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ABSTRACT: During landfalling tropical storms, probabilistic predictions of the storm surge constitute
important products for guiding emergency response decisions. The probabilistic formulation for these
predictions is established by considering historical forecast errors for the intensity, size, cross- and along-
track variability of the National Hurricane Center (NHC) advisories. These errors quantify ultimately
uncertainties in storm features, serving as input to a numerical model for predicting storm surge, while
propagation of these uncertainties provides the desired statistical products. This probabilistic estimation
is repeated whenever the NHC updates the storm advisory. Monte Carlo (MC) simulation is considered
for facilitating the uncertainty propagation in this paper, and in order to improve computational
efficiency, the implementation of adaptive importance sampling (IS) across the storm advisories is
introduced, using simulation results from the current advisory to select the optimal IS density to use for
the next advisory. The requirement to estimate the storm surge across a large geographic domain, leading
to the definition of a large number of quantities of interests (Qols), poses a significant challenge, since
these quantities typically represent competing IS choices. Principal component analysis (PCA) is utilized
for dimensionality reduction to establish a compromising solution with a reduced computational burden.
An adaptive selection of the IS characteristics is discussed, utilizing an efficient estimation of the
anticipated IS accuracy, and a defensive IS scheme is introduced to guarantee robustness.

1. PROBLEM FORMULATION ¢t denote time. The advisory provides nominal

A detailed description of the national weather
service uncertainty quantification framework for
probabilistic surge estimation can be found in
(Kyprioti et al. 2021). Here a brief review is
offered. During landfalling storms, the National
Hurricane Center (NHC) provides the official
advisory for the storm's: (i) forecasted track,
described by the latitude, sir, and longitude, sion of
its center; (i1) size, described by the radius of
maximum winds, Rmw; (iil) and intensity,
described by the maximum sustained wind speed,
vw. Let q(©)=[Rmw(?), sial?), sion(t), vw(?)]" denote
the four-dimensional vector of storm features, and

predictions of those features, denoted herein as
q(¢) . The NHC also provides forecast errors
associated with each advisory for four different
characteristics: the cross- and along-track, Ascross
and Asalong, respectively, the storm size, ARmw, and
the storm intensity, 4vw. The vector characterizing
these variabilities is defined as Aq(¢£)=[4Rmw(?),
AScross(l‘), ASalong(t), AVW(I)] T

The statistical analysis of past forecast errors
provides a probabilistic description of Aq(z). The
current NHC formulation assumes independence
between the four errors and perfect correlation
across times (Taylor and Glahn 2008). This
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simplifies the probabilistic description, requiring
simply a four-dimensional vector of random
variables, denoted herein by x € R™ (n=4), for
the uncertainty description. Details for the
probability models for x, denoted as p(x), are
included in (Kyprioti et al. 2021). In the
implementation discussed herein transformation to
standard Gaussian space is adopted for p(x).

Vector x, defines ultimately the variability
vector Aq(f), which can be then combined with the
nominal advisory information to provide a sample
storm scenario q(f). This scenario can be then
used as input to an appropriate hydrodynamic
model to predict the storm surge across n:
discretized locations within the geographic
domain the storm impacts. Let z,(x|q)
(i=1,...,nz) denote the surge at a location i and use
h[z,(x|q)]= h(x|q) to express the consequence
measure related to the statistic of interest, with the
latter expressed as:

Hz-ZEp[h,»(XIﬁ)]=fh,-(X|ﬁ)p(X)dX (1

where Ep[.] is the expectation under p(x). For
example for the probability P(b) that the surge
will exceed a specific threshold b, A[z,(x|q)] is
equal to /[z,(x|q) > b], where I[.] is the indicator
function. The common statistical product used by
NHC to convey hazard is the surge value b”
corresponding to a probability of exceedance pr,
so that P(b/")= p,.

