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Fluctuations and Geometry in Quantum Thermodynamics
Laetitia Paula Bettmann, Hilary Term 2026

ABSTRACT

Understanding thermodynamics at the quantum scale is a central challenge in
modern physics. Thermodynamic concepts were originally formulated for macro-
scopic systems, where fluctuations are negligible and quantum features are effec-
tively washed out. For quantum systems operating far from equilibrium, these
assumptions break down, motivating the development of nonequilibrium quan-
tum thermodynamics. At the same time, engineered quantum platforms, ranging
from superconducting circuits and cavity QED to mesoscopic conductors, now
provide experimentally accessible settings in which this theoretical framework
can be systematically tested and, increasingly, applied to practical tasks.
This thesis addresses a broad range of problems in the nonequilibrium thermo-
dynamics of open quantum systems, organised around two central themes: fluc-
tuations and geometry. Our work spans measurement-induced effects, stochastic
dynamics beyond the Markovian weak-coupling regime, information-geometric
aspects, and dissipative critical phenomena, and accordingly employs a wide ar-
ray of theoretical tools.
Specifically, we propose a model of measurement-boosted quantum transport
within the framework of repeated interactions, and demonstrate that measure-
ment backaction can enhance both the performance and stability of quantum heat
engines. We then introduce a method for directly sampling the time- and energy-
resolved statistics of thermodynamic quantities in strongly coupled, driven open
quantum systems, by combining Markovian embeddings with quantum-jump tra-
jectory unravellings.
Using tools from information geometry, we relate the temporal quantum Fisher
information to entropic fluxes in open quantum systems and develop a geometric
description of the thermodynamic cost associated with slow transitions between
nonequilibrium steady states. This approach yields general bounds on excess
entropy flux and nonadiabatic entropy production and, owing to their geomet-
ric origin, naturally suggests dissipation-minimising protocols based on geodesic
paths. Finally, we apply thermodynamic geometry to dissipative quantum phase
transitions, revealing dynamical universality in the nonadiabatic entropy produc-
tion under finite-speed driving. These results constitute a far-from-equilibrium
analogue of the celebrated Kibble-Zurek mechanism.
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Introduction 1

Introduction

The contributions of this thesis to the thermodynamics in open quan-
tum systems can be organised around two main themes: fluctuations
and geometry. Focusing on fluctuations, we demonstrate that mea-
surement backaction can stabilise the output power of a quantum heat
engine and develop a method to access stochastic thermodynamics
beyond the Markovian weak-coupling regime (Parts II-III). With re-
spect to geometry, we reveal a fundamental relation between quantum
information geometry and entropy dynamics, construct a geometric
description of the entropic cost incurred during slow-driving proto-
cols connecting different nonequilibrium steady states, and apply this
framework to uncover universal thermodynamic scaling in dissipative
quantum phase transitions (Parts IV-V). In the following, we motivate
these two perspectives by emphasizing their significance for both fun-
damental understanding and practical applications.

Thermodynamics provides a universal framework for describing how energy flows
and transforms in physical systems, originating in the study of thermal machines
such as heat engines or refrigerators. Central to this framework are two founda-
tional principles, known as the first and second laws of thermodynamics [1]. The
first law expresses the conservation of energy and identifies heat and work as its
modes of transfer, while the second law reveals a fundamental arrow of time in
physical processes and, in its Clausius form [2, 3], implies that entropy is pro-
duced during irreversible transformations. The breadth of this insight into “how
the world works” was famously captured by Boltzmann [4]: The general struggle
for existence of living beings is therefore not a fight for the elements — the elements of all
organisms are available in abundance in air, water, and soil — nor for energy, which is
plentiful in the form of heat, unfortunately untransformable, in every body. Rather it is a
struggle for entropy that becomes available through the flow of energy from the hot Sun to
the cold Earth.
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Viewed from this broader perspective, the remarkable success of thermodynamics
in diverse physical contexts, reflecting its largely model-independent structure,
motivates a careful examination of how its principles manifest at small scales.
As attention turned to such systems, it became increasingly clear that classical
thermodynamics, originally formulated in terms of averages over macroscopic en-
sembles, had to be extended to incorporate fluctuations and intrinsically quantum
effects.

Accordingly, this stimulated the development of stochastic thermodynamics [5], a
framework in which thermodynamic quantities, such as work, heat, and entropy
production, are defined along individual stochastic trajectories, allowing one to
access their fluctuations. A key achievement of this theory is the set of fluctuation
theorems [6], which quantify, for example, the exponentially suppressed probabil-
ity of entropy-decreasing events and thereby provide a trajectory-level refinement
of the second law.

In parallel, the field of quantum thermodynamics developed, seeking to under-
stand how classical thermodynamic concepts and laws emerge in the quantum
domain [7–10]. Open quantum systems play an important role in this context,
offering a description of how quantum systems interact with their surroundings
through energy and information exchange. Such interactions induce decoherence
and dissipation and, under suitable conditions, give rise to nonequilibrium steady
states (NESSs): stationary states that sustain persistent currents and continuously
produce entropy [11]. Within this setting, a natural question concerns the perfor-
mance and practical usefulness of artificial quantum thermodynamic devices [12–
14], for instance in supporting the operation of existing quantum hardware [15–17]
or in thermodynamic computing [18]. An important class of these devices are au-
tonomous machines [19, 20]. These require no time-dependent, external control:
heat exchanged with thermal reservoirs is converted into work through steady
currents. A prominent example is provided by quantum absorption refrigerators,
where cooling is achieved solely by exploiting thermal gradients [21]. Such de-
vices have recently been shown to be practically useful for the autonomous reset
of a superconducting qubit [17], a task of central importance for quantum infor-
mation processing. Remarkably, the coefficient of performance was found to be
comparable to that of macroscopic devices, while the reset operation can be com-
pleted in under 1 µs. While this scheme does not yet match state-of-the-art active
reset times ≲ 100 ns [22], it nonetheless represents a promising direction.

The experimental characterization of such quantum devices often relies on con-
tinuous measurement. Even weak measurements, however, perturb the system’s
dynamics and can influence energy transport [23], motivating a careful investi-
gation of how it affects the thermodynamic performance of quantum devices. In
this context, solid-state platforms provide a particularly versatile setting in which
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quantum point contacts (QPCs) act as sensitive charge sensors capable of mon-
itoring electron dynamics in real time [24–27]. A recent experiment employed
such a QPC to quantify the entropic cost of extracting classical ticks from a quan-
tum clock implemented as a double quantum dot (DQD) coupled to two thermal
baths [28].

Interestingly, the same DQD setup can also function as a quantum heat engine. In
Chapter II.4 of this thesis, we show that the measurement backaction due to the
QPC can enhance the engine’s net output power while simultaneously reducing
both the current’s relative fluctuations and the entropic cost required to achieve
a given signal-to-noise ratio [29]. Thus, contrary to the common perception of
measurement as a purely detrimental disturbance, continuous monitoring can
be harnessed to improve the stability and thermodynamic performance of quan-
tum devices, extending previous reports [23, 30]. Our results are derived within
the repeated-interactions framework [31, 32], which provides a thermodynami-
cally consistent method for describing systems locally coupled to an environment
and evolving under the corresponding Gorini-Kossakowski-Sudarshan-Lindblad
(GKSL) master equations [33, 34].

GKSL master equations have proven highly successful in describing a wide range
of experimental observations, particularly in quantum optics [11]. Their valid-
ity, however, relies on several restrictive assumptions. In particular, the Marko-
vian approximation neglects memory effects, and the system-environment cou-
pling is assumed to be weak, suppressing the buildup of correlations between the
two. Such correlations can play a crucial role in the statistics of thermodynamic
quantities when the coupling strength increases or when the reservoirs exhibit
structured spectral densities [35]. This motivates the development of approaches
capable of capturing fluctuations beyond the Markovian and weak-coupling lim-
its. Achieving this in practice is difficult: traditional methods, such as nonequi-
librium Green’s functions and scattering theory [36–39] are typically restricted
to weakly interacting or slowly driven regimes [40–42], while path-integral tech-
niques [43, 44] are limited by system size [45, 46].

In Chapter III.6 of this thesis, we address this challenge. Our approach combines
the mesoscopic-lead framework, in which an infinite-dimensional macroscopic
bath is replaced by a finite subsystem (the lead) that is itself weakly coupled
to an idealised thermal reservoir [47–50], with quantum-jump trajectory unravel-
lings [51]. This hybrid framework enables the time- and energy-resolved construc-
tion of distributions of thermodynamic quantities, while providing trajectory-
resolved insight into the physical mechanisms underlying rare fluctuations [52].

A parallel line of research seeks to extend quantum geometric tools, originally
developed for closed quantum systems, to open-system settings. These tools are
powerful: their well-developed mathematical structure allows us to leverage es-
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tablished results while often providing clear geometric intuition. The effort is fur-
ther motivated by recent experimental advances in condensed matter platforms,
which now enable direct probing of quantities such as the quantum geometric
tensor [53–55]. The imaginary part of this tensor corresponds to the Berry curva-
ture, which encodes local geometrical properties of energy bands and underlies a
variety of fascinating phenomena, including the quantum Hall effect, Chern insu-
lators, and topological superconductors, through its connection to global topolog-
ical invariants such as the Chern number, see, e.g., the review [56], and references
therein. Its real part is proportional to the quantum Fisher information (QFI),
which captures a state’s sensitivity to infinitesimal changes in external parame-
ters. More generally, the Fisher information and its quantum extensions appear
widely across physics, from metrology [57] to thermodynamics [58], with the lat-
ter being of particular interest in this thesis. In this context, we focus on the
Fisher information defined with respect to time, which admits a dynamical inter-
pretation: the temporal Fisher information quantifies the system’s intrinsic rate of
change. This interpretation forms the basis of fundamental quantum and classical
speed limits on state evolution [59–66]. Importantly, although seemingly abstract,
such geometric quantum speed limits have recently been explored experimen-
tally [67, 68], underscoring that they are not merely mathematical constructs but
experimentally accessible constraints.

In classical stochastic systems, the temporal Fisher information can be related to
entropic currents [69, 70], revealing a fundamental link between temporal infor-
mation geometry and thermodynamics. In Chapter IV.8 of this thesis, we provide
a fully quantum mechanical derivation of this connection. This allows us to gen-
eralise bounds on the rate of change of a system’s von Neumann entropy through
a non-negative quantum contribution that can be identified as the coherent part
of the so-called information geometric action with respect to the temporal QFI
metric [71]. This contribution can be interpreted as a “kinetic energy” associated
with the quantum state’s coherent evolution through state space.

Thermodynamic geometry, closely related to information geometry, provides a
framework for quantifying the thermodynamic cost of driving a system along
a path in its parameter space. This is achieved by endowing the space of con-
trol parameters of the system’s dynamical generator with a thermodynamic met-
ric, so that the cost of a protocol can be expressed as an action functional over
the path [72–78]. Operationally, this geometric structure is significant because
geodesic paths in parameter space correspond to optimal control protocols that
minimise excess dissipation, a feature that is particularly relevant for applications
such as the control of quantum heat engines, see Ref. [77], and references therein.
In this thesis, we focus on slow, finite-time protocols within Markovian, weak-
coupling regimes. Thermodynamic geometry in such settings has been extensively
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explored for classical thermal-state transitions [72, 74], for classical NESSs [75],
and more recently for transitions between quantum thermal states [76].

A comprehensive treatment of the most general case, transitions between quantum
NESSs, has, however, remained elusive. We present our analysis of this problem
in Section IV.7.5. Within the so-called Hatano-Sasa framework [79, 80, 5], the to-
tal entropy production and the corresponding entropic fluxes can be decomposed
into two distinct contributions: one quantifies the housekeeping dissipation re-
quired to sustain the system’s NESS currents, while the other captures the excess,
nonadiabatic dissipation generated by external driving. We show that the ther-
modynamic metric governing the dissipation incurred during the slow driving
of a parameter connecting different NESSs, as quantified by the nonadiabatic en-
tropy production, is closely related to the so-called Kubo-Mori-Bogoliubov (KMB)
quantum Fisher information metric, which naturally arises in quantum thermo-
dynamics due to its connection with the quantum relative entropy [78].

Among the manifold of NESSs supported by open quantum systems, a particu-
larly compelling class arises in systems that exhibit dissipative quantum phase
transitions (DQPTs): phase transitions that occur in the steady state of an open
quantum system, rather than in the ground state of a closed system [81]. DQPTs
arise from the nontrivial interplay between coherent unitary dynamics, generated
by the system Hamiltonian, external driving, and irreversible dissipative processes
induced by coupling to an environment, and exhibit rich and distinctly nonequi-
librium phenomenology [81]. Moreover, they provide the intriguing opportunity
to probe critical behaviour nondestructively, thanks to the system’s continuous,
intrinsic interaction with its environment [82]. They have been explored theoreti-
cally in photonic platforms [83–95], lossy polariton condensates [96–98], and spin
systems [99–107]. Experimentally, they have been observed in platforms ranging
from ultracold atomic gases [108, 109] to solid-state optical [110–112] and elec-
tronic [113] devices. A canonical example of a DQPT is provided by the open
Dicke model (see, e.g., Ref. [114]), which describes a large ensemble of atoms col-
lectively interacting with a single mode of a lossy optical cavity. As the atom-light
coupling strength is increased, the system undergoes a transition from a normal
phase, characterised by a negligible cavity photon occupation, to a superradiant
phase in which the cavity mode becomes macroscopically populated. Importantly,
this transition is experimentally accessible: it was first realised by Baumann et al.,
who coupled a Bose-Einstein condensate to a lossy optical cavity [108]. More
recently, Brunelli et al. [115] showed experimentally that the irreversible entropy
production in this system diverges as the critical point is approached, providing
compelling evidence that DQPTs are accompanied by a distinctive thermodynamic
signature.

While these results elucidate critical dissipative behaviour in stationary states,
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they raise the question of how criticality manifests thermodynamically under driv-
ing. Addressing this question falls within the domain of dynamical universality,
a theoretical framework that explains how universal nonequilibrium behaviour
emerges from the universal equilibrium properties of continuous phase transi-
tions [116]. Near the critical point, both the equilibrium correlation length and
the intrinsic relaxation time diverge, giving rise to critical slowing down. As a
consequence, a system driven at a finite rate cannot adiabatically follow its in-
stantaneous equilibrium state in the vicinity of the transition. The Kibble-Zurek
mechanism (see, e.g., the review [116]) explains how this breakdown of adia-
baticity causes nonequilibrium dynamical response to be governed by equilibrium
universality classes. When a control parameter is slowly ramped across the tran-
sition, the competition between the externally imposed driving timescale and the
intrinsic relaxation time gives rise to a characteristic freeze-out scale, reflecting the
breakdown of adiabatic following. This scale depends only on equilibrium critical
exponents and the driving rate, and leads to universal power-law scaling of ob-
servables such as the excitation density and the excess work (the additional work
performed beyond the adiabatic, quasi-static limit), independent of microscopic
details [117–123]. In open quantum systems, the quantity playing an analogous
role to the excess work in closed systems is the nonadiabatic entropy production.
As discussed above, in the slow-driving regime this irreversibility cost admits a
natural geometric interpretation: it is governed by a thermodynamic metric de-
fined on the manifold of NESSs, which is closely related to the KMB QFI. Since
the KMB QFI acts as a generalised susceptibility and is expected to diverge at
critical points [124], the associated thermodynamic metric is likewise expected to
be highly sensitive to criticality.
In Chapter V.10 of this thesis, we show that this sensitivity gives rise to an emer-
gent universal thermodynamical scaling in open quantum systems undergoing
continuous DQPTs. Specifically, departures from the NESS manifold induced by
finite-time driving give rise to nonadiabatic entropy production that obeys Kibble-
Zurek-type scaling laws, governed by the same universal dynamical principles
that control critical response in driven closed quantum systems [125]. Impor-
tantly, our results, which we verify numerically for driven-dissipative Dicke and
Kerr models, are directly amenable to experimental verification. As mentioned
above, experiments on cavity-QED platforms have measured the cavity photon
flux to monitor entropy production [115], making it an ideal probe for the univer-
sal dynamical scaling we predict.

Throughout this thesis, we work in natural units and set h̄ = kB = 1.
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Part I:

Theory and methods
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Chapter I.1

Dynamics of open quantum systems

This chapter is based on Refs. [51, 11].

In realistic settings, quantum systems are never perfectly isolated but exchange
energy and information with their surroundings. While such couplings can hin-
der quantum technologies, for example in quantum computation [126], they also
underpin a wide range of physical phenomena and enable applications in quan-
tum thermodynamics [127, 19, 128], transport [129], and metrology [57].

This chapter introduces the basic tools used throughout the thesis to describe open
quantum systems. We start from completely positive and trace-preserving (CPTP)
quantum maps [11] and their Kraus representation. We then specialise to the
Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation [33, 34], which
captures the Markovian dynamics of systems weakly coupled to their environ-
ments (see Section I.1.1). This framework serves as the workhorse of open-system
theory throughout this thesis. Next, we discuss the adjoint (Heisenberg-picture)
evolution of operators (see Section I.1.2), quantum-jump unravellings and their
interpretation in terms of continuous monitoring (see Section I.1.3), and the Liou-
villian spectrum in the Liouville representation (see Section I.3.3). We conclude
with nonequilibrium steady states and the Drazin inverse (see Sections. I.1.5-I.1.6),
and briefly contrast global and local GKSL constructions (see Section I.1.7).

I.1.1 CPTP maps and GKSL master equations

We consider a quantum system S interacting with an environment E. The total
Hilbert space is the tensor product Htot = HS ⊗ HE. The Hamiltonian of the
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Figure I.1.1: Sketch of an open quantum system. A quantum system, described by the
Hamiltonian ĤS, interacts with its environment, described by ĤE, via the coupling Hamil-
tonian ĤSE.

combined system takes the generic form

Ĥtot = ĤS ⊗ ÎE + ÎS ⊗ ĤE + ĤSE, (I.1.1)

where ĤS acts on the system, ĤE on the environment, and ĤSE represents their
interaction. The total density operator ρ̂tot(t) evolves unitarily according to the
Liouville-von Neumann equation,

d
dt

ρ̂tot(t) = −i[Ĥtot, ρ̂tot(t)], (I.1.2)

and the system and environment are assumed to be uncorrelated initially, so that
ρ̂tot(0) = ρ̂S(0)⊗ ρ̂E(0). The system of interest is described by the reduced den-
sity matrix ρ̂S(t) = TrE[ρ̂tot(t)], which contains all information accessible through
system observables. Formally, the reduced dynamics define a family of linear,
completely positive, and trace-preserving maps (CPTP maps1), also referred to as
quantum channels, Et acting on ρ̂S:

ρ̂S(t) = Et[ρ̂S(0)]. (I.1.3)

In finite dimensions, any such map can be written in Kraus form [130, 11],

Et[ρ̂S] = ∑
k

K̂k(t) ρ̂S K̂†
k (t), ∑

k
K̂†

k K̂k = Î. (I.1.4)

From a physical perspective, the Kraus operators K̂k(t) encode how interactions
with the environment modify the system’s state. They can be obtained explicitly
as [11]

K̂ij(t) =
√

pj ⟨i|Ût|j⟩, (I.1.5)

1A map is CPTP if it is linear (E(c1ρ̂1 + c2ρ̂2) = c1E(ρ̂1) + c2E(ρ̂2)), trace-preserving (Tr[E(ρ̂)] =
Tr[ρ̂]), as well as completely-positive (E ⊗ IN maps positive operators to positive operators).



Theory and methods 11

where {pj} and {|j⟩} are the eigenvalues and eigenstates of the initial environ-
mental state ρ̂E(0), and

Ût = T exp
[
−i
∫ t

0
dτ Ĥtot(τ)

]
(I.1.6)

is the unitary time-evolution operator of the full system-environment composite,
with T denoting the time-ordering operator. The pair of indices (i, j) should be
understood as a single composite index labeling the Kraus operators.

This expression provides physical intuition: each Kraus operator represents a con-
ditional evolution of the system associated with a particular transition of the en-
vironment from |j⟩ (weighted by its probability pj) to |i⟩ under the joint uni-
tary Ût. In other words, the environment performs a (generally unobserved)
“measurement-like” interaction on the system, and the reduced dynamics arise
from averaging over all such conditional outcomes. We expand on this perspec-
tive in Section I.1.3.

When the reduced dynamics is Markovian2, the maps {Et}t≥0 are CP-divisible,
meaning that for any t ≥ s ≥ 0 there exists a completely positive and trace-
preserving propagator Et:s such that Et = Et:s ◦ Es. In this case, the evolution can
be written in time-ordered exponential form,

Et = Et:0 = T exp
[∫ t

0
dτ L(τ)

]
, (I.1.7)

where L(t) is the (generally time-dependent) generator of the dynamics, known
as the Liouvillian.

Its structure is strongly constrained by physical requirements: weak coupling to
the environment (Born approximation), factorised initial state, environment cor-
relation functions decaying on timescales much shorter than the system dynamics
(Markov approximation), and the environment’s influence on the systems being
much slower than the system’s internal dynamics (secular approximation). Under
such conditions, the evolution of the system state is governed by a GKSL master
equation [33, 34, 11, 51], whose general structure is guaranteed by the GKSL theo-
rem by which the generator L of a quantum dynamical semigroup must take the
form

d
dt

ρ̂(t) = L [ρ̂] = −i[Ĥ, ρ̂(t)] +∑
j
D[L̂j]ρ̂(t) , D[L̂]ρ̂ = L̂ρ̂L̂† − 1

2{L̂† L̂, ρ̂} , (I.1.8)

2Quantum Markovianity admits several inequivalent definitions, such as complete positive di-
visibility, absence of information backflow, or validity of regression relations, reflecting different
operational notions of memory, see e.g. Ref. [131]. Here, we adopt the CP-divisible notion, which
is equivalent to the existence of a time-local GKSL generator.
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with L̂j known as Lindblad or jump operators. For notational simplicity, we here
and in the following omit the subscript S on system operators. This mathemat-
ical form ensures the desired trace preservation and complete positivity of the
reduced dynamics.
In summary, the GKSL master equation emerges both as a fundamental struc-
tural result and as the effective description of a system’s dynamics when weakly
coupled to memoryless environments: it encodes the interplay of coherent Hamil-
tonian evolution and irreversible dissipative processes due to the interaction with
an environment, and provides a standard framework for the study of open quan-
tum systems.

I.1.2 Adjoint GKSL evolution of operators

In the preceding section, we discussed the evolution of quantum states under
the GKSL master equation (see Section I.1.1). The corresponding evolution of
operators in the Heisenberg picture is governed by the adjoint Liouvillian L†,
which acts on system operators Â as

dÂ
dt

= L†[Â] = i[Ĥ, Â] + ∑
j

(
L̂†

j ÂL̂j −
1
2
{L̂†

j L̂j, Â}
)

. (I.1.9)

This equation defines the dynamics of observables in the Heisenberg picture, en-
suring consistency with the Schrödinger-picture evolution through the trace rela-
tion

Tr
[
ÂL[ρ̂]

]
= Tr

[
L†[Â] ρ̂

]
, (I.1.10)

which establishes L† as the adjoint of L with respect to the Hilbert-Schmidt inner
product ⟨Â, B̂⟩ = Tr[Â†B̂]. The adjoint Liouvillian preserves the identity operator,
L† [Î] = 0, reflecting trace preservation of the density operator under L, i.e.,
Tr[L[ρ̂]] = 0. This property ensures that expectation values evolve consistently in
time:

d
dt

⟨Â⟩t = Tr
[

Â
dρ̂

dt

]
= Tr

[
L†[Â] ρ̂

]
= ⟨L†[Â]⟩t. (I.1.11)

Here, we have focused on the Liouvillian L, but similar considerations apply
to any linear superoperator, since the definition of an adjoint with respect to
the Hilbert-Schmidt inner product and the consistency between Schrödinger- and
Heisenberg-picture evolution hold generally.
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Figure I.1.2: Sketch of continuous monitoring of particle transfer between a quantum
system and its environment. The measurement outcomes are stored in a measurement
record. The system state evolves conditioned on this record, and expectation values of
system observables are computed with respect to the conditional state. As a result, ob-
servables evolve stochastically: abruptly when jumps are recorded, and smoothly when
no jumps occur.

I.1.3 Quantum jump trajectories

In this section, we review the formalism of quantum jump trajectories. From
a mathematical perspective, quantum jump trajectories arise by unravelling the
GKSL master equation into stochastic evolutions of pure or mixed states [132].
From a measurement perspective, they describe the stochastic evolution of the
state conditioned on a sequence of detection events recorded in continuous mea-
surements, e.g., photon or charge counting [133]. This provides direct access to
trajectory-level fluctuations: expectation values become stochastic variables along
individual realisations (see Fig. I.1.2). We will make use of this in Chapter III.6.

To uncover the stochastic structure underlying the GKSL master equation, it is
useful to decompose the Liouvillian into contributions associated with continuous
no-jump evolution and discrete jump events, L = L0 + L1, where

L0[ρ̂] = −i
(

Ĥeffρ̂ − ρ̂Ĥ†
eff

)
, L1[ρ̂] = ∑

j
L1,j[ρ̂] = ∑

j
L̂jρ̂L̂†

j . (I.1.12)

Here, we have introduced the effective non-Hermitian Hamiltonian3

Ĥeff = Ĥ − i
2 ∑

j
L̂†

j L̂j. (I.1.13)

Here, L0 generates a continuous, non-unitary evolution corresponding to the ab-
sence of detected quantum jumps, while L1 accounts for discontinuous state up-
dates associated with detection events in the environment. This decomposition
suggests an interpretation in terms of continuous measurement. To make this ex-

3Indeed, the conditional no-jump evolution is a very natural way of implementing non-
Hermitian physics [134].
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plicit, we discretise time into small intervals of duration dt. Over a single time
step, the system evolution may be represented in terms of measurement operators
acting on the system state,

M̂0 = Î − iĤeff dt, M̂j =
√

dt L̂j, (I.1.14)

corresponding respectively to a no-jump outcome and a jump of type j occurring
within the interval dt.

These operators satisfy the completeness relation up to order dt,

M̂†
0 M̂0 + ∑

j
M̂†

j M̂j = Î +O(dt2), (I.1.15)

ensuring conservation of total probability. The measurement outcomes define a
measurement record r = {(t1, j1), (t2, j2), . . .}, consisting of a sequence of jump
events labeled by their occurrence times tk and channels jk, or equivalently by the
sequence of outcomes observed in each discrete time step. Conditioned on a given
measurement record r, the system state is described by an unnormalised density
matrix ˜̂ρr(t), obtained by applying the corresponding sequence of measurement
operators to the initial state. For example, if no jump occurs during a time interval
[0, t], the conditional state evolves as

˜̂ρnj(t) = etL0 [ρ̂(0)] = e−iĤefft ρ̂(0) eiĤ†
efft. (I.1.16)

The trace of the unnormalised state,

pr(t) = Tr
[ ˜̂ρr(t)

]
, (I.1.17)

has a direct probabilistic meaning: it is the probability for observing the measure-
ment record r up to time t. In particular,

Psurv(t) = Tr
[ ˜̂ρnj(t)

]
(I.1.18)

is the survival probability, i.e. the probability that no jump has occurred up to
time t. The normalised conditional state is obtained as

ρ̂r(t) =
˜̂ρr(t)

Tr
[ ˜̂ρr(t)

] . (I.1.19)

In this sense, the evolution of ρ̂r(t) can be viewed as a quantum analogue of a
Bayesian update, with each measurement outcome updating the conditional state
based on newly acquired information.

Since the formal solution of the GKSL master equation is ρ̂(t) = etL[ρ̂(0)], we
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may use the decomposition L = L0 +L1 to expand the propagator using a Dyson
series,

etL =
∞

∑
n=0

∫ t

0
dtn

∫ tn

0
dtn−1 · · ·

∫ t2

0
dt1 e(t−tn)L0L1e(tn−tn−1)L0 · · · L1et1L0 . (I.1.20)

Each term in this expansion corresponds to a quantum trajectory with exactly n
jumps occurring at times 0 < t1 < · · · < tn < t, with non-unitary evolution
generated by L0 in between. The unnormalised density matrix associated with a
given measurement record r is therefore

˜̂ρr(t) = e(t−tn)L0L1,jn · · · L1,j1et1L0 [ρ̂(0)], (I.1.21)

and L1 = ∑j L1,j. Summing over all possible records yields

ρ̂(t) = ∑
r

˜̂ρr(t), (I.1.22)

establishing that the solution of the GKSL master equation is the ensemble average
over all quantum jump trajectories.

In the continuous-time limit, the evolution of the unnormalised conditional state
may be written as a stochastic differential equation,

d ˜̂ρr(t) = L0[ ˜̂ρr(t)]dt + ∑
j
L1,j[ ˜̂ρr(t)]dNj, (I.1.23)

while the normalised conditional state evolves under

dρ̂r = −i[Ĥ, ρ̂r]dt − 1
2 ∑

j
H[L̂†

j L̂j]ρ̂r dt + ∑
j
G[L̂j]ρ̂r dNj, (I.1.24)

with

G[Ô]ρ̂r =
Ôρ̂rÔ†

Tr[Ôρ̂rÔ†]
− ρ̂r, H[Ô]ρ̂r = Ôρ̂r + ρ̂rÔ† − Tr[Ôρ̂r + ρ̂rÔ†]ρ̂r, (I.1.25)

and the stochastic increments satisfy [135]

E[dNj] = ⟨L̂†
j L̂j⟩ρ̂r dt, dNj dNj′ = δjj′dNj. (I.1.26)

Here, G describes instantaneous updates due to detected jumps (dNj = 1), while
H describes continuous evolution between jumps (dNj = 0).
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I.1.4 Liouville representation and Liouville spectrum

For both analytical and numerical purposes, it is convenient to represent density
operators as vectors in a larger Hilbert space. This approach is known as the Li-
ouville representation or vectorization of the density matrix [11]. Given a density
operator ρ̂ acting on a Hilbert space H of dimension d, we define its vectorised
form |ρ̂⟩⟩ ∈ Cd2

by stacking the columns of ρ̂ into a single column vector

ρ̂ = ∑
i,j

ρij|i⟩⟨j| −→ |ρ̂⟩⟩ = ∑
i,j

ρij |i⟩ ⊗ |j⟩. (I.1.27)

Here, {|i⟩} is an orthonormal basis of H. In this representation, the action of a
linear map E on ρ̂ can be written as a matrix multiplication

|E(ρ̂)⟩⟩ = E |ρ̂⟩⟩, (I.1.28)

where E ∈ Cd2×d2
is the matrix corresponding to E . For example, if Ê [ρ̂] = Âρ̂B̂

with operators Â and B̂ on H, then in vectorised form

|E [ρ̂]⟩⟩ = (B̂T ⊗ Â) |ρ̂⟩⟩. (I.1.29)

The Liouville representation is particularly useful when dealing with the GKSL
master equation, as it allows one to treat the evolution of ρ̂ as a linear differential
equation in a higher-dimensional vector space

d
dt

|ρ̂(t)⟩⟩ = L |ρ̂(t)⟩⟩. (I.1.30)

While this form is particularly convenient for numerical simulations, it also allows
us to analyse the spectral properties of the Liouvillian in matrix form. Since L is
not Hermitian, its spectrum may be complex with complex conjugate eigenpairs,
and distinct left and right eigenvectors

L|r̂i⟩⟩ = λi|r̂i⟩⟩ , ⟨⟨l̂i|L = λi⟨⟨l̂i|, (I.1.31)

where the left and right eigenvectors fulfil the biorthonormality condition ⟨⟨l̂i|r̂j⟩⟩ =
δij, and, importantly, ⟨⟨l̂i| ̸= (|r̂i⟩⟩)†. Further, Re λi ≤ 0 ensures the physical re-
quirement that density matrices evolve toward a steady state without unphysical
exponential growth. In fact, the steady state is the zero-eigenvalue right eigen-
vector L|π̂ss⟩⟩ = 0, with the vectorised identity matrix corresponding to the left
eigenvector, ensuring unit trace. Another important spectral feature is the so-
called Liouvillian gap

∆ = minλi ̸=0{−Re λi}. (I.1.32)
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Its dynamical importance becomes apparent when we decompose the evolution
of the system from some initial state into that of Liouvillian eigenmodes. For
convenience, we order the Liouvillian eigenvalues by descending real parts, so
that . . . , Re λ2 ≤ Re λ1 < λ0 = 0 and we, for simplicity, assume that λ1 is real. The
state evolves as

|ρ̂(t)⟩⟩ = etL|ρ̂(0)⟩⟩ = |π̂ss⟩⟩+ ∑
i>0

ci eλit |r̂i⟩⟩, (I.1.33)

where the spectral weights ci are set by the initial state, and trace preservation is
ensured since all Liouvillian eigenmodes, apart from the steady state, are traceless.
Since Re ˘i ≤ 0, at long times

|ρ̂(t)⟩ ≈ |π̂ss⟩+ c1 eλ1t |r̂1⟩, (I.1.34)

and λ1 = −∆ sets the relaxation time scale. In Part V, this quantity will play
a central role: the closing of the Liouvillian gap is precisely what gives rise to
critical slowing down in DQPTs.

