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Chapter 1

Summary

The work of this thesis falls within the topic of Kohn Sham (KS) and Gener-
alised Kohn Sham (GKS) theory, the practical implementation of which are the
most popular tools for predicting the electronic properties of atoms, molecules,
materials and nano-structures. The importance of these methods within the
fields of physics, chemistry and material science is exemplified by the vast
computational resources expended annually running such calculations on High
Performance Computing (HPC) systems, approximately 30% of the total core
hours, based on Ireland’s national HPC system. It is also worth noting that
the most cited papers across the disciplines of physics and chemistry pertain to
this very topic.

Although a formally exact theory, practical KS and GKS calculations require
the use of an approximate Exchange Correlation functional. Over the past sixty
years an intense and unbroken effort has been made to both improve the under-
lying exchange correlation approximations, but also through the development
of correction schemes to supplement standard approximations, such as van der
Waals, self interaction and Hubbard type corrective functionals.

Of particular interest is the development of improved methods for modeling
specific types of materials where conventional exchange correlation approxima-
tions qualitatively fail, such as transition metal and lanthanide oxides. This
qualitative failure of conventional exchange correlation functionals is best ex-
emplified by their spurious prediction of many of the aforementioned materials
as being metallic when they are known experimentally to be insulating. The
reliable modeling of transition metal oxides is a matter of particularly pressing

concern as they include many materials of technological and scientific interest,
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such as cathode materials for lithium ion batteries, heterogeneous catalysts for
hydrogen production, high-temperature superconducting oxides and inorganic

solid state electrolytes to name but a few.

Hubbard type corrective functionals have shown much promise at correct-
ing for the deficiencies of conventional exchange correlation functionals in the
modeling of transition metal and lanthanide oxides. Traditionally these correc-
tive functionals are derived by employing an electron-electron interaction term
inspired by the Hubbard model, however this electron-electron interaction is
already accounted for to a less favorable extent by the conventional exchange
correlation functional which the Hubbard functional is designed to supplement.
This necessitates the use of a double counting correction scheme. Over the
decades several double counting schemes have been derived but crucially, com-
puted material properties have been shown to depend strongly on the choice
of double counting scheme. The aim of this thesis is to dispense with the need
to invoke a double counting correction term and instead derive a new Hub-
bard type corrective functional inspired solely by exact conditions, i.e. known

physical properties of the exact exchange correlation functional.

It is with this in mind that, in chapters three and four, new exact conditions
of the exchange correlation functional are derived, namely the convexity con-
dition and tilted plane condition. The convexity condition is a long assumed,
but until now, unproven exact condition of the exchange correlation functional,
which states that the total energy of a finite electronic system should be convex
with respect to electron count. Proving this exact condition is an important
result not only from a purely academic perspective but also because it lifts a
standing assumption in the original proof of the piecewise linearity condition
with respect to electron count by Perdew et al. [1]. This piecewise linear-
ity condition is itself widely used to motivate the mathematical form of many
Hubbard type corrective functionals and will be invoked in the derivation of
our new Hubbard functional in later chapters of the thesis. In passing, we note
that the piecewise linearity condition is also employed to justify the use of the
KS and GKS gap as a method of evaluating the fundamental bandgap of an
electronic system. Thus, proving the convexity condition places the aforesaid

on a firmer theoretical footing.

In chapter four, another exact condition of the exchange correlation func-

tional, namely the tilted plane condition is derived. This exact condition defines
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Summary

the shape of the total electronic energy surface with respect to total electron
count NV and total magnetization M, including non-integer values of N and M.
This exact condition is a generalization of the well known flat plane condition,
which defines the total electronic energy surface only for a limited range in
values of M. Again, deriving this exact condition is interesting not only from
a purely academic standpoint but also because a plethora of density functional
approximations and corrective functionals have been designed based on the flat
plane condition. Hence, the tilted plane condition could help stimulate the
extension and generalization of many of these methods. In particular for our
purposes, knowledge of this complete total energy surface will be employed in
later chapters of the thesis to derive a new class of Hubbard-type functional.
In chapters five and six, we do exactly that and develop a Hubbard-type
functional named BLOR after the authors, and its many body generalisation
mBLOR, based on our understanding of the flat and tilted plane conditions. To
be more specific, these Hubbard type functionals are solely derived based on the
differing behaviours between the exact and approximate exchange correlation
functionals at non-integer values of subspace electron count and magnetiza-
tion. We benchmark our newly derived Hubbard-type functional using stretched
homo-nuclear s and p block molecules and find that our corrective functional
yields considerable improvements in the total energy compared to standard
Hubbard-type functionals. Finally, in chapter seven, we test the mBLOR func-
tional on MnO, an archetypal transition metal oxide system where standard
local and semi-local exchange correlation approximations benefit from being
supplemented by a Hubbard type corrective functional. With the inclusion
of an additional stabilisation term, the mBLOR functional yields an energy of
cohesion for MnO in very close agreement with the Diffusion Monte Carlo refer-
ence value. Further testing of the mBLOR functional on transition metal oxide

systems is needed. Nevertheless, this is a very promising preliminary result.






Chapter 2
Background Theory

2.1 The Electronic Schrodinger Equation

Within electronic structure theory we are primarily interested in predicting the
physical and chemical properties of materials. If we ignore special relativistic
effects, apply the Born—Oppenheimer approximation [2] and assume there are
no time dependent interactions, these properties can be ascertained by solving

the time-independent Schrodinger eigenvalue equation [3],

1 2
—— Vi v, = B W 2.1
2 Xl: Z |R Z |rz k k*k, ( )

— 1] r;|

for our electron system of interest. In Eq. 2.1 atomic units have been used and
the first three terms on the left hand side are the electron kinetic energy op-
erator T , the electron-nuclei interaction operator Ven and the electron-electron
interaction operator Vee, respectively. Together these three operators form the
electronic Hamiltonian, named after the Trinity College Dublin mathematician
William Rowan Hamilton. The set {U;} and {E)} denote the eigenfunctions
and eigenvalues of the equation. The lowest eigenvalue is referred to as the total
ground state electronic energy of the system and the corresponding eigenfunc-

tion is referred to as the ground state electronic wavefunction of the system.

There exists a suite of quantum chemical methods that are designed to di-
rectly solve the time independent electronic Schrédinger equation of Eq. 2.1,
either in principle exactly or to some level of approximation. These techniques

include coupled cluster [4-6], configuration interaction [7-9] and complete active
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2.2. Density Functional Theory

space methods [10-12]. These techniques enjoy widespread use in the prediction
of molecular properties. However, despite a growing level of interest [13-16],
these methods remain largely outside the scope of solid state prediction due to
the vast computational resources required. In the solid state, the diffusion quan-
tum Monte Carlo method [17-23] offers an extremely accurate tool for solving
the Schrodinger Equation but it too requires vast computational resources and
is thus not an appropriate method for large scale screening of materials [24—26]

or for the prediction of complex solid state defects [27-29].

2.2 Density Functional Theory

As an alternative, most material scientists and condensed matter physicists in-
voke Density Functional Theory (DFT) [30], as it sidesteps the need to evaluate
the many-body electronic wavefunction Wy (xy,...,xy), which depends on the
combined position and spin co-ordinate x; = (r;, s;), of each electron in the N
electron system. Instead, the chemical and physical properties of the system

are determined solely by the electron density,

N
p(r) = (Wolp|o) = (Yol > 5(r —r;)[Wo)

:N%:---SZA;/Q---/W|‘Ifo(x1,...,xN)|2, (2.2)

which is a significantly simpler mathematical object that is a function solely
of position r. In practice, most calculations classified as ‘DFT’ employ a more
complex object than simply the electron density, but this will be discussed at
a later stage.

The first DFT calculations were performed independently in 1927 by Thomas [31]
and Fermi [32]. However, a firm theoretical justification for this method through
two theorems, was published much later in 1964 by Hohenberg and Kohn
(HK) [33], the latter of which was awarded half of the Nobel prize in chem-
istry in 1998 for his development of DFT. The first HK theorem states that:

There exists a one-to-one mapping between the ground-state density po(r) of
an N-electron system and the external potential v(r) acting upon it,
the simple proof by contradiction of which can be found in the original paper

or the several hundred other PhD theses on DFT produced annually. For a
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Background Theory

chemical system without any external electric or magnetic fields, the external
potential is simply the Coulombic potential due to the clamped nuclei. Across
all N electron systems, the electron-nuclei interaction operator is the only term
in the electronic Hamiltonian which varies. From the first HK theorem, it fol-
lows that the electronic Hamiltonian Hee is uniquely determined by the ground-
state density, and by extension, all ground and excited state wavefunctions of
the system are also uniquely determined by the ground-state density. It follows
that all chemical and physical properties of the system are determined by the

ground state density alone,
po(r) = v(r) — Hye — {U}. (2.3)

In particular, the total ground state electronic energy is therefore a unique
functional of the ground state density. The second HK theorem states that:
For all pure-state v-representable densities p,(r), Fy < Ey[py], where Ey =
Ey[po], is the ground-state energy for N electrons in the external potential v(r)
with corresponding ground-state density po(r),
which follows from the variational principle. A pure-state v-representable
density p,(r) [34-36], is defined as any density associated with the ground-state

wavefunction of some Hamiltonian. The total electronic energy functional

Eulpe) = [ depu(e)u(r) + Fixlp.), (24)

where Fuk|py] is the HK universal functional (the sum of kinetic and electron-
electron interaction energies), so-called due to its independence from the system
under consideration. From the second HK theorem we know that the ground
state density of a given system with external potential v(r) can be found by
minimising the energy functional of Eq. 2.4. However, this minimisation pro-
cedure should be carried out solely over v-representable densities — a serious
limitation when searching for the ground-state [34-39]. It is also worth not-
ing that the HK theorems apply only to systems with non-degenerate ground
states. The HK formulation of DFT was also extended to non-zero tempera-
ture by Mermin [40]. Since the development of the HK formulation of DFT, a
variety of other formulations have been devised.

Levy [41] offered an alternative formulation (see also Lieb [42]), which is

defined for all N-representable densities, i.e., the density associated with some
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2.3. The Thomas Fermi Method

antisymmetric wavefunction W, such that

Brewlp) = [ de pleyo(r) + min (7' + Vic)y, . (2.5)
where 7' and V. are the kinetic energy and electron-electron interaction op-
erators. Valone [43] extended the Levy constrained search formulation to all

N-particle density operators,

Evaonelp] = [ dr p(r)o(r) + min (T + Vie)y., (26)
I'n—p
where the N-particle density operator is
Py =2 pi i) (Uil - (2.7)

This was later extended by Perdew et al. [1] to a constrained search over mixed-
states, including non-integer particle counts, in which case Iy in Eq. 2.6 is

replaced by the ensemble density operator
D=3 pai ) (Wil (2.8)
N i

This formulation of DF'T is referred to as the zero-temperature grand canonical
ensemble formulation. Ayers et al. [44] extended the Levy constrained-search

formulation to all wavefunctions in Fock space
W) =D en|¥n). (2.9)
N

By construction, this yields the same ground-state total energies as the zero-

temperature grand canonical ensemble formulation.

2.3 The Thomas Fermi Method

These formulations of DFT provide a rigorous theoretical underpinning for the
method but do not provide a practical computational scheme. A practical
DFT computational scheme was first devised in 1927 independently by Thomas
and Fermi [31, 32], predating the Hohenberg Kohn theorems [33] by thirty-
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seven years. In the Thomas Fermi model the total electronic energy E[p| is
decomposed into three terms, a kinetic energy term 7[p| taken from the uniform

non-interacting electron gas,

3(37r2)2/3/drp(r)5/3, (2.10)

Tlol = 15

a Hartree term that accounts for the classical electrostatic repulsion between

the electrons,
Ful "O( )p( ) 2.11

and the electron-nuclei interaction energy,

Eextlp] = /dr v(r)p(r). (2.12)

This method was further improved by Dirac, who devised an approximate ex-
pression for the exchange energy [45] and von Weizsacker [46] who supplemented

the kinetic energy expression with a correction term,

Twlp] = ;/drw. (2.13)

However, the Thomas Fermi model, in its simplest form predicts molecules
as being physically unstable. Within the field of orbital-free DFT [47-50],
progress continues on developing improved approximations for the kinetic en-
ergy term [51,52], including via machine learning based techniques [53, 54].
However, in practice, most calculations instead resort to the Kohn Sham method

instead.

2.4 The Kohn Sham Method

As an alternative, Kohn and Sham proposed [55] evaluating the kinetic energy

of a system of N non-interacting electrons,

ZZ [ dr v () V(). (2.14)
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2.4. The Kohn Sham Method

whose density is equal to the true electron density of the system,

= %Z i (). (2.15)

In doing so, their total electronic energy functional E[p| is no longer an ex-
plicit functional of the electron density alone. Kohn and Sham also invoked
an exchange correlation energy functional Ey.[p] to account for the difference
between the Hartree energy and the true electron-electron interaction energy
Vee|p] of the system, as well as for the difference between the non-interacting

kinetic energy Ti[p] and the true kinetic energy T'[p],

Exc[p) = Tlp] — Ti[p] + Vee|p] — Enlp]- (2.16)

Therefore, unlike the Thomas Fermi model, the Kohn Sham total electronic

energy functional

Elp] = Ti[p] + Eulp] + Eext[p] + Exclp], (2.17)

is formally exact, but in practical calculations an approximate expression for
Exc[p] must be employed. The minimisation of E[p] can be conducted in the
space of continuous, square integrable KS orbitals {1;} so long as the variational

search is constrained so that the set {1;} remain ortho-normal,

O{wi}] = z Z cij [ it (x)uby (). (2.18)
Minimising the functional of Eq. 2.18 results in the equations
—§V -+ Veff ¢z = ZQj@bj. (219)
j

The local KS effective potential is equal to the sum of the external, Hartree

and exchange correlation potentials,

_ )P B[]
venr(r) = v(r) + [ dr |r_r,| S (2.20)
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Background Theory

The standard Kohn Sham equations can finally be ascertained by diagonalising

the €;; matrix via a unitary transformation of the orbitals,

[—;VQ + Ueff] Vi = €ith;. (2.21)

Therefore, in practice the Kohn Sham scheme necessitates solving a set of IV,
one-electron Schrodinger-like equations to determine {¢;}, which can then be
substituted into Eq. 2.15 to determine the ground-state density of the system
and finally the total ground-state energy of the system can be ascertained from
Eq. 2.17. This is of course significantly more computationally demanding than
the Thomas-Fermi method.

2.5 Exchange-Correlation Functionals

In practical KS DFT calculations, an approximate exchange-correlation func-
tional must be employed [56-59]. Some of the most widely used exchange-
correlation approximations [60,61] have been designed to satisfy certain exact
conditions [62-64] and fitted to appropriate norms. In this context exact condi-
tions are known physical properties of the exact exchange correlation functional
and appropriate norms are properties of specific reference systems, such as the
hydrogen atom, noble gas atoms [65] or the homogeneous electron gas [66,67],
that are known to a high degree of accuracy. The simplest such functional is

the Local Density Approximation,

Eupale] = [ dr p(c)ese(p(r), (2.22)

where ex.(p(r)) is the exchange correlation energy density of the homogeneous
electron gas of density p. Highly accurate Quantum Monte Carlo calculations
of the homogeneous electron gas were first produced by Ceperley and Alder in
1980 [68], which provided the necessary numerical data for ex.(p(r)). By virtue
of the LDA employing the homogeneous electron gas as an appropriate norm,

it satisfies certain exact conditions [39], such as the sum rule,

/dr’ﬁXC(r, ) = —1, (2.23)
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where py.(r,r’) is the average exchange-correlation hole, which can be used to

define the exchange correlation functional,

//drdr'p )Pxc(r r). (2.24)

lr — 1|

For spin polarised systems, in the absence of spin-orbit coupling, a separate
set of KS orbitals can be solved for each spin channel [69,70], resulting in spin-
resolved densities p?(r). In such cases the LDA can be readily extended to yield
the Local Spin Density Approximation,

RESNEDS [ dr 7 (x) e (p(r). (2.25)

Several LSDAs have been devised [69,71-74], each employing different homo-
geneous electron gas reference data or fitting procedures. More advanced ex-
change correlation approximations incorporate increasingly complex ingredients
into the functional such as Generalised Gradient Approximations [60,65,75-77],
which depend not only on the spin-resolved density at each point in space but

also the gradient of p?(r),

Bacal{o™Y) = [ dr (o', 0", V5!, Voh). (2.26)

The Perdew-Burke-Ernzerhof (PBE) functional [60] is the most widely used
Generalised Gradient Approximation and the one employed in all practical DF'T
calculations within this thesis. The PBE functional is designed to satisfy a
number of exact conditions including the Lieb-Oxford bound [62, 78, 79|, the
spin-scaling relation for exchange [80] and the exact slow and rapidly varying

limits for correlation. Its functional form is less aethetically pleasing than the
LDA

Y

E d o LSDA 1 . K
pRE[{9”}] Z/ rpe TR 1+ 4p|Vpo|2/m2kik(p7)?

pt2 14 Af?
I /drp <€£SDA + ~v¢° In (1 + it Azt Ax)) (2.27)

where x, i, v and 8 are constants and ZSPA  lSDA

are the exchange and
correlation energy densities of the homogeneous electron gas, while kg is the

Thomas-Fermi screening wavenumber, ¢ is a spin scaling factor and ¢ is a di-
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mensionless density gradient,

4 9 1/3 1 F_LQ/?) 1 T_LQ/S
G ¢:<1+p p) +<1—p p) ,
T 2 p 2 p
& t:;ka’p. (2.28)

Finally, please note that the e¥SP4 and kg terms on the first line of Eq. 2.27
depend on the non-spin polarized density p(r) = 2p7(r), where p?(r) is the

spin-o density of the system of interest and
A= B LSDA /. /3 -1 92,99
. (exp (—el*PA/7g%) —1) . (2.29)

More complex functional forms have also been devised [61,81-86], many of
which are not explicit functionals of the spin-resolved electron density but rather

the first-order non-interacting spin reduced density matrix,
pl(r'r) Z J7 6io (r') i (x), (2.30)

where f7 is the occupancy of the KS orbital ¢;,. Such exchange correlation

approximations result in a non-local effective potential,
Vet (1, 1) = vye(r', 1) + v(r)d(r', v) + vp(r)o(r', r). (2.31)

Use of a non-local effective potential is referred to as the Generalised Kohn
Sham scheme. This category includes hybrid [87] and DFT+U-type function-
als [88], the later of which will be discussed at length in a later section. There
exists a wide variety of subcategories within the hybrid functional group, in-
cluding global [86], range-separated [89], double [90] and optimally-tuned range
separated hybrid functionals [91]. Global hybrids have arguably the simplest
functional form, incorporating a GGA type correlation energy term in addition

to both a Hartee-Fock type exchange term using the Kohn Sham orbitals,

EYF — —Z//d d’ |( )%/T W)i(r/). (2.32)

and a GGA type exchange term in some specified ratio, such as 1:3 in the case
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of PBEO [86].

2.6 The Piecewise Linearity Condition

The piecewise linearity condiiton with respect to electron count N [1,92,93],
is an example of exact condition not satisfied by any conventional LSDA or
GGA functional. It specifies that the total electronic energy of a system with
non-integer electron count N = Ny +w, where Ny € N’ and 0 < w < 1, is equal
to a linear interpolation of the energies of the same system with Ny and Ny + 1

electrons,
E,[No 4+ w] = (1 — w)Ey[No] + wE, [Ny + 1]. (2.33)

This condition was originally derived by Perdew et al. [1] for the zero tem-
perature grand canonical ensemble formation of DFT, assuming the convexity

condition is satisfied,
2E,[No] < Ey[Ng — 1] + E,[No + 1]. (2.34)

Using the infinite separation limit technique, Ayers et al. [92] later extended
the proof of the piecewise linearity condition with respect to electron count to
all formulations of DFT that are (1) exact for all v- representable densities, (2)
size-consistent and (3) translationally-invariant. Later, Ayers further extended
this proof to the domain of real numbers R [93].

Analogously, there exists the constancy condition with respect to magnetiza-
tion M [92,94], which states that the total electronic energy remains constant

as one varies the system’s magnetization over some limited interval,
Ey(No, M) = E,(No, Mo) = E,(No, —Mp). (2.35)

Here, M, € N° is the maximum magnetization of the lowest-energy state for a
given integer electron count Ny € N°. These two exact conditions are special
cases of the more general flat plane condition [92,95-106], which states that the

total electronic energy
E,(N,M) = (1 —w)E,(No, My) + wE,(No + 1, My) (2.36)
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for |[M| < My + w(M; — M), where N = Ny +w and M; € N° is the maxi-
mum magnetization of the lowest-energy state for the Ny + 1 electron system.
As mentioned earlier, conventional XC approximations violate these exact con-
ditions. The deviation in the total energy of the system from the piecewise
linearity condition with respect to N is referred to as many-electron self inter-
action error [107,108] and the corresponding energetic error for the constancy
condition is referred to as static correlation error [94]. The flat-plane condition
has motivated the development of a number of functionals [102,109-118] that

either fully or partially satisfy this exact condition.

2.7 Many Electron Self-Interaction Error

Many electron electron self-interaction error (MSIE) is defined as the energetic
deviation of approximate functionals from the piecewise linearity condition with
respect to electron count [107,108,119-121],

EMIE(N) = BJPPOY(N) — [(1 — w) BiPP(No) + wEPP™(No + 1)]
where N=Ny+w, 0<w<1 & NyeN. (2.37)

MISE is therefore an intrinsic error associated with an approximate XC func-
tional. By definition, EMS™(N) is zero at integer values of electron count, this
differs from one-electron self-interaction error which is explicitly defined for sys-
tems where N = 1. In one-electron systems the XC energy should cancel the

Hartree energy,
Exlp] = —Exlpl, (2.38)

to ensure the electron-electron interaction energy is equal to zero. The energetic
deviation from this exact condition is referred to as one-electron self-interaction
error (SIE). Unlike MSIE, SIE is an energetic error that occurs at integer (N =
1) values of electron count, so MSIE and SIE are certainly not equivalent.
There exists a suite of self-interaction correction methods to treat this error in
approximate XC functionals [73,122-124].

MSIE has been shown to be almost quadratic in character between consec-
utive integer values of electron count across a wide range of chemical systems
and approximate XC functionals [125]. Thus, this error could be largely treated

by mitigating the curvature in the total energy with respect to electron count.
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2.7. Many Electron Self-Interaction Error

Static correlation error, can analogously be defined as the energetic deviation
of approximate XC functionals from the constancy condition with respect to
magnetization M [92,94],

ESCF(Ng, M) = E3PP™% (N, M) — E3PP"(No, M),
where M € (—Mo,Mo) & M(),NO € 7. (239)

Here, My € N° is the maximum magnetization of the lowest-energy state for a
given integer electron count Ny € N°. Similarly, Cohen et al. [94] have shown
that static correlation error is also highly quadratic in character for values of

magnetization in the interval (— My, My).

In this thesis, static correlation error is solely considered as an energetic error
between different magnetization states which would be degenerate if the exact
XC functional was applied. However, static correlation error can more generally
be defined as the difference in energy between any two nominally degenerate
states due to use of an approximate XC functional. The energy difference
between the symmetry broken and spherically averaged charge densities of open-
shell atoms is an example of static correlation error involving electronic states

of the same magnetization.

It is worth noting that for the majority of chemical systems investigated,
the spurious curvature in the total energy with respect to M is negative while
the spurious curvature with respect to N is positive. Therefore, error can-
cellation can occur in systems with fractional values of both N and M. The
total energy of such a system is defined by the flat plane condition of Eq. 2.36.
The failure of a functional to comply with the flat plane condition can also
result in errors in the total energy of systems with integer values of N and M.
This is explicated in full by Mori-Sanchez et al. [126], using a closed shell Hg
cube at large internuclear separation lengths. Approximate functionals such as
PBE [60] and B3LYP [75,85] yield large energetic errors for any integer value of
electron count N that yields an electron count per atomic site, N/Ngite # 0, 2.
Such energetic errors are expected to occur in any chemical system with highly

localized atomic states, including 3d transition metal oxides.

Finally, for finite systems, the decay of the total electron density as r — oo
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is typically governed by the highest occupied KS orbital, which decays as

1im Yroxs (r) o< exp (—\/—QeHOKSr) . (2.40)

From this exponential decay [127-133], it follows that the exchange-correlation
potential must decay as

lim vge(r) o —i. (2.41)
The failure of approximate functionals to satisfy the piecewise linearity condi-
tion and by extension the ionisation potential theorem (which will be discussed
in the next section), results in the incorrect exponential decay of both ¥goxs(r)
and the electron density. Many XC potentials also exhibit incorrect asymptotic
behaviour, with the LDA for example decaying exponentially [134]. The fail-
ure of approximate XC potentials to exhibit the correct asymptotic behaviour
has been linked to poor performance in the prediction of charge transfer and

Rydberg excitations as well as the stability of anions [135].

2.8 The Fundamental Bandgap

A proof by Janak [136] that predates the proof of the piecewise linearity condi-
tion by Perdew et al. [1], equates the frontier KS eigenvalue to the variation in

the total energy with respect to frontier orbital occupancy [135,137], namely

0E,
- Ofe

€t (2.42)
The proof by Janak in 1978 is based on an earlier proof by Slater for the X«
method [138], which is itself motivated by the analogous approximate expres-
sion in Hartree Fock theory known as Koopmans’ condition [139]. By simply
combining Janak’s theorem and the piecewise linearity condition and assum-
ing Aufbau filling, one can readily show that the highest occupied Kohn Sham

eignevalue epoks is equal in magnitude to the ionization potential,

—1I, = €noks- (2.43)

Analogously, the electron affinity £ 4 must be equal in magnitude to the low-

est unoccupied KS eigenvalue e1,ykg plus an additional contribution from the
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2.8. The Fundamental Bandgap

derivative discontinuity [126,133,140-144] of the exact XC functional AY

—F 4 = eLuks + Ai\é (2.44)

The derivative discontinuity AY, arises because the exchange correlation poten-
tial may shift by a global constant at integer values of electron count,
N _ 1 N+6 N-6
AN = lim (o0 (r) — o0 (1) (2.45)

The fundamental bandgap A is defined as the difference between the ionisation

potential and the electron affinity,
A= Ip — F4 = epuks — €noKs + Ai\g (2.46)

Conventional LSDA and GGA functionals offer no derivative discontinuity A% .
Hence, at this level of approximation, the computed KS gap is the predicted fun-
damental gap of the system. However, such functionals are known to severely
underestimate the bandgap [119,145, 146], in many cases even predicting insu-
lators as being metallic. This failure motivates many practioners to employ an
on-site Hubbard U type correction [88,147,148] to supplement the LSDA or
GGA functional in the hope of opening the bandgap. This is referred to as the

DFT+U method, which we will explore in detail in a later section.

In finite systems, the poor performance of LSDAs and GGAs at bandgap
prediction can be attributed to the presence of MSIE. The presence of MSIE
will typically reduce or completely eliminate the derivative discontinuity in
the total energy at integer values of electron count. With such approximate
functionals the ionization potential theorem of Eq. 2.43 is no longer satisfied
but Janak’s theorem of Eq. 2.42 remains valid [149] and as such, the left and
right hand partial derivatives of the total energy remain equal to egoks and
eLuKs respectively, assuming AN = 0 for the approximate XC functional. As
discussed, MSIE typically reduces or eliminates the difference between these

left and right hand partial derivatives and as such, it reduces the magnitude of
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the predicted fundamental bandgap,

approx approx
/\2PPTOX _ approx __approx __ 8Et0t _ %
= €LUKS — €HOKS — ON ON
No+9d No—6
exact exact
aEtot _ al?tot — Aexact (2 47)
, .

where by virtue of Eq. 2.43 and Eq. 2.44 the exact left and right hand partial
derivatives must be equal in magnitude to the ionisation potential and electron
affinity and their difference yields the exact fundamental bandgap, A®*@t of the

system.

2.9 The DFT+U Method

With over five thousand peer reviewed publications to date !, the DFT4+U
method is an extremely popular tool for modelling systems with localized elec-
tronic states, such as 3d-transition metal oxides [150-165] 4f-lanthanide ox-
ides [166-173] and transition metal complexes [174-180]. Applying a Hubbard
type functional can help correct for standard (semi-)local exchange correlation
functionals preferential treatment of delocalised states [181,182], which is linked
to the failure of such functionals to satisfy the piecewise linearity condition with
respect to electron count. This spurious preference for delocalised states is best
exemplified by the infinitely stretched H3 molecule. In the infinite separation
limit, approximate exchange correlation functionals will spuriously predict that
the system with half an electron localised on each atomic site is significantly
lower in energy than the system where one electron localizes on one of the
two atomic sites. These two options would be degenerate with the exact XC
functional 2.

For this simple system, the most widely used DFT+U functional by Dudarev
et al. [183] will take the form,

E,=—23"n! —ninl, (2.48)

'Based on a bibliometric search conducted using the Scopus database.

%In the case of the non-infintely stretched HJ molecule, these states are no longer degen-
erate but at large separation lengths the total energy of the delocalised state will also be
artificially low.
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2.9. The DFT+U Method

where n! is total subspace occupancy at atom site I and U.g is the effective
Hubbard U parameter, which is typically greater than zero. The DFT+U func-
tional will yield no energetic correction for the localized state, where the single
electron occupies one of the atomic sites, but the functional will contribute
an energetic correction of magnitude Ueg/4 to the delocalised state. Thus, for
a suitable value of the effective Hubbard U parameter, the XC functional’s

spurious preference for the delocalised state can be ameliorated [184, 185].

DFT+U can also be used to alleviate the bandgap problem [145,148], i.e.,
standard (semi-)local XC functionals tendency to vastly underestimate the fun-
damental bandgap, frequently even predicting insulators as being metallic. By
way of example, consider the corrective potential associated with Dudarev’s

functional,
. U 5 5 no £
=g 2 (P —2PpP), (2.49)

g

where p? is the spin-o Kohn Sham density operator and P is the projection op-
erator used to define the subspace to which the Hubbard type corrections are
being applied. In the idealised limit where both the highest occupied and lowest
unoccupied Kohn Sham orbitals project perfectly onto the subspace projection
operator p, the Hubbard type corrective functional will, to first-order pertur-
bation theory, apply a shift of minus U.g/2 to the highest occupied orbital and
plus Ueg /2 to the lowest unoccupied orbital, thus increasing the bandgap by an
amount equal to the effective Hubbard U parameter. Thus, DFT+U function-
als are routinely employed to alleviate the two aforementioned deficiencies in

standard (semi-)local XC approximations.

Another benefit of the DFT+U method is that once the effective Hubbard
U parameter has been evaluated or selected, the method exhibits a comparable
computational cost to a bare DFT calculation employing the same XC func-
tional. This enables the DFT+U method to be employed for large scale material
screnning [24-26] and the development of material property databases [186-188]
as well as the prediction of complex solid state defects [27-29]. These noble
endeavours could not be readily achieved using methods such as coupled clus-
ter [4-6], Diffusion Monte Carlo [17-23] or even hybrid functionals [85,86] due

to their significant computational overhead.

A suite of other methods have been developed, which have shown much

success in modelling strongly correlated systems with localised electronic states,
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such as Gutzwiller DFT [189-191], Dynamical Mean Field Theory [192-194]
and Reduced Density Matrix Functional Theory [195,196]. However, these
methods fall beyond the realm of Kohn Sham and Generalized Kohn Sham
theory. Rather than developing an entirely new theoretical framework to treat
certain classes of materials, by contrast DFT+U resides within the Generalised
Kohn Sham scheme and can simply be viewed as a correction term for standard
exchange correlation approximations. This also allows the method to be readily
implemented within existing DFT codes.

The Self-Interaction Correction (SIC) method [73,197] is another commonly
used corrective functional that fits within the Generalised Kohn Sham scheme.
However, unlike modern DFT+U functionals, the SIC method suffers from the
significant drawback that it is not invariant under unitary transformations of
the orbitals as the SIC energy functional depends explicitly on the individual

orbital densities.

2.10 The Original DFT+U Functionals

The DFT+U method was originally developed by Anisimov et al. [198] to eliv-
iate the shortcomings of the local spin density approximation (LSDA) in de-
scribing Mott insulators. In particular, Anisimov et al. noted the LSDA’s
severe underestimation of the band-gap and local magnetic moments in 3d-
transition metal oxides, with the LSDA even predicting CoO and FeO as being
metallic [199].

