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Summary

We investigate the use of analytic models of three-dimensional bubbles with de-
formable surfaces to study the energy of foams in equilibrium. While the idea
of modelling the surfaces of bubbles as deformable minimal surfaces in three-
dimensions has been explored before, this work has been limited to the mathe-
matically exact case of a bubble with just two contacts, an unrealistic case for real
three dimensional bulk foams. Here we demonstrate that by geometrically decom-
posing a bubble into a collection of Z circular cones with the same total volume
as the original bubble, we can successfully extend this approach to estimate the
energy of a bubble in a foam with any number of neighbouring bubbles over the
entire range of liquid fraction. We model the interaction between bubbles as they
come into contact as a constant volume deformation. The results of this approxi-
mate geometrical model are found to agree, both qualitatively and quantitatively,

with the results of Surface Evolver simulations.

We show that deforming a bubble leads to an increase in the total surface area,
and hence surface energy, which depends on the number of neighbours Z. Utilis-
ing the analytical nature of our model, we derive asymptotic expressions for the
variation of this excess energy with deformation and liquid fraction close to the
wet limit. These findings highlight the fact that the bubble-bubble interaction in
three-dimensions has a logarithmic functional form which plays a dominant role
very close to the wet limit. This clearly demonstrates that simply extending the
Durian bubble model of harmonically interacting overlapping disks to overlapping
spheres gives qualitatively incorrect results in three dimensions. Given the popu-
larity of harmonic interaction potentials in physics, we investigate the possibility
that the interaction is roughly harmonic further away from the wet limit. While
we find that the variation of energy with deformation is described with a power
law exponent higher than 2 for any number of contacts, we argue that for low
7, there is an intermediate range of deformations for which a harmonic potential

could be used.
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We build further on this minimal surface approach, extending the cone model
to incorporate unequal contacts in order to model the Kelvin cell with its eight
nearest neighbour bubbles and six next nearest neighbours. This requires careful
incorporation of additional structural information about the solid angles of the
faces and the relative distances to the different contacts, but leads us to a very
accurate evaluation of the excess energy of a wet Kelvin foam over the entire range
of liquid fraction. We demonstrate that structural transitions caused by the loss
of contacts away from the wet limit are distinct from those at the wet limit. This
illustrates that the bubble-bubble interaction is more complex than first thought

and further work will be necessary in the future to fully grasp its nature.

We consider also the temporal evolution of a single bubble at a liquid surface
whose shape is described by the mathematics of minimal surfaces and changes
dramatically according to the size of the bubble relative to the capillary length.
We demonstrate that knowing the composition of the gas is crucial to predicting
how the bubble will evolve. We show that while a bubble containing nitrogen or
air shrinks in time in line with what we would expect, adding a small amount of
a low solubility gas, such as perfluorohexane, to the bubble leads to the opposite
behaviour; the bubble is found to grow in time. For large bubbles at a liquid
surface, whose shape closely resembles a hemisphere, we show that the growth
of a bubble in this case obeys a power law with an exponent of a quarter. Low
solubility gases are often used in experimental foam studies to inhibit coarsening
and our work highlights that care must be taken when using these gases as their

inclusion may significantly alter the evolution of the foam.
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Chapter 1

General Introduction

1.1 Introduction

Although usually going unnoticed, foams are an indispensable part of modern
society. The student of foams cannot help but be reminded of the impacts of
the physics of foam on the world today. From the industrial process of mineral
flotation [1], in which foam is used to separate valuable minerals such as copper
and lead from their native ores by harnessing a difference in hydrophobicities (or

affinity for water), to more routine shaving foam and the head of a cappuccino.

Despite there being a presumed knowledge of what is and is not a foam, given
the wide range of observed physical properties and different applications, it then

becomes necessary to clarify; “what exactly is a foam?”

A liquid foam is a two-phase system in which gas bubbles are dispersed in a con-
tinuous liquid phase [2, 3]. The gas phase is often present in large quantities
leading to the common understanding of a foam as a collection of gas bubbles
separated by continuous liquid films. Foams often exhibit similar physical prop-
erties to emulsions, which are made up of a continuous liquid phase with a liquid

dispersed phase [1-7].
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The liquid fraction ¢ of a foam (hereafter “foam” will be used to refer to emul-
sions as well as liquid foams for simplicity) is defined as the ratio of the volume
of the continuous liquid phase to the total volume of the foam [2]. A foam with a
very high liquid fraction ¢ is naturally referred to as a “wet” foam while a foam
with a very low liquid fraction ¢ is referred to as a “dry” foam. Examples of wet

and dry foams are shown in Figure 1.1.

However, most foams that we encounter have a liquid fraction somewhere between
these two extremes and it is not altogether clear, theoretically, what liquid fraction
demarcates a “wet” foam from a “dry” foam. As shown in Figure 1.1, a dry foam
is characterised by polyhedral bubbles which arrange in such a way as to satisfy
Plateau’s rules (see Section 1.2) while wet foam bubbles are rounded, tending to
resemble a packing of spheres for high liquid fractions. In practical terms, a liquid
fraction of between 15% and 18% is often taken as the boundary between wet and
dry foams; a liquid fraction in this range is roughly halfway between 0% liquid
fraction, which denotes the so-called dry limit, and 36% liquid fraction, which is
called the wet limit or jamming transition above which the bubbles become
separated and no longer constitute a foam [8, 9]. We will discuss the nature of the
jamming transition further in Section 1.3. This distinction is not important for

the arguments presented in this thesis as we will focus mostly on very wet foams.

However, merely specifying a single factor of a foam, such as an average liquid
fraction, is not sufficient to fully describe a foam. For example, while the average
liquid fraction helps to generally identify whether a foam is wet or dry, the local
liquid fraction will be higher close to the liquid pool and much lower at the top
of the foam as liquid drains under gravity, as we can clearly see from Figure 1.1.
Drainage of the liquid over time gives rise to a height profile for the liquid fraction

which is not captured by the average liquid fraction (see Section 1.5).

The study of foams is usually split into four areas.

1. Structure is concerned with the geometry of soap bubbles that have been

packed together, usually in the bulk of a foam.
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FIGURE 1.1: Experimental images of foam with different liquid fractions ¢. (a)

Bubbles in contact with a liquid pool are visibly rounded due to their high liquid

fraction. (b) In a dry foam the bubbles take on polyhedral shapes separated by
thin liquid films.
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2. Drainage relates to the motion of liquid through the channels within a

foam, due to the force of gravity.

3. Coarsening refers to the diffusion of gas between bubbles within a foam,
with the general consequence that large bubbles get larger and small bubbles

get smaller.

4. Rheology is the study of the deformation and flow of foam in response to

an applied stress.

For the most part, we will concern ourselves with foam structure, although we will

discuss coarsening in Chapter 6.

1.2 Plateau’s Rules for Dry Foams

The structure of foams in both the wet and dry limits is a very active area of
research. In the limit of a “dry” foam (i.e as ¢ — 0) the bubbles become deformed
(see Figure 1.1(b)). The very small amount of liquid left in the foam is distributed

between the soap films which separate the polyhedra.

The first description of the equilibrium structure of a dry foam was given by
Joseph Plateau in his 1873 book “Statique Expérimentale et Théorique des Lig-
uides soumis aux seules Forces Molécularies” [10] and it contains a set of empirical
laws (known as Plateau’s Rules) which are obeyed by the thin (liquid) films sep-

arating the bubbles in a dry foam. Namely,

1. Thin films can only meet three at a time forming a Plateau border. The

angle between the films must be 2—3’5 radians.

2. No more than four Plateau borders may meet at a vertex. The angle be-
tween the Plateau borders at this vertex is the regular tetrahedral angle of
arccos(—1/3) radians (= 109.47°). This condition also limits the number of

films meeting at a vertex to six.
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3. Each thin film must have a constant mean curvature related to the Laplace
pressure difference AP across the thin film, according to the Young-Laplace

law [2, 3],
20

AP
R,

(1.1)

where o is the surface tension and R, is the mean radius of curvature of
the film, which is constant. The Laplace pressure for a bubble (two films),

rather than a single film, is simply 40 /R, where Ry is the bubble radius.

Despite being known for over a hundred years, the theoretical proof of Plateau’s

laws was only provided in 1976 by Jean Taylor [11].

With increasing liquid fraction of the foam (above ~ 2% [2]), the Plateau borders
and vertices swell, forming a liquid network in the foam for which Plateau’s law

no longer strictly apply.

1.3 The Wet Limit

The bubbles in a foam with a very high liquid fraction are no longer polyhedral,
being better described as “more or less” spherical and the structure of such a foam
can be thought of as a dense packing of spheres. The wet limit is defined as the
point at which the bubbles are spheres and have only point contacts with each of
their neighbouring bubbles. In Section 1.1, we referred to this as the wet limit or

the jamming transition.

The liquid fraction at which this occurs is called the “critical liquid fraction” ¢,
and is approximately 0.36 in three dimensions for a random-close-packing (RCP)
of spheres [8]. At RCP, the interaction between neighbouring bubbles is strong
enough to give stability and rigidity to the collection of bubbles forming a foam,
while for higher liquid fractions the bubbles separate from each other to form a

bubbly liquid.
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(A) (B)

FIGURE 1.2: (a) The face-centred cubic (fcc) and (b) body-centred cubic (bec)

lattices. The critical liquid fraction associated with these structures are ¢, =

0.26 and ¢, =~ 0.32, respectively. Both of these structures are of relevance in

monodisperse foam studies [12] and will be discussed later in this thesis with
regard to the cone model (see Chapters 2, 4 and 5).

It should be noted that the value ¢, is different if the bubble positions are not
random but are ordered, for example as a crystal lattice. For the fce crystal lattice,
shown in Figure 1.2(a), ¢. = 0.26 while for the bee crystal shown in Figure 1.2(b)
¢ =1-— @ ~~ 0.32. The fascinating subject of ordered foam structures will be

discussed in greater detail in Chapter 2 in the context of the Z-cone model.

1.4 Monodisperse Foam Structures

When discussing ordering in foams, an important parameter to consider is the
bubble size. For much of this work, the most convenient measure of bubble size is

the equivalent sphere radius which we denote by Ry. It is defined by

3V
Ry = {/—. 1.2
s 47 (e
While disordered structures may be formed by foams with a wide size distribution

or polydispersity [2], many of the most interesting ordered structures arise in

monodisperse foams, in which all of the bubbles have the same radius Ry [12]. Two
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such monodisperse structures, the Kelvin and Weaire-Phelan structures [13, 1],

)

are shown in Figure 1.3.

From an experimental standpoint, monodisperse foams can be made relatively
easily using a flow-focussing device [15, 16] and may also be made to crystallise

into well-defined ordered structures over time [17].

454'1.15‘17'
A
LN

(4)

FIGURE 1.3: (a) The double bubble unit cell of Kelvin’s tetrakaidecahedron
with curved faces, generated using the Surface Evolver [18]. (b) Experimental
image of the Weaire-Phelan structure courtesy of A. Meagher [14].

Theoretically, monodisperse foam is an often-used system in the study of pack-
ing. In fact, both experimental and theoretical approaches involving monodisperse
foams have been instrumental in attempts to answer a famous question in the study
of packings: which unit cell, infinitely repeated, partitions space into cells of equal

volume such that a minimal amount of surface area separates the cells?

Kelvin, in his treatise “On the Division of Space with Minimal Partition Area”
of 1887 [19], demonstrated using a combination of soap films on wire frames (a
common representation of a bubble in a monodisperse dry foam) and simple mathe-
matical arguments that a non-orthic truncated octahedron (or “Kelvin tetrakaidec-
ahedron” ), shown in Figure 1.3 (a), had a lower surface area to volume ratio than
any of the Archimedean solids and many other common crystal structures. Sur-
prisingly, Kelvin never evaluated the energy of his proposed structure and, indeed,

this was not done until 100 years later [20]. The Kelvin tetrakaidecahedron has



Chapter 1. General Introduction 8

been observed experimentally in real monodisperse foams on a number of occa-
sions since 2000 [12, 21, 22]. In 1994, a unit cell structure with an even lower
surface area to volume ratio by approximately 0.3% was discovered using a nu-
merical approach by Denis Weaire and Robert Phelan [23]. The Weaire-Phelan
structure was first observed experimentally in monodisperse foam by Meagher et

al. in 2012 [14].

1.5 Osmotic Pressure

Free surface

Sem I-permeable
membrane

Liquid reservoir

FIGURE 1.4: A schematic diagram illustrating the concept of osmotic pressure.

The application of an osmotic pressure Il forces liquid out of the foam, causing

the bubbles to come into closer contact, deforming their shape. This image is
taken from Hohler et al. [12].

Thus far, our discussion has been concerned with equilibrium foam structures
in the wet and dry limits. However, it is interesting to consider what happens
as we transition from one limit to the other. Say, from the wet to the dry limit,
corresponding to the extraction of liquid from the foam. As liquid leaves the foam,
the bubbles become deformed, increasing their surface area, and hence surface
energy. For a foam in equilibrium, there must be a force present to counter this
increase in surface energy. This force manifests itself in the form of the osmotic

pressure.
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The osmotic pressure of a foam II can be thought of as the force per unit area on
a semi-permeable membrane placed at the interface of the foam and a liquid pool
which does not allow the gas to pass through it (see Figure 1.4). As liquid passes
through the membrane, the ratio of liquid to gas (i.e. the average liquid fraction
¢) decreases and the bubbles in the foam are forced into closer contact, deforming

them.

The osmotic pressure II is formally defined by

aS
H Y <8—V>Vg:const. 7 (13)

where S is the total surface area of the bubbles, given by the sum of the individual
bubble surface areas A;, within a confined volume V' and o is the surface tension
[24]. Note that this expression assumes that the gaseous phase is incompress-
ible due to the need to keep the total gas volume V, constant when taking this

derivative. The limiting values of the osmotic pressure in the wet and dry limits

are

II—0 for é = b, (1.4)
and

II— o0 for ¢ —0, (1.5)
respectively.

The osmotic pressure is a global property of a foam in the sense that it depends
on the total area S of the foam sample and the average liquid fraction ¢. In
an idealised crystalline foam in which each of the bubbles has the same volume
(and hence equivalent sphere radius Ry), and their local packing arrangements
are identical, the local osmotic pressure will be identical to the overall osmotic

pressure for the whole foam.
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From dimensional analysis, it is possible to show that the osmotic pressure scales

as the surface tension o divided by the bubble radius Ry [5, 12]. Thus, it is

s
Rg

we noted in Section 1.1, in real foams the liquid fraction varies as a function of

common to consider instead the reduced osmotic pressure II = (H> [12]. As

the height above the bottom of the foam z (see Section 3.3), also known as the

reduced height.

We can relate the change in reduced osmotic pressure 11 to the local liquid fraction
¢(7) at a height  above the bottom of the foam, where it is in contact with a

liquid pool [12],

dll = (1 — ¢(7))d7. (1.6)

Expressing the differentials in equation (1.6) as partial derivatives, we obtain a

differential equation for the local liquid fraction profile,

(%) _ 1- 9(@)

o o1l
9

(1.7)

where ¢(0) = ¢., the critical liquid fraction. We will consider this equation in our

discussion of the Z-cone model in Chapter 3.

1.6 Surface Energy and Minimisation

The surface energy F of a bubble in a foam is directly proportional to its surface
area A such that
E=0A (1.8)

with the constant of proportionality ¢ being the surface tension.

The Kelvin and Weaire-Phelan structures are sophisticated examples of a general

principle which determines the structure of a foam: in equilibrium, a foam will
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relax to the state of lowest surface energy to volume ratio for the given confinement
conditions. The simplest and most elegant example of this principle is for a free

soap bubble in air, which assumes a spherical shape [2].

In our work we are primarily concerned with the lowest surface energy configura-
tion of a bubble confined within the bulk of an ordered monodisperse foam. In
equilibrium, such a bubble has Z discrete regions of contact or faces with
neighbouring bubbles. In idealised descriptions of dry foams these correspond to
infinitesimally thin films covering the entire bubble surface [25] while at random
close pack, the contact areas go to zero and the structure consists of spherical

bubbles with point contacts.

As discussed in Section 1.5, traversing from the wet to the dry limit is achieved
through the application of an osmotic pressure [2, 12, 26] leading the bubble to

undergo a constant volume deformation.

This type of deformation is accompanied by an increase in surface energy, consis-
tent with equation (1.8). A convenient quantity to compute is the dimensionless

(relative) excess surface energy ¢ of a bubble,

E - E,
Eq

£= (1.9)

where Ey = 4noR? is the surface energy of an undeformed spherical bubble of
the same volume with radius Ry and E is the bubble surface energy defined in

equation (1.8).

Similarly, the degree of deformation may be conveniently quantified via the di-

mensionless deformation &, defined as

_BRo—h
S (1.10)

where h is the distance between the bubble centre and a bubble face. The di-

mensionless deformation £ is related to the liquid fraction ¢ via the expression

p=1- (2:‘17’;3. where ¢, is the critical liquid fraction [27].
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We must stress here that the deformation £, as we have defined it in equation
(1.10), is valid for both monodisperse and polydisperse systems. With the defor-
mation being measured to the middle of the contact, it is the pressure difference
between the bubbles which is the key factor here. While the Weaire-Phelan struc-
ture (see Figure 1.3(b) in Section 1.4) is a famous example of a monodisperse foam
where the individual bubbles have different pressures [14, 23], it is more common
for differing internal pressures to arise in polydisperse foam. In the case of equal
pressures, the pressure difference across the contact is zero and the deformation is
the same for each bubble. This is not true when the bubbles are of different vol-
umes; the Laplace pressure (see Section 1.2), P = 40/ Ry, scales with the inverse
of the bubble radius Ry and so the smaller of the two bubbles will have a higher
Laplace pressure. The presence of a finite Laplace pressure across the contact
leads to a curved contact. Thus, Ry and h are different for the larger and smaller
bubbles meaning that the deformation & calculated using equation (1.10) will be

different. We will discuss this in Chapter 7.

Nonetheless for any given foam structure, the dependence of the dimensionless
excess surface energy £ on the dimensionless deformation & may be numerically
calculated using the Surface Evolver [18] (see Appendix F for details on the Surface
Evolver). However, the numerical approach fails to provide us with the in depth
physical description necessary to better understand foams. For example, while
the bubble-bubble interaction in two dimensions is well-described by a harmonic
force, this is not a good description in three dimensions, as we will see, meaning
that we cannot reduce this interaction to the sort of simple spring model which

pervades many fields of physics.

For this reason, recent research has focused on various simple models which at-
tempt to reproduce the key features of the exact numerical results and will be the

focus of the next chapters.
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1.7 Review of Previous Theoretical Studies of

the Bubble-Bubble Interaction

In this section, we will discuss some important models of the bubble-bubble inter-
action which directly motivate the Z-cone model that we will introduce in Chapter
2. The key feature of all of these models is that they are designed to describe a
wet foam consisting of nearly spherical (or circular in 2D) bubbles. Thus, they are
qualitatively distinct from models of polyhedral dry foams for which adherence to

Plateau’s laws (see Section 1.2) is a fundamental requirement [25].

In keeping with the tendency of physicists to study two-dimensional systems for
simplicity, before exploring the more complicated three-dimensional systems, we

will start our overview by looking at some key insights garnered in two dimensions.

1.7.1 Soft Disk Model and Lacasse in 2D

The so-called “soft” disk model (also known as the bubble model) refers to a simple
dynamic model for interacting bubbles which was introduced first by Durian [28],
and further developed by Langlois et al., for the purposes of studying the flow

behaviour of foams in two dimensions [29].

In this model, the bubbles in a wet foams are represented by a collection of disks.
Below the critical liquid fraction ¢., the disks interact by overlapping, illustrated
in Figure 1.5 for bubbles of radii R;, R;, giving rise to the understanding of these
disks as “soft”. Each of the overlapping disks experiences two forces due to the
overlap; a simple elastic repulsion and a viscous dissipation force. It is interesting
to note that this bears some similarity to dissipative particle dynamics (DPD)
[30, 31], a molecular dynamics simulation technique for dynamic and rheological
properties of complex fluids. Similarly to the Durian model, the particles in DPD
are subjected to a conservative force between particle centres and a dissipative
force. However, a key difference is that DPD includes a random force in the

simulation which serves to effectively thermalise the system.
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FIGURE 1.5: The force of interaction between neighbouring bubbles i and j in

the soft disk model is taken to be repulsive harmonic with a spring constant

proportional to the overlap Ad. This figure is reproduced from Langlois et al.
[29].

The viscous dissipation term is an important component of this soft disk model
because it contains all of the information about the liquid phase of the foam, which
is not explicitly modelled. The viscous dissipation term is usually represented as

a linear viscous drag,

Fvis = —CViSAV, (111)

which is directly proportional to the vector difference in bubble velocities Av =
(vi —v;). In this case, ¢y is a dissipation constant whose value can be varied to
simulate either strongly or weakly dissipating liquid phases [32]. This is intimately
linked to the viscosity of the liquid that plays a crucial role in the study of foam
rheology [33, 34]. However, in the context of this thesis, we will not concern

ourselves with this interesting topic.

However, we are primarily interested in the repulsion force which acts pairwise

between bubbles. It is this force which is responsible for the forming of contacts
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between bubbles as it acts along a line connecting the centres of adjacent bubbles.
In the soft disk model, the repulsion force Fgp is considered to be an elastic spring

repulsion which whose magnitude is given by

7. 2 Rav

Fep =k=—"—04d. 1.12
w=kpw (1.12)

Here, k is a spring constant, R,, is the average radius of all the disks in the foam
and Ad is the geometric overlap of the disks. Clearly, the term &Q—i@-}g becomes
unity for monodisperse foams and only plays a role for polydisperse foams. This
term represents the fact that deformation is dependent on polydispesity, as we
noted in Section 1.6. The higher Laplace pressure of smaller bubbles means that

they are harder to deform, corresponding to a stiffer spring force compared to

larger bubbles.

Since we are interested in the variation of excess energy ¢ with the deformation
¢ defined for foams rather than overlapping disks, it is useful to recast equation
(1.12), which is a force, as a corresponding elastic potential. The natural analogue

in this sense is

e(€) = k€. (1.13)

This model is widely implemented in numerical studies of large-scale sheared foam
systems for both linear (single channel) and Couette (rotating ring) geometries [35-
37]. An example of a linear geometry is shown in Figure 1.6. An important reason
for this popularity is the simplicity of the force expressions and the corresponding
relative efficiency with which these forces can be programmed and balanced for

large numbers of bubbles.



Chapter 1. General Introduction 16

FIGURE 1.6: Durian’s overlapping “soft disk” model in a linear geometry. The

row of bubbles at the top and bottom are fixed, acting as a rough boundary wall.

