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Abstract. Unifying Theories of Concurrent Programming (UTCP) is
a denotational semantics of shared-variable concurrency, expressed us-
ing the notation and methodology of Unifying Theories of Programming
(UTP). A key feature is that it is compositional, in that the semantics of
a composite is described in terms of the semantics of its sub-components.
The underlying language used is that which is used to define a Concur-
rent Kleene Algebra (CKA). This includes the notions of skip, atomic
actions, iteration, and non-deterministic, sequential, and parallel compo-
sition. This chapter makes progress toward proving that UTCP satisfies
the CKA laws. We describe the methodology used, and give proofs for
key ideas, as well as proofs and proof-sketches for many of the laws. We
also discuss open issues, the most notable being the precise nature of
miracle in this setting. The chapter finishes with a roadmap of how we
might encode well-established UTP concepts such as Designs and Reac-
tive Systems on top of UTCP.
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1 Introduction

An Appreciation

My first academic encounter with Jim Woodcock was at FME’93 in Odense,
when I presented my first Formal Methods paper [4]. I got actively involved
with Formal Methods Europe at that point, and attended many of their meet-
ings in subsequent years. I have happy memories of sitting in airport waiting
lounges with him on our returns journeys, discussing the merits, etc, of various
formalisms. This lead to a decision, at FM99 in Toulosue, that we would start
an active collaboration. We started with the semantics of Handel-C [11,12] and
this led to many publications in this space. A key turning point was when I
spent 6 months on sabbatical with him in 2003, in Kent. Here I was introduced
to what has now become my research paradigm of choice: Unifying Theories of
Programming (UTP) [17]. This led to work looking at ways to add time-slots
[9] to the Circus language he worked on with Ana Cavalcanti [28]. Other joint
work included: Flash Memory [7] ; POSIX Grand Challenge Roadmap [16] ; and
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Heterogenous Semantics [29]. He has always been a good friend and great in-
spiration for me over the years. He even played a key role in the more recent
direction of my research by pointing me to the Views paper by Dinsdale-Young
et. al. [14], which inspired me to go on my current deep dive into shared-variable
concurrency. Thank you Jim!

1.1 Introduction to UTCP

Unifying Theories of Concurrent Programming (UTCP) is a denotational seman-
tics of shared-variable concurrency, expressed using the notation and methodol-
ogy of Unifying Theories of Programming (UTP). This theory was developed out
of prior research into lightweight languages for loosely describing business pro-
cess flows that included non-deterministic choice as a feature [8,25]. A key point
was the Views paper by Dinsdale-Young et. al. [14], that introduced the notion
of a View as a particular Semigroup and/or Monoid, abstracting state and com-
position, that characterised generic concurrent behaviour. They demonstrated
how a wide range of concurrency reasoning approaches could all be instantiated
as Views. These approaches include: Owicki-Gries, Rely-Guarantee, Separation
Logic, and various Type systems, among others. The most abstract/general view
is based on the same shared-state concurrency language that was used by Hoare
and colleagues when they defined Concurrent Kleene Algebra (CKA) [20]. This
also coincided with the loosest version of the business process flows language we
had been exploring.

The motivation for this work has been to develop a compositional (denota-
tional) semantics for this base language, in UTP, using a homogeneous alphabet
where s is the before-state, and s′ is the after-state. It turned out that some
static observables needed to be added to manage necessary context information
in order for this to work [6]. The aim of this chapter is to demonstrate how we
might prove that the UTCP semantics satisfies the CKA laws.

1.2 Structure of this chapter

In Section 2 we summarise the language and semantics of UTCP, and present
the laws of CKA, using the UTCP notation. Then, in Section 3 we describe our
overall proof methodology, describing the key concepts needed to construct the
correctness arguments. We then showcase proofs of key laws in Section 4, going
to details of the reasonings. Finally, in Section 5 we discuss related work, and
then we conclude in Section 6.

2 Background

2.1 UTP

The Unifying Theories of Programming framework [18] uses predicate calculus to
define before-after relationships over appropriate collections of free observation
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variables. The before-variables are undashed, while after-variables have dashes.
A simple approach would be to simply observe the values of program variables,
in which case the before- and after-values of program variable v would be repre-
sented by observational variables v and v′ respectively. For example, the meaning
of an assignment statement might be given as follows:

x := e =̂ x′ = e ∧ ν′ = ν

The definition says that, if the assignment terminates, then the final value of
variable x will be set equal to the value of expression e in the before-state, while
the other variables, denoted collectively here by ν, remain unchanged. This leads
to a theory of partial correctness for imperative programs.

The theory can be extended to cover total correctness by introducing Boolean
observations of program starting (ok) and termination (ok′). In this case, we
find that we need a technique that allows us to identify predicates whose inter-
pretation is nonsense, and eliminate them from any semantic theory we might
construct. For example, the predicate ¬ok ∧ ok′ describes a situation in which a
program has not started, but has terminated.

In UTP we use the concept of healthiness conditions to specify which predi-
cates are meaningful in the context of our theory. For the total correctness theory
to work, we need to ensure that all predicates have the form ok∧P =⇒ ok′∧Q,
where P and Q do not refer to ok or ok′. This is interpreted as saying, if the pro-
gram is started and P holds true at the start, then the program will terminate
with Q being satisfied at the end.

A standard UTP approach is to define healthy predicates as being fixed-
points of suitable idempotent, monotonic predicate transformers. For example, in
the total correctness theory, we can define a predicate transformer H(P )=̂ok =⇒
P . A predicate D that satisfies D = (ok =⇒ D) is one that only asserts its
behaviour once it is started (ok = true). Our healthiness conditions (Sec. 2.2)
are expressed in this fashion.

An important characteristic of both the UTP theories referred to above,
is that their predicates are interpreted as a relation between the before-state
and after-state of a complete program execution. The “standard” treatment of
process-algebra concurrency (e.g. ACP,CCS,CSp) in UTP [18, Chps. 7,8], is fo-
cussed on a model where parallel processes work with their own copy of global
variables (if any), and where a merge function is used to merge their values once
the parallel construct terminates. The observables include ok, wait, tr, and ref .

2.2 UTCP

The Unifying Theory of Concurrent Programming (UTCP) that we developed
[6] formalises shared-variable concurrency, also as a relation between before-
and after-states. It was derived by adapting Woodcock and Hughes Unifying
Theories of Parallel Programming (UTPP) [30], in which statement syntax had
labels, and the program state consisted of variable state s, as well as a set ls
of labels of currently active statements, and semantics was defined as a relation
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between ls, s and ls′, s′. A statement would only be ready to run when its label
was in ls, and once it had run, it would replace its own label (in ls′) with the
label of the following statement. A key part of our adaptation was adding a
label generator g, designed to ensure that all statement labels were unique by
construction. We also provided observation variables in and out to denote the
starting and ending labels of constructs. The three new variables, g, in, and
out, also differ from s and ls in that they did not have dashed counterparts.
They are static observables. Their role is to manage the relationships between
composite commands, and their sub-components. This means that we have a
non-homogeneous alphabet (g, in, out, s, ls, s′, ls′). A key paper in this regard is
one by Lamport [24] which we did not encounter until this work was largely
done. In it he developed an axiomatic semantics for concurrency, and describes
some key principles that must hold for such a semantics to work. A key one is
being able to talk both about one component in its own right, but also about
any use of it as a subcomponent. This aspect is handled by our use of g, in, out.

Here we briefly summarise key UTCP concepts such as labels and their gener-
ators, observation variables, atomic actions, healthiness conditions, and semantic
definitions. A fuller motivation and discussion can be found in [6].

Labels In order to manage flow-of-control, we need to be able to identify when
every construct starts, is running, and ends. We adopted the idea from [30] that
flow of control is managed by an auxiliary variable ls whose value is the set of
all labels of constructs that are able to execute. Given some notion of labels
(l ∈ Lbs), we introduce a generator (g ∈ Gen) that supports two operations:
new : Gen → Lbl ×Gen that produces a new label and a new generator; while
split : Gen → Gen × Gen splits a generator into two new ones. In all cases we
require that any labels obtained from new generators will not have been obtained
previously from any of their parent generators.

