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Summary

This thesis covers a number of topics in conformal field theories that are sup-
posed to have gravity duals according to the AdS/CFT correspondence. We use
the conformal bootstrap in the Regge and lightcone limits as the technique for
studying these theories. We also explore their thermal properties by studying
the large-N conformal field theories at finite temperature.

In Section 2 we review the basic implications of conformal symmetry in
quantum field theories in spacetime with the number of dimensions d > 3 and
d = 2 separately. We precisely define the holographic CFTs and briefly describe
the idea of conformal bootstrap as the consistency condition of all conformal
field theories.

In Section 3 we introduce the “heavy-heavy-light-light” correlator in Regge
and lightcone limit. We review the calculation of correlators of this type and
we set up the notation for the rest of the thesis.

In Section 4 we study the heavy-heavy-light-light correlation function of
the holographic CFTs in the Regge limit, based on [12]. The gravitational
dual of this correlator in the Regge limit is the high energy scattering of the
light probe with the fixed impact parameter in the asymptotically AdS black
hole background. The Schwarzschild radius of the black hole in AdS units is
proportional to the ratio of the conformal dimension of the heavy operator and
the central charge. This ratio serves as a useful expansion parameter whose
power counts the number of stress tensors in the multi-stress tensor operators
which contribute to the four-point correlation function. In the cross-channel
the four-point function is determined by the OPE coefficients and anomalous
dimensions of the heavy-light double-trace operators. We explain how this data
can be obtained and explicitly compute the first and second order terms in
the expansion of the anomalous dimensions. We observe perfect agreement
with known results in the lightcone limit, which were obtained by computing
perturbative corrections to the energy eigenstates in AdS spacetimes.

In Section 5 we study the heavy-heavy-light-light correlation function in
the lightcone limit, based on [13]. Near-lightcone correlators are dominated by
the contributions of exchanged operators with the lowest twist. We consider the

contributions of such leading lowest twist multi-stress tensor operators to the



correlator in a holographic CFT of any even dimensionality. An infinite number
of such operators contribute, but their sum is described by a simple ansatz. We
show that the coefficients in this ansatz can be determined recursively, thereby
providing an operational procedure to compute them. This is achieved by boot-
strapping the corresponding near lightcone correlator: conformal data for any
minimal-twist determines that for the higher-order minimal-twist contributions
and so on. To illustrate this procedure in four spacetime dimensions we de-
termine the contributions of double- and triple-stress tensors. We compute the
OPE coefficients; whenever results are available in the literature, we observe the
complete agreement. We also compute the contributions of double-stress tensors
in six spacetime dimensions and determine the corresponding OPE coefficients.
In all cases the results are consistent with the exponentiation of the near light-
cone correlator. This is similar to the situation in two spacetime dimensions for
the Virasoro vacuum block.

In Section 6 we generalize the technique developed in Section 5 to include
the contributions of multi stress tensor operators of arbitrary twist to the heavy-
heavy-light-light correlator, based on [14]. We show how one can compute the
unknown coefficients in the generalized version of the ansatz from Section 5
by the lightcone bootstrap, for the entire stress tensor sector of the correlator.
Therefore, iteratively computing the OPE coefficients of multi-stress tensor op-
erators with an increasing twist. Some parameters are not fixed by the bootstrap
- they correspond to the OPE coefficients of multi-stress tensors with spin zero
and two. We further show that in holographic CFT's one can use the phase shift
computed in the dual gravitational theory to reduce the set of undetermined pa-
rameters to the OPE coefficients of multi-stress tensors with spin zero. Finally,
we verify some of these results using the Lorentzian OPE inversion formula and
comment on its regime of applicability.

Finally, in Section 7 we study the thermalization of the stress tensor sector
in CFTs with a large number of degrees of freedom, based on [16]. We show
that the thermalization of operators from this sector, or the equality between
their expectation values in heavy states and at finite temperature, is equivalent
to a universal behavior of their OPE coefficients with a pair of identical heavy
scalar operators. We verify this behavior in a number of examples which include

holographic and free CFTs and provide a bootstrap argument for the general



case. In a free CFT we check the thermalization of multi stress tensor operators
directly and also confirm the equality between the contributions of multi stress
tensors to heavy-heavy-light-light correlators and to the corresponding thermal
light-light two-point functions by disentangling the contributions of other light
operators. Unlike multi stress tensors, we show that these light operators violate

the Eigenstate Thermalization Hypothesis and do not thermalize.
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1. Motivation

Constructing the theory of quantum gravity has been an open problem for many
years. The lack of experimental data at energies so high that the quantum-
gravitational effects are detectable implies the necessity for alternative ways
for learning about quantum gravity. Modern approaches to this problem in-
clude using the dualities between gravitational theories and theories without
gravitational degrees of freedom. The term “duality” means that theories have
equivalent Hilbert spaces and dynamics. Their mathematical descriptions, on
the other hand, can differ, for example, they can have different Lagrangians,
degrees of freedom, and be situated in different spacetimes. The hope with this
type of duality is that one can indirectly approach the regime where the quantum
effects in gravity are important using the dual, non-gravitational description and
therefore learn the general properties of quantum gravity. Knowing these prop-
erties will help the achievement of the ultimate goal, i.e. the construction of the

fundamental microscopic theory of quantum gravity.

1.1. Holographic principle and AdS/CFT duality

The works of Bekenstein and Hawking [1-3] gave the first indirect hint of the
existence of dualities that include gravitational theories. They showed that
black holes are dynamic objects that emit thermal radiation. The entropy of a
neutral, non-rotating black hole is shown to be proportional to the area of the
horizon A: A3
Spr = 4G—ch. (1.1)
Colloquially, one can interpret this entropy as being proportional to the amount
of information in the physical system. Naively, one might have expected that
it scales with the volume of the space behind the horizon (or volume of the
black hole). The fact that it scales with the area of the horizon was the first
indication that the gravitational theory where the black hole is present has the
degrees of freedom that fit in spacetime with one spatial dimension less. This
was the first sign of the so-called holographic principle of gravitational theories
[4-5].
Another important indication of the existence of dualities between gravita-

tional and non-gravitational theories came from the work of 't Hooft [6], where
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he studied non-Abelian gauge theories in the limit of a large number of colors
(large-N limit). He showed that in this limit the Feynman diagrams rearrange
in a such way that the expansion looks the same as the perturbative expansion
in string theory with string coupling 1/N. Since the string theories necessarily
include gravity, this was strong evidence of the relation between gravitational
string theories and non-gravitational gauge theories at the deep fundamental
level.

The work of Brown and Henneaux [7] gave further insight into what kind
of theories one should be looking at to find the dual descriptions of the gravita-
tional theories. Namely, by studying gravity in three-dimensional Anti de-Sitter
spacetime, they found the conformal symmetry algebra of conformal field the-
ory in two-dimensional spacetime as the algebra of asymptotic symmetries in
three-dimensional gravity. This was the first evidence of the relation between
gravitational theories in Anti-de Sitter spacetime and the conformal field theo-
ries in spacetime with one spatial dimension less.

The first concrete instance of the duality between gravitational and non-
gravitational theories was established in the work of Maldacena [8] in 1997. By
studying black branes in supersymmetric string theory he proposed the famous
anti-de Sitter/conformal field theory (AdS/CFT) conjecture which states that
type IIB string theory with string length I, = v/a/ and coupling constant g5 on
AdSs x S° with radius of curvature L of both five-dimensional Anti-de Sitter
AdSs and sphere S°, is dual to N' = 4 super-Yang-Mills (SYM) in flat four-
dimensional spacetime with gauge group SU(N) and gauge coupling gy ps. The
parameters of these theories are related by the following equations

A
Gyar = 2795, GyuN =5 o5 (1.2)
The N = 4 gauge theory is conformally invariant which is the reason why it is
called the “CFT side” of the duality. The gravitational part (type IIB string
theory) of the duality is usually called the “AdS side”, or simply the “gravity
side”.

The string theory reasoning behind this duality is the equivalence between

the open and closed string descriptions of the Dirichlet branes (D-branes). These

are the non-perturbative higher-dimensional objects present in the superstring
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theory. They can be viewed in the open and closed string perspectives, and
which one is right depends on the value of the string coupling g;. In terms
of open strings, D-branes might be viewed as the higher-dimensional objects
where the open strings end. Since the open strings must be treated as small
perturbations that do not affect the gravitational background, this description is
only valid when the coupling between open and closed strings g; is small g, < 1.
Furthermore, if we neglect the massive string excitations by focusing on the low
energy regime, the dynamics of the D-branes will be described in terms of the
pure supersymmetric gauge theory. If there are NV coincident branes, the gauge
group will be! SU(N) and the effective 't Hooft coupling will be g, N. It follows
that this description works for g;,N < 1. In terms of the closed strings, the
D-branes can be viewed as the solitonic solutions of the low-energy limit of
the string theory, i.e. the supergravity, and they represent the source of the
gravitational field, therefore, they curve the spacetime around them. For the
supergravity approximation to hold, there must be a scale separation between
the characteristic length L of the spacetime considered and the string length
Vo, or in other words, L*/a’® — co. In the case of N coincident branes,
L*/a’® x gsN > 1. Therefore, this description is valid in the opposite limit
compared to the open string description, gsN > 1.

One concludes that there are two, very different theories with different de-
grees of freedom and that even live in different spacetimes, but still describe the
dynamics of the same physical objects, the D-branes, in the different limits of
the effective coupling. The conjectured part of the duality is that the respective
descriptions are valid even beyond the limits specified above and one can relate
the parameters of these two theories by (1.2). Concretely, the candidate for the
theory of quantum gravity (type IIB string theory) can be mapped to the N' =4
SYM gauge theory without gravitational degrees of freedom. Additionally, the
information about gravitational theory in five-dimensional spacetime (obtained
after Kaluza-Klein reduction of type I1B string theory on five-dimensional sphere
S5) is mapped to the gauge conformal field theory in four-dimensional space-
time, following the idea from the works of Hawking and Bekenstain and there-

fore satisfying the holographic principle. In the rest of the thesis, we do not

1 Actually, the gauge group is U (N), but it turns out that the U(1) C U(N) degrees
of freedom decouple from the SU(N) degrees of freedom.
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use the string theory language behind the AdS/CFT and for the more detailed
discussion of the duality, we refer the reader to the original papers [8-10].

The duality conjecture as stated above is the strongest version of the con-
jecture as it is assumed to hold for all values of parameters in both theories.
Unfortunately, studying and proving the duality at a generic value of param-
eters is not feasible at the moment as one would have to study string theory
away from the classical limit in gravity and gauge theory at an arbitrary value of
coupling constant. This is the reason why the practical exploration of duality is
mostly limited to the classical limit in the string theory, intending to go beyond
it.

The classical limit in gravity is the limit where the string length, in units
of AdS radius \/J/L, and the string coupling g5 go to zero \/&/L — 0,95 — 0.
This implies that the limit of classical gravity is equivalent to the limit of infinite
't Hooft coupling A = gy N? — oo and infinite number of colors N — oo in
N =4 SYM gauge theory according to eqs. (1.2). Therefore, the classical limit
in gravity is dual to the limit of infinite coupling in the dual non-gravitational
theory.

The idea of holographic duality is generalized using the previous example.
The general statement of the AdS/CFT correspondence is that a gravitational
theory in (d+1)-dimensional asymptotically Anti-de Sitter spacetime is dual to a
certain, strongly coupled conformal field theory in d-dimensional flat spacetime.
This d-dimensional flat spacetime where the CFT is present is the boundary
of AdS spacetime [9-10]. The generalization of the AdS/CFT correspondence
beyond the type IIB string theory and N' = 4 SYM is assumed to be independent
of the string realization of both of the theories in the duality. The properties of
strongly coupled conformal field theories that have the gravitational duals are
conjectured in [11] and theories satisfying these are called holographic CFTs.
We give the precise definition of holographic CFTs in Section 2. Most of the
work in this thesis is devoted to studying the properties of holographic CFT's
and their relations to the dual gravitational theories on the AdS side of the

duality.



1.2. Outline

To understand the generic properties of quantum gravity using the AdS/CFT
correspondence, two things are needed: first, we need to fully understand the
duality at the classical level in gravity and therefore we need to establish the
mappings between all variables in classical gravity with their counterparts in
terms of observables in the dual CFT, and second, we need a better under-
standing of strongly coupled, holographic CFTs. This is the reason why we
are interested in understanding better the whole class of holographic CFTs, in-
cluding the parametrization of the class as well as the universal aspects of the
dynamics of theories within the class.

Generally, there are two different approaches for studying holographic
CFTs. The first approach is to use the classical gravitational dual of a partic-
ular CF'T, such as Einstein-Hilbert gravity or the modifications thereof, and to
extract the implications to the strongly coupled, holographic CFT by studying
the gravity side of the duality. These implications can sometimes be generalized
to the whole class of the holographic CFTs. This was the dominant approach
in the early days of the AdS/CFT duality and we use it in Section 4. The
other approach is to directly use the field theory techniques to solve and clas-
sify holographic CFTs and it became more dominant recently. We mostly use
this approach in the rest of the thesis.

In Section 2 we give a brief introduction to the conformal field theories
in general, with special attention to the holographic CFTs and the conformal
bootstrap that is a technique used for studying them. In Section 3 we give
a detailed introduction for studying “heavy-heavy-light-light” correlator. We
also review the calculation of such correlator, we establish the notation and
define Regge and lightcone limits that will be used later. In Section 4 we
study the CFT version of the high energy scattering of the light probe with
the fixed impact parameter in the black hole background [12]. In Section 5
and Section 6 we develop an algorithm for computing the CFT analog of the
contributions of multiple gravitons to the scattering of the light probe in the
black hole background [13,14]. We show that some of these contributions are
universal, i.e. they are the same for all holographic CFTs, in agreement with
the claim in [15]. In Section 7 we study the holographic CFTs at the finite

temperature [16].



2. The dictionary of the conformal field theory

In this section we review the basics of conformal field theories in two-dimensional
and higher-dimensional spacetime and we precisely define the class of holo-
graphic CFTs that have a gravitational dual according to [11]. We discuss the
basics of the conformal bootstrap, as the technique used in studying the holo-
graphic CF'Ts. We conclude the section with the discussion of holographic CFT's

at finite temperature and thermalization.

2.1. Brief introduction to the CFT

In this subsection we give a brief introduction to the kinematics of conformal
field theories and establish the notation that we will be using in the rest of the
thesis. We consider CFTs in spacetime with number of dimensions d > 3 and

d = 2 separately.

2.1.1. CFT in spacetime with the number of dimensions d > 3

Conformal field theory is a quantum field theory invariant under the transfor-
mations of the conformal group. These are the diffeomorphisms that transform

the metric in the following way
ds* — ds'* = f(x)%ds?, (2.1)

where f(x) is an arbitrary function of coordinates. These transformations pre-
serve angles (i.e. causal structure in Lorentzian signature) but not the dis-
tances. In spacetime with d dimensions and the Lorentzian signature, these
transformations make conformal group SO(d,2), while in the Euclidean signa-
ture, the conformal group is SO(d + 1,1). For now, we assume that d > 3,
as the conformal symmetry when d = 2 is described differently than in the
case of higher-dimensional spacetime. The conformal group in spacetime with
d > 3 consists of transformations in Poincaré group plus the scale transfor-
mations and the special conformal transformations. Poincaré group includes

translations, with generators P,, rotations with generators® M,;, and boosts

B

2 In our notation Greek letters (u,v,...) denote all spacetime coordinates, while

Latin letters (4,7, ...) denote just the spatial part of the coordinates.
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with generators My;. Scale transformations, whose generator is denoted by D,

act on spacetime coordinates as
D: xt = At (2.2)

while special conformal transformations, with generators denoted by K,,, act as

xH — b2
K, : K 2.
K v 1 — 2zb + b2z2’ (23)

where b* is an arbitrary constant vector. The full conformal algebra in spacetime

with the number of dimensions d > 3 is given by

[Plhpu :[K,L”KV]Z[M D]:O,

] v
(D, P,] =iP,,
[D,K,| =—iK,,
(K, P, =2i(6,,D — M,,), (2.4)
[Muw Mpa] =1 (5VpM;w - 5uva0 - 5VUMMP + 5MUMVP> )
[Muw Pp] =1 (5Vppu - 5upPV) )
[Mum K ] =1 (5vpKu - 5upKu) )

where 9, is the identity matrix if we are working in the Euclidean signature
and if we are working in the Lorentzian signature it should be exchanged with
the Minkowski metric 7,,. The Euclidean space R? with the metric in the
spherical coordinates

ds* = dr® 4 r2dQ3_, (2.5)

can be conformally mapped to the cylinder R x S~ with the transformation

7 = log(r), and one obtains the metric
ds® = 2" (dr? 4+ dQ3_,). (2.6)

The coordinate 7 is the Euclidean time on the cylinder. Dilatation operator D,
that in the R? shifts r coordinate r — Ar, generates the time translations on
the cylinder 7 — 7 + log(\). Therefore, the dilatation operator plays the role
of the Hamiltonian on the cylinder and its eigenvalues are treated as energies.

This is the physical reason why we need to demand that the eigenvalues of the

7



dilatation operator, also known as the conformal dimensions, are bounded from
below. From the algebra (2.4) it is obvious that the generators of translations P,
increase the conformal dimension of the operator by one, while the generators
of special conformal transformations K,, lower the conformal dimension by one.
We define the set of operators whose conformal dimensions can not be lowered

further and we call these primary operators
K,y Ons(0)] = 0. (2.7)

These operators are also known as the highest weight vectors that define the
irreducible representation of the conformal group. They are characterized by
the eigenvalues of the dilatation operator (i.e. the conformal dimensions) and
their spin

[D, 0n,5(0)] =iAO0A s(0),

. (2.8)
[Myy, Oa,s(0)] = My Oa s(0),

where Muy are generators of representation s of the group® SO(d). Starting
from the primary operator Oa g, the entire, infinite-dimensional, irreducible
representation of the conformal group is obtained by acting on primary opera-
tors Oa s with generators of translations, which are represented by derivatives
in coordinate representation. The Hilbert space of the conformal field theory
factorizes in a sum of irreducible representations generated from highest weight
vectors, i.e. primary operators with quantum numbers (A, s).

The main objects of study in the conformal field theory are the correlation
functions of the local operators present in the spectrum of the theory. The
conformal symmetry fixes the one-point, two-point and three-point correlation
functions up to the position-independent constants [17,18]. For external scalar

primary operators ¢; with conformal dimension A;, these are given by

b
(¢i(2)) =0,  (¢i(wi)o;(z;)) = x?.ii’
. (2.9)
(Di(2i) 05 (25) o (k) = 3547 Ai]fAj oA
ij Tk Lk

where x4y = £, — 2 and A = A; + A + Ay. The two-point functions are fixed

by the normalization of the operators and we are using a basis of orthogonal

3 s denotes the spin of these representations.
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operators, hence the Kronecker delta d;;. The coefficients \;;, are called op-
erator product expansion coefficients. Once the normalization of operators is
fixed, they can not be scaled away, therefore they represent physical parameters
of the theory. For spinning operators, multiple independent tensor structures
are allowed by conformal symmetry in the three-point functions, so these are
determined by more than one position-independent constant multiplying every
allowed tensor structure.

The simplest non-trivial correlation functions whose spacetime dependence
is not fixed by the conformal symmetry are the four-point correlation functions
of the external scalar primary operators. In this thesis, we mostly focus on them

in four-dimensional spacetime.

2.1.2. CFT in spacetime with the number of dimensions d = 2

The conformal symmetry in two-dimensional spacetime is described differently
than the conformal symmetry in higher-dimensional spacetime. Namely, the
conformal algebra in two dimensions is an infinite algebra that puts much
stronger constraints on the dynamics of the theory compared to the conformal
algebra in higher dimensions (2.4).

In two-dimensional spacetime with Euclidean spherical coordinates (r, ¢)

and metric given by

ds* = dr® 4 r?d¢? = dzdz, (2.10)

where

z=re'?, zZ=re i, (2.11)

the set of all conformal transformations is equal to the set of all holomorphic
and anti-holomorphic functions of complex coordinates z and z

For practical purposes, we can lift the condition that z and Z are the com-
plex conjugate and treat them as the independent complex variables. Then, at
the end of the calculation, if one wants to evaluate the result in the Euclidean
signature, one requires z* = z. The vector space of infinitesimal conformal

transformations has a basis given by {(¢,,,)|n € Z}, where £,, = —2"*19, and
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0, = —z"M9.. Tt is easy to check that generators ¢, and ¢, create the two

copies of the Witt algebras given by

[gm Zm] = (n - m)gn—l-ma
Uy b = (. — M)y, (2.12)
U, lm] = 0.

The subalgebras {/_1, £y, ¢1} and {/_1, ly, {1} generate the globally well-defined
conformal transformations on the Riemann sphere S? ~ C U {co}. These six
generators are the two-dimensional version of P,, K, and M,, in higher di-
mensions. It is obvious that generators /_; and /_; generate translations in
the complex plane, therefore they are the two-dimensional version of P,, and
similarly one can check that ¢; and ¢; generates the special conformal transfor-
mations, therefore being the two-dimensional version of K,,. Generators £, and
{y are related to the dilatation operator D and the generator of rotations. It is

useful to write these generators in terms of (r, ¢) coordinates

1 1 1 1
go = —§T(9r -+ §3¢, gO = _§rar - §a¢) (213)

Now, it is easy to see that the dilatation and the rotation generators can be

expressed as
D = (b + o) = —70,, M = (by — by) = i0y. (2.14)

By the standard quantum-mechanical reasoning, for example, by demanding the
unitarity of the theory, one concludes that the conformal algebra of the charges
in two-dimensional spacetime has actually to be a central extension of the Witt

algebra, also known as the Virasoro algebra and given by
(L L] = (0 — ) Ly + 1—6271(712 — 1)dnsm.0, (2.15)

and similarly for L,,, while [L,, L,,] = 0. Here, c is a constant that multiplies the
center of the Virasoro algebra given by the identity operator, and it is called
the central charge of a two-dimensional conformal field theory. The physical
meaning of the two-dimensional central charge c is that it counts the number

of degrees of freedom in the theory, as shown in [19].
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One immediately observes that in contrast with the higher-dimensional
case, the conformal algebra in two-dimensional spacetime is infinite-dimensional
and therefore it gives stronger constraints on the dynamics of the theory. From
(2.14) we conclude that the eigenvalues of the dilatation operator are related
to the eigenvalues of the operators Ly and Lo. We use the same logic as in
the higher-dimensional case to argue that the eigenvalue of the dilatation op-
erator must be bounded from below, which now translates to the fact that the
eigenvalues of Ly and L are bounded from below as well. From the Virasoro
algebra (2.15) it follows that operators L, for n > 0, decreases the eigenvalue
of Ly, while the operators L_,, for n > 0, increases this eigenvalue. Therefore,
we define Virasoro primary operators as those whose eigenvalue of Ly (and Lg)

can not be decreased further
(L, 0(0)] = [L,,O(0)] =0, n>1. (2.16)

These are characterized by quantum numbers (h, k), which are eigenvalues of
LO and EO
[Lo, 0(0)] = hO(0),  [Lo, O(0)] = RO(0). (2.17)

The quantum numbers (h, h) can be related to the two-dimensional version of

the quantum numbers (A, s) using (2.14), by the following relations:
A=h+h,  s=h—h (2.18)

Descendants of the Virasoro primary state are obtained by acting with L_,, and
L_,, for n > 1, on the primary state. This way, the highest weight irreducible
representation of the Virasoro algebra is generated. These representations are
called Verma modules. The Hilbert space of two-dimensional CFT factorizes
into a sum of the Verma modules.

Generators {L_1, Lo, L1} and {L_1, Ly, L1} make the global subalgebra of
the Virasoro algebra. One can notice that there is no central charge in the
commutators of elements of the global subalgebra, similarly to the conformal
algebra in higher-dimensional spacetime (2.4). If eqs. (2.16) hold only for n =1
generators from the global subalgebra, we say that operator O is quasi-primary.
Therefore, every Virasoro primary is a quasi-primary as well, but not the other

way around. Each Verma module can be factorized into the sum of the highest
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weight representations of the global subalgebra, where the highest weight vectors
are quasi-primary operators from the given Verma module.

The four-point correlation functions are not fixed by the conformal sym-
metry even in two dimensions. But here the Virasoro algebra grants a much
better analytic control over them compared to the higher-dimensional cases,
which is the reason we often use the two-dimensional CFT as the toy model
for the calculation of the four-point correlators in CFT in higher-dimensional

spacetime.

2.2. Holographic CFTs

In [11] it was conjectured that there are two necessary and sufficient conditions
for CFTs to have a gravitational dual with local physics below the AdS scale.

The first condition can be stated as:

The central charge Cr is large, Cp — 00, and the correlation functions in the

theory factorize at large Crp.

The central charge Cr of the conformal field theory in spacetime with Euclidean
signature and arbitrary number of dimensions, is defined via the two-point cor-

relation function of the canonically normalized stress tensor

Cr

(T (2)Tpo (0)) = W%u,pa(@, (2.19)
where
1 1
Lyw,po(x) = B pp(@) oo (T) + Lo (2) 1 p(T)) — Ealwapm
02 (2.20)
IMV = 5/“/ - 233”5’31/7 Qg1 = -

2 o)

In the two-dimensional spacetime, the central charge defined this way is related
to the central charge ¢ defined via the Virasoro algebra (2.15) with the relation
Cr = ¢/2. However, one should remember that Cr in higher-dimensional CFTs
does not satisfy the c-theorem and therefore it can not be treated as the number
of degrees of freedom in the theory. The coordinate dependence of the two-
point correlation function (2.19) is fixed by the conformal symmetry, while the

coefficient C'r is a characteristic of a particular theory. The stress tensor in the
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holographic CFT is a CFT dual of the single graviton state on the AdS side of
duality.

In the example of the duality with the type IIB string theory and N = 4
SYM, the central charge of N/ = 4 SYM scales in terms of numbers of colors N
as

Cr o N2, (2.21)

Therefore, the fact that the classical gravity limit in type IIB string theory is
obtained by taking the large number of colors (N — o0) is equivalent to the
statement that the central charge of the N'=4 SYM has to be large.

The gravitational interpretation of the central charge in holographic CFT's
follows from [7]. Namely, in the case of three-dimensional gravitational theory
in Anti-de Sitter spacetime, the infinite-dimensional Virasoro algebra (2.15)
is found as the algebra of the asymptotic symmetry with the central charge
¢ = 3L/2Gy, where Gy is the Newton’s constant. Therefore, we generally
interpret the central charge as the inverse Newton’s constant G of the dual
gravitational theory, or equivalently, the inverse graviton coupling constant. In
the case when the CFT has a finite central charge, the effects of the finiteness
of the central charge would, therefore, correspond to the graviton quantum loop
corrections in the dual gravitational theory.

The second condition that the holographic CFTs have to satisfy can be

stated as follows:

There is a parametrically large gap Agap — 00 in the spectrum of conformal

dimensions of primary single-trace operators with spin greater than two.

When considering CFTs with the gauge symmetry, the physically relevant op-
erators are the gauge-invariant operators. In the CFTs with the matter in the
adjoint representation of the gauge group, the gauge-invariant operators are
made of multiple traces of fundamental fields. The second condition which the
holographic CFTs have to satisfy requires that the primary single-trace opera-
tors with spin greater than two have a large conformal dimension.

Multi-trace, gauge-invariant, primary operators are constructed as the

products of single-trace primaries with a number of derivatives inserted in a
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such way that the product is still the primary operator (or in other words, com-
mutes with K,). The large gap condition does not affect these operators in
holographic CFTs.

In the language of dual gravity, this condition can be interpreted as the
requirement that the fields with spin greater than two in gravity decouple from
the rest of the degrees of freedom. Namely, the single-trace primary operators in
CF'T are dual of the single particle states in gravity. Mass of the field in gravity
is proportional to the conformal dimension of the CFT operator. The large
gap in the spectrum of conformal dimensions of single-trace primary operators
with spin greater than two means that higher-spin fields in gravity have a large
mass, and therefore, decouple from the rest of the degrees of freedom. In the
example with type IIB string theory and N' = 4 SYM, the fact that in the
classical limit in gravitational theory we have large 't Hooft coupling (A — o0) in
N = 4 SYM is responsible for this decoupling of higher-spin primary single-trace
operators. Namely, these operators receive the large anomalous dimensions at
large coupling (A — o0) and end up with large conformal dimensions, even
though they have conformal dimensions of order one at the weak coupling (A —
0).

In the context of the string theory, requiring the large gap in the holographic
CFTs accounts for the decoupling of the stringy degrees of freedom in the dual
gravitational description. For the CFT with the finite gap, we would have a
dual gravitational description with higher-spin, stringy modes in the spectrum.

Additionally, one should notice that having the gauge symmetry is not
necessary for holographic CFTs. Without the gauge symmetry, we still use the
notion of single and multiple-trace operators in the spectrum of the CFT, but
in this case they differ by the large-C'r scaling of the corresponding three-point
functions. In the conformal field theories where we do not assume the existence
of the gauge symmetry, we also still use the “large-N” terminology by which we

mean the large central charge, according to (2.21).

2.3. The conformal bootstrap

We review the important technique for studying strongly coupled CF'T's, called
conformal bootstrap. It was developed in [20-23]. For recent, more detailed

reviews of the conformal bootstrap see [24-26].
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The conformal symmetry allows us to write the convergent operator prod-

uct expansion (OPE)

$1(x1)da(z2) = Y Ai20C(712,8,)0(y) , (2.22)

=z
primary O y=r2

where the sum goes over all unit-normalized primary operators O (with arbi-
trary spin) in the spectrum, functions C(z12,0,) are fixed by the conformal
symmetry and they account for the contribution of the descendants of the pri-
mary operator O. The operator O and the derivatives do not have to be eval-
uated at zo, they can be evaluated at any point between z; and x9, only the
function C will change accordingly. The expansion converges within correlation
functions in the Euclidean signature as long as x; is closer to x5 than any other
operators inserted at y;, or in other words, as long as there is a sphere enclosing
points z; and xo with no other external operator inserted within the sphere
(see eg. [27-29]). The operator product expansion is always done first in the
Euclidean signature and then it can be analytically continued to the Lorentzian
signature if necessary.

Using the operator product expansion we reduce any n-point to (n — 1)-
point functions and so on until we arrive at two-point functions that are fixed
by the conformal symmetry. Therefore, if we know quantum numbers (A, s) of
all primary operators in the spectrum of the theory and all OPE coefficients
Aijk, We can, in principle, compute any correlation function and the theory is
solved. These data are colloquially called OPE data.

The conformal bootstrap relies on the fact that the operator product ex-
pansion is the convergent expansion, therefore it has to be associative. By
requiring the associativity of the operator product expansion, also called the
crossing symmetry, we put bounds on the OPE data, or sometimes even solve
the theory. Let us consider the four-point correlation function of scalar pri-
mary operators ¢;, (¢1(x1)p2(x2)ds(x3)ps(z4)). Using the following operator

product expansions

Yy=x2

01 (21)62(2) = 3 M20C(w12,0,)0(9)|
© (2.23)

’
Z=x4

3(23)Pa(wa) = D A3a0C(34,0.)0(2)
(@]
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the four-point correlation function can be written as

(d1(21)P2(x2)P3(73)Pa(ws)) =

Z M20A310C (212, 0y)C (234, 0, )(O(y)O(2)) (2.24)
o

Y=T2,2=T4

On the other hand, we can choose to write the operator product expansions

between ¢1 and ¢4, as well as ¢ and ¢3

¢1(w1)Pa(w4) Z/\MOC 14, 0y >O’(y>) )

y=r4
(2.25)
P2 (x2)¢3(x3) Z)\zgof (223,0,)0'(2)
Z=X3
In this case, the four-point correlation function is given by
(91(21)92(w2)P3(w3)Pa(z4a)) =
(2.26)

Z Aaor A2zor C (214, 0y) C(wa3, 0, ) (O (y)O'(2))
o

Y=T4,2=2T3

The different ways of writing the OPE are called different channels of expansion.
Now, the condition of consistency of the theory (or the associativity of the OPE

or the crossing symmetry) requires that these two channels give the same result

Z AM20A310C (212, 3y)0($34, 9:)(O(y)O(2)) ’
(@]

Y=T2,2=T4

(2.27)
= Z )\14@/ )\23(9/ C(.’b14, ay)C(-TQ?n az) ((’)’(y)(’)’(z))
o’

Y=T4,2=T3

This equation is a non-trivial constraint on the OPE data and it is known as
the bootstrap equation. It bounds the spectrum of the theory, as well as on the
OPE coefficients.

One should notice that generally we do not have the contributions of the
same primary operators in both channels, that is why they are denoted differ-
ently by O and O'. The parts of the contributions of these operators that are
fixed by conformal symmetry, C(z12,0y)C(z34,0,)(O(y)O(2))|y=2s,2=2, and
C(x14,0y)C (223, 0.) (O (y)O'(2))|y=24,2=x, are called conformal blocks (or con-
formal partial waves). They are not crossing symmetric independently, but their

corresponding sums have to be, which is the reason why the condition (2.27)
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is the non-trivial requirement on the spectrum of the theory. The explicit ana-
lytic expressions for the blocks are known in even-dimensional spacetime since
the work of Dolan and Osborn [30,31]. Their expressions play a crucial role in
the conformal bootstrap technique as they help to solve (2.27). The conformal
bootstrap technique has brought many new results for holographic CFTs in
recent years (see e.g. [11-14,32-55]).

We solve this equation by taking a particular kinematic limit which isolates
the small number of operators that contribute in one channel and their contri-
butions have to be recovered by an infinite number of operators in the other
channel. Examples of such limits are the lightcone and Regge limits. Physically,
the lightcone limit is a limit where one of the external scalar operators in the
four-point function approaches the lightcone of one of the other external op-
erators, while the Regge limit corresponds to special kinematics, which on the
gravity side is described by the scattering of highly energetic particles whose
trajectories in the bulk are approximately null.

The usefulness of the conformal bootstrap technique for solving CF'T's lies
in the fact that one does not have to specify the theory, for example, with its
Lagrangian. The set of reasonable assumptions about the spectrum of the theory
allows one to run the bootstrap program and learn more about the whole class
of theories for which the assumptions work. The particular class of theories that
we are interested in are the strongly coupled, holographic CFTs. The bootstrap
equation is perfectly well-defined for the strongly coupled theories as it does not
rely on the perturbative expansion in the coupling constant.

In the rest of the thesis we mostly consider the holographic CFTs in four-
dimensional spacetime. We study the four-point correlation function of two pair-
wise identical primary single-trace scalar operators Op and O, with conformal
dimensions Ay, and Ay, that scale as Ay, ~ O(1) and Ay ~ O(Cr). Because of
this scaling, operator Oy, is called “light”, while Op is called “heavy”. Taking
into account the dual gravitational picture, O is a CFT analog of the black
hole, while Oy, represents a light probe. Instead of the usual 1/C7 expansion
parameter in the correlators of the holographic CFTs, for the four-point cor-
relation function that includes two heavy states Oy as the external operators,

one has to use u ~ Ay /Cr as the expansion parameter.
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Two channels of the expansion are called “T-channel”, where two OPEs
are written between O x O and Oy x Og, and “S-channel”, where we have
two OPEs Oy x O and O x Og. The important set of primary operators
that contribute to the T-channel is called “the stress tensor sector” and consists
of the stress tensor (which is a single-trace operator) and multi-trace operators
made of the stress tensor. Operators made of £ stress tensors contribute at order
1* to the correlator. As the stress tensor is a conserved current of the theory, its
OPE coefficient with two external scalar operators is fixed by the Ward identity.
On the other hand, the operators with k£ > 2 are not the conserved currents,
therefore, their OPE coefficients are not fixed by the conformal symmetry. The
gravitational analog of the stress tensor sector contributions to the correlator is
the exchange of the single graviton in the Witten diagram and Witten diagrams
with multi-graviton exchanges (the graviton loops).

In the kinematical limits we consider the stress tensor sector decouples from
the rest of the operators contributing in the T-channel, which allows us to solve
this sector completely, i.e. to write an algorithm for computing all of the OPE
coefficients of operators in the stress tensor sector with external scalar operators.
The contributions of these operators in the T-channel are reproduced by the
double-trace operators made of one O, and one Oy operator in the S-channel.
These double-trace operators receive an anomalous dimension and correction to
the zeroth order OPE coefficients due to the stress tensor sector contributions
in T-channel. Solving the stress tensor sector of the holographic CFT accounts
also for finding the analytic expressions for these anomalous dimensions and

corrections to the MFT OPE.

2.4. Thermalization in holographic CFTs

Due to the presence of finite temperature states (the black holes and black
branes with finite Hawking temperature) on the gravity side of AdS/CFT du-
ality, at least in the classical gravity limit, studying the thermal properties of
the dual CFTs represents the essential task to understand the full scope of the
duality and to be able to describe these states via their CFT counterparts.
One should notice that the conformal symmetry is broken at the finite tem-

perature, as the one-point functions of the local operators are not set to zero
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by symmetry anymore. This is because the temperature introduces the dimen-
sionful parameter in the theory which allows the thermal one-point functions
to be non-zero. All other assumptions on the spectrum of the CFT, including
the factorization of the Hilbert space and the operator product expansion*, are
assumed to hold when the CFT is set at finite temperature.

We have already suggested that the pure heavy scalar primary state Oy
is the CF'T equivalent of the black hole in gravity. This might seem to be in
contradiction with the usual AdS/CFT dictionary which says that black holes
(or black branes) in gravity correspond to a (mixed) thermal state in CFT, and
the Hawking temperature of the black hole is equal to the temperature of the
thermal state. Additionally, there is an obvious mismatch between the finite
Bekenstein-Hawking entropy of the black hole and the zero entropy of the pure
state, which could seem to completely invalidate the assumption.

However, we argue that the operators in the stress tensor sector thermalize
in the pure heavy states, such that their OPE coefficients with scalar heavy op-
erators are equal to their thermal one-point functions at the temperature that is
related to the conformal dimension of the heavy operator Ag. This justifies the
identification of the black hole with a pure heavy state in the dual holographic
CFT, as long as one is interested in studying the graviton contributions to the
gravitational or the CFT correlators. This also explains why the OPE coeffi-
cients of stress tensor sector computed in the thermal black hole background in
gravity [15] are equal to those computed in CFT by the conformal bootstrap
[13,14]. Other operators that are generically present in the spectrum of the
holographic CFTs do not thermalize in this sense, and their contribution would
see a difference between the mixed thermal state and the pure heavy state.

We extend the analysis of thermalization from holographic CFTs to all
large-C (or equivalently, large-N') theories, without assuming the large gap in
the spectrum. We show that thermalization works even in the opposite limit,

for free large-C'r theories whose gap goes to zero.

4 with modified convergence criteria
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3. Introduction

The AdS/CFT correspondence provides a non-perturbative definition of quan-
tum gravity in negatively curved spacetimes [8-10]. The correspondence in prin-
ciple provides an opportunity to study generic properties of quantum gravity,
possibly probing regimes unattainable by low-energy effective theories. Recent
years have seen a development in conformal bootstrap techniques following [20-
23], leading to many results for CFTs with holographic duals (see e.g. [11,32-
55]). CFT methods have therefore become a powerful tool in the study of
quantum gravity.

Crossing symmetry in CFTs imposes highly non-trivial constraints on the
theory. The idea of conformal bootstrap is to use these constraints to put
restrictions on the CFT data or, if possible, even solve the theory. One way to
make use of the crossing symmetry is to isolate a small number of contributing
operators in one channel, e.g. by going to a certain kinematical regime. This
typically has to be reproduced by the exchange of an infinite number of operators
in another channel. One such example is the lightcone limit where the separation
between two operators in a four-point function is close to being null. One can
then infer [56,57] the existence of double-trace operators at large spin in any
CFT in dimensions d > 2. The Regge limit provides another opportunity to

isolate the contribution of a class of operators, those of highest spin.

3.1. The conformal bootstrap in the Regge limit

In holographic CFTs the Regge limit of a four-point function, extensively stud-
ied in [58-63]°, is dominated by operators of spin two — the stress tensor and the
double-trace operators (this is a consequence of the gap in the spectrum). In
gravity, it reproduces a Witten diagram with graviton exchange (see e.g. [43]).
The Regge limit corresponds to special kinematics, which on the gravity side
is described by the scattering of highly energetic particles whose trajectories in
the bulk are approximately null.

Such scattering can be described in the eikonal approximation where par-
ticles follow classical trajectories but their wavefunctions acquire a phase shift

5(S,L). The phase shift is a function of the total energy S and the impact

® See also [45,64-86] for other recent applications of Regge limit in CFTs.

20



parameter L. In the CFT language, this phase shift can be extracted from the
Fourier transform of the four-point function. In [59] the phase shift extracted
from the four-point function of the type (O10;0205) was shown to be equal
(up to a factor of —) to the anomalous dimension of the double-trace operators
[0105] 1 =: 01079, ...0,,0s :, at leading order in 1/N?. The Regge limit
implies that the calculation is valid for n,l > 1. These anomalous dimensions
have been subsequently verified in [49,87-95].

So far both operators @ and Oy were assumed to have conformal dimen-
sions of order one. In the following, we will refer to them as “light” operators
and denote them by Oy,. In [55] one pair of operators (which we denote by Op)
was taken to be “heavy”, with conformal dimension Ay scaling as the central
charge. The ratio yu ~ Ap/Cr is a useful expansion parameter; its power k
corresponds to the number of stress tensors in the multi-stress tensor operators
exchanged in the T-channel (Oy x Oy — (T;u/)k — O x0r)%. As explained in
[55], one can define the phase shift as a Fourier transform of the (OgOgOrOp)
four-point function. It is related to the time delay and angle deflection of a
highly energetic particle traveling along a null geodesic in the background of an
asymptotically AdS black hole. The black hole corresponds to the insertion of
the heavy operator Qg ; its mass in the units of AdS radius is proportional to
1.

The phase shift §(S, L) was computed in gravity in [55] as an infinite series

expansion in pu, %.e.,
oo

0(S, L) =Y 6®uk, (3.1)

k=1
with terms subleading in 1/N? suppressed. Conformal dimensions A and spins

s of heavy-light double-trace operators [OyOp],, are given by
A:AH+AL+2n+l+7<nJ)7 82[7 (32)

where the anomalous dimensions y(n,!) admit a similar expansion in powers of

W
_ - (k) &
YD) =Y ypin”. (3.3)
k=1

6 Recently a similar limit was studied in [15].
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In [55] it was also proven that

o _ s

n,. — 7r,

(3.4)
where the following identifications are implied:

h=n+l, h =n, S = 4hh, e 2k (3.5)

S| S

However, it was observed that this relation does not hold for higher order terms,

ffl) is not proportional to §¢*). One of the aims of Section 4 is

i.e. in general ~
to explain how higher order anomalous dimensions are related to higher order

terms in the phase shift.

3.2. The minimal twist multi stress tensors

As reviewed before, the two-point function of the stress tensor in Conformal
Field Theories is proportional to a single parameter, the central charge Cr.
It generally serves as a measure of the number of degrees of freedom in the
theory. In two spacetime dimensions this statement can be made precise: one
can define a c-function which monotonically decreases along Renormalization
Group flows and reduces to the central charge at conformal fixed points [19].
In four spacetime dimensions the situation is a bit more subtle and it is the a-
coefficient in the conformal anomaly which necessarily satisfies ajg < ayy [96].
Nevertheless, in any unitary conformal field theory a and C'r can only differ
by a number of O(1) (see [97] for the original argument and [98-104] for more
recent field theoretic proofs.) Hence, to consider the limit of infinite number of
degrees of freedom one needs to take C'r to infinity.

In two spacetime dimensions conformal symmetry is described by the
infinite-dimensional Virasoro algebra. This symmetry strongly constrains corre-
lators, especially when combined with the Cp — oo limit. Of particular interest
is the heavy-heavy-light-light correlator, which involves two heavy operators
with conformal dimension Ay ~ C7 and two light operators with conformal
dimension Ay, ~ O(1). In this case the contribution of the identity operator
and all its Virasoro descendants is known as the Virasoro vacuum block and
has been calculated in several ways [40,105-110]. The Virasoro vacuum block

(and finite C corrections to it) is instrumental in a variety of settings, such as
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e.g. the problem of information loss [111-116] and properties of the Renyi and
entanglement entropies [117-120] (see also [121,122] for the original applications
of large C'p correlators in this context).

The heavy-heavy-light-light Virasoro vacuum block exponentiates
(On(00)OL(1)OL(2) 0w (0)) ~ A1 057, (3.6)
with F a known function which admits an expansion in powers of u ~ Ay /Cr

Flpz) =) n"FP(). (3.7)
k

One can consider contributions of various quasi-primaries made out of the stress
tensor to F*). At k = 1 the only such quasi-primary is the stress tensor itself,
while for k = 2 one needs to sum an infinite number of quasi-primaries quadratic
in the stress tensor (double-stress operators) and labeled by spin. The situation
is similar for all other values of k. It is possible to compute the OPE coefficients
of the corresponding quasi-primaries, starting from the known result for the
Virasoro vacuum block. Interestingly, at each order in p, F*) can be written

as a sum of particular terms [55]7

k

FR(2) = by fi(2) fi(2), ) iy =2k, (3.8)
{ip} p=1

where f,(2) = (1 — 2)%2F1(a,a,2a,1 — z).

It is an interesting question whether a similar structure appears when the
number of spacetime dimensions d is greater than two. Unlike in two spacetime
dimensions, in addition to spin, multi-stress tensor operators are also labeled by
their twist. An interesting subset of multi-stress tensor operators is comprised
out of those with minimal twist. These operators dominate in the lightcone limit
over those of higher twist. In [124] an expression for the OPE coefficients of two
scalars and minimal-twist double-stress tensor operators in d = 4 was obtained,
and the sum was performed to obtain a remarkably simple expression for the

near lightcone O(u?) term in the heavy-heavy-light-light correlator. It was

7 Similar expressions in a slightly different context appeared in [123].
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shown to have a similar form to (3.8). One may now wonder if the minimal-twist

multi-stress tensor part of the correlator in higher dimensions exponentiates

<0H(OO)OL(1)OL(Z7 2)OH(O)> ‘multi—stress tensors eALf(H;Z,Z)’ (39)

and whether F(u; z, Z) can be expressed as
Flpsz,2) =Y uFFP(z2), (3.10)

k
with
a2 : d+2
FP(z,2) = (1 - 2" Z biy..ir fir (2)+ fir (2), Zip =k (?) )
{ip} p=1

(3.11)

and d an even number.
In Section 5 we investigate this further. We start by assuming that the
multi-stress tensor sector of the heavy-heavy-light-light correlator in the near

lightcone regime z — 1 admits an expansion in p

<OH<OO)OL(1)OL(Z’ Z)OH <0)> ‘multi—stress tensors Z ukg(k) (’Z? 2)7 (312)
k

where each coefficient function G*)(z, 2) takes a particular form:

_ 5)k(42) b d+2
g(k)(z, 2) = <1 ) — - Zalllkfll(z)flk<z)7 ZZP = k :
(- a0 - P 2 Si=+(5)

(3.13)
We subsequently use this ansatz to compute the contributions of the multi-stress
tensor operators to the near lightcone correlator and extract the corresponding
OPE coefficients.

