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Abstract

A higher—order process calculus is defined in which
one can describe processes which transmit as messages
other processes; it may be viewed as a generalisation of
the lazy A-calculus. We present a denotational model
for the language, obtained by generalising the domain
equation for Abramskys model of the lazy A-calculus.
It is shown to be fully abstract with respect to three
different behavioural preorders. The first is based on
observing the abilily of processes to perform an action
in all contexts, the second on testing and the final one
on satisfying certain kinds of modal formulae.

1 Introduction

The basic mathematical theory of process alge-
bras is well-developed and fairly well understood,
[Mil89, Hoa85, BW90, Hen88]. Much of this funda-
mental work has been carried out for “pure” process
algebras, where the actions are taken to be simple syn-
chronisation pulses along channels, but more recently
theories have been developed for languages where vari-
ous kinds of data are passed along the communication
channels. For example in [Tho89, Tho90] processes
may pass other processes as values; it is this type of
process description language which is the topic of the
present paper.

Here there are two kinds of action prefixing, ¢?X.P,
meaning input a process along the channel ¢ and bind
it to the process variable X in the term P, and ¢!Q.P,
meaning output the process @ along the channel e
and then act like the process P. Thus ¢?X.(X | R)
represents a process which can input any process and
run it in parallel with R. Combining this with ¢!Q).P
we obtain the process c!Q.P | ¢?X.(X | R) which
can perform a communication to become the process
P | (Q | R). This idea is pursued in depth in [Tho90}
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where a number of different formalisations are inves-
tigated. The resulting language is shown to be very
powerful in that it can simulate, in some sense, both
the A-calculus and the w-calculus of [MPW92]. The
connection between the w-calculus and various higher—
order process calculi and their relative merits is fur-
ther pursued in [San92]. Here we do not address such
issues. Rather we investigate the possibility of pro-
viding an adequate semantic theory for higher—order
process calculi. In particular we provide a fully ab-
stract denotational model for one such higher~order
language.

The starting point for the development of this
model is the lazy A-calculus. At a very naive level
this is a primitive higher-order process language. The
A-term Az.p may be viewed as a process which is wait-
ing to receive another process along the communica-
tion channel A to be subsequently bound to z in p
while the application term pq represents sending the
process ¢ to the process p. In [Abr90] this language
is interpreted in the model obtained by solving the
domain equation

D
F

F,
D — D.

Each A-term is interpreted either as L, in the case
when it gives rise to a divergent computation, or as
an element of F, i.e. a function over A-terms. A
higher-order process can be viewed as having simi-
lar behaviour but now parametrised on channels, A-
terms being simple processes which can only receive
input on one channel. Thus the input behaviour of
a higher—order process, in analogy with A-terms, can
be captured by a function from AN, the set of chan-
nel names, to F; with respect to each channel the
process may offer no behaviour, modelled by L, or
may act like a function over processes. Similarly iss
output behaviour, which has no real counterpart in
the A-calculus, can be modelled as a function from N



to C,, where C is some space suitable for modelling
output. One simple suggestion for C is the Carte-
sian product D x D, with the elements of the pair
representing, respectively, the process sent along the
channel and the residual of the output action. It turns
out that a slightly more complicated form of product
is actually necessary, which we denote by D ®" D.

The analogy between A-terms and higher—order
processes given above is rather tenuous but it has
helped us motivate a model obtained by solving the
recursive domain equation

P = W—Cy)xN—Fy)
F = P—P
C = PP

Moreover one can easily imagine how the combina-
tors of input and output might be interpreted over
this model. But a reasonable process algebra contains
other combinators. At first glance the choice combi-
nator + would appear to present problems. The A-
calculus is completely deterministic in its extensional
behaviour but nondeterminism is an essential aspect
of process algebras. However in [Bou91] it is shown
how to interpret a nondeterministic version of the A-
calculus in the domain Dj this is in fact a prime al-
gebraic lattice and in particular it has a join operator
V. The domain P is also a prime algebraic lattice and
thus we can use exactly the same approach, interpret-
ing the choice combinator + as V. Moreover having
an interpretation of prefixing and choice means that
using an expansion theorem we can obtain an interpre-
tation of the parallel combinator |. Finally it turns out
that we can also interpret in a straightforward fashion
certain forms of channel scoping; that called dynamic
scoping in [Tho90].

Having outlined a possible denotational semantics
for a higher—order process calculus the next question
we must address is: how reasonable is this as a model
of the behaviour of processes? To answer this question
we again pursue the analogy with the A-calculus. How
good is D as a model of the behaviour of A-terms ?
This question is answered in a very precise manner in
[Abr90, Bou91] and we can give a very similar answer
for P.