To avoid long nested calls of new, split and projections π1, π2, we defined
the following terse label and generator expression syntax:

g ∈ GV ar The sole Generator variable
G ∈ GExp ::= g | G: | G1 | G2

L ∈ LExp ::= ℓG

Here G: denotes the generator left once new has been run on G, with ℓG denoting
the label so generated: (ℓG, G:) = new(G). Expressions G1 and G2 denote the
two outcomes of applying split to G: (G1, G2) = split(G). Effectively we have
_:, _1, and _2 as postfix operators acting on generators. We use labs(G) to
denote all the labels that G can generate and we require the following laws to
hold:

labs(G) = {ℓG} ∪ labs(G:) ∪ labs(G1) ∪ labs(G2)

ℓG /∈ labs(G:) ∪ labs(G1) ∪ labs(G2)

∅ = labs(G1) ∩ labs(G2)
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This language allows us to take a generated label expression like

π1(new(π2(new(π2(split(π2(new(π1(split(g)))))))))).

and replace it with ℓg1:2:. This notation is compact, and may appear very con-
trived. However it has one very strong advantage: it makes generators and their
labels “relocatable”, in much the same way as some program code can be so con-
sidered. The variable g can be viewed as a sort of “base”, with all of the labels
generated from it being relative to that base. We can do this, in one way only,
by substituting any generator expression for g. If we replace g with something
different, then we “shift” all the associated labels accordingly. If γ and σ range
over sequences of :, 1 and 2, then

(ℓgγ)[gσ/g] = ℓgσγ (1)

In effect the substitution “relocates” generator g by running new and split on
it as specified by σ, and any labels are in effect generated by this relocated
generator using their γ specification. This simple use of substitution gives us a
really easy way to compose program fragments in terms of their semantics. This
relocation feature is a key aspect identified by Lamport [24].

Observations The values associated with all (shared) variables are not men-
tioned individually, but instead are lumped together; and we assume that all
actions are labelled and that we can observe the set of labels that are considered
to be “active”.

s, s′ : State (2)
ls, ls′ : P Lbl (3)

The role of label-generators is rather different, however. They will be used to
generate labels for statements, and we do not want these to change during the
lifetime of the program. We will also want to be able to refer in a general way
to two key labels associated with any language construct, namely the label (in)
that is used to enable the starting of a construct, and the label (out) that is used
to signal that the construct has just terminated.

in, out : Lbl (4)
g : Gen (5)

These observations are static, in that their values do not change during program
execution. Instead, these variables record context-sensitive information about
how a language construct is situated with respect to its “neighbours”, in a way
that permits a compositional approach.

This brings us to an important distinction between the usual approach taken
by UTP where a program syntax is simply a shorthand notation for its seman-
tics. This “punning” between syntax and semantics largely works for theories
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of sequential programs or local-state concurrency, mainly because sequences of
code lead to simple semantic sequencing. However, in global shared-variable con-
currency, code sequences get broken up by interference from parallel execution
threads, and there is no longer a simple correspondence between syntactical and
semantic sequencing. Here we shall use the notation P ;Q to denote semantic
sequential composition, which means that the execution of P is immediately fol-
lowed by the execution of Q, without any intervening external interference. It
has precisely the standard UTP definition:

P ;Q=̂∃sm, lsm • P [sm, lsm/s′, ls′] ∧Q[sm, lsm/s, ls] (6)

The key thing to note is that this definition makes no reference at all to g, in or
out, as these are static observations. We also define state skip (ii) and semantic
skip (II), the unit for semantic sequential composition, as

ii =̂ s′ = s
II =̂ ls′ = ls ∧ ii

Another important consequence of having to deal with interference, is how
we interpret the temporality aspect of s and ls. What precisely differs between
an un-dashed variable (s,ls) and the dashed ones (s′,ls′)? In the basic model of
sequential programming, as well as its reformulation using Designs, we interpret
s as the value of the state before the program runs, and s′ as the value after the
program terminates.

Our move to shared-state concurrency takes a more nuanced view of s′. This
is now still interpreted as being the value of the state after the program finished,
but is also used to note the state value during the run of the program. For
UTCP, we have to relax the interpretation for s as well. Now it too can represent
the value of state during program execution. The only constraint is that the
s′ observation cannot be from a point in the execution that precedes the s
observation. Our semantics admits arbitrary interleaving precisely because it
relies on this interpretation.

A special observation wait is used in the standard UTP theories of Reactive
systems to distinguish between during and after, leading to Foster’s concept of
Reactive Designs [15]. However, we don’t need the wait observation because we
will use the label-sets (ls, ls′) to record that information.

In particular, semantic skip (II) can be interpreted as talking about a single
instant in the execution timeline, when nothing can changes, or an interval of
time in which nothing changes—a so-called “stuttering” step. Stuttering state-
ments are key for concurrency semantics to enable interference to be modelled
[24,2,3].

Atomic Actions An atomic action (a) is simply a global state transformer
whose effects, once started, occur immediately and completely, without any ex-
ternal interference. It is a relational predicate that only mentions s and s′. We
use the static observables in and out to explicitly indicate the enabling label (in)
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for the action, and a disabling, or “done” label out for the same action. We use
ls and ls′ to record the set of enabled labels both before and after the atomic
action has run. We can define a predicate that captures the basic behaviour of
such “flow-controlled” atomic action:

in ∈ ls ∧ a ∧ (ls′ = (ls \ {in}) ∪ {out}) (7)

If in is not in ls, or predicate a is not satisfied by the current value of s, then
the semantic predicate reduces to false. This denotes an action that is currently
not enabled, and is relying on a concurrent action elsewhere to modify ls and/or
s. This is analagous to a reactive design when wait is true.

We start by defining the notion of an eXtended basic action, where we ex-
plicitly identify the enabling labels (E), those that we remove (R), and those
are newly added when done (N):

X(E|a|R|N) =̂ E ⊆ ls ∧ a ∧ ls′ = (ls\R) ∪N ⟨⟨·X-def·⟩⟩

A basic action is defined as one where E and R coincide, and is the definition
used in the semantics for atomic actions

A(E|a|N) =̂ X(E|a|E|N) ⟨⟨·A-def·⟩⟩

The reason for the distinction is that basic actions are not closed under semantic
sequential composition, whereas extended actions are:

X(E1|a|R1|N1);X(E2|b|R2|N2) ⟨⟨·X-then-X·⟩⟩

= E2 ∩ (R1\N1) = ∅
∧X(E1 ∪ (E2\N1) | a ; b | R1 ∪R2 | (N1\R2) ∪N2)

The condition E2 ∩ (R1\N1) = ∅ characterises all those cases were the second
X is enabled immediately after the first X terminates (i.e., without any out-
side interference). The semantic sequential composition of two (extended) basic
actions captures the occurrence of both actions in sequence without any inter-
vening interference, known as a mumbling step. This means that the first action
once enabled, must be able to enable the second one without relying on some
external agent. If expression E2 ∩ (R1\N1) is false, this indicates that it is not
possible to observe those two actions in sequence, unless some other execution
thread manages to add in the missing labels in-between, as an interference step.
Again this is seen a key feature in concurrency semantics [24,2,3].

Healthiness UTCP healthiness is defined to ensure that all atomic actions are
in some sense always available to run, should their in label be inserted into
ls. In effect we keep them alive by inserting them inside an infinite loop. It is
interesting to note that Hoare, in his paper on Unifying Semantics of Concurrent
Programming [21, Sec 2.1, p142] states

“We will assume that there is an infinite set of possible executions of the
command, which can occur in different programs, in different contexts
and on different occasions.”
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Wheels-within-Wheels: Technically we require any healthy UTCP program pred-
icate to be equivalent to a non-deterministic choice of how many times it repeats
itself, including zero, using UTP semantic sequential composition.

P 0 =̂ II ⟨⟨·seq-0·⟩⟩

P i+1 =̂ P ; P i ⟨⟨·seq-i-plus-1·⟩⟩

WwW(P ) =̂
∨

i∈N P i ⟨⟨·WWW-as-NDC·⟩⟩

We note also, that WwW is monotonic and idempotent.

