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Summary

This thesis is a theoretical study of the electronic and lattice structure of
the inverse spinel magnetite (Fe3O4) and the half-doped bilayered mangan-
ite system LaSroMnyO7. DBoth systems are strongly correlated transition
metal oxides exhibiting a rich variety of physical behaviours, due to the
complex interactions of charge, spin, orbital and lattice degrees of freedom.
A hybrid density functional approach is adopted in order to circumvent the
well-known difficulties of traditional density function theory and Hartree-
Fock theory in accurately describing the electronic structure of such strongly
correlated transition metal oxides.

The first aim of this thesis is to investigate the Verwey structural and
metal-insulator phase transition in magnetite. Partial charge ordering (CO)
was found to exist on the octahedral Feg sublattice in the low temperature
monoclinic structure. The charge ordering arrangement does not conform to
the well-known Anderson criterion for ferrites. We find that this CO is ac-
companied by an associated orbital ordering on Fep sites. We also find that
charge populations on the tetrahedral Fey4 sites are closer to 2+ than the 34
state which emerges from a simple ionic picture. Crystal structure optimi-
sations have been carried out on the low-temperature structure using 30%
and 50% Hartree-Fock exchange mixing in the hybrid density functional.
These calculations show that the electron-lattice interaction plays a key role
in opening the band gap at the Verwey transition. The high-temperature
cubic Fd3m cell is also studied. Charge and orbital order are found to be
energetically favourable in an insulating solution at 30% Hartree-Fock ex-
change mixing. A symmetry-breaking structure optimisation to a P1 space
group demonstrates the correlation of lattice distortion with orbital order-
ing. A group theoretic symmetry analysis is performed in order to identify

the cell distortion modes which feature in this displacive phase transition.

It is shown that the Verwey transition results from the cooperative effects of




strong electron repulsion and strong electron coupling to the lattice, leading
to polaronic behaviour, and that both factors must be adequately accounted
for in any theoretical consideration of magnetite physics.

The thesis then investigates the half-doped bilayer manganite LaSroMnyO7,
which is of interest due to its colossal magnetoresistance and structural sim-
ilarity to the high-temperature superconducting cuprates. The exact anti-
ferromagnetic ground state is established, and evidence is found of extreme
two-dimensional characteristics, including a suppressed but finite density
of states at the Fermi energy. This feature remains robust even for cal-
culations with up to 60% Hartree-Fock exchange mixing, and for ab-initio
optimisation of the lattice geometry. This is consistent with photoemission
experiments which point towards the existence of a ‘pseudogap’ phase in

this family of manganite compounds.

il
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Chapter 1

Introduction

The band theory of solids has been very successful in describing the elec-
tronic structure of many materials. Central to this philosophy is the notion
that an uneven number of electrons in the unit cell results in metallic be-
haviour, arising from a partially filled band crossing the Fermi level. Very
early on, however, it was pointed out by de Boer and Verwey that a variety
of transition metal oxides that were predicted to be conductors by band
theory were in fact insulators [1]. Mott and Peierls ascribed this anomaly to
the role of strong electrostatic repulsion in these systems, favouring electron
localisation around particular sites. This electron localisation often occurs
due to repulsion between electrons in d- and f-orbitals.

The prototypical example of this breakdown of the single particle picture
is nickel oxide. In 1949, Mott proposed a model for NiO as an insulator,
where the energy gap which prevents conduction can be understood as aris-
ing from the competition between the Coulomb potential U between 3d
electrons, and the transfer integral ¢ of 3d electrons between neighbouring
atoms. The total energy gap is given by A = U — 2zt, where z is the number
of nearest neighbour atoms. One of the simplest representations of the es-

sential physics of such ‘Mott’ insulators is the well-known Hubbard model,



given by
H=- Z t.ijc;facj'g ol UZ”iTni l (1.1)

<i,j>,0 i
The first term is a kinetic energy term representing the hopping of electrons
from site i to site j. The second is the on-site Coulomb repulsion term,
where n;, = czgcw is the number operator.

A further difficulty in obtaining a good theoretical description of many
strongly correlated transition metal oxides is the competing energy scales
present, beyond simply the strong Mott-Hubbard interaction U. The charge-
transfer interaction U,q, which is the energy cost for the transfer of an oxygen
p electron to the neighbouring transition metal ion, can be sufficient to open
a gap. Such systems are dubbed charge-transfer insulators in the classifica-
tion scheme of Zaanen, Sawatsky and Allen'. In fact, photoemission studies
point to NiO gap being of p-d character [3], thus making it a charge-transfer
insulator in this scheme. Strong electronic coupling to lattice degrees of
freedom can result in polaronic behaviour [4], a situation which will be ex-
amined further in this thesis when we investigate the Verwey transition in
magnetite. The Hund’s rule exchange interaction energy U,, = 2Jp, defined
as the energy needed to flip a d electron spin, may also play a key role in the
conduction mechanism - such a term is central in mediating ferromagnetism
in the double exchange model [5], which provides a first approximation to
the physics of manganites like the half-doped bilayer LaSroMnyO7 under
study in this work.

As is well-known, the electronic structure of many strongly correlated
transition metal oxides is inadequately described by traditional mean field

ab-initio approaches such as Hartree-Fock (HF) and Density Functional The-

!The term ’Mott insulator’ in this scheme is reserved for systems with a gap due to
d-d electron correlation specifically. In the common lexicon, however, the term is used to
describe any system which is predicted by band theory to be metallic but is insulating
due to strong electron correlation, irrespective of the actual character of the band gap [2].

In this thesis, we will use the term 'Mott insulator’ in this sense.




ory (DFT), as outlined in Chapter 2. The use of hybrid density functionals
offers the prospect of a computationally cost effective means to improve the
respective deficiencies present in HF and DFT, without recourse to many-
body perturbative approaches, where the calculation of the electronic struc-
ture and lattice geometry optimisation is computationally prohibitive in all
but the simplest unit cells.

In this thesis, we investigate two strongly correlated transition metal ox-
ides exhibiting extremely rich physics due to the strong coupling of charge,
spin, orbital and lattice degrees of freedom. The first is the well-known
inverse spinel system magnetite, Fe3O4, which undergoes a metal-insulator
and concurrent symmetry lowering structural phase transition at 7" ~ 125K
from a cubic to monoclinic unit cell. This is known as the Verwey transi-
tion, and controversy has surrounded its exact mechanism since its discovery
over 60 years ago [6]. Fe3O4 remains a hot topic of experimental and the-
oretical research with major questions outstanding, including the nature
of charge/orbital ordering (7],(8], the low-temperature structural distortion
[9], [10], [11] and the relative roles of electron-electron correlation [12] and
electron-lattice coupling [13] in the Verwey transition mechanism. This work
seeks to clarify these issues using a hybrid density functional approach.

The behaviour of Mott insulators when doped [2] can also present ma-
jor theoretical and experimental challenges - perhaps none more spectacular
than the high-temperature superconductivity seen in cuprates [14]. The
combination of strong correlation and low-dimensionality in the high-T.
cuprates leads to novel forms of emergent order [15] across the phase dia-
gram, including dynamic inhomogeneity [16] and the mysterious ‘pseudogap’
phase [17]. The colossal magnetoresistive manganites are another class of
doped Mott insulator which possess a rich variety of orders as temperature
and doping fraction are varied. Much research has been carried out into

the physics of cubic manganites [18]; however the bilayer manganite series




Lag_2;Sr142,MnsO7 has remained less explored until recent years. This up-
surge of interest has arisen due to the effective low-dimensionality of these
bilayer compounds and their structural similarity to the superconducting
cuprates, as well as their colossal magnetoresistive effect. We therefore fo-
cus on the bilayer manganite LaSroMnsO7. The electronic structure and
lattice geometry are investigated using hybrid DFT, and we find evidence of
a pseudogap-like density of states brought about by reduced dimensionality
in the 2d MnOg layers which are stacked perpendicular to the z-axis.

This thesis is organised as follows. In Chapter 2, an overview is given of
the quantum many-body problem, and two widely adopted approximations,
density funcional theory and Hartree-Fock theory, are outlined. Hybrid
density functional theory is then introduced. The optimisation of crystal
structures plays a crucial role in this work and the background and method-
ology of this tool is described. Chapter 3 gives an overview of the physics of
magnetite and its famous Verwey transition, and plots a course through the
enormous body of experimental and theoretical literature which has built up
throughout almost 70 years of magnetite research. This provides a context
for our subsequent extensive study of the electronic structure and lattice
dynamics of the low-temperature monoclinic cell and high-temperature cu-
bic cell of magnetite respectively. Band structures, density of states, charge
and spin populations, charge density difference maps and optimised atomic
coordinates are obtained for a range of values of Hartree-Fock exchange mix-
ing and initial charge configurations. Finally, in Chapter 4, the electronic
structure, crystal structure and magnetic ground state of LaSroMnoO7 is

subject to investigation using our hybrid density functional approach.



Chapter 2

Quantum Many-Body
Theory

2.1 Introduction

In this work, we consider a system of N non-relativistic electrons. The
equation of motion for an individual electron in the system is the single
particle Schroedinger equation, which we write in time-dependent form.

;.
<zfﬁ i H,)) =0 (2.1)

Here Hy denotes the free particle Hamiltonian and H; accounts for inter-
actions, whose form we have not yet specified. The states of the electron
form a Hilbert space H: the space of square integrable functions on R3. We
can move to a many-particle picture by forming n-particle Hilbert spaces
H®™ under the operation of tensor product of single particle spaces. The
collection of multiparticle states for all N generates a Hilbert space F called
Fock space. We can define creation and annihilation operators! af,T and ag
on this space. Their action is to map between n-particle Hilbert spaces of

different particle numbers in F. This allows us to define Schroedinger field

1 . . . . . .
obeying fermionic anti-commutation relations




operators 9T = aiTqS* and 1 = af ¢, where ¢ can be a Bloch state in a crystal
or a localised Wannier-like orbital in the tight-binding limit, of spin o and
momentum k. Thus we may write down the two point correlation function

for a single particle in the N-electron system.
iG(z,y) = (N|IT{9" ()4 (y) }IN) (2.2)

| N)is the exact N-electron ground state and ¥ (z) is the field operator which
creates an electron at = (r,t), while ¥(y) annihilates an electron at a time

(y = (v/,t'). T is the time ordering operator:

O(t)O(ta), t1 >t
T(O()0)) = OO B>t (2.3)
O(t2)O(t1), t2 >t

1G(z,y) is in fact a Green’s function of equation 2.1. The physical inter-
pretation of the Green’s function is as a propagator, i.e. the probability
amplitude that, for ¢ > t, an electron added at r at time ¢ will propagate
to r’ at time ¢’ and that, for ¢ > t/, a hole added at r’ (electron removed)

will propagate to r.

Interactions

We now consider the exact form of interactions in the many-body system.
These interactions will modify the many-particle ground state |N) and the
form of the time-evolution operator U(t,t') in the interaction picture. We
consider a two-body Coulomb potential, written in field operator notation

as
V=%/fMWWmme@—mwﬂwn (2.4)

This situation is well-described by Landau’s Fermi Liquid theory, a phe-
nomenological theory which can describe homogenous N-electron systems.
The basic assumption of Landau theory is that the spectrum of the non-

interacting Fermi gas may be deformed to the spectrum of an interacting



Fermi liquid by adiabatically switching on a weak interaction. Thus the ex-
citations of the Fermi gas, electrons and holes, can be continuously deformed
into so-called quasiparticles and quasiholes respectively. These quasiexcita-
tions will have renormalised properties owing to the presence of interactions,
such as an effective mass m* which differs from the “bare” electron mass m
by an amount proportional to the strength of the interaction. A physically
intuitive way to think of this is of an individual electron being screened by a
polarisation cloud as it repels neighbouring electrons. The incorporation of
interactions introduces the energy-dependent self energy term ¥ (k, w) which
“dresses” the free particle propagator Gy and contains all possible exchange-
correlation interactions felt by the single electron. In an energy-momentum

representation, the self-energy can be written
T(k,w) = ¥'(k,w) +iZ"(k,w) (2.5)

Its real and imaginary parts contain all the information on energy renor-
malisation and quasiparticle lifetime, respectively, of an electron with band
energy €, and wavevector k. The Green’s function expressed in terms of the
electron self-energy is given by

1
w— e — 2(k,w)

(2.6)

A related quantity is the one-particle spectral function A(k,w) = A" (k,w)+
A~ (k,w). The two terms in the sum are the one-electron addition and
removal spectra, which can be probed directly by inverse and direct pho-
toemission spectroscopy respectively. The one-particle spectral function is

related to the Green’s function as follows:
1
Alk,w) = —=ImG(k,w) (2.7)
T

One such experimental technique, angle-resolved photoemission spectroscopy

(ARPES), has emerged as a key technique for the study of 2-dimensional



doped Mott insulators [19] such as the bilayered colossal magnetoresistive

manganites investigated in this thesis.

In general, the exact computation of the self-energy ¥ (k,w) and the
related one-particle spectral function is a formidable task, involving sum-
mation of an infinite series which includes products of Green’s functions
and self-energy insertions. This situation is represented diagrammatically
in Figure 2.1. A useful first order approximation to the full self-energy is the
Hartree-Fock self-energy. Hartree-Fock (HF) theory results from an expan-
sion of the self-energy in terms of the bare Coulomb interaction V.(r —r’).
Thus higher order self-energy terms, corresponding for example to exci-
tation of the electron hole pairs responsible for charge screening, are not
taken into account at Hartree-Fock level. The HF self-energy will be purely
real, since electrons in this single-particle theory do not feel the presence of
other individual electrons?, resulting in an infinite lifetime for Hartree-Fock
‘quasiparticles’. In the next section, we will give a brief overview of how

Hartree-Fock theory can be implemented numerically.

