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“And your doubts can become a good quality if you school them, they must
grow to be knowledgeable, they must learn to be critical, as soon as they be-
gin to spoil something for you, ask them why a thing is ugly, demand hard
evidence, test them, and you will perhaps find them at a loss and short of an
answer or perhaps mutinous. But do not give in, request arguments, and act
with this kind of attentiveness and consistency every single time, and the day
will come when instead of being demolishers they will be among your best

workers - - perhaps the canniest of all those at work on the building of your

life.”

Letters to A Young Poet - Rainer Maria Rilke






vii

Abstract

Demonstration of Magnetism in

Thin Films at Optical Frequencies

by Edward Hilding KROCK

Obtaining a non-unity value for magnetic permeability, u # 1, at optical fre-
quencies is typically associated with subwavelength arrays of structured ma-
terials known as metamaterials, this is achieved by the shaping of current den-

sities into circulating currents that can give rise to magnetic multipoles.

Such magnetic responses can enable the design of new devices at optical fre-
quencies utilizing phenomena normally restricted to radio and micro-wave
frequencies such as s-polarized Brewster angles, negative refraction lenses and
transverse electric surface waves. However, given that these magnetic re-
sponses are confined to complex and difficult to fabricate metamaterials, there
is limited demonstration of these phenomena, and fewer direct applications.
Therefore, the demonstration and application of these magnetic responses in
simpler systems, such as thin films, is of great interest, and is the focus of this

work.

In this thesis, we derive an angle dependent multipole decomposition model,
allowing us to decompose the reflection and transmission spectra of a sub-

wavelength SiN thin film in terms of electric and magnetic multipoles. We
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then devise an experiment to verify these predictions across visible and near-
infrared frequencies. Showing that well known phenomena, such as Fabry
Perot modes and p-polarized Brewster angles can only exist if one includes
magnetic responses by accounting for magnetic dipoles, quadrupoles and oc-

tupoles.

We identify Fabry Perot modes as arising from the destructive interference, in
the direction of reflection, between even and odd parity multipoles, which in-
clude both electric and magnetic responses, regardless of polarization or mode

order.

The p-polarized Brewster angle is identified as resulting from the direction
of reflection and electric dipole moment aligning, resulting in zero reflection.
This is in agreement with literature, however, we demonstrate an additional,
previously unobserved condition to observe the Brewster angle, the destruc-

tive interference between electric and magnetic multipoles.

We notice the possibility of additional Brewster angles associated with elec-
tric and magnetic multipoles other than the electric dipole, which arise from
the alignment between the direction of reflection and the associated multipole
moment. These new Brewster angles are hidden in the reflection spectra of our
thin film, as the destructive interference between remaining multipoles is ab-
sent, but it is not possible to accurately model reflection without these hidden
Brewster angles. We suggest several cases where metamaterials may be capa-
ble of supporting these new Brewster angles and demonstrate methodologies

to unambiguously identify them.

Next we explore how to quantify the effective permittivity and permeability
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of thin films arising from these multipoles, by evaluating how these multi-
poles polarize our thin films. We demonstrate how the presence of spatial
dispersion, the wavevector dependence of the electric permittivity can arise
from either all magnetic multipoles or from electric multipoles that are not the
electric dipole. Spatial dispersion plays a vital role in magnetic responses at
optical frequencies, given that it is typically understood as being inseparable

from magnetic permeabilities at optical frequencies.

Next we move to study thin films that are significancy larger than the wave-
length of the incident light, by exploring the reflection of a 50 ym thick film of
Si0,. We demonstrate how spatial dispersion may be identified by the disper-
sion relation of the Fabry Perot mode in cases when multipole decomposition

is difficult to practically use.

Having demonstrated how thin films may support magnetic responses through
magnetic multipoles and higher order electric multipoles, we then move to
demonstrate an application of the magnetic response. We modify the response
of a low loss Fabry Perot resonator consisting of 1200 nm of PMMA by deposit-
ing it on a thin film of 1 nm Ti and 40 nm Au. Through eigenmode analysis
we demonstrate the existence of several modes that arise from the coupling
between the Fabry Perot mode in the PMMA cavity and a transverse electric

surface plasmon in the metal layers.

A transverse surface wave is identified by two features in the structure. Firstly,
the asymmetric Fano lineshapes, which are associated with coupled modes,
which were observed in both measurement and model. Secondly, eigenmode

analysis identifies a strong magnetic field enhancement along the direction of



propagation of the mode, which is a feature unique to transverse electric sur-
face plasmon modes. Simulations introducing an air spacer layer in between
the Au and PMMA layers shows this TE surface wave as am evanescent mode
confined to the interface between the Au and air layers. However we propose
further work to unambiguously identify this surface wave as a surface plas-

mon in measurements.
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1.1 The Difficulty of Obtaining y # 1 at Optical

Frequencies

When studying the electric and magnetic properties of bulk materials for suf-
ticiently high frequency fields, it is common to ignore the magnetic properties,
i.e, we set the magnetic permeability, i, to one, and only consider the electric

properties, i.e, the electric permittivity, €, is not one.

This convention has been verified over the last century by a variety of re-
searchers. In particular in 1961, Landau and Lifshitz [1] were the first to the
theoretically explore the problem. Merlin in 2009 [2] and Agranovich in 2006
[3] expanded on this issue for more nuanced cases of large permittivity values

and spatial dispersion respectively.

