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Sumimary

Here we present a summary of this thesis, included as per the TCD thesis guidelines

found here. What follows is a very brief outline of each chapter:

e Chapter 1: Introduction. In this chapter we introduce the main research prob-
lem we are attempting to address, namely the development of a model that can
detect a correlation between ANCA vasculitis flare propensity and environmental

exposure.

e Chapter 2: This chapter discusses the background and literature behind the

methods that we will use in later chapters of the thesis.

e Chapter 3: A more in-depth look at fitting MIDAS models and how to generalise
them for binary response data. We perform a simulation study and find that the
inferential methods usually perform well for large enough sample sizes, though

can fail under certain erroneous modelling choices.

e Chapter 4: Here we discuss a Bayesian implementation of the MIDAS model that
performs variable selection and accounts for binary response imbalance. This
model is the primary novel contribution of this thesis. We perform a simulation
study to examine how effective it is at selecting the correct covariate set. We apply
this method to ANCA vasculitis flare data, which was the motivating problem
for pursuing this research. In the end we find that no evidence that the given

environmental covariates are predictive of flare event propensity.

e Chapter 5: We discuss research conducted in collaboration with statisticians
from the University of Limerick to estimate the effects of lockdown measures
during the COVID-19 pandemic in Dublin, Ireland. The novel aspect of this

research was that our model attempted to account for the heterogeneous nature of
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social mixing between /within age groups. The effects of lockdown are estimated,
with bootstrapped uncertainty intervals, and the results are used to showcase a
prototype app that can project the growth of COVID—-19 under differing lockdown

conditions.

e Chapter 6: Overall conclusion and discussion of potential avenues for future

research.

e Appendix: There are three appendices. Appendix A is simply a step-by-step
algorithm for the Bayesian MCMC method from chapter 4. Appendix B pro-
vides alternate results for the flare data analysis from section 4.6 under different
assumptions about the onset of flare data, to examine the sensitivity of the re-
sults in the main analysis. Appendix C is a brief overview of code we built to

implement the methods shown in chapters 3 and 4.

Project code is available in the following Github link: https://github.com/
DanDempsey/DD_Thesis_Files. We have tried to be as transparent as possi-
ble, but for reasons of medical privacy we cannot share the clinical data that we used

in our analysis.
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Abstract

ANCA vasculitis is an autoimmune disease characterised by relapses, or flares, that
can have a severe detrimental impact on patient health. Flares can be prevented by
suppressing the immune system but this exposes the patient to infection. It is hard
to prepare patients for flares since clinicians are still unclear on how to predict flare
events. Some attention has been given on uncovering any environmental predictors but
so far results have been inconclusive. Investigating this for ourselves is the main focus

of this thesis.

We construct a distributed lag / MIDAS model to analyse the accumulation of envi-
ronmental exposure over time in a parsimonious manner, and how that may impact
the probability of a flare occurring. Our model employs Bayesian variable selection
and adjustment for imbalanced response data using latent variable representation and
reversible-jump MCMC. The construction of this model is the primary novel contribu-

tion of this thesis.

The method is validated via simulation study, and then applied to real data comprising
of clinical information for flare events and satellite data that tracks weather and pollu-
tion indices for the region of residence of each patient. Despite our focus on vasculitis,

we believe this model is applicable to many similar research problems.

We also look at a compartmental model to estimate the effect of lockdowns of com-
bating the COVID-19 pandemic in Dublin, Ireland. The compartments are split into
age groups and the flow between/within each compartment is adjusted to account for
non-homogeneous age mixing between/within age groups. Uncertainty estimates are
constructed using parametric bootstraps. With these, we can create projections of

compartmental growth under different lockdown measures; a proof-of-concept app is



discussed to demonstrate this.
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1 Introduction

1.1 ANCA Vasculitis

Anti-Neutrophil Cytoplasmic Antibody (ANCA) associated vasculitis (Kitching et al.,
2020; Yates and Watts, 2017) is an autoimmune disease that causes inflammation of
blood vessels around the body due to the immune system erroneously attacking healthy
cells potentially leading to death (Karangizi and Harper, 2018). Treatment against
vasculitis involves a heavy dosage of immunosupressive treatment, called induction
therapy, until the disease is forced into remission. At that point the patient is prescribed
a lighter maintenance immunosuppressive therapy. Maintenance therapy is regulated
so as to be strong enough to keep vasculitis in remission but weak enough that the
immune system should remain functional. However there is a risk that vasculitis will
relapse and the patient will suffer severe symptoms as a result; we call this a flare

event.

This leads to a delicate balancing act; maintenance therapy is not strong enough to
prevent serious illness from a flare event, but induction therapy suppresses the immune
system to such a degree that the patient may be exposed to other infections. If we
could predict these flare events then patients could be much better prepared to handle
it, potentially averting harm. Research into possible genetic predictors has been con-
ducted (for example McKinney et al. (2015); Chen et al. (2022); Mehta et al. (2022);
Cho et al. (2021) among others). The AVERT group, an organization based in Trin-
ity College Dublin and a strong collaborator of the research in this thesis (webpage:
https://www.tcd.ie/medicine/thkc/avert/), was formed partly to explore
the hypothesis that flare events occur as a reaction from exposure to bad air quality in

their environment. Here we are restricting our discussion of the ‘environment’ to only


https://www.tcd.ie/medicine/thkc/avert/

weather and pollution variables, but AVERT wishes to expand future research to other
forms of environmental exposure. The attempt to uncover and understand the link
between the environment and health is a common pursuit in science. Ter Horst et al.
(2016) found that cytokine production (a protein important for facilitating a work-
ing immune system) is strongly seasonal. Dixon et al. (2019) leveraged smartphone
data to find how the intensity of chronic pain changed with the weather. Warren et al.
(2020a); Stojan et al. (2019); Lee (2018); Wilson et al. (2017a); Rushworth et al. (2014);
Schwartz (2000) all examined how air pollution might adversely affect different health
outcomes, and there are many more examples we could point to. The affect of the en-
vironment on the human body is considered an important component an the emerging
field of science called the exposome (Miller, 2013). As for vasculitis specifically, there is
strong evidence that suggests it seasonally correlated (Draibe et al., 2018). Scott et al.
(2020) provide a very useful overview of the current literature surrounding the linkage
between vasculitis and air quality, but it is still unclear what (if any) environmental

factors significantly impact the probability of a patient suffering a flare event.

The specific purpose of our research is to investigate the correlation between flare
propensity and environmental exposure. Our analysis is based off of electronic clinical
records of vasculitis patients and satellite reanalysis of weather and pollution indices
from the Copernicus Atmosphere Monitoring Service, or CAMS (Inness et al., 2019;
Hersbach et al., 2020). The CAMS data is linked to each patient spatially (on a
roughly county level granularity) based on, in order of preference where available, their
smartphone geolocation (Beukenhorst et al., 2017), their home address, or the address
of their hospital. The occurrence of a flare is coded as a binary variable based on

information from corresponding hospital visits on those dates.

The methodology we employ revolves around the class of distributed lag models (DLMs).
DLMs are regression models that assume the variation of the response is related to sus-
tained, accumulated exposure of the covariates over some period of time. This is more
complex than standard (contemporaneous) models as it not only requires estimation of
the covariate effect sizes, but also how that effect is distributed over time. This prob-
lem can be approached in a number of ways: one idea is to simply assign a parameter
to each of the lags (Schwartz, 2000). Another option is to impose a parametric form

of the for the weights (Ghysels et al., 2002, 2006; Clements and Galvao, 2008; Foroni
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et al., 2015; Mogliani and Simoni, 2020). We can also employ non-parametric methods
(Gasparrini et al., 2010; Wilson et al., 2017a; Urban et al., 2021). These class of mod-
els are very flexible, but yet no established method to the best of our knowledge quite
satisfies our needs for this project. Because of the rarity of flare events, our response
variable is heavily imbalanced. We also have many environmental variables in our
data set, most (if not all) of which we presume will not have any correlation with flare
events. Establishing such a method is the main contribution of this thesis as we believe
it represents a unique synthesis of distributed lag modelling, variable selection and rare
event analysis that has not yet been seen in the literature. The reasoning, derivation

and implementation of this methodology will make up the bulk of this thesis.

1.2 COVID-19

Over the course of my PhD, the world was swept up in the COVID—-19 pandemic. Before
vaccines were developed, and even for a while after, the response was to impose non-
pharmaceutical interventions (NPIs), primarily lockdowns measures, to prevent social
contact and inhibit spread of the virus. While lockdowns might be effective at reducing
disease mobility, it deprives many of social interaction leading to deteriorating mental
health (Kwong et al., 2020) and financial difficulty (Darmody et al., 2020). ‘Softer’ NPIs
can be implemented to lessen the societal strain, but must be balanced out to prevent
health systems from becoming overwhelmed. As a result countries increased and eased
the intensity of lockdown as they felt appropriate given case and death monitoring,
but in order to make truly informed decisions about what NPIs and properly assess
risk between competing lockdown proposals we need to quantify the effectiveness of
different NPIs. This is what we aimed to address in collaboration with statisticians

based in the University of Limerick (Jaouimaa et al., 2021).

The method we employed was a Susceptible Exposed Infected Removed (SEIR) model.
This is a system of ordinary differential equations (ODEs) that describes the rate
of change of the different states of disease progression: from being uninfected but
susceptible, to being exposed, to having your symptoms manifest, until finally being
‘removed’ (either recovery or death). How quickly a disease spreads depends on many

factors, but one of the most important are the rates of social contact. However it is
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common in these studies to simply average over the total population contact rates when
in reality contacts will be age-heterogeneous (and likely heterogeneous in other ways
also). It’s reasonable to expect, for example, that people are more likely to spend time
around others of the same age, and aggregating over this may mask important variation.
We addressed this by incorporated age structuring in our model using contact matrices

(Prem et al., 2017).

Since the main purpose of this project is to construct more informed projections, we
developed an app that creates an 8 week forecast for compartment growth, estimated
deaths and economic cost (also based on Jaouimaa et al. (2021), but that aspect of
the research will not be discussed in this thesis). The app is written in the statistical
programming language R version 4.1.1 (R Core Team, 2021) using the shiny package
(Chang et al., 2022). The interactive visuals produced by the app are created using
the plotly package (Sievert et al., 2020) in conjunction with the ggplot2 package
(Wickham, 2016).

1.3 Chapter Layout

Chapter 2 will introduce the methodology used in this thesis, and a review of the
literature around the advancements and research around those methods. Chapter 3 will
expand on the MIDAS model for generalised response data and frequentist inference
of its parameters. Chapter 4 further expands the model from a Bayesian perspective.
We use this model to analyse the flare data in this chapter also. In chapter 5 we
discuss the application of an age-structured SEIR model in Jaouimaa et al. (2021) to
estimate the impact of lockdowns on the spread of COVID-19 in Dublin. We also
present a prototype of a Shiny app (Chang et al., 2022) that can make projections of
disease spread under different lockdown rules based on our model estimates. Chapter 6

concludes the thesis and suggests avenues for additional research.

An appendix is given at the end that includes some extra information pertinent to
the research. Appendix A provides a step-by-step algorithm of the Bayesian inference
model derived in chapter 4. Appendix B provides some extra flare data analysis to
examine how sensitive our results in section 4.6 are to the assumed flare onset date.

Appendix C showcases some of the R code we used to implement the methods presented

8



in chapters 3 and 4.
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2 Methods and Background

2.1 Binary Regression and Latent Variable Methods

2.1.1 Linear Regression

Regression models are flexible tools for estimation around how a set of response vari-
ables changes alongside the values of a set of predictor variables. The specifics of
the relationship between predictors and response are imposed by the assumptions of
the model; for example, linear regression assumes that the (one-dimensional) response
is distributed as a normal distribution around a linear combination of the (possibly

multi-dimensional) covariates, expressed as

yi~N(x/B,0%),i=1,--,n (2.1)

where y;,i = 1,---,n is the i*" response variable and x; are the vector of covariate
values for each explanatory variable corresponding to observation 7. 3 are linear slope

parameters and o2

is the variance of the residuals around the plane that is formed
by the model. A common frequentist estimate of B (see for example section 1.2 of
McCullagh (1983)) is the least squares estimate, the value of 3 that minimises the sum

of the squared residuals. This works out to be

Brs = (X"X)"'XTy (2.2)

where X is the full matrix of predictors. In contrast, a Bayesian will treat the parameter

itself as a random variable and the goal of the analysis is to find its distribution
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conditioned on the observed data, (3, 0?|X,y), called the posterior distribution. By

Bayes theorem, the posterior distribution of the linear regression model is

m(ylX,8,0*)7(8,0?%)
[ [#(y|X,8,0)7(8,02)dBdo?"

(B, 0%X,y) = (2.3)

7(y|X, B,0?) is the likelihood, given by equation (2.1). #(83,0) is the prior distri-
bution, which is the probabilistic model for the analyst’s state of beliefs about the
parameters before observing the data (in contrast to the posterior, the state of beliefs
after observing the data). In practice, the distributional family is often chosen in such
a way that the integral in the denominator of the rhs of equation (2.3) can be resolved.
The parameters of the prior distribution, called hyperparameters, are set to reflect to
the available information about the modelling parameters a priori. If we have no prior
information about the parameters we can use a non-informative prior, for example,
an improper uniform prior on B3 and the log of 02. As a result the posterior becomes
a Gaussian centered on the frequentist least squares estimate for 8. This prior es-
sentially implies we truly know nothing about the parameters, so every value on the
real line is equally likely. However, it is rarely the case that truly nothing is known
about these parameters; even if we don’t know where B8 may lie, we can at least rule
out absurdly large estimates using the prior distribution. For example, we could set a
Gaussian distribution as the prior for B centered at 0 and standard deviation equal to,
say, 10. This means we are effectively ruling out values much larger than 20 in absolute
value, which is often a reasonable assumption for covariates centered at 0 and scaled
to unit standard deviation. Since the Gaussian is conjugate to itself, the resulting

posterior is also Gaussian, centered at the frequentist ridge regression estimate (Hoerl

and Kennard, 1970).

2.1.2 Binary Regression

The main motivating problem of this research is to investigate the relationship between
ANCA vasculitis flare events and air quality exposure. The response variable for this
analysis is binary, denoting whether or not a flare was observed for each hospital
visit, determined retroactively by expert clinicians. A binary response variable clearly

violates the assumption of Gaussian residuals from equation (2.1), though the idea
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of using a linear combination to describe the relationship between covariates and the
expected value of the response is still valid, and is known as the linear probability model
(see for example the first chapter of Aldrich and Nelson (1984)). While this is a simple
model to interpret and fit, it can clearly result in predictions that go below 0 or above 1.
A more suitable approach is to use generalised linear modelling (GLMs) (McCullagh,
1983), where we assume the expected value of the response distribution determined
by a function (called a link function) of a linear combination of the covariates. An
example used in binary regression is the probit model. This uses the compositional
inverse of the Gaussian cumulative distribution function (CDF) as the link function.
Another example is logistic regression, which uses log odds (or logit function) as the

link function.

Inference for GLMs is more complex than for linear regression. For logistic regression,

the likelihood is

N

L(ylB) o< [Tg ' oI B (1 - 97" (] ) (2.4)

i=1

where g7!(+) denotes the inverse of the link function, which in this case is the CDF of
the standard Logistic distribution. For frequentists, the maximum likelihood estimate
(MLE) can be found by numerical approximation, a common approach being Iteratively
Re-Weighted Least Squares (IRLS) (Green, 1984). For Bayesians, inference is trickier
as there is no conjugate prior that will allow us to immediately derive the posterior
as was the case for linear regression. We can use the normal approximation to derive
point estimates of the mode and standard error of the posterior (or any other statistic)
(Knuiman and Speed, 1988) but these approximations are unstable for small sample
sizes (Griffiths et al., 1987). Instead, Bayesians have found some success by representing

the model as a random utility model (Horowitz et al., 1994),

v =1(z > 0)
=%, B+¢ (2.5)
e; ~ Logistic(0,1)
The full-conditional distribution of the newly introduced latent variable z; is Gaussian
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truncated to only the positive axis if y; = 1, or to negative axis otherwise. This is
easily sampled from which at first makes Gibbs sampling seem like a possible route
for inference (Geman and Geman, 1984; Gelfand and Smith, 1990). However the full-
conditional of 3 is a Logistic distribution, which is not quite so easy to sample from.
Albert and Chib (1993) suggests instead approximating the residual term of the logistic
regression model with a t-distribution of 8 or 9 degrees of freedom due to the similarity
of their CDFs up to a scaling factor. This is somewhat supported by the fact that the
kurtosis of the t-distribution with 9 degrees of freedom is the same as for the Logistic
distribution are the same (Mudholkar and George, 1978). Another option is to use the
Metropolis-Hastings algorithm (Hastings, 1970) as explored by Frithwirth-Schnatter
and Frithwirth (2010). They suggest using N(0,72/3) as the proposal distribution as
this also resembles the standard logistic distribution. In the same article, they also
propose an approximation to the logistic distribution using a finite mixture of normal
distributions with variances of the mixture components drawn from a small pool of
possible variances with fixed probability. Holmes and Held (2006) suggest expressing
the logistic distribution as a scale mixture of Gaussians with transformed Kolmogorov-
Smirnov distributed scale parameters. This is not an approximation; this mixture
distribution is the Logistic distribution (Andrews and Mallows, 1974). While exact in-
ference is appealing, this requires yet another layer of latent variables that are sampled
using a rejection method proposed by Devroye (1986). As demonstrated by Frithwirth-
Schnatter and Frithwirth (2010), this algorithm is computationally slow. Polson et al.
(2013) suggest a latent variable sampled from a new distribution they introduce called
the Polya-Gamma distribution, that can be used to directly create a scale mixture of
Gaussians without need of further latent variables or a truncated augmented likelihood.
Like Holmes and Held (2006), their sampler requires an accept /reject step, though they
demonstrate that rejection rates are extremely low on average. Zens et al. (2020) ex-
panded on this work, introducing yet more latent variables to improve convergence
rates of the MCMC by incorporating the parameter expansion method described by
Liu and Wu (1999).

Although it’s clear that logistic regression presents its share of challenges even in ran-
dom utility form, other forms of binary regression benefit greatly from this repre-

sentation. For example, the residual term for probit regression is simply a standard
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Gaussian, making it simple to infer through Gibbs sampling (Albert and Chib, 1993).
In chapter 4 we will go through in detail how to implement binary quantile regression

(Kozumi and Kobayashi, 2011), which is also more straightforward to implement.

2.2 Distributed Lag and MIDAS Models

The impact of air quality on human health cannot be measured by single instances in
time, but by the accumulated exposure of adverse-health environments over a period
of time. Furthermore, flare data and environmental data are sampled in different ways.
The environmental data we are using is aggregated daily data, i.e. it is observed on a
fixed periodic basis. On the other hand, the flare status of a patient is only observed
during clinical visits which can occur at any point in time. Standard regression models,
such as those we've described in the preceding section, will only match the patient’s
current flare status to the pollution values observed in the same unit of time when
estimating effect sizes, and are not adequately equipped to handle the differing sampling
mechanisms between the response and covariates. In this section we will talk about
how distributed lag models (DLMs) (Schwartz, 2000) and MIDAS models (Ghysels

et al., 2002) can resolve these issues.

DLMs are regression models that incorporate the temporal lags of the covariates when
assessing their relationship with the response. The model assumes that an overall effect
size B for each covariate is distributed across the lags of the covariate in some way. The
nature of this distribution can be estimated in a number of ways. A basic example of a
(univariate, continuous response, discrete time) DLM is where we simply parameterise

every lag within a window of time as follows,

Y = Bo + Z Bixi—i + €. (2.6)
i=0

The time window set by 7 defines how many lags we include in the model. It should
be chosen large enough to capture all the necessary lags for explaining the variation
in y;. This model is very flexible but can quickly become unwieldy as 7 grows larger,
especially as we incorporate more covariates. For example, a tau of length 30 time

units for 10 covariates would result in a model with 301 parameters. This version of a

15



DLM, where the effect of each lag is parameterised, is called an unconstrained model.

An example of a constrained DLM would be

yr = Bo + Z w(i, 0)z—; + €. (2.7)

i=0
where w(-) denotes a weight applied to each lag i. These weights are calculated using
a function often referred to as a distributed lag function (DLF), parameterised by 6. 0
usually only contains a small number of elements, making it much more parsimonious
than the unconstrained model. An example of a DLF (that we will refer back to
often throughout this thesis) is the normalised exponential Almon function, hereafter

referred to as the Nealmon function;

exp (Zil Hik‘i>

vk 0= Z;:O exp (Zf:l 9i5i>

(2.8)

where k is the lag index and P is the user chosen degree of the polynomial inside the
exponentail function. Larger values offer a more flexible fit at the cost of more param-
eters. Note that in order to ensure that the lag effects decline to zero asymptotically,
fp must be negative, but the remaining elements of 8 can take any value on the real
line. Figure 2.1 displays some examples of Nealmon curves with P = 2. Ghysels et al.

(2016) provide a number of other common choices for the DLF.

Distributed lags have been used in econometrics for decades - see Almon (1965), Hannan
(1965), Chen et al. (1972), Sims (1971) and Dhrymes (1981) for some early examples,
though many more can be easily found. A related idea that has emerged more recently
are mixed data sampling (MIDAS) models (Ghysels et al., 2006). These models were
created to resolve the issue of the response variable not being sampled as frequently
as the model predictors. They were first presented as essentially constrained DLMs

(Ghysels et al., 2002). A basic example is the following:

Yr = Po + b1 Zw(k, B)xt_% + & (2.9)
k=0

where m is the ratio of the covariate sampling frequency over the sampling frequency

16



Example Nealmon Curves
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Figure 2.1: An illustration of the two degree Nealmon for three different example
parameter settings.

of the response. For example, if the response was sampled yearly and the covariates
were sampled monthly then m = 12. 7 is the time window and w(-) is a DLF, same
as in equation (2.7). Our attention will be focused on DLMs and MIDAS models, but
we will briefly note here that the issue of mixed sampling frequencies can be resolved
in other ways. For example, we can treat the gaps in the lower frequency data as
missing data that can be imputed. A crude approach is to simply aggregate over the
higher frequency variable (Foroni and Marcellino, 2013). This is in fact equivalent
to the basic MIDAS model from equation (2.9) when a simple aggregate is chosen
as the DLF. On that matter, Andreou et al. (2010) derived a null-hypothesis test to
determine if using the mean as the DLF was consistent with the data, by comparing the
asymptotic properties of the MIDAS estimators to standard least squares estimators
when a simple aggregate is used. This was later expanded on by Kvedaras and Zemlys
(2012) to test for any kind of constraint. Other, more sophisticated ideas are to use
Kalman filters (Harvey and Pierse, 1984) or regression along related variables (Chow

and Lin, 1971, 1976) for example.