2.2 Hartree-Fock Theory

We consider the non-interacting N-electron problem. The equation of mo-
tion is

(T + Vewr)¥ = BV (2.8)
Here the Hamiltonian ﬁo = (f 4 V;zt) accounts for one-particle kinetic
energy and electron-nuclear potential energy Vi.zt but does not account for

electrons interacting with each other. The inter-electron interaction term

s  1ss 1
Vee = = _— 2.9
=52 T (29)
i#]
introduces difficulties in that it couples the N one-electron orbitals ¢; into

an N-electron wavefunction which is a function of 3V spatial coordinates

2Rather they move in an average so-called Hartree potential Vi
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Figure 2.1: Diagrammatic representation of the interacting-particle propa-
gator G (double line) in terms of the free-particle propagator Gy (single line)
and full electron self-energy ¥ (hatched circle), i.e. the series of one particle
irreducible diagrams. Such diagrams cannot be split in two by removing a

single line.

r; and N spin coordinates ;. The N-clectron wavefunction in the position

basis can be obtained from the N-electron Fock space state vector by
(B1, 4 ;&n|NY= Ulpy, -, BN) (2.10)
This is normalised to one as shown:

/d:c]---/dmNI\I/(:ﬂl,-'- zn)2 =1 (2.11)

Here we write 2; = (r;,0;). Without this Coulomb interaction, the N-
clectron wavefunction can be written as an antisymmetrized® Slater deter-

minant of one-clectron orbitals.

$1(r1)  ¢2(r1) -+ on(r1)
¢1(r2)  Pa(ra) én(r2)

|o) ¢1(r3)  ¢a(r3) ¢n(r3) (2.12)
¢1(rn)  ¢2(rn) N (rn)

3due to the Pauli exclusion principle for fermions




A set of one-particle Hartree-Fock eigenvalue equations can be obtained.
(Ho + Vi) + / Ve,i(r, ') (r')dr’ = E¢yi(r) (2.13)

Here the full Coulomb repulsion term \/}ee is replaced by a mean-field Hartree
potential Vz and corresponding exchange term V., to account for the Pauli

exclusion principle for fermions. These terms are written explicitly as

occ

n(r') .,
Vi)=Y [ Ldr (2.14)
#i/ ]

‘/ear,i(r; I'/) = — Z ¢]—|(:)_;b]1:f—|r—)' (215)
i

Here n(r) is the electron density, which is given by

N
n(r) =Y |¢i(r)]? (2.16)
1=1

This allows a self-consistent procedure to be numerically implemented: a
trial guess is made of the non-interacting electron wavefunction ¥, which
can be decomposed into the sum of N one-electron orbitals. The one-electron
Hartree-Fock equations are then solved. A new density is obtained from the
new trial wavefunction, obtained by varying the linear expansion coefficients
of the trial wavefunction. This process is repeated until the desired degree

of convergence has been obtained.

2.3 Density Functional Theory

An alternative approach to the quantum many-body problem is afforded by
the density functional theory. The central premise is that the interacting
N-electron problem with electron density n(r) can be mapped to a non-
interacting problem with the same density n(r). This fictitious system of

non-interacting electrons is known as the Kohn-Sham system. Then the
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one-electron Kohn-Sham orbitals ¢; may be described by the Kohn-Sham
equations,

(~5 V2 + u()}i0) = agilr) (217)
with density given by equation 2.16. Here the subscript s denotes single-
electron equations. The key shift in this viewpoint is the central point
occupied by the density n(r). This arises from the Hohenberg-Kohn The-
orems [20]. The first of these demonstrates the existence of a one-to-one
mapping between the ground state electron density and the ground state
wavefunction of a many-particle system. The second HK theorem proves
that the ground state density minimizes the total electronic energy of the
system.

Now the ground state functional of an interacting system of density n(r)

can be written as a sum of terms
F[n] = Ts[n] + U[n] + Egc[n] (2.18)

Here Ts[n| is the non-interacting kinetic energy functional, while U[n] rep-
resents the Hartree-Fock energy, an exact form for which is known. The
final term is the exchange-correlation functional E,.[n], accounting for all
other electronic interaction energy beyond Hartree-Fock level. The second
Hohenberg-Kohn theorem states that this functional is universal for density
n(r). However, an exact form for E,..[n] is in general unknown for a given
system. Thus, an approximation for the exchange-correlation energy must
be found.

The total energy for a given external potential ve,¢(r) is then given by

the minimum of
E[n] = min(F[n] + /dsr Vezt (r) n(r)) (2.19)
n

This is equivalent to functional minimisation by means of the Euler-Lagrange

equation

%(F;) + Vegt(r) = p (2.20)
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where p = OF/ON is the chemical potential, and is a constant for constant
particle number N = [ d® rn(r).

The Kohn-Sham potential vs(r) for the non-interacting system is then
Vs(r) = Vegt (r) + v F(r) + vge(r) (2:21%

with vge(r) = 0Egc[n(r)]/én(r). Thus we know the unique Kohn-Sham
potential felt by non-interacting electrons of the same density, given some
approximation for v,.. In fact, the exchange-correlation potential vz, may
be thought of roughly as a kind of DFT analogue to the electron self-energy
Y, albeit local and energy-independent, unlike the full non-local, energy-
dependent electron self-energy X(k,w).

The first and most commonly used approximation for v,. has been the
local density approximation (LDA). This essentially assumes a uniform dis-
tribution of electronic density. It has a relatively straight-forward extension
to spin-polarised systems by considering densities n,(r) for electrons of spin
o. This is known as the local spin density approximation (LSDA).

Corrections to the local density approximation itself are mainly classified
under the heading of gradient expansions. The idea is that, in order to take
into account the charge inhomogeneity in the charge density of real systems,

an expansion of a functional in gradients should increase accuracy:
AGPAp) = / & (a(n() +bnE)Va+-)  (2.22)

The most well-known such method is the generalised gradient approximation
(GGA) for the exchange-correlation functional. Semi-empirical approaches
and fitting to small molecules have yielded popular GGA functionals such
as the Becke exchange functional [21] and the Lee-Yang-Parr correlation
functional [22].

However, if the Kohn-Sham equations for an insulator are solved using

the LDA or GGA approximations for v, the resulting Kohn-Sham band gap
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Ang is found to be too small by typically 40-50% in comparison with ex-
periment [3]. This has particular ramifications for some strongly-correlated
“Mott” insulators, such as the late transition metal monoxides, which are
predicted to be metallic with DFT-LDA/GGA. These systems usually con-
tain transition metal or with partially filled d shells. When applying a
one-electron method with an orbital-independent potential like the LDA,
one obtains a partially filled d band with metallic-type electronic structure
and itinerant d electrons, often in total disagreement with the experimen-
tally determined Mott insulating state due to localisation of d-electrons. A
similar situation can arise with partially filled f-electron shells in rare-earth
metal oxides.

Several attempts have been made to circumvent this difficulty. Self-
interaction correction (SIC) methods try to account for the unphysical self-
interaction of the electron which is known to occur in the LDA [23]. In
exact DFT, only the highest occupied state is free from self-interaction, but
LDA has general self-interaction for all states. This self-interaction is most
significant for localised states; hence SIC reproduces quite well the localised
nature of d or f states in transition metal and rare-earth compounds. How-
ever, SIC one-electron energies are frequently in strong disagreement with
spectroscopic data.

Another popular approach to improve electronic structure calculations
of transition metal oxides is the LSDA + U method [24]. Here the absence
of LSDA orbital dependence is compensated by the addition of a so-called
Hubbard U term, set to act only on localised d electrons. This splits the
partially filled d band into lower and upper Hubbard bands and thus allows
a band gap to be obtained. In practice, the separation of the electron states
into two subsystems is carried out by choosing an orbital basis set for the
partially filled d shell with density matrix pg, which takes into account the

exchange and Coulomb interactions for localised d-electrons. Thus the LSDA
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+ U functional will be of the general form
ELSD/H_U[na,pU] _ ELSDA[ncr] o EU[IDZ] . Edc[PU] (223)

The final energy functional corrects for double counting of d-orbital exchange-
correlation energy. In the absence of a specific d-orbital basis set, equation
(2.23) should reduce to the normal LSDA. The parameters U and J must be
chosen for the d-orbitals, thus adding an empirical element to the method.
Recent work has focussed on calculating the Hubbard U term from first
principles using some perturbative, frequency dependent method such as the
random phase approximation [25], as used in the calculation of the screened
interaction W in the GW approximation. Overall, LSDA + U has been
quite successful in reproducing experimental results on strongly correlated
transition metal oxides, though band structures can be unsatisfactory, while
partially filled d bands in metallic transition metals will also be split, result-
ing in an unphysical insulating state for these systems.

The Hartree-Fock approach, which we previously discussed, is inherently
self-interaction free, containing an explicit exchange term which cancels the
self-interaction. Thus, unrestricted Hartree-Fock methods have been used
for strongly correlated magnetic transition metal oxides and have success-
fully reproduced both the correct magnetic ordering and insulating ground
state of various Mott insulators where DFT has failed e.g. in LayCuQOy,
the prototypical parent compound of the high-temperature superconducting
cuprate series Las_,Sr,CuQOy4 [26]. However, problems arise with using the
bare Coulomb potential V' featured in the non-local Hartree-Fock electron
self-energy. In real systems, the bare Coulomb interaction felt by an elec-
tron would be screened by the overall charge density. Hartree-Fock theory’s
neglect of screening results in a pronounced ionic character and band gaps
which are grossly overestimated, often a factor of 2-3 larger than experimen-
tal values [27]. The ionic bonding character also leads to underestimation of

magnetic coupling constants [28]. This may be understood by appealing to
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the Hubbard model for Mott insulating systems. The kinetic exchange mech-
anism in the Hubbard model gives magnetic coupling constant J = t2/U,
where t and U are the transfer integral and on-site Coulomb interaction. U

will be large in the unscreened HF theory, leading to a small J.

The GW Method

The GW method [3] overcomes these problems by considering higher-order
Feynman diagrams which account for screening of the bare Hartree-Fock
exchange V,, resulting in the screened interaction W = e =1V, first considered
by Hubbard. This screening occurs through the excitation of electron-hole
pairs, which are non-interacting in the random phase approximation (RPA).
The resulting electron self-energy ¥(k,w) in the GW approximation depends
on both the frequency and wavevector of the electron, unlike in Hartree-Fock.
This is written

Y(z1,t1, e, t2) = iG(x1, t1, T2, ta) W (a1, t1, T2, t2) (2.24)

The frequency dependence of the screened interaction W is encoded in
the inverse dielectric matrix e ~!(k,w). This response function must be first
calculated using DFT or HF eigenfunctions, and the frequency dependence
then must be tackled numerically, typically by means of computationally
costly plasmon-pole or real space/imaginary time approaches. Herein lies
the considerable computational overhead associated with the GW method.
To date, there have been few GW studies on solids with structures more
complex than simple transition metal monoxides and other diatomic com-
pounds. These studies have focussed mainly on excitation energies in the

form of quasiparticle band structures.

Hybrid Density Functionals

An accurate and cost effective compromise can be reached in the form of

hybrid density functionals. This involves dealing with the self-interaction
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problem in LSDA by mixing a Hartree-Fock exchange energy functional
into the total LSDA energy functional. This makes use of the exact cancel-
lation between Coulomb and exchange terms in Hartree-Fock theory and was
first proposed for small molecules by Becke, based on the adiabatic connec-
tion formula for the exchange-correlation energy of the Kohn-Sham density
[29]. Becke found that calculated ground state energies for a large range of
molecules were greatly improved compared to LDA alone. Hybrid function-
als were subsequently found to be significantly more reliable than the best
GGA functionals for computing atomisation enthalpies [30], geometries and
vibrational frequencies [31]. The most commonly used hybrid functional,
similar to Becke’s original scheme, is the B3LYP functional. This involves
three parameters A, B and C fitted to thermochemical data - where B is
the proportion of Becke’s original exchange functional [29], C'is the propor-
tion the GGA correlation functional given by Lee, Yang and Parr [22] and

A = 20% is the percentage of Hartree-Fock exchange mixing.

EBBLYP _ (1 o A)ESIater s AEHF . BEBeCA‘e e CELYP & (1 = Cv)EVNH'
xc = T T T c c

(2.25)

The remaining terms in the above expression are Ef[‘”c", the Dirac-Slater

EXNW, the local density approximation to the electron

local exchange, and
gas correlation functional, following the parameterisation of Vosko, Wilk
and Nusair [32].

Surprisingly, this B3LYP hybrid functional is able to reproduce the ther-
mochemistry of transitional metal-containing molecules, despite no transi-
tion metal compounds being used in the original data [33]. Despite its
success in chemical physics, periodic solid state calculations using B3LYP
have not appeared until relatively recently, due mainly to the difficulty in
treating exchange and Coulomb series to a sufficiently high level of accuracy.

