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Self-assembled clusters of magnetically tilted dipoles

P.D.S. de Lima®,"? A. Lyons®,' A. Irannezhad®,' J. M. de Aratijo®,” S. Hutzler®,' and M. S. Ferreira®'3
!School of Physics, Trinity College Dublin, Dublin 2, Ireland
2Deparmmento de Fisica Teorica e Experimental, Universidade Federal do Rio Grande do Norte, 59078-970 Natal-RN, Brazil
3Centre for Research on Adaptive Nanostructures and Nanodevices (CRANN) & Advanced Materials
and Bioengineering Research (AMBER) Centre, Trinity College Dublin, Dublin 2, Ireland

® (Received 28 August 2024; accepted 26 November 2024; published XXXXXXXXXX)

Motivated by the idea of using simple macroscopic examples to illustrate the physics of complex systems,
we modify a historic experimental setup in which interacting floating magnets spontaneously self-assemble
into ordered clusters. By making the cluster components mechanically stable against their natural tendency to
flip and coalesce, we can monitor the torque experienced by individual magnets through the macroscopic tilt
angles they acquire when exposed to noncollinear external fields. A mathematical model that reproduces the
empirical observations is introduced, enabling us to go beyond the experimental cases considered. The model
confirms the existence of alternative orderings as the number of objects increases. Furthermore, a simpler and
more mathematically transparent version of our model enables us to establish the conditions under which the
cluster structure is stable and when it will collapse. We argue that our simple experimental setup combined with
the accompanying models may be useful to describe general features seen in systems composed of mutually
repulsive particles in the presence of modulating confining fields.

DOI: 10.1103/PhysRevE.00.004100

I. INTRODUCTION

It is well known that aggregates of interacting particles
may order spontaneously when placed under the influence
of confining forces. Equal-volume hard spheres, which are
normally disordered in bulk, crystallize into ordered structures
when placed inside cylinders of a diameter slightly exceeding
the sphere diameter [1,2]. A similar behavior is found for
(soft) bubbles [2—4]. Likewise, the case of ions in the presence
of a confining electric field [5-8] is yet another example
of mutually repulsive particles spontaneously self-assembling
into ordered structures when spatially constrained. The list of
examples with similar behavior is quite extensive, appearing
over a wide range of lengthscales [9].

One of the earliest attempts at elucidating the effect of
confinement-induced ordering in clusters dates back to Alfred
Marshall Mayer, who in 1878 “devised a set of macroscopic
experiments which illustrates the action of atomic forces, and
their arrangements in molecules” [10]. Mayer magnetized
sewing needles with their tips having the same polarity and
mounted them on small corks, which were placed in a bowl
filled with water. When the opposing pole of a large magnet
is placed above the mutually repelling needles, they float
towards each other and quickly arrange themselves in some
regular pattern. Mayer identified different configurations us-
ing up to 51 needles which arranged themselves in rings [11];
this included various alternative configurations found for the
same number of needles and was subsequently instrumental
in providing insightful analogies for the shell structure forma-
tions at the atomic level [12,13].

Clusters of magnetic objects have been the focus of scien-
tific attention for decades [14—17], but interest has increased
more recently due to applications in environmental science

2470-0045/2024/00(0)/004100(12)
ACC.CODE EV12412
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[18], medicine [19-21], magnetic memory devices [22], and
quantum computing [23,24], to name but a few. Obviously,
this calls for an understanding of magnetic clusters that goes
beyond the simple formation of ordered structures. For ex-
ample, determining the cluster magnetic texture, i.e., how
individual magnetic moments are dispersed both in magnitude
and direction, can help explain how these systems respond to
external fields. Therefore, despite being over a century old,
Mayer’s seminal idea of searching for a macroscopic analog
able to capture features that may be prevalent across different
lengthscales remains relevant.

Numerous experiments of that kind have been proposed
over the years [25-30], but the information contained in the
magnetic angle alignment in clusters has often been discarded
or ignored. Mayer himself did not comment on any observed
deviations of his magnetized needles from the vertical di-
rection. Nemoianu et al. [31] attribute this to the buoyancy
force provided by the cork stoppers to which the needles were
attached. In their own recreation of Mayer’s experiment, small
“pill-like” cylinder magnets are glued to flat-bottom plastic
cups; again this will hinder any magnetic tilt. Also in the
experimental study in Ref. [32], tilt is deliberately suppressed;
the magnets were stuck underneath floating cork disks to have
the center of gravity below that of buoyancy. To be consistent
with their own (and Mayer’s) experimental setup, and to avoid
a further complication of their equations of force equilibrium,
Nemoianu et al. [31] also restricted their numerical study of
magnet configurations to the case of vertically aligned mag-
netic moments.

The magnetic tilt of individual objects is a degree of
freedom that adds richness to the problem of self-assembled
magnetic clusters. In the layered structures formed by spheri-
cal magnets in the absence of a confining field, the magnetic

©2024 American Physical Society
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moments were found to be aligned to minimize the global
magnetization [33]. Here, we adapt the experiment introduced
above so that the magnetic moments of cluster components are
permitted to tilt partially instead of being entirely suppressed
by buoyancy. By attaching additional weight to the bottom of
floating spheres, we make them mechanically stable against
the natural tendency that dipole moments have of flipping and
attaching to one another. In this way, we preserve the repulsive
force between the floaters; at the same time, we allow it to be
modulated by a noncollinear confining field (see Sec. II for
details). Furthermore, we introduce a theoretical model that
describes the details of this modified experimental setup. The
model displays excellent agreement with the experimental
measurements, which allows us to go beyond our observations
and generate a phase diagram describing how the number of
rings within a cluster depends on the total number of objects,
as well as on the tilting angle of an externally applied mag-
netic field. Our findings confirm the existence of alternative
orderings as the number of objects increases. Furthermore, the
model can be used to establish the conditions under which the
cluster structure is stable.

