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ABSTRACT: A Wiener path integral (WPI) technique for determining the survival probability of
nonlinear oscillator subject to nonstationary stochastic and periodic combined excitation is developed in
this paper. Specifically, the response of nonlinear oscillator subject to nonstationary stochastic and
periodic excitation can be approximated by the combination of a zero-mean nonstationary component
and a periodic component. Specifically, the concept of Wiener path integral in conjunction with
stochastic averaging/linearization is utilized to obtain the nonstationary response probability density
function (PDF) of the stochastic component. Next, relying on the Wiener path integral method with the
concepth of most probable path yields a closed-from approximate analytical expression of joint
transition PDF for small intervals corresponding to the equivalent linear SDE. Finally, relying on the
analytical expression of the transition PDF of the equivalent linear system in conjunction of a discrete
version of Chapman-Kolmogorov (C-K) equation, the survival probability of the original oscillator
under combined excitation can be determined step by step. A Duffing oscillator is considered to
demonstrate the accuracy and efficiency of the proposed method, compared with pertinent Monte Carlo

simulations.

1. INTRODUCTION

Monte Carlo simulation (MCS) (Rubinstein
(2008)) can be applied to assess the reliability of
the stochastic systems, for example the determi-
nation of the survival probability. To improve
the computational efficiency of MCS, especially in
some scenarios where the occurrence probability
of the event is small or the whole nonlinear sys-
tem is rather complex, many numerical or analyti-
cal approximate methods have been developed, in-
cluding stochastic averaging/linearization (Roberts
and Spanos (1986); Spanos and Kougioumtzoglou
(2014)), probability density evolution method (Li
and Chen (2009); Xu et al. (2022)), method based
on response statistics (Vanmarcke (1975); Bar-
bato and Conte (2011)), Galerkin scheme (Spanos
et al. (2016); Di Matteo et al. (2018)), Wiener

path integral (Kougioumtzoglou and Spanos (2012,
2014); Zhang et al. (2021); Petromichelakis and
Kougioumtzoglou (2020)) and so on. To extend
the response determination and reliability assess-
ment to the combined excitation scenarios such as
the rotary machinery under earthquake (Iwatsubo
et al. (1979); Soni and Srinivasan (1984)), and the
dams excited by the water waves and earthquake
(Spencer et al. (1990)), several approximate meth-
ods (Zhu and Guo (2015)) have been developed to
obtain the response of the system under combined
loads.

In this paper, an approximate analytical Wiener
path integral (WPI) technique for determining the
survival probability of nonlinear oscillator subject
to nonstationary stochastic and periodic combined
excitation is developed. This is done by resorting
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to the decomposition of system response into two
parts, namely a zero-mean nonstationary stochastic
component and a deterministic component. Rely-
ing on the concept of Wiener path integral in con-
junction with stochastic averaging/linearization, the
analytical expression of joint transition probability
density function (PDF) for small intervals corre-
sponding to the stochastic component can be ob-
tained. In this regard, the response and survival
probability of the original oscillator under com-
bined excitation can be determined step by step.

2. STOCHASTIC AVERAGING TREATMENT FOR
COMBINED EXCITATION
Consider a nonlinear single-degree-of freedom
(SDOF) oscillator subject to combined periodic and
evolutionary nonlinear excitation whose governing
equation is given by (Han et al. (2022))

(1) + Box(t) + g(x,%) = w(t) + Fisin(@yr) (1)

where x represents the nonlinear system response
displacement, and a dot over a variable denotes dif-
ferentiation with respect to time ; g(x,Xx) denotes
an arbitrary nonlinear function; By = 2{pay is a lin-
ear damping coefficient in which {y and @y rep-
resent the corresponding linear system; w(z) is a
Gaussian zero-mean evolutionary nonlinear process
with the power spectral density (PSD) S,,(w,?); F
and @; represent the amplitude and frequency of
the harmonic excitation component, respectively.

