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Abstract

Kohn-Sham Density functional theory (KS-DFT) has become an essential tool in com-

putational chemistry. It provides accurate simulations of the electronic structure for

a wide range of periodic or molecular systems. Nevertheless, there is computational

overhead associated with the iterative self-consistent field (SCF) process, which re-

mains a significant bottleneck for large-scale DFT calculations. The convergence of an

SCF approach depends on various factors; one of them is associated with the choice

of initial guesses for the density matrix (DM). If the initial guess DM is close to the

final converged one then the SCF approach yields fast convergence, hence, the DFT

calculations can be accelerated. However, a poor guess can lead a DFT calculation to-

wards non-converged outcomes. This thesis aims to accelerate the SCF scheme in DFT

by implementing machine learning (ML) governed approaches that predict DMs and

serve the needs of better initial guesses for the SCF process. Finally, this may enable ef-

ficient, non-self-consistent molecular dynamics (MD) simulations. For this thesis, two

different ML-based schemes were developed; one using neural network architecture

to predict initial guesses for the DMs and another employing atomic descriptors to

predict real-space electron density and then constructing KS-Hamiltonian to compute

the DMs. These two schemes have been implemented with the PySCF (1, 2) electronic

structure package, which always starts DFT calculation from the guess DM and uses

the Gaussian type orbitals for molecular calculations. In PySCF, the standard choice

of initial guess includes the superposition of the atomic densities (3, 4), one electron

guess (5), atom guess (6), etc. Our neural network (NN) predicted initial guess for

DM can be an excellent choice, which demonstrates a significant reduction in SCF it-
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erations compared to any other familiar guesses, and for the DM prediction atomic

positions are used as the inputs. Furthermore, we applied this ML-based approach to

generate the inter-atomic forces from non-self-consistent DFT calculations for conduct-

ing MD simulations using LAMMPS (7) simulation software. The major disadvantage

of this NN-predicted approach is that the density matrices are rotationally contravari-

ant. Since our NN does not explicitly enforce this property, it may generate density

matrices that are inconsistent with physically expected transformations, limiting its

flexibility and generalization. As a result, we applied these NN-based predictions only

to molecules oriented in a specific direction.

Alternatively, in this study, we show that an ML density-based approach offers a new

way to predict the DM. Thereafter, this matrix serves as an optimized initial guess for

the DFT self-consistent process, requiring only a single iteration to compute atomic

forces and energies necessary for molecular dynamics simulations at various temper-

atures. Compared to traditional alternatives for the initial guess, our density matrix

exemplifies a better choice. Furthermore, PySCF does not directly provide the Kohn-

Sham Hamiltonian from the electron density, and consequently, the DM, since the DM

is obtained through the diagonalization of the KS Hamiltonian, which is crucial for

our study. This limitation arises because the Coulomb matrix can not be computed

from the density in PySCF. Here we detail the incorporation of the Coulomb repul-

sion matrix over Gaussian-type orbitals in PySCF, which enables the construction of

the Kohn-Sham Hamiltonian directly from the electron density. These advancements

pave the way for more efficient DFT-based workflows, making high-accuracy simula-

tions accessible for complex molecular systems and real-time MD studies via PySCF

and LAMMPS.
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1 | Introduction

Kohn–Sham density functional theory (KS-DFT) (9, 10, 11, 12, 13, 14) has emerged as

one of the most powerful tools in quantum chemistry and material science, enabling

accurate predictions of electronic structures for a wide range of systems. In materials

science, materials can be categorized based on different criteria. One common ap-

proach is to classify them according to their chemical bonding and electronic structure.

The properties of materials can be determined by how they are constituted. Primarily

depends on electronic or ionic arrangements. For example, the bulk modulus of a sys-

tem is defined by how much the atoms or molecules in the associated crystal change

when it is subjected to pressure, temperature of a substance depends on how its elec-

tron changes their state. Thus, theoretical understanding of properties of different ma-

terials demands a deep knowledge of how the atoms, ions and electrons forming it are

arranged and how their distribution responds to external influences. The theoretical

observation is based on the wavefunction of the systems. The wavefunction is calcu-

lated by solving the famous Schrödinger equation (15, 16). Thus, an understanding

of what a wavefunction represents and how the various properties are obtained from

it is crucial from the perspective of theoretical material research. Furthermore, the

Schrödinger equation is a complicated differential equation and can be solved only for

a limited number of chemical systems. It is therefore equally important to understand

how its solution can be generalized by introducing some reasonable approximations,

and how the corresponding equations can be solved on computers with numerical sta-

bility. These theoretical methods and the associated numerical techniques have been

developed ever since the Schrödinger equation was established and have evolved to

1



Chapter 1. Introduction

become much more accurate and efficient with time. Among the various theoretical

approaches, a significant preference for material scientists or computational chemists

is the DFT. However, despite the various aspects of these computational techniques,

the electronic-structure methods developed to calculate energetic stability, equilibrium

configurations, and mechanical or electronic properties are often quite similar. Tradi-

tionally, such properties have been studied within a T = 0 K framework, but recent

advances in various computational chemistry methods and efficient computing for ac-

curate free energies now make it possible to extend these analyses to finite tempera-

tures. In DFT, local density approximations (LDA) (17) and semilocal functionals, such

as the family of generalized gradient approximations (GGA) (18, 19), are widely used

because they offer a balance of high computational efficiency and often surprisingly

good accuracy. Unlike Hartree–Fock–based methods, which can be systematically im-

proved by enlarging the many-body wavefunction, systematic refinement of the ex-

change–correlation (XC) functional, though formally possible (20), is numerically im-

practical. As a result, there is no universal way for benchmarking the performance of

different functionals. Therefore, it becomes critically important to evaluate the reliabil-

ity and predictive power of XC functionals by carefully comparing their results with

selected experimental data. Due to the computational efficiency and predictive accu-

racy, this approach has become a cornerstone for studying various molecular systems

and material properties. Primarily, KS-DFT (13) is a widely used framework in quan-

tum chemistry for multiple prospects, either for chemical or periodic systems (21, 22).

DFT has established itself as one of the most powerful and widely used methods

for electronic structure calculations, bridging quantum mechanics and material sci-

ence. At its core, DFT rests on the Hohenberg–Kohn theorems(9), which guarantee

the existence of a universal functional for the electron density. This principle yields

the exact ground-state energy of a many-electron system. Kohn and Sham’s intro-

duction of the auxiliary non-interacting reference system further revolutionized the

theory, making practical calculations possible by shifting the complexity into an ex-

change–correlation functional. Since then, DFT has become the method of choice for
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predicting structural, electronic, and dynamical properties of molecules, solids, and

surfaces due to its standard balance between precision and computational cost com-

pared to wavefunction-based methods such as Configuration Interaction (23) or Cou-

pled Cluster theory (24). The central challenge in DFT remains the construction of

accurate exchange–correlation (XC) functionals. The straightforward approximations,

such as LDA, captured essential physics by assuming a uniform electron gas reference,

which means it only depends on electron density, but often struggled with chemical

accuracy. The subsequent advancement in functionals is GGA, exemplified by func-

tionals like PBE (Perdew–Burke–Ernzerhof) (25) and BLYP (26, 27), improved upon

LDA by incorporating the gradient of the electron density; they lead to significantly

better performance in molecular geometries, binding energies, and surface science ap-

plications. Despite these advances, GGAs still suffer from systematic errors, such as

self-interaction errors and underestimation of band gaps. To address these limita-

tions, the field saw the development of hybrid functionals, which mix a fraction of

exact Hartree–Fock exchange with GGA correlation. Popular hybrids such as B3LYP

(28, 29, 30) have become standard tools in chemistry and materials science, offering im-

proved accuracy for thermochemistry, molecular properties, and electronic band struc-

tures, but at a higher computational cost. Beyond GGAs and hybrids, meta-GGAs and

range-separated hybrid functionals represent further refinements in the DFT approach.

Meta-GGAs, like SCAN (Strongly Constrained and Appropriately Normed) (31), in-

clude dependence on the kinetic energy density and satisfy more known constraints of

the exact functional, enabling a higher degree of transferability across different bond-

ing environments. Range-separated hybrids, such as ωB97X − V (32), partition the

electron–electron interaction into short and long range components, which improves

the description of localized and delocalized electronic states simultaneously. These

developments reflect a steady progression toward functionals that are more physi-

cally grounded and systematically improvable. However, despite these advances, the

“Jacob’s ladder” (33) of DFT approximations still reflects significant challenges unre-

solved, especially in strongly correlated systems, charge transfer excitations, and van
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der Waals interactions. A major breakthrough in recent years has been the develop-

ment of functionals and correction schemes to explicitly capture nonlocal correlation

effects, particularly dispersion interactions. Traditional LDA and GGA fail to account

for long-range van der Waals forces, which are crucial for biomolecules, molecular

crystals, and layered materials. The state of the art in DFT is also marked by the inte-

gration of many-body physics. Methods such as DFT+U (34, 35), DFT+DMFT (Dynam-

ical Mean Field Theory) (36, 37), and GW+DFT (38, 39) hybrids have been developed to

address cases where standard functionals fail, particularly in strongly correlated mate-

rials such as transition metal oxides and f-electron systems. These extensions combine

the efficiency of DFT with explicit treatments of electron correlation beyond mean-

field levels, allowing researchers to probe electronic, magnetic, and transport prop-

erties with higher reliability. In parallel to methodological advances, computational

innovations have significantly enhanced the reach of DFT. Real-space grids, linear-

scaling methods, and efficient pseudopotential formalisms have extended the applica-

bility of DFT to systems with thousands of atoms. Plane-wave implementations such

as VASP (40), Quantum ESPRESSO (41), remain dominant in solid-state physics, while

localized basis set codes PySCF (1, 2) excel in molecular systems. Moreover, high-

performance computing (HPC) architectures and GPU acceleration have enabled DFT

simulations on unprecedented scales, pushing into time-resolved studies and large-

scale materials or drug discovery projects. The rise of high-throughput computational

materials databases such as the Materials Project, AFLOW (42), and NOMAD (43) is

a direct consequence of the scalability and robustness of modern DFT implementa-

tions. Despite its successes, DFT continues to face fundamental challenges. The exact

exchange–correlation functional remains unknown, and approximations inevitably in-

troduce systematic errors. The self-interaction error, delocalization error, and underes-

timation of band gaps persist across many standard functionals, while treating strongly

correlated systems remains a grand challenge. Furthermore, the balance between accu-

racy and efficiency continues to shape functional development: highly accurate meth-

ods often scale poorly, while efficient functionals may lack accuracy. Nevertheless, the
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rapid pace of innovation, driven by theoretical aspects, computational involvement,

and machine learning integration, suggests a vibrant future for DFT. Rather than be-

ing a finished theory, DFT is evolving into a versatile framework at the intersection of

physics, chemistry, biology, materials science, and computer science.

KS-DFT provides a practical route by reformulating the many-electron problem in

terms of the electron density rather than the many-electron wavefunction. KS-DFT uti-

lizes an iterative self-consistent field (SCF) to produce converged results. Hence, get-

ting an overview of the SCF process is crucial for understanding how KS-DFT works in

practice and appreciating why KS-DFT simulation can be computationally demanding.

The SCF approach is an iterative algorithm used to solve the Kohn–Sham equations,

which are a set of single-particle equations derived from DFT. In the KS approach, one

maps the interacting many-electron system onto a non-interacting one-particle system

that reproduces the same ground-state electron density. The iterative SCF approach is

the heart of every DFT calculation. Without it, one cannot establish the electron den-

sity that makes the KS Hamiltonian internally consistent. In other words, this iterative

scheme is the bridge between the formal equations of DFT and their practical imple-

mentation using numerical advancements. The convergence of SCF also determines

the reliability of the results. If SCF fails to converge—for example, in systems with

challenging electronic structures such as transition metals, strongly correlated mate-

rials, or near-degenerate states—then the predicted properties (energies, forces, band

structures, etc.) will be unreliable. However, considerable effort in electronic struc-

ture software development has included various advanced SCF convergence schemes,

which we will discuss later. Moreover, SCF influences not only the total energies but

also DFT-derived quantities such as atomic forces and stress tensors in the case of pe-

riodic systems. This makes it indispensable for applications like molecular dynamics,

geometry optimization, and materials property prediction. Crucially, every step in

these workflows requires a converged SCF process. The SCF procedure is also the pri-

mary factor determining the computational cost of DFT simulations. The bottleneck
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arises because each SCF iteration requires diagonalization of the KS Hamiltonian (or

Fock matrix), which scales cubically with system size in standard approaches. For

a system with N basis functions, diagonalization is O(N3), and multiple iterations

(often 10–50) are needed until convergence is achieved. Thus, the overall cost is sub-

stantial, especially for large molecules or extended systems. Actually, there are several

reasons that affect the computational cost of the SCF scheme. System size: As the num-

ber of atoms increases, so does the number of basis functions, making diagonalization

progressively more expensive. Basis set quality: A larger and more accurate basis

improves results but increases the cost of Hamiltonian construction and diagonaliza-

tion. SCF convergence rate: Poor convergence behaviour, often due to challenging

electronic structures, can lead to a significant number of SCF iterations, significantly

raising computation time. Parallelization efficiency: Modern DFT codes attempt to

mitigate the cost through distributed-memory parallelization, GPU acceleration, and

linear-scaling methods. Because of this cost, researchers are actively exploring alter-

natives and improvements, such as machine learning surrogates to reduce the SCF

iterations. The SCF process initiates with a guess solution for the density matrix (DM),

called the initial DM or initial guess. The efficiency of the SCF approach significantly

depends on the choice of the guess DM. In recent years, various DFT packages have

incorporated different strategies within iterative SCF algorithms (SCF solvers) to accel-

erate the SCF process. For decades, the quantum chemistry community has explored

various mathematical techniques to enhance this process, achieving various degrees of

success. To date, several mathematically driven techniques have been developed and

implemented to optimize this scheme. For instance, consider the update protocol for

the DM in a DFT calculation, where small incremental changes to the DM are allowed

between iterations to facilitate convergence. In practice, this approach requires the

careful tuning of adjustable input parameters to strike a balance between minimizing

the number of SCF iterations and ensuring convergence. Among the various strategies

for SCF acceleration, the direct inversion of the iterative subspace (DIIS) method, in-

troduced by Pulay (44, 45), stands out as one of the most widely adopted techniques
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for achieving efficient SCF convergence. From the methodological development point

of view, DIIS is the most efficient SCF-solver for obtaining convergence once the solu-

tion is close to a minimum (46). Various optimization techniques have been proposed

to enhance DIIS convergence, including damping (47), level shifting (48, 49), and ex-

tensions of the DIIS algorithm, such as EDIIS (46) and ADIIS (50). As an alternative

to the conventional SCF process, a direct minimization protocol can also be employed.

One such method is the quadratically convergent self-consistent field approach (QC-

SCF) (51). However, the QC-SCF method is computationally more demanding than

standard SCF schemes due to the requirement of evaluating the exact Hessian of the

total energy with respect to density matrix elements. An alternative to the DIIS scheme

is the second-order SCF optimization (SOSCF) algorithm (50, 52). SOSCF (Newton or

quasi-Newton methods) directly minimizes the function gradients with the help of the

Hessian matrix (50). Furthermore, in addition to self-consistent KS-DFT, a few dif-

ferent schemes have been introduced within DFT, one of them being orbital-free DFT

(OFDFT)(53, 54, 55, 56, 57). In principle, the motivation for using OFDFT is to replace

the expensive KS-orbital calculations and to express various DFT energy contributions

in terms of the electron charge density only. The advantage of OFDFT over KS-DFT is

that OFDFT is computationally less demanding and, hence, most often applicable to

larger systems. However, OFDFT is less accurate in comparison to KS-DFT.

The initialization of molecular orbitals (MOs), electron density, and DMs plays an im-

portant role in the success of performing the SCF process in both HF and KS-DFT

calculations. The choice of the initial guess largely determines the number of SCF it-

erations required, the robustness of convergence, and in some cases even the physical

correctness of the solution obtained. Poor guesses can lead the result in charge mis-

localization, variational collapse, or convergence to an undesired solution, while well-

constructed guesses often provide rapid and stable convergence. Over the decades,
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different strategies have been developed and are now integrated into modern quan-

tum chemistry and electronic structure packages, reflecting a balance between sim-

plicity, robustness, and chemical realism. Regardless of the approach utilized to op-

timized MOs, an initial guess is necessary. Orbital optimization is usually simpler,

the closer the initial guess is to the converged result. For a note, the optimisation

problem can also be reformulated in the case of HF and KS theory (58). The most ba-

sic and historically earliest method is the core Hamiltonian (HCore) or “one-electron”

guess (5), where the one-electron Hamiltonian (kinetic energy plus nuclear attraction)

is diagonalized in the atomic orbital basis to obtain an initial set of orbitals. This ap-

proach is exact for single-electron systems and sometimes sufficient for very small

molecules, but in larger or multi-electron systems it can produce unrealistic electron

distributions by neglecting electron–electron interactions. More chemically grounded

alternatives emerged in the form of superposition of atomic densities (SAD), which

constructs the molecular density by summing precomputed atomic densities of iso-

lated neutral atoms placed in the molecular coordinates. SAD captures approximate

charge distributions and shell structures more effectively than HCore and has become

the standard default in many codes. Refinements to SAD include the use of minimal

atomic orbital projections (MINAO) (3, 4) or the superposition of atomic potentials

(SAP) (59), both of which improve transferability and reliability in large or diffuse

basis sets. In practice, codes such as PySCF, Gaussian, and Q-Chem expose SAD, MI-

NAO, and SAP as default or optional initial guesses, with SAD/Harris guesses form-

ing the backbone of robust SCF starts in most molecular applications. In the domain

of density-matrix–based methods, which have grown in importance with the develop-

ment of linear-scaling electronic structure approaches, the initialization problem is re-

cast. Rather than constructing MOs explicitly, these methods directly optimize the DM

subject to idempotency and electron-count constraints. Here, the initial guess can be a

simple Hermitian matrix with the correct trace, which is then “purified” via iterative

schemes such as McWeeny purification (60) or the Palser–Manolopoulos method (61).

These purification algorithms project a noisy or approximate density matrix smoothly
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toward an idempotent projector, providing a physically admissible starting point with-

out diagonalization. Such strategies are central in large-scale solvers, where direct

diagonalization is prohibitive. Related approaches based on density-matrix minimiza-

tion or localized subspace construction similarly provide robust density matrices that

can either be used directly or serve as starting points for conventional SCF schemes.

Finally, recent developments point toward machine learning–assisted initial guesses.

Models such as DeepSCF (62) predict electron densities directly from atomic coordi-

nates, once implemented with a few SCF steps, converge significantly faster than tra-

ditional methods. These approaches are especially attractive for molecular dynamics

and high-throughput screening, where thousands of related structures require efficient

SCF convergence. The combination of ML-predicted densities with conventional SCF

polish represents a promising new frontier in electronic structure initialization. In sum-

mary, the state of the art in initializing MOS, densities, and DMs includes a broad

spectrum of strategies, from simple analytic guesses like HCore and SAD, to sophisti-

cated fragment and projection schemes, to DM purification. For molecules, SAD and

MINAO/SAP-style guesses provide the most reliable starting point, while in periodic

systems, initialization relies heavily on smearing and spin-polarization settings. The

consensus across modern electronic-structure packages is clear: while available meth-

ods like SAD/Harris are sufficient for many cases, thoughtful initialization tailored to

the system at hand remains an essential ingredient for reliable and efficient SCF con-

vergence.

Machine learning (63, 64) is a branch of computer science and artificial intelligence that

focuses on building computational approaches adaptable of learning patterns from the

given data and able to determine results without being explicitly programmed for ev-

ery possible situation. Unlike traditional algorithms, where rules are manually defined

by a human, machine learning systems rely on programs that can automatically detect

structure in large amounts of information, adapt over time, and improve their perfor-

mance with learning patterns from the data. At its core, machine learning is about
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teaching computers to generalize from examples. When given scientific or experimen-

tal data, these algorithms construct models that capture the underlying relationships

between input variables and target outputs. Once trained, the models can make pre-

dictions on new, unseen data, which makes ML highly powerful in domains where

explicit rule-writing is impractical, such as image recognition, speech processing, nat-

ural language understanding, and complex scientific simulations. The foundation of

machine learning lies in statistical schemes, optimization, and data representation. Al-

gorithms learn by minimizing the error between their predictions and the actual out-

comes from a reference dataset, adjusting their internal parameters iteratively to better

fit the data. This process is often guided by mathematical techniques such as gradient

descent (65, 66) and probability theory (67, 68) , which help identify the most accurate

and efficient representations of relationships hidden in the data. Different approaches

to ML exist, broadly differentiated into supervised (69), unsupervised (70), and rein-

forcement learning (71). In supervised learning, the algorithm is trained on labeled

data, where the correct answers are known, enabling it to learn mappings between in-

puts and outputs. In unsupervised learning, the system learns how to uncover hidden

patterns or groupings in unseen data, such as clustering similar items or reducing di-

mensionality. Reinforcement learning is a branch of ML that aims at how the decision-

maker that performs actions (agents) can learn through trial and error, and then it gets

rewards for good actions and penalties for a substandard ones. Hence, over time, it de-

velops an approach to maximize getting rewards and finally achieve the goal. One of

the reasons ML has become so game-changing is the exponential growth in data avail-

ability and computing resources. Modern methodological advancement generates vast

amounts of information from sources like sensors, experiments, digital communica-

tion, and online platforms. Traditional methods of analysis often struggle to process

such complex, high-dimensional datasets, but machine learning thrives in these envi-

ronments. For instance, ML can analyze millions of medical images or data to detect

subtle signs of various diseases (72), predict financial market trends from streams of

economic indicators, or accelerate scientific discovery by simulating molecular interac-
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tions at a fraction of the cost of conventional computations (73, 74). Moreover, the rise

of specialized hardware such as graphics processing units (GPUs) and tensor process-

ing units (TPUs) has enabled ML models—especially deep learning neural networks

to scale dramatically, achieving breakthroughs once thought impossible. Beyond its

applications, ML also represents a transition that how we think about computation it-

self. Instead of designing systems that rigidly follow human-created instructions, ML

emphasizes adaptability and autonomy. It provides tools for dealing with uncertainty,

ambiguity, and complexity, which are hallmarks of real-world problems. This does not

mean that machine learning is without challenges. Issues such as interpretability, bias,

fairness, and the need for vast amounts of labeled data remain active areas of research.

Nevertheless, the growing combination of ML with fields like physics (75, 76), biology

(77), and engineering (78) demonstrates its importance as a general-purpose computa-

tional method. A specialized branch, deep learning, employs neural networks to cap-

ture hierarchical representations of data, making it particularly effective for complex

tasks such as image and speech recognition (79). Transfer learning enhances efficiency

by leveraging knowledge gained from one task to improve performance on another

(80). Bayesian methods incorporate probabilities to model uncertainty (81), while en-

semble methods improve accuracy by combining multiple models (82). Support Vector

Machines (SVMs) further contribute by identifying optimal decision boundaries (83).

By enabling computers to learn from experience and continuously improve, machine

learning has become one of the defining advancements of the 21st century in the do-

main of technologies, reshaping how one can interact with machines and how we solve

problems efficiently that were once beyond our reach.

In modern research, machine learning has become a dominating tool within materi-

als science domain, allowing for fast and accurate analysis of complicated material

properties, predicting new materials with desired characteristics, and optimising fab-

rication procedures. With previously unseen insights into the molecular and atomic

levels of material behavior, its implementation also includes improving material dis-

covery, design, and performance prediction (84). Machine learning techniques have
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enormous potential to revolutionize how we comprehend, work with, and immense

in materials science as they develop (85). Machine learning encompasses a variety of

techniques that enable computers to learn from data and make informed decisions (86).

Collectively, these approaches power innovation across diverse fields, significantly ad-

vancing the capabilities of artificial intelligence. Machine learning has revolutionized

materials synthesis by enabling a wide range of applications. Predictive models allow

for rapid property estimation, thereby accelerating the selection of materials for spe-

cific functions (87). By uncovering complex structure–property relationships, machine

learning facilitates the targeted design of materials with desired characteristics (88).

High-throughput screening further enhances efficiency by enabling the rapid evalua-

tion of extensive material libraries (89). Process optimization techniques refine fabrica-

tion parameters to achieve optimal performance (90). Data-driven discovery acceler-

ates innovation by identifying promising candidates within large datasets (91). More-

over, generative models contribute by creating novel materials with tailored proper-

ties, fostering creativity and exploration in materials design (92). Collectively, these

applications are reshaping the field of materials science, driving rapid progress and

breakthroughs. Chemists are traditionally trained to design experiments and collect

data, yet they are often less familiar with modern machine learning (ML) techniques

(93). Unlike the computer-aided chemical research of the 1990s, which largely de-

pended on theoretical or empirical rules (94), contemporary ML approaches are driven

by large datasets that encode essential information (95, 96). However, poor-quality

datasets can introduce significant challenges, even for ML applications that should,

in principle, be straightforward (97). A persistent issue in chemistry is the bias of

datasets toward successful experiments, whereas both positive outcomes (e.g., desired

products) and negative outcomes (e.g., failed reactions) are necessary to provide a bal-

anced representation of chemical space. Moreover, due to the inherent complexity of

chemical synthesis, reported experimental conditions are often incomplete, with crit-

ical parameters overlooked. These limitations help explain why ML applications are

currently more prevalent in computational chemistry than in experimental domains.
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Computational datasets, constructed reliably from quantum mechanical calculations,

not only enable systematic benchmarking of physicochemical properties of molecules

and materials but also support the development of advanced computational method-

ologies. Consequently, it is imperative that chemists acquire at least a foundational un-

derstanding of ML, as such knowledge can profoundly enhance practices ranging from

data recording to the design of ML-guided experiments. Over the past decade, ML

techniques have increasingly complemented traditional statistical methods in physics

(98, 99, 100, 101, 102). Applications of ML span a wide range of areas, including the

processing of satellite data in atmospheric physics (103), improving weather forecast-

ing (104), predicting the dynamics of many-particle systems (99), discovering novel

functional materials (105), and generating new organic molecules (106). Recent stud-

ies further demonstrate that deep learning approaches can surpass human-designed

statistical methods (107), highlighting the power of ML in analyzing experimental

data. Beyond data analysis, ML has also been employed to uncover new physical

laws and equations. For instance, symbolic regression (108, 109) and sparse identifi-

cation techniques (110) have been successfully applied to derive governing equations

directly from data. Generative modeling provides yet another powerful tool, enabling

the identification of the most plausible theories among competing explanations of ob-

servational data achieved purely from data without any prior assumptions about the

underlying physical mechanisms. Altogether, these developments illustrate the broad

potential of ML in physics, from experimental applications to theoretical discovery,

thereby opening numerous opportunities for advancement.

DFT is the quantum chemistry method of modern electronic structure theory, main-

taining a balance between accuracy and computational cost. However, its main bottle-

neck lies in the self-consistent field (SCF), which requires iterative diagonalization of

the Kohn–Sham Hamiltonian or Fock matrix until convergence of the electronic den-

sity. For large or complex systems, this process becomes much more expensive. In

recent years, machine learning has emerged as a powerful tool to accelerate these com-

putational challenges (63, 64). Instead of replacing quantum mechanics, ML can pro-
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duce DFT-quality data by learning patterns from high-quality data, offering ways to

bypass or expedite the SCF algorithm (62, 75, 111, 112). Four major directions have

crystallized: (i) ML interatomic potentials (73, 74) that nearly achieve DFT accuracy

at much lower cost, (ii) ML models that learn densities (112, 113), density matrices

(112, 113, 114, 115), or Hamiltonians (75) to reduce SCF steps, (iii) ML-driven approx-

imations to exchange–correlation (XC) factors (116) or orbital-free formalism, and (iv)

ML integrations for parameter prediction and workflow automation (117). The widely

used direction is the development and implementation of ML interatomic potential.