For even d, the hypergeometric functions in (3.13) reduce to terms which
contain at most one power of log(z) each. Their products contain multi-logs
whose coefficients turn out to be rational functions of z. We use the conformal
bootstrap approach initiated in [22] (for a review and references see eg. [24-26))
to relate these functions to the anomalous dimensions and OPE coefficients of
the heavy-light double-trace operators in the cross channel. The ansatz (3.13)

has just a few coefficients at any finite k£ which can be determined completely
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from the cross-channel data derived using the (k — 1)th term. This is related to
the fact that all the log™(z) terms with 2 < m < k are completely determined
by the anomalous dimensions and OPE coefficients at O(u*~1). At each step,
we obtain an overconstrained system of equations solved by the same set of
i, . i, This provides strong support to the ansatz (3.11). We then proceed to
derive the OPE coefficients of the multi-stress tensor operators with two light
scalars from our result. In practice, we complete this program to O(u3) in
d = 4 and to O(u?) in d = 6. However the procedure outlined can be easily
generalised to arbitrary order in p and any even d.

In [15] the authors considered holographic CFTs dual to gravitational theo-
ries defined by the Einstein-Hilbert Lagrangian plus higher derivative terms and
a scalar field minimally coupled to gravity in AdS441. Interpreting the scalar
propagator in an asymptotically AdSgzy; black hole background as a heavy-
heavy-light-light four-point function, enabled the authors of [15] to extract the
OPE coefficients of a few multi-stress tensor operators from holography (see
also [125-127] for related work). Ref. [15] also argued that the OPE coefficients
of the leading, minimal-twist multi-stress operators are universal — they do not
depend on the higher derivative terms in the Lagrangian. Their results agree
with the general expressions obtained in this section, upon substitution of the
relevant quantum numbers. We do not use holography in Section 5; our major

assumption is (3.13).

3.3. The full stress tensor sector of conformal correlators

In Section 6 we study the contribution of the entire stress-tensor sector to the
scalar CF'T correlation functions, (OO OrOg). We go beyond the limitation
of considering only the minimal twist multi stress tensor operators. We inves-
tigate the stress tensor sector further by considering contributions from multi-
stress tensors with non-minimal twist. Our goal is to determine the structure
of the correlator to subleading orders in the lightcone limit and extract the rel-
evant OPE coefficients. Once more, we motivate an ansatz similar to the one
successfully describing the leading lightcone behavior of G(z, Z) and show that
most of the parameters in the ansatz can be fixed using lightcone bootstrap.
A few parameters are, however, left undetermined and might depend on the

details of the theory. They correspond to the OPE coefficients of multi-stress
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tensors with spin s = 0,2. Our approach can be employed to study the stress-
tensor sector to arbitrary orders in p and (1 — z). We completed this program
for the O(u?) subleading, subsubleading and subsubsubleading terms as well as
the O(u?) subleading and subsubleading terms.

The OPE coefficients of the minimal twist multi stress tensors can be ob-
tained by the Lorentzian inversion formula [73,78] as shown in [128]%. We also
investigate this complementary approach to computing the OPE data of the
stress tensor sector. As noted earlier, the validity of the Lorentzian inversion
formula for the HHLL correlator has not been rigorously established. It is
however natural to expect that it is applicable in the large-C'r and small-u ex-
pansion, as long as a Regge bound is observed. Here we assume that the Regge
behavior of the correlator is given by o~=* at O(u*) in the large-Cp limit, which
is consistent with the behaviour of the scattering phase shift from a black hole
(or a massive star) computed classically in AdS. We then find that whenever the
Lorentzian inversion formula is applicable, ¢.e., for operators of spin s > k+1 at
O(u*), OPE data extracted with both methods are in perfect agreement. How-
ever, already at order O(u?), our ansatz combined with the crossing symmetry
or Lorentzian inversion formula is more powerful than the Lorentzian inversion
formula alone. For instance, while the former procedure allows us to determine
the OPE coefficient of a triple-stress tensor with spin s = 4 and twist 7 = 8,
this is not possible using solely the Lorentzian inversion formula.

Finally, we explore the possibility of obtaining the unknown OPE data from
the gravitational description of the CFT. We use the phase shift calculation in
the dual gravitational theory. The scattering phase shift — acquired by a highly
energetic particle travelling in the background of the AdS black hole — was
first computed in the Regge limit in Einstein gravity in [55]. To explicitly
see how the presence of higher derivative gravitational terms affects the OPE
data, we work in Einstein-Hilbert + Gauss-Bonnet gravity with small Gauss-
Bonnet coupling A\qgg. To combine the gravitational results with those of the

CFT in the lightcone regime, we follow the approach first discussed in [124]

8 One should exercise caution when using the Lorentzian inversion formula in the
context of the HHLL correlator as the Regge behaviour of the correlator has not been

rigorously established.
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and further developed in [13], which involves an analytic continuation of the
lightcone results around z = 0 and an expansion around z = 1. Matching terms
in the correlator obtained from the gravitational calculation to those obtained
from the CF'T enables us to completely fix the stress tensor sector of the HHLL
correlator up to the OPE coefficients of the spin-0 multi-stress tensors which are
left undetermined. Non-universality is manifest by the presence of the Gauss-

Bonnet coupling in the expressions for the OPE coefficients.

3.4. Review of heavy-heavy-light-light correlator in holographic CFTs

In this section, crossing relations for a heavy-heavy-light-light correlator of pair-
wise identical scalars are reviewed. We consider large-N CFTs, with Cp ~ N2,
with a parametrically large gap Ag,p in the spectrum of single trace operators
with spin J > 2. The object that we study is a four-point correlation func-
tion between two light scalar operators Op, with scaling dimension of order
one, and two heavy scalar operators O, with scaling dimension Ay of O(Cr).

Explicitly, we expand the CFT data in the parameter p defined in [55] as

_ 4l(d+2) Agy
F=a—1)T@e? cr

(3.14)

which is kept fixed as C'r — oo.
The four-point function is fixed by conformal symmetry up to a function

A(u,v) of the cross-ratios as

(On(24) 0L (23) O () O (1)) = —me) (315)
T14 " Ta3
where u, v are cross-ratios®
V=2z2z = %
s 24_ a2 (3.16)
u=(1-2(1-2)= %

and z;; = x; — x;. Using conformal symmetry we can fix ;1 = 0, 3 = 1 and

x4 — 00, with the last operator confined to a plane parameterized by (z, 2).

9 Note that (u,v) are exchanged compared to the more common convention.
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The main object of study is an appropriately rescaled version of (3.15)

G(z,2) = lim 2227 (O (x4)0L(1)OL (2, 2)Ow(0)). (3.17)

x4—>00

This can be expanded in the S-channel Of(z,z) — Oy (0) as

Glz,2) = (22) (A ta0) 37 (‘%)J 2040,0 00,040 95" 41" (2, 2).

7 (3.18)
where Ay, = Ag — Ar, A\iji are OPE coefficients and the sum runs over pri-
maries O’ with spin J’ and corresponding conformal blocks g;,. The correlator

can likewise be expanded in the T-channel O (z,2) — Or(1) as

J
66:2) = e 20 (3) Menenoreuonontill-2i1-3)

(3.19)
where we again sum over primaries O with spin J. The equality of (3.18) and
(3.19) constitutes an example of a crossing relation, in both channels we sum
over an infinite set of conformal blocks gé 1,42 (z,Z). These contain the contribu-
tion from a primary O and all its descendants. (For recent reviews on conformal
bootstrap see [24-26].) Here we have distinguished between operators O’ and
O, in the S- and T-channel, respectively, in order to stress that generically dif-
ferent operators are relevant in different channels. As an example of this, in
the lightcone limit in d > 2 one finds [56,57] that the T-channel is dominated
by the identity operator, while in the S-channel an infinite number of operators
contribute. These are the so-called double-trace operators that exist at large

spin in any CFT 4.
We will assume the following scaling for a non-trivial single trace operator

O (not including the stress tensor)

1
VCr

The conformal Ward identity fixes the following 3-pt function for the stress

(Ow,.0m,L0) ~

(3.20)

tensor

(Ou,t0a,1Tu) ~ Au.1, (3.21)
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which implies the following scaling for the exchange of the stress tensor in the

T-channel
(OuOuT,,)(T,O0LO0L) N AgAr

(TWTW> Cr
Keeping p small, it follows that the leading contribution in the T-channel is

~ L. (3.22)

given by the disconnected correlator (OgOp){(OrOL), i.e. the exchange of the
identity operator. Decomposing the disconnected correlator in the S-channel,
we will infer the existence of the “double-trace operators” [OpOrl,, for all
integers n, [, with scaling dimension A = Ay + Ap + 2n + 1+ v(n,l) and spin

. Moreover, the OPE coefficients scale as
(OpOL[0OuOLlng) ~ 1. (3.23)

Keeping p ~ Ag /Crp fixed as Cp — 00, (3.22) implies that the CFT data
of double-trace operators [Og O], receives perturbative corrections in . We
therefore expand the anomalous dimensions of these double-trace operators, as
well as the OPE coefficients

l
HL,HL 1
pé,l ) = <_§) )‘OHOL[OHOL]n,z)‘OLOH[OHOL]n,z ) (3‘24)

in p as

1 2
v, D) = ) + i+

PéiIL,HL) _ PéI?L,HL);MFT<1 + upéilL,HL);(l) + M2P7§7L’HL);(2) + .. .),
(3.25)

(HL,HL);MFT
Pn,l

with ... denoting higher order terms. The OPE coefficients
fixed and can be found in [38]:

(HL,HL);MFT (Apg+1—d/2)5(Ar +1—d/2)5(Ar)n(AL)n
Py

are

sh—h RU(h—h) Ay +Ap+h+1—d);(Ag+Ap +h+h—1), 5
1
X 7 1)
(h—h+d/2),(Ag + AL +h—d/2);

(3.26)
where (a)y is the Pochhammer symbol and the relation between (n, 1) and (h, h)
variables is given by
h=n+I, h =mn. (3.27)
In the limit Ay > Ar, h, h, (3.26) simplifies
D(ArL+h—d/2+1)T(AL +h)
hl/(h — R)/(h — h+d/2);
where Ca, = ([(Ap —d/2+ 1)T(AL)) "L

p(HL,HL)MFT

h,h—h (3.28)

~ CAL
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3.4.1. Regge limit of HHLL correlator

After the analytic continuation z — ze=2"" we use (o, p) coordinates defined

by:
1—2z=o0¢
(3.29)
1—zZ=o0e"".
The Regge limit corresponds to ¢ — 0 with p kept fixed. The easiest way
to understand the kinematics of the Regge limit is to consider the four-point

correlation function on Euclidean cylinder with coordinates (7,7), as in [55]:
(On(74,714)OL (73, 13) O (72, 12) O (11, 711)), (3.30)

where the relation between the operators on the cylinder and plane (with coor-

dinates x) is given by
Oa(z) = e ™20 (1, 72), r? = e, (3.31)

The heavy operators are evaluated at 74 — oo and 71 — —oo and via the
operator-state correspondence, they correspond to heavy states. The light op-
erators are evaluated near reference points P, and P3, that are null separated
after Wick rotation to Lorentzian signature 7 = —it. Basically, their time sepa-
ration is t3p —tap = m, and they are placed on the opposite sides of S%~1 sphere
nzp = —hop. Using the translational symmetry along 7 direction and rotational
symmetry on S9! we set O (73,73) = Or(P3). Now, time component of the

other light operator 7 is measured with respect to Ps3, and it is given by

T = 73 +i2°. (3.32)

0

We use (27, 112) as the coordinates of the other light operator that will be Fourier

transformed to get the gravitational phase shift as in [55]. It is easy to check
3

2z = —=
L3

— y 0
_ 62(7’2 T3) _ 82130 ,

(3.33)
(1-2)(1-2)= gy =14e“"" —2e'" coso,
3
where ¢ is the angle between vectors ngp = ns and ny. These conditions are

satisfied by the following relations:

=€ Z=e" | xt =1+ ¢. (3.34)
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In the correlation function (3.30) we start from the configuration where light
operators are inserted close to each other, 2° ~ ¢ ~ 0, and we shift one of them
Op(2°,f12) near the reference point P». In this case, 2° ~ ¢ ~ —x. Therefore,
we need to shift x+ — z+ —2m, or in terms of z variable z — ze~2™*. Correlation
function on the cylinder (3.30) is related to the correlation function on the plane
(3.17) by the simple conformal transformation.

After the analytic continuation, in ¢ — 0 limit the dominant contribution
to the correlator comes from high-spin operators, which follows from the fact

—J+1  These contributions can be

that the conformal blocks that scale as o
calculated via the means of conformal Regge theory, as explained in [63].

The conformal blocks in the S-channel transform as (see e.g. [44, 75])

QA,J(Za Z) — e_iﬂ(A_J)gA,J(Zv Z)v (335>

after the analytic continuation. In particular, for double-trace operators
[OuOL)n, with scaling dimension A = Ay + Ap + 2n + 1 + ~(n, 1), the blocks
transform as
A ,—A = —iT —imy(n, A ,—A =
g[(’)IiIL(’)L] blrL (Z Z) e (AH-I-AL) ~( l)g[ ILLOL]”?L (Z,Z). (336)
In what follows it will be convienent to do a change of variables to h = n +1
and h = n and to denote the block due to a heavy-light double-trace operator

AHL: Apr

[OuOLljh-n as g, Substituting the p expansion (3.25) in the S-
channel (3.18) and performing the usual analytic continuation to O(u) leads
to

o0

G(Z,2)|u0 _ (ZZ)—%(AH-FAL) Z P(Hi}l:IL) MFTgfﬁL’ Apgr (Z,Z)
h>h>0

Gz, 2)|1 = (22) 3Bu+AL) Z pUILHDNET < pUHL A (3.37)
h>h>0

1 1 App,—A _
s (3 @00 —in) >gh s (3, 5),

The new single trace operators that can possibly appear here would be sublead-
ing in 1/N?2. Continuing to O(u?), the imaginary part of the S-channel is given
by
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IIIKG(Z,Z))‘ 2_—Z7T(Z,z) s(Au+Ar) Z p(HLHL)MFT><

—h
h>h>0
(Vi_i)?
1 HL,HL);(1 h,h—h Anr,—A _
A R e e ) Uy S L)
(3.38)
Moreover, the real part of the correlator at the same order is given by
_ HL, HL MFT ( (HL,HL);(2
Re(Glz,2)) e = (2) H(Or+80) 3 pUILHDMET(pUIL AL
h>h>0
1 1 2 HL,HL)(1), (1)
57O+ 5 () 4 PR g, 1 o)
1 «a Apr,—A _
SO On + 0 g A (2, 2)
(3.39)

As we will see below, in the Regge limit the dominant contribution in the S-
channel comes from double-trace operators with h, h > 1. In this limit the OPE

coefficients are given by

PN & O (hR) A2~ % (= h)s 1. (3.40)

We will further need Ao, 0, 7 0,0, in (3.19), these are fixed by Ward Iden-
tities to be

2
HH,LL 1\ 2 A d \2A, ALF(d‘i‘l)
P = (<3) recomonon =T (75) & =S Tl

(3.41)
Note that as explained in [55], an expansion in p corresponds in the bulk to
an expansion in the black hole Schwarzschild radius in AdS units. The bulk
description of Regge limit follows almost intuitively from the CFT consideration.
Namely, the heavy operators generate the black hole background where the light
(but not massless) operators propagate on almost null geodesics. This implies
that the energy of the light operators has to be large compared to the inverse
impact parameter. On the more formal level, one can analyze the CFT Regge
limit in the momentum space, for Mellin amplitude, where it is given by s — oo
and fixed ¢. This is the limit where we have high energy scattering with fixed
momentum transfer which justifies the usage of the eikonal approximation in

the bulk calculation.
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3.4.2. Lightcone limit of the HHLL correlator

Below we review the setup of a heavy-heavy-light-light correlator with focus on
its behaviour in the lightcone limit. Using conformal transformations we define
the stress tensor sector of the correlator by

G(z,2) = lim 2227 (Op(24)0L(1)OL(2,2)O(0)) . (3.42)

T4—>00 multi—stress tensors

where z and Z are the cross-ratios given by (3.16). In (3.42) the “multi-stress
tensor” subscript stands to indicate the contribution of the identity and all
multi-stress tensor operators.

The correlator G(z,Z) can be expanded in the “T-channel” Op(1) x

Or(z,2) = O, as'?

G(z2) = [(1-2) (1 =2 2 Y P00 — 21 -2), (343)
OT,S

where 7 = A — s and s denote the twist and spin of the exchanged operator,

respectively, and gﬁ?go)(z, Z) the conformal block of the primary operator O ;.

,LL)

HH
Moreover, P((Q are defined as

1 S
Pc(oljf’LL) = (‘5) A0y 00,  AOLOLO, s (3.44)

where Ao, 0,0 and Ao, 0,0 denote the respective OPE coefficients.
We will mainly be interested in the lightcone limit defined by u < 1 or
equivalently Z — 1. In this limit the T-channel expansion (3.43) is dominated

by minimal-twist operators as follows from the behaviour of the conformal blocks

—0

Glu,v) m ™t Yy Py (1—0) 72 f514(0), (3.45)
O‘r s

where twist 7 is given just above and

fris(v) =(1- ERRPY 2 (% + s, % +s,7+2s,1— v) (3.46)

10" For reasons of convenience, here and in the rest of the thesis we refer to G(z, 2)
as the correlator; the reader should keep in mind that G(z, ) is not the full correlator

G(z, z) but only its stress tensor sector, as defined in (3.42).
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is a SL(2; R) conformal block.

For any CFT in d > 2 the leading contribution in the lightcone limit comes
from the exchange of the identity operator with twist 7 = 0. Another operator
present in any unitary CFT is the stress tensor with twist 7 = d — 2. Its
contribution to the correlator is completely fixed by a Ward identity and given
by (3.41).

As explained in [55], the correlator admits a natural perturbative expansion
n f,

G(z,2) =Y _ ugM(z2). (3.47)
k

Using (3.45) and (3.41), we find the following contribution due to the stress
tensor at O(u)

_ =2 dy2 d 2
AR T 0 - A ard+2) 2P (T Ty 2 2.
(3.48)

Let us study the correlator perturbatively in g in the lightcone limit. At
k-th order in that expansion we expect contributions from minimal-twist multi-
stress tensor operators of the schematic form

[T%] = Tpvy O O T (3.49)

Tk,min,S
where the minimal-twist 74 min and spin s of these operators are given by

Tk:,min = k(d — 2),

(3.50)
s=2k+ /¢

and ¢ an even integer denoting the number of uncontracted derivatives. We
moreover define the product of OPE coefficients for minimal-twist operators at

order k as

p(HHLL)  _ ukP(HH,LL);(k)_ (3.51)

[Tk]Tk:,min’s Tk,min,$S

Compared to the kK = 1 case, there exists an infinite number of minimal-twist
multi-stress tensor operators for each value of £ > 1. To obtain their contribu-
tion to the correlator in the lightcone limit, we thus have to sum over all these

operators.
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The correlator can likewise be expanded in the “S-channel” Op(z,Zz) X
Ou(0) = O g as

G(z,2) = (z2) 2(Amtau) N7 pgib I gTur = 8m) (2 2). (3.52)
O /’ o/
(HL,HL) . .
where P, are the products of the corresponding OPE coefficients and

Agrp = Ay — Ap. Operators contributing in the S-channel are heavy-light
double-trace operators [55,12]'1 [0y Or],n . In the Ay — oo limit the d = 4

blocks are given by

N n
(Apr,—Anr) (2,%) (ZZ)Z(AH+AL+2 +7)

~ RS R A |
IAy+AL+2n+7,1 ~ R (2 =21, (3.53)
and similarly in d = 6
(AprL,—AHL) = (Zg)%(AH_FAL_FQn_PY(n’Z))
gAH—l—AL—i-Qn—i-'y,l(Z zZ) ~ z—2)p
43 (3.54)
X (2”3 lil 2,1 (z<—>2)).
The anomalous dimensions (n,[) and the product of the OPE coefficients
(HL HL)

of the double-trace operators P, admit an expansion in p given by (3.25).
The zeroth order OPE Coefﬁments in large Ay limit, given by (3.28), can be

subsequently expanded in large [ limit (I > n ~ 1). We obtain

pUHLHL)MFT _ A=A — % +1)n
nl - n!T(Ap)
To reproduce the correct singularities manifest in the T-channel one has to sum

(3.55)

over infinitely many heavy-light double-trace operators with { > 1. For such
operators the dependence of the OPE data on the spin [ for [ > 1 is!?
. P

k(d—2) ?
2

k
(k) _ ”YT(L )
anl - lk(d—z) :

3.4.3. Higher-twist multi stress tensors contributions to HHLL correlator

(3.56)

Here, we review the contributions of the higher-twist multi stress tensor op-

erators to the heavy-heavy-light-light correlator in four-dimensional spacetime

(d = 4).

1 This the analogue of light-light double-trace operators that are present in the
cross channel of (0102020), with O and Oz both light, in any CFT [56,57].

12 This behavior in the large ! limit is different from that of the OPE data of light-
light double-trace operators [56,57].

35



3.4.3.1. T-channel expansion

Consider the T-channel expansion (3.43) in d = 4. Conformal blocks in d = 4
are given by [30,31]

000 - 21-2 =L () - @), 657)

zZ—Zz

with conformal spin, 5 = A + s, and
fa(z) = (1 = 2)%Fi(a,a,2a,1— 2). (3.58)

In the lightcone limit, defined by z — 1 and z fixed, the leading contribution to

the conformal blocks (3.57) comes from the first term in parenthesis in (3.57)

OO —21-3) =(1-32)% (fg (2) + O((1 — 2))). (3.59)

From (3.59) it is clear that the operators with the lowest twist in the T-channel
dominate the correlator in the lightcone limit.

Note that the only single-trace primaries with twist equal to or lower than
that of the stress tensor are scalars O with dimension 1 < Ap < 2, or conserved
currents with twist 7 = 2. In a theory without supersymmetry there is no a
priori reason for the contributions of these operators, even if they exist, to be
enhanced by a factor of Ap, so generically we expect them to be subleading in
Cr — oo limit.!3

The stress tensor sector of the correlator (3.42) admits a perturbative ex-
pansion in p given by (3.47), where the cases £ = 0 and k = 1 correspond to
the exchange of the identity and the stress tensor, respectively. For higher k£ we
expect “multi-stress tensors” to contribute to G(z, Z) . Since we are interested in
the four-point function of pairwise identical scalar operators, only multi-stress
tensor operators with even spin give a nonvanishing contribution. At O(u?),
the contribution of these operators was explicitly calculated in [124]. Following

that, it was shown in [13] how one can write the contributions of these operators

13 Interestingly, in [129] it is conjectured that OPE coefficients Agyy of operators ¢

with conformal dimension Ay < Agap and 1 with conformal dimension Ay, such that

Ay K Ay K C#>O, scale as Ay o< 2v_ . Note however that here we are working

Jer

in different regime, as Ay o< O(Cr).
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at arbitrary order in the py-expansion, in the lightcone limit (1—Z2) < 1, using an
appropriate ansatz and lightcone bootstrap. We briefly review this procedure
here since the contribution from non-minimal-twist operators is obtained in a
similar manner.

At O(pF), there are infinitely many minimal-twist multi-stress tensors with
twist 2k according to (3.50) which are distinguished by their conformal spin
B = A+ s given by 8 = 6k + 4¢ with ¢ = 0,1,2,.... Inserting the leading
behavior of the blocks (3.59) in (3.43) one finds

1—z)" (k)
G¥) (2,2) ~ ( P s f20 (2), (3.60)
71 [(1 — z)(l — Z)]AL 2 A(L),s(€)
with
k p(k) (HH,LL)
o PA(@ s(0) = P[Tk]ﬂs(e) ) (3.61)

where A({) = w, Tkomin = 2k, s(¢) = 2k + 2¢ and conformal spin § =
6k 4+ 4¢. Here ~ means that only the leading contribution as z — 1 is kept.

z—
It was shown in [13] that the infinite sum in (3.60) takes a particular form

k
g(k)(z Z) % <1 — Z Z Qi .. Zkfh flk(z)7 ZZP =
p=1

—1[(1 —2)(1 — 2)]~:
(3.62)

with 4, being integers and a;,.  ;, are coefficients that can be determined via

K
lightcone bootstrap. Furthermore, using an identity for the product of two f,
functions (Eq. (A.1) in [124]) one can express the G*)(z, 2) in the form of (3.60)
to read off the OPE coefficients for the exchange of minimal-twist multi-stress
tensors of arbitrary conformal spin.

In this section, we want to consider multi-stress tensors with non-minimal
twist. These operators are obtained by contracting indices in (3.49) either be-
tween the derivatives or between the operators. At O (,uk ) there exist operators
[T’“]Tk’m’S with twist

Tk,m = Tk,min + 21, (3.63)

for any non-negative integer m. For m # 0, these operators provide sublead-
ing contributions to the correlator in the lightcone limit. To consider these
subleading contributions it is convenient to expand G*)(z, 2) from (3.47) as

oo

g(k) Z Z Z AL—HH—mg(k m)( ), (364)

m=0
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where G*)(2) comes from operators of twists 7y ,, and less.
For illustration, let us consider the case k = 2 with m = 1. There exist two

infinite families of operators with twist 751 = 6 of the schematic form

06,2614—2 ~ Twﬁh e (9)\%1 Tﬁl, o

, , (3.65)
Ob.20544 ~ Ty Ox, - 06y, 07T )po = .

These two families share the same twist and spin for ¢; = /5 + 1. Hence, they
are indistinguishable for ¢; > 1 at order 1/C7 in the large Cr expansion. A
single operator stands out; it corresponds to /1 = 0 and is of the schematic form
: Ty T*, :. Note that : T),,7%, : has minimal conformal spin 8 = 10, among
the ones in (3.65), since By, = Be,+1 = 10 + 444, for ¢, > 1.

Let us now move on to the case kK = 2 and m = 2. Here, there are three
infinite families Os s, Og , and Og , with conformal spin 8 + 4/, 12 + 4/ and

16 4 445, respectively. Schematically, these families can be represented as

08,261 ~ aga)\l .. .8)\251 Taﬂ 5
0/8,2624—2 ~ TMOtaAl e 8)\252 aQTaV :7 (3.66)
OF 2054~ Ty Oy - Onyy, (0%)° T

Notice once more that the infinite families are indistinguishable for conformal
spin 8 > 16. Here, operators with g = 8,12 stand out. The operator with g =8
is of the schematic form : T, BTO‘[B .. For g = 12, there are two indistinguishable
operators of the schematic form : 7,,0*T%, : and : TQBGHGVTO‘[B ‘.

The same holds for m > 3 (and 7 > 10) since there is no other inde-
pendent way to contract stress tensor indices. The discussion above generalizes
straightforwardly to O(u*) with k+1 number of infinite families at high enough

twist.

3.4.3.2. S-channel expansion

The anomalous dimensions and the product of OPE coefficients for heavy-light
double-trace operators that contribute to the S-channel admit an expansion in

powers of u given by (3.25).
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We begin by briefly reviewing the calculation in the lightcone expansion,
i.e. due to the multi-stress tensors in the T-channel. Inserting the blocks (3.53)
in the S-channel expansion (3.52) one finds that
e (B [ HLHLY Lo bl it
G(z,2) = Z A dip,, (22)271 (27T — 277, (3.67)

zZ—z
n=0 0

where the sum was approximated by an integral over [, with (1 — Z) being the
small parameter. Namely, the difference between sum and integral is O(1 — 2)
and since we are always interested in the singular terms when 1 — z < 1, this
difference does not affect the calculation. Expanding the OPE data in (3.67)
according to (3.25) and noting that

s N~ L (malog(22) )’
(22)2 7t = ].:ZOJ'! ( 5 ) , (3.68)
it follows that terms proportional to log’z at O(u¥), with i = 2,3,...k, in
(3.67) are determined by OPE data at O(u*~1). These terms can therefore be
matched with the T-channel in order to fix the coefficients in the ansatz.

In [13], the leading contribution of the OPE data of heavy-light double-trace
operators as | — oo, together with the leading contribution of the conformal
blocks as z — 1, was used to determine the minimal-twist contributions in
the stress tensor sector of the T-channel. This section extends that analysis
by considering subleading corrections in the lightcone expansion and therefore
probing non-minimal-twist contributions in the T-channel. In particular, the

S-channel OPE data have the following dependence on the spin [ as | — oo:

oo k7
TR
PYn,l - lk - Ip s
p:
0o . (3.69)
pHLHL):(k) _ 1 PéHL:HL),(k,p)
n,l - lk ‘ lp P
p:

which is necessary in order to reproduce the correct power of (1 —z) as z — 1.

This can be seen by substituting the expansion of (3.28) in the large-l limit

PUILLHYMPT _ ((AL ~ D, (20(AL =2+ AL(AL — ))(AL ~ 1),

nIT (A7) 2(n)T (AL )2
1
e (Z_) )
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and (3.69) in (3.67) which result in integrals of the form

S aizpe-mer AL —m) (3.71)
0 ~ (=logz)he—m’ '

where m is a positive integer. Expanding (3.71) for Z — 1, the correct z-behavior

of the stress tensor sector in the T-channel is reproduced from the S-channel.

3.5. The rest of the thesis

Our first goal is to get insight into the heavy-heavy-light-light correlator at
O(u?), where there are the contributions of double-trace operators, made of
two stress tensors, whose OPE coefficients, in general, are unknown, although
some of these OPE coefficients are found in [15]. In Section 4 we study the
heavy-heavy-light-light correlator in the Regge limit. We show how to compute
the anomalous dimensions and the corrections to the MFT OPE coefficients of
the double-trace operators in the S-channel at O(u?) using the gravitational
calculation of the wave function phase shift of the light probe in the black hole
background.

In Section 5 we establish the complete algorithm for computing the con-

t'4 subset of the stress tensor sector at arbitrary

tributions of the minimal-twis
order ¥ in even-dimensional spacetime. The algorithm relies on the appropriate
functional ansatz for these contributions and the lightcone conformal bootstrap
that fixes the coefficients in the ansatz. When these coefficients in the ansatz
are fixed, one can read off the OPE coefficients of arbitrary multi stress tensor
operator with a minimal twist at the given order u*. We show that these oper-
ators have universal OPE coefficients in agreement with the statement in [15],
which means that they are the same in the whole class of holographic CFTs.
In Section 6 we extend the algorithm to include the contributions of multi
stress tensor operators with an arbitrary twist at each order in pu. We show
that the only OPE coefficients that can not be determined by the conformal
bootstrap technique are those of operators of spin s = 0,2. These OPE coeffi-
cients can be thought of as the parameters of the theory, that are not fixed by

the consistency condition and they parametrize the class of holographic CFTs.

14 Twist 7 of the operator is defined as the difference between the conformal dimen-

sion and spin, 7 = A — s.
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We show how the OPE coefficients of operators of spin two can be extracted
directly from the gravitational computation of the wave function phase shift of
the light probe in the black hole background.

Finally, in Section 7 we study the thermalization properties of the stress
tensor sector in general large-NN theories, without the large gap assumptions.
We show that the stress tensor sector of the theory thermalizes in the pure
heavy scalar state Oy with the large conformal dimension Ay ~ O(Cr). The
thermalization is manifested by the equality of the OPE coefficients of the multi
stress tensor operators with two heavy operators and the thermal expectation

value of stress multi stress tensor. Section 8 sums up the conclusions.
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4. Black holes and conformal Regge bootstrap
4.1. Summary of the results

In this section we explain how to compute the anomalous dimensions of heavy-
light double-trace operators [OgOL|,,; order by order in y, using the phase shift
result of [55]. In particular, we show that the O(u?) anomalous dimensions in

any d are given by

(2) 5@ g (1) .
Vheh =~ Ty On )y Bu > hh>10 (40)

Using known results for 6" and §(® from [55], we find an explicit expression
(2)

hoh—h
h > h > 1). We find perfect agreement.

for ~ and compare it with the known results in the lightcone limit ( Ay >

The rest of this section is organized as follows. In Section 4.2 we focus
on four-dimensional holographic CFTs. At O(u), we use the crossing equation
between the S- and T-channel to solve for the anomalous dimensions of heavy-
light double-trace operators [OgOp]y,;. The result is eq. (3.4), valid for I,n >
1. We then introduce the impact parameter representation which allows us to
rewrite the S-channel expansion as a Fourier transform. We use this to relate
the phase shift to the anomalous dimensions of [OgOpr],; at O(u?), thereby

deriving (4.1). Using a known result for the phase shift 6(2), we write down
(2)

o1 In the subsequent [ > n limit it reduces to

an explicit expression for -
the result which has been obtained in [55] in a completely different way (by
computing corrections to the energies of excited states in the AdS-Schwarzschild
background).

In Section 4.3 we generalize these results to any d (d = 2 is treated
separately in Appendix A.4.). By solving the Casimir equation in the limit
Ay > Ap,l,n, we obtain the conformal blocks for heavy-light double-trace
operators in the S-channel. Using the explicit expression for the blocks together
with the zeroth order OPE coefficients, we derive an impact parameter repre-
sentation valid in general dimensions. Just as in the d = 4 case, this allows

us to write the S-channel sum as a Fourier transform. Hence, we show that

(4.1) holds for any d. We compute 7(2)

n,l

in the lightcone limit and find perfect
agreement with the results quoted in [55]. In addition, we find an expression

for the O(u?) corrections to the OPE coefficients.
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Section 4.4 discusses various observations and mentions some open prob-
lems. Appendices contain additional technical details. The conformal bootstrap
calculations are summarized in Appendix A.1, the proof of the impact parame-
ter representation in d = 4 in Appendix A.2 and the proof in general dimension
d in Appendix A.3. The special case of d = 2 is treated in Appendix A.4. Ap-
pendix A.5 discusses the fate of some boundary terms. Appendices A.6 and A.7

contain some identities which are used in Section 4.4.

4.2. Anomalous dimensions of heavy-light double-trace operators in d =4

In this section we investigate the anomalous dimensions of heavy-light double-
trace operators [OgOLly, ,_p in d = 4 using conformal bootstrap. Moreover,
using a four-dimensional impact parameter representation we relate the anoma-
lous dimensions to the bulk phase shift to O(u?). This procedure can be re-
peated order by order in u to obtain the OPE data (anomalous dimensions and

OPE coefficients — see also Section 4.3) to the desired order.

4.2.1. Anomalous dimensions in the Regge limit using bootstrap

The conformal blocks in d = 4 are given by [30]

zZZ

ga3 9 (2,2) = — > (kavs(2)ka-g-2(2) = (2 ¢ 2)) (4.2)
where
ks(z) = 2P1%Fy (5 _QA”, g +2A34, 5,2) . (4.3)

In the limit Ay ~ Cp > 1 the hypergeometric functions in (4.2) can be substi-
tuted by the identity up to 1/Ap corrections. Explicitly, the conformal blocks
of [OxOL]j, j—p in the heavy limit are given by

(22)%(AH+AL)(Z}L+12FL _ ZFLzh—Fl)

Al_f-IL:_AHL(
h.h

2,Z) = (4.4)

zZ—Z

Inserting this form of the conformal blocks in (3.37) together with the OPE
coefficients in the Regge limit (3.40), we approximate the sums by integrals and

find the following expression at O(u°) in the S-channel

Gz, 2)]0 = CA / dh / dh(hR)A==2(h — h) (zh+12B—zB2h+1>. (4.5)

z2—Z
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The integrals are explicitly computed in Appendix A.1; the result is the dis-
connected correlator in the T-channel [(1 — 2)(1 — 2)]72L in the Regge limit
o— 0.

At O(p) in holographic CFT's the leading corrections in the T-channel come
from the exchanges of the stress tensor and double-trace operators [OrOp ], 1=2
([OgO H]n’lzg are heavy and therefore decouple). The conformal block for the
—2i

T-channel exchange of the stress tensor is found after z — e

by

z to be given

360ime"
= —+... 4.6
where ... denotes non-singular terms. The contribution from the stress tensor

exchange in the T-channel is thus imaginary for real values of ¢ and p. The
only imaginary term at order p in the S-channel expansion (3.37) comes from
the term proportional to —imy; it must reproduce (4.6).

In the Regge limit, we approximate the sum in the S-channel by an integral
and insert the OPE coefficients from (3.40); the imaginary part at O(u) in the

S-channel is thus given by

z—Z 0 PR )

(Zh+12h _ Zh2h+1> .

—3 00 o -
Im(G(z, 2))] 1 =£?L/O dh/ dh(hh)®*2(h — R)y")

With the ansatz 7}%11)1—71 = ¢ h®h?/(h— h) the integrals in (4.7) can be computed
(for more details see Appendix A.1). In order to reproduce the exchange of the

stress tensor, the anomalous dimensions at O(u) must be equal to

’Y(l) _ _90)‘0HOHT;W)\(9L(9LTM, h?
h,h—h — A h— }_l
T Then

where in the second line we inserted the OPE coefficients from (3.41). With
the form (4.8) not only the stress tensor exchange is reproduced, but also an
infinite sum of spin-2 double-trace operators (O Op ], =2 with scaling dimension

A, = 2A[ +2+2n. This is similar to what happens in the light-light case [75].
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To determine the second order corrections to the anomalous dimensions we

use the derivative relationship:

HL,HL);MFT (HL,HL);(1 HL,HL);MFT (1
PUILIINIT pUIL D) _ Lo o) (PUTEHDNET0) ) (4)

We will prove below (see Section 4.3.3) that this relationship is true in the limit
h,h > 1. The imaginary part at O(y?) in the S-channel from (3.37) is then
given by

Im(G(z, 2)) |2 = —in / dh / 0 i (ﬁj;_h

(4.10)
(,yﬁl) 7)2
1 HL,HL);(1 h,h—h
+ ’Yé,z)z_hpig,h—ﬁ )y — 5 (Ot 3;3))%,;3-
With the help of (4.9), one can write (4.10) as
Im(G(z, )| 2 = — i / dh / dn PN g,
x| L’h_ y, + op)7 ) total derivati
Thh-h ~ 9 (On + )7y ,_j | + totalderivative,
(4.11)

where the total derivate term does not contribute (see Appendix A.5 for de-

(2)
h.,h—h

to consider the exchange of infinitely many double-trace operators made out

tails). In order to fix v; completely from crossing symmetry, we would need
of the stress tensor in the T-channel. Instead, we will use an impact parame-
ter representation to relate ’y( ) 5 to the bulk phase shift calculated from the
gravity dual in [55].

4.2.2. 4d impact parameter representation and relation to bulk phase shift

In [59] the anomalous dimensions of light-light double-trace operators in the
limit A, h > 1 were shown to be related to the bulk phase shift. An impact
parameter representation for the case when one of the operators is heavy was
introduced in [55], where it was also shown that the bulk phase shift and the
anomalous dimensions are equal at O(u). The goal of this section is to see

explicitly how the bulk phase shift and the anomalous dimensions are related

to O(u?).
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The correlator (3.17) can be written in an impact parameter representation

as

0o h
G(z,2) :/ dh/ dh T, 5. f(h, h), (4.12)
0 0
with Z,, ;, given by
( ) . -
Zh’;} _ (22)_ AH‘Z"AL Pfgii,}{iL),MFT }i;:;[L, AHL(Z,Z> (4.1?))

and f(h, h) some function that generically depends on the anomalous dimension
and corrections to the OPE coefficients. In particular, for f(h,h) =1, (4.12) is
equal to the disconnected correlator. In Appendix A.2 it is shown that Z, j can

be equivalently written as

IS

d4 ) _ _ 2 _
T, =C(AL) / P p2)Ae=2e=ipe(, _R)5(p e+ h+h)S (p— + hh)
’ M+ (27T) 4
(4.14)
where M is the upper Milne wedge with {p? < 0, p® > 0}, C(AL) given by

(with d = 4)
9d+1-2A _1+4
C(A) = - (4.15)
T(A)T(A -2 4 1)

and € = (1,0,0,0). Moreover, following [55], we will set z = e’ and z = et
with 2+ =t +r and = =t — r in spherical coordinates.

Using the identity

spoethih)s(Zrnn) = — (s(% 0\ o (% i)+ e h)

b 4 “h—n 2 2 ’
(4.16)

with p* = p' +p", p~ = p' — p", the integrals over h,h in (4.12) are easily

computed. With the identification h = % and h = % it follows that a generic

term like (4.12) can be written as a Fourier transform

o) h 3 d4 . + —
[Can [ aizsnm =@ [ SRty (7”2,7”2(4)1.7)

We thus see that the impact parameter representation allows us to rewrite the

S

S-channel expression as a Fourier transform.
The phase shift d(p) for a pair of operators Oy and O, with scaling
dimensions Ap/Cr o p and Ap/Cr < 1, respectively, was defined in [55] by
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B(p) = /d4xeipr(:v) = Bo(p)e™®, (4.18)

where G(z) is given in (3.17) and By(p) denotes the Fourier transform of the
disconnected correlator. As the OPE data, the phase shift admits an expansion
in p:

3(p) = pd™M (p) + 1?6 (p) + .. ., (4.19)
where ... denotes higher order terms in the expansion. Expanding the expo-
nential in (4.18) in p we get

- o(1) o ()2 (2)
B(p):Bo(p)(l-i—w(S + (—T + 16 )-I—) (4.20)
With (4.20) the relationship between the anomalous dimensions and the bulk
phase shift to O(u?) can be established using (3.37), (3.38) and (4.17):

o 00
h,h—h
R (4.21)
@ _ 8 Tk g0
Yhnh =~ t g OntOR)vge

The phase shift was calculated in closed form to all orders in pu for the

four-dimensional case [55], with the first and second order terms given by

3T e L
s — 22 /_p2 —
2 et —1 (4.22)
357 2el — =L '
52) — 20 /2t 7
8 p (e2L —1)3’
where N B
—p?=ptp~, coshl = 2 tr (4.23)

ENe
Using (4.22) and (4.23), the O(u) corrections to the anomalous dimensions are
given by 4\ = —3n?/l, which agrees with (4.8). From (4.22) and (4.21), we

n,l

deduce the anomalous dimensions at O(u?):

2 _ 35Q2l+n)n? n?
Tl = 9% (4.24)
Taking the lightcone limit (I > n > 1) in (4.24) we find
17 n3
Tl &~ 7 (4.25)

The anomalous dimensions in the lightcone limit (4.25) agree with eq. (6.40) in
[55], which was obtained independently by considering corrections to the energy
levels in the AdS-Schwarzschild background.
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4.8. OPFE data of heavy-light double-trace operators in generic d

In this section we will write the general form of conformal blocks for heavy-light
double-trace operators in the limit Ay ~ Cpr > 1 and general d > 2. These
blocks will be used to confirm the validity of the impact parameter represen-
tation in Appendix A.3. Using the impact parameter representation the OPE
data will be related to the bulk phase shift. In particular, we show that (4.21)
remains valid in any number of dimensions and find explicit expressions for the

corrections to the OPE coefficients up to O(u?).

4.8.1. Conformal blocks in the heavy limat

In order to find conformal blocks in general spacetime dimension d in the limit

Ag > Ap, h, h, we write them in the following form:

Ag+Ag,

Gu TR (2,2) = (22) 2 F(2,2), (4.26)

where the function F(z,Z) does not depend on Apy and is symmetric with
respect to the exchange z <> Z. Let us now insert the expression (4.26) into the

Casimir equation and consider the leading O(Ap) term:

0 . _0 _ = _
zaF(z, Z) + ng(z, Z)— (h+h)F(z,2) = 0. (4.27)

The most general solution to eq. (4.27) is:

F(z,2) = MHh f@), (4.28)

z

where f is an arbitrary function that satisfies f(1) = 2~ h=h f(z), since confor-
mal blocks must be symmetric with respect to the exchange z < Z.

The behavior of the conformal blocks as z,z — 0 and z/Z fixed is given by
[30,130]

l! A (- z+z
Alg A34 — — ( 1)
: 7)o >0z , 4.29

where A = Ay + Ay + 2n + [ and C(gp ) (z) are the Gegenbauer polynomials.

Using (4.29), we can completely determine the function f:

f@) - (g(}i_%@)#cif)(%) (4.30)

48



That is, the conformal blocks in the limit of large Ay are given by

App.—A _ (h — h)! _ AptApthah (d q) z4Z
hﬁL (2, 2) = m(zz) 2 b T, (2\/5) (4.31)
2 J—

It is easy to explicitly check that this form of the conformal blocks agrees with

the one we used in d = 4 in the previous section.

4.8.2. Anomalous dimensions

In Appendix A.3 we prove the validity of the impact parameter representation
in any d. This means that the derivation of (4.21) goes through for arbitrary d.
Using known results for the bulk phase shift from [55], we thus find

. _
(1) hz I'(d) d d h
;= F(=—-1,d-1,=-+1,-). 4.32
In the lightcone limit (h = [ >> h = n) this reduces to
e I'(d)
n " 4.33
’Yh,h—h hg_l F(%)F<g + 1) ( )

Similarly, using (4.21) together with eq. (2.29) and eq. (A.5) from [55], we find

the O(u?) corrections to the anomalous dimensions in the limit A, h > 1:

@ __ 8 1 2 T pegy e (h=h)P]
Th,h—h P N RV A [ Ay S F(g)Q hTh
}_ld_l 92d—4T (d+ ) B
(=) aria . mied - sa-2ag) +
Rip2=d  AT2(q) d d k)’
Fl--1,d-1,-+1,—
U ) d2T4 (9) ( P 2 h]) "
hi=Y(h —h)3=%  T2(d) d d h
Fl--1d-1,-+1,—
h+h dr4(%{) 2 1[2 ) 2+ ,h]
(4.34)
Taking further the lightcone limit (h > h) we find that
- 2
7(2) ~ hd_l 22d_4 dF (%) _ ﬁr (d+ %) (4 35)
h,h—h hia—2 F(d—22)2 F(d) : :
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The result (4.35) agrees with eq. (6.42) in [55] which was obtained independently
using perturbation theory in the bulk. In order to see this explicitly, one should

notice the following expression for the hypergeometric function:

d d d d 1<1 F4(1+g)r(2d+1)) (4.36)

Fy(l,—=, —= 14,14 -;1)= =
3ol =5 =5+ 91451 =3 T4(d+1)

4.8.83. Corrections to the OPE coefficients

So far, we have only considered the imaginary part of the S-channel. The real

part at O(u) is given by the following expression:

+oo
HL,HL);MFT
Re(G(z, 2))|, =(z2)"2(An+AL) / dh / U

HL,HL);(1 1 _ _
x (PUEHEND 20 (0 4+ 0p) )gpae 28 (2, 2),

which can be rewritten as:

+o0o
Re(G(z, 2))|, = (22)"2(@n+a0) / dh / dhg? A

(HL,HL);MFT (HL,HL);(1) 1 \(p(HL,HL);MFT (1) (4.38)
(P' ~h Phnh - 5(8h - 6h>(P ~h h,h— h)>

-+ total derivative.