Flow is induced in the system by moving the boundaries, known as shearing,

as indicated by the arrows. The black points mark the centres of the disks while

the black lines track the movement of the bubble centres over time. This image
is reproduced from Durian [28].

While there have been numerous successes of the soft disk model in describing
and predicting the bulk properties of flowing foams, it is based on the assumption
of a harmonic interaction between bubbles in two-dimensions. How valid is this
assumption given that this heuristic formulation of bubbles in terms of overlapping

disks is far from an accurate picture of real two-dimensional foams?

The assumption of harmonicity was tested by Lacasse et al. [27] who performed
Surface Evolver simulations (see Appendix F) of a single circular bubble confined
and deformed by a number of contacts. This differs fundamentally from the soft
disk model in the fact that the surface of the bubble is allowed to deform in order

to find the lowest energy eop, defined as

(1.14)
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In two dimensions the excess energy is in terms not of the area but the perimeter
length A. They also performed similar simulations in three-dimensions which we

will describe in Section 1.7.3.

The results of these simulations are shown in Figure 1.7 for two, three and four
contacts. The inset shows the power law scaling of these curves which indicate
a power law exponent in all cases of two, at least for small deformations. This
demonstrates that a harmonic potential of the form of equation (1.13) is a good

description of the bubble-bubble interaction, validating its use in the soft disk

model.
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FIGURE 1.7: Variation of the excess energy ¢ per contact (here specified by n)

as a function of deformation . The curves (from right to left) are for contacts

numbers n = 2, n = 3 and n = 4. A harmonic interaction is a good description

in this case of small deformations &, as evidenced by the inset which shows a

power law scaling with an exponent close to 2 initially. The definition of ¢ in

2D is analogous to that for 3D defined in Section 1.6. This figure is reproduced
from Lacasse et al. [27]
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1.7.2 Morse and Witten

Our discussion of contacting bubbles up to this point has been confined to two
dimensions where a harmonic interaction between bubbles is a good approximation
for small deformations. In three dimensions, the situation is more complex and
this will be reflected in the nature of the models used to describe three-dimensional
bubbles under confinement. In particular, these models will introduce the concept
of “softness” not through overlaps but by considering deformable surfaces via

Euler-Lagrange minimisation methods [38](see Appendix A for details).

Morse and Witten [39] were the first to address the problem of the asymptotic
form of the dimensionless excess surface energy £ (see Section 1.6) of a single
droplet pressed against a flat surface by a dimensionless gravitational force F' in a
mathematical way. In equilibrium, a droplet behaves identically to a bubble (see
Section 1.1) and so the findings of Morse and Witten are relevant for bubbles and

we will use the term bubble to avoid confusion in this section.

A bubble pressed against a flat surface by gravity experiences an equal and op-
posite dimensionless force F', directed towards its geometric centre, which is dis-
tributed as a pressure over a small, circular contact of radius 4. In this case, force
balance requires that F' = 78Il; where II; is the internal pressure of the bubble.
In the case of simple crystal structures and monodisperse foam, the contact area
between two contacting bubbles is flat, thus we expect a similar asymptotic form

for £ to that found in this case.

In the limit of % < 1, the deformation outside the contact region is well approx-
imated by the solution for a point force of magnitude F which permits the use
of a solution using Green’s functions. In this way, Morse and Witten found the
dimensionless excess surface energy € to be related to the dimensionless force F

by the singular form,

emw (§) = F(§)21H(F(§))- (1.15)
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This equation represents the first strong evidence for the important role played by
logarithmic terms in the interaction potential between bubbles in three dimensions.
Note that in equation (1.15), we have stated that F' is a function of ¢ directly.
The analytic form of this dependence will be discussed when we come to explain

the Z-cone model in Section 2.2.

So far we have only discussed the case of a bubble pressed against a flat wall by
its own weight, which is an idealised system rarely encountered in practical exper-
iments. We can extend our considerations to the case of a bubble simultaneously

compressed against any number of confining walls.

1.7.3 Bubbles in a Confined Geometry

Lacasse et al. [27] further developed the idea of modelling bubbles not as “soft”
spheres, but as truly deformable surfaces, continuing the work begun by Morse
and Witten [39]. They chose to study the dimensionless excess surface energy & of
a monodisperse foam, whose bubbles are arranged in a series of crystal structures,

having different contact numbers Z.

For the case Z = 2 only, Lacasse et al. adduced a complete analytic solution to
the problem of determining the surface shape and all related quantities, includ-
ing £, which confirmed the presence of a logarithmic term in the bubble-bubble
interaction similar to that predicted by Morse and Witten [39]. An illustration
of the resulting bubble profile in this case is shown in Figure 1.8 for a range of

deformations.

For Z > 2, these authors set aside the mathematical approach and settled instead
on the simulation of confined bubbles with the Surface Evolver [18] (see Appendix
F'). The numerical procedure for computing the dimensionless excess surface en-
ergy of a confined bubble is as follows. A cube of volume Vj is placed within a
Z-faced polyhedron. By then tesselating the surface of the cube with triangles
(periodically refining the tesselations) and allowing the vertices of the triangles to

move, the Surface Evolver minimises the surface area for the fixed volume V}
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Compression

Sphere Radius

Sphere Centre

Compression

F1GURE 1.8: Numerically constructed cross-section of a bubble compressed

between two parallel contacts for a number of different degrees of deformation.

The bubble shape changes as a function of deformation due to the constraints of

constant mean curvature and constant volume (see equation (1.1)). This figure
has been adapted from Lacasse et al. [27].

using the conjugate gradient algorithm [40]. In the case of no bounding surfaces,
the sphere gives the lowest surface area for such a volume. The deformation is
carried out by moving the contacts closer together in a number of steps with the
lowest surface area state being calculated at each successive step. The surface area
for each deformation step is recorded and the dimensionless excess surface energy
e computed appropriately using equation (1.9). Taking small steps in deformation,
the Surface Evolver can in this way provide us with data for the bubble-bubble
interaction (see Appendix F) which may then be used to fit prospective interac-
tions, as shown in Figure 1.9, or to test the results of models such as the Z-cone

model, introduced in Chapter 2.

Lacasse et al. [27] found that the response of £ to dimensionless deformation &

was stronger than a harmonic repulsive potential of the form assumed by models
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FIGURE 1.9: Variation of excess energy £ with deformation £ in three dimen-

sions. The curves, from right to left, represent Z = 2, 4, 6, 8 and 12. They are

reasonably well fit for intermediate deformations & by a function of the form of
equation (1.16). This figure is reproduced from Lacasse et al. [27].

of overlapping spheres [28]. Indeed, it is clear that while a harmonic response may
be approximately applicable over some range of £, it can never be correct since
the analytic form of e diverges logarithmically from a harmonic-like response close

to the wet limit (i.e. low &) as Morse and Witten had previously indicated.
However, Lacasse et al. found that a power law of the form
1 oz
€L=ZCZ |:————1:| - (1.16)
(L)

can be fit reasonably well to the numerical data over the range £ ~ 0.02 — 0.1,
with the values of the fit parameters C'; and a; depending on Z. The results of

these fits to their simulation data is shown in Figure 1.9.

Of particular importance is that the value of az is greater than 2 for any number

of contacts and appears to saturate above Z = 12 [27]. This illustrates that the
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bubble-bubble potential in three dimensions depends critically on the confinement
conditions; that is, the number of contacts of the individual bubbles. It should

also be noted that Cy varies, more strongly than ay [27].

However, this power law does not capture the logarithmic form of the dimension-
less excess surface energy £(€) as & — 0 which is present in their Surface Evolver
results, and overestimates it above £ &~ 0.1. As such, this power law is at best a
qualitative description of the bubble-bubble interaction for intermediate deforma-
tions. Incorporating this logarithmic term into a model with multiple contacts Z

will be the focus of Chapter 2.

1.8 Structure of the Thesis

This thesis is primarily concerned with mathematical models of the surface energy
of bubbles and foams for a variety of structures. In Chapter 2, we will introduce
the Z-cone model for the energy of a monodisperse bubble with Z identical nearest
neighbours. Following the introduction of this model we will illustrate the useful-
ness of this model for understanding some key properties of foam in equilibrium
in Chapter 3. In Chapter 4, we will model the famous Kelvin cell with the cone
model by introducing next-nearest neighbours. In Chapter 5, we will make use
of the extended cone model of the Kelvin cell to study the nature of contact loss
in foams. Finally, in Chapter 6, a simple model for the evolution behaviour of a

single bubble at a liquid surface will be described which takes into account the

detailed shape of the bubble via minimal surfaces.



Chapter 2

The Z-Cone Model

As discussed in the preceding chapter, the total energy of a soap film is proportional
to its surface area (see equation (1.8)), if we make the assumption that the gas
and liquid are treated as incompressible. In the familiar case of a single, isolated
bubble made from just one such film, the geometric shape with the lowest surface
area is a sphere, while a bubble in the bulk of a foam confined by neighbouring
bubbles has, in general, a more complicated geometry which does not correspond

to any of the familiar Platonic or Archimedean solids.

The reason for this is the ease with which the surface of a bubble is deformed, due
to the lack of static friction and rigidity which is present in solids, and it alters
its shape when in contact with other bubbles or the walls of a container. This is
true regardless of whether the neighbouring bubbles are randomly arranged, as in

a Bernal packing (8], or whether they are ordered in a regular, crystalline fashion.

In this chapter, we shall introduce a mathematical model, namely the Z-cone
model, to describe the interaction of a bubble in an ordered monodisperse foam
with its neighbours. In particular, the variation of excess surface energy £ with
increasing deformation will be of interest for a range of different neighbour numbers
Z from two to twelve. We find excellent agreement between the variation of &
obtained from the Z-cone model and the results of simulations performed with the

Surface Evolver [2] (see Appendix F for further details on the Surface Evolver).

23
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Finally, we will comment on our results in respect of the interaction between
bubbles and present analytic expressions for the variation of the excess surface
energy with both deformation and liquid fraction in the wet limit. The work

presented in this chapter was originally published in Soft Matter in 2014 [41].

FIGURE 2.1: A sphere is the global minimum of the surface area for an enclosed
volume in the absence of external constraints.

2.1 Introduction

For more than two decades, Brakke’s Surface Evolver [18] (see Appendix F) has
provided a practical method for computing the equilibrium structures [23] of dry
foam. It achieves this by approximately representing bubbles as finely tessellated
surfaces made up of vertices, edges and faces, and repeatedly allowing these to

move in order to relax the surface to an area minimum for a given fixed volume.

This approach can also be used to simulate wet foams in the manner outlined
)

in Section 1.7.3, although the process of area minimisation is more difficult than

in the case of dry foams. This is because the finite liquid fraction in wet foams
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give the bubbles more freedom to move, significantly increasing the occurrence of
topological transitions, or neighbour changes [2]. For this reason, simulations of
wet foams with the Surface Evolver have tended to focus on ordered foams, as
in the simulations of Lacasse et al. [27] and Hohler et al. [12], which are more
effective in completely surrounding the bubbles and suppressing neighbour changes

[42].

While the ability to find a lowest energy structure under certain conditions is
useful in many applications [23], it is not sufficient to properly explain the physics
of these systems, without reference to an underlying physical framework. In effect,
the computational approach fails to provide an answer to the more interesting
question: why is this structure optimal? While analytical work is often more
complicated and time-consuming than the computational approach, it provides
more flexibility to test the effects of different physical assumptions, thereby aiding

us in understanding why the optimal structure is so.

To address this question in the present case, a natural approach is to seek a
simpler physical representation or mathematical model of a bubble confined by
neighbouring bubbles. Central to such a model is a description of how bubbles
interact with one another. For instance, how valid is the assumption of pairwise
additive potentials, as in the Durian model for example [2, 28]? What is the form
of interaction (i.e. the change in surface area) between two bubbles which barely

touch each other?

As we will see in the following section, attaining an accurate form for the inter-
action (i.e the change in surface area) between bubbles which barely touch each
other is not a simple task. It will be shown to depend crucially on both the

dimensionality of the system and the number of contacts.
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2.2 /-Cone Model

The Z-Cone Model is an analytical model describing the approximate equilibrium
shape, and hence the surface area, of a bubble in the bulk of a foam, which is in

contact with Z neighbouring bubbles.

It is a model, of the type of Morse and Witten and Lacasse, which treats the bubble
surfaces as deformable, minimal surfaces for a fixed bubble volume V. Indeed, for
one and two contacts, our Z-cone model reduces to the models of Morse and
Witten and Lacasse, respectively (see Section 1.7). Thus, one can think of our
model as the natural extension of the minimal surface approach to any number
of contacts Z in three dimensions, for example the face-centred cubic structure

(Z = 12) shown in Figure 2.2.

4] (B)

FIGURE 2.2: The shape of a bubble in a crystalline foam with Z equivalent

neighbours, shown in (a) for Z = 12, may be approximated by an assembly

of Z cones of the type shown in (b). Its flattened surface corresponds to a
bubble-bubble contact.

Our ultimate goal is to provide an analytical expression for the excess energy ¢ in

terms of important foam parameters, such as the liquid fraction ¢.
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2.2.1 Theory

Our essential geometrical approximation is inspired by the early work of Ziman on
describing the Fermi-surface of copper [43]. The bubble volume V' can be divided

into Z equivalent sections, each of which is to be represented approximately by a

circular cone (of volume V, = %) as shown in Figure 2.3. The advantage of this
approximation is that it allows us to represent the bubble surface (referred to as

the cap) mathematically as a surface of revolution.

The bubble surface consists of a flat disk of area 742 (the contact area of neighbour-
ing bubbles) and an outer part which has a constant total curvature, terminating
at right angles to the cone surface. The flat disk and the outer part join smoothly;

there is no curvature discontinuity at the boundary.

As the liquid fraction ¢ is reduced, the contact area grows, and the separation of

bubble centres s is reduced according to:

s =2(h+ he) = 2Bo(1 — €) (2.1)

where h and h,. are defined as the heights of the cap and cone, respectively (see
Figure 2.3). Ry is radius of a spherical sector of volume V, and £ is a dimensionless
deformation parameter (see Section 1.6). In the undeformed case, the radius Ry

is identical to the equivalent sphere radius defined in Section 1.4.

Our aim is to compute the dimensionless excess energy ¢, defined as

= —==—1, (2.2)
where A() is the surface area of one of the cone caps, and Ay = 27 R%(1 — cos )
is the curved surface area of the undeformed cap, i.e. for £ = 0.

For given £ and solid angle €2, we can calculate the surface area A of one of

these cones and its total volume V, analytically, as outlined below and detailed in
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Appendix A. Note that because each of the cones are identical the 47 steradian

solid angle of the bubble is divided equally between each contact such that

2
arccos ( Z) ( 3)

The total surface area, per contact Z, of our bubble can be written as

A=As+2m /Oh r(z)\/l it <dz(;)>2 dz, (2.4)

where A; is the surface area of the contact and r(z) is the distance from a point

on curved surface to the central axis of the cone (see Figure 2.3). The second term
in equation (2.4) is the general expression for the surface area (of revolution) of

any curve given by r(z).

The volume under this curve is given by

r(0)® cot @

V= 7r/0 r(z)%dz + I 3 (2.5)

Utilising the Euler-Lagrange formalism [38] in a similar way to Lacasse et al. [27],
we can determine the minimum surface area A under the constraint of constant

volume (for details of the method see Appendix A).

To do this, we require boundary conditions on the curvature of the surface at two
points; where the curved surface meets the flat contact and where it meets the

cone.

d;(zz) = (2.6)
Z—h

g ¢ = cotf. (2.7)
dz 8]0
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FIGURE 2.3: Two-dimensional cross-section of a cone with relevant notation.

During bubble deformation, total bubble volume V' and total solid angle must

be conserved, according to V = ZV, and 47 = Z(}, where V, = %ﬂR%(l —cosf)

is the volume of a cone with opening angle § = arccos(1 — %) Ry is the radius

of the spherical sector (corresponding to an undeformed cone) and €2 is the solid
angle of the cone.

The first of these ensures that the bubble surface meets the flat contact smoothly
which models a zero contact angle where the cone is terminated by a flat disk,
corresponding to a contact with a neighbouring bubble. The second ensures that

the bubble surface meets the cone at a right angle.

Since the model of a bubble we present is purely geometric in nature and does not
depend upon the length scale chosen (i.e. it is the same for micron and millimetre
sized bubbles), it is convenient to work in dimensionless variables. In particular,

we define the dimensionless length ps as

J
Ps = r—(—j (2.8)
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(A) & (B) &

FIGURE 2.4: Top down view of a bubble-bubble contact. In the Z-cone model,
the contact is always a circle; the radius d of the contact grows as the deforma-
tion £ increases, £ < &s.

In these units, ps provides a dimensionless measure of the radius of the contact
which varies from ps = 0, in the wet limit to ps; = 1 in the dry limit, when the flat

contacts cover the entire bubble surface.

A somewhat lengthy derivation, given in Appendix A, results in the following exact

expression for the energy &

2 VA 2
p5 + 72=(1 — p3)K(ps, Z)
e(ps, Z) = —Y2= - — 1 (2.9)

7 (f;—i +6J(ps, Z))5

wl=

The deformation is &(ps, Z) is expressed as

1/3

=
<§—Z\[__—_1 +I(p5,Z)) . (2.10)

4
£(p5,Z):1— = £
oy +3J(ps, Z)

The functions I(ps, Z), J(ps, Z) and K(ps, Z) are definite elliptic integrals given,
respectively, by

o 2) = [ (@ = A)f(a,p0 2) do @2.11)

Ps
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1
J{ps; &) = / r2(2® - p2) f(z, ps5, Z) dz, (2.12)
Ps
and
1
K(ps, Z) :/ 2 f(z, ps, Z) dz, (2.13)
ps
with
28 an ~3
f(z,ps,2) = [m$2(1 ~ o5 =t —g)| - (2.14)

Now we have all that we need to compare with numerical results which will be the

purpose of the rest of this chapter.

2.2.2 Dependence of Energy on Deformation and Liquid

Fraction

In this section, we focus on the comparison of the cone model with Surface Evolver
simulations of the face-centred cubic (fce) structure which is observed experimen-
tally in wet foams [12]. Our model is directly applicable in this case since each
bubble has Z = 12 equivalent neighbours. In the dry limit, a bubble approaches
a rhombic dodecahedron. We will also show the results of Surface Evolver simula-
tions for a pentagonal dodecahedron, for which the cone model gives even better

agreement.

For the face-centred cubic structure (fcc) with Z = 12 the analytic solution is shown
in Figure 2.5(a), together with Surface Evolver calculations (see Appendix F for
details), which confirm its accuracy. This shows that for Z = 12 the dependence on
€ is not quadratic, as stated by Lacasse et al. (from Surface Evolver calculations).

However, for smaller values of Z and over a limited range of £, a quadratic
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deformation £. The solid line corresponds to the Z-cone model for Z = 12 while
the dotted line corresponds to Surface Evolver calculations for the fcc structure
shown in Figure 2.2(a). Due to numerical noise near the wet limit, we were
not able to produce reliable Surface Evolver data for £ < 0.005. In the case of
(b), a quadratic interaction potential would result in a horizontal line. Thus,
the dependence of € on £ may be approximated by a quadratic only over a very

FIGURE 2.5: (a) Variation of the excess energy ¢, and (b) variation in 5, with
limited range of &.
|

approximation could be made with a prefactor which is roughly proportional to Z.
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FIGURE 2.6: Variation of excess energy with liquid fraction: cone model predic-
tion (Z = 12) and Surface Evolver calculation for fcc. The equations describing
the wet and dry limit are marked by arrows.

That is, the contribution of each cone, which may be considered as an interaction
potential with one neighbour, is approximately proportional to Z. We will return

to this topic more fully in Chapter 3.

By dividing the excess energy, £(£) by a quadratic term we can examine more
closely the true form of the interaction, particularly close to the wet limit. In
Figure 2.5(b), we see deviations from a quadratic form at both small and large &,
corresponding to the limits of a wet and dry foam. We will therefore examine the
asymptotic limits, turning our attention for the moment to the variation of excess

energy € with liquid fraction ¢, as shown in Figure 2.6.

The liquid fraction ¢ lies between 0, the dry limit, and a value ¢. at which the
deformation vanishes (the wet limit). Liquid fraction may be expressed in terms

of £ by

£=1—<1—¢C>%. (2.15)
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Note that derivations of this equation and the key results from the cone model,

outlined in the rest of this chapter, are included in Appendix B.

For the cone model, we can show that

In the dry limit, ¢ — 0, our cone model data is well described by

E(ff)) = Coaa €1¢%

(2.16)

(2.17)

which is the same form found for the Surface Evolver results, where it corresponds

to the decoration of film intersections with Plateau borders of finite cross-section

[2]. The values for the constants e, and e; are close to the true coefficients for the

given crystal structure, they vary as

(Z —2)?
and
1
€1 X 'Z—
respectively.

In the wet limit, ¢ — ¢., the energy varies with the liquid fraction as

Z (¢c g ¢)2

&) = - 18(1 — 6.)% In(e — @)’

see the discussion in Section 2.2.3.

(2.18)

(2.19)

(2.20)

Figure 2.8(a) shows that in the case of a regular pentagonal dodecahedron, the

cone model gives an even better prediction for £(£) than for the fcc arrangement.



Chapter 2. Z-Cone Model 35

(B)

(a)

FIGURE 2.7: Voronoi cells for the (a) fcc and (b) pentagonal dodecahedral

crystal structures. The pentagonal faces of the pentagonal dodecahedron are

more similar in shape to the circular contacts of the Z-cone model than the
diamond-shaped faces of the fcc.

The reason for this is the symmetry of the faces, which can be seen in Figure
2.7, particularly for larger deformations. The basic assumption about the bubble
surfaces in the cone model is that they are rotationally symmetric; this means
that the contact areas themselves are always circular. Thus, we can expect a bet-
ter agreement between the cone model and the regular pentagonal dodecahedron
compared to the diamond-shaped faces of the fcc structure, despite both these

structures having the same number of contacts.

To further demonstrate the applicability of the cone model, in Figure 2.8(b) we

show the case of Z = 6; a bubble confined in a cube.

2.2.3 Asymptotic Form of the Energy-Deformation Rela-

tion

Now turning to the variation of energy with deformation, we note that the wet
limit is very subtle. As we saw in Sections 1.7.2 and 1.7.3, Morse and Witten [39]
and Lacasse et al. [27] have derived an asymptotic form for small deformation for

the dependence of excess energy £ on force F', proportional to F?In(F~1).
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FIGURE 2.8: Comparison of cone model predictions for £(§) with Surface

Evolver simulations for Platonic solids. (a) Z = 12: a pentagonal dodeca-

hedron, and (b) Z = 6: a cube. We see good agreement, due to the underlying
symmetry of these shapes.

