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Abstract
Gate-based quantum computers can implement many-body system dynamics through
repeated gate cycles. This periodic driving discretises time and relaxes energy conserva-
tion, while locality and symmetries still constrain transport, relaxation, and complexity.
This thesis focuses on Floquet-circuit diagnostics linking spectral structure, transport,
and operator complexity.

Part I introduces spectral and linear-response tools for Hamiltonian and Floquet
systems, spectral projections of long-time limits, operator-resolved spectral densities
(DOS/LDOS), and current spectral functions, and adapts them to stroboscopic dynam-
ics with U(1) conservation. We implement a moment-expansion (KPM) method for
spectral densities as a hybrid quantum-classical workflow, and validate it by extracting
the interacting-spin DOS on a trapped-ion quantum computer with up to N=18 spins.
Using disordered discrete-time XXZ circuits with conserved charge, we benchmark
ergodicity and transport. Because experiments access only finitely many cycles, we
propose two finite-time transport estimators from Z-basis measurements: from the
local-quench profile and its first circular moment we obtain drift and circular-variance
measures that are more robust than conventional diagnostics. In this platform they
reveal a long-lived near-SWAP prethermal swappy regime.
To probe discrete-time transport spectroscopically, we reconstruct spectral densities
of stroboscopic correlators and derive a current operator valid for arbitrary circuit
geometries. This yields quasienergy-resolved transport diagnostics, showing that a
single integrability-breaking impurity can induce a prethermal plateau when studying
quasi-conserved charges while leaving the current spectral function unchanged.
In parallel, we recast anomalous equilibration, including thermal and symmetry
Mpemba e!ects, in resource-theoretic terms: monotone crossings are set by overlaps
with slow, resourceful modes. The criterion extends to complexity-like resources and
two-step Pontus-Mpemba protocols in unitary circuits, and the symmetry Mpemba
e!ect can arise from a purely classical mechanism.

Part II studies operator growth via Krylov complexity in Floquet circuits. We relate
continuous-time (Lanczos) and discrete-time (Arnoldi) recursion through a spectral-
aliasing (“folding”) identity and show that defining an e!ective generator log Û is a
physical branch choice. We control this choice with a locality-guided adiabatic unfold-
ing protocol that tracks eigenprojectors along a Floquet path, producing quasi-local
e!ective Hamiltonians when they exist. Benchmarks across dual-unitary endpoint
families separate bounded free-fermion dynamics from qualitatively di!erent interact-
ing behaviour, clarifying when Krylov diagnostics require care for nonlocal Floquet
generators.

Overall, the thesis provides experimentally native probes and reconstruction tools
connecting discrete-time spectra, transport, and operator complexity to diagnose
integrability breaking, prethermalisation, and anomalous relaxation in driven quantum
matter.
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1

Chapter 1
The role of Floquet circuits in quantum

computation
Second
quantum
revolution

Physics is once again being reshaped by a resurgence of quantum ideas, not because the
postulates of quantum mechanics have changed, but because our ability to deploy them
as laboratory tools has. Roughly a century after quantisation, superposition, and the
uncertainty principle reshaped the foundations of physics, the field is now undergoing
a technological transformation often labelled the “second quantum revolution” [8].
The term is not particularly precise, but it captures a useful distinction. The first wave
of quantum-enabled technologies translated microscopic quantum e!ects into reliable
macroscopic functions; semiconductors, transistors, lasers, and magnetic resonance
techniques are canonical examples. These devices exploit quantum mechanics in
regimes where dissipation and material complexity yield robust classical behaviour.

Fine-
grained
control

The modern wave is di!erent in its target: not the passive use of quantum e!ects,
but the ability to exercise fine-grained control over them. Preparing, manipulating,
and measuring individual quantum systems with long-lived coherence has become
routine, since the first experiments of the 1980s. Trapped ions, neutral atoms, and
superconducting circuits now allow control of many-qubit dynamics [9–12]. The focus
here is primarily not on scale, but on the ability of fine control: rather than relying on
ensemble-averaged e!ects, contemporary platforms deliberately engineer superposition,
entanglement, and measurement backaction as programmable resources [8, 13].

Applications
The applications emerging from the second revolution range in maturity. Quantum
sensing is now a well-developed paradigm for surpassing classical precision bounds
in specialised metrological tasks [14], and quantum cryptography is technologically
established, supported by an extensive theoretical literature and repeated real-world
deployments [15]. As for quantum computing, although it remains comparatively early-
stage, it represents the most conceptually radical advancement: information encoded
in qubits can be processed through controlled interference among exponentially many
computational amplitudes, enabling dramatic speedups for specific problems such as
integer factoring and, more broadly, the simulation of quantum matter [16–19]. A
computational model is “digital” only when the acceptable input-output state space
is countable and the allowed transformations can be implemented via a discrete set of
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transition steps specified by a discrete set of parameters; otherwise it is “analogue.” In
this sense, present-day noisy intermediate-scale quantum (NISQ) processors, despite
being programmable, often remain essentially analogue because full fault-tolerant
digitisation of quantum information is not yet available [20]. Recent large-scale,
digital quantum computer demonstrations reinforce that also this side of the second
revolution is increasingly becoming more concrete [13, 21].

Why
Floquet? Researchers choose what to focus on not only for its long-horizon utility, but also

for its tractability and experimental feasibility. In practice, this favours models
that are analytically transparent, numerically benchmarkable, and experimentally
realisable. The harmonic oscillator plays this role in equilibrium physics because it
yields exact solutions and anchors perturbative expansions around stable baselines
across disciplines [22]. For digital quantum devices, the analogous baseline is not
a single Hamiltonian but a protocol: a time-dependent drive envelope or a discrete
update rule. Floquet circuits, understood broadly as periodically driven systems,
whether from time-dependent Hamiltonians or from stroboscopic circuits, provide
a systematic language for such protocols and have become standard workhorses for
nonequilibrium physics and control [23, 24].

Classical
analogy This perspective becomes particularly natural when one looks at how present-day

hardware is used. Classical computation is physically realised through semiconductor
devices whose collective switching can be abstracted as logic gates; at the lowest
algorithmic level, iterating local update rules across space and time yields cellular
automata, where complex emergent behaviour arises from simple local maps [25, 26].
Tra"c-like dynamics in elementary cellular automata such as rule 184 illustrates how
rich phenomenology can emerge from strictly local deterministic updates [27, 28].

Circuit
viewpoint Digital quantum processors are controlled in a closely analogous way. Their elementary

primitives are calibrated pulses, waveforms, or engineered couplings that realise local
operations (quantum channels). A full cycle of such operations defines a discrete-time
propagator, and repeating the cycle yields the many-body evolution Û t

cyc. In this
sense, local quantum circuits are the natural stroboscopic counterparts of classical
cellular automata: both are built from parallel local update rules, while the quantum
version preserves coherence and generates entanglement [13, 29]. Quantum cellular
automata, in particular, formalise this connection by imposing translation invariance
and strict causality on the global update, and can be viewed as a structured subclass
of Floquet circuit dynamics1 [30–32].

1Quantum cellular automata are often defined as translation-invariant, causal, discrete-time
dynamics on a lattice; within that framework, the familiar brickwork (Margolus) partitioning appears
as a canonical circuit representation [31, 32].
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Experimental
viewpointViewed experimentally, running a quantum processor at the circuit (Floquet) level is

first and foremost an experimental protocol: the device realises a concrete physical
process whose input-output statistics can be measured, characterised, and compared
to an idealised model. When the implemented experimental protocol Ûphys is close to
the intended gate model Û in an appropriate measurable distance (e.g. a diamond-
norm or process-infidelity metric), the matrix description is predictive; when it is not,
the observed evolution defines a distinct empirical object that must itself be modelled
via noise channels, calibration drift, and e!ective generators [29, 33]. This point is not
conceptual but methodological: discrete-time quantum evolution is experimentally
primary in gate-based platforms, and e!ective Floquet descriptions are part of the
basic toolkit for extracting physics from hardware.

Floquet
laboratoryThis convergence between experimental setup and theoretical language has turned

discrete-time quantum dynamics into a central laboratory for nonequilibrium many-
body physics. Periodic driving and circuit dynamics can stabilise long-lived prethermal
regimes, generate e!ective Hamiltonians unavailable in static settings, and produce
intrinsically nonequilibrium phases such as discrete time crystals and anomalous
Floquet topological matter [23, 24, 34–37]. At the same time, local circuits have
become a standard setting for quantitative theories of information spreading, entan-
glement growth, and hydrodynamic relaxation, and they host genuinely new kinds of
dynamical criticality when unitary evolution competes with measurements [38–40].
Even within strictly unitary dynamics, special circuit classes such as dual unitary
(DU) models provide rare examples combining exact solvability with strongly mixing,
chaotic-looking behaviour, enabling unusually sharp statements about correlations
and transport [41].

This chapter provides the conceptual entry point. Sec. 1.1 first fixes the minimal
terminology (transport, chaos, ergodicity, scrambling) used throughout the thesis.
Sec. 1.2 then gives a chapter-by-chapter guide to Part I and Part II.

1.1 Transport versus chaos: logically distinct ques-
tions

The words transport, chaos, and scrambling are sometimes used interchangeably in
the many-body literature, but in this thesis they answer di!erent questions. Part I
develops transport probes, while Part II develops operator-complexity diagnostics;
here we only fix the minimal terminology needed to di!erentiate among these threads.
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Transport
(infrared)Transport is about the spatio-temporal relaxation of conserved densities at long

wavelengths and late times. In practice this means hydrodynamic scaling, exponents,
and (when appropriate) coe"cients such as di!usion constants, extracted from currents
and density profiles [42, 43].

Chaos
versus

ergodicity
Chaos is a statement about dynamical genericity once symmetries are resolved; in
quantum many-body systems we probe it operationally through spectral universality
(random matrix theory (RMT) statistics [44]) and related eigenstate and response
signatures rather than through literal trajectory divergence [45, 46]. Ergodicity is a
statement about long-time exploration/typicality: for generic initial conditions, local
observables relax to the maximum-entropy ensemble compatible with the conserved
quantities (in Floquet settings, typically the infinite-temperature ensemble within
each symmetry sector); eigenstate thermalisation hypothesis (ETH) is a common
su"cient mechanism for this thermalisation logic in Hamiltonian systems [46]. The
two are correlated but not identical: one can have random-matrix-like spectra yet
atypical eigenstates or slow nonthermal subspaces (e.g. scars), and conversely the
onset of thermal behaviour need not uniquely fix spectral correlations [47].

Scrambling
(operator

spreading)
Scrambling refers to how rapidly initially local quantum information delocalises under
time evolution. It is naturally probed through operator growth diagnostics such as
out-of-time-order correlators (OTOCs) and associated light-cone/butterfly scales [39,
48, 49]. Scrambling rates need not track transport coe"cients, and conservation laws
can slow operator growth even when spectral diagnostics look chaotic.

In Floquet settings this separation is especially clean: the Floquet unitary can look
spectrally chaotic while charge transport ranges from ballistic to di!usive to anomalous
depending on constraints and integrable structure.

1.2 Thesis guide

The rest of the thesis is structured around two complementary goals: (i) diagnosing
transport and equilibration in U(1)-symmetric Floquet chains using probes that are
meaningful in discrete time, and (ii) quantifying how operator structure grows once
one goes beyond purely hydrodynamic questions.

Part I:
transport In Ch. 2 we examine an infinite-time (spectral) viewpoint: time averages as spectral

projections, operator-resolved spectral measures (density of states (DOS), local density
of states (LDOS)), and spectral functions that connect directly to linear response
and to static chaos diagnostics. This chapter reports the results of Refs. [1, 2].
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Figure 1.1: Overview of the thesis structure. We di!erentiate between chaos, transport,
relaxation, and complexity diagnostics, and between infinite-time (Ch. 2) and finite-time
(Ch. 3) probes. Ch. 4 focuses on state-dependent relaxation rates, while Ch. 5 develops
operator-growth diagnostics. The thesis is organised into Part I (Chs. 2 to 4), centred on
transport and relaxation, and Part II (Ch. 5). Although Part II highlights how these threads
can be viewed as all complexity probes, Ch. 5 is the only chapter whose primary focus is
complexity.

In Ch. 3 we turn to finite-time dynamics, as Floquet experiments and numerics are
fundamentally stroboscopic and often dominated by long-lived intermediate-time
regimes (e.g. crossover and prethermal regimes). We quantify transport via local-
quench profile diagnostics and complementary current-correlation viewpoints, and
identify Floquet-specific prethermal behaviour (the “swappy” regime of Ref. [2]) that
is invisible to infinite-time diagnostics alone.
In Ch. 4, reviewing the results of Refs. [3, 4], we shift the emphasis from transport
coe"cients to how relaxation proceeds across di!erent initial conditions. Using a
resource-theoretic framing, it explains anomalous equilibration (Mpemba e!ects) in
terms of overlaps with resourceful slow modes, providing a unifying language for
state-dependent relaxation rates that will be useful again when discussing operator
growth.

Part II:
complexityIn Part II we shift focus to operator growth as a complexity diagnostic, logically

distinct from both spectral chaos and transport. Ch. 5 develops Krylov complexity as
a seed-resolved embedding of operator dynamics in a one-dimensional Krylov chain,
placing continuous-time (Lanczos) and discrete-time Floquet (Arnoldi) constructions
on the same footing. It derives the spectral-aliasing relation that connects the
associated measures and recursion data, and addresses the branch ambiguity of log Û

via a locality-guided adiabatic unfolding protocol (maximum eigenprojector overlap
(MEO)), benchmarked in driven XX and dual-unitary circuit families.

As a reading aid, as described in Fig. 1.2, the header bar is anchored at the spine and
lets the reader track both the current chapter or section and the current page position,
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globally across the thesis body on left pages and locally within the active chapter on
right pages.

page position in 
the chapter

page position in
the thesis body

current
chapter

current sectionother sections
in current chapter

51.2   Thesis guide

6 1 The role of Floquet circuits

Right
pages

Left
pages

other chapters

Figure 1.2: The header bar is anchored at the spine. On left-hand (verso) pages it shows
the current chapter within the thesis body (Chs. 1 to 6); because the inner margin is on the
right, the page order is mirrored and the indicator advances from right to left. On right-hand
(recto) pages it shows the current section within the active chapter; there the inner margin
is on the left, so the indicator advances from left to right. In both cases, the dot marks
the current page position, measured over the thesis body on left pages and over the current
chapter on right pages.
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Part I

Characterising transport
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Introduction to transport in many-body systems

Transport in this thesis refers to the spreading of conserved quantities in interacting
quantum many-body systems, with a primary focus on U(1) charge (magnetisation)
transport in spin chains and U(1)-symmetric Floquet brickwork circuits. The emphasis
on conserved densities is deliberate: conservation laws guarantee slow, long-wavelength
modes and hence meaningful transport coe"cients in the thermodynamic limit [42,
43].

We will quantify transport using two complementary diagnostics, aligned with the two
time-scales emphasised in this thesis.

Infinite-
time

transport
(i) Infinite-time (spectral) transport, Ch. 2. Here the focus is on late-time limits and
frequency-domain objects determined by the spectrum (eigenvalues or eigenphases)
and eigenvectors of the generator of dynamics (either Ĥ or the Floquet unitary Û),
together with operator-resolved spectral measures such as the density of states (DOS)
and local density of states (LDOS), and dynamical spectral functions. Transport
coe"cients in linear response are encoded in the current spectral function SJ(ε)
in Lehmann (Kubo) form: its low-frequency structure separates a possible Drude
contribution from a regular continuum [42, 43, 50].

Finite-
time

transport
(ii) Finite-time (dynamical) transport, Ch. 3. Here the focus is on experimentally and
numerically accessible transients, quantified directly in the time domain. Concretely,
we analyse the spreading of an initially localised U(1) charge excitation (spin flip)
through the time-evolving magnetisation profile, extracting widths/second moments
and scaling exponents. These profile diagnostics are closely connected to two-point
functions of the conserved density (e.g. spin-spin correlators) and can be cross-checked
against the current autocorrelator CJ(t), which probes transport via the same current
operator that enters linear response [42, 43, 50].

Because the main platform of this thesis is discrete-time (Floquet) dynamics, we
use continuous-time Hamiltonian chains as benchmarks but ultimately formulate all
diagnostics in a stroboscopic language: in the Floquet setting the generator is the one-
period unitary Û , and both spectral objects (quasienergies/eigenphases and operator
matrix elements) and time-domain probes are naturally sampled at integer numbers of
periods.

Transport
taxonomy A useful starting point is the single-particle di!usion paradigm. For Brownian motion,

coarse-graining leads to the di!usion equation and the Einstein relation for the
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mean-squared displacement (MSD) [51],

↑x2(t)↓ = 2Dt (in 1D) , (1.1)

which provides a mathematical definition of the di!usion constant D.
In many-body settings one typically extracts a transport exponent from the scaling
of the width of an evolving density profile. For an initially localised excess density
ϑϖ(x, 0), it is natural to quantify the spreading by the second cumulant (variance),
i.e. the central second moment. Define the packet centre

x̄(t) =
∫

dx x ϑϖ(x, t)
∫

dx ϑϖ(x, t) , (1.2)

and the width

m2(t) =
∫

dx
(
x ↔ x̄(t)

)2
ϑϖ(x, t)

∫
dx ϑϖ(x, t) (continuum) . (1.3)

(or the corresponding discrete sum on a chain), and set m2(t) ↗ tω. The exponent ϱ

classifies transport: ϱ = 2 (ballistic), ϱ = 1 (di!usive), and 0 < ϱ < 2 with ϱ ↘= 1
(anomalous), with a broad range of anomalous behaviours possible in low-dimensional
quantum systems [43]. Only in the di!usive case does it make sense to define a
di!usion coe"cient from late times via

D = lim
t↓↔

m2(t)
2t

(in 1D) , (1.4)

provided the asymptotic growth is linear.

The single-particle di!usion paradigm is conceptually useful, but in interacting many-
body systems transport is typically not understood by following the trajectory of a
tagged microscopic constituent. The reason is not merely that the dynamics is compli-
cated, but that the experimentally accessible long-time, long-wavelength behaviour
is controlled by collective slow variables: conserved densities and their associated
currents [42, 43]. This motivates the continuum viewpoint pioneered in Fourier’s phe-
nomenology, where one relates currents to gradients and closes the resulting continuity
equations by constitutive relations (di!usion being the simplest example) [52, 53].

Between microscopic dynamics and this hydrodynamic description there is an important
intermediate possibility: in weakly correlated regimes the low-energy excitations can be
reorganised into long-lived quasiparticles, so that transport may be described kinetically
in terms of their propagation and scattering (e.g. phonons for heat in insulators,
magnons/spinons for spin transport in certain magnets). When such quasiparticles
are sharply defined, transport coe"cients can often be estimated from their velocities
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and mean free paths. However, in strongly interacting regimes quasiparticles may be
short-lived or absent, and then transport is most naturally formulated directly at the
level of conserved densities and currents, i.e. in hydrodynamic terms [42, 43].

Hydrody-
namics Hydrodynamics is an emergent long-wavelength description of interacting many-

body dynamics in one dimension. Its basic assumption is that, beyond microscopic
relaxation times, local observables are well described by a local equilibrium state
whose parameters (temperature and the chemical potential conjugate to a conserved
density) vary slowly in space and time [42, 43]. The e!ective theory is then written
in terms of coarse-grained fields (equivalently, local-equilibrium expectation values).
In this thesis the conserved U(1) charge is the local magnetisation. We denote by
m(x, t) the coarse-grained magnetisation density and by j(x, t) the associated current
in the continuum description. For Hamiltonian dynamics, conservation implies the
1D continuity equation

ςtm(x, t) + ςxj(x, t) = 0 . (1.5)

For Floquet dynamics (one period set to unity), the analogous statement is a lattice
continuity equation at stroboscopic times t ≃ Z,

mn(t+1) ↔ mn(t) + jn+1/2(t) ↔ jn↗1/2(t) = 0 , (1.6)

which reduces to Eq. (1.5) upon coarse-graining in space and on long stroboscopic
times.
To close the theory one postulates a constitutive relation: an expansion of j in
gradients of the local thermodynamic fields. For a U(1) charge the natural field is
the local chemical potential µ(x, t) conjugate to Ŝz = ∑

n ŝz

n
, and to leading order

one writes
j(x, t) = ↔φ ςxµ(x, t) + · · · , (1.7)

where φ is the dc conductivity (per unit length) and the ellipsis denotes higher-
gradient and nonlinear corrections. Linearising local equilibrium gives ϑm = ↼ ϑµ

with ↼ the static susceptibility, hence Eq. (1.7) becomes Fick’s law,

j(x, t) = ↔D ςxm(x, t) + · · · , D = φ

↼
, (1.8)

i.e. the Nernst-Einstein relation in one dimension. In a di!usive regime this implies
broadening of a localised packet with variance m2(t) ↗ 2Dt (with t either continuous
time or Floquet periods, depending on the dynamics), providing a mathematical
definition of D from real-space spreading.
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Linear
response
and Green-
Kubo

Transport coe"cients can be defined without preparing gradients or non-equilibrium
initial states. Linear-response theory says that the response of a conserved density to a
weak bias is fixed by equilibrium current fluctuations of the unperturbed dynamics [42,
50, 54]. This is the conceptual bridge between the two diagnostics used throughout
Part I: the same current operator that controls the spreading of density packets at
finite times also controls the conductivity extracted from equilibrium correlations.
Concretely, we focus on the total magnetisation current Ĵz = ∑

n ĵz

n+1/2 and its
equilibrium autocorrelator CJ(t) = N↗1↑Ĵz(t)Ĵz↓. For Floquet circuits, t is an integer
period index and all correlators are naturally sampled stroboscopically.
The Green-Kubo statement is then simply that the dc conductivity is governed by
the time-integrated current fluctuations (in Floquet: the corresponding infinite-time
sum over periods), and hydrodynamics relates this to di!usion via

D = φdc

↼
. (1.9)

In practice, Part I uses this relation in reverse: we compute or reconstruct equilibrium
correlation data (often in the frequency/spectral language of Ch. 2) and compare it
against real-space spreading diagnostics (Ch. 3) whenever a di!usive interpretation is
appropriate.

In a genuinely di!usive regime this gives a nontrivial consistency check: the D extracted
from profile broadening and the D inferred from equilibrium current fluctuations must
agree (up to finite-size and finite-time e!ects).

Mazur
boundEquilibrium linear response also makes clear what can prevent di!usion. If the

low-frequency conductivity contains a ballistic channel, it appears as a Drude peak,

Re φ(ε) = 2↽DDrude ϑ(ε) + φreg(ε) . (1.10)

Equivalently, ballistic transport corresponds to a non-decaying long-time component
of the total-current autocorrelator (in Floquet: a nonzero long-time stroboscopic
average).
A rigorous su"cient criterion for such a non-decaying component is the Mazur
inequality (and Mazur-Suzuki refinements) [55, 56]. If {Q̂n} is any set of (quasi-
)local conserved operators with nonzero overlap with Ĵz, then the long-time averaged
autocorrelator obeys

C↔ ⇐
∑

n

↑ĴzQ̂n↓2

↑Q̂2
n
↓

, (1.11)

where C↔ denotes the appropriate infinite-time average (also known as continuous-
time Cesàro mean for Hamiltonians, or the period-averaged stroboscopic mean
for Floquet dynamics). Thus, conserved quantities (including those enforced by
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integrability or by circuit structure) can force a strictly ballistic contribution. What
Mazur does not determine is the behaviour of φreg(ε), where di!usion and anomalous
transport live. At finite size, boundary conditions a!ect how the ballistic weight
appears: with periodic boundary condition (PBC) it is naturally tied to the ε = 0
component, while with open boundary condition (OBC) it is typically redistributed
into peaks at ε ↗ 1/N so the robust diagnostic is the integrated low-frequency weight
(see Sec. 2.3).

A further subtlety is that in isolated quantum many-body systems the microscopic
dynamics is strictly unitary and the global pure state remains pure, yet local observables
can relax and exhibit transport behaviour consistent with hydrodynamics [46, 57,
58]. It is therefore useful to distinguish equilibration from thermalisation in the ETH
sense [46, 59].

Equilibra-
tion and

Ch. 4
Equilibration means that expectation values of local observables (equivalently, reduced
density matrices of small subsystems) become approximately time-independent for
most late times, approaching the values predicted by the diagonal ensemble associated
with the initial state [57]. This is a dephasing phenomenon: writing |⇀(0)↓ = ∑

i ci |Ei↓,
unitary evolution retains the phases e↗iEit, but for generic spectra the o!-diagonal
contributions to local observables dephase at late times, leaving a steady value
controlled by |ci|2 rather than by the microscopic phases [46, 57]. One may view this
as the initial coherence between energy shells becoming inaccessible to local probes as
it is redistributed into increasingly nonlocal correlations, even though the full state
remains pure [46, 57]. This is connected with the concept of quantum typicality that
we will employ later [60]. The subsystem notion of equilibration above is also the
one relevant for the Mpemba e!ects discussed in Ch. 4, where one compares rates of
approach towards a specified reference manifold for the reduced state, rather than
invoking equilibration of a globally isolated pure state.

Thermali-
sationThermalisation is the stronger statement that these equilibrated late-time local values

coincide with those of an equilibrium ensemble fixed only by the relevant conserved
quantities (for Hamiltonian dynamics: typically energy and global charges; for Floquet
dynamics: typically only global charges) [46, 59]. In generic non-integrable systems
this is explained by the ETH: diagonal matrix elements of few-body observables
are smooth functions of energy and o!-diagonal elements are exponentially small in
system size, so that the diagonal ensemble becomes locally indistinguishable from
the microcanonical (or Gibbs) ensemble at the corresponding energy density [46, 59].
Recent progress has also established rigorous conditions under which thermalisation
must occur in translation-invariant qubit systems at high e!ective temperature
(assuming the absence of perfect spectral resonances): typical low-complexity pure
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states drawn from high-entropy ensembles become locally indistinguishable from a
Gibbs state under unitary time evolution [61].

Ergodicity
This distinction is based on the classical idea of ergodicity: for a measure-preserving
flow !t on phase space ergodicity denotes that the infinite-time average of an observ-
able is equal to its phase-space (ensemble) average for nearly all initial conditions.
This is exact for an integrable phase function f according to Birkho!’s ergodic
theorem.

lim
T ↓↔

1
T

∫
T

0
f(!t(x)) dt = ↑f↓ for almost every x , (1.12)

where the invariant-measure average is indicated by ↑f↓. Ergodicity breaking refers
to strong violations of this behaviour while ergodic is used in an analogous sense in
the many-body quantum literature to denote systems where typical highly excited
eigenstates satisfy ETH and local observables thermalise (e.g. due to many-body
localisation (MBL) [46, 58] or integrability). Recent work has promoted a com-
plementary notion of Hilbert-space ergodicity for driven and controlled dynamics
analysing both obstacles and design principles in Floquet settings [62] going beyond
this traditional usage (ETH ⇒ thermalisation of local observables). In a similar
vein universal features of measured bitstring distributions have been proposed as
experimentally accessible signatures of Hilbert-space ergodicity which can be used to
diagnose and learn noise in quantum devices [63].

Integrability
A large and well-studied class of non-ergodic models is the class of integrable models.
An integrable many-body system is characterised (in the present context) by the
existence of an extensive family of independent (quasi-)local conserved operators
{Q̂n} that commute with the dynamics generator and with each other,

[Ĥ, Q̂n] = 0, [Q̂n, Q̂m] = 0, (1.13)

(or the Floquet analogue [Û , Q̂n] = 0) , beyond the “trivial” conservation laws (energy,
total U(1) charge, etc.) [43, 46]. These additional constraints obstruct generic ETH
behaviour and lead to relaxation towards a generalised Gibbs ensemble (GGE) that
retains memory of the full set {Q̂n} [46]. At the level of transport, integrability
necessitates an extension of standard hydrodynamics: generalised hydrodynamics
(GHD) provides an e!ective description of large-scale non-equilibrium evolution in
such settings and has been confronted with cold-atom experiments [64–68]. A distinct
mechanism for failure of thermalisation is MBL, where strong disorder stabilises an
extensive set of quasi-local integrals of motion and prevents thermal transport and
ergodicity even without conventional integrability [58]. In particular, an extensive
set of conserved charges makes it natural for the Mazur-Suzuki bound Eq. (1.11) to
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yield a finite lower bound on the Drude weight whenever the spin current has nonzero
overlap with some of these charges [43, 55, 56].

In generic non-integrable systems, by contrast, only a small set of global conservation
laws typically survives, and long-time dynamics is often consistent with thermalisation
and hydrodynamic transport described by a finite di!usion constant [43, 46]. Important
exceptions arise in disordered systems (e.g. MBL), and in periodically driven systems
where heating can qualitatively alter late-time behaviour; throughout this thesis we
therefore keep the conserved U(1) charge as the common reference point for comparing
Hamiltonian and Floquet settings [46, 58].
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Chapter 2
Infinite-time dynamics

A recurring lesson of statistical mechanics is that, in generic thermalising many-body
systems, infinite-time long-wavelength dynamics is hydrodynamic and controlled by
conserved densities. Local stationary properties are fixed by the equilibrium ensemble
constrained by those conservation laws, with transport encoded in a small number of
coe"cients [42, 43, 69]. Already for classical ergodic systems one replaces microscopic
trajectories by time-averaged observables; in quantum mechanics this logic sharpens
because infinite-time limits are controlled by the spectral structure of the generator
of dynamics. Building on the taxonomy of Part I, we now formalise this spectral
(infinite-time) viewpoint.

In continuous time the generator is the Hamiltonian Ĥ; in discrete time, the native
language of gate-based devices and Floquet engineering, it is the one-period unitary
Û . In both settings, infinite-time equilibration and transport can be posed as spectral
questions: which frequencies (energies or eigenphases) occur, how spectral weight is
distributed, and how strongly physically relevant operators couple to the corresponding
spectral components.

The goal of this chapter is to develop that viewpoint in a form adapted to transport and
ergodicity in Hamiltonian and Floquet circuits. We focus on three linked layers. First,
transport: linear response relates transport coe"cients to current-current correlators
(Green-Kubo and the low-frequency structure of SJ(ε)), while real-space spreading
probes the same physics through the evolution of a localised perturbation. In the
numerical sections we primarily use spin-profile broadening to distinguish ballistic,
di!usive, and anomalous regimes, while correlator-based quantities enter naturally
through the spectral objects and Drude-weight diagnostics [42, 43, 50, 70].

Second, ergodicity: eigenvalues (or eigenphases) and eigenvectors provide static chaos
diagnostics, including level correlations (e.g. gap ratios and the spectral form factor
(SFF)) and eigenstate structure (entanglement, participation, and ETH scaling of
matrix elements), separating integrable and localised behaviour from random-matrix-
like regimes [46, 59, 71–73]. Third, operator coupling: we use the DOS g(E) and the
LDOS (operator-resolved spectral density), together with related spectral functions,
to organise how local operators decompose over eigenstates. These objects directly
control overlaps appearing in Mazur-type bounds and relaxation rates, and therefore
mediate between spectral structure and transport [55, 56, 74].
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For Floquet systems the translation is systematic: energies are replaced by eigenphases,
infinite-time averages become phase-projected (diagonal) ensembles of Û , and linear-
response formulas admit stroboscopic analogues in which currents and correlators are
sampled once per driving period.

The chapter is organised in three parts that follow this pipeline: spectral reductions of
infinite-time limits Secs. 2.1 to 2.3, model benchmarks that instantiate the resulting
diagnostics Secs. 2.4 to 2.7, and the numerical and quantum methods used to evaluate
them Sec. 2.9 . Sec. 2.1 rewrites infinite-time averages as spectral projections onto
degenerate eigenspaces (energies or eigenphases). Sec. 2.2 introduces the spectral
densities used throughout (density of states (DOS), local density of states (LDOS),
and operator-resolved spectral functions) and links them to equilibrium averages and
linear response. Sec. 2.3 then specialises to spin transport, defining current correlators,
conductivity, and the Drude weight in both continuous and stroboscopic time. The
benchmark part applies this machinery to (i) a non-integrable XYZ chain Sec. 2.4
and (ii) the brickwork XXZ circuit and its disordered extension Secs. 2.5 and 2.6;
with models fixed, Sec. 2.7 specifies the lattice current operators and uses a single-
impurity setup to contrast ballistic and di!usive channels. Finally, Sec. 2.9 collects
the computational ingredients, including polynomially filtered exact diagonalisation
method (POLFED) Sec. 2.9.1, symmetry-resolved entanglement Sec. 2.9.2, stochastic
trace estimation Sec. 2.9.3, Kernel polynomial method Sec. 2.9.4, quantum moment
estimation Sec. 2.9.5, the Quantinuum H1-1 implementation Sec. 2.9.6, and discrete-
time spectral reconstructions Sec. 2.9.7.

The material in this chapter that originates from this PhD work is associated with three
references. (i) Ref. [1] presents our quantum-classical approach to kernel polynomial
method (KPM) (see Sec. 2.9.5), its application to the XYZ chain to compute the DOS
(see Sec. 2.4), and its implementation on a trapped-ion quantum computer for N = 18
spins (see Sec. 2.9.6); (ii) Ref. [2] covers the discrete-time disordered XXZ circuit and
its transport diagnostics (see Secs. 2.6 and 2.7); and (iii) Ref. [5] (in preparation)
develops a method to reconstruct spectral densities of discrete-time correlators (see
Sec. 2.9.7), derives a generic current operator for arbitrary circuit geometries (see
Sec. 2.7.2), and discusses the spectral features of a discrete-time XXZ circuit with an
integrability-breaking impurity (see Sec. 2.7.3). The latter two references are discussed
further in Ch. 3.

Throughout this chapter we keep the two settings side-by-side using the dictionary

E ⇑ ⇁, ϑ(·) ⇑ ϑ2ε(·),
∫

↔

↗↔

dt eiϑt(·) ⇑
∑

t↘Z
eiϑt(·), ε ≃ [↔↽, ↽), (2.1)

where ϑ2ε(x) = ∑
m↘Z ϑ(x ↔ 2↽m) is the 2↽-periodic delta distribution.
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2.1 Spectral projections

In this section we show that infinite-time averages of observables can be written
explicitly using spectral projectors; accordingly, the most natural language for long-
time behaviour is the spectrum. For a finite isolated system the evolution is unitary and
quasi-periodic, so expectation values need not approach a strict limit. Even so, many
observables admit a stable decomposition into (i) a time-independent contribution
dictated by exact degeneracies, symmetries, and other conserved structures, and (ii)
genuinely time-dependent terms that oscillate and e!ectively cancel through dephasing
when many distinct frequencies are present. Taking an infinite-time average removes the
oscillatory sector and retains precisely the stationary component, reducing an infinite-
time dynamical problem to a projection (block-diagonalisation) in the eigenbasis. Since
our emphasis is on Floquet circuits, we present this construction first for discrete-time
evolution generated by a unitary step operator and then state the continuous-time
Hamiltonian counterpart.

Infinite-time averages are controlled by spectral projectors. For continuous-time
Hamiltonian dynamics the phases are e↗iEt with t ≃ R, while for Floquet dynamics
they are e↗iϖt at stroboscopic times t ≃ Z. The evolution of an initial state |⇀(0)↓ is
given by

Ĥ |Ei↓ = Ei |Ei↓ , |⇀(0)↓ =
∑

i

ci |Ei↓ , ⇒ |⇀(t)↓ =
∑

i

cie
↗iEit |Ei↓ , t ≃ R,

(2.2)

Û |⇁i↓ = e↗iϖi |⇁i↓ , |⇀(0)↓ =
∑

i

ci |⇁i↓ , ⇒ |⇀(t)↓ =
∑

i

cie
↗iϖit |⇁i↓ , t ≃ Z.

(2.3)

For any observable Â this gives, respectively,

↑Â(t)↓ =






∑
i,j c→

i
cj eit(Ei↗Ej) Aij, t ≃ R, Aij = ↑Ei| Â |Ej↓ ,

∑
i,j c→

i
cj eit(ϖi↗ϖj) Aij, t ≃ Z, Aij = ↑⇁i| Â |⇁j↓ .

(2.4)

Define Cesàro time averages by

A = lim
T ↓↔

1
T

∫
T

0
dt ↑Â(t)↓ , A = lim

T ↓↔

1
T

T ↗1∑

t=0
↑Â(t)↓ . (2.5)

In both cases, the average kills all oscillatory terms and retains only the contributions
from degenerate phases: Ei = Ej for Ĥ, and ⇁i = ⇁j modulo 2↽ for Û . Writing the
spectral decompositions Ĥ = ∑

ω EωP̂ω and Û = ∑
ω e↗iϖωP̂ω, one obtains the same
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projector formula

Â =
∑

ω

P̂ωÂP̂ω, A = ↑⇀(0)| Â |⇀(0)↓ . (2.6)

If the spectrum is nondegenerate this reduces to the diagonal ensemble: A = ∑
i |ci|2Aii.

In practice one should resolve exact symmetries before forming P̂ω (e.g. work within
fixed U(1) charge sectors): otherwise independent symmetry sectors generate spurious
degeneracies and therefore spurious stationary contributions. With symmetries resolved,
Eq. (2.6) shows that the infinite-time average is obtained by projecting onto degenerate
eigenspaces, so infinite-time stationary behaviour is determined by the spectrum (and
its exact degeneracies) together with how strongly the observable couples to the
corresponding projectors. This is the basic reason why infinite-time equilibration and
transport can be phrased as spectral problems (see e.g. [57, 69, 75–77]).

In large systems, the i ↘= j terms typically dephase because they add up many oscilla-
tions at Bohr frequencies εij = Ei ↔ Ej (or εij = ⇁i ↔ ⇁j modulo 2↽) whose phases do
not remain aligned. Heuristically, they sample a dense, e!ectively incommensurate set
of frequencies. The main exceptions are (i) exact degeneracies or unresolved symmetry
sectors, which create many εij = 0 contributions, and (ii) singular spectral weight tied
to conserved overlaps. For currents (or operators with conserved components), such
singular weight appears as a Drude contribution: in the thermodynamic limit (and
most cleanly with periodic boundaries) as a ϑ(ε) singularity at ε = 0, while for finite
open chains it is redistributed into low-frequency peaks at ε ↗ 1/N (the finite-size
manifestation of Mazur-protected ballistic weight; see Part I). The remaining regular
low-frequency continuum controls dissipative transport.

A complementary viewpoint is that many dynamical amplitudes are Fourier transforms
of spectral measures. For example, in the Hamiltonian case the return amplitude may
be written as

↑⇀(0)|⇀(t)↓ =






∫
e↗iEt dµ(E), t ≃ R, dµ(E) = ∑

i |ci|2ϑ(E ↔ Ei) dE,
∫

ε

↗ε

e↗itϖ dν(⇁), t ≃ Z, dν(⇁) = ∑
i |ci|2ϑ(⇁ ↔ ⇁i) d⇁.

(2.7)

More generally, operator autocorrelators are Fourier transforms of operator-resolved
spectral densities.

With the projection identities in hand, the remainder of this section assembles the
spectral diagnostics that are used throughout Part I to interpret infinite-time behaviour
in both Hamiltonian and Floquet settings. We begin in Sec. 2.1.1 by characterising
eigenvalue (or eigenphase) distributions and their local correlations, highlighting
unfolding-free measures such as the adjacent gap ratio and stressing that all statistics
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must be computed in fully resolved symmetry sectors. In Sec. 2.1.2 we then summarise
how eigenvectors enter long-time physics via (Floquet) ETH, viewed as a statement
about matrix elements and their frequency dependence, and we indicate how the
resulting low-frequency structure controls relaxation and transport. Complementary
probes of eigenstate structure (participation and entanglement diagnostics, correlations)
are discussed in Sec. 2.1.3. Finally, working directly with spectral densities, the total
DOS, LDOS, and operator-resolved spectral functions defined in Sec. 2.2, which provide
the practical inputs for the transport diagnostics introduced in Part I and specialised
to currents in Sec. 2.3.

2.1.1 Eigenvalue distribution

The distribution of eigenvalues (or eigenphases) and their short-range correlations fixes
the finite-size time and energy scales that govern dephasing, revivals, and slow beats.
After resolving all exact symmetries, one typically encounters two canonical cases:
Wigner-Dyson statistics, characteristic of ergodic spectra with level repulsion, and
Poisson statistics, characteristic of integrable or localised spectra. In the Poisson case,
small gaps occur with appreciable probability, so slow beating envelopes can persist
to long times at finite size. By contrast, Wigner-Dyson level repulsion suppresses
anomalously small gaps, which tends to enhance dephasing and shorten the beating
time scales associated with near-degeneracies.

Eigenvalues alone do not determine transport: transport coe"cients are controlled by
how conserved densities and currents overlap with the slow modes. Level statistics
is therefore best viewed as a coarse indicator of ergodicity versus integrability or
localisation, and should be complemented by operator-resolved diagnostics (current
matrix elements and low-frequency spectral functions), which we implement in Sec. 2.2
and specialise to currents in Sec. 2.3.

A standard unfolding-free diagnostic of local level correlations is the adjacent gap
ratio [72]. For an ordered set of levels Ei define spacings ϑEi = Ei+1 ↔ Ei and

ri = min{ϑEi↗1, ϑEi}
max{ϑEi↗1, ϑEi}

. (2.8)

For Floquet eigenphases ⇁i, spacings must be defined on the unit circle. A practical
convention is to choose a cut ⇁0, unwrap phases into (⇁0, ⇁0 + 2↽], sort them, and
compute spacings in that interval (with the wrap-around treated consistently).

In all cases, r must be computed within each exact symmetry block (fixed mag-
netisation, momentum, parity, etc.), otherwise independent blocks create artificial
near-degeneracies and bias ↑r↓ downward. For uncorrelated (Poissonian) spectra one
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finds [72] ↑r↓Poisson = 2 ln 2 ↔ 1 ⇓ 0.386, while for random-matrix statistics one obtains
universal values depending on antiunitary symmetries [78]. In Hamiltonian systems
with time-reversal symmetry (Gaussian orthogonal ensemble (GOE), or circular or-
thogonal ensemble (COE) in the Floquet case), ↑r↓GOE/COE ⇔ 0.5359, while without
time-reversal symmetry (Gaussian unitary ensemble (GUE), or circular unitary en-
semble (CUE) for Floquet unitaries), ↑r↓GUE/CUE ⇔ 0.6027. In the following, we use
↑r↓ as a compact diagnostic for distinguishing ergodic (circular-ensemble-like) and
nonergodic (Poisson-like) regimes of U(1) circuits, and we relate these static signatures
to dynamical transport properties. For Floquet-specific ETH/MBL contexts and
eigenphase statistics, see e.g. [79].

2.1.2 Eigenstate thermalisation and long-time transport

Eigenvectors provide the second pillar of the spectral viewpoint: in ergodic many-body
systems, few-body observables in individual eigenstates look thermal, as captured
by the eigenstate thermalisation hypothesis (ETH) [46, 59, 73, 80, 81]. A common
formulation is the ETH ansatz for matrix elements of a local operator Â in the
Hamiltonian eigenbasis,

Aij = A(Ē) ϑij + e↗s(Ē)/2 fA(Ē, ε) Rij, Ē = Ei + Ej

2 , ε = Ej ↔ Ei, (2.9)

where s(Ē) = log g(Ē) is the microcanonical entropy1, fA is a smooth envelope, and
Rij are zero-mean, unit-variance random variables. We indicate the entropy by the
lowercase s to distinguish it from the spectral functions defined in Sec. 2.2.

The smooth function A(E) is identified with the microcanonical expectation value

A(E) = ↑Â↓mc(E) =
Tr

[
Â P̂E,!

]

Tr
[
P̂E,!

] , P̂E,! =
∑

i:|Ei↗E|≃!
|Ei↓↑Ei| , (2.10)

so Aii ⇓ A(Ei) varies smoothly with energy, while o!-diagonal elements are exponen-
tially small in system size. If the initial state has support in a narrow energy window,
the diagonal ensemble implies A ⇓ A(E), i.e. few-body observables relax to their
equilibrium values for broad classes of initial states [46, 59].

In Floquet systems without energy conservation, the corresponding notion of “thermal”
is typically infinite temperature within the symmetry sector. If Q̂ is a conserved charge

1Where g(E) is the density of states (DOS), see Sec. 2.2.
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with sector projector P̂q, the infinite-temperature expectation in that sector is

A↔(q) =
Tr

[
Â P̂q

]

Tr
[
P̂q

] , (2.11)

and Floquet-ETH asserts that diagonal matrix elements in the eigenbasis of Û concen-
trate near A↔(q), while o!-diagonal elements have a smooth envelope as a function of
the eigenphase di!erence

ε = wrap(↗ε,ε]
(
⇁j ↔ ⇁i

)
. (2.12)

The o!-diagonal structure is not a technical detail: for currents and conserved densities
it governs the decay of correlators and the low-frequency spectral weight entering
Kubo-type formulas, while conservation laws constrain the ε ↖ 0 hydrodynamic
regime.

It is useful to distinguish strong versus weak ETH for the diagonal sector. Fix an
energy window WE,! = {i : Ei ≃ [E ↔ ”, E + ”]} and define ϑA(i) = |Aii ↔ A(Ei)|.
Strong ETH asserts maxi↘WE,! ϑA(i) ↖ 0 as N ↖ ↙ [81, 82], while weak ETH allows
rare outliers but requires their fraction to vanish. Integrable and many-body localised
systems violate ETH in characteristic ways [46, 58, 83], which is why combining
eigenstate probes with operator-resolved spectral functions is diagnostically powerful.

2.1.3 Structure of eigenstates

The structure of eigenstates determines how a local operator or an initial state
decomposes across the spectrum. If a local excitation has appreciable weight on an
extensive set of eigenstates, interference among many incommensurate frequencies
promotes decay and spreading; if it overlaps only a few eigenstates, dynamics remains
constrained and transport is suppressed.

Hilbert-space measures such as inverse participation ratios and participation numbers
quantify how many basis states significantly contribute to a given eigenvector, but
they are basis-dependent; throughout we mean the computational (product) basis
when using such measures. Entanglement-based diagnostics are basis-independent
and in fact closely connected to ETH. For a bipartition into regions A and B with
NA + NB = N , define ϖ̂(i)

A
= TrB[|Ei↓↑Ei|] and the von Neumann entropy; for Hilbert

spaces of size DA = 2NA and DB = 2NB .

s(i)(A) = ↔ Tr[ϖ̂(i)
A

log ϖ̂(i)
A

]. (2.13)

In Floquet circuits the same eigenstate diagnostics apply to eigenstates of Û . In
particular, for a Floquet eigenstate |⇁i↓ we define the half-system von Neumann
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entropy
s(i)(A) = ↔ Tr[ϖ̂(i)

A
ln(ϖ̂(i)

A
)], (2.14)

where ϖ̂(i)
A

= TrB[|⇁i↓↑⇁i|] is the reduced density matrix for subsystem A. Averaging si

over eigenstates in a fixed magnetisation sector yields the mean eigenstate entanglement
entropy ↑s↓. In ergodic phases satisfying ETH, highly excited eigenstates exhibit a
volume law,

s(i)(A) ⇓ s(ei) NA, (2.15)

and approach the random-state benchmark appropriate to the Hilbert-space dimension
under the imposed symmetries. In fixed magnetisation sectors, the relevant bench-
mark is the symmetry-resolved Page value, obtained by replacing DA, DB by the
corresponding sector dimensions.

In the absence of symmetry constraints a random pure state on HA ∝ HB with
dimensions DA ′ DB has (unconstrained) Page value [84]

s(full)
Page ⇓ log DA ↔ DA

2DB

, (2.16)

which for an equal bipartition (DA = DB = 2N/2) yields s(full)
Page ⇓ N

2 log 2 ↔ 1
2 . Instead,

when numerics are performed in a fixed total magnetisation sector M (as in Sec. 2.6),
the natural random-state benchmark is the Page value restricted to that charge sector.
The exact finite-size expression has been derived in Ref. [85]; here NA is the subsystem
size with NA+NB = N , and MA is the magnetisation in A,

s(M)
Page = DA,MADB,MB

DM

(∑

MA

s̄MA ↔
∑

MA

(
#(DA,MA + 1) ↔ #(DM + 1)

))
, (2.17)

with # the digamma function, with DA,MA = dim HA,MA and DM = ∑
MA

DA,MADB,MB ,
and where s̄MA is the ordinary Page entropy from Eq. (2.16). When assessing Page-like
saturation in the ergodic regime we therefore normalise the mean eigenstate entropies
by this fixed-magnetisation Page value, ↑s↓/sPage. In many-body localised phases,
eigenstates violate ETH and exhibit an area law (up to known logarithmic corrections
in some settings), s(i)(A) = O(1), independent of NA in the thermodynamic limit.

A related correlation diagnostic is the quantum mutual information between disjoint
regions A and B,

I(A : B) = s(ϖ̂A) + s(ϖ̂B) ↔ s(ϖ̂AB), (2.18)

where ϖ̂A, ϖ̂B, ϖ̂AB are reduced density matrices of the eigenstate under consideration.
In ergodic phases, I(A : B) decays rapidly with separation, while in MBL phases it
reveals residual correlations mediated by quasi-local integrals of motion.
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2.2 Spectral densities

Infinite-time limits are controlled by spectral projections (Sec. 2.1): time averaging
removes oscillatory components and retains only the stationary contributions selected
by degeneracies and symmetries. For transport, one must additionally resolve how
much spectral weight a given state or operator places on di!erent frequencies, especially
near ε ⇔ 0.

We therefore work with spectral densities: the global density of states (DOS) g, its
state- and operator-resolved counterparts gϱ and gA (often grouped under LDOS), the
linear density hA relevant for one-point averages, and dynamical (two-point) spectral
densities SA(ε) obtained as Fourier transforms of equilibrium autocorrelators ↑Â(t)Â†↓.
These dynamical spectral densities are the natural inputs for linear-response transport
and the Drude-weight diagnostics developed below. At finite size these are sums of
ϑ-peaks; we treat them as distributional densities with respect to dE (Hamiltonian) or
d⇁ on the unit circle (Floquet), using g as generic notation for the positive densities
{g, gϱ, gA}.

Computationally, full exact diagonalisation (ED) is quickly out of reach (O(D3) time
and O(D2) memory with D = 2N ). For most long-time and transport questions this is
unnecessary: the relevant information enters through these weighted spectral densities,
which can be reconstructed from moments (Chebyshev/KPM for Hamiltonians and
Fourier moments for Floquet unitaries; see Sec. 2.9.4).

Let Ĥ |Ei↓ = Ei |Ei↓ on a Hilbert space of size D (for N spins, D = 2N). The density
of states (DOS) is the normalised spectral measure

g(E) = 1
D

∑

i

ϑ(E ↔ Ei) = 1
D

Tr
[
ϑ(E ↔ Ĥ)

]
,

∫
dE g(E) = 1. (2.19)

The Floquet analogue replaces energies by eigenphases. Writing Û |⇁i↓ = e↗iϖi |⇁i↓,
⇁i ≃ [↔↽, ↽), the eigenphase DOS is

g(⇁) = 1
D

∑

i

ϑ2ε(⇁ ↔ ⇁i),
∫

ε

↗ε

d⇁ g(⇁) = 1. (2.20)

Both objects quantify how densely the spectrum fills its natural domain (line vs circle),
but they contain no information about how spectral weight is distributed across states
or operators.

Spatial or state selectivity is introduced by the local density of states (LDOS). In the
many-body literature, two related objects are both commonly called LDOS [46]. First,
the state-resolved spectral density (energy-resolved weight of a chosen initial state |⇀↓)



24 2 Infinite-time dynamics

is
gϱ(E) =

∑

i

| ↑Ei|⇀↓ |2 ϑ(E ↔ Ei) = ↑⇀| ϑ(E ↔ Ĥ) |⇀↓ . (2.21)

The Floquet analogue is the eigenphase spectral density of |⇀↓,

gϱ(⇁) =
∑

i

| ↑⇁i|⇀↓ |2 ϑ2ε(⇁ ↔ ⇁i). (2.22)

Second, an operator-resolved spectral density weights the spectrum by a chosen
operator Â,

gA(E) = 1
Tr[Â†Â]

Tr
[
Â† ϑ(E ↔ Ĥ) Â

]
, gA(⇁) = 1

Tr[Â†Â]
Tr
[
Â† ϑ2ε(⇁ ↔ ⇁̂) Â

]
,

(2.23)
where ⇁̂ = ∑

i ⇁i |⇁i↓↑⇁i| denotes the spectral phase operator on the chosen principal
branch. In the energy basis, gA(E) weights each shell by the total matrix-element weight
∑

j |Aij|2 and is therefore the natural input for quadratic diagnostics (autocorrelators,
spectral functions, transport kernels).

For one-point equilibrium averages of Â itself, one instead needs the linear (diagonal)
spectral density

hA(E) = 1
D

Tr
[
Â ϑ(E ↔ Ĥ)

]
= 1

D

∑

i

Aii ϑ(E ↔ Ei), (D = 2N), (2.24)

and, in Floquet systems,

hA(⇁) = 1
D

Tr
[
Â ϑ2ε(⇁ ↔ ⇁̂)

]
= 1

D

∑

i

Aii ϑ2ε(⇁ ↔ ⇁i). (2.25)

Unlike gA, the functions hA are not positive and satisfy
∫

dE hA(E) = D↗1 Tr[Â]
(typically zero for local traceless probes), but they are precisely the objects whose
Laplace transform yields Tr[Âe↗ςĤ ]. We compute the DOS and this quantity for an
XYZ model (both continuous and discrete time) in Sec. 2.4.

More general spectral functions arise from two-point correlators. For continuous time,
starting from the autocorrelator of Â,

CA(t) = CAA†(t) =
〈
Â(t)Â†

〉
= Tr

[
ϖ̂ Â(t) Â†

]
, Â(t) = eiĤtÂe↗iĤt, (2.26)

its Fourier transform defines the corresponding spectral density. Evaluating the trace
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in the energy (or eigenphase) eigenbasis yields the standard Lehmann representation,

SA(ε) = SAA†(ε) = 1
2↽






∫
↔

↗↔

dt eiϑt CA(t) =
∑

i,j

pi

∣∣↑Ej| Â |Ei↓
∣∣2

→ ϑ
(
ε ↔ (Ej ↔ Ei)

)
, ε ≃ R,

∑

t↘Z
eiϑt CA(t) =

∑

i,j

pi

∣∣↑⇁j| Â |⇁i↓
∣∣2

→ ϑ2ε

(
ε ↔ (⇁j ↔ ⇁i)

)
, ε ≃ [↔↽, ↽),

(2.27)

respectively for Hamiltonian and Floquet dynamics, where ϖ̂ = ∑
i pi |Ei↓↑Ei| (or

ϖ̂ = ∑
i pi |⇁i↓↑⇁i| in the Floquet case). In both settings, choosing Â to be a density

or current yields dynamical structure factors and current spectral densities (see the
following Sec. 2.3 for the latter).