2. MC AND IMPORTANCE SAMPLING

This contribution considers the estimation of the
statistics of interest though Monte Carlo
estimation (MC), leveraging importance sampling
(IS) for efficiency. Considering i.i.d samples {x:
[=1,...,N} from proposal density f(x), the MC
estimator, H, for the integral in Eq. (1) is:

AN =X K 0P ) @)

Provided that the integrand A (x|q)p(x)/ f(x)
is bounded, estimator H, is unbiased with
coefficient of variation, J, , representing its
statistical accuracy as an approximation of H,,
given by (Kroese et al. 2011):
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1 JVar [h(x|@)px)/ f(x)]
AN=7s = 3)

1

where Var,[.] denotes variance under f(x).

Direct MC uses f(x)=p(x), while for MC with
IS f(x) is chosen so that the sampling concentrates
in regions corresponding to larger values for the
integrand in Eq. (1). The IS objective is to reduce
the variance appearing in the numerator of Eq. (3)
while the optimal IS density, establishing the
minimization, is (Kroese et al. 2011):

f (x1@) od B (x| @) | p(x) 4

Using directly this density is impractical since it
requires knowledge of the entire integrand. A
sample-based approximation of this density will
be considered here instead, incorporating adaptive
selection of some of its features. This is achieved
by examining different candidates f“(x) and
promoting the one with the smallest anticipated
efficiency (Medina and Taflanidis 2014).

3. ADAPTIVE IS FOR PROBABILISTIC
STORM SURGE ESTIMATION

To implement the sample-based IS formulation
for the probabilistic surge estimation, three
challenges need to be considered: (i) the necessity
to choose the sample-based proposal densities
using limited information since the number of
simulations N is typically small due to the large
computational burden of the numerical models;
(i) the need to establish a compromise across
conflicting outputs with each of them leading to a
different optimal density; (iii) the requirement to
share information across the storm advisories,
basing the selection of the proposal density for the
next advisory on the responses available for the
current advisory.

The adaptive IS framework is established by
choosing IS densities utilizing the storm surge
simulations from the current (k) advisory, with the
intension to use these simulations for the next
(k+1) advisory. A superscript in parenthesis .%
will be used hereinafter to explicitly denote the kth
storm advisory. Responses for the current
advisory {h,(x'|@"“):/=1,..., N} obtained using
sample set {x':/=1,..,N}~ f*(x) are readily
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available to support the IS selection. We will
denote as ¢(x) ~ p(x)/ £ (x) the IS-ratio for the
current advisory. Let also H® € R"" denote the
observation matrix with rows corresponding to
the Qol consequence measure values for the /th
storm simulation.

3.1. Sample-based approximation of IS density

Let n(x) denote the target optimal density (this
will be defined in next section). Based on
resampling principles, the currently available
samples  {x':/=1..,N}~ f®(x) provide
information for the updated target density zn(x) if
weight w(x) = z(x)/ f*(x) is attached to each
of the samples. Utilizing the pair of
samples/weights {(x/,w/):I=1,...,N}, a sample-
based approximation for z(x) can be established
by fitting some chosen distribution. A parametric
density approximation is adopted here to
accommodate the need to establish this
approximation  using limited  available
information. i.e. small number of simulations \.
Specifically, a Gaussian Mixture Model (GMM)
approximation is selected. The GMM fit is
established through Expectation-Maximization
with the weights w(x) incorporated in the
formulation through an adjustment of the data-
likelihood as suggested in (Geyer et al. 2019).

