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Summary

This thesis aserts that the current provision of mathematics education at
Senior Cycle suffers from a number of shortcomings. These are described as a
failure to show the relevance of the material being taught and an almost total
neglect of the history and culture of the subject along with an ignoring of its
recreational element. It is contended that the reason the current programme
is not having its ambitions realised effectively is due to an overly narrow
interpretation of the course material by way of texts and examinations. These
points are substantiated at a number of junctures throughout the dissertation
but in particular, in relation to examinations, in the chapter “Establishing
the Case”. It is also maintained that there is a lack of substance/rationale in
the current presentation of syllabus segments and a scant use of technology;

claims which are subsequently established.

Collectively these circumstances determine the rationale and basis for
the constructive element of this work which, with the exception of a minor
contribution from Part I, constitutes all of Part II of this dissertation. The
chapter structure of Part II is designed in such a way as to address each of
the issues alluded to above in a particular order which (it is believed) lends

the discussion maximum cohesion.

In order for this work’s ambitions to be realised effectively, it is argued
that there needs to be a change in how subject material is presented both in

textbooks and in the classroom. A central proposal as to how this might be



v

achieved pertains to the concept of a ‘Topic’. The meaning, elaboration and
practical illustration of this notion constitutes the opening chapter of Part II
while also dictating much of the mathematical content and discussion appear-
ing in the main body of the work and in its ‘core’ section. This core section
resides on an accompanying cd and houses all of the concrete material writ-
ten to support the various assertions made. It contains explicit illustrations
of Topics, a great number of PowerPoint and Flash presentations, numerous
written pieces as well as different sets of sample examination questions.

While the vast majority of the recommendations made in this work are
fully justified by way of rationale and extensively illustrated so as to assist
with their implementation in the classroom, this effort of its own is not
enough to see all of them readily incorporated into an educational programme
of the near future. Part III discusses various strategies by which the proposals
set forth might be implemented in the framework envisaged by the National
Council for Curriculum and Assessment for the ‘horizon’ year 2010.

A basic tenet which has driven much of the present undertaking is that
one cannot hope to effect change, however gradual it may need to be in
coming, in a significant and essential manner without spelling out in explicit
and substantial detail for educationalists and teachers that which one has
in mind. The result of delivering on this promise in a realistic and tangible
manner accounts for the size of this work as embodied both in its written

exposition and its technical demonstrations.
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Chapter 1

Introduction

In December 2002 the National Council for Curriculum and Assessment
(NCCA) set in motion a new cycle of educational reform in the Irish ed-
ucation system with the publication of Developing Senior Cycle Education
~ Consultative Paper on Issues and Options'. One of the main purposes of
this consultative paper is the review and reform of the Leaving Certificate
Established (LCE) along with the planning of a programme of action in this
context. The paper alludes to the fact that while considerable change and
extensive development in senior cycle education has taken place during the
1990s, the LCE did not receive the attention it deserves and that the time

has come for it to be examined in detail.?

Shortly after the circulation of the consultative paper to the various part-

ners in education and other concerned organisations, the NCCA entered on

INational Council for Curriculum and Assessment (NCCA), Developing Senior Cycle
Education - Consultative Paper on Issues and Options (Dublin: NCCA, December, 2002)

°The status of the proposed reforms as of August 2005 is described briefly in the
concluding chapter.



2 CHAPTER 1. INTRODUCTION

an extensive consultative process with all these groups by means of seminars
and bilateral meetings. In September 2003 the council reported in Devel-
oping Senior Cycle Education — Report on the Consultative Process® on the
various ideas and concerns expressed while also presenting the individual sub-
missions prepared by many of these bodies in response to the consultative
paper. Building on this report the NCCA set forth in 2004 its Developing
Senior Cycle Education - Directions for Development* a broad but clear out-
line of a wvision for senior cycle education that it hopes will be attained by

the ‘horizon year’ 2010. Features of this future scenario are:®

1. A different school culture

2. A re-structured learning experience

3. A re-balanced curriculum

4. Different assessment arrangements and a new certificate

Section 4 of the Report on the Consultative Process relates that already
much work has been done of a specific nature concerning curriculum devel-

opment in the LCE which will contribute to the envisaged new framework:®

3National Council for Curriculum and Assessment (NCCA), Developing Senior Cycle
Education — Report on the Consultative Process (Dublin: NCCA, September, 2003)

4National Council for Curriculum and Assessment (NCCA), Developing Senior Cycle
Education - Directions for Development (Dublin: NCCA, 2004)

°Ibid., 3.

6 Report on the Consultative Process (2003), 6.



New syllabuses have been introduced in biology, physics,
chemistry, English and home economics in recent years, and
plans are underway to introduce a new syllabus in religious
education in 2003 and revised syllabuses in history and ge-
ography in September 2004. The four revised technology
subjects, as well as physical education, are expected to be
introduced shortly, and syllabus revisions in art and eco-
nomics are nearing completion.

Elsewhere, in the consultative document under the heading NCCA Draft

Plan of Action bullet point six reads’

Review syllabuses in Applied Mathematics, Classical Studies, Greek,

Jewish Studies and Latin

Taken together, one sees from these extracts that, as of 2004, almost every
subject on the LCE curriculum had been revisited in the recent past with a
view to possible updating or was due for review; the notable exception being
the ‘core’ subject Mathematics. The syllabi for this subject at Higher and
Ordinary levels were introduced in 1992 and first examined in 1994. Between
then and 2004 none had undergone any modification nor had there been any
change in how each is examined. In May 2004 management authorities of
second level schools were informed by the Department of Education and

Science (DES) that®

. there will be no amendments to the syllabuses for Leaving
Certificate Mathematics at higher, ordinary or foundation
levels. Neither will there be any changes in the assessment
of these syllabuses.

"Developing Senior Cycle Education — Consultative Paper on Issues and Options
(2002), 65.
8DES circular M38/04, 1.
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The same situation prevailed for the year 2005. However, in October of
that year the NCCA circulated a discussion paper entitled Review of Mathe-
matics in Post-Primary Education which sought “to address a range of issues
surrounding mathematics at post-primary level in Ireland.”® These issues are

described in the next section.

1.1 The Call for Reform of LC Mathematics

The Task Force on the Physical Sciences: In 2002 the question of
reform in mathematics education received considerable attention from the
Task Force on the Physical Sciences, a committee entrusted with identifying
the causes for decline in third-level uptake of the science, engineering and
technology (SET) subjects and charged with making recommendations as to
how matters in this regard might be remedied. In their Report and Recom-
mendations to the Minister for Education and Science,'® the chairman Daniel
O’Hare wrote:!!

Ireland’s economic future depends critically on the supply
of an increasing number of people qualified in science and
engineering. But at the very time this demand is increasing,
there has been a sharp fall-off in interest in the sciences
throughout our education system.

One reason for this sharp fall-off is identified:!?

9National Council for Curriculum and Assessment (NCCA), Review of Mathematics in
Post-Primary Education: Discussion Paper (Dublin: NCCA, October, 2005), 2.

10Task Force on the Physical Sciences, Report and Recommendations to the Minister for
FEducation and Science (Dublin: 2002)

UThid., i.

121bid., Summary, vii.



1.1. THE CALL FOR REFORM OF LC MATHEMATICS )

Serious concern about the mathematical competence of stu-
dents in schools and in higher education permeates the de-
bate on the declining uptake of the sciences. The decline
in performance in mathematics at second level was high-
lighted by the highest-ever failure rate (17%) in ordinary
level Leaving Certificate Mathematics in 2001. This high
failure rate rendered one-sixth of school leavers ineligible for
many science, engineering and technology courses in higher
education. Because failure rates among males was higher
(19%), this reduced the pool of potential candidates for
engineering technology courses in institutes of technology,
whose applicants are predominantly male.

The Task Force cites the Chief Examiner’s report on the ordinary level
mathematics for Leaving Certificate 2001: “Causes suggested for low grades
included the knock-on effects of difficulty with the old junior cycle syllabus
(which was revised in 1999), and the increase in part-time work by stu-
dents.”13

Parenthetically it may be added that by 2004 the picture regarding fail-
ure rates with its effect on input into third-level had changed little.!* The

Education editor of the Irish Times, Sedn Flynn wrote:!®

Almost one in five Leaving Certificate students are ineligible
for most third-level courses. Some 5,000 failed ordinary-level
or higher-level maths, while a further 5,800 took foundation-
level, which is not accepted by most third level colleges.

As for the reasons for this state of affairs, a very forthright Chief Examiner

for Mathematics is quoted by Flynn as being of the opinion that “students

3Ibid., Summary vii.

HReportedly much to the chagrin of the chairman of the Task Force: see the article
Science task force criticises lack of action, Irish Times, 19 August, 2004, 4.

15Sean Flynn, “Leaving results show high failure rates in maths, science”, The Irish
Times, August 18, 2004.
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are too preoccupied with part-time work, and their hectic social lives to give
maths the concentrated attention it deserves.”!'® [The 2005 results had the
same education editor reporting that “... some 12 per cent (almost 4,500
students) failed ordinary-level maths. A further 5,000 took foundation-level
maths, which is not recognised by many third-level colleges.” !

The Task Force reports that, “Many science, engineering and technology
departments in higher education report a lack of adeptness in basic mathe-
matical skills on the part of students with ordinary level Mathematics.” It

continues:

Students’ perception of the difficulty of mathematics and
their poor performance in the subject both act as barriers
in the participation and success in the sciences at second
and third level. The risk in not addressing the problem
with mathematics is that of undermining reform in science
education.

