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Summary
Signaling overhead reduction has always been a challenging task in the design of wireless
networks. New applications and services in future networks, such as autonomous
vehicles, and deployment of higher frequency bands, e.g., millimeter-wave and terahertz
bands, face the common issue of wireless channels with large number of paths that have
time-varying coefficients. The rich multipath components of the channels create delay
spread. It causes inter-symbol interference in the signal, which has to be managed by
guard periods in time, e.g., cyclic prefix (CP). Additionally, a high-mobility wireless
environment between the transmit and receive antennas causes Doppler shifts in the
channel, resulting in time-varying channel coefficients. In such scenarios, frequent
channel estimation updates are required, demanding frequent transmission of pilot
sequences. Consequently, the pilot signal and CP lead to substantial signaling overhead
that negatively impacts spectral efficiency and leads to additional latency. Therefore,
the focus of this thesis is on the overhead reduction. In particular, this thesis proposes
novel approaches, for contemporary and future wireless networks, capable of dealing
with the delay and Doppler spreads of the channel with significantly reduced overhead.

The first contribution of this thesis reduce the overhead of one of the main
technologies of 5G systems, the orthogonal frequency-division multiplexing (OFDM)-
based massive multiple-input multiple-output (MIMO). This thesis brings substantial
training overhead reduction through a novel joint channel estimation and equalization
technique that requires only a single pilot subcarrier. This is possible by exploiting the
channel correlation property induced by spatial diversity, and the fundamental concept
of coherence bandwidth. Given the design parameters of 5G systems, the coherence
bandwidth extends across multiple subcarrier bands. Hence, a band of subcarriers
can be equalized with the channel estimate at a single subcarrier. Subsequently, the
detected data symbols are considered as virtual pilots, and the channel frequency
responses (CFRs) are updated at each subcarrier. Thereafter, the remaining channel
estimation and equalization can be performed in a sliding manner. Furthermore,
multiple channel estimates within the coherence bandwidth create additional frequency
diversity, therefore multiple channel estimates are used to equalize the data at each
subcarrier. This makes the proposed technique surpass contemporary systems that use



viii

multiple pilot subcarriers in terms of bit error rate (BER) and signal-to-interference-
plus-noise ratio (SINR) performance.

As the new generation of applications and services emerge, the wireless environment
becomes more time-varying, and hence, a larger overhead is required. In OFDM, the
Doppler shifts of the channel break the orthogonality among the subcarriers, leading
to severe inter-carrier interference. As a paradigm-shifting technology, orthogonal time
frequency space (OTFS), which places the data symbols in the delay Doppler (DD)
domain, has recently emerged. In the DD domain, the equivalent channel is sparse and
time-invariant. As the second contribution, this thesis uses time-reversal maximum
ratio combining (TR-MRC) to completely remove the CP of OTFS-based massive
MIMO systems, substantially reducing the overhead. Noticeably, apart from the SE
gains achieved by removing the CP, the proposed technique also reduces the duration
of the OTFS block, which mitigates the effects of channel aging. Additionally, the
asymptotic analysis in this thesis reveals that TR-MRC averages the large variations of
the channel into the channel correlation. This insight leads to breaking the limitations
of OTFS with the proposed residual Doppler correction (RDC) windowing. The
specific limitation addressed is the assumption of approximately constant channel
gains for the delay blocks of samples within each OTFS block. Simulation results show
that using the RDC windowing to correct the channel variations within each OTFS
block leads to a SINR performance close to static scenarios, even for substantially
larger Doppler spreads.

Another issue of OTFS systems is the large spectral efficiency loss caused by the
overhead required for channel estimation. In the current literature, OTFS deploys
mostly embedded pilot (EP) structures, which use guard intervals that are twice the
length of the channel delay spread to avoid interference between the pilot and data
symbols. Hence, to reduce the pilot overhead, this thesis proposes a novel split pilot
structure with two impulse pilots that share the same reduced guard interval. This
way, the proposed split pilot can reduce the channel estimation overhead by almost
half compared to the EP scheme. The challenge to reducing the delay guard rests on
the interference between the pilot and the data symbols. With two impulse pilots,
each pilot can be used to remove the other pilot’s interference over data. This is while
the data interference over the pilot can be initially absorbed into noise due to the
large pilot power. To improve the accuracy of this method, this thesis also proposes
to remove data interference over the channel estimates iteratively using the initial
data estimates. This significantly improves the BER performance of split pilots with
as few as two interference cancellation stages.
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Chapter 1

Introduction

Wireless communication is undoubtedly one of the most impactful engineering achieve-
ments that has shaped the present-day lifestyle. From the initial stages in the early
1900s, among radio and television broadcasting, wireless systems have rejoiced in
significant research and improvement. Fast forward to the present, wireless computers
and mobile phones have become indispensable items for the majority of the world’s
population. Yet, as these communication methods have advanced, so have the demands
placed on them. With each new innovation, humanity finds new applications that
push the boundaries of wireless systems, requiring even more sophisticated techniques.

As we look ahead to the future with 6G and beyond, we see a growing array
of applications involving drone communications, high-speed trains, low-earth-orbit
(LEO) satellites, autonomous driving (both aerial and terrestrial), and millimeter wave
wireless communications [1–4]. These applications have led to a continuous stream of
breakthroughs in areas such as space exploration and global connectivity through the
deployment of mega-constellations of satellites. However, further progress of all these
applications is hindered by a common issue: the large signaling overhead required to
deal with doubly selective channels, which is one of the major challenges of 6G systems
[5]. A channel is considered doubly selective when the channel experiences both time
and frequency selectivity. The multipath characteristic of the channel causes the
frequency selectivity. When the signal takes multiple paths to reach the receiver,
it experiences different delays, which causes delay spread and a frequency-selective
channel. The Doppler effect can occur in a wireless system when either the transmit
or receive antennas are in motion during transmission. As the transmit and receive
antennas move closer together or further apart, the frequency of the received signal
shifts based on the relative speeds of the antennas, the speed of the signal, and the
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frequency of the transmitted signal [6, 7]. Therefore, Doppler spread channels become
a challenge in scenarios involving high mobility, underwater communications where the
signals are acoustic, and high signal frequencies, such as millimeter wave and Terahertz
communications [8]. In these scenarios, conventional techniques designed for frequency
selective channels, such as orthogonal frequency-division multiplexing (OFDM) and
massive multiple input multiple output (MIMO) technologies, struggle to provide the
efficient and reliable communication needed for these advanced applications. Hence, to
meet the demands of reliability, high data rate, and low latency required by emerging
applications, significant improvements or entirely new technologies are necessary [9].

When large Doppler shifts are present in the channel, the channel impulse response
(CIR) varies rapidly, demanding a frequent need to track the channel variations. This
results in a significant channel estimation overhead, which greatly impacts the system’s
spectral efficiency, data rate, and latency. As a comparison, existing systems for
static channels require only one pilot sequence per frame, while those for linear time
varying (LTV) channels deploy a pilot sequence for each symbol [10]. To solve this issue,
the focus of this thesis is on solutions that reduce the transmission overhead required
to deal with the delay and Doppler spreads of the channel. More specifically, this
thesis aims to tackle two primary contributors to the high signaling overhead in high
mobility systems: pilot sequences and delay spread guards, e.g., the cyclic prefix (CP).
The proposed solutions are developed using two main approaches. In the first stage,
this thesis studies well-established technologies in 5G systems, such as OFDM and
massive MIMO, to propose new approaches to improve the spectral efficiency of the
current standards. Second, this thesis investigates a promising emerging technology
that has already become one of the main contender techniques for high mobility cases,
the orthogonal time frequency space (OTFS) modulation [11, 12]. The subsequent
sections provide an overview of these technologies, emphasizing their key advantages
and the challenges that lead to the research questions this thesis addresses.

1.1 Overhead reduction in OFDM-based Massive

MIMO

Massive MIMO has revolutionized wireless communications as a technology capable of
significantly enhancing the spectral efficiency of multiuser systems [13–15]. Through
the deployment of a large number of antennas at the base station (BS), massive MIMO
systems can serve multiple users that simultaneously transmit data over the same
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time-frequency resources [16, 17]. This is achieved by exploiting the spatial diversity,
which can efficiently average out noise and multiuser interference (MUI) in the system
with low-complexity linear combining detectors, thanks to the massive number of
antennas deployed at the BS. Specifically, massive MIMO transforms the randomness
of the channel into a predictable statistical value, i.e., the correlation of the channel.
As the number of BS antennas tends to infinity, the average of the matched filtered
channel of each user becomes the autocorrelation of the channel. Furthermore, when
the channels between the users are uncorrelated, MUI at the matched filter output
averages out.

Therefore, an accurate channel frequency response (CFR) at each subcarrier and
every BS antenna becomes a prerequisite of massive MIMO systems. Hence, channel
estimation becomes a demanding factor, requiring long pilot sequences. It is also
worth noting that conventional impulsive-based channel sounding methods are feasible
only when the channel is linear time invariant (LTI), where the estimated channel at
the pilot signal remains unchanged at the data transmission instance. This becomes a
challenge in LTV channels since the frequent need to update the channel estimates
introduces a substantial signaling overhead, which can severely impact the system’s
spectral efficiency. Hence, novel approaches are required for channel estimation.

This thesis takes an interesting approach by proposing techniques that focus on the
channel correlation instead of only the autocorrelation. This approach has two main
benefits. The correlation of the channel varies much slower in both frequency and time
domains compared to each channel instance. Furthermore, the time-frequency channel
correlation is a function of the difference in time and frequency. In other words, the
channel correlation between two adjacent data subcarriers is constant. These benefits
lead to the following research question.

Question 1

• Is it possible to reduce the selectivity of the channel into its known and
constant correlation function to minimize the channel estimation overhead?

1.2 Overhead Reduction in OTFS Modulation

OTFS is an emerging modulation technique that shows significant advantages over
OFDM in high Doppler channels [11, 18, 19]. Different from OFDM, where the data
symbols are placed in the time-frequency domain, OTFS places the data symbols in
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Fig. 1.1 Signaling overhead of OTFS (a) and the delay Doppler impulsive pilot response
(b).

the delay-Doppler (DD) domain. This unique approach is advantageous due to the
sparsity of the channel in the DD domain and the near-constant channel gains within
each symbol. This advantage makes OTFS robust against the delay and Doppler shifts
of the channel. Hence it is a promising technology in combating the adverse effects
of the LTV channels. Apart from its robustness to doubly spread channels, OTFS is
also attractive for deployment in future networks due to its backward compatibility
with OFDM and the current standards [20].

Since its first appearance in literature [11], OTFS has gained extraordinary interest
from both the research community and industry. This led to significant improvements
of OTFS in various fronts. This includes alternative implementation schemes of OTFS
with Zak transform [21] or OFDM-based implementations [22, 23] that significantly
simplify the representation of the equivalent channel and showcase the backward
compatibility of OTFS. Additionally, channel estimation techniques such as the
embedded pilot (EP) scheme, which employs a single impulsive pilot in the DD
plane surrounded by zero-guards [10] as shown in Fig. 1.1 (a), or pilot with cyclic
prefix (PCP) scheme, where the high power impulse pilot is spread using the Zadoff-
Chu (ZC) sequence [24]. However, there is still significant room for improvement in
OTFS. To deal with the doubly spread channel shown in Fig. 1.1 (b), OTFS requires
a large signaling overhead from CP and channel estimation, as shown in Fig. 1.1
(a), leading to an immense spectral efficiency loss. To address this issue, this thesis
proposes solutions to reduce the overhead on two fronts: CP and pilot overhead.

1.2.1 CP Overhead Reduction

One of the main issues that OTFS faces is the large signaling overhead. One of the
main contributors to the large overhead is the CP as its length can be up to 25% of
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the symbol duration in its extended form as devised in the 3GPP 5G NR standard [25].
Furthermore, many OTFS techniques rely on the approximation of a static channel
over each delay block within the DD grid. This is only possible by shortening the
duration of each delay block to approximate the channel as constant. However, the
CP becomes a bottleneck to this solution as the required CP length depends only
on the channel’s delay spread and not the delay block’s length. Hence, shortening
a delay block would incur severe spectral efficiency loss. As a result, analysis of the
effect of reduced CP in OTFS systems has become a research area that has attracted
considerable attention [26–28]. To this end, the authors in [26] have shown that the
CP overhead can be reduced to only one CP at the beginning of each OTFS block
instead of having multiple CPs at the beginning of each delay block. Recently, the
authors in [29, 30] have shown that in massive MIMO systems one can dispense the
redundant CP by application of time reversal maximum ratio combining (TR-MRC)
in LTI channels. Motivated by the results in [29, 30] and aiming to completely remove
CP in OTFS, the following research question arises.

Question 2

• Can TR-MRC average out doubly spread channel effects and break the
Doppler limitations of OTFS?

1.2.2 Pilot Overhead Reduction

Another source of the large signaling overhead of OTFS systems is the pilot signal
for channel estimation. To reduce the pilot overhead, the authors in [10] presented a
reduced guard EP for integer Doppler scenarios by reducing the zero guard across
the Doppler dimension to twice the maximum Doppler index. The authors in [31–33]
proposed a superimposed pilot structure to remove the pilot overhead completely.
This technique superimposes a high-power pilot signal over data along the whole DD
domain and uses previously estimated delay and Doppler parameters to extract the
channel estimates. In [34], the authors developed a basis expansion model (BEM)
based joint channel estimation and detection technique for impulse pilot with reduced
guard across Doppler dimension. This method consists of deploying a reduced Doppler
guard and iteratively refining the estimated channel and data using detected data as
pseudo-pilots.
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It is evident the efforts in the literature to reduce the Doppler guard in channel
estimation. However, in many cases, the delay guard causes a larger pilot overhead than
the Doppler guard. Despite that, the literature on reducing the delay guard is scarce.
This can be attributed to the fact that in LTI systems, the channel in the frequency
domain does not suffer from delay spread. Therefore, channel estimation requires
only a pilot sequence equal to the channel length, contrary to channel estimation
in the delay domain which requires a pilot sequence almost twice as long. However,
the scenario changes for LTV channels. When the channel is doubly spread, channel
estimation in frequency domain suffers from the Doppler spread and for this reason,
OTFS systems rely on estimating the channel in the delay domain. Hence, in the
efforts of reducing OTFS systems overhead, the following research question is raised.

Question 3

• Is it possible to reduce the pilot overhead along the delay dimension to
a minimum, i.e., to the channel length, thereby almost halving the pilot
overhead?

1.3 Contributions

The main objective of this thesis is to propose solutions to reduce the large overhead
required in high Doppler scenarios. To this end, three novel techniques are proposed
in this thesis. First, a novel technique is proposed for OFDM-based massive MIMO
systems. It is worth noting that the massive MIMO literature primarily discusses flat
fading channels. Consequently, some properties of multicarrier systems are not fully
exploited, one of which is the coherence bandwidth of the channel. The coherence
bandwidth determines the range of signal bandwidth over which the channel can be
approximated as constant, i.e., flat fading. In most cases, practical wideband systems
cannot limit their bandwidth to within the coherence bandwidth. However, in OFDM,
the bandwidth of multiple adjacent subcarriers falls within the coherence bandwidth.
Therefore, a band of subcarriers’ data can be detected using only one reference
subcarrier’s channel estimate. Thereafter, the detected data can be considered as
virtual pilots to update the channel estimates. The updated channel estimates are then
used to equalize a new adjacent band of subcarriers. Hence, by repeating the process
in a sliding manner, all the data symbols and the CFR can be estimated, starting
from one reference pilot. Ultimately, the proposed technique requires pilots only for
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the reference subcarrier instead of estimating the CFR. As a result, the proposed
technique brings a substantial reduction in training overhead for OFDM-based massive
MIMO LTI systems.

Moving to the topic of CP overhead of OTFS systems, this thesis analyzes the
effect of TR-MRC in OTFS-based massive MIMO systems. TR-MRC focuses the CIR
of the channel into a single point and, with the spatial diversity of massive MIMO,
completely diminishes the effect of the delay spread of the channel. Furthermore, this
thesis shows that with the assumption of locally time-invariant channels over each
delay block, both the delay and the Doppler spread of the channel at the time-reversal
combiner output average out as the number of BS antennas grows large. However,
for considerably large Doppler shifts, this assumption does not hold and a residual
Doppler effect remains after time-reversal combining. An interesting finding of this
thesis is that in the asymptotic regime, this effect reduces to a scaling by the channels
correlation function. Based on this observation, residual Doppler correction (RDC)
window is proposed as a novel solution to address the Doppler limitation of OTFS.
Simulations show that by using RDC windowing, OTFS systems can achieve bit error
rate (BER) performance comparable to static scenarios, even with Doppler shifts
corresponding to speeds of up to 2000 kmph. Furthermore, for systems operating at
lower speeds, additional simulations demonstrate that similar performance can be
achieved even with longer delay block durations.

While the TR-MRC and RDC windowing is capable of completely removing
CP overhead and breaking the Doppler limitations of OTFS-based massive MIMO
systems, it still requires accurate channel estimates. The most prevalent channel
estimation technique in the OTFS literature deploys an EP scheme, which has a
significant drawback: the large pilot overhead. To solve this issue, this thesis proposes
a channel estimation design where the delay guard is reduced by half compared to the
conventional EP schemes, leading to a significant gain in spectral efficiency. When
reducing the delay guard, the delay spread causes the transmitted pilot to corrupt
the surrounding data and vice versa. Hence the proposed technique utilizes a split
pilot structure with two impulse pilots to circumvent this problem. In the channel
estimation stage, the responses of the split pilots are combined, and an initial channel
estimate is obtained by considering the data interference as noise. In the channel
equalization stage, the two pilots are used to effectively remove the pilot interference
from the received signal, without losing the data information. It is also proven in this
thesis that this step is impossible when only a single pilot with insufficient delay guards
is employed. Without the pilot interference over data, the data can be estimated with
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conventional detectors such as the least squares minimum residual (LSMR)-based
technique with interference cancellation [35]. To improve the accuracy of the data
estimates, an iterative joint channel estimation and detection step can be considered.
This method uses the data estimates to remove the data interference from the channel
estimates at each iteration. It is shown through simulations that this additional step
significantly improves the BER performance of the split pilot structure. Furthermore,
it has a high convergence speed, as two iterations are sufficient even in very high
Doppler scenarios.

The contributions of this thesis can be summarized as follows.

• A joint channel estimation and equalization massive MIMO technique that
requires a single pilot subcarrier is developed. This technique offers substantial
overhead reduction as it can capture the time or frequency variations of the
channel through the use of the transmitted data as virtual pilots.

• This thesis also studies the TR-MRC technique in OTFS-based massive MIMO
systems. This proves to offer a significant spectral efficiency improvement as
it allows the removal of CP from the system. Furthermore, the TR-MRC is
followed by the RDC windowing, which corrects the channel variations between
the channel estimates. This alleviates the restrictions of OTFS, where each
Doppler bin must be sufficiently short for the time variations within to be
negligible.

• This thesis also proposes a novel OTFS channel estimation technique with a
split pilot scheme that only requires half the delay guard required in EP schemes.
Hence, the total channel estimation overhead is reduced by almost half. An
iterative method is used to deal with the interference between data and the pilot
caused by the delay spread. The iterative method considerably improves the
performance of the system with as few as two iterations.

1.4 Structure of the Thesis

The structure of this thesis is laid out as follows. Chapter 2 provides a background and
literature review of the key concepts presented in this thesis. Namely, the foundations
of the wireless channel medium, massive MIMO, OFDM, and OTFS modulation are
the topics addressed in Chapter 2. Chapter 3 describes the proposed joint channel
estimation and equalization technique that requires only a single impulsive pilot
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subcarrier. This technique takes advantage of the channel correlation to estimate the
data at frequency instances adjacent to the transmitted pilot. The detected data is
then used as virtual pilots to update the channel estimates, which allows for data
at further frequencies to be estimated. This process is repeated sequentially until
the transmitted data at all frequencies are estimated. This addresses the research
question presented in Section 1.1. The large overhead caused by CP and the first
research question raised in Section 1.2 are addressed in Chapter 4. This issue is solved
with the TR-MRC technique. Furthermore, this chapter discusses how TR-MRC can
deal with the Doppler spread as well, and proposes the RDC windowing technique
to correct the channel variation within each Doppler slot of the channel. Chapter
5 focuses on reducing the pilot overhead of OTFS systems, and the second research
question raised in Section 1.2. To this end, a split pilot channel estimation scheme is
proposed. This scheme reduces the pilot overhead by almost half compared to the EP
based scheme vastly used in the literature. Finally, Chapter 6 concludes this thesis
and discusses future research questions that emanate from this thesis.

1.5 Publications

The following publications are related to this thesis.

• D. L. Li and A. Farhang, "OTFS without CP in Massive MIMO: Breaking
Doppler limitations with TR-MRC and Windowing," 2022 IEEE Wireless
Communications and Networking Conference (WCNC) [36].

• D. L. Li and A. Farhang, "Joint Channel Estimation and Equalization in Massive
MIMO Using a Single Pilot Subcarrier," IEEE Wireless Communications Letters
(WCL) [37].

• D. L. Li, S. P. S., and A. Farhang, "Reduced Overhead Channel Estimation for
OTFS With Split Pilot," Accepted in the 2024 IEEE Global Communications
Conference Workshops (GLOBECOM).





Chapter 2

Background and Literature Review

This chapter provides a brief background theory and literature review necessary for
the thesis. This chapter starts with the mathematical model of the wireless channel.
Then, a detailed explanation of massive MIMO, OFDM, and some of their key benefits
are provided. This chapter focuses on their main advantages in 5G systems, and how
these benefits are affected by LTV channels. Finally, this chapter concludes with
the introduction of a new modulation technique called OTFS. OTFS was recently
proposed in the literature as a substitute to OFDM in high Doppler scenarios.

2.1 Wireless Transmission Channel

To effectively understand and design any wireless communication system, it is essential
to have a deep understanding of the physical transmission channel. When the signal
is sent through the channel, it undergoes multiple fading effects, e.g. attenuation,
shadowing, and scattering [6, 38]. These effects cause interference between the
received samples while leading to fluctuations in the received power. Thus, to detect
the received signal, it is important to understand and model the channel appropriately.

The channel impairments are generally divided into two categories: large-scale
fading and small-scale fading. Large-scale fading accounts for the path loss due
to distance and shadowing of large objects, while small-scale fading accounts for
interference from multiple channel paths. The large-scale fading defines the received
signal power, which varies according to the channel environment and the distance from
the transmit to the receive antenna. The distance between antennas typically varies
only slightly over multiple transmission frames, resulting in a constant large-scale
fading effect across these frames. Therefore, large-scale fading determines the received
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signal power and consequently, given any noise level, the signal-to-noise ratio (SNR) at
the receiver input. For this reason, the attenuation from large-scale fading is generally
not the focus of channel estimation and equalization techniques.

Depending on the wireless environment of the channel, the signal can take multiple
paths to reach the receiving antenna(s). The small-scale fading represents the phase
shifts and attenuations from different propagation paths. Different environments can
have diverse channel effects, influencing the performance of channel estimation and
equalization methods. The interference from each propagation path can be modeled
with three parameters: delay shift, Doppler shift, and path gain. Each parameter can
differ greatly according to the transmission environment.

• The Delay shift is caused by the different arrival times of the multipath
components.