For a Gibbs state ϖ̂ = ϖ̂ς ∞ e↗ςĤ , the KMS condition implies detailed balance,

SA(↔ε) = e↗ςϑ SA†(ε). (2.28)

In particular, if Â = Â† then SA(↔ε) = e↗ςϑSA(ε). In linear response one instead uses
the retarded correlator ↼R

J
(t) = ↔i$(t)↑[Ĵ(t), Ĵ(0)]↓; its imaginary part is related to

SJ by the fluctuation-dissipation theorem (with the Fourier conventions fixed above).
We state explicitly, in each later use, whether we work with SJ (spectral density of
the current correlator) or with ↼R

J
(retarded response); the long-time Drude channel

extracted below can be expressed in either language.

2.3 Currents and Drude weight

With the framework of Secs. 2.1 and 2.2 in hand, we turn to transport. Transport
is obtained by specialising the spectral functions of Sec. 2.2 to a conserved quantity
and its associated current, so that ballistic channels (Drude weight) and long-time
tails can be read directly from the infinite-time behaviour of current autocorrelators
and their zero-frequency structure. In Hamiltonian chains and in U(1)-symmetric
Floquet circuits the common conserved charge is the magnetisation Ŝz = ∑

n ŝz

n
; as

mentioned already we focus solely on spin transport. For a concrete illustration of why
spectral-chaos diagnostics and long-time transport can decouple at finite size, see the
single-impurity benchmark in Sec. 2.7.

Conservation of magnetisation fixes the notion of current through a lattice continuity
equation. Let ŝz

n
(t) denote the Heisenberg-evolved local charge density, either under
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Ĥ or under Û . For Hamiltonian dynamics one has

d
dt

ŝz

n
(t) = i[Ĥ, ŝz

n
(t)] = ĵz

n↗1(t) ↔ ĵz

n
(t), (2.29)

where ĵz

n
is a local current. For Floquet dynamics, charge conservation is stroboscopic

and the continuity equation reads

”
”t

ŝz

n
(t) = Û †ŝz

n
(t)Û ↔ ŝz

n
(t) = ĵz

n↗1(t) ↔ ĵz

n
(t), (2.30)

which yields a natural per-cycle current compatible with the circuit architecture. In
both settings the total current is Ĵz = ∑

n ĵz

n
.

We diagnose transport via the equilibrium autocorrelator

CJ(t) = 1
N

〈
Ĵz(t) Ĵz(0)

〉
, (2.31)

and its frequency-domain spectral density SJ(ε). For Hamiltonian dynamics one uses a
Fourier transform on R, while for Floquet dynamics one uses the discrete-time Fourier
transform on the Brillouin zone ε ≃ [↔↽, ↽):

SJ(ε) = 1
2↽






∫
↔

↗↔

dt eiϑt CJ(t), Hamiltonian (continuous time),
∑

t↘Z
eiϑt CJ(t), Floquet (stroboscopic time).

(2.32)

Both are special cases of the Lehmann representations introduced earlier, with Â = Ĵz.

At finite temperature, linear response defines the (spin) conductivity φ(ε) from the
retarded current correlator [43, 50, 70],

↼R

J
(t) = ↔ i

N
θ(t)

〈
[Ĵz(t), Ĵz(0)]

〉
, φ(ε) = 1

iε
↼R

J
(ε), (2.33)

with ↼R

J
(ε) =

∫
↔

↗↔
dt eiϑt↼R

J
(t) for Hamiltonians, and ↼R

J
(ε) = ∑

t↘Z eiϑt↼R

J
(t) for

Floquet stroboscopic time. For a Gibbs state ϖ̂ς ∞ e↗ςĤ , the Kubo-Martin-Schwinger
(KMS) condition yields the fluctuation-dissipation relation

Re φreg(ε) = ↽

ε

(
1 ↔ e↗ςϑ

)
SJ(ε), (ε ↘= 0), (2.34)

so φreg(ε) is the absolutely continuous part of Re φ(ε) away from ε = 0.

The infinite-time (ballistic) channel is the non-decaying component of CJ(t). A
convenient finite-size diagnostic is the Cesàro average of Eq. (2.5) specialised to
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currents:

C↔ = lim
T ↓↔

1
T






∫
T

0
dt CJ(t), Hamiltonian,

T ↗1∑

t=0
CJ(t), Floquet.

(2.35)

In frequency space this corresponds to a zero-frequency singular contribution [43, 59].
In the Hamiltonian case one writes

Re φ(ε) = 2↽D ϑ(ε) + φreg(ε), D = ▷

2 C↔, (2.36)

where the second equality follows from Eq. (2.34) and the fact that C↔ produces a
ϑ(ε) component in SJ(ε). For Floquet circuits the analogue is a ϑ2ε(ε) contribution
at ε = 0, reflecting the 2↽-periodicity of the stroboscopic spectrum; the finite-▷ form
Eq. (2.34) applies when the stationary state is Gibbs with respect to a (prethermal)
e!ective Hamiltonian, while in generic driven settings we use SJ(ε) and C↔ directly
as the primary diagnostics.

This finite-size phenomenology is precisely the content of Eq. (2.36). In the thermody-
namic limit, ballistic transport corresponds to a nonzero Drude weight D, i.e. to a ϑ(ε)
contribution in Re φ(ε). At finite N (especially for open boundaries) the ϑ(ε) term is
not seen as an exact singularity; rather, its weight is distributed among low-frequency
peaks whose characteristic positions scale as ε ↗ 1/N (as expected from Mazur-type
bounds) and therefore accumulate towards ε ↖ 0 only as N ↖ ↙. Consequently, the
robust quantity to track is the integrated low-frequency weight, the finite-N proxy
for 2↽D in Eq. (2.36), not the peak height or width. The physical mechanism behind
C↔ > 0 is the existence of nontrivial conserved or quasi-conserved operators over-
lapping with the current. In an eigenbasis the same mechanism is transparent. For
Hamiltonians, only matrix elements of Ĵz within degenerate energy subspaces survive
the T ↖ ↙ averaging. For Floquet circuits, the surviving contributions come from
degenerate eigenphases modulo 2↽. Thus C↔ ↘= 0 signals a nonzero overlap of Ĵz

with conserved (or quasi-conserved) operators, preventing complete decay of current
correlations. We return to this point in Sec. 2.7.

2.4 Spectral densities of a XYZ chain

We now apply the spectral densities of Sec. 2.2 to a concrete many-body model, chosen
to be generic (non-integrable) while remaining simple enough to serve as a numerical
benchmark. The objective of this section is methodological. We demonstrate, side-by-
side for Hamiltonian and Floquet dynamics, how to reconstruct global and operator-
resolved spectral data, and how to use these reconstructions as inputs to infinite-
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Figure 2.1: Density of states of the non-integrable XYZ chain Eq. (2.37), computed by
ED (histogram) and by a moment-based reconstruction (yellow line), together with the
proof-of-principle quantum KPM estimates discussed in Sec. 2.9.6 (blue line), for N = 12 (a)
and N = 18 (b).

time diagnostics and equilibrium averages. In addition to classical reconstructions,
we will also use this same model as a proof-of-principle benchmark for a quantum
implementation of moment estimation on Quantinuum’s H1-1 device of Ref. [1]; the
corresponding hardware data are discussed in Sec. 2.9.6 and included in the DOS
comparisons below.

2.4.1 Continuous time

We consider a spin-1
2 XYZ Heisenberg chain with a staggered longitudinal interaction,

Ĥ =
N∑

n=1
Jx ŝx

n
ŝx

n+1 + Jy ŝy

n
ŝy

n+1 +
(
Jz + (↔1)n%

)
ŝz

n
ŝz

n+1, (2.37)

with PBC and parameters Jx = 1, Jy = 1/3, Jz = % = 1/2. The bond-alternating
zz coupling breaks the integrable structure of the uniform XYZ chain and yields
generic spectral properties (beyond the exact symmetries discussed in Sec. 2.1), as
explored for related staggered models in Ref. [86]. We compute the DOS g(E) as
defined in Eq. (2.19), and compare a direct histogram from ED with moment-based
reconstructions in Fig. 2.1 for N = 12 and N = 18. The yellow curves show the
classical KPM results, while the blue curves correspond to data obtained from the
quantum device. The point is not the specific reconstruction algorithm, but the
representation: for long-time questions it is often su"cient to reconstruct spectral
densities without resolving individual eigenpairs.

For Hamiltonians that are sums of many bounded, finite-range terms, the global DOS
typically develops a smooth, approximately Gaussian envelope at large N [87]. In
practice, low-order moments already fix the bulk envelope, while increasingly high
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Figure 2.2: (a) DOS reconstruction and (b) an operator-resolved spectral density for
Â = ŝz

1ŝz
2, comparing ED with moment-based reconstructions, system size N = 12. (c)

Canonical average ↑ŝz
1ŝz

2↓ς obtained from the spectral densities via Eq. (2.38).

orders are mainly required to sharpen fine spectral features.

This dichotomy is also visible in the quantum experiment: on H1-1, we can reliably
resolve only a finite band of low-order Chebyshev moments, and the smallest moments
beyond a device-dependent cuto! are statistically indistinguishable from zero at fixed
shot budget. Nevertheless, for N = 12 we find that moments up to m ′ 7 already
su"ce to reconstruct the bulk DOS at the resolution used in Fig. 2.1, while for N = 18
the accessible range extends to approximately m ′ 11 on the emulator and only
partially on hardware (details in Sec. 2.9.6). This is precisely the regime in which
moment methods are useful: one trades spectral fine structure for robustness and
scalability.

As discussed in Sec. 2.2, to resolve the spectrum with respect to a chosen observable,
one can use operator-resolved spectral densities like gA(E) of Eq. (2.23) and hA(E) of
Eq. (2.24). Canonical averages can be written purely as energy integrals,

↑Â↓ς = Tr[Âe↗ςĤ ]
Tr[e↗ςĤ ]

=
∫

dE e↗ςE hA(E)
∫

dE e↗ςE g(E) , (2.38)

with g(E) and hA(E) as in Eqs. (2.19) and (2.24), respectively. In Fig. 2.2 we show
a representative reconstruction for N = 12 with Â = ŝz

1ŝz

2, including the resulting
canonical average obtained from Eq. (2.38); technical implementation details are
deferred to the methods chapters.

2.4.2 Discrete time

A discrete-time analogue of the staggered XYZ chain is obtained by exponentiating
each bond term of Eq. (2.37) into a two-site gate ûn,n+1(◁) = e↗iφ ĥn,n+1 and assembling
a two-layer brickwork step,

Û(◁) =
∏

n odd
ûn,n+1(◁)

∏

n even
ûn,n+1(◁), (2.39)
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Figure 2.3: (a) Eigenphase DOS g(ω) of the staggered XYZ brickwork Floquet circuit
Eq. (2.39). Bars: ED histogram of Floquet eigenphases {ωi}. Line: Fourier reconstruction
from trace moments sm = Tr[Ûm]/D, damped by a circular heat kernel and truncated
at order M . (b) Eigenphase-resolved finite-temperature spectral density S̃(ς)

A
(ω) on the

unit circle for a representative local two-site observable Â (here chosen as a non-diagonal
bond operator). Bars: ED estimate. Line: heat-kernel filtered Fourier reconstruction from
thermal autocorrelator moments s(ς)

A,m
, estimated by thermal typicality with R random probes

(parameters in Sec. 2.9.7).

with PBC. The spectrum of Û consists of eigenphases ⇁i ≃ [↔↽, ↽) defined by Û |⇁i↓ =
e↗iϖi |⇁i↓, and the corresponding global eigenphase DOS is the normalised counting
measure on these points. In Fig. 2.3(a) we compare the ED histogram of {⇁i} to a
moment reconstruction obtained from the normalised traces sm = Tr[Ûm]/D (with
D = 2N): truncating the Fourier series at order M produces Gibbs-type ringing
on the circle, which we suppress by multiplying each harmonic by a heat-kernel
factor 0m = exp[↔(mφ)2/2]. The parameters (M, φ) therefore set an e!ective angular
resolution, trading fine structure for a stable, smooth spectral density.

For the reconstruction parameters (cuto! M , heat-kernel width φ, grids and histogram
binning) used in Fig. 2.3, see Sec. 2.9.7.

Panel (b) of Fig. 2.3 illustrates an operator-resolved spectral object that is specific to
discrete time: the eigenphase-di!erence density governing a Floquet autocorrelation
function. For the observable Â = φ̂x

1 φ̂y

2 ↔ φ̂y

1 φ̂x

2 and inverse temperature ▷ (defined with
respect to the reference Hamiltonian Ĥ of Eq. (2.37)), we form the thermal Floquet
moments

s(ς)
A,m

=
Tr
î
e↗ςĤ Û↗mÂÛmÂ

ó

Tr
î
e↗ςĤ

ó , m ≃ Z, (2.40)

and reconstruct their (heat-kernel smoothed) Fourier transform on the unit circle,

S(ς)
A

(⇁) ⇓ 1
2↽

ñ
s(ς)

A,0 + 2
M∑

m=1
0m Re

(
s(ς)

A,m
eimϖ

)ô
, S̃(ς)

A
(⇁) = S(ς)

A
(⇁)

s(ς)
A,0

. (2.41)

This object is a (heat-kernel smoothed) dynamical spectral density on the unit circle: it is
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defined so that its Fourier coe"cients reproduce the thermal stroboscopic autocorrelator
moments,

s(ς)
A,m

= ↑Â(m)Â↓ς =
∫

ε

↗ε

d⇁ S(ς)
A

(⇁) e↗imϖ, m ≃ Z. (2.42)

The normalised density S̃(ς)
A

(⇁) integrates to unity and resolves how strongly Â couples
to phase di!erences ⇁ω ↔ ⇁ς between Floquet eigenstates, with matrix-element weights
and thermal weighting implicit in Eq. (2.40). At the system sizes of Fig. 2.3, these
moments can be computed exactly by ED; more generally they can be estimated
without diagonalisation by thermal typicality, which is the route used for the smooth
curve in Fig. 2.3(b). Together, panels (a) and (b) exemplify the two complementary
roles of spectral densities in discrete time: a global eigenphase density (the eigenphase
DOS) set by Tr[Ûm], and an observable-resolved spectral measure built from thermal
Floquet correlators.

The reconstruction scheme used in Sec. 2.9.7 makes explicit a step that is often left
implicit in Floquet spectral analysis: regularisation. To our knowledge, this moment-
based formulation for eigenphase-resolved spectra has not been stated in this form
in the existing literature, so we summarise the underlying idea and its relation to
standard practice.

In experiments and numerics, eigenphase-resolved spectra are commonly obtained
from a finite stroboscopic time series by a discrete Fourier transform, sometimes with
a window to reduce leakage and ringing (e.g. the cosine window in Ref. [88], and
related reconstructions in Refs. [89, 90]). In that approach, smoothing is encoded in the
truncation/window: the output is the true 2↽-periodic spectral density convolved with a
finite-time kernel (Dirichlet for hard truncation, or a window-dependent modification).

Here we instead treat the stroboscopic correlators as Fourier moments s(ς)
A,m

of a
2↽-periodic spectral measure and reconstruct S(ς)

A
(⇁) from a damped Fourier series,

S(ς)
A

(⇁) ⇓
M∑

m=↗M

0|m| s(ς)
A,m

e↗imϖ, (2.43)

with a prescribed damping profile 0m. This makes the estimator well-defined at finite
M and separates modelling choices (the kernel) from the data (the moments). Choosing
0m = exp[↔(mφ)2/2] corresponds to convolution with the circular heat kernel on S1.
The single parameter φ then sets the eigenphase resolution and suppresses high-m
components, which is essential when the moments are noisy (for instance when s(ς)

A,m

are obtained stochastically via dynamical typicality; Sec. 2.9.3). Conceptually, this is
the unit-circle analogue of kernel damping in Chebyshev KPM: the kernel is part of the
estimator and controls the bias-variance tradeo!, while respecting the 2↽ periodicity
of Floquet spectra.
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Related ideas appear in the Floquet-heating literature, where one introduces an explicit
broadening to define a smooth eigenphase spectral function. For example, Ref. [91]
defines S(ε) from damped discrete Fourier transforms of stroboscopic connected
correlators, using exponential (Lorentzian) or Gaussian (Jacobi-theta) filters. The
emphasis here is di!erent: we frame eigenphase reconstruction as a moment expansion
on the circle and use the heat kernel as a natural default, giving a translation-invariant
smoothing of the periodic ϑ2ε peaks and interfacing directly with moment-estimation
primitives for circuit dynamics.

2.5 Integrable discrete-time XXZ chain
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Figure 2.4: Phase diagram of the inte-
grable discrete-time (brickwork) XXZ cir-
cuit. The line J = ε is dual-unitary (and,
within the present U(1)-symmetric gate
family, reduces to a generalised SWAP).
The diagonal J = Jz is the isotropic
(XXX) point. In the easy-plane region
J > Jz spin transport is ballistic (nonzero
Drude weight), while in the easy-axis re-
gion J < Jz it is normal di!usive at half
filling; at J = Jz spin dynamics is superdif-
fusive with Kardar-Parisi-Zhang (KPZ)
scaling.

As a proof of principle in Sec. 2.4 we adopted
a non-integrable staggered XYZ chain, chosen
precisely to break integrability. A simpler and
paradigmatic benchmark is the clean XXZ
spin-1

2 chain, which conserves U(1) charge and
is integrable by Bethe ansatz. In Hamiltonian
form,

ĤXXZ =
N∑

n=1
ĥn,n+1, Ŝz =

N∑

n=1
ŝz

n
, (2.44)

with PBC and where [ĤXXZ, Ŝz] = 0. We
parameterise the local interaction as

ĥn,n+1 =J

2

(
ŝ+

n
ŝ↗

n+1 + ŝ↗

n
ŝ+

n+1

)
+ Jz ŝz

n
ŝz

n+1

=J
(
ŝx

n
ŝx

n+1 + ŝy

n
ŝy

n+1
)

+ Jz ŝz

n
ŝz

n+1.(2.45)

This choice matches the J-convention used
later in the disordered circuit (Eq. (2.55) at
ωn = hn = h↑

n
= 0), and makes the J = ↽

point coincide with the SWAP-type (dual-
unitary) limit discussed in Sec. 2.6.1.

A generic brickwork discretisation is obtained by a Suzuki-Trotter (ST) step:

Û = e↗iĤodd e↗iĤeven

=
∏

n odd
e↗iĥn,n+1

∏

n even
e↗iĥn,n+1 .

(2.46)

For small step size this approximates the continuous-time XXZ dynamics, but at finite
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step size it is, in general, not guaranteed to inherit algebraic integrability.

The integrable Floquet XXZ circuit is instead defined by choosing the two-site gate
to be (the braid form of) the six-vertex R-matrix, which satisfies the Yang-Baxter
equation. A standard unitary parametrisation is

û(1, 2) =





1 0 0 0

0 a(1, 2) b(1, 2) 0

0 b(1, 2) a(1, 2) 0

0 0 0 1





. (2.47)

with
a(1, 2) = sin 1

sin(1 + i2) , b(1, 2) = sin(i2)
sin(1 + i2) . (2.48)

The Floquet propagator is then the brickwork product of these R-matrix gates,
ÛXXZ = ∏

odd û
∏

even û, and inherits an extensive family of local and quasi-local
conserved charges generated by commuting transfer matrices. We make this transfer-
matrix construction explicit and use the first non-trivial local charge as a probe of
impurity-induced prethermal decay in Sec. 3.7. In the small-step limit (1 ↖ 0 with
2 fixed) the corresponding stroboscopic generator reduces to the Hamiltonian XXZ
density Eq. (2.45), whereas for finite 1 one obtains a genuinely discrete-time integrable
dynamics.

In the easy-axis regime (J < Jz) and at half filling, the spin Drude weight vanishes and
spin transport is normal di!usive at finite temperature, while in the easy-plane regime
(J > Jz) quasi-local charges lead to a finite Drude weight and ballistic transport. The
isotropic point J = Jz is dynamically special: despite integrability, spin spreading is
superdi!usive with KPZ scaling, as experimentally shown on a quantum computer in
Ref. [92]. These regimes, well known in the Hamiltonian chain, persist in the integrable
circuit setting, while finite step size can also generate Floquet-specific crossovers and
sharp dynamical features absent in continuous time.

Because the dynamics proceeds in two substeps (odd then even bonds), charge con-
servation naturally yields two staggered continuity relations: one for even sites and
one for odd sites, involving distinct local current operators. In particular, the “odd”
current is generically a four-site operator (reflecting the two-layer update), and only
reduces to the familiar two-site Hamiltonian current in the continuous-time limit. This
even/odd structure is a useful book-keeping device when defining transport diagnostics
in discrete time, and we return to it in Ch. 3.

Recently [93], it has been shown that circuits composed of copies of the same U(1)-
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invariant two-qubit gate are integrable. We examine in more detail the structure of
the conserved quantities that make such a family of circuits integrable in Sec. 3.7.1,
and we will use these charges as a benchmark for the prethermal decay analysis of
Sec. 3.7.

2.5.1 Dual-unitary circuits

Along the line J = ↽ the local gates of the U(1)-symmetric XXZ family acquire dual
unitary (DU). In this limit the two-site gate simplifies to a SWAP-type permutation
(up to phases within each Ŝz sector). Setting ω = h = h↑ = 0 for clarity, one finds in
the computational basis

û(J = ↽) =





e↗iJz/4 0 0 0

0 0 ↔i e+iJz/4 0

0 ↔i e+iJz/4 0 0

0 0 0 e↗iJz/4





. (2.49)

so that spin excitations propagate ballistically by successive (phase-dressed) swaps.
This “SWAP point” has no continuous-time local analogue and plays a central role in
the disordered model of Sec. 2.6.

More generally, a two-qubit gate û is dual-unitary if it is unitary both as a time-
evolution map and as a space-evolution map. Writing

û =
1∑

i,j,k,l=0
ukl

ij
|kl↓↑ij| , ukl

ij
= ↑kl| û |ij↓ , (2.50)

ordinary unitarity is
∑

k,l

ukl

ij

(
ukl

i→j→
)→ = ϑi,i→ϑj,j→ , (2.51)

while the dual gate ˆ̃u is defined by reshu%ing indices, ũjl

ik
= ukl

ij
, and dual unitarity

requires ˆ̃u to be unitary as well:

∑

j,l

ukl

ij

(
uk

→
l

i→j

)→ = ϑi,i→ϑk,k→ . (2.52)

Dual-unitary circuits form a broad class of exactly tractable Floquet many-body
dynamics: the space-time transfer matrices are unitary, and many spatio-temporal
correlation functions reduce to finite-dimensional transfer-matrix problems. In the
absence of additional conservation laws, this implies particularly sharp light-cone
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structures for correlations and entanglement growth. In the present U(1)-symmetric
XXZ setting, however, dual unitarity coexists with charge conservation, and the
resulting dynamics retains nontrivial transport structure; the SWAP-type simplification
Eq. (2.49) provides an analytically controlled benchmark for the more general (non-dual
and disordered) regimes explored later in the thesis.

2.6 Discrete-time disordered XXZ chain
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Figure 2.5: Schematics of
model phases, dynamics, and a
typical circuit realisation. (a)
Parameter-space overview of
the generic U(1)-symmetric cir-
cuit: along the three solid
borders the model is exactly
solvable, while the dashed cut
at Jz = ε traverses four dis-
tinct dynamical regimes that
we use as a one-parameter
slice through the phase dia-
gram. (b) Representative ini-
tial (dotted) and infinite-time
(solid) spin-magnetisation pro-
files along Jz = ε. (c) One
Floquet period is generated by
a U(1)-symmetric unitary Û
built from nearest-neighbour
gates.

Beyond serving as a clean testbed for digital XXZ dynamics, the circuit of Sec. 2.5
admits a natural disordered generalisation. In continuous time, the XXZ and isotropic
Heisenberg chains, originally introduced as idealised models [94], are standard workhorses
for spin transport [65, 95, 96] and many-body localisation (MBL) [97–107]. Quenched
disorder does not merely perturb the clean dynamics: it can stabilise regimes with
strongly suppressed transport that are absent in translationally invariant chains.
Discrete-time counterparts inherit the same U(1) conservation law and locality [108–
110], but in Floquet settings the absence of energy conservation and the presence of
special points such as dual-unitary lines can generate additional, intrinsically digital,
dynamical structure. In particular, in the vicinity of the DU/SWAP line discussed
in Sec. 2.5.1, in Ref. [2] we identify a prethermal regime (“swappy” dynamics) with
coherent propagation of excitations despite strong disorder.

We choose the disorder ensemble so as to break all symmetries except the global U(1)



36 2 Infinite-time dynamics

charge. Energy conservation is absent by construction in discrete time, and translation
invariance is destroyed both by random gate parameters and by randomising the
update order. In this section we use this disordered circuit as the main platform for
studying transport in digital matter: static, infinite-time diagnostics are summarised
in Sec. 2.6.2, while dynamical transport diagnostics are developed in Ch. 3.

We consider N qubits evolving under repeated application of a Floquet unitary Û .
One Floquet period is defined as a product of N nearest-neighbour gates,

Û =
∏

{P (n)}
ûn,n+1, (2.53)

where P is a random permutation of the bond indices n (with periodic boundary
conditions, so n = N denotes the bond (N, 1)). A single disorder realisation consists
of the choice of P together with a set of gate parameters (defined below); Û is then
held fixed in time and the discrete-time dynamics is Û t.

The two-qubit gates are taken as

ûn,n+1 = e↗iĥn,n+1e↗ihnŝ
z
ne↗ih

→
nŝ

z
n+1 , (2.54)

with an XXZ-like interaction like Eq. (2.45) dressed by random parameters:

ĥn,n+1 = J

2
(
ŝ+

n
ŝ↗

n+1e
i↼n + ŝ↗

n
ŝ+

n+1e
↗i↼n

)
+ Jz ŝz

n
ŝz

n+1, (2.55)

where ωn is a Peierls phase [111]. Each gate preserves the two-site magnetisation,
[ûn,n+1, ŝz

n
+ ŝz

n+1] = 0, and hence the full Floquet unitary conserves the global charge

Ŝz =
N∑

n=1
ŝz

n
, [Û , Ŝz] = 0, (2.56)

which is the prerequisite for defining spin transport.

The form Eq. (2.54) is not ad hoc: any two-qubit unitary commuting with ŝz

n
+ ŝz

n+1

is block diagonal in the Ŝz sectors. In the computational basis {|∈∈↓ , |∈∋↓ , |∋∈↓ , |∋∋↓}
one has a 1 △ 2 △ 1 decomposition, i.e. two independent phases on the Sz = ±1 sectors
and a general U(2) action on the single-excitation subspace. Up to an irrelevant
global phase, this gives five independent parameters, which are precisely provided by
{J, Jz, hn, h↑

n
, ωn}.

Disorder is introduced by sampling the three phase parameters {hn, h↑

n
, ωn} indepen-

dently and uniformly from (↔↽, ↽] for each gate, while keeping J and Jz fixed across all
gates in a given Floquet unitary. Using the SU(4) Cartan (Weyl-chamber) classification
of two-qubit gates up to local unitaries and SWAP [112], it is su"cient here to restrict
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the interaction parameters in ûn,n+1 to J, Jz ≃ [0, ↽].

Similar U(1)-symmetric Floquet chains have appeared in a number of contexts [113–
122]. Many works adopt a depth-two brickwork geometry [119–122], whereas the
random update order used here is closer in spirit to Ref. [115] and treats odd and even
N on the same footing. In Sec. B we provide an explicit dictionary between equivalent
representations of a generic two-qubit U(1)-symmetric gate: starting from the phase-
dressed XXZ form Eqs. (2.54) and (2.55), we show how the four local Z-rotation phases
can be reduced to two onsite fields and a single Peierls phase (yielding a compilation-
friendly decomposition for digital simulation), and we give the corresponding change
of variables to the integrability-oriented R-matrix parametrisation used in [93].

2.6.1 Overview of regimes of transport dynamics

Before presenting numerical results, it is useful to highlight three exactly solvable limits,
corresponding to the three solid borders of the (J, Jz) ≃ [0, ↽]2 square in Fig. 2.5(a):

1. Free-fermion line (Jz = 0). Under Jordan-Wigner, the circuit maps to a quadratic
fermion Floquet dynamics; with quenched phases {hn, h↑

n
, ωn} one expects An-

derson localisation of single-particle modes and strongly suppressed transport.

2. Ising line (J = 0). The gates are diagonal in the ŝz

n
basis, so each ŝz

n
is conserved

and spin transport is strictly absent.

3. Dual-unitary / SWAP line (J = ↽). Along this line the local gates are dual
unitary (DU); in the present U(1)-symmetric family they reduce to generalised
SWAPs (see Sec. 2.5.1 for the DU definition and for the clean-gate form Eq. (2.49)).
For generic phases one may write

ûn,n+1(J = ↽) =





e↗i↽+ 0 0 0

0 0 e↗i⇀↑ 0

0 e↗i⇀+ 0 0

0 0 0 e↗i↽↑





(2.57)

with 3± = ▽(h + h↑)/2 + Jz/4 and 4± = ↽ ± (h ↔ h↑)/2 ↔ Jz/4 ▽ ω. Thus,
excitations are permuted deterministically by successive swaps and acquire only
phase dressing: transport is ballistic and the dynamics is e!ectively noninteracting
even in the presence of strong disorder.
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The existence of these non-thermalising borders raises natural questions about nearby
dynamics. Near the Ising line, small but nonzero J competes with strong on-site
disorder and one expects strongly suppressed transport, in loose analogy with phe-
nomenological finite-size signatures of MBL in Hamiltonian chains [99, 123]. More
unusually, the DU/SWAP line has no continuous-time analogue: it is a Floquet in-
tegrable limit whose vicinity can host long-lived prethermal dynamics. A central
outcome of Ref. [2] is that, near J = ↽, transport can become anomalously fast
for parametrically long times (the “swappy” regime), despite the presence of strong
disorder.

To probe the interpolation between the Ising and DU limits while staying far from
the free-fermion line, we focus on the cut Jz = ↽. Along this line, four representative
points are used throughout the thesis: localised (J = 0.395; ✁), ergodic (J = 1.374;
), swappy (J = 2.551; ↭), and near-SWAP (J = 3.138; ↫), as indicated in Fig. 2.5(b).
At the system sizes accessible to exact numerics (N ′ 22), these regimes exhibit either
complete localisation / subdi!usive spreading, di!usion, or superdi!usive spreading
augmented by ballistic single-excitation propagation (see Figs. 3.3 and 3.4 and Secs. 3.5
and 3.6).

We emphasise that determining the thermodynamic stability of localisation-like be-
haviour in disordered Floquet systems is beyond the scope of this thesis. As in the
Hamiltonian MBL literature, finite-size signatures can drift strongly with N and may
be destabilised by rare-region (avalanche) mechanisms [123, 124]. Accordingly, we
restrict our claims to phenomenological transport behaviour at intermediate sizes and
times, with a particular focus on the nature and robustness of the swappy regime.

To characterise the model we use complementary static and dynamical diagnostics.
Static spectral quantities probe infinite-time structure (Sec. 2.6.2), while dynamical
observables resolve intermediate-time transport regimes that can be invisible in static
chaos indicators (Ch. 3).

2.6.2 Spectral properties of a discrete-time model

Static diagnostics are extracted from the eigenphases and eigenvectors of the Floquet
unitary,

Û |⇁i↓ = e↗iϖi |⇁i↓ , ⇁i ≃ (↔↽, ↽]. (2.58)

We focus on two standard indicators of ergodicity in disordered many-body systems:
the mean eigenstate entanglement entropy and the mean adjacent gap ratio [123].
Both require partial diagonalisation of Û , which we perform using POLFED [126]
(implementation details are given in Sec. 2.9.1). Definitions and benchmarks for the
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Figure 2.6: Static properties of
the model. (a) Mean eigenstate
von Neumann entanglement en-
tropy along Jz = ε, normalised
by the symmetry-resolved Page
value [85], for several system sizes.
Error bars show standard devia-
tions over at least 40 disorder re-
alisations, with outliers removed
by a 3.5→ interquartile-range fil-
ter [125]. Residual fluctuations near
the SWAP point arise from near-
degeneracies in the Floquet spec-
trum. (b) Gap-ratio phase diagram
at N = 15, averaged over 10↔20 re-
alisations in the fixed-M = 0 sector,
computed with the polynomially fil-
tered exact diagonalisation method
(POLFED) eigensolver [126].

entropy (including the symmetry-resolved Page value) and the gap ratio are discussed
in Sec. 2.1.3 and Sec. 2.1.1, respectively.

All spectral quantities are computed within a fixed U(1) sector, i.e. for fixed total
magnetisation Ŝz |⇀↓ = M |⇀↓ (in practice we use half filling, M = 0), and are then
averaged over disorder realisations.

We normalise the mean eigenstate entanglement entropy by the Page entropy in
the same charge sector, ↑s↓/sPage (see Sec. 2.1.3), and discuss e"cient evaluation
in Sec. 2.9.2. As shown in Fig. 2.6(a), ↑s↓/sPage is small in the strongly localised
regime (J ̸ ↽) and approaches unity in the ergodic regime, consistent with thermal
eigenstates at accessible sizes. Apparent deviations from the Page benchmark close
to the SWAP point J ↖ ↽ shrink with increasing N . This is consistent with the
fact that the DU/SWAP limit carries additional (exact or approximate) conservation
laws beyond Ŝz (see Sec. 2.5.1), which can fragment the finite-size spectrum into
overlapping subspectra and distort raw chaos indicators if those sectors are not first
resolved. We return to this mechanism, from a transfer-matrix viewpoint, in Sec. D.

The second diagnostic is the mean adjacent gap ratio ↑r↓, computed from ordered
eigenphases within a fixed-M sector as defined in Sec. 2.1.1. Because the disor-
der ensemble includes generic complex phases (notably ωn), it generically breaks
time-reversal symmetry; accordingly, the ergodic benchmark is the circular uni-
tary ensemble, ↑r↓ ⇔ rCUE ⇓ 0.6027, whereas integrable/localised spectra yield
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↑r↓ ⇔ rPoi ⇓ 0.3863 [72]. As shown in Fig. 2.6(b), ↑r↓ interpolates from Poisson-
like values at small J to CUE-like values in the ergodic regime, with clear integrable
signatures on the free-fermion line Jz = 0 and on the dual-unitary line J = ↽.

Taken together, ↑s↓ and ↑r↓ probe complementary aspects of the infinite-time structure.
The entropy tests whether typical Floquet eigenstates have thermal reduced states (as
expected if a Floquet-ETH holds), while the gap ratio diagnoses spectral correlations
(level repulsion versus clustering). However, these are asymptotic diagnostics: they do
not by themselves resolve long-lived prethermal regimes. In particular, the swappy
regime identified dynamically near J = ↽ in Ref. [2] is largely invisible to these static
measures at accessible sizes, motivating the transport diagnostics developed in Ch. 3.

Finally, we note that the apparent crossing points extracted from ↑r↓ and from
↑s↓/sPage drift systematically with N over the accessible range. Such finite-size drifts
are ubiquitous in ED studies of disordered interacting chains and were historically
used as practical probes of MBL-like crossovers [71]. More recent work cautions
that extrapolation is subtle: rare thermal regions and avalanche-type instabilities can
destroy apparent localisation at larger scales [127, 128], and slow crossovers and strong
sample-to-sample fluctuations complicate direct interpretation [129, 130]. Accordingly,
while our data are consistent with a crossover from ergodic to strongly suppressed-
transport behaviour at accessible N , they do not constitute evidence for a stable MBL
phase in the thermodynamic limit.

2.7 Current operators and the single-impurity cir-
cuit

In this section we define the current operators for continuous and discrete time systems
and introduce a benchmark in which a strictly local perturbation strongly a!ects
spectral chaos diagnostics while leaving infinite-time transport essentially unchanged.
The resulting “impurity test” can be applied both in continuous time and in discrete-
time circuits. Its purpose is methodological: it separates genuinely hydrodynamic
statements (scaling of the zero-frequency weight of current correlations) from finite-size
indicators of chaos (level statistics and eigenstate structure). Concretely, it connects
the projector formulation of infinite-time (Cesàro) averages from Sec. 2.1 with the
continuity-equation construction of currents and Drude diagnostics from Sec. 2.3. It
also serves as a recurring cautionary example when comparing static chaos indicators
(e.g. gap ratios in Sec. 2.6.2) to transport diagnostics, a theme we revisit for the clean
circuit in Sec. 2.5 and the disordered model in Sec. 2.6.
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2.7.1 Continuous time

Following Refs. [131, 132], the spin-1
2 XXZ chain with a single magnetic defect near

the centre has become a canonical benchmark for disentangling three notions that are
often conflated: integrability, ETH, and transport. The point is that a strictly local
perturbation can induce Wigner-Dyson level statistics and enforce ETH-like structure
of matrix elements for local observables, while leaving the bulk U(1) hydrodynamics,
and in particular the ballistic channel in the easy-plane regime, essentially unchanged
in the thermodynamic limit.
The unperturbed Hamiltonian is

ĤXXZ =
N∑

n=1

(
J ŝx

n
ŝx

n+1 + J ŝy

n
ŝy

n+1 + Jz ŝz

n
ŝz

n+1

)
, (2.59)

and the impurity model adds a local longitudinal field (for even N , at n0 = N/2),

ĤSI = ĤXXZ + h ŝz

n0 . (2.60)

Both conserve Ŝz = ∑
n ŝz

n
and thus support a well-defined magnetisation current.

The current is fixed by the local continuity equation for the conserved density ŝz

n
.

Away from the impurity site the defect term commutes with ŝz

n
and does not modify

the continuity equation Eq. (2.29), so the standard XXZ bond current density applies,

ĵz

n
= J

(
ŝx

n
ŝy

n+1 ↔ ŝy

n
ŝx

n+1
)
, Ĵz =

N∑

n=1
ĵz

n
. (2.61)

Transport is then diagnosed by the current autocorrelator and its spectral density, as
introduced in Sec. 2.3.
To make explicit what is (and is not) controlled by ETH, it is useful to separate diagonal
and o!-diagonal contributions in the energy basis, using the projection identities of
Sec. 2.1. For an initial state |⇀(0)↓ = ∑

i ci |Ei↓ the density matrix decomposes as

ϖ̂(t) =
∑

i

|ci|2 |Ei↓↑Ei| +
∑

i⇐=j

cic
→

j
e↗it(Ei↗Ej) |Ei↓↑Ej| = ϖ̂diag + ϖ̂o”(t), (2.62)

so that the infinite-time (Cesàro) average of any observable reads

A = Tr
[
ϖ̂diagÂ

]
, (2.63)

while ϖ̂o”(t) controls temporal fluctuations and, crucially for transport, the frequency-
resolved spectral weight of correlators.
In an ergodic system satisfying ETH (Sec. 2.1.2), the diagonal matrix elements Aii

become a smooth function of energy, so ϖ̂diag reproduces the appropriate equilibrium
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value for a broad class of narrow-band initial states; conversely, in integrable systems
the failure of diagonal ETH implies that ϖ̂diag generally retains memory of additional
conserved structures (captured by GGEs).

Equivalently, at the level of matrix elements one may write

↑Â(t)↓ =
∑

i,j

c→

i
cj ei(Ei↗Ej)t Aij. (2.64)

For a non-degenerate spectrum, the infinite-time (Cesàro) average removes the os-
cillatory terms and yields the diagonal ensemble Eq. (2.63), while the explicitly
time-dependent piece is controlled by the o!-diagonal matrix elements Ai⇐=j and gov-
erns temporal fluctuations and linear-response spectra. The single-impurity benchmark
is striking because the impurity enforces ETH-like diagonal and o!-diagonal statistics,
yet the low-frequency structure of the current matrix elements, and therefore the
ballistic contribution in Eq. (2.36), can remain essentially the one inherited from the
integrable bulk.

The o!-diagonal sector matters even more directly for linear-response transport. For
the spin conductivity one may write the Kubo decomposition

Re φN(ε) = 2↽DN ϑ(ε) + ↽

N

1 ↔ e↗ςϑ

ε

∑

i⇐=j

pi |Jz

ij
|2 ϑ(Ej ↔ Ei ↔ ε), pi = e↗ςEi

Z
,

(2.65)
which makes explicit that the regular low-frequency response is governed by o!-diagonal
current matrix elements. In the present benchmark this is the key organising principle:
the impurity primarily reshu%es eigenvectors and the statistics of matrix elements
(diagonal and o!-diagonal ETH), whereas the ε ↖ 0 envelope of |Jz

ij
|2 that controls

transport can remain essentially unchanged.

This is precisely what is observed in the easy-plane regime 0 < Jz < 1. Ref. [131] shows
that the impurity makes the spectrum quantum chaotic in the usual random-matrix
sense, while high-temperature spin transport remains ballistic. From the ensemble
viewpoint, the single impurity restores diagonal ETH for local observables away from
the defect (the spread of Aii within a microcanonical window shrinks with N), and it
renders the o!-diagonal matrix elements consistent with the ETH form of Sec. 2.1.2;
remarkably, for current operators the low-frequency structure that governs transport
is inherited from the integrable XXZ chain [132]. As mentioned in Part I, in finite
open chains ballistic transport appears as a pronounced peak (or peaks) in Re φN(ε)
at frequencies ε ↗ 1/N whose integrated weight stays finite; increasing N shifts this
weight towards ε ↖ 0, yielding a ballistic channel in the thermodynamic limit even
though the system is quantum chaotic in its level statistics. This benchmark motivates
a stance that recurs below: for finite-size data, the robust quantity is the integrated
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low-frequency weight of current correlations, while the distinction between a strict ϑ(ε)
contribution and a narrow peak is operational and can depend on boundary conditions
and finite-N symmetry resolution (see Secs. 2.1 and 2.3).

2.7.2 Discrete time

We now formulate the discrete-time analogue. The role of e↗iĤt is played by the
one-period unitary Û , and transport quantities are defined stroboscopically. The
conserved density is again ŝz

n
, and “conductivity” refers to the linear response of the

conserved current to a weak static bias, encoded in the low-frequency behaviour of the
stroboscopic current correlator and its 2↽-periodic spectral function.

The impurity mechanism is implemented by choosing a bulk unitary Ûbulk with
integrable structure (for instance the integrable Floquet XXZ circuit of Sec. 2.5), and
inserting a strictly local modification that preserves the U(1) charge. We write

ÛSI = Ûbulk ûimp, (2.66)

where ûimp acts on O(1) sites and commutes with Ŝz. The discrete-time benchmark
question is the direct analogue of the Hamiltonian case: does a local impurity eliminate
the ballistic component, or does it merely reorganise spectral correlations while leaving
the integrated low-frequency weight stable as N ↖ ↙?

To define the current operators, we start from the local continuity equation for the
conserved density, same as Eq. (2.30). In discrete time, the one-period increment of a
local density ŝz

n
is expressed in terms of bond currents as

ŝz

n
(t+1) ↔ ŝz

n
(t) = ĵz

n↗1(t) ↔ ĵz

n
(t), ĵz

n
(t) = Û↗tĵz

n
Û t. (2.67)

To construct the bond currents ĵz

n
, we first define the current associated to a single

two-site gate. Let ûn,n+1 be a two-site gate conserving the two-site magnetisation,
[ûn,n+1, ŝz

n
+ ŝz

n+1] = 0. The gate redistributes charge between the two sites while
preserving the sum, so the associated right-moving bond flux is naturally defined by
the increment of the right density,

ĵz

n
[ûn,n+1] = û†

n,n+1 ŝz

n+1 ûn,n+1 ↔ ŝz

n+1 = ↔
(

û†

n,n+1 ŝz

n
ûn,n+1 ↔ ŝz

n

)
. (2.68)

For a one-period Floquet update specified by a permutation P of the nearest-neighbour
bonds, as in Eq. (2.53), it is convenient to label the ordered gates as ûk = ûP (k), P (k)+1

with k = 1, . . . , N (where P (k) + 1 is understood modulo N for periodic boundaries).
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Therefore the unitary can be expressed as

Û =
∏

{P (n)}
ûn,n+1 =

N∏

k=1
ûk = ûN · · · û2û1, (2.69)

and we can define the partial products Û<k = ûk↗1 · · · û1 with Û<1 = Î. A standard
telescopic expansion then gives, for any local ŝz

n
,

Û †ŝz

n
Û ↔ ŝz

n
=

N∑

k=1
Û †

<k

(
û†

k
ŝz

n
ûk ↔ ŝz

n

)
Û<k. (2.70)

By strict locality, the summand vanishes unless ûk acts on a bond containing site
n. For the usual architecture in which each bond is applied exactly once per period,
there are only two such gates: the “right” bond (n, n+1) and the “left” bond (n↔1, n).
Denoting their positions in the ordered product by kR = P ↗1(n) and kL = P ↗1(n↔1),
respectively, Eq. (2.70) reduces to two contributions,

Û †ŝz

n
Û ↔ ŝz

n
= Û †

<kL

(
û†

n↗1,nŝz

n
ûn↗1,n ↔ ŝz

n

)
Û<kL + Û †

<kR

(
û†

n,n+1ŝ
z

n
ûn,n+1 ↔ ŝz

n

)
Û<kR .

(2.71)
This motivates defining the dressed bond currents at a chosen stroboscopic reference
time by dressing the gate-local current operators ĵz[û] with the appropriate prefix
unitary. Concretely,

ĵz

n
= Û †

<kR
ĵz

n
[ûn,n+1] Û<kR , ĵz

n↗1 = Û †

<kL
ĵz

n↗1[ûn↗1,n] Û<kL . (2.72)

With these definitions, the one-period increment obeys the discrete continuity equation,

ŝz

n
(t+1) ↔ ŝz

n
(t) = ĵz

n↗1(t) ↔ ĵz

n
(t), ĵz

n
(t) = Û↗tĵz

n
Û t. (2.73)

The extensive current entering linear response is

Ĵz =
N∑

n=1
ĵz

n
, Ĵz(t) = Û↗tĴzÛ t. (2.74)

The permutation P a!ects the microscopic support of ĵz

n
through the dressing unitaries

Û<k. Nevertheless, stroboscopic transport coe"cients built from Ĵz(t) are invariant
under these choices.

All transport diagnostics introduced earlier carry over with the replacement t ≃
R 7↖ t ≃ Z. The stroboscopic current correlator in an ensemble ↑·↓ (here: infinite
temperature within a fixed Ŝz sector) is

CJ(t) = 1
N

↑Ĵz(t)Ĵz(0)↓, t ≃ Z, (2.75)



2.7 Current operators and the single-impurity circuit 45

and its spectral function is the 2↽-periodic Fourier series

SJ(ε) =
∑

t↘Z
eiϑt CJ(t), ε ≃ [↔↽, ↽]. (2.76)

The stroboscopic Drude weight is extracted from the infinite-time Cesàro average,

D ∞ lim
T ↓↔

1
T

T ↗1∑

t=0
CJ(t). (2.77)

For finite-size numerics it is convenient to evaluate the Cesàro limit directly from
the spectrum. Let {P̂ω} denote the spectral projectors of Û within the chosen Ŝz

sector (projectors onto degenerate eigenphase subspaces). Then the time average is a
projection onto the commutant of Û and one finds

lim
T ↓↔

1
T

T ↗1∑

t=0
CJ(t) = 1

N

1
DM

∑

ω

Tr
[
P̂ω Ĵz P̂ω Ĵz

]
, (2.78)

where DM = dim H(M). In the absence of degeneracies this reduces to a sum over
Floquet eigenstates,

CJ = lim
T ↓↔

1
T

T ↗1∑

t=0
CJ(t) = 1

N

1
DM

DM∑

i=1

∣∣↑⇁i|Ĵz|⇁i↓
∣∣2, (2.79)

Eqs. (2.78) and (2.79) are our default estimators of the finite-size Drude weight
throughout the thesis.

2.7.3 Numerical protocol and results

We implement the single-impurity benchmark in discrete time with open boundary
condition (OBC) by perturbing the integrable U(1)-symmetric Floquet XXZ circuit
Ûbulk of Sec. 2.5 with a defect supported on a single bond or a single site. We perturb
the clean model with an on-site kick ûimp = exp(↔ihimp ŝz

n0) applied once per Floquet
period. This preserves the conserved magnetisation Ŝz, but destroys the commuting-
transfer-matrix structure that renders the bulk circuit integrable, as mentioned in
Sec. 2.5.

All computations are performed at half filling, M = 0 sector of dimension DM =
(

N

N/2+M

)
. For each system size N we diagonalise the perturbed Floquet unitary ÛSI

within this sector, obtaining eigenpairs ÛSI|⇁i↓ = e↗iϖi|⇁i↓. Spectral chaos is quantified
by the mean adjacent gap ratio ↑r↓ computed from the ordered eigenphases {⇁i}.

To probe transport we use the sector-projected spin current operator Ĵz and evaluate
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Figure 2.7: Single-impurity benchmark in discrete time with OBC at half filling along
the fixed-coupling ray Jz = 0.55J , with himp = 0.5J and hedge = 0.1J . (a) Left: mean
adjacent gap ratio ↑r↓ from Floquet eigenphases, showing a fast crossover from Poisson-like
to COE-like statistics once a local defect is present. (b) Right: finite-size Drude estimator
CJ computed from Eq. (2.79). The key point is that level statistics are strongly modified
by the impurity, while the intensive zero-frequency weight controlling ballistic transport is
comparatively stable.
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Figure 2.8: Regular (o!-diagonal) current spectral density Sreg
J

(ϑ) for OBC, estimated from
Floquet current matrix elements using Eq. (2.80) (a frequency-binned sum of |↑ωi|Ĵz|ωj↓|2
over pairs with i ↘= j in the infinite-temperature, fixed-M ensemble), with eigenphase
di!erences wrapped to [↔ε, ε) and bin width ϖϑ = 0.025J . Spectra are displayed as
functions of ϑN/J to remove the trivial kick-dependent frequency scale and to emphasise
the finite-size sharpening of the low-frequency structure. The impurity reorganises detailed
finite-size features across ϑ but does not suppress the integrated low-frequency weight,
consistent with the Drude estimates in Fig. 2.7.



2.7 Current operators and the single-impurity circuit 47

two complementary diagnostics. First, the ballistic channel is extracted from the
diagonal ensemble associated with stroboscopic time averaging. In the absence of
eigenphase degeneracies, the infinite-time average of the current autocorrelator reduces
to

CJ = lim
T ↓↔

1
T

T ↗1∑

t=0
CJ(t) = 1

N

1
DM

DM∑

i=1

∣∣↑⇁i|Ĵz|⇁i↓
∣∣2, (2.79)

which provides our finite-size Drude estimator.2 With Ĵz = ∑
n ĵz

n
extensive, the

prefactor 1/N makes Eq. (2.79) intensive.

Second, we compute a frequency-resolved regular spectrum from the o!-diagonal
matrix elements of Ĵz in the Floquet eigenbasis. Eigenphase di!erences are wrapped
into the symmetric interval [↔↽, ↽) to avoid folding negative frequencies onto values
near 2↽, and binned with width ϑε. The resulting binned spectrum is normalised as

Sreg
J

(εk) ⇓ 1
N DM ϑε

∑

i⇐=j: !ϖij↘bin k

∣∣↑⇁i|Ĵz|⇁j↓
∣∣2, (2.80)

This is a discretised estimator of the Lehmann spectral density SJ(ε) in the infinite-
temperature, fixed-M ensemble, restricted to o!-diagonal pairs (hence “regular”). If one
defines the infinite-temperature regular conductivity by φ↔(ε) := limς↓0 Re φreg(ε)/▷,
then Eq. (2.34) gives φ↔(ε) = ↽ Sreg

J
(ε) for ε ↘= 0. So that ∑

k Sreg
J

(εk) ϑε =
(NDM )↗1 ∑

i⇐=j |↑⇁i|Ĵz|⇁j↓|2 is a finite-size Hilbert-Schmidt sum rule. By construction,
Eq. (2.80) omits i=j and therefore captures only the regular part; the ballistic weight
is assessed separately through Eq. (2.79).

The single impurity is implemented as an additional local Z-kick applied once per
Floquet period at the centre of the chain. Let n0 =


N

2

. We place the impurity

on the bond (n0, n0 + 1) by setting hn0 = himp (and hn0+1 = 0), so that ûn0,n0+1 =
R̂z

n0(himp) ûXXZ(J, Jz), with ûXXZ(J, Jz) the integrable Floquet XXZ gate of Sec. 2.5.
To lift residual symmetries and accidental degeneracies, and to stabilise the non-
degenerate estimator Eq. (2.79), we additionally apply an edge rotation R̂z(hedge) on
the first bond. All other gates are unmodified, ûn,n+1 = ûXXZ(J, Jz), for n ↘= n0. We
take the impurity strength to be himp = 0.5J .

When scanning the kick strength J we follow a fixed ray in parameter space by also
keeping the other coupling ratios constant, as the longitudinal coupling Jz = 0.55 J and
the single edge kick field hedge = 0.1 J . For the same reason, the histogram resolution is
chosen proportional to J , ϑε = 0.025 J , which keeps the binning resolution fixed in the
scaled variable ε/J and avoids purely numerical J-dependent broadening. Accordingly,
we plot the regular spectrum against εN/J , which removes the trivial kick-dependent

2If exact degeneracies are present, the basis-independent generalisation replaces the sum of diagonal
terms by the Hilbert-Schmidt weight of Ĵz within each degenerate eigenphase subspace. Away from
fine-tuned points, the diagonal expression is numerically stable.
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quasienergy scale and highlights finite-size sharpening near ε ⇔ 0. This rescaling is a
presentation device: the Drude weight Eq. (2.79) is extracted independently and is
una!ected by the choice of horizontal axis.

The results are summarised in Figs. 2.7 and 2.8. A single defect drives a rapid crossover
in spectral statistics from Poisson-like values (integrable bulk) to COE-like values
(quantum-chaotic spectrum), visible already at modest N . The intensive ballistic
weight extracted from the latter remains stable within finite-size trends: the impurity
substantially reorganises eigenphases and o!-diagonal matrix elements, yet does not
eliminate the integrated zero-frequency weight that signals ballistic transport. The
regular spectrum Eq. (2.80) exhibits strong finite-size structure and impurity-induced
reshu%ing across frequencies; nevertheless, the low-frequency weight does not collapse,
consistent with the persistence of a nonzero Drude contribution.

Note that both Eqs. (2.79) and (2.80) can potentially be estimated with the method
outlined in Sec. 2.4.2 and discussed further in Sec. 2.9.7.

2.8 Conclusion

This chapter developed a spectral language for infinite-time dynamics in Hamiltonian
and Floquet many-body systems. By rewriting long-time limits as spectral projections
(Sec. 2.1) and organising operator content through the DOS, LDOS, and related
spectral functions (Sec. 2.2), we obtained a compact set of objects that connect directly
to linear response and to transport coe"cients. Specialising to U(1) spin transport,
we used current correlators and their low-frequency structure to define Drude-weight
diagnostics in continuous and stroboscopic time (Sec. 2.3), and benchmarked these
tools in both Hamiltonian and circuit settings (Secs. 2.4 to 2.7).