In relation to undertaking a review of mathematics, the Task Force called
on the DES to “institute an urgent investigation into the problem of decline.
In addition to examining academic factors they should also examine the so-
cial and behavioral factors identified.”!® It recommended that the NCCA
should undertake a review of Leaving Certificate (LC) mathematics and that
a Higher Education SET group should be appointed to consult with the

9

NCCA course committee on LC Mathematics.!® The Task Force recom-

16Cited in Ibid.

17Sean Flynn, “High rates of failure in Leaving Cert maths and science”, The Irish
Times, August 17, 2005.

18Task Force on the Physical Sciences, Report and Recommendations to the Minister for
Education and Science, Section 4.3 xvii.

19bid., Section 4.3 xvii.
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mended four strands of action:%°

e Investigation in the decline in mathematics performance

e Increased input into mathematics curriculum by higher education
e Review LC Mathematics

e Credit for Foundation Level Mathematics

Thus it may be said that the Task Force made its call for reform of LCE
mathematics based essentially on two features of students’ attempts at the
current programme: (i) the high failure rates at LC level (in particular, Ordi-
nary level) and (ii) the lack of basic mathematical skills that many students
(with Ordinary level LC mathematics) evince when at third level. One con-
sequence of these deficiencies is that this country is not producing enough
SET graduates. However, as to the nature any reform should take, the Task
Force contented itself with general recommendations while entrusting the de-
tails of such reform to an NCCA committee advised by a higher education
SET group. While the Task Force did not itself address the fundamental
question as to why these two features prevail, significantly, it did, as the first
of the four strands of action testifies, acknowledge that the question should
be investigated.

The Task Force recommended reform in mathematics education in part

on utilitarian grounds; because the economic well-being of the nation requires

20Tbid., 130.
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it. The argument is that if there are more students failing in mathematics
than before, then the pool of potential students who are eligible to do SET
courses at third level is thereby being reduced and so the number of SET
graduates this country can hope to produce must inevitably fall off with

undesirable consequences.

Review of Mathematics in Post-Primary Education: As already
mentioned, the NCCA published in October of 2005 a discussion paper en-
titled Review of Mathematics in Post-Primary Education which “... set out
the background and context for a review of mathematics in the post-primary
curriculum.” In its concluding section it provides the following list of “a

number of distinct areas that need to be considered”:?!

e the purposes of mathematics education, including societal expecta-

tions

e the mathematics curriculum/syllabuses and changes that may be

needed

e the assessment and certification of mathematics

e the requirements of third level institutions and how these may (or

should) be accommodated

2INational Council for Curriculum and Assessment (NCCA), Review of Mathematics in
Post-Primary Education: Discussion Paper (Dublin: NCCA, October, 2005), 25.
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e the perceived problems with regard to mathematics education in

schools

e the role of information and communications technology in mathemat-

ics education
e the teaching and learning ‘culture’ of mathematics
e the inservice education and training of mathematics teachers

While this discussion document identifies key issues urgently in need of
attention, it does not outline a programme of action as to how these issues
might best be addressed in a concrete manner. Thus, as a follow-on document
responding to the NCCA’s 2002 paper Developing Senior Cycle Education —
Consultative Paper on Issues and Options it laid a greater stress on Issues

than it did on Options.

1.1.1 Purpose of this Thesis

In this thesis, too, there is a call for reform. The intention here is to help
in the specifics of the reform championed by the NCCA and to be imple-
mented in whatever framework emerges. What is offered here are discussions
and illustrations of curriculum development in a number of areas relating in
particular to content and methods of teaching/learning which might, after
scrutiny and modification, contribute to the provision of mathematics as a

core subject in the near future.
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The question as to what is ‘wrong’ with the current LCE mathematics
programme, (in particular the Higher Course), is now touched upon lightly.

This matter will be treated in depth in a later section.

In a word, the problem is one of interpretation. Central to the approach
taken in this thesis is the view that the mathematical techniques taught and
examined in some depth are not being justified adequately by way of applica-
tion to the solving of problems external to mathematics itself. Consequently,
the subject can appear bewildering and irrelevant to many students, making
it difficult for them to take a genuine interest in it. The current programme
which has a clearly expressed and laudatory set of aims and objectives al-
lied to a syllabus with a rich content, is not having its ambitions realised
effectively because of an overly narrow interpretation of the course mate-
rial by way of texts and examinations. Broadly speaking, the single biggest
manifestation of this narrowness of interpretation pertains to relevance and

self-justification.

The issue of relevance: In a small survey carried out in 2000, one first-
year engineering student, who gained 495 points overall and a B3 in higher

course mathematics, wrote in reply to the question “Is mathematics use-

ful?”:22

22Questionnaire given to first year Electronic Engineering Students at Cork Institute of
Technology, September, 2000. (see Appendix A.)
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To be honest, | have no idea what a lot of maths is useful
for. In secondary school we were never told what the maths
we were doing could be applied to. The subject was never
made relevant to daily life. It was just dished out to me
and | was left the monotonous task of figuring most of it
out for myself.

The student continued:

| think maths would be a lot more easier to learn if it had
more relevance to the receiver. Then at least there would
be a reason to learn it and not just for the sake of obtaining
an “A” in the exams.

One aspect of this work seeks to show that changes of emphasis and ap-
proach to existing material could be made to achieve major improvements
in appreciation and understanding within a structure whose aims and ob-
jectives are essentially those of the existing programme but whose emphasis

differs radically from current implementation.

The final examination: The primary source of the problem is believed
by many to be the final examination. It should be remembered that at the
moment this is the only assessment students are given for a two-year course.

Mc Namara writes:?3
The assessment is solely by written examination; no
school based work is included. The papers contain closed
questions to which there is usually a definite answer, and
standard methods of solution; there are few opportunities
for students to show any creativity or originality.

23A. Mc Namara, “Investigational Mathematics in Transition Year — A Pilot Project”
(M. Ed. diss., Dublin University, 1994), 77.
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Under the heading of Examination papers the NCCA’s 2005 discussion
paper Review of Mathematics in Post-Primary Education notes that:?*

Examination papers still reflect the formal language and
rigorous specification of questions that typify the ‘modern
mathematics’ era. Most questions are presented as mathe-
matical tasks (for example, “solve the equation” ...) without
being set in a context.

As this work attempts to demonstrate, the syllabus material is being
examined in a manner which stresses the technical almost to the exclusion
of all other aspects of mathematics. The questions appear to test little more
than memory recall, reproduction and technical ability. In addition, many of
the questions asked seem to lack coherency by being no more than a collection
of isolated and context-free fragments. It is not unusual to see in the same
question sections relating to completely different areas of mathematics.?> It
is very rarely that one sees a coherent question of substance, all of whose
sections relate to the one subject area and stepped in such a manner where,
at the very least, the final portion of the question has a transparent relevance.

Despite the stated intentions of the syllabus regarding the relevance of
mathematics, viz. “material is chosen for its intrinsic interest and general
applicability”?®, the Higher Leaving Certificate (HLC) mathematics papers
appear to fail to convey a proper sense of the power of mathematics to solve

problems external to itself. An analysis of HLC Mathematics Paper 1, 2003

24National Council for Curriculum and Assessment (NCCA), Review of Mathematics in
Post-Primary Education: Discussion Paper (Dublin: NCCA, October, 2005), 11.

25¢. g. Q.3, Paper I, 2003.

26 An Roinn Oideachais, The Leaving Certificate, Mathematics Syllabus, (Higher and
Ordinary Level) (Dublin: The Stationary Office, n.d.), 5.
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(described later) reveals that no more than one-fortieth of the material ex-
amined concerned itself with an application — and this was of the ‘intra-
mathematical’ type, that is, internal to mathematics itself.?’

The manner in which a syllabus is taught is often influenced by how it is
examined, particularly when those who teach it do not have the privilege of

examining it. In fact, as O’ Donoghue and Ward note:?®

Kulm refers to two significant features of the impact of test-
ing by saying “Whatever gets tested gets taught”" (Kulm,
1990) and then even more depressing “only that which is
tested will be taught.”

They add that, “Recent commentary on the second level system in Ireland
has raised similar concerns. All those involved in the Irish education sys-
tem, students, parents, teachers and employers have made similar remarks
in relation to the Leaving Certificate (Commaission on Points, 1998).%°
Whatever the merits or otherwise of a single national examination taken
by one and all at the end of a course of study, it is generally the case that such
examinations tend to settle down a short while after their inception to a pre-
dictable pattern as is certainly the case with the present HLC examination.

In fact Mc Namara asserts that this predictability is intentional:3°

27See page 189 for a fuller definition of the term ‘intra-mathematical’.

28Patricia Ward, “Mathematics Assessment: A Process for Students with Special Needs”
in Proceedings of First National Conference on Research Mathematics Education 1, no.1
(September 2005): 297.

29G. Kulm (ed.) “New Directions for Mathematical Assessment.” Assessing Higher
Order Thinking in Mathematics. American Association for the Advancement of Science
(1990): 72, quoted in ibid., 297.

30A. Mc Namara, “Investigational Mathematics in Transition Year — A Pilot Project”
(M. Ed. diss., Dublin University, 1994), 78.



