.1 T-matrix

Here we list the action of the T-matrix on two-particle states in the uniform a = 1/2 light-
cone gauge. Since we do not know the quartic fermionic Lagrangian the terms quadratic
in fermions are missed in the scattering processes Fermion-Fermion — Boson-Boson +
Fermion-Fermion. However if the T-matrix factorises then the missing matrix elements
are fixed unambiguously. The derivation of the l.c. Hamiltonian and its quantisation is
sketched in appendix C. We follow the same notations and conventions as in [33]

a:ru'z (p) = Yaa ala (") = Yy, ala (P) = Zaa s ald () = Zs
aly(p) = T ate (') = nha al e (p) = Oaa al () — Ol

so that we have, in particular
Yaarly) = lala()aly (). 1BasZly) = lala(p)a’ @)
Then we introduce the rapidity 6 related to the momentum p and energy w as follows

p=sinhf, w= mcoshH.

Boson-Boson — Boson-Boson 4+ Fermion-Fermion.

T [YaaYyy) = 2A[YaaYy) + (B + Weg) [V Vi) + (B + Wea) [YoaYy,)
+ Ceabed‘B ]6?@@9;)5) + Cegpe® ]nadn/’%>
T |ZaaZys) = — 24| ZaaZys) + (=B + Weus) | Zo525a) + (=B + Weag) |20 Z) )
- Cedﬁﬁdb ]nadn/ﬁb> — Ceppe™ |‘9ad‘9;B>
T |YaaZoa) = 2G [YaaZhs) + H [10a04a) — H |0aanig)
T |ZaaYas) = = 2G | ZaaYaa) + H [M0ibes) — H |0acnaa)

Fermion-Fermion — Boson-Boson.

T- ‘Qaa9;5'> = Cedgeab |YaaYI!I~)) — Cegpe™” ’ZadZ;jB)
T- ’nadnéﬁ = — Ceabedﬁ ‘ZadZéB> + Ceageab \Yadng>
T- |‘9ad77/ﬁi,> = —H|Y,;Zps) — H|ZpaY ;)

T- |77aa9;,3> =H |Za5YZa> +H |YZaZ;B>
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Boson-Fermion — Boson-Fermion.

’Yaa01/)5> (A +G) ‘Yaa9;5> (B - Weab) ‘Yl-ma;5>

+ H10,;Y5) + Ceape®” MaaZs)
‘Yaan3b> (A+G) ‘Yaan3b> (B - Wﬁab) Y, 1,77,8@>

+ H |ngaY);) — €ab€a ‘6a0't235'>
T - |9ad}/b/l}> = (A — G) \QadYb'i)> + (B - Weab) yedea’b>

+ HI|Y,;0ps) — Ceape®? \Zadn;%)
T 10aYy) = (A= G) naaYy;) + (B — Weg) 1,4 Y0a)

+H |Yba77;;,> + C’edbed |Zaa0;B>

T Zaal)y) = — (A+G)|Zaabls) — (B + Wegs) | Zs6hs)

- H wbdZ;é/ﬁ + C%BGG 10 Yy;)

T | Zaan) = — (A+ G) [ Zaany,) — (B + Weap) | Zpar,)
— H |n,4Zfs) — Ceage™ [0aaYy);)

T-0aZ)5) = — (A~ G)haaZy) — (B + Wey) 0,52h0)
— H ’25019;5> — CEdBEab ’Yadn,@i)>

T [1eaZly) = — (A= G) InaaZls) — (B + Weas) In3aZL )
—H|Z ﬁn5a> + Ceagea |Ya“0bﬂ>

Here the coefficients are defined as follows!2

L(p—p')? + 12w — o)

A
(p’p) 4 pw/_p/w )
/ 2 /
pp + viww
B(p,p) = —F———
pw' — plw
1(p—p)2+ 12 (w—uw)?
D(pap)__4( ) 7 (/ ) )
pw' — plw
1 w?—w?
Glp.p) = -~ —%" 5.5
(p,p") T g (5.5)
W(p,p') =iv,
smha ¢
C(p,p) = 1+% Ypp' 1+
p pw’ pW
2 cosh9 ¢
H(p,p) = 1+% pp\/ \/ v
p pw’ pw

12Note that the coefficients C(p,p’) and H(p,p’) dlffer by sign from the ones in [9] if the signs of p and
p’ are opposite.
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5.2 Factorisation

Let us recall that in the undeformed case, as a consequence of invariance of S with respect
to two copies of the centrally extended superalgebra psu(2|2), there is a basis of two-particle
states such that the T-matrix elements with respect to this basis admit a factorisation

TLPA%QN = (—D)erlev TR TIISE 69 + (—1)eleuter)sf 52T (5.6)
Here M = (a,a) and M = (a,d), and dotted and undotted indices are referred to two
copies of psu(2|2), respectively, while €y; and €,; describe statistics of the corresponding
indices, i.e. they are zero for bosonic (Latin) indices and equal to one for fermionic (Greek)
ones. The factor 7 can be regarded as 16 x 16 matrix.

As was shown in [4], in the deformed model the bosonic T-matrix elements Boson-
Boson — Boson-Boson enjoy the same type of factorisation. It is not difficult to see that
the T-matrix elements Boson-Boson — Boson-Boson 4+ Fermion-Fermion, and Fermion-
Fermion — Boson-Boson also admit the same factorisation. In fact these T-matrix elements
determine all the coefficients (5.5), and the elements of the 7T-matrix

Tail = AS585 + (B + W ea)d30
T3 = —A6)0% + (=B + W eap)d507,

Ti8 = Go5ol, Toy = -G &5, (5.7)
7;%6 = Ceqpe?, 7;05 = Ceqpe™,
T = HOW,, T = HOM,

It is straightforward to check that this 7T-matrix coincides with the first nontrivial term in
the large g expansion of the properly normalised g-deformed psu,(2[2) invariant S-matrix,
i.e. with the corresponding classical r-matrix.

Despite this promising agreement, the full T-matrix does not factorise. Indeed, by
using (5.7), it is not difficult to see that the scattering elements Boson-Fermion — Boson-
Fermion listed in the previous subsection cannot be written in the same factorised form
because they have wrong signs in front of W. One can also check that there is no unitary
transformation of the basis of one-particle states which would restore the factorisability.
Nevertheless, there exists a change of the basis of 2-particle states which brings these T-
matrix elements to the factorised form.!® Let us consider a 2-particle state made of one
boson and one fermion. In any such a state there is exactly one pair of indices of the same

type, e.g. (a,b) or (&, 3), for example
Y 00a) (5.8)

has the pair (a, ). For any such a state we perform the transformation which exchanges the
indices 1 <+ 2 or 3 <> 4, or the corresponding dotted indices, and in addition multiplies each

130bviously, the resulting factorised T satisfies the cYBE, while the original T-matrix does not for some
scattering processes. To be precise, those are the processes which involve Boson-Fermion to Boson-Fermion
transmission amplitudes.
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of these states by ¢. This changes the sign in front of W, and restores the factorisability.
The existence of this transformation means that the T-matrix can be written in the form

T=U-T,-U, U .U=1I, (5.9)

where U is a unitary operator which realises the transformation just described, and T is
the T-matrix which factorises in the standard way with the g-deformed 7-matrix as its
building block. It is clear that the restriction of the operator onto the space of one- and
two-particle states satisfies the condition U? = —1. The Hamiltonian Hq which leads in a
natural way to the g-deformed scattering T-matrix is obviously given by

H,=U'-H-U. (5.10)

It is easy to construct an operator U which satisfies the necessary properties. For example
the operator Ujs which exchanges the indices 1 and 2 of two-particle states (5.8) while
acting trivially on all the other two-particle states is given by

Uyp = /5 @2 HL3HLIHLEY (5.11)
where the operators LL2? and LLL? are bosonic and fermionic parts of the su(2) generators

1 . .
L,’ = ]Lgb + ]Lflb = /dp Z §(alMabM — €qq€® aiMadM> ,
M

(5.12)
Lgb = /dp Zaléabc, Lgb = /dp Zalﬁabv, a#b.
¢ gl
The full operator U is obviously given by the product
U="Ui2 -Uszs-Ujy-Usy . (5.13)

Since the exponential of U is a linear combination of products of integrals, the Hamiltonian
H is seemingly highly nonlocal.

We conclude this section by pointing out that while we have found 16 non-vanishing
RR couplings, the quartic Lagrangian we used to compute the T-matrix depends only on
six of them

Fo1a, F123, Fs69, Fo7s, Fo1234, Fos678 -

Other couplings will apparently contribute beyond the quartic order.

6 Conclusions

The main result of this paper is the calculation of the part of the Lagrangian of the
n-deformed model which is quadratic in fermions and has the full dependence on the
bosonic fields.

We have shown that a field redefinition is necessary to cast the original Lagrangian in
the standard form and that the simplest and natural redefinition leads to RR couplings
which do not satisfy the equations of motion of type IIB supergravity. Moreover, the
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wide class of transformations considered in section 4 does not allow one to change the RR
couplings while keeping the NSNS couplings untouched. We have not however analysed
more involved changes of fields which depend for example on fermions and their derivatives,
or even are nonlocal. One cannot also exclude the existence of a discrete transformation
(maybe of the type considered in section 57).

Assuming however that this is the final answer for the RR couplings the question is
whether the n-deformed sigma model can be considered as a string theory sigma model. The
usual ways to address this question (the vanishing of conformal anomaly or the modular
invariance of the partition function) are difficult to implement for a k-symmetric Green-
Schwarz sigma model. A related and more general question is — given a sigma model with
8 bosonic and 8 fermionic physical degrees of freedom how to determine whether it is a
string theory.