I.1.5 Nonequilibrium steady states

When a quantum system is coupled to one or several environments, its state typ-
ically relaxes toward a time-independent configuration known as a NESS. For-
mally, the NESS is defined as a stationary solution of the GKSL master equation,

d
dt

ρ̂(t) = L[ρ̂(t)], (I.1.35)

satisfying L[π̂ss] = 0. In thermal equilibrium with an environment at inverse
temperature β = 1/T, the so-called detailed balance condition4 ensures that the
steady state is a Gibbs state ρ̂eq ∝ e−βĤ [11], provided the dynamics is ergodic.
More generally, open quantum systems can be driven out of equilibrium by com-
peting dissipative processes, such as coupling to reservoirs at different tempera-
tures or chemical potentials, or by coherent external driving. In such situations,
the stationary state π̂ss supports nonvanishing steady-state fluxes of energy, par-
ticles, or other observables, signaling a breakdown of detailed balance and giving
rise to a finite entropy production rate. For a discussion of entropy production
and related thermodynamic quantities, we refer to Chapter I.2.

4For open quantum systems, detailed balance expresses a form of time-reversal symmetry of
the dissipative dynamics with respect to its stationary state. A GKSL generator satisfies quan-
tum detailed balance if it is self-adjoint with respect to a steady-state-weighted inner product,
such as the Kubo-Martin-Schwinger (KMS) inner product. Detailed balance implies the absence
of steady-state probability currents and vanishing entropy production, while its violation charac-
terises NESSs; see, e.g., Ref. [136].
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I.1.6 Drazin inverse of the Liouvillian

Because the steady state corresponds to the zero eigenvalue of L, the Liouvillian
is generally non-invertible. Nevertheless, in many contexts we are interested in
a notion of an “inverse” for L. To address this, it is convenient to introduce
the Drazin inverse L+, a generalised inverse that acts on the complement of the
steady-state subspace. Effectively, we “invert what we can”. It proves particularly
useful for formally solving GKSL evolution equations, as we will demonstrate
with several examples throughout this thesis. The Drazin inverse L+ satisfies

LL+L = L, L+LL+ = L+, and LL+ = L+L = I −P0, (I.1.36)

where P0 is the projector onto the kernel of L (i.e., the steady-state subspace, and
we assume a unique steady state).
If the Liouvillian L is diagonalizable (see Section I.1.4), then the Drazin inverse
L+ can then be expressed in matrix form as

L+ = ∑
i ̸=0

1
λi

|r̂i⟩⟩⟨⟨l̂i|, (I.1.37)

where the sum runs over all nonzero eigenvalues. In this notation, the projector
onto the steady-state subspace is P0 = |r̂0⟩⟩⟨⟨l̂0| = |π̂ss⟩⟩⟨⟨ Î|, with ⟨⟨l̂0| = ⟨⟨ Î| and
|r̂0⟩⟩ = |π̂ss⟩⟩. Alternatively, the Drazin inverse admits an integral representation
in terms of the propagator,

L+ =
∫ ∞

0
dt
(
etL −P0

)
, (I.1.38)

which converges if all nonzero eigenvalues of L have negative real parts [137].

I.1.7 Local versus global approaches

This section is based on Refs. [138–140], to which we refer for more detailed discussions.

Depending on how the system-bath coupling is treated in the derivation of the
GKSL master equation, one distinguishes between global and local GKSL mas-
ter equations. While both generate CPTP dynamics, they differ substantially in
their physical assumptions and thermodynamic properties. The global approach
is justified when internal interactions are comparable to system-bath coupling and
level splittings are well resolved, whereas local master equations are appropriate
in the limit of weak inter-system interactions or when baths couple on timescales
short compared to internal equilibration.
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In the global approach, the GKSL master equation is derived after diagonalizing
the full interacting system Hamiltonian,

ĤS = ∑
α

Ĥα + Ĥint, (I.1.39)

where Ĥint describes interactions between subsystems. The jump operators are
constructed from eigenoperators Âα(ω) of ĤS, satisfying [ĤS, Âα(ω)] = −ωÂα(ω).
For a single thermal reservoir, the steady state is the Gibbs state ω̂β ∝ e−βĤS , en-
suring detailed balance with respect to the full interacting Hamiltonian. From a
thermodynamic perspective, global GKSL master equations are consistent: heat
currents, work, and entropy production can be defined unambiguously, and the
second law of thermodynamics is satisfied. However, the approach becomes com-
putationally prohibitive for large many-body systems, as the jump operators are
highly nonlocal and depend on the full spectrum of ĤS. Further, while thermo-
dynamically consistent, the global approach may fail to capture internal transport
properties, e.g. vanishing internal particle or energy currents in the NESS, even
when such currents are expected on physical grounds [141]. This occurs because
the baths induce transitions between global energy eigenstates, effectively bypass-
ing the local gradients that drive transport.
In contrast, local GKSL master equations are obtained by coupling each bath to a
local subsystem operator, for example to a site at the edges of a spin chain, ne-
glecting inter-system interactions during the derivation of the dissipator. In this
approach, one exploits the decomposition (I.1.39) and constructs the dissipator
from eigenoperators of the local Hamiltonians Ĥα, defined through [Ĥα, L̂α(ω)] =

−ωL̂α(ω), thereby neglecting the effect of inter-system interactions on the bath-
induced transitions. Consequently, the dissipator is often not diagonal in the
energy eigenbasis of ĤS. While local master equations are particularly natural
for boundary-driven transport setups, for example, with spin chains or fermionic
lattices, they may lack thermodynamic consistency. Since dissipation does not
respect the full eigenstructure of ĤS, the steady state of a locally thermalised
system is not, in general, a Gibbs state of the interacting Hamiltonian. As a
result, local master equations may predict entropy production rates that are in-
consistent with the second law [142], as discussed in Section I.2.4.2. Although
this violation was later shown to be only apparent, arising beyond the order of
the employed approximation [143], it can nevertheless be advantageous to adopt
alternative descriptions of thermodynamic currents. One such approach is pro-
vided by repeated-interaction (collisional) models, which restore thermodynamic
consistency [31] and will be described in Section I.2.4.3.
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Chapter I.2

Thermodynamics of open quantum systems

Quantum thermodynamics seeks to understand how the laws of thermodynamics
emerge in the quantum regime, while also leveraging these universal principles
to both elucidate quantum phenomena and guide the design of useful quantum
devices [7–10]. Guided by these objectives, we explore a range of complementary
scenarios in open quantum systems.

This chapter establishes the thermodynamic framework used throughout the the-
sis. We begin from a microscopic description of a central system coupled to
thermal baths and formulate quantum thermodynamics for this standard class
of open quantum systems (see Section I.2.1). We then specialise to the particularly
tractable GKSL regime (see Section I.2.2) and summarise key notions for assess-
ing the performance of heat engines (see Section I.2.3). We subsequently discuss
thermodynamics in the local GKSL approach (see Section I.2.4), highlighting ap-
parent thermodynamic inconsistencies and their resolution within the repeated-
interactions framework, illustrated using a boundary-driven double quantum dot
(DQD) heat engine. Both the repeated-interactions framework and the DQD heat
engine play a central role in Chapter II.4. We then introduce the entropic cost of
nonstationarity (see Section I.2.5), which is relevant for Chapters IV.8 and V.10.
Finally, we review stochastic entropy production along quantum jump trajectories
and the associated fluctuation theorems (see Section I.2.6), which are relevant for
Chapter III.6.

At a later stage, in Chapter III.5, we extend this thermodynamic framework be-
yond the Markovian weak-coupling regime using the mesoscopic-leads approach.
Combined with quantum jump trajectories, this provides a methodology for study-
ing stochastic thermodynamics under strong coupling and non-Markovian dy-
namics, as explored in Chapter III.6.

The connections between information geometry and quantum thermodynamics
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Figure I.2.1: Illustration of a microscopic system described by a time-dependent Hamil-
tonian, which acts as a source or sink of external work. The system is coupled to two
thermal reservoirs characterised by temperatures Tα and chemical potentials µα. Chemi-
cal work is performed when particles are driven against a chemical bias ∆µ. The system
exchanges particles and heat with the reservoirs via the particle and heat currents JN

α and
JQ
α , respectively.

that are relevant for this thesis are introduced in Chapter IV.7 and further devel-
oped in Chapters IV.8 and V.10.

I.2.1 Microscopic description

This section is based on Ref. [144]. The presentation closely follows this reference.

In the following, we consider a microscopic system S described by a time-dependent
Hamiltonian ĤS(t), coupled to at least one fermionic or bosonic bath, as schemat-
ically shown in Fig. I.2.1. The total Hamiltonian is given by

Ĥtot(t) = ĤS(t) + ∑
α

(
Ĥα + ĤSα

)
, (I.2.1)

where Ĥα is the free Hamiltonian of bath α, and ĤSα describes the coupling be-
tween the bath α and the system. Further, we assume that the bath Hamiltonians
preserve their respective particle numbers, so that [Ĥα, N̂α] = 0, where N̂α is the
number operator of the αth bath. Further, we define the particle current from
reservoir α into the system as JN

α (t) = − d
dt⟨N̂α⟩. Finally, we assume that the sys-

tem and the baths, prepared in thermal states at inverse temperature βα = 1/Tα

and chemical potential µα, are initially uncorrelated, so that the global state is

ρ̂tot(0) = ρ̂S(0)
⊗

α

ω̂α, where ω̂α =
e−βα(Ĥα−µα N̂α)

Zα
. (I.2.2)

Here, Zα = Tr
[
e−βα(Ĥα−µα N̂α)

]
denotes the partition function. The global state

evolves unitarily under Ĥtot(t), and the reduced system state is obtained by tracing
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out the baths, see Chapter I.1. Having this set-up in mind, we now focus on
the average thermodynamic currents in it. Since the global system is closed, any
change in its total energy must stem from work performed by an external protocol:

Wext(t) =
〈

Ĥtot(t)
〉
−
〈

Ĥtot(0)
〉
=
∫ t

0
dt′

d
〈

Ĥtot(t′)
〉

dt′
. (I.2.3)

Since we assumed that only the system Hamiltonian is time-dependent, this re-
duces to the time integral of the expectation value of its instantaneous rate of
change

Wext(t) =
∫ t

0
dt′
〈

∂ĤS(t′)
∂t′

〉
. (I.2.4)

Here, we have also used that since the global state evolves unitarily, Tr[ ˙̂ρtotĤtot] ∝
Tr
[
[ρ̂tot, Ĥtot]Ĥtot

]
= 0, due to the cyclicity of the trace. Due to the nonzero chem-

ical potential of the baths, the system may also perform chemical work resulting
in an increase in the particle number within the baths. This is reflected in

Wchem(t) = −∑
α

µα

(〈
N̂α(t)

〉
−
〈

N̂α(0)
〉)

. (I.2.5)

Combining these two contributions yields the total work: W(t) = Wchem(t) +
Wext(t). Next, following the general framework introduced by Spohn [145–149],
we define the entropy production as

Σ(t) = D

(
ρ̂tot(t)

∥∥ ρ̂S(t)
⊗

α

ω̂α

)
. (I.2.6)

Here,
D (ρ̂ ∥ σ̂) = Tr[ρ̂(log ρ̂ − log σ̂)] (I.2.7)

denotes the quantum relative entropy between the two density matrices ρ̂ and
σ̂. By construction, the second law of thermodynamics, which can be stated
mathematically as Σ(t) ≥ 0, is then automatically satisfied, since D (ρ̂ ∥ σ̂) ≥
0. Further, this allows us to express the second law in the standard Clausius
form1 [151, 2, 3, 146, 148]

Σ(t) = ∆SS(t) + ∑
α

βαQα(t) ≥ 0. (I.2.8)

Here, ∆SS(t) denotes the change in the system’s von Neumann entropy, ∆SS(t) =

1Here, we implicitly used our assumption that the baths are macroscopic, such that their tem-
peratures and chemical potentials can be taken to be constant. Otherwise, for finite baths, this
assumption pertaining to the temperatures and chemical potentials does not hold beyond a finite
time [150, 149].
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SvN(ρ̂(t))− SvN(ρ̂(0)) with

SvN(ρ̂) = −Tr [ρ̂ log ρ̂] , (I.2.9)

and the heat transferred into the α-th bath,

Qα(t) = ⟨Ĥα(t)⟩ − ⟨Ĥα(0)⟩ − µα

(
⟨N̂α(t)⟩ − ⟨N̂α(0)⟩

)
, (I.2.10)

weighted by the inverse bath temperatures βα. The second term,

Π = ∑
α

βαQα(t), (I.2.11)

is typically referred to as the entropy flux from the system into its environment.
The balance (I.2.8) clarifies why Σ is called the entropy production: unlike con-
served quantities, entropy does not satisfy a continuity equation and can be irre-
versibly generated [151, 2, 3]. For a review on the topic of entropy production we
refer to Ref. [148].

Expressing the first law of thermodynamics, the change in internal energy of the
system is defined by the difference between work done on the system and heat
transferred into the environment, so that ∆U(t) = W(t)− ∑α Qα(t). Further in-
tuition can be gained by using the definitions of both the total work and heat, as
well as Ĥtot in Eq. (I.2.1), to find that the change in internal energy,

∆U(t) =

〈
ĤS(t) + ∑

α

ĤSα(t)

〉
−
〈

ĤS(0) + ∑
α

ĤSα(0)

〉
, (I.2.12)

depends only on the system-related terms in the Hamiltonian. Note that here we
included the average interaction energy between the system and the baths in the
definition of the internal system energy. This choice, albeit self-consistent, is not
unique and is of particular relevance in the strong-coupling regime which we will
return to shortly [35].

At first glance, the above statements of work and heat seem to demand access to
the full microscopic details of the baths. Fortunately, this is not so, as the energy
current from the α-th bath can be expressed as

JE
α (t) = −

d
〈

Ĥα

〉
dt

= −i
〈[

Ĥtot(t), Ĥα

]〉
= i

〈[
Ĥα, ĤSα

]〉
. (I.2.13)

Together with the particle current,

JN
α (t) = −

d
〈

N̂α

〉
dt

= −i
〈[

Ĥtot(t), N̂α

]〉
= i

〈[
N̂α, ĤSα

]〉
, (I.2.14)
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Figure I.2.2: The dynamics of a system coupled to a single thermal fermionic bath, shown
in a), is determined by b) the bath’s spectral density J(ω), together with the bath’s Fermi-
Dirac distribution f (ω), set by its chemical potential µ and temperature T.

the heat current from the α-th bath can be rewritten as

JQ
α (t) = JE

α (t)− µα JN
α (t). (I.2.15)

This means that both the heat flowing into the α-th bath as well as contributions
to the total work take a significantly simpler form:

Qα(t) = −
∫ t

0
dt′ JQ

α (t′), Wchem(t) = ∑
α

µα

∫ t

0
dt′ JN

α (t′),

Wext(t) = ∆U(t)− ∑
α

∫ t

0
dt′ JE

α (t
′). (I.2.16)

We thus have arrived at a description of average thermodynamics quantities rely-
ing only on energy and the particle currents from the baths, the state of the system
and the system-bath coupling energy. To proceed, we assume that the baths con-
sist of infinitely many fermionic or bosonic modes and are initially prepared in
thermal states (see Eq. (I.2.2)). That is, we take them to be idealised reservoirs. We
set the α-th reservoir Hamiltonian to

Ĥα =
∞

∑
j=1

ωjαb̂†
jαb̂jα, (I.2.17)

with b̂jα being fermionic or bosonic annihilation operators, and the subscript in-
dicates the mode j of the respective reservoir α. In addition, we let the system-
reservoir coupling take the form

ĤSα =
∞

∑
j=1

(
λjα ĉ†

αb̂jα + λ∗
jαb̂†

jα ĉα

)
, (I.2.18)
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Here, the operator ĉα denotes the system operator to which the α-th reservoir
couples. Under these assumptions (including (I.2.2)), which yield the canonical
model of thermal reservoirs, it can be shown that the dynamics of the system, the
currents from the reservoirs and the system-reservoir coupling energy are all fully
determined by the reservoir spectral functions [11],

Jα(ω) = 2π
∞

∑
m=1

|λmα|2δ(ω − ωmα), (I.2.19)

as well as the particle statistics in the reservoirs, i.e. the Fermi-Dirac or the Bose-
Einstein distributions, fα(ω) = (eβα(ω−µα) ± 1)−1, as schematically shown for the
fermionic case in Fig. I.2.2. This is quite remarkable: these quantities depend only
on the macroscopic characteristics of the reservoirs. Consequently, any collection
of reservoirs with identical spectral functions, temperatures, and chemical poten-
tials give rise to the same system dynamics and the same currents exchanged
between the system and the reservoirs. This observation is central to understand-
ing the working principle of the mesoscopic-leads approach introduced in Chap-
ter III.5. However, there is a caveat: we have assumed that the reservoirs con-
tain infinitely many modes, which makes the calculation of these thermodynamic
quantities intractable. Moreover, without further approximations, the system’s
reduced dynamics is generally non-Markovian. In fact, only in the absence of ex-
ternal driving, and when the system is quadratic in bosonic or fermionic creation
and annihilation operators, can the long-time (steady-state) results be obtained ex-
actly using standard analytical techniques such as nonequilibrium Green’s func-
tions [152] or the Landauer-Büttiker formalism [153–155]. In the presence of ex-
ternal driving, even for quadratic systems, these approaches typically require per-
turbative methods [156–158].

We may consider two scenarios. In the first, the system couples only weakly to
its environment, and additionally, this interaction induces Markovian dynamics.
In such cases, the system’s evolution is governed by a GKSL master equation
(see Section I.1.1). This framework renders the thermodynamic description more
tractable, since all thermodynamic quantities depend only on the instantaneous
state of the system, and it removes ambiguities associated with assigning interac-
tion energy between the system and the reservoirs, which can then be consistently
neglected. We examine the thermodynamics under these conditions in detail in
Section I.2.2. Although certain caveats remain, such as potential thermodynamic
inconsistencies under specific circumstances (see Section I.2.4.2), these can be ad-
dressed relatively easily, for instance, by employing the framework of repeated
interactions (see Section I.2.4.3).

However, when the system couples strongly to its environment or exhibits non-
Markovian dynamics, the most straightforward numerical approach is to model
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finite, but sufficiently large baths and evolve the total system under full unitary
dynamics. A systematic implementation of this strategy is provided by chain-
mapping techniques [159–167], which allow one to choose a microscopic repre-
sentation of the baths that exactly preserves their spectral functions, leaving both
the dynamics and thermodynamics unchanged. This method, however, has its
practical limitations since the number of bath modes required grows with the
time the joint system is evolved for.

A versatile (and also physically motivated) alternative to treat strong-coupling dy-
namics and thermodynamics is the mesoscopic-leads formalism. We introduce it
in Chapter III.5, as it underpins results presented in the subsequent Chapter III.6.

I.2.2 GKSL regime

In the following, we restrict our attention to the particularly well-controlled GKSL
regime, in which the coupling between the system and the thermal reservoirs is
weak and can be assumed to be additive2, and the resulting system dynamics is
Markovian. Under these conditions, the system’s evolution is accurately captured
by a GKSL master equation, as discussed in Section I.1.1.

We consider a system with Hamiltonian Ĥ that conserves its particle number N̂
(i.e. [Ĥ, N̂] = 0) coupled to at least one thermal reservoir labeled by α, each
characterised by an inverse temperature βα and chemical potential µα. The system
dynamics are governed by the GKSL master equation (in the form of Eq. (I.1.8)),

dρ̂

dt
= L[ρ̂] = −i[Ĥ, ρ̂] + ∑

α

Dα[ρ̂], (I.2.20)

where, for convenience, we collect into the dissipator Dα all contributions arising
from the system’s coupling to reservoir α. To formalise this, we define

Lα[ρ̂] = −i[Ĥ, ρ̂] +Dα[ρ̂], (I.2.21)

as the generator corresponding to reservoir α alone, and we assume that under
Lα, the system would relax to the Gibbs state

Lα[ω̂α] = 0, ω̂α =
e−βα(Ĥ−µα N̂)

Zα
, Zα = Tr[e−βα(Ĥ−µα N̂)]. (I.2.22)

Note that this constitutes a strong assumption. We adopt it here because, as will
be demonstrated below, it ensures a thermodynamically consistent description.
When this assumption fails, however, a more refined treatment becomes necessary.

2This assumption must be treated with care, as discussed in Ref. [168].
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This is the case, for instance, for local master equations (see Section I.1.7).

We begin by examining the energetic exchanges between the system and its envi-
ronment, and define the system’s internal energy as U(t) = Tr[ρ̂(t) Ĥ], while the
energy and particle currents, JE = d

dt⟨Ĥ⟩ and JN = d
dt⟨N̂⟩, can be decomposed

into additive contributions from each reservoir,

JE
α = Tr

[
ρ̂D†

α[Ĥ]
]

, JN
α = Tr

[
ρ̂D†

α[N̂]
]

, (I.2.23)

where D†
α denotes the adjoint of the dissipator Dα (see Section I.1.2). The rate at

which mechanical work is performed on the system by an external drive, i.e. the
power, is [169]

JW
mech(t) = Tr[ρ̂(t) ˙̂H], (I.2.24)

while particle exchange with the reservoirs gives rise to the chemical work rate

JW
chem(t) = ∑

α

µα JN
α . (I.2.25)

The total power is thus JW(t) = JW
mech(t) + JW

chem(t). Differentiating the internal
energy yields the first law of thermodynamics as a rate balance

dU
dt

= JW(t) + JQ(t), (I.2.26)

with JQ(t) = ∑α JQ
α and the heat currents flowing from the reservoirs into the

system are here defined by
JQ
α = JE

α − µα JN
α . (I.2.27)

We now turn to entropic quantities. For a single reservoir with stationary Gibbs
state ω̂ (see Eq. (I.2.22)) at inverse temperature β and with chemical potential µ,
the entropy production rate in state ρ̂(t) is [145]

Σ̇(t) = − d
dt

D(ρ̂(t)∥ω̂) ≥ 0. (I.2.28)

Using log ω̂ = −β(Ĥ − µN̂)− log Z, one obtains

Σ̇(t) =
dSvN

dt
− βJQ(t), (I.2.29)

with the system’s von Neumann entropy SvN (see Eq. (I.2.9)) and heat current
JQ = JE − µJN. Equivalently, it may be written as

Σ̇(t) = −Tr[D[ρ̂(t)](log ρ̂(t)− log ω̂)] ≥ 0, (I.2.30)

which expresses the second law of thermodynamics. In the presence of more than
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one reservoir, the system generally relaxes to a NESS that is non-Gibbsian, and
the entropy production is expressed in terms of the heat currents as

Σ̇(t) =
dSvN

dt
− ∑

α

βα JQ
α (t). (I.2.31)

This definition is widely used due to its intuitive interpretation and practical rele-
vance. Its usefulness becomes particularly apparent in the steady state, where the
von Neumann entropy of the system is constant and Σ̇(t) can be inferred solely
from current measurements. To elucidate its mathematical structure and connect
it to the single-reservoir expression in terms of the relative entropy, we first note
that the time derivative of the von Neumann entropy can be written as

dSvN(t)
dt

= −∑
α

Tr[Lα[ρ̂(t)] log ρ̂(t)] , (I.2.32)

where we have used the decomposition of the generator introduced above and the
fact that each Lα admits a Gibbs fixed point (see Eq. (I.2.22)). Furthermore, the
heat current associated with reservoir α can be expressed as

βα JQ
α (t) = −Tr[Lα[ρ̂(t)] log ω̂α] , (I.2.33)

where we have used the explicit form of ω̂α and the assumption that the sys-
tem Hamiltonian conserves particle number. Combining these expressions, the
entropy production rate takes the form

Σ̇(t) = ∑
α

Tr
[
Lα[ρ̂(t)]

(
log ω̂α − log ρ̂(t)

)]
≥ 0. (I.2.34)

This constitutes a generalised version of Spohn’s inequality (see Eq. (I.2.28)), which
guarantees the validity of the second law. It is important to emphasise, however,
that this non-negativity relies crucially on the assumption that each generator Lα

admits a Gibbs state as its fixed point with respect to the full system Hamiltonian.
When this assumption fails, as is generally the case for local master equations
in which reservoirs couple to subsystems rather than to the system as a whole
(see Section I.1.7), the entropy production defined via heat currents may become
negative. We will make this explicit in Sections I.2.4.2.

I.2.3 A primer on heat engines

Thermal devices convert energy between heat and work and can operate as en-
gines, refrigerators, or heat pumps, enabled by their interaction with thermal
reservoirs.
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Figure I.2.3: Illustration of a heat engine. The central working medium is coupled to hot
and cold reservoirs at temperatures TH and TC. Heat JQ

H absorbed from the hot reservoir
is partially converted into power JW , while the remainder is released to the cold reservoir
via the heat current JQ

C .

The efficiency of a heat engine, as shown schematically in Fig. I.2.3, is defined as

η =
JW

JQ
H

, (I.2.35)

and the second law bounds it by the Carnot efficiency, which is reached only in
the reversible limit (Σ̇ = 0), and finite entropy production reduces the steady-state
efficiency according to

η = ηC − TC

JQ
H

Σ̇ ≤ ηC = 1 − TC

TH
. (I.2.36)

Fluctuations of thermodynamic currents are significant at small scales. In stochas-
tic thermodynamics, the thermodynamic uncertainty relation (TUR) links the dif-
fusion coefficient of a NESS current J to its mean ⟨J⟩ and total entropy production
rate Σ̇ [170, 171]:

DΣ̇
⟨J⟩2 ≥ 2, (I.2.37)

with diffusion coefficient defined as

D = lim
t→∞

d
dt

Var
∫ t

0
dt′ J(t′). (I.2.38)

This implies that achieving high precision (small relative fluctuations) requires
greater dissipation, constraining the performance of nonequilibrium engines.
These relations have recently been extended to the quantum regime (see, e.g.,
Refs. [172, 173]).
The concepts presented here provide the foundation for analysing the perfor-
mance of a continuously monitored DQD heat engine in Chapter II. To further
establish the basis for this discussion, we now detail the dynamics and NESS
thermodynamics of the DQD heat engine in the local GKSL approach.
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Figure I.2.4: a) Illustration of a quantum-dot-based heat engine with resonance energy
ε0. The quantum dot is tunnel-coupled at rate Γ to hot and cold electron reservoirs with
Fermi distributions characterised by TH, µH and TC, µC, respectively. An electron that
traverses the quantum dot at energy ε0 removes heat QH from the hot reservoir, converts
part of it into useful work, eV, and deposits the remaining part as heat, QC, in the cold
reservoir. Adapted from Ref. [177].

I.2.4 Thermodynamics in the local GKSL approach

This section is based on Ref. [29]. The presentation closely follows this reference.

I.2.4.1 The DQD heat engine

The boundary-driven DQD3, schematically shown in Fig. I.2.5, can operate as an
autonomous heat engine (see, e.g., Ref. [175]). Experiments on quantum-dot-based
autonomous thermal machines, such as the device displayed in Fig. I.2.4, have
shown that their efficiencies can approach the Curzon–Ahlborn limit4 at maxi-
mum power, demonstrating the potential for nanoscale thermoelectric energy con-
version near fundamental limits. This makes this DQD system a well-controlled
and experimentally relevant platform for exploring the impact of measurement
backaction on thermodynamic currents and device performance, as discussed in
Chapter II.4 and originally reported in Ref. [29]. The following discussion pro-
vides the necessary foundation for this analysis.

We start from a microscopic model: the fermionic DQD in contact with two ther-
mal fermionic reservoirs is described by the Hamiltonian

Ĥ = ĤDQD + ∑
α∈{H,C}

Ĥα + ĤDQD,R, (I.2.39)

3A quantum dot is a nanoscale semiconductor structure in which electrons are confined in
all three spatial dimensions, resulting in discrete, atom-like energy levels. Quantum dots are
often referred to as “artificial atoms” and serve as platforms for studying quantum transport and
implementing quantum information processing [174].

4The Curzon–Ahlborn efficiency is the theoretical efficiency at maximum power for an endore-
versible heat engine operating between two thermal reservoirs [176].
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Figure I.2.5: Schematic of the DQD heat engine. Two quantum dots are coupled via a
tunnelling amplitude t. Each dot exchanges particles and energy with an independent
thermal reservoir, characterised by the rates γH(C), chemical potentials µH(C), and temper-
atures TH(C). Adapted from Ref. [29].

where the DQD Hamiltonian reads

ĤDQD = ϵ1ĉ†
1 ĉ1 + ϵ2ĉ†

2 ĉ2 + t
(

ĉ†
1 ĉ2 + ĉ†

2 ĉ1

)
, (I.2.40)

with ĉ(†)1,2 the fermionic annihilation (creation) operators of each quantum dot,
with onsite energies ϵ1,2, and interdot tunnelling amplitude t. The reservoirs are
modelled as non-interacting fermionic reservoirs

Ĥα = ∑
k

ϵα,k ĉ†
α,k ĉα,k, (I.2.41)

and their coupling to the DQD is described by

ĤDQD,R = ∑
k

(
gH,k ĉ†

1 ĉH,k + gC,k ĉ†
2 ĉC,k + h.c.

)
, (I.2.42)

with tunnelling amplitudes gα,k. Under standard assumptions (weak system-
reservoir coupling, Born-Markov approximation, wide-band limit, and reservoirs
maintained in local thermal equilibrium, see Section I.1.1) tracing out the reser-
voirs yields the additive local GKSL master equation

˙̂ρDQD = L[ρ̂DQD] = −i[ĤDQD, ρ̂DQD] + LH[ρ̂DQD] + LC[ρ̂DQD], (I.2.43)

Lα[ρ̂DQD] = γα fα(ϵα)D[ĉ†
α]ρ̂DQD + γα(1 − fα(ϵα))D[ĉα]ρ̂DQD, (I.2.44)

where fα(ϵα) = [1 + exp((ϵα − µα)/Tα)]−1 denotes the reservoir Fermi functions.

I.2.4.2 Thermodynamic inconsistency

Having set up the model, we are now interested in its NESS thermodynam-
ics. However, apparent thermodynamic inconsistencies may arise in local master
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equations such as Eq. (I.2.43), as first discussed by Levy and Kosloff in Ref. [142]5.
Here, we briefly summarise their analysis of an apparent violation of the second
law of thermodynamics in this setting. For simplicity, we set µH = µC = 0. The
heat current flowing from the hot reservoir into the DQD is defined as (see Sec-
tion I.2.2)

JQ
H = Tr

[
ĤDQD LH [ρ̂DQD]

]
. (I.2.45)

Evaluating the trace, in the NESS one finds that this expression can be written as

JQ
H = ( fH(ϵ1)− fC(ϵ2))F , (I.2.46)

where F is a positive function of the DQD parameters. It is then evident that when
βCϵ2 < βHϵ1, the term ( fH(ϵ1)− fC(ϵ2)) becomes negative (since µH = µC = 0),
implying that the heat current from the hot reservoir is negative. In the NESS,
JQ
H = −JQ

C , so that the corresponding entropy production rate (see Eq. (I.2.31)),

Σ̇ = (βC − βH) JQ
H , (I.2.47)

is negative, suggesting an unphysical violation of the second law. This appar-
ent inconsistency arises from the definition of entropy production in terms of
the heat currents, which is guaranteed to be thermodynamically consistent only
when derived from a global master equation satisfying detailed balance (see Sec-
tion I.2.2). The example thus illustrates that the local GKSL master equation
may fail to capture the correct thermodynamics in systems such as the boundary-
driven DQD [139, 178, 140]. While alternative approaches exist [143, 179–182, 139],
a widely used solution is to employ a framework that is thermodynamically con-
sistent by construction and reproduces the same reduced dynamics in the appro-
priate limit: the repeated-interaction framework [31], which we introduce in the
following section.

I.2.4.3 Framework of repeated interactions

To address the issue of thermodynamic inconsistencies in local GKSL master equa-
tions, Barra [31], building on earlier work [146, 147], formulated a description
within the repeated-interactions (or collisional) framework (see review [32] and
references therein). This approach derives effective GKSL generators from a fully
microscopic model in which the system interacts sequentially with independent,
identically prepared units (or ancillas) drawn from thermal reservoirs. Each unit

5Also global GKSL equations have shortcomings: for example, in some nonequilibrium setups
they may predict vanishing currents in the bulk even in a true NESS, failing to capture local
transport phenomena correctly [178].
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Figure I.2.6: In the repeated-interaction framework, the hot and cold reservoirs are repre-
sented by sequences of thermal qubits with energy splitting ϵ1 − µH and ϵ2 − µC, respec-
tively. During each interaction of duration τ, one qubit per reservoir couples to the DQD.
Afterward, both qubits are replaced by new ones prepared in the same thermal state. The
populations of the qubit levels are determined by the temperature and chemical potential
of the respective reservoir. Adapted from Ref. [29].

interacts with the system for a finite duration before being replaced by the next.
Note that repeated-interaction schemes are also experimentally accessible, for in-
stance in trapped-ion platforms [183].

We now apply this framework to the example of a DQD heat engine (see Sec-
tion I.2.4.1). In Fig. I.2.6, we schematically illustrate how the two thermal reser-
voirs are modelled by periodically refreshed units, each consisting of a single
thermal qubit with energy splitting ϵ1 − µH and ϵ2 − µC, respectively, so that the
qubit populations are set by the temperatures and chemical potentials of the cor-
responding reservoirs, Tα = β−1

α and µα.