14 CHAPTER 1. INTRODUCTION

A major aim of this new syllabus is to make the Higher level
course more accessible to students. It was hoped to achieve
this by some reduction in content, but largely by ensuring a
predictable format, and level of difficulty to all examination
questions, and by strict adherence to the written syllabus.

Current textbooks: A second major element to be considered in this ex-
amination of the current shortcomings in the HLC programme is the body of
existing school textbooks. These books, as will be discussed later, appear to
be dominated by the same technical emphasis that pervades the LC exam-
ination. The discussion document Review of Mathematics in Post-Primary
FEducation comments that, “The main classroom ‘aid’ is the textbook. Again,
Irish textbooks are somewhat functional by comparison to those in other
countries [...]. As evidenced by inspection visits, teaching is highly depen-
dent on the class textbook (which tends to reinforce the ‘drill and practice’
style) and the examinations, and there is frequently a very close relationship
between the two.”3! The Review adds that Lyons et al (2003) found that
students were generally not given insights into the applications of mathe-
matics in everyday life; learning was a matter of memorising mathematical

procedures and facts:*?

Mathematics was presented to students generally as a sub-
ject a) that had a fixed body of knowledge; b) that was ab-
stract in character; c) that required demonstration of pro-
cedures rather than explanations; and d) that comprised
discrete elements.

31National Council for Curriculum and Assessment (NCCA), Review of Mathematics in
Post-Primary Education: Discussion Paper (Dublin: NCCA, October, 2005), 21.
32Lyons et al., (2003): 143 as cited in Ibid., 21.
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When it comes to the presentation of material Christiansen et al. report
that, “the textbook provides for most teachers the indispensable framework
for the organisation of the teaching process, both with respect to the se-
quencing of the mathematical content and to the time spent on the different
major sub-themes.”33
This thesis concludes that these textbooks constrain the teacher and fail

both subject and student by being guilty of the same feature bedeviling the

examination — a failure to show relevance.

1.1.2 Other Features Relating To Content

A number of other features of the present programme are worthy of exam-
ination. It appears that by almost exclusively concentrating on technical
mathematics, facets of the subject such as its history and culture along with

its recreational element are being ignored entirely.

The history/culture of mathematics: The Department of Education
and Science has, over the years, made many injunctions to incorporate some-
thing of the history of mathematics into the teaching of the subject of math-
ematics. For example, the last paragraph of the 1988 Preamble on Mathe-

matics related to the programme preceeding the present one, reads:*

It is recommended that reference be made where appropriate
to the history of Mathematics and to the lives of the great
mathematicians.

33B. Christiansen, A. G. Howson & M. Otte, Perspectives in Mathematics Education
(Dordrecht: D. Reidel Publishing Company, 1985), 295.
34An Roinn Oideachais, Rialacha agus Cldr (Dublin: Stationary Office, 1988), 217.
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The current programme requires that students:3®

. should be aware of the history of mathematics and hence
of its past, present and future role as part of our culture.

Yet nowhere, in either programme, is there a question on the final examina-
tions addressing this recommendation.

This work seeks to demonstrate that knowledge of mathematical history
can be made to encourage students. Learning and practicing some of the rules
of calculus might appear like mindless drudgery unless one is assured that
the skills acquired allow more complicated problems to be tackled and solved.
But even the apparent tedium of such endeavours can be alleviated by an
enthusiastic teacher who can relate from history some of the blunders made
by the most eminent pioneers. For example, Leibniz did not discover the
product rule for differentiation at his first attempt but had a short struggle
to uncover it. It might do wonders for a student’s confidence to be told
that one morning in the library at Hanover while developing the calculus,
this towering mathematician unthinkingly assumed that (uv)’ = w'v', a ‘false
rule’ which so many others since then have also unwittingly surmised to be
the case. We are told that it was evening before Leibniz realised the error of
his too-casual supposition and found the correct formula (uv)’ = u'v + uv' -
a rule which to this day is known on the continent as the Leibniz rule.

An awareness that even the great are fallible and sometimes make un-

warranted assumptions not unlike our own surely encourages us all. It may

35An Roinn Oideachais, The Leaving Certificate, Mathematics Syllabus, (Higher and
Ordinary Level), Item I of Other Objectives, 3.
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also help young people realise that science or mathematics is not revealed
but evolves through a spirit of enquiry which is often inept, even blundering
and which rarely asks the right questions straight off or finds their answers

readily. Hunter writes that:3¢

Alvarez makes the case for enhancing all mathematics
courses with readings on the evolution of the subject. She
notes that the development of mathematical ideas is seldom
as tidy as the concise, elegant packages we present to our
students. She reminds us that mathematics appreciation
can be part of every course we teach for our students’ sake
and for our own.

This work has much to say about using the history/culture of mathemat-

ics as an aid to the teaching/learning of the subject.

Recreational mathematics: Another feature considered in this work is
recreational mathematics; that playful branch of the mathematics known
to have engaged and charmed the minds of many over the ages, attracted
so many to its further study and inspired much that is ‘useful’ within the
mainstream of the subject.

Recreational mathematics (RM) has long been recognised as an ideal
method for the student to ‘learn by discovery’ and is used as early as kinder-
garten to help young children develop mathematical skills. The Rewview of
Mathematics in Post-Primary Education reports that the NCCA’s Primary

Curriculum Review 2003-2004 found in case studies conducted as part of that

36David Hunter, Review of Loving Math Infinitely by Josephina Alvarez, College Math-
ematics Journal 32, no. 5 (November 2001): 398.
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review that, “Children found mathematical games, puzzles and interesting
problems a good motivational influence in their mathematics learning.”37

While this aspect of RM shall be discussed and considered, it has to
be admitted that the logistics of implementing this form of active learning
in a genuine manner can be formidable. As a result, this work suggests a
different exploitation of RM, in a way more readily realisable in the senior
cycle classroom.

It seems reasonable to claim that the history/culture of mathematics and
recreational mathematics, when presented in an appealing manner, can prove
ideal vehicles for generating the interest so necessary to engage the learner.

(44

Interest is a key ingredient in any educational endeavour — above all
one should seek to cultivate interest: ‘to be wearisome is the cardinal sin
of instruction’.”®® Besides informing students of their cultural heritage as it
relates to mathematics and activating the spirit of enquiry, these two areas
of study can be made to touch, in different ways, on the issue of motivation

as it relates to relevance; a factor which for many is the single biggest reason

for undertaking any study.

The following aspects of mathematics:

3TNational Council for Curriculum and Assessment (NCCA), Review of Mathematics in
Post-Primary Education: Discussion Paper (Dublin: NCCA, October, 2005), 3.

38Due to the Prussian educationalist J.F. Herbart (1776-1841) as cited in A. G. Howson,
C. Keitel & J. Kilpatrick, Curriculum developments in mathematics (Cambridge: CUP,
1981), 25.
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e Applications
e History and Culture

e Recreational

are identified in this work as three significant ones, relating to content, which
are either not being addressed adequately, or are being neglected entirely, by

the current programme.

1.1.3 Methodological Issues

Turning to the issue of methodologies this section discusses very briefly the
lack of substance/rationale in the current presentation of syllabus segments

and the scant use of technology.

Rationale/substance: The preoccupation of the current programme can
be described as being almost entirely with the ‘how’ of mathematics where
methods are taught and learned in context-free environments rather than
context-bound ones where the ‘why’ of the subject is also to the fore. Oldham
wrote in 1996 that, “The ‘realistic’ approach is not familiar in Ireland. Our
emphasis may be less on concepts and more on procedures.”®® This situation
had not changed by 2005 as evidenced by the discussion paper Review of

Mathematics in Post-Primary Education which notes that:4°

39Elizabeth Oldham, “Trends in Mathematics in Mathematics Education: Ireland in
International Perspective”, Studies in Education 12, no. 2 (Autumn 1996): 46.

4ONational Council for Curriculum and Assessment (NCCA), Review of Mathematics in
Post-Primary Education: Discussion Paper (Dublin: NCCA, October, 2005), 6.
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Post-primary mathemtics syllabuses in Ireland do not cur-
rently make reference to the modelling or RME approaches.

The questions asked in the final examination tend to be short snap-shots
rather than more substantial ones building towards a ‘finale’ which reveal
an overall purpose. Similarly, (as will be shown) the theory and related
problems to be found in the texts are largely of this form also. Consequently,
there is a lack of substance and rationale to many of the topics covered in
the textbooks. To indicate very briefly but concretely what is being said,
the topic area of ‘cubic equations’ is used to illustrate the point being made.
Many others examples, some much more serious, will be given at appropriate
junctures.

What does a student know after being taught about cubic equations (cu-
bics) in the fashion treated by the textbooks? Cubics are treated in two
stages. On the first pass the student is told how to obtain the integer root of
carefully chosen cubics (which appear unmotivated) using the factor theorem
— an exercise which is straightforward but essentially technical. At the sec-
ond stage he or she learns that if a cubic doesn’t have a rational root, then
the Newton-Raphson algorithm (taken as a given) must be used. Both in the
texts and in the examination an initial approximation is always supplied for
cubics of this type (which are also served up without a hint as to their origin)
and the student is expected to beaver away assiduously to get the desired
root — a second straightforward exercise in applying mathematical technique.
And there matters rest. Having been instructed on ‘how’ to get the roots

of a cubic equation, the enquiring student cries, “But why, oh why?” His
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teacher may be up to telling him but, alas, the texts don’t. So at the end of
a course on cubics the student may well know how to get the root of a cubic
equation but will be unable to say why one might want to find such a root.