Experiments to demonstrate this fading magnetic permeability predate theo-
retical descriptions. In 1945, Allanson [4] reviewed a large collection of liter-
ature measuring the high frequency magnetic permeability of various wires,
regardless of material or structural properties of the studied wires, the mag-
netic permeability would always trend to one as the frequency approached
microwave frequencies. H.Némec et al [5] performed more recent measure-
ment that measured this phenomena to the highest frequency to date, in the

mid to far-infra red range.

However, despite these demonstrations, observations of y1 # 1 are still feasible
at optical frequencies. In 1999, Pendry [6] proposed that structures smaller

than the wavelength of light, known as metamaterials, may be capable of
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supporting effective magnetic permeabilities at optical frequencies, a regime
many of orders of magnitude higher than microwave frequencies. This work
was soon followed by a practical demonstration of phenomena associated with

1 # 1, negative refraction, by Smith et al [7].

The use of metamaterials to achieve magnetic responses is now typically re-
ferred to as "Optical Magnetism", whereby one shapes a subwavelength struc-

ture to engineer the correct current densities to support a magnetic dipole [8].

We move to discuss how these two separate views, the bulk and metamaterial
cases are not in conflict with each other, but rather complement each other, by
exploring the nature of electric and magnetic fields through Maxwell’s equa-

tions and the nature of electric and magnetic permeabilities.

1.2 Maxwell’s Equations, Wave Equation and the Speed
of Light

The speed of light is a fundamental physical constant, approximately equal to

3 x 108 m s L. This speed is altered when light interacts with matter.

Free space light can be described as a transverse, traveling wave with elec-
tric, I:f, and magnetic, B tields, the properties of these fields are described with

Maxwell’s equations, as shown below

wol]
I
o

V-E=0 (1.1) V- (1.2)
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. 9B _ oE
VxE=-= (1.3) V x B = —poeo (1.4)

where 1y and €p are the permeability and permittivity of free space, which

describes the electric and magnetic properties of vacuum.

Equation 1.1 describes Gauss” Law for electric fields. Equation 1.2 describes
Gauss’ Law for magnetism. These equations describe the outward flux of these
tields. In the absence of free electric charge, the divergence of equation 1.1 is
zero. The divergence of equation 1.2 is always zero, given that there is no

equivalent free magnetic charge in nature.

Equation 1.3 describes the Maxwell-Faraday equation, describing how the spa-
tial derivative of the electric field will be accompanied by a time varying mag-
netic field. Equation 1.4 describes the Maxwell-Ampere Law, showing that the
reverse of equation 1.3 is also true, the spatial derivative of the magnetic field

will be accompanied by a time varying electric field.
From Maxwell’s equations, it is possible to derive the wave equation that gov-

erns the speed of light, ¢, to do so we apply a second curl to equations 1.3 and

1.4.

=

VX(VxE):—vX%_f (1.5)
V x (VxB)=-Vx ]/Loeoa—E (1.6)

ot
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We note that V x (V x A) = V(V - A) — V24, which is known as the curl
of the curl identity and using this we obtain the wave equation in terms of
both electric and magnetic fields. In addition the curl of B is equal to the time
derivative of E, and vice versa through equations 1.3 and 1.4.

&’E 9*B

Hoeo= —VPE=0  (17) poco sy ~VE=0  (18)

To accurately define the electric and magnetic fields, which are both trans-
verse fields that are perpendicular to each other, we must define those fields
as a function of frequency of the wave, w, wavevector, k and the maximum
amplitude of the electric/magnetic wave, Ey/By. The E, B fields are perpen-
dicular to each other as a result of equation 1.3 and 1.4, cross products produce
vectors that are perpendicular to original vectors, in this case the curlis a cross
product between the spatial derivative of the field and the field itself. We note
that the spatial derivative can be replaced with the wavevector of the light,
which highlights how the direction of propagation, and the E and B fields are
all perpendicular to each other, which is commonly described via the Poynting
Vector. The equations to define these time varying fields are presented below,
these two fields are perpendicular to one another for transverse waves. We

only consider the 1D case with scalar fields for simplicity.

E = Epellkx—wb) (1.9) B = Byellkx—wt) (1.10)

Substituting equations 1.9 and 1.10 into equation 1.7 and 1.8 respectively, and
simplifying these equations results in the singular wave equation for both elec-

tric and magnetic waves.
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yoeowz —k*=0 (1.11)

We note that peg has the units of seconds per meter squared, s?m 2, regardless
of whether we are dealing with electric or magnetic fields. Isolating equation
1.11 for the inverse of ypep will give us the speed of light, ¢, in terms of these

fundamental constants, which is seen below in equation 1.12.

1
c:—:%%?)xlosms_l (1.12)

(Ho€o)

When traveling through a medium that is not vacuum, the values of € and u
deviate from their free space values, in this case it is typical to describe the

relative permittivity, €,, and permeability, y, of the medium.

€ i .
e = _mfeﬂzum (1.13) y = _”mzzm (1.14)

Inserting equations 1.13 and 1.14 into equation 1.11, we can now describe the

speed of light in a medium, be it vacuum or a dense medium.

8 -1
o c %3><10 ms (1.15)
v Erlhr v ErHr

It is common to combine the relative permeability and permeability as a single

dimensionless constant, 7, the refractive index of the medium.
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n= /& (1.16)

Foravacuum,n =¢, =y, =landv =c~ 3 x 10% m s—1, however dielectric
materials such as SiO,, the refractive index can vary with frequency, for exam-
ple consider 150 THz (2000 nm), the refractive index is 1.44, but at 750 THz
or 400 nm the refractive index increases to 1.47 [9]. We explore the nature of

dispersion in more detail in the following chapters.

