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Highlights

An iterative method for solving sparse linear algebraic systems
with continuum solution dependent right-hand side for elliptic par-

tial differential equations

Sudipta Lal Basu, Kirk M. Soodhalter, Breiffni Fitzgerald, Biswajit Basu

e Systems governed by PDEs are discretized and solved using algorithms

like BiCGStab.

» Certain real-world systems have unavailable continuum solution depen-

dent right-hand side.

e A modified BiCGStab is proposed by coupling it with Decomposed

Immersed Interface Method.
o The modified algorithm is validated against some benchmark problems.

» Application to real world problems and performance on multiple CPU

cores is demonstrated.



An iterative method for solving sparse linear algebraic
systems with continuum solution dependent right-hand
side for elliptic partial differential equations
Sudipta Lal Basu®, Kirk M. Soodhalter”, Breiffni Fitzgerald?®, Biswajit
Basu>*

2School of Engineering, Trinity College Dublin, Ireland
bSchool of Mathematics, Trinity College Dublin, Ireland

Abstract

Krylov subspace iterative methods such as bi-conjugate gradients stabilized
(BiCGStab) to approximately solve sparse linear algebraic systems are well
known. However, there are certain instances in real-world engineering appli-
cations with underlying governing partial differential equation where the dis-
cretized right-hand side can only be exactly determined using the unavailable
continuum solution. In such cases, an iterative method such as BiCGStab
may not converge to a physically correct solution or may diverge completely.
Such a method must be modified to accommodate inexact knowledge of the
discrete right-hand side, using an updating scheme as the iteration proceeds.
In this paper, we present such an updating strategy for physical problems
governed by elliptic partial differential equations. This strategy must be per-

formed in a numerically stable manner, which we also discuss. We present

*Corresponding author
Email addresses: basus@tcd.ie (Sudipta Lal Basu), ksoodha@maths.tcd.ie (Kirk
M. Soodhalter), Breiffni.Fitzgerald@tcd.ie (Breiffni Fitzgerald), basub@tcd.ie
(Biswajit Basu)

Preprint submitted to Partial Differ. Equ. in Appl. Math. March 13, 2025



13

14

15

this as a modified BiCGStab iteration and investigate its effectiveness on
both test problems, wherein it is shown to perform well and agrees with
the analytical solutions, and on some more realistic problems arising in the
study of Hele-Shaw flow, composite materials and power generation from

wind farms.

Keywords: Tterative methods, Decomposed Immersed Interface Method,
Interfacial problems, Fluid-structure interaction, Elliptic partial differential
equations

2020 MSC: 65N06, 65F10, 65N22, 74F10

1. Introduction

Mathematical formulations and models for many real world engineering
problems can be quite conveniently derived depending upon the parameters
involved and the physical laws known. However, the same is not always true
when deriving an analytical solution for these very same models. An example
is the field of fluid dynamics where the mathematical models rely extensively
on partial differential equations (PDEs) of forms for which the analytical
solutions cannot be deduced straightaway. Thus, the solutions to compli-
cated engineering models rely heavily on numerical techniques; in particular,
iterative methods which generally must be used to treat the resulting large-
scale linear systems in order to obtain appropriately accurate approximate
solutions to these engineering models.

Optimal error-minimizing iterative methods like Conjugate Gradient(CG)
and GMRES (generalized minimal residual method) are some of the com-

mon algorithms that are quite often used to solve for the aforementioned
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systems of equations numerically with their choice dependent on whether
or not the coefficient matrix is symmetric or non-symmetric. It has been
demonstrated ? that no general method exists to treat non-symmetric prob-
lems that both is a short-recurrence method and minimizes an error func-
tional, such as CG. The discretization of the engineering problem treated in
this paper results in linear systems that are non-symmetric and as such in
this paper the focus is on algorithms dealing with these cases. GMRES is
memory expensive and might not be suitable when a large domain is dealt
with. Hence, the application of Biconjugate Gradient Stable (BiCGStab)?
has been explored in the current context because of its inherent memory in-
expensive approach. In the past, this was illustrated in a comparative study
using GMRES, BiCGStab and Conjugate Gradient Squared (CGS) done to
solve Navier-Stokes equation where the superior performance of BiCGStab
with respect to computational resources was demonstrated®. Researchers
have worked on interfacial flows using a local level set algorithm where they
have used pre-conditioned form of BiCGStab to solve for elliptic PDE as
well as for convection-diffusion step®. This clearly highlights the applicabil-
ity of this algorithm to different forms of PDEs. Improvements to Krylov
sub-space methods like CG and BiCGStab were proposed by using reduced-
order models as solution predictors in order to accelerate the convergence®.
Applications of this algorithm can also be found across works in multiple do-
mains like hybrid plasma stability analysis”, multi-component Cahn—Hilliard
system on surfaces®, fluid-structure interaction (FSI) in wind farms®.

There has been much work in recent years in parallelizing iterative meth-

ods such as BiCGStab. For instance, for distributed computing systems
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an approach called BiCGStab(2) was proposed which achieves efficiency by
reducing global synchronization points to two from five and reducing commu-
nication time for inner products!®. Preconditioned BiCGStab (PBiCGStab)
using approximate inverse technique compatible with modern day GPUs have
also been explored . Other researchers have even proposed a parallel in time
Stable Bi-Conjugate gradient algorithm which is applicable to para-real and
initial value problems!2.