These ML models are trained on Ab initio quality data, in particular, using energies and

atomic forces. The idea is to perform the large-scale molecular dynamics simulations

with near the accuracy of quantum level simulations but orders of magnitude lower

computational cost. A significant breakthrough came via Behler and Parrinello’s work

(118), based on a high-dimensional network potential, which maps the total energy

into atomic arrangements based on local environments. Thereafter, Gaussian Approxi-

mation Potentials (GAP) (119) have been developed with kernel-based regression with

smooth overlap of atomic positions (SOAP) descriptors (120), which achieved excellent

precision for the diverse systems. More recently, deep learning based architectures like

SchNet (121) and DeePMD (122) have enlarged these ideas utilizing continuous-filter

convolutions and end-to-end differentiable frameworks, offering ML-assisted simula-

tions of thousands of atoms on nanoseconds time scale. However, challenges for ML

potentials remain in data quality, transferability, and robustness in the critical domains

such as bond breaking. Another line of research to accelerate DFT calculation is direct

prediction for the electronic structure itself, rather than simply learning energies and

forces. ML modes are now capable of predicting electronic quantities such as electron

density (113), density matrix (123), or even the Kohn-Sham Hamiltonian (75). Previ-

ously, another novel work by Brockherde and co-workers (124) demonstrated that an

ML model can be used to learn the density functional directly, thereby discarding the

Kohn–Sham equations. However, these kinds of “functional learning” have transfer-

ability limitations for chemically diverse systems (125). More practical approaches are

14 PhD thesis, Suman Hazra



Chapter 1. Introduction

available for using ML to generate high-quality initial guesses for DM to accelerate

the SCF algorithm. For example, convolutional neural networks (126) and equivari-

ant message-passing models (127) have been trained to predict the converged densi-

ties or density matrices from atomic coordinates, significantly reducing the number

of SCF iterations required. Other schemes, such as the OrbNet family, leverage low-

cost semi-empirical features integrated with graph neural networks to predict the DFT-

level energies (128). These types of ML models behave as a surrogate DFT engine via

high-throughput screening while still maintaining a strong physical foundation. The

standpoint of this line of research is built on a combination of ML+DFT workflows,

where ML signify a reliable efficiency and accuracy, while DFT ensures robustness

through final clarification. Further advances in the line of research are the design of

exchange–correlation (XC) functionals and orbital-free kinetic energy functionals (129)

using machine learning. As it is known, the accuracy of DFT primarily depends on

the quality of the XC functional settings. ML techniques have already been explored to

learn these quantities directly from high-quality reference data. Several groups have

addressed this effort using neural networks (130) or kernel methods (131), which can

capture the complex correlation part beyond standard generalized gradient approxi-

mation (GGA) or hybrid DFT functionals. With these kinds of effort, ML has been ap-

plied to orbital-free DFT (53, 54, 55), which bypasses the orbitals entirely and scales lin-

early with system size. Here, ML models are designed to learn the kinetic energy func-

tional, with some degree of success in homogeneous or metallic systems (132). Still, it is

the fact that the orbital-free DFT assisted by ML remains far from universal applicabil-

ity. Overall, while ML functionals are established for algorithmic speedups, they face a

higher barrier of acceptance, since sometimes removing physical constraints can com-

promise predictive reliability(133). Similarly, ML models are also developed to predict

dielectric screening or dispersion corrections (134). These are automating routine tasks

in electronic structure frameworks. Beyond the limits of parameter prediction, ML is

deeply embedded in the infrastructures that support DFT. Data platforms such as Ai-

iDA (135) and Materials Cloud (136), established under Nicola Marzari’s leadership,
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provide provenance tracking, well-chosen datasets, and workflow automation, hence

enabling reproducible ML training and model deployment. Despite the progress of

ML integrations, significant challenges remain. First, transferability is still the most

desired prospect for ML models. Models trained on narrow datasets are sometimes

able to predict poorly when faced with new, unseen chemical environments (137). Sec-

ond, ensuring conservation of physical laws and constraints is crucial. Such as, for the

ML-predicted densities must yield the correct number of electrons present in a system,

and predicted energies must respect symmetries (invariant to rotations, translations,

and atom indexing) and extensivity. Finally, in the specific context of fast SCF conver-

gence, it is important to balance efficiency with accuracy. ML-predicted initial guesses

for DM can reduce iteration steps, but if the ML model is trained inaccurately, it might

consistently overestimate or underestimate the energies and atomic forces, resulting

in failure to produce molecular dynamics trajectories. According to the modern way

of research, ML is reshaping the DFT algorithm not by replacing it, but by introduc-

ing ML-enhanced acceleration to it. ML potentials are already a groundbreaking effort

for molecular dynamics simulations, and emerging approaches for electron densities,

KS-Hamiltonians, and SCF acceleration hold the primary goal for reducing iteration

counts and enabling larger-scale molecular simulations. Finally, the development of

robust data infrastructures ensures that ML strategies can be integrated well into the

DFT ecosystem. Together, these efforts are pointing toward a future where ML and

DFT coexist in a systematic framework, balancing computational speed, accuracy, and

physical reliability.

1.1 Thesis Goals and Contributions

This thesis primarily presents two different deep-learning and machine-learning-assisted

workflows that aim to accelerate self-consistent KS-DFT calculations by providing a

machine-learned initial guess of the DM and the real-space charge density. It is cru-

cial to mention here that if the guess DM is quite accurate, it means a good starting

point for DFT, then a smaller number of SCF iterations are expected to converge the
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calculations. If the quality of DMs is far from he converged point, the entire process

will demand more SCF steps, and even calculations may not achieve convergence.

Throughout this study, we have used Python-based Simulations of Chemistry Frame-

work (PySCF) (1, 2) code, which initializes the SCF procedure from a guess DM. For

this reason, the DM for KS-DFT serves as the central entity in our work. For both

approaches, atomic positions are utilized as the inputs. In particular, for the deep

learning strategy, we utilized molecular geometry directly, and for density prediction,

the real-space grid has been employed as input. density prediction strategy demands

the construction of the KS-Hamiltonian and then a diagonalization operation on the

Fock matrix to produce the density matrices. Finally, either the ML-predicted DM or

DM from the KS-Hamiltonian then serve as the initial guess for DFT calculations for

various molecular systems. The integration of these approaches with MD simulation

offers an advanced, accurate ML MD framework for investigating atomic-scale pro-

cesses. Integrating ML with either the electron density or the DM provides an avenue

to step down the most computationally expensive task of DFT, which is the SCF cycles

and the Fock matrix diagonalization. Since either the DM or the real-space electron

density is able to determine the ground state energy and other observables. ML mod-

els, therefore, are directly trained to map atomic positions to those fundamental DFT

properties. Once trained, such ML models can predict real-space densities or DMs or-

ders of magnitude faster than the conventional DFT approach, while retaining near

DFT-level accuracy. This also accelerates ab initio molecular dynamics simulations,

where the DM or densities must be computed at every simulation step, and thus re-

duces computational cost without compromising the accuracy for energies and forces.

At the beginning, we will start the discussion by discussing how to predict the DM

with the neural network (NN). Then we will move towards the real-space density pre-

diction due to the limited generalizability of the direct DM prediction, as explained

later in this section. The first part of this research focuses on developing neural net-

works (NN) to predict initial guesses (ML-guesses) for the density matrix (DM), with

the aim of significantly accelerating the SCF procedure in DFT or potentially bypassing
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it entirely. The goal is to demonstrate that the ML guess serves as an exceptional refer-

ence for performing DFT calculations efficiently. For these calculations, we utilize the

PySCF (1, 2), which offers a variety of SCF solvers, including DIIS (44, 45), SOSCF (52),

Damping (47), and Level Shifting (48, 49). Among these, DIIS is the default solver, and

both DIIS and SOSCF algorithms have been employed in this study. PySCF also pro-

vides five to six different types of initial guess orbitals for DM, which are considered

for this work to evaluate the efficiency of various guesses. However, the approach of

direct DM prediction using a neural network architecture is not transferable, because

of the rotational equivariance property of DM, and its dimensionality depends on the

choice of basis sets. In contrast, the real-space electron charge density is a scalar field,

and it is also the fundamental quantity of DFT. In our second workflow, we have de-

veloped a novel machine-learning scheme based on real-space density to construct the

KS-Hamiltonian and hence the DM, by using atomic descriptor-based schemes. This

is then used as the initial guess for the SCF scheme. This ML approach is finally in-

tegrated to conduct non-self-consistent molecular dynamics simulations. However, a

brief discussion of these atomic descriptors will be provided in subsequent chapters.

From the perspective of MD simulation approaches, it primarily follows multiple di-

rections, with the classical force field MD and ab − initio MD approaches being the

two major categories. Firstly, the force field MD simulation (FFMD) (138, 139), where

the forces between atoms are obtained using some pre-defined empirical potential en-

ergy functions. These strategies approximate the inter-atomic interactions based on

the parameters fitted either from the experiments or from various quantum chemistry

methods. The second is AIMD (140, 141), which obtains inter-atomic forces from con-

verged electronic structure calculations, such as DFT. In terms of accuracy, FFMD is

less accurate because it depends on empirical data, which can generate a significant

amount of errors in the simulation where the force field was not designed to function

properly, such as bond-breaking or bond-forming even for complex electronic changes.

Inversely, AIMD simulations are significantly more accurate and able to capture those

crucial phenomena during an MD run. The trade-off is that FFMDs are computation-
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ally inexpensive because this approach does not require performing any iterative self-

consistency to obtain atomic forces, allowing faster simulation for the larger systems

for long timescales. This efficiency makes it suitable for studying large biomolecules or

materials, where quantum-level accuracy is not always strictly required. In contrast,

an AIMD simulation involves an iterative process to achieve self-consistency, which

significantly increases its computational cost. For this reason, it is limited to small sys-

tems and shorter timescale simulations. The AIMD workflow is applicable to chemical

reactions, materials under extreme conditions, and those systems where electronic ef-

fects are crucial. In summary, FFMD is fast, but limitations come into concern with the

validity, whereas the AIMD strategy is accurate, but it demands more computational

overhead. So, the discussion highlights the ongoing methodological challenges in MD

simulation: reducing the computational cost while maintaining the quantum-level ac-

curacy. Throughout this work, we primarily tried to implement two workflows, one

is based on a deep-learning framework, and the remaining is an ML real-space den-

sity and atomic descriptor-based approach to representing an alternative avenue for

MD simulation without compromising the accuracy compared to a full ab-initio run.

The expected impact of this study is to significantly reduce the computational cost of

DFT–based MD simulations while preserving their accuracy, which offers much larger

systems and longer time scales. This has broad implications across chemistry, mate-

rials science, and condensed matter physics—where accurate and affordable simula-

tions are crucial for understanding various properties related to diverse complex sys-

tems such as biomolecules, catalytic processes, and energy materials. Finally, from the

perspective of MD, this work could help bridge the gap between classical molecular

dynamics and fully quantum-mechanical treatment, opening pathways for a realistic

simulation framework that was previously out of computational reach.
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1.2 Summary of the Thesis

This thesis is organized into five different chapters, including this introduction section.

The remainder of this thesis is structured as follows:

Chapter 2 contains a theoretical overview of the tools utilized for this thesis. It provides

a discussion and mathematical overview of density functional theory (DFT), primarily

focused on a few aspects of DFT, like KS-equation formulated in terms of molecular

orbitals, and various energy terms expressed as the functions of the electron density.

Afterwards, we discuss the Fock matrix and the matrix representation of the Coulomb

interaction. This is followed by an explanation of the self-consistent field (SCF) ap-

proach and its standard implementation in DFT. Subsequently, the chapter explores

theoretical aspects of the electron density and density matrix. Thereafter, it discusses

DFT-related energy expression in terms of the density matrix and also mentions a few

aspects of various density functionals. After that, we provide some discussion of DFT

from the aspect of implementation in PySCF. Following that, the chapter introduces

the mathematical representation of Jacobi-Legendre polynomial-based atomic descrip-

tors for real space electron density, which are utilized for our ML density-operated MD

workflow as explained earlier. Finally, the chapter concludes with the grid-sampling

approach employed for real-space predictions.

Chapter 3 is devoted to presenting the first key findings of this thesis, which centre

around the development of ML-based schemes to accelerate the SCF method. The

chapter explores deep learning-based developments. In the beginning, we discuss how

we prepared the DM and the associated molecular configurations to be used in train-

ing the NN framework. Then we present the performance of various traditional initial

guesses implemented in PySCF in comparison to ML DM guesses to verify the accu-

racy and SCF acceleration, then we show the accuracy of ML DM computed atomic

forces in order to perform the non-self-consistent MD. These various results are vali-

dated with the parity diagrams. Furthermore, in order to check the advantages of our

ML DM, the results section also includes trajectory-oriented thermal distributions of
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bond length, bond angle, and the various energy components computed from abinitio

MD and non-self-consistent MD for molecules.

Chapter 4 describes also the results related to DM from the JL charge density model

for this thesis, we will discuss the mathematical formulation of the Coulomb matrix

over Gaussian orbitals, its implementation in PySCF to finally obtain the DM, and the

results computed from our atomic-descriptor-based workflow to conduct MD simula-

tions. This section includes parity plots for the electron density and density matrix and

parity diagrams for atomic forces. Finally, the chapter demonstrates how accurately we

computed the Infrared (IR) spectra for a biomolecule using density-based ML-assisted

MD (non-self-consistent MD). These results are compared with full ab − initio simu-

lations at various temperatures, underscoring the efficiency and reliability of the pro-

posed approach. Here we have also included parity diagrams for dipole moments

throughout the structures obtained from MD trajectories at various temperatures. Fi-

nally, we have compared the histogram of various properties computed from ML MD

runs with the same obtained from AIMD.

Chapter 5 focuses on summarizing the conclusions drawn for all of our studies and

outlines future directions for methodological development and potential applications.

The conclusions are divided into two sections. The first section addresses the neu-

ral network (NN)-based approach, which includes the limitations of this scheme and

proposes the optimization strategies that can be followed to overcome those chal-

lenges. The remaining part provides a similar discussion for ML-density-driven work-

flow. The future prospects indicate several promising directions, such as extending the

Coulomb integrals for higher types of molecular orbitals, applying an ML-density as-

sisted scheme for all electron-based DFT calculations, ML DM guess for DFT functional

that incorporates electron density derivatives, etc. These machine-learning approaches

aim to further enhance the applicability and efficiency of the methodologies developed

in this thesis.
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This chapter is devoted to discussing two primary theoretical aspects, which have been

utilized throughout this work. Firstly, it is the implementation of density functional

theory (DFT) in PySCF and secondly, the Jacobi-Legendre charge density model (JL-

CDM) (113). DFT has been very popular for calculating the electronic structure in

solid-state physics since the 1970s. However, DFT was not widely used as a quantum

mechanical approach of chance to study quantum chemistry until the 1990s, when the

approximations used were greatly refined to better model the exchange and correla-

tion energies. In terms of computational cost, DFT is less expensive when compared to

other wave function-based traditional methods, such as exchange-only Hartree-Fock

(142, 143) and post-Hartree-Fock methods (144, 145, 146) which include electron corre-

lation. Here, first, we introduce the basic DFT equations and how the self-consistent

field (SCF) scheme is implemented to obtain the ground-state electronic structure.

Then we move to discuss electron density and density matrix (DM), and at the end,

we close the theoretical DFT section by introducing various energy components re-

lated to DFT calculations in terms of DM.

In the next section, we introduce the theoretical background of the JLCDM, which is

detailed in a recent publication Linear Jacobi-Legendre expansion of the charge density for

machine learning-accelerated electronic structure calculations (113). This published work

aims to build a linear model, which is capable of predicting the converged real-space

charge density with a lower computational cost than that of DFT. This section is struc-

tured as follows: firstly, it establishes how we can define the real-space electron den-

sity in terms of invariant descriptors. Then we will discuss a number of the necessary
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mathematical steps that are implemented to construct the JL-charge density model. Fi-

nally, we will explain an adapted grid sampling strategy, primarily focused on training

the linear charge density model, just by utilizing some fraction of total atom-centred

grid points to get the accurate electron density prediction, for a given molecule. In-

deed here we will discuss Gaussian sampling, which allows us to remove unnecessary

redundancies while maintaining the high-quality prediction of the real space charge

density.

2.1 Density Functional Theory

Density functional theory (DFT) is a powerful quantum mechanical approach used

to investigate the electronic structure of many-body systems, particularly for atoms,

molecules, and periodic or solid systems. The fundamental concept behind DFT is to

determine the properties of many-body systems by utilizing their entire ground state

density (ρ), rather than the more complex many-body wavefunction-based methods.

This makes DFT computationally efficient in comparison to other wavefunction-based

approaches, specifically for systems with a large number of electrons.

Modern DFT primarily lies on two theorems established by Pierre Hohenberg and

Walter Kohn in 1964 (9). These theorems show us a road map by using electron den-

sity how one can understand and compute the ground state properties of quantum

many-body systems, precisely electrons in atoms, molecules, and solids. The first the-

orem legitimizes the use of electron density ρ(r) as a basic variable. It states: For any

system of interacting electrons in an external potential Vext(r), the external potential

is uniquely determined, up to a constant, by the ground-state electron density ρ(r).

Note that the external potential is not restricted to the Coulomb potential. The key

implementations of this theorem are, the ground state electron density ρ(r) contains

all the information about the external potential and, therefore, the entire Hamiltonian.

Furthermore, since the Hamiltonian is obtained, this entity determines the ground state

many-body wavefunction and all physical observables. Hence, the ground-state den-
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sity uniquely determines all ground-state properties, for example, the kinetic energy,

potential energy, and total energy, which addresses ρ(r) as a fundamental variable.

Moreover, this theorem justifies the concept that the functional of the density, instead

of many-body wavefunctions, can describe the quantum system. The second theorem

provides a variational principle for the energy: There exists a universal functional

such that the total energy functional

E[ρ] = FHK[ρ] +
∫

Vext(r)ρ(r)dr (1)

achieves its minimum at the true ground-state density, and the minimum value is

the ground-state energy. Here, FHK[ρ] is the universal functional, independent of

the given system. This term incorporates the kinetic energy and the electron-electron

interaction. The total energy functional can be minimized with respect to the trial

density ρ̃(r), such that ρ̃(r) ≥ 0 and
∫

ρ̃(r)dr = N, where N is the total number

of electrons, to determine the ground state density ρ(r) and the total ground state

energy E. Finally, these two theorems imply, all ground-state properties of a many-

electron system can be obtained by just knowing the electron density. One can for-

mulate an exact theory in terms of ρ(r). However, the challenge becomes accurately

approximating the universal functional FHK[ρ]. Accurate calculational implementa-

tions of the DFT are far from easy to achieve, because of the unfortunate fact that

the functional FHK[ρ] is hard to come by in explicit form. Since the FHK can not be

explicitly obtained, we can define it with three components: kinetic energy of a non-

interacting system Ts[ρ] with the same density, classical Coulomb energy between elec-

trons VH(ρ), and the exchange-correlation energy EXC[ρ], the most difficult part and

least understood part. The exchange-correlation functional includes exchange energy,

coming from the antisymmetric property of the many-electron wavefunction due to

the Pauli exclusion principle, and correlation energy-accountable for residual interac-

tion between electrons, which is beyond the mean-field strategy. There are several

choices of exchange correlation functional, like local density approximation (LDA):

this scheme assumes the exchange-correlation energy depends only on the local value

25 PhD thesis, Suman Hazra



Chapter 2. Theoretical Background

of the density. Generalized Gradient Approximation (GGA) includes density gradi-

ents to capture more nonlocal behaviour. Meta-GGA and hybrid functionals, which

incorporate kinetic energy densities or a fraction of exact exchange from Hartree–Fock

theory. The Hohenberg-Kohn theorem and the exchange-correlation functional are the

key factors of DFT, leading to immense practical value for quantum simulation. DFT

method makes ab-initio calculation possible by mapping the complex interactive elec-

tronic problem onto a set of non-interacting particles moving in an effective potential

(Kohn–Sham approach). This is an important fact: the DFT scales favorably with sys-

tem size compared to other wavefunction-based methods (e.g, CI, CCSD). Chemists

can compute reaction energies, molecular geometries, vibrational spectra, transition

states, etc. Physicists use this method to investigate band structures, magnetic proper-

ties, defects in solids (147), surface science (148), and more. People from the material

science domain utilise DFT to study new materials, battery components (149), cata-

lysts (148), and quantum materials (150). The Hohenberg-Kohn theorems describe a

core foundation for density-based quantum calculations, stating that the ground-state

density is a sufficient variable for predicting all observables. The aspect of exchange-

correlation part enables practical DFT implementation via Kohn-Sham scheme.

As we discussed about Hohenberg–Kohn (HK) theorems, its core part primarily de-

pends on the universal functional FHK[ρ]. The functional is universal because it is the

same for all systems regardless of the external potential. Without a known form for

FHK[ρ], the variational principle defining the second HK theorem becomes unusable in

practice. According to the first HK theorem, it tells a one-to-one mapping between the

ground-state ρ(r) and the external potential Vext(r), up to a constant. This implies that,

by knowing the exact ground state density, one can reconstruct the potential. However,

this transformation is highly non-trivial and not known explicitly for general systems.

Calculating the external potential from a given density (called "density-to-potential in-

version") is extremely difficult and, in most cases, because of numerical instability, es-

pecially in the presence of electron correlation and near-degeneracy. A significant part
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of F[ρ] is the kinetic energy functional T[ρ], which is particularly hard to approximate

accurately using only the ρ(r). Unlike the potential energy or the Hartree term, which

can be expressed in terms of ρ(r), the kinetic energy requires knowledge of the wave-

function or orbitals. This limitation motivated the development of Kohn–Sham (KS)

DFT, where an auxiliary system of non-interacting electrons is introduced to calculate

the kinetic energy Ts[ρ] exactly using orbitals, bypassing the need to approximate T[ρ]

directly. This is the reason Kohn-Sham (KS) DFT, not HK-DFT, is the practical DFT

framework utilized as one of the modern computational chemistry methods. It is true

that the HK theorems justify that the ground state electron density is the key variable

in quantum mechanical calculations. As we discussed before, the pros and cons of HK

theorems; however, practical DFT implementations rely on the Kohn–Sham formalism,

which deals with these issues by using orbitals to compute the kinetic energy and in-

troducing approximate exchange–correlation functionals. Finally, we can say, the HK

theorems highlight the theoretical foundation of DFT but not the computational recipe

for the same.

The core challenge in quantum chemistry and condensed matter physics is to describe

the behavior of interacting electrons in a system accurately and efficiently. Directly

solving the many-electron Schrödinger equation is computationally expensive due to

the exponential scaling with the number of electrons. The KS method deals with this

difficulty by mapping the interacting many-electron system onto a fictitious system

of non-interacting electrons moving in an effective potential. This effective potential

is constructed so that the non-interacting system yields the true ground-state electron

density of the original interacting system. The KS approach makes the assumption that

there exists a system of non-interacting electrons that reproduces the same ground-

state electron density as the real interacting system does. This is a non-trivial assump-

tion, but it is justified by the underlying DFT theorems. The equation of motion for

electrons in the KS system satisfies single-particle Schrödinger-like equations with an

effective potential Ve f f (r), which includes three different components: the external
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potential (e.g., from nuclei), the classical electrostatic potential or Coulomb potential

due to electron-electron repulsion, and finally the exchange-correlation (XC) potential,

which is accountable for all many-body effects beyond the Hartree approximation. The

KS method supplies a practical way to approximate this universal functional by intro-

ducing the auxiliary system of non-interacting electrons and splitting the energy func-

tional into computable terms plus the unknown exchange-correlation part. The HK

theorems established that the ground-state properties of an interacting many-electron

system are determined uniquely by the electron density and that the ground-state en-

ergy can be found by variational minimization of a universal density functional. The

Kohn-Sham method builds a non-interacting system with the same ground-state den-

sity, transforming the many-body problem into a set of self-consistent single-particle

equations. The KS method relies on the HK theorems due to its theoretical legiti-

macy, but moves further by providing a practical computational scheme. Primarily,

the approximation for KS-DFT focused on the exchange-correlation functional, where

an exact form for it remains unknown. This effective potential includes the classi-

cal Coulomb repulsion VH, and the exchange-correlation potential Vxc, where the last

one is accountable for capturing quantum mechanical effects. The single-particle KS-

Hamiltonian depends on the electron density ρ. The density depends on the wavefunc-

tion; hence, the KS equation has to be solved iteratively through the ‘self-consistent

field (SCF) approach. The equation of motion of the non-interacting electron is de-

scribed by the KS equation,

[
−1

2
∇2 + Ve f f (r)

]
ψi(r) = ϵiψi(r) (2)

This is a Schrödinger-like equation, and there are many ways to solve it. For the case of

DFT this many-body Schrödinger equation maps onto a single-particle problem using

electron density. Here ψi is the KS molecular orbitals ϵi are the KS orbital energies, the

first term −1
2∇2 is the one particle non-interacting kinetic energy term, and Ve f f is the
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effective potential, written as

Ve f f (r) = Vext(r) + VH(r) + Vxc[ρ(r)] (3)

Here, Vext(r) is the external potential due to the Coulomb interaction between electrons

and nuclei, we will introduce it later in this section, the second term represents clas-

sical Coulomb repulsion VH(r) =
∫ ρ(r

′
)

|r−r′ | between two electrons. Here, the effective

potential can be written in terms of electron density ρ(r) as

Ve f f (r) = Vext(r) +
∫

ρ(r
′
)

|r − r′ |
dr

′
+ Vxc[ρ(r)] (4)

In the result section (Chapter 5), we show the full derivation of calculating the ma-

trix elements for the Hartree/Coulomb potential [VH(r)] over the Gaussian basis to

implement the same in PySCF code from ρ(r) as the need mentioned before for this

thesis. Vxc(r) is the exchange-correlation potential. In the KS-DFT method, the total

energy of a many-electron system can be expressed as a function of electron density

ρ(r). The minimization of this energy functional, E[ρ], is the key factor of DFT; it can

be written as

E[ρ] = Ts[ρ] + Eext[ρ] + EH[ρ] + Exc[ρ] , (5)

where E is the ground state energy, Ts is the non-interacting kinetic energy, Eext is

the external energy due to the external potential, EH is energy term responsible for

Coulomb repulsion, Exc the exchange-correlation energy which has the several de-

grees of complexity. Here is one important concept to mention: that Ts is not explicitly

known as a function of ρ(r) (there is no closed-form functional), but we still write it as

a notational convention to represent total DFT energy. It contributes to the energy via

the orbitals that are obtained from the density ρ(r). Basically, it is computed through

ρ, even though it is not a direct form of ρ. Again, in terms of electron density, the total
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energy functional in the KS formalism is

E[ρ] = Ts[ρ] +
∫

Vext(r)ρ(r)dr +
1
2

∫ ∫
ρ(r)ρ(r)
|r − r′ |

drdr
′
+ Exc[ρ] (6)

As we know, the electron charge density is defined in Eq.[8], to that ρ(r)dr repre-

sents the probability of finding electrons in the volume element dr at position r. Hence,

the integral over the charge density ρ(r) throughout the entire space determines the to-

tal number of electrons present in the system.

∫ +∞

−∞
ρ(r)dr = N , (7)

where N is the total number of electrons. The ground-state minimizes E[ρ] subject to

the constraint N as it is defined in the above equation. To perform this constraint min-

imization for E[ρ], we need to apply Euler-Lagrange equation as δE[ρ]
δρ(r) = µ, where µ is

a Lagrange multiplier (chemical potential). But the direct minimization of the energy

functional is difficult because kinetic energy term (T) is unknown, where the KS ap-

proach proposed a scheme by introducing fictitious non-interacting electrons.