The sequence adopted in this manuscript is as follows.
In the next section, we present the modified experimental
setup that was used to generate the ordered structures of the
magnetic cluster, including the details of how the positions of
the magnetic objects and their respective tilting angles were
measured. This is followed in Sec. III by the introduction
of a mathematical model that describes through an energy
balance equation how the system self-assembles into rings. By
making use of a few simplifying approximations introduced
in Sec. IV, we are subsequently able to obtain expressions for
the ring radii, infer about its magnetic texture, and address the
robustness of the cluster structure against symmetry-breaking
fluctuations.

II. EXPERIMENT

Our macroscopic systems of floating magnets were real-
ized experimentally by gluing two bar magnets on opposite
sides of ping-pong balls, as shown in Fig. 1(a). To provide
stability against flipping over when placed in water, an ad-
ditional magnet, together with a metal sphere, was added on
the water-immersed side. The floating magnets were placed
into a water-filled bucket, shaped as the frustum of a cone,
onto whose outer perimeter, at the water level, we attached a
total of 70 equally spaced magnets, as shown schematically
in Fig. 1(b). The effect of the confining magnetic field, pro-
duced by these outer magnets, is that a single object, placed
anywhere in the bucket, will float to take on its equilibrium
position in the center. Systems of several floating magnets,
whose repelling forces, in the absence of the confining field,
drive them to locations along the perimeter of the bucket, float
to equilibrium positions around the center in the presence of
the field [see Fig. 1(c)].

A camera mounted on a tripod was placed above the bucket
and vertically aligned with its center. The positions of the
floating spheres and the inclination of the magnets away from
the vertical were then determined as follows. We first located
the center of the confining field. This can differ from the
geometric center of the bucket due to inhomogeneities in the

Ne3

FIG. 1. Experimental setup and imaging. (a) Schematic drawing
of the floating object which is made up of a ping-pong ball (diameter
of 4 cm) onto which bar magnets of length 2.7 cm are glued: one at
the top and two at the bottom. The curved lines around the circumfer-
ence represent the water level. The metal sphere attached at the end
of the bottom magnet serves to increase its stability against flipping
over when placed in water. Under the influence of a magnetic torque,
these “fishing floats” tilt by an angle «. (b) Schematic diagram of the
bucket. The slanted side wall of the bucket forms an angle A = 17°
with the vertical direction. The radius is R = 15 cm at the air-water
interface where the floats are located in equilibrium. A black dot
indicates one floating sphere with its magnetic dipole moment m rep-
resented by a blue vector that is radially tilted by «. The red arrows
m** on opposite sides of the bucket represent the dipole moments of
two of the magnets responsible for generating the confining forces.
Equally spaced red tick-marks around the circumference of the water
surface indicate the positions of the other magnets attached to the
bucket wall. (c) Photographic image of the top view, showing an
equilibrium arrangement for five floating spheres. Their individual
perimeters are highlighted in yellow. Red circles identify the perime-
ter of the tip, which is used to determine the angle of inclination, also
indicated by the yellow arrow.

spacing of the magnets which produce this field. A single
floating magnet was placed into the bucket and allowed to
float until it came to a complete stop. The camera was then
centered onto the top of the ping-pong ball using crosshairs
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on the camera’s viewfinder and an image was captured. One
by one, more magnets were placed onto the water surface;
each magnet was left to settle into its respective equilibrium
position for about a minute, with any water movement having
stopped at this stage. This final position was then captured on
camera.

Image analysis was carried out using the open-source soft-
ware Imagel [34]. Circles were drawn around the perimeters
of the spheres, enabling us to locate the exact coordinates of
their respective centers. The same procedure was employed
for the circular top of each of the magnets pointing out from
the balls; these coordinates were then used to compute the
tilting experienced by each one of the floating spheres. Figure
1(c) illustrates this procedure.

For some numbers of magnets (exceeding four), multiple
arrangements were possible. These were achieved by man-
uvally disturbing an equilibrium configuration before placing
an additional ball. The maximum number of floating mag-
nets that we examined was 17. Most of the configurations
that we found were those reported by [11] and/or [31]. See
Appendix A and Table I for a list of all the structures for up to
17 magnets.

III. MODEL AND EXPERIMENTAL VALIDATION

We start by identifying and labeling the key quantities in
the problem. We consider N floating spheres within a con-
tainer that has a circular cross-section with radius R at the
air-liquid interface [see a schematic diagram of the bucket in
Fig. 1(b)]. It is convenient to identify the position r; of each
sphere in polar coordinates, i.e., by defining a radial distance
r; from the center and a polar angle 6;, where the integer
1 < j < N labels the different spheres. Each sphere possesses
a dipole moment m; of magnitude m radially tilted away
from the normal by an angle «;. In other words, the dipole
moment projected onto the horizontal surface lies in the radial
direction, either inwards or outwards. The confining field is
generated by N’ equally spaced magnets of moment m*** with
magnitude m®" [see the red arrows in Fig. 1(b)], attached to
the wall of the container at a radial distance R and polar angles
0r = 2mk/N’ with k € {1, ..., N'}. Since the container has a
conical shape, the magnetic moments along the circumference
of the bucket have themselves a radial tilting angle A. Finally,
the asymmetric structure of the floating object seen in Fig. 1(a)
adds stability against tilting too easily. For a total mass M
and a distance & between the center of mass and the center
of buoyancy, the torque required to flip the floating object out
of equilibrium is given by Mgh, where g is the gravitational
acceleration.

