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A bstract

Density forecasting is becoming an increasingly popular m ethod of prediction. Density' 

for('casting modc'ls ])rodnce a i)rol)ability density  function estim ate of a fu ture  event ra th e r  

th an  a s tan d a rd  i)oint ('stimate. Given th a t  ])redictions are inherently uncertain, density  

foreca,sting is a logical m eans of j)resenting predictions and is the preferred forecasting 

m ethod  in most real-world domains wlu're j)rediction models are widely used e.g. nu'teo- 

rology and finance. Tlu ' additional information j)rovided by a dc'usity forc'cast enables the 

pn 'd iction  user to make oj)timal decisions under uncertainty.

riu ' a ttr ibu tf 's  of a good density forecasting model ar(> accuracy' at es tim ating  tiu' 

location of the target variable and empirical validity of ])robability ('stiniates. T h e  first 

attril)ut(> is ])oi)ularly known as shar])ness and  is generally as.s('ssed by the  am ount of den ­

sity’ a i)r('dict(“d d istribution g iw s  to the targe t variable. T he  latt('r attribiitc ' is typically 

rc'ferred to as calibration and rt'fers to a density fori'casting models caj)acity to  conijjly 

with tlu' intuitive assumi)tion tha t  a f)0‘/( j)r('diction of an ('vent should result in the  ('V('ut 

!) out of 10 times. C’alibration is a \ i t a l  factor affecting the  integrity' of a ])redictive model. 

Alarmingly, it is oftc'u negk'cted. relegated to a minor role or entirely excluded from most 

of tlu' density for('castiug lit( 'rature. How'ever. it seems irrational for a prc'diction us('r to 

u.s(' a density forc'casting mod('l tha t  shows poor calil)ration.

riiere itre two main r(>asons for tlu' neglect of calibration. First, assessing ca libration in 

a nK'aningful way is not s traightforw ard and  secondly, integration of an assessment m ech­

anism into an o])timisation franu'work is difficult. Uj) until now. o])timisation of density  

forecasting models has varied little from the  s tandard  maxinnun likelihood m eth o d  used 

l>y point estimators. As shown in this thesis, the s tan d ard  density forecasting oi)timisation 

a])])roach is a generalisation of the sum  of squares m ethod  and o]>timises shari)ness only. 

Carf'fnl analysis of the ('fleets of apj)lying this a])i)roach to the r(‘sulting model shows 

tha t  there are connnon problems th a t  occur th a t  result in i)oor and  misleading model



predictions, partic idarly  in term s of calil^ration.

In this thesis, the rehitionship Ijetween sharpness and  cahbration  is analysetl. T h is  is 

m ade possible by the intro(hu:tion of a new calibration metric  th a t  can successfully rank  

density  forecasting models on this dimension. It  is shown th a t  sharj)ness and  calibration 

are conflicting, meaning they do not c'onverge to  the sam e global ojitinnmi. To address 

this, a new fornndation of how density forecasting models should be oi)timised is i)roj)Osed 

th a t  sinniltaneously optimises bo th  sharj)ness aiul caliI)ration. A general franu'work is 

construct( 'd around this new concej)t th a t  can be ajjplied to  most density  forecasting 

techniques in use today. R a ther  than  re tu rn ing  a single “op tin u n n ” model, the  i)ro])osed 

framework uses a  nmlti-objective evolutionary algorithm to re tu rn  a  set of op tim al models 

th a t  are trade-offs across the two ol)jectives. This allows the  model user to  selec't the  

model that  best suits their loss function.

To vali(lat(‘ this new aj)])roach to density forc'casting. two im plem entations of the  frame­

work are describc'd in (k'tail. T he resulting density fort'ca.sting mod('ls bast'd on tlu' new 

framework are known as P are to  M ixture Density Networks and P are to  G A R C H . A M ixture 

Density Nc'twork is a neural nt'twork (knisity fort'ca.sting model and  GARC'H niod('ls are 

ecouonu'tric (k'usity foreca.sting mod('ls tha t  are very i)oi)ular in finance. It is shown th a t  

the  Part 'to  Mixture- Density Networks succi'ssfully improvc's results over the s tan d a rd  Mix­

tu re  Density N('twork model on a medical (k'cision supj)ort aj^plication. P a re to  G A R C H  

rc'sults iU(' com])ared against the stat( ' of tlu ' ar t  and rU'e shown to produce significantly 

Ix 'tter rc'sults on a risk managx'UK'ut ai)plication.
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C hapter 1

Introduction

"RepoTis ih.at say that something hasn't happened are always interestmg to me. because as 

ire know, there are known knowns: there are things we know we know. We also know  there 

are knoiini wtiknowns: that is to say we know there are som e things we do not knoui But 

there are also unknoum nnknowns - the ones we don't know we don't know. "

Donald Rniiisfc'kl. US Secrc'tary of Defence.

1.1 M otivation

Rt'gression is a su])('rvise(l k 'arning problem where the  fnndanK'utal task is to j)re(li<-t some 

continiions variabk'. J’lu're are innum erable exami)les of th is  typ(> of ])re(iiction j)rol)l('m 

from tli(‘ HK'dical domain to  hnaneial and environmc'iital mock'lling. 'I'he tyj)ieal way 

rc'grt'ssion modc'ls ('X])r<>ss an es tim ate  of a continuous r;uidom variai)le is to  ]>res('ut th(' 

]>rediction in term s of a ])oint estim ate. For exami)le. a j)oint predic'tion nifxk'l traini'd 

to  forecast the j)ric(‘ of Microsoft shares might i)roduce a ])oint estim ate  of $27.90 for 

tom oirow 's  ])rice. Prc'senting ])redietions for regression ])robk'ms in this way has  many 

advantage's tha t  mak(' tlu' proi)k'ni tractai)k> and the predictions cou\’eni('ut to ('valuatc' 

and interi)r('l. Howe\’('r. one' sliould rememb(>r tha t  a lthough predictions a t tem p t  to  reduc(> 

uncertain ty  they do not e lim inate  it. Therefore, i)redictions should be probabilistic by 

nature , taking the form of ]>robability d is tributions over fu tu re  events (Dawid. 1984).

Furtherm ore , there are m any prediction i)roblems where simj)le ‘point" es tim ates  are 

inadefjuate to  guide action. For example, in meteorology and  in finance it is often im por­

tan t  to know the probability  of a variable falling within (or outside) different ranges. It 

might be tha t  a 2 0 ^  probability  of flooding may be ('nough to  jilace emergency services
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on a le r t ,  o r  th e  best r e t i u n s  in financial t r a d in g  m igh t co m e  from ev en ts  t h a t  h ave  a  sm all  

l)iit s ignif icant ])rol)ability. T h e se  ty p e s  of  ap p l ica t ions  have  en c o u ra g e d  a  g row ing  in te res t  

in p ro b a b i l i ty  densi ty  forecasting .

P ro b a l i i l i ty  density  forex'asting. or, m ore  connnonly , d ens ity  forecas t ing , is th e  a rea  

o f  regression  th a t  a t te m j) t s  to  j)roduce  e s t im a te s  of  t h e  com])lete co n d i t io n a l  i ) robabili ty  

density ' func tion  a.s opj^osed to  ju s t  p ro v id ing  a po in t  e s t im a te  o f  t h e  c o n d i t io n a l  m ean .  

It is one  of  th e  m ost i)0 })nlar ])rediction m ethodo log ies  for real w orld  jH'oblems b e c a u se  it 

( 'uables th e  jjrediction u ser  to  m ake  an  o p t im a l  decision regard less  o f  th e i r  p e rso n a l  loss 

func tion  (D iebold  e t  al.. 1998b). In ap i) l ica t ions  w here  ta k in g  large  risks is unacceptal>le, 

such as  in m edical decision m ak in g  a n d  financial t ra d in g ,  d ens i ty  fo recas t ing  ])rovides a 

m e a n s  o f  q u an tify ing  risks .so th a t  m e a su re s  can be  ta k e n  to  rc'duce th e  p o ss ib il i ty  of 

extreuK '. adv('rs<' results .

I'lu' advantage 's a n d  ap])lications of  (k 'usity  fo recas t ing  m odels  o u t l in e d  above  a re  well 

('stal)lisli('d. for exami)k> (Cooke. 190(); Bric'r. 1950). However, th e re  still c'xist a num - 

i)('i- o f  chalk'ngc's in t lu ' d en s i ty  fo recas t ing  dom ain . For exanq)le . ev a lu a t io n  o f  d en s i ty  

fo recas t ing  m odels  is difficult bc‘caus(> tlu ' m odel o u tp u t  is very different to  t h e  a c tu a l  

rc 'alisation. I\Iau\’ d en s i ty  forec'asting ])rac tit ioners  ])ro])ose th e ir  ow n e v a lu a t io n  UK'trics 

th a t  a re  si)eciHc tt) t ln 'i r  j)rol)k'm d o m a in .  However. D aw id  (1984) a n d  G n e i t in g  e t  al. 

(200;5) iiavt' suggested  a univc-rsal m e th o d  of eva lua tion .  T h e y  a rg u e  t h a t  th e  o i)jectives 

o f  a (k 'usity  for(>cast a re  to  Ix' as shaTp as ])ossible a n d  calibratvd  in th e  long ru n .  Shar])- 

U('ss refers to  tlie co n cen tra t io n  of th e  ])r( 'dicted d is t r ib u t io n s  a n d  c a l ib ra t io n  rc'fers to  the  

s ta t i s t i c a l  consistc'iicy l)etw('('u the- d is t r ib u t io n a l  fo recasts  a n d  th e  t a rg e t  var iab les .  TIk'H ' 

is a s t ro n g  relatioushi]) be tw een  sharj)ness  a n d  c a l ib ra t io n  in d en s i ty  forectis ting  a n d  b ias  

an d  variancc' in point forc 'casting (G ('u ian  et al.. 1992; Fric 'dnian. 1997). In fact,  sh a ip -  

ness a n d  variance  ar<' c'cjuivak'ut in c(‘r ta in  c i icu n is tan ces  for ex;uu])le. wlu 'u t lu '  j)redicted  

deusit\- is un i-m odal.  However. shar]>ness a n d  ca l ib ra t io n  are  gc'neral e v a lu a t io n  m e tr ic s  

for any  d e n s i t \ ’ fo recas ting  m odels  w h ere  as  l)ias an d  va r iance  can  on ly  b e  u sed  to  assess 

t lu '  ( jua lity  of  (k 'usity fo recas ts  in very  specific scenarios.

A s( 'cond challenge is t h a t  th e  m os t  co m m o n  m e th o d  of oj)timi.sation of d e n s i ty  fore­

c a s t in g  m odels ,  th e  ncfja tive locj-likelihood. is know n to  have  j^roblems in c e r ta in  scenarios .  

T h is  m e th o d  is biused on  a gen era l isa t io n  of  th e  p o p u la r  m a x im u m  likelihood a p p ro a c h  to  

j)oint ( 's t im ation . D en s i ty  fo recasts  a re  j)enalised b ased  on  th e  p re d ic te d  d e n s i ty  a t  th e  

a c tu a l  ta rg e t .  P ro b lem s  w ith  th is  a]>proach have  been  h igh ligh ted  in m u n e ro u s  j)apers.
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For example, Weigeiid and  Shi (2000) and  C andela  et al. (2006) identify th a t  the  negative 

log-likelihood is sensitive to  ex trem e outliers, re tu rn ing  sub oj)timal results when these 

are j)resent in the  data .  T h e  negative log-likeliliood is also j^rone to  more connnon model 

oi)timisation problems such as over-fitting and  model bias. All of these deficiencies can 

be diagnosed if the  model is properly evaluated  taking into accomit b o th  sharpness and 

calibration. However, th is  form of evaluation is often not jx-rforuK'd and  the density fore­

casting model is used w ithou t a complete understand ing  of the prediction biases. This  

can result in poor location estim ates  a n d /o r  inaccurate  i)robability estimates. Misleading 

jjrobabilistic estim ates can lead to worse decisions being m ade by the j)rediction user than  

if they  were ])res('nted with a good j)oint estim ate.  Therefore, the calibration accuracy of 

density forecasting models should be a high priority for density forecasters.

1.2 Thesis Statem ent

i'his llu'sis claims that by optimising density  for('ca.stiug models in term s of sharpn('ss 

and calii)ration simultaneously, couunon deficiencies such as ov('r-fitting and sensitivity 

to outliers can b(> cjverconK' and b e t te r  r('sults can be achic'ved. To accom])lish this, a 

gt'iieral multi-objec'tive framt'work for o])timisation of density  forecasts is proi>o.s('d. T he  

framewf)rk combines the  s tan d a rd  negative' log-likelihood objective function with a new' 

calibration score to oi)timise two ])opnlar density’ fon 'casting modelling teclmiciues using 

a multi-crit('ria s tochastic sc'arch algorithm. TIk' ont])u1 of the new framework is a s(>t of 

(optimal modc'ls with diflerc-nt trad('-oifs betwc'c'n negative log-likelihood aiid calibration 

known as a Parc'to front. Syntlu 'tic d a ta  ;malysis shows tha t  this new f)])timisation aj)- 

proach can idt'utify and correct com m on o])timisation defects to rt 'turn b('tter modc'Is to 

the prediction user w ithout augmc'nting tlu' model with additional i)aramet('rs.

Evahiation of the framework is carri('d out on both  financc' and medical decision making 

])roblems. I ’lu' new framework results are com])ar('d with th(' s tate-of-the-art oi)timisation 

api)roaches and shown to  imj)rove performance' signihcantly in these i)roblem domains.

1.3 Thesis Contributions

In this section tlu' main contribu tions of the  thesis are sunnnarised:

•  T ne:w c a l i h ra fu m  qu a l i f y  scojt. f o r  d e n s i t y  f o r e c a s t s  is pro])osed (the  score) based



on th e  Anderson-D arhng goochiess-of-fit tes t  for uniformity. It  is shown th a t  this 

scoring metric is robust, simj^le to calculate and effective even when sample sizes are 

small.

•  Calibration and sharpness, the objectives of a good probability  density foreciusting 

model, are shown to be conflicting  for the first time. This  m eans th a t  sharpness and 

calibration do not converge to  the sam e global mininaun.

• ,4 new inethodology fo r  density  forecasting itwdel optvin.rsa.tion is ])ro])osed using a 

nuilti-objective evolutionary algorithm  and a  sharpness and calibration score. This  

technicjue optimises directly  on calil)ration while only allowing mininnmi deterio­

ra tion on shari)ness. I ’he oi^timisation algorithm out])uts a set of oi)timal models 

with varying degrees of trade-off bc'tween shari)ness and  calibration so th e  ])redic- 

tion users can select th(> model th a t  best suits their goals. Excellent im])rovement in 

results is dem onstrati 'd  and  how the>' can be a])])lit'd to ini])rovc“ risk m anagem ent is 

discuss('d. This  is achie\'('d w ithout effecting tlu' modc'lk'r's ability to  interi)ret the 

model or changing th(' uuml)er of i)arameters in the mock'l.

• Two imi)lementations of the  i>roi)osed algorithm Pareto M D N  and Pareto G A R C H  

are described. Various design decisions are discussed and a final imi)k 'mentation is 

descrilx'd in (k'tail. A num lx 'r of ( 'x]x'riments ar(> ix'rfornu'd to test the ])ro])osed 

a])])roach. T he rc'sults of thesi' ( 'xperiments validate the m ethod and can also be used 

to  drain general inferences such as tiu ' suitability- of machine k 'arning technitjues for 

(k'usity forecasting niod(>l oi)tiniisation in financial and medical a])i)licatit>ns.

1.4 T hesis O verview

C l i a p t e r  2 In this chapter regression and  density foix'casting are formally introducc'd. A 

cojnparison of (k'usity and trad it ional jioint forecasting m o ti \a te s  the use of ])robabilistic 

predictions. T he  relationshij) between i>oint forecasting and density forecasting within 

the  m axinnnn likelihood framework is also shown. A review of density forecasting models 

is i^rovided with descriptions of the  m ost ])0])ular m ethods. Two models are  selected. 

M ixture Density Networks (Bisho]). 1994) and Generalised Autoregressive Conditional 

Heteroskedastic (Bollerslev. 198(i) models, to  be used a.s sam])le density forecasting models 

in subsequent ex])eriments and evaluations.
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C h a p t e r  3 exijlores th e  goals of density  forecasting. Two objectives are determ ined  to 

h(' desirable, calibration, the empirical validity of probahilistic forecasts and sharpness, the 

concentration  of predic ted densities. Different evaluation metrics from the density forecast 

evaluation lite ra ture  are described and  three  ar(  ̂ suggested for use when evaluating model 

])erformance. T he Continuous R ank P robability  Score (Hersbach. 2002), the  Negative 

Log Predictive Density (Good, 1952) and the  Prolw bility  Integral Transform Histogram  

(Dawid. 1984).

C h a p t e r  4 discusses various o])timisation m ethods  with ])articular a t ten t ion  paid 

to evolutionary approaches. This clia])ter reviews th e  state-of-the-art in evolutionary 

oi)timi.sation for bo th  uni and m ulti-objective problems. Neural network and GA RCH  

models oi)timi.sed using evolutionary algorithm s are also discussed. This  review j^rovides 

])r('])aralf)rv information for the .solution discussed in subsefjuent chaj)ters.

C h a p t e r  5 i)rovides exani])les of the most <'onunon difhculties th a t  occur when o])ti- 

mising di'usity foi'ecasting models. I Ik'.sc' include, over-fitting of tlu' cDuditional variance, 

.sensitivity to outlic'rs and  bias toward sharpness. These j)roblems r(']>r(‘sent some of the 

mf)st significant chalk'nges in density fbr('ca.sting. T he  r('niainder of this c hap ter  d<'scril>es 

the solution j)roj)os('d in this thesis. F irst,  a new objective function for op tim isation  of 

calibration, the score, is d('scrib('d. Second, it is shown tha t  calibration and  shar])- 

ne.ss art' conflicting. Finally, a nt'w nnilti-obj('ctive o])timisation methodology for density 

foreca.sting is de.scrilx'd.

C h a p t e r  6 j)rovides a detaik 'd description of the  jno])os('d umlti-objective ( 'volutionary 

a])proacli in algorithmic form. hnpk'nK 'uta tion details for a M ixture Density Network 

and  a G('neralised Auton'gressive Conditional Heteroskt'dastic model are described. l 'h ( '  

r( 'sulting nuxk'ls are calk'd Parc'to MDN and P a n ' to  GARCTI models. Synthetic  d a ta  

('X])(>rim('nts ])r<n'ide an initial indication tha t  th(' propost'd algorithm s can successfully 

improve d(‘usity forecast quality.

C h a p t e r  7 evaluates the ])ropos('d op tim isation  m ethod  on a risk m anagem ent ajjplica- 

tion. T hree  exj)eriments are i)erfornK'd. F irst.  comi)arison with the s tandard  o])timisation 

algorithm, a  new C ontinuous Rank Probab ili ty  Score o])timised GA R C H  model and the  

P are to  GARCH model is ])erformed. Second, the P a re to  GA RCH and P are to  MDN are 

conii)ared on another financial d a ta  set. Finally, a th ird  experim ent shows how the j)ro- 

])o.sed ai)i)roach can consistently i)roduce Ix’t te r  resiilts th an  the current state-of-the-art 

ai)proach.



C h a p te r  8 presents density forecasting ivs a solution to a medical decision problem. 

In the medical domain, prediction confidence is very im jjortant and regre.ssion model 

solutions are tyi)ically discretised to reduce the num ber of prediction failures. Probabilistic 

forecasts offer an alternative to this and a dem onstration of how they can be used to 

inii)rove jx'rformance is jirovided in this chapter. An anticoagulant drug therai)y problem 

is used as the ai)j)lication domain and the Pareto  MDN model is compared with a num ber 

of alternative classihcation ai)proaches. A calibrated Pareto MDN model is shown to 

considerably outperform  alternative prediction models in this application.

C h a p te r  9 sununarises the thesis and i)rovides a synojxsis of the contributions of this 

thesis. Finally, future research directions are discussed.
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C hapter 2

R eview  o f D ensity  Forecasting  

M odels

"['I'hosc ii’boj limited ihcir irujuiric.s fo Auerufies. <wd do not s< ( in to rcvc.l in more corn- 

prrheti.sive vievis. Their  .souls stern a.s ibill fo the charm o f  variety as that o f  a native o f  

one o f  (rar fta t English, coun ties, whose retrospect o f  Switzerland, was that, i f  th.e m ountains  

could be thrown into its lakes, two nuisances would he got rid o f  at once."

Francis G allon , on the charm s of statistic's. N atnral  Inlioritancc p. (i‘2.

2.1 In troduction

Density fort'casts in tlieniselvc's ;u'(' not n('\v. 'J'he nu'tc'orological li te ra tu re  lias Ix't'n t'n- 

co inaging their use since the  s ta r t  of tlie la.st c('ntury. For exanii)le. Cooke (190G) argued 

th a t  eacii nu'teorological j^rediction slionld be acconij)ani('d by a single' inunbc'r th a t  “will 

indicat(>. ap])roxiuiat('ly. the  wc'iglit or degr(>(' of i)roljal)ility which the forecaster himself 

a t taches  to  th a t  par ticu lar  prediction". E\'en wIk'u studies ha\'e focused on point ex]>ec- 

tations. ra th e r  th an  coini)iete i)roi)ai)ility d istributions, densities have frc'ciuently existed 

implicitly; for exani])le, given the conditional mean forc'cast. a l)asic c'stimatc' of varianc-e 

l>y way of the  m ean  scjnared c'rror and an accomj)anying assum ption of norm ality  jjrovides 

a coni]>lete sj)ecification of the  fcjrc'c'ast m odel 's  density function.

Desj)ite the  inherent logic behind using a j)robal)ility density forc'ca.sting model over a 

])oint es tim ation  model there  has l)c^en a no table  lack of interest in this asi)ect of regression 

within com]Jutational s ta tis tics  until recently. Diebold et al. (1998b) identify th ree  possil)le



reasons why this m ay have occured:

1. Restrictive assumptions - Until recently, due to  the com putational comi)lexity of 

making density foreccists, very restrictive assumj)tions had  to  be made ab o u t  the 

data .  For example, the  num ber of param eters  th a t  could be estim ated and the 

distributions th a t  could be assumed were very limited.

2. Lack o f dema,nd - In the ])ast there  was seemingly less dem and  for density forecasts. 

In the two p rim ary  aj)plication areas of density forecasting, finance and meteorology, 

density forecasting models tend  to come from the s ta tis tics  field with models from 

machine learning j)laying a very minor role.

3. Difficulty o f  evabiativg the problem - Daily, we use and accejjt ])robai)ilistic j)redic- 

tions for conunou ])rediction tasks: the w eatherm an tells you there is a 7{fA chance 

of rain, or a busint'ss journalis t t('lls you there' is a 4 0 ^  chance of an int('r('st ra te  

hike in Novt'uilx'r. for examj)le. But if it does rain, and if int('rest rate's do incrc>as('. 

were' those' prt'dictions right or wrong?

Fortun.itely. the difhculties outlined by Die'bold c't al. (1998b) are being addressed. 

Modc'ls have* advanced sufficiently in the last decade' se> th a t  less re'strie tive- a.ssumptions 

have' to  be* maele by the modeller. Non-linear functions with comi)lex ce)uelitie)nal ele'iisity 

dx’UfUnics can now be ae e urate'ly modelle'el by elensity fon'casting mode'ls. This uc'w flexi­

bility' and accuracy has stinmlate'd ek'maud for de-nsity fore'casts and  iiie re'ased the- j>e)ssible' 

ai)])licatie)ns that  can be aelelre'ssexi. For c'xamj)le. the recent growth in the are>a of risk 

manage'ment has widened the focus of rese'arche'rs in dc'usity forecasting, looking for new 

and be'tte'r me'tlu)ds for einantifying risks. Die'be>lel e't al. (1998b) ge> so far as te> say tha t  

the 'hoomituj arm o f risk m anagem ent is essentially dedicated to density forecasting'. Fur- 

tlu'rmore'. ' i 'inm u'rm ann (2()()0) e:omme'nts tha t ,  'density fore'casting is fast bee-oming an 

imi)ortant te)e)l for ek'cision makers in s ituations where kxss functions are- as>'nnne'tric and 

fore'cast erre)rs follow non-Gaussian elistributions'.  Now th a t  a critical mass of researchers 

are focusing on tlie i^rol)lem of density  forecasting ne'w application si)e'cific and  generic 

e'valuatiein te'e-hnicjues are emerging.

I 'h is  cha])ter review's the statf '-of-tlu '-art e>f density fore'cast modelling techniques. T he  

re'lationshij) be'twex'n point forecasting anel elensity forecasting is explaine'el w ithin a Max- 

innun Likelihooel framewe)rk and two pejpular density fe)re'casting models are sekx'te'el fe>r
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exi)eriinciitation in subsequent chapters. F irst,  however, a formal definition of the problem  

bc'ing addressed in this thesis is jjrovided.

2.2 R egression

All th e  prediction j)roblems in this thesis share a  connnon set of concej)ts and terminology. 

Furtherm ore , since the li te ra ture  does not use consistent notation , it is helpful to  s ta r t  by 

(l(’scril)ing the ])roblem in term s of the no tation  th a t  w'ill be used th roughout the  rest of 

the thesis.

In general, a forecast is niatle by presenting a forecasting model with a  vector of 

in])ut ])arameters. The forecasting model j^roduces an es tim ate  of the  corresponding tar-

g('t/res])onse value associated with th a t  ini)ut vector. F'ormally, the regression j)rol)lems

addrc'ssed in this thesis can Ix' s ta ted  as es tim ating  the ])arameters, w. for a model. / .  

gi\’cn a set of M  tra in ing  exani])les. A' =  where' the /**' exami)k' is describi'd

by th(' iu])ut vect(jr X; G -R" and tlu' associated resjxjnse or target variable fi € ft. It 

is assunu 'd  that  thc-re is only one dep('nd('nt variable. This  is to  m aintain  nota tional 

simi)licit\- and clarity, and because all examples in the evaluation sec:tions hav(> only one 

de])end('ut varial)le. The adaj:)tation of most ('cjuations containing the dependent variable 

1o a nuiltipk ' dejx'iuk'nt variable vc'rsion is trivial. At ])oints in this document secjuencc'd 

or tinu ' s(>ries d a ta  are r('ferrcd to  and  in these ca.ses the  rt'ader can assume th a t  .r, =

W ith  this setup, a i)oint foic'casting model will ])roduce an es tim ate  yy,- for tlu' targc't 

\a r ia b le  given the in])ut \( 'c tor  x ,.  where the scalar //, is.

. ' y ! = . / ( w ; x , )  ( 2 . 1 )

Similarh'. a dc'nsit\’ forecasting model will produce an estim ate  p(f ; |x ,)  for the  target 

\-a r iab l( 't; given tht' input vc'ctor x, where the j)roi)ability density function /;( / , |x ,)  is.

p(^iix,) = / ( w ; x , )  (2.2)

In the  density  forecasting model case the assuni])tion is th a t  there is some tru e  d a ta  

g( 'nerating d is tribution a t each instance and the resulting target variable fi is a random  

rc'alisation of th a t  generating  distribution. This  distribution is known a.s the tru e  condi­

tional density  function, or the  probability of the  target given the in])ut vector. W hen a 

sum-of-squares error function is used during optim isation of a ])oint estim ator, the pre-

!)
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F igu re  2.1: Shown are the niodel.s prodnced nsing both a ])oint and density forecast­
ing t(‘cluii<ine. Plot (a) shows tlu' nnderlying data set and the conditional mean model 
produced using a sum-of-s(juar('s regrc'ssion model. Also identified is a single data point 
that w ill Ix' ns('d for contrasting individnsil ])r('diction ont])uts. Plot (1>) slunvs the ont])nt 
from the point forc'casting modc'l for tlu' individual data ])oint. Plot (c) shows tlu' model 
])roduced by a (k'nsity fort'casting mcjdcl fV>r the data. A conto\n' maj) is shown because the 
rc'sulting model has a 3 dinu'nsional sha]X'. x, t. and density. Plot (d) shows a ])rediction 
from th(' (k'nsity mod('l for tlu' individual data jjoint.

diction (j, from the model is an <'stiniat(' of tlu' conditional mean of the data geiu'rating 

distribution. (^|x ,)

Explaining tlu ' intuition b('hind a dc'usity forecast is aided by a graj)hical examj^le. 

Fignr(' 2.1 demonstrates a po.ssibk' density forecast j)roblem using a sini])le synthetic data 

exam])k'. The data is tak('u from the logistic fmiction data set (see Section 5.2). This 

data has heteroskedastic variance. A com])arison of the functions j)roduc('d by a point 

estimator and a (k'nsity estimator are shown in j>lots (a) and (c). Plots (b) and (d) comj)are 

mofk'l outjiuts for a single j)rediction. Plot (d) shows how a density forecast ]>resents a 

coni])lete ])robability distribution rather a single point expectation. This represe'nts an 

ex])licit probability for every conceivabk' outcome of ti rather than the mean outcome.
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I ’his ( le n io u s t ra t io n  shows how a  d en s i ty  fo recas t ing  m odel p ro d u ces  a  com prehens ive  

spec if ica t ion  of  th e  u n c e r ta in ty  s u r ro m id in g  a  p red ic t io n  b ey o n d  w h a t  a  ty p ica l  p o in t  

fo recas t  p ro d u ces .

T h e  specific  de ta i l  o f  how a  d en s i ty  forecast  is p ro d u ced  varies w ith  th e  p a r t ic u la r  

ap i) l ica tion ; for exam ple ,  som e  m acro -econom ic  forecasts  o f  infla tion  or  econom ic  g ro w th  

a re  b a sed  on  su rv ey  responses.  O th e r s  use a co m b in a t io n  of  m a th e m a t ic a l  m ode ls  a n d  

ex])ert op in ions .  However, th e  m o s t  co n n n o n  a j)proach  is to  use a m a th e m a t ic a l  m odel 

to  e s t im a te  a  d e n s i ty  forecast w i th  th e  set uj) de.scril^ed above. In th e  n('xt sec tion , th e  

m os t  ] )opular  th e o re t ic a l  ap i)roach  to  o p t im isa t io n  of  j)oint fo recas t ing  is in t ro d u c e d  a n d  

its c o n n e c t io n  w ith  d en s i ty  fo recas t ing  is show n. T h e  resu l t in g  n eg a t iv e  log-likelihood 

a p p ro a c h  to  dc'nsity forecast  o p t im isa t io n  is th e  m ost w idely used  o j) t im is ia t ion  m e th o d  

for reg ress ion  prob lem s.

2.2 .1  P o in t  and D e n s i ty  F orecasting

I he o b j( ‘c t ive  in i)oint forecas ting  regrc'ssion is to  find a cu rve  of  best fit for th e  d a t a  

availabk '.  T h e  po in t ( 's t im at( ' aj)])roach to  solving th is  ])rol)leni. as  least s tjuares  a n d  

uuLxinnun lik( 'lihood suggest,  is to  use a sum-of-scjuarc's ap p ro ach .  T h is  curv(' can  have 

m a n y  forms. howev('r. it can  b e  genera lised  to  Ix' som e function  /  th a t  takes  a \ 'ec tor  tjf 

])aramet(>rs w . W i th  th is  set uj). t h e  h t t in g  of  a func tion  to  th e  available  d a t a  a m o u n ts  to  

m in im iz ing .
M

E{ \̂X) = Y y r -  inf ( 2 .;})
(=1

wh('r('. fji =  / ( x , :  w ) .  T h e  r t 'su l t ing  func tion . / .  can  be  used to  e s t im a te  th e  ta rg( 't  var iab le  

for p n 'v io u s ly  unob.served examj)les.

M a x in n u n  L ikelihood 'i 'heory  c o n s t iu c t s  a ])rincipl('d argum c'ut b e h in d  th e  k 'ast scjuares 

ai)])roach to  rc'gression (A ldrich . 1!)!)7). T lu ' w ay in which th e  m a x im u m  lik( 'lihood f ra m e ­

work derives  th e  sum -of-squares  e r ro r  t( 'rm  (E tiua tion  2..'^) is as follows. is th e

])robal)ility o f  th e  o u t j ju t  given th e  ini)ut. and  j){.r) is th e  iu])ut density . T h e  log likelihood

is

M

L ( w |X )  =  lo g ] ”[ / H ^ - x , )
i=l
M  M

! = 1  i = l
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T his  is t rue  because it is known th a t  p{ t , x )  =  p{t \x)p{x) .  We can ignore tlie second term ,

contains exjjonents, such as above, it is typical to  convert the loss function from being a 

m axim isation  task to a minimisation task by negating the  function. This  is usually called 

the  error function E.  Then , by simple algebraic nianiijulation and  the  assum ption th a t  

the  predicted density is Gaussian we can say;

If. iu Ecjuation 2.5 above, we droj) the first part of the ('X]>ression Ix'cause it does not 

(lejx'nd on w  and if w(> assunu' th a t  a  is constan t for all ])redictions and so is a constant 

also and can be rt'UKn-ed. the result is Etjuation 2..S. th(' sum-of-s()uares error function.

I'his ajiproach has a s trong  tlu'oretical g rounding wlu'u it can be reasonably assuiiH'd 

tha t  th(' d('viations of the  largx'ts from tlu' ('X])ectations of the tru e  generating  function 

are indejx'udently. ideuticallx’ and normally d istribut( 'd  witli s tan d a rd  (U'viatiou a.  By 

rc'uioving the ne('d to ('stimatc' variance, the result is a very simi)le (‘rror function. Howevc'r. 

removing tlu' c'ffect of variancc' is a i)rofouudly restr ic ting  ;issumption iu scenarios where 

the conditional variance of tlu' d a ta  is known to  be hetc'roskedastic or th(> gen('rating 

(listril)ntion is non-Gaussiaji. Density  forecasting on tlu' o tlu 'r hand. do('s not i('strict the 

conditional varianc(“ to  being a constant or a.ssume a s])(>cific d istr ibu tion  t>'])('.

To optinii.se a density forc'casting model it is ])ossil)le to sini])ly adai)t the  m axim um  

likelihood approach above. I he error function for optim isation  of density  forecasting 

mcxk'ls is Eciuatiou 2.4 above. This  variation or genc'ralisation of the  m axim um  likelihood 

is known as tlu' negative, log-Ukel'ihood and is the  most connnon ('rror function used in 

dc'iisity forecasting. Its  clos(' relationship with point forecasting m eans th a t  the  various 

()l)tiniisation algorithm s used for these m ethods  can be easily adaj)ted and  aj)plied to 

density  forecasting models.

log n f i ]  since it does not depend on our estinuitor. W hen a likelihood function

M
(2.4)

i=l

/ =  1
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Ill sniiiiiiary, th e  de r iv a t io n  a n d  com par ison  above  sliows how d en s i ty  forecixstiiig re la te s  

to  t h e  m os t  com iiion form  of regression o ij t im isa t io n ,  j io in t forecasting , a n d  show s how 

d e n s i ty  fo recas t ing  m ode ls  a re  a  genera lised  form of i)oint forecasting .

2.3 D ensity  Forecasting M odels 

2.3.1 Prediction  Intervals

P re d ic t io n  Intervals* a re  a  coniinon a n d  j)opular  w ay of expressing  th e  u n c e r ta in ty  in 

])redictions. A lth o u g h  th e  te rm s  i)rediction in terval a n d  d en s i ty  forec'ast a re  of ten  in te r-  

chang( 'd . in th is  thesis  th e y  will be  t r e a te d  as  d is t in c t ly  different j jred ic tion  tyjies. In th is  

d o c u m e n t .  j)r( 'diction in te rva ls  refer to  an  ind irec t a]>proacli to  u n c ( 'r ta in ty  fo recas t ing  

th a t  de te r in i i ies  an  e s t im a te  of th e  co nd it iona l  j)robal)ility  by way of e s t im a t in g  a sj)ecific 

in te rva l  to  th e  d a ta  w hereas  density  for('ca,sting will ix'fer to  a d irec t e s t im a t io n  o f  th e  

co n d i t io n a l  (k'lisity function . It is possib le  w ith  ])redictioii int( 'rvals to  (post ( 's t in ia t ion  

o f  t lu '  in te rva l)  fit a d is t r ib u t io n  to  the  ])r('dic(ion basc'd on th e  in terval,  howcner. th is  is 

m o i( ’ of an  o])tioiial ai)]>(‘i idage th a n  th e  ])i'imar\' focus o f  th is  teclmiijue.

F or  a i)rol)lem th a t  is defiiu 'd as;

t  =  //(x)  +  f  (2.G)

w I k ' I ' c .  t  is th e  obsc'rved ta rg e t  variable. /y(x) is t lu ' t r u e  d a t a  g e n e ra t in g  i)roc(’ss a n d  f  is 

noise w ith  zc'io m ean , th e  a im  iu regiession is to  t r a in  a m odel th a t  prc 'dicts / ( x :  w )  =  r/(x) 

o r  t lu '  co nd it iona l  m ean  of th e  d a ta .  I'herc' a re  two conii)onents  of u n c e r ta in ty  t l ia t  can  

1)(' m ode lk 'd  in th is  scenario . T h e  first is co n c e n u 'd  w ith  tli(' accurac\v of th e  e s t im a te  

o f  th e  tru( ' co nd it iona l  n u 'an .  I 'h i s  is th(> d is t r ib u t io n  of  th e  (iu;uitity ,<y(x) — / ( x ; w ) .  

riie.se estim ate 's  a re  called coiifidc'iice in t( 'r \’als (s(>e (Ileskt's . 1997b)). 'The .second form of 

uncerta in t> ' ( 's t in ia tion  is concerned  w ith  th e  conhdeiicc' in th e  prc 'dictions of th e  a c tu a l  

t a rg e t s  i.e. th e  d is t r ib u t io n  of  f  — / ( x :  w ) .  'I'lie in terval e s t im a te s  of  tlu> u nknow n  fu tu re  

value of th e  ta rg e t  var iab le  a re  called j)rediction  in tervals .

P re d ic t io n  intervals^ a re  of  m ore  p rac t ica l  u.se becau.se th e y  a re  concerned  w ith  th e  

ac c u ra cy  w ith  which we can  j)redict th e  ol)served values. T h e  i)r im ary  a im  of th e se  aj>

' .M so  kno w n  a.s foreciust l im its  (Wei. 1900). iJiedictioii  h o u n d s  (Brockwell  Davis .  1991). o r  foreciii;! 
reg ions  ( I ly n d in a i i .  1995).

a d d  to  t h e  confusion CIranger a n d  N ew h o ld  (1986) uses tlie  te rm  eontidence  in te rval  to  re fer  to  
p r f 'd ic t ion  in te rvals .
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proaches is to estimate prediction intervals with the correct coverage over the test sample 

i.e. a correct model that  produces a 95% interval should cover 95% of the da ta  points.

Typically, prediction intervals are found using a re-sami)ling technicjue such as the boot­

strap method (Efron & Tibshirani, 1993). Chatfield (1993) has provided a comprehensive 

re'view of the various other apj)roaches to prediction interval forecasting. Bootstrai)j)ing is 

a statistical method for estimating the sami)ling distribution of an estimator by samj)liug 

with replacement from the original sample. A prediction interval is estimated by creating 

N  l)ootstrap samj^le sets from the original training data  and training N  models on those 

different samj)le sets. The sj)read, or the disagreement, in the estimates of the resulting 

models is used to estimate the j)rediction interval. Other re-sani])ling methods include 

splitting the past data into different disjoint sets to ot)tain an estimate of the interval, for 

example so>e (Williams k: Goodman. 1971). Then ' are a number of varying a])j)roaches. 

for exani])le. see (Stine. 1985). (Thombs i ;  Schucany. 1990). and (Carney et al.. 199!)). 

Tlu'se re-sam])ling methods are i)arti(nilarly useful wlu'u (k'aling with ])robk'ms that are 

very compk'x. non-linear, or where the data .set is small (Veall. 198f)).