Label-Set Invariants: In addition, the integrity of the semantics requires that,
for any construct, atomic or composite, that in and out never occupy ls at the
same time. In addition, for composites, no labels generated by g should occupy
ls when either in or out are present. We have two kinds of invariants, both of
which are concerned with the mutual disjointness, in some sense, of a collection
of sets of labels.

We introduce some shorthand notations to avoid excessively long predicates
and expressions. We use ‘|’ as a separator between things meant to be disjoint,
and commas to list subsets and/or set- elements that should be unioned together.
So the fragment A, b|M,N |x, Y is shorthand for the mutual disjointness of A∪{b}
and M ∪N and {x} ∪ Y .

To assert mutual set disjointness, we use the following shorthand, where the
Li are label-sets,

{L1|L2| . . . |Ln} =̂ ∀i,j∈1...n • i ̸= j =⇒ Li ∩ Lj = ∅
⟨⟨·short-disj-lbl·⟩⟩

The first invariant we have, Disjoint Labels (DL) is simply one that asserts, for
every construct, that in, out and the labels of g are all different.

DL =̂ {in|labs(g)|out} ⟨⟨·Disjoint-Labels·⟩⟩

Note that this invariant only refers to the static observation variables. We shall
simplify further by stating that in the shorthands presented here that we use just
simple g to denote labs(g), so DL can we written as {in|g|out}. Some language
constructs strengthen this invariant further.

We also want to assert that certain sets, necessarily mutually disjoint, can
never have any of their elements in the global label-set, if any element from one
of the other sets is present. Again, we have a shorthand:

[L1|L2| . . . |Ln] =̂ ∀i,j∈1...n • i ̸= j =⇒ (Li ∩ ls ̸= ∅ =⇒ Lj ∩ ls = ∅)
⟨⟨·short-lbl-exclusive·⟩⟩

Note here that this is a predicate regarding the contents of ls, which is not
mentioned explicitly in the shorthand. The second invariant, Label Exclusivity
(LE) asserts that any point in time, only elements from of one of in, labs(g) or
out can be present in ls (or ls′) at any point in time:

LE =̂ [in|g|out] ∧ [in|g|out]′ ⟨⟨·Exclusive-Labels·⟩⟩

Note that [in|g|out]′ simply indicates that it refers to ls′ rather than ls.
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UTCP Healthiness: Every healthy predicate describing a shared-variable con-
current program’s behaviour is of the form WwW(C) for some predicate C and
also satisfies DL and LE.

W(P ) =̂ DL ∧ LE ∧WwW(P ) ⟨⟨·W-def·⟩⟩

We will discuss key properties of W when we look at validating the CKA laws
(Sec 3).

Command Semantics We present the full semantics of atomic commands first,
then describe an important classification of expressions and substitutions, before
describing the semantics of the four composite command forms.

Atomic Commands The atomic command ⟨a⟩ can be very simply expressed as
a basic action with the addition of healthiness conditions:

⟨a⟩ =̂ W(A(in|a|out))) ⟨⟨·sem:atomic·⟩⟩

Here we would expect that if LE holds when this action starts, i.e. when in ∈ ls
and it gets to run, that LE′ should also hold, with out ∈ ls′. Some actions we
will define later will set a to be ii, which means that these actions don’t modify
s, but instead just focus on changing ls. We refer to these as control-flow actions.

Grounded and Sound Given that we have a distinction between static obser-
vations (g, in, out), and dynamic ones (s, s′, ls, ls′) it is worth extending this
distinction to expressions and substitutions. An expression or predicate over ob-
servation variables is “ground” if the only variables present are static. The DL
healthiness condition is ground, but LE is not, as it refers to ls and ls′. Ground
predicates K satisfy some important laws:

K ; K = K
(K ∧ P ) ; Q = K ∧ (P ; Q) = P ; (K ∧Q)

K ∧WwW(P ) = WwW(K ∧ P )

A substitution is also deemed “ground”, if all the the replacement expressions
(k) are ground, and the target variables are all static. A ground substitution
[. . . , k, . . . /in, g, out], herinafter denoted by γ, distributes through semantic se-
quential composition, both disjoint label-set notations, and WwW. It has no
effect on semantic skip.

(P ; Q)γ = Pγ ; Qγ ⟨⟨·seq-gnd-distr·⟩⟩
{L1| . . . |Ln}γ = {L1γ| . . . |Lnγ} ⟨⟨·DL-gamma-subst·⟩⟩
[L1| . . . |Ln]γ = [L1γ| . . . |Lnγ] ⟨⟨·LE-gamma-subst·⟩⟩

(WwW(P ))γ = WwW(Pγ) ⟨⟨·WwW-gamma-subst·⟩⟩
IIγ = II ⟨⟨·skip-gamma·⟩⟩

A ground substitution ς, of the form [I, labs(G), O/in, g, out] is sound if pred-
icate {I|labs(G)|O} holds. Soundness means the substitution cannot transform
a predicate satisfying DL and LE into one that does not.
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C

g

D
in outlg

:1g

:2gg:

g
inout

g
in out

C ;; Dlg

Fig. 1. Label and Generator “plumbing” for C; ;D.

Composing Actions The semantics of composite actions basically involves
using the generator to produce a suitable number of labels, that are then used in
zero or more control-flow actions, of the form A(E|ii|N). The left-over generator
is then split as required, and then the components are “connected” into the
relevant new labels and generators using sound substitutions. Finally the relevant
healthiness conditions are applied. It helps to write all substitutions out in full,
in order in, g, then out, so that reading them left-to-right goes with the “flow”. It
declutters things to then drop the part of the substitution that always reads as
/in, g, out. So C[α, γ, ω/in, g, out] becomes C[α, γ, ω]. This is particularly helpful
during calculation.

The semantic definitions are as follows:

skip =̂ ⟨ii⟩

C ;;D =̂ W(C[in, g:1, ℓg] ∨D[ℓg, g:2, out]) ∧ [in|ℓg|out]

C +D =̂ W( A(in|ii|ℓg1) ∨ C[ℓg1, g1:, out]
∨A(in|ii|ℓg2) ∨D[ℓg2, g2:, out] ) ∧ [in|ℓg1|ℓg2|out]

C ∥ D =̂ W( A(in|ii|ℓg1, ℓg2)
∨ C[ℓg1, g1::, ℓg1:] ∨D[ℓg2, g2::, ℓg2:]
∨A(ℓg1:, ℓg2:|ii|out) ) ∧ [in|(ℓg1|ℓg1:), (ℓg2|ℓg2:)|out]

C∗ =̂ W( A(in|ii|ℓg)
∨A(ℓg|ii|ℓg:) ∨A(ℓg|ii|out)
∨ C[ℓg:, g::, ℓg] ) ∧ [in|ℓg|ℓg:|out]

First, note that all four composite definitions add further label-set invariants.
We will explain the semantics of some of the above in more detail. For sequen-

tial composition, the first component (C) uses the same in label as the construct
as a whole, while the second (D) uses that same out label. The generator g is
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g

in

out

lg1

1g

C out
g

in

D
g

in out

C || D

2g

1:g 1::g

2:g
2::g

lg1:

lg2:lg2

Fig. 2. Label and Generator “plumbing” for C ∥ D.

used to generate a label ℓg, that replaces out in C and in in D, effectively con-
necting them. The left-over generator g: is then split into two, g:1 and g:2, and
these substituted for the g component in C and D respectively (see Figure 1).

For parallel composition (Fig. 2), we take the generator g and split it to
obtain g1 and g2. From g1 we generate two labels ℓg1 and ℓg1:, and leftover
generator g1::. We then use a substitution to replace all references by P to g,
in and out with g1::, ℓg1 and ℓg1:, respectively. We do something similar with g2
and Q. We also add a top-level control-flow action that is enabled by label in,
and adds both ℓg1 and ℓg2 into ls, so enabling both P and Q to start. We then
have another control-flow action that waits for both of ℓg1: and ℓg2: to appear in
ls, at which point they will be replaced by the top-level out label.