Unlike LDA+U, which attempts to separate localised d-orbitals and applies

a Hubbard U and J term to these orbitals only, the HF exchange mixing
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is orbital independent in that it affects all Kohn-Sham orbitals in the DF'T
density functional. This B3LYP hybrid approach has yielded remarkably
good band gap values in a variety of solids and insulators [34], including the
Mott insulators MnO and NiO. Comparisons with comparable transitional
metal monoxide calculations using GW [35],[36] show that in many instances
the band gaps obtained with B3LYP [34] have errors of similar magnitude
to GW when compared to experimental gap values. This is obtained at a
fraction of the computational cost, and can be understood to arise from the
characteristic Mott insulator band gap errors from Hartree-Fock and DFT
cancelling each other out to some extent in B3LYP.

Thus, in GW, the bare Hartree-Fock interaction is dynamically screened
by a charge density response function, the frequency and wavevector de-
pendent inverse dielectric matrix e~ !(k,w), whereas in B3LYP, the bare
Hartree-Fock interaction is reduced in a uniform, non-frequency dependent
manner by mixing with the DFT energy functional. To date, there have
been very few systematic direct comparisons of B3LYP and GW, or in-
deed of B3LYP and LDA+U. A comparative study on weakly correlated
silicon [34] show good agreement between both methods and experiment.
A similar study of the prototypical strongly correlated insulator NiO in its
ferromagnetic phases show that the GW band structure based on B3LYP
wave functions is quite similar to the parent B3LYP band structure [37],[38].
There is a 0.2 €V broadening of the gap, from 4.1 eV to 4.3 eV, while there
are also relative shifts in the valence bands and a general upward shift in
conduction bands. This latter work also suggests that hybrid functionals
may be a better starting point for GW, since the calculation of the dielec-
tric matrix used to obtain the screened interaction W involves the relative
energies of valence and conduction bands obtained by a mean-field method
such as DFT or HF.

In addition to band gaps, the addition of HF exchange into hybrid func-
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tionals has successfully recovered the experimental ground state magnetic

order in a range of strongly correlated transition metal oxides. Studies have
been performed on the high T, parent Mott insulator CaCuOq [39], the
colossal magnetoresistive manganite parent Mott insulator LaMnOs [40], as
well as a range of similar systems [28]. As we previously discussed, Hartree-
Fock theory greatly underestimates magnetic coupling constants, while DE'T
overestimates. The above studies found that hybrid functionals with 35%
Hartree-Fock mixing, as opposed to B3LYP’s usual 20%, in fact produced
magnetic coupling constants in closest agreement with empirically deter-
mined values, while continuing to maintain good agreement for band gaps.

In this thesis, we adopt a hybrid density functional scheme similar to the
above, for a range of values of Hartree-Fock exchange. This is implemented
in the CRYSTAL code [41]. In order to obtain eigenstates of the system, it is
necessary to expand single electron wavefunctions over a set of pre-defined
basis functions. CRYSTAL uses a basis of Gaussian-type orbitals of the
general form

XGTF 0 dje—alr—Alz = dj(j_ari\ (226)

where d; is referred to as the contraction coefficient. Gaussian basis sets can
provide an accurate description of electronic distribution in both valence and
core states® and are generally relatively compact and computationally effi-
cient. The quality of basis sets is a very important factor in determining
whether self-consistent electronic structure calculations in CRYSTAL will
converge to a stable energy minimum. There are a number of approaches
available to optimise basis sets. We mention the inclusion of polarisation
functions as an example. These are functions of higher angular quantum
number than the highest occupied orbital of the system, which facilitate
polarisation effects in the charge density. The inclusion of more basis func-

tions can also aid convergence, though care must be taken to avoid linear

4plane wave basis sets can perform poorly for core states
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dependence errors since Gaussian orbitals in general do not form a complete

set.

2.4 Structure Optimisation

The determination of equilibrium structure is of primary importance in the
modelling of chemical systems. Less research has been carried out into
periodic systems due to the prohibitive computational cost. In this section,
we will outline a modified conjugate gradient scheme, due to Schlegel [42],
which allows atomic coordinates to be optimised in order to locate minima on
the potential energy surface. This involves computing the matrix of second
derivatives of the total potential energy with respect to atomic positions z'.

The problem may be described as follows. We consider a unit cell with
N atoms. The position of the i** atom is described by the 3-dimensional
position vector 7;. Thus we have a 3N-dimensional position vector X which
describes any given atomic arrangement, in some 3/N-dimensional space S.
Every possible set of atomic positions in the crystal can therefore be denoted
by a vector X in S. The potential energy F is a function of 3V variables
z'®, cycling over i atoms with coordinates a = 1,2,3. Thus there is a 3N-
dimensional potential energy ‘surface’ (PES), any point on which describes
the potential energy of the lattice for a given atomic arrangement. To find an
equilibrium crystal structure, we wish to find the potential energy minima
on the PES. This is an example of a general optimisation problem: given a
function E of 3N variables z;,, we wish to find its minimum.

The conjugate gradient scheme of Schlegel [42] allows one to construct
a series of steps leading to a stationary point of the potential energy FE.
Here we give a brief overview of the algorithm outlined in [42]. A stationary
point is defined as a point where the 3N-dimensional gradient vanishes,
gi = dE/dz; = 0, yielding a gradient vector G = 0. The first-derivative

finds the stationary points on the PES, while second derivatives permit
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their characterisation. Assume that p such steps have already been taken.
At step p + 1 we have the energy E and its gradient G° at (m + 1) points
(0 < a < m < p). This information is arranged so that X represents the
current atomic positions, X! the most recent previous point, and so on,
with X being the oldest. From the previous step, we also have the n x n
matrix of second derivatives (called the Hessian matrix) of £, that is an
approximation to the true Hessian Fj; = d’E/dzida’.

An optimisation step consists of three parts. Firstly, the Hessian from
the previous step is corrected. Then, a search is performed for a minimum
between the current PES point and the previous point, i.e. in the direction
(X% — X9). Finally, using the Hessian matrix and minimum thus obtained,

the next estimate of the location of the stationary point is given by

oo = - 3 F'g
J

Here &; and g; are the position coordinates of the previous minimum, and
that of its numerically obtained gradient g. Thus we see that gradients
are evaluated every time the total energy is computed; the second derivative
(Hessian) matrix is built from the gradients. At each step, a one-dimensional
minimisation using a quadratic polynomial is carried out, followed by a 3/V-
dimensional search using the Hessian.

If a negative eigenvalue is found, its sign is reversed. This forces a steep-
est descent step along the direction of the eigenvector possessing the negative
eigenvalue. At each step, the gradient vector G and the displacement vec-
tor X! — X are tested against given tolerance levels for convergence. The
root-mean-square gradient and displacement, as well as the absolute value
of the largest component of each, must fall below their respective tolerance
levels. If these four conditions are satisfied, the optimisation is considered
complete. The above algorithm is implemented in parallel in the CRYS-
TALO3 code [41], and used in this work.
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Phonon Modes

The Hessian matrix Fj; may also be used to obtain the vibrational eigen-
modes of the crystal and their associated vibrational eigenfrequencies. This
information on phonon modes can provide essential insight into physics of
the system under study. We recall that if there are N atoms in the prim-
itive cell, then there are 3N branches to the phonon dispersion relation: 3
acoustic branches (a longitudinal LA and two transverse TA), and 3N — 3
optical branches, also split into longitudinal LO and tranverse TO modes.
Thus for P primitive cells, the crystal will have a total of 3N P vibrational
degrees of freedom.

Vibrational frequencies may be calculated at the I' point of the Bril-
louin zone as follows. Using the Hessian Fj; as calculated above, the mass-
weighted Hessian is calculated:

B

M, and Mp are the masses of atoms a and [ associated with the ith and

Waipi(§=0) =

4t coordinates, respectively. The matrix Wy; g; is then diagonalised to ob-

tain eigenvalues (phonon mode frequencies) and eigenvectors (phonon mode
atomic displacement vectors). Certain advantages accrue from calculations
performed at the I' point. W(0) is simple to calculate from the expres-
sion above, and possesses the point symmetry of the crystal. In addition,
the three acoustic modes, corresponding to translations at I', have zero fre-
quency. This in fact should act as a check of the reliability of calculated
results. Results for which the three acoustic modes show non-zero frequen-
cies should be discarded. Lastly, it is the I" point modes which give rise to
the infrared and Raman spectra observed in experiments.

This computationally demanding process has been implemented in a
beta version of the CRYSTALO6 code which we have adopted in this work.

The transverse optical modes are calculated by default. Care must also
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be taken to ensure that the initial crystal structure is at a minimum of
the potential energy surface before vibrational calculations are carried out.
This in effect entails attempting phonon calculations only on cell geometries
which have already been converged and optimised to high accuracy, typically
with tolerances governing the Coulomb and exchange integral convergence
criteria set to 10™° Hartree.

The hybrid density functionals used in this work have proven effective
for equilibrium cell geometry optimisations [43]. The LDA and GGA alone

suffer from such shortcomings as under- and overestimation of cell volumes.
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Chapter 3

Magnetite

3.1 Introduction

Magnetite (Fe3Oy) is the oldest known magnetic material, having been doc-
umented over 2500 years ago by the ancient Greeks. It has the largest net
magnetization of all the naturally occurring minerals on Earth, and these
magnetic properties led to magnetite, or lodestone, being used as an early
form of magnetic compass. The remarkable physical properties of this ma-
terial ensure that it continues to be of immense current interest. As a
half-metal at room temperature, with an unusually high Curie temperature,
magnetite is of technological interest as a potential source of spin-polarised
electrons in spintronics applications [44]. Magnetite is also cited as a possible
multiferroic material [45] - that is, a material which is simultaneously mag-
netic and ferroelectric, rendering it of considerable theoretical and practical
importance. In addition, this system displays the (in)famous Verwey phase
transition, the exact nature of which remains condensed matter physics’
longest running controversy.

Magnetite has the formal ionic formula Fe3* [Fe?t Fe3*]04. There are two
inequivalent iron sublattices in the unit cell: the tetrahedrally coordinated

A-sites and octahedral B-sites, yielding formal valence of +2.5 on the Fep
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ions. This system undergoes a phase transition at Ty = 860K from a
paramagnetic to a ferrimagnetic state. At Ty ~ 125K, the system undergoes
another phase transition, characterised by a structural distortion and an
abrupt decrease in conductivity by some two orders of magnitude. This
class of transition is named after Eugene Verwey, who first discovered it in
Fe304 in 1939 [6]. More generally, Fe3O4 has served as a prototype for many
early studies of magnetism. Néel developed his theory of antiferromagnetism
following studies on this system [46], while the nascent theory of metal-
insulator transitions in strongly correlated systems received much impetus
from observations of the Verwey transition, in particular the early studies
of Mott and Peierls (see [47] and references therein).

Fe3O4 belongs to the class of spinel ferrites, as first determined by the
early x-ray studies of Bragg [48, 49]. Such systems have the general formula
AB>0y4, with a cubic cell consisting of 32 close-packed oxygen ions, with 64
tetrahedrally coordinated A-type sites and 32 octahedral B-type sites. 8 of
the A-sites are occupied by Fe?t ions while 16 of the B-sites are occupied
by Fe3*. Observing the unusually high conductivity of this material above
the metal-insulator transition, relative to similar spinels such as CozO4 and
Mnz04!, Verwey concluded that the correct arrangement of Fe ions was the
inverse spinel structure, whereby the first octet of Fe3* ions reside on the
tetrahedral sites, while the second octet, along with the Fe?* ions, reside
on the 16 B-sites. This arrangement immediately suggests a simple conduc-
tion mechanism due to hopping of the ‘extra’ Fe?* electron between closely
spaced B-sites. This mechanism was used by Verwey in a schematic the-
ory of a putative order-disorder transition, whereby the high temperature
disordered metallic phase demonstrated conduction by the above channel,
with the low-temperature insulating phase resulting from a localization of

conduction electrons on the 8 B-sites. This localization was postulated to

lat around 10° < Q < 2.5 x 10* versus ~ 107°Q" ! m !
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lead to a mixed valence charge-ordered state, with a concomitant symmetry-
lowering structural distortion from cubic to tetragonal. Such a scenario also
allows for the possibility of so-called ‘orbital order’, a real space ordering of
charge carriers in certain orbitals.

Very early on, however, questions were raised about the validity of the
Verwey charge ordering model. Experimental studies often produced con-
flicting results, in no small part due to the poor quality of magnetite sam-
ples used in many early studies, and controversy still persists to the present
day on the exact mechanism of the Verwey transition. In many respects,
this could be considered the oldest unresolved question in condensed matter
physics.

In the next section, we will outline the basic electronic structure of this
material and discuss the influence of competing energy scales and strong elec-
tronic correlation on the macroscopic properties of this system. Strongly cor-
related systems such magnetite, as well as many other transition metal ox-
ides such as the colossal magnetoresistive manganites and high-temperature
superconducting cuprates, tend to order; this can occur in the spin, charge
or orbital sectors and is a continuing hot topic of research in the physics of
condensed matter. Hence magnetite provides us with a useful platform for
the study of the general phenomenon of order in strongly correlated elec-
tron systems. We will also provide a brief overview of the development of
experimental and theoretical research in magnetite physics, allowing us to
identify the historical stumbling blocks which have contributed to the con-
tinued controversy over the exact mechanism of the Verwey transition since
its discovery over 60 years ago. This will provide a context for our work and
it is hoped that our hybrid HF /DFT calculations help to shed some light on

this debate.
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3.2 Basic Electronic Structure

It is instructive to have some heuristic picture of the basic electronic struc-
ture of this system. Thus we consider the configuration in terms of free Fe?*
and Fe3* ions in the appropriate crystal environment. In this simple picture,
the tetrahedral A-sites contain Fe3* ions, yielding a d° electronic configu-
ration. According to Hund’s rules, though strictly valid only in the case of
a free atom, this gives a singlet 65'5/2 ground state term. The point group
symmetry of the A-site is cubic; however, there is no crystal field splitting
for the orbital singlet S ground state. There is also no spin-orbit splitting,
since the the orbital moment is zero. Therefore, we have a spin-only ground
state S = 5/2. A similar situation arises for the B-site Fe?*.