However, these systems are well described by the simple multi-band Hubbard
model. Anisimov et al. proposed supplementing the local density approxima-

tion (LDA) with an additional interaction energy term to treat the localised 3d

states,
U - U-—J
Liny = 5 Z ngnmngn’m’ + T Z n;‘nmngn’m’a (250)
omm/ ar;zm//

where U and J are the Hubbard U and Hund’s rule exchange parameters and

ng .. is the spin-o occupancy of orbital m, which can be defined as

Tt = (D107 103 (2.51)
where p° is the spin-c Kohn-Sham density operator and {¢! } are the set of
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atomically localized orbitals at atom I (the atomic site index is often sup-
pressed for clarity). This interaction term is simply the expectation value of
the Hubbard model Hamiltonian,

A U ~ ~ U - <] A A
Hpoa = 5 Z NmoNim/s + T Z NmeNm/o s (252)
mm'e et

where only the on-site interaction term has been considered, i.e., the hopping
term has been excluded. However, the inter-electron interactions described by
Eq. 2.51 have already been accounted for to a less favourable extent by the
LDA functional itself. This necessitates the use of a double counting correction
scheme. Anisimov et al. postulated that the on-site inter-electron interactions
would be well described by the LDA in the homogeneous limit, i.e., when each
of the 2(2/ + 1) orbitals are equally occupied, where [ is the orbital angular
momentum quantum number. The orbital occupancies in Eq. 2.50 are thus
replaced by the deviation from the average occupancy ng. This is referred to as
the Around Mean Field (AMF) double counting correction scheme, where for

completeness the average occupancy

Zom Nynm
=——"7"" 2.53
S TCTIEY (2.53)
Anisimov et al’s DFT+U-type functional can be written as
Anisimov—AMF U o o
Eu = 5 Z (nmm - no)(nm’m’ - ’fl())
U—-J

- 5 > (g — 10) (N — T0)- (2.54)

B

The newly derived DFT+U-type functional offered a significant improvement
in the bandgaps and magnetic moments of transition metal oxide test systems
compared to the bare DFT(LSDA) values. However the method still left much
to be desired, particularly in the case of the predicted bandgaps. In an attempt
to further improve the predicted transition metal oxide bandgaps, Anisimov et
al. [200] devised an alternative double counting correction scheme commonly re-
ferred to as the Fully Localised Limit (FLL) double counting scheme. Ansimov
et al. proposed treating the 3d subspace of the transition metal site as an iso-

lated system that exchanges electrons with the bath (the rest of the electronic
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system). In this case, the total subspace energy, which they assume is solely
composed of the 3d inter-electron interaction energy, should obey the piece-
wise linearity condition with respect to electron count, originally developed by
Perdew et al. [1].

Anisimov et al. argue that the LDA yields relatively accurate total energies
but by virtue of it being an explicit and differentiable functional of the electron
density, it is a continuous function of the electron count N. They therefore
approximate that the 3d inter-electron interaction energy within the LDA is

given as

U
Ege % 5 N(N = 1), (2.55)

where N is the total subspace occupancy and for now we have ignored the
exchange interaction parameter J. Using Eq. 2.55 as our double counting cor-

rection term, in combination with a simple Hubbard like interaction term yields

U g O'/ U
UC;Z;ZZ”’ZL’
For systems with integer orbital occupancies (ng,,, = 0 or 1), whose valence

and conduction bands project perfectly onto the 3d subspace, this corrective
functional will, to first order perturbation theory, open a gap of magnitude U
between the occupied and unoccupied Generalised Kohn Sham states, thus al-
leviating the LDA’s significant underestimation of the quasi-particle bandgap.
This corrective functional introduces a derivative discontinuity in the XC poten-
tial within the Kohn Sham scheme but does not do so in the Generalised Kohn
Sham scheme as it is an explicit functional of the first-order non-interacting

reduced spin density matrix.

Anisimov et al. accounted for the non-sphericity of the Coulomb interactions
by using an orbitally resolved Coulomb interaction parameters U,y within the
Hubbard like interaction term. Accounting also for the exchange interactions,

they arrived at the following final expression for the DFT+U-type functional,

o ! L. . s
EuAmslmov FLL _ 5 Z Umm’nmmnm’m’ —+ 5 Z (Umm’ — Jmm/)nmmnm/m/
omm !
U J
— G NIV =1)+ NN —2). (2.57)
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Motivated by Anisimov et al’s seminal papers, several groups later developed
DFT+U-type functionals using either around mean field or fully localised limit
double counting schemes. We will explicate some of these functionals in the

following two sections.

2.11 AMF Double Counting Schemes

Czyzyk et al. [201] propose using the same orbitally resolved Hubbard like

interaction term

1nt — 9 Z U, m/nmm mm’ + Z mm’ - mm')n%mn%’m’ (258)

omm/ omm/
m;ﬁm

used by Anisimov et al. [200] in their DFT+U functional with a Fully Localised
Limit Double Counting Scheme, as given by Eq. 2.57. To allow for an improved
treatment of magnetic states, Czyzyk et al. propose replacing the average oc-
cupancy ng in their around mean field double counting scheme with the average

spin resolved occupancy ng,

B AT = Z Uit (0 = 1) (M — 125
Jmm
+ > (U = ot ) (0700 — 10 (710 — ) (2.59)
2

Pickett et al. [202] proposed using the spin and orbital resolved LDA occupan-

cies ng™™

as the reference occupancies as opposed to the average spin resolved
occupancies ng. This ensures that the LDA solution is a stationary solution of

the LDA4U functional,

Elfl’ickett _ Z Umm ngmm) (nfn’m’ ngm m’ )
crmm’
+ S" (Ut = ) (0 = ™™ (110 — 05" ™) (2.60)
‘”lm

Motivated by the failure of Czyzyk et al’s [201] around mean field type func-
tional of Eq. 2.59 to provide a correction to fully spin polarised systems at

half occupancy, Seo developed a new DFT+U-type functional with an around
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mean field double counting scheme. Seo [203] rearranged the orbitally resolved

Hubbard like interaction term of Eq. 2.58 to give

. - o - o o
Eint = Z Umm N, m/ + nmmnm m/ 9 Z Umm’ Mo oy
O'mm’ omm/
g g
+ Z — mm/)nmmnm/m/. (261)
0"7"/"1
m#m/

Seo identified the first term as the Hartree Energy component Ey and proposed
using average Hubbard U and Hund’s J parameters for the second two terms

so that U ;
B = Byt — == 0 — 5 S NN, (2.62)

where N? is the total spin-o subspace occupancy. For the double counting
correction Seo proposes replacing the spin resolved orbital occupancies with the
average spin resolved occupancy ng and argues that (U + 2[.J)/(20 + 1) should
be replaced simply by the Hund’s J parameter so that the double counting

correction,

J
Ege = B — 5 > NON°. (2.63)

Seo’s DFT+U-type functional is given by the combination of the interaction
term of Eq. 2.62 and the double counting term of Eq. 2.63,

U —
B = — (2.64)

mm "mm-*

Unlike many conventional DFT+U-functionals with fully localised limit double
counting schemes, the DFT+U functional of Eq. 2.64 offers a suitable correc-
tion to the potential of one-electron systems, which are traditionally plagued
from issues related to one-electron self-interaction error. The success of Seo’s
functional at predicting the band structure of metallic Gd is ascribed to this
key feature [203].

2.12 FLL Double Counting Schemes

Czyzyk et al. [201] propose using the same orbitally resolved Hubbard interac-
tion term of Eq. 2.58 that Anisimov et al. [200] used for the original DFT+U
functional with a Fully Localised Limit Double Counting Scheme. Czyzyk et
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al. correctly pointed out that the interaction term as given by Eq. 2.58 in the
fully localised limit (with n9, = 0 or 1) and Uy, and Jy,, replaced by the

average Coulomb repulsion and exchange parameters U and J, is given by
U J oo
Eq4 = §N(N -1 => §N (N° —1), (2.65)

which slightly differs from the double counting scheme used by Anisimov et
al. [200]. Combining the interaction energy term given by Eq. 2.58 with the
double counting term given by Eq. 2.65 yields the DFT+U energy functional

. 1 5 1
ESZyZyk*FLL = 5 Z Umm,n;mna,m, + 5 Z (Umm/ - Jmm’)n;‘nmngﬂm’
amim !
U J
~SN(V = 1)+ S EN(NT - 1), (2.66)

In Ref. [204] Solovyev et al. claim to propose a DFT+U functional with a
fully localised limit double counting scheme, but the proposed functional is
equivalent to Anisimov et al’s DET+U functional [200] as given by Eq. 2.57. It
is worth emphasising that Anisimov and Solovyev are named authors on both
papers, the later paper should be regarded as a follow up study rather than the

introduction of a novel DFT+U functional.

Due to the neglect of off diagonal terms in the occupancy matrix n? ., the

mm/»
interaction energy of Eq. 2.58 is not rotationally invariant and by extension, nei-
ther are the DFT+U functionals derived from it, i.e., Eqs. 2.57,2.59,2.64,2.66.
Liechtenstein et al. [205] proposed using the full Hartree-Fock expression for

the interaction energy, without neglecting the off diagonal terms,

. 1 o o
Eint = — E Umm//m/m///nmm/nm//m///

2 (Yo

+ Z (Umm”m/m/” — Umm//m///m/)ngnm/ngn//m///, (267)
{m}o

where U,mimmm 1s defined as
Ui = (m, m” [ Vee|m!, m™) (2.68)

and Vg, is the screened Coulomb potential. Liechtenstein et al. [205] combined
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this term with the fully localised limit double counting term given by Eq. 2.65

to create a rotationally invariant DFT+U functional,

1

ElI;ieChtenStein :i Z (Umm//m/m/// - Umm//m///m/)n%m/n%//m///, (269)
{m}o
1 o o U J o o
+ 5 Z Umm//m/m///nmm/nm//m/// — EN(N — 1) + Z §N (N — 1)
{m}o g

Dudarev et al. [183] later developed a rotationally invariant DET+U functional
using only the orbital independent U and J parameters. Combining Anisimov
et al’s interaction term of Eq. 2.50 with Czyzyk et al’s fully localised limit
double counting correction of Eq. 2.65, Dudarev et al. arrived at the DFT+U
functional,

Uu—-J
E, = 5 > ong o —ndng (2.70)

mm’ "mm-*

However, this functional is not rotationally invariant. Dudarev et al. [183]
proposed that this functional should be replaced by the following expression,
U—-J

Elll)udarev _ 5 Z (nglm’(smm’ — n;m,n;/m). (271)

mm'o

In the case of diagonal occupancy matrices, Eq. 2.70 and Eq. 2.71 are equal.
Crucially Eq. 2.71 can also be written in terms of the trace over the product of
spin resolved occupancy matrices
U—-J
EPudarev — 3" Tr[n] — Tr[n“n’| (2.72)
and so unlike Eq. 2.70, Eq. 2.71 is invariant under unitary transformations of
the orbitals.

The methods of Dudarev [183] and Liechtenstein [205] represent the most
widely used DF'T+U type functionals in the literature. Despite their widespread
deployment, precious few studies have compared the performance of these two
corrective functionals. The few studies that do exist show that in many cases
similar performance can be achieved using either Dudarev [183] or Liechten-
stein’s [205] functional, as demonstrated for example in the prediction of en-
thalpy differences in iron based spin crossover materials [206] or the lattice
parameter and bandgap of ThOy [207]. Similarly, both DFT4+U functionals
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have been shown to exhibit problems of meta-stability [208-210], i.e., where

the DFT+U functional converges to a local minimum.

However, there will of course exist systems where the presence of indepen-
dent U and J interaction parameters becomes advantageous over the single
effective interaction parameter Ueg = U — J of Dudarev’s functional. Bousquet
et al. [211] for example, has shown that the correct prediction of spin canting
angles and magnetocrystalline anisotropy energies in lithium transition metal
orthophosphates and transition metal difluorites necessitates separate treat-
ment of the Hubbard U and exchange interaction J. In exceptional cases, such
as iron based pnictides [212], the exchange interaction J may dominate over
the Hubbard U interaction, such systems would also likely benefit from the two

independent parameter approach of Liechtenstein et al. [205].

2.13 A Hybrid Double Counting Scheme

Petukhov et al. [213] proposed using a linear interpolation between the around
mean field and fully localised limit double counting schemes. The authors use
a parameter a, 0 < a < 1, to interpolate between the two double counting
schemes. In the fully localised limit, where @ = 1, Dudarev et al’s functional
is used. This functional as given in Eqs. 2.71 & 2.72 can also be written in the

form,
Dudarev __ u-J o o o
E; = 5 > N — >_n7 (2L + 1) |. (2.73)

omm/

For the a = 0 limit, Petukhov et al. develop a novel DFT+U functional with
an around mean field double counting scheme. The authors propose treating
the first term of Eq. as the interaction term,

U—-J
Eit = 5 > ongang (2.74)

mm’'“m/m-
omm/

The raw L(S)DA should yield the correct solution in the limit of uniform spin
resolved orbital occupancies so as before, the around mean field DFT+U func-

tional can be found by replacing the nf . elements with ng, ., — n%d,,, so
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that
Ell;’etukhovaMF _ U ; J Z (n;m/ _ na(smm/)(n;,m . na(sm/m>
u-J
= ( S 0T — > (n%)%(20 + 1)). (2.75)

To interpolate between these two limits Petukhov et al. [213] proposed the
double counting correction term,
U—-J U—-J

Edcz—izl—()é 2l—|—1)( )

5 S a2+ 1)n’.  (2.76)

2 %

Combining the interaction and double counting terms of Eqgs. 2.74 & 2.76,
Petukhov et al. [213] proposed the following functional with a hybrid double

counting scheme,

U2JZ”m'”mm+UJ21_04 2l+1)( )

omm/

i) Z 20+ 1)n (2.77)

Petukhov—hybrid _
E u

They proposed setting the value of the parameter « such that the DFT+U
functional of Eq. 2.77 corrects only the potential, i.e., offers no correction to

the total energy. To satisfy this constraint « is defined as,

Za’mm’ nmm m m ZU( )2(2l + 1)
“= 2l +1) 5, n°(1 —no) ' (2.78)

2.14 Extended DFT+U Functionals

2.14.1 DFTH4U+J

Himmetoglu et al. [214] developed an extended DFT+U functional, commonly
referred to as the DET+U+J functional. They proposed that the full Hartree-
Fock interaction term of Eq. 2.67 is dominated by the two-orbital Coulomb and
exchange terms with interaction parameters of the form U,,m/mm and Upmimim,

respectively. Replacing these interaction parameters with their atomic averages,

1
— m > (m,m/|Vee|m, m”) (2.79)
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and .
/ /
= ee ) ) 2.
J CESIE %/ (m, m|Vee|m', m) (2.80)

Himmetoglu et al. [214] arrived at the interaction term

U _
_ o 0 o 0 o o
Eng D) Z (nmmnm’m’ + N iy — Mgy oy m)
mm/o
J _
o o o G o .0
+ ) > (nmm,nm,m + 1 Porrn, — nmmnm,m,) . (2.81)
mm/’o

This interaction term can also be written in the form
FEint = ZTr 2 4 Tr[n?]Tr[n] — Trnn°]

+ = ZTr 7] + Tr[n“n?] — Tr[n’]?. (2.82)

Analogous to Dudarev’s functional of Eq. 2.72, this interaction term is invari-
ant under unitary transformations of the orbitals. Himmetoglu et al. choose to
apply a fully localised limit double counting scheme. Using the orbital repre-
sentation that diagonalizes the occupation matrix and recalling that in the fully
localised limit the orbital occupations (the diagonal elements of the occupation
matrix) are equal to zero or one, one can readily show that in the fully localised

limit the interaction term of Eq. 2.81 becomes

U
EdCZEN( —1) ——ZN" 1)+ JNmin, (2.83)
Combining the interaction and double counting terms of Eq. 2.81 and Eq. 2.83,

Himmetoglu et al. proposed the following DFT+U+J functional,

. U—-J
Elljlmmetoglu = Z (ngnm’(smm’ - n;‘nm’n;‘n’m)
2 omm/
J - .
5 Y MM — TN, (2.84)
omm/’

The final term on the right-hand-side of Eq. 2.84 is referred to as the minority
spin term and is sometimes omitted in practical calculations to aid numerical
convergence. Despite being derived by very distinct techniques, Eq. 2.84 bears

a remarkable resemblance to Dudarev’s functional of Eq. 2.71 but also contains

32



Background Theory

an unlike spin interaction term.

2.14.2 DFT+U+U,,

Instead of using the Hartree-Fock interaction term of Eq. 2.81, Shishkin et
al. used the Hubbard-like interaction term of Eq. 2.50 and applied the same
arguments as Himmetoglu et al. in deriving their double counting correction

term to arrive at the following expression,

Ey T Z mm’(smm/_ mm/ lm/m + Z nmm mm_UNUmm (285)

omm/ omm’

Finally, Shishkin et al. [215] choose to denote the like-spin interaction (U — J)
simply by U and the unlike-spin interaction U by Uy,

U

- U
Shishk )N/ min
ERET = B) > (N Oy — 1 > nd — Uy NOmin,

(2.86)
Shishkin et al’s functional is equiavlent to Himmetoglu et al’s DFT4+U+J

except that the unlike-spin interaction is of Coulomb type rather than exchange.

mm! T m
omm/ omm’

mm/ TTL’ITL

Shishkin et al. proposed evaluating [216] the unlike-spin Hubbard U parameter,

> Tr [n,nz]

Un = _UZU Tr [n,n,|’

(2.87)

yielding 0 and —U at the fully spin polarized and non-spin polarized limits.

2.14.3 Judiciously Modified DFT

Bajaj et al. [109,110] proposed that the like-spin interaction term of the DFT+U+.J
functional can help mitigate static correlation error, in the same spirit that Du-
darev’s functional acts as a corrector for many-electron self-interaction error.
They assert that the standard DFT+U+J functional of Himmetoglu et al. [214]
can be used to enforce the flat plane condition in s-valence species when the
s-subshell is less than half filled (N < 1). Bajaj et al. argue that the like-spin
interaction term should be modified for cases when N > 1 as the term increases
with increased filling of the subshell. Upon assessing several functional forms,
Bajaj et al. [109,110] arrived at the following modified DFT+U+J functional
which they refer to as judiciously modified DFT (jmDFT),
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U

J _
7(1—n%)] + gzaTr[n"n”], N <1,
E]]J_%ajaj —

U

7(1—n%)] + gZUTr[(n“ —1)(n% —1)], N >1.(2.88)

Bajaj et al. successfully employed their functional to correct for energetic er-
rors in finite atomic and molecular test systems at fractional values of electron
count and magnetization. However, it is worth emphasizing that these promis-
ing results were achieved using a bespoke method of evaluating the U and J
parameters. The performance of this corrective functional when applied using

standard approaches of evaluating U and J remains to be assessed.

2.14.4 DFTH+U+V

Campo et al. [217] proposed using an extended DFT+U functional typically
referred to as the DFT+U 4 V method, to treat both on-site and inter-site
interactions. Accounting for both on-site and inter-site interactions, Campo et
al. [217] started with the Hartree-Fock interaction energy,

FEing :1 > gl r o

mm/ nm//m///

mm/ m'm
{IH{m}o
1 I I// I/ I/// I I// 1" I/
+ 5 Z (Umm "t T Umm "' )n%m/nm 'y (289)
{IH{m}o

where the interaction matrix elements

1" o 1 ! "
UT{/LTIT’LN'I{’L ,rIn/// i <¢£’L7 ¢7I/n/l |%e | qs,]{nl, ¢7I/n/ll> 9 (2.90)

have both site and orbital indices and the occupancy matrix elements

notl, = (oL 17| 68,) . (2.91)

Campo et al. neglected all but the two-orbital Coulomb terms with interaction

UII "Ir

e a0d Teplaced these parameters with orbital

parameters of the form

averages
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i 1 I .
o i+ 120y +1) %: (D1, bir | Veel D15 b3 ) - (2.92)

They arrived at the interaction energy expression

vir 1.1 vir I, ol'l
Emg = o - > Tngm/ngl,m. (2.93)
1r I1I'omm/
The interaction energy expression of Eq. 2.93 can also be written in terms of

the trace over the product of occupancy matrices

Bu= Y e ] -y

oll' oIl
P > Tr [n” "], (2.94)

and so is invariant under unitary transformations of the orbitals. Campo et al.
proposed that in the fully localised limit, the off-diagonal terms Tr [n"l I'pol'l },
where I # I, are equal to zero. The on-diagonal terms Tr {n“U n°l! } are equal
to Tr [n"” } as discussed in the derivation of Himmetoglu et al’s DFT+U+J
functional. The fully localised limit double counting correction is

Fae =) Enfnl/ -y V—Hnl. (2.95)

w2 T 2
Subtracting the double counting term of Eq. 2.95 from the interaction term of
Eq. 2.93, Campo et al. arrived at the DFT+U functional,
gy Vit - Lttt (200)

II'omm’
The inclusion of inter-site V' interactions can act as a counter balance to the
arguably excessive electronic localization of the standard Dudarev functional.
The extended DFT4+U+V functional has been shown to be particularly adept
at treating systems with strong hybridization of atomic orbitals on neighboring
sites such as bulk-Si [217], MnOy [218] and phospho-olivine cathode materi-
als [219].
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2.14.5 DFT+U Functionals for Non-collinear Systems

Dudarev et al. developed a DFT+U functional to treat non-collinear magnetic
systems [220]. Starting with the on-site interaction operator used for cubic

harmonic p-orbitals,

i (U - g) (R2 = B) =5 (80 3842 % eyt (2.97)

mm'oo’

The operators & and é,,, are the orbital m, spin-o creation and annihilation
operators while the total subspace electron count and magnetic moment vector

operators,

N=%4é tns, & M= ¢ 0sptmo, (2.98)
mo moo’

and o, are the Pauli matrices. Focusing solely on terms in the Hamiltonian

composed of two creation and two annihilation operators acting on the same

electronic state, i.e., terms of the form 7,,,7,,,, Dudarev et al. argue that with

approximate DFT functionals such terms contribute an energy proportional to
2

mo’

nz _, when they should contribute an energy proportional to n,,,. In this case,

the terms with a J prefactor cancel to yield the DFT+U functional,

By = 5 Z (n;‘nm - n?nmn?nm) : (299)
am
Dudarev et al. [220] propose modifying this functional, using the same technique
applied to Eq. 2.70 so that the functional is invariant with the respect to the
choice of orbitals and spin quantization axis,
U

Dudarev—NC __
E; =3

> (”gn%’émm’(saa’ - ”?ni;’nfr;/am) ’ (2.100)

oo'mm/’

where the occupancy matrix elements

Ny = (D Pl D) - (2.101)

Interestingly, in the case of collinear spin systems, this functional reduces to
Dudarev’s standard functional of Eq. 2.71 except with an effective parameter
Usg = U as opposed to U — J.
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2.15 Evaluating Hubbard Corrective Parame-

ters

Choosing a suitable value for the Hubbard U and Hund’s J parameter is of
central importance to the practical application of the DFT+U method. The
Hubbard U parameter is often chosen via empirical tuning to a material prop-
erty of interest, such as bandgaps, crystallographic structures [221] or oxida-
tion energies [222]. However, this comes at the expense of DFT+U’s predic-
tive power, as in this case the method can only be applied to a material with
reliable experimental reference data. Furthermore, discrepancies between a
DFT+U prediction and an experimental result is never solely due to the cho-
sen value of the Hubbard U parameter. When empirically tuning to a ref-
erence bandgap value, discrepancies can arise for example due to zero point
vibrational motion, crystalline defects and exciton binding energies to name
but a few. To avoid the shortcomings of this empirical tuning technique, a
number of techniques for evaluating the Hubbard corrective parameters have
been devised including the constrained DFT method [198,223-228], the con-
strained random phase approximation [229-235|, the Unrestricted Hartree Fock
method [236,237], density functional perturbation theory [238,239] as well as
the self-consistent field [202,240,241] and minimum tracking [242-245] linear

response techniques.

In the simple Hubbard model, the Hubbard U parameter is defined [246] as
the energy cost of moving am electron from one atomic site to another when

both sites were initially equally occupied,
U= FE[N +1]|+ E[N — 1] — 2E[N]. (2.102)

Within the DFT+U scheme, the subspace occupancy N, is a continuous vari-

able. Therefore, in the constrained DFT method, it is assumed that adding or

removing a single electron from the subspace is a sufficiently small perturba-

tion [224] for the finite difference expression of Eq. 2.102 to be replaced by,
O’E

A series of constrained DFT calculations [223] can then be performed for a
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series of chosen values of the subspace occupancy Niarget,
E [Ntarget] = min [Etot [p(r)] —+ )\ (N — Ntarget)] y (2104)

where A is a Lagrange multiplier. The Hubbard U parameter can then be
evaluated as the curvature of E [Niaeet] [228]. Alternatively, via application
of the Slater transition-state rule, one can evaluate the Hubbard U parameter
from the 3d eigenvalue differences [198,225-227],

N, 1 N N, 1 N
0 0] —63(”[20 5 20 ] (2.105)

U= csar [2+2;2
where the first and second arguments of the 3d eigenvalue are the spin re-
solved subspace occupancies. For simplicity, we have assumed that the atomic
subspace is of 3d character and Ny is the bare DFT subspace occupancy. In
practical calculations with the constrained DFT method, the 3d occupancy
at the other transition metal sites in the subspace are typically kept fixed as
the occupancy at the atomic site of interest is varied. The constrained DFT

method was a considerable intellectual leap forward, but was ultimately found

to significantly overestimate the value of the Hubbard U parameter [225].

2.16 Self Consistent Field Linear Response

As an alternative to the constrained DFT method, the self consistent field
linear response technique was developed by Pickett at al. [202] as well as Co-
coccioni and de Gironcoli [240]. Cococcioni attributed the success of Dudarev’s
DFT+U functional to its ability to enforce the piecewise linearity condition
on localised orbitals. Recalling that Dudarev’s functional is invariant under
unitary transformations of the orbitals, one has the freedom to choose the or-
bital representation that diagonalises the subspace occupancy matrix, yielding
a set of spin resolved occupancies (eigenvalues) denoted as {7 }. In this orbital

representation Dudarev’s functional can be expressed as,

Ue
Ell?udarev _ 73 Z )\10(1 _ )\;7) (2106)

1,0
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If Usg is set equal to the spurious curvature in the total energy with respect
to orbital occupancy, Dudarev’s functional will enforce a piecewise linearity

condition on each localised orbital.

One should however note that the piecewise linearity condition of Perdew et
al. [1] applies only to variations in the total energy with respect to total electron
count not localised orbital occupancy. However, standard XC approximations
are known to violate the piecewise linearity condition with respect to total
electron count, yielding a spurious curvature in the total energy. Therefore,
it is reasonable to assume that some but not all of the curvature in the total
energy with respect to localised orbital occupancy is also spurious and should be
removed. Cococcioni and de Gironcoli [240] argue that the erroneuous curvature
is given by the difference between the curvature of the total energy E with
respect to orbital occupancy and the curvature of the bandstructure total energy

Fxs with respect to orbital occupancy,

_ PE 9?Fxs

v ON2  ON?

(2.107)

Eq. 2.107 can furthermore be recast in terms of first order derivatives of the

corresponding Lagrange multipliers,

da 9aXkS

U==38"an

(2.108)

As opposed to running cumbersome constrained DFT calculations, Cococcioni
and de Gironcoli apply a Legendre transform so that the set of Lagrange mul-
tipliers, {a} and {a®5} become the independent variables. The expression for

the total energy becomes

E = min {E[p(r)] + ZOUNI} : (2.109)

and the bandstructure total energy

Fxs = min {EKs[p(I'>] + Z OJESSN[} . (2.110)

Through this Legendre transform, the Lagrange multipliers can be simply viewed

as the strength of the potential shift applied to the I'" atomic subspace and the
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two derivatives of interest can be identified as,

ony ong
TOZJ = X1J and TOZIJ{S — X?JJ (2111)

where x;; and x9, are the interacting and non-interacting density response
functions of the system with respect to the perturbations a; and 5. Finally,

the Hubbard U parameter can be expressed as,

U=(x"—x"),, (2.112)

Within this scheme, the inter-site V;; interaction parameter for use in the
DFT+U+V functional [217] can be evaluated as

Vir=(x0"=x7),,- (2.113)

So far we have considered only non-spin polarised perturbations, i.e., where a
perturbation of the same strength is applied to both spin channels. If instead
we consider the response of the spin o subspace occupancy to a spin ¢’ pertur-
bation, then y and yo become 2 X 2 response matrices and Yy is diagonal. For

notational ease, the interaction matrix is defined as

f=xo"=x" (2.114)

The simple Hubbard U and Hund’s J parameters [241] can then defined as
1 1
Usimple:Z(frr+er+fL[+f[L> &Jsimple:_z (fH_fH_fH+fH)'
(2.115)

2.17 Minimum Tracking Linear Response

The self-consistent field linear response method has proven to be an extremely
popular technique for evaluating the Hubbard U parameter. However, numer-
ical problems can arise in the evaluation of yp, it being evaluated following
the first iteration of the self-consistent field cycle. Furthermore, the need to
evaluate g limits the technique to self-consistent field based DFT codes at the

exclusion of direct minimisation based codes [242].
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To avoid using the non-interacting response matrix yo, Moynihan et al. [243]
and later Linscott et al. [242] developed the minimum tracking linear response
method. Within their technique, the Hubbbard U parameter is defined using
the subspace projected Hartree Exchange Correlation (Hxc) potential,

B 1alv1[{XC +dvIL{XC N 1 flonl + fliont + fUon! 4+ flon!

— ~ — 2.11
2 d(n'+nl) 2 d(nl +nl) ’ (2.116)

where f""l is the projected, subspace averaged, spin-resolved Hxc kernel,

/ 0

= <Tr (Pl Tr [ﬁ@gXCD (2.117)

no
Eq. 2.116 can be further approximated using the simple 2 x 2 method as given
in Eq. 2.115, which emulates the partial derivative of the spin averaged vy
with respect to subspace occupancy keeping the subspace magnetization fixed.
Alternatively, one can approximate Eq. 2.116 using the scaled 2 x 2 method,
which emulates the total derivative of the spin averaged vyy. with respect to
subspace occupancy. Analogous expressions for the Hund’s J parameter within

the minimum tracking linear response formalism have also been developed,

1 dvlr-lxc B dvhxc

/= 2 d(nl—nl)

(2.118)

2.18 Koopmans-Compliant Functionals

It is worth mentioning that Koopmans-Compliant (KC) functionals [247-250)]
offer an alternative to the DFT+U method. Like DFT4U functionals, KC
functionals are a category of corrective functional used to supplement (semi-
)local XC approximations. The piecewise linearity condition with respect to
electron count, or equivalently, the piecewise linearity condition with respect
to frontier orbital occupation, is used to motivate the form of this corrective
functional. KC functionals enforce linearity of the total energy with respect to

spin resolved orbital occupancy,

FExc = Eprr + > aipll}L . (2.119)

o
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Interestingly, this corrective term is applied to every spin resolved orbital of the
system as opposed to simply the frontier orbital for which the exact condition
rigorously applies. Within the frozen orbital approximation, the unscreened
Koopmans correction {II} } replaces the non-linearity of the underlying (semi-

)local XC functional with a term that is linear with respect to orbital occupancy,

I (fi) = — [ (610l Bics(3)] ) + it (2.120)

Here H ks(s) is the approximate KS Hamiltonian where orbital ¢;, has occu-
pation s. A number of methods have been devised for determining the slope
of the linear term 7;,, including the Koopmans integral method and the Koop-
mans integral Perdew Zunger self-interaction corrected method. Of course in
practice, the orbitals relax with respect to occupancy so that the unscreened
Koopmans correction {II}L} will not suffice to enforce linearity, such orbital
relaxation effects are accounted for in Eq. 2.119 through the orbital dependent
screening parameters {«;, }, which also need to be evaluated. Through rigorous
bench-marking, KC functionals have been shown to significantly improve both
the predicted bandgaps and ionization potentials compared to the underlying

(semi-)local XC approximations [251-253].

2.19 Pseudopotentials

In practical DFT calculations the Coulombic potentials of the nuclei are re-
placed by pseudopotentials [254-256] to avoid explicit treatment of the core
electronic states. These core states are strongly localised on the atomic sites
and almost inert to the chemical environment. Furthermore, if all KS states
were treated explicitly, the orthogonality constraint would necessitate rapid
spatial oscillations within the core region of the valence states, requiring a pro-
hibitively large basis set. Finally, the large energies associated with these core
electronic states necessitates the inclusion of special relativistic effects which
can be readily incorporated within the pseudpotential as opposed to explicitly
accounting for such effects within the DFT calculation proper. A number of al-
ternative pseudopotential schemes exist including Norm Conserving Pseudopo-
tentials [257], Ultrasoft Pseudopotentials [258] and the Projector Augmented
Wave Method [259,260]. Norm Conserving Pseudopotentials (NCPPs) have
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been employed in almost all DFT calculations reported in this thesis.