• The Doppler shift refers to the signal frequency change due to the movement
between the transmit and receive antenna or reflector object.

• The path gain represents the power decay of the signal on a propagation path.

Therefore, the channel is modeled as the summation of the received signals from
P channel paths. Each path p is characterized by its own path gain, delay shift, and
Doppler shift, represented by αp, τp, and υp, respectively. Hence, for any transmitted
signal s(t), the received signal, ignoring noise, can be modeled as

r(t) =
P−1∑
p=0

αpe
2jπυpts(t− τp). (2.1)

Since the input-output response of the channel is linear, the channel can also be
described by the impulse response

h(τ, t) =
P−1∑
p=0

αpe
2jπυptδ(τ − τp), (2.2)

and the received signal is given as

r(t) =

∫
h(τ, t)s(t− τ)dτ. (2.3)

From (2.2), one may observe that in the special case of a stationary environment,
i.e., when there is no Doppler effect in the channel, the impulse response does not
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depend on time t. Therefore, in LTI systems, estimating the impulse response at any
time t provides the channel input-output response for the whole transmission frame.
This property offers an initial insight into why LTV systems become more challenging
than LTI systems. A more detailed comparison between the two scenarios will be
given in the following sections of this chapter.

In digital communication systems, analog-to-digital conversion is the first step
after down-converting the received signal to the baseband. Hence, it is convenient to
convert the continuous time channel in the passband to its equivalent discrete-time
representation in the baseband. Consider a transmit signal s(t) constructed from
the M × 1 vector x with M discrete symbols, x[m], with an ideal sinc interpolation
Digital-to-analog converter (DAC) [39, p. 428] at a sampling period of Ts, i.e.,

s(t) =
M−1∑
m=0

x[m]sinc(
t

Ts

−m). (2.4)

Substituting (2.4) in (2.1), the received signal becomes

r(t) =
P−1∑
p=0

M−1∑
m=0

αpe
2jπυptx[m]sinc(

t− τp
Ts

−m). (2.5)

Finally, sampling the received signal with the same sampling period Ts results in

r[n] = r(nTs) =
P−1∑
p=0

M−1∑
m=0

αpe
2jπυpnTsx[m]sinc[n−m− τp

Ts

]. (2.6)

In practical systems, the sampling period is short enough to approximate the path
delays to the nearest sampling points. Consequently, the delay shift τp of each path
p can be approximated to the nearest discretized sample. Hence, fractional delays
are generally not considered and each τp is approximated as an integer multiple of
the sampling period Ts, i.e., τp ≈ ℓτpTs where ℓτp ∈ [0, L− 1] and L is the number of
delay taps after discretization [40]. Hence, (2.6) is reduced to

r[n] =
P−1∑
p=0

αpe
2jπυpnTsx[n− ℓp]. (2.7)
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Equation (2.7) can also presented in the vectorized form as,

r = Hx, (2.8)

where [H]m,n =
∑P−1

p=0 αpe
2jπυpmTsδ(m − n − ℓp), with m ∈ [0,M + L − 2] and n ∈

[0,M − 1].
The essence of channel estimation is presented in (2.7). Observe that each column

of H contains exactly L non-zero elements. An impulsive pilot-based channel estimator
transmits an impulse pilot surrounded by zero guards. Transmitting an impulse at
any given index n, returns the L× 1 vector hn, containing the non-zero elements of
the n-th column of H.

Throughout this thesis, the channel of any transmitted signal will be modeled based
on (2.7). Our main objective is to discuss how to retrieve the transmit signal x[n− ℓp]

from the received signal r[n] in the most spectral efficient manner. The following
subsections provide a thorough background review of how to mathematically model the
channel and its different representations. Subsection 2.1.1 describes how the channel
impulse response is derived and represented in different domains. Subsequently, a
description of the channel model and statistics of the channel parameters are given in
subsection 2.1.2.

2.1.1 The Channel in Different Domains

One of the primary challenges of dealing with the channel revolves around estimating
the channel with the least amount of overhead, and maintaining low complexity in
channel equalization. Developing effective techniques to uphold the required efficiency
requires a comprehensive understanding of the channel’s properties. Hence, in this
subsection, various representations of the channel are derived, exploring the advantages
of each representation.

As mentioned previously, the channel small-scale fading affects the transmit signal
through scaling, delay shifts, and Doppler shifts. Hence, a generic representation of
the channel with a continuum of scatterers can be given as

r(t) =

∫ ∞

−∞

∫ ∞

−∞
h(τ, υ)e2jπυts(t− τ)dτdυ, (2.9)

where h(τ, υ) is the DD spreading function and determines the attenuation at a
given delay τ and Doppler υ. It is worth noting that in any environment, the
channel is limited by a maximum delay and maximum Doppler, i.e., τ ∈ [0, τmax]
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and υ ∈ [−υmax, υmax]. Hence, the limits of the integrals in (2.9) can be reduced
to the respective delay and Doppler limits of any given channel scenario. However,
throughout this chapter, the integral limits in (2.9) are kept at [−∞,∞] for the sake
of generalization.

The spreading function of a channel with P discrete scatterers is represented as
[41]

h(τ, υ) =
P−1∑
p=0

αpδ(τ − τp)δ(υ − υp), (2.10)

and (2.1) can be derived by substituting (2.10) in (2.9). A discrete number of scatterers
can be observed when looking at a single snapshot of the channel. Since a transmission
frame spans in the order of milliseconds, the physical channel, and therefore, the
scattering parameters, can be considered constant through the transmission [42].
Hence, a discrete number of scatterers is considered throughout this thesis, as it is
widely used in the literature [6, 7, 11, 16].

As the Doppler shift affects the frequency of the transmitted channel, its effect
is more evident when analyzing the received signal in the frequency domain. Let
S(f) and R(f) represent the frequency domain transmit signal and receive signal,
respectively. The dual of (2.9) is given as

R(f) =

∫ ∞

−∞

∫ ∞

−∞
h(τ, υ)e−2jπτ(f−υ)S(f − υ)dτdυ. (2.11)

The duality of the received signal shines light into an interesting analysis of the channel.
Each domain of the channel has different properties that can be taken advantage of
during channel estimation and equalization. For example, substituting (2.10) in (2.11)
and considering a static channel (no Doppler effect) results in

R(f) =

( P−1∑
p=0

αpe
−2jπτpf

)
S(f). (2.12)

In other words, the channel effect becomes a simple scaling effect, and the channel
detection stage becomes significantly simplified.

The channel representation is not restricted to only the time or frequency domains.
Consider the transmit and receive signal as a 2D function where the signal is divided
into multiple time blocks, i.e.,

s(tm, tn) = s(tm + tnT ), (2.13)
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where T is a design parameter representing the duration of a time block, tm ∈ [0, T )

represents the time instance within each time block, and tn ∈ Z represents the time
block index. In the following derivations, T is designed to be larger than the maximum
delay τmax of the channel. Substituting the above equation in (2.1) results in

r(tm, tn) =

∫ ∞

−∞

∫ ∞

−∞
h(τ, υ)e2jπυ(tm+tnT )s(tm − τ, tn). (2.14)

With a 2D signal, it is possible to analyze a time-dependent frequency domain
channel. This leads to two additional channel representations: the time-frequency
and DD channels. These representations can better capture the time variations of the
channel and thus provide interesting properties to combat LTV channels.

The time-frequency channel is obtained through a short-time Fourier transform
(STFT)

X(f, n) =

∫ ∞

−∞
x(t)w(t− n)e−j2πtfdt, (2.15)

where w(t− ω) is a window function and X(f, ω) is the STFT of x(t)w(t− n). By
dividing the whole signal into shorter segments, it is possible to limit the channel
variations within each segment.

Considering a rectangular window function rect( t−T (tn+0.5)
T

) at the transmitter and
receiver as shown in Fig. 2.1, the STFT of the received signal can be obtained as

R(fm, tn) =

∫ ∞

−∞

∫ ∞

−∞
h(τ, υ)e2jπtnTυe−2jπτ(fm−υ)S(fm − υ, tn)dτdυ. (2.16)

Substituting (2.10) in (2.16), results in

R(fm, tn) =
P−1∑
p=0

αpe
2jπtnTυpe−2jπτp(fm−υp)S(fm − υp, tn). (2.17)

It may be observed from the equation above that the channel becomes significantly
simplified in LTI systems. With the absence of the Doppler effect, the following
properties appear.

• The channel becomes a scaling effect.

• For any frequency fm, the channel is constant for all values of tn.

A scaling channel, i.e., a single-tap channel, significantly simplifies the channel
equalization step of the system. Furthermore, with a constant channel along tn, the
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Fig. 2.1 Transmit signal multiplied by rectangular windows in function of tn.

channel needs to be only estimated once within all values of tn. Hence, the channel
estimation overhead is reduced.

However, these benefits are lost with the introduction of high Doppler shifts.
Noticeably, the Doppler shift causes interference between the signal in different
frequencies fm. Furthermore, the channel ages from one time slot tn to the next.

While the time-frequency channel can be seen as taking the time parameter tm to
frequency fm while keeping the time dependency on tn, the DD domain channel takes
tn to frequency fn while dependent on the time variable tm. In other words, the DD
equivalent channel is given as

R(tm, fn) =

∫ ∞

−∞

∫ ∞

−∞
h(τ, υ)e2jπυtmS(tm − τ, fn − υ)dτdυ. (2.18)

This can be derived from a discrete-time Fourier transform with a sampling spacing of
T , starting at time tm. Alternatively, the channel can also be derived as the Fourier
transform of the signal s(t) multiplied by a train of impulses with a period T and
time-shifted by tm, as shown in Figure 2.2.
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Fig. 2.2 Transmit signal multiplied by a train of impulses time shifted by tm.

Substituting (2.10) in (2.18), results in

R(tm, fn) =
P−1∑
p=0

αpe
2jπtmυpS(tm − τp, fn − υp). (2.19)

This representation highlights the following unique properties of the channel.

• The channel is independent of the parameter fn, i.e., the channel is now invariant
over fn

• If T is short enough to approximate the channel as a constant within the
segment, i.e., e2jπtmυp ≈ e2jπt

′
mυp , for any value of tm and t′m, the channel

becomes invariant over tm and fn.

• The impulse response is sparse, with impulses on the delay and Doppler pairs of
each channel path.

An invariant channel can reduce the overhead required for channel estimation.
Furthermore, it can also improve the accuracy when estimating the transmitted signal.
The sparsity of the channel can also reduce the complexity of channel equalization
techniques.
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2.1.2 Channel Model

Each specific environment may exhibit different channel characteristics and a deter-
ministic model of the channel for each individual scenario is unfeasible. However, it is
crucial for a wireless system to perform well under a variety of operating conditions.
Therefore, understanding the stochastic properties required to model the channel
is essential for ensuring consistent performance across a range of wireless channels.
In this regard, the wide-sense stationary uncorrelated scattering (WSSUS) channel
model is one of the most important and employed in the literature [6, 7, 43].

2.1.2.1 WSSUS channels and Correlation Function

The channel Correlation Function represents the statistical relationship between
channels in any two instances. This is an important parameter to characterize the
rate of change of a channel. Consider the delay-time channel correlation

E{h∗(τ, t)h(τ ′, t′)} = CDT(t, t
′, τ, τ ′). (2.20)

Observe from the above equation that the channel correlation depends on 4 vari-
ables. However, a simplified description of the channel was proposed in [43] with the
assumption of WSSUS.

A. Uncorrelated Scattering

Uncorrelated Scattering (US) assumes that the channel paths with different delay
taps are uncorrelated,i.e.,

E{h∗(τ, t)h(τ ′, t′)} = CDT(t, t
′, τ, τ ′)δ(τ − τ ′). (2.21)

B. Wide-sense Stationary

Wide-Sense Stationary (WSS) assumes that the channel parameters remain consistent
within the observed channel time-frequency window, i.e.,

E{h∗(τ, t)h(τ ′, t′)} = CDT(0, t− t′, τ, τ ′). (2.22)
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In conjunction, the WSSUS channel model simplifies the channel correlation,
allowing it to be characterized by only two variables, namely

E{h∗(τ, t)h(τ ′, t′)} = CDT(∆t, τ), (2.23)

where ∆t = t− t′ represents the time difference between the two channel instances.
The assumption of WSSUS extends to all the channel domains. Consider the DD

Correlation function

E{h∗(τ, υ)h(τ ′, υ′)} = CDD(τ, τ
′, υ, υ′). (2.24)

Each channel path is characterized by a delay and Doppler pair. Under the US
assumption, the delay and the Doppler of two different scatterers are uncorrelated.
Consequently, (2.21) can be extended to the delay Doppler domain

E{h(τ, υ)∗h(τ ′, υ′)} = CDD(τ, τ
′, υ, υ′)δ(τ − τ ′)δ(υ − υ′) = CDD(τ, υ). (2.25)

Following the same line of thought, the WSS extends to the time-frequency
correlation function. By definition, WSS assumes that the channel parameters remain
constant within the observed time-frequency window. Hence, the time-frequency
correlation function can be characterized by the time and frequency differences
between the channel instances, i.e.,

E{h∗(t, f)h(t′, f ′)} = CTF(∆t,∆f), (2.26)

where ∆f = f − f ′.

2.1.2.2 Modeling the Channel

The most common and simplest probabilistic model for the channel is the Rayleigh
fading model [6, 7]. This model is most suitable when there is a sufficiently large
number of propagation paths at each delay tap. Under such scenarios, the channel
response [H]n+ℓ,n at any delay tap ℓ becomes a summation of many independent
random path gain variables. Consequently, the Central Limit Theorem dictates that
the channel response at each delay tap can be modeled as a Gaussian process.

The Rayleigh fading models each channel instance as a complex random variable
and the correlation function dictates the channel’s rate of change. Within the literature,
it is common to define the correlation function into separable delay and Doppler
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correlations, i.e., CDD(τ, υ) = cdelay(τ)cDoppler(υ) [7]. This simplifies the channel
modeling as the delay and Doppler correlations can now be analyzed individually.

A. Delay Correlation

The delay correlation cdelay(ℓ) = σ2
ℓ dictates the variance of each tap shown in the

Rayleigh channel model, i.e., [H]n+ℓ,n ∼ CN (0, σ2
ℓ ). The delay correlation at all delay

taps is termed as the power delay profile (PDP) of the channel ρ = [σ2
0, ..., σ

2
L−1]

T,
and has normalized power, i.e.,

∑L−1
ℓ=0 σ2

ℓ = 1. A common model to design the PDP of
the channel is the exponential decaying delay profile [7], namely

cdelay(τ) =

 1
τ0
e−τ/τ0 , if τ < τmax,

0, if τ > τmax,
(2.27)

where τ0 is a delay design parameter. Alternatively, the PDP can model more specific
scenarios, e.g., Extended Vehicular A (EVA) and Extended Typical Urban (ETU)
models from the 4G standards [44], or Tapped delay line model C (TDL-C) model
from 5G standards [45]. These models are generated from an ensemble of the physical
channel measurements in given scenarios.

With a separable correlation, the frequency correlation, dual of delay, becomes sep-
arable too. Consider the time-frequency correlation CTF(∆t,∆f) = ctime(∆t)cfreq(∆f).
Under the assumption of no Doppler spread, i.e., ctime(∆t) = 1, ∀∆t, the time frequency
correlation becomes CTF(∆t,∆f) = cfreq(∆f). Hence, the frequency correlation can
be derived from (2.12) as

cfreq(∆f) = E{h∗(t, f)h(t′, f ′)}

= E{
P−1∑
p=0

|αp|2e−2jπτp∆f}

=

∫ τmax

0

cdelay(τ)e
−2jπτ∆fdτ.

(2.28)

B. Doppler Correlation

At any given path p, the Doppler frequency υp is given by the relative speed of the
transmitter with respect to the receiver and signal frequency

υp = fc
V

3.6C
, (2.29)
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where fc represents the carrier frequency, V km/h represents the relative speed and
C ≈ 3×108 m/s is the speed of light. It is worth noting that even when the transmitter
is moving at a constant speed, its relative speed is dependent on the angle of arrival
of each scattering path. With this in mind, the most common Doppler correlation
model, the Jake model [46], dictates that for a given maximum Doppler frequency
υmax, the Doppler shift of each path is given by

υp = fc
Vmax cos(θp)

3.6C
= υmax cos(θp), (2.30)

where θp is uniformly distributed within the range [−π, π], i.e. θp ∼ U(−π, π). Hence,
the probability density function (PDF) of the Doppler frequencies, i.e., the Doppler
correlation is given as

cDoppler(υ) =


1

π
√

υ2
max−υ2

, if |υ| < υmax,

0, if |υ| > υmax.
(2.31)

The time correlation as a separable function can be derived by considering the
delay time channel without delay spread. In the Jakes model, the time correlation is
given as

ctime(∆t) = E{
P−1∑
p=0

|αp|2ej2πυp∆t}

=

∫ ∞

−∞
ej2π∆tυmax cos(θ)f(θ)dθ

= J0(2πυmax∆t),

(2.32)

where f(θ) = 1
2π

is the PDF of θ and J0(·) denotes the zero-order Bessel function of
the first kind. The time correlation can also be derived in the same fashion as in
(2.28), i.e.,

ctime(∆t) =

∫ υmax

−υmax

cDoppler(υ)e
2jπυ∆tdυ. (2.33)

An interesting observation from (2.28) and (2.33) is that the duality extends to correla-
tion functions. The frequency/time correlation can be derived from the delay/Doppler
correlation through a Fourier transform.



2.1 Wireless Transmission Channel 23

2.1.2.3 Coherence Time and Frequency

The last parameter discussed in this thesis that influences the channel models is
the transmission system design parameters. Specifically, a transmission frame can
be restricted within a time-frequency window where the channel is approximately
constant, i.e., the correlation at any two instances is high. Thus, the terms coherent
bandwidth Fc and coherent time Tc arise. When the transmitted signal is within the
intervals Fc/Tc in the frequency/time domain, the effect of delay/Doppler spread can
be approximated as zero. Typically, Fc and Tc are defined as [6]

Fc =
1

2τmax

and Tc =
1

8υmax

. (2.34)

Apart from the high correlation, coherence time and frequency can be analyzed
according to the system’s sampling parameters. Consider a system where the band-
width is limited within the coherence frequency, i.e., Bw = Fc =

1
2τmax

. Under these
conditions, the sampling period becomes twice as long as the maximum delay shift
Ts = 2τmax. Hence, it becomes plausible to round all the delay shifts to the same
nearest sampling point, leading to a maximum delay tap of zero.

Example 2-1

Consider a Rayleigh channel model with an exponential decaying PDP and a Jake
model Doppler profile. If the receiver antenna is stationary while the transmitter
antenna moves at a speed of v = 50 km/h, and the signal is modulated at a carrier
frequency of fc = 5.9 GHz, the maximum Doppler of the channel is calculated as
υmax ≈ 250 Hz. The maximum delay is set as τmax = 5 µs, the same value as in the
ETU model, and the PDP delay parameter set to τ0 = 2.5 µs.

Under the given conditions, the coherence time and frequency are

Fc = 100 kHz and Tc = 0.5 ms, (2.35)

with the corresponding correlation of

cfreq(Fc) = 0.62− 0.49j and ctime(Tc) = 0.85. (2.36)

Figure 2.3 shows the time-frequency and delay Doppler correlation functions.
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Fig. 2.3 Delay Doppler Correlation function (left) and time-frequency Correlation
function (right).

2.2 5G Key technologies

In this section, two technologies that greatly improved the spectral efficiency of wireless
communication systems are presented. Namely, OFDM and massive MIMO. We focus
on how these technologies improve the spectral efficiency of 5G systems, with LTI
channels, and how they are affected in LTV channels.

2.2.1 OFDM

OFDM has been the technology of choice for 4G and 5G systems. One of the main
benefits of OFDM is its robustness to multipath fading in LTI systems. By placing
the data in the frequency domain, the channel becomes single-tap scaling factor. This
allows for an efficient channel estimation and low complexity equalization. These
benefits become evident when analyzing the equivalent channel of the system.

In OFDM, each transmission stream is divided into multiple narrow-band subcar-
riers. Each subcarrier is placed in different frequency bins, with overlapping Nyquist
pulses to avoid inter-carrier interference (ICI). An OFDM symbol with M subcarriers
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can be obtained with an M -point inverse DFT (IDFT) operation

s = FH
Mx, (2.37)

where x represents a M × 1 vector containing the transmitted complex data sam-
ples, and FM is the normalized M -point DFT matrix with the elements [FM ]mn =
1√
M
e

−j2πmn
M , for m, n = 0, ...,M − 1. To analyze the effect of the channel, refer back

to (2.8),

r = Hs = HFH
Mx. (2.38)

Observe that the channel has a transient, extending r into (M + L− 1)× 1 vector.
Naturally, if a signal is transmitted prior to x, the channel transient causes severe
inter-symbol interference (ISI). To avoid this interference, a CP of length MCP ≥ L−1

is appended at the beginning of the signal, i.e., the last MCP samples of x are appended
at the beginning of the transmitted signal. This operation can be performed by the
matrix ACP = [GT

CP, IM ]T, where the MCP ×M matrix GCP includes the last MCP

rows of IM . Hence, the received signal becomes

r = HACPs = HACPF
H
Mx. (2.39)

The CP is then removed at the receiver with the matrix RCP = [0M×MCP
, IM ].

Finally, demodulation is performed with the DFT matrix, and the transmitted data
can be reconstructed from

y = FMRCPHACPF
H
Mx = HOFDM

eq x. (2.40)

2.2.1.1 LTI channel

Consider first the case of an LTI channel. In the absence of the Doppler effect, the
elements of H are constant along each diagonal, i.e., [H]i,j = [H]i′,j′ if (i−j) = (i′−j′),
and H becomes a Toeplitz matrix. Considering the CP addition and removal matrices,
the effective time-domain channel matrix RCPHACP is a circulant matrix, with the
first column given by the vector [hT

0 , 01×M−L]
T, and the vector h0 represents the time

domain CIR of length L and contains L non-zero elements of the first column of H.
Due to the circulant property of the channel, the OFDM equivalent channel becomes
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Fig. 2.4 Pilot placement in time (left) and frequency (right) domains.

diagonalized by the DFT matrices

HOFDM
eq = FMcirc{[hT

0 ,01×M−L]
T}FH

M = diag{
√
MFM[h

T
0 ,01×M−L]

T} = diag{λ},
(2.41)

where the M × 1 vector λ represents the CFR, i.e., λ =
√
MFM [hT

0 ,01×M−L]
T.

Hence, the OFDM equivalent channel scales the transmit data symbols on different
subcarriers with the frequency response of the channel at the center of each subcarrier
band. Consequently, the channel effect can be undone by using a simple single-tap
equalizer. Furthermore, a second advantage of a single-tap channel is found in channel
estimation, where the pilot overhead is reduced, as shown in [47].

When the channel estimation is performed in the time domain, the delay spread
causes the transmitted impulse pilot to interfere with the transmitted data and vice
versa. To avoid this issue, a zero guard of length L− 1 is appended before and after
the impulse, as shown in Figure 2.4. Therefore, the total overhead spent for channel
estimation is 2L− 1 samples.