As it is known for DFT, electron density is the key variable, and in the introduction sec-

tion, we already mentioned that for this thesis, DM is a crucial entity. The Kohn–Sham

(KS) operator (ĤKS) in density functional theory (DFT) is conceptually similar to the

Fock operator (F̂) in Hartree–Fock (HF) theory, as both serve as effective one-electron

Hamiltonians used to obtain orbitals from which the electron density is built. In both

HF and DFT, the Fock operator plays a fundamental role in determining the molec-

ular orbitals and hence the associated DM. For HF, primarily the Fock operator (F̂)

includes core Hamiltonian, Coulomb, and exact exchange, whereas for the pure DFT

calculation, this operator replaces this exchange term with the exchange-correlation

potential. In hybrid DFT methods, a portion of the exact exchange from the Fock op-

erator is mixed with DFT exchange–correlation functionals, providing a direct formal
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connection between the two. Next, we will discuss the electron density ρ(r), density

matrix (Pµν) and the Fock matrix (Fµν). Here, all the matrices are in the form of a finite-

dimensional array of numbers that can represent an operator once a basis is chosen. In

practice, precisely in computational methods like DFT or Hartree–Fock, we discretise

the problem using a finite basis set (like atomic orbitals), and then represent operators

as matrices in that basis.

2.1.1 Electron Density, Density Matrix, and Fock Operator

The single-particle electron density ρ(r) can be defined as

ρ(r) =
Nocc

∑
i=1

|ψi(r)|2 , (8)

where ψ(r) is the molecular orbitals, which is the linear combination of basis func-

tions (atomic orbitals) ϕ and can be expressed as ψi(r) = ∑ν C∗
νiϕ

∗
ν(r), C is the molecular

orbital expansion coefficient and Nocc referrers number of occupied orbitals. However,

Eq.[8] can be written in terms of molecular orbitals

ρ(r) =
Nocc

∑
i=1

ψ∗
i (r)ψi(r) =

=
Nocc

∑
i

∑
ν

C∗
νiϕ

∗
ν(r)∑

µ

Cµiϕµ(r)

= ∑
µν

[
N

∑
i=1

CµiC∗
νi

]
ϕ∗

ν(r)ϕµ(r)

= ∑
µν

Pµνϕ∗
ν(r)ϕµ(r) .

(9)

Since we always deal with real values of the wavefunction means ϕ∗
ν = ϕν, hence

Eq.[9] can be written as

ρ(r) = ∑
µ

∑
ν

Pµνϕν(r)ϕµ(r) , (10)
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where the one-particle density matrix takes the following form

Pµν =
Nocc

∑
i=1

CµiCνi . (11)

Finally, the total density matrix can be written as

Ptotal = PµνSµν , (12)

here Sµν is the overlap matrix, defined as

Sµν =
∫

ϕµ(r)ϕν(r)dr . (13)

S is essential where density with non-orthogonal basis sets, where the basis functions

are not mutually orthogonal. In practical calculations, it ensures that molecular orbitals

are properly normalized and orthogonalized. Two important properties that need to

be satisfied by the DM are, (1)the trace of the total DM should be equal to the number

of electrons N present in the system, i.e. Tr[Ptotal] = N; (2) Ptotal should obey a condi-

tion called idempotency, which needs P2
total = Ptotal. Other properties of the total DM

are that it is Hermitian and that in all representations the diagonal elements are always

real and lie in the interval [0, 1]. When we consider the spin system then total elec-

tron density is constructed by summing up the up-spin (αup) and down-spin (βdown)

densities together as ρ(r) = ραup(r) + ρβdown(r). The spin-−σ electron density can be

computed as

ρσ(r) =
Nσ

∑
i=1

|ψσ
i (r)|2

=
Nσ

∑
i=1

∑
µν

Cσ
µiC

σ
νiϕµ(r)ϕν(r)

= ∑
µν

Pσ
µνϕµ(r)ϕν(r) .

(14)
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in which Nσ is the total number of spin-(σ) electrons present in the system. There-

fore the density matrix for the spin system Pσ can be defined as

Pσ
µν =

Nσ

∑
i=1

Cσ
µiC

σ
νi . (15)

It is clear from Eq.[15], that the density matrices are mirror symmetric, Pσ
µν = Pσ

νµ.

As outlined before, the total electron density is obtained from the sum of the α and β

densities. Hence, a total density matrix is given by

Pµν = Pαup
µν + Pβdown

µν , (16)

through this equation, the total electron density can be evaluated using a rela-

tion obtained in Eq.[14]. However, for our study, we have not considered any spin-

polarized calculations.

The Fock matrix consists of multiple components, as defined by the Kohn–Sham

(KS) equation in a chosen basis set, such as Gaussian-type basis functions. The Fock

matrix F in DFT is represented as the sum of various terms as

Fµν = Tµν + Vne
µν + Jµν + VXC

µν , (17)

where the matrix element Tµν is the kinetic energy term and can be written as

Tµν =
∫

ϕµ(r)
(
−1

2
∇2
)

ϕν(r)dr , (18)

Vne
µν is the matrix for the nuclear-electron interaction term, which represents the

attraction between electrons and nuclei as
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Vne
µν =

∫
ϕµ(r)Vext(r)ϕν(r)dr =

=
∫

ϕµ(r)

(
∑
A

−ZA

r − RA

)
ϕν(r)dr ,

(19)

where Vext(r) = ∑A
−ZA
r−RA

is the external potential with ZA be the charge of nucleus

A, and RA is its position. In Eq.(17) Jµν represents each matrix element for classical

electron-electron repulsion (Coulomb matrix). Mathematically, it can be represented

as

Jµν =
∫

ϕµ(r)VH(r)ϕν(r)dr (20)

Finally, VXC
µν is the exchange-correlation matrix, which is responsible for quantum

mechanical exchange and correlation phenomena. In general, it can be represented as

VXC
µν =

∫
ϕµ(r)Vxc(r)ϕν(r)dr , (21)

where the exchange-correlation potential is usually expressed as Vxc(r) =
∂Exc[ρ(r)]

∂ρ(r) .

In practice, Exc is approximated. These can be divided into several classes, like the lo-

cal density functional (LDA), where the Exc depends only on the electron density. The

generalized gradient approximation (GGA), where Exc depends on the density gradi-

ent |∇ρ(r)|. The hybrid functional, where the fraction of exact exchange is used. The

meta-GGA functional, where the Exc includes kinetic energy density ∑i |∇ψi(r)|2, and

the density Laplacian ∇2ρ(r), etc. Any standard DFT algorithm targets the minimiza-

tion of total energy for a given basis set (151), a task that leads to the following equation

FC = SCϵ , (22)

where F is the Fock matrix, C is the orbital coefficients, ϵ is a diagonal matrix that
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represents the corresponding energy eigenvalues, and S is the overlap matrix. Fi-

nally, Eq.[22] has to solve self-consistently, starting from some initial guess density.

In Density Functional Theory, the SCF cycle is an iterative process used to solve the

Kohn–Sham equations and obtain the ground-state electron density of a system. It

starts with an initial guess for the density matrix, often generated from superimposed

atomic densities or a previous calculation. Using this density matrix, the Kohn–Sham

potential or the Fock matrix is constructed, which includes contributions from the

external potential (due to nuclei) and non-interacting kinetic energy component, the

Hartree (electron–electron Coulomb) potential, and the exchange–correlation poten-

tial. This potential is then used to solve the Kohn–Sham equations—essentially a set of

single-particle Schrödinger equations to obtain a new set of orbitals or density matrix

and corresponding electron density. The newly computed density is then compared to

the previous one: if the difference is within a predefined convergence threshold value,

the SCF cycle stops, and the ground-state properties can be evaluated. If not, the den-

sity is updated, often using mixing schemes like Pulay (44, 45, 50) or simple linear

mixing, and the process repeats. This iterative loop continues until self-consistency

is achieved between the input and output densities, hence the name "self-consistent

field." Computationally, the SCF scheme involves the following steps: (1) system ini-

tialization: define the system parameters for the DFT calculation, including atomic po-

sitions, choice of basis functions, and the selected DFT functional; (2) density matrix

guess: Provide an initial guess for the density matrix; (3) Fock matrix construction and

diagonalization: construct the Fock matrix by following Eq.(17) and perform matrix

diagonalization to obtain energy eigenvalues and orbital coefficients using the Eq.(22);

(4) convergence check: Check the convergence criteria if |ρnew(r)− ρold(r)| < ϵ, then

the convergence is achieved, otherwise it is not; (5) density matrix update: update

the density matrix based on the new results. (6) repeat if necessary: if convergence

is not achieved, repeat the process from steps (2) to (5) until convergence is obtained.

In the SCF procedure of Kohn–Sham density DFT, several key quantities must be ini-

tialized and updated at each iteration. Initially, one must define the atomic positions,
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number of electrons, and the basis set or real-space grid used to represent orbitals and

operators. An initial guess for the density matrix, hence the electron density ρ(r), is

required to construct the Kohn–Sham potential, which includes several components,

as we mentioned before. In practice, the initial guess can be made for the density

matrix Pµν, particularly when working in an atomic orbital basis, since the density

matrix is used to build the Fock (or Kohn–Sham) matrix through integrals involving

electron repulsion and the effective potential. For each SCF iteration, the Fock ma-

trix is constructed from the current density matrix, and then diagonalized to obtain

updated Kohn–Sham orbitals and orbital energies. These orbitals are then used to re-

compute the density matrix and the electron density. Hence, the electron density and

the density matrix are both important entities. ρ(r) is used to evaluate the Hartree and

exchange potential in real space, where the density matrix is the key representation for

constructing the Fock matrix for a finite basis set. At each SCF iteration, the updated

density matrix is mixed with the previous one to aid convergence, and this cycle con-

tinues until the input and output densities agree within a predefined threshold. Other

quantities that need to be maintained or updated include the orbital occupation num-

bers, total energy, and convergence metrics. In most of the DFT packages, the matrix

responsible for the classical Coulomb repulsion integral Jµν is directly computed by

utilizing the initially provided guess for DM. The exchange-correlation matrix (VXC
µν ) is

derived using the chosen exchange-correlation (xc) functional applied to the electron

density obtained from the guess DM using the library libxc (152). Furthermore, the

core Hamiltonian (Hcore) consist of the kinetic energy term and the nuclear attraction

term. These core terms are obtained from the information provided by the given basis

function and the positions of the nuclei. In the PySCF package, there are several op-

tions available to perform the SCF process for a DFT calculation, like direct inversion

in the iterative subspace (DIIS) (44, 45), a general second-order solver (SOS) called the

co-iterative augmented hessian (CIAH) method (52).
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The Direct Inversion in the Iterative Subspace (DIIS) scheme, also known as Pulay

(44, 45) mixing, is a widely used method to accelerate the convergence of SCF calcu-

lations in quantum chemistry, such as those in Hartree–Fock or Kohn–Sham Density

Functional Theory. In SCF iterations, the goal is to find a stable electron density or Fock

matrix that is self-consistent, but iterative approaches can converge slowly or become

unstable, especially for complex systems. DIIS addresses this by linearly combining

a set of previously computed Fock matrices using coefficients that minimize the asso-

ciated error vectors, which measure the deviation from self-consistency. Essentially,

DIIS constructs an extrapolated solution that lies in the subspace spanned by prior

iterations and best satisfies the SCF equations. This method greatly improves both

the robustness and can accelerate the convergence, making it a standard acceleration

technique in modern electronic structure codes. At each step of the SCF iteration, an

approximate error vector ei, associated with the respective variable value pi, is calcu-

lated. Once enough iterations are obtained, a linear combination of the last m error

vectors is formed.

em+1 =
m

∑
i=1

ciei. (23)

The DIIS method primarily aims to minimize the norm of em+1, by maintaining the

constraint that the coefficients sum to one. The DIIS method tries to find a suitable

combination of past error vectors in such a way that the new error em+1 is as small as

possible. To do this, it builds a new trial Fock matrix as a weighted sum of previous

ones, and it requires that the weights or coefficients add up to one. If we write the trial

vector as the sum of the exact solution p f and an error vector. In the DIIS approxima-

tion, we can write

p = p f ∑
i

ci + ∑
i

ciei. (24)

Then the scheme minimizes the second term, while it is clear that the sum coefficients

must be equal to one if we want to find the exact solution. The minimization is done

by a Lagrange multiplier technique. Introducing an undetermined multiplier λ, a La-
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grangian is constructed as

L = ||em+1||2 − 2λ

(
∑

i
ci − 1

)
,

= ∑
ij

cjBjici − 2λ

(
∑

i
ci − 1

)
, where Bij = ⟨ej|ei⟩

(25)

Now equating zero to the derivatives of L with respect to the coefficients

∂L
∂ck

= ∑
j

Bkjcj + ∑
i

ciBik − 2λ =

= 2

(
∑

j
Bkjcj − λ

)
= 0

(26)

Since B is symmetric (i.e., Bij = Bji), and the derivatives with respect to the multiplier

lead
∂L
∂λ

= −2

(
∑

i
ci − 1

)
= 0 (27)

system of (m + 1) linear equations that can be solved for the m coefficients and the

Lagrange multiplier.



B11 B12 · · · B1m −1

B21 B22 · · · B2m −1
...

... . . . ...
...

Bm1 Bm2 · · · Bmm −1

−1 −1 · · · −1 0





c1

c2

...

cm

λ


=



0

0
...

0

1


(28)

Solving this equation gives optimal ci, which are then used to extrapolate, meaning

coefficients are then used to update the variable as

pm+1 = ∑
i=1

ci pi. (29)

However, A second-order or Newtonian solver (52) refers to a method that uses both

first and second derivatives, primarily the gradient and the Hessian, to accelerate con-
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vergence in iterative procedures for SCF calculations. Unlike first-order methods like

DIIS, which rely only on residual minimization and linear extrapolation, Newton-type

solvers focus on finding the next update by solving equations involving the Hessian

matrix, which captures how the output (e.g., the Fock matrix) changes with respect to

the input. This approach allows the algorithm to account for the curvature of the error

surface and can lead to faster and more robust convergence, particularly in difficult

cases where the DIIS approach may struggle. However, calculating or approximating

the Hessian is computationally expensive, so Newtonian methods (SOS or SOSCF ap-

proach) are used selectively or with approximations in large-scale quantum chemistry

calculations. As we know that in KS-DFT, the total ground state energy E is a func-

tional of electron density, which can also be written in terms of the orbital coefficient

matrix C. To optimize molecular orbitals, we consider unitary transformations of the

occupied and virtual molecular orbitals:

C → C
′
= Ceκ. (30)

where κ anti-symmetric matrix that generates the orbital rotations:

κµν = −κνµ. (31)

for the SOS scheme, the goal is to search optimal κ that minimize the total energy E

(52) via energy expansion (Taylor Series).

E(κ) ≈ E(0) + ∑
µν

gµν κµν +
1
2 ∑

µν,λσ

κµν Hµν,λσ κµν. (32)

where gµν = ∂E
∂κµν

and Hµν,λσ = ∂2E
∂κµν∂κλσ

which is approximate Hessian. Then it follows

the Newton-like equation (matrix equation) for orbital rotation:

[Hµν,λσ].[κλσ] = −[gµν] (33)
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Once κ is obtained, the nth orbital coefficient Cn can be updated as

Cn+1 = Cneκ. (34)

here, eκ ensures unitarity of the transformation (since κ is anti-symmetric). Practically,

it computes the Fock matrix (F) and hence the density matrix (P), then computes the

gradient of energy and approximated Hessian (H), then solves the Newton-like equa-

tion for κ, updates C using the exponential of κ until it achieves convergence. These

SCF solvers, SOS and DIIS, are well implemented in the PySCF package.

2.1.2 DM-Driven Energy in PySCF

The DFT-HF total ground-energy expression (151) from the PySCF package using the

density matrix P can be defined as

Etot = ∑
i<j

ZiZj

|Ri − Rj|
+ ∑

µν

PµνHcore
µν +

1
2 ∑

µν,λσ

Pµν(µν|λσ)Pσλ−

− a
2 ∑

µν,λσ

Pµν(µλ|νσ)Pσλ + b
∫

f (r)dr ,

(35)

where the first term represents nuclear repulsion energy (Enuc) for two different

atoms Zi and Zj centred at R1 and R2, notably this term is not included in SCF process

because it is the function of atomic position R only and also does not depend on ρ(r).

where (µν|λσ) are the two-electron repulsive Coulomb integrals. Explicitly this can

be defined as

(µν|λσ) =
∫ ∫ ϕµ(r1)ϕν(r1)ϕλ(r2)ϕσ(r2)

|r1 − r2|
dr1 dr2 . (36)

Then (µν|λσ) is the electron-electron repulsion, and another term responsible for
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Hartree exchange (in the fourth term), (µλ|νσ) can be written as

(µλ|νσ) =
∫ ϕµ(r1)ϕλ(r1)ϕν(r2)ϕσ(r2)

|r1 − r2|
dr1 dr2 . (37)

The key difference between Eq.(36) and Eq.(37) is the exchange integral uses (µλ|νσ)

instead of (µν|λσ), it is clear that here the second and third indices are swapped, which

ensures the Pauli exclusion principle is accounted to preserve the antisymmetric nature

of the exchange term in Eq.(37). Here a and b are constants which define some fraction

of the Hartree-Fock exchange and the weights of the density functional approxima-

tion, respectively. The choices a = 1 and b = 0 refer to exchange only (HF) calculation,

whereas a = 0 and b = 1 yield actual density functional calculation without exact

exchange, like the Perdew–Burke–Ernzerhof (PBE) functional (25). In contrast, a ̸= 0

and b ̸= 0 correspond to a hybrid functional. In quantum chemistry, the most famous

example is the B3LYP functional(28, 29, 30). The second term in Eq.[35] referred to as

the one-electron term (Eone), which is associated with the core Hamiltonian, includes

the kinetic energy of the electrons and the Coulomb attraction term for N nuclei in the

system, and the matrix element can be evaluated as

Hcore
µν =

∫
ϕµ(r)

[
1
2
∇2 + Vext(r)

]
ϕν(r)dr (38)

However, the core Hamiltonian does not include electron-electron interactions. These

contributions are described by the third and fourth terms in Eq.[35], which describes

the classical Coulomb and the quantum mechanical “exchange” energy, and are re-

ferred to as EJ and EK , respectively. EJ can be computed directly derived from the

electron charge density ρ(r) as

EJ =
1
2

∫ ∫
ρ(r1)ρ(r2)

r1 − r2
dr1dr2 =

1
2 ∑

µν,λσ

Pµν(µν|λσ)Pσλ , (39)

whereas the expression for the exchange energy contribution EK follows Eq.(37). The
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last term of Eq.[35] known as quantum mechanical exchange energy EXC = EX + EC,

describes the DFT exchange (EX) and DFT correlation (EC) contributions, these are

similar to EK, arise from electronic interactions, because for HF there is no concept of

(EC). This EXC term can be expressed as

Exc =
∫

dr f (r) =
∫

ρ(r)ϵXC(r)dr . (40)

Here, the density ρ(r) is contracted from the converged DM by following Eq.(9). ϵXC is

the exchange-correlation energy density per electron. Here f (r) is a function of electron

density. When this function only depends on ρ(r), then the XC functional is called

the LDA (17) functional. This f (r) also depends on the derivative of electron density

[∇ρ(r)] as f [ρ(r),∇ρ(r)] for GGA functional. Furthermore, it also depends on the

kinetic energy density τ(r) and ∇2ρ(r) for meta-GGA functional. The accuracy of

DFT calculations depends on which rung of Jacob’s Ladder (33) is used to describe the

exchange-correlation effects.

2.1.3 DFT in PySCF

PySCF is a high-performance computing (HPC)-friendly Python-based software for

quantum chemistry calculations, including the DFT. PySCF is particularly known for

its flexibility and efficiency in both small and large-scale electronic structure calcu-

lations (52). It also supports restricted and unrestricted calculations from the per-

spective of HF and KS-DFT calculations. This code offers a variety of methods to

compute molecular properties such as total energies, atomic forces, dipole moment,

etc. All of these calculations rely on the choice of basis sets and exchange-correlation

functionals to solve the Kohn-Sham equations in DFT. PySCF performs DFT calcula-

tions for all electrons in a given system, which means including both the valence elec-

trons and the core electrons. However, it also uses the effective Core potential (ECP)

(153, 154, 155, 156, 157) to perform DFT calculations. ECPs are particularly useful for

heavy atoms where the number of core electrons is large, and the computational cost
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can become smaller in comparison to all-electron calculations. ECPs reduce the num-

ber of basis functions required to describe the system, focusing only on the valence

electrons. In PySCF, for molecular DFT calculations, it employs Cartesian Gaussian-

type basis functions. This is the reason for this study: we used Gaussian-type orbitals

to construct the Coulomb matrix from electron density. This package also supports a

variety of basic sets. A few examples are STO − 3G, 6 − 31G, and 6 − 311G. It also

supports polarization and diffuse functions, like 6 − 31G∗, aug − cc − pVTZ, etc. As

we described before, the exchange-correlation energy Exc is approximated by density

functional approximation, and they are themselves divided into several classes. PySCF

also includes several options for exchange-correlation functionals. Here, the exchange-

correlation functional can also be customized and utilized for DFT calculations. More-

over, this Python-based code is highly modular and flexible, enabling easy integration

with other computational chemistry and machine learning packages. Moreover, this

code provides an option to initiate or restart the DFT calculations by using the differ-

ent initial guesses for DM, as in this study, we provided the ML DM guess in PySCF.

Furthermore, PySCF can also able to save the DM from its calculations and allows the

restarting of DFT calculations using the stored DM for a given molecule. This flexibil-

ity, specifically for DM guesses, makes it an excellent choice for extending or enhancing

various workflows, whether it involves coupling with molecular dynamics engines or

applying machine learning models to predict electronic structures. Here it is also worth

mentioning that PySCF also provide an option to perform molecular dynamics simu-

lations.

2.2 Introduction of Machine Learning

In modern computational science, machine learning has emerged as a transformative

tool across disciplines, enabling computers to learn patterns from data and make pre-

dictions or decisions without being explicitly programmed for specific tasks. In the

context of scientific computing, particularly in areas like quantum chemistry and mate-

rials science, ML methods are now being used to accelerate simulations, predict molec-
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ular properties, and model complex physical systems with remarkable accuracy and

efficiency. At the core of many ML applications lies the concept of a neural network, a

computational model inspired by the structure of the human brain. A neural network

consists of interconnected layers of nodes (also called neurons), where each connection

has an associated weight. These weights are adjusted during training so that the net-

work learns to approximate a desired function, such as mapping molecular structures

to their potential energy or predicting the DM or electron density from atomic config-

urations.

2.2.1 Neural Network

A neural network (158, 159) is typically built with an input layer, one or more hidden

layers, and an output layer. The input layer receives the input data (such as molecular

geometry), and the output layer generates the prediction (such as ground state energy,

DM or charge density). The hidden layers contain the neurons that process inputs us-

ing weighted sums followed by non-linear activation functions. During the training

process, the network learns by minimizing a loss function, which measures the differ-

ence between the predicted output and the known reference results. To perform this

optimization, a technique called backpropagation is used in conjunction with gradient

descent algorithms (65, 66), which iteratively update the weights of the network to re-

duce the loss. The success of a machine learning model relies on how the available data

is prepared. In practice, the entire dataset is divided into three subsets: the training set,

validation set, and test set. The training set is used to teach the model; this is where

the model learns the underlying patterns and adjusts its internal parameters. The val-

idation set is used to tune hyperparameters (like learning rate, number of neurons, or

regularization strength) and monitor the model’s performance during training to pre-

vent overfitting, a situation where the model learns too well from the training data but

performs poorly on new, unseen data. The test set, on the other hand, is used only

after training and validation are complete. It provides an unbiased evaluation of the

final model’s performance in terms of accurate prediction capability. Training of ML

44 PhD thesis, Suman Hazra



Chapter 2. Theoretical Background

model is an iterative process. It begins with initializing the model’s weights randomly.

During each iteration or epoch, a batch of training data is fed into the network, and the

predictions are compared to the known targets using the loss function. The gradients

of this loss with respect to each weight are computed using backpropagation, and the

weights are updated accordingly. This process is repeated over many epochs until the

model converges to a solution that performs well on the training data without overfit-

ting. During training, the model’s performance on the validation set is continuously

monitored. If the validation error starts to increase while the training error decreases, it

indicates overfitting. Once the model achieves satisfactory performance on the valida-

tion set, it is tested on the held-out test set to ensure it can generalize to new data. Test

performance of an ML model involves checking the prediction accuracy on new data

that the model has never seen before. The choice of evaluation metrics depends on the

few measures. For regression problems, such as predicting energy or density or atomic

forces, common metrics include mean absolute error (MAE), root mean squared error

(RMSE), and R2 score of a given ML model. If the model performs well on the test

set, it is considered to have good generalization capabilities. However, in real-world

implementation, additional robustness checks, such as cross-validation, uncertainty

quantification, or extrapolation tests, may be necessary to ensure reliability across di-

verse inputs.

In summary, machine learning serves as an advanced tool for learning complex pat-

terns from data, especially in domains where traditional simulations are computation-

ally expensive. Neural networks, as a flexible function, can model nonlinear relation-

ships between input data and the target properties. The process of training, validation,

and test sets ensures that models learn effectively and generalize well. The advantages

of machine learning lie primarily in its speed, scalability, and flexibility. Once trained,

ML models can make predictions orders of magnitude faster than traditional compu-

tational methods, enabling high-throughput screening or real-time decision-making.

They excel at capturing complex, nonlinear relationships without requiring explicit
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physical models, which can be invaluable when the underlying equations are un-

known or expensive to solve. Moreover, ML can integrate data sources—experimental

measurements, simulation outputs, and theoretical calculations—into a unified pre-

dictive framework. However, these strengths come with some downsides. ML models

depend heavily on the quality and quantity of training data, and they may fail to pre-

dict accurately beyond the domain represented in the dataset. They can also behave

as “black boxes,” providing a small amount of insight compared to explicit physical

models. Overfitting, bias from unbalanced datasets, and the computational cost of

generating high-quality training data are also challenging. Compared with other com-

putational approaches, such as first-principles simulations (DFT) or empirical force

fields, machine learning offers a standard ground, where it provides a balance between

accuracy and scalability. First-principles methods are highly accurate and physically

interpretable but computationally expensive, limiting their use in large-scale simula-

tions.

2.3 Jacobi-Legendre Descriptor Based Density Model

In this section, our main aim is to discuss some methodological aspects of the Jacobi-

Legendre charge density model (JLCDM) (113, 160, 161). As outlined before, this JL-

CDM model was implemented to predict converged real-space DFT charge density, at

a fraction of DFT computational cost. This is achieved through a scalar-field adapted-

JL approach, utilizing a cluster expansion of a grid-point representation of the electron

density. The electron charge density, ρ(r) at any gird point rg can be represented in

terms of many-body contributions as

ρ(rg) = ρ(1)(rg) + ρ(2)(rg) + ρ(3)(rg) + .... + ρ(n)(rg) (41)

where ρn stands for nth body term of the series. Thus, ρ(1) represents individual

atomic contributions (one − body term) to the density at each grid point rg, ρ(2) is for
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each set atom pairs (two − body term), ρ(3) is responsible for atom triplets (three −

body term), etc. Considering the definition of all the above terms Eq.(41) can take the

following form

ρ(rg) = ∑
i

ρ
(1)
i (rg) + ∑

i ̸=j
ρ
(2)
ij (rg) + ∑

i ̸=j
i ̸=k
j ̸=k

ρ
(3)
ijk (rg) + ...

(42)

here the indexes i, j, k... run over the neighbouring atoms with in a cutoff distance

rcut from the grid point rg The atomic configurations required for each term in the

expansion are represented using a local descriptor, referred to here as a "fingerprint."

These fingerprints must satisfy the following properties: (i) invariance under transla-

tions, (ii) invariance under global rotations of the atomic positions relative to the grid

point, (iii) invariance under changes in the coordinate system, and (iv) invariance un-

der permutations of atomic indices.