For iteration (Fig. 3), we first perform an apparently vacuous control flow
action that removes label in from ls and replaces it with ℓg. That enables two ac-
tions: one that replaces ℓg with out, terminating the iteration; the other switches
to label ℓg:, which has replaced the in label for the body C. The out label of C
is replaced by ℓg. It is important to keep the choice regarding terminate/repeat
(at ℓg) separate from starting an execution of the body (at ℓg:).

2.3 Formal Definition of CKA

The concept of Concurrent Kleene Algebra (CKA)was defined in a seminal paper
by Hoare and collaborators [19]. This emerged as a result of ongoing work ex-
ploring the algebra and laws of shared-variable concurrency. The CKA language
covers the same concepts we have in UTCP, namely atomic actions, skip, non-
determinism, sequencing, parallel composition, and iteration. It also includes the
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g

in

out

lg

g:

C out
g

in

*P

lg:

g:: C*

Fig. 3. Label and Generator “plumbing” for C∗.

infeasible action miracle, and a refinement ordering (≤). It has since become the
de-facto algebra for concurrency [19,21,23]. Using our UTCP notation we get
the following set of laws, where (C,D,E,F , range over commands):

C +miracle = C ⟨⟨·ndc-unit·⟩⟩
C + C = C ⟨⟨·ndc-idem·⟩⟩

C +D = D + C ⟨⟨·ndc-symm·⟩⟩

C + (D + E) = (C +D) + E ⟨⟨·ndc-assoc·⟩⟩

C ;; skip = C ⟨⟨·seq-r-unit·⟩⟩
skip ;; C = C ⟨⟨·seq-l-unit·⟩⟩

C ;; (D ;; E) = (C ;;D) ;; E ⟨⟨·seq-assoc·⟩⟩

C ;;miracle = miracle ⟨⟨·seq-r-zero·⟩⟩

miracle ;; C = miracle ⟨⟨·seq-l-zero·⟩⟩

C ;; (D + E) = C ;;D + C ;; E ⟨⟨·seq-ndc-distr·⟩⟩
(C +D) ;; E = C ;; E +D ;; E ⟨⟨·ndc-seq-distr·⟩⟩

C ∥D = D∥C ⟨⟨·par-symm·⟩⟩

C ∥skip = C ⟨⟨·par-unit·⟩⟩
C ∥(D∥E) = (C ∥D)∥E ⟨⟨·par-assoc·⟩⟩

C ∥miracle = miracle ⟨⟨·par-zero·⟩⟩

C ∥(D + E) = C ∥D + C ∥E ⟨⟨·par-ndc-distr·⟩⟩
skip+ C ;; C∗ = C∗ ⟨⟨·iter-fold·⟩⟩

C +D ;; E ≤ E =⇒ D∗ ;; C ≤ E ⟨⟨·refine1·⟩⟩

(C ∥D) ;; (E ∥F ) ≤ (C ;; E)∥(D ;; F ) ⟨⟨·exchange·⟩⟩

The miracle term, and the ordering in the last two laws (≤) are not used in the
Views paper. The precise form these take in this theory will be discussed later.

3 Methodology

The general plan for proving UTCP compliance with CKA laws, all of the form
lhs = rhs, is to expand out their definitions, and then find a a suitable mapping
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on labels between the lhs and rhs. For some laws all we need is to identify a
bijection between labels, while some others need a more nuanced approach.

3.1 Composing Atomic Actions

We start by considering the general case of semantic sequential composition of
two basic atomic actions:

A(E1|a|N1);A(E2|a|N2)

= “Defn. of A”
X(E1|a|E1|N1);X(E2|a|E2|N2)

= “⟨⟨·X-then-X·⟩⟩”
E2 ∩ (E1\N1) = ∅
∧X( E1 ∪ (E2\N1) | a ; b | E1 ∪ E2 | (N1\E2) ∪N2 ) ⟨⟨·A-then-A·⟩⟩

Note first that this behaviour is not possible if there is an overlap between
E2 and (E1\N1). The latter term denotes labels removed from ls when the first
action runs (E1), that are not added into ls as the action terminates (N1). If this
overlaps with E2, then at least one enabling label is missing, and so the predicate
for the second action evaluates to false, as does the whole composition—basically
the first action disables the second, and hence their joint occurrence, without
interference, can never be observed.

In [6] we described the outcome of expanding out the definition of ⟨a⟩, namely
W(A(in|a|out)). We find that WwW(A(in|a|out)) = II ∨A(in|a|out), because
A(in|a|out)n = false for n ≥ 2. The first action replaces in by out in ls, disabling
any attempt to rerun this action in the absence of outside interference.

⟨a⟩ = DL ∧ LE ∧ (II ∨A(in|a|out))

With different basic atomic actions we have (assuming in1 ̸= in2∧[in1|out1]∧
[in2|out2]):

A(in1|a|out1);A(in2|b|out2)
= “⟨⟨·A-then-A·⟩⟩”

in2 ∩ (in1\out1) = ∅
∧X( in1 ∪ (in2\out1) | a ; b | in1 ∪ in2 | (out1\in2) ∪ out2 )

= “simplify, noting assumptions”
X( in1 ∪ (in2\out1) | a ; b | in1 ∪ in2 | (out1\in2) ∪ out2 )

This action is enabled if in1 ∪ (in2\out1) is in ls. This can occur in two ways,
both of which require in1 to be present:

1. The first action is intended to enable the second (out1 = in2, let’s call it
mid):

X( in1 ∪ (mid\mid) | a ; b | in1 ∪mid | (mid\mid) ∪ out2 )

= X( in1 | a ; b | in1 ∪mid | out2 )
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2. The second action is independently enabled (out1 ̸= in2):

X( in1 ∪ (in2\out1) | a ; b | in1 ∪ in2 | (out1\in2) ∪ out2 )

= X( in1 ∪ in2 | a ; b | in1 ∪ in2 | out1 ∪ out2 )

We see here that the result is symmetric in the indices 1 and 2, and in-
deed we get same outcome if we compose the actions in the opposite order
(A(in2|b|out2);A(in1|a|out1)). However, there is also another complication,
in that some invariants are more complicated, and can have the effect that
A(in1|a|out1) in effect disables A(in2|b|out2). We designate two atomic ac-
tions as fully independent if their composition is not disabled by invariants
in this way. We will revisit this once we have discussed invariant preservation
below.

To sum up, a basic action in our semantics is never run twice without some
intervening interference step, as a consequence of the invariants. Two different
actions may run back-to-back, if the first enables the second, or they are fully
independent and are both currently enabled, in which case they can run back-
to-back in either order.

We made use of the DL invariant (in and out are never together in ls) when
showing A(in|a|out)2 = false. We also need to prove that atomic actions preserve
the invariants. The invariants associated with atomic actions vary, depending on
their role — state-change, or control-flow actions. Here are all the atomic actions
explicitly mentioned in the semantics, with their additional invariants (beyond
the ubiquitous DL and LE):

A(in|a|out) : [in|out] A(in|ii|ℓg1) : [in|ℓg1|ℓg2|out]
A(in|ii|ℓg2) : [in|ℓg1|ℓg2|out] A(in|ii|ℓg) : [in|ℓg|ℓg:|out]
A(ℓg|ii|ℓg:) : [in|ℓg|ℓg:|out] A(ℓg|ii|out) : [in|ℓg|ℓg:|out]

A(in|ii|ℓg1, ℓg2) : [in|(ℓg1|ℓg1:), (ℓg2|ℓg2:)|out]
A(ℓg1:, ℓg2:|ii|out) : [in|(ℓg1|ℓg1:), (ℓg2|ℓg2:)|out]

For the other actions, note that all labels mentioned in the atomic actions ap-
pear in their associated invariant. This means we need only consider the following
generic case, that given that DL and LE with the appropriate substitutions for
in and out hold beforehand, then after the corresponding atomic action runs,
we find that the corresponding LE′ holds:

{E|N} ∧ [E|N ] ∧A(E|a|N) =⇒ [E|N ]′

We assume {E|N} ∧ [E|N ] and expand it to

(E ∩N = ∅) ∧ (E ∩ ls ̸= ∅ =⇒ N ∩ ls = ∅) ∧ (N ∩ ls ̸= ∅ =⇒ E ∩ ls = ∅)

We now evaluate the outcome of running A(E|a|N):

A(E|a|N) = E ⊆ ls ∧ a ∧ ls′ = (ls\E) ∪N
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We have two cases. The first is when either E ̸⊆ ls or a is currently false, which
means the action doesn’t run so invariant preservation is vacuously satisfied. The
second is when E ⊆ ls ∧ a is true, in which case the invariant {E|N} ∧ [E|N ]
indicates that no part of N appears in ls. So ls′ has all of E removed and all of
N added, so we can say that N ⊆ ls′ ∧ E ∩ ls′ = ∅.

