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Tightening Durbin-Watson Bounds 

D E N I S C O N N I F F E * 

The Economic and Social Research Institute 

Abstract: The null distribution of the Durbin-Watson statistic, used in testing for serial 
correlation in regression disturbances, depends on the explanatory variable values. Although 
modern computing power makes it feasible to obtain exact critical values in any specific case, 
bounds to critical values used to be widely employed and sometimes still are. Much research was 
motivated by the ambiguity resulting from a test statistic falling inside the bounds, but one very 
simple approach to tightening bounds was overlooked. I t is worth recording, if only for its 
pedagogic interest and possible applicability to other problems. 

I I N T R O D U C T I O N 

T h e l i n e a r r e g r e s s i o n m o d e l w i t h pos s ib ly a u t o c o r r e l a t e d d i s t u r b a n c e s 

is 

y ^ x ^ B + ej i = l , 2 , . . . , n , 

w h e r e X ; a n d B are k vec to r s o f exogenous v a r i a b l e s a n d coef f ic ien t s a n d 
e i = P e i - i + u i - T h e u ; a re a s s u m e d i n d e p e n d e n t l y n o r m a l l y d i s t r i b u t e d w i t h 

m e a n s zero a n d va r i ances a 2 . F o r t e s t i n g t h e n u l l hypo thes i s p = 0 a g a i n s t t h e 

a l t e r n a t i v e p > 0, D u r b i n a n d W a t s o n (1950) cons ide red g e n e r a l t e s t s t a t i s t i c s 

o f t h e f o r m 

e ' A e / e ' e = e ' M A M e / e ' M e , (1) 
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w h e r e A i s a n y r e a l , s y m m e t r i c m a t r i x , e ; = y j - x - B a n d B is t h e o r d i n a r y 
l e a s t s q u a r e s e s t i m a t o r o f B w i t h a n i n t e r c e p t i n c l u d e d , so t h a t 
e ; = { I - X ( X ' X r 1 X ' } e i = M e i ; w h e r e X ' = ( x a , x 2 , x n ) . N o t i n g t h a t M i s 
s y m m e t r i c a n d i d e m p o t e n t w i t h n - k e i g e n v a l u e s e q u a l t o u n i t y a n d k 
e igenva lues e q u a l t o zero, i t f o l l o w e d t h a t (1) equals 

n - k n - k 
I V i Z f / I zf, 
1 1 

(2) 

w h e r e t h e z ; a re i n d e p e n d e n t l y n o r m a l l y d i s t r i b u t e d w i t h m e a n s zero a n d 

va r i ances o 2 a n d t h e v ; a re t h e n - k non-zero e igenvalues o f t h e m a t r i x M A . I n 

c o n t i n u i n g t o t h e a c t u a l t e s t t h a t bea r s t h e i r n a m e s , D u r b i n a n d W a t s o n 

(1951) t o o k A t o be t h e f i r s t - d i f f e r e n c i n g m a t r i x 

1 - 1 0 0 
- 1 2 - 1 0 
0 - 1 2 - 1 

0 
0 

0 
0 
0 

(3) 

- 1 2 - 1 
0 - 1 1 

so t h a t t h e t e s t s t a t i s t i c (1) c a n be w r i t t e n i n t h e f a m i l i a r f o r m 

X ^ - e ^ / I e ? . (4) 

D u r b i n a n d W a t s o n (1950) also s h o w e d t h a t i f t h e e igenva lues o f A , o t h e r 
t h a n those assoc ia ted w i t h a poss ib le s < k e igenvec tors c o n s i s t i n g o f l i n e a r 
c o m b i n a t i o n s o f t h e c o l u m n s o f X , are X1; A, 2 , A , n . s , t h e n 

^ < V i S X i + k _ g , (5) 

w h e r e b o t h sets o f e i g e n v a l u e s a r e n u m b e r e d i n a s c e n d i n g o r d e r o f 
m a g n i t u d e . I n t h e f a m i l i a r case o f A = (3) , t h e vec tor o f u n i t s c o r r e s p o n d i n g t o 
t h e i n t e r c e p t i s a n e igenvec tor o f (6) , so s = l a n d (5) becomes 