Although ])redic-tion intervals are a useful means of ac<juiring insight into the possil)le 

range of outcomes there are a nmnljer of restrictions that should Ix' highlightc'd. The 

distri])ution of errors may not l)e CJaussian: tlu'v may in fact l:)e asynnnetric or iieavy- 

tailed. A i)rediction interval estimat(> is l)ased on an assumi)tion that tlune is zero bias 

in tli(' mcxk'l and so if tlu' generating distribution is in fact asyuunetric tlu' result is a 

poor interval c'stimatt'. Alt('rnatively. if th(' generating function is derive<! from a hea\->-- 

tailed distribution, as is connnon in financi.il data, the ))r('diction intervals will pt-rform 

poorly on estimates of rare events, resulting in the modc'l being ov('r-confi(lent. Granger 

and Newbold (1986) suggest that the proi)k'm of lu'avy-tail distributions can be ovc'rconu' 

!)>■ reducing the range of tiu' inteival i.e. they suggest a 50% intcnval. rather than the 

more ])oi)ular 95% intc'rval. Although this solves the ])robk'm. it is unlik('l>’ that this is 

a ])ractical sf)lution for for('cast users as tlu' rc'sulting prc'diction iutt-rval only has a 50% 

chance of containing the observation! Estimation of i)rediction intervals is a u.sc'ful means 

o f ascertaining the uncertainty in a given prediction. It ])rovides the fon'C-ast user with 

a meaningful range of possible outcomes. However, it can be seen as a stepping stone 

between j)oint forecasting and the focus of this thesis - density forecasting.



2.3 .2  N eural N etw ork A pproaches to D en sity  Forecasting  

I n t r o d u c t i o n  to  N e u r a l  N e tw o rk s

'rii(> artificial neural network (NN) is a very powerful and fiexil)le universal a])proxiniator. 

Many a]:>proaclies to density forecasting are adaj^tations of NNs. In order to understand 

these methods it is necessary to first understand how neural networks work. Readers who 

are familiar with the way neural networks op('rate can skip to the next sub-section.

riie ability of the human brain to perform complex tasks such as motor control or 

pattern  recognition far faster and more accurately than we can mimic with current com­

putational methods has been of great interest to researchers in Artificial Intelligf'nce for 

decades. Neuro.science suggests tha t  the human brain can achieve this by way of a com- 

l>lex. non-linear. adai)tive and j)arallel architecture. The Artificial Neural Network (NN) 

att('mj)ts to emulate the way the brain functions within a mathematical framework, The 

r('snlt is a flc'xible statistical model that can mock'l high-diuK'nsional non-liiK'ar data. Un- 

fortunat('ly, like the human brain. NNs are "black boxes". Although. NNs can i)roduce 

pri'dictions that are highly accurate, the manner in which th(' NN repr(>s('nts the relation­

ship betwc('n the independent and de])endent variables cannot be (‘asily int('rj)n't('d. This 

issiu' is often cited a.s the reason why NNs ar(> not used in domains wlu'rc' the trans])ar('ucy 

of tlu' jjrediction of a mock'l is critical. However, in the c-ase of dcnisity foreca.sting where 

th(' ])rediction is in fact a func:tion. the interi)retation of the meaning of any model ty]>e 

is (|U('stionable ('\'en if it w('r(> attainable.

In this section, a numlier of different NNs are descrilx'd. In order to allow tlu' reader 

to n 'late the different ajjproaches with each other th{> arc-hit{'ctiu'(' of each is shown and a 

nnix'ersal legend is used, see Figure 2.2.

O re])resents a standard node 

®  is the transfer function: S( . r)  =  -r;— rrr
'  '  l + e x ] )  ■'

O  is th(' bia.s term

Q )  is a linear function: /(.r) =

®  is a .softmax function: s ( . r ^ )  =  ,

©  is a Gaussian density fmiction

F ig u re  2.2: Shown are the different com])onents that can be used to design a NN.

I'he most connnonly vised neural network is the feed-forward Multi-Layer Perceptron 

(MLP). This is typically trained using a l)ack-propagation learning algorithm. Figure 2.3



shows th e  basic design of an MLP. Here tliere is one hidden layer, however, there  can be 

more th an  one liidden hiyer in an MLP. T he various ])arts of the arch itecture are often 

nam ed  after their biological ecjuivalents. T h e  nodes of the  hidden layer are called neurons 

and the  t:onnecting edges are called synaptic  weights. T h e  M LP receives an input j)attern  

X  which is proj>agated forward through th e  network. As it i)asses th rough  the netw'ork the 

inpu t  ])atterns are transform ed to  produce an o u tp u t  p a t te rn  y.  Simply j)ut, th e  neinal 

network rei)resents a function /  th a t  majis the input j ja tte rns to  the  out])ut i^atterns. 

,/'(x) 1-^ y.

F i g u r e  2 .3; T he  s tandard  set uj) for a feed-forward M LP with one hidden layt'r. T he 
network w('ights are denotc'd by w and u. The outj)uts frt^m the hidden layf'r combined 
to ])roduce the function estimate', y.  This can then be u.sed as a ])rediction for the target 
\ariable .

The hidd('u lavc'r. so called Ix'cause the  usc'r doc's not usually obser\( ' the iu])uts and 

out])uts of this layc'r. has a s])ccitied num ber of uem’ous th a t  r('])resent transfer functions. 

I'he m ost common transf<>r function is the  sigmoid function. 6. In the  case of j  nodes the 

sigmoid function is;

where. is th(' vahu' of the synaptic  wt'ights for the ('dge from iu])ut A'alue / to th(' y"‘ 

uetu'on and  biasj reprt'sents the value for the synai)tic weight between the  bias and  the j* '’ 

neuron. T h e  bia.s term  is fixed for all p a t te rn s  and  has the same effect th a t  the  interce])t 

term  has in liiu'ar regression (Field.send. 2003).

’I 'he tra in ing  j)rocess for an M LP proceeds as follows. Inpu t patt( 'rns  are ]>resented to 

the network and ])roj)agat('d through the layers to  ])roduce an approxim ation of the targe t 

value y. Generally, the error function described in Ecjuation 2.3 is used to determ ine the 

error in the  model. This  value is then proj)agat('d back through the network i)ro])ortional
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to the partia l  derivative of th e  error a t  th a t  iienroii. This process is based upon the 

delta rule, the  cornerstone of the ])ack-propagation algorithm. A full description of the 

derivation of the  de.lta rule is included in Faussett (1994) or Bishoj) (1995). For the  purpose 

of this short  introduction it suffices to  include the formula for weight updating;

B E
=  - i ] ~ ------  (2 .8)

wliere. ;; is a param eter .set by tlie modeller called the learning rate. Each p a t te rn  in the 

tra in ing  set is i)assed through the  M LP and  the weights are adjusted. Each full i)ass of the 

tra in ing  set is known as an epoch and this process is repeated  for a  user-defined num ber 

of iterations.

riiere  are a  number of variations of the  back pro])agation ojjtiniisation algorithm. 

Cra(H('nt d('sc('nt is tlu' sinij)lest form but recjuires j)arameter se tt ing  by tlu> u.ser. see 

Section 4.2 for more information on optim isation  methods. As mentioned al)ove, the 

gra(ii('nt (h'scent m ethod is a hrst d('rivative ap])roach to optimisation. Tiiere have bec'n a 

uuml)er of t('clmi(jues suggc'sted that  art' often calk'd s('cond dc'rivative ai)proachcs. 'I’lie.se 

a tt( 'm pt to  r('duc(' the' convergxmce time during  o])timisation. Using the second derivative 

it is ])ossil;le to find tlu- optiim uu direction to  searc-h at <'ach time ste]). However, finding 

and using the  sc-cond (k‘ri\’ativ('s are <‘xj)ensiv(‘ ])roc('dures. Therefore, these aj)i)roaches 

arc not always l)etter tlian s tan d a rd  gradient descent. Second derivative m ethods also 

r('(|uire fewer if any paranu 'te rs  to be ,s('t l)y th(' niodeUer otlier than  the arch itecture  of 

th(' network. 4 ’his is often of ])ractical ns(' as determ ining tiie best j iaram eters for the 

gradii'iit desc('nt apj)roacli is often ( 'xtremely (hfficult. For more information on second 

d('rivati^•e nu'tliods se('. for ('xample. (Moller. 1993; Charalanii)ous. 1992).

Indirect C oiuiit ional D en s ity  Estitiiatioii

Att('inj)ts hav(' Ix'cn m ade by S])eciit (1990) and Neuneier et al. (1994) to  model the 

conditional density  p{t\-i') in' ap])lying the  definition:

^  (2i»p{x)

I'his is called the  indirect aj)proach because it does not directly model the  conditional 

density. Instead, two networks are em])loyed, one for modelling the  d istriljution of the 

in])ut vector. p{.v). the o ther for modelling the jo in t  distribution of the inj)ut vector and  

the targc't. p{f..v).  4'he advantage of th is  approach  is that  it re(inires only learning the
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uiicoiiditional probal)ilities, whidi can be accomplished l)y using, for example, a simple 

one-liidden-hiyer neural network, thereby considerably reducing the com])lexity of the  

op tim isation  prol)lem. T he downfall of this approach is th a t  the jjredictions are poor 

relative to those achieved by a direct m ethod  (Husmeier, 1999).

P red ic tin g  Local Error B ars

T h e  first direct a t tem j)t  a t making density forecasts using a connectionist ai)proach can be 

a t t r ib u te d  to Weigentl and Nix (1994). In their paj)er. it is suggested tha t  two one-hidtlen- 

layer networks can be used to  ])r('dict a conditional mean value and  the in]jut-de])endent 

s tan d a rd  deviation (local error bars). Tlu 'ir solutioii uses two conn('cted networks, the first 

network tak('s the injjut vector and generates an out])ut tha t  repr('s('nts the  conditional 

m('an estimate'. The .second network takes the input vector and g(>nerates an outj)ut 

ie])r('S('nting the varianc(' of t lu ‘ nois(' d istribution, riu 'v  suggc'st th a t  t ra in ing  should be 

done in stage's. F irst,  they suggc'st tra in ing the network to learn tlu' conditional nu'an. then 

th(' conditional varianct' and h n a lh ’ the conditional mean and variancc' togt'ther. Figure' 

2.4 shows how the  two nc'tworks ai(' connc'ctc'd. I his ap])roach is rc'Stricted by th(' fact 

tha t  the und('rlying distribution is a.ssmnc'd to  be Gaussian. T he  conv('ni('uce of assuming 

a Normal d is tribution is a t t rac t ive  but it aj)j>lies some n 'strictions. for examj)le. the higln'r 

ordc'r moments of skewu('ss and kurtosis arc' a-ssunu'd to be r('gular. IIowev('r. th(' tra in ing 

s tra tegy  is robust and performs W(>11 ('veu with f('w da ta .  Lat('r. this a])i)roach was furtlu 'r 

(lev('loi)ed by Nix and  WVigc'iid (I!)!)')),

Bishoj) and (^azaz (199(i) improv('d on this aj)i)roach by first intc'grating out the  weights 

of the  first hiddt'u lay('r Ix'fore o])timising tlu' wc'iglits of th(> second hidck'n lav('r. Howc'vc'r. 

th(' inj)ut-d('])('nd('nt varianc(' c'stimate is still restrictivt' in the  sense tha t  tlunc' is an 

assum ption that tlu ' underlying noi.sc' d istr ibu tion  is Gaussian. This m eans tha t  these 

nifxlels fail to ])roduc(' accuratc' estim ates of the' conditional d(>nsity when the true  d('usity 

is multi-modal or skewe<l.

In anotlu']’ i)aix'r. Weigt'nd and Srivastava (lf)95) rc'late the density  forecasting j^roblem 

to j)r('dicting a 'soft h istogram ' of conditional ]>robabilities for a set of i)redefined bins. This  

rc'duces the i)roblem to  a nnilti-class i)robability estim ation task. A lthough some success 

was achieved and the  restriction of assuming a Gaussian d is tribution had been removed, 

the  flifhculty with this a])])roach is defining a good set of bins prior to  estim ation. In 

com])lex non-linear ])roblems this ap])roach would re(juire a prohibitivc'ly large numl)er of

1«
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F i g u r e  2 .4 :  T h e  first lU'twork w ith  w eights  u< takes  th e  in p u t  A'ector ./• and  g e n e ra te s  y 
wiiicii re j)resen ts  tli(> regrc'ssion function . T h e  se'cond ne tw o rk  w i th  weiglits h also tak('s tlie 
ini)ut \-('ctor .r. a n d  g('iK>rates an  o u tp ii t  r( 'i)res('nting tiu ' variane(‘ o f 't i ie  noise (hs tr i l )n t iou  
a ~ . Finally', all th(' wc'ights a re  t r a in e d  by n iax in iu in  lik('lihood (Nix \V('ig('nd. 1995).

b ins  in o rd e r  to  suee('ssfnll>' ea j j tu re  th e  d a t a  g e iu 'ra t in g  process.

M i x t u r e  D e n s i t y  N e t w o r k s

r iu '  M ixture ' D('jisit>- N e tw ork  (M D N ) was first in trodnc( 'd  l)y B ishop  (199-1). T lu '  M D N  

is an ;ula])ted NN th a t  p roduces  an  c 'stiniate o f  a co n d i t io n a l  d en s i ty  function  ra t lu 'r  

t h a n  a single jxiint c 'stiniate. I ' l ie  predictc 'd p ro b ab i l i ty  d en s i ty  func tion  is i ) resen ted  as 

a G auss ian  M ix tu re  M odel (G M M ).  G M M 's  ])rovide a iu( 'ans of  a])i)roxiniating any  c o n ­

t in u o u s  d i s t r ib u t io n  a rb i t r a r i ly  well by a finite' m ix tu re  of  n o rm a l  densit ies  w ith  c o m m o n  

variance  (or covarianct ' m a t r ix  in th e  n n i l t iv a r ia te  case). "J’h('y l)ro^■i(k' a convenic'ut. sc'mi- 

p a ra m e t r ic  franu 'w ork  in which to  nuxk 'l  u n k n o w n  (list l ib u t io n a l  sh ap es  (M clachlan . 2()()0) 

(see F ig u re  2.5). A G M M  w ith  k coni]>onent densit ies  is fo rm u la ted  a,s follows:

A -

=  ^ o , ( x ) ^ , - ( / | x )  (2.10)
i=]

\vhe:e. o , ( x )  is t lu '  weight assigned  to  th e  dc'usity i. or mixing (■oefficient. th e  set o f  a  va lues  

m u s '  su m  to  1. i.e. ^ | '= |< '> ;(x )  =  1. so t h a t  th e  resu l t in g  G M M  is a correc t p robal) il i ty
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density , (pi rej^resents a  G a u ss ia n  d en s i ty  function;

e x p j - ^̂  ̂ I  (2.11)
(27 r)‘ /2 a , ( x )  (. 2(7,( x )  J

w here , y i  r ep re sen ts  th e  m e a n  of th e  /*'' G a u ss ia n  c o m p o n e n t .

F ig u re  2.G shows th e  basic  a rc h i te c tu re  of  an M D N . In  th is  case a two c o m p o n e n t  G M M  

is ])r(‘d ic te d  for each ta rg e t .  T h is  recjuires tlie ne tw o rk  a rc h i te c tu re  to  liave six o u tp u t  

varial)les t h a t  rep resen t  th e  m ix ing  coefficient, m ean  a n d  var iance  o f  th e  2 co m p o n en t  

G atiss ians.

D u e  to  t h e  fact t h a t  tlie ou t] )u ts  o f  th e  N N  rep resen t  c o n s t i tu e n t  j^aram eters  of  a  den s i ty  

func tion , each  o u tp u t  nu is t  conform  to  th e  c o n s t ra in ts  o f  tliose j)a ram e ters .  To achieve 

tliis th e  following t r a n s fo rm s  a re  ap])lied to  th e  NN o u tp u t s .  T h e  m ix ing  coefficients a re  

t r a n s fo rm e d  by  way of th e  'so f tm a x ' func tion  (Jac'ol)s et al.. 1!)91):

^  (2.12)
E j = i  <'xi>(''j(*))

'{'he so f tn iax  func tion  ensurt 's  t i ia t t iu ' (juantitic 's  ( \ ,  a re  positi\ '( ' a n d  a re  value's lx 'tw(‘en 

0 a n d  1.

•Similarly, t l ie  var iance  of  each coni])ouent ])roba])ility d ens ity  func tion  m ust !:>(' a ])os-

iti\ 'c  \ a h i ( ‘. To c o n s tra in  th e  \-alues to  be  ])ositive th e y  a re  jjut t ln o u g i i  an  ex i)onentia l

tra n s fo rm a t io n :

rrf =  ex])(frf) (2.13)

/

f . ' • N»; f -t"' ' * ' I . ■,(.1,

F i g u r e  2 .5 :  T iiis  figure show s th e  first G au ss ian  M ix tu re  M odel a.s discovtuetl by P ea rso n .  
W liik ' s tu d y in g  a  sam p le  of  c ra b  b o d y  len g th s  in 189G he discovc'red t l i a t  th e  h is to g ram  of 
values cou ld  Ije a c c u ra te ly  de.scril)ed Ijy a  weigheci c o m b in a t io n  o f  two G a u ss ia n  d i s t r ib u ­
tions. U s ing  th is  in fo rm a tio n  he wa.s ai)le to  chvide th e  s])ecies o f  cral) b e in g  s tud i( 'd  in to  
two se ])a ra te  sub-sj^ecies.
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F i g u r e  2.6; T he  M ixture Density Network arch itecture is very similar to th e  s tan d a rd  
M LP shown in Figure 2.3 with the  exception of the  outj)ut weights. In this example a 
2 G aussian com ponent m ix tu re  model is estim ated. T he  outi^ut vector is conil)ined to 
produce a GMM th a t  re])reseuts the  predicted conditional density.

Finally, the  ])redict('d mean of each coni])onent Gaussian is the only ou tpu t  th a t  is not 

transform ed.

It is th(' negativt' log-likclihood ('rror function (see Sc'ction .3.2.1) that  is usc'd to  de ter­

mine the ('rror of each ];att('ru ])resented to  the network. T Ik' contrihntiou to error of the 

r/*'' ])attern j)r('sented is;

Bishop (1994) givc's a full derivation of how this ('rror is back-propagated through the

A m ajo r  (Hffer('nce betw('en the  simple ])oint ('stiniation th a t  gradi('nt desci'uf is renown('d 

for and th e  task of es tim ating  tlu' conditional probability  is the  compk'xity of tlu' local 

cu rvatu re  of tlu' error function. T he  sim])l(' ajjproach of gradi('ut descent, following the  

n('gati'\’(' gradi('nt to reduce the  error in the n('twork. ])erfornis extr{'m('ly |)oorly when 

o])tiniising an MDN. TIk' conuiion gradient descent ])rol)lems ar(' ('ncount('r( 'd much more 

fre(inently e.g. gx'tting stuck in a local m inium m  or. extreniel>' long convergence times. 

I'his is usually ameliorat(^d by increasing the learning ra te  of the  NN, how('v('r. th is results  

in e ither all b u t  one of the  mixing coefficients or all bu t  one of the ccwariances r(xlucing to 

zero, or bo th . This  means only one Gaussian remains and  the  netw'ork can only i)redict the  

conditional mean. Conversely, a  small learning ra te  results in all the Gaussians becoming 

identical and  fitting the  same ]>art of the conditional density fvmction.

(2.14)

MDN.
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Bishop (1994) avoids the  problems above by using a  more complex oi)timisation pro- 

cechire th an  simple gradient descent. Specifically, lie uses the Scaled C onjugate G radient 

(SCG) m ethod  of Moller (1993). I 'liis is a supervised learning algorithm th a t  imjilenients 

su jx 'r-hnear convergence. SCG is fully au tom ated  with no user dei>endent param eters  and 

avoids a time consum ing Hne-searcli. It achieves th is  Iw using tlie Hessian to find a suital>le 

search direction and  to  adjust the  learning ra te  (stej) size). T he  idea behind conjugate  

gradien t m ethods is to  clioose .searcli (hrections th a t  complement each other. Tliis avoids 

the  ]Jossibi!ity of tmdoing the minimisation of previous iterations. Tiie Hessian m atr ix  is a 

m a tr ix  of .second order derivatives of tlie error w ith  respect to  the network weights. It  con­

ta ins  information on how tlie grachent changes in different directions in weight s])ace. In 

Section 4.2 gradient and  non-gradient a])j)roaclies to optimisation are (hscussed in detail.

It is interesting to  briefly m ention at this point th a t  in Chai)ter 4 an evolutionary com- 

])utation m ethod of o])timisation of the MDN will Ix' d(>scrib('d. Evolutionary com ijuta tion  

is exc('ptionally good at finding global minima for comj)lex error surfaces. Although, the 

m otivation for using an ('volutionarv oi)timisation t(>chni(iue is for reasons otlu 'r than  tlu' 

local error compk'xity. this alone would sufiice in justifying an ('volutionary a])proach.

M DNs have been ai)i)lied succ-essfully to  solve many i>roblems. In Bishcji)'s original 

work he dem onstra tes  how MDNs can successfully .solve multi-modal ])roblems with a 

syntlu 'tic  and real world kinematics exami>l('. Later. C’ornford et al. (1999) ai)])lied M DNs 

to th e  ni(‘t('orological problem of wind v('ctor prediction. Richmond (2001) uses an MDN to 

])t'rf()rm an acoustic-to-articulatory  invc'rsion. This  is the diffic\ilt ])rocedur(‘ of ma])ping 

acoustic signals to  some <uticulatory si)ace th a t  r('lates to ])liysiological i>arts of voice. 

T he ir  investigation showed tha t  the  MDN is very well suitc'd to delivering the  rc'cjuired 

functionality  for performing the  inversion mai)piiig. An a])i)lication of M DNs for surf 

l)rediction is descrilx'd in the ])a])('r (C anu 'y  et al.. 2005).

A nother  po])ular area that  M DNs are apj)li(‘d to is hnance: a surv('y follows. Locarc'k- 

.lunge and Prinzler (1997) a p p h ’ M DNs to the i)robleni of risk m anagem ent, riic'y suggest 

th a t  the MDN is a i^roniising new approach for providing accurate  estim ates of risk. I ’he 

M D Ns aljility to predict non-Gaussian conditional densities is highlight('d a,s the most 

desirable characteristic  of the model. Schittenkoi>f et al. (1998) evaluates th(' i)erforniance 

of M DNs with th a t  of GARCH models (see Section 2.3.5) on the problem of j)redicting 

th(' variance (volatility) of daily d a ta  taken from tlie A ustrian  stock exchange. Tlu ' paj)er 

dem onstra tes  th a t  the  MDN jjerforms well in cro.ss validation bu t  jjoorly when test sets



are over long periods. In  (Schittenkopf et al., 2000), they  a tiap t th e  MDN fram ew ork so 

th a t  it has a  recurren t s tru c tu re . F igure 2.7 shows the  s tru c tu re  of a R ecurren t M DN. 

T he })a])er comj^ares resu lts ob tained , using historical d a ta  from th e  F T S E  100, w ith  

resu lts achieved from G A R C H  m odels th a t  assum e different d istribu tions. T h e  m odels 

are evahuited  using seven different error mecusures on five disjoint sets out-of-sam j)le. No 

m odel shows a sta tis tica lly  significant ])erformance ini]>rovement, a lthough, the  GARCH-^ 

{SUident-t  d istribu tion ) and th e  R ecurren t MDN perform  best on all tests.

F ig u r e  2 .7 ; R ecurren t M ix tine  D ensity  Network a.s described in (Schittf'ukopf et al.. 
2000). T he netw ork has fjeen ad ap ted  such th a t the  variances {o^).  m eans (y) and m ixing 
coefficients (a )  are each given a sep ara te  MLP. T he m ost no tab le  change however, is th e  
fact th a t the  residual erro r from the  m ean values is included as an  iu])ut to  the  M LP th a t  
j)redicts variance, th is is rei)resented in diagram  as a node labelled e^. T his is sim ilar to  
the  way W eigend and Srivristava (1995) estim ates variance in their local erroi' b a r m odel



B arthnae and Rauscher (2000) apply the MDN to the problem of market risk in the 

German stock index. I 'hey proj)ose a mnnber of methods of evaluating results and show 

that  the MDN model compares favourably with the performance of a GARCH model. 

Schittenkopf and Dorffner (2001) adajjit the MDN further, this time to include “short 

cut weights'’ that bvj)ass the hidden layer. In this paper the application is to i)redict 

options prices for the FTSE 100. They show that their Recurrent MDN model performs 

signihcantly better in out-of-sample pricing in conipari.son to the basic and extended Black- 

Scholes'^ model. Finally, Miazhynskaia et al. (2003) j)resent a variety of extensions of the 

Recurrent MDN and test these models in the context of a risk management application. 

Most notably they introduce an MDN with linear hidden layer transfer functions. The 

best model over all tests and data.sets wa.s a linear MDN.

The Conditional Density Estimation Network (CDEN) (Ornioneit. 1993) is another 

method of ])r('dicting conditional ])rol)ability density functions using an MLP. It wa.s hrst 

sugg('st('d contemporan('ously with the MDN and it tak(>s an almost identical form. Again, 

this ai)i)roach was nuiinly api)lied in the domain of finance. .s(v. for ('xample (Ornioneit kz 

N('un('i('r. 199(>; N('unei(>r. 1995). For sim])licity throughout the thesis MDN will reh'r to 

a mock'l of tv])(' C'DEN or MDN as they are ecjuivalent.

E nsem ble  o f  M ix tu re  D en sity  N etw orks

Carn('y (>t al. (200-'')) a])])ly MDNs to the problem of surf j)r('diction. It is <l('monstrat('d 

that tli(' additional information tliat one garners from tlu' whok' conditional jjrobability is 

ust'ful w I k ' u  decision making. Further, it is shown that by using an en.semble method the 

r('sults of the MDN models can be im))roved and the likelihood of poor performance due to 

s])oradic non-conv('rg('uce can be i'('duc('d. Two a])j)roaches were em])loy('d. bagging and 

boosting.

Bdfiginfi is an abbr('viation for bootstraj) aggr('gation. It uses the bootstrap, a statis­

tical r('-samj)ling technicjue. to generate nmltii)le. diverse, training .sets for networks of an 

('nsc'inble. A bagged neural network en.senible generates training da ta  for each ensemble 

member l)y Kani])ling from the bootstrajj emj)irical distribution. A training .set is created 

for each neural network in the ensemble and the networks are trained on this data.

As mentioned above, sporadically, MDNs do not converge to a good solution due to 

a very ])oor random starting position. To reduce the effect of these weak solutions on

Hlack-Schole.s is Ihc s la iu lan i n ir th o d  of piic-iiig options. See (Scholes. 197.3) for m ore iiiforniation.
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the ensenible prediction we integrate the member sohitions using a form of balancing 

(Heskes. 1997a). The training sets in a bagged ensemble are generated by sami)ling with 

rej)lacement from the original training set T.  The j)rol)ability that the individual training 

vector, taken from T.  will not be part of a bootstraj) re-sampled training .set,  ̂ jg

(1 — 1 / «  0.368 where N  is the number of training vectors in T. These omitted training 

vectors make a new ont-of-bootstraj) (oob) test set. for the ensemble member trained 

with _ poj- en.s('inble member the error is calculatc'd over the vectors in

its T"*’'’. We use these error values to weight each members contribution to the ensemble 

j)rediction. Assuming there are M  en.senible memljers;

where. E  is the Continuous fiankc'd Probability Score error function for assessing density 

for('casts. (s('(> S('ction 3.2.2). The u('w aggregated GMM produced i)y the ensemble still 

obeys tlu' pro])crti('s of a i)robability distribution.

Boosthif] is another ensc-niijle UK'thod. (Carney (>t al.. 2005) imi^lement the Ad- 

aB()ost.R2 algorithm for boosting for MDNs (Drucker. 1997). The means of obtaining 

diver.s(' training s('ts is distinctly diffcr('nt in boosting to bagging. In boosting, training of 

en.s('nible members is carried out sc'ciuentially. The vectors that have be('u "difhcult' for 

('usc'nible mt'mlx'rs to ('stimat<> i.e. obtain large errors, are more likely to ai)])car in the 

training s('ts of subse(iuent (-nsemble mc'uibers. This rf'stricts ('iisemble membcus from b('- 

ing traiuf'd in ])arallel. how('\’('r. it has th(‘ advantage' of i('ducing the i)ias of the resulting 

ensc'mble.

To combine enseinbk' UK'uilx'rs a weight('d median a])proach is used, the bc'tter ])er- 

forming nn'uibers are assigiH'd a luvivier weighting. Integration is achi(‘ved in a similar 

way to the balancing nu'thod rtbovc'; howev('r. instead of using out-of-bootstraj) vectors 

alonc' the whok' training set is us('d to calculate the weightings.

G M  R andom  V ector F u n ction a l Link

Husmeier and Ta>'lor (1998): Husnieier (1999) introduce the Gau.ssian Mixture Random 

Victor Fmictional Link (GM-RVFL) network. This uses a two hidden layer neural network 

to make estimates of the conditional density. Husmeier (1999) argiies that  in order to be 

a truly universal a])proxiniator the NN should at lea.st have a second hidden layer. The 

GM-RVFL also differs in its training methodology, the target variable, t, is included as

M  C
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in p u t  (la ta  tis the  aim is to  predict the  conditional probability  density function and  not the  

ta rge t  variable. A nother distinct difference between this approach and  others  is th a t  the 

second hidden layer consists of G aussian distributions. Therefore, the  aim of the  network 

is to  mix the  G aussian d is tribu tions of the second layer in order to  model the d is tr ibu tion  

of the targe t.  T he  conditional variance of each of the Gaussians is adap ted  to  the w’hole 

set of tra in ing  d a ta  while the conditional m ean and the  mixing coefficients depend on the 

network in])uts.

F i g u r e  2.8: GM -RVFL is a two hidden lay(>r MLP. I 'h e  second layer contains nodes th a t  
ar(' G aussian distributions.

2.3.3 H M M  M odels

If tlu ' regression j)roi)leni is t'mb(*dded in a tinu ' series or setjuential d a ta  it is possible to 

use Hidden Markov Models (HMM) to ('stimatc' a conditional i)robal)ility density hmction. 

HMMs use the concept of a s ta te  spac(' to  use- historical d a ta  to make piedic-tions of fu ture 

events. 'J’he s tatt ' space contains all ])ossible s ta tes  - similar s tates are ck)se to one ano ther  

and dissimilar s ta tes  are far away from on(' anothc'r within s ta te  s])ace. Predictions are 

mad(' by es tim ating  how close conditions in the  ]>ast w(-re to tlu' ])r('sent conditions and  

using th(' most similar s ta tes  to estimate' wluit will ha])i)cn in the future. 'I'he s t ru c tu re  of 

HM M s is similar to  finite s ta te  machines I)ut botii transitions  and outi)u ts  ar(> ])robabilistic. 

A Markov j)roc('ss is usc'd to model the' t ra in ing  da ta .  This is a conunonly used m ethod  

in probability  theory  for representing a si>ecific type' of stochastic j^rocess.

r i ie  es tim ation  of the conditional <lensity function for HMMs uses a density es tim ation  

m ethod  called the Ex])ectation-Miiximisation algorithm  (Baum et al., 1970). This  es tim a­

tion m ethod  is tyj)ically used for density c'stimation in classification tasks and. therefore, 

is (juite different to  the  o ther ap])roaches described in this cha])ter. For a comi>k'te de-
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scriijtion and explanation  of how HMMs can be used for density  forecasting see (Fraser k. 

Diniitriadis, 1993).

2.3.4 Gaussian Processes

T h e  goal in most regression scenarios is to  build a function th a t  models the available d a ta  

as well as possible to make inferences ab o u t  new unseen examj)les. Most point forecasting 

m odels t ry  to  describe the  conditional m ean dynam ic of the  d a ta  in the form of a fmiction. 

A G aussian process (G P). however, models d a ta  by giving a prior probability  to  every 

])ossible function with higher probabilities given to  functions th a t  are more likely. This  

is achieved by modelling tlu ' d a ta  with a sjx'cial ty])e of stochastic  j)rocess w^here th(' 

underly ing d is tribution is a Gaussian.

Rasnnissen and Williams (2005) define G P s  as. "... a collcction o f  randmii varidhles. 

any fim tc  nw nher o f  whifh have, a jo in t  Gaussian distrihuti()'ti'. Ratlu-r than  a s tan d a rd  

Gaussian  d is tribution or m ultivariate  Gaussian d istr ibu tion  th a t  dc'scribes random  vari­

ables which are scalars or vectors, a Gaussian i>rocess governs th(' jjropertic's of functions, 

r ii is  s truc tu re  is v(n>' suitabk- for dc'nsity forc'casting in rc'gression. A G P  <lefin('s a dis- 

tributif)]! over functions and. wIk'u correctly sjx'cified. inf(>renc(' can take place ilirectly in 

the  s])ace of functions. I'yiMcally. this concept of a G P  for a real process, / ( x ) ,  can be 

descrilx 'd by its mean function. ni{x).  and covarianc(> function. A (x .x ’). as follows;

/;;(x) =  E[f ( x) ] .  (2.1(i)

A-(x.x’) =  £ '[ ( / (x )  -  ; / / ( x ) ) ( ( / ( x ’) - //»(x’))]. (2.17)

with  th(' G P  dehned as:

/ ( x )  ~  GP{i t , ( x) .  A-(x. x ’)) (2.18)

W ith  this setuj) the niod('ll('r is contending with s('emingly inhnite  diuKnisional objt'cts.

how('V('r. G P s  can produce' a mod('l tha t  residc's in this s])a< (' while recjuiring onl>' to woik 

with finite dimensional oi)i(>cts. A full ('xj)lanation of how a G P  achieves this is bf'vond 

th e  scoi)e of this section tuid the  reader is referred to  (Ra.snmssen W illiams. 2005) for 

details. F igure 2.9 shows how a G P  models a  set of data .

2.3.5 A R C H  and G A R C H  m odels

The s tan d a rd  tools emi)loyed for the pm'pose of es tim ating  conditional varianc:e in finance 

are A RCH (Engle. 1982) or GyVRCH (Bollerslev. 1986) ty])c models. ARCH s tands  for au-

27



e

A

0

, - K

A-4

F i g u r e  2.9: Shown is the o u tp u t  from a Gaussian Prociess. There  are tw enty  d a ta  
poiuts( +  j. Three  functions (h’awn at random  from the  ])osterior found after th e  G P  
is t ra ined  on the  data .  Tlie shaded  area shows the  95% confidence region. This  example 
is taken from (Rasmussen. 2004).

toregiessivc' conditional lieterosketla.stic and GARCH is Gc'ueralized ARCH. T h e  j)r('cursor 

to  ARCH wa.s a rolling s tan d a rd  (k'viatiou calculated using a fixc'd num ber of tlu' most 

rec('nt ohsc'rvations. For examj)le. tomori'ow's volatility would be calculated as an e(jually 

weight('d av('rage of the  past m onths scjuared residuals. Eugh' (19S2) ex tends this idea 

with AliCH by accounting for th(' intuition tha t  residual \'alues from one m onth  are k'ss 

indicativ(> of tomorrow 's volatility’ than  mor(' r('cent obs('rvations. He also acc(;unted for 

th(' fact that se tting  a s]>ecific tim e window, such as the one month  ])eriod in the  exampk', 

is not intuitive a.s ev('uts tha t  hai)p('n('d mor(> than  on<' m outh  ago may still be ai)])licable. 

To account for these factors, the ARCH nuxk'l lets tiies(' weights Ix' ])aranieters to  be 

('stimatc'd allowing the historical d a ta  to (k'cide which w('ights are iw'st to foreca.st tlu> 

conditional variance.

Although the ARCH mod('l was the Hrst to set its ])aranu'ters emi)irically. th e  GAI^CH 

mo(k'l, an imi)roved formulation of the ARCH mcxk'l. is the model most com m only used 

in industr\ '.  T he  wt'ights used in the GARCH model gradually  declint' over tim e but ncv('r 

go to  zero. I’lu' simj)lest GA RCH  nuxk'l can Ix- descrilx'd a.s three' paranu'tc'r weights on 

K th(' long-run average variance. iJ the new information for this ])eriod that is caj^tured 

by the most recent scjuared residiuil and o the variance predicted for this period (Engel, 

2001). T he G A R C H  model allows weightings to be directly apjjlied to the  P  previous o ’s 

and  the  Q  previous /i’s. Formally, the GARCH model is described a.s:

/ ’ Q

(=1 j=\
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T h e  weightings a  are apj)he(l to  the  P  previous forecasts and  the  (3 weightings are

apj)hed to  tlie last Q ])criods' squared resi(hials />}• This type of model is connnonly

accom panied by a constant m ean model.

y, =  C +  (2.20)

T his  ecjuation contains the  final j)arameter C  for om’ decision vector. T he  vector rej)re- 

sen ta tion  of a  G A R C H (P .Q ) takes the  form x =  (C, k, . . . . . / i^). This  is the

rej)resentation tha t  will be used by our o])timisation procedure descril)ed in Chai)ter (i.

From this simj)le formulation a  vast nm nber of extensions have been suggested, for 

exani])le see (Nelson. 1991; Higgins Bera, 1992: Glosten et al., 1993; Engle. 2002). One 

of the  m ost connnonly used of these extensions is the G.IR model or Threshold GA RCH 

(Glosten et al.. 1!)9,3). T he  G.TR model adds the capability  of a G A R C H  model to take  into 

account ano ther stylized fact of ecjuity return  series: ]>ositive or negative residuals have 

differ('nt imi)acts on volatility', f'or ('xam])l('. it is connnon th a t  nc'gative news caus(>s a 

larg(' d rop  in (‘(juity ])rices but j)ositive news causes only a small in< r('a.se. T he G.lli model 

is used ext('nsively in Cha])t(>r 7 and so tlu' formulation of the G,]R niod('l is includc'd lu're.

P Q Q

=  '̂ +  X ]  +  X !  X !  (2-21)
,=i j=i j=\

Where.

O - ; < 0
SUj =

I  0 otherwise.

J’his model ha-s one additional ])arameter L  the lev('rag(' term, all o tlu 'r parani('t( 'rs are 

tlu' sam e as tlu' GARCTI(P.CJ) model. T he  leverage term  ca p tm e s  tlu' characteristic  

a sym m etry  that  is seen in many re tu rn  .series. Again, the model can b(' acct)mi)ani('d by a 

constant nunm model. I'herefore. the  vector rei)r('sentation of tlu' G.IR(P.C^) model takes 

the  form x  =  (C. k. n i  (\i>. i3 \ . .... L \  L q ).

Finally, it is not only the conditional variance model tha t  can be j)redicted. various con­

ditional m ean models can be used. Again, in C hap ter  7 an AR]\IA(R.]\I) conditional mean

model is used. Similar to  ARCH models, the ARM A model is a  weightc'd com bination of

the autoregressive and  moving average coefficients.



where, (pi, is the autoregressive coefficients, 6i, is the moving average coefficients, the 

resifhials are, f(, and returns iji. The vec:tor representation of this ARM A model is;

Users of GARCH models generally perform a series of preestiniation analysis tests 

on the d a ta  to l)e modelled. These tests can identify the optimum model sj)ec:ification 

for the data . The model is then optimised using m axinnnn likelihood, specifically, a 

constrained nonlinear optimisation"*. Variations on the j)articular negative log-likelihood 

objective function-are used depending on the chosen distriljution. W ith this basic setup 

there are a number of different possible implementations, for exam])le see (McCullough 

cV: Renfro, 1998: Brooks et al., 2001). In this thesis, the M atlab imi)lementation of the 

GARCH optim isation process is used. This uses a (|uasi-Newton optim isation algorithm. 

For details, see (MathW orks Ahitlab. 2002).

2 .3 .6  M eteo ro lo g ica l M o d els

Meteorology is the study of weatlu'r jiroc'csses in the atmosj)her('. Sinc(' numtnical \veath('r 

l)redictions began in the 19r>0s m('teorologists have focused on prcn’idiug dc'nsity forecasts 

as oi)])osed to i)oint estim ates of future weather conditions. W ithin the field of weather 

forecasting there are many sub j)roblenis such as wind. t(>mj)eratur(' or rainfall preiiicticjn. 

rii(' (Ic'nsity forecasting models designed to ])r('dict tlu'se ev('nts us(' a m ixture of c-oni])lex 

physical models of the atmos])here cou])k'd with observational data to make extremely 

accuratt' estim ates of future' weather conditions. D ata from weather stations, satellites 

and weather aircraft are used as inj)uts to these models to producc" the forecasts that we 

hear daily on the television and radio. Exami)les of these meteorological ])rediction models 

include (Molteni et al.. 199G: Hodur. 1997: Kiu'ihara c't al.. 1!)97).