In this paper, we treat the paradoxical situation wherein we require knowl-
edge of the continuum solution to construct the discrete right-hand side. None
of the aforementioned efforts have been directed at cases wherein the con-
struction of the discrete right hand side vector actually depends on knowledge
of the continuum solution. In such cases, the user only has approximations
to the discrete right-hand side which can be updated as the iteration pro-
ceeds. In this paper, an approach has been presented by proposing suitable
modifications to BiCGStab to address this problem setup for elliptic PDEs.
A detailed investigation of the modifications proposed has been carried out
and the implications of the changes made when compared to the original
BiCGStab has been discussed. Finally, some numerical examples from actual
application problems have been presented to validate the proposed modifi-
cations along with examples of real world engineering problem to illustrate
the application of the method. The proposed modifications do not restrict
its ability of executing parallel computation across multiple CPU cores by
implementing Message Passing Interface (MPI) which is evident from the

simulations presented in this paper.
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2. Defining the problem

We consider a sparse linear system of the form
Ad =b. (2.1)

where, A = coefficient matrix, ® = solution vector, b is the right-hand side.
In this paper, we consider the situation wherein the right-hand side is split
into two components, b = b, + b,; the component b. represents the part
of the right-hand side known a priori. The other component b, represents
the part of the right-hand side which can be constructed exactly only with
additional, unavailable information. For example, consider the case in which
we construct a finite-difference discretization of a PDE. There are cases in
which the boundary conditions and solution interact such that one would
need the exact continuum solution ® to exactly determine how the discrete
boundary conditions manifest at certain nodes. If the problem has Dirichlet
boundary conditions, this translates to elements of the right-hand side not
being known exactly.

The family of BiCGStab methods operate by alternating between steps
of a BiCG-type iteration and steps of a GMRES-type iteration. This con-
fers on the method the advantages of a non-symmetric Lanczos-based short-
recurrence method like BiCG with a more stabilized residual convergence
pattern produced by a GMRES-type iteration, thereby reducing numerical
issues caused by residual norms oscillating wildly between iterations. In this
paper, we use a version of BiCGStab which alternates between one step of
preconditioned BiCG and one step of preconditioned GMRES.

In the standard case wherein b is known exactly a priori, we simply set
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the initial residual, ry = b — A®y. However, since that is not the case, these
conventional algorithms cannot be applied out-of-the-box and require mod-
ifications. Implicitly, there are a two sets of unknowns, the actual solution
vector ® and the components of the right-hand side which are not known
exactly, b, := b,(®), which denotes to be a function of the true continuum
solution ®. Since we will never have access to the true continuum solution @,
we are only able to construct approximations of b, (®) using the approximate,
discrete solution ®. Thus, when given a discrete argument, b, (®) is taken to
be a function mapping R" — R".

In this paper, bold characters denote matrices and vectors. Our iterative
algorithm of choice for treating eq. (2.1) is a BiCGStab type short recurrence
method?®. This method is proposed for treating non-symmetric problems, but
we argue in this paper that it has a valid use-case. The steps involved in
BiCGStab algorithm are presented in algorithm 1 and the preconditioned
form is given in algorithm 2. The approach presented in this paper proposes
a modification to the BiCGStab iteration that simultaneously updates ap-
proximation, i.e., ®;,_; — ®;, as well as an approximation for b, in a way that
improves the stability of the iteration (increasing the attainable accuracy of
the approximation ®;).

The assumption we make in this paper is that although we do not have
access to b,, we have access to the function b,(z) (via using the argument
to update our knowledge of the discrete right-hand side at the boundary
nodes), which returns b, = b,(®) when the true solution is given as the
argument. Given an initial approximation ®y, we cannot compute the exact

initial residual rq because we do not know b,. Instead, we compute r, =



Algorithm 1 Biconjugate Gradient Stable?

Assume initial trial value for vector ®, say ®.
ro =b— Ad,.
Choose an arbitrary vector r* such that < r*,rq ># 0, e.g., r* < 7.
po=a=uwy=1.
vy =po = 0.
for j=1,2,3,... do
pj <111 > B (pi/pj-1)(a/wj-1)
pj < 11+ AP — wi—vjia)
v« Ap,
a < pi/ <rtv;>
ST — v,
t+— Az
wj <t s> /tt>
@, @, + ap; +w;z; if ; accurate enough then quit
Ti< 8 —wjt

end for




Algorithm 2 Preconditioned BiConjugate Gradient Stable (PBiCGStab)?

Assume initial trial value for vector ®, say ®.
rog <+ b— A®,.
Choose an arbitrary vector r* such that < r* ry >0, e.g., r* < 1
po=a=wy=1
vo=po =0
forj=1,2 3, ..do
pi <111 > 8= (pj/pj-1)(efwja)
pj < Tj1+ f(Pj-1 — wj1vj1)
y< M'p;
v+ Ay
a < pi/ <rtv;>
ST — v,
2+ M s
t < Az
wj <MY M1s>/<M't,M't>
@, — ®,_; + ay + w,z; if ®; accurate enough then quit
i< 8 —wjt

end for
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b. +b,(®y) — A®,. Following suggestions in, e.g.,'?, the arbitrary vector r* is
assigned the same value as rq. At the end of iteration j, the updated solution

vector and the residuals are computed by executing the step
D, — @, +ap; +w,z; r; < s —w;t (BiICGStab)

or

‘I)j — q)j_l +aytwz; T8 — Q)jt (PBICGSt&b)

respectively. Assuming that for the choice r* < r(, this iteration converges,

the solution thus obtained would be the solution of the linear system
AP =b.+b,(®))

instead of

Ad =b.
If the construction of b were independent of ®, then we would have
ri=s—wit=>b—Ad;.
Instead, with the approximation of b, it follows that
r; =8 —wit =b. +b,(®)) — A®;.

We propose a modification of the BiCGStab iteration wherein the approxi-
mation of b, is updated by evaluating b, (-) using the new approximation ®;.