Since all magnetic forces present in the experiment origi-
nate from the magnetic moments attached either to the floating
sphere or to the perimeter of the containing vessel, a mathe-
matical model describing the experimental setup must include
the magnetic dipole interaction as the most fundamental in-
gredient. The interaction energy of two floating spheres with
magnetic dipole moments m; and m;, separated by a vector

rjj =I; — I}, is given by [35]
o Mo (m;-m;  3(m;-ri;)(m; i)
Ut =— - ) 1
iU An < r r M

where g is the magnetic permeability of the surrounding
medium. Accordingly, the interaction energy between a float-
ing sphere and a fixed magnet k is given by

ext | p.

Pr) ) 2

U'ext — ﬂ mzxt 3(ml . rik)(m
ik 47 r

such that the total magnetic energy perceived by each floating

magnet is

5
Tik Tik

v

N
mt ext
2 Ui+ 2 U
= k=1
l?éJ

mag

3)

I\JI'—‘

Finally, the mechanical energy associated with the torque
generated by the gravity-buoyancy pair of forces has the form
U™ = Mgh(1 — cos a;). Therefore, the total energy of the
system is written as

Utot ZUmag + UmeL . (4)

i=1
It is convenient to adopt a dimensionless radial
distance p =r/R and a dimensionless energy U =

A7 R3U™ /(o m m™Y). In this form, the total energy [Eq. (4)]
is then written as

N . .
A COSO(,'COSOlj—2Sant,'SII'IOleOSQij
Uu=:)%
2

3/2
ij=1 (/0,2 + p_]z‘ — 2pip;j cos 01’./’)

i#]

3pipj sina; sina; sin® 6 i|
572
(07 + P —2pip;j cos b))

n ZZ |:cosAcosoz, — 2sin A sin ¢; cos ©
=1 k=1 (1+,o —2p,cos®,k)

3pisin A o
pi sin A sin o; sin? k/ +1 Z(l —cosq;),
(1+ p7 —2picos ©y)

(&)

where 6;; =6, —0; and ®; =0; — 6. We also have de-
fined the dimensionless parameters A = m/m™" and t =
A7 R*Mgh /(pom m™") as the ratios between the confining and
interaction energies, as well as between the mechanical and
interaction energies, respectively.

Finding the equilibrium values for the floating magnet
positions (pi, ..., pn, 01, ...,0y) and angles (o, ..., an)
involves minimizing the total energy in Eq. (5) for 3N de-
grees of freedom. The phase space becomes too large to be
fully probed even for moderately low values of N. Therefore,
we use the generalized simulated annealing (GSA) [36-39]
method (see Appendix B for details), which enables us to
explore this high-dimensional space efficiently. The values of
A and 7 in Eq. (5) are only adjustable parameters here, and
by using the GSA results with N = 2 we can reproduce the
experimental observations very well with A = 1.2 and t =
6.0 x 10%. The value of A is consistent with our expectations
based on the dimensions of the floaters and the confining
magnets. Moreover, experiments in which the magnetic tilt
is negligible correspond to T — o0o. We also define in our
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N=2 N=3 N=4 N=5

FIG. 2. Top view of the equilibrium configurations for N floating objects, from N = 2 to 17. Solid circles represent the bucket wall, which
forms an angle A = 17° with the vertical direction. Blue dots mark the central positions of the floaters, while the arrows indicate their angles
of tilt (arrows are omitted for angles less than 0.5°). These values are found through the GSA-minimization of Eq. (5). The red dashed-line
circles drawn in the case N = 5 indicate the observed positions in Fig. 1(c) and illustrate the agreement with the experimental observations.

simulations a cutoff distance d/R = 0.01 to prevent collapse
when two floating magnets are very close to one another or a
floater approaches the bucket wall (in the experiment, spheres
touch at d/R = 0.26).

Figure 2 shows the GSA-obtained results for magnetic
clusters containing N floating objects, from N = 2 to 17. To
avoid too congested a figure, we superimpose the calculated
and the experimental structures for one case only (N =5),
which displays an excellent agreement. The ordered struc-
ture reported by Mayer and others [11,31,32] is evident in
all equilibrium configurations shown in Fig. 2, including the
formation of concentric rings whose radii increase with N.
In addition, the angles of tilt «; of each floating object now
appear as an extra feature that can also be obtained from
the simulations. These are represented in the figure by radial

arrows starting from the center of the object with a length
that is proportional to sinc«;. The structures seen in Fig. 2
correspond to the lowest possible energies of Eq. (5), giving
the impression that the GSA-minimization procedure is un-
suitable to find more than one ordered structure for a given
number N. However, when monitoring the energy evolution of
the GSA search, we identify many such alternative structures
only a few steps before the final convergence is reached, sug-
gesting them as metastable configurations (see Appendix B
for details).