MIDAS models and DLMs have been iterated and expanded on in a number of ways
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and not just for the purposes of econometrics. In recent years, DLMs have become a
popular method for investigating the impact of the environment on different aspects
of human health. Schwartz (2000) implemented a DLM into a generalised additive
model (Hastie and Tibshirani, 1987) with log link to analyse how daily death count
is correlated with air quality. A similar study was performed by Zanobetti et al.
(2002). Warren et al. (2020b) used a Bayesian DLM with Gaussian process random
effects to account for spatial autocorrelation to investigate the relationship between
the birth weight of newborns and air pollution exposure during pregnancy. Wilson
et al. (2017a) used a Bayesian DLM to investigate the relationship between air qual-
ity and adverse health outcomes of newborns. Clements and Galvao (2008) suggest
how to safely incorporate auto-regression terms into MIDAS models, which is not as
straightforward as it may first appear since simply adding autoregressive terms im-
plicitly imposes seasonality due to propogating the distributed lag relationship in the
autoregressive terms. Foroni et al. (2015) suggests an unconstrained version of the MI-
DAS, mirroring the unconstrained DLM in equation 2.6. Xu et al. (2019) synthesised
the MIDAS model (both constrained and unconstrained versions) within an artificial
neural network. This allows for very flexible non-linear fits and performs extremely
well in terms of predictive accuracy and goodness-of-fit metrics. Li et al. (2021b) took
this a step further by incorporating the effects of temporal correlation. While these
perform well in empirical experiments, in both cases the authors admit the methods
may be prone to overfit. Antonelli et al. (2021) developed a Bayesian DLM that utilises
spike-and-slab priors for variable selection (Mitchell and Beauchamp, 1988). Mogliani
and Simoni (2020) similarly suggested a MIDAS model with spike-and-slab priors, but
with a Laplacian distribution for the slab to incorporate Bayesian Group-LASSO vari-
able selection (Meier et al., 2008; Xu and Ghosh, 2015). Mork et al. (2021) combines
DLMs with Bayesian additive regression trees (Chipman et al., 2010) to analyse the

relationship between air quality exposure and the weight of newly born children.

Some of what we described above is readily implementable in R through the dlnm
package (Gasparrini, 2011) for DLMs, and midasr (Ghysels et al., 2016) package for
MIDAS models. The associated vignettes contain many more informative references

therein.
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2.3 Response Imbalance

As we will discuss in chapter 4, clinical visits where a flare event was observed only make
up about 15% of all clinical visits in our final dataset. This degree of imbalance can bias
parameter estimates and predicted probabilities (Czado and Santner, 1992; Tasci et al.,
2022). This is a very active area of research in machine learning, for which He and
Garcia (2009) provides a thorough overview. See also Lemaitre et al. (2017) for practical
implementation of some of these methods. Resampling the data is a common approach
to deal with imbalance, which falls under two broad categories: undersampling and
oversampling. The most basic undersampling approach is to randomly sample from
the majority class to match the number of observations in the minority class. This is
not ideal as we effectively throw data away potentially increasing the variance of our
estimates (Dal Pozzolo et al., 2015). In contrast, the most basic version of oversampling
is to resample with replacement the minority class until it matches the number of
observations in the majority class. This will result in a lot of repetitions of the same
data points which will result in bias. As a result, oversampling can perform worse
than undersampling in some situations (Estabrooks et al., 2004). It can also be very

computationally costly as we are multiplying the amount of minority data.

There have been some advancements on how to apply over/undersampling. For exam-
ple, undersampling data points according to their similarity in a K-nearest neighbours
cluster (Mani and Zhang, 2003), or creating an ensemble classifier based on multiple
combinations of undersampled datasets (Liu et al., 2008). Some researchers have pro-
posed ways to synthesize new data based on the characteristics of the existing data to
generate new minority data without so as not to exactly replicate existing datapoints

(Chawla et al., 2002; Fernandez et al., 2018).

The appeal of this approach is that it is model agnostic since it operates on the data.
However alteration of the data itself is not ideal, especially for Bayesians where the
data is assumed fixed under Bayes Theorem and as a result the variation due to data
resampling will not be taken into account in the posterior. Putting these issues aside,
it is unclear how exactly these methods would work in practice for our specific dataset,
since the responses are irregularly sampled and linked to multiple lags of the covariates

(and not just one row of observations). With this in mind, our goal is to find a way to
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handle the imbalance through the model, rather than through the data.

An approach that seems to have worked well in the context of binary regression is
using skewed inverse link functions (Stukel, 1988; Czado, 1994). The idea here is that
a skewed inverse link is more appropriate when the data has far more of one class than
the other because skewness causes these to favour one class over another by design.
Chen et al. (1999); Wang and Dey (2010); Caron et al. (2018); Yin et al. (2020) all
suggest skewed inverse link functions such as the Weibull distribution CDF (Hallinan Jr,
1993) or the Fréchet distribution CDF (Ramos et al., 2017). However we follow the
advice of Kordas (2006) and choose to use quantile regression, which in our case will
be implemented using an Asymmetric Laplacian link function (Benoit and den Poel,
2017; Yu and Zhang, 2005). As the name suggests, this is an asymmetric link function,
but has the possibility to collapse to a symmetric function (median regression) when
appropriate. Unlike the other methods described above, it also does not require us
to estimate the skew parameter, as we can simply set it based on the quantiles of
the response distribution (overcoming identifiability issues encountered by Chen et al.
(1999)). We will discuss this model and how to infer its parameters in more detail in

chapter 4.

2.4 Variable Selection and Reversible-Jump MCMC

2.4.1 General Background on Variable Selection

The main purpose of the analysis of vasculitis is to determine if any of the environmental
covariates in our data are predictive of flare events. While regression is an important
step, our goal is to use variable selection to answer this question directly. When applied
to DLMs/MIDAS, model selection usually revolves around likelihood based penalty
metrics (Urban et al., 2021; Gasparrini et al., 2010; Warren et al., 2020a; Ghysels
et al., 2016). Antonelli et al. (2021) and Mogliani and Simoni (2020) both utilise spike-
and-slab priors to induce a point mass at zero in the posterior of the coefficients. There

are other options however, which we will examine in this section.

A well-known but crude method of variable selection is stepwise selection. This is where

we sequentially re-fit the model with a new variable included/excluded and choose to
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retain the resulting model usually on the basis of statistical significance. For example,
we might start with the intercept only model and iteratively add more variables until
no more gives us statistical significance; this is known as forward-selection. Working
backwards, starting with the saturated model and iteratively removing variables that
fail statistical significance tests until no more do, is known as backward elimination.
Regardless, these methods are strongly criticised (Harrell et al., 2001). For one, multi-
ple testing on this scale means a highly inflated Type-I error rate (Flom and Cassell,
2007). It is also unstable in the sense that, due to its discreteness (a variable is either
included or not), a small change in the data can potentially change the selected set in

a drastic way (Breiman, 1995, 1996).

An approach that has gained traction recently in machine learning is to measure vari-
able importance in non-linear models such as XGBoost (Chen and Guestrin, 2016)
using Shapley values (Lundberg and Lee, 2017), however Shapley values have also
been criticised (Kumar et al., 2020).

A popular method for variable selection is the Least Absolute shrinkage and Selection
Operator (LASSO) method (Tibshirani, 1996). This works by bounding the L1 norm
of the 3 estimators above by a constant so that they cannot grow too large. This
forces the coefficients to shrink to zero (Hastie et al., 2009). The LASSO has a number
of extensions and generalisations, such as group-LASSO (Yuan and Lin, 2006; Meier
et al., 2008), which allows for grouping of the variables so that every covariate in a
group must be included or excluded. Another extension is the Elastic Net (Zou and
Hastie, 2005), which combines LASSO with ridge regression (Hoerl and Kennard, 1970)
to get a blend of shrinkage effects; variable sparsity from the LASSO, and collinearity
mitigation from the ridge regression. There is also the adaptive LASSO (Zou, 2006),
which weights the penalty term using the ordinary least squares coefficients leading to
the so-called oracle property (Fan and Li, 2001). Needless to say, there are a lot of
options from the LASSO family of variable selection methods. See Hastie et al. (2015)

for a broader overview of these methods.

Regularisation methods have a direct Bayesian analogue via the prior distribution.
When the Laplacian distribution (centered at zero) is used as the prior for the regression

parameters 3, the mode of the posterior is equal to the frequentist LASSO estimator.
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For this reason, this approach is often called the Bayesian LASSO (Park and Casella,
2008). In this case, the scale parameter of the Laplacian controls the strength of
the constraint, and the posterior is readily tractable via Gibbs sampling since the
Laplacian distribution can be represented as a scale-mixture of Gaussians. However,
there are some drawbacks to the Bayesian LASSO. Castillo et al. (2015) showed that
the scale of a Laplacian prior cannot be set such that it both encourages sparsity
without over-shrinking the non-zero coefficients also. We could use the LASSO (or
something similar) as a first-pass covariate filter based on the MAP, and re-run the
model in a more ‘standard’ way on the retained covariate set, which has some credibility
in frequentist analyses (Zhao et al., 2021; Leeb et al., 2015). But basing a selection
rule off only one point of the posterior, the mode, and ignoring the rest of it arguably
undermines the purpose of a posterior in the first place. Also, the uncertainty of the

model choice is not taken into account when using this approach.

The prior can be utilised in other ways to encourage sparse results. Xu and Ghosh
(2015) recommends the spike-and-slab prior; a mixture prior with one component set as
an atom placed at zero (the ‘spike’) and the other usually a Gaussian or Laplacian prior
(the ‘slab’). This was utilised in the context of distributed lag models by Antonelli et al.
(2021) and Mogliani and Simoni (2020). Another sparse prior is the horseshoe prior
(Carvalho et al., 2010; Piironen and Vehtari, 2017), which places hierarchical half-
Cauchy priors on the scale of the regression coefficients. The resulting distribution
contains a sharp pole at zero, enforcing sparsity, but also has fat tails so that the

non-zero coefficients are not too strongly constricted.

2.4.2 Reversible-Jump MCMC

Green (1995) explains how to augment a Metropolis-Hastings algorithm to perform
MCMC across different candidate models of (potentially) differing parameter spaces,
incorporated alongside the parameter updates themselves. This is known as Reversible-
Jump MCMC (RJ-MCMC). RJ-MCMC can be used to decide between whole class
of models, for example Hastie and Green (2012) go through an example of choosing
between the Poisson distribution or Negative Binomial distribution for modelling count
data using RJ-MCMC. However we will only be focusing on its application to variable

selection.
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To perform RJ-MCMC for variable selection we introduce a new parameter, a binary
inclusion indicator v; € {0,1} for all ¢ corresponding to a covariate (except the inter-
cept, which we assume is always included). Each ~; represents the inclusion (when
equal to 1) or exclusion (when equal to 0) of the i*" candidate covariate. As with
any other parameter in a Bayesian model, these are assigned priors; the most obvious
choice is a Bernoulli distribution, where the probability of success parameter should
be set to reflect our prior belief that covariate ¢ should be included. This parameter is

included in Bayes theorem,

(Y, Bly) o< 7(ylv, By)m (v, By) (2.10)

where B’Y is B with only the components supported by ~ retained. - is updated using
Metropolis-Hastings and as usual this means specifying a proposal distribution that
generates potential updates and derive an acceptance probability such that the transi-

tion probabilities satisfy detailed balance. Detailed balance is the condition that

7, Pj = m; P, (2.11)

where 7; is the stationary probability of being in state ¢ and F;; denotes the 4, jth
elements of the transition matrix (note this is just for discrete Markov chains and
that an analogous continuous version exists). It is required as it is how the correct

acceptance probability for Metropolis-Hastings is computed (Gilks et al., 1995).

Of course a change in « may necessitate the generation (‘birth’) and/or the removal
(‘death’) of parameters. The acceptance probability must take into account this shift

of dimensionality when births/deaths are proposed.

Let us illustrate with an example. Let new values of ~, denoted ~*, be proposed by
selecting a single component at random (uniformly) and swap its value from zero to one
or vice-versa. Let the proposed birth slope parameter 3% be generated from N(0, 0?),
with o2 fixed and chosen by the user. We end up with two possibilities each iteration;

a birth or death move. The acceptance probability of a birth move is
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where f(-|p,0?) is the pdf of the Gaussian distribution. Notice that the acceptance
probability must also include the prior for the birth slope. Likewise, the acceptance

probability for a death move is

T(ylv*, B%)m(v*)

= b B! P10

As noted in Hastie and Green (2012), the above framework is an over-complication for
standard regression; since the death of a 3 component is equivalent to simply setting
it to zero then it does not need to be framed as a trans-dimensional problem to begin
with. A proposal distribution that randomly places/removes a component of 3 to/from
an atom at zero achieves the same thing. But it is worth going through here as we will
use this same logic in chapter 4 where we discuss a genuine trans-dimensional regression

problem.

The appealing thing about this method is that it allows us to directly infer our posterior
belief that a variable should be included, and it does so without changing how we
regularise the non-zero elements of 3 itself, as is the case with Bayesian LASSO, spike-
and-slab, and horseshoe priors. While it requires tuning a prior distribution for the
variable indicators, it is a very easily interpreted prior; it is simply the prior degree of
belief, between 0 and 1, that the corresponding variable is a true predictor, which even a
non-statistical expert can understand (as opposed to relatively esoteric parameters like
Laplacian distribution scale parameters). This makes it far easier to incorporate expert
prior knowledge when available. On top of all this, as demonstrated by Holmes and
Held (2006), RJ-MCMC-like inference can be implemented very elegantly into latent

variable models. We will demonstrate the same for our model in section 4.2.

2.5 Compartmental Models

In chapter 5 we will discuss an approach of predicting COVID-19 cases using a com-

partmental model, leveraging data on social contacts between age groups (Prem et al.,
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2017; Mossong et al., 2008). In this section we provide some basic background.

Compartmental models track how a population of agents progress over time through
different interlinking stages (the compartments) of some larger state. These are very
commonly used in epidemiology to model disease progression in a population, including
coronavirus during the pandemic. Examples include Gleeson et al. (2022); Lemos-Paiao
et al. (2020); He et al. (2020); Leontitsis et al. (2021); Dashtbali and Mirzaie (2021);
Rédulescu et al. (2020), and many, many more. A basic example of a compartmental

model is the STR model which uses three compartments:
e S(t), the number of susceptible individuals in the population at time ¢,
e [(t), the number of infected in the population and

e R(t), the number of individuals removed from in infection. This includes those
who have either died or safely recovered from the disease. We assume here that

once someone is removed they can no longer be infected again.
The total population N = S(t) + I(t) + R(t) is assumed fixed and equal for all ¢.

We need to form parameterised assumptions about how the population flows from
one compartment into another. For example, it stands to reason that in order for a
susceptible person to catch the disease, they must come into contact with an infected
person. The total number of possible susceptible/infected interactions, assuming every
person in one compartment can interact with every person in another, is S(t) x I(t). If
we assume that each interaction is equally likely to occur per unit time (the assumption

of uniform mixing), then on average the number of new infections at time ¢ is

SI()

N I} (2.12)

where 3 is the average rate at which a susceptible/infected interaction leads to a new
infection per unit of time. Let us further assume that people recover from the infection
at an average rate of 7y per time unit. These assumptions can be expressed as a system

of Ordinary Differential Equations (ODEs):
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Figure 2.2: SIR model diagrams; (1) displays the straightforward case of one Removed
compartment, and (2) illustrates the case where we split the Removed compartment
into two, one representing the number of living and the other representing the number
of dead post infection.

as(t)  S@)I(t)

o) __sui (2.13)
dgit) _ S(t])\f(t) 8- 1(t) (2.14)
%it): I (0) (2.15)

We can numerically solve the ODEs themselves if § and v are known. To do this, the
first step is to link one or more of the compartments to observable data; if this is not
possible we can create a new compartment. For example, we can split the ‘Removed’
compartment into two: ‘Removed, living” Ry (f) and ‘Removed, dead” Rp(t). v would
then be split respectively into 7vr, vp. Figure 2.2 illustrates this. With a setup like
this, the Rp(t) compartment can be linked to observed deaths - let us call d(t). The

least squares estimate of J (assuming v fixed) is then

3 = arg mﬁinz (d(t;) — Rp(t; B))? (2.16)

where the summation from 1 to 7T is across the units of time that the deaths are

reported (daily, weekly, etc.). This requires solving a system of ODEs, which needs its
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own layer of approximation.

The SIR model can be extended in any number of ways to make it more realistic. For
example, in chapter 5 we will fit an age-structured Susceptible Exposed Infected Re-
moved (SEIR) model that incorporates heterogeneous social mixing across age, relaxing
the assumption that all age groups interact with each other in the same way. This will
be used to quantify the effect of lockdowns in deterring the spread of COVID-19 in
Dublin, Ireland.

There has already been a lot of exploration of age-structured SEIR models for dis-
ease incidence. A SEIR model with age-structuring is used by Teimouri (2020) for
the London area incorporating contact tracing; their interest was detailing the impact
of social mixing and contact tracing on the effective reproduction rate of the disease
as opposed to model calibration. In a similar vein, Grimm et al. (2021) use assumed
epidemiological parameters to simulate the impact of age-specific control measures and
contact tracing impact with a focus on the impact of control measures on factors includ-
ing hospitalisations and deaths. The impact of four control measures (school closure,
social distancing, quarantine, and isolation) are simulated by Lee et al. (2021) to ex-
plore reproduction rates in South Korea using an age-structured SEIR model of disease
spread. Maximum likelihood estimation is used to estimate contact scaling parame-
ters, however no uncertainty in estimates or projections is presented. A two-cohort
age-segmented model (age in years <65/>65) is proposed by Cuevas-Maraver et al.
(2021) for Mexican incidence counts, suggesting that age specific control measures may
have utility for public health policy decisions. The impact of three specific govern-
mental interventions on case incidence is discussed by Kimathi et al. (2021) employing
an age-structured SEIR model with predetermined model parameters. A STRD model
(SIR model with a death compartment) is fitted to data from Brazil by Canabarro
et al. (2020) examining how different interventions affect different age groups. They
expand the model by including a hospitalisation compartment to project when demand
on Intensive Care Units could exceed supply under different interventions. A SEIRD
model (SEIR model with a death compartment) is used by Moore et al. (2021) to
project the number of deaths over the course of the vaccine rollout in the UK consider-
ing different lockdown scenarios. A Bayesian hierarchical model is used to estimate the

effect of government interventions in Brauner et al. (2021), similar to previous work by
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Flaxman et al. (2020) but harnessing data from multiple countries to disentangle the

effects of different NPIs.
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3 MIDAS Generalised Regression and

Frequentist Inference

3.1 Irregularly Sampled Response Variables

An immediate issue we need to address is that the MIDAS model as expressed in
section 2.2, equation (2.9), assumes the response vector y; is sampled regularly (i.e.,
sampled with some exact periodic frequency). This isn’t suitable for our purposes
as our response data is sampled irregularly (i.e., sampled at any point in time, not
periodically) but we can adapt the model as follows: let S; be the time indices of the

covariates x; that fall within the time window of length 7 going back from time t.

Define At, =t — s. We can alter the MIDAS as follows:

Ut = 50 + ﬁl Z w<Ats; 0)335 + €,
SESE (31)

€ ~ N(07 02)

so that the DLF acts on the differences between the lags rather than the lag indices.
We call this the Irregular Time Series MIDAS, or IRTS-MIDAS. This collapses to the
standard MIDAS in the case where the response is sampled regularly, i.e., when all
At are constant. If that constant equal to 1, then we get exact equivalence with the
standard MIDAS model; for anything other than 1, the interpretation of the model
itself will not change as the same curve will still maximise the likelihood, but the
values of 8 will be scaled to compensate the difference of scale in the time indices. For
example, if the (constant) difference between each lag is d and we are using the Nealmon

DLF, then 6;/d and 0,/d? will return the same curve for all values of d. Therefore if
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exact agreement with the standard MIDAS is desired in the case of regularly sampled
response data, this can be achieved by simply scaling the time axis so that the response

has unit difference.

3.2 Extension to Multiple Covariates

The MIDAS can be extended to include arbitrarily many covariates;

v = fo+ 1 Z wi(Ats; Hl)xgl) +- 45 Z wy(Ats; Hp)xgp) + €,
ses;” ses (3.2)

€ ~ N(O, 0'2).

The bracketed superscripts used throughout the above equation are covariate indices,
for example St(k) is the time window for the £ covariate of length 7,. Note each
covariate k has their own DLF wy(-), associated DLF parameters 6y, and time window

Tk-

Matrix Formulation of the MIDAS Model

The notation in (3.2) is unwieldy so it is worth discussing how to convert this to matrix

notation. First, define the weight matric W (0), where 8 = UY_,0,, where

W (01)i; = 6ls; € S wi(t; — s;; 01) (3.3)

where 0[z] is the indicator function for condition z. s; is the time index associated
with the ;" value of x;, and ¢; is the index of the i*" value of y. In other words, the
columns of Wy (8y) correspond to every observation of x;, and the rows correspond to
every time window formed by y. Each cell is the weight applied to each observation
within the corresponding time window. The number of rows are equal to the number

of y observations, and the number of columns are the number of x;, observations.

A weight matrix is constructed for every covariate. We can then create an overall weight
matrix by simply concatenating them side-by-side so that the full weight matrix has

the same number of rows as its component matrices, but the number of columns is the
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number of every observation across every covariate:

W= W, W,

(we are hereafter dropping the explicit notation denoting 6 dependence). Note that

for most practical choices of 7 (see section 3.2.3), this will be very sparse.

Now, we also want to construct compact vector notation for the covariates themselves.
Let x; be the column vector of all observed values of the k" covariate. We construct

a block matrix X as follows:

X1
X2

Xp

To be clear, each block is a vector of covariates and the blocks are arranged in a
diagonal formation. The off-block diagonals are zero vectors so this will also be a

sparse matrix.

