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Self-assembled clusters of magnetically tilted dipoles1
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(Received 28 August 2024; accepted 26 November 2024; published xxxxxxxxxx)8

Motivated by the idea of using simple macroscopic examples to illustrate the physics of complex systems,
we modify a historic experimental setup in which interacting floating magnets spontaneously self-assemble
into ordered clusters. By making the cluster components mechanically stable against their natural tendency to
flip and coalesce, we can monitor the torque experienced by individual magnets through the macroscopic tilt
angles they acquire when exposed to noncollinear external fields. A mathematical model that reproduces the
empirical observations is introduced, enabling us to go beyond the experimental cases considered. The model
confirms the existence of alternative orderings as the number of objects increases. Furthermore, a simpler and
more mathematically transparent version of our model enables us to establish the conditions under which the
cluster structure is stable and when it will collapse. We argue that our simple experimental setup combined with
the accompanying models may be useful to describe general features seen in systems composed of mutually
repulsive particles in the presence of modulating confining fields.
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I. INTRODUCTION21

It is well known that aggregates of interacting particles22

may order spontaneously when placed under the influence23

of confining forces. Equal-volume hard spheres, which are24

normally disordered in bulk, crystallize into ordered structures25

when placed inside cylinders of a diameter slightly exceeding26

the sphere diameter [1,2]. A similar behavior is found for27

(soft) bubbles [2–4]. Likewise, the case of ions in the presence28

of a confining electric field [5–8] is yet another example29

of mutually repulsive particles spontaneously self-assembling30

into ordered structures when spatially constrained. The list of31

examples with similar behavior is quite extensive, appearing32

over a wide range of lengthscales [9].33

One of the earliest attempts at elucidating the effect of34

confinement-induced ordering in clusters dates back to Alfred35

Marshall Mayer, who in 1878 “devised a set of macroscopic36

experiments which illustrates the action of atomic forces, and37

their arrangements in molecules” [10]. Mayer magnetized38

sewing needles with their tips having the same polarity and39

mounted them on small corks, which were placed in a bowl40

filled with water. When the opposing pole of a large magnet41

is placed above the mutually repelling needles, they float42

towards each other and quickly arrange themselves in some43

regular pattern. Mayer identified different configurations us-44

ing up to 51 needles which arranged themselves in rings [11];45

this included various alternative configurations found for the46

same number of needles and was subsequently instrumental47

in providing insightful analogies for the shell structure forma-48

tions at the atomic level [12,13].49

Clusters of magnetic objects have been the focus of scien-50

tific attention for decades [14–17], but interest has increased51

more recently due to applications in environmental science52

[18], medicine [19–21], magnetic memory devices [22], and 53

quantum computing [23,24], to name but a few. Obviously, 54

this calls for an understanding of magnetic clusters that goes 55

beyond the simple formation of ordered structures. For ex- 56

ample, determining the cluster magnetic texture, i.e., how 57

individual magnetic moments are dispersed both in magnitude 58

and direction, can help explain how these systems respond to 59

external fields. Therefore, despite being over a century old, 60

Mayer’s seminal idea of searching for a macroscopic analog 61

able to capture features that may be prevalent across different 62

lengthscales remains relevant. 63

Numerous experiments of that kind have been proposed 64

over the years [25–30], but the information contained in the 65

magnetic angle alignment in clusters has often been discarded 66

or ignored. Mayer himself did not comment on any observed 67

deviations of his magnetized needles from the vertical di- 68

rection. Nemoianu et al. [31] attribute this to the buoyancy 69

force provided by the cork stoppers to which the needles were 70

attached. In their own recreation of Mayer’s experiment, small 71

“pill-like” cylinder magnets are glued to flat-bottom plastic 72

cups; again this will hinder any magnetic tilt. Also in the 73

experimental study in Ref. [32], tilt is deliberately suppressed; 74

the magnets were stuck underneath floating cork disks to have 75

the center of gravity below that of buoyancy. To be consistent 76

with their own (and Mayer’s) experimental setup, and to avoid 77

a further complication of their equations of force equilibrium, 78

Nemoianu et al. [31] also restricted their numerical study of 79

magnet configurations to the case of vertically aligned mag- 80

netic moments. 81

The magnetic tilt of individual objects is a degree of 82

freedom that adds richness to the problem of self-assembled 83

magnetic clusters. In the layered structures formed by spheri- 84

cal magnets in the absence of a confining field, the magnetic 85
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moments were found to be aligned to minimize the global86