As seen in Figure 1.1, the frequencies of electromagnetic waves available to
work with are incredibly broad, from radio-waves to visible light and our work
is focused at the near-infra red to visible frequencies. In particular, we are
interested in frequencies between 150-750 THz or 400-2000 nm, and at these
frequencies we find that the magnetic permeability, y, is unity on the basis of

theory [1, 2] and experiment [4, 5].
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Microwaves
M# 1 1x10°- 1x108 nm
10°-1011 Hz

Mid to Far-Infrared
M -1 2500 nm- 1x10° nm
1011- - 1014 Hz

Wavelengths Near-Infrared

H=1 studied in this 780-2500 nm
work P 1014 Hz
Visible

380-780 nm

| —>3.84x104-7.88x104

Ultra-Violet
H=1 100-380 nm
7.88x10%- 3x10%5 Hz

FIGURE 1.1: Schematic of frequencies and wavelengths from ra-
dio to ultraviolet waves. Orange marks the range of wavelength
studied in this thesis.
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1.3 Dispersion of Magnetic Permeability

In the electrostatic/magnetostatic regime, magnetism can be understood in
terms of spin angular momentum or the angular orbital momentum of va-
lence electrons [10]. In the case of spin angular momentum, this arises from
the unpaired electrons in the valence orbitals (s, p, f etc) of the atoms, which
are rotating around their center of mass. This magnetic dipole moment is de-

scribed below.

e
= — 1.17
m mes ( )

S is the intrinsic spin angular momentum, which can be +3. Ee is the charge

of an electron and m, is the mass of the electron.

For angular orbital momentum, a magnetic dipole moment can arise from the

orbiting of electrons around the nucleus.

~
X
St

(1.18)

N o

where r is the radius of the angular motion, and v is the velocity of the angular

motion.

As noted by Coey [10], there is a rather interesting conflict between this quan-
tum mechanical case and the classical charged particle case. “The remarkable

difference between an electron in a quantum-mechanical stationary state and
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a classical charged particle is that the former can circulate indefinitely in its or-
bit as some sort of perpetual motion or electronic supercurrent — whereas the
classical particle, or an electron in an unquantized orbit, must radiate energy
on account of its continuous centripetal acceleration. Classical orbital motion

will soon cease as a result of radiation loss”.

At non-zero frequencies, one must consider the frequency dispersion of the
magnetic permeability. Figure 1.1, highlights how the magnetic permeability
of a medium is not unity at frequencies from radio-waves to microwaves, and
trends to unity from the mid- to far-infrared ranges. This phenomena was first
described by Landau-Lifshitz [1] in 1961, and expanded on by Merlin [2] in
2009.

Landau and Lifshitz began with the definition of the magnetic dipole moment
of a medium, which is a common convention to describe the magnetic response
of a medium, assuming the wavelength is significantly larger than the atomic

dimensions of that medium.

(1.19)

3
I
—
!
X
—
b
<

where V is the volume over which the magnetic dipole moment is integrated
over, 7, is the positional vector associated with J. J is current density associated
with both magnetic and electric fields as described by Maxwells equations,

described as below.
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T:chM—F‘Z—f (1.20)

where M is the magnetization field, M = B — H/pg and P is the electric po-
larization field, P = D — eoE. These fields are non-zero only if is there is a
non-unity value for the permeability or permittivity respectively, and assume
purely magnetic/electric dipole response associated with wavelengths much

greater than atomic dimensions of the medium.

Hence a magnetic dipole moment, arising from a circulating current density,

has two sources

ﬁ:/MdV+/?xC;—I:dV (1.21)

As the frequency of light trends to higher values, the electric polarization plays
an increasing role in the overall current density and it is difficult to separate

electric and magnetic contributions, hence y = 1.

The ideal condition to obtaining y # 1 is where the object is as small as possi-
ble, which will enhance the contribution of the curl, a spatial derivative, over
the time dependent derivative of the electric polarization. Landau identifies

an inequality to identify this ideal regime.

(W;—I)CZ (1.22)
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where [ is the size of the object, for a magnetic permeability to be different from
one, this inequality must hold, and Landau makes the following observation

from inequality 1.20.

"Thus there is no meaning in using the magnetic susceptibility from optical

frequencies onward, and in discussing such phenomena we must put u=1".

However Landau critiques this observation when considering a wavevector

dependence on the permittivity, a feature common to single crystal media.

"The above treatment gives a somewhat different view of the assertion in (1.20)
that the permeability # has no meaning at optical frequencies. In that range,
the effects due to the difference of y from 1 are in general indistinguishable

from those of the spatial dispersion of the permittivity".

Further discussion on spatial dispersion will be expanded in the next chapter,
but we wish to highlight that the current density defined in equation 1.20 is
not unique, given that E and B can not be considered independent of each
other, which is highlighted by Maxwells equations, equations 1.3 and 1.4 in
particular. This results in inequality 1.20 being insufficient to cover all possible

regimes.

To our knowledge measurements of magnetic permeability have not been at-
tempted at optical frequencies, the earliest attempt at measuring the disper-
sion of the magnetic permeability date back to the 1950’s and are reviewed by
Allanson [4] in excellent detail as shown in Figure 1.2 (a), who discussed the
measured magnetic permeability of wires of various materials and diameters,

from frequencies between 10° — 10'° Hz or c¢/s (cycles per second), which is
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firmly in the microwave range in Figure 1.1.