However, the one-body, two-body, and three-body terms can be expanded to in-

clude different polynomials. For instance, using the distance between the grid points

and atomic neighbour, from Eq.(42) the one-body term can be written as

ρ1
i (rg) =

nmax

∑
n=1

azi
n P̃n

(α,β)
(

cos
[

π
rig − rmin

rcut − rmin

])
(43)

Where the indexes i run over the neighboring atoms within a cutoff distance rcut from

the grid point rg, azi
n is the expansion coefficient and

P̃n
(α,β)

(x) =


P(α,β)

n (x)− P(α,β)
n (−1), for − 1 ≤ x ≤ 1

0, for x ≤ −1

where P(α,β)
n is the Jacobi polynomial (162) of the order n. Furthermore, rig = |ri − rg|

encodes the distance between the grid point rg and the position of ith atom at ri, rcut

is the cutoff radius. rmin refers minimum possible distance that varies in the range of
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(−∞, rcut), for our case we set rmin = 0.0. Here, α and β are accountable for the shape of

the polynomials with always finite values α, β > −1. However, different values of α, β

yields different types of polynomials, like (α, β) = (0, 0) represents Legendre polyno-

mial, etc. It is established that to make this approach general leave the choice of (α, β)

depending on the hyperparameter optimization. Similarly, following the Eq.(42) the

two-body contribution, ρ
(2)
i can also be written as a function of the distance between

two points rig, rjg, and the cosine of the angle situated at point g by the unit vector r̂ig

and r̂jg.

ρ2
ij(rg) =

nmax

∑
n1,n2=1

lmax

∑
l=0

a
zi,zj
n1,n2,l P̃

(α,β)
n1ig P̃(α,β)

n2 jg Q̃ijg
l (44)

Here Q̃l = Ql(r̂ig · r̂jg), Ql is the Legendre polynomials (162), evaluated on the

scaler product between r̂ig and r̂jg, as it naturally describes the angular dependence

in spherical harmonics for expanding the scalar products between two real space ver-

sos in three dimensions. Here, r̂pg =
rp−rg

rpg
, and l defines the Legendre expansion

degree with sum running in the interval [0, lmax]. The expansion coefficient a
zi,zj
n1,n2,l,

as it is for the individual atomic contributions, here those coefficients depend on the

pair of atomic species considered. Thus, in a similar manner, the contribution for an

atom-triple ρ
(3)
i can be derived using the same recipe. Recent publications (113, 160)

provide further details and implementation in the JL scheme for each expansion. Fi-

nally, adding all these components together provides a linear representation of electron

charge density in terms of expansion coefficients. Therefore, employing linear regres-

sion allows us to learn the charge density. The final expression for charge density to be

learned has been detailed in (113). Now, the JL-Charge density Model (JLCDM) sym-

bolically can be written as the scalar product of two terms

ρ(rg) =

nbody

∑
v

a(v) · J(v) (45)

where a is the expansion coefficient of the body-order vectors and J contains all the
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descriptors. The linear nature of this model enables a small number of expansion coef-

ficients to fit, in comparison with the Neural-Network (NN) based approaches, which

demand larger amounts of weights. As the final step, the expansion coefficients a can

be obtained by minimizing a loss function, primarily the similar strategy utilized in

the recent work (113). All the grid points defining the charge density can be used as

input data.

It is crucial to mention that we have employed the Ridge regression linear model from

the scikit-learn library (163) to fit the real-space density. This includes Linear least

squares with l2 regularization. It solves the matrix equation

β̂ = (XTX + αI)−1XTy (46)

to determine the coefficient (β̂) values, nevertheless, this is the expansion coeffi-

cient (av) for the JLCDM model. Where X is the matrix containing all feature vectors,

which is, in this case, all the descriptors, α is the regularization parameter, for this

study it was set to zero (α = 0.0), which means no regularization or ordinary least

square (OLS) regression fitting, and I is the identity matrix. Finally, y is the target vari-

able and β is the coefficient to determine. So, finally, the equation is

β̂ = (XTX)−1XTy (47)

If X is ill-conditioned, as it is in this case, computing (XTX)−1 term directly is un-

stable. Then the algorithm suggested us singular value decomposition (SVD) scheme

as it is implemented in the scikit-learn library (163). Using the SVD strategy the linear

regression problem can be computed by using the pseudo-inverse as

B̂ = X+y (48)
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where X+ is the pseudo-inverse of X, obtained using the SVD scheme.

Since the electron density is defined in the grid, its size significantly varies with the

choice of molecular systems and basis functions employed. As the system sizes in-

crease and more orbitals are included in the basis, the number of grid points also in-

creases. This leads to a considerable increase in computational overheads due to the

large grid-point mesh. Indeed, the strategy used for sampling the grid points will be

crucial for the performance of the model, as will be discussed in the next section.
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3 | Results and Discussion:

Prediction of Density Matrix

This chapter presents the key findings of this thesis and the associated discussions

on predicting the density matrix (DM) using a deep learning-based framework to ac-

celerate the self-consistent (SCF) process in DFT calculations. In this approach, the

predicted DM serves as the initial guess density for a few molecules. As mentioned

before, our main goal is to implement an ML-predicted DM as the initial guesses for

DFT calculations, where the ML model utilizes only chemical and structural informa-

tion about the molecular systems. All the electronic structure calculations conducted

in this study to produce the training data and the reference results have been generated

with PySCF (1, 2). Despite the success of DFT, the method faces significant challenges,

specifically for systems requiring high computational accuracy. The iterative nature

of the SCF process limits its scalability, presenting challenges for applications involv-

ing large molecular systems or real-time dynamics. In principle, as described earlier, to

solve the eigenvalue equation appearing in DFT, we need to provide an initial guess for

the DM. Then, the KS-equation we solved through an iterative process until it reached

convergence (global minimum for the energy) or the stationary point. Beyond this sta-

tionary point, the electron density for a given structure will not change (164). For a

larger or more complex system, the SCF scheme often experiences difficulties in con-

verging. As a matter of fact, in our study, the SCF approach encountered convergence

issues for one metallic molecule. In the context of self-consistent KS-DFT, a crucial step

within the SCF scheme involves the diagonalization of the KS-Hamiltonian. Diago-
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nalization yields the coefficients of the DFT orbitals along with the associated ground-

state energies. The electron density is the key quantity in DFT and is subsequently

constructed using the converged KS-DFT orbitals or their coefficients. So, the qual-

ity of the initial DM guess plays a critical role in accelerating the convergence of the

self-consistent field (SCF) procedure. Orbital optimization becomes significantly more

efficient when the initial orbital guess is closer to the converged solution. This can be

stated in another way: a more accurate initial guess of DM demands fewer SCF itera-

tions to converge DFT calculations. In this work, the performance of our ML-predicted

DM will be evaluated against other conventional DM initial guesses; therefore, it is

important to introduce them here. Several strategies can be employed to generate the

initial guess, each with its strengths and limitations. One common approach is to use

the superposition of atomic densities, in PySCF it is called ’minao’ initial guess (3, 4).

For this technique, the guess solution is obtained by projecting the minimal basis of

the first contracted function in the cc-pVTZ or cc-PVTZ-pp basis set onto the orbital

basis function and then forming the DM. The guess orbitals are computed by diago-

nalizing the Fock matrix that arises from the spin-restricted guess DM. An alternative

method is the one-electron (1e) guess (5), derived from the diagonalization of the core

Hamiltonian (H0 = T + V), where T represents the kinetic energy and V is the nuclear

attraction potential. This method neglects electron-electron interactions and omits the

significant screening effects of core electrons on the nuclear charge. Consequently, it

lacks adaptability for capturing the shell structure of atoms accurately. Another widely

used method is the atomic guess (6), called ’atom’ as this is PySCF named, where the

density matrix is constructed by superposing atomic Hartree–Fock (HF) density matri-

ces. These atomic HF calculations are spin-restricted, employing spherically averaged

fractional occupations. The ground-state configurations are determined through fully

numerical calculations at the complete basis set limit. This approach provides a robust

initial guess for molecular systems, leveraging high-quality atomic data to improve

the convergence. This specific initial guess for the DM is implemented in PySCF to

perform DFT calculations only. Another approach is the Huckel method, which gener-
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ates on-the-fly atomic Hartree-Fock calculations that are performed analogously to the

’atom’ option. Initially designed to describe only valence orbitals, the method has been

extended to include core orbitals in later adaptations. The extended Huckel approach

is relatively simple to implement and is applicable to both all-electron and effective

core potential calculations. This makes it a versatile choice in computational chemistry

workflows. Each of these initial guess methods has its place in quantum chemistry,

and their effectiveness depends on the specific requirements of the calculation and the

type of system to investigate. Here, we use a dense neural network (NN) model to-

gether with global structural descriptors to generate an initial DM, where the model

predicts independent matrix elements of the DM. NN architectures, various types of

descriptors and the composition of the training and test sets characterize the models.

All of these will be detailed here.

Figure 3.1: In this figure, we show the workflow for the neural network predicted den-
sity matrix. The neural network model receives inputs from the molecular structures,
and then it predicts the DM. Further, those predicted DMs are utilized as the initial
guess for DFT calculations. As a result, we obtain various DFT observables, total en-
ergy, forces, etc.

Here, Fig.3.1 schematically presents the workflow implemented to predict the DM

using NN for various molecules. This workflow comprises four key components:

firstly, the structural information of various molecules is provided; next, this infor-
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mation is used as inputs for an NN model, which has been trained on DFT converged

DM data; subsequently, the NN model predicts the DM, which means DM is the out-

put of the NN model; finally those predicted DM implemented into PySCF used as the

initial guesses to perform DFT calculations for a given molecule. Although efficient

in accelerating convergence, this DM approach is not transferable, since the density

matrix is rotationally contravariant. This means that its value changes when the rota-

tions are applied to the molecule. The rotation of the coordinate systems changes the

density matrix. Moreover, the DM depends on the choice of basis functions, which are

primarily atom-centred and may not hold the same symmetry as the system itself. For

example, if a DM expanded over a local orbital basis like Gaussian-type orbitals, then a

rotation can mix those basis functions in a different way, yielding a different DM with

different elements. This is an intrinsic property of the DMs that limits the flexibility

and applicability of the machine learning-based DM workflow. In addition, the size of

DMs scales quadratically with the number of basis functions used [O(N2)], leading to

the more computationally extensive tasks for obtaining the ML DM predictions as the

system size increases.

3.1 Machine Learning Methods for DM Predictions

A key component in the success of ML models, particularly in the scientific domain,

is the choice of descriptors (112, 113, 125, 128). Descriptors are numerical representa-

tions of the chemical system that capture essential features relevant to the prediction

task. In the context of molecular modelling, descriptors can include atomic numbers,

bond lengths, bond angles, charges, or more sophisticated representations. The goal

of a good descriptor is to represent the physical system in a way that is invariant to

translation, rotation, and permutation of atoms, while still being unique enough to

distinguish between different atoms with the same or different chemical species. The

better the descriptors are able to capture the underlying physics or chemistry of the

system, the more accurately the model can learn and generalize. Descriptors bridge

the gap between raw scientific data and the machine learning models. For instance,
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Table 3.1: Table summarizing the structure and performance of the final neural net-
works trained for the three molecules. Here we report the number of features defining
the input, Nin, the dimension of the DM, DDM, the number of the network hidden lay-
ers, Nhi, the total number of neurons forming each hidden layer, Nnu, and the total
number of weights, Nw. Then, we report the mean absolute error (MAE), the largest
error on the matrix elements, δρmax, the root-mean-square error (RMSE), and the R2

coefficient of the DMs. All errors refer to the test sets and they are in atomic units (a.u).

Molecule Nin DDM Nhi Nnu (Nw) MAE δρmax RMSE R2

H2O 3 24 × 24 2 18, 32 662 0.0002 0.0057 0.0003 0.9999
S2O 3 50 × 50 2 18, 28 583 0.0002 0.0112 0.0003 0.9999

[Fe(H2O)6]
2+ 6 187 × 187 2 16, 32 640 0.0002 0.0283 0.0005 0.9993

in predicting properties like total energy or forces, a neural network does not operate

directly on atomic coordinates. Instead, the coordinates are processed into descriptors

that map local environments of atoms, which are then used as input to the model. In

some advanced approaches, such as graph neural networks (GNNs) (79, 112). In this

study, the initial guess for the DM is predicted utilizing an NN model, where the input

features are the independent Cartesian coordinates of the molecules. In Table-3.1, we

summarized the test set errors corresponding to the used NN model for each molecule,

associated with ML-predicted DM elements. By utilizing Cartesian coordinates with

a dense neural network, we effectively map an equivariant DM using an invariant

model. To address this problem, we manually remove the rotational and translational

degrees of freedom from the molecules by fixing them in the 2D plane, ensuring in-

variance. It is true that this approach is not universally applicable, but it serves as

a practical solution for our preliminary investigation. A more robust and elegant so-

lution would involve employing a fully equivariant representation of the molecular

structures (165); however, this would introduce substantial complexity, which we aim

to avoid at this stage.

The neural network architecture was optimized by varying the number and size of

hidden layers to minimize the mean absolute error (MAE). The optimal configuration

of the NN for each molecule is detailed in Table [3.1]. We can say, our NN architec-

ture, which can naturally deal with molecular structures, and the approach yields high

accuracy (Table [3.1]) with MAE ≈ 10−4 a.u in DM elements. In all cases, the expo-
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nential linear unit (ELU) activation function was employed. It is known, that one can

exactly specify the output dimension of the NN-model as per the requirement. In this

study, the output of our NN model is the density matrix, whose dimension typically

depends on the choice of basis sets. In Fig.(3.2), we show the learning curves associ-

ated with the performance of NN models for training and the validation data for three

molecules. Panel (a) is for H2O, panel in the middle (b) represents the same for S2O,

and panel (c) for [Fe(H2O)6]
2+. We can say from these plots that for three molecules,

errors are pretty low with respect to the fitting epoch, when the training and validation

have been performed. Furthermore, it is also true that we can see from Fig.(3.2) that

more fluctuation is recorded in the validation set, but the order of magnitude is lower

than 10−4. The hyperparameters were set through manual empirical tuning. We tried

various configurations of learning rate, hidden layer sizes, and activation functions

were checked iteratively, and the settings that yielded the lowest validation loss while

maintaining training stability were utilized. To be specific, the Adam optimizer (166)

with its default learning rate has been considered, as it provided stable convergence.

The hidden layer sizes are already mentioned in Table-3.1. L2 regularization was tested

with various strengths but was finally set to zero, as no performance improvement was

observed.

Since the DM is a square matrix and its upper and lower triangles are related by

transposition (Pµν = Pνµ), instead of predicting the entire DM, we can either predict

the upper or the lower triangular portion. Let us take an example. From Table-3.1,

we can see the dimension of the DM of H2O, is (24 × 24). Now, instead of predicting

576 DM elements, we can only predict 276 elements with 24 diagonal values. After

doing this, we can easily reconstruct its original dimension before treating it as an

initial guess of DM for DFT calculations. We have implemented this approach for NN-

based DM prediction for all the molecules studied here. In addition, to reduce the

number of elements to predict further we precisely investigated which elements in the

DM are relevant to initiate a DFT calculation. In other words, we can establish which

matrix elements are larger in magnitude (∼ 10−3) inside a density matrix for a given
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Figure 3.2: In this figure, we show Learning curves for NN models. Plot (a) represents
the learning pattern of the ML model, employed to train the H2O molecule, plot (b)
is the same for the S2O molecule, and finally the plot (c) shows the learning curve for
[Fe(H2O)6]

2+ molecule, for the training and validation loss. Along the x-axis, these
graphs plot epoch (iteration steps) during the NN training, and the y-axis addresses
the values for the corresponding loss. Note that the loss values are on the logarithmic
scale.

molecule. This protocol can also be applied in either the upper or lower triangle of

Figure 3.3: Left Side (a): Orbital-wise impactful elements inside a converged DM. Right
Side (b): Lower triangular part of that DM, for a given atomic position for the S2O
molecule. This analysis has been done to eliminate small values from the DM

the DM. A diagram-based example for the S2O molecule is presented in Fig.-3.3. It

showcases the orbital-wise elements of a density matrix for S2O. In both panels, the

x and y axes contain the various atomic orbitals coming from the used basis function.

The magnitude of the DM elements is represented in colour codes. We have used only

the lower triangle’s white and light blue parts to train the DM [(b)]. Again from Table-
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3.1, it can be noticed that for the S2O molecule, the dimension of a DM is (50 × 50),

which means 2500 elements for a given geometry, but by applying this IOB approach,

that size has been reduced to 800 elements. Finally, to preserve its original dimension

and to construct the initial guesses of DM, those blue spots were filled with 0.

For the context of DFT, the difference between an invariant and equivariant model

becomes important when the context involves DM, and how it behaves under the sym-

metry operation, such as translations and rotations defined for a molecular system.

DM is the fundamental object for electronic structure calculations; it encodes electron

density for a given system, which is the key observable for DFT, and from DM one

can also compute dipole moments, atomic forces and other properties. Once a rigid

transformation (say a rotation or translation) is applied to the atomic coordinates of a

molecule, the physical meaning of such a system will not change; it is simply being

described in a different coordinate representation. Therefore, any ML model predict-

ing the DM must hold those symmetries. An invariant model would be one where

the prediction of scalar observables derived from the DM remains unchanged under

such transformations. For instance, the total electron density integrated over space,

or the total energy computed from the DM, also the bond lengths and bond angles

should not depend on whether the molecule is rotated or translated; these are invari-

ant properties. In contrast, an equivariant model comes into play when the outputs

are themselves geometric quantities that transform in a well-defined way under coor-

dinate changes. The DM itself, though often expressed in a basis of atomic orbitals,

transforms covariantly under rotations of the underlying basis or molecular geometry.

Mathematically, for a transformation T for a model f . invariance means f (Tx) = f (x),

whereas equivariance means f (Tx) = T f (x). Similarly, vector quantities derived from

the DM, like the dipole moment or forces on atoms, must rotate consistently with the

molecule. That is, if the molecule is rotated, the forces predicted from the DM must

also rotate in the same way; this is the essence of equivariance. Thus, when design-

ing ML models to predict DMs in DFT workflows, one must ensure that the model

respects equivariance for vector quantities outputs and invariance for scalar quanti-
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ties. By doing so, the learned ML model preserves the same physical symmetries as

the underlying quantum system, leading to results that are not only accurate but also

physically consistent.

3.2 Preparation of the Datasets for DM

The PySCF package implements all-electron DFT formalism with several quantum-

chemistry methods, such as Hartree-Fock over the Gaussian basis set, GW approxima-

tion, coupled-cluster theory, etc. For our NN-based DM approach, we have used the

cc-pVDZ basis (167) as it is implemented in PySCF, which utilizes double-ζ polarized

orbitals for the valence electron. For this study, we have considered three different

molecules, namely, H2O, S2O, and [Fe(H2O)6]
2+. The given basis set for the relevant

chemical species contains 5 basis functions for H, 14 for O, 18 for S, and 43 for Fe, the

molecular structures are shown in Fig -3.4. Among those molecules, H2O has a sim-

ple electronic structure and typically does not experience convergence issues. Since

its electron charge density closely resembles a superposition of atomic densities. For

a strict test, we consider S2O. Notably, both H2O and S2O can be described utilizing

only three structural features, two bond lengths and one bond angle. As a further test,

we analyze one more complex structure, [Fe(H2O)6]
2+, which also allows us to ex-

amine our ML DM approach on a system with metal bonding. All DFT calculations

(all electrons) are performed using the BLYP functional, which combines Becke’s (28)

generalized gradient approximation for the exchange energy with the Lee–Yang–Parr

correlation energy (29), as implemented in the LIBXC library (152) via PySCF. For cre-

ating the training, validation, and test sets, the SCF cycle is converged using the DIIS

(44, 45) scheme for H2O and S2O. However, for [Fe(H2O)6]
2+, a second-order solver

(SOS) (51, 52) is employed due its to more challenging convergence behaviour, be-

cause small HOMO-LUMO gaps or near-degenerate states (such as transition metal

complexes) can suffer from slow convergence or even divergence, where the second-

order methods stabilize the SCF process by better predicting the direction and step size

needed to reach self-consistency. This was the case for [Fe(H2O)6]
2+.
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Figure 3.4: The molecules investigated in this study were placed in their equilibrium
positions along the Cartesian axes: (a) H2O, (b) S2O, and (c) [Fe(H2O)6]

2+. Color code:
H = white, O = red, Fe = dark golden, S = yellow, x-axis = red, y-axis = green, z-axis =
blue.

Additionally, when analyzing the convergence history of different initial density

matrices (DM) guesses, both DIIS and SOS SCF algorithms are considered. To elimi-

nate the translational degrees of freedom, we fix a specific atom at the origin—oxygen

for H2O, the central sulfur for S2O, and the Fe2+ cation for [Fe(H2O)6]
2+. Rotational

degrees of freedom are addressed by applying suitable constraints. For the triatomic

molecules H2O and S2O, we place one atom along the negative x-axis and a second

atom within the x–y plane, thus reducing the description to three independent coordi-

nates. While for [Fe(H2O)6]
2+, we restrict the oxygen atoms of the H2O ligands to lie

along the three Cartesian axes and consider only variations in the Fe−O bond lengths,

treating the water molecules as rigid units. This alignment gives six independent coor-

dinates for the system (see Fig.-3.4). Since we performed the molecular dynamics simu-

lation with ML-predicted DM guess for H2O and S2O molecules, the rotation operator

has been applied to the new geometries obtained from molecular dynamics steps, and

the inverse-rotational operator on the ML DM guess based DFT-inter-atomic forces

for the next molecular dynamics steps to keep the molecules fixed in xy-plane during

the simulations. For H2O and S2O, these configurations were derived from ab initio

Born–Oppenheimer molecular dynamics (BOMD) trajectories conducted at 150 K, uti-

lizing PySCF. Specifically, simulations were run for 117 ps and 130 ps for H2O and

S2O, respectively, using the Nosé-Hoover thermostat (168) via the pyLAMMPS API,

as implemented in the LAMMPS package (7). The datasets for the model training con-

sist of 9,000 configurations for training, 800 for validation, and 1,000 for testing. For
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[Fe(H2O)6]
2+, we introduce random restricted displacements of the H2O molecules,

allowing the Fe–O bond length to vary within 10% of its equilibrium value (2.0525 Å).

This approach yields training-set mean absolute errors (MAEs) on the order of 10−3

atomic units (au). Notably, the largest elements of the DM are primarily found along

the diagonal, reaching values close to unity, while many off-diagonal elements remain

small. For example, in the case of H2O, 8.15% of the DM elements (P) have magnitudes

in the range 0.1 < |P| < 1, 43.75% fall within 10−3 < |P| < 0.1, and 48.1% have mag-

nitude less than 10−3.

3.3 Results

In the results section, we will present the accurate outcomes of the NN predictions,

which are DM. Next, we will see how this ML DM approach is responsible for accel-

erating the SCF scheme for DFT calculations, including in terms of energy and density

convergence, in comparison with other DM guesses. This yields the one SCF iteration

with ML DM guess that is capable of maintaining DFT quality results. Further, we

also investigated the quality of atomic forces coming from the ML DM guess just after

applying one SCF iteration. Finally, this thesis shows the comparison of the MD simu-

lations, as we deployed the workflow (Fig.[3.1]) to compute the simulation trajectories

through ML DM based non-self-consistent (one SCF) and AIMD schemes.

3.3.1 Parity Plots for NN Predicted DM

Fig-3.5 presents the parity plots in logarithmic scale for the DM elements of H2O [see

panels (a) & (d)], similarly for the S2O molecule [panels (b) & (e)], and finally for

[Fe(H2O)6]
2+ [panels (c) & (f)]. The upper panels are associated with the training set,

while the lower panels represent the test set, with the mean absolute error (MAE) val-

ues reported in each case. As shown, there is an excellent agreement between the

ML-predicted DM and the fully converged DFT DM, with most points closely aligned

along the parity line. This is true for matrix elements greater than approximately 10−2,
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Figure 3.5: Parity plots for H2O [panels (a) and (d)], S2O [panels (b) and (e)], and
[Fe(H2O)6]

2+ [panels (c) and (f)]. The upper panels are for the training set and the
lower ones for the test set. Each graph also reports the MAE achieved. Note that all
the parity plots are in logarithmic scale (we plot |ρij|) and that deviations are only
found for the smaller matrix elements. The colour code describes the density of the
given DM matrix-element values.

primarily for those that significantly influence the key observables, such as the total

ground state energy and atomic forces. However, significant relative errors are ob-

served for smaller matrix elements, where the DFT data tend to be noisy, making it

difficult for the model to learn effectively. This error distribution aligns with the low

MAE values reported across all cases, as detailed in Table-3.1. An exception is noticed

for a few points in the training set of [Fe(H2O)6]
2+, where more pronounced deviations

are reported. These deviations indicate cases, where the DFT calculations itself strug-

gled to converge. In such instances, the DM used in the training was obtained after the

maximum number of default self-consistent iterations allowed [50] in PySCF, rather

than being fully converged calculations. These problematic training points were sub-

sequently discarded. In contrast, the test set includes only fully converged structures.

It is important to mention that the numerical construction of the DM with our ML

scheme does not strictly enforce the idempotency. Since this property enforces a non-
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linear relation between matrix elements, this inclusion into the NN model is challeng-

ing. However, this limitation is mitigated by the high numerical accuracy achieved, as

demonstrated in the subsequent sections.

3.3.2 Accuracy of ML-DM as the Initial Guess for SCF

We now evaluate the accuracy of the DM predicted by the NN model, when used as

a starting point for DFT calculations. This test is conducted over 1000 new configura-

tions for each molecule. Fig-3.6 depicts the average number of SCF iterations required

to reach the convergence and their corresponding variance. Convergence here is de-

fined as achieving an energy difference between two successive SCF iterations below

10−9 (Ha), establishing a stringent criterion.

Figure 3.6: Average total number of SCF steps taken to achieve convergence for various
initial DMs and mixing schemes. Here the convergence criterion is on the total energy
between two successive SCF iterations that should be lower than 10−9 Ha. The black
lines around the mean indicate the variance. Variances lower than one iteration are not
depicted.
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Two different sets of calculations are performed for this investigation, with the SCF

steps driven by either the DIIS algorithm or the SOS mixing scheme. The convergence

parameters in both cases are set to the PySCF default values. Overall, the SOS DM-

update strategy proves to be significantly more efficient than the simpler DIIS scheme,

reducing the total number of iterations by approximately a factor of three, regardless of

the molecule or the initial DM. However, this advantage is partially offset by the SOS

approach being more computationally intensive, as each iteration requires more time.