With the above notation, we can now express (3.2) more succinctly:

y = WXB +e,
(3.4)
e ~ N(0,0°1)
To include an intercept we simply append a 1 vector to WX. The sparsity of W and

X makes the computation of their product efficient and scalable.

3.2.1 Frequentist Parameter Inference for MIDAS

Constrained DLMs and MIDAS appear to be the best of both worlds; they offer data-
driven flexibility of model fit without an enormous number of parameters. But inference
is harder; the parameters of unconstrained models such as equation (2.6) are linear
functions of y; and so can be easily inferred as standard linear models. The same

applies for equation (3.4) if @ is known, in which case we can estimate 3 via, for
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example, least squares,

Brs = (XTX) Xy (3.5)

where X = WX. Note that holding @ constant also imples W is constant, so X can
be treated as a standard design matrix that we would use in multiple linear regression.
However in practice 8 will not be known. The maximum likelihood estimate of 0
will depend on the user’s choice of corresponding DLF, but for most cases a closed
form expression will not be possible to derive so numerical optimisation algorithms
such as, say, the BFGS method or its extensions (Byrd et al., 1995), must be applied.
Both @ and @ can be included in the optimiser, or alternatively we can update 3
using least squares conditioning on the current value in the optimiser, and vice-versa,
until some termination criteria is met. Numerical optimisation of log-likelihoods are
straightforward in R by leveraging the optimx function (Nash et al., 2011; Nash,
2014a).

When fitting the model, it may be prudent (or even necessary) to regularise the likeli-
hood due to a potentially high degree of correlation between @ parameters. There are
cases where constraints should be imposed as they wouldn’t make sense without them,
for example fp in the Nealmon DLF, equation (2.8), must be negative to ensure that

the weights decline to zero asymptotically.

3.2.2 Computational Considerations

The dimensions of X and W will expand rapidly the larger the dataset, and so some
computational issues may arise. The biggest bottleneck to performance will be comput-
ing W, as it will need to be re-constructed for every iteration of @ inference; this means
re-evaluation of the DLF across all the covariates and time windows for every numer-
ical optimisation iteration. Parallel computing can alleviate this as the evaluation of
every DLF is independent. Since the DLF computations are usually straightforward
this is a task that might be best spread across a GPU. It’s important to identify any
component of the DLF that doesn’t require re-evaluation every iteration, so that we

can pre-process as much as possible to remove as much redundancy from the algorithms
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as possible. Computing and storing all the required lag differences At, is an example.
As stated before, both X and W will be sparse so triplet representation (Bulug et al.,

2009) will be effective for any matrix operations.

Another issue to consider is numerical instability which may occur when attempting
to normalise the DLF. For example, the numerator of the Nealmon is exponential,
which can easily explode in value. It’s safer to evaluate the log instead; in this case

the denominator becomes

log [Z exp(zs)] = log

SES

exp(z”) Z exp(zs — z*)]

SES

Z exp(zs — z*)]

SES:

= 2"+ log

where z; is equal to Zf) 0;k%, and z* is chosen to be the maximum value of all the
zs. The purpose of this is that none of the components of the denominator’s sum ever
exceeds exp(0) = 1 and therefore numerical overflow is no longer a concern. This is

known as the LogSumFEzp trick.

3.2.3 The Time Window

Up to this point we have not given much focus on how to select the time window
parameter 7. In some cases this can be determined from context; for example, in their
study of how a newborn’s health is affected by their mother’s air quality exposure
during gestation, Mork et al. (2021) used a 7 value of 37, roughly the length of time
of gestation. But it will not always be obvious from context. 7 needs to be at least
large enough that the time window captures all the lags that meaningfully explain the
response variance, though how large that is exactly is not clear. But while the minimum
value of 7 might not be known, its maximum is clearly the smallest lag length of the
covariates that is available for all the response data. Larger values than this will result
in some time windows containing less lags than others, which in turn will mean the
weighting scheme from the DLF will be applied inconsistently. Ghysels et al. (2006)

argues that simply setting 7 to its largest value should be a safe choice since the lag
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effects will naturally decline to zero in the long term. In a sense, this allows the model
to decide its own time window length in an indirect manner. A potential drawback
of this proposal is that larger values of 7 will result in denser weight matrices W,

exacerbating the computational complexity.

We will investigate the impact of setting 7 through simulations in section 3.3, and we
will find that setting it too small will lead to badly biased results, though setting overly

large has minimal negative impact.

3.2.4 Generalised MIDAS

Adapting the MIDAS framework to handle generalised response data proceeds the same
as for GLMs discussed in section 2.1.2. Let us assume that the mean of y; follows the

general model

Ely) =g " (m) (3.6)

where 7, is taken from the components of

n=WXg (3.7)

where W, X and 3 are defined as in (3.4). Setting g(-) as the log odds corresponds
to a logistic regression. As with standard GLMs, B can be inferred via Iteratively Re-
weighted Least Squares (IRLS) (Green, 1984). Let X = WX as before and %X; denote
the i row of X. Define p = [p1, pa, - - pn), where p; = (1 + e‘BTxi)_1 and n is the
sample size of y. Finally, let M = diag(p;(1 — p;)). Through IRLS, the k' iteration of

Bis

Bry = (XMX) ' X" (M X8, +y — pr) (3.8)

which is the Newton-Raphson estimated maximum of the log-likelihood. To jointly infer
with @ we can apply something like the BFGS as we’ve suggested before in Section 3.2.1,
but now each iteration also performs the IRLS method to find 3.
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In our R implementation, which we discuss in more detail in appendix C, we adapted
code from the midasr (Ghysels et al., 2016) package to build a function that infers
the parameters jointly using the optim function by default, though can be easily set
to use a number of other functions like optimx (Nash et al., 2011) if desired. We
use the log-likelihood times minus two as the objective function, which for the binary

regression model is simply

—2L = -2 Z yeIn(pe) + (1 — ye) In(1 — py). (3.9)

This same idea can be applied to other forms of generalised linear regression. For
example, if we instead had count data we could use the log link to perform Poisson

regression (Schwartz, 2000). The corresponding objective function then would be

—2L =-2) yB'% —exp (B'%,) (3.10)

but everything else would proceed as described above.

3.2.5 Appropriateness of Application to Irregularly Sampled

Covariates

The time differential At that is used as the argument for the DLF may at first appear to
imply that this method allows for irregularly sampled covariates as well as responses.
This would open up new opportunities to explore more datasets. With the modern
prevalence of mobile technology (Rehg et al., 2017), patients are able to submit self
reports through health monitoring apps, such as surveys (Mulhern et al., 2015), self-
administered tests such as home spirometry (Moor et al., 2018), among other things
(Sama et al., 2014) which patients will carry out on an irregular basis. It would also be
an elegant alternative against explicit imputation when using regular data with missing

values.

However we do not recommend this; if the covariates are irregular, this opens up
the very likely possibility of having a different number of observations within each time

window, resulting in a inconsistently normalised DLF', and the DLF must be normalised
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in order for B to be identifiable.

For example, imagine a time window with 3 points which are 0.1, 0.2 and 0.5 units away
from the edge of the time window respectively. Let’s say we are using the Nealmon
of degree 2 as our DLF, with §; = 0.5 and 6, = —0.1. Then the weights for each of
the points above will be 0.31, 0.32 and 0.37 respectively. Now imagine another time
window with an identical spread of points, except a fourth point 1 unit away from
the edge of the time window. The weights assigned in this case will be 0.21, 0.22,
0.26 and 0.30 respectively. So although the first 3 points in the latter time window
are in the same relative position as the 3 points in the former time window, they are
given a different weight due to the inclusion of the fourth point. Hence the effect will
be distributed in an inconsistent manner, and by extension the fitted DLF will have
an inconsistent interpretation. Further, consider the more extreme example where
only one value falls within the time window. No matter this point’s relative position
from the time window - whether it’s close to one of the boundaries or somewhere in
between - it will be assigned a weight of 1 due to normalisation, rendering the DLF
meaningless as a whole. Changing the DLF parameters will have no impact on that
point’s contribution to the likelihood as any set of parameters will still return a weight

of 1 for that observation.

To ensure the DLF is applied consistently (and thus has a consistent interpretation)
you may only use a time window length such that every time window contains the same
number of values. The fitted DLF curve will then be the same across all time windows.
But when data is irregular this may not be possible, especially when sampling rates

are heterogeneous.

The Gradient

Quasi-Newton numerical optimisation algorithms such as the BFGS method (Broyden,
1970) require evaluation of the gradient of the objective function. When one is not
provided, usually numerical derivatives are used but these introduce an extra layer of
estimation and computation, so if the true gradient is known it should be supplied. As

already discussed in section 3.2.4, the log-likelihood is
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B) =Y yn(p)+ (1 —y)In(1 - p,)

where p; = (1 + exp(—;))~" as before and

p
m=F+ Y Bi > wiAt,,0)z (3.11)
i=1

sESt(i)

Let us first focus on B. By the chain rule, the m'" 3 component of the gradient is

=2 o B, 512
where
L 'y 1—w
apt Pt 1— pt’
8 f—
a_pt = (1+exp(=m)) ™" exp(—m),
Tt
87715 ZSES} wm<At57 Om)xgm) if m 7é 0,
O 1 if m=0.
The gradient components with respect to 8 are similar:
L
=3 Gy oo 13

aek Op, Oy OOy,

The first two factors in (3.13) are the same as the first two in (3.12). The final factor

1S

37%

— (m)_
20, = Bm Z Ty wm (Ats, 0,,) (3.14)

s€S

where 0, € 8,, and 0,, denotes the set of 8 that are used in the DLF corresponding to

covariate m. In some cases it may be prudent to assign the same DLF and associated
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parameters to more than one covariate if we suspect that lag effects are distributed in
the same way. In this case we can simply sum over (3.14) for all the relevant covariates

to compute 9n;/00y.

The derivative of w,,(At, 8,,) will depend on the user’s choice of DLF. It will be the
case for some choices that it is intractable. Even if numerical derivatives are required at
this point, it is still much more preferable over numerically deriving the entire gradient.

In the case where the Nealmon is used, the derivative is tractable and works out to

be

Dun(Dt,,0,) P (XL ML) [AS, g exp (T, 6.08) = ¥,cq, At exp (X7, 6:58, ) |

= 2
o 5o (502000
(3.15)
where M € {1,...P} is the polynomial order that 6 is a coefficient of in equa-
tion (2.8).

3.3 Simulation Study

We test the method described in this chapter with a simulation study. We will generate
data under a number of different parameter settings, which we will discuss below, and
sample sizes n (where n = 100,500, 1000). All experiments will use 2 randomly gen-
erated time series covariates to create the response, with two very different simulation
DLF profiles to observe their differences. 1,000 such datasets are generated for each
parameter setting and sample size configuration, which are fed into the IRT'S-MIDAS
inference algorithm. Our objective is to examine how biased the model estimates are

from the true generating parameter values of these datasets.

3.3.1 Data Generation and Simulation Details

Since the response data is irregular we must first generate its temporal indices. To
do this we randomly sample n values from the Exponential distribution. By default
the rate parameter will be set to 1/15, but we will vary this value for some of the

simulations (see below). A weight matrix is constructed using the two-degree Nealmon
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DLF with DLF parameters {14, —1} for one covariate and {0.5, —0.1} for the other,
using a time window of length 15 (by default - this is also subject to change in some of
the experiments). These DLFs are illustrated in figure 2.1: one is highly concentrated
on a point relatively far from the edge of the time window, the other is more dispersed
but centered closer to the edge, giving us two very different kinds of distributed lag
relationships to test. The regression coefficients (including intercept) are {0, 1.5, —1.5}.

We use the logit link function to generate the binary responses.

Covariates are independent autoregression time series of order 1, sampled randomly

from the following distribution;

2
2y = 0.5x4_1 + 2 cos (—Wt + ¢) + &
w (3.16)

€ ~~ N(O, 1)

where w, the frequency parameter, controls the seasonality of the covariate term and
¢, the shift parameter, shifts the cosine wave along the x-axis. The seasonality ensures
the covariate varies sufficiently over time so that the variation of the effect won’t be
aggregated out by the DLF. Two covariates are created for each of the simulations;
both with a periodicity of 30, but one with a shift of 2.5 and the other a shift of 7.
This makes it so they both exhibit the same seasonality but their peaks are placed on
different lags, inducing a small amount of collinearity to make the setting more realistic.

Besides this, we will create a number of different settings explained below:

1. Effect of response sampling rate: We will run an experiment with different

response rates from the exponential distribution mean parameter: 1/7 and 1/30.

2. Effect of time window: The time window we will use to create the data will be
15 units wide. We want to examine the effect of misspecifying the time window
in the model, so we will use a shorter window of 7 units wide and a larger window

of 25 units wide.

3. Effect of covariate noise: For one set of experiments, we will use a standard

deviation of 3 instead of 1 in equation (3.16).

We test each simulation for three different number of response samples: n = 100, 500
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and 1000. The models are fit to the simulated data using the BFGS algorithm. This

entire procedure is repeated 1,000 times over for each experiment.

The simulation study was run on a Dell Latitude 5400 on 6 parallel cores. For each
experiment, the n = 100 simulations took roughly 8 minutes each, the n = 500 simu-
lations took roughly 30 - 35 minutes each, and the n = 1000 simulations took roughly

1.5 hours each.

3.3.2 Simulation Results

The mean and standard error for the 3 coefficients and estimated centers of the DLFs
are given in table 3.1. The results show some bias for every method, especially for

n = 100, though seems to improve as the sample size increases.

The most difficult component to fit, going by the bias, was the second DLF. This was
the DLF that was more severely dispersed across the time window so it is understand-
able that the model struggles to fit it. The experiment with extra covariate noise did
particularly well here compared to the rest, likely since the extra variation is infor-
mative for the estimator. Regardless, the corresponding covariate f5 estimate did not
seem too badly affected by this. This seems to imply that even if the method fails
to understand how the effect is distributed, it is still reliable at estimating the overall

effect itself.

The worst performing experiment by far was where we used a small time window of 7
to fit the model. All parameters, apart from the intercept, show a huge amount of bias
under this scenario. On the other hand, the larger time window had results roughly as
good for most parameters as the other experiments. The only exception is again the
position of the second DLF; it seems that allowing a larger time window made it even
harder to locate the heavily dispersed DLF, though again the estimate for the overall
effect size Bg appears unaffected. This lends credence to our advice in section 3.2.3

that it is probably much safer to overestimate 7 than to underestimate it.

The general conclusion we can draw from this simulation study is that the method is
reasonably accurate on average for large enough sample sizes, and we seem to certainly
require more than n = 100 according to these results. It seems harder to locate the

center of highly dispersed DLFs, but the effect sizes remain identifiable. From this we
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can conclude that while the model is good at finding effect sizes of predictors, it may
struggle to identify how exactly that effect is distributed across the lags. Whether or
not this is an important issue will depend on the problem; for example it would be a
serious flaw if attempting to find the so called ‘critical window’ of exposure vulnerability
(Wilson et al., 2017b). If however, we are only interested in identifying potential
predictors then it is less of a concern. Finally, these results seem to suggest that using

a value of 7 that is too small can be fatal for estimation.
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Frequentist Simulation Results

Statistic Qo QH Qm DLF DLF
1 2
n 100 500 1000 100 500 1000 100 500 1000 | 100 500 1000 | 100 500 1000
True Value 0 0 0 1.5 1.5 1.5 -1.5 -1.5 -1.5 7 7 7 2.5 2.5 2.5
Rate 1/7 0 0 0 1.35 1.46 1.5 -1.41  -146 -15 18.71  6.84 6.99 2.55 1.71 1.13
(0.01)  (0) (0) (0.03) (0.01) (0.01) | (0.03) (0.01) (0.01) | (13.44) (0.03) (0) (0.56)  (0.49) (1.19)
Rate 1/30 0 0 0 1.35 1.47 1.49 -1.41  -147 -149 | 5.18 6.87 6.92 6.79 16.09 Wumw
(0.01) (0) (0) (0.03) (0.01) (0.01) | (0.03) (0.01) (0.01) | (0.13) (0.03) (0.04) | (4.3) (9.51) (0.57)
Time Window 7 -0.01 0 0 0.59 0.36 0.31 -0.57  -037 -033 |2 -0.11  -0.08 | 0.99 -0.13 0
(0.01) (0) (0) (0.02) (0.01) (0) (0.02) (0.01) (0.01) | (2.2)  (0.05) (0.02) | (0.15) (0.2)  (0.08)
Time Window 25 || -0.01 0 0 1.4 1.46 1.49 -1.47  -146 -149 | 5.22 6.91 7 4.47 5.37 1.84
(0.01) (0) (0) (0.03) (0.01) (0.01) | (0.03) (0.01) (0.01) | (0.29) (0.03) (0) (1.67) (2.95) (0.26)
Std. Deviation 3 || 0 0 0 1.35 1.48 1.51 -1.46  -149 -1.52 | 543 6.87 6.99 2.72 2.16 2.3
(0.01)  (0) (0) (0.03) (0.01) (0) (0.02) (0.01) (0.01) | (0.1)  (0.03) (0.01) | (0.68) (0.19) (0.12)

Table 3.1: Mean values of the \w estimates and DLFs, with corresponding standard error in parentheses underneath, rounded to the second

decimal digit.




4 Bayesian Inference, Quantile Regres-

sion and Variable Selection

In this chapter we further hone in on our specific needs to analyse the vasculitis flare
data. Besides the distributed lag effects, we have two other major concerns: a highly
imbalanced response variable and a sizeable number of covariates that we wish to filter
out of the model. On top of this, the relatively large standard errors we saw for some
of the @ estimators in table 3.1 suggest that they may benefit from some degree of

regularisation. One way to do this is to add a penalty term to (3.9), for example

O =-2> yn(p) + (1 —y)In(1 —p,) — c]|6]]3 (4.1)

for some ¢ > 0. This particular method is an example of ridge regression (Hoerl and
Kennard, 1970) which is useful for overcoming issues associated with multicolinearity.
Penalised regression methods such as LASSO (Tibshirani, 1996) and Elastic Net (Zou
and Hastie, 2005) can be used for variable selection, which is another desirable feature
we want to implement. However these methods come with the drawback that it is
very difficult to derive uncertainty estimates of penalised regression coefficients (see for
example Chatterjee and Lahiri (2010)). Zhao et al. (2021) and Leeb et al. (2015) sug-
gest, for example, fitting a penalised model, and then fitting a standard non-penalised
version to the data with only the selected variables discarded, from which standard
errors can be calculated. While they offer theoretical and empirical justification, this
method essentially assumes that the penalised inference is able to filter variables with
100% confidence since the refit model is implicitly conditioning on their exclusion. It

also can’t tell us how certain we can be the excluded variables are truly exclusions; it
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is a pure binary in/out delineation. There is more that can be said about frequentist
regularisation uncertainty estimates; see for example Chatterjee and Lahiri (2011); Lee
et al. (2016); Tibshirani et al. (2016), among others, but here we instead pivot to a
Bayesian approach as it is able to combine variable selection and imbalanced response
inference within the distributed lag framework very elegantly, as we will show in this

chapter.

4.1 Bayesian Model Specification

4.1.1 Binary Quantile Regression with Distributed Lag Param-

eters

The major issue with imbalanced binary response is that it can cause the model to
essentially ignore the minority cases. In section 2.3 we spoke about how regressions
utilising skewed link functions have shown promise in resolving this issue. Quantile
regression is one such option. We briefly went through how latent variable representa-
tion has been used for efficient Bayesian inference of binary regressions in section 2.1.2
and in this section we will go through in more detail how to apply the same idea for
binary quantile regression (Benoit and den Poel, 2012, 2017). We introduce a random
variable z whose position is linearly dependent on the regression coefficients, whose

sign determines exactly the value of the binary response,

=%, B+¢
yi = 1(z > 0) (4.2)

e; ~ ALD(0,0 = 1,q)

where the pdf of ALD distribution is (Yu and Zhang, 2005),

Puntelp o) = Do (<2 e <) )

where 11 € R is the location parameter, 0 € RY is the scale, and ¢ € (0, 1) is the skew
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parameter, which corresponds to the desired quantile of interest. When ¢ = 0.5 this
collapses to the standard (symmetric) Laplace distribution. o needs to be fixed in the
residual term in equation (4.2) since I(x; T3) = I(ox; T3) for all possible values of o,

making it non-identifiable when it’s allowed to vary.

As mentioned, the skew parameter ¢ corresponds to the desired quantile. Notice that
as ¢ changes, the likelihood is skewed so that the location parameter u is equal to the
q™ quantile. The importance of this is that it allows us to target specific quantiles of
the response distribution. This means that for imbalanced response problems, we can
set the value of ¢ to be the proportion of binary response values equal to 0, i.e., the
quantile that distinguishes the ‘events’ (=1) from the ‘non-events’ (=0). Kordas (2006)

discusses more virtues of quantile based binary regression.

What we have described so far only applies for standard contemporaneous regression.
But we can smoothly extend its application to distributed lag models by simply using
WX as the design matrix, where W and X are as described in section 3.2. Of course, by
doing this we are introducing the distributed lag parameters @ (within the W matrix)

that also requires inference.

4.1.2 Model Inference

To ease the burden of notation, from here on we will simply use X and x; to denote the
distributed lag design matrix and its rows respectively, with the understanding that
this still includes the weight matrix W (and hence the distributed lag parameters 6 as
part of it). We infer the parameters using Gibbs Sampling, since the full conditional
distributions for most of the parameters are easily tractable (Benoit and den Poel,
2017). We start with the latent variable z;: Kozumi and Kobayashi (2011) showed
that the ALD can be equivalently expressed as a location-scale mixture of Gaussian

distributions. i.e., the standard ALD variable ¢; can be expressed as

€ = Vv + w\/viu

where u; is a standard normal variable, v; is a standard exponential, and 1) and w are

deterministic functions of the skew parameter ¢,

45



B 1—2¢q 2 _ 2
w_q(l—Q)’ YT =g

So when conditioning on v;, ¢; becomes Gaussian,

ei|vi ~ N(pvg, w?y;)

and therefore, combined with (4.2), we find that

N(x; B + ¢, w?v;) restricted to the positive axis when y; = 1,

Zzlyla 18’ 07 Vi ~
N(x, B + v;, w?y;)  restricted to the negative axis when y; = 0.
(4.4)
The full conditional distribution of the additional latent variable v; is

with

So to summarise, the full conditional distributions of the latent variables z; and v;
are truncated normal and GIG respectively. We can sample from these as they are,
or alternatively we can jointly update z; and v; to improve Monte Carlo efficiency as
described by Holmes and Held (2006) for logistic regression. The joint distribution can

be factorised as

7T(Zi, Vi‘yh 3, 9) = W(Vi\yi, i, 3, O)W(Zi‘yzw 3, 9)

The first component is simply the full conditional of v; as above in equation (4.5),
unchanged. The second component is z; with v; marginalised out, returning it to a

truncated ALD distribution,
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ALD(x] 3,0 =1,q) restricted to the positive axis when y; = 1,
Zz|y17 /37 0 ~
ALD(x/ 3,0 = 1,q) restricted to the negative axis when y; = 0.