This was derived for the special cases of a droplet pressed against a flat surface
[39] and a drop compressed by two parallel plates (corresponding to Z = 2 in our
Z-Cone model) [27]. For present purposes it is more convenient to consider the

energy-deformation relation, which takes the corresponding asymptotic form
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2
e=mF?In(FY)=>e= 5—, (2.21)
dmIn &
where m is a constant. It was derived by assuming ¢ of the form £(§) %

This result has not been previously stated: its validity may be checked by dif-
ferentiating equation (2.21), writing Z—Z = F', and keeping the lowest order terms.
The curves calculated for £(£) using analytic functions, such as that of Figure 2.5,

show a variation close to £ = 0 that is consistent with the above form.

Expansion of the elliptic integrals (see Figure 2.9) involved in the limit £ — 0

reveals a logarithmic singularity of the form

__Z¢
E= —fng, (222)

which is true for any value of Z.

Expressing & in terms of ¢ and Taylor expanding to lowest order (via ps) leads to
the energy variation £(¢) as stated above in equation (2.20). The evaluation of
the elliptic integrals I(ps, Z), J(ps, Z) and K(ps, Z) and their Taylor expansions

in ps are shown in Figure 2.9.

An asymptotic expression that covers a larger range of deformation may be ob-

tained by expressing energy £ in terms of ps, resulting in

e(ps, Z) = maps(my — In p;), (2.23)

with m(Z) = 2 (1— %)2 and mo(Z) = ; (1_11 - 3) —In(1- ). Combining
zZ

equation (2.23) with equation (2.10) for the deformation parameter £ leads to the

parametric plot shown in Figure 2.10 which describes the analytical result very

well for values up to about & ~ 0.005.

The anomalous asymptotic form for the interaction of bubbles, as they come into

contact at the critical liquid fraction ¢, (equation (2.20)) appears to be general,
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FIGURE 2.9: Variation of the elliptic integrals with ps along with their Taylor
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is well presented by a parametric plot of the expansion of equation (2.23).
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applying to any number of contacts Z near ¢.. However, the form of this interac-
tion differs for contacts gained away from ¢,; this is discussed in Chapter 5 where
we discuss the loss of the square faces in the Kelvin structure which occurs at
a liquid fraction significantly lower than the critical liquid fraction ¢.. Only for
larger values of £, and over a limited range, as a decreasing function of Z, may the
excess energy be reasonably well approximated by a quadratic, as will be discussed

in detail in Chapter 3.

The anomalous asymptotic (logarithmic) form adds a further complication to the
analysis of the approach to the wet limit in disordered foams, analogous to that
of the “jamming” problem in granular materials (8, 9]. If foam is to be taken as
a representative system for this problem, the validity of quadratic potentials in

granular packings must be questioned.

2.3 Conclusions and Outlook

In the limit of very small bubble-bubble contacts, Morse and Witten [39] and
Lacasse et al. [27] have suggested that the interaction between bubbles is log-
arithmic, rather than harmonic (see Sections 1.7.2 and 1.7.3). By treating the
bubble surfaces as deformable and geometrically approximating the volume, we
have introduced the Z-cone model which ties together a number of previous re-
sults [27, 39] with a single coherent picture. Importantly, our model moves away
from the Durian bubble model of overlapping spheres (see Figure 1.6 in Section

1.7.1), which is predominantly used in simulations of foam rheology.

We have presented a semi-analytical relation between the energy (i.e. surface area)
and the liquid fraction ¢ and correct asymptotic forms for the energy in the limits
of dry and wet foam, with prefactors dependent on Z. In particular, the variation
of energy with uniform, uniaxial deformation in the wet limit is consistent with
the anomalous behaviour first reported by Morse and Witten [39] and Lacasse et

al. [27], with a prefactor Z.
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In the form presented so far, the Z-cone model is strictly only applicable to a
limited number of cases, in which neighbours are equivalent, but it is possible to
pursue its generalisation to other ordered structures. This will be explored for the
Kelvin foam in Chapter 4. A further generalisation to bidisperse systems will be

the subject of Chapter 7.

The asymptotic variation of energy and forces in the wet limit is of some topi-
cal importance, because a wet foam is regarded as an ideal experimental system
with which to investigate jamming properties, since it has well-characterised con-
stituents without static friction [44]. However, theories of jamming often invoke
the kind of quadratic forces that we have now shown, with the Z-cone model, to
be qualitatively inappropriate for foams, in the wet limit. Is the presence of a log-
arithmic force and energy specific to bubbles, for which the surfaces are not rigid
but deformable and there is no static friction? While a definitive answer to this
question is beyond the scope of this work, a sharp transition between harmonic
and logarithmic forces for a finite rigidity of the particles seems unlikely. Thus,
the results presented here for bubbles call into question the validity of quadratic

potentials in granular packings.



Chapter 3

Applications of the Z-Cone Model

In Chapter 2, we introduced the Z-cone model of a bubble in the bulk of a foam
to understand the properties of foams in equilibrium. From this, we were able
to derive an approximate expression for the excess surface energy £ of a bubble
in terms of deformation and liquid fraction which demonstrated that there is a
logarithmic term which dominates the bubble-bubble interaction close to the wet
limit ¢.. This interaction was also shown to be inexpressible as a pair potential
since it depends explicitly on the number of neighbours of each of bubbles Z
which may, in principle, be different for each of the bubbles forming the contact.
By Taylor expanding the excess energy very close to the wet limit, we were able

to determine this critical form.

The aim of this chapter is to further our analysis of the implications of the Z-cone
model. While the presence of a logarithmic term at the wet limit rules out the
presence of a strictly harmonic interaction, the range of deformations where this
logarithmic correction is dominant is small. Away from this limit, the interaction
is approximately harmonic, as discussed by Lacasse et al. [27]. In Section 3.1 we

will show this for the Z-cone model.

We will also show how the Z-cone model can be used to determine the liquid

fraction profile and osmotic pressure of a foam.

41
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3.1 Computation of the Effective Spring Con-

stant for the Bubble-Bubble Interaction

In this section, we will compute an effective Hookean spring constant, as a function
of contact number Z, for bubble-bubble interactions using the Z-cone model. As
we saw in Section 1.7.3, Lacasse et al. [27] proposed a power law form for the
excess energy ¢ as a function of the deformation £, given by equation (1.16), with

fitting parameters Cz and ay.

The slightly odd form of the term in square brackets is due to the fact that this

expression is equivalent to e = C’'(¢.—¢)*# and has been converted to deformation

1_¢c
1-¢

Surface Evolver simulations of a bubble confined by a number of contacts Z in the

1/3
using the relation £ = 1 — ( ) . Equation (1.16) was found to agree well with
range £ ~ 0.02 — 0.1. In particular, az was found to rise from az = 2.1 for two

contacts to ay = 2.5 for the fce structure.

There are two key features of equation (1.16) which bear further investigation.
Firstly, the prefactor C'; depends on the number of contacts Z. This is consistent
with our findings from Chapter 2 in which we showed that the prefactor in the
logarithmic asymptotic form for the excess energy £ depends explicitly on the
number of contacts Z. Secondly, the power ay is close to the harmonic value of

Q'Z:2.

While a power law of the form of equation (1.16) is useful, it is not easy to visualise
the term in brackets as the displacement term in a Hookean spring model. As we
discussed in Section 1.6 when we defined the deformation £ for the simple struc-
tures with Z equivalent neighbours that we are considering here, the deformation
can be simply related to the distance between bubble centres s which forms the ba-
sis of any spring model. For this reason, we choose to describe the bubble-bubble

interaction for higher values of the deformation as

£ x &7 (3.1)
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Figure 3.1 shows, on a log-log plot, the variation of £ with £ as obtained from the
Z-cone model for Z = 6 and 12. In this figure, a line of slope 2 would represent a
truly harmonic interaction. We find that o =~ 2.2 is satisfactory for a wide range of
&. This is broadly in line with our expectations, based upon the results obtained
by Lacasse et al., and represents an interaction which lies between the harmonic

case: Hooke’s law, i.e. a = 2, and the so-called Hertzian case with a = g

0.1
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FIGURE 3.1: Dependence of excess energy on deformation for Z = 6 and Z =
12, shown on a log-log plot. A line of slope 2.2 is shown as a guide to the eye,
showing that £ o< £22 is a good approximation over a wide range of £.

As a # 2, we cannot refer to a true spring constant k. However, we may define

an effective spring constant Keg;

ke = — (3.2)

2
§ E=Cinf
where &, is the inflection point on the plot of 5% as indicated in Figure 3.2. We
9%

oer|
£=0

choose this definition for kg, rather than the more conventional k.g = as
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the second derivative is difficult to evaluate near £ = 0 due to the logarithmic form
of £(&). The inflection point &,¢ represents the value of £ at which £;2 has the least
slope: this might reasonably be considered the point at which the approximation
of harmonicity is best, since in the harmonic case £/£? = k for all £&. It is clear

from Figure 3.2 that this assumption of harmonicity is better for low Z.

e/&2

0 0.05 0.1 0.15 0.2 0.25

FIGURE 3.2: We use the point at which £/£2 has least slope as a function of ¢
to obtain an effective Hooke’s law constant keg for each value of Z. keg is found
to increase with Z.

In Figure 3.3 we plot the variation of k.g with the number of contacts Z. We see

a relationship which is very close to linear, with the line of best fit:

ket = 0.21(Z — 0.75). (3.3)

While clearly an approximation, a local force law of the form F' = k.g& is worth
considering in any extensions of Durian’s two-dimensional model to three dimen-

sions.
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FIGURE 3.3: The variation of the effective spring constant keg with the number
of contacts Z is well described by the linear relationship (3.3).

3.2 Osmotic Pressure in the Z-Cone Model

As we have seen, the Z-cone model provides us with analytic predictions for the
excess energy ¢ as functions of both deformation £ and liquid fraction ¢. Using
these analytic expressions, we will compute the osmotic pressure II and from this
a liquid fraction profile for a foam at equilibrium under gravity. The osmotic
pressure, as it is defined in equation (1.3) is for any volume of foam V. In the Z-
cone model, however, we are considering an ordered foam with identical bubbles.
In this case, we can relate the reduced osmotic pressure to the excess energy ¢ of

a single bubble in the foam [12] by

- o 2_85
fi(9) = ~3(1 - 9)"5, (3.4)
d _ 9e 0€

where the derivative can be expressed as (see equation (3.6)).

d¢p — OE ¢
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Figure 3.4 shows ﬁ(qb) as computed numerically for the Z-cone model using equa-

tion (2.9).

5 : : . : :
Cone model ——

Hoehler ..............

Reduced osmotic pressure I1

1 I

O 1 1
0 0.05 0.1 0.15 0.2 025 0.3
Liquid fraction ¢
FIGURE 3.4: The variation of the reduced osmotic pressure IT as a function of
liquid fraction ¢, together with an empirical relationship proposed by Hohler et

al. to describe experimental data [12] for ordered foams. The data presented is
for Z = 12.

The dashed line in Figure 3.4 is an empirical relationship given by

I1(¢)
(%)

which was obtained as a fit to experimental data for osmotic pressure measure-

= 7.3(¢ — 6.)%07 7, (3.5)

ments carried out by Hohler et al. [12]. The Z-cone model gives a good ap-

proximation to this experimental relationship over the full range of liquid fraction

®.

Although there is no explicit algebraic form for ﬁ(d)) from the Z-cone model,

over the entire range of liquid fraction ¢, it is possible to provide an asymptotic
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form in the wet limit. Taking equation (2.22) for the corresponding asymptotic

form of £(&) along with the identity equation (2.15), and using the transformation

e _ 0e 9 :
96 = 5605 results in

0(¢) _ Z(1-9)° (¢c—9)
@)~ 3(1-9.’ (g —9) (3:6)

in the wet limit. This is also in good agreement with Surface Evolver data with

the appropriate choice of ¢..

3.3 Liquid Fraction Profile

The liquid fraction profile for the Z-cone model was derived by considering the
reduced osmotic pressure I:I((z)) of the foam, which we defined in Section 1.5. We
saw that there is a simple relationship, equation (1.6), between the local liquid
fraction ¢(Z) at a reduced height & above the bottom of the foam and the reduced

osmotic pressure II.

The reduced height which we have introduced is defined as = = %Z& with [y the
capillary length. The capillary length [y is a characteristic length scale used in
foams and is defined as the ratio of buoyancy forces to inertial forces [3] and has
been used by previous authors to define a single bubble layer in a wet foam as “g’g
[3]. Thus, the reduced height Z measures the height in the foam in terms of the

number of bubble layers, and so is useful in particular for experiments.

Expanding equation (1.6) into partial derivatives, we obtain a differential equation

for ¢(z) which depends on 9I1/9¢:

99 _1-¢(2)

o ol
96

, with ¢(0) = 6. (3.7)
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We can use equation (2.16) to obtain an expression for £(¢) which we use with
equation (3.4) to solve this differential equation numerically, yielding a liquid frac-
tion profile for any Z. We choose Z = 12, as for fcc-ordered foams, and so equation
(2.16) gives a critical liquid fraction ¢. = 0.242. We plot the obtained liquid frac-
tion profile in Figure 3.5, and compare it to an empirical fit to experimentally
measured profiles for ordered foams [15]. Note that the experimental data has a

critical liquid fraction of 0.26.

While there is good agreement between the Z-cone model with Z = 12 and the
experimental data in the wet limit, there is a discrepancy at lower ¢ with the
wetness decaying more slowly that is predicted by the Z-cone model. One possible
source of this is the fact that Z = 12 does not hold throughout an ordered foam.
When ¢ < 0.07, bubbles tend to arrange in a Kelvin (bcc) structure more readily

than fce [12]. We will discuss the bee structure in detail in Chapters 4 and 5.
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F1GURE 3.5: The liquid fraction as a function of reduced height, obtained using

the Z-cone model with Z = 12, compared to a simple theoretical expression

from [2], and to an empirical expression for ordered monodisperse foams from

Maestro et al. [45]. The Z-cone model gives an adequate approximation of the
experimental data in the wet limit.
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In the same figure we have also plotted an expression for ¢(z) following from

Weaire et al. [2]:

—2
6(%) = & <x + (%) ‘ (3.8)

The derivation of this expression considers the vertical variation in cross-section
of a Plateau border, based on the hydrostatic pressure variation in the liquid;
together with a structural constant ¢ =~ 0.333 related to the number of Plateau
borders per volume in a Kelvin foam [2]. The resulting equation (equation (3.8)),
presented in this form for the first time, is a surprisingly good description of the

experimental data, and has an appealingly simple form.

3.4 Conclusions and Outlook

In Chapter 2, we used the Z-cone model to identify a logarithmic form for the
excess energy ¢, close to the wet limit. This showed that the interaction between
bubbles in this limit is clearly not harmonic, which is a commonly used model of the
interaction in computer simulations, in particular the Durian model (see Section
1.7.1). However, approximate harmonicity could be inferred for the interaction
slightly further away from ¢.. We examined the validity of such an assumption,
showing that while it may represent a reasonable approximation for low Z, it is
far from acceptable for Z higher than about 7. This significantly reduces the
validity of such an assumption for simulations of three-dimensional foams, where
the average number of contacts per bubble is typically between 12 and 14 [3]. We
proposed that a more appropriate form for high numbers of contacts would be to

consider a power law with an exponent of 2.2.

We have further analysed the Z-cone model from Chapter 2, using it to compute
the reduced osmotic pressure I1(¢) as a function of liquid fraction. We have shown
that the results from the Z-cone model agree well with experimental findings [12].

Expanding on the theme of asymptotic forms for the wet limit from Chapter 2,
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we have derived an analytical expression for the reduced osmotic pressure II close
to ¢. which agrees well with the results of Surface Evolver for the case of Z = 12.
This provides further confidence in the power of our model to describe foams in

equilibrium, despite the approximations used in its conception.

Furthermore, we have used the osmotic pressure to compute a liquid fraction profile
for a foam which provides an adequate approximation to experimental data for
the fcc structure in the wet limit. Some deviation is observed for intermediate
liquid fractions which can most likely be attributed to the fact that as the liquid
fraction decreases in experiment, the fcc structure ceases to be the lowest energy
crystal structure with the bee structure being strongly preferred below about ¢ =
0.07 [12]. Due to the Z-cone model underestimating the excess energy of the
fce structure compared to the Surface Evolver (see Figure 2.6), this crossover is

observed closer to ¢ = 0.1 (see Chapters 4 and 5).



Chapter 4

Application of the Cone Model to

a Kelvin Foam

In the physics of foams, the structure envisaged by Kelvin [46] has played a cen-
tral role as a prototype, even though it is now known not to be the structure of
lowest energy for a monodisperse dry foam [47]. The Kelvin structure is based on
the bee lattice, shown in Figure 4.1, which has eight nearest neighbours and six
next nearest neighbours. Various authors have already applied Surface Evolver
simulations to the dry Kelvin structure [12]. In particular, Hohler et al. have used

it when discussing foam structure in the case of finite liquid fraction [12].

In this chapter, we will show that the Z-cone model, introduced in Chapter 2
to model bubbles in contact with Z equivalent neighbours, can be extended to a
more general cone model which incorporates unequal contacts. Although various
approximations are involved in the new formulation, the model retains the char-
acter of the original Z-cone model as there are no adjustable parameters. This
represents the first step in extending this geometric idea to more general ordered
foam structures and, as we shall see, the generalised method that we describe here

can easily be adapted for other ordered structures.

As was the case for the Z-cone model, our primary goal is to present an approx-

imation of the excess energy ¢ of the Kelvin cell. The results of this model will

51
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then be compared in Section 4.3 to accurate simulations using the Surface Evolver

over the full range of liquid fraction ¢.

The cone model developed in this chapter will also enable us to revisit the question
of mechanical stability of the structure and the loss of the square faces in Chapter

5, which we feel has not been adequately addressed in the literature.

4.1 Key Components of the Model

In this section, we will broadly describe how the Z-cone model, which we intro-

duced in Chapter 2, can be extended to describe a wet Kelvin cell.

In Chapter 2, we developed the Z-cone model as an analytically tractable model
that allows for the estimation of the energy of a foam consisting of identical bubbles
with Z nearest neighbours. In this case, each bubble is segmented into Z equivalent
pieces which are then approximated as circular cones (see Figure 2.2). Upon
deformation, corresponding to the application of an osmotic pressure, the initially
spherical caps of the cones become increasingly flattened. Their surface area is
minimised subject to a specified constant cone volume V.. The result is an analytic
parametric expression for the excess energy ¢ of a bubble in terms of liquid fraction

¢ which contains no free parameters and depends only on the number of contacts.

To generalise the cone model to handle the Kelvin cell we must separate our bubble
into two different types of cones corresponding to the eight hexagonal faces and
six square faces that are characteristic of the Kelvin cell, see Figure 4.1(b). An
illustration of this concept is shown in Figure 4.2. The presence of two different
types of contacts adds a geometric complexity to the cone model meaning that
several simplifying statements which we made use of in the original Z-cone model

no longer hold.

As we mentioned above, the conservation of the total bubble volume Vj is central

to the Z-cone model and, for the case of identical contacts, is equivalent to keeping
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FIGURE 4.1: (a) The bcc lattice. (b) A bubble in a dry bcc foam takes the
form of a Kelvin cell. The hexagonal faces are slightly warped, and the square
faces are planar with convex edges.
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(B)

FIGURE 4.2: (a) A bubble in a Kelvin foam has eight neighbours in the (111)

directions and six neighbours in the (100) directions. As the liquid fraction ¢ is

reduced the eight neighbours give rise to the hexagonal faces of the Kelvin cell

(see Figure 1.1) while the six neighbours form the square faces. (b) We associate

each neighbour a cone, as shown here for a spherical bubble. In the cone model,
each of these cones is approximated by an appropriate circular cone.
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(a) ()

FIGURE 4.3: In the Kelvin cone model, we deal with two types of (circular)
cones. Cross-sections of the (a) hexagonal contacts and (b) the square contacts
are shown here with some appropriate mathematical notation. They share a
common slant height denoted by rs. The total heights Hy and H; are different,
representing the different distances to the nearest and next nearest neighbours
in a bee lattice. The ratio ps, = r_(éoj' along with a similar definition of ps, for
the square cone, feature in the derivation of the cone model expressions which
is presented in Appendix D.

each of the cone volumes V, constant. When we consider two different types of

contacts we are not able to make this assumption.

While the total volume of the bubble, V{, is constant, the volume of each of the
cones is no longer required to be constant. Indeed, the proportions of the total
volume in the hexagonal and square cones are allowed to vary, as a function of
liquid fraction ¢ for example, provided that the total volume of the collection of

cones is equal to V. The constraint on the individual cone volumes is now given

by

8V; + 6V, = Vi, (4.1)

where V), and V; denote the volumes of the cones associated with hexagonal and

square bubble contact areas, respectively.
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4.1.1 Determining the Cone Angles 6, and 6,

The hexagonal- and square-based cones depicted in Figure 4.2(b) are not conducive
to the minimal surface approach that we use to determine the excess energy €. To
facilitate this, we must do as we did in the Z-cone model and approximate each
of these angular cones as circular cones, with different opening angles for each of

the sets of cones, as shown in Figure 4.3.

In the Z-cone model, the cone angles are determined by splitting the total solid
angle (2 = 47 of the bubble equally between the Z contacts and calculating the
opening angle of a circular cone encompassing this solid angle. Naturally, this
simple approach is not directly applicable and must be modified for the two types
of contacts in the Kelvin cell having separate opening angles 6, and 6 (see Figure
1.3). We choose instead to retain the values of the solid angles subtended by each
type of face in the “dry” Kelvin structure. This guarantees that the sum of the
solid angles subtended by the eight hexagonal and six square faces is equal to the

41 steradian solid angle of our bubble.

The solid angle taken up by any n-sided polygonal face is given, in terms of the
side-length u of the polygon (in our case u = 1) and the distance h, from the

origin to the centre of the face, by

2h,, sin (%)
\/4h$l + u? cot? (Z)

Q,, = 27 — 2n arcsin (4.2)

The heights h,, are half the distances to the nearest and next nearest neighbours
in the dry Kelvin structure; h, = \/gu for the hexagonal faces and h, = v2u for

the square faces.

The cone opening angles 6, and 6, are then calculated for these solid angles from

6, = arccos <1 - &> (4.3)
2m
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4.1.2 Matching at Cone-Cone Boundaries

In light of these generalisations, in particular the possibility for the volume of the
cones to vary with liquid fraction ¢, it is natural to ask how these cones can be

combined to accurately replicate a Kelvin cell?