When might two distinct atomic actions not be fully independent? Consider
the following simple example:

⟨a⟩+ ⟨b⟩
= “Expand semantics of ⟨⟩, ignoring II, DL, and LE”

A(in|a|out) +A(in|b|out)
= “Semantics of +”

W( A(in|ii|ℓg1) ∨A(in|a|out)[ℓg1, g1:, out]
∨A(in|ii|ℓg2) ∨A(in|b|out)[ℓg2, g2:, out] ) ∧ [in|ℓg1|ℓg2|out]

= “Substitution”
W( A(in|ii|ℓg1) ∨A(ℓg1|a|out)

∨A(in|ii|ℓg2) ∨A(ℓg2|b|out) ) ∧ [in|ℓg1|ℓg2|out]

Recall that the sequential composition of A(in1|a|out1);A(in2|b|out2) is enabled
if in1∪(in2\out1) ⊆ ls. Now, in our semantics above, A(in|ii|ℓg1) and A(ℓg2|b|out)
are independent. For A(in|ii|ℓg1);A(ℓg2|b|out) to be enabled, we require:

in ∪ (ℓg2\ℓg1) ⊆ ls

= “simplify”
in ∪ ℓg2 ⊆ ls

The LE invariant permits this to be true, but the additional invariant ([in|ℓg1|ℓg2|out])
forbids this, as only one of in, out, ℓg1, or ℓg2 can be present in ls at any one
time. So this composition is never enabled. The use of invariants in this way in
the semantics is absolutely crucial to ensuring that the semantics gives the right
outcomes.

Given that we have argued that A(E|a|N) preserves invariants, how do we ex-
tend this result to extended actions X(E|a|R|N)? First, note that the semantics
only define A actions, and that all the X actions are ultimately the result of the
composition of A actions. But, we know that A actions preserve the invariant,
so their composition will, so hence all X actions also preserve the invariants.

3.2 W(. . . ): the Wash Cycle

The definition of W(C) expands to a term of the form:

GI ∧ (II ∨ C ∨ (C;C) ∨ (C;C;C) ∨ . . . ) ∧ CI

Here GI (General Invariant) is just a shorthand for DL ∧ LE, while CI (Com-
posite Invariant) denotes any composition-specific invariant. If C is atomic, then
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C;C = false by construction and we are left with II∨C, as explained in Sec.3.1.
We need to keep in mind that we have semantic sequential composition here.
If C is not atomic, then it is composed of a disjunction of control atomic ac-
tions plus one or more sub-components. Each sub-component is itself of the
form (GI ∧ WwW(Cs) ∧ CIs)γ, where γ is a sound ground substitution. An
immediate issue that arises is what does the semantic sequential composition
C;C mean precisely, when C is composite. For atomic actions it means that the
second instance starts immediately after the first one ends with no other action
interfering in between. This doesn’t make sense as is for arbitrary composite
C that itself may contain many interfering actions. What it does mean is than
when the first instance of C terminates, through the running of a action that
ends it, that the starting action of the second instance runs immediately. This
all seems complicated, but there is a way to get to grips with the outcomes in
an intuitive manner.

We start with the case where all the sub-components are themselves atomic,
being a mixture of control actions of the form A(E|ii|N), and state actions of
the form A(E|a|N). We have C = A1 ∨ · · · ∨An, and hence, W(C) expands to:

GI ∧ (II ∨ (A1 ∨ · · · ∨An) ∨ (A1 ∨ · · · ∨An)
2 ∨ . . . ) ∧ CI

So, we can observe II, and a run of any single action Ai. We will also see runs of
the form Ai;Aj where i ̸= j and Ai does nothing that disables Aj . We also get
similar terms of the form Ai;Aj ;Ak where i ̸= j ∧ j ̸= k. With every composite
we look at, with only atomic sub-components, we find that there is a finite limit
index L, such that (A1 ∨ · · · ∨ An)

L = false. What we obtain is a disjunction
that has every possible feasible sequential semantic composition of n actions,
where n ∈ 0 . . . L−1 (remember that A0 = II).

It is instructive to see what these look like. For sequential composition we
can observe the execution of the individual actions, as well as their composition
(here we use ab (ba) as shorthand for a; b (b; a)):

⟨a⟩ ;; ⟨b⟩ ⟨⟨·seq-actions·⟩⟩
A0 : II ∨
A1 : A(in|a|ℓg) ∨A(ℓg|b|out) ∨
A2 : A(in|ab|out)

For non-deterministic choice, we also observe the control actions that implement
the non-determinism:

⟨a⟩+ ⟨b⟩ ⟨⟨·ndc-actions·⟩⟩
A0 : II ∨
A1 : A(in|ii|ℓg1) ∨A(in|ii|ℓg2) ∨A(ℓg1|a|out) ∨A(ℓg2|b|out) ∨
A2 : A(in|a|out) ∨A(in|b|out)
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Parallelism is more complicated because both branches get enabled:

⟨a⟩ ∥ ⟨b⟩ ⟨⟨·par-actions·⟩⟩
A0 : II ∨
A1 : A(in|ii|ℓg1, ℓg2) ∨A(ℓg1|a|ℓg1:) ∨A(ℓg2|b|ℓg2:) ∨A(ℓg1:, ℓg2:|ii|out) ∨
A2 : A(in|a|ℓg1:, ℓg2) ∨A(in|b|ℓg2:, ℓg1) ∨

A(ℓg2:, ℓg1|a|out) ∨A(ℓg1:, ℓg2|b|out) ∨
A(ℓg1, ℓg2|ba|ℓg1:, ℓg2:) ∨A(ℓg1, ℓg2|ab|ℓg1:, ℓg2:) ∨

A3 : A(in|ba|ℓg1:, ℓg2:) ∨A(in|ab|ℓg1:, ℓg2:) ∨
A(ℓg1, ℓg2|ba|out) ∨A(ℓg1, ℓg2|ab|out) ∨

A4 : A(in|ba|out) ∨A(in|ab|out)

We note that the full behaviour is made up of 4 actions. The first control action
splits in into ℓg1 and ℓg2, to enable both a and b state actions, which then run
independently in either order. A final control action then waits for ℓg1: and ℓg2:
to be present, and replaces them with out.

A key feature of all of the above is that there are actions of the form
A(in| . . . |out) that denote a complete sequencing of atomic control and state
actions that are enabled by label in, and finish with label out being deposited
in ls. Another key point to take away here, is that every composite ultimately
gets reduced down to a disjunction of compositions of atomic control and state
change actions.

3.3 Atomic Action Flows

We use the term “flow” to describe a feasible sequential composition of atomic
control and state actions. A key aspect of flow is that every well-formed command
C(in, g, out) has a flow that starts with in ∈ ls, then executes sub-commands
using labels drawn from g, and finishes with out ∈ ls′. We call such a flow “com-
plete”. The atomic actions in ⟨⟨·seq-actions·⟩⟩, ⟨⟨·ndc-actions·⟩⟩, and ⟨⟨·par-actions·⟩⟩
denote all the possible flows for their respective constructs. The complete flows
for parallel are A(in|ab|out) and A(in|ba|out). We are interested in complete
flows as they are our basis for proving the correctness of the CKA laws w.r.t our
semantics.