In the case of the octet of Fe?* ions on B-sites, Hund’s rule filling yields
a spin ground state of S = 2. The nearest neighbour oxygen octahedral field
splits the Dy ground state into triply degenerate toq levels and an excited
state ey doublet. This allows a possible 5, orbital ordering to take place.

It is worth noting that the 5 d-electrons are arranged in a relatively high
spin state when compared to some other well-known strongly correlated
systems such as the high temperature superconducting cuprates, where a d*
configuration on copper yields a spin of S = 1/2 per Cu ion[14]. This low
spin state has the effect of making the system somewhat more “quantum”

in nature [16].

3.3 Early Experiment

The literature on this long-running subject is encyclopedic; in this section,
we give a brief overview of the relevant highlights pertinent to our research.
Although a specific heat anomaly had been reported for magnetite as early
as 1926 [50], it was Verwey who discovered the associated discontinuity

in conductivity [6]. Verwey originally envisaged a specific ordering of the
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octahedrally coordinated ions in the low-temperature phase, whereby these
lons arrange in alternate a/4-spaced (100) planes, with homovalent ions

forming chains along the (110) and (110) directions as shown in Figure 3.1.

Figure 3.1: Originally proposed Verwey charge ordering scheme [8].

This charge ordering arrangement induces an orthorhombic distortion
with respect to the high-temperature cubic cell. Such a crystal geometry
should result in a (002) reflection visible by neutron diffraction. This reflec-
tion was detected by Hamilton in 1958 [51] using synthetic single crystals
and applying a magnetic field to pick a spin orientation, thus counteracting
multiple twinning effects. Such twinning effects can arise where a crystal has
a mosaic of different cubic [001] axes for spin orientations, thus exhibiting
overall isotropic behaviour. However, the same paper also reports experi-
ments performed on natural crystals, which did not reveal any (002) reflec-
tion consistent with orthorhombic symmetry, though the author attributed
this to the defects present in naturally occurring magnetite crystals.

Later neutron scattering studies by Shirane et al in 1975 [52] also failed
to detect the (002) reflection, and suggested that it was merely an artefact
resulting from simultaneous reflections. Their magnetic intensity distribu-
tion suggested alternate Fe?* and Fe3*t in the ab-plane, in contrast to the

Verwey model (Figure 3.1) of single modulation along the c-axis. Further
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electronic and x-ray diffraction results revealed superlattice reflections incon-
sistent with orthorhombic symmetry, indicating that the low temperature
cell is monoclinic, in contravention of the original Verwey charge ordering
scheme.

Detailed neutron diffraction experiments on the low-temperature struc-
ture by Ilizumi et al [9] in 1982 proposed a monoclinic Cc¢ supercell of di-
mension v2a X v2a x 2a relative to the high-temperature cubic cell. In
these experiments, care was taken to check for spurious multiple twinning
effects. Structural refinements were carried out using orthorhombic symme-
try constraints on atomic positions. Besides proposing a C'c space group,
the authors reported no significant variation in the mean Fe-O distances for
the Fe B-sites, such as might accompany charge ordering. Iizumi’s results
also cast doubts on a previous conjectured charge ordering model due to
Mizoguchi, which was derived on the basis of NMR measurements [53].

It seems that many early experimental studies of magnetite were plagued
by the poor quality of samples employed. This stemmed in part from the
widespread use of natural crystals, which suffer from an array of imper-
fections such as substitutional impurities, octahedral vacancies, dislocations
and internal stresses. Also, many synthetically produced crystals did not fol-
low present day standards of preparation and characterization, as discussed
in the literature review of Walz [8]. This was evident, for example, from the
reported Verwey transition temperatures 7y, which can act as a rough guide
to characterise the actual quality of the magnetite crystals themselves. Such
disparities in crystal quality may partially account for the many ambiguous
and occasionally conflicting experimental results which strew the landscape
of magnetite literature. An informative overview of the historic development
of magnetite studies may be found in the review of Walz [8] and references

therein.
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3.4 Recent Experiment

X-Ray and Neutron Scattering
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Figure 3.2: Fe30, low-temperature P2/c cell. Octahedral Fep ions are
labelled as shown. Tetrahedral Fe 4 ions are coloured in cyan and oxygens

are in red.

Recent high resolution x-ray and neutron diffraction data on highly sto-
ichiometric powder samples by Wright et al [54] helped to reignite a flurry

of interest in the question of charge ordering in magnetite. The use of such
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powder samples can eliminate multiple twinning and negates the need to

attempt their removal by the application of B-fields, such as in the earlier
crystal studies of Iizumi [9]. However, some loss of resolution may occur
in the obtained spectra, due to peak overlap. Structural refinements were
carried out on the centric monoclinic P2/c subcell, with atomic positions
further constrained by orthorhombic Pmca symmetry operations, similar to
those of Iizumi [9]. This creates four inequivalent B sites (labelled B1-B4),
each of which acts as an average over four sites in the full Cec supercell. This
low-temperature P2/c structure is shown in Figure 3.2

X-ray and neutron diffraction techniques can have difficulty directly dis-
tinguishing between Fe?* and Fe?™ due to their nearly equal atomic scatter-
ing factors. The presence of charge ordering must therefore be inferred indi-
rectly from Fe-O bond distances and associated bond valence sums (BVS).
Bond valence sums provide a somewhat crude empirical chemical guide based
on the principle that the bond length is approximately a unique function of
bond valence [55]. Despite using the same symmetry constraints as the
lizumi study [9], Wright et al found, following structural refinement, that
their refined parameters differed, leading to different values for the Fe-O
bond distances. In fact, these authors found Fe-O bond lengths to be smaller
for B2 and B3 as opposed to the B1 and B4 iron sites. They further claimed
that the coincidence of these pairs of average Fe-O distances is not an artifact
of the Pmca symmetry constraints of the refinement [11].

Based on a BVS analysis, they conclude that partial long range charge
ordering exists on B sites, with an estimated charge difference of 20% of
that expected for ideal Fe?* and Fe®* states for the P2/c cell. Given the
fact that the P2/c cell is averaged over 4 inequivalent subsites in the full
Cc v2a x \/2a x 2a supercell, this configuration permits averaging over
4Fe®* and 4Fe3t subsites, or over (3Fe®t + Fe3*) and (Fe?*t + 3Fe’t),

The authors refer to these scenarios as class I and class II CO respectively,
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yielding 20% charge disproportionation for class I and 40% for class II.
This view was once again challenged, this time by Garcia et al [56].
These authors carried out z-ray resonant scattering on two single crystals
A and B, using the diffraction anomalous fine structure technique [7]. The
atomic anomalous scattering factor and x-ray absorption coefficient depend
on the chemical state of the scattered atom; hence a periodic arrangement
of Fe?* and Fe3* should be revealed by different reflections in resonant x-
ray scattering experiments. The authors probed the iron K edge of the
forbidden (002) and (006) reflections, which in this instance are permitted
by the anisotropy of the iron anomalous scattering factor [56]. They found
no evidence of a charge ordered state above or below the Verwey transition
temperature, on both highly stoichiometric and lower quality synthetic single
crystals [7]. Further studies of (00 odd) and (00 half-integer) reflections
revealed no resonances consistent with charge density modulation along the
c-axis, either with the periodicity of the cubic or doubled cubic cell [57],
leading this group to conclude that strong electron-phonon interaction, and
not charge order, is the driving force for the Verwey transition. Our ab-initio
results will show that both of these behaviours play a key role in the physics

of this system.

Mossbauer Effect and Nuclear Magnetic Resonance

Nuclear magnetic resonance and Mdssbauer techniques should be sensitive to
different ionic valence states or crystallographic sites. Recent NMR studies
[58] appear to confirm the low temperature monoclinic Cec structure, with 8
and 16 lines on A- and B-sites respectively. A doubly degenerate Fe, line
was detected below Ty, while Fep site lines were strongly mixed. This would
indicate that integer charge order is not present in the low-temperature
structure. More radically, recent Mossbauer studies under pressures of up

to 12 GPa have led to the proposal of a coordination crossover scenario,
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whereby charge density is shifted from B-sites to the tetrahedral A-sites

at the Verwey transition [59]. This shift would cause the inverse spinel

structure to change to a normal spinel arrangement, i.e.
[Fe3t]4[2Fe*t + e7]p «— [Fe?t|[Fe3tFe3t|p

The authors assert that this scenario would account for the apparent equiv-
alence of Fep sites found in the study. A further x-ray diffraction study at
different pressures by the same authors [10] found that the plot of metal-
insulator transition temperature as a function of pressure 7y (P) coincides
with the curve of structural distortion temperature as a function of pres-
sure Tyist(P). From this, they conclude that the low temperature gap is
associated with the particular electronic band structure resulting from the
structural distortion. These authors therefore emphasize the role of electron-

lattice coupling, as opposed to charge ordering, in opening up the band gap.

Optical Properties

Some debate also surrounds the question of whether the Verwey transition
can be considered a true metal-insulator transition, or indeed if the high-
temperature phase is actually metallic at all.

Photoemission spectroscopy (PES) by Chainani et al [61] on synthetic
single crystals found a gap of 70 meV below 7Ty, which is half the activation
energy obtained from electrical resistivity measurements (E, ~ 140 meV),
and which closes above Ty. Soon after, another PES study [62] concluded
that the band gap is not in fact collapsed above Ty, but is reduced by ~ 50
meV, indicating a semiconductor-insulator transition.

A more recent soft x-ray photoemission study was carried out by Schrupp
et al [60], using used radiation tuned to Fe 2p-3d resonance (hv = 707.6 V).
This allowed an enhanced probing depth of ~ 45 A to be obtained so as

to distinguish from purely surface effects. Such surface effects were shown
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Figure 3.3: Fe3O4 soft x-ray photoemission spectra. Inset: spectral edge
energy during cooling (down-triangles) and heating (up-triangles). From

Schrupp et al [60].

to be significant when low-energy photoemission was used. Valence band
spectra were obtained above and below the Verwey transition. The position
of the chemical potential was calibrated by the Fermi edge of an evaporated
gold film in electrical contact with the magnetite crystals. A gap was found
in the low-temperature phase; above Ty the spectral edge becomes abruptly
shifted towards the chemical potential. This discontinuous energy shift of
the spectral edge energy at 7y can be seen in Figure 3.3. The authors pick
a reference spectral edge energy, which they dub the spectral onset energy.
This onset energy jumps exactly at 7y and is consistent with the hysteretic
behaviour of the conductivity on both sides of the Verwey transition [8]. If
the onset energy is identified with the insulator half-gap (i.e. the chemical
potential g is assumed to divide the band gap in half), its discontinuous
change AF,, ~ 50meV will cause the concentration of thermally activated
charge carriers to increase by a factor of exp(AE,,/kpTy). This would

account for the observed two-orders magnitude jump in conductivity, as
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already argued in the earlier photoemission study of Park [62]. Both of the

PES studies therefore indicate a semiconductor-insulator transition. This
points towards thermally activated conductivity above Ty, .

As shown in Figure 3.3, no indication of a metallic Fermi edge or quasi-
particle feature was observed in the high-temperature phase, in notable con-
trast to systems exhibiting the classical Mott metal-insulator transition,
which display a prominent doublet of quasiparticle peak and lower Hubbard
band. The valence band spectra showed exponential suppression of spectral
weight towards the chemical potential at all temperatures investigated. This
spectral feature was attributed to strong electron-phonon coupling, and the
formation of small polarons, i.e. electron (or hole) excitations dressed by
virtual phonons, was advanced as a possible cause. The theoretical notion of
polaronic quasiparticles in FesO4 has been around for some time, stemming
from the work of Chakraverty [63], Yamada [64] and Mott [65].

PES measures transitions to the Fermi level, wherecas infrared spec-
troscopy measures an optically allowed transition from one electronic band
to another across the Fermi level. Optical conductivity measurements ob-
tained a gap value of 140 meV below Ty [66], consistent with some previ-
ous PES and activation energy experiments. Terahertz and infrared con-
ductivity measurements [67] in the insulating state found a power-law fre-
quency dependence for the low-frequency dynamic conductivity (o7 o v*
with s ~ 1.3), which is a characteristic feature of hopping conduction be-
tween localised states [68]. An unexpected result of this study was the
abrupt change of the dielectric constant at Ty, even yielding negative values
above Ty. Along with the conductivity spectra, these results indicate the
formation of a narrow band of quasi-free carriers that contain only a small
part of the spectral weight. Our density of states calculations show a nar-
row band below 73, corresponding to localisation of electrons in a particular

d-orbital on one of the two Fe B-sites in an Fe3Oy4 unit. Our structure op-
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timisation show that this band is strongly coupled to the surrouding Fe-O
octahedral lattice, suggesting polaronic behaviour.

Gasparov et al [69] carried out infrared and Raman measurements. It
was found that the Verwey transition manifests itself in both infrared and
Raman spectrum as the temperature is lowered through 7y,. In the Raman
spectrum, one can see at least 17 new modes about 7y. Optical conductivity
data in the same study found a gap-like feature below 7y, which could be
attributed to a polaronic picture, where carriers below Ty are localised po-
larons leading to a strong polaron peak in the optical spectrum. Above Ty,
some carriers are delocalised, leading to a peak broadening and reduction in
oscillator strength.