In [Abr90] an observational preorder is defined on
A-terms in terms of their ability to converge to a “func-
tional term” of the form Az.r using a lazy evaluation
strategy. Let us denote this by p | and for two A-terms
p, ¢ let p < g if p |} implies ¢ §}.

Let p C

5, ¢ if for every context C[], ie. a
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term with one “hole” [] in it, C[p] < C[q].

In [Abr90] it is shown that, subject to certain expres-
sivity requirements, the domain D is fully abstract
with respect to the observational preorder Eo . That
is, p go q if and only if the interpretation of p in the
domain D is dominated by the interpretation of ¢; the
domain properly reflects the ability of A-terms to act
like functions. A similar result holds for the the ncn-
deterministic or parallel version of the A-calculus of
[Bou90, Bou91] where p | is interpreted as it is possi-
ble for p to converge to a functional term, although in
these papers a different phraseology is used.

Viewing the A-calculus as a primitive higher—order
process calculus p |} can be interpreted as: p is willing
to offer a communication on the communication chan-
nel A. So let us generalise this predicate | to arbitrary
processes from our higher—order process calculus by
defining:

p | if there exists some channel on which p
is willing to offer a communication.

The main result of this paper is that, subject once
more to expressivity requirements, the model P is
fully-abstract with respect to the observational pre-
order 50 , with this new interpretation of {}. That
is, the interpretation of the process p in the domain
P is dominated by that of ¢ if and only if for every
context C[] if C[p] is willing to offer a communication
on some channel then so is C[gq].

We also prove full abstraction for two other observa-
tional preorders between processes and both can also
be motivated by reference to similar results for the
lazy A-calculus. The ability to examine a A-term in
an arbitrary context gives one complete control over
that term; the context can for example send the term
to a collection of subterms each of which can examine
an aspect of its behaviour and then pass it on to other
subterms for further examination. However each of
these subterms can only use the term under exarni-
nation in a limited manner: they can only supply an
argument for the term to be applied to. So a sim-
pler behavioural preorder may be defined on A- terms
based on their reaction to a sequence of arguments:

P gTq if (...(pr1)...ra) | implies
(--.(pr1)...rn) | for every sequence of -
terms ry,...,rn.

The model D is also fully abstract with respect to this
preorder, i.e. T and [ coincide over A-terms.
This view of A-terms treats them as “black boxes”.
One has no control over them; the only way of finding



out about their behaviour is to send them a parame-
ter, i.e. communicate with them. This is very similar
in spirit to the theory of testing for processes, origi-
nally presented in [DH84] and expounded at length in
[Hen88]. There a test e (represented as another pro-
cess) is applied to a process p by running e and p in
parallel, thereby allowing them to communicate, and
the application is successful if e reaches some “success-
ful” state. The test e may be viewed as a generalisa-
tion of the sequence of parameters ry,...r, supplied
to the A-term and the successful state plays the role
of §. So let us generalise ET to higher-order pro-
cesses by saying p may satisfy the test e if there is a
successful application of e to p and

P ET ¢ if p may satisfy e implies ¢ may sat-
isfy e for every test e.

We show that P is also fully abstract with respect to

C .
'{‘he full abstraction results in [Abr90, Bou91) rely
heavily on a logical characterisation of the domain D,
[CC90, Abr91]. Essentially the compact elements of
D can be described by formulae, ¢, from a logic in
such a way that D is isomorphic to the filters gener-
ated by the logic. Further the interpretation of the
A-calculus in D can be completely captured by a pro-
gram logic whose judgements are of the foom - p : ¢
and this program logic is central to the proofs of full
abstraction. A similar program can be carried out
for the model P and the resulting logic is a simple
modal logic whose formulae express the ability of pro-
cesses to receive and transmit along communication
channels. Furthermore we can interpret this modal
language operationally over processes using a satisfac-
tion relation |= between processes and formulae; it is
called a realizability interpretation in [Bou91]. This
gives a further method for comparing behaviourally
processes:

let p EL ¢ if p = ¢ implies ¢ |= ¢ for every
formulae ¢.