The microscopic setup is described by the bare DQD Hamiltonian ĤDQD from
Eq. (I.2.40) and the Hamiltonians of the reservoir qubits,

Ĥα = (ϵα − µα)ĉ†
α ĉα, (I.2.48)

with α ∈ {H, C}. The DQD interacts with the qubit units via

v̂H =
√

γH

(
ĉ†

Hĉ1 + ĉ†
1 ĉH

)
, v̂C =

√
γC

(
ĉ†

Cĉ2 + ĉ†
2 ĉC

)
. (I.2.49)

The total Hamiltonian is thus

Ĥ = ĤDQD + ∑
α

Ĥα + ∑
α

V̂α, (I.2.50)
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where V̂α = v̂α/
√

τ6. The periodic resetting of the qubit units introduces an ex-
plicit time dependence into the total Hamiltonian, implying that external work is
required to sustain the dissipative dynamics generated by the local GKSL equa-
tion [31]. Each reservoir unit is initialised in a thermal state,

ω̂βH =

(
fH(ϵ1) 0

0 1 − fH(ϵ1)

)
, ω̂βC =

(
fC(ϵ2) 0

0 1 − fC(ϵ2)

)
. (I.2.51)

At the beginning of each interaction, the total density matrix is

ρ̂ = ρ̂DQD ⊗ ω̂βH ⊗ ω̂βC︸ ︷︷ ︸
ω̂R

, (I.2.52)

and evolves unitarily for a duration τ under Û = exp
(
−iτĤ

)
. After the nth

interaction, the change in the system state is

ρ̂DQD(nτ + τ)− ρ̂DQD(nτ) = TrR

[
Ûρ̂DQD(nτ)⊗ ω̂R Û† − ρ̂DQD(nτ)⊗ ω̂R

]
.

(I.2.53)
Expanding Û to second order in τ and taking the limit of infinitely many infinites-
imal interactions (n→∞, τ→0) yields the GKSL master equation

˙̂ρDQD = −i[ĤDQD, ρ̂DQD] + ∑
α∈{H,C}

Dα[ρ̂DQD], (I.2.54)

where the dissipators arising from the two reservoirs read

Dα[ρ̂DQD] = Trα

[
v̂α(ρ̂DQD⊗ω̂βα

)v̂α

]
− 1

2Trα

{
v̂2

α, (ρ̂DQD⊗ω̂βα
)
}

. (I.2.55)

Substituting Eq. (I.2.49) into Eq. (I.2.55) yields the GKSL master equation (I.2.43).
The heat and work currents associated with reservoir α can be defined unambigu-
ously as [31]

JQ
α = −Dα(Ĥα), JW

α = Dα(ĤDQD + Ĥα), (I.2.56)

where
Dα(Â) = Tr

[(
v̂α Âv̂α − 1

2{v̂2
α, Â}

)
(ρ̂DQD ⊗ ω̂α)

]
(I.2.57)

is the dissipator contribution of reservoir α in the limit τ → 0.

6In repeated-interaction (collision) models, the interaction Hamiltonian is often scaled as V̂α =
v̂α/

√
τ so that the cumulative effect of many short collisions remains finite in the continuous-

time limit τ → 0. Mathematically, this ensures that the limit produces a well-defined GKSL
generator: L[ρ] = limτ→0

E [ρ]−ρ
τ , where E is the reduced map after a single collision. The

√
τ

scaling guarantees that second-order contributions in V̂α yield a finite dissipation rate per unit
time.
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In the NESS, one finds that the average particle current from the hot reservoir into
the DQD is given by

JN
H = γH

(
fH(ϵ1)− ⟨ĉ†

1 ĉ1⟩
)

=
4|t|2∆ f γHγCγ̃

γHγC (4∆ϵ2 + γ̃2) + 4|t|2γ̃2 . (I.2.58)

Here, ∆ϵ = ϵ2 − ϵ1 denotes the detuning between the two quantum dots in the
DQD, ∆ f = fH(ϵ1) − fC(ϵ2) is the difference in the Fermi distributions of the
reservoirs evaluated at the quantum dot energies, and γ̃ = (γH + γC). Further,
the work currents into the DQD in the NESS are given by

ẆH =

(
γH∆ϵ

γ̃
+ µH

)
JN
H , ẆC =

(
γC∆ϵ

γ̃
− µC

)
JN
H ,

Ẇtot = − [(ϵ1 − µH)− (ϵ2 − µC)] JN
H .

(I.2.59)

Similarly, for the heat currents into the DQD in the NESS, we find

Q̇H = (ϵ1 − µH) JN
H , Q̇C = − (ϵ2 − µC) JN

H ,

Q̇tot = [(ϵ1 − µH)− (ϵ2 − µC)] JN
H .

(I.2.60)

Note here that the energy currents depend linearly on the particle current. This
is the so-called tight-coupling limit. It is a consequence of the weak-coupling
approximation made in deriving the GKSL equation and does not hold in general.

By the first law, Ẇtot + Q̇tot = ⟨ ˙̂HDQD⟩. Here, ⟨ ˙̂HDQD⟩ = ∑α Dα

(
ĤDQD

)
, and in the

NESS, this quantity vanishes. Clearly, Ẇtot = −Q̇tot.

Moreover, if the boundary-driven DQD is operated as a heat engine, then its effi-
ciency η is defined as

η =
−Ẇtot

Q̇H
= 1 − ϵ2 − µC

ϵ1 − µH
. (I.2.61)

Note now that the DQD operates as a heat engine, if the work current, i.e. the
power, from the DQD −Ẇtot > 0. This is so, if ( fH(ϵ1)− fC(ϵ2)) > 0, so that
JN
H > 0, and (ϵ1 − µH)− (ϵ2 − µC) > 0. By the first condition,

(ϵ2 − µC) /TC

(ϵ1 − µH) /TH
> 1 , (I.2.62)

and we find that η is bounded from above by the Carnot efficiency ηC, since

η < 1 − TC

TH
= ηC . (I.2.63)

Consistency with the second law can be shown by recognising that in the NESS,
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the entropy production rate can be expressed in standard thermodynamic form

Σ̇ = − ∑
α∈{H,C}

Q̇α

Tα
=

(
ϵ2 − µC

TC
− ϵ1 − µH

TH

)
JN
H ≥ 0 . (I.2.64)

I.2.5 Entropic cost of nonstationarity

This section is based on Ref. [78]. The presentation closely follows this reference.

This section distinguishes the entropy production and entropy fluxes that are in-
trinsic to NESSs from additional contributions that arise only in transient or driven
settings. We assume that the system evolves under GKSL dynamics (see Sec-
tions I.1.1 and I.2.2).
As is standard in nonequilibrium thermodynamics [184], we start by expressing
the entropy balance in terms of the system’s von Neumann entropy change ṠvN,
the entropy flux to the environment Π̇, and the total entropy production rate Σ̇.
Although we have encountered it previously, we restate it here:

dSvN

dt
= Σ̇ − Π̇ . (I.2.65)

We decompose the total entropy production into adiabatic and nonadiabatic con-
tributions [185, 186]

Σ̇ = Σ̇ad + Σ̇na, Σ̇na = −Tr
[

˙̂ρt (log ρ̂t − log π̂
θ⃗t
)
]

, (I.2.66)

where π̂
θ⃗t

denotes the instantaneous steady state of the Liouvillian L
θ⃗t

, param-
eterised by a set of time-dependent parameters θ⃗t. The term Σ̇na represents the
instantaneous version of Spohn’s entropy production [145] relative to π̂

θ⃗t
and is

non-negative, Σ̇na ≥ 0, vanishing only when ρ̂t = π̂
θ⃗t

. The adiabatic entropy
production rate Σ̇ad = Σ̇ − Σ̇na quantifies the continuous dissipation required to
maintain the NESS. In the steady state, Σ̇na = 0, so that Σ̇NESS = Σ̇ad. In the special
case where the steady state is an equilibrium Gibbs state, the adiabatic contribu-
tion vanishes, and no entropy is produced. The splitting of the entropy production
into adiabatic and nonadiabatic contributions has a clear physical interpretation:
Σ̇na quantifies the dissipation associated with driving or relaxation toward the in-
stantaneous steady state, while Σ̇ad captures the steady-state dissipation required
to sustain the NESS. Historically, the first decomposition of entropy flux was for-
mulated at the level of heat currents [187, 79, 188, 189]. Here, we consider the
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complementary decomposition of the entropy flux into two contributions

Π̇ = Π̇hk + Π̇ex, (I.2.67)

where Π̇hk is the housekeeping entropy flux and Π̇ex is the excess entropy flux [5].
By construction, the housekeeping flux coincides with the adiabatic entropy pro-
duction,

Π̇hk = Σ̇ad, (I.2.68)

since it is the only nonvanishing contribution in the steady state and quantifies
the entropy supplied by the environment to maintain the NESS. The excess flux,
which accounts for the entropy exchange due to changes in the control parameters,
is then defined as

Π̇ex = Π̇ − Π̇hk, (I.2.69)

and can be rewritten in the compact form

Π̇ex = Tr
[

˙̂ρt log π̂
θ⃗t

]
. (I.2.70)

Combining Eqs. (I.2.65), (I.2.66), and (I.2.70), one obtains the generalised Clausius
inequality (see Refs. [79, 188] for a discussion in classical settings)

dS
dt

+ Π̇ex = Σ̇na ≥ 0, (I.2.71)

where the first equality constitutes a quantum generalisation of the Hatano-Sasa
relation [79]. The relation (I.2.71) provides a refined formulation of the second
law for driven open quantum systems. It expresses the instantaneous nonadi-
abatic entropy production as the sum of the system’s entropy change and the
excess entropy flux, thereby extending the Hatano-Sasa theorem to the quantum
regime [78].

In both classical and quantum systems, this decomposition admits an information-
geometric interpretation in the slow-driving regime: the nonadiabatic entropy
production can be viewed as a path action defined with respect to a thermody-
namic metric related to the (quantum) Fisher information [78, 75]. This connection
is discussed in detail in Section IV.7.5.

I.2.6 Stochastic entropy production and fluctuation the-

orems

This section is based on Refs. [190, 52]. The presentation closely follows these references.



Theory and methods 39

Fluctuation theorems are central to modern nonequilibrium statistical physics, as
they provide exact relations for the probability distributions of work, heat, and en-
tropy production, even far from equilibrium [5]. They deal with symmetries of the
entropy production under time-reversal, and quantify the likelihood of transient
violations of the second law in small systems or over short timescales. In doing
so, they link microscopic reversibility to macroscopic irreversibility. The theoreti-
cal development of fluctuation theorems in the 1990s was motivated by the study
of entropy production statistics in NESSs [191–193]. Within the framework of
stochastic thermodynamics, this line of research led to the Jarzynski equality [194]
and the Crooks fluctuation theorem [195], which characterise the statistics of
work performed during finite-time, time-dependent driving protocols and relate
nonequilibrium work distributions to equilibrium free energy differences. Fluctu-
ation theorems have since been generalised to the quantum regime [36, 196] and
were first experimentally verified using nuclear magnetic resonance (NMR) sys-
tems [197]. Subsequent demonstrations have been carried out on other platforms,
including quantum computers [198] and, more recently, photonic systems [199].

While the second law of thermodynamics asserts that entropy tends to increase in
irreversible processes, this holds strictly only on average. At mesoscopic scales,
fluctuations can be significant, and individual trajectories may temporarily de-
crease entropy, though such events are exponentially suppressed. In its most gen-
eral form, the stochastic entropy production generated along a single trajectory of
duration τ is given by

Σtot(r[0,τ]) = log
(

PF(r)
PB(r̃)

)
. (I.2.72)

Here, PF(r) and PB(r̃) denote the probabilities of observing, respectively, the for-
ward trajectory r[0,τ] and its time-reversed counterpart r̃[0,τ]. The ratio PF(r)/PB(r̃)
thus quantifies how much more likely a given sequence of events is in the natu-
ral forward-time evolution of the system compared to the corresponding reversed
process. In other words, it provides a measure of the irreversibility associated
with that particular trajectory: the larger the ratio, the more strongly the trajec-
tory contributes to the overall increase of entropy7.

In this section, we establish a trajectory-level formulation of entropy production
suitable for quantum jump dynamics (see Section I.1.3). This framework provides
the basis for accessing fluctuation relations, entropy production statistics, and
refined decompositions of entropy production that will be used in Chapter III.6.

7In terms of surprisal, the negative logarithm of the probability of an event, Σtot measures the
difference between the surprisal of the trajectory in the forward process and that in the backward
process. A larger value of Σtot indicates that the trajectory is much more expected in the forward-
time evolution than in the reversed dynamics.



Theory and methods 40

ρ0 = Σi pi
0Πi

0

pn
0, Πn

0

Πn
0

pm
τ, Πm

τ

 Πm
τ

 ρτ
r 

pm
rτ, Πm

τ

 ρτ
r 
~

Forward
Backward

Unconditional 
evolution

 τ
 0ρτ =  {e ∫  (s)ds}ρ0  

    = Σi pi
τΠi

τ

Figure I.2.7: Schematic of the TPM scheme. In the first measurement, the initial state
ρ̂0 = ρ̂(0) is projected into its nth eigenstate Π̂0

n with probability p0
n. Subsequently, this

state evolves according to the conditional evolution into ρ̂r
τ = ρ̂r(τ). Finally, ρ̂r(τ) is

projected into the mth eigenstate Π̂τ
m of the unconditionally evolved initial state ρ̂τ = ρ̂(τ)

with probability prτ
m . The probability for the reverse trajectory to start in the eigenstate

Π̂τ
m is given by pτ

m. Adapted from Ref. [52].

I.2.6.1 Two-point measurement scheme

To assess the entropy produced along individual quantum jump trajectories, we
adopt the two-point measurement (TPM) scheme, illustrated schematically in
Fig. I.2.7 (we refer to Ref. [190] for a detailed account). In this framework, the
stochastic time evolution of the system over the open interval (0, τ), which pro-
duces a measurement record denoted by r(0,τ), is framed by two projective mea-
surements: one performed at the initial time t = 0 and another at the final time
t = τ. The full trajectory, including these two projective measurements, thus spans
the closed interval [0, τ] and is referred to as the forward trajectory. We denote its
full measurement record by r[0,τ].

The initial state of the forward trajectory can be written in its spectral decomposi-
tion as ρ(0) = ∑i p0

i Π0
i . Under unconditional evolution, the system state, having

evolved for a duration τ, is given by ρ̂(τ) = T
{

e
∫ τ

0 L(s)ds
}

ρ̂(0) = ∑i pτ
i Π̂τ

i . Ac-
cordingly, ρ(0) and ρ(τ) represent the ensemble-averaged initial and final states,
respectively. In the TPM scheme, the first projective measurement prepares the ini-
tial state of each trajectory. Specifically, this measurement projects the ensemble-
averaged initial state into its eigenstate Π̂0

n, with probability p0
n. Thus, the initial

state of the trajectory is ρ̂r(0) = Π0
n. This state then evolves conditionally up to

time τ. During this time, it follows the stochastic dynamics generating the cor-
responding measurement record r. The resulting final state of the trajectory is
denoted by ρ̂r(τ). At t = τ, a second projective measurement is performed in



Theory and methods 41

the eigenbasis of the ensemble-averaged final state, yielding the outcome Π̂τ
m with

conditional probability prτ
m = Tr

[
Π̂τ

mρ̂r(τ)
]
. For the corresponding time-reversed

trajectory, the probability to start in Π̂τ
m is given by its weight in the decomposition

of ρ̂(τ), i.e. pτ
m.

In the following, we assume that the jump operators come in pairs, corresponding
to particle transfer into (σ = +) or out of (σ = −) the system due to interactions
with thermal reservoirs. Each jump in channel k is associated with energy and
particle exchanges ∆Eσ

k and ∆Nσ
k , respectively. These paired jump operators are

assumed to satisfy a local detailed balance condition [200, 186],

L̂+
k = L̂−†

k e∆s+k /2, (I.2.73)

with associated entropy flux

∆s+k = −
(

∆E+
k

Tα
− µα

∆N+
k

Tα

)
, (I.2.74)

where Tα and µα are the temperature and chemical potential of the reservoir α

that facilitates the jump. The measurement record between the two projective
measurements for the forward trajectory can then be written as

r(0,τ) = {(tJ1 , k1, σ1), . . . , (tJNj
, kNj , σNj)} , (I.2.75)

where Nj denotes the number of recorded jumps.

For the corresponding time-reversed experiment, we consider the case in which
each projective measurement yields the same outcome as in the forward process.
Consequently, the measurement record of the backward trajectory between the
two measurements, r̃(0,τ), is simply the time-reversed version of the forward mea-
surement record r(0,τ). Explicitly,

r̃(0,τ) = {(τ − tJNj
, kNj ,−σNj), (τ − tJNj−1 , kNj−1,−σNj−1), . . . , (τ − tJ1 , k1,−σ1)} ,

(I.2.76)
as discussed in Ref. [190].

I.2.6.2 Trajectory-level entropy production

The projection probabilities p0
n and pτ

m are of particular interest to us here, as they
enter directly into the expression for the total entropy production along a trajec-
tory r[0,τ] (see Eq. (I.2.72)), which within the TPM framework takes the form [190]

Σtot(r[0,τ]) = log
(

p0
n

pτ
m

)
+ Πr(0,τ) . (I.2.77)
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Here, we have separated Σtot(r[0,τ]) into two contributions: a stochastic entropy
associated with the system along a trajectory, and the entropy flux exchanged with
the environment. The first term captures changes in the Shannon self-information,
or surprisal, of the system between the two projective measurements, and takes
the same form as in the classical counterpart [195, 201]. The entropy flux is given
by

Πr(0,τ) = −∑
k

∑
σ∈{+,−}

∫ τ

0

∆Eσ
k − µα∆Nσ

k
Tα

dNk(t). (I.2.78)

I.2.6.3 Integral fluctuation theorem

Taking the ensemble average over the forward trajectories r of the exponentiated
negative of the total stochastic entropy production, we obtain an integral fluctua-
tion relation, a central result of stochastic thermodynamics [192, 6, 202, 36, 203]

⟨e−Σtot(r[0,τ])⟩r = 1. (I.2.79)

Applying Jensen’s inequality [204], ⟨ex⟩ ≥ e⟨x⟩, directly leads to the second law

⟨Σtot(r[0,τ])⟩r ≥ 0. (I.2.80)

I.2.6.4 Uncertainty and martingale entropy production

It is well established that the total entropy production in nonequilibrium processes
can be decomposed in several physically meaningful ways [185, 205]. In earlier
sections, we have discussed decompositions into changes of the system entropy
and entropy fluxes into the environment (I.2.77), as well as into adiabatic and
nonadiabatic contributions (I.2.66)8.

Here, we instead adopt a different decomposition of the trajectory-dependent to-
tal entropy production Σtot, separating it into a classical-like exponential martin-
gale contribution and a genuinely quantum term. Remarkably, both obey integral
fluctuation theorems [205]. This perspective can be motivated by an operational
question: given access to trajectory-level information about entropy production,
how useful is this information? In particular, can it be exploited to implement
feedback or stopping strategies that reduce entropy production and extract useful
resources, in the spirit of Maxwell-demon-like protocols [206, 207]? These ques-
tions have been addressed both theoretically and experimentally in Ref. [208].

The mathematical framework underlying such questions is provided by martin-
gale theory, which plays a central role in probability theory [209] and also quan-

8Under suitable conditions, related to commutation relations between the jump operators and
the NESS, these quantities can also be evaluated along individual quantum trajectories [186].
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titative finance [210]. A martingale is a stochastic process whose conditional ex-
pectation at any later time equals its present value, reflecting the absence of sys-
tematic trends once all available information has been taken into account. More
precisely, a stochastic process M(t) is a martingale if it is bounded, ⟨M(t)⟩ < ∞,
and satisfies

⟨M(t) | M{0,τ}⟩ = M(τ), (I.2.81)

for all t ≥ τ, where the conditional expectation is taken over all realisations con-
sistent with the history M{0,τ} up to time τ [209].

In Ref. [205], Manzano et al. extended martingale theory to the quantum domain
within the framework of quantum jump trajectories, and demonstrated that the
total entropy production accumulated along a measurement record r[0,τ] can be
decomposed as [190]

Σtot(r[0,τ]) = Σmart(r[0,τ]) + Σunc(r[0,τ]). (I.2.82)

The martingale entropy production is defined as

Σmart(r[0,τ]) = log p0
n + Sρ(τ) + Πr(0,τ) , (I.2.83)

and depends on the probability p0
n of the initial projective measurement outcome

and on the trajectory-resolved entropy flux Πr(0,τ) . Its defining property is that the
negative exponential e−Σmart constitutes a martingale along quantum trajectories,
i.e.,

⟨e−Σmart(t) | r[0,τ]⟩ = e−Σmart(τ), (I.2.84)

for all t ≥ τ, where ⟨·|r[0,τ]⟩ denotes conditional expectation given the past mea-
surement record [209]. Notably, unlike in classical stochastic thermodynamics, the
quantity e−Σtot does not in general form a martingale in quantum systems. This
is due to the existence of the additional term, the uncertainty entropy production,
defined as

Σunc(r[0,τ]) = − log pτ
m − Sρ(τ), (I.2.85)

where pτ
m denotes the probability of the outcome of the final projective measure-

ment and
Sρ(τ) = − log[Tr [ρ̂r(τ)ρ̂(τ)]] . (I.2.86)

Here, ρ̂r(τ) is the conditional state of the system given the measurement record
prior to the final projective measurement, while ρ̂(τ) is the corresponding uncon-
ditional state. Equation (I.2.85) therefore quantifies the extra information gained
by knowing the specific measurement outcome, and hence the conditional state,
beyond what is contained in the unconditional density operator.
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Both contributions individually satisfy integral fluctuation theorems,〈
e−Σunc

〉
r
= 1,

〈
e−Σmart

〉
r
= 1, (I.2.87)

and are therefore non-negative on average, ⟨Σunc⟩r ≥ 0 and ⟨Σmart⟩r ≥ 0 [190].
This decomposition separates trajectory-level entropy production into a classical-
like component and an intrinsically quantum contribution. The uncertainty en-
tropy production Σunc originates from the final projective measurement and van-
ishes in classical systems. It is therefore non-extensive in time. By contrast, the
martingale contribution Σmart can grow extensively, for instance in NESSs, where
it is dominated by the accumulated entropy flux into the environment.
We revisit this decomposition in Chapter III.6.
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Chapter I.3

Methods for Gaussian models

When dealing with systems of bosons or fermions, many physically relevant quan-
tities admit compact closed-form expressions when the states and processes under
consideration are Gaussian [211–213]. If so, all correlations are fully characterised
by first and second moments, and thus Gaussian states constitute a natural ex-
tension of Gaussian distributions in classical probability. Importantly, all relevant
objects reduce to matrices of dimension at most 2N, where N is the number of
modes in the system. This leads to a drastic simplification: even for multimode or
otherwise complex configurations, Gaussian descriptions remain computationally
efficient and analytically tractable. Beyond their mathematical convenience, Gaus-
sian states are important in quantum physics because they are straightforward
to prepare, control, and measure in a wide variety of experimental architectures,
see Refs. [213–216] and references therein. These properties make the Gaussian
framework an indispensable tool throughout this thesis. In particular, it forms
the basis of the analysis of fermionic dynamics in Chapter III.6 and of bosonic
dynamics in Chapter V.10.

To provide a unified treatment of bosonic and fermionic systems, we consider a
set of N annihilation operators b̂i, which satisfy either the bosonic commutation
relations [b̂i, b̂†

j ] = δij or the fermionic anticommutation relations {b̂i, b̂†
j } = δij.

Throughout, when the notation ± appears, the upper sign refers to bosons and the
lower sign to fermions. We define quadratures (for bosons) or Majorana operators
(for fermions) as

q̂i =
1√
2
(b̂i + b̂†

i ), p̂i =
i√
2
(b̂†

i − b̂i), (I.3.1)

and construct the column vector R⃗ = (q̂1, . . . , q̂N, p̂1, . . . , p̂N)
T.
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I.3.1 Gaussian states

This section is based on Refs. [212, 217, 218].

General Gaussian states can be written in the form

ρ̂ =
e−

1
2 R⃗†·M·R⃗

Z
, Z =


1√

det(1−e−iΩM)
(bosons)√

det (1 − e−M) (fermions).
(I.3.2)

with M† = M. For bosons, M† = M = MT real and symmetric, while for fermions
MT = −M purely imaginary and skew-symmetric. The matrix M and the covari-
ance matrix Θ are related via

Θ =


1
2 coth

(
iΩM

2

)
iΩ (bosons)

1
2 tanh

(M
2

)
(fermions).

(I.3.3)

The matrices M and Θ can be diagonalised in a suitable canonical (symplectic)
basis, which allows for a simple characterization of Gaussian states in terms of
their symplectic eigenvalues.
For bosonic systems, the covariance matrix Θ satisfies the symplectic condition
Θ + iΩ/2 ≥ 0, known as the Robertson-Schrödinger uncertainty principle [219].
It guarantees that the quantum state described by Θ is physically valid. Intuitively,
it enforces the fundamental quantum constraint that the fluctuations of conjugate
variables cannot be arbitrarily small, and, for a single mode, it reduces to the
familiar Heisenberg uncertainty relation Var(q̂)Var( p̂) ≥ 1

4 . More generally, it en-
sures that the symplectic eigenvalues of Θ, which can be interpreted as effective
mode occupations or “quantum uncertainties” in each canonical degree of free-
dom, are bounded below by 1/2. In this way, the inequality encodes the minimal
quantum noise present in any physical bosonic Gaussian state and guarantees the
positivity of the corresponding density matrix. The symplectic eigenvalues {νj}
of Θ are defined as the positive eigenvalues of iΩΘ, i.e.,

Spec(iΩΘ) = {±ν1, . . . ,±νN}. (I.3.4)

Equivalently, one can define symplectic eigenvalues {ϵj} of M via the diagonal-
ization

M = ST ⊕
j

ϵjI2S, (I.3.5)

where S is a symplectic transformation (SΩST = Ω). The two sets of symplectic
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eigenvalues are related by νj =
1
2 coth

ϵj
2 .

For fermionic systems, the covariance matrix satisfies ΘT = −Θ. Further, an ad-
ditional constraint due to the anticommuting nature of fermionic operators arises.
Specifically, Θ must obey 0 ≤ Θ ≤ 1, which ensures that the occupation numbers
of the fermionic modes remain physically valid, i.e., between 0 and 1, enforcing
the Pauli exclusion principle, which prevents any single-particle state from be-
ing doubly occupied. Equivalently, the eigenvalues of Θ correspond to the mode
occupations, and the inequality guarantees that the density matrix ρ̂ remains pos-
itive semidefinite and properly normalised. The symplectic (or more accurately,
skew-symmetric) eigenvalues {νj} of Θ are defined via the spectrum of iΘ

Spec(iΘ) = {±ν1, . . . ,±νN}, 0 ≤ νj ≤ 1. (I.3.6)

Similarly, M can be block-diagonalised by an orthogonal transformation O into

M = OT ⊕
j

ϵj

(
0 1
−1 0

)
O, (I.3.7)

and the eigenvalues are related to the covariance matrix via νj =
1
2 tanh

(
ϵj/2

)
. In

both the bosonic and fermionic cases, the symplectic eigenvalues completely char-
acterise the Gaussian state. We will use this property extensively in Chapters III.6
and V.10.

I.3.2 GKSL dynamics

This section is based on Ref. [217]. The presentation closely follows this reference.

We consider general Gaussian dynamics governed by a GKSL master equation
with jump operators that are linear in the creation and annihilation operators,

L [ρ̂] = −i[Ĥ, ρ̂] + ∑
i

γ−
i D[b̂i]ρ̂ + γ+

i D[b̂†
i ]ρ̂, (I.3.8)

where γ±
i denote the corresponding jump rates, and a system Hamiltonian that is

quadratic

Ĥ =∑
ij

Aijb̂†
i b̂j +

1
2
(Bijb̂†

i b̂†
j + B∗

ijb̂jb̂i) , (I.3.9)

with A = A†, B = ±BT. The Hamiltonian in Eq. (I.3.9) can be written as

Ĥ =
1
2

R⃗T · HR · R⃗ . (I.3.10)
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Here,

HR =
1
2
(I2 ⊗ (A ± AT) + σz ⊗ (B ± B∗) + σy ⊗ (AT ∓ A)− iσx ⊗ (B ∓ B∗)).

(I.3.11)

The covariance matrix is defined as

Θij =
i
2

Ωij ± ⟨R̂jR̂i⟩ − ⟨R̂i⟩⟨R̂j⟩, (I.3.12)

with symplectic form Ω = (iσy) ⊗ IN for bosons and Ω = −iI2N for fermions.
To express the dynamics in terms of the covariance matrix, we use Wick’s the-
orem [220], which states that for a Gaussian state ρ̂, any fourth-order correlator
can be written in terms of products of second-order correlators. Let Ôi denote
operators that are arbitrary linear combinations of bosonic or fermionic creation
and annihilation operators. Wick’s theorem then yields

⟨Ô1Ô2Ô3Ô4⟩ρ̂ = ⟨Ô1Ô2⟩ρ̂⟨Ô3Ô4⟩ρ̂ ± ⟨Ô1Ô3⟩ρ̂⟨Ô2Ô4⟩ρ̂

+ ⟨Ô1Ô4⟩ρ̂⟨Ô2Ô3⟩ρ̂ − 2 ⟨Ô1⟩ρ̂⟨Ô2⟩ρ̂⟨Ô3⟩ρ̂⟨Ô4⟩ρ̂,
(I.3.13)

where the upper (lower) sign applies to bosons (fermions). analysing the evolu-
tion of the covariance-matrix elements under GKSL dynamics in the Heisenberg
picture (see Section I.1.2), one finds that the covariance matrix satisfies a Lyapunov
differential equation,

dΘ
dt

= −
(
WΘ + ΘW†)+ F, (I.3.14)

where W, known as the drift matrix, encodes the drift generated by the Hamilto-
nian and dissipation, and F, commonly referred to as the diffusion matrix, collects
the noise contributions:

W = −ΩHR +
1
2

I2 ⊗ Γ, F =

1
2I2 ⊗ (γ+ + γ−) (bosons),

−1
2 σy ⊗ (γ− + γ+) (fermions),

(I.3.15)

and Γ = γ− − γ+. Consequently, the steady-state covariance matrix solves the
Lyapunov equation

WΘ + ΘW† = F . (I.3.16)

I.3.3 Liouville spectrum

This section is based on Refs. [221, 222].

The spectrum of the Liouvillian can be constructed directly from that of the drift
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matrix W. Assuming that L is diagonalisable, its spectrum consists of all finite
linear combinations of the eigenvalues of W with coefficients determined by the
allowed occupation numbers [221, 222]. For bosonic systems, these coefficients
take non-negative integer values,

Spec(L) =
{
−∑

i
niλi

∣∣∣∣∣ λi ∈ Spec(W), ni ∈ N0

}
, (I.3.17)

while for fermionic systems they are restricted to ni ∈ {0, 1},

Spec(L) =
{
−∑

i
niλi

∣∣∣∣∣ λi ∈ Spec(W), ni ∈ {0, 1}
}

. (I.3.18)

Therefore, the Liouvillian gap is given by

∆ = min
w∈Spec(W)

|Re(w)|, (I.3.19)

for both bosonic and fermionic quadratic systems.
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Part II:

Stability of monitored quantum
devices
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Chapter II.4

DQD heat engine under continuous measurement

The results presented in this chapter are based on Ref. [29]. I performed the analytical
and numerical calculations, carried out the data analysis, and wrote the manuscript. The
co-authors contributed to the conceptualisation of the work, discussed the results, and
provided feedback and revisions on the manuscript. The presentation closely follows this
reference.

In quantum mechanics, measurements differ fundamentally from their classical
counterparts in that they cannot, in general, be performed without disturbing the
system being observed. A quantum system is described by a state that encodes
the probabilities of different measurement outcomes. When a measurement is
performed, the outcome is not merely revealed but actively produced through
the interaction between the system and the measuring apparatus. This interac-
tion gives rise to measurement backaction, whereby the system’s state is updated
(or “collapsed”) conditioned on the measurement result. More concretely, mea-
suring an observable typically projects the system onto an eigenstate, or more
generally onto a post-measurement state described by a measurement operator
associated with the observed outcome (see Section I.1.3). Unless the system was
already in such a state, this projection alters its subsequent evolution. Even weak
or continuous measurements, which extract information only gradually, introduce
backaction in the form of additional noise or dephasing. As a result, any attempt
to monitor a quantum system inevitably perturbs it [51].

Since measurements require coupling the system to an external detector, they are
naturally described within the framework of open quantum systems (see Chap-
ter I.1). Motivated by the broader aim of this thesis to explore nonequilibrium
quantum thermodynamics, the central question addressed here is: How does con-
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Figure II.4.1: a) Scanning electron microscope image of a device similar to the one mod-
elled in this section. Blue circles mark the two dots forming the DQD and the eye repre-
sents a charge sensor dot used for classical readout. VL and VR are the voltages applied
to gate electrodes that control the number of charges within the left and right dot re-
spectively. Charge transport can occur from either source to drain, drain to source, or
any intermediary process (black arrows), influenced by an applied source-drain voltage
VDQD across the DQD. Adapted from Ref. [28]. b) Schematic representation of a DQD in
the two-terminal set-up, continuously monitored via an interaction between one quantum
dot in the DQD and a QPC with measurement strength Γ. The particle current through the
QPC depends on the occupation of the monitored quantum dot. Adapted from Ref. [29].

tinuous measurement affect the performance and stability of autonomous quan-
tum thermal machines?