For two cones to meet each other, they are required to have a common slant height
rs (see Figure 4.3). In addition, their curved caps should meet smoothly, i.e. the
curved caps making up the bubble surface should have no sharp corners. In the
original Z-cone model, the presence of identical cones automatically ensures the
first of these conditions while the second was satisfied by requiring each of the
curved caps to meet their respective cones at right angles (see equation (2.7) and

Figure 2.3).

While the requirement of a common slant height r¢ for both the square and the
hexagonal cones in the case of the Kelvin cell can be used to constrain the possible
values of the other parameters, for example the cone volumes, the second condition
is more tricky. To ensure that the cones meet smoothly, we need the angles
made between the curved caps and the cones, denoted by =, and 7, (see Figure
4.3), to sum to 180 degrees. Note that there is a subtlety here related to the
geometry of the Kelvin cell. From Figure 4.2 it is clear that while the square
cones meet with hexagonal cones on all four of their sides, the hexagonal cones
meet with square cones on only half of their sides. Thus, v, will be slightly different
for hexagon-hexagon and hexagon-square boundaries and the v, which we use in
the model is, consequently, intermediate between the precise values in the Kelvin
cell. Incorporating this, we find that the cones in the Kelvin cell meet smoothly

provided that

2’7h + Y = (44)

T
5
Similarly to the generalised volume condition above, the angles v and ~; are no

longer fixed, as in the basic Z-cone model.
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4.1.3 Additional Constraints

Thus far in this section, we have shown how a bubble in a wet Kelvin foam can
be described using a combination of two types of cones. We have also illustrated
that the physical considerations of constant bubble volume and a smooth bubble
surface at the point where two cones meet, are sufficient to relate the cone volumes

A

» and Vj, and the angles v, and ~,.

However, these two conditions alone are not enough to uniquely determine the
values of these parameters for any given liquid fraction ¢. We must use some
additional information in order to do this and complete our cone mode description

of the Kelvin cell.

The first additional constraint we introduce on the model is due to the geometry
of the bee structure (see Figure 4.1). As we noted in Section 4.1.1 when discussing
solid angles in the dry Kelvin, the distances from the centre of the bubble to
the square and hexagonal faces are known. Indeed the ratio of these distances
is %181 = @ ~ 0.866. In our cone model approximation of circular cones, the

equivalent ratio of the height of the two cones (see Figure 4.3) is required to be

H, cosf,
Ho eosit;

= 0.864434. (4.5)

It is important to stress that the height ratio between the faces given by equation
(4.5), remains constant as the liquid fraction is varied for the Kelvin cell. Since
v is less than one, this implies that a bubble in a Kelvin foam, which is spherical
at ¢, ~ 0.32, will initially gain only the eight hexagonal contacts corresponding
to nearest neighbour bubbles (in the bee lattice, see 4.1) as the liquid fraction is
brought below ¢.. The square faces only form later, at a lower liquid fraction ¢*,
which depends on the shape of the surface as a function of liquid fraction. This

loss of the square faces will be discussed further in Chapter 5.

The final additional constraint on our model is that the internal pressure p; in

each of the neighbouring cones should be equal. In physical terms, this is simply
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the statement that pressure does not depend on the position in the bubble. The
internal pressure of a bubble is responsible for the curvature of its surface and, by
considering the work done to increase the volume of each cone by a small amount

AV;, we arrive at the following expression for the internal pressure of a cone,

s AEz 9 ) ATSI
= AV;* Trg, COS7Y; COS ZAV;« -

Di (4.6)
where Ar,, is the slant height change of a cone, AE; is the surface energy change
and AV,* is the change in the volume associated with the curved surface of the
bubble. For a derivation of this expression, as well as full mathematical details for

the general cone model presented here, see Appendix D.

The above constraints are sufficient to uniquely determine all of the variables in
our extended cone model and to write the excess surface energy ¢ for the Kelvin

model as

__BAy+64,

1, 4.7
g (4.7)

where A, and Ay are the areas of the square and hexagonal cones. The precise
mathematical expressions for these quantities are somewhat unsavoury and not

important for the discussion below. As such, they are left to Appendix D.

Now that we have outlined the key elements necessary to extend the cone model
to the Kelvin structure we are, in principle, ready to evaluate the excess energy ¢,
as given in equation (4.7), for any liquid fraction ¢. However, it is necessary first
to make a remark about the excess energy of the dry Kelvin foam, as we will make
use of this in Section 4.3 as a reference when looking at the relative difference

between the results of the cone model and Surface Evolver.
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4.2 Excess Energy of the Dry Kelvin Cell

When considering the energy of the Kelvin structure, it is worth recalling what
Kelvin himself was able to do at the outset [16]. He was concerned only with the
dry foam limit of ¢ = 0, for which he produced a remarkably accurate description
of the bubble shape which came to bear his name, shown in Figure 4.1(b). He
recognised the importance of crystal symmetry which implies that the quadrilateral
faces are flat, while the hexagonal ones are not, and applied Plateau’s rules for
the angles of intersection of faces, together with the requirement that the total
curvature of the hexagonal faces is everywhere zero. His numerical calculation by

hand of the approximate form of the hexagonal faces was a veritable tour de force.

But Kelvin did not proceed to estimate the surface area of his new structure, even
though this bore directly on the motivation for the work. It appears that this was
first evaluated one hundred years later, when Princen and Levinson [20] computed

the surface area numerically by using a discretisation into flat segments.

L
Ao’

The result was expressed in terms of the relative surface area where Ay is
the surface area of a sphere with the same volume of the polyhedron. Note that
the relative surface area is nothing more than £ + 1, according to our definition
of excess energy ¢ from Section 1.6. The computed value of A% for the Kelvin
cell is 1.0970, a decrease from the value of 1.0990 for the planar-faced truncated

octahedron, which to Princen and Levinson appeared “surprisingly small” [20].

However, it is possible to offer an alternative estimate of the dry Kelvin excess en-
ergy by adjusting the angles of the truncated octahedron to conform with Plateau’s
rules (see Section 1.2) and which may have applications to other such structures.
In this way, we obtain a value of ZA; = 1.0968. As this is not central to our dis-
cussion in this chapter, we leave a discussion of the details of this estimate to
Appendix E. We were also able to obtain a value of 5, = 0.0970 from Surface

Evolver calculations which agree with the value of Princen and Levinson.

We will shift our focus in the following section to using a comparison of the ex-

tended cone model outlined above with Surface Evolver simulations.
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4.3 Excess Energy for Finite Liquid Fraction

Figure 1.1 shows the variation of the dimensionless excess energy £(¢) with liquid
fraction, obtained from both the Surface Evolver and the extended cone model

above.
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FIGURE 4.4: Variation of dimensionless excess energy £ with liquid fraction
¢ for the Kelvin structure, obtained from Surface Evolver calculations (solid
line), and its approximation using the generalised cone model (dashed) outlined
in Section 4.1. The values in the dry limit (¢ = 0) are g9 = 0.0970 from the
Surface Evolver and o = 0.0980 from the cone model. Increasing ¢ leads
to the loss of the six square faces. This takes place at ¢* = 0.108 for Surface
Evolver simulations, and at ¢;,,. = 0.092 in the cone model. These events are
marked by the dashed vertical lines. The inset show the normalised difference

(€(¢) - 5c0ne(¢)) /50-

We observe that the cone model gives a very good estimation of the excess energy ¢
over the entire range of ¢, with a difference not exceeding one percent of g = £(0),
as shown in the inset. Indeed, the agreement is perhaps surprisingly good given
the approximations we made in extending the cone model to this case. This gives
us confidence that the cone model can be further extended to more general crystal

structures in the future.

The cone model is first and foremost a model of wet foams and so the good agree-

ment shown, in particular, close to the dry limit is extremely encouraging. This is
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in contrast to the simple Z-cone model where the comparison with Surface Evolver
is noticeably worse as the dry limit is approached, i.e. for large deformations (see
Chapter 2). The reason that the cone model so closely agrees with Surface Evolver
for the Kelvin structure is primarily related to the shape and relative size of the

faces in the the Kelvin cell.

In Section 2.2.2, we noted that for Z = 12 the cone model agreed better with
the pentagonal dodecahedral structure than the fcc structure due to the high
symmetry of pentagonal faces (i.e. the pentagons better resembled the circular
contacts assumed by the cone model than the diamond-shaped faces of the fcc cell).
The degree of symmetry increases with the number of sides and so the presence
of eight large hexagonal faces should significantly improve the accuracy of our
approximate model. As the six square faces only account for about one quarter of
the total surface area of the dry Kelvin cell, the effect of the less symmetric square

faces is not as important.

The value of ¢ at which the six (100) contacts vanish is given by ¢* = 0.108 for
the exact case and ¢, = 0.092 for the cone model, indicated by the dashed lines
in Figure 4.4. It is worth noting that Weaire et al. [48] arrived at a remarkably
accurate early estimate of ¢* =~ 0.11 by a crude argument based on ratios of
Plateau border widths. A clear difference exists however for the value of ¢* from
these two methods. The contact loss in the cone model precedes that in the Surface
Evolver computations (i.e. at a lower liquid fraction). This discrepancy between
the values of ¢* obtained is a direct result of the approximations of the cone model.
Although our cone model agrees well with Kelvin cell due the symmetric shape of
the hexagonal faces, the approximation of circular faces which we must make is not
sufficiently precise here and this gives rise to the observed discrepancy. The small
difference in v, the equivalent ratio of the height of two cones, for the cone model
from the value of ? and the approximation of circular cones are also important
contributing factors. This interpretation is supported by the fact that the critical
liquid fraction ¢, for the wet limit predicted from the cone model is ¢, cone = 0.319

which is a very good approximation to the value of ¢. = 0.320 for the Kelvin foam

[2].



Chapter 4. Kelvin Cone Model 63

4.4 Conclusions and Outlook

We have shown how the Z-cone model can be extended to the Kelvin foam, where
not all contacts are equivalent. The key feature of this extended model is intro-
duction of two different sets of cones, with different opening angles 6, and 6, to
account for the square and hexagonal contacts in Kelvin cell. This fundamental
change required us to drop a number of simplifying assumptions from the original
Z-cone model; in particular, the individual volume of the cones is no longer held
constant for all liquid fractions ¢ but is allowed to vary provided the total volume

of the assortment of cones remains constant.

However, by utilising the geometric properties of the Kelvin structure we were
able to obtain a variation of excess energy ¢ with liquid fraction ¢ which compared
extremely well with the results of Surface Evolver calculation over the entire range
of liquid fraction with the difference not exceeding 1% of the excess energy of the

dry Kelvin structure (which served as a reference).

From our extended cone model we were able to obtain a value of ¢} . = 0.092 for
the point at which the second nearest neighbours, corresponding to the square faces
of the Kelvin cell, are lost. This differs noticeably from the value of ¢* ~ 0.108
obtained from Surface Evolver calculations. The source of this discrepancy was
found to be the result of the approximations of the cone model. Thus while further
refinements to the model may help to bridge the gap, it is unlikely that the cone
model can close it entirely. Nonetheless, this discrepancy does not invalidate the
usefulness of the cone model in studying the variation of the energy ¢ close to the

loss of the square contacts, which would shed light on the interaction of bubbles

away from the critical liquid fraction ¢.. This will be the subject of Chapter 5.

The model which we have presented here is general and a natural follow-up would
be to apply this to other well-defined geometries with more than two types of
contacts. A further extension of this model to curved contacts, which occurs

for polydisperse bubbles or for monodisperse bubbles with different pressures (i.e.
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Weaire-Phelan is the best-known example), is briefly discussed in Chapter 7. Com-
bining these would, in effect, pave the way for a cone model which would describe

a completely random foam.



Chapter 5

Contact Losses in the Kelvin

Foam

We saw in Chapter 4 that the Kelvin structure, consisting of a body-centred cubic
(bee) arrangement of bubbles (see Figure 4.1), provides a prototypical structure to
extend the cone model for unequal contacts. The significance of the Kelvin foam
as a prototype and our interest in it extends further, however. It also represents a
well-defined structure that can be used for the study of a general feature of foams,

namely the gain or loss of a face at some critical liquid fraction ¢*.

The Kelvin structure is stable with respect to small deformations for liquid volume
fractions ¢ up to about ¢ ~ 0.11 [13]. For ¢ > 0.11 the Kelvin foam becomes un-
stable, and the close-packed fcc and hep structures become energetically favourable

[12]; the lattices for these structures are given in Section 1.4.

In experiments it is found that the fcc structure gives way to the bce structure
gradually as the liquid fraction is decreased with regions of both fcc and bec
present in the foam [12]. However, this structural transition from fce to bee would
be sharp with the cone model, occurring precisely at a single value of the liquid
fraction. The reason for this sharp transition is that the cone model treats a foam
as a collection of identical bubbles with a precisely specified crystal geometry

which is difficult to replicate in experiments.

65
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FIGURE 5.1: Two examples of equilibrium bubble shapes in a wet bce foam,

with centres of neighbouring bubbles marked. These were generated in Surface

Evolver. (a) For liquid fraction ¢ < ¢*, there are two sets of contacts, corre-

sponding to the hexagonal (111) faces and square (100) faces. (b) When ¢
exceeds ¢* the square contacts are lost.

The loss of the six square (100) contacts in the Kelvin structure represents a
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structural transition tied to the variation of liquid fraction. An illustration of the

loss of the square faces is shown in Figure 5.1. As ¢ is increased from 0 to its

Vin

<, at which the bubbles are spheres (see Section

maximum value of ¢, = 1 —
[.3), the areas of the square contacts are observed to shrink with increasing ¢ prior

to disappearing at a liquid fraction ¢* < ¢,.

In examining the contact losses in the Kelvin structure, we will focus particularly
on the details of the variation of excess energy ¢ with liquid fraction ¢ close to
the liquid fraction at which contact is lost with the six neighbours in the (100)
crystal directions. By using this generalised cone model, in addition to Surface
Evolver computations (see Appendix F for further details of the Surface Evolver
calculations), we will arrive at an empirical expression for the variation of energy
close to this point. While it also features a logarithmic term, the functional form

is distinctly different to that found for the Z-cone model (see equation (2.20)).

5.1 Shrinking of the Square Faces

In Section 4.3, we discussed the variation of the excess energy  with liquid fraction
for the Kelvin cell and noted that the square (100) contacts were lost at a liquid
fraction ¢*. The precise value of ¢* = 0.108 is slightly higher for the Surface
Evolver (which represents the exact Kelvin cell with curved faces) than the value
of ¢}, for the cone model due to the approximation inherent in the cone model

(see Section 4.3 for further details).

This shrinking of the contact areas to zero is particularly sudden (i.e. occurs over a
very short range of liquid fraction) close to ¢* which raises the question of whether
the Kelvin structure becomes unstable due to the loss of the square contacts at ¢*
or whether the instability occurs prior to the loss of these contacts. Indeed, the
association of this contact loss with instability is not new, dating back to some
incidental remarks of Weaire et al. [418] who were inspired by the instability of bee

metals.
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The high level of precision (on the order of A¢ ~ 107%) required to clearly resolve
the position of the structural transition makes such subtle questions difficult to
pursue with Surface Evolver simulations. Thus, we turn to the cone model to shed
some light on the nature of this transition. In particular, we shall comment on the

precise position of the instability associated with the loss of the (100) contacts.

Figure 5.2 shows the variation in area of both the square and hexagonal faces as
a function of liquid fraction ¢. We observe that the shape of the curves for the
cone model and the Surface Evolver are similar for both the square and hexagonal
cases. We also see that the square faces in the Evolver have a consistently higher
area than predicted by the cone model. It is this that leads to the higher value of

¢* seen for in the Surface Evolver.
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FIGURE 5.2: Variation of the areas of the hexagonal and square faces with
liquid fraction ¢, obtained from the Surface Evolver and the cone model. The
areas are normalised by Rg, where the volume of the bubble is %”RS,

We should note that when ¢ is very slightly less than ¢*, we encounter problems
accurately modelling the surface using Surface Evolver, due to difficulties in al-
lowing the area of faces to go to zero. As a result, when we come to examine the
nature of the contact loss around ¢* in the following section, we will use only data

from the cone model.
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5.2 Nature of the Contact Loss and Instability

The purpose of this section is to answer a question which is has proved difficult to
examine in the literature and to which the cone model is ideally suited: What is

the effect of the loss of a face on the variation of energy?

To provide an answer to this question, we must now give closer attention to the

*

rone a0d @c cone, at which contacts are lost with the square and

two critical points, ¢
hexagonal contacts in the Kelvin structure, respectively. In doing so, the results

are clearer when viewed in terms of derivatives of the excess energy.

Numerical noise means that it is not practical to compute these derivatives ac-
curately from the Surface Evolver. As we shall see, the key features of contact
loss occur over a very small range of liquid fraction which practically negates the

possibility of fitting the Surface Evolver data accurately.

With this in mind, we show in Figure 5.3 the variation of the derivative g—; as a

function of liquid fraction as obtained from the cone model. While this variation

in is continuous, a clear discontinuity of the slope of gg_¢ at the point of contact loss

is revealed.

The variation of the derivative g—; at @ = ¢ cones as obtained from the original
cone model (see Chapter 2) by differentiating equation (2.20) and keeping first

order terms, is given by

de ¢c‘¢

o~ ‘(g — )’ i

where a is a constant. This describes our data well in Figure 5.4(a), as we expect

from our analysis of the Z-cone model (see Chapter 2).
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FIGURE 5.3: The derivative of the excess energy with respect to liquid fraction,

g—; over the full range of liquid fraction obtained from the cone model. The

vertical dashed lines mark the critical values of liquid fraction for which contacts

are formed/lost in this structure. There is a clear discontinuity of slope at

O = ¢Pione = 0.092, i.e the point at which the square faces corresponding to
next-nearest neighbour contacts are formed/lost.

For j—; at ¢ = ¢*, we did not find an analytical expression from our new cone
model. This is due to the additional geometrical complications which are inherent
in this model, as we discussed in Chapter 4. However, the following empirical
expression is a reasonably good description of the data which we show in Figure

5.4(b),

de b2

7 Y i

There is a clear discontinuity of the slope of ge—¢ at ¢ = ¢, which is clearly visible

in Figure 5.4(b).

Of note is the presence of logarithmic terms in both expressions, a feature known
from studies of the bubble-bubble interactions [27, 39] (see Section 1.7). The

discrepancy between the forms of equations (5.1) and (5.2) suggests that results
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from bubble-bubble interactions do not directly apply to all contact losses away

from the wet limit.
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FIGURE 5.4: A closer view of the derivative of the excess energy with respect
to liquid fraction near the contact loss points. (a) Near ¢ = ¢¢ cone, the vari-
ation of the derivative 3—2. indicated by the points for the cone model, is well
approximated by the form of equation (5.1) which is shown by a continuous line.
(b) Near ¢ = ¢},.. the variation is quite different, and is reasonably well ap-
proximated by the proposed empirical form of equation (5.2) which is similarly

shown with a continuous line.
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It has been argued that the limit of mechanical stability of the Kelvin structure
was due to the loss of the square faces [19]. A bee crystal of interacting points
is well known to require second-nearest-neighbour interactions to stabilise when
simple pairwise potentials are applied. This appeared indeed supported by Phelan
et al. [23] who found a negative elastic constant at values of of ¢ > 0.11, i.e. close
to the value of ¢ = 0.11£0.005 that these authors identified for the face loss. New
preliminary Surface Evolver calculations suggest that the elastic constant changes
sign for ¢ near ¢* but this work is in its nascent stages and will be investigated

further in future work.

At present, the calculation of such elastic constants with the cone model is limited
to the reduced uniaxial modulus pu(¢) for simple cases of Z =2 and Z = 6 due to
their particularly simple symmetries. While the results of these early calculations
are in agreement with the results of previous work by both Buzza and Cates [50]
and Lacasse et al. [27], showing a characteristically logarithmic onset of u(¢) at
the point of contact formation, it is not yet clear how to extend this approach to
the Kelvin cell. Nonetheless, the sharp contrast in behaviour seen in Figure 5.4 for
the excess energies of the different faces, suggests that further analysis of the loss
of the square (100) could show an instability at a liquid fraction slightly lower
than ¢

cone”

5.3 Conclusions and Outlook

We have made use of the extended the cone model of Chapter 4 to investigate the
variation of the excess energy £ with liquid fraction ¢ close to the loss of both the

square and hexagonal contacts of the Kelvin cell.

We see two distinct contact losses; the loss of the hexagonal (111) faces at the wet
limit, ¢., and of the square (100) faces away from the wet limit at ¢*, resulting
in two distinctly different variations of energy with liquid fraction. Both feature

logarithmic terms in the respective derivative of energy with respect to liquid
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fraction; only the face loss at ¢. can at this stage be analytically understood in

terms of the cone model.

Using the cone model, we have also computed the variation of areas of the hexago-
nal and square faces close to ¢, and ¢* respectively; numerical noise hinders these

calculations using the Surface Evolver.



Chapter 6

Evolution of a bubble on a liquid
surface containing one or two gas

species

In this chapter, we will be looking at the shape of a bubble at a liquid surface using
the mathematics of minimal surfaces of revolution, an approach which was also at
the heart of the cone model which has been introduced previously. Once again,
we shall focus on the theoretical and computational aspects of the problem before
utilising these to understand the results of experimental studies. In particular, we
aim to model the temporal evolution of a single bubble at a liquid surface, taking

account of its detailed shape, for two-component gas mixtures.

Bubbles containing more than one type of gas are increasingly being used in mod-
ern experimental foam physics. It has been shown both computationally [51] and
experimentally that the addition of a low solubility gas significantly extends the
lifetime of the foam [52] by resisting Ostwald ripening or “coarsening” [3]. The ad-
dition of perfluorohexane gas (PFH) to bubbles of air or nitrogen is now a standard
procedure in foam drainage and rheology experiments [53] that run over several

hours.

74
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Despite the growing experimental interest in mixed gas systems for the purpose
of inhibiting coarsening (over several days, as in the experiments of Meagher et
al. [17]), there are a number of observations of growing mixed gas bubbles [54],
particularly at foam/air interfaces, which have yet to be fully explained [55]. The
origin of this behaviour is connected to the addition of relatively insoluble gases,

such as PFH, to air in the bubbles [56], as we will show in this chapter.

6.1 Introduction to Surface Bubbles

The shape of a single bubble at a liquid surface consists of two parts which meet in
a circular ring of contact with a radius of z,. (see Figure 6.1). In what follows, we
will regard the radius z. as a measure of the bubble size since it is easily measured
in experiments. Above the ring of contact, the bubble surface is a spherical cap
in contact with the atmosphere while below this ring, the bubble is in contact
with the liquid and forms a sessile droplet [57]. The examples shown in Figure
6.1 were computed numerically using a method developed by Princen [57] (for
details see Appendix (), for the case of an infinitesimally thin liquid film. In
reality, this liquid film has a finite thickness which is a function of both position
and time. We chose a numerical approach here due to the difficulty of obtaining
analytical solutions for this shape on a liquid surface. For the similar shape of
a hemispherical bubble sitting atop a flat substrate with liquid Plateau borders,
however, Teixeira et al. [58] adduced an approximate analytical solution for the

shape of the Plateau borders in the limit of small Plateau border sizes.