The NCPP for each angular momentum channel [, has been specifically de-
signed so that the norm of the all electron valence orbital of the isolated atom
in a given reference configuration, evaluated using a specified XC functional, is

equal to the norm of the corresponding pseudized orbital,

re re
| PP = [C o) P, (2.121)

within a specified cutoff radius /. Furthermore, the NCPP is designed so that
beyond this angular momentum dependent cutoff radius 7!, the pseudoized and
all electron orbitals are equal,

Py =) V¥ or>rl (2.122)

nl

The orbital eigenvalue is determined by its asymptotic decay and so the equal-
ity specified by Eq. 2.122 ensures that pseudo and all electron eigenvalues will
be equal for the reference atomic configuration. Within the valence region,
the screened pseudopotential and the all electron Kohn Sham potential must
equal to ensure the equaltiy of Eq. 2.122. In the core region, the pseudopo-
tential is chosen so that the pseudo-orbitals are smooth and nodeless. A num-
ber of algorithms have been devised to determine a suitable NCPP for the
core region [261-263]. The Rappe-Rabe-Kaxiras-Joannopoulos (RRKJ) algo-
rithm [263] was used for all NCPP construction in this thesis. For the reference
atomic configuration, the RRKJ algorithm constructs the radial component of
the core region of the pseudo-orbital from a sum of Bessel functions j;(g;, )

with wavevectors ¢;,

4 N
w () =" aiji(qi, ) + > Biji(ai, 7). (2.123)
1=1 i=1

The wavevectors of the first four Bessel functions are chosen so that their loga-
rithmic derivatives match that of the all electron wavefunction at 7/, while the
wavevectors of the remaining Bessel functions are chosen to have a node at 7.
The coefficients are selected to satisfy the normalisation equality of Eq. 2.121
and to make the pseudo-orbitals continuous, with two continuous derivatives

at r’. Furthermore, in order to aid convergence of solid-state calculations with
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respect to basis set size, the coefficients {;} are chosen to minimise the kinetic

energy beyond a set cutoff value q..

The angular momentum dependence necessitates a pseudopotential that, in

spherical co-oordinates, can be regarded as nonlocal in # and ¢, but local in 7,

vpseudo(T) = Ulocal(r) =+ Z |Y2m> (vl(r) - Ulocal(r)> <Y2m| ) (2124)

lm
where {Y},,} are the spherical harmonics. However, to improve computational
efficiency the NCPPs are typically converted in a fully non-local form via the
Kleinman-Bylander procedure [264] by replacing the spherical harmonics with

the atomic pseudo-orbitals,

— Vlocal (7)) |1/)Z?m> ( 5?m| (vi(r) = Viocal(7))
(W] (Wi(r) = Viocal (1)) [¥ )

Upseudo(7"> = Ulocal(T) + lz: <Ul(7”)
m (2.125)

2.20 DFT Codes

A wide variety of different DFT code packages have been developed, many of
which have garnered a large, active community of users and developers. The
total number of Google Scholar ‘Hits’ associated with each DFT code pack-
age [265-291] is presented in Fig. 2.1. The bar chart shows that VASP [265] is
by a considerable margin, the most widely used DFT code package, followed by
CASTEP [266] and Quantum Espresso [267]. The CRYSTAL [292] and Gaus-
sian [293] codes were omitted from the bar chart due to homonymic technical
terms that frequently arise in DFT papers.

All DF'T calculations in this thesis were performed using the Order-N Elec-
tronic Total Energy Package or ONETEP for short [281,294-296]. ONETEP
achieves linear scaling by truncating the first-order non-interacting reduced

density matrix,

plr,r') =3 fihi(r)i (') (2.126)

for large values of |r — r’|, which is known to decay exponentially for insulators
at 0 K and metals at finite temperature [297,298]. To readily implement this

truncation, the KS orbital are expressed in a basis of localised orbitals, namely
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Figure 2.1: The bar chart presents the number of Google Scholar hits for each
DFT code package [265-291]. The search was conducted on 23/8/2024 by
searching the name of the code package in conjunction with the acronym DFT.

Non-orthogonal Generalized Wannier Functions (NGWFs),
ir) = > a(r) M. (2.127)

The first-order non-interacting reduced density matrix p(r,r’), can in turn be
expressed in the basis of NGWFs via the density Kernel K,

p(r,r') =3 0o (r) KP¢s(r')  where K =S M fiM;?”. (2.128)
af )

However, conventional DFT codes with localised basis sets must be supple-
mented with extended atomic basis functions in order to properly converge
most practical calculations. To avoid including such extended basis functions
without compromising on the method’s accuracy, the ONETEP code optimises
both the density kernel K and the set of NGWFS, {¢,}. The NGWFs are
described in a basis of periodic sinc (psinc) functions, which are unitary trans-

formations of plane waves.
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2.21 Martyna-Tuckerman Correction

Many DFT codes such as ONETEP, Quantum Espresso and VASP have been
designed to simulate solid-state systems through the use of periodic boundary
conditions. This presents a problem when using these codes to model finite sys-
tems such as atoms and molecules. In such cases the finite system is typically
positioned in a simulation cell with a significant portion of vacuum as padding
in all three spatial directions. However, the long range nature of the Hartree po-
tential and the local portion of the pseudopotential necessitate the application
of a correction term to avoid use of an unnecessarily large simulation cell. In
this thesis, the Martyna-Tuckerman correction scheme [299] is employed for all
DFT caculations of finite systems. Within this correction scheme, the Coulomb
potential is decomposed into a short and long range contribution through the
use of a range separation parameter «,

o(r) = L = ottalr) | arfelalr) _ ) 1 o). (2.129)

r] r] r]

The average classical potential energy can be expressed as

() =5 [ [ drdo(r —)p(r)ole) (2.130)

If the potential ¢(r) is defined to have the periodicity of the domain (known as

the first image form), Eq. 2.130 can be re-expressed as
1 _ 27
(0) = 55> 2_ ()" d(—8), (2.131)

where p(g) and ¢(g) are the Fourier series representation of the density and
the potential and V' is the volume of the simulation cell. In the case of the
infinitely replicated periodic system, the same expression for (¢) holds except
the Fourier series representation of (E(g) is replaced by the Fourier transform
o(g). It is assumed that simulation cell is sufficiently large that the difference
between (}fshort(g) and ¢gnort(g) is negligible. The corresponding difference in

the case of the long range components defines the screening function,

qgscreen(g> = élong(g> - %10ng(g)a (2'132>
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so called because it screens the interaction of the system with an infinite array
of periodic images. It is this screening function which needs to be evaluated
during runtime. The screening potential can then be incorporated within the
Hartree and Local pseudopotential energy terms in order to approximate their

corresponding values for the truly isolated finite system. The Hartree term

Bu= X )t (55 + ben(®) + e p(0). (213

g#0

The corresponding local pseudopotential energy term,

ELOC :‘i Z Z p* (g) exXp (_ZgRI) (/‘\//ioc,](g) - Qquscreen(g))
g I

g#0

1 ~ ~
+ V ZP(O) (Vi(()?,l - QI¢Screen(O>> ) (2134)
I

where Vl(()g) ; is the non-singular part of the local pseudopotential at g = 0 and
the summation runs over all atomic site I, which each have a specified charge
qr and position R;. In Martyna & Tuckerman’s seminal work, they found that
setting . > 7, where L is the length of the shortest side of the simulation
cell, yields total energies in close agreement to those of the truly isolated finite
system so long as L > 4R, where R is the minimum radius of a sphere beyond

which the density of the finite system is negligible.
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Chapter 3

The Convexity Condition

The work in this chapter has been published as a Communication in the Jour-
nal of Chemical Physics (J. Chem. Phys. 159, 211102 (2023)). The work
is jointly authored with my collaborator Edward Linscott and my supervisor
David O’Regan. For this research project, I devised the proof of the convexity
condition and wrote the first draft of the manuscript. The text shown in this
chapter is the fully polished version of the manuscript including revision and
editing by David and Edward as well as improvements made on the foot of peer

review.

In this chapter the total energy of a finite electronic system is proven to

always be convex with respect to electron count, i.e.,
2E,[No] < Ey[Ng — 1] + E,[Ng +1] Ny, € N°. (3.1)

This condition has been known empirically to be true for many decades [101],
yet a rigorous proof has been lacking to date [132,300]. Indeed, to quote Parr
and Yang in Ref. [301], “ For atoms and molecules, no counterezample is known
... although a first-principles proof has never been given'.

The purpose of this chapter is to provide a mathematical proof of the con-
vexity condition within DFT. Proving the convexity condition is of particular
interest because this condition was assumed to be true in the proof of the piece-
wise linearity condition with respect to electron count by Perdew et al. [1]. The
piecewise linearity condition with respect to electron count N states that the
total energy of a finite electronic system at non-integer values of electron count

is a linear interpolation of the total energies of the system at neighbouring
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Figure 3.1: The E,[N] curve of a system which violates the convexity condition
at N = 4. As a result of violating the convexity condition, the piecewise
linearity condition of Perdew et al. [1] cannot be applied to the interval 3 <
N < b5, which is outlined by the red circle. The amount by which the system
violates convexity can be quantified by the energy difference AE = 2E,[4] —
E,[3] — E,[5] > 0. Two reasonable possible options for the ground state total
energy curve within the interval 3 < N < 5 are indicated by the blue dashed
lines.

integer values of NV,

EJ[No+w] = (1 —w)Ey[No] +wE,[No+1], 0<w<1,  NyeN.
(3.2)

In addition to its fundamental interest in conceptual DFT [302-304], it is
worth emphasizing that the piecewise linearity condition is violated by stan-
dard local and semi-local XC approximations resulting in what’s known as
many electron self-interaction error [107,108,119-121], which is linked to the
severe underestimation of the band-gap by standard XC functionals. Numer-
ous methods in electronic structure theory have been devised with the express
aim of correcting for this error [91,109,113,247]. Proving the convexity condi-

tion, will thus position both the piecewise-linearity condition and the corrective
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functional approaches derived therefrom, on a firmer theoretical footing. In
particular, it is worth noting that the piecewise linearity condition has been
employed in the derivation of Hubbard-type corrective functionals [109,200],
an approach which will also be pursued in Chapters 5 & 6 of this thesis, where
new DFT+U-type functionals are derived.

Fig 3.1 presents an illustrative example of an system which violates convexity
at an electron count of Ny = 4. As a result of violating the convexity condition,
the piecewise linearity condition of Perdew et al. [1] cannot be applied in the
interval 3 < Ny < 5 (as indicated by the red circle) and as such the total
energy of a system with fractional value of electron count in this region remains
undefined. Proving that within DFT, the convexity condition will always be
satisfied would remove this ambiguity and ensure that for all electronic systems
across all values of electron count, the E,[N] curve is properly defined.

Developing mathematical proofs within DFT is particularly challenging in
part because there exists numerous inequivalent formulations of DFT, for ex-
ample the original Hohenberg-Kohn formulation of DFT [33] does not apply
to systems with degenerate ground states but this shortcoming can be reme-
died through use of the Levy constrained search formulation of DFT [41]. The
proof of the convexity condition presented in this chapter specifically applies
to formulations of DF'T that satisfy three minimal requirements, namely that
it is (1) exact for all v—representable densities, (2) size-consistent, and (3)

translationally invariant.

3.1 Method of Proof

For the purposes of this study, we define the ground-state energy of the N

electron system with external potential v(r),

E,|N| = min Ey|p(r)]|. 3.3
N)= | min B 33
Yang et al. [92] have shown that in the zero-temperature grand canonical en-
semble formulation of DFT, defined for an arbitrary, possibly fractional number
of electrons, the total energy must obey the convexity condition (see also Gal
et al. [103]). Ayers et al. [44] have shown that this condition is also satis-

fied in the Fock space constrained search formulation of DFT. In this chapter,
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3.2. Illustrative Example

we use the infinite-separation-limit technique [92] to extend the work of Yang,
Ayers et al. and show that any formulation of DFT that is (1) exact for all
v—representable densities, (2) size-consistent, and (3) translationally invariant
must obey the convexity condition. We anticipate, but do not assume, that the
exact functional should satisfy conditions (1) to (3) in any DFT formulation
where the ground state is generally accessible. While there are known DFT
formulations in which the ground state is not always accessible, indicating that
convexity does not hold in such cases, this proof nonetheless confirms a strin-
gent constraint on the exact exchange-correlation functional. We also provide
sufficient conditions for convexity in approximate DFT, which could aid in the

development of density-functional approximations.

3.2 Illustrative Example

We claim that all formulations of DFT that satisfy conditions (1) to (3) must
obey the convexity condition. In order to show this, suppose that there exists
some Ny-electron finite system with external potential v(r), which breaks the

convexity condition. Then we have
2E,[No] > E,[Ng — 1] + Ey[No + 1]. (3.4)

In order to proceed, we employ the infinite-separation-limit technique [92,93]
and consider the external potential v'(r), which is composed of two copies of

the same external potential v(r), infinitely separated in space, such that

V'(r) = lz;le(r). (3.5)

In this illustrative example (only), we assume that the 2/NVy-electron ground-
state wavefunction W, of the system, with external potential v(r), is the anti-
symmetric product of ®n,_1(Rq) and ®y,41(Rz2), where ®5,_1(R1) and ®p,41(Ro)
are the ground-state wavefunctions of the Ny — 1- and Ny + 1-electron systems

in the external potential v(r). Specifically, we write

U, = A((I)No_l(Rl)(bNOH(RQ)). (3.6)
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Eq. 3.6 is an assumption as one cannot rule out the possibility that the true
ground-state wavefunction is for example, the anti-symmetric product of ®,_2(Ry)
and ®y,12(R2). In the complete proof, this assumption is not invoked because
the site electron counts of the wavefunctions ®(R;) are not specified. We will
first show that the convexity condition cannot be violated in this simple case,

after which a full proof of the convexity condition will be given.

One may construct the wavefunction Wy by reversing the position vectors Ry
and Rz,

Uy = A(@No_l(Rg)choﬂ(Rl)). (3.7)

The averaged wavefunction defined by

1
W = ﬁ[‘l’l + 0y (3.8)

will be degenerate with ¥y and W, and its corresponding density will be given

by
2.1 1
p(r) = > 5poir; No = 1) + S pu(rs No + 1), (3.9)
=1

where p;(r; Ng£1) is the ground-state electron density of site [ with an electron
count Ny £ 1. To deduce an expression for the total energy of the system with
electron density p(r), we make three assumptions about the nature of the total
energy functional that were previously discussed, namely that it is (1) exact
for all v—representable densities, (2) size-consistent, and (3) translationally
invariant. For the purposes of the proof, these three assumptions are treated

as axioms.

Given that ¥y of Eq. 3.6 is a ground-state wavefunction of the system, we
know that p(r) of Eq. 3.9 is a ground-state density for the system with external
potential v/(r) and is thus v—representable. From assumption 1 it follows that
the total energy functional is exact for the electron density p(r). Its total energy
should be equal to that of ¥y, which is simply the sum of the ground-state

energies of two infinitely separated sites with electron counts Ny £ 1,
Ey[p(r)] = By, [No — 1] + By, [No + 1]. (3.10)

Here, F,[N] is the ground-state energy of the N electron system with external
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potential v(r),

E,[N] = p—>f£)nlrilr— E,[p(r)]. (3.11)

From assumption 2, the total energy functional should be size-consistent, whereby

2 1
Ev’[p Z R, [ Pl r; N() 1) + §pl(r; NO + 1)‘| (312)

Eq. 3.12 can be simplified by application of the translational invariance assump-

tion to give
1 1
E, [,O(I‘)] = 2EURl §pl<1‘; Ny — 1) + §pl<1‘; Ny + 1) , (313)

where the site electron count is

1 1
N = 5(N0—1)+§(N0+1) = Ny. (3.14)
Eq. 3.13 enforces an upper bound on the total energy of the Ny electron system

in external potential vg, (r), namely
Eulp(r)] > 2B, [No]. (3.15)

Equality in Eq. 3.15 is achieved if there exists no wavefunction with a lower
total energy per site, for any external potential composed of more than two
copies of v(r) that are infinitely separated. Combining Eqs. 3.10 and 3.15 and
suppressing the site index label R;, we find that

2F,[Ny] < E,[Ny — 1] + E,[Ny + 1]. (3.16)

This is in direct contradiction to our original assumption in Eq. 3.4. We now
proceed to give a complete proof by contradiction of the convexity condition in

the general case.
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3.3 Complete Proof

Suppose there exists a sequence of consecutive integer values of electron count

in the range (Ny, Ny + 21) that break the convexity condition
2F, [NO + 22] > EU[NO + 20 — 1] + EU[NO + 29 + 1], (3.17)

where Ny, z; and 2 € N” and 2, satisfies 0 < z» < z;. One may construct
an external potential v'(r) that is composed of ¢ copies of the same external

potential v(r), infinitely separated in space, per

V(r) = g:lle(r). (3.18)

The ground-state of the q(Ny+ 22) electron system with external potential v'(r)
will be composed of ¢; sites with electron count Ny— 23 and ¢ sites with electron
count Ny + z4, where 0 < 23 < Ny, 21 < 24 and q1, ¢2, 23 and z4 € N°. The value

of ¢y is constrained such that
q=aq+q (3.19)

and the value of ¢; is constrained so that the total electron count satisfies
q(No + z2) = 1(No — 23) + (¢ — q1)(No + z4). (3.20)

This leaves only two free variables, z3 and z4. The exact values of z3 and 24
are those that minimize the total energy of the q(Ny + 2z2) electron system. In
constructing the external potential v'(r), the total number of sites ¢ is chosen

so that the ground-state energy per site is minimized.

One possible ground-state is for the first ¢; sites to have an electron count
of Ny — z3 and wave function ®p,_.,, while the remaining ¢ — ¢; sites have
an electron count Ny + z4 and wave function ®y,;.,. The ground-state wave

function of the total system is then given by

v = (Moo ®))( 1 #n®)| (3.21)

Jj=q+1

Swapping position vectors R; and R; will result in a degenerate ground-state

wavefunction. Analogously to Eq. 3.8, one may construct the averaged wave-
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function Wy, from a linear combination of the ground-state wavefunctions of

the form given by Eq. 3.21. The electron density of Wy, is
I q q2
p(r) = —p(r; No — 23) + Eﬂz(r; No + z4), (3.22)

Application of the same three assumptions about the nature of the total energy
functional, namely that it is (1) exact for all v—representable densities, (2)
size-consistent, and (3) translationally invariant results in the total energy, of

site [ with an electron count Ny + 2o, given by

Eyp [No+ 2] = CSEURZ [No — 23] + q;EURl [No + 24]. (3.23)

Eq. 3.23 can be simplified, using Eq. 3.19 and Eq. 3.20, to eliminate ¢; and ¢,

to wit

z 23 + 29

E, [No + 2’4], (3.24)
Z4

—Z
E[Ny + 2] = Zi E,[Ng — 23] +

4
z3 + 23
where the site index label R; has been suppressed for clarity. This expression
for the total energy will hold for all integer values of electron count in the range
[No — 23, Ng + z4]. Noting that the more restricted interval [Ny, Ny + 2z1] C
[No — 23, Nog + z4], from Eq. 3.24 it follows that, for all integer values of zy in

the range 0 < 29 < 21, we have
QEU[NO + ZQ] = EU[NO + 29 — 1] + E, [No + z9 + 1]. (3.25)

Comparing Eq. 3.17 with Eq. 3.25 we arrive at a contradiction. Therefore,
the convexity condition as given by Eq. 3.1 must hold for all finite electronic

systems.

3.4 Extension to 1-RDM Functional Theory

The complete proof of the convexity condition of DFT is also valid for any
formulation of one-body reduced density matrix (I-RDM) functional theory
that is (1) exact for all v—representable 1-RDMs, (2) size-consistent, and (3)

translationally invariant. In this case, the electron density in Eq. 3.22 must be
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substituted for the 1-RDM of W,
S 72
v(x,x') = Z E (x,xs Ng — 23) + Ew(x,x'; No + 24), (3.26)

where x and x’ are combined space-spin coordinates and v;(x,x’; N) is the
ground-state 1-RDM of site [ with electron count N. All other equations in the

complete proof remain unchanged.

3.5 Extension to Approximate Functionals

Approximate density functionals will typically not be exact for all v-representable
densities (condition 1), however it is possible to substitute this condition with
two weaker conditions. An approximate density functional that satisfies (1b)
the constancy condition [92,94,305-307], (1c) the density-size-consistency con-
dition, (2) the functional-size-consistency condition, and (3) the translational
invariance condition, will also obey the convexity condition.

The constancy condition (1b) states that given a set of g-fold degenerate,
possibly symmetry-broken ground-state densities {p;(r)} of a system with ex-

ternal potential v(r), the total energy functional satisfies

We note that the vast majority of existing DFAs do not satisfy this condi-
tion [94], which yields strong constraints on the exact density functional [308,
309].

The functional-size-consistency condition (2) and translational invariance
condition (3) are the same two conditions used in the general proof above. To
avoid confusion with the density-size-consistency condition, we emphasize that
the functional-size-consistency condition states that for any system with exter-
nal potential v/(r) composed of ¢ infinitely separated site external potentials
vR,(r), as given in Eq. 3.18, with total electron density p(r) and site electron

density p;(r), the total energy functional may be written as

q
= B, [pu(r (3.28)
=1
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The density-size-consistency condition (1c), however, states that for any system
with external potential v'(r) of the form given in Eq. 3.18, there exists a ground-
state electron density p°(r) that is composed of a linear combination of isolated
site electron densities pf(r; N;), possibly of varying site electron count Nj, so

that
q

Pr) = Z_Z;p?(r; N, (3.29)

were p)(r; N;) is a ground-state density of the system with external potential

vR,(r) and integer electron count Nj.

To prove that an approximate functional that satisfies conditions (1b,1¢,2,3)
will also obey the convexity condition, we follow the same arguments as outlined
from Eqgs. 3.17 to 3.20 in the complete proof. From the two size consistency
conditions (1c,2), there will exist a symmetry-broken ground-state density of
the system p;(r) with external potential v'(r), where the first ¢; sites have an
electron count of Ny — z3 and the remaining ¢ — ¢; sites have an electron count

Ny + z4, namely
¢ q
pi(r) => pi(r; No—2z3) + > pilr; No + 24). (3.30)
=1 l=q1+1

Swapping the electron densities p;(r; No — z3) and pi(r; No + 24) at any two
sites results in a degenerate ground-state electron density. From the constancy
condition, one may construct the averaged electron density p(r) from a linear

combination of the ground-state electron densities of the form given by Eq. 3.30,
L q 42
p(r) = =p(r; No — z3) + gpz(l"; Ny + 24), (3.31)

which is equivalent to the electron density of Eq. 3.22 in the complete proof

above.

From the functional-size-consistency condition and translational invariance

condition it follows that
Ey[pi(r)] = q1Eu [No — 23] + @2 Eug [No + 24]- (3.32)

Using these same two conditions (2,3) and recalling that the total number of

sites ¢ was chosen so that the total ground-state energy per site was minimized,
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it follows that
Ey([p(r)] = qEug [No + 22]. (3.33)

Invoking the constancy condition once again, E,/[p1(r)] must be equal to E,[p(r)],

and hence
q1 q2
By, [No + 22] = EEURI [No — 23] + EEURZ [Ny + 24]. (3.34)

An analogous proof by contradiction thus follows as per the complete proof.
Thus, any approximate functional that satisfies the weaker conditions (1b,1¢,2,3)
must also obey the convexity condition. We emphasize that the ground-state

total energy and densities given by Eqs 3.27 to 3.34 need not be exact.

3.6 Inaccessible Nj-electron pure-states

This proof highlights an unusual characteristic of ground-state formulations
of DFT that satisfy conditions (1) to (3): the convexity condition is always
satisfied for such formulations of DFT irrespective of whether the pure-state
convexity condition is satisfied or not. If there exists any system whose lowest
energy No-electron pure-state |y, ) does not satisfy the pure-state convexity

condition
2E, [‘I/No] < Ev[\I/Nofl] + EU[WN0+1]7 (3-35)

then the total energy and electron density associated with |Wy,) is inaccessible
to such formulations of ground-state DFT. These formulations of DFT will
instead yield a non-pure-state ground-state density for the Ny-electron system.
Assuming that the pure-state convexity condition is satisfied for the Ny + 1-
electron systems, this density will be equal to the site electron density of a pure-
state 2Ny electron system with two identical sites infinitely separated in space.
Based on the arguments presented in the complete proof, these formulations
of DFT have a well-defined total energy for such densities. The DFT ground-

state total energy for the Ny-electron system will be equal to the average of the
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ground-state total energies of the Ny — 1 and Ny + 1-electron systems

1 1
E,[Ny] :iEv[NO — 1]+ §EU[N0 + 1]
1 1
:iEU[\IJNo—l] + §Ev[qjNo+1] # Ey[Wn,], (3.36)
assuming that the pure Ny=+1 electron states |Wy,+1) satisfy the pure-state con-

vexity condition. Specifically, such formulations of DFT will predict a ground-

state density of the Ny-electron system given by

1 1
PNo (I‘) = 5/)]\70—1(1‘) + §pN0+1(r) (337)
1

R 1 .
=3 (U ng—1]PNo—1| ¥ Np—1) + 5 (U Not1]ANo+1| ¥ Ng+1) 5

where pp,+1 is the Ny £ 1 electron density operator.

It is worth emphasizing [101] that no experiment has ever found an elec-
tronic system that violates the inequality of Eq. 3.35. The pure-state convexity
condition of Eq. 3.35 remains an open area of research in its own right. In par-
ticular, Gonis et al [310-312] propose a proof of the E,[¥ y,] convexity condi-
tion through a description of mixed-states as pure-states in augmented Hilbert
spaces. Examples have been found of model systems that violate the pure-
state convexity condition of Eq. 3.35 when the 1/|r| inter-electron Coulombic
potential is replaced by an alternative potential. In particular, Lieb [42] has
identified a specific two-electron system with a hard core inter-electron potential
that violates the pure-state convexity condition. If it is possible to construct a
density-functional for the hard core inter-electron potential that satisfies con-
ditions (1) to (3), such a density-functional will, for this specific two-electron
example, yield a ground-state energy and density equal to the average of the

one and three electron pure-states as detailed in Eqgs. 3.36 & 3.37.

3.7 Concluding Remarks

In this chapter, the convexity condition of the total energy of a finite electronic
system with respect to electron count, within density-functional theory, is de-
rived from using the infinite-separation-limit technique based on three minimal,

conditions, with sufficient conditions adapted also for approximate DFT. For
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the reasons discussed, this does not imply that the total energy is always con-
vex at the ground-state for all DFT formulations, and counterexamples can be
found (for example) in pure-state DFT. Our result nonetheless confirms a strin-
gent constraint on the exact exchange-correlation functional. This proof also
lifts an outstanding assumption in the proof of the piecewise linearity condition
with respect to electron count, which will be employed in Chapters 6 and 7 to

derive a new DFT+U-type functional.
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Chapter 4

The Tilted-Plane

Condition

The work in this chapter has been published in Physical Review Letters (Phys.
Rev. Lett. 133, 026404 (2024)). The work is jointly authored with my collab-
orator Edward Linscott and my supervisor David O’Regan. For this research
project, I devised the proof of each of the exact conditions, I ran the DFT calcu-
lations and generated the plots for all the figures with the exception of Fig. 4.5,
the DF'T calculations for this particular figure were completed by Edward. I
also wrote the first draft of the manuscript. The text shown in this chapter is
the fully polished version of the manuscript including revision and editing by

David and Edward as well as improvements made on the foot of peer review.

In this chapter the shape of the total energy surface E,[N, M] is rigorously
defined for all values of electron count N and magnetization M. Rigorously
defining the shape of this total energy surface is of central importance to the
advancement of electronic structure theory as many modern methods have, and
continue to be developed, based on the shape of this total energy surface, such
as DFT+U-type functionals [109,110], the Localized orbital scaling correction
method [112, 313, 314], Koopmans’ Compliant Functionals [247-250] and Op-
timally Tuned Range Separated Hybrids [91,116,315] to name but a few. To
date, much attention has been given to the flat plane condition [92,96], but
crucially this exact condition defines the shape of the total energy surface only
for a limited range in values of magnetization. This shortcoming is highlighted

in Fig. 4.1 which presents the total energy surface of the beryllium atom based
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Figure 4.1: The total energy surface of the beryllium atom based on experimen-
tal NIST reference data [316]. From the flat plane condition it is known that
the total energy surface of the beryllium atom is composed of four triangular
shaped planes each of which is outlined in black. Across each plane, the total
energy varies linearly with respect to electron count N, derivative discontinu-
ities in the total energy will occur at integer values of N. A large portion of
the total energy surface cannot be defined by the flat plane condition and as
such has been highlighted in grey in the diagram.

on the flat plane condition. The regions highlighted in grey represent physically
allowed values of N and M over which the flat plane condition does not ap-
ply. The work presented in this chapter aims to 'fill in the blanks" and provide
a complete description of this total energy surface. Knowledge of this com-
plete total energy surface will then be employed in later chapters of this thesis
to derive a new class of DFT+U-type functionals. It is also anticipated that
this generalization of the flat plane condition will aid the development of other

advanced electronic structure methods.

To be more specific, in this chapter we first consider the shape of the total
energy surface with respect to magnetization (keeping the total electron count
fixed.) The piecewise linearity condition on the total energy with respect to
the total magnetization of finite quantum systems is derived, using a method of
proof in DFT known as the infinite-separation-limit technique. This piecewise
linearity condition generalizes the well-known constancy condition, as specified

by Eq. 2.35 in the background theory section. The magnetic analog of the DFT
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Koopmans’ theorem is also derived which relates the slope of these piecewise
linear segments to the frontier Kohn Sham eigenvalues. Moving to fractional
values of both NV and M, the tilted plane condition is derived, lifting certain
assumptions in previous works. This generalization of the flat plane condition
of Eq. 2.36, characterizes the total energy surface of a finite system for all
values of electron count N and magnetization M. Rigorously defining the total
energy surface for all values of N and M will be crucial for chapters 5 & 6, as
the differing behaviours between the exact and approximate (semi-)local total
energy functionals at non-integer values of N and M will be used to motivate
the form of the DFT+U-type functionals derived therein.

4.1 Limitations of the Constancy Condition

As a reminder, the constancy condition with respect to magnetization M [92,
94], states that the total ground state energy of a system with electron count

Ny and magnetization M satisfies, for any magnetization |M| < M,
E,(No, M) = E,(Ny, My) = E,(No, —My). (4.1)

Here, My € N° is the maximum magnetization of the lowest-energy state for
a given integer electron count Ny € N°. E,(N, M) denotes the ground state
energy of the system with specified electron count N and magnetization M,
noting that these are independent parameters in DFT, subject to |M| < N.
Here, and in what follows, it is supposed that no ambient field coupling to spin
is present.

Combining the piecewise linearity condition with respect to electron count
of Eq. 2.33 and the constancy condition [92,95-103,106] yields the flat plane

condition
Ev(N, M) = (1 —W)EU(N(),M())—I—WEU(N()—}—1,M1) (42)

for | M| < My +w(M; — My), where N = Ny +w and M; € N is the maximum
magnetization of the lowest-energy state for the Ny + 1 electron system.

It has long been recognised in the literature that the constancy condition
with respect to magnetisation and the accompanying flat-plane condition apply

only to the aforementioned limited interval of magnetization states. In pre-
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4.2. Linearity Condition for Magnetisation

vious works to generalize this, X. Yang et al. [101] proposed the existence of
two types of flat planes, for example, and Gal and Geerlings [103] proposed a
piecewise linearity condition for magnetization by invoking a zero-temperature
grand canonical ensemble.

