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Summary

In this thesis, we study two systems of nonlinear elliptic partial differential equations, fol-
lowed by a partial differential inequality.

In Chapter 2 we study a coercive quasilinear elliptic system which contains nonlinear gradient
terms. This system has its origins in the study of viscous, heat-conducting fluids. We focus
on positive radially symmetric solutions, and in the first part of the chapter we derive optimal
conditions for the existence of these solutions. In the second part of the chapter, assuming a
growth condition on the nonlinearities, we precisely describe the asymptotic profile of these
solutions.

In Chapter 3 we turn our attention to the well known Hénon-Lane-Emden system. Somewhat
inspired by the results of Chapter 2, we focus on the positive radial solutions, and derive a
precise asymptotic expansion of these solutions. We then use these expansions to show the
positive radial solutions are in fact stable solutions of the associated parabolic problem, with
respect to an appropriate norm. Unlike Chapter 2, our results only apply in the so called
supercritical regime.

In Chapter 4 we study a nonlocal differential inequality and derive optimal conditions for the
existence of solutions, as well as the optimal decay rate of solutions. The thesis concludes

with a discussion of future avenues of study.
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Existence and Qualitative Properties of Solutions for
Various Quasilinear Systems

Daniel Devine
Abstract

In this thesis we study a variety of nonlinear partial differential equations (PDE), and
systems of PDE. In Chapter 2 we study a general class of coercive, quasilinear elliptic systems
which have their origin in the study of viscous, heat-conducting fluids. We pose the problem
in an open ball centred at the origin, or all of Euclidean space. In the bounded domain
case, we derive sharp conditions for the existence of positive radial solutions with prescribed
boundary behaviour. In particular, solutions which either blow up at a finite point or remain
bounded are considered. We also obtain sharp conditions for the existence of solutions in
the whole space, and the exact growth at infinity of such solutions is then determined.

In Chapter 3, we study a prototype reaction-diffusion system. In particular, we focus on
the associated steady state problem. Assuming we lie on or above a critical curve, we derive
an exact asymptotic expansion of the positive radial solutions. It was previously known that
this curve is the threshold for linearly stable radial solutions to exist. We use the asymptotic
expansion obtained to prove the nonlinear stability of these solutions, directly extending
classical scalar results to the case of systems.

Finally, in Chapter 4 we study a nonlocal quasilinear partial differential inequality which
has its origins in non-relativistic mechanics. The nonlocal interactions are modelled using the
convolution operation, and a slow decay potential term is considered. Posing the problem in
an exterior domain, we derive sharp conditions for the existence and nonexistence of positive
solutions. In the case of existence, the optimal decay rate of solutions is also determined.
Unlike the cases of fast or critical decay potential terms, exponentially decaying solutions

are also shown to exist.
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Chapter 1
Introduction

In this thesis we study the qualitative behaviour of solutions to some partial differential equa-
tions (PDE) and systems of PDE. We will study three different nonlinear elliptic problems,
one in each of Chapters 2, 3 and 4. Detailed introductions and background to the problems
are given at the beginning of each chapter. Broadly speaking, we will be focusing on the
existence, stability and asymptotic behaviour of solutions, and in some cases we can use this
information to analyse the corresponding parabolic problem. We are generally interested
in problems posed on unbounded domains (either all of Euclidean space R™ or an exterior
domain). This poses considerable technical challenges, since many commonly used tools are
best suited to the bounded domain case. Chapters 2, 3 and 4 are more or less self contained.
As such, there is at times an overlap in the notation used, mainly to remain consistent with
the literature at large.

Chapter 2 is based on the results of [I8, 20, 22]. Some of the results were jointly obtained
with Paschalis Karageorgis, and some were jointly obtained with Gurpreet Singh. We study
a general class of coercive, quasilinear elliptic systems which have their origin in the study of
viscous, heat-conducting fluids. The first goal in Chapter 2 is to determine sharp conditions
for the existence of solutions which blow up at a finite point. The study of these kinds
of solutions has a rich history, going back many decades. In the 1950’s, Keller [58] and

Osserman [77] independently considered the following problem

Au= f(u) in Q,

(A)
U — 00 as r — 012,

where 0 C R™ is a bounded domain and f € C'[0, 00) is non-negative and increasing. They



found that problem (A) has C?(f2) solutions if and only if

> ds

CVEE

Since their seminal work there have been many generalisations of the above result, and

where F(s) = /05 f(t)dt. (B)

conditions analogous to (B) have since become known as Keller-Osserman type conditions.

In Section 2.1, we obtain optimal Keller-Osserman conditions for the system

Apu = fi(|z])g1(v)[Vul|” in €2,

. (C)
Apv = fo(lz])g2(v)gs([Vul)  in €,

where Ayu = div(|Vul|P~2Vu) is the p-Laplace operator. Note that equation (A) can be
viewed as a special case of system (C) with fi = fo=¢g3=1,p=2,0 =0 and u =v. Our
system presents many technical challenges not present in boundary value problem (A), due
to the nonlinear dependence on Vu, and the quasilinear differential operator A,,.

To make the problem mathematically tractable, we focus on solutions (u,v) which are
radially symmetric about the origin. This leads to two natural options for the domain
Q; Q = Bpg, the open ball of radius R around the origin, and 2 = R"™. Assuming the
nonlinearities f;, g; are non-decreasing, we can show that any solution (u,v) is increasing
and convex in both components. In the bounded domain case, this leads to two possibilities:
these solutions blow up near dBp, or they remain bounded. If the solution remains bounded,
it can be extended to a solution in all of R™. In Section 2.1 we derive sharp Keller-Osserman
type conditions for the existence of positive radial solutions of system (C) which blow up at
a finite point, and use these to deduce sharp conditions for the existence of solutions in all of
R™. There are several notable aspects of these results. Firstly, the hypotheses imposed on the
functions f;, g; are quite weak. In particular, they are only assumed continuous, non-negative
and non-decreasing, along with some growth conditions for g;, go. Secondly, the results are
valid for all values p > 1, which is noteworthy since qualitative differences between the cases
1 < p<2andp > 2 can often occur. Finally, the Keller-Osserman conditions derived are
shown to be optimal. For the p # 2 case, this required the development of a new comparison
result for integrals. Namely, if f is a continuous, non-negative and non-decreasing function,

and F' is defined as above, we have for any v > 0 and p > 1 that

> ds . , > ds
/ - S < if and only if / - T~
! (st(t)th> ! (fo f(t)Pdt)

< Q.
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The above comparison result was previously only known in the p = 2 case. It is the key
technical tool used in Section 2.1 to sharply distinguish between solutions of (C) which blow
up, and those which exist in all of R".

In the case of solutions in the whole space, the growth rate near infinity of these solutions
is then studied in Section 2.2. Assuming that the functions g; all grow polynomially, the
growth rate can be calculated exactly. In fact, it is shown that the growth rate of any positive
radial solution (u,v) is determined by an explicit solution (ug,vo) = (Ca|z|¥, Cslz|?) of a

simplified version of system (C). A surprising feature is that the convergence

.U .
lim — = lim —=1
|z| =00 Ug |z|]—00 Vg
always occurs in a monotonic fashion, in the sense that both of the above quotients are
decreasing at all points. This monotonic convergence result is reminiscent of some classical

results concerning the Lane-Emden equation
—Au=u" inR" (D)

and its fourth order analogue
A*u =" inR" (E)

where p > 1 in both cases. We emphasise that, in order to remain consistent with the
wider literature, we have now switched to using the letter p to denote an exponent. It is by
now well known that there exists a critical exponent pg, called the Sobolev exponent, for
problems (D) and (E)

2
Ps = nt for problem (D),
n p—
4
ps = nt for problem (E),
n—4

such that positive regular radial solutions exist if p > pg, whereas no positive regular so-
lutions (radial or not) exist if 1 < p < pg. For problem (D), these results were originally
obtained in the seminal papers by Gidas and Spruck [45] and Ding and Ni [25], and for
problem (E) by Lin [66] and Gazzola and Grunau [36].

To understand the qualitative behaviour of the solutions of problems (D) and (E), we note
they both admit an explicit singular solution: u, = C(n,p)]xr% and , = C’(n,p)\xrﬁ,

respectively. In his classical paper [63], Li showed that if p > pg, any positive regular radial



solution of (D) satisfies
u

lim
|z]—o0 Uk

~1. (F)

Using these asymptotics, Wang [87] later showed there exists another critical exponent pyr, >
ps, named the Joseph-Lundgren exponent for the authors of [54] where the exponent first

appeared, such that the following holds:

(
if p>psr the convergence (F) occurs monotonically and

u < u, for all r > 0,

it pjr. > p > ps the convergence (F) occurs in an oscillatory manner, i.e

u intersects u, infinitely many times.
\

In [36], Gazzola and Grunau, together with their existence results, also showed that every
positive regular radial solution u of (E) satisfies u/a, — 1 as |z| — oo when p > psg.
Moreover, this convergence is eventually monotonic if p > p;; (that is, problem (E) has its
own Joseph-Lundgren exponent). Three years later, in the papers [55] by Karageorgis and
[30] by Ferrero, Grunau and Karageorgis, it was shown that the analogous results do indeed
hold for problem (E). In other words, given a positive regular radial solution u of (E), if
p > pyr. we have u < u, for all » > 0, and monotonic convergence occurs. If ps < p < pyr,
then u intersects u, infinitely many times, and we have oscillatory convergence.

With these now standard results in mind, we turn our attention to Chapter 3 of this
thesis, which is based on the results of [2I] jointly obtained with Paschalis Karageorgis. In

Chapter 3, we study the positive radial solutions of the Hénon-Lane-Emden system,

—Au = |z[F?  in R,

—Av = |z['v! in R",
which arises as a natural generalisation of both problems (D) and (E). There is a vast
literature on system (G), in particular the case Kk = [ = 0, known as the Lane-Emden
system. Beginning with the seminal papers by Mitidieri [72] and Serrin and Zou [81], 83| for
the case k = [ = 0, it is by now well known that positive regular radial solutions exist if and

only if
k [
+n +n<n_2

+
p+1 qg+1—

See [§ for the case k,I > 0. It is expected that no positive solutions (including non-radial)



exist when the above condition is violated. This has become known in the literature as the
Hénon-Lane-Emden conjecture. Note that when k = [ = 0, for the special case u = v and
p = ¢, which corresponds to problem (D), and the special case p > ¢ = 1, which corresponds
to problem (E), the above condition reduces to p > ps.

It turns out the qualitative phenomena displayed by solutions of the scalar problems
discussed above remain true for system (G), and this is the focus of Chapter 3. First note that
system (G) has an explicit singular solution (u.,v,). The main result of the chapter is that,
on or above the Joseph-Lundgren curve, which is an exact analogue of the Joseph-Lundgren

exponents discussed above, any positive regular radial solution (u,v) of (G) satisfies

u v
e T e b

and this convergence is monotonic. The Joseph-Lundgren curve first arose in the work of
Chen, Dupaigne and Ghergu [I4]. The authors proved that on or above this curve, every
positive regular radial solution of (G) is linearly stable and satisfies u < u, and v < v, for
all » > 0. Using the above comparison result, we can compute a more precise asymptotic
expansion of the regular radial solutions (u,v). Using this expansion, we then prove (u,v) is
in fact a stable solution (with respect to an appropriate norm) of the corresponding parabolic
system. This is a direct extension of the classical stability result by Gui, Ni and Wang [46]
concerning the semilinear heat equation u; — Au = u? to the case of systems. To the author’s
knowledge this is the first such extension.

Chapter 4 of this thesis takes us in a different direction. This chapter is based on the
results of [19], which was a joint work with Marius Ghergu and Paschalis Karageorgis.
We study a nonlocal quasilinear partial differential inequality which has its origins in non-
relativistic mechanics. In particular, we are interested in the existence, nonexistence and

optimal decay rate of positive solutions of

—Ayu + %up_l > (K *u™)u? in R™\ By. (H)
We are mainly interested in convolution kernels K which behave like (log|x|)?|x|*™ near
infinity, i.e a Riesz potential with a logarithmic factor. When v < p, which is our main focus,
the potential term is said to have slow decay since, as the name suggests, in this case the
potential term decays slower near infinity than the differential term. The focus of Chapter 4
is on deriving sharp conditions for the existence and nonexistence of positive solutions of (H).

For the nonexistence case, we derive a priori integral estimates for solutions and use these



to prove Liouville type results. Classical solutions are constructed in the case of existence,
and the optimal decay rate of solutions is also determined. Unlike the cases of fast (y > p)
or critical (y = p) decay potential terms, exponentially decaying solutions are also shown to
exist; see [40, [75]. These results were previously only known in the semilinear case p = 2.

The thesis then concludes with a brief discussion of future avenues of research.



Chapter 2

Quasilinear Systems With Gradient

Terms

This chapter is based on the results of [I8, 20, 22]. Some results were jointly obtained with

Paschalis Karageorgis. Some results were jointly obtained with Gurpreet Singh.

2.1 Existence of Solutions

2.1.1 System of Interest

Let Q C R™ (n > 2) be either an open ball By centred at the origin or the whole space,
and for each 7, j suppose f;, g; are continuous, non-negative and non-decreasing functions.
In this chapter we study the existence of positive, radially symmetric solutions of coercive

quasilinear elliptic systems of the form

Apu = fi(|z])g1(v)[Vul” in €,

(2.1)
Apv = fo([z])g2(v)gs(|Vul)  inQ,

where Ayu = div(|Vu[P~2Vu) is the p-Laplace operator, p > 1 and o > 0. In the case
Q) = R", we will also study the asymptotic profile of these solutions.

The study of elliptic systems without the presence of gradient terms has a rich history.
For semilinear elliptic systems with no gradient terms present we refer to, for instance,
[11l, 17, B8, 59, 60, 61], and for the case of quasilinear elliptic systems without gradient
terms we refer to [3, 8, 9], 10, 1T} 15, B1]. More recently, systems such as have been



investigated [1], 2, 4 [7, 23] 32], B4) [39, [84], which we shall now discuss.
Their study was initiated by Diaz, Lazzo and Schmidt [23] who were interested in the

following parabolic system

up — Au =16 in Q x (0,7),
0, — A0 = |Vul>  inQx(0,T).

This system arises through a prototype model for a viscous, heat-conducting fluid. Assuming
a unidirectional flow, independent of distance in the flow direction, the speed u and temper-
ature 6 satisfy the above equations. The source terms § and |Vu|? represent the buoyancy
force and viscous heating, respectively. Making the change of variables v = —6, steady states
satisfy

Au=v in €2,

Av = |Vul? in €.
The main result in [23] is:

Theorem ([23]). For any R > 0, the system

Au = in Bg,
Av = |Vul? in Bg,

|(u(z),v(z))] — o0 as |x| = R™,

has a unique radially symmetric solution (u,v) with u(0) =0 and v(0) > 0.

The map v(0) — R is continuous and strictly decreasing (see [4]), and we note that the
study of the above parabolic system was continued in [24]. Singh [84] later studied more

general semilinear systems of the form

Ay =™ in Q
)

Av = g(|Vul) in Q,

where m > 0 and g € C''([0, 00)) is non-decreasing and positive in (0, 00). He found optimal
Keller-Osserman type conditions for the existence of positive radial solutions in either 2 =
Bpr or 2 = R", and he also determined the asymptotic behaviour of global solutions, assuming
that g(t) = t* for some k > 1 and that k, m satisfy some additional hypotheses. For Q = Bg,

the following boundary behaviours are possible:

8



(B1) u and v are bounded in Bg;

(B2) w is bounded in Br and | ‘lin% v(x) = o005
T|—n

(B3) |x\lg%— u(z) = |x\lgrzl%— v(x) = 0.

Singh found optimal conditions for each of the above scenarios, generalising the classical
results of Keller [58] and Osserman [77] to the case of systems with gradient terms. Singh’s

existence results were later extended by Filippucci and Vinti [34] who studied the system

Au =™ in Q,

Av = f(lz))gr(w)ga([Vul) — in Q.

Here f, g1, go are non-negative, non-decreasing and continuous, ¢; is assumed to be bounded,
f satisfies f(0) > 0, and m > 0. Analogous results were later obtained by Singh and the
author [22], where the system

Au = |z|*o™ in

Av = |z[’vg(|Vu)) in

was considered. It was assumed a,b,m,q > 0 and g is as above. Once again, in the case
) = Bpg, optimal Keller-Osserman type conditions were found for the existence of solutions
satisfying (B3), and for g(t) = t*, k > 1, the asymptotic behaviour of global solutions
was determined assuming some additional hypotheses on the exponents. The main contri-
butions of [22] were overcoming technical difficulties near the origin which arise when the
weight functions are allowed to be zero there, and also the sharpness of the existence results
for general functions g. We do not explicitly state the main results of [22] here, since they
are particular cases of the more general results we will discuss in this chapter.

Work on the quasilinear problem began with Filippucci and Vinti in [34]. Not only did

they study the semilinear system mentioned above, they also considered

Apu =ov™ in Bg,

(2.2)
Apv = g(|Vul) in Bp,

where m > 0 and g € C'*(]0, 00)) is non-negative and non-decreasing. In the case p > 2, the

authors show that a necessary condition for system (2.2)) to admit a positive radial solution



(u,v) which blows up at 0Bp is given by

oo s(p=2)(p—1)/(mp+p—1)
/1 s 1\ P/ (mptp—1) ds < 00. (2.3)
( Ik g(t)pdt)

The problem of showing that condition ({2.3)) is sharp was left open by the authors, which
motivated the study of system (2.1). The optimality of condition ({2.3|) was in fact shown for
g(t) = t* by Ghergu, Giacomoni and Singh [39], who analysed the system

Ayu = vk - |Vl in ©,

(2.4)
Ay = vP - | Vulks in Q,

where ki, ko, k3,0 > 0. Sharp results were established for the existence of positive radial
solutions satisfying 3), and the asymptotic behaviour of global solutions was com-
pletely settled. For the case of solutions which blow up at dBpg, the exact rate of blow-up of
solutions of was later determined in [4].