In solid-state quantum devices, the state of a charge qubit is typically monitored
via weak, continuous measurement using a quantum point contact (QPC) posi-
tioned near the qubit [223]. The QPC conductance depends on the local electro-
static environment, allowing partial information about the qubit’s charge state to
be extracted from the measured current [51]. This information gain is unavoidably
accompanied by backaction, manifesting as measurement-induced dephasing. To
investigate the thermodynamic consequences of such continuous monitoring on
quantum thermal devices, three ingredients are required: (i) a quantum-coherent
system, (ii) thermodynamic gradients driving the system into a NESS capable
of delivering power, and (iii) a measurement mechanism that introduces back-
action. We adopt a minimal model satisfying these criteria: a boundary-driven
autonomous DQD quantum heat engine (see Section I.2.4.1), with one dot contin-
uously monitored by a QPC acting as a weak charge sensor [224, 225]. This setup is
of high experimental relevance. It has enabled bidirectional single-electron count-
ing [226, 227], provided the first experimental verification of the current fluctua-
tion theorem in mesoscopic systems [228], and, more recently, facilitated studies
of the entropic cost of extracting classical ticks from a quantum clock [28]. Fig-
ure II.4.1 shows a scanning electron microscope image of a device similar to the
one modelled here, along with a schematic representation of the setup.
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II.4.1 Set-up

We now proceed to derive the GKSL dynamics of the continuously monitored,
boundary-driven DQD. The total Hamiltonian in the microscopic description of
this configuration is

Ĥ = ĤDQD + ∑
α∈{H,C}

Ĥα + ĤQPC + ĤDQD,R + ĤDQD,QPC, (II.4.1)

where ĤDQD, Ĥα, and ĤDQD,R are defined in Eqs. (I.2.40), (I.2.41) and (I.2.42),
respectively. The QPC is modelled as a tunnel junction

ĤQPC = ∑
α∈{L,R},k

ωα,k â†
α,k âα,k + ∑

k,k′
Tk,k′

(
â†

R,k âL,k′ + â†
L,k′ âR,k

)
, (II.4.2)

with â(†)α,k fermionic operators, and Tk,k′ the tunnelling amplitude. The interaction
between the first quantum dot and the QPC reads

ĤDQD,QPC = ∑
k,k′

χk,k′ ĉ†
1 ĉ1

(
â†

R,k âL,k′ + â†
L,k′ âR,k

)
, (II.4.3)

where χk,k′ quantifies the change in tunnelling amplitude when the quantum dot
is occupied. Under the standard assumptions of low temperature, a narrow trans-
port window and unidirectional QPC current (see, e.g., Refs. [229, 230]), and upon
neglecting the baseline QPC tunnelling contributions, this yields

˙̂ρDQD,Γ = L[ρ̂DQD,Γ] + ΓD
[
ĉ†

1 ĉ1

]
ρ̂DQD,Γ = LΓ [ρ̂DQD,Γ] , (II.4.4)

where Γ is the effective measurement-induced dephasing rate, and is proportional
to the sensitivity of the QPC current to the dot occupation n1 = ⟨ĉ†

1 ĉ1⟩, and L[ρ̂]
is defined in Eq. (I.2.43).

II.4.2 Composite QPC unit

We now incorporate the QPC within the repeated interaction framework and
model it as a composite unit consisting of two qubits, each representing one of
the QPC leads. The qubits have energy splitting Ω − µR and Ω − µL, respectively,
and are coupled via a tunnelling term with amplitude T . The bare Hamiltonians
of the DQD and the reservoir units, Eqs. (I.2.40) and (I.2.48), remain unchanged,
while the QPC unit Hamiltonian, Eq. (II.4.2), becomes

ĤQPC = (Ω − µR)â†
R âR + (Ω − µL)â†

L âL + T
(

â†
R âL + â†

L âR

)
, (II.4.5)
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Figure II.4.2: In the framework of repeated interactions, we model the interaction of the
DQD with the QPC with periodically refreshed units comprised of two qubits, i.e. one
qubit per QPC lead. The energy splitting of the qubits is (Ω − µR(L)), respectively. They
are coupled via a tunnelling interaction with amplitude T . The qubits are initialised
so that the qubit in the right lead is occupied while the qubit in the left lead is empty,
resulting in a unidirectional current from right to left. Adapted from Ref. [29].

with the convention µR ≥ µL.

At the beginning of each interaction, we assume that the global density matrix
factorises into independent states of the DQD, the two reservoir units, and the
QPC unit. Furthermore, the QPC unit is assumed to be initially separable into ω̂L

and ω̂R (see Fig. II.4.2). Accordingly, the initial state of the total system reads

ρ̂ = ρ̂DQD,Γ ⊗ ω̂βH ⊗ ω̂βC ⊗ ω̂R ⊗ ω̂L︸ ︷︷ ︸
ρ̂E

, (II.4.6)

where ω̂βH and ω̂βC are given in Eq. (I.2.51), respectively.

In the regime in which Eq. (II.4.4), including the dissipator accounting for the
QPC, is valid, namely |eV|, TQPC ≪ µL, µR, so that the QPC operates in a narrow
transport window and the current is effectively unidirectional, and assuming low
temperatures, we set

ω̂R =

(
1 0
0 0

)
, ω̂L =

(
0 0
0 1

)
. (II.4.7)

Since the QPC couples only to the first quantum dot with strength
√

Γ, we write
the interaction Hamiltonian as

v̂QPC =
√

Γ ĉ†
1 ĉ1

(
â†

R âL + â†
L âR

)
, (II.4.8)

while the DQD-reservoir interactions v̂H and v̂C are given by Eq. (I.2.49).

Applying the repeated interaction framework and following the derivation out-
lined in Section I.2.4.3, we find that the GKSL master equation for the DQD is
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Figure II.4.3: Work, heat and particle currents as a function of the measurement strength.
(a) In the NESS, the total work current out of the DQD −Ẇtot (black solid line) exhibits
an extremum at the measurement strength Γext and is larger than its value in the absence
of measurement up a measurement strength of Γ0, as indicated by the dashed grey lines
and the grey box. Here, also the work current between DQD and QPC −ẆDQD

QPC (blue solid
line) and the heat current between the hot reservoir and the DQD Q̇H (red solid line) are
shown. (b) The average particle current attains a maximum at the measurement strength
Γext and exceeds its magnitude in the absence of measurement up a measurement strength
of Γ0, as indicated by the dashed grey lines and the grey box. Parameters: TH = 3, TC = 1,
µH = 0.5, µC = 1.5, ϵ1 = 2, ϵ2 = 2.1, t = 0.025, γH = γC = 0.025. Adapted from Ref. [29].

given by
˙̂ρDQD,Γ = −i[ĤDQD, ρ̂DQD,Γ] + ∑

α∈{H,C,QPC}
Dα[ρ̂DQD,Γ], (II.4.9)

with the dissipators Dα defined in Eq. (I.2.55). This procedure reproduces the
DQD-QPC master equation presented in Eq. (II.4.4).

II.4.3 Thermodynamic description

Equipped with this microscopic model, we now study NESS currents, which are
either induced by, labelled with subscript “QPC”, or altered in the presence of
the QPC. As a first step, we validate that our description is thermodynamically
consistent. Employing the formalism described in Section I.2.4.2, we find that the
heat and work currents are given by

JQ
QPC = −eVΓ⟨ĉ†

1 ĉ1⟩, JQ
H = (ϵ1 − µH) JN

H,Γ, JQ
C = − (ϵ2 − µC) JN

H,Γ (II.4.10)

and

JW
QPC =

Γ∆ϵ

Γ + γ̃
JN
H,Γ + eVΓ⟨ĉ†

1 ĉ1⟩, JW
H =

(
γH∆ϵ

Γ + γ̃
+ µH

)
JN
H,Γ,

JW
C =

(
γC∆ϵ

Γ + γC + γH
− µC

)
JN
H,Γ,

(II.4.11)
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where eV = µR −µL, ∆ϵ = ϵ2 − ϵ1 denotes the detuning between the two quantum
dots in the DQD and γ̃ = (γH + γC). The particle current across the DQD in the
presence of the QPC, indicated by the subscript Γ, is given by

JN
H,Γ = γH

(
fH(ϵ1)− ⟨ĉ†

1 ĉ1⟩
)
=

4∆ f γCγH (Γ + γ̃) |t|2

γ̃
(

4∆ϵ2 + (Γ + γ̃)2
)
+ 4γ̃ (Γ + γ̃) |t|2

, (II.4.12)

where ∆ f = fH(ϵ1) − fC(ϵ2) is the difference in the Fermi distributions of the
reservoirs evaluated at the quantum dot energies. Consistency with the first law
of thermodynamics for the NESS immediately follows since

⟨ ˙̂HDQD⟩tot = ∑
α=QPC,H,C

JW
α + JQ

α = 0 . (II.4.13)

Note that the QPC’s work and heat current can be divided into two contributions:
one associated with the particle current through the DQD, JN

H,Γ, and the other
associated with the change in particle current through the QPC as a function of
the monitored dot occupation, ∆JN

QPC = Γ⟨ĉ†
1 ĉ1⟩. We express this in the form

JQ
QPC =− eV∆JN

QPC, JW
QPC =

Γ∆ϵ

Γ + γ̃
JN
H,Γ + eV∆JN

QPC = JW DQD
QPC + JW QPC

QPC . (II.4.14)

As expected, the energy current associated with changes in the QPC particle cur-
rent, ∆JN

QPC, satisfies Watt’s law1.

We now examine how continuous measurement influences the thermodynamics
of the DQD when it operates as a heat engine. In this setting, the particle current
through the DQD, JN

H,Γ, is the relevant energy carrier. Consequently, the heat and
work currents arising from ∆JN

QPC, which are internal to the QPC unit, should not
contribute to the engine’s efficiency or to the entropic cost associated with driving
the DQD particle current. We therefore define

JW
tot = JW

H + JW
C + JW DQD

QPC . (II.4.15)

As shown in Fig. II.4.3, the magnitudes of all NESS thermodynamic currents, Eqs.
(II.4.10), (II.4.11) and (II.4.12), are initially enhanced as the measurement strength
Γ increases. Moreover, the total output power −JW

tot exhibits an extremum at Γext,
a point to which we will return below. Since the DQD heat engine operates in the
tight-coupling regime, the nontrivial dependence on Γ originates entirely from the
particle current in Eq. (II.4.12). This naturally raises the question of whether the
measurement provides any advantage in terms of efficiency. We argue that the

1Watt’s law, in the context of electronic transport, states that the energy current (the power) is
given by the product of the voltage drop and the particle current (P = VI) [231].
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Figure II.4.4: Quantum dot occupations and coherences as a function of the measurement
strength. (a) The single quantum dot occupations n1(2) = ⟨ĉ†

1(2) ĉ1(2)⟩ exhibit an extremum
at the measurement strength Γext and return to their original value in the absence of
measurement at measurement strength Γ0, as indicated by the dashed grey lines and the
grey box. (b) At Γext the real and imaginary part of the coherence ⟨ĉ†

1 ĉ2⟩ coincide and
Im⟨ĉ†

1 ĉ2⟩, which in the NESS is proportional to the average particle current, exhibits an
extremum. Parameters: TH = 3, TC = 1, µH = 0.5, µC = 1.5, ϵ1 = 2, ϵ2 = 2.1, t = 0.025,
γH = γC = 0.025. Adapted from Ref. [29].

relevant notion of efficiency is given by

η =
−JW

tot

JQ
H

, (II.4.16)

which counts only the energy currents associated with particle transport through
the DQD. In the tight-coupling limit, this efficiency is independent of the de-
phasing strength. However, this conclusion may change once the weak-coupling
approximation is relaxed. Lastly, the entropy production rate associated with the
thermodynamic cost of sustaining the NESS particle current through the DQD is

Σ̇DQD = −
(

βH JQ
H + βC JQ

C

)
=

(
ϵ1 − µH

TH
− ϵ2 − µC

TC

)
JN
H,Γ ≥ 0. (II.4.17)

The total entropy production rate, Σ̇tot = Σ̇DQD + Σ̇QPC ≥ 0, satisfies the second
law, since also Σ̇QPC = −βQPC JQ

QPC = βQPC eV JN
QPC ≥ 0, with βQPC = 1/TQPC.

II.4.4 Measurement-boosted transport

In the previous section, we found that the particle current JN
H,Γ exhibits a marked

dependence on the measurement strength Γ. Continuous monitoring induces de-
phasing within the DQD [24], and as Γ becomes large, the loss of coherence due to
the dephasing ultimately suppresses transport altogether via the quantum Zeno
effect [232]. In this strong-measurement regime, the DQD can no longer sustain
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coherent tunnelling, and its steady state reduces to a tensor product of the states
of the two dots, each individually thermalised with its corresponding reservoir,

lim
Γ→∞

ρ̂DQD =

(
fH(ϵ1) 0

0 1 − fH(ϵ1)

)
⊗
(

fC(ϵ2) 0
0 1 − fC(ϵ2)

)
. (II.4.18)

However, for an intermediate range of measurement strengths, which depends
both on the system parameters and the couplings to the reservoirs, we observe
dephasing-enhanced particle transport, in agreement with previously reported
results [233–239]. To understand this effect, we analyse the NESS particle cur-
rent in the steady state through the rate equations for the single quantum dot
occupations, n1(2) = ⟨ĉ†

1(2) ĉ1(2)⟩, and their coherence ⟨ĉ†
1 ĉ2⟩

d⟨ĉ†
1 ĉ1⟩

dt
= γH

(
fH − ⟨ĉ†

1 ĉ1⟩
)
+ i
(

t⟨ĉ†
1 ĉ2⟩+ t∗⟨ĉ†

2 ĉ1⟩
)
= JN

H,Γ + JN
12 , (II.4.19)

d⟨ĉ†
1 ĉ2⟩

dt
=

[
i∆ϵ − γ̃ + Γ

2

]
⟨ĉ†

1 ĉ2⟩+ it∗
(
⟨ĉ†

2 ĉ2⟩+ ⟨ĉ†
1 ĉ1⟩

)
, (II.4.20)

d⟨ĉ†
2 ĉ1⟩

dt
=

[
−i∆ϵ − γ̃ + Γ

2

]
⟨ĉ†

2 ĉ1⟩ − it
(
⟨ĉ†

2 ĉ2⟩+ ⟨ĉ†
1 ĉ1⟩

)
, (II.4.21)

d⟨ĉ†
2 ĉ2⟩

dt
= γC

(
fC − ⟨ĉ†

2 ĉ2⟩
)
− i
(

t⟨ĉ†
1 ĉ2⟩+ t∗⟨ĉ†

2 ĉ1⟩
)

= JN
C,Γ − JN

12. (II.4.22)

Here, JN
H/C,Γ denotes the NESS average particle current from the hot/cold reser-

voir into the DQD, while JN
12 represents the NESS average current between the two

quantum dots within the DQD. In the NESS, JN
H,Γ = −JN

C,Γ = −JN
12 and therefore

it suffices to focus on JN
H,Γ. Figure II.4.4 shows the impact of the measurement

strength Γ on the NESS occupations of the individual quantum dots and on their
coherence. While the occupations of the single dots, n1 and n2, vary with Γ, the
total DQD occupation n = n1 + n2 remains constant. While the QPC performs
work on the DQD, as shown in Fig. II.4.3, this work only redistributes the oc-
cupancy of the eigenstates of the DQD Hamiltonian HDQD associated with total
occupation n = 1. And since the QPC does not exchange particles with the DQD,
the total occupation n is conserved despite the redistribution. Solving the system
of equations above, we find that the occupations of the individual quantum dots,
n1 and n2, reach extremal values at

Γext = 2|∆ϵ| − γ̃. (II.4.23)
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Figure II.4.5: Relative fluctuations and the thermodynamic uncertainty relation ratio
(TURR) of the particle current as a function of the measurement strength. (a) Dephas-
ing due to measurement-induced backaction can reduce the relative fluctuations of the
particle current up to a measurement strength of Γ′

0. The relative fluctuations are minimal
at measurement strength Γ′

ext. (b) Similarly, the TURR, expressing the trade-off between
the entropic cost and the relative fluctuations of the particle current, is minimal at Γ′′

ext
and is reduced up to Γ′′

0 , which is significantly larger than Γ0 and Γ′
0. Parameters: reser-

voir temperatures TH, TC = 3, 1; we set T = (TH + TC)/2; reservoir chemical potentials
µH, µC = 0.5T, 1.5T; quantum dot energies ϵ1, ϵ2 = 2T, 2.1T; interdot hopping amplitude
t = 0.025T; coupling to reservoirs γC, γH = γ = 0.025T. Adapted from Ref. [29].

Additionally, the measurement strength at which the dot occupations coincide
with their values in the absence of measurement, n1/2(Γ0) = n1/2(0), is

Γ0 =
4∆ϵ2

γ̃
− γ̃. (II.4.24)

indicating that measurement-assisted particle transport occurs for Γ ≤ Γ0, as il-
lustrated in Fig. (II.4.3).

II.4.5 Fluctuations and entropic cost

TURs capture a fundamental trade-off between the relative fluctuations of a stochas-
tic thermodynamic current in classical Markovian NESS heat engines and the en-
tropic cost of their driving [170, 240, 241, 171, 242], as discussed in Section I.2.3.

Here, we numerically investigate the relative fluctuations of the particle current
JN
H,Γ, as well as the TUR ratio (TURR), defined as DΣ̇DQD/JN

H,Γ
2. The correspond-

ing diffusion coefficient D can be straightforwardly computed using established
methods [243, 36, 244, 51] based on the power spectrum S(ω), which is often more
accessible experimentally. In particular, D is obtained from the zero-frequency
component, D = S(ω = 0). The diffusion coefficient can be expressed in vec-
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torised form (see Section I.1.4) as [243]

D = S(0) = M − 2⟨⟨Î|L1L+L1|ρ̂⟩⟩, (II.4.25)

where |Î⟩⟩ denotes the vectorised identity, |ρ̂⟩⟩ the vectorised steady-state density
matrix, and

L1[ρ̂] = ∑
k

µk L̂kρ̂L̂†
k . (II.4.26)

Here, L̂k is the jump operator corresponding to a detector click with outcome
µk, and L+ is the Drazin inverse of the Lindbladian L associated with the GKSL
master equation (see Section I.1.6). The dynamical activity M is defined as

M = ∑
k

µ2
k Tr

[
L̂kρ̂L̂†

k

]
. (II.4.27)

As we evaluate the diffusion coefficient of the fluctuating particle current between
the DQD and the hot reservoir, we select the measurement operators

L̂k ∈
{√

γH fH(ϵ1) ĉ†
1,
√

γH (1 − fH(ϵ1)) ĉ1

}
, (II.4.28)

with associated outcomes µk ∈ {+1,−1}. We observe that the relative fluctuations

of the particle current, quantified by D/
(

JN
H,Γ

)2
, can be suppressed maximally at

Γ′
ext and remain suppressed up to Γ′

0, effectively stabilizing the current, as illus-
trated in Fig. (II.4.5). This behaviour occurs provided that the system parameters
and reservoir couplings are suitably chosen. Next, we observe that the TURR can
approach its lower bound even for very weak measurement strengths Γ, as shown
in Fig. (II.4.5) for certain parameter regimes, indicating that dephasing induced
by the measurement backaction can reduce the TURR even beyond the regime
of dephasing-assisted transport. It is important to note that in this scenario, the
TURR varies while the engine efficiency remains constant. This behaviour, how-
ever, is a consequence of the tight coupling between energy and particle currents
and should be regarded as a pathological effect.

II.4.6 Conclusion

Fluctuations in thermodynamic currents play a central role when assessing the
practical usefulness and stability of quantum heat engines. In this Part, we have
shown that continuous measurement, often regarded as detrimental to coherent
quantum devices, can instead play a constructive role, simultaneously enhanc-
ing the average particle current while suppressing its relative fluctuations. To
demonstrate this effect, we considered a minimal yet genuinely quantum and ex-
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perimentally accessible setup: a boundary-driven DQD continuously monitored
via a QPC coupled to one of the dots. A crucial step in our analysis was to show
that the commonly used local GKSL master equation for the DQD, interacting
with two thermal reservoirs and monitored by a QPC, admits a rigorous micro-
scopic derivation within the thermodynamically consistent repeated-interactions
framework. Within this setting, we identified the relevant entropy production rate
associated with sustaining the particle current through the DQD as determined
solely by the heat exchanged with the thermal reservoirs and their temperatures.
Importantly, this contribution is positive and depends on the QPC temperature
only through the induced measurement strength Γ. In the formal limit of a zero-
temperature QPC, Γ remains finite but the entropy production associated with the
QPC diverges, pointing to an open conceptual issue: how a realistic measurement
apparatus should be incorporated into a consistent thermodynamic description of
continuously monitored quantum systems. Our results further show that contin-
uous monitoring can lower the entropic cost required to maintain a fixed signal-
to-noise ratio in the particle current. Consequently, the entropy associated with
the precision of the particle flux, which is often more directly accessible experi-
mentally than energy flow, can be reduced without violating the thermodynamic
uncertainty relation.
This study offers a solid starting point for more refined future investigations.
Natural extensions include models incorporating realistic reservoir spectral den-
sities using more sophisticated collision-based approaches [245–247], or within the
mesoscopic-leads approach [144, 50, 248, 52], which we discuss next.
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Part III:

Fluctuations in the mesoscopic-leads
approach
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Chapter III.5

Ensemble description

This chapter is based on Refs. [52, 249, 50, 144].

Recent advances in nanotechnology have enabled unprecedented control over
quantum devices, including implementations of quantum thermal machines [12,
13, 19]. These devices have begun to demonstrate practical functionality, such as
the autonomous reset of a superconducting qubit [17]. Among the most promis-
ing platforms for realizing autonomous quantum thermal devices are electronic
setups of this kind, as well as semiconductor quantum dots [177]. Such progress
has broadened experimental investigations in mesoscopic physics beyond con-
ventional charge transport, opening the way to controlled manipulation of heat
currents in nanoscale systems [177, 250]. Providing a faithful theoretical descrip-
tion of such devices is, however, highly nontrivial. One must simultaneously ac-
count for coherent quantum dynamics, finite-temperature effects, strong system-
reservoir coupling, and, in some cases, significant many-body interactions within
the working medium. Widely used approaches based on local quantum master
equations [11] (see Section I.2.2) rely on perturbative and Markovian assumptions
that can severely restrict their range of validity. In particular, they may fail to cap-
ture far-from-equilibrium quantum coherences [141, 251, 168] and, at finite tem-
peratures, can even lead to predictions that are incompatible with fundamental
thermodynamic principles [142, 140] (see Section I.2.4.2). Moreover, external driv-
ing can induce pronounced non-Markovian effects [252, 253], further challenging
the applicability of these standard descriptions.

What is therefore needed is a framework that remains thermodynamically consis-
tent while accurately describing strong system-reservoir coupling and far-from-
equilibrium dynamics, yet remains computationally tractable for driven many-
body systems. Several alternatives have been developed in this direction, in-
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Figure III.5.1: A central system S coupled to a single reservoir at temperature T and
chemical potential µ (a) approximated in the mesoscopic-leads formalism (b). All L lead
modes with on-site energies ϵk couple to the same site in the central system, with hopping
interaction of strength κk. The lead modes are damped through their coupling to a residual
reservoir at the same temperature T and chemical potential µ, with damping rate γk.
The extended system, comprised of the central system and the lead modes, in state ρ̂
is shaded in grey. c) The mesoscopic lead comprised of damped modes gives rise to
an effective spectral density J eff(ω) that is a sum of Lorentzian spectral densities. By
tuning the damping of each mode and its coupling to the system, one can approximate
the spectral density of the infinite bath depicted in Fig. I.2.2. Subfigures a)-b) are adapted
from Ref. [52].

cluding nonequilibrium Green’s function techniques [254] and path-integral meth-
ods [255]. While powerful, these approaches are perturbative in the system-bath
coupling and can become difficult to apply in the presence of strong interactions
or time-dependent driving, motivating the search for complementary methods.
The mesoscopic-leads approach (see Refs. [52, 249, 50, 144] and references therein)
provides such a framework for fermionic, potentially interacting systems coupled
to macroscopic thermal reservoirs. In this approach, each infinite reservoir is re-
placed by a finite set of modes that are continuously damped toward thermal
equilibrium via Lindblad-type jump operators, yielding an accurate approxima-
tion of continuum baths while preserving a Markovian GKSL description at the
level of an extended system. A key advantage of this construction is that it enables
the use of standard analytical and numerical techniques for GKSL dynamics, such
as quantum-jump trajectory methods, which we employ in Chapter III.6.
The basic setup is illustrated in Fig. III.5.1 for the case of a single reservoir. Specif-
ically, in the mesoscopic-leads approach, each infinite reservoir, labelled by α, at
temperature Tα and chemical potential µα and with spectral density Jα(ω), is re-
placed by a finite mesoscopic lead composed of lα modes, each coupled to the
same system site pα,

Ĥα =
lα

∑
k=1

ϵα,k â†
α,k âα,k, ĤSα =

lα

∑
k=1

(
καkd̂†

pα
âα,k + κ∗kα â†

α,kd̂pα

)
. (III.5.1)

The system comprises NS modes with annihilation operators {d̂j}NS
j=1 and Hamil-

tonian ĤS(t). The residual reservoirs of each lead mode are chosen to have a
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flat spectral density [48, 49], and effective damping rate γα,k (typically one sets
γα,k = ϵα,k+1 − ϵα,k, corresponding to a uniform discretization of the reservoir
spectrum) [256–261]. Consequently, the coupling rate between the system site and
modes in lead α is given by κα,k =

√
Jα(ω)γα,k/2π, and the effective spectral

density perceived by the system is a sum of Lorentzian spectral densities, each
centred at a lead mode’s energy ϵα,k,

J eff
α (ω) =

lα

∑
k=1

|καk|2γk
(ω − ϵα,k)2 + (γα,k/2)2 , (III.5.2)

which can be tuned to approximate Jα(ω) with high accuracy. This is shown
schematically in Fig. III.5.1 c). In the limit lα → ∞, and for suitably chosen
parameters, the dynamics in the presence of the original infinite reservoirs are
recovered. As discussed in Section I.2.1, this is crucial: within this limit, the
system’s (thermo)dynamics are fully determined by the reservoirs’ spectral func-
tion together with their macroscopic properties, such as temperatures and chem-
ical potentials. For finite lα, finite-size effects or deviations from Markovianity
may arise, but these vanish as lα → ∞, ensuring a faithful representation of the
infinite-reservoir dynamics. For a detailed discussion of subtleties and conver-
gence limitations in parameter selection, we refer to Ref. [262].

III.5.1 Dynamics

Crucially, the dynamics of the extended system, composed of the system and the
lead, are Markovian and evolve under a GKSL master equation,

dρ̂

dt
= −i[Ĥ, ρ̂] +

NR

∑
α=1

lα

∑
k=1

∑
σ=±

D
[
L̂σ

α,k
]

ρ̂, (III.5.3)

with L̂+
α,k =

√
γα,k fα,k â†

α,k and L̂−
α,k =

√
γα,k(1 − fα,k)âα,k, where Ĥ = ĤS + ∑α Ĥα +

ĤSα, and fα,k = f (ϵα,k) denotes the Fermi occupation of the residual reservoir of
mode k in lead α evaluated at the lead mode’s onsite energy ϵα,k. For convenience,
we define

Lα [ρ̂] =
lα

∑
k=1

∑
σ=±

D
[
L̂σ

α,k
]

ρ̂. (III.5.4)

Unlike conventional weak-coupling master equations, the mesoscopic-leads ap-
proach treats the coherent system-lead coupling explicitly. Strong-coupling and
memory effects are naturally encoded in the dynamics of the lead modes, while
the overall evolution of the extended system remains Markovian. This provides a
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bridge between fully microscopic and phenomenological reservoir models, while
retaining computational efficiency and the toolbox that comes with GKSL master
equations. In Chapter III.6, we will make use of this advantage in the following
way: we apply a quantum jump trajectory unravelling, discussed in Section I.1.3,
to the GKSL dynamics of the extended system.

In this thesis, we restrict our analysis to the case where the extended system
is governed by a non-interacting and non-pairing fermionic Hamiltonian and is
initially prepared in a Gaussian fermionic state. This restriction allows the full
dynamics to be reduced to closed equations for two-point correlations, leading
to an efficient covariance-matrix description. Here, a fully general description in
terms of Majorana operators, as presented in Section I.3.2, is not required and
working with standard (non-Hermitian) fermionic operators is sufficient. Then,
the Hamiltonian of the extended system may be written in a quadratic form Ĥ =

∑NS+L
i,j=1 Hij ĉ†

i ĉj, with annihilation operators of the extended system {ĉi}NS+L
i=1 . Here,

for notational convenience, we have made the transformation

{d̂1, . . . , d̂NS , â1,1, . . . , â1,l1 , . . . âNR,1, . . . , âNR,lNR
} → {ĉ1, . . . , ĉNS+L} . (III.5.5)

Since the GKSL dynamics (III.5.3) preserves Gaussianity (see Section I.3.2), at any
time t, the density matrix of the extended system can be written in the Gaussian
form

ρ̂(t) =
e−c⃗†·M(t)·⃗c

Z(t)
, (III.5.6)

where c⃗ denotes the vector of system and lead fermionic operators, c⃗i = ĉi. The
matrix M(t) and the partition function Z(t), ensuring normalization of the state,
are given by

M(t) = log
(

1 − C(t)
C(t)

)
, Z(t) =

1
det [1 − C(t)]

. (III.5.7)

Since the state ρ̂(t) is now fully determined by its covariance matrix C(t), the
dynamics can be formulated in terms of matrices of size (NS + L) × (NS + L),
where L = ∑α lα, allowing for efficient computations even for systems with many
modes. Within the Heisenberg picture, the ensemble (unconditional) dynamics of
the covariance matrix elements Cij = Tr

[
ĉ†

j ĉiρ̂
]

is determined by

dCij

dt
=

〈
dĉ†

j ĉi

dt

〉
=

〈
i
[

Ĥ, ĉ†
j ĉi

]
+

NR

∑
α=1

lα

∑
k=1

L+
α,k

[
ĉ†

j ĉi

]〉
, (III.5.8)

where L+
α,k is the adjoint dissipator to Lα,k (see Section I.1.2) and L+

α

[
Â
]

=
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∑lα
k=1 L

+
α,k

[
Â
]
. In particular,

L+
α,k
[
Â
]
= ∑

σ∈{+,−}
D+

[
L̂σ

α,k
]

Â, (III.5.9)

where D+
[
L̂
]

Â = L̂† ÂL̂ − 1
2{L̂† L̂, Â}. The covariance matrix C of the extended

system then evolves under the Lyapunov differential equation [263], Eq. (I.3.14),
with

W = iH +
1
2

Γ, Γkk = γk and Fkk = γk fk. (III.5.10)

Here, both Γ and F are diagonal matrices. In the steady state, dC/dt = 0, and the
corresponding covariance matrix therefore solves the Lyapunov equation (I.3.16).

III.5.2 Thermodynamics

Within the mesoscopic-leads framework, we identify the relevant currents as those
exchanged between the lead modes and the residual reservoir, termed external
currents, rather than the internal currents exchanged between the system and the
leads. This distinction is crucial, since in mesoscopic experiments (e.g., measure-
ments performed via an ammeter), the observed signal typically corresponds to
reservoir currents, especially in the strong-coupling regime where coherences and
hybridization blur the boundary between system and environment. For a detailed
treatment of internal versus external currents in the mesoscopic-leads formalism,
see Refs. [144, 249].

Particle current The average particle current IN(t) flowing into the extended
system is defined through the continuity equation for the total particle number
operator, N̂ = ∑NS+L

j=1 ĉ†
j ĉj,

IN(t) =
d⟨N̂⟩

dt
=

NR

∑
α=1

INα(t) , (III.5.11)

where INα(t) = ⟨L+
α [N̂]⟩ denotes the particle current flowing into lead α, and

IN(t) = ∑NR
α=1 INα(t) is the net current entering the extended system. Note that the

total particle current arises entirely from the contributions of the residual reser-
voirs. In terms of the matrices Fα and Γα, the average current into lead α can be
written as

INα(t) = Tr [Fα − ΓαC(t)] . (III.5.12)

Inserting the explicit forms of Fα and Γα then yields

INα(t) =
lα

∑
k=1

γk,α( fk,α − ⟨ĉ†
k,α ĉk,α⟩). (III.5.13)
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In this form, the expression highlights that the unconditional particle current is
determined entirely by the occupations of the lead modes relative to their corre-
sponding reservoir distributions.

Energy current The average total energy current IE(t) flowing into the extended
system is analogously defined via the continuity equation for the Hamiltonian Ĥ
of the extended system,

d⟨Ĥ⟩
dt

=
NR

∑
α=1

IEα(t), (III.5.14)

with IEα(t) = ⟨L+
α [Ĥ]⟩, and denotes the energy current flowing into lead α. The

net energy current entering the extended system is then IE(t) = ∑NR
α=1 IEα(t).

In terms of the matrices F and Γ, the energy current can be expressed as

IE(t) = Tr
[

FH(t)− 1
2

Γ
(
C(t)H(t) + H(t)C(t)

)]
. (III.5.15)

Substituting the explicit form of the Hamiltonian, we recover

IE(t) =
L

∑
k=1

γkϵk( fk − ⟨ĉ†
k ĉk⟩)−

1
2

L

∑
k=1

γk⟨κkpd̂†
p âk + κ∗kp â†

k d̂p⟩, (III.5.16)

which agrees with results derived in Ref. [50]. This expression explicitly shows
that the energy current is determined both by the occupations of the lead modes
relative to their reservoir distributions and by the hybridization between system
and lead modes.