To improve the robustness of the distribution
fit, both marginal and joint density formulations
are examined, and, additionally, the inclusion of
the most influential input components in the IS
formulation is considered. The motivation for
examining these alternative options is to further
address overfitting issues associated with the
limited available information. The prioritization
of input components or the use of marginal
densities promotes extraction of smaller amount
of information from the sample set, which can
facilitate greater robustness in the IS selection:
different candidate IS formulations are
established, then the efficiency for each of them is
approximated and the most appropriate one is
finally chosen. For the input prioritization, a
recently proposed GSA (Jung et al. 2022) is
leveraged. This GSA provides aggregated
importance indicators for input x, quantifying the
importance of each component towards the
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observed surge variability. The IS formulation can
focus on only the important components. If X
denotes the important components and X-s the
remaining ones, then the candidate would be
fx)=f°(x,)p(x,) . The sample-based
approximation of f“(x,) can be established for
the entire vector Xs (joint formulation) or for each
of its components (marginal formulation). The
terms ISy (marginal) and IS7 (joint) will be used
herein to distinguish these two implementations.
Relevant mathematical and computational details
can be found in (Jung et al. 2023).

3.2. Selection of IS densities

Each of the examined Qols has a different optimal
density, £ (x|@") , while, more importantly,
these densities can be conflicting. Figure 1
illustrates this challenge, showing the mean for
£ (4s,,.1q") for superstorm Sandy, for two
different advisories and estimation of 10%
exceedance probability statistical products. This
mean represents an important property for the IS
density, as it depicts the shift towards the peak of
the probabilistic integrand. It is evident that great
variability of the mean exists within the
geographic domain of storm impact, showcasing
that the different Qols (surge at different
geographic locations) advocate conflicting
decisions. The conflicts are expected to reduce the
overall IS efficiency, since a single compromising
IS density can be quite different from the actual
optimal density for each Qol. Moreover, the
selection of this density that balances the
conflicting objectives needs to be carefully
executed, while also accommodating applications
with a large dimensional output.
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Figure 1: Variation of optimal 1S density mean for
ASeross for two advisories (22 and 28) of superstorm
Sandy for estimation of 10% probability statistics.
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To accommodate these requirements, an IS
formulation that utilizes Principal Component
Analysis (PCA) as a dimensionality reduction
technique is considered here. Within this context,
PCA identifies a low-dimensional principal
component vector, that best explains the
variability of the original data H®. To incorporate
the weight that each observation is associated
with, {p(x)): I=1,...,N}, a weighted (generalized)
PCA is implemented (Jolliffe 2002). Each
principal component {y.: v=1,...,nv} has an
associated importance Av, representing the
variance of the data explained by the component.
To accommodate the dimensionality reduction,
only the more important components are retained,
with the exact number chosen so that significant
portion of the original output variance can be
explained (over 99%). PCA provides also the
responses across the simulations  {u(x)):
I=1,...,N} for each of the principal components.

The optimal IS density for each component is
established as:

£L & HD) o y, (x| p(x) /{p(x")

where the division by \/¢(x') is incorporated to
address the weights introduced in the generalized
PCA (Jung et al. 2023). Each density given by Eq.
(5) represents a different target density m(x) that
can be approximated through the sample-based
approach discussed in Section 3.1. Since the
number of such densities is small (value of ny is
small), a separate fitting to each of these densities
is examined. This is the advantage offered by
PCA, allowing the sample-based approximation
to focus on each of the (small number) principal
components instead of the original large
dimensional Qol vector. Alternative formulations
can be found in (Jung et al. 2023).

The final candidate IS density is obtained by
a weighted sum of the individualized IS densities
for each principal component (Hesterberg 1995),
with weights corresponding to Av. This leads to the
following candidate density definition:

SO A (x| H®)
Do

fA(x|HP)= (6)
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The efficiency of the IS proposal density for
each of the different outputs is characterized by
the variance appearing in Eq. (3). Across the
different outputs the average of this quantity can
be utilized as an efficiency measure. Using as
normalization the average MC estimator
variability (without IS), the following efficiency
measure is defined for the kth advisory:

FOLf 0] =1~
o 2o Var I @p(0 /S 10] - (7)
2 Var, [h(x1q)]