Our aim in this chapter is to study the existence and asymptotic behaviour of the positive
radial solutions of the much more general class of quasilinear elliptic systems , and as
we shall see we recover each of the above mentioned results as a special case. We begin by
treating the case {2 = By and boundary conditions 3), and then move on to the case
) = R™. After optimal existence conditions are established in this section, the question of
asymptotic behaviour is addressed in Section 2.2. Throughout this chapter, we assume for

each 7, 7 that
(A1) f;, g; are continuous, non-decreasing on [0, c0) and positive on (0, c0).

When it comes to the functions g;, g2, we shall make one more assumption, namely that they

grow polynomially. In particular, we shall also assume

(A2) there exist constants k; > 0 and 0 < ky < k; such that for j = 1,2 g;(¢)/t" is
non-increasing in (0, co) and
i %)
im

t—00 tkj

Each of the systems discussed above clearly satisfy [(A1)H(A2)] but our assumption |(A2)]
allows a much more general class of functions g; to be considered. For example, each g;(t)

> 0.

could be any sum of non-negative powers of ¢ with non-negative coefficients. When it comes
to Theorems and [2.1.2] a notable feature is that the function g3 is only assumed to

10



satisfy and the same is true for the weight functions f;, fo. To analyse the asymp-
totic behaviour of solutions, some additional assumptions will need to be imposed. These
conditions are given in Section 2.2.

Before stating the main existence results, we again clarify that we are only interested
in positive radial solutions, by which we shall always mean a pair (u(r),v(r)),r = |z|, such
that

e u,v € C*(Q) are positive and solve ([2.1));
e u and v are non-constant in any neighbourhood of the origin.

In the case 2 = R", we call solutions of (2.1)) global solutions. To make our main existence

result easier to state, we define the function

G(s) = ( /0 s (:s) dt) e (2.5)

We note that kyp +p — 1 — ke > 0 by assumption, and remark that p — 1 —0o > 0 is a

necessary condition for solutions to exist (see Lemma [2.1.5]).

Theorem 2.1.1 (Boundedness and Blow Up). Assume [(A1)I(A2), 0 < 0 < p—1, and
let = —* Suppose (u,v) is a non-constant positive radial solution of (2.1). Then the

p—1l—0’

following holds:

1. (u,v) satisfies for every R > 0 if and only if

/100 G(s) ds = o0 (2.6)

2. (u,v) satisfies for some R > 0 if and only if

/00 s°G(s) ds < oo (2.7)

3. (u,v) satisfies for some R > 0 if and only if

/100 G(s) ds < oo and /100 sG(s) ds = oo. (2.8)

11



Theorem 2.1.2 (Global Solutions). Assume Q=R" and 0 > 0. Then (2.1)

admits non-constant global positive radial solutions if and only if 0 < p—1 and (2.6 holds.

Remark 2.1.3. Although not explicitly treated here, the above results actually hold for
several generalisations of system ([2.1). For example, in the first equation we could replace
g1(v) by g1(v) - ga(u) for a continuous, non-decreasing and bounded function g4 which is
positive on (0, 00). When it comes to the second equation, we could similarly replace ga(v)
by g2(v) - g5(u), with g5 subject to the same conditions as g4. Such additional factors would
not affect the arguments whatsoever. For the sake of simplicity, though, such variations are

not treated explicitly here.

2.1.2 Preliminary Properties of Solutions

We now gather some properties which all non-constant positive radial solutions of must
have. We first show that if (u, v) is a positive radial solution, then both u and v are increasing
and convex. This explains why solutions which exist locally, but not globally, must blow up
at some point. We conclude with two comparison results. The first is for integrals, and will
allow us to prove the sharpness of conditions —. The second comparison result will
allow us to compare solutions of our system with solutions of related systems, which

will be useful moving forward.

Lemma 2.1.4. Assume|(A1), Q = Bgr, 0 >0, and suppose (u,v) is a non-constant positive
radial solution of (2.1). Then u'(r),v'(r) > 0 for all 0 <r < R.

Proof: Since (u,v) is a radial solution of (2.1)), we can rewrite (2.1]) as

v(r))|d'(r)]” forall 0<r <R,
forall 0<r <R, (2.9)

=0
~—
ST
=
2 =
_"?_“c
R
i
<
3 3
L
ot T
N~
= 3
I
/é\/‘\
—
=
N—
N—
Ne
W
—
Q\
—
=
N—
N

Since v is continuous, there exists a maximal subinterval (0, Ry) C (0, R) such that v(r) > 0
for 0 < r < Ry. By our assumption [(A1)] we thus have that r — r™~/(r)[/(r)[P~2 and
r = "W (r) o' (r) P72 are increasing for 0 < r < Ry, and vanish at r = 0. Tt follows that
u'(r) >0 and v'(r) > 0 for all 0 < r < Ry. In particular, v(r) cannot vanish at r = Ry, so
we in fact have Ry = R, implying v(r) > 0 on [0, R). By the above we have that «'(r) > 0
and v'(r) > 0 on (0, R). |
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Lemma 2.1.5. Assume |(A1) and Q = Bgr. If 0 > p — 1, then (2.1) does not admit any

non-constant positive radial solutions.

Proof: Suppose a positive radial solution (u,v) exists. From Lemma [2.1.4] we must have

u'(r) >0 for all 0 < r < R, and so the first equation in (2.9) can be expressed as

[Tnflu/(r)pfl]’

=1y (r)p-1

= fi(r)gi(v(r)) -/ (r)7 "

for all 0 < r < R. Integrating this equation over the interval [0, R/2] yields

R/2 R/2
In [r”_lu’(r)p_l]

0 0

= f1(8)g1(v(s)) -/ (s)7 P ds.

Since 0 > p— 1 and fi, g1 are continuous, the right hand side above is clearly finite. This is

a contradiction because u'(0) = 0 and p > 1, so the left hand side is infinite.

Lemma 2.1.6. Assume|(A1), Q= Bg, 0 <o < p—1, and suppose (u,v) is a non-constant

positive radial solution of (2.1)). Then

p—1—0 p—1—o0
np—1—o0)+o p—1

%fz(?‘)gz(v)gs(d) <[V' ()P < fa(r)ga(v)gs(u),

fi(r)gi(v) <[/ (r)7™77) <

for all 0 < r < R. In particular, both u(r) and v(r) are convex for all 0 < r < R.

Proof: From Lemma we see that (2.9) can be expressed as

[W/(r)P~ ) + n—_lul(r)p_l = f1(r)gi(v(r)u'(r)° for all
()] + ”T_lv’(mpl = fa(r)ga(v(r))gs(u/(r))  for all

u'(0) = v'(0) = 0,u(0) > 0,v(0) > 0.

We can rewrite the first equation above to give us the following system

O R
ey

u'(0) =2'(0) = 0,u(0) > 0,v(0) > 0,

13

Ji (7”)91 (U)>

0<r<R,

0<r<R

fi(r)gi(v(r)) forall 0<r<R,

V' (r)P = fo(r)ga(v(r))gs(u/ (1)) forall 0<r <R,

(2.10)

(2.11)

(2.12)



where ¢ is defined as

(n—1)(p—1-0)
p—1

Since u’,v" > 0 for all 0 < r < R from Lemma [2.1.4] the upper bounds in (2.10) and (2.11)

clearly hold. When it comes to the lower bounds, we first rewrite (2.12)) as

§= > 0. (2.13)

)
n—1
[P ()P = " (1) ge(v(r))gs (W (1)) forall 0<7 <R, (2.14)
u'(0) =v'(0) = 0,u(0) > 0,v(0) > 0.

roul (e =

7 f1(r) g1 (v(r)) forall 0<r <R,

Now, since v(r) is increasing for 0 < r < R, recalling our assumption the first equation

in (2.14)) tells us

) " ) "
Py = [ ROn ) < AR [
for all 0 < r < R. So we have the estimate
1 1. \p—1l—0c
SO € e A () (215)

for all 0 < r < R, which, when combined with the first equation in (2.12) yields

J

W () =

Ji(r)gi(v(r)) — gu’(r)plv

)
2 mfl(r)gl(v(r))-

Recalling the definition of 0 we see that this is precisely the lower bound in (2.10). Now,
since we have just shown that «'(r) is increasing, we can take the second equation in ([2.14))

and argue in a similar way to conclude

P S RO )BE0) [ = () ),

0

for all 0 < r < R. One may now take the second equation in (2.12)) and argue in an analogous

manner to above to obtain the lower bound in (2.11)). [

Lemma 2.1.7. Assume|(A1), Q@ = Br and 0 < o < p—1. Then (2.1 does not admit any

14



non-constant positive radial solutions (u,v) satisfying
lim u(r) =00 and lim v(r) < oco. (2.16)

r—R~ r—R~

Proof: Suppose (u,v) is such a solution. For each 0 < r < R we have

u(r) = u(0) + /0’" u'(t)dt,

so from (2.16)) we see that lir}g u'(r) = oo. But from ([2.15)), (2.16]) and |(A1l) we also have
rT—n

ul(/r)p—l—O' < (57’

= mﬁ(r)gl(v(ﬂ) <C

for all 0 < r < R, and some constant C' > 0. Letting r — R~ we reach a contradiction. W
The following result is a direct extension of [84, Lemma 4.1] to all p > 1. It is the key

technical result required to prove the sharpness of the conditions in Theorem [2.1.1]

Lemma 2.1.8. Let h(t) satisfy|(A1), and H(t fo s)ds. Then for s > 0 we have

v ([ H(t)p%dt)p_l <o-v ([ h(t)édt)p < ( / p2sH<t>p“dt>p

and consequently, for each v > 0

-1

ds

/ < oo if and only if / o5 < 0Q.
v(p—1) s 1 P
(e HOF ) v (fy nwyrar)

Proof: We start by noting that since p > 1, the function x — 2P is convex. Both inequalities

are clearly true if s = 0. If we fix s > 0 we have

s 1 p 1 s i p s
(/ h(t)Pdt) = s’ (—/ h(t)vdt) < sp_l/ h(t)dt by Jensen’s inequality
0 S Jo

p—1
H(s 1 d7'>

el
oo ([ )
v

15



and the second inequality follows. When it comes to the first inequality, since h and H are

both non-decreasing we have

(/0 H(t)plldt)p_l < (H<S)pll/os dt)p-l

:spl/ h(t)dt
0

and the first inequality follows. [ |

If we define for each 8 > 0 ,
Hy(t) = / h(s")ds, t>0, (2.17)

0
then Lemma tells us that for each v > 0 we have
o d o d
/ f oD < if and only if / - Sl oy < 00.
! ( IN Hg(t)ﬁdt) ! (fo h(t(’)idt)

It is this formulation, with 6 = _i_ and v = k%, that we shall use moving forward.

P o 1p+p—1—ko

For the final result of this section, we consider the following system

Ayug = fi(|z]) 1 (vo)| Vo | in Q,

; (2.18)
Apvo = fo([x])g2(v0)gs(|Vuol)  in €,

where the functions f;, §; are assumed to satisfy |(A1)| and [(A2)l Our goal is to compare a

solution (u,v) of (2.1) with a solution (ug,vg) of (2.18).

Lemma 2.1.9. Assume n > 2 and o > 0. Suppose that (u,v) is a non-constant
radial solution of in Q = Bgr, (ug,v0) s a non-constant radial solution of in
Q = Bg,, and let R = min{R, Ry}. Suppose also that (u,v) and (ug,vo) are positive for all
0 < r < R. Finally, assume that f; > f; and g; > gj for each i,j. If u(0) > uo(0) and

16



v(0) > vg(0), then
u(r) > ug(r), v(r) >wv(r), o' (r)>uy(r), v'(r)>uvy(r) (2.19)

throughout the whole interval (0, R).

Proof: Let us denote by (0, R) C (0, R) the maximal subinterval on which
u(r) > u(r), v(r) > vo(r) for all 0 < r < R. (2.20)

The function u satisfies the first equation of the system (2.14]), so it satisfies

[Py = R,

n—1

where 6 > 0 is defined by (2.13]), and p—1—0¢ > 0 by Lemma 2.1.5] The function u, satisfies
the exact same equation with g; replaced by g; and f; replaced by fl, hence

[7“6(“,(7")]0_1_0 - Uf)(r)p_l_g)]l ~ 0 ﬁ 1 r’ [fl (r)gi(v) — fi (7’)@1(1}0)] :

Along the interval (0, R), we have v > vy > 0 by (2-20), so g1(v) > g1(vo) > §1(vo) by .
Since f; and f; are positive by , the right hand side is then positive, so it easily follows
that o/(r) > ul(r) for all 0 < r < R.

Next, we turn to the functions v, vg. Using the second equation in , we get

[P W ()P = Ué(r)p_l)}/ = [f2(7">92(v)93(ul) - f2(T)§2(U0)§3(U6)} : (2.21)

When it comes to the interval (0, R), we have u/ > uf, by above, so gs(u’) > gs(ul) > Gs(ub)
by [(AT)] In addition, v > vy by (2-20)), and thus gs(v) > ga(vo) > G2(vo) by meaning
the right hand side of is non-negative. If the right hand side of happens to
be identically zero, since v/(0) = v)(0) = 0, we in fact have v'(r) = v)(r) on (0, R). If the
right hand side of becomes positive on (0, R), we may argue as above to conclude that
v'(r) > vj(r) for all 0 < r < R. In both cases we see that v — v, is non-decreasing on (0, R).

This shows that both u(r) — ug(r) and v(r) — vy (r) are non-decreasing throughout (0, R).
As these functions are positive at » = 0 by assumption, they cannot possibly vanish at r = R.
In other words, the maximal subinterval on which holds is the whole interval (0, R),

and our argument above gives /(1) > u(r) and v'(r) > vj(r) for all 0 < r < R.
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Using the notation from the above result, it easily follows that, if vy — oo as r — R,,, then
we have R < Rj.

2.1.3 Proof of Theorem [2.1.1]

Before the main proof, we first note the existence of a non-constant positive radial solution
of (2.1) in a small ball B, follows from a standard fixed point argument (see Appendix for

details). In particular, the map
T : CY0,p] x C0, p] = C[0, p] x C*[0, p]

given by

where

1

Tiluol(r) = u(0) + [ { L[ Téflmgl(v(r))dr} T s

n—1

Tlusolr) = o)+ [ [0 [ "o oo (r)ir| " s

and ¢ is defined as in ([2.13)), has a fixed point (u,v) for sufficiently small p > 0. Note from
Lemma [2.1.5/that p — 1 — o > 0.

When it comes to part 1, we first assume that (2.1)) admits a solution (u,v) satisfying

lim o(r) = oo (2.22)
r—R~
for some R > 0. In what follows, C' will be used to denote a positive constant which may
vary on each occurrence. In general C' = C(n,p, o, R,u,v), but its exact value will not be

important. From assumption [(A2)| for some constant C' > 0 we have the estimates

for all » > 0. For simplicity we shall let w = u’, and we note that w is positive and increasing

18



on (0, R) by Lemma [2.1.6f Multiplying the right inequality in (2.11)) by v, which is positive
by Lemma and integrating over [0, 7] for r < R we find

/0 WP (1)t < / " Fa(8)g2(0(0) galw(t)0' (1)t

Now, by Lemmas [2.1.4]and [2.1.6] we know that v(r) and w(r) are increasing in (0, R), so by

our assumptions |(A1)H(A2)| the above inequality becomes

p—1 (" 1Py w(r rv k2!
Pt [werya < coot) [ oo

from which we have, recalling v'(0) = 0,

v(r)
V()P < Cgs(w(r)) / P2t < Co(r)F+ gs(w(r)

v(0)

for all € (0, R). It easily follows that

ko+1

v (ru(r)”

3 =

< Cygs(w(r)) (2.23)

for all r € (0, R). Fix now some p € (0, R). Inequality (2.10]) and our assumptions|(A1)H(A2)]

tell us that for all r € [p, R) we have

Cu(r) < %fl(P)gl(U(T)) < %ﬁ(?‘)gl(v(r)) < [w(ryP~'7).

Combining this with (2.23)) yields

v’(r)v(r)kl’kgzjl

where we have defined
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for simplicity. Integrating over [p,r] for any r € (p, R) we obtain, after changing variables,

1
o) w(r)b
/ =% dtgc*/ gs(t9) v at
v

) w(p)?

w(r)% |
< C/ gs(t’)vdt
0

for all r € (p, R). We may rewrite (2.24) as

=

k —1—k k —1—k w(r)
o(r) R < () o / g(t9)5 dt
0

k1p+p—1—ko

. w(r)?
_ U(IO) +C / g3<t0)%dt
0

1
fow(r)e g3(19) 7 dt

k1p+p—1—ko

; CLE
'U(p) : +C / gg(te);dt
fow(p) g3 (te) » dt 0

IN

D=

and since p > 0 is fixed, we can express the above as

=

kip+p—1—k w(r)
o) 2o [T gty
0

for all r € [p, R). In other words

P
k1p+p—1—ko

w(r)% L
v(r) < C / g3(t?) v dt
0

for all r € [p, R). Combining this with (2.10]) we have

)] < P A elr) < O

kip

20

kyp+p—1—ko

(2.24)

(2.25)



for all r € [p, R), recalling our definition (2.5)). It follows from (2.25]) that for some constant
C > 0 and all r € [p, R) one has

g (w(r)%> [w(r)%]/ <C.

We can integrate both sides of this expression over [p,r] for r € (p, R) to find

/prg (w(s)%> [w(s)é}, ds < C/pT ds

or, after a change of variables
w(r)
/ G(s)ds < C(r—p) <Cr. (2.26)

Letting » — R, we see, recalling (2.10)) and ([2.22))

/mlg(s)ds§0R<oo.

w(p)?