This specific illustration of failure to provide motivation and rationale is
representative of a general situation. This thesis argues that it is imperative
to the educational enterprise to give more substantial treatment of syllabus

segments which clearly reveal purpose.

Use of Technology: “New technology has changed, not only mathemat-
ics, but also the ways in which it can be taught and learnt.” — so wrote
Oldham shortly after the first examinations of the new mathematics courses
in the senior cycle.*! She illustrated this remark by referring to the ability
of both computers and calculators to perform routine calculations, render
the graphs of functions and draw geometrical figures. Rather disappoint-
ingly, regarding the use of this new technology, she pointed out that “in this
respect, the new courses can be seen as rather conservative.”? Later she
added that their utilisation “is surely a ‘must’ as soon as economic and other
circumstances permit.”#® Although economic conditions have improved, the
2005 discussion paper Review of Mathematics in Post-Primary Education

4

comments that, “The image of mathematics as linked to “real life” may not

have been enhanced by the late and slight adoption of ICT in mathematics

41Elizabeth Oldham, “Mathematics in the Senior Cycle: The New Leaving Certificate
Courses”, Studies in Education 8, no. 2 (Autumn 1992): 41.

421bid., 43.

431bid., 45.
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teaching. [...] Computers are not regularly used in mathematics classrooms,
although the Schools IT2000 initiative has resulted in more teachers making
use of ICT in a range of subjects.”#* Thus it is fair to say that conservative
use, if any at all, is still the norm in the senior cycle classroom.

However, there is a clear recognition that there should be an increasing
use of technology. In relation to additional subjects at senior cycle, the report

on the consultative process notes that there was a call for such provision,*®

notably in civic and political education, social and
personal education, physical education and information and
communication technology (ICT). In the case of the latter,
the emphasis was on ICT as a teaching and learning tool
and on the acquisition of ICT literacy, although there was
some support for a stand-alone subject in this area.

In respect of ICT this view was confirmed by respondents to the Online
Survey, the results of which report that, “overwhelming support exists for
the ... increased use of technology as a tool for learning (90%).”4°

In December 2004 the NCCA published a discussion paper on Curricu-
lum Assessment and ICT in the Irish Context.’” It states that “the NCCAs
current ICT work aims to further elaborate the potential of ICT to sup-

port teaching and learning across the curriculum and in specific subjects

in primary and post-primary schools. This support will include identifying

44National Council for Curriculum and Assessment (NCCA), Review of Mathematics
in Post-Primary Education: Discussion Paper (Dublin: NCCA, October, 2005), 21. The
acronym ICT stands for Information and Communication Technology.

45National Council for Curriculum and Assessment (NCCA), Developing Senior Cycle
Education — Report on the Consultative Process, 17.

46NCCA, Results of Online Survey, (Dublin: August 2003), 8.

47National Council for Curriculum and Assessment (NCCA),Curriculum Assessment
and ICT in the Irish Context: A Discussion Paper (Dublin: NCCA, December, 2004)
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the kinds of knowledge, skills and attitudes that students can be enabled
to develop through ICT key points in their primary and post-primary edu-
cation.”*® In relation to mathematics the Review of Mathematics in Post-
Primary Fducation quotes a UK report by Hoyles et al. as stating that
“the use of information (and communications) technology has ‘changed the
nature of the mathematical skills required, while not reducing the need for

mathematics’ itself.”4?

It is hoped that ICT will make its appearance as a stand alone subject
in the horizon framework of 2010. If so, it would ensure that senior cycle
students become familiar both with operating PCs and the software that
can run on them. Such familiarity would be a bonus to the mathematics
teacher hoping to use software and materials which assist both the teaching
and learning of mathematics. However, whether this happens or not, it is
strongly recommended here that such technology be still used in the mathe-
matics classroom; firstly to assist the dynamic presentation of mathematical
content by means of software programs such as PowerPoint and secondly to
cultivate clear thinking via (elementary) mathematical programming imple-

mented with powerful mathematical packages such as Mathematica.>

48Ibid., 4.

49National Council for Curriculum and Assessment (NCCA), Review of Mathematics in
Post-Primary Education: Discussion Paper (Dublin: NCCA, March, 2005), 2.

50 Mathematica is the registered trademark of Wolfram Research Inc.
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1.1.4 Consequences

Since the final examinations are currently the only way in which students
gain credit for their two-years’ study of the LCE, and since success on this
examination is, more often than not, the sole determiner of a student’s post-
secondary options, it is generally the case that most teachers, aided by their
textbooks, gear their instruction to the nature of this examination. “IMTA
meetings devoted to ‘post-mortems’ on the examination papers [...] especially
with regard to the Higher level Leaving Certificate papers — are at times
obsessively devoted to ‘what will get marks’ rather than ‘what may improve
students’ learning’ or what might be good mathematics education”.”?! Thus,
in general, teachers pragmatically accept the examination for what it is and
focus on optimising their students’ performance on these tests by adhering
to a regime which concentrates on the teaching of (i) the content most likely
to be examined and (ii) the form in which it likely to be asked within the

time-frame provided by school managers.

False impression: Since the mathematics examination, in turn, is almost
entirely technical and context-free, treating very little practical mathematics,
one serious consequence of this practice is likely to be that students acquire
a false impression of the nature of mathematics.

Much as they might wish to present their subject otherwise, teachers

5INational Council for Curriculum and Assessment (NCCA), Review of Mathematics
in Post-Primary Education: Discussion Paper (Dublin: NCCA, October, 2005), 17. The
acronym IMTA stands for Irish Mathematics Teachers Association.
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may feel compelled by the obligation to have their students perform well
on this examination and rightly regard themselves as working within “the
highly constrained field of teaching in school.”®® Speaking in 1959 at the
Royamaunt conference on New Thinking in School Mathematics, the great
French mathematician Dieudonné remarked:5?

What is really at stake is the kind of mental picture of
mathematics which will emerge in the mind of an average
intelligent student after he has been subjected to that
treatment for several years.
Unfortunately, this same question is as valid (with regard to current LCE
mathematics) as it was almost a half-century ago and, regrettably, the answer

to it is probably as it was then; the emergence of a mind-set where students

view mathematics as a mindless game devoid of any sense.

What is being lost? What should our students know about mathematics

upon leaving secondary school? The perspective offered by this thesis is that

e mathematics is relevant; many lack an awareness of its power to solve

problems relating to the external world.

At the moment at one end of the spectrum of mathematical appre-
ciation very able mathematicians/scientists are perplexed by, what
the Hungarian/American and Nobel Prize winning physicist Eugene

Wigner termed, ‘the unreasonable effectiveness of mathematics’ while

2John Evans, “Education as a Preparation for Work” (Ph. D. diss., Dublin University,
2000)
53Jean Dieudonné, New Thinking in School Mathematics, (OECD: 1960), 38.
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and at the other end of this same spectrum many students reel under

the bewilderment of attempting to decipher what it is all about.

e doing mathematics can be enjoyable; there is ample evidence that
a great many students rarely feel any sense of excitement or pleasure
from a study of the subject. They have not experienced the adven-
ture of discovery nor the liberating influence of finding things out for

themselves.??

e mathematics has a long and rich history; that as a subject of enquiry
it has always been ranked among the most daring and imaginative
of human endeavours and has drawn, throughout the ages, people of
every rank and station to its study and that often these ingenious and
passionate individuals endowed with greatness were also possessed of

the same frailties common to most.

e mathematics has its own culture: replete with ‘big ideas’ and concepts
both ingenious and intriguing which lend it an elegance and grandeur
both as it relates to its own methods and results but also through its
intimate connections with such disciplines as art, music and architec-

ture.

54The OECD report Learning for Tomorrow’s World — First Results from PISA 2003 (
Paris: OECD, 2004) states (115):

Student interest in mathematics is far lower, across countries, than in
reading. Among OECD countries, about half of the students report
being interested in things they learn in mathematics, but only 38 per
cent report that they do mathematics because they enjoy it.
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Each of these aspects of the mathematical task is addressed throughout this
work in a manner which demands more than the mere recall of facts but the

demonstration of related mathematics.

1.1.5 What is good in the present HLC examination?

While the focus of the present discussion has been one of making the case for
reform by pointing to shortcomings in regard to interpretation and substance,
it has to be said that there is (in the judgment of this writer) much that is
good in the current programme. The potential of the present syllabus to be
a much more forceful instrument has already been mentioned.

[t can fairly be said that many students acquire a high level of technical
ability from a study of the current HLC in that they have little difficulty
with different fundamental mathematical techniques. [Those that do have
difficulty, invariably have it with regard to numeracy in such matter as units
of measurement, indices, logarithms and approximations, and not, perhaps
surprisingly, with algebraic manipulation or techniques of differentiation and
integration. All of which would seem to indicate that on-going problems in
relation to skills are inherited from previous educational experiences, either
at Junior Certificate level or further back at primary-school level.] While
one of the assertions of this work is that the HLC is overly technical, there
is no suggestion that the technical aspects of mathematics be removed in
their entirety or made to virtually disappear by swamping such material

by excessive context setting. The view here is simply that while technical
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mathematics is necessary it is not sufficient.