Spectral chaos and transport are separate concepts. Level statistics and eigenstate
structure diagnose ergodicity, but they do not by themselves fix the ε ↖ 0 envelope of
current matrix elements that controls the integrated low-frequency weight of response
functions. The single-impurity benchmark of Sec. 2.7 makes this separation clear:
a strictly local perturbation can switch the eigenphase statistics from Poissonian to
random-matrix-like while leaving an extensive ballistic channel essentially inherited
from an integrable bulk. The operator-resolved spectral densities therefore play a dual
role in this thesis: they quantify “how chaotic” a system is, and they specify which
operators couple to the slow modes that govern transport.

At the same time, the quantities emphasised here are asymptotic: they describe
infinite-time limits or frequency-resolved weight. In Floquet circuits in particular,
where experiments and numerics access only a finite number of cycles, dynamics
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can be dominated by long-lived intermediate-time regimes and crossovers even when
infinite-time diagnostics look featureless. In Ch. 3 we turn our attention to finite-time
transport probes, built from correlation functions of (quasi)-conserved quantities, that
expose transient and prethermal windows (including the near-SWAP “swappy” regime)
which are largely invisible to infinite-time limits alone.

2.9 Methods

We now collect the numerical and algorithmic tools used in this chapter to access
infinite-time information. As established in Sec. 2.1, taking T ↖ ↙ suppresses oscilla-
tory contributions and reduces long-time statements to spectral data: eigenphases and
eigenvectors for Floquet unitaries Û , or eigenvalues and eigenvectors for Hamiltonians
Ĥ. As the primary focus of this chapter is the analysis of Floquet systems, our
methodology is tailored to address their study.

First, to diagnose ergodicity and the structure of eigenstates, namely the results
presented in Sec. 2.6 (Ref. [2]), we require selected eigenpairs, typically in a narrow
eigenphase (or energy) window. For Floquet systems we obtain these e"ciently via
polynomially filtered exact diagonalisation method (POLFED), a unitary analogue
of shift-invert that accelerates Arnoldi convergence in a target phase window; see
Sec. 2.9.1. We then evaluate symmetry-resolved eigenstate entanglement using block-
wise Schmidt decompositions within fixed magnetisation sectors; see Sec. 2.9.2.
Second, we move to the tools needed to access spectral densities and coarse-grained
thermodynamic information beyond exact diagonalisation. We start with discussing
state typicality and stochastic trace estimation in Sec. 2.9.3, which we will also employ
in Ch. 3. For Hamiltonians this is the kernel polynomial method (KPM), which
reconstructs the DOS (and operator-resolved spectral functions) from Chebyshev
moments; see Sec. 2.9.4.
We present a DQC1-inspired quantum procedure for moment estimation in Sec. 2.9.5,
which is the core of the quantum algorithmic contribution of this thesis.
We then present the results from the implementation of this algorithm on Quantinuum
H1-1 hardware Sec. 2.9.6.
Finally, since discrete-time dynamics is generated by Û rather than Ĥ, we close by
formulating the corresponding moment expansions for eigenphase densities and by
clarifying when Fourier reconstruction on the circle is optimal versus when a Hermitian
embedding enables a Chebyshev-KPM treatment of observable-resolved spectra; see
Sec. 2.9.7.
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2.9.1 POLFED

The eigenstate entanglement entropies reported in this chapter are computed by
averaging over

Nev = min(d/10, 750) (2.81)

eigenvectors in a fixed symmetry sector of dimension d. To obtain these eigenpairs
e"ciently for a Floquet unitary Û , we use the polynomially filtered exact diagonalisation
method (POLFED) scheme [133], which is a polynomial spectral filter designed for
unitary spectra and plays a role analogous to shift-invert for Hermitian problems.

Given a target eigenphase ωtgt, POLFED constructs the non-unitary operator

K̂Mpf (ωtgt) =
Mpf∑

k=0
e↗ik↼tgt Ûk, (2.82)

which shares eigenvectors with Û . Indeed, if Û |⇁i↓ = e↗iϖi |⇁i↓ then

K̂Mpf (ωtgt) |⇁i↓ = 3Mpf (⇁i ↔ ωtgt) |⇁i↓ , 3Mpf (ϑ) =
Mpf∑

k=0
e↗ik⇁. (2.83)

The filter magnitude |3Mpf (ϑ)| is sharply peaked at ϑ = 0, with a main lobe of
width ”⇁ ↗ 2↽/(Mpf + 1). As a consequence, applying an Arnoldi iteration to K̂Mpf

preferentially converges to eigenvectors of Û whose eigenphases lie in a narrow window
around ωtgt. Throughout this thesis we set ωtgt = 0. Following Refs. [126, 133], we
choose the polynomial degree as

Mpf = 0.4 d

Nev
, (2.84)

which empirically balances window selectivity against numerical conditioning and the
cost of repeated applications of Û .

2.9.2 E"cient computation of the entropy in a magnetisation
subsector

For a bipartition A|B, the von Neumann entanglement entropy of a pure state |⇀↓,
defined in Eqs. (2.13) and (2.14), can be obtained from the Schmidt coe"cients {si}:

s(|⇀↓) = ↔
∑

i

s2
i

ln s2
i
. (2.85)

Numerically, one reshapes the wavefunction amplitudes into a DA → DB matrix and
computes its singular values using singular value decomposition (SVD); this step
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dominates the cost.

When the dynamics conserves total magnetisation, the SVD can be performed blockwise.
Let M̂ = ∑

n ŝz

n
and fix a global sector HM (in this chapter we typically work at M = 0).

The subsystem Hilbert spaces decompose as

HA =
⊕

MA

HA,MA , HB =
⊕

MB

HB,MB , (2.86)

so that the fixed-charge sector factorises as

HM =
⊕

MA

HA,MA ∝ HB,M↗MA . (2.87)

Accordingly, the reshaped coe"cient matrix of |⇀↓ ≃ HM is block-diagonal with blocks
labelled by MA. For each MA, we extract the corresponding component of |⇀↓, reshape
it into a dA,MA → dB,M↗MA matrix, compute its singular values {sMA,i}, and assemble
the entropy as

s(|⇀↓) = ↔
∑

MA

∑

i

s2
MA,i

ln s2
MA,i

. (2.88)

This replaces a single SVD at dimension DA → DB by a set of smaller SVDs whose
largest block is parametrically smaller at fixed total charge, yielding a substantial
reduction in runtime and memory footprint.

2.9.3 Stochastic trace evaluation and recursion

For overwhelming majority of pure states drawn at random from a high-dimensional
subspace, expectation values concentrate sharply around ensemble averages [134, 135].
In its simplest form, typicality turns traces into averages over a small number of
random probes, an idea that underlies both the classical KPM [136, 137] and a broad
literature on randomised trace estimators [138, 139].

For a space H of dimension D with orthonormal basis {|i↓}D

i=1, one can draw a set of
probe states

|r↓ =
D∑

i=1
cri |i↓ , (2.89)

with independent complex coe"cients obeying

E[cri] = 0, E[cricrj] = 0, E[c→

ri
crj] = ϑij

D
, (2.90)

so that E[|r↓↑r|] = Î/D and therefore, for any operator X̂ acting within the space,

1
D

Tr[X̂] = E
î
↑r| X̂ |r↓

ó
. (2.91)
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Replacing the ensemble average by R independent probes yields the unbiased estimator

1
D

Tr[X̂] ⇓ 1
R

R∑

r=1
↑r| X̂ |r↓ . (2.92)

Typicality implies that the statistical fluctuations of Eq. (2.92) are suppressed by
the e!ective dimension of the relevant ensemble (at infinite temperature, D itself),
and decay at least as R↗1/2 for independent probes. For coe"cient distributions with
controlled fourth moments one can derive explicit variance expressions [136, 138, 139];
in many-body settings one often finds that R = O(1)↔O(10) already gives stable
estimates for smooth spectral quantities because D grows exponentially with N .

Typicality is not restricted to static traces. For real-time dynamics one may approxi-
mate infinite-temperature correlation functions by evolving a single random state in
time, a method known as dynamical quantum typicality (DQT) [60, 140, 141]. For
operators Â, B̂ (again acting within a fixed symmetry sector),

CA(t) = 1
D

Tr
[
Â(t)Â

]
, Â(t) = eiĤtÂ e↗iĤt, (2.93)

is typically well approximated by

CA(t) ⇓ ↑r| Â(t)Â |r↓ , (2.94)

with an error controlled by D (and reduced further by averaging over R probes). At
finite temperature one can combine typicality with a thermal filter to represent the
Gibbs state by a thermal typical pure state [142]:

C(ς)
A

(t) =
Tr

[
e↗ςĤÂ(t)Â

]

Z(▷) ⇓ ↑r| e↗ςĤ/2 Â(t)Â e↗ςĤ/2 |r↓
↑r| e↗ςĤ |r↓

. (2.95)

In practice, the action of e↗ςĤ/2 and the unitary time evolution can be implemented
by Krylov methods, Trotterisation, or polynomial expansions; the same Chebyshev
machinery used for KPM provides a natural route to approximate such filters and
propagators [60, 136, 137, 143].

2.9.4 The Kernel Polynomial Method

This section introduces the KPM as an e"cient method to spectral densities in many-
body systems, avoiding full diagonalisation. The basic strategy is to reconstruct a
target spectral function from a finite set of polynomial moments of Ĥ, estimated
e"ciently by typicality and a stable recursion. We focus on the Chebyshev-Jackson
scheme, which is well matched to sparse operators and admits controlled broadening
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at fixed computational cost.

Moment expansions as spectral filters

Let Ĥ be Hermitian and rescaled so that spec(Ĥ) ∀ (↔1, 1). Spectral densities
such as the DOS can be written as g(E) = 1

D
Tr[ϑ(E ↔ Ĥ)]. Replacing the sharp

projector ϑ(E ↔ Ĥ) by a degree-M polynomial produces a controlled spectral filter:
one resolves structure on a scale set by M while avoiding exponentially expensive
diagonalisation. Chebyshev polynomials are the natural basis on a bounded interval,
and the KPM uses them together with kernel damping to suppress truncation-induced
Gibbs oscillations [136].

Chebyshev polynomials of the first kind can be viewed as the Fourier cosine basis
obtained by periodising a function on [↔1, 1] via the map x = cos θ with θ ≃ [↔↽, ↽].
Indeed, for any f on [↔1, 1] the composition F (θ) := f(cos θ) is an even 2↽-periodic
function, so it admits a cosine series F (θ) = ∑

m⇒0 am cos(mθ). Pulling this back to x

gives a Chebyshev expansion in the polynomials

Tm(x) := cos(mθ) = cos
(
m arccos x

)
, x ≃ [↔1, 1]. (2.96)

They form an orthogonal system on [↔1, 1] with respect to the weight w(x) = (1 ↔
x2)↗1/2,

∫ 1

↗1

Tm(x)T,(x)∃
1 ↔ x2

dx =






↽, m = 5 = 0,

ε

2 , m = 5 ⇐ 1,

0, m ↘= 5,

(2.97)

which is the origin of the prefactor 1/(↽
∃

1 ↔ x2) in the reconstruction formulas below.
A key computational advantage is the three-term recurrence

T0(x) = 1, T1(x) = x, Tm+1(x) = 2x Tm(x) ↔ Tm↗1(x), (2.98)

which lifts to operators by replacing x 7↖ Ĥ. The Chebyshev polynomials are proven
to be optimal in minimax approximation theory [144], making them well suited for
spectral reconstructions.

For a target density g(x) supported on [↔1, 1], define its Chebyshev moments

µm =
∫ 1

↗1
g(x) Tm(x) dx. (2.99)

The truncated Chebyshev series reproduces g(x) up to Gibbs oscillations. The KPM
suppresses these oscillations by damping high orders with kernel coe"cients 0(M)

m
,
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yielding [136]

gM(x) = 1
↽

∃
1 ↔ x2


0(M)

0 µ0 + 2
M∑

m=1
0(M)

m
µm Tm(x)


. (2.100)

We use the Jackson kernel,

0(M)
m

=
(M ↔ m + 1) cos

(
εm

M+1
)

+ sin
(

εm

M+1
)

cot
(

ε

M+1
)

M + 1 , (2.101)

which yields a positive approximation with controlled broadening [136]. Chebyshev
methods require a bounded spectrum. With Emax, Emin the extreme eigenvalues of the
original Hamiltonian, define the rescaled operator

Ĥ ↑ = Ĥ ↔ a

b
, a = Emax + Emin

2 , b = Emax ↔ Emin

2 ↔ 6
, (2.102)

with a small 6 > 0 to keep the spectrum away from ±1. All moments below refer
to Ĥ ↑; energies map back by E = a + bx. For notational simplicity we drop primes
and write Ĥ for the rescaled operator. At fixed kernel, the truncation order M sets
the e!ective energy resolution (after undoing the rescaling) as ”E ⇓ ↽b/M , up to
kernel-dependent constants. For the (normalised) DOS g(E) = 1

D

∑
n ϑ(E ↔ En) of the

rescaled Ĥ, the moments are

µm =
∫ 1

↗1
g(E) Tm(E) dE = 1

D

∑

n

Tm(En) = 1
D

Tr
[
Tm(Ĥ)

]
. (2.103)

Inserting these moments into Eq. (2.100) yields the Jackson-damped approximation
gM(E). More generally, operator-resolved spectral weights follow from

µA,m = Tr
[
Â Tm(Ĥ)

]
, (2.104)

which reconstruct the weighted density hA(E) = Tr[Â ϑ(E ↔ Ĥ)] as

hA,M(E) = 1
↽

∃
1 ↔ E2

ñ
0M

0 µA,0 + 2
M∑

m=1
0M

m
µA,m Tm(E)

ô
. (2.105)

The special case Â = |⇀↓↑⇀| yields the LDOS of |⇀↓. Computing the direct traces in
Eqs. (2.103) and (2.104) becomes infeasible at large D. Therefore, we use typicality,
introduced in Sec. 2.9.3. For random probes {|r↓} whose components satisfy the
moment conditions Eq. (2.90),

µm = 1
D

Tr
[
Tm(Ĥ)

]
⇓ 1

R

R∑

r=1
↑r| Tm(Ĥ) |r↓ , µA,m ⇓ 1

R

R∑

r=1
↑r| Â Tm(Ĥ) |r↓ .

(2.106)
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The matrix elements ↑r| Tm(Ĥ) |r↓ are obtained without forming Tm(Ĥ) explicitly by
lifting the recursion Eq. (2.98) to vectors. For each probe |r0↓ = |r↓ define

|r1↓ = Ĥ |r0↓ , (2.107)

|rm↓ = 2Ĥ |rm↗1↓ ↔ |rm↗2↓ , m ⇐ 2, (2.108)

so that ↑r| Tm(Ĥ) |r↓ = ↑r0|rm↓. The cost per probe is M sparse matrix-vector
multiplications and O(M) vector operations, while memory scales as three working
vectors |rm↗2↓ , |rm↗1↓ , |rm↓.
In practical KPM calculations, M sets the nominal resolution ”E ⇓ ↽b/M after
undoing the rescaling, while kernel damping suppresses Gibbs oscillations at the
price of broadening sharp features; accordingly, M is chosen to resolve the physical
scale of interest rather than individual many-body levels. At fixed R, the remaining
statistical uncertainty is governed by typicality and decreases rapidly with increasing
Hilbert-space dimension (Sec. 2.9.3), so smooth densities often require only modest
R, whereas resolving fine structure demands more probes. Numerical stability is
controlled primarily by the rescaling margin 6, which keeps the spectrum away from
±1; round-o! accumulation at large M is usually mild for sparse matvecs but should
be monitored when pushing to very deep recursions. Finally, the dominant classical
cost is the repeated application of Ĥ (or its symmetry-restricted representation), so
optimising the matvec primitive directly reduces wall-clock time.

2.9.5 Kernel polynomial method as a quantum algorithm

Random
Circuit

N

Figure 2.9: Circuit primitive used to
estimate (approximated) Chebyshev mo-
ments on quantum hardware. A pseudo-
random probe state is prepared on N sys-
tem qubits and an ancilla is prepared in
|+↓. A controlled unitary implementing
ÛST = e±imĤK is applied, followed by single-
qubit measurements on the ancilla to extract
Tr[cos(mĤK)] and Tr[sin(mĤK)].

Classically, KPM reduces spectral reconstruction to estimating moments. On a
quantum device the same reduction applies: the goal is to estimate moments expressed
as traces (or averages) of functions of Ĥ. The circuit in Fig. 2.9 implements a
deterministic quantum computation with one clean qubit (DQC1)-like trace estimator
for unitary evolutions whose real or imaginary parts approximate Chebyshev moments
in the spectral bulk.
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3rd

4th

5th
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(a) (b)

Figure 2.10: Pseudo-random circuit used to generate probe states on the system register.
(a) Connectivity pattern for one instance at N = 12. (b) Gate decomposition into native
entanglers and single-qubit rotations. The entangling layers use R̂zz(ε/2) gates, interleaved
with local rotations chosen at random from {R̂x(ε/2), R̂y(ε/4), R̂z(ε/2)}.

The DQC1-style estimator in Fig. 2.9 approximates the maximally mixed system
register by sampling pseudo-random pure probes |r↓. We require an ensemble of states
whose amplitudes satisfy the moment conditions in Eq. (2.90) su"ciently well, so
that Eq. (2.92) is unbiased and exhibits typicality suppression at large Hilbert-space
dimension. Rather than attempting Haar-random state preparation (which is depth-
expensive), we generate pseudo-random probes by shallow random circuits, following
the standard approach of alternating entangling layers with random single-qubit
rotations (see Refs. [92, 145–147]).

For the Quantinuum H1-1 compilation model, we express the randomiser in terms of
the native gates

R̂zz(θ) = e↗iθ ▷̂
z
⇑▷̂

z
/2, R̂z(θ) = e↗iθ ▷̂

z
/2, (2.109)

and
Û1q(θ, ω) = e↗iθ(cos ↼ ▷̂

x+sin ↼ ▷̂
y)/2. (2.110)

We use R̂zz(↽/2) as the fixed entangling primitive and exploit all-to-all connectivity
by choosing a sequence of pairings (“jumps”) across layers. One convenient choice
is to connect sites 2i and (2i + p,) mod N with odd p, varying across layers, so that
each qubit is rapidly scrambled without requiring deep circuits. Local R̂z rotations
can be implemented virtually by frame updates, and compilation can absorb commut-
ing/anticommuting single-qubit gates into adjacent layers. We validate the scrambling
quality of the randomiser by monitoring the half-system entanglement entropy. For
ϖ̂r = |r↓↑r| and a bipartition A|B with dim HA = dim HB, we compute

s(ϖ̂r,A) = ↔ Tr
[
ϖ̂r,A ln ϖ̂r,A

]
, ϖ̂r,A = TrB[ϖ̂r], (2.111)

and compare it to the Page value sPage = ln(dim HA) ↔ 1
2 . In practice, we find that

shallow depths already bring s(ϖ̂r,A) close to sPage over the system sizes considered,
consistent with the probe ensemble behaving su"ciently “typical” for trace estimation.

In Fig. 2.11 we show representative data for system sizes N = 10↔18, averaged over
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20 randomiser instances. On hardware, the stochastic-trace error due to imperfect
typicality is often subdominant to finite-shot estimation of ancilla expectation val-
ues. Accordingly, increasing the number of circuit shots primarily reduces statistical
uncertainty, while additional randomiser depth (or additional probe instances) o!ers
diminishing returns once the probe ensemble has reached a su"ciently scrambled
regime for the targeted observable.

Seq.
Par.
Ric.

100

0 45 90 135 180 225 270
Number of Rzz( /2) gates

10-5

0 5 10 15 20 25 30
0

5

S

Number of layers

N = 10
N = 12
N = 14
N = 16
N = 18

Figure 2.11: (a) Convergence of half-chain
von Neumann entropy to the Page value [84]
for N = 10↔18, averaged over 20 random
states. Shadows indicate standard deviation.
(b) Comparison of relative entropy error ϱs at
N = 18 for three circuit architectures: Richter
et al. [147] (Ric.), parallel (Par., see Fig. 2.10),
and sequential (Seq.) with respect to the num-
ber of layers of the random circuit.

In an ideal block-encoding or quantum
singular value transformation (QSVT)
setting, Chebyshev polynomials arise na-
tively from a quantum-walk iterate and
one can implement polynomial transforms
of Ĥ with favourable asymptotic scal-
ing in precision [148–150]. Here we
keep the moment viewpoint but adopt
a NISQ-oriented approximation that re-
duces moment estimation to traces of
time-evolution operators. The full bridg-
ing argument is detailed in Sec. A.

Formally, if ÛH = ei arccos(Ĥ), then

Tm(Ĥ) = cos
(
m arccos(Ĥ)

)
= 1

2
(
Ûm

H
+ Û↗m

H

)
. (2.112)

Implementing arccos(Ĥ) exactly is generally impractical, so we approximate it in the
spectral bulk by truncating its odd-power expansion around 0,

arccos(Ĥ) = ↽

2 ↔
↔∑

k=0
ck Ĥ2k+1 ⇓ ↽

2 ↔ ĤK , (2.113)

with ĤK = ∑
K

k=0 ckĤ2k+1. This yields, up to a known phase, traces of e↗imĤK :

cos
(
m(ε

2 ↔ ĤK)
)

= Re
î
eimε/2 e↗imĤK

ó
, (2.114)

and therefore the proxy moments

µK

m
= 1

D
Tr
î
cos

(
m(ε

2 ↔ ĤK)
)ó

. (2.115)

At lowest order (K = 0), ĤK = Ĥ and the required primitive reduces to time evolution
under Ĥ.

The circuit of Fig. 2.9 is a DQC1-like trace estimator [151]: the ancilla implements a
Hadamard test for Tr[V̂ ] with V̂ a system unitary, while the system register approx-
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imates the maximally mixed state by sampling pseudo-random pure states. In this
way

1
D

Tr
[
e↗imĤK

]
⇓ 1

R

R∑

r=1
↑r| e↗imĤK |r↓ , (2.116)

and measuring the appropriate ancilla quadrature yields the real and imaginary
parts, hence Tr[cos(mĤK)] and Tr[sin(mĤK)]. Relative to classical stochastic trace
estimation, the dominant additional uncertainty at fixed R is shot noise from estimating
expectation values by repeated circuit executions.

Figure 2.12: Delocalisation of the control
for a chain of N = 12 qubits in a heavy-hex
layout. The six orange qubits act as distributed
controls for the N grey qubits. For nearest-
neighbour Hamiltonians, each control qubit
can govern two disjoint two-qubit interactions
(yellow paths), avoiding SWAP overhead.

To implement e↗imĤK we compile ĤK into
native gate layers and approximate time
evolution using a Suzuki-Trotter (ST)
product formula, which provides a trans-
parent trade-o! between depth and sim-
ulation error [152, 153]. Controlling the
system evolution on the ancilla increases
gate count and can raise e!ective locality
(a k-local term becomes (k+1)-local when
controlled), motivating decompositions
that minimise two-qubit interactions in-
volving the control qubit (see Fig. 2.13).

For devices with limited connectivity,
concentrating all controlled interactions
onto a single ancilla can incur substantial
SWAP overhead. A practical alternative
is to delocalise the control by preparing a GHZ state across several control qubits
and using these as local controllers for disjoint neighbourhoods of the system register,
as illustrated in Fig. 2.12. When ĤK is geometrically local (e.g. nearest-neighbour),
this layout can realise the controlled evolution with predominantly local two-qubit
interactions and substantially reduces routing overhead.

Replacing the trace by Tr[Â(·)] yields operator-resolved moments, see Eq. (2.104). On
hardware, one may either implement Â coherently before the controlled simulation or
apply a basis change after the controlled simulation and measure the qubits supporting
Â [154]. When the number of measured qubits increases, informationally complete
measurements or classical shadows can reduce the sampling overhead [155, 156].
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2.9.6 Implementation of the KPM on Quantinuum H1-1

This section reports the proof-of-principle implementation of the Chebyshev-moment
estimation primitive on Quantinuum’s trapped-ion device (System Model H1-1) [157],
where we used the non-integrable XYZ chain Eq. (2.37) as a hardware benchmark [1].
After the discussion in the previous sections on the quantum algorithm components,
here we focus on (i) compilation choices specific to H1-1, and (ii) the empirical
performance obtained with shallow approximations.

We benchmark the parameters Jx = 1, Jy = 1/3, Jz = % = 1/2. The staggered
coupling breaks integrability without eliminating the exact symmetries of the model
(in particular the U(1) conservation of Ŝz = ∑

n ŝz

n
). In the hardware implementation

it is convenient to compile controlled time-evolution (the controlled unitary in Fig. 2.9)
using a first-order ST splitting into non-commuting layers acting on even-odd and
odd-even bonds.

Figure 2.13: Gate decompositions used to
implement the controlled unitary (i.e. the
orange gate of Fig. 2.9) for the XYZ spin
chain of Eq. (2.37). The controlled ST de-
composition of this Hamiltonian requires a
controlled exp

(
iςŝx ∝ ŝx + iφŝy ∝ ŝy

)
for

the odd-even spin pairs (a) and a controlled
exp

(
iςŝx ∝ ŝx + iφŝy ∝ ŝy + i↼ŝz ∝ ŝz

)
for

the even-odd spin pairs (b), with ς, φ, ↼ ≃ C. The hatched area in (a) represents the part
that for the first ST step naturally mix with the last layer of the random circuit, without
requiring additional gates; the hatched area of (b) in the last ST step can be neglected.
The (c) and (d) respectively represent the conversion of the C-R̂z(2ς) and C-R̂x(2ς) in the
native gate set currently supported by the System Model H1-1. Note that this particular
gate decomposition was chosen in order to require as few gates as possible on the control
qubit, to enhance parallelisation and reduce the probability of errors occurring.

A practical simplification arises from choosing Jz = %. Then

Jz + (↔1)n% =





2Jz, n even,

0, n odd,
(2.117)

so that one bond layer carries xx + yy + zz interactions while the other carries
only xx + yy interactions. This reduces the controlled gate count without restoring
the integrable structure of the uniform chain. The corresponding controlled two-
qubit blocks are implemented with the decompositions shown in Fig. 2.13: odd-even
pairs require a controlled exp

(
iϱ φ̂x∝φ̂x + i▷φ̂y∝φ̂y

)
, while even-odd pairs require

the additional zz rotation. As in Fig. 2.13, the compilation is chosen to minimise
the number of gates acting on the control qubit, enabling greater parallelisation and
reducing the exposure to control-line errors.
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Figure 2.14: Estimation of the moments for N = 12 ((a)) and N = 18 ((b)) for the
Hamiltonian of Eq. (2.37) with Jx = 1, Jy = 1/3, Jz = ! = 1/2. The comparison is between
Chebyshev moments obtained in di!erent ways: analytically (Cheb), applying the arc-cosine
approximation at the first order (Arccos), adding the ST approximation with one single step
(ST), and the results from the circuit of Fig. 2.9 from Quantinuum, the emulator (H1-1e) and
the quantum computer (H1-1). In (a) the estimates for the first 25 Chebyshev moments. We
used 4 di!erent random circuits (R=4) with j = 5 and 1000 shots. In (b) the estimates for
the first 50 Chebyshev moments. Here, for the Quantinuum executions, we used 10 di!erent
random circuits (R=10) with j = 4 and 1000 shots. Each cross represents the result from a
circuit with a di!erent random circuit.

The random state used for trace estimation is generated by applying the parameterised
randomiser of the previous Sec. 2.9.5 to the N -qubit register, and averaging over R

independent random circuits. Chebyshev moments are then extracted as described
already in the Sec. 2.9.5, with two deliberate truncations chosen to keep circuits shallow:
(i) we approximate the arccosine mapping at order K = 0, i.e. arccos(Ĥ) ⇓ ↽/2 ↔ Ĥ,
and (ii) we use a single ST step for the controlled evolution. Empirically, increasing K

or the number of ST steps deepens the circuit but does not improve the final accuracy
on hardware at fixed shot budget; in the present regime, gate errors dominate before
the systematic approximation error becomes the bottleneck.

We executed the protocol for N = 12 and N = 18, corresponding to registers of 13 and
19 qubits respectively (including one control qubit) on H1-1. For each N we compare
(i) exact moments from ED, (ii) moments obtained after the arccosine truncation, (iii)
moments including the single-step ST approximation, and (iv) full circuit executions
on the H1-1 emulator (H1-1e) and, where feasible, the physical device (H1-1); the data
are shown in Figs. 2.14 and 2.15 and summarised at the level of DOS reconstructions
in Fig. 2.1.

For N = 12 we estimate with di!erent approximations the first M = 25 moments
as presented in Fig. 2.14(a). The KPM reconstruction of the DOS appears already
su"cient to match ED at the resolution of Fig. 2.15(a). Due to runtime constraints we
use R = 4 random circuits, with 1000 shots per circuit, and resolve moments reliably
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Figure 2.15: Reconstruction of the DOS for N = 12 (a) and N = 18 (b) for the Hamiltonian
of Eq. (2.37) with Jx = 1, Jy = 1/3, Jz = ! = 1/2. The di!erent DOS are obtained using the
five di!erent estimates presented in Fig. 2.14 for the Chebyshev moments (using a kernel with
M = 25 for N = 12 and M = 50 for N = 18) and the DOS from the ED. On both panels,
on top: the DOS obtained with the five di!erent estimates for the Chebyshev moments and
the DOS from the ED. Since for N = 18 we computed µ2 only from the H1-1 System, we
also included what the DOS estimate from the µ2 from the real hardware combined with the
estimates from the emulator would look like (H1-1*). On bottom we reported the comparison
of the DOS obtained with di!erent approximation of the Chebyshev moments with respect
to the analytical ones.

up to m = 7 on hardware. For m > 7 the moments are too small to be distinguished
from zero with the available statistics; in the reconstruction we therefore set µm ⇔ 0
beyond this cuto!. Within this operating window, the hardware-extracted moments
are consistent with the exact values and yield a DOS reconstruction that is accurate
in the bulk of the spectrum.

For N = 18, accurate DOS reconstruction requires a higher expansion order, with
M ⇔ 50 in Fig. 2.14(b). We use R = 10 random circuits (again with 1000 shots each)
and find that moments remain resolvable up to approximately m = 11 on the emulator
at this shot budget. On the physical device, the increased circuit depth and cost at
N = 18 restrict the feasible hardware runs; in practice we obtain only µ2 directly
from H1-1 and compute the remaining moments from the emulator. To illustrate the
expected DOS in this mixed regime we report, in Fig. 2.15(b), a reconstruction that
combines the hardware value of µ2 with emulator estimates for higher orders.

Two empirical observations are worth recording. First, across both system sizes,
H1-1e provides outcomes that are consistent with the exact (ED) benchmarks within
the statistical uncertainty of the protocol, making it a reliable proxy for exploring
compilation trade-o!s at fixed depth. Second, the dominant two-qubit primitive in
our compilation is the R̂zz interaction (see Fig. 2.13), and the comparison between
hardware and emulator suggests that the e!ective fidelity of this gate improves
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for smaller rotation angles; residual discrepancies are consistent with an imperfect
modelling of angle-dependent gate performance in the emulator.

Finally, all results in Figs. 2.14 and 2.15 are obtained without error mitigation. In
this sense, the agreement visible in the bulk DOS should be read as a conservative
proof of principle: with shallow truncations (K = 0 and one ST step) and modest
sampling (shot-limited low-order moments), one can already access spectral information
at system sizes beyond what is directly diagonalised in the hardware loop, and the
resulting moment data integrate naturally into the spectral-density framework of this
chapter.

2.9.7 Spectral reconstructions for discrete-time circuits

For Floquet dynamics the generator is unitary, so spectral information is naturally
organised on the unit circle. Let Û |⇁i↓ = e↗iϖi |⇁i↓ with ⇁i ≃ [↔↽, ↽). In contrast
to the Hamiltonian case, Chebyshev-Jackson KPM is not the natural basis for global
spectral reconstructions: the orthogonal harmonics on the circle are Fourier modes.
One can embed Û into a Hermitian operator on [↔1, 1] via

Â↼ = ei↼Û + e↗i↼Û †

2 , (2.118)

whose eigenvalues are ai = cos(⇁i ↔ ω), but the corresponding Chebyshev moments
contain no information beyond the unitary trace moments,

µm(ω) = 1
D

Tr
[
Tm(Â↼)

]
= 1

D

∑

i

cos
(
m(⇁i↔ω)

)
= Re

(
eim↼ sm

)
, sm = 1

D
Tr[Ûm].

(2.119)
Hence, for eigenphase densities and eigenphase-resolved correlators, Fourier reconstruc-
tions (with a suitable kernel on the circle) are the matched analogue of Chebyshev-
Jackson expansions on [↔1, 1]. Chebyshev methods become advantageous only when
the target quantity is itself a spectral function of a Hermitian operator on [↔1, 1] (for
instance, when one deliberately works with Â↼ as the object of interest, rather than
using it as a detour back to eigenphases).

In Sec. 2.4.2 we discretise the staggered XYZ Hamiltonian Eq. (2.37) into a two-layer
brickwork step

Û(◁) =
∏

n odd
ûn,n+1(◁)

∏

n even
ûn,n+1(◁), ûn,n+1(◁) = e↗iφ ĥn,n+1 , (2.120)

with PBC (hence N even) and ĥn,n+1 = Jxŝx

n
ŝx

n+1 + Jyŝy

n
ŝy

n+1 + J (n)
zz

ŝz

n
ŝz

n+1. For the
data shown in Fig. 2.3 we take N = 12, ◁ = 1, Jx = 1, Jy = 1

3 , and (Jz, %) = (1
2 , 1

2), so
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that Jeven
zz

= Jz + % = 1 and Jodd
zz

= Jz ↔ % = 0.

The eigenphase DOS is

g(⇁) = 1
D

D∑

i=1
ϑ(⇁ ↔ ⇁i), D = 2N , (2.121)

with Fourier coe"cients sm =
∫

ε

↗ε
g(⇁)e↗imϖ d⇁ = Tr[Ûm]/D. We reconstruct g(⇁)

from the truncated, kernel-damped Fourier series

gM(⇁) = 1
2↽

ñ
1 + 2

M∑

m=1
0m Re

(
smeimϖ

)
ô

, 0m = exp
ï
↔(mφ)2

2

ò
, (2.122)

which corresponds to smoothing by the circular heat kernel (a wrapped Gaussian) of
angular width φ. In Fig. 2.3(a) we use M = 80 with φ = 2↽/M = ↽/40, evaluate gM on
a uniform grid of 2048 points, and renormalise numerically so that

∫
ε

↗ε
d⇁ gM(⇁) = 1.

The ED reference is a density-normalised histogram of the eigenphases using 80 bins
(a wrapped-Gaussian KDE with bandwidth 0.06 is included only as a visual guide).

For a local observable Â and inverse temperature ▷ (with respect to the Hamiltonian
Ĥ entering the discretisation), we form the thermal Floquet autocorrelator moments

s(ς)
A,m

=
Tr
î
e↗ςĤ Û↗mÂÛmÂ

ó

Tr
î
e↗ςĤ

ó , m ≃ Z, (2.123)

and reconstruct the corresponding eigenphase-di!erence density via the same heat-
kernel Fourier series,

S(ς)
A

(⇁) ⇓ 1
2↽

ñ
s(ς)

A,0 + 2
M∑

m=1
0m Re

(
s(ς)

A,m
eimϖ

)ô
, S̃(ς)

A
(⇁) = S(ς)

A
(⇁)

s(ς)
A,0

. (2.124)

The normalisation ensures
∫

ε

↗ε
d⇁ S̃(ς)

A
(⇁) = 1.

In Fig. 2.3(b) we take ▷ = 1 and choose a representative non-diagonal two-site operator
on sites (1, 2),

Â = φ̂x

1 φ̂y

2 ↔ φ̂y

1 φ̂x

2 = 4
(
ŝx

1 ŝy

2 ↔ ŝy

1ŝx

2
)
, (2.125)

embedded with identities on all other sites. The ED reference is computed by ex-
plicit summation over Floquet eigenphases with a 100-bin histogram (no additional
smoothing). The typicality curve uses the thermal typicality construction introduced
in Sec. 2.9.3: drawing R random probes |r↓ and defining |⇀r↓ = e↗ςĤ/2 |r↓, we estimate

s(ς)
A,m

⇓ 1
R

R∑

r=1

↑⇀r| Û↗mÂÛmÂ |⇀r↓
↑⇀r|⇀r↓

, (2.126)
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with R = 10 probes and Fourier cuto! M = 100 (hence φ = 2↽/M in 0m). For each
probe one propagates |⇀r↓ and Â |⇀r↓ under repeated application of Û , accumulating
the overlaps required by Eq. (2.126) for m = 1, . . . , M . The heat-kernel damping in
Eq. (2.124) both regularises the truncated series and suppresses high-m statistical noise,
which is the dominant source of uncertainty in typicality-based moment estimation.
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Chapter 3
Finite-time dynamics

In Ch. 2 we emphasised diagnostics defined as late-time limits: infinite-time averages,
Drude weights, and spectral measures. Those objects are conceptually clean because
they reduce long-time behaviour to spectral structure. They are, however, not the most
natural outputs of a gate-based experiment or a digital simulator, which implements a
finite number of Floquet cycles and returns stroboscopic time series of local observables.
For this reason, the present chapter shifts viewpoint from asymptotic statements to
finite-time transport diagnostics that are experimentally accessible in a ŝz measurement
basis.

This shift is also motivated by a broader perspective that was introduced in Ch. 1 and
will recur throughout the thesis: su"ciently large quantum circuits can be viewed as
many-body systems in their own right, with emergent dynamical regimes that are not
mere discretisations of Hamiltonian physics. In particular, discrete-time dynamics does
not conserve energy, yet it can sustain other conservation laws (here magnetisation),
so transport becomes one of the cleanest probes of “digital phases of matter” and of
their crossovers.

The goal is twofold. First, we want practical probes that distinguish localised, di!usive,
and anomalous dynamical regimes using only quantities that are straightforward to
measure in a ŝz basis. Second, we want to expose intermediate-time structure that
is invisible to infinite-time limits. In the present model this is essential: near the
integrable SWAP point the dynamics develops a long-lived window in which excitations
propagate coherently and quasi-ballistically before eventual equilibration at much later
times.

We develop a local-quench protocol tailored to the U(1)-symmetric Floquet circuits
introduced in Sec. 2.6. We initialise a single localised magnetisation inhomogeneity
on an otherwise high-temperature background and follow the resulting magnetisation
profile under repeated application of the Floquet unitary. While the raw profile has
a transparent hydrodynamic interpretation, it is not an e"cient object from which
to extract robust scaling diagnostics under disorder averaging and periodic boundary
conditions. The main technical step of the chapter is therefore to compress the full
profile into the lowest circular moment of an associated (quasi-)probability distribution.
This reduction yields two scalar time series with direct transport meaning: a drift
variable (the phase velocity of the slowest Fourier mode) and a spread variable (its decay
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rate), providing a compact and numerically stable summary of finite-time transport.

The chapter mirrors the structure of Ch. 2: we first introduce finite-time concepts and
diagnostics, then present benchmarks in the same discrete-time XXZ circuit models
introduced in Secs. 2.5, 2.6 and 2.7.2, and finally summarise the numerical tools used
to produce the data. Concretely, Sec. 3.1 motivates prethermalisation as a controlled
finite-time window; Sec. 3.2 defines the local-quench protocol and its reduction to
circular moments; Secs. 3.3 to 3.6 extract transport summaries across the phase diagram
and quantify the near-SWAP “swappy” regime; and Sec. 3.7 revisits the single-impurity
benchmark of Sec. 2.7 from a quasi-conserved-charge perspective. For comparison
with the spectral and linear-response viewpoint of Ch. 2, we occasionally comment on
how the same finite-time information is encoded in current autocorrelations and in
the low-frequency structure of the regular conductivity. We close with a discussion in
Sec. 3.8 and collect method details in Secs. 3.9 and 3.9.2.

The results presented in this chapter build on Ref. [1], produced during this PhD, and
on ongoing work [5]. The local-quench protocol and the circular-moment transport
diagnostics (Sec. 3.2), as well as the characterisation of the near-SWAP prethermal
(“swappy”) regime (Sec. 3.4), follow Ref. [1]. In addition, this chapter introduces and
analyses a discrete-time single-impurity XXZ circuit prethermal plateau, formulated
in terms of quasi-conserved charges and defect-controlled leakage (Sec. 3.7). These
results will be presented in Ref. [5].

3.1 Floquet prethermalisation as a finite-time win-
dow

In periodically driven many-body systems, long-time stroboscopic dynamics within
each exact symmetry sector is generically expected to approach the infinite-temperature
state. By Floquet prethermalisation we mean a controlled separation of time scales:
local observables relax on a microscopic time tloc to a quasi-stationary regime, and only
on a parametrically longer time t→ do they drift away towards infinite temperature.
Crucially, the plateau is governed by an emergent quasi-conserved local structure (often
an extensive generator, but not necessarily), and the lifetime t→ diverges in a controlled
limit. Throughout, we use “prethermal” in this strict sense: a window tloc ̸ t ̸ t→

whose longevity is controlled by a quasi-conserved local structure, not merely by
finite-size recurrences.

Two distinct mechanisms produce such prethermal windows in Floquet settings. One
is the high-frequency mechanism, where t→ is exponentially large in the drive frequency
and the plateau is organised by a dressed e!ective Hamiltonian Ĥ→. Another is the
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near-integrable mechanism, where t→ diverges as a power of a detuning from an exactly
solvable Floquet point; this is the sense relevant to the near-SWAP “swappy” regime
studied in Sec. 3.4.

3.1.1 High-frequency prethermalisation and a dressed gener-
ator Ĥ¬

For broad classes of local lattice drives with bounded microscopic scales, rigorous
results show that at su"ciently high drive frequency there exists an extensive, quasi-
local operator Ĥ→ such that the Floquet evolution approximately conserves it over
exponentially long times [34, 35, 158–160]. Equivalently, one may formulate this as an
exponentially small dressed commutator and an exponentially long heating time,

∥∥∥[Û , Ĥ→]
∥∥∥ ↗ e↗cϑ, t→ ↗ e+cϑ, (3.1)

with ε the drive frequency. On the window tloc ̸ t ̸ t→, local physics is well
approximated by evolution under Ĥ→, and quasi-stationary values of local observables
are captured by a Gibbs-like state of Ĥ→ at an e!ective inverse temperature fixed by
the approximately conserved ↑Ĥ→↓.

A practical consequence is that a chosen “reference” Hamiltonian Ĥ (e.g. the continuous-
time model one heuristically associates to the circuit) is not conceptually protected as
a heating diagnostic: prethermal plateaux are defined by quasi-conservation of a local
Ĥ→, not by stationarity of an arbitrarily selected Ĥ [35, 160]. Accordingly, when we
discuss high-frequency prethermal behaviour we phrase plateaux in terms of Ĥ→ (or
local densities that fix an e!ective temperature with respect to Ĥ→), rather than in
terms of a specific microscopic Ĥ.

3.1.2 Prethermalisation near an integrable Floquet point

A second, conceptually independent route to a long-lived intermediate-time regime is
proximity to an exactly solvable Floquet dynamics. This mechanism does not rely on
a high-frequency limit and applies equally to continuous- and discrete-time settings:
one starts from an integrable reference evolution and considers a weak perturbation
that breaks the integrable structure. The resulting dynamics can exhibit a pronounced
separation of time scales: a rapid approach to a quasi-stationary state constrained by
(approximately) conserved integrable structures, followed only at much later times by
crossover to the generic long-time behaviour [161–163].

To state this in a model-agnostic way, let Û0 denote a reference Floquet step for which
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the dynamics is integrable in the sense that there exists an extensive set of algebraically
independent (quasi-)local conserved charges {Q̂a} su"cient to enforce GGE-like local
constraints rather than direct relaxation to the symmetry-only infinite-temperature
state. Consider a one-parameter deformation Û(1) with Û(0) = Û0, where 1 controls
the strength of an integrability-breaking perturbation. On general grounds, integrability
breaking dresses the conserved quantities into quasi-conserved operators Q̂→,a(1) whose
stroboscopic drift per period is parametrically small as 1 ↖ 0. A convenient diagnostic
is therefore the slow evolution of the constrained data ↑Q̂→,a(1; t)↓ compared with the
microscopic relaxation time tloc.

The hallmark of near-integrable prethermalisation is the divergence of a crossover
time scale t→(1) as 1 ↖ 0. Unlike high-frequency Floquet prethermalisation, where
t→ can be exponentially large in the drive frequency and the plateau is organised by
a dressed e!ective Hamiltonian, here t→ is typically controlled algebraically by the
integrability-breaking parameter. In the generic situation in which the perturbation
induces scattering between integrable sectors at a Golden-Rule rate, one expects

&(1) ∞ 12, t→(1) ↗ &(1)↗1 ∞ 1↗2, (3.2)

up to model-dependent prefactors and possible modifications from resonances, selection
rules, or additional symmetries. The intermediate-time regime may be characterised
either by the near-stationarity of a suitably chosen set of quasi-conserved quantities,
or by the quasi-stationarity of a broad class of local observables compared to their
eventual long-time values, with both descriptions becoming asymptotically equivalent
when the integrable constraints are su"ciently complete.

In this thesis we use the term prethermal in this near-integrable sense whenever an
extended time window is controlled by weak breaking of an exactly solvable Floquet
structure and the associated crossover time diverges in a controlled limit.

3.2 Transport diagnostics from magnetisation pro-
file

As in this chapter we focus on extracting finite-time transport information from the
spreading of a local U(1) charge inhomogeneity under a U(1)-symmetric Floquet
unitary Û , we first define the relevant observables and then explain how to reduce
them to compact transport diagnostics. The prethermal “swappy” regime discussed
below is an instance of the near-integrable mechanism described in Sec. 3.1.2. The
organising viewpoint is the same as in the Hamiltonian transport literature: transport
is encoded either (i) in equilibrium current correlators (Green-Kubo) or, equivalently,
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(ii) in the spatiotemporal spreading of the conserved density (dynamic structure factors
and their moments) [43]. The present section formalises the second route in a form
tailored to discrete-time circuits on a ring.

3.2.1 Local magnetisation profile in a fixed-M sector

We work stroboscopically with t ≃ Z the Floquet-cycle index and define ŝz

n
(t) =

Û↗tŝz

n
Û t. Given an initial state ϖ̂(0) supported on the fixed-magnetisation subspace

H(M), the local magnetisation profile is

Mn(t) = Tr
[
ϖ̂(0) ŝz

n
(t)

]
, n ≃ {1, . . . , N}. (3.3)

Charge conservation implies ∑
n Mn(t) = M for all t.

The protocol below uses a localised charge perturbation on top of an infinite-temperature
background within H(M). Let P̂M project onto H(M) and let P̂ ⇓

n0 = Î/2 + ŝz

n0 polarise
a chosen site n0 (we take n0 = N/2). A convenient mixed initial condition is

ϖ̂(0) =
ˆ̃ϖ

Tr[ˆ̃ϖ]
, ˆ̃ϖ = P̂M


P̂ ⇓

n0 ∝
Ç

Î2

2

å⇑(N↗1)
P̂M . (3.4)

Eq. (3.4) is the sector-restricted analogue of the standard “local quench at infinite
temperature” used to measure the spreading of equilibrium correlations; see Sec. C for
the explicit connection to sector-resolved correlators and typicality.

3.2.2 Semiprobability profile in the M=0 sector

To reduce Mn(t) to compact transport diagnostics, it is useful to normalise it into
a unit-mass profile. From here on we specialise to the largest sector M=0. For the
initial condition Eq. (3.4) with one fully polarised spin, the M=0 constraint fixes the
(uniform) background magnetisation on n ↘= n0 as

Mn0(0) = 1
2 , Mn⇐=n0(0) = MB = ↔ 1

2(N ↔ 1) . (3.5)

We then define the semiprobability profile

pn(t) = 2 Mn(t) ↔ MB

1 ↔ 2MB
,

N∑

n=1
pn(t) = 1, (3.6)

so that pn0(0)=1 and pn⇐=n0(0)=0.
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In the transport literature, the object most commonly analysed is a normalised density-
density correlator (or structure factor) whose zeroth moment is fixed to unity [43,
113, 164]. Eq. (3.6) is precisely this normalisation, specialised to a sector-restricted
local-quench state. At finite N , typicality fluctuations can yield Mn(t) < MB for
some sites, making pn(t) weakly negative. In that case pn(t) should be interpreted
as a semiprobability; this does not obstruct moment-based diagnostics and becomes
negligible as dim H(0) grows.

3.2.3 From spreading profiles to hydrodynamic transport

The relevance of pn(t) is that, in the hydrodynamic regime, its long-wavelength
evolution is constrained. In the simplest case of unbiased di!usion on a line one
expects the scaling form

pn(t) ⇔ t↗1/z f
(n ↔ n0

t1/z

)
, (3.7)

with dynamical exponent z (di!usion: z = 2, ballistic: z = 1; KPZ superdi!usion
corresponds to z = 3/2 in the isotropic Heisenberg chain) [43, 109, 110]. Two standard
consequences are: (i) a width φ(t) ↗ t1/z extracted from second moments, and (ii) a
return/peak scale pmax(t) ↗ t↗1/z for unimodal profiles. This motivates the exponents
introduced below.

A complementary, Green-Kubo perspective is obtained by combining the continuity
equation with linear response. In continuous time one may relate the growth of the
mean-square displacement of the density correlator to the time integral of the current
autocorrelator (Einstein/Green-Kubo relations) [43]. In discrete time the same logic
applies with finite di!erences and a stroboscopic continuity equation; we use the profile
viewpoint because it remains numerically stable in strongly disordered Floquet circuits
and because it is directly comparable to experimentally accessible density profiles.

3.2.4 Circular ensemble and its relation to the dynamic struc-
ture factor

With periodic boundary conditions, linear moments become ambiguous once the profile
approaches wrap-around. This is especially relevant near SWAP-like points, where
an excitation can propagate almost ballistically and remain coherent up to times
comparable with the wrap-around time twrap (defined in Eq. (3.16)). A packet that
is still well localised on the ring may then appear, in a linear site coordinate, as two
peaks separated by the arbitrary coordinate cut (near n = 1 and n = N), so that the
apparent centre-of-mass and variance become gauge-dependent artefacts. We therefore
encode pn(t) by its lowest nonzero Fourier component (a standard object in transport
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theory: the dynamic structure factor at small momentum) [43]. Define

Rk(t) =
N∑

n=1
pn(t) eik(n↗n0), k = 2↽m

N
, m ≃ Z, (3.8)

and focus on the smallest momentum k1 = 2↽/N . Our first circular moment is exactly

R(t) = Rk1(t) =
N∑

n=1
pn(t) eiθn , θn = 2↽

N
(n ↔ n0). (3.9)

In a di!usive system, hydrodynamics predicts

Rk(t) ⇔ e↗Dk
2
t (3.10)

for small k, where D is the di!usion constant. If, in addition, the profile is advected with
a finite velocity v (sometimes called drift velocity, bias, or convective/advection velocity
depending on context), then the long-wavelength mode obeys an advection-di!usion
form

Rk(t) ⇔ eivkt e↗Dk
2
t. (3.11)

Eq. (3.11) is the precise sense in which our “drift” diagnostic is a transport quantity:
it is the phase velocity of the slowest Fourier mode of the spreading packet, i.e. the
convective component of the hydrodynamic mode.

We extract from R(t) a circular location and a circular spread,

µ(t) = Arg R(t), φ(t) =


↔2 log |R(t)| ⇐ 0, (3.12)

which is an exact parametrisation of the complex number R(t). When Eq. (3.11) holds
at k=k1, it implies

µ(t) ⇔ vk1t, φ(t)2 ⇔ 2Dk2
1t. (3.13)

Thus, on time windows where the lowest mode is hydrodynamic, one can extract
e!ective transport coe"cients directly:

ve”(t) = 1
k1

Arg
(
R(t+1)R(t)→

)
, De”(t) = ↔ 1

k2
1

log
∣∣∣∣
R(t+1)

R(t)

∣∣∣∣ . (3.14)

In our notation below we report the magnitude of the one-step phase increment as

ν(t) = N

2↽

∣∣∣Arg
(
R(t+1) R(t)→

)∣∣∣ = |ve”(t)|, (3.15)

which measures displacement in sites per Floquet cycle. The product R(t+1)R(t)→

removes branch-cut artefacts that appear if one naively di!erences µ(t) across ±↽.
With this normalisation, the brickwork light-cone bound corresponds to ν(t) ↬ 2.
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Because the geometry is a ring, su"ciently fast coherent drift inevitably leads to
finite-size wrap-around and recurrences. We define a characteristic wrap-around time
as the first time at which the cumulative drift distance reaches the system size,

twrap := inf
®

t ≃ N
∣∣∣∣∣

t↗1∑

s=0
ν(s) ⇐ N

´
⇓ N

νtyp
, (3.16)

where νtyp is a representative drift speed on the time window of interest.

On large rings (small k1) the cumulants of the packet can be recovered from log Rk(t)
near k=0: the first cumulant is the centre-of-mass displacement and the second
cumulant is the variance. Our construction samples this cumulant-generating function
at k=k1. This is why µ(t) and φ(t) are robust substitutes for the linear mean and
width once wrap-around becomes relevant.

3.2.5 Wrapped-normal reference and e!ective exponents

In the di!usion equation on a line, an initially localised profile broadens as a Gaussian
with width ∞ t1/2. On a ring, the natural analogue is a wrapped Gaussian,

NW(n; µ, φ) ∞
∑

k↘Z
exp
ï
↔(θn ↔ µ + 2↽k)2

2φ2

ò
, (3.17)

whose first circular moment satisfies R=eiµ↗▷
2
/2, matching Eq. (3.12). This motivates

Eq. (3.12) as a spread diagnostic when pn(t) remains approximately unimodal. A
limitation is that φ(t) tracks a physical width reliably only in that regime. In the later
analysis we identify a “swappy” window in which the excitation remains coherent and
quasi-ballistic up to times comparable with the wrap-around time twrap (Eq. (3.16)), so
that width-based diagnostics must be interpreted with care. In this regime the profile
can develop multi-peak and staggered structures at early times. Accordingly, the most
robust transport signature becomes the convective component ν(t) (equivalently ve”).

To quantify broadening and decay we also track the peak height pmax(t)= maxn pn(t)
and extract e!ective exponents on intermediate-time windows,

φ(t) ↗ tωε , pmax(t) ↗ t↗ωp . (3.18)

They are finite-time, finite-size versions of Eq. (3.7). For unimodal packets one expects

ϱ▷ ⇔ ϱp ⇔ 1
z

.

Thus 1/z = 1/2, 1, 2/3 for di!usion, ballistic spreading, and KPZ scaling, respectively.



3.3 Disordered Floquet XXZ circuit 73

In particular, ϱp is closely related to the decay of local autocorrelations at the origin
(return probability), which is frequently used as a transport diagnostic when extracting
full profiles is costly [43, 164].