Due to the comi)lexity of tlu' models and the miderl>’ing j)roblenis. a revic'w of the 

t('chni(|U('s ust'd for (k'nsity forecasting in meteorology is be>'ond tlu' ,scoi)e of this docu­

ment. H(jwever. it is imj)ortant to note that density forc'casting is widely used in this field. 

For example, the work of Adrian E. Raftery (97) has many jiarallels with the theories 

described here and was the inspiration for nnich of the work. Indeed, nmch of the periph­

eral researc:h on density forecasting models c;ited in this thesis comes from the weather 

forecasting field, such as density forecast model evaluation. In future work, it would Ix' 

interesting to ap])ly the techniciues suggested here on meteorological models.

' A l so  k n o w n  Tionlinoar p ro g i i i i i i in i i ig .
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2.4  D iscu ssion  and Sum m ary

In  th is  review section a n u m b e r  of  d en s i ty  forecas ting  m e th o d s  have been  in tro (h iced . 

P r t 'd ic t io n  in tervals ,  one of th e  m ost  co m m o n ly  used  m e th o d s  of desc r ib ing  u n ce r ta in ty ,  

w ere  briefly descr ibed . A lth o u g h ,  often  descrilx’d  as  an  a l te rn a t iv e ,  p red ic t io n  in te rva ls  

a re  in fact a sub-field of d en s i ty  forc'casting. N m n ero u s  different m e th o d s  o f  e s t im a t in g  

p red ic t io n  in te rva ls  exist. How’ever. th e  form o f  d is t r ib u t io n  used is re s tr ic ted  in m o s t  

cases  to  one of  a sm all m u n b e r  of  possib lit ies  e.g. G auss ian ,  S tu d e n t  t ,  etc . For seciuential 

d a ta ,  H M M  m ode ls  can  be used  to  m ake  a c c u ra te  e s t im a te s  of  th e  con d i t io n a l  d en s i ty  

func tion .

T h e r t '  ( 'xists a n u m b e r  of  different d en s i ty  forecas ting  n u ' th o d s  w ith in  th e  n eu ra l  n e t ­

w ork  class o f  m odels . T h e  flexibility of n o u 'a l  n e tw orks  as un iversa l a p p ro x im a to rs  m akes  

th e m  su i ta b le  for tack ling  th e  comi)lex ta sk  o f  e s t im a t in g  co nd it iona l  densities . W eigend  

a n d  Nix (1!)!)4) produc( 'd  t lu ' first (k 'usity  c 's t im ator. However, th e ir  a])proach was re ­

s t r ic te d  to  a G au ss ian  (\s tim ate . Bishoj) (19f)4). a n d  t-ontem]>oraneously N('unei('r (1995). 

in t ro d u c e d  th e  Mixture ' Dcnisity N etw ork, a m e th o d  of e s t im a t in g  cond it ion ;d  j) robabili ty  

d e n s i ty  fore-ca.sts w ith  coni])lex d is t r ib u t io n s .  I 'h is fl(>xibk> base  mock'l has  been  ada])t( 'd  

by m a n y  re.s('archers to  ])roduce a c c u ra te  fo recas ts  for different p red ic t ion  ])robl('ms. G M - 

R V FL  mod('ls  are  a n o th e r  neu ra l  ne tw ork  based  i)robabili ty  flensity func tion  e s t im a to r  

t h a t  ])( 'rforms com j)arab ly  well w ith  M D N s. Ind irec t  m e th o d s  of  d e n s i ty  forecas ting  have 

also b('('u discussc'd. howevc'r. tlu 'se  a i)proaches a re  uni)0 ])ular because  th ey  do  not p ro d u c e  

go o d  mod('ls. G auss ian  P rocesses  hav(' a lso  b een  brit'fly in tro d u ced  a n d  descrilx 'd . G P s  

offer an  alternatiA'C' n u 'th o d o lo g y  to  th e  o t lu 'r  form s of dens i ty  forecasting , however, as  yet 

th e y  a re  r( 'strict( 'd  to  a s])e<-ific ty])e of  d is t r ib u t io n  a n d  so d o  n o t  offer th e  sam e  flexibility 

as  o th e r  m e th o d s .  O tlu 'r  ])ossible ai)])roaches inc lude  R ad ia l  Basis F u n c t io n s  (B ro o m h e a d .  

1988) or Geu('ralis( 'd Regre.ssion N eural N e tw o rk s  (Si)echt. 1991).

In t i 'rm s  of  tlu ' connnon  m ach ine  lea rn ing  a])i)roaches to  d en s i ty  forc 'casting desc r ib ed  

in th is  review  th e  M ix tu re  D ens ity  N('twork is th e  m ost ve rsa t i le  a n d  a c c u ra te  m odel.  For 

th e se  reasons  th e  M D N  is u sed  as  th e  d en s i ty  fo recas t ing  m odel o f  choic:e in th e  ex i)e r im en ts  

a n d  e \a lu a t io n s  t h a t  follow. For t im e-series d a t a  G A R C H  m ode ls  a re  used  to  e s t im a te  th e  

cond i t io n a l  d en s i ty  of  th e  series. T h is  m e th o d  h as  been  chosen  b ecau se  it is an  exam j)le  

o f  a d en s i ty  forec-asting mock'l t h a t  is used as an  in d u s t ry  s ta n d a rd .  T h e re  a re  n u m e ro u s  

re search  i)aj)ers t h a t  use, e x te n d  an d  b e n c h m a rk  G A R C H  ty p e  m odels . T here fo re ,  th e
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impact of the proj)osed approach in this thesis can be fully show-cased using GARCH 

tyi)e models within the im portant api)lication domain of finance.
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C hapter 3

D ensity  Forecast Evaluation

3.1 Introduction

CU'tting a forecast right is invarial)iy a diffinilt exercisc'. Naturally, the more anihitions 

th e  i)r('(lictioii. the nior(> difticnlt it is to  gx't it right. Therefort'. an im portan t as])ec't 

of the prediction ])roc('ss is the evaluation ste]) \vlier(' tlu> al)ility of a model to  ])redict is 

(iu;>ntih('d. For dc'usity for('casts. ('^■alnation of th(' predictions from a model is complicati 'd 

In- the  fact th a t  the prc'diction is not in the same form as the target.  I 'h e  true  conditional 

density  is lu'ver ol)S('r\-('d. instead onl>- a single random  n'aiisation of the  true  conditional 

density  fimction is available to the Ibrc'caster to  ('valuate a modc'l.

By (U'terniining tlu ' evaluation uu'trics that  correctly ick'utify a good ])roi)al)ilistic 

d is tr ibu tion  the current s tandard  o])timisatiou ai)i)roach to di'usity forei'asting can b(' 

analys('d and  the i.ssues associaled with it can be highlighted. In this cha])ter. the gc'ueral 

conc('])ts of <lensity fon'cast evaluation a n '  in troduced ;uid the most widely used metrics 

arc' d('scrib('d.

3.2 Calibration and Sharpness

T h e  moti^■ation for ])redicting probability' (k'usity functions over point estim ates is to  give 

th e  j)rediction user additional information regarding the i>robability of different events 

occurring. Therefore, this additional prol)al)ilistic infoi'mation nnist be correct to  justify  

the  density  forecasting model. Intuitively, a correct probabilistic estim ate of P%  for an 

('vent would result in th a t  event occurring P'X of the  tim e in the long run  (Daw'id, 1984). 

T h is  characteristic  of density  forc'casts is known as calibTation.



A lthough having a model th a t  is ca libra ted  is a  high i)riority for any density  forecaster, 

there  are two practical ])r{jblenis with a.ssessing this characteristic . First, predictions can 

only be assessed on a  finite set of outcomes. Second, and  more im])ortantly, there is no 

in lu 'rent reason why a ca libra ted  model shotild })roduce predictions th a t  b(>ar any relation 

w hatsoever to  the actual outcom es (DeG root k. Fienljerg. 1983). In fact, a foreca.ster can 

Ix' m ade  to  be calibrated  by biasing their t ru e  opinion to  correct for calibration inaccura­

cies. Fm'thermore. M urphy and  Winkler (1977) and Haniill (20()0) have shown th a t  even 

if a foreca.ster is calibrated, its predictions are not necessarily accurate in all respects or 

useful. For exami)le. if over the  long rmi it was ol)served th a t  Microsoft's closing ]>rice is 

higher th an  the  j)r(>vious days closing ])rice 5r//{ of days, then  a simple density  forecaster 

th a t  always ])r('dicted tha t  the stock price would rise with 5r)% ])rol)ability is ca librated  bu t  

not useful. 'I'his example is known as a model tha t  j)r('dic ts the  unam dif iova l  disiribuium. 

of the  target variable's and re])resents the  jxHut at which forecasts are not ])redictive. In 

metc'orology. this is known as the climatology.

'J’h(> Prol)abilit\- Iiit('gral 'Iransform  (P IT ) is a i)o])ular m ethod  of calibration evaluation 

across all forms of d(>nsity foreca.sting; for ('xample. Schervish (1989) uses it for evaluation 

of classification problems; Christofferstni (1998) ada])ts it for i)rt'diction intc'rvals: and 

tlu 're is an efiuivalent m ethod  (jf ('valuation for ('ns('ml)k's of point forecasters (Talagrand 

et al.. 19f)7). P l l ov('rcom('s tlu' problem (jf loss function inconsistencit's across i)roblem 

dom ains In- not d('])ending on a sjx'cific us('r lo.ss function. Instead, the PI T assumes that  

th(' i)r{'dictiou us<'r is a t tem i)ting  to estimate' the tru(' conditional density function. This  

is a fair a.ssmnption as the tru e  conditional d('iisit>' is at lea.st as good a.s. if not Ix 'tter 

than ,  any otlu 'r possible mod('l i.e. it wt'akly domiuat('s all otlu 'r mod('ls. In the case 

whc'H' tlu' tru(' conditional densities are Ix'ing a.ssesst'd. tlu' set of cu m id a ti \e  (k'lisities at 

the realisations will be un ifo rm '.  By making the assum ption tha t  we art' striving to find 

the tn n '  conditional densiti('s we can assess the  S ( 't  of pr('dicted cumulative' (k'nsities a t 

tlu ' obs( 'r \a t ions  for uniformity. T he P IT  is describc-d as:

Zi =  /  p{'u\xi)du  (3.1)
J  — OC

For a series of length M .  a  correctly ca librated  model should have a set of 2: values in the 

sam e form as would l)e tlu' case for the set of tru e  conditional densities. Rosenl)latt (1952)

Mil t h e  case  of t im e  series or  seeiueiitial d a t a  t h e  c iiiiu ilat ive (k 'l is it ies sh o u k i  also h e  in d e p e n d en t  tv a n d  
i(k’i it icallv  d i s t r ib u t e d .  .An exce llen t  in t ro d u c t io n  to  t h e  t ’Tl' for .sequential  a n d  t im e  ser ies  d a t a  is p rov ided  
in (D ieh o ld  et al..  199HI)).
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show s th a t  th is  sam p le  will b e  f/((), 1) a n d  i . i .d .  for th e  t ru e  c o n d i t io n a l  dens it ie s  a n d  a n y  

co rrec t ly  specified d en s i ty  fo recas t ing  m odel.

A recent j^aper (G n e i t in g  e t  al.. 2005a), ana lyses  th e  co n cep t  of  c a l ib ra t io n  for re ­

gression ])rol)lems. G n e i t in g  e t  al. (2005a) identify  th re e  d ifferent m o d es  o f  c a l ib ra t io n :  

prol)al)ilistic, exceedance . a n d  nuirg inal.  T h e y  show how these  different m o d es  o f  cali- 

b ra t io n  a re  inde]:)endent o f  each  o th e r  a n d  can  occu r  in any  co m b in a t io n .  T h e  P I T  score  

ab o v e  is a m e th o d  of  e v a lu a t io n  of  ])rol)abilistic calibraticjn. In  th e i r  j)a])er. G n e i t in g  e t  al. 

(2005a) iden tify  two occu rren ces  w here  p robab il is t ic  ca l ib ra t io n  sugges ts  a m o d e l  is ca l­

ib ra te d  b u t  is n o t  a  u.seful for( 'caster.  T h e  first scenario , in t ro d u c e d  above, is w hen  th e  

p red ic ted  d is t r ib u t io n  is simj)ly  th e  u n c o n d it io n a l  d is t r ib u t io n /c l im a to lo g y .  T h e  second 

scenar io  is w hen  th e  fbreca,st(>r is "unfocni.sed’. T h is  d iscovery  com es from  H am ill  (2000) 

w h ere  it is show n th a t  it is ])ossible to  find a co m b in a t io n  of  ])r( 'dictions th a t  a re  well 

( a l ib ra t( 'd  b u t  coniplet( 'ly  non -p red ic t ive .

I'o iden tify  scenarios  wiu-re th e se  s i tu a t io n s  o ccu r  a .second eva lu a t io n  m e tr ic  can  be  

in tro d u ced .  W h e n  ])roducing d<'nsit\- fort 'casts a .secondary objc 'ctive is to  niak(' ])r('(lictions 

th a t  have m iu in u u n  vaiiancc'.  T h is  is called shar])U('ss a n d  refers to  th e  c o n c e n tra t io n  of 

])redicted densities .  I t  is obv ious  th a t  e v a lu a t in g  th is  ch a ra c te r is t ic  will iden tify  m ode ls  

th a t  ( 's t im a te  th e  u n co n d it io n a l  d is t r ib u t io n  a.s th e  nujre  s])read out th e  average  forecast 

Ix 'conu's t lu ' c'lo.ser it  g( 'ts to  th t ' u n co n d i t io n a l  ( lis trii)ution a n d  th e  wor.se sharj)n<'ss thc' 

])r('dictiou will have. Similarly , an  unfocused  fo recas te r  will hav(' j)oorer shari^ness th a n  

th(' corrc'ct co nd it iona l  d('nsit>-. how('V('r. t h e  difference is su b tk '  a n d  th e  ])i( 'diction us('r 

shou ld  be aw are  of  th is  issue.

C’o m bin ing  th e  objc 'ctive o f  s ta t i s t ic a l  consis tency  of ])robabilistic  forc'casts a n d  th e  

ol)jectiv(' o f  m in im u m  varianct ' o f  t lu ' i)redictions. th e  goals  o f  an y  (k 'nsitv  fo recas t ing  

m odel  shou ld  b(' to  rriaxiinifie .shdTpiia^s subject to ailibration  (G u e i t in g  <k: Raftc'ry. 200-1). 

Sincc' th('S(' arc' th e  goals o f  density- fo recas t ing  modc'ls t lu 'y  shou ld  also be th e  ob j( 'c tives  

w hen  th e  modc'l is Ijt'ing o])timis('d. In th e  following .sections a n u m b e r  of  co u n n o u  d en s i ty  

forecast  scoring  m etr ic s  th a t  a im  to  o])timise m odels  co rrec t ly  in te rm s  of  shar i)uess  a n d  

ca lil)ra tion  a re  discussed.

3.2.1 N egative  Log Pred ictive  D ensity

The N ega tive  Log Prc 'dic tive D en s i ty  (N L P D ) .  also know n  as th e  Ig n o ran ce  Score (G ood .  

1952). L o g a r i th m  Score (G n e i t in g  et al.. 2005a) o r  th e  N ega tive  Log-likelihood (N LL) in
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the c:ase of uiea.smiiig error on training d a ta  (see Section 2.2.1), is a m ethod of a-ssessing 

tlie (juahty of a predicted density finiction. It is sj)ecified a.s follows:

N L P D ,  = -~\og{p{t,\x,)) (.3.2)

Sini])ly ]Mit, the NLPD is the logarithm  of the predictive density evaluated at the target.

It can be easily and chea])ly calculated and is by far the most i)opular error function in

the density forecasting literature for this reason. The NLPD or a variation on the NLPD 

is alm ost exclusively used as the optim isation ('rror fimction of density forecasting models. 

In Section 2.2.1. the NLL emerged as an error function from maximum likelihood (ML) 

theory.
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F ig u re  3.1: 'I’lie top ])lot de])icts a sani])l(> prt'dicted density. Tlu' bottom  plot shows the 
NLPD for a target at each j)oint on the t <lim(‘nsion for the given sam])le density. The 
relationship l)etw('cn density and contribution to  error can be clearly seen.

Figure 3.1 plots the relationship between the NLPD value for a sample prediction 

density against all ])ossible outcomes in the interval [0. 10]. The NLPD is a negatively 

oriented score, meaning the smaller the NLPD value the better. Although the NLPD 

attem i)ts to simultaneously address l)oth sharpness and calibration, the ability of the 

m etric to assess sharpness out-weights its ability to assess calibration. In Section 5.2. this



bias for sharp  nioclels is sliown by way of example. For th is  reason, th is  metric can l)e 

though t of a.s a shar])ness score ra ther th an  a  calibration score.

3.2.2 C ontinuous R ank P robab ility  Score

T he  Continuous Ranked Probability  Score (CRPS) (Hersl)ach, 2002) is a verification 

m ethod  for probabilistic forecasts of continuous variables. It is equivalent to  the Brier 

Score (Brier. 1950) in tegrated over all ])ossible values and is a generalisation of the Ranked  

P robability  Score (Epstein. 1969) th a t  is u.sed to evaluate probabilistic j)redictions over 

ordinal varial)les. In essence, the  C R PS  m easures the difference between th e  j)redicted and  

the occurred cumulative d istributions, see Figtire 3.2. In order for the  score to be sensitive 

to  distance, the  scjuared errors are com puted  with resi)ect to  the cum ulative proI)abiliti('s 

of the  forecast and observation. Tlu ' C R P S  is calculated a.s follows:

Again, like the  NLPD. the mean C R P S  is calculatc'd over all i>rt'dictions to  determiu(' the 

averagx' error.

Hersbach (2002) shows th a t  tlu' C R P S  reduc('s to the  Mc-an Absohit(' E rro r  for detcM- 

ministic foreca.sts. It is sensitive to  distanc(> i.e. it is capable of ])enalising i)r('dictions 

tha t  are far away from the actual observation. 'I’herefoix’. this evaluation techniciue is a 

m eans of coni])aring d('terministic and j)robabilistic forecasting models and  is also (>asy to 

interj)ret a.s an error mea.surc'. I ’his in terpre tab ility  is fur ther aided by the  fact tha t  it is 

in tlu' same units as tlu' targx't variabk>.

Like the N LPD. the C R P S  is a combined scor(> addn 'ssing  bo th  shari)ue.ss and cali- 

tjration. Cn('iting and Raft('ry (2004) suggest tha t  it is a more robust a l t( 'rnati \’c to  the 

N L PD  and is therefore a b e t te r  .scoring metric. Ilowevt’r. a m ajor d isadvantage of the 

C R P S  score is th a t  it is not of clo.sed form. It is ])ossible to derive a clo.sed form version 

of the C R P S  for normal d is tr ibu tions (G neiting  <k Raftery. 2004); however, if tiie proba- 

bili.stic model jM'oduces non-Gau.ssian solutions, such Ji-s m ix tu re  models, then  determ ining  

numerical estim ations of the integrals for every input j)attern is a com i)utationalh ' in ten­

sive task. F in therm ore. in C hap te r  7 the  C R P S  is shown to be a poor es tim ator when 

d a ta  is le])tokurtic performing worse th an  the  NLPD  score.

CTiPS, (3.3)

where. H, is the Heaviside' function.

/ / ( / .  /»)  =  1 {/  >  ///}



P red ic ted  P rob ab i l i ty  and T a rg e t  V a lu e
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F ig u re  3.2: J’lie to]) j)k>t in this fignro is the pn'dicted ])rt)l)al)ilit>' density function for 
some rc'gression task. The target value is at 2. The bottom j l̂ot shows the cumulative 
distributions for the target and ])rediction. The area between the targ(>t and j^n'dicted 
cunuilative is the value returned by the CRPS score. The sensitivity f)f th(> C'RPS to 
distanc(> is linear relative to the j)r('dicted densities error. Shar])uess (small sjjread) is 
r('ward('d if the forecast is accurat('. A perfect CRPS .score is 0.

W ilson Score

'The \ \ ’ilson Score (Wilson et al.. 11)99) is a means of asse.ssing the (juality of fort'casts 

of continuous variables in terms of au acce])table range. For e.\amj)le. ])r(>dictions of 

temperatm'(> may only n(>(>d to be accurate l>etween ±1°C of the actual observation. This 

scorc' evaluates predictions in terms of this range. Like the C'RPS. tlu' concept of the 

Wilson Score is deri\'ed from the Brier Score and Rank Probability' Score. 'The Wilson 

Score determinc's the percentage of the forc'ca.sted jjrobability that lies within tlu' tolerable 

rruige of the obsc'rvation/target. The ecjuation for the W^ilson Score is:

r t  +  A t
\VS, = /  p{u\x,)du  (3.4)

J t - A t

wlier('. A/ re])re.sents the threshold, or tolerated distance from t.

Figme 3.3 depicts the area contributing to the Wilson score for a sam])le prediction. 

This is a ])ositively oriented score in the interval [04] • A j)erfect score rec-eives a 1. The
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n u m erica l sco re  th a t it p ro d u ces can  b e  u n d ersto o d  tus a  p rob ab ility . It is s e n s it iv e  to  

d is ta n c e  an d  to  th e  sp read  o f  th e  forecasts.

W ilson  Score with ±  Unit W indow

prediction
0.25

- ± A l
0.2

0.05

10

F ig u r e  3 .3 :  S h ow s th e  area o f  th e  d istr ib u tio n  th a t is con sid ered  by th e  W ilson  S core  
± A / .  In th is  ('xanip le a to leran ce, or w in dow  siz(' o f  ± 1  u n its  is u sed .

A  w ('akness o f  th is  scort' is th a t th e  m o d a lity  o f  th e  p red icted  d istr ib u tio n  a ffec ts  tlu' 

resu lts . 'I'Ik’ error score n n ist be adapt('d  to  accou n t for th e  diff('r('nt pred ictt'd  m ock's. 

W ilson  ('t al. (1999) d escr ib e  how th e  scon- can b e adapt('d  by d eter m in in g  tlu* m o d a lity  

o f  th(' target a ]>riori. H ow ever, th is  is not a triv ia l ta.sk and m ay  n o t even  !)(> a ch iev a b le  

in c('rtain scc'narios. A n o th e r  d ifficu lty  w ith  th is  score , like th e  C R P S . is th a t it rt'cjuires 

thc' c a lc u la tio n  o f  an in tegra l.

3.2 .4  P robab ility  Integral Transform  H istogram

The P r r  ev a lu a tio n  m eth o d  is d escr ib ed  ab ove. A s m en tio n ed  in tlu' in tr o d u ctio n  to  

Sc'ction 3 th(' s('t o f  P F r  va lu es sh ou ld  b(> uniform  in th e  in terval (0 ,1 ) . D i('bold  et al. 

(1 9 9 8 b ) su g g est th a t v is \ia l a .ssessm ent o f  th e  se t  o f  P IT  va lu es in a h istogram  is a u sefu l 

m ea n s o f  e v a lu a tin g  ca lib ra tio n . F ig u re  3 .4  sh o w s how- tlu' P IT  2  va lu es are used  to  

c o n stru ct th e  P IT  h istogram  for m ea su rin g  ca lib ra tion .

T o furtlH'r u n d erstan d  th e  P IT  ap proach  to  d eter m in in g  ca lib ra tio n  a (U nnonstration  

o f  th e  effec t o f  bias^ an d  varian ce on  th e  P IT  h isto g ra m  fo llow s. T o  d o  th is  th e  j^roblem  

is first sim p lified . A s ta t ic  d istr ib u tio n  g en era tes  all d a ta  for te s t in g , th is  is cho.sen to  b e  

a sta n d a rd  n orm al d istr ib u tio n . N (0 ,1 ) .  T h erefore , th e  tru e co n d itio n a l d en s ity  at every  

j)o in t is an N (O .l)  d en sity . K n ow in g  th e  tru e  d e n s ity  m ea n s th e  b ias and varian ce o f  th e  

^lii th is  experiment,  bias refers to  tlie incorrect specification of the  mean of the  predicted density.
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(a) Data
Finding the Probability Integral Transform Histogram
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(f) PIT Histogram
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F igu re  3.4: I'h is figiiie shows liow the P IT histogram is coustnu'tt'd. A simple exam])le 
is used, (a) 1.()()() random (h'aws from a standard normal distribntion are ust'd to rejjresent 
the target variables. A ll ])redictions take the form of a standard normal <listribution (b). 
The dc'ciles are highlighted in both ]>lots. (c) represents the probability integral transform 
ot the ])n'dicted distribution. I'his is used for transformation of the i)redietions and targets 
to £ values by Efjuation .‘M . (d) shows the resulting z values, (e) shows the 2 values and the 
deciles. Finally, (f) shows the resulting P IT histogram. The iiistograni shows the clearest 
l)icture of the calibration of the j)redictions. An almost flat histogram suggests a well 
calibrated model. See figure' 3.5 for an exj)lanation on how to interpret P IT  histograms.

40



Perfect mode! Over confident model Under confident model Biased model
0.8

Target
Prediction

0.6

0.4

0.2

0 5-5

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

-5 0 5

0.8

0.6

0.4

0.2

0 5-5

P IT  Histogram  P IT  Histogram  PIT H istogram  P IT  Histogram

TrrTTrT
0.5 0.5 1 0 0.5

F ig u r e  3 .5 : T h e  to j) rcnv o f ]) lo ts  shows the  tru e  o r ta rg e t genera ting  ( liK tr il) iit io n  (N (O .l) )  
and t l ie  precheted ( lis tr il)u tio n s . From  l<'ft to  r ig h t the p ri'd ie tt 'd  (h s tr il)u tio n s  are. N (( ) . l) .  
N((). O.T)). N (0 .2 ) and N ( l . l ) .  T he  b o tto m  row  o f i) lo ts  re j)n 'sents t iie  I'esu lting  P IT  
iiis to g ra n i fo r each j)r( 'd ic t io n  (h s tr ih u tio n  de te rm in t'd  l)v evah ia tion  f>n 10.()()() jx iia ts  gen- 
eratc'd from  the  targc't d is t r i l ju t io n . A  perf('c t m od('l is ind ica ted  w it l i  a daslu*d hue.

])red ic t('d  (U'nsities can i)e a rtific ia lly - s innda t('d  l)v m ak ing  a ll i)r( 'd ic ted  densitie.s N ( / / . ( t ) .  

B ias is s im u la ted  by \ 'a ry iu g  the  // o f  the dens ity  and variance is s ium latc 'd  by va ry in g  

the  (T o f th (' (k 'us ity . F ig u n ' shows the  d is tr ib u tio n s  and resu ltin g  P IT  h is tog ram s fo r 

d ifferc'u t // and n ]>airs. 'I'he  Hr.st P F l’ h is tog ram  is th(> o n ly  c ( jrre c tly  s jx 'c ified  h is tog ram  

because the  i)red ic ted  d ens ity  is N (( ) . l) .  th<' sanu* as the  d is tr ib u tio n  ust'd to  generate 

the  d a ta . B ias and variance effect th (' P i r  h is tog ram  in  d iffe ren t ways. Too narrow ’ a 

y-ariance fo rm s a "U '' sha])cd P r i ’ h is tog ram  s ig n ify in g  over-confiden t prc 'd ictions. Too 

wide' a variance  creates a h um j) in  the' m id d k ' o f the  PFT. T h is  can b(> though t o f as u nde r­

confidence. B ias causes a s lo j)ing  ('fleet and in  the  ex tr( 'm e  case it crc'ates a "J ” o r "L "  

slia ])('d  PFF h is tog ram  depend ing  on t lu ' d ire c tio n  o f the  bias.

A lth o u g h  the  PFF h is tog ram  identifies  n uxk 'ls  th a t ar(> under-confident and over­

con fiden t and these p rob lem s d ire c t ly  re la te  to  sharjjuess defects, its  strongest charac te r­

is tic  is th a t i t  can id e n tify  w he the r a m o d i'l is ca lil)ra t( 'd  o r n o t. As th is  is no t adecjuately 

achieved by t l ie  o the r m ethods described al)ove i t  is ])a r t ic u la r ly  im i)o r ta n t th a t m odels

shou ld  be as.sessed using th is  m c'tric .
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3,3 Discussion

In this chaj)ter the  concei^ts of c ahl)ration and  sharpness are intro(hu:ed and th e  reasons 

why they  are tlie objectives whc-n density  forecasting are explained. T h e  P IT  histogram 

is described as a useful m eans of assessing j^robabilistic caliliration. T he interj^retation of 

the P IT  histogram is also exj)lained.

A lthough the N L PD  has a num ber of problems associatt 'd with it (see Section 5.2) it 

is by far the most connnon evaluation mechanism used in the  literature. This  a])proach 

is par ticu larly  j)o]>ular because it fits inside the m axim um  likelihood framewoik and can 

be evaluated  very chea])ly. A lthough the  C R PS  is arguably  a b e t te r  m etric (Gneiting 

e t al.. 2003). it is an ex])ensive metric to  calculate. W hen a ])rediction is not a Gaussian 

distr ibu tion  there is no closed form ecjuation for the  metric  and the integral in th(' fornmla 

nnist be (\stimat('d numerically. T h e  Wilson score is a very descriptive' and  intuitive 

evaluation metric. howe\'('r; it c-an only be u.sed for very sjx'cihc probk'm t\  pes. 'I’ln'rc'forc'. 

th roughou t this thesis the N L PD  score is j)rimarily usc'd. T he  C R P S  is used whcr(' su itabk ' 

for ('valuation of dens it \’ models.

Analysis of the C'RPS and N L PD  e(}uations shows th a t  a lthough tlu'v it'ward calil)rated 

nuxU'Ls with low scores they do not liirectly assess th(' calibration of a modt'l. 'Lhe N L PD  

score ])('nalises mod('ls bast'd on the ])redictive density at the target variable, th is directly 

r('lat('s to  the variance of the jjn 'd icted  (k'nsity and ther('fore the shari)nes,s. Similarly, 

tlu' C R P S  rewards models bas('d on the area betwe('u th(' cumulative' predicti\ 'c (h'usity 

and th(‘ cumulative' target (k'usity. Again, how th is  re'lates to sharpne'ss is ck'arly o lnious. 

How('ver. calibration again is not directly  assessc'd. For th is  r('ason. tlu' C R PS  and  N L PD  

scf>res can be thought of as shari)uess m etrics as th(' ass('ssnK'nt of calibration is rek'gated 

to a sc'condary position being a k)rtuitous si(k'-effect of these (>rror score's. 'I 'hroughout 

tlu' re'st of the tlu'sis. N LPD  and  C R P S  will be' referre'd to  as sliarpne'ss metrie-s and the 

P IT  e-alibration m easure will be rt'ferreel to as a calibration metric.

This  thesis j)ro])ose's tha t  be)th a sharpnc'ss and e-alibratie)u metrie- she)uld be used when 

models are be'ing oj)tiniised.
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C hapter 4

R eview  of M ulti-O bjective 

Evolutionary Algorithm s

4.1 Introduction

In 2 two (knisity foii'ca.sting models. MDN and CARC'H. wert* eliosen as the-

UK'tliods of density forecasting tha t  would bt' used for evaluation. Both of these models 

can b e  fully de.scribed by a \ 'ector of r( 'al-vahu'd parameter's. In this chapter, op tim isation  

m ethods  for these models are review('d. S]>ecific a t ten tion  is paid to evolutionary algorithm  

and m ulti-objective algorithm a])i)roaches. In tlu' next cha])ter exp('rinu'nts will show how 

sharj)uess and calibration <u'e conflicting objcx tive functions and are candida tes  for nnilti- 

ob jective search. In i)re]>aiation for this, a revi('w of multi-objective algorithm s is ])resent('d 

in th is  chapter.

I 'h e  chapter is laid out as follows. Oi)timisation m ethods  in genc'ral are introdncc'd in 

Section 4.2 and Evolutionary' A lgorithm s are introduced in Section 4.2.1. If tlu' reader is 

alr('ad>' familiar with single objective' oj)timisation a n d /o r  evolutionary a lgorithm s tlu'se 

sc'ctions can be skii)ped. Section 4.3 introducc's multi-objective e\ 'olutionary a lgorithm s 

and Sections 4.4 and 4.5 r('vi('w ('■\'ohitionary algorithm a])proaches used for oj)timis('d 

M D N  and GARCH nu'thods. Finally. Section 4.6 summarises the chaj^ter.

4.2 Optimisation M ethods

Ty])ically. in sup('rvised learning, function optim isation takes the following form. A func­

tion /  : 'R"' —» is defined over d a ta  .so tha t  the  objective wdien o])timising is to  find the
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iniiiiiiium w  =  a rg i i i in i? [ / (w ;  x)], where, w  a re  p a ra m e te rs  to  th e  func tion , E[] is th e  fu n c ­

t io n  ex j^ectation  an d  x  is th e  in p u t  d a ta .  If  th e  function  /  is (hfferentiable  w ith  resj)ect to  

th e  ] )a ram eter  vahies th e  p re fe rred  a p p ro a c h  to  o p t im isa t io n  is to  use a gradien t method.  

W i th in  th e  c lass of grachent m e th o d s  th e re  a re  two suh-chisses, f ir s t-o rder  g ra d ie n t  m e t h ­

o d s  a n d  Hecond-order  g ra d ie n t  m e th o d s .  F i r s t -o rd e r  g rad ien t  m e th o d s  use th e  g ra d ie n t  

in fo rm a tio n  y (w )  =  to  ])erturl) th e  j ja ram e te r  vector  in th e  stec 'pest dow nhill

d irec tion . g{'w) is a vec to r  func tion  of de r iva tives  of  th e  sca la r  func tion  i : [ / ( w : x ) ]  w ith  

resp ec t  to  all th e  p a ra m e te rs .  T h e  a d v a n ta g e  of th is  g rad ien t  descent a])proach is t h a t  

t h e  g rad ien ts  a re  cheaj) to  c o m p u te  which allows for fast i )a ram eter  o ]) t im isa tion  if th e  

l)rol)lem is w('l l-conditioned. T h is  form of g rad ien t  descent is p o p u la r  for o p t im isa t io n  of  

m ulti- layer  i)erceptrons. for exanij)le.

'I’he second-order  g rad ien t  m e th o d s  u,s(> th e  Hessian  m a tr ix .  77(w) =  O w o Z '^  

m ak e  I je tter  a n d  bigger stej)s  tow ard  th e  func tion  m in in u u n .  Th('r( ' arc' a n u m b e r  of  

vc'rsions of s i 'cond-ordcr o j^tim isatiou  t h a t  arc' i)0])ular. For exani])lc. N e w to n 's  m c'thod. 

C^uasi-Nc'wton. Lc'veni)erg-Mar<iuarclt. a n d  Conjugate ' G rad ien t .  Eac h o f  thc-sc' a])])roach('s 

a re  va r ia t ions  cju the* s am e  idea  w ith  subtle' a d ju s tm e n ts  to  am elio ra te  different ])roblc'ms 

in th e  unck'rl> ing  m e th o d .  A n c'xamjjle o f  a sc'concl-order m e th o d  is th e  scalc'd conjugate ' 

g rad ien t  m e th o d  (Moller. 1993) u.secl for o]>timisation of  m ix tu re  d ens ity  ne tw orks.

G rad ien t  m c'thods a re  ])opular because  in most o p t im isa t io n  problc-ms thc'y can  vc>ry 

cjuickly find good  i)aramc'ter c'stimatc's for th e  function  be ing  optimi.secl. Howc'ver. th e re  

a re  a niunbc'r  o f  difficultic's w ith  tlu 'se  n u 'th o d s .  For exami)le. in ordc'r for o p t im isa t io n  

to  ije ])ossibk'. the' t 'xi)c'ctation function  m u s t  be differentiable. T h is  c o n s tra in t  r e s t r ic ts  

t h e  type' of so lu tion  th a t  can  b e  found. In  \ 'ery com])le'x p rob lem s gradic'nt n ic 'thods can  

i)e slow to cc)n\'c'rge or  tc'iid to  converge' on  a local m in im u m . I 'h i s  is ])a r t icu la rly  th e  

case w ith  first-ordc'r gradie'nt me 'thods. For c'xamj)le‘. o p t im isa t io n  of a m ix tu re  dc'usity 

ne tw ork  is ra re ly  snccc'ssful w ith  first-ordc'r  gradie'nt m c 'thods due' to  the' complc 'xity  of 

th e  local c'rror c u r \ a t m e  (Husmc'ier. 199!)). 'I’lie a lg o r i th m  te'nds to  convc'rgc' on a \ 'erv 

p o o r  loc:al m in im iu m  so lu tion . See-ond-orcler g rad ien t  m e th o d s  can  prevc'ut th is  from  

ha])i>ening by tak in g  very la rge  movc'ments in th e  be'ginning of th e  search  to  c'scai)e from  

loc;al m in im a .  However, if th e  ]>robleni is ill-conditionc'd or non-conve\x th e n  .second-order 

g rad ien t  api)roachf's can  be very  slow or will n o t  converge to  a good  so lu tion  also.

A n  a l te rn a t iv e  to  th e  g ra d ie n t  m e th o d s  desc r ibed  above  is to  u.se a direct optimiaatioyi 

method.  T h e se  g rad ien t  free o i) t im isa tion  technieiues use only  th e  func tion  value' to  sc'arch



t he pa ram ete r  space. W ith in  this group of optim isation approaches there are m any  distinct 

algfirithms, for examj)le, simulated annealing, M onte Carlo. SPSA, Tabu search, genetic 

algorithms, evolutionary strategies and m any  more. These m ethods share a  connnon 

ap])roach bu t  differ in their implementation.

T here  are numerous advantages to  direct methods, for exanqile, there is no need to 

derive or com pute gradients so the  expectation  funcition does not need to be differentiable. 

This  also m eans th a t  the models can solve discrete/coml^inatorial ])rol)lems and  c:an ad ­

dress even non-formalized problems. This approach can even find solutions to  non-convex 

search s])aces. Furtherm ore , direct m ethods can take multi])le objectives into consideration 

during  oi)timisation.

There are disadvantages to the direct approach as well. For example, there is no sense 

of the  ai)j)ropriate direction or size of stej) to take, these are decided a t random. A nother 

de trac to r  is the length of time it takes to  converge, optimisation with this a])])roach is 

an ord('r of m agnitude slow('r than  gradii'ut methods. However, tlu 're are lu 'uristics and 

m ethods  tha t  can reduce the effect of th('se ])roblems. for ('xample. convergencc' times can 

be rt'duced by ])arallelising the  execution of th e  algorithm and he\u'istics exist th a t  can 

ad just the direct optimisation algorithms stej) size with respect to i)roximity to  th e  global 

m ininnnn e.g. evolutionary strategies.

Des])ite the problems with dirc'ct m ethods outlined alxnc'. they are the most su itabk ' 

optim isation  m ethod  for the ])roblem at hand. Firstly, they are the only o])timisation t('cli- 

nicjue th a t  can oi)tiniise non-differentiable objective- functions. I I k' calibration n u ’tric. .4^. 

is ]ion-differ('utiable so gradient m ethods  are ruled out for o])timisation on this dimension. 

Se'condly. for the proposc'd solution it is necessary for tlu' ojitimisation algorithm  to be 

caj)able of oi)tiniising two objectives simultaneously. 'I'his can only be achieved with  a di- 

re'ct uK'tliod such as an evolutionary algorithm  as nnilti])k' crite'ria search is not suj^ported 

by gradie'ut oi)timisation methods. Thirdly, optimisation of (k'nsity foreca.stiug models is 

a difficult j)rol)k'ui tha t  has a complex error surface and EAs arc' well suited to  this type- 

of problem. For these reasons an evolutionary algorithm is the most su itable  means of 

nnilti-objective optim isation  of density forecasting models. A review of single objective 

EAs follows.



