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Abstract. We introduce a notion of real reward testing for probabdigtro-
cesses by extending the traditional nonnegative rewatthgewith negative re-
wards. In this testing framework, the may and must preorensout to be the in-
verse relations of each other. We show that for convergatgsses with finitely
many states and transitions, but not in the presence ofgtinee, the real re-
ward must testing preorder coincides with the nonnegatvweard must testing
preorder. To prove this coincidence we characterise thalussgolution based
testing in terms of the weak transitions of processes, withivolving policies,
adversaries, schedulers, resolutions, or similar strestthat are external to the
process under investigation. This requires establistiagontinuity of our func-
tion for calculating testing outcomes.

1 Introduction

Extending the classical testing semantid§1[6,8] to a sitinwhich probability and
nondeterminism co-exist was initiated [nJ14]. The apylma of a test to a process
yields a set of probabilities for reaching a success sReeiard testingvas introduced
in [Q]; here the success states are labelled by nonnegatwWeumbers—rewards—to
indicate degrees of success, and reaching a success staiatarto accumulating the
associated reward. IATL3] an infinite set of success actsansed to report success, and
the testing outcomes are vectors of probabilities of perfog these success actions.
Compared to[]9] this amounts to distinguishing differenalities of success, rather
than different quantities.

In [T4] and [13], both tests and testees are nondeterntmisbbabilistic processes,
whereas[[P] allows nonprobabilistic tests only, therebtaoting a less discriminating
form of testing. In[[5] we strengthened reward testing by allowing probabilistic
tests. Taking rewards testing in this form we showed thafifotary processes, i.e.
finite-state and finitely branching processes, all threeeaad testing lead to the same
testing preorders. Thus, vector based testing is no moreohthanscalar testing
that employs only one success action, and likewise rewatthtgis no more powerful
than the special case of reward testing in which all rewareld

L In spite of this therds a difference in power between the notions of testing frbm] Hrd
[L3], but this is an issue that is entirely orthogonal to tigidction between scalar testing,
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In certain occasions it is natural to introduce negativearels. This is the case, for
instance, in the theory of Markov decision processek [Tjitively, we could under-
stand negative rewards as costs, while positive rewardsftme viewed as benefits or
profits. This leads to the questiafnegative rewards are also allowed, how would the
original reward testing semantics changé/ refer to the more relaxed form of testing,
using positive and negative rewards,raal reward testingand the original one (from
[8], but with probabilistic tests as il[5]) asnnegative reward testing

As remarked, [[b] established that for finitary processesnbenegative reward
must testing preordef, mus) coincides with the probabilistic must testing preorder
(Cpmusd» and likewise for the may preorders. In the present papeshvow that, in con-
trast to the situation for nonnegative reward (or scalating, for real reward testing
the may and must preorders are the inverse of each othdgri@ny processes and
A,

A Err mayA Iff A EI’I’ mustA- (1)

Our main result is that restricted to finitary convergentesses, the real reward must
preorder coincides with the nonnegative reward must pexore. for any finitary con-
vergent processed and,

A ErrmustA Iﬁ A EnrmustA- (2)

Here by convergence we mean that in the pLTS generated bycags®s there is no
infinite sequence of internal transitions between distidmns like

Ay T Ay T -

Although it is easy to see that il (2) the former implies thtelato prove that the latter
implies the former is far from trivial. Our proof strategy ploys a novel characteri-
sation of the usual resolution based testing approachpuithsing any concept like
policy [10], adversaryfL1], schedulefL?Z] or resolution[5] that is external to the pro-
cess under investigation; instead we describe the mechdoisgathering test results
in terms of theweakr-movesor derivations[?] the investigated process can make, and
hence speak aferivation based testing

This allows us to exploit the failure simulation preorders that in [2] was proven
to coincide with the probabilistic must testing preordgf,,s;based on resolutions, at
least for finitary processes. Using the derivational chter&ation we can show that,
for finitary convergent processésgg is contained irc,, s Convergence is essential
here, even though it is not needed to establish thag is contained in= . muse Com-
bining this with the results froni]5] anfl[2] mentioned abéeeds to our required result
thatCmustiS included inC,, s, @s far as finitary convergent processes are concerned.
Consequently, all the relations in Figlile 1 collapses imi®.0

reward testing and vector based testing.[Id [13] it is thecetien of a succesaction that
constitutes success, whereadiil[6.18114,9] it is reachmgreesstate(even though typically
success actions are used to identify those statedl)] In [5.&xve showed that state-based
testing is (slightly) more powerful than action-baseditestThe results presented [ [5] about
the coincidence of scalar, reward, and vector-based teptieorders pertain to action-based
version of each, but in the conclusion itis observed thas#ime coincidence could be obtained
for their state-based versions. In the current paper wk giistate-based testing.
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The symbol= between two relations means that they coincide for finitarywergent processes.