The total derivative term in (4.38) can be shown to vanish as explained in
Appendix A.5.

To derive a relation between the corrections to the OPE coefficients and the
anomalous dimensions at O(u), let us consider the limit A, h > 1 and substitute
h by h everywhere. Using (4.32), one can deduce fy( ) 7 o h. Then, it follows
that (O, + 3,3)(P(HL HL)MET ) (1) ) x P(HL HL); NiFT" and hence the second

h,h—h h,h—h h—h
term on the right hand side of (4.38) behaves as:

2(AH+AL) —+o00 _
(22) / dh/ dhg AHL, At (g, 4, )( }EI;ILL:TL) MFT%(ll})L )
1
¢ AL

(4.39)
On the other hand, we know that in the Regge limit the leading contribution

in the T-channel at O(u) comes from the exchange of the stress tensor. The
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real part of its conformal block is proportional to o¢, so the T-channel result
behaves as m This is way less singular than (4.39). Hence (4.39) must be
canceled by the first term on the right hand side of (4.38), at least in the limit
h,h > 1. That is:
(HL,HL);MFT p,(HL,HL);(1) _ ¢ p(HL,HL);MFT _(1)

Prn’h Phn’h (ah—i_ah)(Phhh h,h— R)- (4.40)
A similar relation holds for the OPE coefficients of light-light double-trace op-
erators, e.g. see [11,38,53]. In that case it was observed in [49] that the relation

is not exact in (h,h). We expect the same to be true here. Furthermore, the

real part at O(u?) was given in (3.39) as

Re(Glz,2)) | = (2) H(Or+80) 3 pUILHDMET( pUL AL

h h,h—h
h>h>0
1 1 1, (@ HL,HL);(1) (1
= S P+ S+ PO 00w+ )
LNeS Apr,—A
+ SO )20+ 037 g

(4.41)

Using the impact parameter representation this can be expressed as:

2
HLHL 2 7T 1
Re(G(z, %) 2_/ dh/ thhh P( 42 _ 2(7,%,,1_,;)2

(O + 6h>(P(HL JHL); MFT(’)/(Q) n P}EP}ILL JHL);(1) (1) ))

_QP(HLHL)MFT h h,h—h h Thoh—h
h,h—h
1 9/ o(HL,HL);MFT, (1) \2
+ g pUILHL):MFT (On + Op) (Pﬁ,h—ﬁ Wﬁ,h—ﬁ) )>’
h,h—h

(4.42)

where we repeatedly integrated by parts. It follows from (4.20) and (4.17),

(1)
h,h—h

O(u?) satisfy the following relationship:

together with m; = —0(M, that the corrections to the OPE coefficients at

(HL,HL);MFT (2) 1 \2, o(HL,HL);MFT, (1) \2
Bynlh Bhn = _§(8h+6h) (PE h—h (771 hi)?) (4.43)
HL,HL);MFT, (2 HL, HL ) '
4m+@xémﬁ> Cinn + Pac Vi)

The arguments above are similar to the ones used in [75,59].
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4.3.4. Flat space limait

In the flat space limit the relation between the scattering phase shift and the
anomalous dimensions has been previously discussed in [131]. Hence, it is in-
teresting to consider the flat space limit of eq. (4.1). This limit is achieved by
taking the apparent impact parameter to be much smaller than the AdS radius.
This corresponds to the small L regime or, equivalently, using e=2Y = h/h to

the 1 € Il < n < Ay limit.
(1)

n,l

In this limit, according to (4.32), the behavior of ~, "/ is given by

d—3
77(11,2 xn (%) . (4.44)
Hence, the 'ygl) - (Op + 0O, M term in eq. (4.1) behaves as
h.h—h ")V h—h

2d—6
fyr(:l)@n%gl’l) xn (%) ) (4.45)

Similarly, using equation (A.5) from [55], one finds that 6(2) behaves as
2d—5
6 xn (%) . (4.46)

Since (4.45) is subleading to (4.46), in the flat space limit the anomalous di-

mensions are proportional to the phase shift,

52)
) - (4.47)

7
4.4. Discussion

In this section we studied a four-point function of pairwise identical scalar oper-
ators, Oy and Oy, in holographic CFTs of any dimensionality. Scaling Ay with
the central charge, the CFT data admits an expansion in the ratio up ~ Ay /Cr
which we keep fixed. Using crossing symmetry and the bulk phase shift cal-
culated in [55], we studied O(u?) corrections to the OPE data of heavy-light
double-trace operators [Og O], for large | and n. In particular, the relation-
ship between the bulk phase shift and the OPE data of heavy-light double-trace
operators is found using an impact parameter representation. Furthermore, this

allows us in principle to determine the OPE data of [OxOp],,, for {,n > 1
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to all orders in p, i.e., to all orders in an expansion in the dual black hole
Schwarzschild radius.

Scaling Ay with the central charge enhances the effect of stress tensor
exchanges compared to the 1/Cr corrections due to the exchange of generic
operators. At O(u?) and higher, we therefore expect multi-stress tensor oper-
ators to contribute. The OPE coefficients for such exchanges are not known
in general. They would be needed to determine corrections to the OPE data
of heavy-light double-trace operators using purely CF'T methods. In a recent
paper [15] some of these OPE coefficients have been computed. In particular,
the OPE coefficients with the multi-stress tensor operators of lowest twist have
been argued to be universal (independent of the higher derivative couplings in
the bulk gravitational lagrangian). It would be interesting to connect these
results to the ones discussed in this section.

It is a curious fact that each term in the u-expansion of the bulk phase shift
as computed in gravity in [55] can be expressed as an infinite sum of “Regge
conformal blocks” corresponding to operators of dimension A = k(d—2)+2n+2

and spin J = 2. Explicitly,

i0W (S, L) = f(k) D> M) gfu s innin(S L), (4.48)
n=0

where the coefficients (f(k), Ax(n)) are listed in Appendix A.6 and we set S =
\/—7])2 compared to [55]. Here gf’J(S, L) denotes a “Regge conformal block”,
and is equal to the leading behaviour of the analytically continued T-channel
conformal block in the Regge limit [132,74]

g% (S,L)=icas ST A 1,a-1(L) (4.49)
defined in terms of
< c 4.50
]_ - —_ — 1 —_ = - .

as 8 — oo and L fixed. Here ca ; are known coefficients which can be found
in Appendix A.6 and IIa_1 4—1(L) denotes the (d — 1)-dimensional hyperbolic
space propagator for a massive scalar of mass square m? = (A — 1).

To understand the implications of (4.48) let us focus on k£ = 2 and consider

large impact parameters, a.k.a. the lightcone limit. In this case, one expects
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that the dominant contribution to the bulk phase shift comes from the infinite
sum of the minimal twist double-trace operators built from the stress tensor,
schematically denoted by T},,0,, - - - 0., Tps. (4.48) implies that this infinite sum
gives rise to a contribution which can be interpreted as coming from a single
conformal block of an “effective” operator of the same twist 7 = 2(d—2), but spin
J = 2. At finite impact parameter, one would then need to add the contributions
of an infinite tower of such effective operators of twist 7 = 2(d—2)+2n and spin
J = 2, as expressed by the infinite sum in (4.48). From this point of view, the
coefficients A, in (4.48) can be interpreted as ratios of sums of OPE coefficients
of double-trace operators. It is clear that this picture appears to hold to all
orders in (é—f) or equivalently, the Schwarzschild radius of the black hole.

It would be interesting to investigate whether Rindler positivity constrains
the Regge behaviour of the bulk phase shift to grow at most linearly with the
energy S, similarly to Section 5.2 in [74]. If this were true, one would perhaps
only need to understand the origin of the A, to compute the bulk phase shift
to arbitrary order in (%—5) purely from CF'T techniques.
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5. The minimal twist multi-stress tensors and conformal bootstrap
5.1. Summary of the results

In this section we argue that for a large class of CFTs (including holographic
CFTs) in even d, the contribution of minimal-twist multi-stress tensors to the
correlator in the lightcone limit can be written as a sum of products of certain

hypergeometric functions. To be explicit, let us define functions f,(z) as
fa(2) = (1 = 2)%2F1(a,a,2a;1 — 2). (5.1)

The stress tensor contribution to the correlator in the lightcone limit is given
in any dimension d by
(1-2% A5 +1)

602 R s ag ) ) (5.2)

At O(p?) the contribution from twist-four double-stress tensor operators in

d=41is

D oo (12 AL
99D T aa - (28800<AL - 2>) "

((Ar (AL —8)3(2) + 2(Ar — 8 () fa(2) + = (Ar+ DA fs(2)

7 7
(5.3)
This result agrees with the expression obtained by different methods in [124].
The contribution from twist-six triple-stress tensors in the lightcone limit
in d = 4 at order O(p?) is
GP(z,2) ~ S 2)3_ <a117f1(2)2f7(2) + a126f1(2) f2(2) fo(2)
—1[(1—2)(1 — 2)]2e

+ a135f1(2) f3(2) f5(2) + aazs f2(2)? f5(2) + azzafa(2) f3(2) fa(z) + aa33f3(2)3),
(5.4)

where coefficients a;;;, are given by (5.26).

Furthermore, from (5.4) and (5.26), we find the OPE coefficients of twist-
six triple-stress tensor operators as a finite sum (for details see Section 5.2.5).
Two such OPE coefficients for twist-6 triple-stress tensors were calculated holo-

graphically in [15] and agree with our results.
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The contribution from twist-eight double-stress tensors to the correlator in
the lightcone limit in d = 6 at order O(u?) is
) (1-32)"
G (z,2) ~ — X

(@13£1(2)fr(2) + azsfal2) fo(2) + azs fal2) (=) + aaafa(2)?).

where a,, are given by (5.49). Using (5.5) and (5.49) we find the OPE coefi-

cients for operators of type : 1},,0x, ...0x,,Tap : in d = 6 to be equal to:

P(HH LL) _ cAr

(AL — 3)(AL — 4) (CL:J,A% + CLQA% + CL1AL + CL()), (56)

where ¢ and a,,, given by (5.57), are functions of the total spin s =4 + 2¢ .
In general we propose that the contribution from minimal-twist multi-stress

tensor operators to the correlator in even d at O(u*) in the lightcone limit takes

the form
— Z)kE-D) i d 2
(5.7)
where the sum goes over all sets of {i,} with i, < i,11 and a;, ,, coefficients

that need to be fixed.!®
We also check that the stress tensor sector of the near lightcone correlator

exponentiates

eALF (1;2,2)

<OH(:E4>OL (1>OL (27 Z>OH(0)> |multi—stress tensorsz (58)

i1 —2)(1—2)Ae
where F(u;z,Z) is a rational function of Ay that remains O(1) as Ay — oc.

We explicitly verify this up to O(u?) in d = 4 and O(p?) in d = 6.

5.1.1. Outline

The rest of Section 5 is organized as follows. In Section 5.2 we find the contri-
bution of minimal-twist double- and triple-stress tensor operators in d = 4 in

the lightcone limit. We show that this contribution exponentiates and we write

15 One only needs to sum the linearly independent products of functions f,.
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an expression for the OPE coefficients of minimal-twist triple-stress tensors of
spin s with scalar operators, in the form of a finite sum. In Section 5.3, we
repeat this program up to O(p?) in d = 6. Again we confirm exponentiation
and we find a closed form expression for the OPE coefficients of minimal-twist
double-stress tensors of arbitrary spin with scalar operators. We discuss our

results in Section 5.4.

5.2. Multi-stress tensors in four dimensions

In this section we describe how to use crossing symmetry to fix the contribution
of minimal-twist multi-stress tensors to the heavy-heavy-light-light correlator
in d =4 to O(p3). The methods described generalize to other even spacetime
dimensions, with the six-dimensional case to O(u?) described in Section 5.3.
In principle the same technology can also be used to determine the correlator
at higher orders. Moreover, the resulting expression can be decomposed into
multi-stress tensor blocks of minimal-twist, allowing us at each order to read off
the OPE coefficients of minimal-twist multi-stress tensors.

The idea is to study the S-channel expansion in (3.52) in the limit 1 — z <
z < 1. In this limit operators with [ > 1 and low values of n dominate. Namely,
the OPE coefficients and the anomalous dimensions of the S-channel operators
can be expanded in powers of 1/I. The leading contribution in 1 — Z < 1 limit
is due to the leading term in 1/l expansion and same is true for subleading
contributions. Subsequently, the leading contribution in z < 1 limit is due to
the n = 0 term, the subleading is due to the n = 1, and so on. Expanding
the conformal blocks in (3.53) for small v(n,l) and Z — 1, the blocks in d = 4

reduce to

-1 Anr,—A _ _
(z2) 2Bt an) g O Sl a(2,2) & Zpllogzy(nD)—,  (5.9)
where p(log z,v(n,1)) is given by
o0 i
) _ 1 ~v(n,l)logz
p(log z,v(n, 1)) = 227 = ZO i (72 . (5.10)
]:

Inserting (5.9) into (3.52) and converting the sum into an integral, we have the

following expression for the correlator in the limit z — 1

G(z, %) & Z 12_ Z/o leT(LiIL’HL)Elp(logz,v(n, ). (5.11)
n=0
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In the following we consider an expansion of (5.11) around z = 0. The key point
is to note that by expanding the anomalous dimensions and OPE coefficients,
as in (3.25), terms proportional to z? log' z with i = 2,3,...,k and any p at
O(p*), in (5.11) are completely determined in terms of OPE data at O(uf~1).
Moreover, using (3.56) one sees that the integral over the spin [ yields'®

o0 g (AL — k) I'(AL —k)
dijpr—t=kzl — =8 Y TR Y 12
/0 : (—logz)Ar—Fk z51 (1 — z)AL—k’ (5.12)

at O(p*) in the limit z — 1. This correctly reproduces the expected z behavior
of minimal-twist multi-stress tensors in the T-channel, thus verifying (3.56).
Additionally, it is easy to check that the difference between the integral and the
sum of expression z/[A2 k=1 is O(1 — z) in 1 — zZ < 1 limit, while both integral
and sum scale as (1 — 2)"2¢+% when Z — 1. As we always (implicitly) assume
that Ay > k, at each order in 4 we are only interested in singular terms of sum
or integral, therefore, the O(1 — z) difference will never affect the calculation.

We now make the following ansatz for the correlator

G (2, 2) 1[(1_(21‘12_2 Y i fi(2) - fi(2), (5.13)
{in}

L

where the sum goes over all sets of {i,} with i, integers and 4, < i,+1 such that

2221 ip = 3k and a;, . ;, coeflicients that need to be fixed. Generally f,(2) are

Ak

given by

fa(2) = q1,0(2) + q2,4(2) log 2, (5.14)

where ¢(1 2 4(2) are rational functions and the ansatz (5.13) at O(u¥) is there-
fore a polynomial in log z of degree k. By crossing symmetry terms with log® z,
with 2 < a < k, are determined by OPE data at O(p*~1). This is what we will

use to determine the coefficients a;, ...;, -

16 At each order in w we implicitly assume that integrals of this type converge, i.e.

that Ar > k.
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5.2.1. Stress tensor

We start by determining the OPE data at O(p). This is easily obtained by
matching (5.11) at O(u) with the stress tensor contribution (3.48). Explicitly,
multiplying both channels by (1 — z) we have at O(u)

Arfs(z A-l—n—l
Lg())]AL1:1_ZAL1Z = )

120[(1 — 2)(1 — 2
(1)
X <P7§1) + % log z) :

Expanding the LHS in (5.15) for z < 1 we find

(5.15)

AL 120 1 AL
[(1— z)(l/— zZ)]AL— 1f3(2) = m( — (3 +log 2)
- Z%(g’(AL +1) + (AL +5) log 2)

_ 22% (BAL(AL +3) + (12 + AL (AL +11)))

+ O(2*, 2% log z)),

(5.16)
while the RHS is given by
> o %(PS) + @ log 2) 1 P(l) + Yo logz
(1-z)Ac1 B (1—2)AL—1< A,
(1)
+ z(Pl(l) + 717 log z)
+ zQﬁ(Pél) + ﬁ log 2)
2 2

+ 023,23 logz)>.

(5.17)

Comparing (5.16) and (5.17) order-by-order in z one finds the following OPE

data
(1) Ap(Ap —1)
/‘YO s

2 )
NON _AL(A2L + 5), (5.18)
(1) 12—|—AL(AL+11)
Yo =

2 Y
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which agrees with eq. (6.10) in [55], and the OPE coefficients

Py SAL(A; -
PO = 3AL(A4L +1 (5.19)
P(l) SAL(AL + 3)

2 B 4

It is straightforward to continue and compute the O(u) OPE data in the S-

channel for any value of n.

5.2.2. Twist-four double-stress tensors

From (5.13) we infer the following expression for the contribution due to twist-
four double-stress tensors to the heavy-heavy-light-light correlator in the limit

z—1:

2
G (z,7) m — L7

AT A= (@512 f5(2) + azafo(2) fa(2) + ass 3(2) ).

(5.20)

By expanding (5.20) further in the limit z < 1 and collecting terms that goes
as zPlog? z, we will match with known contributions obtained from (5.11).

Inserting (5.18) and (5.19) in the S-channel (5.11) fixes terms proportional
to 27 log? z up to O(22log® z). Expanding the ansatz (5.20) and matching with
the S-channel reproduces the result obtained in [124]:
(1-2)? AL y
251[(1—2)(1 —2)]Ar \ 28800(AL —2)

15
(AL =)(AL=3)f() + = (AL -8 f(2)faz) B2
40

+ (AL + DA ().

Using the O(p) OPE data in the S-channel for n > 2 in (5.16) and (5.17) one
gets an overconstrained system which is still solved by (5.21). This is a strong
argument in favor of the validity of our ansatz (5.13).

We can now use (5.21) to derive the O(u?) OPE data in the S-channel by

matching terms proportional to z” log' z as z — 0, with ¢ = 0, 1, by comparing
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with (5.11). This is done in the same way it was done for O(u) OPE data in
the S-channel. For example, one finds the following data for n =0, 1,2, 3:

2 (AL —1)AL(4AL + 1)
Yo = —

8 Y
O Ar(Ar +1)(4AL +35)
1 o Y
: (5.22)
@  (B+AL)(68+AL(69+4AL))
Vo = — 3 ,
NON (54 Ar)(204+ Ar(4AL + 103))
3 - )
8

which agrees with Eq. (6.39) in [55], and for the OPE coefficients

p@ _ (Ar — DAL(=28+ Ap(-145 +27A1))
0 - b
96
p@) _ Ar(=596 + Ap (=399 + AL (=64 +27A,)))
1 o )
00 (5.23)
p() _ T1248 4 Ap (2252 + Ap (=699 + Ap (44 +27A,)))
2 - 9
96
p() _ T3T44+ AL(—4940 + AL (=783 + AL (1524 2TAy)))
3 .
96

It is again straightforward to extract the OPE data for any value of n.

5.2.8. Twist-six triple-stress tensors

We now consider the multi-stress tensor sector of the correlator at O(u?) and
proceed similarly to the previous section. From (5.13) we infer the following

expression for the contribution due to twist-six triple-stress tensors:

(3). = (1-2)° 2
G (z, 2)531 (=21 =22 (a117f1 fr+ a6 f1fofe + arssfifsfs

+ages f3 f5 + aazafofafa+ a333f§’),

(5.24)

where f; = fi(z) is given by (3.46).}7 Taking the limit 1 — 2 < z < 1 of

(5.24), we fix the coefficients by matching with terms proportional to zP log? 2

I7 Note that we omitted a potential term of the form fi f2. This can be written in
terms of £, fifsfs, fafs and fafsfa, as follows from:

1) = ZLRE()5() = S F(E) = 2 () + oo fa(2) () a(2).
(5.25)
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and z? log® z, with p = 0,1, 2 from (5.11). This requires using the OPE data of
the heavy-light double-trace operators [OgOpL],,; for n = 0,1,2 and I > 1 to
O(u?), given in (5.18), (5.19), (5.22) and (5.23).

We find the following solution:

S5AL(AL +1)(AL +2)

T = 768768(Ar, — 2)(Ar — 3)
v DALBAT -~ 5TAL —50)
6386688(A7, — 2) (AL — 3)°
Ap(2A2 — 11A, — 9)
4135 = T900600(A, — 3) ,
Gogs — — AL(7TA2 —51AL —70) (5.26)
2003040(A 7 — 2)(Af — 3)°
vy = Ar(Ar —(3AF —17AL +4)
4838400(Af, — 2)(Ar, —3)
tas A (A —4)(A3 —16A2 + 51A + 24)

10368000(A L, — 2)(A — 3)

We can also consider higher values of p and obtain an overconstrained system of
equations, whose solution is still (5.26). Inserting (5.26) into (5.24), we obtain
the contribution from minimal-twist triple-stress tensor operators to the heavy-
heavy-light-light correlator in the lightcone limit.

Note that for A;, — oo, the correlator is determined by the exponentiation

of the stress tensor discussed e.g. in [124], i.e.

GI(z,2) = =)= 25" 3

(1—-2)3 1 <1A2_%(1_z)32F1(3,3;6;1—Z))3+"',
(5.27)
which one indeed obtains by taking A; — oo of (5.24) with (5.26). Here ellipses
denote terms subleading in Ap.
By analytically continuing z — e~2™z and sending z — 1, one can access

the large impact parameter regime of the Regge limit. To do this we use the

following property of the hypergeometric function (see e.g. [98]):

P29 p(aa1,2). (5.28)

2Fi(a,a,2a,1— ze *™) = 3 F(a,a,2a,1 — 2) + 2m’r(a)2
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Using (5.28) the leading term from (5.24) with the coefficients (5.26) in the limit
1-z2<1—-2<«1is given by
1
(3) > ~
=2 (=225

<_9i7r3AL(AL+1)(AL+2)(AL+3>(AL+4)< . )3> (5.29)

2(Ar — 2)(AL —3) 1-2)

This agrees with the holographic calculation in a shockwave background at
O(u?) given by Eq. (45) in [126] based on techniques developed in [58-60,63,133].

5.2.4. Exponentiation of leading-twist multi-stress tensors

In d = 2 the heavy-heavy-light-light correlator is determined by the heavy-
heavy-light-light Virasoro vacuum block. This block contains the exchange
of any number of stress tensors and derivatives thereof in the T-channel
[40,105,110], and therefore all multi-stress tensor contributions. This block,

together with the disconnected part, exponentiates as
(O (00)OL(1)OL(2) 0 (0)) = 27, (5.30)

for a known function F(z) independent of Ay. It is interesting to ask if some-
thing similar happens for the contribution of the minimal-twist multi-stress
tensors in the lightcone limit of the correlator in higher dimensions. By this we

mean whether the stress tensor sector of the correlator can be written as

=\ ~ 1 Ap F(p;z,z)
6@ gt (5.31)

for some function F(yu; z, Z) which is a rational function of Ay, and remains O(1)
as A — oo.

The z dependence implies the following form of F(u; z, 2):

Flus z,2) = n(1 = 2)FD(2) + 4 (1 = 2)2F(2) + (1 = 2P FO(2) + O(u").
(5.32)
At leading order we observe F(1(z) = —+5 f3(2), which is just the stress tensor

contribution. At second order we find:

F@(z) = (12 = 5AL) f3(2)% + (AL — 8) f2(2) fa(z) + 2 (AL + 1) f1(2) f5(2)
V= 28800(A 7 — 2) :
(5.33)
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Note that F(?)(2) is independent of Ay, in the limit Ap — oo.

To find F®)(2) we parametrise it as

f(3)(2) = <b117f12(2>f7(2> + b126.f1(2) f2(2) f6(2) + b13s f1(2) f3(2) f5(2)

(5.34)
o baas f3(2) 5 (2) + basa fa(2) fo () fa(2) + basa f3(2) )

It is clear that for terms which do not contain a factor of f3(z), the coefficients
bi;i should satisfy b;jr = a;j5/Ar. This is not true for terms which contain a
factor of fs. Inserting F), F) and Eq. (5.34) in (5.31), expanding in p and
matching with (5.24) yields

Q117
bll7 — AL )
G126
6126 - AL 9
@225
boor — —=22
225 AL )
A 11A2 —19A, — 18 (5.35)
1957 71209600(A L — 2)(AL — 3)°
b (DL —2)(Ap+2)
237 1209600(A L, — 2)(AL, — 3)°
TAZ — 18A — 24
b33z =

2592000(A 7, — 2)(AL —3)

From (5.33) and (5.35), one finds that the correlator exponentiates to O(u?) in
the sense described above, i.e. F(u;z,z) is a rational function of Ay of O(1) as
A — o0.

To leading order in Ay, exponentiation for large Ay is a prediction of the
AdS/CFT correspondence. The two-point function of the operator Of, in the
state created by the heavy operator Op is given in terms of the exponential
of the (regularized) geodesic distance between the boundary points in the dual

bulk geometry. For details on this, see e.g. [124].

5.2.5. OPE coefficients of triple-stress tensors

In this section we describe how to decompose the correlator (5.24) into an infinite

sum of minimal-twist triple-stress tensor operators. In order to do this we use
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the following multiplication formula for hypergeometric functions [124]:

2 b (CL, a; 2&, w)QFl(bv b7 2b7 w) = Z p[CL, b7 m]meX
m=0
oF1[a4+ b4 2m,a+ b+ 2m,2a + 2b + 4m, w],
(5.36)
where
r b+ 2
pla,b,m] = athtom)
L(a+b+2m—1) 5 37
27T (a+ $)L(b+ HT(m+ $T(a+m)T'(b+m)(a+b+m— 1) (5:37)

VAL(a@)L(B)T(m+ DI (a+m+ 3)0(b+m+ $)I(a+b+m)

It is useful to note that by using (5.36) we can write a similar formula for the
functions f, defined in (3.46):

fa(2)fo(2) = > pla,bym] fatpram(2), (5.38)

where pla, b, m] is defined in (5.37). It is now clear that the correlator (5.24)
can be written as a double sum over functions foy2(,4m). We can thus write
the stress tensor sector of the correlator in the lightcone limit at O(u?) as

—7)3 >0
092) % g L Al (@) (539

n,m=0

with

c[m,n] =(ass3p[3,3,m|p[3, 6 + 2m, n] + a117p[1, 7, m|p[1, 8 + 2m, n]
+ a126p[2, 6, m|p[1, 8 + 2m, n| + a135p[3, 5, m|p[1, 8 + 2m, n]
+ a295p(2, 5, m|p[2, 7+ 2m, n] + assap(3,4, m|p[2, 7+ 2m, n}),
(5.40)
where coeflicients a;;;, are fixed in (5.26).
Comparing (5.39) with (3.45) we see that the contribution at O(u?) comes
from operators of the schematic form : T,,3T550,, ...0,,, T, :. These operators

have TS min

+ s =9+ 2/, where s is total spin s = 6 + 2¢. The corresponding
OPE coeﬂﬁments of such operators will be a sum of all contributions in (5.39)

for which n +m = ¢.
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Now, one can write OPE coefficients of operators of type : To,37450,, - - . Opyy Tiuw

as
0

HH,LL);(3
P6(,6—|—2Z 3 = Z c[l —n,nl. (5.41)

n=0

Let us write a few of the coefficients explicitly here:

3 (T LLy(®) _ g AL(3024+ Ap(T500 + AL (7310 + 143A1(25 + TAL))))
o P6,6 =H ,
10378368000(A1, — 2)(AL — 3)

3 p(HHLLNE) _ 3 AL(2688 + Ap(T148 + AL(9029 + 134 (464 +231A,)))
1P Py = p 613476864000(A 7, — 3)(AL — 2) ’
s p(HH.LLY(3) _ 3 DL(888+ Ap (2216 + Ap (3742 + 17A, (181 + 143A1))))
1P 10 = H 0468531072000(A 7 — 3)(Az — 2) '

(5.42)
We further find that Pé,gH’LL);(S) and PégH’LL);(?’) agree with the expression

obtained holographically in [15].

5.8. Minimal-twist double-stress tensors in six dimensions

In this section we derive the contribution of minimal-twist double-stress tensors

to the heavy-heavy-light-light correlator in the lightcone limit in d = 6. The

method is analogous to the four-dimensional case described in Section 5.2.
From (5.7) we make the following ansatz for the stress tensor sector in the

lightcone limit:

Oy 2 (1-2)*
g ( ) )2_)1 [(1 . Z)(l _ Z)]AL X (543)

(arrfa(2)fr(2) + azfal2) fol2) + azsfal2) (=) + auaf(2)).

The S-channel conformal blocks in six dimensions in the limit Ay — oo
are given by (3.54). In the lightcone limit Z — 1 operators with [ > 1 dominate
and the blocks can be approximated by

Z'z"p(log 2, 7)
(1-2)2% 7

(22)—%(AH—|—AL)9(AHL7—AHL)

Ap+Ar+2nty, (5.44)

(2,2) ~

with p given by (5.10). Replacing the sum in (3.52) with an integral and insert-
ing (5.44) we have

o0 n

_ z > HL,HL) _
g(2)<2’2)2§12 m/o leT(L’l )2 p(log 2, 7). (5.45)
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As in d = 4 one finds that terms proportional to logi z with ¢ = 2,3,...,k at
O(u*), are determined by the OPE data at O(u*~1).

At O(p) we can use the known contribution from the stress tensor exchange
(3.48) to derive the anomalous dimensions 77(11) and the OPE coefficients P."
just as it was done in four dimensions. This is done by matching (5.45) order by
order in the small z expansion. Using (3.56) one can integrate over spin. E.g.
forn=20,1,2,3:

o (AL —2) (AL - DAL
70 - 9 9
7(1) . (AL — 1)AL(AL + 10)

1 - 9

2
5.46

(1 AL(AL+2)(AL+19) ( )
’72 - 2 Y
7(1) _ (AL + 4)(AL(AL + 29) + 30)

g =

2 )
These anomalous dimensions agree with eq. (6.10) in [55]. Similarly, we obtain

the following OPE coefficients:

p _ 1HAL—2)(Ar — 1AL
o 12 ’
p __ (Ar 1AL (11AL +38)
b 12 ’
5.47
W AL22+4 AL(87+11AL)) (5.47)
B = 12 !
p) _  Ar(202+ AL(147 + 11AL))
3 — 12 .

It is straightforward to continue to higher values of n.
Plugging (5.46) into (5.45) in the limit 1 —Z < z < 1 one finds the following

2
contribution to the terms proportional to (f_pz_h)’% at O(u?):

ANAL-1)(AL - 2)
"32(AL —3)(AL—4)"
_ 1 ALAL - D(AL +6)(AL +16)
32(AL —3)(AL —4)
A7 (A7 +46A7 +599A7 + 1898A [, + 1056)
' 64(Ap — 3)(AL —4) ’
AT +72A9 + 1651A3 + 13344A% + 40180A% + 41952A 1% + 14400A
' 192(AL — 3)(AL —4) '

=0

p=2

p=3
(5.48)
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It is now straightforward to expand the ansatz (5.43) in the limit 1-z < 2 < 1,
collect terms that behave as z? log® z and compare them to the S-channel (5.48).

This determines the coeflicients:

Ap(Ap + 1) (AL +2)

T 51064(A L, — 3)(Ap, — 4)’
e Ap(—18 4 (=12 + AL)AL)
133056(A L — 3)(AL —4) (5.49)
- Ap(Ap —6)(Ag — 15) ,
302400(Ay, — 3)(Ag —4)
AL 5)(A —6)
Q44 = )

627200(A 7, — 3)

One can consider higher values of p; eq. (5.49) is still the solution of the
corresponding overconstrained system.

The double-stress tensor contribution to the correlator in the lightcone limit
Z — 1 is therefore given by

1—2)4 A 1
G0 (z,5) & —LF >
z=1[(1—2)(1 —2)]2c (AL — 3)(Ap —4) \ 627200
56(Ar — 6)(Ap — 15)
27

f2(2) fo(2)
f1(2)f(2))

f3(2) f5(2)

% (AL —4)(AL = 5)(AL - 6)f3(2) +
1400(AL (AL —12) — 18)
+ 297
1400(Ar + 1)(AL +2)
+ 143

(5.50)
Using (5.50) one can deduce the second order OPE data in the S-channel.
The anomalous dimensions at this order can then be compared to the holo-

graphic calculations in [55] to reveal perfect agreement.

5.3.1. Exponentiation of minimal-twist multi-stress tensors in six dimensions

It is interesting to study whether the stress tensor sector of the correlator ex-

ponentiates in the lightcone limit

=\ o~ 1 Ap F(p;z,z)
SR o T L (551)
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with F(u; 2, Z) a rational function of Ay that is of O(1) as Ay — oco. In the

lightcone limit F(u; 2, Z) admits an expansion

Fpz,2) = (1 = 2°FO(2) + p2(1 = 2)*FP (2) + O(1®). (5.52)
At O(p) one finds FM(2) = %ﬁl(z) from the stress tensor contribution.

Using (5.50) we find

FO(2) = birf1(2) f2(2) + bag f2(2) fo (2) + b3z f3(2) f5(2) + baa f7(2)  (5.53)
with

a7
biw = —-
17 AL y
626 = aA—Qj7
e (5.54)
35 — AL,
4A2 —31AL + 60
b44 =

313600(AL — 3) (AL —4)
From (5.54) we indeed see that the stress tensor sector of the correlator expo-

nentiates at least to O(u?) in d = 6.

5.3.2. OPEF coefficients of minimal-twist double-stress tensors

In this section we decompose the stress tensor sector of the correlator (5.43) into
a sum over minimal-twist double-stress tensors. The discussion follows that of
Section 5.2.5.

Applying (5.38) to (5.50), we find that a+b+2¢ = 8+2¢ which is 22 45+
2¢, with 7 min = 8 and s = 4 being the twist and spin of the simplest minimal-
twist double-stress tensor operator : 7T),, T,y :. Non-zero value of ¢ thus gives
Tsx s,

where no indices are contracted and only even spin operators contribute to the

the contribution from operators of higher spin of the form : 7},,0,, ...0,,,

OPE between identical scalars.
It is now straightforward to write down the OPE coefficients for minimal-
twist double-stress tensors in six dimensions. E.g. one finds for the lowest-spin
operators the following OPE coefficients:
1Py = ’
269068800(Af, — 3)(AL — 4)
9 p(HH,LL);(2) _ 2 AL(3O + AL(187 + AL(—12O + 143AL)))
1 Fg g = ’
3430627200(A, — 3)(AL —4)

o pHHLLNR) _ 2 AL(60+ Ap(1382 4+ AL(~1857 +1105AL)))
H s - 657033721344(A L, — 3)(Af, — 4)

(5.55)
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For general spin we have (s =4 + 2/)

PS(I;IH,LL) _ 2 cAr

B =38, 9 @Al RAL Y el te)  (5:50)

where

279725 /rrs(s + 2)['(s — 1)
(s—3)(s+4)(s+6)(s+8)(s+10)(s+ L)’
az =(s—2)s(s+2)(s+5)(s+7)(s+9),
as = —3(2880 + s(s + 7)(—276 + s(s + 7) (=56 + s(s + 7)))),
a1 = 2(25920 + s(s + 7)(3276 + s(s + 7)(—=80 + s(s + 7)))),
ag = 675 x 27

CcC =

(5.57)

5.4. Discussion

In this section we consider the minimal-twist multi-stress tensor contributions
to the heavy-heavy-light-light correlator of scalars in large C'r CFTs in even
spacetime dimensions. We provide strong evidence for the conjecture that all
such contributions are described by the ansatz (5.7) and determine the coeffi-
cients by performing a bootstrap procedure. In practice this is completed for
twist-four double-stress tensors and twist-six triple-stress tensors in four dimen-
sions as well as twist-eight double-stress tensors in six dimensions. In principle
it is straightforward to use our technology to determine the coefficients a;, . ;,
to arbitrarily high order in p; this must be related to the universality of the
minimal-twist OPE coefficients.

In two dimensions the heavy-heavy-light-light Virasoro vacuum block expo-
nentiates [see eq. (3.6)], with F(u; z) independent of Ay,. In higher dimensions
we observe a similar exponentiation with F(u; z, Z) a rational function of A,
that remains O(1) as Ay — oo. It would be interesting to see whether it is
possible to write down a closed-form recursion formula for F(u;z,Zz). Solv-
ing such a recursion formula would give a higher-dimensional analogue of the
two-dimensional Virasoro vacuum block.

An immediate technical question concerns CFTs in odd spacetime dimen-
sions. We could not immediately generalize our results in this context — the
ansatz in eq. (5.7) fails in odd dimensions. However, the heavy-light conformal

blocks are known [12], so a similar approach should be feasible.
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It would be interesting to study the regime of applicability of our results.
We have not used holography; our main assumption is the ansatz (3.13), known
to be true for holographic CFTs to O(u?) in d = 4 [124]. Yet, our general
expressions for the OPE coefficients agree with the OPE coefficients computed
in some holographic examples [15]. What happens once one goes beyond holo-
graphic CFTs - will our ansatz need to be modified by the inclusion of terms
suppressed by the gap or the central charge? We leave these questions for
subsequent investigations.

Another interesting direction concerns the study of the bulk scattering
phase-shift in the presence of a black hole background. In the context of higher
dimensional CFTs, this problem was first considered in [55] where the gravita-
tional expression was given to all orders in y and the CFT computation was
performed to O(p). Subsequently, O(u?) was discussed in [12]. In [126] the
O(u) contribution was exponentiated to yield the scattering phase shift in the
presence of a shock-wave geometry. A CFT computation of the phase shift to
all orders in p is still lacking. This would in principle involve understanding
Regge theory beyond the leading order. It will be interesting to see whether the
results of this article could be helpful in this regard.
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6. Stress tensor sector of conformal correlators
6.1. Summary of the results

In this section, we show that the stress tensor sector of the HHLL correlator in

d = 4 can be written in terms of products of f,(z) functions defined as
fa(z) = (1 = 2)%Fi(a,a,2a,1 — z). (6.1)

The stress tensor sector of the HHLL correlator can be expanded in powers

of p and then in powers of (1 — z) as

1
(1=2)(1—2))2r

£33 H - ARGl ),

k=1 m=0

g(zv 2) = iﬂkg(k)(%a =
k=0 (6.2)

where we have explicitly separated the contribution of the identity operator.'8
We explain how one can write G*)(z) for arbitrary k and m.

We write an ansatz for each G*™)(z) with a few unknown coefficients
and fix all, but a handful of them, via lightcone bootstrap. The undetermined
coefficients correspond to the OPE coefficients of spin-0 and spin-2 exchanged
operators. We further show that in holographic CF'T's one can use the phase shift
computed in the dual gravitational theory to reduce the set of undetermined
parameters to the OPE coefficients of multi-stress tensors with spin zero.

Operators of non-minimal twist give a subleading contribution in the light-
cone limit, 1 — z < 1, which can be expressed as a sum of products of the
functions f,(z) (times an appropriate power of (1 — z) ). This form is similar
to the contribution of minimal-twist multi-stress tensor operators considered in
[13]. While our method can be used to address the contribution of operators
of arbitrary twist, here we focus on determining the specific contributions of
operators with twist 7 = 6, 8,10, at O(u?) and 7 = 8,10, at O(u?).

At O(p), the only operator that contributes to the stress tensor sector of

the correlator is the stress tensor and its contribution is completely fixed by

18 The contribution of the identity operator is denoted with k = 0, schematically
(Tuu)o =L
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conformal symmetry. In d = 4 its exact (to all orders in Z) contribution is given

by
1 -\ ]_ AL _
G(z 2) = [(1—2)(1—2)]2:-1120(z — 2) (fg(z) N f3(’z))' (6.3)

At O(u?), the leading contribution in the lightcone limit, due to twist-four

double-stress tensors, was evaluated in [124]

1 Ar

(1 2)ac (28800(AL - 2)) .

(A1~ (AL -3 @) + 2 (AL - 9h()falz) (6D
40

+ (AL DA ).

GEO(2) =

We show that the subleading contribution in the lightcone limit, due to

twist-four and twist-six double-stress tensors, is given by

G (z) = (1 —1z)AL ( (2(3)1__2,2)) (as3f3(2)* + azafa(2) fa(2) + a15 fi(2) f5(2))

+ (b1af1(2) fa(2) + c16f1(2) f6(2) + c25 f2(2) f5(2) + c3af3(2) f4(2)) >,
(6.5)
with coefficients a,,,, and ¢, given in (6.30). The coefficient by4 is non-universal
and generically depends on the details of the theory. It corresponds to the OPE

coefficient of twist-six double-stress tensor with spin s = 2
2
b= B3, (6.6)

obtained holographically in [15] and here, via the gravitational phase-shift cal-
culation in (6.107).
The subsubleading contribution in the lightcone limit, due to twist-four,

six and eight double-stress tensor operators, is

O E ( (i) (ot womifi - ans i

+ (E) (b1afifa + cr6f1fo + cosfofe + csafafa) + (dirfifr + dos fafo

1—2
+dssfafs + d44ff +esfifs + 913f1f3>> )
(6.7)
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with coefficients d,,, given in (6.35). By f, we mean f,(z) which we will use
for brevity. The coefficients g13 and e;5 are theory dependent and are related

to the OPE coefficients of twist-eight double-stress tensors with spin s = 0, 2 by

913 = P8(,20)7
_p@ 5 pe (6.8)
€15 10,2 252 8,0

These coefficients were also obtained by a gravitational computation in [15].
Here we have used the calculation of the phase shift in the dual gravitational
theory to determine the OPE coefficient of the spin-2 operator, Pl(g’)g, in (6.110).

The subsubsubleading contribution in the lightcone limit, due to double-
stress tensors with twists 7 = 4,6, 8, 10, is given by

(2.3) () — 1 2((13 —32)z — 23) + 25
g ( ) (1 . Z)AL ( < 12(1 _ 2)3

) (assf3 + agafofs + a1sf1fs)

+ ((1 _12)2 T i ST 1%) (brafifa + cr6f1f6 + casfofs + caafsfa)

+ (i + g) (dizfifr + dasfofs + dasfafs + daafi + e15fifs + gi3f1fa+)

+ g13f3 + (hisfifs + hor fofr 4 hae f3fe + has fafs + jief1fe + i14f1f4)> :
(6.9)

with h,,, given in (6.41). The non-universal coefficients here are i14 and jig
which are related to the OPE coefficients of twist-ten double-stress tensor op-
erators with spin s = 0,2
114 = P 1(3307
6.10
o= P2 200, o
The OPE coefficient Pl(i)Q is determined in (6.111) using the phase shift cal-
culation in the dual gravitational theory. Non-universality is manifest through
dependence on the Gauss-Bonnet coupling.
Using the results above, we also extract the OPE coefficients Pg’l of double-
stress tensors of given twist. For 7 = 6:
Plbtatisar = (0 +4)(0+5) +\{37)_r(22_£4i_i;f2(£2 i ;)26 +5)0 (20 + L)
2
Ar
“ (AL —3)(AL—2)

(6.11)
(a1,6A% 4+ by (AT + 1AL +dy ),
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where ay ¢, b1 ¢, ¢1,0, d1¢ can be found in (6.33). For 7 = 8:

p _ VTAL2TH D20 4+ 7)
124264420 3(Ap —4) (AL —3)(Ap —2) (0 +4)(£ + 5)
CLQ’[A% + bQ}gA% + CQ’[A% + dg’gAL +e2y
(C+6)(£+T7)(20+ 1)(20+ 3)(20 + 5)T (20 + )

(6.12)
X

with ag s, bae, c2¢, d2¢ and ey given in (6.38). Similarly for 7 = 10:

@ _ VT2THEBT(20 + 9)
MA2BAH2E T 520 + 1) (20 + 3)(20 + 5) (20 + 7)T (2¢ + A7)
AL(AL +1)(ag AT + b3 eA3 + 3 0A% +ds yAL + e30)

15+ 6) L)l +8)(Ar —5)(Ar —4)(A —3)(AL —2)
(6.13)

with a3 ¢, b3 ¢, €30, d3 ¢ and e3¢ expressed in terms of Ay, in (6.44). Note that

X

in all of these formulas ¢ > 0 and, therefore, the OPE coefficients of operators
with spin s = 0,2 are not included here. It appears that at O(u?), the OPE
coefficients of all operators with spin s > 4 are universal in the sense that
they only depend on Ay, and C7. On the other hand, the OPE coefficients of
double-stress tensors with s = 0,2 are non-universal.

At O(p?), the leading contribution of twist-six triple-stress tensors in the

lightcone limit, was computed in [13]

G30(z) = ! AT <a117f1(2)2f7(2) + a126 f1(2) f2(2) f6(2)

(1-2)
+ a135f1(2) f3(2) f5(2) + a225f2(2)* f5(2) + azsafa(2) f3(2) fa(z) + a333f3(2)3),
(6.14)
where the coefficients a;;; can be found in (6.46).
The subleading contribution to the correlator is due to twist-eight and

twist-six triple-stress tensors

1—=2

GG () = a —12)AL ( (2 — Z) (ar17f7 fr + ara6f1fafo + a13s f1fsfs
+ @205 f3 f5 + assafofsfa + asssf3) + (buiefe T + cuisfsfi + cras fafshi

+ crarfafrfi + Cosafof? + cazafifa + cassfofafs + 6226f22f6)> ;

(6.15)
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with b;;; and ¢, given in (B.2.1). Terms proportional to a;;; come from the
subleading contribution due to the minimal-twist triple-stress tensors in (6.14).
Note that all of these coefficients are non-universal, since they depend on b4
from the O(u?) result. Accordingly, no OPE coefficients of non-minimal-twist
triple-stress tensors are universal.

A similar story holds for the subsubleading contribution to the correlator
at O(pu3). This is due to multi-stress tensors with twist six, eight and ten and

takes the following form

G2)(2) =

) (ar17f7 fr + ar26 f1 fo fo

1 14422 — 4482 + 464
(1—2)Ac 160(z — 1)2

: + 5) (b116f6f1

+ crsfofi + crasfafsf1 + crorfafr fi + coaafofi + cazafs fa + cassfafafs
+ 6226f22f6) + (d117f12f7 + 6115f12f5 + 9119f12f9 + g12s8f1fafs +9155f1f52

+ a135f1 35 + 205 f3 f5 + azzafofsfa + asssf) + <

+ goorf3 f1 + gosefof3fe + goasfofafs + gsss fif5 + g344f3ff)) :

(6.16)
with di17 and g;j5 in (B.3.1)-(B.3.3) and eq15 in (6.115).