In contrast to our discussion of the cone model, the actual bubble size z. is crucial
to our discussions in this chapter. The primary reason for this is that a bubble
at the surface of a liquid is subject to the opposing forces of surface tension,
which tries to draw liquid out of the bulk (effectively pushing the bubble down),
and inertial forces (gravity) which cause the bubble to effectively rise out of the
liquid; the interplay between these two forces determines the position of the ring

of contact [2] and so the overall shape of the bubble.
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The balancing of these two forces defines a length scale, known as the capillary
length [y (see Chapter 1), which demarcates the bubble size regimes for which
gravity or surface tension is the dominant force. Accordingly, the capillary length

ly is represented by the formula

[ O

where o represents surface tension, Ap the difference in density between the liquid
and gas phases and g is the acceleration due to gravity. Bubbles which are much
smaller than the capillary length become gradually submerged below the liquid
surface, as shown in Figure 6.1, while bubbles much larger than the capillary length
are almost hemispherical. The capillary length for the commercially available
detergent Fairy Liquid, which we use in the experiments detailed in Section 6.5
below, is Iy ~ 1.693mm [2, 59], which is fairly typical for the surfactants used in

foam experiments.

Thus far we have discussed how the shape of a bubble at a liquid surface depends
upon the size of the bubble. However, we have yet to comment on the mechanism
by which a surface bubble evolves in time, i.e. by diffusion, or the role played by
the gas composition. We pick up both of these threads in the next section which

will be an introduction to diffusion in bubbles.

6.2 Diffusion in Gas Mixtures

In Chapter | (see Section 1.1), we noted that coarsening is the name given to
the process of gas diffusion between neighbouring bubbles in a foam [2]; a gen-
eral consequence of which is that relatively large bubbles get larger and relatively
small bubbles get smaller over time. The treatment of this subject in the foams
community often focusses on average bubble quantities for bulk foams. For exam-
ple, it is found that the average bubble radius grows with time with a power law

exponent dependent on the liquid fraction ¢ of the foam [60]. For dry foams, the
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FIGURE 6.1: Exemplary calculations of the shape of a bubble on a liquid surface.
(a) Bubbles much larger than the capillary length ly are roughly hemispherical
while (b) bubbles whose size x. is close to or below the capillary length take
on more complicated shapes as they are partially submerged beneath the liquid
surface. The extent of the spherical cap is shown in red while the liquid surface
is shown in green. 2D cross-sections of the bubbles shown in (a) and (b) are
shown in (¢) and (d). (z., z.) marks the ring of contact (see above) separating
the spherical cap in contact with the atmosphere from the rest of the bubble.
This is also the point where the liquid tail (marked in green) meets the spherical
cap of width 2z.. L indicates the height of the liquid surface above the bottom
of the bubble far from the edge of the bubble (i.e when the surface becomes
flat).

average bubble radius is found to grow as t'/? while for wet foams, the exponent
law changes to 1/3 [61]. The introduction of insoluble gases is known to inhibit
coarsening and so we focus on the diffusion characteristics of a single bubble to

better understand the effect of using mixtures of gases.

Under the influence of a concentration or pressure gradient, a soap film acts as
a permeable membrane, with a permeability coefficient k, allowing gas to diffuse

across it. The gas pressure p, in a bubble is higher than the atmospheric pressure

Py (see Section 1.2) by an amount Ap = p, — Py = %‘Z where R, is the radius of
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curvature of the thin liquid film. This creates a pressure gradient across the surface
of the bubble. Considering the soap film as a pair of surfactant layers separated by
bulk liquid, it has been both proposed theoretically and observed experimentally
that the permeability coefficient of the film is inversely proportional to its thickness
for thick films [59, 62]. One such theoretical expression, forwarded by Princen and

Mason, illustrates this point:

DH
h,f-f- L

kml

k= (6.2)

where hy is the film thickness, D is the diffusion coefficient of the gas, &, is
the monolayer permeability and H is gas solubility. For very thin films, the per-
meability is controlled by the permeability of the surfactant monolayers. The
permeability coefficient depends linearly on the solubility of the gas and the diffu-
sion coefficient of the film. Also of note is that the dependence of k on the diffusion

coefficient drop out if D/ky > hy.

Diffusion through the film into the atmosphere is not the only possible diffusion
mechanism for a bubble floating at a liquid surface. Gas can be exchanged with
the liquid at a rate which depends upon the gas saturation level in the liquid
[63]. For example, an oversaturation of gas in the liquid manifests itself as an
effective overpressure in the liquid, creating a gas pressure difference between the
bubble and the surrounding liquid which tends to drive gas from the liquid into
the bubble. This is also known as outgassing [2, 3]. It is also possible for some
gas to diffuse into the bubble from the atmosphere due to local differences in the

gas concentration.

Given all of the potential processes associated with even the simplest case of a
single bubble floating at a liquid surface, we are forced to make a number of
simplifications to arrive at a tractable model for bubble evolution. We shall treat
the permeability coefficient as a constant for each of the gases in our bubble (thus
also fixing the solubilities). To do this, uniform and constant thickness in the thin

film of the bubble is assumed, as is the case with experiments in which the bubble
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is left to drain for twenty-four hours before measuring its permeability [3, 59]. In
consideration of the bubble shape, the film is taken to be infinitesimally thin so
that the radius of the ring of contact z. can be well-defined. It then must also
be assumed that the liquid is sufficiently saturated with the gases under constant
temperature, to ensure that there is no net exchange of gases between the bubble

and the liquid.

In making these assumptions, we can begin to build a theoretical understanding
of the importance the diffusion of different gases has on the evolution of a bubble
on a liquid surface. In particular, how the bubble in question develops depending

on certain factors (size, capillary length, etc.) in two distinct cases:

1. Case One: We consider a bubble which contains a single, soluble gas that
is identical to the gas in the surrounding atmosphere, albeit at a different
pressure. We treat the corresponding permeability coefficient as constant in

time and denote it as kg.

2. Case Two: We consider a bubble which contains a mixture of two gases;
one of which has the same properties as in Case One above. The second gas
present is a low solubility or non-diffusive gas, which is not present in the
surrounding atmosphere and has a permeability coefficient denoted by the
symbol k4. We will consider two instances in this case: one in which k4 =0
which corresponds to a perfectly non-diffusing or insoluble gas and also the

more realistic case of a low solubility gas where k4 < kp.

This process of gas diffusion can be effectively modelled via Fick’s First Law [59]
which for a single gas, as in Case One, gives the change in the bubble volume AV

in time At as
kBACApAt,

— AV =
Fo

(6.3)
where A, is the surface area of permeation, Ap the pressure difference across the
surface of the bubble and kg is the permeability coefficient of the gas. As the total

pressure difference Ap is always positive, the bubble volume shrinks over time
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with a power law of tz [64, 65], as was observed previously by others, in particular

Princen and Mason [59]. We will return to the discussion of this in later sections.

In the case of mixtures of gases, the situation is more complicated. Dalton’s Law
of partial pressure states that the total pressure in a mixture of (ideal) gases is
equal to the sum of the partial pressures of each of the individual gases in the
mixture [51]. For a mixture of ideal gases, as in Case Two (here denoted A and
B), of differing permeabilities k4 and kg we must consider not the total pressure
difference in Fick’s Law, but the partial pressure differences for each component of
the mixture. The partial pressure of a gas in a mixture is the pressure that the gas
-

would have if it occupied the volume of the entire mixture [51]. Mathematically,

it is defined as

Vi

=5 @ptot = TiPtot (6-4)

Pi

where V; is the volume of one of the component gases, V;,; is the total volume of the
mixture (i.e. the bubble volume). The volume fraction z; can also be thought of
as the mole fraction of each gas component for gases which are similar in molecular
size. With this definition for the partial pressure, the appropriate version of Fick’s

Law of Diffusion for a mixture of gases [59] is given by the formula

2

kiAc
—AV = ) 2 Ap; At

i

= AcAt{kA (pA;Z—)A) ‘+‘kB (pB;Z_?B)} (65)

where the barred quantities denote properties of the atmosphere (see Figure 6.1).

Comparing this expression to equation (6.3), we see that the introduction of partial
pressures allows for a richer bubble evolution process than is the case for a single

gas. In addition to the shrinking evident in single gas bubbles, a mixed gas bubble
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may grow in time depending on the permeabilities k4, kp of the two gases and

the partial pressure differences of the two gases.

The criterion which demarcates the boundary between growing and shrinking be-
haviour for these bubbles is obtained by considering AV = 0 in equation (6.5).
Furthermore, for the simplest case of a single bubble open to the atmosphere,
we have derived a simple analytic expression (see Appendix H) for this boundary

between growing and shrinking behaviour given by

k 1 F
LR e (6.6)
li',B IA P0+R—i

Equation (6.6) expresses the fact that for any mixture of gases with a fixed ratio
of permeabilities ’ﬁ and for any bubble size R, there is a critical concentration
x’ of gas A for which the bubble neither grows nor shrinks. This is illustrated
for different bubble sizes in Figure 6.2. If the permeability of gases A and B is
similar (such as nitrogen and oxygen in air) and the concentration of A is low, then
the bubble is likely to shrink. However, for mixtures of PFH and air, a common
mixture for inhibiting coarsening, where the permeabilities differ by orders of

magnitude [66], the bubble will grow in time.

It is important to mention here that equation (6.6) (and hence Figure 6.2) is
derived for a surrounding atmosphere which is “very large” and initially contains
only gas B (see Appendix H for the full derivation). By very large, we mean that
the volume of gas A which diffuses from the bubble into the atmosphere does
not noticeably change the concentration of this gas A in the atmosphere. In
an experiment, this will only ever be an approximation and so Figure 6.2 serves
primarily as a very good qualitative description for the behaviour of a bubble of
a given size (see equation (H.4) for the general form of equation (6.6) applicable

to experimental systems).
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FIGURE 6.2: Phase plots of the ratio of permeabilities %ﬁ versus relative con-
centration of gas x4 for mixed gas surface bubbles at different length scales
showing regions where the bubbles are expected to grow and shrink, from equa-
tion (6.6). The radius of curvature of the bubble films R, is similar to z. (see
Appendix i) and included here as an indication of the bubble size.
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Finally, we should note that we can equally well consider the critical concentration

1y of the second gas B in the mixture since volume conservation requires that

G T i=l. (67)

6.3 Simulations of the Evolution of a Single Bub-
ble

Examining both cases described above, we will describe simulations of growing and
shrinking bubbles at a liquid surface, taking into account the precise shape of the
bubble. As seen in Figure 6.1, z. is a suitable proxy for the bubble size since it is
most readily measured in an experiment by photographing from above. The results
t

——~ for
)

of our simulation are expressed in the dimensionless quantities y and ( F,%

bubble size as a function of time. For the computation of this volume-dependent
shape, an algorithm is used that was originally proposed by Princen [64]. This
algorithm enables the calculation of the precise shape of the bubble as a function
of time, achieved by numerical integration of a set of three coupled, ordinary

differential equations describing the boundary of the bubble (see Appendix G for
further details of the algorithm).

6.3.1 Case One: Simulation Results for the Shrinking Bub-
ble

In Case One, we examine a bubble of size z. that is initially much larger than the
capillary length and contains a single, soluble gas of permeability kg, for example

nitrogen (Ny).

The volume change at each time step is calculated as a function of time from the

discrete form of Fick’s First Law, equation (6.3), which we introduced in Section
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(.2. The contact area of permeation A, and the pressure difference Ap are updated

at each timestep.

In this case, the pressure difference is simply

Ap=—. (6.8)

Figure 6.3 shows the shrinkage of the bubble size x. as a function of time. The
guiding line, shown in dashed red, indicates a power law scaling behaviour of the

bubble size z. of

z2(t) — £2(0) ox — (¢ — to) (6.9)

for bubbles much larger than the capillary length, as has been previously observed
experimentally [65]. The near hemispherical shape of large bubbles (Figure 6.1) is

at the heart of such scaling as will be demonstrated in Section 6.4.1.

It is notable that, as it comes close to the capillary length, the scaling of x.(t)
breaks down due to the decrease in bubble size z. which is accompanied by a

significant deviation of the shape from a hemisphere.

Given that a bubble with a single soluble gas shrinks, it is natural to wonder where
this case fits into the overall picture of growing and shrinking bubbles represented

by the phase plots of Figure 6.2.

In simplest terms, the case of a single soluble gas bubble is equivalent to a mixture
for which % = 1. Thought of in this way, it is clear that the concentration x4
is equal to zero and we can identify the single gas bubble as occupying a point
at the top left corner in the phase plots of Figure 6.2. Despite the fact that the
region denoting shrinking behaviour is significantly reduced for larger and larger
bubbles, the top left corner will always be contained in this region and so we see

that such bubbles will always shrink, irrespective of the bubble size.
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FIGURE 6.3: Computation of the time dependence of bubble size z. for a single

gas bubble, with a permeability coefficient kg, on a liquid surface. The dot-

dashed line shows the simulation data for z.(t). The red dashed line is a guide to

the eye indicating the slope of the scaling x2(t) — x2(0) o —(t — t(), consistent

with previous studies [65]. The inset shows the strong deviations from this
scaling law for z. < 7ly.

6.3.2 Case Two: Simulation Results for the Growing Bub-
ble

We move now to examining Case Two in which the single gas of permeability kg

(soluble) is mixed with a second gas with a different permeability k4 (insoluble).

The volume change at each time step is calculated in this case from Fick’s Law
for mixtures, equation (6.5), and again, as for Case One, the contact area of
permeation A, and the partial pressure differences Aps = ps — Py and App =

pp — Pp are updated at each time step.
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It is clear from Figure 6.2 that the evolution characteristics of this mixture will
be more varied than the universal shrinking we observed for Case One above. The
evolution of the bubble in this case will depend upon three important factors;
the ratio of permeabilities t—; the concentration x4 and the shape of the bubble,
which is intrinsically linked to the bubble size x.. In light of this, we considered a
number of different scenarios; each one tailored to emphasise the effect of one of

these factors.

6.3.2.1 The Effect of Shape

As we intimated in the introduction to this chapter, a key goal of this work is to
identify the role of the shape of the bubble in the evolution of mixed gas bubbles.
To achieve this, we simulated a bubble containing a mixture of gases with k4 = 0,

x4 = 0.89 and an initial size x.(0) of one half the capillary length.

In this case, our simulation begins in the bottom right hand corner of the phase
plot for this bubble size. In this scenario the partial pressure difference dominates

over the Laplace pressure difference and so we expect the bubble to grow in time.

Figure 6.4 shows the evolution of radius z.(t) as a function of time in this case
and we see that indeed the bubble grows in time. The evolution of x. appears to
reach a different power law scaling state to that of the shrinking gas, when it is
much larger than the capillary length. Indeed, the guiding line in this case is a
power law of t1 (see Section 6.4). As with the shrinking bubble, the scaling state

does not hold for small bubbles, z,. < 10l,.

It is clear that the existence of a power law scaling in the case of a single bubble
at a liquid surface is independent of the gas it contains. The determining factor

is the size of the bubble relative to the capillary length [,.
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FIGURE 6.4: The time dependence of radius z.(t) for a growing bubble (as
specified in the text) on a liquid surface. The (blue) squares represent z.(t)
while the solid (orange) line represents has slope 1 and thus represents a power
law scaling of ti. The origins of this power law scaling are investigated below.

A bubble much larger than the capillary length assumes a roughly hemispherical
shape which remains self-similar as the size increases and it is this self-similarity

which causes the bubble to evolve in time with a power law scaling relationship.

Bubbles comparable in size to the capillary length have a much more complicated
shape which continuously changes as the bubble is gradually submerged beneath
the liquid surface. Thus, the power law evolution is not evident at small bubbles

sizes.
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6.3.2.2 The Effect of Permeability: ky < kg

We showed in the previous section that the hemispherical shape of surface bubbles
much larger than the capillary length [y gives rise to a clear power law scaling
behaviour with time. However, the choice of our initial conditions, in particular

the choice of k4 = 0, represent a special case.

In real experimental systems (see Section 6.5), it is not always possible to ignore
the relatively small, yet non-zero, permeability coefficient k4 of the low solubil-
ity gas component. Previous studies [66, 67] have shown that the permeability
coefficients of many of the common anti-coarsening hydrocarbon mixtures (e.g.
perfluorocarbons) are only 1 — 3 orders of magnitude smaller than that of air (con-
taining mostly nitrogen). In particular, Sarkar et al. [66] reported a value for the

kn.

permeability coefficient of PFH of kppy ~ .

To investigate the effect of permeability on bubble evolution, we considered again
a bubble with the same initial size and concentration as in Section 6.3.2.1. In this

case, however, we replaced the permeability condition £4 = 0 for the insoluble gas

k

component with a more realistic value of k4 = 5.

In this simulation the volume change of our bubble, calculated using equation
(6.5), is again dominated by the partial pressures differences of the component
gases. Unlike for the case of k4 = 0, both of the terms in equation (6.5) are
non-zero. Thus, the time evolution of our bubble is then a competition of the
two diffusion processes; one which draws gas B in, causing the bubble to grow,
and a second, slower process which drives our low solubility gas, of permeability
ks < kg, out of the bubble. The results of the simulations are shown in Figure

6.5, which
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FIGURE 6.5: Simulated evolution of a bubble of radius z, containing a mixture
of gases with ks < kp. The circles represents the case of k4 = 0, as in Figure

6.4, while the triangles are for a k4 = %%. Treating k4 # 0 has the effect of

slowing the bubble growth compared to the case k4 = 0. The orange line is a
guide to the eye and corresponds to a power law (over a limited range) with a
higher exponent of 0.32, compared to the exponent of 0.25 for the case k4 = 0.

compares the growth of a bubble with a finite value of k4, = % to that with

ka = 0. It is clear that this has a qualitative effect on the evolution of the bubble.

Firstly, although the bubble still grows in time, this happens at a slower rate than
for the case k4 = 0. Secondly, the bubble does not grow to be as large as in the
insoluble case and indeed appears to asymptotically approach a limiting size. As
the volume of the bubble increases, the partial pressure difference of the gases
in the bubble approaches equilibrium more gradually and the effect of the finite

solubility of gas A is observed. If the partial pressure differences become small
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enough, the effect of the insoluble gas A leaving the bubble becomes more evident.
As a result, the bubble does not reach the size regime in which a power law can

be clearly identified.

Having shown that including a finite permeability for the insoluble gas component
in a mixture slows the growth of a bubble at a liquid surface, we wish to investigate
whether, under suitable conditions, we can expect such a bubble to stop growing

and for the bubble to begin shrinking.

To investigate this possibility, we again altered our simulation of a bubble at a
liquid surface containing a mixture of gases. In this case, we again considered
k= ’;—g but significantly reduced our initial concentration z4 = 0.15 and reduced
the initial bubble size to z.(0) ~ . The choice of these initial conditions ensures
that our simulation begins close to the boundary between growing and shrinking
behaviour (see Figure 6.2) ensuring that a switch from growing to shrinking be-
haviour would occur in a reasonable time. The results of this simulation are shown

in Figure 6.6.

Figure 6.6(a) shows the evolution of the bubble size z.(t) as a function of time
in this case. We see that the bubble initially grows in time under the influence
of partial pressure differences, similarly to Figures 6.4 and 6.5. However, the
finite permeability of the gases leads to a slowing of this growth and indeed, for
longer times, the bubble begins to shrink in time. At the maximum of this curve,
the partial pressure differences are no longer dominant over the Laplace pressure
differences and the bubble passes from a growing regime to a shrinking regime (see

Figure 6.2).

Figure (.6(b) shows the corresponding evolution of the concentration x4(t) with
time. We observe that the concentration of gas A decreases as the evolution of the
bubble proceeds; steeply decreasing initially before levelling out. This behaviour
is directly linked to the transition from a growing bubble regime to a shrinking
regime, as can be seen from Figure 6.6(c). We observe that the maximum value of
the bubble size z. occurs around x4 = 0.02, at a time ¢/(ly/k) = 10 approximately

halfway through the simulation. Below this concentration, the slope of the curve is
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FIGURE 6.6: (a) Time dependence of a bubble smaller than the capillary length

lp containing a mixture of gases with initial concentration x4 = 0.15 and %;* =
%. (b) The corresponding time dependence of the concentration z 4. (c) Plot
of the bubble size versus the concentration x4. The bubble grows for a time
under the influence of partial pressures before the Laplace pressure becomes the
dominant driver of the diffusion. At this point, the bubble begins to shrink.

This corresnonds to crossine from one recion to another in Fienre (1 9.
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steeper (i.e. once the bubble shrinks) indicating that the changes in x4 with time
become progressively smaller. However, even as the bubble shrinks the change in
concentration remains negative which indicates that once the bubble crosses from

a growing regime to a shrinking regime, it remains in this regime thereafter.

In experiment, it is common practice to enclose the entire system within a finite
box to limit extraneous experimental effects (e.g. evaporation) [65]. The volume of
this reservoir will decrease over time as the bubble grows, providing a mechanism
for equalisation of the partial pressure differences over very long times. However,
this occurs over a significantly longer time than considered in this work and so we

neglect this effect in our analysis.

6.4 Simple Scaling Models for the Evolution of
Ideal, Hemispherical Gas Bubbles Due to

Pressure-induced Gas Diffusion

Bubbles for which the bubble size x. greatly exceeds the capillary length are well
approximated by a hemispherical shape of radius R, = z.. In this case, it is
straightforward to compute the evolution of bubble size with time analytically,
based on an integration of Fick’s Law (see equations (6.3) and (6.5)), together
with the appropriate expression for the pressure differences. In the following, we
will show how this reproduces the scaling laws found in our simulations for large
bubbles and shown in Figures 6.3 and 6.4 for shrinking and growing bubbles,

respectively.

6.4.1 Case One: Permeability kp

For a hemispherical bubble of radius z. = R. on a flat surface (or equally a free
spherical bubble), we have the Laplace law Ap = %‘Z, A.=2rR? and V = 27 R3

where o is the surface tension of the liquid films. Inserting these into Fick’s
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equation (0.3) with R.(ty) = Ry and integrating we readily obtain

Bt (6.10)

This is indeed the scaling behaviour that we found in our simulations of large

shrinking bubbles in section 6.3.1, Figure 6.3.

6.4.2 Case Two: Permeabilities kg # 0 and k4 =0

Next, we consider the case of a hemispherical bubble on a flat surface containing

two gases with kg and ks < kp, respectively.