Fig. 1. The relationship of different testing preorders.

In order to establish the agreement of resolution baseidgestth derivation based
testing, we need to show that in the resolution based testimgoach our results-
collecting function in a deterministic labelled transitisystem is continuous, which
involves some work on the continuity of real-valued functo

The rest of this paper is organised as follows. We start bglliag notation for prob-
abilistic labelled transition systems. In Sectidn 3 we eavthe resolution based testing
approach and show that the real reward may preorder is sithplinverse of the real
reward must preorder. In Sectibh 4 we present derivatioadtesting. The two results
gathering mechanism are compared and shown to agree im&Bctrhen in Sectiofl 6
we show that for finitary convergent processes real rewarst tegting coincides with
nonnegative reward must testing. We also present a couxatrepge showing that this
result does not hold in the presence of divergence. We cdadtuSectiofil7.

Due to lack of space, we omit all proofs: they are reporte@]nBesides the re-
lated work already mentioned above, a lot of other studiegrobabilistic testing and
simulation semantics have appeared in the literature. aheyeviewed in[J4]1].

2 Probabilistic Processes

A (discrete) probabilitysubdistributionover a setS is a functionA : S — [0, 1] with
Y s A(s) < 1;thesupportof such ad is [A] := {seS | A(s) > 0}, and its
mass A| is Zsem] A(s). A subdistribution is a (total, or fulllistributionif |A| = 1.
The point distributiors assigns probability to s and0 to all other elements aof, so
that [5] = {s}. With Ds,y(S) we denote the set of subdistributions owgrand with
D(S) its subset of full distributions.

Let{A, | k € K} be a set of subdistributions, possibly infinite. THeR ;- Ay is
the real-valued function i’ — R defined by(} ", o x Ar)(s) := > ,c i Ar(s). This
is a partial operation on subdistributions because for sstaies the sum ofA(s)
might exceed. If the index set is finite, sayl..n}, we often writeA; 4+ ... + A,,.
For p a real number from0, 1] we usep-A to denote the subdistribution given by
(p-A)(s) := p-A(s). Finally we uses to denote the everywhere-zero subdistribution
that thus has empty support. These operations on subdistrils do not readily adapt
themselves to distributions; yet ), _,. p. = 1 for some collection op, > 0, and
the A are distributions, then so s’ ., pr.- Ax. In general whe)<p<1 we write
x @ y for p-xz + (1—p)-y where that makes sense, so that for exambled A is
always defined, and is full if\; and A, are.

The expected valug_ 4 A(s)- f(s) over a subdistributiom\ of a bounded non-
negative functionf to the reals or tuples of them is written Exff), and the image
of a subdistributionA through a functionf is written Img,(A) — the latter is the
subdistribution over the range gfgiven by Img (A)(¢) := >4, A(s).
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Definition 1. A probabilistic labelled transition systepLTS) is a triple(S, L, —),
where

(i) Sis a set of states,
(i) L is a set of transition labels,
(iii) relation — is a subset of x L x D(9).

A (non-probabilistic) labelled transition system (LTS) yrze viewed as a degenerate
pLTS — one in which only point distributions are used. As Wilt8s, we writes % A

for (s,a, A) € —, as wellass - for 3A : s <% A ands— for Ja: s <%, ApLTS

is deterministicif for any states and labelo there is at most one distributiaft with

s -5 A. ltis finitely branchingf the set{A | s <~ A, «a € L} is finite for all states
s; if moreovers is finite, then the pLTS iéinitary. A subdistributionA in an arbitrary
pLTS isfinitary if restricting the state set to the states reachable ffoyields a finitary
sub-pLTS; it isvery finiteif moreover it cannot reach any loop in the pLTS.

Let Act be a set of visible actions which processes can perform,eindd Act be
the invisible or internal action. In this papel@robabilistic) proceswill simply be a
distribution in a pLTS with as set of transition labdlst, := Act U {7}.

