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ABSTRACT: In this paper we derive the exact expression for the reliability of a series system of
components of a dynamic structure subjected to a stochastic loading process. The reliability is
formulated in terms of the failure probability of this series system, where the failure for each component
is defined as exceedance of a critical level during a predefined period of time. It will be shown that the
failure probability of such a series system is given in terms of a multidimensional extreme value
distribution. Due to the availability of the recently developed ACER methodology, which allows a
precise estimation of multidimensional extreme value distributions, it is possible to estimate this

reliability.

1. INTRODUCTION

The estimation of the reliability of dynamic struc-
tural systems subjected to environmental loads,
meets with several challenges. One is the long term
perspective. In the case of e.g. a jacket platform
used for oil production at an offshore location, this
platform has to be designed to withstand the envi-
ronmental loads for a period of several decades. To
properly deal with this challenge ideally requires
long term modelling. This is often avoided by in-
troducing a simplifying procedure known as a de-
sign storm, which dramatically reduces the amount
of analysis needed. This simplifying procedure is
nowadays typically justified by using an environ-
mental contour method, cf. e.g. (Haver and Win-
terstein, 2008). The next challenge is how to for-
mulate the reliability problem itself. In this paper
we shall assume that the reliability problem can be
formulated as a series system of a few critical dy-
namic components, and that failure of the system
is related to first passage of critical response levels
over designated periods of time for the components
of the system.

We shall derive the exact expression for the re-
liability of such a series system of components of
a dynamic structure subjected to stochastic loading
processes. The reliability is formulated in terms of

the failure probability of this series system, where
the failure for each component is defined as ex-
ceedance of a critical level during a predefined pe-
riod of time. It will be shown that the failure prob-
ability of such a series system is given in terms of a
multidimensional extreme value distribution. Due
to the availability of the recently developed ACER
methodology, which allows a precise estimation of
multidimensional extreme value distributions, cf.
(Naess, 2011, 2023) and (Naess and Karpa, 2015),
it is in principle possible to estimate this reliability.

Relatively little work has been published on the
specific problem raised in this paper. The main rea-
son would seem to be the lack of effective meth-
ods for calculation or estimation of the reliability of
dynamic systems. Indeed, even the classical time-
invariant system reliability problems formulated in
terms of random variables, have yet to be solved
satisfactorily. Only approximate numerical proce-
dures have been developed, cf. e.g. (Naess et al.,
2009). It is therefore to be expected that the time-
variant system reliability problem, which from a
theoretical point of view would require much more
sophisticated methodologies, is still a long way off
from reaching satisfactory solution strategies, in
spite of recent efforts, cf. e.g. (Qian et al., 2023).
Hence, the purpose of this paper is not to claim the
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establishment of a fully workable solution, but only
to point out certain possibilities for obtaining ap-
proximate numerical estimates of the failure proba-
bility of dynamic systems applying the multidimen-
sional ACER method, cf. (Naess, 2011, 2023).

2. PROBLEM FORMULATION

Our problem formulation will be in terms of a
stochastic vector response process whose compo-
nents represent a set of selected structural responses
of a dynamic structure subjected to random envi-
ronmental loads like e.g. wave and wind loads. To
simplify the exposition, we have chosen to focus on
the bivariate case instead of the general multivari-
ate. The reason is mainly one of expediency, be-
cause the general multivariate case would require
a more heavy machinery of notation without con-
tributing to a deeper understanding of the issues in-
volved. And, in fact, the extension of the bivari-
ate to the general multivariate case is conceptually
rather straight forward.