magnetization [33]. Here, we adapt the experiment introduced87

above so that the magnetic moments of cluster components are88

permitted to tilt partially instead of being entirely suppressed89

by buoyancy. By attaching additional weight to the bottom of90

floating spheres, we make them mechanically stable against91

the natural tendency that dipole moments have of flipping and92

attaching to one another. In this way, we preserve the repulsive93

force between the floaters; at the same time, we allow it to be94

modulated by a noncollinear confining field (see Sec. II for95

details). Furthermore, we introduce a theoretical model that96

describes the details of this modified experimental setup. The97

model displays excellent agreement with the experimental98

measurements, which allows us to go beyond our observations99

and generate a phase diagram describing how the number of100

rings within a cluster depends on the total number of objects,101

as well as on the tilting angle of an externally applied mag-102

netic field. Our findings confirm the existence of alternative103

orderings as the number of objects increases. Furthermore, the104

model can be used to establish the conditions under which the105

cluster structure is stable.106

The sequence adopted in this manuscript is as follows.107

In the next section, we present the modified experimental108

setup that was used to generate the ordered structures of the109

magnetic cluster, including the details of how the positions of110

the magnetic objects and their respective tilting angles were111

measured. This is followed in Sec. III by the introduction112

of a mathematical model that describes through an energy113

balance equation how the system self-assembles into rings. By114

making use of a few simplifying approximations introduced115

in Sec. IV, we are subsequently able to obtain expressions for116

the ring radii, infer about its magnetic texture, and address the117

robustness of the cluster structure against symmetry-breaking118

fluctuations.119

II. EXPERIMENT120

Our macroscopic systems of floating magnets were real-121

ized experimentally by gluing two bar magnets on opposite122

sides of ping-pong balls, as shown in Fig. 1(a). To provide123

stability against flipping over when placed in water, an ad-124

ditional magnet, together with a metal sphere, was added on125

the water-immersed side. The floating magnets were placed126

into a water-filled bucket, shaped as the frustum of a cone,127

onto whose outer perimeter, at the water level, we attached a128

total of 70 equally spaced magnets, as shown schematically129

in Fig. 1(b). The effect of the confining magnetic field, pro-130

duced by these outer magnets, is that a single object, placed131

anywhere in the bucket, will float to take on its equilibrium132

position in the center. Systems of several floating magnets,133

whose repelling forces, in the absence of the confining field,134

drive them to locations along the perimeter of the bucket, float135

to equilibrium positions around the center in the presence of136

the field [see Fig. 1(c)].137

A camera mounted on a tripod was placed above the bucket138

and vertically aligned with its center. The positions of the139

floating spheres and the inclination of the magnets away from140

the vertical were then determined as follows. We first located141

the center of the confining field. This can differ from the142

geometric center of the bucket due to inhomogeneities in the143

FIG. 1. Experimental setup and imaging. (a) Schematic drawing
of the floating object which is made up of a ping-pong ball (diameter
of 4 cm) onto which bar magnets of length 2.7 cm are glued: one at
the top and two at the bottom. The curved lines around the circumfer-
ence represent the water level. The metal sphere attached at the end
of the bottom magnet serves to increase its stability against flipping
over when placed in water. Under the influence of a magnetic torque,
these “fishing floats” tilt by an angle α. (b) Schematic diagram of the
bucket. The slanted side wall of the bucket forms an angle � = 17◦

with the vertical direction. The radius is R = 15 cm at the air-water
interface where the floats are located in equilibrium. A black dot
indicates one floating sphere with its magnetic dipole moment m rep-
resented by a blue vector that is radially tilted by α. The red arrows
mext on opposite sides of the bucket represent the dipole moments of
two of the magnets responsible for generating the confining forces.
Equally spaced red tick-marks around the circumference of the water
surface indicate the positions of the other magnets attached to the
bucket wall. (c) Photographic image of the top view, showing an
equilibrium arrangement for five floating spheres. Their individual
perimeters are highlighted in yellow. Red circles identify the perime-
ter of the tip, which is used to determine the angle of inclination, also
indicated by the yellow arrow.

spacing of the magnets which produce this field. A single 144

floating magnet was placed into the bucket and allowed to 145

float until it came to a complete stop. The camera was then 146

centered onto the top of the ping-pong ball using crosshairs 147
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on the camera’s viewfinder and an image was captured. One148

by one, more magnets were placed onto the water surface;149

each magnet was left to settle into its respective equilibrium150

position for about a minute, with any water movement having151

stopped at this stage. This final position was then captured on152

camera.153

Image analysis was carried out using the open-source soft-154

ware ImageJ [34]. Circles were drawn around the perimeters155

of the spheres, enabling us to locate the exact coordinates of156

their respective centers. The same procedure was employed157

for the circular top of each of the magnets pointing out from158

the balls; these coordinates were then used to compute the159

tilting experienced by each one of the floating spheres. Figure160

1(c) illustrates this procedure.161

For some numbers of magnets (exceeding four), multiple162

arrangements were possible. These were achieved by man-163

ually disturbing an equilibrium configuration before placing164

an additional ball. The maximum number of floating mag-165

nets that we examined was 17. Most of the configurations166

that we found were those reported by [11] and/or [31]. See167

Appendix A and Table I for a list of all the structures for up to168

17 magnets.169

III. MODEL AND EXPERIMENTAL VALIDATION170

We start by identifying and labeling the key quantities in171

the problem. We consider N floating spheres within a con-172

tainer that has a circular cross-section with radius R at the173

air-liquid interface [see a schematic diagram of the bucket in174

Fig. 1(b)]. It is convenient to identify the position r j of each175

sphere in polar coordinates, i.e., by defining a radial distance176

r j from the center and a polar angle θ j , where the integer177

1 � j � N labels the different spheres. Each sphere possesses178

a dipole moment m j of magnitude m radially tilted away179

from the normal by an angle α j . In other words, the dipole180

moment projected onto the horizontal surface lies in the radial181

direction, either inwards or outwards. The confining field is182

generated by N ′ equally spaced magnets of moment mext with183

magnitude mext [see the red arrows in Fig. 1(b)], attached to184

the wall of the container at a radial distance R and polar angles185

θk = 2πk/N ′ with k ∈ {1, . . . , N ′}. Since the container has a186

conical shape, the magnetic moments along the circumference187

of the bucket have themselves a radial tilting angle �. Finally,188

the asymmetric structure of the floating object seen in Fig. 1(a)189

adds stability against tilting too easily. For a total mass M190

and a distance h between the center of mass and the center191

of buoyancy, the torque required to flip the floating object out192

of equilibrium is given by Mgh, where g is the gravitational193

acceleration.194

Since all magnetic forces present in the experiment origi-195

nate from the magnetic moments attached either to the floating196

sphere or to the perimeter of the containing vessel, a mathe-197

matical model describing the experimental setup must include198

the magnetic dipole interaction as the most fundamental in-199

gredient. The interaction energy of two floating spheres with200

magnetic dipole moments mi and m j , separated by a vector201

ri j = ri − r j , is given by [35]202

U int
i j = μ0

4π

(
mi · m j

r3
i j

− 3(mi · ri j )(m j · ri j )