We graphically depict processes by drawing the part of tHESpthat is reachable
from them as a directed graph with states represented by fildes and distributions
by open nodes. For any state and distributionA with s <% A we draw an edge from
s to A labelled withe; and for any distributiom\ and states in [ A], the support ofA,
we draw an edge froml to s labelled withA(s). We leave out point-distributions—
diverting an incoming edge to the unique state in its support

3 Testing probabilistic processes

A testis a distribution in a pLTS with as set of transition lab8ls. U (2, where(?

is a set of frestsuccessactions, not already iAct,, for reporting test outcomes. For
simplicity we may assume a fixed pLTS of processes—our ieapiply to any choice
of such a pLTS—and a fixed pLTS of tests. Since mezdcertain tests for testing
processes, we have to postulate that the pLTS of tests hasdegnee of universality,
in the sense that any test we may need is actually presenairptif'S. In previous
papers[[¥L]2] we accomplished this by presenting a largydtHP, and taking an
appropriate class gfCSP expressions as the states of our pLTSs (of both tests and
processes). Technically this works excellently, but iegithe impression that our work
applies to one particular system description language dtlgrefore we now achieve
universality in a different way. Strong bisimulation beemeprobabilistic processes is
defined, for instance, i ][7]. This notion can equally welldmplied to relate states in
different pLTSs. Now we achieve the desired degree of usality of our pLTS of tests
by requiring that for any statein any pLTS, such that is a very finite test, there is a
state in our pLTS of tests that is strongly bisimilar to it.

Although we use succesactions they are used merely to mark certain states,
namely the sources of transitions labelled by successretis success states. For this
reason we systematically ignore the distributions that lmameached after a success
action. We impose two requirements on all states in a pLT8si6f namely
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t-1 60 adAct p-p A adAct t-%10 p-Lp A acAct
tllp = O|p tlp = t[|A tllp — O]|A

Fig. 2. Synchronous parallel composition between tests and geses

(A) if ¢t 25 andt -2 with wy, w9 € 2 thenw; = wo.

(B) if t =& withw € 2 andt -2+ A with « € Act, thenu - forall u € [A].

The first condition says that a success state can have onesstdentity only, whereas
the second condition is slight weakening of the requirerfrent [d] that success states
must be end states; it allows further progress frorvauccess state, for somec (2,
but only when staying in the realm ofsuccess statds.

To apply testO to processA we form a parallel compositio®||A in which all
visible actions ofA must synchronise witl®. The synchronisations are immediately
renamed inte-. The resulting composition is a process whose only posaitilens are
the elements of2, := 2U{r}. Formally, if (P, Act,, —p) and(T, Act, U2, —) are
the pLTSs of processes and tests, then the pLTS of applisatibtests to processes is
(C, 2,,—),withC = {t|[p | t € T A p € P} and— the transition relation generated
by the rules in Fig2. Here ip € D(T) andA € D(P), then®|| A is the distribution
given by (6] 4)(t]|p) == 6(1) - A(p).

Note that, since the pLTS of tests satisfies conditions (Al @) above, so does
the pLTS of applications of tests to processes; this wouldbeothe case if we had
strengthened condition (B) to require that success statiss Ine end states.

We will define the resulid(©, A) of applying the tesP to the processl to be a set
of testing outcomes, exactly one of which results from easolution of the choices
in ©|| A. Eachtesting outcomés an (2-tuple of real numbers in the interval [0,1], i.e.
a functiono : 2 — [0, 1], and itsw-componenb(w), for w € (2, gives the probability
that the resolution in question will reach arsuccess stat@ne in which the success
actionw is possible.

Due to the presence of nondeterminism in pLTSs, we need aanerh to reduce
a nondeterministic structure into a set of deterministiecttires, each of which deter-
mines a possible outcome. Here we adapt the notialesaflution defined in [[5] for
probabilistic automata, to pLTSs.

Definition 2 (Resolution). A resolutionof a subdistributionA € D S) in a pLTS
(S,Q,,—) is a triple (R, I, — ) where (R, );, —p) is a deterministic pLTS and
I" e Dguy R), such that there existsrasolving functionf € R — S satisfying

(i) Img,(I") = A
(i) if r =g I fora € Q. thenf(r) =% Img,(I")
(i) if f(r) = fora € Q. thenr 5.