This efficiency represents the reduction of
computational effort attained by the proposal
density f“(x) for establishing the same average
statistical accuracy (same average variance)
across the outputs as the direct MC estimation.
To accommodate an  adaptive IS
implementation, comparing across different
candidate choices for f“(x), for example the ISy
(marginal) and IS7 (joint) formulations discussed
in previous section of the PCA-based
implementation, or the alternative formulations
discussed (Jung et al. 2023), an approximation for
the anticipated efficiency needs to be obtained
using readily available information. Following
implementation in (Medina and Taflanidis 2014),

and wusing the readily available samples
x':1=1...,N}~f®x) , an MC-based
estimate, termed efficiency approximation, is
given by :

FOLf(x )]—l—fZA Lyg

zll zzl

L S ~ () p(x)  p(x')
A= 2 (e1a) S Tm s
. i = ~ (k) p(X) ’
[N;@( 7060 )] ®
1 > p(x)

[]=

B,‘ = N - (h, X |q(k))) f(k)(Xl)
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3.3. Robustness of IS densities across advisories
In the proposed implementation the selection of
proposal densities is based on the current, kth
advisory, but is employed in the next (k+1)th
advisory. Loss of efficiency, but most importantly
loss of robustness, may arise if the promoted IS
density does not sufficiently cover the important
regions (for efficiency) or support (for robustness)
of the updated integrand A (x|q"")p(x).
Robustness is a bigger concern here, since it might
lead to biased estimates. A defensive IS
formulation is adopted to improve robustness. If
f1s(x) denotes the IS density approximation, then
the defensive IS, f;(x|a) , is obtained as
(Hesterberg 1995):

Tos(xla)=afis () +(A=a)p(x) (9

with 0<o<1 representing the defensive IS weight.
The choice of this weight needs to be established
with care, since small values of « can lead to a
significant reduction in IS efficiency. An adaptive
selection is suggested here for a by comparing the
(reduced) efficiency F“ (1) of fr(X) to the
(optimal) efficiency F“(f5) of f(x), and
selecting an appropriate defensive weight a¢ so
that the resulting reduction is less than a threshold
p. This choice ensures the greater robustness and
the corresponding density f,(x]a®) will be
denoted as robust-1S. Note that as discussed in
(Jung et al. 2023) this defensive IS scheme
enhances robustness not only for the sharing
information across the storm advisories, but
additionally for accommodating decisions using
small sample sets across a large number of Qols.
In some cases, the defensive IS might outperform
the original IS. For this reason, an improvement
of the optimal IS is first established, selecting a to
maximize the efficiency approximation:

o =argmax, ., FOLfes(x]a)]  (10)

The f5.(x|a’) is ultimately the promoted
optimal IS (will be denoted as promoted-1S), and
then a further decrease in a is considered to
provide the robust-IS .

3.4. Adaptive implementation across advisories
Combining the earlier concepts, the adaptive IS
formulation across the advisories, termed AIS-
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SA, is established as follows. (A) based on the
readily available information from the current
advisory, different candidate IS proposal densities
are constructed in Eq. (6) utilizing the sample-
based optimal IS densities of Eq. (5) for
individual principal components. The candidates
pertain to joint and marginal formulations, for
different number of important variables within x
(definitions of xs). (B) the anticipated efficiency
of each candidate density is assessed by
calculating the approximated efficiency of Eq. (8)
whereas the potential efficiency improvement is
incorporated through Eq. (10) to obtain the
promoted-1S for each candidate choice. (C) the
efficiency of the different candidate densities is
compared and the one with the best efficiency is
selected. (D) a defensive IS scheme is further
adopted through Eq. (9) allowing a chosen
reduction of efficiency p for accomodating the
desired robustness improvement. (E) This
obtained robust-1S density is incorporated in the
MC implementation in the next advisory. Further
details are included in (Jung et al. 2023).

