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Summary

The goal of this work is to resolve some of the resour
e management problems arising as a result of

the 
hanges to mobile network ownership and 
ontrol model brought about by some of the re
ent

trends in 
ommer
ial mobile networks, su
h as the inter-operator network sharing, the formation

of mobile virtual network operators, and the in
reasing role of over-the-top servi
e providers. The

problems we ta
kle 
an be stated in the form of the following resear
h questions:

• What statisti
al models are representative to inter-operator resour
e sharing in spatially dis-

tributed mobile networks?

• What is the e�
ien
y of inter-operator resour
e sharing in spatially distributed mobile net-

works?

• How network resour
e sharing a�e
ts utilities obtained by traditional mobile network operators

and over-the-top servi
e providers?

To address these questions we apply a range of analyti
al tools, in
luding sto
hasti
 geometry,

optimization and game theory, and, whenever possible, we populate our models with real mobile

network data.

First, we address the problem of statisti
al representation of inter-operator mobile network de-

ployment data. For that purpose we apply the tools from spatial statisti
al analysis and sto
hasti


geometry. We �nd that there is a high degree of spatial dependen
e between the infrastru
ture

deployment made by multiple operators. We see spatial dependen
e of similar strength o

urring

over and over again for similar areas in di�erent 
ountries. In 
onsequen
e, we propose a sto
hasti


geometry model that 
aptures this dependen
e and is representative of the deployments made by

multiple operators in di�erent 
ountries.

Then, we look into the fundamental trade-o�s and e�
ien
ies involved in inter-operator resour
e

sharing over spatially distributed mobile networks, represented using sto
hasti
 geometry models.

We observe that ea
h type of sharing has its own distin
tive trait. While spe
trum sharing alone

provides an in
rease in the data rate at the expense of 
overage, radio a

ess network sharing results

in improved 
overage. When the two sharing types are 
ombined, we observe signi�
ant in
rease

in the average user data rate and minor improvements to the network 
overage as 
ompared to the

non-sharing s
enario. Consequently, 
ombination of the two approa
hes does not linearly s
ale the

respe
tive 
overage and data rate gains. Yet, as we show, even a simple me
hanism of 
oordination in

spe
trum sharing allows operators to redu
e the impa
t of this trade-o� and improve their 
overage

without hampering the user data rates. Additionally, we observe that the way in whi
h spe
trum

is being shared makes a di�eren
e to both the 
overage and data rate performan
e. In parti
ular,

when 
overage is the main 
on
ern, it is more bene�
ial for operators to allow for their transmitters

to dynami
ally sele
t among the pooled spe
trum bands, rather than simply bond the available


hannels.
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Thirdly, we study the utilities obtained by traditional mobile network operators and over-the-

top servi
e providers from resour
e sharing in mobile networks. The �rst part of this work involves

modelling the ability of over-the-top servi
e providers to dynami
ally sele
t a set of infrastru
ture

that meets the requirements of the servi
e. We �nd that 
onsidering network infrastru
ture of mul-

tiple mobile operators as a 
olle
tive may lead to building up 
overage provisioning networks whi
h

require just a fra
tion of all the available transmitters. We �nd also that low density areas bene�t


onsiderably from infrastru
ture sharing, whi
h may make the 
ase for infrastru
ture deployments

in 
urrently under-served rural areas. In the se
ond part we 
onsider new infrastru
ture deploy-

ments made in response to an in
rease in the mobile demand. We 
onstru
t a model of intera
tion

between over-the-top servi
e providers and mobile network operators engaging in a new deployment.

We show that, under some 
onditions, 
ooperation is a desirable out
ome to this model. These 
on-

ditions in
lude the pri
e of the radio a

ess infrastru
ture and, to some extent, also the spatial


lustering in mobile demand.

All of this builds groundwork for the vision of future wireless mobile networks, whi
h we term

Networks without Borders. This vision is based on a marketpla
e of virtual network operators

that 
onstru
t networks from a pool of shared resour
es, su
h as base stations, spe
trum, ba
khaul,

and 
ore network servers. These resour
es are sour
ed from traditional industry players as well

as from individuals. As we show, the proposed vision results in a substantially di�erent mobile


ommuni
ations value-
hain, and leads to a number of so
io-politi
al 
hallenges.
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tion 3

Introdu
tion

�So
iety has never allowed that whi
h is ne
essary to existen
e

1

to be 
ontrolled by

private interest.�

- Theodore Vail, �Telephone: the First Hundred Years� by John Brooks

In many developed regions around the world 
ommer
ial mobile 
ommuni
ations systems have

a
hieved over 100% penetration with a 
overage larger than 90% of the region's area. Despite

a failure of pro�t-based e
onomy to deliver wireless a

ess to rural areas of the developing world,

this is an enormous su

ess and the global statisti
s su
h as the ICT Fa
ts & Figures for 2015

published by the International Tele
ommuni
ations Union (ITU) 
learly 
on�rm that

2

. The story

of the development of mobile 
ommuni
ations systems (see [1�3℄) attests that this su

ess would

not have been made possible if it were not for the support of powerful institutional agen
ies whi
h

oversaw equipment and proto
ol standardization, 
onsistent addressing, radio spe
trum allo
ation,

inter-operation with wireline servi
es, as well as 
ontrolled the stru
ture of the lo
al deployment

and management of the network. This institutional support has enabled major tele
ommuni
ations

operators, whi
h were at the time publi
 swit
hed telephony network (PSTN) 
ompanies, to in-


entivize development and the large-s
ale deployment of mobile 
ommuni
ations systems. A PSTN

served mainly as a tele
ommuni
ations servi
e provider, o�ering 
ir
uit-swit
hed telephony as its


ore produ
t with mobile telephony being only a value-added proposition to its wireline 
ounter-

part [2℄. The earliest su

essful laun
h of a publi
 mobile 
ommuni
ations system, the analogue

Nordi
 Mobile Telephony (NMT) in Finland, Denmark, Sweden and Norway, is an example of that.

After the era of PSTN 
onglomerates providing tele
ommuni
ations servi
es to the publi
, 
ame

the era of mobile network operators (MNOs), as we know them today. MNOs arrived to the s
ene

with the birth of a digital su

essor to the �rst-generation analogue mobile 
ommuni
ations systems

� the Groupe Spe
ial Mondiale (GSM), later 
hanged to Global System for Mobile Communi
a-

tions. The development and introdu
tion of GSM was supported by the European Communities

(prede
essor to the European Union), whi
h saw the digital standard of mobile 
ommuni
ations as

yet another way of 
reating a 
ommon European e
onomi
 market. In 1987 a number of European


ountries signed a memorandum to implement a pan-European digital mobile 
ommuni
ations ser-

vi
e with international roaming 
apabilities. The memorandum stated that �operational networks

shall be pro
ured in ea
h of the 
ountries by the network operators� [4℄. A network operator in

this 
ontext had an ex
lusive li
ense to some spe
trum band and owned an extensive wireless and

ba
kbone infrastru
ture. This allowed it to inter-
onne
t its subs
ribers within the same network

1

In a spee
h from 1915 the At&T's president refers to the telephone servi
e.

2

The statisti
s were 
ompiled and published in 
orresponden
e to the deadline for a
hievements of the UN Mil-

lennium Development Goals.
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or with other subs
ribers/servi
es within another network, for example, another mobile network

or the Internet. The mobile network owned by an MNO had a very parti
ular ar
hite
ture whi
h

reinfor
ed the model of single-ownership of the infrastru
ture, spe
trum, and subs
riber base. This

ar
hite
ture is prin
ipally 
omprised of the radio a

ess network (RAN) and the 
ore network. The

RAN is 
omposed of base stations and user devi
es, while the 
ore network 
onsists of a number of

swit
hes and routers, as well as 
omputer servers that provide authenti
ation, billing or user lo
ation

tra
king fun
tions.

This model of network ownership and 
ontrol fared well when new infrastru
ture had to be laid

out and mobile penetration was still relatively low. In the early 2000s the mobile 
ommuni
ations

market was in a rapid expansion phase fostered by e
onomi
 growth, with high-te
h industry sto
ks

booming and wide availability of 
redits from deregulations in the �nan
ial market. However, the

situation started to 
hange with the e
onomi
 downturn of 2001. MNOs, previously e
stati
ally

bidding up the li
ense pri
es, now had to turn their attention to redu
ing their 
apital and opera-

tional 
osts. As it turned out, one of the most important, and the easiest to apply, 
ost redu
tion

measures was to share ownership and 
ontrol over parts of the network with other MNOs. In the

main, inter-operator sharing 
an be applied to various elements of the network infrastru
ture, su
h

as masts, antennas, base stations or ba
khaul, as well as radio spe
trum. A natural 
onsequen
e

of opening up wireless network infrastru
ture to other MNOs was to allow new a
tors that do not

have a li
ense to spe
trum to a
t as wireless servi
e providers. This very idea lies at the 
ore of

what is a Mobile Virtual Network Operator (MVNO) as we know it today. Some MVNOs were


reated to utilize extra 
apa
ity available in the networks, some to rea
h new 
ustomer market seg-

ments, and others emerged as a result of anti-trust and maximum usage fee poli
ies imposed by the


ommuni
ations regulators to boost 
ompetition and improve the availability of wireless servi
es [5℄.

The emergen
e of network sharing and the MVNOs allowed for a break-down of ownership and


ontrol in mobile networks. We envision this break-down to 
ontinue along with the in
rease in

popularity of mobile data 
ommuni
ations, whi
h is asso
iated with a phenomenon known as the


ost-demand o�set [6℄. In plain words, the demand for 
apa
ity grows faster than the per unit 
ost

of 
apa
ity redu
es. Indeed, upon observing fast-pa
ed growth in mobile data demand (see, for

example, [7℄), we have started to set ever-more ambitious targets as to the expe
ted 
apa
ity of

mobile networks [8℄. Yet revenues from mobile data servi
es are de
oupled from the tra�
, hen
e

also from operational and 
apital 
osts (as pointed out in [9℄), whi
h have been steadily growing over

the years. In terms of some re
ently available numbers: the world-wide mobile 
apital 
osts have

been predi
ted to grow from around $216 billion in 2014 to $224 billion by 2017, as reported during

the Mobile World Congress (MWC) in 2015, while the annual fees for radio spe
trum usage are also

subje
t to a major pri
e revision; for example, in the UK the O�
e for Communi
ations (Of
om)

has put out a proposal that will result in an in
rease in annual spe
trum fees from ¿64.4 million to

¿199.6 million for all domesti
 mobile operators.

One of the reasons why MNOs 
annot 
apitalize on the in
rease in the mobile data tra�
 is

the fa
t that end-user a
tivity with 
ontemporary mobile devi
es relies predominantly on over-

the-top servi
es. From that perspe
tive mobile a

ess is treated simply as a bit-pipe, and servi
e

di�erentiation happens only at the appli
ation layer. This situation is further 
ompli
ated by the

so 
alled �net neutrality� poli
y [6℄, whi
h, in many developed mobile markets world-wide, forbids

MNOs to apply any servi
e-level tra�
 engineering. The end e�e
t is that it is the over-the-top

servi
e providers (OTTs), su
h as Google or Net�ix, that 
olle
t revenue that would otherwise be
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1.1 The path towards Network without Borders 5

generated from the traditional set of mobile servi
es, su
h as short-messaging servi
e (SMS) or

multimedia messaging servi
e (MMS), o�ered by the MNO.

We believe that future mobile networks will be 
hara
terized by resour
e sharing and virtualiza-

tion, in an ar
hite
ture that we 
all Networks without Borders (NwoB) (see [10, 11℄). NwoB is based

on the idea that, from the perspe
tive of OTTs, all network resour
es will be shared and available

to the 
reation of virtual and dynami
 instan
es of networks tailored to the over-the-top servi
e

that will be o�ered through them. Our vision is based on networks that will be 
onstru
ted from a

pool of shared resour
es su
h as base stations, spe
trum, 
ore network 
omponents, 
loud resour
es,

pro
essing 
apabilities, et
. These resour
es will be sour
ed from traditional industry players as well

as 
rowd-sour
ed from individuals, therefore 
hanging the de�nition of an infrastru
ture provider

as represented by mobile network operators. A new breed of servi
e providers will aggregate and


ontrol sli
es of these resour
es to enable the 
reation of 
ustomized virtual networks instantiated

to deliver spe
ialized servi
es to end-users. By leveraging virtualization and relying on dynami
 and

heterogeneous ownership of infrastru
ture and spe
trum, this new view of mobile networks brings

the sharing e
onomy even deeper into the mobile networks.

The remainder of this 
hapter is organized as follows. First, we brie�y go through re
ent trends

that motivate the resour
e management problems ta
kled in this thesis and, indeed, the entire vision

of future networks we propose herein. Subsequently, we dis
uss the s
ope, outline, and 
ontributions

made in this thesis, to 
on
lude with a se
tion on dissemination and out-rea
h made during this

PhD proje
t.

1.1 The path towards Network without Borders

The traditional view of a mobile network as a system that simply delivers voi
e and data servi
es

to a geographi
al area no longer re�e
ts the reality of mobile networks. In re
ent years we have

witnessed various trends in 
ommer
ial mobile networks whi
h pave the way towards servi
e-driven

networks and our vision of Networks without Borders. These trends in
lude the inter-operator

network sharing, the formation of MVNOs, the in
reasing role of OTTs and the virtualization of

the wireless a

ess. In Fig. 1.1 we illustrate how these trends evolve towards our vision. Starting

from the left we have MNOs (infrastru
ture providers) whi
h ex
lusively own and operate resour
es.

Then, these operators share their networks (typi
ally based on bilateral agreements), and allow other

entities su
h as MVNOs to utilize their resour
es under their own brand to their own subs
ribers

(again, based on one-to-one agreements). Nowadays we see a new breed of MVNOs whi
h has

evolved towards entities, su
h as Google Proje
t Fi, whi
h span multiple networks and multiple

infrastru
ture providers, in
luding also WiFi networks. In order to arrive at the NwoB vision

we need one more step where infrastru
ture providers pool their resour
es and virtual operators


reate dynami
 networks that 
onsist of resour
es from various 
orporate or private infrastru
ture

providers.

Our proposal of the Networks without Borders vision 
ame three years before Google's expansion

to mobile servi
e provisioning. In Fig. 1.2 we provide a timeline of events whi
h we deem important to

the emergen
e of our proposal, intertwined with the evolution of mobile 
ommuni
ations standards:

• the �rst 
ommer
ial NMT system deployment in S
andinavia;

• the �rst 
ommer
ial GSM deployment in Finland;
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Figure 1.1: Network ownership and 
ontrol model evolution towards the vision of Networks without Borders.

• the Tele
ommuni
ations A
t in the US;

• formation of the �rst MVNO in the UK;

• the �rst 
ommer
ial Universal Mobile Tele
ommuni
ations System (UMTS) deployment in

Japan;

• the �rst passive sharing agreements in the US/Sweden;

• the �rst a
tive sharing agreements in the Netherlands/US;

• the �rst

3

national roaming agreement in Germany;

• the �rst 
ommer
ial Long Term Evolution (LTE) deployment in Sweden;

• laun
h of Fa
ebook Zero;

• laun
h of Google Free Zone;

• Networks without Borders;

• laun
h of Google Proje
t Fi.

This thesis is about resolving some of the resour
e management problems arising as a result of the


hanges to mobile network ownership and 
ontrol model brought about by some of the highlighted

trends, su
h as the inter-operator network sharing or the emergen
e of OTTs. We also see these


hanges 
onverging towards a spe
i�
 vision of future wireless networks that we present in the


on
lusion of this thesis.

1.2 S
ope

As part of this PhD proje
t we approa
h a number of mobile network resour
e management problems,

using a variety of analyti
al and simulation-based te
hniques, with the main obje
tive being to build

a 
omprehensive and fundamental view of resour
e sharing in future wireless mobile networks. The

results we obtain serve us as the basis for evaluation of the potential and limitations of our vision

for future wireless networks that relies on the idea of shared a

ess to virtualized radio a

ess

infrastru
ture and spe
trum resour
es, whi
h we term Networks without Borders. In general, there

are three resear
h questions that we address:

3

It is worth noting that, in the end, the agreement was blo
ked by the European Commission, whi
h postponed

the introdu
tion of national roaming in Europe for a number of years, as we will explain in Chapter 3.
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Figure 1.2: Chronology of the key trends in 
ommer
ial mobile networks towards Networks without Borders.

What statisti
al models are representative to inter-operator resour
e sharing in spatially distrib-

uted mobile networks?

Assessing the performan
e of shared wireless mobile networks is of high importan
e to the 
ellular

networks industry, as the fundamental gains and limitations of su
h shared networks invariably

a�e
t business de
isions made by the entities involved in the mobile 
ommuni
ations value-
hain.

Yet the state-of-the-art resear
h does not provide satisfa
tory answers to the questions about the

statisti
al features of multi-operator mobile networks and the kinds of models that 
ould be used

to analyze the e�
ien
ies of mobile network resour
e sharing in su
h networks. We address this

problem by applying spatial statisti
al analysis to various real mobile network datasets available

through websites of national 
ommuni
ations regulators. Based on the observed statisti
al features

we 
onstru
t statisti
al models whi
h we use to repli
ate these features to the desired level of

a

ura
y. Subsequently, we use these models to answer the next resear
h question.

What is the e�
ien
y of inter-operator resour
e sharing in spatially distributed mobile networks?

In the resear
h to date we �nd eviden
e for mobile network sharing leading to improvements in


overage, or transmission rates, but little is known in general about the dependen
y between various

mobile network resour
e sharing poli
ies and spatial properties of shared networks. A key aspe
t of

this analysis is re
ognizing the fundamental trade-o�s and fungibilities involved in resour
e sharing,

and the resulting network performan
e gains. Addressing this question requires that we develop

models of shared mobile network resour
e usage over spatially distributed networks. Leveraging on

the spatial statisti
al results obtained while addressing the previous question, we develop a sto
hasti


geometry framework to study the e�
ien
y of various infrastru
ture and spe
trum sharing poli
ies

under di�erent spatial models of radio a

ess infrastru
ture deployment. Su
h an approa
h allows

us to generalize the results over many possible spatial distributions and densities of the networks of

the sharing operators. Moreover, in any s
enario of spe
trum sharing, we also 
onsider the impa
t
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of inter-operator interferen
e 
oordination (or la
k thereof) and di�erent ways in whi
h spe
trum


an be aggregated.

How network resour
e sharing a�e
ts utilities obtained by traditional mobile network operators

and over-the-top servi
e providers?

Over-the-top servi
e providers, su
h as Google or Fa
ebook, are asserting their role in the mobile

networks lands
ape. OTTs have a fundamentally di�erent business model to the in
umbent MNOs,

whi
h is likely to a�e
t the te
hnologi
al de
isions they will make. From that perspe
tive it is

important to understand the potential of the existing networks to satisfy the requirements of these

new entities, as well as the strategies that they may take up to provide mobile servi
es to their

users. One interesting aspe
t of the problem is the ability of OTTs to dynami
ally sele
t a set

of infrastru
ture that meets the requirements of the end-user or the servi
e. These requirements

may have a variety of forms, from the basi
 quality of servi
e aspe
ts su
h as 
overage or 
apa
ity,

to more 
omplex ones su
h as indoor 
overage or low laten
y, or a 
ombination thereof. Another

aspe
t is related to 
apa
ity extensions of the existing infrastru
ture deployments. OTTs fa
e a

dilemma of whether to invest in their own radio a

ess infrastru
ture, similarly to Google's WiFi

deployments made in some North Ameri
an 
ities, or enter into a servi
e level agreement (SLA)

with an MNO, following Google's Proje
t Fi example. In order to model these aspe
ts and address

the question, we use optimization 
ombined with game theory. This allows us to fo
us our attention

on the relationship between the strategies that these entities may have and the resulting e�
ien
y

of a shared network. In this 
ase an important aspe
t of the e�
ien
y is related to 
osts a

rued by

the entities from using 
ertain types of radio a

ess infrastru
ture.

1.3 Outline

This thesis 
an be divided into three parts. In the �rst part, whi
h 
onsists of the �rst three


hapters of this thesis, we provide a setting and motivation for the vision of shared future wireless

networks, and we detail trends in 
ommer
ial mobile networks whi
h pave the way towards this

vision. Eventually, we provide ba
kground information on the analyti
al tools we use within the

s
ope of this thesis. In the se
ond part, we provide a des
ription of our te
hni
al work. In ea
h

te
hni
al 
hapter we individually motivate the spe
i�
 resear
h problem, present the related work,

formulate the 
orresponding system model, dis
uss any analyti
al and numeri
al results, and provide

a follow up dis
ussion. The last part of this thesis is devoted to the des
ription of the broader vision

behind our work and key 
hallenges ahead for future wireless systems that stem from this vision.

The 
hapters of our thesis provide the following information:

Chapter 2 � Key trends in wireless mobile networks

In Chapter 2 we dis
uss three trends that pave the way towards the vision of Networks without

Borders. These trends in
lude: the inter-operator network sharing, the formation of MVNOs, and

the in
reasing role of OTTs. We present ea
h trend 
omprehensively, providing de�nitions and

numerous 
ommer
ial examples of related a
tivities. We also dis
uss how ea
h of the trends sets

the path for the type of future for wireless networks we envision in this thesis.
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Chapter 3 � Ba
kground

In the Ba
kground 
hapter we dis
uss the main analyti
al tools we apply in this thesis to address

the resear
h questions posed in the previous se
tion. In our work we foresee two types of studies:

performan
e evaluation, using tools of sto
hasti
 geometry and spatial statisti
al analysis, and

de
ision-making modelling, using optimization and game theory. In this 
hapter we present key

de�nitions and some intuition behind usage of these tools, along with referen
es to manus
ripts that

give a more in-depth treatment of the topi
s.

Chapter 4 � Multi-operator patterns in wireless mobile networks

In Chapter 4 we are 
on
erned with spatial statisti
al analysis of multi-operator real network data.

Spe
i�
ally we apply sto
hasti
 spatial analysis to multi-operator base station lo
ation informa-

tion from Ireland, Poland, and the UK. E�e
tively, we 
onstru
t models of joint multi-operator

deployments that pass goodness-of-�t tests. Subsequently, we evaluate usefulness of the sele
ted

models through wireless network-relevant analysis. We enri
h our analysis with a study of downlink

transmit power allo
ations in the UK data.

Chapter 5 � Inter-operator resour
e sharing

In Chapter 5 we study the dependen
y between various network sharing poli
ies and spatial prop-

erties of shared networks, and the resulting e�
ien
ies. We develop a sto
hasti
 geometry model

of a shared mobile network that in
orporates various infrastru
ture and spe
trum sharing poli
ies

under di�erent spatial models of radio a

ess infrastru
ture deployment. Whenever the Poisson

point pro
ess (PPP) is used, we produ
e 
losed-form analyti
al results. Yet one 
an only go so far

with mathemati
al modelling and our study of 
oordination me
hanisms and non-PPP geometries,

whi
h introdu
e a dependen
e that is 
onsidered in the state-of-the-art as intra
table, is based on

Monte Carlo (MC) simulations, with the PPP models being used to validate them. We use the

results obtained to dis
uss the impa
t of sharing poli
ies and parameters su
h as spatial 
lustering

level, 
oheren
e bandwidth, or operator size on the sharing e�
ien
y.

Chapter 6 � OTT-MNO sharing

In Chapter 6 we explore two problems: the sele
tion of a minimum 
ost subset of infrastru
ture

resour
es by an OTT, and the 
ooperation between an OTT and an MNO in serving mobile demand

of the OTT. First, we model the problem of minimum 
ost sele
tions as an optimization problem

whi
h we solve to optimality for an input dataset 
onsisting of real base station lo
ations for the


ountry of Poland and another dataset 
onsisting of syntheti
 lo
ations generated from sto
hasti


models of deployment. Se
ond, we model, following Google Proje
t Fi, an OTT that, in addition

to providing 
ontent, provides wireless 
onne
tivity to its mobile subs
ribers. It does so either by

building its own infrastru
ture or entering into an SLA with some MNO, to let the MNO serve its

demand. We model the problem as a 
ooperative game between an OTT and an MNO, for whi
h we

de�ne the 
orresponding utility spa
e and the non-
ooperative point related to the Nash equilibrium,

and, using the Nash bargaining framework, we derive an analyti
al expression for the bargaining

solution of the game. This allows us to study the impa
t the spatial distribution of mobile demand
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and infrastru
ture 
ost have on the out
ome of 
ooperation and the utilities obtained by both OTTs

and MNOs.

Chapter 7 � Broader vision

In the last 
hapter we present our vision of future wireless mobile networks whi
h is based on the

idea that network resour
es are subje
t to virtualization, and made available to the 
reation of

dynami
 instan
es of networks tailored to the over-the-top servi
e that is o�ered through them.

Indeed, Google Proje
t Fi 
an be 
onsidered an early example towards this vision whereby an

over-the-top servi
e provider be
omes also an infrastru
ture provider, a mobile operator, and a

mobile virtual operator. What we dis
uss in this 
hapter is that the proposed vision results in a

substantially di�erent mobile 
ommuni
ations value-
hain, and that it leads to a number of so
io-

politi
al 
hallenges, whi
h are to be addressed should the 
hange happen.

1.4 Contributions

In this se
tion we summarize resear
h 
ontributions made as part of this thesis. The 
ontributions

we present range from 
on
eptual insights to analyti
al results, yet it is worth noting that one

general 
ontribution of this thesis lies in re
ognizing a spe
i�
 resear
h dire
tion and proposing

a methodology to study it. We group our 
ontributions a

ording to the 
hapter in whi
h they

appeared.

Chapter 2

In this 
hapter we dis
uss ba
kground and related work. As part of our related work dis
ussion we

make the following 
ontribution:

• We outline trends in the evolution of the wireless network ownership and 
ontrol model;

spe
i�
ally, we postulate that there exists a relationship between inter-operator network sharing,

mobile virtual network operators, and servi
e providers be
oming mobile servi
e providers.

Chapter 4

In this 
hapter we fo
us on the spatial statisti
al analysis of multi-operator real network data. As

a result of our analysis we �nd that:

• There is a high degree of spatial dependen
e between the infrastru
ture deployment made by

multiple operators, hen
e mobile deployments 
annot be modelled with a superposition of

independent realizations of a point pro
ess des
ribing a single-operator deployment.

• Clustered point pro
esses best represent base station 
lustering o

urring in multi-operator

mobile deployments, with the log-Gaussian Cox pro
ess providing the most 
ompelling �tness

results.

• Similar 
lustering behaviour o

urs over and over again for similar areas in di�erent 
ountries,

whi
h provides an eviden
e for the universality of our model.
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• Downlink ma
ro- and mi
ro
ell transmit power allo
ations in a real 3

rd

generation (3G) net-

work, both in a single and multi-operator 
ase, 
an be 
onsidered independent and identi
ally

distributed, and 
an be modelled via random assignment from a probability distribution model.

Chapter 5

In the �fth 
hapter we utilize sto
hasti
 geometry to assess the trade-o� between spe
trum and radio

a

ess network sharing among mobile network operators. Our 
ontributions 
an be summarized as

follows:

• We derive analyti
al expressions for the 
overage probability and the average data rate for

a shared network 
reated as a union of networks distributed a

ording to the PPP for the

s
enarios of infrastru
ture and spe
trum sharing both with 
hannel bonding and dynami



hannel sele
tion.

• We show that while spe
trum sharing alone provides an in
rease in the a
hievable data rate (at

the expense of 
overage), infrastru
ture sharing results in improved 
overage. When the two

sharing types are 
ombined, we observe signi�
ant in
rease in the average user data rate and

improvements to the network 
overage as 
ompared to the non-sharing s
enario. Consequently,


ombination of the two approa
hes does not linearly s
ale the respe
tive 
overage and data

rate gains.

• Yet, as we show, even a simple me
hanism of 
oordination in spe
trum sharing allows operators

to redu
e the impa
t of this trade-o� and improve their 
overage without hampering the user

data rates.

• We observe that the way in whi
h spe
trum is being shared makes a di�eren
e to both the


overage and data rate performan
e. In parti
ular, when 
overage is the main 
on
ern, it is

more bene�
ial for operators to allow for their transmitters to dynami
ally sele
t among the

pooled spe
trum bands, rather than simply bond the available 
hannels.

• We show that 
lustering between the networks of the sharing operators has a signi�
ant impa
t

on the e�
ien
y of resour
e sharing.

• We show that the relative density of the networks of the sharing operators has a signi�
ant

impa
t on how the operators per
eive sharing gains ; spe
i�
ally, it is the larger operator that

gets the most bene�ts from spe
trum sharing.

Chapter 6

In the sixth 
hapter we explore some dilemmas that OTTs fa
e when entering the mobile 
ommu-

ni
ations market. In that respe
t we make the following 
ontributions:

• We show that 
onsidering a multi-operator network infrastru
ture as a 
olle
tive may lead to

building up 
overage provisioning networks whi
h require just a fra
tion of all the available

base stations.

• We �nd that the lowest density areas may bene�t greatly from infrastru
ture sharing, whi
h

may provide a justi�
ation for joint infrastru
ture investments in typi
ally under-served areas,

with an e�e
t on the digital divide.

• We derive an analyti
al expression for the Nash bargaining solution (NBS) of a 
ooperative

deployment game between an OTT and an MNO.
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• We show that the OTT�MNO 
ooperation 
an be sustainable only if the 
ost of infrastru
ture

to the MNO is not ex
essive.

• We �nd that the spatial 
lustering of the OTT demand a�e
ts the deployment pri
e and may

lead to redu
tions in fees that the MNO imposes on the OTT for its tra�
.

Chapter 7

In the 
on
luding 
hapter we fo
us on laying out the vision of future wireless mobile networks, whi
h

we term Networks without Borders. Within the s
ope of this 
hapter we make two 
ontributions:

• We propose a vision for future wireless mobile networks, whi
h is based on a market-pla
e of

virtual network operators that 
onstru
t networks from a pool of shared resour
es.

• We postulate key so
io-politi
al 
hallenges asso
iated with the vision.

1.5 Dissemination

This se
tion lists both peer-reviewed and non-peer-reviewed dissemination undertaken during the

PhD proje
t. The work that is dire
tly relevant to this thesis is marked with an asterisk. The re-

mainder of the dissemination has been pursued under the s
ope of other proje
ts and 
ollaborations.

1.5.1 Peer-reviewed

Journals

1. ∗J. Kibiªda, N. J. Kaminski, and L. A. DaSilva, �Radio A

ess Network and Spe
trum Sharing

in Mobile Networks: A Sto
hasti
 Geometry Perspe
tive�, (in review).

2. P. Di Fran
es
o, J. Kibiªda, F. Malandrino, N. J. Kaminski, and L. A. DaSilva, �Sensitivity

Analysis on Servi
e-Driven Network Planning�, (in review).

3. ∗J. Kibiªda, B. Galkin, and L. A. DaSilva, �Modelling Multi-Operator Base Station Deploy-

ment Patterns in Cellular Networks�, IEEE Transa
tions on Mobile Computing, 2016 (to

appear).

4. ∗L. E. Doyle, J. Kibiªda, T. K. Forde, and L. A. DaSilva, �Spe
trum without Bounds, Net-

works without Borders�, Pro
eedings of the IEEE, vol. 102, no. 3, pp. 351�365, Mar
h

2014.

Conferen
es

1. ∗J. Kibiªda, F. Malandrino, and L. A. DaSilva, �In
entives for Infrastru
ture Deployment by

Over-the-Top Servi
e Providers in a Mobile Network: A Cooperative Game Theory Model�,

IEEE International Conferen
e on Communi
ations (ICC), May 2016.

2. B. Galkin, J. Kibiªda, and L. A. DaSilva, �Deployment of UAV-mounted A

ess Points A
-


ording to Spatial User Lo
ations in Two-tier Cellular Networks�, IFIP Wireless Days, Mar
h

2016.
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3. ∗J. Kibiªda, P. Di Fran
es
o, F. Malandrino, and L. A. DaSilva, �Infrastru
ture and Spe
-

trum Sharing Trade-o�s in Mobile Networks�, IEEE Dynami
 Spe
trum A

ess Networks

(DySPAN), September 2015.

4. ∗B. Galkin, J. Kibiªda, and L. A. DaSilva, �Sto
hasti
 Modelling of Downlink Transmit

Power in Wireless Cellular Networks�, 20th IEEE International Workshop on Computer Aided

Modelling and Design of Communi
ation Links and Networks (CAMAD), September 2015.

5. A. Selim, J. Kibiªda, P. Sutton, and L. E. Doyle, �Real-Time Interferen
e Redu
tion for

OFDM-based Dynami
 Spe
trum A

ess Networks�, IEEE DySPAN, April 2014.

6. ∗J. Kibiªda, and L. A. DaSilva, �E�
ient Coverage through Inter-operator Infrastru
ture

Sharing in Mobile Networks�, in Pro
eedings of IFIP Wireless Days, November 2013.

7. ∗L. A. DaSilva, J. Kibiªda, P. Di Fran
es
o, T. K. Forde, and L. E. Doyle, �Customized

Servi
es over Virtual Wireless Networks: The Path towards Networks without Borders�,

Future Network and Mobile Summit (FNMS), July 2013.

8. J. Kibiªda, J. Tallon, K. Nolan, and L. A. DaSilva, �Whitespa
e Networks Relying on Dy-

nami
 Control Channels�, 8th International Conferen
e on Cognitive Radio Oriented Wireless

Networks (CROWNCOM), July 2013.

9. J. Tallon, J. Kibiªda, T. K. Forde, L. A. DaSilva, and L. E. Doyle, �Re
eiver-driven handover

between independent networks�, IEEE DySPAN, O
tober 2012.

1.5.2 Non peer-reviewed

Work presented in this thesis has also been disseminated through other means than s
ienti�
 arti
les

su
h as s
ienti�
 posters or seminar talks. The relevant dissemination in
ludes:

1. J. Kibiªda, �Sto
hasti
 geometry model for 
oordinated infrastru
ture and spe
trum sharing

in wireless mobile networks�, Information Theory and Appli
ations (ITA) Workshop, San

Diego (CA), 31 January � 5 Friday 2016 (poster).

2. J. Kibiªda, �Spe
trum and Infrastru
ture Sharing Between Mobile Network Operators: A

Sto
hasti
 Geometry View�, Simons Conferen
e on Networks and Sto
hasti
 Geometry, Aus-

tin (TX), 18�21 May 2015 (poster).

3. J. Kibiªda, �A thing about network sharing�, seminar at Poznan University of Te
hnology,

Pozna« (PL), 19 November 2014 (talk).

4. J. Kibiªda, �Networks without Borders: 
overage study on a shared wireless infrastru
ture�,

University College Cork, Cork (IE), 20 May 2013 (talk).

1.5.3 Art proje
ts

Together with Jessi
a Foley, a fellow PhD 
andidate at CTVR, we worked on a 
ollaborative arts

proje
t entitled �Green-graphs & IRIS�. The idea behind the proje
t was to (literally) illustrate

some of the models dis
ussed in this thesis, as visual and verbal impressions of the limitations in


omprehension and understanding of 
ross-�eld resear
h. This 
ollaborative proje
t has led to the


reation of posters illustrating (on a white ba
kground) base station deployments in Ireland, embed-

ded with additional information derived from 
ombinatorial interpretations of the said deployments.

The images were followed by hand-drawn tra
es made by Jessi
a and a �lm-essay reporting the


ollaborative pro
ess.
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The proje
t was exhibited at:

1. The CTVR Communi
ating Communi
ations Plenary, September 2013 (see Fig. 1.3).

2. As part of *Di�eren
e Engine � A

umulator III* at Limeri
k City Gallery of Art, O
tober

2013 (see Fig. 1.4).

3. The Expanded Lyri
 
onferen
e at Queens University Belfast, April 2014

4

.

Figure 1.3: One of the images from �Green-graphs & IRIS� presenting multi-operator base station deployment

around the Cork 
ity area, with 
ell radius denoting the lo
al value of a spe
i�
 summary 
hara
teristi
 and

the 
olour denoting freuquen
y used by the base stations.

Figure 1.4: Hand-drawn tra
es of the graphs 
reated as part of the �Green-graphs & IRIS� proje
t, exhibited

at Limeri
k City Gallery of Art.

4

The video 
an be found at https://vimeo.
om/89157216.
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Key trends in wireless mobile networks

�The impa
t of new te
hnologies is invariably misjudged be
ause we measure the future

with yardsti
ks from the past.�

- Stephen Baker, Can So
ial Media Sell Soap?, The New York Times

In the Introdu
tion we listed trends in the evolution of 
ommer
ial mobile networks whi
h pave

the way towards the vision of Networks without Borders. These trends in
lude the inter-operator

network sharing, the formation of Mobile Virtual Network Operators (MVNOs), and the in
reasing

role of over-the-top servi
e providers (OTTs). In the following 
hapter, we detail how ea
h of the

trends has manifested itself and how it possibly sets the path for the future of wireless networks

we present in this thesis. As su
h we emphasize the inter-operator network sharing as it 
omes in

a variety of �avours and ea
h of the �avours has its distin
t impa
t on the general 
onsensus about

wireless mobile network ownership, ar
hite
ture, and regulation. The following text is loosely based

on our positioning paper, presented at the Future Networks and Mobile Summit in 2013 (see [10℄).