We further explain how one can write an ansatz for the correlator at arbi-
trary order in p and the lightcone expansion. All unknown coefficients in the
ansatz, except those that correspond to OPE coefficients of spin-0 and spin-2
operators, can be fixed by means of the lightcone bootstrap. We further show
that in holographic CFTs one can use the phase shift computed in the dual
gravitational theory to reduce the set of undetermined parameters to the OPE
coefficients of multi-stress tensors with spin zero. Our results for these OPE
coefficients precisely match those in [15] whenever available in the latter.

The OPE coefficients of multi-stress tensors can also be calculated using
the Lorentzian inversion formula as in [128]. In order to determine for which
operators the formula can be applied, one should consider the behavior of the
correlation function in the Regge limit. The Regge behavior of the correlator at
O(u¥) is 1/0%, implying that the Lorentzian inversion formula can be used to
extract the OPE coefficients of the operators with spin s > k + 1. Accordingly,
already at O(u?), fixing the relevant OPE coefficients by combining an ansatz
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with the lightcone bootstrap allows one to determine more OPE data compared
to those obtained with the sole use of the Lorentzian inversion formula. We
explicitly check that it is not possible to extract the OPE coefficient of a triple-
stress tensor with spin s = 4 and twist 7 = 8 using the Lorentzian inversion
formula. Note, however, that this coefficient is completely determined in this

article (where an ansatz is additionally employed).

6.1.1. Outline

This section is organized as follows. In Section 6.2 we analyze the stress tensor
sector of the correlator at O(u?), where we compute the subleading, subsub-
leading and subsubsubleading contributions in the lightcone expansion. We also
compute the OPE coefficients of double-stress tensors with twist 7 = 6, 8,10 and
spin s > 2. In Section 6.3, we analyze the stress tensor sector of the correla-
tor at O(u3), where we explicitly calculate the subleading and subsubleading
contributions in the lightcone expansion. In Section 6.4, we investigate the
Gauss-Bonnet dual gravitational theory and give additional evidence for the
universality of the OPE coefficients of minimal-twist multi-stress tensors us-
ing the phase shift calculation. Furthermore, we calculate the OPE coefficients
of double- and triple-stress tensors with spin s = 2 (up to undetermined spin
zero data). In Section 6.5, we show how one can use the Lorentzian inversion
formula in order to extract the OPE coeflicients of double-stress tensors with
twist 7 = 4,6. We discuss our results in Section 6.6. Appendix B.1 contains
certain relations that products of f, functions satisfy, while Appendices B.2 and
B.3 contain explicit expressions for the coefficients which determine the corre-
lator in subleading and subsubleading lightcone order at O(u?). Several OPE
coefficients of twist-eight triple-stress tensors are listed in Appendix B.4. In
Appendix B.5 we clarify the relationship between the scattering phase shift as
defined in [55] and the deflection angle and finally, in Appendix B.6 we explicitly
write some of the S-channel anomalous dimensions at O(u?) and we investigate

their relation with the phase shift.
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6.2. Double-stress tensors in four dimensions

In this section, we analyze the stress tensor sector of the HHLL correlator at
O(p?) in d = 4. The operators that contribute at this order in the T-channel
are the double-stress tensors. Here, we investigate the subleading contributions
that are coming from families of operators with nonminimal twist, specifically,
To,1 = 6, 729 = 8 and 72 3 = 10, according to (3.63).

The dominant contribution in the lightcone limit at O(u?) was calculated
in [124]. It comes from the operators with minimal twist 7o min = 4 and they are
of the schematic form : 7},,0q, . ..0a,,Tps :- These operators have conformal
dimension A = 8 + 2/ and spin s = 4 + 2¢. The result is [124]

2, B 1 Ap
GP(z) = (1—2)Ac (28800(AL — 2)) 8
(AL = (AL = HEE) + 2 (AL —9REAE) + 2 AL+ DAESE),
(6.17)

where f,(z) = (1 — 2)*2F1(a,a,2a,1 — 2).

6.2.1. Twist-sixz double-stress tensors

Twist-six double-stress tensors contribute at O(u?) and at subleading order in

—AL+3 a5 Z — 1. As shown in this section, this

the lightcone expansion ~ (1—2)
contribution again takes a particular form with a few undetermined coefficients
which, except for a single one, can be fixed using lightcone bootstrap. The
undetermined data is shown to correspond to a single OPE coefficient due to
the exchange of the twist-six and spin-two double-stress tensor : T,,”T,,, :.

We will now motivative an ansatz for the subleading contribution to the
stress tensor sector at O(u?). Let us focus first on corrections due to the leading
lightcone contribution of twist-four double-stress tensors. These corrections
originate from subleading terms in the lightcone expansion of the conformal
blocks in (3.59). Note however that they are purely kinematical and do not
contain any new data. Explicitly, the subleading corrections to the blocks of

twist-four double-stress tensors are given by

9001 =21 -2) ~ (1 - 2)? (1 +(1-2) (%) +Oo((1- 2)2)) fs(2)

z—1

C(1— 5)t8 (1+(1—z)(8;2+ !

)+o-2%) fia)
(6.18)

11—z
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Since we are interested in the subleading contribution, i.e. terms that behave as
(1 —-2)3 as z — 1 in (6.18), only the first line in (6.18) needs to be considered.
(Note that s > 4 for minimal-twist double-stress tensors.)

Next, consider the contribution of twist-six double-stress tensors. Recall
that the form of the minimal-twist double-stress tensors’ contribution to (6.17)
can be motivated by decomposing products of the type f,(z)fs(z) in terms of
the lightcone conformal blocks. This decomposition is explicitly given by [124]:

Fa(2)fo(2) = > p(a,b,0) fasbrae(2), (6.19)

£=0
where

~ Tla+b+20)

Pl ) = rr 2= 1y

27T (a+ 5T (b+ 3T (L+3)T(@+ O+ O (a+b+ - 3)
VIL(@T T+ 1) (a+ 0+ )T (b+ 0+ D T(a+b+0)

(6.20)

Using the leading behavior of the conformal blocks (6.18) in the lightcone
limit, it was found that a 4+ b + 2¢ should be identified with g = %. In order
to reproduce twist-six double-stress tensors of the form : TWE?Q@Q1 o Oagy T
we should therefore consider products f, f, with a + b = 7. Likewise, to take
into account operators of the form : 7,304, . ..0a,, T, : we include products
fofp with a +b = 5.

From the arguments above, we make the following ansatz for the subleading

correction in the lightcone expansion due to double-stress tensors:

GE NV (z) = (1 —1Z)AL ( (2(31__22*)) (as3f3(2)? + agafa(2) fa(2)

+a1sf1(2) f5(2) + (brafi(2) fa(2) + basfa(2) fa(2) + cr6fa(2) fo(z)  (6:21)
+ easfa(2)f5(2) + canfs(2) fa(2) ).

where b;;, ¢;; are coefficients that will be determined using lightcone bootstrap
and encode the contribution from twist-six double-stress tensors. Once b;; and
c;; are determined, one can use the decomposition in (6.19) to read off the OPE
coefficients of twist-six double-stress tensors with any given spin. Moreover, a;;
in (6.21) are coefficients that can be read off from the minimal-twist contribution

in (6.17) and do therefore not contain any new information.
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We proceed with the S-channel calculation to fix the unknown coefficients
n (6.21). Let us first mention that the products of f,(z) functions in the second

line of (6.21) are not linearly independent as one can see from (A.1), so we set
bas = 0. Moreover, the coefficients a;; must be the same as in (6.17). We will
momentarily keep them undetermined to have an extra consistency check of our
calculation.

In the S-channel we have double-trace operators of the form : Oy 92"9' Oy,
with conformal dimension A = Ay +Ap+2n+1+4+7,,;. The relevant anomalous
dimensions v, ; and OPE coefficients are given in (3.25) and (3.69) (k = 2 in this
case). In the lightcone limit, the dominant contribution comes from operators
with large spin [, [ > n. The zeroth order OPE coefficients are given by (3.70).

The conformal blocks of these operators in the limit 1 — Z < 2 < 1 are

( _Agt+Ap+y(n,l)

2z 2

7) ~ - PR (6.22)
Z—z

(Agr,—AHL) (Z

n,l ’

We first need to fix the OPE data at O(u). Coefficients ’y?(ll’p) and qul’p)
can be determined for every p and n by matching the S-channel correlator with
the correlator in the T-channel at O(u). This is just the stress tensor block
times its OPE coefficient and it is known for arbitrary z and zZ. As we saw

earlier

1
[(1—2)(1—2)]”2~1120

(z2—2)GW(z,2) = = (f3(2) — f3(2)) - (6.23)

Expanding (6.23) near Z — 1 leads to

1 3 —-14+z 3 1+2(z+4
(z—2)GW(z,2) = = Z)(1+_ IS (AL (Z(l +2)+ % log(z))

oo

ZALp 2)( 1)(1—;;)(1_2)}9)‘

= Al )(p+2)

(6.24)
On the other hand, we expand the integrand of (3.67) up to the O(u), integrate
this expansion over [, and then expand in the lightcone limit Z — 1 to obtain a

result of the form

(2 —2)6W(z,2) = AL - Z (Z Fop(2)2™(1 — Z)P> : (6.25)
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The functions r, ,(z) can be explicitly calculated. Here 7, 0(2), ry1(2) and

rn,2(%) are given by

— 9 p(1,0) 4 1 (1,0)
r”aO(’Z) 2F(AL)F(TL _|_ 1) ( n + Og(z)vn ) Y
F(AL +n— 1)

_ (1,0) (LY _ (A, —92)~(1,0)
() = AT DA, =) G + B = (Ar =20

+ log(2) (7% + %(11’1))>,
( ) B F(AL +n— 1)
AT 9 AL —2)(AL — 3)T(AL)T(n + 1)

(2(AL +n—1)PLO
1
+2(Ap +n) PR 4+ 2P = S(Ap = 3)(ApyY + 2y(Y)
+log(2)((Ar +n = 10 + (A + n)pD) +4(2)).
(6.26)
Similarly, one can calculate any r, ,(z) for arbitrary p. In each 7, ,(z) the z-
dependence enters only through a single logarithmic term as in (6.26). In order

to extract the OPE data we match (6.24) and (6.25) and obtain the following

relations
- Ap 3 1+ 2(z+4
Zoznrn,o(z) = _m <Z(1 +2) + % log(z)) , o
& 6.27
iz”r (2) = — A (p=2)(p—1)(1 - 2)
= T—2)50 aplp+ Dp+2)

for p > 1. To solve these equations, we start from the first line, expand the right-
hand side in z — 0 limit and match term by term on both sides. From terms
with log(z) we extract the Y and from terms without log(z), we extract the
qul’o). We move on to p = 1 case, where we again expand the right-hand side
of the second line in (6.27) in z — 0 limit. Using 77(11’0) and Pél’o), we extract
%(11’1) and Prgl’l). Straightforwardly, one can continue this process and extract
OPE data for any value of p.

By proceeding with this calculation to high enough values and p one can

notice that there is a simple expression for %(Il’p ) given by

A9 = (Pt (JA - DAL+ 30 An) . (629
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for all p > 0 and n > 0. Note that for p = 0 this expression agrees with the one

D)

in [128]. There is no similar expression for P 5o we list results for first p-s:

3AL’I’L
9 )
1
Pélal) :3(n — 1)n — ZAL (AL (AL —|—6n - 6) + 6(n — 4)n+5),

3
Pél’o) = — Z<AL — 1)AL —

1
P12) :g(AL(AL(AQL + 8nAp + 6n(3n — 1) — 13)
+2(n(3n(2n — 5) — 25) + 6)) — 12n(2n% +n — 3)), (6.29)
1
P13 =130 (180n(n(3 = (n = 3)n) +5) — 234)Ap + 3n(n® 4+ n? —2)

1
+ 1—20A2L(—AL(AL (11AL +90n — 20) 4+ 90n(3n — 1) + 55)

+90(3 — 4n)n? + 280).

After the calculation of the OPE data at O(u), one can fix the coefficients
in the ansatz (6.21) by expanding the integrand of (3.67) up to O(u?) and
then integrating the obtained expression over [. The result of the integration is
expanded near Z — 1 and we collect the term that behaves as (1 —2z) 223, Tt
depends on z, n and OPE data PTS"’”’) and %(Lk:,p) for k=1,2and p = 0,1, but we
are interested only in the part of this term that contains logQ(z). This part only
depends on OPE data at O(u), so it will be completely determined. We collect
terms that behave as (1 — 2)~2£3log®(z)2™. By expanding the ansatz (6.21)
near z — 0 we can collect terms that behave as logQ(z)zm and by matching these
to the ones calculated through S-channel, we obtain a system of linear equations
for the coefficients in the ansatz. This system will be over-determined by taking

m to be large enough. Solving it for m < 20, we obtain
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(AL —4)(AL —3)Ap

933 = TTOR800(AL — 2)
vy (DL =8)AL
13440(AL, — 2)’
Ap(Ap +1)
15 = ———— o\
5040(A 7, — 2) (6.30)
L2, A (AL (AL (83 —7TAL) + 158) 4 108)
07 396 3193344 (AL — 3) (AL — 2) ’
1 A (AL (Ap (AL + 19) — 146) — 108)
€25 = ~qgbua T 1451520 (A — 3) (Ap —2)

(AL —4)AL (11 (AL —4) Ay —27)
2419200 (AL — 3) (AL — 2)

C34 =

As expected, the coefficients a,,, are identical to those in (6.17). We are
left with one undetermined coefficient. This is perhaps not surprising since we
know from [15] that the OPE coefficients of the subleading twist multi-stress
tensor operators are not universal. This non-universality is introduced in our
correlator through coefficient b14. One can check that after inserting (6.30) to
(6.21) the term that multiplies the unknown coefficient by4 corresponds to the
lightcone limit of the conformal block of the operator with dimension A = 8
and spin s = 2. We thus conclude that b14 is the OPE coefficient of : T},,T¢, :,

b = Py, (6.31)

Now, using (6.19) we can write the T-channel OPE coefficients for the
remaining double-stress tensor operators with twist 75 ; = 6 and conformal spin

A + s > 14. Explicitly, these are found to be given by

ﬁ2—4€—17r(2£ + 7)

(2)
P =
HOF2EAT2E (0 1 4) (04 5) (€ + 6)(20 + 1)(20 + 3)(2¢ + 5)T (20 + 13) (6.32)
Ap 3 2 .
A
where
are = (L+2)(2049)(£(20+13)+9),
by =144 — 20(20 4 13)(£(2¢ + 13) + 12),
(6.33)

c1.0 = 0(20 + 13)(£(2€ + 13) + 33) + 558,
dy¢ = 216.
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Here ¢ > 0 and Pg’l is the sum of OPE coefficients of all operators with con-
formal dimension A and spin s. There is no way to distinguish operators with
the same quantum numbers A and s at this level in the large C1 expansion.
This type of degeneracy occurs for each conformal spin greater than 10 for twist
To,1 = 6. Also, perfect agreement between (6.32) and all the OPE coefficients of
double-stress tensor operators of twist 7 1 = 6 and spin s > 2 calculated in [15]
is observed. Note that Pé?Q) can not be found from (6.32) by setting ¢ = —1,
this would not agree with the result in [15]. In Section 6.5 we rederive (6.32)

using the Lorentzian inversion formula.

6.2.2. Tunst-eight double-stress tensors

We follow the same logic as in the previous section in order to write the subsub-
leading part of the stress tensor sector of the HHLL correlator in the lightcone
limit at O(p?). This part scales as (1—2) "2+, Here, we include contributions
coming from operators with twist 7 o = 8. These operators can be grouped in
ise Tpo
with A =12+ 20 and s = 4 + 20, : T,30%0a, ... 0ay, TP, : with A = 10 4 2¢
and s = 2 + 2¢ and finally : 75,04, - - - Oa,, T?7 : with A = 8+ 2¢ and s = 2/.

Q2g

three families and they are schematically written as : T}, (0?)%0q, . ..0

Subtleties with regard to the contributions of the different families are discussed
in Section 3.4.3.1.

Once more, we need to include the contributions of lower twist operators,
i.e. by expanding their conformal blocks as z — 1 up to order (1 — z)* and

collect the additional z dependence. Accordingly, we write the following ansatz

1 2z —T7)+ 11
9(2’2)(2) — i Z)AL ( (Z( 62(2 _>1; ) (aggfg? + asafofs +aisfifs)

1—2z2
+ (dirfifr + dasfofe + das fafs + daafi + e1sfifs + eaafofa

+ (2 — Z) (b1af1fa+ cr6f1f6 + casfofe + c3af3fa)

+ es3fs + gi13fifs + 922f22)>,

(6.34)
where f, means f,(z). Coefficients a,,, and ¢,,, are already calculated, while

b14 is undetermined from the bootstrap. The linear dependence between certain
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products of f,(z) functions (for more details see Appendix B.1, in particular
(A.2)) allows us to set three coefficients to zero, e.g., goo = 0, ez3 = 0 and
eoq = 0.

To fix the unknown coefficients in (6.34) we match terms that behave as
(1—2)~2r+42m log? 2 from the S-channel calculation of the correlator to terms
with the same behavior in (6.34) for small z. For the S-channel calculation, we
need the OPE data at O(u) up to p = 2, given by (6.28) and (6.29). We obtain
an over-constrained system of linear equations, whose solution is

4o %5, 5o Ap(Ar(Ar(Ap (282 - 17Ap) +1009) +1908) + 1008)
17 —

143 " 4004 115315200 (A, — 4) (AL — 3) (AL — 2) ’
dy — €15, D13 Ap(AL((Ap—T) Ay (1A, —179) +3636) + 2736)
12 " 1386 119750400 (A7, — 4) (AL, — 3) (AL — 2) ’
g 915, AL(AL (A —7) AL (3TAL —13) +1332) +3312)
180 108864000 (A, — 4) (AL, — 3) (AL — 2) ’
s (AL —6)AL (AL +2)
44 — .

9408000 (AL, — 2)
(6.35)

The undetermined coefficients g13 and e15 are related to the T-channel OPE
coefficients PEE’QO) and P1(g,)2 by the following relations

2
gi3 = P8(70)7

5 (6.36)

e1s = Ploy — 25—2P8(,20)~
Here Pé?o) is the T-channel OPE coefficient of the operator of the schematic
form : TagTo‘ﬁ :, while P1(g,)2 is related to the OPE coefficients of the operators
: TagamaMTaﬂ cand : THCX@QTO‘V : which have the same quantum numbers A
and s and are thus indistinguishable at this order in large Cr expansion. After
inserting (6.36) and (6.35) into (6.34) one can check that both Pé?o) and P1((2),)2
will be multiplied by the relevant lightcone conformal blocks.
Exactly as in the previous section, we can now extract the OPE coeflicients
Pﬁ)s for operators with twist o0 =8 and A =12 + 2/, s =4 + 2/, for £ > 0*°
P _ VTAL27HTIT(20 4 7)
12RAR2E T3 (AL — 4) (AL = 3) (AL — 2)(0+ 4)(€ +5)
az 0AT + by gAY + o yA2 +do AL + €ay
(L+6)(L+T)(20+1)(20+3)(20 +5)T (20 + L)’

(6.37)

19 For each A = 12 + 20 and s = 4 + 2¢ with ¢ > 0 there is a triple degeneracy,

because all three families of operators with twist 72 2 = 8 will be mixed.
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where
age = 0(20 + 15)(¢(2¢ + 15)(¢(2¢ + 15) + 59) + 1084) + 6012,
ba,e = 14004 — 20(20 4 15)(£(2¢ 4 15)(£(2¢ + 15) + 32) — 131),
co0 = L(20+15)(€(20 + 15)(€(2¢ + 15) + 113) + 4594) + 60984, (6.38)
dae = 216(114(2¢ + 15) + 302),
ea,r = 864(¢(20 + 15) + 34).

It is quite remarkable that these OPE coefficients are fixed purely by the boot-
strap.

6.2.3. Twist-ten double-stress tensors

Now we want to go one step further and analyze the subsubsubleading contri-
bution to the stress tensor sector of the HHLL correlator. This contribution

scales as (1 — z)~Ac+5

in the lightcone limit. We have to take in to account
the double-stress tensor operators of twist 72 3 = 10 in order to calculate this
contribution. These operators can again be grouped in three families of the
schematic form : T}, (92)30a, - .0y, Tpo : with A = 14+ 2/ and s = 4 + 2/,

Q2p
T,5(0%)200; - .00y, TP, : with A = 12 4+ 20 and s = 2 + 2/ and finally
: T3y 0?0, - - amT : with A =10 + 2/ and s = 2/.
In order to include contributions from lower twist operators we have to
expand their conformal blocks up to (1 — z)5 for Z — 1. The ansatz takes the

following form

1 13—-3 — 23 25
G*(z) = (1— Z)AL ( <Z(( 12(21)2_ )3 )+ ) (assf3 + azafofs + arsfifs)
+ 1 _12)2 T : + 190) (biafrfa + cr6f1f6 + casfofs + csafsfa)

+ (flz + ;) (dirf1fr + dosfofo + dasfsfs + daafi + ersfrfs
+ 913f1f3) — g13f3 + (hagf1fs + hor fof7 + hae f3f6 + has fafs

+ Jief1fe + J2s5fof5 + Jsafafa +irafifa+ i23f2f3)>,
(6.39)

with hupn, Jmn and i,,,, coefficients that we need to determine, and with by4, e15

and g13 undetermined from the bootstrap. The term g;3f3(2) in the next-to-last
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line of the previous equation has its origin in the correction to the conformal
block of operator : Ta[gTo‘B :. This operator has 3 = 7 o = 8 which implies that

both lines in the following expansion of the conformal block

g (1 — 21— z2) = (1 - 2)* (1 +(1-2) (g + 7 i Z) +0((1- 2)2)) fa(2)

—(1-2)° (1 +(1-2) (2 + 5 i Z) +0((1- 5)2)) f3(2)

(6.40)
contribute. The contribution from the first line of (6.40) is included in the third
line of (6.39), while we had to explicitly add the contribution from the second
line. Using (A.1) and (A.3) we set i23 = 0, j34 = 0 and jo5 = 0.

From the S-channel calculation, we collect the terms in the correlator which
behave as (1—2) 2215 10g?(2)2™ and are fixed in terms of OPE data at O(u) for
p < 3. By expanding (6.39) near z — 0 we obtain terms with the same behavior
as linear functions of unknown coefficients and by matching them with the terms

from the S-channel, we determine the unknown coefficients. These are

Ar (AL +1) (AL (AL (AL (47AL — 721) — 5182) — 15204) — 13680)

fus = = 4942080000 (A;, — 5) (AL — 4) (AL — 3) (AL — 2)
49114  49j16
38610 780
-V (AL +1) (AL (AL (AL (8AL, — 229) + 1097) + 7224) + 10080)
1383782400 (A, —5) (AL —4) (AL —3) (AL — 2)
di1a  Ji6
1404 12°
P AL (A1) (Ap (A (AL (3441 — 137) — 1829) 4 5712) + 23040)
50 2661120000 (AL —5) (AL —4) (AL —3) (AL —2)
114
-
. (AL —6) AL (AL +1) (AL +2)

62720000 (AL — 3) (AL —2)
(6.41)
Our approach does not allow us to determine the coefficients ji145 and i14. These
are related to the T-channel OPE coefficients of operators with twist 75 3 = 10
and minimal conformal spin by
i1 = P,
9 (6.42)

. 2 2
Ji6 = P1(2,)2 - Pl(O,)O'
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Notice that, despite the fact that the h,,, depend on the undetermined OPE
data, we are able to extract all the OPE coefficients of double-stress tensors

with twist 72 3 = 10 and conformal spin A 4+ s > 18. Explicitly, they are given
by:

2) \/%2—4"—221“(26 +9)
P14+2£,4+2£ = 17
5(20+ 1)(2¢+ 3)(20 +5)(20+ 7)T (20 + 17)
% AL(AL + 1)(&3’3A% -+ bg’gA?i + Cg’gA% + dg’gAL -+ 63’5)
L+5)l+6)L+T)(0+8) (AL —5) (AL —4) (AL —3)(AL —2)’

(6.43)

where
ase =020+ 17)(6(20 + 17)(¢(2¢ + 17) + 70) + 1513) + 9756,
b =38232 —2(¢ — 1)0(20 4 17)(20 4+ 19)(£(2¢ 4 17) 4 44),
3,0 =196164 + £(17 + 20(11647 + £(17 + 20)(196 + ¢(17 + 2¢))), (6.44)
ds e =504(647 + 194(17 + 20)),
es.0 =4320(53 + £(17 + 2¢0)).

We expect that a similar picture is true for all subleading twist double-stress
tensor operators. At O(u?), the ansatz for G(2™)(z) will naturally include prod-
ucts of the type f.(z)fp(2), such that a+b = 6+m, together with f1(2)fs1m(2)
and f1(2) fi+m(2). The coefficients of the latter two will be left undetermined
from the lightcone bootstrap at every order in the lightcone expansion. Such
coefficients will be related to the non-universal OPE coefficients of double-stress
tensors with spin s = 0, 2 for a given twist. On the other hand, the coefficients
of the products f,(2)fy(2), with a + b = 6 + m, once determined, will allow us
to extract the OPE coefficients of all double-stress tensors with conformal spin
B > 12 + 2m. We expect them to be universal, despite the fact that the coef-
ficients of the products f,(2)fs(2), with a + b = 6 + m, will be plagued by the
ambiguities present in the determination of the OPE coefficients of operators

spin s = 0,2 — just as herein.

6.3. Triple-stress tensors in four dimensions

In this section, we consider the stress tensor sector of the HHLL correlator at
O(u?) in d = 4. The operators which contribute in the T-channel are triple-

stress tensors. Since we are interested in the lightcone limit 1 — z < 1, we
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consider contributions of operators with low twist. Triple-stress tensors with
minimal twist can be written in the schematic form : 7),,T,,0q, - .. 0a,,The :-
These operators have twist 73 min = 6 and their contribution to the HHLL

correlator in the lightcone limit was found in [13]:

GEO () = ﬁ <a117f1(z)2f7(z) + a126f1(2) f2(2) f6(2)
+ a135.f1(2) f3(2) f5(2) + aszs f2(2)° f5(2) + assafo(2) f3(2) fa(z) + a333f3(2)3),
(6.45)
where the coefficients a;; are
P 5AL(AL +1)(AL +2)
T68768(AL, — 2)(AL — 3)’
_ BAL(BAT — 5TAL —50)
9126 = 6386688(AL — 2)(Az — 3)’
AL (2A% —11AL —9)
a135 = )
1209600(Af, — 3)
(6.46)
. AL (TAZ —51A —70)
9225 = T5903040(A, — 2)(Ar — 3)°
_AL(AL —4)(BAT —1TAL +4)
92340 TTYS38400(AL — 2)(AL — 3)
tas — Ap(Ap —4)(A3 —16A2 +51A 1 + 24)

10368000(Az — 2)(Ar — 3)
6.3.1. Twist-eight triple-stress tensors

We now consider the subleading contributions at O(u?) coming from triple-
stress tensor operators with twist 731 = 8. There are two families of such
operators, these can be schematically written as : 7),,T),00q, - - - Oy, T%¢ : with
A =12+420 and spin s = 4+20 and : T}, T,;0%0u, - . - Oag,The + with A = 14+2¢
and spin s = 6 + 2¢. The conformal spins of these families are 3 = 16 + 4¢ and
B = 20 + 44, respectively, so we expect products of three f,(z) functions such
that their indices add up to 8 and 10. The contribution to the correlator of
these operators scales as (1 — z) =2+ for z — 1. This implies that one needs
to include the contribution from the minimal twist triple-stress tensor operators

(due to corrections to their conformal blocks).
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Our ansatz takes the form

GBD(2) = i _Z)AL ( (i : j) (an7fifr+ arzefifofe + arssfifsfs

+ agos f5 fs + assafofafs + asasfs) + (briefofi + bizafsfafi
+ bros fofsf1 + bozsfofs + bosaf2 fa + crisfofi + clasfafsfi
+ 136 fafof1 + crorfofrfi + coaafof? + casafsfa+ cossfofsfs

+ 0226f22f6)> :
(6.47)

where aji; are given in (6.46). The linear dependence between products of three
fa functions, with explicit relations given in Appendix B.1, allows us to set the

following coefficients to zero
bi2s = b134 = baog = bazz = c136 = 0. (6.48)

To fix the coefficients b116 and cj,; we perform an S-channel calculation
up to O(p?). The relevant terms now scale as (1 — z)~22+*10g®(2)2™ and
(1 —z)"2rt410g?(2)2™ when Z — 1 and z — 0.

We fix the S-channel OPE data at O(u?) using the results of the previous
section, specifically eqs. (6.21), (6.34) and (6.39). Since the OPE coefficients
of double-stress operators of spin 0 and 2 are left undetermined, the S-channel
OPE data is fixed in terms of these. Concretely, 7,82’0) and P7§2’0) are completely
determined since the leading-twist OPE coefficients are known and universal,

while 77(12’1) and Pg’l) depend on b4, 77(12’2) and P£2’2) depend on by4, g13 and

e15 and so on.?°
We were able to fix all the unknown coefficients in the ansatz (6.47) using
bootstrap. Crucially, there are no spin s = 0,2 operators that contribute at

this level. Here, we list two of the coefficients while all others can be found in

Appendix B.2.

20" Explicit expressions for the S-channel OPE data are too cumbersome to quote

here.
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—Ap (AL +3) (AL (AL (Ap (1001A L + 387) — 4326) + 13828) + 5040)
10378368000 (A, — 4) (AL —3) (AL — 2)
by (Ap (143A 1 + 427) 4 540)
17160 (AL — 4) ’
ciis =7 (Ar +3) x
604800b14 (A2 —5AL +6) + Ap (—21A% +229A7 + 414A, + 284)
856627200 (A3 — 9A? +26A [, — 24) ‘

biie =

(6.49)
Notice that they depend on by4. This is because the anomalous dimensions at
O(u?), (2:2) depend on it. Moreover, no OPE coefficient of triple-stress tensors
with twist 731 = 10 is universal since all of them depend on b14. These OPE
coefficients can be written in the form of a finite sum, similarly to what happens
for the OPE coefficients of leading twist triple-stress tensor, given in [13]. We
define i1 (7, q¢) and i2(r, q) as

2.1(7‘7 q) = blle(1717T)p<2r+2767q)7 (650)
and

iQ(r7 Q) = 0118])(17 17 T)p(??‘ + 27 87 Q) + 0127])(17 27 T)p(??“ + 37 77 q)

+ 014519(1, 47 T)p(27’ + 57 57 Q) + 022619(2, 27 T)p(27’ + 47 67 Q) (6 51)
+ 0235]9(2, 37 T)]?(QT + 57 57 Q) + 0244p(27 47 T)p(QT + 67 47 Q> .
+ 6334p(37 37 T)p(27’ + 67 47 q)7

where p(a, b, £) are given by (6.20). The OPE coefficients can be written as

0+1 ¢
3 . .
P gorne =Y it(rl+1—1)+ > is(r, 0 —7), (6.52)
r=0 r=0

for £ > 0, while Pfgh = 11(0,0) = by116. We give the explicit expressions for
some OPE coefficients in Appendix B.4.
6.3.2. Twist-ten triple-stress tensors

Here, we consider the contribution of triple-stress tensor operators of twist 73 o =

10. These operators can be divided in three families of the schematic form
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: T TopOyy - 04y, (02)*T, + with conformal dimension A = 16 + 2¢ and spin
s =6+20,: T, Tapd,, ... .04, 0°T", : with A =14 + 2/ and s = 4 + 2/ and
finally : 7,0 T30, - - - Oup, TP : with A =12+ 2¢ and s = 2 + 2/. One can see
that in the last family an operator of spin s = 2 is included.

An appropriate ansatz in this case is

1 14422 — 4482 + 464
GG (2) = (1= 25 < ( 2160(2 _21)2 ) (a117f7 f7 + a126 f1f2 6
1 3
+ a1zs f1f3fs + azos f3 5 + aszafofsfa + azssf3) + <: + 5) (buisfo T

+ cnsfsfP 4 cuasfafsfi + crorfofofi + coaafofi + casafafi + cassfofafs
+ 6226f22f6) + (d117f12f7 + 6115f12f5 + 9119f12f9 + g12sf1fafs +9155f1f52

+ g227f5 [ + gase 2 fafe + gaas fafafs + gsssf3fs + g344f3ff)> ;

(6.53)
where f, = f.(z) and we have included only the linearly independent products
of these functions.

The lightcone bootstrap fixes all coefficients except ej;5. One can
check that this is exactly the OPE coefficient P1(§,)2 of the spin-2 operator
: Tyo Ty g TP« with A = 12 and spin s = 2

€115 = Pfg’,)z. (6.54)

All other coefficients can be found in Appendix B.2. Notice that all coefficients
depend on by4, g13 and e;5 because the S-channel OPE data at (’)(,uz) depend
on them.

Again, we write the OPE coefficients for all triple-stress tensor operators

with twist 732 = 10 and § > 18 in the form of a finite sum. We define j;(r, q),

j2 (T7 Q) and jg(T, Q) as
jl(ra Q) - 8115p(]—7 1,’)“)])(27"-1— 2757Q>7 (655>

j2(r7 Q) = d117p(1717T)P<2T+2777 q) (656)
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and

J3(r,q) = g119p(1, 1,7)p(2r + 2,9, q) + g12sp(1, 2, 7)p(2r + 3,8, q)
+ g155p(1,5,7)p(2r + 6,5, q) + g227p(2, 2, 7)p(2r + 4,7, q) (6.57)
+ g2360(2, 3, 7)p(2r + 5,6, q) + g245p(2,4,7)p(2r + 6,5, q)
+ g3350(3, 3, 7)p(2r + 6,5, q) + g344p(3,4,7)p(2r + 7,4, q),

where p(a, b, ?) is given by (6.20). The OPE coefficients can now be written as

0+2 {+1 L

P1(22|—2£6+2£ Zjl (rl+2-r) +ij7“€+1—7‘)+2j(r,€—r), (6.58)
r=0 r=0 r=0

for £ > 0, while
Py = j1(0,1) + j1(1,0) + j2(0,0). (6.59)

Finally, we conclude that the stress tensor sector of the HHLL correlator to
all orders in y and in the lightcone expansion will take a similar form in terms of
products of f, functions. One should be able to completely fix the coefficients,
except for terms that correspond to the OPE coefficients of multi-stress tensor

operators with spin s = 0, 2, using the lightcone bootstrap.

6.4. Holographic phase shift and multi-stress tensors

In this section, we demonstrate how to calculate the T-channel OPE coeffi-
cients of spin-2 operators (up to undetermined spin-0 data) which are left un-
determined after the lightcone bootstrap, using a gravitational calculation of
the scattering phase shift. We are interested in the scattering phase shift — or
eikonal phase — resulting from the eikonal resummation of graviton exchanges
when a fast particle is scattered by a black hole?!. Seeking to explore the univer-
sality properties of the undetermined OPE coefficients of the previous section,
we perform the calculation in Gauss-Bonnet gravity extending the results of
[55] to this case. We argue that the phase shift in the large impact parameter
limit is independent of higher-derivative corrections to the dual gravitational
lagrangian. This is consistent with the universality of the minimal-twist multi-

stress tensor sector in the dual CFT. On the other hand, we observe that the

21 For CFT approach to the Regge scattering of scalar particles in pure AdS see
[68-63,126,134].
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subleading OPE data of spin-2 multi-stress tensors depend explicitly on the
Gauss-Bonnet coupling A\gp.

The computation involves performing an inverse Fourier transform of the
exponential of the phase shift in the large impact parameter expansion, to obtain
the HHLL correlator in position space?2. This is done following the approach of
[135]. Comparison with the expressions for the HHLL correlator in the lightcone
limit requires analytically continuing the results of Sections 6.2 and 6.3 and
taking the limit z — 1. Identifying terms in the HHLL four-point function with
the same large impact parameter and z — 1 behavior allows us to extract the
spin-2 OPE coefficients of the double- and triple-stress tensor operators (up to

undetermined spin zero data).

6.4.1. Universality of the phase shift in the large impact parameter limit

In this subsection, we consider Gauss-Bonnet gravity in (d+ 1)-dimensions and
argue that the phase shift obtained by a highly energetic particle traveling in
a spherical AdS-Schwarzschild background is independent of the Gauss-Bonnet
coupling A\gp in the large impact parameter limit.

The action of Gauss-Bonnet gravity in (d + 1)-dimensional spacetime is

_ b i = dld—1)
S_167TG/d g(R+ Iz
h)
A )

(6.60)
where the coupling parameter Agp is measured in units of the cosmological
constant /: S\GB = A\gpl?, with \gp being a dimensionless coefficient. The
AdS-Schwarzschild black hole metric which is a solution of the Gauss-Bonnet
theory is given by [136,137]:
dr

2
+r2dQ% (6.61)

ds? = —ridsf(r)dtQ + 0

where

flr)=1+ 2;; (1 - \/1 —4Aci(1 — ;‘—d)> : (6.62)

22 Recall that the exponential of the phase shift corresponds to the Regge limit of

HHLL four-point function in momentum space [55].
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with
16nGM il

A e Lo Y £ R e

TAdS = (%(1 +4/1 - 4/\(;]3))1/2 (664)

where Q41 is the surface area of a (d—1)-dimensional unit sphere embedded in

(6.63)

and

d-dimensional FEuclidean space. The metric is normalized such that the speed
of light is equal to 1 at the boundary (i.e. gi#/g9sp — 1 as 7 — o0) and all
dimensionful parameters are measured in units of £. The product (¢ra4s) is the
radius of the asymptotic Anti-de Sitter space.

The two conserved charges along the geodesics, pt and p?, are

dt
' =rhasf(r) o
d\
(6.65)
¢ 2d¢
p? =r"—.
d\

where A denotes an affine parameter. Null geodesics are described by the fol-

L/dr\*  (p°)? 1(p")?
5(5) T I =g (6.66)

similarly to Einstein gravity.

lowing equation,

A light particle, starting from the boundary, traversing the bulk and

reemerging on the boundary experiences a time delay and a path deflection

At:2/ dr : :
"o TAdsf(T)\/l—QQ%—gsf(T)

o dr
A¢ =2 7“Ads/ - ;
To 2 \/1 — a2 T/;gs (7“)

where a = p®/p! and ry the impact parameter determined by g_f\‘r(k):ro =0,

given by :

(6.67)

1.€.,

2
r
1-— aQ%f(ro) = 0. (6.68)
0

Defining the phase shift as § = —p - Az = pt At — p? Ap, we find that

t oo 2
p dr \/ "Ads
o0=2 1 —a2-422 f(r). 6.69

raas Jr, f(r) r2 Fr) ( )
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Just as in [55], we are interested in expanding the phase shift order by order

in p. It is easy to see that in terms of CFT data p can be expressed as

4 T(d+2)Ag
P a—12T@R2)? cr

(6.70)

which is consistent with (3.14). Here Cr is the central charge of the dual
conformal theory [138]:

Or = 2(7;__ ) ﬁf/;fémds@d*m, (6.71)

and AH = MZTAds.
In order to calculate the phase shift, we introduce a new variable y, given

by y = 2. Using this variable (6.69) can be written as:

t 1 2 2 1/2
g2l | dy)(l_f%f(%)) . (6.72)

T AdS y2f (L 70

Expanding the phase shift

§=> uFsth), (6.73)
k=0

and solving (6.68) perturbatively in p reads

o bS—d n b3—2d (b2(3_2d)+4)\i) 2+O( 3) (6 74)
T e VT iags ) O

Generically, we get an expansion of the form
ro=>b+ Z app®, (6.75)
k=1

where the aj, which depend on b, in the large impact parameter limit (b — o0)

behave as :
k(d—2

ap, o b (TAde ) (6.76)

Notice that there is no explicit Agp dependence in the leading term?3, since the

metric (6.61) approaches the one in pure GR.

23 Except the overall dependence on 7 q4s.
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To study the leading behavior of the phase shift for large impact parameters

it is convenient to define a function g(x) as

o(@) = s T2, (6.77)

with f given by (6.62), and denote the integrand of (6.72) by h (g (%)), with

h(zx) = é\/ 1 —a?z, (6.78)

to express (6.72) as

() a6 (E)s e

In practice, to calculate the phase shift in the large impact parameter limit, we
first expand the integrand of (6.79) in powers of p, perform the integration with
respect to y, and then expand the result in powers of b. The b-dependence of
§(F) is therefore fixed before the integration and the integral just determines the
overall numerical factor (assuming that it is convergent).

We can immediately see that g (%0) depends on p explicitly and implicitly
through ro(p) in (6.74). In order to make this clear we write g (%0, ,u) instead
of just ¢ (%) Defining ¢(™™) (9 O) as

y?

) <9 0) _ oo <’“_0 u)
y’ orgoum™” \ y’

allows us to write the following expansion for h (g (%0, ,u)):

(6.80)

7‘0:b7y‘:0.

h (g (ro/y, 1)) =h(g(b/y,0)) + uh'(g(b/y,0)) (9(0’”(6/&/, 0) + a1V (b/y, 0))

+ B (b/,0)) (5D 0/,0) + mag ™0 (b/,0))
+ -1 (9(6/9,00) (9% (b/y, 0) + 2a29") (b/y, 0)

+ 24190 (b/y,0) + 390 (b/y,0)) + O(1),
(6.81)
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where aj are the coefficients appearing in (6.75). It is clear that at each order
in the p-expansion we will have a sum of products composed from derivatives

of h(x) and sums of the form

Z Ak, kg - - - akpg(}%n_zf:l kl)(b/yv O) : (682>

Notice first that g(b/y,0), g™ (b/y,0) and g™ (b/y,0) do not depend
on A\gp as can be seen from (6.77). The same is true for h(™ (g(b/y,0)) for
any n as follows from (6.78). On the contrary, (™™ (b/y, 0) with n > 2 depend
explicitly on Agp. It is then evident that any dependence on Agp will come from
terms like the ones in parenthesis in (6.81) which are of the type (6.82). We will
now show that all the terms in such sums which contain Agp, are subleading in
the large impact parameter limit.

Recall that aj o< b'~%(=2) for k > 1. Using (6.77) one can check that
g™ (b/y,0) o< b= for n > 0 and g™ (b/y, 0) o b=™2. We thus need to
spearately consider two cases: products of the form ay, ag, - . . akpg(p’”_Q) (b/y,0),
with ¢ = >°7_, k; and ¢ < n and products of the form ay, ag, - .. ax, g™ (b/y, 0)
for which ¢ = n.

The former behave as

1

m. (6-83)

Ak, ey - - .akpg(p’”_q)(b/y, 0) x

Clearly, the leading behavior in the large impact parameter regime corresponds
in this case to ¢ = n — 1, recall, however, that ¢ does not depend on Agg.

The behavior of the latter terms is

1
A, Qs - - .akpg(p’o)(b/y,O) 0.8 m (684)
which is again independent of Agg. The conclusion is that the leading behavior
in the large impact parameter regime comes from terms containing g(p’o)(b/ y,0)
and g1 (b/y,0) that do not contain Agg.
One can extend these considerations straightforwardly to any gravitational

theory that contains a spherical black hole with a metric given by

d 2
S Yo (6.85)

2 _ 27 2
ds® = —(1+r2f(r))dt* + T
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where the functions f(r) and A(r) admit an expansion of the following form in

the large r limit:

=1y oy S Se

_Ornd Td

t5g P (6.86)
7 nd 0 d

n=0

for some constants fnd and ﬁnd (these are the spherical black hole metrics

considered in egs. (5.1) and (5.10) in [15]).

6.4.2. Spin-2 multi-stress tensor OPE data from the gravitational phase shift

The gravitational phase shift in a black hole background is related to the light-
cone HHLL four-point function discussed extensively in this article. In the fol-
lowing, we will exploit the precise relationship between the two to extract the
OPE data of multi-stress tensor operators of spin-2 in the dual conformal field
theory (modulo spin zero data). While the explicit procedure can be worked
out for arbitrary multi-stress tensors, we will herein focus on double and triple-
stress tensor operators, which control the O(u?) and O(u?) lightcone behavior

of the HHLL correlation function.

6.4.2.3. The phase shift in Gauss-Bonnet gravity to O(u?).

In this section, we focus on the gravity side and determine the phase shift order
by order in g up to O(u?) relevant for this article. Starting from O(u®) we

consider the following expression

/1 —
5(0) = pr TAdSV 1—a? y (687)

b2+ 1% ,502 TAdS

Evaluating this integral and using the following notation p* = p* 4 p?, —p? =
pTp~, leads to
60 = mp~. (6.88)

This is of course none other but the “phase shift” in pure AdS space.
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At O(p) the result is the same as in [55], where Einstein gravity was con-

sidered,

b \'"[(d—1\ ,fd—1 3 d—1 d r2

50 = /72 B[ B (1,450 4 1y s,
p T AdS 92 2 ) 9 2471 ) 2 ’ 2 + 1, b2

(6.89)

At this order, the phase shift depends only on the single graviton exchange,

which is unaffected by the higher derivative terms in the gravitational action.
According to the holographic dictionary, the exchange of a single graviton is
related to the exchange of a single stress tensor in the T-channel. The corre-
sponding OPE coefficient is fixed by the Ward identity, so it does not depend
on the details of the theory.

We now consider the phase shift at higher orders in p. For convenience
herein all results are presented in d = 4. At O(u?), using the technique presented

in the previous subsection, we find that:

T b T 57445 DT
5(2) :gﬂ/_p2<5 ( 1+ AdS_l)_§ bd +Z 2§zs

2 3
AGB 4 | 4 Mhas _ gy gTads | L734s (6.90)

b
e
T,24dS 1-— 4)\(;]3 T AdS ( b2 b 2 b3
_ l@dS)
4 b '

In the lightcone limit (b — oo) this reduces to

b—oo 12805 102467 r2asV1—4AgB
We explicitly see that the leading contribution does not depend on Agp, while
the subleading does.

