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An iterative method for solving sparse linear algebraic systems

with continuum solution dependent right-hand side for elliptic par-

tial differential equations

Sudipta Lal Basu, Kirk M. Soodhalter, Breiffni Fitzgerald, Biswajit Basu

• Systems governed by PDEs are discretized and solved using algorithms

like BiCGStab.

• Certain real-world systems have unavailable continuum solution depen-

dent right-hand side.

• A modified BiCGStab is proposed by coupling it with Decomposed

Immersed Interface Method.

• The modified algorithm is validated against some benchmark problems.

• Application to real world problems and performance on multiple CPU

cores is demonstrated.
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Abstract

Krylov subspace iterative methods such as bi-conjugate gradients stabilized

(BiCGStab) to approximately solve sparse linear algebraic systems are well

known. However, there are certain instances in real-world engineering appli-

cations with underlying governing partial differential equation where the dis-

cretized right-hand side can only be exactly determined using the unavailable

continuum solution. In such cases, an iterative method such as BiCGStab

may not converge to a physically correct solution or may diverge completely.

Such a method must be modified to accommodate inexact knowledge of the

discrete right-hand side, using an updating scheme as the iteration proceeds.

In this paper, we present such an updating strategy for physical problems

governed by elliptic partial differential equations. This strategy must be per-

formed in a numerically stable manner, which we also discuss. We present
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ofthis as a modified BiCGStab iteration and investigate its effectiveness on

both test problems, wherein it is shown to perform well and agrees with

the analytical solutions, and on some more realistic problems arising in the

study of Hele-Shaw flow, composite materials and power generation from

wind farms.
Keywords: Iterative methods, Decomposed Immersed Interface Method,

Interfacial problems, Fluid-structure interaction, Elliptic partial differential

equations

2020 MSC: 65N06, 65F10, 65N22, 74F10

1. Introduction1

Mathematical formulations and models for many real world engineering2

problems can be quite conveniently derived depending upon the parameters3

involved and the physical laws known. However, the same is not always true4

when deriving an analytical solution for these very same models. An example5

is the field of fluid dynamics where the mathematical models rely extensively6

on partial differential equations (PDEs) of forms for which the analytical7

solutions cannot be deduced straightaway. Thus, the solutions to compli-8

cated engineering models rely heavily on numerical techniques; in particular,9

iterative methods which generally must be used to treat the resulting large-10

scale linear systems in order to obtain appropriately accurate approximate11

solutions to these engineering models.12

Optimal error-minimizing iterative methods like Conjugate Gradient(CG)13

and GMRES (generalized minimal residual method) are some of the com-14

mon algorithms that are quite often used to solve for the aforementioned15

2



Journal Pre-proof
Jo
ur

na
l P

re
-p

ro
ofsystems of equations numerically with their choice dependent on whether16

or not the coefficient matrix is symmetric or non-symmetric. It has been17

demonstrated1,2 that no general method exists to treat non-symmetric prob-18

lems that both is a short-recurrence method and minimizes an error func-19

tional, such as CG. The discretization of the engineering problem treated in20

this paper results in linear systems that are non-symmetric and as such in21

this paper the focus is on algorithms dealing with these cases. GMRES is22

memory expensive and might not be suitable when a large domain is dealt23

with. Hence, the application of Biconjugate Gradient Stable (BiCGStab)3
24

has been explored in the current context because of its inherent memory in-25

expensive approach. In the past, this was illustrated in a comparative study26

using GMRES, BiCGStab and Conjugate Gradient Squared (CGS) done to27

solve Navier-Stokes equation where the superior performance of BiCGStab28

with respect to computational resources was demonstrated4. Researchers29

have worked on interfacial flows using a local level set algorithm where they30

have used pre-conditioned form of BiCGStab to solve for elliptic PDE as31

well as for convection-diffusion step5. This clearly highlights the applicabil-32

ity of this algorithm to different forms of PDEs. Improvements to Krylov33

sub-space methods like CG and BiCGStab were proposed by using reduced-34

order models as solution predictors in order to accelerate the convergence6.35

Applications of this algorithm can also be found across works in multiple do-36

mains like hybrid plasma stability analysis7, multi-component Cahn–Hilliard37

system on surfaces8, fluid-structure interaction (FSI) in wind farms9.38

There has been much work in recent years in parallelizing iterative meth-39

ods such as BiCGStab. For instance, for distributed computing systems40

3
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reducing global synchronization points to two from five and reducing commu-42

nication time for inner products10. Preconditioned BiCGStab (PBiCGStab)43

using approximate inverse technique compatible with modern day GPUs have44

also been explored11. Other researchers have even proposed a parallel in time45

Stable Bi-Conjugate gradient algorithm which is applicable to para-real and46

initial value problems12.47

In this paper, we treat the paradoxical situation wherein we require knowl-48

edge of the continuum solution to construct the discrete right-hand side. None49

of the aforementioned efforts have been directed at cases wherein the con-50

struction of the discrete right hand side vector actually depends on knowledge51

of the continuum solution. In such cases, the user only has approximations52

to the discrete right-hand side which can be updated as the iteration pro-53

ceeds. In this paper, an approach has been presented by proposing suitable54

modifications to BiCGStab to address this problem setup for elliptic PDEs.55

A detailed investigation of the modifications proposed has been carried out56

and the implications of the changes made when compared to the original57

BiCGStab has been discussed. Finally, some numerical examples from actual58

application problems have been presented to validate the proposed modifi-59

cations along with examples of real world engineering problem to illustrate60

the application of the method. The proposed modifications do not restrict61

its ability of executing parallel computation across multiple CPU cores by62

implementing Message Passing Interface (MPI) which is evident from the63

simulations presented in this paper.64
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We consider a sparse linear system of the form66

AAAΦΦΦ = bbb. (2.1)

where, AAA = coefficient matrix, ΦΦΦ = solution vector, bbb is the right-hand side.67