Next, following Spanos et al. (2019), the re-
sponse of Eq.(1) is approximately decomposed into
a combination of a deterministic and stochastic
component, given by

x(t) :Hx(t)+)e(l) (2)

where ,(¢) is the deterministic component; and
%(t) is the Gaussian zero-mean nonstationary
stochastic component. Employing Eq.(2), and tak-
ing expectation, yield a deterministic sub-equation

as

[lx(t) + ﬁO.ux(t) + E[g(.ux + X, Ly —|—)€)] = F Sin(w1t>

3)
where E[-] is the mathematical expectation operator.
While, the corresponding stochastic sub-equation
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can be derived as following

X(t) + Bok(t) + (e, fre, 2(2),2()) = w(r) (4
where
R, fl, £(2), £(2)) =g (M + %, [+ X) 5)

—Efg(te+ £ fe + )]

Relying next on the assumption of lightly damp-
ing (i.e., {y << 1) in the system, and slowly time-
varying property of the evolutionary power spec-
trum S, (@,?), it can be argued (e.g.Spanos and
Lutes (1980)) that the response of stochastic com-
ponent X in Eq.(4) exhibits a pseudo-harmonic be-
havior, which can be described by the following
equations

£=A(t)cos[w(A)r+ ¢(1)] (6)
and
£=—w(A)A(t)sin[w(A)t + ¢ (1)] (7)

where A and ¢ denotes the slowly varying time de-
pendent response amplitude and phase of stochastic
component X , respectively.

Further, following the stochastic averaging/lin-
earization scheme leads to a linearized version of
Eq.(4) with amplitude dependent coefficients, given

by
)E(t) + ﬁ(A))?(t) + a)Z(A))E(t) = w(t) (8)
where
1 2 )
BA)=Po— Zaaray b 0¥ o
’ h(»u’)b .u)hACOS W? —A(D(A) Sil’l W)dll/
and
1 21
w?(A) = n_A/o cos Yy (10)

(s flr, Acos W, —A@(A) sin y)dy

It is noted that the amplitude dependent coeffi-
cients B(A) and ®(A) in Eqs.(9-10) can be de-
rived by minimizing the error between Eqs.(4) and
(8) in mean square sense (eg.Kougioumtzoglou and
Spanos (2009)). Next, the corresponding equivalent
time-dependent damping and stiffness coefficients
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can be derived by taking expectation on both sides
of Eqgs.(9-10), as

—+o0

o) =E[B) = [ Bla)planaa ()

and

00 =El0*@)] = [ o(A)p(Anda (12)
eq 0 9

where p(A,t) represents the nonstationary oscilla-
tor response amplitude PDF of stochastic compo-
nent £. In this regard, replacing B(A) and w?(A)
in Eq.(8) by Eqgs.(11-12) respectively, yields the
equivalent linear SDE with time dependent coeffi-
cients as following

R(1) + Beq (1)3(7) + 02 (1)2(r) = w(r)

Next, adopting a standard stochastic averag-
ing treatment (e.g.Kougioumtzoglou and Spanos
(2012); Roberts and Spanos (2003)) and manipu-
lating Eq.(13) yields a first-order Ito SDE

) = () + Ty T

Sy (eq(2),1)
o) n(t)

(13)

where 1(¢) denotes a Gaussian zero-mean station-
ary white noise process with intensity one with
E[n(t)] =0 and E[n(#)n(t + 7)] = o(7), in which
0(+) is the Dirac function. Thus, the correspond-
ing Fokker-Planck (F-P) partial differential equa-
tion (e.g.Grigoriu (2013)) becomes

S == 5= JBaon

TSy (Weq(t),1)
ety )

1 9% | 7S (weq(t),1)
20A2 w2, (t)

(15)

P(Aaf\Al,tl)]

where p(A,t|Ay,t)) represents the transition PDF
from state (Aj,f;) to a new state (A,r). It is
noted that Eq.(15) is satisfied by a solution of the
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Rayleigh distribution form (see Kougioumtzoglou
and Spanos (2009, 2013))

p(A,r) = %GXP {—%;)}

for p(A,t|A; = 0,11 = 0) = p(A,t), where ¢(t) de-
notes the variance of the stochastic component £.

Further, substituting Eq.(16) into the correspond-
ing F-P Eq.(15) in conjunction with the initial con-
dition (i.e. p(A,r =0) = 6(A)), yields

(16)

TSy (Weq(t),1)
WF(c(1))
In this regard, the above Egs.(3)and (17) be-

comes the coupled set of ordinary differential equa-

tions (ODEs) in terms of the mean pi, (), t:(¢) and

the variance c(t).