The Data Analysis and Probability section is a good one in that it makes
contact with applications and makes a greater call on higher order cognitive
skills than many of the other sections. As a topic it has the advantage of
requiring little more than the ability to count, so that one can progress quite
far without invoking further technical mathematics. The statistics ques-
tions dealing with the organisation data and the drawing inferences are self-
evidently relevant while many of the probability questions could be classed
as applied although, in the opinion of this writer, there is a lack of emphasis
on decision making. This attribute of probability to inform decision mak-
ing in the presence of chance is taken up in a subsequent section along with
many other ‘missed opportunities’ which could be harnessed to expand this

syllabus segment into a more substantial and invigorating element.

1.1.6 Summary

Thus by way of summary, while there is much that is good with the current
programme, it is asserted here that, because of a lack of emphasis on genuine
applications as well as a neglect of both recreational mathematics and the
history/culture of mathematics, allied to the manner in which subject matter
is presented and examined, the current LCE course is failing to meet many

of its expressed aims®® relating to

e the engendering of interest in mathematics

55Department of Education, The Leaving Certificate Mathematics Syllabus (Higher Level
and Ordinary Level) (Dublin: Government Publications Sales Office, n.d.), 1.
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e showing the relevance and power of mathematics

e revealing the rich heritage and special nature of mathematics as a

human endeavour

Hence the need for reform.

1.2 The Nature of the Proposed Reform

Having indicated, if not yet substantiated, the need for reform, attention
is now turned to the nature of this reform. This section outlines what the
present work hopes to do in relation to the issues already identified.

While retaining many elements of the existing syllabus (interpreted more
liberally and substantially) it is proposed here that there be a much greater

emphasis on
e Recreational Mathematics
e Mathematical History/Culture
e Applications of Mathematics

and that there be a

e change in how subject material is presented both in textbooks and

in the classroom.

e greater use of technology
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e change in the overall assessment system, in particular in relation to

the final examination

A discussion of this last point, so necessary to accommodate the other
recommended changes is best left to a section dealing with implementation.
However, that it is necessary to have, at the very least, a different final
examination, should be evident considering the suggested new content areas
and methodologies. It has already been mentioned that the fourth of the
‘directions for development’ indicated by the NCCA is one where “different
assessment arrangements and a new certificate” are envisaged in the 2010

framework."%

1.2.1 The Notion of a Topic

Turning to the proposal that there be a ‘change in how subject material
is presented both in textbooks and in the classroom’, it has been pointed
out, by way of the illustrative discussion on ‘cubics’, that lack of motivation
combined with a failure to reveal purpose are two features which mar the
current textbook treatment of many syllabus segments. Because of this,
many textbook presentations of topics, in addition to lacking rationale, are

A

short on development and scant on substance.’” Thus it may be said in

relation to the instructional sequence:

%6National Council for Curriculum and Assessment (NCCA), Developing Senior Cycle
Education - Directions for Development (Dublin: NCCA, 2004), 3.

57Tt is proposed to substantiate this point in specific detail in the section devoted to
analysing the approach adopted by current textbooks.
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Motivation Exposition Application
of the — of — or
Need for Theory Relevant Theory Evident Purpose

Figure 1.1: Instructional sequence guiding the design of a Topic.

that the predominant practice at the moment may be an almost total (tech-
nical) concentration on the middle element, with little or no attention being
given to the other two vital components.

It is possible that there are good reasons why this is the case, one of which
may be that many teachers do not know enough about the applications of
their subject since they themselves also have been the victims, both at sec-
ondary school and at third-level, of this form of mathematical education. It
is not the intention here to dwell on this possibility, nor indeed other contrib-
utory factors, but rather to advocate a shift from current teaching practice to
one based on adherence to the above sequence even if this entails the writing
of new textbooks and/or the re-educating of teachers. Implementation issues
such as these are taken up again in an appropriate chapter.

In this work, any syllabus segment which is interpreted and presented ac-
cording to the above sequence is referred to as a Topic. Capitalisation is used
to distinguish this newly minted term from the ordinary word ‘topic’ which
in the educational sense is taken to mean ‘theme’ or ‘subject’. A Topic
may be seen as the expansion of an existing syllabus entry, or a

newly proposed one, to such an extent that the reason for teach-
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ing it is indisputably evident. The meaning, elaboration and practical
illustration of this notion constitutes an essential element of this thesis, and
dictates much of the mathematical content and discussion appearing in its

core section.

To make clear the nature of a Topic, the current treatment of one segment
of the present syllabus, that of quadratic polynomials, by both textbooks and
examination, is compared with a suggested more substantial treatment which
devotes more time to initial motivation, requires no more technical knowledge
than the present syllabus and which justifies itself by both solving the prac-
tical problems raised initially and the showing of fresh applications. Other
comprehensive illustrations are also given in relation to current syllabus en-
tries relating to difference equations and the Newton-Raphson method. Con-
crete material connected to the new content areas of recreational mathemat-
ics and the history/culture of mathematics is also presented in detail. These
pieces are written at the level of a teacher rather than that of the student,
and as such, are to be clearly understood as being designed with mathemat-
ics teacher education in mind. They should not to be seen as constituting
material which might readily be presented in the classroom, even if in certain

cases this might be deemed possible.

The ultimate criterion for judging the success of a Topic hinges on whether
it makes manifestly clear why one has studied the related mathematical ma-
terial. The ambition is that a Topic related to a syllabus segment capable of

accommodating applications be underpinned by at least one genuine applica-



1.2. THE NATURE OF THE PROPOSED REFORM 33

tion. Material relating to history, mathematical culture and general interest
may, or may not, contain a real-world application but should reveal purpose.

In relation to a purpose which would not be strictly classified as applied
in the sense of solving a problem external to mathematics itself, there is a
piece from recreational mathematics based on three-by-three magic squares
and designed to illustrate the ‘logic of discovery’. Motivation is ezordium
ex abrupto where students are simply challenged to determine if it is indeed
possible to solve this ancient puzzle and, if so, to provide a solution.?® After
being given time to make the problem their own, and possibly find (in var-
ious ways) that there are many solutions, an exposition is presented which
reasons through the problem in a systematic and sequential manner to re-
veal a solution. But the matter does not rest here for it is only now that the
teacher begins to reveal the true purpose of an exercise which began with a
puzzle. The exposition is re-traced to identify key decisions, which when re-
examined culminate in establishing quite simply but conclusively that there
are only eight such squares. Not happy with such a significant and unsus-
pected outcome the teacher reveals that these apparently distinct solutions
may be viewed as different manifestations of each another. The final result
is substantial and fully justified by achieving, in this case, complete closure.
Besides being a show case of genuine mathematics of a high order, its overall

purpose is to reveal to the student the power of logical thinking.

This work presents three examples of Topics fully worked out in a manner

8 Brordium ex abrupto — ‘an abrupt introduction’.
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which makes their pedagogical content quite evident. Should the envisaged
new framework be flexible enough to accommodate this body of tangible
work then it may be drawn on by teachers and spare them having to develop
material from scratch. One possible direction for implementation is using a
Topic as a module or part thereof. In this case one would need to ensure a
significant store of Topics from which a certain number would be assigned
for a given examination cycle just as a fixed number of poems and a play are
prescribed for the course in English. And, as is done for this subject, by giving
a suite of classes on these Topics, a teacher hopefully will be able to give
students a tangible sense of learning something self-contained, purposeful and
complete. The study of a number of carefully thought-out and well-chosen
mathematical Topics would convey the relevance and power of mathematical

thinking.

In addition, Topics with evident educational goals empower teachers to
teach mathematics in a more meaningful manner and make it less isolated
and divorced from its applications. By shifting to such a paradigm it may
immeasurably improve the quality of the education provided to our young
people while increasing the satisfaction of those who teach them. It is es-
sential that teachers be given the freedom and time to treat some syllabi
entries, in addition to proposed new items, in a manner which allows them
to convey the usefulness of mathematics and which engenders the exhilara-
tion to be had from observing mathematics ‘in action’. Equally, they should

not feel restrained from considering problems which may have no immedi-
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ate or apparent application but have an easily recognisible sense of purpose.
The issue is not so much one of relevance but of substance combined with
purpose. While pride of place may be accorded to Topics with non-trivial
applications, the role of the investigation undertaken for no other reason than
its intrinsic interest must never be undervalued. The criterion should simply

be to consider ‘sensible’ problems.

1.2.2 Use of Technology

In relation to the use of technology it has already been indicated that there
is a positive attitude on behalf of the NCCA and the partners in education
towards its greater use in the classroom as an aid to teaching. While nothing
specific was indicated by these bodies as to how it might aid in the teaching
of mathematics, it has already been said here that technology can be used
to present mathematics in an attractive manner and to aid precise thinking

via mathematical programmaing.

The Internet as a resource: Before elaborating on these two aspects,
it should also be pointed out that the Internet is a vast repository of freely
available material which can be of tremendous assistance to the teacher and
pupil used in the classroom. Over time the Internet is almost certain to
become one of the most exciting new learning environments of all. Some
Internet resources which are already available and used, particularly, at third-

level, in relation to teaching and learning (of mathematics) are
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Accessing class notes on web-pages and through Open Course Ware

(OCW)

Obtaining exercises on-line
Problem sessions with correcting
Distance learning

Sites relating to all aspects of mathematics

The first three of these resources all help to lessen the workload of the teacher
in re-enforcing and testing technical mathematics while facilitating indepen-
dent learning by the student. It is envisaged that because of their sheer
usefulness and convenience it will soon be the common practice of all sec-

ondary schools to actively avail of these facilities.