Since both the CDF and inverse CDF are readily tractable, the truncated ALD can be
easily sampled from using the inversion method. Benoit and den Poel (2017) offer an
alternative sampling technique that utilises the fact that the tails of the ALD can be

treated as exponential distributions.

Thanks to the latent variables, the full conditional distribution of 3 is simply

Bly,0,v ~N(B,V) (4.6)

where

V=Fv!'4+X"'Q'x)!
B=VH v 'b+X"Q !z —yv)) (4.7)

Q = diag(w?v),

and diag(-) is the function R” — R"™*" that creates a diagonal matrix from the elements

of the vector input.

The last group of parameters to consider are the DLF parameters 6. Let 6, denote
the set of @ that correspond to the DLF of covariate £, and let 6 denote all DLF
parameters except 0. The full conditional distribution of each @y, is (recall that 6(_y,

is part of the design matrix X),

7T(9k|Z, v, 3, 0(_k)) o W(Bk) exp (— %(BTXTﬁlX,@ —2(z— 1Z)I/)T(21X,3>> . (4.8)

We need to choose a prior for 8,. The range of appropriate priors for each individual 6

value will largely depend on what was chosen as the DLF'. Different choices will not only
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mean a different number of DLF parameters, but also the range of possible values they
are restricted to (if anywhere). For example a beta DLF, which is simply a function
that uses the kernel of the beta distribution normalised across all the lags in the time
window (Ghysels et al., 2016), uses two DLF parameters that must both be positive.
On the other hand, the Nealmon has as many DLF parameters as the user wants
(corresponding to the degree of the Almon polynomial), and these parameters can take
any value, with the exception of the parameter corresponding to the highest order
coefficient of the polynomial, which must be negative to ensure that the lag weights
decline to zero asymptotically. Therefore it is impossible to suggest a generic prior
thought would be suitable for all DLF parameters, so from here we will restrict our
discussion to the two-degree Nealmon DLF. This has two parameters, 6, = {0x1, 02},
where 0,1 € R and 0, € R™. This is the DLF we will be using for our flare data
analysis. Notice that this can be re-expressed as (up to proportionality with respect

to At):

20, 0, \?

i.e., the two-degree Nealmon has the same form as the PDF of the Gaussian distribu-
tion with mean —6y; /20, and standard deviation (—2045)~', affording a meaningful

interpretation of the 6, parameters to build a prior around. We will use

Or1 ~ N(po, 05) (4.10)

—By ~ Exp()o) (4.11)

with pug = 15 and o¢ = 5 for the 0y, prior, and \y = 1 for the 0y, prior. The mean
of the resulting joint prior is {15, —1}, which corresponds to the majority of the DLF
weight being placed on the 15/2 = 6.5th lag, roughly corresponding to a week when
the time index is daily. But the prior is very diffuse in terms of what the DLF center
will take; for example if ; is 23 (roughly corresponding to the 95th quantile of its
prior) and 65 is -0.05 (roughly corresponding to the 5th quantile of its prior) the mean
of the DLF will be centered at 23/0.1 = 230. The takeaway point here is that our prior
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is set so that the resulting DLF is centered close to the time window but is diffuse
enough to not penalise large shifts too heavily. Our choice here reflects our a priori
uncertainty around the effect of air quality and vasculitis flare propensity due to the
lack of prior knowledge to draw from. As time goes on and more research and attention
is (hopefully) given to this research area, future analyses may be able to benefit from

more informative priors.

Regardless of what prior we choose, (4.8) does not resemble any standard distribution
that we are familiar with, so we must rely on a Metropolis-within-Gibbs update. This
requires us to choose a proposal distribution gy(-), for example the two-dimensional

normal random walk proposal:

g@( I:la C*wkla g) =N ((ekla C)Ta Ek) (412)

where 0o = — exp((), a transformation to ensure 6y remains negative, and 3, is the
Gaussian covariance matrix which controls the average step size for each proposal. The

acceptance probability is then

* *
W(Ok‘ﬁ, z,V, ) eXp(g)
where k is a covariate index. The ratio term %((%) is the Jacobian due to the s

transformation.

Choosing an appropriate value for 3, is challenging. This is the well known ‘Goldilocks’
dilemma of MCMC based inference (see for example the first chapter of Gilks et al.
(1995)); setting a value of Xy such that the proposed values are too extreme will result
very few accepted draws, and by extension an inefficient exploration of the posterior.
On the other hand, proposing values too close to the current values may result in many
acceptances, but only because the proposals will suggest tiny incremental steps which
will yield a very high degree of auto-correlation in the Markov chain and thus a lower

effective sample size (see for example section 11.5 of Gelman et al. (2013)).

Instead of choosing a fixed value, we will use an adaptive proposal (Haario et al., 2001).

The idea of an adaptive proposal is to adjust the value of 3, as the chain progresses in
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such a way that we achieve an ‘optimal’ (in some sense) acceptance rate. The method
is applied here as follows: let 8% be the i*? iterative of 8 in the MCMC chain. The

adaptive covariance matrix ¥ computed for iteration ¢ is

i = sqcov(0, -, 0 + s4ely (4.14)

where cov(-) is the empirical covariance function, € is some arbitrary small positive
constant, d is the number of dimensions we are proposing for (in our case, d = 2), 1 is
the dxd identity matrix, and s; = 2.38%/d. This achieves the optimal acceptance rate as

defined by Gelman et al. (1996). A few important remarks about equation (4.14):

First, it should be noted that, because of the explicit dependence on the full history
of the chain, this does not actually posses the Markov property. However, Haario
et al. (2001) proved that despite this caveat, the ergodic distribution of the adaptive
chain described above is still the exact posterior distribution, which is the only real
concern. This is partially due to the fact that dependence on the history of the chain
diminishes as the iterations increase, so that it essentially acts as a Markov chain

asymptotically.

Second, the small positive constant term e is a technical requirement in order to satisty
the conditions for true posterior ergodicity. Haario et al. (2001) claim that simply
setting € to zero may not be present much problems in practice based on their own

observations, but we will use a small non-zero term for safety.

Third, the full empirical covariance becomes expensive (both in memory and speed) to
calculate the longer the chain runs. For this reason it is strongly suggested to use the

recursive formula for empirical covariance:

1—1
)

e 5 % (zé;‘léfjﬂ ((+1)8.8. o + eId>

where 92 denotes the mean of (0,16, +++0},) which also has a recursive formula,

_i 1
ok -
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Fourth, the algorithm requires a user-specified starting value X;. When lacking any
real prior knowledge about the parameters (which is the case here) this becomes an
arbitrary choice, though it is not that important as it is updated every iteration to an
optimal value; if the proposal of 0 is rejected/accepted too often it will be corrected

to attain the optimal acceptance rate. We use the following:

6 0.5
0.5 0.05

3, =

the top leftmost cell is the variance of the #; parameter, which we set to 6. Since 6, is
the numerator of the location we want to propose large jumps to give it the opportunity
to find peaks in the DLF. The variance for ( is smaller as it controls the denominator
so choose to start with we make smaller more careful proposals to avoid the DLF
location from exploding in value. We use non-zero values in the off-diagonal to induce
correlation in the proposals. Again, we emphasise that this covariance will be adjusted
over the MCMUC iterations to attain optimal acceptance rates so if our starting value

is off it will be corrected as the chain progresses.

There are many other options we could have gone with besides the above adaptive ran-
dom walk approach, for example the Metropolis-Adjusted Langevin Algorithm (Roberts
and Tweedie, 1996), which would utilise the gradient computed in section 3.2.5 (though
this may also benefit from adaptive methods as it requires a set tuning parameter).

This possibility is discussed more in chapter 6.

4.2 Variable Selection

In this section we implement Reversible-Jump MCMC (Green, 1995) which we gave
a basic overview of in section 2.4.2. As a reminder, we introduce binary parameters
v € {0,1} that determine whether or not covariate k is retained in the model. We
can then update ~ using Metropolis-Hastings updates, making sure the acceptance
probability takes into account the birth or death of associated parameters. This is
a perfectly adequate setup for this situation, however we can somewhat simplify the

process using a method proposed by Holmes and Held (2006). For the moment, we
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will focus on adaptation only for the standard (contemporaneous, non distributed lag)
quantile binary regression model. We will show how to extend this when incorporating

distributed lags in section 4.3.

The method works by updating B and = jointly and factorizing as follows;

(8,712, v) = 7(|z,v)7(Bly,2,v)

B is updated as described before, but using only the columns of the design matrix
supported by . As for the v term we still update it using Metropolis-Hastings using
the following proposal,

98", 7" |z,v) = 7(B* 7", 2,v) 9, (YY) (4.15)

The unbounded acceptance rate is therefore

(8", v*|2,v)9,(8,7)
" (B Az ), (B ) (4.16)
_ 71'(6*7 'Y*’Zu V)7(5|'77 Z, V)gv<7’7*> (4 17)
(8,72, v)7(B* |7, 2, ) g, (v*|7) '
_ 1Bz ) (Bl 2, v)m (v |2, v) gy (v) (4.18)
(B, z,v)w(B* 7", 2, v)m(V]z, V) gy (v |Y) '
_ 71z V)9, (v17) (4.19)

(|2, v)g,(v*]7)

Notice that B has been entirely cancelled out - in other words, we can update =
without explicitly including the dimension transitioning regression parameter. This
makes intuitive sense since ‘removing’ a regression coefficient is equivalent to simply
fixing it at zero. Since the dimensions of z and A are unaffected by -y, this means there

are actually no dimensional transitions when updating .
Using Bayes Theorem and re-arranging we find

7(v|B,2,v)

TOle ) e ey a )
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which works out to be

1
7(v|z,v) x |V7|_1/2|V7|1/2 exp {5 (B,TYV:YlB'y - b;,v,;lby) } ()

where 7(«) is the prior distribution of 7, b and v are the mean and covariance for the
prior of 3 and B and V are the mean and covariance of the posterior of 3, as given in
equations 4.7. The usage of v as a subscript for the matrices/vectors is to denote the
fact that we only use the columns/elements corresponding to the covariates chosen by

7. The resulting M-H acceptance ratio o, is

[V | 712 Vg [V 2 exp { (B;*V_iBW* - b,;,*v,_),ib'y*) } gy (V)T (Y)

1

2
Va2V |2 exp {5 (BL V4 By = bYva'by ) } g, (v)7()
(4.20)

«

=min | 1,

Our method of proposing new = values, which we will use for all further analysis, is
to simply select a covariate with uniform randomness and swap its corresponding -~y
value. Since this results in a symmetric proposal, the g,(-) terms in equation (4.20)

will cancel out.

4.2.1 Variable Indicator Prior

Since = is a binary vector, the Bernoulli distribution is the most appropriate distri-
bution for the prior. We must specify the Bernoulli probability of success parameter
p which in this case is interpreted as our prior degree of belief that the covariate is a
true predictor. A common choice is 0.5, as it is unbiased and the most uninformative
(in the sense that it results in the largest prior variance), but it translates to assuming
a priori that 50% of the covariates meaningfully explain the variance of the response,
which seems unlikely to us. Our alternative solution is to use a hierarchical prior for

~, by setting a hyperprior on p,

p ~ Beta(a, b) (4.21)

since p only takes values between 0 and 1. We will discuss our choice of hyperparameters
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a and b in a moment.

The full conditional distribution of p (which is only dependent on =) is then

ply ~ Beta (a + Z%’ b+ Z(l - 71)) :

The advantage here is that we essentially let the data decide the most appropriate
prior, based on how many inclusions are currently in the model. The values of a and b
are chosen to best represent our prior belief in the overall number of parameters in the
model. In the absence of expert opinion, this becomes a matter of personal judgement.
To help us decide on appropriate values, we need to consider how many variables will
be under consideration. Excluding the intercept, our dataset for the flare modelling
analysis will have 18 covariates. With this in mind, let us consider the situation where
we set a and b both equal to 1. This is conceptually appealing as a starting point
for non-experts since the resulting hyperprior is uniform in (0, 1) meaning that any
configuration of variables is equally likely on average a priori. But this may induce a
peak in the posterior in regions where every variable is rejected (or included) in the
model as the full-conditional mode will be situated at 0 (or 1). As a result, the Markov
chain may get stuck in these regions in the event that every variable is included or
excluded (via initialisation, for instance). For that reason we believe it is safer to set
a and b equal to 3. This means that, for 18 variables, the full-conditional mode will
never fall below 0.1 or above 0.9, working as a sort of safety buffer in the event the
algorithm swings too far one way or the other during burn-in, but still allows enough
room for the chain to reach the boundary in the event that the bulk of the posterior
is truly situated there. Figure 4.1 illustrates this point. In section 4.5 we will test this

line of thought through simulation experiments.
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Figure 4.1: Two different choice of hyperpriors and how they affect the full conditional
distribution of the prior inclusion parameter. The dashed lines correspond to hyper-
priors, and solid lines show the resulting full conditionals when there are 18 covariates
and all their corresponding indicators are set to zero. The (1, 1) hyperprior results in
a very sharp peak at 0 in the full conditional, which may result in the Markov chain
getting stuck. The (3, 3) hyperprior on the other hand never peaks too sharply near
the boundary.
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4.3 Variable Selection With DLF Parameters

When incorporating distributed lags into the above variable selection method, trans-
dimensionality starts to become a concern since the dimensionality of the DLF param-
eters @ depends on 7. Whenever a new value of « is proposed, we must take into
account the birth or death of the relevant @ variables when calculating the acceptance
probability. Although we are back to using RJ-MCMC, the above exposition for stan-

dard quantile regression is still be useful here, since we can still jointly update 3 and

~.

If the proposed update intends to birth a new variable then we must propose a new @
value as well. Say we are proposing to birth covariate k (and thus newly introduce the

corresponding 6;.). The proposal distribution in this case, which we call g+ (-), is

g+ (B, 05,7 |2, v,0_1) = n(B"17", 2,1, 0%, 0_1) g, (Y |7) 96+ (07) (4.22)

where gy+(-) is the proposal distribution for the 8; parameters that are to be birthed
(which is different than the proposal gy(-) used in equation (4.12)). An appropriate
proposal will of course depend on the choice of DLF. As before, we restrict our attention
to the two-degree Nealmon DLF. Each 6, is then a vector of length two, {6,6,}. For
0 birth proposals, we use a normal distribution centered at 0 with standard deviation
o. 07 can be proposed directly from this, but since 5 must be negative, we instead
sample a random variable (* = log(—60s) and transform, same as for the @ updates in

section 4.1.2. The values of o we use are 5 for ¢; and 2 for (.

The acceptance probability is

m(07)m(65)
9o+ (07) go+ (C*

exnlc)) (423)

Qg+ = min (1, r
where 7 is referring to equation (4.19). The exp(¢*) factor is the Jacobian to correct
the probability measure due to transformation to 6s.

If the proposed update intends to remove covariate k instead (v; = 0), the proposal

becomes
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a— (8", 7*|z,v,0) = n(B* |7, z,v,0)9,(v"|7). (4.24)

The corresponding acceptance probability aj_ must take into account that we are

potentially removing a component of 8, so

(4.25)

Qj_ = min (1,7‘99+(91)g6+(<) L ) .

m(01)m(02) exp(C)

After sampling from the posterior using RJ-MCMC, the proportion of draws where
v; is equal to 1 represents the posterior probability that the corresponding variable
should be retained. A proportion close to the implies that we can accept or reject the
possibility of the corresponding covariate of being predictive with high confidence, at
least according to our data. A proportion closer to 50% suggests that the data does

not strongly support inclusion or exclusion.

With this, we have fully specified the Bayesian Quantile MIDAS model. A step-by-step

algorithm of the method is given in appendix A.

4.4 Posterior Predictive Distribution

The model samples from

7(8,0,7,ply) x n(y|B,0,v,p)n(B]7)m(0|y)7(v|p)r(p)

by employing latent variables. As a part of model validation as well as out of sample
prediction, we will compute a Monte Carlo estimate of the posterior predictive dis-
tribution (PPD) using the MCMC samples. The PPD for class ypew, given observed

predictors X, ey 1S

oK) = 3 o i gy TP .0,9)7(5.0.1D)00 (120

~er’P
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where I' denotes the space of all potential models encoded by «, and D(-) denotes the
domain of the given parameter. Indexing the MCMC samples retained after burn in and

thinning as (3%, 0%, ~4"),...,(8",0",4"), the Monte Carlo estimate is simply:

N
W(ynew‘Xnew) ~ N Zﬂ'(ynewpcnewa/8 ,9 » Y ) (427)

The likelihood for the binary ALD model is

W(Y’X7 /67 677) = H FALD(X;"F‘)//Bl()? 17 Q)yl(l - FALD<XZ'T"Y§|07 17 Q))liyi (428>
i=1

where X;~ is the ith row of WX using only the columns supported by =, and Farp is

the cumulative distribution function of the ALD:

q exp (—(q—l)%) ifx>p
Farp(z|p,0,q) = (4.29)

1—(1—gq)exp (—q%) otherwise.

4.5 Simulation Study

In this section we run a simulation study for the method described in this chapter.
This method is a lot more computationally intensive than the frequentist one so we
will not be able to run as many simulations we had in chapter 3. Although many
characteristics of this study will differ from that previous simulation study (such as
the fact that we will be generating many more covariates per dataset), there are some
aspects that are the same or similar, so as a result there will be some repetition in our
exposition. Perhaps the main difference here is the purpose of this study: our primary
concern here will be to examine how effective the method is at identifying the correct
covariate set used to generate the data. This is important as the ability to select true
predictors is the main motivating problem of the vasculitis flare analysis we will talk

about in section 4.6.
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Data Generation and Simulation Details

We generate 1000 irregular response observations. To do this, we first create its time
indices by sampling 1000 exponential random variables with a rate parameter of 1/15
(i.e., we expect on average one observation for every 15 units of time). The time indices
are their cumulative sum. With this we use a Nealmon DLF of degree 2 and a time

window 30 units wide to create the weight matrix W.

We create 18 covariates; this is the same number as our dataset in the flare analysis
in section 4.6. The covariates are independent autoregression time series of order one,

generated using the m1VAR package (Epskamp et al., 2021),

2
xy = 0.5x4_1 + 2 cos (—Wt + qb) + €
w (4.30)

€¢ ’\/].\I(O7 1)

This is the same method we used to generate covariates for the simulation study in
chapter 3. As a reminder, the cosine term adds seasonality. w and ¢ control the
frequency and shift of the wave respectively. We will discuss the values we use for
these parameters further below. We generate as many observations as we need for
all the time windows to be fully populated. This will be a different number for each

simulation due to the irregularity of the response indices.

With the covariates and weight matrix, we use the CDF of the ALD as the link function
to create the binary response. The skew parameter ¢ is set to control the degree of
imbalance in the simulated response. We partition the data into training and test sets
using an 80/20 split. The predictive performance will be evaluated by computing the
AUC of the PPD we derived in section 4.4.

We will perform a number of experiments for a number of different parameter settings.
The main purpose of this simulation experiment is to examine how effectively the RJ-
MCMC algorithm selects the correct variables. Unless otherwise stated, the following

parameters are used to generate the simulated data:

e For the main parameter of interest «, 4 of the 18 covariates are set to 1, and the

remainder are set to zero. In other words, the majority of the dataset is pure
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noise.

e The non-zero elements of B are set to {1.5,—1.5,1, —1}, so we have two strong

effects and two more of middling strength.

e The DLF parameters we use for the two degree Nealmon are {14, —1} for the
positive effect covariates and {0.5, —0.1} for the negative effect covariates. These
curves were illustrated in figure 2.1. The first resulting DLF is heavily concen-
trated on the 7th lag unit, the other is much more dispersed and centered at the

2.5th lag unit, allowing us to test for two different kinds of DLF.
e We use a time window length of 15.
There are specific inferential characteristics we want to test. These are:

1. Effect of the hierarchical prior for the variable indicator: We want to see
how the model performs under different settings of the Beta hyperprior for the
prior probability of inclusion p. We will use a Beta(1, 1) and Beta(3, 3).

2. Effect of misspecified time window: We wish to see how the model performs

when it is set too narrow at 7 units wide, and also too wide at 25 units wide.

3. Effect of misspecified DLF: We will use a Beta distribution for simulating the

dataset, and the Nealmon for fitting the model.

4. Effect of Covariate Noise: We will run a simulation where the residual term

in equation (4.30) has a standard deviation of 3 instead of 1.

The above experiments are run under four different settings for different levels of re-
sponse imbalance and collinearity in the covariates, to test the RJ-MCMC method
under these conditions. To control imbalance, we simply set the ALD skew parameter
to ¢ = 0.5 for balanced simulations and 0.2 for imbalanced. Controlling the level of
multicollinearity is done through the w (which controls the frequency/seasonality of the
wave) and ¢ (which controls the shift) parameters in equation (4.30). Time series with
similar frequency and shift parameters will be very similar and thus will exhibit a large
degree of correlation. With this in mind, to induce a mostly independent covariate set,
the frequency and shift parameters are chosen randomly. To induce high collinearity,

we use w = 30 for all covariates and alternate ¢ = 2.5 and 7 for each variable. So
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(a) Random frequency and shift parameters. (b) Fixed frequency and shift parameters.

Figure 4.2: Example correlation matrices for both versions of covariate simulation.
(a) displays a mostly independent covariate set, while (b) displays a large degree of
multicollinearity.

all covariate time series will have the same frequency, and the same shift as 8 of the
others. Typical correlation matrices from these settings are given in figure 4.2. All in

all, we run 6 x 4 = 24 simulation experiments.