¢(1) = —Beq(c(t))e(t) + (17)

3. WIENER PATH INTEGRATION FOR DETER-
MINING THE TRANSITION PDF

In this section, a Wiener path integration method
(see Wiener (1921); Chaichian and Demichev
(2001)) is utilized for determining the transition
PDF for stochastic component X under nonstation-
ary excitation (e.g.Zhang et al. (2021)). Assum-
ing that the nonstationary excitation S, (®,t) is
slowly varying with time ¢, the nonlinear response
of stochastic component can be approximated as
the Gaussian same nonlinear system excited by the
white noise v,,(¢) with the power spectrum Seq,, =
Sy (@eq(t),t),t € [tm—1,tn] for this short time inter-
val At = Aty, = (ty — tm—1) — 0, given by

FO+ B (R0 0, (020 =),

tE [tm-1,tm),m=1,2,--- M
where M is the total number of short time intervals
for the considered time duration.

Next, employing the standard WPI technique, the
joint transition PDF p(%, X, tm|%m—1,%m—1,tm—1)
from a state X, 1,Xm_1,tm—1 tO a new state
KmsXm,tm Wwithin a short time interval Ar =
Aty, = (ty — ty—1) — 0 can be represented as a
functional over the space of all possible paths
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C{J’C\myx/\m; I Xm—1,Xm—1,tm—1 }9 giVen by

{xAm a)ém atm}

p(fma)ématmﬁm—l;)ém—l7tm—1) :/ .
{xAmfl :)emfl JIm—1 }
tm . e
exp(— / Lm()f,)?,)?)dt> [d£(0)]
Im—1
(19)

where d£(z) represents a functional measure; and
L, (%,%,X) denotes the Lagrangian functional (e.g.,
Taniguchi and Cohen (2007); Kougioumtzoglou
and Spanos (2014)) as

v (1)
478, (@eq (tm ) s tm)

Ln(%,%,%) = for t € [ty_1,tm)

(20)
Further, following the scheme of variation calcu-
lus Ewing (1985), the functional integral in Eq.(19)
can be obtained by introducing the “most probable
path” X, and the corresponding Euler-Lagrange (E-
L) equation becomes

Ly, 0 dL, 9* 9L
— — 5ot 5357 = 0,0 € [tu_1,1m]
dX. Jt dx, It* Jx,
(2D
with the boundary conditions
xc(tm 1) = xAmfh x;\c(tmfl) = )émfla (223)
Re(tm) = Zm, Ke(tm) = S, (22b)

Substituting the solution of partial differential
Eq.(21) in conjunction with the boundary condi-
tions Egs.(22a-22b), into the Eq.(19) leads to an ap-
proximate closed-form expression for the transition
PDF of stochastic component X

p(jc\m7x;\m;tm|x,\m7175&m717tm71) =

N 23
Dexp(— Lm(ic,ﬁc,fc)dt) 23)

Im
In—1

where D is the normalization coefficient.

Next, considering the form Eq.(20), the E-L
Eq.(21) becomes a fourth-order linear ODE in the
form

d*z, o2

d2
dr 4 (1 2Ceq m)

— 0k ke =0 (24)

where for ¢ € [t,_1,t,], denote Beq(t) = Beq(tm) =
ﬁeq,m — 2Ceq,ma)eq.,m, weq(t) — weq(tm) — weq,m»
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and Seqm = Sw(@eq(tm),tm) for simplicity. The
most probable path X, can be obtained by solv-
ing Eq.(24) in conjunction with the boundary con-
ditions Eqs.(22a-22b). Furthermore, the transient
transition PDF of stochastic component X can be de-
termined by substituting the most probable path X,
into Eq.(23) (see Psaros et al. (2020) for details),
given by

o —

P(Eos Zns tn S 1, X1y tm—1) = [(270)% det(Z)]

X exp (_%(Xm _ ‘u’m)TZIZI (Xm - um))
(25)

where X,,, = [)?m,)?m]T; U, = [Nl,m, .u2,m]T; by

Vitms Vi2,m3 Vi2.ms Vaz,m] With

e_geq.mweq,mAfm |:(COS wD7mAtm 4 Ce(bmweqvm

Uim =
Op,m

sin wD,mAtm> Xm—1+ ( sin 6()D,mAl‘m) jém—l}
(26a)

Ceqm Deq,m

U2m = e_Ceq’mweq’mAtm |: (COS Op mAtm
wDJn

. A wzq A
sin Wp Aty | Xp—1 — Sin Wp Aty | Xpm—1
@p,m

(26b)
and
TL-S e_zceq.mweq,mAl‘m
Vit = gttt {1 _
ZCCq m eq m wDJﬂ
<w%,m + Ceq.,m Weq,m DD, m sin 2C()D7mAtm (27a)
2 Ocq.m)>
n M sin? wp, Atmﬂ
TS e_ZCeq.mweq,mAtm
Voom = s {1 -
2C6q7mweq,m Op
(wg,m - Ceq.,ma)eq,m(DDm sin 2C()D7mAtm (27b)