On the other hand, OFDM channels do not cause interference between the trans-
mitted subcarriers. Hence, the zero guard in channel estimation is unnecessary. The
channel can be fully extracted by allocating L equally spaced impulses in the fre-
quency domain, as shown in Figure 2.4 [47, 48]. Let I represent the subcarrier indices
allocated to the pilot. After transmission of the pilot signal, the received subcarriers
with index I form the vector λI , given as

λI =
√
MFI

Mh0, (2.42)

where FI
M is a L× L matrix formed by selecting the first L columns of FM with the

rows indexed by I. From (2.42), the CIR can be estimated as

ĥ0 =
1√
M

(FI
M)−1λI . (2.43)
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It is worth noting that the indices in I have to be carefully chosen. The optimum
structure and the one considered in the standards consists of equally spaced subcarrier
indices I [49–51]. In the special case where L is a divisor of M , since the term

√
MFI

M

becomes the L-point DFT matrix, i.e.,
√
MFI

M =
√
LFL, (2.43) can be simplified as

ĥ0 =
1√
L
FH

Lλ
I . (2.44)

2.2.1.2 LTV channel

In the case of LTV channels, the elements of H vary according to the Doppler shift
of each path, i.e., H is no longer a Toeplitz matrix. Hence, the OFDM equivalent
channel loses the scaling property. Furthermore, it can be observed that the LTV
channel causes severe ICI, affecting the data detection and channel estimation [52].
A second aspect of LTV channels is the frequency at which the channel needs to
be estimated, which significantly differs from LTI channels, where a single channel
estimate suffices for an entire transmission frame. Due to the quick variations of the
channel, each channel estimate quickly becomes outdated, and the channel must be
estimated multiple times within the same frame.

To better understand the effect of LTV channels in OFDM, it is helpful to examine
the equivalent channel of an OFDM frame. Consider an OFDM frame, where N

symbols with M subcarriers each are transmitted through an LTV channel. Let the
M ×N matrix X represent the transmitted data signal. Without any modifications
from the LTI case, modulation is performed with an IDFT matrix followed by the
CP addition matrix, as follows

S = ACPF
H
MX, (2.45)

where each column of S represents an OFDM symbol.

To prepare for transmission, the signal undergoes parallel-to-serial conversion,
resulting in s = vec{S} = [sT0 , . . . , s

T
N−1]

T, where sn represents the nth column of S.
Alternatively, the transmitted signal can be represented in vectorized form as

s = (IN ⊗ACPF
H
M)x. (2.46)
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Fig. 2.5 Matrix HOFDM
eq in LTI (left) and LTV (right) scenarios for M = 128.

This way, the above equation can be directly substituted in (2.8). Finally, performing
demodulation in the same fashion results in the OFDM frame equivalent channel

y = (IN ⊗ FMRCP)H(IN ⊗ACPF
H
M)x = HOFDM

eq x. (2.47)

The following example shows two different equivalent OFDM channels, one under
LTI channels and the second under LTV channels.

Example 2-2

Consider an OFDM frame with N = 3 symbols and M = 64 subcarriers. The
subcarrier spacing is ∆F = 15 kHz, which translates into a symbol duration of
approximately T = 0.067 ms. In the case of an LTV channel, the maximum Doppler
frequency of 2.7 kHz is considered, i.e., the transmitter moves at a speed of 500 km/h.

Figure 2.5 shows the structure of HOFDM
eq for LTI channels (left) and LTV channels

(right). One can notice that the LTI equivalent matrix is a diagonal matrix. This
is while the LTV channel matrix contains significant elements on its off-diagonals,
representing the ICI. The ICI is disruptive in data detection and is impossible to
capture by conventional channel estimation methods.

As mentioned previously, the channel variations within each OFDM symbol can
be alleviated by reducing the duration of the symbol T . Naturally, the 4G and 5G
standards [44, 45] consider larger subcarrier spacings ∆f to deal with time-varying
channels. However, the CP duration in each symbol must be at least the maximum
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delay spread of the channel. Hence, when shortening the OFDM symbol, the CP
becomes a bottleneck leading to significant efficiency loss [29, 53–56].

Furthermore, the frequency at which the channel has to be estimated also in-
creases significantly. In the previous section, it was shown that the channel can be
approximated as LTI when within the coherence time. The coherence time is defined
by a high time correlation of the channel at two different time instances. Table
2.1 shows the channel correlation at three different time windows: half a symbol
duration, one symbol, and two symbols. The correlation values indicate that even
after a single OFDM symbol, the channel undergoes significant changes, necessitating
a new channel estimate. In other words, a CIR needs to be estimated at each OFDM
symbol, significantly increasing the system overhead.

Table 2.1 Channel correlation for maximum Doppler of 2.7 kHz.

t = T
2

t = T t = 2T

ctime(t) 0.92 0.7 0.06

Summary of challenges:

• OFDM in LTV channels loses one of its main benefits, the single-tap
equivalent channel. The LTV equivalent OFDM channels suffer from
severe ICI.

• In high Doppler scenarios, OFDM systems require a significantly larger
overhead for channel estimation.

To tackle these challenges, a novel joint channel estimation and equalization
technique for massive MIMO is proposed in Chapter 3. This technique requires only
one pilot subcarrier per user in LTI channels. For LTV channels, this technique can
track the channel variations using data as virtual pilots. Consequently, the pilot
overhead for OFDM-based massive MIMO systems is significantly reduced with this
method.

2.2.2 Massive MIMO

Massive MIMO technology was first introduced in [16] and rapidly became the main-
stream technology of modern communication systems. Massive MIMO allows multiple
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users to reuse the same time-frequency resources and each user’s signal can be dis-
tinguished by its own channel response through linear combining methods. This can
be achieved due to the channel hardening and asymptotically favorable propagation
effects [17] present in most propagation environments.

To describe these two effects, consider a scenario where K users are transmitting
a signal to a BS with Q receive antennas. The transmitted signals are kept within
a time-frequency window in which the channel can be considered frequency flat and
time-invariant. In other words, the effect of the channel is reduced into a constant
scaling factor of the samples. Since all the users share the same time-frequency
resources, the received signal at a given antenna q for any transmitted discrete sample
s can be described as

rq =
K−1∑
k=0

hk,qsk + ηq, (2.48)

where hk,q denotes the channel from user k to antenna q, sk the transmitted signal
from user k, and ηq the additive white Gaussian noise (AWGN) at antenna q. To pave
the way for future derivations, the received samples can be represented in the space
domain r = [r0, . . . , rQ−1]

T, a vector containing the received samples at all the BS
antennas. The channel from each user and the noise term at each receive antenna can
be represented in the same way, i.e., hk = [hk,0, . . . , hk,Q−1]

T and η = [η0, . . . , ηQ−1]
T,

respectively. Thus, r can be represented as

r =
K−1∑
k=0

hksk + η. (2.49)

The channel hardening effect can be seen as an extension of the US effect to multiple
receive antennas. Channel hardening occurs when multi-path arrivals from different
antennas undergo uncorrelated scattering. In other words, E{hk,q

∗hk,q′} = 0,∀q ̸= q′,
and consequently

h
H

k hk

Q
→ 1, as Q → ∞,∀k. (2.50)

Furthermore, asymptotically favorable propagation assumes that the multi-path arrival
of different user signals is also uncorrelated. In other words, E{hk,q

∗hk′,q} = 0,∀k ̸= k′,
and consequently

h
H

k hk′

Q
→ 0, as Q → ∞, for k ̸= k′. (2.51)
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These effects play an important role in channel equalization in massive MIMO.
Noticeably, as the number of BS antennas grows large, the signal from any user k can
be singled out from (2.49) with

h
H

k rℓ
Q

=
1

Q

K−1∑
k′=0

h
H

k hk′sk′ [ℓ] + h
H

k ηℓ → sk[ℓ], as Q → ∞. (2.52)

The above effects are commonly termed spatial diversity since the benefits are
achieved through the diversity of different receive antenna channels. In order to take
full advantage of spatial diversity, the following challenges to the system should be
considered.

• Equation (2.48) considers the limiting assumption of a single-tap channel, where
channel hardening is straightforward. In cases where the channel is not single-
tap, channel hardening can still be achieved through specific techniques, such as
time reversal, though these methods involve increased complexity [29].

• Performing (2.52) is only possible when the channel is known. Hence, channel
estimation is of utmost importance in massive MIMO.

• Equations (2.50) and (2.51) are result of an unlimited number of antennas.
However, with a sufficient number of antennas the same results can be obtained
with a small amount of interference, negligible to the system. To reduce the
required number of antennas, additional steps can be taken to reduce the
interference, e.g., minimum mean square error (MMSE) combining [57, 58].

2.2.2.1 OFDM-based Massive MIMO in LTI Channels

The benefits of massive MIMO are fully depicted in an OFDM-based massive MIMO
system. As shown in Section 2.2.1, OFDM has a single tap equivalent channel, one of
the requirements for taking advantage of channel hardening. Furthermore, estimating
LTI channels in the frequency domain requires less pilot overhead than in the time
domain. In this subsection, it is shown how each user’s channel to each antenna can
be estimated and how MMSE combining can used to estimate each user’s data.

Consider the uplink (UL) of a single-cell massive MIMO system operating in the
time-division duplexing (TDD) mode, where K single antenna users communicate
with a BS with Q antennas. Each user modulates its data with OFDM, where each
frame consists of N symbols with M subcarriers. The number of symbols N ≥ K is
designed to be at least equal to the number of users. Thus, a given user k transmits
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the time-frequency symbols Xk ∈ CM×N . From (2.41), the M×N matrix representing
the received signal from all the users at a given BS antenna q is given as

Yq =
K−1∑
k=0

diag{λk,q}Xk +Wq, (2.53)

where λk,q is the CFR from user k to BS antenna q and Wq includes the complex
AWGN in the frequency domain, with the variance σ2

w, i.e., [Wq]m,n ∼ CN (0, σ2
w).

The received signals are rearranged into the space-time representation to pave the
way toward the derivations in the following sections. By stacking the received samples
at a given subcarrier m, i.e., the mth row of Yq from all the Q receive antennas, the
Q×N space-time matrix Ym is obtained. Thus, the input-output relationship for a
given subcarrier m across all the antennas can be represented as

Ym = ΛmXm +Wm, (2.54)

where the elements of the matrices Λm ∈ CQ×K , Xm ∈ CK×N and Wm ∈ CQ×N are
given by [Λm]q,k = λq,k[m], [Xm]k,n = [Xk]m,n and [Wm]q,n = [Wq]m,n, respectively.

At the channel sounding stage, each user transmits a pilot sequence with the length
Np ≥ K over different time slots on a given subcarrier allocated to pilot symbols [17].
The pilot sequence of length Np for a given user k at a given subcarrier m, pk

m, is
chosen from a pilot book Pm = [p0

m,p
1
m, . . . ,p

K−1
m ]T that satisfies the orthogonality

property PmP
H

m = NpIK , [59]. Most commonly, a pilot book where each pk
m is

obtained from k cyclic shifts of the Zadoff-Chu (ZC) root sequence of length Np is
considered. Using (2.54), the received pilots from all the users at subcarrier m can be
represented as Ym = ΛmPm +Wm. Consequently, the channel response for all the
users at a given subcarrier m can be estimated as

Λ̂m =
1

Np

YmP
H

m = Λm +
1

Np

WmP
H

m ≜ Λm + W̃m, (2.55)

where W̃m = 1
Np

WmP
H

m.
To estimate the CFR, it was shown previously that it suffices to estimate λI

k,q [47].
Hence, each user transmits its pilot sequence pk

m only at the subcarriers within set I,
while the remaining subcarriers are allocated for data transmission. Therefore, the
channel estimation process requires a minimum of LK pilots.

Once the channel is estimated, the transmit data symbols of all users can be
estimated with linear combining techniques such as maximum ratio combining (MRC)
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[16]
X̂MRC

m = Γ−1
m Λ̂

H

mY
d

m = Γ−1
m Λ̂

H

m(ΛmDm +Wd
m), (2.56)

where Γm is a K × K diagonal matrix, with the kth diagonal element given by
1
Q

∑Q−1
q=0 |λq,k[m]|2, considered solely to normalize the amplitude of the equalizer

output. In the literature, the effect of channel estimation noise is often neglected and
the diagonal elements of Γm are formed from the diagonal elements of ΛH

mΛm, i.e., the
norm squared of the channel vector for each user at a given subcarrier m. However,
in the presence of channel estimation errors, using (2.55), the normalization factors
on the elements of ΛH

mΛm are obtained as the diagonal elements of

Λ̂
H

mΛ̂m = Λ̂
H

mΛm +Λ
H

mW̃m +
1

N2
p

Pm(W
p

m)
HW

p

mP
H

m. (2.57)

The term Λ
H

mW̃m tends to zero in the asymptotic regime, as Q → ∞, since the
channel path gain and noise are independent. However, the same is not true for
(W

p

m)
HW

p

m. As W
p

m represents the AWGN, in the asymptotic regime, the following
property takes place(

Λ
H

mW̃m +
1

N2
p

Pm(W
p

m)
HW

p

mP
H

m

)
→ Qσ2

w

N2
p

PmP
H

m. (2.58)

Hence, taking a similar approach to [60], the channel estimation noise can be mitigated
by subtracting (2.58) from the normalization factor, i.e., Γm is formed from the
diagonal elements of (Λ̂

H

mΛ̂m − Qσ2
w

N2
p
PmP

H

m).

Due to the channel hardening effect in (2.50) and asymptotically favorable propa-
gation effect in (2.51), the following property appears in the asymptotic regime, i.e.,
as Q → ∞,

λ
H

m,kλm,k′

Q
→

E{|λm,k[q]|2} = 1 if k = k′

0 otherwise
, (2.59)

where λm,k, of length Q, represents the kth column of Λm. Therefore, as Q → ∞,
Γ−1

m Λ̂
H

mΛm → IK .

In practical systems, the number of BS antennas is limited, and the off-diagonal
elements of Λ̂

H

mΛm, in (2.56), lead to a significant amount of interference. Thus,
MMSE combining provides an improved performance compared to MRC with

X̂MMSE
m = ΦMMSE

m Ym, (2.60)
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where ΦMMSE
m ≜ (Λ̂

H

mΛ̂m − Qσ2
w

N2
p
PmP

H

m + σ2
wIK)

−1Λ̂
H

m.

2.2.2.2 Massive MIMO in LTV Channels

Massive MIMO systems suffer severely in high mobility scenarios. In OFDM-based
massive MIMO systems, the Doppler breaks the orthogonality of OFDM, making
different subcarriers interfere with each other. Therefore, the channel estimation and
equalization processes become corrupted with ICI, significantly degrading systems
performance. Furthermore, in LTV channels, the channel’s time-variability necessitates
frequent updates to channel state information (CSI). This leads to a large overhead
allocated for channel estimation from each user, severely affecting the system’s spectral
efficiency.

Finally, it is important to note that spatial diversity relies heavily on the uncorre-
lated channels between the users and receive antennas. The correlation of the channel
is largely influenced by the architecture of the massive MIMO system [61]. Antennas
can be intentionally designed to increase the correlation between channels, favoring
angular diversity rather than spatial diversity [61].

In such systems, all receive antennas observe the same channel from each user,
with the only variation being the angle of arrival, which is determined by the antenna
array design. This approach is particularly advantageous for channel estimation, as
angle diversity allows for estimating the channel parameters with reduced overhead,
as shown in [62–65]. However, the study of angular diversity is beyond the scope of
this thesis. The focus of this thesis is on massive MIMO systems with uncorrelated
channels and alternative waveforms to the existing ones in massive MIMO literature.

Summary of challenges:

• In LTV channels, massive MIMO systems require novel approaches to
harness the full potential of spatial diversity.

• The substantial overhead in LTV channel estimation is further amplified
by the number of users in the system. As a result, spectral efficiency
becomes a major concern in massive MIMO systems, highlighting the
need for novel channel estimation techniques.

A novel channel equalization technique for massive MIMO that takes advantage
of the spatial diversity to deal with the channel variations is proposed in Chapter
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4. Furthermore, the large overhead issue is addressed in Chapter 5, where a novel
split pilot channel estimation method is proposed. This method reduces by half the
required delay zero-guard compared to conventional methods.

2.3 OTFS Modulation

While OFDM has been the technology of choice for 4G and 5G systems, its high
sensitivity to Doppler effects due to the time variations of the channel motivates the
need for a more robust waveform. Thus, a new waveform called OTFS has recently
emerged, [11]. OTFS has a novel and fresh approach to waveform design as it deploys
DD instead of time-frequency domain for data transmission. An important aspect of
placing data symbols in the DD domain is that the response in this domain relating
the input to the output of the channel is sparse and time-invariant, [11, 18, 66].
Hence, OTFS requires much lower training overheads and much slower channel
tracking requirements than OFDM. Due to these benefits, OTFS has been proven to
outperform OFDM in many aspects [19, 67].

In the original form of OTFS [11], the transmitted data is modulated in two steps.
The first step, known as the OTFS transform, involves mapping the DD data into
the time-frequency domain using inverse SFFT (ISFFT), followed by the application
of a windowing function. The second step is the Heisenberg transform, where the
time-frequency signal is converted into the delay-time domain transmit signal s(t)
using a pulse-shaping waveform. At the receiver, demodulation begins with the Wigner
transform, which is the inverse of the Heisenberg transform, and is followed by the
SFFT.

Consider a sequence of MN quadrature amplitude modulation (QAM) symbols
transmitted through OTFS modulation. The transmitted symbols are first mapped
in a M × N DD grid XDD. Then, the DD data is brought to the time-frequency
domain, represented by the M ×N matrix XTF , through an ISFFT and scaled by a
M ×N windowing function Wtx. Noticeably, ISFFT can be implemented with two
DFT matrices, therefore, the data at frequency slot m and time slot n is obtained
from

[XTF ]m,n = [Wtx]m,n[FMXDDF
H
N ]m,n. (2.61)
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Finally, the transmit signal s(t) is obtained after the Heisenberg transform with the
pulse shaping function gtx(t), i.e.,

s(t) =
M−1∑
m=0

N−1∑
n=0

[XTF ]m,ngtx(t− nT )ej2πm∆f(t−nT ), (2.62)

where T and ∆f represent the time and frequency spacing on the time-frequency grid.

After transmitting the signal through the channel, the received signal, in the
absence of noise, is given as

r(t) =
P−1∑
p=1

αpe
2jπυpts(t− τp) + . (2.63)

The demodulation process starts with the Wigner transform to obtain the time-
frequency data

[YTF ]m,n =

∫
g∗rx(t− τ)r(t)e−j2πυ(t−τ)dt|τ=nT,υ=m∆f . (2.64)

The Wigner transform pulse shapes the received signal with the function g∗rx(t) followed
by the Fourier transform to bring the signal to the time-frequency domain. The signal
is then sampled in the time-frequency lattice, i.e., at the sample points τ = nT and
υ = m∆f for n = 0, . . . , N − 1 and m = 0, . . . ,M − 1. This operation reverses the
Heisenberg transform.

The last demodulation step consists of the receiver windowing Wrx followed by
the SFFT operation, resulting in

[YDD]m,n = [Wrx]m,n[F
H
MYTFFN ]m,n. (2.65)

One may notice from (2.65) the similarities of the Heisenberg transform and
OFDM transform. Indeed, the Heisenberg transform is a generalized representation
of OFDM transform, where the former is obtained by setting T , ∆f and the pulse-
shaping function gtx(t) as the symbol duration, subcarrier spacing, and sinc function,
respectively. This is an interesting benefit of OTFS since it can be implemented on
top of the existing OFDM structures.

Building on this idea, the authors in [23, 68] presented a low complexity OFDM-
based OTFS modulator. By considering a rectangle windowing and an OFDM
modulator with CP length of L− 1 similar to (2.40), the OTFS transmitted signal
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matrix can be obtained as

S = ACPF
H
MFMXDDF

H
N = ACPXDDF

H
N . (2.66)

In other words, OTFS modulation can be performed with a single IDFT matrix. The
same is true at the receiver side, where OTFS demodulation can be performed with a
DFT matrix. Before transmission, the signal undergoes parallel-to-serial conversion,
resulting in s = [sT0 , . . . , s

T
N−1]

T, where sn represents the nth column of S. Hence, the
OTFS transmit signal in vectorized form is given as

s = (FH
N ⊗ACP)x. (2.67)

The signal is then transmitted through the LTV channel and demodulated at the
receiver. This process results in the received signal

y = (FN ⊗RCP)H(FH
N ⊗ACP)x. (2.68)

In preparation for future discussions regarding CP in OTFS systems in Chapter 4,
the OTFS equivalent channel matrix is presented with the modulation matrices and
CP matrices, namely

HOTFS
eq = (FN ⊗RCP)H(FH

N ⊗ACP)

= (FN ⊗ IM)(IN ⊗RCP)H(IN ⊗ACP)(F
H
N ⊗ IM).

(2.69)

From the above OTFS equivalent channel equation, many authors in the literature
have proposed approximations in the channel that lead to interesting properties in the
OTFS equivalent channel [10, 23, 26]. These approximations are described in detail
in the following, highlighting their main benefits.

A. Effect of Integer Delay and Doppler Shifts

In equation (2.6), the concept of integer delays was introduced. This concept can also
be extended to Doppler shifts [10]. Consider an OTFS frame of size M ×N with the
modulated signal as

xDT [m+Mn] =
N−1∑
n′=0

[XDD]m,n′e
2jπnn′

N , (2.70)
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and the received DD domain signal as

[YDD]m,n =
N−1∑
n′=0

r[m+Mn′]e
−2jπnn′

N , (2.71)

for n = 0, . . . , N − 1 and m = 0, . . . ,M − 1.
Substituting the above equations in (2.6), the received DD domain signal becomes

[YDD]m,n =
N−1∑
n1=0
n2=0
n3=0

P−1∑
p=0

M−1∑
m1=0

αpe
2jπυp(m+Mn1)Tse

−2jπnn1
N e

2jπn2n3
N ×

[XDD]m1,n3sinc[(m+Mn1)− (m1 +Mn2)−
τp
Ts

].

(2.72)

Considering the case of integer delay ℓp =
τp
Ts

, the sinc term assumes the following
values

sinc[(m+Mn1)− (m1 +Mn2)− ℓp] =

1 if m1 = m− ℓp and n1 = n2

0 otherwise
. (2.73)

This way, (2.72) is simplified as

[YDD]m,n =
N−1∑
n1=0
n3=0

P−1∑
p=0

αpe
2jπυpmTse2jπn1

((υpMTsN)−(n)+(n3))
N [XDD]m−ℓp,n3 . (2.74)

If the Doppler shifts at each path υp are restricted in such a way that κp = υpMTsN

results in only integer values, then (2.72) can be further simplified as

[YDD]m,n =
P−1∑
p=0

αpe
2jπυpmTs [XDD]m−ℓp,n−κp . (2.75)

In summary, the assumption of integer delay and Doppler limits the delay and
Doppler shifts to integer values of ℓp and κp for

τp = ℓpTs and υp =
κp

MTsN
. (2.76)

Furthermore, the maximum delay and Doppler becomes limited to

τmax = ℓmaxTs and υmax =
κmax

MTsN
. (2.77)
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This representation has two main benefits: the equivalent channel becomes sig-
nificantly simplified, and the effect of the channel is contained within [0, ℓmax] along
the delay dimension and [−κmax, κmax] along Doppler dimension. These benefits are
further explained in Subsection 2.3.0.1.