Consider a bivariate stochastic response process
Z(t) = (X(t),Y(r)) with dependent component pro-
cesses, which has been observed over a time inter-
val, (0,7) say. Since a continuous in time stochas-
tic process has to be sampled in order to be stored
in a computer, assume that the sampled values
(X1,Y1),...,(Xn,Yy) are allocated to the (usually
equidistant) discrete times #1,...,ty in (0,7). The
selection of sampling frequency depends on the
purpose of the study. The reliability problem to
be studied in this paper can now be formulated in
terms of the following two extreme values over the
period (0,T): Myn = max{Xj;j = 1,...,N} and
MyN = max{Yj;j = 1,...,N}. The reliability of
the dynamic system is expressed in terms of the fol-
lowing failure probability relative to two first pas-
sage failure events,

r =Prob (M n > & UMy N > 1)

(D
—1 _PTOb( x,N > < éc ﬁ]WyN < nc)

where &. and 7. denote the critical response levels.
Therefore, the failure probability can be writ-
ten in terms of the joint probability distribution of
the extreme value vector (M y,Myy): P(E,n) =
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Prob(Mcy < ENMyy < 1) =
&My <)

Our goal in this paper is to construct a method-
ology that allows us to accurately determine empir-
ically the joint distribution function of the extreme
value vector (M, n,M, n), Specifically, we want to
estimate P(&,n) accurately for large values of &
and 1, providing an estimate of the failure proba-
bility by,

Prob( NS

Pf: 1 _P(éwnc)- (2)

For notational convenience, it is expedient to
introduce the non-exceedance event Cﬁkj(é,n) =
{(X; 1 <EYi<n,. X g1 <& Y k1 <1}
forl1 <k<j<N+1. Then from the deﬁnition of
P(&,m) it follows that,

P(&,n) =Prob(¢yy1n+1(§,M))
=Prob(Xy < &.,Yn <n|%ww(&.N))

(
-Prob(éwvn(€,1)) 3

(

(

:HZProb X;<&,Y;<nl|%;;(&n)
i
-Prob(¢n(&,1)).

Based on Eq. (3) and the properties of condi-
tional probability, a sequence of approximations
may be introduced which converges to the target
distribution P(&,n), cf. (Naess, 2011, 2023). In
practice, it is therefore assumed that the following
representation applies for a suitably chosen k: For

&M — oo,
P(&,n)

N
~ exp{

Y (ony (&) + By(m:8) — my(€m)) |-
j=k
4)

where we have used the notation oy;(§;n) =
Prob(X; > &|6;(§,m)), Brj(n:§) = Prob(Y; >
n ’Cgk](§7n)) and ij(éﬂ'l) = PI'Ob(X] > gan >
n|%xj(§,m)). Note that Eq. (4) applies equally
well to stationary and nonstationary time series.
This is due to the fact that the possible time de-
pendence of the conditional exceedance probabil-
ities o;(&: M), Brj(n:S) and (&, 1) has been re-
tained, which is reflected in the presence of the time
parameter j.
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From Eq. (4) it emerges that for the estimation of
the bivariate extreme value distribution it is neces-
sary and sufficient to estimate the sequence of func-
tions {on;(&:m) + Bj(m:€) — wy(E.m) Y, To
get a more compact representation, it is expedient
to introduce the concept of a k’th order bivariate av-
erage conditional exceedance rate (ACER) function
as follows: Fork=1,2,...,

&(8.m)
1 N
N—k+1 &
]_

&)

Hence, when N > k, we may write: For &, —

oo
b

P(G,m) ~exp{—

The numerical estimation of the bivariate ACER
function for the observed stationary or non-
stationary time series consists in counting of the ap-
propriate exceedance events. The estimation proce-
dure is derived in more details in (Naess and Karpa,
2015) or (Naess, 2023). Recently, a simplified
method has been proposed to replace the exact for-
mulation of the failure probability by constructing
a one-dimensional stream of peak events obtained
by coalescing the corresponding ones for all com-
ponents, cf. (Gaidai et al., 2022). In spite of state-
ments made by the authors, the proposed method
may give accurate results only for cases when the
components are nearly independent and have weak
memory effects, implying that K may have values 1
or 2, depending on how the data have been sampled.
If higher k-values are needed for accurate results,
the conditional counting will give different results
for the exact and the proposed simplified method,
which implies different reliability estimates.