In this paper, we consider the situation wherein the right-hand side is split68

into two components, bbb = bbbc + bbbv; the component bbbc represents the part69

of the right-hand side known a priori. The other component bbbv represents70

the part of the right-hand side which can be constructed exactly only with71

additional, unavailable information. For example, consider the case in which72

we construct a finite-difference discretization of a PDE. There are cases in73

which the boundary conditions and solution interact such that one would74

need the exact continuum solution Φ to exactly determine how the discrete75

boundary conditions manifest at certain nodes. If the problem has Dirichlet76

boundary conditions, this translates to elements of the right-hand side not77

being known exactly.78

The family of BiCGStab methods operate by alternating between steps79

of a BiCG-type iteration and steps of a GMRES-type iteration. This con-80

fers on the method the advantages of a non-symmetric Lanczos-based short-81

recurrence method like BiCG with a more stabilized residual convergence82

pattern produced by a GMRES-type iteration, thereby reducing numerical83

issues caused by residual norms oscillating wildly between iterations. In this84

paper, we use a version of BiCGStab which alternates between one step of85

preconditioned BiCG and one step of preconditioned GMRES.86

In the standard case wherein bbb is known exactly a priori, we simply set87

5
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conventional algorithms cannot be applied out-of-the-box and require mod-89

ifications. Implicitly, there are a two sets of unknowns, the actual solution90

vector ΦΦΦ and the components of the right-hand side which are not known91

exactly, bbbv := bbbv(Φ), which denotes to be a function of the true continuum92

solution Φ. Since we will never have access to the true continuum solution Φ,93

we are only able to construct approximations of bbbv(Φ) using the approximate,94

discrete solution ΦΦΦ. Thus, when given a discrete argument, bbbv(ΦΦΦ) is taken to95

be a function mapping Rn → Rn.96

In this paper, bold characters denote matrices and vectors. Our iterative97

algorithm of choice for treating eq. (2.1) is a BiCGStab type short recurrence98

method3. This method is proposed for treating non-symmetric problems, but99

we argue in this paper that it has a valid use-case. The steps involved in100

BiCGStab algorithm are presented in algorithm 1 and the preconditioned101

form is given in algorithm 2. The approach presented in this paper proposes102

a modification to the BiCGStab iteration that simultaneously updates ap-103

proximation, i.e., ΦΦΦi−1 → ΦΦΦi, as well as an approximation for bbbv in a way that104

improves the stability of the iteration (increasing the attainable accuracy of105

the approximation ΦΦΦi).106

The assumption we make in this paper is that although we do not have

access to bbbv, we have access to the function bbbv(xxx) (via using the argument

to update our knowledge of the discrete right-hand side at the boundary

nodes), which returns bbbv = bbbv(Φ) when the true solution is given as the

argument. Given an initial approximation ΦΦΦ0, we cannot compute the exact

initial residual rrr0 because we do not know bbbv. Instead, we compute rrr0 =

6
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Algorithm 1 Biconjugate Gradient Stable3

Assume initial trial value for vector ΦΦΦ, say ΦΦΦ0.

rrr0 = bbb−AAAΦΦΦ0.

Choose an arbitrary vector r∗r∗r∗ such that < r∗r∗r∗, rrr0 >6= 0, e.g., r∗r∗r∗ ← rrr0.

ρ0 = α = ω0 = 1.

ννν0 = ppp0 = 0.

for j = 1, 2, 3, ... do

ρj ←< r∗r∗r∗, rrrj−1 >; β ← (ρj/ρj−1)(α/ωj−1)

pppj ← rrrj−1 + β(pppj−1 − ωj−1νννj−1)

νννj ← AAApppj

α← ρj/ < r∗r∗r∗, νννj >

sss← rrrj−1 − ανννj

ttt← AAAzzz

ωj ←< ttt, sss > /ttt, ttt >

ΦΦΦj ← ΦΦΦj−1 + αpppj + ωjzzz; if ΦΦΦj accurate enough then quit

rrrj ← sss− ωjttt

end for

7
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Algorithm 2 Preconditioned BiConjugate Gradient Stable (PBiCGStab)3

Assume initial trial value for vector ΦΦΦ, say ΦΦΦ0.

rrr0 ← bbb−AAAΦΦΦ0.

Choose an arbitrary vector r∗r∗r∗ such that < r∗r∗r∗, rrr0 >6= 0, e.g., r∗r∗r∗ ← rrr0

ρ0 = α = ω0 = 1

ννν0 = ppp0 = 0

for j = 1, 2, 3, ... do

ρj ←< r∗r∗r∗, rrrj−1 >; β = (ρj/ρj−1)(α/ωj−1)

pppj ← rrrj−1 + β(pppj−1 − ωj−1νννj−1)

yyy ←MMM−1pppj

νννj ← AAAyyy

α← ρj/ < r∗r∗r∗, νννj >

sss← rrrj−1 − ανννi

zzz ←MMM−1sss

ttt← AAAzzz

ωj ←<MMM−1ttt,MMM−1sss > / <MMM−1ttt,MMM−1ttt >

ΦΦΦj ← ΦΦΦj−1 + αyyy + ωjzzz; if ΦΦΦj accurate enough then quit

rrrj ← sss− ωjttt

end for

8
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assigned the same value as rrr0. At the end of iteration j, the updated solution

vector and the residuals are computed by executing the step

ΦΦΦj ← ΦΦΦj−1 + αpppj + ωjzzz; rrrj ← sss− ωjttt (BiCGStab)

or

ΦΦΦj ← ΦΦΦj−1 + αyyy + ωjzzz; rrrj ← sss− ωjttt (PBiCGStab)

respectively. Assuming that for the choice rrr∗ ← rrr0, this iteration converges,107

the solution thus obtained would be the solution of the linear system108

AAAΦΦΦ = bbbc + bbbv(ΦΦΦ0)

instead of

AAAΦΦΦ = bbb.

If the construction of bbb were independent of ΦΦΦ, then we would have

rrrj = sss− ωjttt = bbb−AAAΦΦΦj.

Instead, with the approximation of bbbv, it follows that

rrrj = sss− ωjttt = bbbc + bbbv(ΦΦΦ0)−AAAΦΦΦj.

We propose a modification of the BiCGStab iteration wherein the approxi-

mation of bbbv is updated by evaluating bbbv(·) using the new approximation ΦΦΦj.