The single constant observation throughout the datasets presented in Figure
1.2 (a) is that the magnetic permeability decreases as one goes further into the
microwave range, as predicted by inequality 1.20. It appears that changing
the dimensions of these wire compensates for this disappearance of magnetic
permeability, which suggests that the size dependence of the inequality 1.20 is

qualitatively verified.

-
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FIGURE 1.2: (a) Plot of measured dispersion of magnetic perme-
ability. Orange line and blue arrows are our additions to this
graph to make clear the radio and micro wave regions. c/s stands
for cycles per second, presented along the x-axis is equivalent
to Hz. Graphs sourced from [4]. (b)-(e) Measurements of ZnTe
refractive index, permittivity and permeability. (b) Refractive
index. (b) Impedance, which refers to the wave impedance of
the medium, which is defined as the square root ration of the
permeability and permittivity. (c) Permittivity. (d) Permeability.
Dashed lines represent the assumption that py=1. Graph sourced
from [5].

However the periodic and subwavelength nature of the samples suggests that
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this paper may have been one of the first papers on metamaterials, and hence
may not be a real indication of bulk material parameters that Landau dis-

cussed.

For a discussion on bulk material parameters, H.Némec et al [5] measured the
electric permittivity and magnetic permeability for ZnTe up to a frequency of
2.5 THz or a wavelength of 120,000 nm, which is in the far-infra red range
shown in Figure 1.1. This is the highest frequency at which such a measure-
ment has been made as of writing this thesis. It is clear from Figure 1.2 (e) that
the the measured magnetic permeability is unity, and the authors state that it
was not possible to separate the magnetic permeability from permittivity, mak-
ing it valid to set the permeability to 1, which corresponds to the dashed line

in Figure 1.2. This agrees with Landau’s argument which we outlined earlier.

1.4 Demonstration and Application of Magnetic Per-

meabilities in Literature

The first question to ask is whether is it possible to observe any magnetic re-
sponse at optical frequencies? The answer is within inequality 1.20, a magnetic
response may be observable if the structure is smaller than the wavelength of
visible light, which would be a size limit between 400-780 nm. Ideally the
smaller the structure relative to the incident wavelength, the easier it is to ob-
tain a non-unity value for the permeability. Pendry [6], was the first to postu-
late a practical realization of this by exploring the effective permeability arising

from metamaterials.
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The following question is to ask is why would we desire non-unity value of
magnetic permeability at high frequencies? An experiment by Shelby et al [11]
demonstrated an exciting phenomenon associated with a medium with both
negative permittivity and permeability, negative refraction, which is the bend-
ing of light in the "incorrect” direction after transmitting across a surface. This
phenomena first postulated by Veselago [12], however no real life example ex-

isted to support negative refraction at the time.

The work done by Pendry [6] and Shelby et al [11] has been reviewed by Smith
etal [7], and we show this in Figure 1.3. A specifically engineered metamaterial
can be tailored for negative permeability and permittivity, resulting in a neg-
ative refraction flat lens. Such a lens has been proposed to be a "perfect lens"
[13], but in reality it’s resolution is limited by absorption rather than diffrac-

tion, which is still an improvement over a traditional diffraction limited lens.
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Fig. 3. (A) A negative index metamaterial formed by SRRs and wires deposited on opposite sides lithographically on
standard circuit board. The height of the structure is 1 cm. (B) The power detected as a function of angle in a Snell’s law
experiment performed on a Teflon sample (blue curve) and a negative index sample (red curve).
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Fig. 4. Perfect lensing in action: A slab of
negative material effectively removes an
equal thickness of space for (A) the far
field and (B) the near field, translating the
object into a perfect image. (C) Micro-
wave experiments by the Eleftheriades
group (26) demonstrate that subwave-
length focusing is possible, limited only
by losses in the system. (D) Measured
data are shown in red and compared to 0 10 0 10
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FIGURE 1.3: Practical demonstration of negative refraction. Top 2
figures show a metamaterial, which is an array of subwavelength
structures that produce an "optical magnetic" response, which
results in negative refraction. Bottom 3 figures further demon-
strated this negative refraction, showing that resolution of a neg-
ative refraction lens is better than the diffraction limit. The fre-
quencies studied were from 8 x 10° — 1.2 x 10 Hz or roughly
3 x 107 nm. Graphs sourced from [7].
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Another particularly interesting application of non-unity magnetic permeabil-
ities is the excitation of unusual surface waves. At the interface between two
media with differing electric permittivity, a transverse magnetic (TM) surface
plasmon may exist, for differing magnetic permeabilities, a transverse electric

(TE) surface plasmon may exist.