In principle, this would lead to the update
’I"j =8 — th = bc =+ bv]- (q)j) — A¢J

This means that the residual at the end of each iteration should be updated
such that the updated approximation of the right-hand side is reflected in

9
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the residual, r; at the end of iteration, j. Thus, we update the residual r;
accordingly. Let C; be the jth correction vector, used to effect the current

residual update, defined as
Cj= b, ,(®; 1) +b,(®). (2.2)
It then follows that r; is corrected via
r=s—wit+Cj. (2.3)

The BiCGStab algorithm allows for 7* to be chosen arbitrarily, indepen-
dent of rq. However, as it has been observed by multiple authors (based
on heuristic observations)!?, the choice of r* = ry is often the most effective
one. Indeed, in simplified versions of the application problem we treat in this
paper (cf. section 3), it was difficult to find examples for which BiCGStab
would converge for other choices of r*. As such, as we refine our estimate
of b, using ®,, it is essential that r* be updated, which can be achieved via

assigning the index r7, setting rj5 = b. + b,(®9) — AP, and updating
r;=r;_,+Cj (2.4)

2.1. The use of BiCGStab in this setting

A modified right PBiCGStab is implemented to carry out the iterations.
If the internal discontinuities/porous boundaries were not present, with this
algorithm, the residual, rj—; = b—A®;_; would have been updated at the end
of each iteration step with the updated vector ®;. However, to incorporate

correction to the irregular nodes, the residual is modified to r = b, — A® —

b,(®;_1) +b,(®;) instead.

10
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Taking a step back, depending on the function b,(-), this is potentially
a non-linear problem. Given A and right-hand side component b, fixed, we

can define the set of feasible solutions
SA,bc = {(I) e R" | Ad = bc —|—bv(¢)} .

Depending on the nature of the function b,(-), Sap. may be a single point,
a discrete family of points, or something more complicated. Indeed, for the
PDE example in cf. section 3, the PDE is well-posed and should have only one
solution. However, for the discrete linear system, b,(-) is defined by a process
of constructing interpolation polynomials along immersed boundary normal
directions, which could potentially be nonlinear. We frame this discussion in
the more general case, to account for this possibility.

We make the well-known observation that algorithm 2 can conceptually
be simplified in terms of the action of some projectors, which we encapsulate

as algorithm 3, where we define the projectors

=AM '2(r*TAM '2) " 'r*T

=M2(r*TAM '2)"'r*TA

2) =AM '2((AM~'2)"AM'2) " (AM '2)"

— M (M) (ATAM " 2) " (M) (AT A),

wherein we note that in algorithm 3, I — Q" (r;) projects r; onto {r*;}"

along {AM'r,} and I — P{"(r;) projects ; = A~'r; onto {ATr’"i}L along

{M~'r;}, while I-QY(r,) orthogonally projects (I—-Q\"” (r;))r; onto {AM~?

: L , ,

(I-qQ% (rj))rj} and I—P{" (r;) AT A-orthogonally projects (I—P{ (r;))n;)
. L

onto {M (I - Q(r;)r;}

11



Algorithm 3 Conceptual PBiCGStab with projectors and right-hand side

correction?®

Assume initial approximate solution for vector ®.
if b,(®y) = 0 then flag = True
else flag = False
end if
Set ro = b. + b, (®) — AD,.
Set rg =19
for j=1,2,3,... do
Set r; =r;_q, ¢I>(.l) <I>;7 1,and m; = A7
— (I=QV(ry)r; and ®; « &, + P (r;)n;.
ry o (I <Z>( r;))r; and @ « & 1+ PY(r)n,.
if —b,(®;_1) +b,(®;) # 0 or flag=True then
rj 15 —by(®;-1) + bu(®;)
Set 15 =15 — b,(®;1) + b,(®;)
end if
if flag=True and b,(®;_1) = 0 and b,(®,) = 0 then continue
else Set flag=False
end if

end for

12



148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

Note that were this algorithm executed with the knowledge of the true
right-hand side b, we would simply be discussing residual and error projection,
which is a well-understood way of describing a method such as BiCGStab.
Instead, BiCGStab becomes a nonlinear iterative scheme when applied to
problems of the form (2.1) with b, being an unknown function of the solution.

We provide some analysis of the behaviour of the norm of the residual in
section 4, which illustrates the importance of updating this arbitrary vector,
r*. An important observation in this context is the behaviour of C;. As the
method converges, it follows that b,(®;) ~ b,(®j_1), as long as we assume
b, (-) is sufficiently smooth. This implies that ||C}|| = ¢ < 1. As e approaches
machine precision, this can lead to the introduction of numerical errors due
to phenomena such as cancellation. In particular, if left unchecked, this will
start introducing an unwanted numerical noise into the iterations at the stage
when ||r;|| ~ €, which can cause the residual to oscillate even when it has
reached close to the numerical solution. One way to circumvent this is to
stop correcting the residuals any further. In certain scenarios, if bv(®g) = 0,
then C'; automatically becomes 0 which may not be correct. If this happens,
the modified algorithm in itself will not be activated and the behaviour will
be the same as the original BiCGStab. The if conditions ensure that these
two situations in the algorithm 3 are appropriately addressed. A detailed
numerical example portraying the behaviour of ||r||2 has been presented in

section 4.
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3. Setting up the model

Problems with variable right hand side vector are not uncommon in in-
terfacial (FSI, composite materials, etc.) problems. The study taken up
and the examples presented in this present work focusses on the application
of Decomposed Immersed Interface Method (DIIM)' to interfacial prob-
lems wherein the right hand side vector is dependent on the solution vector.
Though this finite difference based method is originally proposed for elliptic
partial differential equations (PDEs), it is claimed that it could be extended
to other PDEs as well. However, for the current paper, application to other
PDEs or problems with irregular grids is not investigated.