In principle, this would lead to the update

rrrj = sss− ωjttt = bbbc + bbbvj(ΦΦΦj)−AAAΦΦΦj

This means that the residual at the end of each iteration should be updated109

such that the updated approximation of the right-hand side is reflected in110

9
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accordingly. Let CCCj be the jth correction vector, used to effect the current112

residual update, defined as113

CCCj = −bbbvj−1
(ΦΦΦj−1) + bbbvj(ΦΦΦj). (2.2)

It then follows that rrrj is corrected via114

rrrj = sss− ωjttt+CCCj. (2.3)

The BiCGStab algorithm allows for rrr∗ to be chosen arbitrarily, indepen-115

dent of rrr0. However, as it has been observed by multiple authors (based116

on heuristic observations)13, the choice of rrr∗ = rrr0 is often the most effective117

one. Indeed, in simplified versions of the application problem we treat in this118

paper (cf. section 3), it was difficult to find examples for which BiCGStab119

would converge for other choices of rrr∗. As such, as we refine our estimate120

of bbbv using ΦΦΦj, it is essential that rrr∗ be updated, which can be achieved via121

assigning the index rrr∗j , setting rrr∗0 = bbbc + bbbv(ΦΦΦ0)−AAAΦΦΦ0, and updating122

rrr∗j = rrr∗j−1 +CCCj. (2.4)

2.1. The use of BiCGStab in this setting123

A modified right PBiCGStab is implemented to carry out the iterations.124

If the internal discontinuities/porous boundaries were not present, with this125

algorithm, the residual, rj−1rj−1rj−1 = bbb−AAAΦΦΦj−1 would have been updated at the end126

of each iteration step with the updated vector ΦΦΦj. However, to incorporate127

correction to the irregular nodes, the residual is modified to rrr = bbbc −AAAΦΦΦ −128

bbbv(ΦΦΦj−1) + bbbv(ΦΦΦj) instead.129

10
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a non-linear problem. Given AAA and right-hand side component bbbc, fixed, we131

can define the set of feasible solutions132

SAAA,bbbc = {ΦΦΦ ∈ Rn | AAAΦΦΦ = bbbc + bbbv(ΦΦΦ)} .

Depending on the nature of the function bbbv(·), SAAA,bbbc may be a single point,133

a discrete family of points, or something more complicated. Indeed, for the134

PDE example in cf. section 3, the PDE is well-posed and should have only one135

solution. However, for the discrete linear system, bbbv(·) is defined by a process136

of constructing interpolation polynomials along immersed boundary normal137

directions, which could potentially be nonlinear. We frame this discussion in138

the more general case, to account for this possibility.139

We make the well-known observation that algorithm 2 can conceptually140

be simplified in terms of the action of some projectors, which we encapsulate141

as algorithm 3, where we define the projectors142

QQQ
(i)
1 (zzz) = AAAMMM−1zzz(r∗r∗r∗Ti AAAMMM

−1zzz)−1r∗r∗r∗Ti

PPP
(i)
1 (zzz) =MMM−1zzz(r∗r∗r∗Ti AAAMMM

−1zzz)−1r∗r∗r∗Ti AAA

QQQ
(i)
2 (zzz) = AAAMMM−1zzz((AAAMMM−1zzz)TAAAMMM−1zzz)−1(AAAMMM−1zzz)T

PPP
(i)
2 (zzz) =MMM−1zzz((MMM−1zzz)T (AAATAAA)MMM−1zzz)−1(MMM−1zzz)T (AAATAAA),

wherein we note that in algorithm 3, III − QQQ
(i)
1 (rrrj) projects rrrj onto {r∗r∗r∗i}⊥143

along {AAAMMM−1rrrj} and III −PPP
(i)
1 (rrrj) projects ηj = AAA−1rrrj onto

{
AAATr∗r∗r∗i

}⊥ along144

{MMM−1rrrj}, while III−QQQ(i)
2 (rrrj) orthogonally projects (III−QQQ(i)

1 (rrrj))rrrj onto {AAAMMM−1
145

(III −QQQ
(i)
1 (rrrj))rrrj

}⊥
and III−PPP (i)

1 (rrrj)AAA
TAAA-orthogonally projects (III−PPP (i)

1 (rrrj))ηj)146

onto
{
MMM−1(III −QQQ

(i)
1 (rrrj))rrrj

}⊥
.147

11
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Algorithm 3 Conceptual PBiCGStab with projectors and right-hand side

correction3

Assume initial approximate solution for vector ΦΦΦ0.

if bbbv(ΦΦΦ0) = 0 then flag = True

else flag = False

end if

Set rrr0 = bbbc + bbbv(ΦΦΦ0)−AAAΦΦΦ0.

Set r∗0r∗0r∗0 = rrr0

for j = 1, 2, 3, . . . do

Set rrrj = rrrj−1, ΦΦΦ(i)
j = ΦΦΦ

(i)
j−1, and ηj = AAA−1rrrj.

rrrj ← (III −QQQ
(i)
1 (rrrj))rrrj and ΦΦΦj ← ΦΦΦj +PPP

(i)
1 (rrrj)ηj.

rrrj ← (III −QQQ
(i)
2 (rrrj))rrrj and ΦΦΦ

(i)
j ← ΦΦΦ

(i)
j +PPP

(i)
2 (rrrj)ηj.

if −bbbv(ΦΦΦj−1) + bbbv(ΦΦΦj) 6= 0 or flag=True then

rrrj ← rrrj − bbbv(ΦΦΦj−1) + bbbv(ΦΦΦj)

Set rrr∗j = rrr∗j−1 − bbbv(ΦΦΦj−1) + bbbv(ΦΦΦj)

end if

if flag=True and bbbv(ΦΦΦj−1) = 000 and bbbv(ΦΦΦj) = 000 then continue

else Set flag=False

end if

end for

12
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right-hand side bbb, we would simply be discussing residual and error projection,149

which is a well-understood way of describing a method such as BiCGStab.150

Instead, BiCGStab becomes a nonlinear iterative scheme when applied to151

problems of the form (2.1) with bν being an unknown function of the solution.152

We provide some analysis of the behaviour of the norm of the residual in153

section 4, which illustrates the importance of updating this arbitrary vector,154

rrr∗. An important observation in this context is the behaviour of CCCj. As the155

method converges, it follows that bbbv(ΦjΦjΦj) ≈ bbbv(Φj−1Φj−1Φj−1), as long as we assume156

bbbv(·) is sufficiently smooth. This implies that ‖CCCj‖ = ε� 1. As ε approaches157

machine precision, this can lead to the introduction of numerical errors due158

to phenomena such as cancellation. In particular, if left unchecked, this will159

start introducing an unwanted numerical noise into the iterations at the stage160

when ‖rrrj‖ ∼ ε, which can cause the residual to oscillate even when it has161

reached close to the numerical solution. One way to circumvent this is to162

stop correcting the residuals any further. In certain scenarios, if bvbvbv(Φ0Φ0Φ0) = 0,163

then CCCj automatically becomes 0 which may not be correct. If this happens,164

the modified algorithm in itself will not be activated and the behaviour will165

be the same as the original BiCGStab. The if conditions ensure that these166

two situations in the algorithm 3 are appropriately addressed. A detailed167

numerical example portraying the behaviour of ||rrr||2 has been presented in168

section 4.169

13
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Problems with variable right hand side vector are not uncommon in in-171