Let us denote 5&2% to be equal to (6.90) when A\gg = 0,

35717 g/ —D? 5 r?
5@ _ AdS Fo(1.2 4 _TAds 09
GR 128b5 2 1( Y 27 Y b2 )7 (6 9 )

which is the pure Einstein gravity result for the phase shift at O(y?). Then §(2)

can be written as

52 — 5@ (1 n 4AcB ) Tt/ —p*AcB (TAds>5 (6.93)
GR 5r2,5V1 — 4hap)  32r%,6V1 —4hgp \ b
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The phase shift at O(u?) is given by

53 :5(3) <1+ 12XgB 16)‘%}13 )
GR 7r3,9V1 — 4GB 21rjds(1—4AGB)

_ \/j (TAdS> ( 4957T)\GB 557T)\éB )
P 512r2 V1 - Das | 1287 ,5(1 — 4hap)

PR (TAbds ) 9 TTTNAR

25614 (1 — 4XaB)

(6.94)

where

(3) 2317"Ads 7 7“,24ds
dOop = 1667 \/ — B( )2F1(1 o , 5, — 2 ). (6.95)

By expanding (6.94) in the large impact parameter limit, one again explicitly

sees that the leading term does not depend on Agp.

6.4.2.4. Inverse Fourier transform of the phase shift at O(u?).

To make contact with the position space HHLL correlation function, one needs
to perform a Fourier transform of the phase shift. According to [55], the HHLL
four-point function in the Regge limit /—p? > 1 is given by

3 dy
gu»—/k;jlma> (6.96)

where Q(w) = (Op(21)O0r(22)OL(23)On (24)) Regge 1imit and B(p) = Bo(p)e®

The factor By(p) reproduces the disconnected correlator and it is given by
Bo(p) = C(AL)O(p")0(—p*)e ™35 (—p*) 2272, (6.97)

with normalization

9d+1-2A1 - 1+4
C(AL) = . 6.98
(Az) T(ALT (AL — 4+ 1) (6.98)

We expand the integrand of (6.96) in powers of u using (6.73), explicitly

B(p) = Bo(p) (1 + o™ + p? <@-5<2> _ %50)2)
(6.99)

e (9050 57) o)
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This generates an expansion for G(x) from (6.96) as
G(z) =Y uFG® (). (6.100)
k=0

Let us start by studying the correlator at O(u?). The imaginary part of the
correlator in the Regge limit at this order comes from i§(?) in (6.99) while the
real part comes from —%5(1)2.

Consider first the imaginary part. To perform the inverse Fourier transform

it is convenient to first expand §®) as follows:

5 15 oA
6@ = 7%/ —p2 (—H5,3(L) + (— St ) Iz 5(L)

2 4 2, /1—4an
(6.101)
16AgB
5 — Mo s(L)+... ).
+( Tidsvl—‘l)\GB) sall) )
In (6.101) b/raqs = sinh(L) and
m=ET(A = 1) d d—2
Oa_1.4-1(z) = “A-r P -1, A1, A— =2 2
A—1;d 1($) 2F(A—%) € 2 1(2 ) ) )7
(6.102)

the three-dimensional hyperbolic space propagator of a massive particle with
mass square equal to (A —1)2. The dots in (6.101) stand for terms with hyper-
bolic space propagators with A > 10. We can now perform the inverse Fourier
transform of (6.101) with the help of egs. (3.23) in [55] and (3.4) in [135].

The term which contains II5 3(L) includes (after the inverse Fourier trans-
form) the contribution of double-stress tensors with minimal twist 7 = 4. As
we have already shown it does not depend on Agp, which we can also explicitly
see in (6.101). The next term, that contains II7 3(L), includes the contribu-
tion from the double-stress tensor operators of twist 751 = 6. We can use this
term to fix the coefficient by4 which was left undetermined in (6.21). Similar
reasoning applies to all the higher-order terms in the large impact parameter
expansion of (6.101). Namely, the term proportional to Ils,,4+1 3(L) is related

to double-stress tensor operators of twist 7 = 2m.
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Performing the inverse Fourier transform following [135] leads to

N d4 . 21
- (2) _ [ 2P ipx 5(2) _
iIm (g (07 ,0)> / (27T)4e B()<p)25 F(AL)F(AL _ 1)0.2AL—|—1

x (alng),g(p)r(AL —OT(AL +2) + by 5(p)T(AL — 3)T(AL +3)

+erllgs(p)T(Ap — T(AL +4) + .. ) T

(6.103)
_ 35,2 _ 2 (15 5AcB — 2 _ 16 )\gB
where a; = 57, by = Tm ( i —TZAdSm> andec; = Tmr (5 Y ey vers

The ellipses outside the parenthesis in (6.103) denote contributions due to
double-trace operators in the T-channel that are not important for studying

the stress tensor sector. The position space coordinates o and p are defined as

z=1—o0¢€’, z=1—oce’. (6.104)

after the analytic continuation z — ze~2"". Once more, notice that the dom-
inant contribution in the large impact parameter regime, p — oo, comes from
the factor II5 3(p) in (6.103) which exactly matches the imaginary part of the

correlator (6.17) in [55].

6.4.2.5. Comparison with HHLL correlation function in the lightcone limit at
O(1?).

A few simple steps are required before we can finally relate (6.103) with the
results of Section 6.2 and determine the OPE coefficients of the spin-2 double-
stress tensor operators. As explained in [55], one has to analytically continue
G2h, G2 and G (defined in Section 6.1) around the origin by taking
2z — ze~ %" and expand the result in the vicinity of ¢ — 0. The relevant term,
which corresponds to the imaginary part of the correlator (6.21) as ¢ — 0,

reads:

—7p
iIm ((Ue_P)B—AL 9(2,1)(1 — O'ep)) :7Z7Tm (12600614
16(A, —3) (AL —2)

(6.105)
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Comparing this with the subleading term of (6.103) as p — oo, i.e.,

i (G2 (7,p) ) |o-70 =

35ime” "PAL (AL +1) (8Aae + AL (4ha — 5v1 — 4AaBriys)) n

10254/~ Dhapr s (A2 — 5AL 1 6) .
(6.106)

with the ellipses again denoting double-trace operators, allows one to obtain the

following expression for the unknown parameter by4:

b= P3 _AL (A (AL (TAL —23) +22) +12)
e 201600 (A, — 3) (A — 2)
_ AeBAL (AL +1) (AL +2)
2520v/1 — dXapriys (A —3) (AL —2)

(6.107)

Note that this precisely matches the OPE coefficient of the double trace operator
of conformal dimension A = 8 and s = 2 calculated in [15] from gravity by other
means. As expected, the OPE coefficient in (6.107) explicitly depends on A\gp.

Let us now go one step further and fix P1(g,)2 contributing to G2 (z)

through (6.36). Analytically continuing (6.34) and taking the limit o — 0,

yields
, VA=A ~(2,2) 49 me % P1(§)2
Tm ((06 pYI-ALG(22)(1 _gep>) =i 00 52T | 72000001 + 11404800 5
L Ar(Ap (Ap (Ap (6327 — 362A1) + 749) + 12888) + 12288)
7T(AL —4) (AL —3) (AL —2)
(6.108)

For reasons that will be explained later, we only consider here the imaginary
part of the subsubleading term in the correlator. To extract the OPE data
we need to compare (6.108) with the subsubleading contribution in the large

impact parameter limit of (6.103), which is

. 5 7 7F€_9p 10AL (AL + 1)
2 —
Im (g( )(U, /))) =90 = ZZUQAH—l ( A, o

CTAL (AL +1) (Ap +2) (16 + Ar (12Ags — 5T = Pgrrias))
V1 —4Xapri s (AL —4) (AL —3) (AL —2) ‘
(6.109)
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Substituting (6.107) in (6.108) and matching to (6.109) enables us to determine
the OPE coefficient P1(§,)27

Ap (AL (AL (AL (187AL — 552) + 901) + 1012) + 912)
79833600 (AL —4) (AL —3) (AL —2)
AgBAL (AL +1) (AL +2) (AL +3)
124741 — Ihapriys (AL —4) (AL —3) (AL —2)

This precisely matches the one calculated in [15].

Similarly, one can match the CFT expression for Im ((oce?)>~2£G23)(1 — ge?))

2
P1(0,)2 =
(6.110)

in (6.39), to its gravitational counterpart Im (Q(Q)(a:)) le-110, by expanding
(6.101) and (6.103) up to O(e~11*). This allows one to additionally determine
P{3), in (6.42)

pE, - 5 aBAL (Ar +1) (AL +2) (AL +3) (AL +4)
27 T 153024v1 — Dhanr® e (Ar —5) (An —4) (A —3) (An —2)
Az (AL +1) (A (AL (Ar (6721A7 — 15603) + 46474) + 100828) + 143760)
44396352000 (Az — 5) (Ay —4) (Ar — 3) (Ar — 2)

_|_

(6.111)

Notice that we did not use the real part of G(?) (o, p), which comes from the
term —%5(1)2 in (6.99) and behaves as 022272 for ¢ — 0. This term matches
the corresponding term with the same o behavior in the correlator. It does not
give us any new information, because it is independent of the OPE coeflicients

of operators with spin s = 0, 2.

6.4.2.6. Extracting OPE data from the gravitational phase shift at O(u?).

Let us now consider the O(u?) terms in the correlator. Focusing on the gravity
side, we start by performing an inverse Fourier transform. (6.99) instructs us to
consider three terms i6®), §(M§() and i(§(V))3, which give rise to terms that be-

—QAL—l, —QAL—Q and O.—QAL—B

have as o o , respectively. Performing the relevant
computations, we observe that 6§ and i(6(1))3 do not provide additional
information because the corresponding terms in the correlators are already fixed
by bootstrap (these terms simply give us an extra consistency check). Focus-
ing on the inverse Fourier transform of i6®®), we expand (6.94) in terms of the

hyperbolic space propagators, I1,, 5(L),

6B = /—p? (a2H7’3(L) + b2Ilg 3(L) + coll11 3(L) + .. ->, (6.112)
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where

. 1155 ,
= —T7
2 8 9
3AaB
by = 23172 (— + 2) ,
2 T,24dS /1 _ 4/\GB (6113)
23172 32045 120\cB
Coy = ] - 5 + 35 s
8 TAdS(1—4)\GB) rAdS‘/l —4)\(;]3

which leads to

d'p 4 2i
_ ipr 13 5(3) _
- / r© BT = FR (A, — 1)e2Ae

x (a2n7,3(p)r(AL —3)T(AL +3) + bollo 5 (p)T(AL — HT(Ay +4)

ilm (6(3) (o, p))

+ ol 3(p) T (AL = 5) (AL +5) + .. ) + double traces,
(6.114)

The leading and subleading contributions in the large impact parameter limit
p — oo come from II73(p) and Il 3(p) and behave as % and ;’;fgiffl,
respectively. They are precisely matched by the relevant terms in (6.45) in
the vicinity of ¢ — 0 after analytic continuation [135]. This is another sanity
check of the procedure described herein, since these terms do not incorporate
contributions from spin-2 operators.

To extract further OPE data, we proceed to match the subsubleading cor-
rection of (6.114) in the large impact parameter limit to the term in (6.53) which

. —11p . . : (3)
1Tme _
behaves as ~ SaLTT This allows us to determine the coefficient e115 = ]312’2

in (6.53) which corresponds to the OPE coefficient of the triple-stress tensors

of spin s = 2 with conformal dimension A = 12:

117A% — 439A3% + 407A1 + 859A3 + 202A% + 696A [,
172972800(Ar, — 2)(Ar — 3)(AL — 4)(AL — 5)
Aap(143A8 — 231A3 — 3597A%1 — 9489A3 — 11186A2 — 4920A ;)
4324320002 ;T — A (AL — 2)(AL — 3)(AL — 4)(AL —5)
MNepAL(AL + 1) (AL +2) (AL + 3)(AL +4)
2402474 (1 — 4XgB) (AL — 2)(AL — 3)(AL —4)(AL —5)
(2)T6 + 5% +11A,
8,0 1320

€115 = —

_|_

(6.115)
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Notice that e;15 is not completely determined by the above procedure since the
spin-0 OPE data, PEE’QO) , is not fixed. Summarising, we conclude that we are able
to fix all coefficients in the ansatz except those that correspond to the OPE
coefficients of operators of spin-0. However, using the expression for ps(,Qo) found

in [15] one finds

Pl(g,)Q =
1001AT — 6864A% + 12615A% — 3980A1 — 6156 A3 — 11736A% — 1440A
3459456000(A, — 2)(AL — 3)(AL — 4)(AL — 5)
Mg (143A% — 206A% — 1631A7 — 3622A% — 3540A2 — 1200A 1)
2882880012 ,6v/T — A (AL — 2)(AL — 3)(AL —4)(AL —b)
ANeAL(AL + 1) (AL +2)(AL +3)(AL +4)
2402474 ,o(1 — 4hap) (AL — 2) (AL — 3) (AL —4) (AL —5)

+
(6.116)
6.5. Lorentzian inversion formula

It was recently shown in [128] that one can obtain the OPE coefficients of
minimal twist double and triple-stress tensors using the Lorentzian inversion
formula. Here, we review this method and show how it can be generalized to
extract the OPE coefficients of twist-six double-stress tensors. In principle, it
can also be generalized to multi-stress tensors of arbitrarily high twist.

6.5.1. Twist-four double-stress tensors

Consider the correlation function
(ww)_ALQ(w,w) = (O (0)O0x(1)Or(w,w)Or(0)). (6.117)

The Lorentzian inversion formula is given by [73,78]

B—7 1
1 —1
c(r,B) = %mﬁ/ dwdu‘)u(o’o)(w,w)
0 (6.118)
0,0 NN P
90 i 2t gy (0, @)dDisc[G (w, ),
where L
0,0y, o~ _ Jw—w|"
p ) (w, w) o) (6.119)



gy

T T (B - 1)’
where 7 = A — s and f = A 4+ s. Here gg?;o) is a conformal block given with
A—s+d—1and s A —d+1andin d =4 is given by (3.57). Moreover,
dDisc denotes the double-discontinuity of G(w, @) in (6.117), which is equal to

(6.120)

the correlator of a double commutator, and it is given by
A ~ 1 -~
dDisc[G(w, )] = G(w, @) — =G°(w,w) — =G°(w, w). (6.121)

Here GO and G© correspond to the same correlator analytically continued in
two different ways around w = 1, namely (1 — w) — (1 — w)e*?™". The OPE
data, P,/is 5_., can be extracted from c(r, 3) via?*

2 ’ 2

P.iis s—r = —Res;—rc(T, B), (6.122)
2 b

2

where 7 and 8 denote the twist and conformal spin of operators in the physical
spectrum of the theory exchanged in the channel O xOr, = O — OgxOg.

We would like to apply the Lorentzian inversion formula to the HHLL
correlator to extract the OPE data of the double-stress tensors. To this end,
we will use information of the correlator from the channel where Oy O, merge.

The function G(z, Z) can be obtained from G(z, z) via

A

G(w,w) = (ww)*tG(1 —w,1 — ). (6.123)

To apply the Lorentzian inversion formula we first need to calculate G(z, 2)
using the S-channel operator product expansion (3.52). First, let us start with
the leading contribution of G(z, z) in the lightcone limit z — 1 at O(u?). These
give the leading contributions when w — 0 in G(w,w). After the integration
with respect to w in (6.118), these contributions fix the position of the pole
and residue of ¢(7,8) that corresponds to lowest-twist double-stress tensors.
Subleading contributions in Z — 1 (or w — 0) only create new poles, without

changing the residue of existing ones, therefore, they do not affect the OPE

24 1n principle there is an extra term in this relation when 7 — d = 0,1, 2, . .. [73],

however, it vanishes in the cases considered.
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coefficients of lowest-twist operators. The leading contribution in the (1 — z)-
expansion comes from the leading contribution of the 1/l-expansion of the S-
channel OPE data. Only the term proportional to log?(z) contributes to the

double-discontinuity and we denote it by G (z The number in the

’ 2> ‘logQ(z) ’
superscript denotes the power of p in which we are working. Substituting in to

(3.67) equations (3.25), (3.70), (5.10) and (3.69), we find that

nlAL -3 ( +1 _ l+1) F(n + A7 — 1)
@) — 52 S

(o)
(6.124)

In the lightcone limit, the dominant contribution to this expression comes from

operators with large spin [ > 1, we can, therefore, approximate the sum over [
by an integral. Note that only O(u) OPE data, i.e. ’y( ’ ), appears in (6.124).
Using (6.28) we evaluate (6.124) and collect the leading term as z — 1,

2 2 (1= 2P A0(1 —z)-art
G2 (z 2 ‘log () = 1087(2) 32(AL —2) %
Ap (AL ((2(z +4) + 1)°Ap + 2(2(54 — (2 — 28)z) + 28) — 1) + 722%)

+0((1—z2)7>2r).

(6.125)
With the help of (6.123) one obtains

‘  Apw? log?(1 — w)
log?(1—w) ~ " 32u4(A, — 2)
(AL (((w = 6)w + 6)* AL, — w(w(w(w + 24) —132) + 216) 4 108) + 72(w — 1)?)

+O0(w?),

GO (w,

(6.126)
which agrees with (4.12) in [128]. Now, it is easy to see that

W?IJZAL
8w4(AL — 2) %
(AL ((w—6)w +6)*AL, — w(w(w(w + 24) — 132) 4 216) + 108)

+ 72(w — 1)%) + O(w®).

dDisc[GP) (w, w)] =
(6.127)

To compute the integral (6.118) we substitute

1 1
200 (w, w) = — +0 (ﬁ) , (6.128)

w2

109



90 o gy (0, @) = 5F (5 (1= w) + O(@)) (6.129)

2

valid in the lightcone limit w — 0 (or Z — 1), and set (—1)6% = 1 since only
even-spin operators contribute. Combining the above we arrive at the following

expression for ¢(1, )

\/7_1'2_5+1ALF (g)
C()(T,ﬁ) = — X
(T —=4)(B—10)(8—6)(8 —2)B(8+4)
384(Ap —7) Ap +4608
(B+8) (AL =2)T (3(8 - 1))
N (B—=2)BAL((B—2)B (AL —1) —56AL + 200)
(B+8) (A =2)T (3(8-1)) ’

(6.130)

where the subscript denotes that this result is obtained in the leading order
of the lightcone expansion. The OPE coefficients of the minimal-twist double-
stress tensors are given by

2
Péiz,g—g = —Res,—aco(T, B), (6.131)

where § =12+ 44, £ > 0, and are in precise agreement with (1.6) in [124] and
(4.15) in [128].

6.5.2. Twist-six double-stress tensors

Here we use the same method to obtain the OPE coefficients of double-stress
tensors with twist 75 1 = 6. We first need to compute the subleading contribu-
tion in the lightcone limit to egs. (6.127), (6.128) and (6.129). Specifically, the

integration measure

1 2
w2wt  w3w3

100 (w, @) = +0 (w?), (6.132)

and the conformal block,

(0,0) N3z _ Sy T 1 9
9_rt2(d-1), 7% a0 0) =072 fo (1= w) (1 Tw (1 1 w) +O(w )) ;
(6.133)

were obtained from the explicit expressions given in (6.119) and (3.57).

110



To evaluate the subleading term in dDisc[G® (w, w)] we reconsider the S-
channel computation. Similarly to the case of leading twist, only the part of
the correlator with log*(z) contributes to the discontinuity. However, we now
have to include the subleading corrections in the 1/l-expansion of the S-channel
OPE data. With the help of (3.67), (3.25), (5.10), (3.69) and (3.70) one finds

that

o B log?(2%) —_n(Ap —1+n)
g( )(Z7Z)’10g2(z) - 16(2 _ 2>F(AL>F(AL — 1) Z(ZZ> I‘(n—l— 1)

n=0

> 2
/ dIAE=0 (2 — 2N (2(1 — 2n) + AL (AL +2n — 1)) (z%(}ﬁ) + %@}’1))
0

For (6.134)

To proceed, one evaluates (6.134) using (6.28) and collects the leading and
subleading contributions as zZ — 1, which behave as (1 —2)?"2f and (1—2)3~2¢

respectively. Using (6.123) it is then simple to obtain Q(Q)(w up to

,’lZ)) }logz(l—w)

O(w?) and evaluate its double-discontinuity:

7T21IJ2AL
Swd (A —3) (A —2)
+ 324w A — 504w’ A + 252wA L + 216w — 432w? + 216w + 4w’ A2

dDisc[Q(Q)(w, w)] = ( —3wPAL — T2w*A

— 120* A2 + 1203 A% — 36wA? — w’ A3 + 120 A3 — 48w3 A3 + T2w? A3
+w(—144A1 + 612wA L + 216w> — 432w? + 216w — w’ A — 52w AL

+ 324wdAp — T44w? A + 540wA2 — 216A% — 72A% + wSAZ — 18w*A?2
+156w3A2 — 456w2A2 + 144wA3 — 2w* A3 4 24u3A3 — 96w2Ai)>

+ O(w).
(6.135)

Substituting (6.132), (6.133) and (6.135) in (6.118) and integrating leads to an

analytic expression for ¢(7, 3). The relevant part of this expression — the one
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with non-zero residue at 7 = 6 — turns out to be:

24_5ﬁF (g) Ag
(B —12)(8 = 8)(8 —4)(r = 10)(7 — 8)(r — 6)(T — 4)
. < BYAL — 4B3A L — 6852A1 — 9608A3 + 1448A , — 14976A2
(B+2)(8+6)(8+10)T (22 ) (A —3) (A —2)
N BYAT —2BYAT — 4PN} + 8% AT — 1166°A + 47252 A%
(8+2)(8+6)(8+10)T (52) (AL = 3) (AL - 2)
2408A3 + 2304A3 4 195847, + 13824 ) .
(8+2)(8+6)(8+10)0 (251) (A = 3) (A —2) |

C1(7_7 ﬁ) ==

(6.136)
where the ellipsis stands for the terms with zero residue at 7 = 6 and 1 in the
subscript denotes that this expression is obtained in the subleading order of the
lightcone expansion.

It is now straightforward to read off the OPE coefficients of double-stress

tensors with twist 75 1 = 6 from
28 = —Res,—gc1 (1, B). (6.137)

For f = 14 + 44, eq. (6.32) is reproduced. It is already stated in Section 6.2
that this formula does not reproduce the right OPE coefficient PE%) for £ = —1.
Thus, we explicitly see that the Lorentzian inversion formula does not allow us
to obtain the OPE data of spin-2 double-stress tensors with twist 7 = 6.

In general, to determine for which operators at O(u*) the Lorentzian inver-
sion formula can be applied, one has to consider the behavior of the correlator
in the Regge limit. At O(u*) the correlator in the Regge limit behaves like
1/0%At+k Therefore, the Lorentzian inversion formula correctly produces the
OPE coefficients of multi-stress tensor operators with spin s > k£ + 1. Ac-
cordingly, already at order O(u?), fixing the OPE coefficients by combining an
ansatz for the correlator with the crossing symmetry (or Lorentzian inversion
formula) appears more powerful than the Lorentzian inversion formula alone.
Namely, we were able to fix the OPE coeflicients of spin-4 operators and the
one with twist 7 = 8 is given by (D.1), while using the Lorentzian inversion

formula one can only fix the OPE coefficients of operators with spin s > 4.
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6.6. Discussion

In this section, we consider the stress tensor sector of a four-point function of
pairwise identical scalars in a class of CFTs with a large central charge. It is
completely determined by the OPE coefficients of multi-stress tensor operators,
which can be read off the result for a heavy-heavy-light-light correlator. The
stress tensor sector of the HHLL correlator is naturally expanded perturbatively
inp~ é—?, where A is the scaling dimension of the heavy operator. The power
of ;1 counts the number of stress tensors within the exchanged multi-stress tensor
operators. By further expanding the HHLL stress tensor sector in the lightcone
limit, the multi-stress tensor operators can be organized into sectors of different
twists. Similarly to the minimal-twist sector, combining an appropriate ansatz
with the lightcone bootstrap, we show that the contribution from the non-
minimal twist multi-stress tensors is almost completely determined. Unlike the
minimal twist case, a few coefficients are not fixed by the bootstrap — these
correspond to the OPE coefficients of multi-stress tensors with spin s = 0, 2.

An extra check is provided by applying the Lorentzian OPE inversion for-
mula (see [128] for an earlier application of the inversion formula in this context).
It gives the same results but has less predictive power than the ansatz.

The OPE coefficients for double-stress tensors are particularly simple and
we provide closed-form expressions for those with twist 7 = 4,6, 8,10 and any
spin greater than 2. All of these OPE coefficients are completely fixed by the
bootstrap. This is related to their independence of the higher-derivative terms
in the dual bulk gravitational Lagrangian. The OPE coefficients for double-
stress tensors with spin s = 0,2 are not fixed by the bootstrap and do depend
on such higher derivative terms. It is interesting that at the level of double-
stress tensors, only the OPE coefficients with spin s = 0,2 are not fixed by
the bootstrap (non-universal). On the other hand, all non-minimal twist triple-
stress tensor OPE coefficients are non-universal?® .

Assuming a holographic dual, we show that the OPE coefficients for spin-2

multi-stress tensors can be determined by studying the large impact parameter

25 Here we use universality and “fixed by the bootstrap” terms interchangeably.
However, it remains to be determined what is the universality class and whether it

the same as the set of unitary holographic theories.
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regime of the Regge limit, following [55,12,135] (modulo the spin zero OPE
data). This is done explicitly in Einstein Hilbert+Gauss-Bonnet gravity. Some
of these OPE coefficients are known [15] and agree with our results.

It would be interesting if one could compute the spin zero and spin two
multi stress tensor OPE coefficients with CFT techniques. Perhaps the con-
glomeration approach first discussed in [38] or the more recent work [139,140]
will be useful in this direction.

The regime of applicability of the ansatz (and the exact meaning of uni-
versality) used in this section remains unsettled (the ansatz seems to work in
holographic CFTs, but does it also apply for other CFTs with a large central
charge?). This question appears already in the leading twist case studied in [13].
To address this issue, it would be interesting to investigate the OPE coeflicients
of multi-stress tensors in CFTs with a large central charge, but not necessar-
ily holographic. A related question is the existence of an infinite-dimensional
algebra responsible for the form of the near-lightcone correlator. In two dimen-
sions the relevant algebra is simply the Virasoro algebra. The Virasoro vacuum
block has been computed in several ways [40,105-108,110,141]. Recently an al-
gebraic way of reproducing the near lightcone contribution of the stress tensor
was discussed in [142] — it would be interesting to investigate this further.

Returning to holographic theories, one interesting question would be to
understand the critical behavior of geodesics in the vicinity of the circular light
orbit, recently studied in [143], from the CFT point of view. This corresponds
to the situation where the deflection angle is very large. The deflection angle ¢
in asymptotically flat Schwarzschild geometries is supposed to be related to the

eikonal phase ¢ via

- 1%
2sin 5= " E o (6.138)

where FE is the incoming particle energy and b is the impact parameter (see e.g.
[144] for a recent discussion). This agrees with eq. (B.5.1) for small deflection
angles, but deviations might occur for large deflection angles. It would be

interesting to investigate this further.
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7. Thermalization in large-NN CFTs
7.1. Introduction and summary

Holography [8-10] provides us with a useful tool to study d-dimensional CFTs
at large central charge C7, especially when combined with modern CFT tech-
niques (see e.g. [24-26] for reviews). One of the basic objects in this setup is a
Witten diagram with a single graviton exchange which contributes to four-point
functions. It can be decomposed into the conformal blocks of the stress-tensor
and of the double-trace operators made out of external fields [43].

When a pair of the external operators denoted by Oy is taken to be heavy,
with the conformal dimension Ay ~ Crp, and the other pair denoted by Oy,
stays light, the resulting heavy-heavy-light-light (HHLL) correlator describes a
light probe interacting with a heavy state. In this case, operators which are
comprised out of many stress tensors (multi stress tensor operators) contribute,
together with the multi-trace operators involving Oy. As we review below, the
OPE coefficients of the scalar operators with a (unit-normalized) multi stress
tensor operator Tff’ys, which contains k stress tensors and has twist 7 and spin
s, scale like Ao, o 1, ~ A’“/C’éi/2 for large A.

The contribution of a given multi stress tensor operator to the HHLL four-
point function (O OO Op) can be compared to the contribution of the same
operator to the corresponding two-point function at finite temperature?® =1,
(Or,Or)g. In this section we argue that they are the same in generic large-Cr
CFTs. As we explain later, this means that OPE coefficients of TT"”S with the
two heavy operators Oy, <(9HTT’“75(’)H>, are equal to their finite temperature
expectation values, (Tf’s> 3. The relation between the inverse temperature (3
and the conformal dimension Ay is set by considering the stress tensor (k =
1,7 =d—2,s = 2), but the equality between the thermal expectation values and
the OPE coefficients for all other multi stress tensor operators is a nontrivial

statement. We call it “the thermalization of the stress tensor sector” 27. It is

26 See [29,35,82,145-156] for some previous work on finite temperature conformal
field theories in d > 2.

27 We show this explicitly for certain primary heavy operators O in free CFTs.
We also observe that other light operators do not satisfy the thermalization property

that the stress tensor sector enjoys.
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directly related to the Eigenstate Thermalization Hypothesis (ETH) [157-161],
as we review below. Hence, we argue that all multi stress tensor operators in
the large-Cp CFTs satisfy the ETH. In d = 2 the ETH and thermalization have
been studied in e.g. [105,108,111-117,162-181].

Here we want to address the d > 2 case. In holographic theories CFT
and bootstrap techniques provide a lot of data which indicates that the ther-
malization of the stress tensor sector happens [12-15,54,55,124-126,128,135,182].
Some of the OPE coefficients in holographic CFTs were computed using two-
point functions in a black hole background [15] — these are thermal correlators
according to the standard holographic dictionary. It is also worth noting that
the leading A behavior of the OPE coefficients in holographic models does not
depend on the coefficients of the higher derivative terms in the bulk lagrangian
[14] (this should not be confused with the universality of the OPE coefficients
of the minimal-twist multi stress tensors [15]). Such a universality follows from
the thermalization of the stress tensor sector as we discuss below.

A natural question is whether the thermalization of the stress tensor sector
is just a property of holographic CFTs or if it holds more generally. In this
section we argue for the latter scenario. We compute the OPE coefficients (and
the thermal expectation values) for a number of multi stress tensor operators in a
free CFT and observe thermalization as well as universality of OPE coefficients.
We also provide a bootstrap argument for all CFTs with a large central charge.

The rest of the section is organized as follows. In Section 7.2, we begin by
considering the thermalization of multi stress tensor operators Tf’ s~ The heavy
state we consider is created by a scalar operator Oy with dimension Ay ~ Cr

and by thermalization of a multi stress tensor operator we mean?®

(Ou|TF |Ou)| at = Aogours. | st = (Tro)p, (7.1)
ok/2 ok/2
T T

where the heavy state |Oy) on the sphere of unit radius is created by the
operator Om, Ao, 0,7r are the OPE coefficients of Tf’s in the Oy x Oy OPE

»/2 means we keep only leading terms that scale like A, / C’éﬁ/ %~ C’éﬁ/ 2,

and
lag /et

28 Here we are suppressing the tensor structure. Note that all terms scale like C’;/ 2

which is consistent with Tj.f s being unit-normalized.
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In (7.1) (T%,) s is the one-point function on the sphere at finite temperature 5.
Note that the OPE coefficients involving the stress tensor are fixed by the Ward
identity, and hence eq. (7.1) for the stress tensor establishes a relation between
the temperature 3~ ! and Ay. By the large-Cr factorization??, the thermal one-
point functions of multi stress tensors can be related to the thermal one-point

function of the stress tensor itself. Explicitly,

k k k k k
<T7',s>ﬂ = CT,S(<TC%—2,2>6) - Cr,s(/\OHOHTéizyz) ; (72>
where c’;:  are theory-independent coefficients that appear because of the index

structure in (7% ) 5. In the second equality in (7.2) we used (7.1) for the stress
tensor. Note that (7.1) and (7.2) imply that the leading Ay behavior of the
multi stress tensor OPE coefficients is universal, i.e. it does not depend on the
theory®?. We provide a bootstrap argument for this universality in all large-C'p
theories. Also note that (7.2) is written for multi-trace operators Tf’s which
do not contain derivatives, but the presence of derivatives does not affect the
statement of universality.

In Section 7.3, we check the universality by computing a number of the
multi stress tensor OPE coefficients in a free SU(N) adjoint scalar theory in
d = 4 dimensions. We compare the leading Ay behavior in the free theory with
results from holography/bootstrap and find perfect agreement in all cases listed
below. After fixing the coefficients for the stress tensor case in Section 7.3.1, we
look at the first nontrivial case, T4274 in Section 7.3.2. Section 7.3.3 is devoted to
the double stress tensor with two derivatives, Tfﬁ. This is an operator whose
finite temperature expectation value vanishes in the large volume limit (on the
plane), but is finite on the sphere. In Section 7.3.4 we consider minimal twist
multi stress tensors of the type TQkk’Qk. Section 7.3.5 is devoted to multi stress

tensors with non-minimal twist, T6272 and TSQ’O.

29 See [183] for a general discussion of large-N factorization and [184,185] and [35]
for the discussion in the context of gauge theories and CFTs respectively. The fac-
torization holds in adjoint models in the ’t Hooft limit at finite temperature, but
there are counterexamples, like e.g. a direct product of low-Cr CFTs. However the
factorization of multi stress tensors would still apply in these models.

30 This amounts to the large-C factorization of correlators (O [Ty, ... Tap|Ow)

in heavy states.
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In Section 7.4, we verify that (7.1) holds in the free adjoint scalar theory
for a variety of operators. In this section we again consider d = 4, but in
addition, take the infinite volume limit. This is for technical reasons — it is
easier to compute a finite temperature expectation value on the plane than on
the sphere. We spell out the index structure in (7.1) in detail and go over all
the examples discussed in the previous section. In addition, we discuss some
triple stress tensor operators.

We continue in Section 7.5 by studying thermal two-point functions in the
free adjoint scalar model in d = 4. By decomposing the correlator into thermal
blocks we read off the product of thermal one-point functions and the OPE
coefficients for several operators of low dimension and observe agreement with
the results of Sections 7.3 and 7.4. Due to the presence of multiple operators
with the same dimension and spin, we have to solve a mixing problem to find
which operators contribute to the thermal two-point function.

In Section 7.6 we explain the relation between our results and the Eigenstate
Thermalization Hypothesis. We observe that unlike multi stress tensors, other
light operators explicitly violate the Eigenstate Thermalization Hypothesis and
do not thermalize. We end with a discussion in Section 7.7.

Appendices C.1, C.2, and C.3 contain explicit calculations of OPE coeffi-
cients while in Appendices C.4 and C.5 thermal one-point functions are calcu-
lated. In Appendix C.6 we review the statement that the thermal one-point
functions of multi-trace operators with derivatives vanish on S' x R4~!. In
Appendix C.7 we study a free scalar in two dimensions and calculate thermal
two-point functions of certain quasi-primary operators. In Appendix C.8 we
consider a free scalar vector model in four dimensions. Appendix C.9 discusses

the factorization of multi-trace operators in the large volume limit.

7.2. Thermalization and universality

In the following we consider large-Cr CFTs on a (d — 1)-dimensional sphere
of radius R, which we set to unity for most of this section. As reviewed in
[14], the stress tensor sector of conformal four-point functions consists of the
contributions of the stress tensor and all its composites (multi stress tensors).
The HHLL correlators we consider involve two heavy operators inserted at 2% =

+oo and two light operators inserted on the FEuclidean cylinder, with angular
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separation ¢ and time separation z%. The correlator in a heavy state (the

HHLL correlator on the cylinder) is related to the correlator on the plane by a

conformal transformation

(O[O, 9)0(0)|0n) = lim 32" (22)72/2(On(24)0(1)O(2, 2) 0 (0)),
(7.3)
where the cross-ratios (z, z) on the plane are related to the coordinates (%, )
via
0

2z =e TET, 5= e Ttie, (7.4)

The stress tensor sector of the HHLL correlator is given by

G(z,2) = lim 2227 (O (24)O0(1)O(2, 2)Ox(0)) (7.5)

T4—00 multi stress tensors
and can be expanded in conformal blocks

_ 1 (HH,LL) (0,0) -
= E P ’ N1l —2z,1— .
g(Z,Z) [(1 Z)(l 2)]A - T-;I-C,s gr,s ( 27 Z>7 (7 6)

where 7, s, k label the twist, spin, and multiplicity of multi stress tensors. We are
interested in the double scaling limit where the central charge and the dimension
of Oy are large, Cr, Ay — oo with their ratio p o Ay /Cr fixed. In this limit
the products of the OPE coefficients which appear in (7.6) are given by

1

P%?T’LL) = (‘5) AooTE A0y OuTE : (7.7)

(e2)"

k
. A . .
where we only keep the leading, (\/TH_T) term in the OPE coefficients
AoyoyTk , but retain all terms in the OPE coefficients of the light operators
Mootk - The contribution of the conformal family of a multi stress operator

Tf’ s to the HHLL correlator is therefore

pUTLED) OO (1 — 21 - 2)

[Vzz(1 - 2)(1 - 2)]2

(0|02, 9)0(0)|Om)rx, = (7.8)
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We now consider these CFTs at finite temperature ~!. To isolate the

contribution of the conformal family associated with 7%, we can write the

T,87

thermal correlator as

(Ol £)00)5 = 71 3¢ 200 9000

1 1\°
— _ (070) — ) k 7.9
VR - 2)(1 - 2)) T:k ( 2) Moorr 900 (1 —2,1—2) (TF ) (79)
+...,
where

1 _BA.L
(TF.)s = A6 Z e ﬁA’)\oioiTﬁs (7.10)

is the finite temperature one-point function on the sphere of the Tff” s operator
and the dots denote contributions from other operators. In (7.10) Z(5) is the
partition function and the sum runs over all operators, including descendants3!.

Note that
(TF ) =BT fE (B). (7.11)

Here and below the indices are suppressed (see e.g. [151] for the explicit form)
and f!?’ (B) ~ C';/ ’is a theory-dependent nontrivial function of g which ap-
proaches a constant fF (0) in the large volume (5 — 0) limit.

Consider the thermalization of the stress tensor sector:

(Ou|TF|Om)| a = Xogoutr,| at = (Tr)s. (7.12)
ok/2 ok/2
T T

Note that Tf’s is unit-normalized, so all terms in (7.12) scale like C';/ 2, Eq.
(7.12) implies the equality between (7.8) and the corresponding term in (7.9).
Note that the left-hand side of (7.12) is a function of the energy density while
the right-hand side is a function of temperature. The relationship is fixed by
considering the stress tensor case: the corresponding function f;_Q’Q(B) is de-

termined by the free energy on the sphere (see Section 7.6).

31 The corresponding conformal blocks can be obtained in the usual way by applying

the quadratic conformal Casimir and solving the resulting differential equation [31].
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In the following, we will first discuss the case where the multi stress opera-
tors Tff” s do not have any derivatives inserted, and then show that the derivatives
do not change the conclusions. Assuming large-C factorization, the leading

Cr behavior of <T7’? )3 on the sphere is determined by that of the stress tensor.

Schematically,
(Tr)s=crs (Tia2))* + .., (7.13)
where ¢ _ are numerical coefficients, which depend on k, 7, s, but are indepen-

T,8

dent of the details of the theory and the dots stand for terms subleading in C'. L

By combining (7.13) and (7.12), one can formulate a universality condition

)\OHOHTJY’S A]IC—I = T, ()\OHOHTd 2 2) = CT,S 1 - d k> (714)
/2 Ct

r
where the last equality follows from the stress tensor Ward identity for the

three-point function which fixes AOHOHT; (T (}_2’2 here is unit-normalized).

In other words, thermalization and large—C’ifactorization imply that the leading
AF/ C’éﬁ/ ? behavior of the multi stress tensor OPE coefficients is completely fixed
and given by (7.14) in all large-Cp CFTs.

In the paragraph above we considered multi stress tensor operators that
did not contain any derivatives in them. However, the story largely remains
the same when the derivatives are included, as long as their number does not
scale with Cp. Indeed, the three-point function involving the stress-tensor with
added derivatives, Oy ...9p7T), still behaves like Ao, 0,0,..0,7., ~ Ar/vV/Cr
up to a theory-independent coefficient. Hence, (7.14) still holds, provided ther-
malization and large-Cr factorization hold on the sphere.

Note that due to conformal invariance, correlators on the sphere depend
on R only through the ratio 8/R. Moreover, in the large volume limit, factors
of R need to drop out of (7.8) and (7.9) to have a well defined limit. To see
this we use that (1 —z) — 0 and (1 — 2) — 0 when R — oo and the conformal
blocks behave as (see e.g. [24])

(0,01 _ 21— 2) ~ C (1 — )15 otd/2-) (1-2)+(1-2)
V(1 =21 = 2) ~ Naul(1 =21 = DI F O (s e
~Naalp e (§8),

(7.15)
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where |z| = /(2%)? 4+ x2, C’gd/z_l)(%) is a Gegenbauer polynomial and NV, ; =
Wil)s' Including the factor [(1 —2)(1 —2)]~® from (7.8) in (7.15) this agrees
with the thermal block on S* x R4~! in [82]. Now from the thermalization of

the stress tensor we will find in the large volume limit that

A R\d
C—: x (E) , (7.16)
and from (7.14) and (7.15) it follows that
99O (1= 2,1 = 2) oot Aoyours, |y < RIETTHI gk, (7.17)

k
CT

The dimension of multi stress tensors Tf’s is given by 7 + s = dk + n where
n =0, 2,.... Therefore, the only multi stress tensors that contribute in the large
volume limit have dimensions dk. Restoring R in (7.8)-(7.9) and inserting (7.17)
one finds that R drops out in the large volume limit. The correct dependence
B=(7*) from (7.11) in the R — oo limit is also recovered in (7.8) using (7.17).
The multi stress tensor operators that contribute in the large volume limit

are therefore of the schematic form 7),,,,T),0, - - -7,

wev, With arbitrarily many

contractions and no derivatives.

In holographic theories thermalization and the Wilson line prescription for
the correlator allows one to compute the universal part of the OPE coefficients
(see [124,186] for explicit computations in the d = 4 case). It is also easy
to check explicitly that the universality (7.14) holds for holographic theories
with a Gauss-Bonnet gravitational coupling added. While the statement was
shown to be true for the leading twist OPE coefficients in [15], it was not
immediately obvious for multi stress tensors of non-minimal twist. Some such
OPE coefficients were computed in [15,14]. (See e.g. egs. (5.48), (5.51), (5.52),
(5.57) and (D.1)-(D.5) in [14]). Indeed, the leading Ak/Céi/Q behavior of these
OPE coefficients is independent of the Gauss-Bonnet coupling.

What about a general large-Cp theory? We first consider the OPE co-
efficients of double-stress tensors. To this end, consider the four point func-

tion? (OT,,,T,,O) where O is a scalar operator with scaling dimension A.

32 This correlator for finite A was recently considered in holographic CFTs with
Agap > 1 and A < Agap in [54].
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In the direct channel O x O — O — T,, x T,, for finite A and large
Cr, the leading contribution in the large-C'r limit comes from the identity
operator O x O — 1 — T, x T,,. The subleading contributions in the
direct-channel are due to single trace operators as well as double trace op-
erators made out of the external operators of the schematic form T7?, and
(00,1 =: 00?9, ...0,0 :. The exchange of the identity operator is repro-
duced in the cross-channel O x T}, — [OTuwplng — O x T,, by mixed double-
trace operators [OT,g],,; with OPE coefficients fixed by the MFT [38,56-57].
The subleading contributions in 1/Cp are then due to corrections to the anoma-
lous dimension and OPE coefficients of [OT, ], and single trace operators in
the O x T},, OPE. An important example of the latter is the exchange of the
single trace operator O, whose contribution is universally fixed by the stress
tensor Ward identity to be (AOTL},ZQO)Q o A?/Cqp times the conformal block.
This gives a universal contribution to /\OOTE,S as was also noted in [54].

We now want to consider the case where A ~ Cp and study the OPE
coefficients of the double-stress tensor operators in the O x O OPE. Firstly,
note that the contribution from 72 to the four-point function expanded in the
direct channel is proportional to AOOTE,SATTTE,S' The OPE coefficients /\TTTE,S
are fixed by the MFT and are independent of A and therefore the dependence
on the scaling dimension comes solely from the OPE coefficients AO(’)T;{S- In
the cross-channel, we analyze two kinds of contributions: from the exchanged
operator O and from all other operators O’ # O. From the operator O we get a
universal contribution to the OPE coefficients in the direct channel )‘OOTE,S , that
we denote by )\829T2 . This contribution is universal since it only depends on
(/\OTCLMO)Q x AQ/ET in the cross-channel, which is fixed by the Ward identity.
The contributions from other operators O to the same OPE coefficient will be
denoted by )\gz,)TQ 5 such that )‘OOTE,S = )‘82’)T2 + )\gz,)TQ g Note that it also
follows from the ST”c;ess tensor Ward identity thzlts the onlyﬂgcalar primary that
appears in the cross-channel is O. The operator O’ therefore necessarily has
spin s # 0.

To prove universality we need to show that )\gz,)TQ‘ < A?/Cr in limit

’
2,20

1 < A « C7 by studying the A dependence of the OPE coefficients )‘OTL

in the cross-channel. For operators ', such that Ap: < A, we expect that
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these OPE coefficients are heavily suppressed. It would be interesting to under-
stand if one could put a general bound on the contribution of these operators in
the cross-channel in any large-C'r theory. On the other hand, assuming thermal-
ization, the OPE coefficients due to operators O’ such that Ao, ~ A have been
calculated in [154]. The obtained results are in agreement with our expectation,
namely, these OPE coefficients are suppressed in 1 < A o< Cp limit. Addition-
ally, in the cross-channel we have double-trace operators [OT,z]n.;, whose OPE
is fixed by the MFT and it does not get A-enhanced.

One can iteratively extend the argument given here to multi stress ten-
sors operators (with & > 2) by considering multi stress tensors as external
operators. For example, to argue the universality of Aoors one may consider
(OT;_Q’QTT% <0). The bootstrap argument above can be ap]g)lied again by using
the fact that OPE coefficients /\OOTE,S are universal, and the OPE coefficients

Aotz o are again expected to be subleading.

7.8. OPFE coefficients in the free adjoint scalar model

In this section we consider a four-dimensional theory of a free scalar in the
adjoint representation of SU(N), see [187-192] for related work. The relation

between N and the central charge C7 in this theory is [18]

Cr = %(NQ —1), (7.18)

and we consider the large-N (large-C'r) limit. The propagator for the scalar
field ¢ ; is given by

. , 1 1
7 k _ i <k i <k
(016 ) = (510% — po50% ) (7.19)
A single trace scalar operator with dimension A is given by
1
On(z) = ——— : Tr(¢™) : (2), 7.20
where : ... : denotes the oscillator normal ordering and the normalization is
fixed by .
@) @) = — . 21
< A(’r> A(y>> |CL’—y|2A (7 )

The CFT data that we compute in this section are the OPE coefficients of
multi stress tensors in the Oa x Oa OPE. Assuming we can take A — Ay ~ Crp,
the large-A limit of these OPE coefficients is shown to be universal. One may
worry that for Ay ~ Cpr we can no longer trust the planar expansion, but,
as we show in Appendix C.3, the large-A limit of the planar result yields the

correct expression even for Ay ~ Crp.
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7.3.1. Stress tensor

The stress tensor operator is given by

THV('CC) = 3\/10—T

with the normalization

:Tr <8M¢&,¢ — %(}58“0”(;5 — (trace)) s (), (7.22)

(TP ()T, (0)) = # (1, (@)1 () — (races)) (7.23)

where I*,(x) := 6, — QT:|§”. The OPE coefficient is fixed by the stress tensor
Ward identity to be

4A
)\OAOAT21’2 = —ﬁ.