A. 2D circular convolution

In high mobility scenarios, the Coherence time of the channel is significantly shortened
[69]. Therefore, it becomes impossible to fit a transmission frame within the coherence
time to approximate an LTI channel. However, one may argue that the duration of
each time slot of OTFS can be designed to be within the coherence time. Consider the
approximation where the channel is invariant for every time slot, i.e., every M +MCP

data sample, or every column of X. Under this condition, (IN ⊗RCP)H(IN ⊗ACP)

becomes a block diagonal matrix with its diagonal composed of blocks of M × M

circulant submatrices. As a result, HOTFS
eq becomes a block circulant matrix with

each block composed of a M ×M circulant submatrix, i.e., a block circulant with
circulant blocks (BCCB) matrix [70]. An example structure of the BCCB channel
matrix HOTFS

eq is shown in Fig. 2.6 (left). Consequently, using the property of a BCCB
matrices, the effect of the channel can be expressed as a 2D circular convolution, i.e.,

Y = HBC

2D

⃝∗ X, (2.78)

where Y represents the received signal y concatenated into a M × N matrix, and
HBC is formed by concatenating the first column of HOTFS

eq into a M ×N matrix. An
example structure of HBC is shown in Fig. 2.6 (right).

This property is crucial for channel estimation in OTFS. Under this assumption, it
becomes only necessary to estimate HBC, an M ×N matrix, i.e., only a single column
of HOTFS

eq , instead of the full matrix. The following subsection describes how channel
estimation can be performed using this approximation, along with additional techniques
to reduce the error that arises from it. Furthermore, the simplified equivalent channel
representation in 2.78 also allows for low-complexity channel equalization techniques,
since HOTFS

eq can be diagonalized in the frequency domain, as show in [71].

2.3.0.1 Channel Estimation in OTFS

The prevalent channel estimation technique in the present literature is a high-power
impulse pilot embedded in the DD domain together with data symbols [10, 72], as
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Fig. 2.7 Embedded pilot structure for fractional (a) and integer (b) Doppler.
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shown in Figure 2.7 (a). As shown in Section 2.1.1, the DD channel spreads the
transmitted signal according to the channel’s delay and Doppler shifts. Hence, to
prevent the pilot and data from interfering with each other, the EP structure deploys
a large zero-guard surrounding the transmitted pilot along both delay and Doppler
domains, resulting in a large pilot overhead. To reduce the pilot overhead, the authors
in [10] also presented a reduced guard embedded impulse pilot with the assumption
of integer Doppler. Under these conditions, the Doppler spread is limited by the
maximum integer Doppler κmax. Therefore, the Doppler guard can be reduced to
4κmax + 1, as shown in Figure 2.7 (b).

However, the assumption of integer Doppler is unrealistic. When implemented in
more practical scenarios, this approximation error leads to a significant performance
loss. Therefore, alternative techniques that can reduce the pilot overhead are required.
The authors in [31–33] proposed a superimposed pilot structure to remove the pilot
overhead completely. This technique superimposes a high-power pilot signal over
data symbols in the DD domain. The main drawback of such a pilot structure is
the huge computational complexity associated with the sophisticated estimation and
detection algorithms. Furthermore, superimposed pilots are susceptible to channel
variations within each time slot of OTFS, requiring a super-frame solely to obtain
initial estimates of the channel delay and Doppler parameters. In [34], the authors
developed a BEM-based [7] joint channel estimation and detection technique for
impulse pilot with reduced guard across Doppler dimension. This method consists
of deploying a reduced pilot overhead and iteratively refining the estimated channel
and data using detected data as virtual pilots. However, using impulse pilots has the
unique benefit of not requiring matrix inversion for channel estimation.

Furthermore, the EP structure approximates the channel as time-invariant per
time slot. While this is the only sensible way to perform channel estimation with
impulsive pilots, the time variations of the channel can cause significant interference
at the channel equalization stage. Therefore, authors in [24, 34, 73, 74] proposed an
additional interpolation step to capture the full variation of the channel. Specifically,
[73] proposed a spline interpolation method, whereas [24, 34, 74] proposed a BEM-
based [7] technique to interpolate the channel.

The authors in [75] proposed extending the EP structure to MIMO systems. In
this technique, a distinct DD region is assigned to each transmit antenna for channel
estimation. Naturally, this demands a large portion of the transmission frame for
channel estimation and limits the number of users that the system can accommodate.
The authors in [62, 63] proposed a channel estimation technique in massive MIMO by
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taking advantage of the angular diversity. In the 3D DD-angle domain, the channel
becomes extremely sparse, significantly reducing the overhead required for channel
estimation. However, the angle domain can only be explored in scenarios without
spatial diversity. Consequently, channel equalization techniques that exploit spatial
diversity fail under such scenarios.

2.3.0.2 CP in OTFS

As shown in the previous sections, CP has mainly two benefits: avoiding ISI and
making the channel matrix circulant. However, when the channel is time-variant, it
becomes impossible to construct circulant channels. Hence, one may consider removing
the CP to improve spectral efficiency. A reduced CP structure was proposed in [26],
where each OTFS block utilizes only a single CP sequence, instead of a sequence per
time slot. This way, the CP addition and removal matrices become

ACP = [GT
MCP,MN , IMN ]

T and RCP = [0MN×MCP
, IMN ] (2.79)

And the equivalent channel becomes

H
OTFS

eq = (FN ⊗ IM)RCPHACP(F
H
N ⊗ IM). (2.80)

This structure differs slightly from the conventional method as it loses the BCCB
property. However, multiple detectors that do not depend on this property implement
the reduced CP structure, e.g., message passing (MP) [76, 77] and maximum likelihood
(ML) [11] detectors.

The issue with large pilot overhead is dealt with in Chapters 3 and 5. Specifically,
Chapter 5 proposes a novel split pilot channel estimation method for OTFS that
reduces the delay guard required by half compared to the EP in [10]. Chapter 4 shows
how CP can be completely removed from OTFS-based massive MIMO systems.
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Summary of challenges in OTFS:

• The overhead of the existing OTFS systems is still large. This significantly
impacts the spectral efficiency and latency of the system and remains a
critical issue to be addressed in practical systems.

• Appending CP becomes less effective in LTV channels. Hence, alternative
methods that can deal with ISI can enable CP-less transmission, improving
the system’s spectral efficiency.





Chapter 3

Massive MIMO with only a Single
Pilot Subcarrier

Massive MIMO has brought substantial improvements to 4G and 5G systems and it
continues to be a dominant technology in next-generation networks. In particular,
spatial diversity and beamforming gains provided by massive MIMO have led to
significant improvements in capacity, spectral efficiency, and energy efficiency compared
to the previous generation networks [15, 17]. In massive MIMO, multiple users reuse
the same time-frequency resources, as their signals can be distinguished based on their
channel responses. Therefore, obtaining accurate CIR at each BS antenna is crucial.
Conventional channel estimation methods, e.g. least squares (LS) [48, 78], rely on the
transmission of pilot sequences from each user. These methods are favorable due to
their low complexity. However, this comes at the expense of spectral efficiency loss.

Extensive research has been conducted to reduce the pilot overhead, see [79–83]
and the references therein. For instance, (semi) blind techniques emphasize reducing
the pilot length and estimating the channel by solving underdetermined systems
of equations using iterative algorithms [79–81]. Alternatively, superimposed pilots
share the same time-frequency resources for both data and pilot transmission. In
these techniques, the channel is estimated by treating data as noise. While this
can completely remove the pilot overhead, it comes at the cost of interference and
extra computational load [82, 83]. Most works on massive MIMO consider a narrow
band channel [17, 84]. Therefore, utilizing these channel estimation techniques for
OFDM would require pilots on each subcarrier. Alternatively, pilots can be placed
in equally spaced subcarriers and the CFR of subcarriers with data symbols can be
estimated through interpolation methods [85, 86]. In such cases, the authors of [47]
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show that the number of pilot subcarriers should be at least equal to the length of the
channel. However, this leads to a large overhead, as the channel length varies from
7% to 25% of the OFDM symbol duration [87]. To alleviate this issue, the authors
in [47] proposed a technique that can reduce the required pilot subcarriers by 80%,
however, the technique is limited to sparse channels. One important aspect of all the
aforementioned methods is that the pilot length is tied to the delay spread of the
channel. Hence, in order to reduce the pilot overhead, the following research question
is addressed in this chapter.

Is it possible to reduce the selectivity of the channel into its known and constant
correlation function to minimize the channel estimation overhead?

To address the aforementioned limitations of the existing literature, in this chapter,
a technique where only one reference subcarrier is sufficient for both channel estimation
and data detection in massive MIMO is proposed. This is possible by taking advantage
of multiple adjacent subcarriers being within the channel’s coherence bandwidth. Thus,
the transmitted data over a band of subcarriers can be detected using only one reference
subcarrier’s channel estimate. Thereafter, the detected data symbols are considered as
virtual pilots to update their corresponding channel estimates. Each updated channel
estimate is then used to equalize a new band of subcarriers within the coherence
bandwidth. This way, multiple estimates of the transmitted data symbols at each
subcarrier can be obtained and averaged. In other words, this approach utilizes both
the frequency diversity and the spatial diversity to achieve improved performance. By
repeating this process in a sliding manner, all the data symbols and the CFRs can be
estimated, starting from one reference pilot.

Furthermore, it is proven in this chapter that in the large antenna regime, linear
combining can be performed using the channel estimate at any subcarrier. The
combined signal at a subcarrier will be scaled by a coefficient, which depends on
the channel PDP and frequency spacing between the subcarrier and the CFR used
for combining. However, this coefficient can take very small values leading to noise
enhancement. To avoid this issue, it is defined a depth factor for the proposed
sliding technique. The depth factor is a design parameter determining how many
subcarriers within each band will be equalized using the same CFR. This ensures
that only large values of the aforementioned coefficient are considered. To evaluate
the effectiveness of the proposed technique, its BER and signal to interference and
noise ratio (SINR) performances are compared with the conventional techniques.
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For 15 MHz transmission bandwidth, the existing techniques require over 70 pilot
subcarriers, whereas the proposed technique reduces this overhead to only one pilot
subcarrier. Moreover, the proposed technique outperforms the linear equalizers by
approximately 2 dB, at high SNR, in terms of the BER performance.

3.1 Uplink of OFDM-based Massive MIMO System

Consider the UL of a single-cell massive MIMO system operating in the time-division
duplex (TDD) mode. OFDM with M subcarriers is deployed as the modulation
format, with the CP of length MCP. MCP is chosen to be larger than the channel
length to avoid intersymbol interference. The BS is equipped with Q antennas and
serves K single antenna users. The duration of each frame is assumed to be within
the channel coherence time, including N number of OFDM time symbols in the UL.
Hence, the channel remains time-invariant within each frame.

The UL transmission is divided into two phases, training and data transmission.
Np and Nd time slots are allocated to pilot and data transmission, respectively. Thus, a
given user k transmits the time-frequency symbols Xk = [Pk,Dk], where Pk ∈ CM×Np

represents the pilot and Dk ∈ CM×Nd the data symbols. Hence, the OFDM transmit
signal of user k is obtained as Sk = ACPF

H
MXk, where ACP = [GT

CP, IM ]T is the CP
addition matrix and the MCP ×M matrix GCP includes the last MCP rows of IM .

The signal is transmitted through the channel and undergoes OFDM demodulation.
Thus, the received signal from all the users at a given BS antenna q is obtained as

Yq = FMRCP

K−1∑
k=0

Hq,kS
k +Wq

=
K−1∑
k=0

diag{λq,k}Xk +Wq,

(3.1)

where RCP = [0M×MCP
, IM ] is the CP removal matrix, Hq,k denotes the Toeplitz

channel matrix realizing the linear convolution, which is formed by the CIR between
user k and antenna q, i.e., hq,k = [hq,k[0], . . . , hq,k[L−1]]T, and Wq includes the complex
AWGN in the frequency domain, with the variance σ2

w, i.e., [Wq]m,n ∼ CN (0, σ2
w).

Assuming the CIR between the UEs and the BS antennas to be independent and
identically distributed (i.i.d.) complex random variables with the length L, hq,k ∼
CN (0L×1,Σk) for q = 0, . . . , Q−1 and k = 0, . . . , K−1. Σk is a diagonal matrix with
the diagonal elements formed by the PDP of the channel ρk = [ρk[0], . . . , ρk[L− 1]]T,
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where the normalized PDP is considered, i.e.,
∑L−1

l=0 ρk[l] = 1. As MCP ≥ L − 1,
H̃q,k = RCPHq,kACP is a circulant matrix, with the first column formed by the
zero-padded CIR, i.e., h̃q,k = [hT

q,k,0
T
M−L×1]

T. Hence, the channel matrix H̃q,k can
be diagonalized by the DFT and IDFT matrices as FMH̃q,kF

H
M = diag{λq,k}, where

λq,k = [λq,k[0], . . . , λq,k[M − 1]]T represents the CFR with the elements obtained as

λq,k[m] =
√
M fTM,mh̃q,k. (3.2)

To pave the way toward the derivations in the following sections, the received
signals are rearranged into the space-time representation. By stacking the received
samples at a given subcarrier m, i.e., the mth row of Yq from all the Q receive antennas,
obtaining the Q×N space-time matrix Ym. Thus, the input-output relationship for
a given subcarrier m across all the antennas can be represented as

Ym = ΛmXm +Wm, (3.3)

where the elements of the matrices Λm ∈ CQ×K , Xm ∈ CK×N and Wm ∈ CQ×N are
given by [Λm]q,k = λq,k[m], [Xm]k,n = [Xk]m,n and [Wm]q,n = [Wq]m,n, respectively.

Finally, Xm ≜ [Pm,Dm], where Pm and Dm represent the transmitted pilot and
data symbols, respectively. Correspondingly, Ym ≜ [Y

p

m,Y
d

m] and Wm ≜ [W
p

m,W
d

m].

3.2 Conventional Techniques for Channel Estimation

and Equalization

In this section, the widely used linear pilot-based channel estimation and equalization
techniques are described. In particular, LS-based channel estimation, and two linear
combining techniques, namely MRC and MMSE equalization techniques are considered.
At the channel sounding stage, each user transmits a pilot sequence with the length
Np ≥ K over different time slots on a given subcarrier allocated to pilot symbols [17].
The pilot sequence of length Np for a given user k at a given subcarrier m, pk

m, is chosen
from a pilot book Pm = [p0

m,p
1
m, . . . ,p

K−1
m ]T that satisfies the orthogonality property

PmP
H

m = NpIK , [59]. Consider a pilot book where each pk
m is obtained from k cyclic

shifts of the Zadoff-Chu (ZC) root sequence of length Np. Using (3.3), the received
pilots from all the users at subcarrier m can be represented as Y

p

m = ΛmPm +W
p

m.
Consequently, the channel response for all the users at a given subcarrier m can be
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estimated as

Λ̂m =
1

Np

Y
p

mP
H

m = Λm +
1

Np

W
p

mP
H

m ≜ Λm + W̃m, (3.4)

where W̃m = 1
Np

W
p

mP
H

m.

To estimate the CFR at all subcarriers, it is sufficient to allocate mP = L subcarriers
as pilots [47]. This is due to the fact that the L CFR estimates can be transformed
to the time domain, obtaining the CIR, where the channel has only L parameters.
Subsequently, the CIR can be transformed again to frequency to obtain the CFR of
all subcarriers. Let I represent the set of subcarrier indices allocated to the pilot,
and λI

q,k the vector formed by selecting the mP entries of λq,k at the pilot subcarriers,
each element of λI

q,k can be estimated from (3.4), as λq,k[m] = [Λ̂m]q,k. From (3.2),
the following relation between CFR and CIR holds

λI
q,k =

√
MFI

Mhq,k, (3.5)

where FI
M is a mP × L matrix formed by selecting the L first columns of FM with

the rows indexed by I. Hence, the CIR of user k at a given BS antenna q can be
estimated by solving (3.5) for hq,k, i.e., hq,k = 1√

M
(FI

M )−1λI
q,k. Finally, after obtaining

the CIR, Λ̂m at each subcarrier can be reconstructed with (3.2). Therefore, the
channel estimation process, (3.4) and (3.5), requires a minimum of LK pilots.

Using the channel estimates Λ̂m, and deploying a linear combining technique such
as MRC, the transmit data symbols for all the users can be estimated as

X̂MRC
m = Γ−1

m Λ̂
H

mY
d
m = Γ−1

m Λ̂
H

m(ΛmDm +Wd
m), (3.6)

where Γm is a K × K diagonal matrix, with the kth diagonal element given by
1
Q

∑Q−1
q=0 |λq,k[m]|2, considered solely to normalize the amplitude of the equalizer

output. In the literature, the effect of channel estimation noise is often neglected and
the diagonal elements of Γm are formed from the diagonal elements of ΛH

mΛm, i.e., the
norm squared of the channel vector for each user at a given subcarrier m. However,
in the presence of channel estimation errors, using (3.4), the normalization factors on
the elements of ΛH

mΛm are obtained as the diagonal elements of

Λ̂
H

mΛ̂m = Λ̂
H

mΛm +Λ
H

mW̃m +
1

N2
p

Pm(W
p

m)
HW

p

mP
H

m. (3.7)
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The term Λ
H

mW̃m tends to zero in the asymptotic regime, as Q → ∞, since the channel
gain and noise are independent. However, the same is not true for (Wp

m)
HW

p

m. As
W

p

m represents the AWGN, in the asymptotic regime, it can be derived that(
Λ

H

mW̃m +
1

N2
p

Pm(W
p

m)
HW

p

mP
H

m

)
→ Qσ2

w

N2
p

PmP
H

m. (3.8)

Hence, taking a similar approach to [60], the channel estimation noise can be mitigated
by subtracting (3.8) from the normalization factor, i.e., Γm is formed from the diagonal
elements of (Λ̂

H

mΛ̂m − Qσ2
w

N2
p
PmP

H

m).

Due to the channel hardening effect [17], in the asymptotic regime, as Q → ∞, it
can be derived

λ
H

m,kλm,k′

Q
→

E{|λm,k[q]|2} = 1 if k = k′

0 otherwise
, (3.9)

where λm,k, of length Q, represents the kth column of Λm. Therefore, as Q → ∞,
Γ−1

m Λ̂
H

mΛm → IK .

In practical systems, the number of BS antennas is limited, and the off-diagonal
elements of Λ̂

H

mΛm, in (3.6), lead to a significant amount of interference. Thus, MMSE
combining,

X̂MMSE
m = ΦMMSE

m Y
d

m, (3.10)

where ΦMMSE
m ≜ (Λ̂

H

mΛ̂m−Qσ2
w

N2
p
PmP

H

m+σ2
wIK)

−1Λ̂
H

m, provides an improved performance
compared to MRC.

3.3 The Proposed Joint Channel Estimation and

Equalization Technique

The linear combining techniques presented in the previous section take advantage of
the channel hardening effect and spatial diversity gains in massive MIMO. However,
it requires knowledge of the CFR at all subcarriers, and therefore, a minimum of LK
time-frequency slots are allocated to the pilots for channel estimation. In practical
systems, L can take large values, especially as the bandwidth increases. Hence, in this
section, a novel method is proposed that is capable of reducing the pilot overhead to
a single pilot subcarrier. Therefore, only K time-frequency slots would be necessary
for pilot allocation, reducing the training overhead by a factor of L.
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In current standards, the subcarrier spacing ∆f is chosen to be much shorter than
the coherence bandwidth [88]. Hence, the channel can be considered flat across the
frequency band of multiple adjacent subcarriers. This suggests that the channel at
a single subcarrier can be considered for the equalization of its adjacent subcarriers.
Moreover, the correlation between the CFR of adjacent subcarriers can be obtained
from the following approximation [7]

|α∆m,k| ≈

√
1−

(
∆f∆m

Fc

)2

, (3.11)

where α∆m,k ≜ E{λ∗
m,k[q]λ((m+∆m))M ,k[q]}, Fc =

1
ℓτ

is the coherence bandwidth and ℓτ

is the maximum delay spread of the channel.

Taking this into account, consider a reference pilot in one subcarrier where its
channel estimate is used for equalization of the neighboring subcarriers. The detected
data symbols will be considered as virtual pilots, updating their channel estimates
and allowing for the equalization of data at their adjacent subcarriers. This process
can then be repeated, in a sliding manner, until all the data and the CFR in the UL
frame are estimated. Hence, the data Xm, at any given subcarrier m, can be equalized
using (3.10) and (3.11) with the CFR at subcarrier m− 1 as

X̂MMSE
m =

1

|α1,k|
ΦMMSE

m−1 Ym. (3.12)

In (3.12), it was considered the approximation (Λ̂m)
HΛ̂m ≈ (Λ̂m−1)

HΛ̂m−1, and the
phase of α1,k to be negligible.

After obtaining X̂MMSE
m , hard decision is performed by quantizing each symbol

to their nearest QAM constellation point, resulting in X̂HD
m . With X̂HD

m , the CFR
estimate at subcarrier m can be updated as

Λ̂m = Ym(X̂
HD
m )†. (3.13)

This channel estimate is then used for equalization of the following subcarrier, m+ 1,
using (3.12). It is worth noting that, since X̂m was considered as the pilot, the noise
mitigation term in (3.8) should be corrected accordingly. That is, the term P

H

m in
Γm and ΦMMSE

m should be substituted by (X̂HD
m )†. Then the procedure is repeated in

a sliding manner until the whole frame is equalized. If the detected symbols X̂HD
m

are erroneous, (3.13) provides imperfect channel estimates, and hence, the sliding
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technique propagates the error to further subcarriers. Therefore, the concept of depth
is proposed, further described in the later part of this section. Incorporating the
concept of depth in the proposed joint channel estimation and equalization method
significantly improves the accuracy of X̂HD

m , alleviating the error propagation issue.
It is worth noting that Xm can be a rank-deficient matrix. Specifically, if the

rank of Xm is lower than K, (3.13) fails to retrieve Λ̂m. To solve this issue, α∆m,k is
calculated for any value of ∆m. This way, X̂MMSE

m at any subcarrier can be detected
with the same reference pilot using (3.12).

Proposition 1 In the asymptotic regime, it is possible to perform MRC with the
channel estimates on a single subcarrier. In other words, the data at any given
subcarrier m can be equalized with the CFR at any other subcarrier m′.

Proof The data Xm, at any given subcarrier m, can be detected by performing MRC
with the channel estimates at subcarrier m′

X̂MRC
m = Γ−1

m′Λ
H
m′Yd

m. (3.14)

Considering (3.9) in the asymptotic regime, as Q → ∞,

λ
H

m′,k′λm,k

Q
→

α∆m,k if k = k′

0 otherwise
, (3.15)

where ∆m = m−m′. Consequently, in (3.14), Γ−1
m′Λ

H
m′Λm → Ψ∆m, where Ψ∆m is a

diagonal matrix with the diagonal elements formed by the vector [α∆m,0, . . . , α∆m,K−1].
The exact value of α∆m,k can be obtained by substituting the CFRs with the

expression given in (3.2). This yields a quadratic form, with the expectation defined
as [89]

E{h̃H
q,k(M f∗M,mf

T
M,((m+∆m))M

)h̃q,k} = tr{AΣ̃k}+ µ′Aµ, (3.16)

where A = Mf∗M,mf
T
M,((m+∆m))M

. The variables µ and Σ̃k represent the mean and
covariance matrices of h̃q,k, respectively. With the parameters presented in section 3.1,
it is given that the channel is zero mean, i.e., µ = 0M×1, and Σ̃k is a diagonal matrix
with the diagonal elements formed by the vector ρ̃k = [ρT

k ,0
T
M−L×1]

T. Hence, (3.16)
reduces to

α∆m,k = tr{AΣ̃k} =
√
M fTM,((∆m))M

ρ̃k. (3.17)

Based on this result, as long as the PDP is known, equalization can be performed
using (3.14) followed by scaling the MRC output for each subcarrier by 1

α∆m,k
. It is
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worth noting that the PDP can also be estimated within a superframe of transmission
blocks, as shown in [60].