terfacial (FSI, composite materials, etc.) problems. The study taken up172

and the examples presented in this present work focusses on the application173

of Decomposed Immersed Interface Method (DIIM)14 to interfacial prob-174

lems wherein the right hand side vector is dependent on the solution vector.175

Though this finite difference based method is originally proposed for elliptic176

partial differential equations (PDEs), it is claimed that it could be extended177

to other PDEs as well. However, for the current paper, application to other178

PDEs or problems with irregular grids is not investigated.179

In this paper, elliptic PDEs of the form180

∂

∂X1

(
β

∂φ

∂X1

)
+

∂

∂X3

(
β

∂φ

∂X3

)
= −b; (X1, X3) ∈ Ω (3.1)

is taken up for study where, φ is the dependent variable, β∂φ/∂Xi = β(X1, X3)181

∂φ/∂Xi; i ∈ {1, 3} is the flux across an interface, Γ inside a domain (refer182

fig. 1), Ω, b = b(X1, X3) is the source term and the two dimensional (2D)183

domain, Ω is defined by [c, d] × [e, f ]; c and d are lower and upper bounds184

of Ω along X1 axis and e and f are lower and upper bounds of Ω along185

X3 axis . The source term, −b(X1, X3) and the flux term, β∂φ/∂Xi are186

assumed to be continuous and smooth on each subdomain enclosed by a187

boundary. For grid nodes spaced equally, the node-to-node distance is de-188

fined by 4X1 = (d − c)/(M − 1),4X3 = (f − e)/(N − 1), where M,N are189

the number of grid points along axes X1 and X3 respectively. This gives the190

node coordinates as191

X1 = c+ i4X1; {i : 0 ≤ i < M, i ∈W}

14
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Fig. 1: Irregular interface Γ dividing overall domain Ω into Ω+ and Ω−

X3 = e+ j 4X3; {j : 0 ≤ j < N, j ∈W} (3.2)

The application of DIIM was demonstrated for smaller fluid domains with a192

single discontinuity and with simple red-black Gauss-Seidel iterations. How-193

ever, the method is not explored in greater detail for a larger physical domain194

in the past. For a large linear system Gauss-Seidel is not efficient which is195

where iterative algorithms like BiCGStab come into play. Hence, in this pa-196

per DIIM applied to different scenarios is used in order to demonstrate the197

performance of the modifications proposed to BiCGStab.198

3.1. A brief introduction to DIIM199

The method is based on a prior knowledge of two main conditions i.e. the200

change in value of φ and the change in the normal flux across Γ (refer fig. 1).201

These changes, often referred to as ‘jumps’ are defined by202

[φ] = lim
(X1,X3)→Γ+

φ(X1, X3)− lim
(X1,X3)→Γ−

φ(X1, X3)

= w(X1, X3)

(3.3)
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[βφn] = lim
(X1,X3)→Γ+

β(X1, X3)φn(X1, X3)− lim
(X1,X3)→Γ−

β(X1, X3)φn(X1, X3)

= v(X1, X3)

(3.4)

where, [φ] = w(X1, X3) is jump in value of φ, [βφn] = v(X1, X3) is jump in204

value of derivative in direction nnn. With reference to fig. 1, it can be seen205

that Γ divides the overall domain, Ω into sub-domains Ω+ and Ω− which206

refer to the regions outside and inside respectively with respect to the region207

enclosed by Γ.208

In general, IIM strategies classify the nodes inside a domain as regular209

and irregular. A node is classified as regular if all its dependent nodes are210

on the same side of Γ. For instance, with respect to the standard 5-point211

stencil for elliptic PDEs, if a node in Ω+ lying on the left side of Ω− and212

very near to Γ is considered, then its right side node will naturally lie inside213

Ω−. As such, this node will be classified as irregular. Similarly, if hyperbolic214

or parabolic PDEs are looked at, which do not depend on 5-point stencil215

or even for elliptic PDEs with higher order differencing, a node, Ni will be216

classified as regular only if the finite difference equation (FDE) framed for217

Ni is dependent on a set of surrounding nodes, S such that {Ni, S} ∈ Ω+ or218

{Ni, S} ∈ Ω−.219

For eq. (3.1), the FDE using the standard 5 point stencil can be written220

as221

φi+1,j − 2φi,j + φi−1,j

4X2
1

+
φi,j+1 − 2φi,j + φi,j−1

4X2
3

=

− bi,j − Ci,j

16
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− r(φi,j+1 + φi,j−1) = 0. (3.5)

where, p = − 1
4X2

1
, r = − 1

4X2
3
, s = −2(p + r). It can be observed that222

there is an additional term, Ci,j in eq. (3.5) called the correction term which223

DIIM introduces for the irregular nodes only at every stage of an iteration224

and is dependent on w(X1, X3) and v(X1, X3). It is evident that this value225

is dependent on the instantaneous value of φi,j. The detailed approach to226

calculate Ci,j using Taylor series approximation and second order Lagrange227

polynomial is not discussed here (refer14 for details). However, the python228

code developed by the authors does take into account all these factors to229

compute Ci,j for the numerical examples presented in this paper. It is to be230

noted that the approximation of the correction term, Ci,j needs to be under-231

relaxed in order to ensure the numerical stability. This is done by introducing232

an under-relaxation parameter, α such that {α : 0 < α < 1, α ∈ R}.233

C l
i,j = C l−1

i,j − α(C l−1
i,j − Cnew

i,j ) (3.6)

where, l and l − 1 denote the iteration number. Theoretically the order234

of algebraic operations might seem to be fine. However, it has significant235

numerical implication as it might introduce larger floating point errors. As236

such in the current work, the algebraic operations are performed instead as237

per eq. (3.7).238

C l
i,j = (1− α)C l−1

i,j + αCnew
i,j (3.7)

Usually {Ci,j : Ci,j ∈ R}. Theoretically as the iterations proceed and the239

solution converges, C l−1
i,j = Cnew

i,j and this eventually results in C l
i,j = C l−1

i,j .240
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iteration. Essentially this would imply242

C l−1
i,j ≈ Cnew

i,j ⇒ |C l−1
i,j − Cnew

i,j | = ε′ (0 < ε′ < 1)

⇒ |α(C l−1
i,j − Cnew

i,j )| ≈ αε′ << 1
(3.8)

This factor αε′ starts introducing a numerical noise in eq. (3.6) as C l−1
i,j 6∼ αε′.243