The reader is referred to Section 2 [af [5] for a detailed dis@n of the concept of res-
olution, and the manner in which a resolution represents afa process; in particular

2 Justification for imposing such restrictions can be foundppendix A of [H].
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Fig. 3. Testing the process

in a resolution states i¥ are allowed to be resolved into distributions, and compu-
tation steps can bgrobabilistically interpolatedOur resolutions match the results of
applying a scheduler as definedinl[12].

We now explain how to associate an outcome with a particeksolution, which in
turn will associate a set of outcomes with a subdistributicapLTS. Given a determin-
istic pLTS (R, 2., —) consider the functionaR : (R — [0,1]) — (R — [0,1]%)
defined by

1 if r >
R(f)(r)(w) =40 if r <4 andr 24 3)
Exp,(f)(w) if r =4 andr — A.

We view the unit interval0, 1] ordered in the standard manner as a complete lattice;
this induces the structure of a complete lattice on the profdu1]* and in turn on
the set of function®? — [0, 1]*?. The functionalR is easily seen to be monotonic and
therefore has a least fixed point, which we denot&/by o, _y; this is abbreviated to
V when the resolution in question is understood.

Now we defined(©, A) to be the set of vectors

A(O,4) = {Expr(V(r, —)) | (R, I,—)isaresolutionob|A}. (4)

Example 1.Consider the procesg depicted in Figurgl3(a). When we apply the test
depicted in FigurEl3(b) to it we get the procelsg depicted in FigurEl3(c). This process
is already deterministic, hence has essentially only oseluéon: itself. Moreover the
outcome Ex%(v) = V(t|lq1) associated with it is the least solution of the equation

V(tllg) = 5 - V(tllar) + 3

In fact this equation has a unique solution/n1]**, namelyw, with & (w) = 1 and
T (W) = 0forallw’ # w. ThusA(Z, q) = ().
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Fig. 4. Testing the procesg

Example 2.Consider the procesg and the application of the testo it, as outlined
in Figure[3. For eaclk > 1 the process||¢; has a resolutiorR,, such thatV(R) =
(1 — 55)W; intuitively it goes around the loofk — 1) times before at last taking the
right handr action. ThusA(Z,7z) contains(1 — 5)w for everyk > 1. But it also
containsw, because of the resolution which takes the left handove every time.

ThusA(%,7z2) includes the set

As resolutions allow any interpolation between the twransitions from states.,
A(%,qz) is actually the convex closure of the above set.

There are two standard methods for comparing two sets cbmss:
01 <go 02 if for everyo; € O; there exists some, € O, such thab; < o
01 <gm O2 if for every o, € O, there exists some, € O, such thab; < oy

This gives us our definition of the probabilistic may- and traesting preorders; they
are decorated with? for the repertoire? of testing actions they employ.

Definition 3 (Probabilistic testing preorders).
(i) A Cinay A if for every 2-testo, A(0, A) <y, A(O, A).
(i) A Chuse A if for every (2-testO, A(O, A) <sm A(O, A).
These preorders are abbreviated¥@ ,may A andA Cymyst A When|2|= 1.

In [5] we established that for finitary processggﬂay coincides withC,ay and
gg’mustwith Cpmust for any choice off2. We also defined the reward testing preorders
in terms of the mechanism set up so far. The idea is to assoe@th success action
w € 2 areward, which is a nonnegative number in the unit intej¢al], and a run
of a probabilistic process in parallel with a test yields &pexted reward accumulated
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by those states which can enable success actions. A rewgeditie [0, 1] is used
to assign reward(w) to success actiow, for eachw € 2. Due to the presence of
nondeterminism, the application of a téstto a process\ produces a set of expected
rewards. Two sets of rewards can be compared by examiniirgstiremum/infimum
elements; this gives us two methods of testing called rewsag/must testing. I1]5]
all rewards are required to be nonnegative, so we refer toaghroach of testing as
nonnegative reward testintf we also allow negative rewards, which intuitively can be
understood as costs, then we obtain an approach of testileg czal reward testing
Technically, we simply let reward tuplésrange over the sdt-1,1]. If o € [0, 1]%,
we use the dot-produdt- o = 3", h(w) - o(w). It can apply to a se® C [0, 1]
sothath - O = {h-0o|0€ O}. Let A C [-1,1]. We use the notatioh| A for the
supremum of sel, and[ | A for the infimum.

Definition 4 (Reward testing preorders).