We also show that P is fully abstract with respect to
€ . This is analogous to the modal characterisa-
tion of bisimulation equivalence for processes given in
[HM85].
To sum up the three behavioural preorders '[‘:'o » 5
and L. coincide over higher—order processes defin-
able in our language and further they are characterised
precisely by the model P.
The literature on higher—order process algebras is
rather limited. We have already refered to [Tho90],

C
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on whose language we base our algebra. Their re-
lationship with the -calculus is studied in [San92]
while [AR87, GMP90, Nie89] present higher—order
programming languages which contains among other
constructs a sophisticated type structures for the val-
ues transmitted between processes. The addition of
parallelism to the A-calculus is studied extensively in
[Bou90, Bou91, Bou92); in particular fully-abstract
models, filter models of logics, are constructed for the
observational preorder over parallel-A-terms. However
all of this research concentrates on developing a be-
havioural theory of these languages. The only denota-
tional model for such languages of which the author is
aware is presented in [JP90]; this is for a very simple
subset of the 4-calculus of [Bou89}, a mild generalisa-
tion of the A-calculus, and moreover the model is only
shown to be adequate.

Most details of the proofs are omitted from this
extended abstract. They may be found in the full
version of the paper, [Hen92], which also contains a
more leisurely account of the various concepts and
techniques used.

2 The Language

The syntax of the language is given by

Processes T == NIL|T+T | a?F
| n!C | X | FT
| G(D), Ge Auz
Abstractions F u= (X)T
Concretions C == [T|T

where n ranges over a set of channel names N, X
ranges over a set of process variables X and Auz is
a set of auxiliary operators. In this paper we use a
particular set of such operators: for each pair of sub-
sets, A, B of N, a binary infix parallel operator 4|s
and for each function r from A to N which is almost
everywhere the identity a unary postfix renaming op-
erator {r}. In (X)T the prefix (X) acts as a binder
for occurrences of X in T and this leads to the stan-
dard notion of free and bound occurrences of variables,
a-conversion and of substitution. We use process to
mean a closed process-term from this language and
P,Q, ... are used to denote typical processes.

The operational semantics of the language is given
in Figure 1 where for convenience we have omitted
the symmetric counterparts to the Choice and Paral-
lelism rules and the function name used in the latter
has the obvious definition. There are three types of



Input:
n?F 25 F
Output:
nlCc 2L ¢
Choice:
P =, A implies P+Q—°>A
Application:
T{Q/X} -+ A implies FQ — A
where F is (X)T
Parallelism:

P = A, name(c) € AU {r} implies
PalsQ - Auls@Q
Communication:
P 2L F, Q 5 [1]Q; implies
PAlsQ - FQi4lsQ:
Renaming:

P =4 A implies P{r} %2 A{r}
where

if Fis (X)T then F 4ls P denotes (X)T als P)
(and similarly for P 4|z F) and F{r} denotes
(X)T{r}

if C is [Q1]Q2 then C 4] P is [Q1)(Q2.4|8P) (and sim-
ilarly for P 4|5 C) and C{r} denotes [Q1](Q2{r})

Figure 1: The Operational semantics

judgements, of the form

PILF
Pc
P-1.qQ,

where P and @) are processes, F is a closed abstraction
term and C a closed concretion term. The relations
22, and 2% describe the communication capabilities
of processes while —— describes the affect of an actual
communication; P ——  means that P may perform
a communication and thereby be transformed into @
and this may be considered as the counterpart to §-
reduction in the A-calculus.

With this operational semantics the language may be
seen as a simple extension to CHOCS from [Tho90].
Channel restriction or hiding is implemented by the
parameterised parallel operator; in P 4|z @ all occur-
rences of names not from A in P are local to P and
similarly for B in Q. With this view of restriction our
operational semantics implements a dynamic scoping
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mechanism. To see this let us use the more usual nota-
tion P | Q for P y|a @ and P\ A in place of P g|x N/L
where B is N — A; this latter process acts like P ex-
cept that all channels in A are local. Now consider
the term

n?(X)(X | P) | (nl[QIR)\A

where @ is a process using some channels from A. The
occurrences of channels from A in Q are governed by
the restriction, i.e. they are local. Now a communi-
cation using the channel n is possible and when it
happens the process is transformed into

(X)X | P)Q | (R\A.

The result is that @ has escaped from the restriction
by being sent from one process to the other.

Based on this operational semantics we give three
different behavioural equivalences or preorders. The
first is motivated from the view of the lazy A-calculus
advocated in [Abr90, Bou90], as explained in the In-
troduction. To define L it is sufficient to define

the convergence predicate |} on processes:

p | if there exists some ¢ and channel n such
T
that p —* ¢ —, for ¢ = n! or ¢ = n?.