r5
i j

)
, (1)

where μ0 is the magnetic permeability of the surrounding 203

medium. Accordingly, the interaction energy between a float- 204

ing sphere and a fixed magnet k is given by 205

U ext
ik = μ0

4π

(
mi · mext

k

r3
ik

− 3(mi · rik )
(
mext

k · rik
)

r5
ik

)
, (2)

such that the total magnetic energy perceived by each floating 206

magnet is 207

U mag
i = 1

2

N∑
j=1
i �= j

U int
i j +

N ′∑
k=1

U ext
ik . (3)

Finally, the mechanical energy associated with the torque 208

generated by the gravity-buoyancy pair of forces has the form 209

U mec
i = Mgh(1 − cos αi ). Therefore, the total energy of the 210

system is written as 211

U tot =
N∑

i=1

U mag
i + U mec

i . (4)

It is convenient to adopt a dimensionless radial 212

distance ρ = r/R and a dimensionless energy U = 213

4πR3U tot/(μ0 m mext ). In this form, the total energy [Eq. (4)] 214

is then written as 215

U = λ

2

N∑
i, j=1
i �= j

[
cos αi cos α j − 2 sin αi sin α j cos θi j(

ρ2
i + ρ2

j − 2ρiρ j cos θi j
)3/2

+ 3ρiρ j sin αi sin α j sin2 θi j(
ρ2

i + ρ2
j − 2ρiρ j cos θi j

)5/2

]

+
N∑

i=1

N ′∑
k=1

[
cos � cos αi − 2 sin � sin αi cos �ik(

1 + ρ2
i − 2ρi cos �ik

)3/2

+ 3ρi sin � sin αi sin2 �ik(
1 + ρ2

i − 2ρi cos �ik
)5/2

]
+ τ

N∑
i=1

(1 − cos αi ),

(5)

where θi j = θi − θ j and �ik = θi − θk . We also have de- 216

fined the dimensionless parameters λ = m/mext and τ = 217

4πR3Mgh/(μ0m mext ) as the ratios between the confining and 218

interaction energies, as well as between the mechanical and 219

interaction energies, respectively. 220

Finding the equilibrium values for the floating magnet 221

positions (ρ1, . . . , ρN , θ1, . . . , θN ) and angles (α1, . . . , αN ) 222

involves minimizing the total energy in Eq. (5) for 3N de- 223

grees of freedom. The phase space becomes too large to be 224

fully probed even for moderately low values of N . Therefore, 225

we use the generalized simulated annealing (GSA) [36–39] 226

method (see Appendix B for details), which enables us to 227

explore this high-dimensional space efficiently. The values of 228

λ and τ in Eq. (5) are only adjustable parameters here, and 229

by using the GSA results with N = 2 we can reproduce the 230

experimental observations very well with λ = 1.2 and τ = 231

6.0 × 102. The value of λ is consistent with our expectations 232

based on the dimensions of the floaters and the confining 233

magnets. Moreover, experiments in which the magnetic tilt 234

is negligible correspond to τ → ∞. We also define in our 235
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FIG. 2. Top view of the equilibrium configurations for N floating objects, from N = 2 to 17. Solid circles represent the bucket wall, which
forms an angle � = 17◦ with the vertical direction. Blue dots mark the central positions of the floaters, while the arrows indicate their angles
of tilt (arrows are omitted for angles less than 0.5◦). These values are found through the GSA-minimization of Eq. (5). The red dashed-line
circles drawn in the case N = 5 indicate the observed positions in Fig. 1(c) and illustrate the agreement with the experimental observations.

simulations a cutoff distance d/R = 0.01 to prevent collapse236

when two floating magnets are very close to one another or a237

floater approaches the bucket wall (in the experiment, spheres238

touch at d/R = 0.26).239

Figure 2 shows the GSA-obtained results for magnetic240

clusters containing N floating objects, from N = 2 to 17. To241

avoid too congested a figure, we superimpose the calculated242

and the experimental structures for one case only (N = 5),243

which displays an excellent agreement. The ordered struc-244

ture reported by Mayer and others [11,31,32] is evident in245

all equilibrium configurations shown in Fig. 2, including the246

formation of concentric rings whose radii increase with N .247

In addition, the angles of tilt α j of each floating object now248

appear as an extra feature that can also be obtained from249

the simulations. These are represented in the figure by radial250

arrows starting from the center of the object with a length 251

that is proportional to sin α j . The structures seen in Fig. 2 252

correspond to the lowest possible energies of Eq. (5), giving 253

the impression that the GSA-minimization procedure is un- 254

suitable to find more than one ordered structure for a given 255

number N . However, when monitoring the energy evolution of 256

the GSA search, we identify many such alternative structures 257

only a few steps before the final convergence is reached, sug- 258

gesting them as metastable configurations (see Appendix B 259

for details). 260

Instead of focusing on individual floating objects, it is con- 261

venient to assign them a radius ρ and a tilt angle α associated 262

with the ring they belong to. Both calculated and experimental 263

values of ρ and α for different rings are presented in Fig. 3. 264

Calculations, shown as solid lines, together with the experi- 265
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FIG. 3. Comparison between the GSA-generated results and the
experimental observations for (a) ring radii as a function of the
number of floating objects N ; (b) tilt angle α (in degrees) as a
function of N . Two vertical dotted lines separate the regions with
different numbers of rings: the leftmost part (N < 6) corresponds to
cases where only a single ring is found, the middle (6 � N < 16)
is for two rings, and the right (N � 16) is for three. The color code
is such that blue refers to the innermost ring, orange to the second
ring, and green to the third ring. Symbols indicate the experimentally
measured values (with error bars) while the simulated results (at
integer values of N) are connected by solid lines which serve as a
guide to the eyes. The shaded regions indicate the standard deviation
observed in the simulations. The black dashed lines in both panels
correspond to results for the outermost ring using an effective single-
ring model (see Sec. IV). The inset depicts the GSA results of α(ρ )
for the outermost ring and is a representation of the magnetic texture
seen in these clusters.