(N—k+1)&(&mn)}. (6

3. TAIL REPRESENTATION OF THE EM-
PIRICALLY ESTIMATED ACER FUNC-
TIONS

It is evident, that, in general, the empirically esti-
mated k-th order bivariate ACER function does not
provide enough information for estimation of high
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quantiles of the joint extreme value distribution rel-
evant for reliability estimation. In addition, the ex-
act behavior of the bivariate ACER as a continu-
ous function of two variables cannot be decided us-
ing available statistical data. Therefore, the sub-
asymptotic functional form of the ACER surface
éx(E,m) can possibly be obtained approximately
by the copula representation of a bivariate extreme
value distribution.

From the result by Sklar (1959), for any pair of
random variables (X, Y) with marginal distribution

Z o (&) + B (M:€) — %;(€,m)) functions Fy(E) and Gy(n), the joint distribution

function H,,(&,n) = Prob(X < &,Y < n) can be
presented by a bivariate copula C(u,v) as follows:
Hy (&, M) =C(F(&), Gy(n)), cf. e.g. (Nelsen,
2006), (Balakrishnan and Lai, 2009). This result
applies to any bivariate extreme value distribution
as well.

Considering the above, and using the result of
Pickands (1981), any bivariate extreme value distri-
bution Hy(&, n) with marginal univariate extreme
value distributions Fy (&) and Gy (1) is given by the
formula,

Hy(&,m) = exp{ log (F()G,y ()

log (F(&))
(mw@cm)t @

where the Pickands dependence function Z(-) is
a convex function and satisfies Z(x) : [0,1] —
[max(x, 1 —x), 1], cf. (Gudendorf and Segers,
2010).

We assume that asymptotically consistent
marginal extreme value distributions F(&) and
Gy(n) are represented by the corresponding
univariate ACER functions, that is,

F(&)~exp{—(N—k+1)&(&
Gy(n) ~exp{— (N—k+1)g (n

)} E>¢&,

} n>7717
(8)

where the sub-asymptotic functional form of the
univariate ACER function is represented as & (§) =
q' exp{—a}(& — b})%} with a similar definition of
& (1), cf. (Naess and Gaidai, 2009).

Now, substituting Eq. (8) into Eq. (7) the fol-
lowing representation of the bivariate extreme value
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distribution applies:

Ho(&,m) =exp{ = (V—k+1) (&) +&}(m))

()
7 (eg<5>k+s,§<n>> Foo

On the other hand, as we have discovered before
in Eq. (6), the bivariate extreme value distribution
can be expressed through the bivariate ACER func-
tion: ny(évﬂ) = eXP{—(N—k‘f'l)gk(éan)}
Thereby, the functional form of the bivariate ACER
surface can possibly be obtained by:

e = (s10) + ) 7 (o hons ).
(10)

Consequently, our aim now is to find the depen-
dence function Z(-) that would provide optimal fit
of the parametrical surface defined by Eq. (10) to
the empirical bivariate ACER & (&,1).

Subject to the form of the dependence function
9(-), different parametric differentiable and non-
differentiable models can be considered. A differ-
entiable model suitable for our purpose is acquired
by setting 2(x) = [x" + (1 —x)"]"/™ for m > 1.
This is the Gumbel logistic (GL) model (Gumbel,
1961; Hougaard, 1986). The functional form of the
bivariate ACER surface in the GL case becomes,

1

%(Em) = (618)" + (&(m)"]".

which is a form that can easily be extended to any
dimension. A good discussion of possible exten-
sions to higher dimensional forms is provided by
Beirlant et al. (2004).