In this chapter, we rigorously classify the E,[N, M| surface for all values of
magnetization M, as opposed to the limited interval |M| < My + w(M; — M),
across all formulations of DF'T that satisfy three minimum requirements. These
are that the total energy functional is (a) exact for all v-representable spin-
densities, (b) size-consistent, which is connected to the idea of near-sightedness,
and (c) translationally invariant. We derive a piecewise linearity condition with
respect to magnetisation (Thm. 1) and an accompanying, general ‘tilted plane’
condition (Thm. 2). A tilted plane may have a non-zero partial derivative with
respect to both N and M, while a flat plane (as defined by Eq. 2.36) can only
have a non-zero partial derivative with respect to N. In certain cases only,
the tilted plane simplifies to the well-known flat plane. Thm. 2 classifies the
E,[N, M] curve for all values of magnetisation M. Higher-energy magnetisation
states are the subject of inherent interest and intense research. For example,
the lowest energy triplet state plays a crucial role in phosphorescence [317,318],
thermally activated delayed fluorescence [319,320] and singlet fission [321,322].
Within spin-DFT, such higher energy magnetization states are accessible, as

one may compute the lowest energy state of each symmetry [39].

4.2 Linearity Condition for Magnetisation

Theorem 1. The E,[Ny, M] curve is piecewise linear with respect to magneti-

zation.

4.2.1 Complete Proof

The structure of the E,(Ny, M) curve (where Ny € N) can be elucidated by
employing the technique, developed in W. Yang et al. [92], of constructing a sys-
tem with external potential v(r) that is composed of g copies of the same finite
system with external potential vg,(r), with all copies being infinitely separated
in space. The duplication of the system, at infinite separation, is a theoretical

device used to consider its possible fractional charge and spin, without resorting
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to an ensemble treatment. The proof proceeds by analysing the overall system
of duplicates, however it is the individual finite sub-system (which may be

strongly multi-reference in character) with which we are ultimately concerned.

We have that ¢
o(r) = 3 g (). (4.3)
=1

The total electron count is denoted by ¢qNy, where Ny € N. It follows from
the convexity condition that, at the infinite separation limit, Ny electrons will
localize on each of the g sites. For brevity, we will not repeat the electron count
constraint |M| < Ny € Ny, but note that it holds throughout Thm. 1 and
Cor. 1.1. The total magnetization of the system is denoted by gM, where ¢ and
gM € Z. Typically, M ¢ Z but M € Q (which is supposed to be sufficiently
dense in R for present purposes). The system has a set of degenerate ground
state wave functions. At least one of these degenerate wave functions will be the
antisymmetrized product of ground state wave functions at each site [92,93].
This follows because in the infinite separation limit, each site cannot interact
with its neighbours and, thus, minimizing the energy of the total system is
equivalent to separately minimizing the energy associated with each site subject
to the constraint that the total magnetisation and electron count is equal to
gM and gqNj respectively. This antisymmetrized product of ground state site
wavefunctions will be composed of p sites with a magnetization M;, and ¢ — p

sites with a magnetization M, where

qgM = pM; + (¢ — p)M;, p,q€N°, (4.4)
p <gq, MZ‘,MJ‘EZ, and MZSMSM]

One such ground state wavefunction will have the first p sites with magnetiza-
tion M; and wave function ®,/,, and the remaining g—p sites with magnetization
M; and wave function ®,7,. The ground state wave function of the total system

18

Uy = A (@ (Ry) - Bug (R,) (4.5)

It is important to note that the ground state wave function of Eq. 4.5 holds

regardless of whether each finite sub-system can be well-described by a single-
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4.2. Linearity Condition for Magnetisation

determinant wave function or not.

For fixed values of the external parameters Ny and M, the total number of
sites ¢ is chosen, together with the minimum M; and maximum M}, such that
the total energy per site is minimized while satisfying the constraints of Eq. 4.4.
Often one finds M; = M; — 2, but not always. For example, in the nitrogen
atom M; = —3 and M; = +3 for =3 < M < +3. The minimum M, and
maximum M; values which minimize the total energy per site, while satisfying

the constraint of Eq. 4.4, are determined by the following three conditions.

1. The site magnetizations M; and M; must satisfy

2. For any values of site magnetization M, My € Z where M; ¢ {M;,, My},

the ground-state energy of the system with magnetization M; must satisfy

B, (M;) < ChEURl(Mh) -+ CkEuRl(Mk)7 (4.7)
M; = cp, My, + cp My, cp,cp >0 & ¢+ = 1.

The equivalent condition for M; must also be true.

3. For any integer value of site magnetization M’ in the range M; < M’ < M;,

the ground-state energy must satisfy

E'URZ (M/) > CiEURl (MZ) + CjEle (Mj)’ (4'8)

M/:CiMi—f—Cij, Ci,CjZO & Ci—i—Cj:l.

Thus, the same values of M; and M; will satisfy these criteria for all values

of the external parameter M that satisfy Eq. 4.6.

Exchanging the magnetizations M; and M; at any two sites results in a
degenerate ground state wave function. Therefore, the average of all such wave
functions W,y, is also a ground state wave function of the system. The ground

state spin o density of W,y, is given by

) =3 Lot M) + T g ), (49)
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where pf (r; M;) is the spin o spin density of site [ with a magnetization of M;.
In this case, each of the p (and separately ¢—p) sites have identical spin-resolved
densities. We empahsize that Eq. 4.9 is one of the degenerate ground state spin
o densities of the system with total magnetization ¢M, where ¢ is the number
of sites and M is limited to the interval M; < M < M;.

To deduce the piecewise linearity condition for magnetization, we make three
reasonable assertions about the nature of the total energy functional, namely
that it is (a) exact for all v-representable spin-densities, (b) size-consistent, and
(c) translationally invariant. We expect that the exact functional satisfies these

in all DFT formulations where the ground state is generally accessible.

From (a), the total energy function should be exact for the spin resolved
density of Eq. 4.9, so that

Ey [pa] = pEle (Mz) + (q - p)Ele (M]) (410)

From (b), the total energy functional should be size-consistent, whereupon

(") = zE (5 g (0t + =2 pé’(%)) | (4.11)

Eq. 4.11 can be simplified by application of (c), translational invariance, fol-

lowing which

B[] = qBu, [5 () + 22 pf(M»] | (4.12)

From Egs. 4.10 and 4.12, the total energy of the isolated site [ with magnetiza-
tion M is given by

p q—p
B, (No, M) = gEURZ(NO, M;) + ——Eyy (No, M;), (4.13)
where the site magnetization is given by
My =2+ TP = (4.14)
q q

An equivalent argument will hold for any value of M in the range M; < M <
M;. Making the change of variable w = p/q and relabelling the site potential
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4.2. Linearity Condition for Magnetisation

vR, (r) simply as v(r), we may succinctly state that

Ev(N(), M) = wEv(No, Mz) + (1 - (,U)EU(N(), Mj), (415)
M:CUMi+<1—W)Mj, Mi,MjGZ & 0§w§ 1.

Therefore, a spin density functional E,[p!(r), p'(r)] satisfying the three afore-
mentioned conditions obeys a piecewise linearity condition with respect to mag-
netization, as opposed to simply a constancy condition.

We note that Gal and Geerlings [103] arrived at a similar piecewise linearity
condition for magnetization by invoking a zero-temperature grand canonical

ensemble.

4.2.2 Magnetic Piecewise Linearity Error

Approximate total energy functionals E3P™ typically do not obey the piecewise
linearity condition with respect to magnetization. We may refer to the intrinsic
deviation of E2P™ from the piecewise linear E,(Ny, M) curve, between the (often

inexact) energies at integer magnetization, as magnetic piecewise linearity error

(MPLE),

EMPYE(N, M) = EP(No, M) (4.16)
— [WEP™(No, M;) + (1 — w) EP™(No, M)

Here the electron count is a constant integer value No and M, M;, M; and w are
given by equation 4.15. Fig. 4.2 shows the EMPLME(AT) for the neutral helium
atom.

MPLE differs from static correlation error (SCE) [94,307], which is defined
as the spurious difference in total energy, due to the use of an approximate XC
functional, between states that should be degenerate. MPLE instead is an error
in the total energy of non-integer magnetization states, irrespective of whether
such a state should be degenerate with one with integer magnetization. It would
not be so, typically, in tilted-plane regions, or in a finite external magnetic field.
Conversely, not all SCE can be described as MPLE, because SCE may refer
to spurious energy differences between states of the same magnetization. An
example of an SCE that is not an MPLE is the energy error that may arise in

the description of the spherically symmetric boron atom [94].
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Figure 4.2: The magnetic piecewise linearity error (MPLE) for the neutral
Helium atom exhibited by a variety of local [73], semi-local [60, 76], hy-
brid [75, 85, 86,89] and van der Waals corrected [323] XC functionals, as well
as Hartree-Fock (HF). As defined in Eq. 4.16, the MPLE for each approximate
functional vanishes at certain integer values of spin-magnetization. MLPE ex-
hibits a substantial cubic component for all functionals shown. It approximately
vanishes near full magnetization (but not elsewhere) for the hybrid functionals,
reflecting the negative sign of MPLE for HF in this test system and hence can-
cellation of error [324]

The DFT calculations on the helium atom, as presented also in Fig. 4.2, were
performed using the pw.x code of the Quantum Espresso package [325]. Kinetic-
energy cutoffs of 75 Ry and 300 Ry were set for the Kohn Sham wavefunctions
and charge density, respectively. Martyna-Tuckerman periodic boundary cor-
rections [299] were applied, along with a Gaussian occupancy smearing of 0.02
Ry. Davidson diagonalization was employed with Broyden charge density mix-
ing, a mixing factor of 0.7, and a convergence threshold of 5 x 10~° Ry. The
helium atom was positioned in the centre of a 20 x 20 x 20 A? cell, with T-point
only reciprocal space sampling. The Optimized Norm-Conserving Vanderbilt
helium pseudopotential [326] from the SG15 collection was used, which is avail-
able at www.quantum-simulation.org. In the case of Hartree-Fock, B3LYP,
HSE and PBEQO, the fully magnetized (M = 2) helium calculations would not
converge. In this case, the total energy at M = 2 was evaluated by linear

extrapolation of the total energies from the M = 1.97, 1.98 & 1.99 calculations.
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4.3 Koopmans’ Theorem for Magnetisation

Corollary 1.1. The partial derivative of the E,[Ny, M| curve with respect
to magnetization M s equal to half the difference between the spin-dependent

rontier KS eigenvalues €7, whenever the partial derivative exists,
g /

(g%% B ; et — . (4.17)

The magnetic analogue of the DFT Koopmans’ theorem can be derived by

simple application of the chain rule in conjunction with the well studied (spin
resolved) DFT Koopmans’ theorem. This dispenses with the need to invoke
total single particle energies or grand canonical ensembles used in previous
proofs [103, 327] of this theorem. The partial derivative of the total energy

with respect to magnetization may be expressed in terms of the spin resolved

(o), == (v ) (e ) (118

whenever the necessary partial derivatives exist. The right and left partial

electron counts

derivatives of F, with respect to N? are given, respectively, by
y OE,
im
=0+ \ON°?

’ OE,
51{(1)1* ON°

where €fjokg is the highest occupied spin-o KS eigenvalue and €f kg is the lowest

_ o N°
— €LUKS + AXc and
N§+4

= €Q10KS> (4.19)
Ng+6

unoccupied spin-o KS eigenvalue. Aff is the explicit derivative discontinuity
of the exact XC functional through its explicit dependence on N?. Eq. 4.19
is the spin resolved analogue of Eqs. 2.43 & 2.44. For further details, see
Refs. [95,142,328-330].

The right and left partial derivatives of the total energy with respect to

magnetization of a system with no fractional KS orbital occupations is thus
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Figure 4.3: Half the difference of the fractionally occupied KS eigenvalues for
the He atom, plotted as a function of magnetization M , a variety of local [73],
semi-local [60, 76], hybrid [75,85,86,89] and van der Waals corrected XC func-
tionals [323], as well as Hartree-Fock (HF). The exact constant line, based
on experimental NIST reference data [316], is also displayed. The lack of a
derivative discontinuity within certain XC approximations can result in very
large deviations from the magnetic analogue of Koopmans’ theorem at certain
integer values of M, as is the case shown here for the PBEsol, PBE and RVV10
functionals at M = 2.0. As discussed in section 4.2.2, the hybrid functionals
as well as Hartree-Fock were evaluated at M = 1.97, 1.98 & 1.99 but not at
M = 2.0.

given by
. 0FE, 1 i
Mlig\z + ( B M)N =5 [GLUKS - EIL{OKS + AL and
OF 1 !
I v :[f _ el —AN}, 4.20
ML%O_ ( 9 M)N 9 €HOKS — €LUKS xc ( )

since the partial derivative of N with respect to M is equal to one half. For
systems with one fractionally occupied spin up frontier KS orbital of eigenvalue
ef[, and one fractionally occupied spin down one of eigenvalue efL, the expression

given by Eq. 4.20 simplifies to

(08) =3l o
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Typical XC functionals will break this exact condition. In Fig. 4.3 the slope
of the E,[Ny, M| curve for the Helium atom, as evaluated from the PBE KS
eigenvalues, is plotted as a function of magnetization. Use of the exact XC

functional would result in a perfect step function.

4.4 The Tilted Plane Condition

Theorem 2. The E,[N, M| surface obeys the tilted plane condition described
by Eq. 4.24.

Analysis of the F,[ Ny, M| curve may be extended to include states with not
only fractional magnetization M but also fractional electron count N. Again,
one may construct an external potential given by Eq. 4.3, in this case typically
both N and M ¢ Z, but the total system electron count and magnetization,
gN and qM € Z. The ground state of this system will be composed of q¢; sites
with electron count N; and magnetization M;, where i ranges from 1 to Viount
with: _—

Z =1 0<¢ <1, N;, M, qc; €Z. (422)
=1

The values of ¢;, N; and M; are constrained so that
‘/count ‘/count

1=1 1=1

Following an analogous derivation to that outlined in Thm. 1, one finds that,

for N, M ¢ Z,
V;:ount
1=1

Vertices in the energy landscape will occur at the specified integer values
of electron count N; and magnetization M;. V.ot is the number of vertices
associated with a particular plane, typically equal to 3 or 4, however higher
numbers of vertices are possible in very rare circumstances. For example, let
us assume that the maximum magnetization of the lowest energy state of the
N—1, N and N+1 electron systems are given by M, M +1, and M, respectively,

where M > 1. It is assumed that the convexity condition is satisfied for the
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Figure 4.4: The projection of the E,[N, M| surface of the oxygen, chromium,
manganese and iron atoms onto the N — M plane. The E,[N, M| curves are
composed of a series of three- and four-sided planes with vertices at integer
values of N and M. (The vertical axis is labelled in terms of the total atomic
charge as opposed to total electron count.) The total energy varies linearly
across each plane. Each plane is outlined in black. Energy contour lines are
plotted at intervals of 10°1%eV. For each atom, the total energy values are based
on available experimental NIST reference data [316] and are given relative to
the ground state total energy of the neutral atom in its lowest energy mag-
netization state, which is set to 1 eV for visualization purposes. Orbital and
nuclear moments are not included. The E,[N, M] surface of the oxygen atom
for charged states between +5 and +6 is composed of a series of five triangular
shaped planes, four of which can neither be classed as a type 1 or a type 2 flat
plane of X. Yang et al. [101]. Note that planes at the edges are omitted due to
absence of experimental reference data. If any additional experimental refer-
ence data points not currently included are found to be low enough in energy,
they could also affect the shape of the outlying, high-magnetization E,[N, M|
surfaces shown here.
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N —1, N and N + 1 electron systems. In the special case where

Ey[N,M +1] — E,[N —1,M]  E,[N +1,M] — E,[N,M +1]
N — (N —-1) B (N+1)—N ’

(4.25)

the plane in question will have an hexagonal shape (stretched in the magneti-
zation direction whenever M > 1). Such a plane would require the summation

in Eq. 14 to be extended over six vertices
Z ci B[N, M;). (4.26)

Higher numbers of vertices will occur when there is a fortuitous equality of
certain energy derivatives. Eq. 4.25 specifies the energy derivative equality for

this particular example. It is worth noting that Eq. 4.25 simplifies to
2E,[N,M + 1] = E,[N — 1, M| + E,[N + 1, M], (4.27)

however this simplification will not occur in all cases of high vertex count. To
simplify discussion from hereon, we restrict Veount = 4, however, the method

used to generate Fig. 4.4 includes no restriction on V.gunt.

In cases where the electron counts of the four states at the vertices satisfy
Ny = Ny = N3 —1 = Ny — 1 and the magnetizations M; = —M,, M3 =
— My, with E,[N;, M;] = miny{ E,[N;, M}, Eq. 4.24 simplifies to the flat-plane
condition as outlined in Eq. 2.36. X. Yang et al. [101] and Cuevas-Saavedra
et al. [102] report the existence of two types of flat plane structures. These
types are special cases (non-exhaustive ones; see Fig. 4.4 for an exception)
of the more general condition outlined by Eq. 4.24, specifically when ¢4 = 0.
Generally, restricting ¢4 to be zero prohibits the correct flat plane structure of
systems, e.g., the oxygen atom for 7 < N < 8 and |M| < 10— N, as highlighted
in white in Fig. 4.4. The correct energy expression for this energy surface, may

be written as

E [N, M] =c1E,[8,2] + c2Ey[8, —2] + 3B, [7,3] + 4B, [T, —3] (4.28)
(N=7)(10 = N + M) (N —7)(10 = N — M)
- 200 =) E,[8,2] + 2(10 — M) E,[8,—2]
(8 — N)(10 — N + M) (8 — N)(10 — N — M)
2(10 — N) Bl 3+ 2(10 — N) Bt =3,
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forall 7 < N <8 and |[M| < 10 — N. The flat plane described by Eq. 4.28 is
highlighted in white in Fig. 4.4.

Despite F,[8,2] = E,[8,—2] and E,[7,3] = E,[7,—3] for the oxygen atom,
reduction of Eq. 4.28 to the sum of two terms with coefficients ¢} and ¢, would

wrongly give

2
M+ S ¢ M;. (4.29)
=1

A number of other interesting observations can be made from Fig. 4.4. If we
look, for example, at the 54+ oxygen anion, we can read from the graph that
the energy is minimized at M = 1 (the spin-doublet configuration 1s?2s!), with
a piecewise constant segment for |M| < 1, while the next lowest magnetization
state is M = 3 (the spin-quartet configuration 1s!2s'(3S)2p!), with piecewise
linear (not piecewise constant) segments connecting these for 1 < |M| < 3.

It is also worth noting that the neutral chromium atom violates the Madelung
rule, with a ground state electron configuration of [Ar]3d®4s!. This can been
seen in the central uppermost plane of the E,[N, M| surface for Cr, which
extends from —6 to +6 at zero charge as opposed to —4 to +4, which would be
the case if the configuration followed the Madelung rule ([Ar]3d*4s?).

The black lines within the F,[N, M| surfaces of Fig. 4.4, correspond to values
of N & M where derivative discontinuities in the total energy occur. As shown
in the E,[N, M| surface of the oxygen atom, these derivative discontinuities do
not solely occur at integer values of N & M, or at integer values of the spin
up and spin down electron counts (N and N'). For example, there is a line
segment stretching from the point (0, 6) to the point (3,5). This line represents
a ‘seam’ on which, in this case, both of the partial derivatives change. Thus,
there is a derivative discontinuity in the total energy for all values of total charge
C' =8 — N (8 being the atomic number of oxygen) and total magnetization M
on this line segment. The equation of the line segment is C' = —%M + 6, and
so derivative discontinuies occur, e.g., at M = 1.5 and C' = 5.5 as well as at
the integer magnetization M = 2 and C' = 5%. This discontinuity (for varying
N at constant M) has a magnitude of approximately 10.2 eV.

This example also provides that a derivative discontinuity may be encoun-
tered while one spin occupancy alone is varied, at possibly non-integer values.
Recall that the spin-indexed occupancies are given by NI = (N + M) /2 and
N! = (N — M) /2. We may consider traversing from point (2,6) (which corre-
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sponds to NI = 2 and N! = 0) to point (1,5) (which corresponds to NI = 2
and N' = 1). A derivative discontinuity is encountered at half-integer filling
N = 0.5, which is at the aforementioned point (1.5,5.5), half-way along the
line segment. It is worth noting that there appears to be no possible absent
NIST spectroscopic data in the region in question that might correspond to
higher-energy spin states, the existance of which might otherwise change the

fracturing of the E,[IN, M] landscape and affect this prediction.
G4l and Geerlings [103] reported the existence of a tilted plane energy sur-

face but their energy expressions also have the ¢4 = 0 restriction, meaning that
(N;, M;) values in their energy expression will not always represent vertices in
the energy landscape. The same is true for Chan’s E,[N, M| energy expres-
sion [95]. To the best of our knowledge, a lifting of the ¢4 = 0 restriction of the
generalized flat plane condition has only been discussed to date in the unpub-
lished Ref. [106]. If we assume that (N;, M;) values represent vertices in the
energy landscape, the ¢4 = 0 restriction allows for triangular shaped planes but
neglects planes of other shapes, such as isosceles trapezoids, which occur in the

oxygen atom (Fig. 4.4).

A consequence worthy of future investigation is the appearance of derivative
discontinuities both at non-integer values of total electron count N, and of
spin-electron count %(N + M), as seen, e.g., in the oxygen atom between charge
states 5+ and 6+ with 1 < M < 2 (Fig. 4.4). Knowledge of the occurrence of
a tilted plane energy surface has already been applied to correct the PBE total
energy of dissociated triplet HZ in Ref. [331].

It is instructive to apply our analysis on the helium energy surface at frac-
tional values of N and M. The E,[N, M| surface for the helium atom with
electron count in the range 1 < N < 2 and magnetization M > 2 — N is given
by

N -—-M M+ N -2
Ev[270]+_'_2

E,JN,M]= (2— N)E,[1,1] + E,[2,2]. (4.30)
This plane will have a non-zero partial derivative with respect to magnetization
and thus has a ‘tilted plane’ shape as opposed to a simple ‘flat plane’ shape.
Approximate XC functionals typically do not obey the tilted plane condition.
For example, Fig. 4.5 displays the energy of the helium atom when using the
PBE XC functional, with respect to the exact tilted plane outlined in Eq. 4.30.
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Figure 4.5: A plot of the deviation of the total energy using the PBE XC
functional from the tilted plane condition for the Helium atomic system with
spin up and spin down electron counts in the range 1 < n! <2and 0 < n! <1,
assuming the PBE total energy is exact at integer values of n! and n'.

4.5 Energy Surface of Transition Metal Sys-

tems

The projection of the E,[N, M| surface onto the N — M plane for the strongly
correlated CrMo, VCr and VMo transition metal hetero-dimers are presented
in Fig 4.6. In particular, please note that the E,[N, M| surfaces are composed
of a series of three and four sided planes with vertices at integer values of N
and M, as is the case with the oxygen, chromium, manganese and iron atoms.
The total energy varies linearly across each plane but, for ease of visualization,
each plane is colored based on the average of the energies at the vertices. The
total energy values for the strongly correlated CrMo, VCr and VMo transition
metal hetero-dimers are based on CASSCF/CASPT?2 reference calculations on
vertical excitations from Ref. [332]. This study classified the ground state of
each dimer, in both the neutral and anionic state, as having a pronounced multi-

reference character, as well as an effective bond order indicative of a quintuple

bond.

For each system, the total energy values are relative to the ground state total
energy of the neutral dimer in its lowest energy magnetization state. Note that
only a subset of the full E,[N, M] surface is presented for these systems, this

is due to the limited data available. If any additional reference data points not
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Figure 4.6: The projection of the E,[N, M| surface onto the N — M plane for the
CrMo (A), VCr (B) and VMo (C) hetero-dimers based on CASSCF/CASPT?2
reference calculations for vertical charge and spin excitations [332]. The y-axis
is labelled in terms of total charge as opposed to total electron count.
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currently included are found to be low enough in energy, they could also affect
the shape of the F,[N, M| surfaces shown here.

The energies of localized electronic states within a solid material also obey the
tilted plane condition in the limit where the subspace-bath interaction energy
varies linearly with spin resolved occupancy. This of course includes the case
where the subspace-bath interaction becomes negligible. Fig. 4.7 displays sam-
ple tilted plane structures for a d-orbital subspace in the subspace-bath linear
interaction limit under octahedral, tetrahedral, and square-planar crystal field
splittings. The total energy of the electronic states with integer spin-resolved

orbital occupancies were approximated using the model

E™d =N e + U S nln} + ‘2/ > ning, (4.31)
i i i#j

where U and V' are the intra-orbital and inter-orbital interaction parameters,
respectively. The values ¢; and n{ are the energy level and spin-o electron
count, respectively, of orbital 7. For each crystal field splitting, and hence de-
generacy pattern, a wide variety of possible tilted pane structures exist. Total-
energy approximations defined for non-integer spin-occupancies arise in a wide
variety of DFT-related methods, e.g., in DFT+U type XC-corrections and in
machine learning proxies for total-energy components. These and perhaps next-
generation XC approximations, as we approach exactitude, could beneficially

(recalling Fig. 4.7) (a) change expressions discretely between different tilted-
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Figure 4.7: Sample tilted plane structures for a d-orbital subspace in the
subspace-bath linear interaction limit, under octahedral (A), tetrahedral (B)
and square-planar (C) crystal field splittings. In the model energy (see
Eq. 4.31), parameters were chosen to show a sample of the the rich coordination-
dependence of flat plane shapes. The interaction parameters U and V were set
at 11 eV and 10 eV, respectively, and the orbital energy levels were chosen so
that >°; ¢, = —80 eV. The set of orbital energy levels {—24, —24, —24, —4 —4},
{-25,-25,—-10,—10,—10} and {—25, —25, —18, —10, —2}, in eV, were used for
the octahedral, tetrahedral and square-planar crystal fields, respectively. The
total energy varies linearly across each plane but, for ease of visualization, each
plane is colored based on the average of the energies at the vertices. In each
example, the energies are reported relative to the plane with lowest average
energy, whose energy was set to 1eV to allow a logarithmic color scale.

plane segments, and (b) change in the manner of that change, depending on

symmetry-imposed degeneracy patterns.

4.6 Concluding Remarks

In this chapter, the piecewise linearity condition with respect to magnetiza-
tion and the tilted plane condition were derived from first principles using
the infinite-separation-limit technique, and the magnetic analogue of the DFT
Koopmans’ theorem was derived from the chain rule. These exact condi-
tions have been derived for all formulations of DFT that are exact for all v-
representable spin-densities, size-consistent, and translationally invariant. It is
important to note that these exact conditions apply only to the lowest F, [N, M]
energy surface. By performing a constrained search over states of a specified
spin multiplicity [39], it is possible to access other quantum states within DFT
that are not located on this energy surface, for example, the lowest energy

singlet state of a system with a triplet ground state.
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4.6. Concluding Remarks

We have found that many standard density functional approximations violate
these exact conditions. These three exact quantum mechanical conditions may
aid in the development of post-DFT methods and functional approximations,
machine learning and alchemical approaches in both condensed matter physics
and quantum chemistry, and error-correction techniques involving total energies
in quantum science. We find that in order to approach the exact limit, energy
functionals of occupancies must necessarily take different forms depending on

symmetry-imposed degeneracies.
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Chapter 5

The BLOR Functional

The work in this chapter has been published as a letter in Physical Review B
(Phys. Rev. B 107, L121115 (2023)). The work is jointly authored with my col-
laborator Edward Linscott and my supervisor David O’Regan. For this research
project, I derived the BLOR functional and ran all the DF'T calculations where
the corrective functional was tested and compared against other DFT+U-type
functionals using stretched molecules. Edward independently derived the sym-
metric BLOR functional and ran the DF'T calculations on the fractional helium
atom (as presented in Fig. 5.1) and also produced Fig. 5.2. T wrote the first
draft of the manuscript. The text shown in this chapter is the fully polished
version of the manuscript including revision and editing by David and Edward
as well as improvements made on the foot of peer review.

In this chapter a new DFT+U type corrective functional is derived from
first principles to enforce the flat plane condition on each orbital of a localized
subspace. By invoking this exact condition, which defines the total energy
E,[N, M] surface at fractional values of N and M, we dispense with the need
to invoke the Hubbard model and a double counting correction scheme. Small,
stretched, s-block molecular test systems are used to compare the functional
form against conventional DFT+U-type functionals. Promisingly, the newly

derived functional yields extremely low relative energetic errors by comparison.

5.1 Conventional DFT+U Functionals

Current XC approximations such as the Local Spin Density Approximations,

(LSDAs) [69,71-74], Generalized Gradient Approximations (GGAs) [60,65,75-
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77], meta-GGAs [61,81-84] and hybrid functionals [85,86] are all known to fail
in cases where the electronic system contains one or more isolated, localized
subsystems. Noting this failure, Anisimov et al. [198] proposed supplement-
ing local density approximations with an additional electronic interaction term
inspired by the Hubbard model [333],

U Uu—J
Fing = 5 Z NmeNm/e + —F7— Z NmeNm/ o, (51)

mm'o 2 mm!o

m#m/

which explicitly depends on the spin resolved occupancy n,,, of each orbital
m in the localized subspace. U and J refer to the Hubbard U and Hund’s J
interaction parameters which need to be chosen or preferably evaluated [202,
229, 236-238, 240-242], in advance. The inter-electron interactions of Eq. 5.1
however, are already accounted for to a less favourable extent by the original
XC functional that the Hubbard-like interaction term is designed to supple-
ment. This necessitates the use of a double counting correction scheme. The
inter-electron interaction and double counting scheme together form a DFT+U-
type functional [109,110,183,198,200-205,213-215,217,220,331,334,335]. Over
the past three decades numerous double counting correction schemes have been
developed including the spin polarized and non-spin polarized analogues of the
around mean field [198,201] and fully localized limit [200,201] double count-
ing schemes. In practical applications, the predicted physical and chemical
properties of a material can strongly depend on the choice of double counting
scheme [336,337]. Despite this strong dependency, DFT+U-type functionals
enjoy widespread application, most notably in high throughput material screen-
ing [338-341], which can require thousands of DFT+U-type calculations to be
executed.

Developing a DFT+U-type functional that yields reliable total energies and
bandgaps is thus of crucial importance. Improved understanding in recent years
of exact conditions that apply to the atomic limit has given the opportunity
to design DFT+U that encode those, without adding complexity, rather than
invoking approximate double-counting corrections [331]. Meanwhile, incorpo-
ration from the field of quantum chemistry of the use of test systems for which
exact total energies, or at least exact total-energy differences, are available,
enables the stringent determination of the viable class of functional forms of

a given complexity level [109,110,331]. Departing entirely from the Hubbard
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The BLOR Functional

model and hence circumventing the introduction of a double-counting correc-
tion, in this work a DFT+U-type functional is developed whose form is entirely
based upon exact conditions in DFT. Specifically, we focus on the regime in
which the DFT+U subspaces are relatively weakly interacting with the remain-
der of the system, so that they harbor the exact flat-plane (or more generally
tilted-plane) condition, and where their deviations from that condition, many-
body self-interaction error (SIE) and many-body static-correlation error (SCE),
are treated in a subspace-averaged fashion in the usual pragmatic, cost-effective
manner of DFT+U.

5.2 Two-Electron Flat Plane Condition

The flat plane condition and its generalisation - the tilted plane condition, have
already been discussed in detail in chapter 4. Specifically in the case of an
isolated system with two or fewer electrons, the energy surface with respect to
electron count N and magnetisation M, will typically be composed of two flat

planes which meet with a derivative discontinuity along the Ni, = 1 line

;(N+M)EU[1,1] +;(N—M)EU[L—1], N=1,
(5.2)
;@—N+Mwﬁﬂ]

+;(2 N = M)EJ1,—1]+ (N = DE[2,0, N> 1.

This structure is classified as a ‘Type 1’ flat plane by Yang et al. [101] and is also
be referred to as the “diamond" for brevity. Conventional Density Functional
Approximations (DFAs) typically violate the flat plane condition. This is shown
in in Fig. 5.1, where the deviation of total energy evaluated using the PBE
approximation of the helium atom/ion, from the exact flat plane condition is
plotted as a function of spin resolved occupancy. This deviation from the flat
plane condition is largely quadratic in character. As mentioned in section 2.6,
the spurious curvature in the total energy with respect to electron count and
magnetisation is referred to as many electron self interaction error and static
correlation error respectively. Despite conventional DFAs poor performance at

non-integer values of NV and M, often the total electronic energies at the vertices
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n? 08 10 0.0

Figure 5.1: Deviation of the total energy E of the He atom/ion for different
values of spin up (n') and spin down (n') occupancy using the PBE exchange-
correlation functional [60]. The PBE total energy is assumed to be exact at
integer values of nl and n! for the He species. The exact energy from the flat
plane condition is denoted as Fpp.

of the exact energy surface, which occur at some but not all integer values of

N and M, are well-approximated by currently available DFAs.