On the contrary, if eq. (3.7) is considered, both the terms that are getting244

added are of the same order of magnitude i.e. (1 − α)C l−1
i,j ∼ αCnew

i,j and as245

such no numerical noise is generated by the operation itself.246

The simulations presented in this paper use α within the range 0.01−0.05.247

As with most problems governed by PDEs for which numerical simulations248

are carried out using approximate FDEs, the value of α is problem dependent249

and has to be chosen heuristically depending on the particular problem. From250

the brief description of DIIM presented above, it is evident that the term,251

Ci,j makes the right hand vector bbb dependent on solution vector, ΦΦΦ (vector252

of dependent variable, φ).253

3.2. Setting up the pre-conditioner254

In this section, we describe how to set up a typical pre-conditioner for the255

examples presented in this paper is discussed. In order to ensure parallelism256

for faster processing of a large linear system, red-black coloring scheme is257

implemented using the partitioning scheme presented in fig. 2. Accordingly258

the matrix structure of AAA is split into blocks of smaller matrices as shown in259

eq. (3.9).260

AAAΦΦΦ =


DDDre FFF

EEE DDDbl




ΦΦΦre

ΦΦΦbl


 =


b′b′b′re

b′b′b′bl


 (3.9)
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Fig. 2: Initial partitioning of A

where,261

DDD =


DDDre 000

000 DDDbl,


 ,EEE =


000 000

EEE 000


 ,

262

FFF =


000 FFF

000 000


 ,000 = zero matrix

and suffixes re and bl denote matrices corresponding to red and black nodes.263

It is to be noted that matrices EEE and FFF are padded with zero matrices for264

compatibility of the dimensions such that AAA = DDD + EEE + FFF . A good pre-265

conditioner is required to make the solution of the linear system to converge266

faster. However, designing an optimal pre-conditioner is beyond the scope267

of this paper and as such for the purpose of the current work, standard268

Symmetric Gauss-Seidel pre-conditioner as shown in eq. (3.10) is used.269

MMMSGS = (DDD +EEE)DDD−1(DDD +FFF )

⇒MMMSGS = (III +EEEDDD−1)︸ ︷︷ ︸
LLL

(DDD +FFF )︸ ︷︷ ︸
UUU

⇒MMM−1 = (DDD +FFF )−1(III +EEEDDD−1)−1 = UUU−1LLL−1 (3.10)
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following equations are obtained.271

LLL = III +EEEDDD−1 =


IIInr×nr 000nr×nb

000nb×nr IIInb×nb


+


000nr×nr 000nr×nb

EEEnb×nr 000nb×nb




[DDD−1

re ]nr×nr 000nr×nb

000nb×nr [DDD−1
bl ]nb×nb




=


 IIInr×nr 000nr×nb

[EEEDDD−1
re ]nb×nr IIInb×nb


 (3.11)

272

UUU =DDD +FFF =


[DDDre]nr×nr 000nr×nb

000nb×nr [DDDbl]nb×nb


+


000nr×nr FFF nr×nb

000nb×nr 000nb×nb




=


[DDDre]nr×nr FFF nr×nb

000nb×nr [DDDbl]nb×nb


 (3.12)

The inverse of matrices LLL and UUU can be easily computed as273

LLL−1 =


 IIInr×nr 000nr×nb

−[EEEDDD−1
re ]nb×nr IIInb×nb


 (3.13)

274

UUU−1 =


[DDD−1

re ]nr×nr −[DDD−1
re FFFDDD

−1
bl ]nr×nb

000nb×nr [DDD−1
bl ]nb×nb


 . (3.14)

In the above equations, suffixes nr×nr, nr×nb, nb×nr, nb×nb denote the275

dimension of the matrices where, nr, nb refer to the total number of the red276

and black nodes inside the domain (excluding the boundary nodes). Since277

the matrices are not formed explicitly, while implementing the preconditioner278

to any of the iterative algorithms, it is applied in two steps i.e. first by279

computing www = LLL−1AAA and then by computing zzz = UUU−1www.280

20



Journal Pre-proof
Jo
ur

na
l P

re
-p

ro
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The example problems taken up for study in this section use pre - condi-282

tioner for faster convergence of the solution. The analytical functions chosen283

for validation are chosen in a way such that difference in the order of magni-284

tude of the values across all the nodes is not substantial (∼ 100 to 102). This285

is to ensure that the contour plots of the numerical analysis do not result in286

a localized contour concentration. But, it does not restrict the applicability287

of the approach in any way to cases with non-zero source terms or where the288

difference in order of magnitudes of the values are substantial. The examples289

taken up in this section for validation of the proposed modified BiCGStab290

for elliptic PDEs assume β = 1 and b = 0 unless noted otherwise.291

4.1. Domain with one internal boundary292

The first example that is chosen is the one which has been used in the293

past for Immersed Interface Method and its variants15,16,14. In this section a294

detailed analysis of the algorithm is carried out. The analytical solution of295

eq. (3.1) for a domain with an interface is given by eq. (4.1).296

φ(X1, X3) =





1 , X2
1 +X2

3 < 1
4

1 + log
(
2
√
X2

1 +X2
3

)
, X2

1 +X2
3 ≥ 1

4

. (4.1)

The jumps in this case at the interface are [φ] = 0 and [φn] = 2 in a domain297

Ω defined by [−1, 1]× [−1, 1] (refer fig. 3).298

Earlier in section 2, it is highlighted that both rrr and rrr∗ need to be up-299

dated. The implication of just updating rrr is studied first. From fig. 4, it is300

evident that the residual norm converges to values as low as 10−1. The so-301

lution vector thus obtained at this stage is still acceptable and was found to302
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Fig. 3: Domain with boundary conditions9

match with analytical results9. But, a good algorithm should not destabilize303

either ΦΦΦ or rrr if further iterations are run. It is observed that the residual is304

not stable and if the iterations were allowed to proceed, the residual starts di-305

verging and by the end of iteration 5000, the residual is observed to begin to306

diverge, reaching magnitude of 108. This clearly demonstrates the fact that307

merely correcting rrr is not enough and this has in fact made the BiCGStab308

algorithm unstable.309

Now the numerical method is run again but this time rrr∗ is updated along-310

side rrr. From fig. 5, it can be seen clearly that making rrr∗ solution dependent311

has stabilized the residual and it does not diverge even when the iteration312

number has reached as high as 10000. This signifies the importance of up-313

dating the arbitrary vector, rrr∗. As highlighted in section 2, as the residual314
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Fig. 4: Convergence of residual norm (without updating rrr∗)