2.1 Inter-operator network sharing

The origins of mobile network sharing 
an be tra
ed ba
k to the US Tele
ommuni
ations A
t of 1996

(see [12℄). The intention of this a
t was to break monopolies in the delivery of shorthaul 
onne
tivity

in both wireline and wireless networks by mandating tele
ommuni
ations infrastru
ture providers

to: (i) lease parts of their infrastru
ture to 
ompetitors; (ii) provide a

ess at wholesale rates to

any servi
e they o�er; (iii) introdu
e re
ipro
al 
all termination rates. A

ording to [13℄, it was not

until around the year 2000 when the �rst sharing deals were stru
k.

In the early 2000s the standardization and spe
trum li
ense au
tioning for the 3

rd

generation (3G)

mobile systems has resulted in operators se
uring spe
trum li
enses despite their 
osts ex
eeding

estimated business 
ase indi
ators [14℄. However, the mobile 
ommuni
ations market was in a

rapid expansion phase fostered by e
onomi
 growth, with high-te
h industry sto
ks booming and

wide availability of 
redits from deregulations in the �nan
ial market. The belief was that this

situation will 
ontinue to last. In su
h a 
ontext, sharing deals were rather un
ommon and the

te
hnologi
al s
enarios were limited to a handful of 
ases, with the main 
on
erns of operators being

the 
ompetitive advantage and possible equipment 
ompatibility issues. The situation started to


hange with the e
onomi
 downturn of 2001. Mobile operators, previously e
stati
ally bidding up

the li
ense pri
es, now had to turn their attention to redu
ing their 
apital and operational 
osts.

As it turned out, one of the most important, and the easiest to apply, 
ost redu
tion measures was
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network sharing. Depending on the type of sharing applied, the savings may be as high as 40% in


apital 
osts, and 15% per
ent in operating 
osts spanned over a �ve-year period [15℄. Due to savings

o

urring to both 
apital and operating 
osts, network sharing may be a viable option for both new

network roll-out (either green�eld deployment or expansion) and network 
onsolidation s
enarios.

The �rst do
umented examples of network sharing agreements we 
ould tra
e o

urred in 2001.

These examples in
lude the Groupe Spe
ial Mondiale (GSM) site sharing deal between T-Mobile

and O2 in Germany, the GSM radio a

ess network (RAN) sharing deal between T-Mobile and

Cingular in the US, and Telenor and Three joint venture 3GIS to deploy a shared Universal Mobile

Tele
ommuni
ations System (UMTS) network (interestingly, the last one involved also spe
trum

sharing).

In response to the new trend in 2003 the 3

rd

Generation Partnership Proje
t (3GPP) put together

an initial report on the possible models for network sharing [16℄, whi
h was followed by standards

de�ning the s
enarios (see [17℄) and fun
tional ar
hite
tures for the shared networks (see [18℄). At

around the same time the European Commission started promoting network (fa
ility) sharing for the

bene�t of �town planning, publi
 health or environmental reasons� [19℄. Yet the predominant poli
y

supported by the European Commission was that of servi
e-level 
ompetition based on a minimum

degree of independen
e in the 
ontrol of network infrastru
ture. As it was understood ba
k then,

some types of network sharing may lead to �operators o�ering similar network 
overage, quality and

transmission speeds�, and, perhaps even, �
ollusion as operators ex
hange 
on�dential information,

in
reasing the predi
tability of 
ommer
ial behaviour by operators� [20℄. All these a
tions were seen

as limiting mobile network operators (MNOs) 
apability to provision di�erentiated servi
es, hen
e

restri
ting 
ompetition. E�e
tively, any type of sharing that would involve sharing of operating

frequen
ies or 
ore network elements would not have been permitted under European law. This

situation did not 
hange until the ruling of the European Court of First Instan
e (CFI) in the 
ase

of T-Mobile and O2 appealing against the European Commission's de
ision to blo
k their national

roaming agreement. The ruling stated (as summarized in [20℄) that �whether or not the servi
e

is available should not be a key 
ompetitive parameter but rather a basi
 requirement�. In other

words 
onne
tivity is a right, and MNOs shall be free to de�ne the terms and 
onditions of network

sharing agreements.

Indeed, in the state of the art we 
an �nd various forms of network sharing agreements. From our

perspe
tive the most relevant way to 
lassify them is based on the level of 
ontrol and ownership

over the key network elements, as it allows us to dis
uss the ar
hite
tural 
onsequen
es of those

sharing agreements. In [13℄ we have three types of sharing agreements de�ned:

• passive sharing,

• a
tive sharing,

• national roaming.

In the following we will dis
uss ea
h sharing type and provide some examples. Yet, due to 
ommer-


ially sensitive nature of the sharing agreements, ex
ept for a handful of 
ase studies, details of the

agreements are generally not available to the publi
.

2.1.1 Passive RAN sharing

Passive sharing, often referred to as site sharing or 
o-lo
ation, is the most wide-spread form of

sharing, employed by mobile operators as early as 2000/2001. Passive sharing refers to sharing
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agreements in whi
h passive elements of the radio a

ess infrastru
ture, su
h as 
abinets, 
ooling

equipment, power supply, mast and, in some 
ases, antennas, are jointly utilized by the sharing

operators. In the main, passive sharing does not require a new network 
on�guration or tampering

with the pro
essing units available in the a
tive elements of the network. From a business perspe
t-

ive passive sharing 
an be realized through bilateral agreements either between mobile operators,

or between mobile operators and third parties, so 
alled tower 
ompanies, whi
h provide passive

tele
ommuni
ations infrastru
ture to the operators [21℄. Over the years, passive sharing has been

en
ouraged by the European Commission and the national regulators as a way for mobile operators

to limit the number of tele
ommuni
ation sites required. The intention was to redu
e the so
ial

impa
t of mobile network deployments

1

. There exist several examples of regulators promoting pass-

ive infrastru
ture sharing, ranging from the Indian Department of Tele
ommuni
ations subsidizing

setting up and managing mobile 
ommuni
ations towers

2

, the Canadian Radio-television and Tele-


ommuni
ations Commission (CRTC) mandating site and antenna sharing as part of the au
tioning

of 2GHz band (see [20℄), to Bahrain where the Tele
ommuni
ations Regulatory Authority publishes

on its website templates of mast sharing agreements (see [22℄).

As mentioned previously passive sharing has been ongoing for a while now and we have various


ommer
ial examples of passive sharing world-wide. Some interesting examples in
lude:

• Cornerstone, a joint 
ompany of O2 and Vodafone established to manage the existing masts

of both operators, as well as plan and deploy new masts [23℄.

• Cross-european Vodafone and Telefoni
a passive sharing agreements, whi
h involve 
ountries

like Germany, Ireland, the UK, Cze
h Republi
, and Spain. The agreements supported sharing

of power supplies, air du
ts, and, in some 
ases, also antennas and ba
khaul (see [24, 25℄).

• Vodafone and TIM in Italy [26℄.

• Passive sharing fully mediated by tower 
ompanies, for example, in Costa Ri
a and Panama

(passive sharing in these 
ountries was an imminent e�e
t of passive infrastru
ture invest-

ments made by tower 
ompanies whi
h pre
eded mobile network deployments made by mobile

network operators) [27℄.

• State-
ontrolled passive sharing in Ghana, whi
h 
ame as a result of the Ameri
an Tower

Corporation having a monopoly to build and manage passive network infrastru
ture for the


ountry (see [22℄).

In prin
iple, site sharing is 
onsidered a sharing te
hnique whi
h does not limit operators' 
ap-

ability to individually set network 
on�guration parameters. Yet that is a misleading point of view,

as the sharing operators, when de
iding on the details of site sharing, have to take into a

ount,

for example, load bearing 
apa
ity of towers, antenna azimuths/tilts, 
apa
ity of the 
abinets, or

the number of antennas that 
an be pla
ed on a given site with respe
t to lo
al lands
ape plan-

ning regulations [26℄. In a way passive sharing may be 
onsidered an example of a 
rude form of

sharing whi
h, while bearing some so
ially desirable out
omes, does not allow the sharing operators

to in
rease the �exibility of their networks, and as su
h is insu�
ient to give rise to servi
e-driven

networks.

1

Communi
ations masts and antennas are 
onsidered to have a negative visual impa
t on the lands
ape and wireless


ommuni
ations equipment may be also thought of as the sour
e of ambient noise, ele
tromagneti
 interferen
e or

health 
on
erns to the lo
al 
ommunities.

2

Interestingly, the 
ondition to re
eive the subsidy was that the deployed infrastru
ture is used by at least three

mobile operators (see [20℄).
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2.1.2 A
tive RAN sharing

A
tive sharing refers to s
enarios in whi
h a
tive elements of the radio a

ess infrastru
ture su
h as

base stations or base station 
ontrollers are shared. This requires the mobile network ar
hite
ture to

support virtualization, multi-tenan
y, and roaming. Despite the latter being one of the foundational

features of the early mobile network ar
hite
tures, the pre-existing ar
hite
tures had provided no

native support for network sharing [17℄. As noted previously, this 
hanged on
e network sharing

has re
eived some re
ognition, and the key sharing network ar
hite
tures to date are tightly 
oupled

with the 3GPP's fun
tional network ar
hite
ture (see, for example, [28℄). A typi
al feature of ea
h

a
tive network sharing ar
hite
ture to date is a shared RAN, while the main di�eren
e lies in how

the spe
trum resour
es and the 
ore networks are being split and utilized.

One widely-applied sharing ar
hite
ture, Multi-Operator RAN (MORAN), was developed by

Nokia Siemens Networks. In a MORAN the radio network 
ontroller (RNC) and parts of the

base station are logi
ally partitioned between the sharing operators, while 
ore network elements

and frequen
y spe
trum remain separated. Consequently, site-level parameters su
h as antenna

tilts are set jointly, while 
ell-level parameters su
h as the s
rambling 
ode (required for the 
ell

syn
hronization) remain spe
i�
 to ea
h sharing operator.

An alternative ar
hite
ture proposed by the 3GPP is a Multi-Operator Core Network (MOCN).

In MOCN dedi
ated 
ore network elements from multiple operators 
onne
t to a single network


ontroller (or a base station) lo
ated in the shared RAN. A shared RANmay operate on either pooled

or dedi
ated frequen
y resour
es [18℄. In this sharing regime both 
ell and site-level parameters are

set jointly, whi
h signi�
antly limits the 
ontrol over individual wireless servi
e quality.

Another ar
hite
ture proposed by the 3GPP is a Gateway Core Network (GWCN). In addition

to the shared RAN, GWCN allows for sharing of some of the 
ore network elements su
h as the

mobility management entity (MME) (see [18℄). Frequen
y spe
trum is either pooled or dedi
ated

to ea
h operator. GWCN is implemented using the roaming features in the 
ore network [26℄. Sin
e

su
h an implementation allows for no physi
al or logi
al separation, wireless servi
e di�erentiation

between the sharing operators is not possible. In ea
h ar
hite
ture the user equipment behaviour is

the same, and while a user equipment is required to dis
riminate between the sharing operators the

terms of the sharing agreement are made transparent to the subs
riber.

Regulators' support for a
tive sharing (or rather la
k thereof) has 
hanged over time. In the

main, regulators world-wide were relu
tant to a

ept some types of a
tive sharing deals, the main

issue being �the entity awarded the spe
trum not being the entity using it in pra
ti
e� [26℄. However,

the 
ost bene�ts of a
tive sharing outweighed any potential downsides and many operators world-

wide de
ided to pursue (typi
ally bilateral) a
tive sharing deals; some examples in
lude:

• MORAN:

� T-Mobile and Three UK formed a joint venture 
ompany Mobile Broadband Network

Limited to 
onsolidate and manage their 3G infrastru
ture (see [20, 23℄).

� A tighter 
onsolidation took pla
e in Poland between lo
al bran
hes of Orange and

T-Mobile that 
reated a joint venture NetWorks! to 
onsolidate existing 2

nd

genera-

tion (2G) and 3G networks, as well as deploy a shared 4

th

generation (4G) network.

Interestingly, the 
onsolidation has resulted in some pre-existing base stations having

been de
ommissioned (see [29℄).

PhD Thesis Ja
ek Kibiªda



2.1 Inter-operator network sharing 21

� In 2014 Eir
om and Three Ireland agreed to 
onsolidate existing sites throughout Ireland

into one network and jointly deploy any new sites to meet target 
overage requirements

(see [30℄).

� A number of sharing agreements 
omes from Brazil

3

where Oi and TIM went into a

sharing agreement to deploy in 12 
ities a 4G network operating in 2.5GHz band [27℄.

Similarly, Claro and Vivo (Telefoni
a) entered into a short-time sharing agreement [27℄.

� In Colombia, Movistar and Tigo entered into a sharing agreement to jointly deploy Long

Term Evolution (LTE) network operating in the Advan
ed Wireless Servi
es (AWS)

band (1.7/2.1GHz), and 
onsolidate and upgrade the existing infrastru
ture to support

a multi-mode operation (see [27℄).

• MOCN:

� A 
ombination of GWCN and MOCN that happened in Sweden between Europolitan

(later Telenor and Vodafone) and Hi3G (see [31℄). The two set up a joint venture 3GIS

whi
h was responsible for deployment and management of 3G infrastru
ture. E�e
t-

ively having no subs
ribers 3GIS was just a provider of 
apa
ity to the two operators.

Moreover, Hi3G subs
ribers 
ould roam into the 2G network of Europolitan and, due to

regulatory obligations whi
h mandated at least 30% of the population to be 
overed by

dedi
ated networks, both operators developed their dedi
ated 3G networks.

� Sweden's Telenor and Tele2 forming a joint venture Net4Mobility dedi
ated to the de-

velopment and maintenan
e of a 4G network. Interestingly, Tele2 had already formed

a joint venture with another Swedish operator TeliaSonera to develop a joint 3G infra-

stru
ture, yet this 
ooperation was not prolonged to 4G infrastru
ture as TeliaSonera

had de
ided to develop its dedi
ated 4G infrastru
ture (see [31℄).

� In Canada the MOCN ar
hite
ture was utilized to provide an HSPA shared network to

both Bell and TELUS (see [26℄).

Wide support for a
tive network sharing is key to our vision as it for
es mobile operators to

make de
isions about the types and amounts of resour
es being used at a given time. In addition to

�exibility, a
tive network sharing shall provide means ne
essary for isolation between the networks

of the sharing operators, whi
h is ne
essary to 
reation of 
ustomized networks. Yet, when a
tive

network sharing was being introdu
ed, virtualization te
hnologies were still far from the market.

E�e
tively, a
tive network sharing implementations had to rely on stati
 divisions of resour
es (on

equipment-level) and roaming ar
hite
ture (whi
h we will dis
uss subsequently), whi
h has limited

the appli
ation of a
tive sharing as well as the a
hievable gains [11℄.

2.1.3 National roaming

National roaming allows subs
ribers of one operator to rely on the 
overage provided by a network of

another operator. International roaming is a good example for this, as it allows a subs
riber to use

its mobile servi
e while abroad where her home operator has no network. In the 
ontext of network

sharing, roaming is used domesti
ally as a way for 
ompeting operators to in
rease 
overage and for

green�eld operators to provide 
ountry-wide 
overage prior to rolling out a 
ountry-wide network.

The typi
al 
ase for national roaming is that ea
h sharing operator has its own frequen
y spe
trum,

3

All these sharing initiatives are fairly re
ent (2013-2014) and are stri
tly related to the infrastru
tural develop-

ments required by Brazilian government to support the organization of the football world 
up in 2014 and the summer

Olympi
s in 2016.
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dedi
ated radio a

ess network and 
ore network, and that subs
ribers of the sharing operators may


onne
t (transparently) to either of the networks. This approa
h requires no updates to the radio

a

ess network part, with only the 
ore network being a�e
ted. However, as noted in [21℄, shared

network elements may also be introdu
ed.

National roaming (and a
tive sharing to some extent) has been a major 
ause for 
on
ern to

the European Commission, whi
h has seen national roaming agreements as endangering servi
e-

level 
ompetition in the tele
ommuni
ations market 
aused by the loss of independent 
ontrol over

the network parameters and therefore la
k of me
hanisms to provide di�erentiated servi
es. As

noted previously it is not until 2008 and the CFI ruling that national roaming be
ame e�e
tively

legitimized in Europe. This in
luded also re
ipro
al agreements signed to in
rease the pa
e of


overage and servi
e quality improvement during the roll-out phase. National regulators outside of

Europe were more favourable towards national roaming agreements and, for example, in Canada

in
umbent MNOs were required to provide roaming for a period of 5 years to new entrants to

the market (see [20℄). Nevertheless, 
ompetitive 
on
erns have been the major 
ause for national

roaming being limited to pre-spe
i�ed areas only, in the 
ase of 
overage extensions, and for a limited

duration, in the green�eld operator 
ase.

Some 
ommer
ial examples of national roaming deals in
lude:

• O2 and T-Mobile national roaming deals in Germany and the UK. In Germany O2 subs
ribers

were allowed to utilize T-Mobile's 3G network, while in the UK subs
ribers of both operators


ould use the network of the other operator if their operator did not provide 
overage over a

given 
ity area

4

.

• Orange and T-Mobile in the UK have provided a new opt-in servi
e to the 
ustomers that

would allow them to roam with either operator, without paying extra roaming fees [33℄.

• T-Mobile and H3G provided ea
h other subs
ribers roaming servi
es in Austrian rural areas

[24℄.

• In Fran
e, Free Mobile has entered into a roaming deal with Orange to utilize Orange's existing

2G and 3G networks [24℄.

Sin
e national roaming e�e
tively removes any servi
e-level di�erentiation between mobile op-

erators, it is the most progressive form of network sharing available, and perhaps a good way to

think of providing basi
 
overage even to the remotest areas. What di�ers our vision from national

roaming is the fa
t that our vision requires some form of servi
e-level di�erentiation that would

enable 
ustomizable networks 
apable of delivering over-the-top servi
es to subs
ribers at various

quality points.

2.2 Mobile Virtual Network Operators

A natural 
onsequen
e of opening up wireless network infrastru
ture to other mobile network op-

erators was to allow new a
tors that do not have a li
ense to spe
trum to a
t as wireless servi
e

providers. This very idea lies at the 
ore of what is an MVNO as we know it today. Originally,

4

The ability of the two operators to roam was restri
ted by the European Commission, for example, depending

on the area national roaming was allowed for a limited period of 3, 5, or 6 years [32℄. The restri
tion resulted in

an appeal to the CFI and a subsequent ruling whi
h held that, on 
ontrary to the Commission's view, the national

roaming deal will lead to an in
rease in 
ompetition due to wider availability of 3G servi
es [20℄.
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MVNOs entered the European 
ellular market through a mix of voluntary and involuntary me
h-

anisms [3℄. Some MVNOs were 
reated to utilize extra 
apa
ity available in the networks, some to

rea
h new 
ustomer market segments, and others emerged as a result of anti-trust and maximum

usage fee poli
ies imposed by the 
ommuni
ations regulators to boost 
ompetition and improve the

availability of wireless servi
es [5℄. Contemporary te
hni
al solutions allowing MVNOs to provide

wireless servi
es to their subs
ribers are very similar to the solutions used for national roaming [5℄.

By de�nition an MVNO is a wireless 
ommuni
ations servi
es provider that does not own the

spe
trum, radio a

ess network or ba
khaul [11℄. The only 
apital and operational 
osts that an

MVNO in
urs are the ones related to the development of the poli
y and 
harging system, distribution


hannel, brand and marketing, and, in 
ertain 
ases, also deployment of the 
ore network. An MVNO

is not responsible for wireless 
overage or 
apa
ity provisioning, instead it enters into a servi
e level

agreement (SLA) with an MNO to re
eive bulk a

ess to the network servi
es at wholesale rates,

whi
h allows it to resale the network a

ess at retail pri
es [34℄. Su
h an MVNO may di�erentiate

itself from its MNO in three main ways: tra�
 quality (only to a limited extent), pri
ing and brand.

The tra�
 quality-based di�erentiation relies on swit
hing 
onne
tions between RANs of di�erent

operators, therefore it requires a spe
i�
 
ore network ar
hite
ture and multiple SLAs with multiple

MNOs [5℄. Obviously, even meeting all these requirements would not ensure that an MVNO 
an

a
tually provide a di�erentiated servi
e; as it is often the 
ase that networks of di�erent mobile

operators in urban areas are deployed following similar spatial patterns [35℄.

There are three types of ar
hite
tures widely applied by MVNOs [34℄: a full MVNO, a light

MVNO, and a Mobile Virtual Network Enabler (MVNE). A full MVNO owns a dedi
ated 
ore

network whi
h inter-
onne
ts to the a

ess networks of MNOs. A light MVNO implements the

billing system and the distribution 
hannel only, while the rest of the 
ore and a

ess network is

provided by some MNO. An MVNE is a middle-man that provides a 
ore network and some business

fun
tions to the MVNO and inter-
onne
ts that MVNO with radio a

ess networks (in this 
ase an

MVNO a
ts as a brand and a distribution 
hannel). The 
hoi
e of the network ar
hite
ture for an

MVNO depends on the business model of that MVNO, for example, an MVNO that is a re-branded

version of the wholesale MNO is likely to rely on the 
ore network being delivered by the MNO,

whereas an independent MVNO may be willing to 
ontrol parts of the 
ore network to withhold


ustomer information.

It is important to note that the MVNO model ne
essarily requires well-developed radio a

ess

infrastru
ture, and may not be viable for developing markets. Also, the poli
ies applied by 
ommu-

ni
ations regulators to the MVNO market di�er from 
ountry to 
ountry, and, similarly to network

sharing, the European Commission was in support of interventions by 
ommuni
ations regulators if

there was an unsatisfa
tory level of 
ompetition in the market [36℄. We 
an di�erentiate three types

of attitudes towards legitima
y of the existen
e of MVNOs in the mobile 
ommuni
ations markets

[36, 37℄:

• MNOs were required to provide interfa
e for MVNOs (Finland, Sweden, Germany, or Spain),

• MNOs were required to implement spe
i�
 type of interfa
e for MVNOs as well as apply

pre-spe
i�ed 
harges (Denmark and Ireland),

• MNOs and MVNOs 
ooperate voluntarily (UK, Italy, or Fran
e).

The su

ess stories of MVNOs vary 
onsiderably from 
ountry to 
ountry, and a

ording to the

GSM Allian
e (GSMA) report �Mobile Infrastru
ture Sharing� from 2011 there were as many as
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150 MVNOs in Germany or 61 MVNOs in Netherlands, whereas only 16 or 15 of them in Italy or

Sweden. An example of a su

essful MVNO is the Freenet Group in Germany, whi
h has a
quired

14% of the German mobile 
ustomer market, or Ly
amobile, whi
h by 2011 had 6 million subs
ribers

a
ross 8 European 
ountries. An often 
ited example of a su

essful MVNO is Virgin Mobile in the

UK whi
h emerged as a 50:50 joint venture between the Virgin Group and One2One. Virgin Mobile

has been buying airtime and network 
apa
ity at wholesale rates from mobile operators and reselling

it to its target 
ustomers. From the perspe
tive of a 
ustomer Virgin Mobile assumes the typi
al

role of an MNO, whi
h in
ludes provisioning of voi
e and data servi
es, as well as assignment of

Subs
riber Identity Modules (SIMs) to users (see [20, 38℄). Despite these su

ess stories a signi�
ant

number of new MVNOs fail to survive on the market, even if they are a part of bigger brands su
h

as ESPN Mobile or Dysney Mobile.

Te
hnologi
al limitations of the existing network ar
hite
tures and equipment have limited

MVNOs presen
e in the market to 
ompetition on pri
ing or branding only. However, as noted

previously, even within the te
hnologi
al framework of the existing networks some level of servi
e-

level di�erentiation is possible, and that is pre
isely what Google was relying on when in 2015 it

unveiled its plans to be
ome a wireless servi
e provider [39℄.

2.3 Rise of servi
e providers

Over the re
ent years we have seen a rampant in
rease in mobile data usage (see [7, 8℄), driven

primarily by the growing popularity of smartphones and mobile appli
ations. This in
rease 
omes

at the expense of popularity of mobile voi
e or text messaging servi
es, whi
h traditionally served

as a sustainable sour
e of revenue for mobile operators, but now are giving away the spotlight to

appli
ations su
h as Skype or Snap
hat that essentially perform the same fun
tion, but for mobile

operators are all mobile data [40℄. From the perspe
tive of these appli
ations mobile data servi
e is

simply a pipe and is expe
ted to introdu
e as little 
osts as possible. Given growing infrastru
ture


osts (as remarked previously), the sustainability of a model in whi
h mobile operators are solely

responsible for the augmentation of mobile 
apa
ity is 
hallenged. This is of parti
ular 
on
ern for

servi
e providers, su
h as Google or Net�ix, whose very business model is based on the per
eption

of limitless tra�
 (as remarked by the Federal Communi
ations Commission (FCC) in [41℄). Taking

Google as our prime example, we see an in
reasing push among the biggest OTTs to assert their role

in how mobile networks are a

essed and deployed [42℄. Indeed, we see examples of OTTs deploying

their own networks, be
oming MVNOs, or entering into some form of SLA with mobile operators

or infrastru
ture providers. In the following, we dis
uss real-life examples of these pra
ti
es.

2.3.1 Fa
ebook

�Conne
tivity is a human right�, this 
at
hy do
trine

5

lies at the heart of Fa
ebook's business

model whi
h relies on monetizing 
ustomer data, mostly through o�ering 
ustomized advertising,

and anti
ipation (or possibly even manipulation) of the 
ustomer needs (or la
k thereof). From

that perspe
tive it is understandable that Fa
ebook is interested in bringing ever more people to

stay 
onne
ted. One way of a
hieving this is to promote mobile data usage, whi
h requires that:

5

Expressed by Mark Zu
kerberg in August 2014 via an online report entitled �Is Conne
tivity A Human Right?�.
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(i) we

6

de�ne some basi
 set of servi
es

7

people will asso
iate with the Internet; (ii) then, by means

of 
heap, or free, data plans and light-weight apps we make them a�ordable to the publi
; (iii) we

deliver new (and open) te
hnologies and platforms to share network and 
omputing infrastru
ture,

and devise new poli
ies that 
urb the 
osts of li
ensing of key resour
es su
h as ele
tromagneti


spe
trum.

The �rst two have been ongoing for a while now by means of Fa
ebook Zero, whi
h allows

Fa
ebook users to view a text-only version of the so
ial network website without in
urring mobile

data usage 
harges. Fa
ebook Zero is a

essible (via zero.fa
ebook.
om) to Fa
ebook users who

are also subs
ribers of one of the mobile operators that have entered an agreement with Fa
ebook.

Fa
ebook Zero o�ers free of 
harge a

ess to noti�
ations, friend requests, or status updates, while

a

ess to the rest of the 
ontent, su
h as photos or games, is subje
t to the usual data fees. Regardless

of how Fa
ebook 
ompensates mobile operators for data being used

8

, when it is only the Fa
ebook

a

ount (and a smartphone) that a user needs to be able to use mobile servi
es, why would a

Fa
ebook subs
riber need to even 
are about a subs
ription to the mobile 
arrier? Linking this

with the de�nition of the basi
 set of servi
es expressed in terms of smartphone apps, rather than

traditional voi
e, text or data servi
es, we make networks, at least from the perspe
tive of a single

user, over-the-top servi
e-
entri
. In other words, we anti
ipate that a user of these new servi
es

will require a network that is 
rafted towards the delivery of a spe
i�
 over-the-top servi
e or a set

thereof, and the wireless infrastru
ture will provide only the means to set it up.

The last point from Fa
ebook's manifesto is more of a de
laration of the right path of a
tions,

rather than a well-de�ned proje
t. There are two aspe
ts to this point. The �rst one is related to the

use of shared and open infrastru
ture. The se
ond one is related to improving the 
ost e�
ien
y of

obtaining key network resour
es, with the prime target being a 
hange in radio spe
trum li
ensing.

The belief is that more �exible modes of spe
trum li
ensing (for example, dynami
 spe
trum a

ess

or spe
trum pooling) will lower barriers of entry for new players and spark innovation [34℄.

2.3.2 Google

Google is an example of an OTT that a
tively and aggressively pushes its business model towards

wireless networks. In 2012 Google laun
hed in some developing 
ountries, su
h as the Philippines or

Nigeria, Google Free Zone servi
e. Google Free Zone works mu
h alike Fa
ebook Zero as it allows

subs
ribers of operators with whom Google has signed an agreement to a

ess without 
harge light-

weight versions of Google mail, Google plus or Google sear
h engine. This in
ludes also viewing

websites that were found using Google's sear
h engine. Google's intention is to in
rease usage of

the mobile internet as well as en
ourage more users (in developing 
ountries) to setup Google user

a

ounts and asso
iate their Internet experien
e with Google's produ
ts. In addition, over the last

few years Google has been a
tive in pursuing spe
trum li
enses [44℄, promotion of spe
trum sharing

in frequen
y bands over 24GHz [45℄, as well as developing proje
ts su
h as Google Loon to provide

LTE wireless a

ess to remote and rural areas [46℄.

However, the most prominent example of Google's a
tivity in wireless network domain is Proje
t

6

The report uses �we� to refer to Fa
ebook as an organization. Here, idealisti
ally, we are using �we� more broadly

and refer to the so
iety at large.

7

Unsurprisingly, this set in
ludes Fa
ebook's online so
ial network.

8

Some spe
ulation on how this 
ompensation may a
tually happen 
an be found in the following Quartz magazine

arti
le [43℄.
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Fi [47℄, whi
h enables users equipped in Nexus 5/6 phones with Fi SIM 
ards to seamlessly 
onne
t

to the fastest

9

network in proximity, be it WiFi or LTE. The WiFi hotspots 
ome from the pool of

hotspots deployed by Google in several Ameri
an 
ities su
h as New York or San Fran
is
o, whereas

the LTE a

ess is provided by an MVNO that signed SLAs with Sprint and T-Mobile US. The

proje
t is a move towards more �exible network ar
hite
tures in whi
h Google is 
apable of o�ering

�exible bundles whi
h are 
omposed of value-added servi
es, wireless 
onne
tivity, a devi
e (with

an operating system) and guaranteed end-to-end quality.

2.3.3 Other examples

A few other Internet giants have also joined Fa
ebook in popularizing free Internet usage. Wikimedia

has laun
hed Wikipedia Zero, a programme (partnered with some mobile operators) to let people

browse Wikipedia with no mobile data 
harges. Twitter has signed an agreement with a Swiss mobile

operator to a

ess text-only 
ontent from Twitter site for free or at low tari�s [48℄. Moreover, when

dis
ussing the in
reasing role of servi
e providers the Net�ix�Com
ast deal is also of relevan
e [49℄.

In early 2014 Net�ix, whi
h is one of the heaviest 
ontributors to Internet tra�
, and Com
ast have

stru
k an agreement under whi
h Net�ix have agreed to pay a fee to Com
ast to �re
eive faster and

more reliable a

ess�. The deal sparked a �er
e debate about its impli
ations to the �net neutrality�.

The proponents of net neutrality argued that su
h a deal will allow some wealthy OTTs to sti�e

the market, in essen
e by 
reating strong ties between OTTs and infrastru
ture providers, while the

proponents of the deal pointed out that while some servi
e providers (parti
ularly the ones linked

to the infrastru
ture providers) have to share the 
osts of the infrastru
ture, others (spe
i�
ally

bandwidth-hungry ones) re
eive a free ride whi
h hurts 
ompetition among servi
e providers.

All these examples are intended to show a 
hange in thinking about provisioning of over-the-

top servi
es, in parti
ular over mobile a

ess. A 
hange whi
h, if pursued further, will require

a revolution in the way that mobile te
hnologies operate, espe
ially on the network-level. Our

proposed Networks without Borders paradigm, further dis
ussed in Chapter 7, is a re�e
tion of this

revolution and a possible path in the evolution of mobile a

ess provisioning.

9

Here we do not delve into the question of how the sele
tion pro
ess is made or what does �fastest network� mean.
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Ba
kground

�The whole of life is just like wat
hing a �lm. Only it's as though you always get in

ten minutes after the big pi
ture has started, and no-one will tell you the plot, so you

have to work it out all yourself from the 
lues.�

- Terry Prat
hett, Moving Pi
tures

The key trends dis
ussed in Chapter 2, and, indeed, the entire vision of Networks without Borders

as exempli�ed in the 
on
luding 
hapter of this thesis, requires various types of studies to provide

answers to the resear
h questions posed in the Introdu
tion. In that we foresee two primary types

of studies:

• Performan
e evaluation � whi
h involves studies of sto
hasti
 models of radio a

ess infra-

stru
ture deployment made by multiple mobile operators. Sto
hasti
 geometry tools may then

be applied to these models in order to derive expressions des
ribing 
overage and a
hievable

data rates in a shared network with a sto
hasti
 model of spatial distribution of transmit-

ters/re
eivers. Whenever 
losed-form expressions 
annot be found, numeri
al evaluations and


omputer simulations may also be applied to quantify the performan
e.

• De
ision making � whi
h involves studies of de
isions that individual entities from the mobile


ommuni
ations market make when being involved in network resour
e sharing. These de-


isions in
lude de
iding whi
h resour
es to share, whi
h resour
es to utilize or how to deploy

a shared network. Ea
h entity involved 
an make its sharing de
isions irrespe
tive of other

entities or by assuming 
ompetitive or 
ooperative intera
tion with other entities.

We perform our studies by applying three types of analyti
al tools:

• Sto
hasti
 geometry and spatial statisti
al analysis.

• Optimization.

• Cooperative game theory.

In this 
hapter we present key de�nitions and some intuition on the analyti
al tools applied in

this thesis, as well as we provide referen
es to manus
ripts that give a more detailed view of the

theories involved.

3.1 Sto
hasti
 geometry and spatial statisti
s

A point pro
ess 
an be used to model the lo
ations of base stations (transmitters or re
eivers) in

a wireless network (in Fig. 3.1 we have a real base station deployment from Dublin represented as
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a point pro
ess). A sto
hasti
 deployment model 
an be applied to 
hara
terize the distribution of

interferen
e or signal-to-noise and interferen
e ratio (SINR) whi
h will yield performan
e results in

the form of, for example, the 
umulative distribution fun
tion of SINR whi
h re�e
ts the outage

probability of a typi
al user in a wireless network. For some types of sto
hasti
 geometry models

this performan
e 
an be derived in 
losed-form, yet for a majority of state of the art models these

are out of rea
h, typi
ally due to our poor understanding of dependen
ies involved in the model.

In those 
ases we have either the option of applying approximations, whi
h in some 
ases provide

relatively tight bounds, or simply utilize the model as the basis for numeri
al 
al
ulations either in

the form of numeri
al integrations (when a small number of sto
hasti
 parameters is assumed) or

Monte Carlo (MC) simulations.
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Figure 3.1: Lo
ations of Meteor 3G base stations in the 
ity 
entre of Dublin.

In order to 
hara
terize a wireless network deployment as a point pro
ess we need to de�ne some

of the underlying theoreti
al 
on
epts. Let us �rst formally de�ne a point pro
ess; following [50℄ we

have:

De�nition 3.1.1. A point pro
ess is a 
ountable random 
olle
tion of points that lie in some

measure spa
e. In our 
ase this is usually the Eu
lidean plane, i.e., R
2
. The asso
iated σ-algebra

B2

onsists of the Borel sets, with the asso
iated Lebesgue measure v(·).

A wireless network deployment 
an be represented as a point pro
ess whi
h is a 
ountable random

set Φ = {x1, x2, ...} ⊂ R
2
with elements being random variables xi ∈ R

2
. Following the random

measure formalism [50℄, we also de�ne N(W) as a (random) 
ounting measure whi
h denotes the

number of points in a set W ⊂ R
2
. Often we will use W ⊂ R

2
to refer to a �nite observation window

and ϕ ⊂ W to refer to a 
olle
tion of points in that window (i.e., ϕ is a sample in W from some

point pro
ess Φ), in whi
h 
ase N(ϕ) will refer to the number of points in the sample. Moreover,

we denote Λ(W) as the intensity measure of Φ, whi
h, informally, is the mean number of points of

a point pro
ess Φ in a set W . In 
onsequen
e, λ(x) will denote the intensity fun
tion that des
ribes

the point density around lo
ation x ∈ R
2
. For some point pro
esses, su
h as the homogeneous

Poisson point pro
ess, the intensity fun
tion will be uniform, hen
e we will denote it as λ.

In our work we will utilize also marked point pro
esses (see [50℄). In order to obtain a marked

point pro
ess, ea
h point of Φ is assigned a mark m belonging to some mark spa
e M. This

assignment results in another set Φ̂ that 
onsists of pairs of the following form (xi,mi), where
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xi ∈ Φ and mi ∈ M.