5.3 Localized MSIE

For a system of N,om isolated atomic sites with a total of N electrons, a piece-
wise linearity condition with respect to electron count should occur separately
at each atomic site where Natom, Niot € N but Niot/Natom ¢ N. The total energy
of the system with Niot/Natom €lectrons at each atomic site should be equal in
energy to the system with & sites with N + 1 electrons and Ny, — £ sites
with N electrons, where k& < Natom, Niot = N Natom + k and N = | Niot /Natom |
, where |-] is the floor function (the integer part). However, current DFAs
yield incorrect energies for systems with fractional occupancies at the atomic
sites [126]. These errors in the total energy will occur even at integer values of
global electron count Nyy. If one also accounts for magnetization, the energy of
each isolated localized state should obey the tilted plane condition [305] in the
limit where the interaction between the localized state and the bath (the rest of

the electronic system) is negligible, or more generally, when the subspace-bath
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interaction energy varies linearly with spin resolved subspace occupancy. Stan-
dard XC functionals however, will exhibit spurious curvature in the energy of
each isolated, localized state. We refer to these energy errors as localized many
electron self interaction errors and localized static correlation errors [185, 331]
to distinguish them from their global analogues .

Assuming localized-MSIE is predominantly quadratic in nature (as has been
reported for global-MSIE [125]), the localized-MSIE at an atomic site can be
alleviated with an energetic correction of the form:

Ueff

E, = (N = No) — (N = No)*[, (5.3)

where N is the local occupancy at the atomic site, | V| = Ny, and U is a
corrective parameter.

DFT+U functionals [183,198,200,205] have often been employed as a correc-
tion to localized-MSIE. Much like Eq. 5.3, DFT+U-like functionals comprise
of linear and quadratic occupancy-dependent energy corrections. For example,
Dudarev et al’s 1998 Hubbard corrective functional [183] can be written as:

Ell?udarev _ Uet nlo _ (nla 2. (5.4)

mm mm
am

Unlike Eq. 5.3, here the corrections are given in terms of subspace occupancy

matrix elements:
e = (D076 (5.5)

where /7 is the spin-o Kohn-Sham density operator and {¢,,} are the set of
atomically localized orbitals at atom I (the atomic site index is often suppressed
for clarity). Eq. 5.4 is written in the basis of localized orbitals that diagonalize
this subspace occupancy matrix. In the case where (a) the fractional occu-
pancy at the atomic site is limited to the s-spin channel of one orbital ¢,,, i.e.,
ns .. = N — Ny, and (b) all other orbitals ¢,, are fully occupied or unoccupied,
Dudarev’s 1998 functional provides a perfect correction for localized-MSIE.
Despite DFT+U’s success in alleviating localized-MSIE in this limiting case,
here we stress two points. Firstly, the DFT+U method was originally derived

from the Hubbard model and it is merely fortuitous that it acts as a correc-

!The term local could also be used here, but in the DFT context it seems preferable to
reserve ‘local’ to describe variables that depend explicitly upon a single spatial argument.
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tion to localized-MSIE. Secondly, the DFT+U method does not correct static

correlation error, and will therefore not satisfy the localized flat plane condition.

5.4 Desired Properties of BLOR

In this chapter, a new DFT+U type functional is derived, disregarding entirely
its connection with the Hubbard model and instead motivating its form entirely
on the local analogue of the flat plane condition. Such a functional should, for

a single orbital subspace, satisfy four key conditions, namely that it should:

1. be a continuous function of the subspace electron count N and subspace

magnetisation M.

2. yield no correction at integer values of N and M. This is desirable because
(semi-)local functionals are expected to yield accurate total energies in this

case.

3. have a constant curvature of —U? with respect to n?. This is desirable
because (semi-)local functionals are expected to have a spurious curvature
with respect to n?, due to their deviation from the local-flat plane condi-

tion.

4. have a constant curvature of J with respect to M. This is desirable be-
cause (semi-)local functionals are expected to have a spurious curvature
with respect to M, again due to their deviation from the local-flat plane

condition.

The functional which satisfies these four key conditions is BLOR, given for each

site by
I | . .
UIUTI[N — N2]
Jo U —-ut_ . R
+§Tr[M2 — N+ TTr[M — NM], Tr[N] < Tx[P],
EpLor =
LUl .
T T (W~ Py~ (R - Y
J 0 e amg UN=U_ . R
+ 5 Tr[M? = (N = 2P)) 4 = —Tx[M — NM], Tr[N] > Tx[P].

(5.6)



The BLOR Functional

Here, P is the subspace projection operator: P =Y,, |dm) (dm|. The subspace
occupancy and magnetisation operators can be expressed in terms of the spin
resolved subspace occupancy operators: N=nl+aland M =nl — ft, where
n’ = ]Sﬁ”p. The magnitude of the correction is controlled by three scalars:
U', U, and J, which correspond respectively to the curvature with respect to
nl, n!, and M. The lower and upper versions of the functional have a similar
form (the lower version of BLOR is the case where Tr[N] < Tr[P]).

5.5 Uniqueness of BLOR

One can show that for a single orbital subspace, BLOR is the unique functional
that satisfies conditions (1)-(4). To do so, we start with the general expression

for the corrective functional,
Ey = ag+ ayN + aaN? + agM + ayM?* + asN M, (5.7)

where {a;} are co-efficients yet to be determined and it is assumed that we have
a single orbital subspace. The co-efficients of any higher order terms must be

equal to zero in order for

O*F, O*E,
— | =J & | 5—3 =-U"’ 5.8
<5M2>N (8(71”)2)”” ’ ( )
everywhere in the diamond. In order for E,[N, M] to satisfy condition 2 in the

lower half plane, we have that

Eu[07 0] = ap = O,
Eu1,1] = ap + a1 + az + a3 + as + a5 = 0,
Eu[l,—l] =ag+a +ay—ag+ag —as =0. (59)

From condition 3, we know that E, should have a curvature of J with respect
to M,

o
<8M2>N_2a4_J. (5.10)
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One can re-express Eq. 5.7 in terms of nl and n' to facilitate partial differenti-

ation with respect to n?. From condition 4, we then have that:

0*F
u — — 77!
(6(71[)2)”[ =2as + 2a4 + 2a5 = —U
0*F
. — _ — 77!
(3(71[)2)”[ =2ay + 2a4 — 2a5 = —U". (5.11)

Solving the simultaneous equations and substituting back into Eq. 5.7 yields the
expression for the BLOR functional for a single orbital subspace in the lower
half-plane.

Repeating this procedure for the upper-half plane, we start again with the
general expression for the corrective functional (E,) as given by Eq. 5.7. Con-

dition (2) in this case yields

Eu[1,1] = ag + a1 + az + a3 + ag + a5 = 0,
Eu[l,—l] =ayp+a+ay—az+as—as =0,
Eu[2, 0] = Qo + 2(11 —+ 4CL2 = 0 (512)

Conditions (3) and (4) again in this case yield:

82Eu>

= 2(14 = J,
(517t),

O’E

u — — g7

<8(7ﬁ)2>m = 2as + 2a4 + 2a5 = =U"',

O’E

- — _ — g7l
<8(nr)2>m = 2@2 + 2&4 2&5 = U'. (513)

Solving these simultaneous equations and substituting back into Eq. 5.7 yields
the expression for the BLOR functional for a single orbital subspace in the

upper half-plane.

5.6 Analysis of BLOR Functional

The BLOR functional of Eq. 5.6 is divided into three terms. The first term is
referred to as the symmetric-MSIE term because for a single orbital subspace it

yields zero correction at integer values of N and yields its maximum correction
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Figure 5.2: The left panel presents the symmetric-MSIE term for an s-orbital
subspace as a function of spin up (n!) and spin down (n!) subspace occupancy.
The centre panel presents the SCE term as a function of n! and n!. The right
panel presents the sum of the symmetric-MSIE and asymmetric-MSIE terms as
a function of n! and nt.

at N = %, % as shown in the left panel of Fig. 5.2. The second term is labelled
as the SCE-term because, for a single orbital subspace, it yields zero correc-
tion when the subspace is maximally spin polarised and yields its maximum
correction at M = 0, for a given value of N, as shown in the middle panel of

Fig. 5.2.

The asymmetric-MSIE term will contribute to Ep,or when an effective mag-
netic field acts on the subspace. In this case, we cannot assume that the
curvatures U' and U' are equal in magnitude. This effective magnetic field
may be caused by an external magnetic field acting on the isolated atomic
site. More notably, in practical calculations the target subspace will not be
entirely isolated from its surrounding environment, such as the 3d subspace of
face-centered cubic nickel. The 3d atomic subspace will experience an inter-
nal exchange-correlation magnetic field from the surrounding nickel atoms and
hence we expect that Ul # Ul for this site. The difference in magnitude is ac-
counted for in the asymmetric-MSIE term. The combination of the symmetric-
and asymmetric-MSIE terms is depicted in the right panel of Fig. 5.2, which
unlike the left panel, shows a different curvature along the maximally spin up

polarised line compared to the maximally spin down polarised line.

BLOR can also be expressed in terms of subspace occupancy matrix elements,
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for each site, as:

Ue Ue+2J

omm’

EprLor = [ o
Z <<UU + 7 + 2J> nfnm,émm/ — 7nfnm,ngﬂm
U2, U"+2J>

o

g mmMmm T 90 )

In both cases, the summation runs over all terms on the right-hand side of Eq
5.14.

BLOR has many similarities with existing functionals. For example, Him-
metoglu et al’s [214] DFT+U+J functional was recently modified by Bajaj et
al. [109,110] to obtain jmDFT, a functional designed to correct for deviations
from the global flat plane condition. However, jmDFT fails to satisfy conditions
3 and 4. Meanwhile, setting U? = Ueg, the first two terms of BLOR in the lower-
half plane are equal to Dudarev et al’s 1998 Hubbard functional. Furthermore,
for non-spin polarised systems we have that U = U} = U — J and the BLOR
functional in the lower half plane simplifies to Moynihan et al’s DFT+U-+J

method with self consistent formulae for the U and J parameters [342].

5.7 Exact Double Counting Correction Scheme

Our method of deriving BLOR from the flat plane condition bypasses the need
to invoke a double counting correction scheme common to most DFT+U func-
tionals. Unlike BLOR, standard DFT+U functionals are given by the difference

between a Hubbard like interaction term and a double counting correction term,
E, = Fiy — Fge. (5.15)

The double counting correction term must be invoked as the electron-electron
interaction has already been accounted for to a less favorable extent by the

Hartree Exchange Correlation Energy functional. Starting with the standard
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Hubbard like interaction term of Dudarev et al. [183],

U U J g g
Eiwe = - > nyan mm,+T S ongnG . (5.16)
omm/ o,m#Em’
The exact double counting correction term for DFT+U can be reverse engi-

neered from the BLOR functional, approximating U' = U,

U J U+J
exact __ 2 o N\TO
B =5 (N? = N) - 5 ZN N7+ == > ng m3, (5.17)
J _
+5 X (NG M & i) + (U + 2J)(N = 21 = 1)O{N — 20 — 1},

where O{N — 2] — 1} is the Heaviside step function, i.e., a different double-
counting correction term is required depending if the subspace is more or less
than half-occupied. This exact double counting term can also be expressed as

a correction to the standard fully localised limit double counting term,

J U+ J J -
Eexact CI;CLL - EN L Z mm’nm m T 5 Z (n%m’n%’m + n;‘nm’n;’m)
+ (U +2J)(N -2l —1)0{N — 2] — 1}, (5.18)
where U
ENE — Z NON? + % S NO(NT —1). (5.19)

The non-trivial form of this exact double counting correction highlights the
inherent difficulty of the double-counting approach to functional construction
as well as the potential utility of reverse engineering double counting corrections

from exact conditions.

5.8 Evaluating Corrective Parameters for BLOR

Returning to the BLOR functional, an appropriate method must be choosen
for evaluating the corrective parameters. Measuring the spurious curvature
in the energy with respect to occupancy, while fixing the spin-magnetization,
would in principle require cumbersome and often ill-conditioned self-consistent
constrained DF'T calculations. Instead, one can directly evaluate the corrective

parameters U and J based on first-order partial derivatives of the spin-resolved,
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subspace averaged Hartree and exchange-correlation (Hxc) potential,

) Etotal
Vpe = Tr lP TIEXC
pa

/ Tr[P], (5.20)

where Ei%l is the total Hxc energy of the system and P is the subspace pro-
jection operator. Using v%,., we can define the spin-resolved subspace Hxc
interaction

L aUIquc

f - 87/1,0-,

- (5.21)

where n° is the spin ¢’ subspace occupancy. This is known as the minimum-
tracking linear response method [242-245]. Within this formalism, the spin
resolved Hubbard parameters for BLOR, (or mBLOR) can be set as the diagonal

elements of the Hxc interaction, namely as
Ue = f79. (5.22)

The Hund’s J parameter is defined as the spurious curvature in the interacting
part of the energy with respect to magnetization. Within the minimum-tracking

linear response formalism it is normally defined as

[ |
ldeXC — dUHXC

J = —
2 d(n'—nl)

(5.23)

However, this derivative with respect to magnetization should be evaluated at
fixed total occupancy. This can be calculated very conveniently using the simple

2 x 2 method [242], where it is given by

J = _Z(f” _ f” _ f” +f”). (5.24)

Similarly, within the minimum-tracking linear response formalism the spin-

independent Hubbard U parameter is usually defined as

_ }dvlrixc + dUIL{xc

U —
2 d(nl+nl)

(5.25)
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and, again, there exists an analogous simple 2 X 2 variant (particularly, but not

necessarily only for use with flat-plane condition based functionals),

U — le(f” + I I . (5.26)

5.9 Computational Details

All calculations were completed using the ONETEP (Order-N Electronic To-
tal Energy Package) DFT code [281,294-296], with the PBE [60] exchange-
correlation functional at a high cutoff energy of no lower than 2,300 eV. The
stretched molecular test systems were located in a large simulation cell, no
smaller than 80 x 60 x 60 aj, with a Martyna-Tuckerman periodic boundary
correction cutoff of 7.0 ag [299].

For a system with N, spin ¢ KS particles, the occupancy of the lowest
N, KS particles was set equal to one, and otherwise set equal to zero. The
convergence threshold of the root-mean-square gradient of the density kernel
and the NGWFs was set at 1 x 107 Ha e~! and 1 x 10~7 Ha ag/Q respectively,
and the electronic energy tolerance was set at 1 x 107% eV /atom.

Four NGWFs were assigned per atom using the split-valence approach, with
15% of the norm set to be beyond the matching radius r,. This provides
unrestricted variational freedom for each spin-orbital. The NGWF' cutoff was
set to 14 ag. A bespoke set of hard, norm-conserving pseudopotentials were
made using the OPIUM code [343].

For the non-spin polarised systems (Hy & Lis) full spin polarised perturba-
tions were not required because of the spin symmetry of the system, as described
in [244]. From a series of a perturbations the slope of Vi [IN] can be evalu-
ated. It can be shown that this is equal to twice the value of the Hubbard
U parameter (from the simple 2x2 method). Similarly, from a series of beta
perturbations, the slope of [Vil.. — Vif,.J[M], can be ascertained, where M is
the subspace magnetisation. Similarly, it can be shown that the slope of this
curve is equal to minus two times the value of the Hund’s J parameter (from
the simple 2x2 method). Finally, f'!=U-J, for non-spin-polarised systems.

The non-spin polarised PBE solution for stretched Hy & Lis are at a point of
unstable equilibrium in the PBE energy landscape. Applying a perturbation to

the atomic subspace can cause the calculation to converge to the lower-energy,
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spin-polarised solution. A stabilising potential of the form
0 =Gn° (5.27)

was used to stabilise the non-spin-polarised solution. The Hund’s J parameter
was evaluated at non-zero values of the stabilisation parameter G and extrap-
olated to G = 0. This allows one to evaluate the Hund’s J parameter for
the non-spin-polarised systems as opposed to the spuriously broken-symmetry
spin-polarised system. This technique was also required for the evaluation of
the Hubbard U parameter for Lis.

5.10 Stretched s-block Molecules

In Egs. 5.6 and 5.14 BLOR is expressed in a generalized from which readily
allows its implementation for s, p, d or f valence orbitals. However, in this
chapter we explore BLOR’s application solely to s-valence species, in which
case there is no ambiguity as to whether the localized flat plane condition
should be enforced on the localized subspace as a whole or on each localized
orbital in the subspace separately. The later of these two options has been
used to give BLOR in its current form however, analysis of this choice through
benchmarking with p and d valence species will be left to chapter 6.

BLOR was first tested on s-block dimers, (namely Hs, Hej, Liy and Bej)
with large internuclear separation lengths. It is assumed that at these elongated

bond lengths the energy of the Xy dimer is additive:
E[X5] = 2K [X]. (5.28)

The subspace occupancies of the atomic species will be located at the vertices
of the diamond, hence the bare Perdew-Burke-Ernzerhof approximation [60]
(PBE) is expected to be reasonably accurate for E[X]. We thus assume that
2Eppp[X] yields the exact total energy of our stretched Xs species. This ap-
proximation avoids discrepancies in the total energy from using a pseudopoten-
tial. The atomic subspaces of dissociated Hy and Liy are approximately located
along the N = 1 line of the diamond (the fold) and are thus dominated by
localized-SCE. The atomic subspaces of dissociated Hej and Bej are approx-

imately located along the edges of the diamond and are thus dominated by
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Figure 5.3: Bar chart of the relative errors in the total energies of Hy and Lis
at a bond length of 9 and 15 bohr radii respectively using different corrective
functionals [60, 109, 110, 183,214, 220], and symmetry unbroken spin-densities.
The raw DF'T calculations were performed with the PBE exchange correlation
functional [60]. The DFT+U and DFT+(U — J) relative errors were computed
using Dudarev et al’s 1998 functional with the effective Hubbard parameter
(Uegr) set as U and U — J respectively. Both the lower and upper versions of
l-jmDFT and BLOR are included in the bar chart. In the dissociated limit of
Hs, each H atom will be singly occupied and hence the lower versions of BLOR
and 1-jmDFT are the relevant versions for dissociated Hs, despite the computed
occupancy due to spillage being greater than one at the large but finite bond
length of 9ay. The hashing on the bars of the upper versions of BLOR and I-
jmDFT indicates the deliberate misapplication of these functionals. The BLOR
(Upper) corrective functional was evaluated on the PBE density, as discussed
in the main text.

localized-MSIE. These errors will result in the computed E[X5] # 2E[X] for
the stretched X5 species.

Fig. 5.3 presents the relative errors in the total energies for the stretched
Hs and Lis molecules using different corrective functionals. Very similar results
were obtained for both strecthed, neutral dimers. In the case of the Hy molecule,
PBE yields a significant relative error of 7.99%, however most of the corrective
functionals significantly worsen the PBE result, yielding errors up to 24.04%.
Use of BLOR in the lower half-plane yields a very low error of 0.510% and
0.14% for the stretched Hy and Lis molecules respectively.

In the bar chart the jmDFT functional form is denoted as 1-jmDFT (localised-
jmDFT). The jmDFT functional was designed to correct for deviations from the
global flat plane condition and was the main inspiration for the development

of BLOR, which instead focuses on the localized flat plane condition. In this
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work, the jmDFT functional is implemented to correct for deviations from the
localized flat plane condition as opposed to the global equivalent. Furthermore,
we use the simple 2 x 2 to compute the U and J parameters for the jmDFT
functional, which is not how the functional was intended to be applied. The

poor performance of I-jmDFT is thus unsurprising.

Excluding the minority spin term, it is possible to reformulate the DFT+U
and DFT+U+J functionals in terms of an MSIE-term: Tr[N — N?] and a
SCE-term: TI[M 2_ N 2], with different linear combinations of U and J as
prefactors. In the case of stretched Hy, the MSIE-term is negligible because
the atomic occupancy is equal to one in the fully dissociated limit. Thus, the
failure of the DFT+U and DFT+U+J functionals to predict the correct total
energy can be attributed to the incorrect SCE-term prefactor of —U/4 in both
cases. Indeed, computing the total energy of Hy at a 9ay bond length with
both MSIE and magnetic-term prefactors equal to zero and the correct SCE
prefactor of J/2 yields a relative error of 0.81%.

Several of the corrective functionals (including BLOR) were found, at least
on the basis of analytical non-interacting molecular orbital theory, to yield
the incorrect ordering of the KS orbitals upon self-consistent application of
the corrective functional. Whenever this occurred, the corrective functional
was applied non-self consistently, i.e., the total energy was evaluated on the
PBE density, hence we have BLORQPBE etc. For all corrective functionals
where no KS orbital re-ordering occurs, the total energy was evaluated both
self-consistently and non-self-consistently and the difference between the two
was found to be negligible. This demonstrates that BLOR yields correct total
energies but fails to properly correct the KS potential. The corrective potential

will be investigated further in chapter 6.

The relative errors in the total energy of the stretched Hej and Bej molecules
are presented in Fig. 5.4. Much smaller relative errors in the total energy occur
for these molecules compared to the stretched Hy and Liy systems, however
the same trend is observed. Application of standard DFT+U-type functionals
are found to significantly worsen the total energies of these systems, while
the BLOR functional offers significantly improved total energies compared to
the raw DFT(PBE) values. However, for both the Hej and Bej molecules,
the BLOR functional needed to be evaluated non-self consistently at the PBE
density. This is because self-consistent application of the BLOR functional
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Figure 5.4: Bar chart of the relative errors in the total energies of Heg and
Bej at a bond length of 5 and 10 bohr radii respectively using different cor-
rective functionals [60,109,110,183,214,220]. The raw DFT calculations were
performed with the PBE exchange correlation functional [60]. The DFT+U
and DFT+(U — J) relative errors were computed using Dudarev et al’s 1998
functional with the effective Hubbard parameter (Ueg) set as U and U — J
respectively. The label BLOR(sym) refers to the BLOR functional with the
spin-resolved Hubbard U parameters evaluated as Ul = U} = fl}.

resulted in a spurious re-ordering of the KS orbitals. This suggests that further
improvements to the BLOR corrective potential may be required in order to
apply this functional self-consistently to material systems at standard bond
lengths. Nevertheless, the significantly improved total energies across all four
stretched dimers is an extremely promising result.

The BLOR functional was also tested on a dissociated hydrogen ring sys-
tem, which suffers from both localized-MSIE and localized-SCE (in a system
where both localized-MSIE and localized-SCE are present, error cancellation
may occur). Specifically, the triplet spin state of the system was considered,
which provides a stringent test for the validity of the nascent asymmetric-MSIE
correction term. Dissociated triplet HY is the smallest hydrogen ring system
where: (1) the subspaces are not located along the edge or fold of the dia-
mond and (2) the system does not suffer from KS orbital degeneracy problems
(where a degenerate pair of KS orbitals is occupied by a single KS particle).
For dissociated HZ, bare PBE was found to yield a spurious symmetry-broken
solution in what should be a 5-fold symmetric spin-density. To stabilise the

correct symmetry-unbroken solution, a potential of the form:

8 =G (5.29)
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Figure 5.5: The top panel displays the five lowest spin up Kohn Sham orbitals of
the dissociated H7 ring at an isosurface value of 0.003 [344]. The bottom planel
displays a bar chart of the relative errors in the total energy of dissociated HZ at
an internuclear separation of 8 bohr radii using different corrective functionals
(60, 109, 110, 183, 214, 220], which have been applied non-self consistently on
the extrapolated, symmetry-unbroken PBE spin-density. The atomic subspace
occupancy is significantly less than one and will be equal to 0.8 at the dissociated
limit, thus the lower versions of BLOR and l-jmDFT are the correct versions
for this system.

was applied to the atomic subspaces. The total PBE energy and spin resolved
subspace occupancies were then evaluated as functions of G and extrapolated
to G = 0 to get the correct PBE energy and spin resolved subspace occupan-
cies. These occupancies were then used to obtain the total energy of the HZ
system evaluated on the extrapolated, symmetry-unbroken PBE spin-density

for different corrective functionals including BLOR.

As shown in Fig. 5.5, bare PBE yields a very low relative error of 1.03% for
the dissociated HZ system. Application of any functional is found to worsen
the bare PBE result, with the exception of BLOR, which yields a relative error
of 0.08%. This extremely low error is investigated further in Fig. 5.6, where
the total energy associated with several corrective functionals is decomposed
into a symmetric-MSIE term, a SCE term and an asymmetric-MSIE term. All
corrective functionals shown yield similar positive energies for the symmetric-
MSIE term. However, the corrective functionals all yield large positive SCE
terms with the exception of BLOR. A positive SCE term leads to a significant

overestimation of the total corrective energy.
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Figure 5.6: The decomposition of the total corrective energy associated with
several functionals [109,110,183,214,220], into a symmetric-MSIE term, a SCE
term, a minority-spin term, and an asymmetric-MSIE term. The exact correc-
tive energy is that required to recover the correct dissociated-limit total energy.

5.11 Alternative Methods to Evaluate U & J

In this chapter thus far, the simple 2 x 2 method, was used to compute the U
and J parameters for each corrective functional with the exception of the BLOR
functional, where the simple 2 x 2 f""/ was calculated but spin-dependent U?
were extracted from it. In this section, for completeness, the performance of
the various Hubbard type corrective functionals using alternative methods for
evaluating the U and J parameters was assessed. Within this section, the total
energies for each corrective functional were evaluated non-self consistently using

the PBE density. Three different methods were investigated.

5.11.1 Simple 2x2 Method

In this subsection the simple 2 x 2 method was used to evaluate the corrective
parameters for every DFT+U functional, including BLOR. BLOR has spin

resolved Hubbard parameters U? and hence it is necessary to set:

Uyl — i<frr FAT g U Ty, (5.30)

By setting U! = U the results for BLOR will be equal to BLOR (sym). Eval-
uating the Hubbard U parameter for BLOR using the simple 2 x 2 method for
He; (as shown in Fig. 5.7) yields a significant relative error of 4.92%. Evalu-

101



5.11. Alternative Methods to Evaluate U & J

ating the spin resolved Hubbard parameters, U?, via this method is thus not a
suitable choice for the BLOR functional.
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Figure 5.7: Bar chart of the relative errors in the total energies of the stretched
He; and HY molecules at an internuclear separation of 5 and 8 bohr radii
respectively, using different corrective functionals [60,109,110,183,198,200,201,
203,214,220,336,345], which have been applied non-self consistently on the PBE
density. The Hubbard U and Hund’s J parameter have both been computed
by the simple 2x2 method [242,342].

With the exception of the BLOR functional, the results for Hej and H
in Fig. 5.7 is equivalent to the results given in Figs. 5.4 & 5.5. The minor
numerical differences between the Heg bar charts of Figs. 5.7 & 5.4 are due
to density self-consistency effects. The total energies in this section have been
evaluated at the PBE density while in Fig. 5.4 the total energies were evalu-
ated self-consistently. The density self consistency effects for these dissociated
molecular test systems are clearly negligible and will not be considered for the

remainder of this subsection.

In Fig. 5.7, DFT+U FLL and DFT+U AMEF refer to the original DFT+U
functionals with Fully Localised Limit and Around Mean Field double counting
schemes of Anisimov et al. [198,200] and Czyzyk et al. [201]. Spin polarised
and non-spin polarised (nS) analogues of the FLL and AMF double counting
schemes exist, a detailed discussion of which is given by Ylvisaker et al. [336].
Seo 2007 refers to the DFT+U functional developed by Seo [203], which was
discussed in detail in the background theory section. Shishkin & Sato 2017,
refers to Shishkin & Sato’s variant of the DFT+U + J functional [345].
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5.11.2 Simple 2x2 method for J and with U=/7°

An alternative scheme for computing the corrective parameters that will be ex-
plored in this subsection, is to evaluate the spin-agnostic Hubbard U parameter
associated with all other corrective functionals as f??, where ¢ is the majority
spin channel in the lower half plane and the minority spin channel in the upper
half plane. Similarly, for the BLOR functional we let Ul = U} = f?9, so that
BLOR simplifies to BLOR (sym).
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Figure 5.8: Bar chart of the relative errors in the total energies of the stretched
Hej and H7 molecules at an internuclear separation of 5 and 8 bohr radii
respectively, using different corrective functionals [60, 109, 110, 183, 198, 200,
201, 203, 214, 220, 336, 345], which have been applied non-self consistently on
the PBE density. The Hund’s J parameter was computed by the simple 2x2
method [242,342] and the Hubbard U parameter was set as f?%, where ¢ is the
majority spin channel in the lower half plane and the minority spin channel in
the upper half plane.

Using this prescription, many corrective functionals yield extremely low rel-
ative errors for Hej as shown in Fig. 5.8. The atomic subspaces of Hej are
approximately located along the edges of the diamond. For an atomic subspace
located perfectly along the edge of the diamond, the BLOR functional for a
single orbital subspace simplifies to:

UO'

EBLOR = 7(710 — nan”), (531)

where ¢ is the majority spin channel in the lower half plane and the minority

spin channel in the upper half plane. Therefore, if we set the effective Hub-
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bard parameter U in Dudarev et al’s functional [183] to f77, it will perfectly
emulate the BLOR functional for systems with atomic susbpaces located along
the edges of the diamond. Therefore, the extremely low relative error of 0.38%
associated with Dudarev et al’s DFT+U functional is unsurprising.

For systems with atomic susbpaces not located along the edge of the dia-
mond (such as HY), setting U = f7° does not allow Dudarev et al's DET+U
functional to perfectly emulate the BLOR functional. The corrective function-
als which performed well for Hej using this method for evaluating U and .J

parameters clearly fail for HZ | as shown in Fig. 5.8.

5.11.3 Scaled 2x2 Method

In this subsection the U and J parameters were computed using Linscott et al.’s
scaled 2 x 2 formulae [242]. Unlike the aforementioned simple 2 x 2 formulae
that emulates, e.g. the constraint of N while M is varied to calculate .J, scaled
2 x 2 emulates no such constraint. The scaled 2 x 2 U is equivalent to the
conventional non-spin-resolved formula for U, where M may vary as well as N
when the perturbation « is applied. In the case of BLOR both U! and U} were
set equal to the scaled Hubbard U parameter. With U = U the results for
BLOR will be equal to the results for BLOR (sym).
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Figure 5.9: Bar chart of the relative errors in the total energies of the stretched
Hej and H molecules at an internuclear separation of 5 and 8 bohr radii
respectively, using different corrective functionals [60,109,110,183,198,200,201,
203,214,220,336,345], which have been applied non-self consistently on the PBE
density. The Hubbard U and Hund’s J parameter have both been computed
by the scaled 2x2 method [242,342].
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Many of the corrective functionals perform excellently for Hej as shown in
Fig. 5.9. However, the atomic subspaces of Hej is approximately located along
the edge of the diamond and hence the system is dominated by local-MSIE.
These corrective functionals, which yield low relative errors for Heg, perform
poorly when significant portions of both local-MSIE and local-SCE are present.
This is shown in Fig. 5.9 for H where all corrective functionals except BLOR
significantly worsen the PBE result. Thus, low relative errors can be achieved
only for systems dominated by local-MSIE when the scaled 2 x 2 method is used
to evaluate U and J parameters, with a wide variety of corrective functionals.

As shown in Fig. 5.9, the scaled 2 x 2 method with the BLOR functional
yields a significantly larger relative error for HZ of 3.13% compared to the 0.08%

achieved from using the simple 2 x 2 formula for J and letting U? = f°.

5.12 Concluding Remarks

In conclusion, our newly derived corrective functional BLOR yielded relative
energetic errors below 0.6% across all five dissociated s-block species. This per-
formance was unmatched by any of the other DF'T+U type functionals tested.
However, the BLOR corrective functional yielded a spurious re-ordering of the
KS orbitals for Hej and Bej, a problem which was bypassed for these systems
by evaluating the BLOR energy at the PBE density (BLORQPBE). Most no-
tably, our DET4+U type corrective functional has been derived entirely from
first principles and alleviates the need to rely on an ad hoc derivation from the
Hubbard model.
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Chapter 6

The mBLOR Functional

The work in this chapter has been published as an article in Phys. Rev. B 110,
205150 (2024) [346]. The work is jointly authored with my supervisor David
O’Regan. For this research project, I derived the mBLOR functional and ran all
the DFT calculations where the corrective functional was tested and compared
against other DFT+4U-type functionals using stretched molecules. I wrote the
first draft of the manuscript. The text shown in this chapter is the fully polished
version of the manuscript after revision and editing by David.