The labels, and the method for generating them, are key to ensuring that
the semantics correctly predicts all and only the possible actions of any given
program. But they are a means to an end, and we want to disregard them when
discussing program equivalences. We will consider two programs to be equivalent
if they have the same collection of complete flows, when actual label values are
ignored. We achieve this simply by hiding all label-related observations, leaving
only those that involve s and s′:

flow(C)=̂∃in, g, out, ls, ls′ • C

Note that the way we define the semantics of C means that the following suffices
as a witness to simplify the flow: ls = {in}∧ ls′ = {out}. When we ignore labels,
we end up with a set of sequences of atomic state-changes, hence recovering a
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set of traces model that is typical of most other concurrency models. If we take
the actions from Sec. 3.2 and convert them to flows, we get:

flow(⟨a⟩ ;; ⟨b⟩)
= “⟨⟨·seq-actions·⟩⟩, flow”

ii ∨ a ∨ b ∨ ab
⟨a⟩+ ⟨b⟩
= “⟨⟨·ndc-actions·⟩⟩, flow, simplify”

ii ∨ a ∨ b
⟨a⟩ ∥ ⟨b⟩
= “⟨⟨·par-actions·⟩⟩, flow, simplify”

ii ∨ a ∨ b ∨ ba ∨ ab

It is important to note that the use of flow results in information loss, and
in particular, we cannot compose the output of flow in any meaningful way.
While the precise values of labels are not important to the overall semantics, the
manner in which they are used and kept distinct from each other is crucial.

3.4 Composite Flows

So why focus on flows at all? The answer is that, as a concept, they make it much
easier to read off the complete flows of a semantic definition. All the flows shown
here were discovered/validated during the developments of the UTCP semantics,
which involved a lot of tedious check calculations, and led to the development
of a predicate “calculator” to make things tractable [5]. For most of that time,
the “correct answer” was always self-evident. Consider the part of the definition
of parallel composition C ∥D under the healthiness condition W:

A(in|ii|ℓg1, ℓg2) ∨
C[ℓg1, g1::, ℓg1:] ∨D[ℓg2, g2::, ℓg2:] ∨
A(ℓg1:, ℓg2:|ii|out)

We can read off the flows directly by looking at the begin and end-labels. The
first (control) action goes from in to both ℓg1 and ℓg2. We inductively assume
that all the complete flows of C[. . . ] go from ℓg1 to ℓg1:, and something similar for
D[. . . ]. The last (control) action waits for both ℓg1 and ℓg2 and then proceeds to
out. We made an inductive assumption above regarding the complete flows of C
and D, and the effect of the substitutions applied to them. These substitutions
are all sound, which means they map in, out, and the labels generated by g
to distinct groups in a consistent manner. This ensure that the flows are not
affected.

3.5 Atomic Control Merge

A control action with an out-label that matches the in-label of a command, can
be merged with that command, as a result of W’s mixing. A similar situation
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arises if the action has an in-label that matches the out-label of a command:

A(ℓ1|ii|ℓ2);C[ℓ2, gσ, ℓ3] = C[ℓ1, gσ, ℓ3] ⟨⟨·cntl-l-merge·⟩⟩

C[ℓ1, gσ, ℓ2];A(ℓ2|ii|ℓ3) = C[ℓ1, gσ, ℓ3] ⟨⟨·cntl-r-merge·⟩⟩

Intuitively these laws are fairly obvious, as indeed the whole design of the label
generation has been to ensure that properties like this hold true.

4 Law Proofs

The approach taken to prove a law of the form F (C,D) = G(C,D), where F
and G construct more complex programs using C and D, is to examine the flows
of each side and establish a mapping of their labels that show every complete
flow in one has a counterpart in the other. When we start to do this we quickly
find that the CKA laws fall into two groups:

rearrangements (-symm,-assoc,-distr) These have the same flows, labelled dif-
ferently, and label bijections suffice for correctness.

collapses (-zero,-unit,-idem) The flows on the more complex side effectively col-
lapse to something just like the flows on the simpler side. This requires an
more nuanced observability argument. In particular, all the miracle laws are
collapses.

4.1 Proving Rearrangments

The rearrangement laws are:

C +D = D + C ⟨⟨·ndc-symm·⟩⟩

C + (D + E) = (C +D) + E ⟨⟨·ndc-assoc·⟩⟩

C ;; (D ;; E) = (C ;;D) ;; E ⟨⟨·seq-assoc·⟩⟩

C ;; (D + E) = C ;;D + C ;; E ⟨⟨·seq-ndc-distr·⟩⟩
(C +D) ;; E = C ;; E +D ;; E ⟨⟨·ndc-seq-distr·⟩⟩

C ∥D = D∥C ⟨⟨·par-symm·⟩⟩

C ∥(D∥E) = (C ∥D)∥E ⟨⟨·par-assoc·⟩⟩

C ∥(D + E) = C ∥D + C ∥E ⟨⟨·par-ndc-distr·⟩⟩

We will illustrate this technique with the law ⟨⟨·seq-ndc-distr·⟩⟩ regarding the
distributivity of ;; through +. The approach has two phases:

1. Expand both sides of the equation using the operator definitions, and then
driving all substitution inwards. We also ignore the top-level use of W. The
LE and DL invariants distribute in through WwW so we can invoke them
when needed. Steps here involve semantic equivalent and are separated by
=.

2. Identify the longest runs obtained by doing semantic sequential composition
of actions where the output label of one is the same as the input label of
another. Steps here generate flows, by a targeted partial expansion of WwW,
and are separated by =w. In practice we can identify these directly by careful
inspection.
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We start with the lefthand side:
C ;; (D + E)

= “Defn. of ;; — ignoring W for now.”
C[in, g:1, ℓg] ∨ (D + E)[ℓg, g:2, out]

= “Defn. of +”
C[in, g:1, ℓg] ∨(
A(in|ii|ℓg1) ∨D[ℓg1, g1:, out] ∨
A(in|ii|ℓg2) ∨ E[ℓg2, g2:, out]

)
[ℓg, g:2, out]

= “substitution”
C[in, g:1, ℓg] ∨
(A(in|ii|ℓg1) ∨D[ℓg1, g1:, out])[ℓg, g:2, out] ∨
(A(in|ii|ℓg2) ∨ E[ℓg2, g2:, out])[ℓg, g:2, out]

= “substitution”
C[in, g:1, ℓg] ∨
A(ℓg|ii|ℓg:21) ∨D[ℓg:21, g:21:, out] ∨
A(ℓg|ii|ℓg:22) ∨ E[ℓg:22, g:22:, out]

Now the righthand side:

C ;;D + C ;; E

= “defn. +”

A(in|ii|ℓg1) ∨ (C ;;D)[ℓg1, g1:, out] ∨
A(in|ii|ℓg2) ∨ (C ;; E)[ℓg2, g2:, out]

= “defn. ;;”

A(in|ii|ℓg1) ∨ (C[in, g:1, ℓg] ∨D[ℓg, g:2, out])[ℓg1, g1:, out] ∨
A(in|ii|ℓg2) ∨ (C[in, g:1, ℓg] ∨ E[ℓg, g:2, out])[ℓg2, g2:, out]

= “substitution”

A(in|ii|ℓg1) ∨ (C[ℓg1, g1::1, ℓg1:] ∨D[ℓg1:, g1::2, out]) ∨
A(in|ii|ℓg2) ∨ (C[ℓg2, g2::1, ℓg2:] ∨ E[ℓg2:, g2::2, out])

We then read off the flows, starting with label in and ending with label out.
On the lefthand side we observe the following: Command C flows from in to ℓg.
Two independent control actions flow from ℓg to either ℓg:21 or ℓg:22. Command
D flows from ℓg:21 to out. Command E flows from ℓg:22 to out. The end-to-end
flows are:

C[in, g:1, ℓg];A(ℓg|ii|ℓg:21);D[ℓg:21, g:21:, out]

C[in, g:1, ℓg];A(ℓg|ii|ℓg:22);E[ℓg:22, g:22:, out]

A similar analysis for the righthand side results in:

A(in|ii|ℓg1);C[ℓg1, g1::1, ℓg1:];D[ℓg1:, g1::2, out]

A(in|ii|ℓg2);C[ℓg2, g2::1, ℓg2:];E[ℓg2:, g2::2, out]
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We can immediately see that the lefthand first runs C and then makes the choice,
whereas the right starts with the choice and then does the relevant sequence. If
we ignore the label information, we see that both sides perform either C followed
by D, or C followed by E.