Heat current and entropy production The total average external heat current is
given by

IQ(t) = ∑
α

IQα
, with IQα

= IEα(t)− µα INα(t). (III.5.17)

Further, we express the entropy production rate, see Refs. [146, 148, 147], as the
difference between the temperature-weighted dissipated heat current, the entropy
flux, and the change in the instantaneous von Neumann entropy of the extended
system, so that the entropy production rate is given by

Σ̇(t) = ṠSL(t)− ∑
α

βα IQα
(t) , (III.5.18)

with von Neumann entropy of the extended system SSL(t) = SvN(ρ̂SL(t)) (see
Eq. (I.2.9)). For a detailed analysis of entropy production in the mesoscopic-leads
framework, we refer to Ref. [249].

This ensemble-level description provides the foundation for accessing not only
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average thermodynamic currents, but also their fluctuations via quantum trajec-
tory unravellings of the extended GKSL dynamics, which we develop in the next
chapter.
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Chapter III.6

Stochastic description

The results presented in this chapter are based on Ref. [52]. I performed the analytical
and numerical calculations, carried out the data analysis, and wrote the manuscript. The
co-authors contributed to the conceptualisation of the work, discussed the results, and
provided feedback and revisions on the manuscript. The presentation closely follows this
reference.

The fluctuating flows of particles and heat exchanged between an open system
and its environment are governed not only by thermodynamic biases, but also
by the reservoir spectra, which can be highly structured [35]. Capturing the re-
sulting full counting statistics, rather than only average currents, is particularly
challenging in a regime highly relevant to mesoscopic thermal devices: strong
system-reservoir coupling, finite temperature, and arbitrary time-dependent driv-
ing. In this regime, standard weak-coupling Markovian master equations break
down, while established alternatives face complementary limitations. Nonequilib-
rium Green’s functions and scattering theory [37, 36, 38, 39] are typically restricted
to weakly interacting or slowly driven settings [40–42], and path-integral ap-
proaches [43, 44, 264] are so far confined to small, nonintegrable systems [265, 46]
and become prohibitively costly in larger many-body problems [266]. Moreover,
many methods provide access only to characteristic functions of integrated cur-
rents, so extracting distributions or higher moments requires numerical differen-
tiation or Fourier transforms, which can be ill-conditioned and introduce substan-
tial errors.

In this chapter, we present our approach [52], which addresses these obstacles
within the mesoscopic-leads framework introduced in Chapter III.5. The key idea
is to embed the non-Markovian, strongly coupled problem into an extended sys-
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Figure III.6.1: Particle transfer between each lead mode and its associated residual reser-
voir is monitored and recorded in the measurement record r. The expectation value of
an observable Ô is computed with respect to the state conditioned on r. When a quan-
tum jump is recorded, the state undergoes an abrupt update, leading to an instantaneous
change in the expectation value of the observable. During the intervals between jumps,
the state evolves smoothly following the no-jump conditional evolution. Adapted from
Ref. [52].

tem, the central system plus a finite set of damped lead modes, whose dynamics
obey a GKSL master equation. Non-Markovianity here refers to the reduced dy-
namics of the central system obtained after tracing out the mesoscopic lead, while
the embedded system-lead evolution itself remains Markovian. This Markovian
embedding enables the use of quantum-trajectory unravellings (see Section I.1.3)
to evaluate thermodynamic quantities along single stochastic realizations. By
direct sampling over trajectories, we obtain the full probability distributions of
charge, heat, and entropy production in driven, strongly coupled open quantum
systems, without relying on numerically delicate transform procedures. Ther-
modynamic consistency at the stochastic level is established by verifying integral
fluctuation theorems for the total, uncertainty, and martingale entropy produc-
tion [190, 205]. As an application, we investigate heat fluctuations during finite-
time information erasure in a driven quantum dot strongly coupled to a fermionic
reservoir. Altogether, the results extend trajectory-level quantum thermodynam-
ics to regimes that combine strong coupling, reduced non-Markovian dynamics,
and arbitrary time-dependent driving.

III.6.1 Dynamics

In the mesoscopic-leads formalism, the stochastic dynamics of the extended sys-
tem are unravelled by monitoring particle exchange between each lead mode and
its residual reservoir (see Section I.1.3). This monitoring is described by the fol-
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lowing measurement operators,

M̂0 = Î − dt
2

L

∑
k=1

∑
σ=±

L̂σ†
k L̂σ

k − i dt Ĥ, M̂σ
k =

√
dt L̂σ

k , 1 ≤ k ≤ L, (III.6.1)

with L̂+
k =

√
γk fk ĉ†

k and L̂−
k =

√
γk(1 − fk) ĉk describing absorption and emission

events, and Î the identity operator. Here, the lead index α and the mode index
within each lead are combined into a single index k running over all lead modes.
The measurement record is r(0,τ) = {(tJ , k, σ) | 0 < tJ < τ}, registering a jump at
time tJ in mode k, with σ = + (−) indicating particle transfer onto (off) the lead
mode. We neglect the possibility of multiple simultaneous jumps. At each time
t ∈ (0, τ), the system state is updated conditioned either on no jump or on the
occurrence of a jump. Under these measurement operators, the evolution of ρ̂ un-
ravels into a continuous ‘no-jump’ evolution, punctuated by instantaneous jump-
induced updates of the conditioned density matrix ρ̂r, described by the stochastic
jump equation (see Section I.1.3)

dρ̂r =− i
[
Ĥ, ρ̂r

]
dt − 1

2

L

∑
k=1

∑
σ∈{+,−}

H
[

L̂σ†
k L̂σ

k

]
ρ̂rdt +

L

∑
k=1

∑
σ∈{+,−}

G
[
L̂σ

k
]

ρ̂rdNσ
k .

(III.6.2)

The superoperators, G and H, acting on a state ρ̂r, are defined in Eq. (I.1.25).
While here we assume ideal detection efficiency in all measurement channels, a
more general treatment that accounts for imperfect detection or alternative mea-
surement setups is detailed in Ref. [52]. The expectation values conditioned on
the measurement record, are defined as ⟨·⟩r = Tr [ρ̂r ·]. For a Gaussian fermionic
system, both ensemble averages and individual trajectories can be fully described
using the covariance matrix [52, 267, 217, 268]. In particular, for single trajectories,
the conditioned covariance matrix is defined as Cr

ij = Tr
[
ĉ†

j ĉiρ̂r

]
. In the following,

we discuss the evolution of Cr during no-jump periods and its update upon de-
tection of jumps. We first focus on the interval between two consecutive jumps,
(tJm−1 , km−1, σm−1) and (tJm , km, σm). For times t ∈ (tJm−1 , tJm), no jumps occur,
dNσ

k (t) = 0 for all k and σ, and the covariance matrix evolves smoothly according
to

dCr
ij(t) = i

〈[
Ĥ, ĉ†

j ĉi

]〉
r

dt − 1
2

L

∑
k=1

∑
σ∈{+,−}

〈
H+

[
L̂σ†

k L̂σ
k

]
ĉ†

j ĉi

〉
r

dt. (III.6.3)

Here, H+ is the adjoint superoperator to H (see Eq. (I.1.25) and Section I.1.2).
Expanding Eq. (III.6.3) generates terms that are quartic in the creation and annihi-
lation operators of the extended system. Crucially, we can exploit the fact that the
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initial state is Gaussian and that the conditional evolution along any single trajec-
tory preserves Gaussianity [267]. Using Wick’s theorem [220] (see Section I.3.2 and
Eq. (I.3.13)), we obtain a Riccati-type differential equation governing the evolution
of the no-jump conditioned covariance matrix of the extended system

dCr

dt
= −(VCr + CrV†) + CrBCr, (III.6.4)

where B = Γ − 2F, V = iH + 1
2 B = W − F. W and F are defined in Eq. (III.5.10).

Between jumps, the survival probability Psurv (see Eq. (I.1.18)) evolves according
to the differential equation

dPsurv(t)
dt

= −Psurv(t)
L

∑
k=1

∑
σ∈{+,−}

〈
L̂σ†

k L̂σ
k

〉
r

, (III.6.5)

and decays as

Psurv(t) = Psurv(tJm−1) exp

(
−
∫ t

tJm−1

K(s)ds

)
, (III.6.6)

where K(s) = Tr [FC̄r(s)] + Tr [(Γ − F)Cr(s)], and C̄r = 1 − Cr.
We now consider the jump updates. When a jump of type σm occurs in lead
mode km at time tJm , recorded in the measurement record as (tJm , km, σm), the
conditioned covariance matrix Cr is updated instantaneously. At the moment of
the jump, t = tJm , the stochastic increment satisfies dNσ

k (tJm) = δkkm δσσm ∈ {0, 1},
so that

dCr
ij(tJm) =

〈
G+
[
ρ̂r, L̂σm

km

]
ĉ†

j ĉi

〉
r
(tJm), (III.6.7)

where G+ denotes the adjoint superoperator to G (see Section I.1.2). The jump up-
date resets the survival probability to unity, Psurv(t+Jm

) = 1, while the conditioned
covariance matrix is updated according to Cr(t+Jm

) = Cr(t−Jm
) + dCr

ij(tJm). Here, for
any time-dependent quantity A(t), we adopt the shorthand A(t±) = lims→t± A(s).
For a jump onto the lead mode km (σm = +), then

dCr(tJm) = C̄r
(

dN+(tJm)

C̄r

)
C̄r. (III.6.8)

Otherwise, for a jump off the lead mode km (σm = −)

dCr(tJm) = −Cr
(

dN−(tJm)

Cr

)
Cr. (III.6.9)
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For notational ease, we use the shorthand(
dN+(t)

C̄r

)
kk
=

dN+
k (t)

1 − Cr
kk

,
(

dN−(t)
Cr

)
kk
=

dN−
k (t)

Cr
kk

. (III.6.10)

Combining the smooth no-jump evolution with the instantaneous jump-induced
updates, we obtain a stochastic master equation that generates the conditional
trajectories Cr

dCr(t) =
[
−(VCr + CrV†) + CrBCr

]
dt + C̄r

(
dN+(t)

C̄r

)
C̄r − Cr

(
dN−(t)

Cr

)
Cr.

(III.6.11)

Applying Itô’s lemma [135], the stochastic increments satisfy

E[dNσ
k (t) f (ρ̂r(t))] = dt E

[〈
L̂σ†

k L̂σ
k

〉
r
(t) f (ρ̂r(t))

]
. (III.6.12)

Averaging over trajectories therefore eliminates the stochastic terms and yields the
unconditional evolution of the covariance matrix, recovering Eq. (I.3.14).

III.6.2 Monte Carlo trajectory sampling

We now provide a brief overview of the numerical implementation of trajectory
sampling based on the covariance matrix, which relies on the following Monte
Carlo algorithm:

• Draw a random number R1 between 0 and 1 (uniformly distributed).

• Time evolve the survival probability Psurv and the covariance matrix Cr, con-
ditioned on the measurement record r, for a duration of length tJ such that
Psurv(tJ) = R1.

• The probability for a jump prescribed by the collapse operator Lσ
k after time

tJ to occur is given by

Pk,σ(tJ) =
⟨L̂σ†

k L̂σ
k ⟩r(tJ)

1 − R1
. (III.6.13)

• Draw a second random number R2 between 0 and 1 (uniformly distributed)
to determine which jump to perform: the corresponding collapse operator
Lσm

km
is the first one for which the ordered sum

L

∑
k=1

∑
σ∈{+,−}

Pk,σ(tJ) ≥ R2. (III.6.14)
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Note that by definition, ∑L
k=1 ∑σ∈{+,−} Pk,σ(tJ) = 1. Finally, the covariance

matrix is updated according to the corresponding jump as detailed in Sec-
tion III.6.1.

Crucially, Pk,σ(tJ) can be easily expressed in terms of the diagonal elements of the
covariance matrix, since ⟨L̂+†

k L̂+
k ⟩r = γk fk(1 − Cr

kk) and ⟨L̂−†
k L̂−

k ⟩r = γk(1 − fk)Cr
kk.

III.6.3 Particle and energy currents

Within our framework, we discuss current fluctuations through the statistics of
the integrated current along individual quantum trajectories.
By interpreting the conditional state ρ̂r as our best guess of the system’s state
given the measurement record, we compute the corresponding currents with re-
spect to ρ̂r. This state evolves as new measurement data is acquired, reflecting a
Bayesian update of the observer’s knowledge, consistent with the standard theory
of quantum trajectories [51]. We now show that the resulting stochastic currents
recover standard average values while producing thermodynamically consistent
fluctuations (see Section III.6.4).
As for the average currents, the corresponding stochastic currents can also be ex-
pressed in terms of the conditioned covariance matrix Cr. The results presented
here assume perfect detection in all measurement channels. A more general treat-
ment, including imperfect detection and alternative measurement configurations,
is provided in Ref. [52].

Particle current We define the net particle current conditioned on the measure-
ment record through a continuity equation, and thus, along a single trajectory,
Ir
N(t), it is given by

d⟨N̂⟩r

dt
=

NR

∑
α=1

Ir
Nα
(t) , (III.6.15)

with Ir
N(t) = ∑NR

α=1 Ir
Nα
(t). Here, the inferred particle current into lead α reads

Ir
Nα
(t)dt =− 1

2

lα

∑
k=1

∑
σ∈{+,−}

Tr
[

N̂H
[

L̂σ†
k L̂σ

k

]
ρ̂r

]
dt +

lα

∑
k=1

∑
σ∈{+,−}

Tr
[
N̂G

[
L̂σ

k
]

ρ̂r
]

dNσ
k .

(III.6.16)

We express it in terms of Cr and find

Ir
Nα
(t)dt =Tr [CrBαCr − BαCr]dt + Tr

[
C̄r
(

dN+
α (t)
C̄r

)
C̄r
]
− Tr

[
Cr
(

dN−
α (t)
Cr

)
Cr
]

,

(III.6.17)
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where Bα = Γα − 2Fα with

(Γα)kk , (Fα)kk =

Γkk, Fkk if k-mode in lead α,

0 otherwise.
(III.6.18)

We use the shorthand

(
dN+

α (t)
C̄r

)
kk
=


dN+

k,α(t)
C̄r

kk
if k-mode in lead α,

0 otherwise,(
dN−

α (t)
Cr

)
kk
=


dN−

k,α(t)
Cr

kk
if k-mode in lead α,

0 otherwise.

(III.6.19)

The Bayesian character of the current is explicit in Eq. (III.6.17). In particular, even
a detected extraction event (corresponding to the last term) does not necessar-
ily yield a current of −1. The reason is that the covariance matrix encodes also
our prior uncertainty about the particle number in the extended system. Conse-
quently, while a quantum jump unambiguously signals the detection of an elec-
tron, it does not imply a deterministic change of −1 in the system’s occupation.
Instead, the inferred change reflects an update of our probabilistic knowledge
conditioned on the measurement outcome. Performing an ensemble average we
recover Eq. (III.5.12).

Energy current Similarly, along a single trajectory, the energy current into the
extended system via lead α, inferred on the basis of the measurement record as
discussed in Section III.6.3, is given by

Ir
Eα
(t)dt = Tr

[
Bα

(
CrHCr − 1

2
(HCr + CrH)

)]
dt

+ Tr
[

HC̄r
(

dN+
α (t)
C̄r

)
C̄r
]
− Tr

[
HCr

(
dN−

α (t)
Cr

)
Cr
]

,
(III.6.20)

summing to the total inferred energy current

Ir
E(t) =

NR

∑
α=1

Ir
Eα
(t). (III.6.21)

Accordingly, the change in energy in the extended system along a single trajectory
in time interval [0, τ] conditioned on the measurement record is given by

∆Er(τ, 0) =
∫ τ

0
Ir
E(t)dt. (III.6.22)
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Performing an ensemble average, we recover Eq. (III.5.15). Further, we define the
total inferred heat current as

Ir
Q(t) =

NR

∑
α=1

Ir
Qα
(t), (III.6.23)

where Ir
Qα
(t) = Ir

Eα
(t)− µα Ir

Nα
(t). Analogously, the total heat exchange is given by

∆Qr(τ, 0) =
∫ τ

0
Ir
Q(t)dt. (III.6.24)

Measurement energy In trajectory-level energy balance relations derived from
stochastic master equations with jump operators that are not eigenoperators of
the system Hamiltonian, a particular contribution can be identified [269, 270, 142].
The physical interpretation of this term is, however, ambiguous: depending on the
perspective adopted, it has been associated either with a “quantum heat” [271] or
with a “measurement work” [269, 270, 190].

This measurement energy current along an individual trajectory is defined as [190]

IEMdt =− dt
2

L

∑
k=1

∑
σ∈{+,−}

Tr
[

Ĥ{L̂σ
k

†
L̂σ

k , ρ̂r}
]
+ dt

L

∑
k=1

∑
σ∈{+,−}

⟨Ĥ⟩r⟨L̂σ†
k L̂σ

k ⟩r

+
L

∑
k=1

∑
σ∈{+,−}

dNσ
k

Tr
[
L̂σ†

k Ĥint L̂σ
k ρ̂r
]

⟨L̂σ†
k L̂σ

k ⟩r

+
1
2

L

∑
k=1

∑
σ∈{+,−}

dNσ
k

Tr
[
{L̂σ†

k L̂σ
k , Ĥ0}ρ̂r

]
⟨L̂σ†

k L̂σ
k ⟩r

−
L

∑
k=1

∑
σ∈{+,−}

dNσ
k ⟨Ĥ⟩r.

(III.6.25)

For the contribution through lead α we find

IEM,αdt =Tr
[

Bα

(
CrHCr − 1

2
(HCr + CrH)

)]
dt

+ Tr
[(

dN+
α

C̄r

)
C̄rHintC̄r

]
− Tr

[(
dN−

α

Cr

)
CrHintCr

]
− 1

2
Tr
[(

dN+
α

C̄r

)
(C̄rH0Cr + CrH0C̄r)

]
− 1

2
Tr
[(

dN−
α

Cr

)
(C̄rH0Cr + CrH0C̄r)

]
.

(III.6.26)

The total measurement energy current is obtained simply as the sum over the
contributions from the different leads

IEM =
NR

∑
α=1

IEM,α . (III.6.27)
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For the ensemble average, we find

E
[
IEM

]
= −1

2
Tr [Γ(HintC + CHint)] . (III.6.28)

Interestingly, upon inserting the explicit form of the system-lead interaction (see
Chapter III.5),

Ĥint = ĤSL(t) =
NR

∑
α=1

lα

∑
k=1

κα,kd̂†
pα

âk + h.c., (III.6.29)

one obtains

E
[
IEM

]
= −1

2

NR

∑
α=1

lα

∑
k=1

γα,k

〈
κα,kd̂†

pα
âk + κ∗α,k â†

k d̂pα

〉
. (III.6.30)

The quantity E[IEM ] therefore coincides precisely with the contribution to the en-
ergy current arising from coherent hopping between the lead modes and their re-
spective coupling sites in the central system, see Eq. (III.5.16). Terms of this form
have appeared in a variety of related settings, including the repeated-interactions
framework [138], which we introduced in Section I.2.4.3.

III.6.4 Entropy production

In Section I.2.6, we discussed the entropy produced in the TPM scheme,

Σtot
(
r[0,τ]

)
= log

(
p0

n
pτ

m

)
+ Πr(0,τ) , (III.6.31)

as well as the corresponding integral fluctuation theorem. In the following, we
show that the statistics of entropy production along single trajectories in the
mesoscopic-leads formalism also satisfy the integral fluctuation theorem, thereby
demonstrating thermodynamic consistency at the level of fluctuations.

To this end, we now show how to efficiently obtain the projection probabilities
p0

n and pτ
m, as well as the covariance matrix of the post-measurement state Cr(0)

following the first projective measurement.
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III.6.4.1 Efficient computation along trajectories

Probability for the forward trajectory to start in |sn⟩

We assume the initial state of the extended system, ρ̂(0), to be Gaussian. A con-
venient way to express such a state is in the form

ρ̂(0) =
e−c⃗†·M(0)·⃗c

Z(0)
, c⃗ = (ĉ1, ĉ2, . . . , ĉNS+L),

=
NS+L

∏
i=1

e−µ0
i d̂†

i d̂i

Zi(0)
,

(III.6.32)

where µ0
i are the eigenvalues of M(0), and Zi(0) = 1 + e−µ0

i . The 2NS+L eigenval-
ues of ρ̂(0) are

p0
n =

NS+L

∏
i=1

e−µ0
i si

n

Zi(0)
. (III.6.33)

Here, sn = s1
ns2

n . . . sNS+L
n is a binary string, with si

n ∈ {0, 1}. Further, µ0
i =(

U†M(0)U
)

ii, and U diagonalises the covariance matrix of the initial state C(0).
The 2NS+L eigenvectors of ρ̂(0) are given by

|sn⟩ =
NS+L

∏
i=1

(d̂†
i )

si
n |0⟩ . (III.6.34)

It is important to note that fermionic Fock states are Gaussian as they are con-
nected to the vacuum by a Gaussian unitary

|sn⟩ = Us |0⟩ , Us =
NS+L

∏
i=1

(
d̂†

i d̂i

)si
n

, (III.6.35)

and

d̂′j = Usd̂jU†
s =

±d̂j (sj
m = 0),

±d̂†
j (sj

m = 1),
(III.6.36)

where ± stands for a phase factor which is not relevant for whether state is Gaus-
sian or not. We then find

{
d̂′j, d̂′†k

}
= δjk, and so Us is Gaussian. The probability of

projecting ρ̂(0) onto its eigenstate |sn⟩ in the first projective measurement is given
p0

n.

Covariance matrix after the first projective measurement

Given the covariance matrix C(0), computed with respect to the ensemble-averaged
initial state ρ̂(0), we can diagonalise it to obtain the single-particle eigenmodes
of the extended system. This is done by finding the unitary matrix U0 that di-
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agonalises C(0), i.e. C(0) = U0ΛU†
0 , where Λ = diag(eigenvals(C(0))). Each

eigenvalue thus corresponds to the occupation probability of one of the eigen-
modes defined by U0. The covariance matrix Cr(0), evaluated with respect to the
eigenstate |sn⟩ of the initial density matrix ρ̂(0), can be constructed from the di-
agonal occupation matrix in the eigenmode basis as Cr(0) = U0nsnU†

0 , where the
elements of nsn are given by (nsn)ij = ⟨sn| d̂†

j d̂i |sn⟩.

The set of all such matrices {nsi} corresponds to the 2NS+L possible diagonal ma-
trices whose entries are binary strings of length NS + L, with each entry being
either 0 (unoccupied) or 1 (occupied). For example, for NS + L = 2, the set is
{nsi} = {diag(0, 0), diag(0, 1), diag(1, 0), diag(1, 1)}. This construction provides
an explicit way to obtain the covariance matrix of each possible initial eigenstate.

Probability to project into mth- eigenstate of ρ̂(τ)

Since the ensemble average final state of the extended system ρ̂(τ) is Gaussian, it
takes the form

ρ̂(τ) =
e−c⃗†·M(τ)·⃗c

Z(τ)
, c⃗ = (ĉ1, ĉ2, . . . , ĉNS+L),

=
NS+L

∏
i=1

e−µτ
i d̂†

i d̂i

Zi(τ)
,

(III.6.37)

where µτ
i are the eigenvalues of M(τ), and Zi(τ) = 1 + e−µτ

i . The eigenvalues of
ρ̂(τ) are

pτ
m =

NS+L

∏
i=1

e−µτ
i si

m

Zi(τ)
, (III.6.38)

and the eigenvectors of ρ̂(τ) are given by

|sm⟩ =
NS+L

∏
i=1

(d̂†
i )

si
m |0⟩ . (III.6.39)

Our aim is now to compute the probability of the final state of the trajectory ρ̂r(τ)

to be projected into the eigenstate |so
m⟩ (here in the original, operational basis) of

the ensemble average density matrix of the final state ρ̂(τ), with |so
m⟩ ⟨so

m| = Πτ
m,

prτ
m = Tr [ρ̂r(τ) |so

m⟩ ⟨so
m|] . (III.6.40)

Importantly, we are looking for a way to compute it given only the covariance
matrix C(τ) of the ensemble average of the final state ρ̂(τ) and the covariance
matrix Cr(τ) of the final state of the trajectory ρ̂r(τ).
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To this end, we first write ρ̂r(τ) in the eigenmode basis of ρ̂(τ)

ρ̂′r(τ) =
e−d⃗†·Q·d⃗

Y
, (III.6.41)

so that prτ
m = Tr [ρ̂′r(τ) |sm⟩ ⟨sm|].

Using the functional determinant formula [272, 273], which maps a many-body
expectation value onto a determinant in single-particle space, we find

prτ
m =

1
Y

det
[
1 − nsm + nsm e−Q

]
, (III.6.42)

where |sm⟩ = U |so
m⟩ and nsm = diag

(
{s1

m, . . . , sNS+L
m }

)
. The above expression

can be further simplified by expressing both Q and Y in terms of the covariance
matrix Cr′(τ), defined in the eigenbasis of C(τ). This representation helps to avoid
numerical instabilities that may arise from eigenvalues in the spectrum that are
close to 0 or 1. That is,

Q = log
[

1 − Cr′(τ)

Cr′(τ)

]
, Y = det

[
1

1 − Cr′(τ)

]
, (III.6.43)

so that

prτ
m = det

[
(1 − nsm)(1 − Cr′(τ)) + nsm Cr′(τ)

]
. (III.6.44)

Probability for the backward trajectory to start in |sm⟩

What remains to be determined is the probability for the reverse trajectory to
begin in the eigenstate |sm⟩ of the ensemble-averaged final state ρ̂(τ). This proba-
bility corresponds to the eigenvalue pτ

m of ρ̂(τ) associated with |sm⟩, as defined in
Eq. (III.6.38). It can therefore be computed using the same procedure outlined in
Section III.6.4.1.

III.6.4.2 Uncertainty and martingale entropy production

In Section I.2.6.4, we introduced the uncertainty and martingale entropy produc-
tion (see Eq. (I.2.85) and Eq. (I.2.83), respectively), which each fulfil an integral
fluctuation theorem [205]. To compute these quantities efficiently, we first note
that the entropy flux Πr(0,τ) (see Eq. (I.2.78)) can be evaluated directly from the
measurement record. Moreover, in Section III.6.4.1, we established that the projec-
tion probabilities p0

n and pτ
m can be expressed in terms of covariance matrices. In

the following, we show that the remaining contribution,

Sρ(τ) = − log(Tr[ρ̂r(τ) ρ̂(τ)]) , (III.6.45)



Fluctuations in the mesoscopic-leads approach 87

where ρ̂r(τ) denotes the state conditioned on the measurement record prior to the
second projective measurement and ρ̂(τ) the corresponding unconditional final
state, can likewise be computed solely in terms of covariance matrices. To this
end, note that for two Gaussian fermionic states ρ̂1 = e−c⃗†·M1 ·⃗c/Z1 and ρ̂2 =

e−c⃗†·M2 ·⃗c/Z2, using the Baker-Campbell-Hausdorff formula,

e−c⃗†·M1 ·⃗ce−c⃗†·M2 ·⃗c =− c⃗† · M1 · c⃗ − c⃗† · M2 · c⃗ − c⃗† · [M1, M2] · c⃗ + . . . .

One can then show that e−c⃗†·M1 ·⃗ce−c⃗†·M2 ·⃗c = e−c⃗†·χ·⃗c, with χ = log
(
eM1eM2

)
. Using

the relation
Tr
[
e−c⃗†·χ·⃗c

]
= det

[
1 + e−χ

]
, (III.6.46)

we find

Tr [ρ̂1ρ̂2] =
det

(
1 + e−M1e−M2

)
Z1Z2

, (III.6.47)

so that

Sρ(τ) = − log

det
(

1 + e−Mρ̂r(τ)e−Mρ̂(τ)

)
Zρ̂r(τ)Zρ̂(τ)

 . (III.6.48)

III.6.4.3 Integral fluctuation theorems for entropy production

To provide a proof of principle that the integral fluctuation theorems for the total,
martingale, and uncertainty entropy productions are correctly verified within our
mesoscopic-leads description, we consider the simple setup of a single quantum
dot, described by the Hamiltonian ĤS = ϵd̂†d̂, coupled to a fermionic reservoir
within the mesoscopic-leads formalism, as illustrated in Fig. III.6.2. For simplicity,
we assume the reservoir has a flat spectral density,

J(ω) =


Γ, ω ∈ [−ωmax, ωmax] ,

0, otherwise,
(III.6.49)

where Γ denotes the coupling strength between the quantum dot and the reser-
voir, and ωmax is a hard cutoff. The lead-mode energies {ϵk}, the couplings {κk}
between the dot and the lead modes, and the damping rates {γk} of the resid-
ual reservoirs are chosen following the procedure in Chapter III.5, with {ϵk} ob-
tained via linear discretization. Trajectories are generated using the TPM scheme,
performing projective measurements in the eigenbasis of the extended system’s
steady state at both the start and end of each trajectory, as described in Sec-
tion III.6.4.
We find that the integral fluctuation theorems for Σtot(r[0,τ]), Σunc(r[0,τ]), and
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Figure III.6.2: Left: Schematic of a single dot coupled to a fermionic reservoir in the
mesoscopic-leads formalism. Right: Verification of the integral fluctuation theorem in the
TPM scheme for the total entropy production (black), the uncertainty entropy production
(blue) and the martingale entropy production (red) in the steady state. The insets show
the distribution of Σtot (left) and Σunc (right). The estimated probability densities P(Σtot)
and P(Σunc), respectively, are obtained by dividing the number of counts over the total
number of trajectories. Parameters: L = 10, up to 30000 trajectories, ωmax = 1, ϵ = ωmax/4,
Γ = ωmax/8, T = ωmax, µ = ωmax/16, Γτ = 50. Both figures are adapted from Ref. [52].

Σmart(r[0,τ]) are each individually satisfied for their respective distributions af-

ter the second projective measurement. Specifically, the functionals
〈

e−Σtot(r[0,τ])
〉

r
,〈

e−Σunc(r[0,τ])
〉

r
, and

〈
e−Σmart(r[0,τ])

〉
r

all converge to 1 as the number of trajectories
in the simulations increases, as shown in Fig. III.6.2. Notably, convergence for
the uncertainty entropy production Σunc is achieved most rapidly, consistent with
the findings in [190]. For all cases, approximate convergence occurs after about
100 trajectories, which aligns with the typical scale required for the unconditional
density operator in standard quantum trajectory simulations. However, full con-
vergence of Σtot and Σmart demands roughly two orders of magnitude more trajec-
tories, reflecting the need to adequately sample the tails of the distributions when
probing such detailed statistical properties of the reservoir. By verifying the fluc-
tuation theorems for entropy production, we have confirmed the thermodynamic
consistency of the mesoscopic-leads approach at the stochastic level, represent-
ing a central result of this Part. Importantly, our framework inherently accounts
for measurement conditioning along individual trajectories, enabling an analysis
of how entropy production decomposes into contributions from uncertainty and
martingale terms. The inset of Fig. III.6.2 displays the estimated distributions of
the total and uncertainty entropy production, P(Σtot) and P(Σunc), respectively.
The distribution of the total entropy production closely resembles a shifted Gaus-
sian with a positive mean, consistent with the second law. In contrast, the un-
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Figure III.6.3: a) Driving protocol of both site energy ϵ(t) and coupling strength Γ(t):
the equilibration period (outside the grey shaded region) allows equilibration of the lead
modes with respect to their residual reservoirs. b) Time evolution of the dissipated heat
from the system (blue) and the extended system (red) during the execution of the driving
protocol and equilibration time. As we allow for equilibration of the lead modes to their
residual reservoirs after uncoupling from the system site, they agree. The grey line indi-
cates Landauer’s bound. The inset shows the time evolution of the fidelity to the target
state. Adapted from Ref. [52].

certainty entropy production exhibits a prominent peak near zero, accompanied
by smaller secondary peaks on either side. We stress that the capacity to directly
sample and visualise such detailed features of the distributions constitutes a major
advantage of our approach.

We briefly comment on why entropy production along individual trajectories re-
mains nonzero, and why its average does not vanish, even in this example of an
equilibrium process without external driving. This behaviour stems from the def-
inition of the total entropy production (see Eq. (I.2.77)) under a local GKSL master
equation, where transitions induced by the baths do not necessarily connect eigen-
states of the system. As a result, the relative surprisal of measurement outcomes,
log
(

p0
n/pτ

m
)
, cannot be unambiguously associated with a specific heat exchange,

unlike in a global GKSL treatment. Consequently, even in equilibrium, the total
entropy flux exhibits a nontrivial distribution. The nonzero mean arises from the
exclusion of the measurement energy (see Eq. (III.6.25)) in Eq. (I.2.77). Including
this term would, however, violate the integral fluctuation theorem (I.2.79) [190].
That the average measurement energy (III.6.30) is nonzero is a known subtlety of
the mesoscopic-leads approach, discussed previously in Refs. [50, 144, 249]. Im-
portantly, this discrepancy diminishes as the number of lead modes increases. A
more detailed discussion of this aspect is provided in Ref. [52].