The Lagrangian we found can be used to address many interesting questions. Let us
list some of them.

There are many different choices of a light-cone gauge because there are three isometry
directions on the n-deformed sphere. We have shown that the standard choice leads to a
vacuum which does not receive quantum corrections at least at one-loop level. It would be
interesting to see what happens with other simple choices where one chooses the angle ¢,
or ¢9 as the light-cone gauge space isometry direction.

There are many explicit classical solutions for the n-deformed model, see e.g. [35]-[42],
which reduce to known AdSs x S° string solutions. It would be interesting to compute
one-loop corrections to the deformed solutions and compare them with the undeformed
results. This may shed some light on the structure of the mysterious dual “field” theory.
Since in the scaling limit discussed in section 3 the n-deformed background reduces to
the Maldacena-Russo background, the dual model should be a deformation of the non-
commutative N =4 SYM.

We have mentioned that in the limit > — oo the RR couplings we found do not reduce
to those of the AdSs x S° mirror background. It would be interesting to compute and
compare T-matrices for the s = oo background obtained from our Lagrangian, and from
the mirror Lagrangian.

We found that to get a factorisable two-body S-matrix we have to perform the trans-
formation (5.13). It would be interesting to investigate the scattering of 3 particles into 3
particles and find out if the same transformation would bring the three-body S-matrix to
a factorisable form.

In this paper we considered the R-operator corresponding to the standard Dynkin
diagram of psu(2,2]4). It is believed however that in the undeformed case the so-called
“all-loop” Dynkin diagrams [43] give the only consistent choice for finite A. It would be
very interesting to investigate the R-operator corresponding to these Dynkin diagrams, and
determine how it influences the Lagrangian and T-matrix.

Let us finally mention that recently the 7- and A-deformations were related by the
Poisson-Lie duality [44-46]. It would be interesting to understand how the Poisson-Lie
duality acts on the background fields, and hopefully use it to rederive from it the RR
couplings we found.
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A Conventions

A.1 Basis of psu(2,24)

Here we introduce a basis of the superalgebra psu(2,2[4) which we use throughout the
paper, present the commutation relations between the corresponding generators and recall
the Z4-graded decomposition of psu(2,2[4).

Recall that the superalgebra sl(4|4) is generated by 8 x 8 matrices

o (@‘@) | (A1)
ma1 [M22

where each m;; above is a 4 x 4 block. The matrix M is required to have vanishing
supertrace, defined as str M = trmq; — trmos. The diagonal blocks mqi1,mag are even,
while the off-diagonal blocks mj2,mo; are odd. The algebra su(2,2|4) is a real form of
5[(4]4) which is obtained by demanding the following reality condition

MTH+HM =0, (A.2)

where the matrix H is

X0
i (20). "

and the diagonal matrix ¥ is defined in (A.6). The algebra psu(2,2|4) is obtained from
su(2,2|4) by projecting out a one-dimensional centre generated by ilg.
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Gamma matrices. The bosonic generators of psu(2,2|4) are constructed with the help

of SO(1,4) and SO(5) gamma matrices. We introduce the following matrices'4

100 0 00 —i0 0 003
01 0 0 00 0 i 0 0 i0
= foo-10 " TTlioool|l” 7| o -iool
00 0 —1 0—i 00 i 000
(A.4)
0010 000-1
looo1 loo1o
B=11000 | =1 0100
0100 100 0

These matrices are hermitian and satisfy the SO(5) Clifford algebra {7V, vn} = 20mn.
To describe embeddings of the anti-de Sitter space and the five-sphere into the group
PSU(2,2/4), we introduce the matrices ¥, and 4,

AdS5Z ’V}IOZZ"YO7 'VYm:’Yma m:]-a 74-7

N (A.5)
S : Ym+5 = —Vm, m=0,---,4.

We have chosen to enumerate the gamma matrices for AdSs from 0 to 4 and the ones for
S5 from 5 to 9 to adopt a smooth transition to the 10-dimensional notation. The matrices
Jm and 4, realise representations of the Clifford algebras SO(4, 1) and SO(5), respectively.
We denote their matrix elements as (3,,)o2 and (§,,)q2, where Greek and Latin indices are
associated with AdSs and S°, respectively.

Further, we introduce the matrices X, K, C

100 O 0-10 0 0-100
1 1 1
$ 010 O 7 K- 000 ’ C— 0 00 (A.6)
00-10 000-1 00 01
00 0 -1 0010 00 —-10

The matrix elements of these matrices are assumed to carry upper indices 2%, Kb (b,
while the matrix elements of their inverses are defined with lower indices. The matrices
3, K, C generate the following automorphisms of the Clifford algebra

Yo = Kym K (A7)
fyzrfn = _C'Ymc_la m=1,...,4, ’73 = 0700_17
’771;1 = —E’szfl, m=1,...,4, ’YS = 270271' (AS)

It follows from the last line that ’yin = 39,271 m =0,...,4. Note that if we keep
the same notations as in [33], it is the matrix K, not C, which plays the role of the charge
conjugation matrix.

We find it useful to exchange the definition of 41,44 in comparison to the one of [33].
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Even generators. The bosonic subalgebra of psu(2,2]4) is su(2,2) @ su(4). We spilt the
generators of su(2,2) as (f’m, jmn) with m,n =0, ...,4. Here J,,, generate the subalgebra
s50(1,4) C su(2,2). Analogously, the generators of su(4) are (P, Jpp) with m,n = 5,...,9,
and J,,,, generate so(5) C su(4). Explicitly we choose

1x 1y
. —5¥m O4 X 5Ymn 04
P, = | 2™ e L : n=0,...4, A9
(04 o,

5 04 04
Pm - QA 3 mn — 1A
04 57m 04 5Ymn

Here we defined ¥, = %[ﬁm,ﬁn] and Ay, = %[@m, An)-

[

), m,n=>5,...,9. (A.10)

Odd generators. The 32 odd generators of psu(2,2|4) will be represented by Qlf where
I = 1,2 and two spinor indices run a,a = 1,2, 3,4 correspond to fundamental representa-
tions of su(2,2) and su(4), respectively. Explicitly we choose

Ql o = ¢tim/4 . t " (A.11)
¢ K(”W%) K 04 ’

where 4 x 4 matrices m,% are
(mlg)j = ¢tim/4tidq 5%(55, (mi)j = —e im/4tidq 5%(55. (A.12)
and K is defined in (A.6). The phase ¢q reflects the U(1) external automorphism of

su(2,2[4), and we set ¢q = 0. The supermatrices Q do not satisfy the reality condi-
tion (A.2) but rather

K 0
Qf(iH) + HQ = 0, H= . (A.13)
0 K
These matrices can be however related to supermatrices Q satisfying (A.2) as
4 C 0 , Co
= etim/4 = —¢ /4 . A4
o=t (C0)a amen (S0

If we would take the linear combinations of Q’s with Grassmann variables 1 and require that
9,8 Q]g is in su(2,2/4), then we would have real fermions 9%, which is one of the possible
realisations of the Majorana condition. Instead, in this papgr we choose to construct the
Grassmann envelope as 0 I%QI% Requiring

(0,2Q'3) = -H(6,2Q"¢)H !

implies that
0f g = —i0,5 CYKp, . (A.15)
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Defining the barred version of a fermion we then obtain the following realisation of the
Majorana condition

) v,y b

015 =0115(3")," = =0, K**Ky,. (A.16)

Throughout the paper we are using fermions 6; , with both spinor indices lowered and

0 I% with both spinor indices raised,'® so the above equation reads as
0,% =406, K™K, (A.17)
matching the conventions of [26]. In the matrix conventions this equation reads as
0 = 0i~° = 404 (K @ K), (A.18)

where 70 = % ® 14, and hermitian conjugation and transposition are implemented on the
space spanned by the spinor indices, where the matrices v° and K ® K are acting.

Commutation relations. In our basis the commutation relations involving the bosonic
elements only read as

[]-3 15 ] = jmn; [Pmapn] = _jmna
[15 J p] = nmnpp — neps [lsm,jnp] = nmnf’p — neps (A.19)
[J Jpq] = (nnp*]mq m(—)n) psq {Jmna Jpq] = (nnp']mq m(—m) pq
where
n :diag( 1,1,1,1 1,1,1,1,1,1) (A.QO)

Generators from two different subalgebras commute with each other. The commutators
between odd and even elements with explicit spinor indices read as

aa P i va (x a aa P 1 ab (2 a
[QIﬁ,Pm] = _ielj QJ* (’Ym)gf7 [QIﬁ,Pm] = 561] QJib ('Ym)ifa
Taa % Lirg qJva (x 1\ a Taa § Lirg nJab s a (A.21)
[Q 77Jmn] = _55 Q= ('Ymn)gfa [Q 77Jmn] = _55 A (’Ymn)gf-

The anti-commutator of two supercharges gives

A

{Q'ee, Q) = g1/ (z KR (5,2 P, — K9 K2(4™) Py, — ;K"”K“blg)

v

_Lenr (geagab xmny vy paw peaciamny b A.22
9 Y A dmn vy c Imn ),

where the indices m,n are raised with the metric 7,,,. For completeness we also keep the
term proportional to the identity, since the supermatrices provide a realisation of su(2,2[4).
To obtain psu(2,2|4) one just needs to drop the term proportional to ilg in the r.h.s. of
the anti-commutator.