(i) A Cfmay A if for every 2-test© and nonnegative reward tuple € [0,1],
L|h-A©,A4) <||h-A@®,A.

(i) A Cf s A if for every 2-test© and nonnegative reward tupte € [0, 1]%,
Mh-A©,A) <[h-A@®,A.

(i) A Cfmay A if for every f2-test © and real reward tuplés € [—1,1]7,
LIh- A6, A) <||h-A@®,A).

(iv) A Cmust A if for every £2-test © and real reward tupldr € [-1,1]7,
Mh- A6, A) <[h- A6, A).

This time we drop the superscri@if 2 is countably infinite.

It is shown in Corollary 1 of{[5] that nonnegative reward tegtis equally powerful as
probabilistic testing.

Theorem 1 ([8]). For any finitary processed and A,

() ACnmayAifandonlyif A Cypay A.
(i) A CpmustAifandonly if A Cppyst A

In this paper we focus on the real reward testing preordgrs,y and,, myus, by com-
paring them with the nonnegative reward testing preordgygay andC ,;mys: We first
show that, although the two nonnegative reward testingrdege are in general incom-
parable, the two real reward testing preorders are simgyrtberse relations of each
other.

Theorem 2. For any processes\ and 4, it holds thatA T, sy A if and only if
A Err mustA-

Our next task is to compar€,, m,st With C,, must The former is included in the latter,
which directly follows from Definitiolilt. Surprisingly, ititns out that for finitary con-

vergent processes the latter is also included in the fortimes, the two preorders are in
fact the same. The rest of the paper is devoted to provingehist.
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4 Derivation based testing

In this section we give an alternative definition df®, A). Our definition has four

ingredients. First of all, for technical reasons we norsabur pLTS by removing all

T-transitions that leave a success state. This wayw-@uccess state will only have
outgoing transitions labelled.

Definition 5 (w-respecting).A pLTS (S, {2, —) is said to bev-respectingvhenever
s ==, foranyw € 2, impliess 4.

It is straightforward to modify the pLTS of applications @fts to processes into one
that it isw-respecting, namely by removing all transitions™ A for statess with
s . With [©]| A] we denote the distributio®|| A in this pruned pLTS.

Secondly, we recall the definition of weak derivations fr@h [n a pLTS actions
are only performed by states, in that actions are given latiogls from states to distri-
butions. But processes in general correspond to distobatbver states, so in order to
define what it means for a process to perform an action, we todétl these relations
so that they also apply to distributions. In fact we will finadtonvenient to lift them to
subdistributions.

Definition 6. Let (S, L, —) be a pLTS anR C S x Dsuyl,S) be a relation from states
to subdistributions. TheR C Dgyi.S) x Dsui(,S) is the smallest relation that satisfies:
(i) s R Aimpliess R A, and
(i) (Linearity) A; R A; foriel implies (3., pi-Ai) R (3,c; pi-Ai) for any
Di E[O, 1] (Z € I) with Zie[pi <1.

An application of this notion is when the relation+is- for @ € Act,; in that case we
also write-% for -%. Thus, as source of a relatie#~ we now also allow distributions,
and even subdistributions. A subtlety of this approachas thr any actiony, we have

e % ¢ simply by takingl = () or >, _, p; = 0 in Definition[d. That turned out to
makes especially useful for modelling the “chaotic” aspects afedligence in[[2].

Definition 7 (Weak derivation). Suppose we have subdistributiods A;”, A, for
k > 0, with the following properties:

A = Ay + A
Ay s A7 + AF

— T — X
Ay S AL+ AL

Then we calld’ := >7° | A aweak derivativeof A, and writeA —- A’ to mean
thatA can make aveak derivatiorto its derivativeA’.

There is always at least one derivative of any distributitee distribution itself) and
there can be many.
Thirdly, we identify a class of special weak derivativedadlextreme derivatives.
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Definition 8 (Extreme derivatives). A states in a pLTS is calledstableif s =4,
and a subdistributionl is calledstableif every state in its support is stable. We write
A = AwheneveiA — A andA is stable, and calll anextremederivative ofA.

Referring to Definitior]7, we see this means that in the exéréerivation ofA from
A at every stage a state must move on if it can, so that everpisipgomponent can
contain only states whicmuststop: fors € A + A we haves € A/ if and now
alsoonly if s T4. Moreover if the pLTS iso-respecting then whenevere A;”, it is
not successful, i.es -2 for everyw € (2.