In the asymptotic regime, it is sufficient to use Proposition 1 and the channel
estimate from a single subcarrier to equalize the entire OFDM frame. However, in
practical systems, the aforementioned scaling by 1

α∆m,k
may lead to noise enhancement

and, consequently, a performance loss. For this reason, the proposed equalization
technique is performed in a sliding manner, as α∆m,k is larger for the smaller values
of |∆m|. When Xm is rank-deficient, Λ̂m cannot be estimated. Thus, it is necessary
to utilize the previously estimated channels on the closest subcarrier, independent of
|∆m|. Furthermore, if the PDP is known at the receiver, the scaling term α∆m,k can
be calculated from (3.17), instead of using the approximation from (3.11).

3.4 Frequency Diversity

In the previous sections, it was shown how the system can benefit from using the
CFR from a single subcarrier to estimate the data of adjacent subcarriers within the
coherence bandwidth. However, this concept can be seen from a different angle, where
the data from a single subcarrier can be estimated using the CFR from all adjacent
subcarriers within the coherence bandwidth. In other words, the coherence bandwidth
can also be seen as a form of frequency diversity. To this end, this section starts
by showing how the proposed joint channel estimation and equalization technique
can take advantage of frequency diversity through the concept of depth. Then, this
section also shows how frequency diversity is ineffective in conventional methods.
In particular, the derivations of this section show that, in conventional methods,
frequency diversity is only beneficial when a large number of pilots is used. This is
while using only mP = L results in no gains from frequency diversity.

3.4.1 Depth Concept

When the coherence bandwidth is much larger than the subcarrier spacing, the
correlation α∆m,k takes large values for multiple values of ∆m. This sparks the idea
of taking advantage of the frequency diversity in addition to the spatial diversity. To
this end, improved SINR performance can be achieved by performing equalization
for each subcarrier multiple times, each with the channel of a different subcarrier
within the coherence bandwidth. This improvement substantially reduces the error
propagation issue from (3.13).
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While the channels from all subcarriers could be considered for the averaging, the
channels with a small correlation would bring minimal improvement to the output.
Since, the value of α∆m,k decreases as the value of |∆m| increases, only channels of
subcarriers within a range are considered. Hence, the maximum range considered is
denoted as the depth, D.

Ideally, the depth would consider all adjacent subcarriers, at higher and lower
indices. However, since the channels are updated in a sliding manner, only the channel
on one side of the subcarriers is available at the time of equalization. Therefore, the
final output of my proposed technique is achieved with two steps. The first step of
the proposed technique is performed by sliding from lower to upper subcarrier indices
until the whole frame is equalized. For the second step, the procedure is realized
again, however, now sliding from higher to lower subcarrier indices. It is worth noting
that both steps can be realized in parallel as the steps are independent of each other.
The outputs from both steps are then averaged to obtain the final output of the
proposed technique. Each step is distinguished with the direction variable ξ ∈ [−1, 1]

representing steps one and two, respectively. This way, each step can be represented
as

X̂m,ξ =
1

D

D∑
∆m=1

Ψ−1
ξ∆mΦ

MMSE
m−ξ∆mYm. (3.18)

The final output is then obtained as X̂m = 1
2
(X̂m,−1 + X̂m,1). The proposed technique

is summarized in Algorithm 1 and depicted in Fig. 3.1.

3.4.2 Frequency Diversity in Conventional Methods

It is worth noting that the frequency diversity is unique to the proposed method in
this chapter and depth cannot be adapted to the conventional MMSE combining.
Noticeably, the LS channel estimation technique estimates the CFR at all subcarriers.
With all the channel estimates, it becomes possible to perform MMSE combining
multiple times to detect each subcarrier, each combining using the CFR at the
corresponding subcarrier and the adjacent subcarriers, in the same manner as the
proposed depth method. Hence, it can be misconstrued that averaging all these
outputs would achieve the same frequency diversity as in the proposed depth method.
However, this is not possible due to the fact that when using only mP = L pilots to
estimate the channel at M subcarriers, the channel estimation noise between adjacent
subcarriers becomes correlated. The main benefit of the depth implementation is
that it can essentially average the channel estimation noise with frequency diversity.
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Algorithm 1 Proposed sliding technique with reference pilot at subcarrier i.

1: Initialize: Estimate channel at reference subcarrier (Pilot), obtaining Λ̂i using
(3.4).

2: for ξ = [−1, 1] do
3: m′ = i {Define the anchor for closest available CFR}
4: for mdir = 1 to M − 1 do
5: m = ((i+ ξmdir))M
6: Initialize X̂m,ξ = 0K×N

7: c = 0 {Define total channels used for equalization}
8: for ∆m = 1 to D do
9: if Λ̂((m−ξ∆m))M was estimated then

10: X̂m,ξ = X̂m,ξ +Ψ−1
ξ∆mΦ

MMSE
((m−ξ∆m))M

Ym

11: c = c+ 1
12: end if
13: end for
14: if c == 0 then
15: X̂m,ξ = Ψ−1

m−m′Φ
MMSE
m′ Ym

16: else
17: X̂m,ξ =

X̂m,ξ

c

18: end if
19: X̂HD

m,ξ is obtained from hard decision of X̂m,ξ

20: if X̂HD
m,ξ is invertible then

21: Λ̂m = Ym(X̂
HD
m )† and update m′ = m

22: else
23: Λ̂m is not estimated and m′ is not updated
24: end if
25: end for
26: end for
27: Obtain X̂m by averaging the two sets of result
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Fig. 3.1 Proposed technique sliding from lower to higher subcarrier indexes, i.e., ξ = 1.
Sliding to the opposite direction (ξ = −1) can be performed in parallel and both

outputs are averaged to obtain the results in (3.18)

However, if the noise is correlated, then the frequency diversity gain becomes very
limited. Thus, in the following, it is mathematically proven that the channel estimation
noise between subcarriers is correlated.

To prove that the noise terms from the estimated CFR are correlated in the con-
ventional method, the covariance between the noise terms in two different subcarriers
is derived. To simplify the analysis, without loss of generality, the scenario is reduced
to a single user. With a single user, the pilot needs to be inserted only in one symbol,
or time slot, i.e., p0

m = [1]. Hence, the channel estimation matrix in equation (3.4)
becomes a Q× 1 vector given as

λ̂m = λm +wp
m, (3.19)

where Q denotes the number of BS antennas.

Consider now a generic representation of the relation between CFR and CIR shown
in (3.5). The following representation assumes mP ≥ L and includes the noise term

λI
q =

√
MFI

Mhq +wI
q , (3.20)
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where wI
q is the noise vector at subcarrier indices within the set I at BS antenna q,

and hq represents the CIR from the single user to antenna q. Again, FI
M is a mP × L

matrix formed by selecting the L first columns of FM with the rows indexed by I, only
now mP may assume values different of L. From (3.20), the CIR can be estimated as

ĥq =
(√

MFI
M

)†
λI

q = hq +
(√

MFI
M

)†
wI

q . (3.21)

To simplify the analysis, consider that mP is a divisor of M . This way, the term√
MFI

M becomes L first columns of the mP-point DFT matrix, and the pseudo inverse
of

√
MFI

M becomes (√
MFI

M

)†
=

√
M

mP

(FI
M)H. (3.22)

Hence, (3.21) can be simplified as

ĥq = hq +

√
M

mP

(FI
M)HwI

q . (3.23)

With the CIR estimates from (3.23), the CFR estimates at each subcarrier m can be
obtained as

λ̂q[m] =
√
M fTM,m[ĥ

T
q ,01×(M−L)]

T = λq[m] +
M

mP

fTM,m[
(
(FI

M)HwI
q

)T
,01×(M−L)]

T,

(3.24)
where fM,m denotes the mth column of FM . The vector containing the channel
estimation noise at all the subcarriers for a given antenna q is defined as βq =

[βq[0], . . . , βq[M − 1]]T, where βq[m] = M
mP

fTM,m[
(
(FI

M)HwI
q

)T
,01×(M−L)]

T.

With the expression for the noise terms, it can be proven that the channel estimation
noise between different subcarriers is correlated by calculating the covariance.

cov{βq[m], βq[m
′]} = E{βq[m]β∗

q [m
′]} − E{βq[m]}E{β∗

q [m
′]}. (3.25)

Since the terms of (wI
q )

T are zero mean and independent from each other, the term
E{βq[m]}E{β∗

q [m
′]} is zero. Therefore, the covariance is calculated with only the

expected value

E{βq[m]β∗
q [m

′]} = E{M
2

M2
P

[(w′
q)

T,01×(M−mP)]
∗f∗M,m′fTM,m[(w

′
q)

T,01×(M−mP)]
T}, (3.26)
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where w′
q =

(
(FI

M)HwI
q

)
. Since the normalized DFT matrix is a unitary matrix, w′

q

retains the statistical properties of wI
q . Hence, similar to (3.16), the expectation in

(3.26) can be calculated using the quadratic forms formula [89]

M2

M2
P

E{[(w′
q)

T,01×(M−mP)]
∗f∗M,m′fTM,m[(w

′
q)

T,01×(M−mP)]
T} =

M2

M2
P

(tr{AΣ}+ µTAµ),

(3.27)
where µ and Σ represent the mean and covariance matrices of [(w′

q)
T,01×(M−mP)]

T,
respectively, and A = f∗M,m′fTM,m. Given that w′

q is composed from the AWGN noise
and the DFT matrix, its statistical measures can be derived as

µ = 0M×1 and Σ =
mP

M
diag{[σ2

w, . . . , σ
2
w,01×(M−mP)]

T}. (3.28)

Finally, substituting the aforementioned values in (3.27) results in

cov{βq[m], βq[m
′]} =

√
M

mP

fTM,(m−m′)[σ
2
w, . . . , σ

2
w,01×(M−mP)]

T =

=
σ2
w

mP

mP−1∑
l=0

e
−j2π(m−m′)l

M

=

(
σ2
w

mP

)
1− e

−j2π(m−m′)mP
M

1− e
−j2π(m−m′)

M

=

(
σ2
w

mP

)
sin(π(m−m′)mP

M
)

sin(π(m−m′)
M

)
e

−jπ(m−m′)(mP−1)

M

= σ2
w

sinc( (m−m′)mP

M
)

sinc( (m−m′)
M

)
e

−jπ(m−m′)(mP−1)

M .

(3.29)

From (3.29), it can be deduced that the noise terms are only uncorrelated when
sinc( (m−m′)mP

M
) = 0, i.e., if m−m′ is a multiple of M

mP
. Furthermore, the correlation

between the noise terms of the adjacent subcarriers will be the highest. Since depth
is only effective with the subcarriers within the coherence bandwidth, i.e., in the
neighborhood of each subcarrier, implementing depth in the conventional MMSE
combining fails to average out noise effectively. These results also show that the noise
terms become correlated due to estimating M CFR terms with only mP pilots. This
issue can be solved by allocating one pilot for each subcarrier, i.e., mP = M , making
all the noise terms uncorrelated. However, this is not practical as this leads to a
large spectral efficiency loss. In contrast, in the proposed joint channel estimation
and equalization technique, data subcarriers are utilized as virtual pilots to estimate
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the channel. This can be seen as deploying a pilot per subcarrier. In other words, in
the proposed technique, the CFR is estimated as if the effective number of pilots was
mP = M . Consequently, the covariance of channel estimation noise for the proposed
technique using (3.29) becomes zero. The same conclusion can be drawn from (3.13),
where the channel estimate at a given subcarrier m is obtained as

Λ̂m = Ym(X̂
HD
m )† = Λm +Wm(X̂

HD
m )†. (3.30)

Since Wm is the AWGN in the frequency domain and all the data symbols are
considered to be uncorrelated, the channel estimation noise Wm(X̂

HD
m )†, will be

uncorrelated from one subcarrier to another.
In the following section, the performance of the proposed technique is numerically

evaluated. The conventional LS-based channel estimation and MMSE combining
are used as a benchmark comparison for the proposed method. It is shown that
the proposed channel estimation and equalization method, using only K pilots,
outperforms the conventional method, which requires LK pilots.

3.5 Numerical Analysis

In this section, the efficacy of the proposed technique is evaluated and compared with
the conventional LS-based channel estimation and MMSE equalization. The following
parameters are in accordance with the 3rd Generation Partnership Project (3GPP)
standards given in [44]. In the simulations, the UL transmission of a single frame with
16-QAM and OFDM modulation, M = 1024 subcarriers, and N = 14 time symbols
are considered. The BS serves K = 7 users, where Np = 7 time slots are allocated
to each user for channel estimation, and Nd = 7 time slots for data transmission.
The ETU channel model, [44], with a coherence bandwidth of Fc ≈ 200 kHz, is
used. Considering subcarrier spacing of ∆f = 15 kHz and transmission bandwidth of
15 MHz, the channel length is determined to be L = 77. Therefore, for the conventional
LS-based channel estimators, mP = L pilot subcarriers are deployed, resulting in a
total of LNp = 539 time-frequency resources allocated for pilot transmission. This is
while the proposed technique requires only Np = 7 time-frequency resources. Perfect
knowledge of the PDP for each user at the BS is assumed. These results were obtained
through the ensemble average of 5000 random trials.

In Fig. 3.2, the SINR performance of the proposed technique is evaluated against
the number of BS antennas for depth factors of D = 1, 2, 3, and without the imple-
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Fig. 3.4 BER performance for the proposed technique and MMSE combining.

mentation of depth. When depth is not implemented, only one sliding direction is
considered, where one estimate of the data symbol at each subcarrier is obtained, i.e.,
the output is derived from X̂m = Ψ−1

1 ΦMMSE
m−1 Ym. An input SNR of 0 dB was used.

The results in Fig. 3.2 show that noise and multiuser interference can be effectively
averaged out by the proposed technique as the number of BS antennas increases.
Additionally, the proposed technique without the implementation of depth can achieve
performance very close to that of the conventional MMSE combiner. However, with
D = 1, 2, and 3, the proposed technique results in an SINR performance gain of
around 2dB compared to the conventional MMSE combining. It is worth noting that
the SINR performance becomes linear only after a minimum number of BS antennas
is deployed. This is due to error propagation at the channel estimation stage in
(3.30), highlighting the benefit of increasing depth, as it significantly improves SINR
performance, especially when considering fewer BS antennas or lower input SNR.
Furthermore, frequency diversity predominantly averages out the channel estimation
noise in (3.4). However, as shown in Fig. 3.3, in the absence of noise, increasing
depth negatively impacts the signal to interference ratio (SIR). This occurs due to
the approximation in (3.12). The conventional LS channel estimation and MMSE
combining result in infinite SIR in the absence of noise and, thus, are not included in
Fig. 3.3.



62 Massive MIMO with only a Single Pilot Subcarrier

102 103

Number of Antennas

5

10

15

20

25

30

S
IN

R

no depth implemented

D=1

D=2

D=3

Fig. 3.5 SINR performance of the conventional method with the implementation of depth.

In Fig. 3.4, the BER performance of the proposed technique is analyzed when
Q = 200 BS antennas are deployed. With D = 3, the proposed technique results in a
2 dB performance gain at higher Eb/N0s compared to the conventional method. These
results demonstrate that increasing D from 1 to 3 provides nearly 4 dB performance
gain.

Fig. 3.5 shows that implementation of depth in conventional LS- channel estima-
tion technique with MMSE combining is not effective. The conventional LS channel
estimation with MMSE combining is implemented in a manner similar to the proposed
technique, using depth as a parameter. In Fig. 3.5, the SINR performance of the
conventional method versus the number of BS antennas with and without implemen-
tation of depth are evaluated. The results show that even when implementing D =
3, the SINR performance improvement is negligible. Hence, the implementation of
depth is not beneficial in this scenario.

In the previous simulations, the performance of the proposed technique was only
analyzed under the ETU channel model, as it is the most hostile channel among other
3GPP channel models [44]. This is due to the fact that ETU channel has the smallest
coherence bandwidth (Fc ≈ 200 kHz) when compared to other 3GPP standard channel
models [44], such as Extended Pedestrian A (EPA) with coherence bandwidth 12
times that of ETU (Fc ≈ 2.4 MHz) and EVA with coherence bandwidth twice as
large as that of ETU (Fc ≈ 400 kHz). Hence, among these channel models, ETU
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Fig. 3.6 SINR performance as a function of depth D.

accommodates the smallest number of subcarriers within its coherence bandwidth.
This reduces the frequency diversity and consequently, it reduces the gains from depth
implementation in ETU channel model. Furthermore, since ETU channel is highly
frequency-selective, it requires a large number of pilots when conventional LS-based
channel estimation methods are deployed since the channel length L becomes larger.

To study the effect of depth under different channel conditions, the SINR perfor-
mance versus depth for all the 3GPP channel models, i.e., ETU, EPA andEVA, are
compared in Fig. 3.6. In all channel scenarios, Q = 200 BS antennas are deployed.
For the ETU model, the best performance is achieved for D = 3 and the performance
degrades sharply thereafter. On the other hand, the EVA model achieves the highest
SINR at D = 6 and the performance drops sharply as D increases. It is worth noting
that the EVA model was considered solely for its coherence bandwidth size. Hence, it
was simulated in a static scenario, i.e., zero Doppler was considered. Finally, for the
EPA channel model, maximum SINR is achieved at a depth of D = 40. The highest
SINR performance achieved for each channel model was marked with a dashed vertical
line having the same color as the respective curve in Fig. 3.6. As mentioned earlier,
the EVA and EPA channel models have 2 and 12 times larger coherence bandwidth
than the ETU channel model, respectively. These ratios are in agreement with the
ratios of the depth, D, at which the maximum SINR is achieved for each channel
model.
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3.6 Conclusion

In this Chapter, a sliding joint channel estimation and equalization technique was
proposed to significantly reduce pilot overhead in massive MIMO. First, this chapter
demonstrated that data symbols on adjacent subcarriers can be detected using linear
combining and CFR estimates on a single reference subcarrier. This is possible due
to the fact that the subcarrier spacing is considerably shorter than the coherence
bandwidth of the channel. Therefore, the correlation between the channel of subcarriers
within the coherence bandwidth has values close to one. This is while the derivations
of this chapter also show that in the asymptotic regime, as the number of BS antennas
tends to infinity, MRC combining results in the channel correlation. Hence, the
above derivations lead to the conclusion that the CFR at a single subcarrier can be
used to estimate the data of a band of adjacent subcarriers. The detected adjacent
data symbols were then used as virtual pilots to update their corresponding channel
estimates. The updated CFRs were subsequently employed for the equalization of the
remaining data symbols in a sliding manner. This method can effectively estimate the
channel and the data symbols of the transmitted frame using only a single reference
pilot subcarrier, effectively reducing by almost two orders of magnitude the pilot
overhead compared to conventional methods.

Apart from reducing the pilot overhead, it was shown in this chapter that the
proposed method is capable of efficiently taking advantage of frequency diversity. This
is because the joint channel estimation and equalization approach generates multiple
estimates of the transmitted data symbols at each subcarrier, which are averaged
to provide additional frequency diversity, supplementing the spatial diversity gains
of massive MIMO. Naturally, the number of different subcarrier CFRs that can be
used in the averaging is strictly limited by the coherence bandwidth. Hence, the term
depth was proposed to determine the number of adjacent subcarriers utilized for the
averaging. Additionally, the derivations of this chapter showed that conventional
techniques can only fully take advantage of the frequency diversity when a pilot is
transmitted in every subcarrier. When only the minimum required number of pilots
are transmitted, i.e., mP = L, the channel estimation noise between different CFRs
becomes highly correlated. In other words, the noise term will not be averaged out
after combining.

Through extensive numerical analysis, it was demonstrated that the proposed
technique achieves similar SINR and BER performance compared to conventional
linear combiners when depth is not implemented. However, with the implementation
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of depth, the simulation results showed that the proposed method surpasses the SINR
and BER performance of conventional methods. Furthermore, simulation results also
corroborate the claims that frequency diversity is not effective in conventional linear
combiners. When depth is implemented in these systems, the simulation results show
no improvements in SINR performance. Finally, it was also shown the benefits of
depth in different channel scenarios, where the channel coherence bandwidth differs.
When the coherence bandwidth increases, a larger depth size leads to a larger SINR
performance gain.

In this chapter, a novel method was proposed for contemporary wireless systems
and services, where the channel is approximately constant over multiple subcarriers.
However, as the wireless communications systems progress, new challenges emerge.
In future network systems, emerging applications such as bullet trains, autonomous
driving, and Integrated satellite, aerial, and terrestrial networks face the common
issue of high mobility scenarios. In such cases, the channel Doppler spread makes the
channel coefficients rapidly time-varying, leading to substantial signaling overhead to
manage these variations. Furthermore, most techniques aimed at 4G and 5G systems,
including the one proposed in this chapter, suffer severely from the interference caused
by the Doppler spread. Therefore, in the following chapters, novel approaches are
introduced to reduce the signaling overhead when significant delay and Doppler spreads
are present in the channel.





Chapter 4

OTFS Without CP in Massive MIMO

The new generation of services and applications in 6G mobile systems presents many
challenging requirements, including extremely low latency and ultra-high reliability
of wireless links [1, 14]. These challenges are more noticeable in mission-critical
applications such as autonomous driving that require safe and rapid reactions and
cannot tolerate the wireless link becoming unreliable. Loss of reliability can be due
to the fast time variations of the channel caused by mobility. Dealing with time-
varying channels has a long history and rigorous foundations in the development of
time-frequency domain signaling schemes, [7, 43, 90]. However, conventional solutions
require fast channel tracking and/or large signaling overheads leading to significant
latency issues.

As one of the key building blocks that will underpin next-generation networks, the
air interface needs to be highly resilient to inherent wireless channel-fading effects,
i.e. multipath and Doppler effects. Unlike the LTI channel scenario discussed in
the previous chapter, channels with high Doppler effects introduce fast variations in
the channel response, making channel estimation and equalization significantly more
challenging. Furthermore, the Doppler spread disrupts many of the advantageous
properties of mainstream technologies from 4G and 5G systems, such as the single-tap
equivalent channel in OFDM. This motivates the need for a more robust waveform.
Thus, the focus of this chapter is on the new waveform called OTFS [11]. As shown
in Chapter 2, OTFS deploys the data in DD instead of the time-frequency domain.
This has the interesting benefit of making the channel response in this domain sparse
and time-invariant, [11, 18, 66]. Furthermore, OTFS can be implemented on top of
OFDM and its signal can be formed by concatenating multiple OFDM symbols in
time. However, OFDM may suffer from bandwidth efficiency loss due to its redundant
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CP, whose length can be up to 25% of the symbol duration in its extended form as
devised in the recent 3GPP 5G NR standard [25].