Presentations: Software programs such as Microsoft’s PowerPoint open
up a world of possibilities for those involved in education. However, to judge
by what is currently available, little or nothing is being done in this area
for the purposes of teaching mathematics. One current focus is on using
well known mathematical packages such as Mathematica to aid teaching in
the (third level) classroom while a second is on the creation of Java Applets
for illustrating and testing some very specific mathematical skill. While
these are excellent in their own way, PowerPoint-like presentations can be

fashioned into a tool superior to both these modes for presenting and teaching
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mathematics. If a picture can speak a thousand words then a well-thought-
out presentation can be made to speak volumes. This theme and others are

elaborated upon in some detail in a later chapter of this work.

Mathematical Packages: Although the PowerPoint program can be used
to present mathematics very attractively it is not a mathematical package
in that it lacks a mathematical engine that packages such as Mathematica
possess. This latter program is perhaps the most powerful of the many
currently available and can also be used to great effect by a teacher to present
mathematics.

The power of a computer to draw the graphs of functions has already
been remarked upon. Because of the tremendous speed of modern comput-
ers a mathematical package offers much greater scope for exploration than
traditional pencil and paper methods. Many of the problems either a teacher
or a pupil can hope to attempt in the classroom are too short to have a ring
of authenticity about them. A mathematical package gives the teacher the
power to display mathematics in action by presenting realistic tasks imple-
mented efficiently and quickly. When young students see a computer encrypt
a block of plaintext in the blink of an eye, they begin to see the relevance of
mathematical theory which underpins such implementation.

Many of the mathematical software houses have a keen interest in math-

ematical education as witnessed by the articles and journals they produce

dealing specifically with this area. Wolfram Research, the originators of
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Mathematica and one of the pioneers in the field of computer assisted learn-
ing (CAS) have a package named The Mathematical Explorer which they
claim, “delves into the historical and cultural details behind the most impor-

tant mathematical concepts.”"?

It offers an “interactive journey through
intriguing problems that have challenged mathematicians since the ancient
Greeks.” The reader is invited to “walk in their computational footsteps,
and experience the wonder of discovery that has fascinated amateurs and
professionals throughout the ages.”® Clearly this resource alone is a power-
ful aid to a teacher wishing to engage students’ interest. Explorations such

as these could be tied to the teaching of the history/culture of mathematics

and be examined in that context.

Mathematical Programming: “It might appear contradictory, but the
effective use of computers demands a deepened knowledge of theoretical
knowledge, than the traditional way of executing by hand loosely described
procedures.”% A later section illustrates this remark in relation to the rec-
ommendation of using (mathematical) programming to cultivate the skill of

precise thinking. It has been wisely said by Perlis that:5?

You think you know when you learn, are more sure when
you can write, even more when you can teach, but certain
when you can program.

59Wolfram Research, The Mathematical Explorer™ (USA: 2001), backcover

60Tbid., backcover

61B. Christiansen, A. G. Howson & M. Otte, Perspectives in Mathematics Education,
79.

62Alan J. Perlis as cited by John dePillis, 777 Mathematical Conversation Starters,
(USA: Mathematical Association of America), 69.
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1.2.3 The Three Context/Content Areas

Having outlined a different general methodological approach to the presenta-
tion of material via Topics and having described the power of technology to
aid in this endeavour, it is time to briefly say how this work hopes to remedy
the shortcomings of the current programme in relation to the three ‘con-
text/content areas’: recreational mathematics, the history/culture of math-
ematics and applied /relevant mathematics. In so doing, the opportunity will
be availed of to indicate briefly what little expertise this writer has attained
in each of these areas.

Recreational Mathematics is discussed first because it is proposed that it
should begin at the start of the first year (if not before) of the envisaged three-
year programme. Although applications should be touched upon at every
available opportunity, and some can be during a study of RM, others require
technical mathematics which may not be developed until a little later in the
course. Likewise with the history/culture of mathematics; while much can
and should, be alluded to at any time, a more structured approach to both
its aspects should, perhaps, wait until students have acquired a familiarity

with those mathematical ideas to be first presented at senior cycle level.

Recreational Mathematics: Much of what makes mathematics attrac-
tive and exciting may not be immediately applicable but is connected with
one of mankind’s most fundamental impulses — the desire to know.

Some puzzles are ideal for teaching mathematics because finding their
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solutions often requires the use of numerical or geometric reasoning. By al-
lowing the subject to be disguised in an imaginative manner puzzles can help
the teacher avoid the drill-like exercises which so many students find dry and
intimidating. Instead they let young people learn a great deal of mathe-
matics in an agreeable fashion without their even realising that they are so
doing. Furthermore, certain puzzles when solved suggest general questions
of a genuinely mathematical nature. Thus they prove invaluable in provid-
ing the justification and impetus for particular mathematical investigations
which otherwise might appear to have no relevance. The theme of providing
the teacher with a framework where he or she can use puzzles, games and
tricks to make contact with more conventional mathematics is a central one

in this work.

Advocacy of the use of recreational mathematics in the teaching of sec-
ondary school mathematics is not new. Martin Gardner has written, “For
40 years I have done my best to convince educators that recreational math
should be incorporated into the standard curriculum. It should be regularly
introduced as a way to interest young students in the wonders of mathe-
matics. So far, movement in this direction has been glacial.”® Whether
movement with regard to the use of RM has been glacial in countries other
than the US, before or after these words saw print, will be addressed later.

For the moment it is important to point out that a recreational problem

63Martin Gardner, “A Quarter Century of Recreational Mathematics,” Scientific Amer-
ican (August 1998): 68-75.
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has the virtue of being an end in itself and so is ideally suited to serve all

members of a classroom.

A number of presentations and written pieces set out for the teacher ways
of making mathematics appeal to students through the study of puzzles,
games and tricks. As will be seen, these impart much significant mathemat-
ical knowledge along with a number of important skills relating to habits
of thought and problem-solving approaches. “Instead of a particular subject
matter, however, we can teach children a more precious thing, namely how to

764 Ttems relating to the chessboard, magic squares,

master subject matter.
the game of mastermind, simple parlour tricks and more sophisticated card
tricks have been chosen for their mathematical underpinnings and the purely

mathematical questions they often prompt.

This writer first became aware of the beneficial uses of RM at the start
of a lecturing career in mathematics when he simply used RM as a way of
rewarding a class for its attention to a lecture. The practice was to devote the
last minutes of a class period to the discussion of a previously given puzzle

and the description of a fresh one.

It was a welcome discovery, no doubt already experienced by countless
teachers, to realise that young people love to be challenged mentally on what
they perceive as the level playing field provided by a puzzle. Those puzzles in

particular which require no special mathematical ability beyond a facility to

64Hans Freudenthal, Mathematics as an Educational Task (Dordrecht: D. Reidel Pub-
lishing Company, 1973), 59.
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reason logically and an understanding of elementary arithmetic furnish such
an arena. Under circumstances of apparent equality learners are stimulated
to outshine each other in finding a solution. One of the immediate benefits of
this ritual was the establishment of a healthy rapport between lecturer and

students.

However, it gradually dawned on this fledgling educator that the puzzles
in themselves were assisting in the teaching of mathematical ideas and modes
of thought. This emerged when, in the discussion of such puzzles, students
became enthralled by how closely connected the solution path can be to main-
stream mathematics. Thus began this writer’s preoccupation with acquiring
a stock of challenges that need more than a passing scrutiny to overcome
them and which are of tangible assistance to the endeavour of transmitting
mathematics in a stimulating and envigorating manner. It is a task which

has taken time, continued reflection and careful selection.

The heartening experience of witnessing how enthusiastically puzzles were
greeted and awaited by adult students prompted this author to experiment
with the giving of such puzzles to his children as soon as each of them came of
an age to understand the simpler specimens and have a reasonable prospect
of solving them. To his delight they enjoyed them thoroughly and continued
to ask for fresh challenges throughout their youth and well into their teens.
Time and chance were to reveal the perceived benefits of this RM experiment

in particular in the case of the eldest.

Just before her sixteenth birthday in January 2000, she became ESAT
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Young Scientist for the year 1999 with a project in Cryptography which the
judges remarked required a grasp of mathematics well beyond what one would
expect from a sixteen-year-old. When repeatedly questioned by journalists
as to the reason for this early (apparent) mathematical sophistication she
often made allusion to the fact that the continual solving and discussing
of puzzles at home had made her self-confident in relation to mathematics.
Some time later in a book co-authored with this writer and entitled In Code

— A Mathematical Journey, she wrote with reference to getting extra help

with mathematics in the home:%°

Strictly speaking, it is not true to say that | or my brothers
don't get any help with mathematics. We are given no
extra classes, nor do we have to endure intense sessions at
the kitchen table from over-zealous parents. But almost
without knowing we have been receiving help since we were
very young, out-of-the-ordinary help of a playful and subtle
kind which has made us self-confident in problem-solving.
[...] These puzzles were challenging and encouraged
curiosity, and many of them made maths interesting and
tangible. More fundamentally, they taught us to reason and
think for ourselves. In this way puzzles have been far more
beneficial to me than years of learning formulae and "proofs'.

An early chapter of In Code — A Mathematical Journey devotes a consid-
erable number of pages to the discussion of many of the puzzles discussed in
depth later in this work. The publishers Profile reported that this section held

particular appeal for readers because of the description of the many lessons

this young person claimed she learned from her encounters with these puzzles.