Lemma 1 (Existence of extreme derivatives).
(i) For every subdistributiom\ there exists some (stablelf such thatA = A'.
(i) In a deterministic pLTS ifA = A’ and A = A” thenA’ = A”.

It is worth pointing out that the use of subdistributionghea than distributions, is
essential here. IfA diverges, that is if there is an infinite sequence of dervesti
A D A D L A .., then the only extreme derivative af is the empty
subdistributiore. For example, the only transition of a stateith just a selfr-loop is
t = ¢, and therefore diverges; consequently its unique extreme derivative is

The final ingredient in the definition of a set of outcomes ofagplication of a
test to a process is the outcome of a particular extremeatidy Note that all states
s € [A] in the support of an extreme derivative either satisf#~ for a uniquew € (2,
or haves /.

Definition 9 (Outcomes).The outcome$A € [0, 1] of a stable subdistributiod is
given bySA(w) = > cray, s Als).

Putting all four ingredients together, we arrive at a debiniof A%, A):

Definition 10. Let A be apCSP process an® an (2-test. Then

A%, A) = {$A4| (0] A] = A}.
The role of pruning in the above definition can be seen viadhewing example.

Example 3.Letp be a process that first does@action, to the point distributiof, and
then diverges, by engaging inraloop ¢ —— q. Let? be the test used in Examplgs 1
andl2. Therp||t has a unique extreme derivatiéh| A = ¢, whereag®|| 4| has a
unique extreme derivatiofP||A] = [¢|lw]. Here we give the name to the state
reachable front with the outgoingu-transition. The outcome in®(%,5) shows that
proces$ passes tegtwith probability 1, which is what we expect for state-based test-
ing. Without pruning we would get an outcome saying fhpasse$ with probability.

As this example is non-probabilistic, it also illustratespruning enables the standard
notion of non-probabilistic testing to be captured by datin testing.

Example 4.(Revisiting Exampl&ll.) The pLTS in Figui® 3(b) is deterrsiiziand un-
affected by pruning; from pardtlii) of Lemnia 1 it follows thidlig; has a unique extreme
derivative/A. MoreoverA can be calculated to be

1
Z 2_k 'Ea
k>1

which simplifies to the distributioss. Therefore,A%(%,q7) = {$53} = {&'}.
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Example 5.(Revisiting Exampld]2.) The application of the tésto processegs is

outlined in Figuré€W(b). Consider any extreme derivatifédrom sy = [t||7z]; note that
here again pruning actually has no effect. Using the nataifdefinition[d, it is clear
that A andA;” must bes andsg respectively. SimilarlyA; and A" must bes and

51 respectively. But; is a nondeterministic state, having two possible transstio

(i) s1 — Ag whereA, has supporfsy, s2} and assigns each of them the weiéht
(i) s1 = A; whereA; has the supporss, s4}, again dividing the mass equally
among them.

So there are many possibilities fd; it is easy to see from Definitidd 7 that in fadt
can be of the form

p-Ao+(1—p)- A (5)

for any choice of € [0, 1].

Let us consider one possibility, an extreme one wherg chosen to b&; only
the transition (ii) above is used. Her&;" is the subdistributior%ﬁ, andA;” = ¢
wheneverk > 2. A simple calculation shows that in this case the extremevalire
generated isl{ = 1535 + 155 which implies tha & € AY(7, 32).

Another possibility forA, is Ag, corresponding to the choice pf= 1 in (@) above.
Continuing with this derivation leads td3 being - 57+ & - p5; in other wordsAj =
% D5 and A3 = % - 51. Now in the generation of\, from A3* once more we have
to resolve a transition from the nondeterministic stateby choosing some arbitrary
p € ]0,1] in @). Suppose that each time this arises we systematicatigsep = 1, that
is, we ignore completely the transition (ii) above. Thesi¢asy to see that the extreme

derivative generated is
/]6 1 v
0 Z 2k "Ps

k>1

which simplifies to the distributiops. This in turn means that’ € A%(%, 7).