For each dataset randomly generated, the model will be fit 30 times to assess Monte
Carlo consistency. Each MCMC algorithm is run for 80,000 iterations. The first half of
the iterations are discarded as burn in, and only every 10*" value is retained thereafter,

for a total of 4,000 draws from the posterior distribution.

We emphasise again that for this simulation study our main interest lies in how accurate
the variable selection routine is, so those are the only results we will display. However
many other plots and diagnostics for the other parameters can be found in https://
github.com/DanDempsey/DD_Thesis_Files/tree/master/BayesQMIDAS/

package_code/Simulations/BayesQMIDAS_Sims/Output.

4.5.1 Simulation Results

The proportion of selected variables are presented in figures 4.3-4.6 in order of increas-
ing difficulty. The blue boxes denote the non-zero predictors that were used to generate
the response data, whereas orange denotes the covariates that had zero effect on the
data generation that we hope RJ-MCMC filters out. The intercepts, which are always
included with 100% probability, are not displayed on these graphs.
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Figures 4.3 and 4.4, that show the results of the low collinearity simulations, are all
generally quite good regardless of the experiment. The true predictive variables are
almost always included across all the runs of all the experiments, and the non-predictive
variables are generally close to the 0 boundary, though not quite as tightly. In almost all
cases the algorithm more effectively filtered out non-predictive data when the response
distribution was balanced, in the sense that the posterior samples are closer to 0 on
average. The only exception being the simulation that used the Beta distribution
as the simulation DLF, where one of the incorrect variables has a higher than usual
acceptance rate. In contrast, when the data was imbalanced, one of the correct variables
was selected less often than normal. However in both cases, the results are still largely

positive.

The high collinearity experiments, seen in figures 4.5 and 4.6 have more mixed per-
formance. Under these circumstances, the model seems to struggle a lot more at
identifying the correct covariate set, which is to be expected when the predictor time
series are so statistically similar to the non-predictors. Regardless, the results are still
mostly good; for the balanced experiments, the true predictors are chosen on average
far more often than the false predictors. An interesting contrast in the balanced, high
collinearity experiments is between the Hyperprior(1, 1) experiment and Hyperprior(3,
3) experiment. For Hyperprior(1, 1), the weaker predictors are filtered out much more
often than they should, but the non-predictors are even closer to the boundary than for
every other experiment. The reason for this is intuitive; as more variables are rejected,
the prior probability of inclusion will on average fall closer to the 0 boundary due to
the Beta hyperprior shifting the bulk of its distribution closer to 0. This will occur at a
faster rate for the (1, 1) setting than for (3, 3), as seen in figure 4.1. This suggests that
if sparsity is more desirable than identifying the correct covariate set then a Beta(1, 1)

hyperprior might be a good choice, but otherwise should be avoided.

Again we see that making the time window too small has negative impact on perfor-
mance, especially for the high collinearity imbalanced version of the experiment. One
of the correct predictors is selected less than 50% of the time on average and one of
the false predictors is selected far more often than it should. Whereas the larger time

window of length 25 shows decent performance throughout.
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Experiment Training AUC (%) Test AUC (%)

Hyperprior (1, 1) 81 83
Hyperprior(3, 3) 80 83
Time Window 7 80 81
Time Window 25 80 82
Beta Simulation 81 78
Standard Deviation 3 79 79

Table 4.1: Mean AUC values for the balanced simulations with low collinearity.

Experiment Training AUC (%) Test AUC (%)
Hyperprior (1, 1) 80 79
Hyperprior(3, 3) 80 79
Time Window 7 79 79
Time Window 25 79 79
Beta Simulation 78 82
Standard Deviation 3 79 75

Table 4.2: Mean AUC values for the imbalanced simulations with low collinearity.

Higher covariate variability tends to perform better than average at rightly selecting
the correct predictors, but also picks up more false predictors than on average. In this
sense, the increased variation both helps and hinders; more variability means the model
can more easily pick up on informative predictors but also allows more opportunity for

noise to be picked up as a signal.

The AUCs across all runs are given in tables 4.1-4.4. We see a high level of agree-
ment between the training set and test set AUCs (in some cases the test sets slightly
outperform training), suggesting that the model is not overfitting, regardless of the
setting. The AUCs are generally very high for the low multicollinearity experiments,
sitting in the low 80’s / high 70’s, but drop roughly 5-10% for the high multicollinearity

experiments.

We conclude from these experiments that the method works very well for balanced

Experiment Training AUC (%) Test AUC (%)
Hyperprior (1, 1) 67 70
Hyperprior(3, 3) 70 73
Time Window 7 68 70
Time Window 25 70 73
Beta Simulation 74 78
Standard Deviation 3 75 78

Table 4.3: Mean AUC values for the balanced simulations with high collinearity.
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Experiment Training AUC (%) Test AUC (%)

Hyperprior (1, 1) 72 66
Hyperprior(3, 3) 73 66
Time Window 7 71 62
Time Window 25 74 66
Beta Simulation 75 68
Standard Deviation 3 75 71

Table 4.4: Mean AUC values for the imbalanced simulations with high collinear-
ity.

and imbalanced data when the data is mostly independent. Results are more mixed
in the presence of high collinearity, especially for imbalanced data, but still largely

promising.

4.6 Flare Data Analysis

We now return to the research problem motivating the development of the above meth-
ods; to determine if there are any measures of air quality that are predictive of ANCA

vasculitis flare propensity.

4.6.1 Data

The data is stitched together from two sources; the first we will speak about are
clinical records from the AVERT Resource Description Framework (RDF) database.
The patients in this dataset are members of Trinity College’s AVERT project; people
suffering from vasculitis who have consented to sharing their electronic clinical records
for the purposes of vasculitis research. Among other things, the AVERT database
contains data on hospital visits. Whether or not the patient was suffering a relapse is a
point of contention; due to the lack of specific symptoms early on in disease progression
(Karangizi and Harper, 2018) the attending clinician can only make an informed guess
(this is logged in the clinical records). Thankfully expert nephrologists in the AVERT
group were able to retroactively investigate patient records to surmise a more accurate
impression of whether or not the patient was truly experiencing a flare at the time.
Their degree of belief that a flare event had occurred was split into four different

categories:
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Figure 4.7: Distribution of flare states in our data. Note the comparatively much larger
proportion of non-flares.

No possibility,

possible but not probable,

probable,

definite.

We refer to this as the adjudicated probability of flare. For the purposes of our analysis
(and at the recommendation of the experts) our response variable is a dichotomised
version of the adjudicated probability; 0 for No possibility, 1 otherwise. The distri-
bution of flares/non-flares is given in figure 4.7, where we can see a large degree of

imbalance.

One issue here is that the dates of these hospital visits are not truly relevant; what
we really need is the date that the corresponding flare began, and it is very unlikely
that flares manifested the very day of the hospital visits. Through a focus group with
patients, we were able to directly ask them how far apart they usually felt was the

time between first experiencing symptoms of a flare and when they actually made the
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hospital visit; most responses put the number around 7 to 14 days. Based on this,
we backdate the hospital visit dates by 10 days to approximate the date of the actual

event. We will test the sensitivity of this decision in appendix B.

We also have information on each patient’s location which is used to link to the the
appropriate region for the environmental data, where the ‘regions’ are roughly split by
the counties of Ireland. For a small number of patients, we have smartphone location
(Beukenhorst et al., 2017) provided with their permission using the PatientMPower app
(homepage: https://info.patientmpower.com/), an app that helps patients of
chronic diseases manage their illness. For patients who don’t have app data we use their
home address instead if available. If neither of those are available we use the address
of their hospital. A clear limitation of this is that non-smartphone location data might
be misleading in characterising the patient’s actual region of exposure. For example
a person who lives in Wicklow but works in Dublin will be exposed to much more
different air quality than someone who lives and works in Wicklow. Unfortunately,
due to a low level of engagement with the app, the majority of the data is based on

either home or hospital location.

Our weather and pollution variables are retrieved from the AVERT RDF database,
originally sourced from the Copernicus Atmosphere Monitoring Service, or CAMS
(homepage https://atmosphere.copernicus.eu/) (Inness et al., 2019; Hers-
bach et al., 2020). The SPARQL queries necessary to extract the correct spatio-
temporal snapshots for each patient were constructed via the use of a simplified GUI
built by the AVERT group. The data is mean aggregated so that it falls on a daily

time scale.

The only patients we included in the study are those who were determined to have at
least one flare event between 11th of April 2016 and 29th of February 2020, so that we
have almost 4 years of daily data. The reason for starting on the 11th of April is that
the AVERT RDF has pollution data beginning the 1st March 2016, and we need at
least a month extra to accommodate the fact that we will use a time window of length
30 days, and another 10 days to backshift the hospital visit date to approximate the
flare date. The final date is 29th of February 2020 to avoid the study period overlapping
with the COVID-19 pandemic as this would introduce a level of confounding that our
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Figure 4.8: Correlation matrix of environmental dataset.

model is not equipped to handle.

There were some missing values in the data. Most notably, every pollution variable
was missing on the 30th of November 2016. We resolved this by linearly interpolating
the gap. Three patients only had associated pollution or weather data up until mid-
2017, and so had to be removed from the study. A weather variable, Sea Surface
Temperature, was missing a large proportion of its values so it was also discarded.
After this, there were just a small number of missing values remaining; the variable
with the next highest number of missing values was carbon monoxide, and it was only
missing twelve (non-consecutive) days out of the 4 year period. All of these remaining

missing values were linearly interpolated.

Another concern is the high degree of multicollinearity in the dataset as illustrated in
figure 4.8. We removed the following variables so that there would not be more than

80% collinearity in the dataset: U10, V10, T2M, SSRDC, SSR, STL1 and PM10.

Our final dataset contains 87 patients, each with 4 years worth of daily data and 18

location specific environmental explanatory variables. Between the 87 patients, there
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were 746 clinical visits, 114 (=~ 15%) of which were retroactively determined to coincide

with flare events.

4.6.2 Model Settings and Results

We used a two-degree Almon function as the DLF with a time window of 30 days. The
quantile was set to 1 minus the proportion of flares in our data, roughly 0.85. The
prior on B was Gaussian with mean vector 0 and covariance matrix with only diagonal
entries equal to 100. As explained in section 4.1.2, the prior on the first component of
0 was Gaussian with mean 15 and standard deviation 5, and the prior of the second
component was exponential with rate parameter 1. The hyperprior of the ~ prior

probability of inclusion p was set to a Beta(3, 3) distribution.

To mitigate the risk of initialisation sensitivity, we ran the model four times with

different starting values for ~:
e the intercept only model,
e the saturated model,
e two models where each variable was randomly included with probability 0.5.

In the intercept only model, the starting value for the intercept was 0, and in all other
cases the starting value for B8 were randomly sampled from a standard Gaussian. As
for the DLF parameters, the first component started at zero, the second started at -1
in all cases. Each run lasted for a million overall iterations. The first half of these
iterations were discarded and only every 10th iteration thereafter was retained, for a

total of 50,000 approximately independent draws from the posterior.

Each model was fit in parallel using 4 cores on a Dell Latitude 5400 laptop. The total

time to complete was over 8 hours.

Results

The posterior of v across all runs are given in Figure 4.9, revealing a very low rate
of variable inclusion across all runs (note the x-axis only extends as far as 6%). It’s
important to emphasise here that only one of the four runs was initialised in this region

of the posterior, yet they all converged to it.
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Posterior Probability of Inclusion for each Weather and Pollution Variable
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Figure 4.9: Variable selection results after 4 runs with different starting points. Take
notice of the scale of the x-axis; across all runs, no variable is selected more than 6%
of the time.

The variable selected most often was Nitrogen Dioxide (N02). Across all runs, it was
selected more often than the next most highly selected variable, PM25. No other
variable ever achieved more than 2% inclusion across all runs, with most never going
even above 1%. In appendix B we show the results of re-running this analysis using
two other possible backshift values to approximate the flare onset date. One uses no
backshift at all, and just assume that the clinic visit dates are the onset dates. The
other backshifts the data by 20 days (as a reminder, the analysis above uses 10 days).
The resulting selection rates are even lower in both cases; none of the covariates have a
higher than 3% inclusion rate. Interestingly NO2 remains the most commonly selected

variable, though not by as high of a margin.

4.6.3 Concluding Remarks

Given the results above, we conclude that the environmental variables that were under
consideration were not predictive of the flare events. Nitrogen Dioxide showed the most
potential judging by the fact that it was consistently the most selected variable here

and in appendix B. Despite this, its overall acceptance was very low, so we consider it
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very unlikely that it is a true predictor of flare onset. This does not mean that we have
proven that adverse environmental exposure has no effect on flare propensity, only that

a signal could not be found in this specific set of data.

To put this finding into proper context, we reiterate some of the problems with the data.
To start with, the given clinical visit date does not tell us the exact time of flare occur-
rence. The environmental data is based on heavily processed satellite data. Ground
based measurements from monitoring stations would theoretically produce more accu-
rate data, but there are not enough of those in Ireland to get good data coverage. Even
still, it may be the case that the satellite data is not granular enough to adequately
capture location-based variability, especially around large and environmentally diverse
counties like Dublin. There is also a lot of uncertainty around the patients’ locations -
for most of them we only have their home address and we do not know how often they

travel away from home or how far, masking their true air quality exposure profile.

There’s also limitations with the model. The method requires a lot of tuning via
the prior distributions, and unfortunately we know of no experts we can consult for
elicitation on this specific research problem. While we have tried our best to use
sensible priors, they are ultimately a matter of our own personal judgement, and we
are not experts on this matter. Besides that, given more time, we would have liked to
include random effect parameters to possibly account for patient/spatial heterogeneity,
and perhaps explore other options of sampling from the full-conditionals of the DLF

parameters. We go into more details about these ideas in chapter 6.

That is not to say that we think our model ‘failed’ in any sense. We believe we have
developed a very useful and solid inferential foundation to build upon. Bear in mind
many of the issues discussed above may be resolved in a matter of time; as research
in this area grows, future models will presumably be able to set more informed priors.
Over time, we would also expect satellite reanalysis to get more accurate, and perhaps
at some point Ireland will have more facilities to collect more accurate environmental
data. In the meantime we can continue building on the work we have, and perhaps

apply it to other problems where more reliable data is already available.
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5 Estimation of Lockdown Effect Dur-
ing COVID-19 Pandemic using Age-
Structured SEIR Model

5.1 Introduction

In section 2.5 we spoke about compartmental models. In this chapter we propose
and calibrate a flexible compartmental model within the Susceptible Exposed In-
fected Recovered (SEIR) class, in order to quantify the effect of different forms of
non-pharmaceutical interventions (NPIs) on the spread of Coronavirus. The model
is age structured to account for the differences in social mixing behaviours and risk
profiles. The social mixing component of the analysis is modelled using age group to
age group contact rates, allowing for assessment of the long run impact brought about

by lockdowns which implicitly target specific age groups.

Self-plagiarism and contribution disclosure: this work was part of a joint research
project with the University of Limerick, resulting in a published manuscript (Jaouimaa
et al., 2021), authored by a number of people besides myself, that this chapter bor-
rows heavily from. In particular I want to acknowledge that Fatima-Zahra Jaouimaa
contributed as much to the published article as I did. To make clear my contribution
of what’s shown in this chapter, I was the primary analyst involved in doing the liter-
ature review for table 5.2, doing the calculations to derive the next-generation matrix
in section 5.3, and developing the Shiny app discussed in section 5.6. The model
fit and bootstrapping analysis was primarily implemented by Fatima, though I offered

support there also. Otherwise the text, graphs and figures presented here were an equal
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effort among all authors. Note the published manuscript includes more information,
such as an economic costing analysis of NPIs and a sensitivity analysis of the model
fit under differing contact matrices, but I have omitted them here as I personally had

little involvement with those aspects of the project.

5.1.1 Background

NPIs such as lockdowns (or restriction of movement) were vital in managing the spread
of COVID-19 before the development and rollout of the vaccines. However NPIs
have undoubtedly left a harsh mark on society as the societal and economic impacts
have become clear. While older individuals are observed to be gravely threatened by
the risk of infection, younger people have been particularly impacted by deteriorating
mental health during this time (Kwong et al., 2020) in addition to reduced economic
prospects (Darmody et al., 2020) resulting in a difficult balancing for policy-makers.
Strict lockdown measures are necessary for public safety and to prevent health systems
from becoming overwhelmed. However, periods of strict measures need to be punctu-
ated by temporary easing of restrictions whenever possible to ease the impact to the

population’s mental and economic health.

National ‘maps’ and ‘road-plans’ for emerging from COVID-19 that were proposed
in the first quarter of 2020 by national Governments have been tweaked and revised
world-wide; the time elapsed since March 2020 has been characterised by an ebb and
flow of various forms of restriction of movement, both within and between nations.
Certain measures or guidelines to citizens may target specific age groups. For example,
guidance has often urged extra protection for the elderly. There has been much debate
about the risks posed by keeping schools for children open and as a result there has
been variation in school closures globally, making it essential to quantify the potential

impact of new or changing measures that target age cohorts differently.

In chapter 2 we mentioned many examples of how SEIR models were used in COVID
research. The dynamics of the age-structured SEIR model we propose here have a
number of advantages over these competing approaches. We account for the impact of
movement restrictions on population mixing by scaling age-structured contact matri-

ces, as with Prem et al. (2020), however our scaling parameters are calibrated using
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the time series of observed Irish incidence counts as opposed to best-guess estimates.
Where the parameters governing dynamics of models cannot be estimated due to data
sparsity, we use results published in the COVID-19 literature on infection dynamics
as well as expert opinion from the Irish Epidemiological Modelling Advisory Group
(IEMAG); note that IEMAG developed an initial SEIR model (IEMAG, 2020; Gleeson
et al., 2022) that we extend through the introduction of age-structuring and incorpo-
ration of the contact patterns, thus relaxing the assumption of homogeneous mixing
across population age groups. Otherwise, this assumption would imply that the force
of infection is the same for all ages and may lead to the misrepresentation of disease
dynamics for populations with heterogeneous population mixing and non-random con-
tact patterns as a result. The force of infection in our extended model reflects the
age-related degree of mixing both within and among different age-groups which is a
more realistic transmission hypothesis. We use a parametric bootstrap to estimate
uncertainties in learned parameters, in addition to providing uncertainty intervals for

incidence projections.

5.2 Data

The available data for calibration of social contacts consists of daily case counts and
the specific lockdown measures implemented within Ireland from February 29th 2020
to January 31st 2021. While we present an analysis specific to an Irish context, we
believe the proposed approach is adaptable to other locales, wherein region specific
macro-level behaviours can be calibrated. Furthermore, the framework we present can
be easily adapted to incorporate more in depth population mixing knowledge from
contact-tracing initiatives as well as allowing for estimation of all unknown model

parameters.

We restrict our data sources to those that are typically freely publicly available, allowing
for ease of implementation in other regions. The available data in an Irish context
consists of daily incidence counts and the dates of changes of lockdown restrictions.
Estimated contact matrices for age structured population mixing are sourced from
literature. We defer discussion of the mechanistic parameters sourced from the COVID—

19 literature to Section 5.3.
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5.2.1 Daily incidence counts

The Irish Health Surveillance Protection Centre (https://data.gov.ie/) provide
anonymised daily COVID-19 incidences. We use the data from the period of February
29th 2020 to January 31st 2021 for model calibration. The daily COVID-19 count
incidence is shown in Fig. 5.1. Age structured case count data is not publicly available
in Ireland, and hence we use aggregate case counts at the population level. We use
projected population data for 2019 provided by Irish Central Statistics Office (CSO)
(https://data.cso.ie/table/PEB07) to estimate the age-structured popula-
tion breakdown by county to estimate Dublin’s population. Given the constraints on
public movement, we make the assumption that the 2019 projections are representative

of the population since the beginning of the pandemic.
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Figure 5.1: COVID-19 daily case incidence with corresponding lockdown levels in each
period between February 2020 and January 2021. Descriptions of individual lockdown
levels are presented in S1 Table.

5.2.2 Form of lockdown restrictions

Fig. 5.1 shows the timeline and duration of varying degrees of restriction measures
(vertical dashed lines) implemented in Ireland from March 2020. In line with IEMAG
(2020), we define the 28th February 2020 as “day zero” of the Irish epidemic. As with

many other countries, the Irish government introduced a strict lockdown in the early
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\ H Level 1 \ Level 2 \ Level 3 \ Level 4 \ Level £
House visits 10 6 0 0
(3 households) | (2-3 households) | 1 household
Gatherings 6 indoor 0 0 0
50 outdoor 15 outdoor
Weddings 100 50 25 6 6
Indoor events 100 50 0 0 0
Sporting events 100 indoor 50 indoor 0 0 0
200 outdoor 100 outdoor
Food venues Open 6 15 15 0
(3 households) outdoor outdoor
Pubs Open 6 15 15 0
(3 households) outdoor outdoor
Public transport 100% 50% 50% 25% 25%
capacity

Table 5.1: Summary overview of the restrictions impacting on public gatherings for
each of the five lockdown levels in Ireland. The numbers comprise the limits on indi-
viduals allowed to gather together in each social setting unless otherwise specified as
a household limit. Details on other restrictions, such as on private travel, have been
omitted for brevity.

stages of the pandemic which lasted until May 2020. This lockdown was followed by
a gradual easing of restrictions throughout the summer until case numbers began to
rise in early autumn, when harsher restrictions were reintroduced and another phase
of a strict lockdown was announced for late October. Restrictions were eased over the
month of December but a subsequent wave of cases forced the implementation of a

further strict lockdown immediately after the December holiday period.

The nature of restrictions on public mobility in Ireland, announced by the Irish gov-
ernment in April 2020, follow five levels. Level one is the least restrictive with this
increasing to most restrictive at level five. In level one, food venues and bars remain
open, gatherings of up to fifty people are permitted outdoors and sporting events can
take place with restrictions on numbers. Level five corresponds to a near total blanket
close on all activities. As the public health situation evolved during 2020, small adjust-
ments were made to these levels with slight easing of targeted restrictions (for example,
reopening of schools or childcare) within more severe lockdowns. An overview of the five

level lockdowns is provided in Table 5.1 with in-depth detail available at gov.ie/en/

campaigns/resilience-recovery-2020-2021-plan-for-living-with-covid—-1¢
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We denote the time intervals of lockdown measures using Zj, = (7%, rx41], where ry is
the time of the beginning of the kth regime for £k = 1,..., N where N = 12, with
the first regime corresponding to no intervention from 29th February to 11th March
2020. Thus, we define r; = 0 corresponding to 29th February 2020 and ry.; = 336

corresponding to 31th January 2021.