The second behavioural preorder, LC_, is a di-

rect application of the general framework of testing,
[Hen88}, again as explained in the Introduction. Here
the idea is that two processes are deemed to be equiv-
alent unless there is a test or experiment which dis-
tinguishes between them. Processes are considered to
be independent entities or “black boxes” and a test
consists of a series of interactions between the process
and the tester which continue until such time as the
the tester reaches what it considers to be a successful
state. The tester has no control over the process; it
simply tries to communicate with the process, the pro-
cess may deem to reply and if it does the tester may
proceed with the experiment in a manner dependent
on the reply of the process. In the present setting we
take as a test any process which may use a new dis-
tinguished name w and say it is in a successful state
if it can perform the action w!. The application of the
test E to the process P is defined to be a maximal
sequence of the form

E\P=FEo|Po - B |PL > ... T By | Py ...

and it is a successful application if there exists an n >

0 such that E, . Then we say P may E if there
exists an application of £ to P which is successful.
Finally



P ET Q if for every test E P may E implies
Q may E.

The third behavioural preorder is based on a “real-
izability” interpretation for the language using a gen-
eralised modal language £. Formulae represent prop-
erties of processes and may indeed be an appropri-
ate generalisation to concurrent systems of the notion
of “type” commonly used for functional programming
languages. For each of the syntactic categories, pro-
cesses, abstractions and concretions, we have a corre-
sponding set of formulae, L, LF, LC respectively.
These are defined by

Processes:

weL?P

¢ € LF implies (n?)¢ € LP

¢ € £C implies (n!)¢ € LF
Abstractions:

b1, 0K, Y € c* implies ¢1,...,¢x > ¥ € cF
Concretions:

¢1)' "1¢k’¢ € [:P implies [¢1:"')¢k]¢ € CC

The satisfaction relation, =2, is also typed in that it
is only defined between closed terms of each syntactic
category and modal formulae from the corresponding
language. It is defined as follows, where P == A is

p
an abbreviation for P —* P! <5 A :

P =° w for every process P
P24 F, F E© ¢ implies P =° (n?)¢
P=5C, C E° ¢ implies P =9 (nl)¢

if (VP, P =° ¢ implies FP |=° ¢) then
FE¢—¢

if @1 =9 ¢ and Q; =% ¢ then [@1]Q: =° [g]¥

Note that }=© depends entirely on the behaviour of
terms and not on their structure.

Let P !;5 Qif P E° ¢ implies Q |=° ¢ for
every formula ¢.

We aim to show that the three behavioural pre-
orders, L 57_ and L coincide. The modal
language is the key to the proof as it provides a cru-
cial link with a natural denotational semantics which
can be shown to be fully-absiract with respect to each

of these preorders.
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3 The Model

We have already seen the domain equation for the
model in the introduction but it remains to explain
both the construction ®” and why it is necessary. In
analogy with the view of the domain D for the lazy
A-calculus in [Bou90] if domain for processes, P, is
an algebraic lattice then we can interpret the choice
operator + as the binary join, But if we use as the
domain of concretions C the Cartesian product P x ]2
the join operation in C is defined pointwise; it satisfies
the law:

(z1, 1) V (22, 42) = (21 V 22,51 V 12).

In such a model the processes m![ n! + k! |NIL and
m![ n! |NIL + m![ k! |NIL (where we use I! as a shor-
hand for the process l![ NIL]NIL, whenever it makes
sense) would be identified although one can easily find
a test to distinguish them. It turns out that we require
a product which satisfies the weaker law:

(3’, yl) \ (Z, y2) = (:c,y1 N4 yQ)‘

Such a product can be defined in the category of ’
prime algebraic lattices with continuous functions. In
this category we say f is multilinear if it preserves v
in each of its arguments, i.e. f(dy,...,d; Vd},...dy) =
f(dy,....di,...de)V f(dy,...,di,...di), for each i, a
function of two arguments is called rightlinear when-
ever it preserves join in its second argument, i.e.
f(z, 11 Vy) = f(z,1) V f(2,y2) and for functions
of one argument we abbreviate “multilinear” to “lin-
ear”. For any pair Dy, D2, let D; ®" D2 be the prime
algebraic lattice which satisfies

1. there exists a rightlinear continuous injection

i® Dy x Dy — Dy @ Dy,

2. for any rightlinear continuous f:D; x Dy +—=
E there exists a unique continuous linear
f®": Dy ® Dy — E which makes the following
diagram commute:

D1 X Dz
. {
:®
Dl ®r 1)2 f® . l/‘

The construction of Dy ®" D, is given in [Hen92) as s
the proof that it is unique up to isomorphism.