T h e a l e v e l c r i t i c a l v a l u e o f (2) cou ld be f o u n d b y s o l v i n g for d a i n 

P r | n i ( V i - d 0 ) z ? <oj = a, (6) 



b u t as t h e v s d e p e n d o n X , t h e v a l u e w o u l d change w i t h t h e d a t a set, so 
g e n e r a l l y a p p l i c a b l e t ab l e s o f c r i t i c a l v a l u e s c a n n o t be o b t a i n e d . I n s t e a d 
D u r b i n a n d W a t s o n u t i l i s e d t h e i n e q u a l i t i e s (5 ) t o o b t a i n t h e b o u n d s , 
i n d e p e n d e n t o f X , 

n - k 0 n - k 0 n - k 0 n - k „ 
L = I A-jzf / I z f a n d U = I X i + k _ 8 z ? / I z f . (7) 

1 1 1 1 

W h e n A is g i v e n b y (3) , D u r b i n a n d W a t s o n (1951) p r o v i d e d t ab le s o f L a n d U 
for r anges o f n a n d a. Since L < d a < U , va lue s o f (4) be low L i m p l y r e j e c t i o n 
o f p = 0 a n d va lues above U i m p l y i n a b i l i t y t o re jec t , a n d these b o u n d s do n o t 
d e p e n d o n X . H o w e v e r , a p r o b l e m r e m a i n e d w h e n v a l u e s o f (4) f e l l i n t h e 
i n c o n c l u s i v e r e g i o n b e t w e e n t h e b o u n d s a n d m u c h w o r k has been d e v o t e d to 
s e e k i n g t i g h t e r bounds , o r a p p r o x i m a t i o n s to t h e exac t d i s t r i b u t i o n o f (4) , o r 
e v e n a l t e r n a t i v e t e s t c r i t e r i a . T h e r e s e a r c h h a s b e e n s u m m a r i s e d i n t h e 
r e v i e w s b y D u r b i n a n d W a t s o n (1971) , H a r r i s o n (1972) a n d K i n g (1987) . T h i s 
pape r describes a s imple , b u t somet imes q u i t e effect ive, a p p r o a c h to a d j u s t i n g 
b o u n d s t h a t seems t o h a v e b e e n m i s s e d i n t h e l i t e r a t u r e . N o w a d a y s , 
c o m p u t i n g p o w e r p e r m i t s m e t h o d s t h a t w o u l d once h a v e been p r o h i b i t i v e l y 
t i m e c o n s u m i n g a n d exac t s o l u t i o n o f (6) b y t h e I m h o f ( 1 9 6 1 ) a l g o r i t h m i s 
feas ib le . H o w e v e r , a p p l i e d economis t s s o m e t i m e s s t i l l use b o u n d s a n d t h e 
a p p r o a c h i s o f pedagogic i n t e r e s t a n d m a y p e r h a p s be a p p l i c a b l e t o o t h e r 
p rob l ems . 

I I M O D I F I E D B O U N D S 

T h e b o u n d s (7) t a k e no account o f X , w h i l e s o l v i n g (6) for each X i s a m a j o r 
c o m p u t a t i o n . B u t t a k i n g some accoun t o f X n e e d n o t be c o m p u t a t i o n a l l y 
d e m a n d i n g a n d , as D u r b i n a n d W a t s o n (1950) r e m a r k e d , t h e t r a c e o f M A i s 
r e l a t i v e l y s i m p l y o b t a i n e d g i v e n t h a t s t a n d a r d r e g r e s s i o n c a l c u l a t i o n s h a v e 
been p e r f o r m e d . L e t c = t r A - t r M A so t h a t £v + c = IX. 