mental measurements depicted by symbols, are plotted as a266

function of the number of floating objects N . Whether the267

structure has a single ring (1 � N � 5), two separate rings268

(6 � N � 16), or a total of three rings (N � 16), the agree-269

ment between experiment and calculations is remarkable for270

the radii ρ all the way to N = 17, even though the values of271

the parameters λ and τ were obtained using only N = 2 data272

[see panel (a)]. However, the same agreement is not seen in273

the case of α shown in Fig. 3(b). The reason for that slightly274

higher discrepancy will be explained later. In any case, the275

inset of Fig. 3(b) contains the GSA results displaying how the276

tilt angle α of the outermost ring increases with the radius ρ,277

thus serving as a suitable function to describe the magnetic278

texture of the cluster.279

It is important to assess whether the stability of the GSA re-280

sults is affected by the cutoff distance used in the calculations.281

This can be verified by introducing a quantity that establishes282

whether or not the system is in stable equilibrium. Bearing in 283

mind the nature of the dipole interaction in Eq. (1), if objects 284

are too close together, the magnetic energy becomes too large 285

(in magnitude) to be compensated by the mechanical energy. 286

In this case, the floating magnets will flip and coalesce into 287

one amorphous compact cluster. The following quantity u can 288

then be used as a flag to test whether or not the GSA-found 289

solutions are indeed stable: 290

u = 1

τ
min

{
4πR3U mag

i

μ0 m mext
: i ∈ {1, . . . , N}

}
, (6)

such that the equilibrium configuration is stable when 291

1 > u > 0. 292

The model can now be extended to account for cases not 293

included in the experiment. For example, by varying the con- 294

fining field direction �, by increasing N , or by making the 295

objects more or less mechanically stable through a change 296

in τ , we can predict what would occur to the ordered clus- 297

ters should we use different experimental conditions. This 298

is captured by Fig. 4, which displays a phase diagram that 299

indicates how many rings are spontaneously self-assembled 300

within a magnetic cluster composed of N floaters exposed to 301

a confining field tilted at an angle �. The horizontal dashed 302

lines separate the regions with one, two, and three rings. The 303

color code used in the plot corresponds to the quantity u 304

used to test the stability of the solutions, such that blue (red) 305

indicates the region within the phase space where solutions 306

are stable (unstable) and the three panels are for objects with 307

different values of τ . 308

The middle panel of Fig. 4 is for τ = 600, which is the 309

value used to reproduce the experimental results of Figs. 2 310

and 3. The vertical dashed line seen in that panel at � = 311

17◦ indicates that the system is indeed stable and would not 312

collapse for N up to 17. Moreover, if we were to fix the 313

number of floaters, say at N = 10, and increase the confining 314

angle continuously, we find that the system would remain with 315

two concentric rings but would no longer be stable when � 316

exceeds 70◦. By carrying out a similar analysis in the case 317

of a cluster composed of mechanically more stable objects 318

(τ = 1.2 × 103), we see in Fig. 4(c) that the system would 319

remain stable for confining angles of up to approximately 80◦
320

for all values of N � 20. In contrast, for the case of smaller 321

values of τ shown in panel (a), there is a much-reduced region 322

of the phase space for which stable solutions can be found. 323

This is mainly limited to single-ring clusters with confining 324

angles � < 45◦. A second ring would be possible but for 325

much shallower angles (� < 20◦) with N not exceeding eight 326

floaters. 327

IV. EFFECTIVE SINGLE-RING MODEL 328

The phase diagrams of Fig. 4 are essential to map the 329

possible solutions that magnetic clusters may have in these 330

conditions, but it is still computationally onerous to generate 331

them since it involves minimizing 3N degrees of freedom. 332

Furthermore, because of the form of Eq. (5), it is difficult 333

to see the relationship between all the relevant quantities in 334

a mathematically transparent way. This calls for a simplified 335

approach, capable of estimating some of these quantities in a 336

less computationally demanding manner. For that purpose, we 337
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FIG. 4. Phase diagrams indicating both the stability and the number of rings in a cluster, depending on the number of floating objects N
and the outer angle � (in degrees). The horizontal dashed lines separate the regions with different numbers of rings: the bottom part (N < 6)
corresponds to cases where only a single ring is formed, the middle (6 � N < 16) is for two concentric rings, and the top (N � 16) is for three.
The color plot depicts the phase space’s blue (red) regions where the cluster is mechanically stable (unstable). Black dotted lines mark where
in the phase space the system collapses. The three panels are for systems with different degrees of mechanical stability: the middle panel is
for τ = 6.0 × 102 obtained from the experiment, whereas the left and right panels are for τ = 3.0 × 102 and τ = 1.2 × 103, respectively. The
vertical dashed line in panel (b) indicates where the experimental measurements were carried out, i.e., � = 17◦.