For more rigour, we can apply the control merge laws to the compositions of
A and C above to get a lefthand side (using ⟨⟨·cntl-r-merge·⟩⟩):

C[in, g:1, ℓg:21];D[ℓg:21, g:21:, out]

C[in, g:1, ℓg:22];E[ℓg:22, g:22:, out]

and righthand side (using ⟨⟨·cntl-l-merge·⟩⟩):

C[in, g1::1, ℓg1:];D[ℓg1:, g1::2, out]

C[in, g2::1, ℓg2:];E[ℓg2:, g2::2, out]

So, in both cases, the choice is incorporated in C in some sense. Now we can
clearly identify a bijective mapping between the labels on each side:

{in 7→ in, g:21 7→ g1:, g:22 7→ g2:, g:21 7→ g1:, g:22 7→ g2:, out 7→ out}

4.2 Proving Collapses

The collapsing laws (excluding miracle) are:

C + C = C ⟨⟨·ndc-idem·⟩⟩

C ;; skip = C ⟨⟨·seq-r-unit·⟩⟩
skip ;; C = C ⟨⟨·seq-l-unit·⟩⟩
C ∥skip = C ⟨⟨·par-unit·⟩⟩

skip+ C ;; C∗ = C∗ ⟨⟨·iter-fold·⟩⟩

We will start with the idempotency of non-determinism ⟨⟨·ndc-idem·⟩⟩. Again
we expand both sides. For the righthand side we simply show it with the identity
substitution, to make comparison easier.

LHS C + C

= “defn +, re-arrange”

A(in|ii|ℓg1) ∨ C[ℓg1, g1:, out] ∨
A(in|ii|ℓg2) ∨ C[ℓg2, g2:, out]

=w “⟨⟨·cntl-l-merge·⟩⟩, twice”

C[in, g1:, out] ∨ C[in, g2:, out]

RHS C

= “id. substitution”

C[in, g, out]
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We have the following flows. First the lefthand side:

C[in, g1:, out]

C[in, g2:, out]

Next, the righthand side:

C[in, g, out]

We have the same two labels on all instances, but three different generators.
However, these generators have the same pattern of use inside C, so the internal
flows will be the same, once we ignore precise label values. Here there is no
label bijection as g in the RHS is associated with both g1: and g2: in the LHS.
What we can do here is use the idea of a bijection between label-sets (here
{g} ↔ {g1:, g2:}). Most of the other collapse laws are very similar.

However, it is worth looking at the iteration fold law. Upto this point we have
kept quiet about iteration, limiting ourselves to constructs where the process of
expanding

∨
i∈N Ci has been shown to terminate for some value i > 1. Iteration

by its very nature is designed to admit an unbounded degree of unrolling. This
naturally raises the question of what happens when we try to expand it.

Law skip+ C ;; C∗ = C∗ ⟨⟨·iter-fold·⟩⟩.
We will start with the righthand side (we will need it for the lefthand side in

any case).

C∗

= “Defn C∗”

A(in|ii|ℓg) ∨A(ℓg|ii|ℓg:) ∨A(ℓg|ii|out) ∨ C[ℓg:, g::, ℓg]

= “∨-idem, rearrange”

A(in|ii|ℓg) ∨A(ℓg|ii|out) ∨
A(in|ii|ℓg) ∨A(ℓg|ii|ℓg:) ∨ C[ℓg:, g::, ℓg]

Here we use the ∨-idem law to justify making copies of an action. We stop at
this point because, while we have one complete flow from in to out, we also have
part of a flow that goes from ℓg to ℓg via C. This is by design as this is a looping
construct. When label ℓg ∈ ls, there is a choice between exiting, or executing
the loop body C. We can summarise all the possible flows as:

A(in|ii|ℓg); ( A(ℓg|ii|ℓg:);C[ℓg:, g::, ℓg] )
i
;A(ℓg|ii|out), i ∈ N

Applying ⟨⟨·cntl-l-merge·⟩⟩to the above results in:

A(in|ii|ℓg); (C[ℓg, g::, ℓg])
i
;A(ℓg|ii|out), i ∈ N

It might appear that C[ℓg, g::, ℓg] might violate some invariants, particularly if
C is atomic, so we have A(ℓg|a|ℓg). This is not the case—the invariants don’t
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force the contents of ls to change, they just require that certain labels cannot
be present in ls at the same time.

Finally, if we assume inductively that any expansion of C has a finite number
of actions, then we can say the same for iteration (even if C itself contains an
iteration).

We now turn to the lefthand side:

skip+ C ;; C∗

= “Defn +”

A(in|ii|ℓg1) ∨ skip[ℓg1, g1:, out] ∨
A(in|ii|ℓg2) ∨ (C ;; C∗)[ℓg2, g2:, out]

= “Defn skip and ;;”

A(in|ii|ℓg1) ∨A(in|ii|out)[ℓg1, g1:, out] ∨
A(in|ii|ℓg2) ∨
(C[in, g:1, ℓg] ∨ C∗[ℓg, g:2, out])[ℓg2, g2:, out]

= “substitution”

A(in|ii|ℓg1) ∨A(ℓg1|ii|out) ∨
A(in|ii|ℓg2) ∨
C[ℓg2, g2::1, ℓg2:] ∨ C∗[ℓg2:, g2::2, out]

= “Defn. C∗”

A(in|ii|ℓg1) ∨A(ℓg1|ii|out) ∨
A(in|ii|ℓg2) ∨
C[ℓg2, g2::1, ℓg2:] ∨
(A(in|ii|ℓg) ∨A(ℓg|ii|ℓg:) ∨A(ℓg|ii|out) ∨ C[ℓg:, g::, ℓg])[ℓg2:, g2::2, out]

= “substitution”

A(in|ii|ℓg1) ∨A(ℓg1|ii|out) ∨
A(in|ii|ℓg2) ∨
C[ℓg2, g2::1, ℓg2:] ∨
A(ℓg2:|ii|ℓg2::2) ∨A(ℓg2::2|ii|ℓg2::2:) ∨A(ℓg2::2|ii|out) ∨ C[ℓg2::2:, g2::2::, ℓg2::2]

A key feature to note here are two components that are self-loops. One is a
control action (A(ℓg2::2|ii|ℓg2::2:)), while the other involves an instance of C. The
first is functionally the same as II, and so is actually harmless as we can always
merge it with an action that makes progress. The second (C[ℓg2::2:, g2::2::, ℓg2::2])
is the occurrence of C∗ on the lefthand side reduced to a self-loop. We can now
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identify the following complete flows

A(in|ii|ℓg1);A(ℓg1|ii|out)
A(in|ii|ℓg2);C[ℓg2, g2::1, ℓg2:];A(ℓg2:|ii|ℓg2::2);A(ℓg2::2|ii|out)
A(in|ii|ℓg2);C[ℓg2, g2::1, ℓg2:];A(ℓg2:|ii|ℓg2::2);A(ℓg2::2|ii|ℓg2::2:);A(ℓg2::2|ii|out)
A(in|ii|ℓg2);C[ℓg2, g2::1, ℓg2:];A(ℓg2:|ii|ℓg2::2);C[ℓg2::2:, g2::2::, ℓg2::2];A(ℓg2::2|ii|out)
A(in|ii|ℓg2);C[ℓg2, g2::1, ℓg2:];A(ℓg2:|ii|ℓg2::2); (C[ℓg2::2:, g2::2::, ℓg2::2])

i
;A(ℓg2::2|ii|out)

Simplify these by applying control merge liberally:

A(in|ii|out)
C[in, g2::1, out]

C[in, g2::1, ℓg2::2];C[ℓg2::2:, g2::2::, out];

C[in, g2::1, ℓg2::2];C[ℓg2::2:, g2::2::, ℓg2::2];C[ℓg2::2:, g2::2::, out];

C[in, g2::1, ℓg2::2];C[ℓg2::2:, g2::2::, ℓg2::2];C[ℓg2::2:, g2::2::, ℓg2::2];C[ℓg2::2:, g2::2::, out];

C[in, g2::1, ℓg2::2]; (C[ℓg2::2:, g2::2::, ℓg2::2])
i
;A(ℓg2::2|ii|out), i ∈ 4 . . .