Hence,

/100(](3) ds < oo.

This in fact shows that, if (2.6]) holds, then any local solution (u,v) of (2.1]) in a small ball B,
can be extended to a solution in By satisfying for any R > 0. Indeed, by Lemma [2.1.4]
both u and v are increasing, and by Lemma [2.1.7] and the above argument, we know that u

and v are bounded in By for any R > 0. We thus have that all positive radial solutions of

(2.1]) satisfy for every R > 0 if ([2.6]) holds.
Suppose now that (2.6) does not hold. We first note that system ([2.1) has a positive

radial solution (u,v) defined on some maximal interval [0, Ry). Our goal is to show that
this interval is finite. Fix p € (0, Ry), and recall from (2.10]), (2.11) and our assumptions

(AT)H(A2)| that we have

[w('r)é}/ < Co(r)™ (2.27)
v(r)2gs(w(r)) < Cl'(r)P~") (2.28)
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for all r € [p, Ry). Multiplying ([2.27) and (2.28) and rearranging gives

D=

go(w(r)) [wr)?]" < Culry - (-t

for all r € [p, Ry). Integrating the above inequality over [p,r| for any r € (p, Ry) we obtain

w(r)% r
[ me<c [ oo a
w( P

p)o
<c /0 o(t)B R [of (17 dt
< Corp [ ey
< Colr)r (T,

recalling that k; > ko by [(A2)] and +/(0) = 0. Taking the extreme left and right above, one

has

wp)? 10
gg(t )dt 1—ko 1 _
- | + 0| o e

1
fow(p) 4 g3 (te)dt
v(p)fru (p)pt

< + C | v(r)r=F2/ (r)p!

< Co(r)r=e/ (r)p=? (2.29)

for all » € [p, Ry), recalling that v'(r) is positive for r > 0 by Lemma Using the

notation from (2.17)), we define

t
Gaalt) = [ n(s”) ds. >0,
0

1

and remind ourselves that 6 = pr

Multiplying inequalities (2.27]) and ([2.29)) thus gives

kip—ko ’

Gsg (w(r)%>pfl [w(r)é}, < Co(r) »=1 2'(r)



for all 7 € [p, Ry). A further integration over [p, r] yields

1
w(r)® kip+p—1—Fk
/ Gso(t)7Tdt < Co(r) v 1,

w(p)®

for all r € (p, Ry). Similar to above, since k;p+p— 1 — kg > 0, there exists C' > 0 such that

ki1p+p—1—ko

w(r)? )
/ Gspo(t)r—1dt < Cu(r)” »=1
0
for all r € (p, Ry). Using (2.10) and our assumption [(A2)| the above inequality becomes

k1pt+p—1—ko kip+p—1—ko

1
w(r)e
/ Ga(t)71dt < Clo(r)™] HeD < C([w(r)7)) RED
0
for all r € (p, Ry), yielding

o [w(r)?]

— ky(p—1)

b o \EEE
S GaemyTar

Integrating (2.30) over [p,r| and letting r — R, we find

(2.30)

w(Ry)0
ds
C(Ro—p) < 1 1 1)
woh ([ Ga(t)ar) T

- ds
g/ 1 e (231)
7 s — 1p+p—1—kg
wolb ([ Gy (1))

where w(Ry) € RTU{oo} is understood to mean lim, _, p—w(r). If does not hold, then
Lemma together with implies the maximal interval of existence [0, Ry) is finite.
By Lemmas [2.1.4 and [2.1.7], this implies v(R, ) = oo, proving part 1. We now argue that,
even when does not hold, system has a solution in By for any R > 0. We have
just shown that system has a solution (u,v) in 2 = Bpg,. Let R > Ry, and consider
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the following system

(

Az (@) val in Q,
fo(|]

)G2(0) g3(| Vi) in (),

Q?z
I

where

Filr) = N0 f() fa(r) = N (M)
g1(t) = 9:(t) 9a(t) = ga(t)

gs(t) = g3 <§> :
R

and A = &-. The functions fi g; clearly satisfy assumptions |[(Al)| and |(A2), and since g3

doesn’t satisfy condition (2.6)), neither does g3 . The above analysis is thus valid for this new

system. Arguing as in [34], 84], by using (2.26)) and (2.31]), we can show that there exists a
solution (@, ) in Bg,. We then have that

u(r) = @ (%) o(r) =0 (g)

is a solution of (2.1]) in Br. Moreover, this solution satisfies hm v(r) = oo, for some R > R.

Turning now to part 2, assume that (2.22)) holds and let <I> (0,00) — (0, 00) be defined

= /toog(s) ds

We note that ® is decreasing and by part 1 we have lim ®(¢) = 0. From (2.26)) and ([2.31])
t—00
we see there exists p € (0, R) such that

as

Ci(R —7) < (w(r)?) < Co(R —7)
for all r € [p, R) and some constants Cy > C; > 0. Since ® is decreasing, this implies
HOYR —7)! <w(r) <dHCLH(R - 1)),

Now, recalling that for all r € [p, R)
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we see that lim wu(r) < oo if and only if
r—R~

R
/ w(t)dt < oo,
P
which holds if and only if
R
/ dHC(R —1))dt < 00
p

for some C' > 0. Hence if lim wu(r) < oo, after a change of variables we see

r—R~
C(R—p)
/ d1(s)%ds < o0,
0

which yields
1
/ d1(s)ds < 0.
0

The change of variables t = ®~'(s) gives us that hrzrzl u(r) < oo if and only if
r—R-

/ 5°G(s) ds < oo,
1
finishing the proof. |

Remark 2.1.10. A possible extension of the above results would be to somehow relax
assumption [(A2) Without [(A2), the analysis becomes somewhat technical, so we shall only
briefly discuss it here. Assuming for the moment that the following integrals are well defined,

one must consider the functions

o= (45) o wa o= [ (555" o

t
where G5(t) :/ g2(s)ds.
0

In the case 2 = Bp, a necessary condition for the blow up of solutions near dBp, is given by

/IOO ( ds < 0, (2.32)

e <01 I gg(te)édt>>
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and a sufficient condition for blow up to occur is given by

/100 ( ds < 00, (2.33)

G (Ca fy (Jy gulr)dr)7 1dt)>

for some constants C; = C1(n,p,0, R) > 0 and Cy = Cy(n,p,0,R) > 0. In order to obtain
sharp results analogous to the above, one must somehow show that (| and ( - are
equivalent. Intuitively speaking, if|(A2) holds one has G~ (¢ ) ~ G~ (tp 1) ~ tm SO
Lemma 2.1.8| allows us to compare the integrals in (2.32) and (2.33). Strictly speaking, [(A2)
is not necessary for G_l(t%) ~ @_1(1517%1), but determining exactly when and

are equivalent still seems to be out of reach.

2.1.4 Proof of Theorem [2.1.2|

First assume that holds and 0 < o < p — 1. From the discussion at the beginning of
Section [2.1.3] we know that when 0 < ¢ < p — 1 we are able to construct a non-constant
positive radial solution in a maximal ball. By Lemma [2.1.4] both u and v are increasing,
and by Lemma and Theorem [2.1.1] part 1, we know that u and v are bounded when
holds. Hence the domain of existence must be all of R™.

Conversely, we know from Lemma that if ¢ > p—1, then no positive radial solution
of exists in Br for any R > 0. So suppose now that 0 < o <p—1, does not hold,
and (U, V) is a global positive radial solution of (2.1)). We consider the related system

Apu = fi(lz
Ay = follz

:)ﬁl(v)IVUI" in €, (2.34)

)G2(v)ga(|Vul) — in €,

where

Fulr) = XA () fa(r) = APTDETO o ()
G1(t) = g1 (X?) 92(t) = g2(X°t)

(0 = 5

for some 0 < ¢ < 1 and A > 0. Then (Uyx(r), Va(r)) = (U(Ar), A=V (Ar)) is a global positive

radial solution of (2.34)). The system (2.34)) also satisfies the hypotheses [(A1){(A2)| so by
Theorem [2.1.1}, since ([2.6]) does not hold, there exists a positive radial solution (u, v) of (2.34))
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satisfying, lim, ,z- v(r) = oo for some R > 0. By letting A > 0 be sufficiently small, we may
assume V,(0) > v(0) > 0, and we note that U,(0) = «(0). By Lemma [2.1.9] it follows that
Vi(r) > v(r) for all 0 < r < R, implying lim, ,z- Vi (r) > lim, ,z- v(r) = oo, contradicting
the fact that (U, V) is a global solution of (2.34). [

2.2 Asymptotic Behaviour of Global Solutions

2.2.1 Background and Main Result

With optimal conditions for the existence of global positive radial solutions of ({2.1)) now
at our disposal, we turn our attention to the behaviour of these solutions as |z| — co. In
particular, we shall focus on the asymptotic behaviour of global positive radial solutions of

the following system

Apu = cq|z|™ - g1(v) - |[Vul|” in R",

_ (2.35)
Apv = co|z|™ - ga(v) - g3(|Vul) in R",

where ¢1,co > 0 and my, mg > 0. System ([2.35) is clearly a particular case of system ({2.1)),
so Theorem is valid. We are focusing on the case f;(|z|) = ¢;|z|™ mainly for clarity.
For this choice of weight functions, the asymptotic profile of solutions is explicit, whereas
for general functions f; we typically cannot describe the asymptotic profile of solutions in
terms of elementary functions.
For the system
Au =" in R",

Av = |Vul* in R",

where m > 0 and k > 1, Singh [84] used the theory of cooperative dynamical systems to
describe the asymptotic behaviour of the positive radial solutions. In [22], a similar analysis
was used, but in both cases some additional conditions on the exponents were assumed.

When it come to quasilinear systems, as previously discussed, system (2.4)

Ayu =" - |Vl in R",

Ay = 0™ - |VyP in R”,

was analysed in [39], where the asymptotic behaviour of solutions was settled assuming the
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existence condition
0<o<p—1, (p—l—U)(p—l—k2)>k1]€3 (236)

Assuming that (2.36)) holds, one can easily check that system ([2.4) has an explicit solution
of the form

up(r) = Cor® = Cylz|?, vo(r) = Cpr? = Cyla|’ (2.37)

for some «, 5,C,,Cs > 0. According to [39, Theorem 2.3], all non-constant positive radial
solutions of (2.4) in 2 = R™ have the same behaviour at infinity, and they satisfy
u(r) v(r)

li — 1
roo ug(1) | raeo g (1)

= 1. (2.38)

Our goal is to extend [39, Theorem 2.3] to the much more general class of quasilinear elliptic
systems (12.1). The papers [22], 39, 84] all used similar approaches to determine the asymptotic
behaviour of solutions. The key idea is to set ¢ = logr, and make the following nonlinear

change of variables

rok2 (r)u’ (r)ks

X(t) = Y(t) = rv (r) V' (r)p1 )

- u/<71)p717<7’

Z(t) =

originally introduced in [8]. This produces an autonomous, cooperative three component dy-
namical system which can be analysed using classical techniques (see [51} 52] for instance).
This approach, however, ceases to be useful for systems as general as . By introducing
a new linear change of variables which seems more natural, we sidestep the dynamical sys-
tems theory altogether, and apply simple continuity arguments to determine the asymptotic
behaviour of solutions.

When it comes to the functions g;, we need to slightly refine the growth and regularity
assumptions from Theorem [2.1.2] In particular, we will assume:

(C1) each g; is differentiable and non-decreasing in [0, co);
(C2) each g; is positive in (0, 00) and ¢}, g5 are positive in (0, 00);
(C3) there exist constants k; > 0 such that g;(s)/s* is non-increasing in (0, 00) with

lim gj(s)

S—00 skj

=1 for each j =1,2,3. (2.39)
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We will show that non-constant positive radial solutions of (2.35)) in 2 = R™ exhibit the

same asymptotic behaviour as the corresponding solutions of the limiting system

Ayu = cq|z|™ -0 - | Vul|? in Q,
(2.40)

Ay = colz|™ - vk2 - |[Vulr in
and that they all approach (ug,vg) = (Car®, Csr?) for some parameters «, 8, Cy,Cs > 0. A
notable feature of this result is that the convergence actually occurs in a monotonic fashion.

In fact, we shall prove that both u/ug and v/vg are decreasing for any positive radial solution
(u,v) which satisfies (2.35]). This observation is a key ingredient in our approach.

Theorem 2.2.1. Assume|(C1)H(C3) and (2.36). Let (u,v) be a non-constant positive radial
solution of the system ([2.35)), where n > 2, my,my > 0 and c¢y,co > 0. Then the associated

system (2.40) has a unique solution of the form (ug,vo) = (Car®, CgrP), where each of the

parameters «, 3, Cy, Cg 1s positive.

(a) If Q = Bg, then ;LO(E;)), 12(8), Z{;((:)), :}Z(:)) are all decreasing for each 0 < r < R.
(b) If @ = R"™, then (u,v) and (ug,vy) have the same behaviour at infinity, namely

) ) w() )
P () T () e () ek ()

(2.41)

Remark 2.2.2. We first note that if (C3)| hold, Theorem tells us that (2.36) is

a sharp condition for the existence of global positive radial solutions. Next, we note that
our method of proof for Theorem [2.2.1| applies verbatim for several variations of system
. When it comes to the first equation, for instance, one may replace the factor g;(v)
by g1(v) - ga(u), where g, is also subject to the assumptions [[C1)[(C3)] When it comes to
the second equation, one may similarly replace ga(v) by go(v) - g5(u), and also include the
factor |[Vu|™, where 7 > 0. All these variations can be treated using the same approach by
merely adjusting the existence condition . For the sake of simplicity, however, we shall
not bother to treat them explicitly.

2.2.2 Monotonic comparison for general quasilinear systems

We now establish two important comparison results. To help motivate these results, let us

first consider the following concrete example. Suppose we wish to study the positive radial
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solutions of the system

k
Ayu = E av" | - |Vul? in R",
i=1
l m
— dj f i n
Apjy = E cjv | - E eq| Vul'e in R",
j=1 q=1
\

where a;, b;, ¢j, d;, eq, fg,0 > 0 and p > 1. Assuming that by, d; and f,, are the largest expo-
nents in the above polynomials, we know from Theorem that positive radial solutions
of this system exist if and only if c < p—1and (p—1—d;)(p—1—0) > by f,. From Section

2.1, any such solution is increasing and convex in both components, so for large |z| we have

Ayu = ay, - v - [Vl

Apv =~ crep, - v - |Vl

Heuristically speaking, our solution (u,v) seems to approximate a solution of a simpler
system as |z| becomes large. Assuming the existence condition holds, we can construct an
explicit solution of this simplified system (ug,vo) = (Calz|®, Cslz|?) with «, 3,C,,Cs > 0
satisfying

Apug = ay, - vg’“ [ Vul® in R",

d .
Ayvg = e, - vy | V| in R".

The results of this section aim to compare (u,v) with (ug,vy). The first comparison result
we wish to establish is that u > wg, v > vg, v’ > uy and v' > v at all points. This
easily follows from Lemma [2.1.9| applied to our systems of interest. With this in hand, we
can then proceed to prove that the quotients u/ug,v/vy are decreasing for all |z| > 0, and
finally that both these quotients converge to 1 as |x| — oo. In this way we can explicitly
describe the asymptotic profile of solutions for a system containing, for example, polynomial
nonlinearities.

More generally, our overall plan is to compare solutions (u,v) of the system:

Apu = fi(lz]) - g1(v) - [Vul” in 2,

(2.42)
Apv = fo(lz]) - g2(v) - g3(|Vu])  in €,
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with solutions (ug, vg) of the system

Apug = fi(|z]) - ha(vo) - |Vuel? in 0,

(2.43)
Ao = follal) - ho(vo) - ha([Vuol)  in €,

which is obtained from (2.42)) by replacing the functions g; by the functions h;. Intuitively
speaking, as in the above example, one should think of (2.43) as a simplified version of the
original system ([2.42)) whose solutions are expected to exhibit the same behaviour at infinity.

When it comes to the functions f;, g; and h;, we impose the following assumptions:
(D1) each f;, gj, h; is continuous, non-decreasing in [0, c0) and positive in (0, co);
(D2) each gj, h; is differentiable in [0, 00) and g1, g2, ki, he are increasing in (0, co);
(D3) the quotients Q;(s,t) = g;(st)/h;(t) are non-increasing in ¢ for all s > 1, ¢ > 0;
(D4) there exist constants k; > 0 such that lim ., Q;(s,t) = s* for each s > 1;
(D5) one has g;(t) > h;(t) for all t > 0.

Assumption |(D1)| coincides with assumption |(A1)[ from Theorem but it is now also

imposed on the functions h;. For the comparison results of this section, we study local
solutions in the open ball 2 = By without assuming . In the next section, we shall turn
to global solutions in the whole space 2 = R" assuming . It is easy to see that
(D3)| and |(D4)| trivially imply as they imply g;(st) > s*h;(t), more generally.

Lemma 2.2.3. Assume|(D1),[(D2),|(D5), n > 2 and o > 0. Suppose that (u,v) and (ug, vy)
are non-constant radial solutions of (2.42)) and (2.43)), respectively, which are positive for all
0<r<R. Ifu(0) > up(0) and v(0) > vy(0), then

u(r) >ug(r), v(r)>wv(r), o'(r)>uglr), v'(r)>vy(r) (2.44)

throughout the whole interval (0, R).

Proof: The proof is almost identical to Lemma [2.1.9] with the only difference being the
strict inequality v'(r) > v((r), which easily follows from assumption |(D2) |
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Theorem 2.2.4 (Monotonic Comparison). Assume [(DI}H(D3), |(D5), n > 2 and ¢ > 0.