3.1.1 Point pro
ess models

There are three general 
lasses of point pro
ess models: uniform, 
lustered

1

and regular. To say

that a point pro
ess is uniform is equivalent to assuming that no inter-point intera
tions 
an be

observed in a point pattern 
oming from that pro
ess. An example of a uniform point pro
ess is

the homogeneous Poisson point pro
ess. Clustering means that some form of positive intera
tion

(attra
tion) exists between points, leading to 
lustered patterns, while regularity stands for some

form of negative intera
tion (repulsion) between points in the pro
ess. In our work we modelled a

regular pro
ess as the Strauss pro
ess, while for modelling 
lustered patterns we used: the Gauss-

Poisson pro
ess, the Matérn 
luster pro
ess, the Thomas pro
ess, and the Log-Gaussian Cox pro
ess.

In the following we de�ne and brie�y introdu
e ea
h of the listed point pro
esses. For a more


omprehensive des
ription we re
ommend [50�52℄.

Homogeneous Poisson point pro
ess

The homogeneous Poisson point pro
ess (PPP) with intensity λ, whi
h des
ribes the mean number

of points to be found in a unitary area, is a point pro
ess in R
2
that posses the following two

properties:

1. The number of points N(W) in any bounded set W is Poisson distributed with mean λv(W).

2. The number of points N(W1), N(W2), . . . , N(Wk) in any k disjoint bounded sets is an inde-

pendent random variable.

The greatest strength of the PPP is its analyti
al tra
tability, whi
h 
omes from its relian
e on

the Poisson distribution. In spatial statisti
s, assuming that a pattern is a realization of a PPP is

equivalent to assuming that there are no intera
tions between the points of that pattern.

Strauss pro
ess

The Strauss pro
ess (SP) is an example of a regular point pro
ess that 
omes from a family of

Gibbs pro
esses. A Gibbs pro
ess is formed by shaping the distribution of some other point pro
ess,

typi
ally a PPP, with some density fun
tion des
ribed on the spa
e of 
ounting measures, i.e., we

reje
t points from the initial point pro
ess so to a
hieve the desired density. Realization ϕ of an SP

with intera
tion radius R ∈ R+ and parameters β ∈ R+ and γ ∈ [0, 1] 
an be des
ribed through the

density fun
tion that takes on the following form:

f(ϕ) = αβN(ϕ)γT (ϕ), (3.1)

where α is a normalizing fa
tor, and T (ϕ) is the number of pairs of points (x, y) of the realization

ϕ su
h that ||x − y|| < R. Informally, R des
ribes the maximum range at whi
h any intera
tion

between the points exists, β des
ribes the intensity of the pattern, while γ is attributed to the

strength of the inter-point intera
tion.

1

Here we make a distin
tion between a 
lustered and 
luster pro
ess. Essentially, we 
onsider a 
luster pro
ess to

be a spe
ial type of a 
lustered pro
esses.
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Gauss-Poisson pro
ess

In the Gauss-Poisson pro
ess (GPP), 
lusters of points are distributed a

ording to the PPP with

intensity λp. These 
lusters 
onsist of one or two points with probability 1−p and p, respe
tively. If

a 
luster has two points, one of the points is lo
ated in the 
enter of the 
luster, i.e., at the lo
ation

of the parent point, and the other point is uniformly distributed on a 
ir
le with radius u 
entred

at the parent point. Formally, the resulting pattern 
an be de�ned as follows:

Φ =
⋃

i:xi∈Φp

(
Φi + xi

)
, (3.2)

where xi ∈ Φp and Φp is the parent PPP with intensity λp, and Φi is the untranslated daughter

pro
ess, whi
h formally 
an be de�ned as:

Φi =




{o, yi}, with probability p,

{o}, with probability 1− p.
(3.3)

In other words, any realization of the daughter pro
ess 
onsists of one or two points: the �rst point

being lo
ated at the origin o = (0, 0) and the other point existing with probability p at a uniform

lo
ation on a 
ir
le of radius u 
entred at the origin.

Matérn 
luster pro
ess

The Matérn 
luster pro
ess (MCP) is a doubly Poisson 
luster pro
ess, i.e., parent points are

generated a

ording to a Poisson pro
ess with intensity κ, and daughter points, with the mean

number of them µ, are uniformly distributed inside the 
ir
le of radius R 
entred at ea
h parent

point. The intensity of the daughter pro
ess takes the following form:

λd(r) =
µ

v(b(o,R))
1[b(o,R)](r), (3.4)

where 1[b(o,R)](r) is an indi
ator fun
tion, b(o,R) denotes a 
ir
le 
entered at parent point o with

radius R, and v(·) is the Lebesgue measure, whi
h in the Eu
lidean spa
e 
orresponds to the surfa
e

area. The intensity of the pro
ess is λ = κµ.

Thomas pro
ess

Like the MCP, the Thomas pro
ess (TP) is a doubly Poisson 
luster pro
ess, where the parent

points are distributed a

ording to a Poisson pro
ess with intensity κ, while the daughter points are

normally distributed, i.e., a

ording to the intensity fun
tion:

λd(r) =
µ

2πσ
exp(− r2

2σ2
), (3.5)

where µ is the mean number of daughter points and σ2
is the varian
e. The intensity of the pro
ess

is again λ = κµ.
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Log-Gaussian Cox pro
ess

In [35℄ we apply a sub
lass of Cox pro
esses, where the logarithm of the random intensity fun
tion

is a Gaussian pro
ess [53℄. This sub
lass is 
alled the Log-Gaussian Cox pro
ess (LGCP), with

the intensity fun
tion denoted as λ(x) = exp (Y (x)), where Y = {Y (x) : x ∈ R
2} is a real-valued

Gaussian pro
ess with mean µ, and 
ovarian
e fun
tion σ2f(r), where σ2
is the varian
e and f(r) is

some pre-de�ned spatial 
orrelation fun
tion. For the LGCP to be well-de�ned the spatial 
orrelation

fun
tion has to be positive semi-de�nite [54℄. This 
ondition is met by, for example, the exponential

fun
tion f(r) = exp(−r/β) and the stable fun
tion f(r) = exp(−
√
r/β), where β > 0 is a s
ale

parameter (other examples of fun
tions that meet this 
ondition 
an be found in [54℄). The LGCP

is fully 
hara
terized by µ, σ2
and the parameter(s) of f(r), whi
h are easy to estimate due to

the existen
e of 
losed-form expressions for the summary statisti
s. The pro
ess is also relatively

easy to simulate based on the lo
ation dependent reje
tion of points generated a

ording to the

homogeneous PPP with λ∗ = max(λ(x)). Moreover, the intensity of the pro
ess is expressed as

λ = exp(µ+ σ2/2).

3.1.2 Summary 
hara
teristi
s

In spatial statisti
s there are numerous summary 
hara
teristi
s that des
ribe and quantify lo
al

groupings of points, typi
ally through their relative positions or inter-point distan
es. In the follow-

ing, we brie�y introdu
e the metri
s that we will subsequently use for model �tting and goodness-

of-�t tests.

Empty spa
e fun
tion

Empty spa
e fun
tion F (r) des
ribes the distribution of distan
e r from a point o ∈ W (for stationary

point pro
esses this 
orresponds to the origin) to the nearest point of the point pro
ess Φ:

F (r) = P (||o− Φ|| ≤ r) = P (N(b(o, r)) > 0) , r ≥ 0. (3.6)

We use the empty spa
e fun
tion as the �rst-order goodness-of-�t statisti
.

J-fun
tion

One way to investigate the intera
tion between two point patterns, ea
h with a di�erent type of

points, observed within the same window, is to utilize the 
ross-type J-fun
tion [55℄. The 
ross-type

J-fun
tion is the ratio between two distributions: the distribution of distan
es from an arbitrary

�xed point of type i to the nearest type j point, and the distribution of distan
es from an arbitrary

�xed point of type j to the nearest type j point (i.e., the empty spa
e distribution). Formally the


ross-type J-fun
tion is given as:

Jij(r) =
1−Gij(r)

1− Fj(r)
, (3.7)

where Gij(r) is the nearest neighbour distan
e fun
tion, whi
h des
ribes the distribution of distan
es

from the points of type j to the points of type i, and Fj(r) is the empty spa
e fun
tion of the point

pattern of type j. By this de�nition 
ross-type J-fun
tion 
an be used to quantify 
lustering or

repulsion between two sets of points. In 
ase the two sets of points are independent Jij = 1, as is
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the 
ase with any PPP realizations. Jij < 1 suggests that the points of di�erent types aggregate,

while Jij > 1 suggests repulsion. However, the 
ross-type J-fun
tion taking value 1 for all r is not

a su�
ient 
hara
terization of independen
e between the two patterns [55℄. It is also worth noting

that Jij is not symmetri
 in i and j.

L-fun
tion

The L-fun
tion is de�ned as L(r) =
√
K(r)/π for r ≥ 0, where K(r) is a se
ond-order summary


hara
teristi
 whi
h des
ribes the mean number of points within radius r from points in point

pro
ess Φ. The L-fun
tion is parti
ularly useful in the estimation of model parameters, su
h as

the intera
tion distan
e (maximum inter-point distan
e at whi
h intera
tion for
e is at work) or

intera
tion for
e (the for
e that des
ribes mutual attra
tion or repulsion between points in a point

pro
ess). For the PPP the L-fun
tion takes a 
onvenient linear form L(r) = r. Hen
e, for some

pattern ϕ, L(r) < r will indi
ate regularity, while L(r) > r will indi
ate 
lustering. We use the

L-fun
tion to examine �tness of the estimated models with respe
t to se
ond-order 
hara
teristi
s.

Pair-
orrelation fun
tion

The pair-
orrelation fun
tion g(r) for a stationary point pro
ess Φ with intensity fun
tion λ and

se
ond order produ
t density ρ(2)(r), whi
h is the joint probability that there are two points of Φ in

in�nitesimally small areas surrounding two lo
ations separated by distan
e r, is de�ned as follows

[50℄:

g(r) =
ρ(2)(r)

λ2
. (3.8)

Informally, the pair-
orrelation fun
tion 
hara
terizes the frequen
y of inter-point distan
es in the

pro
ess. Herein, we use the pair-
orrelation fun
tion for �tting 
lustered point pro
esses to our

data. The �tting method we use requires an analyti
al expression for the summary statisti
 in

question. The expressions for the pair-
orrelation fun
tion of the analysed 
lustered point pro
esses

are summarized in Tab. 3.1.

Table 3.1: Analyti
al expressions for the pair-
orrelation fun
tion of the analysed 
lustered models, where

h(z) = 16/π(z arccos(z)− z2
√
1− z2) for z ≤ 1 and h(z) = 0 otherwise.

Model LGCP MCP TP

g(r) exp
(
σ2f(r)

)
1 + (4πRrκ)−1h( r

2R ) 1 + (4πκσ2)−1 exp(− r2

4σ2 )

Mark-weighted K-fun
tion

The mark-weighted K-fun
tion des
ribes the expe
ted normalized sum of produ
ts of the mark of

a point in a marked point pattern ϕ̂ and all of the marks belonging to points within a distan
e r,

whi
h 
an be formally expressed as follows:

Kmm(r) =
∑

i∈N

∑

j∈N\{i}

mimj1[||xi−xj||≤r]

λµ2
, (3.9)

where N = {1, 2, . . . , N(ϕ̂)}, ||.|| denotes the Eu
lidean distan
e, (xi,mi) ∈ ϕ̂, λ is the density of

the point pattern and µ is the mean of the mark values.
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3.1.3 Spatial statisti
al analysis

Maximum pseudo-likelihood estimation

The method of maximum likelihood estimation relies on the likelihood fun
tion whi
h des
ribes the

likelihood of observing a parti
ular data sample given some probability distribution. This likelihood

fun
tion is parametrized with the model parameters and the goal of the method is to �nd values of

those parameters that maximize the sample likelihood. In pra
ti
e that boils down to solving a set

of partial di�erential equations under the assumption of 
onvexity of the likelihood fun
tion. Now,

the maximum pseudo-likelihood estimation, instead of using the likelihood fun
tion, relies on the

pseudolikelihood fun
tion, whi
h is an approximation of the joint distribution of a set of random

variables [56℄. As an example we 
an write the likelihood fun
tion of the PPP with intensity λ as:

L(λ;ϕ) = λN(ϕ) exp
(
− v(W)(λ − 1)

)
, (3.10)

where ϕ lies inside the observation window W . In this 
ase, trivially, the maximum likelihood

estimator is N(ϕ)/v(W).

Minimum 
ontrast estimation

In general, the minimum 
ontrast method (MCM) seeks parameter values for the analyti
al ex-

pression of a summary statisti
 C whi
h minimize the di�eren
e between C and its non-parametri


estimate obtained from the analysed pattern(s) Ĉ, i.e.:

Dθ =

∫ rmax

rmin

|Ĉ(r)q − Cθ(r)
q |pdr (3.11)

where Cθ is the theoreti
al expression for the summary 
hara
teristi
 parametrized with θ, while p

and q are simulation parameters.

Mark 
orrelation test

Testing for mark 
orrelation in a pattern requires a two step pro
edure (see [57℄). In the �rst step

we test for 
orrelation between marks and the lo
al density of points, while in the se
ond step we

test for 
orrelation between marks of adja
ent points.

In the �rst step, we test the hypothesis that there exists 
orrelation between marks and the

lo
al density of points. To perform the test we link ea
h point of a point pro
ess to the area of the


losest tile of a Voronoi tessellation of that point pro
ess (see [58℄). Then, the lo
al point density


orresponds to the re
ipro
al of the area of that Voronoi tile. As a result, ea
h point is assigned a

pair of values: the mark and the lo
al point density. We measure the strength of 
orrelation between

the two variables using two 
orrelation 
oe�
ients [59℄: Pearson's 
oe�
ient, whi
h quanti�es the

strength of linear 
orrelation, and Spearman's 
oe�
ient, whi
h quanti�es the monotoni
 relationship

between the two variables (in general, this may not be linear). The Fisher's Z transformation is

then applied to these 
oe�
ients to test the hypothesis that the two variables are 
orrelated.

In the se
ond step, we test the hypothesis that the mark of a point is 
orrelated with the mark

of an adja
ent point. We 
arry out the hypothesis test using a mark variogram test [60, Ch. 4℄.

Ja
ek Kibiªda PhD Thesis



36 3. Ba
kground

The mark variogram is a measure of variability of marks in a marked point pattern over a range of

distan
es, de�ned as:

γ(r) =
1

2
E

[
(mi −mj)

2
]
, (3.12)

where mi and mj are mark values at points a distan
e r apart. To statisti
ally determine whether

the variogram shows some 
orrelation (or la
k thereof) we use an envelope test [52℄. The envelope

test is an MC test in whi
h the variogram of the real data is 
ompared against bounds 
al
ulated

from a set of marked point patterns, with mark distributions known to be un
orrelated. We 
reate

this set by randomly permuting mark allo
ations in the pattern obtained from real data. The

marks 
an be 
onsidered un
orrelated if the variogram, 
al
ulated for the real pattern, is 
ontained

within the bounds obtained from minimum and maximum values of the variogram, 
al
ulated for

the permuted patterns. The signi�
an
e level of the test depends on the 
ardinality of the set of

permuted patterns.

Eventually, if it turns out that the marks are independent of both lo
al point density and other

marks, then they may be 
onsidered identi
ally and independently distributed (iid). Alternatively,

if there exists 
orrelation between: (i) marks and lo
al point density, then the marks should be

modelled as a fun
tion of the lo
al point density, where the fun
tion is estimated using, for example,

the maximum likelihood estimation [61℄; (ii) adja
ent marks, then geostatisti
al marking should be

applied, wherein the spatial mark distribution is des
ribed using a random �eld with the value of

any given mark being the value of the random �eld at that lo
ation.

3.1.4 Sto
hasti
 geometry in wireless 
ommuni
ations

Appli
ation of sto
hasti
 geometry in the 
ontext of wireless 
ommuni
ations enables the study

of performan
e averaged over many spatial realizations of a network, with elements distributed

a

ording to some pre-spe
i�ed sto
hasti
 model. As a result, general expressions (possibly even in


losed-form) may be derived for various network performan
e parameters, su
h as the transmission

su

ess probability or the average user data rate, under prede�ned wireless 
hannel 
onditions.

Signal-to-interferen
e and noise ratio

The SINR model we use throughout the thesis is de�ned as follows:

SINR =
P

W + I
(3.13)

where P = hxl(x) is the power of the signal re
eived by a typi
al user, i.e., lo
ated in the origin

(0, 0), from a transmitter lo
ated in x ∈ Φ, I =
∑

y∈Φ\{x} hyl(y) is the interferen
e power re
eived

at the origin, and W is the noise power. Any re
eived signal is a�e
ted by two fa
tors: pathloss l(x)

and power fading hx. The pathloss fun
tion l : R2 → R+ is of the form l(x) = ||x||−α
, where α is

the pathloss 
oe�
ient, and the power fading is Rayleigh, with mean 
orresponding to the transmit

power m ∈ R+, i.e., hx ∼ exp(1/m). Note that we will present our results in polar 
oordinates

whi
h are more 
onvenient to handle some of the required 
al
ulations for the Eu
lidean plane.
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Coverage probability

We de�ne the 
overage probability in a 
ellular network as the 
omplementary 
umulative distri-

bution of the SINR. Informally, this 
an also be des
ribed as the probability that a downlink user

a
hieves a target SINR. E�e
tively, the 
overage probability of a wireless network 
an be de�ned as:

p(θ) = P

(
SINR > θ

)
, (3.14)

where θ is the re
eption threshold at the physi
al layer (assuming a linear re
eiver with interferen
e

treated as noise). Assuming exponential (e.g., Rayleigh) fading

2

, the expression in Eq. (3.14) 
an

be transformed into [62℄:

p(θ) =

∫ ∞

0+
exp(−sW )LI(s)fR(r)dr, (3.15)

where l̃(r) ≡ l(x), s = θ/l̃(r), and LI(s) is the Lapla
e transform of interferen
e I; fR(r) is the

distribution of distan
e to the serving base station R. For a PPP network Φ with intensity λ and

the atta
hment to the nearest base station lo
ated at distan
e r apart from the typi
al user, the

distribution of distan
e to the nearest base station and the Lapla
e transform of interferen
e are

known [62℄, with the latter being expressed as:

LI(θr
α) = exp(−πr2λZ(θ, α)), (3.16)

where α > 2, r denotes distan
e to the nearest base station, and Z(θ, α) = θδ
∫∞

θ−δ
1

1+u1/δ du or,

equivalently, Z(θ, α) = θδ
1−δ 2F1(1, 1−δ; 2−δ; −θ), where 2F1(a, b; c; z) is the Gauss hypergeometri


fun
tion, and δ = 2/α.

Average data rate

We de�ne the average data rate for a typi
al user as the rate of a user when adaptive modulation

and 
oding is set so that the Shannon bound

3

is a
hieved for the instantaneous SINR of that user.

This leads to the following formal de�nition:

τ = E

[
b log

(
1 +

hxl(x)

W +
∑

y∈Φ hyl(y)

)]
, (3.17)

where b denotes the spe
trum bandwidth. Then, the average user data rate for a network Φ with

intensity λ 
an be expressed as [62℄[Theorem 3℄:

τ =

∫ ∞

0+
fR(r)

∫ ∞

0+
exp

(
− rαW (exp(γ/b)− 1)

)
LIr

(
rα(exp(γ/b)− 1)

)
dγdr, (3.18)

where

LIr

(
(exp(γ/b)− 1)rα

)
= exp

(
− πλr2(exp(γ/b)− 1)2/α

∫ ∞

(exp(γ/b)−1)−2/α

1

1 + uα/2
du

)
. (3.19)

2

The strategy to obtain the 
overage probability with general fading models involves using additional transforms,

for example, the Plan
herel-Parseval formula. More details 
an be found in [62, 63℄.

3

Real-world mobile systems do not a
hieve this bound, but to a

ount for this fa
t would simply require that we

res
ale our results.
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Similarly to the 
overage probability, when no noise and α = 4 is assumed, this expression 
an be

simpli�ed to [62℄:

τ =

∫ ∞

0+

1

1 +
√
exp(γ/b)− 1 arctan(

√
exp(γ/b)− 1)

dγ, (3.20)

whi
h 
an also be presented as:

τ = E

[
p(exp(γ/b)− 1)

]
. (3.21)

Appli
ations of sto
hasti
 geometry to wireless 
ommuni
ations

Originally sto
hasti
 geometry was used as a performan
e analysis tool for ad ho
 networks, for

example, [64�66℄. However, during the last few years it has found its appli
ation in 
ellular networks

analysis. Due to its tra
tability, most of the sto
hasti
 analysis for single-operator 
ellular networks

was performed based on the assumption of uniformity and, thus, the homogeneous PPP model is

being used, for example, [62, 67℄. Alternatively, when repulsive inter-point intera
tions, related to

interferen
e management, are a

ounted for, then the transmission su

ess probability (or 
overage

probability) was derived based on the Strauss pro
ess [68℄ or the Ginibre pro
ess [69℄. Clustered

pro
esses, due to la
k of analyti
ally tra
table models, have re
eived mu
h less attention. In [70℄

bounds on the Lapla
e transform of the Gauss-Poisson pro
ess were derived and subsequently applied

to analyze the 
overage performan
e of a 
ooperative and non-
ooperative transmission in a wireless

mobile network. In the 
ontext of wireless networks, sto
hasti
 geometry has been applied to a

number of s
enarios whi
h in
lude, but are not limited to, the following: heterogeneous networks

[71℄, 
ognitive networks [72℄, devi
e-to-devi
e networks [73℄, or millimeter wave (mmWave) small


ell networks [74℄.

An alternative, and perhaps slightly unexplored, �eld of appli
ation is the network planning,

where spatial statisti
s and sto
hasti
 geometry may aid in the pro
ess of de
iding base station

deployment lo
ations and network dimensioning (see [75℄).

3.2 Optimization and game theory

In our work we 
lassify de
isions made by entities involved in the mobile 
ommuni
ations market

as either single-agent de
isions or multi-agent de
isions. The expli
it referen
e to mi
roe
onomi
s

is intentional, as in the models we study the agents are involved in transa
tions that a�e
t the

supply and demand relation. Sin
e it is not our intention to study the e�
ien
y of the resulting

market, we formulate market relations only to the extent required to motivate the agents to make

te
hnologi
al de
isions, su
h as what portion of mobile demand in lo
ation p to serve through a

base station in lo
ation l. From that perspe
tive we are primarily interested in the equilibria and

strategies to rea
h them. For example, we wish to �nd a set of base stations whi
h minimizes some


ost metri
, or �nd an allo
ation of spe
trum to a set of users su
h that no other allo
ation yields

better performan
e. Obviously, studying the equilibria means analyzing the 
hara
teristi
s of the

resulting network topology, and studying the performan
e or e�
ien
y measured, for example, in

terms of the number of deployed base stations.
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3.2.1 Single-agent de
ision

Single-agent de
ision-making involves making de
isions in a s
enario where one 
entral entity 
olle
ts

all the relevant stimuli and pro
esses a uni�ed output. In our 
ase this is a s
enario where we observe

the e�
ien
y of a single entity (a mobile operator, a mobile virtual operator) operating on a pool

of resour
es aggregated from a number of resour
e providers. An example of this o

urs when a

virtual operator signs servi
e level agreements with N mobile operators (ea
h providing independent

mobile servi
e over the same geographi
al region); if ea
h servi
e level agreement (or even a unit of

infrastru
ture) bears some additional 
ost for the virtual operator, it is reasonable to assume that

the virtual operator will use only a subset of the available resour
es to 
ontrol 
osts.

This type of de
ision-making typi
ally amounts to modelling a variation of the 
overing prob-

lem [76℄. In general, 
overing models involve a number of 
ustomers and a number of fa
ilities whi
h

provide 
overage to the 
ustomers, and a de
ision that atta
hes ea
h (or a prede�ned per
entage) of

the 
ustomers to one or a number of available fa
ilities given 
ertain performan
e-related 
onstraints.

This des
ription 
an be formulated as a 
lassi
al optimization problem, the set 
over problem (SCP)

[77℄. The SCP 
an be formulated as follows:

min
{xs}

∑

s∈S

csxs, (3.22)

subje
t to

∑

s∈S

apsxs ≥ 1 ∀p ∈ P (3.23)

xs ∈ {0, 1} ∀s ∈ S (3.24)

where S is the set of fa
ilities, P is the set of 
ustomers, cs is the 
ost of a fa
ility s, and aps is

the 
overage of a 
ustomer p by a fa
ility s. The 
onstraint (3.23) ensures that every 
ustomer is

atta
hed to at least one fa
ility, while 
onstraint (3.24) ensures a binary de
ision for every fa
ility.

Unfortunately, as it has been shown in [78℄ 
overing-type problems belong to the 
lass of NP-


omplete problems

4

and as su
h require spe
ial treatment, as even for relatively small input sizes

�nding exa
t solutions is typi
ally infeasible.

Optimization has been widely used in tele
ommuni
ations [79℄. Spe
i�
ally, 
overage-type prob-

lems have been applied to model network planning de
isions or base station shutdown s
hemes

(performed to improve the energy e�
ien
y of a network). On the network planning front a signi�
-

ant number of models determine the optimal pla
ement of base stations given 
ertain performan
e


riteria. Herein, we refer to just a few examples, yet a lot more 
an be found via [79℄.

One of the fundamental optimization formulations for the network planning problem was pro-

posed in [80℄. The authors de�ne a 
overing problem where base station pla
ements are sele
ted

so as to provide su�
ient signal quality (under pre-spe
i�ed interferen
e levels) over a target area

with minimum network 
ost. Similarly, [81℄ proposes a number of integer linear programming (ILP)

formulations to a

ount for the minimization of interferen
e or the number of blo
ked 
hannels. In

4

NP-
omplete problems are a spe
ial 
lass of optimization problems, in
luding the travelling salesman problem

or the satis�ability problem, whi
h 
annot be solved by any known polynomial algorithm, and in 
ase a polynomial

algorithm is found to solve one of the problems within the 
lass, then all other NP-
omplete problems are bound to

have a polynomial algorithm too.
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order to 
ope with the pro
essing time ine�
ien
y of solving NP-
omplete problems, the authors

suggest usage of metaheuristi
 approa
hes and simulated annealing. The 
overing-type problem


an also be 
onsidered from the perspe
tive of servi
e-oriented optimization, in whi
h 
ase it may

be formulated as a multi-obje
tive optimization problem, as in [82℄. An additional 
ompli
ation

to the 
overing problem is to allow for some level of �exibility in the transmit power allo
ation

[83℄. To a

ount for varying interferen
e levels related to di�erent power allo
ations a number of

pre-pro
essing te
hniques needs to be applied and only heuristi
 approa
hes provide any hope of

�nding quasi-optimal solutions even for a relatively small input.

Where energy e�
ien
y of a 
ellular network is 
on
erned, it is important to make 
orre
t

sele
tions as to whi
h base stations should be swit
hed o� or where energy-harvesting base stations

should be lo
ated. In [84℄ the problem of sele
ting the smallest set of a
tive base stations that 
an

preserve the quality of servi
e is studied, with the rest of deployed base stations being swit
hed o�

or sent to energy saving mode. The problem is formulated as an ILP for whi
h a heuristi
 based on

majorization-minimization is proposed. Another way of looking at energy e�
ien
y is through the

deployment of energy harvesting units alongside base stations (see [85℄). This formulation, again,

requires solving a similar 
overing-type problem for whi
h a greedy heuristi
 
an be applied.

Despite the similarities in formulating the underlying optimization problems, there are still

major di�eren
es between all of the above mentioned approa
hes and the sele
tions made as part of

Networks without Borders. When modelling those sele
tions, an assumption has to be made as to

whether the sele
tions are made based on the existing networks or whether a 
lean slate approa
h is

taken. The former assumption gives us the bene�t of having a priori knowledge of the lo
ations of

wireless a

ess points (base stations), whi
h simpli�es the problem, likely allowing us to use exa
t

solvers. Subsets of these a

ess points, ea
h of whi
h potentially belonging to a di�erent operator,

will have already been optimized (as part of the network planning pro
ess) towards meeting 
ertain

target 
overage, 
apa
ity and interferen
e levels. The latter assumption, on the other hand, requires

that those lo
ations be found, whi
h means that for reasonable problem instan
es exa
t results

will be out of rea
h. However, taking the latter assumption gives us the possibility of studying

deployments with arbitrary network densities, and of arbitrary heterogeneity, for example, any mix

of ma
ro- and small 
ells. Importantly, regardless of the assumption taken all our models a

ount

for real-world data that we have from the national 
ommuni
ations regulators.

3.2.2 Multi-agent de
ision

What di�erentiates a multi-agent de
ision from a single-agent de
ision is that a de
ision-making

agent (entity) has to a

ount for the existen
e of a number of other agents, possibly having di�er-

ent obje
tives and a
tion spa
es, making de
isions whi
h in�uen
e ea
h others' out
omes. In this

situation it is often useful to apply game theory, whi
h was designed to study models of 
on�i
t and


ooperation between rational entities. The �rst modelling step in game theory is to de�ne a game

by spe
ifying three elements:

• the set of players,

• the set of a
tions available to ea
h player,

• the payo� fun
tion asso
iated with ea
h player and ea
h possible out
ome at any time moment.

PhD Thesis Ja
ek Kibiªda



3.2 Optimization and game theory 41

It is important to note, that it is not 
ompulsory to apply game theory to study multi-agent systems,

and sometimes

5

a multi-agent system 
an be translated to a single-agent system where the potential

a
tions of other agents are 
onsidered just as a stimuli (input); su
h a system 
an then be modelled

using optimization te
hniques.

When sharing is applied to mobile networks, one possible s
enario (the one we are primarily

dealing with) is the one where agents have a 
ommon interest in 
ooperation, for example, related

to 
ost saving bene�ts of sharing. This type of multi-agent intera
tion is typi
ally modelled through


ooperative game theory and, when some form of negotiation pro
ess is involved, bargaining theory.

In this se
tion we fo
us on des
ribing aspe
ts of the 
ooperative game theory required to model

sharing-type intera
tions between mobile operators, virtual operators and servi
e providers.

In general, there are two main approa
hes that one 
an take towards modelling a 
ooperative

game: the bargaining solutions and the strategi
 bargaining [86℄. In the following we brie�y introdu
e

the �rst 
on
ept for the 
ase of two players and we review some relevant state-of-the-art appli
ations.

Let us start by assuming that we have two players, A and B, and a bargaining problem whi
h

is a pair (Ω, d), where Ω ⊆ R
2
and d ∈ R

2
. Ω is the set of possible utilities obtained as a solution

to the bargaining, and d = (dA, dB) is the disagreement point, i.e., the individual utilities obtained

by players if an agreement is not rea
hed. The key idea is that the feasible set of solutions is

bounded, meaning that players may disagree, in whi
h 
ase the payo� re
eived is the one related

to the disagreement point. However, the preferred out
ome is to agree on some other solution,

whi
h ensures an in
entive to the players for taking part in the bargaining pro
edure. Obviously,

the 
on�i
t lies in the parti
ular agreement to be made. One way of des
ribing an agreement is

to postulate 
onditions de�ning any potential bargaining solution (without de�ning the strategy to

rea
h it). Indeed, Nash has proposed a set of rational axioms that 
an des
ribe any bargaining

solution. For a bargaining problem (Ω, d) ∈ Σ, the Nash bargaining solution has the following

properties [86℄:

Axiom 1: Invarian
e to a�ne transformations : The bargaining out
ome is determined by the players'

preferen
es rather than the parti
ular de�nitions of their respe
tive utility fun
tions. Let f

denote positive a�ne transformation and u∗
denote the bargaining out
ome of Σ, then the

solution to f(Σ) is f(u∗).

Axiom 2: Symmetry : If the bargaining problem is symmetri
, players get the same payo�s.

Axiom 3: Independen
e of irrelevant alternatives : The out
omes of two bargaining problems Σ1 and

Σ2, where Σ2 ⊂ Σ1 and u∗
1 ∈ Ω2, is identi
al, i.e., u

∗
1 = u∗

2.

Axiom 4: Pareto e�
ien
y : Let u∗ = (u∗
A, u

∗
B) denote the bargaining out
ome of Σ, then there does

not exist other bargaining out
ome u′ 6= u∗
su
h that u′

i ≥ u∗
i for all i ∈ {A,B}.

Obviously, this set of axioms is only a subje
tive way to view a bargaining problem, and a number

of obje
tions 
an be made as to how these axioms fail to 
apture some dynami
s of bargaining

situations (see [87℄). In addition, several other axioms may be added to the list, with one of the

major ones being [87℄:

Axiom 5: Monotoni
ity : Ea
h player's out
ome should be proportional to its maximum gain. Let Σ1

and Σ2 denote two bargaining problems, su
h that Ω2 ⊆ Ω1, uA = u′
A for all uA ∈ Ω1 and

u′
A ∈ Ω2, and uB ≥ u′

B for all uB ∈ Ω1 and u′
B ∈ Ω2, then u∗

1 ≥ u∗
2.

5

There are times when this may not be possible due to inter-dependen
ies in the de
isions made by players; su
h

is the 
ase when mutual best responses are 
onsidered.
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The last axiom is in
ompatible with the independen
e of irrelevant alternatives axiom, yet as

we will dis
uss later, when it is used instead of that axiom, then some other bargaining solutions

be
ome available. Given the above axioms we 
an now seek bargaining solutions that satisfy them,

and, indeed, su
h solutions do exist and some of them are well des
ribed in the literature.

Bargaining solutions

In order to �nd the bargaining solutions we need to make a set of additional assumptions about

our bargaining problem (i.e., two-player 
ooperative game): (i) any 
ontra
ts made as a result of

bargaining are binding, (ii) lotteries are allowed (i.e., mixed 
orrelated strategies), (iii) utilities may

be transferred between players. These assumptions determine a feasible set that is 
losed, bounded

from above and 
onvex (by means of mixed 
orrelated strategies). Then, a bargaining solution would

simply be a point from this set that satis�es some subset of the de�ned axioms.

Indeed, there does exist a unique bargaining solution de�ned for all bargaining problems that

follow the aforementioned set of assumptions and this solution will also satisfy axioms 1�4. This

solution is pre
isely the Nash bargaining solution (NBS). Given (Ω, d) ∈ Σ, with (uA, uB) ∈ Ω and

d = (dA, dB), the unique solution to the maximization problem:

max
(uA,uB)

(uA − dA)(uB − dB), (3.25)

is the Nash bargaining solution [86℄.

It is important to understand that the NBS is one possible bargaining solution, whi
h 
aptures the

notion of the Pareto e�
ien
y (utility of one player 
annot be improved upon without deteriorating

the utility of at least one other player) and proportional fairness between players (the player with

an upper hand gains more). However, in order to �nd these solutions one is required to re-de�ne

the set of axioms. One su
h re-de�nition is related to the, so 
alled, Kalai-Smorodinsky bargaining

solution (KSS) [88℄, whi
h leads to an out
ome that a

ounts for both maximum gains and possible

losses made by both players. The KSS is the unique out
ome of the bargaining problem when

axioms 1,2,4 are 
onsidered and the third axiom is repla
ed with axiom 5. The formal de�nition of

the KSS is made easier if we de�ne player's preferen
e fun
tion [89℄:

vA = uA − dA + α(rB − uB), (3.26)

where ri 
orresponds to the maximum possible out
ome for player i ∈ {A,B}, and α ∈ {−1, 0, 1} is
the weighting fa
tor. Now, di�erent settings of α will 
orrespond to di�erent bargaining solutions,

i.e., α = 0 will 
orrespond to the NBS, α = 1 to the KSS, and α = −1 to the utilitarian bargaining

solution [90℄. Then, given some α, ea
h of the solutions 
an be found as a unique point maximizing

the following fun
tion:

max
(vA,vB)

vAvB. (3.27)

Therefore when de�ning their 
ooperation players need to agree on a set of axioms and the 
ooper-

ative solution will be the determined through optimization of the fun
tion in Eq. (3.27) (at least for

the three aforementioned solutions).

The axiomati
 bargaining framework has been applied in wireless 
ommuni
ations resear
h to

date to study rate regions of interferen
e 
hannels [91℄, dynami
 spe
trum a

ess [92℄, resour
e
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allo
ation in single-operator networks [93℄, resour
e allo
ation in shared networks [90℄, or 
ooperation

among wireless servi
e providers [94℄.
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4 Multi-operator patterns in wireless mo-

bile networks
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Multi-operator patterns in wireless mobile

networks

�In that Empire, the Art of Cartography attained su
h Perfe
tion that the map of a

single Provin
e o

upied the entirety of a City, and the map of the Empire, the entirety

of a Provin
e.�

- Jorge Luis Borges, On Exa
titude in S
ien
e, Colle
ted Fi
tions

Modelling and simulating the performan
e of shared mobile networks is of high importan
e to the

resear
h 
ommunity and even more so to the 
ellular networks industry, as the fundamental gains

and limitations of su
h shared networks are still an open question. One key reason for this state of

matters is the la
k of a

urate models that are representative of radio a

ess network deployments

made by multiple mobile operators. In this 
hapter we make a 
ontribution to the state-of-the-art

in mobile network modelling by providing a quantitative analysis of sto
hasti
 models that may be

used to represent shared mobile network deployments. This 
hapter is largely based on our two

arti
les [35, 57℄.