Fig. 5: Convergence of residual norm (with updating rrr∗)

converges the correction factor CCC starts introducing a numerical noise. This315

is exhibited by the oscillations in the nature of ||rrr||2 in fig. 5. If the correc-316

tion to the residual is not applied anymore after the correction has stabilized,317

from fig. 6 it can be observed that the oscillations after ||rrr||2 has approached318

a near-zero value are eliminated. Numerical solution of the simulation after319

incorporating all the modifications is presented in fig. 7.320

4.1.1. Convergence and grid refinement analysis321

Next a convergence and grid refinement analysis for the problem is carried322

out to ensure that the modified algorithm performs satisfactorily for varying323
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Fig. 6: Convergence of residual norm (by terminating update of rrr and rrr∗ after CCC has

stabilized)

Fig. 7: Solution to the numerical analysis
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Mesh Size (4Xi4Xi4Xi) ααα ||rrr||
40× 40 (0.0500) 0.01 10−13

80× 80 (0.0250) 0.01 10−14

120× 120 (0.0167)

0.01 Diverges

0.0105− 0.03 Converges then Diverges

> 0.03 Diverges

160× 160 (0.0125)

0.01 Diverges

0.011 Converges then diverges

> 0.012 10−13

200× 200 (0.0100)

0.02 Converges then diverges

0.03 Converges then diverges

> 0.04 10−13

mesh sizes. To check this, the criterion for the iterations to stop is set to324

||rrr||2 ∼ 10−9.325

Table 1 presents the values of the order of magnitudes of the residual norm326

with different mesh sizes and corresponding to various values of α when only327

rrr is modified. It is evident that the value of α determines the nature of con-328

vergence of the solution as well as the number of iterations. Thus, choosing329

α judiciously is important to ascertain the convergence of the solution. As330

highlighted earlier, because of the numerical noise, choosing an appropriate331

value of α was difficult when rrr∗ was not made solution dependent. However,332
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Mesh Size (4Xi4Xi4Xi) ααα ||rrr|| Iterations

40× 40 (0.0500) 0.025 10−9 1004

80× 80 (0.0250) 0.025 10−9 3000

120× 120 (0.0250) 0.005 10−9 1778

160× 160 (0.0250) 0.015 10−9 720

200× 200 (0.0250) 0.010 10−9 1265

when all the proposed modifications have been incorporated, choosing α not333

only became easy but the number of iterations over which the converged so-334

lution was obtained is also significantly reduced. This is clearly reflected in335

Table 2.336

Though α is chosen depending on the situation, a thumb rule that was337

applied was to choose a lower value of α for a larger linear system or when338

the jumps are significantly higher compared to the values at boundary nodes.339

4.2. Domain with multiple internal boundaries340

In this section, an example is considered with multiple internal discon-341

tinuities. The usual approach to test the stability and performance of an342

iterative algorithm is to examine it at different levels viz.343

1. Case-1: smaller value of the jumps at the interface344

2. Case-2: larger value of the jumps at the interface345

3. Case-3: internal boundaries governed by spatially varying functions346

An analytical solution for φ is given by347

φ = (c1e
pX1 + c2e

−pX1)(c3 cos pX3 + c4 sin pX3) (4.2)
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function satisfying eq. (3.1) is chosen for Case-1 and Case-2.349

φ(X1, X3) =





(0.5ekX1 + 1.5e−kX1)×
(2 cos kX3 + 7 sin kX3) , {X1, X3} ∈ Ω+

k′
i , {X1, X3} ∈ Ω−

i

(4.3)

where, k = 0.009 and Ω−
i denotes a typical zone of discontinuity inside the350

global domain. Therefore, the jumps are defined as351

[φ]Ω−
i
= (0.5ekX1 + 1.5e−kX1)(2 cos kX3 + 7 sin kX3)− k′

i

[φn]Ω−
i ,X1

= k(0.5ekX1 − 1.5e−kX1)(2 cos kX3 + 7 sin kX3)

[φn]Ω−
i ,X3

= k(0.5ekX1 + 1.5e−kX1)(−2 sin kX3 + 7 cos kX3)

where, [φ]Ω−
i

is the jump in value of φ along the interface, [φn]Ω−
i ,X1

and352

[φn]Ω−
i ,X3

are the jumps in the derivatives in the direction normal to the ver-353

tical and the horizontal interface i.e. along X1 and X3 direction respectively354

for Ω−
i ,355

A domain, Ω defined by [150, 50] is considered with 4X1 = 4X3 = 0.5356

(refer fig. 8). The three coloured rectangles shown inside Ω are the regions of357

discontinuities denoted by Ω−
i ; i = {0, 1, 2}. The internal discontinuities, Ω−

i358

are considered at arbitrary locations within the overall domain in order to359

understand if the spatial distribution of the discontinuities have any adverse360

numerical implication.361

Case-1: To test this case, k′
i is considered as {1, 2, 3} for the regions362

Ω−
i ; i = {0, 1, 2} respectively. From fig. 9 and the results presented in Table 3,363

it can be observed that the numerical results show an excellent match with the364

analytical values. The solution also converged well within an unsubstantial365
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ofTable 3: Values at a few selected coordinates

Case-1 Case-2 Case-3

Region X1 X3 Theoretical Numerical Theoretical Numerical Theoretical Numer

Ω+

10 3.5 4.2569 4.2205 4.2569 4.2205 4.2569 4.299

10 45.5 8.8643 8.6642 8.8643 8.6642 8.8643 8.860

125 3.5 4.4991 4.4783 4.4991 4.4784 4.4991 4.485

125 45.5 9.3686 9.1355 9.3686 9.1355 9.3686 9.147

Ω−
0

15.5 10.5 1 0.9673 11 10.9674 4.6228 4.936

18 13.5 1 0.9627 11 10.9628 4.8067 5.014

Ω−
1

63.5 30 2 1.6114 19 18.6111 5.6721 6.303

67 32.5 2 1.6708 19 18.6723 6.4565 6.766

Ω−
2

95 24 3 2.5814 15 14.5816 6.2780 6.083

97 17.5 3 2.4874 15 14.4875 6.2839 5.954

number of iterations and which is expected given the fact that the value of366

the jumps are small.367

Case-2: For this case, k′
i is considered as {11, 19, 15} for the regions368

Ω−
i ; i = {0, 1, 2} respectively. From fig. 10 and the results presented in ta-369

ble 3, it can be observed that the numerical results are are not too far off370

from the analytical results implying the validity of the algorithm in such a371

case as well and that the modified BiCGStab is not sensitive to the values of372

the jumps.373

Case-3: To test this case, the governing analytical function for Ω+ is374

kept the same as eq. (4.3). For the domains Ω−
i , the following analytical375
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Fig. 8: Domain with multiple discontinuities

functions are assumed to satisfy eq. (3.1).376

φ(X1, X3) =





1 + log
(
2
√
X2

1 +X2
3

)
, {X1, X3} ∈ Ω−

0

(4X1+5)
100

. (7X3+9)
100

, {X1, X3} ∈ Ω−
1

1 + log
(
2
√
X2

1 +X2
3

)
, {X1, X3} ∈ Ω−

2

(4.4)