4.2.1 Evolutionary Algorithms

A n E v o lu t io n a ry  A lg o r i th m  (EA ) is a generic  te rm  nsed  to  in d ica te  an y  j)opnla tion-l)ased  

d irec t o p t im isa t io n  a lg o r i th m  th a t  uses m echan ism s  insp ired  by biological evo lu tion , snch  

as re j jroduc tion , m u ta t io n  a n d  recom bina tion .  E A s  a re  insp ired  by th e  D a rw in ia n  prin- 

ci])le o f  n a tu ra l  selec tion  (survival o f  th e  f i t te s t) .  A n ob jec t ive  func tion  is defined to  

d escr ibe  th e  goals of  th e  search p rob lem  a n d  c a n d id a te  so lu t ions  a re  assigned  a  fitness 

\-alue th rougli  ( 'va lua tion  of  the ir  i )e rform ance on t h a t  ob jec tive  func tion . T h e  obj( 'c tive  

func tion  descril^es a  fitness lan d scap e  t h a t  can  l)e cha rac te r ised  in t(>rms o f  th e  d ifferent 

p a ra m e te rs  of all possib le  c a n d id a te  so lu tions. W i th in  th is  lan d scap e  we a re  seeking  an  

o])tim um  so lu tion  or  nmltij)le  oj)tim al so lu tions  in te rm s  of th e  ] )aram eters .  E A s  rely on 

s to ch as t ic  v a r ia t io n s  in th e  variab les  to  trave rse  t h e  fitness landscape . To gu ide  th is  .search 

tlu ' f ittest so lu t ions  a re  selected to  su rv ive  a n d  j)roduce offspring. T h ro u g h  th is  j)rocess 

th(' ])0 ])ulatiou i)rogressively ge ts  f i t te r  so lu tions.

Ther(> are  two d iffen 'n t evo lu t io n ary  a lg o r i th m  tyj)es t h a t  a re  genera lly  u.sc'd. G t 'ue tic  

A lgo r i thm s  (G A ) (H olland . 1975) a n d  E v o lu t io n a ry  S tra teg ies  (ES) (R eclu 'uberg . 1994). 

A lth o u g h  tlu ' biisic concc'])tual fram ew ork  of  all E A s  is very s im ilar, th e ir  i )a r t icu la r  im- 

]>lenientations difler. For exaui])le. th e  re la tive  im p o r ta n c e  of  m u ta t io n  a n d  crossover, th e  

s('lectiou m ech an ism  used  and  th e  rei)re,sentations of  ind iv idua ls  va ry  dei)end ing  on th e  

sp<'cific a lgo r i th m . In o rd e r  to  u n d e r s ta n d  a n d  choose an  EA for m ulli-ob jec tiv ( '  search  it is 

nec('ssary to  first u n d e r s ta n d  how single ob jec t iv e  E A s work. T herefo re ,  before  d e sc r ib ing  

th(' various a])])roaclies to  nu il t i -ob jec t ive  o ]) t im isa tion  th is  sec tion  ])rovid('s a  b r ie f  review  

of single ob jec t ive  E A s followed by a review of u m lti-ob jec t ive  e v o lu t io n a ry  a lg o r i th m s .

F igu re  4.1 show s th e  basic s t r u c tu r e  f)f m ost evo lu t io n ary  a lgo r i th m s .  T h e  four st( '|)s 

to  an>' EA ar(' in i t ia l isa t ion , selection. adai)tati<jn. a n d  eva lua tion . A brie f  desc r ip t io n  of  

each follows:

1. Im tia l isa t io n  - Ty])ically. in it ia l  values for each variab le  o f  th( ' v('ctor a re  r a n d o m ly  

genera t( 'd ;  however, d o m a in  spc'cihc know ledge can  also be  u.sed to  b ias th e  search .

2. Selection - Selection  pe rfo rm s  tw o im ])o r tan t  tasks, it  dec ides  which m e m b e rs  to  

remove from th e  i:)opulation a n d  which in d iv idua ls  will be  used  to  g e n e ra te  offs])ring. 

Ideally, se lec tion  shou ld  iden tify  good  ind iv idua ls  a n d  e l im in a te  b a d  individiuils. 

Generally , se lec tion  is based  on  th e  h tn e s s  o f  a solution; th e  Ix ' t te r  th e  fitness o f  an  

ind iv idual th e  h igher  th e  p ro b a b i l i ty  of  t h a t  ind iv idua l  be ing  selected . T h e re  a re  a
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F ig u r e  4 .1 : S liow n is a How (iiag ra in  o f a to p ica l E v o lu tio n a ry  A lg o r ith m . A  ])o p u la tio n  
o f c a u d id a ti' so lu tions  ( in d iv id u a ls ) is in itia lis ( 'd  and then  (;volved from  gen tna tion  to  
gx'neration In ’ r('])eat<'d a i)p lica tion s  o f  eva lua tion , sek 'c tion . a d a j)ta tio n .

num ber o f d iffe ren t selection m ethods, fo r exam i)l('. to u rna m en t, rou le ttc '-w hee l and 

ra n k in g  s('leetion. For an aecount o f the  most ])o ])u la r m ethods s('e (Back. 1!)!)G).

3. Adap ta t io i)  - T he  a d a i) ta tio n  j)ha.se o f an E A  is the  jx ) in t where the  .selected in d i-  

\ id u a ls  ar(' ada])t('d  to  c r('a t(' new in d iv id u a ls . 'The a im  is fo r the  new in d iv ich ia l 

p roduced  to  have- supe rio r fitness to  its  parents. W h ile  th is  is the  ca.se. the a lg o r ith m  

is m ov ing  tow ard  t lu ' o p tin n n n  in d i\  idua l. Dc'jjc 'nding on the  p a rtic u la r  E A  tlu 're  

are d iffe r( 'n t ada])tati<)n nu 'thods. T he  most connnon m e tliods  are m u ta tio n  and 

cross(n'('r.

4. Eva lua t ion  - T he  e va lua tion  ste j) o f an E A  is w'here eac:h so lu tio n  is e va lua ti'd  w ith  

respect to  the  o b je c tive  fim c tio n .

’Th(' fo llo w in g  sections describe how these stej)s va ry  fo r the  tw’o m a in  types o f evo lu ­

tio n a ry  a lg o r ith m .
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4 .2 .2  G e n e t i c  A lg o r i th m s

Genetic Algorithms, as their name suggests, are m otivated by the j)rincij)les guiding the 

science (jf genes. They sinnilate the fundam ental ideas aroimd natural genetics to find 

robust solutions in complex domains. Originally developed by Holland (1975). a va.st 

lit('rature has developed aromid GAs. This is nicely summarised in an excellent book on 

th(' theory, oj:)eration and a])])lication of GAs (Goldberg. 1989). In this section, a brief 

de.scri])tion of the most novel as])ects of the GA are introduced.

A GA rejjresents a candidate solution a.s a string of syml)ols called a chromosome (or 

ge'uome). Generally, chromosomes are binary encodings of the ])aranieters of a candidate 

solutio)!. This rej)resentatiou enal)les ci’ossover during the ada])tatiou stej) of the algo­

rithm . Crossover is a i)owerful and intuitive m ethod of creating fit offspring from the 

poi)ulation. Thf're are two st('])s to crossover: hrst. each of the chromosomes chosen at 

the s('lection stc'p are coujjk'd at random for mating: second, each j>air of chromosonu's 

undergoes crossing over. I ’able 4.1 gives an ('xami>le of crossovt'r for a binary GA. The 

chromosoHK's c'ome from the ])o])ulatiou sf'lected for survival by the selection m ethod. A 

dividing i)oiut is selected at landom  and us('d as tlu' crosscnx'r ])oint. 'D k' end sul>strings 

of th(' two chromosomes are swa])i)('d to create two new chromosomes known ius offs})ring. 

riiese new cinomosomes are ('A'aluated and the sek'ction ]>roc('ss decides whether they will 

!)(' k('])t or not. This is an exam])le of the sim])lest form of crossover. Variations such as 

nnilti-poiut cro.ss(3V('r. where' more than ou(' crossover point is select('d are commonly used.

T a b le  4.1: This table' shows an I'xampk' of crossovc'r for a binary GA. Two new offspring 
have bec'n fornu'd by choosing a crossover j)oint at random  and swa])]:)ing the sulvstrings 
of tlu ' chromosomes.

ChromosouK' 1 10101 OOlOOl10110
Chromosome 2 11011 11000011110

Offs})ring 1 10101 11000011110
Offs])ring 2 11011 00100110110

M utation is another asj^ect of adai)tation th a t is often used in genetic algorithms. The 

m utation of chromosonu's in a binary GA simply involves the fiipj)ing of random bits in 

each chromosome. A i)robability of nnitatiou is assigned l)efore the algorithm connnences 

and for each decision variable a uniform [0.1] random number is generated: if the random 

uunil)er is less than the proliability of m utating, unitation occurs and tha t deci.sion variable
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bit is fli])ped from 0 to 1 or vice versa. Genetic Algorithms use nnitation as a “backgronnci” 

operator to serve the purpose of preventing crossover getting stuck in a loc;al oi)tinium. 

Holland (1975) suggests that a mutation rate in the range of [O.OOl, 0.01] is sufficient to 

achieve this goal.

GAs have a number of different selection mechanisms available to them. Aside from 

simple rank selection, wlu're only the best individuals ar(‘ maintaiiu'd. there are two other 

po])ular ai)])roaches to selection called Roulette-Wheel selection and Tournament selection.

R o u le t te -w h e e l  s e le c t io n  is a projKH tionate selection method (Goldberg. 1989). The 

analogy with a roulette wheel is useful when trying to understand how this method works. 

The selection method is eciuivalent to dividing a roulette wheel uj) into N  divisions, where 

N  is the poi)ulation size. The size of each division is ])ro])ortional to the relative htne.ss of 

each ])oi)ulation member. If the fitness of the i'^‘ individual is / ,  and th(> average fitness 

of each individu;tl is then the i)roi)ortion of the rt)ul('tt(' assignc'd to that individual 

is — . 1 he wheel is s])mi N  tinu's and the chromosouK' r('lat('d to the division in which
'V  J „  I r;

th(' roulette wheel sto})s is selected ff>r mating.

T o n r n a in e n t  s e le c t io n  is anothc'r ])o])ular foiin of s('lection that ha.s bc'ttcr or ec]uiv- 

;d(>nt convergence and com]>utational timt' com])k'\'ity pro])erti('s than any otlu'r .sek'ction 

method that (wists in the literatiu'e (Deb. 2001). It works as follows, ('adi tournament 

consists of two or nior(' randomly selected chromosomes. Tlu' Htness \’alues of the chromo­

somes are com])ar('d and the chromosome with tiu' best solution is instated in th(' mating 

])ool. A' tonrnanu'nts arc' i)lav('d and if the .sc-lect ion process is systc'inatic it is ])ossible that 

each chromosonK' has compc'ted in c'xactly two tournaments. This selection mechanism 

has a bias foi- lit individuals.

GAs art' unicpK' in the manner in which they r('])re.sent the set of ])arameters to be 

searched: liow('\-('r. with this binary re])r('sentation. crossovc'r can be usc'd successfully to 

o])timise a ])arani('t('r set quickly and efficic'utly. Any imi)lementation of a GA rc'cjuirc'S 

(k'cisions to be made on the crossov('r. mutation and selection methods, as well as careful 

en cod ing  of the chrom osom e string. The theory behind the use of a binary alj)habt't for a 

GA is va.st and the reader is referred to (Holland. 1975) and (Goldberg. 1989) for details. 

r iu ‘ main disadvantage of this aj5j)roach is that it restricts the problems tha t  can bo 

tackk'd. For exani]>le, many j^roblems require o])timisation of real numbers: however, the 

encoding of real numl)ers in l)inary strings results in very long chromosomes. To address 

this i.ssuc' in GAs there have been a nmnber of adaj^tations that  allow the chromosome
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to  iiicliule real n u m b e r  values. H e r re ra  e t  al. (1998) p rov ide  a  useful rt^view of th e se  

m e th o d s .  U nfo r tu n a te ly ,  som e  of th e  a t t r a c t io n s  of  th e  G A s  such a.s its  in tu i t iv e  m u ta t io n  

m e c h a n ism  of b i t  flij)j)ing a n d  crossover ta k e n  from  gene tic s  do  n o t  niaj) d irec t ly  to  th is  

m o re  comi)lex d o m a in  a n d  in s tead  a  form of averag ing  rea l valued so lu t io n s  called  l) lending 

is used  th a t  is m uch less ])rincipled a n d  e legan t  in co m p ar iso n  to  t h e  l) inary  m e th o d .

4.2 .3  Evolutionary Strategies

E v o lu t io n a ry  S tra teg ies  (ES) have  em erg ed  as  a  po jju la r  e v o lu t io n a ry  a lg o r i th m  from  th e  

eng in ee r in g  dom ain . D eveloped  co n te m p o ra n e o u s ly  w ith  gene tic  a lg o r i th m s  l)v R echen-  

i)erg. B ien e r t  and  Schwefel in th e  sixties, th e  teclmicjue wa.s orig inally  c rea t( 'd  to  solve 

l)robl( 'ms such as th e  o])t inunn b e n d s  in a  pij)e. o r  d r a g  m in im isa t io n  of a  jo in t  |) la te  

{R eclu 'nberg . 1994). T h e  ES process  us('d in p rac t ica l  eng ineer ing  exani])les w as sini])le; a 

c a n d id a te  so lu tion  was m u ta te d  to  crc'ate a nc'w ofl’s])ring (e.g. th e  l)ends of a pijx ' were' 

'a d ju s t e d )  a n d  ('vahiat( 'd w ith  respc'ct to  th e  ol)j('cti\'(' function . If tlie  new ])ipe fo rm a tio n  

w as  bettc 'r  th a n  tlu ' p .irent p ipe  fo rm atio n  th en  it was k('])t. o therw ise ,  it was d isca rd ed  

a n d  its p redecessor was re ta ined .

In evo lu t io n ary  a lg o r i th m  t( 'rnis th is  j)roce.ss can  bc' descr ibed  as  follows: A p a r a m e te r  

v( 'ctor rej)r(>sentation of  th e  ])roblein is (U'cided uj)on. 'This m ay  consis t  of an y  tyi)e of  

\a r i a b le  t h a t  can be m u ta te d .  An in itia l so lu t ion  is crc 'ated consis t ing  of  an  ?n-dimensiona! 

] )aram et( 'r  vector  of. for exam])le. rea l-vahu 'd  niunl)ers. M u ta t io n s  a re  ap])lic'd to  ('ach 

])arain( 'ter variable', in th e  ca,s{' of n 'a l -v a h u 'd  variai)k 's  th is  n n i ta t io n  is gencnatc'd from  

a n o rm a l  d is tr i l iu t ion  w ith  zero m ean  a n d  sp('cified variance . I ’he re su lt ing  oH'sj)ring is 

( 'v a lu a ted  a n d  conii)ared w ith  the' ]>arent soh ition . If th is  new offs]>ring is fittt 'r  t h a n  t lu ' 

p a re n t  it is us('d a.s th e  ])ai'ent for t lu ' u('xt i te ra t io n  of  th e  a lgo r i th m , if no t .  its ]>red('C('ssor 

is list'd (Back. 19!)(i). T h is  p a r t ic u la r  ES is called a (1 +  1)-ES. .signifying th a t  t lu ' ie  is on ly  

on e  ])areiit an d  o i k '  offs])riiig. Tlu'ic ' a i e  v a r ia t io n s  on th is  th a t  in t ro d u c e  a ])0])ulation 

asjjec t.  T h ese  a re  tyj)icall>' d( 'not( 'd as  ( / /+ A )-E S . // signilies t lu '  n iim ijer o f  j)art'iits a n d  A 

signifies th e  n u m b e r  o f  offspring i)rodiiced. In  th is  a i)proach . t lu '  i)est ind iv idua ls  from th e  

])aren ts  a n d  offsi)ring a re  .selected for th e  n e x t  epoch  of th e  a lg o r i th m . W i th  th is  se t  nj) 

ind iv id u a ls  can  pers is t  across  m u lt ip le  ej^ochs of th e  a lg(jrithni.  If  th is  is a ])roblem t lu 're  

is a n o th e r  version of ES called  (//, A)-ES w h ere  selection of  on ly  th e  b e s t  ind iv idua ls  from  

th e  offspring a re  used as ])arents for th e  n e x t  epoch . T h ese  po]:)ulation based  v a r ia t io n s  

c a n  also use real value cro.ssovc'r as an  a d a p ta t io n  m echan ism , .st'e Sc'ction 4.2.2.
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A benefit of the ES th a t  should no t be overlooked is its ability to ad ap t  to  diverse 

problem domains. T he  ES is not confined by a single rej^resentation m ethod  for the  

problem in hand. It can deal with real, b inary  and  discrete varialiles and even varying 

jjaram eter vector lengths i.e. individuals can have different param eter types and  a different 

num ber of parameters.

From th e  basic ES algorithm there have been numerous suggested am endm ents:  how­

ever. the most im portan t am endm ent is the use of additional s tra tegy  variables in th e  

search process to aid convergence. T he  s tra tegy  variables usually take the  form of a m u ta ­

tion s treng th  vector. This  is a vector of length m  tha t  determ ines the  s tan d ard  deviation of 

the  zero m ean Gaussian th a t  is used for n m ta t in g  each j)arameter. I ’he desired behaviour 

of the nn ita tion  streng th  vector is to initially perform large nuitations to  ()uickly find a 

good r('gion of the error space and then u.se smaller stej)s a,s the algorithm  homes in on an

0])tinnun .solution. Therefore, the o])tinnuu nm tation  streng th  nnist changx' dynamically. 

Reclu'nlx'rg (lf)!)4) determinc'd the best m uta t ion  strcnigth for a s(>t of sim])l(> ])robk'ms and

01).s('r\(>d th a t  tlu' nm ta tion  s trength  sluMild be inversely proportional to  tlu ' num ber of 

\ari;ibles and should reduce as the distauc(' from tlu' oi)timum solution decreases. Evolu­

tionary  S trategies that u.se the m utation  s treng th  vector are g('nerailv called .self-adaptive 

e\'c)lutionary strategies.

There ar(> two main tyjx's of ,self-ada})tive ES tha t  <ue of interest. isotro])ic and  non­

isotropic. Isotroi)ic self-ada])tive ES \ises a single nm tation  strc'ugth variable for each 

parauK'ter in tlu' parametei' v('ctor. I iK'rc'fore. an additional str.Uc'gv ])aranu't( 'r. rr. is 

nuiintained for each i)opulation membc'r. M uta tion  then ])roce<'ds a,s follows:

exp(r()A'^((). 1)) (4.1)

' =  .r> + a ‘+ 'N ,{[)A )  (4.2)

wIk'H'. .r'j rt 'presents i)aranu't(>r / of tlu' di dimensional ])(»ram('t('r vc'ctor x  at itc'ration f

of the o])timisatiou algorithm. A'((). 1) and  A ,̂((). 1) are random  draws from a s tan d a rd

norm al distribution, t q  is the learning ixuam ete r  and  should be set to tq o c  as

j)roposed by (Schwefel. 1987).

T he  non-i.sotropic self-adaj)tive ES is a variation on the  isotroi)ic m u ta t ion  described 

above. In th is  version of self-adaptation there is an individual nm ta tion  s treng th  varial)le 

for each param ete r  in the param eter vector. T h is  approach is jjarticularly useful when the  

different varial)les in the param eter  vector contribute  uneciually to the  objective function.



'I'lie update rule for tliis a]>proach is:

=  (t' ex])(r'iV (0,1) +  r7V, ((), 1)) (4.3)

=  3r̂  +  a'+^iV,((),l) (4.4)

where, r '  oc and r oc initial values of the m utation strength vectors can

be difficult to tune. Fortunately, variables in the i^arameter vector are generally bounded, 

when this is the case the convention is to chose =  {x\’ — .r f ) \ / l2 ,  where x \' is the uj)]>er 

i)onnd on the parameter .r, and the sn])erscript L  signifies the lower bound (Back. 1906). 

In addition to this apj)roach, there are more variations of self-adaj)tation that attem pt

to take advantage of the information generated during the optimisation proce.ss. For

exani])le, correlated self-ada])tation uses additional strategy varial)les to take advantage of 

correlations within the diff(>rent j)arameter vt'ctors.

4.2.4 Other Evolutionary A lgorithm s

It should be not('d that tlunx' are two otlu'r forms of (-volutionary algorithm. Evolutionary' 

Progrannning and Gi'uetic Progrannning. Thes(' methods are less connnonl\’ u.sed in ]>rac- 

tic(>. therefore, they are only bri('fly introduced lunx' to complete the surv('v of ('V(;lutif)nary 

algorithms.

Gen('tic Progrannning (GP) arc' another EA that are used to find computer ])rograms 

that do a user dc'fined ta.sk. Koza (1992) deveio]^c'd the GP to evolve effici<'nt and mean­

ingful i)rograms for solving a task. However, in tlu' context of the ])roblems discussi'd in 

this thesis the C-JP is not aj)])licable.

Evolutionary Progrannning (EP) (Fogel ('t al.. 19()(i) is another form of EA that is 

\’ery similar to ES. although both were' dev('lo])ed se]>arately. Again, like tlu> ES. the 

re])re.sentation used by the algorithm can 1«' adaj)ted to the ])roblem and mutations fU(' 

aclnev('d through zc'ro mean Gaussian ada])tations. How(>\'('r. tlu' sek'ction mechanisms 

difi'er. EPs use a t(jurnament selection mec-hanisni to determine the i)oj)ulation for th(> 

next ei)och whereas the ES generally uses a very simple deterministic rule that keeps 

individuals based on their fitness ranking. EPs al.so differ in the mechanisms tlu'y use 

at the adaptation jjhase. EP is leased on the theory of evolution within reproductive 

poi)ulations as oi)i)osed to Ix'ing based on the individual Ijehaviom’al level. Thus, no 

cro.ssover is used in the EP algorithms as this is not something that is oljserved within  

rej^roductive ])oi)ulations. Aside from these subtle differences EPs and ESs are very similar.
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Most vaiiatioiis on ESs can be reformulated as an  E P  and vice versa. For this reason E P s  

have not bet'u given tlieir own category in this section.

In the following sec'tion Multi-objective Evolutionary  Algorithms are introduced.

4.3 M ulti-objective Evolutionary Algorithms

'I 'here are many reasons why evolutionary algorithm s are good candidates for o])tinhsation 

of (k'usity forecasting models. For instance, they can find a global op tinnnn in comj)lex 

nnilti-niodal search sj)aces and  they can optimise on non-differentiable objective functions. 

In this section, the  nnilti-objective capabilities of evolutionary algorithms are explained.

The origins of nndti-objective optim isation  (M OO) are emlw'dded in economics and 

can be a t t r ib u ted  to  Francis Y. Edgeworth (1845-1926) and Vilfredo P are to  (1848 - 1923). 

Edg('worth (188J) was first to  determ ine the op tim um  of a multi o |i jecti\’e ])rol)lem. l ie  

does so. in t('rms of two ol)jectives P  and tt. as follows; "It ?.s rvqunvd to fijul a p o m t {.r. ij) 

such that in whatever direction we take an infinitely sin.all step. P  and n do not increase 

together hut that, ivlrile one increases, the other decreases". P are to  (189(i). used a slightl>' 

different d('scri])tion for the same notion; "The optiumin allocation o f  the resources o f  « 

society is not attained so lony as it is possible to make at least one individual better o f f  

in his oiun estimation u’hile keepimj others as well o f f  as before in their own es t im a tion" . 

although the result is the same*.

lh ( 'r ( '  are innununabk ' circnnistanc('s in different domains where multiple ol)j('cti\'(> 

])robk'ms exist. For example', in finance the jjrimary objective is to niaxinii.se re tu rns  

while minimising risk, or in c‘ngine(>ring there  is a desire to maximise i)erformance while 

minimising cost. T he  distinction Ix'tween single objective' and multi-objective jjroblenis 

is th a t  there are two or more confl.icting objc'ctives. C’onflicting. as Edgeworth describ('d 

above, nu 'ans th a t  imj)nn'ing in one will cause deterioration in the others. Latc'r. in Section

5.4 the conflicting nature' of sharj)ness and  calibration is shown.

A g('nt'ric multi-objective o])timisation ]3roblem can be formulated as follows. A vector 

function /  th a t  m aps an individual, i.e. a  vector of m  ])arameter variables, x, th a t  reside 

in the  p aram ete r  space X .  to  a vector of k  objectives, y, from the objective space Y . 

' ' r i i ins la tions  and  ex trac ts  taken from (I)e Wick. 2005)
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m in /m a x  y  =  ( /]  ( x ) , / 2 ( x ) , ^ . ( x ) )

siil)ject to X =  ( x i . , r 2 , X m )  G X

y =  (yi,/72, •••,,%) e  y  (4.5)

riii.s is the general setuj) of any nnilti-ohjective o])tiniiHation problem, the sohition 

to  this ])rol)k'm consists of all the j jaram eter vectors whose objec:tive function vectors do 

not ini])rove in any dimension without a sul)secjnent deterioration in ano ther  dimension 

(Zitzler <k Thiele. 1909). T he  set of all these solutions is known as the  P are to  o])timal 

set. T h is  conce])t can be exj)ressed m athem atica lly  a,s follows: Assume, without loss of 

gen('ralit>'. a minimisation problem and consider two param eter vectors a. b  € H. T hen , a  

is said to  dom inate b  (also w ritten  as a  >- b) iff:

V / G { l . . . . A - } : / , ( a ) < / , ( b )  A 

3 , y € { l . . . . A - } : / , ( a ) < / , ( b )

where'. / i ( x j .  re turns tlu' h tness for jjarameti 'r  vector x  on the ol)j('ctive fmiction. All 

]>arameter vectors which are not dominat( 'd by any o ther i)arameter vector of a given set 

are calk'd non-dominated  with resjx'ct to  the  set. T h e  param eter v('ctors th a t  are non- 

dominat<'d within the entire' search space are denoted as P a n to  opttmal  and const i tu te  

tlu'  so called Par('to-o]>timal s('t or Pan'to-o])timal front (Zitzler Thic'le. 1999). T lu ' goal 

of nuilti-ol)jectiv(' optim isation  is to  hud a diverse Pareto-optim al set.

Figure' 4.2 shows how a param eter vector wi th two variables (.ri-.r^) is ma])ped to  an 

obj('ctiv(> spac('. In this exami)le there are three objectives bc'ing evaluatc'd re'snlting in 

a ,'5-dimeusional objecti^’t' si)ac-e W hen there are thrc'e or less objt'ctives it is

]>ossibk' to  visually assess the (luality of each individual model in term s of the objective's 

l)y ])lottiug them in a sc:atte’r ])lot.

4.3.1 A priori m eth od

The classic ai)])roach to  nnilti-objective op tim isation is the  a priori m ethod . In its simplest 

form this aj)i)roach aj)j)lie»s a linear com bination to  the  nmltij)le objectives to  create  a  single 

com])osite cjbjective befejre oi)timisation connne'nces, hence the nam e a priori  m ethod . 

C rea ting  a comj)osite objex:tive function allows single objective optim isation niethe)ds to
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D ecision  Variable Space O bjective Function Space

F i g u r e  4 .2 :  O n  th e  left is a s ingle  ( iec is ion /i)a ran ie te r  vec to r  (do t)  in d e c i s io n /p a ra m e te r  
v a r iab le  space. Thf> r ight ])lot sliows th e  ])Ositi(jn o f  th is  decision vec to r  in ob jec t iv e  sj)ace.

b e  used. T h is  aj)i)roacli can  b e  fo rnn ila ted  as  follows:

k

niin / ina .v  : f*  =  ^ ^ a , / , ( x )
(=1

w lu 're .  < \ j  is a i)ositi\-(' w e ig h t  ai)]>lied to  ea ch  o b je c t i v e  f u n c t io n  a n d  ~

a r t '  a nu n i lx - r  o f  v a r i a t i o n s  o n  th i s  aj)])roach . for ('XfUn])le. t lu '  n n i l t i ] ) l i c a t iv e  te c h n if ju e  

w h e r e  ob jec t i \ - ( 's  a r e  co n ib in t 'd  t h r o u g h  nu ilt i]> lica tion  ( H o r n  N a fp l io t is .  19!);5). o r  t h e  

ta rg t ' t  v ( 'c to r  techn i( ju ( '  t h a t  c a n  b e  th o u g h t  o f  a s  d e t e r m i n i n g  t h e  d i s t a n c e  t o  t h e  t a r g e t  

fi'oin all o b j( 'c t iv ( 's  a s  t h e  H tness  m e t r i c  ( W h i t e lw  l!}!)(i). F o r  a  com i> rehens ive  rev ie w  o f  

o t l u ' r  ( I . p T io r i  n u ' t h o d s  s<'(' (C’of'llo. 1998).

'I'lu' difficulty w ith  th is  m e th o d  is th ;i t .  as shown abov('. unlike in single obj<'ctiv(' 

o ]) t im isa tion . t r u e  m u lt i  ob jec t iv e  o i^tinhsation  p robk 'u is  ne\ 'er  have  a single o p t in n n n  so­

lu t ion .  Inst(>ad. b('c<uis(' th(' obj( 'c t ive  func tions  a re  conflicting, th e re  ex is ts  a  se t  o f  oi)tinia 

t h a t  re la te  to  differc-nt trad('-offs in ob jec t iv e  func tion  values. T h e  a pr ior i  apj^roach will 

r ( ' tu rn  a n iax in u u n  of one  of  tlu 'st ' o p t im a .  T h e n 'fo n ' .  d e p e n d in g  on  th e  objectiv( ' w eights  

sek'ct( 'd . a d iffen 'u t.  souK 'tinu 's very different, so lu tion  will resu lt .  D e te rm in in g  th e  objec- 

tiv(' w eights  i) iior to  o])t im isa t ion  retjuires a co m b in a t io n  of ( jua l i ta t ive  and  ( ju an t i ta t iv e  

ana lys is  an d  is rart 'ly  a t r iv ia l  ])roblem. O n e  so lu tion  to  th is  p a r t ic u la r  prol)lem is to  

use  various se t t in g s  of  th e  w eights  to  find a set o f  d iverse so lu tions .  A lth o u g h  th is  seem s 

like a  sensib le  apj:)roach it also h as  i ts  d raw backs . F irs t ,  th e re  is th e  j jractical j)roblem of 

se lec ting  different s u i ta b k '  w('ights. ecjnal sj>acing of  weights ra re ly  resu lts  in an  ecjually 

s])aced P a r e to  front. T h is  issue' is m ore  ev iden t  wlien th e  n u m b e r  of  o b jec t ives  is large. 

'J'Ik! second, m ore  serious issue, is t h a t  if th e  se t  o f  o j)tim al so lu tions  is non-convex. it  is



not ]>ossible for this approach  to  find points from all ]>arts of the  P are to  set. Das and 

Dennis (1997) jjrovide a geometrical argument as to  why this is Ihe case.

In siinnnary, the  a priori api)roach to  multi-objective oj)timisation is a simple m ethod  

of finding solutions from th e  P are to  oi)timal set and easy to  im])lement. How'ever, a 

good, evenly sj)read out. and diverse set of trade-off .solutions is difficult to find using 

this m ethod . Furtherm ore, in c('rtaiu sc:enarios it is impossible to  oljtain P are to  optimal 

solutions with this a])i)roach.

4.3.2 A posteriori m eth od

'I’he a posteriori m ethod  to  m ulti-ob jed ive  o])tiniisation is a ]>roc('ss tha t  a t tem p ts  to  find 

tlu' true  P are to  o])tinial .set of solutions. No j)rior conunitm ent is m ade about the trade-off 

bi'twc'en obj('ctive functions. 'I’liis ap])roach does not rc'cjuirc' objective' function weights, 

therefore', it can be consid('red a true  multi-objc'ctive s('arch ])roc('.ss ra ther  than  just a 

singk' objective' se'arch en'cr an aggre'gati'd objective function. I'he optimisation process 

re tu rns  a I^are'to s('t of individuals from which the modeller can se'lect a trade-off solution 

tliat minimises thc'ir loss.

I he most conuuon a])proach to  a posferiori o])timisation is known as Pareto Sampling. 

I'his a])proach m aintains an a rch i\e  of non-dom inated individuals th roughout the search 

]>roc('ss. Pe'riodically this archi\( ' is u])dated with new modt'ls tha t  are uon-dominat( 'd  and 

individuals that  have become dominate'd are removed. 'I'he implementation  of this tyj)e of 

multi-objective optim isation m ethod  is s traightforward within an evolutionary algorithm  

oi>tiniisation i)roc('ss. A flow diagram  of the  i)asic algorithm is dei)ict('d in F igure 4.3. 

r iu '  d iagram  is very similar to  tlu ' s tan d a rd  EA shown in Figure 4.1. However, tlu ' details 

of eacli stc]) in the  How diagrtun art' (juite different in the nuilti-ol)jectiv(' se'tting. A 

description of ('ach of t lu 'S (> ste'ps follows.

In itia lise  Archive

T Ik' archive of an M O EA  is a s tore  of non-dominatc'd indi\’iduals. This  is jus t  a placeholder 

for the non-dom inated  individuals fountl during the  .search process.

Initia lise  Popu la t ion

Prior to this algorithm  connnencing. a representa tion of the  model to  be oi)timised tha t  

is conij)atible with the chosen EA nmst l^e selected. In the ca.se of evolutionary  ])rc>
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StopTerminate?

Update Archive

Selection

Adaptation

Initialise Population

Evaluation

Initialise Archive

F ig u re  4.3; S liow ii is a How d ia g ia in  o f a ty p ica l M \ilt i-o l) j( '(  tive  E v o h it io iia ry  A lg o r it lu n . 
L ik ( ' the  s ta nd a rd  E A  a p o ])n la tion  o f  c a n d id a ti' so lu tions  ( in d i\ ’idua ls) is in it ia lis ( 'd  and 
t lu 'n  ('voh'C'd from  genera tion  to  genei'a tion In ’ r('])('a ted a ])])lica tions  o f e va lua tion , se­
lec tion . and a da ])ta tio n . T he  m ain  d is t in c tio n  Ix 'tw een th is  and F igu re  4.1. asick' from  
m u lti]) le  ob jec tiM 's . is th a t a sej)arate arcliiv(> o f non -d om ina te d  so lu tions  is in il ia lis i'd  and 
m a in ta in ('d  th ro u g h o u t o p tim is a tio n .

57



grainniiiig and evolutionary strategies this is usually straightforw ard, however, if the  bcise 

evolutionary algorithm is a genetic algorithm then  it is tyi)ically the case th a t  su itable  rej)- 

resentation  of the  problem m ust be decided Tipon. This  initialisation s tep  then  generates 

param ete r  vectors with the  specified s truc tu re  using a random  num ber generator.

Evaluation

I ’he evaluation stej) of a multi-objtx:tive evolutionary algorithm is the point where the 

])0 ])ulation of individuals are evaluated over the two or more objective functions. Each 

individual will then have an associated vector of fitness vahies.

U p d a te  A rchive

Aftc'r ('valuation the non-dom inated  individuals of the  c'urn'iit i)oj)ulation are in.serted 

in th(' archive if tlu'y arc' not doniinatc'd by any individuals in the archivc'. Any archive 

individuals th a t  art' dominat( 'd by the n('w indi\'iduals insc'rt('d are r('mov('d. As tlu' archi\'e 

siz(‘ grows this proc('ss becomes incr('a,singl\’ more and more time consuming. Thei'e ar(> 

a munlx 'r of i)ossibk' a lgorithm s thiit can be us('d to  ini])rove the  time taken to  u p d a te  

th(' archive. For exani])le. Deb (2(M)1) sugge.sts two possibk' u p d a te  j)roc('dures o ther 

th an  a naive api)roach of comijaring all modc'ls for dominance. Zitzler and  'riii('le (1!)!)!)) 

snggc'st clustering solutions into a ])r(><k'hn('d numix'r of individuals ])eriodically during  

th(' oi)timisation process. I'hen only one m em ber of each cluster is kept and  the o ther 

solutions arc' di.scarded. Fic'klsc'ud et al. (200.'^) suggt'st changing the  s tru c tu re  of tlu' way 

the arc'hive is storc'd from l)eing a list of hlnc'sses vahies to  bc'ing a dynam ic trc'c' th a t  allows 

dom inance chc'cks to  b(' com]>k't('d (juickl>'. However, the  archive u]«late algorithm  tha t  

is us('d is (k'jx'udc'nt on tlu ' modeller's sc'nsitivity to  optim isation time and  the  num ber of 

i te ia tions  generally ri'cjuirc'd to  j)roduc(' a sufficiently d i\’{'rs(' s('t of models.

Selection

The selection ])roce'ss for nmlti-objective search is (juite different to  the sek'ction mecha­

nisms th a t  are  used in a single objective EA. T h e  objective of an M O EA  is to  re tu rn  a 

diverse set <̂ f P are to  o])timal solutions. O ne commonly used .solution is to  select a  m em ber 

uniformly a t  random  from the  archive set. However, this aj)j)roach artihcially  concentra tes  

the search on den.sely j)OiMilated regions of the  front. It would b(> b e t te r  to  select d ispara te  

indi\'iduals. To achieve this there  are two connnonly used algorithms. F irst,  the  .selection
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m eth o d  introduced by Zitzler and  Thiele (1999) for their S treng th  P are to  Evolu tionary  Al­

gorithm . This uses a clustering algorithm to create  different clusters along the P are to  front 

and  m ain tains a diverse set of individuals allowing uniform random  selection. However, 

th is  also leads to  a  constra ined archive where j)Ossiljly useful j^arents are system atically  

discarded.

Instead, the P arti t ion  CJuasi R andom  Selection m ethod  or P Q R S is used in this thesis 

(Fieldsend et al.. 2003). T he  P Q R S works as follows, one of the objective functions is 

selected and th e  values of th a t  objective function are separated  into (N - 1) bins, where 

N is set as some m inimum nuniber of bins or the num ber of individuals tliat need to  

be s('lect('d. whichever, is larger. Individuals are then selected a t random  from the l)ins. 

At th(' next i teration of the looj) a difJ'er(>nt objective function is used for determ ining  th e  

individuals .selected in a round robin style. By equally s])acing the  bins the problem of bias 

towards clusters of similar individuals is avoided. Field.send et al. (200,']) also rc 'connnend 

using pinning i.c>. gi\'ing the  most extn-nic' indi\'idual on th(' oi)jective function dinu'usion 

a bin to itself, as the goal of multi-obj('ctive search is to rc'turn a diver.sc' set of individuals 

and  ])inning ('ncourages di\-ersity.

Aciaptation

ryi)ically. the adai)ta tion  ste]) of an MOEA is the  sanu' as the  m ethods us('d in th(' single 

obj('ctiv(' EA.

This luulti-oljjective (>volutionar>’ algorithm above is an intioduct ion to nnilti-objecti\’e 

o])timisation th a t  provides the basis of tlu' i)ro])osed optimisation m ethod  th a t  is the focus 

of this thesis. Im plem entation  details differ depending on tlu ' model being oj)timised and  

the  obj('ctive functions us('d. howc'ver. tlu' ste])s ck'scribed abov(> generally' remain the  

same.

4.4 Evolutionary Neural Netw orks

In the  next chapters  a nnilti-objective evolutionary m ix ttne  density network will be in tro ­

duced. As the m ix tu re  density network is a sub class of neural networks, a l)rief review of 

evolutionary techni(iues for optim isation  of neural networks is j)rovided here. Yao (1999) 

])rovides a conij)r('hensive review of single objective evolutionary algorithm oi)timisation 

teclmicjues for neural networks. This class of network is called an Evolutionary Artificial



Neural Network (EANN). EANNs can optimise connection weights, network arch itectures 

and  even network learning rules. One of the most popular apjjroaches to  EANN oj)tinii- 

sation is to  take a hybrid approach, combining the s))eed of a gradient m ethod  with the  

flexiljility of an evolutionary algorithm. T he E P N et (Ycio fc Liu, 1998), optinnses based on 

gradient information, luwever, periodically, the  search is stoi)pt'd and the network weights 

and  architecture are evolved to hnd the  oi)timum network design.

T he  first m ulti-objective neural netw^orks used simjile EANNs with the a priori aj> 

IM’oach, for exami)le (W ang & Wahl. 1997). Al)l)ass (2001) successfully develoj)ed a nndti- 

objective oj)timisation ai)])roach for neural networks th a t  predicted whether breast cancer 

was ])resent or absent in m annnogram s. This was the first nudti-objective neural network 

th a t  used an a jiosteriori m ethod  and jjroduced a P are to  set of solutions. Subse(iuently. 

o ther multi-ol)j('ctive neural networks were develoix'd by (Fields(>nd & Singh. 2002: G on­

zalez et al.. 2003). Finally, a general framework for multi-objective oi)timisation of neural 

networks was suggestt'd i)y Fieldscnid and Singh (200r)). Although much work has bt't'n 

carri('d out on gen('ral evolutionary neural nc'tw'orks there has b('en no prior work in the 

H('ld of evolutionary m ix tu re  ck'usity networks.