4.1 Introdu
tion

A new mobile network roll-out involves three phases [95℄: dimensioning, planning, and optimiza-

tion. In the �rst phase, a rough estimate of the network layout and elements is prepared based on

te
hni
al demands (su
h as an area to provide 
overage and 
apa
ity for), fore
asted subs
riber base

and servi
e usage 
hara
teristi
s [96℄. Next, network element 
on�guration is performed, whereby

base station site equipment is sele
ted based on power budget 
al
ulations, followed by detailed

topology planning, whi
h in
ludes 
overage and 
apa
ity planning based on pathloss information

and predi
tion models (su
h as the modi�ed Hata model), and dynami
 models provided by 
om-

mer
ial network planning and optimization tools [97℄. In addition, for 3

rd

generation (3G) and

4

th

generation (4G) systems, mobile tra�
 information is taken into a

ount as it a�e
ts 
apa
ity

requirements and a

eptable interferen
e levels. At this stage the 
ellular network is designed and

ready to be deployed. During the deployment the positions of base station sites, whi
h have been

established a

ording to the pre-spe
i�ed models, be
ome distorted by a number of non-te
hni
al

aspe
ts, su
h as [97℄: site a
quisition (availability of a given site), site legalization (li
ense for ra-

dio emission from a given site), and site preparation (installation and availability of mast, power

supply, air 
onditioning system, et
.). Moreover, the in
umbent mobile network operators, as a

natural 
ost minimization strategy, will tend to reuse existing sites [95℄. E�e
tively, even initial
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overage provisioning deployment may be allo
ated in a way that is far from idealisti
 latti
e-like

s
enarios whi
h are typi
ally used for mobile network performan
e analysis. Furthermore, as the

servi
e demand grows, and large 
apa
ities be
ome essential, a mi
ro
ellular topology is deployed,

typi
ally 
hara
terized by mu
h lower transmit powers and rooftop level antennas, with additional

pi
o-/small-
ell systems to extend the 
apa
ity to indoor o�
es or pla
es like shopping malls.

Despite these pra
ti
al insights on the 
ellular network roll-out pro
ess, there seems to be no


onsensus on how to model and analyse the resulting base station deployments. In the studies

to date the 
hoi
e of a model is typi
ally dependent on the type of tool applied, either sto
hasti


geometry or 
omputer simulation.

Sto
hasti
 geometry allows us to derive analyti
al expressions for various performan
e paramet-

ers, su
h as outage probability or data rate, under prede�ned wireless 
hannel 
onditions, averaged

over many realizations of a pre-spe
i�ed sto
hasti
 model. For analyti
al tra
tability, mu
h of the

existing work modelling radio a

ess network deployments (e.g., [62, 67, 98, 99℄) relies on the homo-

geneous Poisson point pro
ess (PPP) model, whi
h assumes no 
orrelation in the analysed patterns.

The usage of the PPP model 
an be analyti
ally justi�ed under su�
iently high log-normal shad-

owing, see [100℄. However, spatial statisti
al analysis of the available mobile network deployment

data to date suggests that single-operator mobile networks 
an be better represented using regular

pro
esses. For example, in [68℄ the �tted Strauss pro
ess (SP) turns out to provide the 
losest mat
h

to a single-operator mobile network deployment. In [101℄ the determinantal point pro
ess (DPP) is

found to a

urately represent regularities present in single-operator base station deployments. Ana-

lyti
al insights into these point pro
esses are limited to some spe
i�
 
ases (see [69℄). Yet, heuristi


approa
hes, su
h as the one in [102℄, may be applied. Clustering in real mobile networks, as observed

in large-s
ale single-operator deployments [75℄, 
an be modelled using 
luster pro
esses. However,

analysis of these pro
esses seems to be even harder and some level of analyti
al tra
tability has been

a
hieved only for 
ertain 
lasses of 
luster pro
esses (see [70℄).

Computer simulation-based approa
h typi
ally relies on s
enarios and models de�ned and pub-

lished by standardization bodies, su
h as the 3

rd

Generation Partnership Proje
t (3GPP), as a part

of te
hni
al reports, for example, [103℄. In those s
enarios ma
ro- and mi
ro
ell base station de-

ployments are modelled using latti
es, most frequently adopting a hexagonal latti
e, whi
h 
reates

repetitive stru
tures to simplify inter-
ell interferen
e management [95℄, and �ensure optimal 
over-

age over a given area� [97℄. Even if initial deployments were performed a

ording to a latti
e-based

model, the eviden
e to date shows that the existing networks are far from these idealisti
 models.

Hen
e, to a

ount for real-world irregularities a 
onstant deviation may be added to a latti
e-based

model [97℄. However, these perturbed latti
es, as they are 
alled, provide less satisfa
tory results

than some other sto
hasti
 models (see [68, 101℄). It is worth mentioning that simulations based

on a hexagonal latti
e model predominate in the resear
h to date whi
h attempts to evaluate the

performan
e of wireless network sharing (see [104�107℄).

The remainder of the 
hapter is stru
tured as follows. First, we identify point pro
esses that

best des
ribe base station deployments made by multiple mobile operators. Subsequently, we seek

a way to model downlink transmit power allo
ation in networks 
omposed of either single-operator

deployments or multi-operator deployments. We apply spatial statisti
al analysis to quantify pat-

terns available in real-world mobile networks in three European 
ountries, and perform a series of

�tness tests, whi
h give us statisti
al 
on�rmation of the 
orre
tness of the sele
ted model(s).
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4.2 Datasets

The aim of our study is to �nd sto
hasti
 models that 
hara
terize multi-networks aggregated for

the purpose of infrastru
ture sharing. The input data we use 
onsists of either real base station

information or radio li
ense information (for simpli
ity, we will assume that an assigned radio li
ense

is equivalent to a base station deployed in the given lo
ation), whi
h in
ludes spatial 
oordinates of

the base station sites and unique 
ell identi�ers, for Groupe Spe
ial Mondiale (GSM) and Universal

Mobile Tele
ommuni
ations System (UMTS) te
hnologies in three 
ountries: Ireland, Poland, and

the United Kingdom. The data was extra
ted from publi
ly available information 
olle
ted by the

national tele
ommuni
ations regulators. Ea
h of the regulators 
olle
ts data supplied by the lo
al

mobile network operators (MNOs), who also ensure a

ura
y and keep the information updated.

The Irish database 
ontains base station site information updated by the Irish MNOs and main-

tained by the Irish 
ommuni
ations regulator ComReg

1

. Based on the quarterly report from ComReg

(Q4 2013), Ireland had four major MNOs (Vodafone, eir
om Group Mobile, O2 and Three) together

sharing 93.9% of the Irish mobile market

2

. We deem the Irish dataset as the most reliable, as

ComReg requires mobile infrastru
ture providers to report all the masts and stru
tures that 
ontain

�mobile base stations�. Therefore, we use the Irish dataset to 
on�rm the reliability of the other

two datasets. The database for Poland 
ontains spatially allo
ated radio li
ense information from

all MNOs operating in the Polish mobile market, available through the national regulator UKE

3

.

By 2013 there were four major MNOs in Poland, namely Orange, Play, Plus and T-Mobile, whi
h

had a 
ombined 98.7% of the subs
riber share and 99.7% of the market revenues. The database for

the UK was 
ompiled by O�
e for Communi
ations (Of
om) based on base station site information

voluntarily supplied by the lo
al MNOs

4

. As of 2012 there were �ve major lo
al MNOs: O2, Orange,

T-Mobile, Three, and Vodafone, all of them together having a higher than 90% market share.

From ea
h of the databases we have sele
ted a number of 
ity areas. For ea
h 
ity area we have

fo
used on base station site information for two radio te
hnologies: GSM (900MHz) and UMTS

(2100MHz), and ma
ro- and mi
ro
ells only (if the transmit power or 
ell radius information was

available). For ea
h 
ity area we have extra
ted this information for an observation window of size

10-by-10 km with arbitrarily sele
ted 
entral lo
ations

5

.

In order to build a model for downlink transmit power allo
ation we use the Of
om database,

whi
h in addition to base station site lo
ation 
ontains also information on maximum downlink

transmit power, and operating frequen
y band. From the database we have extra
ted base station

lo
ation and downlink maximum transmit power (in dBW) for the 3G te
hnology for ea
h of the four

major mobile operators (O2, Orange, Three and Vodafone) in a number of 
ity areas that represent

urban s
enarios: She�eld, Edinburgh, Man
hester, Liverpool and Leeds. Ea
h of these 
ities has

a population of 500, 000 � 1, 000, 000 residents with a sizeable urban topology and several hundred

base stations. Similarly to the analysis of base station patterns we use an observation window of

size 10-by-10 km with arbitrarily sele
ted 
entral lo
ations.

1

http://www.ask
omreg.
om/mobile/mobile_sites%3b_base_stations_and_masts.36.LE.asp

2

Sin
e we made our analysis, two mobile operators (O2 and Three) have 
onsolidated their networks.

3

http://www.uke.gov.pl/pozwolenia-radiowe-dla-sta
ji-gsm-umts-lte -oraz-
dma-4145

4

http://stakeholders.of
om.org.uk/sitefinder/sitefinder-dataset/

5

In order to test whether our results are a�e
ted by the 
hoi
e of the observation window we also looked at

observation windows of size 2.5-by-2.5 km, and 5-by-5 km. In the main, the results are 
onsistent a
ross those three

observation windows.
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Table 4.1: Basi
 information on the extra
ted point patterns

Dataset Name Center (longitude;latitude)

Number of BSs

(UMTS/GSM)

Inter-operator 
o-lo
ation

(UMTS/GSM) [%℄

Ireland Dublin 53.3478◦N;6.2597◦W 447/409 5.0/4.0

Poland

Kraków 50.0614◦N;19.9383◦E 348/273 8.0/8.0

Pozna« 52.4◦N;16.9167◦E 400/362 10.0/14.0

Warszawa 52.2333◦N;21.0167◦E 812/916 12.0/8.0

UK

Birmingham 52.4831◦N;1.8936◦W 281/144 5.0/0.0

Leeds 53.7997◦N;1.5492◦W 238/115 16.0/0.0

Liverpool 53.4◦N;3◦W 266/122 7.0/0.0

London 51.5072◦N;0.1275◦W 1442/1513 3.0/1.0

Man
hester 53.4667◦N;2.2333◦W 303/155 7.0/0.0

In ea
h 
ase the 
hoi
e of the observation window was driven by our desire to 
apture features of

base station deployments at lo
al s
ales, and to 
orre
tly assess environmental for
es that underlay

point distributions for multi-network deployments. In our study, we have simpli�ed ea
h 
o-lo
ation

to a single base station site, whi
h is a reasonable working assumption given that inter-operator 
o-

lo
ation a

ounts on average for only 10% of all base stations. Tab. 4.1 summarizes basi
 information

on all the sele
ted lo
ations.

Sin
e the analysis 
overs di�erent geographi
al areas as well as various statisti
al metri
s, for


larity we have de
ided to fo
us our presentation on the study of Dublin. The results for other areas

(listed in Tab. 4.1) are substantially the same and they are in
luded in the estimated point pro
ess

model, whi
h we dis
uss at the end of this 
hapter.

4.3 Methodology

4.3.1 Base station deployment model

An elementary step in any spatial statisti
s analysis is the qualitative assessment, whi
h builds

rationale for further modelling de
isions. Fig. 4.1 depi
ts four patterns representing two-operator

base station deployments using: a superposition of two realizations of the hexagonal latti
e model

(Fig. 4.1(a)), a superposition of two realizations of the Poisson point pro
ess (Fig. 4.1(b)), a realiz-

ation of a 
lustered point pro
ess (Fig. 4.1(
)), with operator marks assigned uniformly at random,

and a real base station deployment in the Dublin 
ity area (Fig. 4.1(d)). Clearly, we 
an observe a

high degree of regularity with the hexagonal deployment and uniformity with the PPP deployment.

The 
lustered deployment results in a number of smaller 
lusters distributed throughout the area of

interest and relatively many empty spa
es, in 
omparison to the previous two realizations. Finally,

the pattern representing real deployment is 
lustered around the 
entral area with blank areas for
ed

by environmental obsta
les, and somewhat uniform or repulsive behaviour outside the 
entral area,

possibly 
aused by frequen
y and 
overage planning as well as low availability of shared base station

sites. Qualitatively, one 
an 
on
lude that the �rst two point patterns and the real one 
ome from

distin
t families of point distributions. The relationship between the 
lustered pattern and the em-

piri
al pattern is less intuitive, and, as we will show later, the realizations of some of the 
lustered

point pro
esses do indeed 
onvey the features of multi-operator real base station deployments.

A desirable model is one that is easy to interpret, estimate and simulate, while still preserving

features of the observed base station patterns. Subsequently we will �t PPP, SP, Matérn 
luster
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(a) Hexagonal (b) PPP (
) LGCP (d) Real

Figure 4.1: Illustration of di�erent types of two-operator base station deployment patterns for the 
ity of

Dublin (the Dublin 
ity area is represented here as a superposition of the smallest unit areas from the Irish


ensus 2011, and lo
ated within a radius of 5 km from the 
ity's 
enter), generated from: a) a hexagonal

latti
e, b) a Poisson point pro
ess, 
) a 
lustered point pro
ess, and d) real data. The 
ontours represent

the Dublin 
ity area, whereas the dots and triangles stand for base station site lo
ations of two di�erent

operators. The real base station pattern is 
lustered in the 
entral area, with irregular empty spa
es for
ed

by environmental obsta
les and, most likely, 
overage planning. Qualitatively, the 
lustered point pro
ess

realization exhibits the 
losest mat
h to the real base station pattern, with a number of smaller 
lusters

distributed throughout the area of interest and relatively many empty spa
es, while the Poisson point pro
ess

pattern rather uniformly �lls the Dublin area and the hexagonal pattern exhibits high regularity with little

resemblan
e to the a
tual base station deployment.

pro
ess (MCP), Thomas pro
ess (TP) and Log-Gaussian Cox pro
ess (LGCP), with exponential

and stable 
orrelation fun
tions, to the multi-network patterns under study. To �t the �rst two we

will use the maximum pseudolikelihood method, des
ribed in Chapter 3. When the pseudolikelihood

fun
tion is not easily tra
table, whi
h is typi
ally the 
ase with 
lustered point pro
esses, we apply

the minimum 
ontrast method (MCM), des
ribed also in Chapter 3. Applying the MCM to the

analysed pro
esses is natural, as for ea
h of those pro
esses we 
an obtain 
losed-form expressions

for the n-th order summary 
hara
teristi
s. Spe
i�
ally, we use the pair-
orrelation fun
tion, for

whi
h 
losed-form expressions are given in Tab. 3.1. Setting p = 2, and q = 1 (for the MCP and

TP), allows us to obtain 
losed-form expressions for the parameters of the �tted pro
esses, whi
h

we summarize in Tab. 4.2. We derive these expressions in Appendix A.

Table 4.2: MCM expressions for model parameters

Model

Model parameters

I II III

LGCP µ̂ = log(λ̂)− σ̂2/2 σ̂2 =
(

BL(β)
AL(β)

)1/q
β̂ = argmax

(
BL(β)2

AL(β)

)

MCP µ̂ = λ̂
κ̂ R̂ = argmax

(
BM (R)2

AM (R)

)
κ̂ = AM (R)

BM (R)

TP µ̂ = λ̂
κ̂ σ̂2 = argmax

(
BT (σ2)2

AT (σ2)

)
κ̂ = AT (σ2)

BT (σ2)

In our analysis we look at a range of r values, where rmin = minxi,xj∈ϕ:i6=j{||xi − xj ||} (as

suggested in [54℄) and rmax is set as the quarter of the side-length of the square observation window,

whi
h, a

ording to our simulations, provides a good balan
e between observation of the lo
al

features and 
omputational e�e
tiveness. We perform our analysis using open-sour
e statisti
al


omputing software R [108℄, and, in parti
ular, we use fun
tions from the spatstat library [109℄. For

the goodness-of-�t tests we use the envelope test, whi
h 
an be interpreted as the signi�
an
e test

[52℄, with a signi�
an
e level in a one-sided test equal to 1/(k+ 1), where k is the number of trials.

For the envelope test we utilize both the L-fun
tion (se
ond-order statisti
) and the empty spa
e

fun
tion (�rst-order statisti
), as suggested in [52℄ to minimize the bias 
aused by testing our model
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against the data that was used to estimate model parameters.

4.3.2 Downlink transmit power allo
ation model

Qualitative inspe
tion of our data allows us to 
on
lude that the majority of mobile operators have

base stations with transmit powers in the 20-30 dBW range, whi
h implies two types of deployments:

ma
ro- and mi
ro
ell. For some operators, however, we observe also small-
ell deployments, where

base station transmit power is below 20 dBW. These, however, o

ur only for Orange and Three and

seemed, at the time the data was 
olle
ted, to be at an early stage of deployment, as their number

is signi�
antly smaller than the number of available ma
ro- and mi
ro
ell base stations. For this

reason we restri
t our investigation to the ma
ro- and mi
ro
ells in the 20-30 dBW transmit power

range.

Following the methodology laid out in Chapter 3, we �rst perform the mark spatial 
orrelation

test and, subsequently, the adja
ent mark 
orrelation test.

First, for ea
h of the real base station deployment patterns we evaluate the 
orrelation between

lo
al base station density and the transmit power by 
al
ulating the 
orrelation 
oe�
ients des
ribed

in Chapter 3. Using the Fisher's Z transformation these 
oe�
ients are 
onverted into standard

normal variables and the mark 
orrelation hypothesis is tested for a signi�
an
e level of 0.01. We

report that, with the ex
eption of the Pearson's 
oe�
ient for the O2 network in Man
hester, all

of the 
orrelation 
oe�
ients fail the 
orrelation hypothesis test. The results show that there is no


orrelation between the transmit power of a base station and the density of its neighbours, with the

O2 Man
hester network being an outlier. Fig. 4.2 shows an example of the typi
al distribution of

transmit powers relative to lo
al base station densities. The s
atter plot depi
ts the transmit power

values in the dataset and the lo
al densities of their asso
iated base stations. The natural logarithm

of the lo
al densities is used to more evenly distribute the values as we observe more o

urren
es of

lower density values than high-density ones. Visual inspe
tion of the s
atter pattern 
on�rms the

result of the hypothesis test: the points show no indi
ation of 
orrelation to base station deployment

density.
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Figure 4.2: Illustrative mark spatial 
orrelation test.

Se
ond, we 
al
ulate the variogram for the four mobile networks in the �ve 
ities, with inter-point

distan
e r varied between 0 and 2.5 kilometres. We use 99 Monte Carlo (MC) trials, 
orresponding to

a signi�
an
e level of 0.01, to generate un
orrelated mark distributions for the variogram hypothesis

test envelope. Fig. 4.3 shows the variogram for the Vodafone network in Edinburgh. We report
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that all the tested datasets fail the hypothesis test by showing a variogram value inside the envelope

bounds for all values of r. As su
h we report that the tested networks do not display 
orrelation

in the transmit power of neighbour base stations, in
luding the O2 Man
hester network that failed

the mark spatial 
orrelation test in the previous se
tion.
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Figure 4.3: Illustrative variogram test.

In summary, our study shows low or no 
orrelation in mi
ro- and ma
ro
ell transmission power

allo
ations in 3G networks. While a
knowledging that la
k of 
orrelation does not imply independ-

en
e, we believe it is reasonable in pra
ti
e to model su
h power allo
ations as being identi
ally and

independently distributed (iid).

4.4 Statisti
al results

4.4.1 Base station deployment analysis

Single-operator analysis

Before we turn to the multi-network analysis, we investigate the L-fun
tion results for single-networks

to 
on�rm observations made in [68℄. In Fig. 4.4 we observe the L-fun
tion results for sele
ted GSM

and UMTS deployments, along with 99 realizations of a Poisson �t (
orresponding to a signi�
an
e

level of 0.01), and its well-known 
losed-form representation. The results somewhat 
on�rm the

observations made in [68℄, as the observed point patterns for various operators in di�erent areas

exhibit either some mild forms of inhibition or uniformity for the whole range of inter-point distan
es.

Cross-
orrelation analysis

We now turn our attention to the relationship between multi-operator deployments. If single-

networks were realizations of independent Poisson pro
esses, we would expe
t that the observed

multi-network patterns should not exhibit any forms of regularity. However, as noted previously the

resulting multi-network point patterns 
learly exhibit 
lustering. This fa
t and the single-operator

�t would suggest that the realizations of networks of di�erent operators are not independent from

ea
h other, whi
h also makes sense intuitively, as one would expe
t that base station pla
ements

a

ount for lo
al phenomena, su
h as high availability of potential subs
ribers. In order to test this

hypothesis, we look into the 
ross-type J-fun
tion results for multiple operators in Dublin. Sin
e the

Ja
ek Kibiªda PhD Thesis



54 4. Multi-operator patterns in wireless mobile networks

r [km]

0 0.5 1 1.5 2 2.5

L
(r

)

0

0.5

1

1.5

2

2.5

3

PPP fit

PPP (theoretical)

Real data

(a) GSM

r [km]

0 0.5 1 1.5 2 2.5

L
(r

)

0

0.5

1

1.5

2

2.5

3

PPP fit

PPP (theoretical)

Real data

(b) UMTS

Figure 4.4: The L-fun
tion results for Meteor GSM and UMTS deployments in Dublin (marked with tri-

angles) with the envelope of the �tted Poisson model at a signi�
an
e level of 0.01 (grey area), and the

theoreti
al value for the Poisson pro
ess (marked with 
ir
les).

J-fun
tion involves 
omparison between di�erent patterns, we drop for a moment the assumption of

simpli
ity and allow for base stations of di�erent operators to 
o-lo
ate. Both the results for GSM

(Fig. 4.5(a)) and UMTS (Fig. 4.5(b)) 
on�rm that there is signi�
ant 
lustering for the majority of

inter-point distan
es, with some repulsive behaviour for Three-Meteor/Meteor-Three and Vodafone-

Meteor pairs at larger distan
es, whi
h may re�e
t the stru
ture of the Irish mobile market and its

existing infrastru
ture sharing among operators. Note that these results, as any results in empiri
al

statisti
s, are merely an indi
ation of 
lustering among the observed base station patterns rather

than a formal proof.
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Figure 4.5: The 
ross-type J-fun
tion results for 
ombinations of pairs of major MNOs in Dublin: Meteor

(Me), Three (Th) and Vodafone (Vo). Re
all that by de�nition Jij is not symmetri
 and also Jij < 1
indi
ates 
lustering (while Jij > 1 inhibition) between the base station lo
ations of any two MNOs.

Pair-
orrelation analysis

Let us now move on to des
ribing the results of �tting a model to multi-networks. As stressed

previously, we present in more details the results for Dublin, while noting that the �tting results for

the remaining 
ities follow similar patterns, as 
an be seen in Fig. 4.6. In the �gure we 
an see that
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real multi-networks are 
hara
terized by signi�
ant 
lustering that o

urs at inter-point distan
es

below approximately 500 meters, beyond whi
h point the patterns be
ome somewhat uniform, with

spikes of regularity or 
lustering o

urring as a result of some unobserved lo
al heterogeneities,

most likely related to so
ial and geographi
al features of the analysed areas. This result indi
ates

that multi-networks in urban areas show similar behaviour, whi
h gives us some 
on�den
e in the

reliability of our input datasets and suggests that a single model 
ould be potentially representative

to a 
lass of real multi-networks.
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Figure 4.6: The pair-
orrelation fun
tion for real deployments in various 
ities; Dublin marked with triangles

and the envelope of the �tted Poisson model (at a signi�
an
e level of 0.01) marked with solid lines.

From Fig. 4.6 it is quite 
lear that any point pro
ess 
apable of modelling multi-networks would

need to exhibit short-range 
lustering and be robust enough to a

ount for some deviations in lo
al


lustering and repulsion of points at larger distan
es. The model that intuitively is the most prom-

ising is the log-Gaussian Cox pro
ess, whi
h allows us to parameterize and estimate the unobserved

lo
al 
ovariates in the form of a random �eld spanning the analysed area. Sin
e our goal is to �nd

a point pro
ess that represents features of multi-networks, we look also at other 
lustered point

pro
esses, namely the Matern 
luster pro
ess and the Thomas pro
ess. In order to show that multi-

network patterns have strong 
lustering features, whi
h 
annot be 
aptured by pro
esses des
ribing

single-networks, we also provide �tting results for other point pro
esses: the PPP (to disprove the


omplete spatial randomness hypothesis [52℄), and the superposition of independent SP realizations.

The �gures also in
lude envelopes, whi
h represent the maximum and minimum of 99 realizations

of the �tted model, whi
h are used to assess the goodness-of-�t of the model in the envelope test

[52℄.

First and se
ond order statisti
s test

As we 
an see from Fig. 4.7 and Fig. 4.8 both the PPP and the superposition of independent

realizations of the SP 
an be reje
ted as 
andidate models, sin
e they do not produ
e su�
iently

large empty spa
es, both in the GSM and UMTS 
ase. Moreover, these point pro
esses are unable to

model short-range 
lustering as 
an be seen from the results obtained for the L-fun
tion in Fig. 4.9

and Fig. 4.10. Doubly Poisson 
lustered models (MCP and TP), seen in Fig. 4.7 and Fig. 4.8, do not

pass the envelope test for the F-fun
tion, as they under-represent the o

urren
e of empty spa
es

in the patterns. Moreover, when se
ond-order 
hara
teristi
s are taken into a

ount, these point
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Figure 4.7: GSM - Empty spa
e fun
tion (F-fun
tion). The estimated F-fun
tion for the multi-network in

Dublin (marked with triangles) with the envelope of the �tted point pro
ess model at a signi�
an
e level of

0.1 (grey area), and the theoreti
al realization of the PPP (marked with 
ir
les). As we 
an see from the

�gure the �LGCP exponential� and �LGCP stable� �tted models pass the envelope test for Dublin.

pro
esses seem to insu�
iently 
apture 
lustering, while 
ompletely missing out on the long-range

repulsion, see Fig. 4.9 and Fig. 4.10.

By far the most satisfying results we have observed 
ome from the LGCP models, whi
h in

the UMTS 
ase passed the F-fun
tion envelope test for both models, see Fig. 4.8, and for the

GSM 
ase passed the F-fun
tion test for the model with the stable 
orrelation fun
tion, see Fig. 4.7.

Apparently, the trade-o� for a
hieving better �tness is related to in
reased varian
e in the o

urren
e

of empty spa
es prevalent in the modelled patterns. When it 
omes to se
ond order statisti
s, we


an see in Fig. 4.9 and Fig. 4.10 that both LGCP models are able to a

ount for the short-range


lustering, while also being able to 
apture long-range repulsion in the patterns. In our simulations

we have also tried other than the exponential and stable spatial 
orrelation fun
tions (for example,

Gauss or spheri
al); however, �tting against a model based on either of the two fun
tions gave us

the most satisfying results.

When �tting the models to other patterns from our dataset, we have observed similar results, i.e.,

we 
ould model the short-range 
lustering with any of the 
lustered point pro
ess, while the long-

range repulsion was best represented with the LGCP model. For some areas, however, the LGCP

was insu�
ient to 
apture all the inter-point intera
tions; in those 
ases, in order to a
hieve �ts one


ould adjust the intensity fun
tion of the pro
ess with some additional environmental 
ovariates or

inje
t an inter-point intera
tion for
e into the density fun
tion of the LGCP model. Both of these,

however, destroy any potential analyti
al tra
tability of the model, with the risk of over-�tting,

whi
h goes against our goal of model universality. In addition to a number of urban 
ases, we have

also looked at some areas with lower density of base stations, su
h as Athlone, Ireland. In order

to obtain meaningful results for rural areas we had to in
rease the observation window size to 25-

by-25 km. However, even in
reasing the observation window left us with relatively small patterns
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Figure 4.8: UMTS - Empty spa
e fun
tion (F-fun
tion). The estimated F-fun
tion for the multi-network in

Dublin (marked with triangles) with the envelope of the �tted point pro
ess model at a signi�
an
e level of

0.1 (grey area), and the theoreti
al realization of the PPP (marked with 
ir
les). As we 
an see from the

�gure �LGCP stable� passes the envelope test for Dublin.
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Figure 4.9: GSM � the L-fun
tion. The estimated L-fun
tion for the multi-network in Dublin (marked with

triangles) with the envelope of the �tted point pro
ess model 
orresponding to a signi�
an
e level of 0.01

(grey area), and the theoreti
al realization of the PPP (marked with 
ir
les).

that 
ontained signi�
ant amount of empty spa
es. In those patterns we 
ould still observe some

mild forms of 
lustering at smaller distan
es, whi
h in most 
ases was enough to reje
t the PPP

hypothesis. The 
onsidered 
lustered point pro
esses were able to 
apture this 
lustering as well as
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Figure 4.10: UMTS � the L-fun
tion. The estimated L-fun
tion for the multi-network in Dublin (marked

with triangles) with the envelope of the �tted point pro
ess model at a signi�
an
e level of 0.01 (grey area),

and the theoreti
al realization of the PPP (marked with 
ir
les).

the following uniformity in the pattern, although the �tted models had signi�
ant varian
e. And

sin
e these results were not entirely 
onsistent a
ross the other rural areas we have analysed, we

have de
ided to fo
us on modelling urban lo
ations.

Summary

Based on the �tness results we have 
on
luded that the most promising point pro
ess to model

multi-networks in urban areas is the LGCP. Furthermore, we have observed that we 
an almost

unambiguously 
lassify the parameters of the models a

ording to the type of deployment, i.e.,

urban, and dense urban. Tab. 4.3 summarizes the two 
lasses of models we have found. It is

interesting that for the urban s
enario the standard deviation is relatively low (around 10%) for

both shape parameters, i.e., σ2
and β, whi
h suggests similar shape of the intensity fun
tion λ(x)

for ea
h of the geographi
 areas 
onsidered, with only s
ale parameter µ (pre
isely exp(µ)) having

higher deviation to a

ount for the di�erent number of base stations in ea
h area. For the two

dense urban areas (London and Warsaw) the estimated model parameters di�er signi�
antly, whi
h

is presumably the result of mu
h higher number of base stations and mu
h ri
her stru
ture of the

area (higher 
on
entration of base stations, larger number of neighbourhoods with 
on
entration of

base stations).

Table 4.3: Fitted model parameters

Lo
ation type Model

Model parameters

σ2 β µ
Urban LGCP 3.9040± 0.3699 0.03± 0.0031 −0.5634± 0.2956

Dense Urban (London and Warszawa) LGCP 2.0561, 2.7228 0.054, 0.0288 1.2665, 1.9477
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4.4.2 Downlink transmit power allo
ation analysis

Having demonstrated that the real-world networks have un
orrelated maximum downlink transmit

powers we now 
arry out a goodness-of-�t test to determine if a probability distribution fun
tion

(pdf) �tted to the mark distribution is feasible as a transmit power modelling tool. The goodness-

of-�t test is based on an envelope test using the mark-weighted Ripley's K summary 
hara
teristi
,

as des
ribed in Chapter 3. The pdf of 
hoi
e is a trun
ated normal distribution with parameters

obtained via maximum likelihood �tting of the dataset mark spa
e R+ using the MASS library in

R [110℄. Fig. 4.11 shows the envelope of the goodness-of-�t test for some sele
ted areas.
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Figure 4.11: Three examples of the goodness-of-�t test for the power allo
ation model based on random

assignment of downlink transmit powers from the trun
ated normal distribution.

We report that a trun
ated normal distribution passes the goodness-of-�t envelope test for all

operators a
ross the �ve 
ities. Furthermore, the transmit power deployments for the O2, Orange

and Vodafone operators 
an be su

essfully repli
ated using a single �tted model. Our results

suggest that a trun
ated normal distribution with a mean µ of 28.03 dBW and a standard deviation

σ of 1.41 dBW produ
es transmit power deployments whi
h pass the envelope test a
ross all 
ities

for the three operators.

4.5 Wireless network relevant analysis

Having evaluated the statisti
al mat
h between our proposed point pro
ess models and real multi-

network deployments, we now turn our attention to wireless network-relevant evaluation based on

the radio a

ess network sharing s
enarios of: infrastru
ture, spe
trum and full network sharing,

as studied in [99℄. As a metri
 for our evaluation we use the 
overage probability and the signal-

to-noise and interferen
e ratio (SINR) model as des
ribed in Chapter 3. We obtain our numeri
al

results using MC simulations, and making the following assumptions: (i) worst-
ase interferen
e is


onsidered, i.e., all transmitters transmit simultaneously; (ii) we assign individual base stations to

operators uniformly at random; (iii) noise is unitary for all the re
eivers; (iv) α = 4; (v) we generate

2000 user lo
ations, over whi
h we average our results. We also apply edge-e�e
t 
orre
tion based

on an enlarged window, i.e., we assume that the user lo
ations lie inside a square window 
entred

at the analysed area with the side equal to half the side of the window 
ontaining the original area.
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4.5.1 Coverage probability - unitary transmit power

Fig. 4.12 presents the 
overage performan
e of our models for ea
h of our sharing s
enarios and

te
hnologies when base station transmit power is unitary. In ea
h 
ase the LGCP model with the

stable 
orrelation fun
tion gets the 
losest to the theoreti
al 
overage provided by a real multi-

operator network. In the 
ase of full network sharing our models signi�
antly over-estimate the

amount of 
overage in the network (approx. 2 dB verti
al shift for the �LGCP stable� model).

However, in the 
ase of infrastru
ture sharing we observe that the �LGCP stable� model provides

a very tight mat
h to a shared network performan
e. The spe
trum sharing s
enario provides

signi�
antly worse 
overage, whi
h should 
ome as no surprise as we assumed worst-
ase interferen
e.

Interestingly, in the 
ase of spe
trum sharing we observe a 
ross-over point, whi
h we have reported

also in [99℄, whi
h is related to the amount of 
lustering in the evaluated patterns. Clearly, a real

multi-network provides higher 
lustering than any of our models 
an produ
e. It is also worth noting

that, while statisti
al tests have shown that a superposition of independent realizations of the Strauss

pro
ess provide a reasonably good mat
h to the real data, a

ording to our 
overage analysis this

way of modelling multi-operator patterns fails to reprodu
e 
overage properties of multi-networks

in wireless network sharing s
enarios.
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Figure 4.12: The 
overage probability 
omparison for real deployment in Dublin (
ir
le) and various �tted

point pro
ess models, for ea
h radio a

ess network sharing s
enario and radio te
hnology when transmit

power is unitary for all base station transmitters. Clearly, �LGCP stable� (hexagonal star) provides the


losest �t to real network data.

4.5.2 Coverage probability - transmit power assigned a

ording to the pro-

posed model

The �rst thing we observe in Fig. 4.13 is base station transmit power assigned from a model based

on real data has a negligible impa
t on the 
overage of the analysed network model (the 
overage
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probability is degraded by roughly 1% for ea
h SINR point), whi
h is 
onsistent with our prior

observations [57℄. This is true also when the noise level of -130 to -90 dBW is in
luded at the

re
eiver. This result is good news as it allows us to use, without loss of generality, a simpli�ed

model for multi-network that in
ludes unitary transmit power.
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(a) Full sharing GSM
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ture sharing GSM
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(d) Full sharing UMTS
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(e) Infrastru
ture sharing UMTS
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(f) Spe
trum sharing UMTS

Figure 4.13: The 
overage probability 
omparison for real deployment in Dublin (
ir
le) and various �tted

point pro
ess models, for ea
h radio a

ess network sharing s
enario and radio te
hnology when transmit

power is iid a

ording to a trun
ated Gaussian distribution. Again, �LGCP stable� (hexagonal star) provides

the 
losest �t to real network data.

What we 
an 
on
lude from the above results is that the 
hosen point pro
esses provide a

reasonable representation of real base station deployments when sharing s
enarios are 
onsidered,

even when exa
t information about operator-base station assignments is not available. Furthermore,

similar results hold even when transmit powers are assigned from a model based on real data [57℄,

whi
h also suggests that this type of analysis may be robust to 
ertain operator settings.

4.6 Con
lusion

What we have shown here is that networks deployed by independent operators tend to 
luster at

shorter distan
es, whi
h may 
orrespond to areas of high demand, and repulse at long-distan
es,

whi
h would presumably 
orrespond to 
overage provisioning and low availability of shared sites.

This result implies that if one wants to model (or simulate) the performan
e of a generalized shared

infrastru
ture between N mobile operators, one 
annot simply model the entire network as a super-

position of N independent realizations representing single-operator networks. Instead, the approa
h

we propose is to model su
h a network as a single 
lustered point pro
ess and indeed, as we have

shown in our results, 
lustered point pro
esses that represent well su
h networks 
an be found.