As shown in Figure 1.4, there have been several theoretical investigations into
these TE plasmons. In sub-figure (b) Hotta et al [14] showed the existence sur-
face waves in materials that had magnetic permeabilities. In sub-figure (c) Sun
et al [15] highlighted that by placing a single thin film of high refractive index
onto of a Ag substrate, a TE surface plasmon may exist at ultra-violet frequen-
cies. A more practical demonstration of this TE surface wave was achieved by
Papadakis et al [16] in Figure 1.4 (a), who experimentally demonstrated that
planar metamaterials made of a series of subwavelength thin films were capa-
ble of supporting a TE surface plasmon. They argued that specifically shaped
current densities, ], were responsible for an "optical magnetic" response. A va-
riety of structures, including thin films, can support anti-parallel current den-
sities, leading to an effective magnetization, and hence an "optical magnetic"

response.
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index, n=4 can support a TE surface wave at optical frequencies
[15].
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To expand on the possibility of thin films providing an "optical magnetic" re-

sponse, Li et al [17] in Figure 1.5, demonstrated that in order to correctly de-

scribe the reflection of a subwavelength thin film of GaP, one must include the

magnetic dipole / quadrupole contribution to the reflection spectrum. These

magnetic multipoles arise from circulating current densities, the same as those

identified by Papadakis et al [16], Pendry [6, 18] and discussed in reviews on

optical magnetism [8] as giving rise to an "optical magnetic" response, high-

lighting that such "optical magnetic" responses may not be unique to metama-

terials, and may be intrinsic to all subwavelength structures, including simple

thin films.
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FIGURE 1.5: Demonstration of an "optical magnetic" response in
subwavelength GaP thin films, graphs sourced from [17].
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1.5 Thesis Structure and Aims

Achieving a magnetic response at visible frequencies is a highly sought phe-
nomenon, permitting the design of new devices using unusual physics tradi-
tionally confined to radio and microwave frequencies. Devices such as flat
lenses relying on negative refraction [11] or polarizers using s-polarized Brew-
ster angles rather than p-polarized Brewster angles, [19, 20, 21] could be real-
ized if one could practically realize magnetic responses at optical frequencies.
Current approaches to achieving this magnetic response require complex sub-

wavelength structures that are not scalable and are expensive to fabricate.

We aim to explore the role of magnetism in dielectric thin films, highlighting
that a magnetic response can not be ignored in these simple structures and how
such a magnetic response may be engineered to observe a TE surface plasmon

in a simple metal-dielectric system. This thesis is structured as follows.

Chapter 1. Introduce high frequency magnetism and the difficulties of observ-
ing a magnetic response at optical frequencies to give context to the work of

this thesis.

Chapter 2. Serves as a guide to teach readers on the nature of dispersion in
bulk media and thin films, which is a topic vital to understanding the work

and literature in Chapters 1, 4 and 5.

Chapter 3. Discusses methods in building and designing apparatus used for

measurements in Chapter 4 and 5, including our novel design of the "Dual
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Kretchmann Configuration” for prism coupling measurements using in Chap-
ter 5, which offers accurate angle and frequency resolved measurements that
are easier to perform than traditional approaches. Methods to model these ex-
periments are outlined as well, including modeling of reflection via S-parameter,
transfer matrix and multipole decomposition methods and eigenmode analy-

sis.

Chapter 4. Use multipole decomposition to understand the angle and fre-
quency dependent behavior of optical magnetism in free-standing films of
SizNy thin films, highlighting how Fabry Perot modes and the Brewster angle
are the result of combined electric and magnetic responses rather than purely
electric responses. Then demonstrate the role of spatial dispersion in observ-
ing magnetic responses, and how electric poles may contribute to magnetic

responses.

Chapter 5. Demonstrate how these magnetic responses in thin films may
be applied to engineer the existence of a TE surface plasmon with simple

dielectric-metal structures.
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Dispersion in Bulk Media and Thin

Films
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2.1 Dispersion of Bulk Media

Having given an overview of the problem of obtaining non-unity magnetic
permeability at optical frequencies in Chapter 1, we now move to explain the
concepts behind frequency and spatial dispersion, as well as the ambiguity
between magnetic permeability and spatial dispersion. Examples of frequency

dispersion will be vital, as these media will be those studied in future chapters.

We then discuss dispersion arising from thin films, including Fabry Perot modes

and TM/TE surface plasmons that are also the focus of study of this thesis.

2.1.1 Frequency Dispersion, e(w)

In the classical microscopic picture, where the wavelength is much larger than
the atomic dimensions, materials can thought of as dipole oscillators, where
the electrons are driven by the electric field of the incident light. In dielectrics,
these are bound electrons in the valence bands. In this case these dipoles are
atomic electric dipoles, which are polarized by the incident light, by polariz-
ing these atoms, a restoring force is generated from the uneven distribution of
charge. This can be treated as a single Lorentzian oscillator that follows the

following equation of motion[22].

d?x dx

meﬁ + me’yE + mew(z)x =¢E (2.1)
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Where m, is the mass of the electron, 7 is the damping/restoring force, wy is
the frequency, e is the charge of the particle and E is the external driving force

which is the electric field of the incident light.

The maximum displacement of these electrons can be derived by assuming the

displacement oscillates in time as seen below.

x(t) = xgRe(e @H®) (2.2)

The maximum displacement according to this Lorentzian dipole oscillator is

as follows.

(2.3)

As described by Fox, the resonant polarization field in terms of the electric
dipole moment can be described in terms of the number of particles N and the
electric dipoles moment, which itself is the product of maximum displacement,

N, and the charge of the electron, e.

Ne? 1

mo w%

ﬁresonant = Nﬁ = —Nexg = E (2.4)

—w? —iyw

Presonant contains the resonant behavior near the resonant frequency of our
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atomic oscillator and the background behavior far away from the resonant fre-

quency, which can be described via the electric susceptibility, .