In this chapter, the extension of the BLOR functional to address many-
body errors (mBLOR) is derived. The mBLOR functional is built to enforce
the flat-plane condition on the entire subspace, rather than on each orbital
individually. It depends solely on the total subspace occupancy and spin mag-
netization, bringing consistency with how Hubbard U and Hund J values are
typically calculated, and very low complexity. In this way inter-orbital errors
are corrected on the same footing as the single-particle ones. Focusing on ex-
act test cases with strong inter-orbital interactions, in this chapter the BLOR
and mBLOR functionals are benchmarked against contemporary DFT+U func-
tionals using the total energy extensivity condition on stretched homo-nuclear
p-block dimers that represent various self-interaction and static-correlation er-
ror regimes, namely singlet Ny & Fy, non-spin polarized O, and doublet Nej .
As mBLOR would not otherwise introduce a band-gap correction in the manner
that is a desirable feature of DFT+U, a cost-free technique to reintroduce it
automatically by moving the functional’s unusual explicit derivative disconti-
nuity into the potential is also developed in this chapter. Its ability to open

the band-gap of the stretched neutral homo-nuclear dimers without the aid of
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Figure 6.1: The projection of the E,[Niot, Miot] curve of the helium atom (left)
and neon atom (right) onto the Ny, — Myt plane. For simplicity, highly charged
and highly magnetized states are omitted. The total energy varies linearly
across each plane, which are outlined in black. The total energy values are
based on available experimental NIST reference data [316] and are given rela-
tive to the lowest energy state of the respective neutral atom which is set to
1 eV. Energy contour lines are plotted at intervals of 10%%% eV. In the BLOR
functional [331], the spin-dependent occupancy of each DFT+4U subspace spa-
tial orbital can be though of as being separately mapped, conceptually, to its
own possibly-tilted helium atom (left) exact energy model. In the introduced
mBLOR functional, and taking the example of p-orbital based subspaces, the
spin-dependent occupancies of all three subspace spatial orbitals are together
mapped to a combined possibly-tilted neon 2p subshell (right) exact energy
model.

unphysical spin-symmetry breaking is then investigated.

6.1 Exact Conditions in DFT

In order to enforce the flat plane condition once on a multi-orbital subspace, we
must consider the structure of the E,[N, M] surface when N > 2. For example,
enforcing the flat plane condition on an entire p-orbital subspace as opposed to
each orbital separately, would require using a flat plane condition analogous to
that of the neon atom. In Fig. 6.1, the exact flat plane condition for the helium
and neon atoms are illustrated. As shown in Fig. 6.1, the energy surface of
the neon atom, excluding high energy magnetization states, will be composed
of a series of triangular and isosceles trapezoid shaped planes with derivative

discontinuities in the total energy at integer values of electron count.
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6.2 Subspace Averaged Hubbard Parameters

The Hubbard U (and Hund’s J) parameters are typically evaluated as subspace
averaged localized many-body SIE (and SCE) strengths, or subspace averaged
interaction strengths of a specfic type, depending on the reader’s perspective.
For example, as previously discussed in the minimum tracking linear response

method, the Hubbard U parameter can be evaluated as

U:i(f”+f”+f”+f”), (6.1)

/ . . . .
where f?7 is the spin-resolved subspace Hxc interaction

f(TO'/ — avHXC (62)

8710/ no’'

and vf,. is the spin resolved, subspace averaged Hxc potential.

Despite this subspace averaging, the U and J parameters are typically em-
ployed in orbitally resolved DFT+U-type functionals, such as the original BLOR

functional of Eq. 5.6 or Dudarev et al’s functional [183],

L U-J
2

Eu Z (ngnm/5mm/ - n?nm/n?n/m) . (63)

omm/
These subspace averaged U and J parameters can in principle be decomposed
into orbitally resolved contributions
, avma
e = (e ), (6.4)
O
Although we emphasise that this decomposition is not performed in this study.
In an atomic subspace of orbital angular momentum quantum number [, for
every one on-diagonal intra-orbital term 7‘7’1‘7’7; contributing to the subspace av-
eraged U and .J parameters there will be 2/ off-diagonal inter-orbital terms
o0’ where m # m’. Due to the contributions from these inter-orbital terms

mm/>»

7%?,;,, it is inconsistent to use such subspace averaged U and J parameters in an
orbitally resolved DFT+ U-type functional. This approximation will tend to
ascribe all the measured many-body localized SIE and SCE to the inter-orbital

(single-particle) terms, likely over-correcting them, while neglecting the numer-
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6.3. mBLOR in the spin-symmetric case

ous inter-orbital corrective terms. How great an issue this is in practice is likely
dependent on the system under study and the choice of subspace projection. It
seems likely to be more problematic, for the accuracy of the total energy, when
there are more than one significantly partially occupied subspace spin-orbitals.
This inconsistency can, of course, be resolved by following the long-known route
of evaluating orbitally resolved corrective parameters [202,313,347,348] or al-
ternatively, one could develop a non-orbitally resolved DFT+U-type functional
designed to mitigate errors or account for on-site interactions associated with
the subspace as a whole as opposed to each orbital separately. It is the later of
these two options which we choose to pursue in this study. Unlike the orbitally
resolved parameter approach, this one does not present challenges in maintain-
ing a functional form that is invariant under unitary transformations of the
orbitals. In principle, this latter approach could be applied to subspaces that
are not orbital based at all, which might be helpful for example in orbital-free
DFT.

6.3 mBLOR in the spin-symmetric case

We are now ready to derive the generalization of the BLOR functional to address
many-body SIE and SCE, termed mBLOR for brevity. For simplicity, we will
first consider the simpler case of a spin symmetric system whose total subspace

energy satisfies

E[N, M] = E[N, —M]. (6.5)

Here, N and M are the total subspace electron count and subspace spin-
magnetization (note here that magnetization is measured in units of electrons,

following convenient convention in DFT, not units of h), respectively,
N =3 np, & M=3 (0, —ny,). (6.6)
am m

This spin-symmetric special case simplifies matters considerably because the
spurious curvature in the total subspace energy of an approximate XC func-
tional with respect to spin up subspace occupancy n! is then equal to the spuri-
ous curvature in the total subspace energy with respect to spin down subspace
occupancy n'. Furthermore, if [N, M] is a vertex in the energy landscape, then

[N, —M] is a degenerate vertex in the energy landscape.
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Focusing on the lowest energy magnetization states, and assuming no struc-
ture to the weak interaction with the bath for the subspace, the E[N, M| surface
is as shown in Fig. 6.1 (for the cases of single s or p-valence subspaces, the d
and f cases being straightforward generalizations) assuming two criteria are
satisfied.

(a) The total energy of the subspace is strictly convex with respect to electron

count, so that
2E[N]| < E[N — 1] + E[N + 1]. (6.7)

(b) Hund’s First Rule is satisfied, i.e., each orbital of the subspace is occupied
singly first with electrons of parallel spin, before any double occupation

occurs.

As shown in Fig. 6.1, the E[N, M] surface in this case is composed of a se-
ries of flat planes, which meet with derivative discontinuities at integer values
of electron count. The E[N, M] surface in Fig. 6.1, displays a large number
of vertices. In general we expect the approximate XC functional, that BLOR
is designed to supplement, to yield accurate total energies for atomic systems
whenever N and M are located at vertices in the energy landscape. It is im-
portant to note that an analogous E[N, M| surface to Fig. 6.1 will also occur
for d and f valence-atoms if criteria (a)-(b) are satisfied.

In order to enforce the tilted plane condition once a subspace that satisfies
criteria (a)-(b), the corrective functional must satisfy four key conditions. It

must:

1. Be a continuous function of the subspace electron count N and magneti-

zation M.

2. Yield no correction at the vertices in the F,[N, M] landscape. This is
desirable because approximate functionals are expected to yield accurate

total energies in this case.

3. Have a constant curvature of —U with respect to N. This is desirable be-
cause approximate functionals are expected to have a spurious curvature of
U with respect to N due to their deviation from the tilted plane condition,
and this should be subtracted off.
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Figure 6.2: Plot of the total corrective energy of the spin-symmetric mBLOR
functional of Eq. 6.8 for a p-orbital subspace with Hubbard corrective param-
eters Ul = U' = 8 eV and J = 0.5 €V. In the left-hand image energy contour
lines are plotted at intervals of 0.2 eV. In the right hand image a side-on view
of the same mBLOR total corrective energy surface is presented.

4. Have a constant curvature of J with respect to M. This is desirable be-
cause approximate functionals are expected to have a spurious curvature
of —J with respect to M (the minus is due to long-standing convention for
defining J), and and this should be subtracted off.

The spin-symmetric version of the mBLOR functional is the mathematically
unique functional that satisfies these four conditions for a subspace that meets

criteria (a)-(b), and it may be written separately for each subspace as

g[(N—NO)—(N—No)Q] +;[M2—N2], N < Tr[P],

EnBLor =
J

SOV = No) = (V= No)?] 4

[M? (N - 2Tr[p])2} , N >Ti[P).
(6.8)

In Eq. 6.8 Ny is defined as | N |, where [-] is the floor function (the integer
part). The first term on the right hand side of Eq. 6.8 is the many-electron self
interaction error term. It mitigates the localized analogue of MSIE by removing
a quadratic term in N of curvature U and replacing it with a linear term. As
expected, the MSIE term offers no correction to the total energy for systems

with integer subspace occupancy. The second term on the right hand side of
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Eq. 6.8 is the static correlation error correction term, which offers no energy
correction for a maximally spin polarized subspace and reaches its maximum
energy correction at M = 0. The SCE term takes a different form depending on
whether the subspace is more or less than half occupied, this is a consequence of
satisfying Hund’s First Rule. We refer to these two forms as the ‘early” and ‘late’
versions of the mBLOR functional, which should be used when N < Tr[P], and
N > Tr[P], respectively. Beyond half occupancy, the maximum magnetization,
i.e., the value of M for which the SCE term vanishes, decreases with increasing
N as the orbitals of the subspace are now being filled by a second electron of
the opposite spin.

In passing, we note that in addition to its primary application of treating
localized spin-symmetric subspaces, the mBLOR functional of Eq. 6.8 can also
be used mitigate approximate XC functional’s deviation from the global flat
plane condition. In this case N and M of Eq. 6.8 would be replaced by the

total electron count and magnetization of the finite electronic system of interest.

6.4 Computational details

All calculations were performed using the ONETEP (Order-N Electronic Total
Energy Package) DFT code [281,294-296]. The ONETEP code constructs the

Kohn-Sham density matrix p(r,r’) from a set of Non-orthogonal Generalized

Wannier Functions (NGWFs) {¢,},

p(r,x') = Xé%(r)f(o‘%ﬁ(r'), (6.9)

where K7 is the density kernel. The total energy of the system is minimized
by optimizing both K and {¢,}.

All calculations were completed using the PBE [60] exchange-correlation
functional at a high cutoff energy of no lower than 1,500 eV. The dissociated
molecular test systems were located in a large simulation cell, no smaller than
70 x 60 x 60 ag, with a Martyna-Tuckerman periodic boundary correction cutoff
of 7.0 ay [299].

For a system with N, spin ¢ KS particles, the occupancy of the lowest
N, KS particles was set equal to one, and otherwise set equal to zero. The

convergence threshold of the root-mean-square gradient of the density kernel

113



6.4. Computational details

and the NGWFs was set at 1 x 107°Ha e! and 1 x 10~"Ha ag/Q, respectively,
and the electronic energy tolerance was set at 1 x 1079 eV /atom.

Seven NGWFs were assigned per atom using the split-valence approach for
p orbitals, in which case 15% of the norm set to be beyond the matching radius
rm. The NGWEF cutoff was set to 14 ag. A bespoke set of norm-conserving
pseudopotentials with very small cut off radii were made using the OPIUM
code [343]. It is important to emphasise that the corrective parameters as
well as the subspace occupancies depend strongly on the choice of subspace
projection operator P. For our purposes we use the atomic orbitals generated
using the Pseudoatomic Solver in ONETEP with our bespoke norm-conserving
pseudopotentials, specifically the pseudoatomic p-orbitals generated in a neutral
non-spin-polarized atomic reference state within the PBE approximation. In
the limit of large interatomic separation lengths, the atomic orbitals become an
ideal choice for the subspace projection operator, particularly when using PBE
atomic reference energies as part of the energy extensivity diagnostic. Thus,
by testing the Hubbard functionals on molecular species at large interatomic
separation lengths, any resulting errors in the total energies can be attributed
to failures in the underlying DFT+U-type functional as opposed to failures in
the subspace projection scheme.

In the case of the stretched singlet N, Fy and spin-polarized O molecules the
raw PBE calculation converged to a spurious spin symmetry broken solution.
This results in spin resolved PBE densities that differ qualitatively from the
true ground state spin resolved densities of the molecule. This necessitates the
evaluation of the Hubbard corrective parameters self-consistently as the spin
resolved densities will change appreciably upon application of a Hubbard type
corrective functional.

In the case of the stretched Fy molecule a series of linear response pertur-
bative calculations were used to evaluate the Hubbard corrective parameters
(Uout and Joyut) with Dudarev’s DET+U functional applied to stabilise the spin
symmetry unbroken ground state. The corrective parameters Uy, and J,ut were
evaluated at a range of values of U;, between —18 ¢V and —22 eV, where Uy, is
the input value of the Hubbard U parameter used in Dudarev’'s DFT+U func-
tional to stabilise the spin symmetry unbroken ground state. The self-consistent
Hubbard U and Hund’s J corrective parameters were found by linearly extrap-

olating the values of U,y and Joy back to Uy, = 0 e€V. The same procedure was
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also implemented for the stretched Ny and O, molecules. However, for these
systems the DFT4U+-J functional without the minority spin term was used to
stabilise the symmetry unbroken ground state, with the effective Hubbard Ui,
parameter set equal in magnitude to the Hund’s Ji, parameter. Uy, and Jout
were evaluated at a range of values of Uy, between —8 eV and —12 eV in the
case of the Ny molecule and between —21 ¢V and —24 €V in the case of the O,
molecule.

Despite the author’s best efforts, no suitable range in values of Uj, were found
for the Os molecule in its spin polarized state that sufficiently stabilized the
symmetry unbroken solution to allow linear extrapolation of Uyyt(Ui,) back to
Un = 0 eV. As a result, the calculations on the Oy molecule were performed in
its non-spin polarized state as a suitable range in values of Uy, could be found for
this system. It was worth noting that the spin polarized and non-spin polarized
states of the Oy molecule should be degenerate in energy as they represent the
ms = 1 and my; = 0 values of the molecule in its triplet ground state. In
many regards the non-spin polarized state of the stretched Os molecule poses a
significantly more challenging test case for the mBLOR functional as unlike the
spin polarized state, the non-spin polarized state will be located at the point
of maximum localized-SCE and being a neutral homonuclear molecule at large
separation lengths, their will be negligible localized-MSIE present. The values
of the Hubbard corrective parameters for each stretched molecular species is

reported in table 6.1.

6.5 Spin-Symmetric Molecular Test Systems

We tested the spin-symmetric mBLOR corrective functional of Eq. 6.8 on three
spin-symmetric homo-nuclear dimers at large inter-nuclear separation lengths,
namely No, Fy and (simulating its non-spin polarized triplet ground state) Os.
For these stretched, neutral homo-nuclear dimers, an approximately integer
number of electrons localizes on each atomic site. An ambiguity therefore arises
as to which integer value to use for Ny in the mBLOR functional. Following
the precedent set in the study of the stretched s-block dimers [331], we choose
to set Ny = 2, 3 and 4 for the stretched Ny, Oy and Fy molecules, respectively,
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Ul U} Usimple | Jsimple | Magnetistion | Separation Length
Hy | 6.783 | 6.783 | 8.689 | 1.905 0.0 9.0
Hej | -37.961 | 13.729 | -13.837 | -1.721 1.0 5.0
Liy | 7.507 | 7.507 | 9.251 | 1.743 0.0 15.0
Bey | -11.881 | 3.988 | -4.238 |-0.291 1.0 10.0
HY | 9.827 | 4536 | 9.154 | 1.972 2.0 8.0
Ny 7.450 | 7.450 | 8.189 | 0.740 0.0 7.0
Oy | 8.156 | 8.156 | 9.037 | 0.881 0.0 6.0
Fy | 10471 | 10.471 | 11.429 | 0.958 0.0 6.0
Nej | -43.872 | 12.855 | -17.384 | -1.875 1.0 5.0

Table 6.1: The Hubbard and Hund corrective parameters (eV) for the stretched
dimers, evaluated using the minimum tracking linear response methodology.
The total magnetization M (unitless electron count) and inter-nuclear separa-
tion length in bohr radii (ag) is also reported for each molecular species. For
completeness and comparison, we also report the values of the first-principles
corrective parameters for the stretched s-block species that were evaluated for
testing the BLOR corrective functional [331].

so that the MSIE term in the mBLOR functional is equal to zero when the
subspace occupancy is equal to that of the neutral atom and ‘plus one’ cation.
This choice in values of Ny results in the ‘early’ (N < Tr[P]) version of the
mBLOR functional being applied to the stretched Ny system and the ‘late’
(N > Tr[f)]) version of the mBLOR functional being applied to the stretched
Oy and Fy systems. The corresponding versions of the BLOR functional is
applied to the stretched Ny molecule and to the stretched Oy and Fy molecules.
In the case of the Oy molecule, to avoid converging to a broken-symmetry
spin-polarized ground state, the occupancy of the two frontier spin up and
spin down KS orbitals were permitted, as necessary, to be degenerate with
occupancy 0.5. At large inter-nuclear separation lengths, a close to integer
number of electrons will localise on each atomic site, therefore these systems
will suffer from negligible localized-MSIE. Being non-spin polarized molecules,
the magnetization at each of the atomic sites will be equal to zero, thus for a
given value of N, these systems are located at the point of maximum localized
SCE. Assuming a positive in-situ measured value value of J, as indeed transpires
to be the case, the raw uncorrected PBE functional will thus overestimate the

total energies of these stretched X, systems.

At the dissociated limit the total energy of the X, molecule, the energy
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extensivity condition holds, namely
E[Xs] = 2F[X]. (6.10)

However, due to localized MSIE and localized SCE, the total energy of the Xy
molecule at large inter-nuclear separation lengths will not be equal to twice
the energy of the X atom when evaluated using an approximate XC functional.
The difference between these two quantities is thus an intrinsic error associated
with the approximate XC functional. By contrast, the raw PBE total energy of
the isolated X atom will not suffer from localized MSIE or localized SCE as the
system will be located at a vertex of the E[N, M| energy surface by virtue of it
being in the lowest energy magnetization state of the atom for a given integer
value of electron count. Twice the PBE total energy of the X atom, can thus be
used as our reference value. Ideally, application of a Hubbard-type corrective
functional to the stretched X5 system should mitigate this intrinsic energy error.
The following bar charts present the energy error associated with each DFT+U-
type functional, giving what are close to ideal application conditions (i.e., near
the atomic limit). We define this energy error here as the energy difference
between the stretched Xy molecule evaluated with a given DFT(PBE)+U-type
functional compared to twice the PBE total energy of the X atom. Using
Eq. 6.10 to define the exact total energy provides cancellation errors in the

total energy due to the use of (very carefully designed) pseudo-potentials.

The energy results are presented in Figs. 6.3-6.5 for the stretched non-spin
polarized Ny, O and Fg molecules, respectively. The DFT+U and DET+(U —
J) relative errors were computed using Dudarev et al’s 1998 functional with the
effective Hubbard parameter (Udg) set as U and U — J, respectively. DET+U+.J
and DFT+U+J (minority term) refers to the Hubbard corrective functional
of Himmetoglu et al. [214] excluding and including the minority spin term,
respectively. The localized-jmDFT (I-jmDFT) functional refers to the localized
subspace application corrective functional of Bajaj et al. [109,110], in which the
use of different functional forms for different flat-plane tiles was pioneered. It
applied in this work using U and J parameters evaluated via the simple 2 x 2

method, which is not how the functional was originally intended to be applied.

Uncorrected approximate DF'T, using the PBE approximation, yielded errors
in the total energy as high as 232 mHa. Application of Dudarev’s 1998 DFT+U
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Figure 6.3:  Bar chart of the errors in the total energy of singlet Ny at
an inter-nuclear separation length of 7ay using different corrective function-
als [109,110,183,214,331]. The hasing on the DET+U+J, I-jmDFT and BLOR
bars is used to indicate that these functionals were evaluated non-self consis-
tently using the PBE density, as self-consistent application of these function-
als (in a non-spin polarized DFT calculation), results in a symmetry broken
ground state charge density. To avoid spurious spin-symmetry breaking, all
other corrective functionals were evaluated self-consistently via a non-spin po-
larized DFT calculation. The raw DFT calculations were performed with the
PBE functional [60]. The U and J parameters were evaluated using the simple
2 x 2 method [242] and U? was computed via Eq. 5.22.
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Figure 6.4: Bar chart of the errors in the total energy of singlet F5 at an inter-
nuclear separation length of 6a¢ using different corrective functionals [109,110,
183,214, 331]. With the exception of the raw DFT(PBE) functional, all total
energy errors have been evaluated self-consistently via a non-spin polarized
DFT calculation to avoid spurious spin-symmetry breaking. The symmetry
unbroken DFT(PBE) calculation failed to converge. The energy error for the
DFT(PBE) functional has been evaluated by extrapolating the DFT+Uj, total
energy (for a series of values of Uy, ), back to Uy, = 0. The U and J parameters
were evaluated using the simple 2 x 2 method [242] and U? was computed via
Eq. 5.22.
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Figure 6.5: Bar chart of the errors in the total energy of non-spin polarized O,
at an inter-nuclear separation length of 6ay using different corrective functionals
(109, 110, 183,214, 331]. To simulate the non-spin polarized Oy molecule, the
spin up and spin down occupancies of the doubly degenerate KS orbitals at the
fermi level were all set equal to 0.5. The raw DFT calculations were performed
with the PBE functional [60]. The U and J parameters were evaluated using
the simple ‘2 x 2’ method [242] and U° was computed via Eq. 5.22. The
ground state PBE total energy and spin resolved subspace occupancies were
evaluated by linearly extrapolating the results from the Os calculations with a
DFT+U+J-type stabilising potential back to U, = Ji, = 0, see Appendix II
for further details. Self-consistent application of the corrective functionals via
non-spin polarized DFT calculations results in symmetry broken ground state
charge densities, and so for this system the corrective functionals have been
evaluated non-self consistently using the extrapolated PBE density.

corrective functional significantly worsened these total energies yielding errors
as high as 682 mHa. This result suggests that Dudarev’s DFT+4U functional,
the most widely used Hubbard corrective functional in the literature, does not
yield reliable total energies. By comparison, our newly developed mBLOR func-
tional significantly improved the raw DFT total energies, with relative errors
below 39 mHa across all three test systems.

The original BLOR functional of Eq. 5.6 improved the total energies over raw
DFT (PBE) in some cases but notably worsens the total energy compared to
raw DFT for the non-spin polarized O, molecule, yielding an energy error of 283
mHa. The success of the mBLOR functional over the original BLOR functional
suggests that inter-orbital interactions cannot be neglected in the development
of DFT+U-type functionals that yield reliable total energies, although there

may of course prove to be cases where BLOR outperforms mBLOR. The present
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bar charts show that only the mBLOR DFT+U functional reduces the error in

the raw DFT total energies across all three test systems.

6.6 mBLOR in the spin-asymmetric case

We are now ready to expand on our previous arguments and derive the mBLOR
functional which can be applied to either spin polarized or non-spin polarized
systems. The functional can also be used to enforce the global tilted plane
condition on finite electronic systems that are in an external Zeeman field, or
just when treated with spin-symmetry-broken approximate DF'T. To derive this
corrective functional we can no longer assume that the spurious curvature in
the total subspace energy of an approximate XC functional with respect to
spin up subspace occupancy n', is equal to the spurious curvature in the total
subspace energy with respect to spin down subspace occupancy n'. We denote
these curvatures simply as Ul and U', respectively. Now that Ul # U!, the
isosceles trapezoid shaped planes in the E[N, M| energy surface of Fig. 6.1 will,
in the simplest case, fracture into two triangular shaped planes. The breaking
of this spin symmetry may be thought of as being due to an effective magnetic
field By.(r), acting on the subspace and due to the surrounding spin polarized
material environment. This effective magnetic field is due to the differing spin

resolved exchange-correlation potentials,

Buo(r) = 5 (vlo(r) — vke(r)) (6.11)

in atomic units. A large variety of different F[N, M] surfaces can arise due to
this fracturing. In this study we consider only the simplest case, where each
isosceles trapezoid shaped plane fractures into two triangular shaped planes,
as presented in section 6.7. This fracturing pattern will occur if the subspace

satisfies the following three criteria.

(a) The total energy of the subspace obeys the strong convexity condition with

respect to electron count NV,
2E[N,—|M;|] < E[N — 1, M;] + E[N + 1, My, (6.12)

where M;, M;, and M; are the lowest energy magnetization states of the
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subspace with integer occupancies N — 1, N and N + 1.

(b) The subspace-bath interaction energy varies linearly with spin-resolved oc-

cupancy.

(c) Vertices in the subspace energy surface occur only when M = £+ M, where
M is the maximum magnetization of the subspace for a given integer value

A

of occupancy. There exists 4Tr[P] such vertices for a given subspace.
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In order to enforce the localized tilted plane condition once on an entire
multi-orbital subspace that meets criteria (a)-(c), the mBLOR functional is

designed to satisfy four key conditions. It must:

1. Be a continuous function of the subspace electron count N and subspace

magnetization M.

A

2. Yield no correction at the 4Tr[P] vertices. This is desirable because reason-
able approximate functionals are expected to yield accurate total energies

in this case.

3. Have a constant curvature of —U? with respect to n?. This is desirable
because approximate functionals are expected to have a spurious curvature
of U? with respect to n? due to their deviation from the localized flat plane
condition, and this should be subtracted off.

4. Have a constant curvature of J with respect to M. This is desirable be-
cause approximate functionals are expected to have a spurious curvature
of —J with respect to M (the minus is due to long-standing convention for
defining J), and again this should be subtracted off.

The mBLOR functional is the mathematically unique functional that satisfies

these four key conditions, given for each site by

R S a0
+g [M2—N2} +[ﬁ;UlF§?\f{1§IE[NaM]a NSTr[p]’
EmpLor =
T U [V = No) = (N = No’]
—|—g [M2 — (N — 2Tr[p])2} + [ﬂ;mFH/ﬁsIE[N7 M), N > Tr[P],
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which generates the corresponding terms in the spin-dependent potential

Urj[w[l—Z(N—No)]P
—2JN7P + w;w@gﬁggg[w, M, N < Tl P),
UmBLOR = (6.14)
U[ZW[I—Q(N—NO)]P
~2r (v =i o+ U Doy, v R

Here, N is the subspaces occupancy for the opposite spin channel to that in-
dexed by ¢. The unitless quantity Famsig [N, M| is here termed the asymmetric-
many electron self interaction error function and 0%yqp[/V, M| is the corre-
spondingly generated spin ¢ Asymmetric-MSIE potential operator. These are
defined in section 6.7. The Famsie [V, M] function arises whenever Ul # Ul. In
such cases, a spin-symmetric and spin-asymmetric term is needed to properly
mitigate the localized many electron self interaction error. The asymmetric-
MSIE term has already been studied for s-valence systems by Burgess et al. [331]
and its inclusion was found to be necessary for yielding accurate total ener-
gies for the stretched triplet HZ ring system. The eight different forms of the
asymmetric-MSIE function are presented in section 6.7 along with the corre-

sponding Asymmetric-MSIE potential operators.

It is worth emphasising that for non-spin polarized systems the mBLOR
functional of Eq. 6.13 simplifies to the spin symmetric functional of Eq. 6.8.
Furthermore, in the case of single orbital subspaces, Eq. 6.13 is equivalent to
the original BLOR functional, which unlike standard DF'T+U functionals has
been shown to yield accurate total energies for dissociated s-valence molecules,
namely Hy, Heg, Lis, Bej and triplet HZ .

It is worth mentioning that the implementation of the mBLOR functional
does not require substantial modifications to an existing simplified rotation-
ally invariant DFT+U code. Terms in the energy that ordinarily look like
Tr[fi717 ] are converted to the form Tr[A)Tr[fi” ], while terms in the potential
that ordinarily look like n% are converted to the form N op.1If starting, as we

have, with a code equipped with simplified rotationally invariant DFT+U-+.J
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Figure 6.6: The fractured E,[N, M| energy surface for a p-orbital subspace
that satisfies criteria (a)-(c), with Ul > Ul. For ease of visualization, each
Ny < N < Ny + 1 segment is highlighted a different color. A single line of
fracture occurs within each Ny < N < Ny + 1 segment, with the exception
of the 0 < N < 1 and 2T¢[P] —1 < N < 2Tr[P] segments. The mirror
image, through the vertical M = 0 line, of this fracturing pattern will occur if
Ul < U}, while no diagonal fracturing occurs for Ul = U!. Over-simplistically,
but perhaps helpfully for visualization of the shown U' > U} example, we can
envisage the greater discretized energy curvature in the spin-up direction (which
points at 45 degrees up-and-right away from the origin) necessitating additional
fracturing on along vertex connection lines that are near-perpendicular to that
direction.

together which ‘@’ and ‘5’ potential shifts (that may of course be put to use
other than for perturbation), then the aforementioned, along with the provision
for spin-dependent Hubbard U parameters, is all the in-code modification that is
strictly needed for mBLOR. The rest can be done by parameter rearrangement
externally. This is even more so the case for the spin-symmetric approximation
to BLOR, which requires no code modification at all with starting point, as
discussed in the SM of Ref. [331].

6.7 Asymmetric-MSIE Function

The fracturing pattern for a p-orbital subspace (as an example) that satisfies
criteria (a)-(c), as explicated in the derivation of the mBLOR functional is
displayed in Fig. 6.6. The Asymmetric-MSIE function Faysi[N, M], is an
explicit function of the subspace occupancy and magnetization but it has eight

different forms. The following three criteria can be used to determine which
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Ul > UL lower
Fiatdie [N, M] = NoM — NM + (No — N)(1+ No)
Fism [N, M] = NoM — NM + (No — N)(2Tx[P] — No — 1)
Ul > U', upper
X?\ZISYIE[ M] = M—NM+N0(NA— No — 1) + NoM
fl\t/fsm [N, M| =M — NM + (2Tr[P] — No)(N — No — 1) + NoM
Ul < UL lower
Fiatde [N, M] = NoM = NM + (N = No)(1 + No)
Fitess [N, M] = NoM — NM + (N — No)(2Tx[P] — Ny — 1)
Ul < U, upper
F3 G[N,M] = M — NM + No(Ng+ 1 — N) + NoM
PRt o [N, M] =M — NM + (2Tx[P] — No)(No+ 1 — N) + NoM

Table 6.2: The eight different forms of the Asymmetric-MSIE function,
Fawmsie [N, M].

form of the AMSIE function should be employed for a given subspace.

1. The relative magnitude of U and U'. A different version of the AMSIE

function should be employed if U! > U! or vice-versa.

2. If the subspace occupancy is less than half occupied, i.e., N < Tr[ﬁ], the
‘early’ version of the AMSIE function should be employed. If the subspace
is more than half occupied, i.e., N > Tr[p], the ‘late’ version of the AMSIE

function is required.

3. The ‘upper’ or ‘lower’ version of the AMSIE function should be employed
depending whether the point (N, M) on the N-M plane, where N is the
subspace occupancy and M the subspace magnetization, is located above
or below the line of fracture within a given Ny < N < Ny + 1 segment.
The ‘upper’ version should be employed if it is located above the line of
fracture and the ‘lower’ version should be employed if it is located below
the line of fracture. No line of fracture occurs in the segment 0 < N < 1,
in this case the ‘upper’ version should always be employed, similarly no
line of fracture occurs in the segment 2Tr[P] —1 < N < 2Tr[P] and in this

case the ‘lower’ version should always be employed.