T h e n 

n - k j 

v i = X i + k _ B - ( c - X 1 - X 2 - . . . - ^ k _ s ) + I ( l - 5 j ) a j + k _ s - V j ) , 

1 

w h e r e 8 denotes K r o n e k e r de l t a . Since A , j + k _ s > Vj 

vi>Xi+k_s-(c-X1-X2 - ... - X , k _ s ) . 
So 

n - k o n - k 0 n - k 9 n - k 0 

X v i Z f / I zf > I A, i + k _ g zf / I z f - ( c - ^ - ^ 2 -
1 1 1 1 



F r o m (7) t h e n , 

U - C c - ^ - ^ - . . . - ) i k . s ) < d a < U . (8) 

A p rec i se ly s i m i l a r a r g u m e n t leads t o 

L < d a < L + a n_ s + ^ n _ s _ 1 + . . . + X n _ k + i - c ) . (9) 

So t h e r e a r e t h r e e sets o f b o u n d s w i t h (8) a n d (9) d e p e n d i n g o n X o n l y 
t h r o u g h c, w h e r e 

c = t r A - t r M A = t r X ( X / X ) _ 1 X ' A = t r X ' A X f X ' X r 1 . (10) 

F o r t h e A m a t r i x (3) t h i s becomes 

c = 2 jk - i x | ( x ' X ) " 1 x . _ 1 - i x

,

1 ( x ' x r 1 x 1 - - i x ' j x - x r ^ j . ( I D 

F o r t h e case o f k = 2 , a s i ng l e e x p l a n a t o r y v a r i a b l e a n d a n i n t e r c e p t , (11) 
becomes 

c = 2 - 2 S £ x i x i _ 1 / S j x f - ( X j - x ) 2 / S j x f - ( x n - x ) 2 / S"x?. 

I f t h e e x p l a n a t o r y v a r i a b l e i s h i g h l y p o s i t i v e l y s e r i a l l y co r r e l a t ed , c - ^ w i l l 
be s m a l l , w h i c h sugges ts t h a t (8) w i l l g ive t h e t i g h t e s t b o u n d . W i t h h i g h 
n e g a t i v e s e r i a l c o r r e l a t i o n c - A.x w i l l be l a rge , so t h a t i f a n y i m p r o v e m e n t o n 
(7) i s poss ib le , i t w i l l be because A, n _ s - c i s s m a l l g i v i n g advan t age t o (9) . F o r 
e x a m p l e , fo r n = 15, X x = .0437 a n d t h e ( a = .05) va lues o f L a n d U are 1.077 
a n d 1.361 r e spec t ive ly . I f t h e x va lues are t a k e n to be t h e h i g h l y t r e n d e d set 

3.5, 3.5, 3.8, 4 . 1 , 4.5, 4.7, 4.9, 5.3, 5.6, 5.9, 6.3, 6.6, 6.8, 7.0, 7 . 1 , 

w i t h t h e s e r i a l c o r r e l a t i o n a p p r o x i m a t e l y .99, c = . 0 4 8 1 , so t h a t t h e b o u n d s 
(8) , r e m e m b e r i n g t h a t s = 1, are t h e v e r y t i g h t 1.355 to 1.359. H o w e v e r , i f t h e 
x v a l u e s a re r e a r r a n g e d t o e x h i b i t a h i g h n e g a t i v e s e r i a l c o r r e l a t i o n o f a b o u t 
- . 9 b y t h e o r d e r i n g 

3.5, 7 . 1 , 3.5, 7.0, 3.8, 6.8, 4 . 1 , 6.6, 4.5, 6.3, 4.7, 5.9, 4.9, 5.6, 5.3, 

c = 3 . 6 4 8 1 so t h a t b o u n d s based o n (8) are useless. B u t Xu = 3 .9563 so t h a t 
A, 1 4 - c = .2722 . T h e n (9) g ives b o u n d s o f 1.077 a n d 1.349, w h i c h do i m p r o v e 



s o m e w h a t o n t h e t a b l e bounds . O f course , i f s e r i a l c o r r e l a t i o n i s n o t h i g h 
n e i t h e r (8) or (9) i m p r o v e o n t h e D u r b i n - W a t s o n bounds . 