In this paper, elliptic PDEs of the form

9 0¢ ) 2\
0X4 (68X1> + 0X3 (53)(3) = —b; (X1;X3) e (3.1)

is taken up for study where, ¢ is the dependent variable, 0¢/0X; = 5(X1, X3)

0¢/0X;;1 € {1,3} is the flux across an interface, T' inside a domain (refer
fig. 1), Q, b = b(Xy, X3) is the source term and the two dimensional (2D)
domain, © is defined by [e,d] X [e, f]; ¢ and d are lower and upper bounds
of  along X, axis and e and f are lower and upper bounds of € along
X3 axis . The source term, —b(Xy, X3) and the flux term, 0¢/0X; are
assumed to be continuous and smooth on each subdomain enclosed by a
boundary. For grid nodes spaced equally, the node-to-node distance is de-
fined by AX; =(d—¢)/(M —1),AX3 = (f —e)/(N — 1), where M, N are
the number of grid points along axes X; and X3 respectively. This gives the

node coordinates as

14
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Fig. 1: Irregular interface I' dividing overall domain € into QF and Q~

The application of DIIM was demonstrated for smaller fluid domains with a
single discontinuity and with simple red-black Gauss-Seidel iterations. How-
ever, the method is not explored in greater detail for a larger physical domain
in the past. For a large linear system Gauss-Seidel is not efficient which is
where iterative algorithms like BiCGStab come into play. Hence, in this pa-
per DIIM applied to different scenarios is used in order to demonstrate the

performance of the modifications proposed to BiCGStab.

3.1. A brief introduction to DIIM
The method is based on a prior knowledge of two main conditions i.e. the
change in value of ¢ and the change in the normal flux across I' (refer fig. 1).

These changes, often referred to as ‘jumps’ are defined by

= li X1, X3) — li X1, X
[¢] (Xl,)ggl—ﬂ”r ¢( b 3) (Xl,)gl)/l—ﬂj* ¢( b 3) (33)
S "w(Xl, X3)

15
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[Bon] = lim B(X1, X3)on (X1, X3) — lim B(X1, X3)on(Xy, X3)

(Xl,X3)~>F+ (X17X3)~>F_

= v(X1, X3)
(3.4)

where, [¢p] = w(X1, X3) is jump in value of ¢, [B¢,] = v(X7, X3) is jump in
value of derivative in direction n. With reference to fig. 1, it can be seen
that T divides the overall domain,  into sub-domains Q% and Q~ which
refer to the regions outside and inside respectively with respect to the region
enclosed by T
In general, IIM strategies classify the nodes inside a domain as regular
and irregular. A node is classified as regular if all its dependent nodes are
on the same side of I'. For instance, with respect to the standard 5-point
stencil for elliptic PDEs, if a node in Q% lying on the left side of O~ and
very near to I' is considered, then its right side node will naturally lie inside
Q. As such, this node will be classified as irregular. Similarly, if hyperbolic
or parabolic PDEs are looked at, which do not depend on 5-point stencil
or even for elliptic PDEs with higher order differencing, a node, N; will be
classified as regular only if the finite difference equation (FDE) framed for
N; is dependent on a set of surrounding nodes, S such that {N;, S} € QF or
{N;,S} e Q.
For eq. (3.1), the FDE using the standard 5 point stencil can be written
as
Pit15 — 20i5 + ¢i-1
AX?
—bij = Ci;

Gijr1 — 2055+ Gij1
+ 3 =
AX?

16
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=bi; + Cij — s¢ij — p(Giv1j + ic1j)
= 7(¢ij+1 + dij-1) = 0. (3.5)

1

where, p = —AXZ

r = _ﬁxg’ s = =2(p+r). It can be observed that
there is an additional term, C;; in eq. (3.5) called the correction term which
DIIM introduces for the irregular nodes only at every stage of an iteration
and is dependent on w(Xy, X3) and v(Xy, X3). It is evident that this value
is dependent on the instantanecous value of ¢;;. The detailed approach to
calculate C; ; using Taylor series approximation and second order Lagrange
polynomial is not discussed here (refer!! for details). However, the python
code developed by the authors does take into account all these factors to
compute C; ; for the numerical examples presented in this paper. It is to be
noted that the approximation of the correction term, C; ; needs to be under-

relaxed in order to ensure the numerical stability. This is done by introducing

an under-relaxation parameter, « such that {a: 0 < a < 1,a € R}.
I -1 -1
Ci; =G0 —a(C; = ClY) (3.6)

where, [ and [ — 1 denote the iteration number. Theoretically the order
of algebraic operations might seem to be fine. However, it has significant
numerical implication as it might introduce larger floating point errors. As
such in the current work, the algebraic operations are performed instead as
per eq. (3.7).

Cli=(1-a)C;" +aCls” (3.7)

Usually {C;; : C;; € R}. Theoretically as the iterations proceed and the

solution converges, C’f;l = Cp* and this eventually results in C} ; = Cf;l.

17
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However, numerically there is always a loss in floating point at every step of

iteration. Essentially this would imply

Cii' = O = |Gt = O =€ (0< ¢ < 1)

(3.8)
= \a(q{;l — O = ae << 1
This factor ae’ starts introducing a numerical noise in eq. (3.6) as Cf;l A e
On the contrary, if eq. (3.7) is considered, both the terms that are getting
added are of the same order of magnitude i.e. (1 — a)Cf;l ~ aC'i" and as
such no numerical noise is generated by the operation itself.
The simulations presented in this paper use a within the range 0.01—0.05.
As with most problems governed by PDEs for which numerical simulations
are carried out using approximate FDEs, the value of « is problem dependent
and has to be chosen heuristically depending on the particular problem. From
the brief description of DIIM presented above, it is evident that the term,
C;; makes the right hand vector b dependent on solution vector, ® (vector

of dependent variable, ¢).

3.2. Setting up the pre-conditioner

In this section, we describe how to set up a typical pre-conditioner for the
examples presented in this paper is discussed. In order to ensure parallelism
for faster processing of a large linear system, red-black coloring scheme is
implemented using the partitioning scheme presented in fig. 2. Accordingly
the matrix structure of A is split into blocks of smaller matrices as shown in
eq. (3.9).