3.3 Disordered Floquet XXZ circuit
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Figure 3.1: Dynamics of a single spin inhomogeneity across representative regimes with
Jz=ε and at particular values of J , symbols as defined in Sec. 2.6.1. Results of numerical
propagation of the initial state Eq. (3.4) (implemented via typicality as in Sec. 3.9.2) in the
M=0 sector under the disordered Floquet XXZ circuit Eq. (3.19). Top row: typical single
realisations. Bottom row: disorder-averaged profiles (100 realisations). Solid/dashed/dotted
horizontal lines mark t=1, t=N/2 (ballistic wrap-around benchmark; Eq. (3.16)), and
t=(N/2)2 (di!usive wrap-around estimate), respectively.

Throughout the next sections we study the disordered discrete-time XXZ chain in-
troduced in Sec. 2.6. We briefly recall its Floquet construction to fix notation (in
particular the SWAP point at J=↽ discussed in Sec. 2.5).

Across this phase diagram, the circular-moment diagnostics introduced above yield
transport exponents consistent, at accessible sizes and times, with phenomenological
localisation, ordinary di!usion, and an anomalous superdi!usive window near the
SWAP point; the latter coincides with the near-integrable prethermal “swappy” regime
discussed in Sec. 3.4.

One Floquet cycle is generated by a U(1)-symmetric unitary Û built from nearest-
neighbour gates,

Û =
∏

{P (n)}
ûn,n+1, (3.19)

where the product runs over a random permutation P of the bonds (n, n+1) with
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periodic boundary conditions. The two-site gate is

ûn,n+1 = e↗iĥn,n+1e↗ihnŝ
z
ne↗ih

→
nŝ

z
n+1 , (3.20)

with
ĥn,n+1 = J

2
(
ŝ+

n
ŝ↗

n+1e
i↼n + ŝ↗

n
ŝ+

n+1e
↗i↼n

)
+ Jz ŝz

n
ŝz

n+1. (3.21)

The parameters {hn, h↑

n
, ωn} are sampled independently and uniformly from (↔↽, ↽]

for each gate, while J and Jz are fixed across all gates in a given Floquet unitary. By
construction [Û , Ŝz]=0, so we work in fixed-M sectors and focus on M=0 throughout.

The local magnetisation profile Eq. (3.3) is the most direct finite-time observable
in this model: it is local, stroboscopic, and experimentally accessible. Figure 3.1
shows representative realisations and disorder-averaged profiles at N=20 for four
points along the Jz=↽ line. The horizontal lines indicate: one cycle (t=1), a ballistic
wrap-around benchmark (t=N/2, cf. twrap in Eq. (3.16)), and a di!usive wrap-around
estimate (t=(N/2)2), which serve as heuristic benchmarks before we quantify drift
and broadening via circular moments.

Time evolution is carried out by repeated application of Û to a state vector. We
evaluate each of the first t=100 cycles explicitly (cycle-by-cycle sampling). To reach
later times, we optionally apply blocks of Floquet cycles and sample the dynamics
more coarsely for t>100. This can create an apparent late-time “pinning” in plots if
one forgets the sampling schedule, but it is purely numerical: the physical dynamics
is always generated by single-cycle applications of Û . The subsequent analysis is
formulated in terms of stroboscopic time t and is insensitive to the sampling strategy
once fit windows are chosen within well-resolved intervals.

3.4 Prethermalisation near the SWAP point: the
swappy regime
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Figure 3.2: Prethermal scaling near the SWAP point. Values are extracted from ↑↽(t)↓ as
t▷ = inf{t | ↑↽(t)↓ > N/30 + 1.25} (panel (a)), and from ↑pmax(t)↓ as tp = inf{t | ↑pmax(t)↓ <
2.6/N} (panel (b)). Dotted lines show power-law fits t▷ ∞ (J ↑)↗2.4 and tp ∞ (J ↑)↗2.6.
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Here “prethermal” is used in the near-integrable sense of Sec. 3.1.2, controlled by
detuning J ↑=↽↔J from the integrable SWAP circuit. This is distinct from high-
frequency Ĥ→ prethermalisation of Sec. 3.1.1.

At the SWAP point J=↽, a local ŝz inhomogeneity is transported coherently by near-
perfect exchange of neighbouring excitations. In particular, the first circular moment
R(t) undergoes an approximately rigid rotation with |R(t)|⇔1, so that the circular
variance φ(t)=


↔2 log |R(t)| remains small, while the peak height pmax(t) stays large.

Detuning away from J=↽ introduces weak integrability breaking: SWAP-like ballistic
motion persists at early and intermediate times, but rare scattering/dephasing events
gradually convert coherent advection into irreversible broadening and peak decay.

The role of the timescales tp and t▷ is to quantify, in a finite-size ring geometry, the
breakdown time of SWAP-like coherent transport using two complementary observables.
First, pmax(t) is a local coherence-sensitive diagnostic: it tracks the survival of a sharp
packet and is closely related to the return probability (local autocorrelation) at the
origin. Second, φ(t) is a long-wavelength diagnostic: since φ(t) is extracted from
the magnitude of the lowest Fourier component Rk1(t), it measures the decay of the
slowest mode and remains numerically stable even when the real-space profile develops
staggered or multi-peak structure (where any linear “width” becomes gauge-dependent
on a ring). We therefore define two threshold-based crossover times,

tp = inf{t ≃ N | ↑pmax(t)↓ < pth}, (3.22)

t▷ = inf{t ≃ N | ↑φ(t)↓ > φth}, (3.23)

and interpret them as indicators for the onset of irreversible broadening (loss of
SWAP-like coherence), not as heating-to-infinite-temperature times. Geometric caveat:
thresholds and fit windows are chosen with t̸twrap (see Eq. (3.16)) so that wrap-around
recurrences on the ring do not masquerade as long-lived plateaux.

The near-integrable expectation for the divergence of these crossover times follows
from a perturbative rate argument. Writing the detuned circuit as Û=Û0e↗iJ

→
V̂ and

moving to the interaction picture with respect to Û0, the detuning produces scattering
of the integrable SWAP-like motion. Transition amplitudes are linear in J ↑, hence
transition probabilities per cycle are generically quadratic. Accordingly, one expects a
relaxation rate &(J ↑)∞(J ↑)2 and a breakdown time

t→(J ↑) ↗ &(J ↑)↗1 ∞ (J ↑)↗2, (3.24)

up to model-dependent prefactors and finite-size corrections. Both tp and t▷ probe
this same underlying rate: tp through the survival of a sharp local feature, and t▷

through the decay of the lowest Fourier component |R(t)| (equivalently the growth of
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φ(t)2= ↔ 2 log |R(t)|).

The data in Fig. 3.2 show clear power-law growth of both crossover times as J ↑ ↖ 0.
The fitted exponents depend mildly on the threshold choice and on the finite-size/time
window, but across N and across reasonable thresholds we consistently find a divergence
compatible with the Golden-rule baseline t∞(J ↑)↗2. Thus the swappy regime is a
genuinely dynamical ergodic-swappy crossover (seen in the finite-time observables of
Ch. 3 near J ↬ ↽ but absent from the static analyses of Sec. 2.1) with near-integrable
prethermal scaling t→ ∞ (↽ ↔ J)↗2 as J ↖ ↽ (Sec. 3.4 and Fig. 3.2) [162, 165].

3.5 Transport observables from drift, spreading,
and peak decay

From each trajectory R(t) we derive the spread φ(t) and drift speed ν(t) via Eqs. (3.12)
and (3.15). To complement φ(t) we also track the instantaneous peak height pmax(t) =
maxn pn(t). These three observables distinguish drift-dominated dynamics from di!u-
sive broadening in a compact and statistically stable way.

To quantify spreading and relaxation we extract e!ective power laws on intermediate-
time windows,

φ(t) ↗ tωε , pmax(t) ↗ t↗ωp , (3.25)

with di!usion benchmark ϱ▷ = ϱp = 1/2 and ballistic benchmark ϱ▷ = ϱp = 1.
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Figure 3.3: Realisation-averaged dynamics of transport observables along the Jz=ε line.
Shown are (a) the spread ↑↽(t)↓, (b) the drift speed ↑⇀(t)↓, and (c) the peak height ↑pmax(t)↓
for various J ≃ (0, ε) at fixed Jz=ε. Grey-shaded regions indicate the intermediate-time
windows used for extracting ς▷ and ςp. Due to stroboscopic sampling limitations, drift is
displayed only up to the time range where cycle-by-cycle data are available; this captures
the relevant transient behaviour.

The spread and peak decay provide robust di!usion diagnostics in the ergodic regime,
while the swappy and near-SWAP regimes are cleanly identified by persistent drift at
speeds of order one site per cycle.
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3.6 Extracting e!ective exponents and drift veloci-
ties
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Figure 3.4: Extracted transport summaries along the
Jz=ε line. (a) E!ective spread exponent ς▷ extracted
from ↑↽(t)↓. (b) Time-averaged drift speed ↑⇀↓ defined
in Eq. (3.26).

We now process the realisation-
averaged observables ↑φ(t)↓, ↑ν(t)↓,
and ↑pmax(t)↓ to obtain finite-
size diagnostics across N ≃
{14, 16, 18, 20, 22}. To deter-
mine ϱ▷ from ↑φ(t)↓ ↗ tωε we
fit on intermediate-time windows
that exhibit stable power law be-
haviour (shaded in Fig. 3.3(a)).1

The extracted ϱ▷ displays two
robust plateaus within accessible
sizes: ϱ▷ ⇔ 0 (suppressed spread-
ing) at small J and ϱ▷ ⇔ 1/2
(di!usive broadening) over an ex-
tended range at larger J . As J

enters the swappy window, ϱ▷

becomes unstable and error bars
grow, as expected from the non-
unimodal structure of pn(t) in
that regime; drift-based diagnos-
tics remain stable precisely in the
same parameter window. Close
to the SWAP point J ↖ ↽, ϱ▷ rapidly returns towards 0, consistent with strongly
suppressed broadening. To summarise coherent transport we define a time-averaged
drift speed

↑ν↓ = 1
T

T ↗1∑

t=0
↑ν(t)↓, (3.26)

where T is chosen as the time for a typical near-SWAP trajectory to return to its
initial position on the ring. Since the light-cone bound is ν(t)↬2 sites per cycle, a
natural choice is

T = twrap ⇓ N

νtyp
, νtyp ⇔ 2, (3.27)

1To reduce sensitivity to the choice of fit window and to disorder fluctuations, we perform an
ensemble of fits on slightly perturbed time intervals. Concretely, for each of 25 runs we (i) perturb
the endpoints of the nominal fit window by independent normally distributed factors with mean 1
and standard deviation 0.2, (ii) compute ↑↽(t)↓ using a random one-third subset of trajectories, and
(iii) fit log↑↽(t)↓ = b log t + c. We then report ςω as the mean of the resulting slopes b, with the
standard deviation as an error estimate. The same procedure is applied to pmax(t) to estimate ςp
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rounded to the nearest integer in numerics. The resulting ↑ν↓ is reported in Fig. 3.4(b).

We also extract the peak-decay exponent ϱp from ↑pmax(t)↓↗t↗ωp using the same fitting
protocol. Away from the Jz=↽ line, some parameter values yield e!ective ϱp⇔1 or
larger (very fast relaxation of local observables); the interpretation and limitations of
such large e!ective exponents are discussed together with the prethermal analysis in
Sec. 3.4.

3.7 Single-impurity XXZ circuit and prethermali-
sation

Having characterised transport via magnetisation-profile diagnostics in Secs. 3.3 and 3.5,
we now switch to a complementary finite-time probe that ties directly to weakly broken
conservation laws. We revisit the single-impurity Floquet XXZ circuit introduced
in Secs. 2.7 and 2.7.2, where it served as a benchmark separating spectral chaos
indicators from transport. Here we instead use it to isolate an intensive route to near-
integrability: unlike the near-SWAP “swappy” regime of Sec. 3.4, where integrability
is broken extensively by detuning all gates, the bulk is exactly integrable and only a
single local defect violates the higher charges. This makes the prethermal mechanism
especially transparent and allows us to identify a single slow rate from the decay of a
representative conserved charge.

A standard route to prethermalisation in many-body systems is to start from an
exactly solvable (typically integrable) reference dynamics and perturb it so that at
least one conservation law is violated, but only weakly. In continuous time, this
mechanism is often diagnosed by tracking the relaxation of local observables towards a
generalised equilibrium of the reference model (a GGE), followed by a slow drift of the
corresponding Lagrange multipliers towards a thermal Gibbs state. Two complementary
viewpoints are widely used. (i) A manifold-of-equilibria picture: the state rapidly
approaches an approximate GGE of the unperturbed model, and then evolves along
this manifold under an e!ective autonomous equation with a rate controlled by the
integrability-breaking perturbation [165]. (ii) A kinetic picture: one derives (or
postulates) a Boltzmann-type evolution for quasi-particle occupations (or other slow
mode variables) and identifies prethermal plateaux and their subsequent drift from
the resulting scattering rates [161]. Both viewpoints motivate the same practical
probes: (a) time dependence of putative conserved charges (or of their overlaps with
observables), (b) correlators of those charges, and (c) extraction of a single slow rate
(the smallest nonzero relaxation rate) governing the late part of the intermediate-time
window.
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Here we implement the same logic in discrete time, but with an intensive integrability-
breaking perturbation: a single local defect inserted into an otherwise integrable U(1)-
symmetric XXZ brickwork circuit. The resulting dynamics is particularly transparent
because the perturbation is strictly local while the clean circuit carries an extensive
family of local conserved charges.

3.7.1 Conserved charges of the clean XXZ circuit

For himp=0, the bulk brickwork circuit Ûbulk is the integrable discrete-time XXZ Floquet
chain introduced in Sec. 2.5. Its local gate is the braid form of the unitary six-vertex
R-matrix (written there as û(1, 2); Eq. (2.47)), and the associated commuting transfer
matrices generate the extensive family of conserved charges mentioned in that section.
To construct these charges explicitly, we follow [93] and embed the gate into a unitary
six-vertex R-matrix Ř(u) depending on a spectral parameter u and satisfying the braid
Yang-Baxter equation

Ř12(u ↔ v) Ř23(u) Ř12(v) = Ř23(v) Ř12(u) Ř23(u ↔ v). (3.28)

One then builds a staggered transfer matrix by tracing over an auxiliary spin-1
2 space,

T̂ (u) = Tra


Ř1a(u + ◁) Ř2a(u ↔ ◁) · · · ŘNa

(
u + (↔1)N↗1◁

)
, (3.29)

with staggering parameter ◁ (fixed by the choice of integrable bulk gate and not to
be confused with the impurity strength himp introduced below). The Yang-Baxter
relation implies the commuting family property

[T̂ (u), T̂ (v)] = 0 ∅ u, v, (3.30)

and the homogeneous Floquet step Ûbulk is obtained as Ûbulk = T̂ (u0) at the parameter
value u0 for which Ř(u0) = ûXXZ(J, Jz) (up to an overall phase).

Conserved charges follow from the logarithmic-derivative expansion about u = u0:

Q̂(±)
,

= ς,

ςu,
ln T̂±(u)

∣∣∣∣
u=u0

, 5 = 1, 2, . . . , (3.31)

where ± labels the two translation-inequivalent (even/odd-centred) staggerings, re-
flecting the odd/even substep structure of the brickwork update discussed in Sec. 2.5.
Each Q̂(±)

,
is extensive and has a strictly local density of finite range that increases

with 5; in particular 5 = 1 already has a three-site density [93]. In what follows we fix
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one choice of staggering and take

Q̂ = Q̂,=1, (3.32)

orthogonalised against the trivial invariants Î and total magnetisation Ŝz, as the clean
conserved quantity whose impurity-induced leakage we monitor.

3.7.2 Impurity Floquet step and autocorrelator probe
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Figure 3.5: Prethermal decay of the charge autocorrelator CQ(t) in the single-impurity
XXZ circuit. (a) Size dependence at J = 1 and himp = 1 for Jz=0.55, 1.1, 2.2. (b) Anisotropy
dependence at N=24 and himp = 1. Evolved to T = 106 cycles.

We now introduce the only spatial inhomogeneity: a single on-site ẑ-kick

ûimp = exp
(

↔ ihimp ŝz

n0

)
, n0 =

õ
N

2

û
, (3.33)

applied once per Floquet period, yielding the single-impurity step ÛSI = Ûbulk ûimp (see
Sec. 2.7.2 and Eq. (2.66)). This is the stroboscopic discretisation of the single-impurity
XXZ setting studied in continuous time in Ref. [131], with the key di!erence that the
bulk dynamics is a discrete-time integrable circuit rather than a Hamiltonian flow.

To probe the resulting near-integrable relaxation we use the infinite-temperature
autocorrelator of Q̂ in the M=0 symmetry sector,

CQ(t) =
Tr

[
Q̂(t) Q̂

]

Tr
[
Q̂2

] , Q̂(t) = Û↗t

SI Q̂ Û t

SI, t ≃ Z. (3.34)

For himp=0 one has CQ(t) = 1. For himp ↘= 0, Q̂ is no longer conserved, but its violation
is localised.

Fig. 3.5 shows three robust features. First, at fixed himp and varying anisotropy
Jz/J (J = 1 and Jz=0.55, 1.1, 2.2), CQ(t) displays an initial decay consistent with
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hydrodynamic shedding of fast components (a non-universal, short-time regime),
followed by a clean exponential window,

CQ(t) ↗ e↗!N t, (3.35)

before eventually saturating to the finite-N floor set by the finite Hilbert space. The
exponential regime is only weakly resolved at Jz/J=0.55 (suggesting limited scale
separation at accessible sizes), whereas for Jz/J = 1.1 and 2.2 it is clean and extends
across several decades in time. Second, because the impurity is intensive while Q̂

is extensive, the leakage rate is expected to scale as ”N ∞ N↗1 (up to parameter-
dependent prefactors): the perturbation only acts at O(1) sites, while Tr[Q̂2] grows
extensively. This explains why plotting against the scaled time tJ/N collapses the
pre-saturation curves across N=16, . . . , 26:

”N ⇓ 0(J, Jz, himp)
N

, CQ(t) ↗ exp


↔ 0
t

N


. (3.36)

The same finite-size collapse logic underlies resonance-based analyses of correlation
decay in U(1) circuits.
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Figure 3.6: Prethermal decay of CQ(t) in the single-
impurity XXZ circuit at di!erent J values, with N=24,
Jz/J = 1.1, and himp/J = 1. The special role of the dual
unitary (DU) point J=ε is evident: the stroboscopic
response becomes exceptionally constrained and the ex-
ponential decay is replaced by a persistent subharmonic
structure. Away from J=ε the same defect-controlled
leakage mechanism governs the decay of CQ(t). At low
J the exponential window is not well resolved, consis-
tent with limited scale separation at accessible sizes. At
large J still away from the dual unitary (DU) point, the
exponential window is absent.

Third, at fixed N (e.g. N=24)
and varying himp, as shown in
Fig. 3.5(b), the intermediate-
time decay changes systemati-
cally, consistent with a defect-
controlled leakage rate. Note
that himp=↽ is the maximum
value of the impurity strength
as Eq. (3.33) is 2↽-periodic.

Finally, scanning the kick param-
eter J at fixed ratios (e.g. Jz/J =
1.1 and himp/J = 1) reveals a
special role of the dual unitary
(DU) point J=↽, as shown in
Fig. 3.6. At this point the bulk
gate is DU and the stroboscopic
response becomes exceptionally
constrained; in the shown data
this coincides with the onset of
persistent subharmonic structure characteristic of a discrete-time-crystalline response.
Away from J=↽ the impurity-induced decay of CQ(t) resumes, governed by the same
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defect-controlled leakage mechanism.

3.7.3 Leading resonance interpretation and the role of the
Heisenberg time

A compact way to formalise the exponential window is to view the dynamics as the
Heisenberg channel USI[·] = Û †

SI(·)ÛSI acting on operators and to restrict attention to
the subspace of local (or quasi-local) operators. Projecting onto operators supported
on at most r consecutive sites defines a truncated propagator U (r)

SI = P̂r USI P̂r with
spectrum inside the unit disk [166]. The eigenvalue of largest modulus below the
fixed-point subspace,

|1→| = max
◁/↘(fixed pts.)

|1| < 1, ” = ↔ ln |1→|, (3.37)

acts as a leading resonance and yields the exponential regime (3.35) when Q̂ has
appreciable overlap with its eigen-operator. This is the discrete-time analogue of
extracting the slowest relaxation rate from a kinetic equation [162] or from a flow on
the GGE manifold [165].

The late-time plateau in finite-N numerics is not evidence of exact conservation. It
is the generic finite-size saturation of autocorrelators in a finite Hilbert space. A
clean observation of a prethermal decay therefore requires a separation between the
prethermal lifetime T ↗ ”↗1 and the Heisenberg time tH of the relevant symmetry
sector:

tloc ̸ t ̸ T ̸ tH. (3.38)

If T is too close to tH at accessible sizes, the exponential window is truncated and the
correlator appears to “stop decaying” early. This is the correct finite-size caveat when
interpreting the saturation levels in Fig. 3.5(a) for small N .

While this resonance/Heisenberg-time framework provides a useful interpretation, we
do not attempt a systematic extraction of 1→ from Mr nor a quantitative estimate of
tH here. A more detailed resonance analysis and its finite-size scaling therefore remains
for further investigation.

3.8 Conclusion

Our results address transport across the phases of a highly generic U(1)-symmetric
disordered Floquet model, ranging from localised and ergodic regimes (sub-di!usive
and di!usive, respectively) to a discrete-time “swappy” window in which excitations



3.9 Methods 83

propagate quasi-ballistically. To disentangle these behaviours we combined static and
dynamic viewpoints within the M=0 sector: sector-resolved spectral probes computed
with POLFED by applying the unitary gate-by-gate, and a local-quench protocol whose
magnetisation profile is compressed into the first circular moment R(t) (Sec. 3.2.4). The
moment representation maps aggregated dynamics to simple trajectories in the complex
plane and, because it is built solely from local Z-basis expectation values, is directly
amenable to quantum-simulator experiments; its modulus and phase define spread and
drift diagnostics, with the latter potentially connected to entanglement-speed notions
near the DU line [167, 168].

Within this language the swappy regime is distinct and genuinely dynamical: it
appears as an ergodic-swappy crossover near J ⇔ 2.1 in the finite-time observables of
Ch. 3 yet is absent from the static analyses of Sec. 2.1, and it is prethermal in the
near-integrable sense, with crossover times that grow algebraically as J ↖ ↽ (roughly
t→ ∞ (↽ ↔ J)↗2; Sec. 3.4 and Fig. 3.2). More broadly, these prethermal windows are
not inherited from a continuous-time disordered XXZ Hamiltonian: the circuit is not
a simple Trotterisation (the disorder does not scale with the kicking parameters),
the protocol corresponds to strong static disorder periodically interrupted by finite
unitary kicks, and the stroboscopic dynamics does not conserve energy. Consequently,
prethermalisation is not organised by the conserved quantities of a parent Hamiltonian,
but by quasi-conserved Floquet structures tied to solvable stroboscopic points and by
the way they are broken. The single-impurity XXZ circuit makes this “digital matter”
viewpoint concrete, an integrable bulk supports higher charges that are violated only
locally, producing defect-controlled leakage and an exponential prethermal decay
(Sec. 3.7 and Fig. 3.5), and, in the vicinity of J=↽, a persistent subharmonic response
consistent with a discrete-time-crystalline behaviour.

3.9 Methods

3.9.1 E"cient time evolution of a state by a random circuit

The numerical method we developed circumvents the need to construct the entire
Û matrix. Instead, we apply each gate directly to the state vector, leveraging the
fact that both static and dynamic analyses necessitate the application of the Floquet
operator to a state. This allows the memory cost of diagonalising Û to be O(d) and
the number of operations to be O(Nd), similar to what pointed out in Ref. [115].
Our approach involves recording the action of a gate on the first two spins of a state
|⇀↓. If a gate acts on spins a and a + 1, we shift the system by ↔a sites, apply the
gate to the first two spins, and then shift the system back to its original configuration.



84 3 Finite-time dynamics

To implement this, we require two key components. First, we must determine the value
of the first two spins for each element of |⇀↓. The state is represented as a d-vector:

|⇀↓ =
∑

i

ci |i↓ (3.39)

where the i-th element corresponds to the |i↓ state. Hence, we need to identify which
segments of the d-vector have the first and second spins up, namely which of the ci

are associated with a |i↓ with first and second spin up.
The second ingredient involves the transformation f(1), which maps a state from sites
0, . . . , N ↔ 1 to the corresponding state on sites N ↔ 1, 0, . . . , N ↔ 2. By recursively
applying f(1), we can achieve the required shift, i.e., f(a) = fa

(1). This strategy o!ers a
significant memory advantage, as it only necessitates storing vectors of size d Although
this comes with a cost in the number of operations, each gate of Û or K̂ must be
applied sequentially, the memory e"ciency of this method allows for better parallel
computation of multiple trajectories, which is crucial for disorder averaging.

3.9.2 Numerical methods: vector propagation and typicality
in the M=0 sector

All diagnostics in Secs. 3.3 and 3.4 are computed by propagating state vectors in the
symmetry-reduced Hilbert space H(0) and measuring local observables. No density
matrix is stored.

One realisation and stroboscopic sampling

A single realisation consists of: (i) sampling disorder phases {hn, h↑

n
, ωn} for each two-

site gate, (ii) sampling a bond permutation P defining the circuit order in Eq. (3.19),
and (iii) preparing one projected typical state implementing Eq. (3.4) (see below).
Time evolution is generated by repeated application of Û to a state vector,

|⇀(t)↓ = Û t |⇀(0)↓ . (3.40)

We record the dynamics cycle-by-cycle for early times (in practice, the first t=100
cycles). At later times we may optionally sample more coarsely by applying blocks of
Floquet cycles between measurements. This reduces storage/IO costs without changing
the underlying dynamics; all fits and summaries are taken on time windows where the
sampling is su"ciently fine to resolve the drift and spreading diagnostics.
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Typicality and the projected typical initial state

Let d0 = dim H(0) =
(

N

N/2
)
. For a typical random state |⇀(0)

rand↓ ≃ H(0), expectation
values approximate the infinite-temperature trace in the same sector:

↑⇀(0)
rand| Â |⇀(0)

rand↓ ⇔ 1
d0

Tr
[
P̂0Â

]
(3.41)

with fluctuations suppressed as O(d↗1/2
0 ). We implement the mixed initial condition

Eq. (3.4) by projecting |⇀(0)
rand↓ with P̂ ⇓

n0 :

|⇀(0)↓ =
P̂ ⇓

n0 |⇀(0)
rand↓»

↑⇀(0)
rand| P̂ ⇓

n0 |⇀(0)
rand↓

. (3.42)

The magnetisation profile is then measured as

Mn(t) = ↑⇀(t)| ŝz

n
|⇀(t)↓ . (3.43)

From Mn(t) we first form pn(t) via Eq. (3.6) and then construct R(t) via Eq. (3.9).
The diagnostics µ(t), φ(t), and ν(t) follow from Eqs. (3.12) and (3.15).

The explicit derivation connecting the profile protocol Eqs. (3.42) and (3.43) to sector-
restricted dynamical correlators (and to stochastic trace estimation) is technical and
is therefore deferred to Sec. C.
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Chapter 4
Anomalous equilibration: Mpemba e!ect

The Mpemba e!ect is a counterintuitive relaxation phenomenon: under the same
dynamics, the further a system is initially prepared from equilibrium, the faster it
reaches it. In its original form, this corresponds to the anomalous situation of hot
water cooling (or freezing) faster than warm water, first investigated by Mpemba
and Osborne in 1969 [169]; the same phenomenology is now known to be ubiquitous
across nonequilibrium relaxation processes [170]. It has since been observed in various
physical systems ranging from clathrate hydrates [171] to crystallisation processes
in polymers [172] and magnetic transitions in alloys [173]. Following its precise
mathematical characterisation in classical systems weakly coupled to Markovian
environments [174], the e!ect was further investigated theoretically [170, 175–177] and
experimentally [178–180] for colloidal systems. Two further important directions in
the study of the classical Mpemba e!ect concern driven granular gases [170, 181, 182]
and phase transitions [183, 184]. The latter, despite pertaining to the phenomenon
as originally observed in water, remains the most challenging and least understood
case [185, 186].

In recent years, the theoretical framework was extended to quantum systems [187–198].
In this context, a related phenomenon has been observed in the dynamical restoration
of symmetries: states that initially display stronger symmetry breaking can locally1

restore it faster than states with initially weaker symmetry breaking [199, 200]. We
refer to this phenomenon as the symmetry Mpemba e!ect, to di!erentiate it from the
conventional thermal Mpemba e!ect. A notable recent development is the Pontus-
Mpemba e!ect [201], which shows that even for a fixed initial state a two-step protocol
can outperform direct relaxation: a deliberate random “heating” stage that drives
the system further from equilibrium, followed by free relaxation, can accelerate the
approach to equilibrium compared to evolving freely from the start.

In this chapter, we establish a framework to understand both the thermal and symmetry
Mpemba e!ects on the same footing using resource theories (RTs) [202, 203]. A Mpemba
e!ect arises when two resourceful states evolve under the same dynamics, and the more

1Throughout this chapter we consider dynamics on a composite Hilbert space H=Hs ∝ He, where
Hs (system) and He (environment) are always distinguished. In the open-dynamics case He describes
an external bath; in the closed-dynamics case He is the complementary subsystem within an overall
isolated H. Local symmetry restoration then means that, after evolving under the joint dynamics,
we apply the partial trace Tre and study symmetry recovery on the reduced state ⇁̂s= Tre[↽̂].
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Figure 4.1: In a resource-theoretic framework, the Mpemba e!ect occurs when a state
that initially possesses more of a given resource depletes that resource faster than a less
resourceful state, under the evolution by the same free operation, so that their resource
monotones cross. This single picture unifies a variety of anomalous equilibration phenomena
(for example, restoring thermal equilibrium or symmetry in classical and quantum systems).
Mpemba physics then becomes the study of why di!erent initial states dissipate resources
at di!erent rates, and how we can harness those di!erences to engineer exotic e!ects such
as ultrafast cooling. In this chapter, we apply this analysis to the specific resource theories
shown in the schematic.

resourceful one dissipates the resource faster than the less resourceful one, causing
their resource monotones to cross (Fig. 4.1). This description allows us to capture
the essence of both e!ects within a single conceptual framework, and it naturally
extends to other resource notions. Building upon this, we employ the framework of
modes of asymmetry [204] to explain the occurrence of the symmetry Mpemba e!ect.
Analogously to how the thermal Mpemba e!ect is understood in terms of overlaps with
slow relaxation modes [174], we demonstrate that the symmetry Mpemba e!ect also
arises when strongly symmetry-broken initial states have small (or vanishing) overlap
with the slowest symmetry-restoring mode. Within this framework, we study various
examples revealing that the thermal Mpemba e!ect can also occur in subsystems
of unitarily evolving systems, while the symmetry Mpemba e!ect can manifest in
systems governed by Lindblad dynamics, as well as circuits with abelian (continuous)
and non-abelian symmetries. In particular we find the first example of symmetry
Mpemba e!ect in a classical system. In this context, we emphasise that the specific
type of Mpemba e!ect observed is dictated by the chosen measure for quantifying the
relaxation process, rather than being an intrinsic property of the physical system itself.
Finally, in the presence of arbitrary symmetries, we highlight the connection between
the non-equilibrium free energy, commonly used for the thermal Mpemba e!ect, and
the relative entropy of asymmetry (also known as entanglement asymmetry), a measure
for the asymmetry of a state.

We then push the resource-theoretic picture beyond thermodynamic and symmetry
settings by studying Mpemba physics for complexity resources, imaginarity, non-
Gaussianity, and magic, in closed many-body dynamics generated by resource-free
random circuits. In this setting, resources are conserved globally under free unitaries
yet can dissipate locally on a subsystem, giving rise to quantum Mpemba and Pontus-
Mpemba e!ects for abstract measures of quantum complexity. To guide the reader
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through the chapter, Mpemba e!ects originating in di!erent RTs are indicated via
di!erent symbols: for athermality, for asymmetry, and for symmetry-respecting
athermality, for imaginarity, for (fermionic) non-Gaussianity, and for magic.

This chapter is organised as follows. We begin with a technical aside collecting the
explicit Davies generator used in the open-system examples (Sec. 4.1). In Sec. 4.2 we
review the basic resource-theoretic notions (free states/operations and monotones)
that underpin our approach. We then study thermal Mpemba e!ects in classical and
quantum relaxation (Sec. 4.3) and symmetry Mpemba e!ects via modes of asymmetry
(Sec. 4.4). In Sec. 4.5 we connect these viewpoints and relate free-energy and asymmetry-
based diagnostics within a single relative-entropy decomposition. Finally, Sec. 4.6
extends the analysis to complexity resources in unitary circuits and introduces Pontus-
Mpemba protocols as a systematic speedup mechanism, before we summarise and
discuss outlooks in Sec. 4.7.

4.1 Details on the Davies map

The Davies map arises from a particular Lindblad equation describing the thermali-
sation of quantum systems weakly coupled to a Markovian heat bath [205]. In the
main text, we have focused on its general mathematical properties, while here we will
give the explicit expression of the equation that we used to compute various examples.
Consider the spectral decomposition of the system’s Hamiltonian Ĥs = ∑

k hk|k↓↑k|.
In the eigenbasis of Ĥs, the Davies generator reads

dϖ̂s(t)
dt

= L [ϖ̂s(t)] = ↔ i[Ĥs, ϖ̂s(t)]

+
∑

k<k→
D(1)

kk→ [ϖ̂s(t)] + D(2)
kk→ [ϖ̂s(t)],

(4.1)

where the dissipators D(1)
kk→ and D(2)

kk→ are generated by the jump operators L̂(1)
kk→ and L̂(2)

kk→ ,
respectively, which couple all Hamiltonian eigenstates as

L̂(1)
kk→(▷) =

(
1 ▽ f±(▷, hk→ ↔hk)

)1/2 |k↓↑k↑| ,

L̂(2)
kk→(▷) =

(
f±(▷, hk→ ↔hk)

)1/2 |k↑↓↑k| .
(4.2)

Here f±(▷, hk→ ↔hk) = 1/(exp(▷(hk→ ↔hk)) ± 1) are the Fermi (+) and the Bose (↔)
distribution functions which enforce the detailed balance condition, ensuring that the
unique steady state is the thermal state at inverse temperature ▷. Throughout all
examples in the main text, we considered bosonic canonical commutation relations.



90 4 Anomalous equilibration: Mpemba e!ect

4.2 Resource Theories

Resource theories (RTs) (see Ref. [203] for a review) provide the natural language
for understanding and unifying diverse Mpemba e!ects: they formalise which state
transformations are possible when only certain free operations are allowed, and thereby
translate relaxation processes into the decay of a resource monotone [206]. In a nutshell,
a resource theory is defined by two foundational ingredients: a set of free states and a
class of free operations. Free operations are completely positive and trace-preserving
(CPTP) maps that are considered accessible at no cost, either because they are
physically implementable with minimal resources or because they reflect fundamental
constraints of the theory. Similarly, the set of free states, denoted F∀ S(Hs) (where
S(Hs) indicates the set of density operators on the Hilbert space Hs), consists of states
that can be prepared at no cost. A minimal requirement that any resource theory
must satisfy is that the set of free states is closed under free operations (as defined
later in this section); that is, for any free state ↽̂ ≃ F and any free operation E , we
have E [↽̂] ≃ F. This closure condition ensures that no resource can be generated from
within the free set. All states outside the free set, i.e., S(Hs)\F2, are called resourceful
or non-free. These are states that cannot be obtained from any free state using only
free operations. Their preparation requires access to non-free operations, and they are
typically the carriers of some operational advantage within the theory. The presence
and quantification of such states lie at the core of resource-theoretic approaches.

To introduce these concepts, we recall two prominent examples of resource theories:
bipartite entanglement and athermality in classical systems. In the theory of bipartite
entanglement, the free states are separable states, and the free operations are local
operations and classical communication (LOCC) [207]. Entangled states lie outside
the free set and enable tasks such as quantum teleportation or the violation of Bell
inequalities, which are impossible under LOCC alone. A fully classical example is
provided by the RT of athermality for classical systems. Here, one considers a system
in contact with a thermal environment at inverse temperature ▷. The free operations,
also called thermal operations (TOs), are stochastic maps with fixed point given by
the Gibbs distribution (ως)i ∞ e↗ςEi, which is also the only free state [208]. Any
state that departs from ως therefore possesses athermality, representing a source of
non-equilibrium free energy that can be harnessed to perform useful work or drive
transformations that are otherwise forbidden under thermal operations. We analyse
this theory in more detail in Sec. 4.3.1, showing how it naturally extends to quantum
systems too.

A resource monotone is a function M : S(Hs) ↖ [0, ↙) satisfying two key properties:

2We indicate by S(Hs) the set of density matrices on Hs.
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1. Vanishing for free states: ϖ̂ ≃ F⇒ M(ϖ̂) = 0 .

2. Monotonicity under free operations: for every state ϖ̂ and every E ≃ O,

M(E [ϖ̂]) ′ M(ϖ̂) , (4.3)

where the set of free operations O consist of all CPTP maps E : Hs ↖ Hs that
preserve the free set.

A Mpemba e!ect manifests when two initial states ϖ̂1 and ϖ̂2 satisfying M(ϖ̂1) > M(ϖ̂2)
evolve under the same free operation Et so that

M
(
Et[ϖ̂1]

)
< M

(
Et[ϖ̂2]

)
for some t > 0 , (4.4)

indicating that the more resourceful state has dissipated the resource faster.

To quantify resourcefulness, we adopt the family of Petz-Rényi ϱ-divergences [209]

Mω(ϖ̂) = min
ε̂↘F

Sω

(
ϖ̂ ℜ ↽̂

)
, ϱ ≃ (0, 1) ℑ (1, 2] , (4.5)

where

Sω(ϖ̂ ℜ ↽̂) = 1
ϱ ↔ 1 ln Tr[ϖ̂ω ↽̂ 1↗ω] , (4.6)

obeys the data-processing inequality under any CPTP map [203, 209] and recovers
the quantum relative entropy of resource for ϱ ↖ 1, i.e.,

M(ϖ̂) = min
ε̂↘F

S
(
ϖ̂ ℜ ↽̂

)
, (4.7)

where S
(
ϖ̂ ℜ ↽̂

)
= Tr[ϖ̂ (ln ϖ̂ ↔ ln ↽̂)] is the quantum relative entropy, i.e., the quantum

generalisation of the Kullback-Leibler (KL)-divergence. Physically, Mω measures the
divergence of ϖ̂ with respect to the closest free state in the Rényi sense. We note
that Eqs. (4.5) and (4.7) follow the standard entropic/divergence route to construct
monotones in general resource theories (vanish on the free states and nonincreasing
under the free operations, see Ref. [210]).

4.3 The thermal Mpemba e!ect

The first rigorous mathematical description of the thermal Mpemba e!ect was given in
2017 by Lu and Raz, who studied discrete-state continuous-time Markovian processes.
In [174], the dynamics is generated by a classical Liouvillian L̂cl, whose eigenvalues 1k
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are non-positive, and it is convenient to order them in decreasing order of their real part
as 0 = 11 > Re(12) ⇐ Re(13) ⇐ · · · . The classical Liouville equation (see Sec. 4.3.2)
dictates that the contribution to the dynamics from all eigenmodes rk of L̂cl decay
exponentially in time with a rate given by the real part of the corresponding eigenvalue,
except for r1 corresponding to 11 = 0 that describes the thermal steady state. Thus, at
long times, the equilibration speed of typical states will be proportional to exp(Re(12)t).
Instead, special initial states having zero overlap with the so-called slowest-decaying
mode r2 will equilibrate exponentially faster, with speed ∞ exp(Re(13)t). Moreover, if
a faster equilibrating state happens to be initially further away from the steady state
than a typical state, then the distance of the two states measured with some function
M will cross in time and this is called a strong Mpemba e!ect. If the fast equilibrating
states have small but non-vanishing overlap with the slowest-decaying mode, the
speedup will not be exponential, and the crossing indicates a weaker Mpemba e!ect.
To set the stage for the following examples, we first review athermality, the RT relevant
to the thermal Mpemba e!ect.

4.3.1 Athermality as a Resource

Athermality, as anticipated for classical system in Sec. 4.2, a state’s deviation from
thermal equilibrium ↽̂ς, carries useful non-equilibrium free energy ”F (ϖ̂) = F (ϖ̂) ↔
F (↽̂ς), where F (ϖ̂) = Tr

[
Ĥs ϖ̂

]
↔ ▷↗1S(ϖ̂) = ▷↗1S(ϖ̂ ℜ ↽̂ς) [211]. In the resource theory

of athermality, it quantifies the resource that can be converted into work using thermal
operations [212, 213] (defined more precisely below). These consist of operations
that can be realised by coupling the system to an ancilla prepared in the Gibbs
state at inverse temperature ▷, applying an energy-preserving unitary, and tracing
out the ancilla afterwards, allowing heat exchange while preserving overall energy
conservation. Framing the thermal Mpemba e!ect in this RT underscores what drives
the equilibration process for the thermal Mpemba e!ect, even though, as with any
non-equilibrium process, this free energy ultimately dissipates irreversibly into the
bath rather than being fully harvested as work [214, 215].
In this framework, the only free state is the thermal state at the inverse temperature
▷ set by the environment (throughout this chapter, we will consider kB = ⊋ = 1); any
other state is considered resourceful. A quantum channel E : B(Hs) ↖ B(Hs) (where
B(Hs) denotes the set of bounded operators on Hs) is a free operation, denoted TO,
if there exists [216]

• a thermal bath in a Gibbs state ↽̂ς = e↗ςĤe/Ze with arbitrary Hamiltonian Ĥe

and fixed inverse temperature ▷,

• a global energy-conserving unitary Û ≃ B(Hs ∝ He) such that [Û , Ĥs ∝ Ĥe] = 0,
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where the action of E on a system state ϖ̂ is given by

E [ϖ̂] = Tre[Û(ϖ̂ ∝ ↽̂ς)Û †]. (4.8)

Trivially, Eq. (4.5) becomes

Mω(ϖ̂(t)) = Sω(ϖ̂s(t) ℜ ↽̂ς) , (4.9)

which for ϱ ↖ 1 recovers the relative entropy of athermality

M(ϖ̂(t)) = S(ϖ̂s(t) ℜ ↽̂ς) . (4.10)

For states that are diagonal in the energy eigenbasis, (i.e., classical states), this reduces
to the KL-divergence [217]. An important property is that a state ϖ̂ can be transformed
into another state φ̂ via TOs only if ϖ̂ thermomajorises φ̂ [218]. Notably, it was shown
that for classical Markovian thermal operations, thermomajorisation can be used
to determine whether the Mpemba e!ect occurs for all monotone functions [219].
In the next section, we will explore examples of classical and quantum thermal
Mpemba e!ects from the perspective of the resource theory of athermality. More
generally, one can consider open system dynamics generated by a Lindbladian L
whose unique steady state ↽̂ need not be Gibbsian, as often studied in the context
of the Mpemba e!ect [188, 190, 192, 220]. In that setting, the relevant resource
theory is non-stationarity, which we will return to in Sec. 4.5. To illustrate the role of
athermality in the thermal Mpemba e!ect, we now turn to two paradigmatic examples:
a classical system akin to that in Ref. [174], and a quantum counterpart inspired by
Ref. [194]. In Sec. 4.3.4, we instead demonstrate how this phenomenon can arise in
isolated settings. In Ref. [221], an alternative resource-theoretic interpretation of the
thermal Mpemba e!ect is developed, using thermomajorisation to analyse the roles of
correlations, coherence, non-Markovianity, and dimensionality in both classical and
quantum relaxation dynamics, with water serving as a central example.

4.3.2 Example 1: Thermalisation of a Spin Chain

The quantum resource-theoretic framework for athermality introduced above can also
be applied to classical dynamics, such as for instance discrete-state, continuous-time
Markov processes [170, 174, 222]. In this context, the monotone for athermality
Eq. (4.9), i.e. the KL-divergence, has already been studied. The KL-divergence serves
as a generalised free energy: it is non-increasing under any stochastic map preserving
the steady state ως, and its decay is due to the depletion of classical athermality.
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Consider a classical system whose state is specified by a probability distribution

p(t) = (p1(t), p2(t), . . . , pL(t))T , (4.11)

where the subscript i = 1, 2, . . . L labels discrete microstates. For the classical Marko-
vian Liouvillian dynamics

dp(t)
dt

= L̂cl p(t) , (4.12)

the fixed point is the thermal distribution p(t ↖ ↙) = ως at the inverse temperature
▷ if the classical Liouvillian matrix L̂cl is

L̂cl
ii→ =





Wii→ , i ↘= i↑ ,

↔∑
i⇐=i→ Wii→ , i = i↑ .

(4.13)

Here, Wii→ satisfies the classical detailed balance condition Wii→/Wi→i = e↗ς(Ei↗Ei→ ),
where Ei denotes the energy of the i-th microstate. Note that the diagonal terms
ensure probability conservation in the system. It can be shown that L̂cl is Hermitian
with respect to the ως-weighted inner product, and it is useful to sort its eigenvalues
1k and its corresponding eigenmodes rk as 0 = 11 > 12 > · · · . Following Ref. [174],
we study a classical spin-1/2 chain, where an upwards and a downwards pointing
spin on site n is described by sn = +1 and sn = ↔1, respectively. We study Ns

spins interacting locally with their nearest neighbours with coupling J and with a
homogeneous external magnetic field with interaction strength h, for which the energy
of a microstate reads

Ei = ↔J
Ns∑

n=1
snsn+1 ↔ h

Ns∑

n=1
sn , (4.14)

where the microstate index i ≃ {0, 1, . . . , 2Ns ↔ 1} uniquely labels the configuration
(s1, s2, . . . , sNs) via binary encoding. We consider fixed boundary conditions sNs+1 =
s1 = +1 and study the Liouvillian dynamics in Eq. (4.12) by plugging Eq. (4.14) into
Eq. (4.13) under the constraint of allowing only transitions between microstates i and
i↑ that di!er by a single spin flip. Di!erent from [174], for a given initial probability
distribution p(t0), we construct the fastest-thermalising, unitarily-connected state.
This is the permutation of the initial p that minimises the overlap with the slowest-
decaying modes of L̂cl. Since the number of permutations grows factorially with
the number of microstates, we resort to a Metropolis algorithm outlined in [194] to
minimise the cost function

C =
K+1∑

k=2
|↑p, rk↓ωϑ

| , (4.15)

describing the overlap of the initial state with K < L ↔ 1 slowest-decaying modes, with

↑p, rk↓ωϑ
=

∑

i

pi(rk)i

(ως)i

(4.16)
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being the so- called Markovian inner product [223].

In short, at every iteration, we perform stochastic permutations of four randomly
selected spins and always accept the new configuration if the cost function C ↑ is
decreased. To avoid local minima, if C ↑ > C, we still accept the new configuration
with a probability pacc = exp(↔Te”(C ↑ ↔ C)), where the e!ective inverse temperature
Te” is decreased linearly with the number of successful iterations. Note that such
optimised (non-equilibrium) initialisations are significantly more challenging to prepare
experimentally, since, unlike thermal states, they require control over individual
spins [224].

For the thermal operation generated by L̂cl, the monotone defined in Eq. (4.10)
simplifies to the KL-divergence

M(p(t)) = D(p(t) ℜ ως) =
∑

i

pi(t) ln
Å

pi(t)
(ως)i

ã
, (4.17)

which measures the divergence of p(t) with respect to the thermal state. The state
can be decomposed as

p(t) =
∑

k⇒1
ak rk e◁kt, ak = ↑p, rk↓ωϑ

, (4.18)

and asymptotically, the behaviour of the KL-divergence will be

D
(
p(t)

∥∥∥ ως

)
↗ 1

2 |a2|2 e2Re(◁2)t , (4.19)

as shown in Sec. F. In other words, the KL-divergence decays exponentially with a
rate being twice the spectral gap ↔Re 12. When the initially more resourceful state
has zero overlap with the slowest decaying mode, we are guaranteed to find a Mpemba
crossing. Instead, Eq. (4.19) allows us to assess whether a crossing will also happen in
the context of a weak Mpemba e!ect (i.e. diminished but not vanishing overlap with
the slowest decaying mode for the initially more resourceful state).
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Figure 4.2: Thermal Mpemba e!ect in an
open classical spin chain . We plot the KL
divergence D(p(t)ℜως) for Eq. (4.14) during
relaxation from φ↑ = 0.5 to a bath at φ = 1
(J = ↔0.4, h = 0.2, Ns = 7). Insets: crossing
time τω of Dω Eq. (4.20) vs ς (top right) and
Liouvillian eigenvalues near 0, with λ2 (ther-
mal) and λ4 (optimised) setting the asymp-
totic decay (bottom left). Optimised state:
C ⇔ 2 → 10↗5 in Eq. (4.15).

In Fig. 4.2, we show the dynamics of the KL-divergence during a cooling process for a
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thermal state at inverse temperature ▷↑ (full line) and an optimised state (dashed line)
whose overlap with the two slowest-decaying modes of the Liouvillian was minimised.
The optimised state is initially further away from the equilibrium state but thermalises
exponentially faster, displaying an Mpemba crossing .

Similarly to Eq. (4.9), the KL-divergence can be generalised to a one-parameter family
of functions that are also non-increasing under Markovian dynamics, known as the
Rényi relative entropies [225]

Mω(p(t)) = Dω(p(t) ℜ ως) = 1
ϱ ↔ 1 ln

Ç
∑

i

pω

i
(ως)1↗ω

i

å
, (4.20)

which correspond to the classical version of Eq. (4.9). The upper-right inset of
Fig. 4.2 shows that the Mpemba crossing time ◁ω between the thermal and optimised
states increases monotonically with ϱ. This illustrates that ◁ω lacks intrinsic physical
significance, as it depends on the choice of divergence measure. In particular, the
variation of ◁ω with ϱ implies that di!erent ϱ-divergences can yield qualitatively
di!erent conclusions: for certain values of ϱ, no crossing may be detected. We stress
that this argument relies on allowing for general non-equilibrium initial states.

4.3.3 Example 2: The Davies Map

The generalisation of Eq. (4.12) to quantum systems is given by the Lindblad equation

dϖ̂s(t)
dt

= L[ϖ̂s(t)] . (4.21)

Here the superoperator L = Hs + D evolving the state ϖ̂s consists of a unitary part
Hs [ϖ̂s(t)] = ↔i[Ĥs, ϖ̂s(t)], where Ĥs denotes the system Hamiltonian, and a dissipative
part

D [ϖ̂s(t)] =
∑

l

L̂lϖ̂s(t)L̂†

l
↔ 1

2
¶

L̂†

l
L̂l, ϖ̂s(t)

©
, (4.22)

with the jump operators L̂l describing the e!ect of an environment on the system.
Here we focus on a Lindbladian describing the weak interaction of a system with a
Markovian heat bath, known as the Davies map [205], which is an important example
of an elementary Markovian quantum thermal operation [226]. The Davies generator
is characterised by two mathematical properties: it satisfies the quantum detailed
balance condition [227] and the superoperators corresponding to the unitary and the
dissipative part of its generator commute. These properties imply that the unique
fixed point of the Davies map is the thermal state ↽̂ς = e↗ςĤs/ Tr[e↗ςĤs ]. Moreover,
in the energy eigenbasis, the Davies generator can be written in a block-diagonal form,
where one block describes the thermalisation of the populations and the other the
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thermalisation of the coherences, which evolve independently from one another (as we
will analyse thoroughly in Sec. 4.4.3). In [194], the block structure of the Davies map
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Figure 4.3: Thermal Mpemba e!ect in an
open quantum system. Single-qubit thermali-
sation via the Davies map [205]: the unitarily
optimised/rotated state of Ref. [194] (dashed)
shows faster exponential decay of M(⇁̂(t))
(Eq. (4.24)) than a random initial state (solid),
yielding an Mpemba crossing. Insets: cross-
ing time τω of Mω (Eq. (4.5)) vs ς (top right)
and Davies-generator spectrum including com-
plex eigenvalues (bottom left). Parameters:
h = 10, φ = 0.1, r = (0.221, 0.867, 0.206),
r↑ = (0, 0, 0.919).

was exploited to investigate the thermal Mpemba e!ect. In particular, it was shown
that for any initial state with non-vanishing coherences in the energy eigenbasis, one
can always construct an exact unitary transformation R̂coh that leads to exponentially
faster thermalisation, provided that the Liouvillian gap is defined by an eigenvalue
with non-vanishing imaginary part, i.e. ⊤(12) ↘= 0. At the same time, a population
inversion of the rotated state, implemented by another unitary transformation R̂inv,
always increases the state’s non-equilibrium free energy

F (ϖ̂) = Tr[ϖ̂ Ĥ] ↔ ▷↗1S(ϖ̂). (4.23)

A key aspect of this fundamental thermodynamic quantity is that its (positive) de-
viation from the equilibrium free energy is proportional to the relative entropy of
athermality [211]

”F (t) = ▷↗1M(ϖ̂s(t)) = ▷↗1(F (ϖ̂s(t)) ↔ F (↽̂ς)) = ▷↗1S(ϖ̂s(t) ℜ ↽̂ς) , (4.24)

where the M is the monotone defined in Eq. (4.10). Crucially, Eq. (4.24) decreases
monotonically during the Davies dynamics (as seen in Sec. 4.1).
By decomposing the state in the eigenmodes of L similarly to Eq. (4.18), one finds

ϖ̂(t) =
∑

k⇒1
ak r̂k e◁kt, ak = Tr [5̂†

k
ϖ̂] , (4.25)

which for long times (as we derive in Sec. F) implies

S(ϖ̂(t) ℜ ↽̂ς) ↗ 1
2 |aj|2e2Re(◁j)t Tr

[
r̂†

j
↽̂↗1

ς
r̂j

]
, (4.26)

where j = arg max
j:aj ⇐=0 Re 1j labels the slowest-decaying mode of L with non-zero

overlap with the initial state. Following [194], as an example, we consider the Davies
map for a single qubit with Ĥs = h/2 φ̂z. In Fig. 4.3, we study ”F (t) for a random
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initial state (full line) and its corresponding unitarily optimised state (dashed line),
which shows the occurrence of a thermal Mpemba e!ect . We also consider the
monotones defined in Eq. (4.9) in the upper-right inset of Fig. 4.3 displaying the
Mpemba crossing times as a function of ϱ. As in the classical case discussed in
Sec. 4.3.2, the variation in crossing times ◁ω illustrates that the presence or absence
of the Mpemba e!ect depends on the choice of monotone [219, 228]. Note that in
Sec. 4.3.4, we demonstrate that a quantum thermal Mpemba e!ect can also arise in a
subsystem of an initially pure state evolving under an ergodic Hamiltonian, consistent
with the expectations of ETH.