An important point to note is that the CP overhead makes the symbols longer
and hence the time variation of the channel from one symbol to the next is increased.
Additionally, the presence of CP can become a bottleneck when shortening the OFDM
symbols within each OTFS block, i.e., each OTFS time slot, to tackle the time
variations of the channel. Therefore, the authors in [26] have shown that the CP
overhead can be reduced to only one CP at the beginning of each OTFS block instead
of having multiple CPs within one block of OTFS. Recently, the authors in [29]
have shown that in massive MIMO systems one can dispense with the redundant
CP of OFDM by application of TR-MRC in LTI channels. In a more recent work,
the authors in [30] extended the results of [29] to single carrier transmission in LTI
channels. Time reversal is a technique that compresses the channel impulse response,
concentrating the signal energy in one point. Paired with massive MIMO, which
by itself can average out the effects of noise and MUI by deploying a large number
of antennas at the BS, can effectively average out the delay spread of the channel.
Motivated by the need to reduce the signaling overhead of OTFS and alternative ways
to deal with Doppler spread, this chapter answers the following research question.

Can TR-MRC average out doubly spread channel effects and break the Doppler
limitations of OTFS?

In this chapter, TR-MRC is proposed as a solution to completely remove CP
of OTFS-based massive MIMO systems. Assuming locally LTI channels over each
symbol within the OTFS blocks, it was demonstrated that both the delay and Doppler
spread of the channel at the time-reversal combiner output average out as the number
of receive antennas grows large. However, for considerably large Doppler shifts, this
assumption does not hold and a residual Doppler effect remains after time-reversal
combining. The numerical analysis in the asymptotic regime showed that this effect
reduces to scaling of the received symbols in the delay dimension with the samples of
a Bessel function that depends on the maximum Doppler frequency. Based on this
observation, a novel solution to the Doppler limitation of OTFS is proposed through
the application of a RDC window. It is worth noting that time reversal focuses
the delay spread into a single point using a convolution function in the delay-time
domain. As shown in Chapter 2, the OTFS equivalent channel can be represented
as a 2D circular convolution. This raises the idea of performing time reversal as a
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2D convolution in the DD domain, focusing the effect of both the delay and Doppler
spread of the channel into a single point. Hence, this chapter also shows how TR-MRC
can be performed in the DD domain as a 2D circular convolution and compares the
computational complexity of the DD domain implementation with the time-frequency
domain implementation.

4.1 OTFS-based Massive MIMO

Consider an OFDM-based OTFS system in a large scale MIMO setup where a single
antenna user is communicating with a BS that is equipped with Q antennas. To
better cope with the time variations of the channel, the OFDM symbols are shortened
by removing the CP overhead. Let the M × N matrix X contain the QAM data
symbols in the DD domain. The elements of X are i.i.d. zero-mean complex random
variables of unit variance. In the first stage of OTFS modulation, the data symbols
are first mapped to the time-frequency plane with N time slots and M frequency bins
by an inverse symplectic finite Fourier transform (ISFFT) operation, [11]. This can
be implemented by performing M -point DFT and N -point IDFT operations along
the columns and rows of X, respectively, i.e., FMXFH

N . In this first stage, OTFS is
performed with rectangular transmit and receive window functions. The resulting
time-frequency samples are then fed into an OFDM modulator and the OTFS transmit
signal in the absence of CP is formed as

S = FH
M(FMXFH

N) = XFH
N . (4.1)

Hence, the OFDM-based OTFS modulation reduces to N -point IDFT operations
along the rows of X, [23]. After parallel-to-serial conversion of S, the transmit signal
can be formed as s = [sT0 , . . . , s

T
N−1]

T where sn indicates the nth column of S, i.e.,

sn = Xf∗N,n =
1√
N

N−1∑
i=0

xie
j2πni

N , (4.2)

and xi denotes the ith column of X.

After the digital-to-analog conversion of the signal s, the continuous-time baseband
signal, s(t) goes through the LTV channel. Considering the same SNR and statistically
independent channels between the mobile terminal and the BS antennas, the received



70 OTFS Without CP in Massive MIMO

signal at the BS antenna q can be written as

rq(t) =

∫ ∫
hq(τ, υ)s(t− τ)ej2πυ(t−τ)dυdτ + ηq(t), (4.3)

where ηq(t) is the AWGN, and

hq(τ, υ) =
P−1∑
p=0

αp,qδ(τ − τp,q)δ(υ − υp,q) (4.4)

is the sparse channel response with P paths in DD domain between the user and
BS antenna q. The parameters αp,q, τp,q and υp,q represent the path gains, delays,
and Doppler shifts of path p at antenna q, respectively. It is assumed the same PDP
for the channels between the user and all the BS antennas and the path gains at
different antennas to be i.i.d. complex Gaussian random variables with zero mean
and variance of ρ(p), i.e., αp,q ∼ CN (0, ρ(p)),∀q. Considering a normalized PDP,
ρ = [ρ(0), ..., ρ(P − 1)]T where

∑P−1
p=0 ρ(p) = 1. In practical systems, the sampling

period is short enough to approximate the path delays to the nearest sampling points.
Consequently, fractional delays are not considered, and each τp,q is approximated as
an integer multiple of the sampling period Ts, i.e., τp,q ≈ ℓτp,qTs where ℓτp,q ∈ [0, L− 1]

and L is the number of delay taps after discretization [40]. Thus, the received signal
at antenna q after analog-to-digital conversion with the sampling period Ts, i.e.,
rq(ℓTs) = rq[ℓ], can be expressed as

rq[ℓ] =
L−1∑
k=0

hq[k, ℓ]s[ℓ− k] + ηq[ℓ], (4.5)

where

hq[k, ℓ] =
P−1∑
p=0

αp,qe
j2πυp,q(ℓ−k)Tsδ[k − ℓτp,q ] (4.6)

is the channel response in delay-time domain and hq[k, ℓ] = 0 for any k /∈ [0, L− 1].

After serial-to-parallel conversion of each received OTFS block of size MN samples
at a given antenna q, an M ×N matrix Rq = [r0,q, . . . , rN−1,q] with the columns rn,q =
[rq[nM ], . . . , rq[(n+1)M−1]]T is formed. In the first stage of OTFS demodulation, the
columns of Rq are fed into an OFDM demodulator to obtain the received signal in the
time-frequency domain as FMRq. The resulting signal samples are then translated to
the DD domain at the second OTFS demodulation stage through an SFFT operation,

X̂q = FH
M(FMRq)FN = RqFN , (4.7)
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where X̂q = [x̂0,q, ..., x̂N−1,q] and

x̂n,q = RqfN,n =
1√
N

N−1∑
i=0

ri,qe
−j2πni

N . (4.8)

4.2 Proposed TR-MRC with RDC Windowing

In this section, TR-MRC is applied to an OFDM-based OTFS without the addition
of CP. The output and analysis show that the interference caused by both delay
spread, i.e., ISI and inter block interference (IBI), and time variations of the channel
can be effectively alleviated as the number of BS antennas grows large.

Considering the received OFDM symbol n at antenna q with the samples due
to the transient of the channel from (4.5), the (M + L − 1) × 1 vector r̃n,q =

[rq[nM ], . . . , rq[(n+ 1)M + L− 2]]T can be obtained as

r̃n,q = H(n,n−1)
n,q sn−1 +H(n,n)

n,q sn +H(n,n+1)
n,q sn+1 + ηn,q. (4.9)

The (M + L − 1) × M convolution matrices H
(n,n)
n,q , H

(n,n−1)
n,q and H

(n,n+1)
n,q when

multiplied to the symbols sn, sn−1 and sn+1 form the channel affected symbol n, the
tail of the symbol n − 1 that overlaps with the first L − 1 samples of the symbol
n, and the first L− 1 samples of the symbol n+ 1 that overlap with the tail of the
symbol n, respectively. The elements of these matrices are represented as

[H(n,n)
n,q ]ab = hq[a− b,Mn+ a],

[H(n,n−1)
n,q ]ab = hq[M − b+ a,Mn+ a],

[H(n,n+1)
n,q ]ab = hq[a− b−M,Mn+ a],

(4.10)

where a = 0, . . . ,M + L− 2 and b = 0, . . . ,M − 1. It is worth mentioning that these
matrices follow a Toeplitz-like structure (but, not quite Toeplitz because of the time
variation of the channel) as shown in (4.11), (4.12) and (4.13). In these matrices, each
diagonal represents a channel tap that varies every sample according to its respective
Doppler shift. As mentioned earlier, the absence of CP leads to IBI between OTFS
blocks apart from ISI. This effect is represented using the same matrices as the ones
that are shown in (4.9). Hence, IBI is treated in the same way as ISI.

In the following subsections, OTFS without CP is asymptotically analyzed using
TR-MRC as the number of BS antennas tends to infinity for both LTI and LTV
channels. Based on the derivations and analysis, a novel windowing technique tailored
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H(n,n−1)
n,q =


0 . . . hq[L− 1,Mn] . . . hq[1,Mn]
... . . . . . . . . . ...

0
. . . . . . . . . hq[L− 1,Mn+ L− 2]

... . . . . . . . . . ...
0 . . . . . . . . . 0

 , (4.11)

H(n,n)
n,q =



hq[0,Mn] . . . 0
... . . . ...

hq[L− 1,Mn+ L− 1]
. . . 0

... . . . ...

0
. . . hq[0,M(n+ 1)− 1]

... . . . ...
0 . . . hq[L− 1,M(n+ 1) + L− 2]


, (4.12)

H(n,n+1)
n,q =



0 . . . . . . . . . 0
... . . . . . . . . . ...

0
. . . . . . . . . 0

hq[0,M(n+ 1)]
. . . . . . . . . 0

... . . . . . . . . . ...
hq[L− 2,M(n+ 1) + L− 2] . . . hq[0,M(n+ 1) + L− 2] . . . 0


,

(4.13)
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to the channel correlation function is proposed to address the residual Doppler effect
caused by the time variations of the channel within each OFDM symbol.

4.2.1 TR-MRC for OTFS in LTI channels

For an LTI channel, there is no time variation over the OTFS blocks, i.e., hq[k,m] =

hq[k,m
′], ∀k,m and m′. Thus, the convolution matrices in 4.11, 4.12 and 4.13

become Toeplitz matrices. In TR-MRC, the received signals on the BS antennas q for
OFDM time symbol n are first pre-filtered with the corresponding time-reversed and
conjugated CIRs. Then the resulting signals at different antennas are combined and
the first L− 1 samples at the filter output, i.e., the time-reversal filter transient, are
discarded by the rectangular window W = [0M×(L−1), IM ]. Thus, obtaining

rTR
n =

1

Q

Q−1∑
q=0

WHTR
n,q r̃n,q, (4.14)

where the time-reversal filter for antenna q can be represented by HTR
n,q with the

elements [HTR
n,q ]ab = h∗

q[L − 1 − (a − b), 0] that are independent of n, for a, b =

0, ...,M + L− 2.

Substituting r̃n,q from (4.9) into (4.14), obtaining

rTR
n = G(n,n−1)

n sn−1 +G(n,n)
n sn +G(n,n+1)

n sn+1 + η′
n, (4.15)

where

G(n,n−1)
n

1

Q

Q−1∑
q=0

WHTR
n,qH

(n,n−1)
n,q ,

G(n,n)
n =

1

Q

Q−1∑
q=0

WHTR
n,qH

(n,n)
n,q ,

G(n,n+1)
n =

1

Q

Q−1∑
q=0

WHTR
n,qH

(n,n+1)
n,q ,

η′
n =

1

Q

Q−1∑
q=0

WHTR
n,qηn,q.

(4.16)

The elements of the matrices are given by [G
(n,n−1)
n ]a,b = g[M+a−b, 0], [G(n,n)

n ]a,b =

g[a − b, 0] and [G
(n,n+1)
n ]a,b = g[a − b − M, 0] for a, b = 0, . . . ,M − 1, and g[i, 0] =



74 OTFS Without CP in Massive MIMO

1
Q

∑Q−1
q=0

∑L−1
k=0 hq[k, 0]h

∗
q[k − i, 0] represents the channel correlation function after

combining.
As the number of BS antennas Q tends to infinity, due to the law of large numbers,

the equivalent time-reversal combining matrices in (4.15) converge almost surely to
the respective expected value. Hence, as Q tends to infinity, G(n,n)

n tends to an identity
matrix while G

(n,n−1)
n and G

(n,n+1)
n tend to zero. This is due to the fact that the

elements on the main diagonal of G(n,n)
n ,

[G(n,n)
n ]b,b →

L−1∑
k=0

E{hq[k, 0]h
∗
q[k, 0]} =

P−1∑
p=0

E{|αp,q|2} = 1 as Q → ∞, (4.17)

while the off-diagonal elements of G(n,n)
n tend to sum of uncorrelated terms of the

form E{hq[k, 0]h
∗
q[j, 0]} = E{αp,qα

∗
p′,q} = 0 when k ̸= j and p ̸= p′.

Finally, TR-MRC output signal is fed into the OTFS demodulator to retrieve the
DD data symbols,

x̂TR
n =

1√
N

N−1∑
i=0

rTR
i e

−j2πni
N . (4.18)

Based on the above discussion, when Q → ∞, rTR
i → si and hence the transmit

symbols can be perfectly recovered.

4.2.2 TR-MRC with RDC windowing for OTFS in LTV chan-

nels

As opposed to LTI channels, time variations of LTV channels make it impossible
to achieve temporal focusing with the same time-reversal filtering procedure as in
Section 4.2.1. Additionally, it is impossible to estimate the channel gains at each
single time sample ℓ, i.e., h[k, ℓ]. Thus, it is assumed an approximately constant
CIR over each OFDM symbol and the channel response to be known at the delay
sample MP ∈ [0,M − 1] in a given OFDM symbol n where MP is the position of
the isolated pilot symbol that is used for channel estimation, [75]. Relying on the
near constant CIR within each OFDM symbol, the time-reversal filtering matrix for a
given OFDM symbol n can be defined as [HTR

n,q ]ab = h∗
q[L − 1 − (a − b),Mn +MP].

Then, substituting this time-reversal filter into (4.14) while considering the received
signal in (4.9) when the channel is LTV.

In contrast to the LTI channels, the correlation function of the LTV channels
depends on the statistical properties of an additional random variable υp,q. It is
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worth noting that the channel gains αp,q and Doppler shifts υp,q at all the paths p

and all the BS antennas are independent with respect to one another. Therefore,
E{αp,qΓ(υp,q)} = E{αp,q}E{Γ(υp,q)} for any measurable function of υp,q, Γ(υp,q). Sim-
ilar to the derivations in Section 4.2.1, as Q → ∞, the elements of the equivalent
channel matrices in (4.15), for LTV channels, tend to zero except for the diagonal
elements of G(n,n)

n , i.e.,

[G(n,n)
n ]b,b =

1

Q

Q−1∑
q=0

L−1∑
k=0

hq[k,Mn+ b]h∗
q[k,Mn+MP]

=
1

Q

Q−1∑
q=0

L−1∑
k=0

P−1∑
p=0

ej2π(υp,q(Mn+b−Mn−MP))Ts

× αp,qα
∗
p,qδ[k − ℓτp,q ]

=
1

Q

Q−1∑
q=0

L−1∑
k=0

P−1∑
p=0

|αp,q|2ej2πυp,q(b−MP)Tsδ[k − ℓτp,q ]. (4.19)

From (4.19), it can be observed that if the channel was LTI within each OFDM
symbol, the same result as in the previous subsection would be achieved. However,
in reality, the channel time variations over each OFDM symbol leaves a residual
Doppler effect at each path that is observed on the exponential term ej2πυp,q(b−MP)Ts

in (4.19). An in-depth understanding of this effect on the performance of TR-MRC
can be obtained with the asymptotic derivations, which leads to my proposed RDC
windowing technique.

As the number of BS antennas tends to infinity, the diagonal elements of G(n,n)
n in

(4.19),

[G(n,n)
n ]b,b →

P−1∑
p=0

E{|αp,q|2}E{ej2πυp,q(b−MP)Ts} as Q → ∞, (4.20)

where E{|αp,q|2} = ρ(p). Thus, the term E{ej2πυp,q(b−MP)Ts} needs to be calculated.
Considering the Jake’s model, [46], for a given maximum Doppler frequency, υmax, the
Doppler frequency for path p and antenna q can be obtained as υp,q = υmaxcos(θp,q),
where θp,q is uniformly distributed within the range [−π, π], i.e. θp,q ∼ U(−π, π).
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Consequently,

E{ej2πυp,q(b−MP)Ts} =

∫ ∞

−∞
ejβcos(θp,q)(b−MP)f(θp,q)dθp,q

= J0(β(b−MP)), (4.21)

where β = 2πυmaxTs, f(θp,q) = 1
2π

is the probability density function of θp,q and J0(·)
denotes the zero-order Bessel function of the first kind. This result shows that, in the
asymptotic regime, the residual Doppler effect is reduced to a real-valued attenuation
function of the maximum Doppler frequency, given by

[G(n,n)
n ]b,b =

P−1∑
p=0

ρ(p)J0(β(b−MP)) = J0(β(b−MP)). (4.22)

From (4.22), one may realize that, as Q grows large, the residual Doppler effect
can be easily corrected by dividing the TR-MRC output with the diagonal elements of
G

(n,n)
n . Therefore, the RDC windowing technique is proposed to effectively compensate

for the residual Doppler effect. This window can be straightforwardly integrated into
the window W in (4.14) as W = [0M×L−1,WJ ], where

WJ = diag{[J−1
0 (−MPβ), ..., J

−1
0 ((M −MP − 1)β)]}. (4.23)

Finally, the transmit data symbols can be recovered in the same fashion as in
(4.18). It is worth noting that the proposed RDC windowing technique in (4.23)
brings substantial performance improvement for large relative velocities between the
transmit and receive antennas. This relaxes the limitations of OTFS on the maximum
Doppler frequency that it can tolerate.

4.3 Implementation in Delay Doppler Domain

In the previous section, TR-MRC and RDC windowing were performed in the delay-
time domain, followed by the OTFS demodulation to retrieve the data in the DD
domain. In this section, TR-MRC with RDC windowing technique is implemented
in the DD domain where the wireless channels and the corresponding time reversal
combiners become sparse and time-invariant.
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Starting by substituting (4.14) in (4.18) to obtain

x̂TR
n =

1

Q
√
N

Q−1∑
q=0

N−1∑
i=0

WHTR
i,q r̃i,qe

−j2πni
N . (4.24)

It is worth noting that the matrices HTR
i,q are Toeplitz. Hence,

WHTR
i,q = Wcirc{h̄i,q}, (4.25)

where h̄i,q is the time reversal filter for the time symbol i in delay-time domain,
padded by M−1 zeros, i.e., h̄i,q = [h∗

q[L−1,Mi+MP], . . . , h
∗
q[0,Mi+MP],01×(M−1)]

T.
Considering the relationship between the DD and time-delay representations of the
time reversal filter, i.e., h̄i,q =

∑N−1
k=0 h̃k,qe

j2πik
N , where h̃k,q is the time reversal filter in

the DD domain at Doppler bin k for antenna q, it can be obtained

WHTRi,q = W
N−1∑
k=0

circ{h̃k,q}e
j2πik
N . (4.26)

Substituting (4.26) into (4.24), results in

x̂TR
n =

1

Q
√
N

Q−1∑
q=0

N−1∑
k=0

Wcirc{h̃k,q}
N−1∑
i=0

r̃i,qe
−j2π(n−k)i

N

=
1

Q
W

Q−1∑
q=0

N−1∑
k=0

circ{h̃k,q}x̃((n−k))N ,q, (4.27)

where x̃n,q =
1√
N

∑N−1
i=0 r̃i,qe

−j2πni
N . Due to the circulant properties from (4.27), the

expresssion can be rewritten as a 2D convolution operation, i.e.,

X̂TR =
1

Q
W

Q−1∑
q=0

(HTR
q

2D

⃝∗ X̃q), (4.28)

where X̃q = [x̃0,q, . . . , x̃N−1,q] and HTR
q = [h̃0,q, . . . , h̃N−1,q] is the 2D time reversal

filter that can be formed by conjugating and reversing the elements of the channel
response along both delay and Doppler dimensions. This can be understood via
the relationship between the delay-time and DD representations of the channel. In
particular, when time reversal is performed along the delay dimension, it has the
same effect in both the DD or the delay-time domain. This is while conjugation
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of the delay-time CIR translates into conjugation and reversal of the DD channel
response along the Doppler dimension. This is in accordance to the time reversal and
conjugation property of the DFT matrix, [39].

Due to the sparsity of the proposed time reversal filters in the DD domain, only a
portion of them are significant and the rest can be approximated as zero at the expense
of only a negligible loss in performance. In comparison, the delay-time counterparts of
these filters are not sparse and all of them need to be considered to achieve satisfactory
performance. An important point to note here is that TR-MRC implementation in
the DD domain calls for 2D convolution operations while delay-time implementation
involves linear convolution operations. Furthermore, DD implementation requires an
OTFS demodulator per antenna while delay-time implementation consists of only one
OTFS demodulator after combining. According to the above points, it is not clear
which implementation leads to a lower computational load. Hence, in the next section,
the computational complexity of the two implementations is analyzed in detail.

4.4 Delay-Time vs. Delay Doppler Implementation

This section studies the implementation complexity of TR-MRC in the DD domain
versus in the delay-time domain. For both cases, it is considered that the channel is
estimated in the DD domain through the EP-aided channel estimation technique [75].
Hence, the delay-time implementation requires the additional step of transforming
the DD domain channel to the delay-time domain. However, the advantage of the
delay-time implementation is that the TR-MRC combines the received signal of all
receive antennas before demodulation. This way, only a single OTFS demodulator
is required. Hence, the OTFS demodulation complexity is an important metric for
comparing the two implementation options. To compute the demodulation complexity
of the OTFS demodulator, the low-complexity OFDM-based demodulator proposed
in [23] is considered. This way, a single DFT per delay block is required for the OTFS
demodulation. Furthermore, the fast Fourier transform (FFT) algorithm is considered
for efficient implementation of the DFT operations.

Each step of the implementation in the delay-time domain is shown in Fig. 4.1,
with the complexity of each step listed in Table 4.1. When implementing in the
delay-time domain, the first step is the time reversal operations, one at each of
the Q BS antennas. This is followed by N RDC windowing operations with real-
valued window coefficients over blocks of M samples. These steps require a total
of QNL(M + L − 1) and MN

2
complex multiplications (CMs), respectively. After
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BS receiver
q = 1

BS receiver
q = 0

BS receiver
q = Q− 1

TR-MRC
RDC

windowing
OTFS

Demodulator X̂TR

...

Fig. 4.1 Implementation steps of TR-MRC with RDC windowing in the delay-time
domain.

Step Number of Complex Multiplications

TR-MRC in delay-time domain QNL(M + L− 1)

RDC windowing MN
2

OTFS demodulation MN
2
log2N

Obtaining CIR from DD channel estimates QLN
2

log2N

Table 4.1 Computational complexity of each step for implementing TR-MRC with RDC
windowing in the delay-time domain.

combining, the signal is mapped to the DD domain through the OTFS demodulator,
which requires MN

2
log2N CMs [23]. Finally, it is necessary to take into consideration

the complexity of obtaining the CIR from the DD channel estimates. Hence, an
additional L number of N -point FFT operations at each BS antenna are required,
adding up to QLN

2
log2N CMs. Consequently, the total computational load of the

proposed delay-time implementation is

Cdt = Q(
LN

2
log2N + (M + L− 1)NL) +

MN

2
(log2N + 1). (4.29)

Step Number of Complex Multiplications

OTFS demodulation at each BS antenna Q(M+L−1)N
2

log2N

2D time reversal in DD domain QN2L(M + L− 1)

RDC windowing MN
2

Table 4.2 Computational complexity of each step for implementing TR-MRC with RDC
windowing in the DD domain.
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BS receiver
q = 1

OTFS
Demodulator

BS receiver
q = 0

OTFS
Demodulator

BS receiver
q = Q− 1

OTFS
Demodulator

TR-MRC
RDC

windowing
...