Instead of focusing on individual floating objects, it is con-
venient to assign them a radius p and a tilt angle « associated
with the ring they belong to. Both calculated and experimental
values of p and « for different rings are presented in Fig. 3.
Calculations, shown as solid lines, together with the experi-
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FIG. 3. Comparison between the GSA-generated results and the
experimental observations for (a) ring radii as a function of the
number of floating objects N; (b) tilt angle o (in degrees) as a
function of N. Two vertical dotted lines separate the regions with
different numbers of rings: the leftmost part (N < 6) corresponds to
cases where only a single ring is found, the middle (6 < N < 16)
is for two rings, and the right (N > 16) is for three. The color code
is such that blue refers to the innermost ring, orange to the second
ring, and green to the third ring. Symbols indicate the experimentally
measured values (with error bars) while the simulated results (at
integer values of N) are connected by solid lines which serve as a
guide to the eyes. The shaded regions indicate the standard deviation
observed in the simulations. The black dashed lines in both panels
correspond to results for the outermost ring using an effective single-
ring model (see Sec. IV). The inset depicts the GSA results of a(p)
for the outermost ring and is a representation of the magnetic texture
seen in these clusters.

mental measurements depicted by symbols, are plotted as a
function of the number of floating objects N. Whether the
structure has a single ring (1 < N < 5), two separate rings
(6 < N < 16), or a total of three rings (N > 16), the agree-
ment between experiment and calculations is remarkable for
the radii p all the way to N = 17, even though the values of
the parameters A and t were obtained using only N = 2 data
[see panel (a)]. However, the same agreement is not seen in
the case of o shown in Fig. 3(b). The reason for that slightly
higher discrepancy will be explained later. In any case, the
inset of Fig. 3(b) contains the GSA results displaying how the
tilt angle « of the outermost ring increases with the radius p,
thus serving as a suitable function to describe the magnetic
texture of the cluster.

It is important to assess whether the stability of the GSA re-
sults is affected by the cutoff distance used in the calculations.
This can be verified by introducing a quantity that establishes

whether or not the system is in stable equilibrium. Bearing in
mind the nature of the dipole interaction in Eq. (1), if objects
are too close together, the magnetic energy becomes too large
(in magnitude) to be compensated by the mechanical energy.
In this case, the floating magnets will flip and coalesce into
one amorphous compact cluster. The following quantity u can
then be used as a flag to test whether or not the GSA-found
solutions are indeed stable:
I {471R3 U™
u=_ min { ————:

ie{l,...,N}}, (6)
Lo m mext

such that the equilibrium configuration is stable when
1>u>0.

The model can now be extended to account for cases not
included in the experiment. For example, by varying the con-
fining field direction A, by increasing N, or by making the
objects more or less mechanically stable through a change
in 7, we can predict what would occur to the ordered clus-
ters should we use different experimental conditions. This
is captured by Fig. 4, which displays a phase diagram that
indicates how many rings are spontaneously self-assembled
within a magnetic cluster composed of N floaters exposed to
a confining field tilted at an angle A. The horizontal dashed
lines separate the regions with one, two, and three rings. The
color code used in the plot corresponds to the quantity u
used to test the stability of the solutions, such that blue (red)
indicates the region within the phase space where solutions
are stable (unstable) and the three panels are for objects with
different values of 7.

The middle panel of Fig. 4 is for t = 600, which is the
value used to reproduce the experimental results of Figs. 2
and 3. The vertical dashed line seen in that panel at A =
17° indicates that the system is indeed stable and would not
collapse for N up to 17. Moreover, if we were to fix the
number of floaters, say at N = 10, and increase the confining
angle continuously, we find that the system would remain with
two concentric rings but would no longer be stable when A
exceeds 70°. By carrying out a similar analysis in the case
of a cluster composed of mechanically more stable objects
(t = 1.2 x 10°), we see in Fig. 4(c) that the system would
remain stable for confining angles of up to approximately 80°
for all values of N < 20. In contrast, for the case of smaller
values of T shown in panel (a), there is a much-reduced region
of the phase space for which stable solutions can be found.
This is mainly limited to single-ring clusters with confining
angles A < 45°. A second ring would be possible but for
much shallower angles (A < 20°) with N not exceeding eight
floaters.

IV. EFFECTIVE SINGLE-RING MODEL

The phase diagrams of Fig. 4 are essential to map the
possible solutions that magnetic clusters may have in these
conditions, but it is still computationally onerous to generate
them since it involves minimizing 3N degrees of freedom.
Furthermore, because of the form of Eq. (5), it is difficult
to see the relationship between all the relevant quantities in
a mathematically transparent way. This calls for a simplified
approach, capable of estimating some of these quantities in a
less computationally demanding manner. For that purpose, we
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(a) 7=3.0 x 10?