4.3.4 Example 3: Thermal Mpemba E!ect with ETH

In the literature, the thermal Mpemba e!ect has been explored mainly in Markovian
open quantum systems obeying Eq. (4.21), with the recent exception of [229] where it
was also found in isolated systems. Here we show that this e!ect can also be found
in a subsystem of a quantum system evolving unitarily. A single qubit, when weakly
coupled to a non-integrable environment satisfying the ETH [73, 80], relaxes to a
thermal state whose temperature is determined by the total initial energy of the qubit
plus environment. Following [230], we consider the total Hamiltonian

Ĥse = Ĥs + V̂ + Ĥe , (4.27)

with
Ĥs = h0 ŝz

0, V̂ = 3 ŝx

0 ∝ ŝx

1 , (4.28)

where ε0 is the system qubit’s frequency and 3 denotes the system-environment
coupling. The environment Hamiltonian is

Ĥe = Jz

N↗1∑

n=1
ŝz

n
ŝz

n+1 + h1ŝ
z

1 + hN ŝz

N
+

N∑

n=1
hz ŝz

n
+ hxŝx

n
. (4.29)

We choose initial states of the form

|⇀θ↓se
= |⇁θ↓s

∝ |Eθ↓e
(4.30)

with θ = 1, 2, |⇁1↓ = |+↓ and |⇁2↓ = |0↓. |Eθ↓ is an eigenstate of Ĥe chosen so
that the inverse temperature ▷ of the overall state (that is fixed by the energy of
|⇀θ↓se

) matches. This, together with ETH, ensures that the two di!erent initial states
on s converge to the same thermal steady state ↽̂ς = e↗ςĤs/ Tr[↔▷Ĥs], within the
fluctuations anticipated by ETH.
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The evolution of the system’s state is described by a CPTP map

ϖ̂θ(t) = Et[ϖ̂θ] = s Tre[e↗itĤse(|⇁θ↓↑⇁θ| ∝ |Eθ↓↑Eθ|)eitĤse ] . (4.31)

To quantify the divergence of ϖ̂θ(t) with respect to ↽̂ς, we employ the monotone of
Eq. (4.10). As the map is not Markovian, M(ϖ̂θ(t)) is guaranteed to be monotonic
only between time 0 and t > 0. At intermediate times, we note small fluctuations
which eventually can be considered as finite size e!ects which would vanish completely
when considering an infinitely large bath, for which the map Et becomes Markovian
[231]. Fig. 4.4 shows the crossing of the relative entropies indicating the occurrence of
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Figure 4.4: Quantum thermal Mpemba ef-
fects in a subsystem of a system evolving
unitarily. We considered the Hamiltonian
Eq. (4.27) with (J, hz, hx, h1, hN , ▷, h0) =
(1, 0.3, 1.1, 0.25, ↔0.25, 0.15, 1.525) and φ =
↔0.46 and N = 15. Inset: The crossing
times τω obtained by studying the di!erent
ς-divergence (see Eq. (4.5)).

a quantum thermal Mpemba e!ect . The inset shows that when using ϱ-divergences,
the crossing time ◁ω depends on ϱ.

4.4 The symmetry Mpemba e!ect

Besides the thermal Mpemba e!ect, a related phenomenon has recently drawn attention:
the anomalous dynamical restoration of symmetries, first investigated in Ref. [199].
They considered unitary dynamics generated by a Hamiltonian with a continuous
symmetry, where the system is initialised in a state that breaks it. For a subsystem, the
symmetry is (partially) restored during the dynamics, with the remainder of the system
acting as a non-Markovian environment. In this context, the Mpemba e!ect is said to
occur when stronger initial symmetry breaking leads to faster symmetry restoration and
the degree of asymmetry is captured by the entanglement asymmetry [199]. Instances
of this e!ect have been observed in both integrable [232–235] and non-integrable [236–
238] systems, and have been confirmed experimentally [239]. In integrable systems, a
compelling physical mechanism underlying the emergence of the Mpemba e!ect has
been identified in Ref. [232]. The key idea is that symmetry restoration is mediated by
the spreading of quasiparticles that propagate with di!erent velocities. Consequently, if
the dynamics of the initially more asymmetric state involves smaller contributions from
the slowest-propagating quasiparticles than those of the initially less asymmetric state,
their asymmetry monotones will cross in time. This type of analysis have been applied
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to the Mpemba e!ects for the non-Markovian evolution, with a finite-size environment.
We therefore believe this applies seamlessly to our non-Markovian circuits of Sec. 4.4.7.

To explain the occurrence of the Mpemba e!ect in this setting, we first review sym-
metries in (open) quantum systems in Sec. 4.4.1. We then discuss the resource of
asymmetry in Sec. 4.4.2, and introduce modes of asymmetry, a useful tool for decom-
posing the dynamics in Sec. 4.4.3. We show the appearance of the e!ect first using a
classical Markov chain in Sec. 4.4.4 and its quantum version in Sec. 4.4.5, then a Davies
map in Sec. 4.4.6, and then in scenarios more closely aligned with existing literature:
quantum circuits, both interacting with Markovian and with non-Markovian environ-
ments with U(1) symmetry, as well as systems with non-abelian (SU(2)) symmetries
in Sec. 4.4.7.

4.4.1 Symmetries in Quantum Systems

In closed systems, Noether’s theorem3 states that each symmetry implies the conserva-
tion of a corresponding physical charge [240, 241]. When considering isolated quantum
systems [242], the dynamics are governed by a unitary evolution operator T̂ ≃ B(Hs).
Let G be a group with unitary representation {Ûg}g↘G ∀ B(Hs). An operator T̂ is
called G-invariant if

[T̂ , Ûg] = 0 ∅ g ≃ G , (4.32)

or, equivalently, T̂ = Û †

g
T̂ Ûg : ∅ g ≃ G. In many cases of interest in physics, the group

G is a continuous one-parameter family represented by unitaries of the form

Ûg = ei sg Q̂ : sg ≃ R , (4.33)

where sg provides a group coordinate, while Q̂ is a Hermitian operator, which will
be conserved by all G-invariant unitary transformations, i.e., T̂ Q̂T̂ † = Q̂ for all G-
invariant T̂ . This is an example of a connected Lie group. More generally, connected
Lie groups of higher dimension, such as SU(d), have unitary representations given by

Ûg = e i

∑”
ϖ=1 s

ϖ
g Q̂ϖ , s◁

g
≃ R , (4.34)

where {Q̂◁}, 1 = 1, . . . % form a Lie algebra and are, in particular, closed under
commutation

[Q̂a, Q̂b] = i
#∑

◁=1
6◁

ab
Q̂◁ , (4.35)

3Noether’s first theorem originally applied to continuous (Lie) groups of di!erentiable symmetries,
but its principles have since been extended to include discrete symmetries such as parity or time
reversal.
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for real 6◁

ab
. In spin systems, four paradigmatic continuous symmetries are commonly

encountered.
(i) Magnetisation conservation (phase symmetry, group U(1)):

Ûg = ei 0g Ŝz , 0g ≃ [0, 4↽) , (4.36)

with Ŝz = ∑
n ŝz

n
the total spin-1

2 magnetisation about the Z-axis. In spin-1
2 chains,

this U(1) symmetry is formally identical to particle-number conservation in fermionic
or hard-core bosonic models.
(ii) Total angular momentum conservation, associated with the rotation group SO(3)
or its double cover, the group SU(2), is

Ûg = ei θg n̂g ·Ŝ, θg ≃ [0, 4↽), n̂g ≃ R3 , (4.37)

where n̂g · n̂g = 1 with Ŝ = (Ŝx, Ŝy, Ŝz), Ŝω = ∑
n ŝω

n
, ϱ = x, y, z.

(iii) Energy conservation (time-translation symmetry):

Ûg = ei tg Ĥs , tg ≃ R . (4.38)

Here, Ĥs is the system Hamiltonian, and t represents time, linking this unitary operator
to time-translation symmetry. In the special case where the ratios of energy levels
are all rational numbers, that is, when the system’s time evolution is periodic, this
group of unitaries is isomorphic to U(1). Otherwise, for a non-periodic system, it is
isomorphic to R4. (iv) Another important continuous symmetry, which we will not
explore further, is that associated with momentum conservation (space-translation
symmetry, group R3):

Ûg = ei vg ·P̂, vg ≃ R3 , (4.39)

where P̂ = (P̂x, P̂y, P̂z) is the momentum operator in the three-dimensional space,
and P̂ω = ↔iςω, ϱ = x, y, z in position space. Instead, we will consider its discrete
version. Consider a 1D equispaced lattice with PBC on N sites, the symmetry group
is ZN , realised by the translation operator

Ûg = ei kg P̂ , kg ≃ {0, 1, . . . , N ↔ 1} , (4.40)

where eiP̂ is e!ectively the space-translation operator with unit lattice constant.
Recently, the Mpemba e!ect has been found in this setting for qudits [243]. We
note that for parity symmetry, associated with the group Z2, despite a thorough
investigation [237, 244], the Mpemba e!ect has not been unambiguously observed. A

4Physically, the more relevant property is that the ratios of Bohr frequencies Ei ↔ Ej are rational
numbers, in which case the corresponding unitary group forms a projective representation of U(1).
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symmetry group G acts on density matrices ϖ̂ via the unitary representation

Ug[ϖ̂] = Ûg ϖ̂ Û †

g
, g ≃ G. (4.41)

States invariant under every Ug are called G-invariant. Given any state ϖ̂, its G-invariant
component is extracted by the twirling map

G[ϖ̂] =
∫

G

dg Ug[ϖ̂] =
∫

G

dg Ûg ϖ̂ Û †

g
, (4.42)

where dg denotes the normalised Haar measure on G, and we have assumed the group
G is compact. This CPTP map projects any input state onto its symmetric component
by averaging over all group actions. For discrete groups this becomes

G[ϖ̂] = 1
|G|

∑

g↘G
Ug[ϖ̂] . (4.43)

As previously mentioned, the Mpemba e!ect occurs when the system interacts with
an environment. If we therefore consider the G-invariant operator T̂ of Eq. (4.32) as
the evolution operator on Hs ∝ He, its local action on Hs will preserve only a weaker
form of symmetry, as follows. In fact, let E be a map defined as

E [·] = Tre[T̂ ([·] ∝ ↽̂e)T̂ †] , (4.44)

with ↽̂e a G-invariant state on He. Then, it can be easily shown (see Sec. E) that,
because the initial state of He and the global unitary time evolution T̂ respect the
symmetry, the time evolution of the reduced system also respects the symmetry; that
is, it satisfies the G-covariance condition, also known as weak symmetry [242, 245],
namely

E ⊥ Ug [ϖ̂] = Ug ⊥ E [ϖ̂] , ∅ g ≃ G, ∅ ϖ̂ . (4.45)

Conversely, it has been shown that any CPTP map that respects this covariance
condition can be realised via Eq. (4.44), using a G-invariant unitary T̂ , and a G-
invariant state ↽̂e [246, 247]5. Therefore, while the global evolution is a G-invariant
unitary transformation, the dynamics of the reduced state of the system is governed
by a G-covariant CPTP map. As a result, the asymmetry (i.e., symmetry breaking)
with respect to the group G can decrease. This can be quantified by means of the
asymmetry monotones M , i.e. functions satisfying

M
(
E [ϖ̂]

)
′ M(ϖ̂) ∅ ϖ̂ ≃ S(Hs) (4.46)

for any G-covariant E map. Hence, while for open systems the presence of symmetry

5This is sometimes known as covariant Stinespring dilation theorem
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does not imply conservation laws, that is, Noether’s theorem is not applicable, asym-
metry monotones still capture non-trivial implications of symmetries [248]. In generic
open system dynamics that respect the symmetry, the asymmetry (symmetry-breaking)
in the initial state decreases, although the complete restoration of the symmetry is
not apriori guaranteed6. In the special case of closed system dynamics, the presence
of symmetry implies the conservation of all asymmetry monotones. That is, for any
G-invariant unitary T̂ , M(T̂ ϖ̂ T̂ †) = M(ϖ̂): in this regime, no asymmetry can be
created or destroyed. To observe Mpemba e!ects, thus one clearly needs to consider
G-covariant maps, i.e. systems interacting with environments.

When G is the one-parameter group of time translations generated by the system
Hamiltonian Ĥs, the free operations become the set of G-covariant (also called phase-
covariant) maps. An example of such maps is the TO, defined in Sec. 4.3.1. The
notion of energetic coherence in quantum thermodynamics, that is, superpositions of
states with di!erent energies, can be understood as asymmetry with respect to time
translations [204, 213, 251]. Note that although asymmetry under time translations is
globally conserved under general energy-conserving unitaries, the reduced map can still
dephase in the energy basis, e!ectively restoring the symmetry by erasing coherence
(see Sec. 4.4.6 for further discussion). In the open systems literature, the covariance
condition is often referred to as weak symmetry, to distinguish it from a stronger notion,
known as strong symmetry [242, 245], in which all the Kraus operators of the channel
are G-invariant (i.e., commute with the group action)7. Weak symmetry (G-covariance,
Eq. (4.45)) admits non-increasing asymmetry monotones, whereas strong symmetry
(G-invariance, Eq. (4.32)) guarantees conserved charges in the dynamics.
Under the restriction to G-covariant operations, any state exhibiting asymmetry cannot
be generated for free and must instead be supplied externally as a resource. The
greater the asymmetry of this resource state, the more power it confers for tasks
that require breaking the symmetry. For instance, in the case of U(1) symmetry, the
precision in probing the phase of a U(1) rotation increases as the state becomes more
tilted with respect to the Z-direction, as quantified by Eq. (4.7). Similarly, tasks such
as aligning reference frames or achieving quantum-enhanced measurements beyond the
shot-noise limit benefit from using more asymmetric states [252, 253]. In this sense,

6A broad class of maps that are guaranteed to restore a symmetry consists of quantum Markov
processes with a fixed point, as shown in Ref. [249]. However, non-Markovian examples also exist,
such as spin star systems [250].

7For channels with multiple Kraus operators, the requirement of G-invariance (Eq. (4.32)) must
hold for each Kraus element individually. Equivalently, one can demand that the Lindblad generator
be unchanged under independent left- and right-unitary twists,

U (L)
g L U (L)†

g = U (R)
g L U (R)†

g = L ∅ g ≃ G , (4.47)

where U (L)
g [⇁̂] = Ûg⇁̂ (ket action) and U (R)

g [⇁̂] = ⇁̂Û†
g (bra action) [242, 245].
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asymmetry becomes a useful resource.

4.4.2 Asymmetry as a Resource

For any symmetry group G, the resource theory of asymmetry with respect to G
assumes that all systems under consideration are equipped with a representation of
the group. The set of free states and free operations in this resource theory are then
defined as those that respect the symmetry [210, 247, 248, 254].

In particular, for any system s with Hilbert space Hs, the free states are the G-invariant
states,

F= {ϖ̂ ≃ B(Hs) | G [ϖ̂] = ϖ̂} , (4.48)

where G denotes the corresponding twirling map.

Free operations on system s are CPTP maps E satisfying the covariance condition

E ⊥ Ug = Ug ⊥ E : ∅ g ≃ G . (4.45)

Note that, as required in all resource theories, free operations (i.e., G-covariant maps)
map free states (i.e., G-invariant states) to free states.

A useful monotone in this resource theory is the relative entropy of asymmetry [255,
256],

M(ϖ̂) = min
ε̂↘F

S
(
ϖ̂ ℜ ↽̂

)

= S
(
ϖ̂ ℜ G [ϖ̂]

)

= S
(
G [ϖ̂]

)
↔ S(ϖ̂) ,

(4.49)

which corresponds to Eq. (4.7). This quantifies the minimal divergence of ϖ̂ with
respect to the manifold of symmetric states. Intuitively, if ϖ̂ is nearly invariant,
twirling induces little entropy change; if ϖ̂ breaks the symmetry strongly, mixing over
G spreads its support and increases entropy substantially [248]. The relative entropy
of asymmetry can be extended to the ϱ-divergences of Eq. (4.5) as the ϱ-divergences
of asymmetry for ϱ ≃ (0, 1) ℑ (1, 2]. All these maps are guaranteed to be monotonic
for G-covariant maps [248].

4.4.3 Modes of Asymmetry

Within the resource theory of asymmetry, an important tool to characterise the
symmetry breaking was introduced in Ref. [204]: the modes of asymmetry. In this
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section, we outline the main ingredients to this concept, a simple example, and how
this idea can be used to fully understand the symmetry Mpemba e!ect.

Consider a finite or compact Lie group G acting unitarily on Hs via Ûg : G ↖ B(Hs).
The full operator algebra B(Hs) then carries an induced adjoint action of G, and the
irreducible representation of G labelled by µ, which appears with multiplicity mµ in
Hs. One can use the irreducible tensor operator basis


T̂ (µ,q)

ω


of B(Hs) q = 1, . . . , dµ

(dµ dimension of the irrep, namely an irreducible representation) and ϱ = 1, . . . , mµ

satisfying Tr
[
T̂ (µ,q)†

ω
T̂ (1,,)

ς

]
= ϑµ1 ϑq, ϑως, to decompose any operator X̂ ≃ B(Hs) as

X̂ =
∑

µ,q

X̂(µ,q). (4.50)

Here, X̂(µ,q) is the (µ, q)-mode of X̂, defined as

X̂(µ,q) =
∑

ω

Tr
[
T̂ (µ,q)

ω

† X̂
]

T̂ (µ,q)
ω

. (4.51)

A basis independent way to define these modes is by the group’s action

X̂(µ,q) = dµ

∫

G

dg D(µ)→
qq

(g) Ug[X̂] , (4.52)

where D(µ)
,q

(g) = ↑µ, 5| Ûg |µ, q↓. We write H(µ,q) for the subspace where the (µ, q)-
mode lives. Assuming µ = 0 corresponds to the trivial irrep, with dµ = 1, one
has D(0)

00 (g) = 1 from which it becomes evident how the mode associated with the
trivial irrep corresponds to the twirled part of the operator, as in Eq. (4.42). By
orthonormality of the


T̂ (µ,q)

ω


basis it also follows that all the other modes will

characterise a symmetry breaking. For discrete groups Eq. (4.52) becomes

X̂(µ,q) = dµ

|G|
∑

g↘G
D(µ)→

qq
(g) Ug[X̂] . (4.53)

This formalism becomes particularly useful when the system evolves by the free
operations of the resource theory of asymmetry. Specifically, following Ref. [204], a
map E is G-covariant i! it acts within each µ-sector as

E
[
X̂(µ,q)] =

(
E [X̂]

)(µ,q)
. (4.54)

Namely, each mode evolves independently and so, since the asymmetry can only de-
crease by G-covariant maps and the trace norm respects the data processing inequality,
the trace norm of each asymmetry mode is individually a monotone, that is

ℜ E [X̂(µ,q)] ℜ 1 ′ ℜ X̂(µ,q) ℜ 1 . (4.55)
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Figure 4.5: U(1) symmetry sectors and mode
occupancy for three-qubit tilted states. Basis
operators |m, ς1↓↑m↑, ς2| carry magnetisation
di!erence µ = m↔m↑. Ordering rows/columns
by increasing m groups the 8 → 8 operator
basis into fixed-|µ| blocks (a). (b–d): mode-
occupancy histograms Eq. (4.61) for the tilted-
ferromagnet family Eq. (4.60) with Ns = 3,
from symmetric (µ = 0 only) to maximally
asymmetric (uniform across sectors).
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As a concrete example, consider the symmetry group G = U(1), generated by the
total-z magnetisation operator Ŝz on Ns spin-half particles. Its unitary representation
is as in Eq. (4.36) given by Û0 with 0 ≃ [0, 4↽).

Because of the group’s simple structure, its asymmetry modes are labelled by a single
integer µ, which determines the U(1) irrep as D(µ) : eiθ 7↖ eiµθ. The operator Ŝz is
diagonal in the computational basis {|0↓ , |1↓}⇑Ns , with eigenvalues ±1

2 , . . . , ±Ns/2
when Ns, the number of qubits, is odd, and 0, ±1, . . . , ±Ns/2 when Ns is even. We
can equivalently label the elements of the computational basis as {|m, ϱ↓}, where m is
the eigenvalue of Ŝz, and ϱ is a multiplicity index. In particular, m is simply half the
di!erence between the number of 0’s and 1’s in a computational basis element.

Then, the µ-component of any ϖ̂ is given by projection

ϖ̂(µ) =
∫ 4ε

0

d0

4↽
e↗i0µ/2(ei 0 Ŝz ϖ̂ e↗i 0 Ŝz)

=
∑

m

’̂m ϖ̂ ’̂m+µ ,
(4.56)

where ’̂m = ∑
ω|m, ϱ↓↑m, ϱ| is the projection to the subspace of states with m-

magnetisation. This can also be written as Eq. (4.51) in terms of the irreducible tensor
basis of U(1) as

ϖ̂(µ) =
∑

ω

Tr[T̂ (µ)†
ω

ϖ̂]T̂ (µ)
ω

, (4.57)

where one can choose the tensor operators to be simply the outer product of two
computational basis elements, or, equivalently, two eigenvectors of Ŝz.

T̂ (µ)
ω

= |m, ϱ1↓↑m + µ, ϱ2| (4.58)

where ϱ = (m, ϱ1, ϱ2). It follows that

ei 0 Ŝz ϖ̂(µ) e↗i 0 Ŝz = e i0µ ϖ̂(µ) , (4.59)

where at µ = 0 we find the symmetrised (twirled) state.
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Fixing the number of qubits to Ns = 3, we order the basis states by increasing mk (see
panel (a) of Fig. 4.5) to find the block structure with µ = 0, ±1, ±2, ±3. To illustrate
the mode decomposition, we employ the family of tilted pure states

|⇁(θ)↓ =
3⊗

n=1
e↗i θ ŝ

y
n |0↓

n
, (4.60)

so that θ = 0 gives the fully Z-aligned (symmetric) state, θ = ↽/4 an intermediate
tilt, and θ = ↽/2 the fully x-aligned (maximally asymmetric) state (panels (b-d) of
Fig. 4.5). Writing ϖ̂θ = |⇁(θ)↓↑⇁(θ)|, we measure the weight of mode µ via the rescaled
trace norm,

p(µ)
θ

= ℜ ϖ̂(µ)
θ

ℜ1/ ℜ ϖ̂(µ)
ε/2 ℜ1 . (4.61)

As θ increases from 0 to ↽/2, the weights p(µ ⇐=0)
θ

grow, showing that the tilted state
acquires higher-µ asymmetry components. As we discuss in the next section, this
formalism helps unify the two phenomena: the thermal Mpemba e!ect hinges on the
small overlap with the overall slowest-decaying eigenmode, whereas the symmetry
Mpemba e!ect stems exclusively from the decay rate of the slowest eigenmode living
in a (µ ↘= 0)-sector.

4.4.4 Example 1: A Classical Symmetry Mpemba E!ect with
Z4

To illustrate how an initially more asymmetric distribution can restore symmetry
faster than a more symmetric one , we consider the minimal classical setup in which
distinct symmetry-breaking eigenmodes (namely eigenmodes living in µ ↘=0-sectors)
decay at di!erent rates: a four-site Markov chain on a ring (represented in Fig. 4.6),
invariant under the cyclic rotation n 7↖ n + 1 (mod 4), namely Z4-covariant. The
irreps are D(µ)(n) = e2εinµ/4 = inµ, where µ = 0, 1, 2, 3. Jumps occur at a unit rate
between each pair of neighbours, as described by the Liouvillian

L̂cl
nm

=






1 + 6, m = n + 1 (mod 4) ,

1 ↔ 6, m = n ↔ 1 (mod 4) ,

↔2, n = m ,

0, otherwise ,

(4.62)

where 6 ≃ (↔1, 1) is the chirality parameter. In this case, there are four modes of
asymmetry, corresponding to µ = 0, 1, 2, 3. Then, the analogue of tensor operators are
given by

T(µ) = 1
2(1, iµ, i2µ, i3µ)T . (4.63)
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In particular, under the action of cyclic rotation n 7↖ n + 1 (mod 4), this vector is
mapped to itself, up to a phase ↔iµ. Writing the eigenmodes of L̂cl in terms of the
{T(µ)} basis we get ω =r1 =T(0) (eigenvalue 11 =0), r2 =T(1) (12 =↔2+2i6), r3 =T(3)

(13 =↔2↔2i6), r4 =T(2) (14 =↔4).

Hence, for 6 ≃ (↔1, 1), r4 is the fastest decaying mode. (Note that the detailed balance
condition is violated for 6 ↘= 0.) Each eigenmode lives in a single asymmetry sector,
which guarantees the preservation of the mode structure, as in Eq. (4.54). Only ω

(which lives in µ = 0) is fully symmetric; the three asymmetric eigenmodes -two slow
ones (r2, r3) and one fast one (r4)- govern how di!erent distortions decay back to
equilibrium. In this case, the relative entropy of asymmetry in Eq. (4.49) is equal to
the KL-divergence of the current distribution p(t) from its symmetrised version, Ĝ p(t),
adapted to this case using the discrete version of the twirling operation in Eq. (4.43).
Since averaging over all four rotations yields the uniform state Ĝ p(t) = ω/2, the
relative entropy of asymmetry simplifies to

M
(
p(t)

)
= D

(
p(t) ℜ Ĝ p(t)

)
=

4∑

k=1
pk(t) ln

(
4 pk(t)

)
, (4.64)

which vanishes precisely when p is uniform and decreases under the dynamics etL̂
cl .

To find a strong Mpemba e!ect, we compare two probability vectors chosen along

Figure 4.6: (a) the generator of the clas-
sical Markov chain with the four sites ar-
ranged on a ring and three type of jumps
making them interacts. (b) and (c) the distri-
butions p1 and p2 which are (0.5, 0, 0.5, 0)T

and (0.5, 0.25, 0, 0.25)T respectively.

(a) (b) (c)
1 2

4 3

probability
on site n

orthogonal spectral directions as in Eq. (4.18):

p1 = 1
2 ω

p(0)

1

+ 1
4 r2
p(1)

1

+ 1
4 r3
p(3)

1

, p2 = 1
2 ω

p(0)

2

+ 1
2 r4
p(2)

2

, (4.65)

where the first lies entirely along the slow symmetry-breaking eigenmodes r2 and r3,
while the second has only a component in the fast eigenmode r4. The underbraces
highlight the mode decomposition of the states where p(µ)

θ
= ↑T(µ), pθ↓ω T(µ) for

θ = 0, 1 which corresponds to the adaptation of Eq. (4.51) to this case. While at
t = 0, 0.35 ⇓ M(p1) < M(p2) ⇓ 0.69, if we pick 6 = 1/4, according to Eq. (4.19) their
asymmetry behaviour asymptotically decreases as

M(p1(t)) ↗ 1
4e↗4t , M(p2(t)) ↗ 1

2e↗8t . (4.66)

By numerically propagating the two initial configurations Eq. (4.65) with the Liouvillian
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Eq. (4.62), we find that the two monotones M cross at time ◁ = 0.16. In other words,
the distribution p2 outpaces p1 in restoring the Z4 symmetry, manifesting the symmetry
Mpemba e!ect in a classical system. In this minimal example, the eigenmodes of the
Liouvillian coincide with the irreducible basis, and the uniqueness of the symmetric
configuration reduces symmetry restoration to ordinary equilibration on this classical
Markov chain. This simplification, however, is an artefact of our minimal model. In
the next section, we turn to a richer scenario in which each eigenvalue sector µ appears
with multiplicity four. In that case, one can observe genuinely new behaviour, such as
nontrivial evolution within the µ = 0 symmetric subspace, that cleanly separates the
process of symmetry restoration from the usual equilibration dynamics.

4.4.5 Example 2: A Quantum Symmetry Mpemba E!ect with
Z4

In the classical Markov chain of Sec. 4.4.4, the generator splits into four one-dimensional
symmetry sectors under the action of Z4. We now construct a quantum analogue:
a single spinless particle hopping on a four-site ring, governed by a Z4-covariant
Lindblad dynamics. The irreducible tensor operators are labelled by µ ≃ {0, 1, 2, 3}
with multiplicity index ϱ ≃ {0, 1, 2, 3}:

T̂ (µ)
ω

= 1
2

4∑

n=1
e2εinµ/4 |n + ϱ (mod 4)↓↑n| . (4.67)

Here n labels the site on the ring, understood modulo 4 so that site 5 is identified with
site 1 and site 0 with site 4, and the phase factor ensures each T̂ (µ)

ω
transforms in the

µ-th irreducible representation of Z4. To define the dynamics, we embed the classical
jump-rates into Lindblad hopping operators and add a coherent Hamiltonian term.
The master equation reads

dϖ̂

dt
= L[ϖ̂] = ↔ i

[
Ĥs, ϖ̂

]
+ D↗[ϖ̂] + D+[ϖ̂] , (4.68)

where the coherent part of the dynamics is generated by the Hamiltonian

Ĥs = J
4∑

n=1
|n↓↑n + 1(mod 4)| + |n + 1(mod 4)↓↑n| (4.69)

which describes hopping between neighbouring sites on a four-site ring with amplitude J .
The incoherent, biased hopping around the ring is implemented by the two dissipators
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(defined as Eq. (4.22)) respectively for the jump operators

L̂n,+ =
∃

1 + 6
∣∣∣ n + 1(mod 4)

〉〈
n

∣∣∣,

L̂n,↗ =
∃

1 ↔ 6
∣∣∣ n ↔ 1(mod 4)

〉〈
n

∣∣∣ ,
(4.70)

where the bias parameter 6 ≃ [↔1, 1], as before, tilts the rates so that 6 > 0 enhances
clockwise jumps and 6 < 0 enhances counterclockwise jumps. This construction
yields a Lindbladian L that is manifestly Z4-covariant and thus block-diagonal in the
µ-sectors.

We set J = 1 and 6 = 1/4. The Lindblad superoperator L admits sixteen eigenmodes,
four for each µ-sector, which can be expressed in the tensor basis T̂ (µ)

ω
. Among these,

the unique eigenmode belonging to the µ=0-sector and zero eigenvalue is the steady
state ↽̂. The remaining fifteen eigenmodes r̂k decay with eigenvalues 1k, ordered by
decreasing real part Re 1k

8.

Figure 4.7: Symmetry-breaking quantum
Mpemba e!ect for a Z4-covariant dynamics.
Main panel: relative entropy of asymmetry
M(⇁̂1,2(t)), decaying exponentially with rates
set by λ10 and λ16. Inset: sector trace norms
ℜ⇁̂(µ)

1,2 (t)ℜ1, illustrating that eigenmodes r̂10 and
r̂14 are related by Hermitian conjugation and
overlap in the µ = 1 and µ = 3 sectors re-
spectively; the structure of ⇁̂1(t) induces an
oscillatory decay of ℜ⇁̂(2)

1 (t)ℜ1. 0 1 2

10-5

10-3

10-1

0 1

10-1

10-2

1 2 3

We prepare two initial states by mixing the steady state with selected decaying
eigenmodes:

ϖ̂1 = ↽̂/2 + (r̂2 ↔ r̂3 + r̂4)/9  
2̂

(0)
1

+ (↔r̂5/5)  
2̂

(1)
1

+ (r̂14 + r̂15)/8  
2̂

(2)
1

+ (↔r̂13/5)  
2̂

(3)
1

,

ϖ̂2 = ↽̂/2 + (r̂2 ↔ 2 r̂3 + r̂4)/10  
2̂

(0)
2

+ ↔ r̂16/2  
2̂

(2)
2

.
(4.71)

These choices introduce di!erent amounts of initial asymmetry in sectors µ = 1, 2, 3.
We then evolve each state under the dynamics

ϖ̂θ(t) = etL[ϖ̂θ], (4.72)

and quantify the restoration of Z4 symmetry via the relative entropy of asymmetry
M(ϖ̂θ(t)) as defined in Eq. (4.49). Fig. 4.7 shows that the state ϖ̂2, which starts with

8In the case of equal real parts, modes are further ordered by increasing µ, and then by decreasing
imaginary part.
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a larger asymmetry in sector µ = 2, relaxes faster than ϖ̂1, which has its dominant
asymmetry in sector µ = 1 (and equivalently µ = 3). Despite having greater initial
asymmetry, ϖ̂2 crosses below ϖ̂1 in M(t), demonstrating the symmetry Mpemba e!ect.
The inset highlights the decay of each charge-sector norm, confirming the underlying
exponential behaviour of the asymmetry modes. In this example we see a first advantage
brought by the modes of asymmetry: they help identify the eigenmodes responsible
for the symmetry breaking.

4.4.6 Example 3: Time-Translation-Symmetry Mpemba Ef-
fect in Davies Maps

We now turn to a continuous symmetry, namely the time-translation symmetry. Let
us consider once again a Davies map described in Sec. 4.3.3 but now focusing on
the symmetry Mpemba e!ect . When the symmetry group action eiĤst : t ≃ R is
generated by the system Hamiltonian Ĥs, the modes of asymmetry ϖ̂(µ) of a state ϖ̂

coincide with its energy coherence blocks at Bohr frequency µ. Concretely, ϖ̂ = ∑
µ ϖ̂(µ)

and Ug

[
ϖ̂(µ)] = ei µ tg ϖ̂(µ), where Ug[·] = eiĤstg [·]e↗iĤstg , so that µ = 0 picks out

all diagonal (incoherent) terms and each µ ↘= 0 selects the o!-diagonal coherences
oscillating at frequency µ under unitary time evolution. The Lindbladian eigenmodes
corresponding to symmetry-preserving (symmetry-breaking) modes are depicted in
green (orange) in the lower-left inset of Fig. 4.8. In Davies maps, the Lindbladian
L commutes by construction with the Hamiltonian evolution and thus respects the
time-translation symmetry [216]. (Recall that when, up to a shift, the energy levels
are all integer multiples of a fixed energy, i.e., the system dynamics is periodic, time
translation becomes isomorphic to U(1), and such maps are also referred to as phase-
covariant.) As discussed in Sec. 4.4.1, this guarantees the monotonicity of the functions
Mω(ϖ̂(t)). A symmetry Mpemba e!ect occurs when the state with higher initial
coherence decoheres faster than one with lower coherence, and their monotone curves
cross in time.

As a concrete illustration, consider the transverse-field Ising chain

Ĥs = ↔J
Ns↗1∑

n=1
φ̂z

n
φ̂z

n+1 + h
Ns∑

n=1
φ̂x

n
, (4.73)

with Ns = 4 and OBCs. We compare two unitarily connected initial states

ϖ̂1 = (ϖ̂Gibbs + 0ϖ̂rand)/N , (4.74)

ϖ̂2 = R̂metr ϖ̂1 R̂†

metr , (4.75)

where N is a normalisation constant, ϖ̂rand = X̂†X̂/ Tr[X̂], with X̂ being a random
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Figure 4.8: Symmetry-breaking Mpemba ef-
fect for a transverse-field Ising model (TFIM)
Eq. (4.73) thermalising under a Davies
map [205]. Parameters: J = h = 1,
Ns = 4, φ = 0.1, φi = 1, ↼ = 0.05
(no left/right hopping asymmetry, ϱ = 0).
Solid: M(⇁̂1(t)) with ⇁̂1 = (⇁̂Gibbs +↼⇁̂rand)/N ;
dashed: M(⇁̂2(t)) with ⇁̂2 = R̂metr⇁̂1R̂†

metr,
where R̂metr (Metropolis [194]) minimises over-
lap with the slow mode ◁̂2. Insets: (a) crossing
time vs ς for Petz-Rényi divergences Eq. (4.5);
(b) ten slowest eigenvalues of the Davies gen-
erator, with µ = 0 (green) vs µ ↘= 0 (orange). 0 2 4 6 8 10

10-3

10-7

10-1

10-5

10-9

10-11

Gibbs + random
rotated

-0.5-1-1.5 0

0

1

0.3

0.1

0.2

1 2

0.22 0.30

0.018

0.006
0.010

(b)

(a)

Hermitian matrix with real and imaginary components uniformly distributed in [0, 1]
and R̂metr is the unitary transformation minimising the overlap of ϖ̂1 with 5̂2 via
the Metropolis algorithm [194]. Fig. 4.8 shows the crossing of M(ϖ̂1(t)) (solid) and
M(ϖ̂2(t)) (dashed). Moreover, the upper-right inset indicates that when considering the
Petz-Rényi ϱ-divergences, the crossing time decreases upon increasing ϱ. Importantly,
in contrast to the thermal Mpemba e!ect (Sec. 4.3.3), that involves both µ = 0
(populations) and |µ|>0 (coherences) blocks, here only the |µ|>0 modes contribute to
the decay of M(ϖ̂1(t)): the slowest-decaying coherent mode corresponds to the complex
eigenvalue with real part closest to zero.

4.4.7 Example 4: Symmetry Mpemba E!ects in Quantum
circuits

Originally, the symmetry Mpemba e!ect was investigated in continuous-time mod-
els [199]. Here we consider circuit models [236, 237], in which time is treated as a
discrete variable, and focus on two symmetries, U(1) and SU(2). We consider N qubits,
with N even, where the first Ns qubits define the system and the remaining Ne the
environment. The initial state spontaneously breaks the symmetry on the system
qubits only, with the extent of the breaking controlled by a parameter θ. The state
is then evolved by a circuit composed of symmetry-preserving gates arranged in a
brickwork geometry. We consider two-qubit gates and the Floquet unitary Û is

Û =
N/2∏

n=1
û2n↗1

N/2∏

n=1
û2n , (4.76)

where ûn are gates on the n, n+1 qubits and ûN connects the last and the first qubits to
enforce periodic boundary conditions, as represented in the two-qubit brickwork circuits
of Fig. 4.9(b). While in the absence of symmetries any unitary can be decomposed
into two local gates, when enforcing a symmetry this is not guaranteed anymore: a
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generic G-invariant unitary might not be composed of two-local G-invariant gates [257,
258]. (For U(1) and SU(2), two-local gates su"ce for semi-universality, meaning that
for states restricted to a single irrep of the symmetry, the locality of gates imposes no
additional constraints.) We initialise the system and environment as

(φ̂θ)se = (ϖ̂θ)s ∝ ↽̂e , (4.77)

picking states that break the symmetry only on the system qubits, and controlling
the degree of symmetry breaking through a tilt parameter θ, while ↽̂e is a G-invariant
state. This guarantees that the system evolution map

E [ϖ̂θ] = Tre[Û φ̂θ Û †] (4.78)

is a non-unitary CPTP map that is G-covariant; namely, E is a free operation for
the asymmetry resource (see Sec. E). At each time step, we compute the residual

Input state Evolution operator

Environm
ent

System

(b1) Markovian (b2) Non-Markovian

Random gate 
with a specif ic 

symmetry

(a) (b)
Figure 4.9: Circuit schematics for Sec. 4.4.7.
(a): initialisation, with system qubits (pink) in
an asymmetric state set by 0 and environment
qubits (blue) in a symmetric state. (b): brick-
work evolution Û built from random two-qubit
gates constrained to U(1) or SU(2) symmetry.
(b1): Markovian channel via environment reset
to the maximally mixed (identity) state after
each Û . (b2): non-Markovian channel with no
mid-circuit reset/measurement, allowing infor-
mation backflow from the environment.

asymmetry with the relative entropy of asymmetry M(ϖ̂θ(t)), as in Eq. (4.49).

10-2

10-3

10-4

10-1

10-5

50 150100

U(1)
Markovian

(a)

-0.5-1.0

0.0

-0.2

(b)

0.1 1
2
3

Values of

0.2
0.5

0
2
4

(d)(c)

0.0

0.2

0.4

00

1

0.2

0.6

Figure 4.10: Symmetry-breaking Mpemba
e!ect in a Markovian U(1) model averaged over
100 circuit realisations with Ns = 4, Ne = 2.
Panel (a) shows the time evolution of the
monotones. The inset, panel (b) instead dis-
plays the averaged spectrum of the Markovian
map, showing how the slow eigenmodes tend
to come from low |µ|-sectors, explaining the
strong Mpemba e!ect obtained by choosing
these three states. Mean (dots) and spread
(shaded) of the real part of the slowest decay
rate in each |µ|-sector, showing a clear, mono-
tonic decrease with |µ|. It is evident that as
|µ| increases, Re λµ decreases monotonically.
(d) Overlap Tr[◁̂†

µ ⇁̂θ,b] of each initial state with
its sector’s slowest eigenmode ◁̂µ, confirming
that each state couples only to sectors that are
multiples of b.
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Symmetry: U(1)

We now explore how U(1) symmetry (i.e. conservation of total Ŝz) can give rise to a
Mpemba e!ect in random circuits. In particular, we show how it is possible to achieve
a strong Mpemba e!ect. Considering the exact model discussed in Ref. [2] and Sec. 2.6,
the two-qubit gates are

ûn,n+1 = e↗iĥn,n+1 e↗ihnŝ
z
n e↗ih

→
nŝ

z
n+1 , (4.79)

with an XXZ-type interaction

ĥn,n+1 = J

2

(
ŝ+

n
ŝ↗

n+1e
i↼n + ŝ↗

n
ŝ+

n+1e
↗i↼n

)
+ Jz ŝz

n
ŝz

n+1 , (4.80)

where e↗ihnŝ
z
n and e↗ih

→
nŝ

z
n+1 are local Z-rotations. Here ŝ±

n
= ŝx

n
± iŝy

n
, and ωn is the

Peierls phase. By sampling the five parameters hn, h↑

n
, ωn, J, Jz independently for each

gate, the full circuit Û remains U(1)-invariant, conserving total magnetisation Ŝz.

To study the Mpemba e!ect in circuits we first discuss the clean Markovian limit with
a memoryless environment, and then generalise to non-Markovian circuits with a finite
number of environment qubits. In the Markovian limit, the environment is reset after
each layer, so that

Et = (E)t , E = E1 . (4.81)

The environment state ↽̂e is the maximally mixed state (see Fig. 4.9(b)), each map E
is U(1)-covariant (which guarantees monotonicity of M(ϖ̂(t))) and thus decomposes
into asymmetry sectors

E =
⊕

µ

E (µ) (4.82)

where E (µ) acts on the subspace of the operator space associated with mode µ. We
can diagonalise each E (µ) individually using the basis {T̂ (µ)

ω
} as defined in Eq. (4.57)

and obtain the decay eigenmodes in each µ-sector.

To produce a strong Mpemba e!ect, we prepare product states of Ns qubits in blocks
of size b with a uniform tilt θ:

|⇁(θ, b)↓ =
⇔Ns/b↖⊗

n=1
exp


↔ i θ

b∏

j=1
ŝy

(n↗1)b+j


|0↓⇑Ns . (4.83)

By varying θ and b, we select system states ϖ̂θ,b = |⇁(θ, b)↓↑⇁(θ, b)| whose support lies
in di!erent µ-sectors (e.g. b = 1 populates all µ-sectors, b = 2 populates only the even
µ-sectors, b = 3 only sectors multiple of 3, namely ϖ̂θ,b = ∑⇔Ns/b↖↗1

k=0 ϖ̂(kb)
θ,b

), so each state
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ϖ̂θ,b overlaps di!erently with the slowest eigenmodes {5̂µ}µ (as in Fig. 4.10(d)) where

5̂µ = 5̂ k(µ) , 1µ = 1k(µ) , (4.84)

where k(µ) picks out the slowest eigenmode in the µ-sector

k(µ) = arg max
k: ,̂k↘H

(µ)
s

Re 1k , (4.85)

where H(µ)
s

is the µ-sector of Hs. The main panel of Fig. 4.10(a) then reveals distinct
asymptotic decay exponents, i.e. a strong Mpemba e!ect. Avoiding overlap with
specific µ-sectors induces a strong Mpemba e!ect because, in almost every realisation
of Û , sectors with larger |µ| decay more quickly: for |µ| > |µ↑|, one finds Re 1µ < Re 1µ→ .
Indeed, as illustrated in Fig. 4.10, the slowest eigenmodes reside in the blocks with
the smallest |µ|, that is, the lowest absolute U(1) charge. While a more thorough
explanation of this phenomenon requires further investigation, one can consider the
following possible mechanisms: (i) Modes with higher U(1) charge tend to evolve
more rapidly, leading to faster build-up of correlations with the environment and,
consequently, quicker information leakage and decay. (ii) Since E is constructed from
random U(1)-conserving gates, the blocks corresponding to smaller |µ|, being larger in
dimension, are statistically more likely to contain the slowest-decaying eigenmodes.
Moreover, just as in the example of Sec. 4.4.6, the initial state’s overlap with the slow
eigenmodes in sectors with µ ↘= 0 governs its relaxation rate. Note that the relative
entropy of asymmetry M(ϖ̂(t)) cannot be interpreted as entanglement asymmetry in
this scenario, as the global state is not pure.
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Figure 4.11: Symmetry-breaking Mpemba
e!ect in a non-Markovian U(1) model averaged
over 100 circuit realisations with Ns = 8, Ne =
12. The time evolution of the monotones re-
veals how the more tilted state, although it
starts at a higher amount of asymmetry, re-
stores the symmetry faster. Di!erent from the
Markovian case, the monotones do not decay
either monotonically or exponentially, as the
asymmetry is just distributed in the whole sys-
tem + environment and therefore finite size
e!ects become more evident.

While the Markovian case allows for a clean explanation of the e!ect, most studies
of the symmetry Mpemba e!ect use non-Markovian circuits. To connect to these,
we again prepare a tilted product state on the system (with block size b = 1) with
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ϖ̂θ = |⇁(θ)↓↑⇁(θ)| and

|⇁(θ)↓ =
Ns⊗

n=1
e↗iθ ŝ

y
n |0↓

n
(4.86)

matching Refs. [199, 237] except that the tilt now spans only the Ns system qubits,
while the environment remains symmetric. Indeed, we initialise the environment in
the computational zero state ↽̂e = |0↓↑0|e = |mmin↓↑mmin|e, where |m↓ denotes the
equal superposition of all basis states with magnetisation m and ŝω

n
are the spin-1

2
operators (with ϱ ≃ {x, y, z}). Eq. (4.82), which in the Markovian case describes
how each symmetry-sector mode decays at a fixed rate, still applies when the map is
non-Markovian. However, now it is time-dependent, so both the eigenmodes and the
stationary state can shift at each step, while the eigenvalues usually shrink exponen-
tially with time when Û is ergodic [259]. As already discussed, blocks with larger |µ|
admit fewer eigenvalues near unity, so their modes decay more rapidly. Consequently,
an initially highly asymmetric state, which has a larger weight in those fast-decaying,
high-frequency sectors, will shed its asymmetry more quickly than a less asymmetric
one, yielding the Mpemba e!ect.
Fig. 4.11 tracks five such states (di!erent θ) on a system of Ns = 8 qubits coupled to
Ne = 12 environment qubits.

Under general covariant time evolutions, asymmetry measures at time t > 0 are
bounded by their value at t = 0, although in generic non-Markovian processes they
can still exhibit transient increases at intermediate times. The deviations observed in
Fig. 4.11 are therefore a consequence of information backflow [260] between the system
and environment, amplified by the finite size of the environmental partition. We also
emphasise that the monotonicity of asymmetry measures follows from the assumption
that the environment is initially uncorrelated with the system and prepared in a
symmetry-respecting state (see Sec. E). In contrast, initialising the environment in a
symmetry-breaking state, e.g., tilted ferromagnetic states, as done in Refs. [237, 238],
violates this condition and can result in a non-G-covariant reduced map. This distinc-
tion accounts for the apparent non-monotonic behaviour observed in non-Markovian
circuit realisations of the U(1)-symmetric Mpemba e!ect.

In the examples shown in Fig. 4.10(c–d), we observed that sectors with larger |µ| tend
to decay faster. We expect that a similar phenomenon holds more broadly beyond the
Markovian case discussed here, including for random U(1)-invariant circuits with an
arbitrary number of layers. A better understanding of this phenomenon requires further
investigation. Our preliminary numerics on such circuits also suggest connections
between the quasiparticle picture (Refs. [232, 236]) and the mode-overlap picture,
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since one can directly compare overlaps with slow quasiparticle carriers and with slow
asymmetric eigenmodes.

As a final note, these non-Markovian circuits closely mirror setups in deep thermalisa-
tion with symmetries [261] and studies of dissipative quantum chaos [262].

Symmetry: SU(2)
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Figure 4.12: Symmetry Mpemba e!ect for
SU(2). The initial states are defined in
Eq. (4.87), and we average over 100 random
realisations of the dynamics generated by ran-
dom SU(2)-symmetric gates with Ns = 8 and
Ne = 12, drawing J = Jz uniformly from
[↔ε/5, ε/5] for each gate in Û .

We next turn to a non-abelian example, where the conserved quantity is the total
angular momentum Ŝ2. To impose full SU(2) covariance we switch o! all local Z-
rotations and Peierls phases (hn = h↑

n
= ωn = 0) and sample only the isotropic

exchange coupling J = Jz.
We break the symmetry on the system by preparing the state ϖ̂θ = |⇁(θ)↓↑⇁(θ)| with

|⇁(θ)↓ = cos(θ/2) |4↓⇑↙Ns/2∝ + sin(θ/2) |0↓⇑Ns , (4.87)

where |4↓ = (|01↓ ↔ |10↓)/
∃

2 is the singlet. For θ ↘= k↽ ∅ k ≃ Z, we find |⇁(θ)↓
in a superposition of the SU(2)-invariant singlet |4↓⇑↙Ns/2∝ and the SU(2)-breaking
product |0↓⇑Ns . The environment, which contains an even number of qubits Ne, is also
initialised in singlets, as |4↓⇑Ne/2. Note that since the environment’s state respects
the SU(2) symmetry, and the Hamiltonian also respects this symmetry, the dynamics
of the reduced system likewise respects the symmetry; that is, it is SU(2)-covariant.
(When the environment contains an odd number of qubits, it must be prepared in a
mixed state in order to obtain an SU(2)-invariant state.)

Fig. 4.12 shows five tilted states on an Ns = 8 system coupled to Ne = 12 environment
qubits. As we vary θ, one can see characteristic crossings in their relaxation curves.
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Figure 4.13: Splitting of the relative entropy
of athermality for systems exhibiting an ar-
bitrary global symmetry into the relative en-
tropy of asymmetry and the relative entropy
of athermality for symmetry-respecting states.
An initially asymmetric state ⇁̂ evolves under a
G-covariant map towards the steady state that
lies within the set of G-invariant states (see
Sec. 4.4.1). The relative entropy of athermality
of ⇁̂(t) (⇁̂t in the figure, violet) can be split into
two components: the relative entropy of ⇁̂(t)
with respect to the instantaneously dephased
state G [⇁̂(t)] (orange, namely the relative en-
tropy of asymmetry) and the relative entropy
of G [⇁̂(t)] with respect to ε̂ (green, namely the
relative entropy of athermality for symmetry-
respecting states).

G-invariant states

thermal/relaxation

symmetry-breaking

symmetry-respecting

time

4.5 A unified description of the thermal and the
symmetry Mpemba e!ects

We have reinterpreted instances of both the thermal ( ) and symmetry ( ) Mpemba
e!ects in systems interacting with featureless baths as well as in non-Markovian
environments using a resource-theoretic approach in both classical and quantum
settings. Strikingly, the mechanisms behind the thermal and symmetry Mpemba
e!ects are remarkably similar: the former is governed by the slowest-decaying mode,
while the latter relies on the slowest symmetry-restoring mode. Importantly, in both
cases, the relevant monotone is based on the quantum relative entropy; what di!ers is
the reference state with respect to which it is computed. For the thermal Mpemba
e!ect , it characterises the divergence with respect to the steady state, while for
the symmetry Mpemba e!ect , it quantifies the divergence with respect to an
instantaneously dephased state. It is well-known that for the Davies map, the relative
entropy between a non-equilibrium state and the thermal steady state can be split into
a classical and a purely quantum coherent part [263]. In this context, the system’s
Hamiltonian is the symmetry generator and, correspondingly, the twirling operation
consists of dephasing the non-equilibrium state in the energy eigenbasis. Here we show
that this approach can be generalised to an arbitrary symmetry as follows: Let G
be a group with unitary representation {Ûg}g↘G and G be the corresponding twirling
map as in Eq. (4.42). For two states ϖ̂, ↽̂ with G [↽̂] = ↽̂, the quantum relative entropy
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reads

S(ϖ̂ ℜ ↽̂) = Tr
[
ϖ̂ ln ϖ̂

]
↔ Tr

[
ϖ̂ ln ↽̂

]

+ Tr
[
ϖ̂ ln G [ϖ̂]

]
↔ Tr

[
ϖ̂ ln G [ϖ̂]

]

= S(ϖ̂ ℜ G [ϖ̂]) ↔ Tr
[
ϖ̂ ln ↽̂

]
+ Tr

[
ϖ̂ ln G [ϖ̂]

]
.

(4.88)

Now since ↽̂ is G-invariant, we have that Tr
[
ϖ̂ ln ↽̂

]
= Tr

[
ϖ̂ ln G[↽̂]

]
. G ⊥ G = G and

G† = G imply

Tr
[
ϖ̂ ln G[↽̂]

]
= Tr

[
ϖ̂ G[ln(G[↽̂])]

]
= Tr

[
G[ϖ̂] ln ↽̂

]
. (4.89)

Analogously, we have that Tr
[
ϖ̂ ln G[ϖ̂]

]
= Tr

[
G[ϖ̂] ln G[ϖ̂]

]
. Hence, we find that

S(ϖ̂ ℜ ↽̂) = S(ϖ̂ ℜ G[ϖ̂]) + S(G[ϖ̂] ℜ ↽̂) . (4.90)

This equality holds for an arbitrary G-invariant state ↽̂. In the special case where
↽̂ is the thermal state, this identity implies that the relative entropy of athermality
can always be separated into the relative entropy of asymmetry (symmetry-breaking
contribution) and the relative entropy of athermality for symmetry-respecting states
(symmetry-respecting contribution), as illustrated in Fig. 4.13. We note that, by
Eq. (4.24), in the special case where ↽̂ = ↽̂ς is the thermal state at temperature
▷↗1, the relative entropy S(ϖ̂ ℜ ↽̂ς) can be expressed as the di!erence between the
non-equilibrium free energy of ϖ̂ and that of ↽̂ς. Furthermore, by Eq. (4.49), which
was shown in [255], we have S(G[ϖ̂] ℜ ϖ̂) = S(G[ϖ̂]) ↔ S(ϖ̂). Hence, in this special case,
Eq. (4.90) simplifies to

F (ϖ̂) ↔ F (↽̂ς) =▷↗1(S(G[ϖ̂]) ↔ S(ϖ̂)
)

+ F (G[ϖ̂]) ↔ F (↽̂ς) ,
(4.91)

which was previously presented in [256].