Suppose that (u,v) and (ug,vy) are non-constant radial solutions of (2.42) and (2.43)), re-
spectively, which are positive for all 0 < r < R. Suppose also that u(0),v(0) > 0 and

. up(r) . vp(r)
= | | . 24
uo(0) = vo(0) =0, rg(% up(r) % ri>0+ v (r) <00 (2.45)

Then each of the quotients

) (2.46)

has a negative derivative throughout the interval (0, R).

Proof: First of all, it follows from Lemmas [2.1.4] and [2.1.5[that ¢ < p — 1 and that

u'(r), v'(r), ug(r), vo(r) >0 forall 0 <r < R.
Recalling the first equation in (2.14]), we see that the functions u, uy satisfy the system

[r‘su'(r)p_l_”}, == i 1 7 f1(r) g1 (v (1)) forall 0 <r < R,

| (2.47)
[T‘Sué(r)p_l_a} =L r° f1(r)ha (vo(r))

forall 0 < r < R,
n—1

with & > 0 defined by (2.13). We let A(r) = rouj(r)P~1=° for simplicity and divide the last
two equations. Using our definition (2.46)) and our assumption |(D3)| we arrive at

s 1ol g1(v)  g(Vwg)
AW)PUW ]‘hﬂ@‘iﬂm)_@WWM

Since v’ = ugWV by our definition ([2.46]), the left hand side can also be expressed as

1 8,1 p—l—0c p—l—0c ,_ 1 p—1—0ol/
AW)P%M W(r) ]AW)MMJMH .

Once we combine the last two equations, we conclude that W(r) satisfies

Ay V(P = W) = Qi (V(r), wo(r)), (2.48)

where A(r) = r%ul(r)P~17% and @, is defined in our assumption
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Repeating the exact same argument, one may derive a similar equation for )(r), starting
with the second equation of (2.14)) instead of the first. This leads to the analogue

B(r)

B [V + V() = Qa(V(r), wo(r) - Qs(W(r), up(r)), (2.49)

where B(r) = r" v} (r)P~! and Q», Q3 are defined in our assumption
We now proceed to analyse the system ([2.48))-(2.49)). Recalling (2.45]), we note that

i oo(r)V(r) = lim_ [o/(r) — LB | ). i 00

= < 0.
r—0+ r—0+ vo(7) r—0+ v (7)

Let us denote by (0, R;) C (0,R) the maximal subinterval on which V'(r) < 0. Along
this subinterval, the right hand side of ([2.48]) is easily seen to be decreasing, as (Q1(s,t) is
increasing in s by [(D2)| and non-increasing in ¢ by [(D3)|for all s > 1 and ¢ > 0. Using the
fact that s = V(r) > 1 by Lemma [2.2.3] we thus have

8@1 /

vy(r) <0

d _0Q Q1
o

ar Q1(V(r),vo(r)) = o V(r) +

for all 0 < r < Ry because V'(r) < 0 and v{(r) > 0 along this interval. Returning to (2.48)),

we conclude that the left hand side is decreasing in r, namely

o ) s wier| <o (2.50)

for all 0 < r < Ry. Noting that A(r) = r’uf,(r)P~177 is positive, we now multiply the last
equation by A(r) and then rearrange terms to find that

< [A(r)- Alr) | [W(r)p‘l“’}'} <0

for all 0 < r < Ry. This makes the expression within the square brackets decreasing, so

A(r)* i AT 1oy (2.51)
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for all 0 < r < R;. To compute the limit on the right hand side, we first note that

7%j%WWW+Ti%MWWWMMW—mm+ﬂ
=l [PPup(r) V() () — o ()

by (2.48) and the definition (2.46) of W(r). Since p — 1 — o > 0, we thus have

AP ey e 9100
Jim oy VO = T o (r) hlvo(r) "

by the definition of (); and since our estimate (2.15]) ensures that

s poap—i—a G1(v(r)) grott
0 < roug(r) o) S DG D - fi(r)gi (v(r)).

Knowing that the limit on the right hand side of (2.51)) is zero, we deduce that the left hand
side is negative. Since A’(r) > 0 by (2.47)), this implies W(r) < 0 for all 0 < r < R;.
Our next step is to show that U’(r) < 0 for all 0 < r < R;. Recalling (2.46)), we get

w(ruo(r) = up(r)ulr) | ulr) _ (2:52)

uo(r)up(r) uo(r)

U (r)+U(r) =

Since W(r) < 0 throughout (0, R;) by above, one has

% {Zzgg U () +z,1(r)] <0

for all 0 < r < R;. Multiplying by ug(r) and rearranging terms now gives

< luo(r) () -u'(r)] <0 (2.53)

for all 0 < r < R;. Thus, the expression in square brackets is decreasing. Since

lm{wmmm

i o) = uh(r)

r—0t u6 (T) r—0+t

- W)] = —u(0) <0

34



by our assumption ([2.45)), it follows by the last two equations that

ug(r)?

up(r)

U'(r) <0

for all 0 < r < Ry. In particular, one also has U'(r) < 0 for all 0 < r < R;.
We note that the above analysis only uses the first equation (2.48) of our system. Let us
now turn to the second equation ([2.49)), according to which

B(r)

By PO Y0P = Q) wlr) - @OV, ().

Knowing that V'(r), W (r) < 0 throughout (0, Ry), one may easily check that the derivative
of right hand side is also negative because of our assumptions |(D2)| and since ug(r) >0
by Lemma In other words, one has

d | B(r)
dr B'(r)

O+ Y <0

for all 0 < r < Ry, an exact analogue of (2.50). Proceeding as before, one may then multiply
by the positive factor B(r) and integrate to deduce that )'(r) < 0 for all 0 < r < Ry.
As our final step, we now relate Y(r) with V(r). According to (2.46)), we have

and this provides an exact analogue of ([2.52)). Since )’(r) < 0 throughout (0, R;), this

means

for all 0 < 7 < Ry. On the other hand, (0, R;) was assumed to be the maximal subinterval on
which V'(r) is negative. Along this interval, the expression in square brackets is decreasing
and negative, so it cannot possibly vanish at » = R;. This implies that (0, R;) must be the
whole interval (0, R). In particular, the functions U(r), V(r), W(r), Y(r) are all decreasing
throughout the whole interval (0, R), and the proof is complete. [ |
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2.2.3 Asymptotic comparison for general quasilinear systems

Theorem 2.2.5 (Asymptotic Comparison). Assume|(D1}H(D4), n > 2 and o > 0. Suppose
that (u,v) and (ug,vy) are non-constant radial solutions of (2.42)) and (2.43)), respectively,

which are positive for all v > 0. If u(0),v(0) > 0 and (ug,vy) satisfies (2.45)), then

) ) W) o)

r—oo uo(r) roo UO(T) rooo u6(r) rooo UO(T)

Proof: Since ([2.45)) holds, one has u(0) > 0 = u((0) and v(0) > 0 = vp(0), so Theorem
is applicable. Thus, each of U'(r), V'(r), W (r), Y'(r) must be negative for all » > 0. Using
Lemma and the fact that U'(r) < 0, we get

) W) —uplur)
R T R T R s 2

and thus W(r) < U(r) for all » > 0. Similarly, one finds that Y(r) < V(r) for all r > 0.
Let us now recall the first equation (2.48)) of our system, according to which

A(r)
A(r)

WP W) = Qi(V(r), wo(r))

with A(r) = r%uf(r)P"1=7 and Q) as in our assumption [(D3)] Note that A'(r) > 0 by (2-47)
and that p — 1 — o > 0 by Lemma [2.1.5 Since W'(r) < 0, it follows by the last equation

and our assumptions (D4)| that
W(r)P =177 > Qi(V(r), vo(r)) = V()™ = Y(r)™
for all » > 0. Applying the same argument to the second equation (2.49), we get

V()P > Qa(V(r), vo(r)) - Qs(W(r), ug(r))
> V(r)" - W) = V()= - w(r)

for all » > 0. In view of the last two estimates, one must then have

y(r,,)(pflsz)(pflfo) > W(r)ks(pflfO) > y(T.)klkS
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for all » > 0. Since Y(r) > 1 by Lemma [2.2.3] however, this is only possible when
(p—1—ka)(p—1—0) > kiks. (2.55)

Next, we analyse the behaviour of solutions as r — oo. The functions U(r), V(r), W(r)
and Y(r) are all decreasing and positive, so they all attain a limit as r — oo. Let us denote
their limits by Uy, Voo, Wao and V., respectively. We must then have
u(r) u'(r)

Uy, = lim = lim

= Wy (2.56)

\

—
=

N—

by L’Hopital’s rule, and similarly, Vo, = V4. According to the system ([2.47]), one has

)
n—1
)

n—1

(p—1=0) () 7u"(r) =

(p—1—0) ug(r)P* ug(r) =

FiP) () — Sl (o

fi(r)hy(vo(r)) — gu()(ry)lg.

Dividing these two equations and recalling our definition ([2.46)), one can thus write

o (r Ll 1(r) gy (v(r)) - Or"“*p—éer*l*"
W 2o (r) _ 721 iln)ga(v(r)) - ug(r) SW(r)

B T ) ) =

Taking the limit as » — oo now leads to the identity

~im 200D 0,00, () (2.57)

0 r—oo ug(r) r—oo (Uo(r)) r—o0

with @1 as in our assumption [(D3)} The limit on the right hand side exists because
lim Q1 (V(r),vo(r)) = li_>m Q1(Vao, (1)) = VM

T—00

by our assumption (D4), Thus, the limit on the left hand side of (2.57)) also exists. Using
this fact along with L’Hopital’s rule and ([2.56)), we see that (2.57)) reduces to

Urtmr = yk (2.58)

This condition was derived by combining the equations (2.47)) satisfied by u(r) and wug(r).
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The exact same argument applies to v(r) and vy(r), so one similarly has

= lim Q2 (V(r), vo(r)) - Qs(WV(r), ug(r))
in analogy with (2.57)). Since Y, = V4 by above, our previous approach then gives
V:D—l — VkQ . Wka — VkQ -Uk3

in analogy with (2.58]). Once we combine ([2.59)) with (2.58)), we find that

V(p—l—k‘Q)(p—l—O’) — uks(p—l—a) — Vklk?”

(e}

(2.59)

where V,, > 1 by Lemma [2.2.3, In view of (2.55)), the only possibility is then V., = 1, which

also implies that U, = 1. This is precisely the assertion of the theorem.

2.2.4 Proof of Theorem 2.2.1]
First of all, we seek solutions of the associated system that have the form
u(r) = Cyr®, v(r) = CyrP.
In view of the definition of the p-Laplace operator, it is easy to check that
8,(Car®) = (™ alp = 1) 47— p) - 1707,
Inserting this identity in and comparing powers of r, one obtains the system

p—1-0)a—kif=p—0c+my,
(p—1—ko)B — ksae =p — kg + ma.

Since (2.36)) holds, this system has a unique solution (a, #) which is given by

o (p—o+my)(p—1—ky)+ ki(p— ks +ma) o
a (p—1—=0)(p—1— k) — kiks 7

(p—1—0)p—1—ky) — kiks

B = > 1.
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Using ([2.61)) once again, we find that (2.60)) is a solution of ([2.40)) if and only if

(aC )Pt (alp—1)+n—p) = ch]ﬁ“ (aCy)?,
(BC3™ - (Bp— 1) +1— p) = exC - (aCu).

Let us set B, = a(p — 1) + n — p for simplicity. Then we get the equivalent system

BCsM,  (BCa)P R = —Z(aCL)®s.

aC, P17 = a

- pRB, (

Since (2.36)) holds, this system has a unique solution C,, Cz which is given by

—1—k k1
(@C,,)P=1=o)(p=1=k2)—hiks _ ( ‘1 )p e
Bkllga Bk2l3ﬁ

p—1—0c k
(BC )(pflfo)(10714@)71@1163 _ C2 c1 3
’ 2By B5B,)

The exact values of «, 8, Cy, Cs do not play any role in our approach, as we shall simply

resort to our general Theorems and which apply for arbitrary solutions (ug, vg)
that vanish at the origin. In this case, our solution (ug,v) is given by (2.60)), so

L S e L N A
r—0t ug(r) o0t « r—0t vy(r)  r—0t

and condition ([2.45)) holds. Let us then resort to Theorem for the special case
fi(r) = ¢eir™, hj(s) = ",
where ¢ = 1,2 and j = 1,2,3. Our assumptions |(D1)H(D2)| hold trivially, while

0,(5.1) = 9i(st) _ 9i(st) 4,

h(0) ~ (sb

is non-increasing in ¢ because of [(C3)l It also follows by condition (2.39) that
g;(st) ki — gk

tlgglo @j(s,1) = tlg& (st)ks

for each s > 0, so our assumptions (D5)| are all valid. Thus, part (a) of Theorem [2.2.1]
follows by Theorem while part (b) of Theorem follows by Theorem [2.2.5|
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Chapter 3
Hénon-Lane-Emden System

This chapter is based on the results of [2I], which were jointly obtained with Paschalis

Karageorgis.

3.1 Background and Main Results

In this chapter we study the positive radial steady states of the parabolic Hénon-Lane-Emden
system
uy — Au = |z|"P  in R™ x (0, 00),

(3.1)
v, — Av = |z]'u? in R" x (0, 00),

where k,1 > 0, p,q > 1 and pq > 1. In particular we are interested in the stability of these
steady states. Concerning notation, note that we have now switched to using the letter p to
denote an exponent. When it comes to the scalar equation u; — Au = uP, in the classical
paper by Gui, Ni and Wang [46] the authors show there is a critical power p;; which marks
a dichotomy between the positive radial steady states. If 1 < p < pyr, they are unstable,
and the graphs of any two steady states intersect one another. If p > p;, they are stable,
and the graphs of distinct steady states do not intersect. In this chapter we establish an
analogue of the latter statement for the parabolic system .
The positive steady states of satisfy the elliptic Hénon-Lane-Emden system

—Au = |z[F?  in R,

—Av = |z|'u? in R",

(3.2)

which has been extensively studied over the last three decades. Starting with the seminal
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papers by Mitidieri [72] and Serrin and Zou [81], B3] for the case k = [ = 0, it is now known

that positive regular radial solutions exist if and only if

kE+n [+n
+
p+1 qg+1

<n-2. (3.3)
See [§] for the case k,I > 0. The same result is expected to be true for non-radial solu-
tions, and has become known in the literature as the Hénon-Lane-Emden conjecture. The
conjecture has been settled in dimensions n < 4, but only partial results are available in
higher dimensions [12], 79, 85]. We remark that the case k = [ = 0 is of most interest in the
literature, and in that case is known as the Lane-Emden conjecture.

When it comes to understanding the qualitative properties of positive radial solutions of

(3.2)), a key role is played by an explicit radial singular solution (u.,v,) which has the form
Uk (r) = Cor™ @ = Cylx| ™9, v.(r) = Car™" = Cala| . (3.4)

As in Chapter 2, we will use the symbols «, 3, C,, Cs to denote explicit positive parameters.
Note, however, the distinction between the two cases. For the coercive systems studied in
Chapter 2, we had an explicit radial solution which was regular at the origin and growing,
whereas here we have an explicit radial solution which is singular at the origin and decaying.

Assuming that (3.3 holds, (u,,v.) is easily seen to satisfy (3.2)) at all points = # 0, if

a_k+2+(l—|—2)p U424 (k+2)q

) 3.5
and the constants C,, Cs are given by
Ol = Q)QWB),  CF ' =Q(B)Q(), (3.6)

where Q(A) = A(n —2 — \) for all A € R. Note that the existence condition can also
be expressed in the equivalent form o+ 5 < n — 2, so in particular «, 5 € (0,n — 2) since
pq > 1. This also means that both Q(a) and Q(/) are positive, so the coeflicients C,, C3
are well-defined as long as pg > 1 and holds. The values «, 3 are scaling exponents for
solutions of . Indeed, one can easily verify that for any A > 0 and any solution (u,v) of
(3-1), then (ux,vy) = (AN*u(Az, \2t), Mo(Az, A%t)) is also a solution.

The focus of this chapter is on the positive radial steady states of system (3.1]), and as
we shall see the singular solution plays a key role in the analysis. Note the analogy
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with the results of Section 2.2, where our explicit regular solution played a central role. The
singular solution (3.4)) is also relevant to the study of existence of solutions of the parabolic
system , which we shall now briefly discuss for completeness.

The existence and nonexistence of classical solutions of was initially addressed in
the case k =1 = 0 in the classical paper by Escobedo and Herrero [28], while analogues of
their results have since been proved for k,1 > 0, as well as in more general settings [68], [73].
Assuming non-negative, bounded and continuous initial data u(x,0) = ug(z),v(x,0) = vo(z),
the existence of local in time classical solutions follows by standard fixed point arguments.
Denote by T' = T'(ug, v9) the maximal existence time of solutions for given initial data (ug, vo).

If solutions fail to be global in time, then by standard parabolic theory one necessarily has

Hm ([|u(-, )[|zoe@@ny + [[v(-; )] ] Lo @ny) = 00,
t—T

where 0 < T' < co. The main (non)existence results of [28] are as follows.

Theorem ([28]). (i) Suppose maz{ca, 5} > n. Then T(ug,vy) < oo for any non-trivial

solution of (3.1)).

(i1) Suppose max{c, f} < n, and either

liminf |z|%ug >0 or liminf |z|vy > 0

where a < « and b < B. Then T (ug,v) < 0o for any non-trivial solution of (3.1)).

(71i) Suppose maz{a, B} < n, and both

limsup |z|*up < oo and limsup |z|’vy < oo
where a > o and b > 3. Then T (ug,vg) = oo provided ugy, vy are sufficiently small in

an appropriate norm.