have derived an effective single-ring model (see Appendix D338

for a complete derivation) which provides a set of analytical339

expressions for the radial distance ρ and tilt angle α of a given340

ring. They are341

ρ =
(

λ

4
√

2 cos �

∑N
i=1

∑N
j �=i(1 − cos θ̃i j )−3/2∑N

i=1

∑N ′
k=1(5 cos2 �̃ik − 1)

)1/5

, (7)

α = 3ρ sin �

τ

1

N

N∑
i=1

N ′∑
k=1

(3 cos2 �̃ik − 1), (8)

where θ̃i j = 2π (i − j)/N and �̃ik = 2π (i/N − k/N ′). In the342

spirit of an effective theory, λ and τ can be assigned as ef-343

fective parameters selected to match the observed radius and344

angles to clusters with more than one ring.345

The first indication that Eqs. (7) and (8) are indeed good ap-346

proximations can be seen in the plots of ρ(N ) and α(N ) shown347

as black dotted lines in Figs. 3(a) and 3(b). They represent the348

radii and tilt angles of the outermost ring for the cases N = 1349

to 17 and agree well with the GSA results. Furthermore, the350

dependence of ρ and α on the confining angle �, which is351

difficult to extract from Eq. (5), becomes a lot more transpar-352

ent, i.e., ρ ∝ (1/ cos �)1/5 and α ∝ (tan �)1/5 × (sin �)4/5.353

This is further evidenced in Appendix D. Another important354

point that can be seen more transparently in Eq. (8) is the355

interdependence of these two quantities such that α depends356

on ρ and vice-versa, corroborating our earlier point that the357

inclusion of the magnetic tilt angle as an extra degree of358

freedom does impact the equilibrium structure of the cluster.359

This effective single-ring model can also be used to predict360

the transition to collapse as shown in Fig. 5. Panel (a) plots the361

energy u, defined in Eq. (6), as a function of � for the same362

FIG. 5. Comparison between the GSA calculations (dots) and the
effective single-ring model results (lines) for the quantity u, which
vanishes when the system is on the verge of collapsing. (a) u is
plotted as a function of � (in degrees) for a fixed number of floating
objects (N = 2) and for the three values of τ used to generate Fig. 4.
The inset plots the critical angle �c for which u = 0 but now as
a function of continuous values of τ ; (b) u as a function of � (in
degrees) for τ = 1.2 × 103 and for different values of N .
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τ values used to generate Fig. 4 but in this case the number363