The above experiments point to the influence of the electron-lattice in-
teraction in magnetite physics. This picture is in agreement with early
theoretical proposals advanced by IThle and Lorentz [13]. In the Mott pic-
ture of the Verwey transition [65], the charge carriers are either polarons or
bipolarons. Above Ty, the system is described as a Wigner glass, a system
where the carriers are localized by disorder-induced random-field potentials.
When the temperature is raised, some of the polarons dissociate, leading to
a hopping type of conductivity. By contrast, a model Hamiltonian of Cullen
and Callen [12] considered the role of electron correlation to be central and
did not consider phonons. This model envisaged magnetite as a crystal of
‘e%; ions with an ‘extra’ Fe electron hopping between them. Our results
show that both the electron-electron correlation and the electron-lattice in-
teraction play a central role in creating a lattice distortion and opening a

gap at the Verwey transition.

3.5 Low Temperature Phase Results

So what is the net outcome of this perhaps somewhat bewildering array of

experimental results - and what is the present paradigm for magnetite and
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Figure 3.6: P2/c cell majority-spin electronic band structure at 30% ex-

change.
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Figure 3.9: P2/c cell projected density of states at 50% exchange.
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Table 3.1: 3d-shell charge and spin populations at 50% HEF exchange.

Atom Initial valence Final valence Initial spin/ pp Final spin/ pp

A(1) 5 5.59 -5 -4.40
A(2) 5 5.59 -5 -4.40
B(1) 6 6.11 4 381
B(2) 5 5.54 5 4.49
B(3) 5 5.56 5 4.46
B(4) 6 6.11 4 381

Table 3.2: 3d-shell charge and spin populations at 30% HF exchange.

Atom Initial valence Final valence Initial spin/ up Final spin/ upg

A1) 5 5.73 -5 -4.24
A(2) 5 5.73 -5 -4.24
B(1) 5.5 6.10 45 3.78
B(2) 5.5 5.66 4.5 4.34
B(3) 5.5 5.71 4.5 4.28
B(4) 55 6.13 45 3.74

Table 3.3: 3d-shell charge and spin populations for structure optimised low-

temperature cell at 50% exchange.

Atom Initial valence Final valence Initial spin/ pp Final spin/ pp

A1) 5.59 5.59 -4.24 -4.24
A(2) 5.59 5.59 -4.24 -4.24
B(1) 6.11 6.11 3.78 3.76
B(2) 5.54 5.54 4.34 4.34
B(3) 5.56 5.55 4.28 431
B(4) 6.11 6.11 3.74 3.75
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Table 3.4: 3d-shell charge and spin populations for structure optimised low-

temperature cell at 30% exchange.

Atom Initial valence Final valence Initial spin/ pp Final spin/ up

A1) 5.73 5.72 -4.25 -4.25
A(2) 5.73 5.72 -4.25 -4.25
B(1) 6.10 6.12 3.77 3.77
B(2) 5.66 5.66 4.35 4.36
B(3) 5.71 5.68 4.29 4.32
B(4) 6.13 6.13 3.76 3.76

its Verwey transition? Accurate ab-initio calculations are clearly needed
in order to cast light on the subject. Our hybrid HF/DFT and structure
optimisation approach allows us to gauge the relative effects of both on-site
electrostatic repulsion and electron-lattice coupling on the charge-orbital
order and band gap in magnetite. Thus we can disentangle these effects and
examine the relative contributions of these competing degrees of freedom to
the Verwey transition mechanism.

We begin by analyzing the electronic structure of the low-temperature
cell with Hartree-Fock exchange mixing set to 50%. Figures 3.4 and 3.5 show
electronic band structures for the experimentally determined P2/c cell [11].
A minority band gap of ~ 4.0 eV is found. The bands around the gap are of
predominantly d-d character, indicating Mott insulating behaviour. They
show very little dispersion, indicating that charge is significantly localised
below 7y. Figure 3.8 is a plot of the total electronic density of states,
displaying the 4.0 eV gap in the minority (spin-down) spin channel. The
Fermi energy has been scaled to 0 eV. We have projected the DOS onto pairs
of Fe ions in Figure 3.9. A comparison with the total DOS shows that the
gap results from charge localisation on the B1 and B4 atoms just below the

Fermi level, with a gap to hopping of electrons onto the B2 and B3 sites.
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Table 3.5: Fe-O bond lengths for the P2/c and optimised structures with

mean values for AQ, tetrahedra and BOg octahedra shown.

Bond Expt. Length[11] (A) 50% optimised (A) 30% optimised
A(1)-0(1) 1.898(4) 1.916 1.910
A(1)-O(5a) 1.875(2) 1.854 1.864
A(1)-O(5b) 1.882(2) 1.873 1.877
A(1)-0(2) 1.890(4) 1.913 1.908
(A(1)-0) 1.886(3) 1.889 1.890
A(2)-0(4) 1.913(5) 1.925 1.923
A(2)-0(6) 1.870(2) 1.859 1.860
A(2)-0(6) 1.877(2) 1.861 1.861
A(2)-0(3) 1.899(5) 1.912 1.911
(A(2)-0) 1.890(4) 1.891 1.889
B(1)-0(1) x2 2.042(3) 2.059 2.053
B(1)-0(6) x2 2.091(3) 2.159 2.148
B(1)-0(2) x2 2.082(3) 2.134 2.129
(B(1)-0) 2.072(3) 2117 2.110
B(2)-0(5) x2 2.052(3) 2.027 2.026
B(2)-0(4) x2 2.040(3) 2.004 2.013
B(2)-0(3) x2 2.038(4) 1.986 1.993
(B(2)-0) 2.043(3) 2.006 2.011
B(3)-0(5) x2 2.092(3) 2.036 2.046
B(3)-0(6) x2 2.018(3) 1.979 1.981
B(3)-0(2) 1.964(5) 1.951 1.952
B(3)-0(3) 2.116(5) 2.072 2.084
(B(3)-0) 2.050(4) 2.009 2.015
B(4)-0(5) x2 2.094(3) 2.126 2,122
B(4)-0(6) x2 2.053(3) 2.097 2.098
B(4)-0(1) 2.033(5) 2.049 2.044
B(4)-0(4) 2.086(5) 2.153 2.135
(B(4)-0) 2.060(4) 42 2.108 2.103




Table 3.6: Fe-Fe bond lengths for the P2/c and optimised structures

Bond Expt Length (A) 50% optimised (A) 30% optimised
B(1a)-B(1b) 2.972 2.972 2.972
B(1a)-B(3) 2.864 2.941 2.919
B(1a)-B(4) 2.958 2.933 2.947
B(1b)-B(3) 2.855 2.931 2.909
B(1b)-B(4) 2.950 2.922 2.936

Reducing the percentage of Hartree-Fock exchange mixing in the density
functional to 30% results in a reduced bare Coulomb potential, substantially
shrinking the minority gap by around 60% to ~ 1.60 eV on the total DOS
plot (Fig. 3.10). Another result of interest can be seen by comparing the
band structures. Not only is the overall charge gap altered by varying the
amount of exchange screening, but the relative position of bands is also af-
fected, as seen for example in the dispersive conduction bands between Y
and Z. This demonstrates that certain electronic bands are more influenced
by reduction in HF exchange mixing than others, and is reminiscent of a
GW study of the prototypical strongly correlated antiferromagnetic insula-
tor, NiO [70]. In that work, dynamical screening of the bare HF exchange
through the GW approach led to shifts of the unoccupied d-bands, to such
an extent that the qualitative band gap character was altered from d — d
(Mott-like) to d — s. This relative band shift therefore lends some credence
to the notion of B3LYP as a poor man’s GW [71]. The magnitude of the
band gap decrease going from 50% to 30% is also quite large relative to a
previous B3LYP study of NiO [72]. In that study, a larger reduction of HF
exchange from 50% to 20% decreased the gap by a half.

The question of charge order is clearly of key importance for this mate-
rial. Tables 3.1 and 3.4 show calculated Mulliken charge and spin popula-

tions for Fe ions in the unit cell, at 50% and 30% exchange respectively. We
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Table 3.7: Fractional atomic coordinates for optimised structure at 50%

exchange. Experimental structures are taken from Wright [11] and lizumi

(9] (italics)

Experimental 50% optimised
Atom X y A X y A
A1) 1/4 0.0034(4) 0.06366(7) 0.24931 0.0052 0.06357
0.0049(3) 0.0635(1)
A(2) 1/4 0.5061(2) 0.18867(8) 0.25022 0.4915 0.18876
0.5067(2) 0.1887(1)
B(1la) 0 1/2 0 0 1/2 0
B(1b) 1/2 1/2 0 1/2 1/2 0
B(2a) 0 0.0096(3) 1/4 0 0.0072 1/4
0.0099(3)
B(2b) 1/2 0.0096(3) 1/4 1/2 0.0071 1/4
0.0099(3)
B(3) 1/4 0.2659(2) 0.38010(9) 0.25027 0.24953 0.37771
0.2643(4) 0.8789(1)
B(4) 1/4 0.7520(2) 0.37659(9) 0.25030 0.74441 0.37691
0.7549(5) 0.8746(2)
O(1) 1/4 0.2637(7) -0.0023(3) 0.24985 0.2592 -0.00095
0.2650(6) -0.0027(2)
0(2) 1/4 0.7461(6) -0.0029(3) 0.25008 0.757862 -0.00601
0.7477(6) -0.0009(2)
0(3) 1/4 0.2447(8) 0.2542(3) 0.24992 0.225122 0.25451
0.2461(7) 0.2450(2)
0(4) 1/4 0.7738(8) 0.2525(3) 1/4 0.7659 0.248777
0.7696(6) 0.2427(2)
O(5a) -0.0091(4)  0.0095(6) 0.1277(2) -0.008479 0.007535 0.13173
-0.0116(6)  0.0089(3) 0.1295(2)
O(5b)  0.4909(4)  0.0095(6) 0.3723(2) 0.49207 0.0076474 0.36822
0.4884(6)  0.0089(3) 0.3705(2)
O(6a) -0.0081(4) 0.5046(6) 0.22446(2) -0.012790 0.483012 0.12848
-0.0067(6)  0.5050(3) 0.1244(1)
O(6b)  0.4919(4)  0.5046(6) 0.3754(2) 0.487659 0.483145 0.37145
0.4933(6)  0.5050(3) 0.8756(1)




Table 3.8: Fractional atomic coordinates for optimised structure at 30%
exchange. Experimental structures are taken from Wright [11] and Iizumi

(italics) [9]

Experimental 30% optimised

Atom X y 2 X y z

A(1) 1/4 0.0034(4)  0.06366(7)  0.24922 0.00638 0.06361
0.0049(3) 0.0635(1)

A(2) 1/4 0.5061(2)  0.18867(8)  0.25029 0.49579 0.18873
0.5067(2)  0.1887(1)

B(1a) 0 1/2 0 0 1/2 0

B(1b) 1/2 1/2 0 1/2 1/2 0

B(2a) 0 0.0096(3) 1/4 0 -0.00204 1/4
0.0099(3)

B(2b) 1/2 0.0096(3) 1/4 1/2 -0.00202 1/4
0.0099(3)

B(3) 1/4 0.2659(2)  0.38010(9)  0.25032 0.2538 0.37849
0.2643(4)  0.3789(1)

B(4) 1/4 0.7520(2)  0.37659(9)  0.25029 0.74744 0.37648
0.7549(5)  0.3746(2)

0(1) 1/4 0.2637(7)  -0.0023(3)  0.24997 0.26087 -0.00169
0.2630(6)  -0.0027(2)

0(2) 1/4 0.7461(6)  -0.0029(3)  0.25011 0.75786 -0.00601
0.7477(6)  -0.0009(2)

0(3) 1/4 0.2447(8)  0.2542(3)  0.24987 0.2301 0.25454
0.2461(7)  0.2450(2)

0(4) 1/4 0.7738(8)  0.2525(3) 1/4 0.768736 0.24941
0.7696(6) 0.2427(2)

O(ba) -0.0091(4) 0.0095(6) 0.1277(2) 0.00841 0.00967 0.13129

-0.0116(6) 0.0089(3)  0.1295(2)
O(5b)  0.4909(4)  0.0095(6)  0.3723(2)  0.49228 0.009843 0.36863
0.4884(6) 0.0089(3)  0.3705(2)

O(6a) -0.0081(4) 0.5046(6)  0.1246(2)  -0.01749 0.4865 0.1279
o)
-0.0067(6)  0.5050(3)  0.1244(1)
O(6b)  0.4919(4)  0.5046(6)  0.3754(2)  0.48851 0.48682 0.37199

0.4933(6)  0.5050(3)  0.3756(1)




find that partial charge ordering exists on Fe B1 and B4 sites. At 50%, deep

in the insulating regime, the charge disproportionation between B1-B4 and
B2-B3 sites is of order ~ 0.5¢ or 50% of the expected value for ideal Fe?*
and Fe3* states. This reduces to ~ 0.4e as the HF exchange is decreased.
We also find a greater accumulation of charge on Fe sites, which may be
explained as follows. Unrestricted Hartree-Fock methods tend towards the
ionic limit due to the large unscreened Coulomb interaction. The uniform
reduction of this interaction, through increased mixing of DFT exchange-
correlation in the hybrid DFT energy fuctional, leads to an increasingly co-
valent wavefunction character. Overall there is a general transfer of charge
from oxygen ions to metal ions, with oxygen populations typically around
—1.5e and —1.4e for the 50% and 30% cases respectively, in contrast to the
ideal ionic values of —2e. There is also an associated spin ordering, with a
magnetic moment disproportionation of ~ 0.7up and 0.5up between B1-54
and B2-B3 sites. The extra spin density is in the spin-down state, in agree-
ment with a heuristic Hund’s rule treatment for the free Fe?* ion. Thus we
can conclude that, in the P2/c structure, varying the degree of electronic
correlation has an appreciable effect on the band gap but not on the partial
B1-B4 charge ordering scheme, which remains fairly robust.