The contour plot of this case is presented in fig. 11 and the results at a few377

selected coordinates are shown in Table 3. From the results obtained, it is378

evident that the algorithm is applicable for any set of arbitrary functions as379

long as they satisfy the governing PDE and the FDE is consistent with the380

governing PDE.381

4.3. Single internal interface with β 6= 1 and b 6= 0382

In all the earlier examples presented, we have considered the simplest383

form of elliptic PDE with β = 1 and b = 0. Here, we look into a more384

complicated situation wherein β 6= 1 and b 6= 0. In this example15,18,16,385
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Fig. 9: Case-1: Smaller value of jumps

Fig. 10: Case-2: Larger value of jumps

Fig. 11: Case-3: Spatially varying functions for Ω+ and Ω−
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Region X1 X3 Theoretical Numerical

Ω+

−2.275 −0.925 24.3472 24.3472

−2.65 0.375 32.9548 32.9550

−2.2 0.525 18.3201 18.3205

2.700 −0.575 36.7972 36.7973

Ω−
0

−0.125 −0.475 0.2413 0.2420

0.225 −0.425 0.2313 0.2316

0.35 −0.35 0.2450 0.2453

b = −(8R2 + 4) ∗ k1. The coefficient, β is given by386

β(X1, X3) =





R2 + 1 , R < 1/2

k1 , R ≥ 1/2
(4.5)

The jumps are [φ] = 0, [βφn] = k2/R. The boundary conditions are assigned387

from the analytical solution,388

φ(X1, X3) =





R2 , R < 1/2

(1− 1
8b
− 1

b
)/4 + (R

4

2
+R2) + k2 log(2R) , R ≥ 1/2

(4.6)

where k1, k2 are arbitrary constants assumed as 1 and 0.1 respectively, R =389

√
X2

1 +X2
3 . It is observed that even for such a complicated case, the pro-390

posed modification to BiCGStab gives a numerically stable solution and the391

results match nicely with the analytical values which is evident from Table 4.392

A contour plot of the numerical results are presented in fig. 12. This exam-393

ple illustrates the application of the algorithm to non-homogeneous elliptic394

PDEs as well.395
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Fig. 12: Non-homogeneous elliptic PDE with discontinuous flux

5. Application to few real world problems396

In this section, we look into a few real world physical problems where this397

algorithm can be applied.398

5.1. Hele-Shaw Cell399

In a Hele-Shaw cell, the fluid flows between two parallel plates separated400

by a very narrow-gap. Application of this flow can be found in the study401

of lubrication theory. Here, φ = pressure is the dependent variable in the402

homogeneous elliptic PDE and β = h3/12µ (where h =spacing between the403

plates and µ =viscosity) is the transmissibility. It is important to note that404

the transmissibility is of the order of 10−5 in mm units which may cause a405

significant loss in floating point during iterations. To circumvent this issue,406

the FDEs are appropriately scaled by dividing with a factor of 10−5. Since407

the governing equation is homogeneous, this scaling will not have any im-408

plication on the final numerical result. In order to validate the streamlines409

generated by the proposed algorithm with the experiments conducted with410

water19 under hydrostatic pressure gradient, an identical Hele-Shaw cell of di-411

mensions 610 mm by 305 mm is considered with plates separated by 0.2 mm.412
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Fig. 13: Streamlines with low permeability square (TR = 0.216)

Fig. 14: Streamlines with high permeability square (TR = 4.63)

Four different cases are considered with different shapes of interface and dif-413

ferent values of transmissibility ratios (TR = β−/β+). The streamlines are414

presented in figs. 13 to 16. The 1st figure is from experimental data and415

second figure is from the numerical results obtained. It can be clearly seen416

that the numerical results have a close match with the experimental results,417

thereby justifying the applicability of the proposed algorithm to a real-world418

scenario.419

5.2. Composite materials420

In this section, an application of the algorithm to composite materials is421

considered. It has application in determining the electrostatic and magneto-422

static fields in heterogeneous media. In such kinds of problems, φ could be423

33



Journal Pre-proof
Jo
ur

na
l P

re
-p

ro
of

Fig. 15: Streamlines with high permeability circle (TR = 4.63)

Fig. 16: Streamlines with low permeability ellipse (TR = 0.216)

the total potential function used to determine the electrostatic field and β424

could be the conductivity20. Researchers have considered one such problem425

on composite materials14,16 where the total potential is known to follow the426

following function427

φ(X1, X3) =





2X1

ρ+1+s2(ρ−1)
, R < S

X1(ρ+1)−s2(ρ−1)X!/R
2

ρ+1+s2(ρ−1)
, R ≥ S

(5.1)

where, ρ = β−/β+ and S is the radius of an inner circular interface. It is428

to be noted that ρ is mathematically identical to the transmissibility ratio429

defined in Hele-Shaw cell. A simple composite consisting of a periodic array430

of disks in a uniform background is shown in fig. 17. The reason for choosing431

such a problem is to study the behaviour of the algorithm when the value of432

ρ is substantial (5000 in the current case) and the the jumps across interface433
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Fig. 17: A composite consisting of a

periodic array of disks in a uniform

background20

Fig. 18: Plot of total potential in the

single unit highlighted in fig. 17

determined numerically

is zero (i.e. [φ] = 0 and [βφn] = 0), which is a special case as pointed out in434

algorithm 3. Even with such a high value of ρ and zero jump conditions,the435

results show a good match with the analytical solution, thereby justifying the436

applicability of the algorithm to a more realistic practical problem. Contour437

plot of the results obtained are presented in fig. 18.438

5.3. Wind Farms439

Application of this problem to a real world engineering problem i.e. in440

the FSI in wind farms was presented earlier by the authors9. However, as441

pointed out earlier in section 4.1, though acceptable results were obtained442

(both for the validation problem and the FSI problem in wind farms), the443

lack of correction to ||rrr∗|| or the steps taken to remove numerical noise were444

not implemented and as such the application presented there relied on ter-445

minating the iteration based on the ratio of the residual norm to the norm446

of the solution vector i.e. ||rrr||2/||ΦΦΦ||2 ∼ 10−5. Ideally a stable algorithm447
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the problem with one actuator disc (or one wind turbine) is presented. The449

jump conditions considered are defined in eq. (5.2).450

[φ]f = 1/3.U∞(X3)