65Sarah Flannery with David Flannery, In Code — A Mathematical Journey, (England:
Profile Books, 2000), 6.
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This popularity was evidenced by the number of letters received from readers
worldwide, in particular from the parents of young children and teenagers.
On becoming aware of the public interest in RM, Profile publishers requested

that this author write a book devoted entirely to this aspect of mathematics.

Another result of this public interest was a commission to write a series
of weekly articles based on extracts from In Code for the Weekend section of
the English newspaper The Daily Telegraph which this writer duly did over
a time span of twelve weeks under the caption of “Mindstretchers” between

March and June, 2000.

The interest generated by the espousal of the benefits of RM also led to
invitations to give talks at different venues both in Ireland and abroad. This
writer has given a number of talks centred on a PowerPoint presentation enti-
tled ‘Making Mathematics Fun Through Puzzles’: one such was to a meeting
of Junior Certificate Teachers held in Galway in September 2000, a second
to a meeting of the Irish Mathematical Society held in September 2002 at
University College Cork while a third was at a plenary session at the an-
nual general meeting of the US National Council of Teachers of Mathematics
(NCTM) in San Antonio, Texas, in April 2003.

The particular interest of teachers in the use of RM was further con-
firmed for this author through the youngest family member who entered
an individual project in the 2006 BT Young Scientist competition in the
Junior section of the Physics, Chemistry and Mathematics category. The

investigation: ‘Games and the mathematics they teach’ won first place for
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its thirteen-year-old presenter who reported that the keenest attention and
most searching questions came from mathematics teachers, many of whom
expressed the opinion that teachers would value hugely a full-length book
on the theme of his project. One such teacher, the editor of the Newsletter
of the Irish Mathematics Teachers Association, on finding one of the games
particularly appealing because of the number of mathematical ideas it em-
braces, invited the young contestant to submit an article for publication in

the Newsletter relating to this captivating ‘trick’.%

History /Culture of Mathematics: An equally taxing but enjoyable task
conducted over many years was the one of becoming acquainted with snippets
from the history/culture of mathematics that reveal to students the human
side of a discipline widely regarded as a strictly impersonal one. To learn
that quite the opposite is the case can induce a more positive attitude to a
subject which for many induces nothing but anxiety:.

“Mathematics as taught in school is perceived by most secondary school
students as a subject devoid of history.”%” While sadly this statement is also
true today (as will be shown later) of most Irish school leavers, the purpose
of this section is to outline briefly what this work attempts to do to remedy
this situation. In addition a number of efforts relating to the culture of

mathematics are described.

66See page 456 for a discussion of the problem in question.

67Shmuel Avital, “History of Mathematics Can Help Improve Instruction and Learning”,
Learn From the Masters, edited by F. Swetz et al. (USA: Mathematical Association of
America, 1995), p. 3.
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A time-line of some of the more significant discoveries in mathematics
throughout the ages up as far as its current frontiers is given along with
mention of the more famous men and women involved. In connection with
this enterprise a number of specific historical problems are discussed and
related examination questions given. Furthermore, it is suggested that a
number of different themes, such as the ‘solving of polynomial equations’,
‘the need for logarithms’, ‘the invention of the calculus’ be used as history
projects which woud become part of a student’s assessment portfolio. This
exercise would require students to read books on the history of mathematics
of which, fortunately, many fine examples have appeared in the last number
of years treating both the past and the present.

Alternatively these themes might serve as possible Topics by which the
teacher might treat certain material from the syllabus. A more compre-
hensive list is given in the section describing the details of what is being
proposed. The virtue of this exercise will be discussed later. In addition to
reading books on the history of mathematics, it is also recommended that
students read some of the literature on mathematics in general by way of
books or plays. There are a number of books available, sections of which can
be read with no more than a knowledge of school mathematics while there
are plays such as the Pulitzer Prize-winning Proof which convey the nature

of mathematical creation without recourse to explicit details.%®

Although culture is inextricably linked with history it is proposed here

68David Auburn, Proof, (USA: Faber & Faber, 2001)
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to isolate a number of mathematical activities, ideas and tastes which reveal
its cultural aspects. Illustrative examples might relate to the process of con-
jecturing, the dangers of induction and the need and nature of proof. Some
of the more famous examples of indirect reasoning via reductio ad absurdum
arguments bequeathed to posterity by the Greeks are easily understood once
explained properly. Yet these cultural gems are never displayed in the class-
room as part of the heritage of mathematics in the same way that many

students are acquainted with the rich legacy of art and music.

Art, music and architecture are also aspects of our general culture which
have been touched by mathematics, yet a complaining, “Why weren’t we
told about these things at school?” is an often heard refrain from adults
who later come to know that such is the case. Greater efforts could and
should be made to pre-empt justified questions such as this one. One or two
ways of how this might be done are indicated. Allied to this task is the one
of exposing our students to the many ingenious and intriguing ideas which

pervade mathematics and help characterise it as a cultural activity.

Applications of Mathematics: [t might be simply said that the phi-
losophy underpinning the entire endeavour to be described throughout the
remainder of this work is the provision of sense-making contexts for revealing
school mathematics along with the fullsome description of the mathematical
content relating to these contexts. Traditionally, the predominant means of

providing context for technical mathematics is through applications; taken to
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mean the use of mathematical theory to solve ‘real-world’ problems. Sadly,
as has been indicated, it is often the case at the level of Irish senior cycle
provision that application-contexts by which mathematics reveals itself as a

potent problem-solving discipline are at best rare.

Those teachers who may like to know more about the applications of
mathematics face two problems. One is the problem of availability; where
does one go to find authentic applications? Often those to be found in the
recommended textbooks are spurious or contrived with the result that they
can do more harm than good by making mathematics appear silly. Even
if there are some that pass muster, there are not enough of them. The
second problem is one of incentive; if a teacher does take the trouble to
find an application, can he afford the time to teach it and will he find a
receptive audience? If preparation for the current examination does not
require it, might not spending time and effort on demonstrations of usefulness

be construed as irresponsible.

This latter problem can be overcome by ensuring that questions relating
to applications (possibly specified in advance) do appear on the examinations.
The former problem is more challenging. The task of finding blue-ribbon
(grade I) applications above the level of common utility is not an easy one.
A call for a greater supply of meaningful everyday-life applications was made

by Hersh and Davis in 1981 when they wrote:%°

69Philip J. Davis & Reuben Hersh, The Mathematical Experience (USA, Penguin Books,
1981), 84.
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When one moves to higher mathematics, such applications
are harder to observe and to verify. It would be of enormous
importance to the profession if some lively and knowledge-
able investigator would devote several years to this task,
and by visiting a number of businesses, laboratories, plants,
etc. document just where this occurs.

Even at present, this provision remains a problem; while scientific appli-
cations of mathematics abound, particularly at third level, the supply of
applications from outside this domain is disappointingly small although it
must be said that the recent efforts of OECD/PISA and others seem to be
addressing this shortage quite significantly.

Thus one theme of this work is the description and elaboration of many
applications of mathematics accessible at the level of school mathematics
which do not appear in the current textbooks and, as a consequence, are un-
likely to be known to the vast majority of Irish secondary school mathematics
teachers.

Many of the suggestions to be found here in relation to applications come
from one who has been teaching mathematics to would-be scientists and
engineers for thirty years while being continually preoccupied by the respon-
sibility of the task. These recommendations are prompted by the views of
an educator who as a young inexperienced lecturer began teaching mathe-
matics in isolation; so few were the number of genuine applications known
to him, and this, despite having been trained as a mathematician. The firm
conviction that it was irresponsible to teach mathematics without knowing

why, where and how it is used, accompanied by the discomfort of living in
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constant fear of being thought a fraud proved the spur to begin searching im-
mediately for applications wherever they could be found. Even now, though
considerably less ignorant of the uses of mathematics, this quest continues,
for no matter how large one’s current supply of examples may be, there is
always a welcome for a fresh application, however simple, which illustrates
the power of mathematics in some way new to oneself and one’s students.
One might say that the thirty years spent accumulating the experience
described above formed part of the research period for a dissertation which

otherwise couldn’t be what it is.

Summary: One of the over-arching themes of this work is the concrete
provision of rich contexts (drawn from all areas of mathematics) through
which genuine mathematical content is revelead and fully elaborated upon
for educators to exploit as they see fit. The second over-arching theme is
that context should act as the motivation for content, and so, in terms of
precedence of presentation, be revealed before the exposition of theory. This
pedagogical theme is the one underlying the notion of a Topic. It receives
further discussion in a later chapter.

While much of what is to be found throughout this dissertation is actively
concerned with making it easier and more engaging for students to learn and
understand mathematics, the general thrust of the work is of assisting and
informing the teacher in this endeavour. Thus much of the exposition is

written at the level of the teacher rather than of the student. As a result
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this thesis might rightly be described as belonging to the domain of teacher

education.

1.3 Thesis Structure

Now that the need for reform has been documented and the aspects of such
reform that this work hopes to address have been outlined, it remains only

to indicate the general structure of this work.

Part I, which follows this introduction begins with a survey of the his-
tory of curriculum devolopment in mathematics in general and concludes by
presenting one modern interpretation of what is entailed by curriculum devel-
opment in its many different aspects. The historical focus is then narrowed
to the particular case of Ireland. Then a number of the general educational
issues and perceptions which emerge from these histories are discussed. A
survey of two recent and comprehensive educational endeavours is then given;
one benefit of which will be the acquisition of a working vocabulary which
is in line with modern usage and which will used in subsequent discussions

throughout this work.