What is even more appealing is that similar models may be used to represent networks of multiple

operators in di�erent 
ountries (herein, we examined Ireland, Poland and the UK), whi
h suggests

that using su
h a model may 
ome useful when deriving fundamental results about wireless network
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sharing, or evaluating the performan
e of proto
ols and management strategies designed for shared

wireless infrastru
ture. Moreover, the analysis of downlink transmit powers leads us to 
on
lude

that downlink transmit power allo
ations in a real wireless network, both in the single and the

multi-operator 
ase, may be 
onsidered iid, and a single statisti
al model may be used to repli
ate

these allo
ations.
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Inter-operator sharing

�When I talk about language (words, senten
es, et
.) I must speak the language of

every day. Is this language somehow too 
oarse and material for what we want to say?

Then how is another one to be 
onstru
ted? -And how strange that we should be able to

do anything at all with the one we have!�

- Ludwig Wittgenstein, Philosophi
al Investigations

Capital and operating 
osts of running wireless mobile networks have been in
reasing steadily,

while the growth in popularity of over-the-top servi
es whi
h utilize a �at-fee data servi
e does not

translate into a proportionate stream of revenues for mobile operators. That means mobile network

operators have to seek ways for redu
ing their 
osts. It is thus inevitable that next generation

mobile networks will have to rely ever more heavily on network sharing, whi
h is 
onsidered as one

of the most important 
ost redu
tion measures for mobile network operators. In the resear
h to date

we �nd eviden
e for mobile network sharing leading to improvements in 
overage, or transmission

rates, but little is known in general about the dependen
y between various network sharing poli
ies

and spatial properties of shared networks. Herein, we develop a model for a shared mobile network

that allows us to study the e�
ien
y of various infrastru
ture and spe
trum sharing poli
ies under

di�erent spatial models of radio a

ess infrastru
ture deployment. Whenever the Poisson point

pro
ess (PPP) is used, we ba
k up our analysis with analyti
al results. Yet one 
an only go so far

with analyti
al work and our study of 
oordination me
hanisms and non-PPP spatial geometries,

whi
h introdu
e a dependen
e that is 
onsidered in the state-of-the-art as intra
table, is based on

Monte Carlo (MC) simulations, with the PPP models being used to validate them. The 
ontent of

this 
hapter is based on [99℄, as well as our ongoing work e�orts, whi
h are 
urrently under revision

for publi
ation.

5.1 Introdu
tion

One of the prevailing pressures in the design of 
ommuni
ations networks is known as the 
ost-

demand o�set [6℄. In plain words, the demand for 
apa
ity grows faster than the per unit 
ost of


apa
ity redu
es. Indeed, the fast-pa
ed growth in mobile data demand (see, for example, [7℄) has led

to ever-more ambitious targets for the expe
ted 
apa
ity of mobile networks [8℄. This has resulted

in steadily growing 
osts: world-wide mobile 
ommuni
ations 
apital 
osts have been predi
ted

to grow from around $216 billion in 2014 to $224 billion by 2017, as reported during the Mobile

World Congress (MWC'2015), while the annual fees for radio spe
trum usage are also subje
t to a

major pri
e revision; for example, in the UK the O�
e for Communi
ations (Of
om) has put out a
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proposal that will result in an in
rease in annual spe
trum fees from ¿64.4 million to ¿199.6 million

for all domesti
 mobile operators. Yet, the 
apital as well as operational 
ost in
reases have not

been followed by a 
orresponding stream of revenues from mobile data servi
es, whi
h are the main

servi
es being used by mobile subs
ribers today [111℄. The reason for this, as pointed out in [9℄, is

that mobile data revenues are de
oupled from the tra�
.

One approa
h for mobile operators to ease the burden of these large 
osts is to share ownership

and 
ontrol over some 
omponents of the network, for example, the radio a

ess network or the

ba
khaul, that generate the most 
osts. This may mean establishing network sharing agreements

with other operators, and/or subletting elements of the radio a

ess infrastru
ture from other mobile

operators, in whi
h 
ase we talk about infrastru
ture sharing. Another possibility is to re-use

spe
trum between operators wherever and whenever 
apa
ity expansion is needed, whi
h we refer

to as spe
trum sharing. Indeed, we are starting to gather eviden
e (see [112℄) that the spatial


orrelation in demand experien
ed by mobile operators is low enough to en
ourage this type of

sharing. Both types of sharing 
an also be applied in 
ombination, whi
h we refer to as full sharing,

to result in even larger 
osts redu
tion to the mobile operators.

During the re
ent de
ade wireless mobile network sharing has grown in popularity and it is


onsidered an important 
ost redu
tion measure for mobile network operators [21℄. Indeed, both

industry and resear
h 
ommunities have already re
ognized the importan
e of network sharing in

the evolution of mobile networks. We have the 3

rd

Generation Partnership Proje
t (3GPP)-de�ned

standards for network sharing [18℄: the Multi-Operator Core Network (MOCN), and the Gateway

Core Network (GWCN). We have the 2012 report from the European Commission entitled �Pro-

moting the shared use of radio spe
trum resour
es in the internal market�. We have 
ommuni
ations

regulators testing the feasibility of various spe
trum sharing models, as is the 
ase with, for example,

the re
ent ruling of the Federal Communi
ations Commission (FCC) to open military frequen
ies

in 3550-3700MHz band to mobile broadband servi
es

1

. And most importantly we have some re
ent


ommer
ial examples of mobile network sharing some of whi
h we have listed in Chapter 2.

Joint infrastru
ture and spe
trum sharing, based on simulations of a grid network deployment

in three s
enarios of 
apa
ity, spe
trum and virtualized resour
e sharing, has been studied in [106℄.

In [113℄ trade-o� between the sharing of remote radio heads (RRHs) and spe
trum was studied on

a simulation s
enario with a single ma
ro
ell RRH and a number of uniformly distributed small-
ell

RRHs. In [114℄ the inter
hangeability between massive MIMO antennas and shared spe
trum was

studied as an inter-operator au
tion. In [115℄ infrastru
ture sharing in a real-world multi-operator

mobile network was shown to signi�
antly redu
e the number of base stations required to provide

mobile servi
e and improve 
overage in under-served areas. Similarly, in [116℄ an optimization-based

model of new infrastru
tural deployments by multiple mobile operators was applied to study the

e�e
ts of a shared green�eld deployment and its relationship to various te
hno-e
onomi
 paramet-

ers. Gains in spe
tral e�
ien
y from inter-operator spe
trum sharing were studied in [107℄ using


omputer simulations over a grid-based deployment for two spe
trum sharing regimes: orthogonal

spe
trum sharing, where operators ex
lusively assign spe
tral resour
es 
oming from a shared pool,

and non-orthogonal spe
trum sharing, where the operators aggressively re-use spe
trum by allowing

more than a single operator to use a spe
i�
 spe
tral resour
e in any given area at a parti
ular time.

It is only re
ently that sto
hasti
 geometry has been applied to the studies of wireless network

1

The ruling 
an be a

essed here: http://transition.f

.gov/Daily_Releases/Daily_Business/2015/db0421/

FCC-15-47A1.pdf
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sharing. In [117℄ sto
hasti
 geometry was applied to study the trade-o� between spe
trum and

base station density, given variable level of user a
tivity. In [118℄ a sto
hasti
 geometri
 model

was developed to study orthogonal and non-orthogonal spe
trum sharing between devi
e-to-devi
e

networks and ma
ro
ell users. And only re
ently, sto
hasti
 geometry was applied to make the


ase for spe
trum sharing in millimetre-wave (mmWave) spe
trum bands (see [119℄), whereby the

ex
essive interferen
e is mitigated with the help of dire
tional antennas.

In our work we assess fundamental trade-o�s between spe
trum and infrastru
ture sharing, and

whether (or to what extent) one 
an be substituted for the other. Moreover, we 
onsider the two in


ombination and quantify the resulting network performan
e gains. To a
hieve our goal we de�ne

three network sharing s
enarios: infrastru
ture sharing, spe
trum sharing, and full sharing. For ea
h

of the s
enarios we analyze the resulting network performan
e in terms of 
overage and user data

rate. Fig. 5.1 summarizes our main results and trade-o�s observed.
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Figure 5.1: Con
eptual depi
tion of the e�e
t of radio a

ess infrastru
ture and spe
trum sharing on network


overage and data rate. Ea
h square 
orresponds to the network performan
e of a di�erent 
ombination

of spe
trum and infrastru
ture sharing. Ea
h square is split evenly between network 
overage and user

data rate. Saturation of the green-
oloured 
ells re�e
ts the gain with respe
t to the no sharing 
ase

(grey 
ells), while red-
oloured 
ells represent negative gain. Infrastru
ture sharing in isolation greatly

improves network 
overage, but provides minor gain in terms of data rate; spe
trum sharing (when worst


ase interferen
e s
enario is 
onsidered) provides minor gains in data rate, but degrades 
overage. When

applied in 
ombination, both 
overage and data rate are improved over the no sharing 
ase, with network


overage being slightly worse than in the pure infrastru
ture sharing 
ase, as a result of in
reased interferen
e.

For the 
ases when spe
trum is shared, i.e., spe
trum and full sharing, we 
onsider two methods

for utilization of the shared spe
tral resour
es: 
hannel bonding (operators simply treat the shared

spe
trum as one band), and best 
hannel sele
tion (operators dynami
ally sele
t between the shared

spe
trum bands to obtain the diversity gain from mitigating detrimental fading e�e
ts). In addition,

we investigate two methods for managing inter-operator interferen
e, one where operators do not


oordinate the use of spe
trum, and another one where the use of spe
trum is 
oordinated by means

of spatial spe
trum sharing poli
ies. We summarize the resulting s
enarios in Fig. 5.2.

We generalize the resulting s
enarios by 
onsidering various spatial distributions of base sta-

tions. Spe
i�
ally, we 
onsider two mobile operators whose networks have been deployed either

independently, or with 
lustering, i.e., there is strong spatial 
orrelation between the lo
ations of

base stations of one operator and the lo
ations of base stations of the other operator. We also


onsider an asymptoti
 
ase of 
lustering, i.e., 
o-lo
ation, where the nearest base stations of two
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Figure 5.2: Taxonomy of the studied s
enarios.

operators are lo
ated an arbitrarily small distan
e apart. The 
lustering 
ase is of parti
ular interest

as it is representative of real radio a

ess network deployments, whi
h tend to be deployed to follow

so
ial and geographi
al features, resulting in 
lustered deployment patterns (see [35, 75℄).

It is worth noting that the de
isions on whether to share (and how) are not purely te
hni
al and

involve 
onsideration of various 
osts, legal/regulatory framework, operators' position in the market,


orporate strategy, et
. [97℄. Yet, 
onsideration of these aspe
ts is out of s
ope of this 
hapter and

some analysis whi
h in
ludes listed fa
tors may be found in Chapter 6 and the works of Markendahl

et al. (see, for example, [120℄).

The remainder of the 
hapter is stru
tured as follows. First, we outline the system model of

a shared mobile network and de�ne the referen
e s
enarios. Subsequently, we present analyti
al

expressions of network performan
e under ea
h of the 
onsidered s
enarios for the PPP, whi
h

we then expand onto a numeri
al analysis of our s
enarios in various spatial geometries for both

un
oordinated and 
oordinated spe
trum sharing. Eventually, we 
on
lude with a dis
ussion of the

obtained results.

5.2 System model and referen
e s
enarios

5.2.1 System model

We model base station deployment by a single operator as a point pro
ess de�ned as a random


ountable set

2 Φn ⊂ R
2
, with elements being random variables xi ∈ R

2
and n ∈ N , with N

denoting the set of mobile operators. We also denote Φ =
⋃

n∈N Φn as the set of all transmitter

lo
ations of all operators. We assume that the power of the signal re
eived by the referen
e user

yn = (0, 0) of operator n ∈ N is a�e
ted by two fa
tors: pathloss l(x) and power fading hx,

where x denotes the lo
ation of the serving transmitter. The pathloss fun
tion l : R2 → R+ is

of the form l(x) = ||x||−α
, where α is the pathloss exponent, while the power fading between the

transmitter in x and the typi
al user is spatially independent and exponentially distributed with unit

mean, i.e., we assume Rayleigh fading with unitary transmit power. We assume that the referen
e

subs
riber will asso
iate with the 
losest transmitter of operator n, i.e., argminx∈Φn
||x − yn||.

Note that, when infrastru
ture sharing is in pla
e, the referen
e subs
riber of operator n may

asso
iate with any network of any infrastru
ture sharing operator, i.e., the asso
iation poli
y be
omes

argminx∈Φ ||x−yn||. Moreover, our model applies to the downlink only and presupposes a full bu�er

transmission, i.e., ea
h transmitter 
ontinuously operates in sele
ted bands.

2

Using the random set formalism we impli
itly assume that base stations from more than one operator do not

o

upy the same lo
ation. Yet, this does not pre
lude base stations to be lo
ated arbitrarily 
lose to ea
h other,

whi
h we 
onsider as 
o-lo
ation.
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5.2.2 S
enarios

Herein, we are interested in modelling resour
e sharing in wireless mobile networks for two types of

resour
es: spe
trum and infrastru
ture. We assume that ea
h mobile operator has a li
ense to use

one spe
trum band bn, and ea
h spe
trum band is of equal size and does not overlap with any other

spe
trum band, hen
e bn = b for ea
h n ∈ N . In a system where operators de
ide to share spe
trum,

ex
lusive spe
trum usage be
omes a spe
ial 
ase. Having this in mind a spe
trum sharing poli
y for

lo
ation x ∈ Φm 
an be de�ned as a ve
torVx of size |N | (equal to the number of available spe
trum
bands) 
onsisting of binary variables vnx denoting whether a transmitter in x may utilize spe
trum

band belonging to operator n. In addition, the operators may share infrastru
ture in whi
h 
ase

their subs
ribers are able to freely roam between transmitters of any of the infrastru
ture sharing

operators. Therefore the joint network, as seen from the perspe
tive of a referen
e user of operator

n, will be the sum of |N | networks of the sharing operators Φ =
⋃

n∈N Φn. Based on this setup, in

the following we des
ribe four s
enarios: ex
lusive use (baseline), infrastru
ture sharing, spe
trum

sharing and full sharing.

Baseline s
enario

The 
onventional s
enario of a 
ommer
ial mobile market 
onsists of 
ompeting operators, ea
h of

whi
h owns the network infrastru
ture and holds a li
ense to spe
trum, whi
h also implies that

subs
ribers of one operator ex
lusively

3

utilize the infrastru
ture and spe
trum of their operator as

depi
ted in Fig. 5.3(a). This serves as our baseline for 
omparison, and the 
overage probability

and the average user rate for this s
enario we have given in Eq. (3.15) and Eq. (3.21), respe
tively.

u1

w1 w2 w1 w2

N1 N2

u2

Active link

Interference link

(a) Ex
lusive use

u1

w1 w2 w1 w2

N1 N2

u2

Active link

Interference link

(b) Infrastru
ture sharing

Figure 5.3: Two operators (1 and 2) with subs
ribers (u1, u2) ex
lusively using their spe
trum (w1, w2),

and either prohibiting or allowing for a

ess to ea
h other's infrastru
ture (N1, N2).

Infrastru
ture sharing s
enario

When infrastru
ture sharing is applied, subs
ribers of one operator are able to 
onne
t with trans-

mitters of another operator. To represent this s
enario we assume that operators pool their radio

a

ess infrastru
ture without pooling their operational frequen
ies (see Fig. 5.3(b)). E�e
tively, in-

terferen
e to the desired signal is identi
al to the single-operator 
ase, i.e., it 
omes from Φn where n

is the operator to whi
h the serving transmitter belongs. In this s
enario users 
onne
t to the 
losest

transmitter belonging to the network of any of the |N | operators. Hen
eforth, the signal-to-noise

3

Leaving international roaming out of the pi
ture.
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and interferen
e ratio (SINR) for this s
enario takes the following form:

SINR =
hxl(x)

W +
∑

y∈Φn\{x}
hyl(y)

, (5.1)

where W is the noise power.

Spe
trum sharing s
enario

In the spe
trum sharing s
enario we assume that operators allow a

ess to their spe
trum bands

from outside of their network, by means of the spe
trum sharing poli
y, without sharing their

infrastru
ture (see Fig. 5.4(a)). E�e
tively, interferen
e to the desired signal of a user of operator n

in spe
trum band k ∈ N 
omes from all transmitters of operator k and the transmitters of all other

operators that may a

ess spe
trum band k. The SINR for this s
enario takes the following form:

SINRk =
vkxhxl(x)

W +
∑

y∈Φ\{x} v
k
yhyl(y)

, (5.2)

where x ∈ Φn is a tagged transmitter of operator n.

Let us note that when inter-operator interferen
e is un
oordinated vky = 1 for all k ∈ N and

y ∈ Φ. In the 
ase when inter-operator interferen
e 
oordination is in pla
e, vky = 1 for all y ∈ Φk,

while for the remainder of transmitters vky is set a

ording to the spe
i�
s of the spe
trum sharing

poli
y applied.

u1

w1 w2 w1 w2

N1 N2

u2

Active link

Interference link

(a) Spe
trum sharing

u1

w1 w2 w2

N1 N2

u2

Active link

Interference link

w1

(b) Network sharing

Figure 5.4: Two operators (1 and 2) with subs
ribers (u1, u2) sharing their spe
trum (w1, w2), and either

prohibiting or allowing for a

ess to their infrastru
ture (N1, N2).

Full sharing s
enario

In the full sharing s
enario operators both pool their radio a

ess infrastru
ture and allow for shared

use of spe
trum. Spe
trum pooling results in in
reased interferen
e as more transmitters may now

operate in the same frequen
y band and users may 
onne
t to any of the transmitters of the sharing

operators, see Fig. 5.4(b). The SINR model is essentially the same as in the spe
trum sharing

s
enario, with the only di�eren
e being that the tagged transmitter 
omes from the pool of all

infrastru
ture sharing operators, i.e., x ∈ Φ.
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5.3 Analyti
al results

In this se
tion, we apply sto
hasti
 geometry to derive analyti
al expressions for the 
overage prob-

ability and the average user data rate in the 
ases of spe
trum, infrastru
ture, and full sharing

between multiple mobile operators with radio a

ess infrastru
ture distributed a

ording to the ho-

mogeneous PPP with intensity λn ea
h. We assume no inter-operator interferen
e 
oordination, and

two modes of shared spe
trum usage: 
hannel bonding and best 
hannel sele
tion. We validate the

obtained 
losed-forms using MC simulations.

5.3.1 Main results

Infrastru
ture sharing s
enario

Operators pool their radio a

ess infrastru
ture without pooling their operational frequen
ies. Ef-

fe
tively, subs
ribers of one operator are able to atta
h to transmitters of another operator. When

only infrastru
ture is shared, we get the following result.

Proposition 1. The 
overage probability of a referen
e user of operator n in the infrastru
ture

sharing s
enario 
an be expressed as:

pn(θ) = 2π
∑

i∈N

λi

∫ ∞

0

exp(−θrαW ) exp
(
− πr2

(∑

j∈N

λj + λiZ(θ, α)
))

rdr, (5.3)

where Z(θ, α) = θ2/α
∫∞

θ−2/α
1

1+uα/2 du. The average data rate of a referen
e user of operator n 
an

be found as:

τn = Eγ

[
pn

(
exp(γ/b)− 1

)]
. (5.4)

Proof:

The proof is provided in Appendix B.1.

Corollary 1. When no noise and α = 4 is assumed, the 
overage probability of a user of operator

n is given as:

pn(θ) =
∑

i∈N

λi∑
j∈N λj + λi

√
θ arctan(

√
θ)
. (5.5)

Proof: Assuming no noise and α = 4, we 
an 
al
ulate the integral in Eq. (5.3). In addition,

Z(θ, 4) simpli�es to

√
θ arctan(

√
θ).

Spe
trum sharing s
enario

In the spe
trum sharing s
enario operators bond their spe
trum bands and allow for un
oordinated

a

ess to the joint band by all the transmitters of all the operators. Yet subs
ribers may still only


onne
t to the transmitters of their operator. When spe
trum is shared, we get the following result.
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Proposition 2. The 
overage probability of a user belonging to operator n in the spe
trum sharing

s
enario with 
hannel bonding 
an be expressed as:

pn(θ) = 2πλn

∫ ∞

0

exp(−θrαW ) exp
(
− πr2

(
(1 + Z(θ, α))λn + Z0(θ, α)

∑

j∈N\{n}

λj

))
rdr. (5.6)

where Z0(θ, α) = θ2/αΓ (1 + 2/α)Γ (1− 2/α). The data rate 
an be expressed as:

τn = |N | · Eγ

[
pn

(
exp(γ/b)− 1

)]
. (5.7)

Proof:

The proof is provided in Appendix B.2.

Corollary 2. When no noise and α = 4 is assumed, the 
overage probability of a user of operator

n is given as:

pn(θ) =
λn

λn + λn

√
θ arctan(

√
θ) + π

2

√
θ
∑

j∈N\{i} λj

. (5.8)

Proof: Similarly to Corollary 2, when no noise and α = 4 is assumed, Eq. (5.11) 
an be

simpli�ed to Eq. (5.8).

An alternative to 
hannel bonding is to a

ess shared spe
tral resour
es by means of best 
hannel

sele
tion to exploit the potential diversity gain present when the fading between the shared bands

is not 
orrelated (
oheren
e bandwidth is large enough). Assuming best 
hannel sele
tion, and

spe
ializing to a two-operator 
ase, we get the following result.

Proposition 3. The 
overage probability of a user belonging to operator n from the shared spe
trum

when best 
hannel sele
tion is applied 
an be expressed as:

p̄nm(θ) = 2pn(θ)− pnm(θ), (5.9)

where pn(θ) is the single-operator 
overage probability obtained in Eq. (5.5), and pnm(θ) is the

joint probability of 
overage for a user of operator n in two spe
trum bands n and m, whi
h 
an be

expressed as:

pnm(θ) =
λn

λn + λn
3
2

√
θ arctan

√
θ + λn

θ
2(1+θ) + λm

3
4π

√
θ
. (5.10)

Proof:

The proof is provided in Appendix B.3.

Full sharing s
enario

In the full sharing s
enario operators both pool their radio a

ess infrastru
ture and allow for shared

use of spe
trum by means of 
hannel bonding. In 
onsequen
e we get the following result.
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Proposition 4. The 
overage probability of a user of operator n in the full sharing s
enario 
an be

expressed as:

pn(θ) = 2π
(∑

i∈N

λi

)∫ ∞

0

exp(−θrαW ) exp
(
− πr2

(
1 + Z(θ, α)

)∑

i∈N

λi

)
rdr. (5.11)

The data rate 
an be expressed as:

τn =
∑

i∈N

Eγ

[
pi

(
exp(γ/b)− 1

)]
. (5.12)

Proof: Let us �rst re
all the following result: the superposition of PPPs is also a PPP, with

intensity equal to the sum of the intensities of the 
omponent pro
esses [121℄[Proposition 1.3.3℄.

In the 
ase of the full sharing s
enario, the users 
onne
t to the 
losest transmitter of any of the

networks of the sharing operators and su�er interferen
e from all the other transmitters. Formally

a fully shared network is a PPP Φ =
⋃

i∈N Φi with intensity λ =
∑

i∈N λi. Therefore its 
overage

probability 
orresponds to that of the baseline 
ase (single-operator and ex
lusive use of resour
es),

yet with intensity λ. In order to 
al
ulate the average data rate we need to simply take an expe
tation

over the sum of data rates obtained from using ea
h spe
trum band, whi
h 
an be written as the

sum of expe
ted data rates obtained for ea
h spe
trum band.

Corollary 3. When no noise and α = 4 is assumed, the 
overage probability of a user of operator

n simpli�es to:

pn(θ) =
1

1 +
√
θ arctan(

√
θ)

. (5.13)

The result, whi
h also happens to des
ribe a single-operator PPP network [62℄, is obtained via

straight-forward 
al
ulations.

two e�e
ts �
an
el� ea
h other out.

Similarly to the spe
trum sharing s
enario, instead of simply utilizing the entire spe
trum band

we may exploit spe
trum sharing for diversity gain (apply best 
hannel sele
tion, instead of 
hannel

bonding), in whi
h 
ase we get the following result (derived for a two-operator 
ase).

Proposition 5. The 
overage probability of a user belonging to operator n from the full network

sharing when best 
hannel sele
tion is applied 
an be expressed as:

p̄nm(θ) = 2pn(θ) − pnm(θ), (5.14)

where pn(θ) is expressed in Eq. (5.13), and pnm(θ) is the joint probability of 
overage for a user of

operator n in two spe
trum bands n and m, whi
h 
an be expressed as:

pnm(θ) =
1

1 + 3
2

√
θ arctan(

√
θ) + θ

2(1+θ)

. (5.15)

Proof:

The derivation of this result mirrors that provided in Appendix B.3, with a modi�
ation to the

set of interferers in Eq. (7.27), whi
h simpli�es some of the 
al
ulations and allows us to obtain the
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Figure 5.5: Cross-validation of the simulations and the derived 
losed-form expressions for the 
overage

probability, for a two-operator 
ase where networks of the sharing operators are evenly-sized; in the legend,

�t� - denotes an analyti
al result, and �s� - denotes a simulation result.

joint probability of 
overage for a user of operator n in two spe
trum bands n and m as:

pnm(θ) = 2π(λn + λm)

∫ ∞

0

exp(−θrαW ) exp
(
− πr2

(
1 + Z′(θ, α)

)(
λn + λm

))
rdr, (5.16)

where Z′(θ, α) = θ2/α
∫∞

θ−2/α 1−
(
1 + uα/2

)−2
du.

5.3.2 Validation

Before we move on to dis
uss the results, we 
ross-validate the 
orre
tness of the derived 
losed-

form expressions and our simulations. For that purpose we 
ompare our 
losed-form expressions to

the MC simulation results for the PPP. We perform this 
omparison for two and more operators

(at least for the 
hannel bonding 
ase), with evenly and non-evenly-sized networks. However, to

illustrate the 
orre
tness of our analyti
al expressions we present the two operator and evenly-sized

networks 
ase only. In Fig. 5.5(a) and Fig. 5.5(b) we see that our 
losed-form expressions tightly

mat
h the results from our simulations for both modes of utilizing the shared spe
trum.

5.4 Numeri
al results

In our work we analyze two types of relative radio a

ess network deployments between mobile

operators: independent and 
lustered. For the sake of 
larity of our argument, from now on we

assume |N | = 2. Now, we model the independent deployment as two independent realizations

of the PPP, while the 
lustered deployment as either of the following two point pro
esses: the

Gauss-Poisson pro
ess (GPP), whi
h allows us to vary the level of 
lustering between the two

networks, and the Log-Gaussian Cox pro
ess (LGCP), whi
h, as we have shown in Chapter 4,

provides a good mat
h with the real multi-operator mobile network deployments (both pro
esses

are de�ned in Chapter 3). We derive analyti
al results for the former 
ase only, while the latter two,

being analyti
ally intra
table

4

, we evaluate using MC simulations. In both the PPP and GPP 
ase

the underlying pro
ess of distributing transmitters for a single-operator deployment is the PPP,

whi
h a

ording to spatial statisti
al studies to date (see [35, 68℄) may be 
onsidered a reasonable

approximation of a real-world single-operator single-te
hnology deployment.

4

Bounds on the Lapla
e transform of the GPP 
an be found in [70℄.
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Whenever spe
trum is shared, we di�erentiate between two methods of utilizing shared spe
tral

resour
es: (i) 
hannel bonding (operators simply treat the shared spe
trum as one band), and

(ii) best 
hannel sele
tion (operators dynami
ally sele
t between the shared spe
trum bands to

obtain the diversity gain from mitigating detrimental fading e�e
ts). We also distinguish between

two methods for managing inter-operator interferen
e: un
oordinated (un
oordinated inter-operator

interferen
e) and 
oordinated by means of spatial spe
trum sharing poli
ies (
oordinated inter-

operator interferen
e). In ea
h 
ase we look into the 
overage probability and the average user data

rate for the s
enarios of infrastru
ture, spe
trum and full network sharing, for ea
h deployment type.

When presenting the results, we assume no noise, i.e., we use the signal-to-interferen
e ratio

(SIR), and the pathloss exponent α = 4. The analysis based on these assumptions is in line with

similar investigations of network 
overage and data rate made in [62, 68, 119℄.

5.4.1 Spe
trum sharing with un
oordinated inter-operator interferen
e

Coverage probability

The �rst thing we analyze is the 
omparative 
overage results for various sharing s
enarios, when

networks of the sharing operators are evenly-sized. In Fig. 5.6 we immediately see that infrastru
ture

sharing provides superior 
overage as 
ompared to spe
trum and full sharing s
enarios with 
hannel

bonding. This is related to the fa
t that with the in
rease in radio a

ess infrastru
ture sharing, we

also shorten the distan
e to the potential serving transmitter, i.e., we in
rease the strength of the

signal provided by the serving transmitter. This e�e
t does not o

ur when both operators 
o-lo
ate,

as any additional shared transmitters, will be 
o-lo
ated with the private ones. Let us note that, if

a 
omparison between di�erent s
enarios is made, the LGCP distributed network (see Fig. 5.6(b))

provides worse 
overage than the PPP (see Fig. 5.6(a)) or GPP (see Fig. 5.6(
)) networks. This

is related to higher level of spatial 
lustering in our LGCP model. We 
an see from Fig. 5.6(
)

that some level of 
lustering may still yield 
overage performan
e that is almost identi
al to the

performan
e of an independently distributed infrastru
ture (see Fig. 5.6(a)).

When, instead of 
hannel bonding, spe
trum is shared by means of best 
hannel sele
tion (see

Fig. 5.7), we see the 
overage performan
e in ea
h spe
trum sharing s
enario being signi�
antly

improved, with the full network sharing faring very 
losely to the infrastru
ture sharing. Inter-

estingly, full network sharing provides better 
overage at low SIR values, whi
h may be espe
ially

important for improving the performan
e for 
ell-edge users). Let us note also that in the 
o-lo
ated


ase (see Fig. 5.7(
)) the appli
ation of spe
trum sharing allows an operator to swit
h between the

performan
e of a fully shared network and a non-shared network (in the 
o-lo
ated 
ase it provides

the same performan
e as infrastru
ture sharing).

In Fig. 5.6(
) we observed the 
overage performan
e for a �xed level of 
lustering, 
orresponding

to the normalized 
luster radius of 0.1 (normalized to the size of the simulation window). Now,

we 
hange our perspe
tive and observe the impa
t that 
lustering of infrastru
ture has on di�erent

sharing s
enarios (we assume spe
trum sharing based on 
hannel bonding). Figures 5.8(a) to 5.8(
)

present the 
overage performan
e for ea
h of our sharing s
enarios when the infrastru
ture is: inde-

pendently distributed (ppp), 
o-lo
ated (u → 0), and 
lustered with a variable 
luster radius.

As expe
ted, in Figures 5.8(a) and 5.8(b) we observe that the in
rease in 
lustering (de
rease

in 
luster radius) deteriorates 
overage (the dire
tion of 
hange marked with a red arrow) for both
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Figure 5.6: The 
overage probability for di�erent sharing s
enarios with 
hannel bonding.
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Figure 5.7: The 
overage probability for di�erent sharing s
enarios with best 
hannel sele
tion.

full and infrastru
ture sharing s
enarios. In the 
ase of spe
trum sharing (Fig. 5.8(
)) the impa
t of


lustering on the sharing performan
e is more 
omplex. At low SIR values we observe that the 
o-

lo
ated infrastru
ture provides superior 
overage while the independently distributed infrastru
ture

fares the worst. After the 
ross-over point (slightly below 0 dB) the situation reverses. This is related

to an interplay between intra- and inter-
luster interferen
e. Clearly, de
reasing the 
luster radius

in
reases intra-
luster interferen
e. However, as the 
luster radius is de
reased so is the inter-
luster

interferen
e, as the distribution of distan
es to the interferers outside of the serving 
luster 
hanges

(pairs of interferers are getting 
loser to ea
h other). E�e
tively, while we observe that 
lustering

redu
es the probability of obtaining SIR-values above the 
ross-over point (due to in
reased inter-


luster interferen
e), we also observe an in
rease in the probability of obtaining SIR-values below

the 
ross-over point (due to redu
ed intra-
luster interferen
e), as 
ompared to the independently

distributed infrastru
ture.
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Figure 5.8: The 
overage probability versus the relative 
luster size in a shared 
lustered network (the

performan
e of independently distributed network is marked with a dashed horizontal line).

Average data rate

When the average user data rate is 
onsidered (see Fig. 5.9), with the 
luster radius being large

enough, we 
an observe that the rate performan
e with network sharing is always improved over

the non-sharing s
enario, whi
h, as derived in [62℄, is approximately 1.49 nats/sHz. Moreover, full

network sharing outperforms all other sharing s
enarios for majority of the 
luster radii. It is only

at small 
luster radii when the data rate signi�
antly drops, and, in fa
t, when the infrastru
ture 
o-

lo
ates full sharing a
hieves the same performan
e as the spe
trum sharing s
enario. From the �gure

we 
an also see that signi�
ant 
lustering and 
o-lo
ation of operator networks have a dramati
 e�e
t

on the data rate performan
e of the spe
trum sharing s
enario (due to strong interferen
e present

in the shared network), whi
h applies both to independent (see Fig. 5.9(a)) and LGCP-distributed

networks (see Fig. 5.9(b)). This result shows the need to apply smart spe
trum resour
e allo
ation

te
hniques whenever a high level of 
lustering is present in a multi-operator network, whi
h is

typi
ally the 
ase with real mobile networks [35℄.
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Figure 5.9: The average user data rate performan
e versus the relative 
luster size in a shared 
lustered

network with 
hannel bonding.

Unsurprisingly, in Fig. 5.10 we see that best 
hannel sele
tion results in lower average data

rates than in the 
ase of 
hannel bonding. Yet, the diversity gain obtained from the appli
ation

of best 
hannel sele
tion allows operators to mitigate some of the detrimental e�e
ts of in
reased

interferen
e, and the more 
lustered the network the more e�
ient this mitigation be
omes.
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Figure 5.10: The average user data rate performan
e versus the relative 
luster size in a shared 
lustered

network with best 
hannel sele
tion.

Network density imbalan
e between sharing operators

We now show the performan
e of network sharing depending on the imbalan
e in the density of

the networks of two operators. We spe
i�
ally look at the average user data rate. We de�ne the

imbalan
e as the ratio between the respe
tive intensities of their networks λ2/λ1, with 0.1 meaning

highly unbalan
ed networks and 1 standing for evenly-sized networks. We 
an immediately note

from Fig. 5.11(a) that the imbalan
e has no impa
t on the performan
e of independently distributed

networks for the 
ases when infrastru
ture is shared, whi
h is pre
isely the 
onsequen
e of the

result stated in Corollary 3, whereby the density of the infrastru
ture has no impa
t on the SIR

performan
e. We 
an also observe that, in the 
ase of spe
trum sharing, the operator that has a

denser network bene�ts the most from sharing, whi
h is 
onsistent with the fa
t that there is less

interferen
e 
reated by the network of the smaller operator. Interestingly, at a spe
i�
 imbalan
e

level, for the smaller operator it does not make sense to share the spe
trum anymore, at least without

sharing the infrastru
ture. In the 
ase of 
lustered deployment in Fig. 5.11(b), we observe that the

infrastru
ture sharing gains provide additional performan
e bene�ts as soon as the network of the

smaller operator is enlarged. Eventually, spe
trum sharing for the larger operator outperforms

infrastru
ture sharing when the imbalan
e is signi�
ant, whi
h is related to the minus
ule level

of interferen
e su�ered from the smaller operator. When we look at the imbalan
e of a 
o-lo
ated

network (see Fig. 5.11(
)), we 
an see fast degradation of performan
e for the spe
trum sharing 
ases,

whi
h is again expe
ted as in
reased 
o-lo
ation produ
es stronger interferers in the proximity of

the desired transmitters.
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Figure 5.11: The average user data rate performan
e versus the imbalan
e in the size of the networks

between the operators.
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5.4.2 Spe
trum sharing with 
oordinated inter-operator interferen
e

In the following we perform a numeri
al study of the impa
t that a spe
trum sharing poli
y has on

inter-operator interferen
e, and, e�e
tively, the 
overage and data rate performan
e. The resour
e

sharing poli
y we use is based on the 
on
ept of ex
lusion zones, i.e., dis
s of arbitrary size 
entred at

the lo
ations of transmitters, in whi
h a given resour
e 
annot be shared. As illustrated in Fig. 5.12,

given a resour
e belonging to some operator n, transmitters of operators other than n whi
h are at a

distan
e smaller than or equal to the radius of an ex
lusion zone from any transmitter of operator n


annot utilize that resour
e. By adjusting the ex
lusion zone radius operators may swit
h between

more permissive and more restri
tive attitude towards resour
e sharing (at an extreme resorting to

ex
lusive use). We apply the ex
lusion zones to 
oordinate sharing of radio spe
trum.

Formally, a spe
trum sharing ex
lusion zone for a spe
trum band that belongs to operator n is

a dis
 of radius Rn ∈ R+ ∪ {0} 
entred at the lo
ation of a transmitter y ∈ Φn whi
h prohibits

transmitters of any operator other than n lo
ated within that dis
 from utilizing spe
trum band

n. For the sake of 
larity of our argument we assume that Rn is the same for all operators, yet a

more general 
ase requires simply an additional index. Now, the spe
trum sharing poli
y for some

transmitter x for spe
trum band n ∈ N takes the following value:

vnx =





1, if x ∈ Φn

1, if x ∈ Φ \ Φn ∨ ||x− y|| > Rn∀y ∈ Φn,

0, otherwise.