5.2.3 Age structuring and social mixing

COVID-19 is an airborne virus, hence consideration of close social mixing in the pop-
ulation is essential to capturing the observed patterns of infection. Furthermore, the
strong association of morbidity patterns with the elderly, and more recently younger
persons (Taylor, 2021), suggest consideration of age structured social mixing will be a
key component of future projections (Prem et al., 2020; Cuevas-Maraver et al., 2021).
Age-structured social mixing is typically captured in SEIR models through the use of
age group to age group contact matrices. Although such matrices cannot capture the
granular complexity of individual human interactions, they provide a reasonable ap-
proximation that can be incorporated into mathematical models for infectious diseases
as demonstrated by Mossong et al. (2008), and within this article. We follow Prem et al.
(2020) and stratify the population into five-year bands from age 0 up to age 75, with

one category for all individuals aged 75 and above, giving A = 16 age groups.

Contact tracing has been a prominent factor in disease suppression in Asian countries
to date. However, such data is not available in an Irish context, and we are unaware
of any large-scale survey or study on age-structured social mixing patterns in Ireland.
However, Fumanelli et al. (2012) and Prem et al. (2017) provide a methodology for
deriving contact patterns by leveraging mixing patterns studied in other European
countries. Our analysis relies on contact matrices given by Prem et al. (2017) who
projected age and location specific contact matrices in 16 age bands for 152 countries
including Ireland. These are constructed from the POLYMOD study (Mossong et al.,
2008), which incorporated large-scale demographic household surveys (from the UN
population division) and school and labour force participation rates. The estimated
Irish contact interactions are shown in Fig. 5.2. For the purpose of our work, we sum
together expected contacts in the home, work, school and other locations to give an

overall matrix of expected contacts (‘All’ in Fig. 5.2). We assume that the Irish contact
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matrix applies to just Dublin.

All Home Work
75+
70-74 -
65-69 1
60-64
55-59
50-54 1
45-49 4
40-44
35-39
30-341
25-29
20-24
15-19 1
10-14 1
5-91
S 0-44
g - TOYTOYTOINIOTOT DT +
School Other Locations SLTTNPPPTTHROLLT
&) OWWOWOWOWOLOLO
é? 75+ 4 AHNNOMITION OO~

70-744
65-69 4
60-64 1
55-59 1
50-54 4
45-491
40-444
35-39 1
30-34 4
25-291
20-24 1

15-19 1
10-14 4
5-91

0-41

Figure 5.2: Estimated social contact matrices for Irish population mixing at 5 year
intervals (Prem et al., 2017)

Government interventions to suppress virus spread result in changes in population mix-
ing. Therefore, to reflect these changes, we introduce a free parameter, 6, which scales
the aggregate expected contact matrix for the time interval Z = (7, rg41] correspond-
ing to the kth of N lockdown regimes. The aforementioned age-structured contact
matrices are formed by entries ¢;; representing the average number of daily contacts
between an individual in age category ¢ with an individual in age category j, where

i,j=1,..., A. Then, at time t € Zj, (i.e., during the kth lockdown), the scaled contact

matrix is
chll ce chlA
= 0,C, k=1,....,N
gkcAl Ce ekCAA
In Section 5.3 we outline the estimation of the scaling parameters 8 = (6;,...,0y)

for each lockdown period using observed incidences in Dublin. This allows an es-

timation of macro-level behavioural changes in socialising brought about by specific
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measures.

5.3 SEIR model specification

Irish population modelling of COVID-19 during the crisis has been carried out by
the Irish Epidemiological Modelling and Advisory Service (IEMAG) (IEMAG, 2020).
They present a model for the Irish population where, at any point in time, an individ-
ual is assumed to be in one of a number of distinct model compartments that describe
COVID-19 status. Movement between compartments over time is based on the cur-
rent understanding of the epidemiology of COVID-19, as evidenced by the extensive
literature review and evidence synthesis conducted by Griffin et al. (2020); McAloon

et al. (2020); Byrne et al. (2020).

We evolve this model to consider age-structured differences in population mixing. We
assume closed age classes, such that population NNV, of age class 7 is the sum of susceptible
(S;), exposed (E;), infected and removed (R;) compartments for that age class. There is
no movement between age classes. Infected cases fall into a number of compartments:
asymptomatic (I*9), pre-symptomatic (I7®), symptomatic and self-isolating without
testing (I7"), symptomatic and awaiting test results (I7"), symptomatic and isolating
after receiving positive test results (I]') and symptomatic but not tested or isolating

(I?N). The closed age class assumption implies that
N=S+E+I°+[*+F'+ LT+ I+ Y+ R, i=1,..., A

Exposed individuals are those incubating the disease but not yet infectious. Asymp-
tomatic individuals are infectious but do not exhibit symptoms. Pre-symptomatic
individuals are infectious but have yet to show symptoms. As pre-symptomatic indi-
viduals’ symptoms develop, they will move to one of the infectious or symptomatic
compartments, either self isolating and following government guidance around testing,
or neither getting tested nor isolating when symptomatic, i.e., ignoring symptoms. Fol-
lowing infection, individuals move to the removed class (R;), which accounts for cases

who recover and those who die.

We write the system of ordinary differential equations (ODEs) describing the SEIR
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Figure 5.3: Diagram representing interactions in the age-structured SEIR system
of ODEs with rate of movement between classes indicated. The compartments are
susceptible (S), exposed (FE), infected and removed (R), asymptomatic (/*%), pre-
symptomatic (I7*), symptomatic and self-isolating without testing (/°"), symptomatic
and awaiting test results (I°"), symptomatic and isolating after receiving positive test
results (/™) and symptomatic but not tested or isolating (7°N). A full description is

given in Eq (5.1).

model for age class i =1,..., A:
dSz i (tv z, 0) dEl i (tv z, 0) Ez
= pdi%¥ g - S, — =
dIp® B E; 153 dI» _ )EZ I
dt - pAS TL TD dt N pAS TL TC - TL
drt Irs I8t drst Irs 5
dt :pSITC_TL B TD_7_C+7-L dt :pTTC_TL B TR
drsN Irs sy drrt st Ir!
(R (1 S — pT) i . i (A S i
dt To — T > — To + To, dt Tr To —Te+TL — Tw
dR; I*® I8! IF! sy
dt:TD o — Te + 7o, To — Te+ T — Tw > — Te + 7o,
(5.1)
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where the function g;(¢,z,0) in the mass relation for being exposed when susceptible
is

J

N A
gi(t,2,0) => T(teT) > bpcy [al¥+ [+ kI + [T+ kI + Y]
k=1 j=1
where z denotes the entire state vector
z = (S17E17"'7527E27"‘7SA7EA7"'7RA>7

and I(t € Zy) is an indicator function which equals one when ¢t € Z; and is zero
otherwise. Susceptible individuals in age class ¢ are exposed to the virus through
contacts with infected individuals in all age classes and this is described through the
function g;(t,z,0). The level of exposure is modulated by the scaled average number
of daily contacts with each age class, with a scaling factor for each lockdown regime.
The list of parameter value settings used in our model is given in Table 5.2. The
value of 5 we use is based on Ry, described in the following section. 6,k =1,..., N
are treated as unknown and are estimated using observed case indices. This will be

discussed further in Section 5.4.

Next Generation Matrix and Derivation of the Force of Infection Parame-

ter

One of the required SEIR model parameters is the multiplicative force of infection (.
The value of 3 is chosen based on a specified value of R, the baseline reproduction
rate. The word ‘baseline’ here highlights that this is the expected reproduction rate in
Dublin assuming a fully susceptible population (i.e., S; = N;, i = 1,..., A), under no
intervention. R, can be expressed as the largest absolute eigenvalue of the next gener-
ation matriz, a matrix that encodes the spread of the disease whose form is determined
by the model. Diekmann et al. (1990) showed that (subject to light conditions) its
dominant eigenvalue of the next-generation operator can be interpreted as “the typical
number of secondary cases”, or Ry. For discrete state models such as ours, Section 2.2
of Heffernan et al. (2005) provides a practical explanation of how to construct the next

generation matrix.
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H Parameter Description Value Reference

To Average incubation period 5.8 McAloon et al. (2020)

Tp Average  pre-symptomatic 2 Byrne et al. (2020)
period

o Average latent period. This 3.8
is computed as 7, minus 7p

¢ Average infectious period 13.4 Byrne et al. (2020)
for symptomatic patients

3¢ Average infectious period 6 Byrne et al. (2020)
for asymptomatic patients

> Average infectious period. 13.5
Weighted average of the
symptomatic and asymp-
tomatic periods (weighted
by prevalence)

Ry Basic reproductive number 3.4 Néraigh and Byrne (2020)

a Factor reduction of trans- 0.55 Evoy et al. (2020) (The mean of given interv
mission from asymptomatic
cases

K Factor reduction of trans-  0.05 IEMAG (2020)
mission from isolating cases

Das Proportion  of  asymp- 0.20 Buitrago-Garcia et al. (2020)
tomatic infections

Dr Proportion = symptomatic 0.8 IEMAG (2020)
who get tested

Dst Proportion  symptomatic 0.1 IEMAG (2020)
who self-isolate

Tr Expected time between first 7 IEMAG (2020)
symptoms and test result

Table 5.2: List of parameters used directly in or sourced to for the specification of the

SEIR model.
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Let z = (%, ..., Z,) be the vector of compartment sizes for compartments from which
infected individuals either enter or leave. In our case, this is all the compartments
except for susceptible and removed since leaving the susceptible compartment means
you have only been exposed (not yet infected), and entering the removed compartment
implies you are no longer infected. Now introduce f;(z) as the rate of new infections that
enter compartment 4, let v, (z) be the rate of individuals arriving into compartment 4
who are not newly infected, let v; (z) be the rate of individuals leaving compartment
i, and finally let v;(z) = v; (z) — v;" (z). With this notation, every system of equations

described in (5.1) can be expressed as f;(z) — v;(2).

The next generation matrix is constructed from the matrices of partial derivatives of

fi and v;,
8f2 8%

Ej = agy (Z0)7 ‘/ij = 85] (ZO)

evaluated at the disease-free equilibrium, zg, i.e., the point at which no infection is
present. In our application, since we are imposing a constant population N, the disease
free equilibrium simply means that S; = N;,7 = 1,..., A and all other compartments

equal 0. The next generation matrix Q is equal to

Q=FV!

In our application, the F matrix can be expressed as a block matrix, where each block

corresponds to an age group

Fll Flg L. FlA
Fy1 Fo Foy
F—
Far Fa Faa

where each block is given by
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Note that only the first row of each block is non-zero and B,,,, is defined as follows

N,
an = mn N7 *

n

Beware that the subscripts m and n here correspond to the block indices, not its cell
position in the matrix. Assuming there is no movement between the age groups the V

matrix is expressed as a block diagonal matrix where each block corresponds to an age

group.

Viu 0 . . . 0
0 V22 Lo 0
V =
0 0 . Vg

Each block is given by
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Since each block represents an age group, different parameters for different age can be

easily incorporated by simply altering the suitable block.

The largest absolute eigenvalue value of Q is Ry. Since [ is easily factored out of the F
matrix, the eigenvalue can be expressed as a product of # and the maximum eigenvalue
of f‘V‘l, where F = 3 F. This means that if Ry is determined and [ is desired, the

expression can easily be re-arranged:

B =Ro/¢

where ¢ is the maximum eigenvalue of FV-! The values of Ry and f are only cal-
culated once as they are baseline values; shifts in infection dynamics away from the
baseline are captured by 6. Our choice for R is 3.4, based on Naraigh and Byrne
(2020). This leads to 5 = 0.031 when not under intervention.

5.4 Model Fitting

Specification of the model in Section 5.3 uses parameters 8 = (64, ...,0y) to rescale,
for each of the N = 12 lockdown intervention policies, what would have been the
assumed average contacts between individuals in the various age classes under nor-
mal circumstances (i.e., prior to the pandemic). Estimation of these parameters is of
interest in predicting behaviour during lockdown, and hence for forecasting the bene-
fit of specific interventions. We first describe estimation of 8 and then a parametric

bootstrap method (Pawitan, 2001) to provide uncertainty, which can be propagated

88



through model forecasts.

In order to link the model with observed data we monitor the cumulative number
of cases up to time ¢ for each age class. It is only cases exiting the [",1 =1,..., A
compartment that can be linked to observed incidence counts in the general population.
We can think of a variable, counting infected cases as they exit compartment I7" before
going into I'. For scaling 0, age class ¢ and time ¢, denote this by X;(¢;80). This can

be related to the other model compartments through

dx, I
dt

i=1,... A (5.2)

To compare outputs from the SEIR model with observed data, we use this count

aggregated over age classes:

X(60)=>_ Xi(t;0) (5.3)

which gives total cumulative case counts to time ¢t. Evaluating this at t; = hd, d =
1,...,n where h generates a time discretisation corresponding to consecutive days,
we can then compare X (t4;0) to observed cumulative cases at day d. We denote the

observed cumulative counts at day d by zg.

5.4.1 Estimation of regime specific contact scaling parameters

To estimate 8, we minimize the squared error loss, i.e., the residual sum of squares,

n

RSS(0) = (w4~ X(ta:0))’
d=1
on cumulative case counts. Minimization is carried out using the default Nelder-Mead
alogrithm (Nelder and Mead, 1965) provided in the R package optimx (Nash et al.,
2011). Note that each step of this algorithm, corresponding to a proposed 8 vector,
requires the calculation of X (¢; @) to evaluate the suitability of 8 through RSS(6). In
order to obtain X (¢; @), the system of ODEs given in (5.1) are numerically solved using
the R package deSolve (Soetaert et al., 2010). Specifically, we have found the 1soda

function within this package to be particularly flexible, providing automatic selection
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of stiff or non-stiff methods; see Nash et al. (2011) for details. When solving the system
of ODEs for a candidate 8, we take I/® = 1/A, E; = 15/A and hence S; = N; — 16/A
as the initial values for i = 1,..., A, as per IEMAG (2020). The initial values for the
remaining compartments are set to 0. Multiple random initialisations of 8 are used to
improve robustness of the overall algorithm with respect to the issue of convergence
to local minima. When generating these initial vectors, we assume that the effect of
lockdown measures is to reduce social mixing below pre-pandemic levels, and, therefore,
use a U(0,1) draw to initialise each parameter, i.e., 8 ~ U(0,1),k = 1,...,N. A

summary of our estimation procedure is given in Algorithm 1.

Algorithm 1 Estimation of 6

1: procedure ESTIMATION(M ,z4,d =1,...,n)

2 form=1,...,M do

3 6°™ ~ Unif(0,1), k=1,...,N

4 RSS(0) :=>""_ (xq — X (tg;0))* with X (t4;0) given by 1soda
5: 0" = argmin, RSS(@) using opt imx initialised at 6°™)

6 RSS™ — RSS(O™)

7 end forreturn 6 = {b\(m) | RSS™) = min(RSSW, ..., RSSM)H
8: end procedure

Since we have to solve the ODEs (5.1) numerically using lsoda of each iteration
within the optimx optimisation, the above procedure is computationally intensive.
On average it takes approximately 28 minutes to run the optimisation for each random
initialisation on an Intel Core i5-8250U CPU with 4 cores. We use C' = 300 random
starts. To improve the computational feasibility we have each start was run in par-
allel on an EC2 instance hosted by Amazon Web Services with 32 cores and 64 GB

memory.

5.4.2 Propagating uncertainty in contact scaling parameters

We explore uncertainty in the estimation of @ and investigate how this propagates into
the reproductive rate. In order to quantify uncertainty we follow Chowell (2017) by
using a parametric bootstrap approach. The parametric bootstrap differs from its more
commonly known non-parametric analogue (Efron, 1979) by making use of an assumed
generative parametric model for daily case counts based on the observed case counts,

instead of the sample themselves. This version is much more suitable for generating
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time series replicates.

The model is used to re-generate B synthetic instances of the daily new case series;
each of these instances is used to re-estimate the vector 8. The resulting empirical dis-
tribution of the re-estimated vectors can be used as an approximation to the sampling

distribution of 8 (the estimate based on the original cumulative case counts).

The estimate 6 is found using the observed daily cumulative counts as described in
Section 5.4.1. Given this estimate, the expected daily case count jiy for day d can be
predicted using

ﬁd:X(td;a)—X(td_l;/O\), dZ 1
where ¢y := 0 and X (0;0) := 0. We assume a negative binomial distribution (Chowell,

2017) as a generative model for daily case counts Yy ~ NegBin(jig, p) with expected

value j1y and dispersion parameter p:

e - SRV e

where we have parameterised the negative binomial distribution through its expected
value and dispersion. The value of p used for generating bootstrap Y, series is the

maximum likelihood estimate p based on the observed daily cases.

For each of b = 1,..., B bootstrap replications, we generate daily counts yflb) and
convert to cumulative counts x((ib), d =1,...,n. Then the method of Section 5.4.1

~(b
) to produce a bootstrap estimate 0( ). Collectively, the B esti-

is applied to the mglb
~(b ~
mates 0( ) provide an approximation to the sampling distribution of 8. The steps are

summarized in Algorithm 2.
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Algorithm 2 Parametric bootstrapping

procedure BOOTSTRAP(B, p, lig,d = 1,...,n)
forb=1,...,B do
xéb) =0

ford=1,....,ndo
Y, ~ NegBin(7ig, )
D =ab
end for
5“’) obtained from Algorithm 1

~(b
end forreturn Bootstrap sample {0( ), 1,...,B}
end procedure

5.5 Results

In this section we present the results of fitting the age-structured SEIR model to Irish
data using the methodology described in Section 5.4, and also discuss some economic

findings.

5.5.1 Fitted SEIR model

Fig. 5.4(a) shows the model fit to the daily cumulative cases data (i.e., X(td;a) and
x4 respectively), while Fig. 5.4(b) shows a plot of the model fit to the daily new cases
data (i.e., X(td;b\) - X(td_l;b\) and xy — x4 respectively). Both figures illustrate
that the model provides a good fit to the observed data albeit with slight deviations
in the early days of the epidemic and later around the December holiday and New
Year period. We observe from the model fit to daily new cases that these periods were
characterised by larger variability in the daily recorded number of new cases. The
presence of outliers may be as a result of data reporting issues, especially over the
December holiday period. For example, in Ireland a testing backlog developed over
this period with test results from multiple days being subsequently batched together.
An advantage of our age-structured model is the availability of a breakdown of cases
by age-group and in fact all compartments. The mixing patterns for each age group
determine its rate of infection which in turn determines the number of observed cases
for each age group. Fig. 5.5 demonstrates the differences in model-based case numbers

across selected age groups (see also S2 and S3 Figures). We can see that the case

numbers are higher for the middle-aged group (35 — 39) than for the younger (5 — 9)
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or older (65 — 69) groups, and note from Fig. 5.2 that the number of contacts is higher
for the middle-aged group.
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Figure 5.4: Model fit to daily recorded cases with bootstrapped 95% uncertainty
bounds.

Fig. 5.6 displays the estimated scaling parameters @ with bootstrapped 2.5% and 97.5%
percentiles for each government policy observed over the period of study. The associ-

ated numeric values are given in Sh Table.

The scaling parameter estimate for the no-intervention period, 51 ~ 1.27 (95% confi-
dence interval (CI) 0.90 — 1.94), indicates that the social contact patterns based on
the POLYMOD study may be slightly under-estimating the current Irish contact pat-
terns. Perhaps somewhat surprisingly, the parameter 52, corresponding to an initial
school closure period, is greater than one (95% CI 1.78 — 2.72). However, this might
be explained by the fact that it corresponds to a short period of time where no other
measures had yet been introduced (apart from pub closures later in the period), but
with an imminent government announcement of a strict nationwide lockdown expected
— in line with what had been observed in other countries already by this stage in the
global pandemic. During this period there was frenzied panic buying and stock piling
of goods, increased travel across the country, and possibly increased social gatherings
prior to movement restrictions. The remaining scaling parameters behave as expected
based on the level of restrictions in place at that time: the higher the levels of restric-

tions, the smaller the scaling parameter, corresponding to reduced social mixing. The
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Figure 5.5: Case numbers for selected age classes obtained from the forward simulations
of the SEIR with 95% intervals from bootstrapping. The age classes are 5 — 9 (orange),
35 — 39 (blue), and 65 — 69 (green).

confidence intervals just prior to and including the holiday period indicate that social
mixing returned to a near normal level at that time where a dramatic spike in the case
numbers was also observed. This was followed immediately by a heavy lockdown and
consequent drop in case numbers; indeed, the scaling parameter for this final period

has the smallest value of all.

Over the period of study, note that we have witnessed two lockdown Level 3 periods
(September /October and December 2020). However, although in theory both periods
were designated as “Lockdown Level 3”7 by the Irish government, we have applied two
separate scaling parameters for these two periods as the December lockdown included
some relaxations compared to a full Level 3 lockdown. Specifically, non-essential retail
and services were open once again and indoor service in restaurants and cafes was
also permitted. This was done to facilitate people’s social needs around the holiday
period, and indeed we see that the estimated parameter value for lockdown Level
3+ (December) is much larger than that for lockdown Level 3 (September/October).
Again because of modifications in the execution, we have separate scaling parameters
for the lockdown Level 5 in October/November and what we call the lockdown Level
5+ January 2021; the latter was stricter following the large rise in case numbers during
the holiday period, and this is reflected in the small scaling value for this period as

previously mentioned. Since the lockdown levels commenced with (what we label as)
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a Level 2 in August 2020, we have not observed a Level 1 or 4 lockdown. Prior to
August 2020, the lockdowns and relaxations were more ad-hoc and do not fit into any

particular governmental lockdown level.

N
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Figure 5.6: Estimates of the contact matrix scaling parameters for each lockdown
period with 95% uncertainty intervals obtained through bootstrapping.