4.5 E volutionary  G A R C H

Goffe et al. (19i)4) successfidly ai)ply simulat(>d annealing to a num ber of differinit t'cono- 

metric models and show how the robust na tu re  of an evolutionary algorithm m eans th a t  

it is less likely to  fail and  more likely to find the globtd (jptinnun than  conventional algo­

rithms. .Terrell and  CfUn])ione (2001) develojj this work by comi)aring different evolutionary 

algorithm s using a lunnber of different econometric modt'ls including GARCH. T hey  con­

cluded th a t  i)oth simulat('d annealing and evolutionary stra tegy  o])timisatiou algorithm s 

found the  ijest results in general. However, the evolution;u'y s tra tegy  uses less ])rocessor 

time.

4.6 D iscussion  and Sum m ary

In Section 2.2.1 the  relationship between maxinnnn likelihood and density forecasting was 

(k'veloped. This a])j)roach to  density forecasting provides an already develoj)ed theoretical 

fomidation for the  estim ators, making numerical es tim ation straightforw ard using s tan d a rd  

gradient methods. Unfortunately, th is will not necessarily re turn  the  best set of solutions
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as this ai)j)ioac:h can be sensitive to  anoniahes and  m ay fail. For example, C ram er (1986) 

lists a num ber of ‘unpleasant possibilities’: the algorithm  may not converge in a reason­

able numbc'r of steps, param eter values m ay tend  toward infinity, or the  algorithm m ay 

continuously looj) th rough the  same i>oints. Also, the algorithm  may have difhculties w ith  

ridges and ])latcaux. W hen faced with such difficulties, the  researcher is often reduced 

to  try ing  different s ta r t in g  values (Cramer. 1986; Finch et al.. 1989). In fact, even if the  

algorithm  converges, there  is no assurance th a t  it will converge to  a global, ra the r  th an  

local. o])timum since conventional a lgorithm s cannot distinguish between the  two (GoH'e 

et al.. 1994). Finally, the m axim um  likelihood framework does not jjrovide a  m eans of 

optimising on more than  one olijective.

Evolutionary  Algorithms have the j)otential to  solve these problems. EAs explore the  

function 's c'ntire surface and try  to  oj)timise the  function while taking both  large and  

small stej)s. Thus, they are largely indejx 'ndent of the s ta r t ing  values, often a critical 

ini)ut in conventional algorithms. Further. EAs can escaj)e local op tim a and go on to  find 

the global o])tinnnn thrcjugh their varied st<']) size. Less stringent a.ssumjjtions are m ade 

rc'garding the function than  a convc'ntioual algorithm f'.g. it nex'd not b(' continuous, this 

allows th(' algorithm to more ea.sily deal with ridge's and p la teaus (Goffe ('t al.. 1994). Also, 

it can (;])timise functions that are not definc'd for some jjarameter values and optimise on 

multii)k' oi)j('ctives siumltaneotisly.

Although nunK'rous EAs ('xist the two m ain m ethods used are GA and ES. T he  (ju('stion 

is which a])])roa(h is most suitable for d('nsit>' forc'cast optimisation. In the exjji 'riments 

that  follow we use e \’ohitionary strategies as oj)pos('d to gent'tic algorithms. T h e  ])rimary 

rc'asons for choosing ESs ove'r GAs are:

• I Ih' \-ector re])re.s('utation of the param eters  of a density' fort'cast model do not havt' 

to  be adai)ted or transformed.

•  Values of th(> j)aram('ter vc'ctors can be o])timised at different rates.

•  ESs have already been j)roven to optimise density  forecast models effectively (.lerrell

Camj)ione. 2001).

•  A d ap ta tio n  from single to multi-objective optim isation is po.ssible.

• ES ])erforms well when the search j)roblem is conij)lex.

61



In tliis cliaj^ter, different nietliods of optim isation were reviewed and discussed. W ithin 

the j)rol)leni sjiace of density forecasting, evohitioiiary strategies emerged as tlie most 

suital)le oj:)tiinisation algorithm . This chai)ter ]:>rovides the theoretical basis behind the 

algorithm s th a t are descril)ed in the next chapter.
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C hapter 5

Theory and Contributions

5.1 Introduction

I ’lic (('iitral nu'ssag(' in tliis tlu-sis is tliat flu- calil)rati()ii of a density foreciisting model 

is as inii)ortant as thi' siiarpness of a niodt'l. In this s('ction. tiie most connnon density 

forecast (inaht>- metrics. Continuous R ank Proi)abiiity Score (C'RPS) and Negative Log 

Predicti\-e Density (NLPD ). ar(> analysc'd and thf'ir \v(>akn('ss('s in term s of cahtjration are 

iiighhght('d. Particnhir a tten t ion  is j)aid to  tiu' N L PD  hecanse it is tlie most common 

optim isation  error score (Engle. 1982: Bishoj). 1994).

Ol)timising a model iising N L P D  is an atteni])t to hud th(' s('t of model j)arameters tha t  

maximise the probability density a t  tli(‘ observation. I'liis is a sensible a])])roacli to con­

ditional density  function estim ation w Ikmi  the d a ta  gt 'nerating function is wc'll unders tood  

and  the  assum ptions underlying the  ])r('dictive model can be justifit 'd. Unfortunately, this 

is not always the ca.s{>. For many ])r('diction tasks the d a ta  generating  hniction is unknown 

and the unik'rlying conditional density functions are comj)lex and irregular. In thes(> cir­

cum stances. more carc' ncx'ds to bt' taken at the modc'l d('sign and o])timisation stage to 

makt' suri' that  the predictions from tlu ' resulting modc'ls are usc'ful to  tiu ' jjrc'diction user. 

O tlu 'r  connnon modelling ])roblems. such as over-fitting, can also occur. In the  following 

s('ction some of the more' common weaknesses experic'nced wlu'n vising (k'lisity forecasting 

models are highlighted.

Once the main i)roblenis with N L P D  are recognised, a new m ethod  of ranking  cali­

b ra tion  models th a t  uses the Anderson-Darling score is in troduced (Anderson &; Darling, 

1954). Experim ents show th a t  it is an accura te  es tim ator of calibration perform ance and



robust even with small am ounts  of da ta .  This  provides the missing link between opti- 

nnsation  using the N L PD  score th a t  biases sharpness and  optimising on both  calibration  

and  sharj)ne\ss sinniltaneously. However, before proceeding on this pa th ,  it is necessary 

to  confirm th a t  sharpness and  calibration are conflicting objectives. In Section 5.4 it is 

dem onstra ted  th a t  this is the  case. Finally, a frani('work is proj)osed th a t  combines these 

findings with the m ulti-objective evolutionary algorithm s reviewed in the  i)revious chaj)ter 

to  oj)timise density forecasting models on both  shax]:)ness and calibration.

5.2 Com m on D ensity  Forecast O ptim isation Problem s

Density forecast modelling has the  am bitious goal of producing a ])robability density func­

tion (!stimate of the tru e  conditional density  function. Naturally, there are a numbcT of 

chalk'nges th a t  ar(' still o u ts tand ing  in tlu' density forecast dom ain th.at have not >'ct been 

addressed. In this si'ction. thr(H' common problems when optimising density fort'casts are 

identifi('d and explained. As mention('d in C'ha])ter the popular metrics for a.sst'ssing 

])rol)al)ilit>' (h'usity estimate's. C’R PS  and NLPD. are bias('d toward mod('ls with good 

sharpu('ss ra ther than  good calibration. Section 5.2.1 illustrates this argum ent. In Section

5.2.2 th(' ])rop('nsity of density  forecast nuxk'ls to over-fit is shown and the consecjuences 

are dem onstra ted . Finally, the N L PD  score's .sc'nsitivity to  outlic'rs. a common issue iden- 

tifi('d in the' dc'usity forecasting lit( 'ratur('. is also dem onstrat( 'd . Synthetic d a ta  sets are 

used in i 1k '  following expc'rinu'uts to  ck'arl>- illustrate' the  ])robk'ms. llowe^e-r. in C’haptc'rs 

7 and S rc'al da ta  is usc'd for ('valuation of the proi)o.s('d te'chniejue' and tlu' same ])robk'ms 

can bc' seen arising.

5.2.1 Error Function Shari)ness

I Ih' <)bj('ctiv(' of the N L P D  score' whe'n usc'd within the m axinnnn like'lihood framewe)rk is 

to attem i)t to find the .set of mexlel i)arauu'ters th a t  maximi.se the' ])robability ek'usity at 

the' e)bse'rvatie)n. Similarly, the C R P S  score' a t tem p ts  te) minimise the' differenee betw'en'u 

the i)redie-tc'el e'unuilative elensity anel the' cumulative density of the  e)b.servation. Unlike th e  

Pre)babilit>' Integral Transform  (P IT )  score tha t  directly assc'sses the e'm])irical frequency 

e)f the  ])re)babilistic j)reelictie3ns to  evaluate  the calibration e)f the model, neither the  C R P S  

nor N LPD  score d ireetly  asse'ss this objective. I ’he efi'ee't of this can be illustra ted  Ijy 

analysing the c'rror scores e>f a density  fe)ree-asting nu)del during training.
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Logistic Function Data
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F ig u re  5.1: Saiiipk ' o f logistic function data.

h i th is  c'xi)(’riiu ('u t th(> logistic function data set is usc'd. I ’lu ' logistic function is a sini])le 

arc shajx'd function w ith  hcterosk('dastic variance. It is basc'd on a sinij)l(> synthetic  data 

•st't desc'ril)c‘d by Husnieic'r (1!)!)!)). D<ita i)o ints are g('U('rat('d by the function:

"L’Ik' charactf'ristics o f th is data s('t make it  ])a rticn la rly  iu t('resting fcjr ( 'x jx ’rinK 'u ting  

w ith  dc'usity forecasting models. The variance is larg('st for .r, =  0.5. and then (U'crt'ases 

monotonicall>- to  z(>ro a.s .r, 0. 1. Husmei('r (1!)!)!)) shows tha t the tn u ' cond itiona l

\(iriance at any ])oint can be dett'rm iiH 'd by:

Figure 5.1 is a samj)le tra in ing  set generate'd from  tlu ' logistic fim ction . where .r vahu>s are 

random draws from a U n ifo rm  tlis tr ib u tio n .

A three hidden im it and one Gaussian o u tj)u t M ix tu re  Density Network (M D N ) model 

is tra ined for lOOO ('pochs on 200 random ly drawn instances o f the logistic function  data 

set. I'h e  Scaled Conjugate Gradic'ut a lgo rithm  w ith  the N LP D  sc-ore is used for tra in in g  

o f the model. How('ver. at each ej)och four error measiu'es were recorded. F irs t, the

t, =  f) , . r ,( l -  .I'i) (5.1)

where'.

0 otherwise



N L PD  was calciilatecl. Second, the C R PS  score wtis calculated. Fortunately, because the  

predict('d density was Gaussian, this c:ould l)c done in reasonable time. Third , <is sharpness 

refers to  the  concentration of density forecasts and because this is a very simple fmiction 

to  estim ate, the average s tandard  deviation of the predicted densities could be calculated 

as a  t rue  m easure of shar])ness. Finally, a new calibration score based on the P IT  and  

describc'd in detail in Section r).3 is used to  directly assess calibration. F igure 5.2 shows 

the resulting error plots.

U'he Hrst 100 itera tions are not included in Figure 5.2 because during  this period of 

the  search process the model error scores are an order of m agnitude higher th an  the last 

!)()() itera tions of the algorithm and due to  the restric tion in vertical height on the  i>age 

a com])arison of m ethods would be difficult. T he  to]> j)lot of Figure 5.2 shows th e  ac tua l 

error ]>rogression of the MDN model during training. It ia a continuously dex-reasing j)l(jt 

with the  m inim um  value occurring at tlu' end of the  series. Tlu> s('cond j)lot evaluates 

th(' same models in term s (jf C'RPS. A similar ])lot is shown; howe\’er. aftc'r ai)])roximat('ly 

700 i terations the error vahu's Ix'gin to  increase. T h e  third  ])lot re])resents th e  ac tua l 

shar])n('ss of each model dm ing tritining. again a similar d(H-i-easing plot is shown: howev('r. 

as identih('d by the C R P S  score, the actual shai'jjness b('gins to increase at around  700 

iterations, but the  increast' is marginal. Finally, the fourth plot shows the calibration 

scor(‘ for each model. I’his tells a very difierc'nt story. The minimum calibration scor(> 

is at approxim ately  the 200'*' i tera tion with calibration d('t( 'riorating rapidly after th a t  

])oint.

These re.sults conhrm  th(‘ sugge.stion m ade jH'eviou.sly tha t  C'HPS and NLPD  are mainly 

sluu])ness erroi' functions. I ’he N L PD  (uror function has clearly takt'ii a subs tan tia l  de- 

cr('as(' in the calibration of the mock'l being optimised in favour of im])roving tlu' sharpness 

of th(' mod('l. 'Llie C'RPS scort' suggests sto])])ing earlic-r. how('v<'r. r>t this j)oint nnich of 

tlu' (k 'terioration in calibrfUion has already occurrc'd. As Gneiting and Raftery  (2004) 

sugg('st. the C R P S  score s('cms to  be slightly more robust than  the N LPD  score in term s 

of its sharpne.ss evaluation as its m ininnnn point is nmch closer to the ac tua l sharjjue.ss 

minimum.

T here  are two o ther interesting results from this experiment. F irst,  there is evidence 

to  suggest th a t  calibration and sharjiness are not com plim entary  characteristics, in fact 

the  model jjarameters conflict near the global oj)timum in one or o ther objective function 

dimension. This  proposition is confirmed in Section 5.4. Second, there is high volatility
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NLPD -  Model Training Error
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F ig u re  5 .2 : F o tir  j) lo ts  are shown. T he  to j)  p lo t shows the  a c tua l e rro r ])rogression in  
te rm s o f N L P D  o f the  m odel d u r in g  tra in in g . T he  m in im u m  p o in t on each p lo t is m arked  
w ith  an *.
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of the  cahbratioii score as the  model tra in ing  progresses. This suggests th a t  calibration 

is very sensitive to  model param eter values. Therefore, tak ing  care a t the  model t ra in ing  

])hase should lead to  large ini]:)rovements in calibration while only marginally negatively 

effecting the m odel’s N L PD  score.

5.2.2 Over-fitting

Ov('r-fit ting is a conunon problem amongst point estim ators. This  generally occurs when 

the  model used to  describe the d a ta  is too complex. A sufficiently flexible model may fit 

the  train ing d a ta  ]>erfectly but may produce extremely po(jr forecasts on test d a ta  sets, 

' i l ie  difficulty of the task  of j)redicting a conditional ])robability density function ra th e r  

th an  a single j)oint. re'sults in density forecasting models being typically more complex 

th an  ('((uivalent point j)rediction models. IDue to  this added complexity they are genc'rally 

in violation of O ckham 's  razor ' and so are ]jrone to  over-fitting. To make m a t te rs  worse, 

a (U'usity for('casting moilel can over-fit on bo th  m(>an and  varianc('‘dinu'nsions.

Over-h tt ing  f)u the conditional mean is hard  to  diagnose. Similar to point es tim ation 

l)robl(>ms this i)roblem is g('nerally not e\'id('ut until tlu- model is testc'd on out-of-sani])le 

da ta .  Over-fitting of the  conditional varianc(\ howev('r. can often be icknitified by p lo tting  

a P I T  histogram (jf the i)redic:tions of the tra in ing  data .

Figure 5.3 shows tlu' P IT  histogram for th e  modc'l trainc'd in the j>r('vious s('ction on 

the  logistic function d a ta  set. A further 500 random ly drawn instances of the d a ta  set aix' 

generat('d for tc'sting. A distinct "U" shapc'd histogram is seen in the train ing da ta .  As 

('xi)lained earlii'r a "U" sha])('d histogram signifies over-confident prf'dictions and under- 

disi)ersion of variance estim ates. This  error carric's o\'er to  the t(»st d a ta  wIk'I'c a similar 

malformed histogram occurs.

5.2.3 N L P D  Sens itivi ty  to  Outliers

T h e  N LPD  ('rror score penali.ses inaccuracies on an exi)onential scale. This  results in th(> 

score being sensitive to  ra re  events. This proljlem has been cited by many ])ractitioners 

of the  NLPD. For example. Weigend and Shi (2000) s ta te  th a t  extrem e outliers can effect 

th e  results (if models and  suggest using a  tr innned  m ean of N L PD  values when evaluating 

them . This  solution is less than  optimal as it simply chooses to  discard the effect of the'

* O ck ham ‘s razor, 'entities should not be mult iplied beyond necessity' i.e. one should si rive for parsimony 
and  siniplicity in scientific theories.
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P I T  H i s t o g r a m  -  O v e r - f i t t i n g
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F ig u r e  5.3; Shown is tht> test d a ta  PI'l '  h istogram for an MDN that lia.s over-Ht tlie 
train ing da ta .

i('ast frc'(iu('nt occtirrencc's. In most scenarios, these occurrences are very im portan t  to 

tiie ])r('(hction nsc'r as tliey inchcatc' the l>oimds of the  risks they are ex])Osc'd to  so this 

sohitioii is unsatisfactory. Gnc'itiiig and Raft( 'ry (2004) and Candeh\ et ah (20()6) a t t r ib u te  

tiiis s('nsiti\'ity to tlu' ( 'xpoiientiai iiaturi' of th e  N LPD  score. As P’igmx' 3.1 shcnvs. the 

contri!>ution to error of oi)servatioiis on the extrem e tails of the predicted (hstrihution is 

consid('ral)le in comj^arison to errors in higher density regions of tlie })r('(Hcted density. T he 

('ffect of tliis bias in tlie t 'rror ftmction is tha t  the N L PD  often prochices ])oor models in 

d a ta  s('ts tliat contain more observations of ex trem e outh{>rs than  wt)uld be expect('d by the 

(hstribution assiuned by tlu' j)rediction modeh This m ay occiu' because tlie select('d sani])le 

of d a ta  for train ing has coincidentally more' occurrences of rare events than  is tyj)ically 

sec'n in th a t  ])robleni dom ain or Ix'cause the  miderlying d a ta  generating d is tr ibu tion  is 

more k'p tokm'tic th an  the density  forecasting model perm its  its predicted density function 

to  be.

It is possible to dem onstra te  this jjroblem by contriving a  d a ta  set th a t  contains more 

outliers th an  would be expected  by the prc'diction distribution. To achieve this, a simj^le 

syntlu 'tic d a ta  set ba.sed on the  sine function with  added noise drawn from either a  Normal
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( lis t i ib u t io n  w ith  zero mean and a s tanda rd  d ev ia tio n  o f 0.2 o r a N o rm a l d is tr ib u t io n  w ith  

0 mean and s ta nd a rd  d ev ia tio n  o f 3, w’here t lie  p ro b a b ih ty  o f noise being generated from  

tlie  f irs t  (h s tr ib u tio n  is 995?̂  and the  p ro b a b ility  o f  noise com ing  from  the  d is tr ib u t io n  w ith  

b road variance is 1%.  In p u ts  fo r the  d a ta  are u n ifo rm ly  d raw n from  the  in te rva l [0,5]. T he  

ta rg e t values are generated accord ing  to .

f { x )  =  s in (.r) +  e (5.4)

where, e. is the  noise. F igu re  5.4 dep ic ts  the  da ta  set used. A  M ix tu re  D en s ity  N e tw o rk

■Sine Data

/  • Z'm

0.5 1.5 7 2.5 .3.5 4 4.5
X

F ig u re  5 .4 ; Sine wa\'c da ta  w ith  ou tlie rs .

(IVIDN) w ith  5 h idd('n  tm its  and 1 Gaussian o u tj)u t was tra in e d  fo r 2.000 ej)ochs on 1.000 

in p u t /o u t i)u t  pa irs o f the sine wave da ta . F igu re  5.5 dep icts the  P IT  h is tog ram  from  the  

re su ltin g  m odel. T h e  h is tog ram  show's th a t the  m odel has produced a set o f  forecasts 

where th e  observa tions occur to o  o ften  in  the  area a roun fl the  firs t s tandard  d e v ia tio n  o f 

the  j:>redicted d is t r ib i i t io n .  T he  extrem e outli(u 's cause the  variance estim ates to  be h ighe r 

re su ltin g  in  the  niod(>l hav ing  ve ry  conserva tive  estim ates. T h is  is ca lled an im de r-con fide n t 

m odel i.e. i t  has to o  b road a variance a rom id  the  co n d itio n a l mean.

70



M D N  E xam ple : "U n d e r-c o n fid e n t"  PIT

| . _     ---------------------------------------------------------
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F i g u r e  5 .5 :  Saiiii)le P l ' l ’ h is tog ran i  from u n d e r  confident M D N .

In m a n y  c ircu m stan ces  outli( 'rs  signify an  e rro r  in tlic' read ings,  an  exogenous event 

te m p o ra r i ly  u]).setting tlu ' genc-rating d is t r ib u t io n ,  or it can  he th e  case  t l ia t  the* g(>nerating 

(h s t r ih u t io n  lia.s fat tails. i.(-. is Ic 'p tokm tic . a,s is co m m o n  in financial d a ta .  T h e  effect 

o f  u s ing  tlie.s*' ]ioorly c a l ib ra te d  p red ic t ions  is d e m o n s t ra te d  in Chaj)t( 'r  7 w itliin  a risk 

man;igem(>nt a])])lication. I’he C 'RPS score is no t  anal>'sed lu're. ho\vev('r. in C liap t( 'r  7 th e  

C 'R PS is show n to i)erform worse th a n  th e  N L P D  score wiien th e  d a t a  h as  k 'p to k u r to s is .

The effect o f  ou tl ie rs  d e m o n s t ra t ( 'd  above  in th e  co n tex t  of M D N  mock'ls is also ev iden t  

in C^ARCII modc'ls. In ])ractic('. it is ob.serv('d th a t  th e  s ta n d a rd iz e d  ('rrors of a GARC'H 

m ode l will Ix' le])tokurtic . albc'it k'ss th a n  in th e  und( 'r l> ing l inancial d a t a  e.g. see (Boller- 

slev. 19S7: Baillie (k fiollerslev. 1989: Hsieh. 1989: P a rk .  2002). F ranses  a n d  Ghij.sels 

(1999) suggest  t h a t  th is  is snfhcic'ut evick'uce to  conc lude  th a t  ahcvTaiit ob.servaMoris ex is t  

in th e  r e tu rn s  th a t  an> not ca j) tu r( 'd  by th e  gen('ral GARC'H m odels. T h e y  go on to  say 

th a t  negk 'c t ing  to  tak(' th is  in to  accoun t k 'ads  to  b iased i )a ram eter  e s t im a te s  for th e  c o n ­

d i t io n a l  (k'Hsity fimctions. T liis  ])robk'm pers is ts  in th e  o u t-o f-sam ple  forecasts . L(‘d o l te r  

(1989) co n cu rs  w ith  th is  suggestion  a n d  (>m])irical exani])les in ,]orion (1995): A nders( 'n  

a n d  Bollerslev (1988) show  how o u tl ie rs  d e t r im e n ta l ly  affect out-of-san)])le i>erformance 

w h en  oj)tin iised  using n eg a t iv e  log-likelihood ob jec tive  functions.

5.2.4 D iscussion

I 'he th re e  exani])les above  show  how sh a rp n e ss  m e tr ic s  a re  ])oor e rro r  function.s w hen  used  

for e s t im a t in g  d ens ity  fo recas t ing  m ode ls  in ce r ta in  c o n n n o n  scenarios . O th e r  ]:>roblems
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can also occur, for example, it is often the  case th a t  the  d a ta  generating  ftmction in 

])rediction tasks h;\s a skewed c:onditional d istribution. In the  area  of weat her ]jrediction 

m any  of the  target variables have a m inim um  value of zero e.g. rainfall ])rediction has 

m inim um  value of 0 millimetres and therefore, rain ])rediction d a ta  is g(>nerally skewed in 

th e  direction of zero. Or stock prices have a tendency to increase over tim e and so there  is 

a skew in the j)ositive direction. These im i)ortant a.spec:ts of the  d a ta  generating  j^rocess 

a re negk'cted by this technique of oj)timisation. T he  optimisation m ethod  pr0])0sed in 

th is  thesis a t tem p ts  to  address these ])roblems.

5.3 A N ew  Calibration Score

In S('ction A.2 the j)robability integral transform  was introduc-ed. Diebold (>t al. (19!)8b) 

suggest p lo tting  a iiistogram of the P IT  vahies and comj.'ariug this to a jx'rfect (/((). 1) 

d is tr ibu tion  as a nu 'thod of discerning tlu ' (U'gree of calii)ration of a model. A test tor 

calibration ri'latc's directly to  a test for w hether the P IT  values for the i)r('dictions follow a 

uniform (listril)ution. riierefore. a m unix 'r of ])ossible goodness-of-fit t(>sts can b(' carric'd 

out to  dc'terminc' calibration. Diebold et al. (l!)98b) argue th a t  using th(' P IT  values in 

th is  wa\' is uninformative Ix'cause. "Such tests are not likely to be o f  much value in 

practicdl (ippli cat ions, because they are not const nictive: that is. when rejection occurs, 

the tests (jenc rally provide no (juidance as to why. " He carries on by suggc'sting th a t  a 

useful nietiiod of disct'rning the  calil)ration of a model is to ]>lot a Iiistogram of tlu' P IT  

\alu('s  and \ isually  assess the h is togram 's  uniformity, or alternatively, to ]>lot th(' P IT  

\a lues  as rui eiii])irical stej)wise (listril)ution and c-ompare them  to the cum ulative uniform 

ilistribution. Dit'bold's argum ent makes scnise in s ituations when tlu' calibration of a single 

or a small num ber of models in isolation is being assessed. Ilowt'X'er. it is often tlu ' case 

tha t  ther(' arc' a large imini)er of models th a t  n'cjuire ranking, for exain])le in the  cas(> of 

model s('k'ction. Furtherm ore , drawing hist(jgrams also cr(>ates a ])robk'in wlu'ii t lu 're are 

insufhcic'nt availal)k' t('st points  to  create  a meaningful i)lot. In these' scc'iiarios tlu ' reason 

"why" the  model is not ca libra ted  is unim ])ortant. Fortunat('ly. there are a num ber of 

pieces of l i te ra tu re  th a t  suggest different goodness-of-fit tests  for assessing th e  uniformity 

of P IT  values.

Crnkovic and Dracliman (1997) suggest using the  Kuij)er s ta tis tic  for m easuring unifor­

mity. Howevc'r. this is not a robust tes t  for uniformity and reejuires a very large num ber of



( la ta  p o in ts  b efore it is co n s is te n t in  its  e s tim a te s . B erk ow itz  (2 0 0 1 ) su g g ests  a L ik e lih o o d  

R a tio  test for ev a lu a tin g  P IT  va lu es and d evelo j)ed  a rigon ju s fram ew ork  for ev a lu a tio n  o f  

d ifferen t a sp e c ts  o f  th e  (U'usity forecast, even  w hen  ev a lu a tio n  d a ta  is sp arse . S p ecifica lly , 

he ])roposes th a t th e  P IT  va lu es b e tran sform ed  in to  a n orm ally  d istr ib u ted  series, N (O .l) .  

v ia  th e  inverse n orm al cu n u d a tiv e  d en sity  fim ctio n  tran sform . T h is  is jirop osetl b eca u se  

te s t s  for n orm ality  are m ore pow erfu l th a n  te s ts  for u n iform ity . U sin g  th is  tran sform ed  

ser ies  he su g g ests  a ou e-d egree-o f-freed om  test o f  in d e])en d en ce  a g a in st a first-ord er au- 

toregres.sive stru c tu r e  and a th ree-d egree-o f-freed om  test o f  zero  m ean , unit varian ce and  

iu d e])en d en ce. T h is  ap])roach is argu al)ly  th e  m o st w ell d ev e lo p ed  and i)rincip led  m eth o d  

o f  ev a lu a tio n  o f  P IT  va lu es to  d ate; h ow ever, it is a lso  th e  m o st tim e  co n su m in g  an d  

c o m p u ta tio n a lly  intc'usive. W allis (2003) su g g e sts  u sin g  an ad a])ta tion  o f  P ea r so n 's  ciii- 

sfp iared  g o o d n ess-o f-fit test for dc'iisity fo reca stin g  ev a lu a tio n . H is suggestc'd  a d a i)ta tio n  

prcn'ides a m ean s o f  ('x tractin g  in form ation  from  tlie  P IT  va lu es th a t can  d ia g n o se  m or(' 

])r('cisely wlu'rt' th(> i)red ictiou s fall dow n e .g . lo c a tio n , sca le  or sk ew n ess. S o m ew h ere  

ix 'tw een  th(' su g g e st io n s  o f  C’rnkovic and D rach m au  (1!)97). an d  B erk ow itz  an d  \\'a llis  

(B('i'kow itz. 2001: W allis. 2 0 0 3 ). lies th(> res('arch carried  t>uf b>- N o ce ti et al. (2 0 0 3 ). 

In tlu'ir ])ap('r. the' K o lm ogorov-S m irn ov . K ui])er. C ram er-von  M ises. \ \ ’a tso n  and th e  

A nd er.son -D arlin g  g o o d n ess-o f-fit  te s ts  w ere coni])ar('d. T h rou gh  their iu ia ly sis  th e y  con - 

< lu(k'd th a t th e  A nd c'rson -D arlin g  test w as the' m ost robust nu'tric for th is  ta sk  (A uder.son  

D arlin g . l!)r)4). In (k ‘])end('utly. w e te sted  th e  C’hi-sciuare and S h ap iro -W ilk s te s ts  for 

im iform ity . 'I'he Andc'r.son-D arling test |)e r fo n n cd  b('tt('r th an  thes(' tw o otlu 'r m etr ic s  

also .

T h e  A n d erso n -D a rlin g  is know n as a ((u adratic  test Ix'cause it is based  u p on  a w eightf'd  

scjuare o f  th(> vc'rtical d is ta n c e  b('tw('en th e  ('m j)irical st(']nvise d e n s ity  fu n ction  an d  targt't 

cu m u la tiv e  dc'nsity fu n ction . It d iffers from  ih e  w ell know n K o h n ogorov-S n iirn ov  t(‘s t . 

w hich  finds tlu' m ax im u m  v ertica l d istance' betwc't'u th(' em p ir ica l and target <k'nsit>'. 

S im ilar  ai)])roaches. su ch  as th e  C ranu'r-von M ises s ta tis t ic  an d  tlu' W atson  s ta t is t ic .  us(' 

differen t w eig h tin g  sclu 'u ies. T h e  A n d erso n -D a rlin g  is d eh n ed  as fo llow s,

W h ere , i i i .  is th e  n u m b er o f  2  va lu es, and  th e  z v a lu es are .sorted in a sc en d in g  order.

te n c y  o f  a sin g le  ])r('diction - it  c-an o n ly  b e detc'rm ined for a s e t  o f  ])red iction s. H ow ever.

(5 .5 )

j = i

is  not a prop er scorin g  ru le in th e  se n se  th a t  it can n ot a ssess  th e  s ta t is t ic a l con sis-



A iu lerson  a n d  D ar l in g  (1954) suggest t h a t  th is  s ta t i s t ic  p roduces  assessm en ts  o f  u n ifo r­

m ity  t h a t  a re  valid  for sam p le  sizes larger t h a n  40. T herefo re ,  th is  q u a l i ty  score  sh o u ld  

b e  used w hen  th e  d a ta s e t  size is g re a te r  t h a n  40. N a tu ra lly ,  la rger samj^le sizes give m o re  

a c c u ra te  scores.

5.3.1 Em pirical Com parison: A ‘̂  and Statistica l C onsistency

From  th e  value .4^ (E q u a t io n  5.5) it is jjossible to  d e te rm in e  rejet:tion or  acc e p tan c e  o f  th e  

null hypo thes is ,  however. Ix 'cause tlu'r(> is a d irec t re la tionsh ij)  be tw een  u n ifo rm ity  a n d  th e  

.4^ value  it is rea.sonable to  use th e  ecjuation above  as an  e r ro r  score. To d e m o n s t r a te  th e  

dirc'ct relationshi])  be tw een  ca lil jra tion  a n d  th e  e r ro r  func tion  th e  following e x j ie r im en t  

was pc'rformed.

If ca l ib ra t io n  is u n d e rs to o d  to  be  th e  correc t si)ecification of a j j robab il i ty  for( 'cast it  

is possibk ' to  a.ssess th e  pe rfo rm an ce  o f  a m odel on s])ecific (juan tik 's  ov('r a large te s t  set 

by dc'tc 'rmining tlu ' q u an t i le  accuracy. In tu itively , over a large s('t o f  i)redictions. 5*/( o f  

ta rg e t  variable's shou ld  be  b('low th e  5 ' ' '  ])erc('ntile of  t lu ' ])r('dicted densities . I’liis va lue

;uid M  is th e  size of th e  d a ta  .s('t.

100 sani])k's o f  (i.000 s im u la ted  obser v a t ions  were c rea ti 'd  using a ( la u s s ia n  GARCTI( 1.1) 

p rocess w ith  ] )a ram eters  (0.3. 0.05. 0.9). (see Section 2.3.5 for m ore  in fo rm a tio n  on  G A R C T l) 

I’lien th e  G A R C H  m odel was op t im ised  us ing  a s t a n d a r d  G A R C ’II o]) t in iisation  t<'chni(iue

H U  B a f t '  m inus  i ts  (juantile  for all th e  ])crcentiles wc're averaged  to  d e te rm in e  a ( juan tile  

c a l ib ra t io n  score for th e  d ens ity  forec-a.sting m odel. F o rm ally  th is  is.

is calk 'd  th e  H i t B a f c  (E ng le  <k M anganelli .  li)9!)).

I I  i f  B a t e  = (5.6)

w here, q is t lu ' sjx'cified i)erc('utile. .p ’ is t lu '  inver.se cu m u la t iv e  of  th e  ])redicted (k 'usity

on th e  h rs t  3.000 ol)ser\ 'a tions of c'ach d a t a set. For ('ach sani])k'. b o th  th(' a n d  th e  

H i f  B a t e  o f  th e  0.001. 0.01. 0.05. 0.1. 0.25. 0.5. 0.75. 0.9. 0.95. 0.99. a n d  0.999 i)ercentiles 

w('re calculat( 'd^ for th e  rem a in in g  3.000 obsc 'rvations. T lu '  av(-rag(' ab so lu te  v ahu ' o f  th e

\ H i f B a f e i  — m\ (5.7)

^ I ’lu'se pe rcen ti le s  were  cluxseii to  focii.s on  th e  tail-s of  t h e  (lis tri l)ii t ion hecaii.se o u r  a i) |) l ica tion,  Value-  
a t-H isk .  is most  in te res ted  in th is  p a r t  of  t l ie  d i s t r ih u t io n .
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where, Q is the iiuinV>er o f quaiitiles tha t are checked. Figure 5.6. p lots the normalized 

( i u a n t i l e  and the normalized score for each model in  ascending Qaar i t i le  order. I t  is 

clear th a t there is a strong corre lation between the scoring mechanisms. Th is  verifies the 

legitim acy o f the error function  as a means o f ranking models in terms o f s ta tis tica l 

consistency. In  Chapter 6 the A^  is assessed fu rthe r and shown to  perform  very well as 

an estim ator o f ca lib ra tion  when compared against the K id lback-Le ib ler divergence and 

(^i tai i f i le.

Comparison of Quantile and ranking

Quantile

o

 ̂ 0,6 
o
CO

E 0.4
oz

0.2

0 20 40 60 80 100
Models

F ig u re  5.6: Comi>arison o f (luantile  ranking and .4^ ranking on sinnilated data. The 
corrc'lation coefficient is 0.874. The (luantiles used were O.OOl. 0.01. O.Or). 0.1. 0.25. 0.5. 
0.75. 0.9. 0.95. 0.99 and 0.999.

5 .3 .2  T e s t o f  .4^ R o b u s tn e s s

One of the m a jo r obstacles when tussessing ca lib ra tion  is tha t there needs to be a sufficient 

nmnber o f observations to  get an ind ica tion  o f the em j)irica l consistency cjf the j>robabilistic 

estimates. However, a good ca lib ra tion  ranking score should be robust ('uougli to  jxT fo rm  

well {'\-en w I k 'u  the observati(ms are scarcc'. In  the fo llow ing c.\i)erim('ut the a b ility  o f the 

A^  score to  j)rovide robust estimates o f ca lib ra tion  regardless o f the ( juau tity  o f data is 

('x jjlored.

Th is  ex])eriment is set up as follows. Parameters for a G A R C H (L l)  model w('re chos('n 

a t random, the resulting model represents the data generating function and is used to  

generate samples o f data. A  samj)le w ith  10.000 instances is generated and a new G AR C H  

model is fitte d  to th is data  set. The score is calculated for the fitted  model on the data. 

Th is result should be a h igh ly  accurate estimate o f the ca lib ra tion  o f the fitte d  model given 

the large amount o f data used to estimate the score. T h is  value is labelled the Tr iw Score
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F ig u r e  5.7; Sliowii are the  av(>rage seore.s for tlie sam e m odel l)ut w ith  different 
random  sani])les and sam i)le siz('s genc'rated from the  sam e GAH CH process. T h e  figure 
shows th a t tlu ' .4"̂  score is roi>ust. T h en ' is a sm all variance in the  .4^ .score w ith  resjx 'ct 
to  th(' Tru(' Score acro.ss tlu ' wide range of sam jjle sizes tc'sted.

in Figure' 5.7. Using tlu ' sam e m odel th a t wa.s fitted  to tlu ' 10.()()() instance d a ta  .set. the  

.4^ score is ca lculated  for tw enty  random  samj>les for a num l)er of different sam j)le sizes 

ranging  from 10 instances to  5000 instance's. T he average of the tw('iity scores for each 

sam ple size is then  rei)ort('d in F igure 5.7. As can 1)(' s('en from the figtu’e. tlu ' score is 

largc'ly m iaffecti'd by d a ta  size and  can give accu ra te  estim ates of calib ration  in probk 'ins 

wher(> th e  am oim t of d a ta  available is a.s low a.s 10. T his dem onstra tes th e  ab ility  of the' 

.4^ scor(' to  r('port robust estim ates of calibration .

5.4 Conflicting Objectives

As already  m entioned, good shar])ue.ss and  ca lib ration  are th e  objectives of any density  

forecast. Therefore, the  density  forecasting j)roblem  is n a tu ra lly  su ited  to  a m ulti-ob jective 

o i)tim isation .solution. However, in order for nnd ti-ob jective search to  be legitim ate ly  

us('d it is nece.ssary to  d em o n stra te  th a t  th e  objectives being oi)timi.sed are conflicting 

i.e. objectives do not converge to  th e  sam e global m inim um  in p aram ete r s{)ace. T h is
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fact has already been preliminarily demonstrated in the over-fitting example presented in 

Section 5.2. In this sec:tion, an experiment is described tha t  provides fmther evidence of 

how shar])ness and calibration are different objectives that  do not converge to the same 

solution.

One method of demonstrating that calibration and sharpness are conflicting is to 

anal>’se their relationshii) in terms of the parameter spac:e of a model. This is possible 

by constructing an exixn'inient using a simple GAI^CH(l.l) model (see GARCH Section 

2..‘5.5). A synthetic data  set is used so that it is i)ossible to correctly specify the other 

])aramet('rs of the GARCH model a p'rim i i.e. the constant mean and long-run average 

variance ])arameters.

The G A R C fl( l . l )  model assumes the data  is generated using a Gaussian distriljution, 

liowevc'r: to show more clearly the disagretunent in the two objective fmictions the test 

da ta  is delibratel>’ generated from an E G A R C H (l.l)  model that assumes a Student-t 

distribution (Ni'lson. 1!)!)1). 1.()()() j)oints were sinmlated from this EG A R C H (l.l)  model 

to cr('at(' a data si'ries. Th(' two free parameters of interest are: tlu* weight apj)lied to 

the u('\v information for this ]X'riod that is ca])tured by the most recent squared residual, 

or th(> ARCH t('rm: and the weight ai)plied to the variance i)redicted for this jjeriod or 

GARC'H tc'rm. To Hud the global minimum in the context of sharj)ness for the ARCH 

and GARCH terms of G A R C H (l.l)  niod('l on this da ta  set we use the standard NLPD 

GARCTl(l.l) optimisation algorithm.