...

X̂TR

Fig. 4.2 Implementation steps of TR-MRC with RDC windowing in the DD domain.

Each step of the implementation in the DD domain is shown in Fig. 4.2, with the
complexity of each step listed in Table 4.2. The DD implementation of the proposed
technique starts with an OTFS demodulator at each BS antenna, which requires
Q(M+L−1)N

2
log2N CMs. This is followed by Q 2D time reversal operations and N RDC

windowing operations with real-valued window coefficients over blocks of M samples
in length. Hence, the TR-MRC with RDC windowing requires QN2L(M + L − 1)

and MN
2

CMs, respectively. Therefore, the total computational complexity of the DD
implementation can be calculated as

CdD = Q(
(M + L− 1)N

2
log2N +N2L(M + L− 1)) +

MN

2
. (4.30)

From (4.30) it is evident that the operation that demands the largest computational
load in the DD implementation is the 2D time reversal operation. In light of the channel
sparsity in the DD domain, it can be misconstrued that the DD implementation of
TR-MRC leads to a lower complexity than its delay-time counterpart. Comparing
(4.29) and (4.30), it can be observed that the DD implementation of TR-MRC is N

times more complex than its delay-time implementation. It is worth noting that in
special cases, the Doppler spread can be limited to NI < N Doppler bins, e.g., cases
with only integer Doppler. In such cases, the size of the matrix HTR

q in (4.28) is
reduced to a L×NI matrix. Hence, the 2D time reversal in the DD domain would
require only QNNIL(M + L− 1) CMs. However, this is still NI times more complex
than its delay-time implementation. Therefore, it can be concluded that delay-time
implementation is more suitable for practical systems.
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Fig. 4.3 SINR performance as a function of the number of BS antennas.

4.5 Numerical Analysis

In this section, the efficacy of TR-MRC with RDC windowing technique for OTFS
without CP in massive MIMO is confirmed through extensive simulations. To model
the channel, it is considered the EVA channel model [44], and the Doppler shift
is generated using Jake’s model [46]. In the simulation setup, a carrier frequency
fc = 5.9 GHz, subcarrier spacing ∆f = 15 kHz, M = 128, N = 64 and Q = 200 are
considered, unless otherwise stated. The transmission bandwidth is B = 330∆f =

4.95 MHz, 16-QAM modulation is deployed with 5 OTFS blocks per frame. For the
relative speed of V km/h, the maximum Doppler shift can be obtained as υmax = fc

V
3.6C

where C ≈ 3 × 108 m/s is the speed of light. It is assumed perfect knowledge of
the delay-time channel responses at all the BS antennas in the middle of the delay
dimension, i.e., MP = M

2
.

Fig. 4.3 shows a comparison between the SINR performance of OTFS as a function
of the number of BS antennas for different maximum Doppler shifts with and without
RDC windowing. SNR at the input is 1 dB. Based on the analytical results in
Section 4.2, as the number of BS antennas grows large, TR-MRC can effectively
average out the effect of ISI, IBI and time variations of the channel which is evident
in Fig. 4.3. As the maximum Doppler shift increases, time variations of the channel
within each OFDM symbol become more noticeable, and a residual Doppler effect
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Fig. 4.4 SINR performance versus input SNR for different symbol durations.

remains after TR-MRC operation. As shown in Section 4.2, this effect can be corrected
by utilizing my proposed RDC windowing technique. The efficacy of the proposed
technique is confirmed by the results in Fig. 4.3 when the maximum Doppler shift is
υmax = 10.9 kHz which corresponds to the velocity of V = 2000 km/h at fc = 5.9 GHz.
It is worth noting that for υmax ≤ 5.5 kHz, corresponding to relative velocities up to
V = 1000 km/h, the channel correlation resulting from the variations within each
OFDM symbol is negligible. Consequently, the samples of the Bessel function in
(4.22) take values close to 1 and the RDC windowing brings a marginal amount of
improvement.

Fig. 4.4 shows the SINR performance of OTFS with TR-MRC versus input SNR
for different values of υmax and M with a constant OTFS block size of MN = 8192.
From Fig. 4.4 and (4.22), one may realize that every reduction/increase of the symbol
duration, M , for a fixed υmax, leads to the same result as if υmax was reduced/increased
with a fixed M by the same proportion. This shows that the results for υmax = 10.9 kHz
when M = 128 would be the same for a smaller Doppler shift υmax = 2.7 kHz,
corresponding to V = 500 km/h, when M = 512. Additionally, it is worth noting
that in millimeter wave bands υmax = 10.9 kHz results from significantly lower speeds
due to the high fc values. However, when the Doppler shift is extremely large and/or
symbol duration M is very long, the Bessel function coefficients lead to a large amount
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of attenuation and thus the RDC window may lead to noise enhancement issues.
Hence, it is the designer’s choice to adjust the symbol duration M and avoid or
minimize the noise enhancement effects.

Finally, the BER performance of the proposed TR-MRC technique for OTFS in
the absence CP, with and without RDC windowing, is analyzed in Fig. 4.5. It is shown
that for non-zero maximum Doppler shifts υmax ≤ 5.5 kHz, the proposed TR-MRC
technique leads to about the same BER performance as the static scenario. This
is while for υmax ≈ 11 kHz, corresponding to the relative speed of V = 2000 km/h,
the RDC windowing technique leads to the substantial performance improvement of
over 5 dB at high SNRs. This shows that the proposed technique brings the BER
performance very close to that of the static scenario even for very large amounts of
Doppler spread.

4.6 Conclusion

The CP is undoubtedly a powerful tool that has two significant benefits in 5G systems.
In particular, the CP can effectively avoid ISI and IBI, while making the equivalent
LTI channel circulant, which significantly simplifies the equivalent frequency domain
channel. However, in LTV channels, the CP loses the circulant channel benefits
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due to the channel aging problem. Furthermore, long CP sequences are a limiting
factor when shorter symbol durations are required. A large number of studies in the
OTFS literature consider the approximation of LTI channel per time slot, i.e., per
OFDM symbol. However, as the maximum Doppler shift of the channel increases,
the symbol duration must be reduced to maintain the validity of this approximation.
Hence, solutions that can completely remove the CP become essential in high mobility
scenarios.

With this in mind, the TR-MRC with RDC windowing technique was proposed in
this chapter as an enabler to completely remove the redundant CP from OTFS while
breaking its Doppler limitations in massive MIMO systems. In the first stage of this
chapter, the channel within each time slot of OTFS was approximated as constant.
This way, TR-MRC can be performed with a single channel estimate at each time slot.
The derivations of this chapter show that in the asymptotic regime, as the number of
BS antennas tends to infinity, TR-MRC can effectively average out delay and Doppler
spread of the channel. Without the delay spread, the interference terms that cause
the ISI and IBI disappear as well, making CP unnecessary.

However, when the maximum Doppler frequency goes beyond OTFS limits, a
residual Doppler effect within each OTFS time slot always remains. It was analytically
shown that after combining, this effect tends to a simple scaling of the received symbols
in the delay dimension as the number of BS antennas approaches infinity. The scaling
coefficients are defined by the channel correlation, i.e., the samples of a Bessel function,
which is dependent on the maximum Doppler shift of the channel. Based on this result,
an RDC windowing technique was proposed to overcome the Doppler limitations of
OTFS. The simulation results of this chapter showed that with the help of RDC
windowing, OTFS can achieve performance close to that of LTI channels even for
maximum Doppler shifts equivalent to speeds of 2000 km/h at a carrier frequency of
5.9 GHz.

Finally, this chapter also derived an alternative implementation choice for TR-MRC
in the DD domain. In the delay-time domain, time reversal is performed with a
convolution to focus the effect of the channel delay spread to a single point. Notably,
the equivalent OTFS channel can be represented as a 2D circular convolution. Hence,
this sparks the interesting idea of implementing time reversal with a 2D circular
convolution to focus both the delay and Doppler simultaneously in the DD domain.
However, complexity analysis between the implementation in delay-time and DD
domains shows that the delay-time implementation requires less CMs. This is largely
due to the high complexity of 2D circular convolutions.
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Throughout this chapter, the channel estimates were assumed to be perfectly
known, as if they were obtained using the EP scheme. However, this scheme deploys
extensive zero guards around the pilot in the DD domain to prevent interference from
delay and Doppler spreads, leading to large spectral efficiency loss. While many studies
have explored reducing the zero guard for Doppler spread, an effective reduction for
delay spread has yet to be demonstrated. Hence, in the next chapter, a novel pilot
scheme is proposed to significantly reduce the zero guards along the delay dimension
compared to the EP schemes.





Chapter 5

Split Pilot Channel estimation for
OTFS

One of the main advantages of OFDM is its robustness to the channel delay spread.
The equivalent OFDM channel becomes a simple scaling effect in static scenarios.
Without the impact of delay spread, channel estimation can be performed without
zero guards, reducing the required pilot overhead. However, this becomes impossible
in LTV channels, as the effect of ICI corrupts the channel estimates. Therefore, an
impulse pilot-based channel estimation must be placed in the delay domain, as it is
seen in OTFS systems.

The prevalent channel estimation technique in the present literature is a high-power
impulse pilot embedded in the DD domain together with data symbols [10]. To avoid
interference from the pilot to data symbols and vice versa, the pilot is surrounded by
a number of zero-guards that are larger than the channel delay and Doppler spread.
This leads to a high pilot overhead, especially as the system bandwidth increases, and
consequently, the discrete-time baseband channel becomes longer.

To reduce the pilot overhead, the authors in [10] also presented a reduced guard
embedded impulse pilot for integer Doppler scenarios by reducing the zero guard
across the Doppler dimension to twice the maximum Doppler index. However, this
technique is not suitable for practical scenarios with fractional Doppler. Under such
scenarios, the lack of a full zero guard across the Doppler dimension results in severe
interference in the channel estimates due to the fractional Doppler. To solve this
issue, the authors in [91–93] proposed iterative interference cancellation methods to
refine the channel estimates. However, these methods are limited to scenarios where
the channel is sparse. In [94, 95], authors addressed the channel estimation in OTFS
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systems using preamble pilot sequences. However, in high mobility scenarios, the
channel estimate obtained using preamble-based pilots becomes outdated for the data
transmission stage. The authors in [31–33] proposed a superimposed pilot structure to
remove the pilot overhead completely. This technique superimposes a high-power pilot
signal on all of the DD domain data. The main drawback of such a pilot structure is
the huge computational complexity associated with the sophisticated estimation and
detection algorithms. Furthermore, superimposed pilots are susceptible to channel
variations within each time slot of OTFS, requiring a super-frame solely to obtain
initial estimates of the channel delay and Doppler parameters. In [34], the authors
developed a BEM-based [7] joint channel estimation and detection technique for
impulse pilot with reduced guard across Doppler dimension. This method consists
of deploying a reduced pilot overhead and iteratively refining the estimated channel
and data using detected data as pseudo-pilots. However, using impulse pilots has the
unique benefit of not requiring matrix inversion for channel estimation, a benefit that
is lost in pseudo-pilots.

Multiple works in the literature have proposed to reduce the pilot overhead along
the Doppler dimension. However, in practical scenarios, the channel length can be
extremely large, and the delay guard becomes the main perpetrator of the large
overhead. Furthermore, the channel length is directly proportional to the bandwidth
of the system. Therefore, the required delay guard in wide band systems can become
prohibitively large. Therefore, this chapter addresses the following research question:

Is it possible to reduce the pilot overhead along the delay dimension to a minimum,
i.e., to the channel length, thereby almost halving the pilot overhead?

When the delay guard is reduced, the received pilot region becomes filled with
both pilot and data symbols. Given that the pilot power is focused on a single impulse,
it is still possible to perform channel estimation by absorbing the data interference
as noise. However, the data information within the received pilot region becomes
severely affected by the pilot, incurring large performance loss. To solve this issue,
a split pilot structure with two impulse pilots is proposed in this chapter. With
the proposed structure, the two pilots can be used to effectively remove the pilot
interference from the received signal, without losing the data information. This way,
the pilot overhead is reduced by almost 50%. To remove the data interference from
the channel estimates, an iterative joint channel estimation and detection technique
is developed. The proposed technique uses the estimated data symbols to refine
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the channel estimates at each iteration. Through simulations, it is shown that the
proposed technique significantly improves the BER performance of the split pilot
structure. Furthermore, it has a high convergence speed, as two iterations are sufficient
even in very high Doppler scenarios.

The rest of this chapter is laid out as follows. Section 5.1 provides a brief description
of the system model considered in this chapter. Section 5.2 presents the issues with
reducing the delay zero guard. It is shown that the information of the data transmitted
instead of the delay zero guard is irretrievable, even with iterative methods. To solve
this issue, a proposed pilot scheme is discussed in Section 5.3. In the proposed pilot
scheme, two impulse pilots are deployed, one of them superimposed over data. This
scheme allows to discern the received data information from the impulsive pilots.
Furthermore, an additional step is proposed to iteratively reduce the data interference
in the channel estimates. Section 5.4 provides numerical analysis to corroborate the
claims of the previous sections. Finally, the chapter is concluded in 5.5

5.1 Single Antenna OTFS System

Consider an OTFS system in which each OTFS frame consists of M delay bins with
the delay resolution ∆τ = Ts seconds and N Doppler bins with the Doppler resolution
∆ν = 1

MNTs
, where Ts hertz is the sampling period. At the OTFS transmitter, the

information bits are mapped onto the Q-ary QAM constellation points where Q is the
alphabet size. Then, they are embedded in the DD domain along with the pilot. Let
the M ×N matrices D and P represent the DD domain data symbols and the pilot
signal, respectively, then the final DD domain transmitted signal X is obtained after
multiplexing D and P, i.e., X = D+P. As the first stage of OTFS modulation, the
DD frame is translated to the delay-time domain through an N -point IDFT matrix
across the rows of X [23], similar to the previous chapter. The signal is then vectorized
through a parallel-to-serial converter. To avoid interference between frames, a CP
of length Mcp is appended to the start of each frame. Mcp is chosen to be larger
than the channel length L. The vectorized form of the transmit signal, of length
MT = MN +Mcp can be represented as s = Acp(F

H
N ⊗ IM)x, where x = vec(X) and

Acp = [GT
cp, IMN ]

T is the CP addition matrix and the Mcp×MN matrix Gcp includes
the last Mcp rows of IMN .

The signal is transmitted through a LTV channel. Let the vector r represent
the discrete-time baseband signal at the output of LTV channel. This signal can be
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represented as
r = Hx+w, (5.1)

where w ∼ CN (0, σ2
wIMT

) is the complex additive white Gaussian noise (AWGN)
vector with variance σ2

w, and the MT × MT matrix H is the LTV channel in the
delay-time domain. The elements of H can be represented as

[H]m,n =
Γ−1∑
p=0

αpe
j2πυpnTsδ[m− n− ℓp], (5.2)

where Γ is the number of propagation paths and δ[·] represents the Kronecker delta
function. ℓp, υp, and αp represent the delay tap, Doppler shift, and path gain associated
with the p-th path. In practical wideband systems, the sampling rate is large enough
to approximate the path delays to the nearest integer multiples of the sampling period
[40]. Hence, only integer delays for ℓp are considered. This does not apply to the
Doppler shifts, and υp includes both fractional and integer parts.

After removing CP and taking the delay-time domain received signal to the DD
domain, the MN × 1 received DD domain signal is obtained as

y = Heffx+w, (5.3)

where Heff = (FN ⊗IM )RcpHAcp(F
H
N ⊗IM ) is the MN×MN effective channel matrix

in the DD domain, Rcp = [0MN×Mcp , IMN ] is the CP removal matrix and FN ⊗ IM

takes the delay-time domain signal to the DD domain. The M × N DD received
signal matrix Y can be obtained by rearranging the vector y.

5.2 Embedded Impulse Pilot Structure

The main challenges that the proposed technique in this chapter addresses are presented
in this section. First, the widely used EP-based OTFS channel estimation is presented.
This technique requires long zero-guards along delay and Doppler, leading to a large
pilot overhead. To improve the spectral efficiency, this chapter proposes to reduce the
delay guard above the pilot delay bin. With a reduced delay guard, the delay spread
will cause the tail of the data above the pilot to fall inside the received pilot region.
Derivations show that this tail can not be retrieved for data detection. Hence, a large
portion of the data energy is lost leading to performance loss.
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Fig. 5.1 Different pilot schemes

5.2.1 Channel Estimation with Impulse Pilot

For an EP-based channel estimation, a single impulse is placed in the DD bin (mp, np),
surrounded by zero guards to avoid interference from data symbols, as shown in Fig.
5.1 (a). Let Yp represent the received pilot region in the DD domain, i.e., rows mp to
mp + L− 1 of Y. Due to the delay spread, the received pilot region is affected by the
transmitted symbols within the pilot region and L− 1 delay bins above. The data,
pilot and full transmitted symbols that affect the received pilot region are defined
as Dp, Pp and Xp, representing rows mp − L + 1 to mp + L − 1 of D, P and X,
respectively. This structure is termed as full-guard since Xp is fully allocated for pilot,
i.e., Dp = 02L−1×N .

The vectorized representation of the received pilot region is given as

yp = Heff,pxp +wp, (5.8)

where yp = vec(Yp), xp = vec(Xp), wp represents the AWGN noise in the received
pilot region, and Heff,p, given in (5.4), is the reduced effective channel matrix reflecting
only the received pilot region. The LN × 1 vector h contains the non-zero elements
in the pilot column of Heff . It is worth noting that Heff,p is a block circulant channel
matrix formed by the Toeplitz submatrices Hn ∈ CL×(2L−1). Hence, the property
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Heff,p =


H0 HN−1 · · · H1

H1 H0
. . . H2

... . . . . . . ...
HN−1 · · · · · · H0

 , (5.4)

where the matrices Hn are defined as follows

Hn =


h[nL+ L− 1] · · · h[nL] 0 · · · 0

0 · · · hn[nL+ 1] hn[nL] · · · 0
... . . . ... . . . . . . ...
0 · · · h[nL+ L− 1] · · · · · · hn[nL]

 . (5.5)

Sbc =


S0 SN−1 · · · S1

S1 S0
. . . S2

... . . . . . . ...
SN−1 · · · · · · S0

 , (5.6)

where the matrices Sn are defined as follows

Sn =


[Xp]L−1,n [Xp]L−2,n · · · [Xp]0,n
[Xp]L,n [Xp]L−1,n · · · [Xp]1,n

... . . . . . . ...
[Xp]2L−2,n · · · · · · [Xp]L−1,n

 . (5.7)

Heff,pxp = Sbch can be obtained, where Sbc is the block circulant transmitted symbols
matrix given in (5.6). Similar to Sbc, Sd can be derived with only the data symbols
in Dp and Sp with only the pilot symbols in Pp, i.e., Sbc = Sd + Sp. It is worth
noting that in the full-guard structure, Sd = 0LN×LN , and when np = 0, Sp =

√
γpILN .

Hence, the block circulant transmitted symbols matrix Sbc becomes

Sbc = Sd + Sp =
√
γpILN . (5.9)

Therefore, the channel estimates are obtained as

ĥ =
1

√
γp

yp =
1

√
γp

(Sbch+wp) = h+
1

√
γp

wp. (5.10)

The channel estimates ĥ only provide a single column of Heff . That is, it con-
siders locally time-invariant channels over each time slot. However, in high Doppler
environments, the channel variations within each time slot become significant. These
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variations can not be captured with a single impulse pilot. Hence, to improve the
channel estimates, the channel estimates ĥ are transformed to the delay-time domain,
where the estimates are interpolated with spline interpolation to find an estimate of
the full channel matrix Ĥeff [73]. Finally, the data symbols are detected using this
channel estimate.

The above channel estimates can only be achieved when Xp contains only pilot
symbols, i.e., (2L − 1)N slots are allocated for the pilot. To improve the spectral
efficiency, the effects of reducing the delay guard of the system are analyzed in the
following subsection.

5.2.2 Channel Estimation Using Impulse Pilot with Reduced

Guard

Aiming to reduce the pilot overhead, the number of zero guard bins along the delay
dimension is reduced. In this new structure, only 2L− 1− k delay bins are assigned
for pilot overhead, where k represents the number of delay bins assigned for data
instead of zero guards, e.g., k = L − 1 shown in Fig. 5.1 (b). In this scenario, the
received pilot region Yp remains in the same location, with the distinction that Xp

contains both data symbols and the pilot signal. The derivations are divided into two
stages. The first stage consists of obtaining an initial channel and data estimates. In
the second stage, the channel estimates are refined iteratively, using the detected data
from previous iterations to remove the data interference from the channel estimates.

Stage 1: With a reduced delay guard, the delay spread will cause the tail of the
data symbols above the pilot to spill into the received pilot region. Hence, Sd now
contains the effects of data interference. With the pilot matrix Sp unchanged, the
received pilot region can be shown as

yp = (Sp + Sd)h+wp = (
√
γpILN + Sd)h+wp. (5.11)

Hence, by absorbing the interference from data into noise, the estimated channel is
given as

ĥ =
1

√
γp

yp = h+
1

√
γp

(Sdh+wp). (5.12)

As it is evident from (5.12), the channel estimate is imperfect. When using
linear-based detectors, the imperfect channel leads to inaccuracies in data detection.
This error is severely enhanced by the high pilot power, affecting the detected data.
Hence, the pilot signal must be removed from the received signal before data detection.
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However, removing the pilot with (5.12) also removes the tail of the data symbols above
the pilot, i.e., Sd. Therefore, a significant portion of the data energy is lost, leading
to a significant performance loss. Hence, in the following stage, the channel estimates
are refined iteratively, where the data interference is removed at each iteration. This
also allows a more accurate removal of the pilot effect from the received signal.

Stage 2: To refine the channel estimates, the data interference is removed using
the estimated data symbols from the previous iterations. Hence, the channel estimate
at iteration n is obtained as

ĥ(n) =
1

√
γp

(yp − Ŝ
(n−1)
d ĥ(n−1))

=h+
1

√
γp

(
(Sd − Ŝ

(n−1)
d )h+wp

)
− 1

γp
Ŝ
(n−1)
d (Sdh+wp).

(5.13)

To simplify the above expression, the term − 1
γp
Ŝ
(n−1)
d (Sdh+wp) is absorbed into noise

as generally the pilot power is sufficiently large to make this term negligible. From
(5.13), it can be concluded that the channel estimates are refined if Ŝ(n)

d converges to
Sd.

After the channel estimate is refined, the pilot effect is removed from the received
signal using (5.13)

yp − Spĥ
(n) = Ŝ

(n−1)
d h. (5.14)

This indicates that the original data information within the received pilot region
is replaced with the estimated data in the previous iterations. Hence, the iterative
method also fails to preserve the tail of the data Sd.