15The rules for raising and lowering spinor indices are given in appendix A.2, see eq. (A.35).
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It is convenient to rewrite the commutation relations for the Grassmann enveloping al-
gebra. In this way we may suppress the spinor indices to obtain more compact expressions.
We define Q'6; = QI%HIW and introduce the 16 x 16 matrices

Yo = Tm @ 14, m=20,---,4, Y = 14 ® Ym, m=25,---,9, (A.23)
Ymn = Ymn @ 14, m,n=20,---,4, Yo = 14 @ Ymn, m,n=>5,---,9.
The first space in the tensor product is spanned by the AdS spinor indices, the second by
the sphere spinor indices. To understand the 10-dimensional origin of these objects see
appendix A.3. In the context of type IIB, one loosely refers to =,, as gamma matrices
even though they do not satisfy the Clifford algebra. With the above definitions, the

commutation relations of su(2,2|4) involving odd generators are'6

i 1
Q01 Pr] = =5 QY01 Q01 Tl = = 56" Q70001 (A-24)
. Y M 1 3 mn J mn j i 3
QA1 Q7] = i 0Y A"y P = S A (Y T = Y )t = 500 A1,
(A.25)
Here we also used the Majorana condition to rewrite the result in terms of the fermions ;.

Supertraces. In the computation for the Lagrangian we will need to take the supertrace
of products of two generators of the algebra. For the non-vanishing ones we find

] = Nmn,
Str[*?mn*?pq} = —(TmpTing — Mmq"p), (A.26)
str[Jmndpg] = +(MmpTing = mgnnp),
Str[QIMQJLb} = 2l govab,

The last formula for the supertrace of two elements from the Grassmann envelope reads as
strQ'Ar Q7] = =26 Appy = —2¢ 4 s (A.27)

Z4-decomposition. The su(2,2|4) algebra admits a Z4-graded decomposition. Intro-
ducing the following automorphism € of s((4]4), see e.g. [33],

QM) = KM, (A.28)

with K = diag(K, K) and ** denoting the supertranspose

Mo = (mf}l _”251> , (A.29)
Mi2| Ma2

the real form ¢ = psu(2,2|4) can be decomposed with respect to €2 into a direct sum of
four graded vector subspaces

=909V a9®ag®  g®_(Mcy QM) =i*M}.  (A.30)

8For commutators of two odd elements we need to multiply by two different fermions Az, ¥, otherwise
the right hand side vanishes.
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The bosonic generators J and P have degree 0 and 2, respectively,
QJ) =+7J, QP)=-P. (A.31)
In our basis the action of {2 on odd generators is also very simple
Q') = (-1)*iQlee, (A.32)

meaning that odd elements with I = 1 and I = 2 have degree 1 and 3, respectively. We
introduce projectors P®) on each subspace, whose action is

1
PO(M) = 5 (M +i%*Q(M) + Q2 (M) + *Q3(M)) . (A.33)
Then P will project on generators J, P(?) on generators P, and P, P on odd elements
with labels I = 1,2

1

5 (67 —o3")Q e, (A.34)

POQe) = L5 +of/)Q7ee,  PO(QIe) =

The definition of the AdSs x S coset implies that the generators J of degree zero which
span the s0(4,1) @ so(5) subalgebra are projected out.
A.2 Spinor rules

For raising and lowering spinor indices we adopt the conventions of [47]
A =KN\g, Ao = N Kp,, (A.35)

where K are the components of the matrix K, that plays the role of charge conjugation
matrix. We also have

KK,5=0%  KgK"" =60,  X"Aa=—XaA™ (A.36)
The five-dimensional gamma matrices have the following symmetry properties

(Ky")f = =7 KA,

(A.37)
KOUYK=-040,  g=f=+, g==-1.

Here ~(") denotes the antisymmetrised product of r gamma matrices and the coefficients.
The coefficients ¢ are the same for both %) and 4", and we label them with the su-
perscript 7 to distinguish from the corresponding coefficients of 10-dimensional gamma
matrices. For the rules concerning hermitian conjugation we find

i =+ 3" T = +m (A38)
v;rnn = +"VY0’3/mn’vY0 ) Aﬁ;m = —Ymn »

With these rules we can derive the following useful formulae for dealing with Dirac conju-
gate spinors

((Fm ®10)00) (Y0 ® 14) = =0r(Fm @ 1a), (14 ® )00 (50 @ 14) = +07(14 ® Fmy),
((an ® 14)91)T(’?0 ® 14) — _él(’?mn & 14)3 ((14 & ﬁmn)HI)T(’?O &® 14) — _91(14 & &mn)
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Thanks to (A.37) one can also show that given two Grassmann bi-spinors ¥aq, Xaa the
“Majorana-flip” relations are

% (17 ©49) v = —2¢7 ¥ (30 @4 x. (A.39)
With this formula at hand, it is easy to prove that
_ 1J _ JI T = 41
Iig (x(r) o a(s) _ . s +s7% and )] =+
S0 (3 @490, =0 it {SU ~ o wd br— 1 (A.40)

Finally, up to a total derivative the following relations hold
DX = A\Di), DNy = A;D . (A.41)
A.3 10-dimensional I'-matrices
We use the 4 x 4 gamma matrices ¥, % to define the 32 x 32 gamma matrices I';;:
=019, ®1y, m=0,---,4, Ip=00®14%,, m=5,---,9, (A.42)

that satisfy {I'y,,Tn} = 20mn. We also define I'y; = Tp---Tg = 03 ® 14 ® 14. Anti-
symmetrised products of gamma matrices are I'y,, ..., = %F[ml --- Iy, The charge con-
jugation matrix is defined as C = i 09 ® K @ K, and C?> = —135. In the chosen representation
the matrices I'™ have the symmetry properties

(CI‘(”))t — —t,I: CF(’”),

A .43
S T e R SN S N Y (A.43)
For hermitian conjugation we find
TO(P()iT0 — +T™ r=1,2 mod 4, (A.44)
T r=0,3 mod 4. '

Given two 4-component spinors 1}, 172; transforming in the fundamental representations of
su(2,2) and su(4) respectively, a 32-component spinor is constructed as

m:(g)ww, m_:((j)ww (A5)

for the case of positive and negative chirality respectively. In the main text we use 16-
component fermions with two spinor indices 6,4, and we construct a 32-component Majo-
rana fermion of positive chirality as

@:(é)@@, 0=0'C=(0,1)x0. (A.46)

In (A.23) we have defined the 16 x 16-matrices =y,,. Now we see that

0,---4,
5,---9,

Ym :’V}/m®147

- (A47)
Ym = 14 ® 19,

m =
m =

élrmez = 9_1’77”92 — {
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The above formulae explain the reason for the factor of i in the definition of «,, for the

sphere. In the same way we can explain why there is a 4+ sign and not — in the definition

of 7,,, for the sphere, computing!”

_ _ an:ﬁmn®147 m,n:O,---4,
01,002 = Gl‘yp’ymneg = ¢ Yo = 14 @ Ynn,s m,n=>5,---9,
an:_ﬂ?m@VAYna m:0747n:579

Similarly, for matrices of rank 3 we would obtain

Ymnp = Ymnp @ 14, m,n,p=20,---4,
Ynp = 14 @ Hmnp,  myn,p=295,---9,
‘ymnp:%’ymn(@i’yp, m,n=20,---4, p=>5,---9,
%%@’?mn, p=0,---4, mn=>5,---9.

élrmnp@2 = él7mnp92 =

Ymnp

A.4 Vielbein and spin connection for AdS; x S°> and (AdSs x S%),

Here we list the components of the vielbein and spin connection for AdSs x S° .

parameterisation (2.7) the vielbein e™ = e7'dX™ is diagonal and given by'®

1
ed =/1+p2, e}mz—psing, eilz—pcosg, egz—p, eﬁ:_ﬁ’
1
9

62:\/1—7"2, 63,2:—7"31115, eg)l:—rcosf, egz—r, e, = —

The non-vanishing components of the spin connection w™" = wj*dX M are

W0 — ), wg4:_m7 w3t :—MCOSC,

Wiy = — cos ¢, wié = —msing‘, wy = sin(,
T - T et
wggz_cosga ngz—vl—TQSinf, W;?:Sing,

and it can be checked that wj;" satisfies an equation
wift = —eNlm (8Me7\; — 8N67X/][ + e"]PeIJD\/[(‘)peNp) ,

where anti-symmetrisation of indices m and n is performed with the weight 1/2.

(A.48)

(A.49)

In our

(A51)

(A.52)

'7Considering even rank I'-matrices we need to also insert an odd rank I'-matrix to have a non-vanishing

result for ©1 2 of the same chirality.

1876 avoid confusion with tangent indices, we write curved indices with the explicit names of the target-

space coordinates.
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For the (AdS5 x S%),, background we will use the following diagonal vielbein

o V1+p?

pcos(

€ = \/1—77/)2, ellh = —psing, eil = —\/m,
&= P R : ,

V1 + s2ptsin? p VI p2/1 =322 (A.53)
65:7m el = —rsin¢ A reosé
TV & B N 3
g§:7 r 5 _ 1

V1 + s2rtsin? € T VIVl
Finally, the deformed spin connection compatible with the n-deformed metric is found from

the equation
agy =~V (ouEy — oney) + @S Openy) (A.54)

where tangent indices m,n are raised and lowered with the Minkowski metric 7,,,, while
curved indices M, N with the deformed metric Gy .