We us now briefly outline the interpretation of the
language in this model. Most of the syntactic con-
structs are straightforward. OQOutput on the channel
n is interpreted by the linear function n,y::C — P
defined by

o) =< Az €EN(z=n—cy,1l), deeN.L>

and input by the linear function n;,: F — P defined
in an analogous manner:

np(f)=<AzeN.L, deeNz=n—f,L>

Let o range over the set of environments, ENV,
mappings from X to P. Then the interpretation of
the language is given by:

o [NI]po=L

¢ [n?Flpo = nin([Flro)

¢ [n!Clpo = nou([Clco)

¢ [X]po = o(X)

o [T+ Ulpo=[Tlpo Vv [Ulpo

¢ [FT]po = [Flro([T]ro)

o [(X)T]ro = M € P.[T]po[X — d]
o [[TU]ce = [T)pe ®" [U}pe

o [G(D]ro = 9([T]p)

where for each auxiliary function symbol G we have a
corresponding multilinear function g of the appropri-
ate type. The details are given in the appendix.

Following [CC90, Sco82] we can also give a logical
presentation of both the denotational model and the
interpretation of the language. First we examine the
model. Consider the logic in Figure 2. The judge-
ments are of the form ¢ < ¢ where ¢ is a non-empty
vector of formulae and we assume that all the formulae
¢i and ¢ have the same type. Let us write F ¢ < ¢
if < % can be derived using these inference rules
and more generally + ¢ < ¢ if ¢ < ¢; can be derived
for each j. This logic characterises precisely to the
model in the sense that each formulae ¢ € LA, for
A= P, F, C, can be interpreted as an element [¢] in
A so that

o [¢] is prime

e every prime element is denoted by some formula,
and therefore every compact element is denoted
by some vector of formulae if we define [¢] to be

[¢:1dv...vidal
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General :

Refl ¢<¢
Weak J 5;" 5
Trans 6< Z’s? <¢
Processes :

LP; $<w

b CIERCD
Abstractions :

CR $<(w—w
e $25%
Concretions :

o A

Figure 2: The proof system for £

o [y S[ﬁ]ifandonlyifl—éﬁﬂ
This interpretation is given by:

Definition 3.1

Processes : (%) = L
[(n)e] = nou(l4])
[(n?)4] = nin([4])
Abstractions : [¢ -] = [¢] = [v]
Concretions : [Ff]ap] = [¢]®" [¥]
where => represents the usual step function defined by
e d<z=z
d= e(z) = { 1 otherwise

(]

This relationship between the model and the logic can
be elegantly described in terms of filters. An A-filter



is a non-empty subset F' of vectors of formulae from
L4 with the property that ¢ € F and L ¢ < ¢
implies ¢ € F. Let Fil* be the set of all A-filters
ordered by set inclusion.

Theorem 3.2 For A = P, F,C, FilA is a domain
and isomorphic to A. m]

The primes of the domain P are all denotable by
formulae from £F and the functions corresponding to
the auxiliary operators, because they are multilinear,
are determined by their effect on primes. So these
functions can also be described in terms of logic; if G
is of arity k we define a function G: (LP)* — P;(LP),
from vectors of formulae to finite sets of formulae, with
the property that g([é1], ..., [¢:}) = [G(¢)]; on the
left hand side g represents the semantic function ap-
plied to the elements [¢1], .. ., [#:] while on the right
hand side G is a function applied to a vector of for-
mulae and the resulting finite set of formulae is inter-
preted in the obvious way using V.

The function {r} over formulae is defined by the
two clauses

e w{r}=w

o ({e)(@)¥){r} = r(c)(¢)¢ where § = p{r}.

The main difficulty is in defining the parallel function
Alg. This is given in tabular form in Figure 3, where
some of the symmetric cases have been omitted. To
make these definitions more compact we have used the
notation (c)(4)% to mean (n?)¢ => ¢ when cis m? and
(mh[g]y when it is m!.

Theorem 3.3 g([¢1],...,[¢x]) =
G in Auzr.

[G(8)] for cvery

Proof: By structural induction on ¢. m}

Next we show that the interpretation of the pro-
cess language in the denotational model can also be
captured in a logical form. We design a program logic
whose judgements are of the form

T A: ¢

where ¢ € L4 for each A = P,F,C and T is an as-
sumption. A assumption is a finite map from X to
non-empty finite subsets of £F. We will actually rep-
resent these finite subsets as vectors of the form 4.
Let I'(X) denote w whenever X is not in the domain
of I and I'[X — ¢] represent the assumption obtained
from T in the obvious way — it coincides with T for

a:ﬂ a.AlBﬁ

w,w w

w,{c)(d)y  {w}
U{{e)e)¥ 1E€d, ceB}

(n?)¢ — 9,

(m?)¢' — ¢ {w}
U{{nT)¢—E|E€vulsB neA)
U{(nMw—€¢|é€walsB neAd)
U{(m?¢' —~E|Ecaulsy, meB}
U{{mNw — €| €aulsw, meB}