In the dependence function Z(-) for the GL
model, Tawn (1988) added extra parameters ¢ and
0 to get further flexibility. This leads to the Asym-
metric logistic (AL) model, which sets Z(x) =
[0"x"™ + 0™ (1 —x)"]"/"™ 4+ (0 —¢)x+1—6 with
0<60<1,0<¢ <1, m>1. The functional form
of the bivariate ACER surface in the AL case is ob-
tained as,

(11)

aA(Em) = [(oei@)" + (6el(m)"]”
(-0 +(1-0)em)

(12)
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The optimal parameters m* for 4(&,n) and 6*, ¢*
and m* for <% (&,M), can be found by minimizing
a mean square error function. We discuss this only
for the case of @%(&,n), since the case of % (&,n)
then follows easily. Specifically, the mean square
error function for <7(&,n) is defined as,

F(m,0,0)=
Ny N ) ,
Y ngj(logéak(éi,nj)—logﬂfk(@i,m)> :

j=li=1
(13)

where Ng, Ny are numbers of levels & and n, re-
spectively, at which the ACER function have been
empirically estimated, and w/ = Wij /LY w;; with,

wij = (logCI" (&,1)) —logCI(éi,nj))_zém)

denoting normalized weight factors that put more
emphasis on the more reliable estimates.

The constrained optimization problem with the
objective function F defined in Eq. (13), is written
as,

{F(m,9,¢)—>m1n, (15)
{m,0,¢9} € &,

with a constraints domain,

S ={{m, 0,0} R’ | 0,¢ €[0, 1]; me [, +)}.
(16)

A simple and usually effective procedure for es-
timating the reliability without having to construct
multidimensional copulas, is obtained by using the
enhanced Monte Carlo method, cf. (Naess et al.,
2009). Adapted to the present scenario, one would
proceed to estimate Pr(A) = P(A&.,An.) for a
range of A values for 0 < A < 1 directly from the
multidimensional empirical ACER surface using
Eq. (6). Since the empirical ACER function typi-
cally does not allow a direct estimate of Py = P(1),
it would be obtained by extrapolation of the avail-
able estimated P(A) values as explained in (Naess
et al., 2009).
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4. NUMERICAL EXAMPLE

Since the purpose of this paper is one of demon-
strating a possible procedure for deep tail estima-
tion of multivariate extreme value distributions by
applying the ACER method, we have chosen to
utilize data easily available to us. Our example
will be using the results obtained by Naess and
Karpa (2015). The simultaneous wind speed data
measured along the Norwegian coast at Sula and
Nordgyan Fyr weather stations (station numbers
are 65940 and 75410, respectively), were analyzed
to obtain numerical estimates of bivariate extreme
wind speeds.

The hourly maximum of the three seconds wind
gust (10 meters above the ground) were recorded
during 13 years (1999 - 2012). Figure 1 demon-
strates the plot of the observed data. This plot re-
veals a rather strong dependence between the two
time series.

1, Nordoyan wind speed [m/s]

o 10 20 30 40
£, Sula wind speed [m/s]
Figure 1: Coupled observations of Wind speed data ob-
served at the Sula station (& axis) and at the Nordpyan
Fyr station (1 axis).

The Pearson product-moment correlation coeffi-
cient is found to be p = 0.73. The Kendall’s rank
correlation coefficient is T = 0.5 and Spearman’s
p equals to 0.68, which also indicates a nonlin-
ear relationship between Sula and Nordgyan wind
speeds.

It was decided to divide the data series into 13
one-year records for the analysis. By this, also the
standard deviation of the ACER function estimates
can be calculated fairly accurately.
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The univariate ACER functions were estimated
first, using the Matlab-based standalone download-
able application (Karpa, 2012). In Figures 2 - 3
the cascade of €; ... &y are plotted versus different
wind speed levels. Both figures reveal that there is
significant temporal dependence between consecu-
tive data. It is also seen that this dependence effect
is largely accounted for by k = 24 since there is a
marked degree of convergence in the tail of & for
k > 24 in both cases. Here, for k = 96, which cor-
responds to conditioning on data recorded up to 4
days earlier, €y is considered to represent the final
converged results, since €y ~ & for k > 96 in the
tail. Therefore, there is no need to consider condi-
tioning of an even higher order than 96. Also note
that 4 days is a typical separation of wind speed
data adopted in the declustering process to achieve
independence between the data used in e.g. a peaks-
over-threshold analysis. Figures 2 - 3 also demon-
strate that for extreme value estimation & can be
used since the ACER functions all coalesce in the
far tail. This makes it possible to choose k = 1,
which makes much more data available for estima-
tion, with a possible reduction of uncertainty in es-
timation as a result.