B Derivation of the fermionic Lagrangian and k-symmetry

B.1 Construction of the inverse of O

In this appendix we construct an operator O~! to several orders in fermions. The pertur-
bative expansion (2.18) starts from the operator O(g) = 1 — 7Ry, o d, i.e. we first need to
know the action of Ry, on the superalgebra psu(2,2[4).

Action of O on psu(2,2|4). The action of Ry on the basis of generators of psu(2,2|4)
is found to be

1
Ry (Pim) = An"Pr + 5 A0 Tnp,

1
Ry (Jmn) = A0, Py + AT (B.1)

2 mn® Pq»
Ry (Q") = R(Q") = "' Q7

where the coefficients A\,,,”", AP, AP \P4  are

m m ? mn? mn
Aot =AML =, A’ = = = —psing, (B.2)
A == =, AP = —)g =r?sin,
)\(1)1:)\32:)\23:)\24:\/1+p2, )\%2:—)\33:—,0005(,
A =N =2 =2 = V12, A=A =rcosE, (B.3)
M= X2 = —p\/14 p?sing, A9 = A\ =1 —rZsing,
Mot = Ao = Az = Ay = =/ 1+ p?, Ay = —A33 = —pcos(,
Mo = M7= Mg = Mg = V1 —12, Mr = =3 = —rcos, (B.4)

Ay = =A3 = py/1 4 p?sing, A8y = —ALy = rV/1 — rZsin€,
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)‘1 )‘02 = )\ )\14 = )\24 = )\34 = =P >\12 = —Alg = sin (,

(B.5)
M2 =M= =A% =251 = —\/1+ pPcos¢, A3i = —A51 = (1+p%)sing
Mg =AMr =M= A = MG = AR =1 A7 = Mg =sing, B
M7 = =g = =A% = Mg = V1 —r2cos, M= -\ = (1 —r?)siné '
The A-coefficients have the following properties
Am™ = = ™A™, AP = ™ PP A NP = — ™ PP AT, (BLT)

that will be used to simplify some terms in the Lagrangian. For completeness we give also
inv

the coefficients w]'P defined in (B.11) corresponding to the action of (’)(0)

WOt — 2P\/1+P
0 1_%2p27
wi” = —xpcos(, w?lzxm,
02:%— \/1‘1‘02 03 _ 2p mSIHC
1+ s2ptsin? ¢’ 1+ s2ptsin? ¢’
23 _ o pOSINCCosC o a  ap msm ¢ mi_ pmsmc
1—|—%2p4sin2C’ 1+ s2pisin2¢ 7 2 1—|—%2p sin? ¢’
02 _ 2p V1+p?sing 03 _ V14 p?
Ws =» 90 W3 = X 5 T2
s5?ptsin? 1+ »?ptsin® (

23 _ pcos 24 _ PV1+P sin ¢ Wit — ;2P P V/1+p?sin® ¢

w — w3 = =

3 1+ s2p*sin? ¢’ 3 1+%2p 14 s2ptsin2 ¢’ 3 1+ »2ptsin? ¢’

2

04 _ _V1l+p

Wy —%1_%2p2,
(B.8)

59 arV1—1?

Wy = — 2.9
14 57

wd" = sercosé, wel = —\/1 — 12,

57 V1 —1r? 58 572V 1 —rZsiné
w = XX 5 = w = X ————— 5 =

7 1+ s2rdsin? ¢’ 7 1+ s2rdsin? ¢’

78 5 T3sinécosé 9 o3V1 —r2sin2¢ o rv1—r2sing
e - wY =

7 1+ s2risin?¢’ 7 1+ s2rtsin2e 7 7 1+ »2rdsin? ¢’

57 572/ 1 — 12sin ¢ 58 V1—r2
ws = 2 dan2g W8 = X 2 A 2 £

1+ sr*sin® € 1+ s?rsin €

78 rcosé 79 rv1—r2sing 89 o73V/1 —12sin? ¢
Wy = x5, Wy = M o5 wg” = —x .

8 1+ s2rdsin? ¢’ 8 1+ s2r4sin? ¢’ 8 14 s2r4sin? ¢’

59 v1—r?
'LU9 = —x 2.2

1+ scr

(B.9)
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These formulae allow one to determine the action of Oy on psu(2,2[4). The next two
terms in the expansion (2.18) read explicitly as

Oy (M) = nlx, Ry, © d(M)] = nRg, ([x, d(M))),

O (M) = nlx, Ry ([, dM))] = 30Ba, (s D6 D] = ([ [, Re, 0 dD])

1
where we use again the notation y = Q!0 -

Perturbative inversion. Now we are ready to invert the operator O. We will do it up
to quadratic order in fermions.

Order 6°. Using the results above we find that on P,, the inverse of O(0) acts as

: 1
18 (Pon) = k" P+ Wi T (B.11)
where we have
1 1
kO =kt El=1 E2 g3 -
0 LT =2 ! ’ 2 3T 14 s2ptsin? ¢ (B.12)
o5 9 1 L6 1 BT L8 1 '
b O T a2 6 ’ 7 8 7 1+ 2rtsin2¢’
2 .
k4: ]CO_ »p k‘3_—k2 o %pSIHC
0=t 1 — »#2p?’ 2 3 1+ s2ptsin? ¢’ (B.13)
AL S A S . 1 S
5 O T 1 4 522 7 8 T 14 s2r4sin2¢

The coefficients w,’ do not contribute to the Lagrangian because of the coset projection,
and their expression is given by (B.8)—(B.9).
When acting on odd elements, the inverse operator rotates only the labels I, J without

modifying the spinor indices

mV(QI 1 4 m QI IJ QJ (B14)

Order 0'. We use the first formula of (B.10) and (2.20) to compute the action of O
and (9?1‘? on P,, and Q. First we find

O(l) (Pm) = gQI |:6IJ <Z’7m - Anpynp) + ZEI‘])\Tn ’7n:| QJ’ (B15)

and we use this result to get

nY((P,,) = _ZQI ki [((1 + V14526 — ol (m - V"m)
(B.16)
0;.

+1 ((1 + V14 2)el + %Gg‘]) APy
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For later convenience we rewrite this as

Oy (€™ Pyn) = _gQI " k" l(u + V14525 — xol”) A

(B.17)
+ ((1 + V14 2)l! 4 %aé‘]) Ai] 0y,
where Al = (i’yn - %Xg‘]’ym), A3 = iAn"Y,. On odd generators we find
—1+V1+32 _ | R, , n

Oy (Qv) = —— = eJ[— ol (9 305 ) + 807090 1 1Py -
(B.18)

that helps to compute

. 1 - 1
O (Q"er) = —3 b [(—%a{“ + (=14 V1+2)s") (z’vp + QAz"wmn)

(B.19)

+i (el — (=14 V14 2) DNy, [0 KPT P+ -

In these formulae we have omitted the terms proportional to J,,, and replaced them by
dots, since they do not contribute to the Lagrangian. It is interesting to note that the last
result can be rewritten as

. 1 _ ~
(0(QMvr) = =5 Oxc| (=30l + (-1 + V14 2)55)A,

(B.20)
+ (%a?lfl — (—1 +V1+ %2)6K[)Ag Wy kP4 Pq + -

where one needs to use (B.7). The quantities Af),, Azl), are defined by (A%GK)WO = G_KA;’)/

Order 0%. We need to compute the action of @ and O~! at order #? just on generators
P;,,. Indeed the operators O,y and (’)tg‘)’ acting on generators Q! contribute only at quartic
order in the Lagrangian. First we find

= T, T,

1
-5 (7q A" Y — Aq”v,ﬁm) 01 7P, + -,

that gives

inv inv/ m x5 m n
_O(O) o 0(2) OO(U) (6 Pm) == —59[( € km

l {
5KI <7u <7n + 4)\§’JLq’qu> - 4>‘p57pq’7n>

0™ Py+---.  (B.22)

1
+§€K] <7u)\np’7p - )\up’Yp'Yn)
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Also here the dots stand for contributions proportional to J,,, that we are omitting. The
last formula that we will need is

—O(y 0 Oy 0 Oy (€"Py) = (B.23)
i e [(—1 + W)af”< (% _ ;quypq> <7n + ;A;57T3> + AupvanT%)
H(=1+ V14 22)eR7 ( =AY (% + ;Af%s) + (% - ;Aﬁqqu) M”%)

—xop’ < <7u - ékﬁqqu> <7n + ;A257r5> - Au”wn%)

0,k Py -

1 1
+%U?I>(J (AupFYp (7n + 2)‘:1877‘8) + (711 - ngq’qu) )\anY’/‘)
and it was obtained by using (B.7).

B.2 Contribution g1y

Here we show how to write £f0;y in the form (2.25). It is easy to see that the insertion
of (’)?5‘)’ between two odd currents does not change the fact that the expression is anti-

symmetric in «, 8 and we have

4

14+ V14 52

The above contribution contains terms quadratic in 96, a feature that does no match

oy = —5¢? (—O{K + 5”() (D30)"Y Doy (B.24)

the canonical form of the Lagrangian. These unwanted terms remain even in the limit
of vanishing deformation. They do not cause a problem however, since they are of the
form e*?sTK aaélaﬂeK, where s'% is a symmetric tensor. Thus, although not vanishing,
these terms can be traded for a total derivative eo‘ﬁle@aé[@gGK = 8a(e°‘581K§1339K) and,
therefore, they can be omitted. Taking into account that

I A
(DL )50 = 617 (aae s+ 70 Jwg;%mn) + 56”9 e, (B.25)
the contribution Z;41y can be rewritten as
_Gap( Ik > IK\ 5 nJIpKL
Loy == 5 (oA - ™) G0l D o -
9 o _IK » IK\ 7 KL '
o (g (oA ™) o).