Part (i) above tells us that, in order for global solutions to exist, we require the singular
solution to be integrable near 0. Moreover, from (3.3)) we know that max{a, 8} > n
means no regular radial solutions of can exist either. This seems to be related to the
results of [71l [86], which tell us that under certain assumptions (such as radial symmetry of
solutions), finite time blow up can only occur at the origin. For global in time solutions of
to exist, we also need the initial data (ug, vg) to decay fast enough at infinity, and this
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decay rate is dictated by the singular solution (u.,v). According to (ii), for global solutions
to exist, we require that (ug, vy) decay at least as fast as (u., v,) near infinity. Part (iii) tells
us that the decay rate dictated by the singular solution (|3.4]) is optimal, which the results of
this chapter will expand upon.

Returning to the problem at hand, we make the following definitions.

Definition. A solution (u,v) of (3.2)) is called linearly stable if there exists a positive super-
solution of the linearised system, i.e there exists (¢, 1) € C*(R™)? such that

~A¢ > plaf iy in R,
~AY > glafutl iR,
6,0 >0 in R".

Definition. We shall refer to a solution (u,v) of (3.1) as nonlinearly stable, or simply as
stable, with respect to a norm || - || if for all € > 0 there is a § > 0 such that

[|(u(z,0),v(x,0)) = (a(z,0), 0(z,0))[| <9

implies
I(u(z, 1), v(z,1)) = (a(z,1), 0(z,1))[| <e

at all times ¢ > 0, for any other solution (1, 7).

The above definition of nonlinear stability is obviously standard, and we remark that the
definition of linear stability is equivalent to other more standard definitions of stability for
elliptic problems. The above formulation seems to have been introduced by Montenegro [74],
and we refer to the book [26] by Dupaigne for a comprehensive treatment of the stability of
elliptic problems. The linear stability of regular positive radial solutions of has been
addressed by Chen, Dupaigne and Ghergu [14] (see also [16] for the non-radial case). The
authors of [14] showed that if

[<” e Gl 5)1 > pQ(@)Q(B), (3.7)

4

then all regular positive radial solutions are linearly stable, and if (3.7)) does not hold, then
none of them are linearly stable. Following their lead, we shall refer to (3.7)) as the Joseph-

Lundgren condition. It is the exact analogue of a condition that arose in the phase plane
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analysis of [54] for the scalar equation —Au = w?, and it only holds (for some p,q) in
dimensions n > 11.

The left hand side of appears as the best constant in a Hardy-Rellich type inequality
that was obtained by Caldiroli and Musina [13]. In particular, in the class of radially
symmetric functions ¢ = ¢(|x|) satisfying ¢ € C°(R™ \ {0}) one has

Syl AP
©#0 ‘/‘Q‘x|*2*(a*ﬁ)gp2d1’ '

Fn—mﬁwa—m12
4

Its relationship with the linear stability of radial solutions is explained in [14] for systems,
in [57] for the equation —Au = u?, and in [55] for the biharmonic equation A%u = u? which
corresponds to the case p > q = 1.

The Joseph-Lundgren condition is also closely related to the intersection properties of
radial solutions. Assuming , in particular, the authors of [I4] showed that every regular

positive radial solution (u,v) satisfies
u(r) > u(r) and wv.(r)>wv(r) forall r> 0. (3.8)

This is sometimes called the separation property for radial solutions. It was first derived by
Wang [87] for the equation —Au = w?, and by Karageorgis [55] for the biharmonic equation
A%y = uP. For the two scalar equations, it is by now well known that the separation property
holds if and only if does; see [30), 87] for more details. As a simple consequence of the
results of [14], this is also true for system (3.2 in the case k = [ = 0. The separation structure
of radial solutions is an interesting question on its own, and has been extensively studied
for generalisations of the above equations in R"™, as well as on non-compact Riemannian
manifolds more generally; see for instance [5, 50} 69].

The monotonic convergence of radial solutions for the scalar equation —Au = uP is one
of the key ingredients in the classical paper by Gui, Ni and Wang [46] towards the proof of
nonlinear stability of steady states for the associated parabolic equation u; — Au = u”. Here

we establish the analogue for the case of system (3.2)).

Theorem 3.1.1 (Monotonic convergence). Consider the elliptic Hénon-Lane-Emden system
(3.2), where k,1 >0, p,g > 1, pqg > 1 and n > 11. Assume the existence condition (3.3)) and
the Joseph-Lundgren condition (3.7). If (u,v) is a regular positive radial solution of (3.2))
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and (u., vy) is the singular solution (3.4)), then u/u, and v/v, are increasing with

) )
rlggo u*(r) - Tl—>oo 2}*(7’) L

(3.9)

Remark 3.1.2. As discussed previously, when it comes to the scalar equation —Au = uP,
2

p > 1, we have the singular solution u, = Cs|z| »=1. Every positive radial solution u behaves

like u, at infinity. However, the convergence u/u, — 1 is monotonic only for supercritical

powers. Although not originally expressed this way, the convergence is monotonic when

() er i)

A similar result holds for the scalar equation A?u = u” which has a singular solution of

4
the form u, = Cy|z| #=T. Once again, every positive radial solution u behaves like u, at
infinity, but the convergence u/u, — 1 is monotonic only for supercritical powers p. In this

case, the convergence is monotonic when

Q(n;l)-Q(g)zp-Q(]%)-Q(%). (3.11)

When k£ = [ = 0, condition (3.7) reduces to (3.10) for v = v and p = ¢, and it reduces to
(3.11) when p > ¢ = 1.

Following a similar approach to that in [46], we employ Theorem to prove nonlinear

stability of steady states, more generally, for the parabolic Hénon-Lane-Emden system (|3.1)).
As in [46], we need to find the precise asymptotic expansion for all radial solutions at infinity.

Assuming that strict inequality holds in the Joseph-Lundgren condition (3.7]), we show that

w(r) =Cor “+Dir “ T +o(r 7))  asr — oo, (3.12)
v(r) = Cyr™" 4+ Dyr™P=7 4+ o(r=777) as r — 00, .

for some constants Dy, Dy < 0 < 7. This asymptotic expansion was derived in [46, 63] for
the equation —Au = w? and in [56, 88| for the biharmonic equation A%u = uP. To prove

nonlinear stability for the parabolic system (3.1)), we are thus led to introduce the norm
o)l = sup |1+ )™ u(e)| + |1+ [ol)*0(a)]. (3.13)

If equality holds in (3.7]), the asymptotic expansion (3.12]) needs to be slightly modified to
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include logarithmic factors; see Theorem [3.3.1} In that case, a suitable norm is then

(1 + [z v(z)
log(2 + [x])

(L+ e+ u(a)

log(2 + |x]) (3.14)

[ (w, v)|[|, = sup
reR™

Theorem 3.1.3 (Nonlinear stability). Let the assumptions of the previous theorem hold,
and consider the parabolic Hénon-Lane-Emden system ({3.1]).

(a) If strict inequality holds in (3.7), then (u,v) is a stable solution of ({3.1)) with respect
to the norm (3.13) for some v > 0.

(b) If equality holds in (3.7)), then (u,v) is a stable solution of (3.1 with respect to the
norm (3.14) for some ~v > 0.

In each case, v > 0 is an explicit constant which is defined in Lemmas|3.2.2 and|3.2.4).

To the best of our knowledge, the only scalar analogue of Theorem [3.1.3| appeared in the
classical paper by Gui, Ni and Wang [46]. There are other related results, however, which
establish the existence of small-amplitude solutions. In some sense, these can be regarded
as nonlinear stability results for the zero solution. We refer the reader to [37] for the scalar
biharmonic equation u; + A%u = |u[P" u and to [28] [68] for the parabolic system (3.1]).

3.2 Preliminary results

Lemma 3.2.1. Suppose (u,v) is a reqular positive radial solution of the elliptic system (3.2]),
where k,1 >0, p,q > 1 and pg > 1. Then both u(r) and v(r) are decreasing with

rliglo u(r) = Tlilgo v(r) =0. (3.15)
Proof: Since (u,v) is a regular positive radial solution of ({3.2)), u(r) satisfies

— ("M (r)) = "R (r)P >0 for all 7 >0

and also ¢/(0) = 0. Thus, u(r) is decreasing for all » > 0, and the first limit in (3.15)) exists.
Let us denote this limit by L > 0. Then u(r) > L for all » > 0, so we have

— (" (r)) = " () > L9 for all > 0.
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Integrating this equation twice, we conclude that

Lapl+2
—u(r) +v(0) > !

—_——  {i 1r>0.
“mrhir2 M=

Since [ > 0 and v(r) is positive for all » > 0, this implies that L = 0. In other words, the
first limit in (3.15]) is zero. The second limit must also be zero for similar reasons. |
To study the linearised equations associated with the elliptic system (|3.2]), we shall need

a basic fact about the associated characteristic polynomial. This has the form

F(A) = Qa=N)Q(B = A) — pgQ(a)Q(B), (3.16)

where Q(A\) = A(n — 2 — A) for each A € R. Since the quadratic Q(\) is symmetric around

the point ”T_z, we see that the quartic F'()\) is symmetric around the point

a+p n—2

A =
2 2

(3.17)

We now exploit this fact to draw some conclusions about the associated eigenvalues.

Lemma 3.2.2. Suppose p,q > 1 and pg > 1, o, > 0 and a + 5 < n — 2. Suppose also
that the Joseph-Lundgren condition holds. Then A, < 0 and the polynomial has
a root in each of the intervals (—oo, 2\.), (2A\, A, [\, 0) and (0,00). Moreover, A, is itself
a root if and only if holds with equality, in which case A 1s actually a double root.

Proof: Since a+ < n—2 by assumption, we have A, < 0 by (3.17)). Note that the quartic
polynomial (3.16]) has leading term \*, and it is symmetric around A, with

lim F(\) =400,  F(2\) = F(0) = (1 — pg)Q()Q(B) < 0

A—+oo

because pg > 1 and 0 < «, B < n — 2. In addition, it is easy to check that

(n=2) — (a=B)

Qla =) = Q- \) = ;

Thus, the Joseph-Lundgren condition (3.7) can also be expressed in the form F(\,) > 0.
Since F'(0) < 0 by above, this implies that A\, # 0 and thus A\, < 0. It trivially follows by

Bolzano’s theorem that F'(A) has a root in each of the intervals

(—00,2\),  (2AA], [AL0),  (0,00).
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Finally, if A, itself happens to be a root, then it must be a double root by symmetry. [

Remark 3.2.3. If the Joseph-Lundgren condition ({3.7)) does not hold, then the quartic F'(\)
has a W-shaped graph which is symmetric around A, with F'(\.) < 0. Thus, its unique local

maximum lies below the A-axis, and F'(\) has two real roots only.

Lemma 3.2.4. Let the assumptions of the previous lemma hold, and let —y < 0 denote the
largest negative root of the polynomial (3.16). Then the linearised system

{ “Ao=plefTe L e gy (3.18)

—Ap = glz['ud ¢
which is associated with the singular solution (3.4)) is satisfied by the functions

pCh!
Qa+7)

Proof: By Lemma [3.2.2] the largest negative root —y lies in the interval [A.,0), where A,
is defined by ([3.17)). This is easily seen to imply that Q(a + ) > 0 because

¢(r) = T () = [T (3.19)

2 a- 9
a+7§a—)\*:n2 +O‘25<n2 +O‘J2rﬁgn—2. (3.20)

Using the fact that —A|z|™* = Q(\)|x|~*72 for all A € R, we now find that
—A¢ = pCh - 2|77 = pul Tt oI = plaff Ty

by (3.4)), (3.5) and (3.19)). Using the exact same argument, we also have

Qla+7)Q(B +7)
paCatCh™!

- qlz'ud .

AP = QB +1) |l P =
On the other hand, —v is a root of the characteristic polynomial (3.16)), so

0=F(-)=Q(a+7)Q(B+7) — pgQ(x)Q(S)
= Q(a+7)Q(B +7) — peCi'Cy!

by (3.6). Combining the last two equations, we conclude that —Ayp = q|x[lul~1¢. [ |
The last result in this section plays a key role in our subsequent analysis. This result is

due to Chen, Dupaigne and Ghergu [14]. The proof given below is only a minor modification
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of the original proof, and it is included here mostly for the sake of completeness.

Lemma 3.2.5. Let (u,v) be a regular positive radial solution of the elliptic system (3.2)),
where k,1 > 0, p,g > 1, pg > 1 and n > 11. Let (uy,v,) be the singular solution (3.4)).
Assume the existence condition (3.3)) and the Joseph-Lundgren condition (3.7). Then

us(r) >u(r) and v (r)>wv(r) forallr>0. (3.21)
Proof: We consider the difference between the two solutions and let
U(r) = u(r) —u(r), V(r) =uv.(r) —o(r). (3.22)

Suppose first that one of U’'(r), V'(r) does not have a zero. We may then assume, without
loss of generality, that U’(r) < 0 for all » > 0. Since lim,_,,, U(r) = 0 by Lemma this
implies that U(r) > 0 for all » > 0. In particular, u.(r) > u(r) for all r > 0, hence

(r" V' (r)) = " (u(r)? — u (r)?) < 0 for all r > 0.
On the other hand, the existence condition (3.3)) ensures that 8 < a4+ 5 <n —2, so
li nflvl — | C n—2—03 —0.
N VI (r) =l BCsr 0

We conclude that V'(r) < 0 for all » > 0. Thus, V (r) decreases to zero by Lemma [3.2.1] so
we also have v,(r) > v(r) for all » > 0, and the result follows.
Suppose now that both U’(r) and V'(r) vanish at some point. Letting r; and 7 denote

the first zeros of U’(r) and V’(r), respectively, we must then have
U'(r) <0 in (0,ry), V'(r) <0 in (0,73) (3.23)
and also U’'(r1) = V'(r2) = 0. Assume that r < o without loss of generality, and let

rs =inf{r > 0: V(r) < 0},
ry =1inf{r > 0: U(r) < 0}.

If it happens that r; < r3, then V(r) > 0 in (0,71), and this implies that
(r" U (r)) = " (u(r)? — v (r)P) < 0 in (0,7),
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which forces 7"~ 1U’(r) to be positive in (0,71), a contradiction. We conclude that r3 < 1.
Interchanging the roles of U(r) and V/(r), one similarly finds that ry < rs.

Next, we show that r4, < rqy. If it happens that r; < r4, then r; < ry < r5. On the other
hand, V (r) is strictly decreasing in (0,72) by (3.23)), so it is negative in (r3,72) and thus

(r" U (r)) = " (u(r)? — v, (r)P) > 0 in (rs, 7).

Since r3 < 11 < 19 and U’(r1) = 0 by definition, U(r) is strictly increasing on (ry,r2). Noting
that this interval contains r4, we find that U(ry) < U(ry) = 0, which obviously contradicts
the definition of r4. We must thus have ry < r; <7y and r3 < r; < ry. Since U(r) is strictly

decreasing on (0,71) and V(r) is strictly decreasing on (0, r5), this also implies
U(T1> <0, U/(’/’l) =0, V(T1> <0, V/<7’1> <0. (324)
Finally, we use a convexity argument to finish the proof. Since p,q > 1, we have

—AU = E(yp _ P} < kyp=11/
{ 2l (v — 07) < plal*o i R\ {0).

AV = |z| (ug — u?) < qla|udtU

Let (¢,%) be the positive radial solution of the linearised system which is defined by ([3.19)).
Since this is a positive solution of (3.18)), it follows by the last equation that

{ VAU <plaflVe = —VAG e gy

—dAV < glafluitU¢ = —UAY
Adding the two inequalities and switching to polar coordinates, we conclude that
[P Uy — U] + [N (Ve — ¢V')] <0 forall r > 0. (3.25)

To check that the expressions in square brackets both vanish as r — 07, we now recall our
definitions (3.19) and (3.22)) of ¢, 1, U, V. These are easily seen to imply that

PN UY = U )+ (V' = V') = O 272777 as e — 0T
On the other hand, it follows by Lemma and our computation (3.20) that

at+f+vy<a+f-Ah= Ah+n—2<n-—2.
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In view of the last two equations, one may then integrate (3.25) to arrive at
U —pU + V¢ — V' <0 for all r > 0.

This actually contradicts (3.24]) because ¢, > 0 and since ¢’, ¢’ < 0 for all r > 0. [ |

3.3 Asymptotic behaviour of regular solutions

In this section, we study the asymptotic behaviour of the regular positive radial solutions
of the elliptic system (3.2]). Let (u,v) be such a solution, and let (u.,v,) be the singular
solution (3.4)). In order to establish Theorem [3.1.1} we need to show that

u(r) v(r)

I = 1i —1 3.26
oo g (1) roeoug(r) (3:26)

and that the convergence occurs monotonically in each case.

Proof of Theorem We use the logarithmic change of variables

u(e®) u(e®) _wvet)  w(e)

us(e®) T Che s Vis) = v.(es)  CgePs’

U(s) = (3.27)
where s = logr. This is the standard Emden-Fowler transformation that has been used by
several authors in the past [0l [36, 40], 55], although the constants C,,, Cz are usually omitted
for simplicity. We have chosen to include them here in order to prove directly.