(n)){g]¥,

(mgly  {w}
U{{(n))[gJE |6 €Y als B, ne A}
U{(m)[gl | € € auls ¥, m e B}

(n?)¢ — ¥,

(m)gly (v}
U{(nNp—¢|E€valsB, neA)
U{("")w—*flféw.«lsﬁ neAl
U{(m)[glE|E € aulsy’, meB}
U{flewAlsl/)', m:n}
U{{l€€dulsy, LF¢ <¢ m=n}

Figure 3: The parallel operator on formulae

every name except X which it maps to ¢. We will
alsouse I' % 4 : ¢ as an abbreviation for the k Jjudge-
ments T F* A:¢;, 1 <i<kand by and large we
omit the superscripts from consequence relations, ren-
dering ¢ as F-. The rules for deriving judgements are
given in Figure 4. Note that the rule AuxR uses the
interpretation of the auxiliary operators over the for-
mulae. In order to establish that the process G(T)
satisfies a property ¢ in general it is necessary to es-
tablish that each T; satisfies ¢; for a vector of formulae
¢ such £+ G(¢) < ¢. This is not a very practical way
to proceed and a more realistic program logic would
replace the rule AuxR with individual rules which use
the syntactic structure of the terms G(T). However
the present rule is adequate for our purposes.

This program logic can be interpreted over the
denotational model in the following manner. For
0 € ENVleto |=Tif[[(X)] < o(X) for all X. Then
we write T' =% A : ¢ if & |= T implies [¢] < [A]o.

Proposition 3.4 (Soundness) I' F* A : ¢ implies



General :
THFe A: ¢, LH$< Y
LR TH A ¢
Processes :
NR L[X —¢g]F X : ¢;
wR TH T:w
TH F:¢
PreR T n?F : (n0)9
TFC: ¢
T F? alC: (nl)¢
. TH T: ¢
JoinR TPT+U:¢
THT:¢
TP U+T ¢
TH F:¢p—, TH T: ¢
ApR TP FT 9
TH Ti:¢i, LFG($) <y
AuxR T G ¥
Abstractions :
T[X — ¢|FP T : ¢
FunR, TH (X)T:¢— 9
Concretions :
PT. [ 2
ConR TH T:¢, TH U : ¢

TH[TIU : [g]v
Figure 4: The program logic
'E"A:¢

Proof: It is sufficient to show that T' % A : ¢
satisfies the defining rules of I' F* A : ¢. Note that
the rule AuxR is justified by Theorem 3.3. (m]

Theorem 3.5 (Completeness) ' =* A : ¢ implies

TH* A: ¢

Proof: For any assumption I' let or be the envi-
ronment defined by er(X) = [['(X)]. Then one can
show by induction over A that [#] < [A]or implies
T'+2 A: ¢. The result now follows because or = I' O

We can also interpret the program logic using the
realizability or observational interpretation of section
two. Soundness is straightforward but the more diffi-
cult completeness will be given in the next section.

If p is a closed substitution we write p |=° T if for
every X € X p(X) EC T(X) and T % A : ¢ if
p E° T implies A |= ¢. Note that T =° A : ¢ refers
to the operational behaviour of A while ' 5% A : ¢
refers to its denotational interpretation.

Proposition 3.6 T+ A : ¢ impliesT =° A: 4.

Proof: Again it is sufficient to prove that the relation
T =9 A: ¢ satisfies all the defining rules of T A : ¢.
Q

4 Full Abstraction

In this section we prove the main results of the pa-
per, connecting the denotational interpretation with
the various behavioural preorders.

First some notation. Each element p of P may be
considered as a pair of functions which we denote by
pr and p» respectively. Moreover for each n in N it
will be convenient to denote pi(n) and pz(n) as p(n!)
and p(n?) respectively. The first lemma shows that
the denotational interpretation is consistent with the
operational semantics.

Lemma 4.1 1. For c of the form m? or m!, P -*»
A implies [A]L < [P)(c)

2. P 5 Q implies [Q] < [P].
Proof: Both statements are proved simultaneously

by induction on the length of the derivation of the
operational judgements. o

As an immediate corollary we have the following ade-
guacy result:



Theorem 4.2 (Adequacy) P | if end only if [P} #
1.

T

Proof: First suppose that P |, i.e. P —* P’ — for
some ¢. The first part of the previous lemma implies
[P}(c) # L while the second part implies [P’} < {P],
i.e. [P}(c)# L and therefore that [P]# L.

Conversely suppose [P] # L, i.e. for some
¢, [PY(c) # L. Then by the completeness theorem
for the program logic, Theorem 3.5, + P : {c)w. By
the soundness of the program logic with respect to
the realizability interpretation, Proposition 3.6, =%
P:{cw,ie P=>.