The eight different forms of the Famsie[N, M] function are listed in table 6.2.
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~T
UAMSIE

A~
UAMSIE

Ul > U, lower

Ul > U, lower

~early

[N,M]=—P —2N'P

~early

UAMSIE o | Danisie [V, M] = (=2No — })pﬁ 2NU5A
e [N, M] = (2Ng + 1 — 2Tx[P))P — 2N'P | 9t [N, M| = (1 — 2Tx[P])P + 2N P

U' > U, upper U > U, upper

Dantse [V, M] = (1+2Ng) P — 2NTP oS TN M] = —P + 2N'P

Otisie [N, M] = (1 + 2Tx[P])P — 2N1P Oftisi [N, M] = (2Tx[P] — 2Ng — 1)P 4+ 2N P

Ul < U, lower

Ul < U, lower

@Zal\r/%IE[N»M]:(1+2A]\70)p—A2N[]5 A @ZaﬁglE[N,M]:ﬁ’+2{\/L]5 ) )
Oftisie [V, M] = 2Ty[P] - )P —2N'P Offisie [V, M] = (2Te[P] — 2Ny — 1)P + 2N'P

Ul < U', upper

Ul < U', upper

Ot [NV, M] = P —2NTP o A Dt [V, M] = (—2Ng ~ 1)p+A2NU6 .
oteas [N, M] = (14 2Ny — 2Tx[P])P — 2N'P | dltfeqs [N, M] = (—2Tx[P] — 1)P + 2N P

Table 6.3: The eight different forms of the spin resolved Asymmetric-MSIE
potential operator.

The different forms of the spin up and spin down Asymmetric-MSIE potential

operator are listed in table 6.3.

6.8 Spin-Asymmetric Molecular Test

In the case of the singlet Ny, Fo and non-spin polarized Os molecules, the
mBLOR functional of Eq. 6.13 simplifies to the spin symmetric mBLOR func-
tional which has been shown to yield energy errors below 39 mHa across these
three test systems. The stretched Nej molecule was selected as a spin-polarized
test system for the mBLOR functional due to its potential for harboring both
symmetric and asymmetric SIE in their many-body forms. Unlike the singlet
N3, F5 and non-spin polarized O, molecules, at large inter-nuclear separation
lengths a non-integer number of electrons (approximately 5.5 electrons) will
localize on each of the two atomic sites and hence the system will suffer from
localized-MSIE. The atomic susbpaces of the Nej molecule are maximally spin
polarized and so the system is expected to suffer from negligible localized-SCE.
Mori-Sénchez et al. [126] have shown that standard DFT functionals either yield
accurate total energies for the stretched HJ molecule, which is dominated by
localized MSIE or accurate total energies for the stretched Hy molecule, which

is dominated by localized SCE, but never accurate total energies for both sys-
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-111.3 DFT (PBE)

DFT+U
DFT+(U-J)
-607.1 DFT+U+J

150.9

-4.4|1BLOR

mBLOR (spin-sym) | 8.1

mBLOR (AMSIE upper) || 18.8

-2.5|mBLOR (AMSIE lower)

—-600 -400 -200 0 200 400
Energetic Error (mHa)

Figure 6.7: Bar chart of the errors in the total energy of the doublet Nej
molecule at an inter-nuclear separation length of 5ag using different corrective
functionals [109, 110,183,214, 331]. The raw DFT calculations were performed
with the PBE exchange correlation functional [60]. The energy errors for the
Hubbard type corrective functionals reported in this bar chart have been evalu-
ated non-self consistently using the PBE density as all self consistent corrective
functional calculations failed to converge for this system, with the notable ex-
ception of the mBLOR functional.

tems (of course some DFT functionals perform poorly for both). These four
molecules at large separation lengths are therefore challenging test cases for any
DFT+U-type functional, as in order to yield reliable total energies across all
four test systems, the DF'T+U functional must be able to mitigate both forms
of error.

In the dissociated limit the total energy of a cationic dimer X3 should con-
verge to the sum of the energies of the X atom and cation, in what might be

considered the generalized extensivity condition
E[XJ] = E[X]+ E[X*]. (6.15)

As was the case with the non-spin polarized test systems, we use the PBE total
energies from the right-hand side of Eq. 6.15 as our reference value, i.e., the sum
of the PBE X atom and X cation total energies. The bar chart of the energy
errors associated with each DFT+4U-type functional are presented in Fig. 6.7.

As shown in the bar chart of Fig. 6.7, the raw PBE functional yeilds an energy
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error of 111 mHa and application of other DFT+4-U-type functionals significantly
worsen this total energy, with the exception of BLOR and mBLOR. The optimal
mBLOR functional reduces the PBE energy error to only -2.5 mHa, the original
BLOR functional also performs exceptionally well for this test system, yielding
an energy error of only -4.4 mHa. The success of the original BLOR functional
in this particular test system is attributed to the fractional occupancy at the
atomic site being limited to a single orbital, with the other two orbitals being

almost fully occupied.

When applying the mBLOR functional to spin polarized systems, as was
the case for non-spin polarized systems, one must choose between the ‘early’
and ‘late’ versions of the mBLOR functional. In the case of the stretched Nej
molecule, the subspace is significantly more than half occupied (N ~ 5.5) and
thus the ‘late’ version of the functional should be applied. For spin polarized
systems, one must also choose the correct AMSIE function, of which there are
eight. The eight different forms of the AMSIE function are given in section 6.7,
along with a practical selection procedure to ensure the correct AMSIE func-
tion is chosen for a given subspace. In the case of the stretched Nej molecule,
the most important step in the AMSIE function selection procedure is choosing
between the ‘lower” and ‘upper’ versions of the AMSIE function. Both correctly
yield no energy correction when the subspace occupancy is equal to that of the
neutral neon atom, i.e., N =6 and M = 0, but only the ‘lower’ version of the
AMSIE function yields no energy correction when the spin resolved subspace
occupancy is equal to that of the spin polarized neon cation, i.e., N = 5 and
M = +1. The ‘lower’ version of the AMSIE function is thus the correct ver-
sion to apply to this molecular system. Unsurprisingly, it yielded the smallest
energy error of -2.5 mHa. If one instead choose (incorrectly) to apply the ‘up-
per’ version of the AMSIE function, the energy error increases to 18.8 mHa.
Alternatively, choosing to omit the AMSIE function and instead apply the spin-
symmetric mBLOR functional with U! = Ul = f!l, yields an energy error of
8.1 mHa.

The mBLOR functional is thus the only Hubbard type corrective functional
that yielded low energy errors across all four test systems. The significantly
improved total energies offered by the mBLOR corrective functional may facili-
tate the reliable prediction of chemical properties of transition metal compounds

that have proven particularly challenging for current DFT+U-type functionals,
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such as spin-state energies [349,350], Heisenberg exchange coupling [351] and

surface formation energies [352] but this are avenues for future research.

6.9 Potentialised Derivative Discontinuities

The mBLOR functional of Eq. 6.13 will exhibit derivative discontinuities [126,
133, 140-144] at integer values of subspace occupancy due to the functional’s
explicit dependence on N. Therefore, it is neither a differentiable functional
of the electron density or the first-order non-interacting density matrix. The
mBLOR functional thus fits into category D of Yang et al’s [142] functional
classification scheme, which is defined as any “functional of the density or first-
order density matrix with explicit discontinuity.” This derivative discontinuity

AN

XC?

will contribute to the quasi-particle bandgap A, whenever increasing the
global electron count Ny by one, causes the subspace occupancy at any of the

atomic sites to increase through an integer value so that | N | = Ny also increases
N

Xc)

by one. This contribution to the quasi-particle bandgap Al., will not appear
in the Kohn-Sham gap Akg or the Generalized Kohn-Sham gap Agks, unless
something is done. This is unlike the situation in DFT+4U functionals such
as the Dudarev simplified rotationally-invariant one or even BLOR, as those
comprise substantial (on the order of U — J) implicit derivative discontinuities
via their subspace projected density-matrix dependence. An implicit derivative
discontinuity may arise in mBLOR due to possibly different subspace projection
weightings at the valence (occupied) and conduction (virtual) band edges, and
this is expected to be a small effect for most applications of interest. However,
substantial explicit derivative discontinuities appear in mBLOR, due to both
the Ny terms and to switch between early and late version, and these are rather
unusual in the approximate or corrective functional contexts.

Ordinarily, calculating the mBLOR fundamental gap would not be strictly
possible only via the single-particle eigenspectrum, because explicit derivative
discontinuities do not manifest there, but it would instead require adding a

separate contribution to the bandgap post hoc, as in
A = Aggs + AN (6.16)

Even this seems difficult as, opposed to being a constant global derivative dis-
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continuity, the derivative discontinuity of the mBLOR functional is a non-local
operator in character (non-local in the sense of exhibiting more than one spatial
argument) and more generally a sum over sites of those. For a single site, we
may write

AN = A [N] P. (6.17)

The Ay function of Eq. 6.17 itself depends on the subspace occupancy N. For
subspaces with U > U}, we have

A

Ul-USU N, N <Tr[P),

A A

Awe =1{ Ul +2JTr[P] - USUTY[P], N =Tx[P), (6.18)

Ul - USU (2Te[P] — Ny), N > TulP],

where Ny = | N| ~ N — 1. For non-spin polarized systems Ay. = U =U — J,
except at half filling. The apparently larger than might expected contribution
of Ay to the bandgap at subspace half filling (N = Tr[P]) is explained in the
Bandgap Analysis section.

Accounting for the A contribution to the quasi-particle band-gap post cal-
culation would be a rather disappointing if necesary, given that one of the most
prominent and convenient features of conventional DFT+U is that its derivative
discontinuity manifests automatically in the Generalized Kohn-Sham bandgap.
To solve this and restore the convenient bandgap opening in the GKS eigen-
system, we have found that it is possible to ‘potentialize’ the mBLOR explicit
derivative discontinuity, that is to represent is an additional term in the poten-
tial. As the derivative discontinuity arises when adding an additional electron
to the neutral system, only the conduction band should be affected by this po-
tential. The additional term that achieves a shift of Ay [N] to the portion of

the conduction band that projects onto the localized subspace is

e = Dxe [N] (1 = p)P(1 = p), (6.19)
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The corresponding energy term may be found, by integration, and it is

Bae =3B N (0= 5) P 0=+ (1= 2 (- )]
:;zxc N)Tr [P (26— 39% + 7). (6.20)

This yields a vanishing correction to the total energy under the assumption that
p = p?, which holds for insulators at zero temperature as well as for molecules
with non-degenerate ground states. In practice, we have found as long as the
initial guess for the electronic structure exhibts a gap, it is possible to apply
the 9%, self-consistently without adding the vanishing Eay. to Epnpror at all,
without appreciable loss of convergence performance. Of course, for finite-
temperature systems, metals, or degenerate molecules, it would be necessary to
add Faxc to the energy, for consistency.

Interestingly, at subspace half-filling, the jmDFT functional also introduces
an explicit derivative discontinuity, as the system is on the cusp of switching be-
tween the lower and upper versions of the jmDFT functional. Like the mBLOR
functional without the correction term of Eq. 6.20, this explicit derivative dis-
continuity should be added a posteriori to both the GKS gap and the lowest
unoccupied GKS eignevalue to evaluate the jmDFT prediction of the quasi-
particle gap and electron affinity. In the idealized case where the valence and
conduction band edges perfectly project onto the localized subspace defined by

P, the jmDFT functional introduces an explicit derivative discontinuity of —.J.

6.10 Bandgap Analysis

To illustrate the corrective nature of the mBLOR functional, we may consider its
application to a homo-nuclear spin-polarized system of transition metal atoms
at half occupancy, so that each atomic d-orbital subspace is occupied by five
spin up electrons and zero spin down electrons. For simplicity assume that
the total subspace occupancy is infinitesimally greater than five and Ul =
Ul = U, so that the late version of the mBLOR functional is applied and the
Fiate o [N, M] function can be neglected. Furthermore, assume that the highest
occupied and lowest unoccupied KS orbitals project perfectly onto the atomic

subspace. The spin-up subspace is maximally occupied so that the highest
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AeLumo | Aenomo | Axc [NV] | A
sU | sU+10J |U+10J | U

Table 6.4: A summary of the effect of the mBLOR corrective functional on a
homo-nuclear spin polarized d-orbital system at half occupancy to first-order
perturbation theory. Aepymo and Aegomo denote the shift to the lowest unoc-

cupied and highest occupied GKS eigenvalues excluding the affect of the A, [V]
term. The third column presents the gap opening due to the A, [/V] term and
finally A denotes the mBLOR functional’s total contribution to the GKS gap.

occupied GKS eigenvalue (egomo) is spin-up and the lowest unoccupied GKS

eigenvalue (epumo) is spin-down.

In this particular example, the subspace is at a vertex in the E[N, M| surface
and so, to first-order in perturbation theory, the mBLOR corrective functional
offers no correction to the total energy. If we now turn our attention to the
potential. Excluding the Ay [N] term, application of the mBLOR corrective
functional will, to first order perturbation theory, shift the highest occupied
GKS eigenvalue by

U
Aegomos = Bl + 10J, (6.21)
and shift the lowest unoccupied GKS eigenvalue by

U
AELUMO = 5 (622)

This results in a closing of the GKS gap by 10J, a very surprising result at first.
However, the incorporation A [N] term will counteract this affect precisely,
by opening the gap by order U + 10.J, resulting in an effective gap opening of
U. These results are summarized in Table 6.4.

While further testing will be needed, based on the systems tested here, the
mBLOR functional may offers improved bandgaps over other DFT+U-type
functionals. In the case of the stretched Ny and Fs molecules, the mBLOR
functional is found to be the only known DFT+U functional to open the
bandgap appreciabily. In these systems an approximately integer number of
electrons localizes on each atomic site, so we employ the derivative disconti-
nuity correction term when applying the mBLOR functional. In the stretched
Ny system the subspace occupancy is approximately equal to 3.0 and so we let

er [N]=U '+ 6J and in the stretched Fy system the subspace occupancy is
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approximately equal to 5.0 and so we let Ase [N] = U', where we recall that
U'! = U' in these spin symmetric systems. The raw DFT calculation at the PBE
level yields a gap of only 0.06 €V and 0.28 eV, respectively. Application of other
DFT+U-type functionals including Dudarev’s 1998 Hubbard functional and the
original BLOR functional fail to improve the poor PBE result. In contrast, the
mBLOR functional opens the gap to 11.92 eV and 9.42 €V, respectively. These
bandgaps are still smaller than the anticipated values of 14.60 and 14.02 eV,
but this represents an improvement by over one-order of magnitude compared
to all other DFT+U functionals tested here. The anticipated values are based
on the assumption that the fundamental bandgap of the stretched Ny and Fy
molecules are at the dissociated limit, in which case the gap will be equal to
that of the isolated nitrogen or fluorine atom, respectively. These results are

presented in Fig 6.8.

The failure of Dudarev’s functional to improve the bandgap prediction for
the stretched, symmetry unbroken Ny and Fy molecules compared to raw DFT
is not a result unique to these two molecules, in fact Dudarev’s functional will
fail to open the bandgap of any symmetry unbroken, stretched, neutral, homo-
nuclear dimer. This can be readily explained using the stretched Hy molecule.
At these large inter-nuclear separation lengths, the highest occupied and lowest
unoccupied KS orbitals can be approximated as a linear combination of the
hydrogenic atomic orbitals centred at the atomic sites 1 and 2,

1
[VKs) = NG ([h1) £ |92)) (6.23)

and the spin resolved KS density operator is

P° = 5 ([th1) (Ur] + 1) (2| + [h2) (1] + [1h2) (32]) . (6.24)

N | —

Dudarev’s functional contributes an additional term to the KS potential,

U, N A ~
By, = 23 (Z P — 2PI;’)"PI> , (6.25)
I

where the summation runs over the two atomic sites and FP; is the atomic

projection operator centred at site I, which in the case of an s-valence system,
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Figure 6.8: Bar chart of the predicted bandgaps of the stretched singlet Ny and
F5 molecules at an inter-nuclear separation length of 7ag and 6ag, respectively,
using different corrective functionals [109,110,183,214,331]. The PBE exchange
correlation functional [60] was employed through out. With the exception of
the mBLOR functional, all bandgap predictions needed to be evaluated via
non-spin polarized DFT calculations to avoid spurious spin symmetry break-
ing. For the Ny molecule, the DFT+U+J, 1-jmDFT and BLOR functionals
were evaluated non-self consistently using the PBE density, as self-consistent
application of these functionals (in a non-spin polarized DFT calculation), re-
sults in a symmetry broken ground state charge density. For the Fy molecule,
the symmetry unbroken DFT(PBE) calculation failed to converge and so the
bandgap for the DFT(PBE) functional has been evaluated by extrapolating
the DFT+U;, bandgap (for a series of values of Uy,), back to Uy, = 0. The
reference experimental bandgaps for the stretched Ny and Fy molecules were
assumed to be equal to their respective bandgaps at the dissociated limit and
as such were evaluated as the difference between the reference atomic ioniza-
tion potential [316] and atomic electron affinity [353] of the respective elements.
One should note that the reference value for the electron affinity of the nitrogen
atom is negative at -0.07 eV.

will be composed of a single atomic orbital

Pr = |ir) (1] (6.26)

To first order perturbation theory, Dudarev’s DFT+U correction to the highest

occupied KS eigenvalue,

(Yroks|0u|¥HOKS) = Uzeff %{: \}5 (V1] (ZJ: Py — 2PJ/3"f’J) \}§|¢K> . (6.27)
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which through use of Eqs 6.24 & 6.26 one can readily show is equal to zero
assuming the Hy molecule is sufficiently stretched so that (¢7|¢;) ~ 0, when
I # J. Therefore, to first order perturbation theory, Dudarev’s functional will
offer no correction to the highest occupied KS eigenvalue, the same is true for
the lowest unoccupied KS eigenvalue and thus Dudarev’s functional cannot be
used to open the KS gap of the stretched Hy molecule. The same argument can
also be applied to any symmetry unbroken, stretched, neutral, homo-nuclear p-
block and d-block dimer (we exclude van der Waals molecules in this discussion),
assuming the KS orbitals are quasi-degenerate at the raw DFT level and can
be approximated as an equally weighted linear combination of one p/d orbital
centred on each atomic site. To further highlight the failure of conventional
DFT+U functional to improve the bandgap of such systems without spurious
symmetry breaking, we also present the bandgap of the symmetry unbroken
stretched Hy molecule in Fig 6.9. By comparison, the mBLOR functional yields
a bandgap of 10.67 €V, in close but not perfect agreement with the anticipated
value of 12.84 eV.

For the stretched Nej molecule, a non-integer number of electrons localizes
on each atomic site (N &~ 5.5) and so in this case no derivative discontinu-
ity correction will be applied with the mBLOR functional. The fundamental
bandgap of the Nej molecule is equal to the difference in magnitude of the

ionization potential and electron affinity,
A = (E[Nej] — E[Nej?]) — (E[Ney] — E[Nej]). (6.28)

In the dissociated limit, each total energy term in Eq 6.28 simplifies to the sum

of two isolated neon atom/ion energies,
A = (E[Ne] + E[Ne*] — 2E[Ne"]) — (2E[Ne] — E[Ne] — E[Ne']) =0. (6.29)

Therefore the anticipated value of the bandgap of the stretched Nej is 0 eV,
assuming the fundamental bandgap of the Nej molecule at 5ay is at the dissoci-
ated limit. The raw DF'T calculation at the PBE level yields a bandgap of 0.327
eV and similarly, the mBLOR functional yields a gap of 0.359 eV. These small
residual gaps can be attributed to the Nej molecule not completely reaching

its dissociated limit at this inter-nuclear separation length.
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Figure 6.9: Bar chart of the predicted bandgaps of the stretched singlet Hy
molecule at an inter-nuclear separation length of 9a¢ using different correc-
tive functionals [109, 110, 183,214, 331]. The raw DFT calculations were per-
formed with the PBE exchange correlation functional [60]. The DFT+ U and
DFT+(U — J) relative errors were computed using Dudarev et al’s 1998 func-
tional with the effective Hubbard parameter (Ueg) set as U and U — J, respec-
tively. The reference experimental bandgap for the stretched Hy molecule was
assumed to be equal to its respective bandgap at the dissociated limit and as
such was evaluated as the difference between the reference atomic ionization
potential [316] and atomic electron affinity [353]. All bandgap predictions were
evaluated via spin-polarized DFT calculations, for this system all corrective
functionals preserved spin symmetry.

6.11 Concluding Remarks

In this chapter a double-counting approximation free DFT+U-type corrective
functional named mBLOR has been derived from first principles to enforce the
tilted plane condition on localized, multi-orbital subspaces. This corrective
functional is designed to depend only on the total subspace occupancy and
magnetization, so that the many-body (inter-orbital including) self-interaction
(symmetric and asymmetric) and static correlation errors are addressed in a
very cost-effective and easy to implement way. This approach ensures consis-
tency between how subspace-resolved errors are measured, via the Hubbard and
Hund parameters, and how they are corrected. The formalism is readily ap-
plicable to orbital-free DFT, ensemble DFT, or many other types of electronic
structure theory. The mBLOR functional was benchmarked against a vari-

ety of other DFT+U-type functionals using stretched, homo-nuclear, p-block
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dimers and was the only corrective functional that consistently yielded signif-
icantly improved total energies, in this idealized and hence stringent limit for
such functionals, when compared to the raw DFT (PBE) values. The mBLOR
functional was also the only DFT+U functional that opened the bandgap of
the stretched, spin-symmetric Ny and Fy molecules, as well as Hs, when its
explicit derivative discontinuity is ‘potentialized’, a technique that may prove
useful in other contexts. Much further study will be needed to understand how
the mBLOR (and its progenitor BLOR) functionals perform in applied simula-
tion, both for total-energy and GKS eigenspectrum based properties. Its effect
on the potential, in particular, appears to typically be greater in general than
from its BLOR or DFT+U counterparts, due to the inclusion of inter-orbital
contributions, and this warrants exploration. Yet the present results are most
encouraging, and in general our findings highlight the diagnostic potential of
using exact results that hold for idealized yet physical test systems, as well
as the promising route of building expedient correctors for approximate DFT

using exact conditions such as the tilted-plane condition.
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Chapter 7

Transition Metal Oxides

In testing and bench-marking the BLOR functional and its many body gen-
eralisation thus far, we have relied on small, stretched homo-nuclear s and p
block molecules. These represent ideal initial test systems for our newly de-
rived DFT+U-type functionals in part due to their low computational cost. In
the large atomic separation length limit, the atomic orbitals become an ideal
choice for the projection operator P and an exact value for the total energy of
these systems is known based on the assumption of additivity. Furthermore,
these stretched homo-nuclear molecules represent some of the most strongly
correlated systems on a per electron basis. The significantly improved total
energies offered by the BLOR and mBLOR functionals offer strong numerical
evidence that the BLOR and mBLOR corrective energy functionals are a vast
improvement over standard DFT+U-type functionals. However, the same con-
clusions cannot be drawn for the corresponding BLOR and mBLOR corrective
potentials. This is because the inclusion of any DFT+U-type corrective poten-
tial will have little to no affect on the density and KS orbitals at these large
separation lengths. Indeed, this is clearly demonstrated in chapter 5, where the
relative errors in the total energies evaluated at the PBE density in Fig. 5.7
are almost identical to the relative errors in the self-consistently evaluated total
energies as reported in Figs. 5.4 & 5.5. Thus, these stretched homo-nuclear
molecules represent stringent tests for the corrective energy functional but not
the potential, i.e., thus far we have demonstrated BLOR and mBLOR’s ability
to mitigate functional driven errors but not density driven errors [354-356]. To
properly investigate the performance of the BLOR and mBLOR corrective po-

tentials we must apply these corrective functionals to materials systems in the
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Usimple U scaled J, simple J, scaled
Mn | 8.38 5.37 0.51 0.49
O | 10.92 | 10.92 | 1.03 1.03

Table 7.1: The Hubbard corrective parameters in eV, as evaluated by Linscott
et al. [242] for the manganese and oxygen sites in MnO using the minimum
tracking linear response method.

bonding regime, i.e., at standard inter-atomic separation lengths.

We choose to apply the mBLOR functional to 3d-transition metal oxides, in
particular MnQO. This system has been selected as 3d-transition metal oxides
are the archetypal systems for applying DFT+U-type corrective functionals.
Indeed, Anisimov et al. [198] and Dudarev et al. [183] appealed to this class of
materials systems in developing and testing their original corrective function-
als. The highly localised 3d states make these systems extremely challenging
to model using solely a local or semi-local XC functional. In particular MnO
has been selected from the relatively large class of 3d transition metal oxides
thanks to the highly accurate Diffusion Monte Carlo benchmark results that
have recently been completed for this system [19, 20, 357] at great computa-
tional expense. Furthermore, U and J corrective parameters have already been
evaluated by Linscott et al. [242], using the minimum tracking linear response
method.

7.1 Computational Details

The U and J parameters for MnO are readily available from a previous study
by Linscott et al. [242] and for completeness are reported in Table 7.1. A
large 33.6 x 33.6 x 33.6 aj simulation cell containing 512 atoms was used to
avoid the perturbed atom from interacting with its periodic replica and also to
achieve effective k-point sampling using ONETEP. The PBE XC functional was
employed with a kinetic energy cutoff of 1,030 eV. The convergence threshold of
the root-mean-square gradient of the NGWFs was set at 2x 1076 Haag/ ? and the
electronic energy tolerance was set at 3.675 x 1079 Ha/atom. 10 NGWFs were
employed per manganese atom and 4 NGWFs were employed per oxygen atom,
all with an 11 ag cutoff. The ensemble DFT algorithm was enabled with a small

smearing width of 3.675 x 107> Ha. Experimental lattice geometries were used
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Figure 7.1: Units cells of rocksalt MnO and tetragonal rutile-type MnOy with
manganese and oxygen atoms colored purple and red respectively, plotted using
the VESTA [344] software.

for the rocksalt MnO [358]. The MnO structure has an anti-ferromagnetically
ordered ground states at the bare DFT(PBE) level.

7.2 Flat Plane Switching

Self-consistent application of the mBLOR functional to MnO suffered from
convergence issues primarily due to the MSIE-term in the mBLOR corrective
potential. Assuming that Ul = U} = U, the MSIE-term in the corrective

potential takes the form,

N U 5
DusIE = 5

(1 —2N +2N,) P. (7.1)
For any value of N > Nm—%, this term in the corrective potential will be negative
and will thus promote an increase in subspace occupancy. If the integer value
of Ny is selected at the start of the calculation based on | Nppr |, where Nppr
is the subspace occupancy at the bare DFT level, a positive feedback loop can
readily ensue, spuriously driving the subspace to full occupancy. Similarly, if
the initial value of N < Ny + %, an analogous feedback loop can readily ensue
with the subspace spuriously driven to zero occupancy. In many electronic
systems of interest, the Hund’s J parameter can often be one order of magnitude
smaller than the Hubbard U parameter and as such, the MSIE-term in the
mBLOR corrective potential will often dominate over the SCE-term, which will

exacerbate this convergence issue.

141



7.2. Flat Plane Switching

Although, it is yet to be tested, it is expected that if the value of Ny was
instead allowed to change dynamically over the course of the calculation so
that Ny always remains equal to | N |, a similar convergence issue is expected
to occur, with the value of Ny oscillating between two consecutive integer values,
thus preventing the calculation from converging. We coin this convergence issue,
‘flat plane switching’ as it is caused by the subspace switching between planes
on the subspace E[N, M| energy surface over the course of the calculation, thus

requiring different values of .

In order to ameliorate this convergence issue, an additional term must be
added to the corrective functional. However, this additional term should min-
imally affect the total energy and bandgap. Assuming that the total subspace
occupancy changes minimally upon application of the mBLOR corrective func-
tional, an additional energy term that depends on the difference between the
subspace occupancy N! and the subspace occupancy at the bare DFT level
Nppr will yield a negligible contribution to the total energy. Thus, the addi-

tional energy term will take the form,
E* = O3 (N = Nppr), (7.2)
I

where C' is a constant yet to be determined and the summation runs over all

atomic sites I. The corresponding term in the corrective potential,
’Uadd = CZ p], (73)
I

will yield the same bandgap prediction as the standard mBLOR functional
from chapter 6, assuming that the conduction and valence bands both perfectly
project onto the subspace projection operator P;. In order to counteract the
relatively large strength of the MSIE-term in the corrective potential and thus
hopefully avoid the spurious feedback loop discussed earlier, we set the constant
C to minus the average value, across all atomic sites, of this MSIE term based

on the bare DFT subspace occupancy,

LU

¢= _Nsites z]: 2

(1 —2Nfpp + 2N7) . (7.4)

Promisingly, inclusion of this additional term within the mBLOR corrective
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potential allowed the MnO calculation to converge, while the corresponding
energy term of Eq. 7.2, offered a negligible contribution to the total energy of
0.02 eV per formula unit. With the convergence issue resolved at least for the
MnO system of interest, we are now in a position to evaluate the total energies
and bandgaps of manganese oxide and compare the results to other values in

the literature.

7.3 MnO Energy of Cohesion

In order to asses the reliability of the energies evaluated using the mBLOR
corrective functional for transition metal oxides, we use mBLOR to compute
the energy of cohesion of MnO. The energy of cohesion is defined as the energy

required to separate a solid into its constituent atoms,
Ecohesion [MDO] - Ebulk [MHO] - Eatom [Mn] - Eatom[o]; (75)

where Epy[MnO] is the total energy per formula unit of solid state MnO and
Eatom|[Mn] & Eatom[O] are the reference atom energies. In this study, the energy
of cohesion of MnO has been evaluated using the bare DFT(PBE), DFT+U and
mBLOR functionals, where DF'T+U refers to the standard DFT+U functional
of Dudarev et al. [183] with effective Hubbard U parameter Ueg = U applied
to both the Mn and O atomic sites. The mBLOR corrective functional has
also been applied to both the Mn and O atomic sites including the derivative
discontinuity correction term of Eq. 6.19 and the stabilisation term of Eq. 7.3.
The subspace occupancy at the bare DEFT(PBE) level (N{pry) is equal to 5.645
and 5.600 at the manganese and oxygen sites respectively, thus in both cases
the value of Ny was set at 5.0 for application of the mBLOR functional. Based
on these values of Njpr, the stabilisation constant C' was evaluated through
the use of Eq. 7.4, as 0.848 V. At both atomic sites, Tr[N] > Tr[P] and thus
in both cases the late version of the mBLOR corrective functional was applied.

Furthermore, at both atomic sites ZXC = U = Ugaled — Jscaled.

The value of the U and J parameters for MnO are available from the study
by Linscott et al. [242]. However, no values are reported for U' and U' and

hence these will need to be approximated. In the case of a non-spin polarised
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system,

Ur = UL = Usimple - Jsimple = Uscaled — Jscaledv (76>

which thus offers two possible approximations for the spin resolved Hubbard
U parameters using either the simple 2 X 2 or the scaled 2 x 2 U and J
values. In the case of a fully spin polarised system, of the three corrective
parameters used in the mBLOR functional (U!, U! and J), the value of the
mBLOR energy correction will, to first-order perturbation theory, depend only
on the value of U?, where o is the majority spin channel for subspaces at less
than half occupancy and the minority spin channel for subspaces at more than

half occupancy.

Unlike Usimple and Jgimple, the scaled corrective parameters are defined through

the use of rescaling factors Ay and Ay,

)\U(fH_|_fLr) + flh4 1 AJ(frr — fH) + flh— fl
& Jscaled = .

Uscae -
fed 2\ + 2 2 -2\,

(7.7)
In the idealised case of a fully spin polarised subspace at less than half oc-
cupancy, where the minority spin bands of the system are extremely far from
the majority spin valence and conduction band edges, Ay, A\; — oo. This will
ensure that Usealed — Jscaled = U!, which for this system is the spin-resolved
Hubbard U parameter of importance to the mBLOR energy expression. An
analogous argument holds for subspaces at more than half occupancy so that
Usealed — Jscaled = U}, which again in this case is the spin-resolved Hubbard
U parameter of importance to the mBLOR energy expression. Therefore,
Ul' = U = Ugepted — Jscaled 1 a suitable approximation in both the non-spin po-
larised and fully spin polarised limits and is the option chosen for applying the
mBLOR functional to MnO. This approximation also allows the asymmetric-
MSIE term of the mBLOR functional to be neglected. For consistency, we also
used the scaled 2 x 2 value of the Hund’s J parameters as opposed to the simple
2 x 2 values, however as shown in table 7.1, the difference between these two

options is negligible.