For a hemispherical bubble we have, again, A. = 2rR? and V = 27R?. Taking
the dominant pressure difference to be due to partial pressure, inserting into (6.5)

and integrating leads to

R.(t)* = RA +

kgV
A (s~ 1), (6.11)

where V), is the volume of gas B in the bubble.

This is indeed the scaling law for large bubbles as found in our simulations (see
Figure 6.4). A more detailed derivation for both of these power laws is given in

Appendix H.

6.5 Experimental Procedure and Results

In addition to the theoretical and simulation studies described above, experimental
studies were carried out by A. Meagher to illustrate the growth law of a single,
stabilised bubble at a liquid surface containing a mixture of nitrogen gas (/NV;) and

the compound perfluorohexane (PFH)[66].
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A petri-dish was filled with this solution until an inverted meniscus was formed.
This meniscus enables the accumulation of floating bubbles at the center of the
dish, rather than along its boundary, allowing for accurate imaging. The petri
dish was lit from below using a planar backlight and imaged from above using a

CCD camera.

To computer

Clamp
Camera

To nitrogen gas
supply

Needle

Container

N\

FIGURE 6.7: Experimental setup for analysing the evolution of a single bubble
composed of a mixed gas.

Oxygen-free nitrogen gas was blown through a solution of 98% pure PFH, produc-
ing a two-component gas phase in the bubble. Single bubbles were then formed
by injecting the resulting gas slowly into the solution of the Petri-dish using a 0.4
mm diameter needle. To increase the lifetime of the bubbles, a clear container
was placed over the Petri-dish. This limited evaporation from the surface of the
bubble, allowing for the production of bubbles which are stable for several hours.

The bubble was then imaged every minute for the lifetime of the bubble.
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Using Image.J [68], the experimental images were binarised and the resulting bub-
ble diameter (measured as twice x.) determined using the watershed transforma-
tion [68, GY]. Due to internal reflection within the bubble bulk, a 10 % reduction
was taken into account for the measured values of the bubble size z. [69]. Typical

expansion data for a single bubble is shown in Figure 6.8.
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FIGURE 6.8: Evolution of the bubble size z. with time t. The data was fitted

between 580s where z. ~ [y and 3500s using the function z.(t) = (a+ bt)¢, with

a calculated exponent of ¢ = 0.28 £0.01. Deviations from this power-law fit are
seen at longer times.

The smooth growth of the bubble was tracked for over an hour. During this time, it
was found the bubble size . increased by a factor of 4. Fitted to the experimental
data was an equation of the form z.(t) = (a+ bt)° in order to determine the

validity of the theoretical prediction as seen in equation (6.11).

Figure 6.8 shows the result of one such experiment. It was found that the growth
of the bubble size x. was well approximated by a power law with an exponent of
¢ = 0.28£0.01 in the limited range 580s to 3500s, slightly exceeding the ideal case

of ¢ = 0.25. In the mean of seven experiments, where the lifetime of the bubble
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was less than one hour, an average exponent of ¢ = 0.3 + 0.04 was found. Note
that this is similar to the simulations of Case Two (see Figure 6.5) where a higher
effective exponent of ¢ = 0.32 £+ 0.01 was fitted for bubbles in the same size range
as the above experimental data, consistent with the fact that our experimental

bubbles do not grow large enough to reach the scaling regime where ¢ = 0.25.

A clear divergence from scaling behaviour is seen at large timescales. The divergent
behaviour at longer times, shown in Figure 6.8, is primarily due to the finite
solubility (or equivalently permeability) of the PFH gas, leading to a reduction in
the expansion rate of the bubble as this gas diffuses into the environment similar

to that observed for our simulations of Case Two (i.e. k4 < kp) in Figure 6.5.

This can be further demonstrated by the strong qualitative agreement between
the experimental data and simulations of a finitely soluble PFH gas (i.e. Case
Two) in Figure 6.9 for an initial concentration of 4 = 0.89, kg = 0.28 * 10~° and

k
Ty = 0.04.
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FIGURE 6.9: Comparison of the experimental data from Figure 6.8 with a
similar bubble simulated as in Case Two.
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6.6 Conclusions

By considering Fickean gas diffusion across the thin liquid film atop a single sta-
bilised gas bubble floating at a liquid surface, we have been able to show, with
computer simulations, theory and experiments that the gas composition of the

bubble has a profound effect on the time evolution of such a bubble.

In the case that the bubble contains the same gas as the surrounding atmosphere,
the bubble is seen to shrink in time, as expected. In contrast, if a fraction of
completely insoluble gas (kg = 0) is added to the first gas, the bubble is seen to

grow in time.

However, the rate at which the bubble grows or shrinks was shown to be indepen-
dent of the gas composition. Instead, the rate has been shown to depend critically

on the dimensions of the bubble relative to the capillary length /.

For large shrinking bubbles, it was shown that the radius z,. shrinks consistent
with a power law as —(t — to)%. In the case of large growing bubbles, their growth

is well described by a power law scaling as i

Both these power laws can be obtained from models that consider hemispherical
bubbles; deviations are to be expected for bubbles smaller than the capillary length

lo due to the partial submersion of the bubble in the underlying liquid.

We also conducted some preliminary experiments in which a bubble containing
a mixture of nitrogen and perfluorohexane gas was observed to grow in time.
However, the experimental data was seen to deviate from the predicted power law

of ti at longer times.

In order to understand these experimental observations, we developed more realis-
tic simulations which considered kg to be very small but non-zero. In this case, the
evolution of the bubble was seen to shift qualitatively from a scaling law towards
the experimental evolution behaviour at long times. Thus, we can conclude that
deviations from the predicted scaling law are due primarily to the finite solubility

of the secondary gas component in experimental situations.
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Conclusion and Outlook

In this thesis we have seen that analytic models of bubbles based on the mathemat-
ically rich area of minimal surfaces provide us with a convenient and powerful way
to study the energy of foams in equilibrium and the bubble-bubble interaction. We
have also demonstrated how such models can be combined with a dynamic frame-

work, in particular gas diffusion, to successfully model experimental systems.

We began by considering how a single bubble in the bulk of a foam with Z neigh-
bours could be thought of as a collection of Z equal cones, each of the cones
corresponds to a single contact with a neighbouring bubble. By considering the
bubble surfaces to be deformable we showed how this simple geometric idea could
be used to explore the bubble-bubble interaction in three dimensions as a function
of liquid fraction. The analytic expressions for the additional surface energy of
the bubbles which we derive highlight the role played by logarithmic terms in the
bubble-bubble interaction in the wet limit. In particular, it shows that simply
extending the Durian bubble model of harmonically interacting overlapping disks

to overlapping spheres is not theoretically justified in the wet limit.

We then went on to extend the cone model to incorporate unequal contacts by
considering the Kelvin cell with its eight nearest neighbour bubbles and six next
nearest neighbours. This we did by carefully incorporating additional structural

information, in this case details about the solid angles of the faces and the relative

98
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distances to the different contacts, leading us to very accurately evaluate the excess
energy, in agreement with Surface Evolver simulations, of a wet Kelvin foam over
the entire range of liquid fraction. We demonstrated that structural transitions
caused by the loss of contacts away from the wet limit are distinct from those at
the wet limit. This illustrates that the bubble-bubble interaction is more complex
than first thought and further work will be necessary in the future to fully grasp

its nature.

Having shown that bubbles in the bulk of a foam could be described with analytical
models involving minimal surfaces, we shifted our focus to another situation where
minimal surfaces play a significant role. We considered the evolution of a single
bubble at a liquid surface and demonstrated that knowing the composition of
the gas is crucial to predicting how the bubble will evolve. In particular, we
demonstrated that while a bubble containing nitrogen (or air) shrinks in time in
line with what we would expect, adding a small amount of a low solubility gas to
the bubble leads to the opposite behaviour. The bubble is found to grow in time.
For large bubbles at a liquid surface, whose shape closely resembles a hemisphere,
we were able to show that the growth of a bubble in this case obeys a power law
with an exponent of a quarter. Low solubility gases are often used in experimental
foam studies to inhibit coarsening and this work has highlighted that care must be
taken when using these gases as their inclusion may significantly alter the evolution

of the foam.

In the future, we hope to extend this work, focusing in particular on further
developing the cone model towards describing a completely random foam. While
this goal is still some way away, we have made some progress in this direction by

adapting the cone model for curved bubble-bubble contacts, as detailed below.

7.1 Cone Model with Curved Contacts

We have seen thus far that the cone model is an effective way of studying the

surface energy properties of foams made up of identical bubbles. One thing we have
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FIGURE 7.1: Schematic diagram of an interface between two bubbles A and

B which is curved when there is an internal pressure difference between the

bubbles. In general, the curvature is measured by the two principal radii of

curvature R; and Ry (which are perpendicular to each other) which are related

to the pressure difference via the Young-Laplace law (see Section 1.2). For

rotationally symmetric films, the radii of curvature are the same and denoted
by R.. This image has been reproduced from [3].

kept constant in our previous analyses, however, is the curvature of the bubble-
bubble contacts; we have only considered ordered foam in which the pressure in all
of the bubbles is the same. In this case, the approximation of rotational symmetry
inherent in our model, implies a planar, circular interface between neighbouring

bubbles.

Here we extend the cone model to deal with the case of bubbles with differing
internal pressures. In general, this leads to a curvature of the interface which is

described by two principal radii of curvature, as shown in Figure 7.1 [3]. Using
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rotational symmetry, however, the picture is simpler as the interface is a spherical
cap with a single radius of curvature R.. While the Weaire-Phelan structure (see
1.3(b)) is a famous example of a monodisperse foam where the individual bubbles
have different pressures [23], it is more common for differing internal pressures to
arise in polydisperse foam. As we hinted in Section 1.6, a difference in bubble
size will have an effect on the bubble-bubble interaction because the deformation

& will be different for the larger and the smaller bubbles for the same contact size.

At this point, we note that the mathematical derivation of the excess energy &
and £ (for both the larger and smaller bubbles) for curved contacts is similar in
style to that outlined in Appendix A for the Z-cone model. However, the presence
of curved contacts introduces some additional complications which are relevant to
the details of our Euler-Lagrange formalism and lead to somewhat lengthy analytic

expressions for € and £. Thus, they are left to Appendix C.

In both the original Z-cone model and its extension to the Kelvin cell, we rep-
resented the presence of equal-sized neighbouring bubbles as flat contacts (see
Figure 2.3) compressing a bubble from each of Z directions. For simplicity, we
shall begin by looking at the case of a small bubble confined by larger bubbles. A
convenient way to think about curved contacts is to simply replace the flat plates
with spherical boundaries. A representation of this, for the case of Z = 2, is shown

in Figure 7.2.

(4) (B)

FIGURE 7.2: We investigate the case of Z = 2 contacts by using spherical, rather
than flat, boundaries to confine the bubble, appropriate when the pressure of
neighbouring bubbles is different from that of the central one.
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The radius of curvature R, of the spherical cap interface can be obtained from

the Laplace pressure difference AP between the bubbles. In Section 1.2, we noted

20

that the Laplace pressure difference across a single soap interface is AP = R

Since a film is made up of two interfaces separated by a thin film of liquid, the

radius of curvature is given by

4o

RCIE.

(7.1)
Bubbles which are smaller than their neighbours have a greater internal pressure
and so the interface will curve outwards. Figure 7.3 depicts a Surface Evolver
simulation performed by David Whyte of a bubble with Z = 6 and with higher
pressure than its neighbours, so R. > 0; the interfaces curve outwards. In this
simulation, the curved boundaries representing the contact between bubbles are
implemented not as flat surfaces but by spherical boundaries (see Figure 7.2). The
surface area of the bubble is minimised at each step as these boundaries are moved

inwards, deforming the bubble.

FIGURE 7.3: Surface Evolver simulation of a bubble with Z = 6 near the dry
limit. The bubble is compressed between six plates arranged in a cube. Here,
the plates are spherical caps with R, = 3R, so the bubble bulges outwards.
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Let us begin with the smaller of two contacting bubbles and denote its radius by

R. The radius of its larger counterpart can then be written as

R, =aR (e2)

with @ > 1. The parameter a that we have introduced is the radial polydispersity.
With the introduction of the polydispersity a, we are able to express the radius of
curvature R, of the interface between two contacting bubbles in the appealingly

simple form

aR a
= = . .
- = (a—l)R )

This follows directly from equation (7.1) by considering the pressure difference AP
as the difference in Laplace pressures for spherical bubbles of the same volumes

(see Appendix C for further details).

7.1.1 Some Preliminary Results

In Figure 7.4, we compare the results of the cone model for curved contacts with
Surface Evolver simulations for Z = 2. In this case, the polydispersity is a = 1.5

which translates to a radius of curvature R, for the interface of 3R.

We see that the model accurately predicts the variation of of excess energy over a
wide range of deformations for both the small (R, > 0) and large bubbles (R, < 0).
The shallower increase in excess energy for the larger bubble is due to our choice of
deformation & which is measured to the centre of the curved contacts (see Section
1.6). As we expect, the model is exact for the case of a flat interface (R, = o)
as this reduces to the original Z-cone model for Z = 2, which is exact. While
the case of Z = 2 is interesting, the power of the Z-cone model lies in making

predictions of the excess energy for higher values of Z.
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FIGURE 7.4: For a bubble with two contacts, we compare the analytic expres-
sions for the excess energy to the results of Surface Evolver simulations. For
the case of a flat interface (radius of curvature R. = oo) there is exact agree-
ment between theory and simulation, to within numerical error. The analytic
approximations for curved interfaces are good over a wide range of deformations
&. The relative error increases with deformation, with a maximum of 8% for

R. = —-3R and R. = 3R.

In Figure 7.5(a), we show a similar comparison of results for the case of Z = 6 (see
Figure 7.3). As in the case of Z = 2, we observe very good agreement between
analytical cone model results and simulation over a large range of deformations &.
The results are not as good for the large bubbles due to the complicated shape of

the surface (see Appendix ().

In Figure 7.5(b), we have divided the excess energy & by the quadratic term &£2.
As in the case of flat contacts (see Chapter 2), we see deviations from a quadratic
form at both small and large &, corresponding to the limits of wet and dry foam.
In particular, we see a similar logarithmic decrease in the excess energy as we
approach the wet limit as we observed for flat contacts. This shows that the
fundamental form of the bubble-bubble interaction which we have elucidated ear-
lier in this thesis for equal size bubbles is qualitatively unchanged by introducing

polydispersity.
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FIGURE 7.5: Comparison of (a) the variation of the excess energy ¢, and (b) the
variation of 5, with deformation & for Z = 6 computed from the cone model
(solid) and Surface Evolver (dashed) for a polydispersity a = 1.5. The upper
curves show the excess energy of the small bubble while the lower curves show
the results for the large bubble. We have shown the monodisperse case, for
reference, which falls between the curves for the big and small bubbles.
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The polydispersity a of the system controls the degree to which the excess energy
for the large and small bubble deviates from the monodisperse case. This is shown
in Figure 7.6 for the case of Z = 6. As the polydispersity increases, the excess
energies for the large and small bubbles are observed to deviate more and more

from the monodisperse case.

The success of this extension to the cone model could instigate further applications
of the cone model to the case of periodic bi-disperse structures, for example in the

sodium chloride lattice.

7.2 Cone Model for Bubble Clusters

In extending the cone model to more and more general cases, we have yet to
mention bubble clusters or adherence to Plateau’s laws, in particular the 120°
meeting angle for three soap films. The reason for this is simply that we have
always been considering the case of a bubble in the bulk of a liquid foam. In the
future, we hope to extend this model to clusters of bubbles [70-72] for which we

will certainly need to take into account this meeting condition [73].

While the geometry of many bubble clusters, such as those considered by Cox
and Graner [70], remains very much part of future work, we present a preliminary
extension of the Z-cone model to describe the far simpler two-bubble clusters,
otherwise known as bubble chains, considered by Bohn [73] which consist of two
soap bubbles which are strained between two parallel surfaces. While Bohn showed
that there are several configurations possible for these two bubble clusters which
transition into each other as a function of the separation of the plates, we restrict
ourselves to considering the chain arrangement in which the two bubbles adhere
to separate plates along a contact line (equivalent to r(0) for Z = 2, see Figure
2.3) and form a contact which is parallel to the plates. In contrast to our previous
extensions of the Z-cone model, adapting the existing Z-cone model for such a
bubble chain is relatively simple, requiring only two small changes to the derivation

of Z-cone model given in Appendix A.
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FIGURE 7.6: Variation of the excess energy of (a) the small bubble and (b)

the large bubble for Z = 6 from the cone model for a range of values of the

polydispersity a. The solid (blue) line represents the monodisperse case of a = 1

and serves as a reference. The dotted lines are for a = 1.1, the dot-dashed lines

are for a = 1.25 and the dashed lines are for a = 1.5 (see Figure 7.5). As

the polydispersity increases, the excess energies for the large and small bubbles
move progressively further from the monodisperse case.
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Firstly, we must replace the infinity in the first of the boundary conditions, equa-
tion (A.7), with the cotangent of an appropriate angle to impose the 120° angle
condition at the edge of the contact. Secondly, we must remember that for these
clusters, the free surface of the bubble is not a single surfactant interface separat-
ing gas in the bubble from liquid outside but a true film consisting of two such
interfaces. This is simply done by doubling the contribution of the free surface to

the total area of the bubble, equation (A.22).

7.2.1 Preliminary Results: Two-Bubble Chains

In this section, we present a number of preliminary results for the same two-bubble
chain considered by Bohn [73], where the each bubble is initially a hemisphere
with radius Ry = 1. Each of these results compares our adapted Z-cone model
for bubble clusters with the equivalent system for the original Z-cone model. In
doing so, we clearly illustrate the effect of imposing the 120° angle condition in

our model.

In Figure 7.7, we show the variation of the radii § and r(0) with distance between
the bubble centres s (i.e. the separation of the parallel plates in experiment) for the
two models. The reason to use s instead of deformation £ is that the imposition
of the angle condition allows for negative deformations, which is not a natural
concept. Also, it is easy to compare our results directly with the experimental

results of Bohn [73].

We see that for true bubble clusters, the contact between the bubbles is non-zero
for distances greater than s = 2 (when the bubbles are hemispheres with a point
contact). This agrees with the experimental results of Bohn [73] who observed that
once a contact was formed between the bubbles by bring them into contact, and
that this contact persisted as the plates were then separated beyond the reference
position of s = 2. As this behaviour is not observed for the original Z-cone model,

we conclude that this effect is a direct result of the angle condition.
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FIGURE 7.7: Comparison of the radius of the contact (upper) and of the film

(lower), separating two hemispherical bubbles in a two-bubble cluster from the

Z-cone model. The solid lines represent a two-bubble cluster with a 120° an-

gle condition, as shown in the inset. The dashed lines are the corresponding
quantities for the original Z-cone model (see Chapter 2).
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FI1GURE 7.8: Comparison of the variation of excess energy € with distance be-

tween bubble centres s for the two models. We see that the Z-cone model (solid)

is well-behaved as the bubble as brought into contact, while the adapted model

for bubble clusters (solid) shows a variety of additional features. In particular,

we observe that the excess energy is double-valued for s > 2. Naturally, this is

unphysical and the experimental system is observed to occupy the lowest energy
configuration for each s.

Figure 7.8 shows a comparison between the excess energies ¢ for the two models. As
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we expect, the excess energy for the original Z-cone model increases monotonically

as the bubbles are brought into contact.

However, the variation of the excess energy is more complicated for the bubble
cluster. We observe that there are two values of £ for each values of s > 2. The
upper branch of the dashed curve corresponds to an unstable configuration which
is not realised experimentally as bubbles will always jump to the lowest energy

configuration available.

While the work presented here is still in its infancy, the successful replication of
experimental results could spur further development of the model to more com-

plicated bubble clusters [70] in the future.



Appendix A

Derivation of the Z-Cone Model

In this appendix, we provide a derivation of the excess energy ¢ and deformation
& for the monodisperse Z-Cone model. We recall from Chapter 2 that the Z-cone
model divides a spherical bubble up into Z equivalent sections, as shown in Figure
A.1, which are approximated as spherical cones (see Figure 2.3). Each of these
cones is associated with a neighbouring bubble and the cap of each cone represents
the surface area of the bubble which is minimised under the constraint of volume

conservation.

() (B)

FIGURE A.1: A bubble can be divided up into Z equivalent sections; one for
each neighbour. Here we show this for a bubble in an fcc-ordered foam, with
Z = 12. In the Z-cone model, each of the sections (b) is approximated by a
spherical cone whose cap is flattened by contact with a neighbouring bubble.
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The total surface area A, per contact Z, of our bubble can be written as

a=avvor | h r<z)\/ 1+(22) dn (A1)

where Aj is the surface area of the contact. In the case of flat contacts A5 = 2.

The second term in this equation is the general expression for the surface area
(of revolution) of any curve given by 7(z) [38]. The volume V under this curve is

given by

(A.2)

Minimising this surface area under the constraint of constant volume is the subject
of the calculus of variations and requires the Euler-Lagrange formalism [38]. In

general, the Euler-Lagrange equation is given by

AL (r(), %2) g dL (), %2 2) —0

dr(z) Cdz d(d_:i(:_))

(A.3)

Fortunately, the Lagrangian function L that we consider does not depend explicitly

on the coordinate z

L0 S o (HD) aer a

In this special case, we can make a significant simplification of our minimisation

problem by using an integrated form of the Euler-Lagrange equation (equation

(A.5)) whose derivation we give here
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C+L—/g——j£— dr(z) = 0,
A d(dr(z))
dz
L—/ d dr(z) dL Iy = =g
dr(z) Z d (dz(;))

where C' is an unknown integration constant. Equation (A.5) is known as Bel-
trami’s Identity and is at the heart of the calculus of variations [38]. For example,
it is used instead of the standard Euler-Lagrange equation (equation (A.3)) in
solving the brachistochrone (“shortest-time”) problem [74]; this classic problem,
first proposed by Johann Bernouilli in 1696, involves finding “the curve joining two
points such that a bead starting from rest at the higher point will slide without

friction along the curve and reach the lower point in the shortest possible time”.

[74).

Inserting our Lagrangian function and its derivative into Beltrami’s Identity we

obtain

- +ar(2)=C. (A.6)
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The unknown constants A and C' are determined by imposing the following bound-

ary conditions on the equation:

d;(z> = B (A.7)

Z z=h

dilz) =_leotill. (A.8)
dz [,

The first of these ensures that the bubble surface meets the flat contact smoothly

while the second ensures that the bubble surface meets the cone at a right angle.