4. CASE STUDY

The proposed IS formulation is showcased for
superstorm Sandy (2012), considering estimation
across NHC advisories 22-28, corresponding to a
period range roughly from 72hr to 24hr before
storm makes landfall. The earliest advisory (with
the smallest indexing number), corresponding to
the furthest time from landfall, will be denoted by
AW and each subsequent advisory will be denoted
with an increasing superscript number. The
domain of storm impact includes n-~1,860,021
nodes, creating a high-dimensional output. Unless
otherwise specified, the number of samples for the
MC and IS implementations is chosen as N=500,
whereas the efficiency reduction for the robust-1S
selection is set to p=0.1. Implementation for two
statistical products is examined, corresponding to
estimation of the probability of exceeding
thresholds "' and b’"'. These two cases will be
denoted as Soi and Sooi, respectively. For
validation purposes, reference results for the
statistical accuracy are obtained using quasi-
Monte Carlo (QMC) with a large number
(N=5000) of samples.
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4.1. Adaptive IS selection for a single advisory
Discussions first focus on the potential IS
benefits, investigating a single advisory. The
benefits across advisories will be examined in the
next section. Results are presented for advisory
AW for IS densities considering different number
of input components for both the marginal and
joint IS formulations. For notational simplicity,
each of the densities will be denoted herein as My
[for the marginal /Sy formulation] or 7, [for the
joint IST formulation], where subscript ., denotes
the number of input components considered in the
IS formulation (number of components for X
definition). Initially, the discussion focuses on the
promoted-1S density.

The efficiency results for both examined
statistics are presented in Figure 2 for different
formulations of the IS density (discrete cases in
the x-axis). Both the anticipated efficiency
(termed approximation) established through Eq.
(8) as well as the reference results obtained
through the QMC implementation (termed actual)
are reported in this figure, utilizing different
marker styles and colors. To examine additionally
the impact of the amount of available information
on the adaptive IS selection, Figure 3 replicates
Figure 2 for the So. statistic using a smaller
number of N=100 simulations.
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Figure 2: Approximated and actual IS efficiency for

different IS formulations corresponding to Sp.o1 (Top)
and Sy.; (Bottom) statistics.
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Figure 3: Approximated and actual IS efficiency for

different IS formulations corresponding to Sy,
statistic using N=100 simulations.

Focusing on the overall IS efficiency first, we
can observe significant accuracy improvements,
and proportional reduction in computational
burden (1.5 to 2 times). The benefits are greater,
as expected, for statistics corresponding to less
frequent events; this is showcased here by a bigger
improvement for Soor compared to So..
Examining the differences in the efficiency as the
number of IS input variables increases (for both
the marginal M, or joint formulations 7»), n=4
emerges as the preferable implementation. To
better frame the influence of the number of IS
input variables, the GSA results need to be
considered. The GSA identified 4scross as the most
influential input (Jung et al. 2022). The results
show the larger relative efficiency improvement
when moving from n=1 to n=2, as opposed to
when moving from #»=0 (no IS implementation) to
n=1 (including only Ascross in the IS formulation).
Despite Ascross being the dominant input with
respect to global sensitivity characteristics, it is
not the most advantageous to include in the IS
formulation. Looking at Figure 1 again, optimal
IS characteristics for Ascross exhibit high
variability within the domain, demonstrating clear
competing preferences. The competing optimal IS
characteristics and the need to establish a
compromise across them, reduce its relative
influence in the IS formulation.

Examining the behavior of the marginal /Sy
and joint ISt density formulations across Figures
2 and 3 one immediately observes similar
performance, with the marginal implementation
ISm exhibiting some slightly better performance.
The better performance for the ISy family of
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densities is more evident when examining the
actual efficiency for the implementation that has a
smaller number of simulations (Figure 3),
something that translates to a limited amount of
information for selecting the adaptive IS. This is
manifested as some (slight) loss of robustness for
the joint family of densities, especially when the
number of input variables n considered in the IS
implementation is larger.