In Fig. 7.2, we present the energy of cohesion of MnO evaluated using a va-
riety of methods. As shown in Fig. 7.2 the bare DFT(PBE) functional already
yields an energy of cohesion for MnO in close agreement with the Diffusion

Monte Carlo reference value [20]. This makes the energy of cohesion of MnO
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DFT (PBE) 8.96
DFT+U 6.25
mBLOR 9.29
DMC 9.43
Experiment 9.50
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Figure 7.2: Energy of cohesion of MnO per formula unit, evaluated using the
bare DFT(PBE), DFT+U and mBLOR functionals. Reference Diffusion Monte
Carlo (DMC) [20] and experimental values [365] are also given.

an extremely challenging test case for any DFT+U-type functional, as any error
in the corrective functional will likely worsen the predicted value for the energy
of cohesion. Indeed, as shown in Fig. 7.2 application of Dudarev’s DFT+U func-
tional (using the scaled Hubbard U parameter) significantly worsens the pre-
dicted energy of cohesion compared to the bare DFT(PBE) value. By contrast,
the mBLOR corrective functional yields a energy of cohesion of 9.29 eV, in close
agreement to the Diffusion Monte Carlo reference value [20] of 9.43 ¢V. Thus for
the MnO system, the mBLOR corrective functional offers an improved energy of
cohesion over the already satisfactory bare DFT(PBE) value. If this promising
energetic result for the mBLOR corrective functional is repeated across other
transition metal oxide systems, this novel DFT+U functional could offer a reli-
able yet computationally inexpensive technique of evaluating a suite of physical
and chemical properties of transition metal oxide systems that depend on the to-
tal energy, such as redox potentials in Li-ion battery cathodes [345,359,360], sur-
face formation energies for photo-catalysts [352,361,362] and crystallographic

structures of high 7, superconductors in their normal state [363,364].

7.4 MnO Fundamental Bandgap

In Fig. 7.3 the bandgap of MnO as evaluated using DFT(PBE), DFT+U and
the mBLOR functionals is presented. Reference DMC [20] and experimen-
tal [366] values are also reported. The reported DMC value is a prediction of
the fundamental (quasi-particle) bandgap for the system, which was evaluated

through the use of charged simulation cells. The reference experimental value
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is a measure of the optical bandgap, which thus includes exciton binding ef-
fects. Standard KS and GKS calculations evaluate the fundamental bandgap
as opposed to the opical gap. However, the small difference between the ex-
perimental and DMC value of 0.08 eV suggest that exciton binding effects are
small for this system. The bare DFT calculation using the PBE [60] approxi-
mation significantly underestimates the bandgap of the system yielding a value
of only 1.35 eV. This underestimation was expected, the bandgap problem of
local and semi-local XC functionals has already been well documented in the
literature and has been discussed at length in the background theory section
of this thesis. Application of Dudarev’s DF'T+U corrective functional signifi-
cantly improves on the bare DFT result yielding a value of 4.34 eV, albeit this is
slightly larger than the reference DMC and experimental values. Resolving the
bandgap problem of (semi-)local XC functionals in transition metal oxide sys-
tems at low computational cost is one of the hallmarks of the DFT4+U method

which is clearly corroborated by this result.

DFT (PBE)
DFT+U 4.34
mBLOR
DMC

Experiment

Bandgap (eV)

Figure 7.3: Bandgap of MnO evaluated using the bare DFT(PBE), DFT4+U
and mBLOR functionals. Reference Diffusion Monte Carlo (DMC) [20] and
experimental values [366] are also given.

Unfortunately, the mBLOR corrective functional with the derivative discon-
tinuity correction term of Eq. 6.19, fails to sufficiently open the bandgap of
the MnO system. The predicted bandgap of 1.84 eV is less than half the value
of the reference DMC result and only 0.49 eV larger than the bare DET(PBE)
bandgap. The failure of the mBLOR functional to sufficiently open the bandgap
of the MnO system can be readily understood through the Projected Density
of States (PDOS) plots in Fig. 7.4.

In the PDOS plot at the bare DFT(PBE) level, the valence and conduction
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Figure 7.4: The Projected Density of States (PDOS) of MnO at the bare
DFT(PBE) level (top) and with application of the mBLOR corrective func-
tional (bottom). The majority spin up and majority spin down manganese
atoms are labelled Mn(A) and Mn(B) respectively. As is convention, the pro-
jected spin up and projected spin down density of states are taken as positive
and negative.

band edges are primarily of Mn-3d character, thus suggesting that the MnO
system is a Mott-Hubbard type insulator. Promisingly, the mBLOR corrective
functional opens the gap between these bands of Mn-3d character, yielding a d-d
transition energy of approximately 4 eV, in close agreement to the experimental
and DMC bandgaps. However, application of the mBLOR functional changes
the character of the conduction band edge. The conduction band edge, is
now predominantly Mn-4s and O-2p in character, while the valence band edge
remains predominantly Mn-3d in character. It is this energy difference between
the conduction band edge of unexpected atomic character and valence edge, i.e.

the bandgap, which remains low at 1.84 eV. A possible solution to this problem

147



7.5. Concluding Remarks

worthy of further research is the application of the mBLOR corrective functional
to the Mn-4s states in addition to the Mn-3d and O-2p states. However, this will
require evaluation of U and J parameters for the Mn-4s states and modification
of the ONETEP code in order to apply the DFT4+U method to multiple angular

momentum channels on the same atomic site.

7.5 Concluding Remarks

This preliminary test of the mBLOR corrective functional on a transition metal
oxide system yields some quite promising results for both the cohesive energy
and the d-d transition energy, however a number of unanswered questions re-
main. Can application of the mBLOR functional to the Mn-4s states yield a
bandgap for the MnO system in agreement with the d-d transition energy and
DMC reference values? Does the stabilisation term of Eq. 7.3 resolve the flat
plane switching convergence issue across a broad class of materials or is MnO an
outlier? Does our current corrective functional yield cohesive energy values in
close agreement with DMC and experimental reference results for all transition
metal oxide systems or again is MnO an exception? These questions are subject
to ongoing research as we attempt to develop a DF'T+U functional that broadly
improves on the current state of the art. Designing a corrective functional that
yields excellent energies of cohesion while also resolving the bandgap problem

of (semi-)local XC functionals will be key to the method’s wide scale adoption.
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Chapter 8

Discussion and Conclusion

For the benefit of both the examiners and other interested readers, I have gone
to significant lengths to write this thesis in a comprehensive but also succinct
manner. I hope that it will stand as a testament to my great enthusiasm
for electronic structure theory, which I have developed over the course of my
PhD studies. Furthermore, I sincerely hope that the research work expounded
in this thesis will act as a catalyst for future theoretical and computational
developments in the field. In the following two sections I will finally present a
synopsis of the work completed in this thesis as well as a brief discussion of the
vast number of avenues for future research. I hope you have enjoyed looking at

this thesis as much as I have enjoyed completing the work.

8.1 Synopsis

We began our discussion in chapter two by introducing the numerous non-
equivalent formulations of Density Functional Theory as well as the practical
realization of these theories via the Thomas Fermi and Kohn Sham methods.
We highlighted several approaches for approximating the exchange correlation
functional, which is necessary for all practical Kohn Sham calculations. How-
ever, we emphasised that standard local and semi-local exchange correlation
approximations suffer from many electron self interaction error, static correla-
tion error and the bandgap problem. We introduced the DFT4+U method as a
technique to treat some of the aforementioned pervasive issues of (semi-)local
XC functionals. A detailed overview of the DFT+U functionals that have been

developed over the last thirty years is then given and methods of evaluating
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the Hubbard corrective parameters for use in practical DFT+U calculations is
also presented.

In chapter three the convexity condition is derived using the infinite-separation
limit technique. This long assumed but never before proven exact condition of
the exact exchange correlation functional lifts a standing assumption in the
proof of the piecewise linearity condition with respect to electron count, an-
other exact condition which is widely employed in DFT, including to motivate
the mathematical form of Hubbard type corrective functionals.

In chapter four the piecewise linearity condition for magnetization is derived
using the infinite separation limit technique. The piecewise linearity conditions
with respect to electron count and magnetization are then combined and gen-
eralized to give the tilted plane condition. We also found that many standard
density functional approximations violate these exact conditions.

In chapter five we derived a new DFT+U-type functional, which is uniquely
defined to enforce the flat plane condition on each orbital of a localized subspace.
The new corrective functional is shown to yield promising energetic results for
the stretched s-block, homo-nuclear molecules. By contrast, we showed that
standard DFT+U-type functionals significantly worsen the bare DFT(PBE)
total energies for the same systems.

In chapter six, the many-body generalisation of the BLOR functional, known
as mBLOR was derived. It is the unique functional that enforces the flat plane
condition once on an entire multi-orbital subspace. We showed that the mBLOR
functional significantly improved the bare DFT(PBE) total energies for the
stretched p-block, homo-nuclear dimers, while standard DFT+U functionals
yielded large eneregtic errors for the same systems. Unlike standard DFT+U
functionals, mBLOR is defined piecewise with respect to subspace occupancy
N, which results in explicit derivative discontinuities with respect to N. A
derivative discontinuity correction term was added to the mBLOR functional
to incorporate this contribution to the fundamental bandgap explicitly within
the Generalized Kohn Sham gap. We found that the derivative discontinu-
ity corrected mBLOR functional is the only DFT+U functional to open the
bandgap of the stretched, spin symmetry unbroken, homo-nuclear dimers.

Finally, in chapter seven, we tested the mBLOR functional on solid-state
manganese oxide. The mBLOR functional yielded an energy of cohesion in

close agreement with the reference Diffusion Monte Carlo and experimental
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values. However, the mBLOR functional yielded a severe underestimation of
the MnO bandgap, due to the change in atomic character of the conduction
band edge. Treatment of the Mn-4s states in the hope of yielding a bandgap
in agreement with the current d-d transition energy remains a topic for future

research.

8.2 Future Work

The research work completed in this thesis has opened many avenues for future
work. In chapter four, the exact total energy surface as a function of particle
count N and magnetization M was rigorously derived. However, Gunnarsson
and Lundqvist [39] in their seminal work, extended Density Functional Theory
beyond ground state total energies and showed that within DFT, one can find
the lowest possible energy of a system for every symmetry. In the case of an
isolated atom, in the absence of spin-orbit coupling, its electronic state can be
specified by the complete set of commuting observables |S, Mg, L, M), where
S & L are the spin and orbital quantum numbers and Mg & M are their
respective z-axis components. Excluding Mg, which is simply half the value
of the magnetization M, the E,[N, S, Mg, L, My] surface within co-linear spin
DFT has yet to be fully explored. In the case of the E,[N, S, Mg, L, M| surface,
a generalized analogue of the tilted plane condition may exist, which standard
density functional approximations are highly unlikely to satisfy. Correcting for
such errors within localized subspaces will require a generalization of the BLOR
and mBLOR corrective functionals as well as the development of new methods
for computing the corresponding corrective parameters.

A further avenue for future research is the development and testing of the
mBLOR functional in systems with strong crystal and ligand field splittings.
In such cases, enforcing the flat plane condition of the isolated atom may not
be the ideal choice due to the large energy level splitting between d-orbitals,
which would be degenerate in the case of an isolated atom. Indeed in Fig. 4.7 of
Chapter 4, we showed that the E[N, M] surface of a low spin d-orbital subspace
can exhibit a variety of crystal field dependent structures, many of which are
significantly different to that of the truly isolated atom. This suggests that it
may be necessary to develop state and structure dependent analogues of the

mBLOR functional. Indeed, in the case of a low-spin d-orbital system with
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an octahedral or tetrahedral field, the flat plane E[N, M| energy surfaces from
Fig. 4.7 suggest that the SCE term of the mBLOR functional should take the

form,

2 (M? - N?), N <D,
Enstor[N, M, D] = ¢ J (M? — (N —2D)?), D<N<D+2+1,
2 (M?*— (N =221+ 1))?), D+2+1<N,

(8.1)
where D is the degeneracy of the subset of d-orbitals of lower energy, which is
specified by the Mulliken symbol of the respective irreducible representation of
the point group. By contrast, the symmetric-MSIE term, where we approximate

that Ul = U! = U, will remain unchanged as

ESIERIN, M] = © (N = No) — (N = No)?) (82

The modified SCE term ensures that the mBLOR functional offers zero ener-
getic correction at the vertices of the E[N, M| energy surface for a low spin
d-orbital subspace in an octahedral or tetrahedral field, the location of which
differ from those in a spherical crystal field. Interestingly, this modified mBLOR
functional will result in a smaller energetic contribution from the SCE term for
all subspaces where D < N < D+ 2[+1. For low spin systems, the correspond-
ing SCE term from the standard mBLOR functional will yield a particularly
large energetic contribution for values of subspace occupancy within this range.
Whether such a state and structure dependent version of the mBLOR functional

can yield improved results is certainly worth investigating.

In the short-term however, attention must be given to further preliminary
testing of the standard mBLOR functional on transition metal oxides, in par-
ticular the treatment of 4s states in MnO as well as the testing of this corrective
functional on other transition metal oxide systems of interest, with MnO, and
LiMnOs being the primary initial targets. Additional terms and improvements
to the mBLOR functional may need to be made in order to avoid the flat plane

switching convergence issue and to further improve the bandgap predictions.

Upon completion of the these preliminary tests, in the longer term the
mBLOR functional will need wide scale testing using a large and diverse set

of transition metal compounds. A wide variety of material properties such as
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bandgaps, cohesive energies, magnetic moments, lattice constants, bulk mod-
uli, formation energies, polymorph energy differences, ground state magnetic
orderings and molecular spin state splittings will need to be evaluated using
the mBLOR functional and compared to reference values. The relative scarcity
of reliable bench-marking data for solid state systems compared to the well
developed molecular bench-marking databases will complicate matters. Where
necessary, Diffusion Monte Carlo reference data may need to be generated for
the specific purpose of bench-marking the newly derived DFT+U functional.
If upon completion of the rigorous bench-marking, the DFT+U functional’s
results show close agreement to DMC and experimental reference data, the
utility of the mBLOR functional could be showcased through the prediction
of strongly correlated transition metal compounds with technologically impor-
tant applications, including lithium and sodium ion battery cathodes, inorganic
solid state electrolytes, high-temperature superconducting oxides in their nor-
mal state, heterogenous catalysts for hydrogen production and exotic magnetic
materials as well as scientifically important metallo-enzymes and proteins. For
these more targeted systems, additional properties of particular importance
such as ion insertion energies, defect formation energies, phase diagrams, re-
action barrier heights and surface formation and adsorption energies could be
evaluated depending of course on which properties of the compound are of

particular interest.
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Chapter 9
Appendices

9.1 Alternative Derivation of BLOR

To derive the corrective functional, we first consider a single orbital embedded
within a material, which can be occupied by up to two electrons of opposite
spin. We use the same definition of U and J as given by Eqgs. 9.1 and 9.2 in

the main text, where the spin resolved HUbbard U parameter us given as:

o _ 1[0 B
=), .

and Hund’s J parameter is given as:

1 82E§1§€rox
/ “2( (M) >N’ 6-2)

where n?, N and M are the spin-resolved subspace occupancy, the subspace
electron count and the subspace magnetisation, respectively. For the purposes
of this work we assume that U? and J are subspace specific constants and leave
considerations of higher order partial derivatives to future studies.

Using these definitions, we can now derive the correction [E,(n! = 1,n")] to
the Hartree-exchange-correlation energy along the maximally spin up polarised
line (along the edge of the diamond), in the upper half plane. The exact Hartree-
exchange-correlation energy E&2(nl n!) should follow a linear curve along the

maximally spin polarised line:

Bt (nh = 1,nh) = [BFE (1, D)n. (9-3)
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Meanwhile, the approximate Hxc energy will follow a quadratic curve along the
maximally spin polarised line. It will have curvature —U' and its endpoints will
approx

be equal to Effe(1,0) and Effe *(1,1), so that the approximate Hxc curve

is given as:

Ul

B2 = | B (1,1) - B (1,0) — |’
Ul
+ —(nh)? + ERER(1,0). (9.4)

2

Now, assuming that Effb'™ yields a close to exact result at certain integer n!

& n occupancies, we can approximate that:

B (1,1) = Bie ™ (1,1) = 0. (9.5)
Similarly, at n! = 1,n! = 0 we can approximate that:

EfPPO(1,0) &~ EfF2c(1,0) = 0. (9.6)

Hence, the correction to Fyy. along the maximally spin polarised line becomes:

Ul
Buln! = Ln') = Bt — B =l - (0
Along the maximally spin polarised line in the upper half plane, n! = 1 and

nt = N — 1, where N is the total subspace occupancy. Hence, we may re-write
that:
Ul

E,n'=1nh = > [(N —1)— (N — 1)2]. (9.8)

We now wish to find an expression for E,(n!, n!) at an arbitrary point in the

upper half plane. To evaluate this we can define A,,(n!,n!) as:
Ap(n!,nh) = E,(n',nh) — E,(1,n! +nl —1). (9.9)

Here A,, is the change in the energetic correction upon moving at constant total
occupancy from the point (1, N — 1) to the point (n!,n'), where N = n! 4+ nl.
The exact Hxc energy should be constant as one varies M keeping N fixed, at

this stage of our analysis. However, Eir ™ will exhibit a spurious curvature of
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—J. Unlike Eq. 9.8, there will be no linear term in this case due to the spin

symmetry of the system. Hence, the change in the energetic correction is given

by:
A, = £M2 — zMﬁm,
2 2

where M.« is the subspace magnetisation along the maximally spin polarised

(9.10)

max

line in the upper half-plane, M,,x = 2 — N. The constant %M 2 term ensures
that A,, = 0 along the maximally spin polarised line, where SCE vanishes.
Therefore Eq. 9.10 becomes:

A, = ‘Zjlw — (N - 2)2]. (9.11)

We may choose to make the further approximation that U' = U = U, in which
case we denote the total corrective energy as E>'™. Noting that analogous
expressions hold for the corrective functional in the lower half plane, the total

corrective functional for a two-electron subspace is given by:

Q[N—Nz] + £[M2 — N7, N <1
=), 2 ;2 (9.12)
IV =1 = (N =17 + M- (N-2?, N>1

The previously derived functional assumes that the interaction between the
localized electrons and the surrounding environment can be approximated by
an effective electric field. However, an effective magnetic field may also be
acting on the subspace embedded in the material environment. In this case,
the state with one spin up electron is no longer degenerate to the state with
one spin down electron. The constancy condition with respect to magnetisation

becomes a linearity condition:
E[N,M] =wE[N, M;] + (1 —w)E[N, Mj], (9.13)
where the magnetisation M is given by:
M=wM;+(1—-w)M;, M, MecZ & 0<w<l. (9.14)

The piecewise linearity condition with respect to magnetisation has conse-

quences for the derivation of the corrective functional. In such cases one cer-
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tainly cannot assume that U' = U}'. The corrective functional along the max-
imally spin up polarised line in the upper half plane is still given by Eq. 9.8.
Meanwhile, the corrective functional along the maximally spin down polarised
line, in the upper-half plane, is given by:
Ul

E,n'nt=1)= S |(N =1 = (N - 1)2]. (9.15)
Due to the presence of the magnetic field, the spin symmetry of the system is
broken, and E[N,M = N — 1] # E[N,M = 1— N|. Hence, A,, in this case
will have a linear term in M. The linear term in M ensures that A,, continues
to give zero contribution to E, along the maximally spin-down polarised line,
while it gives a non-zero contribution along the maximally spin-up polarised
line so that the total corrective functional reduces to Eq. 9.8 when n! = 1.

Hence, in the presence of an effective magnetic field, Eq. 9.11 becomes:

J U —-ul

1 M
A, = Q[MQ—(N—Q)Z

P - w-ap] g (1450 ) ©a0)

Ultimately, the BLOR functional for a single-orbital subspace is given by the

sum of Egs. 9.15 and 9.16, which after some rearrangement gives:

ul'+u!

I Tr[N — N?|
+gTr[M2 ~ N+ & ; ULTY[M — NM], Te[N] < Tx[P],
g, —
Vv - 1) - (v = 1
2 - v -2+ Yl - v, ) > P

We now wish to extend this technique to multi-orbital subspaces such as the five
d-orbitals at a transition metal site. The naive approach would be to separately
apply the corrective functional given by Eq. 9.17 to each orbital with electron

count N; and magnetisation M;. Assuming the occupancy of each orbital does
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not exceed one, the corrective functional would take the following form:

Ul — U/

Ul + U/
4

naive __
ERioR =

7

NZ-—NZ-21+‘§[MZ.2—N31+ [Mi—NiMi]. (9.18)
However, such a corrective functional would not be rotationally invariant, or
more generally invariant under unitary transformations among the basis or-
bitals. To counteract this problem, we firstly assume that the deviation of each
orbital from the flat plane condition can be treated using a subspace-averaged
corrective parameters. Secondly, we assume that the spin up and spin down
subspace occupancy matrices have the same eigenbasis. We can then let the
orbitals be equal to the eigenvectors of the susbspace occupancy matrix. This
allows us to express the multi-orbital corrective functional in a rotationally

invariant form as:

U — i

+g T R U[;ULTI[M el Tr[N] < Te[P],
EpLor =

VU i — Py — (- P

. A I A . X
+”27T1r[M2 — (N —2P)’] + U4UTr[M — NM], Tr[N]> Te[P].

Here P is the subspace projection operator. To maintain rotational invariance,
the above corrective functional has implicitly assumed that Hund’s First Rule
applies to the multi-orbital subspace. There are of course some multi-orbital
subspaces for which Hund’s First Rule does not apply, such as in certain low-
spin transition metal complexes. A modified BLOR type corrective functional

will be required for such systems.
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9.2 Sample ONETEP Input File

#
# INPUT FILE

#

task : singlepoint

output_ detail : verbose
psinc__spacing : 0.2793650794 0.2666666667 0.2666666667
xc_functional : PBE

edft : T

edft_ smearing_ width : 0.0
write__converged_ dk_ngwfs : T
write_denskern : T
write__tightbox_ ngwfs : T
read_denskern : F
read__tightbox_ ngwfs : F
Inv__threshold_ orig : 1.0e-6
Inv__cg max_step : 10.0
maxit_Inv : 20

minit_Inv : 1

Inv__check_ trial_steps: T
kernel__update : T

ngwf threshold_ orig : 1.0e-7
ngwf cg max_ step : 100.0
maxit_ngwf_cg : 100
delta_e conv: F
elec_energy tol : 1.0e-6 eV
maxit_pen : 0

maxit_ palser _mano : -1
maxit_ kernel fix : 0

kerfix : 1

occ_mix : 0.5
maxit__hotelling : 0

charge : 1

spin : 1.0

dos_smear : 0.10 eV
pbc__correction__cutoff : 7.0
timings level : 1
spin__polarized : T
turn_off hartree : F
hubbard__unify_ sites : F
hubbard_ calculating U : T
hubbard_ ngwf_spin_ threshold : 1.0e-20
print_qc: F

cube format : F
grd_format : F

write_ density_plot : F
lumo_ dens_ plot : -1
homo_ dens_ plot : -1
lumo_ plot : -1

homo_ plot : -1

check atoms : F
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write_ngwf_plot : F
write_initial_radial_ngwfs : T
do_ properties : T
polarisation_ calculate : F
ngwf_analysis : F

write forces : T
popn__calculate : T

threads max : 14

threads num_fftboxes : 14
threads_ per_ cellfft : 14

%block species_ ngwf plot
Bel

Be2

%endblock species_ngwf_plot

%block species
bohr

Bel Be 4 2 14.0
Be2 Be 4 2 14.0
%endblock species

%block species_atomic__set
Bel “SOLVE conf=2s2: 0.15"
Be2 “SOLVE conf=2s2: 0.15"

%endblock species__atomic_ set

%block species_ pot
Bel be.recpot

Be2 be.recpot
%endblock species_ pot

%block species_ ldos_ groups
Bel

Be2

%endblock species_1dos_ groups

%block lattice cart
bohr

88.0 0.00 0.00

0.00 60.0 0.00

0.00 0.00 60.0
%endblock lattice cart

%block hubbard

Bel 0 0.00 0.00 0.00 -0.25 0.00 0.0
Be2 0 0.00 0.00 0.00 -0.25 0.00 0.0
%endblock hubbard

%block positions_abs
bohr
Bel 39.0 30.0 30.0
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Be2 49.0 30.0 30.0
%endblock positions__abs

END INPUT FILE

#
#

#
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9.3 Sample Quantum Espresso Input File

&CONTROL

calculation = ’scf’

restart__mode = from_ scratch’

outdir = >./TMP’

prefix = "helium’

pseudo_ dir = ’/projects/pi-oregan/HPC_20_01119/Andrew_ Burgess/fractional helium/pseudo’
/

&SYSTEM

ibrav = 0

nat =1

ntyp =1

nbnd = 2

tot__charge = 0.0
tot__magnetization = 0.8
ecutwfc = 75.0

ecutrho = 300.0
occupations = ’smearing’
degauss = 0.02

smearing = 'gauss’

nspin = 2

input_ dft = "pbel’
assume_ isolated = 'm-t’
starting magnetization(1) = 0.0

/

&ELECTRONS
conv__thr = 5e-09
mixing mode = ’plain’
mixing_beta = 0.7
diagonalization = ’david’
/ &IONS

/
&CELL

/

ATOMIC_SPECIES
He 4.002602 He_ ONCV__ PBE-1.0.upf

K_POINTS gamma

CELL_PARAMETERS angstrom

20.00000000000000 0.00000000000000 0.00000000000000
0.00000000000000 20.00000000000000 0.00000000000000

0.00000000000000 0.00000000000000 20.00000000000000

ATOMIC__POSITIONS angstrom

He 10.0000000000 10.0000000000 10.0000000000
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9.4 Evaluation of Hubbard Parameters

9.4.1 Stretched H,

Figs. 9.1 & 9.2 display the linear response curves for the Hy molecule at 9 bohr
radii. The S—type perturbations used to evaluate the Hund’s J parameter (see
Eq. 9.21), caused the system to converge to a lower-energy, spin-polarised sys-
tem. The Hund’s J parameter was thus evaluated with a stabilising potential
(see Eq. 5.29). Fig. 9.3 displays the plot of the Hund’s J parameter at differ-
ent stabilising potential strengths GG. Application of an a—type perturbation
(see Eq. 9.21), did not cause the system to converge to a spin-polarised state
and hence the Hubbard U parameter could be evaluated at G = 0 eV. No

extrapolation of the Hubbard U parameter was thus required.
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099 100 1.01 102 103 1.04
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Figure 9.1: Linear response curve of Vi versus total occupancy for the Hy
molecule at 9 bohr radii . The slope of the best-fit line is used to compute the
Hubbard U parameter. One of the perturbative calculations failed to converge,
hence four instead of five data points are displayed.
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Figure 9.2: Linear response curve of V}EXC — Vﬁxc versus subspace magnetisation
for the Hy molecule at 9ay with a stabilising potential of G = —10 eV. The slope
of the best-fit line is used to compute the Hund’s J parameter at G = —10 eV.
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Figure 9.3: Plot of the Hund’s J parameter versus the stabilising potential
parameter G. Extrapolation of the best-fit line to G = 0 eV, yields the Hund’s
J parameter for use in the corrective functionals.

9.4.2 Stretched H7

Figs. 9.4, 9.5, 9.6 & 9.7 display the linear response curves for the triplet HZ
system at 8 bohr radii. All perturbations had to be applied using a stabilising
potential of strength G (see Eq. 5.29). The corrective parameters were com-
puted at several values of G and the best-fit line was extrapolated to G = 0
eV. The plot of the spin agnostic Hubbard U parameter versus the stabilising
potential strength GG is shown in Fig. 9.8. Similarly, Fig. 9.9 displays the plot
of the Hund’s J parameter versus the stabilising potential strength G.
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Figure 9.4: Linear response graph of the variation in VH[XC with respect to spin up
and spin down perturbations for HF at 8 bohr radii with a stabilising potential
of G = —14 eV (see Eq.14).
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Figure 9.5: Linear response graph of the variation in the spin up subspace
occupancy with respect to spin up and spin down perturbations for Hi at 8
bohr radii with a stabilising potential of G = —14 eV (see Eq. 14).
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Figure 9.6: Linear response graph of the variation in VHLXC with respect to spin up
and spin down perturbations for H at 8 bohr radii with a stabilising potential
of G = —14 eV (see Eq. 14).
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Spin Down Occupancy
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Figure 9.7: Linear response graph of the variation in the spin down subspace
occupancy with respect to spin up and spin down perturbations for H at 8
bohr radii with a stabilising potential of G = —14 eV (see Eq. 14).
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Figure 9.8: Plot of the Hubbard U parameter versus the stabilising potential
parameter G (see Eq. 14). Extrapolation of the best-fit line to G = 0 eV, yields
the Hubbard U parameter for use in the corrective functionals.
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Figure 9.9: Plot of the Hund’s J parameter versus the stabilising potential
parameter G (see Eq. 14). Extrapolation of the best-fit line to G = 0 eV, yields
the Hund’s J parameter for use in the corrective functionals.

167



9.4. EVALUATION OF HUBBARD PARAMETERS

9.4.3 Stretched N,

In order to evaluate the Hubbard U and Hund’s J parameter for the stretched

Ny molecule a stabilising potential,

. G so | opF

b :5(1—271 +2A7) (9.20)
was applied in conjunction with the o and 3 type perturbations used to compute
the Hubbard U and Hund’s J parameters respectively. The U and J parameters
were thus evaluated at a series of different stabilising potential strengths G and
the results were extrapolated back to G = 0 eV. Sample linear response curves
used for the evaluating the Hubbard U and Hund’s J parameters at a non-
zero value of G are shown in Figs. 9.10 & 9.11. The plot of the Hubbard
U parameter versus the stabilising potential strength G is shown in Fig. 9.12
and finally, Fig. 9.13 displays the plot of the Hund’s J parameter versus the
stabilising potential strength G.
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Figure 9.10: Linear response curve of Vixc + Vg versus subspace occupancy for
the Ny molecule at 7 bohr radii with a stabilising potential of G = —10 eV. Vg
refers to the subspace averaged stabilisation potential. The slope of the best-fit
line is used to compute the Hubbard U parameter at G = —10 €eV.
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Figure 9.11: Linear response curve of V(ngc - VGLHXC versus subspace mag-
netisation for the Ny molecule at 7 bohr radii with a stabilising potential of
G = —10 eV. V&gxc refers to the spin-resolved, subspace averaged Hartree Ex-
change Correlation potential including the stabilisation potential. The slope of
the best-fit line is used to compute the Hund’s J parameter at G = —10 eV.
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Figure 9.12: Plot of the Hubbard U parameter versus the stabilising potential
parameter GG. Extrapolation of the best-fit line to G = 0 eV, yields the Hund’s
J parameter for use in the corrective functionals.

4
2
— /
3 0
g
-2
-4
-10 -5 0

G (eV)

Figure 9.13: Plot of the Hund’s J parameter versus the stabilising potential
parameter GG. Extrapolation of the best-fit line to G = 0 eV, yields the Hund’s
J parameter for use in the corrective functionals.
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9.5 Application of Corrective Functionals

Suppose that we are using any one of several DFT codes with the following
DFT+U functional E, available:

Usnpus — J; J; i
o put input o o o input o o
Ey = 9 z nmm’émm’ = M M | + T z N T m
omm/ omm/
T ) |
+ Qinput Z nmmfémm’ + Binput Z [nmm/(smm’ — nmm/6mm’1 + C(2l + 1)7
omm/ mm/

(9.21)

where C' is a constant, [ is the subspace orbital angular momentum quantum
number and « & [ are free parameters, typically used to apply perturbations
to the subspace. Careful choice of the value of Uinput, Jinput, Qinput, and Binput
specified in the DFT input file allows one to use the DFT code to simulate
the corrective functionals listed in the proceeding table. The constant C' may
be added by hand afterwards, for each site. The proceeding table specifies
the required input parameters for spin polarised systems. Please note that the
BLOR corrective functional also requires separate U parameters for the two

spin channels.
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Hubbard Functional Usnput Jinput Qinput Binput C
DFET+U+J (Ueg = U) NSCF U+J J 0 0 0
DFT+U+J (Uesg = U) SCF —2J -U—-J 0 0 0
DFT+U+J no minority spin term U J 0 0 0
DFT+U+J with minority spin term U J —J/2 J/2 0
DFT+J (Usg = 0) 27 27 0 0 0
Shishkin & Sato (2017) U+J J —J/2 J/2 0
Shishkin & Sato (2019) U+ Usy U, U2 | Uy /2 0
Dudarev et al. (1998) U—-J 0 0 0 0
Dudarev et al. (2019) U 0 0 0 0
Bajaj, Kulik et al. (lower) U J 0 0 0
Bajaj, Kulik et al. (upper) U J' —J 0 J
BLOR (sym) (lower) —2J -U—-2J 0 0 0
BLOR (sym) (upper) —-2J U —-2J U+2J 0 (—U —2J)
BLOR (lower) Ul put = — LU+ U +4) 0 0 0
U° - LU+ U +4J)
BLOR (upper) Ufput = —LU' U 4y | LU+ U +4) 0 LU+ U +4.

U - (U + U +4J)
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