D,. F @, Ve

Ad = - (3.9)
E Dbl q)bl blbl
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Fig. 2: Initial partitioning of A

where,
D, 0 0 0
D= JE = ,
0 Dy, E 0
0 F
F = ,0 = zero matrix
00

and suffixes re and bl denote matrices corresponding to red and black nodes.
It is to be noted that matrices E and F are padded with zero matrices for
compatibility of the dimensions such that A = D + E + F. A good pre-
conditioner is required to make the solution of the linear system to converge
faster. However, designing an optimal pre-conditioner is beyond the scope
of this paper and as such for the purpose of the current work, standard

Symmetric Gauss-Seidel pre-conditioner as shown in eq. (3.10) is used.

Mscs = (D+E)D (D +F)
=>Mgsqs = (I +ED71) (D +F)
|\ —

L U
M '=(D+F)'I+ED ") "' =U'L" (3.10)
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a0 Simplifying lower triangular matrix, L and upper triangular matrix, U, the

on following equations are obtained.

Im‘xm" Onrxnb

L=I+ED'=

O'I’Lb)( nr Inbxnb

—1
Onrxnr Onrxnb [Dre ]nrxnr Onrxnb

-1
Enbxnr Onbxnb Onbxnr [Dbl ]nbxnb

1 nrxnr On'r'xn
= s ’ (3.11)
[ED_l]an’m‘ Inbxnb

re

272

[Dre]nrxnr Om'xnb Onrxnr Fnrxnb
U=D+F-= 4

Onpscnr  [Dotlnbxns Onbxnr  Onbxnb

Dre nrXxXnr FTL’I"X’n
_ (D b (3.12)

Onbxnr [Dbl]nbxnb

213 The inverse of matrices L and U can be easily computed as

Inrxnr Onrxnb

L= (3.13)
_{EDr_el]annr Inbxnb
274

D_l nrxnr DilFDil nrxn
[ re] [ re bl ] b ) (314)

-1
Onb xXnr [Dbl ] nbxnb

U=

a5 In the above equations, suffixes nr x nr, nr x nb, nb x nr, nb x nb denote the
s dimension of the matrices where, nr, nb refer to the total number of the red
27 and black nodes inside the domain (excluding the boundary nodes). Since
s the matrices are not formed explicitly, while implementing the preconditioner
a9 to any of the iterative algorithms, it is applied in two steps i.e. first by

» computing w = L™'A and then by computing z = U~lw.
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4. Numerical Examples

The example problems taken up for study in this section use pre - condi-
tioner for faster convergence of the solution. The analytical functions chosen
for validation are chosen in a way such that difference in the order of magni-
tude of the values across all the nodes is not substantial (~ 10° to 10%). This
is to ensure that the contour plots of the numerical analysis do not result in
a localized contour concentration. But, it does not restrict the applicability
of the approach in any way to cases with non-zero source terms or where the
difference in order of magnitudes of the values are substantial. The examples
taken up in this section for validation of the proposed modified BiCGStab

for elliptic PDEs assume 5 = 1 and b = 0 unless noted otherwise.

4.1. Domain with one internal boundary

The first example that is chosen is the one which has been used in the
past for Immersed Interface Method and its variants'®1%14, In this section a
detailed analysis of the algorithm is carried out. The analytical solution of

eq. (3.1) for a domain with an interface is given by eq. (4.1).

1 JXP+ X3 <

¢(X1’X3):
L4 log(2y/XT+X3) X+ X2 >

(4.1)

W= s

The jumps in this case at the interface are [¢] = 0 and [¢,,] = 2 in a domain
2 defined by [—1,1] x [—1, 1] (refer fig. 3).

Earlier in section 2, it is highlighted that both r and r* need to be up-
dated. The implication of just updating r is studied first. From fig. 4, it is
evident that the residual norm converges to values as low as 1071, The so-

lution vector thus obtained at this stage is still acceptable and was found to
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Position, X1(m)

Fig. 3: Domain with boundary conditions®

match with analytical results®. But, a good algorithm should not destabilize
either ® or r if further iterations are run. It is observed that the residual is
not stable and if the iterations were allowed to proceed, the residual starts di-
verging and by the end of iteration 5000, the residual is observed to begin to
diverge, reaching magnitude of 10%. This clearly demonstrates the fact that
merely correcting r is not enough and this has in fact made the BiCGStab
algorithm unstable.

Now the numerical method is run again but this time r* is updated along-
side r. From fig. 5, it can be seen clearly that making r* solution dependent
has stabilized the residual and it does not diverge even when the iteration
number has reached as high as 10000. This signifies the importance of up-
dating the arbitrary vector, r*. As highlighted in section 2, as the residual
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Fig. 4: Convergence of residual norm (without updating r*)

103

10!

residual norm, ||r]|

0 2000 4000 6000 8000 10000
iteration

Fig. 5: Convergence of residual norm (with updating r*)

converges the correction factor C' starts introducing a numerical noise. This
is exhibited by the oscillations in the nature of ||r||s in fig. 5. If the correc-
tion to the residual is not applied anymore after the correction has stabilized,
from fig. 6 it can be observed that the oscillations after ||r||2 has approached
a near-zero value are eliminated. Numerical solution of the simulation after

incorporating all the modifications is presented in fig. 7.