This done the criticisms made in this introduction are substantiated. Col-

lectively this body of writing constitutes Part 1 of this dissertation whose

structure may be summarised as shown:™

"OWhile the phrase curriculum development is used for brevity it should be interpreted
as curriculum development in mathematics.
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Historical Aspects of Curriculum Development
History of Curriculum Development in Ireland
Curriculum Matters

Establishing the Case

Part I

Part II details the rationale and nature of the specific recommendations
outlined in the introduction. Many of the proposals discussed are augmented
and substantiated by extensive treatment in what is termed the ‘core’ section
of the thesis. Specifically, this core consists of the concrete material placed
on the CD accompanying this work. It contains the explicit expositions
of the three Topics on quadratics, difference equations and the Newton-
Raphson algorithm; numerous written pieces on recreational mathematics,
history/culture, applications of mathematics along with a number of miscel-
laneous items. In addition all of the presentations prepared with PowerPoint
and Flash are to be found there.

Because of the sheer extent of this expository material it was thought
better to consign it to this external medium in order to circumscribe the
length of a work which on its own runs to several hundred pages. As a further
aid to maintaining the hardcopy portion of this treatise at a manageable size
the cd also houses the 160 pages or so which make up the seven appendices.
The material on this cd has been arranged so that is easily navigable by
means of hyper-links. The contents of this core section are listed in the

Table of Contents given at the beginning of this work.”

"1See pages xiii-xx.
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A broad outline of the structure of part II is summarised under the fol-
lowing headings:
Topics
Recreational Mathematics
Part 1L : History and Culture of Mathematics

Applications
Use of Technology

Part III begins with a chapter entitled Implementation/Conclusion which
synopsises the particular contribution made by this work and discusses in
broad terms how the suggestions put forward in Parts I and expanded upon
in Part II might be implemented. Among other things, it considers how as-
sessment procedures being currently advocated might provide better vehicles
for accommodating new schemes and initiatives. Its brief concluding section
is one of reflection and appraisal.

The unnumbered chapter which follows gives the full written account of
the Topic on Difference Equations — the shortest of the three Topics treated
in depth. The chapter which follows presents a number of ‘mathematical vi-
gnettes’ not explicitly described elsewhere in this work while the final chapter
contains the Prologue and first chapter of the Socratic piece: The Square Root
of 2: A Dialogue Concerning a Number and a Sequence. The concluding sec-
tion is that of Bibliography and References. The headings given to each of

the chapters in part III are as shown overleaf:
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Implementation/Conclusion
[llustration of a Topic

Part ITI Mathematical Vignettes
A Socratic Dialogue
Bibliography /References
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Chapter 2

Historical Aspects of
Curriculum Development

It is useful to understand that the impetus for curriculum development in
mathematics can have different origins.! Certainly, with regard to the last
four hundred years or so, one spur for curriculum improvement has been due
to the almost continual change occurring in social and economic structures.
The general realisation of the rewards to be had from embracing such change
allied to a fear of being left behind technologically or culturally, ensured
that curricula (in whatever form) were the objects of much reflection. Such
change was also aided by educationalists gradually coming to know more
about teaching/learning and using this knowledge to improve on existing
educational provision.

Besides being initiated by pressure from society, curriculum reform and

innovation comes also from within mathematics itself as it continues to grow

1 As mentioned in the Introduction a modern definition of the term curriculum devel-
opment is given at the end of this chapter. See 82.

o7
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and find fresh applicability. In so far as “curriculum development in mathe-
matics is linked to progression in mathematics”, the very broad overview of
how mathematics has evolved through the ages set out in the PISA 2003 As-
sessment Framework document (PISA03) proves most useful.? The different
epochs discernible within that synopsis are presented here as stages so as to
achieve greater visibility.?

Stage I — The emergence of Arithmetic:

For centuries mathematics was predominantly the science
of numbers, together with relatively concrete geometry.
The period up to 500 BC in Mesopotamia, Egypt and
China saw the origin of the concept of number. Operations
with numbers and quantities, including quantities resulting
from geometrical measurements, were developed.

Stage II — The axiomatisation of Geometry:

From 500 BC to 300 AD was the era of Greek mathe-
matics, which focuses primarily on the study of geometry
as an axiomatic theory. The Greeks were responsible for
redefining mathematics as a unified science of number and
shape.

Stage II1 — The origins of Algebra:

The next major change took place between 500 and 1300
AD in the Islamic world, India and China, which established
algebra as a branch of mathematics. This founded the
study of relationships.

?Directorate for Education of the Organisation for Economic Cooperation and Devel-
opment, The PISA 2003 Assessment Framework, (OECD: 2003), 33.

3These stages are supplemented somewhat by the time-line to be found in the section
relating to the teaching of history. There the approximate dates of various mathematical
milestone-results are given with commentary.
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Stage IV — The invention of the Calculus:

With the independent invention of calculus (the study
of change, growth, limit) by Newton and Leibniz in the
17th century, mathematics became an integrated study of
number, shape, change and relationships.

Stage V — The era of Modern Mathematics:

The 19*" and 20" centuries saw explosions of mathematical
knowledge and of the range of phenomena and problems
that could be approached by means of mathematics. These
include aspects of randomness and indeterminacy.
As the PISA03 document remarks in relation to this last stage, “these
developments made it increasingly difficult to give simple answers to the
question “what is mathematics?” At the time of the new millennium, many

see mathematics as the science of patterns (in a general sense).”?

2.1 Pre-Twentieth Century

The time-line of educational progression in mathematics which is now set
against this historical backdrop begins around the eighth century A.D. when,
according to Howson, Keitel and Kilpatrick (HKK), “ ... two agencies for
change are identified: personal contact through travel and the book.”® At
this time education was in the hands of the church and interest in mathemat-
ics was rudimentary, being confined to the nature of numbers, the various

geometrical shapes and enough astronomy to calculate the dates of movable

4Tbid., 33.
SA. G. Howson, C. Keitel & J. Kilpatrick, Curriculum developments in mathematics,
iy
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feasts such as Easter. “The idea that the curriculum would have to change
because of the progression of knowledge was still many centuries away” — in

fact, almost a thousand years in the future.®

By the seventeenth century technology was progressing through its many
different inventions. In 1660 the Royal Society was set up in England for the
purposes of improving natural knowledge which was forever expanding. The
period between 1660 and 1700 was to see the most significant flowering in
mathematical knowledge since the time of the Greeks with the independent
discovery by Isaac Newton in England and Gottfried Leibniz in Germany of
the differential and integral calculus. This newly invented branch of math-
ematics led to the solution of numerous, hitherto unsolved, mathematical
problems connected to a host of applications from physics, astronomy and
mechanics, thereby greatly broadening the then understanding of the physi-

cal world.

However, according to the great German mathematician Felix Klein (writ-
ing in 1893) it was the eighteenth century that “laid the firm foundation for
the development of mathematics in all directions.”” The decisive event in
Klein’s opinion was the founding of the Ecole polytechnique at Paris in 1794

for reasons he explained as follows:®

SA. G. Howson, C. Keitel & J. Kilpatrick, Curriculum developments in mathematics,
177

"Felix Klein, Lectures on Mathematics (USA: AMS Chelsea Publishing, 2000), 99.

8Tbid., 100.
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That scientific research and active instruction can be di-
rectly combined, that lectures alone are not sufficient, and
must be supplanted by direct personal intercourse between
the lecturer and his students, that above all it is of prime
importance to arouse the student’s own activity, — these are
the great principles that owe to this source their recognition
and acceptance.

Christiansen et al., referring to the eventual influence of the Ecole poly-
technique, remark “that the success of its graduates in the Napoleonic wars
added weight to the argument that mathematical knowledge contributed to

”

military and industrial power.” This was “the power of ‘real’ knowledge to

improve society, i.e. a knowledge of the facts of the universe as distinct from
a knowledge of what men had thought and said.”®

Even earlier in the eighteenth century the need to provide an educa-
tion more suited to merchants, industrialists, surveyors and navigators had
already been realised by educationalists. In the U.S. this led to the intro-
duction of private academies where mathematics was recognised both as a
mental discipline and as having practical value. By “the middle of the nine-
teenth century America began establishing its first technical colleges”, but
by contrast with France, “the idea of a ‘research university’ did not emerge
in the U.S. until the end of the nineteenth century.”!°
While posterity has already judged Newton to be one of the greatest

mathematicians of all time, the notation he chose for the calculus was much

less suited to the nature of the subject than that fashioned for it by his

9B. Christiansen, A. G. Howson & M. Otte, Perspectives in Mathematics Education, 3.
10W. Mueller, “Reform Now, Before It’s Too Late!”, (USA: MAA Monthly, February,
2001)
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great rival Leibniz. The more amenable symbolism of Leibniz when adopted
by continental mathematicians was to lead from the 1800s onwards to a
great flourishing of mathematical research in the European universities, in
particular those of France and Germany. The obscurity of Newton’s notation,
on the other hand, proved to be a genuine obstacle in attracting new disciples
to mathematics in England with the result that English mathematics was to
languish in virtual sterility for almost two centuries. As a consequence the
provision of mathematics at the English universities was considerably less
in tune with the corpus of existing mathematical knowledge than was the
case on the continent, a circumstance which in turn had a bearing on the
mathematics being taught in its primary and secondary schools. What was
taught in English schools was, in fact, to remain tied much more closely to
the classical mod<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>