III.6.5 Heat statistics in fast information erasure

Having established the thermodynamic consistency of our framework, we now
turn to a concrete application: investigating heat fluctuations during finite-time
information erasure. According to Landauer’s principle, there is a fundamental
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Figure III.6.4: The mean a) and variance b) of the distribution of dissipated heat during
the information erasure protocol both decrease as a function of the protocol duration. The
full grey line in a) indicates the Landauer bound. The black dots represent data derived
from the distribution of dissipated heat obtained through trajectory sampling. In contrast,
the dashed line plot illustrates the results obtained when considering the unconditional
evolution of the system subject to the erasure protocol. The inset shows the quantum
fidelity to the target state as a function of the driving duration. c) Trajectory-sampling
of the distribution of dissipated heat (blue) reveals non-Gaussian statistics, even at slow-
driving conditions with Γmaxτ = 100. The red vertical lines show the dissipated heat along
the individual trajectories. The distribution’s mean is represented by the black dashed
line, while the Landauer bound is indicated by the solid line. We observe large deviations
from the mean, highlighted by the markedly different scales in a) and c). Parameters:
40000 trajectories, L = 20, ωmax = 1, T = ωmax/10, µ = −0.8ωmax, ϵmax = 0.8ωmax,
Γmax = ϵmax/π, Γmaxτeq = 30. Adapted from Ref. [52].

lower bound on the heat cost of erasing a single bit of information:

−∆Q ≥ T log(2), (III.6.50)

where −∆Q denotes the heat dissipated into the environment over the course
of the erasure. This bound is only reached in the idealised limit of a reversible,
isothermal process, which requires an infinite duration. In realistic finite-time pro-
tocols, additional thermodynamic contributions arise. Recent works have quan-
tified these corrections [274–278], but predominantly in regimes of weak system-
bath coupling or slow driving. Our mesoscopic-leads approach allows us to ex-
plore these finite-time effects beyond such limitations, providing access to the full
statistics of heat exchange. Specifically, we employ our method to investigate
how the speed of driving affects heat fluctuations during information erasure un-
der strong system-bath coupling. We encode a single bit of information in the
occupation of a fermionic mode (the “bit mode”) and erase it by varying its time-
dependent Hamiltonian, HS(t) = ϵ(t)d̂†d̂, while the system remains coupled to
a heat bath at temperature T and chemical potential µ. We model this thermal
reservoir as a mesoscopic lead coupled to residual reservoirs (see Chapter III.5).
Initially, the bit mode and the lead modes are uncorrelated. The bit mode starts
with an occupation of 1

2 , while the lead modes are populated according to the
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Fermi-Dirac distribution f (ϵ, T, µ). The goal of the protocol is to drive the bit
mode into the target state with zero occupation, while restoring the lead modes
to their original Fermi-Dirac populations, again uncorrelated with the bit mode.
Achieving this corresponds to the successful erasure of a single bit of information.
Accordingly, an external drive is applied, so that the energy of the mode changes
as

ϵ(t) = µ + (ϵτ − µ)

(
t
τ
− sin(2πt/τ)

2π

)
, (III.6.51)

where ϵτ denotes the energy splitting of the bit mode at the final time. The overall
coupling Γ also varies with time as

Γ(t) =
ϵτ

π
sin2

(
π

t
τ

)
. (III.6.52)

Here, we again assume a flat spectral density

J (ωk) =

Γ(t) ωk ∈ [−ωmax, ωmax] ,

0 otherwise,
(III.6.53)

where ωmax is a hard cut-off. As before, we linearly discretise the reservoir into
L energy modes so that ∆ω = ωk+1 − ωk = 2ωmax/L and choose the damping
rate γk = ∆ω. The coupling strength between the bit mode and the k-th lead

modes follows κk(t) =
√

Γ(t)∆ω
2π . Once the driving protocol concludes, the lead

modes are allowed to relax for an additional equilibration time τeq. This step
ensures that the erasure process constitutes a full cycle, returning the lead modes
to their initial state, where they remain uncorrelated and populated according
to the Fermi-Dirac distribution f (ϵ, T, µ). Moreover, it guarantees that the total
average heat transferred from the extended system to the residual reservoirs,

∆Qr(t, 0) = ∆Er(t, 0)− µ ∆Nr(t, 0), (III.6.54)

coincides with the total average heat exchanged between the charge bit and the
lead modes,

∆Qr
S(t, 0) =

∫ t

0
dt′
[

JE(t′)− µJN(t′)
]

, (III.6.55)

as illustrated in Fig. III.6.3 b). Here, the mesoscopic-leads formalism defines the
internal average particle and energy currents exchanged between the system and
lead α as [144]

JN
α (t) = i ⟨[NLα , HSLα ]⟩ , JE

α (t) = i ⟨[HLα , HSLα ]⟩+ Tr
[

HSLα
Lα[ρ]

]
, (III.6.56)
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where NLα = ∑lα
k=1 a†

α,kaα,k, and the total currents are given by JE(t) = ∑NR
α=1 JE

α (t)
and JN(t) = ∑NR

α=1 JN
α (t). We find that the average heat dissipated during the pro-

tocol approaches Landauer’s limit as the driving speed is decreased, in agreement
with theoretical expectations (see Fig. III.6.4 a)). Further, the quantum fidelity to
the target state, which for fermionic Gaussian states is given by [249, 279]

F(ρ̂1||ρ̂2) = Tr
[√

ρ̂1ρ̂2

]
=

det
(

I +
√

e−M1e−M2

)
√

Z1Z2
, (III.6.57)

approaches unity, as shown in the inset of Fig. III.6.4 a). Although fluctuations
of the internal particle current in mesoscopic leads can be computed using full
counting statistics [248], an analogous treatment for the external energy and heat
currents is not yet established. In our approach, we access the distribution of
dissipated heat through direct sampling and observe that, as the protocol dura-
tion τ increases, the variance of the dissipated heat decreases, as illustrated in
Fig. III.6.4b). Fig. III.6.4c) presents a histogram of the heat distribution obtained
from trajectory sampling, revealing pronounced non-Gaussian features even for
slow-driving protocols. Previous studies in the weak-coupling regime have shown
that non-Gaussian heat statistics emerge during slow information erasure when-
ever quantum coherence is generated along the protocol [274, 276]. In our setup,
strong system-bath coupling naturally induces coherence. However, unlike the
weak-coupling case, we observe a negatively skewed heat distribution. Moreover,
rare trajectories exhibit extremely large heat flow into the system, while the major-
ity comply with the expectation of heat dissipation into the bath, consistent with
the bound (III.6.50). But because our bath model fundamentally differs from that
in Ref. [274], exact agreement is not anticipated. More importantly, Fig. III.6.4c)
highlights the novel and nontrivial features of heat fluctuations that may arise
under strong system-bath coupling. We further note that the heat distribution
shown in Fig. III.6.4c) displays fine structure arising from the discrete spectrum of
the lead. Such features can be smoothed out either by increasing the number of
lead modes or by employing coarser histogram binning. Consequently, the num-
ber of lead modes effectively sets the fundamental energy resolution achievable
within our approach.

III.6.6 Conclusion

In this chapter, we have presented a trajectory-level framework for the quantum
stochastic thermodynamics of fermionic systems coupled to thermal reservoirs.
Our approach accounts for non-Markovian effects, accommodates strong system-
environment coupling, and remains valid under arbitrary driving [52].
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Within the mesoscopic-leads approach, we derived thermodynamically consistent
analytic expressions for the particle, energy, and entropic currents exchanged be-
tween the extended system and its residual reservoirs, formulated directly at the
trajectory level. Importantly, these external currents are the natural theoretical
counterparts of reservoir currents measured in mesoscopic transport experiments.
In particular in the strong-coupling regime, where the distinction between internal
and external exchanges becomes blurred, our framework ensures that the exper-
imentally measurable integrated currents, e.g., those detected by a standard am-
meter, can be directly compared with theoretically computed stochastic currents,
without requiring the identification or resolution of individual mesoscopic leads
or residual reservoirs. In addition, we verified the thermodynamic consistency
of the formalism by showing that several key fluctuation relations hold: integral
fluctuation theorems for total, uncertainty, and martingale entropy production are
satisfied. To illustrate the approach, we applied it to finite-time information era-
sure in a charge qubit, and sampled the heat statistics as a function of the driving
speed. This captured non-Gaussian statistics of dissipated heat, even in the slow-
driving regime. Because our method accesses individual quantum trajectories, it
naturally reveals features beyond conventional cumulant-based analyses, includ-
ing the microscopic mechanisms underlying rare fluctuations [274]. A further
strength of our approach is computational efficiency. Because the mesoscopic-
leads method requires only the covariance matrix of the extended system (for
quadratic Hamiltonians), stochastic trajectories for fermionic currents can be gen-
erated at low numerical cost. The general expressions for stochastic currents de-
rived here, however, are not restricted to non-interacting systems: they can in
principle be combined with tensor-network methods to address interacting prob-
lems [50]. Although sampling eigenvalues of many-body density operators is chal-
lenging in tensor-network representations (and was only needed here to evaluate
entropy production statistics), trajectory sampling of charge and energy currents
involves only local operations and is therefore compatible with tensor-network
algorithms. Although we focused on reservoirs with flat spectral densities for
clarity, the method naturally extends to structured environments with non-trivial
spectra.
Finally, the framework we developed opens a path toward applying the full tool-
box of continuous quantum measurement and feedback control in thermodynam-
ically consistent settings at the mesoscopic scale.
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Chapter IV.7

Temporal distinguishability and thermodynamic cost

This chapter is based on Refs. [10, 69, 71, 78, 70, 124, 280].

In this thesis, we explore the fundamental relationship between the information
geometry of quantum state spaces and thermodynamics from two complemen-
tary perspectives. First, we consider far-from-equilibrium dynamics and nonsta-
tionary states. In this regime, the system’s entropy dynamics are shown to be
intimately linked to information-geometric notions of temporal distinguishabil-
ity (see Chapter IV.8) Second, we study slowly driven transformations between
NESSs. Here, the thermodynamic cost of externally controlled driving can be ex-
pressed as the path action associated with the so-called thermodynamic metric
(see Section IV.7.5). In Chapter V.10, we use this framework to reveal dynamical
universality in DQPTs.
These geometric connections naturally emerge when one focuses on two special
manifolds in state space1. The first manifold comprises states uniquely parame-
terised by time, obtained by evolving a fixed initial state under a given Liouvillian
generator. The second consists of NESSs associated with a family of Liouvillian
generators that depend on external control parameters, with each NESS uniquely
determined by the chosen parameters. Both manifolds are equipped with a met-
ric given by, or directly related to, the (quantum) Fisher information metric [281],
which quantifies how sensitively a (quantum) state responds to infinitesimal pa-
rameter variations.
To build intuition, we first examine the relation between temporal Fisher infor-
mation and dynamics before turning to its connection with thermodynamics: we
show that the temporal Fisher information of a time-evolving state provides an

1These may consist of probability distributions in classical settings or density matrices in the
quantum case.
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intrinsic measure of the system’s speed of evolution. We develop this intuition
from two complementary viewpoints: one based on the celebrated Cramér-Rao
bound2 [282, 283], and the other rooted in a geometric interpretation [64].

We consider a system that can occupy a finite set of M discrete configurations
{xi}M

i=1. Its dynamics are described by the time-dependent probabilities pxi(t) of
being in configuration xi, collected in the probability vector, the state,

p⃗(t) =
(

px1(t), px2(t), . . . , pxM(t)
)T, (IV.7.1)

which evolves, for example, either due to external driving or as a result of relax-
ation from an initial nonstationary state. In many situations, our interest lies in
configuration-dependent observables O(xi) and their ensemble averages,

⟨O⟩t =
M

∑
i=1

O(xi) pxi(t), (IV.7.2)

as well as in their fluctuations, ⟨∆O2⟩t = ⟨O2⟩t −⟨O⟩2
t . The Cramér-Rao bound [282,

283] connects these two: if time t is treated as the parameter and ⟨O⟩t is used as a
biased estimator of t, it takes the form

|∂t⟨O⟩t| ≤
√
⟨∆O2⟩t vF(t), (IV.7.3)

where vF(t) =
√

F(t) and

F(t) =
M

∑
i=1

(
∂t pxi(t)

)2

pxi(t)
(IV.7.4)

is the Fisher information with respect to the time parameter. We refer to this
quantity as the temporal Fisher information. It measures how sensitively a state
responds to infinitesimal changes in time, thereby quantifying the rate at which
the state evolves under a given dynamical process. Importantly, while the inequal-
ity in Eq. (IV.7.3) holds for any observable O, the quantity vF(t) depends only on
the underlying dynamics. The Fisher information therefore defines an intrinsic
speed of evolution: a fundamental upper bound on how rapidly any observable
can change, measured relative to its typical fluctuations. This interpretation was
first brought forward by Ito and Dechant in 2020 [64] and forms part of a broader

2The Cramér-Rao bound commonly arises in discussions of parameter estimation based on
measurement outcomes. When measurements are performed, different outcomes occur according
to a probability distribution that depends on an unknown parameter. Metrology concerns both
the sampling of this distribution and the construction of an estimator for the parameter from
the observed data. The Cramér-Rao bound states that the variance of any unbiased estimator is
bounded from below by the inverse of the Fisher information associated with the measurement
statistics.
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line of research exploring the interplay between dynamical evolution and infor-
mation geometry, see, e.g., Refs. [284–286].

We now turn to the geometric viewpoint. By Čencov’s theorem, the Fisher in-
formation endows the space of probability distributions with a unique (up to a
constant factor) monotone Riemannian metric3 [287, 288], from which one can
define an infinitesimal line element

ds = 1
2

√
F(t)dt. (IV.7.5)

In this form, the analogy with the familiar relation, distance = speed × time, be-
comes explicit: the square root of the Fisher information with respect to time plays
the role of an instantaneous speed in probability space. Having now identified a
line element, the statistical distance between two states follows as the integral of
ds along the path connecting them.

We now move beyond treating time itself as the relevant parameter and instead
consider an externally controlled, time-dependent parameter4. Specifically, we
consider a state p⃗(t) = p⃗(θ(t)), where the parameter θ varies smoothly in time.
Then, ∂t p⃗(t) = θ̇ ∂θ p⃗(θ), and correspondingly, F(t) = θ̇2F(θ), where F(θ) denotes
the Fisher information of the state p⃗(θ) with respect to the parameter θ. In this
formulation, all explicit time dependence enters solely through the parameter ve-
locity θ̇, and the Fisher information F(θ) defines a monotone Riemannian metric
on the space of states parameterised by θ. States exhibiting this type of para-
metric dependence arise as unique stationary states of parameterised dynamical
generators, such as Liouvillian superoperators or classical Pauli rate matrices.

The remainder of this chapter introduces the Fisher information in a systematic
manner. We begin by reviewing the Fisher information in classical systems (see
Section IV.7.1), before extending the discussion to the quantum setting (see Sec-
tion IV.7.2) and highlighting the key conceptual differences. We then examine
important key connections between thermodynamics and information geome-
try. First, we discuss the link between temporal Fisher information and classi-
cal stochastic thermodynamics (see Section IV.7.3), which underpins the results
presented in Chapter IV.8. We then highlight, in Section IV.7.4, the connections
between the (Q)FI, fluctuations, and response functions, linking information ge-
ometry to the first theme of this thesis. Finally, we explore the relation between
information geometry and thermodynamic geometry (see Section IV.7.5), provid-

3A metric gp is called monotone if it contracts under any stochastic map Φ, i.e., gΦ(p) ≤ gp
for all states p. A Riemannian metric is a smoothly varying inner product gp : Tp M × Tp M → R

on the tangent space at each point p, satisfying bilinearity, symmetry, and positive definiteness
gp(X, X) > 0 for all X ̸= 0. This contractivity ensures that the resulting notion of distance is
compatible with the data-processing inequality.

4For simplicity, we restrict to the case in which only a single parameter is varied. The general-
ization to the multiparameter case, however, is straightforward.
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ing the conceptual foundation for some of the results developed in Chapter V.10.

IV.7.1 Fisher information metric

In classical information geometry, we regard probability distributions as points
on a statistical manifold. We access the geometry of this manifold through the
Fisher information metric, the unique monotone Riemannian metric on the space
of probability distributions [287, 288]. To describe the evolution of a classical
system in probabilistic terms, consider a set of N discrete states X. The state of
the system at time t is given by the probability vector p⃗(t) ∈ RN, with components
( p⃗(t))x = px(t), with x ∈ X, where px(t) is the probability to be in configuration x
at time t. As the system evolves over a time interval of duration τ, it traces a path
through the space of all possible states. Suppose now that the evolution of the
system is governed by a finite set of externally controlled parameters, denoted by
θ⃗(t) = (θ1(t), . . . , θM(t))T. The family of probability distributions parameterised
by these controls defines a statistical manifold, Θ =

{
p⃗(⃗θ) : θ⃗ ∈ RM}, whose

coordinates are given by the control parameters θ⃗. We quantify distances on this
manifold through the Fisher information metric [281, 289, 282, 290]

mij (⃗θ) = ∑
x

px (⃗θ)
∂ log px (⃗θ)

∂θi

∂ log px (⃗θ)

∂θj
, (IV.7.6)

which measures the infinitesimal statistical distinguishability between neighbour-
ing distributions, and gives rise to the line element via ds2 = 1

4 ∑i,j mij (⃗θ)dθi dθj.
To further build intuition before we extend this framework to quantum settings,
it is useful to introduce the score function, associated with the parameter θi,

Si,x (⃗θ) =
∂

∂θi
log px (⃗θ). (IV.7.7)

The score quantifies how sensitively the log-likelihood changes under an infinites-
imal variation of the parameter θi, and thus captures the direction in which the
probability distribution deforms when θi is perturbed. Then, the Fisher infor-
mation matrix takes the form mij (⃗θ) = ∑x px (⃗θ) Si,x (⃗θ) Sj,x (⃗θ), revealing it as the
covariance matrix of the scores. Alternatively, we may identify the Fisher infor-
mation as a probability-weighted inner product on the tangent space, defined by
⟨ f , g⟩ p⃗ = ∑x px (⃗θ) f (x) g(x), so that the metric tensor elements take the compact
form

mij (⃗θ) = ⟨S⃗i, S⃗j⟩ p⃗ . (IV.7.8)

The line element ds2 is thus determined by the inner-product structure induced
by the distribution itself. The statistical distance accumulated along a path γ,
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parameterised by t, is given by

L[γ] =
∫

γ
ds =

1
2

∫ τ

0

√√√√∑
i,j

mij (⃗θ(t))
dθi

dt
dθj

dt
dt. (IV.7.9)

Further, the geometric path action is given by

S [γ] =
∫

γ
ds2 =

1
4

∫ τ

0
∑
i,j

mij (⃗θ(t))
dθi

dt
dθj

dt
dt. (IV.7.10)

Note that here, the metric mij plays the role of a mass tensor, while the derivatives
θ̇i = dθi/dt act as velocities in parameter space, so that S formally resembles
the kinetic energy integrated along the path. Further, we introduce the statistical
divergence along the path:

J [γ] = τS [γ]. (IV.7.11)

To relate these quantities, we apply the standard Cauchy-Schwarz inequality for
integrals5, and find the bound

J [γ] = τS [γ] ≥ L2[γ]. (IV.7.12)

Equality is achieved if and only if the “velocity”, i.e. ∑i,j mij (⃗θ(t)) θ̇i θ̇j, is constant
along the path, corresponding to a geodesic in the metric mij. This geodesic path,
the path of shortest length, satisfies the standard geodesic equation

d2θi

dt2 + ∑
j,k

Γi
jk

dθj

dt
dθk
dt

= 0, (IV.7.13)

where Γi
jk are the Christoffel symbols associated with the metric mij.

For two probability distributions, represented by the vectors p⃗ = {pi} and q⃗ =

{qi}, the geodesic distance between them can be written in closed form as

Lgeo( p⃗, q⃗) = arccos

(
∑

i

√
piqi

)
, (IV.7.14)

where the sum inside the arccos is known as the Bhattacharyya coefficient or
classical fidelity.

5The standard Cauchy-Schwarz inequality for integrals implies that for any square-integrable
function f (t) ≥ 0,

(∫ τ
0 f (t)dt

)2 ≤ τ
∫ τ

0 f (t)2 dt.
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Classical Quantum

State p⃗(⃗θ) ρ̂(⃗θ)

Tangent vector ∂i p⃗ ∂i ρ̂

Logarithmic representation S⃗i = ∂i ln p⃗ L̂i defined by ∂i ρ̂ = Jρ̂(L̂i)

Relation between representations ∂i p⃗ = p⃗ ◦ S⃗i ∂i ρ̂ = Jρ̂(L̂i)

Metric mij = ∑x
∂i px ∂j px

px
gij = Tr

[
∂i ρ̂ J−1

ρ̂ (∂jρ̂)
]

Metric (logarithmic form) mij = ⟨S⃗i, S⃗j⟩ p⃗ gij =
〈

L̂i, L̂j
〉

ρ̂

Table IV.7.1: Overview of the classical-quantum analogy in information geometry.

IV.7.2 Quantum Fisher information metric

In classical statistics, the Fisher information is the unique Riemannian metric on
the space of probability distributions that is contractive under stochastic maps.
In the quantum setting, however, the state space we consider consists of density
matrices, and the notion of stochastic maps is replaced by CPTP maps. Crucially,
the classical uniqueness of the Fisher information no longer holds: instead, there
exists an infinite family of inequivalent Riemannian metrics that remain monotone
under CPTP maps.

To lift the Fisher information metric to the quantum realm, a natural starting
point is to endow the tangent space at a quantum state ρ̂ = ρ̂(⃗θ) with a state-
dependent inner product, in analogy with the probability-weighted inner product
in the classical setting (IV.7.8). Tangent vectors at ρ̂ are represented by traceless,
Hermitian operators, corresponding to infinitesimal variations of the density ma-
trix, i.e. {∂iρ̂}. We introduce a family of bilinear forms parameterised by a linear,
positive superoperator Jρ̂, defined as

⟨Â, B̂⟩ρ̂ = Tr
[
Â Jρ̂(B̂)

]
. (IV.7.15)

Here, Â and B̂ (as well as X̂ and Ŷ below) denote arbitrary elements of the tangent
space at ρ̂, i.e. traceless, Hermitian operators representing infinitesimal variations
of the density matrix. Provided that Jρ̂ is invertible on the tangent space, this
bilinear form induces a Riemannian metric on the manifold of density matrices.
In terms of the inverse superoperator J−1

ρ̂ , the metric reads

gρ̂(X̂, Ŷ) = Tr
[
X̂ J−1

ρ̂ (Ŷ)
]
. (IV.7.16)

Not every choice of Jρ̂ leads to a physically meaningful metric. In particular, we
demand that the metric be monotone under CPTP maps, meaning that statistical
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distinguishability between nearby quantum states cannot increase under physical
processes. Remarkably, this requirement completely characterises the admissible
metrics. Petz’s theorem states that a Riemannian metric is monotone if and only
if the associated superoperator Jρ̂ can be expressed in terms of left and right mul-
tiplication by the density matrix,

Jρ̂ = m f (Lρ̂, Rρ̂), (IV.7.17)

where the superoperators Lρ̂(Â) = ρ̂ Â and Rρ̂(Â) = Â ρ̂ act by left and right mul-
tiplication, respectively [291]. This family of metrics has no classical analogue and
arises precisely because, in the quantum setting, the state ρ̂ and its infinitesimal
variations ∂iρ̂ need not commute. The generalised mean m f (x, y) is defined as

m f (x, y) = x f (x−1y) . (IV.7.18)

The so-called Morozova-Čencov (MC) function f must satisfy three conditions:
it must be operator monotone, self-inversive, f (x) = x f (1/x), and normalised,
f (1) = 1. These properties ensure natural properties of the mean m f (x, y), e.g. its
symmetry m f (x, y) = m f (y, x), as well as m f (x, x) = x. Each admissible choice of
f therefore defines a distinct monotone Riemannian metric on the quantum state
space [291, 292].

With these ingredients in place, for a family of states ρ̂(⃗θ) depending smoothly on
parameters θ⃗ = (θ1, . . . , θn), the quantum Fisher information (QFI) metric tensor
associated with a given MC function f takes the form

g( f )
ij = g( f )(∂iρ̂, ∂jρ̂) = Tr

[
∂iρ̂ m−1

f (Lρ̂, Rρ̂)
(
∂jρ̂
)]

. (IV.7.19)

We now introduce the quantum analogues of the score function, the so-called
logarithmic derivatives L̂( f )

i , which are implicitly defined by

∂iρ̂ = Jρ̂(L̂( f )
i ), (IV.7.20)

and allow us to express the metric elements as

g( f )
ij = Tr

[
Jρ̂(L̂( f )

i ) L̂( f )
j
]
= Tr

[
∂iρ̂ L̂( f )

j
]
=
〈

L̂( f )
i , L̂( f )

j

〉
ρ̂

, (IV.7.21)

which mirrors the classical expression in (IV.7.8). From the line element,

ds2
f =

1
4 ∑

i,j
g( f )

ij (⃗θ)dθi dθj, (IV.7.22)

one can define the statistical length of a smooth path γ connecting two states ρ̂
θ⃗(0)
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and ρ̂
θ⃗(τ),

L f [γ] =
∫

γ
ds f =

1
2

∫ τ

0

√√√√∑
i,j

g( f )
ij (⃗θ(t))

dθi

dt
dθj

dt
dt. (IV.7.23)

The corresponding geometric action can be written as

S f [γ] =
∫

γ
ds2

f =
1
4

∫ τ

0
∑
i,j

g( f )
ij (⃗θ(t))

dθi

dt
dθj

dt
dt, (IV.7.24)

and the statistical divergence is given by

J f [γ] = τS f [γ]. (IV.7.25)

Analogously to the classical case,

J f [γ] = τS f [γ] ≥ L2
f [γ], (IV.7.26)

and geodesic paths can be obtained as the solution to the geodesic equation
(IV.7.13), where we replace the Christoffel symbols with those associated with
the metric g( f )

ij . Although determining the explicit protocol for traversing the
quantum state space along a geodesic path is generally challenging, in some cases
closed-form expressions for the geodesic length exist. Specifically, when using
either the symmetric-logarithmic derivative (SLD, fSLD(x) = (1 + x)/2) [293], or
the Wigner-Yanase (WY, fWY(x) =

(
(1 +

√
x)/2

)2) [294], QFI metrics, the geodesic
distance between two density matrices ρ̂1 and ρ̂2 can be expressed as

L(SLD)
geo = arccos

√
F(ρ̂1, ρ̂2), L(WY)

geo = arccos A(ρ̂1, ρ̂2), (IV.7.27)

where

F(ρ̂1, ρ̂2) = Tr
[√√

ρ̂1ρ̂2
√

ρ̂1

]2

(IV.7.28)

is the Uhlmann fidelity, and

A(ρ̂1, ρ̂2) = Tr
[√

ρ̂1
√

ρ̂2

]
(IV.7.29)

is known as the quantum affinity. Among the infinite family of QFI, the SLD QFI
takes the smallest value, whereas the harmonic mean (HM) QFI, fHM = 2x/(x +

1), takes the largest. Another important member of the QFI family is the Kubo-
Mori-Bogoliubov (KMB) QFI metric. It corresponds to choosing fKMB(x) = (x −
1)/ log x, which translates to the superoperator

J(KMB)
ρ̂ (Â) =

∫ 1

0
ρ̂s Â ρ̂1−s ds, (IV.7.30)
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which in turn defines the KMB inner product. The corresponding metric takes the
form6

g(KMB)
ij =

∫ 1

0
Tr
[
ρ̂s L̂(KMB)

i ρ̂1−s L̂(KMB)
j

]
ds, (IV.7.31)

and the KMB-logarithmic derivative is given by L̂(KMB)
i = ∂i log ρ̂. This metric is

distinguished by its thermodynamic significance, which emerges in the study of
entropy production due to its relation to the relative entropy (see Eq. (I.2.28)).

We take a closer look at this connection now. For simplicity we assume that the
state depends only on a single parameter. The quantum relative entropy between
the two density matrices ρ̂(θ) and ρ̂(θ + dθ) is given by

D
(
ρ̂(θ) ∥ ρ̂(θ + dθ)

)
= Tr

[
ρ̂(θ)

(
log ρ̂(θ)− log ρ̂(θ + dθ)

)]
. (IV.7.32)

We expand this expression to second order in dθ. For notational convenience, we
denote ρ̂ = ρ̂(θ). Using a Taylor expansion of log ρ̂(θ + dθ) about ρ̂,

log
(
ρ̂(θ + dθ)

)
= log ρ̂ + ∂θ log ρ̂ dθ + 1

2 ∂2
θ log ρ̂ dθ2 + O(dθ3), (IV.7.33)

we obtain

D
(
ρ̂(θ) ∥ ρ̂(θ + dθ)

)
= −Tr

[
ρ̂ ∂θ log ρ̂

]
dθ − 1

2 Tr
[
ρ̂ ∂θ∂θ log ρ̂

]
dθ2 + O(dθ3).

(IV.7.34)
The linear term vanishes because Tr[ρ̂ ∂θ log ρ̂] = ∂θTr[ρ̂] = 0, so the leading non-
trivial contribution is quadratic, given by

D
(
ρ̂(θ) ∥ ρ̂(θ + dθ)

)
= −1

2 Tr
[
ρ̂ ∂θ∂θ log ρ̂

]
dθ2 + O(dθ3). (IV.7.35)

We note that

Tr
[
ρ̂∂2

θ log ρ̂
]
= ∂θTr [ρ̂∂θ log ρ̂]− Tr [∂θ ρ̂∂θ log ρ̂] = −Tr

[
∂θ ρ̂L̂(KMB)

θ

]
. (IV.7.36)

We identify g(KMB)
θ = Tr

[
∂θ ρ̂L̂(KMB)

θ

]
, and D

(
ρ̂∥ρ̂ + dρ̂

)
= 1

2 g(KMB)
θ dθ2 + O(dθ3),

thereby establishing the KMB QFI’s natural connection to entropy production.

Coming back to the general form of the metric (IV.7.19), we now show that it can
always be split into an incoherent (classical-like) and a coherent (quantum) contri-
bution. To this end, we express the density matrix in its instantaneous eigenbasis.
Let ρ̂ = ∑x px |x⟩⟨x| be the spectral decomposition of ρ̂, with px > 0 (full-rank). In
this basis, an arbitrary tangent vector ∂iρ has matrix elements (∂iρ̂)xy = ⟨x|∂iρ̂|y⟩.

6Here, we use the Duhamel (or Fréchet) derivative formula for the logarithm of an operator:
dρ̂ =

∫ 1
0 ds ρ̂s(d log ρ̂)ρ̂1−s. It is valid for full-rank density matrices ρ̂ and expresses the differential

dρ̂ in terms of the differential of log ρ̂ [295].
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In the eigenbasis of ρ̂, the action of m−1
f (Lρ̂, Rρ̂) becomes

⟨x|m−1
f (Lρ̂, Rρ̂)(∂iρ̂)|y⟩ = m−1

f (px, py) (∂iρ̂)xy , (IV.7.37)

so that the metric takes the form

g( f )
ij = ∑

xy
m−1

f (px, py) (∂iρ̂)xy (∂jρ̂)yx . (IV.7.38)

This expression splits into two contributions7. The first is a classical-like (inco-
herent) part obtained from the diagonal terms. Since m−1

f (px, px) = 1/px for all
operator monotone functions f , this reproduces the classical Fisher information of
the eigenvalues {px}:

g( f ),ic
ij = ∑

x

(∂i px)(∂j px)

px
. (IV.7.39)

The second is a quantum-like (coherent) part obtained from the off-diagonal terms

g( f ),c
ij = ∑

x ̸=y
m−1

f (px, py) (∂iρ̂)xy(∂jρ̂)yx. (IV.7.40)

This part encodes the contribution to the QFI arising from the variation of the
eigenvectors of ρ̂. Thus, any QFI metric, may be split accordingly

g( f )
ij = g( f ),ic

ij + g( f ),c
ij . (IV.7.41)

This decomposition highlights the two distinct sources of distinguishability in
quantum systems: changes in populations (diagonal) and changes in coherences
(off-diagonal), which are absent in classical probability distributions.
If the parameter is chosen to be time, the decomposition of the QFI metric into
incoherent and coherent contributions acquires an interesting physical interpre-
tation. In such a scenario, any smooth evolution of the density matrix can be
thought of as arising from a combination of two distinct processes: (i) changes
in the eigenvalues of the state, corresponding to population dynamics typically
associated with dissipative processes, and (ii) rotations of the eigenvectors, corre-
sponding to coherent, unitary dynamics.
Mathematically, any smoothly varying density matrix ρ̂t can be decomposed as

ρ̂t = Ût χ̂t Û†
t , (IV.7.42)

7Another useful way to arrive at what follows is to switch to the matrix representation of the
superoperators Lρ̂ = ρ̂ ⊗ Î and Rρ = Î ⊗ ρ̂T , which act on vectorised versions of the regular
operators. That is, for an operator O, we denote its vectorised form in an arbitrary basis as
(see also Section I.1.4) |Ô⟩⟩ = ∑i,j Oij|ij⟩⟩. The, in the eigenbasis of ρ̂ = ∑j pj |j⟩ ⟨j|, we can write
Lρ = ∑ij pi|ij⟩⟩⟨⟨ij| and Rρ = ∑ij pj|ij⟩⟩⟨⟨ij|. In this basis, m f (Lρ, Rρ) = ∑ij m f (pi, pj)|ij⟩⟩⟨⟨ij|, where
we use that m f (pi, pj) = pi f (p−1

i pj) [68].
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where χ̂t is diagonal in some fixed reference basis and Ût is unitary, transform-
ing the reference eigenvectors into the instantaneous ones. In this decomposition,
the dynamics of χ̂t describe the evolution of the populations, i.e., the incoherent
part of the evolution, while the dynamics of Ût encode changes in the eigenba-
sis, i.e., the coherent part. To describe the coherent evolution, we introduce the
Hermitian operator Ĥt = i

(
dÛt
dt

)
Û†

t , which can be interpreted as an effective
Hamiltonian generating the coherent part of the evolution. The time derivative of
ρ̂t then reads [296–298]

∂tρ̂t = −i[Ĥt, ρ̂t] + Ût ∂tχ̂t Û†
t . (IV.7.43)

The temporal QFI, which we denote by I( f )
Q (t), is then

I( f )
Q (t) = g( f )

tt = I( f ),ic
Q (t) + I( f ),c

Q (t),

I( f ),ic
Q (t) = ∑

x

(∂t px(t))2

px(t)
,

I( f ),c
Q (t) = ∑

x ̸=y
m−1

f (px, py) (py(t)− px(t))2|⟨x(t)|Ĥt|y(t)⟩|2.