First of all, we note that 0 < U(s),V(s) < 1 by Lemma [3.2.5] Since (u,v) is a positive
radial solution of the elliptic system , it is easy to check that (U, V) satisfies

U'(s)+ (n—2—=2a)U'(s) = Q(a) (U(s) — V(s)P)

(3.28)
V(s)+(n—2=28)V'(s) = Q(B) (V(s) —U(s))
for all s € R. To study this autonomous system, we consider the sets
Sy ={seR:U(s) > V(s)"}, Sy ={seR:V(s)>U(s)}. (3.29)

If there exists a point so ¢ Sy U Sy, then U(sp) < V(s)? < U(sp)??, and this leads to the

contradiction U(sg) > 1. In particular, no such point exists and Sy U Sy, = R.
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Next, we claim that U'(s),V’(s) > 0 for all s € R. This is true as s — —oo because

lim e *U'(s) = lim r'™@ i7“%0(7’) /: au(0) >0

s——00 r—0+t Ca ’
and a similar statement holds for V'(s). Suppose that one of these functions becomes negative
at some point. We may then assume, without loss of generality, that U’(s) is the first one to

become negative. In that case, there exist s; € R and d; > 0 such that
U'(s),V'(s) >0 on (—o0,si], U'(s) <0 on (s1,51 + 7). (3.30)
Combining the definition of s; with , we now find that
0>U"(s1) =U"(s1)+ (n—2—=2a)U'(s1) = Q(a) (U(s1) — V(s1)"). (3.31)

This implies s; ¢ Sy and thus s; € Sy. Since Sy is open, we have (s; — d2, 51 + d2) C Sy
for some small enough 0 < §y < d;. It follows by and that e(=2728)5)(s) is
strictly increasing on this interval, hence U’(s) < 0 < V'(s) throughout (s, s1 + d2).

Consider the largest interval I = (s1, $2) on which U’(s) < 0 < V'(s). Along this interval,
it is clear that V(s) — U(s)? is strictly increasing. Since s; € Sy, this expression is positive
when s = s1, so it is positive throughout I, and thus I C Sy. It follows by and
that e("=2728)5)(s) is strictly increasing on I. Next, we apply the same argument to the
expression U (s) — V(s)P. This is strictly decreasing on I, and it is non-positive when s = s;
by , so it is negative throughout I, and e™~272%)1f'(5s) is strictly decreasing on I.

We now recall that I = (s1, s2) is the largest interval on which U’(s) < 0 < V'(s). Since
e("=2=28)5)'(s) increases on this interval and since e ~272%s1f'(s) decreases, we conclude
that sy = oo and that U(s), V(s) are eventually monotonic. Denote their limits by

U = lim U(s), Voo = lim V(s) (3.32)

S§—00 S§—00

and note that 0 < U, V. < 1 by Lemma [3.2.5] If it happens that U,, > V| then

lim [U'(s) + (n — 2 — 20) U(s)] = 400

S5—00

by (3.28)), and thus lim, ., U(s) = 400, a contradiction. If it happens that U, < V2, we get

a similar contradiction. We conclude that U, = V2 and also V., = UZ for similar reasons.
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Since pq > 1 by assumption, the only possible solutions are then
U =V =0 and U, =V =1.

The former case is excluded because 0 < V(s) < 1 is eventually increasing, while the latter
case is excluded because 0 < U(s) < 1 is eventually decreasing.

We may thus conclude that neither ’(s) nor V'(s) can become negative. In particular,
both U(s) and V(s) are increasing for all s, and the limits in exist. Using the exact

same argument as before, one finds that both limits must be equal to 1. [ |

Theorem 3.3.1. Let (u,v) be a reqular positive radial solution of the elliptic system (3.2,
where k,1 >0, p,q > 1, pg > 1 andn > 11. Let (Cor=*,Cgr=?) denote the singular solution
(3.4). Assume the existence condition (3.3) and the Joseph-Lundgren condition (3.7)).

(a) If strict inequality holds in (3.7)), then there exist constants Dy, Dy such that

u(r) = Cor ™ +Dir™ 7 +o(r ) asr — oo,

v(r) = Cgr™? + Dor P +0(r™P77)  asr — oo.

(b) If equality holds in (3.7)), then there exist constants Dy, Dy such that

u(r) = Cor 4+ Dir * Vlogr +o(r~* logr) asr — oo,

v(r) = Cgr" 4 Dor?Vlogr + o(r " Vlogr) asr — oco.

In each case, v > 0 is an explicit constant which is defined in Lemmas|3.2.9 and|53.2./].

Remark 3.3.2. We note that the first terms in the asymptotic expansions are given by the
singular solution , while the second terms are related to the linearised solution (3.19)).
Although these expansions were known in the scalar case, we are not aware of any similar
results in the case of systems. For the second-order equation —Awu = u? which corresponds
to the case p = ¢ > 1, we refer the reader to [46] [63]. For the biharmonic equation A%y = u?

which corresponds to the case p > g = 1, we refer the reader to [56, [8§].

Proof: We only prove part (a), as part (b) is quite similar. Consider the variables

_ _ _ _v(e)
y(s) =U(s) — 1= Co-as ~ 1, 2(s) =V(s) — 1= Cpepn 1, (3.33)
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where s = logr and U(s), V(s) are defined by (3.27)). It trivially follows by (3.28) that

y'(s)+(n—2=2a)y'(s) — Q(a)y(s) = Qa)

! (3.34)
2'(s) +(n—2—28)2(s) — Q(B)( 1 )

S
I
S
=

for all s € R. The corresponding linearised system is then

y'(s) + (n =2 =2a)y'(s) — Qa)y(s) = —pQ(a)z(s)
2"(s) + (n—2—=128) 2'(s) — Q(B)z(s) = —qQ(B)y(s)-

Since Q(A) = A(n — 2 — A) for all A\ € R, this can be written in the compact form

where 0, = %. In particular, the associated characteristic polynomial has the form

FA) = Qla=NQ(B = A) — pgQ()Q(5).

Focusing on part (a), we assume that the Joseph-Lundgren condition (3.7)) holds with strict
inequality. It then follows by Lemma that F'(\) has four distinct real roots

—>\1 < —)\2 < —>\3 <0< )\4, (335)

where \; > 0 for each ¢ and A3 = ~ is the positive constant introduced in Lemma [3.2.4]

To analyse the nonlinear system (3.34)), we first express it in the compact form

(3.36)
QB = 95) 2(s) — qQ(B)y(s) = g(y(s)),
where the nonlinear terms f, g are defined by
f(2)=Q(a) ((z+1)P =1—=pz),  gly) =QB) (y+1)"—1—qy). (3.37)

The solution of this system can be obtained using variation of parameters. Let us mostly
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worry about y(s), as the approach for z(s) is similar. Variation of parameters gives

y(s) = Z

+ Age™ + B4/ MO F(2(7)) dr + 04/ M g(y(7)) dr, (3.38)

S0 S0

S

A,e ™ + B, / 6_’\"(5_7)]”(2(7)) dr + C; /

S0 S0

e—w—ﬂg(ym)m]

where sg € R is arbitrary, and the constants A;, B;, C; can all be determined explicitly. The
constants A; depend on both sy and the eigenvalues, whereas the constants B;, C; depend

on the eigenvalues only. In view of our definition (3.33)), we must have

lim y(s) = lim 2(s) =0 (3.39)

S§—00 S§—00

by Theorem Focusing on the last two integrals in (3.38)), we now write

3

y(s)=>

=1

B / M9 £ (2(1)) dr — C / e Mgy (1)) dr

S0 S0

Aje™* + B, / e M f(2(7)) dr + C; / e M g(y(r)) dT]

4 6)\45

S0 S0

Ay + By /00 e MTf(2(1)) dr + C,4 /00 e M7 g(y(T)) dT] )

The terms in the first two lines all approach zero as s — oo, so the same must be true for

the term in the last line. Since A4 > 0, however, this simply means that

3

y(s)=>

i=1

— By /00 e M=) £(2(7)) dr — Cy /00 e Mgy (1)) dr. (3.40)

Aje™* + B; / e NI f(2(r)) dr + C / e Mg (y(r)) dT]
S0

S0

We now use this formula to estimate y(s). Recalling our definition (3.37)), we have

f(1) =o(r) - [z(n)],  g(y(7)) =ol7) - [y(r)| as T — o0 (3.41)
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by (3.39) since p,q > 1. Employing this fact in (3.40]), we obtain the estimate

s

ly(s)| < O(e™%) + C’/s e o(7) | 2(7)| dr + C’/ e o(1) |y (1)| dr

S0 S0

—i—C’/ e’\4(75)0(7)|z(7)\d7+0/ e’A“(T’s)o(T)]y(T)]dT

as s — oo because of (3.35)). A similar estimate holds for |z(s)| by symmetry. If we denote
their sum by w(s) = |y(s)| + |2(s)|, we may thus conclude that

w(s) < O(e %) + C’/s e_)‘3(s_T)o(T)w(T) dr + C’/Oo 6_’\4(7_5)0(7)11)(7') dr

S0 s

as s — oo. This is easily seen to imply that w(s) = O(e %) as s — oo, namely
[9(5)] + [2(5)] = w(s) = O(e™*) as 5 > o,
Since the functions f, g defined by are quadratic near the origin, we also have
f(z(1)) = O(e™¥7), g(y(1)) = 0(e™7)  as T — oo. (3.42)

This provides a more precise version of our previous estimate (3.41)). Combining this new
version with our identity ([3.40)), it is now easy to verify that

y(s) = Aze ™ + o(e™*) as s — oo.
Since s = logr and v = A3 by definition, it follows by (3.33) that
u(r) = Cor 4+ A3Cor 7"+ o(r=*77) asr — oc.

A similar expansion holds for v(r), and this completes the proof of part (a). For part (b),

the exact same argument works, but —\3 is a double eigenvalue by Lemma |3.2.2 |

3.4 Further properties of regular solutions

We now establish some further properties of the regular positive radial solutions of ((3.2)).
Our starting point is a useful fact which is due to Serrin and Zou [82, 83]. If (u,v) is any

such solution, then its central value (u(0),v(0)) lies on the graph of a function f which is
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both continuous and strictly increasing. This applies to general Hamiltonian systems [82].
In the case of (3.2)), however, the function f can also be determined explicitly.

Lemma 3.4.1. Consider the elliptic system (3.2), where k,l > 0, p,q > 1 and pq > 1. If
the ezistence condition (3.3) holds, then there exists a positive constant Cy = Cy(k, 1, p,q,n)

such that for all & > 0, there is a reqular positive radial solution of the system satisfying
ue(0) = €%, ve(0) = Coé”. (3.43)

Moreover, the one-parameter family {(ue, ve) beso are the only reqular positive radial solutions

of system (3.2)).

Proof: We refer the reader to [§] for the existence and [53] for the uniqueness of solutions.
Denote by (u1,v1) the unique regular positive radial solution which satisfies u;(0) = 1. Then

every other regular positive radial solution can be obtained through the scaling

ug(r) = Ew (€r),  ve(r) = v (€r). (3.44)
Letting Cyp = v;1(0), one finds that (ug,ve) is the unique solution which satisfies (3.43). W

Lemma 3.4.2. Let the assumptions of the previous lemma hold, and assume the Joseph-
Lundgren condition (3.7) is satisfied. Given any & > & > 0, we have

ug, (1) > ug,(r) and v (r) > ve,(r)  for allr > 0. (3.45)
Proof: According to Theorem [3.1.1] the functions defined by
Us(r) = rue(r),  Ve(r) = rPue(r)
are both increasing with respect to r. On the other hand, it follows by that
Us(r) = (Er)w(&r),  Ve(r) = (&) ui(€r).
Monotonicity with respect to r is thus equivalent to monotonicity with respect to &, so

ug, (1) > ug,(r) and  vg (r) > ve,(r) for all » > 0.

o7



It remains to show that strict inequality holds in each case. Since
n— n—1+k
(r" Mg, —ug,)) =" (vg, —vE) <0 for all 7 >0, (3.46)

we find that ug, — ug, is decreasing to zero by Lemma [3.2.1] If it vanishes at some point R, it
must thus vanish throughout [R, 00). In that case, (3.46) gives ve, = vg, throughout [R, 00),

and this obviously contradicts the uniqueness of solutions. In particular, ug, — ug, remains

2

positive at all points, and the same is similarly true for ve, — ve,. [ |

Remark 3.4.3. In the case k = | = 0, Lemma is sharp. Calling w = wug, (1) — ug, (1)

and z = v, (1) — vg, (1), if we assume w, z are positive, since p, ¢ > 1 we have by convexity
-1
Aw= it 2 s
-1
—Az = ugl — ugg > qug2 w.
The solution (ug,,ve,) is therefore linearly stable by definition, so by [14, Theorem 1.2]

condition (3.7]) must be satisfied.

Proof of Theorem This is a typical application of Theorem and Lemma [3.4.2]
In fact, one may proceed as in the classical argument by Gui, Ni and Wang [46]. We only
give a sketch of the proof for part (a), as the proof of part (b) is quite similar.

To show that the solution (ug,ve) is stable with respect to the norm (3.13)), let € > 0 be
given. According to Theorem [3.3.1} there exists some R¢. > 0 such that

ug(r) = Cor ™ + D1(§)r 77 + E¢(r) in [Ree, 00),
where |E¢(r)| <er~® 7 in [R¢.,00). On the other hand, it follows by scaling that

uy(r) = gug((n/f)l/o‘ r) for each n > 0.

Assume that 7 is sufficiently close to &, say |n —¢&| < g Combining the last two equations,
we can then find constants R.,C' independent of 7 such that

Up(r) = Cor™* + Di(n)r~ 7+ E,(r) in [R.,00),
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where Dy (n) = (%)O‘HDl (€) and |E,(r)| < Cer=®7 in [R.,00). This implies that
|7 (uy — ug)| < [D1(n) — Di(§)| +2Ce  in [R:, 00),

and we also have [(1 + r)*™(u, — ug)| — 0 uniformly in [0, R.] as  — . Since similar
estimates hold with u, and u¢ replaced by v, and v, respectively, it follows by (3.13)) that

7171_2% [y, vy) — (ug, ve)[|y = 0.
In particular, given any ¢ > 0, there exists some small enough 6 € (0, g) such that
|[(ugzo, vexo) — (ug, ve)lly < e. (3.47)
We now exploit this fact in order to prove stability. According to Lemma [3.4.2] one has
Ue—g < Ug < Ueprg and ve_g < Vg < Vgpg
at all points. Arguing as in [46], we can thus find some small enough § > 0 such that
Ue—g < [ < Ugpp and ve_g < g < Vepy

whenever ||(f,g) — (ug, ve)||y < 0. Let (u,v) be the solution of the parabolic system (3.1
subject to u(z,0) = f(x) and v(x,0) = g(z). Since (ugerg, Verg) satisty the same system, one

may use standard comparison theorems for parabolic systems [70] to conclude that

Ue—g < U < Ugtg and Ve—g < U < Vgyg, (348)
as long as ||(f, g) — (ug, ve)||y < 9. The result now follows by (3.47) and (3.48). |

29



Chapter 4
Quasilinear Choquard Type Inequality

This chapter is based on the results of [19], which were jointly obtained with Marius Ghergu

and Paschalis Karageorgis.

4.1 Choquard Inequality with Slow Decay Potential

In this chapter we discuss the following quasilinear inequality:

—Apu+ %u}’l > (K *u™)u? in R"\ By, (4.1)
where n > 1,A\,m > 0 and 7,¢ € R. The p-Laplace operator A,, p > 1 is defined as in
Chapter 2. There is an extensive literature on problems such as , and it is by now well
understood that the value of v in relation to p plays an important role in the qualitative
study of problem . We are interested in the case v < p. This case is referred to as a
potential of slow decay, while the cases v = p and v > p are said to have a Hardy potential
or a fast decay potential, respectively. These two cases are more extensively covered in the
literature [40), [75], which motivated the study of a slow decay potential. The key qualitative
difference, as the name suggests, is that when v < p the potential term decays slower than
the differential term on the left hand side of as |r| — oo. Many of the results obtained
are analogous to the other two cases, but an interesting difference in this case, as we shall
see below, is that we can construct solutions to which decay exponentially as |z| — oco.
This phenomenon was previously observed only for the special case p = 2 [75], corresponding

to the Laplace operator.
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Now, K xu™ denotes the usual convolution operation defined by

(K *xu™)(x) = / K(z —y)u™(y)dy for all z € R™\ B;.
Rn\§1

We assume that K: R™\ {0} — (0, 00) is continuous, K € L} (R™) and the function

loc

L(R) == ‘gﬁil}% K(z), R>0, (4.2)
is decreasing in a neighbourhood of infinity. Note that if K < 0, then always has
positive solutions. Indeed, if Q C R™\ B is a smooth and bounded domain, let u € C(f)
satisfy —A,u = 11in Q and u = 0 on 9€2. Since €2 is smooth we can extend u by zero outside
of Q. Then, the left-hand side of is nonnegative while the right-hand side of is
finite (since u € C}(R™\ By)) and negative (since K < 0). Thus, u is a solution of (4.1).
This justifies our assumption that K > 0 in R™ \ B;. In addition, the right-hand side of
(4.1]) is increasing with respect to K, so if a positive solution exists for some function K,
then that is trivially a solution for any other function K < K.

We are interested in positive weak solutions of , that is, functions u > 0 belonging
to the class WP(R™\ B1) N C(R"™\ B)) that satisfy

oc

(i) (K xu™)u? € L} (R"\ B);

loc

(ii) for any p € C®(R"\ B}), ¢ > 0 we have

[

A
/ B <|Vu|p_2Vu Vo + —up_lgzD) > / (K xu™)ule. (4.3)
R"\Bl R”\Bl

The goal of this chapter is to determine existence and nonexistence regions of solutions to
(4.1]) in the mg-plane. We also show that when K (x) satisfies the complementary conditions

) |x‘n—o¢
limsup | K (2)| - ——5 < 00, (4.4)
|z| =00 | ‘ (10g |SL’|)'9
) ] |l,|n—a
liminf |K(x)] - > 0, 4.5
|z|— o0 ‘ ( )| (log |z])? (4.5)

for some 6 € R, 0 < o < n, the results are essentially optimal, in the sense that we account
for the entire mg-plane, except for at most a line. Conditions (4.4) and (4.5) are motivated
by the prototype convolution kernel used in the analysis of (4.1]), namely the Riesz potential
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I (x) = %= where (with I' denoting the standard I' function)

- ‘m|n7(1 9

r(52)

(Iy xu™)(x) = C’a/ L)wldy, and Cp, = ——=——.
ol —y|re m22°1(5)
The study of PDEs involving nonlinear convolution terms can be traced back nearly a
century. Indeed, motivated by the Schrodinger equation in quantum physics, the prototype
equation

iy — Ay = (Jz]* ™% *)p inR", ac(0,n), n>1, (4.6)

was proposed by D.H. Hartree [47, 48, [49] in 1928 for n = 3 and a = 2. The stationary
case of is more widely known as Chogquard or Choquard-Pekar equation (see [78]).
The first mathematical studies of the Choquard equation are due to E. Lieb [65] and P.L.
Lions [67]. Since then, many mathematical methods have been devised to investigate such
equations featuring nonlocal terms. With no hope of being exhaustive, we refer to, for
example [41), 42] 43, 44, [62], 64], [75], [76, [80].