The last term is the total derivative and we discard it. Although naively the result looks
as a quadratic expression in D!7, this is not so, as we now demonstrate. Let us split this
expression into three terms

PO, DI DY 0, = WZy + WZy + WZ3 (B.27)

— 38 —



IK

where a symmetric tensor s** is kept unspecified. For each of these terms we then get

Wz, = e*’s"80, DD g,
= —%eaﬁsJLéLegeg'ym'ynﬁj,
WZsy = %eaﬁleéL (e”DéK(eg’ynQ}) + LKem'ymDéJHJ) (B.28)
— +ieaﬁsIKeJI§Jegl'ymDé<L0L,
W73 = —%eaﬁsIKeLKeUeZ}egéyym'ynQJ,
where we used the fact that the covariant derivative D applied to the vielbein gives zero
aﬁDU(e Ymb) = € e Ty, DL, (B.29)
The final result is

Loy = —%eaﬂéLie;n‘ym (JéjKDé(JHJ - ELKDgJ0J> (B.30)

V4
14+ V142
IJ_m

g — 4
et (off — Ty ) i Dats + S ol el

B.3 Canonical Green-Schwarz form

Here, following the steps outlined in section 2.2, we explain how to find the necessary field
redefinitions that bring the original Lagrangian to the canonical form.

We thus focus on the terms involving derivative couplings only. For convenience we
collect these terms here, and write separately the contributions with v and €*?

P10 = —g yaﬂél [;(méu — %O'{J)’Yn i(%al —(—-1+ \/1—{-7%2 5” JAIY g
—|—2'(%03 (LI AN, | (o + E™)em 056, (B.31)
£ = —g P, l( - %(\/H—%%U — wot )y, + 411(%01 — (=1 4+ V1 +:2)6") )N g
;(%03 — (=1 4+ V142 )\P )(k" — km™) (B.32)
i (agJ _ VA W&’) 'ym] 930,

To simplify this result, we first make the following redefinition of fermions

9[-)

1+ VIt 2
VitV we (5” TR — ”) 0. (B.33)

(o2
V2 1+ 42
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Then the kinetic part of the Lagrangian turns into

L0 5 10 = g0y p1d

o g ~ |1 /)
L7 = ) B0, 55”’“ + f%ag‘])\np’yp

2

(knm -+ kmn)egnQQGJ,

q - 1
217 = =5 7% l — Gl (F1 VT2 )Ny, (B.34)

—%(—1 + V1 +32) e APy,

(K" + km")eq 007

ge,@ _>$e,3 — fi,a_‘_gj_va?

g ~ i i .
29 = —g P, [ - (251J7n + 2%J§J)\np'yp> (K" — km™) +iod7~,, | €M 950,

€ g affpg 1
25 = 5 o (Lt (1 VT2 (B.35)

+%(f1 +V1+ %2)6”Anp7p> (K"m — km™)

—1 1 2
I SR Y

mE 0.
> 74%3/3 J

Here we split each of the contributions into two parts according to their symmetry prop-
erties (2.29). Suppose now we perform a shift of bosons (2.28). This shift will generate
contribution to the fermionic Lagrangian originating from the bosonic one:

Loy — Loy + 8L+ 6270 + 6.25m + 5207 + O(0%), (B.36)
where
8.L7M = 4 gy <8aXM 01 Gun (95fY) 05— %aaXMaﬁxNapéMN 0; f,PJaJ> ,
5LT0 = 478 (—2aaXM 0r Gun I ageJ) :

(B.37)
o~ 1 ~ _
5L = 4+geP <—|—8aXM 01 Bun (0sf17) 05+ 5aaXMaﬁxNapBMN 0; f}}a,) ,

(L?_T_’a = +§€aﬁ (QBQXN[ 9_] EMNfIIY] 6@9J) .
Here we have used 90; fM(X) 05 = +0; fM(X) 905, consequence of the symmetry prop-

erties of f%(X ), and we cut the expansion at quadratic order in fermions.
Now one can see that picking up the coefficients £ (X) as

1
f17(X) = eM? {8 (50’ + (=14 VI +32)8"7) Xy, (B.38)

1 .
+Z(_1 +V1+ %2)61J)\p"z'yn],
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we are able to completely remove the contribution .,2”1’8 from the Lagrangian
sz%a ) j%a —
4oL =0. (B.39)

On the other hand, this shift of the bosonic coordinates is not able to completely remove
Ly 9. the terms with!® §77 ,o17 are cancelled out, but the ones with €/ are left over.
However, in the Wess-Zumino like term we can perform integration by parts?’ to rewrite
the result such that derivatives will act only on the bosons

G oo —1+ V112
gj’a + 5$j’6 :geaﬁHI——'_ + el

7

em (z'a;zn — Lok, — k™A + %%an(kp” + k”P)qu) 7,050

2
(B.40)
J .5~ —1++vV1 2
:geaﬂglﬂeﬂegwmaﬁ%
P
J .5~ —1+V1 2
=— %eaﬁ&%euﬁaXM (0p€ly) iv,,0 + tot. der.
Here we also used an important identity
kP — kmP — By (KP" + k™) = 0. (B.41)

After the shift of the bosonic coordinates, the only terms containing derivatives on fermions
are 7% and #°. The shift will also introduce new couplings without derivatives on
fermions, as indicated in (B.37). After we collect everything together, the total fermionic
Lagrangian Z(9) = £7 + £ becomes

(K" m + kn")en 0505

g - 1 1
7 :g ’Yaﬁel [ - §5U’Yn - i}fU?I,J)\np’Yp

. 1 ~ 7]
— gy*? (—OQXM 0r Gun (%f?f]) 05— iaaXMaﬁXNaPGMN Or f}j%)

_l’_

~ |2
fyaﬁ(kpq + kqp)eg 01 Z(sIJ’prES’Yrs

+
SN 00— |

(—%a{‘] —(-1+v1+ %2)51‘]) A" Y WH Vs
((—1 — 2% V14 22)61 — (1 +2V1 + %2)0{‘]) A" Yn€5 Y

+ Z(%J?{J — (=14 V14 32)el?) A" Yn (w}}s’ym>

9This statement is only true if one adds to the B-field entering the bosonic Lagrangian an exact form
with components B, = ggﬁ, By = ggﬁ Clearly, these will also generate new terms with no
derivatives on fermions in §.2°™ of (B.37). If these components are not included, cancellation of terms
with 677, 017 is not complete, but what is left over may be rewritten up to a total derivative as a term with
no derivatives on fermions. These two ways of treating the problem are equivalent and eventually lead to
the same result.

20Integration by parts of terms containing v** would generate unwanted derivatives of the world-sheet
metric and also second derivatives of X
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?—‘

+ = 5 (20t + V14 52 17y )VpeRYr (B.42)
1
— 2 (508 + (L VT2 ) Ay, |

+ g'yo‘ﬁ%egeg‘ k% k™ 01 %
[T it (0 (1 ) = )
+ e (FuAaPYy = MYy )

( 14+ V1 +52)8 — %afg) ('y - 'ypq/\pq) < )\Ts'yrs)

(14252 = VI432)6" = (1 = 2V 14 52)0]”) Aupypxnwr)
+ (%04’ = (14 VI +:2)e ) AP, (% + A’”sa/rs)

(%03 -1+ m)eu> ( ‘ypq)\pq> A"y

_l’_

+ 0

and

P — _ B a50103 i e y,m050

_ aﬁgll

. p| (K — k™ )en 950

251 Y — 5%03‘])\ Pry

o 1 =
_ g (+aaXM 0r Barw (9577) 05+ 502X 95X N0p Bar 01 fﬁ@J)
—14+ V1452

N %eaﬂézTEIJaaX M (OpeRr) Vs
T %I jemey
TR (_03 TV ) Lo YmWp Yyl

+ %eaﬁéf (%(5” + WU{J) €a YmeaTnts

— ek, — kel b 35” VpE Vs
+ 61; (=0l = (=1 4+ V143200 ) A"y Y,
3 (1= 22 4 VT2 — (14 20T 52)01) Ayl
+ %‘(%03 —(—1+ m IJ Ap"Yn (wg87m>
—i—% %03 + V1 + 52 U V€5 (B.43)
— ZZl (%03{‘] (—1+ \/H—%Q)GU) /\;””’YmnGZ’Yr 01
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- %eaﬁzegegl k% k™ 01 %
[ (V1 + 526" + 01”) <7u <7n + qum) qum%)

+ GIJ (’Yu)\np')/p - Aup7p7n)

+ (= (=14 V1+52)8" - 50fT) ('Yu - quA”q) ( A”%«s)
+ (1422 = VTED8 — (1 = 2V TH D)l Mg, )
+ (%0} = (14 VI +:2)e ) A, (% A“m)

+ (%03 —14+ V1 + 52) I‘]) <‘yu - équAﬁq> )\n“}’r} 0,

where the function f}(X) is defined in (B.38).