(IV.7.44)

In the introduction to this chapter, we showed that the classical temporal Fisher
information quantifies a system’s intrinsic speed of evolution. The same inter-
pretation carries over to the quantum setting: any QFI I( f )

Q (t) provides a natural
measure of the instantaneous speed of quantum evolution and thus a powerful
tool for deriving bounds on dynamical processes, known as geometric quantum
speed limits8 [63, 65], as we will see now. As discussed above, there exists an
infinite family of QFI, each associated with a contractive Riemannian metric on
the space of quantum states. Correspondingly, one obtains a family of quantum
speed limits, rather than a single one as in classical case. Importantly, Refs. [68, 66]
show that, generalising the classical speed limit used to build intuition in the in-
troduction, for any valid operator monotone function f ,

|ȧ| ≤ (∆( f ) Â)

√
I( f )
Q . (IV.7.45)

Here, ȧ = Tr
[
Â ˙̂ρ
]

denotes the rate of change of the expectation value of an arbi-
trary observable Â in the state ρ̂, while (∆( f ) Â)2 = Tr

[
Â0 m f (Lρ̂, Rρ̂)(Â0)

]
is the

generalised f -variance of Â [301], with Â0 = Â − Tr[ρ̂Â]9.

In direct analogy with the Mandelstam-Tamm formulation of time-energy uncer-

8Comprehensive reviews of quantum speed limits are provided in Refs. [59, 299, 300].
9That is, the variance compatible with the inner product specified by f . For f = fSLD, one

recovers the usual variance with respect to the Hilbert-Schmidt inner product.
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tainty [61], one may introduce a characteristic timescale

τa =
∆( f ) Â
|ȧ| , (IV.7.46)

which quantifies the time required for the expectation value of Â to change by one
f -standard deviation10. This immediately yields a time-information uncertainty
relation [66],

τa

√
I( f )
Q ≥ 1. (IV.7.47)

Moreover, exploiting the interpretation of any QFI as a Riemannian metric, inte-
gration along the dynamical path yields a geometric bound on the time-averaged
characteristic velocity,

∫ t

0
ds

|ȧ(s)|
(∆( f ) Â)(s)

≤
∫ t

0
ds

√
I( f )
Q (s) = 2L f ≤ 2Lgeo

f . (IV.7.48)

Here, L f denotes the length of the actual dynamical path, while Lgeo
f is the cor-

responding geodesic distance induced by the metric specified by f . The tightness
of these bounds depends on the particular choice of QFI and also on the physi-
cal setting under consideration. One may optimise over f to obtain the tightest
possible bound for a given dynamical process and observable.

These generalised quantum speed limits will be used in Chapter IV.8 to anal-
yse anomalous thermalisation and excess entropic flux in arbitrary finite-speed
protocols in open quantum systems. Finally, we note that, although seemingly
abstract, geometric quantum speed limits have recently been explored experimen-
tally [67, 68], underscoring that they are physically meaningful and experimen-
tally accessible constraints.

IV.7.3 Temporal FI in classical thermodynamics

We now review recent developments connecting temporal information geome-
try with stochastic thermodynamics [70, 69]. These classical results motivate our
quantum analysis [71], discussed in Chapter IV.8.

We consider a discrete-state system with N > 1 accessible states. The system
is weakly coupled to one or more thermal reservoirs, which induce stochastic
transitions between these states. Its dynamics are fully characterised by the time-
dependent probability distribution p⃗t = (p1(t), . . . , pN(t))T, where px(t) denotes
the probability of finding the system in state x ∈ X at time t, and X is the set of

10Mandelstam and Tamm established the time-energy uncertainty relation τ∆Ĥ ≥ 1/2, valid for
isolated systems evolving under a Hamiltonian Ĥ [61].
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all accessible states. The temporal evolution of the probabilities is governed by a
continuous-time Markovian Pauli master equation,

ṗx(t) = ∑
y

wxy(t)py(t), (IV.7.49)

where wxy(t) > 0 (for x ̸= y) denotes the transition rate from state y to x. The
diagonal elements are defined as wyy(t) = −∑x ̸=y wxy(t), which guarantees prob-
ability conservation, ∑x wxy(t) = 0, and thus the normalization of p⃗t at all times.
It is convenient to express the master equation in terms of the probability currents
between states, defined as jxy(t) = wxy(t)py(t)− wyx(t)px(t), which represent the
net flow of probability from state y to state x at time t. Then, the master equation
becomes

ṗx(t) = ∑
y

jxy(t). (IV.7.50)

To connect the dynamics with thermodynamics, we impose the local detailed bal-
ance condition. This condition relates the transition rates to the stochastic entropy
change in the environment, ϕxy(t), associated with a single transition y → x at
time t,

ϕxy(t) = log
wxy(t)
wyx(t)

. (IV.7.51)

Following Shannon’s foundational work [302], the information content associated
with occupying a given state y, also known as the surprisal or self-information,
is defined as Iy(t) = − log py(t). This quantity measures how unexpected it is
to find the system in state y at time t: the smaller the probability py(t), the
larger the surprisal. The local difference in surprisal between two states y and
x defines the relative surprisal, Ixy(t) = − log

(
py(t)/px(t)

)
. This quantity cap-

tures the change in information content associated with transitions between the
two states. Using these definitions, the time derivative of the Shannon entropy,
S(t) = −∑x px(t) log px(t), can be expressed as a current-weighted average of the
relative surprisal [70, 80]. Introducing the notation ⟨⟨A⟩⟩ = 1

2 ∑x,y jxy(t)Axy, for the
current-weighted average of any transition-dependent asymmetric function Axy,
we obtain

Ṡ(t) = −∑
x

ṗx(t) log px(t) = −1
2 ∑

x,y
jxy(t)Ixy(t) = −⟨⟨I(t)⟩⟩. (IV.7.52)

Hence, the entropy production rate is directly linked to the probability currents
and the relative surprisal between connected states.

From a physical perspective, rather than a purely information-theoretic one, the
time derivative of the Shannon entropy can be decomposed into two distinct con-
tributions: the entropy production rate within the system, Σ̇(t), and the entropy
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flux to the environment, Π̇(t), Ṡ(t) = Σ̇(t)− Π̇(t), where [303]

Σ̇(t) =
〈〈

log
wxy(t)py(t)
wyx(t)px(t)

〉〉
, Π̇(t) =

〈〈
log

wxy(t)
wyx(t)

〉〉
. (IV.7.53)

To gain additional insight, we introduce the generalised thermodynamic force [304]
associated with transitions from state y to x, defined as

f xy(t) = log
[

wxy(t)py(t)
wyx(t)px(t)

]
. (IV.7.54)

This force quantifies the local “driving” responsible for sustaining probability
currents in NESSs, and it vanishes when detailed balance11 is satisfied. Using
this structure, both the entropy production and entropy flux can be expressed as
current-weighted averages,

Σ̇(t) = ⟨⟨ f (t)⟩⟩ , Π̇(t) = ⟨⟨ϕ(t)⟩⟩ . (IV.7.55)

The Fisher information provides a complementary perspective by quantifying
fluctuations in the rate of change of the system’s surprisal,

F(t) = ∑
x

px(t)
(

d
dt

log px(t)
)2

. (IV.7.56)

Alternatively, it can be written in terms of the probability currents as F(t) =〈〈
İ(t)

〉〉
. Importantly, the surprisal rate İ(t) vanishes only when the system is in

a stationary state. Hence, the Fisher information captures how strongly the state
changes with time: that is, how effectively it encodes the time parameter through
its nonequilibrium evolution. The second derivative of the Shannon entropy, the
entropic acceleration, can be written as [69]

S̈(t) = − d
dt

⟨⟨I(t)⟩⟩ = −∑
x

p̈x(t) log px(t)− F(t). (IV.7.57)

To gain intuition, consider the term B = −∑x p̈x(t) log px(t). The first deriva-
tive of the Shannon entropy, Ṡ(t) = −⟨⟨I(t)⟩⟩, represents the rate at which the
system’s average information content changes in time. The second derivative,
S̈(t) = − d

dt⟨⟨I(t)⟩⟩, therefore quantifies how this rate itself evolves: it measures
the acceleration of the mean information change, or equivalently, the rate of
change of the current-averaged relative surprisal. In contrast, the Fisher infor-
mation F(t) = ⟨⟨ İ(t)⟩⟩ reflects the average rate of change of the surprisal between

11A system satisfies detailed balance if, in the steady state, the probability flux between any pair
of states is balanced, i.e., wxy pss

y = wyx pss
x for all states x, y. In this case, there are no net probability

currents, and the system is in equilibrium.
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individual microscopic transitions y → x. Hence, while F(t) captures the in-
stantaneous local variation of surprisal along all transition paths, the derivative
of ⟨⟨I(t)⟩⟩ captures the evolution of the overall information flow at the ensemble
level. The difference between these two quantities,

B =

〈〈
d
dt

I(t)
〉〉

− d
dt

⟨⟨I(t)⟩⟩ , (IV.7.58)

thus represents the discrepancy between the local and global rates of information
change. Further, using the definition of the generalised thermodynamic force in
Eq. (IV.7.54), one can show [70] that the Fisher information may be rewritten as

F(t) = −1
2 ∑

x,y
jxy(t)

d f xy(t)
dt

+
1
2 ∑

x,y
jxy(t)

d
dt

log
wxy(t)
wyx(t)

= −
〈〈

d f (t)
dt

〉〉
+

〈〈
dϕ(t)

dt

〉〉
.

(IV.7.59)

This compact expression gives the Fisher information a direct thermodynamic
interpretation. It shows that the Fisher information quantifies how rapidly the
generalised thermodynamic forces f xy(t) and the corresponding entropic fluxes
ϕxy(t) evolve in time, weighted by the microscopic probability currents jxy(t).
This relationship provides a bridge between information geometry and stochastic
thermodynamics for classical Markovian systems that obey local detailed balance.
Because the Fisher information is non-negative, we have〈〈

dϕ(t)
dt

〉〉
≥
〈〈

d f (t)
dt

〉〉
, (IV.7.60)

with equality occurring only in a stationary state, where the temporal Fisher in-
formation vanishes [70]. Physically, this relation implies that the time variation
of the generalised thermodynamic forces is fully “transferred” into the rate of en-
tropy change in the environment when the system is stationary. Any discrepancy
between these two quantities indicates nonstationarity, representing a partial loss
in the conversion of the system’s internal force fluctuations into environmental
entropy changes [70].

IV.7.4 Fisher information, fluctuations and response

functions

In this section, we establish the connection between the (Q)FI, fluctuations and
thermodynamic response functions, thereby linking information geometry to the
first central theme of this thesis.
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In classical equilibrium statistical mechanics, the probability distribution of a sys-
tem in the canonical ensemble, whose energy levels Ex(θ) depend smoothly on a
control parameter θ, is given by [1]

px(θ) = eβ(Fβ(θ)−Ex(θ)), (IV.7.61)

where β = 1/T and Fβ(θ) = −β−1 ln ∑x exp(−βEx(θ)) is the free energy. Substi-
tuting this into the definition of Fisher information shows that [305, 72]

F(θ) = β2
〈(

∂θE − ⟨∂θE⟩
)2
〉

, (IV.7.62)

i.e., the variance of the generalized force conjugate to θ. If we choose θ = β, then
the Fisher information is given by the energy fluctuations: F(β) = ⟨(E − ⟨E⟩)2⟩.
In the thermodynamic limit, the Fisher information further relates to derivatives
of the free energy, yielding conventional equilibrium response functions: F(θ) =
−∂2

θ(βFβ(θ)) = β2 Var[∂θE] [305, 72]. Now, consider a thermal Gibbs state

ω̂β(θ) =
e−βĤ(θ)

Z(θ)
, Z(θ) = Tr[e−βĤ(θ)]. (IV.7.63)

For the KMB-score operator we find L̂(KMB)
θ = −β(∂θ Ĥ(θ)− ⟨∂θ Ĥ(θ)⟩ω̂β

), and the
KMB QFI becomes

I(KMB)
Q (θ) = β2〈∂θ Ĥ(θ)− ⟨∂θ Ĥ(θ)⟩ω̂β

, ∂θ Ĥ(θ)− ⟨∂θ Ĥ(θ)⟩ω̂β

〉
ω̂β

. (IV.7.64)

This shows explicitly that the KMB QFI can also be understood as a thermally
weighted variance of the generalised force ∂θ Ĥ(θ), with the weighting defined
by the KMB inner product. Since the KMB inner product governs correlation
functions in linear response theory, the KMB QFI directly generalizes the classi-
cal relation between equilibrium fluctuations and response functions [306, 307].
From the perspective of this thesis, this relation makes explicit how the QFI serves
as a unifying quantity: it simultaneously quantifies equilibrium fluctuations and
governs the corresponding thermodynamic response.

If we consider nonequilibrium situations, however, the interpretation becomes less
straightforward. While we may express the NESS π̂θ in exponential form, using
the so-called nonequilibrium potential [270], Φ̂θ = − log π̂θ, so that π̂θ = e−Φ̂θ ,
and therefore,

I(KMB)
Q (θ) =

〈
∂θΦ̂θ − ⟨∂θΦ̂θ⟩π̂θ

, ∂θΦ̂θ − ⟨∂θΦ̂θ⟩π̂θ

〉
π̂θ

, (IV.7.65)

the direct interpretation, e.g., in terms of thermally weighted fluctuations of the
energy or equilibrium linear response is generally lost, because NESSs break de-
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Figure IV.7.1: Schematic of a protocol driving the system between two NESSs. The system
is initialised at a NESS π̂θ⃗(0) specified by θ⃗(0). In a quasistatic protocol connecting pa-

rameter(s) θ⃗(0) and θ⃗(τ) (orange line), the system remains in the manifold of NESS (grey
surface), with π̂θ⃗(t), at all times, and the nonadiabatic entropy production rate vanishes
Σ̇na = 0. Along the finite-time transition (black line), Σ̇na > 0.

tailed balance. Nevertheless, as we will demonstrate in the next section, the KMB
QFI is central to understanding the thermodynamic response of such systems to
slow driving.

IV.7.5 Thermodynamic geometry

The results presented in this section are based on Refs. [10, 78]. For Ref. [10], I con-
tributed to the writing of Chapter “Quantum thermodynamic geometry”. For Ref. [78],
I contributed to selected analytical derivations, carried out the numerical example, and
provided input during the writing and revision of the manuscript. The main theoretical
derivations and the primary manuscript preparation were carried out by the lead author.

Traditional thermodynamic analysis often assumes quasi-static transformations,
in which systems remain arbitrarily close to equilibrium and entropy production
is negligible. Under these idealised conditions, quantities such as work and effi-
ciency can be described using simple, static relations. Realistic processes, however,
occur over finite times and inevitably generate dissipation, making the quasi-static
assumption inadequate. To address this, the framework of thermodynamic geom-
etry was introduced in the 1980s as a means to quantify, and if possible minimise,
the unavoidable entropy production in finite-time processes [73, 308, 309]. At the
heart of this approach is the concept of a thermodynamic length, a geometric mea-
sure in the space of control parameters θ⃗(t) (e.g., temperature, chemical potential,
or Hamiltonian couplings) that provides a lower bound on the nonadiabatic en-
tropy (see Section I.2.5) generated during a protocol of duration τ,

Σna ≥ ℓ2(⃗θ(0), θ⃗(τ))

τ
. (IV.7.66)
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Here, the thermodynamic length, ℓ(⃗θ(0), θ⃗(τ)), depends on a metric capturing
both the (non)equilibrium (static) state space and relaxation dynamics, and min-
imizing dissipation corresponds to steering the system along the geodesic of this
metric. By framing thermodynamic control as a geometric problem, one can iden-
tify optimal paths that reduce irreversibility and energetic costs.
Originally developed for macroscopic systems, thermodynamic geometry has since
been extended to classical stochastic thermodynamics [74, 72, 75], where it has
proven valuable for optimising finite-time processes, including the energetically
efficient erasure of information (see Ref. [310] for a review). More recently, these
ideas have been generalised to the quantum regime [77, 78, 76], enabling the de-
sign of low-dissipation quantum heat engines [311, 312] as well as the simulta-
neous suppression of their stochastic work fluctuations [313]. The strength of
thermodynamic geometry in many instances relies on its ability to connect funda-
mental principles of thermodynamics with information geometry, providing both
practical guidance for minimal-dissipation protocols and deep insight into the na-
ture of irreversibility in complex, out-of-equilibrium systems.
In the following, we explore this connection in the context of the slow-driving ther-
modynamics of quantum NESS transitions, as shown in Fig. IV.7.1, which provide
a particularly general setting: within this framework, slow classical NESS tran-
sitions, classical thermal-state transformations, and quantum thermal-state trans-
formations all arise as special cases. Specifically, we show how the thermody-
namic metric in these slow protocols is directly connected to information geom-
etry through the KMB QFI, which we discussed in detail in Section IV.8.1. The
results reviewed here were published in Ref. [78]. For the purposes of this thesis,
we restrict attention to the simpler scenario in which a single control parameter
is varied. The generalisation to the multiparameter case is straightforward and
discussed in Ref. [78].
We consider an open quantum system governed by a GKSL master equation (see
Section I.1.1) that admits a unique NESS (see Section I.1.5). A Lindbladian pa-
rameter θ is slowly varied in time, and we denote by π̂θ(t) the corresponding
instantaneous NESS, defined by Lθ(t)[π̂θ(t)] = 0. Initially, the system is prepared
in the NESS π̂θ(0). For sufficiently slow driving, the system will remain close to
π̂θ(t), up to a small correction. We consider the expansion

ρ̂t = π̂θ(t) + δρ̂t, (IV.7.67)

where Tr[δρ̂t] = 0. Inserting this expansion into dρ̂/dt = Lθ(t)[ρ̂] and using that
Lθ(t)[π̂θ(t)] = 0, we obtain a differential equation for δρ̂t [76, 75, 314](

Lθ(t) −
d
dt

)
[δρ̂t] =

d
dt

π̂θ(t), (IV.7.68)
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which can be formally solved using the Drazin inverse [315] of the Liouvillian
superoperator, L+

θ(t) (see Section I.1.6). By applying L+
θ(t) on both sides, we obtain

the expansion

ρ̂t = π̂θ(t) +
∞

∑
n=1

(
L+

θ(t)
d
dt

)n
[π̂θ(t)]. (IV.7.69)

Notice that the nth term in this series contains an nth-order derivative of π̂θ(t),
and is thus proportional to θ̇n, which means that Eq. (IV.7.69) can be seen as an
expansion in powers of the driving speed θ̇. Using the above expansion of the
state, the nonadiabatic entropy production, introduced in Section I.2.5, along a
slow driving protocol θ(t) is, to leading order, [78]

Σna(τ) ≈
∫ τ

0
dt θ̇2(t) ζθ(t), (IV.7.70)

where ζθ denotes the thermodynamic metric in the space of NESS,

ζθ = −Tr
[

d log π̂θ

dθ
L+

θ

[
dπ̂θ

dθ

]]
. (IV.7.71)

Equivalently, this metric can be expressed as a correlation integral,

ζθ =
∫ ∞

0
dτ ⟨L̂(KMB)

θ , L̂(KMB)
θ (τ)⟩π̂θ

, (IV.7.72)

where the KMB inner product is

⟨Â, B̂⟩π̂θ
=
∫ 1

0
ds Tr

[
π̂s

θ Â†π̂1−s
θ B̂

]
, (IV.7.73)

and L̂(KMB)
θ is the KMB logarithmic derivative operator, see Eq. (IV.7.20), evolved

in the Heisenberg picture as L̂(KMB)
θ (τ) = eLθτ[L̂(KMB)

θ ].
The metric is closely related to the KMB QFI,

I(KMB)
Q (θ) = ⟨L̂(KMB)

θ , L̂(KMB)
θ ⟩π̂θ

, (IV.7.74)

via the so-called integral relaxation time [316]

τθ =
∫ ∞

0
dτ

⟨L̂(KMB)
θ , L̂(KMB)

θ (τ)⟩π̂θ

⟨L̂(KMB)
θ , L̂(KMB)

θ ⟩π̂θ

. (IV.7.75)

The thermodynamic metric can then be expressed as their product

ζθ = τθ I(KMB)
Q (θ). (IV.7.76)
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Chapter IV.8

Temporal QFI in quantum thermodynamics

The results presented in this chapter are based on Refs. [71, 78]. For Ref. [71], I performed
the analytical and numerical calculations, carried out the data analysis, and wrote the
manuscript. The co-authors contributed to the conceptualisation of the work, discussed
the results, and provided feedback and revisions on the manuscript. For Ref. [78], I con-
tributed to selected analytical derivations, carried out the numerical example, and provided
input during the writing and revision of the manuscript. The main theoretical derivations
and the primary manuscript preparation were carried out by the lead author. The presen-
tation closely follows these references.

In this chapter, we generalise established connections between classical stochastic
thermodynamics and information geometry, presented in Refs. [70, 69] and re-
viewed in Section IV.7.3, to Markovian, weakly coupled open quantum systems.
For such settings, we further derive an information-geometric bound on the excess
entropy flux in nonstationary processes.

IV.8.1 Temporal QFI and entropy dynamics

We consider open quantum systems evolving under GKSL dynamics (I.1.8), and
require local detailed balance [200, 186], so that the jump operators appear in pairs
(k, k′) satisfying

L̂k = eϕk/2 L̂†
k′ , ϕk = −ϕk′ . (IV.8.1)

This requirement lets us identify ϕk as the entropy change in the environment
associated with the action of the jump operator L̂k. We express the density matrix
in its instantaneous eigenbasis as ρ̂t = ∑x px(t) |x(t)⟩ ⟨x(t)|. Crucially, in this
basis, one can define effective transition rates associated with each jump operator
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L̂k as wxy
k (t) =

∣∣⟨x(t)|L̂k|y(t)⟩
∣∣2 [317, 172], which describe the probability per unit

time for the system to transition from state |y(t)⟩ to |x(t)⟩ due to the action of
L̂k. Taking the time derivative of px(t) = ⟨x(t)|ρ̂t|x(t)⟩ leads to a classical Pauli
master equation for the instantaneous spectrum of the density matrix [317, 172]

dpx(t)
dt

= ∑
k,y (y ̸=x)

[
wxy

k (t)py(t)− wyx
k′ (t)px(t)

]
. (IV.8.2)

We define the probability current between the instantaneous eigenstates |y(t)⟩ and
|x(t)⟩, jxy

k (t) = wxy
k (t)py(t)− wyx

k′ (t)px(t), and

f xy
k (t) = log

wxy
k (t)py(t)

wyx
k′ (t)px(t)

, ϕ
xy
k (t) = log

wxy
k (t)

wyx
k′ (t)

, (IV.8.3)

where f xy
k (t), analogous to the classical case, can be interpreted as a generalised

thermodynamic force driving the current, while ϕ
xy
k (t) corresponds to the entropy

flow associated with the action of the jump operator L̂k, resulting in the current
jxy
k (t) from |y(t)⟩ to |x(t)⟩ at time t. The rate equation for the instantaneous

eigenvalues px(t) can be compactly rewritten in terms of the probability currents
between eigenstates

dpx(t)
dt

= ∑
k,y (y ̸=x)

jxy
k (t). (IV.8.4)

As discussed in Section IV.7.2, the quantum Fisher information (QFI) can always
be decomposed into incoherent and coherent contributions. Importantly, the in-
coherent part depends only on the instantaneous spectrum of the state. This al-
lows us to draw a direct analogy to the classical case and relate the incoherent
QFI to thermodynamic quantities. In particular, the rate of change of the von
Neumann entropy (see Eq. (I.2.9)), i.e. the Shannon entropy of the instantaneous
spectrum, ṠvN(t), can be expressed in terms of the probability currents and fur-
ther decomposed into the entropy production rate Σ̇(t) and the entropy flux to
the environment Π̇(t) [172]

ṠvN(t) = − ∑
x,y,k (x ̸=y)

jxy
k (t) log px(t)

=
1
2 ∑

x,y,k
jxy
k (t) log

wxy
k (t)py(t)

wyx
k′ (t)px(t)

− 1
2 ∑

x,y,k
jxy
k (t) log

wxy
k (t)

wyx
k′ (t)

= Σ̇(t)− Π̇(t).

(IV.8.5)

The entropy production rate can be expressed as a current-weighted average of
the generalised thermodynamic force, Σ̇(t) = ⟨⟨ f (t)⟩⟩, while the entropy flux is
given by Π̇(t) = ⟨⟨ϕ(t)⟩⟩. The incoherent contribution to the QFI can be expressed
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as
I( f ),ic
Q (t) = B −

(
Σ̈(t)− Π̈(t)

)
, (IV.8.6)

where B = −∑x p̈x log px, mirroring the classical result in [69]. Equivalently, it
may be written as [70]

I( f ),ic
Q (t) = −

〈〈
d f (t)

dt

〉〉
+

〈〈
dϕ(t)

dt

〉〉
. (IV.8.7)

This constitutes the first central result. As in the classical case [70], discussed in
Section IV.7.3, the thermodynamic inequality〈〈

dϕ(t)
dt

〉〉
≥
〈〈

d f (t)
dt

〉〉
(IV.8.8)

holds, linking the rate of change of the generalised thermodynamic force to the
rate of entropy change in the environment. This relation carries over naturally
to the quantum regime. Although the coherent contribution to the QFI is gen-
erally finite and contributes to the total statistical length, it does not enter this
thermodynamic balance.

IV.8.2 Geometric bound on the von Neumann entropy

rate

In Ref. [69], a trade-off relation was established between the geometric uncertainty
associated with the path a system takes through classical state space and the time-
averaged rate of change of information. In this Section, we demonstrate that this
uncertainty relation remains valid for quantum dynamics.

The geometric uncertainty, given by the time-averaged variance of the QFI, pro-
vides a quantitative measure of how “unevenly” the system evolves along its path
in state space. While originally defined in the classical setting [69], it straightfor-
wardly generalises to

δ f = 4
J f −L2

f

T2 = E
[

I( f )
Q

]
− E

[√
I( f )
Q

]2

≥ 0, (IV.8.9)

for any evolution time T, where 0 ≤ T ≤ τ. Here, J f and L f denote, respectively,
the statistical divergence (IV.7.25) and the statistical length (IV.7.23) accumulated
up to time T. This expression captures the cumulative deviation of the system’s
path from the geodesic path in the statistical manifold. The geodesic corresponds
to the path of constant speed, i.e., constant QFI, connecting the initial and final
states. Consequently, the difference J f − L2

f vanishes for motion along it, while
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any nonzero value reflects fluctuations in the instantaneous rate of information
change, indicating a departure from uniform evolution along the optimal path.
Since the quantities J f , L2

f , and δ f are all non-negative by definition, it immedi-
ately follows that

δ f ≤
4J f

T2 . (IV.8.10)

It is useful to express this relation in terms of the time-averaged Fisher informa-
tion,

I f = E[I( f )
Q ] =

1
T

∫ T

0
dt I( f )

Q (t), (IV.8.11)

which quantifies the mean rate of information change along the path. The in-
equality can then be rewritten as

I f

δ f
≥ 1. (IV.8.12)

That is, the geometric uncertainty in the path lower-bounds the time-averaged rate
of information change. To explore the implications of the uncertainty relation in
more detail, we decompose the QFI into its incoherent and coherent contributions,
I( f )
Q = I( f ),ic

Q + I( f ),c
Q , with I( f ),ic

Q = B − S̈vN. Integrating over a finite time interval
[0, T], we obtain

∫ T

0
I( f )
Q (t)dt =

∫ T

0

(
B(t) + I( f ),c

Q (t)− S̈vN(t)
)

dt. (IV.8.13)

From this relation, it follows that the change in the entropy rate between the initial
and final times is bounded from above

ṠvN(T)− ṠvN(0) ≤ C − Tδ f +
∫ T

0
I( f ),c
Q (t)dt, (IV.8.14)

where C =
∫ T

0 B(t)dt quantifies the integrated difference between the local infor-
mation rate and the bulk information rate over the interval, δ f is the geometric

uncertainty associated with the path, and
∫ T

0 I( f ),c
Q (t)dt captures the contribution

from coherent quantum dynamics. This bound provides a clear, intuitive picture:
the maximum change in the entropy rate is limited by three factors. First, C reflects
the intrinsic fluctuations of information at the local level. Second, Tδ f encodes the
penalty due to deviations from a geodesic, i.e., from a constant-speed path in state
space. Finally, the coherent contribution

∫ T
0 I( f ),c

Q (t)dt represents purely quantum
effects arising from changes in the eigenbasis of the density matrix: it quantifies
the geometric action associated with the coherent dynamics. Importantly, this
bound is meaningful for nonstationary dynamics, as all three terms vanish triv-
ially in stationary states. It is also worth noting that while our bound holds for any
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Figure IV.8.1: a) Time-evolution of the total SLD QFI of the reference state ρ̂ (blue) and
the rotated state ρ̂′ (red). b) The rotated state evolves classically (red), therefore the QFI
reduces to the incoherent contribution. The reference state, however, is coherent in the
energy eigenbasis and thus has both incoherent (dashed blue) and coherent (dash-dotted)
contributions. We find that the incoherent contribution decays exponentially faster than
the coherent contribution. Adapted from Ref. [71].

choice of QFI metric, the tightest bound is obtained by choosing the SLD QFI [71].