An important epidemiological metric is the effective reproductive number, R(t), the
expected number of secondary infections at time t. It differs from Ry, the baseline
reproduction number, in that it changes over time and takes into account that the
whole population will not be fully susceptible. A common estimate of R(t) is the
product of Ry and the total proportion susceptible in the population at time ¢ (see
for example Section 2.2 of Nishiura and Chowell (2009)). In the context of our model,
the baseline reproductive number is Ry, (rather than just Ry) to account for the rate
at which individuals interact with each other; recall from Section 5.2.3 that 6 is the
scaling parameter corresponding to the time interval Z = (ry,7x11]. So our estimate

of the effective reproductive number is

R(t) = Ry0:5(1) (5.5)

where S(t) = Zle Si(t)/ Zle N;(t) is the proportion of susceptible individuals in
the the entire population at time ¢. Fig. 5.7 displays the estimate of R(t) based on
our fitted model. We see here that prior to the first heavy lockdown in April, R(t)
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was initially very large. This dropped below one following that first lockdown, but
gradually increased again over the summer period when relaxations were introduced.
It was brought back under control with successive Level 3 and Level 5 lockdowns, but
markedly increased over the run-up to the December holiday period; R(t) was then

driven towards zero with the lockdown Level 5+.

Effective Reproductive Number over Time

Effective Reproductive Number

Mar May Jul Sep Nov Jan

Date (beginning 2020)

Figure 5.7: The effective reproduction number R(t). The solid line was calculated from
the best fit parameters, and the uncertainty intervals were drawn by computing R(t)
for each bootstrap replicate and selecting the 2.5% and 97.5% quantiles at each time
point.

5.6 Shiny App Forecasting

Compartmental models are often used to create projections of future growth of com-
partments under certain conditions. One useful outcome of our research is that with
we can incorporate the impact of lockdown measures in such projections to compare
the potential impact of policy decisions. As a proof-of-concept, we built a supple-
mentary app to create these predictions complete with bootstrapped confidence inter-
vals. This app was built in R version 4.0.3 using the shiny package (Chang et al.,
2022), heavily utilising the shinydashboard package (Chang et al., 2018). The in-
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teractive output graphics were built using the R version of plotly (Sievert et al.,
2020). As with the inference procedure, constructing these projections requires numer-
ical solutions of a system of ODEs, done through deSolve package (Soetaert et al.,
2010). The app also utilises the Matrix (Bates et al., 2022), tidyverse (Wick-
ham et al., 2019) and doParallel (Corporation and Weston, 2022) packages. The
code is available at https://github.com/DanDempsey/DD_Thesis_Files/
tree/master/SEIR/ForecastApp. The app can be run in rstudio by opening
the global.R file and clicking the ‘Run App’ button on the script panel. Of course,

the user will have to install all the necessary packages before it will work.

The app, as is normal for shiny, is the union of a ui .R file, where the user interface
settings are defined, a server.R file that creates the desired output based on the
user settings, and a global.R file that loads in the required files and data and sets
the needed parameters. When setting the working directory inside the ForecastApp
folder, the app can be activated by typing shiny: :runApp () into the R console.
Alternatively, if using the Rstudio IDE, the usercan simply click on the ‘Run App’

button above the script panel.

Once running, the user will see two tabs on the left-hand panel. One of which, labelled
‘Info’ simply contains basic background information. The main ‘Forecast Settings’ tab
is where the forecasts are created. Starting from the 1st of February the user can
create an 8 week forecast, with a choice of different of different lockdown effects for

each subsequent two week period.

There are a number of input widgets available to tune the forecast. The orange box on
the right, shown in figure 5.8, allows us to choose what compartment to display, the

start date of the forecast (up to 1st February 2021) and the included age groups.
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Figure 5.8: The Display Options widget.

Note that the compartment and age groups can be toggled after the forecast is created

without needing to re-run the ODE solver.

The widget that controls the desired lockdown levels are located on the center of the
page, underneath the main panel, shown in figure 5.9. These will also display the
estimated cost per day of the selected lockdown levels, whose estimates are based on

Jaouimaa et al. (2021).

Select Weeks 1&2: Weeks 3 &4: Weeks 5 & 6: Weeks 7 &8:
Lockdown

Restriction: Restriction: Restriction: Restriction:

Levels:
Lockdown Level 2 A Lockdown Level 2 A Lockdown Level 5 A Lockdown Level 5 hd

0.12 b€/day 0.12 b€/day 0.2 be/day 0.2 bé/day

Figure 5.9: The lockdown specification widget.

The lockdown levels range from level 1 to 5, with the intent to replicate the Irish
government’s system. The effect of lockdown levels 2, 3 and 5 on the contact matrices
are taken from our analysis in the above sections, but levels 1 and 4 were never actually

implemented, so their effect is simply linearly interpolated.

Once the desired inputs have been set, the user can create the forecast by clicking the
‘Create Forecast’ button, located on the left beside the lockdown widgets. The forecast
is created by numerically solving the ODEs for the specified time period as well as for
the 1000 parametric bootstrap samples. These calculations are spread across all but one
of the machine’s CPUs to accommodate the computational cost. After it has finished

running an image will appear on the main panel. Example output is shown in figure
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Figure 5.10: Example output from the main panel.

8 Week Projected Deaths by Age Group
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Figure 5.11: Example output from the main deaths and costs panels.

5.10. The orange line is the forecast based on the real data and the blue region denotes
an empirical 95% confidence interval based on the bootstrap replicates. As a reminder,
the user can change the displayed compartment and age groups and the output will
change immediately without the need of clicking the ‘Create Forecast’ button again,

but re-computation is necessary if the user wants to change the lockdown levels.

The bottom panels will also display output to that shows the estimated number of
deaths, broken down by age in an error bar plot, and total age groups in an info box.
Deaths are estimated by applying the average death rates in Ireland to the Symptomatic
Infected compartment. The estimated total costs of the specified lockdown measures
over the 8 week period are also displayed in an info box. These are shown in figure

5.11. The age group selection in the display option also applies to this output.
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6 Conclusion

6.1 General Remarks

The focus of most of this thesis has been establishing a regression method for analysing
imbalanced binary datasets and quantifying the probability that given covariates are
predictive of its value. We introduced the concept of distributed lag models, and
more specifically the DLM /MIDAS approaches in chapter 2, along with other concepts
required for our modelling purposes, such as binary response imbalance and variable

selection.

We broadened the frequentist approach of inferring distributed lag models in chap-
ter 3 so that generalised response data could be appropriately modeled. We further
explained some useful tools not strictly specific to frequentist inference, such as intro-
ducing notation (like the weight matrix W) allowing us to succinctly extend the model
for multiple covariates, and derivation of the gradient for logistic MIDAS regression
using the two-degree Nealmon as DLF. We briefly discussed some challenges of practi-
cal implementation. Finally, we performed a simulation study which appeared to show

promising results, except when the time window was set too small.

We transitioned to a Bayesian approach in chapter 4. On top of the regularisation
afforded by the prior, the Bayesian approach bestows a truly elegant implementation
of quantile regression and variable selection routines, and this is what we consider
the most important novel contribution of this thesis. Simulation studies showed that
the resulting MCMC algorithm was very effective when the correlation between the
covariates was low. Results were more mixed in the presence of high collinearity but

overall it still performed relatively well. We applied this method to investigate the
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correlation between pollution and weather exposure of ANCA vasculitis patients and
the propensity of their flare events, the motivating question behind our research into
distributed lag models. We ultimately found that none of the air quality measurements

were predictive of flare events in our dataset.

Despite our focus on the topic of vasculitis, we believe the methods outlined through-
out this manuscript can find use in broader applications of distributed lag problems,

especially when dealing with large covariate sets and response imbalance.

In chapter 5 we pivoted towards epidemiology and modelling the effect of lockdowns
during the COVID-19 pandemic in Dublin taking into account age-specific contact rates
that can be deployed to an international context with the appropriate data. Where
feasible, the parameters of our model governing disease spread have been estimated
from publicly available Irish epidemiological data with a bootstrapping approach used
to determine parameter uncertainties. Our fitted model captures much of the structure
observed in daily case numbers. Our approach allows for local adaptions and calibra-
tions of models in any region or location where such data is available. We also present
a prototype for an app that can create incidence projections under a number of hypo-
thetical government intervention strategies in conjunction with approximate economic
costings. This framework is easy to interpret and suitable for describing counterfac-
tual scenarios, which could assist policy makers with regard to minimising morbidity

balanced with the costs of prospective suppression strategies.

6.2 Suggestions for Future Research

We feel it is worth revisiting the question of how environmental exposure affects flare
event rates in the future when more accurate data is available. As we said in section 4.6,
the environmental spatio-temporal snapshots linked to each patient were mostly based
on their home address, but for patients who spend a large amount of time away from
home this may not be truly representative of their exposure. Originally, we had in-
tended to include more mobile health (or ‘mHealth’) data via smartphone telemetry
but there was not enough engagement for that to be feasible. Cajita et al. (2018)
discuss potential reasons for low mHealth uptake among older adults in the context

of heart disease. With more accurate location data and mHealth telemetry, we may
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yet discover a strong predictor in the environment that can be leveraged to save lives.
Another point of consideration about the data are the environmental values; currently
they are taken from satellite reanalysis (Inness et al., 2019; Hersbach et al., 2020).
More direct land measurements may be more accurate, but as of now Ireland does not
have sufficient spatial coverage of land-based measurement stations to be useful for

analysis.

There is a lot of scope for future research for the Bayesian Quantile-MIDAS model
itself. As previously mentioned in chapter 4, it is worth investigating other methods
of updating the DLF parameters 0, for example the Metropolis-Adjusted Langevin
Algorithm (MALA) (Roberts and Tweedie, 1996). If we label the parameter of interest
as X, a vector of length d, MALA uses the following proposal distribution:

h
g(x*|x) =N <x + §Vlog 7(x), hId) (6.1)
where I; is the d x d identity matrix and A > 0 is a tuning parameter set by the user.
The proposal is accepted with the Metropolis Hastings acceptance probability,

& = min (1“")9—(""‘)) |

m(x)g(x*[x)

MALA utilises the gradient of the log posterior. We have already derived (a multiple
of) the gradient of the log-likelihood for the distributed lag parameters when using the
Nealmon DLF in logistic regression in section 3.2.5, so MALA may be applied here if

the derivative of the log prior can be calculated.

We anticipate that smartphone data (putting issues of engagement aside for now) will
become a vital tool for uncovering the relationship between the environment and human
health, though data from smartphones, especially those requiring active engagement,
will likely be sampled irregularly. As of now our model cannot truly model this for
reasons outlined in section 3.2.5, but in the future we aim to remove this limitation.
An approach we have in mind is to characterise the weight function using b-splines (Di-
Matteo et al., 2001). B-splines are piecewise k-degree polynomial functions connected

over a grid of indices ty,...,tp called knots. The polynomials are connected in such a
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way that all up to (and including) the n — 1 degree derivatives are continuous at the
points of connection. Letting the spline between knots ¢; and t;,1 be denoted as ¢;(t),

we also impose the constraint that

for all ¢ between the endpoints ¢ty and tg. We can apply this to distributed lag models

by modelling the lag weighting function w(t) as a linear combination of b-splines,

w(t) = Z 0;i(t)

The endpoints tg and tg are the edges of the time window, with the knots placed within.
The more knots we have the more flexible the fit at the cost of heavier parameterisation.
The parameters @ are linear and so straightforward to fit, but there is the added
drawback that this non-parametric approach might assign a negative weight at some
lags, which we suspect for most applications is not realistic or desired. We can implicitly
enforce positive values using transformations but this comes at the cost of spoiling the
linearity of 8. Regardless this is an idea we intend to pursue. Wilson et al. (2017a)
applied a similar idea in the context of distributed lag functions utilising principle

components.

A useful feature to implement into the model going forward would be a random effect
to account for group heterogeneity, in our case the patients. For example, in the case

of continuous response, the MIDAS model can be re-written as

P
Yje = Po + Z Bi Z w(Aty; OZ)xﬁ? + Vit €& (6.2)

i=1  ses;
where the subscript j denotes a patient index and vj; is the patient specific variation
from the population at time ¢ which can be modelled by a Gaussian process (see for
example Bishop and Nasrabadi (2006)). This would require some tuning, primarily
choosing an appropriate covariance function. We could also use random effects to

account for spatial heterogeneity, as Warren et al. (2020a) done.
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Another project we want to work on in the future is the refinement of the user interface
and optimisation of the code described in appendix C. We intend to upload the finished
product to the Comprehensive R Archive Network as a freely available package. This

will include translating back-end calculations into C++ to improve efficiency.

The SEIR model of chapter 5 might also benefit from some refinement. We currently
assume that the disease spread parameters are uniform across all age groups. This is a
simplifying assumption but a necessary one due to the unavailability of such information
for the Irish population and the limited literature on such parameters elsewhere. We
have also assumed that the effect of the non-pharmaceutical interventions is uniform
across age-groups. This could be relaxed by allowing age-dependent scaling parameters

for all interventions as follows

le 0 0 i1 ... C1A lecll HklclA
0 ekg R 0 Co1 ... C24 ngcll Ce ekQCzA
- . k=1,....N
0
0 0 ekA CaAl ... CAaA ekACAl QkACAA

Here, the non-zero elements of the leading diagonal matrix represent the effect of lock-
down on each age group, and these are free parameters which would need to be inferred.
Thus, with A = 16 (age groups) and N = 12 (lockdown periods), this extension yields
almost 200 parameters to be estimated. We can simplify slightly by adding constraints
on some diagonal elements to be equivalent (for example, group them into young/mid-
dle/old) or perhaps use a regularisation approach to reduce the effective number of
estimated parameters, but even this may be over-reaching for shorter lockdown pe-
riods where there is very little data. Such approaches might be more feasible if the
available daily case data were broken down by each age, as it could essentially be
viewed as 16 separate optimisation problems. However, notwithstanding the fact that
such data are not publicly available in Ireland, at such a fine scale we would expect to
have sparse case count data for some age groups wherein estimation of the intervention

effects would be challenging.

Our model built upon the social interaction matrices provided by Prem et al. (2017)
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which are confined to four social settings, where we model changes due to public mo-
bility restrictions through a rescaling approach. However, with contact tracing for
confirmed cases being used as a control strategy in a number of countries, access to
such data would provide an avenue to substantially improve social mixing models, per-
haps in conjunction with carefully constructed large scale public mobility surveys. For
example, we could expand the number of social mixing venues to more than four with
a better understanding on disease transmission settings. This would allow for incorpo-
ration of specific venues such as bars or restaurants. Alternatively, we could model the
sociability parameters using covariates to describe the specific lockdown (e.g., schools
open/closed, pubs open/closed, public events, restrictions in households etc.) rather
than fixing these to have a constant value in a given lockdown level. This would allow
us to make comparisons between Level 5 and Level 5+ for example — a holiday period
effect could be included as another covariate. It would also allow us to construct new

hypothetical lockdown regimes.

Another extension to our approach would be to incorporate uncertainty estimates
around the mechanistic parameters of the SEIR model. To obtain reasonable un-
certainty intervals on these parameters we might try to use a central composite design
scheme used in response surface construction Box and Draper (1987), based on some
transformation of these uncertainty intervals. However, such an approach would intro-
duce a steep computational overhead and would require sufficient coding and hardware
solutions to enable a time-feasible implementation. If attention is focused on a small
subset of mechanistic parameters then the problem is less demanding and this can be
handled instead by straightforward bootstrapping. For example Prem et al. (2020) fits
a model and quantifies uncertainty via bootstrapping when only allowing the reproduc-
tion rate R to vary. Another option is to include these parameters in the optimisation
alongside the contact matrix scales, while imposing heavy box constraints on the range
of candidate values for these parameters within the optimisation, as done so by Naraigh

and Byrne (2020).

Another potential complication with modelling infectious diseases is their propensity
to mutate over time. More infectious strains will manifest in the data as rising case
numbers that we can feed into the model but if it evolves rather drastically, as seems to

be the case with some coronavirus variants (Li et al., 2021a), then it may be necessary
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to re-evaluate the parameters.
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A Bayesian MIDAS MCMC Algorithm

Bayes Quantile MIDAS MCMC, Using Two Degree Nealmon DLF
Input: Covariate data X, response data y, the quantile ¢, starting values 3, 0, ~.

Prior mean and variance for 3, b and v respectively. Also need to give dimension
jumping proposal distributions for variable selection, gy+(-). Hyperparameters a
and b for the «v Beta hyperprior.
Output: Samples from the posterior distributions 3, 6 and ~.

1: procedure MCMC

2: % % Setup: define immutable parameters

3: w:ﬁ, w:ﬁ, 5:2—1-%2.

4: sy = 2.382/2, N = size of response data y.

5: % % Initialise latent variables

6: vi=1,7=1,....N

7 2;=0,7=1,...,N

8 Q=diag(w? v)

10: % % Main loop

11: for ¢ = 2 to number of MCMUC iterations do
12: Vy = (vy' + X507 Xy) !

13: By = Vy(va'by + X3Q7(z — yv))
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14: % % Update v

15: Randomly select component of 7 to propose a change, say v;, i.e., if v, =1
then 75 = 0 and vice-versa. If this move results in the birth of a new variable, sample
corresponding {6,602} from proposal gy+(8).

16: Let ¢* = log(—#63).

17: Compute first factor of the acceptance ratio, call it r;

Vo |2V [ exp {3 (BL VA By = blovaiby: ) b ()

T oy | 12V [ /2 exp {% (BT),V:),1B7 - bfyv,;lby) } 7(v)
18: Note: B~+ and V+ are computed the same way as B~ and V~ above,
using only the columns of X supported by ~*.
19: Compute the second factor of the acceptance probability a:
20: if ~, originally equalled 0 then
21:
a = min (1, r m(01)m(63) exp(g*))
9o+ (07)go+(C*)
22: else
23:
o — min (177096&(91)9%(4) 1 )
m(01)m(02) exp(C)
24: end if
25: Accept v* with probability a. B~ and V~ are re-computed if so. Otherwise

~ remains the same as the previous iteration.

26:

27: % % Update < prior hyperparameter p

28:

ply ~ Beta (a + Z%, b+ Z(l — %))
i i

29:

30: % % Update (3

31:

,B‘y, 9, vV~ N(Bf}/, Vﬂ)/)
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32: % % Update latent variable z
33:
Zilyi, 3,0 ~ TruncALD(x, B,0 =1,¢),i=1,...,N
34: Only sample from the positive axis if y; = 1, otherwise only sample from the

negative axis.

35:
36: % % Update latent wvariable v
37:
2 _ (2 =x{B)?

Xi = wz

38:
vi|zi, 8,0 ~ GIG(1/2, X7, 57)
39:
40: % % Update 6
41: for 7 = 1 to number of covariates supported by ~ do
42: Update the adaptive proposal Ej-:
2; = SQCOV(B;, e ,03_1) + sq9¢ly

43: Propose new 6; and ( parameters for covariate j, from random walk

proposal distribution:

90(9;17 C*"gjh C) =N (wﬂ’ C)Ta Z;)

44: Compute acceptance probability,
Qg = min (1 7T(0;|B=Z7V7 ) exp(C*))
'7(0;18,2,v, ...) exp(()

45: The current iteration of 6, is set to 0; with probability ay. Otherwise it
retains its value from the previous iteration.

46: end for

47: end for

48: Return posterior sample.

49: end procedure
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B Flare Data Analysis Sensitivity to
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The results from re-running the flare data analysis from chapter 4 but using a different
flare onset date (recall that we used the clinic visit minus 10 days for the main analysis).
The x-axis is scaled to match figure 4.9. These figures show an even lower acceptance
rate than what was found in section 4.6.
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C Software Implementation of Method-

ology

Here we describe our code for implementing the models discussed in chapters 3 and 4.
Our code is written entirely through the statistical computing software R (R Core Team,
2022) and depends heavily on third-party packages downloaded from the Comprehen-
sive R Archive Network (link: https://cran.r-project.org/) that we will cite
as they come up. All of the code is available in Github through the following link:

https://github.com/DanDempsey/DD_Thesis_Files/tree/master/BayesQMIDAS

C.1 MIDAS Regimes

Distributed lag / MIDAS models offer a lot of flexibility that can be challenging to
translate into an efficient user interface. We built our software to use a two stage
approach: the first stage is to define the MIDAS characteristics of the covariates and
response; i.e., their values and time indices, their time window, and the distributed
lag functions they should use. In the code, we call this a regime object, and they can
be created by feeding in your covariates into the midas_regimes function, whose

definition is

midas_regimes <- function(value, time, group, time_window = 30,
DLF = "irts_nealmon", DLF_parameters,

DLF_gradient = "nealmon_gradient_fun")

value are the covariate’s observations supplied as a matrix or dataframe and time
are the time indices of the observations supplied as a vector. group is to assign a

hierarchical ordering to the rows, for example patient labels. If there is no grouping in

115


https://cran.r-project.org/
https://github.com/DanDempsey/DD_Thesis_Files/tree/master/BayesQMIDAS

the data then this can be left blank. time_window supplies the time window length,
by default equal to 30. The DLF argument can be a function or a string referring to
the name of function in the global environment. The given function must have two
named arguments: delta_t, the vector of time lags, and theta, the vector of DLF
parameters. The DLF parameters must be supplied as they will be used as starting
values for numerical optimisation and MCMC algorithms. It is also a way for the
algorithm to know how many components should be in 8. The default DLF is the two

degree Nealmon:

irts_nealmon <- function (delta_t, theta) {

lw <- matrix(rep(delta_t, each = 2) ~ (1:2),
ncol = 2, byrow = TRUE) %x% theta

exp (lw — matrixStats::logSumExp (1lw))

Notice the numerator and denominator are computed on the log scale, partially using
the LogSumExp function from the mat rixStats package (Bengtsson, 2022), to avoid

potential numerical problems as suggested in section 3.2.2.

Optionally, you can also supply the gradient for the @ parameters. We by default supply

the Nealmon gradient (3.15) from section 3.2.5, which goes by the name nealmon_gradient_fun:

nealmon_gradient_ fun <- function( delta_t, theta, M ) {

dat <- matrix( rep( delta_t, each =2 ) ~ ( 1:2 ),
ncol = 2, byrow = TRUE )

wl <- exp( dat %*% theta )

dat_trim <- dat[, M ]
sw <— sum( wl )
sl <- sw * dat_trim

s2 <= c¢( crossprod( wl, dat_trim ) )

w2 <- sl - s2
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w3 <— sw’™2

(w2 = wl ) / w3

Be aware: the function supplied here should only be the derivative of the DLF with
respect to its parameters, not the entire log-likelihood gradient from section 3.2.5. The
full gradient is handled by a larger function that we will talk about further below,

which incorporates the function given to the DLF_gradient argument.