It is also useful to find (7.24) using Wick contractions since an analogous cal-

(7.24)

culation will be necessary for multi stress tensors. We do this explicitly in
Appendix C.1.

7.83.2. Double-stress tensor with minimal twist

In this section we study the minimal-twist composite operator made out of two

stress tensors

(T?) ypo () = % : T Tpoy = (z) — (traces), (7.25)

with the normalization

((T?)°7 (2)(T?) r6 (0)) = |x:|116 (I(“RI”AI%I“)M - (traces)) : (7.26)

Consider the following three-point function

)\OAOATEA

<OA(ml)oA(x2>(T2>uvp0(m3>> (ZMZVZpZU — (traces)),

B R T R e

(7.27)
where ZH = % — % It is shown in Appendix C.1 that the OPE coefficient
AOAO AT2, 1s given at leading order in the large-C'r limit by

8vV2A(A — 1)
AONONT2, = ————. (7.28)
4,4 9CT
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Evaluating P}QIH’LL) defined by (7.7) in the large-A limit33, we obtain

4
(HH,LL) 1
PT424 - _5 )\OHOHTZA)\OAOATEA

()" (7.29)
8 A2,

2 2 AQ
=sicn (AH0R) =k (28800+O(A))’

where we use the following relation

160 Ag

The result (7.29) agrees with the leading behavior of the corresponding OPE
coefficients computed using holography in [15] and bootstrap in [124,13].

7.3.3. Double-stress tensor with minimal twist and spin s = 6

We consider double-stess tensor operator with two (uncontracted) derivatives

inserted
7
: (T(uvapadTnm)<x) 6 (a(pTw) (GUT%)) (z)

- (traces)) s

(T) v porns () =

21182 (7.31)

Using the conformal algebra eq. (C.2), it is straightforward to check that this

operator is primary. It is unit-normalized such that

(TP @) (1) aposecO)) = -

(1001”5117 71, — (traces) )

(7.32)
By a calculation similar to those summarized in Appendix C.1, we observe that
the OPE coefficient of (TQ)WMM in the Oa x Oa OPE is given at leading order
in the large-C'r limit by

8 [2 A(A—1)

AOaOATEZ ¢ = Vo o (7.33)

33 By the large-A limit, we strictly speaking mean 1 < A < Cr. However in this

section we often extrapolate this to the A ~ Cr regime.
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Evaluating P}QIH’LL), defined by (7.7), in the large-A limit, we obtain
4,6

6
HH,LL 1
Py ) = <——) AOw OuT2 AOAOATE

T? 2 N
(%) (7.34)
2 AZ A?
= Z2H (A2 M) =12 [ 1 O(A) ).
819 C2 (A% +0(8) =p (1164800+O( ))

The result (7.34) agrees with the leading behavior of the corresponding OPE
coefficients computed using holography in [15] and bootstrap in [124,13].

7.3.4. Minimal-twist multi stress tensors

We now consider multi stress tensors TQkk’Qk. Just like the double stress tensor
(k = 2), we show that these have universal OPE coefficients in the large-A limit
for any k.

Consider the unit-normalized minimal-twist multi stress tensor operator
given by

1

(Tk)M1H2---H2k (r) = ﬁ : T(muzT

K3fg " 'THZk—luzk) : (CE) - (traces>' (735>

The OPE coefficient of (Tk)M1H2~~~H2k in the Oa x Oa OPE, in the large-Cr

limit is given by34

)\OA OAT% 2k

AN | T(A+1)
- <_§) VEICKPT(A =k +1) (7.36)

First, we write P(HH LE) defined by (7.7), in the large-A limit. We obtain this

OPE coefficient from (7.36) for k =3,

6
HH,LL 1
Pégﬁ ) = (‘5) A0 OuTS AOAOATS

(22 (7.37)
32 A?’

= A3 A2 - AQ
2187 C3. 5 (A%+0 <10368000 o >)

The result (7.37) agrees with the leading behavior of the corresponding OPE
coefficients computed using holography in [15] and bootstrap in [13].

34 See Appendix C.1 for detailed computations of similar OPE coefficients.
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Additionally, we consider the OPE coefficient szH’LL) in the large-A limit
2k,2k

for general k,

2k
(HH,LL) _ 1
pTzkk,zk o (_§> )\OHOHTfk,zk)\OAOATzkk,% Ak
()
2k
L (2 NN k—1 (A k—1
:E<§> C—i(A O (M) =1 | T TOATY )

(7.38)

If we consider the limit 1 — z < 1 — z < 1, such that pu(1 — 2)(1 — 2)3 is held

fixed, only operators TQI‘}C’Q . contribute to the heavy-heavy-light-light four-point

function given by eq. (7.5). The conformal blocks of TQI‘}C’% in this limit are
given by

o1 = 2,1=2) ~ (1 - 2)F(1 = 2)*, (7.39)

and we can sum all contributions in eq. (7.6) explicitly to obtain

1 A _ 3
)~ B0 740
T o

Notice that the term in the exponential is precisely the stress-tensor conformal

block in the limit 1 — 2 < 1 — z < 1 times its OPE coefficient. Therefore,

the OPE coefficients (7.36) imply the exponentiation of stress-tensor confor-
mal block. We conclude that these OPE coefficients are the same as the ones

computed using holography and bootstrap in the limit of large A.

7.83.5. Double-stress tensors with non-minimal twist

So far we have shown that the minimal-twist multi stress tensor OPE coefficients
are universal in the limit of large A. In this subsection, we extend this to show
that the simplest non-minimal twist double-stress tensors also have universal
OPE coefficients at large A.

The subleading twist double-stress tensor with twist 7 = 6 is of the
schematic form : T#,T* : and has dimension A = 8 and spin s = 2. It is
given by .

(T?) o (2) = 7 : T T, (x) — (trace). (7.41)

The normalization in (7.41) is again chosen such that (72),, is unit-normalized,

see Appendix C.2 for details.
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The OPE coefficient of (7?),, in the Oa x Oa OPE is found from the
three-point function in the large-Cp limit, for details see Appendix C.2,

_ 42A(A —1)  ZFZY — (trace)

@ @ T2 7.42
(Oa(21)OA(22)(T7)" (23)) 9CT | 212|222 6] 23] |225]0 ( )
from which we read off the OPE coefficient
4/2A(A - 1)

AopOATZ, = T oc, (7.43)

Evaluating P}?f’LL), defined by (7.7), in the large-A limit, we obtain

(HH,LL) 1\?
PTg’Q = <—§) A0nOuTE ,A0A0ATE, o

(24) (7.44)

8 AR, o A
e (A2 +0(A) =p 28800+(’)(A) .

The result (7.44) agrees with the leading behavior of the corresponding OPE

coefficients computed using holography in [15] and bootstrap in [14].
We further consider the scalar double-stress tensor with A = 8 and spin

s = 0 which is given by

1
T?)(z) = —= : T, T" : (2). 7.45
(T)(0) = 5 T+ 0) (1.49
The three point function (Oa (21)Oa(z2)(T?)(z3)) is found in Appendix C.2 to
be

2v2A(A — 1) 1
) ) T? = 7.46
(Oa(21)Oa(22)(T7)(23)) 9CT 212|228 |z 13]% w38 ( )
from which we read off the OPE coefficient
2v2A(A — 1)
AopOaTZ, = B (7.47)
We write ngH’LL) in the large-A limit
8,0
HH,LL
P7(ﬂ820 ) = )\OHOHT;O)\OAOAT;O )
’ A
) (7.48)
8 Ay? A?
= A%+ O(A)) = u? O(A) ).
81 CZ (A%+0(8)) = <28800+ ( ))

The result (7.48) agrees with the leading behavior of the corresponding OPE
coefficients computed using holography in [15] and bootstrap in [14].
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7.4. Thermal one-point functions in the free adjoint scalar model

In this section we explicitly show that multi stress tensor operators thermalize in
the free theory by calculating the thermal one-point function of some of these
operators on S' x R3. One-point functions of primary symmetric traceless
operators at finite temperature are fixed by symmetry up to a dimensionless

coefficient by (see e.g. [35,82])

bo
(Ops o opia )8 = 70 (eul S, — (traces)) . (7.49)
Here e, is a unit vector along the thermal circle.
To compare the thermal one-point functions and OPE coefficients from the
previous section, we need to derive a relation between %—f and the temperature3®
p~1. Here Ay ~ N? refers to the scaling dimension of a heavy operator O

with OPE coefficients given by the large-A limit of those obtained in Section

160 Ay
3 Cr

using the Stefan-Boltzmann’s law E/vol(S3) = N272/308%. The energy of the
state E is related to its conformal dimension A via £ = A/R. One can then
use vol(S3?) = 272R3 and the relation between N and Cr given by (7.18), to
find

7.3. One can relate the inverse temperature S to the parameter u =

160 A 1 4
160 Ap 60 R 8(@) (7.50)

— _ gt _°
F="3cr = 37 Cr 33

7.4.1. Stress tensor

The thermal one-point function for the stress tensor T2172 =T, is calculated in

Appendix C.4 where we find that bry, is given by

214N
Using (7.50) and (7.51) one arrives at
bT21’2/8_4 = )\OHOHT212‘ (7'52)

7.4.2. Double-stress tensor with minimal twist

In this section we calculate the thermal one-point function of the double-stress

tensor operator with 7 = 4 and spin s = 4. The operator is written explicitly in

35 See also Section 7.6 and Appendix C.4 for alternative derivations.
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(7.25). The leading contribution to the thermal one-point function of (7%?) . 0

follows from the large-N factorization and is given by

1
(T*)uvpo)s = —= (Tiuw) 8{Tpe)) g — (traces)
;/jﬁwsNQ (7.53)
= 67555 (epevepes — (traces)) .

Using the relation (7.50) and the OPE coefficient (7.28), we observe the ther-

malization of this operator,
-8
bT42,46 = AOHOHTEA i (754>
C

7.4.3. Minimal-twist multi stress tensors

Consider now multi stress tensors TQI"k’Qk with twist 7 = 2k and spin s = 2k.
We show that these operators thermalize for any k by calculating their thermal

one-point functions:

bTIc

<(Tk>u1u2...uzk>6 = 5Zk2k (6H1 Cus " Cugr — (traces)>7 (755>

where the leading behavior of szkk o follows from the large-N factorization:

B 1 p ( %)ka 4k
bry . = ﬁ(bT§’2> e (7.56)
Egs. (7.50) and (7.56) may be combined to yield
bT2kk 2k6 . /\OHOHTM an| A (757>

7.4.4. Double-stress tensors with non-minimal twist

The subleading twist double-stress tensor is of the schematic form : T#,T* :
and has twist 7 = 6 and spin s = 2. The explicit form can be found in (7.41).
The leading term in the thermal one-point function is given by

1
—{(TH** (T )3 — (trace

\/5( )8(T" a)p — (trace)

b2
2f 68
B \/_N27T8
6758

(T*)")s =

1
(ere” — 2om) (7.58)
(ete” — ié“”),
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therefore,
b B V2N2% 78
Tia = 675
Taking the large-A limit of the OPE coefficient in (7.43) and substituting (7.50),

we observe thermalization,

(7.59)

brz, B8 = NowouT2, | a2, - (7.60)
Tr

We further consider the scalar double-stress tensor with 7 = & and s = 0

which is given by (7.45). The thermal one-point function for this operator is

(T2))5 = 3—%<TW>5<TW>[3
L 13, s N (71
T 3v24 BT gr5y/288)

where the factor of % in the first line comes from the index contractions. Hence,

78 N?
= . 7.62
T;O 675\/5 ( )
Using (7.62), (7.47) and (7.50), we again observe thermalization,
brz B7° = Aoyoutz,| 22 - (7.63)

Cr

7.4.5. Triple-stress tensors with non-minimal twist

We consider the triple stress tensors with 7 = 8,s =4 and 7 = 10, s = 2. The

unit-normalized triple stress tensor with 7 = 8 can be written as

(T%) 10 po (7) = % (: T Tpja) T = (z) — (traces)), (7.64)

where |a| denotes that index « is excluded from the symmetrization. The

thermal one-point function follows from large-N factorization

1

() wpo)s = —= (L) 64Tt} 5{T%5)) 5 — (traces))
V3
1 b
= 55 G5 (Cuevepeo — (ixaces) (7.65)
471'12N3
= 30375512 (eyevepes — (traces)),
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therefore,
42 N3
bT3 - — .
84 30375
The OPE coefficient of the operator with same quantum numbers (A = 12,

(7.66)

s = 4) is calculated holographically and is given by (D.1) in [14]. In the large-A

limit it can be written as

4 3 A3
mH,LL) (1 64 ApA 5
P = (5) dososts dowous, sy BT CF (&%)
Cr
(7.67)
Now, one can easily read-off Ao, AT3, D the large-A limit
32A3 A2 4A3 A2

AOpOATS, = RN +O(A%) = “ons t O(A7), (7.68)

where we use the relation between central charge Cr and N given by (7.18).
Using (7.50) one can obtain

bT83,46_12 = AOHOHTSA A3 . (7.69)

H
3/2
C(T

We also consider the triple stress tensors with quantum numbers A = 12
and s = 2. There are two linearly independent such operators that schematically
can be written as : TagTo‘ﬁTW :and : TuaTo‘BTgy .. We write the following
linear combinations of these operators

(T%),(2) = Lf (: Tap TP T ¢ (2) +4: T T T, : () — (trace)) ,
(7.70)
3 af . 12 . aB
(T, ( apT D (x) — 2 T, T Tg, : (trace) )
(7.71)
Both (7%),, and (T?),, are unit-normalized and their overlap vanishes in the
large-N limit
((T2) 1 (2)(T?)7 (y)) = O(1/N?). (7.72)
The thermal one-point functions of these operators, obtained by large-N fac-

torization, in the large-N limit are given by

9 N3ﬂ_12
(Tds =~ o e~ (). (7.73)
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therefore,
2 N37T12
bps = —{/=——,
10,2 3 10125 (7.74)
lego,z — 0
The holographic OPE coefficient of the operator with the same quantum
numbers (A = 12, s = 2), with external scalar operators is given by (5.57) in

[14]. In the large-A limit it can be written as

2 3 A3
(HH,LL) _ 1 32 ALA
PTEO’Q o <_§) )\OAOATEO,ZAOHOHTEO’Q A 5 - ﬁg g’% + O(AQ).
(e4)
(7.75)
We can read-off )‘OAOATEO J:
8v2 A® V2 A3
A ~ o7 32 )= =5 + 0(A?). 7.76
OAOAT}, , 27 C;/Q (A7) 3\/3 NE + O(A*) ( )
Again, using (7.50), one can confirm that this operator thermalizes
lego,zﬁ_l2 - )\OHOHTEOQ i. (777)
o3/2

T

7.5. Thermal two-point function and block decomposition

In this section we study the thermal two-point function (OaOa)s and decom-
pose it in thermal blocks. We determine the contributions of a few low-lying
operators, including the stress tensor T3, and the double stress tensor T} ,.
They exactly match the corresponding OPE coefficients and thermal expecta-
tion values computed in previous sections. Due to the presence of multiple
operators with equal scaling dimension and spin, there is a mixing problem
which we solve explicitly in a few cases. Related appendices include Appendix
C.6, where we review the statement that the thermal one-point functions of
multi-trace operators with derivatives vanish on S' x R¢~! and Appendix C.7,
where we consider two-dimensional thermal two-point functions. In Appendix

C.8 we do a similar analysis for the vector model in four dimensions.
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7.5.1. Thermal two-point function of a single trace scalar operator

The correlator at finite temperature S~! in the free theory can be calculated by
Wick contractions using the propagators on S! x R3. Explicitly, the two-point

function at finite temperature is given by36

TA(A - 2)

(Oa(@)0a(0)s = gla's: )™ + —=gzr—(p, k)40 (178)
where
TCAES !
E, R (7.79)
= 380 [Coth<5(|X| - z‘x%)) + Coth(B(|x| +m%)>]

The dots in (7.78) contain contributions due to further self-contractions which
will not be important below3”. Taking the 8 — oo limit of (7.78) we can read
off the decomposition of the two-point function in terms of thermal conformal
blocks on S x R? with coordinates z = (2%, x).

Following [82], if || = 1/(2%)? + x? < 8 the two-point function can be

evaluated using the OPE:
(OA(@)OA(0))5 =D Aowosolz]*2ap, -+ ay, (O*17H0)s,  (7.80)
o

where A\p,0,0 is the OPE coefficient, 7 and sp is the twist and spin of O,
respectively. Using (7.49) together with (7.80), the two-point function on S x

R3 can be organized in the following way [82]:

. 1 0
(Oa@OaO)s= 2‘2; e el (fﬁ_E) (7.81)

OT SGOAXOA |a7|

36 Here and below we assume that A > 4. We further drop the disconnected term
2 2

37 These terms will be proportional to 8722G(z%, |x|)2 ¢, with a > 4. When decom-

posed into thermal blocks, these will not affect the operators with dimension A < 8

or A = 8 with non-zero spin s # 0.
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where we sum over primary operators O 4, with twist 7 and spin s, appearing
in the OPE OaA xOa ~ O; +.... In (7.81) C’gl)(x%/|x|) is a Gegenbauer poly-
nomial which, together with a factor of |x| 72475 forms a thermal conformal

block in d = 4 dimensions and the coefficients ap, , are given by

1

ao, , = (5) Aor020, bo. .- (7.82)

Expanding (7.78) for 5 — oo one finds:

1 A,
<0A($)0A(O)>ﬁ :|.CIJ‘2A [1 + 332 ||
Ao . . 042 -6
+ 9054|ac| (3x“(BA — 9) 4+ (15A — 19)(z)*) + O(B7°)|.
(7.83)
From the expansion (7.83), we can read off the coefficients a, ¢ := ZO , L, 00,
where we sum over all operators with twist 7" and spin s':
T2 A
a _
2,0 3 3
T A(3A - 5)
= —— 7 7.84
Q4.0 18 ’ ( )
B A
a2 = —45 .
For future reference, expanding (7.78) to 0(%) one finds
275A
a4 = ———
945 (7.85)
A 78A(A - 1)
b 1050

Note that due to the mixing of operators with the same twist and spin, a, s
generically contains the contribution from multiple operators. In the following
section we calculate the OPE coefficients and thermal one-point functions of

operators which are not multi stress tensors but contribute to (7.84) and (7.85).

7.5.2. CFT data of scalar operators with dimensions two and four

We explicitly calculate the thermal one-point functions (O)g = bo~2° and

OPE coefficients Ao, 0,0 for scalar operators O with twist 7/ = 2 and 7/ = 4
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using Wick contractions. This is done to find which operators contribute to the
thermal two-point function and to resolve a mixing problem.

For 7/ = 2 there is only one such operator, the single trace operator Oy () =
ﬁ : Tr(¢?) : (z) given in (7.20). The OPE coefficient is found by considering

the three-point correlator

WeNONG,
O O O _ AYAL2 . 786
(Oa(21)On(22)Ox(23)) 212|222 [z 13]?| 223 | i

The three-point function is calculated in Appendix C.1, in the large-N limit,
and it is given by

V2A 1

<OA(«I1)OA($2>OQ($3)> - N |x12|2A_2|a713|2|x23|2, (7.87)
and therefore A\p,0,0, = % to leading order in 1/N. To calculate the

thermal one-point function o< (Tr(¢?))s, we include self-contractions, i.e. con-
tractions of fundamental fields within the same composite operator separated
by a distance mf along the thermal circle for m # 0 and integer. Explicitly,

the one-point function of O, is given by

1 N? TN
therefore,
TN

bo, = 7= (7.89)

The contribution to the thermal two-point function ae, is found using (7.87)

and (7.89)
T2 A

a2,0 = b0, A0A0N0, = 3 (7.90)

This agrees with (7.84) which was obtained from the thermal two-point function.

We now continue with scalar operators of twist four. There are two such

linearly independent operators appearing in the Oa x Oa OPE. In order to

construct an orthonormal basis, consider the following single and double trace

operators:
Ou(z) = 5oz Tr(6") : (@),

~ 2NZ2
Ospr(T) = ! : Tr(¢2)Tr(¢2) s ().

2v/2N?2
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We further construct the operator (54 that has vanishing overlap with Oy pr(z)
as follows:
@4 =N 04 - 004(’)4,DTO4,DT > (7.92)

with ' a normalization constant and cp,0, p. is the overlap defined by

Co, O4,pT

(O4a(2)Ospr(y)) = z—y8

(7.93)

Explicit calculation gives co,0, pr = 2—]\/,5 and N = % in the large-N limit,

and the scalar dimension four operator orthogonal to the double trace operator

Oy pr is therefore

1 22
—_lo, - —fal,DT]. (7.94)

NG N

Note that even though the second term in (7.92) is suppressed by 1/N, it can

Oy =

still contribute to the thermal two-point function due to the scaling of OPE
coefficients and one-point function of a k-trace operator O*):
b(’)(k) ~ Nkv

1 (7.95)
)\OAOAO(’“) ~ m7

in the limit N — oo.
The one-point function and the OPE coefficient for O, is found analogously
to that of Oy in the large-N limit

9
7.96
A0a0s0s = S
Consider now the double trace operator given in (7.91). The one-point

function factorizes in the large-N limit:

(Oapr()s = %«oz(x»ﬂ)?
T4 N2

T 18v2st

Likewise, the OPE coefficient can be computed in the large-N limit (see Ap-
pendix C.1)

(7.97)

V2A(3A - 5)
)‘OA@A(94,DT = N2 —. (7.98)
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Consider now the thermal one-point function of O, in (7.94)

~ 1 2v/2
[b04 - N bO4,DT

<O4>ﬂ :\/564

(7.99)

where we have used (7.96) and (7.97). Since the corresponding OPE coefficient
is suppressed by N~1!, it follows that the only scalar operator with dimension
four contributing to the thermal two-point function is the double trace operator
O4pr. From the OPE coefficient and thermal one-point function of this double
trace operator, using (7.97) and (7.98), we find the following contribution to

the thermal two-point function

Tt A(BA - 5)

1
13 : (7.100)

ag,0 =
which agrees with (7.84).

7.5.8. CFT data of single-trace operator with twist two and spin four

The primary single trace operator = = Oy 4 with twist 7 = 2 and spin s = 4 is

given by

— — 1 . R
Epvpo (T) = 96/35N 'TT((b(auaVapaaQS) 16(0,,9)(0,0,05)9) (7.101)

+ 18(8(,0,9) (0,0, ) — (traces)) : ().

The relative coefficients follow from requiring that the operator is a primary,
see Appendix C.5 for details.

The thermal one-point function of this operator is found from Wick con-
tractions in the large-N limit to be

86N

=pe)g = —— (e, e e, e, — (traces)) . 7.102
(Euwpo)s 27\/556(u P ( ) ( )

Moreover, the OPE coefficient in the Oa x Oa OPE can again be calculated
using Wick contractions similarly to how it was done for T, 427 4 in Appendix C.1.

By explicit calculation one finds

AN Z,7,7Z,Z, — (traces)
V35N [212]?272|w13]2 23|
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and therefore the OPE coefficient Ao, 0,0, is given by

4A
)\OAOAO2,4 = \/%N . (7104)
Now, it is easy to check that
1 270A
¥A0A0A02’4b0274 = Wy (7105)

which agrees with ag 4 in (7.85).

7.5.4. CFT data of double-trace operators with twist and spin equal to four

To find the full contribution to the thermal two-point function from the op-
erators with 7 = 4 and s = 4 we need to take into account the contribution
of all operators with these quantum numbers and solve a mixing problem. In
addition to the double-stress tensor operator with these quantum numbers, the

other double trace primary operator which contributes is given by

OPT () = m . Tr(6?) (Tr(qsauayapagqs) — 16T7(,, 60, 0,051 0)

+18T'7r(0,0, 90,05 ¢) (x) — (traces)) s (x),

(7.106)

where the operator is unit-normalized. Notice that this is the double trace

operator obtained by taking the normal ordered product of two single trace

operators, the scalar operator with dimension 2 and the single trace spin-4 op-

erator with dimension 6. There are more double trace operators with these

quantum numbers which are, however, not simply products of single trace op-

erators. These do not contribute to the thermal two-point function to leading
order in > (see Appendix C.6).

Note that it follows from large-N factorization that the overlap of this

1.
N

double trace operators and obey the scaling (7.95), to study the thermal two-

operator with (72) uvpo 18 suppressed by powers of since both of these are

point function to leading order in N2, one can therefore neglect this overlap.

The thermal one-point function of (’)BUTM follows from the large-IN factor-

2 4r8 N2
bo?,}f = “% T (7.107)
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where we used the thermal one-point functions for each single trace operator
given by (7.88) and (7.102). The OPE coefficient is calculated in Appendix C.1,

[2 4A(A —1)
/\OAOAOEE - %T (7108)

Using the thermal one point function and the OPE coefficient in (7.107) and

. . . . DT . .
(7.108) respectively, it is found that it the operator O, gives the following
contribution to the thermal two point function:

4
1 278 A(A — 1)
appT = <§) boprAojoa0oPt = —Hoae (7.109)
The total contribution from Ti 4, together with that of (92:{, using (7.28),
(7.53) and (7.109), is

TSA(A - 1)

A1
1050 (7.110)

asa = (arz +appr) =
This agrees with a4 4 in (7.85).

7.6. Comparison with the eigenstate thermalization hypothesis

In this section we discuss the relation of our results to the eigenstate thermal-
ization hypothesis (ETH). We argue that the stress tensor sector of the free
SU(N) adjoint scalar theory in d = 4 satisfies the ETH to leading order in
Or ~ N? > 1. We explain the equivalence of the micro-canonical and canoni-
cal ensemble when Ay ~ Cr in large-Cr theories. In this regime, the diagonal
part of the ETH is (up to exponentially suppressed terms which we do not
consider), equivalent to thermalization. Note that in two dimensions the Vi-
rasoro descendants of the identity satisfy the ETH (see e.g. [165] for a recent
discussion).

We begin by showing the equivalence between the micro-canonical and the
canonical ensemble on S x S9! when Ay ~ Cr > 1. See [29,148] for a similar
discussion at infinite volume as well as [116] in the two-dimensional case. The
expectation value in the micro-canonical ensemble of an operator O, which we
take to be a scalar for simplicity, at energy £ = Ay /R is given by

() fmier) — ﬁ $(0/010), (7.111)
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where we sum over states |O) with energy (E, E+E) and N(E) is the number
of states in this interval. On the other hand, consider the partition function at

inverse temperature 3 given by
Z(B) = Ze‘% = /dﬁp(ﬁ)e‘% (7.112)
o

where we sum over all states in the theory. In the second line in (7.112) we

have approximated the sum of delta-functions by a continuous function p(A).

Expectation values in the canonical ensemble is then computed by3®
BA

(O =2(9) [ dAp(B)(O) e F (7.113)

Consider the partition function in (7.112) with a free energy F =
—B~tlog Z(B). By an inverse Laplace transform of (7.112) we find the den-
sity of states

1 1 Ag ’
Az = 1B (7= —F(8)) 114

p(An) 2m‘R/d56 " (7.114)
For Ap ~ Cr and a large free energy®® F' ~ Cr, we can evaluate (7.114) using

a saddlepoint approximation with the saddle at g given by

A
& =0 (8 F)ls. (7.115)

Consider now the thermal expectation value in (7.113), multiplying both sides

by Z(f) and doing an inverse Laplace transform evaluated at Ay ~ Cp we find

micro 1 1A ’
PAONTR = 5 /d5'<(9>ﬂf65( w FE), (7.116)

For F ~ Cp > 1 we again use a saddlepoint approximation to evaluate (7.116)
with the saddle at § determined by (7.115), assuming (O)g does not grow
exponentially with Cr. The RHS of (7.116) is therefore the thermal expectation
value (O) g multiplied by the saddlepoint approximation of the density of states
in (7.114). It then follows that

(O) R ~ (O) g, (7.117)

38 It was argued in [148] that the existence of the thermodynamic limit implies that
we only need to sum over operators with low spin.

39 We consider a CFT in a high temperature phase.
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with 8 determined by (7.115). In particular, in the infinite volume limit R — oo,

the free energy is given by*°

bT(can) Sde_ 1
Qv

F pu—
dp? ’

(7.118)

where Sy = Vol(S471) = QW%/F(%I). Inserting (7.118) in (7.115) we find [29]

/8 _(d - 1>beL<;ar)) Sd %
== e . (7.119)

We can use (7.117) to see the thermalization of the stress tensor. The free
energy is related to the expectation value of the stress tensor Tp(bian) [25]

_ 1
- Sde—l

(Ts™™) g 03(—BF(B)). (7.120)

On the other hand, the expectation value of Tégan)

fixed by the Ward identity to be

in a heavy state |Og) is

Ag

(can) o
(OulTy, " |Owm) = “SRe

(7.121)

Multiplying (7.115) with (SgR%"1)~! and comparing with (7.120)-(7.121) we
find that
(OnIT35"™ 10m) = (T55"™)s. (7.122)

This shows the thermalization of the stress tensor in heavy states where F' ~
Ap ~ Cp in large-Cp theories. Note that this follows from (7.117) since we can
replace the micro-canonical expectation value at E = Ay /R, on the LHS, with
the expectation value in any single heavy state with dimension Ay due to the
Ward identity, independent of the heavy state. Put differently, the stress tensor
satisfies the ETH as we will review below.

We now consider the eigenstate thermalization hypothesis for CF'Ts at finite
temperature on the sphere S?~1 of radius R. The diagonal part of the ETH is
given by

(0|05

On) = (075" + 0 (75, (7.123)

40 Here we denote the canonically normalized stress tensor by TS, whose two-
point function is given by (T ()T (y)) = %(I"(pl”a) — (trace)).
d
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where Oy and O, ¢ are local primary operators and ((’)T,S)SEmicro) is the expec-

tation value of O, ; in the micro-canonical ensemble at energy E = A?H. Here
we assume that the operator Op is a heavy scalar operator with large confor-
mal dimension Ay o< Cr > 1. The operator O 5 on the other hand can have
non-zero spin.*'. In (7.123), ¢5(¥) is the density of states at energy E = Ay /R.
As shown in (7.117), in the limit Ay ~ Cp > 1, the micro-canonical ensemble
is equivalent to the canonical ensemble at inverse temperature S determined by
(7.115). It then follows from (7.123) that the diagonal part of the ETH can

written in terms of OPE coefficients and thermal one-point functions:

A b R
onoyo., bo,. fo,, (B/R) o) (e_S(E)> : (7.124)

R7+s - pfT+s
where fo_ | also appears in (7.11). This is equivalent to the statement of ther-
malization discussed in the rest of the section.

In this section we observed that the multi stress tensor operators satisfy
(7.124). One can also ask if (7.124) holds for any operator in the specific heavy
state we considered. By comparing egs. (7.87) and (7.88) using (7.50), one can
check that operator Oy = ﬁ : Tr(¢?) : does not satisfy (7.124). Since this is
a free theory, it is not a surprise that the ETH is not satisfied by all operators

in the spectrum which is seen explicitly in this case.

7.7. Discussion

In this section we argued that multi stress tensor operators Tf’s in CFTs with
a large central charge C'r thermalize: their expectation values in heavy states
are the same as their thermal expectation values. This is equivalent to the
statement that multi stress tensor operators in higher-dimensional CF'T's satisfy
the diagonal part of the ETH in the thermodynamic limit. The analogous
statement in the d = 2 case is that the Virasoro descendants of the identity
satisfy the ETH condition in the large-C7p limit.

We observed that the operator Oy = ﬁ : Tr(¢?) : does not satisfy the
ETH. This is seen by comparing eqgs. (7.87) and (7.88) using (7.50). While this
operator does not thermalize in the heavy states we considered, the OPE coeffi-

cient averaged over all operators with Ay ~ C7p is expected to be proportional

41 The tensor structure in (7.123) is suppressed.
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to the thermal one-point function. The averaged OPE coefficients should there-
fore scale like ~ /Ay compared to Ao, 0,0, ~ A //Cr for the heavy states
we considered. It would be interesting to exhibit heavy operators that produce
the former scaling.

We provided a bootstrap argument in favor of the thermalization of multi
stress tensor operators. One should be able to refine it to give an explicit form
for leading behavior of the multi stress tensor OPE coefficients — we leave it for
future work. The holographic/bootstrap OPE coefficients for the leading twist
double stress tensor operators can be found in e.g. [124] — they are nontrivial
functions of the spin. As explained in [124,13], the leading A behavior of the
minimal-twist double- and triple-stress tensor OPE coefficients is consistent with
the exponentiation of the near lightcone stress tensor conformal block. One can
go beyond the leading twist multi stress tensors. In holographic HHLL correla-
tors each term of the type (Au)* ~ (AAx/Cr)* comes from the exponentiation
of the stress-tensor block — this follows from the Wilson line calculation of the
correlator in the AdS-Schwarzschild background [193,124,186].

In this section we argue that this behavior is universal, and is not just
confined to holographic theories. Hence, one can formulate another statement
equivalent to the thermalization of multi stress tensor operators. Namely, scalar
correlators of pairwise identical operators of dimensions A; o in large-Cr the-
ories in the limit A; o > 1, A1Ay/Cr fixed are given by the exponentials of
the stress tensor conformal block?2. This is similar to what happens in two-
dimensional CFTs.

Note that the universality of the OPE coefficients is naively in tension with
the results of [54], where finite gap (Agap) corrections to the multi stress tensor
OPE coefficients were considered. In particular, for double stress tensors, such
corrections behave like A3/A,,, which is clearly at odds with the universality
statement. Of course, the results of [54] are obtained in the limit A < Ag,yp,
while in this section we consider the opposite regime A > Ag,;,.

One may also wonder what happens with the universality of the OPE co-

efficients beyond leading order in A. In particular, in [186], it was shown that

42 See [105] for previous work on the eikonalization of the multi stress tensor OPE

coefficients at large spin.
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the bootstrap result for the HHLL correlator exactly matches the holographic
Wilson line calculation (in the double scaling limit where only the minimal twist
multi stress tensor operators contribute). This corresponds to including terms
beyond the exponential of the stress tensor block — one needs to compute the
HHLL correlator, take a logarithm of the result, divide by A, and then take the
large-A limit. The result is sensitive to terms subleading in the large-A limit of
the multi stress tensor OPE coefficients. In four spacetime dimensions the result
in [186] is given by an elliptic integral — is it applicable beyond holography?

In [124] terms subleading in A were shown to be important for the computa-
tion of the phase shift. The simplest nontrivial case in two spacetime dimensions
is the operator A4 which is a level four Virasoro descendant of the identity (see
e.g.[194]). One could also get it by using the CFT normal ordering and impos-
ing the quasi-primary condition [195]. Consider now the case of minimal twist
(twist four) operators in four dimensions. How do we determine the analog of
A4? There is no Virasoro algebra now.

Presumably, one can reconstruct the analog of A4 in four spacetime di-
mensions by considering a CFT normal ordered product of stress tensors, and
adding a single trace term to ensure that the resulting operator is a primary
and is orthogonal to the stress tensor itself. Note that the CFT normal ordering
differs from the oscillator normal ordering in a free theory by the addition of a
single trace operator, as reviewed in Appendix C.7. This procedure can then
be generalized to other multi-trace operators. We leave it for future work.

It is also helpful to imagine what happens in a theory like N = 4 Super
Yang-Mills, where there is a marginal line connecting the weak and the strong
coupling (the latter admits a holographic description). Presumably, as the cou-
pling is turned on, only one operator remains light (with dimension eight and
spin four), while others get anomalous dimensions. It would be interesting to
see this explicitly even to the leading nontrivial order in the 't Hooft coupling.
It would also be interesting to see how the corresponding OPE coefficient inter-
polates between its free and strong coupling values.

Using crossing symmetry, we argued that the universality of multi stress
tensor OPE coeflicients is related to the OPE coefficients Ao, 1,0/, with O" #
Op being either heavy or light, present in the cross-channel expansion. Such

OPE coefficients with at least one operator being heavy were recently studied in
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[154,196]. It would be interesting to further study the connection of our results
to this work.

Another interesting question concerns the fate of the double trace operators
of the schematic form [OaOAa]n,. Consider the d = 4 case in the large volume
limit and n,l = 0, for simplicity. We expect that the corresponding OPE co-
efficients in the free theory behave like Ao, 0,,[0a0a]so X AF/Cr x Cpp?*
while their thermal one-point functions behave like ([(OaOalo.0)p o CrB~24.
Comparing the two results with the help of (7.50) one observes that such oper-
ators do not thermalize in the free theory for generic A. The situation is more
nontrivial in holography where we do not know the large  behavior of the OPE
coefficients**. As pointed out in [15], the contribution of double-trace operators
to thermal two-point functions is different from that of multi stress tensors.
The latter is only sensitive to the behavior of the metric near the boundary, but
the former knows about the full black hole metric. This seems to indicate that
the thermalization of the double trace operators in holographic theories is also
unlikely?5.

It is a natural question how generic are the heavy states for which the
stress tensor sector thermalizes. The our results seem to suggest that such ther-
malization is more generic than the thermalization of other light operators*S.
Other interesting questions include generalizations to the case of finite but large

central charge and to non-conformal quantum field theories.

43 This scaling is obtained by computing the OPE coefficient AOHOH[OAOA]O,O for
1 €« Ay < Cr and extrapolating it to the Ay ~ Cr regime.

44 Note that the large-N scaling in holography is different. Both the OPE coeffi-
cients and the thermal expectation values behave like C% as opposed to Cr ~ N2,

45 A simple way to decouple such operators is to take the large-A limit.

46 A closely related question of finding “typical” states where the stress tensor
sector thermalizes in the large volume limit in d = 2 was recently discussed in [179].
There it was observed that such states are Virasoro descendants when the central

charge is finite.
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8. Discussion and conclusions

We started this research to learn more about the whole class of holographic con-
formal field theories and their implications for the dual gravity. The conformal
bootstrap in the Regge and lightcone limit allowed us to gain a better insight
into the four-point correlation functions at higher orders of the inverse central
charge. We specifically focus on the stress tensor sector of the conformal field
theory that consists of the stress tensor itself and the multi-trace primary oper-
ators made from the stress tensor. The importance of this sector lies in the fact
that it is necessarily present in all holographic CFTs that have a dual theory
with dynamical gravity. The gravitational analog of multi stress tensor oper-
ators that contribute to the correlators in CFTs are the graviton loops in the
corresponding Witten diagrams. In the four-point correlation functions where
two operators Oy have the large conformal dimension Ay, the contributions
of the stress tensor sector get enhanced by factors of Ay compared to the con-
tributions of other, generic, multi-trace operators, and therefore decouple from
them. That is the reason why the heavy-heavy-light-light correlation function
is the perfect setup for studying the stress tensor sector contributions.

We confirm that the OPE coefficients of the multi stress tensor operators
with a minimal twist at each order in p are universal, i.e. they are the same in
all holographic CFTs, as claimed in [15]. Introducing the finite gap in the theory
breaks this universality, as shown in [54]. One can still ask is it possible to add
up all contributions of the minimal twist subset of the stress tensor sector and
obtain the correlator exact in p. As the contributions of these operators domi-
nate in the lightcone limit, one could hope to obtain the exact non-perturbative
correlator in this limit by adding up all of them. This result would be the higher-
dimensional analog of the Virasoro vacuum block in two-dimensional CFT. So
far, it has not been established how to write this non-perturbative correlator
and we leave this for future work. The general idea is that there exists some
Virasoro-like symmetry algebra generated by the components of the stress ten-
sor that emerges near the lightcone limit and protects the OPE coefficients of
the minimal twist multi stress tensors in the holographic CFTs [127,142,197-
199]. If we had the closed algebra of this type, computing the contributions
of its irreducible representations to the correlator would greatly simplify the

problem.
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The important property of the OPE coefficients of multi-trace operators
in the stress tensor sector with external scalars is that they have poles at the
integer values of Ay. These poles are the consequence of the mixing of multi
stress tensors with double-trace operators [OrOL],; when Ap are integers. It
would be interesting to find a way to solve this mixing problem and obtain finite
contributions for integer A . According to the statement in [15], to calculate the
OPE coefficients of these double trace operators using the dual gravity approach,
one would have to analytically solve the equation of motion of the light probe in
the black hole background all the way to the horizon, therefore, the perturbative
1/r calculation that works for the stress tensor sector is not applicable here. One
comes to a similar conclusion when trying to compute the OPE coefficients of
[OL(’)L]M operators using the conformal bootstrap technique. Namely, in this
case one would have to solve the bootstrap equation non-perturbatively in large
spin, for which the non-perturbative results for the anomalous dimensions of the
operators in the S-channel are needed. Therefore, we leave this task for future
work as well.

The multi stress tensor operators whose OPE coefficients are not fixed by
the conformal bootstrap are those with spin s = 0,2. As they are not fixed by
the consistency conditions of the underlying CFT these OPE coefficients can be
viewed as the parameters in the class of holographic CFTs. They depend on
the other parameters of the holographic CFT, besides Ay and p, which is the
reason we say they are not universal. They introduce these parameters in the
correlation function and then the bootstrap forces the other OPE coefficients
of multi stress tensor operators with the non-minimal twist and higher spin to
depend on them. The universality of the OPE coefficients of the minimal twist
multi stress tensors at all orders in p can be explained by the fact that there
are no multi stress tensor operators with a minimal twist and spin s = 0, 2 that
would introduce additional parameters in the OPE coefficients of the minimal
twist subset of the stress tensor sector.

One could ask if there is some other consistency condition in the CFT that
could fix or bound the coefficients of multi stress tensors with spin s = 0, 2, for
example, obtained from the bootstrap of the higher-point correlation functions
or correlation functions of spinning operators. We leave these questions for

future research. We showed how one can fix the OPE coefficients of spin-2
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multi stress tensor operators using the wave function phase shift calculation in
the gravity dual. In our case, this is done for Gauss-Bonnet gravity dual and
the results obtained match with those from [15] whenever available in the latter.
The only way, known so far, to fix the OPE coefficients of the spin zero multi
stress tensors through the gravity dual is the one developed in [15].

One obvious question to ask is which part of the formalism developed for the
stress tensor sector would apply to the case when we have additional conserved
currents in the holographic CFT, for example, U(1) current J,. In this case,
one would have to consider the contributions of the stress tensor sector together
with the contributions of the conserved current sector and multi-trace operators
created from both single-traces T}, and J,. We plan to tackle this problem in
the near future.

Finally, by studying the thermalization properties of the stress tensor sec-
tor, we demonstrated that it satisfies the diagonal part of the eigenstate thermal-
ization hypothesis in the thermodynamic limit of large-N CFTs. This justifies
using the pure heavy state Op as the CFT analog of the black hole when we
are interested in the graviton contributions to the correlation functions in holo-
graphic CFTs. We also showed that the other operators generically present in
the large-N CFTs do not thermalize in this sense. Here, one could again ask
what happens in the large- N theory with additional conserved charges, whether
the conserved current sector thermalizes the same way the stress tensor sector
does. Additionally, it would be interesting to check what happens with the
off-diagonal elements of the eigenstate thermalization hypothesis for both the

stress tensor sector and the conserved current sector.
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Appendix A.1l. Details on the conformal bootstrap

Below we review some of the details of the confomal bootstrap calculations.
Explicitly, we will show that exchanges of heavy-light double-trace operators
in the S-channel reproduce the disconnected correlator at O(u’) and the stress

tensor exchange at O(u).

A.1.1. Solving the crossing equation to O(p) in d =4

We start with the leading O(u®) term in the S-channel that should reproduce
the disconnected propagator in the T-channel. This is given in d = 4 by

') h _ _
G(2,2)] 0 = %/ dh/ dh(hh)AE2(h — h)(2"Hzh — 2Pz (AL
Let us look at the following piece of (A.1.1):
o h _
—/ dh/ dh(hh)2E=2(h — h)2hzh ! =
0 0
— / dh / dh(hh)Ar=2(h — h)Zh ! = (A.1.2)
3/ dh/ dR(hR)AE=2(h — R)MH1gh
<z Jo h

Setting z/z = 1 to leading order in the Regge limit, we find that the S-channel

expression reproduces the disconnected correlator:

G(2,2)|0 = ZZC_A;/ dh/ dh(hR)*"~2(h — h)z"2"
2CA, logz—logz) 1

= LA (AL —1) ~

2z —Z (logzlog z)Ar (1—2)2(1—2)2r

(A.1.3)
Notice that to arrive in the last equality we expanded (z, z) around unity and
substituted Ca, = (I'(AL)T(AL — 1)1

Consider now the imaginary part at O(u) in the S-channel. For convenience

we define
1= = Im(G(2,2))|,., (A.1.4)
which is then equal to:
pla=1) _ _—imCa, / dh / dh(hh)™*2(h — h)y()
(e=P —e?) (A.1.5)

><((1 gep)h+1(1 ge P)h — )).
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Notice that we used the variables (o, p) defined as z = 1—ce” and z = 1 —cge™".

Consider the following ansatz for ’yi%li)L_,—l = %,

bers to be determined by the crossing equation. Substituting into (A.1.5) and

where (a,b,c) are num-

collecting the leading singularity o =% as o — 0 with k = 2A7 +a + b — 1 leads
to
ﬂ*ﬂbk:fgﬁéﬁ(wAL+a—nnAL+b—mwwﬂw-é“@w+
e P —e
'2AL +a+b—2) "
(AL +a — 1)eArtatb=2)p
2FI(Ap +a—1,2A +a+b—2,Ap +a,—e ?P)
F(QAL+CL+Z)—2)
(A +a— e CArratb=2) "

2F1(AL—|—CL—1,2AL—|—CL—|—Z)—2,AL—|—CL,—€20)>.