This decomposition reveals that for Davies maps, the quantum thermal Mpemba
e!ect comprises a purely classical component , corresponding to the classical
thermal Mpemba e!ect, and a genuinely quantum part, which is associated with the
restoration of time translational symmetry generated by Ĥs . Here, as discussed
in Ref. [194], eigenvalues associated with symmetry-preserving eigenmodes are real,
while those corresponding to symmetry-breaking modes are complex (see Fig. 4.8). We
stress that this distinction is not valid for more general G-covariant maps, as shown
in Fig. 4.10. Moreover, there is nothing intrinsically quantum mechanical about the
symmetry-breaking part of the dynamics. In fact, we showed a fully classical instance
of a symmetry Mpemba e!ect in Sec. 4.4.4. So in general, Eq. (4.90) decomposes
the total athermality (or non-stationarity) monotone into two parts: the asymmetry
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Figure 4.14: Di!erent Mpemba e!ects in the
same thermalisation process described by the
Davies map. As in Fig. 4.8, we study a TFIM,
setting J = 1, h = 1, Ns = 4, φ = 2, φ↑ = 1
in both panels, and initialising the system in
the state ⇁̂1 = ⇁̂rand

Gibbs = (⇁̂Gibbs + ↼⇁̂rand)/N ,
and ⇁̂2 = R̂metr⇁̂1R̂†

metr as in Sec. 4.4.6 (full
lines). The dashed lines are obtained by
stochastically minimising the overlap with the
slowest-decaying mode via the Metropolis algo-
rithm [194]. Panel (a): for weak noise ↼ = 0.05,
the dynamics display a classical thermal
and a quantum thermal Mpemba e!ect.
Panel (b): for strong noise ↼ = 0.25 we find
only the symmetry Mpemba e!ect. 0.0 0.2 0.4 0.0 0.2 0.4
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monotone and a second part that quantifies the symmetry-respecting athermality9.
As a final example, we study the occurrence of these di!erent types of Mpemba e!ects
in the same system. In Fig. 4.14, in both panels we consider the same thermalisation
process described by a Davies map, but for di!erent initialisations of the state ϖ̂1

as the Gibbs state with random noise defined in Eq. (4.74) with 0 = 0.05 (a) and
0 = 0.25 (b), while as in Fig. 4.8, ϖ̂2 = R̂metrϖ̂1R̂

†

metr. Here, the left panel shows both
the classical and quantum thermal Mpemba e!ects, while the right panel displays
only the symmetry Mpemba e!ect. While a crossing in either S(ϖ̂(t) ℜ G[ϖ̂(t)]) or
S(G[ϖ̂(t)] ℜ ↽̂) is necessary to induce a crossing in the total relative entropy S(ϖ̂(t) ℜ ↽̂),
Eq. (4.90) implies that only when both component entropies cross we are guaranteed
to find a crossing in S(ϖ̂(t) ℜ ↽̂). This example demonstrates that in a given setting,
one can seek di!erent types of Mpemba e!ects, each connected to the depletion of a
specific resource, by just changing the resource monotone M .

4.6 Complexity Mpemba e!ects

A notable recent variant of Mpemba phenomenology is the Pontus-Mpemba e!ect [201],
which shows that, for a fixed initial state, an initial “heating” stage (driving the system
further from equilibrium) can nonetheless outperform direct relaxation.

9The resource theory of symmetry-respecting athermality is defined by the free states F = {⇁̂ |
G[⇁̂] = ε̂} and the free operations given by G-covariant TOs, such as the Davies map in our example.
By construction, any free operation E maps free states to free states: G-covariance, Ug ⊥ E = E ⊥ Ug,
implies G ⊥ E = E ⊥ G, so for ⇁̂ ≃ F one has

G[E [⇁̂]] = E [G[⇁̂]] = E [ε̂] = ε̂ , (4.92)

hence E [⇁̂] ≃ F .
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Figure 4.15: (a) Setup: a resourceful state |1(0)↓ is prepared, with 0 controlling its resource
content. For the Mpemba e!ect, di!erent initial states evolve under free operations (grey);
the resource monotone decreases locally in an e!ective system s (light orange) while the
corresponding global resource monotone is conserved under global free unitaries. In the
Pontus-Mpemba e!ect, the same state is first “heated” (by a resourceful stage) on s and e
before free evolution. (b) Mpemba e!ects: A more resourceful state dissipates faster locally
than a less resourceful one (crossing of monotones). (c) Pontus-Mpemba e!ects: An initial
preheating stage accelerates local dissipation compared to free evolution alone.

Magic resources [264–267], non-Gaussianity [268–271], and imaginarity [272–275] are
widely used as resource-theoretic quantifiers of non-classical computational power,
and thus as proxies for quantum complexity. In the following sections we test the
resource-theoretic Mpemba criterion for these complexity resources [4], which lack a
direct thermodynamic or symmetry interpretation compared with the athermality and
asymmetry measures considered above. We also show that, in these cases, under global
free unitary dynamics, a more resourceful initial state can dissipate local resource faster
than a less resourceful one, leading to crossings of a suitable subsystem monotone. We
study this using the (subsystem) relative entropy of resource as monotone (or mana
for the resource of magic), evaluated on reduced states of a closed system evolved
under brickwork circuits of random two-body gates, starting from tilted product states.
We find that imaginarity exhibits a Mpemba e!ect in this setting, whereas magic and
non-Gaussianity do not (for the state families and free gate ensembles considered).
Strikingly, a resourceful preheating stage induces a quantum Pontus-Mpemba e!ect
for all resources considered here, with relaxation accelerated compared to direct free
evolution from the same initial state.

To treat di!erent resources on equal footing, we adopt a common circuit-based setup.
Specifically, we consider a system of N qudits initialised in a resourceful product state,
similar to Eq. (4.77), |⇀ω(θ)↓ = ⊗

N

n=1 e↗iθ ▷̂
ω
n |0↓

n
. Unlike before, we take an initial

product state that is resourceful on any choice of s system, the global state carries
nonzero resource uniformly while global free unitaries conserve it. This is the same
initial-state family used, for example, in Refs. [199, 236, 237].

The dynamics is generated by a random brickwork circuit similar to the one defined in
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Eq. (4.76). To tune the e!ective interaction density (and thereby control the Mpemba
crossing time), the two-body gates are applied stochastically: with probability 7, ûn,n+1

is drawn from the relevant subgroup of free operations for the resource under study,
while with probability 1 ↔ 7 the layer acts trivially as În,n+1. Further, we consider
either PBC or OBC. We consider a system s = {1, . . . , Ns} and its complement e as
an e!ective environment. Di!erent setups are specified by three ingredients: (i) the
family of initial states, (ii) the gate ensemble, and (iii) the resource monotone M . In
this setting, the global resource content is conserved under global free unitaries, but
the reduced states on s, ϖ̂θ(t) = TrB

î
Û t|⇀(θ)↓↑⇀(θ)|Û↗t

ó
, follow a reduced dynamics

that is not, in general, a free operation on A. When s is much smaller than e, the
subsystem can e!ectively dissipate its local resource into e, which plays the role of an
e!ective reservoir.

Beside the Mpemba e!ect, we define the Pontus-Mpemba e!ect [201], which arises in
a complementary setting Fig. 4.15(d): starting from the same state |⇀↓, an additional
resourceful “heating” stage ‹̂U applied for T steps, followed by free evolution Û t, can
lead to faster resource dissipation than direct free evolution at the same total circuit
depth T + t. Concretely, this occurs when (i) M(ˆ̃ϖ(T )) > M(ϖ̂(T )) after the heating
stage, yet (ii) M(ˆ̃ϖ(T + ◁)) < M(ϖ̂(T + ◁)) at later times, for some ◁ > 0, and

ˆ̃ϖ(t) =






Tre

ï
‹̂U t|⇀↓↑⇀|‹̂U↗t

ò
t ′ T

Tre

ï
Û t↗T ‹̂UT |⇀↓↑⇀|‹̂U↗T ÛT ↗t

ò
t > T .

(4.93)

In the following sections, we demonstrate how these phenomena arise within the
resource theories of imaginarity, non-Gaussianity, and magic. We start by introducing
these three RTs in Secs. 4.6.1 to 4.6.3, then discuss the Mpemba e!ect in this context
in Sec. 4.6.4 and conclude with the Pontus-Mpemba e!ect in Sec. 4.6.5.

4.6.1 Resource of imaginarity

Imaginarity quantifies the “complex phase” structure that is absent in the real (rebit)
subtheory, where states and operations are represented by real matrices in a fixed
basis. When control is restricted to real operations (orthogonal gates), access to
imaginarity captures an operational overhead: generic complex quantum processes
require additional ingredients (e.g. extra ancillas/controls), and imaginarity functions
as a bookkeeping resource for this added implementation complexity [276–280].

Fix a reference basis {|i↓} (typically the computational basis). The free states are
those that are real in this basis, ϖ̂ free i! ϖ̂ = ϖ̂→ and free operations are real CPTP
maps, i.e. channels admitting a Kraus representation with real matrices in the same
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basis [276–278]. Introduce the (generally unphysical) “realification” map R acting on
matrix elements as ↑i|R[ϖ̂] |j↓ = Re ↑i| ϖ̂ |j↓. The relative entropy of imaginarity then
takes the closed form [276]

M(ϖ̂) = S
(
R[ϖ̂]

)
↔ S(ϖ̂) , (4.94)

which is additive under tensor products, and it is monotone under real operations [276–
278]. In our numerics the global evolution is generated by two-body free (orthogonal)
gates

û = exp


↔ 2iϱ
(
ŝx∝ŝy ↔ ŝy ∝ŝx

)
≃ SO(4) ∀ U(4) , (4.95)

with ϱ sampled uniformly from [0, 2↽]. Since the generator is purely imaginary in the
computational basis, û is a real unitary (orthogonal) gate and therefore cannot create
imaginarity from globally real initial conditions.

4.6.2 Resource of non-Gaussianity

Fermionic Gaussian states and Gaussian (free-fermion) evolutions form a classically
tractable corner of many-body quantum dynamics: they admit an e"cient description
in terms of covariance matrices and underpin the classical simulability of free-fermion
(matchgate) circuits [281, 282]. Departures from Gaussianity capture the additional
structure generated by interactions or measurements, and are therefore a natural com-
plexity resource for going beyond free-fermion simulation; in this spirit, pure fermionic
non-Gaussianity is closely related to “magic” for matchgate computations [269, 283].

The free states are fermionic Gaussian states (for parity-preserving states, fully specified
by their two-point correlators), and the free unitaries are fermionic Gaussian unitaries
generated by quadratic Hamiltonians (interactions or measurements can create non-
Gaussian correlations and thus increase the resource). On a spin-1/2 chain it is
convenient to introduce 2N Majorana operators via the Jordan-Wigner map

0̂2a↗1 =
( a↗1∏

i=1
φ̂z

i

)
φ̂x

a
, 0̂2a =

( a↗1∏

i=1
φ̂z

i

)
φ̂y

a
, (4.96)

which satisfy {0̂a, 0̂b} = 2ϑa,b. For a reduced state ϖ̂s on Ns sites (hence 2Ns Majoranas),
define the antisymmetric covariance matrix

&a,b(ϖ̂s) = ↔ i

2 Tr(ϖ̂s[0̂a, 0̂b]) . (4.97)

Let ϖ̂G

s
be the (unique) fermionic Gaussian state with the same covariance matrix

&(ϖ̂s); equivalently, it is the maximum-entropy state compatible with these second
moments. In this case, Eq. (4.7) becomes the relative entropy distance to the Gaussian
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set (relative entropy of non-Gaussianity) [268, 284]

M(ϖ̂s) = S(ϖ̂G

s
) ↔ S(ϖ̂s) . (4.98)

In practice, S(ϖ̂G

s
) follows directly from &(ϖ̂s): if the spectrum of & is {±1j}Ns

j=1 with
1j ≃ [0, 1], then

S(ϖ̂G

s
) =

Ns∑

j=1
H
(1 + 1j

2

)
, H(x) = ↔x log2 x ↔ (1 ↔ x) log2(1 ↔ x) . (4.99)

In our numerics the free evolution is built from two-site Gaussian gates acting on four
Majoranas, i.e. unitaries generated by quadratic (free-fermion) forms

û = exp
ï1

4

4∑

a,b=1
Ka,b 0̂a0̂b

ò
, K = ↔KT real . (4.100)

4.6.3 Resource of magic

The resource theory of magic formalises the gap between the e"ciently classically
simulable stabiliser subtheory and universal quantum computation. Let PN be the
N -qubit Pauli group (tensor products of {Î , φ̂x, φ̂y, φ̂z} with phases), and CN the
Cli!ord group (the normaliser of PN),

CN =


Û ≃ U(2N) : Û P̂ Û † ≃ PN ∅ P̂ ≃ PN


. (4.101)

Pure stabiliser states are generated from computational-basis product states by Cli!ord
circuits,

|ω↓ ≃ STABpure ℵ⇒ A Û ≃ CN : |ω↓ = Û |0↓⇑N , (4.102)

and the free (mixed) states form the stabiliser polytope,

STAB = conv
(
{|ω↓↑ω| : |ω↓ ≃ STABpure}

)
. (4.103)

The Cli!ord/stabiliser sector admits e"cient classical simulation (Gottesman-Knill and
refinements), so STAB is treated as free [285]. Non-stabiliser (“magical”) states enable
universality via state injection [264]. Mixed-state magic is subtle: some ϖ̂ /≃ STAB are
not distillable (“bound magic”) [286].

A distance-based monotone is the relative entropy of magic,

Mrel(ϖ̂) = min
▷̂↘STAB

S(ϖ̂ℜφ̂), S(ϖ̂ℜφ̂) = Tr[ϖ̂(log ϖ̂ ↔ log φ̂)] , (4.104)

but the minimisation over STAB is typically intractable at many-body sizes.
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For odd prime local dimension d (in particular d = 3 qutrits), a widely used and
directly computable alternative is the mana, defined from the Gross discrete Wigner
representation. Let {Ar}r↘Z2N

d
be the phase-point operators and

Wr[ϖ̂] = 1
dN

Tr
[
ϖ̂ Âr

] (∑

r
Wr = 1

)
. (4.105)

The mana is the log of the 51-norm of W ,

M(ϖ̂) = log2
∑

r↘Z2N
d

∣∣Wr[ϖ̂]
∣∣ , (4.106)

which is additive under tensor products and monotone under stabiliser operations; for
odd d, Wigner-positivity is tightly linked to stabiliserness [286–288].
In this thesis we focus on a one-dimensional chain of N qutrits (d = 3). With
generalised Pauli operators

Ẑ =
d↗1∑

m=0
e2εim/d|m↓↑m|, X̂ =

d↗1∑

m=0
|m↓↑m + 1 (mod d)|, (4.107)

we write Pauli strings as P̂r = ∏
N

l=1 eεi(d+1)rx
l r

z
l /2X̂

r
x
l

l
Ẑ

r
z
l

l
with r = (rx

1 , rz

1, . . . , rx

N
, rz

N
) ≃

Z2N

d
and define Â0 = ∑

r P̂r/dN , Âr = P̂rÂ0P̂ †

r [287]. Starting from the tilted ferro-
magnetic state

|⇀x̃(θ)↓ =
N⊗

n=1
e↗iθ (▷̂x

n+▷̂
x†
n ) |0↓

n
, (4.108)

where the x̃ distinguishes it from the state |⇀x(θ)↓, we study the evolution of the
subsystem mana M(ϖ̂s) for Ns contiguous qutrits under a global brickwork circuit
composed of two-qutrit Cli!ord gates û ≃ C2(d).

4.6.4 Mpemba e!ects of complexity

Keeping in mind Sec. 4.6.1, we begin with the resource theory of imaginarity [272–275,
289].

The numerical results are shown in Fig. 4.16(a) for a chain of N = 20 qubits and a
system of size Ns = 2, averaged over 4000 circuit realisations with 7 = 1, starting from
the x-tilted product state |⇀x(θ)↓ = ⊗

N

n=1 e↗iθ ▷̂
x
n |0↓

n
.

The relative entropy of imaginarity on s exhibits the hallmark crossing behaviour:
larger θ corresponds to a more resourceful initial reduced state, yet the corresponding
M(ϖ̂θ(t)) decays faster with circuit depth, yielding a clear Mpemba crossing .
The other resources analysed do no exhibit Mpemba crossings for these tilted product-
state families. We illustrate this with two examples: (i) non-Gaussianity [268–271]
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Figure 4.16: Mpemba diagnostics for complexity resources in 1D circuits: imaginarity (a)
and non-Gaussianity (b) for N=20 qubits, and magic (mana) (c) for N=12 qutrits. We
evaluate the resource content of the system s of size Ns=2 using the appropriate monotones,
starting from tilted product states |1ω(0)↓. The dynamics is generated by a depth-2t circuit
Û t composed of resource-free two-body gates (applied with dilution 2), and results are
averaged over 4000 circuit realisations. For the chosen state families, clear crossings occur
for imaginarity (a) , while no comparable crossings are observed for non-Gaussianity or
magic (b–c).

and (ii) magic, quantified via mana [286].

For non-Gaussianity (Fig. 4.16(b)) we repeat the same protocol as for imaginarity,
same tilted family and the corresponding free gate ensemble, yet observe no crossings
of M(ϖ̂θ(t))) within numerical resolution for the explored θ. As in the previous cases,
the global mana is conserved under global free operations, while the reduced state
on the system s can lose resource as the circuit redistributes it into the e!ective
environment e. Our numerical results for dilution 7 = 0.5, with N = 12 qutrits and
Ns = 2, are shown in Fig. 4.16(c). As for non-Gaussianity, the mana M(ϖ̂θ(t)) shows
no crossings for the explored tilts, indicating that these tilted product states do not
display a Mpemba e!ect for magic in this setting.

In summary, imaginarity exhibits clear Mpemba crossings for the tilted families
considered here, whereas non-Gaussianity and magic do not. Remarkably, even in
these latter cases a resourceful preheating stage can induce crossings and accelerate
local relaxation, realising a Pontus-Mpemba e!ect, as discussed next.

4.6.5 Pontus-Mpemba E!ects

We now fix a resourceful initial state |⇀(θ)↓ and study how a preheating stage modifies
the subsequent free relaxation of the system s. For circuit depth t ′ T , we first apply
a resourceful “heating” circuit that acts independently on the system s and e!ective
environment e,

|⇀̃(t)↓ =
(‹̂U t

s
∝ ‹̂U t

e

)
|⇀(θ)↓ , (4.109)
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Figure 4.17: Pontus-Mpemba diagnostics for complexity resources. (a) Imaginarity and
(b) Non-Gaussianity for N = 20 qubits (d = 2) and (c) magic (mana) for N = 12 qutrits
(d = 3), all with system size Ns = 2. Starting from |1(0)↓, we apply a two-step protocol: (i)
a resourceful preheating circuit ‹̂UT

s ∝ ‹̂UT
e of depth 2T , followed by (ii) a free circuit Û t↗T .

All results are averaged over 4000 circuit realisations. Increasing T leads to faster decay of
the local resource content on s, consistent with the Pontus-Mpemba e!ect.

where ‹̂Us/e are depth-2 brickwork circuits composed of two-body gates ˆ̃u sampled
independently from the Haar measure on U(d2) at each time step t. For convenience,
we introduce two dilution parameters, 7s and 7e, controlling the density of Haar gates
in the preheating on s and e, respectively, applying a Haar gate with probability 7s/e,
else the identity. After the heating stage, the dynamics is generated by the free circuit
Û t↗T , i.e. the same resource-free gate ensemble as in Fig. 4.15(a).

We first consider imaginarity. We fix the initial tilt to θ = 0.55 and apply a two-step
protocol (preheating on s and e, then free evolution). In Fig. 4.17(a) we set 7s = 0.55
and the free-circuit dilution to 7 = 0.6, while scanning the preheating depth 0 ′ T ′ 4
and the environment preheating strength 0 ′ 7e ′ 0.6. As expected, preheating
increases the local resource content on the system s up to t = T ; once heating is
switched o!, the subsequent dynamics is purely free. Once free evolution begins, the
prior preheating accelerates the decay of non-Gaussianity Ms(t): clear crossings appear
( ) as T and (7s, 7e) are varied, realising Pontus-Mpemba phenomenology [201] in a
unitary circuit setting.

We next turn to non-Gaussianity. We fix |⇀(θ)↓ at θ = 0.7 and repeat the same
two-step protocol: preheating for t ′ T followed by free evolution for t > T The
results in Fig. 4.17(b) use 7s = 0.25 and 7 = 0.9, and scan 0 ′ T ′ 3 and 0 ′ 7e ′ 1
for N = 20 qubits (d = 2) with Ns = 2. Again, preheating increases the local resource
content on s up to t = T , but once it is turned o! the heated state locally dissipates
the resource faster ( ).

Finally, we consider magic for N = 12 qutrits with Ns = 2. Fixing |⇀x̃(θ)↓, we compare
T = 0, 1 at 7s = 0.01, 7e = 1.0, and 7 = 0.4, see Fig. 4.17(c). Once more, the two-step
(resourceful + free) protocol yields faster relaxation of ϖ̂s, and hence of the monotone
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Ms, than purely free evolution, consistent with the Pontus-Mpemba e!ect ( ). Taken
together, these results indicate that the Pontus-Mpemba e!ect is broadly present
across the complexity resource theories studied here: when ordinary Mpemba crossings
are absent for a given state family, preheating can induce them, and when they are
present, preheating preserves, and can even enhance them.

4.7 Conclusion

This chapter framed Mpemba physics as anomalously fast depletion of a resource under
free dynamics: a Mpemba e!ect occurs when the monotone of a more resourceful
initial state drops below that of a less resourceful one, producing a crossing. Within
this viewpoint, thermal Mpemba e!ects correspond to the decay of athermality (non-
equilibrium free energy), while symmetry Mpemba e!ects correspond to the decay
of asymmetry, which we analysed via modes of asymmetry and their overlaps with
slow relaxation modes. The unified relative-entropy decomposition in Sec. 4.5 further
clarifies how di!erent monotones isolate di!erent relaxation channels, so that distinct
Mpemba e!ects can coexist within the same physical dynamics. From a resource-
theoretic perspective, a general criterion for the occurrence of a Mpemba e!ect, with
respect to a given resource and its associated free operations, is the existence of
a pair of states such that the more resourceful one has a smaller overlap with the
slowest resourceful relaxation eigenmode than the less resourceful one. Using this
perspective, we identified a simple classical model exhibiting a Mpemba e!ect, thereby
demonstrating that a symmetry Mpemba e!ect can arise in a purely classical setting.

Finally, we extended the same resource-theoretic criterion to complexity resources in
closed many-body circuits, where global resource conservation under free unitaries
coexists with local dissipation on subsystems. In this setting, Pontus-Mpemba protocols
provide a systematic speedup mechanism: a resourceful preheating stage can accelerate
the subsequent local relaxation even when the ordinary Mpemba crossings are absent
for the same state family.



129

Part II

Characterising complexity
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Complexity, chaos, and transport

Spectral complexity 
(late-time saturation)

Operator complexity

Transport complexity 
(slow modes, charges)

Operator entanglement/LOE 
(bipartite correlations in operator space)

OTOCs 
(wavefront, butter� y scales)

(i) Eigenphase statistics 
(RMT/Poisson)

(Ch. 2)

(iii) Current 
spectral function

(Ch. 2)

(iv) Spreading 
exponent (Ch. 3)

(v) Resource monotones 
(open-system relaxation)

(Ch. 4)

Krylov complexity 
(seed-resolved 1D compression)

(Ch. 5)

(ii) DOS/LDOS 
(operator/state-resolved 
spectral weight)

(Ch. 2)

Part I

Part II

Figure II.1: Di!erent complexity types: Part I probes (i)-(v) mapped to spectral, transport,
and operator complexity, and to the operator-growth diagnostics used in Part II (OTOCs,
operator entanglement, and Krylov complexity). Dashed arrows indicate indirect/conditional
links.

In many-body quantum physics, extracting emergent phenomena, which observables
relax quickly, which stay frozen, how initial structure redistributes across space and
time, typically requires identifying the right e!ective description. The central organising
question is therefore how structure builds up and decays under evolution, and which
reduced descriptions remain predictive at which scales. Complexity is not meant to
be a single quantity, but rather a family of diagnostics that quantify how hard it is
to describe, predict, or compress an evolving state, channel, or operator relative to a
chosen reference class.

The role of this opening section is therefore best understood as a retrospective dictionary.
Having established in Part I a set of concrete probes of spectral structure, conservation-
law constraints, and real-time spreading in spin chains, Floquet circuits, and resource-
theoretic settings, we can now translate those results into a complexity language. In
that translation, “chaos” diagnostics fix the late-time ceiling, transport diagnostics
identify the bottlenecks and protected sectors that shape the approach to it, and
operator-growth diagnostics quantify how quickly simple operators become hard to
represent. Making this dictionary explicit here also clarifies what information from
Part I will be taken as input for the operator-space constructions developed next.

From a complexity viewpoint, the diagnostics of Part I naturally separate into three
di!erent notions: spectral complexity (how scrambled/incompressible is the spec-
trum/eigenbasis at late time), transport complexity (what slow modes/conservation
laws bottleneck relaxation and operator growth), and operator complexity (how fast a
simple operator becomes hard to describe in operator space), as depicted in Fig. II.1.
Spectral universality sets the late-time ceiling (“saturated complexity”), while conser-
vation laws and slow modes can strongly constrain the route to that ceiling, even in
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spectrally chaotic dynamics. Fig. II.1 summarises how the Part I probes (i)-(v) feed
into these notions and into the operator-growth diagnostics emphasised in Part II.

In Part II we focus on operator complexity. This is usually probed through three
main diagnostics: OTOCs, local-operator entanglement (LOE), and Krylov complexity.
OTOCs probe operator spreading through commutator growth [48, 290], LOE measures
the entanglement of an operator Ô(t) in the Choi representation [291, 292], and Krylov
complexity tracks how Ô(t) spreads across a Liouvillian-generated orthonormal operator
basis [293–295]. Under the operator growth hypothesis (OGH), linear Lanczos growth
bn ↗ ϱn bounds the OTOC Lyapunov exponent 1L ′ 2ϱ [293], showing how a
chaotic growth mechanism in operator space (linear Lanczos growth) constrains the
exponential growth of commutators, but not vice versa. Krylov complexity is explicitly
seed-resolved and connects directly to moments and continued-fraction representations
of correlators, linking back to the DOS/LDOS tools developed in Ch. 2.

Part I, instead, introduced spectral and dynamical probes for spin chains, Floquet
circuits and resource-theoretic frameworks (Chs. 2 to 4), with emphasis on finite- and
infinite-time behaviour. Spectral and eigenstate universality serve as diagnostics of
chaos, whereas real-time correlators and spreading exponents diagnose transport and
the hydrodynamic constraints that control it. Resource monotones quantify distance
to a chosen free set and thus track irreversible loss of structure. The point of the
present section is to make the dependency explicit: those probes already constrain
which notion of complexity is relevant in a given regime, and they determine what one
should expect for operator-growth diagnostics before introducing any Krylov machinery.
Accordingly, we first distil the lessons of Part I into this complexity dictionary, and
then turn to the technical construction in operator space.

Eigenphase
statistics(i) Eigenphase statistics, analysed in Sec. 2.1.1, are primarily a chaos diagnostic: the

distinction between Wigner-Dyson and Poisson statistics distinguishes ergodic from
integrable/localised regimes and signals whether the system has “forgotten” micro-
scopic structure in its spectral correlations [45, 46]. From a complexity standpoint,
RMT statistics indicate saturated spectral complexity at infinite time (maximally
scrambled, incompressible spectra up to symmetry constraints), but level statistics
alone do not determine how fast that ceiling is approached, nor which slow modes
control intermediate-time growth.

Spectral
measures(ii) Operator-resolved spectral measures (DOS, LDOS), discussed in Sec. 2.2, bridge

chaos and complexity. The total DOS g(E) sets the available spectral phase space,
while the LDOS gϱ(E) reveals how a simple initial state decomposes in the energy
eigenbasis [46]. Smooth, featureless LDOS is compatible with ETH-type thermalisa-
tion [59, 73] (see Sec. 2.1.2), while sharp features signal constraints or integrability;
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either way, these objects primarily diagnose state/eigenbasis structure rather than
operator growth.

Current
spectral

functions
(iii) Current spectral functions SJJ(ε), see Sec. 2.3, are a transport diagnostic, with
indirect complexity information. From a complexity viewpoint, a Drude contribution
indicates operator components protected by conservation laws that do not decay
(Mazur bound), remaining “simple” indefinitely, while the regular low-frequency
continuum reflects components that do spread and complexify [43, 296]. The balance
between Drude weight and regular conductivity therefore exposes a hierarchy of
slow/simple versus fast/complexifying sectors.

Transport
exponents(iv) Transport exponents quantify the spatial spreading of conserved charge. The

scaling m2(t) ↗ tω classifies transport as ballistic (ϱ = 2), di!usive (ϱ = 1), subdi!u-
sive (0 < ϱ < 1), or superdi!usive (1 < ϱ < 2) [43]. They constrain how fast initially
localised structure spreads in real space, but they are not by themselves a measure
of operator-space complexity. Anomalous exponents and long prethermal regimes
(as observed in the “swappy” regime of Ch. 3) instead serve as useful signatures for
intermediate-time structure that can strongly shape operator-growth diagnostics [35,
109].

Resource-
monotone

decay
(v) Resource-monotone decay, discussed in Ch. 4, is a complexity-theoretic reframing
of equilibration. Relative-entropy distance to the free set, min▷̂↘F S(ϖ̂ℜφ̂), quantifies
how far a state is from a “free” (structureless) reference [3, 4, 203, 255]. Decay
of these monotones under free operations directly parallels complexity saturation:
initial resourcefulness (= structure) decays towards the free-state set (= simplicity).
Modes of asymmetry [204] provide a spectral decomposition of this decay, identifying
which symmetry-breaking components relax slowly versus quickly, a hierarchy directly
analogous to the slow-mode/fast-mode distinction in transport. The Mpemba e!ect
(faster relaxation from more-resourceful initial states) arises when strongly asymmetric
states have small overlap with the slowest mode [174, 188, 199], paralleling how
certain initial operators in Krylov constructions can bypass slow-growing subspaces
and equilibrate faster despite higher initial complexity.

Krylov
complexity Krylov complexity reduces operator growth to motion on a one-dimensional Krylov

chain generated from a choice of inner product and a seed operator. Its explicit
seed dependence separates universal growth laws from operator-specific transients,
and its continued-fraction/moment structure links operator dynamics to equilibrium
correlators.
Part II develops this operator-complexity framework explicitly, with an emphasis on
Krylov complexity and the additional subtleties raised in Floquet settings: quasienergy
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periodicity, branch (unfolding) choices, and the need for an e!ective generator when
comparing continuous-time and discrete-time complexity data. In the next chapter we
introduce the Krylov construction in operator space and develop the tools needed to
apply it consistently to Floquet circuits.
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Chapter 5
Krylov Complexity

5.1 Introduction

Krylov complexity compresses dynamics by projecting onto the Krylov subspace
generated by a “seed” (state or operator) under repeated application of a linear
generator (Hamiltonian/Liouvillian or Floquet channel). This subspace encodes
seed-resolved moments of the dynamics, equivalently the moments of the associated
spectral measure with respect to a chosen inner product; throughout we use the
Hilbert-Schmidt product (infinite temperature). For Hermitian generators, Lanczos
tridiagonalisation produces an orthonormal Krylov basis in which the generator becomes
a one-dimensional nearest-neighbour problem. The resulting recursion (Lanczos)
coe"cients therefore act as a compact set of dynamical data: they determine seed-
resolved spectral quantities (e.g. the LDOS and diagonal Green’s functions [297, 298],
Sec. 2.2) and time-domain correlators [299–301].

This representation also gives an immediate geometric picture. In the Krylov basis
the evolved seed is a wavepacket over the Krylov index, and the Krylov complexity
K(t) is (roughly) its mean position; growth of K(t) quantifies the propagation into
increasingly “complicated” Krylov directions.

Because practical Krylov methods truncate the basis at finite dimension, the same
wavepacket picture provides a notion of simulability: slow growth of K(t) suggests
that Ô(t) remains confined to a low-dimensional region of operator space and can be
e"ciently approximated, whereas rapid growth indicates that larger Krylov subspaces
are needed and truncations break down earlier.

In modern quantum chaos the emphasis has shifted from spectra to operator dynamics:
scrambling probes such as OTOCs and “operator hydrodynamics” track the spread of
initially local operators and the constraints imposed by conservation laws [119]. In the
same spirit, Krylov complexity fits this operator-space viewpoint while retaining the
Lanczos structure: iterating the dynamical map on an operator Ô yields a tridiagonal
reduced dynamics specified by recursion data that coincide with the continued-fraction
coe"cients of equilibrium correlators (Mori formalism) [293–295, 300, 302]. This
links Krylov recursion to moments of operator autocorrelators and, in principle, to
time-domain measurements, subject to finite-time and noise limitations [295, 303].
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Under the OGH, the Lanczos coe"cients grow as bn ↗ ϱn, which upper-bounds the
Lyapunov exponent as 1L ′ 2ϱ; we review the recursion mechanism in Sec. 5.2.1. For
spatially local, bounded Hamiltonians (or Liouvillians), one can bound the growth
of bn to be at most linear in n (with model-dependent constants) [293], so the OGH
may be viewed as the statement that generic nonintegrable (thermalising) dynamics
saturates this locality-limited growth (up to possible logarithmic corrections in 1D),
while integrable/free models can display slower or more structured behaviour. This
perspective will be useful below when discussing Floquet generators: if a chosen
branch of log Û produces a highly nonlocal e!ective ĤF , the assumptions behind
such locality bounds (and hence the OGH intuition) are no longer operative. Krylov
complexity is best viewed as a probe rather than a definition of chaos: it is seed-
resolved, its saturation value is not universal across integrable-chaotic crossovers [304],
clear exponential regimes are not generic outside semiclassical limits [305], and in
nonergodic phases such as MBL the e!ective Krylov chain can exhibit localisation, with
the Lanczos coe"cients growing linearly with a staggered second order correction [306].

A key advantage of the Krylov construction is that it is formulated directly in terms
of the dynamical map on operator space. This makes the extension to stroboscopic
Floquet circuits algebraically straightforward: one replaces the Liouvillian by the
adjoint Floquet channel U [·] = Û(·)Û † and studies Krylov growth versus integer cycle
number. In practice the reduced dynamics is typically constructed via Arnoldi iteration
(the analogue of Lanczos for the non-Hermitian superoperator U) [307–309]. However,
quasienergy periodicity and the associated many-to-one spectral folding mean that
Arnoldi data can be less sensitive to microscopic structure than Lanczos data: for
dual-unitary circuit families, Ref. [309] reports that KArn(t) exhibits essentially the
same maximal linear growth across noninteracting, integrable, and chaotic gates, in
contrast with the OGH mechanism based on unbounded Lanczos growth. We therefore
treat Krylov complexity as an operator-level diagnostic to be benchmarked against
spectral (RMT) and operator-spreading probes within the same circuits.

The remainder of the Chapter is organised as follows. In Sec. 5.2 we place Lanczos
(continuous time) and Arnoldi (discrete time) constructions on the same footing and
isolate the kinematic constraint that unitarity imposes on stroboscopic Krylov growth.
In Sec. 5.3 we then develop the spectral-measure bridge between continuous and discrete
time, deriving the exact aliasing (folding) relation and illustrating its consequences in
two controlled benchmarks (Secs. 5.3.1 and 5.3.2). The next block, Secs. 5.4 and 5.5,
addresses the central obstruction revealed by aliasing, the branch ambiguity of log Û ,
and introduces a locality-guided adiabatic unfolding criterion (MEO) for selecting
physically meaningful Floquet generators along a path in unitary space. We benchmark
this strategy analytically and numerically in the brickwork-driven XX chain in Sec. 5.6
and then apply the same pipeline to other dual-unitary endpoint families in Sec. 5.7,
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before summarising the implications for Krylov diagnostics in Sec. 5.8.

The key takeaways, which will be made precise in the following sections, are the
following. First, spectral aliasing is the fundamental reason there is no canonical
one-to-one correspondence between Lanczos and Arnoldi recursion data extracted from
stroboscopic sampling. Second, under a conservative principal-branch reconstruction,
a maximally ergodic unitary (MEU)-type Floquet fixed point corresponds to a band-
limited continuous-time measure with bounded Lanczos coe"cients, and therefore
does not support sustained OGH-type exponential KLan(t). Third, when a meaningful
unfolded Floquet generator is selected (here via MEO), one can recover smooth
quasienergy continuations and substantially improve the locality of the e!ective
Hamiltonian compared to the principal branch, enabling a controlled Lanczos and
Krylov analysis of Floquet circuits. Finally, at dual-unitary endpoints the resulting
Krylov behaviour is model-dependent: in free-fermion settings (XX) complexity is
bounded by finite-dimensional Krylov orbits, while interacting families can display
qualitatively di!erent trends, as discussed in Secs. 5.7 and 5.8.

Within this programme, Ref. [6] (in preparation) contains the original contributions
developed during this PhD. Concretely, it (i) formulates a unified spectral-aliasing
framework that connects continuous-time (Lanczos) and discrete-time (Arnoldi) Krylov
data at the level of seed-resolved spectral measures and moments; (ii) introduces the
locality-guided adiabatic unfolding protocol (MEO) as a practical branch-selection
principle for log Û along a Floquet path; and (iii) applies the resulting unfolded
generators to a systematic Krylov-complexity study across integrable and chaotic dual-
unitary endpoint circuit families, establishing the structural split between bounded
free-fermion dynamics and interacting behaviour highlighted in this Chapter.

5.2 Krylov bases: continuous vs. discrete time

Krylov constructions turn operator dynamics into single-particle motion on a semi-
infinite “Krylov chain”: starting from a simple seed Ô0, repeated action of the
dynamical map generates a nested Krylov subspace whose orthonormal basis {Ôm}m⇒0

resolves both correlation functions and a natural notion of operator spreading in
Krylov space (“Krylov complexity”). For Hamiltonian dynamics the relevant generator
is (a Hermitian) Liouvillian, and the associated orthonormalisation is the Lanczos
tridiagonalisation. For Floquet circuit dynamics the natural object is instead the
one-step unitary superoperator, and the corresponding orthonormalisation is an Arnoldi-
type construction. We keep a unified notation while emphasising the di!erent algebraic
constraints (Hermiticity vs. unitarity).
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Lanczos (continuous time) Arnoldi (discrete time)
Dynamics |O(t)) = eiLt|O0) |O(t)) = U t|O0), t ≃ Z
Map on operators L = [Ĥ, ·] U [Ô] = Û †ÔÛ

Spectrum real line unit circle
Krylov basis Gram-Schmidt on {Lm|O0)} Gram-Schmidt on {Um|O0)}
Matrix form in
Krylov basis

symmetric tridiagonal upper-Hessenberg

Recursion
coe"cients

b(L)
m

⇐ 0 a(U)
m

, b(U)
m

, c(U)
m

≃ [0, 1]

Krylov complexity KLan(t) = ∑
m m|ω(L)

m
(t)|2 KArn(t) = ∑

m m|ω(U)
m

(t)|2 ′ t

Generic
late-time scaling

OGH: b(L)
m

↗ ϱm ⇒ KLan(t) ↗
e2ωt

MEU regime: b(U)
m

↖ 1, a(U)
m

↖
0 (and left-hopping terms van-
ish) ⇒ KArn(t) ↗ t

Table 5.1: Parallel summary of Lanczos (Hamiltonian/Liouvillian) and Arnoldi-type Krylov
constructions (Floquet/unitary superoperator), highlighting the distinct constraints on
recursion data and the resulting asymptotic growth of Krylov complexity.

We regard operators as vectors equipped with the inner product

(A|B) = 1
D

Tr
[
Â†B̂

]
. (5.1)

The associated norm is

ℜAℜ =


(A|A) =
…

1
D

Tr
[
Â†Â

]
. (5.2)

Choosing a normalised seed |O0), we construct an orthonormal Krylov basis {|Om)}m⇒0

and expand the evolved operator as

|O(t)) =
∑

m⇒0
ωm(t) |Om) , ωm(t) = (Om|O(t)) . (5.3)

Throughout, |·) denotes operators viewed as vectors in operator space, with duals (·|.
Continuous-time dynamics uses t ≃ R, while discrete-time (Floquet) dynamics uses
integer steps t ≃ Z. Normalisation of |O(t)) implies ∑

m⇒0 |ωm(t)|2 = 1, so |ωm(t)|2

defines a probability distribution over the Krylov index m. The Krylov complexity is
the first moment of this distribution,

K(t) =
∑

m⇒0
m |ωm(t)|2 = (O(t)|X̂|O(t)), X̂ =

∑

m⇒0
m |Om)(Om|, (5.4)

where X̂ is the Krylov position (number) operator associated with the Krylov index.
In this sense, K(t) = ↑X̂↓ measures the mean distance, in Krylov space, of the evolving
operator from the seed.
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5.2.1 Continuous time: Lanczos

For Hamiltonian dynamics the Heisenberg evolution can be written as

|O(t)) = eiLt |O0), L = [Ĥ, ·] , (5.5)

where L acts linearly on operator space. Starting from the normalised seed |O0), define
|O↗1) = 0 and b(L)

0 = 0. The (operator) Lanczos recursion constructs an orthonormal
Krylov basis {|Om)}m⇒0 together with recursion coe"cients {a(L)

m
, b(L)

m⇒1} via

a(L)
m

= (Om|L|Om),

|Am+1) = L|Om) ↔ a(L)
m

|Om) ↔ b(L)
m

|Om↗1),

b(L)
m+1 = ℜ|Am+1)ℜ, |Om+1) = |Am+1)/b(L)

m+1 .

(5.6)

By construction, |Am+1) is orthogonal to |Om) and |Om↗1), and b(L)
m+1 ⇐ 0.

Equivalently, these coe"cients are the matrix elements of the Liouvillian projected
onto the Krylov subspace:

L̃,m = (O,|L|Om) = a(L)
m

ϑ,m + b(L)
,+1 ϑ,+1,m + b(L)

,
ϑ,↗1,m, (5.7)

so that L is represented in the Krylov basis by the tridiagonal matrix

L̃,m =






a(L)
m

, 5 = m,

b(L)
m

, 5 = m ± 1,

0, 5 /≃ {m ↔ 1, m, m + 1},

(5.8)

If the initial seed is Hermitian the diagonal elements vanish,

a(L)
m

= (Om|[Ĥ, Om]) = 0, (5.9)

and the action reduces to the nearest-neighbour Krylov-chain form

L|Om) = b(L)
m+1|Om+1) + b(L)

m
|Om↗1), b(L)

0 = 0. (5.10)

Expanding the evolved operator as |O(t)) = ∑
m⇒0 ω(L)

m
(t)|Om) defines amplitudes

ω(L)
m

(t) = (Om|O(t)) (with ∑
m |ω(L)

m
(t)|2 = 1). Projecting the evolution equation onto

the Krylov basis yields a tight-binding dynamics on the half-chain,

i ςtω
(L)
m

(t)=b(L)
m+1ωm+1(t)+a(L)

m
ω(L)

m
(t)+b(L)

m
ωm↗1(t), ω(L)

m
(0)=ϑm0, ω(L)

↗1 (t) = 0, (5.11)
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(or the same equation without the on-site term when a(L)
m

= 0). The Krylov complex-
ity K(t) is given by the general definition above, here evaluated with the Lanczos
amplitudes ωm(t) = ω(L)

m
(t).

Because b(L)
m

are literally the o!-diagonal entries of the tridiagonal L̃ in Eq. Eq. (5.8),
their large-m behaviour controls how fast the Krylov wavepacket moves away from the
edge, and thus how rapidly complexity grows. b(L)

m
appear as hopping matrix elements

of the generator of motion on the Krylov chain, L̃. This interpretation will not carry
over verbatim to the discrete-time Arnoldi coe"cients below.

5.2.2 Discrete time: Arnoldi

For unitary-circuit dynamics we instead evolve stroboscopically,

|O(t)) = U t|O0), U [Ô] = Û †ÔÛ , (5.12)

where U is unitary with respect to the inner product of Eq. (5.1). A direct Arnoldi
iteration (Gram-Schmidt on {|O0), U|O0), U2|O0), . . .}) yields an orthonormal Krylov
basis {|Om)}m⇒0 in which U is represented by an upper-Hessenberg matrix,

Ũ,m = (O,|U|Om), Ũ,m = 0 for 5 > m + 1. (5.13)

Equivalently, the Krylov amplitudes evolve as ω(t+1) = Ũ ω(t), so Ũ can be viewed as
the one-step operator of a discrete-time quantum walk on the Krylov index. However,
its matrix elements are overlap data: Ũ,m encodes the (gauge-dependent) projection
of U|Om) onto |O,), rather than a fixed “coupling” between Krylov sites m and 5 (in
contrast with the Lanczos chain for L̃).

As for any orthonormal Krylov basis (including the Lanczos construction above),
the vectors are only defined up to phases |Om) 7↖ eiθm|Om), under which the matrix
elements transform as

Ũ,m 7↖ e↗iθϱeiθm Ũ,m. (5.14)

In the Hermitian Lanczos case this freedom is typically fixed implicitly by the recursion
convention b(L)

m+1 = ℜ|Am+1)ℜ ⇐ 0 (and, when desired, by choosing Hermitian Krylov
operators). For unitary Arnoldi, by contrast, it is useful to keep track of this phase
gauge: Ũ is not tridiagonal, so there are many nonzero overlaps, and the choice of
phases {θm} redistributes phases among these matrix elements (while leaving gauge-
invariant quantities such as |ωm(t)|2 unchanged). We first isolate the two pieces of
Hessenberg data that have an invariant structural meaning, namely the diagonal and
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subdiagonal entries,

a(U)
m

= Ũmm = (Om|U|Om), b(U)
m+1 = Ũm+1,m = (Om+1|U|Om), (m ⇐ 0). (5.15)

The remaining phase freedom in Eq. (5.14) can be fixed recursively so that each
subdiagonal entry is real and nonnegative,

b(U)
m

≃ [0, 1], m ⇐ 1, (5.16)

which removes any ambiguity in the notion of “forward innovation” along the Krylov
chain.1

At this point the upper-triangular part of the Hessenberg matrix is still not fixed: it
encodes how U|Om) projects back onto earlier Krylov vectors, and its detailed form
depends on the chosen gauge. Rather than introducing additional coe"cients directly
from overlaps (which can obscure this gauge dependence), we define the remaining
independent recursion data as the first-row entries of the gauge-fixed Hessenberg
matrix,

c(U)
m

= Ũ0m, m ⇐ 1, (5.17)

with Ũ00 = a(U)
0 by definition.

Finally, exact unitarity of U imposes that all remaining matrix elements are fixed by
{a(U)

m
, b(U)

m
, c(U)

m
}, yielding the canonical parameterisation

Ũ,m =






0, 5 > m + 1,

b(U)
m+1, 5 = m + 1,

a(U)
m

, 5 = m,

c(U)
m

, 5 = 0, m ⇐ 1,

a(U)
,

c(U)
,

c(U)
m

, 1 ′ 5 < m,

(5.18)

with the understanding that if some c(U)
,

= 0 the chain terminates (the Krylov subspace
becomes finite-dimensional) and the above formula is applied only up to the termination
index.

We stress that a finite M → M Hessenberg truncation obtained after M Arnoldi steps
need not be unitary: unitarity holds for U on the full operator Hilbert space (and,
equivalently, for the completed Hessenberg representation), whereas finite truncations

1After enforcing b(U)
m ⇐ 0 for all m, only an overall phase 0m = 0 remains, which leaves Ũ invariant

and is therefore irrelevant.
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are generically only contractive. The parameterisation Eq. (5.18) should therefore
be interpreted as a statement about the exact (completed) unitary Hessenberg form
associated with a cyclic seed and the gauge choice Eq. (5.16).

This makes two qualitative di!erences to continuous time explicit:

• The unitarity enforces |Ũ,m| ′ 1 for all 5, m, hence |a(U)
m

| ′ 1 and 0 ′ b(U)
m

′
1. The unbounded Lanczos mechanism b(L)

m
↗ ϱm responsible for sustained

exponential KLan(t) is therefore not available in genuinely unitary discrete-time
dynamics.

• Compared to the Lanczos nearest-neighbour chain Eq. (5.6), unitary dynamics
retains the forward “one-step” coupling Ũm+1,m = b(U)

m+1 but generically also
induces additional backward/long-range couplings through the upper-triangular
structure Eq. (5.18), controlled by a(U)

m
together with the (gauge-fixed) first-row

data c(U)
m

[307, 308, 310].

In discrete time the Krylov amplitudes have finite support at fixed stroboscopic time t.
Since Ũ is upper Hessenberg, one application of U can increase the Krylov index by at
most one. Starting from the seed at m = 0, after t steps one therefore has ω(U)

m
(t) = 0

for all m > t. The expansion thus reads

|O(t)) =
t∑

m=0
ω(U)

m
(t)|Om). (5.19)

As a consequence,
KArn(t) ′ t, (5.20)

so linear growth is the largest possible asymptotic scaling in stroboscopic time.

It is conjectured [309] that in chaotic (and interacting integrable) circuits, the Krylov
recursion data flows towards a maximally ergodic unitary (MEU) regime in which

a(U)
m

↖ 0 , b(U)
m

↖ 1 (m ↖ ↙), (5.21)

and the a(U)
m

, c(U)
m

-controlled backward/long-range hopping terms vanish, leaving essen-
tially unidirectional motion along the Krylov chain [309]. Equivalently, the Krylov
basis operators become maximally ergodic: their autocorrelation functions vanish im-
mediately and their spectral functions become flat on the Floquet Brillouin zone [309].
In this regime one finds asymptotically [309]

KArn(t) ↗ t, (5.22)

often with slope approaching the maximal value 1 (in units of ‘sites per Floquet step”).
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For the remainder of Part II, it is useful to treat the Lanczos and Floquet/Arnoldi
constructions as the same conceptual object, a Krylov embedding of dynamics with
complexity K(t), while keeping in mind the key discrete-time constraint: unitarity
bounds the recursion data and, in chaotic circuits, the flow is towards an MEU fixed
point characterised by b(U)

m
↖ 1 and a(U)

m
↖ 0.

5.3 Connect Lanczos and Arnoldi

This section compares continuous-time Hamiltonian dynamics generated by a Liou-
villian L and discrete-time Floquet dynamics generated by a unitary map U through
spectral measures. Specifically, we consider the case when the discrete step is obtained
by stroboscopic sampling (or ST) of an underlying L,

U = e↗iL !t . (5.23)

Sampling at a finite step ”t induces an aliasing of frequencies: real-line spectral weight
at ε and at ε + 2↽k/”t (for any k ≃ Z) becomes indistinguishable in the stroboscopic
data, because only the phase ⇁ = ε”t(mod 2↽) is retained.
For su"ciently small ”t one expects an intermediate-time window in which seed-
resolved Krylov data and K(t) resemble the Hamiltonian phenomenology, followed (at
fixed ”t > 0) by a crossover to discrete-time behaviour at late stroboscopic times. In
free or integrable circuit families this crossover can sharpen into a nonanalytic “Trotter
transition” associated with structure near the Floquet ↽-mode2.

The aim is twofold. First, we derive an exact “folding” relation between the real-line
density SL(ε) and the unit-circle density SU(⇁), making precise how changing ”t

reshapes the unit-circle measure and hence the unitary Hessenberg (Arnoldi) recursion
of Sec. 5.2. Second, we use two analytically controlled benchmarks to illustrate both
the utility and the limitations of this spectral bridge.
In Sec. 5.3.1 we start from a synthetic continuous-time Krylov model with constant
Lanczos coe"cients (a tridiagonal Toeplitz Liouvillian), compute SL explicitly, and
track how aliasing produces ”t-dependent unit-circle spectra SU that interpolate
between an arc-supported, semicircular-profile distribution (no aliasing) and an ap-
proximately flat distribution (strong aliasing).
In Sec. 5.3.2 we address the inverse problem: starting from an MEU-type Hessenberg
(flat SU), we show that SU does not determine SL uniquely because aliasing is many-to-
one; even under the conservative principal-branch convention (single Nyquist interval),

2The Floquet ε-mode is the zone-edge point ω = ε in the eigenphase spectrum of the one-step
map U . Spectral weight near ω ⇔ ε yields an alternating component sm = (O0|Um|O0) ↗ (↔1)m and,
via aliasing, collects contributions from real-line frequencies ϑ ⇔ (ε + 2εk)/”t.
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the resulting continuous-time Lanczos coe"cients are bounded and do not reproduce
OGH-type growth.
This clarifies why there is no canonical one-to-one map between {b(L)

m
} and {a(U)

m
, b(U)

m
, c(U)

m
}

without additional physical input (e.g. a choice of logarithm branch, bandwidth/locality
constraints, or microscopic model information).

Define the seed autocorrelation function

C(t) = Tr[Ô†

0Ô0(t)]/D = (O0|e↗iLt|O0), t ≃ R, (5.24)

and its spectral density on the real line by the Fourier pair3

SL(ε) =
∫

↔

↗↔

dt

2↽
eiϑt C(t), C(t) =

∫
↔

↗↔

dε e↗iϑt SL(ε). (5.25)

Normalisation gives
∫

dε SL(ε) = C(0) = 1.

Now fix ”t > 0 and form the stroboscopic unitary U in Eq. (5.23). Sampling C(t) at
integer multiples of ”t produces the discrete correlation sequence

sm = (O0|Um|O0) = C(m”t), m ≃ Z, (5.26)

with associated unit-circle spectral density

SU(⇁) = 1
2↽

∑

m↘Z
eiϖm sm, sm =

∫
ε

↗ε

d⇁ e↗iϖm SU(⇁), ⇁ ≃ [↔↽, ↽), (5.27)

and
∫

ε

↗ε
d⇁ SU(⇁) = s0 = 1.

Evaluating the inverse transform in Eq. (5.25) at t = m”t gives

sm =
∫

↔

↗↔

dε e↗iϑm!t SL(ε). (5.28)

Inserting Eq. (5.28) into Eq. (5.27) and using Poisson summation in the distributional
sense [195],

∑

m↘Z
e↗imx = 2↽

∑

k↘Z
ϑ(x ↔ 2↽k), (5.29)

one obtains the exact “aliasing” identity

SU(⇁) = 1
”t

∑

k↘Z
SL

Å
⇁ + 2↽k

”t

ã
, ⇁ ≃ [↔↽, ↽). (5.30)

3We use subscripts L and U to distinguish spectral densities associated with the Liouvillian and
Floquet superoperator, respectively. This di!ers from the notation in Sec. 2.2, where subscripts
denoted the operator. The seed (Hermitian) operator is held fixed throughout this Chapter.
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Thus SU is the ”t-dependent periodisation of SL under the folding map ⇁ = ε”t

(mod 2↽). In other words stroboscopic spectra forget where a frequency sits on the
real line modulo 2↽/”t.