Additionally, for [Fe(H2O)6]
2+ using the DIIS solver, there are instances where 50 iter-

ations are insufficient to achieve convergence. This behaviour is somewhat expected

given the electronic structure of the [Fe(H2O)6]
2+ cation. Specifically, [Fe(H2O)6]

2+ is

a spin-crossover molecule that undergoes a temperature-driven transition from a low-

spin to a high-spin state, caused by distortions in the octahedral coordination shell of

the Fe2+ ion. While this phenomenon is only partially captured by DFT (169), a multi-

determinant theory would provide a more accurate description (170). Consequently, it

is unsurprising that some highly distorted configurations pose challenges for conver-

gence in DFT calculations. However, determining the exact ground-state calculations

for [Fe(H2O)6]
2+ is not the focus here; rather, the molecule represents a test case for

“difficult” convergence scenarios. In cases where convergence is not reached, the SCF

cycle is terminated after 50 iterations. Irrespective of these differences, the conver-

gence speed concerning various initial DM strategies is fairly consistent across both

mixing schemes. Therefore, we primarily focus on the results obtained with the SOS

algorithm in our discussion. As expected, the H2O and S2O molecules converge signif-

icantly faster than [Fe(H2O)6]
2+, which is consistent with their simpler covalent bond-

ing structures. As we discussed earlier, the "1e" option for DM provides the least effec-

tive starting point, thus even for the SOS mixing scheme the ’1e’ DM guess requires 5

iterations for H2O and S2O and approximately 16 for [Fe(H2O)6]
2+ to converge. Other

conventionally constructed starting DMs show comparable performance, with the co-

valently bonded molecules converging within 3–4 SCF steps and [Fe(H2O)6]
2+ in ap-

proximately 10. In contrast, our ML-predicted DM significantly outperforms all other
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methods. For H2O and S2O, convergence is achieved in a single SCF iteration, while

[Fe(H2O)6]
2+ requires only two iterations. This results in a speedup of the SCF cycle

by a factor ranging from 3 to 5, depending on the molecule. It is worth mentioning that

the acceleration is less pronounced when the DIIS mixing scheme is deployed, particu-

larly for the covalently bonded molecules, where the improvement over other methods

is only marginal. This appears to stem from the inefficiency of the DIIS scheme, which

requires 6–7 iterations to converge, even when starting with the ML-predicted DM. Al-

though it is not entirely clear why the SOS algorithm provides a greater convergence

speedup with ML-generated initial DMs, it is worth mentioning that the DIIS scheme

generally may not fully utilize the initial DM guess. Instead, their optimization pro-

cess can lead the electron density to explore broader regions of the variational space,

potentially diminishing the benefit of a high-quality starting point. it is then expected

that such limitation penalizes more DMs close to the fully converged one than more

inaccurate ones.

3.3.3 Energy and Density Convergence

In this section, we look into the convergence behaviour of the ground state energies

and electron density for various initial DM guesses for three molecules, introduced in

the previous sections. We start with considering H2O, then [Fe(H2O)6]
2+ and finally

we move to S2O.

In Fig-3.7 we report the variations in total energy for the ground state as a function

of the SCF iteration number, n. Here, for H2O we have used the DIIS [panel (a)] and

SOS [panel (b)] mixing schemes. Additionally, panel (c) displays the norm of the dif-

ference between the converged DM Pij and the DM at each SCF step Pn
ij , for the DIIS

mixing scheme for H2O. While the specifics of each SCF cycle may vary depending

on the molecular geometry, the figure represents a typical example. In general, all

initial DMs differ to some extent from the final ground-state DM, and the most sig-

nificant deviations observed, as expected, one for the “1e” initialization (where the

total energy difference at n = 0 exceeds 8 Ha and is not shown here). Convergence
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Figure 3.7: Analysis of the SCF cycle for H2O. In panels (a) and (b) we show the total
energy (measured with respect to the ground-state energy) as a function of the iteration
number, n, for convergence driven by the DIIS and SOS mixing scheme, respectively.
In panel (c) we present the norm of the difference between the ground-state converged
DM, ρGS, and that computed at the n-th iteration, ρn. In this case, we follow the DIIS-
driven SCF cycle. For ease of visualization in all plots, the y axis is on a logarithmic
scale.

is monotonic when the SOS solver is utilized but it can exhibit oscillations with DIIS,

accounting for the higher number of iterations typically required by DIIS. Remarkably,

the ML-generated DM is exceptionally close to the final ground-state DM, guarantee-

ing monotonic convergence in all cases. For H2O, the computed total energies at n = 0

are, on average, within 10−4 Ha from the converged ground state value, and the per-

centage variation in the DM after the first iteration is only 0.196%. The percentage

variation for any two arbitrary square matrices A and B, which have N number of ele-

ments, is as follows
∑ |A−B|

N

mean
[

A+B
2

] × 100% ,

Here A is our ML density-based DM with one SCF iteration and B is the DM obtained

from the fully converged DFT calculation, for the same uracil structure. This indi-

cates that the ML DM provides an excellent agreement with the ground-state DM. For

comparison, the next to best initial DM is generated using a restricted Hartree-Fock

calculation, as the "huckel" option in PySCF, which yields an initial total energy error

of approximately 10−2 Ha. In contrast, all other DM initialization approaches produce

initial errors exceeding 0.1 Ha.
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Figure 3.8: Analysis of the SCF cycle for [Fe(H2O)6]
2+. In panels (a) and (b) we show

the total energy (measured with respect to the ground-state energy) as a function of
the iteration number, n, for convergence driven by the DIIS and SOS mixing scheme,
respectively. In panel (c) we present the norm of the difference between the ground-
state converged DM, ρGS, and that computed at the n-th iteration, ρn. In this case, we
follow the SH: DIIS-driven SCF cycle. For ease of visualization in all plots, the y axis is
on a logarithmic scale.

It is clear that the convergence path becomes oscillatory when using the DIIS SCF

solver for [Fe(H2O)6]
2+ (see Fig-3.8). In this situation, the ground state energy and

the DM fluctuations are much more pronounced, with "spikes" appearing at certain

self-consistent steps. These spikes result from fluctuations in the atomic orbital oc-

cupations across different SCF iterations. By contrast, the SOS mixing scheme effec-

tively suppresses these large fluctuations, restoring a monotonic progression toward

the ground-state solution. Notably for the [Fe(H2O)6]
2+ cation, the ML-predicted DM

guess provides much more accurate values, in fact sufficiently accurate to suppress

convergence oscillation, regardless of the SCF algorithms. In the first iteration, the ML

DM provides the energy, which is about 3 × 10−5 Ha away from the converged result

(in percentage it is 1.7 × 10−6%), while the percentage variation for the DM at the first

SCF step is 0.77% with respect to the converged DM.

In Fig-3.9, we present the total energy (with respect to the ground-state energy) as

a function of the iteration number, n, for the S2O molecule, obtained through the DIIS

[panel (a)] and SOS [panel (b)] mixing scheme. Furthermore, in panel (c) we present

the norm of the difference between the converged DM, and that at each iteration, also
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Figure 3.9: Analysis of the SCF cycle for S2O. In panels (a) and (b) we show the total
energy (measured with respect to the ground-state energy) as a function of the iteration
number, n, for convergence driven by the DIIS and SOS mixing scheme, respectively.
In panel (c) we present the norm of the difference between the ground-state converged
DM, PGS, and that computed at the n-th iteration, Pn. In this case, we follow the DIIS-
driven SCF cycle. For ease of visualization in all plots, the y-axis is on a logarithmic
scale.

implementing the DIIS scheme. Here we can see due to the ML DM guess, the changes

either in energy or in DM between n = 0 and final SCF steps are significantly smaller,

compared to other DM guesses. For example, in the ML DM guess, the difference in

energy (∆E) is ∼ 10−7 Ha, but for the ’minao’ guess it is ∼ 0.99 Ha for the DIIS scheme.

Whereas for the SOS mixing scheme, (∆E) for ML-DM guess is ∼ 10−6 Ha, and for

’minao’ it is approximately 0.09 Ha. This indicates ML DM guess is an excellent choice

to accelerate the self-consistent process as it is shown for the other two molecules.

3.3.4 Nonself-Consistent Atomic Forces

It has already been examined through the previous sections that our ML DM guess de-

mands an extremely small number of SCF iterations to achieve convergence compared

to other conventional initial DM guesses. Even without any SCF cycle, it can already

provide an accurate result for the ground-state DFT energy. In this section, we inspect

another observable predicted from the ML DM approach, namely the atomic forces.

we mainly focus on the forces for a single S2O molecule and then we summarize the

same for H2O, which provides qualitatively similar results.
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Figure 3.10: Parity plot for the α = x and y components of the atomic forces computed
by using the ML DM, FML

α , with one SCF cycle, against the fully converged DFT ones,
FDFT

α . Data are here presented for a set of 1000 S2O molecules extracted from the same
molecular dynamics trajectory used to generate the training set. The upper panel is for
the forces x component, while the lower panel is for the y component. The histograms
on the side describe the frequency of the forces in the test set.

Fig.-3.10 presents the parity plots for the x component (left panel) and y compo-

nent (right panel) of atomic forces, for the S2O molecule placed in the x-y plane. These

calculations are performed for a set of 1000 distorted molecules computed from the

AIMD trajectory used to create the training set, but not included in the neural net-

work’s construction. As the molecules are inherently aligned in the x-y plane, there are

no forces along the z-axis. The parity plot compares the fully converged DFT forces (y-

axis) with the predictions from the ML DM without any SCF iterations (x-axis). Points

lying on the parity line indicate exact predictions. Additionally, the diagrams include

histograms showing the distribution of atomic forces. Along the molecular dynamics

trajectory forces can reach up to 2 eV/Å, although they are generally varying within

the range of ±0.25 eV/Å. The mapping between the ML-DM-predicted forces and the

DFT ones is exceptionally accurate, with the majority of points aligning closely along

the parity line. This is further evidenced by the nearly identical force distributions. In-

terestingly, there is no systematic bias in the error distribution across the range of force

magnitudes explored. This contrasts with typical ML force fields, where the largest
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errors are often observed for smaller forces. The MAE is calculated as 126 meV/Å and

62 meV/Å for the x and y components, respectively. This error can be further reduced

by addressing the fact that the ML-generated DM does not necessarily correspond to

an integer number of electrons, resulting in the ML-DM computed ground-state ener-

gies being consistently lower than the DFT results. One can correct this problem by

rescaling the ML-generated DM by a factor Ne/NML
e , where Ne is the total number of

electrons and NML
e is the number of electrons computed using the ML DM guess with-

out using SCF approach, NML
e = Tr[P.S], where S is the overlap matrix. For S2O the

difference between NML
e and Ne is less than 0.1% but this correction with the addition

of one SCF iteration significantly reduces the MAE to 62 meV/Å and 22 meV/Å for the

x and y components, respectively. In particular, adding one SCF strategy conveys the

thoughts of the Harris functional (171, 172), which is an approximate density functional

involved in electronic structure calculations in the context of the DFT framework. The

main idea here is that the Harris functional is a non-self-consistent approach to the

total energy functional, instead of allowing a full SCF solution. It calculates energy

from train input density. The parity plots in Fig-3.10 are based on forces computed af-

ter applying this DM rescaling. The errors are significantly lower than those typically

observed in state-of-the-art force fields (160, 173, 174). While a comprehensive com-

parison between these two methods is challenging—requiring consistent analysis with

the same molecules, training set size, and other factors—these results clearly demon-

strate that predicting the DM for use in non-self-consistent DFT is a viable alternative

to constructing a force field. Specifically, the forces derived from the ML-predicted DM

can serve as a reliable tool for performing molecular dynamics. This aspect is further

explored in the following section.

Fig -3.11 demonstrates parity plots for the x (left panel) and y (right panel) com-

ponents of the atomic forces acting on the H2O molecule confined in the x-y plane.

These forces are evaluated for 1000 distorted H2O configurations sampled from the

MD trajectory used to generate the training dataset, but excluded from the ML train-

ing process. By design, the molecule remains aligned in the x-y plane, hence there are
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Figure 3.11: Parity plot for the α = x, and y component of the atomic forces computed
by using the ML DM, FML

α , with one SCF cycle, against the fully converged DFT ones,
FDFT

α . Data are presented here for a set of 1000 H2O molecules extracted from the same
molecular dynamics trajectory used to generate the training set. The right panel is for
the forces x component, while the lower panel is for the y component. The histograms
on the side describe the frequency of the forces in the test set.

no forces along the z-direction. The parity plots compare fully converged DFT forces

(y-axis) with those predicted by the ML-generated density matrix (DM) without any

SCF iteration (x-axis). Here one can see the points lying on the parity line indicate

perfect agreement with the fully converged results. For H2O we also applied the same

rescaling scheme on DM and included an additional SCF step to obtain the atomic

forces. Finally, we found MAE is 19 meV/Å for the x-component of the forces and 3

meV/Å for the y-component. The plots also include histograms illustrating the distri-

butions of the atomic forces.

3.3.5 ML Guess Operated Nonself-Consistent MD

Finally, we test how the predicted DM can be used to drive molecular dynamics (MD)

trajectory. Specifically, we perform ab − initio MD using the ML-predicted DM instead

of one obtained from the SCF scheme. This demands careful handling, as the neural

networks are trained to predict the DM only for molecules with specific spatial orien-

tations. To address this, we adopt the following workflow: (1) A molecule placed at
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an arbitrary position is shifted to the origin and rotated to match the orientation re-

quired for the trained NN model; (2) the DM is then predicted using the NN model

and implemented as the initial guess for a static DFT calculation (non-self-consistent)

to evaluate energy and forces via PySCF; (3) then the molecule is rotated and trans-

lated back to its initial position, and the same transformation is operated to the forces;

(4) the atomic forces supplied to the MD package, which updates atomic structural

information accordingly; (5) these steps are then repeated for subsequent MD steps.

The MD approach is performed with the LAMMPS package (7). Although our ML

DM non-self-consistent workflow is more intricate than the standard MD, it enables

the usage of simple structural descriptors to determine the DM, a task which is inher-

ently translationally invariant and rotationally covariant. While translational invari-

ance could be addressed using local structural descriptors and rotational covariance

through a covariant model, here we chose to keep the NN model simple to focus on

exhibiting the suitability of predicting the DM with ML. By following the steps sum-

marized above we perform the MD simulation with ML DM approach. Specifically,

from the ML-predicted DM we compute the atomic forces after rescaling the DM by

the factor Ne/NML
e and adding a single SCF step thereafter. The reason is that, without

any iteration, the total ground state energy is marginally lower than the converged one.

The MD simulations are performed for H2O and S2O molecules at 150 K for 0.14 and

0.12 nanoseconds, respectively. In both cases, we used the aforementioned rotational

scheme to discard the need for an equivariant model. The MD trajectory computed

from the ML DM approach is then compared with fully converged ab − initio AIMD

trajectories and with those computed utilizing only a single SCF step driven by the

DIIS algorithm, starting from the PySCF default DM guess option ’minao’.

The MD trajectories are then analyzed and compared through the thermal distribu-

tions of the bond length and bond angle, as shown in Fig-3.12 for the two molecules.

For H2O [panels (c) and (d)], the distributions exhibit no major differences across the

various methods, a feature that is expected due to the rapid convergence of the SCF

cycle in this case. The average O-H bond length is approximately 0.9837 Å, and the av-
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Figure 3.12: Histograms of the bond lengths, d, and bond angles, θ, along the molecular
dynamics trajectories for S2O [panels (a) and (b)] and H2O [panels (c) and (d)]. There
are two distinct bond lengths for H2O, namely O-H and H-H , while there are three for
S2O, namely two S-O and one S-S .

erage bond angle is 101.83◦, which is consistent with the static DFT BLYP results, and

the experimental values (0.9578 Å and 104.47◦) (175). The S2O case presents a notable

difference. Panels (a) and (b) of Fig-3.12 demonstrate that the ML-DM approach yields

an outstanding approximation of the fully DFT-converged result, leading to thermal

distributions of bond lengths and angles that are highly comparable to those obtained

from fully ab − initio molecular dynamics. In this case, three bond lengths are exam-

ined: the S-O bond, the S-S bond, and the second S-O distance between the two most

peripheral atoms. The centres of their distributions are in line with the reported ex-

perimental values of 1.4650 Å (S-O), 1.8834 (Å S-S), and 3.2505 (Å S-S), (175) as does

the bond angle, 117.876◦). The remaining discrepancies are attributed to the choice of

DFT exchange-correlation energy. However, this consistency is not maintained when

molecular dynamics simulations are performed with a single SCF step initialized from

PySCF’s "minao" DM guess. This is because the distributions generated by the "minao"
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Figure 3.13: Histogram of the various energy components along the different molecular
dynamics trajectories for the S2O molecule. Here we separate the total energy into
one-electron, Hone, Coulomb (Hartree), HC, exchange-correlation, HXC, and nucleus-
nucleus, HNN, components.

guess with one SCF cycle deviate significantly from the fully converged DFT results.

Fig-3.13 represents the various components of total ground state energy: one-electron

Hcore, Coulomb repulsion Hc, exchange-correlation Hxc part, and nucleus-nucleus HNN

interaction terms. As anticipated, the distributions generated from MD simulations

driven by ’minao’ DM guess with one self-consistent cycle, that deviates significantly

from those of self-consistent DFT due to inaccurately predicted average structures. In

contrast, our ML DM not only captures the structural features accurately but also pro-

vides a reliable description of all energy components. Finally in Fig-3.14 we show the

histogram of various ground state energy components for H2O molecule computed

from various MD trajectories, as one-electron Hcore, Coulomb repulsion Hc, exchange-
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Figure 3.14: Histogram of the various energy components along the different molecular
dynamics trajectories for the H2O molecule. Here we separate the total energy into
one-electron, Hone, Coulomb (Hartree), HC, exchange-correlation, HXC, and nucleus-
nucleus, HNN, components.

correlation Hxc part, and nucleus-nucleus HNN interaction terms. Here we consider

MD simulation with ’minao’ initial density, where the DFT forces have been obtained

using three self-consistent cycles. As expected, the ML DM approach consistently out-

performs the ’minao’ guess across all energy components except for the one-electron

distribution. For the one-electron energy, the differences in distribution among the

three MD approaches are not significant.

3.3.6 Limitations of NN Predicted ML DM Approach

The limitation of our NN-based approach is that the number of matrix elements to

predict scales quadratically with the number of basis functions used in the calculation,

76 PhD thesis, Suman Hazra



Chapter 3. Results and Discussion:
Prediction of Density Matrix

making it progressively more computationally expensive as the system size grows.

In practice, many of the matrix elements are relatively small, and they can be safely

neglected when evaluating the DM for accurate non-self-consistent electronic struc-

ture calculations or molecular dynamics simulations. Additionally, efficiency can be

improved by constructing the ML-predicted DM over a small basis function and sub-

sequently utilizing it for calculations employing larger ones (176).

3.3.7 Optimizing ML Strategies for Density Matrix Construction

It is important to emphasize that the suitability of an ML-based strategy for predict-

ing DM compared to alternative methods depends on various factors, including the

characteristics of the target system and the adopted workflow. Specifically, three key

considerations play a determining role: (1) the size of the required training set, i.e.,

the number of DFT calculations needed to construct the ML model; (2) the scalability

of the neural network as the DM’s dimensionality increases, with more complex net-

works potentially required for larger or more intricate systems; and (3) the workflow

in which the ML model is applied, particularly the number of calculations needed after

the model is built. These factors collectively define the "computational economy" of an

ML approach, necessitating a thorough evaluation before selecting a specific compu-

tational strategy. Our approach becomes increasingly advantageous as the scaling of

the overarching electronic structure method with system size grows more prohibitive.

In such cases, the quadratic scaling of DM construction is outweighed by the high

computational cost of lengthy self-consistent cycles, enabling substantial reductions in

computational overhead. This is particularly relevant for methods involving non-local

exchange-correlation functionals.
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MD from ML charge density

This chapter primarily describes how we calculate two-electrons-based Coulomb inte-

grals in order to obtain the Coulomb matrix Jµν from density, then the implementation

of the JL-charge density model to predict the real-space electron densities and hence

compute the KS-Hamiltonian and DMs, and finally the atomic forces for MD simula-

tions. PySCF begins a DFT calculation with an initial guess for the DM. In PySCF, the

matrix components relevant to determining the KS-Hamiltonian include Jµν, which de-

scribes the Coulomb repulsion potential VH and primarily depends on the initial guess

for the density matrix (DM) rather than directly on the electron density. In contrast, the

matrix responsible for the exchange-correlation term, VXC
µν , can be directly computed

from the density. Therefore, the construction of KS-Hamiltonian for obtaining DM is

not feasible from density for our ML-based MD workflow, where the electron density

is the key variable from the perspective of ML predictions. This is the reason, here

we have introduced an avenue to compute the J matrix over Gaussian-type orbitals

(GTO) from the real space electron density. This workflow involves the construction

of the Kohn-Sham (KS) Hamiltonian from the predicted electron density, followed by

a matrix diagonalization process to compute the DM. This is then employed as the

initial guess to expedite the SCF process in DFT calculations. Finally, the entire non-

self-consistent workflow is utilized to obtain atomic forces and ground-state energy to

conduct MD simulations. In brief, here the proposed ML-driven charge density-based

approach develops an alternative avenue to perform non-self-consistent MD simula-

79



Chapter 4. Results and Discussion
MD from ML charge density

tions, achieving accuracy comparable to ab − initio MD (AIMD) while reducing the

computational cost.

Recent advancements, based on machine learning (ML), have introduced transforma-

tive approaches to accelerate electronic structure calculation methods, including DFT.

By leveraging ML models to predict key quantities such as the DM (123, 177), the elec-

tron densities (112, 113) or the potential energy surfaces (73, 74), it is possible to reduce

the computational overhead of material science investigation while maintaining high

accuracy. As an example, there is a developed method using a deep-learning neural

network strategy to represent the DFT Hamiltonian, called DeepH (75). Furthermore,

there are several approaches where deep-learning methods are well integrated with

ab initio calculations (76, 111, 178). One crucial problem of DFT is that it is still com-

putationally rather demanding and not often applicable to those systems where the

number of atoms is more than a thousand. To overcome this drawback, deep-learning

methods can be trained from DFT results, and the constructed ML model can be im-

plemented to bypass computationally extensive steps. However, it is well-established

that DFT can also be utilized to compute the atomic forces for performing molecular

dynamics (MD) simulations, called ab − initio molecular dynamics (AIMD). This MD

simulation is a tool utilized to simulate and study the atomistic movement and inter-

action in molecules or solids over time, enabling the prediction of physical, chemical,

and biological properties. MD simulations are utilized for a wide range of applica-

tions in a variety of fields, such as physics (179, 180), chemistry (181, 182, 183), biology

(77, 184, 185), material science, and drug discovery (186, 187). In recent years, the in-

terest has migrated to some extent, where the machine learning potential (MLP) has

become a prominent approach from the aspect of machine-learning MD (ML MD) sim-

ulation (160, 188, 189, 190, 191) towards accurately reproducing the potential energy

surface (PES) (192) and the associated atomic forces. MLPs rely upon a training pro-

cess, which uses various atomic descriptors to train the ML model on atomic configu-

rations and the associated atomic forces and energies (160).
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Figure 4.1: The workflow to compute DM using Jacobi-Legendre (JL) charge density
model. Here, the JL-atomic descriptor takes atomic positions from a molecule as input.
Using this information, the JL-charge density model predicts the electron density. The
KS-Hamiltonian is then constructed from the predicted density, and after diagonaliza-
tion, it yields the DM. These DMs are used as the initial guess for DFT calculations. As
a result, various DFT observables, such as total energy and forces, are obtained

In Fig.-4.1, we show the workflow introduced to predict the real-space density and

finally obtain the DM for molecular systems. The primary input for this workflow re-

mains the structural information of the molecule. For this workflow, we have provided

the grid data related to the given structure, then first those data passed through an

atomic descriptor scheme, which describes the atomic environment inside a molecule,

and then to the charge density model to obtain the final prediction for real-space elec-

tron density. It is crucial to mention, that for this specific study, we only have employed

the Jacobi-Legendre (JL) charge density model (113) to obtain the prediction on charge

densities. This thesis is not related to the development of the JL-change density model;

the mathematical and implementation details can be found here (113, 161). Next, a

linear model is trained on the grid data, which describes electron density using the

JL descriptors, where the DFT-converged atom-centered real-space electron densities

are provided as outputs. The predicted electron densities are then utilized to construct

the Kohn–Sham (KS) Hamiltonian and the corresponding DM through the developed

Python module. As the final step, these DMs are used as initial guesses for DFT cal-

culations, enabling the computation of atomic forces non-self-consistently to perform
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molecular dynamics (MD) simulations. In summary, this workflow can be divided into

three primary components as follows. (1) prediction of real-space electron density us-

ing the JL-density model; (2) Construction of the KS-Hamiltonian from the predicted

density to obtain the DM; (3) execution of DFT calculations with the predicted DMs

as initial guesses to compute forces and generate MD trajectories (ML-MD). However,

to validate our workflow, we applied this density-based ML-MD approach to compute

the dipole moment at each step of the MD run, thereby computing infrared (IR) spectra

for a molecule in the gas phase. The results were then compared with fully ab − initio

calculations at various temperatures.

4.1 Two Electron Coulomb Integrals

We utilized the PySCF package to implement our ML-based methods; however, it does

not provide the capability to construct the KS-Hamiltonian or the DM directly from

the electron density. This limitation arises because PySCF does not offer direct access

to the matrix elements associated with the classical Coulomb interaction. Instead, it

allows for restarting a DFT calculation by accessing only the guess DM, similar to the

approach used in the SIESTA (193) code. Using PySCF the the Coulomb matrix de-

scribing the classical Coulomb interaction can not be constructed from the electron

density. However, one can obtain other Hamiltonian terms like the one-electron ma-

trix, and from the electron density, the exchange-correlation matrix. There are a few

methods dedicated to calculating the Coulomb matrix for performing ab − initio quan-

tum mechanical calculations using pseudopotentials and plane a plane-wave basis set

(40). This scheme is well-implemented in a popular electronic structure calculation

package called Vienna Ab initio Simulation Package (VASP) (194, 195). It is a com-

mon fact that the most time-consuming part of electronic structure calculations using

approximate DFT is the evaluation of Coulomb and exchange-correlation terms. The

approach proposed in (196) demonstrates a fast and sufficiently accurate evaluation

of Coulomb interaction using the expansion of molecular electronic density in atom-

centred auxiliary basis sets. L. Gagliardi, N.C. Handy, et al (197) showed the resolution
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of the identity approximation for the Coulomb energy in DFT to improve the com-

putational efficiency of large-scale calculations. In our work, we have developed a

Python module to compute the Coulomb matrix over Gaussian-type orbitals (GTOs),

since PySCF performs DFT calculations for molecules on GTO basis functions, using

the real-space electron density as the primary variable. Thereafter, one separate mod-

ule was constructed using all terms required to build the KS-Hamiltonian (detailed

discussion will follow in the result section) for obtaining DM. However, few advanced

numerical libraries are also able to compute these kinds of two-electron integrals. Such

as libint (198), a widely used C++ library for evaluating Gaussian integrals in quantum

chemistry. This library efficiently handles repulsion integrals (ERIs), overlap, kinetic,

nuclear attraction integrals, etc, and it is implemented in various quantum chemistry

packages, like Psi4 (199), MPQC (200), GAMESS (200), etc. Another known numeri-

cal library is libcint (201), developed by Qiming Sun and well implemented with the

PySCF framework. This is a C library for Gaussian integrals. It supports Cartesian and

spherical Gaussian-type orbitals for various integrations and derivatives. It is often

lighter than libint. Both integral engines compute primitive integrals over Gaussian

basis functions for obtaining the Coulomb matrix, but do not directly work on elec-

tron density; they involve DMs, as Jµν = ∑λσ Pλσ (µν|λσ). For our second workflow,

real-space electron density is the accessible entity from the ML prediction, so each com-

ponents in the KS-Hamiltonian have to be represented as a function of electron density.

Furthermore, density fitting (DF) (202, 203), also known as the resolution of identity,

is an efficient strategy in electronic structure theory, which approximates the prod-

uct of two basis functions (pair densities) by expanding them in an auxiliary basis

set. In practice, this reduces the four-centre two-electron integrals , which are cen-

tral to Hartree–Fock and DFT, into a combination of three-centre and two-centre inte-

grals involving the auxiliary functions. Since these two-electron integrals describe the

Coulomb interaction between charge distributions Eq.(39), DF is most naturally con-

nected to the Coulomb integral. By fitting orbital pair densities in an auxiliary space,
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DF provides an accurate and low-cost way of evaluating the Coulomb matrix elements

needed in building the Fock or Kohn–Sham Hamiltonian. Thus, density fitting can be

viewed as an approximation scheme that accelerates the computation of Coulomb-type

integrals while maintaining near-exact accuracy for an appropriate choice of auxiliary

basis functions. Electrons interact with each other due to their electric charges. The

Coulomb potential describes this interaction, which depends on the product of two

point charges and is inversely proportional to the square of the distance between them.