We have seen two possible derivations of extreme deriafian s;. But there
are many others. In general wheneygr is of the formg - 57 we have to resolve the
nondeterminism by choosingzac [0, 1] in @) above; moreover each such choice is
independent. It turns out that every extreme derivatiVef 57 is of the form

q- A+ (1- )45

for some choice of € [0, 1], which implies that4%(7, 3 is the convex closure of the
set{;w, W}

5 Comparison of resolution and derivation based testing

We have now seen two ways of associating sets of outcomeghvatapplication of a
test to a process. The first, in Sectldn 3, associates witktaatel a process a set of
deterministic structures called resolutions, while theosel, in Sectiofill4, uses extreme
derivations in which nondeterministic choices are resbldgnamically as the deriva-
tion proceeds. In this section we show that these two appesagive rise to the same
outcomes.
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The next proposition maintains that for each extreme devivdhere is a corre-
sponding resolution, and vice versa.

Proposition 1. Let A be a subdistribution a pLTS, 2, —).

(i) Supposed = A’. Then there is a resolutiofR, I, — ) of A, with resolving
function f, such thatl” ==~ " for somel’ for which A" = Img,(I"’).

(i) Suppos€R, I, —g) is a resolution of aA with resolving functiory.
ThenI” =-p I'" impliesA = Img,(I").

Our next step is to relate the outcomes extracted from extréenivatives to those
extracted from the corresponding resolutions. This regusome analysis of the eval-
uation functionV(—). We have to show that the functidd defined in[B) and its least
fixed pointV(—) are continuous, which is by no means trivial because it ve®lden-
tifying a class of binary functions that are conditionalgntinuous.

Definition 11 (Continuous functions).A chain in a complete latticé is a sequence
of elements{ ¢, | n > 0} satisfyinge; < ¢; 1. Obviously chains have least upper
bounds which we denote Iy, , ¢,,. Afunction f : L — L is said to be continuous if
it preserves the least upper bounds of chains

f(|_| n) = |_| flen)

n>0 n>0

The following technical lemma states that some binary flonstsatisfy the property of
bounded continuitywhich allows the exchange of limit and sum operations.dypla
crucial role in proving the continuity oR.

Lemma 2 (Bounded continuity).Given a functioryf : N x N — R>, which satisfies

the following three conditions:

C1. fis monotonic in its second argument, ije.< jo implies f (i, j1) < f(4, j2) for
all 1, 91,72 € N.

C2. Foranyi € N, the limitlim;_, f(4, j) exists.

C3. Moreover, for any: € N, the partial sums,, = >, lim;_. f(i, ) is bounded,
i.e. there exists somees R such thatS,, < cforall n > 0.

then it holds that

3" lim f(i,g) = lim Y f(i,9).
=07 =

In other words, the functiorf is continuous conditioned by the fact that its partial
sums are always bounded by a constant. By exploiting theealeovma, we obtain the
following nice property.

Lemma 3. Consider a deterministic pLT&, 2., —). The functioriR defined in[[B)
is continuous.

Consequently, the least fixed point®f i.e.V, is also continuous. Moreover, the func-
tion V can be captured by a chain of approximants. The functiéhs n > 0 are
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defined by induction omn:

VO(r)(w) =0 forallw € 2
vt = R(V™)

ThenV =, ., V". Thisis used in the following central result.

Proposition 2. Let A be a subdistribution in an-respecting deterministic pLTS.
If A = A’thenV(A) =V(4").

We are now ready to compare the two methods for calculatiegéh of outcomes
associated with a subdistribution:

— using resolutions and the evaluation functidfrom pagdb;
— using extreme derivatives and the reward functidrom Definition[9.

Corollary 1. In anw-respecting pLT$S, (2., —), the following statements hold.

(i) If A = A’thenthereisaresolutiofR, I, — ) of A such thatV(I") = §(A").
(i) For any resolution(R, I, — ) of A, there exists an extreme derivativ€ such
that A = A’ andV(I") = §(4").

Corollary 2. For any test© and processA we have thaid%(0, A) = A(O, A).

6 Agreement of nonnegative and real reward must testing

In this section we prove the agreementof st With =, must fOr finitary convergent
processes, by using failure simulati@h [2] as a steppingestd/e start with defining the
weak action relations® for & € Act, and the refusal relationéé for A C Act that
are the key ingredients in the definition of the failure siation preorder.

Definition 12. Let A and its variants be subdistributions in a pLTS Act, —).

— Fora € Act write A == A’ wheneverd = AP %, APOSt—. A/ Extend this
to Act, by allowing as a special case thdt is simply=>, i.e. including identity
(rather than requiring at least or&).

— For A C Act ands € S write s 24 if s %4 for everya € AU {7}; write A 44 if
s A4 for everys €[ A].