(5.17)

Loosely speaking, the spe
trum sharing poli
y implies that only two types of transmitters may

operate in spe
trum band n: all the transmitters of operator n, i.e., Φn, and transmitters of operators

other than n whi
h are at least an Rn distan
e apart from any transmitter of operator n, i.e., Φ̂j with

j ∈ N \ {n}. Note that Φ̂j is a Poisson hole pro
ess (PHP) [50℄ whi
h is known to be analyti
ally

intra
table, with typi
al approximations involving thinning a PPP with a fun
tion that 
orresponds

to the radius of the ex
lusion zone (see [122℄). In our work instead of approximations we rely on

dire
t results obtained by means of MC simulations.

Figure 5.12: Ex
lusion zone-based 
oordination in resour
e sharing. When operators are restri
tive in

sharing of their resour
es, they simply in
rease their ex
lusion zones resulting in low sharing levels (bottom-

left 
orner). When operators be
ome more permissive in the sharing of their resour
es, they de
rease the

ex
lusion zones resulting in more resour
es being shared (top-right 
orner).
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Coverage probability

As noted previously, when spe
trum is shared without inter-operator interferen
e 
oordination,

the 
overage probability gains from spe
trum sharing be
ome signi�
antly deteriorated due to the

presen
e of an in
reased number of interferers, some of whi
h being lo
ated in 
lose proximity to the

referen
e user. When ex
lusion zones are applied evenly to ea
h of the operators, we 
an, indeed,

observe an improvement in the 
overage performan
e (see Fig. 5.13). In Fig. 5.13, in addition

to the normalized ex
lusion zone radius, we provide the per
entages of transmitters from ea
h

operator that are not permitted to use the shared spe
trum (they 
an only utilize the spe
trum

band belonging to their operator). As we 
an observe in Fig. 5.13(a), the elimination of the nearest

interferers (R = 0.1) does not yield a signi�
ant improvement to the 
overage performan
e when

the networks are independently distributed. A signi�
ant improvement to the 
overage performan
e

may only be observed if at least 50% of the transmitters of the other operator are removed (R >

0.2). When 
lustering is applied (see Fig. 5.13(b)) the situation 
hanges and improvements to the


overage performan
e 
an be observed even for smaller ex
lusion zone radii (R ≤ 0.1). Interestingly,

when large ex
lusion zone radii are applied (R ≤ 0.3), the 
overage performan
e of independently

distributed network is slightly better than the LGCP-distributed network. This is related to the fa
t

that the LGCP-distributed network models both 
lustering and repulsion. So while the 
lustering

interferers will be removed at a relatively small ex
lusion zones radius, the interferers being repulsed

will require larger ex
lusion zone radii and will likely be distributed 
loser to the referen
e user than

the PPP-distributed interferers. Obviously, for 
o-lo
ated networks (see Fig. 5.13(
)) ex
lusion zones

prohibit any form of spe
trum sharing.
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Figure 5.13: The 
overage probability in the 
oordinated spe
trum sharing s
enario with 
hannel bonding,

where R denotes the normalized ex
lusion zone radius and the per
entages in bra
kets represent the number

of �shutdown� transmitters from ea
h operator when operating in a spe
trum band of another operator.

When instead of 
hannel bonding we apply best 
hannel sele
tion to shared spe
trum usage

(see Fig. 5.14), we 
an observe that ex
lusion zones do not impa
t the performan
e as signi�
antly

as in the 
hannel bonding 
ase, and it is only for high SIR�values that the 
overage probability is

improved. We also see that ex
lusion zones fare better when some-level of spatial 
lustering between

transmitters is involved. In general, we 
an say that spatial 
oordination in spe
trum sharing

provides more improvement to 
overage of the networks that exhibit some forms of 
lustering.

Average data rate

We have already shown that applying ex
lusion zones may lead to signi�
ant improvements to

network 
overage. Quite remarkably this improvement does not deteriorate the average data rate!
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Figure 5.14: The 
overage probability in the 
oordinated spe
trum sharing s
enario with best 
hannel

sele
tion, where R denotes the normalized ex
lusion zone radius and the per
entages in bra
kets represent

the number of �shutdown� transmitters from ea
h operator when operating in a spe
trum band of another

operator.

As we 
an see in Fig. 5.15 imposing an ex
lusion zone that eliminates as mu
h as 75% of the

transmitters has almost no e�e
t on the average data rate. At �rst it may sound 
ounter-intuitive,

yet the ex
lusion zones a�e
t not only the set of interferers, but also the probability that our tagged

transmitter will be able to use shared spe
trum. With spatially applied 
oordination these two

e�e
ts seem to 
an
el ea
h other out, and we re
eive almost 
onstant average data rate for a range

of ex
lusion zone radii. Contrary to 
overage, more 
lustering has a negative impa
t on the average

data rate as we 
an see in Fig. 5.15(b) and Fig. 5.15(
).
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Figure 5.15: The average user data rate in a 
oordinated spe
trum sharing s
enario with 
hannel bonding,

where R denotes the normalized ex
lusion zone radius and the per
entages in bra
kets represent the number

of shut down transmitters from ea
h operator when operating in a spe
trum band of another operator.

When best 
hannel sele
tion is applied to 
oordinated spe
trum sharing (see Fig. 5.16), we 
an

observe that the average data rate is signi�
antly redu
ed (even in respe
t to the no sharing 
ase)

due to in
rease in interferen
e. Appli
ation of the ex
lusion zones does not readily translate into

an in
rease in the data rate, and large ex
lusion are required to result in any in
rease in the data

rate. Interestingly, for the LGCP distributed network (see Fig. 5.16(b)) we 
an observe that the

data rate o�ered by a network of a single operator is redu
ed with respe
t to a single-operator

PPP-distributed network. That is related to the spatial 
lustering inherent to LGCP-distributed

transmitters.
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Figure 5.16: The average user data rate in a 
oordinated spe
trum sharing s
enario with best 
hannel

sele
tion, where R denotes the normalized ex
lusion zone radius and the per
entages in bra
kets represent

the number of shut down transmitters from ea
h operator when operating in a spe
trum band of another

operator.

5.5 Con
lusion

In this 
hapter, we have assessed the fundamental trade-o�s between spe
trum and infrastru
ture

sharing in wireless mobile networks at various degrees of spatial 
orrelation between the networks of

sharing operators. What we have observed is that ea
h type of sharing has its own distin
tive trait,

whi
h we summarize in Fig. 5.1. While spe
trum sharing alone provides an in
rease in the a
hievable

data rate (at the expense of 
overage), infrastru
ture sharing gives additional degrees of freedom

when 
hoosing the point of atta
hment to the network, resulting in improved 
overage. When the

two sharing types are 
ombined, we observe signi�
ant in
rease in the average user data rate and

improvements to the network 
overage as 
ompared to the non-sharing s
enario (yet, lower 
overage

than in the pure infrastru
ture sharing s
enario). Consequently, infrastru
ture and spe
trum sharing


annot be simply substituted for ea
h other, as there exists a trade-o� in the 
overage and data

rate performan
e between the two. Moreover, 
ombination of the two approa
hes does not linearly

s
ale the respe
tive 
overage and data rate gains; yet it provides respe
table improvement to both

over the non-sharing 
ase, whi
h together with the potential for 
ost redu
tions may make it a


ommer
ially attra
tive solution.

Additionally, we observed that the way that spe
trum is shared makes a di�eren
e to both the


overage and data rate performan
e. In parti
ular, when 
overage is the main 
on
ern, it is more

bene�
ial for operators to pool their spe
trum bands and allow for their transmitters to dynami
ally

sele
t the spe
trum 
hannel, rather than simply bond the available 
hannels. Also, the relative

spatial distribution, and the relative density of the networks of the sharing operators, have signi�
ant

impa
t on the performan
e, and need to be taken into a

ount when evaluating the potential bene�ts

of network sharing. In parti
ular, when the networks of two mobile operators are 
losely spatially


orrelated, then any gains obtained from aggregating spe
trum are signi�
antly redu
ed due to

in
rease in interferen
e. This e�e
t may be 
ombated by the appli
ation of 
oordinated spe
trum

sharing, whi
h espe
ially for networks with more spatial 
lustering may signi�
antly improve the

per
eived 
overage, without hampering the data rate performan
e. Eventually, the imbalan
e in the

density of the networks of the sharing operators has a signi�
ant impa
t on how the two operators

per
eive sharing gains. Counter-intuitively, it is the larger operator that gets the most bene�ts

from spe
trum sharing, in terms of user data rate. The improvements to network 
overage through
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infrastru
ture sharing are the highest when the networks of the two operators are similarly-sized.
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OTT-MNO sharing

�We're still behaving like the rebel allian
e, but now we're the Empire.�

- Pete Warden, Pete Warden's blog

Over-the-top servi
e providers, su
h as Google or Fa
ebook, are asserting their role as the new

driving for
e in the developments in ar
hite
tures of wireless mobile networks. The re
ently an-

noun
ed Google Proje
t Fi is, in fa
t, an example of a new type of a player in the mobile networks

market, namely one that is simultaneously an over-the-top servi
e provider, an infrastru
ture pro-

vider and a mobile virtual operator. From that perspe
tive it is important to understand the

potential of the existing networks to satisfy the requirements of these new players, as well as the

strategies that they may take up to provide mobile servi
e to their users. In this 
hapter we make

a 
ontribution to the state-of-the-art in modelling: the e�
ien
y of minimum 
ost sele
tions made

by over-the-top servi
e providers over shared wireless mobile networks, and the in
entives for radio

a

ess infrastru
ture deployments by over-the-top servi
e providers. The lion's share of this 
hapter

is based on our two arti
les [42, 115℄.

6.1 Introdu
tion

The new te
hnologi
al 
hallenge ahead for mobile network operators (MNOs) is to meet a 1000�

fold in
rease in demand for mobile 
apa
ity [8℄. However, meeting this 
hallenge requires that

MNOs fa
e the hard fa
ts of ever-in
reasing infrastru
ture 
osts [123℄ and popularity of over-the-top

servi
es whi
h �extra
t revenue that would otherwise be generated by the MNO from traditional

voi
e and data servi
es� [11℄. Ensuring that mobile networks provide adequate 
apa
ity for over-the-

top servi
es is of parti
ular 
on
ern for over-the-top servi
e providers (OTTs), su
h as Google, Skype

or Net�ix, whi
h rely on mobile networks to o�er their servi
es and 
ontent to their mobile users.

Taking Google as our prime example, we see an in
reasing push among the OTTs to assert their

role in shaping how mobile networks are a

essed and deployed. The re
ently announ
ed Google

Proje
t Fi brings about a new type of a player to the mobile networks market, namely one that

is an OTT, an infrastru
ture provider and an Mobile Virtual Network Operator (MVNO) at the

same time. Subs
ription with Fi allows owners of Nexus 6 smartphones to 
onne
t with the Internet

using unli
ensed WiFi infrastru
ture, 
ontra
ted or deployed by Google, or, if WiFi is unavailable,

the 
ellular network of T-Mobile or Sprint.

It is pre
isely this kind of behaviour that we were envisioning as part of the 
on
ept of Networks

without Borders (NwoB) [10, 11℄. One of the fundamental aspe
ts underlying Networks without
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Borders is the ability of servi
e providers to dynami
ally sele
t a set of wireless a

ess points from

the pool of all available resour
es

1

that meets the requirements of the end-user or the servi
e, while,

perhaps, bearing the lowest possible 
ost for an operator. These requirements may have a variety

of forms, from the basi
 quality of servi
e aspe
ts su
h as 
overage or 
apa
ity, to more 
omplex

ones su
h as indoor 
overage or low laten
y, or a 
ombination thereof. Herein, we fo
us solely

on studying a �rst tra
table formulation of the pro
ess, whi
h we term 
overage shaping. While

in the 
ase of Google Proje
t Fi these resour
e sele
tion de
isions are performed in a distributed

manner

2

, the 
overage shaping is a 
entralized me
hanism, whi
h provides us with upper bounds

on the 
ost e�
ien
y. Another aspe
t of the NwoB e
osystem, whi
h we study in this 
hapter,

is related to 
apa
ity extensions of the existing infrastru
ture deployments. Assuming that these

extensions happen via network densi�
ation

3

, i.e., small 
ell deployments, OTTs fa
e a dilemma of

whether to invest in their own radio a

ess infrastru
ture, similarly to Google's WiFi deployments

made in some North Ameri
an 
ities, or enter into an servi
e level agreement (SLA) with an MNO,

following the Google Proje
t Fi example. In the former 
ase the OTT bears the full 
osts of the

required unli
ensed radio a

ess infrastru
ture, while in the latter 
ase it pays re
urring 
harges to

the MNO. The MNO, in turn, may invest this additional revenue in the densi�
ation of its network,

for example, by deploying small 
ells. The two topi
s are slowly getting re
ognition and resear
h

work that addresses these and similar 
on
erns is �nally �nding its outlet in resear
h papers.

Let us start by noting that, in its most general form, the pro
ess of 
overage shaping resembles

the well-studied pro
ess of network planning, and more spe
i�
ally 
overage planning. Network

planning involves sele
ting lo
ations to install base stations, setting 
on�guration parameters, and

assigning 
arrier frequen
ies to meet the 
overage and 
apa
ity demand of a given geographi
al area.

The obje
tive of 
overage planning is to sele
t base station lo
ations so as to provide su�
ient signal

quality (under pre-spe
i�ed interferen
e levels) over a target area with minimum network 
ost [80℄.

A number of models and approa
hes to the 
overage planning problem 
an be found in [79℄. The

more up-to-date version of the problem is how to allo
ate resour
es in a shared virtualized wireless

network. In [125℄ the authors 
onsider the problem of determining the optimal set of resour
es to be

leased from multiple infrastru
ture providers, whi
h 
an then be sli
ed among di�erent servi
e pro-

viders to satisfy their demand. The authors model the problem as a two-stage sequential sto
hasti


allo
ation. In [126℄ a mat
hing (through hierar
hi
al au
tion) is found between spatially distributed

users and frequen
y resour
es available at the nearest base station belonging to some infrastru
ture

provider. This mat
hing is intermediated by virtual operators that intera
t with a number of infra-

stru
ture providers on behalf of their subs
ribers. In [127℄ the physi
al infrastru
ture, represented

as virtualized frequen
y-time resour
e blo
ks, is shared among multiple virtual operators. Then,

allo
ation of su
h virtualized infrastru
ture to the virtual operators is made by means of dynami


greedy network embeddings. Similarly, in [128℄ a network embedding approa
h is 
onsidered to

dynami
ally split virtualized resour
e blo
ks between multiple publi
 safety operators su
h that re-

sour
e o

upan
y is maximized. Physi
al resour
e blo
ks are also allo
ated among servi
e providers

in [129℄. This time, however, multiple servi
e providers 
ooperate in a bankrupt
y game to allo
ate

virtualized resour
es provided by multiple infrastru
ture providers su
h that the number of resour
es

allo
ated is proportional to the tra�
 and fairness is ensured by means of the Shapley value [87℄.

1

These resour
es may in
lude assets of the 
urrent mobile networks, remote radio heads, small 
ells, 
ommer
ial

WiFi networks or household a

ess points.

2

The end-user devi
e prioritizes WiFi 
onne
tivity over 
ellular.

3

Network densi�
ation is 
onsidered as the most e�e
tive way to date to in
rease over-the-air throughput (see

[124℄).
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Similar type of questions are also 
onsidered within the s
ope of multi-tenant heterogeneous net-

works [130℄, where virtualized resour
es are leased between spatially adja
ent infrastru
ture to deal

with spatio-temporal variations in demand intensity.

The majority of models relevant to the dilemma that OTTs fa
e, i.e., whether to invest in their

own radio infrastru
ture or to enter into an SLA with an MNO, have been proposed and studied

in 
onne
tion with the �net neutrality� dis
ussion. In [6℄ we �nd a summary of various possible

frameworks for the intera
tion between OTTs and MNOs. These intera
tions 
an be 
lassi�ed based

on the pri
ing regime applied, i.e., one-sided, where no additional fees are 
olle
ted from servi
e

providers, or two-sided, where servi
e providers are 
harged a

ording to the terms of bilateral SLAs

with infrastru
ture providers. Among one-sided pri
ing models we 
an �nd the status quo model,

where best e�ort tra�
 of various OTTs is subje
t to tra�
 engineering te
hniques whi
h limit


ertain types of servi
es, for example, by blo
king peer-to-peer tra�
, or the stri
t net neutrality

model, where network operators apply non-dis
riminatory tra�
 management, yet they 
ap the

available 
apa
ity on a per user basis, or the user-tiering model, where the network operator 
harges

users for di�erent Quality of Servi
e (QoS) levels delivered. Two-sided pri
ing involves OTTs paying

either a guaranteed tra�
 fee 
orresponding to the guaranteed QoS level (servi
e provider-tiering

model) or a termination fee whi
h depends on the volume of OTT tra�
 that terminates in the

MNO network (termination fee model). Leaving aside the politi
al (and business) impli
ations,

ea
h of these approa
hes has its strengths and weaknesses, and 
an possibly be 
ombined into more

sophisti
ated pri
ing s
hemes, for example, the 
hannel quality-based pri
ing [131℄. We 
onstru
t

our model based on two-sided pri
ing and servi
e provider-tiering. This and similar pri
ing s
hemes

have been applied widely to study the impa
t of regulation on the wired networks and the Internet

market (see [132�134℄). For example, [133℄ studies a model with paid prioritization of 
ontent

(as well as various forms of market regulations) under a system that maximizes end-user utility.

A two-sided pri
ing model with side payments is studied in [134℄ where both 
ontent providers

and Internet servi
e providers 
harge users a subs
ription fee, with 
ontent providers generating

additional advertisement-related revenue. Another model with side payments, with the presen
e

of multiple 
ompetitive Internet servi
e providers and a monopolisti
 
ontent provider is studied

in [135℄. In [132℄ a similar model is studied, along with the dynami
s of the relationship between

Internet servi
e providers and 
ontent providers. A somewhat related problem is that of shared

deployments made by multiple infrastru
ture providers: in [116℄ multiple operators de
ide whether

and how to share new deployments, with the problem being modelled as a mixed integer program

(MIP). In addition, the OTT�MNO intera
tion may also be proje
ted onto a more 
onventional

relationship between an entrant MNO and an in
umbent MNO, in whi
h 
ase the former may enter

into a national roaming agreement with the latter [136℄. In our work we model the OTT�MNO

intera
tion using the axiomati
 bargaining framework (see Chapter 3).

The remainder of the 
hapter is split into two parts. In the �rst part, we study a sto
hasti


optimization model to deal with the problem of minimum 
ost resour
e sele
tion in pooled wireless

networks made by servi
e providers. In the se
ond part, we analyze the OTT�MNO intera
tion

modelled as a 
ooperative game over a spatially distributed demand.
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6.2 E�
ien
y of infrastru
ture pooling under minimum servi
e

requirements

Wireless systems provide radio a

ess by means of a set of wireless a

ess points (in 
ellular networks

these 
orrespond to base stations), whi
h transmit and re
eive radio signals to/from end-user mobile

terminals within a spe
i�ed servi
e area. We de�ne a servi
e area as a set of geographi
al points

in whi
h the re
eived signal strength from the wireless a

ess point in 
onsideration is higher than

the re
eption threshold, and the re
eived interferen
e is kept below a pre-spe
i�ed level [80℄. The

size of the servi
e area depends on wireless a

ess point 
on�gurations, su
h as transmit power,


arrier frequen
y or antenna tilt, as well as on radio 
hannel e�e
ts, su
h as pathloss, multipath

fading and shadowing. In the 
ontext of NwoB, wireless a

ess points and their 
orresponding

servi
e areas are virtualized to enable �on the �y� (the time-s
ale of this pro
ess should re�e
t the

daily 
hanges in radio resour
e usage) re
on�guration of wireless networks. These wireless networks


an be re
on�gured in line with a range of obje
tive fun
tions. One su
h obje
tive is to meet the

desired 
overage at a minimum base station 
ost, whi
h we term 
overage shaping. In general,


overage shaping 
an be stated as follows: given a set of geographi
al points in an area, 
alled a

universe, and a set of wireless a

ess points (with their 
orresponding 
on�gurations), ea
h of whi
h


overing a subset of elements of the universe (servi
e areas), �nd a set of wireless a

ess points with

a minimum asso
iated 
ost su
h that the union of their servi
e areas will 
ontain all the elements

of the universe. Figure 6.1(a) depi
ts a multi-operator wireless network prior to 
overage shaping,

while Figure 6.1(b) shows a minimum 
ost instan
e of the same network. An alternative de�nition

of 
overage shaping may be stated as follows: �nd a minimum number of wireless a

ess points su
h

that the union of their servi
e areas will 
ontain a spe
i�ed fra
tion of the elements of the universe

to meet a pre-spe
i�ed servi
e reliability. We will refer to the former as full 
overage shaping, while

to the latter as partial 
overage shaping.

(a) Prior (b) After

Figure 6.1: Coverage shaping on a pooled wireless infrastru
ture.

In the following se
tion we formulate the full and partial 
overage shaping problems as extensions

to a 
lassi
al 
ombinatorial optimization formulation (the set 
over problem (SCP), see [77℄) whi
h

we solve using state-of-the-art MIP solvers. Eventually, we study the e�
ien
y of minimum 
ost

sele
tions over pooled real 
ellular infrastru
ture in a number of lo
ations in Poland, as well as over


ellular infrastru
ture distributed a

ording to some sto
hasti
 pro
esses.
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6.2.1 Network model and problem formulation

Let us de�ne an extreme radio a

ess network infrastru
ture sharing s
enario in whi
h a number

of wireless a

ess points, deployed independently by a set of infrastru
ture providers M 6= ∅, are
added to resour
e pool S =

⋃
m∈M Sm, where Sm 6= ∅ is a set of wireless a

ess points deployed and

owned by infrastru
ture provider m ∈ M. Ea
h wireless a

ess point j ∈ S provides wireless radio


overage 
orresponding to 
on�gured 
enter frequen
y f ∈ Fm and transmit power t ∈ T , where
Fm 6= ∅ is a set of non-interfering 
enter frequen
ies used by infrastru
ture provider m, and T 6= ∅
is a set of available transmit power 
lasses. Let us also denote cj as the 
ost of in
luding wireless

a

ess point j in the instantiation of a wireless network.

Let us de�ne an arbitrary geographi
al area whi
h the operator wishes to 
over. A
knowledging

the advantages of systemati
 sampling [80℄, we split the area into a re
tangular grid, whi
h 
onsists

of a set of pixels P 6= ∅, su
h that ea
h pixel is of size r-by-r km where r ∈ R+ is the resolution of

the grid. For simpli�
ation, we assume that the 
onsidered area lies in two-dimensional Eu
lidean

spa
e, and ea
h pixel is represented by its 
entroid.

Full 
overage shaping

In a 
ellular system, a 
ommuni
ation link between a base station and a mobile terminal needs to

satisfy some minimum QoS. Starting from analogue systems, this QoS level was stri
tly related to

the signal-to-interferen
e ratio (SIR) threshold, whi
h a

ounted for inter-
ell interferen
e [97℄. In

4

th

generation (4G) systems this threshold relies on the signal-to-noise and interferen
e ratio (SINR)

measured by a mobile terminal, whi
h is used to optimize system 
apa
ity and 
overage for a given

transmission power. If the measured SINR for a parti
ular lo
ation is lower than the threshold, no

reliable transmission link to the base station may be established [137℄. Following this, we assume

a mobile terminal lo
ated in pixel i ∈ P may establish a 
ommuni
ation link with wireless a

ess

point j ∈ S only if the long-term average SINR for the a

ess point's re
eived signal satis�es the

following 
ondition:

γi = hijtj(ηi +
∑

k∈S,k 6=j

1[fj=fk]hiktk)
−1 ≥ γ∗, (6.1)

where tj denotes the downlink transmit power of wireless a

ess point j, and hij denotes the 
hannel

gain between pixel i and wireless a

ess point j, whi
h 
onsists of fading term wij and pathloss term

lij . ηi denotes the additive noise power re
eived by a mobile terminal lo
ated at pixel i. We assume

this additive noise term to be normalized, i.e. ηi = 1, ∀i ∈ P . Moreover, the indi
ator fun
tion

1[fj=fk] ensures that we a

ount only for interferen
e from wireless a

ess points operating in the

same frequen
y.

The QoS 
onstraint (6.1) is a non-linear 
onstraint, and, hen
e, might be di�
ult to handle.

However, assuming that the pooled resour
es 
ome stri
tly from the existing 
ellular networks we


an note two key fa
ts: 1) networks of di�erent MNOs use ex
lusively li
ensed and, hen
e, non-

interfering frequen
ies, 2) ea
h of the operators has already optimized its network, and if the 
urrent

frequen
y and power 
on�gurations are not altered the interferen
e thresholds shall not be violated.

Based on these assumptions we 
an re-state 
onstraint (6.1) as the re
eiver sensitivity 
onstraint:

ri = hijtj ≥ r∗. (6.2)
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Re
eiver sensitivity level r∗ and transmit power tj are prede�ned network parameters, while 
hannel

state information hij 
an be inferred from the existing network measurements. By pre-
omputing

the available values, and using indi
ator fun
tion 1[ri/r∗≥1] we obtain the binary in
iden
e matrix

A, where a single entry aij spe
i�es whether or not wireless a

ess point j 
overs pixel i. Having

obtained the in
iden
e matrix A we 
an formulate the full 
overage shaping problem as follows:

min
{xj}

∑

j∈S

cjxj (6.3)

subje
t to:

∑

j∈S

aijxj ≥ 1 ∀i ∈ P , (6.4)

xj ∈ {0, 1} ∀j ∈ S, (6.5)

whi
h is the 
lassi
al SCP formulation [77℄, where 
onstraint (6.4) ensures that every point of

a geographi
al area belongs to at least one servi
e area, while 
onstraint (6.5) ensures that the

minimum 
ost 
hoi
e is a binary de
ision made for ea
h wireless a

ess point.

Partial 
overage shaping

Full 
overage provisioning may be per
eived as a spe
ial 
ase of the partial 
overage provisioning

problem. In the partial 
overage provisioning problem, 
onstraint (6.4) is relaxed to allow fra
tional


overage servi
e requirements. This 
an be a
hieved by repla
ing the right-hand side ve
tor of ones

in (6.4) with binary random ve
tor ξ, where 
omponent ξi denotes a servi
e request stemming from

point i at a given point in time:

ξi =




1, one or more servi
e requests originate from point i,

0, otherwise.
(6.6)

In partial 
overage provisioning, the goal is to meet the new 
overage 
onstraint with probability at

least α ∈ (0, 1], whi
h represents some pre-spe
i�ed servi
e reliability level. Hen
e, (6.3)-(6.5) 
an

be re-formulated as follows:

min
{xj}

∑

j∈S

cjxj (6.7)

subje
t to:

P

(
∑

j∈S

aijxj ≥ ξi

)
≥ α ∀i ∈ P , (6.8)

xj ∈ {0, 1} ∀j ∈ S, (6.9)

where P(·) denotes probability, and (6.8) is a joint probabilisti
 
onstraint, as used in [138℄. The

resulting formulation is a sto
hasti
 SCP, whi
h in general might be hard to solve. However,

following the remark from [138℄, if we assume independen
e of the 
omponents of ξ, then the

deterministi
 equivalent integer program 
an be found as follows. Note that (6.8) is equivalent to
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the existen
e of a ve
tor z ∈ {0, 1}|P|
su
h that Ax ≥ z and:

P
(
z ≥ ξ

)
≥ α, (6.10)

where P(·) is a joint probability of |P| independent events. Taking the logarithm of both sides of

(6.10) we arrive at the following inequality:

∑

i∈P

ln

(
P
(
zi ≥ ξi

))
≥ ln(α). (6.11)

Observing that P
(
1 ≥ ξi

)
= 1 and P

(
0 ≥ ξi

)
= P

(
ξi = 0

)
, and assuming that P

(
ξi = 0

)
(the

probability that no servi
e request will originate from pixel i) is known, we arrive at the following


ombinatorial reformulation of (6.7)-(6.9):

min
{xj ,zi}

∑

j∈S

cjxj (6.12)

subje
t to:

∑

j∈S

aijxj ≥ zi ∀i ∈ P , (6.13)

∑

i∈P

(1− zi) ln

(
P
(
ξi = 0

))
≥ ln(α), (6.14)

xj ∈ {0, 1} ∀j ∈ S, (6.15)

zi ∈ {0, 1} ∀i ∈ P . (6.16)

Similarly to (6.3)-(6.5), the resulting formulation is a 
ombinatorial optimization problem for whi
h

we 
an apply the same set of solvers.

6.2.2 Numeri
al results

In this se
tion we present exa
t 
overage shaping results obtained with the CPLEX ILOG tool for

two datasets 
onsisting of real and random network deployments.

Optimization tools

There are several exa
t and heuristi
 approa
hes to solving set 
overing problems [77℄. Sin
e both

of our problems fall under the 
ategory of MIP models, we de
ided to rely on 
ommer
ial software

(IBM ILOG CPLEX 12.5 solver) that o�ers 
ustomizable solvers for general MIP problems and is

available for use under a
ademi
 li
ensing. In order to �nd an exa
t solution to a MIP, the CPLEX

solver applies an optimized version of a bran
h-and-
ut algorithm. This approa
h works well for

both full and partial 
overage problems, and exa
t solutions to reasonably large problem instan
es

(approximately 1000 variables and 3000 linear 
onstraints) 
an be found in a

eptable time-s
ales

(in the range of an hour). We ran the solver on a 
omputer with 8Gbytes of RAM, and an Intel

Core i7-3740QM 2.70GHz CPU with 64-bit instru
tion set, 8 logi
al 
ores and a 
a
he of 6Mbytes.

The version of Linux used was 3.5.0-31-generi
 x86_64 GNU/Linux. The solver was set to run
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deterministi
ally the maximum number of available threads with the relative MIP gap toleran
e of

3% for the full 
overage problem and 5% for the partial 
overage problem, and the absolute upper

limit on the size of the bran
h-and-
ut tree of 100× 1024Mbytes. The other parameters were used

a

ording to their default algorithmi
 settings. In the full 
overage 
ase, before a problem instan
e

is fed to the solver we prepro
ess it by removing redundan
ies and dominations inside in
iden
e

matrix A [77℄.

Results

To evaluate the e�
ien
y of the inter-operator infrastru
ture sharing we test the proposed 
overage

shaping models against real network deployment data from Poland, as well as against a randomly

generated dataset. The real data we have 
ontains base station deployment information from the

four major MNOs operating in the Polish mobile market, namely Orange, Play, Plus and T-Mobile.

For ea
h of the MNOs we have extra
ted snapshots of base station geo-lo
ation data (from Groupe

Spe
ial Mondiale (GSM)/Universal Mobile Tele
ommuni
ations System (UMTS) radio li
enses listed

on-line at [139℄) for four di�erent 
ities that di�er in deployment density (the average number of

base stations deployed per unit area) and in the mix of 
ommer
ial and residential areas: Warszawa,

Wro
ªaw, Olsztyn, and �widni
a. Ea
h snapshot is a 10.9-by-4.2 km grid (whi
h 
orresponds to

zoom 14 in Google Maps) with a resolution of 100meters, 
entered at the 
ity 
enter, that 
ontains

base station lo
ations for three radio te
hnologies: GSM in 900MHz (GSM900), GSM in 1800MHz

(GSM1800), and UMTS in 2100MHz (UMTS2100).

In addition, we also present results for a random deployment of base stations, following a Poisson

point pro
ess (for this random geographi
al distribution model, we used the same intensity of base

stations per te
hnology and operator as we observed from the real deployment data). The real and

random deployment for Wro
ªaw are depi
ted in Figures 6.2(a) and 6.2(b), respe
tively; qualitat-

ively, the deployment density in the two 
ases exhibits di�erent properties, i.e. real deployment

tends to have a mu
h larger peak density 
entred around the 
entral area, while (not surprisingly!)

random deployment is more uniform.
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(a) Empiri
al (urban area)
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(b) Random

Figure 6.2: Network deployment for Wro
ªaw with Voronoi tessellation (dots denote single base stations,

while squares denote 
o-lo
ated ones). Random network deployment with Voronoi tessellation (using the

same intensity of base stations as in Figure 6.2(a)).

For both datasets, we model the propagation a

ording to the modi�ed Hata model [140℄, with
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base station height of 10meters, and mobile terminal height of 1.5meter. In our tests, we assume

two types of base station downlink transmit power allo
ation s
hemes: a) homogeneous, where

base stations are assigned omnidire
tional ma
ro
ell 
overage with an equivalent isotropi
 radiated

power (EIRP) of 45 dBm, b) heterogeneous, where base stations are assigned omnidire
tional ma
ro-

or mi
ro
ell 
overage (de
ided based on the inter-base station distan
e) with EIRP of 45 and 38 dBm

respe
tively. To ensure fair 
omparison for the homogeneous 
ase we assume that all base stations

have a �xed unitary 
ost of usage, while in the heterogeneous 
ase we assume the 
ost is dire
tly

proportional to transmit power.

To quantify the gains of 
overage shaping, we look at 
overage shaping e�
ien
y, whi
h we

de�ne as unity minus the 
ost of the shaped network divided by the 
ost of the baseline network.

For the formulation in question, the 
ost of the baseline network is simply the 
ost of all network

elements belonging to the MNOs, while the 
ost of the shaped network represents the total 
ost of

the minimum 
ost subset of the network elements that provides the desired 
overage. The following

analysis is intended to des
ribe limitations and provide arguments for the feasibility of base station

sele
tions made under the s
ope of inter-operator infrastru
ture sharing and, more generally, NwoB.

Figures 6.3(a) and 6.3(b) show the full 
overage shaping e�
ien
y for the two power allo
ation

s
hemes and the two datasets. We immediately observe that the highest e�
ien
y improvements


an be a
hieved for the areas with higher deployment density. In the densest real 
ase (Warszawa)

the gains of 
overage shaping were as high as 98%. This means that a single operator, in order to

provide full ma
ro
ell 
overage, requires only 2% of all the existing base stations in the area (i.e.,

16 out of 934). This gain is also very high in 
omparison to the 
ost of a single-operator network

for both homogeneous and heterogeneous power allo
ations, whi
h shows how mu
h redundan
y

is introdu
ed to the network in order to se
ure the 
apa
ity and possibly ensure indoor ma
ro-,

mi
ro
ell 
overage. For the lowest density 
ase (�widni
a), the bene�ts of sharing arise as a result

of the 
olle
tive resour
e usage, whi
h may justify potential bene�ts of infrastru
ture sharing in

less urbanized areas. In this 
ase a single operator may not need to roll-out all the base stations

required to fully 
over the 
onsidered area; instead, infrastru
ture sharing among several operators

may make it e
onomi
ally feasible to provide servi
e to su
h typi
ally under-served areas.

Analyzing the di�eren
es in results between homogeneous and heterogeneous power allo
ations,

we 
an observe that the e�
ien
y is redu
ed with the power allo
ated to the system. This redu
tion

is inversely proportional to the deployment density. In addition, if we 
ompare the results for real

and random deployments, we 
an note that for low deployment densities (below approximately

5 bs/km

2
) the gains for random and real deployments diverge. This may be due to the fa
t that

real multi-operator deployments were planned to provide 
overage for the given area following more

or less the same 
overage pattern for every operator (hen
e, resulting in redundan
ies), while the

random deployments are more spread, resulting in lower redundan
y.

Figures 6.4(a) and 6.4(b) show the partial 
overage shaping e�
ien
y. Our �rst observation is

that relaxing the full 
overage assumption brings only moderate improvements to the e�
ien
y and,

hen
e, the total 
ost of the system. This happens due to the fa
t that the full 
overing provides

very few overlaps (espe
ially for areas of high deployment density). E�e
tively, every base station


overs large sets of pixels independently, whi
h highly in
reases the probability that at least one

pixel will require servi
e. Hen
e, no �fringe areas� poli
y 
an be enfor
ed even if we relax the servi
e

reliability level. One way to enfor
e moderately higher savings is to in
rease the pixel resolution

maintaining the same probability of a servi
e request or by pre-spe
ifying the fringe areas.
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Figure 6.3: Full 
overage shaping e�
ien
y for real and random deployments with homogeneous and het-

erogeneous power allo
ations.
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Figure 6.4: Shaping e�
ien
y of partial 
overing for real and random deployments with homogeneous and

heterogeneous power allo
ations, with varying servi
e reliability α and probability of no servi
e request

P
(
ξi = 0

)
.