The above derivations lead to the conclusion that the main issue of reducing
the delay guard comes from losing data energy within the received pilot region. To
solve this issue, a new pilot structure is proposed in the next section. The proposed
structure reduces the delay guard and enables the removal of the pilot effect without
data energy loss.
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5.3 Proposed Split Pilot Structure and Channel Es-

timation Technique

It was shown in the previous section that reducing the pilot delay guard in EP schemes
causes data loss in the received pilot region. More specifically, this issue occurs when
the pilot effect is removed from the received signal before data detection. Since data
interference is present in the channel estimate, removing the pilot effect also removes
a portion of the data energy, resulting in performance loss. This issue persists even
when the data interference is iteratively removed from the channel estimate. To solve
this issue, a new pilot structure is proposed, which is capable of removing the pilot
effect without loss of data information. To refine the channel estimates, an iterative
joint channel estimation and detection technique, tailored to the pilot structure, is
introduced. Ultimately, the proposed structure significantly reduces the pilot overhead
compared to EP-based structures.

In the proposed pilot structure, the impulse pilot is split into two impulses of equal
power γp

2
. The position of pilot 1 is kept at DD bin (mp, np) and pilot 2 is placed at

DD bin (mp+L, np). The two impulses are placed L delay taps apart, hence the pilots
do not interfere with each other. To minimize the pilot overhead, the second pilot is
superimposed over data, and both pilots share a reduced zero guard region, as shown
in Fig. 5.1 (c). The proposed method is divided into two stages. In the first stage, the
channel is estimated by averaging the response from each pilot, while absorbing the
data interference into noise. To remove the pilot effect from the received signal, the
effect of one impulse is canceled out using the response of the second impulse. Stage
two consists of the proposed joint channel estimation and detection technique. In this
stage, the channel estimate is refined by iteratively removing the data interference in
the received pilot region.

Stage 1: Since there are now two impulsive pilots, the effect of each impulse pilot
is analyzed separately. Similar to (5.8), the regions of the received impulse pilot 1 and
2 are defined as Yp1 and Yp2 , respectively. Each region extends from the delay bin of
the impulse pilot to the L− 1 delay bins below. The pilot regions are also affected by
data interference Sd1 and Sd2 , containing data symbols within L− 1 delay bins above
and after the respective pilots’ location. Since minimal variation exists in the channel
within L delay taps, the channel variations within the two pilots are disregarded in
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the derivations. Hence, at each pilot region, the channel estimates are obtained as

ĥ1 =

√
2

√
γp

yp1 = h+

√
2

√
γp

(Sd1h+wp1),

ĥ2 =

√
2

√
γp

yp2 = h+

√
2

√
γp

(Sd2h+wp2),

(5.15)

where wp1 and wp2 represent the AWGN noise from received pilot 1 and 2, respectively.
To reduce the noise and interference, the final channel estimate ĥ is obtained after
averaging ĥ1 and ĥ2.

As explained in the previous section, the pilot effect has to be removed from the
received signal before data detection. Therefore, ĥ1 is used to remove the effect of the
second pilot

yp2 − yp1 = (Sd2 − Sd1)h+wp2 −wp1 . (5.16)

In this expression, the pilot is completely removed, and the data information from
both pilot regions is preserved. Furthermore, due to the shared delay guard between
the two impulse pilots, there is no overlap between the non-zero elements of Sd1 and
Sd2 . This ensures that the data symbols in Sd1 and Sd2 are discernible in the detector.
Finally, the negative sign of the data vector Sd1 in (5.16) can be absorbed in the
channel elements when reconstructing Ĥeff . The received signal and channel estimate
are then fed to the detector to obtain an initial data estimate D̂(0).

In reality, the channel ages within the two impulse pilots. The channel estimated
from the first pilot is slightly different from the channel estimated from the second
pilot. This introduces interference in (5.16). To tackle this issue, the pilot effect is
removed from the received signal after interpolating the channel estimates at each
iteration of the next stage.

Stage 2: With an initial data estimation provided from stage 1, the data interference
can be iteratively removed in (5.15) to refine the channel estimates. At each iteration
n, the detected data from the previous iteration D̂(n−1) are used to generate the
matrices Ŝ

(n−1)
d1

and Ŝ
(n−1)
d2

. These data matrices are then used to remove the data
interference from each pilot region before performing channel estimation. This way,
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the channel estimate from each impulse pilot at iteration n is obtained as

ĥ
(n)
1 = h+

√
2

√
γp

(
(Sd1 − Ŝ

(n−1)
d1

)h+wp1

)
,

ĥ
(n)
2 = h+

√
2

√
γp

(
(Sd2 − Ŝ

(n−1)
d2

)h+wp2

)
.

(5.17)

Once again, the above channel estimates are averaged to reduce the effect of noise.
In Stage 1, it was considered the approximation of a time-invariant channel within

each time slot. However, in high Doppler scenarios, the channel ages between the two
pilots causing an interference in (5.16). Although the channel only ages slightly within
L samples, this variation is greatly enhanced by the pilot power, causing performance
loss in the system. Additionally, it was shown in (5.14) that removing the pilot effect
with its own estimate leads to data energy loss. Therefore, to avoid both issues, the
channel estimates in (5.17) are interpolated first and ĥ

(n)
2 is used to remove pilot

1 from the received signal and vice versa. The received signal after pilot removal
becomes

yp1 − Spĥ
(n)
2 =(Sd1 − Sd2 + Ŝ

(n−1)
d2

)h+wp1 −wp2 ,

yp2 − Spĥ
(n)
1 =(Sd2 − Sd1 + Ŝ

(n−1)
d1

)h+wp2 −wp1 .
(5.18)

The received signal and channel estimate are then fed to the detector to obtain the
data estimates D̂(n). This process is repeated until one of the following stopping
criteria is met:

• The data symbols after hard decision in S
(n)
d1

and S
(n)
d2

does not change from the
previous iteration, i.e., S(n)

d1
= S

(n−1)
d1

and S
(n)
d2

= S
(n−1)
d2

.

• The maximum number of iterations nmax is reached.

Comparing (5.18) with (5.14), it can be observed that the proposed method
effectively retains the data information in the pilot region. Furthermore, the data
interference reduces at each iteration, as Ŝ

(n)
d1

and Ŝ
(n)
d2

converges to Sd1 and Sd2 ,
respectively. The proposed technique is summarized in Algorithm 2.

5.4 Simulation Results

In this section, the efficacy of the proposed method is confirmed by comparing its
performance with that of full and reduced guard schemes. An OTFS system with
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Algorithm 2 Proposed split pilot technique.

1: Obtain the initial estimate ĥ = ĥ1+ĥ2

2
using (5.15).

2: Interpolate ĥ to generate Ĥeff .
3: Remove the pilot from Y using (5.16).
4: Feed Ĥeff and Y to the detector to obtain D̂(0).
5: for n = 1 to nmax do
6: Refine channel estimates using (5.17).

7: Interpolate ĥ =
ĥ
(n)
1 +ĥ

(n)
2

2
to generate Ĥ

(n)
eff .

8: Remove Pilot 1 from Y using interpolated ĥ
(n)
2 .

9: Remove Pilot 2 from Y using interpolated ĥ
(n)
1 .

10: Feed Ĥ
(n)
eff and Y to the detector to obtain D̂(n).

11: Stop if the stopping criteria is met.
12: end for

M = 128 delay and N = 32 Doppler bins is considered. In the simulation setup,
a carrier frequency fc = 5.9 GHz, subcarrier spacing ∆f = 15 kHz, and 4-QAM
modulation is deployed. The channel is modeled using the EVA channel model,
[44], and the Doppler shift is generated using Jake’s model for the relative speed of
500 km/h. The maximum delay spread of the channel is 2510 ns and the sampling
period of the system is Ts = 520.3 ns, leading to a channel length L = 5. The
full-guard scheme deploys 288 DD bins as pilot overhead, while the proposed method
deploys only 160 DD bins for the pilot. Similar to [10], the total pilot power is set at
γp = 40 dB for all pilot schemes. Pilot 1 is placed at delay bin mp = M

2
and Doppler

bin np = 0. Unless otherwise stated, four iterations are considered for the EP with
reduced guard structure. The least squares minimum residual-based technique with
interference cancellation [35] is used for data detection.

In Fig. 5.2, the BER performance of the proposed scheme is compared with the
full and reduced guard schemes. The results show that the reduced guard scheme has
a high BER floor even after refining the channel estimates for four iterations. This
result is in line with the analysis in (5.14), where it is shown that the iterative process
is incapable of improving the data detection performance. In contrast, the proposed
method can achieve similar performances after two iterations of refining the channel.
The observed difference in performance is caused by the channel aging between the
two pilots and noise enhancement within the pilot region, i.e., wp2 −wp1 in (5.16).

The proposed technique is also evaluated in terms of normalized mean square
error (NMSE) of channel estimation, defined as ||Heff−Ĥ

(n)
eff ||2F

||Ĥ(n)
eff ||2F

. Fig. 5.3 shows that

after convergence, the proposed technique reaches the NMSE of 10−3 with a 2 dB
loss compared to EP with full-guard, whereas the reduced guard has over 4 dB loss.
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Fig. 5.2 BER performance of the proposed scheme compared with full and reduced guard
schemes.
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Fig. 5.3 NMSE performance of the proposed scheme compared with full and reduced
guard schemes.
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Fig. 5.4 BER performance with increased channel length.

Additionally, it can be observed that even though the reduced guard EP attains
acceptable NMSE at high SNRs, there is a BER floor (refer to Fig. 5.2) due to the
data energy loss as shown in (5.14).

The proposed method is also validated in scenarios with large channel lengths. In
Fig. 5.4, the sampling period of the OTFS system is shortened to Ts = 133.33 ns.
Consequently, the channel length increases to L = 19. In this system, the full-guard
scheme deploys a total of 1184 DD bins for pilot overhead, while the proposed scheme
requires only 608 DD bins. The performance loss of the proposed method is more
pronounced since the noise enhancement in the pilot region spans over a larger portion
of the transmission frame.

Finally, Fig. 5.5 investigates the convergence speed of the proposed scheme in
terms of BER and NMSE performance at SNR of 14 dB. It is shown that within
two iterations, the proposed method converges to significantly lower NMSE and BER
values than the reduced guard EP.

5.5 Conclusion

In the effort of reducing the pilot overhead in high mobility scenarios, this chapter
studies the possibility of reducing the delay guard of channel estimation schemes in
OTFS. First, this chapter proves that simply reducing the delay guards in widely used
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Fig. 5.5 Convergence speed in terms of BER (a) and NMSE (b) performance at 14 dB.

EP schemes is ineffective. The analysis show that with a single pilot, it is impossible
to distinguish the data information that the delay spreads over the transmitted pilot.
Without this data information, the detection of the data transmitted in the delay bins
adjacent to the pilot is jeopardized. Therefore, high error floors can be seen in the
simulated BER performance of the reduced guard EP schemes.

Hence, to solve this issue, a split pilot scheme is proposed. With two pilots, the
pilot interference over data information can be effectively removed. This is while both
pilots can efficiently share the reduced delay zero guard region. In the first stage
of the proposed channel estimation method, the data interference over the channel
estimates is absorbed into noise. Afterwards, the second pilot is used to fully remove
the effect of the first pilot, without any loss of data information. With this step, the
simulation results show that BER performance improves significantly compared to
the reduced guard EP scheme.

However, the NMSE performance of the channel estimates reveal that the split
pilots suffers greatly from data interference. Therefore, a joint channel estimation and
equalization technique is proposed for the second stage of the split pilot scheme. In
this method, the channel estimates are refined iteratively using the detected data at
each iteration. Simulation results show that, with as few as 2 iterations, the channel
estimates from the proposed method can surpass the reduced guard EP scheme in
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terms of NMSE performance. Consequently, the proposed scheme achieves BER
performances close to that of full guard EP schemes.

Finally, this chapter also shows through simulations that the proposed split pilot
scheme remains effective under scenarios with longer channel lengths. Hence, proving
that the proposed method effectively reduce the delay guard by 50% compared to EP
schemes, independent of the channel length. Furthermore, the iterative joint channel
estimation and equalization stage has a high convergence speed, requiring only two
iterations even in high mobility scenarios.



Chapter 6

Conclusions and Future Work

Time and frequency selectivity of the channel impose large signaling overheads to both
contemporary and future networks. Hence, reducing the large signaling overhead is a
necessary step towards achieving contemporary networks’ high data rate requirements.
Furthermore, in the move towards 6G, a large number of new applications involving
high mobility, such as drone communications, autonomous vehicles, and bullet trains,
emerged. Under high mobility scenarios, the channel becomes time-varying, which
demands faster channel tracking. Consequently, the signaling overhead becomes a
greater issue in such scenarios. Therefore, the main focus of this thesis was to find
innovative approaches to deal with the delay and Doppler spreads of the channel.
This thesis proposed novel techniques that significantly reduce the signaling overhead
without affecting the functionality of the system.

6.1 Summary of Contributions and Conclusions

This section briefly outlines the key contributions presented in this thesis. More
specifically, this section highlights the key findings of Chapters 3, 4, and 5, and how
they address the research questions raised in Chapter 1.

6.1.1 Reserch Question 1

• Is it possible to reduce the selectivity of the channel into its known
and constant correlation function to minimize the channel estimation
overhead?

In contemporary networks, OFDM-based massive MIMO systems require a long
pilot sequence to estimate the CFR at each subcarrier which degrades the spectral
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efficiency of the system. Hence, a solution in the form of a novel joint channel
estimation and equalization technique was proposed in Chapter 3 that requires only a
single pilot subcarrier. This chapter first showed that the channel hardening effect
results in the channel correlation. Recognizing that the coherence bandwidth defines
the frequency band in which the correlation is high, the transmitted data from a band
of subcarriers within the coherence band of the channel were estimated using the CFR
of a single subcarrier. Thereafter, the CFR of each subcarrier within the coherence
band of the channel was updated using the estimated data as virtual pilots. Each
new CFR estimate was then used to estimate a new band of subcarriers. This process
was repeated in a sliding manner to detect the transmitted data at all subcarriers in
the OFDM frame. This way, the channel estimation overhead was reduced to only a
single pilot subcarrier, independent of the channel length.

The derivations and insights from the proposed joint channel estimation and
equalization method also led to an interesting finding in the form of frequency
diversity. Frequency diversity was achieved when multiple CFRs within the coherence
bandwidth were combined to average out the channel estimation noise. However,
similar to spatial diversity, combining only improves performance when the noise terms
are uncorrelated. For this reason, it was shown in Chapter 3 that only the proposed
method benefits from frequency diversity because virtual pilots are used for channel
estimation. Meanwhile, the conventional LS-based channel estimation technique does
not benefit from the diversity as the CFR estimation noise from adjacent subcarriers
is highly correlated. Consequently, the proposed method achieved higher SINR and
BER performances when compared with the conventional methods, even when using
only one single pilot subcarrier.

Concluding Remarks

The proposed method in Chapter 3 can effectively deal with frequency selectivity
with only a single pilot subcarrier. However, in the process of extending the findings
of Chapter 3 to deal with time selectivity, the major drawbacks of OFDM in LTV
channels posed a significant challenge. More specifically, the ICI caused by the
Doppler shifts severely degrades the channel estimation performance using impulse
pilots without a guard. Furthermore, as shown in Chapters 2 and 3, multiuser channel
estimation relies on the constant channel response along different OFDM symbols,
and the orthogonality of the pilot sequence, e.g., the ZC sequence used in this thesis.
In the presence of high Doppler shifts, the pilot sequence orthogonality is also lost
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and multiuser channel estimates become riddled with MUI. Hence, the motivation to
explore new waveforms, such as OTFS, arises.

OTFS modulation is a fresh and revolutionary approach to deal with doubly
selective channels. Within only a few years of existence, it has already gained its spot
as a candidate waveform for the next-generation wireless systems. However, like any
emerging technique, OTFS literature still has much to be explored. In the context
of this thesis, since OTFS places the data in the DD domain, the delay and Doppler
spreads demanded long guard sequences within the transmitted signal. This issue
motivated the following research questions that were addressed in this thesis.

6.1.2 Reserch Question 2

• Can TR-MRC average out doubly spread channel effects and break
the Doppler limitations of OTFS?

Research questions 2 and 3 are motivated by the need to minimize the signaling
overhead in high mobility scenarios. These scenarios can be found in a multitude of
new applications that are emerging in next-generation networks and applications, e.g.,
drone communications, autonomous vehicles, and bullet trains. Hence, innovative
solutions that can efficiently deal with the delay and Doppler spreads of the channel are
essential. Therefore, TR-MRC with RDC windowing was proposed for OTFS-based
massive MIMO systems in Chapter 4. The study in this chapter showed that using
TR-MRC effectively averaged out the delay and Doppler spreads of the channel while
eliminating the need for any guard in between delay blocks during transmission, i.e.,
CPs within and in between OTFS blocks. Apart from the spectral efficiency gains
from removing CP, it was an important step required when designing the OTFS
system parameters. Numerous works in the literature consider the approximation of a
constant channel along each OTFS delay block [11, 18]. For this approximation to
be acceptable in high Doppler channels, the duration of each delay block must be
reduced. However, this reduction would incur severe spectral performance losses if
CPs were to be appended at the start of each delay block.

Noticeably, reducing the duration of an OTFS delay block is limited by any kind of
signaling overhead, such as pilot sequences. Hence, the RDC windowing was proposed
in Chapter 4. This method corrects the channel variations within each delay block of
the OTFS frame. This significantly alleviates the need to reduce the duration of each
delay block as it increases the limits of OTFS in terms of maximum Doppler shifts,
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i.e., maximum Doppler shift corresponding to a relative speed between transmitter
and receiver of 2000 kmph, at the carrier frequency of 5.9 GHz.

Concluding Remarks

The proposed TR-MRC with RDC windowing technique is a powerful technique that
deals with the delay and Doppler spreads of the channel. However, it is worth noting
that combining techniques requires accurate CSI. In other words, the delay and
Doppler shifts are only averaged out after accurate channel estimation, and guards
were still necessary for the pilot overhead. Hence, the large guard sequences required
in the channel estimation stage degraded significantly the spectral efficiency of OTFS.
In Chapter 4, the derivations considered the widely used EP-aided channel estimation
technique [10] in the OTFS literature. This structure deploys an impulsive pilot in
the DD domain surrounded by zero guards to avoid data interference caused by delay
and Doppler spreads. In other words, twice the delay spread length is allocated as
zero guards in the delay dimension, this is while all Doppler bins are allocated for
zero guards. Ultimately, a significant portion of the OTFS transmission system was
designated for pilot overhead. This issue motivated the next research question that
was addressed in Chapter 5.

6.1.3 Reserch Question 3

• Is it possible to reduce the pilot overhead along the delay dimension
to a minimum, i.e., to the channel length, thereby almost halving the
pilot overhead?

Under static channel scenarios, frequency-domain channel estimation techniques
require pilot sequence lengths equal to the channel length. However, when the
channel is estimated in the delay domain, e.g., in the EP-aided channel estimation
technique, long guards are deployed to avoid interference caused by the delay spread.
Consequently, delay-domain channel estimation techniques require almost double the
pilot overhead compared to frequency-domain methods. With this in mind, a split
pilot scheme that requires the minimum overhead length in the delay dimension was
proposed in Chapter 5. This pilot scheme used two impulsive pilots to effectively
remove the interference caused by the transmitted pilots over data in the absence of a
delay guard. Furthermore, an iterative channel estimation and equalization technique
was also proposed in this chapter. This technique used the estimated data from
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each iteration to remove the interference caused by the transmitted data over the
pilots. The main benefit of this technique is that it significantly improves the channel
estimation performance in terms of NMSE, and consequently the BER performance
of the system. Furthermore, the proposed technique showed a fast convergence speed
since as few as two iterations were required. Altogether, the proposed split pilot
scheme achieved BER performance close to that of EP schemes while using almost
half the pilot overhead.

Concluding Remarks

The split pilot scheme is an ingenious take on impulsive pilot channel estimation that
can efficiently circumvent the effects of the channel delay spread. Ultimately, the
proposed method can reduce the required delay guard by half, when compared to the
widely used EP scheme. This is an important improvement, especially in scenarios
with large delay spread.

This thesis proposed a joint channel estimation and equalization technique that
significantly reduced the pilot overhead for contemporary systems in Chapter 3. Moving
to next-generation networks under high mobility scenarios, Chapter 4 proposed the
TR-MRC with RDC windowing method to completely remove the CP of OTFS
systems. Furthermore, a novel split pilot scheme was proposed in Chapter 5 that
effectively reduced by almost half the required pilot overhead. All these methods
contributed to a considerable reduction in the signaling overhead of both contemporary
and next-generation wireless systems. However, there are alternative approaches, aside
from reducing signaling overhead, that can further enhance the spectral efficiency of
wireless systems. The next section discusses some of the research directions in this
regard.

6.2 Future Work and Final Remarks

The contributions of this thesis ignite multiple new research lines and opportunities
for novel approaches aimed at improving spectral efficiency and reducing the latency
of future 6G networks and the underlying services. Some of these noteworthy topics
are outlined as follows:

• Implementation and analysis of the proposed methods in test beds are an
important research direction for proof of concept of the study presented in this
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thesis. Furthermore, the proposed methods can be evaluated in multiple different
real-world scenarios, where the delay and Doppler spreads of the channel can
vary greatly.

• Contrary to OFDM, OTFS literature is still in its early stages of development.
Therefore, many research topics surrounding OTFS remain to be addressed. One
of these topics is related to OTFS synchronization. Most existing synchronization
studies require a preamble to estimate the carrier frequency and timing offsets
[96]. In order to reduce the transmission overhead, novel synchronization
techniques can be researched using the pilot structures proposed in this thesis.

• Another interesting research direction involving OTFS is on approaches that can
reduce the effect of Doppler spread. Specifically, there are multiple waveforms
that use different pulse-shaping designs that can reduce the effect of fractional
Doppler, e.g., filter bank multicarrier-based OTFS, and Hermite functions [9, 97].

• Emerging multiple antenna technologies, such as Cell-free massive MIMO,
unmanned aerial vehicle (UAV)-based MIMO, and intelligent reflecting surfaces
(IRS) [2, 98], have gained significant interest in the research community. These
technologies can bring substantial improvements in data rate and reliability to
future network systems. Developing novel approaches to address channel delay
and Doppler spreads in these scenarios is an important area of research.

• Estimation of channel parameters, i.e., delay and Doppler shifts of each path,
instead of the CIR [99]. As explained in Chapter 2, the time window during
which the channel parameters can be considered constant is significantly longer
than the time window over which the CIR remains constant. Hence, while
estimating the channel parameters might require longer pilot overhead than
estimating one snapshot of the CIR, it may prove to be more efficient as it can
be used for multiple transmission frames.

• In this thesis, only integer delay was considered. However, in specific scenarios
such as integrated sensing and communications (ISAC) [100], the fractional
delays may play a major role. Therefore, fractional delay estimation and
compensation within the context of this thesis is another interesting research
direction.

In conclusion, this thesis has provided significant contributions toward reducing
the signaling overhead in wireless communication systems. However, each step taken
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toward enabling future applications and services opens new doors for even more
groundbreaking innovations. Hence, new research topics emerge on the seemingly
endless road from the contemporary to the next generation of wireless systems.
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