— More generally writeA =44 if A = AP for someAP™ such thatAP' -44.

Definition 13 (Failure simulation preorder). Define < to be the largest relation in
S x Dsurl(S) such that ifs <1 A then

(i) whenevers == A’, for a € Act,, then there is al’ € DgyyS) with A = A’ and
A A and
(i) whenevers =44 thenA —-44.
Any relationR C S x Dgyy(S) that satisfies the two clauses above is callédilare
simulation The failure simulation preordef rs C Dsu(S) X Dsuy,S) is defined by
letting A C s A whenever there is 4% with A = A% and A < A",

13
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There are other equivalent definitions of failure simulatireorder[[R2]. This one is
chosen because we find it convenient to use in proving Lefhnedovb

The failure simulation preorder is a preserved under perabmposition with a
test, followed by pruning, and it is sound and complete fababilistic must testing
preorder, when only finitary processes are considered.

Theorem 3 ([2]). For finitary processes\ and A,

(i) If A Cps Athen for any2-testo it holds that[A||©] Crs [A]©].
(i) ACrs Aifand only if A Epmyst 4.
Because we prune our pLTSs before extracting values from,the will be con-
cerned mainly withu-respecting structures. Moreover, we require the pLTS& tmh-
vergentin the sense that there is no wholly divergent staiee. withs = .

Definition 14. Let A be a distribution in a pLTSS, 2,, —). We write V(A) for the
set of testing outcome$ A’ | A = A’}

Lemma 4. Let A and A be two subdistributions in aw-respecting convergent pLTS
(S, 2;,—). If A Cpg A, thenit holds that’(A) D V(A).

This lemma shows that failure simulation preorder is a veyng relation in the sense
that if A is related toA by the failure simulation preorder then the set of outcomes
generated byl includes the set of outcomes given Hy It is mainly due to this strong
requirement that we can show that the failure simulatioter is sound for the real
reward must testing preorder. Convergence is a crucialitondh this lemma.

Theorem 4. For any finitary convergent processgsand 4, if A Cgg A then we have
that A Ty muse 4

The proof of the above theorem is subtle. The failure sinmutgtreorder is defined via
weak derivations (cf. DefinitiofiZ13), while the reward muestting preorder is defined
in terms of resolutions (cf. Definitidd 4). Fortunately, wevk shown in Corollard2 that
we can just as well characterise the reward must testinggeem terms of derivations.
Based on this observation, the proof can be carried out blpiixqg TheoreniB(i) and
Lemmd3.

Finally, by combining Theorenid 1(ii) afil 3(ii), togethettwirheorenfil4, we obtain
the main result of the paper which states that nonnegatiartemust testing is as
discriminating as real reward must testing.

Theorem 5. For any finitary convergent processesand 4, it holds thatA Tt A
if and only if A C,rmust A-

In the presence of divergendg,; m,stis strictly finer thar=,,, ,us FOr example, let
A be a process that diverges, by performinglaop only, andA a process that merely
performs a single action. It holds thatA Crg A becauseA = ¢ and the empty
subdistribution can failure simulate any processes. lofed from TheoremEI3(ii) and
(i) that A T, must A- However, if we apply the tegtfrom Examplddl again, and the
reward tupleh with h(w) = —1, then

Lin-A%EA) = [h-{e} = L0} = 0
Lh- AT ) = Ur{w} = -1} = -1

As| |h- AdE A) £ | |h- AYE, A), we see that) I, must A
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7 Conclusion

We have studied a notion of real reward testing which exténelsraditional nonneg-
ative reward testing with negative rewards. It turned oat tieal reward may preorder
is the inverse of real reward must preorder, and vice versaelifiterestingly, for fini-
tary convergent processes, real reward must testing preocothcides with nonnegative
reward testing preorder. In order to prove this result, weelpesented two testing ap-
proaches and shown their coincidence, which involved pigpgsome analytic properties
such as the continuity of a function for calculating testinggcomes, and bounded con-
tinuity of a class of binary functions.

Although for finitary convergent processes, real reward tntesting is no more
powerful then nonnegative reward must testing, a similanltedoes not hold for may
testing. This follows immediately from our result that (ihgerse of) real reward may
testing is as powerful as real reward must testing, that eavnnot to hold for non-
negative reward may and must testing. Thus, real reward gsing is strictly more
discriminating than nonnegative reward may testing, emehe absence of divergence.
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