Sinc(' th(' mod('l is restrictt'd to onh- two free ])arameters. it is possible to accurately 

])lot tlu' ('ri’or functions with resj)ect to ]>arameter space. The resulting function will be a 

dimensional surface al)ove the 2-diniensional ])arameter space. Figure 5.8 shows a ])lot 

of the error function surfaces in terms of the two parameters (ARCH and GARCH) of the 

UHxk'l around the N L P D  glol)al mininnnn. It is ck'ar from the surfac(> ]>lots that they 

are comi)l('t('l\- different functions and tlu' minima of the two error functions are locatc'd 

in differc'ut regions of tlu' parameter space. I ’lu'refore. the two objective functions have 

confhcting goals and are suitable for multi-objective optimisation.

This ex])(>riment show's clearly how the and N L P D  objectives and hence calibration 

and shar])ness are conflicting. Further evidence of the fact that  sharpness and calibration 

are conflicting is implicit in the evaluation section of this thesis by the jjresence of a Pareto 

front after multi-objective optimisation.
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F i g u r e  5.8: C’()iii])aris()ii of tlic N L P D  and .1“ ('iror sm fa a 's  in the region of the N L P D  
niininnnn. Tlie two snrfact-s clc'ariy iiave th('ir ininiinnni \’alnes in differetit area-s of the  
p aram ete r  s])ac(' and therefore ar(' conHietin”' oi)jectives.

5.5 A M u lti-o b jec tiv e  M etho d o lo g y  for D ensity  F o recas t 

O p tim isa tio n

Sharjjness and (■aiil)ration arc> ('<iually imi)ort;»nt in any density for('ea.sting inodeL As 

shown at tiu' Ix'giuning of tliis chapter, optimisation using a siiarpn(',ss nu'tric alone- will 

often fail to produce calibrated  models. O ptim isiation on calibration w'ill not result in 

a useful model ('ither as a mt)del can be ealibrat('d but not jjredictive e.g. by simj)ly 

])redicting the unconditional d istribution. 'I’hereforc'. withotit a degre(' of succe.ss in bo th  

goals, a density  forecasting motk'l is useless. In tliis cha])ter. tlu' tools and tlu'ory re<iuired 

to oj)timise density' forecasting models on both  calibration and shar])uess are develo])(>d. 

r iu '  m ethodology for optim isation  ])roj)osed by this thesis is based on a nnilti-objectiv(' 

op tim isation  algorithm.

By its natm'('. density fort'casting takes the form of a nnilti-objective oj)timisation 

task. In this section, a general framework for a density forecasting optim isation  technique 

th a t  can  hnd the oi)timal mock'l in term s of bo th  shar])uess and calibration is assembled. 

In Chaj)ter 4 multi-objective search is introducc'd. evolutionary algorithms are explained 

and the  a posteriori multi-objective evolutionary algorithm teclmi(ine. th a t  is us('d by the
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F ig u re  5.9: I ’lu' Hgiin' depicts c()iic('])tiially what the Pareto front of a niulti-oi)j('ctiv(> 
(h’nsitv for('castius>: model would look like'.

(U'lisity foreca.stiiig franu'work. is niotivat('d. In S('ction 5.4. ('xpi'iiuK 'ntalion shows that 

ca liliration and sharpness are eonllieting ob.jc'ctivc's. eonhrniing th<' innlti-ohjeetive nature 

o f tlu ' problem. In the next chapter, two algorithms are descri])ed. PaTcfo-MDN and 

Pdicio-GARCH.  and sufficient details ar(> given so th<' interc'stc'd i(*a<k'r can imj)lement 

tli('se algorithms.

In tlu ' cont('xt o f (k'usity forc'casting the Parc'to front w ill contain two ol)j('ctive func­

tions. ou(' for optim ising shari)n('ss and another for o])timising calibration. Figure' T).!) is 

an exani])l(' of what a density forecast Part'to front should look like after optim isation. 

Both th(> shari)uess score [ N L P D )  and tlu ' calibration scorc' (-4“̂ ) ar(' negatively ori('nted 

resulting in a Pareto arc that is conca\'e in a north w('st direction.

5.6 C o n c lu s io n s

In this chaiJter. the most connnon challenges facing a density fort'ca.st nuxk'ller were pre- 

sent('d. It  was demonstrated tha t the most po])ular ciuality scores used are l)iased toward 

shari)ness rather than calibration. This results in i)oorly calibrated models in a numl)er 

o f scc'nai'ios. As calibration is ecjually as in i])ortant as sharpnt'ss for any density forecaster 

this problem j)resents a serious challenge for the density forecasting held. To attempt
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to  address the cahbration imbalance a new (jiiality score based on the Anderson-Darling 

test for uniformity called was i)resented. It was shown to be robust and suitable for 

ranking density forecasting models in term s of calibration. Experim entation with this 

new (luality score and the NLPD showed th a t these objectives were conflicting. This 

jjrovides a very strong m otivation for the use of nnilti-objective optim isation algorithms. 

Finally, a description of the ])roi>osed solution m ethod for density forecast oi)tim isatiou 

was descrilx'd.
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C hapter 6

Im plem entation

6.1 Introduction

111 this cliapter. thrcv algoritliiiis are ])r(\s('iite(l. First tlu' algoritliiii for Parc'to o])tiiiiisatioii 

of density forecasting models is i)resented. 'riien. tlie s(‘cond idgorithni. a variation on the 

first algoritlmi that can ])rodnce models with better geiu-ralisation by utilising a validation 

s('t during training is explained. Finally-, an algorithm for singk' objecti\-(' o])tiniisation of 

(k'nsitv forecasting models with an evolutionary strategy is dc‘scril)ed.

l b  maintain colu'reiicv. Table G.l is a refcnence for the various variables usc'd in the 

following algoritlmis.

A Number of offs])riiig g('iierat('d at (>ach iteration.
/' Size of parent population.
D Data to be modelled. [Di,. + Di,].

On- Training data.
D, Validation data.
F, Non-dominat('d set of models found u]> to iteration 

c'A'aluatioii on D  or Df,- i.e. archive.
1 basi'd on

L Siz(' of initial random i)oj)ulation of solutions.
M Density fon'casting model ty])e.
T Maximum number of iterations.
V, Noii-doniiiiated set of inodc'ls found uj) to iti'ration 

evaluation with D,..
/ bas('d on

X Vector re])resentation of M .
s Strength vector used for guiding ES search.

T a b le  6.1: Nomenclature for o])timisation algorithms
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6.2 A M ulti-objective Evolutionary A lgorithm  for O ptim i­

sation of D ensity  Forecasting M odels

In tliis section, the tlieory presented in the j)reviotis chapter  is developed and ])resented in 

algorithmic form. A new algorithm for oi)timisation of density forecasting models on bo th  

sharjHiess and calibration is proposed and  two inijjlementations of the algorithm  using 

different base models are fully describ(>d.

A lgorith m  1: P areto  O p tim isa tion  o f  D en sity  F orecastin g  M odel

Inputs: D  data, T  num ber of iterations, L initial poj:)ulation size and  M  density  fore­

casting model typ('.

Outputs: Ft  non-dom inated  set of models th a t  are an es t im ate  of tlu ' true' I’are to  front

definc'd by the  d a ta  generation j)roc('ss.

A IgoTitfnn.:

Step 1: D('termine x. a vc'ctor represc'ntation of 7\/.

St(']) 2: Generate  a random  ])0])ulati()n of L  of these vectors.

St(']) .'5: For each vector in tlu' ])0])ulation g(>nerate a random  m uta tion  s treng th  vc'ctor.

s.

Stej) 4; Evaluate population  on Shar])ness and Calibration scores.

Ste]) 5: Create' tlu' frontal set Fo with the non-dom inated  solutions.

St('j) (i; Initialise it( 'ration c'ounti'i' to t =  0.

St(']) 7: S('l('ct a model. X/. from F/ to use as ])0])ulation for this itf'ration.

Stej) 8: M uta te  x/ using m utation  strc'ngth vector Sf to  j)roduce x* and s*.

Ste]) 9: Evaluate x* w ith  res])ect to  tlit' (>rror measures. If x* is not dom inat( 'd  by any

nu'mber in F, go to  10. otherwise dc'k'te x* and go to  11.

Ste]) 10: Ins('rt x* into Ff. R('move individuals in Ft th a t  are dominat( 'd by x * .

Stej) ] 1: Itera te  counter.  ̂ =   ̂ -|- 1. If / =  7’ then go to  12. c'lsc' go to  7.

Ste]) 12: le rm in a te  the algorithm i>nd save nu'mbers of Fy.

Algorithm 1 j^resents an a posteriori multi-objective ( 'volutionary algorithm  for o])ti- 

misation of density forecasting models. Ste])s 1 - 6  of the algorithm  initiali.se ])aranieters 

for the 0])timisation loo]:>. Ste])s 7 - 1 1 .  A set of non-dom inated  density forecasting models 

o])timis('d on bo th  shar])ness and  calibration is re tu rned  when th e  algorithm term inates .

In the next two sections a coni])lete descri])tion of how this general algorithm  can be 

im])lemented to  o])tinii.se a Mixtiu’e Density Network (MDN) and  a GA RCH tyj)e model is
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presented. Unless otherwise sta ted  the shar])ness and calil)ration scores used are N L P D  

and respectively.

6 .2 .1  Im p lem en ta t io n :  P a re to  M D N

The first step of Algorithm 1. above recjuires the density foreccisting model to be repre-

■sentc'd a,s a v('ctor of ])arameters. To ac:hieve this for an MDN, all network wc-ights and

bia.ses m ust be collated into a single vector of floating point values. This v('ctor rej)re- 

sontation must also be reversible so th a t the vector values can be used to reconstruct the 

original MDN. U.sing the methodology introduced in the EANN literature (Yao. 1999). it 

is possible to vectorize an MDN. For an MDN w'ith 1 iu])ut features. H  hidden units and 

() ou tput imits. the length of the vector rejjresentation is S.  where:

S  =  ( /  +  1) • / /  +  ( / /  +  1) ■ O +  2 ■(/ +  / /  +  O)  (G.l)

A Inputs

fO
H, Hidden

O
lO
o

f®

I®
©

f ®  
®  
©  
©  
©  

i ©
O. Outputs

F ig u re  6.1; Shown is sami)le MDN nc'twork. The locations of the I  inj)ut. H  hidden. 
() ou tpu t nodes and bias nodes are marked. The weights for the network are shown in 
light grav.

{1 + \ ) ■ H  + {H + \ ) ■ O rei)resents the weight param eters for the MDN, including bias 

term s. The first 1 + H  O represents the m utation strength vector for ES nnitation. and 

the second 1 + H + O are binary values th a t signify the i)resence or ab.sence of a weight 

in the network. 'I’his binary mask allows the search algorithm  to oj)timise the network 

arc'hitecture during training.



Initial param eter  values for all the  i)aranieters of th e  vector representa tion m ust be 

generated. T h e  initial weights of the  MDN can be generated  as normal using random  

num bers generated  from a Uniform distribution. However, th rough  experim entation , I 

have fomid th a t  the best practice is to  use a model th a t  is near the global m inim um  

wlu'n s ta r t in g  the  search. Therefore, l)v first tra in ing  a model using the  s tandard  gradient 

m('thod with ju s t  N L PD  and  using this as the  s ta r t in g  point of the searc:h th e  search 

algorithm  is given a j)oint on the P are to  front a t the outset. T hen  the search algorithm  

u('('ds to  spread the P are to  front out as wide as j)ossible from tha t  ])oint. T h e  nn ita tion  

s treng th  vector values can be generated from a  Gaussian random  m nnber generator. T he  

binary ma.sk can be initially set to all ones.

T he  evaluation metrics used for the P are to  MDN can be chosen by the modeller. From 

the rc'sults of the expe>riments carri('d out for this thesis the comi)ination of the  N L P D  for 

( 'stimating shar])uess and tlu' for {'stiniating calibration have been found to be the  i^est. 

How('\c'r. oth('r combinations could be u.sed. for example, the N LPD  could be substitu te tl  

foi' th(' C R PS  score.

6.2.2 Selection

An unconstra ined archive is m aintained throughout train ing and  the PQ R S m ethod  de- 

scriix'd in Sc’ction 4.3 is used for mem ber .selection (Field.send et al.. 2()().'5).

(5.2.3 Aclai)tatioii

I hr('(' m ethods of ad ap ta t io n  are used for oi)timising the Parett) MDN. weight addi- 

t ion/d( 'letion. node add ition /dek 't ion  and wc'ight nm tation . T he Pare to  M DN oj)timi- 

sation i>rocess includes n('twork archit( 'cture oi)timisation. For this n-ason. wlu'u dc'ciding 

on an initial arch itecture  for tlu ' network it is bo'st to  choose a s truc tu re  tha t  includes all 

inj)ut features, and a nuiximuni nunil)('r of hidd('n and outj)ut \mits. T he o])timisation 

algorithm  will then find the oi)timal topography during train ing through weight add i­

tion/dele tion . and  node add ition /de le tion . G rea t care has to be taken when selecting an 

ada])tation m ethod  as this is the  only m eans of searching the  error sj>ace (i.e. g radient 

m ethods don 't  work). This is j)articularly given th a t  m ultiple objectives require th a t  more 

of the error sj)ace needs to be investigated.
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(a) (b)

F i g u r e  6 .2: Shown (a) is a sample MDN network, (h) is the same network after a num ber 
of itera tions of the evolutionary train ing algorithm. A num ber of the weights connecting 
nodes hav(' Ixh'u removed.

W eight A d d it io n /D e le t io n

rii(' vector r('])r{'sentation of the network do'scribc'd abov(' includes a binary  mask -for 

each ])arameter wc'ight in the  nc'twork. Initially the- mask contains all Is signifying th a t  

tlu ' n('twork is fully conu('ct(>d. However, during  the ada])tation j)hase of the algorithm  

the  binar>’ mask \’alu('s arc' random ly fh])i)('d from 1 to 0. or vicc' v('rsa. with a s])(>cifi('d 

])robabilit>'. W ln'u tlu' mask value for a weight is zercj. th a t  weight is not inchuk'd in the  

s truc tuR ' of th(' nc'twork. This  allows th(' network arch itecture to  evolve. F igure (i.2 shows 

how th(' network changes with weight m utation .

N o d e  A d d it io n /D e le t io n

Node addition  and deletion ada])t the  num ber of nodes in the network. At the inpu t  

lav('r this has the effect of fea tm e sc'lection. W hen an iu])\it node is (lrop])ed the  featm'e 

associatc'd with that nod(' no longer affects the result of the network. At the* hiddc'n layer. 

nod(' ad ap ta t io n s  have the  effect of changing the network architecture, either by reducing 

or incrc'rising th(> complexity of thi' network, f ypically. outpvit nodes would not be dek 'ted 

or added chning t)ptimisation in regression tasks. However, in this case, addition and  

deletion of out])ut nodes allows the  search algorithm to detern)ine the best num ber of 

Gaussian com ponents  in the  Gaussian M ixture Model ou tp u t .  R a th e r  than  single node 

ada])tation. out])ut node adajjta t ions  remove the three nodes a.ssoeiated with a Gaussian  

componi'nt at a time. At each itera tion  of the  algorithm, every node has a  small ]>robability 

of addition  or deletion. F igure (i.3 shows how nodes from different layers can be deleted
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(a) (b)

(c) (d)

•JcV-

F ig u r e  G.3: D e n io iis tra tio ii o f M D N  nock' clc'k'tion. (a) rc'jjresents the  n ia x in itn n  nc 'tw o ik  
a re h ite e tn re  (b) shows tlic ' c'ffec t o f a liick len  node ck'lc'tion (c) shows the  t'ffec't o f in j)u t 
node d e k 'tio n  and (d ) shows t l ie  effect cjf o n t])u t node clek 'tion . Once nock’s have l^een 
dek'tc'd th e y  can be ackled bac-k in to  the  ne tw c jik  la te r in  the' search ]>rocc'ss.
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from a  network.

W eigh t M u ta tio n

T h e  stanchird m uta t ion  mechanism used for a non-isotropic self-adaptive ES is used for 

ada])tation of the  network weights (see Section 4.2.3). At each epoch every weight p a ra ­

m eter is m u ta ted  with a certain  probal)ility.

6.2.4 Iniplenientatioii: Pareto  G A R C H

Vector j)aram etrisation  of a GA R C H  model is straightforw'ard giv('u th a t  there  are gen-

('rally (juite few p aram eters  and the  nm nber remains sta tic  th roughout oi)tin)isation. For

example, the e(iuation for a G A R C H (P .Q ) model is:

r  Q
<yf = K + rrf_ , + (^ • 2)

) =  I j  =  1

I’lu' parani(>t('rs of interest in the  ('((nation for the GARC’H(P.C^) model abov(' ar(' k. the 

w('ightings o applied to  the P  pr('vious forecasts and the weiglitings for

tlu ' last Q ])('riods' s(]\iared distm'l)anc('s T h is  ty])(> of model is commonl>'

accom]);iui('d by a constant mean model. yi = C  + ft .  th a t  contains the final p a ram ete r  C  

for the ])aiamet('r v(xtor. The \( 'c tor repre.scntation of a GARCH(P.C^). therc'fore. takes 

th(' foi'in X =  (C. K.  f \ 1 ........ (> p .  / ^ i ............^ q )-

I la iid ling  Ccjnstraints

Inititil ])arani('t('r values are cho.sen at random  from a Gaussian distribution. Howev('r. the 

parani('t( 'rs of G ARCH  model have \-arious constra in ts  ('nsuring that tlu' GAl^CH j)rocess 

g('U('rat('d is correct. Somc' constraints, such a.s a ])araniet( 'r must be a |)ositive n'al numlx'r. 

that  can Ix' ('asil\- handled i)v taking tlu' absolnt(' value of tha t  ])arameter. How('V('r. otlu 'r 

constraints, for ('xamj)k'. that  the smn of tlu' G A RCH  and ARCH t('rms should ncjt ('xceed 

1. t'usiu’e tha t  the process geu('rated remains s ta tionary  and  ne('d to  be handk 'd  during  

the  s('arch ]>roc('ss so th a t  a valid model is j)roduc('d. W hen the initial pojjulation is l)eing 

geu('rat('(l new ])arameter ve'ctors are created and  checked for constra in t violation until L  

correctly specified individuals are found. T h is  ensures th a t  the search algorithm has the 

correct pcjpulation size of valid models a t the  Ix'ginning of th e  search.

hK 'v itabh’. dm'ing the search process, the  Evolutionary  S tra tegy  (ES) m uta t ions  will 

})roduc(' ])arani('ter vectors tha t  violate tlu ' various constra in ts  of th(' G ARCH  model. To
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j)rovi(le for this occurrence, new indivichials are checked for constra in t violations. R a th e r  

th an  re])eatiiig the m uta t ion  process, individuals th a t  have constra in t violations are given 

a  m axim um  error score across all objectives. This signifies th a t  th e  model is incorrect and 

the  algorithm will system atically  discard these erroneous models th rough  na tu ra l  selection.

S elec t ion  and A d ap ta t ion

The selection mechanism used for the  P are to  G A R C H  model is the  sam e as the  P a re to  

M DN m ethod, PC^RS. Only one form of adai)ta tion  is carried out,  weight nnitation. T he  

m ulti-objective algorithm  used is btised on a non-isotro])ic self-adaptive ES( 1-1-1) w ithout 

c-ros.sover m utation . Again, this uses a nu ita tion  s treng th  vector to guide the  search 

])rocess. R andom  nuita tious  are gc'uerated by Gaussian and Cauchy d is t iibu tious for fr\.st 

convergence. No crossover, or param eter  addition or dek'tion is carried out.

6.3 A M u lti-ob jective  E volutionary  A lgorith m  for G ener­

alised O ptim isation  o f  D en sity  Forecasting M od els

An imj)ortant issu(> when o])timising any forecasting model is the ])roblem of generalisation 

error. In order to aid generalisation a common ai)j)roach is to  divide the  available d a ta  

into training, validaticju and t('st sets. During tra in ing  of tlu' nujdel the  forc'ca.st error on 

1 lu' validation s('t is m onitored and when it Itegins to  incr('ase tra in ing  is stoppc'd. I’lie 

goal of this aj)i)roach is to i)revent o \er-f i t t ing  of the tra in ing  set. I'liis sinii)le nu 'thod  ot 

improving g('neralisation ])erfonnance is eflecti\'e in the single objective space. IIow(>ver. 

in the nnilti-objc'ctive space it is not j)ossibk' to  identify a,s clearly when validation set 

])erformanc(' begins to deter iora te  l>ecause the tendency with multiple obj('ctiv('s is for oni' 

obj('ctive to improve' while tlu' otlu 'rs d<'teriorat('. Hc'uce, a dilfer(>nt m ethod  of improving 

g('n('r;ilisation pc-rformauce is rixjuired. Field.s('iid and Singh (2()0-'j) developed a variation 

of the following algorithm for the o])timisation of well generalised nc'm'al networks.
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A lg o r i t h m  2: P a r e t o  O p t im is a t io n  w i th  V a l id a t io n

Inputs: Dfr training data, validation data, T  ninnljer of iterations, L initial pop­

ulation size and M  density forecasting model.

Outputa: V'r non-dominated set of models that  are an estimate of the true Pareto front

defined l>y the da ta  generation process.

AUjorithm:

Step 1: Determine x. a vector re]>resentation of M .

Step 2; Generate a random j)0])ulation of L  of these vectors.

Stej) 3: For each vector in the j)opnlation generate a random mutation strength v('ctor.

s.

Stej) 4: Evaluate po]>nhition on N L P D  and with D/, -

Step 5; Create the archive set Fo with the non-dominat('d solutions.

St('j) (i: Evaluate ('ach nu'mlx'r of Fo on ]>oth error nu'a,sur('s witii D,-

Stej) T): Cr(>at(' tlu* archive s('t I'o with tlu' non-dominat('d solutions.

St(’]> 7: Initialise iteration count('r to f = 0.

Stc'p 8; S('lect a model. X / .  from V/ or [F/U\'/] to use as tlu' ])opulation for this iteration.

St('j) !): M utate Xf using nnit;ition strength vector S/ to ])roduce x* and s*.

Step 10: Evaluate x* with rt'sjiect to the ('rror measures and IJ/,-- If x* is not dominated

l)V any member in F/ go to 11. otlu'rwise dc'k'te x* and go to M.

Stej) 11: In.sert x* into F^. Remove individuals in F/ that ar(> dominat('d by x*.

St(']) 12: Evaluate' x* on D,..

Stc]) 13: Insert x* into \) .  Remove indi\iduals in V/ that m'e dominatt'd by x*.

Stc]i 14: Iterate count(>r. f = t + \ . U f = T  then go to 15. else go to 8.

Ste]) ir>: Terminate the algorithm and save nu'uibers of F/-.

This algorithm is very similar to Algorithm 1 with the (>xcei)tion of a validation archive.

1 lu' imi)leuK'ntation process is identical in every detail with the exception of the addc'cl 

evaluations on mani])ulation of the (>xtra non-dominat('d st't (Stc'])s 5. 8. 12 and 13). After 

training of the algorithm has terminated the set of non-dominated individuals on the 

validation set is retmned. This set should contain individuals that  will generalise well to a 

test set. Fieldsend and Singh {2()0r)) suggest another method for imi)roving generalisation 

])erforniance on nnilti-objective algorithms that  involves taking random bootstraj) samj)les 

from the training data to reduce over-fitting. This methodology is similar to ensembling
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and the  reader is re ferred to  the  F iek iseud  paper fo r fu r th e r  de ta ils  o f th is  m ethod .

6 .4  A n alys is  o f th e  P a re to  M D N  on A r t if ic ia l D a ta

Sample Artificial Data

1 m

0.5

-0 .5

-1 .5
0 1 2 3 4 5 6

F ig u re  6 .4: Sain])le ])lo t o f a r t if ic ia l da ta  sc't.

In  th is  s(H-tion. using’ a s y n tlu 't ic  da tas('t. the i)roi>os('d ca lih ra te d  dens ity  ( 's tin ia tin g  

m odel is dem onstratc 'd . ' I ’Ik ' advantage' o f using a s>-ntlu'tic' dataset is th a t it is ])ossible 

to  d('V('k)]) a da ta  genera ting  process w h('re  t lu ' c o n d itio n a l d is tr ib u tio n  o f th<' data  at 

(>v(>ry j)o in t on the fu n c tio n  is know n. For the purj)ose o f th is  ex])e rim en t an a rt if ic ia l da ta  

source th a t has b o th  h ighe r m om ent influences and b im o d a lity  influences is chosen. T he  

da ta  takes t lu ' fo rm  o f a random  phase sh ift sinusoid ada])ted from  (L o  Bassu. 2002). 

I t  is fu lly  d escrilx 'd  by.

f { x )  =  s in{ . r  +  r )  +  f  (6.3)

where' :v is in  the  in te rva l [0. 27t], c is ecjual to  0 w ith  p ro b a b ility  0.75 and 2 w ith  j) ro b a b ility  

0.25; and
( i r ( A .  k)  — m ed ia n )

(6.4)

w here U ’ is the  W V ibu ll d is tr ib u t io n , w ith  A =  2 and k =  2 and m ed ia n  is the  m edian 

o f the  d is tr ib u t io n . T he  m ed ian  offsets the  errors on the  sinusoids and the  d en om ina to r 

scales th ( ' e rrors. D atasets can be created bv d raw ing  values a t random  from  the  in te rva l
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[0, ‘2t x \ and evaluating the corresijonding function values. 2000 da ta  pairs for training, 

1000 for validation and 2000 for testing were generated for each experiment run. Figure 

(5.8 is a sanrple plot of a training set generated from Ecjuation (6.3).

6.4.1 Experim ent Details

T a b le  6.2: I ’he parameters of the Pareto MDN used on the artificial da ta  sets.

Initial weights N{(),  1)
Probability of weight perturbation 0.2

Pertm bation A^(0,1) x 0.1
Probability of node addition/deletion 0.02

Probability of weight flip 0.02

t o r  each ex])('rim('nt run. a single MDN was trained using a Scaled Conjvigate Gradient 

(SC’G) o])timisation algorithm for 5.000 ('i)ochs. A record of the NLPD score on the 

\’alidation set is kc'pt for each ('])och and the ej)och with the lowc'st (>rror on th<‘ validation 

s('t dctt'rmines tlu' wt'ights for the u('twork. This is tlu' base network that is u.st'd for 

benchmarking tlu' calibrated model. It is denoted as ‘Standard M DN’ in the figure's and 

tables. In this exi)erinient the MDNs toi)ology has 5 hidden nodes and 12 outjMits. which 

('(juates to a 4 Gaussian mixture* model conditional density estimate.

Algorithm 2 was u.s(h1 for multi object ive oj)tiniisation of the MDN. Before conun('ucing 

training, the arcluA'c’ and validation archive of the multi-obj('ctiv(> search are ])o])ulat('d by 

carr\ ing out 200 unitations on the initial solution determini'd by the Standard MDN. 'I’he 

])arameters for the oi)timisation ]>rocess are sunnnari.sed in Table (i.2. Training was carric'd 

out for 25.()(){) e])ochs. The exj)eriment was rej)eated 20 times using different initialization 

\('ctors. differ('nt random s(x'ds and diffen'ut training, validation and test data sc'ts drawn 

from the generating function.

6.4.2 Experim ent R esults

The expectation of the Pareto MDN models is tha t  training will result in a set of models 

ranging from accurate but poorly calibrated, to less accurate and well calibrated. Figme 

6.5 is a plot of the archive of models produced during training on one run of the experiment. 

The characteristic shajje of the non-dominated set can l)e clearly seen and the high degree 

of sharjiness of the initial Standard MDN solution is j^resent. It is intended tha t  the
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F i g u r e  G.5: This is a i)lot of the  objective space after tra in ing  a P are to  MDN on a single 
run of the artific-ial d a ta  ('xi)crinient. I ’he initial MDN produced a single v('iy sharp  but 
])oorl\- calibrat('d model. Using this as an initial solution, the P are to  M DN creat('s a set of 
iion-doniinat('d or trade-off solutions varying in calibration and  sharj)ness. Th(' user can 
th('ii ])ick th(' model tha t  !)est suits their objectives.

decision mak('r sek'c-ts tlu' model th a t  o])timises their objectives in the way th a t  best 

suits  their nc'c'ds. 'I’heix'fore. to  evahiate the c'ffectiveness of the P are to  model we can 

su])])()s(' th a t  there are two differ('iit decision makers (Us('r A and User B). User A wishes 

to maximis(' the accuracy /sharpness  of their predictions. T h e  other, l^ser B. wishes to 

maximis(' the calibration of their ])r('dictions. Table 6.3 sunnnarises the  performance of 

tli(' s('lect('d models ov('r 20 runs of the  experim ent, assuming the users choose the  model 

th a t  o])tiniised their goals the  most on the validation set. Results are then comj)ared to  

the  S tan d ard  MDN.

I ’liis s traightforw ard evaluation shows th a t  there is an imj)rovement in the calibratic:)n 

scoi('. F'igiue 6.6 is a surface plot of the i)redicted conditional densities from a  m em ber 

of a User B validation archive set comi)ared with the real conditional d istr ibu tion  of the  

da ta .  T h e  synthetic d a ta  has been cap tu red  well by the  MDN. This  figure is useful to
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Table 6.3: I ’he results show the average error and standard deviation over 20 runs of our 
model on the artificial data. User A and User B both inij)rove their respective objectives. 
User B obtains a statistically significant ini])rovenient over tiie standard MDN in tlie 
calibration metric.

N L P D
Standard MDN -0.736

±0.057
2.942

±1.598
User A (Pareto MDN) -0.737

±0.056
2.432

±1.110
User B (Pareto MDN) -0.734

±0.057
1.391

±1.057

show how well an MDN can ])redict a conditional density function, however; it  is not of 

high (>nough resolution to visually evaluate* the (juality of the ])redictions in a meaningful 

way. lnsi{'ad. to (k'tenninc' whether tlu' .4“̂ score has improved i)rediction results, two 

t('sts of calibration that k'verage the fact that the data is artihcially generat('d ;n'(' carric'd 

out below.

Actual Conditional Distribution Predicted Conditional Distribution

0.5

- 0.5

0 2 4 6

0.5

- 0.5

0 2 4 6
X X

F igure  G.6: TIk' plot on the left is the actual conditional distribution of the data and the 
l)lot on tlu' right is tlu' predicted distribution. Sini])le visual comi)arison shows that the 
l)redict('d dc-nsities acc-urately captme the dynamics of the data.

6.4.3 A nalysis  o f  the Calibration Score

To determine' wlu'ther the objective func:tion affects the actual calibration of the Pareto 

MDN predic tions the following tests have been carried out. The goal of the calil)ration



score is to iiiijjrove the jjrobability estimates of the models optimised tliereby improving the 

accuracy of the predict(>d (iensity. In the following two tests these two attributes are tested. 

Firstly, an empirical test on the set of percentik^s of the predicted distributions is carried 

out. The aim of this test is to show whether the calibration score ini])roves probal)ility 

estimates. Secondly, the i)erformance of niodels ])referred by the calibration score are 

tested by using the Kullback-Leibk'r divergence to calculate the average j)redicted density 

divergence from the actual conditional density as a true measure of ])rediction accuracy.

Em pirical Valid ity  - P ercentile  Test

In Section 5.3 the QuaniilcScore  is introduced. In this exi)erinient every 5’*' percentile 

Ix'twec'u 5% and 95‘/( was assessed in terms of QuantileScore.  Figure 6.7 shows the 

relationshij) between the QuaniilcScore  and the .4^ score. Mod(4s that achieved a good 

QuantiJ( Scor(  also r('C('iv('d a good score and niodels with a poor hit rate received 

a high .4^ scorc'. I’lu' results, that th(' score rewards good ])rol)al)ility i)redictioiis 

and penali.s('s i)oor ])robabilistic predictions, pre.sentc'd in S('ction •5.3 ar(' confirmed in the 

context of the' Parc'to MDN model.

K ullback-Leib ler R esu lts

The Kulll)ack-Leibler divcrgc'iice (Kullback L('ibk'r. lOf)!) is us('d to (k'tenniiu' the 

div('rgeiic(' of an estimated (listrii)ution p  from the tnu ' distribution . If /; and

ai(' id('iitical tlu' Kullback-Leii)ler divergence is zero. '! lu' formula is;

KLip ,/"•') =  £  /-(;,) l<«

Howf'vc'r. the classic Kullback-Leifilcr formula, in this form, is asymmetric i.e. KL(p .  7̂

I\ . p). Although the K L  divergence' is often calk'd a dist;ince iiu'tric this is in fac t

a misnomer. The asymmetric nature of the' K L  means tluit the' 'distance' from to

j) is not tlu' same' as the 'distancie' from p te> This lact mc'aiis that  the K L  is ncjt

a true elistance metric. This c:an be' correctc'd by adjusting the formula to the following, 

(Sie'gler et al.. 1997):

KL{p.  y/' " '̂) =  KL{p,  y;"-''^) +  KL{p<"‘̂ . p) (6.6)

Figure 6.7 ha.s a j^lot of the normalised average K L  divergence against the normalised 

A^ for the' set of non-elominate'd models producc'd after one' run of training. The' j)lot shows

94



a strong correlation between tlie A'̂  and the KL  divergence. This is compelling evidence 

confirming the conjecture that  it is i>ossible to oj^timise an M DN’s calibration and tha t  

doing so imi)roves conditional density estimate performance by finding densities that  are 

closer to the true generating density.

C om parison o f C alibralion M easures for A rchive M em bers

0.9

0.8

0.7

0.6

0.4

0..3

0.2 KL divergence 
Hit Race 

A -

.“i 20 2.S
A rchive M em bers

F ig u r e  6.7: 'lV]>ical ri'sults returned during a t(‘st of the calibration scoic. I'lie correlation 
co('lHci('nt b(‘t\ve('n the KL divergx'nce and the Calibration score is ().!) in this ('xampk'. 
Similarly, tlu' correlation coefficient Ix'twet'u the flit Rate and the Calibration scorc' is also 
0.9.

G.5 Sam ple  P a re to  G A R C H  R esu lt

Algorithms 1 and 2 provide* a detailed d(>.scri])tion of how a Parc'to GARCIl or Pareto MDN 

modc'l should b(' construct('d. In this section, a brief description of tlu' out])ut of one of 

tlu'se modi'ls is ])rovid(>d. In this exami)le. a C A R C H (l.I)  model with constant nu'an 

and the assuni])tion of a Gaussian distribution is trained on historical dail\' log returns 

for the General Motors share i)ric('. 'I'he training data ranges from 1 .Jaiuiary. f98() to 31 

December. 1995. a ten year ])eriod. A Pareto G A R C H (l.l)  model using Algorithm 1 is 

used for training. First a .standard GARCH model is trained using a constrained gradient 

method to find a good starting ])oint for the Pareto GARCH algorithm. Then 100 initial 

mutations are created to j)opulate the non-doniinated archive. Then 1.()()() iterations of 

Algorithm 1 are carried out and a set of non-dominated individuals is returned.

Figm'e 6.8 shows the outj)ut from the Pareto GARCH algorithm. Also inchuk'd in the
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F ig u r e  6 .8 : S a in j)k ' P a re to  G A R C H ( l. l)  o \it])u t.

figure  are t l ie  p os ition  o f  t lie  m odels in  the  P areto  fro n t a rch ive a ftt 'r  100 ite ra tio n s  o f 

tlic ' a lg o r ith m  and a fte r r)()() it(>rations o f tlu> a lg o r ith m  and t lu ' ])os ition  o f the  S tanda rd  

C J A IK 'II M ode l th a t was used fo r t lu ' in i t ia l  niodc'l in the  a lg o rith m . 'I ’l i is  resu lt is ty ]) ica l 

fo r th (' P a re to  A lg o r ith m s  described ahove p roduc ing  a well d ispersed P are to  fro n t w ith  

a .selection o f d if l ’erent m odels rang ing  from  w ell-cahbratc 'd  to  p o o rly  c a lih ra ti'd . As the  

a lg o rith m  ])ro g n ‘ss{'s the  P are to  fron t fills  in  and l)c t t( 'r  resu lts begin to  a])p(>ar. 'I 'he  

G A I^C 'H  m odel found using the  s tandard  g rad i( 'n t UK'thod is present in  th (' fina l P a r('to  

fro n t I'c tu rned  by the  P a r('to  a lg o r ith m . T h is  shows how the  g rad ien t n u 'th o d  is exce lk 'n t 

at fin d in g  the  o p tin u n n  so lu tio n  in  te rm s o f N L P D . However, the  w ide  P a re to  fro n t show's 

th a t c a lib ra tio n  can be g re a tly  im proved  fo r th is  m odel by a llo w in g  a sm all d e te rio ra tio n  

in  the  level o f sharpne.ss.
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6.6 An Evolutionary A lgorithm  for O ptim ising D en sity  Fore­

casting M odels

The" central argument in this thesis is tliat nmlti-objective oi)tiniisation of density forecast­

ing models in terms of sharpness and calibration is superior to single objective oj)timisation 

methods. However, in order to ])rove this hyjiothesis it is useful to be able to compare 

directly single and multi-objective methods. In this section, a single objective algorithm 

for oi)timisation of density forecasting models is presented and im])lementation details for 

MDN and GARCH are provided.

A lg o r i th m  3: E S  O p t im is a t io n  o f  D e n s i ty  F o re c a s t in g  M o d e l

Inputa: D  data. T  maxinunn nnmbe-r of iterations, // number of offspring. A j>arent 

l)e)])ulation size and AJ density fore'casting nioek'l.

Ouiputs: X T j i t i c f i i  parame'te'rs of fittest model after 1 '  ite'rations of the' algorithm.

Ste'p 1: Initialise' the' // moek'l paramete'r ve'cte>rs x and strength ve'cte)rs s.

Ste']) 2: Set maxinnun number of ite'rations. TV.

Ste'p .3: Initialise iteration eounter. / =  1.

Ste'j) 4: Ge'iierate A ottsi)ring freim // i>are'nts.

Ste'p T): Evaluate' e)ffsi)ring.

Ste']) (i: Sek'et new // nie'mi)e'rs for ])opulatie)ii.

Stc']) 7: / =  / + ! .

Ste'j) 8; If / =  T  terminate' alge)rithni. e)the'rwise ge> te> -1.

Algorithm 3 shows tli(> 8 simple ste])s in an ES for singk'-objc'ctivc' oj)timisation of 

density foreca.sting models. TIk' main loop of tlu' algorithm is bc'twec'u Step 1 and Stej) 8. 

where' the three main parts of any EA (sek'ct. mutate and evalual(') reside'. The fe)llowing 

two sub see tions ck'scribe he>w this algorithm can optimise' an MDN and a CARC'H meielel.

6.6.1 Im plem entation: E M D N

Mue'h ejf the imj)lementation eletails for the single objective EA are similar to the nmlti- 

e)bje'e tive' EA describe'el abe)ve. Spc'cifically. the vex’tor rej)re'sentatie:)n of the MDN and the 

adai)tatie)n methods are identical. However, the selectiejn method is different rus there is 

only e>ne e)bje'C'tive'. Te)urname'iit selection is u.se'el at eac'li iteratie>n to ek'termine whic:h 

I)0])ulation members will preigre'.ss to the next iteratieni e>f the algorithm. Again, a non-
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C om parison: G aussian v C auchy
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F i g u r e  6.9: Com parison of Caucliy and Gaussian Distrit)ntions

isotroj)ic self-ada])tive ES is used. However, ra the r  than  the  ES(1 +  1) used in nmlti- 

oi)j('ctive o])timisation an ES(20 +  20) is used, as in (.lerr('ll Isz Cam])ion('. 200]).

B('c aus(' tliis is single-ohjective oi)timisatioii the default ('rror function usc'd is N L P D .  

however, o ther (>rror functions can be usc'd also e.g. C B P S .  Variations on Algoi'ithni 

.'5 could also b(' im])k'nient('d th a t  would lead to fastc'r convergence times. For e.\ani])le. 