By splitting the 47 steradian solid angle of our bubble equally between each contact

we obtain the solid angle 2 of a cone, with opening angle 6 (see Figure 2.3),

27
£ = / /sm9’d9'dx

= 27n(1 — cosf)

47
= - (A.9)

From this we can see that 6 is directly related to the number of neighbours Z via

2
= arccos (1 — ?) : (A.10)

Using these conditions in equation (A.G) we have, after some algebra, that

= = . (A.11)

Rescaling this equation in terms of the dimensionless quantities p(z) = % and

05 = #‘0) yields

2 N—Z (1 — p2
k! 1+(dr(z)> :P( )2\/2—_1(1 : ,05)‘ (A12)
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This is a dimensionless first-order differential equation which can be solved by
integrating it between the limits of ps and p(z). Rearranging this equation for dz

and noting that dr(z) = r(0) dp(z), we find that

/_: dz=z+h =r(0)I(p(2), ps, Z) (A.13)

h

and so

z=—h+r(0)I(p(2), ps, Z). (A.14)

where I(p(z), ps, Z) is a definite elliptic integral defined below.

By considering p(z = 0) = 1 in equation (A.14), we obtain the important identity

h

#0) = e A.15
(0) Ti(p0. 2) (A.15)
allowing us to express the bubble profile as
I(p(2), ps, 2
Ap(2), 5, 2) = b | ELEBE) ) (A16)

Its(p57 Z)

The elliptic integrals I(p(2), ps, Z) and I5(ps, Z), which need to be evaluated nu-

merically, are given by

p(z)
Ho(e)pn2) = [ @ = ) S5, 2) da (A17)
and
Ii(ps:2) = [ (&= @) (w.ps. 2)do, (A18)

with
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(NI

Z? ‘ 2|
);rz(l —p3)* — (2% = p}) : (A.19)

f(x,p5,2) = T

The volume V' of our single cone is equal to % of the volume of a spherical bubble

so that V = 47;1;3. Inserting this expression into equation (A.2) and solving for
r(0) yields
®
h =
r(0)=—=R ~ A.20
©) I5(ps, Z) ’ [3«76(,05,2) + 22231] )

where Js(ps, Z) is another elliptic integral given by

Ilpo2) = [ (&= B3) fla.pss 2)da. (A:21)

Ps

Equation (A.20) reduces to Ry sin 6, the familiar case of a simple cone, in the limit
as ps — 0. The constraint of volume conservation intuitively requires r(0) (and

hence h.) to increase with increasing deformation to counteract the decrease in

the height h .

Making use of equations (A.12), (A.13) and (A.20), we can re-express the surface

area per contact A as

(2) g 4
A(ps, Z) = TR} 2L 05 + 1—p3) Ks(ps, Z
( 0 3‘]5(/)(5’ Z) + 2,2/231 ’ Z =] ( 6) i )
(A.22)
where Kj(ps, Z) is further elliptic integral given by
1
Kslos, £) = / 22 f(x, ps, Z) dz. (A.23)
ps

The dimensionless excess surface energy is defined as
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e Ty % A7 (A.24)

where Ay(Z) is the surface area of the top of a spherical sector corresponding to

our undeformed cone. From simple geometry, this is

47rR(2)

Ao(Z) = 2nR2(1 — cos @) = 7

(A.25)

Combining Z of these spherical sectors recovers the total surface area of a spherical

bubble of 47 R}, as expected.

Therefore, the dimensionless excess energy is

2 Z 2
ps + = (1 — p5) Ks(ps, Z)
e(ps, Z) = e el (A.26)

7% (6s(ps, 2) + Z%)”

The dimensionless deformation is defined, to the middle of the flat contact, as

_h+h
Ry

£=1 (A.27)

where the height of a cone h, is given by

he =7(0) ———. (A.28)

&(ps, Z) = —<3J5 ,(E) _Z_—?.> [252_—_21+Ls(p5,2) : (A.29)




Appendix B

Asymptotic Wet Limit

Expansions

In this appendix, we provide derivations for a number of results for the Z-cone
model which we stated in Chapter 2. In particular, we will show how the defor-
mation £(¢) is related directly to the liquid fraction ¢. Using this, we will also
show how to derive an expression for the critical liquid fraction ¢. in terms of
the number of contacts Z for the Z-cone model. We also illustrate how to obtain
asymptotic form for the excess energy ¢ as functions of both £ and ¢ in the wet

limit.

B.1 Deformation £ and Liquid Fraction ¢

B.1.1 Derivation of £(¢)

The purpose of the this section is to show how an analytical form for deformation

£(¢) is obtained.

We begin by considering not the liquid fraction ¢ but the associated gas fraction

¢4 which is defined in terms of the liquid fraction as

118
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d)g =1- ¢ (Bl)

Physically, the gas fraction ¢, for a foam is simply given by the ratio of the
total bubble volume V; to the total volume of the Voronoi cell V. of the crystal

arrangement under consideration. Namely,

The critical gas fraction is similarly defined as

Vo

B.
‘/VOI‘. C’ ( 3)

¢g,c =

where Vi,  is the volume of the Voronoi cell in the wet limit. Taking the ratio of

the previous two equations we find that

VVOr
Poie o bt (B.4)

¢g Vvor, (6
While the specific formula for volume depends on the shape of the Voronoi cell, we
note that the overall shape of the cell remains the same. As an example, for cones

the volume of the critical volume is Vyor, ¢ = Rg tan® @ while for more deformed

s
3

cases Vior = T H 3tan?§. Thus, we see that equation (B.4) simplifies to

H

Since deformation in the Z-cone model is defined as { = 1— -

we can immediately

see that

=2 = (1-¢)° (B.6)
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If we now switch from gas to liquid fraction using equation (B.1), we can relate

liquid fraction ¢ directly to the deformation £ as

1- ¢\
f0-1- (2% B.7)

B.1.2 Ciritical Liquid Fraction ¢. for the Z-cone Model

We recall from Appendix A that the cone angle 6 is related to Z via 6 = arccos(1—

(2/Z)). Rewriting this we obtain.

9 2
cos’f = (1 - E) : (B.8)

By simple trigonometry transform from a cosine to a tangent in the following way

1 4(Z -1)
2 Yo i
cos? 6 (Z -2)

tan® 6 =

(B.9)

In the Z-cone model, the volume of a single cone is Vy = g—;Rg. Combining this

with equation (B.3) we obtain the result

4
¢c = Z . (BlO)

B.2 Logarithmic Terms in the Wet Limit

Here we give a brief derivation of the wet limit asymptotic form for the excess
energy ¢ in the Z-cone model. For simplicity, we will use the case of Z = 2 but

the method employed is equally valid for any value of Z.

We recall from Appendix A (also see Chapter 2) that the excess energy ¢ for the

Z-cone model is given by
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2 Z 2 ”
ps + 7= (1 — p5) Ks(ps, Z)
elpg, B) = ——Se i (B.11)

27 (64505, 2) + Z2)"

To find the asymptotic form of this in the wet limit, we will need to Taylor expand
this expression for ps — 0. However, before we can do this, it is necessary to
expand the elliptic integrals Js(ps, Z) and Ks(ps, Z) (given by equations (A.21)
and (A.23)). To fourth-order these are given by

1
Tos0 = 5\ 1= p3(3p5 — 4p5 +4) (B.12)

and

/ g0 0 Ps
Koo =1/1 = ptob gt I | et i} BriS
ps—0 Ps 2p6 \/T——pg-i-l ( )

Inserting these into equation (B.11) and simplifying, keeping highest order terms,

we obtain an expression for the excess energy for Z = 2 of

4
Ps 5

€ =——=—— 1+ 0(p;). B.14

(o0 = iy + O (B.14)

By similarly expanding the deformation, given by equation (A.29), and simplifying,

we obtain after a somewhat lengthy computation the following expression for £(§)

in the limit of ps — 0

s = e - OEH) = (B.15)
e In§ —1In4 Iné
For higher values of Z, this equation (B.15) becomes
AR
v(f)——ang (B.16)
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From equation (B3.16) for £(§) we obtain an expression for £(¢) in the wet limit.

This we do by Taylor expanding equation (B.7) around ¢, to first order so that

¢c_¢

Sl) R e B.17
( ) 3 (1 i ¢c) ( )
and substituting this expression into equation (B.16) obtaining
Z e — B)°
e(¢) ~ —18(1 o) (¢ ’ i) . (B.18)
¢/ In (3(1—¢c))
In the limit as ¢ — ¢. we may further approximate this as
Z__ ($—9)
e(p) ~ — ! B.19
(#) 18(1 - ¢)" In (¢c — ¢) P




Appendix C

Cone Model for curved contacts

We demonstrated in Chapter 7 that the cone model could be extended to deal with
curved bubble-bubble contacts. Curvature of the contacts between neighbouring
bubbles occurs when the bubbles have different internal pressures. As we pointed

out in Section 7.1, this most commonly occurs for bubbles in a polydisperse foam.

The derivation of the excess energy £ and deformation £ in this case is similar to
that given in Appendix A for the Z-Cone Model with flat contacts. As such, the
aim of this appendix is to provide sufficient analytical expressions to reproduce
the figures provided in Chapter 7 for the Z-Cone Model with curved contacts for

both the relatively small and relatively large bubbles.

C.1 Curved Contact Model

Beginning with the smaller of the contacting bubbles (of radius R), we saw in
Section 7.1 that the radius of neighbouring bubbles R,, can be written as R,, = aR
with a > 1. Since a smaller radius implies a higher Laplace pressure, the contact
between the bubbles is curved “out” from the smaller of the bubbles, as shown in
Figure 7.2. The Laplace pressure difference between bubbles of radius of R and

R, is given by

123
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40 4o (a—1)
AP—f—R—n—‘:lO’ aR

(C.1)

where ¢ is the surface tension.

The radius of curvature R. of the contact between the bubbles is expressed in

terms of the Laplace pressure difference AP as

4o

Heo= =
vl

(C.2)

Substituting the explicit form for AP, equation (C.1), into this expression and

simplifying gives

= <af 1) R. (C.3)

The introduction of curved interfaces introduces two new angles 6,,;, and « into
our model. The angle 6,,;, is similar to the cone angle # and corresponds to the
angle made between the z-axis of the cone and a line from the edge of the (curved)
contact to the apex of the cone. The second angle « is introduced to account
for the (spherical) geometry of the contact (see Figure C.1). As discussed above,
the contact between the bubbles takes the shape of a spherical cap, which can be
viewed simply as the top of a sphere which has been cut off by a plane. The angle
« is the angle this plane, perpendicular to the symmetry axis of the cone, makes

with the spherical cap.

For each Z and a, there are unique values of 6, and « obtained by numerically

solving
ok Ps Z =2
Ié(péaemim Z) = tan 6. N Ry 7] (C4)
and 3 3
(a1 [(3) = (34) (2-3cosa+cos’a)|’
SIn @ = pg T (£=2) ’ (C‘S)
a 3J5(p5, eminv Z) + Nz =1
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where the ps is defined, similarly to the Z-cone model as the ratio of the width of
the contact (see r;, in Figure (.1 below) divided by the maximum width of the

cone (i.e 7(0)).

The dimensionless excess energy for the small bubble £(ps, Ouin, @, Z, a) is written

as

2

Z (%)_(Q—T) (2 — 3cosa + cos? )
4

3J<5(P6a Hmirn Z) S (5_—3)1

i+ (5 >2<1—Cosa>z<<%>—<ﬁ> (2~ 3eosa + cos’ a>>‘

a— 3J5<p6a9minaZ)+ 2(5;—3)1

E(ﬂo’q Omnin, @, Z, a) =

winy

Z
Z =1

+

(1 =02 K5l bains 20— 1. (06

The dimensionless deformation for the small bubble &(ps, Onin, @, Z, a), measured

to the middle of the curved contact, is expressed as

a
a—1

§(p¢579minaaa Z7 a) = 1 = (

3 ((%)— (ﬁ) (2 — 3cosa + cos? a))%[ Z—9
2

3J6(p559minaZ)+2(§;_E)l VZ—l

) (1 - cosa)

5 Lilor Bl Z)] . (C.7)

The definite elliptic integrals f(;(pg, Ormin, Z), :]\,;(p(;, Omin, Z) and I?5(p5, Omin, Z) are

given by:
I( / [ 0 AR )] f Z)d
) mm, Sln I ——— x > Ymin, 1‘7
(ps, 0 pa — P o7 1 ,Ps, 0
(C.8)
J Pé, mma / .L‘ [ — Ps SlnHmmi( )] A(z P55 mlmZ) dCL‘,
2vZ -1

(C.9)
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r1

]:'d(p(,-.@mm.Z) = / 1‘2]\(.’[’.[)5.9“““,2) dx, (C.10)
J ps
with
ry Z? 2 2\2 g 49 Z 2 7]~
) 'semin-Z = [ S| )? — r — — ps Sl emin——‘— =
f (@, ps, Omin, Z) 4(2_1)1"( P;) (z° = p5) — pssin 5 Z_l(l“ )]
(C.11)

For the large bubble, the determinations of the excess energy and deformation are
more complicated than for the associated small bubble. The reason for this is that
the curving “in” of the contacts leads to a “dimpling” of the surface of the large

bubble, as shown schematically in Figure C'.1.

Small h /
Bubble
o 11

I

I11

Large
Bubble

min r-max

r

FIGURE C.1: Sketch of the contact between a large and small bubble. The
red line indicates the common curved contact between the bubbles, indicated
by Region I, which extends to a distance rp, from the centre of the contact.
Regions II (purple) and III (blue) represent the free surface of the large bubble
which is “dimpled”, with ryax indicating the maximum (vertical) height of the
bubble h. The angle « is the interior angle made at rpi, between the curved
contact (red line) and plane perpendicular to the axis of symmetry of the cone.
The black line shows the surface of the small bubble.

Physically, the presence of region II is a consequence of requiring the surfaces of
the two bubbles to meet smoothly at the edge of the contact, denoted here by 7r;,.
In simple terms, we cannot have a sharp point at the edge of the contact and so a

dimple of some width is necessary. The free surface of the bubble is composed of
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both IT and I1I. We see immediately that region II presents a challenge to the cone
model description of such a bubble since this approach relies upon the mathematics
of minimal surfaces of revolution. In particular, we require the value of r(z) (see
Appendix A) to be single-valued for a given height h, which is not the case for

the dimpled surface.

To overcome this limitation, we consider the area and volume of each of the three
regions separately using the cone model and then combining them to obtain the
final excess energy, requiring only the total volume of the bubble to be constant.
Introducing two dimensionless radii ppin and ppax (similar to ps) for the large
bubble, we are able to determine an expression for the dimensionless excess energy

for the large bubble &(pmin, Pmaxs Omin, @, Z, a) in the form

(%) +(a—1)"(2 = 3cosa + cos® @)

6(pmin7 Pmax Hmin» v, Za (l) ==

N

3 [.Is(pmax, Z) o= jé(pminapmamemim Z)] = 252—31
2
8

(%) +ia 1)7%(2 — 3cosa + cos® a)

p?nin+ ((L - 1)—2 = &
3 [Jé(pmam Z) A JJ(pmimpmaxaHmina Z)] Tt 252—31

VA

_Z——l(l - p?nax)}?ts(pmaX?Z) =1

+2(pr2nax - p?nin)f{é(pmim Pmax; emim Z) o

(C.12)

The dimensionless deformation for the large bubble &(pmin, Pmaxs Omin, @, Z, @), again

measured to the middle of the curved contact, is expressed as

wino

(1 — cos a)2
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1 — cosa

é(pmins Pmaxs Hminv , Zw CL) —
a—1

W=

{2 +la= 1)7% (2 — 3cosa + cos® a)

3 |:t76(pmax~ Z) i jé(pmim Pmax; emina Z)] = Q\Z/%

Z -2 o .
e ——— | min; F/max; emina Z + I max Z) . C.13
{2 = 5(Pmin, P )+ Is(p )} (C.13)

The definite elliptic integrals defined for the large bubble are given by

v

pmax o,
]5(pmina Pmax emim Z) = / SiH Gminpmin (-’E2 - P?nax) f(l‘, Pmin; Pmax; eminv Z) dI,
Pmin
(C.14)

v

pmax 0
J6 (pmim Pmax; aminw Z) =3 / sin eminpminm2 (.T2 - P?nax) f(ma Pmin; Pmax; emim Z) d.’L',

Pmin
(C.15)
. Pmax =
K&(pmimpmaxagmina Z) t=i / xzf(xvpminapmamemim Z) dCL‘, (C16)
Pmin
~ 1 ~
Ti(omuss 2) = [ (a" = ) F(0, s 2) o, (€.17)
Pmax
~ 1 ~
J5(pmaX’Z) 5 / .1'2(1'2 _pfnax)f(x’pmaxaz) diE, (018)
Pmax
~ 1 ~
Ki(pomax: Z) = / 2 f(x, pmax, Z) dz, (C.19)
pmax

with
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N

v - . 5 2
f(flf. Pmin; Pmax: Hmin" Z) = Iz(plznin - p12nax)2 - Slll2 gminprgnin (1‘2 - p?nax) :|
(C.20)

and

1‘2(1 - p?‘nax)2 - ($2 - p?nax)2:| : (CQl)

=

Z?

=

f(r~ Pmax; Z) =

These equations reduce to the expressions for the monodisperse Z-Cone Model of

Appendix A in the case of a = 1, as expected.

However, simply writing these expressions is not enough and we need to determine
the dimensionless ratios puin and pnax in order to actually calculate the excess
energy and deformation for the large bubble. Effectively, we need to determine
how large this “dimpling” of the surface is. Due to the complex nature of the
geometry shown in Figure (.1, this can only be done in a limited extent at this

time by numerically solving

W=

(%) + (@i 1)_3 (2 — 3cosa + cos? )

3 |:j;s(pmax, Z) S j&(pmina Pmax, emim Z)] i 25%
(C.22)

Pmin = (@ — 1) 'sina

for the paired values of pyin and pnax Which give the smallest excess energy pro-

vided Pmin < Ps and Pmin < Pmax-

It is clear from this that our system of equations is not complete, requiring one
further equation to determine both ppi, and ppax, independently. While by defini-
tion, Pmin = Pmax i1 the extreme limits of £ = 0 and £ = 1, we have yet to ascertain
the precise relationship between them between these limits; although we expect
region II to be comparatively small for all deformations. This is supported by the

good agreement, seen in Section 7.1, between the results of Surface Evolver and
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the model presented here, for which we assumed that pni,, = pmax. Determining

the size of region II analytically will be the subject of future work.



Appendix D

Derivation of the Kelvin Cone

Model

We recall from Chapter 4 that we can generalise the Z-cone model to describe
the Kelvin cell by separating our bubble into two different types of cones, corre-
sponding to the eight hexagonal and six square faces of the Kelvin cell. In this
appendix, we provide a derivation of the excess energy € and liquid fraction ¢ for

this model. We will also show how the internal pressure of a cone p; is derived.

D.1 Excess Energy for the Kelvin Cell

The introduction of two sets of cones does not fundamentally alter the Euler-
Lagrange minimisation procedure demonstrated in detail, for the Z-cone model,
in Appendix A. The most notable difference is that, in this case, we cannot express
the cone angles 6, and 6, in terms of the number of neighbours Z as we did in the

Z-cone model.

The total surface area A of each cone is still written as

3 N
A:A(5+27r/’ r(z)4/1+ (d;(‘)) dz, (D.1)

~
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where Aj is the surface area of the contact. Similarly, the volume V under this

curve is given by

g 5 cot 0
Y o 7r/ gy TEGiientd (D.2)
0

Indeed, the method for computing the excess energy £ can be followed exactly

from that detailed in Appendix A, with the following two caveats.

Firstly, due to the introduction of the different opening angles 6, and 6, angles for
the hexagonal and square cones, along with the associated angles v, and ~;, shown
in Figure 4.3, will alter the second of the boundary conditions, equation (A.8). It

is now given by

=qot Ty, (.3

where the angles I'y, and I'y are related to v, and v via

s
The angles I';, and I'y are the angles made by the curved surfaces of the cones
and a line perpendicular to the z—axis extending from the axis to the edge of the
cones. In the monodisperse Z-cone model (and in the wet limit of the Kelvin cell),

they are simply given by

Secondly, the volume of each cone is no longer given simply by V. = ;*—gRg. We
recall from Section 4.1 that, in the case of the Kelvin cell, we must introduce a

global volume constraint given by



Appendix D. Deriwation Kelvin Cone Model 133

8‘/11 i 6V9 = Vo, (D6)

in contrast to the local volume constraint which applies to the regular Z-Cone
model, which keeps the volume of each of the cones independently constant. Here
Vi and V; naturally denote the volumes of the cones associated with the hexagonal

and square faces, respectively. Dividing both sides by Vj, we have

8qn + 6gs = 1. (D.7)
where g, = V},/Vi and qs = V,/Vy. The quantities g, and ¢4 are fractions of the
total volume Vj taken up by any one of the square or hexagonal cones.

With these definitions of ¢;, we can now clearly define the volume V; of any cone

as

_ 4mR}
T

Vi q;- (D-8)

Incorporating these two small changes into the derivation of the original Z-cone

model, we readily obtain the surface area A; of any individual cone as

4q;
3J(ps;, ;) + cot 6;

)§ (22 +2(1 — 2)K (05, TY)]
(D.9)

Ai(P&p 91;7 F’n qz) = Tng (

As in the origiral Z-cone model, the variables p;, and ps, are ratios of the contact

size § of each cone to the width of the cone (see Figure 4.3).