of floating objects is fixed at N = 2. The dots are the GSA364

results and correspond to the � values used to generate all365

three phase diagrams, whereas the continuous lines are the366

u values obtained from Eqs. (7) and (8). With such a good367

agreement, we can ask when the system will collapse by im-368

posing the critical condition u = 0. Rather than being limited369

to the computationally time-consuming results of Fig. 4, this370

enables us to establish the critical angle �c above which the371

system collapses for a continuous range of τ values, seen in372

the inset. The agreement between the points and the dotted373

line in the inset improves as τ increases, which is compatible374

with the assumptions made in the derivation of our effective375

model. Note that �c(τ → ∞) = 90◦. Alternatively, we can376

keep τ fixed and vary N instead. In this case, Fig. 5(b) shows377

that for τ = 1.2 × 103 all u(�) curves cross the u = 0 line378

roughly at the same value, regardless of how many floaters N379

the system has. Once again, this is in agreement with what has380

been previously seen in Fig. 4(c).381

Finally, the effective single-ring model can assist us in382

explaining why the agreement between the GSA calculations383

and the measured values of α seen in Fig. 3(b) is not as384

striking as for the radii shown in Fig. 3(a). The second-order385

derivatives of the energy U with respect to the radii and to386

the tilt angle reflect how much energy is required to take387

the system out of their equilibrium positions in ρ and α,388

respectively. Once again, by making use of Eqs. (7) and (8)389

the total energy U can be obtained in a much simpler form,390

which in turn enables us to obtain the derivatives in question391

in terms of their associated Hessian matrix H (see Appendix D392

for details). We find that the second-order derivative of U393

with respect to ρ is considerably larger than that associated394

with α, which means that the system is a lot more resistant395

to changes in ρ. In other words, the floating objects are more396

resistant to variations in their radial positions but are floppier397

with regard to changes in the tilt angles α. That is one source398

of explanation for the discrepancy seen in Fig. 3(b). Another399

possible source for the discrepancy is in the sensibility of400

the GSA results to the introduction of symmetry-breaking401

fluctuations. For example, by assuming nonuniform � values402

for the confining magnets, the perfect radial symmetry is403

broken, giving rise to fluctuations both in ρ and α. As seen404

in Appendix C, the standard deviation in the tilt angle α is405

approximately 100 times larger than that found for ρ, which406

adds weight to the argument that one may require a far more407

precise measurement apparatus to capture the distribution for408

the tilt angle α.409

V. CONCLUSIONS AND OUTLOOK410

Having modified and adapted Mayer’s iconic experiment411

[10,11], we have described how mutually repulsive particles412

in the presence of a confining field are spontaneously ordered,413

but this time we have fully accounted for the magnetic tilt that414

arises as these dipole-moment-carrying particles interact. In415

particular, we focus on how this additional degree of freedom416

may impact the cluster structure as a whole. We control the417

naturally occurring tilt between interacting dipole moments418

by making the cluster objects more mechanically stable. We419

find that the angle � of the confining magnetic field plays a420

key role in defining the cluster radius, the magnetic texture de- 421

scribed by α(ρ), and the overall stability conditions of dipole 422

clusters. A mathematical model based on the energy balance 423

resulting from the competition between the magnetic forces 424

and the counteracting mechanical torque provides excellent 425

agreement with observations. 426

More than just reproducing the experiment, we believe 427

the model contains the essential ingredients to describe the 428

properties of both ordered and amorphous clusters with min- 429

imal modifications. First and foremost, the GSA technique 430

seems suitable to handle much larger clusters. Changes to the 431

confining geometry [40] can be easily accounted for without 432

increases to the computational costs, but they are beyond the 433

scope of this paper. Because the model is not exclusive to 434

the macroscopic system considered here but valid across a 435

wide range of lengthscales, it may be adapted and used to de- 436

scribe the case of dipole-coupled nanoparticles by including, 437

for example, Brownian-motion effects [41–45]. By breaking 438

the radial symmetry considered here, a much richer magnetic 439

texture is likely to appear which, in turn, will affect how 440

a cluster responds to external fields. Finally, we have not 441

considered the dynamic aspects of the cluster formation [46] 442

in the presence of tilted magnetic fields, but the current work 443

provides all the necessary ingredients to address that. 444
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APPENDIX A: LIST OF STABLE AND METASTABLE 456

CONFIGURATIONS 457

Table I lists all the structures (up to N=17) that have been 458

reported in the comprehensive studies by both Mayer [11] and 459

Nemoianu et al. [31], together with our own experimental 460

and computational findings, and some numerical results in 461

Ref. [32]. The notation (n1, n2, n3, ...) refers to the number 462

of magnets n
 in ring 
, with 
 = 1 being the innermost ring 463

(entries n
 = 0 are not displayed). Our GSA simulations were 464

primarily aimed at identifying structures of minimal energy, 465

however we also recorded some metastable structures, cor- 466

responding to local energy minima; see, for example, Fig. 6 467

for the case N = 5. They are consistent with those seen in 468

previous experiments and simulations, as indicated in Table I. 469

Curiously, for particle number N up to and including 470

N = 14, the minimum energy configurations that we identi- 471

fied for our floating magnets are identical to those found in 472

simulations of two very different systems. These are, first, 473

two-dimensional Coulomb clusters, interacting via a repelling 474

Yukawa type potential and confined in a parabolic potential 475

[5], and second, equal-area partitions of a circle with minimal 476
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TABLE I. List of structures found for up to N = 17 magnets
in confinement. The superindices s and e refer, respectively, to the
simulations and experiments described in the main text.

N Stable Metastable

1 (1)s,e [11,31]
2 (2)s,e [11,31]
3 (3)s,e [11,31]
4 (4)s,e [11,31]
5 (5)s,e [11,31] (1, 4)s,e [11]
6 (1, 5)s,e [11,31,32] (6)e [11,31,32]
7 (1, 6)s,e [11,31,32]
8 (1, 7)s,e [11] (2, 6) [11]
9 (2, 7)s,e [11,31] (1, 8)e

10 (2, 8)s,e (3, 7)s [11,31]
11 (3, 8)s,e [11,31] (2, 9)e

12 (3, 9)s,e [31,32] (4, 8)s,e [11,31]
13 (4, 9)s,e [11,31] (3, 10)e, (5, 8) [31]
14 (4, 10)s,e (5, 9)s,e [11,31], (1, 5, 8) [31],

(1, 6, 7) [31]
15 (4, 11)s,e (5, 10)s,e [32], (1, 5, 9)s [11],

(1, 6, 8) [31]
16 (1, 5, 10)s,e [32] (5, 11)e, (1, 7, 8) [31], (1,6,9)

[11]
17 (1, 5, 11)s,e (5, 12)e, (1, 6, 10)e [11,31]

total line length [47] (i.e., a monodisperse foam confined by a477

circular perimeter).478

APPENDIX B: GENERALIZED SIMULATED ANNEALING479

We use generalized simulated annealing to minimize the480

total energy Eq. (5) by parametrizing it in terms of a 3N-481

dimensional vector � with coordinates � j = (ρ j, θ j, α j ). The482

GSA then performs t ∈ {1, . . . , nGSA} steps starting from an483

initial random state �t=0 at temperature T (t = 0), which is484

moved to a new state �t=1 = �t=0 + ��, where the pertur-485

bation �� obeys the visiting distribution [36]486

gqv
(��) =

(
qv − 1

π

)d/2 �
(

1
qv−1 + d−1

2

)
�

(
1

qv−1 − 1
2

) T d/(qv−3)
qv

×
[

1 + (qv − 1)
(��)2

T 2/(3−qv )
qv

]1/(1−qv )+(1−d )/2

,

(B1)

which is a distorted Cauchy-Lorentz distribution of dimension487

d = 3N , written in terms of Tsallis’ numbers qv and qa. These488

numbers define the visiting Tqv
and acceptance Tqa tempera-489

tures. We use a SciPy implementation [48] with qv = 2.62490

and qa = −5.00 [38]. The new state �t=1 is accepted with491

probability492

pa = min

(
1,

[
1 + (qa − 1)�Ut

Tqa

]1/(1−qa )
)

, (B2)

where �Ut is the energy difference between these two states.493

Once accepted, the temperatures are cooled following the494

FIG. 6. Illustration of the GSA history for N = 5 using the cal-
ibrated values of λ = 1.2 and τ = 6.0 × 102 for � = 17◦. Panel
(a) shows the minimization of the energy defined in Eq. (5) after
50 GSA steps where two possible ordered clusters are displayed as
insets. Panels (b) and (c) present the radii ρ j and tilting angle α j (in
degrees) evolution for each one of the five floating objects.

scheme 495

Tqv
(t ) = Tqv

(0)(2qv−1 − 1)