(A.1.6)
Note that in order to do these integrals we need Ay +a > 1 and Ay +b > 1.
Using the following identity of the hypergeometric function

I'b—a)l'(c Ca 1
oFy(a,b, ¢, x) :M(—x) oFi(a,a—c+1,a—-b+1, ;)
['(a—b)'(c) b 1
(= Fi(b,b— l,—a+b+1,=
T(ae—p @) 2hlbb-ctl—a+bt1,7),
(A.1.7)
the third line in (A.1.6) can be simplified and we are left with
_ emCa
J(d=4) _ :miL( N _DT(A _ 1)ela—b+1)p
|- (€20 — 1) (Ap+a )P(AL +b Je
[(2AL +a+b-2) o—(2AL+atb—3)p
AL +a— 1
QFl(AL—I—a—1,2AL+a+b—2,AL—|—a, —6_2p) (Alg)
[(2AL +a+b—2) o~ (2AL+atb=3)p
Ap+b-1

QFl(AL"‘b—l,QAL+a+b—2,AL+by_e—2/))>.

On the other hand, the Regge limit in the T-channel is dominated by
operators of maximal spin. In a holographic CFT, we have J = 2. If we further
take the lightcone limit, p > 1, the dominant contribution is due to the stress

tensor exchange and behaves as o~ le~(@=1?_ To reproduce this behavior from
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the S-channel, we must set a = 0 and b = 2 and make an appropriate choice
for the overall constant c¢. Substituting the designated values of (a, b, ¢) revals
that the first term in (A.1.8) precisely matches the T-channel stress tensor
contribution, which in the Regge limit (after analytic continuation) behaves

like:
1 6_(A_3)p

9A,J 0T (20 — 1)

+..., (A.1.9)

with A = d and J = 2. Furthermore, the remaining terms correspond to the
exchange of operators with spin 2 and dimension 2Aj;, + 2 + 2n; these are the

double-trace operators [OrOL]p, 1=2.

A.1.2. Integrating the S-channel result at O(p?) in d = 4

Below we describe how to use the results for the anomalous dimensions at O(p?)
in order to recover the imaginary part of the correlator to the same order. Using
the obtained expressions for the anomalous dimensions (4.8) and (4.24), we note

that the integrand in (4.11) can be written as

(1)

(HL,HL);MFT (2) Thoh—h (D)

L Vih-h ~ g On F )V

_ _3HCh D) panamaer | _35RA RS S (R

~ 4(h—h)3 ~hh-h (AL - DT(AL) & \h 27
(A.1.10)

Therefore we see that (4.11) can be written as an infinite sum of integrals of
the same form that appeared at O(u) in (A.1.5). It then follows that the full
S-channel result can be integrated in order to obtain the correlator in position
space. Especially, the lightcone result is obtained by setting & = 0 in (A.1.10)
and taking p — oo which gives

_ 2357TAL(AL + 1) e 3p
Im(G(2,2))|,2 = 3(Ap—9)  oThiti(em — 1) +..., (A.1.11)
with ... denoting terms that are subleading in the lightcone limit. The result

(A.1.11) has a form consistent with the contribution of an operator with spin-
2 and A = 6. The full result (beyond the lightcone limit) further contains
an infinite number of operators with spin-2 of dimension A = 6 + 2n and
A =2A1 4+ 2n+ 2.
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A.1.8. Solving the crossing equation to O(u) in d = 2

Here we review the calculations needed for the d = 2 case explained in Appendix

D. To O(u) the S-channel (3.37) is given by
1 c© prh _
) = 53 dh(hh)>r (2" 2" 7). A1.12
Gledlo = rays [ [ BORNATNET 4 (0 0). (A1
The integrand in (A.1.12) is symmetric w.r.t. h <+ h and can thus be rewritten

as
B 1 o o0 _ _ B 7
G(Z’Z)|NO = m /(; /O‘ dh(hh)AL 1Zh2h, (A113)

which can easily be seen to reproduce the disconnected correlator [(1 — z)(1 —
Z)] 72~ in the Regge limit.
As in the previous subsection we proceed to consider the imaginary part of

the correlator in the S-channel expansion to O(u). Using a similar notation,

1= = Im(G(2,2))|,., (A.1.14)
combined with the ansatz 7( ) R = ch®hb, allows us to write:
=2 _ __tem / / dh(hh) 2 he Rt (2P 5D + (2 5 7). (A.1.15)

The integrals in (A 1.15) can be easily performed given that a + Ay, > 0 and
b+ Ap > 0. Changing variables to z = 1 —ce”, Z =1 —oe ? and collecting the
most singular term o, with &k = 2A; + a + b, leads to

T = % (P(a+ AL+ Ap)(—er=e) — erlet))
L
I b+ 2A; e Platd+2AL)
' — afi 2Fi(a+Ap,a+b+2A0,14+a+Ap, —e %)
L
r b4 9A, )erlatb+2AL)
+ (CL—|— +a+Lie 2F1(a+AL7a+b+2AL71—|—a+AL,_82p>).
L

(A.1.16)
Using again (A.1.7) we express (A.1.16) as follows

15w = % ( —T(a+AL)T(b+ Ap)ete
L
I b+ 2A; e Platb+2AL)
+ (CL—|— + af)Ae 2F1(Q+AL’a+b+2AL71+CL—|—AL,_8—2/7>
L
r bt 2A; e (atb+2AL)p
_ (CL+ + b—ff 2F1<b+AL’a+b+2AL71+b+AL,—e_2p)>.
L

(A.1.17)
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In matching (A.1.17) with the T-channel expansion, following the same logic
as in the previous subsection we deduce that a = 0 and b = 1 and fix ¢. The
first line in (A.1.17) then reproduces the exchange of the stress tensor in the T-
channel. The other two lines match the contribution of double-trace operators
[OrOL]n,1=2 with dimension A = 2A, + 2n + 2 and spin 2 in the T-channel

expansion.

Appendix A.2. Details on the impact parameter representation in

d=4

Here we will see how the impact parameter representation in four dimensions
leads to the expression for the disconnected correlator in the Regge limit, in
terms of the integral over h, h.

The objective of this section is to explicitly see that the disconnected con-

tribution of the correlator in the Regge limit

1 1 o b A oh—h
(EEEDSE r<A>r<A—1>/o C”’/o U

(Zh—l—l Zi_L o Zﬁzh—l—l)

)

(A.2.1)

can be equivalently written as

) h
/ dh/ dhT, 7, (A.2.2)
0 0

with
4 2
C(A) / Dy A=2emivn(h _ Rys(p a4 b+ B) 6 (pz + hﬁ) .
M+

" e (A'23)

where M is the upper Milne wedge with {p? <0, p° > 0} and

9d+1-2A _1+4
C(A) = : A.2.4
(8) T(AT(A -2 +1) ( )

with d the dimensionality of the spacetime, here d = 4.
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In practice, we need to perform the integral over p in (A.2.3). To do so, we

will use spherical polar coordinates and write:

T / d(cos 0) (—p?)2~2 0(p)0(—p*) %
i xoe_wp cos (5 (p ;rp h) 5(1?0;197" —B) +htx;)-5'>

The overall factor of (27) is simply the result of the integration with respect to

the angular variable ¢. Next we perform the integral over cos 6:

Tat [ a4y (p")? (—p?) A2 e’ e e
oo 0 —irp”
0(p°)0(—p?) (66),
(A.2.6)
where we set
0 r 0 __ 7 _ _
(55)55<p ;’p —h)5<p 2p —h)+(h<—>h). (A.2.7)

Notice that

| e @) - [ e (655) -
0 0

" . ’; (A.2.8)
— dn” A—2 zrp 56
| B (55).
Hence we can write (A.2.6) as follows
C(A) [* dpTdp~ pt —p~ o iipte gt
Iyy = ( 3),/ o — (—p?)A2 ez ApTET)
2m)? ) 2 it —a7) (A.2.9)

0(p™)0(p™) (66) .
Performing the last two integrals is trivial due to the delta-functions. The result
is
1 h—h

T, . — I\A—2 ¢ ihaT iha™ _ _ihaT iha~
mh = TATRA ) (et o) e e ),
(A.2.10)

which allows us to write (A.2.2) as follows:

%) h 7
_ —h _
dh/ dhl, ; = / dh/ dh hh)A~2
/0 0 h.h F -1) —x )( )

NI
N
>
Y
>
~
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TE=¢ir),

Observe that (A.2.11) is equal to (A.2.1) in the Regge limit, where

Here we also used the identification (z = e**

z 1 z 1

~ , _ . A.2.12
z—2 izt —2z7) z—-z d(xt—z7) ( )
However, when considering next order corrections in (z,x~) the impact pa-
rameter represention may require corrections. Below we show that these are

irrelevant for the questions we are interested in.

A.2.1. Ezact Fourier transform

Here we will compute the Fourier transform for the S-channel expression with
the identification (z = em+,2 = ¢ ) and show that the leading order results
in the Regge limit given in the previous section do not miss any important
contributions.

The generic term in the S-channel which we would like to Fourier transform
looks like:

/dhdﬁg(x+,x—)f(h, h), (A.2.13)
where (Lehyot iF Bt (1)
i(1+h)x ithx™ _ _ihx i(h+1)x™
glat,zm) =° S , (A.2.14)
(ezx _ T )
and

f(h,h) = im(hh)2~2(h — h) f(h, h), (A.2.15)

where f(h, h) stands for all the contributions in the S-channel to a given order.

The Fourier transform is:

/d4xeim/dhdﬁg(m+,x_)f(h, h) = /dhdﬁf(h, B)/d4xeip$g(x+,x_),
(A.2.16)
where we simply reversed the order of integration. Our focus in what follows
will be the integral:
I= /d4m ePrg(zT 27). (A.2.17)

Since xT =t +r and £~ =t — r, it is convenient to use spherical polar coor-
dinates to perform the integration. The angular integration over ¢ gives us an

overall factor of (27) as the integrand is independent of ¢. Next we perform
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the integration over the other angular variable. Similar to what was discussed

in the previous section,

1 . eirpr _ e—irpr

/ d(cos@) e reost — — _ — (A.2.18)
-1 rp”

Combining the above we can write:

0o L oo irp” __ —irp”
I= 27r/ dte™""P / drr L g(t,r). (A.2.19)
0 tp”

— 00

It is easy to see that g(¢,r) = g(t, —r) and as a result:

0o 0
/ drre” P g(t,r) = —/ drre™ g(t,r), (A.2.20)
0

— 0o

which allows us to write the integral as:

© dxtdx— Tz
I= 27r/ T O gipa T T glzT,z7). (A.2.21)
oo 2 i(pt —p7)
Here ¢P® = =3 @ +p72") anqd the above integral can be thought of as a
two-dimensional Fourier transform.
To proceed we need the explicit form of g(z™, 2~ ) which we write as
ihzt 6il_7,$7

+ _ e

ey T (2t < 27) (A.2.22)

and then expand the denominator in the Regge limit

1 1 i,y
- et - ) A2.2
1 —eil@zt—27) (gt —x7) (1 2 (@7 —z7) + ) ( 3)

Substituting into (A.2.21) leads to:

1 detdr~ hat iha i
I—9 P ezhw ezhw 1— = .’B+ S )
"t ) / 2 ( ( 2 )
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Let us compute the integral term by term. The leading term in the Regge limit

yields the standard delta functions:

1 AN -
T :22 3 _ B + _
0 7r pi——p+6(_2 h)(S(—2 h)+ (p" <> p)
1 Pt pT -
o3 1 _ _ + _ A.2.25
2m h_h{5( A O RN s )} ( )
= or® 1_5(p~é+h+ﬁ)5(p—2+hﬁ).
h—h 4

The subleading terms on the other hand produce the same result except that

the delta functions are replaced with derivatives of themselves with respect to

= pt—p~

5
Let us now consider the full result which up to an overall numerical coeffi-
cient can be written as:

+) 5(p.g+h+ﬁ)5(%2 + hh) . (A.2.26)

/dhdh f(h,h) <1 G
To evaluate the terms with derivatives of the delta function we need to integrate
by parts. Now recall that we are interested in the imaginary piece of the S-
channel whose leading behaviour is ~ \/—7]92 (this dependence is hidden in
what we called f ). It is obvious that the derivatives will produce subleading
terms which we are not interested in.

What about the other pieces in the S-channel which are not imaginary? To
O(p?) in this case, we know that the leading behaviour grows like ~ (\/—7]92)2,
so by differentiation, a term of the order \/—7])2 may be produced. However,
it is clear that this term will never contribute to the imaginary term of the S-
channel (note that the coefficient in the first term in the parenthesis in (A.2.26)
is real). We thus deduce that the subleading terms in (A.2.24) are irrelevant for

our study.

Appendix A.3. Impact parameter representation in general spacetime

dimension d

Here we want to prove the following equation for general spacetime dimension

d:
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\—BHFAL) (HL HL);MFT App,—A _
Tog=(25) 2 P L NI g Ban ), (A.3.1)

using the form of conformal blocks given in (4.31). We start with the definition

of Z,, j, that is given as:

d? d _, 7 7 ’ h
b (_p2>AL—§6—1px(h _ h)5(p e+ h+ h)d(% + hh),

(A.3.2)

9d+1-2Ap 11+4
C(AL) = . A3.3
(Az) T(AL)(AL —$+1) (8.3.3)

Using spherical coordinates we write (A.3.2) as:

Lm=0@0/ @“w/<w@w”/ sin®® g1y d0 3
—00 0 Sda—2

t T t _ T _
X e—iprrcosgbl(_pZ)AL—%Q(_pQ)H(pt){é (p ';p . h) 5 (p 5 p o h)

(A.3.4)

where Q43 = = ( ) denotes the area of the unit (d — 3)-dimensional hyper-
sphere.

Notice now that

). (A3S)

/ SlIld 3¢ e —ip rcos¢1d¢ _\/_F< )OF1<
0

Substituting (A.3.5) back in to (A.3.4), one is left with integrals with respect
to p' and p” only. These integrals are trivial due to the presence of delta

functions.?” When these integrals are calculated, the expression for Iy 5 is

given as:
23—d ) _
Ik = FA TN vr —— M) (h — B2 ()R x
(AL)P(AL =5 +1) o (A.3.6)
Pt - my2e
oF1R( 5 4( )T,

47 One only needs to remember that h > h > 0.
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where oFig(a,z) = T'(a)"'oFi(a,z). Relations between coordinates ¢t and r
with 2% and 2~ are given as: a™ =t+rand x~ =t —r.

On the other hand, using the explicit form for conformal blocks (4.31) and
OPE coefficients in the Regge limit (3.40) one finds that:

(22>_WP}§IZ€’}_{{L%MFT flgLa_AHL (Z,E) _
= Pz — 1) (hR)Ae+% (h — B)(z,z)h#c(%jl)(z + 2). (A.3.7)
F(AL)F(AL — g -+ 1) h—h 2\/5

Using the relations between coordinates r,t and z,Z it is easy to see that

(22)% — ¢it(h+h)  Next, one can use the relation between Gegenbauer poly-

nomials and hypergeometric functions:

2a),, 11—
0@ = Cop (cn2a g mat 105 (Ass)
n! 27 2
which for h — h = 1> 1 gives:
(g_l)(z—i—,?) [d—3 d—11 1,242z
C = P(-lLl+d—2—;=- — = . (A.3.9
! Wzz/ T(d—2)° 1 2 2 2<2\/5)) ( )
With the help of the following properties of hypergeometric functions:
2F1(a7 b7 G Z) - (]' - Z>_b2F1(C —a, b7 (6 —1)7
; 7 (A.3.10)
lim oFy(m,n,b; —) = oF1(b; 2).
m,n—00 mn

Using these, together with the assumption that in the Regge limit the values
of z11 and z~ [ are fixed constants: 27! = a; and 271 = ay while | — oo, one
can easily see?® that (A.3.6) reproduces (A.3.1). This confirms the validity of

the impact parameter representation.

48 By noting that:

= 22*2%/7?@. (A.3.11)

1
Nz - = ()

5)
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Appendix A.4. Anomalous dimensions of heavy-light double-trace

operators in d = 2

The OPE data of the heavy-light double trace operators in d = 2 dimensions
can be directly obtained from the heavy-light Virasoro vacuum block [40,105].
For completeness, in this appendix we investigate the anomalous dimension of
[OuOLlj 5 in d = 2 following the discussion in Section 4.2. As in d = 4,
we introduce an impact parameter representation following [55]. We calculate
the anomalous dimensions to O(u) by solving the crossing equation and then
use the impact parameter representation to relate them to the bulk phase shift.
We find a precise agreement between the two. Using the bulk phase shift we
furthermore determine the anomalous dimension to second order in p. Much of

the discussion follows closely the four-dimensional case and will be briefer.

A.4.1. Anomalous dimensions in the Regge limit using bootstrap
The conformal blocks in two dimension are given by [30,24]

9828 (2,2) = kass(2)ka—s(2) + (2 ¢ ), (A.4.1)
where kg(z) was defined in (4.3). Similar to the four dimensional case, the blocks
for heavy-light double-trace operators simplify in the heavy limit (Ag ~ Cr)

e, e (2,2) = (z2) AN 1 (2 65 2)). (A.42)

Inserting this form of the conformal blocks in (3.37) together with the OPE
coefficients in the Regge limit (3.40) and approximating the sums with integrals,
one can due to symmetry extend the region of integration and it is easily found
that the disconnected correlator in the T-channel is reproduced.

Similar to the four-dimensional case the stress tensor dominates at order p
in the T-channel. The block of the stress tensor after analytic continuation in

the Regge limit is given by

24ime="
91, = ——— + ..., (A.4.3)
o
where ... denote non-singular terms. As in the four-dimensional case, this has

to be reproduced in the S-channel by the term in (3.37) proportional to —imy D,
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With the conformal blocks (A.4.2), the imaginary part in the S-channel to
O(u) is given by

o) h _ _
Im(G(z, 2))|,, = —inCa, /0 dh /0 U e (zhzh + zh2h> .
(A.4.4)

Using the ansatz yélgl_ﬁ = ¢ h*h® we find that the T-channel contribution is

reproduced for a = 0 and b = 1 (see Appendix A.2 for details). We thus find
using (3.41)
_ 6)\(QH OHT,LLV )\OL OL T,uu

1 7 _7

To O(u?) we can use (4.11) to find the following contribution to the purely

imaginary terms in the S-channel

Im(G(z, 2)|,2 = —inCa, /O " /O " R(rhyAi <7§f;_h ~ar
("2 + 2P zh).
A.4.2. 2d impact parameter representation and relation to bulk phase shift
Similar to the four-dimensional case we introduce an impact parameter repre-
sentation in order to relate the anomalous dimension with the bulk phase shift.

The impact parameter representation in d = 2 is given by

2
;= C(AL)/ d*p(—p*)* e " (h—h)d(p-e+h+h)S <pZ + h}_’) ,

(A.4.7)
with straightforward generalization of the d = 4 case explained above. This is
again chosen such that when the impact parameter represetation is integrated

over h, h the disconnected correlator is reproduced:

oS h 1
R T —"— has

The discussion of the phase shift is completely analogous to the four-

dimensional case, as in (4.21) we find the following relation between the bulk

phase shift and the anomalous dimension to second order in u

VORI
h,h—h T
(A.4.9)
~(2) Ap” . 5
Thih-h ~ "4 T 4
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In [55] the phase shift in d = 2 was found to be

s — T /—er_L

2

52) — 3_7T /—er_L.

8

(A.4.10)

Using the identification p* = 2h and p~ = 2h together with (4.23) we find for

the anomalous dimension in the Regge limit

h.h—h

A411
w1 (A411)
Thh—h = 3"

We thus see that the first order result agrees with that obtained from bootstrap
(A.4.5). Furthermore, the second order correction agrees also in d = 2 with the
result (6.40) in [55].

Appendix A.5. Discussion of the boundary term integrals

There are a few integrals containing total derivative terms that we have ignored
throughout this section and we analyze more carefully here. Let us start with a
total derivative term which shows up in the real part of the correlator at O(u).

It is given by??:

n—oo

n,lIn+l,n n—0

(A.5.1)
. n—roo
[PﬁL,HL),MFT (1) AHL,—AHL(% Zﬂ

n,l In+l,n

1 . e :
I = §(Zg)—§(AH+AL)/ di [péflILaHL)vMFT,Y(l)gAHL7_AHL (2, 2)}
0

Let us focus on the integrand:
When n = 0, the expression within the brackets trivially vanishes. ngghe
other hand, when n — oo, it takes the form n22:=2(22)" x f(I), where f is
some function of [ only. We are instructed here to take the limit n — oo
independently of all other limits (recall that the Regge limit is taken af-

ter the integration). For generic values 0 < (z,2) < 1 it is clear that

pr(L}lIL’HL);MFT (1) Agr,—Anr (Z, 2) — lim,, o nQAL_Q(ZZ)n % f(l) .

lim”_>0° [ n,lIn+ln

49 We are again using variables n and I, one can notice that n = h and [ = h — h.
It is trivial to prove that 9, = 0y + 05,
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(HL,HL);MFT (1) Agr,—Awrn /. "7
Pn,l nlgn—Hn (ZVZ) =0 —

0, and we conclude that the integral (A.5.1) does not contribute to the S-channel

0. In other words, the expression

expansion of the correlator.
There are a few more integrals of similar kind that appear at O(u?). We

will analyse one of them here:

iy . +o0 . n—00
I = #(zz)—ﬂAHML) /O dl [P}ﬁL’H”’MFT(WS? Vgt (2, 2)]n:0
(A.5.2)

The same logic can be applied here. Again, the value of the expression in brack-
ets at n = 0 is trivially zero, while for large n it behaves like: n22T4=4(zz)™ f(1).
As long as (z, z) < 1, this vanishes exponentially in the limit n — oco. One con-
cludes therefore that the integral (A.5.2) vanishes. The same logic is valid for

all other integrals of similar total derivative terms that appear at O(u?).

Appendix A.6. An identity for the bulk phase shift.

The aim is to elaborate on the results of [55] for the bulk phase shift in a
black hole background as computed in gravity. Firstly, let us note the following

identity involving hypergeometric functions:

S d d
Z .’13 2F170+2n+1 2 170—1—271—54—3 .’B]—QFl[T0+1 ;O 7;4—2,5(3]
n=0
a2 202 (BHlog (),
= — , T .
nl mo+2+2n (ro+n+2-19), ’
(A.6.1)

Given that both sides of the equality can be expressed as an infinite series ex-
pansion around x = 0, one simply needs to show that the expansion coefficients
match to all orders in x. This is proven in Appendix G.

Consider now the case 79 = k(d — 2) where k € N*. Setting x = e 2L and
multiplying both sides with e~ [F(d=2)+1]L yields:

My (d—2)+1,k(d—2)4+1(L) = Z Bnlli(a—2)+2n+1,a—1(L)

n=0
Bn)y=n—2— a(n) T [k(d—2) — ¢ +2n +3] (A6.2)
n)=mw (k(d—2)+1), F[@%—Q] :
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The left hand side represents the hyperbolic space propagator for a scalar field
of squared mass equal to k(d — 2) + 1 in a hyperbolic space of dimensionality
k(d —2)+ 1 and is proportional to the k-th order expression for the bulk phase
shift computed in gravity in [55], where

1 o0 () et

k! T (k:(d 22)+1) T (k:(d2—2) 41

On the other hand, the right-hand side of (A.6.2) expresses the k-th order
term of the bulk phase shift as an infinite sum of (d — 1)-dimensional hyperbolic

sF) (S, L) =

) ST(a—2)+1,k(d—2)+1(L) . (A.6.3)

space propagators for fields with mass-squared equal to m? = k(d —2) +1+ 2n.
It can be shown [132,74] that the analytically continued T-channel scalar

conformal block in the Regge limit behaves like:

. IIA_1 4—
ga,i(o,p) = ZCA,JA;}—d_ll(p), (A.6.4)

where

4D (M) 1 (A4 T (A4 4 1)
D(A3L) PAr (A1)

CA,J = (A.6.5)

Here IIn_1 4—1 denotes as usual the (d — 1)-dimensional hyperbolic space prop-
agator for a massive scalar of mass-squared m? = (A — 1).

It follows that the k-th order term in the p-expansion of the bulk phase
shift in a black hole background can be expressed as an infinite sum of conformal
blocks corresponding to operators of twist 7 = 79(k) + 2n = k(d — 2) 4+ 2n and

spin J = 2 in the Regge limit. In other words, we can write:

i6®™ (S, L) = f(k Z/\k 97 i ransan(S. L)

g—tn [ (no(k)+4Y 12 (A.6.6)
Ak(n) = a(n) (TOUZHE’()n (270(13)11)”7 To(k) = k(d — 2)
where i X I (kd;1) T (k(d—22)+4>
Jk) = 64 2k(d-2) I T (k(d—22)+5) r (k(d—22)+3> ’ (A-6.7)
and

gf’,J(S, L) =ica,s ST A —1,4-1(L) . (A.6.8)
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Appendix A.7. An identity for hypergeometric functions.

Here we will show that for ¢ # 0,

o0
d d

Za(n)anFl[quan,Q 1q+2n—§+3m]_2F1[q+1,;1,;1+2x]

n=0

n g 1 _dy (4l

oy Er k2 1= 9.5,

nlg+2+2n (g+n+2-9),

q#0.
(A.7.1)

Given that both sides of the equality can be expressed as an infinite series ex-
pansion around x = 0, one simply needs to show that the expansion coefficients

match to all orders in z. Let us first set:

1 (g+1+2n), (£-1)

b(n,m)=—
(n,m) = — (q—4+2n+3) (A72)
() = 1@+1,(3), _ (a+1)e q(q +2)
0 (L+2), 0 (g+20)(g+20+2)°
such that:
Filg+2 L grm—2s ]—ib( )™
214114 n ,2 ,q n 9 , | = —~ n,m)xr -,
" (A.7.3)

q q - ¢
2F1[Q+1,272 —|—2,.’E] —ZC(g).’E .

It is easy to check that the coefficients of the first few powers of x precisely

match. Indeed, e.g.,

a(0)b(0,0) — ¢(0) = 0
a(1)b(1,0) + a(0)b(0,1) — c(1) = 0 (A.7.4)
a(2)b(2,0) + a(1)b(1, 1) + a(0)b(0,2) — ¢(2) = 0.

To show that the above identity is true for all powers of x we must show that:
l
> a(k)b(k, £ — k) = c(f), (A.7.5)
k=0

for all ¢ € N. The left-hand side of (A.7.5) can be easily summed to yield:

¢ _1T[g+1+4 (qg+2)
2 ol L= k) = g et g

(A.7.6)
k=0

which can be trivially shown to be equal to ¢(¥).
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Appendix B.1. Linear relations between products of f,(z) functions

Here we list some linear relations between products of the f,(z) functions

used in the main text.
) + T I () = B s() — L)) =0, (BL)

R - 32058f( s(2) + 2 F(2) - 2o f2(2) — 22 ) fo(2)

+ fa(2) fe(2) =
25 3(2) ~ 245 2(2) fo(2) — 15 1() — 52 F2E) + (o) fo(2) =
SRR = S R - R + () fa(2) =

(B.1.2)
e (2 f5(2) — 1ot 2 Fs(2) + fo(2) fo(2) — “ao fi(2)fu()
891
- %fél( )f5( ): ) (B_l_g)
Faa)fo(2) + SE B2 a(2) + S () a(2) — e () fa(2)
- i;ih(z)fs)( ) — gfl( )fe(z) =0,
- I + 4239775f4( P1() + AR + o (2 f2(2)
L () — o B () - o fi(2) () 5 (2)
~ h(AEo(z) =0,
(B.1.4)
) 297 9
— f6(2) f1(2)" + f3(2) fa(2) [1(2) — 4375f( z) f5(2) f1(2) + 143f( z) f7(2) f1(2)
+ %f( )a(2)? - 1875]‘3( 2 1a(2) + 1o Fal2) () o (2)
s o) fole) =
(B.1.5)
~ BEAEP +Ef2< SIAOIAE )—42397;f4(2)f5(2)f1(> GO
+ fa(2)? fa(2) — @f:&( 2)*fa(2) + 1875f2( z) f3(2) f5(2) — 1980f2( 2)* fs(2)
297
4375f2( 2) fa(2)? - 1980f2( 2)*fo(2) =
(B.1.6)
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~ FoD i+ T (VAR — e fa(2) (i (2) + o) fa o)
9

+ mfz(z)ﬁ(z)? _ %f3(2)2f4(2) + %fg(z)fg)(z)fg,(z)

s Fa(2) fo(2) =,

(B.1.7)

, 891, 132 132 .,
o) 22 o Sal2 o) Doz Sl () fal2) = 1o fo(2 fa2)
O DR fs(2) + Fi(2) o) fol2) = O,

875
(B.1.8)
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Appendix B.2. Coefficients in GV (2)

Here we list the coefficients in G&1)(2):

AL (AL +3) (AL (AL (AL (1001AL + 387) — 4326) 4 13828) + 5040)
10378368000 (AL — 4) (AL, — 3) (AL — 2)
by (A (143AL + 427) + 540)
17160 (AL — 4) ’
C118 — 7(AL -+ 3) X

(604800b14 (A2 — BAL +6) + Ap (—21A3 + 229A% + 414A [, + 284))
856627200 (A3 — 9A2 + 26A [, — 24) ’
Ar (Ar (AL (AL (AL (14AL — 15) + 6040) — 36125) — 75814) — 49620)
2306304000 (Af, — 4) (A — 3) (AL — 2)
3b14 (AL (2A7 +3) +135)
a 11440 (A — 4) ’
3b14 (Ap (257AL — 2227) + 510)
- 700000 (A7, — 4)
(AL (AL (AL (32680 — 1183AL) AL, — 183605) + 34900) + 570808) + 436440)
47040000000 (Az —4) (AL —3) (AL —2) ’
bia (A (22A1 — 267) + 960)
39600 (Af, — 4)
(A (AL (AL (40020 — 1337A L) Ap — 274845) + 96350) + 2323212) + 1910160)
71850240000 (A, — 4) (Ar, —3) (AL — 2) ’
bry ((10283 — 1153AL) Af, — 5790)
900000 (Af, — 4)
Ay (51463A7 — 846480A7 + 1320405A3)
1632960000000 (A3 — 9A2 + 26A [, — 24)

Ay (22381100A% — 46886088A , — 46446840)
1632960000000 (A3 — 9AZ +26A, —24)
9b14 (AL (71 — 11AL) +270)
caas = 241 175(000 (Ar — 31) T ALX
(AL (AL (Ap (AL (1337AL — 32145) 4 160095) 4 19525) — 266712) — 182160)
70560000000 (A, — 4) (AL —3) (AL —2) ’
bia (Ap (11AL — 71) — 270)
18750 (Ap, — 4)
(AL (AL (AL (AL (509AL — 1515) + 83415) — 808325) + 823116) + 902880)
90720000000 (A, — 4) (AL — 3) (AL — 2) '

biie = —

Ci27 =

C145

+ALX

C226 = + Apx

C235 =

C334 = + A X

(B.2.1)

170



Appendix B.3. Coefficients in G©2)(2)

Here we list the coefficients in G2 (2):
. gi3 (7AL (128 — 77AL) -+ 6720)
B 16409250 (Ay, — 5)
49b14 (A (AL (170 — 11AL) + 981) + 1620)
16409250 (A, — 5) (Af — 4)
196e115  H39AT — 15386A8% + 54215A% + 951510A7 + 2911426A3
49725 472586400000 (Af, — 5) (Ar —4) (AL — 3) (AL —2)
98e15 (Af +4) 3737076A% + 1779120A
16575 (A —5) 472586400000 (Az, —5) (Ar —4) (Ap —3) (AL —2)’
7g13 (AL (4AL — 469) + 930)
B 12355200 (A, — 5)
Thia (Ap (22A% — 64A L + 4197) + 11745)
a 6177600 (A — 5) (AL — 4)
462A7 — 24203A% + 1044630A3 — 3466005A7 — 24181012A3 — 39855972A2
1779148800000 (Af, — 5) (A —4) (AL — 3) (AL —2)
49e15 (AL (AL +2) +102)
a 93600 (AL, — 5)
61201AL,
4942080000 (AL —5) (AL —4) (AL —3) (AL —2)’
lleys (AL (278AL — 2789) 4 126)
2756250 (A — 5)
11g13 (Ar (2279A 1 — 7400) — 8370)
231525000 (Af, — 5)
3146e115  bia (1206347 — 88048A7 — 131165A L 4 196110)
T o625 77175000 (AL — 5) (AL — 4)
—244401285A% + 853023786A3 + 2178372216A% + 1399907880A 1,
233377200000000 (Af, — 5) (Ar —4) (Ar —3) (A —2)
—1406986A7 + 28367309A% — 123035140A%
233377200000000 (A7, —5) (Ar —4) (Ap —3) (A —2)’
e1s (A (52AL — 751) + 3234)
93600 (Az — 5)
_eus g1 (Ar (1051A7 — 12370) — 52530)
240 86486400 (A — 5)
N bis (A (Ar (3131A7 — 33896) — 62985) + 1236870)
86486400 (Az —5) (A —4)

—213549A7 + 6031106A% — 23990385A% — 205647690A%
87178291200000 (Af, — 5) (A, —4) (AL — 3) (AL —2)
853227874A% + 2135805744A2 + 1445776920A

87178291200000 (Af, — 5) (Ar — 41TA; — 3) (AL —2)°

g119

g128 =

gi155 =

_|_

g227 =

(B.3.1)



99e15 (Ar (83A1 — 754) — 1064)
4900000 (A, — 5)
g13 (T3AL (275 — 274A 1) + 170060)
137200000 (AL — 5)
5577e1s  bua (Ap (Ay (79801 — 14981A 1) + 410980) — 55320)
245000 68600000 (A, — 5) (AL — 4)
1300313A7 — 22489422A8 + 63989995A% + 399569530A%
138297600000000 (A, — 5) (AL —4) (AL — 3) (AL — 2)
—690996588A3 — 2276065528 A2 — 1491467040A
138297600000000 (AL — 5) (AL —4) (AL — 3) (AL —2)’
1144e115  g1s (A (6426275 — 894839A 1) + 685170)
9835 = 5315625 17860500000 (AL, — 5)
1less (Ap (11143A 7 — 143659) + 451206)
B 212625000 (A, — 5)
bra (AL (AL (446853A — AT88638) + 4992635) 4 44234910)
a 5953500000 (A g, — 5) (AL — 4)
43544683A7 — 877022702A8 + 4877336920A3 — 1356232020A%
9001692000000000 (Az, —5) (A —4) (AL —3) (AL —2)
—28767381333A3 — 34411007748A2 — 12217009140A
9001692000000000 (Af, — 5) (AL —4) (AL — 3) (AL —2)°
1ley5 (AL (278A — 2789) + 126)
2625000 (Af, — 5)
g13 (AL (17194A 1 — 10525) — 249570)
220500000 (Af, — 5)
_ 1573en1s | bua (A (Ap (94384, — 48673) — 325415) + 511110)
131250 73500000 (AL — 5) (AL — 4)
—1593347A7 + 27045868A% — 6670280A% — 1193221320A%
444528000000000 (AL, — 5) (AL —4) (AL — 3) (AL — 2)
1878076947A3 + 5698801932A2 + 3877115760A
444528000000000 (A g, — 5) (Ap —4) (AL — 3) (AL —2)°

g245 = —

9344 =

(B.3.2)
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i = — o B4 AL(53+13AL)
220 1560(AL, —5)

13A 1 (209A 1, 4 409) + 8340
7207200 (AL, — 5)

4641A7 +22727AS + 44901A% + 67569A% + 519742A%

290594304000 (AL —5) (AL —4) (AL — 3) (AL — 2)
828876A2 + 333648A

290594304000 (A, —5) (AL —4) (AL —3) (AL —2)

A (AL (5317AL 4 18140) + 68763) + 69660

7207200 (AL, —5) (AL — 4)

€15

g13

(B.3.3)

b14.

_e15((15074 — 1223A 1) A, — 39816)
9236 = 6304000 (A; — 5)
g13 (A (186926 A1, — 1951295) + 5891220)
6286896000 (A, — 5)
3115 b (A (AL (23001A [, — 469741) + 3383740) — 7782480)
340200 1047816000 (Az, — 5) (Af, — 4)
9324749A7 — 433851406A% + 5233472135A% — 21967190310A%
© 6337191168000000 (AL — 5) (AL —4) (AL — 3) (AL —2)
10644674676 A% + 72859312056 A% + 65903302080A
~ 6337191168000000 (Af, — 5) (A —4) (AL —3) (AL —2)’

(B.3.4)

Appendix B.4. OPE coefficients of twist-eight triple-stress tensors

Here we list a few OPE coefficients of twist-eight triple-stress tensors which

are found using (6.52):

P (Ap (1434, + 427) + 540)
17160 (Af — 4)
1001AG + 3390A% — 3165A7 + 850A% + 46524A% + 15120A

10378368000 (A7, — 4) (AL — 3) (AL — 2) ’
(B.4.1)

3
P1(2,)4 =

3 9PE) (AL (13A7 +11) +12)
P14,6 = _
544544 (A, — 4)
| TIITAG + 38174A] + 140795A1 + 26639047, + 253908A7 + 97776A,
548900352000 (Af, — 4) (AL — 3) (AL — 2)

Y

(B.4.2)
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3 5P (AL (1AL +2) +6)
168 9876048 (A, — 4)
362593A8 + 881129A% + 2782307A%
438022480896000 (Ap, — 4) (A —3) (AL — 2)
4155839A3 + 3518084A2 + 1198176A

438022480896000 (A, — 4) (A, — 3) (AL — 2)’

(B.4.3)

P3) (AL (323AL —T7) + 54)
823727520 (A — 4)
17413253A9% + 23717684A% + 79039447A%
377794389772800000 (A, — 4) (AL —3) (AL — 2)
92754344A3% + 73231064A% + 22535496A 1,
377794389772800000 (Ar —4) (Ap —3) (AL —2)°
Assuming Einstein-Hilbert + Gauss-Bonnet gravity in the bulk, the OPE coef-

ficient PE%) was derived in (6.107) and can be inserted in (B.4.1)-(B.4.4).

3
P1(8,)10 =

(B.4.4)

Appendix B.5. Derivation of the deflection angle from the phase shift.

Here we simply show that the bulk phase shift, defined as § = p'(At) — p?(Ag¢)
in [55] is consistent with the standard equation relating the eikonal phase and
the scattering angle

00

%= —p' A¢ (B.5.1)

obtained with the use of the stationary phase approximation for small scattering
angles. Our discussion is focused on asymptotically flat space. In this case, the

formulas in classical gravity which provide the deflection angle and the time

o d
At:g/ _dar
o f1-%

o dr
A¢:2b/ S
T0 ,r.2 /1_b:_2f

They can be obtained from eq. (2.9) in [55] with the substitution Z—f = b (and

delay are:

(B.5.2)

the appropriate definition of the blackening factor f(r)). Note that the equation

for the turning point of the geodesic, rg, reduces in Schwarzchild geometry to:
b2

- 2f(ro)

174

1

=0 (B.5.3)



Defining the bulk phase shift via § = pt(At) — p?(A¢), leads to

5 = p'(At) — p?(Ad) = pt (At — bAG) — 2pt/ d? /1 i—f (B.5.4)

Differentiating the bulk phase shift with respect to the impact parameter yields:

L hoBS00) _vag), B55)

o0 dr
/ / v2f 2" f(ro) r2
ro p2,/1 — r_2f 0 0

where to arrive at the last equality we used the equation satisfied by the turning

a9
2 — _opt
ab pb

point . Hence,

1 96
Ap=—5o (B.5.6)

Finally note that assuming the classical relation J = ps = bp’, the deflection

angle can also be computed through

Ap=——. (B.5.7)

Appendix B.6. Anomalous dimensions and phase shift at O(u?)

We give explicit expressions for %(12,0)7 %(12’1) and %(LQ’Q) from (3.69)

1
20— _ LA Sy Ay a1y - 22y, - 1)
8 4
1 . (B.6.1)
+ B =TAL) AL —17) = oo,
1

(2,1) _

" 8\/ 1-— 4)‘GBTidS
+360n2A% — 600n2AL + 80nA% — 120nA?% + 200nA g + 280n*
— 560n> 4 440n* — 160n) + r4 61/1 — 4\aB(—A7 +6A3 —5A2
— 140n3 AL — 90n2A% + 354n2 A — 20nA% + 114nA?

(AGB(4A;§ £ 8A3 —4AZ —8AL 4 560n3A

—182nA; — 700 + 276n° — 314n2 + 108n)),
(B.6.2)
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1
(2,2) _ ()\ 16A3 — 16A; + 840n*A; + 720n3A2
" 8T — Ihanrlys a(1647 r ek "o

—2880n3Ap + 240n2A% — 144002 A2 + 3720n2Ap + 24nAT — 192nA3
+ 888nA2 — 1536nAL + 336n° — 1680n* + 3440n® — 312002 + 1024n)
+72445V/1 — AAgB(3AT — 10A3 +6A2 + A +420n°Ap + 27002 A2
— 876n% AL + 60nA% — 264nA2 + 420nAg + 210n* — 704n® + 756n>
- 262n)),
(B.6.3)
where we use the expression for Pé,Qo) , found in [15], to fix %(12’2). If one considers

limit 1 < I,n < Ay one gets

@ . 1m* 35 < 4XcB ) N 42 gn® N
N TPV TE r2ovVI—Mhas)  VI-Dhaplirl,
(B.6.4)
where ... denote terms that come from %(12’7”) for m > 2 and they have higher

powers of [ (and n) as well as terms that are subleading in the given limit and
behave as O(1).
By using the following relations from [55,12]

- b pT+p”
sinh(L) = , cosh(L) = ————, B.6.5
()= e eosh(n) = 2L (B.6.5)
with
—p> =ptp~, p"=2h, p =2k, (B.6.6)
where
h=n+1, h=n, (B.6.7)

one obtains 6 from (6.93) in terms of the S-channel variables n and [

3 4 l2 l 2
5 = T <1oz3 1512y — (3L +6in 4 2n )AGB) . (B.6.8)
4l TAdS\/l _4/\GB

From (6.28) and (3.69) one concludes that the leading behavior in the large-
[ and large-n limit (1 < n,l < Apy) of 7(1) is

n,l

— L0, (B.6.9)



Now, one can evaluate (1.5) from [12] using (B.6.8) and (B.6.9)

@ . L, o

n,d, 9 nl ”nl

l,n—o0 ™
. 1m® 35nt ( 4\aB ) 42X gn”
l,n—o00 212 413 T,24dSV 1-— 4)\(;]3 V1— 4/\(;]3[ TAdS

14)\(;]371

+0O(1).

(B.6.10)
We see that first three terms in (B.6.10) precisely matches with terms in (B.6.4),
which explicitly confirms the validity of relation (1.5) in [12]. One would expect
that term ——aBn® g due to 7%5 : n (3.69), while all other ZZZ) , for

V1— 4)\GBl5T’AdS
k > 3, should behave as O(1) in 1 < n,l < Ay limit for (1.5) from [12] to be

true.

Appendix C.1. OPE coefficients from Wick contractions

In this appendix we go through the calculations needed for finding the
OPE coefficients of various operators using Wick contractions. This mainly
amounts to counting the number of contractions leading to a planar diagram.
For simplicity, the figures are shown for external operators with A = 4 while
we write down the result for general A as this is needed for the main body of
the section.

To begin with, since we consider a large-IN matrix theory, it is convenient
to use the double-line notation for fundamental field propagators. In Fig. 1 the
two-point function (: Tr(¢?) :: Tr(¢*) :) is visualised.

¢ ¢

¢ ¢

Fig. 1: The two-point function (: Tr(¢*) :: Tr(¢*) :) before any con-
tractions.
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In Fig. 2, the planar diagram is shown for A = 4 and there are A number

of such contractions giving a planar diagram

P(:Tr(d)A)::Tr((f)A):> = A7 (Cll)

where the Py denotes the number of planar diagrams for (...).

Fig. 2: The two-point function (: Tr(¢*) :: Tr(¢*) :) completely con-
tracted.

We further need the OPE coefficient Ao, 0,0,. This is shown in Fig. 3 for
A = 4 and there are 2A possibilities for step (1), A number of possibilites for

step (2) after which everything is fixed assuming that the diagram is planar.

This gives
Pirr(8):r(oa)aTr(g2y) = 207 (C.1.2)
0 ’
(1) (2)
¢ o ¢ o o o
0 ’

Fig. 3: The three-point function (: Tr(¢*) :: Tr(¢*) :: Tr(4?) :) com-
pletely contracted.
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In Fig. 4 the three-point function (: Tr(¢?) = Tr(¢?) = Tr(e?) :) for
A = 4 is shown. For the first contraction (1) there are 2A possibilites, for the
second contraction there are A and for step (3) there are two possibilites. This

gives overall

p<ZT7‘(¢A):ZTT(¢A):ZTT(¢4)Z> = 4A2 (013)
¢ ¢ @
) (2)
o o 9 o 0 o
¢ (3) ¢ o

Fig. 4: The three-point function (: Tr(¢?*) :: Tr(¢*) :: Tr(¢*) :) com-
pletely contracted.

In Fig. 5 and Fig. 6, the three-point function (: Tr(¢*) == Tr(¢*) :
Tr(¢*)Tr(¢?) :) is shown. The reason for there being two different types of dia-
grams is because each trace term in the double trace operator : Tr(¢?)Tr(¢?) :
can either be contracted with the same : Tr(¢*) : (Fig. 5, type B), or to both
(Fig. 6, type A).

Consider first the type of diagrams in Fig. 5. For the first contraction
there are 2A such terms and the second contraction gives another factor of
2. Contraction (3) and (4) contributes factors of A and 2 respectively. What
remains is equivalent to the two-point function (: Tr(¢>~2) :: Tr(¢>~2) :) which
further give a factor of (A —2) and therefore there are SA%(A — 2) contractions
of type B in Fig. 5.

Continuing with Fig. 6, the first contraction gives a factor of 2A, the
second contraction A and the third one a factor of 2(A — 1). What re-
mains is then fixed by imposing that the diagram is planar. The type A di-
agrams in Fig. 6 therefore further contributes 4A%(A — 1) planar diagrams to
(: Tr(¢?) = Tr(¢®) : Tr(¢*)Tr(¢?) ). Tt is therefore found that

P<:T’I’(¢)A):ZTT(¢A)ZTT(¢2)TT(¢2):> = 4A2<3A - 5) (014)
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. %
(1)
¢ @ @ o
, (3)
& *d)_(_q(_ o

(4)

Fig. 5: The three-point function (: Tr(¢?*) :: Tr(¢*) :: Tr(¢*)Tr(4?) :
). There are two such types of contractions that give planar diagrams,
here it shown when each : Tr(¢?) : connect to a separate : Tr(¢?) :.

() )
s e s
7 : ; :
o] | —2 0
(3) (4)

Fig. 6: The three-point function (: Tr(¢?*) :: Tr(¢*) :: Tr(¢*)Tr(4?) :
). There are two such types of contractions that give planar diagrams,
here it shown when each : Tr($?) : connect to both : Tr(¢?*) : operators.