There is also a response_regime object for the response data to align with the

regime object created for the covariates,

response_regime <- function(value, time, group)

This is more simplified since there are not as many options available to affect the

respoinse.

The point of this framework is that it allows the user to assemble the data and its
distributed lag characteristics in a convenient and flexible way. The inferential code
is specially built to handle these objects so that they know how to unpack and utilise

them. An example of a usage case is as follows:

# X is a dataframe whose first p columns are covariates.

# It also contains one time index column labelled INDEX,

# and one column for the response series labelled y

mrtest <- midas_regimes (value = X[, 1l:p], time = XSINDEX,
DLF_parameters = list(c(0, -1)),
time _window = 60)

rtest <- reponse_regime (value = XSy, time = XSINDEX)

formula <- rtest ~ mrtest
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Here we have created a regime object named mrtest using the two-degree Nealmon
as the the DLF (the default) with DLF parameters 0 and -1. The time window is set

to 60 units of time. A response regime is also created.

In the event that the response variable and covariates are not observed at the same
time, the matrix X should be constructed so that all the time indices are included in
the INDEX column, and NA should be placed in the cells where the variable is not
observed at the corresponding index. midas_regimes and response_regime will

filter out the unobserved cells accordingly.

In the last line of the above snippet, we created a formula object using the response
and covariate regimes. This will be used as input into the model fitting algorithms,

similarly to how glm works.

C.2 Weight Matrix

Before we discuss the inferential algorithms, we want to draw attention to the weight
matrix construction. Bear in mind the user does not need to actually use the following
functions themselves over the course of standard application since they are handled
automatically by the optimisation / MCMC code, but we wanted to draw attention to

our implementation since it is a vital component of the distributed lag paradigm.

As discussed in section 3.2.2, the weight matrix is a substantial bottleneck when fitting
the models. It’s important to isolate the computations of At, = ¢ — s since these will
not change with @ and so only need to be computed once. We compute this using the

following set of functions:

time_delta_list <- function (regime_object) ({

regime_object$time_delta <-
Map ( time_delta_matrix,
series = regime_objectS$series,
response_index = regime_objectS$Sresponse_index,
MoreArgs = list (time_window = regime_objectStime_window) )

regime_object
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time_delta_matrix <- function(series, response_index, time_window)

# Calculate differences between the response indices

# and the covariate indices

Xt <- seriesStime

rownum <- length (response_index)

colnum <- length (xt)

yt <- matrix( rep(response_index, each = colnum), nrow = rownum,
byrow = TRUE )

diff mat <- sweep(yt, 2, xt)

# Determine which values are inside the time window,

# store results inside as a list

within <- ( 0 <= diff mat ) & ( diff mat < time_window )
inds <- which(within, arr.ind = TRUE)
list (nrow = rownum, ncol = colnum, i = inds[, 1], Jj = inds[, 2],

x = split (diff_mat[within], inds[, 11]))

The first function, time_delta_list, takes a regime object as input which is un-
packed and iteratively fed into the time_delta_matrix function, which in turn
creates a matrix that subtracts each response index from all covariate indices. It then
identifies which of these differences fall inside the desired time window. The output
contains all the information necessary to construct a matrix in triplet format. Once
the time lags are computed for every covariate, the result is included in the regime

object.

The weight matrix is then constructed by quite simply applying the chosen DLF weight-

ing scheme across the time lags using the Map function,

weight_matrix <- function (DLF, DLF_parameters, time_window_list) {

DLF_weights <- Map( DLF, delta_t = time_window_list$x,
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MoreArgs = list (theta = DLF_parameters) )

Matrix::spMatrix ( nrow = time_window_list$nrow,
ncol = time_window_list$ncol,
i = time_window_1list$i, j = time_window_list$7,

unsplit (DLF_weights, time_window_list$i) )

Here is where we construct the aforementioned triplet represented matrix using the
spMatrix function from the Matrix package (Bates et al., 2022), taking advantage

of the sparseness of the weight matrices.

C.3 IRTS-MIDAS

The point estimate inference for the IRTS-MIDAS makes great use of the family
functions for general linear regression, and the optim function. The main function

the user runs is

irts_midas <- function (formula, data, group = NULL, start = NULL,
family = "binomial", n_cores = 1L,

gr = midas_gradient, Ofunction = "optim",

The formula that should be supplied here is one constructed from the regime objects, for
example response_regime_object ~ covariate_regime_object. Notice
that it doesn’t take time windows, DLFs, etc. as inputs as they are implicitly passed
through the formula object. The gradient is supplied using the gr argument as is
standard for optimisation functions. If you do not wish to use a gradient, you can pass

NULL to gr instead. We will discuss this gradient function more further below.

How this function works draws heavily from the midas_r function from the midasr
package (Ghysels et al., 2016). The user supplies their choice of optimisation function
and the supported choices are optim (the default), spg from the BB package (Varad-
han and Gilbert, 2009) and optimx from the package of the same name (Nash and
Varadhan, 2011; Nash, 2014b). "dry_run" is also a valid option, but this performs

no actual inference and is only for debugging purposes. Any additional arguments for
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the chosen optimisation function can be supplied in the function call, granting the user
a great deal of control over the fitting procedure. After sense-checking the inputs, the
function unpacks the given formula and converts it into a more conventional format

that R can conveniently parse through the model.matrix function.

The objective function is

midas_LOSS <- function (pars, pinds, formula, family) {

### Extract formula environment

Zenv <— environment (formula)

### Set the DLF parameters

par_list <- split (pars, pinds)

ZenvSregime_object <- Map("[[<-", x = ZenvSregime_object,
i = "DLF_parameters",
value = par_list[-1])

### Compute the linear predictor
WX <- model.matrix( formula, Zenv )
WXb <— WX $*% par_list[[1l]]

eta <- familyS$Slinkinv (WXb)

### Return loss function

sum( familyS$Sdev.resids (ZenvSyv, eta, 1L) )

The input pars is the vector of parameters as required by the optim function. The
pinds argument is simply an indexing vector used to identify the different parameters
and split them accordingly in the parlist object for easy reference. The first element
of parlist contains the 3 vectors and the subsequent elements contain the @ vectors
for each covariate. dev.resids, the objective function, is minus twice times the

log-likelihood of the model.

A lot of the work here is being done by the family suite of functions from base R,
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which allows us to compute link functions and deviance residuals in a generic way.
We also see here the model .matrix function acting on the unpacked formula object
to conveniently compute the MIDAS design matrix as specified in section 3.2. The
optimisation proceeds as the user specified through the inputs of the irts_midas
function. The output of the function will be the output of the optimisation function

used, as well as glm output for the 3 parameters.

Returning to the gradient, the default function we pass is midas_gradient,

midas_gradient <- function( pars, pinds, formula, family ) {

### Extract formula environment

Zenv <— environment (formula)

### Set the parameters

par_list <- split (pars, pinds)

### Compute necessary parameters
WX <- model.matrix( formula, Zenv )
eta <—- WX %*% par_list[[1]]

p <- family$linkinv( eta )

yv <—- ZenvSresponse_vector

### Compute common components

dlidp <- (yv/p) - ( (1 -yv) / (1 -p))
dpde <= ( (1 + exp( —eta ) )" (=2) ) * exp( —eta )
dlde <- dldp * dpde

##4# Beta components

dldb <- crossprod( dlde, WX )

##4# Theta components
WX_grad <- Map( midas_design_matrices, M = 1:2,
MoreArgs = list (regime_object = ZenvS$Sregime_object,

gr = TRUE) )
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dlde_WX_grad <- do.call( ’'rbind’, lapply( WX_grad, crossprod,
x = dlde ) )
dldt_mat <- sweep( dlde_ WX_grad, 2, par_list[[ 1 11[-1]1, "*" )

dldt_list <- split( dldt_mat, rep( l:ncol( dldt_mat ), each =

### Return result
# Minus two since objective is -2 % log likelihood

-2 x c¢( dldb, unlist( dldt_1list ) )

This gradient is only suitable for binary logistic regression; we have not implemented a
version for other families of response distributions. This function computes the gradient
for the 3 components and then uses the DLF_gradient function to compute the 0
components. We again make use of the model .matrix function, taking advantage of

the fact that (3.14) is itself essentially a MIDAS design matrix, but using the derivative

as a DLF.

C.4 IRTS-MIDAS Code Example

Let us generate a dataset named midas_dat from the in-built simulation function,

binom_innov <- function(n, x) {

rbinom(n, prob = binomial ()$linkinv(x), size = 1)

set.seed( 777 )

midas_dat <- irts_midas_sim( n_y = 1000, n_vars = 1,

seasonal_adjust = TRUE, pars = 0.01,

periodicity = 30, beta = c(0, 1.5),

innov_fun = binom_innov,
time_window = 15,
response_rate = 1/10 ) $Data

The first 20 rows of the dataset looks like this:
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midas_dat[1:20, ]

num_1 INDEX vy
1 -0.20567717 1.00000 NA
2 -0.31427573 2.00000 NA
3 -0.63408463 3.00000 NA
4 -0.01976994 4.00000 NA
5 -1.23813629 5.00000 NA
6 0.02838942 6.00000 NA
7 -1.08507937 7.00000 NA
8 -0.03283709 8.00000 NA
9 -0.82776131 9.00000 NA
10 -1.97482939 10.00000 NA
11 0.32185153 11.00000 NA
12 —-1.38239980 12.00000 NA
13 -0.65619993 13.00000 NA
14 0.12869793 14.00000 NA
15 0.09598911 15.00000 NA
16 0.35275984 16.00000 NA
17 0.66722227 17.00000 NA
18 0.32187474 18.00000 NA
10059 NA 18.75715 O
19 0.56524079 19.00000 NA

it shows we have a covariate column, followed by a time index column, followed by the
response column. Wherever an index is not available for one of the values, an NA is

put in its place.

We then create the regime object so that the function can unpack and analyse the data

as shown in section C.1:

covar_ro <- midas_regimes( value = midas_dat$num_ 1,
time = midas_dat$INDEX,
DLF = ’'irts_nealmon’,
DLF_parameters = c(0, -1),

time _window = 30 )
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We must do the same for the response variable and then create the formula object that

will be used as the input for the main inference function:

response_ro <- response_regime ( value = midas_dat$y,
time = midas_dat$SINDEX )

form <- response_ro ~ Ccovar_ro

Finally, we can fit the model. Let us use the L-BFGS-B method from the optim
function, specifying an upper bound of zero for the second theta parameter. We must
also be sure to remember to specify that this is a logistic regression with the family

argument:
fit <- irts_midas( form, data = midas_dat, family = "binomial",
Ofunction = ’'optim’, method = ’L-BFGS-B’,

upper = c(rep(Inf, 3), 0) )

the upper argument specifies the upper bound. The first two elements of the vector
correspond to [y and (3, followed by the next two that correspond to #; and 6. The
fit took 2.8 seconds on a Dell Latitude 5400 laptop.

The object £it is a list containing the results of the IRT'S-MIDAS model fit and much
more. The most important element is the opt element, that contains the raw output

of the optim function. From there we can access the parameter estimates:

round( fit$SoptSpar, 2 )

(Intercept) midas_covariate_1 beta

0.04 1.52

midas_covariate_ 1 thetal midas_covariate_1 theta?2
9.41 -0.67

C.5 Bayes Quantile MIDAS MCMC Implementation

The MCMC method described in chapter 4 is a lot more involved. It still uses most
of the same functionality discussed above, such as the regime objects, the same weight

matrix construction code, and the concise formula unpacking mechanism that makes it
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easy to implement through base R functionality. However, this MCMC algorithm is not
quite as flexible as the frequentist inference we discussed above; it will only work for
ALD likelihoods (quantile regression) and the two-degree Nealmon DLF. To implements

other choices would require a complete restructuring of the MCMC algorithm.

The MCMC method is called with the following function:

IRTS_MIDAS_AuxVar <- function (formula, data, quantile = 0.5, prior,
beta_start, wvarsel = FALSE,

MCMC_length = 10000)

The formula and data arguments work the same way as they did above. The
quantile arguement is the desired quantile for the regression model, as discussed
in chapter 4. beta_start is the vector of starting values for the slope coefficients
(the DLF parameters are initialised through the regime object, as before). varsel is
an indicator expressing whether or not the user wishes to perform variable selection
via RJ-MCMC. MCMC_length is the number of iterations the user wishes to run the

Markov chain.

There is also an argument to set a prior; this should be a list with three named
elements: beta, DLF_pars, and vars. beta should itself be a list with elements
beta0, a vector of prior means, and V0, the covariance matrix of the prior. DLF_pars
is another named list, with elements DLF 1, a vector containing the mean and standard
deviation of the #, prior, and DLF2, a vector containing the shape and rate of the
gamma distribution for 0, (note that for all analyses, we set the shape = 1, which
collapses to the exponential distribution). Finally, vars should contain a vector that

corresponds to the a and b beta distribution hyperparameters from section 4.2.1.

The function that performs the MCMC begins with initialisation of the parameters, as
well as some pre-processing to help make the rest of the iterations more efficient. The

first parameter we update inside the loop is the variable indicator,

### Update covariate indicator
V0i <- V0i_full[varsel_int, varsel_int]
V0ib0 <- V0ibO_full[varsel_int]

XtNi <- t( X_mat * Ni )
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V_posti <= V0i + XtNi%*%X_mat
V_post <= chol2inv( chol (V_posti) )

B_post <— V_post%*%( V0ib0 + XtNi%*%z_pn )

Matrix inversions of covariance matrices are performed using Cholesky Decomposi-
tion, reducing the number of redundant calculations for positive definite matrix inver-

sions.

### Propose dimension change

change_ind <- sample( var_inds, 1 )

varsel_star <- varsel

varsel_star|[change_ind] <- !varsel_ star[change_ind]
varsel_star_int <- c¢( TRUE, varsel_star )

change_name <- names (regime_object) [change_ind]

if( varsel[change_ind] ) {

# Propose a move to a lower dimension
Theta_drop <- regime_object[[change_name]]S$SDLF_parameters
1DLFprior <- all DLF_prior( Theta_drop, prior )
Theta_drop[2] <- ljacob <- log( —-Theta_drop[2] )
lproposal <- dmvnorm( t (Theta_drop), DLF_prior_mean,
Jjump_proposal_DLF_sigma,
log = TRUE, checkSymmetry = FALSE )
DLF_component <- sum( lproposal, —-1DLFprior, -1ljacob )
death_oppurtunity[change_name] <-

death_oppurtunity[change_name] + 1

} else {

# Propose a move to a higher dimension

Theta_star <- t( rmvnorm( 1, DLF_prior_mean,
Jjump_proposal_ DLF_sigma,
checkSymmetry = FALSE ) )

lproposal <- dmvnorm( t (Theta_star), DLF_prior_mean,
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Jjump_proposal_ DLF_sigma,

log = TRUE, checkSymmetry = FALSE )
ljacob <- Theta_star[2]
Theta_star[2] <- —-exp( Theta_star([2] )
regime_object [ [change_name] ] SDLF_parameters <- Theta_star
1DLFprior <- all_DLF_prior( Theta_star, prior )
DLF_component <- sum( —-lproposal, 1DLFprior, ljacob )
birth_oppurtunity[change_name] <-

birth_oppurtunity|[change_name] + 1

regime_object [ [change_name] ] SWX <-—

midas_design_matrix ( regime_object [ [change_name]] )

The above snippet selects an indicator at random, and then computes the relevant @

component of the acceptance probability.

# Holmes and Held (2006) ratio

X _mat_star <- make_design_mat ( regime_object, int, varsel_star )
V0i_star <—- V0i_full[varsel star_int, varsel star_int]

V0ib0_ star <— V0ib0_full[varsel star_ int]

XtNi_star <- t( X_mat_star * Ni )

V_posti_star <- V0i_star + XtNi_star%*%$X mat_star
V_post_star <- chol2inv( chol (V_posti_star) )

B_post_star <- V_post_star%x%( VOib0_star + XtNi_star%x%z_pn )

ldet_V_post <= sum( log(diag(chol (V_post))) )
ldet_V_post_star <- sum( log(diag(chol (V_post_star))) )
ldet_V0i <= sum( log( diag(chol (V0i)) ) )

ldet_VO0i_star <- sum( log(diag(chol (VOi_star))) )

varsel_lprior <- dbinom( varsel, 1, model_sel prob[i-1], log = TRUE )
varsel_lprior_star <- dbinom( varsel_star, 1, model_sel prob[i-1],

log = TRUE )
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lkernel <- crossprod (B_post, V_posti)%$*%$B_post/2

lkernel_star <- crossprod (B_post_star, V_posti_star)%*«%B_post_star/2

lnum <- sum( ldet_V_post_star, ldet_V0i_star, lkernel_star,
varsel_lprior_star, DLF_component )

ldenom <- sum( ldet_V_post, ldet_V0i, lkernel, varsel_ lprior )

# Acceptance probability
if ( (lnum - ldenom) > log(runif (1)) ) {
if( !varsel[change_ind] ) {
birth[change_name] <- birth[change_name] + 1
} else {
DLFres|[[change_name]] [i, ] <- DLFres|[[change_name]][1l, ]
death[change_name] <- death[change_name] + 1
}
vsres[i, ] <- varsel <- varsel_star
varsel int <- varsel_star_int
X_mat <- X _mat_star
V_post <- V_post_star
B_post <- B_post_star
} else {

vsres[i, ] <— vsres[i-1, ]

We then compute the rest of the acceptance probability as shown above. For numerical
stability, we calculate the log of the acceptance probability. Again, wherever possible,
we take advantage of the positive-definiteness of covariance matrices whenever com-
puting determinants and inverses. With the covariate indicator updated, sampling the
hyperparameter p is easy:

### Update the prior success probability p

model_sel prob[i] <- rbeta( 1, mod_sel prior[l] + sum(varsel),

mod_sel_prior[2] + nvar - sum(varsel) )

Updating the the slope coefficient and latent variables is also straightforward,
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### Update ALD parameters

# Update beta

bet <- betares[i, wvarsel_int] <- t( rmvnorm( 1, mean = B_post,
sigma = V_post,

checkSymmetry = FALSE ))

# Update z

Xb <- X _mat %*% bet

z <- rTALD( n = n_y, rtrunc = rtrunc, mu = Xb, sigma = 1,
P = quantile )
# Update nu
chi <- ( z - Xb )”*2 / omega
nu <- 1/rinvgauss( n_y, mean = sqrt( delta/chi ), shape = delta )

### Update DLF parameters

z_pn <= z — ( psi % nu )
Ni <- 1 / ( omega * nu )
11 <- ( z_pn * Ni )%x%Xb - crossprod( Xb*Ni, Xb ) /2

The final step for each iteration is to update the DLF parameters 6. To do this we
loop over every variable in the model currently supported by the covariate indicator.
We then update the two Nealmon parameters jointly using a Metropolis-Hastings step

with an adaptive proposal distribution.

# Loop over DLF updates

for (j in which (varsel)) {

# Acceptance Ratio Denominator
DLF_last <- DLF_trans_last <- regime_object[[]]]SDLF_parameters

ldenom <- 11 + all DLF prior( DLF_last, prior )

# Proposal
#n_updates <- sum( vsres[l:(i-1), Jjl )

#1if ( n_updates >= 100 ) {
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if (i >= 100 ) {
new_metrics <- compute_covar( DLF_last, i, DLF_last_mean[[Jj]],
DLF_last_covar[[3]] )
DLF_last_mean[[]j]] <- new_metrics[[1]]

DLF_last_covar[[]j]l] <- new_metrics[[2]]

DLF_trans_last[2] <- log( -DLF_trans_last[2] )
DLF_star <- t( rmvnorm( 1, mean = DLF_trans_last,
sigma = covar_sd x
(DLF_last_covar[[]j]] + small_pos),
checkSymmetry = FALSE ) )
ljacob <- DLF_star[2] - DLF_trans_last[2]

DLF_star[2] <- -exp( DLF_star([2] )

# Acceptance Ratio Numerator
regime_object[[]j]]$DLF_parameters <- DLF_star
WX_old <- regime_object[[]]]SWX
regime_object[[]J]]SWX <- midas_design_matrix( regime_object[[]j]] )
X_mat_star <- make_design_mat ( regime_object, int, varsel )
Xb_star <— X _mat_star %$*% bet
11_star <—= ( z_pn * Ni )%*%Xb_star -
crossprod( Xb_star*Ni, Xb_star )/2

Ilnum <- 11 _star + all DLF_prior( DLF_star, prior ) + ljacob

if ( (lnum - ldenom) > log(runif (1)) ) {
DLFres[[]Jj]l]1[i, ] <- DLF_star
accept [J] <- accept[j] + 1
11 <- 11 star
X_mat <- X _mat_star
} else {
DLFres[[]J]]1[i, ] <- regime_object[[]]]SDLF_parameters <- DLF_last

regime_object [[J]]S$SWX <- WX_old

131



C.6 Bayesian Quantile MIDAS Code Example

Let us use the same data midas_sim and formula regime object form that we created
in section C.4. With these same objects, running the Bayesian version of the model fit

is done as so:

post_sample <- IRTS_MIDAS_AuxVar ( formula = form, data = midas_dat,
quantile = 0.5, varsel = TRUE,
response_dist = "ald",

MCMC_length = 5000 )

We request 5,000 iterations of RJ-MCMC. This is a somewhat small number of it-
erations (remember that it includes burn-in) but this is simply for the purpose of

illustration. This code takes roughly 70 seconds to run on a Dell Latitude 5400.

The result is stored in post_sample, which contains the posterior draws of every
MCMC iteration as well as a few other metrics for diagnostic purposes (such as the
number of proposed births/deaths in the chain, and so on). We can examine the output

as follows (discarding the first 2,500 iterations as burn-in):

beta_pbi <- post_sampleSbetares[2501:5000, 2]

gamma_pbi <- post_sampleS$Svsres[2501:5000]

sum( gamma_pbi ) / length( gamma_pbi ) # Result is 100% acceptance

plot ( density (beta_pbi) )
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