The B-site charge ordering arrangement corresponds to class-I CO in
the classification scheme of Wright et al [54] described in Section 3.4. The
magnitude of charge disproportion published by those authors is 20%, de-
rived from structural data using bond valence sums, though the accuracy of
this empirical approach has been questioned as we have previously elabo-
rated [57]. We confirm the presence of a [001]. charge density modulation on
the B-site lattice?, characterised by alternate electron-rich Fep; planes and

electron-poor Fepy planes, separated by planes containing chains of Feps

2The ‘¢’ subscript indicates that the Miller indices are taken with respect to the high
temperature cubic cell, rather than the low temperature P2/c cell which is doubled along

the z-axis.
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and Fepy (see Figure 3.2). These chains contain both electron rich and
electron-poor ions and hence are considered charge neutral in the overall
charge modulation (Tables 3.1 and 3.2). The chains also cause a secondary
[00%]C charge modulation on the B-site lattice due to the interchanged po-
sitions of ions at z = 3/8 and z = 5/8 with respect to the P2/c cell®>. This
picture contrasts with the original Verwey proposal which saw a simple ar-
rangement of (001) planes alternately occupied by Fe’* and Fe3* B-site
cations, as shown previously in Figure 3.1.

Our results also confirm that the well-known Anderson criterion for min-
imal electrostatic repulsion is violated in Fe3Oy4 [73]. This qualitative condi-
tion was first advanced for systems with the spinel structure in 1956 and has
long been considered a prerequisite requirement when determining the exact
CO scheme. It may be explained as follows. If we consider the B-site lattice
in Fig. 3.2, it can be seen that B-sites form corner-sharing tetrahedra. If we
consider this lattice to consist of N Fe3* ions, then there will be N/2 extra
electrons to make up the Fe’* sites. The nearest neighbour electrostatic
energy is minimised at U = g* /dFpe—fFe, With dpe— . representing the inte-
rionic distance, when each tetrahedron contains two of the extra electrons,
giving two Fe?* and two Fe3* ions. For the P2/c unit cell, this would imply
that the extra charge resides on the B1 and B2 ions, in contradiction to our
findings of electron rich B1 and B4 sites.

Recently, other ab-initio studies have appeared using Wright’s exper-
imentally determined P2/c crystal structure, as highlighted in Table 3.9.
Self-interaction corrected local spin density approximation (SIC-LSDA) cal-
culations were performed by Szotek et al [74]. These authors considered the
Verwey charge order scenario, and two other scenarios whereby all Fe sites

are 2+ or 3+ respectively. This meant that in these latter cases, the unit

3corresponding to the [00%] positions on the high-temperature cubic cell, see Figure

7(a) of Ref. [11]
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cell was not charge neutral. The third scenario (all Fe3*) emerged as the
lowest energy solution; however the Fe charge populations appear question-
able. Total charge disproportionation in the region of 0.5 - 0.6e was found,
as shown in Table 3.9. Possible objections to these results could include the
fact that the minimal basis set and atomic sphere approximation used for
the potential could make the total energies unreliable. A second objection
could be that one must choose a set of localised states for which the SIC
is applied. The actual ground state will only be found if it is among those
tested [75].

The LDA+U studies by Jeng et al[76] and Leonov et al[77] use the values
of U = 4.5 eV and 5 eV respectively, with exchange parameters J = 0.89 eV
and J = 1 eV, originally derived in the context of earlier ab-initio calcula-
tions on the high-temperature cubic cell[78]. It is not clear which oxidation
state of Fe was used in the calculation of these parameters. Madsen et al[75]
use U — J = 6.33 eV for Fe‘jf and U — J =6.21 eV for Fe%‘“, considerably
larger than the U — J = 3.61 eV and 4 eV used in the first two LDA + U
studies. Jeng found a gap of 0.2 eV, while Leonov reported a gap of 0.18
eV, in contrast to our 1.6 eV gap for 30% HF exchange. Published LDA+U
charge populations are shown in Table 3.9. In all instances, a partial B1— B4
charge ordering scheme was obtained, in agreement with our hybrid DFT
results. Furthermore, Leonov et al state that this CO configuration is ar-
rived at regardless of initial charge arrangement, again in agreement with
our findings for the P2/c cell. Our results show a slightly greater degree of
charge disproportionation between electron-rich and electron-deficient Fep
sites, though this may be a function of the increased electrostatic repulsion
in our calculations, as manifested in our larger band gap. The most remark-
able difference between our 30% and 50% results and the LDA+U is perhaps
the higher charge populations that we find on the Fe sites. As previously

noted, our Fe charge populations become higher as the system becomes in-
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creasingly covalent, i.e. moving from 50% to 30% HF exchange. The absence
of orbital dependence in the LDA exchange-correlation potential means that
the mixed HF exchange should act on all orbitals in our hybrid density func-
tional scheme. The LDA+U method, on the other hand, incorporates an
orbital-dependent potential U acting only on localised d-electrons, and which
neglects oxygen p-electrons. This may have some bearing on the LDA+U

populations reported by these authors.

Table 3.9: Fe 3d-shell charge populations from published calculations. ¢ is

the band gap in eV.

Atom B3LYP30 LDA+U;[76] LDA+Us[77] LDA+Us[75] SIC-LDA[74]

A1) 5.73 : L 5.37 6.56
A(2) 5.73 . . 5.38 6.56
B(1) 6.10 5.57 6.04 5.61 7.74
B(2) 5.66 5.41 5.73 5.33 7.45
B(3) 5.71 5.44 5.92 5.39 7.15
B(4) 6.13 5.58 6.03 5.58 7.35
§/eV 1.6 0.2 0.14 0.0 0.35

Interestingly, we find substantial transfer of charge to the tetrahedral A-
sites, of the order of 0.7¢ at 30%. This contrasts markedly with the simple
Verwey picture, whereby A-sites are trivalent and are hypothesized to be
uninvolved in any charge ordering mechanism for the Verwey transition.
There is some precedent for this in the literature; Mdssbauer spectroscopy
[59] found a transfer of charge to Fe, ions at the Verwey transition, as we
discussed in Section 3.4. This led to the proposal of a coordination crossover
scenario at Ty, with Feif-sites and Fe?—sites, thus ruling out B-site charge
order. Our detailed ab-initio calculations find therefore that A-sites are not
trivalent below 7y, and are indeed closer to the 2+ ideal state proposed

in this Mossbauer study. However, our results definitely do not support
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these authors’ subsequent interpretation of their results as yielding all Fe3*

B-sites. For some reason, most of these LDA+U studies do not give their
calculated A-site populations so we cannot make a comparison in every case,
though Madsen et al show Fey at ~ +5.4 valence, in close agreement with
their low-charge B-site values and in disagreement with the traditional Fey4
trivalent picture.

The question then arises as to the exact orbital-resolved charge and spin
populations. We find that Fe3Oy4 is in fact orbital ordered. This ordering
takes place on the B1 and B4 ions due to the extra charge density on these
ions preferentially filling a particular d-orbital. We find that the to, orbitals
are favoured. In the P2/c frame, the Fep; charge is greatest on the d,, and
dy. orbitals, with occupation numbers of 1.60e (1.66e) and 1.28e (1.26¢)
respectively, at 30% (50%) exchange. There is also clear orbital ordering
on the Fepy ions, with orbitally-resolved occupation numbers greatest for

the d,2_,2 at 1.68e (1.62¢), with dy, at 1.27e (1.35e). The largest difference

x?—y
between the most populated F(%+ orbital and the corresponding Fc";'; orbital
is 0.54e (0.58¢) for Fep; and 0.63e (0.58¢) for Fepy. This is very similar
to the magnitude of the total B-site charge disproportionation, previously
found to be 0.4e - 0.5¢.

Figure 3.12 shows a three-dimensional charge density difference plot of
the B(la)-B(1b)-B(la) ion chain. This plot is obtained by taking our cal-
culated charge density and subtracting a superposition of individual atomic
charge densities. Thus, any preferential orbital filling will be visible in the
3d plot. Neighbouring B-site d-orbital lobes are rotated around the z-axis
with respect to one another. Relative to the P2/c axes shown, these B1-site
orbitals correspond to a mixture of d;, and dy., with neighbouring sites ro-
tated around the z-axis with respect to one another. Figure 3.13 shows the
B3 and B4 charge density difference plots from the same perspective, while

Figure 3.14 shows the same plot looking down on the yz-plane. This corre-
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Figure 3.12: P2/c cell charge density difference plot, showing orbital order
along a B(1a)-B(1b)-B(1a) chain. Calculated at 50% HF exchange mixing.

sponds to a predominantly d,2_,2 &+ d;. orbital ordering on the B4 Fe ions,
with respect to the P2/c crystal axes. With an appropriate rotation of local
axes with respect of Fe B-site octahedra, the orbitals shown correspond to
the three tz4 orbitals, d;. and dy. on B1, and dz; on B4. Our results there-
fore demonstrate so-called “antiferro-orbital” ordering in magnetite, due to
the orthogonal position of neighbouring B-site orbitals on orbital ordered

sites.

3.5.1 Structure Optimisation

The question of the exact low-temperature crystal structure of magnetite has
been central to the debate on the Verwey transition in magnetite since its
first discovery. As we have previously described, x-ray and neutron diffrac-
tion experiments on the structure have been central to the controversy over
charge ordering [11], [56]. Clearly, the exact crystal structure has significant

implications for the Verwey transition. We propose to bridge the divide
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Figure 3.13: P2/c cell charge density difference plot, showing orbital order

on Fe B4. Calculated at 50% HF exchange mixing.

N

Figure 3.14: B4 site orbital order, yz-plane view, at 50% HF exchange

mixing.
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between experiment and theory by performing equilibrium structure opti-
misations, starting from Wright’s experimentally proposed P2/c structure
[11]. A conjugate gradient algorithm is adopted in order to locate minima
and saddle points on the potential energy surface (PES), as implemented in
the CRYSTAL program[41] and discussed in Chapter 2. The matrix of first
derivatives of the force, the Jacobian, permits identification of saddle points
on the PES, while the Hessian matrix of second derivatives allows for their
characterisation. We have carried out structure optimisations using the final
wavefunctions obtained from our 30% and 50% self-consistent solutions, and
beginning with the experimental P2/c crystal structure of Wright et al [11].

The argument given by Wright et al for the existence of charge order is
based on the structural distortion which occurs at the Verwey transition.
This distortion leads to distinct metal sites with significantly differing mean
distances to the surrounding anions. Experimental values of Fe-O distances
at 90K are listed in Table 3.5. Distances for our optimised structure are
also listed, calculated at 50% and 30% HF exchange. The first thing to
notice is the expansion of the electron-rich BOg octahedra centred on B1
and B4 sites, with a corresponding contraction of Fe-O bond lengths in the
B2- and B3-centred octahedra. This lattice distortion is less pronounced
as the exchange becomes reduced, i.e. moving to the 30% case. Fe-Fe
bond lengths are shown in Table 3.6. It is interesting to note that the
lattice distortion follows the pattern of orbital order that we have previously
discerned. B1-B3 bond lengths are visibly expanded along the orientation
of d-orbital lobes (Fig. 3.12). We also note that relaxing the unit cell
has virtually no effect on the magnitude of charge disproportionation in
the low-temperature cell (Table 3.3). This is similar to a previous hybrid
HF/DFT study of another strongly correlated magnetic oxide, the half-
doped manganite Lag 5Cag s MnO3 [71], where it was found that optimisation

of the crystal lattice had little effect on the emergence of a Zener polaron
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Figure 3.15: Bl-site orbital order on optimised P2/c structure.

ground state at high values of HF exchange. Since optimisation has little
effect on charge ordering, it is therefore reasonable to conjecture that the
orbital order is also unaffected by the optimisation, and indeed we find this
to be the case, as shown in Fig. 3.15. Fep; largest occupation numbers are
now 1.66e on d, and 1.24e on d,,, with Fepy at d;2_,2 = 1.67e and d,, =
1.29¢, at 30% exchange.

In addition, the question of the effect of lattice distortion on the band
gap clearly has important ramifications for the mechanism of the Verwey
transition and deserves further investigation. Fig. 3.16 shows a density of
states plot for the 30% structure-optimised cell. The gap has opened up to
~ 2.2eV from its original value of ~ 1.6eV before optimisation (Fig. 3.10),
a substantial increase of almost 40%. This result shows the critical role of
strong electron coupling to the lattice in opening up a gap, and strongly
suggests that this is a driving force behind the Verwey transition.

Atomic coordinates for the optimised structure are shown in Table 3.7.

54




200 —
150 | -
100 | -

150 | :

-200 ————
8 6 -4 2 0 2 4 6

Energy (eV)

Total DOS (states/eV cell)
o

Figure 3.16: Total Density of States for optimised P2/c structure.