Mathematically, the Coulomb potential VH(r) at a point r in space due to a charge dis-

tribution coming from all other electrons ρ(r
′
) is given by

VH(r) =
∫

ρ(r
′
)

r − r′
dr

′
(1)

In DFT, the Coulomb potential is expressed in terms of electron density, which is the

key quantity of interest. In practice, the Coulomb potential is often discretized over a

grid in space for a DFT calculation. Overall, the Coulomb interaction is a fundamental

concept in KS-DFT, as it describes the electron-electron interaction and plays a cru-

cial role in the electronic structure and properties investigations of atoms, solids, and

molecular systems. As any standard DFT code demands builds the KS-Hamiltonian.

The Coulomb potential is then written as a matrix on a given basis called the Coulomb

matrix. The matrix element of the Coulomb matrix, computed between two basis func-

tions, can take the following form

⟨ϕµ|vH|ϕν⟩ =
∫ ∫

ρ(r′)
|r − r′ |

ϕ∗
µ(r)ϕν(r)drdr′ =

=
∫

ρ(r′)

[∫ ϕ∗
µ(r)ϕν(r)
|r − r′| dr

]
dr′ .

(2)

Where ϕ∗
µ(r) (complex conjugate) and ϕν(r) are the basis basis function. On a

note, in this development, ϕ∗
µ(r) is a real-valued function; we have only considered
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Gaussian-type orbitals (GTO) to construct the Coulomb matrix from the charge den-

sity. From Eq.2. This expression describes the electrostatic interaction of electrons.

However, its evaluation is computationally expensive due to its long-range nature and

slow decay. In brief, the Coulomb potential extends across the entire system, meaning

every electron interacts with all others. Additionally, it decays as 1
|r−r′ | making distant

interactions still significant and expensive to compute. For example, if two charges are

apart by 1 Å the interaction strength is 1/1, if they are apart by 10 Å, the interaction is

1/10, and if they are 100 Å away the interaction is 1/100- which still not zero.

Next, the discussion will broadly cover how mathematically we implemented the

molecular integral evaluation to construct the Coulomb matrix from the electron charge

density over the Gaussian-type orbitals (GTO) in the real space grid. This mathemat-

ical derivation demands a few more things such as the GTO normalization factor, the

Gaussian product theorem, and some other approximations. Before beginning that

derivation, we introduce a few steps to clarify a few more mathematical functions.

4.2 GTO Normalization

As we described before, in all of our DFT calculations or in ML approaches, we have

used PySCF. In this package, Gaussian-type orbitals are implemented to perform the

molecular DFT calculations. Therefore, we have considered Gaussian-type orbitals to

calculate the Coulomb matrix from the real-space electron density. There are two dif-

ferent types of Gaussian functions: Cartesian and Spherical harmonics. Here we will

only discuss its Cartesian form. For the mathematical derivation, first, we introduce

the general form of the molecular integral relevant to the Coulomb matrix using prim-

itive Gaussian functions. Then the final form of the same matrix is obtained via the

contracted Gaussian functions, which are the linear combinations of multiple primi-

tive Gaussian functions. The functional expression of a primitive Cartesian Gaussian
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centred at the origin A =follows the given form (204)

ϕ1(r) = (x − Ax)
l(y − Ay)

m(z − Az)
ne−α|r−A|2 =

= xl
Aym

Azn
Ae−αrA

2
.

(3)

Eq.3 is a basic function of angular momentum l, m, and n, with an orbital exponent

α, and it is not normalized. The normalization condition for a given ϕ1 can be written

as

1. = N2
∫ +∞

−∞
(xl

Aym
Azn

A exp−αr2
A)(xl

Aym
Azn

Ae−αr2
A)dr

= N2
∫ +∞

−∞
x2l

Ay2m
A z2n

A e−2αr2
A dr

= N2
∫ +∞

−∞
x2l

Ae−2αx2
A dx

∫ +∞

−∞
y2m

A e−2αy2
A dy

∫ +∞

−∞
z2n

A e−2αz2
A dz

= N2 IA
x IB

y IC
z .

(4)

Now, if we apply the standard Gamma function integration, then we find

IA
x =

∫ +∞

−∞
x2l

Ae−2αx2
A dx =

(2l − 1)!!
√

π

(4α)l
√

2α
, (5)

and the same expressions can be obtained when the integrations are performed for

y and z. Then, by using these results in Eq.4 one can obtain the normalization factor N

as

N =

[(
2
π

)3/4 2(l+m+n)α(2l+2m+2n+3)/4

[(2l − 1)!!(2m − 1)!!(2n − 1)!!]1/2

]
. (6)

This result is completely general for uncontracted primitive Cartesian Gaussian func-

tions ϕ1.

4.3 The Gaussian Product Theorem

Here, we need to introduce the Gaussian product theorem, because this theorem is

useful to compute the Coulomb matrix using Gaussian orbitals. The theorem said
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the product of two different Gaussian functions G1 and G2 centred on the two different

points can be expressed as a summation of Gaussian functions centred at the midpoint.

That makes it efficient for evaluating integrals involving Gaussian-type orbitals. If two

Gaussian functions G1 and G2 are centred on A and B then according to the product

theorem it can be written as

G1G2 = G1(r, α1, A, l1, m1, n1)G2(r, α2, B, l2, m2, n2)

= e−α1α2(AB)/γ×[
l1+l2

∑
i=0

fi(l1, l2, APx, BPx)xi
Pe−γx2

P

]
×[

m1+m2

∑
j=0

f j(m1, m2, APy, BPy)y
j
Pe−γy2

P

]
×[

n1+n2

∑
k=0

fk(n1, n2, APz, BPz)zk
Pe−γz2

P

]
.

(7)

We can prove it in the following way. Firstly, we need to define the multiplicands

as

G1 = G1(r, α1, A, l1, m1, n1) = xl1
Aym1

A zn1
A e−α1r2

A ; (8)

G2 = G2(r, α2, B, l2, m2, n2) = xl2
B ym2

B zn2
B e−α2r2

B , (9)

where rA can be defined as rA = r−A and |rA| =
√
(x − Ax)2 + (y − Ay)2 + (z − Az)2,

the difference between grid points (x, y, z) and the atomic positions(Ax, Ay, Az). Next,

we will prove the theorem and yield Eq (7). To analyse it let us set all the angular mo-

mentum values to be 0 and hence the form of Eq.(8) and Eq.(9) as follows

G1 = e−α1r2
A ; (10)

G1 = e−α2r2
B (11)

As per the Gauss product theorem, we can write the product G1 · G2 as the third
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Gaussian with a constant K, i.e. G1.G2 = G3,

e−α1r2
A e−α2r2

B = Ke−γr2
P

= Ke−[γ(r−P)2]

= Ke−[γ(r2+P2−2rP)] .

(12)

Again, by using the definition of rA and rB

e−α1r2
A e−α2r2

A = e−α1(r−B)2−α2(r−B)2

= e−(α1+α2)r2+2(α1A+α2B)r−α1A.A−α2B.B .
(13)

Now if we compare each terms in Eq.(12) and Eq.(13), then we will obtain the following

expressions γ = (α1 + α2), P = α1 A+α2B
γ , and K = e−α1A2−α2B2+γP2

. So, by using the

expression of P and γ we can write

γP2 =
(α2

1A2 + 2α1α2A · B + α2
2B2)

(α1 + α2)
. (14)

Hence, in the expression of K after substituting the final form of (γP2) from the

above equation we can obtain

K = e−[α1α2(AB)2/γ] . (15)

Hence, if we define |AB| = |A − B| =
√
(Ax − Bx)2 + (Ay − By)2 + (Az − Bz)2 for

the two s types orbitals, then the Gaussian product will take the following form

e−α1r2
A e−α2r2

B = e−[α1α2(AB)2/γ]e−[γ(r−P)2] . (16)

Furthermore, for any arbitrary angular momentum, the product of two different

Gaussian functions centred at two separate points A and B can be written as

G1G2 = xl1
Aym1

A zn1
A xl2

B ym2
B zn2

B e−[α1α2(AB)2/γ]e−[γ(r−P)2] . (17)
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Where Eq.(16) has been implemented in Eq.(17) to take care of the product of two

exponentials. Now, we need to play with the term xl1
Axl2

B to construct Eq.(7)

xl1
Axl2

B = (x − Ax)
l1(x − Bx)

l2

= [(x − Px) + (Px − Ax)]
l1 [(x − Px) + (Px − Bx)]

l2

= (xp − APx)
l1(xp − BPx)

l2

=
l1

∑
i=0

xi
P(AP)(l1−i)

x C(l1, i)
l2

∑
j=0

xj
P(BP)(l2−j)

x C(l2, j)

=
l1+l2

∑
k=0

xk
P

[
k

∑
i=0

l2

∑
i=0

xi
Pxj

P(AP)(l1−i)
x C(l1, i)(BP)(l2−j)

x C(l2, j)

]

=
l1+l2

∑
k=0

xk
P fk(l1, l2, APx, BPx) .

(18)

Here, xp = (x − Px), C(l1, i) = l1!
i!(l1−i)! , and APx = (A − P)x. Similarly,

ym1
A ym2

B =
m1+m2

∑
k=0

yk
P fk(m1, m2, APy, BPy) ; (19)

zn1
A zn2

B =
n1+n2

∑
k=0

zk
P fk(n1, n2, APz, BPz) . (20)

Here we have used standard binomial expansion of (xp − APx)l1 and other similar

terms for m and n angular momentum. Finally, the coefficient of xk
p, yk

p, and zk
p can be

written as

f x
l (l

l
1, ll

2, APx, BPx) =
k

∑
i=0

l2

∑
i=0

xi
Pxj

P(AP)(l1−i)
x C(l1, i)(BP)(l2−j)

x C(l2, j) (21)

Since l, m, n and x, y, and z are the dummy indices and variables, one can construct

other coefficients by replacing those indexes and coordinates in Eq.(21). Here, k =

(l1 + l2). Now one can obtain Eq(7) by substituting Eq.(18,19, 20) into Eq.(17), where
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fl, fm, and fn follows Eq.(21)

4.4 Calculation for Coulomb Matrix

Eq.(2) we can write as

⟨ϕµ|VH|ϕν⟩ =
∫

ρ(r
′
)

[∫ ϕ∗
µ(r)ϕν(r)

|r − r′ |
dr

]
dr

′
.

(22)

However, from Eq.(22) we can say the expression inside the square bracket does

not depend on the real-space charge density. This is the standard expression for the

Coulomb matrix and since it is integrable over a product space, it allows for the change

in the order of integration between dr and dr
′
. The main idea here is to compute this

part which exists inside the bracket in Eq. (22), once it is done then obtaining matrix

elements is straightforward, which demands a numerical integration with the electron

density. Here we always consider the real basis function that ϕ = ϕ∗. It is crucial

to mention here, first, we derive the expression which is inside the square bracket of

Eq.(22) for two uncontracted or primitive Gaussian basis functions ϕ1 and ϕ2, then we

finally obtain the Coulomb matrix for the contracted Gaussian function ϕµ. Hence the

expression we can write from Eq.(22)

ϕ12 =
∫

ϕ∗
1(r)ϕ2(r)
|r − r′ |

dr . (23)

Now By applying the Gaussian product theorem, we can use the mathematical ex-
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pression from Eq.(7) in Eq.(23), and hence obtain

ϕ12 = N1,2

∫
e−[α1α2×(AB)/γ]|r − r

′ |−1×

×
[

l=l1+l2

∑
i=0

f x
i (l1, l2, APx, BPx)xi

Pe−γx2
P

]
×

×
[

m=m1+m2

∑
j=0

f y
j (m1, m2, APy, BPy)y

j
Pe−γy2

P

]
×

×
[

n=n1+n2

∑
k=0

f z
k (n1, n2, APz, BPz)zk

Pe−γz2
P

]
dr =

N1,2

[
K ∑

l
∑
m

∑
n

f x
l f y

m f z
n

∫
e−γr2

P
xl

Pym
P zn

P
|r − r′ |

dr

]
.

(24)

Here K = e−[α1α2(AB)/γ] and N1,2 = N1N2 is normalization constant for the primi-

tive Gaussian function given in the Eq.(6). From Eq.(24) it can be observed the usual

Gaussian-like term xl
Pym

P zn
P is straightforward to compute, because the integration in

the x, y, and z components are separable. In contrast, the term in the denominator

|r − r
′ | is not separable along the independent coordinates. This is the reason for

making this molecular integral more complex over 1
|r−r′ | . In our work, we have im-

plemented the most commonly used scheme to deal with 1
|r−r′ | , namely the Laplace

transformations, which transforms 1
r into some exponential form. As a result, the en-

tire expression can be represented as a Gaussian product. If we apply the standard

Laplace transformation we will obtain

1.
r − r′

=
1√
π

∫ ∞

0
e−s|r−r

′ |2s−
1
2 ds . (25)

Hence from the Eq.(24) we can write
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ϕ12 =
1√
π

N1,2

[
K ∑

l
∑
m

∑
n

f x
l f y

m f z
n

×
∫ +∞

−∞

∫ ∞

0
e−γr2

P xl
Pym

P zn
Pe−s|r−r

′ |2s−
1
2 drds

]
=

=
1√
π

N1,2

[
K ∑

l
∑
m

∑
n

f x
l f y

m f z
n I lmn

xyz

]
,

(26)

where

Ixyz
lmn =

∫ +∞

−∞

∫ ∞

0
ds
[

xl
Pym

P zn
P

] [
e−γr2

P e−s|r−r
′ |2
]

s−
1
2 dr . (27)

Here our main focus is on the integration Eq.(27). If we apply again the Gaussian

product theorem for the two exponents present in the above equation, we can write

e−γr2
P e−s|r−r

′ |2 = e−γ|r−Pr|2 × e−s|r−r
′ |2

= e−
γs|r

′
−Pr |2

(γ+s) e−(γ+s)|r−Dr|2 ,
(28)

Where, the definition of Dr follows as Dr = γPr+sr
′

γ+s . From Eq.(27) by using before

mentioned definition we can expand (xl
pym

p zn
p) term into (x − Px)l(y − Py)m(z − Pz)n.

Furthermore, it can be seen in Eq.(28), that it is a function of a new variable D. So,

the use of Eq.(28) in Eq.(27) will make Eq.(27) the function of two different variables

together which is Pr and Dr. Hence, we can follow the steps that we made for Eq.(18),

Eq.(19), and for Eq.(20)

(x − Px)
l = (xD − PDx)

l =

=
l

∑
l′=0

(xD)
l
′
PD(l−l

′
)

x C(l, l
′
) ,

(29)

Where, xD = x − Dx and PDx = (P − D)x, similarly

(y − Py)
m =

m

∑
m′=0

(yD)
m
′
PD(m−m

′
)

y C(m, m
′
) , (30)

92 PhD thesis, Suman Hazra



Chapter 4. Results and Discussion
MD from ML charge density

(z − Pz)
n =

n

∑
n′=0

(zD)
n
′
PD(n−n

′
)

z C(n, n
′
) . (31)

Here, yD, zD, and PDy, PDz follow the before mentioned definitions. Now substituting

all of these values in Eq.(27) will give

Ixyz
lmn =

1√
π

∫ +∞

−∞

∫ ∞

0

l

∑
l′=0

m

∑
m′=0

n

∑
n′=0

C(l, l
′
)C(m, m

′
)C(n, n

′
)PD(l−l

′
)

x PD(m−m
′
)

y PD(n−n
′
)

z ×

×(xD)
l
′
(yD)

m
′
(zD)

n
′
e−

γs|r
′
−Pr |2

(γ+s) e−(γ+s)|r−Dr|2s−
1
2 drds =

=
1√
π

l/2

∑
l′=0

m/2

∑
m′=0

n/2

∑
n′=0

C(l, 2l
′
)C(m, 2m

′
)C(n, 2n

′
)
∫ +∞

−∞

∫ ∞

0
PD(l−2l

′
)

x PD(m−2m
′
)

y PD(n−2n
′
)

z ×

× (xD)
2l

′
(yD)

2m
′
(zD)

2n
′
e−

γs|r
′
−Pr |2

(γ+s) e−(γ+s)|r−Dr|2s−
1
2 drds =

=
1√
π

l/2

∑
l′=0

m/2

∑
m′=0

n/2

∑
n′=0

C(l, 2l
′
)C(m, 2m

′
)C(n, 2n

′
)
∫ ∞

0
PD(l−2l

′
)

x PD(m−2m
′
)

y PD(n−2n
′
)

z ×

×e−
γs|r

′
−Pr |2

(γ+s) s−
1
2

[∫ +∞

−∞
(x − Dx)

2l
′
e−(γ+s)(x−Dx)2

dx
] [∫ +∞

−∞
(y − Dy)

2m
′
e−(γ+s)(y−Dy)2

dy
]
×

×
[∫ +∞

−∞
(z − Dz)

2n
′
e−(γ+s)(z−Dz)2

dz
]

ds .

(32)

From the definition of the gamma function integral, we can write

∫ +∞

−∞
(x − Dx)

2l
′
e−(γ+s)(x−Dx)2

dx =
(2l

′ − 1)!!
√

π

2l′ (γ + s)l′√γ + s
. (33)

By substituting this expression for the given three integrals in Eq.(32) and after rear-

ranging we can obtain the following

Ixyz
lmn =

1√
π

l/2

∑
l′=0

m/2

∑
m′=0

n/2

∑
n′=0

C(l, 2l
′
)C(m, 2m

′
)C(n, 2n

′
)

π3/2(2l
′ − 1)!!(2m

′ − 1)!!(2n
′ − 1)!!

2l′+m′+n′

PD(l−2l
′
)

x PD(m−2m
′
)

y PD(n−2n
′
)

z

∫ ∞

0

s−1/2e−
γs|r

′
−Pr |2

(γ+s)

(γ + s)l′+m′+n′
(γ + s)3/2

ds .

(34)
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Again we have introduced

PD(l−2l
′
)

x =

[
Px −

γPx + sx
′

γ + s

]l−2l
′

=

=

[
Px(γ + s)− (γPx + sx

′
)

γ + s

]l−2l
′

=

=

[
s

γ + s

]l−2l
′

(Px − x
′
)l−2l

′
.

(35)

Similarly

PD(m−2m
′
)

y =

[
s

γ + s

]m−2m
′

(Py − y
′
)m−2m

′
, (36)

PD(n−2n
′
)

z =

[
s

γ + s

]n−2n
′

(Pz − z
′
)n−2n

′
. (37)

Hence by using the form of PD(l−2l
′
)

x , PD(m−2m
′
)

y , PD(n−2n
′
)

z in Eq.(34) we write

Ixvz
lmn =

1√
π

l/2

∑
l′=0

m/2

∑
m′=0

n/2

∑
n′=0

C(l, 2l
′
)C(m, 2m

′
)C(n, 2n

′
)

π3/2(2l
′ − 1)!!(2m

′ − 1)!!(2n
′ − 1)!!

2l′+m′+n′ ×

×
[

s
γ + s

]l−2l
′

(Px − x
′
)l−2l

′
[

s
γ + s

]m−2m
′

(Py − y
′
)m−2m

′
[

s
γ + s

]n−2n
′

(Pz − z
′
)n−2n

′
×

×
∫ ∞

0

s−1/2e−
γs|r

′
−Pr |2

(γ+s)

(γ + s)l′+m′+n′
(γ + s)3/2

.

(38)

94 PhD thesis, Suman Hazra



Chapter 4. Results and Discussion
MD from ML charge density

After simplifying the present integral can be written in the more coupled form

Ixyz
lmn =

1√
π

l/2

∑
l′=0

m/2

∑
m′=0

n/2

∑
n′=0

C(l, 2l
′
)C(m, 2m

′
)C(n, 2n

′
)×

× π3/2(2l
′ − 1)!!(2m

′ − 1)!!(2n
′ − 1)!!

2l′+m′+n′ × (Px − x
′
)l−2l

′
(Py − y

′
)m−2m

′
(Pz − z

′
)n−2n

′
×

×
∫ ∞

0

s(l+m+n)−2(l
′
+m

′
+n

′
)s−1/2e−

γs|r
′
−Pr |2

(γ+s)

(γ + s)(l+m+n)−(l′+m′+n′ )(γ + s)3/2
=

=
1√
π

l/2

∑
l′=0

m/2

∑
m′=0

n/2

∑
n′=0

C(l, 2l
′
)C(m, 2m

′
)C(n, 2n

′
)×

× π3/2(2l
′ − 1)!!(2m

′ − 1)!!(2n
′ − 1)!!

2l′+m′+n′ × (Px − x
′
)l−2l

′
(Py − y

′
)m−2m

′
(Pz − z

′
)n−2n

′
× I

′
,

(39)

where

I
′
=
∫ ∞

0

sL−2L
′
s−1/2e−

γs|r
′
−Pr |2

(γ+s)

(γ + s)L−L′
(γ + s)3/2

ds =

=
L
′

∑
h=0

(−1)h

γL−L′+h+1.5
× C(L

′
, h)×

×
Γ
[

L − 2L
′
+ h + 0.5

]
Γinc

[
(L − 2L

′
+ h + 0.5), γ(r

′ − Pr)2
]

|r′ − Pr|2(L−2L′+h)+1
.

(40)

In the expression above we have introduced L = l + m + n, L
′
= l

′
+ m

′
+ n

′
, Γ is the

gamma function and Γinc is the incomplete gamma function. A full analytical solution

of the above integration can be found in the appendix section. Finally by using Eq.(40)
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and Eq.(39) in Eq.(26) the expression of the Coulomb matrix can be written as

ϕ12 = N1,2K
(l1+l2)

∑
l=0

(m1+m2)

∑
m=0

(n1+n2)

∑
n=0

f x
l f y

m f z
n

l/2

∑
l′=0

m/2

∑
m′=0

n/2

∑
n′=0

C(l, 2l
′
)C(m, 2m

′
)C(n, 2n

′
)

× π(2l
′ − 1)!!(2m

′ − 1)!!(2n
′ − 1)!!

2L′ × (Px − x
′
)l−2l

′
(Py − y

′
)m−2m

′
(Pz − z

′
)n−2n

′

L
′

∑
h=0

(−1)h

γL−L′+h+1.5
× C(L

′
, h)

×
Γ
[

L − 2L
′
+ h + 0.5

]
Γinc

[
(L − 2L

′
+ h + 0.5), γ(r

′ − Pr)2
]

|r′ − Pr|2(L−2L′+h)+1
.

(41)

Above expression depends on the angular orbitals l, m, n, and the shifted coordi-

nates Px = (α1 Ax+α2Bx)
α1+α2

, Py =
(α1 Ay+α2By)

α1+α2
, Pz = (α1 Az+α2Bz)

α1+α2
. Ax,y,z and Bx,y,z are the

atomic positions. Furthermore, A contracted Gaussian-type orbital ϕµ is a linear com-

bination of multiple primitive Gaussian-type orbitals. The general form of a contracted

Gaussian in Cartesian coordinates is as follows

ϕµ(r) =
Nµ

pre

∑
i=1

χiϕi(r) , (42)

where Nµ
pre represents the number of primitive Gaussian functions in the contrac-

tion, χi for a given basis set, as available in PySCF. Finally, the expression for the

Coulomb matrix for two contracted Gaussian-type basis functions ϕµ and ϕν can be

written as

⟨ϕµ|VH|ϕµ⟩ =
∫

ρ(r
′
)

Nµ
pre

∑
i=1

Nν
pre

∑
j=1

χiχjϕij

 dr
′

. (43)

Eq.(43) represents the finally implemented form of the Coulomb matrix in PySCF. One

can access the Coulomb matrix responsible for the electron-electron repulsion by pro-

viding accurate electron density and orbital information in Eq.(43). For our study,
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we only implemented this Coulomb matrix computation scheme for the Gaussian ba-

sis function up to p orbitals. The entire module is written in Python and integrated

with the PySCF electronic structure package. All the analytical derivations to establish

Eq.(43) have been computationally implemented in the stated-above Python module.

From Eq.(43) it is clear that the evaluation of the matrix elements demands one more

integral over r
′
. This integral is computed numerically via Eq.(44) by applying the

quadrature formula with the implementation of incomplete gamma function integral

from a standard python-friendly numerical library SciPy (205). The integral is then

approximated as ∫ b

a
f (x)dx ≈

n

∑
i=1

wi f (xi) . (44)

where n is the number of grid points, w denotes the associated weights for gird, and the

function f includes all the terms present in Eq.(43) for individual matrix entry, which

is the function of r
′
, evaluated at each grid point. In practice, the atom-centered grid

and the weights are obtained from PySCF for a given molecule and a basis. Since the

choice of basis function determines the number of orbitals and consequently the total

number of matrix elements, so, if any basis function ϕ contains Norb number of orbitals

then Coulomb matrix elements (Jµν) are governed by the following equation

Jµν =
n

∑
i=1

wiρ(r
′
i)

Nµ
pre

∑
i=1

Nν
pre

∑
j=1

χiχjϕij

 , (45)

with the dimension of (Norb × Norb), where the real space electron density, atomic

grids, and the associated weights were supplied to compute Eq.(45) for each element of

the Coulomb matrix. We obtained the entire matrix responsible for classical Coulomb

interaction from the electron density from Eq.(45). It is evident that Eq(45) becomes

computationally expensive as the basis or orbital size grows. To minimize this ex-

pense, we compute only the upper triangular part (Jupper
µν ) of the symmetric square

matrix (Jµν). The complete matrix is then constructed by adding its lower triangular

part, which is obtained from the transpose of Jupper
µν without the diagonal elements,
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therefore the final version of Jµν matrix follows Jµν = Jupper
µν + [Jupper

µν i ̸= j]T. Moreover,

to further enhance the efficiency of our Coulomb matrix evaluation, we have also im-

plemented multi-processing parallelization to compute the Gaussian-type integration

responsible for the Coulomb repulsion. However, this Python module is also capable

of calculating the Coulomb matrix responsible for spin-polarized systems involving

up-spin and down-spin densities. In the following section, we will discuss the con-

struction of Kohn-Sham Hamiltonian from various components as described earlier,

but it is crucial to mention here, that the entire module offers the production of DM

from real-space electron density for a given GTO basis function (up to p orbitals) for

molecules including open-shell systems. This module also tested for varieties of GTO

functions and pure density functionals e.g. PBE (25), BLYP (26, 27), etc.

To check the accuracy for developed Python module for the Coulomb matrix a few

tests have been conducted for a set of molecules H2O, S2O, C9H8O4, and C4H4N2O2.

For the current discussion, we will consider only one molecule, C9H8O4, to analyse

the accuracy and the computational efficiency of the molecular integrals and hence

the matrix defined in Eq.(45). Fig.4.2 shows the parity plots (in logarithmic scale) of

the Coulomb matrix for the Aspirin molecule for computed with 6 − 31 + g Gaussian

basis set (206, 207). From this plot, we can see an excellent agreement between the

matrix elements calculated from the electron density as from Eq.(45), and the PySCF-

generated initial DM-based Coulomb matrix. Both the matrices have been obtained

from a converged DFT charge density. Here most of the points are speared over the

parity lines with a reported mean absolute error (MAE) value in the order of 10−6 in

a.u. Furthermore, the Python module that we have developed, achieves computational

efficiency through the implementation of parallel processing.

Here, Fig.-4.3 presents a measure of the computational efficiency of our Coulomb

matrix evaluation scheme for a single aspirin (C9H8O4) molecule. From Eq.(45), the

final integration needs to be performed over the r
′
grid, which means it is a grid-based

numerical calculation, and the computational cost will increase as the system size
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Figure 4.2: Parity plots for the Coulomb matrix for a single C9H8O4 molecule. Along the X-axis we
present calculated Coulomb matrix elements (VCal

ij = JCal
µν ) obtained from the electron density. The same

quantity (VPySCF
ij = JPySCF

µν ) computed from PYSCF is shown along the Y-axis. Note this parity plot is
in logarithmic scale (we plot |Vij| = |Jµν|). The colour code describes the density of the given Vij matrix
elements. Maximum (MAX) and mean absolute (MAE) deviations are indicated in the plot.