In order to put the present Lagrangian (B.42), (B.43) in the canonical form we rede-
fine fermions as 6; — Ujj0;, where the matrix U acts both on the 2-dimensional space
corresponding to the labels I, J and on the 16-dimensional spinor representation space. We
will search for U in the factorised form where we attribute the corresponding factors to the
AdS and sphere, respectively,

0r — (U, @ Ui )07,
91% — (UIaJ)gE( ;J)QQGJ@'

This is not the most general redefinition, but it will serve a purpose. Each of the matrices

(B.44)

Ut; and U7; may be expanded over independent tensors spanning the space of all 2 x 2
matrices
U}lf =015 U;’ﬁ +o011J U;f + €15 Usa’5 + 03715 U;f. (B.45)

The objects U® with u = d,01,¢€,03 are then 4 x 4 matrices that may be written in the
convenient basis of 4 x 4 gamma matrices. From the Majorana condition (A.18) we find
that in order to preserve 0}70 = +0} (K ® K) under the field redefinition, we have to
require that

Y (U e (UD)A° = —(K @ K)(UD' @ (U)") (K 9 K) ., (B.46)

We choose to impose the following individual conditions #° (UE)WO = K (Uﬁ)tK and
(Us)' = —K(U3)' K which are then solved by

RV R U S
= [l +ifl + S I e Un = Fil = [l — 510 (B.47)
The factors of ¢ are chosen here in such a way that the coefficients f are real functions of

bosonic coordinates, in accord with (A.37) and (A.38). For the Dirac conjugate matrices
we then find

B = R S
= fal +iffl — §fﬁq’ypq, U= ful = fAp + §fﬁq’ypq. (B.48)

Here the coefficients f are the same as in eq. (B.47).
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A transformation we are looking for must bring the kinetic part of the Lagrangian to
the canonical form, that is

gjﬁ — — g,yaﬁ 1 9_[ 67 é/&n’ymageJ,
- (B.49)
90 — — §€a629[JIJ %’7m8/30J,

where ¢ is the deformed vielbein given in (A.53). The matrices Uy and U}, which do this
job are constructed as follows. For Uj we put all the coefficients f to zero, except those
which are chosen to be

o J(l—}—\/l—%Z )( + /1 + »2p*sin? )
2

B V1= 32p2\/1 + 2 ptsin? ¢

p 3 sin ¢

f5 = -
den
2

o 70 (L VIT o2t sin? ) (B.50)
78 fden
- »2p?sin ¢ (1 +4/1— %2p2)
7 B fgen 7

=

fon = 2(1 — 52p?) 1 (1 + 5% p*sin® () i\/ \J1—352p \/1+\/1+%2p sin?

Analogously, for U} all the coefficients vanish except the following ones

p 1\] (1+\/1+%2r2) (1+ 1+%2r4sin2§)
=3

)

V14 52r2\/1 + s2risin? €

£ 22 3smf
5§ — )

fden

2.4 2

59 _ »r (1 + 14 »2rtsin f) (B.51)
» Foen
s ser? sin € (1 +vV1+ %27’2)
7 fcsien ’

fien = 2(1 + 5% )i(l—l—%r sin §i\/1+\/1—|—%2r2\/1—|— 1+ s2rtsin? ¢

Since the corresponding transformation involves only the tensors § and o3, it acts diagonally
in the 2-dimensional space, i.e. separately for each of the two Majorana-Weyl fermions.
Define

U(l) =Us+U,,, U(Q) =Us - U,y , = 9[—>U([)9[ I1=1,2. (B.52)
These matrices satisfy
U(I)(_f(f) =1, _U([)’YmU(I) = (M) mYns (B.53)
UnUuy =1, UnYmnUry = (M) (A1) Y pg-
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where there is no summation over I. In fact, the emerging 10 x 10 matrices Ay have very
simple matrix elements

! 1
(A(I))OO = (A(I))44 = ﬁa (/\(1))11 =1, (A<1))22 = (A(I))33 = ﬁ’
P V14 52ptsin® ¢
B.54
A = An)d = ———) A =1  (Am) = Aw)d = (554
n)s = (1)9—m7 {n)e =4, n)r = (1)8—\/m,
2 .
Bk’ = +Aw)' = () = (Ao’ = =) = ~(-1)' %
P V1 + 2ptsin®
(B.55)
2 .
A = (A = (=) =21 (A = —(A)s” = (<) g
(Aw) (Ay)o (1) NiEwrr (Any)7 (A))s (1) \/m

Remarkably, these matrices are nothing else but the matrices of 10-dimensional Lorentz
transformations

(A)m A Mg = Mns T =1,2. (B.56)

To implement the redefinition of fermions (B.44) in the Lagrangian, we find it efficient
to use (B.53). We have, for instance,

Ok b b1 — Ok Uiy 0™ v U101 = 0k b™ (A (0)) U U 01 (B.57)

where the identity Ux)Ux) = 1 was inserted. Specifically,

010" b1 — 010" (A1) b1

= P - (B.58)
020 ’}/m(91 — 02b (Ag)m ’)/nU(Q)U(l)Ql .
The terms with derivatives on fermions transform (here I is kept fixed)
é]bm’ymagej — é]bm(A(I))mn’ynaBQ[ + é[bm(A(]))mn’yn(U([)@ﬁU(]))@[. (B.59)

The second of these terms will contribute to the coupling to the spin connection and the
B-field.
Finally, to compute the resulting quantities, we need to know how the derivatives act

on U([)
— 2 (p(2sin(dp + pd¢cos() . dp .
UFI)dU(uI) RREE ( 1+ 52ptsin®¢ Vo 1 —52p? o)
! (B.60)
F5 dUS = gurr = (_r(? sindr +rdfcos¢) . dr )
(DFF(n) = U8 1+ K2rtsin? ¢ T k22 )
and also the product of matrices Uy,
_ 14— 2 3 & Yo\ 2 o: ¥ v
U8 USy, = 6114 + o11J(Le — ix"p°sin (1) — erg(p '51121C723 +P'YO4)’
V1= 32p2\/1 + 2ptsin? ¢ (B.61)
_ O'HJ(14 7%2743 Sinéﬁ/e,) +€]J%(T281nf’3/78+7“’§/59) ’

Ui Ugy) = 81514 +
(=) 1724 V14 222r2\/1 + »2rtsin? &
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As a side comment, when implementing these redefinitions it is sometimes useful to work
with redefined coordinates p’, (', 7/, £ given by

sinh ¢’
sin? p/’

sinh £’

r = 'sinh’, sin = »x———5—,
sinh® r/

(B.62)

p = Lsing, sin( = »

as it helps to simplify some expressions.

With this last redefinition of fermions done, we obtain the Lagrangian in the canonical
form (2.30), (2.31).
B.4 k-symmetry

Here we work out an explicit form of the k-symmetry transformations and show that under
the field redefinition found in appendix B.3 they reduce to the standard form. To start
with, we rewrite the equation (3.3) in the form

O~ g™ 'dug) = 0, (B.63)

where we also used € = g~ 'd,g. Further computation will be formally the same as the one
done in section 2.1. We just need to perform the substitution 0, — —d,. Let us express
the left hand side of (B.63) as a linear combination of generators P,,, and Q'

O Mg 1 0kg) = 5P + Qs 1 + 55" T - (B.64)

The contributions of the generators J,,, will not be important for us. The coefficients
Jérs Js,.1 are the quantities that we need to compute for finding how r-symmetry acts on
the fields. Because g in the right hand side of (B.63) is an odd element o = Q%7, we have

o =0, Jsu1 =1 (B.65)
Expanding the above equations in powers of 8, we actually stop at the leading order, i.e.
I~ [#+ 06%)] 6.5 + [#6 + 0(6)] 6.6,
Jow ~ [#4+00M)] 0.0, ¥~ [#400%)] .

where # stands for functions of the bosons, in such a way that upon solving equations (B.65)
we get 0, X ~ #0k and 0,0 ~ #k.
Let us start computing j§". Because of the deformation, the term inside parenthesis

(B.66)

proportional to Q! contributes

1 )~
ngPm - — P(2) @) m |:<5HXM€% + %9[7m5H91 + . ) Pm - QI(SHQI + . :|
g
=— 5. XMk, P,

1 = . . 1
-5 0; 5”zfyp + (=l + (=1 + V14 22)51) (z'yp + 2)\;””7,%)

+i (30l — (=1 4+ V1 +32)el I\, [ 0.0 KPL Py + - -

(B.67)
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Imposing the equation ji" = 0 and solving for §,,X M at leading order we get

1 = 1
6. XM = — = g;eMp (5”1”71, + (—sol? + (=1 + V1 + »2)617) <i7p + 2)\;”"7mn>

2
(B.68)
+i (ol — (=1 4+ V14 32)e Ny, | 6607 + -+ .
The computation for js_ r gives simply
1
Qs s = (PY + PP)yo —— Q16,0+ -]
1-nRyod (B.69)

1
= (4 V1+32) 677 = seol”) Q76501 + -+ .