4.1.1. Convergence and grid refinement analysis
Next a convergence and grid refinement analysis for the problem is carried

out to ensure that the modified algorithm performs satisfactorily for varying
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Fig. 6: Convergence of residual norm (by terminating update of r and r* after C' has

stabilized)
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Position, X1(m)

Fig. 7: Solution to the numerical analysis
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Table 1: Grid refinement analysis (without updating r*)

Mesh Size (AX;) a [|r]|
40 x 40 (0.0500) 0.01 1013
80 x 80 (0.0250) 0.01 10~
0.01 Diverges
120 x 120 (0.0167)  0.0105 — 0.03  Converges then Diverges
> 0.03 Diverges
0.01 Diverges
160 x 160 (0.0125) 0.011 Converges then diverges
> 0.012 10-13
0.02 Converges then diverges
200 x 200 (0.0100) 0.03 Converges then diverges
> 0.04 10713

mesh sizes. To check this, the criterion for the iterations to stop is set to
[|r||2 ~ 1079,

Table 1 presents the values of the order of magnitudes of the residual norm
with different mesh sizes and corresponding to various values of @ when only
r is modified. It is evident that the value of o determines the nature of con-
vergence of the solution as well as the number of iterations. Thus, choosing
a judiciously is important to ascertain the convergence of the solution. As
highlighted earlier, because of the numerical noise, choosing an appropriate

value of o was difficult when r* was not made solution dependent. However,
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Table 2: Grid refinement analysis (with proposed modifications)

Mesh Size (AX;) a [lr|| Iterations
40 x 40 (0.0500) 0.025 107 1004
80 x 80 (0.0250) 0.025 107° 3000
120 x 120 (0.0250) 0.005 1079 1778
160 x 160 (0.0250) 0.015 107° 720
200 x 200 (0.0250) 0.010 1079 1265

when all the proposed modifications have been incorporated, choosing o not

only became easy but the number of iterations over which the converged so-

lution was obtained is also significantly reduced. This is clearly reflected in

Table 2.

Though « is chosen depending on the situation, a thumb rule that was

applied was to choose a lower value of « for a larger linear system or when

the jumps are significantly higher compared to the values at boundary nodes.

4.2. Domain with multiple internal boundaries

In this section, an example is considered with multiple internal discon-

tinuities. The usual approach to test the stability and performance of an

iterative algorithm is to examine it at different levels viz.

1. Case-1: smaller value of the jumps at the interface

2. Case-2: larger value of the jumps at the interface

3. Case-3: internal boundaries governed by spatially varying functions

An analytical solution for ¢ is given by

¢ = (c1eP 4 coe™PX1)(c3 cos pX3 + ¢4 5in pX3)
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where, ci,co,c3,¢4 are constants'”.  Accordingly, the following analytical

function satisfying eq. (3.1) is chosen for Case-1 and Case-2.

(0.5eM1 4 1.5e7F1) x
P(X1, X3) = ¢ (2cos kX5 + TsinkXs) ,{X, X3} € QF (4.3)
k; ,{Xl,Xg} c Qz_

where, £ = 0.009 and €2; denotes a typical zone of discontinuity inside the

global domain. Therefore, the jumps are defined as

[0lg- = (0.5¢"1 + 1.5e7#¥1) (2 cos kX3 + TsinkX3) — K]
[bnlo- x, = k(0.5¢"* — 1.5e7**1)(2 cos kX3 + 7sin kX3)

[nlo- x, = k(0.5e"X1 4 1.5e 7 *1)(=2sin kX3 + 7 cos kX3)

where, [d)}Q; is the jump in value of ¢ along the interface, [(j)n]Q;’Xl and
[¢n]q- x, are the jumps in the derivatives in the direction normal to the ver-
tical and the horizontal interface i.e. along X; and X3 direction respectively
for Q,

A domain, Q defined by [150,50] is considered with AX; = AX3 = 0.5
(refer fig. 8). The three coloured rectangles shown inside €2 are the regions of
discontinuities denoted by €; ;4 = {0, 1,2}. The internal discontinuities, §2;
are considered at arbitrary locations within the overall domain in order to
understand if the spatial distribution of the discontinuities have any adverse
numerical implication.

Case-1: To test this case, k] is considered as {1,2,3} for the regions
Q7 ;1= {0,1,2} respectively. From fig. 9 and the results presented in Table 3,
it can be observed that the numerical results show an excellent match with the

analytical values. The solution also converged well within an unsubstantial
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Table 3: Values at a few selected coordinates

Case-1 Case-2 Case-3
Region X, X3  Theoretical Numerical Theoretical Numerical Theoretical Numerical

10 3.5 4.2569 4.2205 4.2569 4.2205 4.2569 4.2999

o+ 10 455 8.8643 8.6642 8.8643 8.6642 8.8643 8.8608
125 3.5 4.4991 4.4783 4.4991 4.4784 4.4991 4.4851

125 455 9.3686 9.1355 9.3686 9.1355 9.3686 9.1470

- 15.5 10.5 1 0.9673 11 10.9674 4.6228 4.9362
0 18 13.5 1 0.9627 11 10.9628 4.8067 5.0148
0 63.5 30 2 1.6114 19 18.6111 5.6721 6.3033
! 67 325 2 1.6708 19 18.6723 6.4565 6.7663
- 95 24 3 2.5814 15 14.5816 6.2780 6.0834
? 97 175 3 2.4874 15 14.4875 6.2839 5.9546

number of iterations and which is expected given the fact that the value of

the jumps are small.

Case-2: For this case, k. is considered as {11,19,15} for the regions

;1 = {0,1,2} respectively. From fig. 10 and the results presented in ta-

ble 3, it can be observed that the numerical results are are not too far off

from the analytical results implying the validity of the algorithm in such a

case as well and that the modified BiCGStab is not sensitive to the values of

the jumps.

Case-3: To test this case, the governing analytical function for Q% is

kept the same as eq. (4.3). For the domains Q;, the following analytical
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Fig. 8: Domain with multiple discontinuities
functions are assumed to satisfy eq. (3.1).
14 1og(2 X2+ X§) X1, X)) e Qp
N (AX145) (TX349) _
¢(X1> X5) - 100 . 100 9 {X17 X&} e Ql (44)

1 +10g<2\/X12 +X§) X, X3} e Q;
The contour plot of this case is presented in fig. 11 and the results at a few
selected coordinates are shown in Table 3. From the results obtained, it is
evident that the algorithm is applicable for any set of arbitrary functions as
long as they satisfy the governing PDE and the FDE is consistent with the

governing PDE.