Figure 4.3: Evaluation of Coulomb matrix for C9H8O4 over the different number of CPU-threads
by utilizing all electron charge density. The X-axis follows the number of threads whereas the Y-axis
presents computation time for each thread configuration.

grows, and for aspirin molecule considered the grid size is approximately 2.54 × 105.

This means that each matrix element (Jµν) has to be integrated out through 2.54 × 105

mesh grid points. As already mentioned, we have used 6 − 31 + g basis set, which
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yields the total number of matrix elements is 185 × 185. Furthermore, since, as we dis-

cussed before, the Coulomb matrix is symmetric, we have explained, computed only

the upper diagonal of the Coulomb matrix (17205 elements) and then constructed the

full one. In -Fig.4.3 the x-axis represents the number of threads responsible for com-

puting the Coulomb matrix. The Y-axis shows the corresponding time consumption in

the (hours : minutes) format. When the number of threads is set to 1, evaluation takes 4

hours, for two threads it takes 2 hours, for 4 threads it takes 1 hour, for 16 threads it de-

mands 16 minutes and finally, for 64 threads (green bar) the calculation of the Coulomb

matrix finishes within 2 minutes. It is evident from the given evaluation pattern that

significant efficiency is achieved as we increase the number of CPUs.

4.5 DM from JL-Charge Density Model

This is our second approach, where we already discussed how we constructed DM

from the electron density ρ(r). Our scheme here directly deals with the real-space rep-

resentation of the ρ, defined on a Cartesian grid. This is obvious that ρ is available in

any DFT code. Its key advantage lies in the fact that the electron density at a given grid

point is rotationally invariant with respect to the external potential, i.e., the positions

of the surrounding nuclei. This allows one to build ML models that predict point by

point, using as descriptors the local atomic environment within a chosen cutoff radius.

The effectiveness of this grid-based strategy depends strongly on the representation

of the local environment and the learning method. While a single DFT calculation

can produce tens of millions of grid points, suggesting that generating large training

datasets is straightforward, the data often contain redundancy and limited diversity,

as only a narrow range of external potentials is sampled. To address this, multiple

configurations of the same system are typically used. In practice, this usually leads

to very large neural networks with millions of trainable parameters, which are com-

putationally heavy and tend to have limited transferability, as we discussed before for

DMs (Chapter 3). Our primary objective is to reformulate the grid-based strategy into a

lightweight framework that can be applied broadly across DFT calculations. This is ac-
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complished by substantially reducing computational overhead while maintaining very

high accuracy. Specifically, we introduce a grid-centred representation of atomic struc-

tures constructed from Jacobi and Legendre polynomials, which have previously been

employed in the development of efficient ML force fields. The JL representation en-

ables a linear regression formulation for the charge density, in which many-body con-

tributions of varying orders are explicitly separated. The outcome is a highly compact

model requiring only a small number of coefficients, trained on a limited subset of the

available grid points. For brevity, we refer to this family of models as Jacobi–Legendre

charge density models.

The Jacobi–Legendre Charge Density Model differs from neural networks in how it

handles symmetry. Since the charge density is a scalar field, the problem is inher-

ently rotationally and translationally invariant, meaning JLCDM only needs to re-

spect invariance. This is achieved analytically through Jacobi and Legendre polyno-

mials, which encode the local environment in a symmetry-preserving way. In contrast,

neural networks often rely on equivariant architectures to learn how vector or ten-

sor quantities transform under rotations, making them flexible but computationally

heavy, which we have used for DM prediction, as discussed in the previous chapter.

JLCDM’s invariance-based design keeps the model compact, lightweight, and trans-

ferable, while avoiding the overhead of large equivariant neural networks. In our

deep learning-based DM prediction approach, we demonstrated that using a neural

network (NN) prediction ML DM guess can accelerate the SCF algorithm, without sac-

rificing the accuracy, subject to reducing the rotational degrees of freedom for DM.

However, this deep learning machine-learning scheme demands a significant num-

ber of molecular structures to train the NN model. In contrast, the linear ML charge

density model (JLCDM) offers an alternative pathway for predicting the real-space

charge density, requiring only a few molecular structures for training. Additionally,

the atomic descriptor-based JLCDM method generalizes the workflow by removing the

constraint of rotational invariance for DM. As outlined earlier, except for the Coulomb
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matrix (J), all the other matrix components necessary to construct the Fock matrix can

be obtained from PySCF by providing the accurate basis information and real-space

electron density. Thus, finally, the implementation of Eq.(45) with PySCF provides the

option to construct the Fock matrix defined in Eq.(17) using the real-space electron

density. Hence, the DM can then be computed through diagonalization of the KS-

Hamiltonian (Fock matrix). In brief, this approach enables restarting DFT calculation

from the real-space electron density. For this approach, it is evident that the accuracy

of the real-space electron density is crucial. If the predicted charge density is suffi-

ciently accurate, the resulting DM will be close to the converged DM. Thereafter, this

matrix can then serve as an efficient initial DM guess for the DFT algorithm, allowing

non-self-consistent density functional calculation without compromising reliability. In

this study, ML-predicted density has been used to build the KS-Hamiltonian and hence

the DM. In the next section, we will demonstrate the prediction of real-space electron

density using the linear Jacobi-Legendre (JL) atomic descriptors. The efficiency and

the accuracy of our scheme are demonstrated via the Uracil molecule. In particular,

we show that the SCF scheme can be bypassed to compute DM, total energies, and the

atomic forces via the PySCF package. In order to validate our entire approach based

on the machine-learned real-space electron density, we conduct three different evalu-

ations. Firstly, we assess the accuracy of the predicted density and the resulting DM

using parity plots. Then by using these DMs as initial DM guesses, we compare the ac-

curacy of non-self-consistent atomic forces with the same derived from fully converged

DFT calculations. Finally, we evaluate the performance of the non-self-consistent MD

run for the various observables, like the HOMO-LUMO gap, the dipole moments, and

infrared spectra. In particular, we compare results where the MD is driven by the

forces associated with the machine-learned DM (ML DM), with those obtained from

fully self-consistent AIMD simulations at different temperatures.
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4.6 Preparation of the Data Set for ML MD

We have applied our machine learning-derived density matrix (ML DM) approach

to a single, isolated uracil (C4H4N2O2) molecule. All the electronic structure calcu-

lations, including training and test data generation and ab − initio molecular dynam-

ics (AIMD), were carried out using DFT. The second-order mixing scheme (SOS) (51,

52) as implemented in PySCF was utilized for density functional calculations, while

LAMMPS (7) was used for AIMD simulations. We used the ’6 − 311 ++G‘ Gaussian

type basis functions (206, 207), as implemented in PySCF, and the Local-density ap-

proximation (LDA, VWN) (17). Additionally, for all of our calculations, we utilized

the Compact Effective Core Potential (ECP) (153, 154, 155, 156, 157) with a relativistic

nodal boundary condition, as included in PySCF for carbon (C), nitrogen (N), and oxy-

gen (O) atoms. In order to train the ML models, data for uracil [C4H4N2O2] molecule

were extracted from the various MD trajectories initiated with random initial veloci-

ties and simulated at 100 K and 300 K up to 3.5 picoseconds (ps), with a time-step of

10−4 ps. To ensure randomness, the fully converged electron densities of the 46 un-

correlated structures from both the 100 K and 300 K simulations were included in the

training set for two distinct ML-charge density models addressing two different MD

simulation temperatures. Note that the ML model trained at 300 K was also used to

simulate the 200 K MD trajectory. To evaluate the test performance of the JL-charge

density model 50 different arbitrary snapshots from both 100 K and 300 K simulations

were obtained from the 20.0 ps long AIMD trajectories, precisely between 3.0 ps and

6.0 ps, whereas, for the 200 K investigation, the time frame was set between 5.0 and8.0

ps, using the time-step as 10−3 ps. To prepare the training data, we computed the

DM across the MD trajectory, and then the electron density for selected structures is

computed through PySCF. As the DM to the real-space electron density conversion

algorithm implemented in PySCF. Which follows: (1) the converged DM, which we

computed across the AIMD trajectory; (2) orbital information, obtained from PySCF;

(3) the corresponding grid representations, also obtained from PySCF. All the MD runs
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Table 4.1: Table summarizing the optimized parameters used for the JL charge den-
sity model. Here we report the number of different atoms present in the molecule, #
Species, σ is the shape of the probability distribution used for grid sampling, single (1b)
and pair atomic (2b) contributions to the electron density, Body, cut-off radius from a
specific grid point, rcut, the term responsible for angles situated for two vectors in the
grid space,lmax, rmin is the distance shift parameter, α, β are the parameters accountable
for the shape of polynomials, and #features is the number of features was required to
feed the ML model associated with each grid point. The unit of rcut is in Å

Molecule # Species σ Body rcut nmax lmax rmin α β # features
C4H4N2O2 4 90.0 1b 2.90 60 - 0.0 1.0 1.0 6180

- - - 2b 2.90 12 5 0.0 1.0 1.0

Table 4.2: Table demonstrating the performance of the JL-charge density model and
the associated DM for 50 random Uracil structures from the test set. Here MAE is
the mean absolute error associated with predicted density and the corresponding DM
(includes one SCF iteration), δmax is for the highest error in the predicted density, and
DM, the root-mean-square error is (RMSE), and the coefficient of determination R2 of
the density, for two different temperatures. Here, errors are specified for the test sets
and the units are in atomic units (a.u)

Observables Temp.(K) MAE δmax RSME R2

Real-space Density (ρ) 100 1.10 × 10−3 0.0835 2.79 × 10−3 0.9997
Real-space Density (ρ) 200 1.50 × 10−3 0.1077 3.70 × 10−3 0.9995
Real-space Density (ρ) 300 1.60 × 10−3 0.1012 3.89 × 10−3 0.9994

Density Matrix (DM) 100 5.75 × 10−5 0.1022 4.27 × 10−4 -
Density Matrix (DM) 200 2.10 × 10−4 0.4933 2.05 × 10−3 -
Density Matrix (DM) 300 3.70 × 10−4 0.5274 2.64 × 10−3 -

are performed using the Nosé–Hoover thermostat (168) in the NVT ensemble.

To examine the test performance of JLCDM, the predicted electron density was pro-

vided to PySCF for constructing the KS-Hamiltonian. The KS-Hamiltonian matrix was

then diagonalized to yield the DM, using the algorithm available in the PySCF nu-

merical library. The hyperparameter of the JLCDM has been optimized by varying its

values, resulting in minimizing the mean absolute errors (MAE) and the maximum

errors associated with the electron density. The optimal set of JL parameters for the

Uracil molecule is reported in Table 4.1. The different types of errors related to the

density prediction and the DM construction are summarized in Table 4.2. Note that we

only obtained the R2 coefficient for the electron density, not for the DM, because, in this

study, the only entity predicted by the ML model is the electron charge density; then,
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we obtain the DM from the approach we discussed before. For the errors reported in

Table-4.2 primarily based on ML density, and then we also computed errors related to

the constructed DM from the JL-charge density model. Furthermore, to compute the

DM, we added one SCF iteration, because, as we have mentioned before, incorporating

a single SCF step in the NN-based ML DM approach helps prevent the issue of obtain-

ing a slightly lower ground-state energy compared to the fully converged DFT result.

Notably, Table-4.2 demonstrates a strong agreement of the ML predicted density with

the DFT results, also indicating that parity fitting for density matrices will have an R2

close to 1.

4.6.1 Grid-point sampling strategy

Referring to one recent publication (113), a strategy was introduced for sampling grid

points to effectively minimize redundancy. It is often observed in molecules that nu-

merous grid points are outside the molecule and are distributed across the grid. Our

approach involves selectively utilizing a small fraction of the total grid, which di-

versely includes essential information about the electron density. The sampling scheme

follows the following probability distribution exp
[
− (1/ρ(r))2

2σ2

]
, where the parameter

σ controls shape of the probability distribution. Larger values of σ are responsible

for border and flattened distributions, while the small values make the distributions

sharp. In practice, using our chosen basis function, the charge density of the C4H4N2O2

molecule is represented across 152, 320 atom-centred grid points, with the correspond-

ing density matrix having the dimension of (152 × 152). However, by following the

aforementioned grid sampling strategy, we trained our charge density machine learn-

ing model on 10, 012 grid points, which is only 6.57% of the total grid data. Since all

the DFT calculations utilized the ECP potential, our sampling scheme includes more

grid points away from the nucleus and fewer points towards the nucleus. However,

a few grid points where the atoms are present in C4H4N2O2 were added to the sam-

pling approach to ensure the proper inclusion of the atomic positions and to capture

the higher density values. Thereafter, we supplied the model with multiple batches of
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grid data, each containing 10, 012 points, to obtain predictions for the entire mesh grid.

4.7 Parity Plots for the Electron Density and DM

In Fig-4.4 we show the parity plots along with their colour bars to show the quanti-

tative information about the elements for the electron density and the associated DM

for two different AIMD runs. Panel (a), (c), and (e) show the ML-predicted real-space

charge density from 100 K, 200 K, and 300 K MD simulations, respectively. Panel (b)

and (d) display the corresponding DMs, obtained from the MD trajectories. Each plot

reports the mean absolute error (MAE) values. The parity plots bring a direct com-

parison between the ML-predicted electron density (x-axis) and fully converged DFT

electron density (y-axis) [panel(a, c and e)].

Figure 4.4: Parity plots for the real-space electron charge density [panels (a), (c), and
(e)] and the associated DM [panels (b), (d), and (f)] for the C4H4N2O2 molecule over
AIMD trajectories at three different temperatures from the test set. Panels (a) and (b)
represent density and DM at 100 K, respectively. Panels (c) and (d) show the same
observables at 200 K, while panels (e) and (f) depict the ML-predicted electron density
corresponding DM at 300 K. Note that, these parity plots are in logarithmic scale, we
show the absolute value for DM elements (|DMi,j|). The colour bar represents quanti-
tative information about elements present in the given electron density and DM. Each
plot reports MAE values.
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For DMs, the same comparisons are applicable along the x-axis and y-axis [panel(b,

d, and f)], where the ML DMs were constructed from the predicted charge density as

mentioned in previous sections. In this case, one self-consistent field (SCF) iteration

was included to obtain the DM from the Fock matrix; the reason behind adding one

SCF step is already discussed before and in the ML DM prediction section. It is evident

from these parity plots that most of the data points larger than ∼ 10−2 are aligned along

the parity line for both the densities and the DMs. The reported amount of deviations

(MAE) and other error metrics [see Table 4.2] for DM compared to the benchmark

results are sufficiently low to restart a DFT calculation without sacrificing accuracy

(177). In terms of the efficiency of this approach, the average energy is 3.08 × 10−5

Ha (Hartree is the default energy unit in PySCF) away from the converged results for

100 K, while for 200 K, run it is 5.97 × 10−5 Ha, and the amount is 0.0013 Ha for 300

K. Moreover, the average percentage variation of the DMs at the first iteration with

respect to the ground-state energy is 0.98%, 1.77%, for 100 K and 200 K trajectories,

respectively, while for the 300 K simulation mean % difference between converged

DM and ML DM (with one SCF) is 2.32%. The percentage variation formula for two

different matrices is defined before.

4.8 Non-self-consistent Forces from ML DM

In the previous section, we have demonstrated how our machine-learned real-space

charge density agrees well with the fully converged DFT results. This finding mo-

tivates our further investigation: determining the accuracy of the predicted atomic

forces computed from the ML DM. In Fig.-4.5, the parity plot diagrams for the compari-

son of the atomic forces between those obtained from ML MD with the fully converged

ones from AIMD, at two different temperatures. Here, panels (a) and (b) represent the

forces along the x-direction for simulations at 100 K, and 200 K, respectively. Panels (c)

and (d) show the forces along the y-direction for 100 K and 200 K simulations, while

panels (e) and (f) present the forces along the z-direction for 100 K and 200 K simula-

tions, respectively. As detailed in the methodological section, these are the computed
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values for 50 distorted random structures of uracil, extracted from a 20 ps long MD

trajectory at 100 K and 200 K, where those structures are not included in the training

set. For the simulation time, It is also important to mention that in a previous study

they have shown that relatively short ab initio MD trajectories are sufficient for reli-

able vibrational spectra of nucleobases: using a MD trajectory of about 7 ps for uracil

in aqueous solution, finally the study was able to compute the IR spectrum from the

Fourier transform of the dipole–dipole autocorrelation function with good agreement

to experiment (208).

Figure 4.5: Parity plots for the various atomic forces, α = x, y, z component. Here, FML
α

represents forces associated with non-self-consistent DFT calculations, while FDFT
α de-

notes the forces obtained from fully self-consistent KS-DFT calculations, for 50 random
distorted uracil configurations from the test sets. The upper panels (a), (c), and (e) dis-
play the x,y, and z components of the forces computed from the 100 K simulation, and
the lower panels (b), (d), and (f) depict the atomic forces extracted from the 200 K run
along x,y, and z directions, respectively. The parity plots also show the corresponding
histogram describing the distribution of the forces.

For each parity plot, the x-axis shows the forces calculated from the ML DM guess,
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while the y-axis is for the atomic forces obtained from fully converged DFT calcula-

tions. It is noticeable that most points in Fig.-4.5 are situated closely along the parity

line. Additionally, these graphs include histograms showing the force distributions

for each component. Note that, by using the ML DM scheme, the maximum devi-

ation with the DFT forces can be found as 91.89 meV/Å for the x component, 69.00

meV/Å for y, and 134.90 meV/Å for z at 100 K simulation, while 189.50 meV/Å along

x, 98.70 meV/Å for y, and 129.10 meV/Å along z at 200 K. From these plots, it is evi-

dent that the atomic forces obtained from ML DM guess show an excellent agreement

with those coming from the fully self-consistent KS scheme. The MAE of all other

forces are very low. Specifically, for the x-components the MAE is 2.80 meV/Å at 100

K and 5.2 meV/Å at 200 K. For the y-components, the MAE is 3.30 meV/Å at 100 K

run, while for 200 K simulation, it is 5.6 meV/Å , and for the z-components, it is 2.10

meV/Å for MD trajectory at 100 K and 8.6 meV/Å at 200 K.

Figure 4.6: Parity plots for the atomic forces, α = x, y, z component, for 300 K MD
simulation. Here, FML

α represents forces associated with non-self-consistent DFT cal-
culations, while FDFT

α denotes the forces obtained from fully self-consistent KS-DFT
calculations, for 50 random distorted Uracil configurations from the test sets. Panels
(a), (b), and (c) display the x,y, and z components of the forces, respectively. The parity
plots also include the corresponding histogram detailing the distribution of the forces.

Fig.-4.6 depicts parity plots of the atomic forces computed within 300 K MD trajec-

tory using ML DM non-self-consistent DFT and fully converged DFT results. Panels

(a) represent forces along the x-direction, panel (b) those values in the y-direction, and

panel (c) the z-component. For each panel, the x-axis contains the force values cal-
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culated using the ML DM guess, while the y-axis represents the forces obtained from

the AIMD run for the same structures. The ML DM scheme exhibits maximum er-

ror with the DFT forces of 177.80 meV/Å along x, 180.20 meV/Å for y, and 118.30

meV/Å along the z-component. However, the MAE observed is 10.7 meV/Å for the

y-components of forces [panel (b)], while for the x-components, the MAE deviation is

7.8 meV/Å , and for the Z component it is 5.10 meV/Å. Those errors are extremely

low, which means that the ML DM applied non-self-consistent approach can produce

the DFT quality atomic forces. Moreover, in the previous chapter, we have detailed

the results for atomic forces obtained from NN-based ML DM, and the magnitude of

errors is not far from these results. Therefore we can implement this JL-density-based

ML DM workflow to conduct the non-self-consistent MD simulation (ML MD). This

approach eliminates the need for full self-consistent KS DFT calculations for an MD

simulation. This state-of-the-art workflow gives motivation to inspect the next section.

4.9 Non-Self-Consistent Molecular Dynamics

In this section, we discuss the performance of ML DM’s initial guess to drive MD tra-

jectories at two different temperatures: 100 K and 200 K. As mentioned in the method

section, for the 200 K non-self-consistent MD simulation, the ML-charge density model

(JLCDM) was trained using data obtained from MD trajectories at 300 K. To verify the

accuracy of the ML MD approach, we compare here the infrared (IR) spectra of the

uracil molecule obtained from the fully converged ab − inito run with the simulation

performed using the ML-based DM guesses at the different temperatures specified

above. To compute the IR spectra, we perform a Fourier transformation (FT) on the

scalar product between the dipole moment vectors computed at time t and (t + δt)

from the MD trajectories. Here δt denotes the time step (10−3 ps) using the MD simu-

lations. However, the dipole moments µ(t) in each MD step were computed using the

PySCF package, which demands orbital information, DM and nuclear positions at each

step of the MD run. The following equations for the dipole moments implementation

in PySCF describe the µ along x, y, and z directions
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µx = −∑
α

∑
β

Pαβ⟨α|x|β⟩+ ∑
A

QAXA (46)

µy = −∑
α

∑
β

Pαβ⟨α|y|β⟩+ ∑
A

QAYA (47)

µz = −∑
α

∑
β

Pαβ⟨α|z|β⟩+ ∑
A

QAZA (48)

where, µx, µy, µz are the x y and z components of dipole moment, Pαβ is the DM, the

integral represents the expectation values of the position operator (α|r(x, y, x)|β) with

respect to the occupied orbitals α and β. Finally QA are the nuclear charges and XA,YA,

and ZA are the nuclear positions. Furthermore, mathematically, the integral form of

the dipole autocorrelation functions for FT is as follows

µ̃(ω) =
∫ +∞

−∞
⟨µ(t) · µ(t + δt)⟩e−iωδtdδt (49)

Subsequently, the intensity (infrared absorption intensity) of the IR spectra at tem-

perature T (209) can be determined by

I(ω) ∝ |µ̃(ω)|2
[

1.0 − exp
−h̄ω
KBT

]
, (50)

Where, ω is the angular frequency of the IR radiation, µ̃(ω) is the FT of the au-

tocorrelation function from Eq.(49), h̄ is the reduced plank’s constant, ω is the angu-

lar frequency of molecular vibration, KB is Boltzmann’s constant, T is the tempera-

ture of simulation. Finally, the corresponding wavenumber (ν), written as ν = ω
c ,

where c is the speed of light. The frequency of absorption corresponds to the vi-

brational frequency of molecular bonds and is typically measured in wavenumber ν

with unit (cm−1). The factor
[

1.0 − exp
−h̄ω
KBT

]
accounts for the Bose-Einstein distribu-

tion in the context of vibrational mode. It reflects that at higher temperatures more

vibrational modes are present leading to increased absorption. In Fig.-4.7 we present
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the IR spectra for the uracil molecule calculated using two MD trajectories at differ-

ent temperatures. Panels (a) and (b) represent the spectra obtained from a 20-ps-long

100 K simulation, while panels (c) and (d) show the results for the same observable,

from a 20-ps-long 200 K MD run. In all panels, the x-axis represents the IR frequency

and the y-axis indicates the corresponding relative intensities as described by Eq.(50).

For the 100 K trajectory, panel (a) shows the fully converged self-consistent DFT spec-

tra, while panel (b) illustrates the non-self-consistent spectra driven by the ML DM

guesses. From panels (a) and (b) it is appreciable that there is no significant differ-

ence between the results observed from two different workflows. The various peaks

concerning the vibrational frequencies spotted from the ML results are closely aligned

with the DFT ones. The highest peak for relative intensity was observed from the fully

self-consistent ab − initio MD at 1736.37 (cm−1). In comparison, the ML workflow has

captured the highest peak at 1733.04 (cm−1), which shows good agreement with the

simulation performed using ML-driven DM guesses non-self-consistently. This high-

est peak is coming due to C = O bond stretching and N − H or C − H bond bending

(8). In addition to the largest peak, the smaller peaks around the frequencies of 500

(cm−1), 1000 - 1500 (cm−1), and 3500 (cm−1) are also situated similarly in both obtained

from the fully converged DFT [panel(a)] and the accelerated ML DM simulation [panel

(b)]. Similarly, the remaining panels [(c) and (c)] illustrate the spectra results from the

200 K simulation. Panel (c) represents vibrational spectra obtained from ML-MD tra-

jectory whereas on the other hand panel (d) shows the same IR spectra but computed

through AIMD simulation. It is also clear that for a 200 K run, the ML approach is

compatible as a substitute for AIMD workflow.

In this run, using the AIMD approach, the maximum peak was observed at 1716.49

(cm−1) whereas the ML MD approach put this at 1718.22 (cm−1). It is clear that the spec-

tra obtained from non-self-consistent workflow at 200 K exhibits more noise than the

100 K run. This trend is also observed in the AIMD simulations. The high-temperature

MD experiences larger thermal fluctuations, anharmonic atomic vibrations, faster dy-

namics, etc, which lead to greater atomic movement and less stable configurations.
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Figure 4.7: IR spectra plots obtained from various MD trajectories. Panel (a) and panel
(b) represent the IR spectra calculated from ML DM-driven non-self-consistent trajec-
tory (ML-MD) and AIMD run, respectively, at 100 K. Similarly, panel (c) and Panel
(d) display the IR spectrum computed from ML-MD run and the fully self-consistent
AIMD trajectory, respectively, at 200 K. In all four panels, the x-axis is for the vibra-
tional frequencies in the unit of (cm−1), while the y-axis reports the associated relative
intensities. For better visualization, we shift the magnitude of intensities (y-axis) to the
range of [0, 1.0] interval.
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These factors introduced more variability in the spectra we obtained for 200 K, indi-

cating the common characteristic of high-temperature MD trajectories. In contrast, for

100 K atomic motion is less pronounced which provides greater stability, leading to

clearer, more defined spectra. Furthermore, to make a comparison between the results

for the IR spectra reported from our fully converged effective core potentials (ECP)

based DFT study and one previously reported DFT results for uracil, we show in Fig-

4.8 the IR spectra reproduced from a paper where an electron-based density functionals

investigation in contrast to the experiment has been reported (8). However, here our

main motive is to compare the results between DFT and ML DM workflows not with

the experiments, thus we did not include experimental data in Fig.-4.8. For this result,

they performed DFT calculations with the Becke exchange (210) and double-zeta plus

polarization orbital basis sets (211). Here, the infrared absorption intensities have been

calculated by taking the numerical derivatives of the dipole moment and transforming

them to the corresponding ones with respect to the normal modes (212). Therefore, one

can see our full self-consistent ECP-DFT study and the strategy followed by reference

do not produce the same results for the IR spectra. It is evident, that some peaks are

missing from our ECP-based fully self-consistent DFT computed results in between

the frequency range of 700 (cm−1) to 1000 (cm−1) [Fig.(4.9), panel (b)]. However, rather

than the peaks between 700 (cm−1) to 1000 (cm−1) frequency region, all the other peaks

are present in our calculated IR-spectra using AIMD or via ML MD schemes [Fig-50].

This range (cm−1) to 1000 (cm−1) is accountable for depicting out-of-plane vibra-

tions and contributes to the formation of the ring structure for the uracil molecule.

Since our ECP-based DFT approach fails to produce those peaks, it is quite obvious

that they will also be absent from the ML DM-based non-self-consistent approach.

Therefore, we have conducted an all-electron DFT MD simulation using the ‘BLYP’

functional (26, 27) at 100 K to investigate these discrepancies. In this simulation, we

have observed that in the before-specified frequency zone, a few previously missing

peaks are present, see Fig.-4.9, panel (a). This suggests that there is (1) either an issue

with the ECP potential implemented in PySCF; (2) that more advanced DFT function-
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Figure 4.8: IR spectra plot, reproduced from the ref.(8). These spectra have been cal-
culated using DFT with NL2 (non-local) density functionals. The x-axis is for the vi-
brational frequencies in units of (cm−1), while the y-axis reports associated relative
intensities.