\"ao (19*)!)) ])resents a hybrid m ethod  to  optimisation th a t  combines gradient op tim isation 

and  evolutionary algorithms. However, this m ethod  would not l)e possibk' within the 

nmlti-objective ojitimisation algorithm s bc'causc' gradii'ut a lgorithm s c;m only o])timise 

one' objecti\ 'e at a time.

6.7 Reducing Optim isation Tim e with the Cauchy D istrib­

ution

Yao and Liu (1997). suggest th a t  convergc'uce times can be reduced by using random  

uumlx'rs generated from a d istr ibu tion  o ther than  th(> s tandard  G.iussian. SpeciHcally. 

tlu'y reconnnend using a d istr ibu tion  with fa tte r tails than  the Gau.ssian. such as the 

Cauchy distribution. T he  fa tte r  tails in this distribution m ean th a t  it is more likely th a t  

the m uta tion  will make larger s teps around the  search space th an  a  Gaussian d is tribu tion . 

This  reduces the  time to  convergence by finding good locations to search more (piickly. 

F igm e 6.9 shows the  difference between the Caucliy and Gaussian d istribution. T Ik' much 

higher ])roportion of density  in the  tails of the Cauchy can be clearly seen.

9 8



(a) Gaussian (b) Cauchy

Q
(X
J
Z

100

0

-100

-2(K)

-4 (X )

Q
cu

5(X)
Iteration

(c) M ixed

KXX)

KX)

Q -100

-200

-3 0 0

-4 (X )
5(X) 1000

Iteration 

(d) Summary
100

Gaussian
Cauchy
M ixed

- K X ) Q  - i ( X )  

-2 (X )
-J
Z-200

- 3 0 0 -3 (X )

-4 (X ) -4 (X )
l(X)05(X) 5(X) KXK)

Iteration Iteration

F ig u r e  6 .1 0 : Shown arc' the  e rro r rates o f ton m odels tra in ed  on the  log is tic  fu n c tio n  
(h ita  set fo r l.OOO ej)Ochs using random  m u ta tio n s  from  a (a) Gaussian d is tr i l)u t io n  (I)) 
C auchy d is tr ih n tio n  and (c) M ixe d  Gaussian and C auc liy  d is tr ib u tio n . T he  heavy line  in  
('acli p lo t rc])resents t lu ' mean o f the  ten runs, (d ) com])ares the  mean e rro r i)lo ts  across 
the  th ree  nu 'thods.

It  is ])()ssil)le to  dem onstra te  the  ('ffect th a t th is  fa ttc 'r ta ile d  dens ity  has on convc'r- 

gence rates l)v  means o f a co m i)a ra tive  analysis. T he  fo llo w in g  ex])e rim ent describes th ree  

d iffe r( 'u t n m ta tio n  strategies: random  Gaussian m u ta tion s , random  C auchy m u ta tio n s  and 

m ix('d  random  m uta tions , h a lf  G anssia ii and h a lf Cauchy. 'i 'h ( ‘ log is tic  da ta  set was chosc-n 

as the  da ta  generating j)rocess (see Section 5.2.1) and the  m odel chosen fo r o p tim is a tio n  

was an E M D N  w ith  3 hidcUni u n its  and a s ingk ' Gaii.ssian G M M  as o u tp u t ’ . 250 da ta  

p o in ts  were generated from  the  log is tic  da ta  set fo r tra in in g  the  m odels. E a d i m odel ty jx -  

was tra in e d  10 tim es on the  da ta . F ig tu e  6.10 shows the  resu lts  o f  these experim ents .

T he  increased p o s s ib ility  o f b ig  ju m p s  in  the  search space th a t the C auchy d is t r ib u t io n  

])rodnces resu lts  in  faster o j) t im is a tio n  a t the  beg inn ing  o f the  search process, however.

'T h e  s im p lic ity  o f dea ling  w ith  o n ly  one o b je c tiv e  fu n c tio n  m eans th a t e xp e rim e n ts  w ith  d ilTeren t o p t i-  
m i.sation pa ram e ters  are m uch ea.sier to  com pare . For th is  reason, th is  s ing le  o b je c tiv e  de n s ity  fo re ca s tin g  
o ]) t im is a tio n  a lg o rith m  is used in  some o f  th e  fo llow 'ing  expe rim en ts .
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tliese large steps slow the optim isation  j)rocess a.s the i)arameters near the global minimum. 

T he  reverse elfect is seen using a  Gaussian distribution, with poor performance a t  the 

])eginning of the search. However, this d is tribution homes in on the global mininnini 

nnic-h faster wlu'n the j)arameters are close to  the oj)tinnmi.

() \e ra l l ,  th(' mix('d a])i)roach jjerfornis best. As expected, Cauchy produces bigger 

imi)roveni('nts early on in the  search ]>rocess whereas Gaussian is slower bvit u ltim ately  

])roduces a be t t i 'r  solution. Due to the fact th a t  a combined approach performs b e t te r  on 

average th an  using only random  draws from a  Gaussian or Cauchy d is tribution the mixed 

o])timisation m ethod  is used for random  num ber generation in all o])timisations in this 

thesis.

6.8 Conclusions

riu ' a lgorithm s and ('X])erim('nts abov<' show how evolutionary algorithms can be used to 

o])tiniis(> two ]>articular density forecasting models. T he  algorithm i)resented is sufficiently 

fk'xible so tha t  it could be ai)i)!ied to otlu 'r (knisity forecasting nuxk'ls o ther th an  GARCH 

and MDN.

riu 'se  u('w e\'o lutionary techni(iues hav(' been m ade j^ossible by the relative inexpense 

of coni])ut('r cycles rc'sulting in an u])surge in the num ber of new a])])lications for these 

nu 'thods. This provides a m eans of oi)timising on two or more objectives sinniltaneously. 

Moreo\('r. e\ 'ohitionary algorithm s are now being consick'ix'd as viable alternatives to gradi- 

('ut a])])roaclu's in huance and o ther ap])lication dom ains whfue the ability of an algorithm 

to optimise in almost rcvil-time is param ount.
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C hapter 7

Finance: Value-at-Risk

7.1 Introduction

riic tinaiK'(' world revol\’('s around i)redictions and estimate's of wliat will ha])])('ii in tlu' 

future. W'ill interc'st ra tes he higher in six m onths  tinu ' than  they are now? Or. will my 

stocks in E lan go throtigh the roof or th rough  the  Hoor? Success in the hnancial wcjrld is 

deix 'udent on ouf's ability to j)r('dict what will hai)])('n in tlu' future. 'I'herefore. regr<>ssion 

is wid('ly used th roughout finance: a])plied ('cononietricians ty])ically use a suni-of-sciuares 

t>pe model to (k'terminc' the rc'lationship betw('('ii different variables. U nfortunately  for 

t h(' ('conouK'tricians. ])r('dicting tom orrow 's  stock i)ric(' with any rc'gression model is not 

s traightforw ard. J'heri' art' man>’ theories on what s truc tu re  financial d a ta  tak('s but no 

general consensus <>.g. Malkiel (1973) suggc'sts a random  walk and M andelbrot (2004) 

argues the d is tr ibu tion  of re tu rns  follows a fractal d istribution.

A lthough ])n'dictiug tlu ' conditional m ean acc\uately  has remained eltisive to most 

( 'conometricians a.sidc' from the vc-ry lucky (Taleb. 2001), the accurate' es tim ation of tlu' 

conditional variance has bc'conu' an area of fruitful interest. T he reason for focusing (;n 

any th ing  oth('r th an  th(' hrst moment is mainly down to tlu' recent incr('as('d intert'st 

in (juantifying risks and e.x])t)sur('s'. In hnance. the conditional variance of a hnancial 

ins trm nent is c-alk'd its volatility. This  is a m easure of fluctuation in ])rice. Traditionally, 

it refers to  the animal s tan d a rd  deviation of re ttuns. but, more recently, volatility is 

calculated weekly. dail\ ' and ('ven hourly. Fortunately, the  volatility of financial securities 

tends to be well structurc'd. with certain  ])atterns rea])j)earing in most time sc'ries of

' T h e i f  are other ajjplications such (k'rivativc pricing that also require est im ates  o f  higher orcier 
inonients.
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F ig u re  7 .1 : I 'li is  figure  sliows a sa iii])le  d a ily  p rice  stnies (to j))  and (■()rre.s])onding r ( ' t i ir i i  
series ( l) ( ) t to in ). Arc'a.s o f h igh  and low  v o la t i l i ty  arc' h igh ligh tt-d  on t lu ' re tu rn  s('ries.

h is to rica l j^rices. I ’he most ])ro lif ic  o f these i)a tte rn s  is ca lled " v o la t i l i t y  c lus te r ' i n f i " . 'I 'h is  

is a ])a tte rn  o f a iito c o rr t 'la tio n s  in  t lu ' v o la t i l i ty  o f financ ia l sc'ries i .e. periods o f low 

\ ’o la tilit> ' ar(' fo llo \v('d  by niorc' low  \ 'o la t i l i ty  and ])C'riods o f h igh  \ o la t i l i t y  are fo llow ('d  by 

pc'riods o f h igh  v o la tility . F igure ' 7.1 shows a tim e  serit's and d t'inons tra tes  the  areas o f 

\ 'o la t i l i ty  e lustc 'ring .

In  th (' ('xam ple  in  t lu ' figure  t lu ' b o tto m  ])lo t is t in ' stock ])rice s(-ries converted  to  

a re tu rn  ,seri('s. In  financ('. it is com m on i)rac tice  to  conv('rt a p rice  .series in to  a set o f 

rc 'la ti\'( ' ])rices th a t r('])rest'n t a price  change as relative ' to  some in it ia l  ])iice . The con\'e rted  

j)rice  is t lu 'u  know n as a re tiu 'n . ' I ’he m a in  re'ason fo r d o ing  th is  is th a t re tu rn s  have m ore 

a ttra c tiv e  s ta tis tic a l ])roj>erties than  ])rices. For exam jjle . v o la t i l i ty  c luste rings can be 

c lea rly  seen. The ecjuation fo r c 'onverting a jjr ic e  to  a log  re tu rn  is^:

^ 'rh e re  are o th e r possib le  form.s o f  re tu rn s  e.g. ah.sohite re tu in .  re la tive  p rice  re tu rn  etc. However, the  
c o in e u tio n  is to  convert to  log  re tu rn s .

(7.1)
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where, pi, is the  price a t day i. Tlie no ta tion  here varies from tlia t used in o ther regression 

j:>rohlerns as tlie d a ta  is chronologically ordert'd in a tinie-series. T he  dependent variable is 

the  re tu rn  for the  next tim e stej), r t^ i  and the  independent variable is typically tlie value 

of the re tu rn  for the curren t time ste]) r/. In this chap te r  all j>rice d a ta  is converted to  a 

re tu rns  series using the  fornmla above.

Somt' of the  possible apj)lications of density forecasts in finance include es tim ating  

Value-at-Risk (Manganelli k. Engle. 2001). oj)tions jn'iciug (Christoffersen & Jacobs. 2004) 

and high-frequency trad ing  (Diebold et al., 1998a). How to inoduce, use. and  evaluate  this 

type of forecast has become a substantial sub-field of th e  literature. A ])opular density  

forc'casting mock'l u.sed in the finance connnunity  is G A R C H  (see Section 2.3.5). This  

sini])le model can succes.sfully estim ate  the serial dependence of the volatility (conditional 

variance) of financial d a ta  w ith  surj)rising accuracy. In this cha])ter. the ])('rformance of 

s tandard  negative' log-lik('lihood oj)timisc‘d G A R C Ii is contrastc'd with tlu' P are to  G A R C H  

o])timis('d modc'ls on a ■variety of d a ta  s('ts and -results arc' conii)ared with rc'sjx'ct to a 

risk m anagem ent a])])lication. A comparison and analysis of the j)erformanc(' of M ixture  

Density' Nt'twork (MDN) and  Parc'to MDN models is also inchuk'd. T he following sectif>n 

ik'scriljcs the aj)])lication area Vahu'-at-Risk.

7.2 V alue-at-R isk

M('asuiing risks associat('d with l)t'ing a ])artici]>ant in tlu> financial niark('ts has Ix'conu' 

the focus of intense s tudy  by banks, corporations, investnu'ut manag<'rs and n 'gu la to rs  

(Riskmetrics. 199(i). Accurate  c'stimation of risk recjuiri's a forecast of tlu' ])robability of 

future' ('\'('uts. Di('i)okl et al. (1998b) go so far as to say. "The hooinijKj area o f  jinanc.ial 

risk iiKiruigcfncrif is ('ffcctii'cly dtdicaivd to pi'ovnltn<j dcnfsitij fmrcuNfs o f  poiifolio vdlnes". 

There' are a numlx'r of i)ossii)le cata lysts  for this recent boom, such as:

F in a n c ia l  D i s a s t e r s  In re'cent years financial disastc'rs have emphasis('d tlu' nec'd for 

risk m anagem ent e.g. 1987 crash. Nick Leeson and  Baring Pic. Long 'le rm  C apita l  

M anagenu 'n t. etc.

R e g u l a t o r y  E n v i r o n m e n t  'Hie Securities and Exchange Commission and  the Bassel 

C(jnnnitte<' on Banking Sujjervision retiuire the  risk exposure of banks to be reported .

P e r f o r i n a n c e  There  has been a shift from a focus solely on the  re tu rns  of an investment

103



to  r e tm i i  re la t ive  risk.

S e c u r i t i z a t i o n  G loba l securi t ies  m a rk e ts  a re  e x p a n d in g  a n d  de r iva tives  m a rk e ts  a re  now 

m a jo r  c o m p o n e n ts  h ig h ligh ting  th e  p o te n t ia l  vo la ti l i ty  o f  earn ings.

O n e  ap i)roach  to  risk m a n a g e m e n t  know n as V ah ie -a t-R isk  (V aR) has  g a in ed  increas ing  

acc( '])tance in th e  last t('n years . V alne-a t-R isk  answ ers  th e  (juestion. '"Over a given period  

o f  t im e  with  a  given probability, how much could the value o f  the equity /  fx  /  index /  

portfo lio  decline?''. VaR is a m e tr ic ,  a way of in te rp re ta t io n ,  r a th e r  th a n  a m easu re .  In  

essence, it  is th e  ex p e c te d  loss, m easu red  typ ica l ly  in do lla r  te rm s ,  on a  given portfo lio  

o f  a sse ts  in a given t im e  fram e. I ’he o p e ra t io n a l is in g  of  th is  mea.siu’e recjuires t h a t  an  

e s t im a te  of  th e  likelihood of a given j)ercentage  change  in t h e  r e tu rn s  on which th e  lo.ss 

is to  he  m easu red .  For exami)le. an  a  =  5% 1-day VaR of $5 million can  tell us  t h a t  on 

o ne  o u t  o f  20 days, we could  cxj^ect to  realise  a lo.ss of at least $5 million. A lte rna tive ly .  

th(' m a x im u m  loss w(> w ould rea.sonably expc'ct from ou r  mocU'l on 1!) ou t ol 20 days  is $5 

million. In o th e r  words. VaR is ck'fini'd a.s th e  m a x in n u n  loss ov('r a given t in u '  hori/.on at 

a given confidence lev('l. Form ally , th e  V alue-a t-R isk  for th(' nex t t im e  stej). t. is:

rii(' V^aR func tion  is th e  inverse cunn ila t ive  o f  th t '  ])rc’d ic ted  d is t r ib u t io n .  See Dufiie a n d  

P a n  (19f)7). .Jorion (2001) for a su rvey  a n d  overview of VaR.
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Figure 7.2 is a saini)le plot of a  predicted probability  density forecast. T h e  5tli p e r­

centile is highlighted. T h e  inverse ciunulative value of the  predicted d is tribution at this 

])oint is -0.1645. Therefore, the  5% VaR for this sample is 0.1 G45 per share in the  jjortfolio. 

T h is  concej)tual sini])licity of VaR makes it an appealing measure. However, a s tan d a rd  

VaR t)ased risk m anagem ent system has never been agreed uj)on. This  is due to  several 

factors. Simons (2000) identifies a few;

•  T here  is a lack of generally accei)t('d s tandards .

• R isk-m anagem ent systems developed for trad ing  are exj^ensive to implement and 

beyond the budget of smaller institu tional investors.

• Different VaR approaches are needed to ca te r  for different t rad ing  o])('rations.

'1 iK'refore. VaR calculation is an un.solved j)rol>lem and is an interesting ai)plication to  

conij)are the  results of our optimisation approach with otlu 'r a])proach('s. Furthc'rniore'. 

the ol)j('ctive of VaR to report  an accurafc' t 's tim ate of a ])articular i)erc('util(' makes the  

ol)jective fjf calil)ration paranioimt.

7.3 Setup of Experim ents

In this cha])t{'r. thrc(' ('xj)erinients are i)r<'sented th a t  comi)are tlu ' optimisation ])('rfor- 

nianci' of s tandard  n('gati\’(' log-lik('lihood o])timised models with tha t  of nuxk'ls o])ti- 

mised using the framework discussed in C’ha])ter G. S])('cific-ally. imi)rovements that can 

b(' achieved using P are to  GA RCH and P are to  MDN ovc-r the s tan d a rd  GARCM and M DN 

models are focused on. To demonstrat(> tlu ' j)ractical implications of improvcnnents in 

mode! i)erforniance. models are com])ared in tennis of acciu'acy at i)n 'dicting VaR. In each 

ex])eriment thegen t 'ra l  set up is tlu' samt'. 'I’he d a ta  is first transform ed to  returns. F igure 

7 . ' , ] shows a sample re tu rn  seri('s ])lot. The training and test i)crio<ls rue tluni s('lected. 

The tra in ing  d a ta  is used to oi)timis(' the models th a t  are to be- comi)ar('d and results are 

l)resented and discussed for bo th  in-sanii)le and out-of-sami)le i)erformance.

7.4 Experim ent 1: Standard G A R C H  vs Pareto G A R C H

In this section, a comj)lete and rigorous evaluation of the proposed P are to  oi)timisation 

a])])roach using historical d a ta  is present('d. T he  d a ta  used is a  sanii)l(> of 5.145 daily
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F ig u r e  7.3; Log return series of IBM data. Shaded area re])resents ont-of-sanij)le da ta
S ( ' t .

closing ]jric('s for International Business Machines (IBM) from Datasco])e. 1'1k'S(‘ prices 

represent the contignons ])(>riod of trading from 1 January, 198(i to 20 Sei)temi>('r. 2005. 

For conveui<'uce. this price series wa-s transformed into daily log ret inns. I ’he da ta  was 

divided into a training set consisting of the first 3,145 observations and a test set consisting 

of the last 2.000 obst'rvations. Figure 7.3 shows the IBM log retiun series.

'The density forecasting model that was chosen to estimate this seri('s was an A R M A (l.l )  

/G .IR ( l . l )  model with a Gaussian distribution, resulting in a model consisting of 7 j^ara- 

mc'ters to be optimised. Tiiis niod('l was then oj)timised using three differ('nt optimisation 

algorithms, the constrainc'd non-linear (juasi-Newton oi)timisation algorithm ini])k'nK'nted 

b>' Matlab. the Part'to nmlti-objective a])])roach presented in C'ha])ter G and a singk' ol)- 

j('ctive ('vohitionary algorithm apj)roach tha t  minimises CBP S .  TIk' resulting modc'ls will 

b(' r('ferred to a.s tlu' Standard Model. Pareto Model and C B P S  M<jdel respectively.

The Pareto Model was optimised using Algorithm 1. I 'he rdgorithm ran foi' 10.000 

t'])ochs. This v(‘ry long ]>eriod of training was chosen delib('rat('ly .so that the most diverse 

set of .solutions i)ossibk' wa.s fomiti on the Pareto front. I ’his gives a near comj)lete view of 

the Pareto frontier facilitating clear contrasting of results from the different oj)timisations 

and model selections. Typically, it is sulficient to train the algorithm for ai)proximately 

1.000 ej^ochs to get a diverse set of solutions.

As descrilx'd above the Continuous Ranked Probability Score is another metric used for 

assessing the cjualitv- of a density forecasting model. Gneiting et al. (2005b) suggest tha t
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the  C B P S  is in fact a more robust error function than N L P D  when optimising a density 

forecasting model and they give examjjles of where this is the case in meteorology. To test 

this hyi)othesis on financial da ta  a simj)le model has been developed tha t  will facilitate a 

coni])arison of the models oj)timised on the C U P S  score to the models produced by the 

Pareto a])i)roach and the standard non-linear (juasi-Newton ojitimisation apj)roacli. As 

the ARMA(1,1)/GJI^(1.1) model has a Gaussian distril)ution it is i)ossible to oj)tiniise the 

C B P S  score \ising its simplified Gaussian derivation, see (Gneiting & Raftery, 2004).

cri)s(7V(//.,(T^)..r) =  a  ~  0  ~

where', (p and <I> denote th(> i)robability density function and the cumulative jjroljability 

(k'nsity function of the .standarfl normal distribution. This apj)roach is not j)Ossible with 

mc)d('ls that have more c-om])le.x distributions. Algorithm 3. the single obj('ctive evolution- 

ai>- algorithm combined with the CRPS error score was us('d for oi)timisation. W ith this 

s('t u]). fifty A l i l \ IA ( l . l ) /G . lR ( l . l ) models were optimised using an ES(2()+2()) and CRPS 

for 1.000 c])ochs.

E xp er im en t R esu lts

Figure 7.4 shows all models ])roduc('d by the three oi)timisation aj)proaches described above 

on tlu' IBM training data. The Parc'to front consists of 1.81.'} non-dominated individuals 

that rc])r('S('nt a very di\-ers{> set of ARMA(1.1)/G.IR(1.1) models. All of tlu' fifty C B P S  

mod<'is are douiinat('d b\- the I’arc'to front. Given that the C P P S  nuwk'ls arc' not directly 

()])timised on c'ither the N L P D  or the sct)re this result is understandal^le. To evaluate 

the results, (i models were selected for com])arisou. Model A rejM'esents the model with the 

b('st N L P D  scorc' on the training data. This model is both a member of the Pareto front 

aud th(' Standard Model. Models B. C. and D are three ai)])roximately ecjnally spac('d 

modc'ls chosen from within the Pareto front and Model E is the ARMA(1.1 )/G .]R (l . l)  

model that achieved the low('st .score on the training data. Finally. Model F is the 

C R P S  model that had the lowest C R P S  score on the training data.

An interesting aspect of the shape of the Pareto front is th a t  near Model A it is possible 

to make big imijrovements in calibration without loosing a lot of sharpness in predictions. 

However, as you move further from Mcnlel A towards Model E the improvements in cali­

bration reciuire larger loses in N L P D  until there is a large gaj) in the Pareto front in terms 

of  N L P D .  It is at this point tha t  the ARMA(1.1)/G.IR(1.1) models change from attenij)t-
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IBM In -S am p le  Objective Space
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A
Pareto ARM A-GJR( 1.1) 

X  CRPS A R M A -G JR (l . l )
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r

E
O '—

-86(M ) - 8 4 0 0 - 8 2 0 0 -8 0 0 0
Nl.PD

-7 8 0 0 -7 6 0 0 - 7 4 0 0

F ig u re  7.4: Slunvn ai)C)V(> are tlie luoilels ])ro(hice(l hy the 3 ()])tiinisatioii a])proaclies 
(lescrilx'd in tiie N L P D  versus .4'  ̂ objf'ctive sj^ace. Models A. B. C. D. E and F are 
liiglilightf'd.

ing to ])r('dict the conditional distribution to j)roducing static estimates of ap])roximately 

the unconditional distribution for ('ach pr('diction. This observation is confirnu'd in Fig­

ure' 7.7 where' the sampk' autocorrelation of jHt'dicted densities shows strong persistent 

corr<'lations.

F'igure shows th(> same models as in P'igtu'e 7.4 bnt evaluated on the ont-of-sani})le 

data. I Ih' basic sliajx' of the Par('to front is maintainc'd over the out-of-sani])l(' da ta  and the 

modc'ls ha^•e a similar ranking. In fact, the S])('arman rank correlation of models between 

in-sami)l(' N L P D  and ont-of-sami)le N L P D  is 0.995 and between in and out-of-sample 

tlu' .4^ score is ().!)S.34. I ’his suggests that littk' over-fitting of the error functions occurred 

dming training. Figure 7.5 also shows how the C P P S  models are once again dominated 

by the Paro'to front, this time, however, the difference in results is far greater. This is 

(juite siu'])rising as the C E P S  is over-fitting on measures it is not trying to oi)timise.
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F ig u re  7.5: This figure siunvs th(' saiiu' models as Hgiire 7.1 above evahiated on tlie 
oiit-of-sam])le data.

T ab le 7.1: The N L P D .  A~ and C R P S  scores aciiie\('d by th(' (i models on th(' in and 
oiit-ot sami)le data.

In  Sam ple O nt-o f-S an ip le
M odel N L P D .4'̂ C R P S N L P D .4-' C R P S

A -8r)4i i8.;}() 0.008744 -5086 7.62 0.010821
B 13.93 0.008730 -5076 5.92 0.010822
C -8528 !).4!) 0.008715 -5058 4.67 0.010823
D -8474 4.94 0.008814 -.5002 4.29 0.011048
E -7510 O.fil 0.012855 -4388 2.05 0.0Ki639
F -84IU) ().10 ().(){)8(i71 -4870 12.5:5 0.010867

7.4.1 M odel Evaluations

Table 7.1 is a snmmary of the highlighted models' .scores f)ii the Pareto front. Shown are 

the N L P D .  and C R P S  scores achieved by the models on the in and ont-of sample 

data. The N L P D  and scores are already dis])layed in the ol)jec:tive space figures above, 

ho\vev('r. of notable interest are the C R P S  scores obtained by each model. Models A. B 

and C ont-])erforin Model F. the C R P S  optimised model, in the oiit-of-saniple data on all 

nu'trics including C R P S .  This suggests that the C R P S  score, a-s an objec-tive function for
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financial applications, is not as effective as the N L P D  or the N L P D  and optimised 

models.

M odel A

T
0.4 0.6

M odel C

0.4 0.6

M odel E

M odel B

0.4 0.6

M odel D

0.4 0.6

M odel F

0.2 0.4 0.6 0.80.2 0.4 0.6 0.8

F ig u re  7.G: PIT histograms for selected models. The ])lot shows how models with a 
low .4“̂ scorc' have l>ett(>r miiformity. Also, tlu' P IT  histogram of Model F shows that the 
C U PS  scorc' has resnltc'd in an over-cc)nHdent model.

Figure 7.(i (k'picts tlu' Probability Integral IVansform histograms prodnc('d for each of 

the six mod('ls on tlu' out-of-sample data. Tht' plots show how tlu' modc'ls with low 

score (Mock'ls C. D and E) have a much more uniform seri('s of P IT  \-alues. Also. Model 

K. th(' CLiPS  model, produces over-conhdent ])r('dictions resulting in a U sha])ed P l ’f' 

histogram.

An im])ortant asjx'ct of tlu' evahuition of (k'nsity forecasts in tlu' cont<'xt of s('(juential 

dat.i. such as the time .series used here, is the inde])endenc(' of the conditional density 

estimates. This refjuirement manifests itself in the fact that  P I ’I' values should not only 

be uniform but also should be i . i .d . .  There is an argument for this a ttr ibute  to be included 

as a further ol)jective in the search i)rocess. However, capturing the various po.ssible forms 

of (U'pc'ndencies in the j)r('dictions would result in a number of added objectives rather 

than just one. Fortunately, our experiments suggest tha t  this is not necessary. Instead,
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- 0.2
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F ig u re  7.7: The autocorre la tion fiu ic tio ii series over 200 lags for ^ f  for the (i s(>lected 
models. The horizonta l iix is for each sub j)lot shows the lag and vertical axis relates to  
the samjile autocorrc'lation.

a test for th(> indc'pc'ndencc o f the nu-mlxn's o f the Pareto fron t ])ost tra in ing  is suffici('n t. 

O n ly \(n y  large chang('s in tlu ' N L P D  scor(> o f the mock'ls r('snlts in a significant change 

in the antocorre la tion function o f the models. To d('m onstrat(' th is  F igun ' 7.7 i)lo ts the 

an tocorn 'la tion  function sc'ciuences w ith  conlidc'uce l)ounds for z — z. W here 2 rc])r('sents 

the P IT  values (see ('(juation i} . l)  and c is the nu'an o f the P I l ’ values. As the hgure shows. 

IMock'ls A. B. C and F hav(' com])aral)le corrc'lograms w ith  l i t t le  or no obvious corrc'lations. 

M arg ina lly  worse than the.se models is the correlogram o f Model D w ith  some corre lations 

in the Hrst few lags. Mode! E has very strong correlations. Th is  h ighligh ts the fact tha t 

th is model is. in effect, constantly estim ating the uncond itional d is tribu tion .

F igure 7.8 shows the {z — z)'^ autocorre la tion function series for the 6 selectetl models. 

Models A , B. C and D i)erform  comj)aral)ly. I'he re  aj)j)ears to  i)e some w'eak serial corre­

lations in th is  series. However, all models perform  comparably. The autocorre la tion .series 

produced by Model E and F. however, are considerably worse showing persistent corre­

lations. Th is indicates th a t these models have om itted  some strong conditional v o la tility
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Model A Model B
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Model C
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Model E
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- 0.2
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Model D

- 0.2
0 50 100 150 200

Model F
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F i g u r e  7.8: Tiie atitocorrelation function scric's over 200 lags for {z — z)~ for the (i .selected 
models.

T a b l e  7.2: C^nantile exceedances for the sc
111 Sam ple Oiit-of-Saiiiple

M odel 1.00% 5.00% 10.00% 1.00% 5.00% 10.00%
A i.:io'X ;-!.G6<X 7.12% 1.02% 2.89% 5.34%.
B 1.34'X 1.04'X 7.69%. 1.02% 3.08% 5.72%
C 1.56% 4.45% 8.08% 1.30% 3.69% 5.91%
D 1.78‘X 4.9()%. 9.06% 1.46% 3.97% 6.45%
E 1.4()‘X 5.31% 9.92% 1.18% 4.07% 7.38%
F 9.03% 13.90% 4.42% 7.92% 11.07%

ect('d models in and  ont-of-samj) c

dynamics. T h e  atitocorrelation function series for (s — c)'  ̂ is slunvn in F'igure 7.9. T he  

I'esults ar(' similar to  the  {z — z) s(>ries. F igure 7.10 shows the {z — z) '  st'ries. again Mod- 

(>ls A, B, C and D have few or no correlations and ]\lod('ls E and  F contain j:)ersistent 

correlations.

7 .4 .2  V a lu e-a t-R isk  E va lu a tio n

Finally, we look a t the  jjerformance of these models on the chos('n api)lication Value-at- 

Risk. Table 7.2 shows th e  quantile exceedance for the 1st. 5th and 10th percentiles for the
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F ig u r e  7 .9 : I ’lie  a u to co rre la tio n  fu n c tio n  series ov('r 200 lags fo r [z — z)'^ fo r the  (i sek'ctt'd  
uicxk'ls.

() s('l('c tc (l m odels on t lu ' in  and o u t-o f-san ii) le  da ta . O n average' the  best ca lib ra te d  m odel 

across tlic ' chosen ]>ercentiles is M ode l E. T h is  is to  Ix ' exj)ected given th a t M ode l E  has the  

lowest A ’ score. A lso, i t  can be seen th a t tlu 'rc ' is a d irt 'c t co rrc 'la tion  between the  .4^ scorc' 

o f a m o fk 'l ( ])os ition  on the  P areto  fro n t)  and the  accuracy at e s tim a tin g  the  ])ercentiles 

o f the  m odel. F u rthe rm ore , the  ra n k in g  o f m otle ls on in-sam ])le  data  is the  same as the  

out-o f-sam ])le  in  tt'rm s  o f ( ju an tile  ac;curacv. G iven  th a t M ode l E  does not have an i . i .d.  

set o f P IT  values, the  next i^est m odel w ou ld  ty i) ic a llv  be chosen. In  th is  ca.se i t  w ou ld  b(> 

( 'ith e r M ode l C or D . However, in  th is  expe rim en t, m odels were selected in  o rder to  c le a rly  

dem onstra te  the  differences between mock'ls on t lu ' P are to  fro n t ra th e r th a n  to  ()j)tim ise  

V a lue -a t-R isk . A  b e tte r  m odel se lection m echanism  th a t selected m odels based on th e ir  

accuracy estinu^ting  the  jie rcen tiles  o f  in te res t w ou k l resu lt in  b e tte r  Vahu>-at-R isk resu lts .

7 .4 .3  D is c u s s io n

T he  resu lts  above show how the  P a re to  o i) tim is a tio n  m ethod  ])resented in  th is  thesis is 

caj^abk' o f ach iev ing  its  goal o f o j) t im is a tio u  on b o th  sharpness and c a lib ra tio n . T he
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F ig u r e  7.10: 'I’lie antoconc'lation fuiic'tioii series ovc'r 200 lags fV)r {z — z)* for tlic' (i 
sek'cted models.

eonHictino; nature of N L P D  and suggested in C’liai)tt'r r> is shown and conHrnied by 

\ irtue of tlu' fact that a Pareto front is found. The Standard Mfwlel is o])tinial in terms 

of N L P D .  ho\v('v<'r. t!i<' Pareto front shows that taking a small deen'as(' in N L P D  can 

result in big imj)rov('m('nts in A~ and hence c:alibration. This is an important finding as 

tht' pur])ose of dc'nsity forecasting is to ])roduce accurate ])roi)al)ilistic c'stimatt's.

Th(' C U P S  Model, included in this evaluation performs j)oorly in comj;)ari.son to the 

Standard Model and the select(>d Pareto Models. TIk' C U PS  Model ])roduces estimate's 

that are ('xtrenu'l>' over-confident i.e. the model has greatly underestiniatc'd the numlx'r of 

('xtrc'uie ('vents. Tlu' reason for this over-conhdence being j)resent in the C R P S  models and 

n<;t the N L P D  niodc'l is most likely a con.sequence of the fact that the C R P S  score does 

not penalize outliers as harshly as the N L P D  score. Hence, the characteristically fat-tailed 

distriljution of financial data  causes the C R P S  to underestimate the number of returns 

in the tails of the predicted density and results in a U shaped P I T  histogram. Perhajjs 

the C R P S  model would j)erform better if a T  distribution w-ere predicted: however, a 

clos('d form ex]>ression for the C R P S  for a T  (listril)ution is not available and numerical
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estimation of the C R P S  during optimisation is prohibitively slow.

Analysis of the autocorrelation of the P I T  values suggests that  significant gains can be 

made in terms of calibration without creating dependencies in the series. Awareness of the 

fact tha t  W(>11 calibrated models can in fact Ije simply estimating the unconditional density 

is ini]jortant: however, the N L P D  score of a model should ])rovide sufficient indication 

when this occurs.

7.5 Experim ent 2: Pareto G A R C H  vs Pareto M D N

D eulschm ark /B ritish  Pound Foreign E xchange Rate

0.03

0.02

0.0

^ -o-oi
- 0.02

-0 .0 3

-0 .0 4
Jan 1986 Jan 1988 Jan 1992

F ig u re  7.11: DE!M/G13I^ ('xchange rate over the ])eriod 10 Ajnil 1985 to 1 .January 1992. 
lest si't highlighted in gra>’.

The aim of this ('X])erinK'nf is to compare the results of four o])timisation nu'thods 

Standard GARC'Il. Pareto GARC'H. Standard MDN and Pareto MDN. To do this wc> 

hav(' c!ios('n a foreign ('xchange ,s(>ries. For('ign exchange rates arc- difficult to jnedict due 

to the innum('ral)le iufiuenciug factors that cause the ('xchange rate to fluctuate between 

two currencies. In this experiment. 1..501 daily Deutsche Mark (DEM )/British Pound 

(GBP) exchange rate closing j)ric('S  for working days from the 10 April. 1985 to 1 .January. 

1992 are us('d ^ This is a particularly volatile period for thc^se two ctirrencies tha t  includes 

the major events of the 1987 stock market crash and the absori)tion of the East German 

Ostmark into the Deutsche Mark on 3 October, 1990. The return series was separated into

^'ri i is  ( la ta  is iiicliHled w ith  t h e  M a ih w o T ks^^ ' M atlab^ d a rc h  'J'oolbox o r  a t  
\v\vw.oan<la.coni/coii\ 'ort  / f x h is to r y



a training set of the first 1,000 days and a test set c:oniprised of the la.st 500 observations. 

Figure 7.11 is a plot of tliis series.

(a) In-Saniple Objective Space (b) Out-of-Saniple Objective Space
8

7

6

4

2

0    ̂       ^

-2100 -2080 -2060 -2040 -2020 -20(X)

6

4

0
-4(XK) -3950 -3900 -38.‘i0 -3800

NLL NLL

• P-GARCII Set *r GARCM NLL P-GARCH A-P-GARCH

F ig u re  7.12: (a) In-saui])k> and (b) out-of-s;unple ol)jective si)aces aft('r 10.()()() iterations 
of Pareto-GARC’H

A Standard GARC'Il(l.l)  nioilel assiuning a normal distribution wa,s train('tl. 'I’he 

Pareto-GARC’II o])tiniisation procedtu’e was then run for 1.000 iterations resulting in iilG 

non-doniinat('d indi\'iiluals. Figure 7.12 shows the in-sanij)l(' and out-of-sani])le objective 

spac('s for t'adi of the nuxk'ls in the Parc'to s('t. Wc' have highlight('d some models of 

interest. th(' GARCH  nuxU'l re])r('sents the initial solution trained using tlu' standard 

o])timisation i)rocedun'. N L P D  P -C A R C H  is the model tiiat has th(' best N L P D  score 

and .4̂  ̂ P -C A R C H  is the nuxk'l with best .4“̂ score from the Pareto fi'ont.

For coni])arison. we al.so traint'd ;ui MDN model on the same data. The MDN was given 

(i hidden units and outi)uts were re]>resented as a 2 coni])onent GMM. I'hese j)arameters 

wt'rt' chosen after a ninnber of paramet(>r sc'k'ction ('X])eriments were carried out on the 

training data. An initial model was train('d on the data using Scaled Conjtigate Gradient 

method (^h)ller. 'I’liis nuxk'l was used as an initial starting j)osition in jiarameter

sj^ace for the evolutionary algorithm. The resulting objective sj)aces. on both training and 

test data, after 10.000 e])ochs of training are shown in Figure 7.13. The Pareto front has 

736 individuals.

We have determined the Si:>earman rank correlation coefficients between the in-sample 

and out-of-sami)le models on each objective fmiction. Both for the GARCH Pareto set 

and for the MDN Pareto set the model rankings are strongly correlated suggesting little
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(a )  In -S a m p le  O b jec tiv e  S pace  (b ) ( ) u t - o f -S a n ip le  O b jec tive  S pace
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F ig u r e  7.13: (a) In-.saniple and (h) out-of-.saniple objective ,sj)aces after 10.()()() iterations 
of Pareto-MDN

T a b le  7.3; S])('arnian rank coir('lation co('tfici('nts b('t\v('('n the in and oiit-of-sanipk' oi)- 
jectiv(' function value's for each model.

N L P D  .4-
P-GARCH

P-MDN
0.9!)()7 0.!)!)4;} 
0.8589 0.!)848

o\-er-fitting of the models to the data on eitlu'r objective' function. Tabk' 7.-i shows the 

con('lat ions.