2 Ogm)?
4 (2Geqm@eqm)” geq”"z egm)” 2 wD,,,,Atmﬂ

e_ZCeq,m weq,mAfm

2
wD7m

Vi2n = TSeq,m sin’ Op Aty (27¢)

tm—1. In this regard, the transition PDF in the form
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of Eq.(25) can be cast to the following form

N4 mN7 m
T (28)
CXp (_ (Xm—l 7m)TU171;7 1 7mUm—l Jm (Xm— 1 m))

p<xAmﬂématm|jC\m717x;\mfl:tmfl) =

A A ~ 2 1T.
where mel,m = [xmflyxmfhxmaxm] ; and

Mm M2m N3m Nam

nsm Nem Nim 0
0 0 0 0
0 0 0 0

Umfl,m = (29)

The coefficients n;,,i = 1,2,---7 in Eq.(29) can
be obtained by a Cholesky-like decomposition. Fi-
nally, following the C-K equation, the propagation
of probability density p (%, X, m|%0, %0, %) from an
initial time instant 3 to an arbitrary time instant
t, can be determined by recursively empolying the
transition PDF Wehner and Wolfer (1983)

A A A A oo oo
p(xmaxmvtmpCO»xO,tO) :/ /
p(x,\majém7tm’5c\m—l75ém—17tm—l)
p(x,\m—lv)ém—l;tm—l ’x07x;\07t0>d~fm—ld)ém—l

ka mk7 m
— t4mtim X exp (—(X()?m)TUg’mUo?m(Xo,m))
(30)

form =2,3,--- M, where X, = [£0,%0,%m,%m]T s
and
kLm k2.,m k3,m k4,m
_ kS,m k6,m k77m 0
UVom=1"0""0 0 o 3D
O 0 0 0

In Eq.(31), the corresponding coefficients k; ,,,i =
1,2,---,7 are presented in Zhang et al. (2021).

4. SURVIVAL PROBABILITY DETERMINATION

The survival probability is defined as the prob-
ability that the system stays within the prescribed
thresholds for a given time interval, i.e.,

Pg(T) :P{Bd1 < x(t) < Bgu,to <t <T|
(32)
x(to) = x0,X(to) = Xo}
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where Pg(T) is the survival probability; the range
of (Bqi,Bau) denotes the fixed upper and lower
bounds of the displacement response, respectively;
and [fg, T] represents the time interval considered.
In this regard, the survival problem with fixed bar-
riers shown in Eq.(32) is equivalently cast to one
with time-varying barriers, given by

PB(T) = P{Bdl - .ux(t) < )?(t) < Bgy — .ux(t)a
nh<t< T|xA(l‘0) =Xxp— ,ux(l‘o),)é(to) = Xp— ‘le(to)}
(33)
In this way, the survival problem of the equivalent
system with time-varying barriers (e.g.Eq.(33)) can
be addressed by recursively employing the transi-
tion PDF obtained. Further, a time-discrete version
of Eq.(33) is introduced to approach the exact result
of survival probability in Eq.(32), which is given by

PB(T = tM) = Prob{Bdl — /.Lx(tm) < XA(l‘m) <
— Wy (tm) st € 10, T],m=1,2,...M

|3?(fo) = x0— s {10) F(10) = o — ps(10) }

(34)

where Prob (-) denotes the probability measure of
intersection of simultaneously occurring M random
events; t,, = to+mAt,m=1,....M, and Ar = (T —
to)/M. Clearly, an small time interval At is appro-
priately selected to trade off the accuracy level and
computational cost involved.

Next, manipulating Eq.(33) yields

.ux tl /‘+°° /Bdu .ux ZM /
Bai—Ux(tm

Bdu
Ps(T —/
B( ) B —p(tr)

PR Znastos R, X 1,1+ 5 81, K
%0, %0,20)d% 1 dX; - - - dprdiy
(35)
Employing the Markovian property in conjunction
with C-K equation, the survival probability Pg(T)
can be obtained by numerical recursive manner
(e.g.Iourtchenko et al. (2008))

PoT Bau—t(ty) oo
5 )_/de—ux(tM) /—°°

q(£a1, Xa1, i | R0, X0, 20) A d iy

(36)