Applying control merge to the righthand side results in:

A(in|ii|out)
C[in, g::, out]

C[in, g::, ℓg];C[ℓg, g::, out]

C[in, g::, ℓg];C[ℓg, g::, ℓg];C[ℓg, g::, out];

A(in|ii|ℓg); (C[ℓg, g::, ℓg])
i
;A(ℓg|ii|out) i ∈ 4 . . .

Here we have the following bijection:

{in 7→ in , ℓg 7→ ℓg2::2: , out 7→ out}

4.3 Laws involving miracle

The miracle laws are:

C +miracle = C ⟨⟨·ndc-unit·⟩⟩
C ;;miracle = miracle ⟨⟨·seq-r-zero·⟩⟩

miracle ;; C = miracle ⟨⟨·seq-l-zero·⟩⟩

C ∥miracle = miracle ⟨⟨·par-zero·⟩⟩

The real issue here is how to define miracle. The obvious thing to try is
that it is simply W(false), but this simplifies to DL ∧ LE ∧ II We also note
that A(in|false|out) = false, and W(false) = W(II). The issue here is very
reminiscent of the end of Chapter 2 of the UTP Book [17, pp55-62], where a
semantics for a simple imperative language has been described. However, the
loop semantics is problematic, particularly w.r.t the semantics of an infinite
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loop. The issue is resolved in Chapter 3 with the concept of Designs, and in
particular the new special stability observables ok and ok′. It turns out that the
solution is to adopt designs at the atomic action level. We need to add ok,ok′
as observables and to define the actions as designs:

A(E|a,B|N)=̂E ∈ ls ∧ a ⊢ B ∧ ls′ = (ls\E) ∪N

We then define miracle as:

miracle=̂A(in|true, false|out)

A simple calculation reduces this to:

miracle = in ∈ ls =⇒ ¬ok

A sketch of the proof methodology follows, using the ⟨⟨·ndc-unit·⟩⟩ law as an ex-
ample:

C +miracle = C

We expand the LHS:

LHS C +miracle

= “Defn. of +”

A(in|ii|ℓg1) ∨ C[ℓg1, g1:, out] ∨
A(in|ii|ℓg2) ∨miracle[ℓg2, g2:, out]

= “expand miracle”

A(in|ii|ℓg1) ∨ C[ℓg1, g1:, out] ∨
A(in|ii|ℓg2) ∨ (in ∈ ls =⇒ ¬ok)[ℓg2, g2:, out]

= “substitution”

A(in|ii|ℓg1) ∨ C[ℓg1, g1:, out] ∨
A(in|ii|ℓg2) ∨ (ℓg2 ∈ ls =⇒ ¬ok)

The flows we get are:

C[in, g1:, out] ∨ (in ∈ ls =⇒ ¬ok)

We can easily show that for any label ℓ:

(ℓ ∈ ls ∧ P ⊢ Q) ∨ (ℓ ∈ ls =⇒ ¬ok) = (ℓ ∈ ls ∧ P ⊢ Q)

This means that the miracle term here is absorbed by the actions in C enabled
by in.
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4.4 Laws involving Refinement

The refinement laws are:

C +D ;; E ≤ E =⇒ D∗ ;; C ≤ E ⟨⟨·refine1·⟩⟩

(C ∥D) ;; (E ∥F ) ≤ (C ;; E)∥(D ;; F ) ⟨⟨·exchange·⟩⟩

The interpretation of lhs ≤ rhs is that it is true if every behaviour in the lhs is
also a behaviour in the rhs. For us, each behaviour is a flow, partial or complete,
which is defined using disjunctions. We expect that the standard definition of
refinement in UTP will work here, so that lhs ≤ rhs simply becomes lhs ⊒ rhs.
We leave the verification of these two laws to future work.

5 Related Work

Key work was done on concurrent semantics in the 80s and 90s, with a strong
focus on fully abstract denotational semantics. Notable work form this period
includes that by Stephen Brookes [3] and Frank de Boer and colleagues [2]. Both
looked at denotations based on the notion of sets of transition traces, these
being sequences of pairs of before-after states. In order to get compositional-
ity the traces of any program fragment had to have arbitrary “stuttering” and
“mumbling” state-pairs added to capture the notion of outside interference. Full
abstraction meant that the semantics had to identify programs like skip ;; skip
with skip, while distinguishing between x := 2 and x := 1 ;; x := x+ 1.

The first UTP theory in this area was presented in the UTPP paper by
Woodcock and Hughes [30]. This combined guarded commands [13] with the
idea of action systems [1], interpreted in UTP as non-deterministic choice over
guarded atomic actions, where disabled actions behave like the unit for that
choice. This basic lattice-theoretic architecture for the UTPP semantics forms
the foundation and inspiration for the UTCP semantics presented here.

More recently, also inspired by [14], the “UTP Views” paper by van Staden
[27], starts algebraically, looking at Kleene algebras over languages. Languages
here are sets of strings over an alphabet A. He then takes A = Σ × Σ, which
in effect encodes the Brookes model [3]. His semantics fits with the usual UTP
approach to concurrency, in that it is based on traces as sequences of some notion
of event.

There is however a semantics for shared-variable concurrency that is close
in form to the one developed in this chapter. This is the “actions with axioms”
approach of Lamport [24]. In this, the semantics of each language construct is
given by a set of axioms, that are temporal logic predicates over both program
variables, and additional “auxiliary” variables that manage flow of control. The
meaning of a composite is given by taking the axioms that describe each of
its components, and combining them with appropriate renamings. This requires
being able to identify specific sub-components of any given component, and a
syntactical method for doing this is described.

The recent work on Reactive Designs/Systems in UTP, by Foster and col-
leagues [15] is highly relevant to our work with UTCP. Here the observations ok
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and wait are used to identify three phases of the operation of a reactive process:
pre-, peri-, and post-condition. A pericondition is what must be true when a
process is waiting for external events. Such a reactive design [P1 ⊢ P2|P3] is a
useful notation for the underlying definition R(ok ∧ P1 =⇒ (P2 �wait′� P3)).
In addition there is a notion of abstract traces, and one possible use for these is
to model global mutable state changes. Our work in UTCP is a converse view
in a number of senses. We don’t need the wait observable because for atomic
action A(E|a|N) the normal state is waiting (waitE = E ̸⊆ ls) for something
else to populate ls with E. In effect there is a wait predicate tailored for every
atomic action. In addition, we have explicit global mutual state, but this could
be used to model traces as histories that are only extended.

6 Conclusions

We have presented an argument that that supports our thesis that Unifying
Theories of Concurrent Programming (UTCP) describes a language that satisfied
the laws of Concurrent Kleene Algebra. Parts of the argument are supported by
formal proof segments, while other parts are based on careful reasoned arguments
and references to hopefully intuitive ideas.

6.1 Future Work

The first key issue for future work is to complete relevant proof methodologies
for both miracle and refinement.

We also need to make use of the proof calculator tool support we developed
[5] to check our calculations here, and we should note that proving key properties
of refinement may also benefit from such support.

The original motivation for UTCP was to follow the lead of the Views paper,
and to build methods from that paper, such as Rely-Guarantee [22] on top. How-
ever, it now makes more sense to layer Designs, and Reactive systems, including
Circus on top. One of our longer-term goals is based on being able to give formal
semantics to the whole chain of languages we used when using Promela/SPIN
to do test generation for the real-time operating system RTEMS [10]. There we
identified already existing UTP results we could use with UTCP, such as Sheng’s
semantics for MDESL [26], or the paper with Woodcock, Foster and myself on
Heterogenous Theories [29].
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