The study of is inspired by the 2013 work of Moroz and Van Schaftingen [75], which

deals with the semilinear inequality

—Au + %u > (Je]* ™" xu™)u?  in R™\ By, (4.7)
which corresponds to in the case p = 2. Using a nonlocal version of the so-called
Agmon-Allegretto-Piepenbrink positivity principle (see [75, Proposition 3.2]) the authors
obtain a full description of the existence and nonexistence of positive solutions to . The
study of relies heavily on the linear character of the differential operator, so many of
the techniques used do not translate to the study of . As we shall see below, the analysis
of is largely dependent on various a priori estimates. More recently, the inequality

A _
—Ayu — Wu”_l > [y xu™)u?  inR"\ B (4.8)
x
was discussed in [40] by Ghergu, Karageorgis and Singh, where A € R and [, is the Riesz
potential. In this case, there is a so-called Hardy potential term, and the authors found that
the existence and nonexistence of solutions to (4.8]) depends on the value of A in relation to
p
the best Hardy constant C'y = ‘? . Roughly speaking, this is due to the fact that the

differential and potential terms decay at the same rate as |x| — oo. Since we are dealing

with a slow decay potential, our analysis is not sensitive to the exact value of A > 0.

62



4.2 Main Results

We now state the main nonexistence result. The proof of this result is heavily dependent on

the a priori integral estimate given in Lemma 4.3.1}

Theorem 4.2.1 (Nonexistence). Assume n > 1, \,;m > 0 and v,q € R, and suppose one of

the following conditions holds:

(i) m+q¢>p—1, ¢<p—1 and limsup Rmnrpitne—1=a/mp p) ~ (.

R—o0

(i) ¢ =p—1 and limsup Rmin{%p}L(R) = 00;

R—o0

(iii) m+q < p—1 and limsup R"™ 0P =1= [(R) > 0;

R—o0

(iv) m—+q =p—1 and limsup R* ™0 [(R) = 0.

R—o

Then every positive function u € W,oP(R™\ By) N C(R™\ By) satisfies

oc

A
—Apu+ ——uP < (K xu™)ul
iy

at some point v € R™\ By.

As discussed in the introduction, this nonexistence result is essentially optimal when (4.5

holds. In particular we have the following:

Corollary 4.2.2. Assume (4.5)), wheren > 1, Am > 0,0 < a <n, vy <pandb,q € R,

and suppose one of the following conditions holds:
(i) Casen —a <~y <p:

(i2) ¢ =p—1 and either v > n — « or else v =n — a with § > 0;

(ii) Case —a <y < min{n — «a,p}:

a+7v7—n

(il) g<p—1+—"T—""pm,
n

(ii2) g=p—1+ 27" 0 and 9> 0;
n

(iii) Case v < —a:
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(iiil) g<p—1+ Lm;
o

(iii2) q:p—l—l—lm and 0 > 0 when v < —a;
a

(iii3) q:p—l—i—lm and 6 > 0 when v = —a.
a
Then every positive function u € W,oP(R™\ By) N C(R™\ B,) satisfies

A
—Apu+ ——uPt < (K xu™)ul
[

at some point v € R™\ Bj.

We now state the main existence result. The proof of this result is constructive, and

relies on appropriately estimating the convolution term in (4.1)).

Theorem 4.2.3 (Existence). Assume (4.4]), wheren > 1, Am >0,0< a <n, y<p and
0,q € R. If one of the following conditions holds, then (4.1)) has a positive solution.

(i) g>p-1

(i) g =p—1 and either v <n — « or else y = n — a with 0 < 0;
(ili) p— 14+ m<g<p—1;

(iv) q:p—1+$m<p—l and 0 < —1;

(v) p—1+gm<q§p—1+%m.

For clarity, diagrams of the nonexistence regions in the mg-plane are shown below.
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Figure 4.1: Shaded region of nonexistence when n — a <~y < p.

5 p—1

an . k-1
Y \‘\n—a—'y

N

Figure 4.3: Shaded region of nonexistence when v < —a.

The bold line in Figure indicates that, for the case ¢ = p—1 and v = n — «, solutions

may or may not exist, and this depends on whether or not # > 0. The dotted lines in Figures
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and [£.3] correspond to undetermined cases of the above results. These are the cases

° q:p—1+mm when —a <y <min{n —a,p} and —1 <6 < 0;
° q:p—l—l—gm, when 7 < —a and 6§ < 0;

. q:p—l—l—gm, when vy = —a and 6 < 0.

4.3 Proof of Theorem [4.2.1]

To prove our main nonexistence result, we first need the following estimate. As usual, C' > 0

will be used to denote positive constants which may vary with each appearance, and r = |x|.

Lemma 4.3.1. Let u be a positive solution of (4.1) where v,q € R and \,m > 0. Then,
there exists a constant C = C(n,p,m,q, \,7y) > 0 such that

n—min{~y,p}
(/ um) (/ uq—pﬂ) < CR— for all R > 2 large. (4.9)
Byr\Bi1 Bar\Br L<4R>

Proof: Take ¢ € C}(R) such that 0 < ¢ <1, supp ¢ = [1/2,5/2] and ¢ =1 on [1,2].
For R > 2 define ¢r(x) = ¢(|z|/R). Letting ¢ = u*P¢% k > p, be a test function as in
(4.3)) we find

/ U 1) / WP Vul e
R”\ B1

R"\El

k
<A / Ok +k / ut P VulP 2V - V.
R R7\ By

"\El |I|,y
Applying Young’s inequality ab < CaP + (p — 1)b?/®~1) | we also have
kut P Va2V - Vor < O(p, B) Vol " + (p = Du [Vl

and combining the above estimates we deduce

k
/ (K k™)t g < / ki e / |VorlPeR "
R"\ By R™\ By

'\B, |27 (4.10)

<C Rrmin{pa}
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On the other hand, for z,y € Bog \ By we have |x — y| < 4R and
K(z—y) > L(lz —y|) > L(4R) for large R > 2.

Thus, for all z € Byg \ By we have

K xu™(x) > /B . K(x —y)u™(y) > L(4R)/B u™,

2r\B1

and then

/ (K % u™)ud=Prigh > / (K * u™)ut P+t
R"\El

Bar\Br

> L(4R) ( /B . um> ( /B . uq—P+1> :

Using this last estimate in (4.10]) we obtain (4.9).

Proof of Theorem [4.2.7].
(i) Assume that ¢ < p — 1. By Holder’s inequality we have

p—1—gq m
ptm—1—gq — ptm—1—gq
/ 1= ( / “m> ( / o pﬂ) ‘
Bar\Br Bar\Br Bar\Br

Using the estimate (4.9)) we deduce

m—p+liq

p—1—gq
CR” < |:</ um> (/ uq—p+1>:| 1’*’"1‘1(/ uq—p-l—l) p+m—1—q
B2R\B1 BQR\BR B2R\BR

Rr-min{yp} | Sp-lee m-pt1te
< O(—) e (/ uq—P“) e for all R > 2.
L(4R) Bar\BRr

The above estimate yields
1
/ ud—Pt > C’(an+min{%p}(p—1—Q)L(4R)p—1—q> m—p+1+q ’
Bar\Br

for all R > 2. From (4.9) we have

C Rnfmin{’y,p} CRn*min{%p}
/ udptl < . <
Bor\Br fB4\Bl um L(4R) L(4R)
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Combining (4.14) with (4.12)) we deduce

(p—1—q)/m
) for all R > 2.

Bar\Br

Since lim sup Rmin{”’p}J“"(p_l_Q)/mL(R) > 0, one may find a positive constant ¢ > 0 and an
R—oc0
increasing sequence of numbers R; — oo such that

/ u™ > c for all j > 1.
Bsz\BRj

This shows that fRn\ 5, U™ = oc and from Lemma it follows that

/ q—p+1 R mintrp) (1) R
u = — 0 as — 00.
Bor\Br L(4R)

We combine this estimate with (4.13)) to deduce

1 n—min{~y,
C (anerin{'y,p}(pflfq)L(4R>p*1*4> m=—pt+itq < / UQ*PJFl — R—M 0(1)7
Bar\Br L(4R>

as R — oco. Hence,

Rn—min{7,p}

L(4R) 0(1) as R — oo,

(an—i-min{'y,p}(p—l—q)L(4R)p_1_q> m—p+it+q _
which yields
Rrintypbnma/mL(4R) = o(1)  as R — oo,

which cannot hold since lim sup R »Hnp-1=0/m Ry > 0,

R—o00

(ii) Assume ¢ = p — 1. Using the inequality (4.9)) in Lemma we find

C
udr < . for all R > 2.
/BQR\BI len{’y’p}L(Z‘LR)
This yields
C
"dr < liminf — =0
/Rn\Bl SRS RO L(aR) T

which is impossible since u is positive.
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(iii) We start from (4.12)) which we write as

p—l-m—gq

ws ([ Ry e
N Byr\Br Bar\Br Bar\Br

for all R > 2. We combine the above estimate with (4.9 to obtain

CR" < ( / m) e <RNmin{v,p}>p+T;"_1_q
_ u -~ ,
Bar\Br L(4R>

that is,

C’R”(P‘l—Q)-l—mmin{%p}Lm(4R> < (/

p—1l-m—q
um> for all R > 2. (4.15)
Bar\BRr

On the other hand, for almost all x € R™ \ B; one has
| K-y < .
Rn\Bl
Thus, for almost all x € R™\ By we have
/ K(z —y)u™(y)dy -0 as R — oc. (4.16)
Bar\Br
If z,y € Bor \ By we have |z —y| < 4R and (4.11)) holds. Then, from (4.16]) we deduce
L(4R)/ u™ —0 as R — oo.

Bar\Br

Combining this last estimate with (4.15)) we arrive at

O Rrp—1-a)+m min{%P}LP*“q(zLR) -0 as R — oo,

that is,
Rn+min{%p}#[j(4_]{) —0 as R— o0,

which leads to a contradiction since lim sup R" ™" P} == L(R) > 0.
R—o0
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(iv) Assume m + g = p — 1. Using Holder’s inequality together with (4.9)) we find

n 2 . . C' Rr—min{~.p}
o= (<)

for R > 2, which yields
RminlvPlL4R) < O for R > 2.

This last estimate contradicts our hypothesis (iv) since

lim sup R0 [(R) = oo,

R—o0

4.4 Convolution Estimate

We now provide some estimates for Riesz potentials with logarithmic terms. These will
give us upper bounds for the right hand side of (4.1)) which are easier to treat. In proving
Theorem we will find lower bounds for the left hand side of (4.1)) which we can easily

compare to these estimates.

Lemma 4.4.1. Let 0 < a <n and 0 > a. Assume f, K : R" — R are locally integrable with

imsp |K ()] G s <o, sl o <o0 (aa)
for some 0 € R and some 7 > —1. Then
(limsupmi-\([(*f)(x)\<oo if a<o<n,
oo (log [z|)?+7
lim sup i (K * f)(z)] < 00 if 0=n,

|z|—o00 (10g|l‘|)1+0+7—
) |x|nfa ]
L |z[—00

Proof: Suppose first that a < ¢ < n and fix some large enough number Ry > 2 such that

ol Il 10+
=+ - .
« n—o o —«

log Ry > (4.18)
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In view of (4.17), we may then assume without loss of generality that
K (2)] < |2]°"(log|2])”  and  |f(2)] < |27 (log |z])"
for all |x| > Ry. Our goal is to estimate the convolution term
(K f)(o)] < | [K@)|-[f(z—y)ldy  where |2] = 2R,.
R

If ; is the part of the integral for which |y| < Ry, then |z —y| > |z| —|y| > i|z| > Ry within

the region of integration and also |z — y| < |z] + |y| < 3|z], so

I < / ()] - |z -y~ (log |z — y])7 dy
ly|<Ro

g0|xy°'(1og|x|)f/ K (y)| dy

ly|<Ro

< Ol (log [x])".
If I, is the part for which |z —y| < Ry < |y|, then |y| > |z| — [z — y| > 3|z| > Ry within the

region of integration and also |y| < |y — z| + |z| < 3|z], so

I < / I (logly)? - |f(z — )| dy
|lx—y|<Ro

< Claf(loglal)’ [ I7()]dz

|2|<Ro
< Clz|* " (log |z])°.

Once we now combine the estimates for I; and I, we arrive at

(K f)(2)] < Cla|~7(log|a|)™ + Cla[*"(log |x])’

+C ly|* "z — y| =7 (log |y|)? (log | — y|)” dy. (4.19)

ly|>Ro,lz—y|>Ro

To treat the last integral, we split it into three parts. For the part I3 for which |y| > 2|z|,
we have 3|yl > |z —y| > |y — |z] > 3ly| and so

I3<C ly[*" (log [y])?"*7 dy.
ly|>2|x|
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Letting [ denote the integral on the right, we integrate by parts to write

I, = / 5771 (log 5)"*" ds
2

||
00

a—0o 9 oo
— [ i (log 5)9”} LT / 52771 (log s)"" 7! ds.

Since o > « by assumption, the last equation provides the estimate

|0+ 7|

I < Cla]*= (log |«)*7 + 0 —a)log By

I
and we may now employ our assumption (4.18) on Ry to conclude that
I3 < CI4 < Cla|* 7 (log |2])?F. (4.20)

For the part I, with |y| < 1|z|, one has |z| < |z — |y| < |z — y| < 2|z| and

I < Clal oglal™ [ ol log |y dy
Ro<ly|<|z|

||
— 2|7 (log |xy)T/ 59~ (log 5)" ds.
Ro
Proceeding as before, we integrate by parts to write

4 1 g el
/ 51 (log 5)? ds = [— s* (log 5)0} - — / 5% (log s)?~'ds
R «

0 Ro @ JRy

1 0] l=| _
< « 1 6 a—1 1 Gd )

In view of our assumption (4.18) on R,, we may thus conclude that

||
I, < Clz|™7 (log |x|)7/ s** (log s)? ds < C|z|*~ (log |=|)**. (4.21)

Ro

It remains to treat the part I5 of the integral corresponding to %|.CE| < |y| < 2|z|. For this
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part of the integral, one has

Iy < Claf™" log]o])’ [ o — o177 (ogle — y1)" dy
Ro<l|z—y|<3|z|
3|z
— | (log |z])? / 17 (log 5" ds.
Ro

Letting I} denote the last integral, we may integrate by parts to get

g 3|z| T 3|x| . .
I = 1 T . n—l-o (] ™14
o= g toser| - [ o

il

< n—o (] T I B S
< Ol (log o) + o T

IL.
Recalling our assumption (4.18)) once again, we conclude that
Is < Cla|*™" (log |z])” - Cla|"™7 (log |z])™ = Clz[*~7 (log [)"*™.

In view of our estimates (4.19)), (4.20) and (4.21]), we have thus found that

(K f)(@)] < Cla|~(loga])™ + Cla|*~" (log |2])” + Clz[*=" (log |[)**
< Cla|*=" (log |2 ])"*7.