Note that we have in fact established the slightly
stronger result: P == if and only if [P]J(c)# L O

As an immediate corollary we have one direction of
the full abstraction result:

Corollary 4.3 For closed terms [P]
P C,Q

< [Q] implies

Proof: Let C[ ] be any closed context such that
C[P] =>. We must show that C[Q] == which, by the
adequacy result is equivalent to showing [C[@]](c) #
L But [P} < [Q] implies [CIP] < [C[QI]
and another application of the adequacy result gives

[C[PlI(c) # L. It therefore follows that [C[QI}(c) #
4. ]

To prove the converse we need a a definability result.
Theorem 4.4 (Definability) For every n,i € N and
¢ € LP there exists a closed process term Py and e
closed abstracti?n term F‘g" of the form (X)(T;" {n}le
X), where Ty" is closed, such that for any n,i not
occurring in @

1. foralld € P, [n'] < [F}*]d if and only if [$] < d
2. [P3*1=[4l.

Proof: For convenience we use T " U to denote the
term T g|p—gn} n?(Y)U where Y is some variable not

occurring in U. First suppose we have defined F;i",
where ¢ = ¢ ...¢r Then we let F;"'. denote the term

(X)(TG myle X)n — i) ™ (. (T3 (nyle X)..))

where [n — 3] denotes the renaming which renames n
to ¢ and leaves all other names untouched. In a similar

vein if P;" have been defined we let P, * denote Py 1" +

+ Py and trivially [P3*] = [P"]v ...V [Py
The definitions of the required terms are by induction
on the structure of ¢:

ow )
Py = Land F}* = (X)(n! (n}ls X)
o (m7)p — ¢

Fg' = (X)(m[Py 11" (n)ls X) and Py =
m(X)(Fg X o Py*)

o (m)[gle '
Fpt = (X)m2X)(Fg*X[n — i] p"
X) and P:’i = m![Pg"]P‘Z".

T m)le

The proof that these terms have the required proper-
ties is carried out by structural induction on formulae.
It depends on the fact that [Fy” *}d is either L or [n’]]
for every d.

Theorem 4.4, together with adequacy, gives a con-
verse:

Proposition 4.5 For closed terms P T - Q implies
(Pl < [Q]-
Proof: To prove [P] < [@] it is sufficient to prove
[#] < {Q] for any ¢ such that [¢] < [P]. Forsuch a ¢
the definability theorem implies that [n!] < [F§" 1P,
for all n, ¢ not appearing in ¢, which can be rewntt@n
as [Fg '][P](n') ;!: 1. By the adequacy theorem this
1mp11es Fn P2 general Fy iR =% if and only
Q it follows that

F" 'Q = which, again by the adequacy theorem, im-

plles [~1<[Fy *I[Q]. Employing the definability re-
sult once more we obtain [¢] < [Q]- m]

if Ty {n}lp R=% and since P C

As an immediate corollary we have

Corollary 4.6 (Full Abstraction) For closed terms
P EOQ if and only if P ETQ if and only if
P 5, Qi and only if [P] < [Q].

Proof: One can easily establish that T is con-
tainedin O r and therefore Corollary 4.3 and Propo-
sition 4.5 establish that the both of these coincide

with the preorder generated by the model. Because



of Proposition 3.6 it is therefore sufficient to show
P =° ¢ implies - P : ¢. By the completeness result
Theorem 3.5 this is equivalent to showing P =° ¢
implies [¢] < [P]. The more general result 4 [=° ¢
implies [¢] < [A] for A any closed process, abstrac-
tion or concretion term, can be established by induc-
tion on ¢; the case when ¢ has the form (c)y uses
Lemma 4.1 while the case ¢ — ¢ depends on the fact
that [P;“] = [¢] for any n,i not occurring in ¢ and

therefore, by Proposition 3.6, that PyiE® ¢. o

5 Conclusions

We have presented a semantic model of higher-
order processes and shown it to be fully abstract with
respect to a number of observational preorders. But
these results raise many questions, some quite specific
about our technical development and others more gen-
eral.

It has been shown in [San92] that higher—order pro-
cess languages can be simulated in the 7-calculus but
this is not to say that such languages are superfluous.
They may provide convenient specification formalisms
at an appropriate level of abstraction for describing
the behaviour of sophisticated systems such as dis-
tributed operating or control systems, [LB92]. If this
is the case then what kind of combinators should such
a language have and can we model them using this se-
mantic domain? Another question concerns the chan-
nel scoping mechanism used in the language. As we
have seen P is adequate for modelling dynamic scoping
but it has been argued in [Tho90] that static scoping
of channels leads to a more natural language. At the
moment it is not clear how to amend the definition of
P so as to correctly model static scoping.