The aliasing map Eq. (5.30) is the basic mechanism by which changing ”t can
qualitatively change the discrete-time Hessenberg recursion discussed in Sec. 5.2.2.
Starting from a synthetic model already in a Krylov basis, we can build a direct
pipeline to connect the Lanczos coe"cients to the Arnoldi ones through Eq. (5.30)

{b(L)
m

} ↔↖ SL

folding↔↔↔↔↔↔↔↖
sample at !t

SU ↔↖ {a(U)
m

, b(U)
m

, c(U)
m

}. (5.31)

Three direct considerations are in order. First, one can take the two limits for ”t to 0
and ↙.
(i) If the continuous spectral density is supported inside a single Nyquist interval,

SL(ε) = 0 for |ε| ⇐ ↽/”t, (5.32)

then only the k = 0 term contributes in Eq. (5.30) and

SU(⇁) = 1
”t

SL

( ⇁

”t

)
. (5.33)

In this regime stroboscopic data contain (up to rescaling) the same seed-resolved
spectral information as continuous time. This is the clean setting in which one
expects an extended preasymptotic resemblance between continuous-time (Lanczos)
and discrete-time (Arnoldi) Krylov dynamics. (ii) In the opposite case, without
Eq. (5.32), di!erent real-line spectra can induce the same unit-circle spectrum because
frequencies separated by 2↽/”t are folded together. Moreover, if SL ≃ L1(R), then
for fixed ⇁ the right-hand side of Eq. (5.30) becomes a Riemann sum as ”t ↖ ↙,
yielding a universal flattening:

SU(⇁) ↔↔↔↔↖
!t↓↔

1
2↽

, sm ↔↔↔↔↖
!t↓↔

ϑm0. (5.34)

A flatter unit-circle spectral density corresponds to a more rapidly decorrelating
stroboscopic sequence sm and, through Eq. (5.31), to Hessenberg data closer to the
late-m “maximally ergodic” fixed-point structure described in Sec. 5.2.2 (characterised
by b(U)

m
↖ 1 and a(U)

m
↖ 0). In this sense, aliasing provides a concrete spectral route

by which increasing ”t (or, more generally, increasing the amount of folded high-
frequency structure) pushes the discrete-time Krylov problem towards the regime in
which KArn(t) achieves its maximal linear growth.
(iii) Because Eq. (5.30) folds the real line onto ⇁ ≃ [↔↽, ↽), spectral structure near
frequencies ε ⇔ (↽ + 2↽k)/”t is precisely what controls SU(⇁) near ⇁ ⇔ ↽. This
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is the natural spectral location where discrete-time e!ects that have no continuous-
time counterpart can concentrate (e.g. suppression or gaps near ⇁ = ↽ in integrable
families), and it is the seed-resolved way to diagnose when the approach to the late-m
MEU recursion pattern is obstructed or sharply modified. We will return to this
viewpoint when interpreting how changing ”t can produce qualitatively di!erent
upper-Hessenberg structures even when the early-time dynamics remains close.

5.3.1 Constant Lanczos coe"cients

A particularly transparent test case is the “free” Krylov chain in which the Lanczos
recursion saturates immediately,

b(L)
m

= b > 0 for all m ⇐ 1. (5.35)

In the Krylov basis, the projected Liouvillian is then the semi-infinite tridiagonal
Toeplitz (Jacobi) matrix

L̃ = b
∑

m⇒0

(
|Om+1)(Om| + |Om)(Om+1|

)
, (5.36)

i.e. the tight-binding Hamiltonian on a half-line with constant hopping b and an open
boundary at m = 0. This model can be treated analytically (both spectrally and in
the time domain), providing a controlled setting in which to study the aliasing map
Eq. (5.30) and its implications for the unitary Hessenberg data.

The eigenmodes of Eq. (5.36) are standing waves

⇀q(m) =
…

2
↽

sin[(m+1)q], q ≃ [0, ↽], (5.37)

with dispersion relation

ε(q) = 2b cos q, ε ≃ [↔2b, 2b]. (5.38)

For the edge seed |O0), the spectral measure is weighted by |⇀q(0)|2 = 2
ε

sin2 q. Pushing
forward from q to ε therefore yields the seed-resolved spectral density on the real line,

SL(ε) = 1
2↽b2

∃
4b2 ↔ ε2 1|ϑ|≃2b, (5.39)

i.e. a normalised semicircle distribution supported on [↔2b, 2b].

Equivalently, the corresponding autocorrelation function is the Fourier transform of
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Eq. (5.39),

C(t) = (O0|e↗iLt|O0) =
∫ 2b

↗2b

dε e↗iϑt SL(ε) = J1(2bt)
bt

, (5.40)

with J1 the Bessel function of the first kind. This provides a closed-form expression
for the stroboscopic moments

sm = (O0|Um|O0) = C(m”t) = J1(2bm”t)
bm”t

. (5.41)

Applying the aliasing identity Eq. (5.30) to the compactly supported semicircle
Eq. (5.39) gives an explicit unit-circle density as a finite sum,

SU(⇁) = 1
2↽b2 ”t

∑

k↘Z

!
4b2 ↔

Å
⇁ + 2↽k

”t

ã2
1|ϖ+2εk|≃2b!t, ⇁ ≃ [↔↽, ↽). (5.42)

Because SL has support |ε| ′ 2b, only those integers k for which |⇁ + 2↽k| ′ 2b”t

contribute, so the sum in Eq. (5.42) contains O(b”t/↽) nonzero terms.

Two limiting regimes are particularly transparent.

• No-aliasing (small step): if 2b ′ ↽/”t, i.e.

”t ′ ↽

2b
, (5.43)

then the spectrum of L lies inside a single Nyquist interval and only k = 0
contributes in Eq. (5.42). One obtains

SU(⇁) = 1
2↽b2 ”t

…
4b2 ↔

( ⇁

”t

)2
1|ϖ|≃2b!t. (5.44)

Thus SU is supported on a proper arc |⇁| ′ 2b”t < ↽, i.e. the Floquet spectrum
exhibits a gap around the zone edge ⇁ = ±↽.

• Strong aliasing (large step): for ”t > ↽/(2b), multiple translated semicircles
overlap within [↔↽, ↽) according to Eq. (5.42). As ”t increases, more copies
contribute at each ⇁, and the distribution becomes progressively flatter. In the
limit ”t ↖ ↙ one recovers the universal flattening Eq. (5.34).

The Nyquist threshold Eq. (5.43) marks a sharp change in support: for ”t ′ ↽/(2b)
the folded spectrum is arc-supported and gapped at the zone edge ⇁ = ±↽, while for
”t > ↽/(2b) overlap between translated copies fills the full Brillouin zone. Beyond
this support e!ect, the subsequent approach of SU towards the flat density 1/(2↽) is a
smooth aliasing-controlled crossover in this solvable model. If one nevertheless wants
a scalar diagnostic of “how flat” the spectrum is (useful for tracking proximity to the
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MEU limit), one can use the L2 distance
∫

ε

↗ε

d⇁
∣∣∣SU(⇁) ↔ 1

2↽

∣∣∣
2

= 1
2↽

∑

m⇐=0
|sm|2 = 1

↽

∑

m⇒1
|sm|2, sm = C(m”t), (5.45)

where the second equality follows by Parseval’s identity applied to Eq. (5.27).

5.3.2 MEU to Lanczos

This section addresses the “inverse” question to Sec. 5.3: starting from a unitary
Krylov problem in the MEU regime, what can one say about an underlying continuous-
time generator L and its Lanczos coe"cients {a(L)

m
, b(L)

m
}, and how do they depend

on the stroboscopic step ”t? The MEU fixed point corresponds to having constant
a(U)

m
= c(U)

m
= 0 and b(U)

m
= 1, namely the Hessenberg is a unilateral shift, Ũ,m = ϑ,,m+1.

Equivalently, U |Om) = |Om+1) for all m ⇐ 0, so the corresponding moments are
maximally decorrelated:

sm = (O0|Um|O0) = ϑm0 . (5.46)

Using the Fourier pair Eq. (5.27), Eq. (5.46) leads to a flat unit-circle spectral density,

SU(⇁) = 1
2↽

, ⇁ ≃ [↔↽, ↽) . (5.47)

Assume again U = e↗iL!t. As discussed above, SU does not uniquely determine SL.
To remove aliasing ambiguity, the most conservative choice is the principal-branch
assumption where all spectral weight lies inside a single Nyquist interval (k = 0),
i.e. the bandlimit condition Eq. (5.32). In this case the map reduces to Eq. (5.33).
Inserting the MEU density Eq. (5.47) into Eq. (5.33) gives

SL(ε) = ”t

2↽
1|ϑ|≃ε/!t,

∫
↔

↗↔

dε SL(ε) = 1. (5.48)

Thus, on the principal branch, the inverse map sends a flat unit-circle spectrum to a
band-limited flat real-line spectrum with bandwidth ↽/”t.
The b(L)

m
coe"cients are those of rescaled Legendre polynomials (see e.g. [311] for the

general orthogonal-polynomial Jacobi correspondence). Concretely, define ε

!t
to be

the half-bandwidth and rescale ε = ↽/”t x so that x ≃ [↔1, 1]. With uniform weight
on [↔1, 1], the orthonormal polynomials are proportional to Legendre polynomials,
and their three-term recurrence yields

b(L)
m

= ↽

”t

m
(2m ↔ 1)(2m + 1)

, m ⇐ 1. (5.49)
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In particular,
b(L)

1 = ↽∃
3 ”t

, b(L)
m

↔↔↔↖
m↓↔

↽

2”t
. (5.50)

Under the principal-branch assumption, the generator reconstructed from an MEU
step has bounded Lanczos coe"cients: the associated tridiagonal Jacobi matrix is
asymptotically Toeplitz (constant o!-diagonal ↽/(2”t)). This within the OGH corre-
sponds to the growth regime associated with non interacting models. At the contrary,
b(L)

m
↗ ϱm, and it implies that any sustained exponential growth of continuous-time

Krylov complexity is absent in this reconstructed model.
Aliasing implies that one can engineer infinitely many distinct densities SL whose
folding under ⇁ = ε”t(mod 2↽) yields the same flat SU(⇁) = 1/(2↽). Such choices
generically modify the Lanczos coe"cients and can produce qualitatively di!erent
{b(L)

m
}, including sequences that grow over some range.

In summary, an MEU Hessenberg determines, under principal-branch convention, a
band-limited flat density Eq. (5.48) and the corresponding bounded Lanczos coe"cients
Eq. (5.49), scaling as 1/”t and saturating to ↽/(2”t) at large Krylov depth.

Proof: Lanczos coe"cients for a flat band-limited density.
In the principal-branch reconstruction one takes

SL(ε) = ”t

2↽
1|ϑ|≃ε/!t = 1

2A
1|ϑ|≃A, A = ↽

”t
, (5.51)

and defines the probability measure dµ(ε) = SL(ε) dε. Let {pm(ε)} be orthonormal
polynomials for dµ. Multiplication by ε has the Jacobi form

ε pm(ε) = b(L)
m+1pm+1(ε) + a(L)

m
pm(ε) + b(L)

m
pm↗1(ε) , (5.52)

with p↗1 = 0. Since dµ is even, a(L)
m

=
∫

ε pm(ε)2 dµ(ε) = 0.

Rescale to x = ε/A ≃ [↔1, 1]. Then

dµ(ε) = 1
2A

dε = 1
2 dx = dν(x) , (5.53)

so the orthonormal polynomials for dν are proportional to Legendre polynomials.
Using

∫ 1
↗1 Pm(x)Pn(x) dx = 2

2m+1ϑmn, an orthonormal choice for dν = 1
2dx is

qm(x) =
∃

2m + 1 Pm(x) . (5.54)

The standard Legendre recurrence

xPm(x) = m + 1
2m + 1Pm+1(x) + m

2m + 1Pm↗1(x) (5.55)
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then implies, in the orthonormal basis {qm},

x qm(x) = m + 1
(2m + 1)(2m + 3)

qm+1(x) + m
(2m ↔ 1)(2m + 1)

qm↗1(x) . (5.56)

Hence the o!-diagonal Jacobi coe"cients for multiplication by x are

b(x)
m

= m
(2m ↔ 1)(2m + 1)

, m ⇐ 1 . (5.57)

Finally, since ε = Ax, multiplication by ε scales the Jacobi coe"cients by A, i.e.

b(L)
m

= A b(x)
m

= ↽

”t

m
(2m ↔ 1)(2m + 1)

, m ⇐ 1 , (5.58)

which is Eq. (5.49).

The aliasing identity Eq. (5.30) gives an exact map from the real-line seed-resolved
spectral density SL to the unit-circle density SU obtained by stroboscopic sampling at
step ”t, and hence (via the moment problem) to the corresponding unitary Hessenberg
recursion. However, the folding it describes, ε 7↖ ⇁ = ε”t(mod 2↽), is many-to-
one, so relating L̃ (and its Lanczos coe"cients) to Ũ (and its Arnoldi/Hessenberg
data) is not well-posed without additional input such as a branch choice for the
logarithm and/or constraints on the admissible real-line spectrum. The examples seen
in Secs. 5.3.1 and 5.3.2, make the limitation of the spectral bridge concrete: without
extra structure beyond the folding map, the Arnoldi coe"cients seem not to be able
to be connected to specific OGH-type models.

This leads to the notorious problem of finding the correct Floquet Hamiltonian, which
has been studied in various contexts [23, 24, 99, 312]. Our final goal will be to connect
Floquet systems with properties unique to discrete-time dynamics, such as DU circuits,
to continuous-time Hamiltonian systems in an adiabatic way. Foundamental in this
direction has been the work of Schindler and Bukov, who constructed a family of
Floquet Hamiltonians that interpolate between discrete-time and continuous-time
dynamics [313]. In the next sections we introduce the Floquet theorem, which will be
the main tool to construct such an interpolation.

5.4 Floquet Hamiltonians

Discrete-time dynamics generated by periodic driving can often be described in terms
of an e!ective time-independent Hamiltonian, the Floquet Hamiltonian. This section
introduces the Floquet Hamiltonian and the Floquet theorem, which provides a
structural decomposition of the time-evolution operator for periodically driven systems.
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We then survey common constructions of ĤF , emphasising the intrinsic gauge/branch
ambiguities. Finally, we use the driven XX chain as a controlled benchmark for these
issues and motivate the MEO principle, which will be introduced in the next section.

Let Ĥ(t) be ◁ -periodic, Ĥ(t + ◁) = Ĥ(t), and define the propagator

Û(t, 0) = T exp
Å

↔i
∫

t

0
dt↑ Ĥ(t↑)

ã
, Û = Û(◁, 0). (5.59)

It is common to introduce an e!ective time-independent Floquet Hamiltonian ĤF by

Û = e↗iφĤF . (5.60)

Eq. (5.60) is a choice of logarithm of Û ; hence ĤF is not unique. At the spectral
level, quasienergies are defined modulo ε = 2↽/◁ , and di!erent branch choices (or,
equivalently, di!erent Floquet gauge conventions) can yield distinct ĤF that generate
the same stroboscopic unitary Û . A more precise structural statement is the Floquet
theorem [23, 24, 99, 314–316]: there exists a periodic unitary micromotion operator
P̂ (t), with P̂ (t + ◁) = P̂ (t), and a time-independent Hermitian operator ĤF such that

Û(t, 0) = P̂ (t) e↗itĤF P̂ †(0). (5.61)

In particular, at stroboscopic times t = k◁ one has P̂ (k◁) = P̂ (0) and therefore

Û(k◁, 0) = P̂ (0) e↗ikφĤF P̂ †(0), Û = P̂ (0) e↗iφĤF P̂ †(0). (5.62)

A frequently used Floquet gauge is P̂ (0) = Î, in which case Eq. (5.62) reduces to
Û = e↗iφĤF , consistent with Eq. (5.60).

It is often useful (and fully equivalent) to rewrite Floquet’s theorem in the rotating-
frame form used throughout the modern Floquet literature. Define the co-moving
propagator

Ûrot(t) = P̂ †(t) Û(t, 0) P̂ (0). (5.63)

Di!erentiating and using iςtÛ(t, 0) = Ĥ(t)Û(t, 0) gives

iςtÛrot(t) =

P̂ †(t)Ĥ(t)P̂ (t) ↔ iP̂ †(t)ςtP̂ (t)


Ûrot(t). (5.64)

Floquet’s theorem is precisely the statement that one can choose P̂ (t) such that the
bracket in Eq. (5.64) is time independent; identifying this constant with ĤF yields the
rotating-frame identity

ĤF = P̂ †(t)Ĥ(t)P̂ (t) ↔ iP̂ †(t)ςtP̂ (t), (5.65)
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and then Ûrot(t) = e↗itĤF implies Eq. (5.61). Conversely, inserting Eq. (5.61) into
the Schrödinger equation reproduces Eq. (5.65). Thus Eq. (5.61) and Eq. (5.65) are
the same theorem expressed in two equivalent languages (micromotion decomposition
versus static generator in a periodic rotating frame).

The pair (P̂ (t), ĤF ) is not unique. Beyond the logarithm/branch ambiguity already
present in Eq. (5.60), one may perform time-periodic gauge transformations that
reshu%e phase between micromotion and the static generator while leaving Û invariant.
In practice, di!erent constructions of ĤF correspond to di!erent (often approximate)
realisations of this Floquet gauge freedom: they agree on Û but can di!er substantially
at the level of the chosen generator and its real-space structure.

Methods to construct ĤF can be grouped as follows [23, 24, 99]: (i) exact loga-
rithm ĤF = (i/◁) log Û with a specified branch; (ii) high-frequency (1/ε) expansions
that yield ĤF and P̂ (t) order by order, including Floquet-Magnus [317, 318], van
Vleck (block-diagonalisation in Sambe space) [319, 320], and Brillouin-Wigner (pro-
jective perturbation theory in Sambe space) [321, 322]; (iii) product-formula settings
(Trotter layers) where ĤF is expanded via BCH series for log ∏

, e↗i!tϱĤϱ [323]; (iv)
resonant regimes treated by (extended) degenerate perturbation theory in Floquet-
Hilbert (Sambe) space to obtain e!ective generators on enlarged near-degenerate
subspaces [324]; and (v) geometric and unwinding approaches that select a representa-
tive by additional structure, such as phase unwinding in Sambe/Fourier space [325]
or geometric Floquet theory separating one-cycle evolution into holonomy and a
dynamical generator (average-energy operator) [313].

In the next sections we introduce the MEO method, which provides a physically
motivated principle to select among the many possible Floquet Hamiltonians by seeking
a continuous unfolding of eigenphases and eigenvectors that remains approximately
local in real space along an adiabatic path from continuous-time to discrete-time
dynamics in Sec. 5.5, then apply it to the driven XX chain in Sec. 5.6 which o!ers an
exact benchmark. Moreover, we build an adiabatic path whose endpoint is a circuit
composed of DU gates. According to the transfer-matrix characterisation of Ref. [41],
dual-unitary circuits can realise qualitatively distinct dynamical behaviours, ranging
from non-interacting and non-ergodic (integrable) cases to ergodic but non-mixing,
and fully ergodic and mixing regimes. They are the natural “ultimate” discrete-time
models, as they realise extremal light-cone propagation and entangling dynamics.



5.5 Maximum Eigenprojector Overlap 153

5.5 Maximum Eigenprojector Overlap

The preceding discussion highlighted that di!erent Floquet gauge choices yield dif-
ferent generators ĤF for the same stroboscopic map Û . Among the infinitely many
possibilities, we now seek a continuous unfolding that remains approximately local in
real space along a chosen path in unitary space.

Throughout, the word “adiabatic” refers only to a smooth continuation in a control
parameter: we consider a curve ◁ 7↖ Û(◁) in the unitary group, and we use it as a
mathematical device to connect and label eigenprojectors between nearby points on the
curve. Importantly, Û(◁) is not the propagator of some intermediate-time evolution
within a single experiment; rather, for each fixed ◁ it denotes a distinct one-cycle
(stroboscopic) unitary of a di!erent drive. The continuation problem is therefore a
branch-selection problem for the matrix logarithm along the curve.

5.5.1 Floquet path and tracking

We consider a two-step brickwork protocol with fixed Hamiltonians Ĥ1 and Ĥ2, and
use the half-step strength ◁ ≃ [0, 1] as the path parameter. For each ◁ , the one-cycle
unitary is

Û(◁) = e↗iφ Ĥ2 e↗iφ Ĥ1 , ◁ ≃ [0, 1]. (5.66)

This is the Suzuki-Trotter (ST) path: Ĥ1 and Ĥ2 remain fixed while the gate strength
◁ is increased. More general paths where Ĥ1,2 vary with ◁ can be treated analogously;
we focus on ST for concreteness.

For numerical tracking we discretise the path,

◁j = ◁min + j ”◁, j = 0, 1, . . . , Mφ , ”◁ = 1 ↔ ◁min

Mφ

, (5.67)

so the algorithm acts on the sequence {Û(◁j)}Mς
j=0 by matching spectral data between

successive points along the path.

We define the Floquet generator via a branch choice of the logarithm,

Û(◁) = e↗iφ ĤF (φ), ĤF (◁) = i

◁
log Û(◁). (5.68)

In the small-◁ limit, the Baker-Campbell-Hausdor! expansion gives

Û(◁) ⇓ e↗iφ(Ĥ1+Ĥ2)+O(φ2).

Thus ĤF (◁ ↖ 0) ↖ Ĥ1 + Ĥ2.
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At fixed ◁ , the eigenvalues of Û(◁) satisfy µi(◁) = e↗iϖi(φ) where ⇁i(◁) ≃ (↔↽, ↽] are
the principal eigenphases.

From these, we define several related quantities:

• The (folded) quasienergies (principal branch): 7i(◁) = ϖi(φ)
φ

. These take values
in (↔↽/◁, ↽/◁ ].

• The unfolded eigenphases: ⇁̃i(◁) ≃ R, obtained by enforcing continuity along
the ◁ -path, ⇁̃i(◁) = ⇁i(◁) + 2↽ki(◁) with integers ki(◁) chosen to minimise
discontinuities.

• The unfolded quasienergies: 7̃i(◁) = ⇁̃i(◁)/◁ ≃ R, which the Floquet generator
ĤF (◁) uses as its eigenvalues.

• The continuous-time limit energies: Ei = limφ↓0 7̃i(◁), which correspond to the
eigenvalues of the continuous Hamiltonian Ĥ1 + Ĥ2.

These unfolded quantities are defined by enforcing continuity along the discretised
path, up to unavoidable ambiguities at degeneracies and crossings addressed below.

5.5.2 Eigenprojectors near degeneracies

Near degeneracies, individual eigenvectors can rotate within the degenerate subspace
and are therefore numerically unstable. By contrast, the projector onto the subspace
is unique and can be tracked reliably. We compute a unitary Schur decomposition

Û(◁) = V̂ (◁) T̂ (◁) V̂ †(◁), (5.69)

where V̂ is unitary and T̂ is upper-triangular with diagonal µi(◁). We use the Schur
form because it preserves unitarity (well-conditioned columns), exposes eigenvalues on
the diagonal without a fragile diagonalisation, and groups nearly degenerate modes into
a controllable triangular block so that projectors remain stable even when individual
Schur vectors (|vi(◁)↓, columns of V̂ (◁)) rotate. Using a tolerance ϑµ, we cluster nearby
eigenvalues on the unit circle to form blocks Ba(◁) with projectors

P̂a(◁) =
∑

i↘Ba(φ)
|vi(◁)↓↑vi(◁)|, ra(◁) = |Ba(◁)|. (5.70)

As ◁ varies, blocks may split or merge depending on the local spectral geometry.
Allowing this behaviour is essential for robust tracking through degeneracies.
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5.5.3 Assignment via projector overlap

Given a set of tracked projectors {P̂a(◁j)} and new projectors {P̂ ↑

b
(◁j+1)}, we quantify

their match by
sab = 1

ra

Tr
î
P̂a(◁j) P̂ ↑

b
(◁j+1)

ó
= 1

ra

∥∥∥B̂†

a
B̂↑

b

∥∥∥
2

F
, (5.71)

where B̂a and B̂↑

b
are orthonormal bases for the two subspaces. This definition remains

meaningful even when ranks di!er, which is crucial when blocks split or merge. To
obtain a permutation of individual Schur vectors, we lift the block overlaps to a D → D

score by replicating ranks:
(ij = sa(i), b(j). (5.72)

We then determine the permutation ↽ maximising ∑
i (i,ε(i) via the Hungarian method

(maximum-weight bipartite matching) [326, 327], which yields a robust coarse match
through degeneracies and block reshu%ing.

5.5.4 Quasienergy unfolding

After tracking the evolution of the eigenprojectors, we assign logarithm branches so
that the unfolded phases ⇁̃i(◁j+1) vary continuously along ◁ . With ↽ fixed, we unfold
the principal phases against a predictor ⇁̃i(◁j):

7̃i(◁j+1) = ⇁̃i(◁j+1)
◁j+1

= ⇁i(◁j+1) + 2↽ki(◁j+1)
◁j+1

,

ki(◁j+1) =round
Å

⇁̃i(◁j) ↔ ⇁i(◁j+1)
2↽

ã
.

(5.73)

The predictor is obtained by short-step extrapolation of the previously accepted
unfolded phases, or from the continuous-time baseline at the earliest steps. This
enforces a continuous real-valued branch for ⇁̃i(◁j+1) (and hence for 7̃i(◁j+1)) along
the discretised path.

Given the tracked Schur basis {|vi(◁j+1)↓} and the unfolded phases {⇁̃i(◁j+1)}, we
construct the unfolded generator via the spectral decomposition

ĤF (◁j+1) =
∑

i

7̃i(◁j+1) |vi(◁j+1)↓↑vi(◁j+1)|, (5.74)

and verify numerically that e↗iφj+1ĤF (φj+1) ⇓ Û(◁j+1) to the chosen tolerance.
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5.5.5 Locality tie-breaker

When the overlap scores for candidate permutations are nearly tied, overlap alone
cannot decide between crossing and repulsion over a single step. In this case, we choose
the labelling that minimises the real-space nonlocality of ĤF . Concretely, we compute
a locality functional and use the normalised average Pauli-string weight

Loc(Ĥ) =
∑

P w(P ) |cP |2
∑

P |cP |2 , w(P ) = N ↔ #{I in P}, (5.75)

where Ĥ = ∑
P cP P is the Pauli expansion on N sites. We then set

↽3 = arg min
ε↘C

Loc
Ä
ĤF[↽]

ä
, (5.76)

where C contains local swaps among nearby modes (close in phase and nearly tied in
overlap), which keeps the search small. Mislabeling a narrow avoided crossing typically
induces discontinuities in the unfolded phases and long-range terms in ĤF ; by contrast,
the correct continuation tends to preserve locality. Genuine symmetry-decoupled
crossings are naturally allowed by the criterion.

This locality preference is consistent with quasi-adiabatic continuation and with
adiabatic gauge potentials, both of which favour locality-preserving gauges for genera-
tors [328, 329].

5.6 XX spin chain under brickwork drive

Having introduced the MEO method, we benchmark it on a free-fermion setting where
the Floquet problem admits an exact single-particle reduction: the brickwork-driven
XX chain along a period-scaling path ◁ ≃ [0, 1] connecting the continuous-time limit
◁ ↖ 0 to the DU endpoint ◁ = 1. After Jordan-Wigner, the dynamics is quadratic and
translation invariant with a two-site unit cell, so the Floquet unitary factorises into
independent 2 → 2 reduced-momentum blocks. This yields closed-form eigenphases
and, importantly, a fully analytic unfolding prescription: from the trace one obtains
the principal (folded) phase magnitude ⇁(k; ◁) ≃ [0, ↽], and the missing sign is fixed
without any path tracking by matching to the ◁ ↖ 0 continuous-time dispersion, i.e.
by setting 8̃(k; ◁) = sgn(cos(k/2)) ⇁(k; ◁). This provides an unambiguous reference
for what is meant by folded versus unfolded quasienergies, against which MEO can be
tested [312, 313].
In what follows, we first define the model and its single-particle reduction, and record
the exact folded phases. We then construct unfolded single-particle quasienergies via
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the analytic sign convention above, and build the many-body spectrum by filling modes
(without any mod 2↽ reduction after the sum). We compare the resulting analytical
Floquet generators with those reconstructed by MEO, and finally discuss the Krylov
complexity at the DU endpoint.

We consider an even number N of spins with periodic boundary conditions and the
homogeneous XX Hamiltonian

ĤXX = ↽

4

N∑

n=1

(
φ̂x

n
φ̂x

n+1 + φ̂y

n
φ̂y

n+1

)
, (n + N = n). (5.77)

Split it into commuting bond layers on odd and even links,

Ĥodd = ↽

4

N/2∑

n=1

(
φ̂x

2n↗1φ̂
x

2n
+ φ̂y

2n↗1φ̂
y

2n

)
, Ĥeven = ↽

4

N/2∑

n=1

(
φ̂x

2n
φ̂x

2n+1 + φ̂y

2nφ̂y

2n+1

)
,

(5.78)
so that ĤXX = Ĥodd + Ĥeven. We define a two-step brickwork cycle of duration ◁ by
the piecewise-constant drive

Ĥ(t) =





2Ĥeven, 0 ′ t < ◁/2,

2Ĥodd, ◁/2 ′ t < ◁,
=⇒ Û(◁) = e↗iφĤodd e↗iφĤeven . (5.79)

The Floquet generator is defined by

Û(◁) = e↗iφĤF (φ), ĤF (◁) = i

◁
log Û(◁), (5.80)

where log denotes a branch choice. By a BCH expansion,

Û(◁) = exp
[

↔ i◁(Ĥodd + Ĥeven) + O(◁ 2)
]
, ⇒ ĤF (◁ ↖ 0) = ĤXX. (5.81)

At ◁ = 1 each half-cycle applies the two-site gate e↗i
φ
4 (▷̂x

⇑▷̂
x+▷̂

y
⇑▷̂

y) on alternating
bonds; this gate is DU, hence ◁ = 1 is the DU endpoint.

Under Jordan-Wigner the drive is number conserving and quadratic,

Ĥlayer =
N∑

n,m=1
h(layer)

nm
ĉ†

n
ĉm, layer ≃ {odd, even}, (5.82)

so Û(◁) is Gaussian and acts linearly on fermions:

ĉ 7↖ û(◁)ĉ, û(◁) = e↗iφ ĥ
(odd)

e↗iφ ĥ
(even)

.

Using the odd/even partition as a two-site unit cell, write N = 2L with sublattices
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A = 2n ↔ 1 and B = 2n and define reduced Fourier modes

ε̂
k

=

Ö
ĉk,A

ĉk,B

è

, ĉk,A = 1∃
L

L∑

n=1
e↗iknĉ2n↗1, ĉk,B = 1∃

L

L∑

n=1
e↗iknĉ2n. (5.83)

In a fixed fermion-parity sector P̂ = ±1 (spin PBC implies parity-dependent fermionic
boundary conditions) the allowed reduced momenta are

K+ =
ß(2m + 1)↽

L
: m = 0, . . . , L ↔ 1

™
, K↗ =

ß2m↽

L
: m = 0, . . . , L ↔ 1

™
.

(5.84)
Accordingly û(◁) = ⊕

k↘KP̂
ûk(◁), and in the basis Eq. (5.83) the layer generators take

the Pauli form

ĥ(odd)
k

= ↽

2 φ̂x, ĥ(even)
k

= ↽

2
(

cos k φ̂x + sin k φ̂y
)
, (5.85)

so that
ûk(◁) = e↗iφ ĥ

(odd)
k e↗iφ ĥ

(even)
k = e↗i

φ
2 φ▷̂

x
e↗i

φ
2 φ(cos k ▷̂

x+sin k ▷̂
y). (5.86)

5.6.1 Analytic phases and unfolding

For each reduced momentum k, the 2→2 block ûk(◁) ≃ SU(2) has eigenvalues e↗i4k,+(φ)

and e↗i4k,↑(φ), where each eigenphase 8k,a is only defined modulo 2↽. A standard folded
representative is obtained by fixing the magnitude ⇁(k; ◁) ≃ [0, ↽] through the trace:

cos ⇁(k; ◁) = 1
2 Tr[ûk(◁)] = cos2

(
ε

2 ◁
)

↔ sin2
(

ε

2 ◁
)

cos k. (5.87)

Because the right-hand side of Eq. (5.87) lies in [↔1, 1], the principal arccos is always
well-defined. However, ⇁ is folded by construction: it discards the sign information
contained in the two eigenphases ±8 (mod 2↽), retaining only |8| in [0, ↽].

To recover an unfolded (signed) eigenphase without any phase-tracking along the ◁ -path,
we fix the sign by matching to the continuous-time limit ◁ ↖ 0, where ĤF (◁) ↖ ĤXX

and the single-particle dispersion in the reduced Brillouin zone is proportional to
cos(k/2). Expanding Eq. (5.87) at small ◁ gives

⇁(k; ◁) = ↽◁
∣∣ cos(k/2)

∣∣ + O(◁ 3), (5.88)

i.e. the principal convention naturally produces the absolute value of the desired



5.6 XX spin chain under brickwork drive 159

linear-in-◁ phase. We therefore define the unfolded signed phase by the analytic rule

8̃(k; ◁) = s(k) ⇁(k; ◁) ≃ (↔↽, ↽], s(k) = sgn
(

cos(k/2)
)
, (5.89)

(with the harmless convention s(k) = +1 when cos(k/2) = 0). Then the two unfolded
eigenphases are 8̃k,±(◁) = ± 8̃(k; ◁) (now viewed as real numbers, not reduced modulo
2↽), and the corresponding unfolded quasienergies (per cycle of duration ◁) are

7̃k,±(◁) = 8̃k,±(◁)
◁

= ± 8̃(k; ◁)
◁

≃ R. (5.90)

By construction, Eq. (5.89) ensures the correct continuous-time limit

7̃k,±(◁ ↖ 0) = ± ↽ cos(k/2), (5.91)

which matches the single-particle spectrum of ĤXX in the reduced-zone parametrisation.

Since the drive is number conserving and Gaussian, many-body Floquet eigenstates
are obtained by occupying single-particle Floquet modes. In a fixed fermion-parity
sector P̂ = ±1 (hence k ≃ K

P̂
), the unfolded many-body quasienergy is the additive

subset sum
7̃{n}(◁) =

∑

k↘KP̂

∑

a=±

nk,a 7̃k,a(◁), nk,a ≃ {0, 1}, (5.92)

and, crucially, the result of Eq. (5.92) is not reduced modulo 2↽. Here {n} denotes
the full set of fermionic occupation numbers {nk,a} specifying a many-body Floquet
eigenstate (a Fock basis label) in a fixed parity sector. In particular, occupying both
modes in the same k block (nk,+ = nk,↗ = 1) gives zero net contribution, as expected
from the ± pairing.

At ◁ = 1, the reduced block simplifies to

ûk(1) = e↗i
φ
2 ▷̂

x
e↗i

φ
2 (cos k ▷̂

x+sin k ▷̂
y) = ↔

(
cos k Î + i sin k φ̂z

)
= ↔ e+ik▷̂

z
. (5.93)

The principal magnitude gives ⇁(k; 1) = arccos(↔ cos k) = |↽ ↔ k| (for k ≃ [0, 2↽)),
which is folded. Our sign rule Eq. (5.89) removes this loss of information analytically:
since s(k) = sgn(cos(k/2)) = sgn(↽ ↔ k) on k ≃ [0, 2↽), it yields

8(k; 1) = s(k) |↽ ↔ k| = ↽ ↔ k ≃ (↔↽, ↽], (5.94)

i.e. the expected linear (SWAP-like) unfolded phase.

Correspondingly, one convenient unfolded single-particle Floquet generator at the DU
point is

ĥDU
k

= ↽ Î ↔ k φ̂z, so that ûk(1) = e↗i ĥ
DU
k . (5.95)
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In second-quantised form this gives a quadratic unfolded DU Floquet Hamiltonian

ĤDU
F

= ↽ N̂f +
∑

k↘KP̂

k
(
n̂k,B ↔ n̂k,A

)
, N̂f =

∑

k

(n̂k,A + n̂k,B). (5.96)

5.6.2 Comparison of unfolding methods

Figure 5.1: Comparison of unfolding methods for the N = 12 XX brickwork drive along
the τ -adiabatic path. (a) Folded many-body quasienergies 2 vs. τ and analytically unfolded
(dotted lines). (b) Many-body unfolded quasienergies (obtained with MEO ) 2̃ vs. τ . The
unfolded lines match the analytical prediction. The grey dashed lines mark the margins of
the logarithm branches.

This subsection benchmarks the MEO algorithm against two natural references for the
brickwork-driven XX chain. We compare three representations of the generator along
the ◁ -adiabatic path: (i) the folded principal-branch construction, (ii) the unfolded
construction obtained by the MEO protocol of Sec. 5.5, and (iii) the analytically
unfolded construction Eq. (5.92). We compute the many-body quasienergies in Fig. 5.1
of them three and then, verified that the two unfolded methods lead to the same
Floquet Hamiltonian, the Pauli profile (locality as in Eq. (5.75) and number of Pauli
strings) for the folded and MEO-unfolded, as in Fig. 5.2.

Throughout this comparison we use the ST discretisation of the path with ◁min = 0.01
and Mφ = 100 in Eq. (5.67). That is, we start from a small-◁ baseline (which can easily
be connected to the continuous time spectrum) and track the sequence of Floquet
unitaries {Û(◁j)} up to the discrete-time endpoint ◁ = 1. The MEO procedure produces
a continuous (unfolded) eigenphase assignment by matching eigenspaces across steps
and resolving near-degeneracy ambiguities by minimising Loc(ĤF ), yielding a generator
ĤF (◁) constrained to change as little as possible from step to step along the adiabatic
path.

For the data shown below we take N = 12, for which the free-fermion reduction
has L = N/2 = 6 reduced-momentum points per fermion-parity sector. The allowed



5.6 XX spin chain under brickwork drive 161

(a)

(b)

4

7

0.2 0.6

0.0 0.2 0.4 0.6 0.8 1.0

(a1)

6
8
10
12

10-5

10-1

0

0.2

0.8

1

Figure 5.2: Comparison of Pauli-string prop-
erties for the MEO generator and the 1st

logarithm-branch generator for the N = 12
XX brickwork drive along the τ -adiabatic
path. (a) Average Pauli-string weight, rescaled
to the interval [0, 1], L̃oc(Ĥ) =

(
Loc(Ĥ) ↔

2
)
/(3N/4 ↔ 2), versus τ . In (a1) we also show

the unshifted quantity Loc(Ĥ). The principal-
branch construction develops strong nonlocal-
ity as soon as the spectrum reaches the first
logarithmic branch crossing, while MEO yields
a substantially more local representation. At
the DU endpoint, locality appears to grow
sublinearly with system size. (b) Number of
nonzero Pauli strings in Ĥ vs. τ . Across all
panels, the principal-branch construction de-
velops strong branch-cut artefacts near τ = 1,
while MEO tracks the analytically unfolded
reference without using any model-specific in-
tegrable structure.

reduced momenta are

K+ =
ß(2m + 1)↽

L
: m = 0, 1, 2, 3, 4, 5

™
, K↗ =

ß2m↽

L
: m = 0, 1, 2, 3, 4, 5

™
,

(5.97)
corresponding, respectively, to even (P̂ = +1) and odd (P̂ = ↔1) fermion-parity sectors.
Each sector contributes 2N↗1 many-body quasienergies, and the full 2N spectrum is
obtained as the union of the two sectors.

In Fig. 5.1 we show the many-body quasienergies along the ◁ -path for the three
constructions. Lines connect quasienergies associated with eigenprojectors of maximal
overlap at consecutive ◁ values, and colours are inherited from the continuous-time
(◁=0) Hamiltonian. In panel (a), the folded (principal-branch) quasienergies 7 exhibit
apparent crossings and discontinuities when eigenphases cross the branch cut, while
the analytical unfolding of Sec. 5.6.1 (dotted lines) remains smooth. Panel (b) shows
the MEO unfolded spectrum, which matches the analytical unfolding: analytically,
branch selection is fixed by the closed-form dispersion, whereas MEO determines the
required 2↽ shifts numerically through eigenspace tracking and locality minimisation.
Grey dashed lines mark logarithm-branch boundaries, crossed multiple times along
the path. We apply MEO both in symmetry-resolved sectors (magnetisation and
translation, reaching N=12) and in full-Hilbert-space ED (thick faded lines), obtaining
the same unfolding. In Fig. 5.2 we compare Pauli-string properties of folded and
unfolded generators. Panel (a) reports the locality functional Loc(Ĥ), normalised
by the continuous-time baseline (Loc = 2) and by the maximal value (3N/4), with
the unnormalised Loc(Ĥ) shown in the inset. The folded generator becomes rapidly
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nonlocal as ◁ ↖ 1, whereas the MEO generator follows the analytical reference across
the path. The normalised locality decreases with increasing N , consistent with a
quasi-local DU Hamiltonian from MEO. Panel (b) shows the number of nonzero Pauli
strings in ĤF , normalised by 4N : again, MEO tracks the analytical unfolding, while
the folded construction develops branch-cut-induced long-range artefacts.

Overall, this benchmark establishes three main conclusions. First, at the spectral level,
MEO recovers the analytically correct unfolding across the full ◁ -path, including near-
degenerate regions, and it agrees with both symmetry-resolved and full-Hilbert-space
calculations. Second, at the generator level, principal-branch cuts are the direct source
of spurious nonlocality and inflated Pauli support, while the locality-guided MEO
selection removes these artefacts and stays quantitatively aligned with the analytic
reference. Third, at the DU endpoint, the observed scaling of locality is consistent with
a quasi-local unfolded generator in this integrable XX setting. Taken together, these
results validate the core MEO principle: among the many branch choices compatible
with a given Û(◁), locality selects the physically meaningful continuation and yields a
reliable Hamiltonian representation for subsequent Krylov analysis.

5.6.3 XX-DU point Krylov complexity
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Figure 5.3: Complexity of the XX model MEO derived generator along the adiabatic path,
and for the first branch generator at the DU point. The initial operator is |O0) = 1

′
N

∑
n

|↽x
n).

We observe that the Krylov coe"cients b(L)
m terminate after a modest number of steps and

that the complexity K(t) enters an oscillatory regime at short times, consistent with the
expected finite-dimensional Krylov space. (a) shows the full b(L)

m sequence for N = 12 and the
DU generator, while (b) shows the corresponding K(t) computed over 500 Lanczos vectors,
which saturates at a finite value.

At the dual-unitary endpoint ◁ = 1, our unfolded Floquet generator ĤDU
F

is still
quadratic in Jordan-Wigner fermions (equivalently, bilinear in Majoranas). This has a
sharp consequence for Krylov dynamics under the Liouvillian L = [ĤDU

F
, · ].
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Let us introduce the Majoranas {0̂µ}2N

µ=1 and the degree-r operator sectors

Vr = span{0̂µ1 0̂µ2 · · · 0̂µr}, dim Vr =
Ç

2N

r

å
. (5.98)

Because ĤDU
F

is quadratic, L acts by a linear rotation on Majoranas and therefore
preserves the Majorana degree:

L(Vr) B Vr, r = 0, 1, . . . , 2N. (5.99)

Hence, for any initial operator Ô0 ≃ Vr, the entire Krylov subspace K(Ô0) =
span{Ô0, LÔ0, L2Ô0, . . . } is finite-dimensional, with

DK(Ô0) = dim K(Ô0) ′
Ç

2N

r

å
. (5.100)

In Lanczos form this finiteness appears as an exact termination of the recursion:
there exists a step n→ such that bn↓ = 0 and the Krylov chain closes at dimension
DK = n→. Consequently the Krylov amplitudes evolve under a finite tridiagonal
matrix and the Krylov complexity K(t) = ∑

n⇒0 n |ωn(t)|2 is bounded and (for generic
incommensurate finite spectra) quasi-periodic, displaying oscillations and recurrences
rather than sustained growth.

Numerically, we study the b(L)
m

and corresponding K(t) for up to N = 12 and the
MEO-unfolded ĤDU

F
, we observe that the |O0) = 1

′
N

∑
n |φx

n
) generates small Krylov

orbits, with b(L)
m

terminating after a modest number of steps and K(t) entering an
oscillatory regime at short times, see Fig. 5.3. This behaviour is nontrivial: it shows
that even when the unfolded generator is highly nonlocal in real space at the DU
point, its quadratic (free-fermion) structure strongly constrains operator growth in
Krylov space. In particular, the absence of prolonged Krylov growth here should be
understood as a structural consequence of the free-fermion DU endpoint rather than
as evidence for generic non-interacting behaviour.

5.7 Other DU models

We now apply MEO to additional DU-endpoint models: the XXX brickwork model
and the self-dual kicked Ising (SDKI) at h = ↽/4 and h = 1. In these interacting
settings we do not have an exact single-particle reduction, and therefore no closed-form
unfolding reference. The XXX model is integrable, whereas the SDKI at h = ↽/4, 1
leads to nonintegrable models, i.e. chaotic (though not maximally chaotic due to
a hidden symmetry, as discussed in Ref. [330]). While for the XX and XXX the
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Figure 5.4: Locality of the folded and MEO-
unfolded generators for the XXX model along
the τ -adiabatic path. (a) Average Pauli-string
weight, rescaled to the interval [0, 1], L̃oc(Ĥ) =(
Loc(Ĥ)↔2

)
/(3N/4↔2), versus τ . In (a1) we

also show the unshifted quantity Loc(Ĥ). The
folded generator rapidly approaches the 3N/4
ceiling, while the unfolded generator remains
at lower locality and evolves more smoothly.
Moreover, the unfolded value at the DU point
is approximately N -independent, consistent
with a quasi-local generator. (b) Number of
nonzero Pauli strings in Ĥ vs. τ , rescaled by 4N .
The number of nonzero Pauli strings quickly
saturates to similar values for folded and un-
folded Hamiltonians. At larger N the satura-
tion value is reached at larger τ , meaning that
for larger N the intensity of the ST kick needs
to be stronger to reach the saturation value.
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continuous-time limit ◁ ↖ 0 was natural, as the SDKI gate is not usually defined as
the exponentiation of a single Hamiltonian, we had to derive one; here, the branch
choice already starts to play a role. We discuss the properties of this gate and two
possible choices of the initial seed Hamiltonian in Sec. G, and we adopt the choice in
Sec. G.3.

Figure 5.5: Comparison of the locality of
the MEO and first-branch generators for the
SDKI(ε/4) model along the τ -adiabatic path for
N = 6, 8, 10, 12. The locality at the DU point
for both folded and MEO-unfolded Floquet
Hamiltonians appears to increase abruptly to
the 3N/4 value at around τ ⇔ 0.4 for all N .
The right panels show the number of nonzero
Pauli strings in the generator normalised by
4N . For both folded and MEO-unfolded cases,
the number of nonzero Pauli strings grows
and quickly saturates near 4N , indicating sup-
port over essentially the full operator space.
Once normalised by 4N , the saturation value
is reached at larger τ for larger N , meaning
that a stronger ST kick is needed to reach
saturation.
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According to the quantum cellular automaton (QCA) viewpoint, brickwork DU cir-
cuits built from SWAP-like (or fermionic-SWAP/iSWAP-like) gates implement, on
local operators, a lattice translation automorphism (up to on-site phases), and are
therefore not expected in general to admit a strictly local e!ective generator in 1D;
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correspondingly, the unfolded generator should develop long-range terms as ◁ ↖ 14.
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Figure 5.6: Comparison of the locality of
the MEO and first-branch generators for the
SDKI(1) model along the τ -adiabatic path for
N = 6, 8, 10, 12. In panel (a) we show the local-
ity of the folded and MEO-unfolded Floquet
Hamiltonians. For the MEO-unfolded case,
the locality stays near the initial continuous-
time value and then jumps towards 3N/4, char-
acteristic of random operators. In panel (b)
we show the number of nonzero Pauli strings,
which grows for both folded and MEO-unfolded
Hamiltonians and quickly saturates near 4N ,
indicating support over essentially the full op-
erator space. Once normalised by 4N , the sat-
uration value is reached at larger τ for larger
N , meaning that a stronger ST kick is needed
to reach saturation.

Taken together, Figs. 5.4 to 5.6 show a clear separation between integrable and chaotic
DU families. For the XXX, the MEO-unfolded generator remains comparatively local
along the path, and at the DU endpoint its locality grows at most sublinearly with
N , consistent with a quasi-local description. For the SDKI(ε/4) and SDKI(1), instead,
the locality rapidly approaches the random-operator scale 3N/4, signaling a strongly
nonlocal unfolded generator. Alongside locality, the number of nonzero Pauli strings
grows much faster in SDKI(1) than in the integrable cases, and approaches support
over essentially the full operator space near the endpoint.

For the XXX we take as initial seed |O0) = 1
′

N

∑
N↗1
n=0 eiqn |φx

n
φy

n+1 ↔ φy

n
φx

n+1) with
q = 0.1, which is a local current operator. For the SDKI we take as initial seed
|O0) = 1

′
N

∑
N↗1
n=0 eiqn |φz

n
) with q = 0.1. These follow from the ones taken in Ref. [293]

for the corresponding continuous-time models.

Overall, MEO yields a continuous unfolding along the full ◁ -path and keeps the
generator local for longer than the first-branch construction. At the DU endpoint, it
remains quasi-local for integrable models but develops long-range structure for chaotic
ones, in agreement with the QCA-based expectation above.

Finally, we compute Lanczos coe"cients and Krylov complexity for SDKI(ε/4) and
SDKI(1) along the adiabatic path, including the first-branch Hamiltonian at the DU
point (Fig. 5.7). At small ◁ both models show a similar growth regime, consistent
with the fact that they are close to the same continuous-time limit. However, as ◁

4In 1D, such shift dynamics is a QCA with nontrivial GNVW index, while partitioned finite-depth
circuits belong to the trivial-index class [331]. A standard consequence is that translation/shift edge
dynamics cannot be generated by purely 1D finite-time Hamiltonian evolution with Lieb-Robinson
locality; see the explicit argument in the Floquet-edge context in Ref. [332].
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Figure 5.7: Comparison of the Lanczos coe"cients and the K-complexity of the MEO
generator for the SDKI(ε/4) and SDKI(1) models along the τ -adiabatic path and for the
first branch Hamiltonian at the DU point (dashed black line), for N = 10 and number of
Krylov vectors M = 500. The complexity saturates quickly to a finite value for the integrable
SDKI(ε/4) model while for the chaotic SDKI(1) it appears to grow similarly to the τ = 0
Hamiltonian for longer.

increases, the SDKI(ε/4) model saturates rapidly to finite complexity, while the chaotic
SDKI(1) case shows a longer growth regime, close to the ◁ = 0 behaviour.

However, the OGH has been stated only for local generators, and therefore the
behaviour of the complexity at the DU point for the SDKI(ε/4) and SDKI(1) model
should be taken with caution, as it may be influenced by finite-size e!ects and the
specific choice of initial operator. A more detailed analysis of the complexity growth
in nonlocal settings would be an interesting direction for future research.

5.8 Conclusion

In “Complexity, chaos, and transport”, we show how the quantities discussed in
Part I can be interpreted as forms of complexity diagnostics. In that sense, spectral
diagnostics, transport properties, and relaxation speed are di!erent manifestations of
how dynamical information is organised in Krylov space. The goal of this Chapter
instead is to build a controlled route for studying operator complexity in Floquet
circuits, in direct dialogue with continuous-time Krylov theory. The continuous-time
Lanczos and discrete-time Arnoldi constructions reviewed in Sec. 5.2 are complementary
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descriptions of the same reorganisation of dynamics in Krylov space, consistent with
the operator growth hypothesis (OGH) framework [293, 307, 308].

A central conceptual step is the spectral-aliasing identity between unitary and Liou-
villian spectral functions (Secs. 5.3 and 5.3.2), which makes explicit the many-to-one
nature of Floquet folding at the level of moments [195, 309]. This is precisely why
branch selection for log Û is not a technical detail but a physical choice. We therefore
devise a maximum eigenprojector overlap (MEO) method (Sec. 5.5) which provides
such a choice by combining eigenprojector tracking with a locality principle along an
adiabatic path, yielding a physically motivated unfolding of quasienergies and therefore
a physically motivated Floquet Hamiltonian [313].

This gives a concrete pipeline from Floquet circuits to complexity diagnostics:

Û(◁) MEO↔↔↔↖ ĤF (◁) L=[ĤF ,·]↔↔↔↔↔↖ {b(L)
m

}. (5.101)

In this sense, MEO makes Floquet complexity analysis more analogous to continuous-
time models: once an unfolded generator is selected, one can apply the standard
Lanczos/Krylov machinery directly to ĤF , rather than relying only on Arnoldi data
of the unitary map.

In the XX benchmark, where an analytic unfolding is available (Secs. 5.6, 5.6.1
and 5.6.2), MEO reproduces the expected branch assignment and generator structure.
The unfolded generator remains quasi-local at the DU point, and the resulting Krylov
dynamics is bounded, consistent with the underlying free-fermion structure.

Applying the same strategy to interacting DU families (Sec. 5.7) reveals a structural
split. For XXX, the unfolded Floquet Hamiltonian remains quasi-local, so Lanczos
coe"cients and Krylov complexity are quantitatively accessible in close analogy with
continuous-time local models. For SDKI(ε/4) and SDKI(1), the DU endpoint is consis-
tent with a substantially nonlocal generator, in line with QCA-based expectations [41].
Yet their complexity behaviour di!ers: SDKI(ε/4) saturates rapidly, while SDKI(1)

exhibits a longer growth regime. Thus nonlocality of the unfolded generator, by itself,
does not uniquely determine late-time complexity growth.

This distinction is important because OGH is formulated for local generators [293],
and there is no general proof that its conclusions extend to genuinely nonlocal Floquet
Hamiltonians. Complexity at DU points without quasi-locality should therefore be
interpreted cautiously, and finite-size e!ects and additional structures (e.g. hidden
symmetries) may be decisive. More broadly, once a physically motivated unfolded gen-
erator is available, one can probe Floquet-circuit properties beyond Krylov complexity
within standard e!ective-Hamiltonian frameworks (Sec. 5.4) [23, 24, 99], opening a
systematic route to analytical and physically grounded descriptions even in interacting
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settings.
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Chapter 6
Summary and outlook

The role of Floquet circuits in quantum computation, as discussed in Ch. 1, is best
understood operationally. On a gate-based device the elementary object is not a
Hamiltonian but a protocol: a calibrated cycle of local operations. Repeating that cycle
implements a discrete-time many-body evolution Û t. From this viewpoint, Floquet
systems are not only a convenient theoretical idealisation, they are the experimentally
primary description of programmable quantum matter.

Discrete time does two things at once. It discretises time and relaxes energy con-
servation, but it does not remove the organising principles that make many-body
physics predictive: locality, symmetries (and corresponding conserved quantities) still
control the infrared. The central message of this thesis is that, in this setting, the right
diagnostics must be Floquet-native: they should speak the language of quasienergy and
stroboscopic sampling, and they should be extractable from measurements a quantum
processor actually returns. Within that constraint, we can still link three layers that
are usually discussed separately: spectral structure (what the spectrum/eigenbasis looks
like), transport and relaxation (which conserved structures bottleneck late times and
intermediate times), and operator complexity (how quickly simple operators become
hard to describe).

A second message, also already implicit in the introduction, is that transport, chaos,
and scrambling are logically distinct questions (Sec. 1.1). In Floquet circuits this
separation becomes particularly clean: a unitary can look spectrally chaotic while
transport ranges from ballistic to di!usive to anomalous depending on constraints,
and finite-time prethermal windows can dominate what an experiment sees even when
infinite-time diagnostics look featureless. This thesis also focuses on how to make
those separations measurable.