The elliptic integrals I(ps,, 1), J(ps,, i) and K(ps,,I';) are defined as

1
I s Lali= / sin [';(z® — pgi)f(x,pgi, I's)ydez, (D.10)

Ps;
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Jigs.. L:) = /l sin 2% (2 — pj,) f(x, ps,, Ti) do, (D.11)
ps,
and
1
K(ps,, i) =/ 2 f(z, ps,, ;) dz (D.12)
2
with

£(z,p5,Ts) = [22(1 = p3)* — sinT3(a? — p2)?] 2. (D.13)

The dimensionless excess energy ¢ for the Kelvin cone model is given by

8A 0 ’F ) 6As 70571—‘57 S
5(p5hap6379ha93,Fh,»rsthaQS) = h(péh’ Lt qh) 2 ('0‘53 ! ) -1

4
(D.14)

D.2 Liquid Fraction for the Kelvin Cell

Now we recall from Appendix B that the liquid fraction ¢ is simply equal to
¢ =1 — ¢4 where ¢, is the total gas fraction. The total gas fraction can be easily
determined because it is given by the ratio of the total bubble volume V; to the

volume of the Voronoi cell such that

Vo
8Vh.., + 6V

vor ‘/()
= ) D1
3 (ZH tan20) + 6 (ZH tan?0,) o
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We have used the fact that the Voronoi cell which surrounds each of the cones

in our geometric construction is a right-circular cone, with a volume given by

V. = %Hf tan? 0;.

Up to this point, we have largely considered the hexagonal and square cones in
isolation, connected only by the total volume constraint. However, for these cones
to constitute a realistic model of a foam, we require the two types of cone to have
a common slant height r,, for both the deformable cones and the Voronoi cones.
Furthermore, we know that in the exact Kelvin cell, the ratio of distances %’: from
the centre of the bubble to each of the faces maintains a constant ratio of —‘2@, at
least for the isotropic deformation which we consider here. Combining these two

ideas, we find that for the cone model, the ratio of distances to the faces of the

Kelvin cell is slightly different from stated above. It is given by

Hh, e Hs

= =
cosf,  cosb,

= v = (.864434. (D.16)

Inserting this relation, equation (D.16) into equation (D.15), along with height H,

of the hexagonal cone given by

4qn
3J(psy» L) + cot O

Hh = Rg ( >§ [I(pgh, Fh) + cot 0,1,], (Dl?)

and simplifying, we obtain the liquid fraction ¢ = 1—¢, for the cone model applied

to the Kelvin cell as

s 3J(ps,, I'n) + cot by
2qn [1(ps,, T) + cot 6,]° (4tan? 6y, + (%) tan?6,) :
(D.18)

¢(p5ha ehw 959 Fh, Qh) =1

The arguments presented here are general, and can be applied to describe a foam
structure with more than two different types of cones. For more than two different

types of cones, we simply need to specify the ratios of distances v; to each of the
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different sets of faces, taking the nearest neighbours as a reference. Indicating the

nearest neighbour contacts by the the index nn we have

Hnn __ COS enn

e - ~ D.19
Y TE, cos 0; ( )
Thus, the liquid fraction can be expressed for any number of cones by
3J ,Thn) + cot O, 1
d)(pdn" ) 971.717 Fn’nw q"n,, 02', Zi, 1/2) — 1 _ (pénn ) 5 - . .
Gnn (05> Tnn) + cOt Opn]” 3° 74 tan®0;
(D.20)

This has the form ¢ = 1 — G(ps,, 01,1, q1)M (6;, Z;, v;) where G is a function of

the nearest neighbour variables only while M encodes the details of the structure.

D.3 Pressure p;

We stated in Chapter 4, that in order to provide a sufficient number of constraints
to uniquely determine all of the variables involved in the extended cone model, we

need to consider the internal pressure of our bubble.

The internal pressure of a bubble is higher than the atmospheric pressure, giving
rise to the curvature of the surface. In the cone model, the pressure p; in each of
the cones must be equal so we will only discuss a single cone in what follows. In
order to calculate the pressure p;, we rely on a simple thermodynamic argument
regarding the work done to increase the volume of the cone while keeping the size

of the contact d; constant.

We begin by considering the volume of a cone as the sum of two parts, V; and V,*,

such that

Vi=V/ + V7 (D.21)
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FiGURE D.1: Cross-section of a square cone for the Kelvin cone model. The
shaded region V/ is the volume which we associate with the contact while V;* is
the volume associated with the free surface of the cone

The volume V' is the volume associated with the contact, indicated by the grey

region in Figure D.1, while the remaining volume V;* is associated with the free

surface of the cone.

If we now consider a small change to the volume of our cone, as though we were
blowing it up, but crucially, the size of the contact §; remained the same (i.e. J;

is constant). This change in volume AV is simply

4
AV, = AV, + AV} = SnR3(q; — a) = SnR3Ag (D.22)

However, we are not interested in AV; itself but the individual volume changes

AV;*. From the discussion above is it clear that AV,* can be obtained simply as
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AV = AV, — AV, (D.23)

The work W; done in changing the volume of the cone by the small amount AV;
is the sum of two terms. The first term is the work done in increasing the volume

(and hence surface area) of the free surface of the cone by AV;.

[VAVI* = piA‘/i*- (D24)

The second term is the work done by the surface tension o to reduce the curvature
of the free surface as the slant height of the cone increases. For a positive volume

change of the cone, the work done in this case is given by

We, = 2mr,,Ars, cos 6; cos ;. (D.25)

The total work done is equal to the total change in energy E; of the cone such

that

AE; = Way+ + W, = piAV;" + cos y;2mr,, Ar, cos 6. (D.26)

Simply rearranging this equation for p; gives us an equation for the pressure in

cone as it is deformed

AEi 9 s A?"si
;= — ZTTg. COS 7Y; COS U; o
p A‘/l* 7 ’)’ A‘/l*

(D.27)

There is a final technical note which needs to be made here. Increasing the volume
of a cone in this way while keeping the contact radius d; constant does not imply

that the associated p;, is constant. Denoting quantities for the larger volume cone

with tildes and using the definition ps, = f‘s('o—) we see that
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P 7i(0) = p,14(0). (D.28)

Inserting the appropriate form of r;(0) for the extended cone model (similar to
equation (A.20) for the Z-cone model) we find that ps, is given, for the larger

volume, by

(4 (3J(p5, ;) + cot 6:;)\ ?
= 1 . D.29

This equation is necessary for explicit calculation of the pressure p; defined above.



Appendix E

Estimating the Energy of the Dry
Kelvin Cell

In the course of describing the excess energy £ of the Kelvin cell with the cone
model (see Chapters 4 and 5), we noticed that the energy F of the dry Kelvin
foam (not the excess energy here), which is proportional to the surface area A (see
equation (1.8)), can be well estimated in a very elementary way, which may have

applications to other cases.

The natural first approximation to the Kelvin cell is the Voronoi cell of the bec lat-
tice (see Figure 4.1(a)). This corresponds to the truncated octahedron, with four-
teen flat faces which are planes equidistant from first and second nearest neighbour
bubbles. The angles between these planes do not conform to Plateau’s equilib-
rium rules (see Section 1.2), that is, they are not 120°. The equilibrium structure,
therefore, has slightly lower energy. Our objective is to estimate the reduction in

energy AE when the Voronoi sructure with energy Evy is relaxed,

AE = Ey — E. (E.1)
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We first note that the Voronoi structure can be held in equilibrium by applying
additional external forces at the edges of the quadrilateral faces, to compensate

for the mismatch of surface tensions (see Figure E.1).

FIGURE E.1: If a surface tension v is associated with the faces of the truncated

octahedron, it is not in equilibrium. This sketch shows the forces due to surface

tension acting at an edge between a quadrilateral face and two hexagons in

3D. Note that in the unrelaxed truncated octahedron 26 equals the tetrahedral

angle (i.e. 20 = arccos(—1/3) ~ 109.47°) in accordance with Plateau’s Laws
(see Section 1.2).

We then proceed to estimate the work done by these fictitious forces as they are
continuously reduced to zero. For each increment of such a change, the work
is simply force times displacement. To incorporate the latter, we approximate
the curved edges of the square face as parabolic, and the force as conforming to

Hooke’s Law. A short calculation then gives the relative surface area A/A, as

A
- = 1.0968. (E.2)



f
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Kusner and Sullivan sketch the computation of a lower bound for the energy of a

Kelvin cell [75] using a similar argument to above, resulting in A/A, > 1.0954.



Appendix F

Simulating Bubbles in a Confined
Geometry with the Surface

Evolver

The Surface Evolver software [18] developed by Prof. Kenneth Brakke is widely
used in computational modelling of surfaces driven by surface tension, such as
soap bubbles, subject to a variety of constraints. We have made use of the Surface
Evolver to evaluate the excess energy ¢ of a single bubble in an ordered foam to
provide a comparison with the results obtained from the cone model. This was
necessary because of the inherent experimental difficulties of stabilising, imaging
and measuring the surface area of a bubble in the bulk of a foam, particularly close
to the wet limit. We wish to acknowledge the help of David Whyte in particular

and also Steven Tobin for help, with regard to performing these simulations.

In simplest terms, the Surface Evolver works by representing a continuous surface,
such as a liquid film, approximately as a series of points joined together by directed
straight edges forming a mesh of triangular facets. A normal vector is assigned
to each of the facets to specify whether it faces inwards or outwards. This is
important because we define a body such as a bubble as a list of facets which all

point in the same direction.
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Once a bubble is defined in this way, it is possible to constrain it to have a certain
fixed volume. The success of this approach can be seen in the example of a spherical
bubble which is initially specified as a crude cubic lattice of points connected by
edges. Once this tessellation has been defined, its correspondence to a sphere is
improved by further subdividing into smaller triangles and by allowing the vertices
to move in order to minimise the total surface area. This minimisation is done
here using the method of conjugate gradient descent [18]. By implementing a series
of refinements of the tessellation and minimisation steps, the cube becomes more
rounded and we obtain a better and better approximation of a spherical bubble.
Increasing the number of tessellations significantly increases the memory required
to store the configuration and slows down the minimisation procedure and the

degree of refinement used must be tailored to the accuracy required.

To simulate the contact of such a spherical bubble with Z neighbouring bubbles
in a crystalline arrangement, we define a series of planes in the direction of the
neighbouring bubbles. These planes are treated as impenetrable barriers, with the
bubble surface constrained to lie strictly within this arrangement of planes. These
planes are initially defined to be situated slightly beyond the edge of the bubble
and the deformation proceeds by moving the planes steadily closer to the bubble
in a series of steps. Each time the bounding planes are moved in, the surface of
the bubble is refined and minimised with the final value of the surface area A
being stored before moving on to the next stage. This method was also used for
comparison with the curved contact cone model of Chapter 7 with the flat planes
being replaced by curved planes whose curvature was specified to match the radius

of curvature of the contact.

While the deformation £ is clearly defined at each time step by the position of the
planes, the excess energy ¢ = A/Ay— 1 is more subtle. This is due to the fact that
it depends crucially on the value of Ay, the surface area of the initial spherical
bubble. For accurate comparison with the cone model, which is only limited by
the accuracy with which the numerical integrals can be performed, the degree of
tessellation in this case needs to be high (we refined and minimised at least five

times in each of our simulations).
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FIGURE F.1: The equilibrium structure for a Kelvin foam, including all surfaces
within the conventional cell. The (111) contact faces are shown in red, and the
(100) faces in blue. This is built, exploiting the reflectional symmetries, from
a representative cell one eight the size of this cell. Indeed, the full foam can be
built from reflected and translated copies of such a representative cell.

The Kelvin foam consists of repeated translated copies of the conventional bee for
a foam shown in Figure I.1. The procedure for simulating this Kelvin cell with
the Surface Evolver was different to that for the Z-cone model. For simplicity, we
can exploit some of the symmetries of the conventional cell; namely, reflectional
symmetry in the x, y and z directions. Brakke and Sullivan [76] exploit even more
symmetries to yield a minimal representation of the full dry Kelvin foam. Hence
we arrive at a reduced cell, which has one eighth of the volume of the conventional
cell, and is composed of a cube containing one eighth of a bubble at each of two

opposite corners. This increases the speed of computation considerably.

We begin with a very roughly triangulated approximation of the configuration in

Figure I'.1, with appropriate film edges constrained to lie within the faces of the
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cube, i.e. planes of reflection. The energy minimisation process ensures that films
will meet these planes at 90°, as required for smoothness. We note that in order to
faithfully represent the full foam, films which lie in these planes (in this case, the
blue (1 00) faces) are given half of their ‘real’ surface tension. Hence we give the red
(111) contact faces a tension of 2 and all other faces a tension of 1. Iterated mesh
refinements and gradient-descent minimisations yield the configuration shown in

Figure 4.1(b).



Appendix G

Computation of the Bubble Shape

The purpose of this appendix is to briefly outline how the precise shape of a
single bubble at a liquid surface (see Figure 6.1) is calculated, using an algorithm
developed by Princen [57]. This procedure forms an integral part of the simulations

of gas diffusion in bubbles which we discussed in Chapter 6.

Phase |

Phase |

(XCtZC)

FIGURE G.1: Schematic 2-D cross-section of a gas bubble (Phase 1) at the

surface of a liquid (Phase 2). The point (z., z.) marks a ring of contact above

which the bubble is in contact with the gaseous atmosphere. L represents the

height of the liquid surface above the bottom of the bubble while ¢, is the angle

made between the normal at (z., z.) and the negative z-direction. This figure
is reproduced from Princen [57].
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The 2D cross-section of a surface bubble, represented schematically in Figure G.1,

is described by the following three shape equations [57]:

1 1 2
— + — = ¢z + —, (interface between bubble and bulk-liquid) (G.1)
R, Ry b

2
Ril + Riz =R (spherical cap) (G.2)

1 1
— + — =c(z — L), (distorted liquid surface). (G.3)
R, Ry

As we described in Section 6.1, above the point (z., 2.) the bubble shape is a

spherical cap with a radius of curvature R.. The other interfaces are more com-

plicated, however, with the radii of curvature, R; and R,, of each of the interfaces

given by

1 e

Ry [L+(2)pe fficd
and

1 dz

R, T z[l + Ei;‘:_;)ﬂl/z' (G.5)

The radius of curvature at the bottom of the bubble is given by b and ¢ is given

by

_1_Apg
C‘zg‘ —, (G.6)

where [ is the capillary length (see equation (6.1)). L is the height of the flat

liquid surface above the bottom of the bubble and is related to our other simulation

parameters by the relation L = %(

2 1
i b)‘
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The algorithm for solving this system for the shape of the bubble begins by spec-

ifying the volume of the initial bubble. The radius of curvature R, of the bulk

T
sin ¢,

interface is given by R, = [57], where . is the experimentally observed bub-
ble radius (viewed from above) and ¢, is the angle made between the normal at

(z, z.) and the negative z-direction.

The spherical cap and bulk-liquid interfaces must have a common slope of tan ¢,
at the critical point (z.,z.). Utilising this condition, the system of equations is
then solved (in our case using the ode45 equation solver method from Matlab.)
for a value of ¢, satisfying the boundary conditions of total bubble volume and
slope matching at the intersection point. We obtain the value of the critical point
(z., 2¢), the radius of curvature R, as well as the area of permeation A, of the bulk
interfacial film. This completely specifies the shape of the bubble for this volume.
Thus we can apply an appropriate form of Fick’s Law (see Section 6.3) to allows

us to obtain a new bubble volume and the process is repeated.



Appendix H

(Gas Diffusion in Bubbles

In this appendix, we provide derivations for the key analytical results presented in
our discussion of the diffusion characteristics of a single gas bubble in Chapter 6.
As we did in Chapter 6, we will differentiate between bubbles containing a single,
soluble gas of permeability kg and bubbles containing a mixture of two gases (A
and B) with different permeabilities k4 and kg. We shall refer to these two cases

as Case One and Case Two, respectively (see Section (.2).

H.1 Boundary Between Growing and Shrinking

We recall from Chapter 6 that the diffusion of gas between bubbles proceeds
according to pressure gradients, with gas flowing from regions of higher pressure
to lower pressure according to Fick’s First Law of Diffusion [59]. The total gas
pressure p, in a single bubble is higher than the atmospheric pressure F, by an

amount Ap equal to the Laplace pressure

4o
Ap=p,—Fo= 5, (H.1)

C

where R, is the radius of curvature of the diffusing film.
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For Case One, this pressure difference causes the bubble to shrink in time (accord-
ing to equation (6.3)), as seen in Figure 6.3. We noted that, due to the simplicity
of equation (H.1), R, decreases as the bubble shrinks, causing shrinking bubbles to

continue shrinking until it becomes entirely submerged beneath the liquid surface.

However, we recall that in the instance of gas mixtures, as defined in Case Two,
the diffusion is driven by the partial pressures (see equation (6.4)) of the gas

components, leading to the more complicated diffusion equation

~ AV = AAt{ky (pA;pA) +k3(p3;p3)}. (H.2)
0 0

Here, the barred quantities denote properties of the atmosphere. We saw in Section
(.3.2 that the introduction of partial pressures allows for bubble growth (rather
than shrinking) under certain circumstances, particularly when the permeabilities

ka, kg of the two components are significantly different.

From equation (G.4) we see that £4 = 24 which allows us to rewrite equation (H.2)

in the form

AV k k P P

= BPB{—A<x—A—p—A)+<1—@)}. (H.3)
AAt Py ks \zp psB pB
We can rewrite (H.3) to determine a surface in phase space which separates growing

behaviour from shrinking behaviour. This is done by considering AV = 0 in (H.3),

equivalent to setting the curly braces equal to zero, resulting in

Ps _ (]
o =i (H.4)

x% denotes the critical value of the concentration at which AV = 0.
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In the simplest case of a mixed gas bubble open to the atmosphere which contains
only the soluble gas B, the partial pressures of the gases in the atmosphere are

simply given by

Pa = Tabhy=0 (H.5)
Pp = Iph=Fh. (H.6)

Taking the total pressure in the bubble as p;,, = p, (i.e. irrespective of whether or
not it is a mixture) and using (H.5) and (H.6) we further simplify equation (H.4)

to obtain

k 1 b2
- e =—1]. (H.7)
kB Ty PO+R_C

Equation (H.7) expresses the fact that for any mixture of gases with a fixed ratio
of permeabilities %3 and for any bubble size R, = S—m’”i& (see Appendix F), there is
a critical concentration x% of gas A for which the bubble neither grows nor shrinks.
Either side of this surface, growing or shrinking behaviour is observed (see Figure

6.2).

H.2 On Power Laws and Spherical Caps

As we noted in Section 6.4, the growing or shrinking of a surface bubble much
larger than the capillary length [y represents a special case. In this size regime, the
bubble shape is well approximated by a hemispherical bubble for which the radius
of curvature R, of the diffusing film is equal to the experimentally measured bub-
ble size x.. Further changes to the volume of these approximately hemispherical
bubbles does not significantly alter the bubble shape, leading simply to a similar
hemispherical bubble. The insensitivity of the overall bubble shape to changes in

volume gives rise to self-similar scaling laws which are asymptotically approached
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for large bubbles (i.e. they are only strictly true for exactly hemispherical bub-

bles). In the following sections, we will show how these scaling laws are derived

analytically for perfectly hemispherical bubbles.

H.2.1 Case One: Permeability kp

We begin our discussion of self-similar scaling with the familiar case of Case One,
the shrinking bubble. Consider a hemispherical bubble of radius R, resting atop a
flat surface and containing a (soluble) gas of permeability kp which is also present

in the surrounding atmosphere. Fick’s Law in this case is given

AV kpAAp

=t H.8
dt Py (5]
For a hemispherical bubble,
4o
Ap=— H.9
=5 (H.9)
A, = 2rR’, (H.10)
2
Inserting these equations (H.9) and (H.10) into equation (H.8) we obtain
dV  8mkgoR,
= == = H.12
dt Py ( )

If we now remember that the volume V on the left-hand side of this expression

depends explicitly on the radius R, we can make use of the identity

dV(R) dV(R,)dR. . _,dR,
PR TR L

(H.13)



Appendix H. Gas Diffusion in Bubbles 154

Inserting this result into equation (H.12) and simplifying we have that

RCdRC = _4]€BO'.

H.14
— 2 (H.14)

As we are considering a diffusion process, the change in volume is accompanied
by a similar change in the radius of the hemisphere. Denoting the initial radius of
the hemisphere as R.(ty) = Ry, we can integrate equation (H.14) with respect to

R, to give

R(t) = R2 - (t—to)| (H.15)

We note at this point that we recover an identical expression for the self-similar
shrinking of a spherical bubble. Physically, this implies that in the case of a shrink-
ing bubble, spherical and hemispherical bubbles of the same radius (of curvature)
R, will shrink such that they will always have the same radius of curvature R..
This is in spite of the fact that they have different volumes. We will comment on

this further in the next section.

H.2.2 Case Two: kg # 0 and kg =0

In the case where we have a mixture of gases of different solubilities (k4 < kp)
present, we have shown in Section H.1 that a bubble grows in time provided the
volume concentration of the less soluble gas is above some critical value z%. For
bubbles much larger than the capillary length, the partial pressure differences are
orders of magnitude larger than the Laplace pressure terms. In the extreme limit,
we can neglect the Laplace pressure terms altogether such that the diffusion is
driven solely by the partial pressure difference of the soluble gas B. Once again,

for a hemispherical bubble we have that
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Ap = g5l (H.16)
. = 2w R? (H.17)

2
e gng. (H.18)

As we did for Case One above, we insert these expressions into Fick’s Law for gas

mixtures, equation (H.2), to obtain

dV g /fA (2’/TR3) (.I'APO)
e = 5 : (H.19)

As in the previous section, we can use the fact that the bubble volume V is a

function of R, such that

3laVu
47

R dR, = dt, (H.20)

where Vj is the total volume of the insoluble gas A in the mixture, rather than its

volume ratio x 4.

Integrating this from R, to R.(t), we find that

6kaV4

R.(t)* = R} + (t — to) (H.21)

The inclusion of a volume V), of insoluble gas leads to a self-similar growth of the

radius (of curvature) of the bubble with time.

In contrast to the case in the previous section, the term on the far right-hand side of
equation (H.21) changes if a spherical bubble is considered instead of hemispherical
bubble, for the same total volume of gas V4. This difference is due to the form
of the pressure difference Ap for the two cases. The presence of R, explicitly in

the pressure difference for Case One allows an additional cancellation of terms
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in obtaining equation (H.14) which is not the case for Case Two. In this case,

considering a spherical bubble containing a mixture of gases gives

3kaVa

R.(t)* = R + (it —ita) (H.22)

From this, we see that the rate at which the radius of curvature R, increases
depends upon the ratio of insoluble gas volume V4 to the surface area of the
bubble, at least for bubbles represented by some section of a sphere (i.e. the cap
of a spherical cone). To illustrate this, we present the most general form of the

growth law for the case of a spherical cap.

As we did for the hemisphere, we begin by expressing the volume and surface area

of a spherical cap in terms of its radius of curvature R.. They are given by

W = gRi (2 — 3cos b + cos® 0) : (H.23)

and

Aap = 2mR2 (1 — cosb). (H.24)

where @ is the angle between a line from the edge of the spherical cap to the centre
of the sphere and a line joining the centre of the sphere to the centre of the cap.
These two expressions allow us to determine the value of § which gives one Zth

the volume of a sphere. Namely,

Ve _4m,3 T3 3
7 = 3ZRC = 3RC (2 — 3cos b + cos® 0) (H.25)

such that

=2-3y+y’=(1-v*)(y+2) (H.26)

NS
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where y = cosf.

This equation is solved for

Z . N —Z3 4972 + 9(TE— 5

y(Z) =
V—Z3 1272 22 25 Z

(H.27)

As a result of y depending exclusively on Z and not on R., we can simply include
it in our derivation of the hemispherical case, as a prefactor, to obtain the general

expression,

RtV =0 +

24k AV { 1 ] (t  to) (H.28)

This can more elegantly be expressed as

Ry= (i@t (H.29)

where

3kaVaZ?(1 —y(Z

g = 3kAVAZ22(;_y(Z))‘ (H.31)

b (H.30)
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