D = €OE + 13 = €OE + ﬁbackground + ﬁresonant = €0E + eOEX + ﬁresonant (2-5)

Where D is the electric displacement field. these equations can be re-organized

to isolate for the frequency dispersion of a dielectric as seen below.

Ne? 1 S
e=1+x+ 5 E
my wo

— (2.6)
— w? —iyw

In theory, it may be possible to ignore this frequency dispersion if one is suf-
ticiently far away from the resonant frequency and only consider the effect of

the background polarization.

We note that in this case, the material lacks spatial dispersion/anisotropy as
the permittivity is a scalar value, a spatially dispersive material requires a di-

agonal 2nd order tensor.

As described in the previous chapter, the relation between the frequency and
wavevector of a wave can be described as follows, in terms of the relative per-

mittivity, assuming no magnetic response, y, = 1.
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A medium is said to be dispersive if €, is dependent on either frequency or
wavevector, and is typically a complex number if dispersive. Many materi-
als exhibit frequency dispersion, where the permittivity varies with frequency,
thatis €,(w) = ey yeq1 (W) + i€y jmag (w), which arises from the well-known Kramers
Kroneig relation [23]. Several examples of measured frequency dispersion are

presented below in Figure 2.1.
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Electric Permitivity of Various Materials
10+ (a) ]
/
— —

2 0'\_/ T
- E —Si3N4-Luke etal
n g -10 - —SiO2 - Malitson |
8 S'_) Au - CRC
© o -20r —Ti-CRC i
O =
X o

o) | |

mm -30

40 |
400 600 800 1000 1200 1400 1600 1800
40
>
5 -; 30
£ 5
=
)
=920
£ o
=2 =
£ @
= w

400 600 800 1000 1200 1400 1600 1800

Wavelength (nm)

FIGURE 2.1: Examples of frequency dispersion from literature.

In all these cases, y, = 1.(a) Real part of the permittivity. (b)

Imaginary part of the permittivity which arises from absorption

of light. These particular materials are key materials that were

studied in this thesis. SizNj data was sourced from [24], SiO,

data was sourced from [9], Au and Ti data was sourced from [25]
and [26] respectively.
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Low loss materials such as SiO, and SizNy are weakly dispersive, as they
are weakly absorbing across the visible and near infra-red wavelengths, high-
lighted by the Kramers-Kronig relation [23]. Lossy materials, those with large
imaginary parts, e, imag, Show large changes in the real part of the dispersion,
making them highly dispersive, this includes metals such as Au and Ti in Fig-

ure 2.1.

Another method to identify frequency dispersion than in Figures 2.1 is by plot-
ting the dispersion relation of the permittivity as defined by equation 1.11.
Linear trends are dispersionless, while any degree of dispersion will appear as
a non-linear trend. Figure 2.2 plots this dispersion relation for each of these
materials, w = ,/€/k, for the same media presented in Figure 2.1. None of
these media show a linear response, and hence are all dispersive to some de-
gree. SiO; and SizNy may appear to be linear, but that is a result of the small
changes in refractive index with frequency, and measurements by Luke et al

[24] and Maltison [9] have identified this dispersion.
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FIGURE 2.2: Frequency dispersion of various materials shown in
Figure 2.1. In all these cases, p, = 1.

2.1.2 Spatial Dispersion, ¢ (k)

As well as the frequency dispersion mentioned above, it is possible for the

permittivity to show spatial dispersion.

Re-visiting the microscopic image discussed in the previous section, in the case
of non-local properties or spatial dispersion, the permittivity becomes a 2nd
order tensor, with the permittivity depending on the direction of the electric
tield relative to the crystal axis of the anisotropic crystal, normally these effects
are negligible if the wavelength of the incident light is significantly larger than

crystal’s lattice constant, however it is still weakly observable in YVO, [27].

A good example of spatial dispersion is the Doppler broadening of absorption
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lines in a gas, if our atomic oscillators are moving in this gas, then the spectrum
is broadened by the product of the wavevector of the light and the speed of the
particle, and spatial dispersion is observable in the limit shown, k> %,

where v; is the thermal velocity of the gas atoms.

Another example is in the case of metals, if the mean free path of electrons
is larger than the incident wavelength, then spatial dispersion may become
significant, however the mean free path of electrons in Au is approximately 50
nm and at optical frequencies[28], and spatial dispersion is not significant at

optical frequencies.

Re-visiting the definition of relative permittivity described earlier, we note
that wavevector dependency can also affect the permittivity. Given that the
wavevector is defined as k = ¢, it can be difficult to separate the frequency
and wavevector dispersion, in order to separate the two, one must measure
the angle dependent behavior of the permittivity, which requires a 2nd order
tensor to describe the permittivity, this is what we refer to as spatial dispersion

[1, 29].

€xx O 0
€j=10 ey O (2.8)
0 0 ey

In the case of the simplest form bulk spatial dispersion, a uniaxial crystal,
we only consider two different permittivities along the two axis of the crystal
structure, the ordinary and extraordinary permittivity, €o,4inary and €extraordinary-

An example of these parameters is shown in Figure 2.3 for YVOy crystal [27].
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We note how frequency dispersion is also present, however depending on the
direction of propagation, i.e, the wavevector of the light relative to the crystal
axis, the permittivity experienced by the wave changes. We note that the de-
gree of spatial dispersion, which can defined as the difference in permittivities
in Figure 2.3 (b), increases as frequency dispersion becomes non-negligible,

turther highlighting how difficult it is to separate these two phenomena.
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FIGURE 2.4: Frequency and spatial dispersion of YVOj crystal at
20°C, ur = 1.