6.3 OTT-MNO intera
tion and servi
e-driven deployment

As outlined in the introdu
tion, there are two entities in our systems an OTT and an MNO. Fol-

lowing the example of Google Proje
t Fi, we assume that OTTs, in addition to providing 
ontent,

will provide wireless 
onne
tivity to their mobile subs
ribers. In order to do so the OTTs will have

to de
ide whether to build their own infrastru
ture or enter into an SLA with some (or a group of)

MNO, to let the MNO serve their demand. The de
ision is not binary, as the OTT may de
ide

to serve a fra
tion of its demand using its own infrastru
ture, while the remaining demand will be

served by the MNO and 
an be subje
t to a per unit of served tra�
 
harge de
ided by the MNO.

E�e
tively, the MNO may need to expand its network (for example, by deploying new small 
ells)

to host the subs
riber base of the OTT with the required quality, and 
over the resulting 
osts.

The de
isions made by the OTT and MNO are 
oupled, i.e., the OTT will de
ide to serve a 
ertain

portion of its demand through the MNO network only if the pri
e per tra�
 unit is a

eptable,

while the MNO will set the pri
e to a 
ertain level in response to the volume of the o�oaded tra�
,

and 
onsidering fa
tors, su
h as the 
osts of deployment and operation of its own infrastru
ture.
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The de
isions made by both OTTs and MNOs are not independent, as whatever the de
ision

one party makes, it a�e
ts the out
ome observed by the other party. A natural tool to model

this type of intera
tion is game theory, and 
ooperative game theory, in parti
ular. In 
ooperative

games players typi
ally have an in
entive to enter into a 
ooperative agreement, yet they may have


on�i
ting views on the spe
i�
s of su
h an agreement. In our 
ase the OTT requires radio a

ess

infrastru
ture, whi
h the MNO already has, while the MNO seeks additional revenues to 
ope with

the in
reasing infrastru
ture 
osts. At the same time the OTT would like to utilize the infrastru
ture

as 
heaply as possible, while the MNO 
olle
ts revenues from the usage of its infrastru
ture and


harges the OTT (or its subs
ribers) a

ordingly. In the remainder of this se
tion we propose

the aforementioned model of 
ooperation between an OTT and an MNO, for whi
h we de�ne the


orresponding utility spa
e and the non-
ooperative point related to the Nash equilibrium. Then,

using the Nash bargaining framework [87℄, we derive an analyti
al expression for the Nash bargaining

solution (NBS) of the 
orresponding game. What we show is that the spatial distribution of mobile

demand has a signi�
ant impa
t on the out
ome of 
ooperation, and that it unevenly a�e
ts the

utilities a
hieved by OTTs and MNOs. Moreover, the 
ost of MNO's infrastru
ture, if ex
essively

high, may render 
ooperation between an OTT and an MNO ine�e
tive.

6.3.1 OTT-MNO intera
tion model

Game model

We model the intera
tion between an OTT and an MNO in the following way. The OTT has to

provide servi
e to a set of spatially distributed mobile demand points S ⊂ R
2
. Ea
h demand point

is asso
iated with some volume of demand r ∈ N, and the marked set of demand points is denoted

as Ŝ = {(s, rs)}, with the total demand (per OTT) of R =
∑

r∈Ŝ rs. In order to provide servi
e

to its demand points the OTT may either deploy its own radio a

ess infrastru
ture (at a unit 
ost

co) or enter into an SLA with the MNO. In the latter 
ase the OTT has to pay the per tra�
 unit


harge de
ided by the MNO for the demand it de
ides to serve with the MNO network. The MNO

serves the OTT's demand using the existing Long Term Evolution (LTE) ma
ro
ell infrastru
ture,

whi
h bears no additional deployment 
osts, or, if that is not possible (due to la
k of 
overage or


apa
ity), using newly deployed small 
ell infrastru
ture at a unit 
ost cm. Additionally, we denote

Q as the revenue re
eived by the OTT from its mobile subs
ribers. Sin
e we are interested in

studying the OTT-MNO intera
tion we assume that Q is �xed and no further assumption about

the OTT subs
ribers needs to be made.

From the system's des
ription we formulate the game model as follows: N = {OTT,MNO} is

the set of players; [0, 1] × [0, 1] is the a
tion spa
e, where θ ∈ [0, 1] is the de
ision of the OTT,

i.e., the fra
tion of the demand to be served by its network, in 
ase it de
ides to deploy its own

infrastru
ture (while the rest gets served by the MNO network), and β ∈ [0, 1] is the de
ision of

the MNO, i.e., the per tra�
 unit 
harge (normalized as des
ribed in the following paragraph); and

Ω =
(
uo(β, θ), um(β, θ)

)
is the utility spa
e, with uo(β, θ) denoting the utility obtained by the OTT

and um(β, θ) denoting the utility obtained by the MNO.

Up to now we have de�ned tra�
-related measure rs and various 
ost-related parameters, yet

we have not dis
ussed their representation. First, we 
onsider all of our e
onomi
 parameters to

be per unit of tra�
 served during a 
ertain time frame. This means, for example, amortizing the
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deployment 
ost of a base station over an appropriate period. This approa
h allows us to 
onstru
t

utility fun
tions that 
ombine revenues and 
osts related to the user tra�
 with the 
osts of base

station deployments. Se
ond, all our e
onomi
 parameters are normalized against co, whi
h allows

us to simplify the utility fun
tions used and make the model independent of parti
ular 
hoi
es of

monetary values. An additional impli
ation of this assumption is that the tra�
 
harge β, when

normalized against co, 
an be limited to [0, 1]. The rationale is as follows: when the 
ost of o�oading

a unit of tra�
 is higher than the 
ost of deploying a base station per unit of tra�
, then the OTT is

more likely to deploy a base station than to o�oad its tra�
 to the MNO. Ultimately, the tra�
 
an

be represented as bytes, pa
kets, �ows, et
., with the sele
tion of the tra�
 unit being independent

from our model.

Utility spa
e

We de�ne uo(β, θ) as follows:

uo(β, θ) = −mo(θ, Ŝ)− β(1− θ)R +Q, (6.17)

where mo(θ, Ŝ) denotes the number of base stations to be built by the OTT, given θ and demand

Ŝ. The rationale for this expression of the utility is straight�forward � the OTT has to pay for

any new infrastru
ture it de
ides to build and/or pay the tra�
 fee for the demand served by the

MNO network. In return the OTT re
eives revenue from its subs
ribers either dire
tly, as part of a

subs
ription fee, or indire
tly, from 
ustomized advertising.

The MNO obtains the following utility:

um(β, θ) = −cmmm(Ŝ
res

) + β(1 − θ)R, (6.18)

where mm(Ŝ
res

) denotes the number of base stations to be built by the MNO to serve the demand

Ŝ
res

, where Ŝ
res

= f(θ, Ŝ), with f : [0, 1]× (R2,N) → (R2,N), is the residue of the OTT's demand

not served by the OTT's infrastru
ture, whi
h we dis
uss in the following paragraph. The MNO

pays all the deployment 
osts asso
iated with the deployment of additional base stations (we assume

that the existing infrastru
ture bears no deployment 
osts) required to satisfy the residual demand,

while at the same time re
eiving revenue proportional to the served tra�
.

The utilities of both the OTT and MNO depend on the number of new base stations required

to satisfy the demand, i.e., mo(θ, Ŝ) and mm(Ŝ
res

). In its generality the problem of deploying

wireless a

ess infrastru
ture is a 
ompli
ated one 
onsisting of various planning stages (see [95℄)

and requiring various smart ways to �nd solutions to NP-hard problems (see [79℄). Sin
e our goal is

to study the relationship between an OTT and MNO, instead of dire
tly modelling the deployment

de
isions (i.e., whether a base stations should be built in some given lo
ation), we are interested in

aggregate de
isions, su
h as �How many base stations are required given 
ertain volume of spatially

distributed demand?� In other words, we seek a mapping between the demand and a 
ounting

measure of the number of base stations deployed to serve the demand, i.e., mo(θ, Ŝ) and mm(Ŝ
res

),

whi
h hereafter we will refer to as the deployment fun
tion. We determine the deployment fun
tion

for both the OTT and MNO empiri
ally by applying the following pro
edure (detailed des
ription

of the pro
edure is provided in Appendix C).

First, we generate the set of demand points S as the realizations of the Gauss-Poisson pro
ess
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Figure 6.5: The utility spa
e for our model obtained from drawing a 
onvex hull over utility pairs 
al
u-

lated for the a
tion spa
e of the MNO and OTT varied over [0, 1] × [0, 1], for a �xed 
lustering level and

infrastru
ture pri
e; marked points denote spe
ial operating points (NE - Nash Equilibrium, NBS - Nash

Bargaining Solution); while the dashed 
urve 
orresponds to the Nash produ
t 
urve.

[50℄, with the parameter 
luster probability that allows us to vary the level of 
lustering in S.
Subsequently, we extrapolate real-world 
all-detail re
ord information from an Irish mobile operator

into a 
ontinuous demand �eld, whi
h we sample using points from S to obtain Ŝ. E�e
tively, we

onstru
t a demand model with real demand volume information and varying level of 
lustering,

whi
h we 
ontrol through the 
luster probability. We use Ŝ to feed an optimization model whi
h

minimizes the deployment 
ost, given that θ fra
tion of demand Ŝ needs to be served using the

OTT's infrastru
ture. The out
ome of the model is a set of WiFi a

ess points whi
h the OTT has

to deploy, and the residual demand Ŝ
res

, whi
h will be o�oaded to the MNO. To �nd the set of new

infrastru
ture required by the MNO to provide 
overage to Ŝ
res

we use an optimization model whi
h

minimizes the deployment 
ost, subje
t to 
overing all of Ŝ
res

with either new small 
ell or existing

ma
ro
ell infrastru
ture (in both 
ases we assume single-antenna LTE system). This optimization

model also 
onsiders the requirement that the MNO must serve its own subs
ribers' demand. Now,

for ea
h value of 
luster probability, we obtain a 
urve that represents the number of base stations

required as a fun
tion of θ, to whi
h we 
an �t some well-known fun
tions. We obtained the most

satisfa
tory �ts with the quadrati
 fun
tion of the form a0 + a1θ+ a2θ
2
, where the 
oe�
ients vary

with the 
luster probability (the obtained 
oe�
ients are given in Tab. 6.1). We will use a{0,1,2}

to denote the 
oe�
ients of mo(θ, Ŝ) and b{0,1,2} to denote the 
oe�
ients of mm(Ŝ
res

). Sin
e our

demand model S is sto
hasti
, the deployment fun
tion should be interpreted as the average number

of base stations to be built for a given 
lustering level of spatially distributed demand.

The point of this whole pro
edure was to determine a 
losed-form representation for the deploy-

ment fun
tions, su
h that some level of analyti
al tra
tability is a
hieved. Yet, our utility spa
e Ω,

resulting from the postulated utility fun
tions, is not 
onvex. However, if 
orrelated mixed strategies

are permitted, then the 
onsidered utility spa
e be
omes 
onvex [87℄. An example utility spa
e for

our model is illustrated in Fig. 6.5. It was obtained from drawing a 
onvex hull over utility pairs


al
ulated for the a
tion spa
e varied over [0, 1]× [0, 1]. The point marked as NE denotes the Nash

equilibrium, whi
h 
orresponds to a non-
ooperative solution to our game model, while the NBS


orresponds to the 
ooperative solution, whi
h we �nd analyti
ally in Se
. 6.3.2.
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Disagreement point

In any 
ooperative game we need to de�ne the disagreement point, whi
h is the point of minimal

utility (payo�) expe
ted by ea
h of the players if bargaining (negotiations) breaks down. Obviously,

this implies that if the 
ooperation provides lower payo�(s) to any one of the players, she will not be

interested in 
ooperating, and will settle for the minimal utility. Often times it makes sense to 
hoose

as the disagreement point, the point related to the Nash equilibrium (NE) of the non-
ooperative

game. The NE 
orresponds to a set of strategies sele
ted by players su
h that no individual player


an in
rease her utility by unilaterally deviating.

Proposition 6. The Nash equilibrium strategy

(
β
NE

, θ
NE

)

orresponds to the following pair of

a
tions:

β
NE

= 1.0,

θ
NE

=





R−a1

2a2
, if a2 > 0,

argmax(uo(βNE, 0.0), uo(βNE, 1.0)), otherwise.

Proof: Let us start by observing that, given β ∈ [0, 1], the MNO has a dominant strategy

β
NE

= 1.0 as um(β
NE

, θ) ≥ um(β′, θ) for all β′ ∈ [0, 1] and θ ∈ [0, 1]. Given the dominant strategy

of the MNO, we �nd the equilibrium strategy of the OTT by maximizing its utility, whi
h leads to

strategy θ
NE

= R−a1

2a2
, if a2 > 0, or argmax(uo(βNE, 0.0), uo(βNE, 1.0)) otherwise, whi
h 
on
ludes

the proof of the proposition.

The pair of out
omes in the disagreement point 
orresponds to the element

(
uo(βNE, θNE),

um(β
NE

, θ
NE

)
)
. This disagreement point should be interpreted in the following way: a rational

MNO has no in
entive to set any other fee than β
NE

, therefore for
ing an OTT to deploy either a

full infrastru
ture or a signi�
ant portion of it.

6.3.2 Bargaining solution

In the following we derive a formula that des
ribes the Nash bargaining solution to our game. An

NBS is the unique solution to the following optimization problem:

argmax
∏

i∈N

(ui(β, θ)− di), (6.19)

subje
t to:

ui(β, θ) ≥ di, ∀i ∈ N , (6.20)

β, θ ∈ [0, 1], (6.21)

where di = ui(βNE, θNE) for ea
h i ∈ N . In this formulation 
onstraints Eq. (6.20) ensure that

our solution is no worse than the disagreement point, while 
onstraint Eq. (6.21) ensures that the

strategies available to the players are feasible.

Theorem 1. Given, the problem in Eq. (6.19), the NBS is:

(
β
NBS

, θ
NBS

)
=

(
Q− a0 + cmb0 + dm − do

2R
, 0.0

)
. (6.22)
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Proof: Given Ω, whi
h is non-empty, 
ompa
t and 
onvex, we 
an �nd the maximum of

Eq. (6.19) by �rst taking the logarithm of the produ
t in Eq. (6.19) and then applying the Lagrangian

multiplier method:

L(β, θ, µ, η, γ) =
∑

i∈N

log(ui(β, θ)−di)−
∑

i∈N

µi(di−ui(β, θ))+ηoθ+ηmβ−γo(θ−1)−γm(β−1),

(6.23)

where µi ≥ 0, ηi ≥ 0, γi ≥ 0. Then, the ne
essary and su�
ient Karush-Kuhn-Tu
ker (KKT)


onditions for optimality are:

∇βL(β, θ, µ, η, γ) = 0, (6.24)

∇θL(β, θ, µ, η, γ) = 0, (6.25)

µi(di − ui(β, θ)) = 0, ∀i ∈ N , (6.26)

−ηoθ ≤ 0,−ηmβ ≤ 0,

γo(θ − 1) ≤ 0, γm(β − 1) ≤ 0, (6.27)

where Eq. (6.24) and Eq. (6.25) are the stationary 
onditions, and Eq. (6.26) and Eq. (6.27) are the


omplementary sla
kness 
onditions. After making substitutions and 
al
ulating the derivatives,

the stationary 
onditions yield the following forms:

−R(θ − 1)

do − uo(β, θ)
+

R(θ − 1)

dm − um(β, θ)
− γm + ηm = 0, (6.28)

a1 −Rβ + 2a2θ

do − uo(β, θ)
+

Rβ + cm(b1 + 2b2θ)

dm − um(β, θ)
− γm + ηm = 0. (6.29)

When µi = 0, γi = 0, ηm = 0, and θ = 0.0, we get that β = (Q − a0 + dm − do + cmb0)/(2R) and

ηo = (2(a1 + b1cm))/(a0 − Q + dm + do + b0cm). This solution is not only feasible (provided that

Q − a0 + dm − do + cmb0 < 2R and Q − a0 + dm − do + cmb0 ≥ 0), but it happens to lie on the

Pareto frontier of our utility spa
e, pre
isely at the interse
tion of the Nash produ
t 
urve and the

Pareto frontier of Ω, as presented in Fig. 6.5. Any other feasible solutions will not lie on the Pareto

frontier of Ω, whi
h 
on
ludes the proof.

Given Theorem 1, if the OTT and MNO 
ooperate, the OTT serves all of its demand through

the infrastru
ture provided by the MNO and pays the tra�
 fee β
NBS

. In the following we will

analyze the impa
t that the spatial distribution of demand and the infrastru
ture pri
e have on this


ooperation.

6.3.3 Numeri
al results and dis
ussion

We validate our analyti
al solutions in Theorem 1 by applying to problem Eq. (6.19) iterative

optimization methods, su
h as the sequential least square method. Indeed, in Fig. 6.6 and Fig. 6.7

we 
an see that the numeri
ally obtained bargaining solutions mat
h 
losely the ones expressed in


losed-form, 
on�rming the 
orre
tness of our derivations.

In Tab. 6.1 we present estimates of the deployment fun
tion for various demand 
lustering levels.

Let us re
all Property 6: given these estimates, we 
an see that a2 < 0, therefore for ea
h 
lustering

level the NE 
orresponds to the pair (β
NE

, θ
NE

) = (1.0, 1.0), whi
h means that the OTT fully deploys
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Figure 6.6: Utility obtained in the non-
ooperative (NE) and 
ooperative (NBS) 
ases for di�erent values of

spatial 
lustering in the OTT's demand, with error bars a

ounting for the deviation in the number of base

stations required for a given 
luster probability. When the 
luster probability is 
lose to 0.0, the demand is

almost uniformly distributed in spa
e, whereas when the 
luster probability approa
hes 1.0, the demand is

generated from a number of highly 
on
entrated 
lusters. The 
ost cm is �xed at 1.0.
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Figure 6.7: Utility obtained from the 
ooperation for di�erent pri
e points of the MNO's infrastru
ture,

and three values of the 
luster probability p. When cm < 1.0, the MNO's infrastru
ture is 
heaper than the

infrastru
ture deployed by the OTT. When cm > 1.0, the MNO pays more for the infrastru
ture than the

OTT does. We see that both utilities are inversely proportional to the pri
e of the MNO's infrastru
ture;

yet, there is a pri
e point at whi
h the 
ooperation 
ollapses to the disagreement point.

(or 
ontra
ts the deployment of) its infrastru
ture to serve its demand. In our numeri
al analysis

we also assume that the revenue obtained by the OTT, i.e., Q, is �xed and equal to the total volume

of the demand R.

In Fig. 6.6 we show how the utility, obtained by the OTT (Fig. 6.6(a)) and MNO (Fig. 6.6(b)),


hanges with the 
lustering of the OTT's demand. What we 
an immediately note from Fig. 6.6(a)

is that the 
lustering of demand has a stronger impa
t on the utility obtained by the OTT. This has

to do with the fa
t that 
lustering means less infrastru
ture is required to 
over the same volume

of demand, as we 
an observe in the NE 
ase where the OTT deploys all the infrastru
ture on

its own. Clearly, having to deploy less infrastru
ture per unit of demand makes deploying its own

infrastru
ture a more attra
tive option for the OTT. To 
ompensate for this fa
t an MNO has to

de
rease the pri
e it 
harges for 
arrying the OTT's tra�
, therefore giving up on some of its pro�ts

(even though the MNO will also have to deploy less infrastru
ture due to 
lustering of the demand).

The infrastru
ture 
ost cm has a signi�
ant impa
t on the 
ooperation between the MNO and

the OTT. In Fig. 6.7(a) and Fig. 6.7(b) we observe that the utilities of the OTT and the MNO
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Table 6.1: Estimates of the deployment fun
tion for the OTT and MNO for varying levels of 
lustering in

demand.

OTT MNO

Cluster probability Parameters {a0, a1, a2} Parameters {b0, b1, b2}
0.0 {0.1, 108.0,−12.9} {30.8, 47.8,−17.4}
0.1 {−1.1, 134.7,−53.6} {30.7, 47.9,−17.3}
0.2 {−3.0, 152.2,−84.4} {26.6, 39.9,−13.1}
0.3 {−2.0, 150.0,−80.9} {27.9, 42.3,−14.2}
0.4 {−4.3, 163.7,−100.2} {26.7, 37.1,−10.4}
0.5 {−1.3, 151.8,−88.5} {25.4, 35.5,−10.2}
0.6 {−3.7, 149.8,−88.1} {23.4, 34.0,−10.5}
0.7 {−4.6, 166.4,−109.2} {22.8, 30.1,−6.8}
0.8 {−2.4, 149.7,−81.4} {24.3, 33.4,−9.1}
0.9 {−3.5, 162.9,−99.6} {23.7, 29.9,−5.9}
1.0 {−5.0, 176.5,−129.3} {20.2, 27.9,−8.0}

are inversely proportional to the infrastru
ture pri
e, i.e., the higher the pri
e, the lower the utility.

The MNO 
ompensates for higher infrastru
ture pri
e by imposing a higher tra�
 fee on the OTT.

When the pri
e of MNO infrastru
ture be
omes ex
essive, the 
ooperation is no longer feasible and

the only reasonable solution for the players is to fall ba
k to the disagreement point. The level of

spatial 
lustering in the demand has little to no impa
t on the point where 
ooperation 
ollapses.

Re�e
ting ba
k on the a
hieved results, we 
an note two things. In real relationships between

OTTs and MNOs, other 
onsiderations, besides 
ost, may in�uen
e the OTT's de
ision of whether

to deploy its own infrastru
ture. If the expe
ted monetary impa
t of these strategi
 
onsiderations


ould be quanti�ed, it would be possible to in
orporate them into our model. On the MNO side,

we do see that ex
essive 
ost of infrastru
ture, whi
h in pra
ti
e in
ludes both the deployment and

the spe
trum li
ensing fees, may 
ause MNOs to be very prote
tive over who 
an use their network

and how. This may be 
omparable to the 
ase of mobile virtual operators whi
h were able to enter

the European market only after favourable regulation was in pla
e. However, falling revenues may

be a motivator for MNOs to a
tually enter into deals with OTTs, as we 
an 
urrently observe with

Google Proje
t Fi.

6.4 Con
lusion

Sharing of wireless 
ommuni
ations infrastru
ture is happening more and more. We envision

this trend will 
ontinue towards networks 
onstru
ted on-the-�y by over-the-top servi
e providers,

whi
h will ne
essitate more sophisti
ated understanding of the e�
ien
ies and tradeo�s involved

in de
ision-making over aggregate wireless network resour
es. In this 
hapter we quanti�ed the

e�
ien
ies that result, under di�erent 
overage models, in small and large 
ities. Using the real

data we showed that 
onsidering the multi-operator network infrastru
ture as a 
olle
tive may lead

to building up 
overage provisioning networks whi
h require just a fra
tion of all the available base

stations, even over single-operator networks. This may be espe
ially important for the lowest dens-

ity areas, whi
h bene�t highly from infrastru
ture sharing, in whi
h 
ase a single operator may not

need to roll-out all the base stations required to fully 
over the 
onsidered area; instead, infrastru
-

ture sharing among several operators may make it e
onomi
ally feasible to provide servi
e to su
h

typi
ally under-served areas, whi
h may have its e�e
t on the digital divide.
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Subsequently, we analyzed a model of 
ooperation between an OTT (or a group of OTTs) and an

MNO working together to deploy a wireless network 
rafted to the needs of a servi
e o�ered by the

OTT. This 
ooperation is sustainable only if the 
ost of infrastru
ture to the MNO is not ex
essive.

In 
ase it signi�
antly ex
eeds the pri
e paid by the OTT for the infrastru
ture, 
ooperation is no

longer feasible (the MNO is no longer able to in
rease the 
harge on the OTT, without the OTT

retra
ting to its own deployment). In the non-
ooperative 
ase, the OTT solely deploys an unli
ensed

spe
trum infrastru
ture su
h as WiFi. Moreover, spatial 
lustering of the OTT demand means less

radio a

ess infrastru
ture is required to 
over the same volume of demand. This means deploying

its own infrastru
ture be
omes 
heaper for the OTT, and therefore more attra
tive. E�e
tively, it

is the OTT that bene�ts the most from having spatially 
lustered demand.
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Broader vision

�A revolution is 
ertainly the most authoritarian thing there is; it is the a
t whereby

one part of the population imposes its will upon the other part by means of ri�es, bayonets

and 
annon�

- Frederi
k Engels, On Authority

New trends in 
ommer
ial mobile networks have emerged. These trends in
lude the inter-operator

network sharing, the formation of Mobile Virtual Network Operators (MVNOs), and the in
reasing

role of over-the-top servi
e providers (OTTs). Ea
h of the trends 
omes at a range of �avours

ea
h leaving a distin
t trait on the general 
onsensus about wireless mobile network ownership,

ar
hite
ture, and regulation. The key purpose of this thesis was to quantify the impa
t these trends

have on modelling and performan
e of future mobile networks.

What we have shown in this thesis is that modelling of pooled radio a

ess networks requires new

statisti
al models of deployment and, indeed, su
h models 
an be found, and will be representative to

many similar areas in di�erent regions. Furthermore, allowing for resour
e sharing, among mobile

operators only, results in new, and to some extent non-intuitive, performan
e trade-o�s, whi
h

are further exa
erbated by the spatial distribution of transmitter lo
ations. Di�erent resour
e

sharing s
hemes, su
h as spe
trum and radio a

ess infrastru
ture, when 
ombined together, do not

produ
e linearly s
aling performan
e gains. Yet a simple me
hanism of inter-operator interferen
e


oordination allows operators to partially 
ompensate for this e�e
t. Moreover, depending on the

preferred spe
trum sharing method, di�erent performan
e gains and trade-o�s 
an be obtained. In

parti
ular, when 
overage is the main 
on
ern, it is more bene�
ial for operators to allow for their

transmitters to dynami
ally sele
t among the pooled spe
trum bands, rather than simply bond the

available 
hannels.

Radio a

ess network and spe
trum sharing are key to opening up mobile networks to a new

type of OTT whi
h o�ers seamless mobile servi
e that spans networks of multiple mobile operators.

When network infrastru
ture of multiple mobile operators is 
onsidered as a 
olle
tive, a 
overage

provisioning network may be 
onstru
ted su
h that just a fra
tion of all the available transmitters is

required. This network will be 
onsiderably less infrastru
ture-intensive, whi
h may make the 
ase

for shared infrastru
ture deployments in 
urrently under-served rural areas. Furthermore, when

growth in mobile demand ne
essitates new network deployments, it is reasonable for this new type

of an OTT to pursue these deployments in 
ooperation with a mobile network operator (MNO). This


ooperation would rely primarily on the MNO playing to its strength and expanding the 
apa
ity

of the existing network, while the OTT provides it with a new stream of 
ustomers and revenues.
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This 
ooperation would also be 
onditioned on the pri
e of the radio a

ess infrastru
ture and, to

some extent, also on the spatial 
lustering in mobile demand.

All these studies are intended to build groundwork for the 
hange in the way that mobile networks

are being owned, 
ontrolled and, ultimately, a

essed. This 
hange, if pursued further, will require

a revolution in the way that mobile networks operate. Indeed, Google Proje
t Fi 
an be 
onsidered

an example for this type of a 
hange whereby an over-the-top servi
e provider be
omes also an

infrastru
ture provider, a mobile operator, and a mobile virtual operator. Networks without Borders

is a re�e
tion of this revolution and a possible path in the evolution of mobile a

ess provisioning.

As we show, the proposed vision results in a substantially di�erent mobile 
ommuni
ations value-


hain, whi
h results also in a number of so
io-politi
al 
hallenges. The following text is based on

our paper, published in the Pro
eeding of the IEEE (see [11℄).

7.1 Vision

We believe that the traditional view of wireless networks as systems whi
h deliver voi
e and data

servi
es to some pre-de�ned geographi
al areas no longer re�e
ts the reality of wireless networks.

We have argued for a paradigm shift by outlining some key trends that have emerged in wireless

networks ownership and 
ontrol model over the last few years. In this 
hapter we propose a vision

of wireless networks whi
h in our view emerges from these trends. There are two reasons why we

believe su
h vision is needed.

First, a vision is a driver for innovation. As su
h a parti
ular view and understanding of the role of

wireless networks and the development for
es at play will dire
t the innovation pro
ess, espe
ially at

an industrial level whi
h often times requires so
iety-wide 
onsensus about the system requirements

in order to pro
eed with the development and implementation. An example of how the 
urrent

view of wireless networks limits innovation is the 3

rd

Generation Partnership Proje
t (3GPP)-based

standardization of integrated mobile and WiFi networks, or IP Multimedia Subsystem (IMS), whi
h

presupposes an authoritative role of mobile network operators in setting up networks and delivering

reliable wireless servi
es to users

1

, as well as reinfor
es the split between traditional mobile servi
es

(video or data) and over-the-top servi
es.

Se
ond, we want to design poli
ies and regulations that are e�e
tive in implementing our politi
al

agenda. In our view, this is no longer possible with the status quo model of 
overage or 
apa
ity

provisioning, as it does not re�e
t all the relevant a
tors, 
hanges in the business models or subs
riber

behaviour. The spe
trum li
ensing pro
ess is an example of a failure of poli
y and regulations to

re
ognize the growing dis
repan
y between the owners of ex
lusive spe
trum li
enses, i.e., the parties

that bear the brunt of 
osts of delivering mobile servi
es, and the parties that a
tually extra
t

revenues from providing of wireless servi
es to end users.

In the following we delineate our vision, dis
uss its impli
ations to the mobile 
ommuni
ations

value-
hain, as well as enumerate some key 
hallenges.

1

Arguably, leading to a failure in widespread adoption of these te
hnologies.
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7.1.1 Networks without Borders

The 
on
ept of Networks without Borders revolves around an over-the-top servi
e and a network

that responds to 
hange. With Networks without Borders the physi
al infrastru
ture provides phys-

i
al 
onne
tions between the servi
e provider(s) and the user(s), and as su
h is merely a sour
e

of heterogeneous resour
es subje
t to virtualization. Virtualization enables a 
ompetent a
tor to

dynami
ally partition and aggregate these resour
es. In 
onsequen
e sets of su
h resour
es may be


ombined to form intermittent networks instantiated only to deliver a parti
ular servi
e, possibly

even to a parti
ular user. Many su
h networks with di�ering properties may 
oexist at any given

time, as virtualization provides isolation ne
essary for 
on
urrent and uninterrupted use of 
om-

mon resour
es. Networks without Borders is about re-
on
eiving networks from a perspe
tive of

signi�
antly more �uid a

ess to spe
trum and all of the resour
es that 
omprise a wireless network.

In Fig. 7.1 we illustrate the key idea behind our vision. Depending on whether we read the �gure

from bottom-to-top or top-to-bottom we arrive at di�erent 
on
lusions on how future networks may

be 
on
eived. Reading it bottom-to-top, we start with infrastru
ture providers that are in possession

of some spe
i�
 resour
e(s), this 
an be a li
ense to a spe
trum band, a set of wireless a

ess points

deployed in a given area, a data 
enter, or an authenti
ation servi
e. These resour
es, 
oming

from individual infrastru
ture providers, when subje
t to virtualization, may be aggregated to form

resour
e pools. A set of su
h resour
e pools 
onstitutes all ne
essary and possible elements that

form a wireless network. In pra
ti
e, however, only a handful of resour
es will be sele
ted so as to

form a network, and many su
h networks (yet with di�ering properties) may be 
reated. Eventually,

a de
ision is made to deliver a servi
e (or a bundle of servi
es) via su
h a network, or a set of su
h

networks, whi
h also happens to exhibit some desired properties. This 
ould be thought of as a

virtual operator-
entri
 design. Changing our perspe
tive to top-to-bottom allows us to re
ognize

that a servi
e provider may want to design a network that suits the needs of its servi
e (or a

bundle of servi
es). Then, the de
ision is to sele
t resour
es su
h that this network (or a network

of 
omparable properties) 
an be instantiated. Obviously, any sele
ted virtual resour
e has to map

to some realizable physi
al 
onne
tion. Therefore a 
ompetent a
tor has to either re-use existing

infrastru
ture, whenever possible, and/or deploy additional infrastru
ture, if the former 
annot

be a

omplished. This 
an be viewed as a servi
e-
entri
 design. These views are not mutually

ex
lusive and to some extent they represent a possible framework in whi
h future servi
e-driven

networks 
ould operate.

In essen
e there are �ve points that make our vision substantially di�erent to the 
ontemporary

way of looking at wireless networks.

First, we see properties of future networks to be tightly 
oupled with spe
i�
 over-the-top servi
es

and their re
ipients. This approa
h mirrors that of the Internet, in the sense that the network

infrastru
ture merely provides physi
al 
onne
tivity for whatever servi
e is transmitted. Our view of

a servi
e is more nuan
ed than the traditional 
lassi�
ation involving voi
e, text and data in that and

we think about servi
es in a �ne-grained manner. So, for example, a Net�ix-like servi
e spe
i�
ally

fo
used on video-streaming will require a spe
i�
 kind of 
onne
tivity, while a bursty ma
hine-to-

ma
hine (M2M) servi
e will require a very di�erent kind of 
onne
tivity. The servi
e provider (or a

party operating on its behalf) will be able to sele
t from a menu of virtual network operators, ea
h

o�ering networks of di�erent per user throughput or laten
y. The idea of an over-the-top servi
e

no longer exists, as the servi
e and virtual network over whi
h it is delivered are inter
onne
ted,
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Figure 7.1: Networks without Borders explained � a verti
al view.

whi
h allows for the servi
e provider to extra
t value from the network while 
ompensating virtual

operators for their servi
es. Of 
ourse, su
h an approa
h entertains the possibility of grouping

servi
es into bundles whi
h may be delivered jointly.

This leads to the se
ond point, that virtualization is key. It hides from the users the notion of

resour
e ownership, as resour
e pools 
an be partitioned and aggregated in new ways, giving the

level of �exibility required to 
reate 
ustomized networks. On a business-te
hnologi
al level whether

this is done through bilateral agreements, as with the MNO and the MVNO relationship, or an

au
tion me
hanism be
omes transparent to the user of a virtual network. Moreover, virtualization

is the 
atalyst of sharing as it brings about isolation required to enable a 
on
urrent use of shared

resour
es. Virtualization may operate on a substrate of ex
lusive or shared resour
es, whi
h may

give rise to virtual networks that also operate at di�erent pri
e points.

Thirdly, and perhaps most signi�
antly, the resour
es whi
h make up the network are 
onsidered

to 
ome from a pool of all and every resour
e. This means that the borders between li
ensed and

li
ense-exempt spe
trum or 
ommer
ial and user-deployed infrastru
ture are removed. Spe
trum is

spe
trum and infrastru
ture is infrastru
ture. Whatever types of resour
es are available or, more

importantly, whatever types of resour
es that are appropriate for di�erent kinds of servi
es are

used. This notion of a pool of resour
es leaves the door open for a wider range of 
ontributors to

the pool, and a broader 
all for investment in infrastru
ture. Given the vast need for small 
ells to

deliver the 
apa
ities for future data 
onsumption, it makes great sense that small 
ells, or indeed

other resour
es, 
an be 
rowd-sour
ed from the publi
, for example. The �bring your own� 
on
ept


an be extended. Bring your own devi
e (BYOD) refers to the poli
y of permitting employees

to bring personally owned mobile devi
es (laptops, tablets, and smart phones) to the workpla
e.

These devi
es 
an then be used to a

ess privileged 
ompany information and appli
ations. We 
an

extend this to be not just about the devi
es that hang on the end of the network but to in
lude the

devi
es/resour
es that 
onstitute the network. Bring your own spe
trum (BYOS), bring your own

base station (BYOBS), bring your own pro
essing power (BYOPP) are all examples of how this 
an

be extended.

Following on from the idea of a pool of resour
es, opens up a way for making progress on how

spe
trum is a

essed. More than a de
ade of resear
h work has taken pla
e whi
h has explored a
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myriad of ways in whi
h spe
trum 
an be a

essed in a dynami
 manner. There is te
hni
al work on

how radios 
an sense white spa
es, use databases for identifying spe
trum, use dynami
 au
tions of

all kinds in spot-markets or over longer time-s
ales, trade spe
trum and mu
h more. There is also

mu
h work on the li
ensed or li
ense-exempt 
onstru
ts in whi
h these more dynami
 approa
hes


an reside. However, this has not yet translated into 
on
rete regulatory a
tion or 
hange. The

preferred ex
lusive li
ensing model is to be blamed for per
eivable spe
tral s
ar
ity, while, given our

resear
h �ndings to date and with the help of virtualization, we 
an 
reate at least an illusion of

in�niteness of the spe
tral resour
es [3℄.

Fifthly, our view of things allows new entities to arise whi
h may operate on various sets of

virtual resour
es and on various de
ision levels. In Fig. 7.2 we present an example realization

of the simpli�ed tele
ommuni
ations market value-
hain. Here we use the notion of a 
ontent

provider rather than a servi
e provider simply to invoke a broader understanding of an ex
hangeable

(tradeable) good/servi
e as anything ranging from provisioning of wireless a

ess to ar
hite
ting a

wireless network. Also, the �ow of 
urren
y may be expressed in a variety of forms dependent on

the business model of entities involved in the relationship, for example, for some relationships an

out-right monetary transfer 
an be made, yet for others, user (meta-)data may be the 
urren
y.