Consider now the stress tensor OPE coffiecient Ao, 0, 71,, Where

Ty (z) = 2\/_% :Tr <8M<;58,,¢ — %(b@u&,qﬁ — (trace)) : () (C.1.5)

and the three-point function (OAOAT),):

4,7, — traces

@ @ T, =\ , C.1.6

< A(’rl) A('CCQ) M (.’E3)> OAOAT,w ‘.’L‘12|2A_2|£I323‘2‘.’E13|2 ( )

where Z,, = —‘xlg“z — 22 From the definition of T, in (C.1.5) it is clear that
13| |z12] K

the only term that contributes to term 13,713, comes from the second term in
(C.1.5) that is of the form o T'r(¢0,,0,¢). Up to the derivatives, the diagram
will look like those visualised in Fig. 3. The number of diagrams is half of that

given in (C.1.2) since we restrict to terms proportional to Z13,T13,°

p<OAOATw>‘m13u$13V - AQ’ (C'1'7)
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from which we reproduce (7.24).
Now we want to find the OPE coefficient Ao, 0,72, for the double-stress
tensor 77 4. This is done similarly to the way the stress tensor OPE coefficient

was found. First, the operator (72),,,, Was given in (7.25) to be

(T?) v por (%) = % T Tpey : (x) — (traces) (C.1.8)

and the three-point function (OaOa(T?),0) is fixed by conformal symmetry
to be

)\OAOATEA

(Oa(21)O0a (22)(T?) s po (23)) (2120225 — (traces)) .

(C.1.9)
Consider the term in (C.1.9) proportional to z13,%13,713,713,. This will be
due to the term in (7?),,p0 of the form Tr(¢0,0,¢)Tr($0,0,)¢). Using this

we find that

BT R AT R e

2
1 1 —1 A
<OA(-Tl)OA(ﬁCZ)(TQ)quU(xB»|w13H$13y$13p$130 = ANA ﬁ <4\/§N) 8N
% P<OAOAT42,4>|I13HE13V113PCE130

|21 |2(A=2) | 2954|215 12

(C.1.10)
The number of contractions giving a planar diagram, P , OATE Vera,erayo1s,e13,
come from diagrams of the form given in Fig. 6. Since we are considering the
term proportional x13,713,%13,%13,, the number of such diagrams are reduced
compared to scalar double trace operator. Instead the first contraction, (1) in
Fig. 6, give a factor of A, the second contraction, (2), a factor of (A — 1), the
third contraction (3) gives a further factor A after which everything is fixed by

imposing that the diagram is planar. We therefore find that

_ A2
P<OAOAT42,4>|w13u9”131,x13p9”130 =4 <A N 1)’ <C'1'11)
and inserting this in (C.1.10) gives
2v2A(A - 1)
A0AOATE, = T gNz (C.1.12)

and therefore reproduces (7.28).

181



Similar to the double-stress tensor, consider the dimension-eight spin-four

double trace operator

OPF (x) = m  Tr(6?) (Tr(qsauayapagqs) — 167760, 0,001 0)
+18T'r(0,0,$0,05¢) (x) — (traces)) s ().
(C.1.13)
The three-point function (OA(ml)OA(xQ)(’)BUTpU(xg)) is given by
(O (21)Oa(2)OPT (4)) = 10204037, (Z,2,2,2, — (traces)).
122274 a3|4 [w2s|!
(C.1.14)

By again considering terms in (C.1.14) proportional to x13,,%13,%713,713, We
find that each term in (C.1.13) will contribute planar diagram of the type in
Fig. 5, while only the term ~ Tr(¢d*¢) also give a contribution of the type
in Fig. 6. Considering first the terms coming from the diagram in Fig. 5, one
finds that this contribution vanishes. The remaining contribution to the term
(C.1.14) proportional to x13,,713, 713,713, comes from the first term in (C.1.13)
and the planar diagram pictured in Fig. 6; there are 2A?(A — 1) contractions

giving such a planar diagram leading to

1 384
DT _ A
<OA(:E1)OA(xQ)Ouypa(mS»|3613N$13V$13p30130 T ANA 96\/%N2N

2A%(A — 1)
\x12|2(A_2)|x23\4|x13\12’

(C.1.15)

where the 384 in the numerator come from the derivatives. This gives the OPE

_ [24AA ) _
- \/%7]\[2 +O(N™Y). (C.1.16)

Appendix C.2. Subleading twist double-stress tensors

coeflicient:

Aoj050DT

In this Appendix we study the subleading twist double-stress tensors, both
with dimension 8 and spin s = 0,2 denoted (72) and (T?)*" respectively. The
calculations needed to find the OPE coefficient in the Oa x Oa OPE are re-

viewed as well as the normalization of (T?)H.
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The (T?)* was defined in (7.41) which we repeat here:

QWx_i. Iz ow.x_dw
(1) (@) = 5+ Tl () =

TP, T% : (). (C.2.1)
The operator (T?)"¥ can be seen to be unit-normalized to leading order in N:

(T (21)(T?) po (22)) Z%<T“O‘(w1)TpB($2)>(T”a(ﬂfl)Tﬁﬁ

+ (p +— o) — (traces) + O(N2).

(C.2.2)

Using the two-point function of the stress tensor in (7.23) and I*,I1%, = 0¥,

one finds

(T (21)(T?) po (22)) = |mTl6 (I(“pl”)g - (traces)) , (C.2.3)

from which it is seen that (T?)* is unit-normalised.

We now want to find the OPE coefficient of (7?)*" in the Oa x Oa OPE. It
can be found from the basic objects I ,Sly)pg, I ,(ﬁ,)pg and [ ,Sg,’,)pg which we calculate
below.

We first consider a similar quantity J LFPe.

JOPT — (Tr(¢B) 1 (1) - Tr(¢P) : (22) 2 Tr(0,08,0)Tr(8,¢050) : (x3))
2iNA
|z Plaasflara2A A

(QA)Q(A - 2)(x’f3x’1’3x’2’3x§'3 + x§3x53xf3xf{3)+

A% (A = 1) (ahsals (25295 + 2h3a]s) + ahyals(afs2ds + $23$13))]
(C.2.4)

Deﬁnining X’W = — MV + 43”133”123 we then Study J(Q)HVPO':
13 N

|$1

TN (Tr(@%) - (1) s Tr(0%) - () = Tr(60,0,6)Tr(60,0,0) : ()

NA 1 1 1 1
_ 2 [A2(A - 1)22 (X“” Xxro X Xro )
s (2 02 X X+ X B
1 1
+((2A)%(A — 2))22 X1 XPre
(2808 = 22X s Xy

+(13) +— (23)].
(C.2.5)
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And lastly J®"77.

JEOPT (92 1 (1) : Tr(9™) : (z2) = Tr(¢0,0,0)Tr(0,00,0) : (23))
__ Nt
- |$12‘2A—4

P .0
1 x93w3,

(22 (A - 22Xy s T

P o P o
1 xy3295 + 293273

2 3x
+A%(A - 1)2° Xy |w23?  |z13]*22s]*
+(13) > (23)]

(C.2.6)

We further need to make (C.2.4)-(C.2.6) traceless in the pairs (i, v) and (p, o)

and therefore define IM""7 as

i)uya 5HV5PJ (Z)Oé vy

-\ UV pOo -\ UV po i e’ g po
fpeee _ papees O ga po b 0% (2

o _—J( [e%
4 4 +

From (C.2.4)-(C.2.6), the three-point function (Oa (x1)Oa (x2)(T?)* (z3))
is given by

1 (ula V) (ula V)
@ @ i g e —— (NS (OF S
(Oa(21)O0a(22)(T7)") 12\/§ANA+2( Cos
1 o v o
+ ZI(Q)M o« — (trace)).
Explicitly we find that
V2A(A —1)  ZHZY — (trace)
) = N~).
Oa(@1)0 (@) (T (25)) 3N? 212|226 213]6 223 + ol )
(C.2.9)
Consider now the scalar operator (72) defined by
1 14

The three-point function (Oa(z1)Oa(22)(T?)(x3)) can be found using I*) de-
fined in (C.2.7) as follows

1
36V2AN2+A
A(A—1) 1

3V2N2 |z12]?278|z13/8| 2238

nv nv 1 %
([(1) = 73) uw + —71®2 )

(Oa(21)0a(22)(T?) (23)) = 4

+ON™) = +O(N™).

(C.2.11)
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Appendix C.3. Single trace operator with dimension A ~ Cp

In this appendix we study the single trace scalar operator Oa,, given by
1

VNay

with Ay ~ Cr and Na, a normalization constant®®.  When calculat-

Opu(x) = Tr(p”H) @ (), (C.3.1)

ing the normalization constant Na, as well as the three-point functions
(Op(21)Op(x2)O(x3)), non-planar diagrams generically gets enhanced by pow-
ers of Ay and therefore invalidates the naive planar expansion. The goal of this

appendix is to show that

(On(21)O01(22)O(23)) = (Oa(21)Oa(22)O(23))| a=ay (C.3.2)

where O is either : T r(¢?) : or, more importantly, minimal-twist multi stress
tensors with any spin. Moreover, note that the LHS in (C.3.2) is in principle
exact in Cp ~ N? while the RHS is obtained by keeping only planar diagrams
with A < Cr and then setting A = Ay in the end.

The propagator for the field ¢ was given in (7.19) by

1
|z —yl?

. . 1
(0 )68 ) = (9% = ;030" (€33
Consider now the three-point function (: Tr(¢2#) : (z1) : Tr(¢™#) : (x2) :
Tr(¢?) : (x3)). Due to the normal ordering, one ¢ field in : Tr(¢?) : (z3) need to
be contracted with : Tr(¢>#) : (z1) : and the other one with : Tr(¢2#) : (z2) :.
Note that for this contraction the second term in (C.3.3) give a contribution

proportional to Tr(¢(z3)) = 0. It is therefore seen that

(: Tr(¢2H) o Tr(¢5y ™) = Tr(¢2) :) = 2805 (: Tr(gsdt ™ ) = Tr(psH) ),
(C.3.4)
where we introduced the notation ¢; = ¢(z;) and dropped the |z;;|~2 coming
from (C.3.3). The position dependence is easily restored in the end. Now it is
seen that the RHS of (C.3.4) is proportional to the two-point function®! of Oy
and we therefore find that

(: Tr(¢D) = Tr(dps™) = Tr(¢?) ;) = 2AuNa,,, (C.3.5)

50" Mixing with other operators with A ~ C7 is not important for this discussion.

5L Up to the position dependence.
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which is exact to all orders in Cp. Including the normalization factor of O in
(C.3.1) and O, from (7.20) we find that

V2A L 1

N |xo|?2872|z13]2|x03]?

<OH($1)OH(.’B2)OQ(CE3)> = + O(N_B) (C36)

By comparing (C.3.6) with (7.87) we find that

AOHOHO, = AOAONO; | A=Ay - (C.3.7)

Note that in (C.3.6) the normalization of O cancels the contribution from non-
planar diagrams in limit Ay ~ Cp. For A = 2 in (7.20), it is trivial to compute
the normalization exact in N to get the correction to A\p, 0,0, in (C.3.6).
Consider now the stress tensor operator defined in (7.22) and the three-
point function (O (x1)On(22)T) (23)). This is fixed by the Ward identity but
is an instructive example before considering more general multi stress tensors.
In the same way as the OPE coefficient was found in the Oa x Oa OPE, due
to the tensor structure being fixed by conformal symmetry, we consider the
term proportional to x/3z%5 in the three-point function. This comes from the

- 6\/1C_TTT(¢GH&,¢) term in the stress tensor when 9,0, ¢ is contracted with one

of the Ay number of ¢(z1) fields. Doing this contraction we therefore see that

(Tr(ep?) = Tr(dg™) i Tr(¢s0,0u93) lop or, =

C.3.8
8 (: Tr(ps¢r ™) = Tr(93™) 2), ( |

where the factor 8 comes from the derivatives and we again suppress the space-
time dependence. The RHS of (C.3.8) is also proportional to the normalization
constant of Og. Including the normalization factor of the stress tensor in (7.22)
and that of Oy in (C.3.1), the three-point function (OxgOgT),,) can be obtained
from (C.3.8) from which we read off the OPE coefficient

4A gy
A =———. C.3.9
OHOHTMV 3\/CTT ( )
This agrees with (7.24).
We now want to show that is true for minimal-twist multi stress tensors
with any spin. For simplicity, consider the double-stress tensor with spin 4
defined in (7.25)

(T?) v po () = % T Tpey : () — (traces). (C.3.10)
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Similarly to the calculation of the three-point function with the stress tensor,
we can obtain the three-point function (O (z1)On (22)(T?) e (23)) by con-
sidering the term proportional to z{5zY527527;. This will be due to the term
mTr(cbauayqﬁ)Tr((b@p@g(b) when contracting 0,,0,¢ with some ¢(z1) and
likewise contracting 0,0,¢ with some other ¢(x;). The number of such con-

tractions is given by Ay (Ag — 1) and we find that

(Tr(0H) = Tr(¢e™) : : Tr(¢30,0,68)Tr($30,0003) )lut uv 2o ve.
= 8 An(Ag — ) Tr(g3o" ) = Tr(g3) o),

(C.3.11)

where the factor of 82 again is due to acting with the derivatives and note that

the position of the ¢3 fields in in the last line is not important. It is again

seen that the RHS of (C.3.11) is proportional to the normalization constant of

Op. Including the normalization in (7.25) and (C.3.1) we find the three-point

function (Og Oy (T?),u,0) and read off the OPE coefficient:

8V2Ap(Ay —1)

\oyouTs, = o +0(C*?). (C.3.12)

which is seen to agree with (7.28) when setting Ay = A. Note that the correc-
tions in (C.3.12) are solely due to corrections in the normalization of T}, and
therefore )\OHOHTZA = Ao, 0 aT2, O all orders in C'7. These arguments gener-
alize straightforwardly to minimal-twist multi stress tensor with any spin such
that the results are the same as those obtained in the planar limit for A < C2
in Section 7.3 by setting Ay = A. The only correction in C7 is then due to the
normalization of the multi stress tensor.

The same argument applies to any scalar primary multi-trace operator
Oa, without any derivatives, with OPE coefficients given by (C.3.6), (C.3.9)
and (C.3.12).

Appendix C.4. Stress tensor thermal one-point function

In order to calculate thermal one-point functions in the free adjoint scalar

model we use the fact that the thermal correlation function is related to the
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zero-temperature case by summing over images. Consider now the thermal one-
point function of the stress tensor. Generally, the one-point function of a spin-s

symmetric traceless operator with dimension Ay on S' x R4~! is given by [82]

(OF1-Hs (1)) g = ;fo (elr...el's — (traces)), (C.4.1)

where e#! is a unit-vector along the thermal circle. Consider first the canonically
normalized stress tensor given by T)\™) = ﬁ(TT(@uqﬁﬁuqﬁ) — 3Tr($0,0,9) —

(traces)). In order to find the one-point function, use the following:

(Tr(O 900} = 2 G = Ay = D)y = D)) (C2)
and
2(N? — 1) 1

(Tr (95705 d(x)d(y))) = (=0 + 4y —2)u(y — x)um)
(C.4.3)
To get the thermal correlator, we use (C.4.2) and (C.4.3) with z,y along the
thermal circle separated by a distance mg, with m integer, and sum over m # 0.
The reason for summing over m # 0 is the normal ordering of the operators.
Namely, at T' = 0, the normal ordering means that the correlation functions
are computed without the self contractions, which would give the divergent
contributions to the correlator. Removing the self-contractions in the correlation
functions at T' = 0 is the same as removing the divergent term with m = 0 when
computing the thermal expectation value. The relevant terms for calculating

the one-point functions in terms of fundamental fields are therefore

<Tr<au¢al/¢)>ﬁ,m = _%eueu + %%W
<T7“(auau¢¢)>6,m = Weueu . W5uy,

where we note that only the first term in each equation in (C.4.4) contribute to
the non-trace term in (C.4.1).
We therefore find for the stress tensor one-point function:

1 1
<Tp(ucjan)>ﬂ = S—Sd(<TT(6u¢8V¢>>B - §<TT(8uau¢¢)>5 — trace)

~ —12(N? —1) 2¢(4)
B 354 B

(C.4.5)

(e e, — (trace)),
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where the 2¢(4) comes from summing over images and we therefore have

A(N% = 1) Ar*

bopenn) = — —————22((4) = —
T s W=,

(N? —1). (C.4.6)

b (can)

in eq. (2.17) in [82] for (N? — 1) free scalar fields.

This also agrees with as o = ”Z—SA found from the two-point thermal correlator

This agrees with f =

using:
4 2\ b
T A 1 OAOAT(can) Técan)
- R v 4.
R (2) or ’ (C47)
Sd
using Ao, o 7(can) = % in this normalization and Cr = 3(N? — 1). This is

simply related to the one-point function for the unit-normalized stress tensor

by (to leading order in )

bpeom
T = yer
Sa (C.4.8)
21t N

15v3
Let us now consider the thermalization of the stress tensor, keeping all
the index structures. To compare the thermal two-point function with the
heavy-heavy-light-light correlator, we want to relate the dimension of the heavy
operator, Ay, to the inverse temperature 3. Consider the expectation value of
the stress tensor in a heavy state created by Oy on the cylinder R x S3
v _ 1w
(O™ ol O = lim_frs P2 sl Ao, e 122
C.4.9)

where the RHS is found by a conformal transformation to the plane with Z# =

"

T, o o . Lo T
<|$12|2 + |$23|2> When z; = 0 and x3 — oo, it is seen that Z¥ = T and
"
xT A~ A . . . .
|x§1| = 7, where 7 is a radial unit vector. In radial

(C.4.9) only depends on # =

quantization it follows that

)\OHOHT;LV 1

(On|T" (5. 1)|Orr) eyt = =57 (Enéy — 70 (C.4.10)

where we reintroduced the radius of the sphere R, Ao, 0y7,, is the OPE coef-
ficient of 7}, in the Oy x Oy OPE and ¢, = (1,0,0,0).
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The thermal one-point function of an operator O, 5, with twist 7 and spin

s, on S x S3 is fixed by conformal symmetry [82]

bo. . fo..(%)
(Ors(2))p = ’67—4_:91%(6“1 -+ -ef's — (traces)), (C.4.11)
where fo_ (0) =1 and e* = (1,0,0,0).

We assume thermalization of the stress tensor in the heavy state:
(O|T(2)|On) = (T (2))s (C.4.12)

where (T"”(z))g is the thermal one-point function at inverse temperature
evaluated on S! x $3, with R being the radius of S3. Using (C.4.10)-(C.4.12)

we find
)\OHOHT,LLV _ bT,u.u pr,l/ (%)
R4 - B4
Using (C.4.13) for R — oo in the free adjoint scalar theory, together with

(C.4.13)

the one-point function bz, = —21211/];—7 and the OPE coefficient Ao, 0,7,, =
_34\?6%’ one finds the following relation between p = % and the inverse
temperature [3:
4
8 (TR
=-|— . C.4.14
=5 (%) (Ca.14

This agrees with (7.50).

Appendix C.5. Dimension-six spin-four single trace operator

We want to calculate the contribution of the single trace operator with

7 =2 and s = 4. The unit-normalised Oz 4 operator is given by®?

_,lwpg(x) = 9635 N : TT((ZS(auauapaa(b) 16(8(N¢)(8’/8p80)¢) (C.5.1)

+ 18(8(,0,9) (0,0, ) — (traces)) : ().

The relative coefficients are fixed by demanding that it is a primary operator

(Ko, Zu0p0) = 0. Explictily, this is done using the conformal algebra
(K, P)] = 2i(n,D — M,,),

. (C.5.2)
(M, Pyl = —i(1pu Py — 1pw Ppu),

52 We denote this operator either as 02 4 or Z,,,, depending whether we want to

explicitly list the indices or not.
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and the action on the fundamental field ¢

Bu(0) = —i9,9(0),
D¢(0) = ip(0).

The relevant commutators in order to fix Z,,,, are

(C.5.3)

[Ka, Pud] = = 2008,
(Ko, PuPo¢] = — 410, Py ¢ — 4100 Pud + 20, Pad,
(Ko, PyP,Pyd] = — 610 PPyt — 61y PuPotd — 600y Py Puh
+ 2, Py Po) + 20 Py Pad + 217, Py Po b,
(Ko, PuPy PPy = — 800 Py Py P — 810y PPy Pe¢ — 810y P, P Py
+ 20, Py Py Poh + 20, Py Py Po + 21,0 P, P,y Pah
+ 21,y PuPs Po@ + 216 PPy Pt + 200 P Py Po

— 8Nao Py Pp P,
(C.5.4)
which can also be found in e.g. Appendix F in [34].
The thermal one-point function of this operator is found from Wick con-

tractions to be

8(rT)N

Swee)g = —— (e e e,eqs — (traces)) . C.5.5
( uvp >[3 27v/35 ( nEvep ( ) ( )
Moreover, the three-point function with operators Oa(z) = \/Alw :Tr (¢A) :

(z) can again be calculated using Wick contractions similarly to how it was

done for Tﬁy oo i Appendix A. By explicit calculation one finds

AN Z,72,7Z,7, — (traces)

Oa(21)OA(22)2 1000 (23)) = , C.5.6
< A( 1) A( 2) pvp ( 3>> \/%N |x12|2A_2|x13|2|x23|2 ( )
and therefore the OPE coefficient Ao, 0,0, is given by
4A
A = —. C.5.7
0202024 = = (C.5.7)
Now, it is easy to check that
1 275A
?AOAOAO2,4[)OZ,4 = W? (058>

which agrees with ag 4 in (7.85).
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Appendix C.6. Thermal one-point functions of multi-trace operators

in the large-N limit

In (7.110), it was shown that a4 4 was due to double trace operators which
were normal ordered products of single trace operators without any derivatives.
There are, however, other double trace operators that have the same quantum
numbers and are schematically represented as [O,Op), ;. Concretely, the double
trace operators with twist and spin four besides (17%?),,,, and (OP1),, ,, are
[0205)0.4 and [O2T),,]0,2. We argue that the thermal one-point functions of
these operators are subleading in the large- N limit when evaluated on the plane.

Consider the thermal one-point function of a double trace operator
[00Op]ni = 0,0%0' Oy + . . ., where O, and Oy, are single trace primary opera-
tors and dots represent terms where derivatives acts on O, as well, in order to
make [0, Oply,; a primary operator. The term in the thermal one-point function
that behaves as N*¥ (N2 for double trace operators) comes from contracting the

fundamental field within each trace separately. Therefore we have
<Oa62”8l(’)b>g ~ <Oa>g<62n6lob>g + O(l), (C.G.l)

which is simply due to large-N factorization. As 02"0'O}, is a descendant of Oy,
it is easy to explicitly show that (92"9'Oy)5 = 0 for n # 0 or | # 0, from which
it follows that

(0,0%"0'Op) 5 = O(1). (C.6.2)

Similar reasoning holds for all terms in [O,Op),1, so we conclude for n # 0 or
[ # 0 that
([0aOblni)s = O(1). (C.6.3)

It is easy to generalise (n and/or [ non-zero)
([Oay - Oaylni)p = O(N*2). (C.6.4)

Using the canonical scaling for the OPE coefficients (7.95) it is found that these
multi-trace operators give a suppressed contribution to the thermal two point

function in the large-N limit:

1
A0AOA[Oa; 00, 101 [Oay - - Oaylni) g = O(ﬁ) (C.6.5)

192



The conclusion is that these operators with n # 0 or [ # 0 do not contribute
to the thermal two-point functions to leading order in N. Note that for n =1 =
0, the operator is just : Oy, Og, ... Oq, : and it does contribute to the thermal

2pt function since

AOAOA[Oal~~~Oak]'n=0,l=0<[oa1 . Oak]nzoyl:())g = O(l) (C.G.G)

From (C.6.5) it is seen that multi stress tensor operators of the schematic
form [T*],; with either n or [, or both, being non-zero will not contribute to

the thermal correlator to leading order in N on the plane.

Appendix C.7. Free boson in two dimensions

In this appendix we discuss free scalars in two dimensions. We first con-
sider a single scalar and then the case of the SU(N) adjoint scalar. We compute
two-point functions of a particular class of quasi-primary operators at finite tem-
perature 1/3. These two-point functions are not determined by the conformal
symmetry, because the quasi-primary operators do not transform covariantly
from the plane to the cylinder. They transform covariantly only with respect
to the global conformal transformations. The only operators that have the non-
zero thermal one-point functions are the Virasoro descendants of the vacuum
and therefore, only these operators contribute to the thermal two-point function
of the quasi-primary operators®?. Virasoro descendants of the vacuum have dif-
ferent OPE coefficients with external quasi-primary operators compared with

the case when primary external operators are considered.?

C.7.1. Review free boson in two dimensions

We consider single free boson ¢(z) in two dimensions. The stress tensor

can be written in terms of Virasoro modes as

T(z) = \/522_”_2[/”. (C.7.1)

53 We check this explicitly up to the O(1/3%).
54 Deviation from the Virasoro vacuum block in the Regge limit of four-point HHLL

correlator is observed in [200] as well.
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This stress tensor is unit-normalized

(T(2)T(w)) = ——. (C.72)

(z —w)*
The fundamental field can be expressed as Laurent series

—+o0

0P(z) = Z 2" la,, (C.7.3)

n=—oo

where oscillators «,, obey the following algebra

[, Q] = N 0- (C.7.4)
They act on the vacuum as

an|0) =0, n > 0. (C.7.5)

The two-point function of the fundamental fields is given by

1
0 0 = —. C.7.6
@O)06(w) = = (C.7.6)
The unit-normalized stress tensor can be expressed in terms of the funda-

mental field as

1 1
T(z) = —:0000: (2) = — 272 o C.7.7
(2) 7 ¢0¢ : (2) \/ﬁ; (C.7.7)
where : ab : denotes product of operators a and b with the corresponding free
theory oscillators being normally ordered such that the operators annihilating

the vacuum are put at the rightmost position. Then, it follows

C.7.2. Thermal two-point function of quasi-primary operator

We are interested in computing the thermal two-point function of quasi-
primary operators at temperature 1/5. Quasi-primary operators O(z) are de-
fined as [L1,O(z)] = 0, or equivalently, in therms of their asymptotic in-states

0(0)|0) = |0), as L1]O) = 0. We denote the quantum numbers of quasi-primary
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operators that correspond to eigenvalues of Lo and Lo by (h, ﬁ). We consider

the following unit-normalized quasi-primary operator with quantum numbers
(h,0)

1 1 N ok
On(z) = —=: (09)": (2) = —= YLy Qg - - - Oy, 5
\/m \/mm17m27"-amh
(C.7.9)
which is properly defined when h is a positive integer. Its asymptotic in-state
is given by

O = 04 (0)[0) = %m_l)h\o» (C.7.10)

One can check that this operator is a quasi-primary but not a Virasoro primary.

The thermal two-point function of this operator for even h is given by

h—2n
= 1
> )

2h 2¢(2) ::_OO
F(%—%)2F<h+1)( )

1(h—2)

(On(0n()s = 2 4n(hh—! 2n)! (2%(22))% (
0

n=

_|_

(C.7.11)
This expression is obtained by writing all possible Wick contractions between
fundamental fields 0¢, including those that belong to same operator Oy, that
we call self-contractions. Fundamental fields are separated along the thermal

circle in all Wick contractions. Factors (2%(22)) are due to the self-contractions,

o0

> 621'12 = (2%(22)) : (C.7.12)

m=—00,m#0

The sum over n comes from doing n self-contractions within each of the external
operators. Term W counts the number of Wick contractions with n self-
contractions for each external operator, including 1/ v/h! normalization factors.
The term in the second line of (C.7.11) is due to the case when we take n = h/2
self-contractions in both external operators, i.e. it represents the disconnected
contribution.

Since the state Oy, is quasi-primary, it transforms properly only with respect

to the global conformal transformation. These are just the Mobius transforma-

tions in two-dimensional spacetime z — ‘c‘jj_'s, with ad — bc = 1. On the other

195



hand, the usual way to calculate the thermal two-point function of primary op-
erators in two dimensions is to do a conformal transformation from the plane
to the cylinder with radius 3, z — % log(z). This transformation is clearly not
one of the Md6bius transformations and that is why we can not use this method
to compute the thermal two-point functions of quasi-primary operators.

Expanding (C.7.11) for T = % — 0 one finds

2 1 4
21O (2)OR(0))5 = 1 + 2(7;2) + h(h1; 5) (7;4) +O (%) . (C.7.13)

C.7.3. Quasi-primaries, OPE coefficients, and thermal one-point functions

In expansion (C.7.13), terms O(z") are due to the quasi-primary operator
with quantum numbers (h1,0) in the operator product expansion Oy X Op.
Identity in the expansion is due to the identity operator. We show that the
second term on the RHS is due to the stress tensor. The quantum numbers of
stress tensor T'(z) are (2,0). First, we evaluate the thermal one-point function
of the stress tensor

7T2

1 = 1
(T)g = NG > Pt = 3ag (C.7.14)

m=—oo,m7#0

This is obtained by the Wick contractions of fundamental fields in the stress
tensor, that are separated along the thermal circle. The same result can be
obtained by the transform of the stress tensor from the plane to the cylinder
using the Schwarzian derivative.

We define the OPE coefficient of unit-normalized operator O, with quantum

numbers (he,0), with two O, operators as

(On(21)On (22)O(z3)) = 20,00 (C.7.15)

(21 — 23)h0 (20 — 23)M0 (21 — 29)2h—ho”
Next, we evaluate its OPE coefficient of the stress tensor with Oy, by doing
the Wick contractions between fundamental fields

1
(21 — 23)%(22 — 23)%(21 — 22)2(h— 1)

(On(21)On(2)T(23)) = V2 (C.7.16)

therefore Ao, 0,7 = V/2h. This OPE coefficient is fixed by the Ward identity.

Now, it follows
_ h(mz)?
=3 B

ZQA@h@hT<T>5 (C.7.17)
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which reproduces the second term on the RHS of (C.7.13).
We are now interested in the contributions of quasi-primary operators with
quantum numbers (4,0). There are only two linearly independent operators

with these quantum numbers given by>°

1
2TT : (2 — : (09 = — pmaTbmemd=d L aay
( ) \/2— ( ) ( ) \/ﬂ agd b d

(C.7.18)

10 = —m—n—4

Ay(2) = 2—7(77”;002 % Ly Ly x
T - (C.7.19)
_3 Z 27 m 4 2) (m + 3)Lm),

where xab+ denotes the product where the relevant Virasoro generators are
normally ordered. It should be noted that the operator A4(z) is Virasoro de-
scendant of unity, while : T7T : (z) is not. The relevant asymptotic in-states are
given by

[+ TT:) =TT : (0)[0) = —=(a-1)*0),

10 \/_ 5 (C.7.20)
Ag)y=A = L2, —<L_ :
A0 = 0a0)l0) = /32 (22~ 220} 1)
In terms of oscillators, |A4) state can be represented as
_J10 /1 4 2 3
Ag) = o (Z(O‘—1> + - P10 — 1—0(04 2) ) |0). (C.7.21)

From egs. (C.7.20) and (C.7.21) one can see that | : 77" :) and |A4) are the only
quasi-primary states with quantum numbers (4, 0). Namely, all such states have

to be linear combinations of the following states

O‘—4‘0>7 05_304_1|0>, a2—2|0>7 05—2042—1‘0)7 a§1|0>7 <C722)

0 (H a—m) 0) = (Z kz) (H Of—m) 10), (C.7.23)

55 Both of them are unit-normalized.

because
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where k; > 0. It is straightforward to check

Lia_4|0) = 4a_3]0),
Lio_s3a_1|0) = 3a_2a_1|0),

Lia?5|0) = 4a_sa_1]0), (C.7.24)
Lla—2a2—1|0> = 20° ”110),

Lial,|0) =

It follows that ot {]0) is already quasi-primary and one can make only one more
as a_za_1]0) —2a_sa_»[0).°% | : TT :) and |A4) are just the linear combination
of these two states with overall normalization.

Now, one can calculate the overlap of | : 77" :) and |A4) states as

(01A4(0) : TT = (0)|0) = (C.7.25)

“\&

The state orthogonal to |A4) can be written as

3
Ag) = -

) <: TT : (0) — ?AAO)) |0). (C.7.26)

Using (C.7.20) and (C.7.21), it can be written in terms of free theory oscillators.
We compute the OPE coefficients of : TT : and A4 with two O}, operators.

We express all states in terms of free theory oscillators and use algebra (C.7.4)

to find

Ao, o1 = (On]On(1)] : TT 2 = ?h(h ~1), (C.7.27)

20,0, as = (On|On(1)[Ag) = \/gh (h _ %) , (C.7.28)

Ao, 0.k, = (OnlOn(1)|Ay) = %h (h—2). (C.7.29)

Now, we evaluate the thermal one-point functions of A4 and A4. From (3.4)
in [179] we have
3md

2 _

(C.7.30)

56 These states are not unit-normalized.

198



which is the thermal one-point function of the first term on the RHS of (C.7.19).
The second term can be written as —<= "> 27" *(m + 2)(m + 3)L,, =
—T%E?QT(,Z). It is clear that it will not affect the thermal one-point function
of Ay(2), as (8°T)g = 0.

Therefore, from (C.7.19), we have

27 21/3034
Now, it follows
mizt 1
Z4<A4>5)‘Oh0h/\4 = Wh’ (h’ - g) ) <C732)

which is the third therm at the RHS of (C.7.13). On the other hand, we can
evaluate the thermal one-point function of : 7T : (z) operator by Wick contrac-
tions of fundamental fields separated along the thermal circle

7T4

g = GG
Using (C.7.26), it is straightforward to confirm that (A4)s = 0. Therefore, as

:TT (C.7.33)

we expected, operator A4 does not contribute to the thermal two-point function
of Oy operators, even thought it is present in the operator product expansion
Oy, x Oy,.

This is a general property of two-dimensional CFT's, that only the operators

in the Virasoro vacuum module have non-zero expectation value on the cylinder.

C.7.4. Free adjoint scalar model in two dimensions

In this subsection we study a large-c theory. Consider the free adjoint
SU(N) scalar in 2d with

06(2)", => 27" Ham), (C.7.34)

with .
[(am) b (Oén) d] = MIm+n (5 a0y — Né b0 d)- (C.7.35)

The thermal two point of the quasi-primary operator O, = \/}LlW : Tr((0g)h)

follows immediately from the result in four dimensions upon replacing the prop-
agator of fundamental fields. We find that
mth(h — 2)

g 924"+ (C.7.36)

(On(2)On(0))5 = gaa(2)" +
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where
o0

1
ga(z) = Y, ——
m=—oo (2 + TP’ (C.7.37)
- 2
- <5sin(7rz/5)) '
Expanding (C.7.36) for 8 — oo we find
’h 5 wh(15h—19) ,

=20+ 9051 A 4+0B79]. (C.7.38)

(OO0 == [1+ 2

Consider first the normalized stress tensor which is given by

1
T=——:Tr(0009) :, C.7.39
o Tr(0000) (©.7.39)
with ¢ = N? so that (I'(z)T(0)) = Z. By calculating the OPE coefficient
with O) and the thermal one-point function of 7T, one finds that these are

the same as those for the scalar Tr(¢?) operator in four dimensions so that

(T)p = ;\/Z——QNBQ and Ao, 0,7 = %, and the product reproduces the weight two
term in (C.7.38):
(T g Ao, 0,7 = ﬂ (C.7.40)
rOhn 362
Consider now *TT'x defined by
«TT * (0) = lim T'(2)T'(0) — (sing. terms). (C.7.41)

z—0

The OPE of the stress tensor in (C.7.39) can be found in the free theory by first

performing Wick contractions

T(2)T(0) = 2—;,2 : Tr(9¢(2)9¢(2)) :: Tr(9¢(0)9¢(0)) :

9 (C.7.42)

=TT:(0)+...+ No2 Tr(0¢(2)09(0)) : +;,
and expanding the second term in (C.7.42) for z — 0 we find
T(z)T0)=TT:(0)+...+ N%ZQ : Tr(0¢(0)0¢(0)) :
2 1
+ N Tr(0?¢(0)0¢(0)) : +77 Tr(03¢(0)04(0)) : + ...
1
+ 2_47
(C.7.43)
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where the dots refer to higher order terms in z. Inserting the OPE (C.7.43) in
(C.7.41) we find that

«TT % (0) =: TT : (0) + Ly Tr(9°$(0)04(0)) : . (C.7.44)
N2

Consider the state «7T7T" % (0)|0), which is given in terms of oscillator modes by

«TT % (0)]|0) = Q—JbQTr((JzQ_l)TT((JzQ_lﬂO) + Q%Tr(a_ga_l)my (C.7.45)

Now T'r(a™)|0) is a quasi-primary while Tr(a_3a_1)|0) is not. One way to
make it a quasi-primary is to simply remove the second term in (C.7.45) and
then we get a quasi-primary state which is just : 77" : |0). Another option is to
remove a descendant of the stress tensor to construct |A4). To do the latter we

need to remove the descendant of the stress tensor with weight 4 given by 9T

O°T = V2 : Tr(0°¢0¢) : +ﬁ : Tr(02¢0%¢) : . (C.7.46)
N N
Acting on the vacuum we find
d*T(0)]0) = %ﬁﬂ(a_ga_lm + %TT(@Q_Q)\O). (C.7.47)

Consider now L; = %(T’I‘(O_/_l(l/g)-FTT(Oé_QO_/g-F. ..)) which acts as L1 Tr(a?,)]0) =
4—]\\/,§Tr(a_1a_2)|0> and as [1Tr(a_sa_1)|0) = 3—]\\/,§Tr(a_1a_2)|0>. We can
therefore construct a quasi-primary state annihilated by Ly: Tr(a_sza_1)|0) —

3Tr(a?,)|0). The quasi-primary |A4) is then given by:

1 3
|Ag) = $<* TT % (0)]0) = -0 T(0)[0))
= S (Tre2)Tr(@2 )]0) = 2Tr(0%,)0) + S Tr(ami00)))

(C.7.48)

There are two more weight 4 single trace quasi-primary operators given by

O = T ((09))

2N?2
0 — "?\f’ (Tr(8°pd¢) — gTr(c?Q(b@ch)), (C.7.49)
o 1 5
= 282 (S0°Tr(0609) — STr(07600)).
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where ne2) is some N-independent normalization constant. The state |A4) can

be written in terms of : 77" : (0)|0) + aO2(0)|0) in the following way

1
IAg) :E(:TT:(O)\O)nL

The OPE coefficient for : 7T : is up to a normalization the same as the scalar

2

2 He
N © \0)). (C.7.50)

dimension 4 double trace operator in 4d and is given by

o1, h 1
(OO TT ) = oy g 0 B = OIN s
) 13725712 (C.7.51)
= —2h(3h — 5)———,
N> 2%375332%3 !

where 4h?(3h—5) come from the number of contractions giving planar diagrams.
Consider now the OPE coefficient for O2). One finds

no(z)Nh

h+1.,4 .4 ,2h—2
hN" 1215255279

3
— §2h2(—2)2)213223> =

(0,0,0)) =

((=2)(-3)h2(3s + 233)

C.7.52
6hnp(2) ( )

Nzjyzgsaiy
Using (C.7.51), (C.7.52) and (C.7.50) we find the OPE coefficient for |A4)

V2h(15h — 19)

(OnORA4) = e

. (C.7.53)

Note that the h dependence matches that of the weight 4 term in the two-point
function (C.7.38). Additionally, the OPE coefficient given by (C.7.53) can not
be extrapolated to the limit when A ~ C7p, as in this limit the planar expansion
used for calculating (C.7.53) breaks down. For this reason, we can not test the
thermalization of A4 in heavy state Oy,,. Let us consider the thermal one-point

function which is given by

1 Tt N2

V2 T 18v284

where the term oc %(0(2)) 3 is subleading since it is single trace. We find that

(Aa)s = [—=b3 +O(1)] (C.7.54)

m*h(15h — 19)
9034 ’

(Aa)gro,0un, = (C.7.55)

which agrees with the weight 4 term in (C.7.38).
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Note that it is explicitly seen that one can write Ay either as *T7T %
+(desc.of T) or as : T'T : +%OST with Og7 a quasi-primary single trace oper-
ator. In this case the single trace operator which one needs to add to : T7T : to
get A4 can be written as a sum of descendants O o« 9T — %Tr(82¢32¢).
Explicitly, we have

1 3,
Ag) = ﬁ[*TT +(0) = 0 T(0)]l0) -
_ % 17 (0) + w%@@o(?)}\oy

As we saw above, using the second line in (C.7.56) it is straightforward to
calculate correlation functions using Wick contractions to see that A4 gives the
full weight four contributions to the thermal two-point function for large-INV
theories.

Now, we consider the following quasi-primary operator

V2

Oal(z,2) = JANA2

. Ty ((8(;55(5)%) (2, 7), (C.7.57)
where we denote the anti-holomorphic part of the free field by ¢ = ¢(2). The
thermal two-point function of this operator, up to the terms subleading in large-
N expansion, is given by

7T2A

324 sin® (%) sin® (%)
B A2+ 2% ©AGBA+2), ,
ESL (1+ 5z 36051

<OA(27 Z>OA(O7 0))5 -

24) (C?58>

One can easily check that the OPE coefficients of stress tensor 7" and its anti-

holomorphic partner T with Oa are given by

A
)\(QA(QAT — )\OA(’)AT — ﬁ, <C759)

while their thermal one-point function are given by

T =T = s

(C.7.60)
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It is easy to check that terms proportional to 372 in (C.7.58) are contributions

of T and T operators

T2A(2? + 2%)
6,32

We compute the OPE coefficient of operators A4, defined by (C.7.48), and its

<T>5/\OAOATZ2 + <T>5>\OAOAT22 = . (0761>

anti-holomorphic partner A4 with Oa and obtain

A(5A +2)

)\OAOAA4 = )\OAOA]\4 = W, <C762)

which agrees with (C.26) in [124]. Its thermal one-point function (which is
the same as (A4)p) is given by (C.7.54). Another operator that contributes to
thermal two-point function (C.7.58) is : T'T :. Its OPE coefficient with Oa and

thermal one-point function are given by

A2
)‘OAOA:TT: = W
) AN (C.7.63)
Again, it is easy to check
(A1) Aos0ansz" + (Ma)prosoai 2 + (TT phosonrs:s 2 =
AAGBA +2 472 (C.7.64)
_ mAGBA+ )<Z4+24)+7T 252,
36054 3654

which matches with the corresponding terms in (C.7.58).

The OPE coefficients Ao, oans Ao 0ur,> a0d Ao, 0,77, can be extrap-
olated to the limit A ~ N2, by the same logic as in Appendix C. Then, we can
explicitly check the thermalization property of A4, Ay, and : TT :. To establish
a relation between the inverse temperature 5 and the conformal dimension Ay

of heavy state Oy = Oa N2, We assume the thermalization of stress tensor

which implies
AH 7T2

204



Using this relation, it is easy to show

<A4>ﬁ - )\OHOHA4 Ai{ 9
N2
(Aa)s = Ao, 0ui, a2 (C.7.67)
N2
<: TT >5 = )\OHOH:TT: i
~N2

This means that operators A4, Ay, and : T'T : thermalize in the quasi-primary
state O similarly to the thermalization in a Virasoro primary states in large-c

theory, that was analyzed in [165].

Appendix C.8. Vector model

In this section we study the free scalar vector model at large-N. Consider

the scalar operator
1 S oA
Op = ——: (¢'p")2
A A (p'¢")

where N (A) is a normalization constant which to leading order in N is given

by

s (), (C.8.1)

N(A) ~ (AN, (C.8.2)
The thermal two-point function is given by

ANZ 1

(Oa@)O0AO))5 = ek x>+ (5) Kk, x>+, (€83
where
ok = i (= + mlﬁ)Q X2
o (C.84)
- %pq [Coth<%(|x| - ix%)) + Coth(%(|x| +m%>)].

The thermal a, j coefficients as 2 and a4 4 are the same as in the adjoint model

(this is so since the second term in (C.8.3) does not affect these):

A
az o = ——,
’ 45
C.85
_ mA(A 1) ( )
R TI0)
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The unit-normalized stress tensor is given by

1 o1 ,
T (x) = N : (Gugp’&,gol — 5#(‘%&,@’ — (trace)) (), (C.8.6)

where Cp = %N . The OPE coefficient of the stress tensor is again found by
Wick contractions to be
\ B 4A
OAOATuy — 3\/C—T7

in agreement with the stress tensor Ward identity. The double-stress tensor is

(C.8.7)

given by
9 1
Tivpo = ﬁ T Ty + —(traces), (C.8.8)
and the OPE coefficient is calculated precisely as for the adjoint model and we

find
8v2
)\OAOATEA = EA

(A—1). (C.8.9)
There is another double-trace operator with twist 4 and spin 4 and takes the
same form : 0203 4 : as for the adjoint model
1 o . ) ) .
oPT (m)zi:cplgoz(go]@@@@wj—m@ 10,0,0,) ¢’
v po nOvUpUo (nP Ov0pUa)P
96v/7T0N (C.8.10)

+180),0, 0" 0,0y 0" — (traces)) : ().
The OPE coefficient and the thermal one-point function yields the same result
as for the corresponding operator in the adjoint model®”. It then follows that

the a4 4 extracted from (C.8.3) is reproduced by the sum of the double stress
tensor and (C.8.10).

Appendix C.9. Factorization of thermal correlators

In this appendix we argue for the factorization of thermal expectation val-
ues of multi-trace operators in large-C7 theories on S' x R%~!. Consider the

thermal two-point function of a scalar operator O with dimension A:

(O(2)0(0))5 = (0)s{0)5 + (O(x)O(0)) e, (C.9.1)

57 Note that this is not true for all operators but is in line with the fact that a4 4 is
unaffected by the second term in (C.8.3).
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where the second term consist of the connected part of the correlator. Note
that the disconnected term in (C.9.1) is independent of the position z. On the
other hand we can evaluate (C.9.1) using the OPE on the plane which takes the

form

1
O(z)0(0) = S > X00(00],, 700 + . ., (C.9.2)

n,l
when written in terms of primaries and the dots refer to terms surpressed in the
large-Cr limit. Note that Aop[oo), , are the MFT OPE coefficient which are

of order 1. The term in (C.9.2) that is independent of z is due to the n =1 =0
term in (C.9.2) and inserting the OPE on the LHS of (C.9.2), we find that

A00[00]0.{[00]0,0) 5 = (O)3. (C.9.3)

When [0O]o,o is unit-normalized the OPE coefficient is given by Aoojoo],, =
V2 and it follows that
1
00 = —(0)3. C.94
([00)o,0)8 \/5( )5 (C.9.4)
We therefore see the that the thermal one-point function of the double-trace
operator factorizes on the plane. We expect a similar argument to hold for

multi stress tensors.
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