When we compute the two projections of g as defined in (3.4) at leading order we can set
0 = 0. Then we just have
P® o014, =P? o0 (eglpm +. ) — k™" P,

_ _ (B.70)
P@ O_lAg — p@ 01t (B?Pm 4. ) — eﬁmk’nmPn,

where the second result can be obtained from the first one sending » — —. Explicitly,

1
Q(l) = 5(,7045 _ Eaﬁ)eﬁmk,mn (Qan + PnQ1> Kal,
(B.71)

1
0(3) — 5(7046 + eaﬁ)eﬁmknm (QZPn + Pan) Ko2,

A direct computation shows that
g . 1 . . 1
QP +PnQ =-2Q'%,,  QPn+PnQ =+5Q'9,, (B.72)

We get

1 ~ mn R
dW=Qln, = (" =€) (—epmk™" Ty + eamh™" ) Fai
(B.73)

1 . «
0V =Q%s,  wa= (" + ) (—epmk" Yy + eomb™" V) a2

Finally, we solve the equation js, 1 = %1, obtaining the s-variation of fermions

5.0 = (4 V14526 + 20l ) . (B.74)

1
14+ V14 52

Setting s = 0 the formulas are simplified to

5 XM = —% 06" MPy 5,05+ -,

6n91 = d’[?
1 5 . (B.75)
P = Z(,},aﬁ _ eab’) (—@gL’Ym + eg”'ym) Kal,
1 . N
Py = Z(,yaﬁ + gaﬁ) (_6?%1 + egl'ym) Ka2,

showing that the k-symmetry variation is the standard as expected.
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To put the original Lagrangian in the canonical form we performed the field redefini-
tions and now we have to understand how the k-symmetry transformations look like for
the redefined fields. Upon rotation the variation of fermions is modified as

0y > U0 — 559[—>U1J(559]+5,§U1J€J, (B76)

and since we are considering §,0 at leading order, in the following we will drop the term
containing 0,Ur ;. We first redefine our fermions as in (B.33) and we get

1 - 1
8. XM = — 3 0;eMP [5”2’71, — (ol + (-14+V1+ %2)5]‘])§>\;""7mn

+i (3057 — (=14 V1 +52)e )Ny, | 805 + - (B.77)

2
0l = | ——F—= Y1 .
Vieviee

When we shift the bosons as in (2.28), their variation is modified to §, XM — 5, XM +
20; f%cSHH 7+ 076, f%@ J- Once again, since we are considering the variation at leading
order, we drop the term with J, f% . Using the explicit form of the function f% given
in (B.38), we find that after the shift of the bosons their variation becomes

= 1~ ‘ 1
6. XM = 20, M50, — 5 Ore™Mp 5”zfyp — (ol + (~14+ V1 + %2)51‘7)5)\;”7mn

+i (se0d? — (=1 4+ V1 +32)e )N, [ 040 + - - (B.78)

= —% 6 eMm (6”'7m + %aé‘]/\m"'yn) 00y + -+ .

The shift does not affect 0,05 at leading order. The final result is obtained by implementing
the bosonic-dependent rotation of fermions (B.44)

5HXM = —% éIU(I) EMm ((51J‘/m + %O’é‘])\mn"/n) U([)(SHQJ + -
- —% 0161 MMy 5,05+ -
(B.79)

2 1 —
P P — ( aB _ aB U 8 mkmnvn+é mkmnAn Fa > ’

2 1 —
Gplly = 4| ——— ( B 1 B[y, (—Eamk™,, + omk™™4,, na> .

The variation of bosons already appears to be related to the one of fermions in the standard
way. It has actually the same form as in the undeformed case, but with the vielbein of the
deformed theory. We can also bring the variation of fermions to the standard form if we
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use the fact that for both expressions

2 _
e Uy (k™ + 2k ™) ot = (~ i + 25 ) Bt
14+ v1 2
TVt (B.80)
2 = y . . . o\ ~
T 7 U (o™ + 2ok ) Koz = (=8 G+ 2 ) R
where we have inserted the identity 1 = Uy U( 7) and defined
- 2 =
Ral = m U([)/ia[. (B81)
To summarise, we find the following expressions
5 XM — f% 0161 EMmey 5,05+
51&91 = QZD
(B.82)

-1 . N~
¢1 = Z('yaﬂ eaﬂ) ( éﬂ,(‘?n'Ym g,gl'Ym) Kal,
~ 1 . . "
Yo = Z(’Yaﬁ +e) ( €5 Ym + éﬂéz')’m) Ka2,

to be compared with their undeformed counterpart (B.75). As we see, the only difference is
an appearance of tilde in (B.82) which signifies the quantities of the deformed background.

One can also write k-variations in terms of 32-dimensional fermions ©. To this end,
we introduce 32-dimensional spinors K which have chirality opposite to that of ©

£ (7)o -

The variations above are then written as

5 XM — —% 0,617 eMmE, 6,0, + -
1 1J . afB IJ a,B ~m (B84)
5,%@] = _1(5 Y ) r KaJ

The 10-dimensional gamma matrices I';,, are defined in appendix A.3.
Let us now look at the x-variation of the world-sheet metric, which expression is given
n (3.8). This variation starts at first order in fermions. Then we have to compute

PO o071 (A]) = PY o O (-Q" DIM0,) + PO o Oy (e17Pr) + O(6%),
P® o0 1(A%) = P o O (—Q' D0,) + P¥) o O (e P,) + O(6%).
Let us start from the last line. We have

P® o0 (-Q" D6,) = G(l V1t 2) 88 - Zaﬁ) Q2D"p,

(14 V1 +32)5% = 50t (m - ququ>

inv,_m x m n
P& o Oy (e™P,y,) = —ZQQ " ki

+i ((1 + V14 2)e + %Ugj) APy

0, (B.86)
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where quantities with the subscript “4” or “—” are defined through (3.9). For the first
line we can use that Oég‘)’ and Oi(g‘)’ coincide on odd elements, while on even elements their
action is equivalent to sending » — —s¢, and we can write

Oy (Q) = 0 (QN), O (Pm) = k5, P+ #J. (B.87)

where k" = n””'nmm/kn’,”/. On the other hand, the action of (’3(1) on even elements is
minus the one of O(y)

On)(Pm) = =0q1)(Pm) . (B.88)

These considerations need to be taken into account when computing the action of (5?1“)’ on
P,,. Then we find

P o O (-Q' DI0,) = (;u V1 +52) 67 - ;‘al“) Q'pe;,
nv 7 m, n .
P(l) o OE )(6+ P ) +ZQ1 €+IBk m [((1 + \/m)&lj — %O‘%J) (Z’Yn _ )\p‘Lqu)

+i ((1 + V142t + %aé‘]) AP,

0. (B.89)

When computing the commutators in (3.8), we should care only about the contribution
proportional to the identity operator, as the others yield a vanishing contribution after we
multiply by T and take the supertrace.

We write the result for the variation of the world-sheet metric, after the redefini-
tion (B.33) has been done

212
5%701/3 _ Z\/> |f2??+ ((5”8& 51J 5mn /1 + 22¢ 1J + %J eTﬁ,ym
14+ V1 + 52

—gefﬂknm ((51‘7 <i’yn - )\pq'ypq> +1 (\/ 1+ 32eY + 30} ) )\np’yI,)) (B.90)
1
+RS (52Ja€ G \/1 + 5262 + 5030 )e Py,

0.

+§eTﬂk’mn <52J (i% - *)\ q’thI) i <\/1+7 * o+ 0 ) Anp%))

Here we have written the result in terms of & = kT4%. We do not need to take into account
the shift of the bosonic fields (2.28), since it only matters at higher orders in fermions.
To take into account the last fermionic field redefinition and write the final form of the
variation of the world-sheet metric, we split the result into “diagonal”and “off-diagonal” in
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the labels I, J

5K’yaﬂ|diag =2 |j%?+ <6§ + U(l)af_U(l)

]. mn m’ n m n / /
~1 (wﬁ (A A @) Vo = 2 LR A (A1), (A1) wq/)

! /

i% m m n n
+76+5 <(A(1))m Y = K"m ((A(l))n Yo + AP (A1)),)” ‘Yp/)) )91

+RS (8? + U(Q)an@) (B.91)

1 mn m’ n' m n / ’
- (@™ (M)l (M) A + € k™ XA (2), 7 (M) V)

_%%einﬁ (M) Y = k™ (M) Yo = M (@) V) ) )92} ’

0xY* Joft-diang = — V1 4 2 [?ﬁiU(l)U(z)eTﬁ (@)l Vs = 26" AP (M) vy ) 0o

Looking at the diagonal contribution, we find that the terms containing rank-1 gamma
matrices actually vanish, as they should. The rest yields exactly the expected couplings to
spin connection and H®)

| = 1_ 1.
5I€7aﬂ|diag =2 [H?+ <8§)— B Zw-ﬁl’—mnvmn + 8€T5Hmnp7np) 01

(B.93)

When we consider the off-diagonal contribution we find that it gives the RR fields

) 1 - 1 1 N
6n7aﬁ’0ff-diag = 2 <_86¢> [R?+ <7nF1$1) + §7nqur(122] + 9. 5'7npqr8F7(122]7“5> eTﬁ’Ym 62

o n 1 n 1 npqrs ~m,
+/€27 <—’)’ Frgl) + 57 qu,gzzl — ﬁ’Y Pq ng]rs) G_B’ym 91 , (B94)

where the components of the RR couplings appear to be the same as in (2.33)—(2.34)—(2.35).
Putting these results together, we find the standard k-transformation also for the world-
sheet metric (3.10). Rewriting of this variation in terms of 32-dimensional spinors is
straightforward.
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C Quantisation of the light-cone Hamiltonian

C.1

Light-cone Hamiltonian

Our starting point is the Lagrangian with 16 x-gauge-fixed fermions ©, written in the form

£ = =570 XM 95X N Cary + S0 X M 05X N Bagw + (C.1)

+ig7aﬁ8aXM@af](\z/})85@b o igeaﬁaaXM@aw%aﬁeb :

Here we define the effective metric and B-field

where

Gun = Gun + G%)Ny Buyn = Bun + BJ(\})N ; (C.2)

GS&[)N and BJ(\}[)N are quadratic in fermions.