We have used the Isotropy code [79] to determine the space group corre-
sponding to these new atomic positions. Interestingly, for the 30% case, we
find that the structure retains P2/c symmetry. For the 50% study, we find
that the optimised cell also has P2/c symmetry, pointing to good experi-
mental resolution of the structure in the study of Wright et al [11].

In order to ascertain the robustness of the ordering arrangement and
ensure that we have not introduced a bias in our choice of initial charge
configuration, we have performed the same calculations starting at all Fe
B-sites having initial charge +2.5 and with the A-sites at +3. We found
very similar results, indicating that our P2/c cell calculations arrive at the

same results independent of the starting point.

3.6 High Temperature Phase Results

For T' > Ty, Fe3O4 has a face-centred cubic crystal structure with space

group Fd3m, with a symmetry-lowering structural distortion to a mono-

95




clinic cell at 7" = Ty. The high-temperature cubic cell consists of 2 for-

mula units, and therefore contains 2 symmetry-equivalent Fe A-sites and
4 symmetry-equivalent Fe B-sites. The exact interplay of electronic and
lattice dynamics at the transition point clearly requires further elucidation.
We have therefore carried out extensive calculations of the electronic and
equilibrium crystal structure of cubic magnetite, starting with the 7" > Ty
experimental structure reported by Wright et al [11]. Our calculations span
a range of values of Hartree-Fock exchange, thus enabling us to approach
the Verwey transition point from either side (insulating or metallic), and
allowing a picture of general trends to develop. A comparison with our
low-temperature P2/c results is made and a number of key parallels and

differences are shown to emerge.

3.6.1 Fd3m 30%

30% exchange yields a minority gap of 0.31 eV, as shown in the band struc-
ture and DOS plots (Figs. 3.17, 3.18 and 3.19). This provides an interest-
ing case because we are now in the insulating regime, at the cusp of half-
metallicity. It would be interesting to see whether charge order develops
in this hypothetical case, for the following reason. The central difficulties
inherent in understanding the Verwey transition result from the appearance
of both a band gap (with possible charge-ordering) and a structural distor-
tion at the transition point. From an experimental perspective, it is difficult
to separate these effects. Our calculations allow us the scope to investigate
separately the effects of electronic correlation (by varying HF exchange) and
electron-lattice coupling (by structure optimisation).

The cubic unit cell has two formula units. We have therefore labelled the
four B-sites in this doubled unit cell as By, By, B, and By for clarity in the
ensuing discussion. This is to avoid confusion with our previous notation for

the low-temperature cell, where B1 to B4 Fe sites were unique by symmetry
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Figure 3.17: Fd3m cell majority spin band structure at 30% exchange.
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Figure 3.18: F'd3m cell minority spin band structure at 30% exchange.
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Figure 3.19: Fd3m cell total density of states at 30% exchange.

Initial A B, By, B. By
BuBy 582 596 596 595 595
ByB. 582 596 596 596 5.96
ByB; 5.82 592 598 595 5097
B_B_ 583 6.18 6.18 577 5.77

Table 3.10: 3d-shell charge populations for Fd3m cell at 30% exchange.

Initial A B, By B, By
B,Bg -4.27 4.08 4.09 4.09 4.09
ByB. -4.27 4.09 4.09 4.08 4.09
ByB; -4.27 4.13 4.05 4.09 4.07
B_B_ -425 3.76 3.76 432 4.34

Table 3.11: 3d-shell spin populations for F'd3m cell at 30% exchange.
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to the P2/c space group. It should be borne in mind, of course, that the
four cubic cell Fep sites are space group symmetry-equivalent, unlike the four
inequivalent B sites in the P2/c cell. Tables 3.10 and 3.11 show the results
for charge and spin populations. The results differ from our previous low-
temperature cell results in several respects. We label our solutions based on
which pair of sites is assigned as 2+ and which pair is 3+ in the input to the
calculation, e.g. B,Bg means a starting point of Fe* on ions B, and By. We
find it necessary to make this distinction since it will be shown that results
are not always independent of initial conditions for the high-temperature
cell, in contrast to our findings for the low-temperature structure.

By starting {rom an integer charge ordered configuration, we end up
arriving at a non-CO ground state of almost integer Fe?* B-site cations. The
Fe 4 sites, at Fe?18+ are clearly much closer to divalence than the traditional
trivalent Verwey picture. Though we only show charge populations for fully
converged calculations, this trend of non-CO was found for all initial charge
ordered inputs at 30%, regardless of which B-sites were chosen as integer
charge ordered. This lack of dependence on initial charge configuration is
reminiscent of the low-temperature monoclinic cell, where it was found that
B1-B4 CO resulted regardless of initial conditions. The B,B; and BB,
solutions are practically degenerate, differing by < 2 meV per formula unit.
The ByB; solution shows negligible charge disproportionation of less than
0.06¢, and this arrangement is in fact around 10 meV/fu higher in energy.

However, this is not the full story, since the lowest energy solution is in
fact the charge ordered one, obtained from a charge neutral starting point
(labelled B_B_). We find that this solution is lower than the lowest energy
non-CO arrangement by ~ 265 meV /fu. Thus we have obtained a charge or-
dered insulating ground state even without the Verwey structural distortion,
and only Coulomb repulsion, sufficient to create a 0.31 eV gap. The corre-

sponding P2/c monoclinic cell with the same degree of Coulombic repulsion
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(at 30% exchange) shows a 1.6 eV gap, clearly demonstrating the central

role of the lattice distortion in widening the band gap. We previously dis-
covered this trend with our P2/c cell structure optimisations. A comparison
with the Mulliken populations for the high and low temperature insulating
cells shows the population and degree of charge disproportionation (~ 0.4e)
to be almost the same in each case. Thus, CO is energetically favourable
over non-CO states in the insulating regime, irrespective of lattice distor-
tions, which in fact serve to increase the band gap. In addition, the P2/c
distortion lowers the unit cell’s total energy by a further 10 meV/fu.

As we have seen, orbital order in the P2/c cell correlates with the lattice
distortion around OO sites. It would be interesting to see whether such
order accompanies charge order in the undistorted cubic insulating cell. To
this end, we investigate the orbital occupation numbers of this solution, and
find that orbital ordering, of predominantly d,. + d,. character, exists on
the both charge ordered (B, and B.) Fe ions. Specifically, we find occu-

. = dy:
pation numbers of n,** = 1.31, n;*

= 1.55 and n‘ci“ =410 1 ng”z = 1.44.
This represents a 0.44e and a 0.36e orbital occupation disproportionation,
respectively, compared with the least occupied (d3,2_,2) e, orbital on each
ion. This situation is represented graphically in a charge density difference
plot (Fig. 3.20). We can see that this d;, & dy.-like OO corresponds to
orbitals rotated almost orthogonally with respect to each other around the
z-axis. The OO sites are seen to line up in a chain pointing in the (110)
direction, with non-OO sites aligned in (110) chains. This in fact very simi-
lar to Verwey’s originally proposed charge ordering scheme. In that model,
he proposed that Fe?™ and Fe3* chains occur in precisely this alignment, in

what he assumed was a tetragonally distorted unit cell below Ty (see Figure

5.
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Figure 3.20: Fd3m cell orbital order at 30% exchange.

61




3.6.2 20%

We now consider the half-metallic cubic cell, obtained by reducing HF ex-
change to 20%. Traditionally this has been considered the ground state
of metallic Fe3Oy4, though there is some dispute about this, as outlined in
our experimental overview. Figs. 3.21 and 3.22 show the electronic band
structure for majority and minority band structures. The band dispersion
is much the same as the 30% case, though there is a rigid shift of bands
which closes the minority gap. This gap closing can be seen clearly in the
total density of states plot in Fig. 3.23. In fact, we are right on the cusp of

the metal-insulator transition.
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Figure 3.21: Fd3m cell majority spin band structure at 20% exchange.

Charge and spin populations are shown in Tables 3.12 and 3.13. Two
of our three 20% solutions do not show charge order. In our 30% case, CO
occurred only when a charge neutral Fet?® initial configuration was used
in the calculation. Now, this initial configuration leads to a non-CO state.

We obtain a charge-ordered state, with ~ 0.25e disproportionation, from a
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Figure 3.22: Fd3m cell minority spin band structure at 20% exchange.
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Figure 3.23: F'd3m cell total density of states at 20% exchange.
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Figure 3.24: Fd3m cell By-B, projected density of states at 20% exchange.

Initial A B, By B, By
B.B; 5.8 6.02 599 599 6.02
ByB. 590 6.14 588 588 6.13
B_B_ 589 6.01 6.01 6.01 6.01

Table 3.12: 3d-shell charge populations for Fd3m cell at 20% exchange.

Initial A B By B; By
B,B; -4.16 3.99 4.04 4.04 3.99
ByB. -4.15 3.79 4.19 4.19 3.80
B_B_ -4.16 4.01 4.01 4.01 4.01

Table 3.13: 3d-shell spin populations for Fd3m cell at 20% exchange.
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ByB, Fe?* starting point. The corresponding projected density of states for
this situation is shown in Fig. 3.24. The CO solution is almost identical
in energy to our non-CO B_DB_ solution, the latter of which is lower by
just 10 meV/fu. Thus, at the cusp of the metal-insulator transition there
is considerable competition between charge ordered and non-CO ground
states, with the non-CO state apparently winning and closing the band gap.
Also, the charge population tends to increase on all ions as the percentage
of exchange is decreased from 30 to 20%, in line with our earlier findings for

the P2/c cell.

3.6.3 30% Structure Optimisation

We have performed a number of structure optimisations on the Fd3m cubic
cell, starting from our previously converged ground state solutions in the
cubic geometry (Table 3.10). For those solutions, we recall that the single
charge ordered solution B_DB_ was energetically favoured over the almost
degenerate non-CO cases. Remarkably, we find that the structure optimi-
sation stabilises a generic charge ordered state with 0.41e charge dispropor-
tionation, regardless of which initial solution we input into our structure
calculation. This is reflected in Tables 3.16 and 3.17 for the charge and spin
populations. It is interesting to note that the ordering takes place on differ-
ent pairs of Fep ions in each case, depending on which ground state solution
is used for the optimisation. These different configurations are nearly de-
generate. In addition, these populations are in close agreement with those
obtained from our low-temperature P2/c optimised structure (Table 3.3)
at 30% exchange. We see that the Fes population is, once again, entirely
unaffected by the presence of a structural distortion. Thus we have found
that CO can exist even without breaking the cubic symmetry of the high-
temperature cell - an important distinction from LDA+U studies which

obtained CO (Table 3.9) but only considered the low-temperature P2/c cell
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[76],[77],[75]. Conversely, however, we have also shown that a symmetry-

lowering distortion* on a non-CO cubic cell solution can itself generate a
CO configuration, once electronic correlation is sufficient to open a band
gap in the cubic cell. This essentially demonstrates the cooperative nature
of both strong electron-electron correlation and electron-lattice interaction
in the Verwey transition.

It could be expected, given our results for the P2/c cell optimisation,
that distortion of Fe-O octahedra will occur around the high-charge Fep
ions. Since the Fe?*-like state can in fact occur on any two of the four
Fep ions in the doubled unit cell, we would expect that an electron hopping
between B-sites to be dressed by a dynamic lattice distortion, suggestive of

polaronic behaviour.

Bond Distances (A)
A-O (x 4) 1.889
B-O (x 6) 2.058

Table 3.14: Experimental Fd3m bond lengths [11].

Experimental Fe-O bond lengths are shown for reference in Table 3.14.
Our results for the lowest energy (B_B_) optimisation are shown in Table
3.15. Using the Isotropy code [79], we find that this new structure corre-
sponds to the low symmetry P1 space group, with 14 unique atoms in the
unit cell, and unit cell vectors a = (0,0,1), b = (0,1,0) and ¢ = (—1,0,0)
relative to the parent Fd3m cubic space group. Oxygen octahedra are ex-
panded around the high-charge Fep sites and contracted around the low-
charge sites, as was seen for the P2/c cell optimisation. Though Mulliken
populations are similar for both this P1 cell and our previous optimised P2/c

cell at 30%, a comparison of bond lengths (recall Table 3.5) shows that the

4 2 Sl i 5 3
resulting from our structure optimisation which breaks cubic symmetry.




Table 3.15: Fe-O bond lengths for the optimised P1 structure at 30% ex-

change, using our B(—)B(—) solution (Table 3.16).
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overall magnitude of octahedral expansion and contraction is greater for
the low-temperature optimised cell. The Fe4-O lengths are similar for both
structures. Ordering of d,, + dy, to, orbitals continues to occur with very
similar occupation numbers to the Fd3m cell. We note that our optimised
BbeO structure also has P1 symmetry.

As in the case of the P2/c cell optimisation, the band gap is substantially
widened by the structural distortion from 0.3 eV to 2.1 eV, as shown in Fig.
3.25). There is a also a pronounced narrowing of the minority band just
below Ep, showing further localisation of the ‘extra’ Fep| charge on Fe?*-
like sites accompanying the lattice distortion. In fact, the P1 cell DOS is
strikingly similar to our optimised P2/c cell, which had a 2.2 eV gap at 30%
(Fig. 3.16).

Table 3.16: 3d-shell charge populations for structure-optimised cell at 30%

exchange.

Initial A B By B B
B,B° 583 597 6.18 57¥F 618
B,B° 583 618 BIB 517 577
ByBj° 5.83 577 577 6.18 6.18
B.B? BR3 618 618 557 Bi7

3.6.4 20% Structure Optimisation

We have also performed structure optimisations on the half-metallic cubic

cell at 20% exchange. Our two lowest energy solutions in this case are the

charge ordered solution with high-charge states occurring on Fe B, and By,

obtained from a BB, charge ordered initial configuration, and the non-
42.5

charge ordered solution obtained from a neutral Fep;“* initial configuration.