4.8. Single internal interface with 5 # 1 and b # 0

In all the earlier examples presented, we have considered the simplest
form of elliptic PDE with f = 1 and b = 0. Here, we look into a more

complicated situation wherein 3 # 1 and b # 0. In this example!®1816,
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Fig. 9: Case-1: Smaller value of jumps
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Fig. 10: Case-2: Larger value of jumps
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Fig. 11: Case-3: Spatially varying functions for Q* and Q~
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Table 4: Values at a few selected coordinates

Region X4 X3 Theoretical Numerical
—2.275  —0.925 24.3472 24.3472
—2.65 0.375 32.9548 32.9550

Ot
—-2.2 0.525 18.3201 18.3205
2.700  —0.575 36.7972 36.7973
B —-0.125 —-0.475 0.2413 0.2420
K 0.225  —0.425 0.2313 0.2316
0.35 —0.35 0.2450 0.2453

b= —(8R? +4) x k;. The coefficient, 3 is given by

R’+1 ,R<1/2
B(X1, X3) = (4.5)
ky JR>1/2

The jumps are [¢p] = 0, [B¢,] = k2/R. The boundary conditions are assigned

from the analytical solution,

R? JR<1/2

¢(X17X3) - 4
(1— &= 1)/4+ (B 4 R?) + kylog(2R) ,R>1/2

where k1, ko are arbitrary constants assumed as 1 and 0.1 respectively, R =
\/m. It is observed that even for such a complicated case, the pro-
posed modification to BiCGStab gives a numerically stable solution and the
results match nicely with the analytical values which is evident from Table 4.
A contour plot of the numerical results are presented in fig. 12. This exam-
ple illustrates the application of the algorithm to non-homogeneous elliptic

PDEs as well.
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Fig. 12: Non-homogeneous elliptic PDE with discontinuous flux

5. Application to few real world problems

In this section, we look into a few real world physical problems where this

algorithm can be applied.

5.1. Hele-Shaw Cell

In a Hele-Shaw cell, the fluid flows between two parallel plates separated
by a very narrow-gap. Application of this flow can be found in the study
of lubrication theory. Here, ¢ = pressure is the dependent variable in the
homogeneous elliptic PDE and 8 = h?/12u (where h =spacing between the
plates and p =viscosity) is the transmissibility. It is important to note that
the transmissibility is of the order of 107° in mm units which may cause a
significant loss in floating point during iterations. To circumvent this issue,
the FDEs are appropriately scaled by dividing with a factor of 107°. Since
the governing equation is homogeneous, this scaling will not have any im-
plication on the final numerical result. In order to validate the streamlines
generated by the proposed algorithm with the experiments conducted with
water'? under hydrostatic pressure gradient, an identical Hele-Shaw cell of di-

mensions 610 mm by 305 mm is considered with plates separated by 0.2 mm.
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Fig. 14: Streamlines with high permeability square (TR = 4.63)

Four different cases are considered with different shapes of interface and dif-
ferent values of transmissibility ratios (TR = 37 /8%). The streamlines are
presented in figs. 13 to 16. The 1st figure is from experimental data and
second figure is from the numerical results obtained. It can be clearly seen
that the numerical results have a close match with the experimental results,
thereby justifying the applicability of the proposed algorithm to a real-world

scenario.

5.2. Composite materials

In this section, an application of the algorithm to composite materials is
considered. It has application in determining the electrostatic and magneto-

static fields in heterogeneous media. In such kinds of problems, ¢ could be
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Fig. 16: Streamlines with low permeability ellipse (TR = 0.216)

the total potential function used to determine the electrostatic field and 3

could be the conductivity?’. Researchers have considered one such problem

14,16

on composite materials where the total potential is known to follow the

following function

2X4
IO A N e
) Xipt)=s(p-DX/R* b g
p+1+s2(p—1) =

(5.1)

where, p = 7/T and S is the radius of an inner circular interface. It is
to be noted that p is mathematically identical to the transmissibility ratio
defined in Hele-Shaw cell. A simple composite consisting of a periodic array
of disks in a uniform background is shown in fig. 17. The reason for choosing
such a problem is to study the behaviour of the algorithm when the value of

p is substantial (5000 in the current case) and the the jumps across interface
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Fig. 17: A composite consisting of a Fig. 18: Plot of total potential in the
periodic array of disks in a uniform single unit highlighted in fig. 17

background 2° determined numerically

is zero (i.e. [¢] = 0 and [B¢,] = 0), which is a special case as pointed out in
algorithm 3. Even with such a high value of p and zero jump conditions,the
results show a good match with the analytical solution, thereby justifying the
applicability of the algorithm to a more realistic practical problem. Contour

plot of the results obtained are presented in fig. 18.

5.8. Wind Farms

Application of this problem to a real world engineering problem i.e. in

9. However, as

the FSI in wind farms was presented earlier by the authors
pointed out earlier in section 4.1, though acceptable results were obtained
(both for the validation problem and the FSI problem in wind farms), the
lack of correction to ||r*|| or the steps taken to remove numerical noise were
not implemented and as such the application presented there relied on ter-

minating the iteration based on the ratio of the residual norm to the norm

of the solution vector i.e. ||r||a/||®|]2 ~ 107°. Ideally a stable algorithm
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should rely solely on the residual norm such that |jr||s — 0. In this section,
the problem with one actuator disc (or one wind turbine) is presented. The

jump conditions considered are defined in eq. (5.2).