(b) 7=6.0 x 102

(c) 7=1.2x 103

15 |i|| |'|
L 1 : a
o -
hd
10 | : q
GO
[ i
I i
1
5F ! -
Lo
I T I R 1-...|i..|...|...|...::... L L I I BN
0 15 30 45 60 75 90 0 15 30 45 60 75 90 0 15 30 45 60 75 90
A A A
-1 0 1 —-1.0 -0.5 0.0 0.5 1.0 —-0.2 —-0.1 0.0 0.1 0.2
u u u

FIG. 4. Phase diagrams indicating both the stability and the number of rings in a cluster, depending on the number of floating objects N
and the outer angle A (in degrees). The horizontal dashed lines separate the regions with different numbers of rings: the bottom part (N < 6)
corresponds to cases where only a single ring is formed, the middle (6 < N < 16) is for two concentric rings, and the top (N > 16) is for three.
The color plot depicts the phase space’s blue (red) regions where the cluster is mechanically stable (unstable). Black dotted lines mark where
in the phase space the system collapses. The three panels are for systems with different degrees of mechanical stability: the middle panel is
for 7 = 6.0 x 10? obtained from the experiment, whereas the left and right panels are for r = 3.0 x 10> and 7 = 1.2 x 103, respectively. The

vertical dashed line in panel (b) indicates where the experimental measurements were carried out, i.e., A =

have derived an effective single-ring model (see Appendix D
for a complete derivation) which provides a set of analytical
expressions for the radial distance p and tilt angle « of a given

ring. They are

5 1/5

p = A vazl Zl};i(l —cos6;;) 3/2 0
4y/2cos A Zflzl ZkN;I(S cos2 @y — 1) )

3'0 sinA |1 ZZGCOS By — 1), ®)

llkl

where 0;; = 27 (i — j)/N and ©y = 27 (i/N — k/N’). In the
spirit of an effective theory, A and t can be assigned as ef-
fective parameters selected to match the observed radius and
angles to clusters with more than one ring.

The first indication that Egs. (7) and (8) are indeed good ap-
proximations can be seen in the plots of p(N) and «(N) shown
as black dotted lines in Figs. 3(a) and 3(b). They represent the
radii and tilt angles of the outermost ring for the cases N = 1
to 17 and agree well with the GSA results. Furthermore, the
dependence of p and « on the confining angle A, which is
difficult to extract from Eq. (5), becomes a lot more transpar-
ent, i.e., p o (1/cos A)'/? and o o (tan A)!/3 x (sin A)*/3.
This is further evidenced in Appendix D. Another important
point that can be seen more transparently in Eq. (8) is the
interdependence of these two quantities such that o depends
on p and vice-versa, corroborating our earlier point that the
inclusion of the magnetic tilt angle as an extra degree of
freedom does impact the equilibrium structure of the cluster.

This effective single-ring model can also be used to predict
the transition to collapse as shown in Fig. 5. Panel (a) plots the
energy u, defined in Eq. (6), as a function of A for the same

17°.

0.10

0.08

0.06

0.04

0.02

0.00 | I SR S SN S (NN SN SR SN (NS SR U [N SN S S N SR S o |
0 15 30 45 60 75 90

FIG. 5. Comparison between the GSA calculations (dots) and the
effective single-ring model results (lines) for the quantity u, which
vanishes when the system is on the verge of collapsing. (a) u is
plotted as a function of A (in degrees) for a fixed number of floating
objects (N = 2) and for the three values of 7 used to generate Fig. 4.
The inset plots the critical angle A, for which u = 0 but now as
a function of continuous values of 7; (b) u as a function of A (in
degrees) for T = 1.2 x 103 and for different values of N.
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T values used to generate Fig. 4 but in this case the number
of floating objects is fixed at N = 2. The dots are the GSA
results and correspond to the A values used to generate all
three phase diagrams, whereas the continuous lines are the
u values obtained from Egs. (7) and (8). With such a good
agreement, we can ask when the system will collapse by im-
posing the critical condition # = 0. Rather than being limited
to the computationally time-consuming results of Fig. 4, this
enables us to establish the critical angle A, above which the
system collapses for a continuous range of t values, seen in
the inset. The agreement between the points and the dotted
line in the inset improves as 7 increases, which is compatible
with the assumptions made in the derivation of our effective
model. Note that A.(t — o00) = 90°. Alternatively, we can
keep t fixed and vary N instead. In this case, Fig. 5(b) shows
that for T = 1.2 x 10% all u(A) curves cross the u = 0 line
roughly at the same value, regardless of how many floaters N
the system has. Once again, this is in agreement with what has
been previously seen in Fig. 4(c).

Finally, the effective single-ring model can assist us in
explaining why the agreement between the GSA calculations
and the measured values of « seen in Fig. 3(b) is not as
striking as for the radii shown in Fig. 3(a). The second-order
derivatives of the energy U with respect to the radii and to
the tilt angle reflect how much energy is required to take
the system out of their equilibrium positions in p and «,
respectively. Once again, by making use of Egs. (7) and (8)
the total energy U can be obtained in a much simpler form,
which in turn enables us to obtain the derivatives in question
in terms of their associated Hessian matrix H (see Appendix D
for details). We find that the second-order derivative of U
with respect to p is considerably larger than that associated
with «, which means that the system is a lot more resistant
to changes in p. In other words, the floating objects are more
resistant to variations in their radial positions but are floppier
with regard to changes in the tilt angles «. That is one source
of explanation for the discrepancy seen in Fig. 3(b). Another
possible source for the discrepancy is in the sensibility of
the GSA results to the introduction of symmetry-breaking
fluctuations. For example, by assuming nonuniform A values
for the confining magnets, the perfect radial symmetry is
broken, giving rise to fluctuations both in p and «. As seen
in Appendix C, the standard deviation in the tilt angle « is
approximately 100 times larger than that found for p, which
adds weight to the argument that one may require a far more
precise measurement apparatus to capture the distribution for
the tilt angle .