We label these solutions B, B and B_B5© for consistency with our earlier
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Table 3.17: 3d-shell charge populations for structure-optimised cell at 30%

exchange.

Initial A B, By B, By
B,B3C -425 434 376 435 3.76
ByB39 -426 3.76 3.76 435 435
ByB5C -425 434 435 3.76 3.76
B_B30 425 3.76 3.76 435 4.35

= 20

8 15| ]

% 10

8 5 ~

% 0

o -5

] 10! ‘

S -15 ¢

= 20 L —

-8 6 4 -2 0 2 4 6
Energy (eV)

Figure 3.25: Optimised cell total density of states at 30% exchange.
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Mulliken population results in Table 3.12. The obtained B_B5? structure

was unstable and divergent in energy. The BbBCSO and Bano optimisations
both yielded cells with P1 space group. These structures were equal in
energy.

Fe-O bond lengths for the B,BJC solution are shown in Table 3.18.
There is an expansion of bond lengths in the Fe-O octahedra around Bl
and B2 ions, with a corresponding contraction around B3 and B4 in the
P1 cell, corresponding to the charge ordering in this system. Charge and
spin populations are given in Tables 3.19 and 3.20, and it is seen that the
lattice optimisation once again stabilises a charge-ordered state. There is
also an associated orbital ordering. We note that distortion of A-site oxygen
tetrahedra and B-site oxygen octahedra becomes less pronounced as we move
to 20% exchange.

One might expect from previous experience that the optimisation intro-
duces a significant band gap. This would be of particular significance in
this case as we would be moving from a cubic half-metallic cell to a charge-
ordered insulating cell with triclinic P1 distortion. This case thus provides
an effective simulation of the Verwey transition. Figure 3.26 shows the total
Density of States for the optimised P1 cell. The system is now insulat-
ing charge-orbital ordered, with a ~ 0.76 €V band gap created purely by
electron coupling to the lattice. This demonstrates the critical role of the

electron-phonon interaction in the Verwey transition.

Symmetry Analysis

Consider a crystalline solid containing N atoms. Let 7; be the position
of the i*" atom. Let the space-group symmetry of the crystal be G. A
3N-dimensional vector ¢ can describe displacements of atoms. The 3N

coordinates of the vector are given by ¢;,, where a = 1,2, 3 refers to the

coordinates of the i** atom. This displacement vector lies in some 3N-




Table 3.18: Fe-O bond lengths for optimised P1 structure at 20% exchange.
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Table 3.19: 3d-shell charge populations for structure-optimised cell at 20%

exchange.

Initial A B, By, B. By
B,Bj° 591 584 585 6.18 6.18
ByB59 591 6.18 6.19 584 586

Table 3.20: 3d-shell spin populations for structure-optimised cell at 20%

exchange.

Initial A B, By B, By
B,B3C 415 -4.25 -424 -3.72 -3.73

ByB59 414 -3.72 -3.72 -425 -4.22

- N
o o O
1

L4,
o ;o o;m
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R
o

Figure 3.26: Total Density of States for optimised structure at 20% ex-

change.
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dimensional vector space S. All vectors spanning this space can describe
atomic displacements. The displacement vector is zero in the high-symmetry
with space group G. In general, a displacive phase transition will lower the
symmetry to a group H. This new space-group symmetry H is a subgroup of
G and consists of all g in GG which leave the displacement vector ¢ invariant,
ie. g = ¢.

We wish to characterise the displacement from magnetite’s cubic cell
with Fd3m symmetry to the P1 symmetry present in our structure opti-
mised cell. The Landau theory of phase transitions involves using an order
parameter (OP), representing the atomic displacement, which is zero in the
high-temperature phase and non-zero in the low-temperature phase [80].
We can try to classify the symmetry of this phase transition in terms of
irreducible representations (IR) of the high-symmetry group G. Each n-
dimensional IR has an associated n-dimensional vector space spanned by
n-dimensional vectors which are order parameters of displacements consis-
tent with the irrep symmetry. The total 3/N-dimensional vector space con-
taining displacement vectors ¢ can be completely decomposed into these IR
subspaces S’

The IR maps symmetry operators g in G onto an n x n matrix D(g).
For a given OP v of the transition, the operators g in G which satisfy
D(g)v = v form a group H’ such that its symmetry is greater than or
equal to that of H. All group H' and H are called isotropy subgroups. The
OPs for which H" = H are primary OPs. They determine the symmetry
of the low-symmetry phase. The other OPs in the set are secondary OPs.
In general, a full description of the symmetry-lowering transition from G
to H will not be directly given in terms of a single OP associated to an
IR of G. Thus, the symmetry of H will be determined by coupled order
parameters (representing atomic displacements which lower the symmetry

of @) associated to IRs of G. Secondary OPs couple to primary OPs in a
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specific way - at the phase transition, the primary OP becomes non-zero

and the secondary OP also becomes non-zero because of this coupling to
the primary OP. In some group-subgroup relations, a single primary OP is
not sufficient and several coupled primary OPs induce the transition [80].
We find that this is actually the case in the Fd3m — P1 transition which
occurs following our optimisation of the high-temperature cubic cell.

The aim of the COPL code [81] is to generate a complete set of OPs,
both primary and secondary, associated with a given group-subgroup pair of
space groups, G and H. This is done via a solution of the so-called inverse
Landau problem [82]: given a group G and a subgroup H, we wish to find
the irreducible representation of G determined by this transition. Details
of the algorithm may be found in [83]. We have used this code to analyse
the Fd3m to P1 structural phase transition which occurs in our structure
optimisation of the cubic cell. The results are shown in Table 3.21.

We have obtained a list of IRs and the corresponding directions of or-
der parameters in the IR space. The notation for IRs corresponds to the
convention of Miller and Love [84], and the specific form of the OP depends
on the choice of matrices for the IR. I' point displacements are labelled by
I' - these are the displacements which are visible by infrared and Raman
spectroscopy. X point displacements are labelled accordingly, where X is at
(1,0,0) in the Brillouin zone.

It can be seen from Table 3.21 that there are 6 primary order parameters
which take take the Fd3m space group to P1. The first two are associated
to 3-dimensional irreps I'; and I';. The remaining four IRs occur at the
X point and have 6-dimensional order parameters (a,b,c,d,e, f). Interest-
ingly, these order parameters yield atomic displacements which cause a cell
quadrupling. In other words, they permit the transition from a 14 atom
cubic cell to a 56 atom cell with P1 symmetry. This P1 cell has basis vec-

tors (0,1,0), (0,0,1) and (1,0,0) and the same origin relative to the parent
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Table 3.21: Irreducible representations, corresponding primary and sec-
ondary order parameters and isotropy subgroups of the Fe3O4 Fd3m to

P1 space group displacive phase transition.

IR  OP Direction Size Subgroup No

e

I (a) 1 Fd3m 227
i (a) 1 Fd3 203
I (a,b) 1 Fddd 70
T (a,b,c) 1 P1 2
i (a,b,c) 1 £l 2
) (a) 1 F432 210
ry (a) Ik F43m 216
r; (a,b) 1 b2y S
r; (a,b,¢) 1 P1 1
ry (a,b,c) il Pl 1
X1 (a,b,cde, f) 4 Pl 1
X2 (a,b,c,dye, f) 4 Pl 1
X3 (a,b,c de, f) 4 Pl 1
X4 (a,b,c,dye, f) 4 Pl 1




Fd3m cell. We recall that the monoclinic P2/c cell determined experimen-

tally by Wright, within orthorhombic Pmca symmetry constraints, had 56
atoms. The 56-atom triclinic P1 cell we obtain here has lower symmetry
than P2/c. We mention, however, that P1 symmetry has been advanced as
the space group of the low-temperature phase of FezOy4, based on the ob-
servation of a magnetoelectric effect [85], while an x-ray topography study
showed twins which were consistent with triclinic symmetry [86]. However,
the Raman study of Gasparov et al [69], which we discussed in Section 3.4,
failed to find the modes that should be active in a cell like P1 which lacks
inversion symmetry.

Thus, a single primary order parameter is not sufficient to define this
group-subgroup relationship , and we find that multiple primary OP’s induce
the transition. This process does not lead to new distortion modes, but
rather combines existing distortion modes from different irreps to achieve
more complex distortions. Primary order parameters energetically drive the
phase transition. Table 3.21 shows that there are secondary OP’s - while not
sufficient to lower the symmetry themselves, they couple to primary OP’s
in order to achieve a fully arbitrary distortion which utilizes all the degrees
of freedom available to the superstructure.

We have investigated how these OP’s affect the Fd3m structure using
the ISODISPLACE visualisation tool [87]. Figure shows the 14-atom cubic
Fd3m cell with axes indicated for both this cell and the corresponding 14-
atom P1 cell. ISODISPLACE can consider the action of order parameters
on a given unique atomic site. Thus the modes at a given atomic site can
be classified according the the Wykoff site point-group irreps that induce its
local distortion.

The I'-point primary order parameter associated to the I'; irrep of Fd3m

induces uniform shifts of all three types of atom - Fey, Feg and O - along

the < 111 > direction. This distortion corresponds to an Fey 15, Feg Ao,




and E, and oxygen A; and E distortion modes. Raman spectroscopy [69]
showed a strong peak at 670 cm™! which was attributed to an oxygen Ay
mode like the above, representing stretching vibrations of the oxygen atoms
along the Fe4-O bonds in a < 111 > direction relative to the cubic axes.

The order parameter associated to the three-dimensional I'; irrep in-
duces displacements of all atoms, except the central Fep atom with orbital
order, and the oxygen atoms pointed to by the lobes of the orbital seen in
our charge density difference plot in Figure 3.20. The other four primary
order parameters lie in the carrier space of six-dimensional X-point irreps
of Fd3m, and induce atomic displacements in the quadrupled 56-atom cell.
Strain modes are always associated with [-point irreps and usually appear
as secondary order parameters in displacive phase transitions, though they
must be primary in proper ferroelastic transitions [79]. In our case, the (a)-
directed OP for FT is an overall cell volume change, while I‘; and F; are
modes associated to expansion and contraction of individual cell axes.

The above analysis is based purely on group theoretic symmetry con-
siderations for any Fd3m to P1 displacive transition with our lattice pa-
rameters and atomic coordinates. The actual relative amplitudes of the
distortion modes obtained above will depend on physical parameters such
as atomic masses, interatomic forces and thermodynamic state variables,

requiring experimental (e.g. diffraction) or further ab-initio calculations.

3.7 Conclusion

At this point we pause to consider our results, and see that a plausible
mechanism for the Verwey transition is beginning to emerge. We begin with
our F'd3m cubic cell results at 30% HF exchange in Section 3.6.1. Of our four
solutions in Table 3.10, we found that the charge ordered one was clearly
energetically favourable over the three degenerate non-CO solutions, being

256 meV /formula unit lower in energy. This shows that the ‘extra’ Fe B-site
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Figure 3.27: Fd3m cell with corresponding P1 axes shown. Fe, sites are in

red, Fep in green and oxygen in blue.

electron® prefers to localise on one of the two Fep ions in the formula unit
rather than spreading evenly in a non-CO Fe*?5-like configuration, even
without the presence of a monoclinic distortion. The LSDA+U results of
Leonov [77] and Jeng [76] are carried out in the P2/c cell only, making it
unclear whether CO/OO can exist without the monoclinic distortion which
occurs below Ty. We show that CO can indeed occur in the cubic cell
and is not merely an artifact of the experimental P2/c cell [11] used in
our calculations. We ascribe the cause of this charge ordering preference to
the electrostatic repulsion, resulting from mixing 30% HF exchange in the
density functional. This assertion is confirmed by our 20% cubic solutions
(Table 3.12). Reducing the HF exchange to 20% results in the the CO

and non-CO solutions (Table 3.12) becoming almost degenerate in energy,

For illustrative purposes and to avoid excessive pedantry in the ensuing discussion,
we will speak of the ‘extra’ Fep electron , even though our results clearly show that the

B-site charge disproportionation is only a fraction of e.
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with non-CO winning out by only 10 meV /fu as the system turns metallic -

the lower amount of electrostatic repulsion in this case means that electron
localisation on a particular Feg site is not so markedly favourable. We
further believe that it is d-d repulsion in particular that is mainly responsible
for electron localisation on a particular B-site, since our band structure
and DOS calculations for the cubic insulating cell (Figures 3.17, 3.18 and
3.19) and the experimental low-temperature cell (Figures 3.6, 3.7 and 3.19)
show that the minority gap resulting from the electron localisation is of
predominantly d-d character®. The aforementioned DOS calculations show
that the ‘extra’ electron occupies a narrow spin-down band just below the
Fermi energy.

This is not all; the ‘extra’ spin-down electron occupies a specific d-orbital
on the Fep site, leading to orbital order (Figure 3.20). This order results
from the localised t%ge;“; configuration of Fe?*, which is triply degenerate
and thus is a Jahn-Teller active distortion mode [11]. We then allowed
the cell to relax in order see the effect of this electron localisation on the
surrounding Fe-O octahedron. The cubic symmetry of the high temperature
cell is broken by the orbital ordering. The lattice distortion occurs on the
B-site sublattice and is largest in the oxygen octahedra surrounding the JT-
active orbital ordered sites (Tables 3.15 and 3<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>