14th International Conference on Applications of Statistics and Probability in Civil Engineering, ICASP14
Dublin, Ireland, July 9-13, 2023

where and

A A A A Bautaltm1) - ptee 2 2 20,2 3 2
q(Ems %y tm| %0, X0,20) = /B o) / Wz, (c(t)) = g +3wpeus (1) + S ogec() (43)
dl — Mx(Tm—1 e

p()em7x/\matm|x/\m717)/C\m71Jmfl)CI(xAmflax\mfl;tmfl
‘fo,)eo,to)dfmfldfm,h m:3,4,...,M
(37) MCS
with
. x s Bay—Mx(t1) oo
q(xz,xz,lexmxo,lo):/ /
Bay—px(ty) J—eo

p(x2, %2, t2]x1, X1, 11 ) p(£1, %1, 11 R0, X0, f0 ) df1 A
(38)

Displacement variance

0 5 10 15 20 25 30

5. NUMERICAL EXAMPLE Time (s)
In this section, a nonlinear hardening Duffing is
considered for demonstrating the reliability of the
developed technique. In the ensuring analysis, a
small time interval Ar = 0.1s is selected. The non-
linear oscillator is assumed to be initially at rest,
with the initial conditions satisfying p(x(to),to = ” e
0) = 8(x0), and p(x(fy),t0 = 0) = d(%p) where 6(+)
is the Dirac delta function. A nonseparable non-
stationary excitation is considered in the numerical
example with its power spectrum density function
given by

2 2
w w 05
Sw(wal‘) :SO (g) CXp(—O.ZZ)IZCXp[— (1—0> l‘:| 0 5 10 Tinj:(s) 20 25 30

(39)  Figure 2: Mean of displacement of the Duffing oscilla-
where Sp denotes the amplitude coefficient of the tor; comparisons with MCS (10,000 realizations).
power spectrum.

Consider a Duffing nonlinear oscillator under
combined excitation, whose motion of equation is
given by Eq.(1) with S MG (Case

Figure 1: Variance of displacement of the Duffing oscil-
lator; comparisons with MCS (10,000 realizations).

Displacement mean

—WPI (Case 2)
*MCS (Case 2)
- -WPI (Case 3)
©MCS (Case 3)

g(x,x) = w§x+ 8(08)63 (40)

where the parameter € denotes the magnitude of
the nonlinearity. Substituting Eq.(40) into Egs.(3)

Survival Probability
o
o

yields the deterministic sub-equation given by 02
.ux(t)+ﬁ0.ux(t)+w(%.ux(t)+8w(%[3ux(t)c(t) 41 Tme® *
3 .
+ 1 (1)] = Fy sin(oq1) Figure 3: Survival probability for the Duffing os-

cillator under nonstationary excitation for various
barrier levels (Case 1: x(t) € [—0.3,0.3]; Case 2:
x(r) € [-0.5,0.5]; Case 3: x(t) € [—0.9,0.9]) ; com-
Beq( (1)) = Po (42) parisons with MCS data (10,000 realizations).

Manipulating Eqs.(9-12) yields the equivalent lin-
ear damping and stiffness coefficients in the form

6
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In the following analysis, the Duffing oscilla-
tor under combined excitation with the parameters
((1)() =T, C() =0l,e=1,Fi=1,01=mr,5 = 2) is
considered. In Figs.l and 2, the mean value p1,(¢)
and variance c(t) of the displacement response x(t)
are plotted by the proposed WPI method, com-
pared with pertinent MCS. Further, the survival
probability for various barrier levels is shown in
Figs.3. Clearly, the comparisons between the devel-
oped WPI method and pertinent MCS demonstrate
a quite satisfactory agreement, especially the fluctu-
ations in Figs.3 due to the influence of the harmonic
excitation.

6. CONCLUDING REMARKS

In this paper, a WPI technique in conjunction
with stochastic averaging/lin-earization has been
developed for determining the survival probability
of nonlinear oscillators under combined periodic
and nonstationary stochastic excitation. Specifi-
cally, relying on a decomposition of the response
into deterministic component and stochastic com-
ponent, the original SDOF nonlinear system has
been cast into a coupled combination of a ODE
of the deterministic component and a SDE of the
stochastic component. In particular, following
the stochastic averaging/linearization treatment, the
equivalent linear system with respect to stochastic
component is obtained. Employing the analytical
WPI method, a closed-form expression of the short-
time joint transition PDF of stochastic component
can be obtained. Finally, the survival probability
and corresponding first-passage PDF have been de-
rived. The Duffing oscillator as numerical exam-
ples has demonstrated the accuracy and efficiency
of the developed method.
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