(1 + t )qv−1 − 1
, Tqa (t ) = Tqa (0)/t, (B3)

where Tqv
(0) and Tqa (0) are the initial temperatures. In this 496

regard, the GSA behaves like the classical simulated annealing 497

for high temperatures and as the steepest descent algorithm for 498

low temperatures. 499

For all simulations presented in this manuscript, we run 500

the GSA by nruns = 10 times from different initial random 501

states using up to nGSA = 1.0 × 1019 steps. After that, the 502

result with the lowest positive u calculated using Eq. (6) was 503

selected. We note that when u < 0 for a given run, the other 504

instances also indicate collapse. For example, Fig. 6 depicted 505

the steps in which the energy decreased for N = 5 using the 506
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experiment-calibrated values of λ and τ . The energy evolution507

in Fig. 6(a) shows a possible local minimum after ∼150 GSA508

steps, where we see an arrangement with one floating magnet509

at the center and the remaining magnets ordered on a second510

ring. However, thanks to the local search behavior of GSA at511

lower temperatures, a ground energy state can be found after512

∼200 steps with the five floaters now on a unique ring. This513

cluster geometry change is also seen in Figs. 6(b) and 6(c),514

where we note an abrupt variation of the radial distance ρ j515

and tilting angle α j for one of the five floaters before reaching516

the most energetic favorable equilibrium configuration. Both517

ordered structures appearing in the insets of Fig. 6(a) are518

indeed observed in the experiment, supporting the idea of519

two local minima. This apparent multiplicity of equilibrium520

structures is also experimentally found for other cases (see521

Table I). Therefore, the GSA is not only useful to provide522

the true ground-state configuration, but it is also capable of523

pointing to the existence of metastable states that may be close 524

in the energy space. 525

APPENDIX C: CLUSTER ROBUSTNESS AGAINST 526

SYMMETRY-BREAKING FLUCTUATIONS 527

We consider a more general scenario where the confining 528

field generated by the N ′ fixed magnets around the perimeter 529

has random fluctuations in their tilt angles �k . In that case, 530

the problem is no longer radially symmetric and the polar 531

coordinate of m j associated with the horizontal surface pro- 532

jection does not necessarily coincide with the floater’s polar 533

coordinate θ j . Therefore, we need to assign an additional 534

angle, which we label β j , to account for that. The total energy 535

of Eq. (4) is now written in its nonradial form as the 4N- 536

dimensional function 537

U non−rad = λ

2

N∑
i, j=1
i �= j

⎡
⎣cos αi cos α j + sin αi sin α j cos βi j

(ρ2
i + ρ2

j − 2ρiρ j cos θi j )3/2
− 3 sin αi sin α j (ρi cos ωii − ρ j cos ω ji )(ρi cos ωi j − ρ j cos ω j j )(

ρ2
i + ρ2

j − 2ρiρ j cos θi j
)5/2

⎤
⎦

+
N∑

i=1

N ′∑
k=1

[
cos �k cos αi + sin �k sin αi cos ωki(

1 + ρ2
i − 2ρi cos �ik

)3/2 − 3 sin �k sin αi(ρi cos ωii − cos ωki )(ρi cos ωik − 1)(
1 + ρ2

i − 2ρi cos �ik
)5/2

]

+ τ

N∑
i=1

(1 − cos αi ), (C1)

where ωi j = θi − β j . We use the same GSA recipe described in Appendix B but now for an augmented parameter space given 538

by � j = (ρ j, θ j, α j, β j ) coordinates. 539

Fluctuations in the �k angles are related to inherent random errors of experimental realization of attaching fixed magnets on 540

the bucket surface. To test that, we consider four situations where these fluctuations are normally distributed around � = 17◦
541

having distinct dispersion levels σ�. Figure 7 shows the impact of these fluctuations on the standard deviations of the radius 542

and of the tilt angles, both for the case of the outermost ring of N = 6. The results corroborate the earlier posed claim of 543

higher robustness for the radius ρ against symmetry-breaking fluctuations in �, compared to the same effect on the tilt angles. 544

Such robustness may survive when magnetic clusters are scaled down to the nanoscale. One more piece of evidence of such 545

symmetry-breaking fluctuations can be seen by the observed angles that were not tilted exactly along the radial direction. This 546

appears in the distribution of the angle β that measures the deviations from the radial direction. Although the distribution 547

displayed in the inset of Fig. 7 is peaked at β = 0, thus indicating a predominant radial tilt angle, it does have a nonzero width 548

that confirms the presence of deviations that may be as large as 60◦. 549

APPENDIX D: SINGLE-RING MODEL DERIVATION 550

We derive a semianalytical solution for the equilibrium configuration of floating magnets having the same radius ρ and tilting 551

angle α. In this regime, the total energy Eq. (5) can be rewritten as a two-dimensional function 552

U sym =
N∑

i=1

N ′∑
k=1

(
cos � cos α − 2 cos �̃ik sin � sin α

(1 + ρ2 − 2ρ cos �̃ik )5/2
+ 3ρ sin2 �̃ik sin � sin α

(1 + ρ2 − 2ρ cos �̃ik )3/2

)

+ λ

8
√

2

1

ρ3

N∑
i, j=1
i �= j

(
2

(1 − cos θ̃i j )3/2
+ sin2 α

(1 − cos θ̃i j )1/2

)
+ Nτ (1 − cos α), (D1)

where θ̃i j = 2π (i/N − j/N ) and �̃ik = 2π (i/N − k/N ′). For553

λ ∼ 1 the competition between confining and floating inter-554

action potentials makes the objects concentrate around the555

center of the bucket, meaning that ρ is small. The max-556

imum radial distance experimentally verified is ρ ∼ 0.6.557

Moreover, α � 15◦ in all cases for τ ∼ 102, indicating a 558

small-angle regime. Such observations allow us to employ 559

a parabolic approximation for the confining potential and a 560

quadratic expansion in the tilting angle-dependent expressions 561

of Eq. (D1). Under these considerations, the symmetrized total 562
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FIG. 7. Standard deviation of the radii ρ (blue dot) and of the tilt
angle α (orange dot) as a function of the standard deviation of the
outer angle �. This corresponds to calculated values for the outer-
most ring and N = 6, for which the mean value of � is kept at 17◦.
The inset shows the β angle distribution observed in the experiment.
This angle measures the deviation from the radial direction.