F o r s eve ra l e x p l a n a t o r y v a r i a b l e s , t h e p o s s i b i l i t y o f i m p r o v e m e n t s seems 
to d e p e n d o n t h e u n i f o r m i t y o f p o s i t i v e or n e g a t i v e s e r i a l c o r r e l a t i o n . T a k i n g 
squares o f t h e s t r o n g l y t r e n d e d set as a second e x p l a n a t o r y v a r i a b l e i n t h e 
n = 15 e x a m p l e , g ives c = .2423. T h e e i g e n v a l u e 1%= .1729, so c - Xi - X2 = 
.0257. T h e D u r b i n - W a t s o n t a b l e b o u n d s (<x= .05) a re L = .946 a n d U = 1.543, 
w h i l e (8) n o w g ives t h e f a r t i g h t e r 1.517 t o 1.543. O n t h e o t h e r h a n d , i f t h e 
t r e n d e d v a r i a b l e a n d t h e n e g a t i v e l y s e r i a l l y c o r r e l a t e d v a r i a b l e g e n e r a t e d b y 
r e o r d e r i n g i t a re t a k e n as t h e t w o e x p l a n a t o r y v a r i a b l e s , t h e v a l u e o f c = 
3.763. T h e n c - %i - ^ 2 i s too l a r g e for (8) t o be u se fu l a n d , s ince = 3 . 8 2 7 1 , 
^14 + 1̂3 - c is also too l a r g e for (9) t o be useful . 

I l l C O N C L U D I N G R E M A R K S 

T h e r e m a y be scope for a p p l y i n g t h e a p p r o a c h to seek t i g h t e r b o u n d s fo r 
o t h e r t e s t s t a t i s t i c s . E q u a t i o n s (1) , (2) , (5) a n d (6) h o l d for a n y r e a l s y m m e t r i c 
m a t r i x A , as do t h e a r g u m e n t s t h a t l e d t o (8) a n d (9) . T h e r e d u c t i o n o f (10) t o 
(11) w o u l d n o t h o l d , o f course , b u t t h e c o m p u t a t i o n o f (10) i s n o t one rous . 
O t h e r A m a t r i c e s besides (3) h a v e been u s e d i n t h e l i t e r a t u r e . K i n g (1981a ) 
p roposed a n a l t e r n a t i v e t e s t s t a t i s t i c to (4) fo r t h e s t a n d a r d r e g r e s s i o n case 
a n d also cons ide red bounds for t h e classes o f r e g r e s s i o n m o d e l s t h a t a l w a y s 
c o n t a i n a n e x a c t t i m e t r e n d or seasona l d u m m y v a r i a b l e s ( K i n g , 1981b , 
1983) . T h e r e m a y also be o t h e r p o t e n t i a l a p p l i c a t i o n s , as s i m i l a r express ions 
t o (2) a r i s e w i t h o t h e r t es t s , for e x a m p l e w h e n t e s t i n g fo r a u t o c o r r e l a t i o n 
u s i n g o r d i n a r y l eas t squares r e s idua l s a n d t h e c u m u l a t e d p e r i o d o g r a m . 

R e t u r n i n g to t h e D u r b i n - W a t s o n bounds , m o d i f i c a t i o n s c o u l d p r o b a b l y be 
f u r t h e r i m p r o v e d u p o n b y u s i n g m o r e i n f o r m a t i o n a b o u t X t h a n i s c o n t a i n e d 
i n t r A - t r M A . F o r e x a m p l e , t h e r e i s a cons iderab le m a t h e m a t i c a l l i t e r a t u r e 
o n b o u n d s for e igenva lues deduc ib le f r o m l a r g e s t a n d s m a l l e s t e l emen t s , r o w 
s u m s etc., o f a m a t r i x . B u t , as a l r e a d y m e n t i o n e d , m o d e r n c o m p u t i n g p o w e r 
i m p l i e s t a b l e s o f b o u n d s fo r D u r b i n - W a t s o n c r i t i c a l v a l u e s a re n o t i n d i s ­
pensab l e , b u t c o n v e n i e n t a t m o s t . So, u n l e s s t h e t a b l e m o d i f i c a t i o n s a re 
s t r a i g h t f o r w a r d , one m i g h t as w e l l solve (6) d i r e c t l y . 
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