[l = 1/3.Uco(X3)
[l = —1/3.Us(X3). (5.2)

Une(Xg) =~ (111 <)Z(:> +5.75 ()2“) 1875 <‘%>2 - % (i“)g +
() o

k = von Karman’s constant ~ 0.4, ¢ = latitude, ' = angular velocity of
the earth about its own axis = 7.292 x 10 °rad/s, Cp = drag coefficient ~
0.0014 for sea?', u, = friction velocity = Myy/Cp; f = coriolis parameter =
21" sin(p); h = gradient height = u,/6f; H = height of the physical domain;
Myy = wind speed at a height of 10m ; X3 = distance in X3 direction;
29 = Davenport-Wieringa roughness length ~ 0.0002m for sea?'. For the
simulations carried out in this paper, My = 10m/s and ¢ = 53.3498° (for
Dublin) are assumed. After the mean velocity reaches a maximum value
Uoo(X3) = (ur/K)(In(h/2z) + 67/24) at a height, X3 0: = h, it is assumed
to become constant?*23. For this case, AX; = 1 and AX5 = 2 is assumed
and Q is defined by [2700,974]. The domain is shown in fig. 19 and the
results of the simulation are presented in fig. 20. It is observed that the
final converged solution was obtained within 2400 iterations compared to
the simulation presented by the authors earlier where it took almost 4000

iterations to arrive at a minimal residual value.
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6. Performance on multiple cores

The next important aspect is to investigate the computational efficiency
of the algorithm in a parallel setting. Table 5 shows the time taken per
iteration when the iterative algorithm is run serially and on 2, 4 and 6 cores.
It is evident that as the number of unknowns increase, there is a reduction
in the processing time. When the number of unknowns are not substantial,
using the maximum possible number of available cores does not essentially
ascertain lower processing time. This can be seen from the case of mesh
size of 80 x 80 where using more cores in fact increases the processing time
because of an increase in the number of communication between processors
relative to the number of equations in the linear system. Similarly, for mesh
size of 160 x 160 and 200 x 200, 4 cores are seen to be optimal. For the real
world application presented in section 5 and with the size of discretization
adopted, ® is as large as 10°. Evidently for each and every operation carried
out, this operation would incur a significant computation time. It is observed
that the processing time is reduced significantly with 6 cores when such a
great deal of data is dealt with. Compared to a sequential process, there is
almost a reduction of 60% in the time taken per iteration when 6 cores are
used. One can imagine how much impact this can have in total time taken
for the solution to converge. A plot showing the comparison of CPU time is

given in fig. 21.
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Table 5: Analysis of Computational Time

Mesh Size Interior Nodes Time (in sec) taken per iteration for
1 core 2 cores 4 cores 6 cores
40 x 40 1.521 x 103 0.20 — 0.22 0.20 - 0.22 0.20 — 0.22 0.20 — 0.22
80 x 80 6.241 x 10° 0.38 —0.40 0.43 — 0.44 0.47 —0.49 0.48 — 0.51

120 x 120 1.416 x 10* 0.81 —0.86 0.76 — 0.79 0.83 —0.85 0.86 —0.89
160 x 160 2.528 x 10* 1.08 —1.11 1.10 —1.14 1.06 — 1.10 1.10 —1.12
200 x 200 3.960 x 10* 1.38 —1.45 1.38 — 1.40 1.33 — 1.38 1.42 —1.48
2700 x 975 2.628 x 109 9.75 —10.43 5.82 —6.28 4.15—-4.20 3.67 —3.83

Time taken is for a Intel® Core™i9-8950HK CPU @ 2.90GHz x 12 processor.

12 UL LLLLI L LY R R LU 1 e B AL S L R R L
—=— Core:1

10 | |—=— Core:2 a
Core:4

8 |- Core:6 7

CPU Time (s) per iteration
D

O TR ATT] S 1 ¥1 SRR RRTTT = s W] SR AR U111 R A IR RUTT| B R ARA1
10 10t 10% 10° 10* 10° 10% 107
Nodes

488

Fig. 21: Performance comparison for multi-cores

a0 7. Conclusion

490 BiCGStab, as an iterative algorithm, is widely used for solutions of prob-

s lems involving sparse linear systems. However, we have shown that this
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algorithm is ineffective out-of-the-box in the case that the construction of the
discrete right-hand side depends on knowledge of the true continuum solution.
Realistically in many engineering problems like the FSI problem presented
in this paper which requires Decomposed Immersed Interface Method, it is
evident that the construction of the discrete right-hand side is continuum-
solution dependent and thus BiCGStab cannot be applied straightaway. The
solution to this kind of problem was originally carried out by standard red-
black Gauss-Seidel iteration. However, for large linear systems with non-
symmetric coefficient matrix, algorithms like BiCGStab are more efficient
which motivated the current research work. Hence, in this paper, modifica-
tions to BiCGStab is proposed to arrive at a numerical solution of a system
of linear equations for which the construction of the discrete right-hand side
depends on the solution of the continuous problem. The validation of the
modified algorithm is demonstrated by applying it to multiple fluid-structure
interaction problems problems with single and multiple discontinuities. A de-
tailed step-by-step analysis is carried out by checking the behaviour of the
residual norm in order to illustrate the performance of the algorithm for every
proposed modification to the algorithm. Further, a grid refinement analysis
is done which clearly demonstrates that the performance of the modifica-
tions to the algorithm is not sensitive to the mesh size. Additionally the
application of the algorithm to a real engineering problem has been pre-
sented to illustrate its application in the field of CFD (FSI in wind farms
in section 5). The numerical analysis has been conducted for domains gov-
erned by homogeneous elliptic PDEs which have the inherent advantage of

being unconditionally stable. However, this does not restrict its application
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to non-homogeneous elliptic PDEs or parabolic and hyperbolic PDEs which
are usually conditionally stable. Further, when one deals with large linear
systems, parallel computation across multiple CPU cores become inevitable
and modifications made to the iterative algorithms (BiCGStab in the cur-
rent work) should not limit its applicability in such a parallel setting. This is
demonstrated in section 6 where the performance of the modified BiCGStab

across 1,2, 4 and 6 CPU cores is tested.
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