energy Eq. (D1) becomes563

U sym ≈ A(α2 + 2)ρ2 + Bρ2α + C(α2 − 2)ρ + D(α2 − 2)

+ Eρα + Fα + 1

ρ3
(G + Hα2) + Nτ

2
α2, (D2)

where the confining potential coefficients are given by564

A = 3

4
cos �

N∑
i=1

N ′∑
k=1

(5 cos2 �̃ik − 1), (D3)

B = 6 sin �

N∑
i=1

N ′∑
k=1

(3 cos �̃ik + 5 cos3 �̃ik ), (D4)

C = −3

2
cos �

N∑
i=1

N ′∑
k=1

cos �̃ik, (D5)

D = −1

2
NN ′ cos �, (D6)

E = 3 sin �

N∑
i=1

N ′∑
k=1

(1 − 3 cos2 �̃ik ), (D7)

F = −2 sin �

N∑
i=1

N ′∑
k=1

cos �̃ik, (D8)

while the interaction potential is parametrized by565

G = λ

4
√

2

N∑
i, j=1
i �= j

(1 − cos θ̃i j )
−3/2, (D9)

H = λ

8
√

2

N∑
i, j=1
i �= j

(1 − cos θ̃i j )
−1/2. (D10)

Therefore, the equilibrium points are obtained by tak-566

ing the partial derivatives of Eq. (D1) with respect to567

ρ and α, giving rise to the pair of coupled nonlinear568

FIG. 8. Equilibrium radius ρ and tilting angle α obtained using
the single-ring approximation model are shown in panels (a) and (b).
These values are calculated as a function of � for different N values.
Panel (c) shows the curvature ratio for the same cases.

equations 569

(2A+C − 3H/ρ4)α2+(2Bρ + E )α = 3G/ρ4 − 2(2A − C),

(D11)

(2Aα + B)ρ2 + (2Cα + E )ρ = −F − (2D + Nτ )α, (D12)

where a linear relation between ρ and α can be obtained from 570

Eq. (D12), 571

α ≈ −ρE/Nτ, (D13)

also providing an inverse dependence between α and τ . More- 572

over, this approximation holds since E > B > F and ρ < 1. 573

Accordingly, a quintic equation for the equilibrium ρ can now 574

be acquired by replacing Eq. (D13) into Eq. (D11), which, 575

when dropping 1/τ and 1/τ 2 terms, turns out to be 576

4Aρ5 − 2Cρ4 = 3G, (D14)
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which for 2A � −C has the following solution:577

ρ = (3G/4A)1/5, (D15)

where the equilibrium α is calculated using the result given578

by Eq. (D15) in Eq. (D13). Panels (a) and (b) of Fig. 8579

show how this equilibrium solution varies with � for small580

values of N , indicating slower variation of ρ when compared581

to α. Moreover, the expressions appearing in the main text,582

Eqs. (7) and (8), are obtained by replacing the definitions583

given in Eqs. (D3) and (D7) for A and E and in Eq. (D9) for584

G. Similarly, the energy value Eq. (D1) for this equilibrium585

configuration can be evaluated.586

In particular, when the fixed magnets are evenly spaced587

along the bucket, the confining potential coefficients B,C, and588

F vanish, while A and E can be simplified to A = 9
8 NN ′ cos �589

and E = − 3
2 NN ′ sin �, respectively. Such observations do590

not alter the final expressions for equilibrium positions ρ591

[Eq. (D15)] and tilt angles α [Eq. (D13)]. However, it is592

worth pointing out that these simplifications cannot account593

for fluctuations that may exist in the positions of the confining594

magnets.595

To conclude, we argue that this single-ring approxima-596

tion is also useful to explicit the local curvature around the597

equilibrium positions Eqs. (D13) and (D15) by keeping the598

assumptions of small ρ and α. In that case, the (Hessian)599

dynamical matrix is given by [49,50] 600

Hρ,α =
(

4A + 12G/ρ5 E

E 2D + Nτ

)
, (D16)

with diagonal elements 601

Hρ,ρ = 3 cos �

N∑
i=1

N ′∑
k=1

(5 cos2 �̃ik − 1)

+ 3λ√
2

1

ρ5

N∑
i, j=1
i �= j

(1 − cos θ̃i j )
−3/2, (D17)

Hα,α = N (τ − N ′ cos �). (D18)

It is evident from Eqs. (D17) and (D18) the role played by 602

� in the cluster stability. Floaters closer to the center are more 603

radially stable due to ∼1/ρ5 dependence in Eq. (D17), while 604

τ is fundamental to guarantee the tilt angle stability as seen in 605

Eq. (D18). Moreover, Eq. (D18) provides a lower bound value 606

for τ . To see that, consider the limit � → 0 where the Hessian 607

matrix is truly diagonal. In this case, τ > N ′ to produce stable 608

equilibrium regardless of the value of N . The ratio between 609

these curvatures as a function of � is shown in Fig. 8(c), 610

where stability for the radial distance remains higher than the 611

tilting angle up to � ∼ 70◦. 612
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