V. CONCLUSIONS AND OUTLOOK

Having modified and adapted Mayer’s iconic experiment
[10,11], we have described how mutually repulsive particles
in the presence of a confining field are spontaneously ordered,
but this time we have fully accounted for the magnetic tilt that
arises as these dipole-moment-carrying particles interact. In
particular, we focus on how this additional degree of freedom
may impact the cluster structure as a whole. We control the
naturally occurring tilt between interacting dipole moments
by making the cluster objects more mechanically stable. We
find that the angle A of the confining magnetic field plays a

key role in defining the cluster radius, the magnetic texture de-
scribed by «(p), and the overall stability conditions of dipole
clusters. A mathematical model based on the energy balance
resulting from the competition between the magnetic forces
and the counteracting mechanical torque provides excellent
agreement with observations.

More than just reproducing the experiment, we believe
the model contains the essential ingredients to describe the
properties of both ordered and amorphous clusters with min-
imal modifications. First and foremost, the GSA technique
seems suitable to handle much larger clusters. Changes to the
confining geometry [40] can be easily accounted for without
increases to the computational costs, but they are beyond the
scope of this paper. Because the model is not exclusive to
the macroscopic system considered here but valid across a
wide range of lengthscales, it may be adapted and used to de-
scribe the case of dipole-coupled nanoparticles by including,
for example, Brownian-motion effects [41-45]. By breaking
the radial symmetry considered here, a much richer magnetic
texture is likely to appear which, in turn, will affect how
a cluster responds to external fields. Finally, we have not
considered the dynamic aspects of the cluster formation [46]
in the presence of tilted magnetic fields, but the current work
provides all the necessary ingredients to address that.
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APPENDIX A: LIST OF STABLE AND METASTABLE
CONFIGURATIONS

Table I lists all the structures (up to N=17) that have been
reported in the comprehensive studies by both Mayer [11] and
Nemoianu et al. [31], together with our own experimental
and computational findings, and some numerical results in
Ref. [32]. The notation (ny, ny, ns, ...) refers to the number
of magnets n, in ring £, with £ = 1 being the innermost ring
(entries n, = 0 are not displayed). Our GSA simulations were
primarily aimed at identifying structures of minimal energy,
however we also recorded some metastable structures, cor-
responding to local energy minima; see, for example, Fig. 6
for the case N = 5. They are consistent with those seen in
previous experiments and simulations, as indicated in Table 1.

Curiously, for particle number N up to and including
N = 14, the minimum energy configurations that we identi-
fied for our floating magnets are identical to those found in
simulations of two very different systems. These are, first,
two-dimensional Coulomb clusters, interacting via a repelling
Yukawa type potential and confined in a parabolic potential
[5], and second, equal-area partitions of a circle with minimal
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TABLE 1. List of structures found for up to N = 17 magnets
in confinement. The superindices s and e refer, respectively, to the
simulations and experiments described in the main text.

N Stable Metastable

1 (1)*¢[11,31]

2 (2)%¢[11,31]

3 3)%¢[11,31]

4 (4)%¢ [11,31]

5 (5)%¢[11,31] (1,4)"¢[11]

6 (1,5)%¢[11,31,32] (6)°[11,31,32]

7 (1,6)*¢[11,31,32]

8 (1,7)%¢ [11] (2,6)[11]

9 2,7)% [11,31] (1, 8)°

10 2, 8)%¢ (3,7 [11,31]

11 (3,8)"¢[11,31] (2,9)°

12 (3,9)"¢[31,32] 4,8)"¢[11,31]

13 4,9)°[11,31] (3, 10)4, (5, 8) [31]

14 4, 10)*¢ (5,9)"¢[11,31], (1, 5, 8) [31],
(1,6,7) [31]

15 4, 11)*¢ (5,10)%¢ [32], (1,5,9)° [11],
(1,6,8) [31]

16 (1,5, 10)*¢ [32] (5,11),(1,7,8) [31], (1,6,9)
[11]

17 (1,5,11)%¢ (5,12), (1,6,10)° [11,31]

total line length [47] (i.e., a monodisperse foam confined by a
circular perimeter).

APPENDIX B: GENERALIZED SIMULATED ANNEALING

We use generalized simulated annealing to minimize the
total energy Eq. (5) by parametrizing it in terms of a 3N-
dimensional vector E with coordinates E; = (p;, 6;, ;). The
GSA then performs ¢ € {1, ..., ngsa} steps starting from an
initial random state E,_( at temperature 7 (r = 0), which is
moved to a new state E,_; = E;_o + AE, where the pertur-
bation A E obeys the visiting distribution [36]

dap (L 4 =1
qv—l) Mgz +9 )Td/<qv—3)

” Faa—-2) "

gqu(A5)=<

(AE)

X [1 +(qv — I)quu/w—qv)

’

:| 1/(1=qy)+(1-d)/2

(BI)

which is a distorted Cauchy-Lorentz distribution of dimension
d = 3N, written in terms of Tsallis’ numbers ¢, and gq,. These
numbers define the visiting 7;, and acceptance T;, tempera-
tures. We use a SciPy implementation [48] with ¢, = 2.62
and g, = —5.00 [38]. The new state E,_; is accepted with
probability

. — DAU, 1/(01—qa)
Pa = min (1, [1 + %] , (B2)
qa

where AU, is the energy difference between these two states.
Once accepted, the temperatures are cooled following the

580

(a) Ly U=535.08
570 F —

560 ]

550 E ]

540 b

530 1 1 1
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NGsA

0.5 L L L

0.3 ]

Pj

0.1 ]

0.0 =1 : ——
50 100 150 200
NGSA

50 100 150 200
NGsA

FIG. 6. Illustration of the GSA history for N = 5 using the cal-
ibrated values of A = 1.2 and 7 = 6.0 x 10?> for A = 17°. Panel
(a) shows the minimization of the energy defined in Eq. (5) after
50 GSA steps where two possible ordered clusters are displayed as
insets. Panels (b) and (c) present the radii p; and tilting angle o; (in
degrees) evolution for each one of the five floating objects.

scheme

7, (02"~ = 1)
I+t —1"

where T, (0) and T, (0) are the initial temperatures. In this
regard, the GSA behaves like the classical simulated annealing
for high temperatures and as the steepest descent algorithm for
low temperatures.