Figure 4.9: IR spectra obtained from two different AIMD trajectories are shown here,
The left-hand side plot from all-electron DFT with BLYP functional. The other one is
obtained from effective core potential (ECP) operated DFT with LDA functional. For
both panels, the x-axis represents the vibrational frequencies in units of (cm−1) while
the y-axis depicts the relative intensities. Both the MD simulations were conducted at
100 K.
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als can capture those peaks precisely; (3) that those peaks may merge with others in the

frequency spectrum; (4) higher temperature MD may able to capture those peaks. Since

our ML DM approach for non-self-consistent MD maps well to the fully self-consistent

results, these deviations are expected. Because the ML method can not perform better

than the DFT approach it is based on. Further investigation related to these missing

peaks is beyond this study’s scope.

Figure 4.10: In this figure, we plot the total energy (eV) behaviour with respect to
simulation time (tps)for one isolated uracil molecule from 100 K and 200 K trajectories,
obtained from both AIMD and ML MD schemes. Planes (a) and (c) were computed
using the AIMD trajectory at 100 K and 200 K, respectively. While Panels (b) and (d)
represent the same, they were calculated from the ML MD approach. Along the x-axis,
it plots the simulation time and along the y-axis, energy values.

Fig.(4.10) justifying the total energy is conserved for obtaining the integration of

Newton’s equations in the NVE ensemble. In an NVE ensemble, the total energy

should fluctuate around its mean value. So, from this figure, we can see the same ei-

ther from a fully-converged trajectory or from the non-self-consistent run. The AIMD

runs (red curves, left panels) fluctuation is in a narrow band, approximately between

(0.5 − 1eV), but the mean value is the same across the 20 (PS) trajectories. In compari-
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son with ML MD runs (blue curves, right panels) show greater fluctuations, meaning

more spikes towards higher energy scale, because it is not the fully converged solu-

tion, and the ML approach can not perform exactly the same as AIMD or better than

it; it accumulates prediction and other numerical errors. It is also a fact that there is no

systematic drift upward or downward, and the average stays flat.

Besides these simulations, we have investigated the 300 K case using our ML DM

non-self-consistent approach. However, the ML-based charge-density model often

failed to accurately predict the real-space charge density. As a result, the Fock matrix

and hence the corresponding DM guesses deviated significantly from the converged

results. Allowing partial mixing (one SCF iteration) with these DMs for the ML MD

simulation consistently resulted in higher HOMO energies than LUMO energies, indi-

cating orbital swapping, which is not feasible for a stable structure. As another out-

come, rapid fluctuations in the magnitude of dipole moments were observed, leading

to unexpected noise across the IR-frequency region.

Figure 4.11: IR spectra for the Uracil molecule obtained from the 300 K MD trajectory.
Panel (a) shows spectra computed from the ML-driven non-self-consistent MD, while
panel (b) is for the AIMD simulation. For both plots, the x-axis represents the vibra-
tional frequency and the y-axis defines the relative intensities.

In Fig.-4.11 we show the IR spectra for the Uracil molecule calculated from 10 ps

long MD simulation at 300 K. In both panels, the y-axis is for the relative IR intensities

and the x-axis corresponds to the associated frequencies. Panel (a) shows that the ML-
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driven non-self-consistent workflow is not capable of achieving AIMD-quality results

as shown in panel (b). The ML workflow introduces significant noise in the spectral

region, making it more difficult to distinguish individual peaks compared with the re-

sults produced by the AIMD scheme. The highest peak was found at 1698.69 (cm−1)

from AIMD, while the ML DM scheme moved it to 4466.89 (cm−1), indicating sub-

stantial errors in the ML DM generated results. In the result and discussion section, we

have already highlighted that the 300 K simulation run by the ML DM-driven non-self-

consistent scheme frequently encounters inconsistencies in the HOMO-LUMO energy

gap, across the trajectory. Fig.-4.12 illustrates this problematic phenomenon observed

in the 300 K trajectory, where HOMO energy > LUMO energy, indicating unfeasible

configurations. In Fig-4.12 we demonstrate the rapid fluctuations in various proper-

ties, such as the HOMO-LUMO energy gap, dipole moments and total energies, as the

functions of simulation time for 300 K MD run using the ML-driven approach. Here,

panel (a) represents changes in the HOMO-LUMO gap, panel (b) shows the prompt

variation in the total dipole moment magnitude (|µ|), and panel (c) illustrates the fluc-

tuation in total ground state energies (|Etot|).

These changes are shown as a function of the simulation time, over the interval of

6.26 ps to 6.38 ps accounting for 100 successive Uracil structures. From panels (a, b, and

c) three distinct regions can be identified: the first, where the problem does not exist

around 6.20 ps to 6.30 ps; second, the mid-region between 6.31 ps and 6.33 ps, where

the inconsistencies occur, as we consistently find positive HOMO-LUMO energy gaps,

significantly larger dipole moments, and a maximum change in total energies of 340.14

(meV); finally, from 6.34 ps onward, the trajectory returns to normal. It is worth men-

tioning that the same HOMO-LUMO issue has arisen multiple times throughout the

ML DM-driven MD trajectory, starting from the initial stages. Moreover, after 12 ps,

the trajectory consistently encountered unphysical Uracil structures with these prob-

lematic phases. Furthermore, to investigate the HOMO-LUMO discrepancy due to

the ML-predicted real space charge density, we show the HOMO and LUMO orbitals.

Panels (d, f) display the 2D heat maps of the HOMO for a single Uracil structure ob-
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Figure 4.12: Plots for various properties [(a), (b), and (c)] with their normalized values,
obtained from ML DM-driven non-self-consistent MD simulations of Uracil structures
at 300 K. Panel (a) illustrates the variation of the HOMO-LUMO energy gap, panel (b)
displays the corresponding changes in dipole moments, and panel (c) shows the vari-
ation in total energies, as the function of simulation time along the x-axis. In panel
(d), we show a 2D heat map for an impractical HOMO orbital, generated from ML
DM guess, while panel (f) represents the same orbital from the fully converged solu-
tion. Panels (e) and (g) provide the associated representation for the LUMO orbitals
of the same uracil structure. Colour bars indicate quantitative information about the
elements in the given molecular orbitals.

tained from the ML DM-based non-self-consistent MD trajectory, and the fully con-

verged DFT result, respectively. Similarly, panels (e) and (g) display the LUMO for

the same structure from the two approaches. This uracil structure corresponds to that

non-self-consistent MD trajectory where the HOMO-LUMO inconsistency occurred as

indicated in panel (a) within the time window 6.31 ps to 6.33 ps. It is evident, that

panels (d, f) and panels (e, f) do not depict the same molecular orbitals, implying that

the ML-charge density model fails to accurately predict the corresponding real-space

electron density, resulting in the appearance of HOMO-LUMO inconsistency. More-

over, partial orbital swapping is visible between panels (d) and (g), showing that the
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HOMO from the ML DM approach became the LUMO after full convergence. In Fig.-

4.13 we also show 2D heat maps of the HOMO and LUMO, associated with a single

Uracil structure that corresponds to the stable region in the ML-MD trajectory, where

the HOMO-LUMO shape remains consistent [see panel (a), extreme right around the

region 6.38 ps]. Panels (h) and (j) represent HOMO from ML-operated workflow, and

the fully converged DFT solution, respectively. While panels (i) and (k) display the

plots for LUMO, from ML given one SCF solution and fully converged DFT orbitals,

respectively. From these plots, we can argue the ML-given orbitals either HOMO or

LUMO always yield fully converged orbitals, as it is expected for a stable structure.

Figure 4.13: 2D heat map for HOMO and LUMO orbitals of a single uracil molecule,
obtain from the region without any HOMO-LUMO discrepancies, at 300 K. Panels
(h) and (j) represent HOMO orbitals followed by ML MD and fully converged DFT
schemes, respectively. Panels (i) and (k) display the corresponding LUMO representa-
tions.

In the IR spectra, a small shift between DFT and ML results is present in the vibra-
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tional frequencies for the 100 K and 200 K runs. In the present work, we conducted six

different MD trajectories: two at 100 K, two at 200 K, and the remaining at 300 K. For

each temperature two kinds of approach were followed, one was fully self-consistent

ab − initio MD, and the other one was non-self-consistent MD (ML-MD). It is clear

that among these three sets of MD, simulations at 100 K and 200 K, the ML MD work-

flow produced promising results compared to the AIMD approach. These simulations

are initiated with an identical set of dynamical parameters, such as the initial veloci-

ties, and the same initial structure of the uracil molecule. The deviation for IR spectra

arises because it is an obvious fact that we did not apply the ML DM approach to

the same uracil configurations generated from the AIMD trajectory, we employed the

ML MD approach for a different trajectory but with the same initial parameters, and

this explanation is also applicable for ML MD trajectory. Since the structures are not

identical, hence the dipole moments will not be the same, although we have calcu-

lated the MD simulations using the same initial parameters. Furthermore, to investi-

gate those small shifts we compute the dipole moments by employing ML DM-based

non-self-consistent DFT and the fully converged self-consistent DFT to the same uracil

configurations generated from both AIMD and ML MD simulations, respectively, as

we performed for atomic forces, but here we consider the structures from both MD

approaches.

We show the party plots for the dipole moments (µ) in Fig.-4.14 and Fig.-4.15 com-

puted using the MD trajectories at 100 K, and 200 K, respectively, for 1, 000 random

uracil structures. For the 100 K simulation, those 1, 000 structures were sampled across

the trajectory within the time window of 5.0 ps to 6.8 ps, while for the 200 K analysis,

those were extracted between the 3.0 ps to 6 ps time window. From both plots [Fig 4.14

and 4.15], panels (a), (c), and (e) show the parity plots for the x,y and z components of

µ, respectively. In these plots, the x-axis is the absolute value of µ for uracil, computed

from the non-self-consistent MD trajectory. The y-axis depicts the |µ| obtained from

fully self-consistent DFT calculations, where DFT was applied to the same uracil con-

figurations generated from the non-self-consistent MD run. Then, panel (b), (d), and
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Figure 4.14: Parity plots for the α = x, y, z component of the dipole moments for
1000 random uracil structures obtained from 100 K molecular dynamics simulations.
Here |µα|DFT

RML
is the dipole moment calculated using fully converged DFT for the uracil

structures generated through the non-self-consistent MD simulation, |µα|ML
RDFT

indicates
dipole moment calculated using ML DM DFT calculations for the uracil structures gen-
erated from the fully self-consistent ab − initio MD run. |µα|ML

RML
denotes the dipole

moments obtained from the ML DM non-self-consistent MD simulation, and |µα|DFT
RDFT

indicates the dipole moments calculated using fully converged ab − initio MD run.
Each graph report also reports the MAE achieved in the Debye (D) unit. All the plots
are on a logarithmic scale and the color codes describe the frequencies of the dipole
moment values.
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(f) also from Fig.[4.14 and 4.15] show the parity plots for the x,y, and z components of

dipole moments, respectively. In all panels, the x-axis is the absolute value of µ, calcu-

lated using ML-DM. In contrast, the y-axis refers to |µ|, for those same uracil structures

obtained from the AIMD simulations. The value of the MAE is reported in all cases.

For the 100 K investigation, the maximum deviations from panels (a), (c) and (e) in

Fig.-4.14 are obtained to be 0.0988 (D), 0.0991 (D), and 0.0949 (D) respectively. While,

the maximum errors from panels (b), (d), and (f) were 0.0990 (D), 0.0956 (D), and 0.0744

(D), respectively. Similarly, for the 200 K run [Fig.(4.15)], the largest deviations are ob-

tained to be 0.0997 (D) for panel (a), 0.0996 (D), and 0.0976 (D) for panel (e). While,

the greatest deviations were found to be 0.0994 (D) for panel (b), 0.0990 (D) for panel

(d), and 0.0966 (D) for panel (f). From panels (a) and panels (b) in Fig. (4.14 and 4.15),

we can observe that, with a few exceptions, most points are closely aligned along the

parity lines. The few points deviating from the parity lines are smaller in magnitude,

typically less than ∼ 10−1. This implies that significant relative errors are primarily

associated with smaller dipole moment values. The parity plots for the y components

of the dipole moments shown in panels (c) and (d) of Fig.-4.14, indicate that the results

from the ML-driven non-self-consistent MD are well in agreement with those obtained

from the fully DFT converged MD simulations. Whereas, for the y components in pan-

els (c) and (d) of Fig.-4.15, most points lie along the parity lines with only a few scatter

points. The order of magnitude for these deviations is less than ∼ 10−2 in most cases.

Similarly, for the z components of dipole moments [depicted in panels (e) and (f) for

both the Fig.-4.14 and Fig.-4.15], ML-MD results also demonstrate an excellent agree-

ment with the fully self-consistent ab − initio calculations.

Finally, in Fig-4.16 we present the histograms illustrating the distributions of var-

ious observables, including total energies [panel (a)], the HOMO-LUMO energy gaps

and total dipole moment’s magnitude [panel (c)] obtained from the 100 K MD simula-

tions with various approaches. Here two different workflows are utilized to compute

the thermal distributions: 1) fully self-consistent AIMD, and 2), ML DM-driven non-

self-consistent simulations.
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Figure 4.15: Parity plots for the α = x, y, z component of the dipole moments for 1000
random uracil structures obtained from 200 K molecular dynamics simulations. Here
|µα|DFT

RML
is the dipole moment calculated using fully converged DFT for the uracil struc-

tures generated through the non-self-consistent MD simulation, |µα|ML
RDFT

indicates the
dipole moment calculated using ML DM DFT calculations for the uracil structures gen-
erated from the fully self-consistent ab − initio MD run. |µα|ML

RML
denotes the dipole

moments obtained from the ML DM non-self-consistent MD simulation, and |µα|DFT
RDFT

indicates the dipole moments calculated using fully converged ab − initio MD run.
Each graph report also reports the MAE achieved in Debye (D). All the plots are on a
logarithmic scale and the color codes describe the frequencies of the dipole moment
values.
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Figure 4.16: Histogram of various observables computed over the different molecular
dynamics trajectories for the Uracil molecule. Panels (a) and (d) show the distribution
for the total ground state energies (Etot) at 100 K and 200 K, respectively. Panels (b) and
(e) display the |HOMO − LUMO| energy gaps over the trajectories at 100 K and 200
K respectively. Finally, panels (c) and (d) depict the thermal distribution of the total
dipole moment magnitude (|µ|) for two temperatures 100 K and 200 K. In all these
graphs, the x-axis is for the values of the observables, while the y-axis represents the
associated frequencies.

All these panels demonstrate the expected behaviour since throughout this study

we have seen for MD, our ML DM approach is capable of producing DFT quality

atomic forces to conduct the simulations. Thus the ML approach and the full self-

consistent DFT MD runs yield similar results in this case as well. From the histogram

in panel (a) the average energy is computed at −76.5165 (Ha) from the DFT run,

and −76.5158 Ha from the ML MD simulation. Similarly, in panel (b) the average
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|HOMO − LUMO| gap is calculated from the DFT-run at 0.1340 Ha, from the ML sim-

ulations it is 0.1346 Ha. Finally, in panel (c) the average value of the dipole moments

is 4.8695 (D) for DFT, while for the ML DM trajectory, it is calculated at 4.8519 (D).

Furthermore, panels (d), (e), and (f) also show the distributions for the same proper-

ties: total energies, HOMO-LUMO gap, and the magnitude of dipole moments, respec-

tively, from the 200 K trajectories obtained through AIMD and non-self-consistent MD

simulations. In panel (d), the average ground state energy obtained from the AIMD

run is −76.4984 (Ha), while ML MD yields −76.4928 Ha. Panel (e) shows the mean

HOMO-LUMO gap at 0.1302 Ha, provided through ab − initio simulations and 0.1282

Ha obtained from ML MD run. Finally, for the dipole moments [panel (f)], the average

magnitude is 4.8247 D for the full-self-consistent MD and 4.7833 D for the ML DM-

based trajectory. Here for the 100 K runs, the difference for average energy between

AIMD and ML MD run is ∼ 10−4 Ha, whereas, for 200 K it is ∼ 10−2 Ha. The difference

in average |HOMO − LUMO| gap between the same is also ∼ 10−4 Ha for 100 K sim-

ulations, and it is ∼ 10−3 Ha for 200 K. Finally, the difference between AIMD and ML

MD schemes for average |µ| is 0.0176 D for 100 K trajectories, and the value is 0.0414

D for 200 K runs. Here one can see the average differences in various properties over

the MD trajectory for 200 K are slightly higher than the 100 K one, which means, as the

temperature increases our ML MD workflow accumulates more errors in predicting

atomic forces and system dynamics. However, to address this issue we have discussed

a few possibilities in the conclusion chapter. Considering the challenges of ML MD

at higher temperatures, these results indicate that our ML-based MD scheme not only

accurately describes structures but also various properties across the MD trajectory.
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5.1 Conclusions on NN predicted ML DM Scheme

We have demonstrated that the neural networks (NN) model can be trained to predict

the density matrix (DM) constructed over atomic orbital basis sets to accelerate the

SCF scheme for density functional calculations. These machine-learned DMs provide

high-quality initial guess orbitals to obtain real-space electron density for Kohn–Sham

(KS) DFT calculations, resulting in significantly reducing the number of self-consistent

iterations needed for convergence, compared to other commonly used initial guesses

of DMs. Notably, these DMs yield highly accurate energies and forces even without

full self-consistency, enabling cost-effective molecular dynamics simulations at a com-

putational expense comparable to that of machine learning force fields. For this deep

learning-based approach we have studied and discussed the results for three different

molecules, H2O, S2O and [Fe(H2O)6]
2+, concerning both the DFT and ML-driven ap-

proach. For instance, this ML DM scheme can be applied together with wave function-

based quantum-chemistry methods such as the Hartree-Fock method.

5.2 Conclusion on ML-density Driven DM

In our second proposed method, we present a novel approach to perform DFT calcu-

lations and molecular dynamics simulations using the initial guess of ML DM, gen-

erated from ML-predicted real space electron density, which is then applied to the

KS-Hamiltonian in order to determine DM. These ML DMs are sufficient entities to
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achieve the fully converged DFT quality results for energy, atomic forces, or other

properties while considering only a single self-consistent cycle. We have shown the

results for a C4H4N2O2 molecule using the density functional study as the reference

data, where the molecular structures are represented in Cartesian coordinates. In con-

clusion, it is evident that the proposed machine learning-driven approach which pro-

vides ML-based DM guesses, offers better initial estimates for the DM, compared to

any other commonly used alternatives. Furthermore, employing the JLCDM model

for self-consistent density prediction and thereby recalculating the KS-Hamiltonian,

eliminates the need for implementing expensive deep learning models (213) to accel-

erate the SCF scheme.

5.2.1 Limitations and Remedies of ML-Density Driven Method

The limitation of our scheme is that, it was not successful in conducting the non-self-

consistent MD simulation at 300 K. As a result, the trajectory often encountered non-

physical Uracil structures, where the changes in total ground state energies, and orbital

gradients were much higher than the normal structures at the first SCF iteration, and

also inconsistent HOMO-LUMO energy gaps were appeared, throughout the 300 K

MD run. However, this problematic occurrence suggests that those complicated elec-

tron densities are out of the training periphery for the JL-charge density model. It

is worth mentioning that in the case of fully converged AIMD simulation at 300 K,

sometimes trajectory yields structures where HOMO and LUMO energy levels are the

same. To address this issue for our ML-density-based non-self-consistent approach,

we applied full convergence once the trajectory experienced inconsistent structures to

maintain consistency in the simulation, as the DFT correction. This resulted in a shift

in the ground-sate energy scale between the regular trajectory and the one causing

HOMO-LUMO inconsistencies. Finally, those shifts produce more unnecessary noises

in the entire trajectory [see Fig.-4.12] and also in the spectral region.

To address these complex situations, the following approaches can be applied:: 1)

increasing the diversity in the training set by extending training trajectories for the
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charge density model (JLCDM) to a few additional femtoseconds with varied initial

velocities, ensuring greater randomness is incorporated; 2) train the charge density

model at a higher temperature using a range of trajectories then set the ML-driven

non-self-consistent workflow for low-temperature MD run, e.g, for 300 K trajectory

model can be trained at 600 K or even higher, same as the charge density model we

trained for 200 K simulation; 3) two distinct charge density models (JLCDM) can be

trained with two different sets of training data: one set of data containing charge den-

sities from the normal trajectories and the remaining one containing those complex

electron densities. A separate classifier or a preprocessing layer will then determine

the appropriate model based on the inputs received by the ML model; 4) by following

the strategy outlined in (3), a hybrid or an ensemble-based approach can also be worth

exploring. This would involve combining the real space density predictions from both

models, using an average-weighted approach.

5.2.2 Optimization Challenges and Workflow Overview

It is worth explaining that our ML strategy generated DM from the KS-Hamiltonian

yields advanced and competitive outcomes when compared to other initial guess meth-

ods. However, the workflow depends on several key factors. In summary, primar-

ily it follows three steps: 1) prediction of real space electron density using the JL-

charge density model (JLCDM) where atomic structures serve as the inputs to the

ML model; 2) construction of KS-Hamiltonian from the predicted density, using our

PySCF-integrated module, then followed by diagonalization of the KS-Hamiltonian

to obtain the density matrix; 3) implementation of ML DM with one SCF cycle to

compute atomic forces, enabling MD simulation and determination of new molecular

structures for subsequent density predictions. As the system size increases and incor-

porates various atomic species, computational expenses will escalate. For the JL charge

density model, the involvement of varieties of atoms increases the number of descrip-

tors needed for charge density prediction, leading to an expensive computation. Fur-

thermore, the method we designed for constructing the KS-Hamiltonian employs an
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atomic-grid-based algorithm, which becomes more resource-intensive as the grid size

increases. To ensure efficient execution, it is essential to carefully optimize all of these

parameters before initiating any specific computational approach. The overall perfor-

mance of this ML-based density matrix approach offers an alternative method for con-

ducting MD simulation while preserving a fully ab initio accuracy. However, for MD

simulation at 300 K, inaccurate real space density predictions in our non-self-consistent

workflow led to the generation of a few infeasible structures along the trajectory. This

issue is not inherent to our ML DM approach but rather depends on the choice of ba-

sis set, DFT functional, and the system type. For this study, we applied AIMD and

our ML-driven method to a uracil molecule with LDA DFT functional and observed

HOMO = LUMO inconsistency for orbital energies during a room-temperature AIMD

simulation.
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5.3 Future Directions

In this section, we will discuss future perspectives that can be studied using this ML-

DM workflow. This planning will primarily follow two aspects: one is the method-

ological advancement and another one is various applications, either for molecules or

for periodic systems.

Higher orbitals for Coulomb integrals

As we discussed in the result and discussion chapter, we implemented the scheme

that computes the Coulomb matrix from the electron density over the Gaussian-type

orbitals for a given molecule. This approach includes the calculation of up to p-type

orbitals for the GTOs and, in the future, additional orbitals (e.g. d, f etc.) can be

added to enhance the functionality of this approach, in order to reconstruct the KS-

Hamiltonian from real space charge density.

All Electron Calculations

We introduced here the electron density operated ML-MD workflow for a uracil molecule,

which is investigated through the ECP (153, 154)-based basis function as implemented

in PySCF. As a future research plan, we will try to train the JL-charge density model

to predict and utilize the all-electron-based real-space charge density and to build KS-

Hamiltonian to compute ML-DM for accelerating the DFT calculations, respectively.

High Temperature MD Simulation

Throughout this thesis, we studied MD trajectories for four molecules to observe the

performance of our ML-DM approach, utilizing either the deep learning model or the

linear Ridge regression model. For these investigations, we performed MD simulations

where the temperature range varied from 100 K to 300 K. However as we have seen in
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the result section, the 300 K ML-MD simulation was not able to achieve a satisfactory

level to make a comparison with the full ab initio calculation. As a future goal, we will

also try to implement our ML-MD workflow to conduct higher-temperature MD (300

K or more) runs to validate our methodological advancement and some application

perspectives with the possible directions mentioned in the conclusion section.

ML DM guess for GGA type DFT functional

Here we used local density approximation (LDA) (17) DFT functional for predicted real

space electron density to construct KS-Hamiltonian and to obtain the DM. As one of

the future works, we will consider some density-derivative-based GGA functional (eg.

BLYP (26, 27), PBE (25)) to construct the JL-charge density model. This advancement

demands the inclusion of analytical derivatives of the JL-descriptor (derivative for the

analytical form of used polynomials) for the JLCDM scheme.

Periodic Systems and Magnetic Molecules

Extending this machine-learning approach to predict electron density for unit cells

with boundary conditions can also be designed as one of the future plans. It demands

modification of the ML-DM workflow accountable for the reciprocal space (k-points)

in the Kohn-Sham Hamiltonian construction.

Implementation of this ML MD for magnetic molecules, the spin-polarized densities

have spin-up and spin-down channels. Primarily it demands the construction of two

different JLCDM schemes for up and down spin densities. We also need to obtain

KS-Hamiltonian to include spin terms, ensuring compatibility with the spin-polarized

workflow.
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Applicability for Biomolecules

This ML workflow can also be extended for biomolecular systems by leveraging ma-

chine learning ML models trained on complex biomolecules to predict the real-space

electron density efficiently. This ML DM approach will enable the fast ML-DFT calcu-

lations of large biomolecules, such as proteins and nucleic acids, with DFT-level accu-

racy. Furthermore, integrating this workflow with the atomic force obtaining scheme

can facilitate hybrid simulations, providing insights into biomolecular dynamics and

interactions critical for understanding biological processes.
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A1 | Appendix

A1.1 Coulomb Matrix Integral

From Eq.(40) we get

I′(r′) =
∫ ∞

0

sL−2L′
s−1/2e−

γs|r′−P|2
(γ+s)

(γ + s)L−L′(γ + s)3/2 ds =

=
∫ ∞

0

(
s

γ + s

)L−L
′

s−L
′
s−1/2

(γ + s)3/2 e
− γs|r′−P|2

(γ+s)3/2 ds

(1)

Now by using t2 = s
(s+γ)

, we get ds = (γ + s)3/2s1/2 × 2
γ dt, hence integration limit

will change to 0 to 1, and the expression for s goes to s = γt2

(1−t2)
, then we can write from

Eq.(1)

I
′
=

2

γ(L′+1)

∫ 1

0
t2(L−2L

′
)(1 − t2)L

′
eγt2(r

′−Pr)2
dt . (2)

Again, by using the binomial expansion, the term (1 − t2)L
′

can be expanded as

(1 − t2)L
′
=

L
′

∑
h=0

(−1)hC(L
′
, h)t2h . (3)
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Hence

I
′
=

L
′

∑
h=0

2(−1)h

γL′+1
C(L

′
, h)

∫ 1

0
t2(L−2L

′
+h)e−γt2(r

′−Pr)2
dt

=
L
′

∑
h=0

2(−1)h

γL′+1
C(L

′
, h)

 ∫ γ(r
′−Pr)2

0 u[(L−2L
′
+h)+ 1

2 ]−1e−udu

2γ(L−2L′+h+ 1
2 )|r′ − Pr|2(L−2L′+h)+1


=

L
′

∑
h=0

(−1)h

γL−L′+h+1.5
× C(L

′
, h)×

Γ
[

L − 2L
′
+ h + 0.5

]
Γinc

[
(L − 2L

′
+ h + 0.5), γ(r

′ − Pr)2
]

|r′ − Pr|2(L−2L′+h)+1

(4)

Here we made a substitution γt2(r
′ − Pr)2 = u and hence integration limit has been

changed between 0 to γ(r
′ − Pr)2. Thereafter the standard integral form of incomplete

gamma used in Eq.(4), where the incomplete gamma function Γinc (205) can be defined

as

Γinc(a, x) =
1

Γ(a)

∫ x

0
ta−1e−tdt (5)
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