There are a number of new roles whi
h appear in the mobile 
ommuni
ations value-
hain

2

. First,

the virtual operator is an entity that 
ontrols virtual network instan
es and 
ouples a servi
e to a

parti
ular network instan
e, or a set of instan
es. These network instan
es are brought to existen
e

by network ar
hite
ts that sele
t and aggregate subsets of virtualized resour
es whi
h make up the

physi
al substrate on whi
h the virtual operators reside. Ea
h resour
e may remain as part of an

aggregated subset for an arbitrary period of time, and may be returned to the pool when not needed.

Finally, resour
e aggregators manage these pools of resour
es. Hen
e, they enable partitioning and

aggregation of heterogeneous resour
es 
oming from various resour
e (infrastru
ture) providers.

Ea
h role in the �gure may be played by one or more entities, and a single entity may fun
tion with

more than one role.

Content

Provider

Virtual

Operator

Network

Architect

Resource

Provider

Resource

Aggregator
User

Good/Service Flows

Currency Flows

Figure 7.2: Networks without Borders � a simpli�ed realization of the mobile 
ommuni
ations value-
hain.

All of these aspe
ts are a mere de
laration of our vision, yet what we o�er here implies deep


hanges to how wireless servi
es are provisioned and sold, and how virtual and physi
al networks

are designed, deployed, and managed. These 
hanges pose a number of 
hallenges, whi
h we dis
uss

in the following.

7.2 Outlook

Data is the new 
urren
y of the information age. Companies whose very business model relies on


apitalizing on user data, like Google or Fa
ebook, not only dominate their respe
tive markets, but

also expand way beyond them, for example, towards the mobile 
ommuni
ations market. In this

2

More details on the 
onventional value-
hain 
an be found in [3℄.
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thesis we gave various examples, and, indeed, an entire vision, of servi
e providers asserting their role

in the mobile networks lands
ape. The future has 
aught up with our vision rather qui
kly and it is

only last year that we have witnessed an emergen
e of a new type of a player in the mobile market,

namely one that is simultaneously an over-the-top servi
e provider, an infrastru
ture provider, a

mobile operator, and a mobile virtual operator. Interestingly, this new entity arrived to the mobile

market despite falling revenues of the entities already in the market, as we exempli�ed earlier. The

new entity relies on a 
ompletely di�erent business model that is �exible enough to allow it to alter

between two sour
es of revenues: dire
t payments from subs
ribers and online advertising systems

whi
h 
apitalize subs
riber data.

Mobile networks, due to their 
onventional ownership and 
ontrol model, are a great and, to

some extent, unexplored sour
e of information about subs
ribers, revealing user lo
ation, mobility

patterns, and even health, as mobile devi
es add sensors to monitor heart rate and other indi
ators,

in addition to any user provided 
ontent. But the data is not the only reason for servi
e providers

to enter the mobile market. The other reason is 
ontrol over ads distribution 
hannels. Currently,

the majority of the 
ontent available to the users of the Internet is free of 
harge, but it is only free

of 
harge be
ause, along with the 
ontent, users download ads. The point of issue is that those ads


reate a non-negligible overhead that needs to be transported over 
ommuni
ations networks. For

this reason some mobile operators (see [141℄) are 
onsidering implementation of tra�
 engineering

te
hniques (essentially ad-blo
king), whi
h would for
e servi
e providers to share their ad-related

revenues. However, servi
e providers have at least two ways to avoid this s
enario: implement end-

to-end en
ryption and/or route their user tra�
 through preferred a

ess networks. Both of whi
h

will be e�e
tive only if servi
e providers se
ure some 
ontrol over the a

ess part of 
ommuni
ations

networks.

One promising te
hnology that may enable servi
e providers to exer
ise the required level of


ontrol over the radio a

ess networks is network virtualization. Network virtualization allows a


ompetent a
tor to dynami
ally partition and aggregate network resour
es to 
reate virtualized

networks instantiated only to deliver a parti
ular servi
e, possibly even to a parti
ular user. Many

su
h networks with di�ering properties may 
oexist at any given time, as virtualization provides

isolation ne
essary for 
on
urrent and uninterrupted use of 
ommon resour
es. Given that some

servi
e providers, su
h as Google, exert 
ontrol over mobile devi
es, their operating systems, web

browsers, mobile and ba
kbone 
onne
tivity, end-to-end en
ryption, end-user servi
e and even end-

server hardware, we 
ould ask, paraphrasing [142℄, what is the form of power and authority embodied

in su
h virtualized networks?

Given the 
urrent knowledge, the answer to that question may only be � authoritarian mono-

polies/oligopolies, as there is no reason to believe that the dominan
e of the servi
e providers is

likely to be endangered in any immediate future [143℄. The problem is that as mu
h as we like to

think of ourselves as 
ustomers to the servi
e providers often times this is not the 
ase, and we are

typi
ally just their produ
ts (or rather our data is). The real 
ustomers of servi
e providers are


ompanies that buy 
ustomized advertising 
hannels. Therefore servi
e providers grow stronger the

more data they have about their users, and that is why Amazon is assessing the introdu
tion of

fa
e re
ognition to authenti
ate its 
ustomer payments, that is why Fa
ebook is experimenting with

in�uen
ing its users emotional states and that is why we have Google Proje
t Fi. And, as argued

in [143℄, the expansion of 
ontrol over user data is not just about pro�t maximization, it is about

reinfor
ing the monopoly that servi
e providers have. All of this just means we 
annot simply vote
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with our feet unless a politi
al 
onsensus on prote
ting our data is made.

In other words, to make sure that �
onne
tivity is a human right�, and not just a buzzword

intended to promote a spe
i�
 business model, a
tion is needed and 
ommuni
ations regulators and

poli
y-makers have to �nally re
ognize that there are some important aspe
ts to be 
onsidered in

respe
t to the evolution of mobile 
ommuni
ation systems. First, they need to determine whether

some publi
 intervention is required to enable full network virtualization, and perhaps new infra-

stru
ture investments. If these are 
oupled with new poli
ies mandating some form of spe
trum

sharing in the ex
lusively li
ensed spe
trum bands, or opening up of new shared spe
trum bands,

we may invariably see the rise of new types of virtual operators as predi
ted in our vision. The pres-

sure from some servi
e providers, who will require fast expansion of the wireless network 
apabilities

to enable a new generation of servi
es (think, for instan
e, of virtual reality and self-driving 
ars),

may yield a situation in whi
h these virtual operators a
t unregulated in a market whose goal is to

eventually provide 
onne
tivity to the so
iety at large. Therefore appropriate regulations have to

be pla
ed to ensure that new a
tors not only harvest the pro�ts from the market, but also provide


onne
tivity as an egalitarian good. The Internet 
onglomerates, through their sear
h engines and

re
ommendation systems, have the means to qui
kly monopolize areas in whi
h they operate, as we

have already dis
ussed, whi
h brings us to the point that poli
y-makers have to re-evaluate the type

of 
ommuni
ations market they intend to promote. Eventually, all these are invariably related to the

question of the expe
ted publi
 bene�t, as 
ompared to the status quo, and the ne
essary amount of

regulation, and publi
 investment, required to a
hieve this bene�t. Similar publi
 poli
y questions

have been debated for the past de
ade in the 
ontext of dynami
 a

ess to spe
trum, with 
on
rete

steps taken by regulators su
h as the Federal Communi
ations Commission (FCC), in the US, and

O�
e for Communi
ations (Of
om), in the UK. We advo
ate a broader dis
ussion that en
ompasses

infrastru
ture asso
iated with multiple wireless a

ess te
hnologies, in addition to spe
trum.

Moreover, we as a so
iety have to re
ognize that the data 
oming from our mobile phone usage

holds a great value to 
ompanies that 
apitalize on 
ustomer pro�ling and servi
e 
ustomization. In

a way that is good news for the low-in
ome part of our so
iety, as it may expe
t to re
eive 
heaper,

or perhaps, free of 
harge mobile servi
e. But on the other hand, it is also apparent to us that due

to la
k of prote
tion of users priva
y we are 
urrently witnessing the emergen
e of the surveillan
e

so
iety [144℄, with all its grim 
onsequen
es [145℄. If left unregulated, the servi
e provider in the

e
osystem of Networks without Borders gets an unpre
edented a

ess to metadata revealing user

lo
ation, mobility patterns, and even health, as mobile devi
es add sensors to monitor heart rate and

other indi
ators, in addition to any user provided 
ontent. Regardless of the intent of the servi
e

providers, it is in our best interest to ensure that any future dis
ussion of priva
y entertains the

possibility that the same servi
e provider may hold data on both usage patterns (as is 
urrently

true of Google, Fa
ebook, et
.) and ri
h information about user routines, health and instantaneous

lo
ation. E�e
tively, a dividing line may need to be drawn between sensitive and non-sensitive data,

spe
i�
ation of minimum se
urity for data storage and monitoring may need to be set in pla
e, as

well as rules de�ning terms of resale, pro
essing and usage of the data. At the same time, new

business models should be dis
ussed that in
entivize private entities to utilize data in a manner that

produ
es so
ial bene�t.

All of this dis
ussion goes way beyond the te
hni
al questions addressed in this thesis, and is, in

fa
t, a re�e
tion of our belief that applied s
ien
e should be held a

ountable for its resear
h. It is

not enough to insist that (sub-)optimal solutions are �best guarantees of demo
ra
y, freedom, and
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so
ial justi
e� [142℄, while in reality the designs we make bene�t only a handful of people and lead

to a world in whi
h the Internet 
orporations have even tighter 
ontrol over our lives. We 
an and

should do better than that. Even if we will, things may still go the wrong way, but then we will

seek sola
e in an a�ordable, or perhaps even free, mobile a

ess.
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Appendix

A Minimum 
ontrast estimation

In the following we derive expressions for parameters of the point pro
esses analyzed in Chapter 4,

applying the method of minimum 
ontrast to the theoreti
al expression for pair-
orrelation fun
tion

g(r) and its non-parametri
 estimate ĝ(r).

A.1 log-Gaussian Cox pro
ess

For an Log-Gaussian Cox pro
ess (LGCP) we �nd the varian
e σ2
for the stationary Gaussian

pro
ess and the s
ale parameter β of the 
orrelation fun
tion fβ(r) by minimizing the following


ontrast fun
tion: ∫ rmax

rmin

(
log(ĝ(r))q − (σ2fβ(r))

q
)2
dr. (7.1)

Assuming �xed β > 0 and taking the square of the expression inside the integral, we a
hieve the

following expression:

∫ rmax

rmin

log(ĝ(r))2qdr − 2(σ2)q
∫ rmax

rmin

log(ĝ(r))q (fβ(r))
q
dr + (σ2)2q

∫ rmax

rmin

(fβ(r))
2q

dr. (7.2)

Sin
e Eq. (7.1) is a quadrati
 fun
tion of (σ2)q, the extremum of this fun
tion 
an be found through

the �rst derivative test:

∫ rmax

rmin

log(ĝ(r))q (fβ(r))
q
dr − (σ2)q

∫ rmax

rmin

(fβ(r))
2q
dr = 0. (7.3)

Assuming that BL(β) =
∫ rmax

rmin
log(ĝ(r)q (fβ(r))

q
dr and AL(β) =

∫ rmax

rmin
(fβ(r))

2q
dr, the above

expression attains its minimum for:

σ̂2 =

(
BL(β)

AL(β)

)1/q

. (7.4)

Given the se
ond derivative test, BL(β) has to be larger than zero for the minimum of Eq. (7.1) to

exist.

In order to derive β one needs to plug in Eq. (7.4) into Eq. (7.2), in whi
h 
ase one obtains:

β̂ = argmax

(
BL(β)

2

AL(β)

)
. (7.5)
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Given σ̂2
, an estimate of the mean 
an be 
al
ulated as µ̂ = log(λ̂) − σ̂2/2, where λ̂ denotes a

non-parametri
 estimate of the intensity fun
tion of the point pro
ess.

A.2 Matérn 
luster pro
ess

In order to �nd a representative model for the Matérn 
luster pro
ess (MCP) we need to �nd the

parameters R and κ that minimize the following 
ontrast fun
tion:

∫ rmax

rmin

(
ĝ(r)q −

(
1 +

1

κ
H(R)

)q)p
dr, (7.6)

where H(R) = (4πRr)−1h( r
2R ). Fixing p = 2 and q = 1, assuming �xed R and following similar

logi
 to the LGCP 
ase allows us to express Eq. (7.6) as:

∫ rmax

rmin

(
ĝ(r)2 − 2ĝ(r) + 1

)
dr − 2

κ

∫ rmax

rmin

(ĝ(r)− 1)H(R)dr +
1

κ2

∫ rmax

rmin

H(R)2dr. (7.7)

Similarly to the above, Eq. (7.6) is a quadrati
 fun
tion of κ−1
, thus, the extremum of this fun
tion


an be found through the �rst derivative test:

∫ rmax

rmin

(ĝ(r)− 1)H(R)dr +
1

κ

∫ rmax

rmin

H(R)2dr = 0. (7.8)

Assuming that BM (R) =
∫ rmax

rmin
(1− ĝ(r))H(R)dr and AM (R) =

∫ rmax

rmin
H(R)2dr, we 
an �nd para-

meter κ̂ that minimizes the above expression:

κ̂ =
AM (R)

BM (R)
. (7.9)

Clearly, BM (R) has to be larger than zero for the minimum to exist. Then, given κ̂, R̂ 
an be found

as:

R̂ = argmax

(
BM (R)2

AM (R)

)
. (7.10)

Finally, the mean number of points per 
luster µ̂ is obtained as:

µ̂ = κ̂λ̂, (7.11)

where λ̂ is the estimate of the intensity of the observed point pattern.

A.3 Thomas pro
ess

Derivations for the parameters of the Thomas pro
ess, i.e., σ2
and κ, follow the same logi
 as in the

MCP 
ase and yield the following results:

κ̂ =
AT (σ

2)

BT (σ2)
, (7.12)
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where BT (σ
2) =

∫ rmax

rmin
(1−ĝ(r))N(σ2)dr, AT (σ

2) =
∫ rmax

rmin
N(σ2)2dr, N(σ2) = (4πσ2)−1 exp(− r2

4σ2 ),

and:

σ̂2 = argmax

(
BT (σ

2)2

AT (σ2)

)
. (7.13)

Finally, µ̂ = κ̂λ̂, with λ̂ being the estimate of the intensity of the observed point pattern.

B Coverage probability derivation

In the following we derive expressions for the 
overage probability and the average data rate for the

resour
e sharing s
enarios presented in Chapter 5.

B.1 Infrastru
ture sharing

Let us re
all that the superposition of Poisson point pro
esses (PPPs) is also a PPP, with the

intensity equal to the sum of the intensities of the 
omponent pro
esses [121℄[Proposition 1.3.3℄.

E�e
tively, in the infrastru
ture sharing s
enario the point pro
ess that des
ribes the serving base

station is Φ with intensity λ =
∑

i∈N λi, and the transmitter asso
iation poli
y, as stated in the

system model (see Chapter 5), based on the nearest distan
e. The probability distribution fun
tion

(pdf) of the distan
e to the 
losest transmitter in the Eu
lidean plane (obtained from [146℄[Theorem

1℄) 
an be expressed as follows:

fR(r) = 2πλr exp(−λπr2). (7.14)

Now, in the infrastru
ture sharing s
enario the interferen
e to whi
h the user is exposed to

depends on the network to whi
h the user is 
onne
ted (sin
e ea
h network operates in an ex
lusive

spe
trum band). To �nd the 
overage probability over all networks of all the operators we need to

�nd the expe
tation over the 
overage probability of ea
h individual network, whi
h requires de�ning

the probability of asso
iating with the network of operator n ∈ N . This asso
iation probability for

a user with the network of operator n in the infrastru
ture sharing s
enario 
an be found as follows:

An = E

[
min

j∈N\{n}
Rj > Rn

∣∣∣Rn

]
,

= E

[ ∏

j∈N\{n}

P (r < Rj)
∣∣∣Rn = r

]
,

=

∫ ∞

0

∏

j∈N\{n}

P (r < Rj) fRn(r)dr, (7.15)

where fRn(r) is the distribution of distan
e from the referen
e user to the nearest transmitter of n,

and P (r < Rj) may be interpreted as the probability that there is no transmitter of j 
loser than a

distan
e r from the user; this 
an be also referred to as the null probability for network j, whi
h is

exp(−πλjr
2). After plugging the null probability for network j and Eq. (7.14) into Eq. (7.15), we
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get that:

An = 2πλn

∫ ∞

0

r exp


−πr2

∑

j∈N

λj


 dr,

=
λn∑
j∈N λj

. (7.16)

Now, the 
overage probability for the infrastru
ture sharing s
enario 
an be expressed as (using

the expression in Eq. (3.15)):

p(θ) =
∑

i∈N

Aip(θ|i), (7.17)

where p(θ|i) is the 
overage probability 
onditioned on 
onne
ting to the network of operator i,

whi
h 
an be expressed as:

p(θ|i) =
∫ ∞

0+
exp(−θrαW )LIi(θr

α)f ′
Ri
(r)dr, (7.18)

where the Lapla
e transform LIi(θr
α) of the interferen
e in network i is des
ribed using the form in

Eq. (3.16), and f ′
Ri
(r) is the pdf of the distan
e from a user to the nearest transmitter of network i,

given that it is also its serving transmitter among all networks. The latter 
an be derived as follows:

f ′
Ri
(r) =

dF ′
Ri
(r)

dr
,

=
d

dr

(
1− P

(
Ri > r

∣∣∣ min
j∈N\{i}

Rj > Ri

))
,

(a)
= − d

dr

P

(
Ri > r,minj∈N\{i} Rj > Ri

)

P

(
minj∈N\{i} Rj > Ri

) ,

(b)
=

d

dr

1

Ai

∫ r

−∞

∏

j∈N\{i}

P (Rj > r) fRi(r)dr,

=
2πλi

Ai
exp

(
− πr2

∑

j∈N

λj

)
r, (7.19)

where F ′
Ri
(r) denotes the 
umulative distribution fun
tion; (a) the denominator was derived in

Eq. (7.16); (b) the inner probability is the null probability of network j, i.e., exp(−πλjr
2). Finally,

after making the ne
essary substitutions, we get the following expression:

p(θ) = 2π
∑

i∈N

λi

∫ ∞

0+
exp

(
− θrαW

)
exp

(
− 2πr2

(∑

j∈N

λj + λiZ(θ, α)
))

rdr. (7.20)

The derivation of the average user data rate requires plugging the obtained formula into Eq. (3.21),

whi
h 
on
ludes the proof. Note that the spe
ial 
ase of this result for two operators was derived

in [147℄.

PhD Thesis Ja
ek Kibiªda



B Coverage probability derivation 119

B.2 Spe
trum sharing with 
hannel bonding

Let us start by observing that the point pro
ess des
ribing the 
losest transmitter to a referen
e

user of operator n is Φn with intensity λn. Therefore, following the same logi
 as previously, the

probability of �nding the 
losest base station at distan
e r is:

fRn(r) = 2πλnr exp(−λnπr
2). (7.21)

In the spe
trum sharing s
enario the interferen
e to a user of operator n 
omes from: (i) all the

transmitters of operator n that are at a distan
e r and further apart, whi
h we denote as Ir(Φn),

and (ii) all the transmitters of all operators other than n, whi
h may be at any arbitrary distan
e

to the referen
e user, whi
h we denote as I0(Φj) and j 6= n. Now, the total interferen
e is I =

Ir(Φn) +
∑

j 6=n I0(Φj), and its Lapla
e transform 
an be derived as follows:

LI(s) = EI [exp(−sI)] ,

= EI

[
exp(−sIr(Φn)) exp(−s

∑

j 6=n

I0(Φj))
]
,

(a)
= EIr(Φn)

[
exp(−sIr(Φn))

] ∏

j 6=n

EI0(Φj)

[
exp(−s

∑

j 6=n

I0(Φj))
]
,

= LIr(Φn)(s)
∏

j 6=n

LI0(Φj)(s), (7.22)

where s = θrα, and (a) follows from the worst 
ase s
enario interferen
e assumption, whi
h allows

us to treat the interferen
e 
oming from the the networks of di�erent operators as independent, and

therefore repla
e the expe
tation of the produ
t with the produ
t of individual expe
tations.

Now, LIr(Φn)(s) is given in Eq. (3.16), while LI0(Φj)(s) 
an be obtained as follows:

LI0(Φj)(θr
α) = exp

(
− πr2λjθ

2/α

∫ ∞

0+

1

1 + uα/2
du
)
,

= exp
(
− πr2λjZ0(θ, α)

)
, (7.23)

where Z0(θ, α) = θ2/αΓ (1 + 2/α)Γ (1 − 2/α). Finally, when we plug Eq. (3.16) and Eq. (7.23)

into Eq. (7.22), and, subsequently, to Eq. (3.15), we get the following expression for the 
overage

probability of operator n:

pn(θ) = πλn

∫ ∞

0+
exp(−θvα/2W ) exp(−λnπv) exp

(
− πv

(
λnZ(θ, α) + Z0(θ, α)

∑

j 6=n

λj

))
dv. (7.24)

Cal
ulation of the average user rate a
ross the shared spe
trum requires observing that the

expe
tation of a sum of random variables is a sum of expe
tations of ea
h individual random variable.

Hen
e, given the expression in Eq. (3.21), we get that the average user data rate in the spe
trum

sharing s
enario is:

τn = |N | · Eγ

[
pn

(
exp(γ/b)− 1

)]
. (7.25)

where pn(·) is the 
overage probability from Eq. (7.24), whi
h 
on
ludes the proof.
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B.3 Spe
trum sharing with best 
hannel sele
tion

When instead of 
hannel bonding operators sele
t between possible bands su
h that a diversity gain


an be obtained, the 
overage probability of a referen
e user of operator n in the spe
trum sharing

s
enario with two shared bands n and m 
an be obtained as follows:

p̄nm(θ)
(a)
= 1− P

( ⋃

i∈{n,m}

SINRi ≤ θi

)
,

= 1− P

( ⋃

i∈{n,m}

hi
x ≤ θi/l(x) (Wi + Ii)

)
,

(b)
= 1− EIn

[
1− exp

(
− θn/l(x)

(
Wn + In

))]
EIm

[
1− exp

(
− θm/l(x)

(
Wm + Im

))]

(c)
= EIn

[
exp

(
− θn/l(x)

(
Wn + In

))]
+ EIm

[
exp

(
− θm/l(x)

(
Wm + Im

))]
−

EIn

[
exp

(
− θn/l(x)

(
Wn + In

))]
EIm

[
exp

(
− θm/l(x)

(
Wm + Im

))]
, (7.26)

where SINRn is the signal-to-noise and interferen
e ratio (SINR) in spe
trum band n; (a) 
onditioned

on the distan
e r to the nearest transmitter in x, the probability of 
overage from at least one

spe
trum band may be expressed in terms of the probability of outage in ea
h shared spe
trum

band; (b) assuming small enough 
oheren
e bandwidth

3

and exponential fading, signal fading in

di�erent bands from the tagged transmitter is independent; (
) the �rst two terms are pre
isely

the expressions for the 
overage probability in the spe
trum sharing s
enario for operator n in ea
h

individual spe
trum band n and m, while the last term, whi
h is the joint probability of 
overage

in ea
h of the spe
trum bands (denoted as pnm(θ)), 
an be further simpli�ed as follows:

pnm(θ)
(a)
= exp(−θ/l(x)W )EΦ

[ ∏

y∈Φ

Ehn

[
exp

(
− θl(y)/l(x)hn

y

)]
Ehm

[
exp

(
− θl(y)/l(x)hm

y

)]]
,

(b)
= exp(−θ/l(x)W )EΦ

[ ∏

y∈Φ

1
(
1 + θl(y)/l(x)

)2
]
,

(c)
= exp(−θ/l(x)W )

∏

i∈{n,m}

EΦi

[ ∏

y∈Φi

1
(
1 + θl(y)/l(x)

)2
]
,

(d)
= exp(−θ/l(x)W ) exp

(
− λn

∫

R2\B(o,r)

(
1− 1

(
1 + θl(y)/l(x)

)2
)
dy

)
·

exp

(
− λm

∫

R2

(
1− 1

(
1 + θl(y)/l(x)

)2
)
dy

)
, (7.27)

where W = Wk +Wj and B(o, r) denotes a ball of radius r 
entred at the lo
ation of the referen
e

user; (a) the set of interferers in ea
h spe
trum band is the same while the fading experien
ed by ea
h

interfering signal, due to our previous assumption about the 
oheren
e bandwidth, is independent;

(b) given the assumption that fading is exponentially distributed; (
) we 
an divide the set of

interferers into two independent sets: a set of transmitters of operator n and a set of transmitters

of operator m; (d) using the expression for the probability generating fun
tional (pg�) of the PPP

[50℄[Theorem 4.9℄. Now, by swit
hing to polar 
oordinates and making the ne
essary substitutions

3

When 
oheren
e bandwidth is small enough, fading a
ross di�erent spe
trum bands may be 
onsidered independ-

ent.
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(and de-
onditioning on r), we get that:

pnm(θ) = πλn

∫ ∞

0+
exp(−θrαW ) exp

(
− λnπr

2
(
1 + Z′(θ, α)

))
exp

(
− λmπr2Z′

0(θ, α)
)
rdr, (7.28)

where Z′(θ, α) = θ2/α
∫∞

θ−2/α 1−
(
1 + uα/2

)−2
du, and Z′

0(θ, α) = θ2/α
∫∞

0+ 1−
(
1 + uα/2

)−2
du.

When no noise and α = 4 is assumed, the joint probability of 
overage probability from two

spe
trum bands for a user of operator n is given as:

pnm(θ) =
λn

λn + λn
3
2

√
θ arctan

√
θ + λn

θ
2(1+θ) + λm

3
4π

√
θ
. (7.29)

E�e
tively, the 
overage probability for shared spe
trum with best 
hannel sele
tion 
an be

expressed as:

p̄nm(θ) = 2pn(θ) − pnm(θ), (7.30)

where pn(θ) is given in Eq. (5.8), and pnm(θ) in Eq. (7.29).

Applying the above formula to Eq. (3.21), allows us to obtain the average user rate, whi
h


on
ludes the proof.

C Constru
ting a deployment model for Dublin

In the following we provide details on the pro
edure of determination of the deployment fun
tion

for both the over-the-top servi
e provider (OTT) and the mobile network operator (MNO), used in

Chapter 6. The pro
edure 
onsists of the following steps:

• generate the set of demand points S;
• extrapolate real-world 
all-detail re
ord information from an Irish mobile operator into a


ontinuous demand �eld, and sample it using points from S to obtain Ŝ;
• generate new base station lo
ations for the OTT;

• generate new base station lo
ations for the MNO;

• �t analyti
al fun
tions to the 
urves that represent the number of base stations required as a

fun
tion of θ.

The point of this pro
edure is to �nd a 
losed-form representation for the deployment fun
tion, su
h

that some level of analyti
al tra
tability is a
hieved.

C.1 Modelling mobile demand

Our s
enario is an urban s
enario (the 
ity 
entre of Dublin) that is rooted in present reality.

Spe
i�
ally, we exploit two real-world tra
es, provided by an Irish mobile network operator. Said

tra
es 
ontain 
all-detail re
ords for voi
e 
alls and data sessions, 
olle
ted over the entire territory

of the Republi
 of Ireland for a period of two weeks. In order to 
onstru
t our demand model

we represent the lo
ation-spe
i�
 demand data as a 
ontinuous demand data �eld (we apply the

Gaussian kernel smoothing to 
onvert our dis
rete information into a data �eld), whi
h 
an be

interpreted as a spatial fun
tion of the demand (see Fig. 7.3(a)). Then, for our given area, we
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(a) Demand �eld (b) Demand pro
ess Ŝ

Figure 7.3: Constru
ting a demand model with varying spatial 
lustering of demand: a) from our real data

we 
reate a 
ontinuous demand �eld spanning the analyzed area (red 
olour represents a higher volume

of demand); b) we sample the demand �eld based on realizations of the Gauss-Poisson pro
ess for a �xed


luster probability value to obtain Ŝ (radii of the dis
s are dire
tly proportional to the volume of demand

originating in a given point).

generate a number of realizations of the Gauss-Poisson pro
ess (GPP), whi
h we have already

de�ned in Chapter 3. Shortly, the GPP is a point pro
ess on R
2
, with uniformly and independently

distributed 
lusters, where ea
h 
luster 
onsists of either one point or two points depending on

the 
luster probability. By generating realizations of the GPP with varying 
luster probability, we

obtain patterns of arbitrary level of 
lustering between points. Finally, we use su
h generated point

patterns to sample the demand �eld 
reated in the previous step to obtain Ŝ (see Fig. 7.3(b)).

C.2 Modelling base station pla
ement

The real data we have also 
ontains positions and 
overage information for real Long Term Evolution

(LTE) base stations. Additional base stations (small 
ells) required to 
over the demand are taken

from a regular grid laid over the analyzed area, where verti
es of the grid form the set of 
andidate

lo
ations; for simpli
ity, we assume that any kind of radio a

ess te
hnology 
an be pla
ed at any

su
h lo
ation (and, in fa
t, multiple te
hnologies may 
o-lo
ate at any single lo
ation). We formulate

the problems of determining the base station lo
ations to serve the mobile demand as two mixed

integer optimization problems.

OTT

We formulate the problem that the OTT is fa
ing as:

min
{xl,yls}

∑

l∈L

clxl, (7.31)
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subje
t to:

∑

s∈S

max

(
Rs−

∑

l∈L

tlsyls, 0

)
≥ θR, (7.32)

∑

s∈S

yls ≤ xlpl, ∀l ∈ L, (7.33)

xl ∈ {0, 1}, ∀l ∈ L, (7.34)

yls ∈ Z+, ∀l ∈ L. (7.35)

where L denotes the set of base station lo
ations, cl is the pri
e of a base station in lo
ation l,

tls states whether a base station in lo
ation l is able to provide 
overage to demand point in s,

pl is the 
apa
ity of a base station lo
ated in l. To simplify our notation we omitted the impa
t

a te
hnology has on the 
overage and 
apa
ity. Ea
h operator minimizes the number of deployed

base stations, so as to serve a pre-spe
i�ed fra
tion of the demand Eq. (7.32), without violating the


apa
ity 
onstraint Eq. (7.33), and by making binary de
isions on whether to deploy a base station

in lo
ation Eq. (7.34).

MNO

Now, the MNO has to serve the OTT's residual demand using the existing infrastru
ture, whi
h

bears no additional deployment 
osts, or, if that is not possible (due to la
k of 
overage or 
apa
ity),

using newly deployed small 
ell infrastru
ture at a unit 
ost cm. It is safe to assume that its goal is

to maximize the revenue; in the deployment phase this is equivalent to minimizing the deployment


ost, given some level of demand that needs to be served:

min
{xl,yls}

∑

l∈L

xl, (7.36)

subje
t to:

∑

l∈L

ylstls ≥ rs, ∀(s, rs) ∈ Ŝ
res

, (7.37)

∑

s∈S

yls ≤ xlpl, ∀l ∈ L, (7.38)

xl ∈ {0, 1}, ∀l ∈ L, (7.39)

yls ∈ Z+, ∀l ∈ L. (7.40)

The MNO minimizes the number of deployed base stations to 
over the residual demand Ŝ
res

(de-

mand 
onstraint Eq. (7.37)). Again, the de
isions being made are subje
t to the 
apa
ity 
onstraint

(Eq. (7.38)) and are binary (Eq. (7.39)), and 
on
ern whether or not to deploy a base station in

lo
ation l ∈ L. Note that we 
an model any demand the MNO has from its subs
ribers by adjusting

available 
apa
ity pl a

ordingly.
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Solver

The deployment problems of the OTT and the MNO, formulated as Eq. (7.31) and Eq. (7.36), have

the same stru
ture. They are linear problems with binary and integer variables; for reasonably sized

s
enarios su
h as ours they 
an be solved to optimality with bran
h-and-
ut algorithms implemented

in 
ommer
ial solvers. Here we utilize a 
ommer
ial solver software Gurobi [148℄. Let us note also

that exa
t solvers to 
ombinatorial optimization problems yield notorious s
alability issues. Hen
e,

if larger s
enarios are 
onsidered, heuristi
 solutions need to be applied, su
h as the greedy algorithm

des
ribed in [149℄.

Regression analysis

After we apply optimal solvers to the problems in Eq. (7.31) and Eq. (7.36), we obtain a set of


urves that represents the deployment fun
tion with respe
t to the spatial 
lustering of the demand

data. Having an empiri
al fun
tion representing the deployment may just not be enough to arrive

at more general 
on
lusions about the relationship between the MNO and the OTT. Therefore we

exploit the fa
t that our deployment fun
tion 
urves have an apparent parabola-like shape, and we

perform a linear (least-squares) regression on the empiri
al data samples. Using the least-squares

estimates method implemented in R software [108℄, we �t our data to three di�erent models:

• a linear fun
tion of the form a0 + a1θ;

• a pie
ewise fun
tion whi
h is a ho
key-sti
k type of a 
urve that is 
omposed of two rays

meeting in a unique knot point (we perform the estimation using the SiZer pa
kage [150℄);

• a quadrati
 fun
tion of the form a0+ a1θ+ a2θ
2
, whi
h we �t using the Levenberg-Marquardt

algorithm [151℄, implemented in the minpa
k.lm pa
kage [152℄,

where a0, a1, a2 ∈ R.

In Fig. 7.4(a) and Fig. 7.4(b) we present examples of the �tting results. We 
an qualitatively

assess that quadrati
 fun
tion provides the most satisfying �ts for the deployment fun
tion of the

MNO. Both fun
tions turn out to be good estimators of the deployment sizes produ
ed by our

model. The bene�t of having a quadrati
 fun
tion representation is that it allows us to apply the

Lagrangian multipliers method, whi
h requires 
onvexity of the obje
tive fun
tion being optimized

(for this to hold, we also need to make the assumption that a2 ≥ 0, whi
h is in line with our

regression results).

We 
an now substitute the �tted deployment fun
tion to Eq. (6.17), in the OTT 
ase:

u
OTT

= −
(
a0 + a1θ + a2θ

2
)
− β̂(1− θ)R +Q, (7.41)

where a{0,1,2} are the 
oe�
ients of the deployment fun
tion, and to Eq. (6.18) in the MNO 
ase:

u
MNO

= −p
MNO

(
b0 + b1θ + b2θ

2
)
+ β̂(1− θ)R, (7.42)

where b{0,1,2} are the 
oe�
ients of the deployment fun
tion.
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Figure 7.4: An example of the empiri
al deployment fun
tion (
ir
les) and the �tted fun
tions: linear,

pie
ewise linear, and quadrati
.
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A
ronyms

2G 2

nd

generation

3G 3

rd

generation

3GPP 3

rd

Generation Partnership Proje
t

4G 4

th

generation

AWS Advan
ed Wireless Servi
es

CFI European Court of First Instan
e

CRTC Canadian Radio-television and Tele
ommuni
ations Commission

DPP determinantal point pro
ess

EIRP equivalent isotropi
 radiated power

FCC Federal Communi
ations Commission

GPP Gauss-Poisson pro
ess

GSM Groupe Spe
ial Mondiale

GSM1800 Groupe Spe
ial Mondiale (GSM) in 1800MHz

GSM900 GSM in 900MHz

GSMA GSM Allian
e

GWCN Gateway Core Network

iid identi
ally and independently distributed

ILP integer linear programming

IMS IP Multimedia Subsystem

ITU International Tele
ommuni
ations Union

KSS Kalai-Smorodinsky bargaining solution

LGCP Log-Gaussian Cox pro
ess

LTE Long Term Evolution
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M2M ma
hine-to-ma
hine

MC Monte Carlo

MCM minimum 
ontrast method

MCP Matérn 
luster pro
ess

MIP mixed integer program

MME mobility management entity

MMS multimedia messaging servi
e

mmWave millimetre-wave

MNO mobile network operator

MOCN Multi-Operator Core Network

MORAN Multi-Operator RAN

MVNE Mobile Virtual Network Enabler

MVNO Mobile Virtual Network Operator

MWC Mobile World Congress

NBS Nash bargaining solution

NE Nash equilibrium

NMT Nordi
 Mobile Telephony

NwoB Networks without Borders

Of
om O�
e for Communi
ations

OTT over-the-top servi
e provider

pdf probability distribution fun
tion

pg� probability generating fun
tional

PHP Poisson hole pro
ess

PPP Poisson point pro
ess

PSTN publi
 swit
hed telephony network

QoS Quality of Servi
e

RAN radio a

ess network

RNC radio network 
ontroller

RRH remote radio head

SCP set 
over problem
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SIM Subs
riber Identity Module

SINR signal-to-noise and interferen
e ratio

SIR signal-to-interferen
e ratio

SLA servi
e level agreement

SMS short-messaging servi
e

SP Strauss pro
ess

TP Thomas pro
ess

UMTS Universal Mobile Tele
ommuni
ations System

UMTS2100 Universal Mobile Tele
ommuni
ations System (UMTS) in 2100MHz
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