In Figure 2.4, we can plot the dispersion relation of the YVOj, crystal, a major
difference compared to Figure 2.2, is that there are now two dispersion rela-
tions corresponding to the ordinary and extraordinary axis. Further disper-
sion lines are possible depending on the orientation of the crystal axis relative

to the wavevector of the light, for simplicity only two are presented.

2.1.3 Ambiguity Between ¢(k) and 1(w)

Having described both frequency and spatial dispersion, we revisit a com-
ment made by Landau regarding spatial dispersion in the permittivity and

frequency dispersion in magnetic permeability.



2.1. Dispersion of Bulk Media 35

"...the effects due to the difference of y from 1 are in general indistinguishable

from those of the spatial dispersion of the permittivity".

First we must explain in detail why they are indistinguishable, Dirdal et al
provides a more nuanced explanation of this [30]. We first must revisit the

definition of the current density, ] from equation 1.21 and seen below.

-

TchxM#;—f (2.9)

In the case of eigen-modal propagation, where we assume that the wavenum-

2
beris k = <5, where €| is the permittivity in the transverse direction, as the

frequency increases, the wavevector must approach the vacuum case, where
€,y = 1. This corresponds to a transformation of the field associated with €|
and 1, so M and P becomes M’ and P'. It is noted that the current density is
unchanged, despite changing the values of the vectors M and P, this gives rise

to the following relation below.

=

. dP - dP

As seen from equation 2.4, and highlighted in the introduction, the current
density is not uniquely defined, there are an many combinations of € and u

that can give the same value for the current density , J.

Dirdal [30] highlights that the Landau-Lifshitz argument, where y = 1, is a
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particular example of this ambiguity where it is convenient to describe a spa-

tially dispersive permittivity only, i.e, €(w,k) # 1 and u = 1.

Agranovich [3, 31] expands on this issue, by refining Maxwell’s equations, by
forcing B = H and only considering E, D and H fields. This formulation of
Maxwell’s equations acts to remove the ambiguity between permittivity and
permeability discussed by Dirdal [30] by including electric and magnetic re-

sponses into the electric fields.

V-D'=0 (2.11) V-B=0 (2.12)
,  dB _ dD’

where the new electric displacement field, D', is defined in terms of permittiv-

ity and permeability.

D' = e(w)E — — (1——) V x B (2.15)

These equations are equivalent to the traditional Maxwell’s equations seen in
the introduction, but now equation 2.9 accounts for spatial dispersion, as it a

particular case of the more general equation seen below.

D' = e;j(w, k)E (2.16)
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where €;; is an element of the permittivity tensor used to describe anisotropic

crystals in the previous section.

In Equations 2.9 and 2.10, spatial dispersion is the result of including a mag-
netic response into the electric displacement field, but also highlight how spe-
cific electrical responses can behave as magnetic responses. For Agranovich’s
case, he highlighted that electric quadrupoles may behave as magnetic dipoles,
and highlighted examples of metamaterials where electric quadrupoles con-
tribute to a negative permeability [32], this will prove an important consider-
ation in future chapters, when we discuss how the electric quadrupole may

polarize a medium.

Setting B = H has important implications for the current density, J, and in-
equality 1.20 derived from it. We only deal with the electric polarization and
do not separate the current density into electric and magnetic fields, making
the derivation of inequality 1.20 impossible and hence it is not possible to de-
fine an ideal object size where a magnetic response is easy to observe. But this

does not exclude the possibility of observing a magnetic response.

2.2 Dispersion of Thin Films

Having explored the nature of dispersion in bulk media, both frequency and
spatial dispersion in permittivity and the ambiguity between spatial disper-
sion in permittivity and frequency dispersion in permeability, we move onto

the dispersion of thin films.
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When considering thin films, and resonances unique to those structures, such
as Fabry-Perot and surface plasmons, these resonances require us to account
for the dispersion of the bulk medium and the structure that the medium takes.
We must consider the role of thickness on the dispersion of thin film modes,
which has been highlighted as a form of spatial dispersion [33], but is not a

common convention in literature.

2.2.1 Fabry Perot Modes

A well known form of resonance in thin films is the Fabry Perot mode, arising
from the constructive interference between reflected and transmitted waves in
a thin film, leading to a resonate enhancement of light in the cavity at a specific

wavevector.

Fabry Perot modes are solutions to the wave equation 1.7 with the assumption
that the boundary conditions, at co-ordinates 0 and d are defined as E(0,t) =
E(d,t) = 0, which is made when working with a lossless cavity as it is assumed
that the electric fields at the boundaries of the cavity are zero, where d is the

thickness of the Fabry Perot cavity [34].

For a standing wave confined to this cavity, the electric field is defined in terms

of it’s spatial and time dependence as

E(x,t) = Egsin(kx) (2.17)

kg is the wavenumber of the g th order Fabry Perot mode, where q is a positive
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non-zero integer. Equation 2.11 is zero at the boundaries of the cavity, and may

satisfy the wave equation above if the following is true

kod = 714 (2.18)

This confines k; to discrete values, so the wavevector of each mode is the fol-

lowing.

k=21 (2.19)

If the wavevector is confined to distinct values, then the frequency is as well. c

is the speed of light.

c
W, = g—d (2.20)
or in terms of wavelength
Aq = M (2.21)

The above equations defines the wavelengths at which a Fabry Perot mode
of g th order may exist at, but suggests no angle dependence in these modes.
The solution to introduce angle dependence into the equation is to change the

thickness, d, to the optical path length in the thin film, dpp.
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Ag = 2n(w, k)dop (2.22)
q

At normal incidence, this matches the thickness of the film but will vary with
angle. The optical path length will depend on the angle of transmission in the

thin film, which depends on Snell’s law.

n; Sin(eincident) = Nt Sin(gtmnsmitted) (2.23)

This can be re-arranged as follows.

n; Sin(gincident) ) ! (2.24)

etmnsmitted = sm (
nt

Now the optical path length can be defined in terms of the thickness and angle

of transmission as follows.