Comparing, finally, the approximated and
actual efficiency, good overall agreement is
reported. The discrepancies are significantly
bigger, as expected, for (i) the case corresponding
to less frequent event [comparing between cases
in Figure 2], since a smaller amount of
information is extracted from the same amount of
resources (same number of available simulations),
and (i1) for the case with smaller N [comparing
between Figures 2 and 3], owing to the limited
information utilized in this case to obtain the
efficiency approximation. Nevertheless, the
adaptive IS selection based on the efficiency
approximation yields consistent results with the
choices that would be made if the actual efficiency
was known. This is the most important feature, as
the efficiency approximation is directly leveraged
within the AIS-SA to select the best IS candidates.

4.2. IS formulation across advisories

Comparisons move next to the implementation
across advisories. To evaluate the efficiency of
the information sharing across advisories, another
formulation is examined, corresponding to the
optimal IS selection for the current advisory. This
allows the efficiency accomplished by choosing
IS densities across subsequent advisories to be
compared to the best efficiency that would be
achieved if one could explicitly choose and
implement the IS density for the present advisory.
Terminology previous will be used to represent
the AIS-SA formal implementation (across
advisories) and current to represent the best
efficiency. Results for the actual efficiency,
obtained through the high-accuracy QMC
implementation, are reported for both the
promoted-IS and robust-IS densities. Figure 4
presents results for the So.01 and the So.1 statistics
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for the original implementation of N=500, while
Figure 5 examines the implementation for a
smaller number of N=100 for the So.1 statistic.
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Figure 4: Efficiency of AIS-SA across advisories for
the So.o1 (Top) and Sy (Bottom) statistics for both the
promoted-1S density and the robust-1S density.
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Figure 5: Efficiency of AIS-SA across advisories for
the Sy 1 statistic for both the promoted-IS density and
the robust-IS density using N=100 simulations.

Results clearly show that the proposed
implementation, sharing information across
advisories, works well, since the gap between the
previous and current IS implementations is small.
Note that the fact that in some (very few)
instances the previous IS outperforms the current
1S, is not something that should be anticipated but
it can be explained: the selection of the IS
densities is based on the efficiency approximation
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but the validation here is performed with respect
to the actual efficiency. There can be instances
that the efficiency approximation leads to
(slightly) sub-optimal decisions when evaluated
against the actual efficiency since it is based on
limited information (number of simulations).

Investigating further trends in Figures 4 and
5, the implementation of the defensive IS strategy
(robust-1S case) does not seem to be warranted
from the perspective of sharing information
across advisories, since the formulation based on
the previous advisory information is very close to
the optimal 1S selection, indicating no loss of
robustness by the fact that advisories change. It is
warranted though to provide robustness against
making selections using limited information for
deciding on the IS densities (N=100), as the
results in Figure 5 clearly indicate. As discussed
earlier, the robust-IS addresses potential
vulnerabilities that the AIS-SA algorithm could
have when it selects IS density based on the
previous advisory with limited information by
evaluating IS candidates using their approximated
efficiency. Since maintaining a proper level of
robustness in the AIS-SA formulation is
important, depending on the number of samples
available, p could be adjusted appropriately. If N
is large, smaller p can be utilized based on the
results in Figures 4-5. Unfortunately, an adaptive
way to choose p cannot be established since the
detailed exploration of an appropriate value of p
requires estimation of the actual efficiency for the
next advisory.

5. CONCLUSIONS

This paper examined the importance sampling
(IS) implementation for improving computational
efficiency in real-time probabilistic storm surge
estimation. The IS is established by sharing
information across estimation for different
advisories, using the readily available simulation
results from the current advisory to adaptively
select a proposal density, to use for the next
advisory. A sample-based, adaptive IS
formulation, AIS-SA, was established to achieve
the objective. The case study showed that
information sharing can facilitate satisfactory
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computational benefits, though challenges exist
associated with the conflicting IS priorities set by
the different Qols. Additionally, the differences
between subsequent advisories are, typically, not
significant enough to lead to erroneous decisions
within the proposed information sharing.
However, the additional robustness established
through the defensive-IS scheme is critical when
the available information for formulating the IS
densities across advisories is limited.
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