We write the Lagrangian as (¢77 = 1)

P — —%’YTTGMNXMXN _ g(,yTUGrMN _ BMN)XMX/N o gQMXM +D. (03)

Here
Qur = =iy 7O fPO, — i7770, fL20) + iO,wih0) (C.4)
and
_ Zj oo | A IM yIN -y I M aby/ @ ot yvIM ab sz 1M ab &
D=2y [GMNX XN _ixMeg, M@b} + 517X MO {70y + 5 XM OO, .
(C.5)
The canonical momentum is
v = =7 Gun XY — gy Gun XN + gBun XN - gQM , (C.6)
and therefore
¥ LA ~ TO A ~ 1 g
XM:—gvTTGMN(PN"‘Q’Y GNLX/L—gBNLX/L—I—gQN> . (C.7)
We define the Routhian
RZpMXM—,?:—%’)/TTéMNXMXN—D, (C.8)

and expressing XM in terms of the momenta py; we then find the phase space version of

the Lagrangian up to quadratic order in fermions

_ SV MN b (B b 05 1
L =puX" — §pMG OufN O +§QX @aw?\/j@b‘f‘FCl—FWC’z,
7 i
Cr = puX'™ — ipMGMN@a o) + igX’M@awﬁf}@g, (C.9)
Cy = G«MNpMpN i ZJ«QGMNX/MX/N _ 2§GMNPMENKX/K
—ig?X"™MQ, f0) +igpyGMN O ,wke) . (C.10)
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The light-cone coordinates are introduced through

t=x, —ax_, dp=24++1—-a)z_,
pe=(1—a)p-—pr, pp=ps+ap—, (C.11)
and the l.c. gauge is
ry =71, py=1. (C.12)

We write the kinetic term and the first constraint as

. i ab & i a ~ a .
Lian = pii* — 50500 — 504 () — Guh) )Os +p-,

i i W
Cr =1 +pX"*— i@af(%b)G; _ 5@a(fglb) - gw(f))@;,, (C.13)

where
puGMN P = F + S+ XMl = wfhy + - (C.14)

Here f o) is a constant matrix which squares to the identity, while f(;) and w(;) are quadratic
in transversal bosons.

Now one sees that to get the canonical Poisson structure up to quartic order in the
fields one performs the following shift of fermions

]' C ~_ Ct
9y —+ O — 5O (6 = queh) £52) (C.15)

where fég) f(c(l]’) = 0%, and f () as a matrix coincides with fo)-
After this shift and up to the sixth order terms in the fields the first constraint takes
the form

Ci =o'+ pa — L0, 11505, (.16
and from C7 = 0 one finds
)
2! = —pa™ + 50af (50} (C.17)

The Hamiltonian is then found by solving the second constraint for p_. The quartic
Hamiltonian is too complicated to be presented here but the quadratic Hamiltonian has
the same form as in the undeformed case up to some »-dependent factors.

C.2 Quantisation

To quantise the model we introduce the two-index notations for the world-sheet fields which
differs from the one used in the review [33] by the exchange of the indices 1 and 2, and 1
and 2 for all bosonic and fermionic fields: 1 <+ 2, 1 «» 2. In addition the fermions should
be multiplied by factors 4, to be precise

R L R LA S e (C.18)
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This transformation is a symmetry of the undeformed model so the T-matrix would reduce
to the standard one at » = 0.
Rewriting the quadratic Lagrangian density in terms of the two-index fields, one gets

Ly = Pog YV + Pog Z2°% + il 0% +i 07 .07 — Hy (C.19)

aa
where the density of the quadratic Hamiltonian is given by
1 1 ; . . . .
Hy = Paa P 4 L Paa P + (14 32) (YaaY * + Yo & ZaaZ°% + 205 2"°)
C.20)
) 1 1 . 1 . (
* 1+% (naan + 2naanlaa Qnmanga + GT 91104 ieaaegd - 29Taa9gd> .

The fields satisfy the canonical equal-time (anti)commutation relations
[Yaa(av T) 5 Pb[}(ala 7—)] = 151?61?6(0— - OJ) s [Zad(0—¢ 7—) s P/BB(OJv T)] = “5%535(‘7 - U,) 5
{0°%(o, 1), HZB(UI, T)} = 5352‘5(0 -d),  An*o,7), 77;6(0/, )} = 0§63d(0 — o),

and we choose the following mode decompositions for the bosonic fields

Y‘m(a T)

ipo aa ipo_ab_ab T )
6 a®(p,7) + e 7%, (p, 7))

\/271'/ 2./
Paa(O' T /dp'l\/ ( —ipe ia p7 p Eabeaba (p7 )) )

C.21
Zaa<g 7_ / (ezpa aa +€ —ipo aﬁ oé/j + (p 7’)) ( )
J /727_‘_ 2 % Bﬁ Y J
Pos(o, 1) = m/ dpi/wp ( “wogl (p,T —eipaeaﬁedgaﬂﬁ(pmn ,
and similarly for fermionic ones?!
. e_iﬂ'/4 dp . . .
0°(0,7) = (<ie™ fpa(p. ) +ie™ P by e®ePal (p. 7)) |
V27 V¥ P ’ %o
i /4 N (C.22)
aa . ipo aa _ ;i —ipo aﬁ ab T
77 (UaT) \/ﬂ \/— (7’6 fpa (p7T) e h € ,Bb(p’ )) °
Here the creation a}LwM and annihilation oM operators are conjugate to each other:
=a en, the frequency wy, is given by
oMM =l . Then, the f , is given b

=V1+42/1+p?, (C.23)

1+Z* [, + 1—}—%2 D
p — £/ 2
\/1+V2 1+%2fp

|fp|2 - |hp‘2 = V142, |fp|2 + ’hp|2 = Wp, (C.24)

play the role of the fermion wave functions.

and the quantities

*!Note that the mode decomposition for fermions is slightly different from the one used in the review [33]
which in fact leads to a T-matrix which differs from the one computed in [34] by some signs. The mode
decomposition used here gives in the undeformed case the T-matrix from [34].
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Omitting the time dependence in all the operators and total derivative terms, one finds
that the quadratic Lagrangian takes the diagonal form

L= [do = [ dp 3 (iah,(0)a" () - wpal,, )V () .
MM

with the creation and annihilation operators satisfying the canonical relations
MM M sM
[aMM(p,7), al (@, 7) } = N 6% 6(p — 1), (C.25)

where we take the commutator for bosons, and the anti-commutator for fermions.

D Equations of motion of type IIB supergravity

In this appendix we collect the action and the equations of motion of type IIB supergravity.
The field content comprises Neveu-Schwarz-Neveu-Schwarz (NSNS) and Ramond-Ramond
(RR) fields:

NSNS: the metric Gy, the dilaton ¢, and the anti-symmetric two-form Bjsy with
field strength Hynp;

RR: the axion y, the anti-symmetric two-form Cjsn, and the anti-symmetric four-
form Cynpg-

The RR field strengths are defined as

Funp = 30mCnp) + XHunNP (D.2)
Fynpor = 59 Cnpor) — 15(Bpun0prCqr) — Ciun0pBgr)) - (D.3)

Square brackets [,] are used to denote the anti-symmetriser, for example,
Hynp =30 Bnp) = 30 Z O () Br(Nyr(P) = OMBNp+ONBpy+0pBun , (D.4)

where we have to sum over all permutations 7 of indices M, N and P, and the sign
(=1)™ is +1 for even and —1 for odd permutations. The equations of motion of type I1IB
supergravity in the string frame may be found by first varying the action

1 10
S=5 [d°X

1
V-G (6_%0 (R + 4BM@8M¢ — 12fI]Wpr[JVINP>

1 1 1
— §8MX8MX - EFMNPFMNP 1 5;FMNPQRFMNPQR> (D.5)

1
+ < 4'€M1~~-M10CM1M2M3M48M5BM6M78M80M9M10] ,
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and after that by imposing the self-duality condition for the five-form??

1 —
FM1M2M3M4M5 = +§ _GeMl...MloFM6M7M8M9M10 . (D6)

Here G is the determinant of the metric, R the Ricci scalar, and for the anti-symmetric
tensor € we choose the convention €%
motion for all the fields.

Equation for the dilaton ¢

=1 and ¢y 9 = —1. Let us write the equations of

1
40M pons o —40™M Opp o — 400 GMY O p—200 G po GPROM = R—EHMNPHMNP. (D.7)
Note that 8MGPQGPQ = 20y log v —G. Equation for the two-form By
1
ap(\/—Ge_Q“DHMNP) + V_GFpFMNP 6\/—GFMNQRSFQRS —0 (D.8)

This equation has been derived by using (D.10) and (D.11). Equation for the axion x

1
8]\/[ (\/ —G@MX) = 6\/ —GFMNPHMNP . (D.Q)
Equation for the two-form Cuyn
1
Op(V—GFMNP) 6\/—GFMNQRSHQRS =0 (D.10)
Equation for the four-form Cynpg
1
N ( /7_GFNM1M2M3M4) _ _%GMI'”M4M5"'MIOHM5M6M7FM8M9M10 ) (D.11)
Finstein equations
1
Ryn = 5GunR=Tun, (D.12)

where the stress tensor is

Tun=GunN

28P(apt,0)— QGPQl“gQ@ch — Zaptpaptp—inQRHPQR—%eZPFPFP—iengpQRFPQR

24
—20M0n¢ + 2T NOPp + EHMPQHNPQ + %eQ‘PFMFN + i@QQpFMPQFNPQ + 2 .14| 62¢FJ\/IPQRSFNPQRS ’
' (D.13)
and the Christoffel symbol is
1
Thn = §GPQ(3MGNQ + INGrMg — 09GunN) - (D.14)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

22With this convention the flux of F5 through the deformed sphere is negative.
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