For all simulations presented in this manuscript, we run
the GSA by ny,s = 10 times from different initial random
states using up to ngsa = 1.0 x 10" steps. After that, the
result with the lowest positive u calculated using Eq. (6) was
selected. We note that when u < O for a given run, the other
instances also indicate collapse. For example, Fig. 6 depicted
the steps in which the energy decreased for N = 5 using the

I,@) = T4, (t) = Ty,(0)/t,  (B3)
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experiment-calibrated values of A and 7. The energy evolution
in Fig. 6(a) shows a possible local minimum after ~150 GSA
steps, where we see an arrangement with one floating magnet
at the center and the remaining magnets ordered on a second
ring. However, thanks to the local search behavior of GSA at
lower temperatures, a ground energy state can be found after
~200 steps with the five floaters now on a unique ring. This
cluster geometry change is also seen in Figs. 6(b) and 6(c),
where we note an abrupt variation of the radial distance p;
and tilting angle «; for one of the five floaters before reaching
the most energetic favorable equilibrium configuration. Both
ordered structures appearing in the insets of Fig. 6(a) are
indeed observed in the experiment, supporting the idea of
two local minima. This apparent multiplicity of equilibrium
structures is also experimentally found for other cases (see
Table I). Therefore, the GSA is not only useful to provide
the true ground-state configuration, but it is also capable of

J

3sina; sina(p; cos w;; —

pointing to the existence of metastable states that may be close
in the energy space.

APPENDIX C: CLUSTER ROBUSTNESS AGAINST
SYMMETRY-BREAKING FLUCTUATIONS

We consider a more general scenario where the confining
field generated by the N’ fixed magnets around the perimeter
has random fluctuations in their tilt angles A;. In that case,
the problem is no longer radially symmetric and the polar
coordinate of m; associated with the horizontal surface pro-
jection does not necessarily coincide with the floater’s polar
coordinate 6;. Therefore, we need to assign an additional
angle, which we label 8;, to account for that. The total energy
of Eq. (4) is now written in its nonradial form as the 4N-
dimensional function

pjcoswj;)(p; oS w;j — pjCOSw;;)

N . .
& Z COSOl,‘COSO[j—‘rSlIlOliSlIlO(jCOS,B,‘j _

Unon—rad —
2 (P} + p?

e —2pipjcosB;;)3?
i#)

5.2
(07 + p} —2pipj cos ;)

N N
n Z Z |:cos Ay cos ; + sin Ay sin «; cOS wy;

i1 = (14 p? —2p;cos Oy)*"*

N
+ T Z(l —cosq;),
i=1

where w;; = 0; —
j

3sin Ay sin «;(p; cOS w;; — €OS a)k,)(p, COS Wi — 1):|

(l + p — 2p; cos @,k)

(ChH

Bj. We use the same GSA recipe described in Appendix B but now for an augmented parameter space given

by E; = (p}, 0}, aj, B;) coordinates.

Fluctuations in the A; angles are related to inherent random errors of experimental realization of attaching fixed magnets on
the bucket surface. To test that, we consider four situations where these fluctuations are normally distributed around A = 17°
having distinct dispersion levels oa. Figure 7 shows the impact of these fluctuations on the standard deviations of the radius
and of the tilt angles, both for the case of the outermost ring of N = 6. The results corroborate the earlier posed claim of
higher robustness for the radius p against symmetry-breaking fluctuations in A, compared to the same effect on the tilt angles.
Such robustness may survive when magnetic clusters are scaled down to the nanoscale. One more piece of evidence of such
symmetry-breaking fluctuations can be seen by the observed angles that were not tilted exactly along the radial direction. This
appears in the distribution of the angle 8 that measures the deviations from the radial direction. Although the distribution
displayed in the inset of Fig. 7 is peaked at 8 = 0, thus indicating a predominant radial tilt angle, it does have a nonzero width
that confirms the presence of deviations that may be as large as 60°.