. -1
dop = dCOS(thnsmitted) — dcos <sin (1’11 Sln(amadent)) ) (2.25)

ny

Substituting this into equation 2.18 we obtain

. -1
- nisin(Bincident)
2nd cos <sm <H—t‘>>

A = (2.26)
7 q

We test the validity of this equation by plotting these resonant wavelengths



2.2. Dispersion of Thin Films 41

and angles over the reflection spectra of a thin film, with a thickness of 500 nm
and refractive index of 2, surrounded by air. As seen in Figure 2.5 below, the
equation perfectly predicts the resonant wavelength and angle dependence of
the first 3 Fabry Perot modes, as it overlaps with regions of zero reflection,
which corresponds to perfect transmission, a feature that arises from the con-
structive interference of transmitted and reflected waves seen in Fabry Perot

modes.

We briefly note the similarity between equation 2.20 and the condition re-
quired to observe the Bragg angle in crystal/spatially dispersive media [35].
The Bragg angle is controlled by the spacing of atomic layers and the angle
of incidence for a given wavelength. The Fabry Perot mode is the spacing of
the boundaries of the thin film and angle of incidence for a given wavelength.
If our Fabry Perot resonator were made of two reflecting media separated by
vacuum, these two equations would be even more similar, the only difference
being a cosine dependence for the Fabry Perot modes and sine dependence for
the Bragg angle. This highlights the potentially spatially dispersive nature of

thin films.

In the case of lossy films, additional considerations are required, in particular

sine functions in Snell’s law must be rewritten with Euler identities. sin(x) =
eix_efix
2i
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FIGURE 2.5: Plot of modeled unpolarized reflection (in the range
0 to 1) for 500 nm of medium with refractive index n=2 sur-
rounded by a medium with n=1 showing the first 3 Fabry Perot
modes, (q=1,2 and 3) in as dashed magenta lines overlapping
with regions of zero reflection, which is expected from the reflec-
tion of a Fabry Perot mode. Unpolarized reflection is defined as
the average of s-/p-polarization reflection, which is a form of lin-
early polarized light with fields that are parallel/perpendicular
to the surface of the thin film respectively.

2.2.2 Propagating Surface Plasmons

Propagating surface plasmons are traveling surface waves confined to the in-
terface between a dielectric material and metal, and can propagate along this
interface. They are primarily transverse magnetic (TM) modes, that is they
have two electric field components, and 1 magnetic field component, with elec-
tric fields along the direction of propagation (longitudinal), and perpendicular

(transverse) to it, while the magnetic field is purely transverse.
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Even more unusual is the transverse electric (TE) surface plasmon, a surface
wave with two magnetic fields and 1 electric field, with magnetic fields along
the direction of propagation and perpendicular to it, while the electric field is

purely transverse.

We must discuss two important cases when dealing with propagating surface
plasmons. First, the thick film case, and secondly the thin film case as there is
a well known transition in the nature of these surface plasmons as one reduces

the thickness of the metal film.

For thick metal films, we deal with a single interface between two infinitely
large media. It is possible to derive a wavevector that the surface plasmon

exists at, for a given permittivity and permeability of each medium.

To derive this conditions for a single interface TM surface plasmon we must
derive the conditions where the electric field along the direction of propaga-
tion are continuous, otherwise the TM surface plasmon cannot exist. We begin
with the well-known boundary conditions for the continuity of electric fields

between interfaces [36].

€dielectric Ymetal = —€metal Vdielectric (2-27)

where 7, is the decay constant, related to the decay of the electric field into
medium n. We can then write the decay constants in terms of k, €, u of each

medium using the following relation.
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2 2

k= — €metal Wmetal ke — EdielectricHdielectric (2 28)
€2 N e . '
metal dielectric

Solving for k gives the following equation for the TM surface plasmon disper-

sion relation.

2 2
. €dielectricHdielectric€ ot — Emetal Bmetal € gioloctric
krm =k : - (2.29)
Cimetal — Cdielectric

where k is the wavevector of the light in medium 1. If 1, = 1, this simplifies to
the most well-known example of this equation. It is clear from these two equa-
tions that if the permittivities of each medium are equal, then a TM surface

plasmon cannot exist.

€dielectric — €metal

kTM _ k\/ €dielectric€metal (2'30)

For TE surface plasmons, we require a similar continuity in the magnetic field

along the direction of propagation.

Hdimagnet Ymetal = — Hmetal Ydimagnet (2.31)

where 1, is the magnetic permeability in medium m. The derivation follows

the same steps as the TM case, resulting in the following equation.
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2 2
€dimagnet Hdimagnet€iyera) — ememllumemledimagnet

kg = k (2.32)

2 2
Winetal — Pdimagnet

It is obvious from equation 2.26 that a TE surface plasmon for th<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>