This completes the proof for the case 0 < n. When ¢ > n or ¢ = n, we repeat the exact

same approach as before, but we choose Ry > 2 such that

6] 10 +7]
+

log Ry > —
o 0—«

Our estimates for the integrals Iy, I, I3, I, are then still applicable, so we need only worry

about /5. When o > n, one may simply argue that

Is < Clz|* ™ (log |x|)0/ s"7177 (log s)™ ds < Clz|*™™ (log |z])’.
Ro

Combining this estimate with equations (4.19)), (4.20) and (4.21]), we thus have

(K # f) ()] < Cla]| ™ (loga])™ + Cla]* " (log |2])” + Cla]*~7 (log |2)"*
< Cla|*™" (log |=])".
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In the remaining case o = n, finally, our assumption 7 > —1 gives

3|z
Is < Clz|* " (log |93|)9/ s ' (logs)" ds < Clz|*™™ (log |z|)? T+
Ro
Once again, the desired estimate follows by combining (4.19)), (4.20]) and (4.21]). [

4.5 Proof of Theorem 4.2.3|

We now proceed with the proof of Theorem 4.2.3| In each case, we look for a radial solution
of the form
u(r) = p(A+r)7F (4.22)

for some constants k, u, A > 0 that will be specified later. Since u = wu(r) is radial, the

definition of the p-Laplace operator leads to the identity

n—1

/
Ayu = div(|Vul"2Vu) = <|u'(r)\p-2u'(r)) + ! () [P~ (7). (4.23)
Applying this identity to the function (4.22)), it is easy to check that

Apu kp—1
w1 r(A+r)P

-[A(n—l)—i—r(n—p—k(p—l))].

n—

If k < 7=, then the coefficient n — p — k(p — 1) is non-negative, so

A kL
2l > BT A —1)>0  forallr > 0.
up~! r(A+r)P

Otherwise, we have k > g and this similarly gives

Apu kPt C(k,p,n)-r7

upil.r'yzm-(n—p—k(p—l)):_ (A—l—?“)p

for some constant C'(k,p,n) > 0. Since vy < p, the right hand side converges to zero uniformly
as A — oo for all » > 1. We can thus pick A > 0 large enough so that
Aju

A
— =Py > 2 forallr>1.
up—1 2
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Using this fact along with our definition (4.22f), we conclude that

A A
— Pt > gt Pl —k(p—1)—v
Apu+ U > 5 U >CA\) - P (A+r) : (4.24)

When it comes to part (i), we assume ¢ > p — 1 and we may take any

a+vy—n

k>max{ﬁ —} (4.25)

m q—p+1
Since km > n > «, it follows by Lemma with 0 = km > n and 7 = 0 that
(K u™u! < Op™ (A4 r)* " . (log(A+7))° for all r > Ry,
for some Ry > 1. Thus, for all » > Ry one has

(K *u™)u! < Cp™ (A4 r)* " . (log(A + 7))’
< Cp™H(A + ,n)fk(pfl)fv'

Since (K * u™)u? and (A + ) *P=D=7 are positive and continuous functions for r € [1, Ry,
the above estimate holds for all » > 1. Combining the last estimate with (4.24)), we conclude
that u satisfies (4.1]) for all small enough p > 0 because m + ¢ >q >p— 1.
For part (ii), we assume ¢ = p — 1 and either v < n —«a or else v = n — a with § < 0. In
particular, the above argument is still applicable if we replace (4.25) with k& > n/m.
For part (iii), we assume p — 1 4+ “=="m < ¢ < p — 1. In view of the former condition,
we can then choose k so that
n n—a-—-y
—<k<——.
m p—1-gq
Since km > n > a, it follows by Lemma with ¢ = km > n and 7 = 0 that

(K xu™)u! < Cpm™ (A4 r)* " . (log(A + 7))’

With continuity arguments as before, the above estimate holds for all » > 1. We now
compare the last equation with . Since the exponent oo — n — kq is strictly smaller than
the exponent —k(p — 1) — v, we find that u satisfies for any fixed p > 0 and all large
enough A > 0.
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a+vy—n

For part (iv), we assume ¢ =p — 1 + m<p—1and # < —1. Let

po_n-a-y
m p—1-—gq

Since km = n > a, we may apply Lemma with 0 = km = n and 7 = 0 to derive

(K xu™)u? < Op™ (A + T)O‘_"_kq - (log(A + 7“))1+9

(4.26)
=Cp"I(A+ T)_k(p_l)ﬂ - (log(A + 7’))1+9,

Let us now compare (4.24) and (4.26)). Since # < —1, by taking A > 1 large enough we can
always ensure that u defined in (4.22) is a solution of (4.1]) for any fixed p > 0.
For part (v), we assume p—1+2Im <qg<p—1+ LZ_" m, which implies that v < —«

and m 4+ g < p — 1. In this case, we choose k so that

« «
_<k<_$§£_
m p—1—m—qg~ m

Since a < km < n, it follows by Lemma with 0 = km < n and 7 = 0 that

(K *u™)u? < Op™ (A +r)* = (log(A + 1))’
< Cum™ti(A+ T)_k(p_l)_“’.

This gives the exact same estimate once again, so the result follows as before. [ |

4.6 Exponentially Decaying Solutions

In some cases it is possible to find exponentially decaying solutions to (4.1J).

Theorem 4.6.1. Assume (4.4), and let v <p, 0 <e <1, and k € R. If one of the following

conditions holds, then the function

AN

u(r) = ———exp | — )\%p(l—g)
" (A+r)F p( (p—7)(p—1)r(1+e)

(A+ r)1‘3> (4.27)

satisfies (4.1) for all large enough A > 0, and small enough p > 0.
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(i) g =p—1 and either y <n —«a ory=n—« with § < 0.

Proof: We first consider the case ¢ > p — 1. For simplicity, let

le—z and T = c
p =P —-1)

We note that B,T > 0 since 7 < p. Now, a quick computation gives

(A+7)- Zé:)) = —k — ArTB(A+1)B
(A+r)? 12/((3 = k(k+1)+ A\ TB(2k — B+ 1)(A +1)B + \e T2B2(A + )2,

Assuming that A > 0 is large enough it follows from (4.28]) that

(4.28)

—(1+¢e) MTBA+7)E < (A+r)- ) S —(1—¢2) - A\eTB(A+7)5 (4.29)

at all points. In particular, u(r) is decreasing and we thus have

)

k(k+1) MNTB2k—B+1)  ArT2B?
(p—1)- ((A+r)2 Arr T (A+r)2—23>

mmzwwW*-@rwm%ﬂ+”

p—2

x uP~t. (4.30)

+ r _A—I—r_(A—f—r)l—B 8 _A—I—r_(A—I—r)l—B

n—1< k AiTB> | k A+ TB

7



From (4.30])) we see that

Ay Co Cy (p— DN T2B?  n—1 ki A\ TB
b7 = + + + - —
up~1 (A+r)2  (A+r)>B (A+r)>2B r A+r (A+nr)=B
k 2 P2 T
‘_(A—i-T)B —ATBL (A + r)e-2)0-B)
|G Cy iy, n—1 k A\ TB
“Narm P T NT B = e T Gy e
k 2 P2 rY
“TarnE ATB (A + r)p(0=B)

where

Co=(p—Dk(k+1) and Cy = (p— YA TB(2k — B+ 1).

We note here that if

B>1—1,
p

the above quantity grows without bound as r — 0o, so u(r) will not satisfy (4.1)). Now, for
B=1- % we have that

2
Apu v CO Cl 4 0159 n—1 k A»TB
T = — HA\»T*B — -
w1 " T |G T aenyp TP R N O7 W iy s v
k 2 P2 rY
——— — M¢THB — . 4.31
8 (A+1)B (A+r) (4:31)

For v > 0, recalling (4.29)), we have that for large enough A > 0 (4.31]) implies

p—2

Apu v C() Cl k 2
T < —ArTB
w1 —{(A+r)23+(A+r Z

LA (p— 1)A3T232] : ‘—W
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at all points, and hence
Ayu p—2
lim —2
A—oo yp—1

_M\TB

7 < (p— DA T2

= (p — )N’T"B?
(1—¢)2\?
14+e

So for all sufficiently large A > 0

Ayu 9
T < (1—e)A

ub

at all points. And so we see that, where C'()\) is a positive constant,

—A,u+ )\—zup’l > ﬁup’l __Cr
p v

- ry o r“/(A + r)k(l’_l)

exp (—(p CDAT(A + r>B)

at all points and for all large enough A > 0. We now estimate the right hand side of (4.1J).
Using Lemma [4.4.1 with 7 = 0 and o = n + 1 we see that

Cp™ log(r)’
T’n_a

Kxu™ <

for some constant C' > 0. This then implies

Cpmtalog(r)? 2
(K * um)uq S 7~Tl/if>é<A—_|_g7(=)2q exp (—q)\PT(A + T)B> .

But we see that

Cpm+ilog(r)’ :
g 0P (CTUA D7) <

S exp <—(p CDAT(A+ r)B>
if and only if

Cpm -5~ log(r)?
rn=o=7(A + r)ka—p+l)

exp (—(q P D)AT(A+ r)B) <o), (4.32)

which is true at all points for all sufficiently large A, and sufficiently small . Now suppose
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that v < 0. We have that

A2 _
—Ayu+ TUP_I > —Ayu+ MuP~t in R™\ By.
r

But the right hand side above corresponds to the case v = 0, which we have shown has a
solution of form for all sufficiently large A, and sufficiently small . We thus see that
equation is satisfied, and hence u(r) is an exponentially decaying solution to . We
now consider the case ¢ = p — 1. The above discussion is still valid, and we again arrive at
(4.32) which in this case implies

M < C(N). (4.33)

pn—a—y
We thus see that if v < n — a, then is satisfied for all sufficiently small p > 0, and
again u(r) is a solution to (£.1). In the case v = n — a, is satisfied for all sufficiently
small p > 0, provided 6 < 0. If § > 0, then no positive solution to exists by Corollary
4.2.2| part (i2). [

Remark 4.6.2. The decay rate of is essentially optimal. Indeed, if the constant
B in the proof of Theorem were any larger, the proof would no longer be valid. If
the constant T' were any larger, then the exact value of k£ in relation to the parameters
n,m,q, vy, plays a crucial role in whether or not is a solution to . The case by
case analysis of values of k is quite technical and uninformative, so we have omitted it. We

note, however, that in the case p = 2, an optimal value of k can be found (see [75, Theorem

2).
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Chapter 5

Conclusions and Further Work

To conclude, we now discuss some potential future work that could extend the findings of this
thesis. In Chapter 2, we studied a general class of coercive quasilinear systems containing
nonlinear gradient terms. We first determined sharp conditions for the existence of positive
radial solutions which blow up as * — 0Bpg, and then for the existence of solutions in
all of R™. For these global solutions, we also described their asymptotic behaviour. We
were at all times focused on solutions which are radially symmetric, so an obvious question
one may ask is: do the existence conditions apply to non-radial solutions? This problem
is by now well understood in the case of scalar coercive problems with gradient terms, see
for example [29, B3] and the references therein. When it comes to systems, however, far
less is known, even in the case of non-coercive systems without gradient terms, which are
much more intensively studied. Indeed, this is the substance of the Lane-Emden conjecture
discussed in the introduction. Seeing as this is such a long standing open problem, with such
a vast literature dedicated to it, the case of coercive systems with gradient terms is likely
very difficult also.

Another direction the results of Chapter 2 may take us in is to return to the corresponding
parabolic problem. Recall from the introduction to Chapter 2 that the systems considered

initially arose from studying steady states of the following parabolic system

u— Au=v in Q x (0,7),
vy — Av = |Vul? in Q x (0,7).

It is known the above system has local in time strong solutions, but the existence of global in

time weak solutions is still an open problem. The essential difficulty comes from the gradient
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term |Vu|?, which arises when viscous heating effects are not neglected in the Boussinesq
approximation. In [23], where the system was introduced, the authors conjecture that finite
time blow up of solutions may occur in a suitable norm. This leads to some natural questions:
can we extend the parabolic stability results of Chapter 3 to the case of systems with gradient
terms? If so, can this help shed some light on whether or not finite time blow up occurs?
These questions seem to be poorly understood at the moment.

In Chapter 3, we studied the Hénon-Lane-Emden system

—Au = |z[F?  in R,

—Av = |z]'u? in R".

Recall that the main result of Chapter 3 states that given a positive regular radial solution
(u,v), if we are on or above the Joseph-Lundgren curve one has

lm — o — ]

|z| =00 Ca|l‘|_a |m|1£>noo CB|I|_5 7

where «, 3, C,,, Cs are some explicit positive parameters. Moreover, this convergence occurs
monotonically. The obvious question to ask is: do these quantities converge to 1 below the
Joseph-Lundgren curve?

As discussed in the introduction, when k& = [ = 0 the Hénon-Lane-Emden system corre-

sponds to the Lane-Emden equation
—Ay = uP

in the special case p = ¢, u = v , and it corresponds to the biharmonic equation
A%y = P

in the special case p > ¢ = 1. For the Lane-Emden equation, Li [63] used an energy function
argument to prove the quantity |z|*u has a limit as |x| — oo, and this limit can then easily
be shown to equal C,. In a similar vein, for the biharmonic equation, Gazzola and Grunau
[36] introduced a kind of energy function which decreases at successive critical points of
|z|*u, and used this to prove |z|*u has a limit as |x| — oo. Recall from the introduction
that both of these scalar problems have a Joseph-Lundgren exponent, above which |z|*u

converges monotonically, and below which the convergence is oscillatory. It’s worth noting
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that for both of these scalar problems, the fact that |z|*u has a limit as || — oo was
derived first, and then afterwards the manner of convergence was determined. In Chapter 3,
we knew a priori that the Joseph-Lundgren curve exists, thanks to the results of [14]. This
motivated the use of monotonicity arguments to prove the desired convergence result above
this curve, but this strategy necessarily fails below the curve. In the absence of a suitable
energy function, proving that |x|*u and |x|?v converge below the Joseph-Lundgren curve (if
they even do) is quite a challenging problem.

We have seen that for the Hénon-Lane-Emden system, the separation property of solu-
tions does not hold below the Joseph-Lundgren curve. When it comes to whether or not
regular solutions oscillate around the singular solution, recent results of Dupaigne, Ghergu
and Hajlaoui [27] seem to suggest that oscillations do occur in the k =1 = 0 case at least.
The authors show that regular solutions which are linearly stable outside a compact set
cannot exist when n < 10, which is enough to prove they must oscillate around the singular
solution. Left open was the case n > 11 and p, ¢ lying below the Joseph-Lundgren curve.

When it comes to Chapter 4, a future line of study would be to investigate nonlocal
equations containing fully nonlinear differential operators. That is, to consider equations of
the form

F(D*u) = (K *u™)u? in

where D?u is the Hessian of u, and K is a convolution kernel with similar assumptions to
Chapter 4. For €2, some natural choices would be a smooth, bounded domain, the exterior
of a compact set, or all of R™. There is very little in the literature concerning fully nonlinear
equations with convolution terms, so basic questions of existence, nonexistence and regularity
of solutions are still not well understood.

One possibility for the differential term would be to consider a Pucci extremal type

operator M¥*. Pucci’s sup-operator M is defined as

ME(D*u) =AY +A D

1i<0 w1i>0

where 0 < A < A and p; are the eigenvalues of D?u. Equivalently, one may define it as

MT(D*u) = sup tr(AD?u)
A€ Ay A

where A, p denotes the set of n x n symmetric matrices satisfying A\I,, < A < AI,. Analo-
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gously, Pucci’s inf-operator is defined as

M~ =AY A = inf tr(AD%u).

A€Ax A
<0 Hi>0

These operators are generalisations of the Laplacian, which corresponds to the case A =
A. They arise naturally in the context of optimal stochastic control problems, and have
been used in applications to mathematical finance [35]. Studying their interaction with
convolution nonlinearities is, as of now, a gap in the literature, and is a potentially fruitful

research project in the future.
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Appendix A
Local Existence

We now prove that system has a positive radial solution (u,v) in a small ball B, for
sufficiently small p > 0. Recall that we used this fact, along with a scaling argument, to
deduce that system has a positive radial solution in Bg for any fixed R > 0. The
following proof is standard, and uses the Schauder Fixed Point Theorem. We include it here
in the Appendix for completeness, and remark that it is inspired by [34, Proposition Al].
Note from Lemma that p — 1 — o > 0, and recall our definition

(n—1)(p—1-0)
p—1

0= > 0.
Let C1[0,7¢], 79 > 0, denote the Banach space of real valued functions which are C! in
0,70], endowed with the norm ||u|| = ||u||e + ||t/]|cc- Define ug(r) = ug € C[0, 7] and

vo(r) = vy € C0, ro] where ug,vg > 0. Let X = C1[0,70] x C[0, 7], and consider the map

T:X—=X
given by
Tilu, v](r)
Tlu,v](r) =
) (n[u,vm)
where

oy
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The operator T' is clearly well defined thanks to the continuity of the functions f;, g;. Fix
e > 0 small enough so that [ug — &, up + €], [vg — €,v9 + €] C RT, and let

Vo= {(u,v) € X | [|(u,v) = (uo, vo)|| <€} C X,

where ||(u,v)|| = ||u]| + ||v]|. It is clear that Y is a closed, convex and bounded subset of
X, and we see (u,v) € Y if and only if ||u — ug||eo + ||v — v0l|co + ||2/]]co + ||V']|ce < €. For
(u,v) € Y we have

u([0,70]) C [ug — €, up + €], v([0,70]) C [vo — &, v0 + €],
u'([0,70]) C [—¢,e], v'([0,70]) C [—e, €]

and for ¢, 7 = 1,2 we have by continuity
0<filr) <F 0<g;(u(r) <Gj

with 0 < g3(u/(r)) < G for r € [0,79]. Here we have used the result from Chapter 2 which
guarantees any local solution (u,v) of system ({2.1)) is strictly positive with u’ > 0 for r > 0.

Step 1
We first need to show that T'(Y) C Y provided 7 is small enough. Indeed

7] = ol = [ =257 [ hmmtotoar] ™

1

v [ [ anmeesenar] " a

p

<rg’ [(F2G2G3)ﬁ + ¢(n,p, o) (FlGl)zH%o}

and
||T[U,’U]/||OO S (7’0F1G1)1F1*" + (ToFQGQGg)Pj.

So for ro > 0 small enough we have
||’T[u,v] - (UO7U0)|| <€,

or in other words 7(Y) C Y.
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Step 2
We now show that 7 is a compact operator. Let (ug,vg)r>1 be a sequence in Y, which is

necessarily bounded, and let r,t € [0,70]. We have

o

n—1

1T T 0] (r) = TTuag, v ()] 2 < /{ /Osf1<f>gl<vk<f>>df]p” ds

! /t Vo f2(7)92(“k(7))93(|u;(7)I)dT} o ds

1

5 p—1l—0o
)

+ (Tongz (Uk(ro))Gg,) p11:| 7

where || - ||2 is the usual Euclidean norm on R?. Now, if we denote by

0

Ton(r) = / Mg (o(r)dr and Ty(r) = / " () galon (7)) g ()

one can similarly show that

T T, o] (r) = T g, vi] (8)] |2 < ( 0 )”_1_" (%k(?‘))f"l—a B (szé(t))p—l—o

n—1 rd

1—27]{(70) p—1 IQ k(t) p—T
+ Tnfl o tnfl
< Clr —t|

for some constant C' > 0. Therefore the sequence (7 [ug, vg])g>1 is uniformly bounded and
equicontinuous, which by the Arzela-Ascoli Theorem tells us the operator 7 maps bounded
sequences into relatively compact sequences with limit points in Y, since Y is closed. In

other words, T is compact.

Step 3
We can apply the Schauder Fixed Point Theorem to conclude that 7 has a fixed point (u,v),
and (u,v) is a solution of (2.1 in B, for sufficiently small p > 0.
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