The program logic presented in section 6 provides
the theoretical basis for a proof system for deriv-
ing properties of higher—order processes. As already
pointed out this logic is not very realistic as to prove
a parallel process p 4| ¢ has a property ¥ it is nec-
essary to find two formulae ¢;, ¢ such that we can
prove that p has the property ¢; and ¢ ¢2 and then
prove that the characteristic formula ¢1 4|s¢2 logically
implies 9. However this rule Auz R could, at least in
the case of the parallel operator, be replaced by more
useful or easily applicable rules. The exact form these
replacement rules should take remains to be seen.

Another line of possible future research concerns
the behavioural preorders being modelled. That stud-
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ied in the present paper is very weak, at least com-
pared to many preorders defined for first—order pro-
cess calculi. For such calculi it essentially corresponds
to trace inclusion: P < @ if every sequence of ac-
tions which P can perform can also be performed by
Q. This is very weak as it does not take into consid-
eration the possible deadlocks or divergences of pro-
cesses. For example it does not distinguish between
the process a.P and a.P + a.NIL or a.P + a.Q2 where
Q represents some process which can only perfcrm
an infinite internal computation. There are a large
number of more discriminating behavioural preorders
and equivalences in the extensive literature on pro-
cess algebras, for example bisimulation equivalence
[Mil89)], failures equivalence [Hoa85] and the testing
preorders of [Hen88]. These may easily be extended
to higher—order processes and the approach to be-
havioural preorders in the definition of T _ can also
be strengthened so as to include information on dead-
lock. The simplest modification is to base the basic
comparison < between processes not on their ability
to perform actions but on their ability to converge:
P | if there is no infinite internal computation from
P, P P ... 5 and P may | if there ex-
ists some @ such that P = Q and Q {. The besic
comparison could now be defined by

P < Q if P may || implies P may {}.

The resulting behavioural preorder is different than
that which we have studied as it differentiates NIL
from 2 whereas they are identified in our theory. An
even stronger comparison could be defined by

P < Qif P implies Q §.

This leads to a behavioural theory which in general
differentiates between processes of the form a.P, a.P+
a.NIL and a.P + a.Q. It remains to be seen if fully
abstract denotational models can be constructed for
these theories.

Appendix: The auxiliary functions

To interpret the auxiliary functions over the domain
P it is convenient to introduce some notational con-
ventions. The first concerns the “lifting” operation.
Suppose {(z) is a meta-expression involving the vari-
ables z with the property that t(v) € E for all values
v; from a set E*. Then if w; € EY, t(w) denotes the
value in F; determined by

t(_@:{ 1 if Jw; = L

t(v) otherwise where w; = (),



The second convention is a convenient way of describ-
ing functions over tensor products. Let A(di,d2) €
Dy x D,.t represent a rightlinear function in [Dy x
D; — E]. Then we use /\er(dl,dz) € Dy x Dyt to
represent its unique extension to a linear function in
[Dy ® Dy — EJ.

The most difficult function to define is that cor-
responding to the parallel operator 4|g. Informally
the definition simply mimics the usual interleaving
interpretation of parallelism. Formally it takes the
form Y Parg,p where Y is the least fixpoint operator
and Parg g is a function of type [P x P — P] —
[P x P — P]. Intuitively if F is of type PxP — P
then Par4gF, when applied to two processes z and
y calculates the resulting process by “unioning” to-
gether three different components. The first considers
possible moves from z and calculates their residuals
by applying F recursively, the second does the same
for y while the third calculates the possible results of
communication between z and y using any channel in
N. Formally ParagF(z,y) is defined by

Vimea MinAd € P.F(z(m?)d,y)
V Mgy Cl(m)

\Y
Vmes MinAd € P.F(z,y(m?)d)
V Moyt Cr(m)
\
Vmex (X®(d,d') € P x P.F(z(m?)d, d) Jy(m!)
V(28" (d,d') € P x P.F(d', y(m?)d) )z(m!)
where
Clim) = (A®(d,d)€ D x Dd® F(d',y))z(m!)
Cr(m) = (A8 (d,d)€eP xP.F(z,d)® d)y(m!)

The other auxiliary function, renaming, is handled in
a similar manner. It is interpreted as Y Ren, where
for each renaming r Ren,:[P — P] — [P — P]
is defined by

Ren . Fz = \/ r(m)inAd € P.F(z(m?)d)
meN
V r(m!)ou:C(m)
where

C(m) = (A% (d,d) € P x P.dQ®" F(d') )z(m!)
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