[φ]w = −1/3.U∞(X3). (5.2)

where,451

U∞(X3) =
uτ

κ

(
ln

(
X3

z0

)
+ 5.75

(
X3

h

)
− 1.875

(
X3

h

)2

− 4

3

(
X3

h

)3

+

1

4

(
X3

h

)4
)

(5.3)

κ = von Karman’s constant ≈ 0.4, ϕ = latitude, r′ = angular velocity of452

the earth about its own axis = 7.292× 10−5rad/s, CD = drag coefficient ≈453

0.0014 for sea21, uτ = friction velocity = M10

√
CD; f = coriolis parameter =454

2r′ sin(ϕ); h = gradient height = uτ/6f ; H = height of the physical domain;455

M10 = wind speed at a height of 10m ; X3 = distance in X3 direction;456

z0 = Davenport-Wieringa roughness length ≈ 0.0002m for sea21. For the457

simulations carried out in this paper, M10 = 10m/s and ϕ = 53.3498◦ (for458

Dublin) are assumed. After the mean velocity reaches a maximum value459

U∞(X3) = (uτ/κ)(ln(h/z0) + 67/24) at a height, X3,max = h, it is assumed460

to become constant22,23. For this case, 4X1 = 1 and 4X3 = 2 is assumed461

and Ω is defined by [2700, 974]. The domain is shown in fig. 19 and the462

results of the simulation are presented in fig. 20. It is observed that the463

final converged solution was obtained within 2400 iterations compared to464

the simulation presented by the authors earlier where it took almost 4000465

iterations to arrive at a minimal residual value.466
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Fig. 19: A single wind turbine in a fluid domain

Fig. 20: Contour plot of velocity in presence of a single wind turbine
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The next important aspect is to investigate the computational efficiency468

of the algorithm in a parallel setting. Table 5 shows the time taken per469

iteration when the iterative algorithm is run serially and on 2, 4 and 6 cores.470

It is evident that as the number of unknowns increase, there is a reduction471

in the processing time. When the number of unknowns are not substantial,472

using the maximum possible number of available cores does not essentially473

ascertain lower processing time. This can be seen from the case of mesh474

size of 80 × 80 where using more cores in fact increases the processing time475

because of an increase in the number of communication between processors476

relative to the number of equations in the linear system. Similarly, for mesh477

size of 160× 160 and 200× 200, 4 cores are seen to be optimal. For the real478

world application presented in section 5 and with the size of discretization479

adopted, ΦΦΦ is as large as 106. Evidently for each and every operation carried480

out, this operation would incur a significant computation time. It is observed481

that the processing time is reduced significantly with 6 cores when such a482

great deal of data is dealt with. Compared to a sequential process, there is483

almost a reduction of 60% in the time taken per iteration when 6 cores are484

used. One can imagine how much impact this can have in total time taken485

for the solution to converge. A plot showing the comparison of CPU time is486

given in fig. 21.487
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Mesh Size Interior Nodes Time (in sec) taken per iteration for

1 core 2 cores 4 cores 6 cores

40× 40 1.521× 103 0.20− 0.22 0.20− 0.22 0.20− 0.22 0.20− 0.22

80× 80 6.241× 103 0.38− 0.40 0.43− 0.44 0.47− 0.49 0.48− 0.51

120× 120 1.416× 104 0.81− 0.86 0.76− 0.79 0.83− 0.85 0.86− 0.89

160× 160 2.528× 104 1.08− 1.11 1.10− 1.14 1.06− 1.10 1.10− 1.12

200× 200 3.960× 104 1.38− 1.45 1.38− 1.40 1.33− 1.38 1.42− 1.48

2700× 975 2.628× 106 9.75− 10.43 5.82− 6.28 4.15− 4.20 3.67− 3.83

Time taken is for a Intel® Core™i9-8950HK CPU @ 2.90GHz × 12 processor.
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Fig. 21: Performance comparison for multi-cores

7. Conclusion489

BiCGStab, as an iterative algorithm, is widely used for solutions of prob-490

lems involving sparse linear systems. However, we have shown that this491
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discrete right-hand side depends on knowledge of the true continuum solution.493

Realistically in many engineering problems like the FSI problem presented494

in this paper which requires Decomposed Immersed Interface Method, it is495

evident that the construction of the discrete right-hand side is continuum-496

solution dependent and thus BiCGStab cannot be applied straightaway. The497

solution to this kind of problem was originally carried out by standard red-498

black Gauss-Seidel iteration. However, for large linear systems with non-499

symmetric coefficient matrix, algorithms like BiCGStab are more efficient500

which motivated the current research work. Hence, in this paper, modifica-501

tions to BiCGStab is proposed to arrive at a numerical solution of a system502

of linear equations for which the construction of the discrete right-hand side503

depends on the solution of the continuous problem. The validation of the504

modified algorithm is demonstrated by applying it to multiple fluid-structure505

interaction problems problems with single and multiple discontinuities. A de-506

tailed step-by-step analysis is carried out by checking the behaviour of the507

residual norm in order to illustrate the performance of the algorithm for every508

proposed modification to the algorithm. Further, a grid refinement analysis509

is done which clearly demonstrates that the performance of the modifica-510

tions to the algorithm is not sensitive to the mesh size. Additionally the511

application of the algorithm to a real engineering problem has been pre-512

sented to illustrate its application in the field of CFD (FSI in wind farms513

in section 5). The numerical analysis has been conducted for domains gov-514

erned by homogeneous elliptic PDEs which have the inherent advantage of515

being unconditionally stable. However, this does not restrict its application516
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are usually conditionally stable. Further, when one deals with large linear518

systems, parallel computation across multiple CPU cores become inevitable519

and modifications made to the iterative algorithms (BiCGStab in the cur-520

rent work) should not limit its applicability in such a parallel setting. This is521

demonstrated in section 6 where the performance of the modified BiCGStab522

across 1,2, 4 and 6 CPU cores is tested.523
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