APPENDIX D: SINGLE-RING MODEL DERIVATION

We derive a semianalytical solution for the equilibrium configuration of floating magnets having the same radius p and tilting
angle «. In this regime, the total energy Eq. (5) can be rewritten as a two-dimensional function

Usym —

ZN:i cos A cosa — 2 cos @y sin A sina
(14 p2 —2pcos ®y)3/2 (14 p% —2pcos ;)32

3p sin® Oy sin A sin o )
i=1 k=1

N Z 2 n sin o +NT( ) (D1)
A _ _ (1l —cosw),
8v2 p* T \ (1 —cos0;)*? = (1 —cos);;)!/?

i#]

(

where éij =27 (i/N — j/N) and ®y = 27 (i/N — k/N'). For Moreover, a < 15° in all cases for T ~ 10%, indicating a

A ~ 1 the competition between confining and floating inter-
action potentials makes the objects concentrate around the
center of the bucket, meaning that p is small. The max-
imum radial distance experimentally verified is p ~ 0.6.

small-angle regime. Such observations allow us to employ
a parabolic approximation for the confining potential and a
quadratic expansion in the tilting angle-dependent expressions
of Eq. (D1). Under these considerations, the symmetrized total
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FIG. 7. Standard deviation of the radii p (blue dot) and of the tilt :(b)
angle o (orange dot) as a function of the standard deviation of the 6 — N=

outer angle A. This corresponds to calculated values for the outer-
most ring and N = 6, for which the mean value of A is kept at 17°.
The inset shows the 8 angle distribution observed in the experiment.
This angle measures the deviation from the radial direction.

energy Eq. (D1) becomes

U™ ~ A(a® 4+ 2)p° + Bp’a + C(a® — 2)p + D(a® — 2)

1 » Nt o,
+Epa+Fa+;(G+Ha)+7a, (D2)
where the confining potential coefficients are given by
3 N N
—_— 2 @ . J—
A=7cosA ; ;(5 cos? Oy — 1), (D3)
N N
B =6sin A Z 2(3 cos Oy + 5cos’® Oy), (D4)
i=1 k=l
3 N N
C= —ECOSAZZCOSG)”(, (D5)
i=1 k=1
1
D= —ENN’ cos A, (D6)
N N
E =3sinA Z Z(l —3cos? Oy), (D7)
i=1 k=1
N N
F=-2sinA) "> cos Oy, (D8)
i=1 k=1
while the interaction potential is parametrized by
PR
G=-"_ (1 —cosf;;)?, (D9)
442 ]2::1 !
i#j
P
H=—"2 (1—cosf;) 2. (D10)
82 ]X::I !
i#]

Therefore, the equilibrium points are obtained by tak-
ing the partial derivatives of Eq. (D1) with respect to
p and «, giving rise to the pair of coupled nonlinear

1.5 L L S B S S B L B R R T
[(c) — N=2
F N=3
10 F N=4
e b TNl N=5
= |
N
0.5 -_ ................................. ]
0.0 P T T TP WP T

FIG. 8. Equilibrium radius p and tilting angle « obtained using
the single-ring approximation model are shown in panels (a) and (b).
These values are calculated as a function of A for different N values.
Panel (c) shows the curvature ratio for the same cases.

equations
(QA+C —3H/pHa*+@2Bp + E)a = 3G/p* — 2(2A — C),
(D11)

(2Aa + B)p* + (2Ca + E)p = —F — (2D + Nt)a, (D12)

where a linear relation between p and « can be obtained from
Eq. (D12),

o~ —pE/Nt, (D13)

also providing an inverse dependence between o« and t. More-
over, this approximation holds since £ > B > F and p < 1.
Accordingly, a quintic equation for the equilibrium p can now
be acquired by replacing Eq. (D13) into Eq. (D11), which,
when dropping 1/t and 1/7? terms, turns out to be

4Ap> — 2Cp* = 3G, (D14)
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which for 2A > —C has the following solution:

p = (3G/4A)'7, (D15)

where the equilibrium « is calculated using the result given
by Eq. (D15) in Eq. (D13). Panels (a) and (b) of Fig. 8
show how this equilibrium solution varies with A for small
values of N, indicating slower variation of p when compared
to o. Moreover, the expressions appearing in the main text,
Egs. (7) and (8), are obtained by replacing the definitions
given in Egs. (D3) and (D7) for A and E and in Eq. (D9) for
G. Similarly, the energy value Eq. (D1) for this equilibrium
configuration can be evaluated.

In particular, when the fixed magnets are evenly spaced
along the bucket, the confining potential coefficients B, C, and
F vanish, while A and E can be simplified to A = %NN/ cos A
and E = —%NN’ sin A, respectively. Such observations do
not alter the final expressions for equilibrium positions p
[Eq. (D15)] and tilt angles o [Eq. (D13)]. However, it is
worth pointing out that these simplifications cannot account
for fluctuations that may exist in the positions of the confining
magnets.

To conclude, we argue that this single-ring approxima-
tion is also useful to explicit the local curvature around the
equilibrium positions Egs. (D13) and (D15) by keeping the
assumptions of small p and «. In that case, the (Hessian)

dynamical matrix is given by [49,50]

4A + 12G/p? E
= , D16
e ( E 2D + Nt (®16)
with diagonal elements
N N
H,, =3cos A Z Z(S cos? @y — 1)
i=1 k=1
N
3x 1 ~
+=—) (1 —cosb;)?, (D17)
V2 p? ”2::1 !
i#]
H,, = N(t —N'cos A). (D18)

It is evident from Egs. (D17) and (D18) the role played by
A in the cluster stability. Floaters closer to the center are more
radially stable due to ~1/p> dependence in Eq. (D17), while
7 is fundamental to guarantee the tilt angle stability as seen in
Eq. (D18). Moreover, Eq. (D18) provides a lower bound value
for 7. To see that, consider the limit A — 0 where the Hessian
matrix is truly diagonal. In this case, T > N’ to produce stable
equilibrium regardless of the value of N. The ratio between
these curvatures as a function of A is shown in Fig. 8(c),
where stability for the radial distance remains higher than the
tilting angle up to A ~ 70°.
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