1
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Figure 2: Comparison between ACER estimates for
different degrees of conditioning. Wind speed data from
the Sula station.

The cascade of estimated bivariate ACER sur-
faces &¢(&,m) is shown in Figure 4. Matlab pro-
grams for ACER 2D analyses are available, cf.
(Karpa, 2014). &.(&,n) with k = 1 is the upper-
most. As itis seen from the figure, the cross-section
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20 23 30 35 a0
1
Figure 3: Comparison between ACER estimates for
different degrees of conditioning. Wind speed data from
the Nordgyan Fyr station.

of the surfaces at the high value of wind level n
gives the univariate ACER functions of the wind
speed data from the Sula station, while the cross-
section at a high level of £ represents the univariate
ACER of the time series from the Nordgyan Fyr.

15 20 55 15

g

Figure 4: Comparison between Bivariate ACER surface
estimates for different degrees of conditioning. é(&,1M)
surfaces are plotted on a logarithmic scale.

Parameters of the optimal AL fit are my =
2.44,0 = 0.86,¢0 = 0.92 and of the GL fit is mg =
2.01.

Figure 5 shows the contour plot of the optimized
AL <% (&,n) and the optimized GL % (&, n) fits to
the data for &(&,n) surface for k = 1 and k = 96,
respectively. The contour lines of three surfaces are
plotted for those levels of & and 17, where the bivari-
ate ACER surface &;(€,n) have been empirically
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estimated.

45F

40f

351

30f

20

2;() '.’IS 3‘() 3‘5 4:()
&
Figure 5: Contour plot of the empirically estimated &
surface, and the optimized GL %, and optimized AL <7}

surfaces based on marginal univariate ACER. Boxes
indicate levels on a logarithmic scale.

The figure reveals that the empirical bivariate
ACER surface & captures high correlation between
the data, and so do the optimally fitted ¢; and <7
surfaces.

It is noticeable that the level of agreement be-
tween the estimated bivariate ACER and both the
optimized AL and the GL surfaces is equally sig-
nificant. It is also important to keep in mind that
the empirical bivariate ACER & is the only dis-
crete surface. The MATLAB (2009) built-in routine
contourc that has been used to obtain the figures,
calculates the contour lines by producing a regu-
larly spaced grid determined by the dimensions of a
surface. Therefore, it evidently generates a certain
spacing inaccuracy of the ACER &, surface level
lines plot. In addition, the figures ascertain that the
optimized AL and GL surfaces conform at a level
sufficient to affirm that they actually coincide.

Thereby, the optimized GL model with asymp-
totically consistent marginals obtained from the op-
timized univariate ACER, can be used as the para-
metric representative of the bivariate ACER surface
estimated from the given data set. This is signifi-
cant since the extension of the GL model to higher
dimensions is straightforward, cf. Eq. (11). How-
ever, to what extent that simple extension is accu-
rate enough for higher dimensions, has yet to be
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verified. Unfortunately, computer programs for cal-
culating the ACER functions has so far not been de-
veloped for dimensions higher than two.

5. CONCLUSIONS

The main purpose of this paper has been to demon-
strate that the ACER method allows the estimation
of the failure probability of a series system of dy-
namic response processes where failure is given by
a first passage event. The specific demonstration
has been for the case of two response processes.
The main reason for this is that there are at this time
no computer programs available for estimation of
ACER functions for dimensions greater than two.
However, the bivariate case clearly illustrates that
the ACER method offers an interesting approach
to the estimation of the failure probability of a dy-
namic series system. Future efforts should be di-
rected towards establishing computer programs to
estimate higher dimensional ACER functions from
measured or simulated data.
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