J'he in-sampk' and out-of-sani])le MDN objecti^•(> sj)ac(>s (P'igure' 7.13) are scaled so 

that tlu'y can bt* com])ar('d ('a.sily with tlu' GARCH objective s])aces (Figure 7.12). Also, 

as in tlu' GARC'H objective si)ace. the MDN models with best N L P D  and .4'  ̂ scores are 

highliglit('d in the objective' space by the sanu' marking scheme. 'J’lu' in-samj)le objective 

s])ac'<‘ figures suggest that the' MDN ])roduces a far Ix'tte'r calibrat('d sc't of solutions on 

tlie in-sample data. This is conHruied by tlu' PIT histograms shown in Figure 7.15 and 

Figure 7.14. whcne the* calibration of the selectc'd models can be s(>en for the iu-sani])le 

data. The .4“ P-MDN  model shows almost ]>erfect calibration. Again, this shows us that 

the nmlti-ol)jective optimisation ha.s achieved a degree' of suce-ess e>n the in-sample elata 

at least. Fortunately, this success is also ]jre.sent in the test elata where the same effect 

can be seen. Inte‘restingl>'. he)wever. the simjjler GARCH mexlels outperform the MDN 

models consielerably in the out-e)f-sanij)le elata. Again, from the PIT  histograms it can 

be' ce)iifirmeel that the GARCH models, although suffering slightly from uneler-confidence 

elue' to the assum])tion of normality. pre>eluce suj^erior moelels e>n l)oth the N L P D  and
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GARCH NLL P-GARCH A^ P-GARCH

GARCH

I 0 0.5

NLL P-GARCH

0 0.5 I

A- P-GARCH

1 0

F ig u r e  7 .1 4 : G A R C H  h is tog ra ins  fo r the  in -sa iiii) le  d a ta  (to j)  row ) and ou t-o f-sa iii]) le  
(la ta  (b o tto m  row ). T he  (laxlu 'd  l i iu ' re i)reseiits the  U iiifo r in  d is t r ih i i t io ii .

MDN NLL P-MDN A^ P-MDN

MDN NLL P-MDN A- P-MDN

F ig u r e  7 .1 5 : M D N  p it  h is tog ram s fo r the  iii-sam ])le  da ta  ( to p  row ) and ou t-o f-sam j)le  
da ta  (b o tto m  row ).

.4"̂  scorc's. A na lys is  o f the  doniiiianc{> o f soh itif)ns  shows th a t in -sam j)le  the  M D N  and 

G A R C H  niodc'ls ])rodnce so lu tions  th a t do not d om ina te  each o the r. However, o u t-o l-  

sam ple the re  are 70 d o m in a n t so lu tions , ou t o f the  j)ossible  1,052. G9 o f these so lu tions  are 

G A R C H  m odels.
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T a b le  7.4: D EM /G B P qnantile estim ates. Comparison of (jnantile accuracies. Percent­
ages represent the jjercentage of times the (jnantile was actually exce'eded. Best results 
are underlined,_______________________ __________________________________

Q u a n tile s 0 .10% 1.00% 5.00% 10.00%
In  S am p le

G A RC H (Ll) 0.80% 2.20%. 6.19% 9.69%
N I L  P-GARCH(1,1) 0.80% 2.20% 6.19% 9.69%

P-GARCH(1,1) ().!)()%. 2.60% 6.89%. 11.59%.
MDN 0.00% 1.20% 4.90%. 11.09%.

N I L  P-MDN 0.00%^ 1.20% 4.90% 11.09%.
.4^ P-MDN 0.10% 1.20% 4.30% 9.69%

O u t o f  S am p le
GARCH(1,1) 0.60%. 1.20% 3.00%. 5.80%

N I L  P -G A R C H (l.l) 0.60% 1.20% 3.00% 5.80%
P-G A R C H (Ll) 0.60% 1.40% 4.20% 9.00%.

MDN ().()()%. 0.40% 2.00% 3.80%
N I L  P-MDN 0.00% 0.40% 2.00% 3.60%

P-MDN 0.10% 0.60% 1.80% 4.60%

7.5.1 Value-at-Risk Evaluation

Finally, w'c assess the effect that all thc'se nuxU'ls have on the (luantile accuracy for diflerent 

potential VaR estimate's. Tahk’ 7.5.1 shows tlu' ('mi)iiical jx'rcc'utage quantile ('xceedance' 

rate for the jx-rccnitiles O.V'A. l ‘X. 5‘/( and 10‘X. These ])ercentiles were chosen b(>C(tuse 

tlu'y arc' the ones most connnonly re])ort('d with VaR. TIk' table comi)()unds what is shown 

in th(' j)it histograms above. In-sam])le the .-1“ P-MDN  has the bt'st jx'rfoiinance ovc'rall. 

liowevc'r. out-of-sample tlu> P-GARCII  has tlu' Ix'st ])eiforniance in VaR estim ation 

t('rms.

7.5.2 Discussion

In this exp('rinient a com])arison of MDN and GARC’M on a hnance a])])lication is pre­

sented. The rc'sults show that the nnich more flt'xibk' MDN models can successfully 

d('scribe the training data. However, tlu' MDNs tend to ])('rform poorly out-of-sample 

with the nmch more simple GARCH models out ix'rforming them. This suggests that the 

MDN is over-fitting the training data  in some way and that the model it produces does not 

generalise well. Schittenkopf et al. (2()()0) and Schittenkopf and Dorffner (2001) suggest 

■s('veral ways of adapting the basic MDN model to im])r()ve predictions out-of-sami)le.
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7.6 E xperim ent 3: Sliding W indow  A nalysis

I 'lie  oljjective of this experim ent is to show how the P are to  apj)roach to  op tim isation 

can consistently re tu rn  b e t te r  GA RCH models when comj)ared against the  S tan d a rd  

Alodel. To do this we have taken a  series of 7,000 daily closing i>rices for the US Dol­

lar (U S D )/B ri t ish  Pomid (G B P) exchange ra te  from the period 1 August, 1979 to  30 May, 

2006. T he  d a ta  was transform ed into log re tu rns  and divided into 10 tra in ing  and tes t  

sets. Each train ing set had 2,000 contiguous re turns and  each test set consisted of the  

following 500 contiguous re turns. S ta rt ing  a t the first observation on the  1 August, 1979 

th e  first tra in ing  and test .set consisted of the first 2,500 returns. For the  second tra in ing  

and  test sc't tlu' s ta r t in g  point is moved forward 500 days and the next 2.500 re tu rns  are 

u.sed for tra in ing  and  testing. This process of historical analysis is called a sliding window  

and  r('sults in no overlajiping of test data .

D.SDGBP In -S a in p le  O bjective .Space
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F i g u r e  7 .16 : T h e  left j)lot dej)icts the P are to  front ob tained after training. Also high- 
lightc'd are; the Stan<lard Model (Std): the  Par( 'to  front mocU'l self'cted for es tim ating  tlu ' 
1st percentile (1%): 5th jjercentile (5*/(). and  10th ]>ercentile (10‘X). T he i)lot on the right 
shows where tlu'se mock'ls are ])osition('d in th e  out-of-sam])le obj('ctiv(' space.

7.6.1 V alue-at-R isk  E valuation

To evaluate the  results of this experim ent we take Value-at-Risk as our application and  

aim to find the models th a t  will give the  best es tim ate  of th e  1st. 5th and  10th jjercentiles. 

A G A R C H ( l . l )  model with a  S tudent t d is tribution is u.sed as the  base model in each
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experiment^. The Standard Model is used as onr benchmark result. A Pareto GA RCH(1,1) 

model with T  distribution is trained on each data  set for 1,000 epochs. In this exj)eriment 

we use a different selection mechanism to the IBM experiment above. To select models 

from the Pareto  front we determined the models tha t had ])ercentile exceedances closest 

to the actual jx-rcentile for each of the three VaRs. For exami)le, for ])rediction of the 

l ‘X ('xceedance we took the model th a t had the most accurate 1% exceedance rate  on 

the in-sami>le data. Figure 7.16 is an example Pareto front from one of the 10 produced 

during training. The selected models are highlighted in the in and out-of-sami:)le ol)jective 

spaces.

5%  VAR lOV, VAR1% VAR

0.02

0 . 0 1.S

0.01

0.06.“;

0.0.S5

p 0 . ( o

0.04.*̂

0.03.“i

SM PM SM FM 
ln-.S;imple O iit-o l-S am p Ie

SM PM ,SM PM 
In -Sam ple ()u t-o f-S an ip le

g 0.09 
a.

0.08

0.07

SM PM SM PM
In-S am ple  (X it-o f-S am p le

F ig u re  7.17: Shown above' are box ])lots of the results of selected models across tcni runs 
of the USDGBP data. In each i)lot the in-samj)le results are shown on tlu' left and the 
out-of-sanij)k' results are shown on the right. I 'h e  targc't j)ercentile is markc'd by a heavy 
horizontal lin('. SM refers to the S tandard Motlel results and PM refers to th(> Par(>to 
Model results. W ith the excei>tion the out-of-sam])le result for the T/X VaR the Pareto 
Models i)erform better than the S tandard Model.

Figurt' 7.17 shows three' box j)lots of the results for each of the V̂ aR percentiles e)ver 

10 I'uns. r iu ' in-samj)le and out-of-sanii)le rc'sults are comi)aied. The' re'sults slu)w how 

the' Pareto moelels can ceinsistently jjroduce better percentile e'stimates than the standarel 

GARCH o])timisati(ju approach. Table 7.5 summarise^s the?se i)k)ts.

h  is not possible to  compare a C R P S  model in this  c;u>e due to  the  fact tliat we are assum ing a 
Student t d is tr ibution .
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T a b le  7.5; A suimiiary of results shown in Figure 7.17. The average j)ercentile exceedance 
and standard deviation over the ten runs are shown.____________________________ _

In Sam ple Out o f Sam ple
M odel 1.00% 5.00% 10.00% 1.00% 5.00% 10.00%

Standard 2.10% 4.95% 8.32%, 1.90% 4.81% 8.18%,
±().0029 ±0.0059 ±0.0052 ±0.0051 ±0.0076 ±0.0109

Pareto 1.29%̂ 5.01% 9.89%, 1.32% 5.24%, 9.94%,
±0.0028 ±0.0007 ±0.0022 ±0.0034 ±0.0084 ±0.0161

7.6.2 Discussion

In this experiment the al)ility of onr Pareto Model to produce consistently better cjuantile 

estimates over the Standard Model is demonstrated. Over ten runs, the nmlti-objective 

strategy for optimisation and selection performs sul)stantially better than tlie Standard 

l\h)del for the j^ercentiles selected. I 'he  ability of the apjjroach descrilx'd in this thesis to 

optimise density forecasting models that  estimate distributions other than a Gaussian is 

also shown li(‘rt>. 'I’lu' franu'work described is sufficiently general to be (juickly and ea.sily 

ada])ted to o])timise most density forc'ca-sting models assuming any distribution type.
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C h a p te r  8

M edical D ecision Support: 

A nticoagulant Drug Therapy

8.1 Introduction

T h e  su])ei\-is('(l l('ariiiiig nu'tliodology from niacliiiu' learning researcli is very useful in 

nif'dieal decision sni)])ort a.s it facilitates the dc'velopnient of i)rt'diction systc'nis from his­

toric da ta .  I he notion of ’suixuvision ' ('vokes the idea of a learner who associates class 

lalw'ls to tra in ing  ('.xam])l('s nnich like' a docto r may associate a s('t of sym])toms to a dis- 

('as{' type. J lu'sc' lahelk'd ('xam])k's can he used to train  a ])r(>diction systcnn that will Ije 

abk ' to  assign class labels to  unlabt'lled example's.

I'herc' ar(' a numlx'r of ])robk'nis tha t  exist within the medical dom;un tha t  are well 

suitc'd to a rc'gression solution, k^or exanij)le:

•  G lycated Haemoglobin (H bA lC ’) levels for diabet('s j)ati('uts (Braatvf 'd t et ak. 1997).

•  kite exp('ctancy for childrc'n with cystic librosis (Aurora et ak. 2()()0).

•  Life ex])ectancy for cancc'r patien ts  (Vigano et ak. 1999).

• 1 ’Ik' life-s])an of artificial hii)-joints (Young et ak, 1998).

•  In ternational Normalized R atio  (INR) values for jiatients on anticoagulant the rapy  

(Ginslx 'rg ('t ak. 2001; Byrne, 2002)

A variety of techniciues exist for building i)rediction models for regression prol)lems such as 

those' outlined above. In addition  to  the  classical linear regre.ssion models from sta tis tics



(Weisberg, 2005), artificial iiem al networks are also well suited  to  jjrobleiiis of t his type. 

However, a i>articular ])rohle!n with imnieric i)re(lictions is th a t  precise numeric predictions 

l)roduc:e es tim ates  th a t  give the  user a false imi)ression of i)erfect accuracy. For examj^le, 

a  neural network may est im ate  a  pa tien t 's  body tem p era tu re  for Friday of next week as 

37.17384627C. If  a i)ractitioner were to act on th is  i)rediction without taking into account 

th a t  there  is a large variance in the possil>le outcom es they might j)ut the i)atient's  health 

a t risk. For this rea.son p o m f  j)redictions are often avoided by discretising the outcom e 

variable into a  series of class labels, e.g. {<  37.8C. >  37.8C}. These issues of imprecision 

provide a s trong  case for ])roducing ])robabilistic forecasts in this domain as the uncerta in ty  

of outcom es is of immense concern to bo th  medical p ractitioners and j)atients.

A nother  serious j^roblem exists in the situation  wln-re a j)oint ])rediction is w ith in  .some 

acc('j)table rang(' l)ut in reality there  is a significant likelihood of a coni])letely unacce])table 

ontconu'.  Consider a s i tua tion  where a prostlu'sis is ])r('(licted to last for 12 years but 

there is a l^'X chance of it failing within 2 years. By j)redicting a conipk'tc' ])robability 

distr ibu tion  this risk can be highlight('d and  tlie risks and  bc'iiefits of a sjx'ciHc course of 

action can be fully ('xplor('d by the practitioner.

In this chai)t(‘r a i)robabilistic model is used to estim ate  dosages for a blood th inn ing  

d rug  calk'd \\"arfarin. Dosage prediction of Warfarin is ])articularly difficult because the 

rang(' of acceptabk ' l)lood thicknc'ss is narrow and m aintain ing a pa tien t 's  blood thickness 

within this rang(> is a difficult task. However. tlu> evaluation sc'ction shows how using i\  well 

optimisc'd ck-nsity forecasting model will j)r(A-id(' the' Iw'st rc'snlts in term s of m itigating  

patien t risk.

8.2 A nticoagu lant D rug T herapy

Warfarin is tlu ' only oral anticoagulant licens('d for u.s(> in the  Rej^ublic of Ireland. T he  

indication for its uso' in man>' ]>atients is to  rc'duce th(' embolic risk associated with disea.ses 

such as atrial fibrillation, left ventricular dysfunction. dee]> vein throm bosis and nu'chanical 

aortic  valve replacem ent (Byrne. 2002). While a j)atient is receiving therapy  with an oral 

anticoagulant, careful m onitoring and ad jus tm ent of their dosage is necessary .so th a t  the  

length of tim e it takes for their blood to  clot is m ain ta ined  within a predefined range, 

known as the In ternational Normalised R atio  (INR) range (Sachdev e t al.. 1999). Giving 

a patient too  low a dos(' increases their risk of develojiing a clot while giving a patien t too
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T able 8.1: The fifteen attr ibutes compiled for each case in our in])ut set.

Age Compliance
Weight Previous Warfarin dosage
Height Measured INR
Marital Status Duration of therajn'
Prescribed Medication Target INR value
Gender Hours sinc:e last Warfarin dosage
Smoking Any adverse events
Alcohol

high a dosage exposes them to potential bleeding complications (Scottish Intercollegiate 

CJuidt'lines Network. 1999). The currc'nt method of determining the dosage of Warfarin 

re(juir('d by a particular patient is on a trial and error basis. The rea.son for this aj)proach 

is that every i)ati<'nt will res])ond to Warfarin differently a.s each j)atient's i)harmacological 

response is aflect('d l)v man>' <'xog('nous factors other than th(' dosage prc'scrilx'd. some of 

which ar<' listed in Table 8.1. .Section 8..‘5 (k'scribes how MDNs can be used for estimating 

anticoagulant drug dosages and Section 8.4 describes how the density forecasting models 

coidd be u.sed in i)ractice.

The data  w('re collected from 1-4.') ])ati('uts undergoing anticoagulant therai)v. The 

target variaijle is the ])atient's obs('rv('d INR value. The Target INR value for all patients 

in our data s(>t is 2.5 (Targc't INR range of 2.()-.'}.()). If the patienit's INR UK-asurenunit droj)s 

bc'low 1.5. they are said to be at an unaccei)tal)k' risk of clotting and if a patient's  INR 

rise's abcn'e 4.5 they are ex])os('d to an increased risk of blet'ding. Fiftc'cn a ttr ibutes were 

r('cord('d for each i)atient each time his/her INR value was measured. Tai)le 8.1 providers 

a sunnnaiv of these' attribute's. For each j)atient then ' an ' ap])roxinu\tely 7 com])lete 

readings. The comi)lete Warftuin dataset consists of 1.()()() instances of patient attribute's 

and re'sulting INR \’alues. The' data is grou])e'd by j)atient se) that e ross-validation of me)elel 

])e'rformance re'Cjuires i)re'e!ie tions e>n ]>atients that were ne>t obse'rvc'd in the' me>elel training 

set. Figure' 8.15 is a histe)grani of the INR value's foi’ the l.OOCi instane-es.

8.3  E xp erim en t

Three eliffe'rent mixture elensity network models were selected for ce)mj)arisein. These 

were; Standard M D N  oiJtimisenl using the typie:al Scaleel Ce)njugate Graelient aj)])roach: 

the Mixture Dc'nsity Network (MDN) tha t  achit^vc's oi)tinnnn shar])ness in the Pareto MDN
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front (k'noted NLPD Pareto M DN\  and the MDN model th a t achieves optim um  calibration 

in the Pareto  MDN front denoted Pareto MDN. To determine the architecture of the 

MDN a Standard MDN model was trained using ten-fold cross-validation on the first 

train ing set of the experiment. The architecture th a t i)erforms best out-of-sami)le over all 

ten folds is used as the starting  arc:hitecture in all subsefivient experiments. In this case. 

the> architecture u.st'd iiad 5 hidden units and a 2 Gaussian M ixture Model. The Standard  

MDN was trained until convergence or until it completed 5.000 epochs. Algorithm 2 was 

used for training of the Pareto MDN model. Therefore each training .set was split into 

a !)0% i>artition of training and a 10% j)artition for validation. The S tandard MDN was 

used as the initial starting  point for the search algorithm . The algorithm  was then run 

for 10.000 ('pochs. The ])arameters for the ojjtim isation j>rocess ar(> sunnnarisc'd in Table 

(i.2. The rt'stilts in the following tables ;ue based on average .scores acro.ss the ten-folds of 

cross-validation.

Unconditional Distribution of INR Values

0.7

0.6

0.5
CO

I  0.4

Target INR (2.5)0.3

0.2

4 62 8 10 12
Data

F ig u re  8.1: A histogram  of INR values of the l.OOG ca.ses in the data  set. Ev(>ry ca,se in 
this data.set has been assigned a target INR value of 2.5. It is clear that there is a skew 
in the data  with the m ajority of cases centered around the mode, 2.5. There is a fat, 
right tail with values stretching out as far as 13. The left tail, however, only extends as 
far as 0.5. Physicians are interested in cases tha t are on the tails of the distribution, as 
tlu'se values rej)re.sent j)atients tha t are outside their thera])eutic index and are a t risk of 
bleeding or clotting.
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T a b l e  8.2: T h is  is a table  of es tim ated  risk of the pa tien t exceeding specific INR values 
determ ined  from the i)redicted d istributions shown in F igure 8.4. This  should be used in 
conjunction with the d is tr ibu tions and not as a substitu te .

Dosage INR <  1.5 1.5 <  INR <  4.5 INR >  4.5
1 mg 68.1% 31,8%. 0.1%

2.5 mg 4.6% 94.4%, 1.0%
4 mg 3.8% 80.6%. 15.6%

8.4 Predicting D ensity  Functions for A nticoagulant D rug  

Therapy

In this section it is shown how the  P are to  MDN model can 1)(' used to  aid a physician when 

prescribing Warfarin. T he ])hysiciairs objective is to prescril>e the dosage th a t  nuLximises 

the likc'lihood of tlu' pa t ien t 's  INR vahu' ix'ing 2.5 at tlic'ir iK'xt visit. An exanipk ' of how 

our model can hel]) a physicifui achievc* this goal follows. T h e  target INR \'ahu' is basi'd 

on the ])ati( 'nt's disease' s ta te  and is s])ccifi('d by tlu' ])rescrii)ing ])hysician. Guidelines 

r( 'garding sjx'cific ranges t»r(' endors('d by the  British Soci('t>' for Haf’matology (1998).

Given a ]>atient's a t t r ib u te s  (see Table 8.1). a j)hysician can u.se the  P are to  M DN system  

to es tim ate  the  affect a Warfarin dosage will have on a i)atient. 'J'his can b(> achic'ved by 

carrying out a .series of "Wliat if?" scenario tests. For ])ractical reasons the  ph>'sician must 

d('cid(' which dosagx' of W arfarin is best for his ])ati('nt from tin' tablet sizes available. For 

('xam])k'. a physician may wish to test the affect a Img. 2.r)iug or a -img dosage will have 

on his pa t ien t 's  INR. To achi('ve this the  physician notes tlu' current stat( ' of the  jjatient in 

tc'rnis of tlu ' a ttr ibu t( 's  in 'I’able 8.1. along with the  most recent INR vahu'. T h e  ])rc'diction 

model is up d a ted  with this information. 'I'lien. th(' physician can j^roceed with scenario 

testing different dosage's. F igure 8.4 show's the' typical result from a scenario test. Ilerc'. a 

random  out-of-sam])k' ])ati('ut is selected to model tlu' j)ossible efft'cts of different dosage's, 

and th(' the iu])ut feature "Previous Warfarin Dosage" is changed acxording to  the* values 

that  need to  be tested. 'I’he figm’e shows the  affect different dosages have on the })n'dict('d 

INR dis tr ibu tions for th a t  ])atient. T h e  model u.sed in this exami)le was the P a re to  ]\IDN 

tha t  scored best in term s of calibration on th e  validation set. T he  pr('dic:ted ])robability 

d istributions clearly show th a t  a  ])rescription of 2.5mg wall greatly  rc'duce the  j^atient's 

risk of bo th  clotting and bleeding.

It is j)ossible to smnmari.se .some of the  most im])ortant as]:)ects of the  pre'dicted di.s-
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F ig u re  8.2; This figure shows the prechcted INR distributions for a patient under different 
Warfai'in dosages. The target INR for the jjatient is 2.5 (bold line). Three .scenarios are 
])resented; the predicted INR (hstribution if the patient is prescril^ed (top) Inig W arfarin 
(middle) 2.5nig W arfarin (bottom ) 4rng W arfarin.

128



T a b le  8.3: Results on the out-of-sanij)le da ta  over 10-fokl cross-vahdation on the W arfarin 
d a ta  set. The N L P D  model represents the members from the non-dominated set that 
maximised shar])uess. The models represents the members th a t maximised calibration. 
The average hit ra te  error over the percentiles 0.01, 0.05, 0.1, 0.9, 0.95, 0.99 is used. These 
results confirm the Pareto-M D N ’s al)ility to optimise density forecasts imder multiple 
objectives.

N L P D Hit Rate
Standard MDN 1.106

±0.151
2.577

±3.772
0.0834

±0.030
N L P D  Pareto MDN 0.945

±0.114
1.300

±0.709
0.0782

±0.032
.4^ Pareto MDN 1.001

±0.094
1.279

±0.970
0 .0722
±0.030

tril)utions by ])resenting a table of the risks of the patient's INR moving outside their 

therai)eutic index. (s(>e Table H.2). This tabk ' sinii)ly (li.sj)lays the i)erc(>ntag(“ of ])roba- 

l)ilit\- that the predic'tc'd distribution gives to tlu' i)atient's INR value entering levels that 

ar(' s('en as dang('rous i.e. le.ss than 1.5 and more than 4.5. This additional information 

is most useful in bordc'i line ca.s('s where it is diffictilt to distinguish the difference' betwc'en 

two ])robal)ility distributions.

8.5 Evaluation

Tabk' 8.3 shows com parative rc'sults on both tlu' N L P D  and cost functions for three' 

niodc'l ty])('s. P('rformance of the Pareto MDN is benchmarked against the Standard MDN 

over 10-fold cross-validation. Not siu'prisingly. the N L P D  Pareto MDN model achieves 

tlu ' l)est shari>u('ss .score and A'^ Pareto MDN mock'l achi('ves the best calibration score 

on avc'ragt'.

The unconditional distribtition of INR \'ahu's is shown in Figure' 8.1. (Mac Nanu'e 

('t ak. 2002) show('d the effect of bias in this data,s('t and suggested a tt'clmiejue' to ini])rove 

results using an ensemble of point predictors. By maximising calibration, it is possible 

to  correct the bia.s in the predicted distributions, resulting in the tails of the j)r('dicted 

distributions on a C'alibrated model being correctly calibrated. As the tail predictions are 

of more interest, this is an inijxirtant improvement to the predictions. Improvements in 

tail ('stimates can be assessed using the hit rate m ethod described earlier. The hit rate  

colunni in Tabk' 8.3 comi)ares the ciuality of tail estim ates over ten-folds for a selected few
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Ijercentiles. T h e  A'^ m odels perform  best. T his im provem ent is s ta tis tica lly  significant in 

coni])arison to  bo th  th e  N L P D  and th e  S tan d ard  M DN m odels when assessed iising a 

tw o-tail t-test {p =  0.05).

8.5.1 C om parative Evaluation

In th is  com parative  evaluation  set the  classification accuracy of a num ber of different 

j)r('diction ai)proaches is coni])ared aga inst the  j)robabilistic a])i)roach described in th is 

thesis. I ’he data.set has been c:onvert('d in to  a classification jjroblem  by labelling  cases 

th a t  have an INR of less th an  or ecjual to  1.5 as c lo t t in g ,  those w ith an INR g rea te r 

th an  or ecjnal to  4.5 as b le e d in g  and ]>atients w ith an INR betw een these two values a,s 

n o rm a l .  T h is  resu lts in 8.‘i5 cases of norm al. 124 of clo tting  and 47 of bleeding. T able 8.4 

Ix'low com ])ai('s th(> classification accuracy for each class over 10-fold cross-validation for 

('ach of tli(> following classifiers.

• C'4.5 - decision tree  algorithm  ((Quinlan. 190.3).

• Logistic R{'gr('ssion - nnillinom ial logistic regr('.ssion mcnlel w ith a ridge estim ato r 

(W itten  k: F rank. 2005).

• Naiv(> Bayes - sim ple i)rol)abilistic classifier (W itten  ic Frank. 2005).

•  kNN - k nearest iK'ighboui' classiher (Doyle et al.. 2005).

A thrc'shold p ro b ab ilit\’ for each cla.ss is decided uj)on based on the percentage con tri­

bu tion  of ('ach class to  th e  unconditional d istrib u tio n  of the  tra in in g  d a ta . A p red ic ted  

densit>’ function ])roduced by rui MDN nu^del is conv(‘rt('d  into a classification of j)ati('nt 

s ta t( ' by detc'rm ining the- ])r<'dictive density  for ('ac-h class and selecting th e  class th a t 

exc('eds its thrc'shold.

Also shown in Table' 8.4 are the  s])('cificity and sensitiv ity  of th(' cla.ssihers. Si)ecificity 

relates to  the  i)ro])ortion of ])eoj)le th a t have an tmsafe INR \a h ie  and th e  classifier has 

m ade th is  prediction. S ensitiv ity  is th e  proj^ortion of people th a t  have a  safe INR value and 

the  classiher has j^redicted th ey  are safe. To calcu late th e  specificity and sensitiv ity  of th e  

classifiers the  num ber of classes are reduced frcjni 3 to  2. T h is  was achieved by com bining 

b le e d in g  and  c lo t t in g  in to  a new w a rn in g  class and leaving th e  n o rm a l  class as it was. 

T his ap])roach simjjlifies th e  problem , b u t th e  results are useful to  d em o n stra te  th e  effect 

of skewc'd d a ta  on classifiers in s tan d ard  m edical evaluation  term s. T he large difference in
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T a b le  8.4: The c:ohiinns c lo t t in g ,  n o rm a l  and b le e d in g  represent the class accuracies 
for each model on the Warfarin cdassification dataset. The specif ic ity  and s e n s i t iv i ty  
of each of the cla,ssifiers is also shown. Percentages are based on the average vahie over 
10-fold cross-validation on the out-of-saniple data.

C lassif ie r n o rm a l c lo t t in g b le e d in g Specif ic ity S e n s i t iv i ty
C4.5 95.2% 29.0% 12.8%. 24.9%c 95.0%.

Logistic Regre.ssion 97.4% 27.4% 23.4% 26.5% 97.2%.
Naive Bayes 92.2%. 10.5% 17.0%. 13.0% 91.2%
kNN (k = l) 91.3% 21.8% 10.6% 19.5% 90.5%
kNN (k=3) 97.0%. 9.7% 6.4% 8.9% 96.7%.

Standard MDN 76.9%. 71.0% 72.3% 76.7% 75.8%.
N L P D  Pareto MDN 7().G% 77.4% 74.5%. 82.4% 75.6%

Pareto MDN 79.6% 78.2% 76.6% 83.1% 78.6%.

spc'cificity and .sensitivity highlights the imbalance in the classifier technicjues. The MDN 

models jx'rform substantially b('tt('r than any otlu'r model in terms of spc'cificity. This 

conu's at the price' of a small deterioiation in s('nsitivity. However, it could be rationally 

arguc'd that specificit>' is a more ini])ortant metric to succeed in than sensitivity in this 

l)rediction task. In future work it would be interesting to aj)i)ly the Ne\nian-Pearson to 

aid model s('l('ction.

Table S.4 cle.u'ly shows that the skew in tlu' data creates a bias that ca>is('s very poor 

classification accuracy for the minority- class(\s in the non-MDN classifiers, but extrenu'ly 

high pi('diction ;iccuracy in tlu' majoiily class (n o rm a l) .  This suggests that the classiiier 

l)as('s its ])redictions on Iht' trivial assunii)tion that the majority class is more likely than 

the minority class. This is a result of the ve-ry poor si)('ciHcity of these mod('ls. F'ortunately. 

this weaknc'ss is not j)res('nt in the density forc'casting mofk'ls that  have corrected for 

s k ( ’W ('d  data  In’ thre'sholding predictions witli the unconditional distribution of the training 

ilata. I’lu' Pareto MDN shows a consistent accuracy across each class showing that it has 

ov('rcomc' the bias ])robl('ni. Among the MDN models the A ’ Pareto MDN model is the Ix'st 

l)erforming acro.ss all clas.s(>s and in terms of both sensitivity and sjx'cificity. highlighting 

the inijjortance of calibration.

The consistency of a calibrated model allows the physician to be more confident when 

using this systc'm in j)ractice. Combining this with a well calibrated ])robal)ility distrib­

ution estimate of the INR furtlu'r enhances the insight the user gets from the j)redictive 

model. By clearly disj)laying the unc('rtainty in the i)redictions. density forecasting miti-
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gates some of the concerns of using artificial neural networks in the medical domain and 

provides an attractive alternative to the more traditional i)rediction technic^ues.



Chapter 9

Conclusions

9.1 Introduction

r h i s  tlu 's is lias invcstigatc 'd a m a jo r  fi('ld o f  m ach ine  learninj^. rc'grc'ssion. In p a r t ic u la r .  

th(' al)ilit\- o f  densit>- fo recas t ing  mod('ls  to  p n x h ic e  sliar]) a n d  ca l ib ra t t 'd  ])redictions in 

regr( 'ssion ta sk s  was addr( 'ss( 'd.

In  C'hai)t('r 2 th e  ])i'ohlem was fo rm ally  in tro d u ced  a n d  tlu> most j)opu la r  m e th o d s  for 

d e n s i ty  forecast modc'lling were r('view('d. l h(' re la tionshi])  be tw een  M a x im u m  L ikelihood  

a n d  nc'gative log-likelihood was exj>laiiK'd a n d  two m odt'l  ty])es. M D N  a n d  GARC'H were 

chosen  for ( 'X])eriinentation ih ro u g h o n t  th{> tlu'sis. In C ha]) te r  t lu ' ol)j( 'ctives o f  d e n ­

sity  forecasting . sharjjiK'ss a n d  c a l ib ra t io n ,  were descr i lx 'd  in de ta i l .  V arious n u ' th o d s  of 

( 'va luation  o f  densi ty  fo recas ts  wcnc' ])r(\sented a n d  th re e  m e th o d s  were sek 'c ted : N L P D . 

C’R P S  a n d  P IT .  C h a p te r  4 r('\'iew('d th e  \ 'a r ious  o p t im isa t io n  m e th o d s  available' w lu 'u  

(k 'usity  for('ca,sting. Evolutionary- A lg o r i th m s  ('uiergc'd as  a su i ta b le  a])])roach. spc'cifically 

a m ulti-obj( 'c tiv( ' ev o lu t io n a ry  stra ti 'gy .

Cha])t( 'r  5 p rovided  exani])k 's  o f  the' m ost  co m m o n  difficulties w Ik ' u oi>timising ck'nsity 

fo recas t ing  m odels. For ('xam])k>. o v e r -h t t in g  of  th e  conditic^nal var iance , sensitivity ' to  

o u t l ie rs  a n d  b ias tow ard  sharj)  r a th e r  t h a n  ca l ib ra te d  m odels . O n c e  th e  j)rol)lems were  

identified , a j)ath to  a so lu t ion  could  Ix' found . A new  q u a l i ty  score  called  th e  A ‘̂  score  

based  on  th e  A nderson-D ai 'l ing  te s t  for u n i fo rm ity  was m o t iv a te d  a n d  d e m o n s t r a te d  to  

work successfully  as a c a l ib ra t io n  score. T h is  c a l ib ra t io n  score a n d  th e  poj^idar N L P D  

score were  .shown to  be  conflic ting  o])j( 'ctives nea r  th e  g lobal oi>timal o f  m odels . O n ce  th is



had been confirmed a muhi-objective framework for optimisation of density forecasting 

models could justifiably be described and used.

Cha])ter 6 provided a detailed description of the proposed algorithm. Implementation 

details were also provided to develoj) an MDN model tha t  could be optimised on both 

Sharpness (NLPD) and Calibration (.4^). The resulting model was called a Pareto MDN. 

Also, a Pareto GARCH model was fully dc'scribed that ini])leniented the proposed op­

timisation method. Initial exj)erimentation on synthetic data showed how the j)roposed 

method could successfully achieve its goal of j)roducing a Pareto front of solutions varying 

in sharpness and calibration.

Chaj)ter 7 was the hrst of two evaluation chapters. A risk management a])plication 

called Value-at-Risk was used as the problem s]>ace for this chapter. 'I’hrc'e evaluations 

were present('d. First the i)roi)osed Pareto GARCH a])])roach was coni])ared against the 

standard GARCH optimisation algorithm and a new CRPS GARCH modc'l that uses the 

CRPS (juality score during training instead of NLPD. The results from this ex])eriment 

show that the Pareto GARCH model finds the Ix'st set of solutions on the crittnia of 

shar])uess and calil)ration and this was confirmed through evaluation in t('rms of Vahie-at- 

Risk. The sc'cond evaluation comparc'd the Pan 'to  GARCH and Pareto MDN models on 

another VaR problem. Interestingly, the Pareto MDN ont])erforms th(> Pareto GARCH in- 

sani])le. but the model was found to ha\(' ovc'r-hfted the training data and jx'rform i)oorly 

out-of-sanijjle. The third exani])le shows how the Pareto GARCH model can consistently 

out-perform the standard GARCH mod('l. "i'his was achi('ved i)y a]>plying a sliding window 

analysis of the jjropo.sc'd techniciue and comparing results with the standard modc'l.

Finally. Chai)ter H ])resent('d density fon'casting as a solution to a medical decision 

]>roblem. The Pareto MDN model was coni])ared with the standard MDN model and a 

number of classification techni(iues typically- used in medical dc'cision making. A calil)rat('d 

Pareto MDN model was shown to ixnform b('tter in t('rms of sp('cificit>' and sc'nsitivily 

than any other model tested on an INR ])rediction ])roblem. A scenario testing ap])lication 

for doctors was suggestc'd tha t  would aid i)ractitioners and pati(>nts hud the best Warfarin 

dosage more (luickly.

9.2 Thesis Contributions

The findings of this research can be sinnmarised as follows:
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•  Density  forecast calibration can Ije optimised using a new calibration score called

•  C alibration  and  shar])ness are conflicting objectives as the  density forecasting model 

nears a  global optiminn in one or o ther of these objectives.

• Due to  the conflicting n a tu re  of calibration and shar])uess a refornnilisation of the  

op tim isation  is necessary to  optimise on bo th  objectives simultaneously and produce 

a I^areto set of optimal solutions.

•  T h is  proposed oj^timisation a])])roach can be implemented for a M ix tu ie  Density 

Network and a GA RCH  model.

• Density  forecasts in a])plications in Finance and Medical Decision M aking can be 

improved through the use of the  j)roposed algorithm.

9.3  I \itu r e  W ork

9.3.1 D om inance Uncertainty

W ith in  multi-ol)jective o])timisatio]i the dom inance of models is deterministic. I 'h is  is a 

harsh  m ethod  of discarding models as often the diflercnc(' in mcxk'l accurac'ies are very 

small and  if the nuances of the ])articular tra in ing  set were only slightly diffei'ent the 

dom inance (k'cision would be reversed. It would be interc'stiug to addre.ss this i)roblem by 

assessing th e  probability  of dom inance and m aintain ing an archive of solutions which are. 

with some known ])robai)ility. m utually  non-dominating. Fieldsend and Everson (200.5) 

exam ine nu 'thods  for es tim ating  the  ])robability of dominance. I'his could potentially- 

iui])r()ve the (juality of tlu' archive (jf models re tu rned  alU'r training.

9.3.2 M odel U ncerta inty

It should be noted th a t  density forecasting is an estim ation of the comi)lete m icerta in ty  

for the  given prediction ta.sk. T here  exists ano ther  layer of uncerta in ty  th a t  may not 

be cai)tured by th e  model, the uncerta in ty  in the  i)rediction itself - we call this model 

uncertainty. This  whole otlu 'r layer of uncerta in ty  has not yet been addressed to  any great 

degrtx' in the  literature . However, there  has been some research carried out for j)arametric 

ai)proaches where th e  imderlying distributional assum ption is t rea ted  as correct, in this
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case the  effect of m odel u ncerta in ty  error can be estim ated  and rep o rted  <is a  point-by- 

])oint confidence interval for the  density  foreca.st (Sodelind & Svensson, 1997). It would be 

in teresting  to  fu rther develoj) th e  m ethod  described in th is  thesis to  inco rporate  a  mea.sure 

of m odel u ncerta in ty  in to  the  fram ework.

9.3 .3  D ifferent O bjective Functions

In th is tlu 'sis N LPD  and were used as the  objective functions of choice due to  their 

conflicting n a tu re  and  ea.se of evahiation . However, tliere is the  possibility  of adding  

add itional ob jective functions, for exami>le. a (juantile error score could be incor]>orated 

in the  search j)rocess to  tu n e  m odel pred ictions for a specific quantile. A lternatively , a 

combinc'd inde])cndence tes t could be addetl or different ])roblem sj:)(’cific ca lib ra tion  oi' 

sharj)n('ss scores could be used. T he flexibility of th e  evolutionary algorithm  m eans th a t 

there' are iim unierable difi'erent possibilities for new objective functions.

9.4 C onc lud ing  R e m a rk s

D('usify for('casts are becom ing m ore and m ore j)revalent in our daily lives. For exam ­

ple. im ])ortant m acro-econom ic estim ates such a.s in terest ra te  m ovem ents art' now l)eiug 

])resented to  th e  ])ublic in tc'rnis of density  foreca.sts. W ith  incn'a.sed use and accc])tance 

of density  forecasts the  cliallenge of im proving th e  cjuality of these (>stiniat('s is g rea ter 

now mor(' th an  e\-cr. This thesis has contribu t('d  to  the  research on ik 'nsity  forecasting 

by showing th a t the objectives of sharpness <uid calibration  of a density  fon 'cast are not 

always com plim entary  b u t instead  are often conflicting. I ’his issue has bec'u addressed 

In- d('velo])ing a new op tim isation  ai)proach th a t sim ultaneously  optim ises l)oth objective 

functions to  re tu rn  a set of trade-off .solutions. I 'h e  jjropo.sed ai)])roach is desciibed in suf- 

hciently g('n('ral tc'rms th a t  it can b(' ada])t('d to  optim ise most densit>' forecast m odelling 

uK 'thods for regression. E m pirical analysis on two ])rol)lem dom ains using two diif('r(>nt 

den.sity forecasting m odels validates th e  ])r(jpos('d a])j)roach and dem onstra tes its  benefits.
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