For readability we summarise the main achievements as a small set of linked tools and
the physics they expose.

XXZ
Floquet
circuits

Floquet circuits generically lack energy conservation, so transport is organised by
whatever local conservation laws remain; here that is U(1) magnetisation in an XXZ
Floquet circuit. We study two deformations of the same setting: disorder (spatial
and with local Z-fields) and a single impurity [2, 5].
For the disordered circuit we first use spectral diagnostics to map regimes from
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less chaotic (localised-like) to ergodic, then switch to finite-time, readout-friendly
probes: drift and spread (circular variance) extracted from local-quench Z-profiles.
These compressed observables remain stable under disorder averaging and periodic
boundaries, and they expose a long-lived near-SWAP swappy window and its ergodic-
swappy crossover (Sec. 3.8).
For the impurity circuit we show that a single local defect can drastically change spec-
tral properties while leaving the current spectral function essentially unchanged. We
generalise a lattice current operator and compute its eigenphase-resolved spectral den-
sity using a kernel moment method adapted to discrete-time unitaries; in thermalising
regimes this quantity plays the role of conductivity. Finally, quasi-conserved-charge
diagnostics reveal a defect-controlled prethermal plateau (Sec. 2.8).

Hybrid
workflow
for spec-

tral recon-
struction

On the methods side, we implemented a moment-expansion (KPM) approach to
spectral densities as a hybrid quantum-classical workflow and validated it experi-
mentally by extracting an interacting-spin DOS on a trapped-ion processor up to
N = 18 spins [1]. The point is not only that one can reconstruct a spectrum; it is
that moments provide a bridge between what gate-based hardware does natively
and what continuous-time theory asks for. On near-term devices the most natural
moment problem is Floquet: the implemented object is a discrete-time unitary cycle
Û , and estimating moments is essentially estimating powers Û t from stroboscopic
measurements. Continuous-time Hamiltonian spectroscopy, by contrast, requires
an approximation layer (trotterisation) in the near term, and only becomes truly
native in the fault-tolerant regime where polynomial signal processing (QSVT) allows
direct access to controlled functions of Ĥ; in this sense our quantum-classical KPM
workflow for a trotterised Hamiltonian model can be understood as an experimentally
accessible approximation to the QSVT moment framework, while simultaneously mo-
tivating why Floquet circuits are the most native arena for these ideas on present-day
processors. This turns “running a circuit” into a controlled way of probing spectral
structure, rather than only producing time traces.

Anomalous
relaxation

as resource
depletion

In Ch. 4 we reframed anomalous equilibration, including thermal and symmetry
Mpemba e!ects, in resource-theoretic terms [3]. The conceptual payo! is a clean
criterion: monotone crossings are controlled by overlaps with slow, resourceful modes.
This unifies di!erent Mpemba phenomena and clarifies why the symmetry Mpemba
e!ect can arise even through a purely classical mechanism.
We then pushed the same logic beyond thermodynamic/symmetry resources to
“complexity-like” resources in unitary circuits, including two-step Pontus-Mpemba
protocols [4]. The resulting message fits the thesis theme: even in closed unitary
dynamics, the way structure decays locally can be organised and accelerated by
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understanding which slow modes are actually populated.

Operator
complexityPart II asks how operator structure grows under circuit evolution. Discrete time

brings a kinematic obstruction: quasienergy periodicity causes spectral folding. We
formalised this as a spectral-aliasing identity connecting continuous-time (Lanczos)
and discrete-time (Arnoldi) recursion at the level of measures and moments [6].
The practical implication is cautionary: access to Û alone is not enough to define
a faithful continuous-time generator because aliasing obscures the information the
OGH is formulated in terms of. Reconnecting to continuous-time Krylov theory
requires an e!ective generator ĤF = log Û together with a physically motivated
branch choice. We address this with a locality-guided adiabatic unfolding protocol
that tracks eigenprojectors along a Floquet path and selects branches that yield
quasi-local ĤF when possible. At present this is not a hardware-native diagnostic:
the unfolding step is computationally demanding and, in generic interacting settings,
scales poorly (e!ectively requiring detailed spectral information).
We benchmark dual-unitary endpoint families (free-fermion XX, XXX, and self-dual
kicked Ising (SDKI) circuits) and find qualitatively distinct behaviours. In the
interacting SDKI family the unfolded ĤF can become strongly nonlocal near the
dual-unitary point, so OGH-style interpretations (which assume a local generator)
require extra care. Within the same family we observe both rapid saturation (e.g. at
h = ↽/4) and a much longer growth regime (e.g. at h = 1), depending on the SDKI
gate parameter.

Three themes recur across the thesis.

1. Floquet-native diagnostics matter. The cleanest objects are those defined
directly in discrete time (quasienergies, stroboscopic correlators, cycle-resolved
profiles) and those compressions of data that match experimental readout (mo-
ments, circular estimators, finite-time profile probes).

2. Static chaos is not transport, and neither is operator growth. Spectral
universality is a useful ceiling (“saturated complexity”), but it does not determine
the bottlenecks that control transport coe"cients or intermediate-time structure.
Conversely, transport constraints can strongly shape operator growth even when
eigenphases look chaotic.

3. Intermediate-time structure is often the physics. Prethermal windows
and crossovers are not nuisances to be averaged away; in circuits they are often
the dominant phenomenology, and they are organised by quasi-conserved Floquet
structures tied to solvable stroboscopic points and to how they are broken
(globally vs locally, weakly vs strongly).
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6.1 Outlook

The work here suggests several natural directions, both near-term and longer-term.
Scaling hy-

brid spec-
tral recon-

struction

Moment-based spectral reconstruction is a natural interface between theory and
hardware because it produces quantities that are (i) symmetry-resolved, (ii) com-
parable across platforms, and (iii) sensitive to implementation details [1]. For more
complicated systems, a key scaling lever is to exploit internal structure explicitly:
use exact symmetries and constraints to work in charge sectors (or symmetry blocks)
and to construct symmetry-resolved traces/correlators, which reduces both the ef-
fective Hilbert-space size and estimator variance [245, 333]. This is particularly
natural for digitally engineered models with built-in gauge or non-Abelian structure,
where the physically relevant spectrum already lives in a constrained subspace and
sector-resolved spectral densities become the right benchmarking object [334]. More
ambitiously, operator-resolved and symmetry-resolved spectral measures can serve as
a compact fingerprint of Ûphys itself, not only of an intended target model.

Designing
“digital
matter”

The swappy regime and the defect-controlled plateau point towards a more system-
atic design philosophy: use solvable stroboscopic points (near-SWAP, dual-unitary
endpoints, integrable bulks) as anchors, and engineer controlled departures (disorder,
defects, spatial inhomogeneity) to sculpt transport and relaxation. This programme
naturally connects to stabilising and diagnosing intrinsically nonequilibrium phases
in circuits, including subharmonic response and Floquet time-crystalline signatures,
within the same experimentally native language.

OGH for
nonlocal
Floquet

generators

The OGH [293] is formulated for local Hamiltonian evolution, where locality structures
operator growth and underpins the link between Krylov dynamics and chaos. In
Floquet circuits the experimentally primary object is instead a local unitary cycle Û ,
and connecting to continuous-time heuristics requires choosing an e!ective generator
ĤF = log Û . This choice is physical (and generally non-unique): branch cuts and
quasienergy folding can produce ĤF that is strongly nonlocal even when Û itself is
finite-depth and local [6, 23, 320]. Dual-unitary endpoint families provide a sharp
testbed for this tension, since unfolding can yield highly nonlocal generators near
special points despite the circuit remaining local [6, 335, 336]. A concrete outcome
would be an OGH-style extension that remains predictive for genuinely nonlocal
Floquet generators, either by formulating growth criteria directly in discrete time or
by combining spectral unwinding with locality diagnostics [6, 325].

Local
resource

dissipation
The resource-mode picture of Mpemba physics suggests a sharper question for closed
many-body dynamics: how do resources dissipate when the system is probed locally?
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For thermal, symmetry, and complexity-like resources, one should track not only
whether a resource decreases globally, but also whether local observables are driven
towards the corresponding free manifold while the resource is redistributed into
nonlocal degrees of freedom [77, 134]. In the case of magic, this perspective may open
a new route to understanding how states are steered towards their closest stabiliser
description [288, 337, 338] and how nonstabiliser content is lost locally while persisting
in delocalised correlations [77, 134, 266], in close analogy with the local decay of
coherence and free-energy signatures during thermalisation [212, 213, 339]. This
could also sharpen practical magic estimation beyond small-6 neighbourhoods of the
stabiliser polytope, where stabiliser-fidelity based characterisations are currently the
most tractable [338].

Resource
modesBuilding on the previous point, it is natural to ask whether resources admit an internal

mode decomposition, analogous to the harmonic-analysis “modes of asymmetry” that
organise symmetric dynamics [204]. For magic and for (fermionic) non-Gaussianity,
the goal would be to go beyond a single scalar monotone and define mode-resolved
diagnostics that track where the resource lives, how it is redistributed into delocalised
correlations, and how it spreads under circuit evolution [266, 269, 340]. Such a
framework would make “resource control” more concrete: one could aim to selectively
depopulate the slowest or most resourceful modes (in the spirit of the Mpemba mode
picture) and connect to recent attempts to relate nonstabilizerness to an asymmetry
viewpoint [341].

6.2 Closing perspective

In the introduction we argued that Floquet dynamics is becoming a baseline language
for the second quantum revolution, in the same sense that simple solvable models
become baselines in equilibrium physics: not because they are the final story, but
because they are tractable, benchmarkable, and experimentally real. This thesis has
treated discrete-time many-body evolution as a first-class object and developed probes
that stay meaningful when the fundamental description is stroboscopic. For spectra
and transport, several of these probes are explicitly aligned with what present-day
hardware returns (moments, stroboscopic correlators, compressed profile diagnostics).
For operator complexity, the message is that discrete-time aliasing means that Û alone
in the Arnoldi method does not clear heuristics and to connect to the OGH one needs
to construct a physically motivated log Û . As devices and algorithms improve, the hope
is that this combination of hardware-aligned diagnostics and sharp “no-go/obstruction”
statements helps turn circuit experiments into quantitative many-body laboratories:
diagnosing integrability breaking, prethermalisation, and anomalous relaxation in
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driven quantum matter, while keeping the analysis aligned with what the hardware
actually does and what it actually measures.
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A Connection to quantum singular value transfor-
mation

In Sec. 2.9.5 we devise a way to implement an approximated version of the Chebyshev
moments with very limited resources by reducing them to traces of implementable
time evolutions, bypassing the full QSVT machinery. The purpose of this appendix is
to place the approximation used in Sec. 2.9.5 within the broader QSVT framework and
to clarify what is gained and what is sacrificed by replacing exact signal processing
with a spectral-bulk expansion of arccos(Ĥ) [1].

A.1 QSVT in brief

The input model for QSVT is a block encoding of an operator Â with ℜÂℜ ′ 1. A
unitary Û acting on an ancilla register a and a system register s is an (ϱ, a) block
encoding of Â if, for some ϱ ⇐ 1,

(
↑0|(a) ∝ Î(s)

)
Û
(

|0↓(a) ∝ Î(s)
)

= Â

ϱ
. (1)

Given such an embedding, quantum signal processing (QSP) and its generalisation
QSVT construct, from alternating uses of Û and simple single-qubit rotations on the
ancilla, a new unitary whose top-left block is (approximately) a desired polynomial
p(Â), with query complexity proportional to deg(p) and near-optimal dependence
on the target precision [148–150, 342]. For Hermitian Â, the relevant constraint is
that p(x) is bounded on x ≃ [↔1, 1] (and satisfies a parity constraint tied to deg(p)),
ensuring the existence of a valid QSP phase sequence [149, 150].

In this language, qubitisation is a particular QSVT instantiation tailored to Hamiltonian
simulation. Starting from a linear combination of unitaries (LCU) decomposition
Ĥ = ∑

p εpĤp and the corresponding prepare/select oracles, one builds a block encoding
of the normalised operator ĥ = Ĥ/ϱ and a related signal unitary (quantum walk)
whose eigenphases encode arccos(Ek) when Ek are eigenvalues of ĥ [148, 149].

A.2 Chebyshev polynomials from the signal unitary

Let ĥ be an already normalised Hermitian operator so that spec(ĥ) ∀ (↔1, 1) and
eigenpairs ĥ |k↓ = Ek |k↓. Given a Hermitian block encoding Û of ĥ as in Eq. (1),
QSVT associates to it a signal unitary Ŵ (often realised via the qubitisation walk
construction in Hamiltonian simulation, also built from prepare/select oracles) whose
action reduces, for each k, to a two-dimensional rotation with angle arccos(Ek) [148–
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150].

More precisely, define |ωk↓ = |0↓(a) ∝ |k↓(s). For |Ek| < 1 let |ω∞

k
↓ be the normalised

component of Ŵ |ωk↓ orthogonal to |ωk↓, i.e.

Ŵ |ωk↓ = Ek |ωk↓ +
»

1 ↔ E2
k

|ω∞

k
↓ , ↑ωk|ω∞

k
↓ = 0, ℜω∞

k
ℜ = 1, (2)

and set Hk = span{|ωk↓ , |ω∞

k
↓}. Standard analyses of the signal unitary imply that

Hk is Ŵ -invariant and that, in the basis {|ωk↓ , |ω∞

k
↓}, the restriction Ŵ

∣∣
Hk

takes the
form [148, 149]:

Ŵ
∣∣∣
Hk

=

Ö
Ek


1 ↔ E2

k

↔


1 ↔ E2
k

Ek

è

= e iŶ(k) arccos(Ek), Ŷ(k) =

Ö
0 ↔i

i 0

è

{|↼k∈,|↼↔
k ∈}

.

(3)
If |Ek| = 1, the rotation angle is 0 or ↽ and the relevant invariant space is one-
dimensional.

Since Ŵ
∣∣
Hk

is a rotation by arccos(Ek), its m-th power satisfies

(
↑0|(a) ∝ Î

)
Ŵ m

(
|0↓(a) ∝ Î

)
|k↓ = cos

(
m arccos(Ek)

)
|k↓ = Tm(Ek) |k↓ , (4)

and therefore, as an operator identity on the system register,

(
↑0|(a) ∝ Î

)
Ŵ m

(
|0↓(a) ∝ Î

)
= Tm(ĥ). (5)

A.3 Spectral-bulk arccosine approximation as a NISQ surro-
gate

The moment estimator used in Sec. 2.9.5 retains the Chebyshev-moment target but
replaces the exact eigenphase map arccos(ĥ) by a low-order approximation around the
spectral bulk. Using the odd-power expansion around 0,

arccos(x) = ↽

2 ↔
↔∑

k=0
ckx2k+1, ck = (2k)!

22k(k!)2(2k + 1) , (6)

we truncate to obtain arccos(ĥ) ⇓ ε

2 ↔ ĥK with ĥK = ∑
K

k=0 ckĥ2k+1. This induces a
proxy for the Chebyshev polynomial,

T (K)
m

(ĥ) := cos
(

m
(

ε

2 ↔ ĥK

))
, (7)
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and the corresponding proxy moments µK

m
= 1

D
Tr
î
T (K)

m
(ĥ)
ó
, with D = dim H. For

integer m, the known phase factors reduce Eq. (7) to real or imaginary parts of an
implementable unitary:

cos
(

m
(

ε

2 ↔ ĥK

))
= Re

î
eimε/2 e↗imĥK

ó
, sin

(
m
(

ε

2 ↔ ĥK

))
= Im

î
eimε/2 e↗imĥK

ó
.

(8)
This is the bridge used in Sec. 2.9.5: rather than implementing a QSP phase sequence
that directly block-encodes Tm(ĥ) (or T (K)

m
(ĥ)), we estimate traces of e↗imĥK with a

DQC1-like circuit.

Two remarks clarify the relationship to QSVT. (i) Expanding the cosine in Eq. (7) shows
that T (K)

m
(x) is a bounded real polynomial on [↔1, 1] (of degree m(2K+1)) whenever

ĥK is a polynomial in ĥ. Hence it lies in the class of transforms implementable by
QSVT using O(m(2K+1)) queries to the block encoding [149, 150]. Our approach
can therefore be viewed as replacing the QSVT polynomial-implementation step by
direct Hamiltonian simulation of e↗imĥK . (ii) The power series Eq. (6) is controlled
when |x| ̸ 1 and deteriorates near |x| = 1. This matches the KPM regime of interest
in Sec. 2.9.5, where the density of states concentrates near the spectral centre after
normalisation. In contrast, QSVT is typically paired with near-minimax Chebyshev-
series approximations that provide uniform control over x ≃ [↔1, 1] at the cost of
higher polynomial degree and deeper phase sequences [149, 150]. A simple bulk error
estimate follows from Lipschitz continuity of cos: for any x ≃ [↔1, 1],

∣∣Tm(x)↔T (K)
m

(x)
∣∣ =

∣∣ cos(m arccos x)↔cos
(
m(ε

2 ↔pK(x))
)∣∣ ′ m

∣∣ arccos x↔
(

ε

2 ↔pK(x)
)∣∣,

(9)
with pK(x) = ∑

K

k=0 ckx2k+1. Thus, in the regime |x| ′ r < 1 the proxy-polynomial
error inherits the truncation error of the series for arccos(x) and grows at most linearly
with m for fixed K.

A.4 What is preserved and what is traded away

The proxy-moment method of Sec. 2.9.5 preserves the central QSVT insight that Cheby-
shev moments are natural spectral probes, but it trades the algorithmic optimality of
QSVT for a NISQ-feasible primitive:

• In fault-tolerant settings, QSVT implements Tm(ĥ) (and far more general p(ĥ))
with query complexity O(m) and polylogarithmic dependence on the target
precision, using a constant-size ancilla [148–150, 342].

• Here, we avoid long QSP phase sequences and the associated coherent control over-
head (which is challenging on current hardware [343]) by estimating Tr[e↗imĥK ]
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via a DQC1-like Hadamard test and compiling e↗imĥK through product-formula
simulation. The price is that the resource scaling is set by Hamiltonian-simulation
depth (and by shot noise), rather than by the asymptotically optimal QSVT
query complexity.

In summary, the arccosine truncation used in Sec. 2.9.5 can be interpreted as a con-
strained, bulk-optimised surrogate for the QSVT eigenphase map arccos(ĥ). Conceptu-
ally, the method remains within the QSVT paradigm (polynomial spectral transforms),
but it replaces QSVT’s polynomial-implementation step by direct simulation of an
implementable unitary whose real and imaginary parts reproduce the desired proxy
moments.

B U(1) two-qubit gate parametrisations

Throughout this appendix we use the local spin-1/2 operators ŝω

n
(ϱ = x, y, z) with

ŝ±

n
= ŝx

n
± iŝy

n
, and (when needed) Pauli operators φ̂ω

n
= 2ŝω

n
. We fix the two-qubit

computational basis as {|∈∈↓ , |∈∋↓ , |∋∈↓ , |∋∋↓}.

B.1 From four local Z-phases to (hn, hC
n, ωn)

A convenient “digital” factorisation of a generic U(1)-symmetric gate is

v̂n,n+1 = e↗iθ
(n)
1 ŝ

z
n e↗iθ

(n)
2 ŝ

z
n+1 e↗i

J
2 (ŝ

+
n ŝ

↑
n+1+ŝ

↑
n ŝ

+
n+1) e↗iJz ŝ

z
nŝ

z
n+1 e↗iθ

(n)
3 ŝ

z
n e↗iθ

(n)
4 ŝ

z
n+1 . (10)

Since ŝz

n
ŝz

n+1 commutes with ŝz

n
and ŝz

n+1, the only nontrivial rearrangement concerns
the exchange term. Using

ei(aŝ
z
n+bŝ

z
n+1) ŝ±

n
ŝ∋

n+1 e↗i(aŝ
z
n+bŝ

z
n+1) = e±i(a↗b) ŝ±

n
ŝ∋

n+1, (11)

one can “push” the first pair of Z-rotations through the exchange to generate a Peierls
phase. Writing

ωn = θ(n)
1 ↔ θ(n)

2 , hn = θ(n)
1 + θ(n)

3 , h↑

n
= θ(n)

2 + θ(n)
4 , (12)

Eq. (10) is equivalent (up to regrouping commuting Z-rotations) to the parametrisation
used in Eq. (2.54) of the main text,

ûn,n+1 = e↗iĥn,n+1 e↗ihnŝ
z
n e↗ih

→
nŝ

z
n+1 , ĥn,n+1 = J

2
(
ŝ+

n
ŝ↗

n+1e
i↼n + ŝ↗

n
ŝ+

n+1e
↗i↼n

)
+Jz ŝz

n
ŝz

n+1.

(13)
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All angles are understood modulo 2↽; if the θ(n)
k

are sampled uniformly in [↔↽, ↽) and
then reduced modulo 2↽, the induced (hn, h↑

n
, ωn) are also uniform modulo 2↽.

B.2 Explicit 4 → 4 matrix of ûn,n+1

In the basis {|∈∈↓ , |∈∋↓ , |∋∈↓ , |∋∋↓}, the gate ûn,n+1 of Eq. (13) is block diagonal, with
a nontrivial 2 → 2 block on the one-excitation subspace. Writing c = cosJ

2 , s = sinJ

2 ,
and h± = hn±h

→
n

2 , one finds

ûn,n+1 =





e
→i

Å
Jz
4 +h+

ã

0 0 0

0 c e
+i

Å
Jz
4 →h→

ã

↔i s e
+i

Å
Jz
4 →εn+h→

ã

0

0 ↔i s e
+i

Å
Jz
4 +εn→h→

ã

c e
+i

Å
Jz
4 +h→

ã

0

0 0 0 e
→i

Å
Jz
4 →h+

ã





. (14)

This form makes U(1) symmetry manifest: the corners (zero- and two-excitation
sectors) are phases, and the one-excitation sector is a 2 → 2 unitary.

B.3 Mapping to the #nidari$-Duh-Zadnik (ZDZ) parametri-
sations

#nidari$-Duh-Zadnik (ZDZ) consider homogeneous U(1) two-qubit gates and show that
(after removing phases associated with conserved operators) they can be expressed in a
Hurwitz (Haar) parametrisation and then mapped to a unitary asymmetric six-vertex
R̂-matrix solving the Yang-Baxter equation. We summarise here the identifications
needed to translate our parameters (J, Jz, hn, h↑

n
, ωn) into their conventions.

(i) Gauge-fixing the conserved magnetisation phase. The operator ŝz

n
+ ŝz

n+1

is conserved by any U(1) gate, so one may right-multiply ûn,n+1 by a local rotation
e+iµ(ŝz

n+ŝ
z
n+1) without changing any magnetisation-sector dynamics (it only fixes a

parametrisation convention). A convenient choice is µ = hn+h
→
n

2 , which equalises the
two corner phases in Eq. (14). Define the gauge-fixed gate

û(0)
n,n+1 = ûn,n+1 e+i

hn+h→
n

2 (ŝ
z
n+ŝ

z
n+1). (15)

Then û(0)
n,n+1 has equal corner phases e↗iJz/4.
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(ii) Match to the Hurwitz U(1) form. ZDZ write a generic U(1) two-qubit unitary
(with equal corners) as

ûH =





ei⇁ 0 0 0

0 eiω sin ⇁H e↗i5 eiω cos ⇁H e↗i4 0

0 eiω cos ⇁H e+i4 ↔eiω sin ⇁H e+i5 0

0 0 0 ei⇁





. (16)

Comparing Eqs. (14) and (15) with Eq. (16) yields one consistent identification (modulo
2↽)

⇁H = ↽

2 ↔ J

2 , ϑ = ↔Jz

4 , ϱ = Jz

4 + ↽

2 , ↼ = hn ↔ h↑

n

2 + ↽

2 , 8 = ωn ↔ hn ↔ h↑

n

2 + ↽.

(17)
Di!erent (but equivalent) choices are possible depending on basis conventions in the
one-excitation subspace; the choice Eq. (17) is adapted to the basis stated at the
beginning of this appendix.

(iii) Map Hurwitz angles to the asymmetric six-vertex R̂-matrix. ZDZ
introduce a unitary R̂-matrix of the form

R̂(u, ϖ, ▷, 4, θ) = eiςu





1 0 0 0

0 i b(u, ϖ) e↗i⇀u ↔a(u, ϖ) e↗iθ 0

0 ↔a(u, ϖ) e+iθ i b(u, ϖ) e+i⇀u 0

0 0 0 1





, (18)

with two analytic branches (“phases”) for the weights a, b:

phase I: a(u, ϖ) = sin u

sin(u + iϖ) , b(u, ϖ) = sinh ϖ

sin(u + iϖ) , (19)

phase II: a(u, ϖ) = sinh u

sinh(u + iϖ) , b(u, ϖ) = sin ϖ

sinh(u + iϖ) . (20)

In the conventions of Eq. (16), one may take

θ = 8, 0 = ϑ ↔ ϱ + ↽, (21)

and then solve for real (u, ϖ) on the branch (phase I or II) that yields a real solution
(the separation of the two branches is the critical manifold in ZDZ). Once (u, ϖ) are
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fixed, the remaining parameters follow from the phases of the diagonal one-excitation
entries,

4 = ↼ ↔ ↽/2
u

, ▷ = ϑ

u
, (22)

(with the understood limiting procedure if u ↖ 0). In our numerics we implement
this inversion at the level of the 2 → 2 one-excitation block, choosing the branch
that makes u and ϖ real, and then extracting (▷, 4) from Eq. (22). This provides a
direct dictionary between the five-parameter gate family (J, Jz, hn, h↑

n
, ωn) and the

ZDZ R̂-matrix parameters.

B.4 Simulation-friendly decompositions

For hardware-oriented simulation it is useful to isolate the fixed two-qubit entangler (set
by (J, Jz)) from the gate-dependent Z-rotations (set by (hn, h↑

n
, ωn)). Two observations

enable this.

First, rewrite the interaction generator using Pauli operators:

ĥn,n+1 = J

4


cos ωn

(
φ̂x

n
φ̂x

n+1 + φ̂y

n
φ̂y

n+1
)

+ sin ωn

(
φ̂x

n
φ̂y

n+1 ↔ φ̂y

n
φ̂x

n+1
)

+ Jz

4 φ̂z

n
φ̂z

n+1. (23)

Second, note that the Peierls phase can be generated by conjugation with single-qubit
Z-rotations:

e↗i
↼n
4 (▷̂

z
n↗▷̂

z
n+1) (φ̂x

n
φ̂x

n+1 + φ̂y

n
φ̂y

n+1
)

e+i
↼n
4 (▷̂

z
n↗▷̂

z
n+1) =

cos ωn

(
φ̂x

n
φ̂x

n+1 + φ̂y

n
φ̂y

n+1
)

+ sin ωn

(
φ̂x

n
φ̂y

n+1 ↔ φ̂y

n
φ̂x

n+1
)
.

(24)

Therefore, defining the phase-free entangler

ŵ(J, Jz) = exp
ï
↔i

J

4
(
φ̂x

n
φ̂x

n+1 + φ̂y

n
φ̂y

n+1
)

↔ i
Jz

4 φ̂z

n
φ̂z

n+1

ò
, (25)

the full gate can be implemented as

ûn,n+1 = ŵ↼(J, Jz; ωn) e↗i
hn
2 ▷̂

z
n e↗i

h→
n
2 ▷̂

z
n+1 ,

ŵ↼(J, Jz; ωn) = e↗i
↼n
4 (▷̂

z
n↗▷̂

z
n+1) ŵ(J, Jz) e+i

↼n
4 (▷̂

z
n↗▷̂

z
n+1).

(26)

Because φ̂x

n
φ̂x

n+1, φ̂y

n
φ̂y

n+1, and φ̂z

n
φ̂z

n+1 mutually commute, ŵ(J, Jz) can be precomputed
once per (J, Jz) (or compiled once to a native two-qubit primitive), while the disorder
enters only through the single-qubit Z-rotations in Eq. (26).
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C Transport protocol technicalities

This appendix connects the magnetisation profile protocol of Sec. 3.9.2 to standard
dynamical correlation functions and stochastic trace estimation. The aim is to justify
interpreting pn(t) as a normalised version of an equilibrium correlator in the chosen
symmetry sector.

C.1 Dynamical correlation function in the full Hilbert space

Transport coe"cients and scaling exponents are conventionally formulated in terms
of spatiotemporal correlators. For systems conserving Ŝz one considers Cn,n→(t) =
Tr

[
ŝz

n
(t) ŝz

n→
]
. Using ŝz

n→ = P̂ ⇓

n→ ↔ Î/2, one finds Cn,n→(t) = Tr
[
ŝz

n
(t) P̂ ⇓

n→
]

↔ 1
2 Tr

[
ŝz

n
(t)

]
.

The second term vanishes since Tr[ŝz

n
(t)] = 0, hence

Cn,n→(t) = Tr
[
ŝz

n
(t) P̂ ⇓

n→
]
. (27)

Explicit traces are expensive at large Hilbert-space dimension, so one uses stochastic
trace estimation, see Sec. 2.9.3. For random vectors |⇀r↓ drawn from a unitary-invariant
ensemble,

Tr[Â] ⇔ 1
R

R∑

r=1
↑⇀r| Â |⇀r↓ , error ↗ O

Å 1∃
RD

ã
, (28)

where D is the total Hilbert-space dimension. Applying this to Eq. (27) and moving
to the Schrödinger picture gives Cn,n→(t) ⇔ ↑⇀rand| P̂ ⇓

n→ (Û †)t ŝz

n
Û t P̂ ⇓

n→ |⇀rand↓, which can
be interpreted as measuring ŝz

n
along trajectories generated from a projected typical

state.

C.2 Restriction to the fixed-M subspace

In this thesis we restrict to H(M). Define the sector-resolved correlator as

C(M)
n,n→ (t) = Tr

[
P̂M ŝz

n
(t) ŝz

n→
]
. (29)

Since Tr[•] = ∑
M Tr[P̂M•], the full-space correlator decomposes as

Cn,n→(t) =
N/2∑

M=↗N/2
C(M)

n,n→ (t). (30)

Using ŝz

n→ = P̂ ⇓

n→ ↔ Î/2 again yields C(M)
n,n→ (t) = Tr

[
P̂M ŝz

n
(t) P̂ ⇓

n→
]

↔ 1
2 Tr

[
P̂M ŝz

n
(t)

]
.

The second trace is fixed by symmetry. Since [P̂M , Û ] = 0 and P̂M is invariant
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under site permutations, Tr
[
P̂M ŝz

n
(t)

]
= Tr

[
P̂M ŝz

n

]
= 1

N
Tr

[
P̂M Ŝz

]
= M D

(M)
N

N
with

D(M)
N

= dim H(M). Therefore

C(M)
n,n→ (t) = Tr

[
P̂M ŝz

n
(t) P̂ ⇓

n→
]

↔ M D(M)
N

2N
. (31)

Introducing the mixed initial operator

ϖ̂M(0) = P̂M P̂ ⇓

n→ P̂M (32)

(which coincides with Eq. (3.4) up to normalisation and the choice n↑ = n0), we can
rewrite Eq. (31) as

C(M)
n,n→ (t) = Tr

[
ŝz

n
(t) ϖ̂M(0)

]
↔ M D(M)

N

2N
. (33)

C.3 Typicality within H(M) and the M = 0 semiprobability

Let |⇀(M)
rand↓ be a typical random state in H(M). Then, for operators supported on H(M),

↑⇀(M)
rand| Â |⇀(M)

rand↓ ⇔ 1
D(M)

N

Tr
[
P̂M Â

]
. (34)

Applying this to the first term in Eq. (33) yields the practical estimator

Tr
[
ŝz

n
(t) ϖ̂M(0)

]
⇔ D(M)

N

NM

↑⇀(M)
rand| P̂ ⇓

n→ Û↗t ŝz

n
Û t P̂ ⇓

n→ |⇀(M)
rand↓ , (35)

where NM = Tr[P̂M P̂ ⇓

n→ ] accounts for the projection normalisation.

In the M = 0 sector, the additive constant in Eq. (33) vanishes. This is why the M = 0
magnetisation profile Mn(t) is naturally interpreted as a sector-resolved correlator
with a local-quench initial condition, and why the a"ne map Eq. (3.6) produces a
unit-mass semiprobability profile suitable for moment-based transport diagnostics.

D Spectral properties and light-cone correlations
from a transfer matrix

Along the DU line, dynamical correlations simplify due to a transfer-matrix structure.
For light-cone observables one may express correlators

Cn,n→(t) = Tr
[
ŝz

n
(t) ŝz

n→
]

(36)
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Figure 1: Properties of a single U(1) gate
extracted from transfer-matrix eigenvalues.
Panel (a) shows λz versus J (population mix-
ing), while panel (b) shows |λ±| increasing
towards the SWAP point.

in terms of the action of a single-site completely positive map (transfer matrix)

M[ϖ̂] = Tr1
î
Û0,1 (ϖ̂ ∝ Î2) Û †

0,1

ó
, (37)

which encodes the e!ective evolution of one local degree of freedom under the two-site
gate. In DU circuits, light-cone correlations are the fundamental non-trivial correlators
that survive maximal entanglement; see Ref. [41] and references therein.

Diagonalising M yields four eigenvalues 1a and eigenmodes r̂a. For the family consid-
ered here, the eigenvalues can be written as

10 = 1, 1z = 1 ↔ cos J

2 , 1± = ± sin J

2 sin Jz

2 , (38)

with corresponding eigenmodes

r̂0 = Î2, r̂z = ŝz, r̂± =

Ö
0 ei(h1↗ϖ0)

e↗i(h1↗ϖ0) 0

è

. (39)

Crucially, the eigenvalue spectrum is independent of the random phases h0, h1, and
⇁0, which appear only in the eigenmodes r̂±. This phase-independence enables exact
computations of light-cone correlators up to finite-size e!ects.

The entire DU family with J = ↽ displays non-ergodic dynamics in the sense of
Ref. [41], characterised by the presence of at least two independent conserved quantities.
Approaching the DU line, the circuit inherits (near-)conserved operators that e!ectively
fragment finite-size spectra into overlapping symmetry sectors, distorting raw level-
spacing statistics unless these sectors are resolved [344].

E From global G-invariance to local G-covariance

In this appendix, we demonstrate how a global symmetry of a joint system-environment
unitary evolution induces covariance of the reduced system dynamics under the same
symmetry group, if the environment is prepared in a symmetric state. Let us consider
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a group G, a G-invariant unitary T̂ ≃ B(Hs ∝ He), and a G-invariant state ↽̂e ≃ S(He).
Then, the map

E [·] = Tre[T̂ ([·] ∝ ↽̂e)T̂ †] (40)

will be G-covariant, namely

E [Ûg,s ϖ̂ Û †

g,s
] = Ûg,s E [ϖ̂] Û †

g,s
∅ ϖ̂ ≃ S(Hs) , (41)

where Ûg,s is the unitary representation of G on Hs.
To prove this let us consider a unitary representation of the group Ûg = Ûg,s ∝ Ûg,e on
Hs ∝ He and begin from the left-hand side

E [Ûg,s ϖ̂ Û †

g,s
] = Tre[T̂ (Ûg,s ϖ̂ Û †

g,s
∝ ↽̂e)T̂ †] . (42)

By G-invariance we have [T̂ , Ûg,s ∝ Ûg,e] = 0 ∅ g ≃ G, so

T̂ (Ûg,s ϖ̂ Û †

g,s
∝ ↽̂e)T̂ † = Ûg,s ∝ Ûg,e (φ̂) Û †

g,s
∝ Û †

g,e
, (43)

where φ̂ = T̂ (ϖ̂ ∝ ↽̂e)T̂ †, using ↽̂e = Ûg,e ↽̂e Û †

g,e
. Hence

E [Ûg,s ϖ̂ Û †

g,s
] = Tre[Ûg,s ∝ Ûg,e (φ̂) Û †

g,s
∝ Û †

g,e
] . (44)

Since the partial trace over the environment commutes with unitaries on the environ-
ment, one gets

Tre[Ûg,s ∝ Ûg,e (φ̂) Û †

g,s
∝ Û †

g,e
] = Ûg,s Tre[φ̂]Û †

g,s

= Ûg,sE [ϖ̂]Û †

g,s
.

(45)

Thus
E [Ûg,s ϖ̂ Û †

g,s
] = Ûg,sE [ϖ̂]Û †

g,s
, (46)

showing that E is G-covariant whenever T̂ is G-invariant and ↽̂e is G-invariant.

F Asymptotic decay of the quantum relative en-
tropy

For both classical and quantum systems, the late time behaviour of a state is determined
by its overlap with the slowest decaying eigenmode, among the whole spectrum for
athermality and only among the nonzero-µ-sectors for asymmetry. Here we prove the
equations Eq. (4.19) and Eq. (4.26).
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F.1 Proof of the Asymptotic Decay of the KL-Divergence

Let L̂cl be a classical Liouvillian with unique stationary distribution ω, which we
assume has full support (↽i > 0 for all i). Let us define the weighted inner product

↑u, v↓ω =
∑

i

ui vi

↽i

, (47)

and let us order the eigenvalues of L̂cl as

0 = D(11) > D(12) ⇐ D(13) ⇐ · · · . (48)

We further assume the spectrum to not be degenerate for 1j, with j = 2 in the case of
athermality (see Sec. 4.3) and j corresponding to the slowest asymmetric eigenmode for
asymmetry (see Sec. 4.4). Denoting the corresponding eigenmodes by rk (orthonormal
under ↑·, ·↓ω),

L̂cl rk = 1k rk , ↑rk, r,↓ω = ϑk, . (49)

In this eigenbasis an initial probability distribution p evolves as

p(t) = ω +
∑

k⇒2
ak rk e◁kt, ak = ↑p, rk↓ω , (50)

so that ϑp(t) = p(t) ↔ ω = ∑
k⇒2 ak rke◁kt. For small deviations one finds

D(p(t) ℜ ω) =
∑

k

pk(t) ln pk(t)
↽k

↗ 1
2

∑

k

(ϑpk(t))2

↽k

. (51)

As t ↖ ↙, as noted in Ref. [345], only the slowest decaying mode (j = 2) survives,
ϑpk ↗ a2 r2,k e◁2t, giving

D(p(t) ℜ ω) ↗ 1
2 a2

2 e2△(◁2)t ∑

k

r2
2,k

↽k

. (4.19)

Replacing ω with Ĝp(t) allows us to extend this to the asymptotic behaviour of the
relative entropy of asymmetry.



188 Appendix

F.2 Proof of the Asymptotic Decay of the Quantum Relative
Entropy

In both the thermalisation example of Sec. 4.3.3 and the symmetry-breaking scenario
of Sec. 4.4, our main monotone

M(ϖ̂(t)) = S(ϖ̂(t) ℜ ↽̂ς) or S(ϖ̂(t) ℜ G[ϖ̂(t)]) (52)

is the quantum relative entropy between the evolving state and its target (the relative
entropy of athermality and of asymmetry, respectively).

At long times, its decay is governed by the slowest eigenmode of the Lindbladian L
having nonzero overlap with the initial state, following Eq. (4.26) for the thermal
Mpemba e!ect and Eq. (4.66) (in the case of the Z4 example studied in Sec. 4.4.4) for
the asymmetry Mpemba e!ect.

Let now L be diagonalisable. Then there exist right eigenmodes {r̂k} and left eigen-
modes {5̂k} satisfying

L[r̂k] = 1k r̂k, L†[5̂k] = 1→

k
5̂k, (53)

with the biorthonormality condition

Tr
[
5̂†

k
r̂,

]
= ϑk,, (54)

and corresponding spectrum ordered so that

0 = D(11) > D(12) ⇐ D(13) ⇐ · · · . (55)

As in Sec. F.1, we also assume the slowest eigenmode associated to eigenvalue 1j to
be non-degenerate (for athermality j = 1, for asymmetry the index j is chosen among
eigenmodes in µ ↘=0-sectors as in the main text).

We now sketch the proof in three steps.

Spectral expansion. Analogously to (50), any initial state decomposes as

ϖ̂(t) = ↽̂ +
∑

k⇒2
ck r̂k e◁kt, ck = Tr

[
5̂†

k
ϖ̂
]
. (56)
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Quadratic approximation of S. Writing ϖ̂ = ↽̂ + ϑϖ̂ with ℜ ϑϖ̂ ℜ ̸ 1, one shows
via the integral representation of the logarithm that

S(ϖ̂ ℜ ↽̂) = Tr
[
ϖ̂(ln ϖ̂ ↔ ln ↽̂)

]
⇓ 1

2 Tr
[
ϑϖ̂ ↽̂↗1 ϑϖ̂

]
. (57)

Dominance of the slowest eigenmode. At late times ϑϖ̂(t) ⇓ cj r̂j e◁jt. If
1j ≃ C \ R, its conjugate partner 1→

j
must also be included, and one finds

ϑϖ̂(t) ⇓ cj r̂j e◁jt + c→

j
r̂†

j
e◁

↓
j t. (58)

Substituting into (57) gives

Tr
[
ϑϖ̂ ↽̂↗1 ϑϖ̂

]

⇓





|cj|2 e2△(◁j)t Tr

[
r̂†

j
↽̂↗1 r̂j

]
, 1j ≃ R ,

2|cj|2 e2△(◁j)t D(Tr[r̂†

j
↽̂↗1 r̂j]) , 1j /≃ R .

(59)

Hence,

S
(
ϖ̂(t) ℜ ↽̂

)
↗






1
2 |cj|2 e2△(◁j)t Tr

[
r̂†

j
↽̂↗1 r̂j

]
, 1j ≃ R ,

|cj|2 e2△(◁j)t D(Tr[r̂†

j
↽̂↗1 r̂j]), 1j /≃ R ,

(60)

as discussed in Ref. [346]. Note that this can be straightforwardly extended to
S
(
ϖ̂(t) ℜ G[ϖ̂(t)]

)
by replacing ↽̂ with G[ϖ̂(t)] in the proof.

G Self-dual kicked Ising gate

We relate the standard kicked-Ising (KI) definition of the self-dual kicked Ising (SDKI)
model to the two-site brickwork gate ÛSDKI(h) and record two exact two-qubit genera-
tors with exp[↔iĤ(h)] = ÛSDKI(h): the principal-branch six-string logarithm Ĥpr(h)
and a four-string (non-principal) logarithm Ĥ4(h). All identities are exact for the 4 → 4
gate.

G.1 Properties of the SDKI two-site gate

Bertini-Kos-Prosen define the kicked-Ising drive (period set to unity) as

ĤKI(t) = ĤI +
∑

m↘Z
ϑ(t ↔ m) ĤK , (61)
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with
ĤI = J

2

2L↗1∑

j=0
φ̂z

j
φ̂z

j+1 + h

2

2L↗1∑

j=0
φ̂z

j
, ĤK = b

2

2L↗1∑

j=0
φ̂x

j
, (62)

and periodic boundary conditions. The Floquet operator is

ÛKI = T exp
(

↔i
∫ 1

0
dt ĤKI(t)

)
= e↗iĤK e↗iĤI . (63)

Splitting ĤI into commuting even/odd bond layers yields a brickwork circuit; a
convenient local two-site gate is

Û (local)
KI = e↗iJ ▷̂

z
▷̂

z
(

e↗ih▷̂
z
e↗ib▷̂

x
e↗ih▷̂

z ∝ e↗ib▷̂
x
)

e↗iJ ▷̂
z
▷̂

z
. (64)

At the self-dual points
|J | = |b| = ↽

4 , (65)

this brickwork circuit is dual-unitary and defines the SDKI model. A standard two-site
representative is [330]

ÛSDKI(h) =
(

e↗ih▷̂
z
e↗ib▷̂

x ∝ e↗ib▷̂
x
)

e↗iJ ▷̂
y

▷̂
y

e↗iJ ▷̂
z
▷̂

z
(

e↗ih▷̂
z ∝ Î

)
. (66)

In the main text we adopt the gauge where the entangling block is

ˆ̃V [0] = exp

↔i

↽

4
(
φ̂yφ̂y + φ̂zφ̂z

)
, (67)

so that ÛSDKI(h) is a dual-unitary gate for all h.

Expanding the single-qubit rotations (and using [φ̂yφ̂y, φ̂zφ̂z] = 0) gives the exact
six-string Pauli decomposition

ÛSDKI(h) = 1
2


↔ i(φ̂xÎ ↔ φ̂yφ̂y) ↔ i cos(2h) (Îφ̂x ↔ φ̂zφ̂z) + sin(2h) (φ̂zφ̂x ↔ Îφ̂z)


. (68)

Introduce three Hermitian involutions and abbreviations

ĝ1 = φ̂xÎ ↔ φ̂yφ̂y

∃
2

, ĝ2 = Îφ̂x ↔ φ̂zφ̂z

∃
2

, ĝ3 = φ̂zφ̂x ↔ Îφ̂z

∃
2

, (69)

c := cos(2h), s := sin(2h), r :=
∃

1 + c2. (70)

A direct Pauli-algebra computation yields

ĝ2
1 = ĝ2

2 = ĝ2
3 = Î , {ĝ1, ĝ2} = 0, [ĝ3, ĝ1] = [ĝ3, ĝ2] = 0. (71)
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In this basis Eq. (68) reads

ÛSDKI(h) = 1∃
2

(
s ĝ3 ↔ iĝ1 ↔ ic ĝ2

)
= 1∃

2

(
s ĝ3 ↔ ir ĝ∞

)
, ĝ∞ = ĝ1 + c ĝ2

r
. (72)

By Eq. (71), ĝ∞ is Hermitian and satisfies ĝ2
∞

= Î, and moreover [ĝ∞, ĝ3] = 0. Hence
all logarithms reduce to the two commuting sectors of ĝ3 with projectors

P̂± = Î ± ĝ3

2 . (73)

Restricting Eq. (72) to the ĝ3 = ±1 sectors gives

Û± = P̂±ÛSDKIP̂± = 1∃
2

(
±s Î ↔ ir ĝ∞

)
= cos ω± Î ↔ i sin ω± ĝ∞, (74)

with cos ω± = ±s
′

2 , sin ω± = r
′

2 . We choose

θ(h) = ω+ = atan2(r, s) ≃ (0, ↽), ω↗ = atan2(r, ↔s) = ↽ ↔ θ(h), (75)

so that ω± ≃ (0, ↽) for all h (away from the measure-zero points where sin(2h) = 0).
This parametrisation will be the input for the logarithms below.

G.2 Connection to the four-term logarithm

Since [ĝ∞, ĝ3] = 0 and ĝ2
∞

= ĝ2
3 = Î, eigenphases may be shifted by 2↽ on individual

joint eigenspaces of (ĝ3, ĝ∞) without changing exp[↔iĤ].

Define the joint eigenprojectors

’̂p,q = 1
4
(
Î + p ĝ3

)(
Î + q ĝ∞

)
, p, q ≃ {+1, ↔1}. (76)

Starting from the principal generator Ĥpr(h) in Sec. G.3, define the branch-shifted
generator

Ĥ4(h) = Ĥpr(h) + 2↽ ’̂↗,↗. (77)

Using ’̂↗,↗ = 1
4(Î ↔ ĝ3 ↔ ĝ∞ + ĝ∞ĝ3) and the explicit g-basis form of Ĥpr(h) (cf. Eq. (86)

below), the ĝ∞ term cancels exactly and one obtains the compact expression

Ĥ4(h) = ↽

2 Î ↔ ↽

2 ĝ3 + θ(h) ĝ∞ĝ3. (78)

Since ĝ3 is a di!erence of two one-/two-body strings and ĝ∞ĝ3 reduces to two strings,
this logarithm has strictly fewer Pauli strings than the principal one.
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Expanding back to Pauli strings using Eq. (69) and the identities

ĝ1ĝ3 = ↔φ̂xφ̂z, ĝ2ĝ3 = +φ̂z Î , (79)

yields the advertised four-string form

Ĥ4(h) = ↽

2 Î Î + ↽

2
∃

2
(
Îφ̂z ↔ φ̂zφ̂x

)
↔ θ(h)

r
φ̂xφ̂z + c θ(h)

r
φ̂z Î . (80)

Because [ĝ∞, ĝ3] = 0, one may work in the ĝ3 = ±1 sectors. From Eq. (78) one has

Ĥ4|ĝ3=+1 = θ(h) ĝ∞, Ĥ4|ĝ3=↗1 = ↽ Î ↔ θ(h) ĝ∞. (81)

Exponentiating and using ĝ2
∞

= Î gives

e↗iĤ4
∣∣∣
ĝ3=+1

= cos θ Î ↔ i sin θ ĝ∞, (82)

e↗iĤ4
∣∣∣
ĝ3=↗1

= e↗iε
(
cos θ Î + i sin θ ĝ∞

)
= ↔ cos θ Î ↔ i sin θ ĝ∞. (83)

Using cos θ = s/
∃

2 and sin θ = r/
∃

2 from Eqs. (74) and (75), these are precisely the
blocks Eq. (74). Recombining sectors therefore yields e↗iĤ4(h) = ÛSDKI(h).

G.3 Connection to the principal six-term logarithm

We now record the principal-branch Floquet generator Ĥpr(h) defined by

ÛSDKI(h) = exp
[
↔iĤpr(h)

]
, spec

(
Ĥpr(h)

)
∀ (↔↽, ↽]. (84)

From Eq. (74) each sector is an SU(2) rotation with angle ω± ≃ (0, ↽), hence

Ĥpr(h) = ω+ ĝ∞P̂+ + ω↗ ĝ∞P̂↗. (85)

Using P̂± = (Î ± ĝ3)/2 and ω↗ = ↽ ↔ ω+ = ↽ ↔ θ(h) gives the closed g-basis form

Ĥpr(h) = ĝ∞

(
A Î + B ĝ3

)
, A = ω+ + ω↗

2 = ↽

2 ,

B = ω+ ↔ ω↗

2 = θ(h) ↔ ↽

2 = 2θ(h) ↔ ↽

2 .
(86)

Expanding ĝ∞ = (ĝ1 + cĝ2)/r and using Eq. (69) and the products ĝ1ĝ3 = ↔φ̂xφ̂z,
ĝ2ĝ3 = +φ̂z Î yields a six-string Pauli expansion. Writing

Ĥpr(h) =aXI(h) φ̂xÎ + aY Y (h) φ̂yφ̂y + aIX(h) Îφ̂x

+ aZZ(h) φ̂zφ̂z + aXZ(h) φ̂xφ̂z + aZI(h) φ̂z Î ,
(87)
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with c = cos(2h), r =
∃

1 + c2, and θ(h) = atan2(r, sin(2h)), one finds

aXI(h) = ↽

2
∃

2 r
, aY Y (h) = ↔ ↽

2
∃

2 r
, (88)

aIX(h) = ↽ c

2
∃

2 r
, aZZ(h) = ↔ ↽ c

2
∃

2 r
, (89)

aXZ(h) = ↔2θ(h) ↔ ↽

2r
, aZI(h) = c [2θ(h) ↔ ↽]

2r
. (90)

The di!erence between Ĥ4(h) and Ĥpr(h) is a 2↽ branch shift on a single joint
eigenspace. Indeed, using Eq. (86) and ’̂↗,↗ = 1

4(Î ↔ ĝ3 ↔ ĝ∞ + ĝ∞ĝ3), one computes

Ĥpr(h) + 2↽’̂↗,↗ = ĝ∞

(↽

2 Î +
(

θ ↔ ↽

2

)
ĝ3

)
+ ↽

2

(
Î ↔ ĝ3 ↔ ĝ∞ + ĝ∞ĝ3

)
(91)

= ↽

2 Î ↔ ↽

2 ĝ3 + θ ĝ∞ĝ3 = Ĥ4(h), (92)

which is exactly Eq. (78). In other words, according to Eq. (77), Ĥ4(h) and Ĥpr(h)
generate the same gate because they di!er by 2↽ on a single eigenspace, and the
reduction from six to four Pauli strings is the explicit cancellation of the ĝ∞ term in
this branch choice.
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List of Acronyms
COE circular orthogonal ensemble. 20, 46, 48

CPTP completely positive and trace-preserving. 90, 91, 99, 102, 104, 113, 122

CUE circular unitary ensemble. 20, 40

DOS density of states. 4, 8, 15, 16, 19, 20, 23, 24, 28–31, 48, 49, 53, 54, 60–63, 131,
170

DQC1 deterministic quantum computation with one clean qubit. 49, 55–57, 178, 179

DQT dynamical quantum typicality. 52

DU dual unitary. 3, 34, 35, 37–39, 81, 83, 150, 152, 156, 157, 159–167, 184, 185

ED exact diagonalisation. 23, 28–31, 40, 60, 61, 63, 161

ETH eigenstate thermalisation hypothesis. 4, 12, 13, 15, 19–22, 40–42, 98, 131

GGE generalised Gibbs ensemble. 13, 42, 68, 82

GHD generalised hydrodynamics. 13

GHZ Greenberger-Horne-Zeilinger. 58

GOE Gaussian orthogonal ensemble. 20

GUE Gaussian unitary ensemble. 20

KDE kernel density estimate. 63

KL Kullback-Leibler. 91, 93, 95, 96, 108

KMS Kubo-Martin-Schwinger. 25, 26

KPM kernel polynomial method. 16, 23, 28, 31, 49, 51–53, 55, 60, 62, 170, 178

KPZ Kardar-Parisi-Zhang. 32, 33, 70, 72

LCU linear combination of unitaries. 176

LDOS local density of states. 4, 8, 15, 16, 19, 23, 48, 54, 131, 135

LOCC local operations and classical communication. 90
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LOE local-operator entanglement. 131

MBL many-body localisation. 13, 14, 20, 22, 35, 38, 40, 136

MEO maximum eigenprojector overlap. 5, 136, 137, 151, 152, 156, 157, 160–167

MEU maximally ergodic unitary. 137, 138, 142, 143, 146, 148, 149

MSD mean-squared displacement. 9

NISQ noisy intermediate-scale quantum. 2, 178

OBC open boundary condition. 12, 45, 46, 111, 122

OGH operator growth hypothesis. 131, 136–138, 144, 149, 150, 166, 167, 171–173

OTOC out-of-time-order correlator. 4, 130, 131, 135

PBC periodic boundary condition. 12, 28, 30, 32, 62, 101, 122, 158

POLFED polynomially filtered exact diagonalisation method. 16, 38, 39, 49, 50, 83

QCA quantum cellular automaton. 164, 165, 167

QSP quantum signal processing. 176, 178

QSVT quantum singular value transformation. 57, 170, 176, 178, 179

RMT random matrix theory. 4, 131, 136

RT resource theory. 87, 89, 90, 92, 122

SDKI self-dual kicked Ising. 163, 171, 189

SFF spectral form factor. 15

ST Suzuki-Trotter. 32, 58–60, 62, 143, 153, 160, 164, 165

SVD singular value decomposition. 50, 51

TFIM transverse-field Ising model. 112, 120

TO thermal operation. 90, 92, 93, 103, 120

ZDZ #nidari$-Duh-Zadnik. 180–182
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