IV.8.3 Example: quantum Mpemba effect

We now employ the information-geometric framework introduced above to anal-
yse the (thermo)dynamics underlying a quantum Mpemba effect, that occurs dur-
ing the thermal relaxation of a qubit weakly coupled to a bosonic bath, as recently
investigated by Moroder et al. [318].
The classical Mpemba effect [319, 320] describes the counterintuitive scenario in
which a hotter system cools faster than a colder one. For example, consider two
identical containers of liquid initially at equilibrium but at different temperatures
Th and Tc with Th > Tc. When placed in a cooler environment at temperature
T∗ < Tc, the Mpemba effect occurs if, after some time tM, the initially hotter
liquid becomes cooler than the initially colder one and remains so thereafter. This
phenomenon has spurred extensive theoretical and experimental investigations in
classical systems [321–327]. More recently, analogous Mpemba-like effects have
been predicted and observed in quantum systems [328–334].
Following Moroder et al. [318], we consider a qubit weakly coupled to a ther-
mal bosonic environment at inverse temperature β. The qubit has ground and
excited states, |g⟩ and |e⟩, separated by an energy ϵ, and is governed by the
Hamiltonian Ĥ = ϵ

2 σ̂z. Transitions between the two levels are induced by the
environment, occurring at rates γ+ = γ fB(ϵ, β), and γ− = γ

[
1 + fB(ϵ, β)

]
, where

fB(ϵ, β) = (eβϵ − 1)−1 is the Bose-Einstein occupation number and γ characterises
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Figure IV.8.2: a) Statistical distance (SLD) traced by the path of the reference state ρ̂
(blue solid) and the rotated state ρ̂′ (red solid) in state space. The semi-transparent lines
indicate the distance traced by the respective paths in the infinite time limit, indicating
that sufficient thermalisation is reached within the chosen time period. The statistical
distance for the rotated state is shorter than for the reference state. However, the SLD
geodesic distance between the reference state and the thermal state (blue dash-dotted) is
shorter than that between the rotated state and the thermal state (red dash-dotted), which
coincides with the statistical distance. b) Furthermore, we find that the rotated state (red)
completes the path at a faster rate as shown by the higher ratio of completion at all times.
Adapted from Ref. [71].

the system-environment coupling strength. The reduced dynamics of the qubit is
governed by the GKSL master equation

d
dt

ρ̂(t) = −i
[
Ĥ, ρ̂(t)

]
+D

[
L̂+
]

ρ̂(t) +D
[
L̂−
]

ρ̂(t), (IV.8.15)

where the jump operators L̂+ =
√

γ+ |e⟩ ⟨g| and L̂− =
√

γ− |g⟩ ⟨e| describe ab-
sorption and emission events. The qubit is initialised in an arbitrary mixed state
ρ̂0 = 1

2

(
1 + r⃗ · σ⃗

)
, with σ⃗ = (σ̂x, σ̂y, σ̂z)T and Bloch vector r⃗ = (rx, ry, rz)T. We

choose initial states with non-zero coherences in the energy eigenbasis, i.e., rx or
ry ̸= 0. A unitarily rotated state diagonal in the energy basis can be expressed
as ρ̂′0 = diag(λ1, λ2), where λ1 ≥ λ2 are the eigenvalues of ρ̂0. Importantly, this
rotation ensures that the rotated state starts out with higher nonequilibrium free
energy1 [318]. The numerical results, discussed in the following, are obtained
for the reference state and its unitarily rotated counterpart, characterised by the
Bloch vectors r⃗ = (−0.41760,−0.60647, 0.47879)T and r⃗′ = (0, 0, 0.87836)T, respec-
tively. The remaining parameters defining the setup are the system-bath coupling

1The nonequilibrium free energy is defined as Fneq(ρ̂) = β−1D(ρ̂∥ω̂β) + Feq, with the equilib-

rium free energy Feq = −β−1 log Zβ, Zβ = Tr
[
e−βĤ

]
, the quantum relative entropy (I.2.7), and

thermal fixed point ω̂β = e−βĤ

Zβ
associated with the system Hamiltonian Ĥ.
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Figure IV.8.3: The path-dependent time-integrated ratio between the heat current and the
standard deviation of the Hamiltonian with respect to the time-evolving state is upper
bounded by twice the statistical distance associated with the path of the time-evolving
density matrix in state space, shown for a) the reference state ρ̂ and b) the rotated state ρ̂′.
The path traced by the rotated state lies on the geodesic curve (even though it is not traced
at constant speed). Therefore, the bound set by the statistical distance coincides with the
generally tightest one provided by the length of the geodesic. The bound is saturated
because the state evolves purely incoherently. Adapted from Ref. [71].

strength γ = 1, the temperature T = 10, and the qubit energy splitting ϵ = 5.
Note that in this scenario, the system-environment interaction cannot generate
coherence in the energy eigenbasis. Consequently, under the GKSL dynamics of
Eq. (IV.8.15), the rotated state remains diagonal in the Hamiltonian eigenbasis at
all times. Recalling the general decomposition of time evolution into evolving
eigenvalues χ̂(t) and a time-dependent eigenbasis Ût (see Section IV.7.2), we ob-
serve that here the eigenbasis is static, so Ût = I, and the dynamics are fully
captured by the evolution of the eigenvalues. Accordingly, the QFI with respect to
time reduces to its incoherent contribution, corresponding to the classical Fisher
information of the evolving spectrum. In contrast, the reference state possesses
initial coherence in the energy basis, so its QFI contains both incoherent and co-

herent contributions, as illustrated in Fig. IV.8.1b). Since
√

I( f )
Q (t) measures the

instantaneous speed of a state along its path in state space it vanishes at equilib-
rium. Our results indicate that the rotated state, initially with higher nonequilib-
rium free energy, relaxes faster than the coherent reference state, as seen from the
more rapid decay of its total QFI (see Fig. IV.8.1a). Decomposing the QFI clarifies
this difference: for the reference state, the coherent contribution from Hamiltonian
dynamics decays more slowly than the incoherent, dissipative contribution, thus
setting the overall relaxation timescale. Since populations and coherences evolve
independently in this Davies-type model [335, 336], the incoherent part of the QFI
decays identically for both states, as shown in Fig. IV.8.1. Fig. IV.8.2 shows that
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Figure IV.8.4: a) Geometric uncertainty δ f about the path of the rotated state ρ̂′ (red). We
compute the geometric uncertainty of the time-evolving reference state ρ̂ using the SLD,
WY and HM QFI metric (blue). The SLD yields the smallest geometric uncertainty. De-
viations from the geodesic connecting the reference state and rotated state to the thermal
state, respectively, are accumulated at short times. b) Trade-off between the time-averaged
QFI and the geometric uncertainty. Adapted from Ref. [71].

the SLD statistical length of the path for the incoherent, rotated initial state (light
red) is markedly shorter than that of the coherent reference state (light blue), i.e.,
L∞

SLD(ρ̂
′
0) < L∞

SLD(ρ̂0), with

L∞(ρ̂0) = lim
t→∞

∫ t

0

√
I( f )
Q (ρ̂(t′))dt′. (IV.8.16)

By contrast, the SLD geodesic lengths (dashed lines, Eq. (IV.7.27)) exhibit the op-
posite ordering, as seen in Fig. IV.8.2a). Although the rotated state does not follow
a geodesic, so the QFI varies along its path, its instantaneous path length coin-
cides with that of a geodesic representing monotonic motion along the z-axis of
the Bloch sphere.

To quantify how far a state has progressed along its path, we introduce the ratio of
completion, defined as the fraction of the total SLD statistical length traversed at
time t: Rτ(t) = LSLD(ρ̂(t))/L∞

SLD(ρ̂0). As shown in Fig. IV.8.2b), the rotated state
consistently exhibits a higher ratio of completion than the coherent reference state,
R′

τ(t) > Rτ(t), highlighting its faster approach to equilibrium. We now turn to a
geometric bound on the time evolution of observables and their fluctuations [66,
68], discussed in Section IV.7.2,

∫ τ

0

|ȯ(t)|
∆ρ̂tÔ

dt ≤
∫ τ

0

√
I(SLD)
Q dt = 2LSLD, (IV.8.17)

where |ȯ(t)| =
∣∣∣Tr
[
Ô dρ̂t

dt

]∣∣∣ denotes the instantaneous rate of change of the ob-
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servable due to the state evolution, and ∆ρ̂tÔ =
√

Tr[ρ̂tÔ2]− Tr[ρ̂tÔ]2 is its stan-
dard deviation in the instantaneous state. This inequality shows that the time-
integrated ratio of observable change to fluctuation is bounded by twice the SLD
statistical distance. Since LSLD ≥ Lgeo

SLD (see Eq. (IV.7.27)), the same ratio evaluated
along a geodesic path yields the tightest possible bound.
Building on the general geometric bound for arbitrary observables discussed above,
we now focus on the Hamiltonian Ĥ, as its instantaneous change due to the state
evolution corresponds to the heat current, denoted

∣∣ḣ(t)∣∣ = ∣∣Q̇(t)
∣∣. In Fig. IV.8.3,

we compare the integrated ratio
∫ t

0
|ḣ(t′)|
∆ρ̂t Ĥ

dt′(black line) with its bounds determined

by the statistical distance (blue and red dashed lines), where the coloured regions
indicate areas excluded by the bounds. Notably, for the incoherent, rotated state
ρ̂′, the statistical distance between ρ̂′ and ρ̂′(t) coincides with the geodesic length
at all times, yielding identical bounds (see Fig. IV.8.3b)). Moreover, the bound
is saturated throughout the evolution, a consequence of the factorization of the
covariance between the SLD operator L̂SLD and Ĥ along the incoherent path

|ḣ(t)| = covρ̂′t
(Ĥ, L̂SLD) = ∆ρ̂′t

Ĥ ∆ρ̂′t
L̂SLD = ∆ρ̂′t

Ĥ

√
I( f )
Q (t), (IV.8.18)

as detailed in [66]. In contrast, this saturation is not observed for the initially co-
herent reference state, as illustrated in Fig. IV.8.3a). We now turn to the geometric
uncertainty, which, for the evolution of the coherent reference state, exhibits met-
ric dependence. As illustrated in Fig. IV.8.4a), the cumulative deviation from the
respective geodesic paths for both initial states is primarily accumulated during
the early stages of relaxation. Notably, the geometric uncertainty is initially larger
for the incoherent, rotated state, independent of the chosen QFI metric. However,
the time at which the geometric uncertainty of the rotated state surpasses that of
the reference state varies depending on the specific metric employed. Finally, we
analyse the trade-off between the time-averaged QFI I f and the geometric uncer-
tainty δ f , as discussed in Section IV.8.2. Initially, all paths deviate strongly from
their respective geodesics, and the bound implies that the high geometric uncer-
tainty, reflecting a large time-variance in the speed of evolution, is accompanied
by a correspondingly large time-averaged speed. Our results show that this ra-
tio remains consistently lower, and therefore closer to the bound, throughout the
relaxation of the rotated state, as illustrated in Fig. IV.8.4b). At long times, the
bound is nearly saturated, as the state approaches the thermal steady state where
I( f )
Q vanishes.
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IV.8.4 Geometric bound on the excess entropy flux

NESSs generally sustain nonvanishing currents, including entropic fluxes gener-
ated, for example, by heat exchange with thermal reservoirs. Additional contribu-
tions arise in nonstationary settings, such as during finite-speed driving protocols.
To isolate these nonstationary effects, the total entropy flux is commonly decom-
posed into a housekeeping component, which sustains the NESS, and an excess
component, which vanishes in the steady state [79], as discussed in Section I.2.5.
The aim of this section is to derive an information-geometric bound on the excess
entropy flux.

We assume GKSL dynamics, with a unique steady state π̂ (see Section I.1.1). Then,
using the nonequilibrium potential Φ̂ = − log π̂ [270], the excess entropy flux
can be written as Π̇ex = −Tr

[ ˙̂ρ Φ̂
]
. This form allows us to apply the general

observable speed limit (IV.7.45), yielding

∣∣Π̇ex
∣∣ ≤ σ

f
ρ̂ [Φ̂]

√
I( f )
Q . (IV.8.19)

Integrating this inequality over the driving time T gives

∫ T

0
dt
∣∣Π̇ex

∣∣ ≤
∫ T

0
dt σ

f
ρ̂ [Φ̂]

√
I( f )
Q , (IV.8.20)

which provides a general upper bound on the total excess entropy flux, more
precisely, on its integrated absolute value, i.e., the accumulated flux irrespective

of its direction. Alternatively, using the geometric interpretation of
√

I( f )
Q as the

instantaneous speed in state space, integration yields the statistical length,

∫ T

0
dt

∣∣Π̇ex
∣∣

σ
f
ρ̂ [Φ̂]

≤
∫ T

0
dt

√
I( f )
Q = 2L f . (IV.8.21)

These bounds show that, for any GKSL evolution with a unique steady state, the
geometry of the path traced in state space constrains the possible dissipation dy-
namics. Notably, the inequality (IV.8.21) is saturated when the system evolves
along a geodesic of the chosen QFI metric. For certain metrics, such as those
associated with the symmetric logarithmic derivative or the Wigner-Yanase skew
information [337], the corresponding geodesic lengths can be obtained analyti-
cally, see Eq. (IV.7.27).
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IV.8.5 Conclusion

For nonstationary irreversible quantum processes, establishing a connection be-
tween thermodynamics and information geometry is challenging due to the ab-
sence of strong constraints on the admissible quantum states far from equilibrium.
Unlike equilibrium states or NESS, where stationarity, detailed balance, or the
spectral properties of the Liouvillian impose significant restrictions, nonstationary
quantum dynamics allow a much broader range of possible states, complicating
both their thermodynamic characterization and their geometric description.
Recent works in classical stochastic thermodynamics have begun to bridge this
gap, demonstrating that for processes arbitrarily far from equilibrium, entropy
production and entropy flow rates can be bounded in terms of the geometric
uncertainty associated with the path connecting any two states [70, 69].
In this chapter, we have established a corresponding connection in open quan-
tum systems evolving through nonstationary states [71]. Specifically, for GKSL
dynamics satisfying local detailed balance, we demonstrated that the QFI is di-
rectly related to the accelerations of entropy production and entropy flow. By
decomposing the QFI into coherent and incoherent contributions, we found that
the entropic acceleration is entirely determined by the incoherent part. Further, we
strengthened the classical uncertainty relation linking the geometric uncertainty
along a path in state space to the time-integrated rate of information change, and
extended the classical bound on the rate of change of the von Neumann entropy by
explicitly including the non-negative contribution from coherent dynamics. This
bound is tightest when evaluated using the SLD QFI. Applying this framework,
we demonstrated that the thermodynamic quantum Mpemba effect [318] can be
analysed through geometric quantities such as the ratio of completion and devia-
tions from the geodesic path. Furthermore, we established geometric bounds that
constrain the excess entropy flux exchanged with the environment under arbitrary
nonstationary GKSL dynamics with unique fixed points [78].
More generally, this approach provides a systematic framework for analysing
information-geometric constraints on quantum dynamics and thermodynamic be-
haviour, and may help clarify the mechanisms underlying anomalous phenomena
such as Mpemba-like effects in both closed and open quantum systems.





129

Part V:
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Chapter V.9

Dissipative quantum phase transitions

This chapter is based on Refs. [114, 125, 338, 339].

Phase transitions describe qualitative changes in a system’s macroscopic behaviour
induced by variations in external parameters such as temperature, external fields,
or interaction strengths. Their study reveals how collective phenomena emerge
from microscopic interactions, how fluctuations and correlations become long-
ranged near critical points, and why small parameter changes can produce dra-
matic effects across a wide range of physical systems [340, 341].

Continuous phase transitions, the class of transitions that will be the focus of
this chapter, are distinguished not only by diverging fluctuations and correla-
tion lengths, but also by the emergence of universality. As the critical point is
approached, microscopic details become increasingly irrelevant: long-wavelength
collective modes dominate, and the macroscopic behaviour is governed by only
a few general features, like dimensionality or symmetries. Consequently, sys-
tems with vastly different microscopic constituents can display identical critical
behaviour. Despite the extensive number of degrees of freedom involved, the
physics near criticality is fully characterised by a handful of universal critical ex-
ponents, which define a universality class. Remarkably, only a limited number of
such classes are observed in nature, despite the enormous diversity of physical
materials and engineered platforms [340, 341].

We now formalise these ideas, starting with thermal phase transitions (TPT). Here,
continuous phase transitions are conveniently described in terms of an order pa-
rameter ϕ that distinguishes the disordered and ordered phases: its thermal av-
erage ⟨ϕ⟩ vanishes on one side of the transition and becomes finite on the other.
Although ⟨ϕ⟩ = 0 in the disordered phase, fluctuations do not vanish. Instead,
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TPT QPT DQPT

System Hamiltonian Hamiltonian Liouvillian

operator Ĥ = Ĥ† Ĥ = Ĥ† L
Relevant Free energy Energy eigenvalues Liouvillian eigenvalues

quantity Fβ(ρ̂) = ⟨Ĥ⟩ρ̂ − β−1SvN(ρ̂) Eψ : Ĥ|ψ⟩ = Eψ|ψ⟩ λi : Lr̂i = λi r̂i

State Gibbs state Ground state NESS

ω̂β = arg minρ̂[Fβ(ρ̂)] |ψ0⟩ = arg minψ⟨ψ|H|ψ⟩ π̂ss = arg minr̂i∥r̂i∥tr=1 ∥Lr̂i∥tr

ω̂β ∝ e−βĤ [Ĥ − Eψ0 ]|ψ0⟩ = 0 Lπ̂ss = 0

Phase Nonanalyticity ∆H = Eψ1 − Eψ0 ∆ = −minλi ̸=0[Re(λi)]

transition in Fβ(ω̂β) vanishes vanishes

Table V.9.1: Comparison of thermal phase transitions (TPT), quantum phase transitions
(QPT), and dissipative quantum phase transitions (DQPT). Adapted from Ref. [101].

temporal and spatial correlations grow and ultimately diverge at the critical point,
defining characteristic scales: the correlation length ξ and the relaxation time τ.
These quantities obey power laws in terms of the distance from criticality |g − gc|:

ξ(g) ∼ |g − gc|−ν, τ(g) ∼ ξz ∼ |g − gc|−zν, (V.9.1)

where ν and z are the correlation-length and dynamical critical exponents. The
divergence of τ is often referred to as critical slowing down, reflecting the increas-
ingly long time required for the system to recover from small disturbances near
criticality. The simultaneous divergence of ξ and τ implies that there is no intrin-
sic length or time scale left in the system. As a result, the system becomes scale
invariant at criticality. In this regime, the singular parts of observables such as the
order parameter mean ⟨ϕ⟩, susceptibility χ, and heat capacity C are governed by
the diverging correlation length ξ, and thus also display power-law scaling:

⟨ϕ⟩ ∼ |g − gc|β, χ ∼ |g − gc|−γ, C ∼ |g − gc|−α, (V.9.2)

where β, γ, α are standard critical exponents, determined by the scaling dimen-
sions of the corresponding observables. The universality of these exponents means
they depend only on general features of the system [341, 342], so that systems
sharing these features are said to belong to the same universality class and exhibit
identical critical behaviour.

Closely related critical phenomena arise in equilibrium many-body quantum sys-
tems at zero temperature [340]. A quantum phase transition (QPT) occurs when,
in the thermodynamic limit, the ground-state expectation value of an observable
Ô becomes nonanalytic at the critical point g = gc:

lim
g→gc

∣∣∣∣ ∂M

∂gM lim
N→∞

⟨ψ0(g, N)|Ô|ψ0(g, N)⟩
∣∣∣∣ = +∞, (V.9.3)
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where |ψ0(g, N)⟩ denotes the ground state of the Hamiltonian Ĥ(g) [340]. The
hallmark of such a transition is the closing of the energy gap ∆H(g) between
the ground state and the excited states, typically following ∆H(g) ∼ |g − gc|zν.
This gap closing gives rise to critical slowing down: the Hamiltonian gap sets
the intrinsic timescale for the coherent evolution of low-energy excitations, which
diverges as

τR ∼ ∆−1
H ∼ |g − gc|−zν. (V.9.4)

Here, τR is not a relaxation timescale associated with dissipation, but an intrinsic
timescale for the system’s coherent dynamics, in contrast to thermal transitions.

Several well-studied quantum many-body systems provide illustrative examples
of the phenomenology of continuous QPTs. For instance, in the transverse-field
Ising model, a paramagnet becomes ferromagnetic as the transverse field is tuned
[340]. The Bose-Hubbard model undergoes a superfluid-to-Mott-insulator transi-
tion [343], the Lipkin-Meshkov-Glick model displays collective spin ordering [344],
and the Dicke model exhibits a superradiant phase with macroscopic cavity occu-
pation [114].

Even richer phenomenology emerges in open quantum systems, where phase
transitions occur in NESSs as a control parameter is varied [81]. Unlike equi-
librium QPTs, these dissipative quantum phase transitions (DQPTs) combine crit-
ical behaviour with genuinely nonequilibrium features, such as irreversible en-
tropy production associated to NESS currents, and the interplay of coherent and
driven-dissipative dynamics. DQPTs have been explored theoretically in photonic
platforms [83–95], lossy polariton condensates [96–98], and spin systems [99–
107]. Experimentally, they have been observed in platforms ranging from ultra-
cold atomic gases [108, 109] to solid-state optical [110–112] and electronic [113]
devices, enabling time-resolved studies of critical fluctuations [345] and entropy
production across a DQPT [115]. Table V.9.1 summarises the key differences and
analogies between TPTs, QPTs, and DQPTs. Unlike TPTs, which are organised
by the properties of a free energy and are therefore comparatively well under-
stood [341], and QPTs, which have been extensively studied using many-body
and renormalization-group techniques [340], DQPTs remain far less explored. In
contrast to equilibrium quantum phase transitions, the NESS of an open system
is neither the ground state of a Hamiltonian nor, in general, a thermal state. Con-
sequently, standard frameworks that treat dissipation as a weak perturbation to
an underlying equilibrium structure are inadequate [346]. In equilibrium, criti-
cal exponents govern the scaling of observables near criticality. Remarkably, they
also predict universal nonequilibrium responses when a system is driven towards
or across a critical point, as captured by the celebrated Kibble-Zurek mechanism
(KZM), originally formulated for classical phase transitions and later extended to
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quantum critical points [347–349, 116]. While signatures of KZM-like dynamical
scaling near DQPTs have been observed experimentally [350], in numerical studies
of continuous DQPTs [351], and in theoretical analyses of pure dephasing mod-
els [352], a comprehensive account for general Markovian weakly coupled open
quantum systems has remained lacking. We fill this gap in Ref. [125] and present
the results in Chapter V.10.

The goal of this chapter is to provide the conceptual groundwork needed to fol-
low that discussion. We begin with a concise review of dynamical universality
underpinning the Kibble-Zurek mechanism and its central predictions (see Sec-
tion V.9.1). We then introduce DQPTs in open quantum systems obeying GKSL dy-
namics (see Section I.1.1) and identify the quantities relevant to dynamical scaling
in this setting (see Section V.9.2). Next, we discuss two paradigmatic and exper-
imentally accessible models exhibiting continuous DQPTs: the driven-dissipative
Dicke model (see Section V.9.3.1) and the driven-dissipative Kerr oscillator (see
Section V.9.3.2). Finally, we outline the finite-size scaling approach appropriate
for such fully connected models (see Section V.9.4).

V.9.1 Kibble-Zurek mechanism

This section is based on Ref. [116].

When a classical or closed quantum system is driven across a second-order (con-
tinuous) phase transition at a finite rate, diverging intrinsic timescales, arising
from critical slowing down or gap closing, inevitably lead to a breakdown of adi-
abatic evolution. The Kibble-Zurek mechanism (KZM) provides a unifying frame-
work for this nonequilibrium response, predicting universal dynamical scaling
laws based solely on equilibrium critical exponents. Its central insight is that near
the critical point the system can no longer follow the instantaneous equilibrium
state within a finite window around gc, defining the so-called impulse regime.
Outside this region, the system can evolve adiabatically, but within it, the dynam-
ics effectively “freeze”, leading to the formation of defects or excitations whose
density is determined by universal scaling. The onset of the impulse regime is
therefore typically referred to as the freeze-out point t̂, as the time at which the
system’s intrinsic timescale τ exceeds the time scale set by the driving. For a linear
ramp protocol, ε(t) = (g(t)− gc)/gc =

t
τQ

, t̂ is defined by the condition

τ(ε(t̂)) ∼
∣∣∣∣ ε(t̂)ε̇(t̂)

∣∣∣∣ , (V.9.5)
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As a result, the system “falls out of equilibrium”. This yields the characteristic
Kibble-Zurek scaling relations

t̂ ∼ τ
zν

1+zν

Q , ξ̂ ∼ τ
ν

1+zν

Q . (V.9.6)

The length scale ξ̂ determines the typical size of correlated domains that form
during the passage through criticality. Correspondingly, the density of defects is
set by the inverse of this scale, nKZ ∼ ξ̂−d in d spatial dimensions. These “defects”
may be topological objects such as vortices in superfluid helium or magnetic do-
main walls in ferromagnets (see the review [116] and references therein), while in
quantum many-body systems, they correspond to excitations above the ground
state (see the reviews [349, 353] and references therein). Crucially, the KZM pre-
dicts that nKZ depends only on τQ and the critical exponents z and ν, demonstrat-
ing that the nonequilibrium response to finite-rate driving is itself universal. The
same universal scaling extends to thermodynamic quantities like the dissipated
work1, defined as the excess work beyond the reversible free-energy change, as
well as its cumulants [119–121, 123, 354], reflecting the intrinsic irreversibility of
finite-rate driving to or through critical points.

V.9.2 DQPTs within GKSL dynamics

This section is based on Refs. [338, 125].

We now focus on systems displaying a DQPT whose dynamics are governed by
a GKSL master equation with parameterised Liouvillian generator Lg (see Sec-
tion I.1.1)2. A DQPT occurs when the NESS π̂g exhibits nonanalytic behaviour
in the thermodynamic limit at the critical point gc [338]. More specifically, in the
thermodynamic limit N → ∞, a transition between two different phases is charac-
terised by the nonanalytical behaviour of some g-independent observable Ô when
g tends to the critical value gc. A phase transition of order M occurs if

lim
g→gc

∣∣∣∣ ∂M

∂gM lim
N→∞

Tr
[
π̂g,NÔ

]∣∣∣∣ = +∞. (V.9.7)

Since Ô is independent of g, the discontinuity is due to a discontinuous behaviour
in π̂g,N→∞. Under the standard assumptions of a unique NESS away from crit-

1The dissipated work quantifies irreversibility and is defined as Wdiss = W − ∆F, where W is
the total work performed and ∆F = Ffinal − Finitial is the free-energy difference of the system, with
F = −kBT ln Z and Z the equilibrium partition function.

2A spectral theory for DQPTs in non-Markovian settings was recently proposed in Ref. [355].
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Figure V.9.1: a) The Liouvillian spectrum {λi}, shown in the complex plane, has a finite
Liouvillian gap ∆g away from the critical point. The eigenvalue associated with the slowest
decaying mode is shown in red, and the zero eigenvalue corresponding to the unique
steady state in green. b) At the critical coupling gc, the Liouvillian gap closes. Adapted
from Ref. [125].

icality and a regular (diagonalizable) Liouvillian spectrum, a discontinuity of an
eigenmatrix is associated with a level crossing in the spectrum of the Liouvil-
lian [356], and since π̂g,N is associated with the zero-eigenvalue of the Liouvil-
lian, the phase transition must coincide with the closure of the Liouvillian gap
[101, 357], as shown schematically in Fig. V.9.1. The closing of this gap signals crit-
ical slowing down, since the relaxation time scales as τR ∼ 1/∆g (see Section I.3.3).
This phenomenon is the dynamical analogue of the vanishing Hamiltonian gap in
QPTs, see Table V.9.1. Near criticality, for a continuous DQPT3, when the Liouvil-
lian control parameter g is tuned towards its critical value gc, the Liouvillian gap
is expected to close algebraically,

∆g ∼ |g − gc|γ. (V.9.8)

In this setting, the Liouvillian gap ∆g and its critical exponent γ play roles analo-
gous to the Hamiltonian gap ∆H and zν in equilibrium quantum phase transitions,
and they set the relevant timescale for universal dynamical behaviour: the relax-
ation time τR ∼ 1/∆g. The relaxation time determines how quickly the system can
adjust to changes in the control parameter and thus sets the boundary between
adiabatic and impulse regimes during a finite-time driving protocol. In addition,
the structure of the NESS as well as the slowest Liouvillian eigenmode that gov-
erns deviations from it become central objects. Identifying how these quantities
scale near criticality provides the foundation for revealing dynamical universality
in open quantum systems and for establishing the appropriate analogue of the
Kibble-Zurek framework in the dissipative setting, as we will see in Chapter V.10.

3This means that the order of the phase transition is M > 1.
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V.9.3 Examples

We now introduce two paradigmatic driven-dissipative models: the Dicke model
(see Section V.9.3.1) and the Kerr oscillator (see Section V.9.3.2). Both systems
exhibit continuous DQPTs in the thermodynamic limit, characterised by a spon-
taneous Z2 symmetry4-breaking bifurcation of the NESS as a control parameter
is tuned [114, 358]. At finite system size, the steady states are generally non-
Gaussian, but in the thermodynamic limit (large atom number for the Dicke
model, or large photon number for the Kerr oscillator) the dynamics are accu-
rately described by Gaussian bosonic approximations. These models will serve as
concrete examples of dissipative criticality and will be revisited in Chapter V.10.

V.9.3.1 Driven-dissipative Dicke model

This section is based on Refs. [114, 125].

The Dicke model describes the collective interaction of N two-level atoms with a
single-mode electromagnetic field in a cavity [359]. In its closed-system form, the
model exhibits the phenomenon of superradiance, in which the atoms emit light
collectively, leading to a macroscopic occupation of the cavity mode once a critical
atom-field coupling is reached. This behaviour can be understood as a QPT from
a normal phase, with the cavity nearly empty, to a superradiant phase, where the
field acquires a nonzero expectation value and the atomic ensemble becomes col-
lectively polarised [360–362]. In the open Dicke model, cavity photon loss (and
possibly other dissipative processes) are explicitly included. Remarkably, the open
system still displays a continuous phase transition that mirrors the equilibrium su-
perradiant transition: as the atom-field coupling crosses a critical value, the NESS
undergoes a Z2 symmetry-breaking bifurcation, the cavity becomes macroscopi-
cally occupied, and the atoms collectively polarise [114, 363, 350, 364–366, 82]. At
the same time, the steady-state photon flux emitted from the cavity provides a
direct experimental signature of the transition [350]. This model has been realised
in several experimental platforms, such as Bose-Einstein condensates coupled to
high-finesse optical cavities [108, 350], superconducting quantum circuits [367] or
trapped-ion arrays [368].
The Dicke Hamiltonian describes the collective light-matter interaction between

4A Z2 symmetry is a simple discrete symmetry corresponding to a two-element group, typically
represented by a sign flip. In quantum systems, it can be implemented as a unitary operator Û
with Û2 = I, such as Û = ∏i σ̂x

i in spin models. In bosonic systems, a Z2 symmetry can be
realised as a parity transformation that flips the sign of the field operators: â → −â and â† → −â†,
corresponding to the unitary operator Û = eiπâ† â.
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N two-level atoms and a single-mode electromagnetic field and reads

Ĥ = ωc â† â + ωz Ĵz +
g√
N
(â + â†)( Ĵ+ + Ĵ−), (V.9.9)

where â, â† are the annihilation and creation operators of the cavity mode, Ĵz, Ĵ±
are collective spin operators for N two-level atoms, ωc is the cavity frequency, ωz

is the atomic transition frequency, and g is the atom-light coupling strength. Note
that the Hamiltonian possesses a Z2 parity symmetry associated with simultane-
ous sign changes of the field and collective spin. To treat the normal phase of
the Dicke model in the thermodynamic limit, it is useful to employ the Holstein-
Primakoff transformation [369], which maps collective spin operators to bosonic
modes [369, 363]

Ĵ+ = b̂†
√

2J − b̂†b̂ ≈
√

2J b̂†, Ĵ− =

√
2J − b̂†b̂ b̂ ≈

√
2J b̂, Ĵz = b̂†b̂ − J,

(V.9.10)

where J = N/2 and b̂ is a bosonic operator with [b̂, b̂†] = 1. Here, we have
used that in the thermodynamic limit N → ∞, the system, in the normal phase,
is assumed to remain close to the collective spin ground state, which justifies

the expansion
√

2J − b̂†b̂ ≈
√

2J and allows one to treat the spin fluctuations
as a harmonic bosonic mode. In other words, the Holstein-Primakoff boson de-
scribes small quantum fluctuations around a fully polarised collective spin, with
⟨b̂†b̂⟩/N ≪ 1. In this limit, substituting into Eq. (V.9.9), the Hamiltonian becomes
for the normal phase (g < gc)

ĤN ≈ ωc â† â + ωzb̂†b̂ + g(â + â†)(b̂ + b̂†), (V.9.11)

which is a quadratic Hamiltonian in the bosonic modes â and b̂. To include dissi-
pation, we add a Lindblad term modelling single photon loss out of the cavity, so
that

˙̂ρ = −i[Ĥ, ρ̂] + κD[â]ρ̂, (V.9.12)

where κ is the cavity decay rate. In Section I.3.2, we introduced GKSL dynamics
for Gaussian bosonic and fermionic systems. Adopting the notation established
there, the driven-dissipative Dicke model can be expressed in terms of the follow-
ing matrices

AN =

(
ωc g
g ωz

)
, BN =

(
0 g
g 0

)
(V.9.13)



Thermodynamic geometry of DQPTs 139

for the normal phase Hamiltonian. Further,

Γ =

(
2κ 0
0 0

)
. (V.9.14)

The critical point in the atom-light coupling strength can be obtained by solving
det(W) = 0 [114]:

gc =
1
2

√
ω2

c + κ2

ωc
ωz . (V.9.15)

V.9.3.2 Driven-dissipative Kerr oscillator

This section is based on Refs. [358, 125].

Another widely studied platform exhibiting DQPTs is the driven-dissipative Kerr
oscillator, a single bosonic cavity mode with a Kerr nonlinearity5 subject to co-
herent two-photon (parametric) driving and single-photon loss [370, 358]. In
an appropriate thermodynamic limit, semiclassical and mean-field analyses re-
veal a Z2 symmetry-breaking bifurcation: as the drive strength crosses a criti-
cal value the cavity acquires a macroscopic occupation, leading to a continuous
DQPT [370, 90, 358, 338]. Although not the subject of our analysis, we note that
the model also features a discontinuous DQPT [372]. Interestingly, this symme-
try breaking has found applications in quantum error correction [373]. Further,
for several driving and dissipation configurations exact steady-state solutions are
known [90], making the Kerr resonator a paradigmatic and analytically tractable
model for universal phenomena in open quantum many-body physics. Further,
this model has been realised in several experimental platforms such as semicon-
ductor microcavities (see, for example, Refs. [111, 112]) or superconducting quan-
tum circuits (see, for example, Refs. [374, 375]).

In a reference frame rotating at the parametric pump frequency, the Hamiltonian
reads [358]

Ĥ = −∆ â† â +
U
2

â†2 â2 +
1
2

(
Gâ†2 + G∗ â2

)
, (V.9.16)

where ∆ is the detuning between the cavity and pump, U the Kerr interaction
strength, and G the amplitude of the parametric drive, which creates or annihilates
photons in pairs. The open system dynamics is induced by single-photon loss at
rate κ out of the cavity. The density operator ρ̂ evolves according to the GKSL

5The Kerr nonlinearity describes a shift of the oscillator frequency that depends on its photon
number, which makes the oscillator anharmonic. It represents a photon-photon interaction and is
responsible for effects such as optical bistability [370] and the generation of nonclassical states in
cavity and circuit-QED systems [371].
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master equation
d
dt

ρ̂ = −i[Ĥ, ρ̂] + κD[â]ρ̂, (V.9.17)

We now define the mean field α(t) = ⟨â(t)⟩. Taking the expectation value of the
Heisenberg equation (and including the damping contribution from the Lindblad
term) yields the semiclassical equation of motion

d
dt

α = i∆ α − iU|α|2α − iG α∗ − κ

2
α. (V.9.18)

Steady states αss satisfy dα/dt = 0. The semiclassical theory predicts a critical

point at ∆c = −
√

G2 − κ2

4 , below which αss = 0 is the unique stable solution,
and above which finite-amplitude solutions appear marking spontaneous phase
symmetry breaking [372]. To capture small quantum fluctuations, we decompose
the field operator as â = αss + d̂, with ⟨d̂⟩ = 0. Keeping terms up to quadratic
order in (d̂, d̂†) yields a Gaussian theory for the fluctuations. We find the linearised
equation of motion

d
dt

R⃗c = M R⃗c + ξ⃗(t), R⃗c =

(
d̂
d̂†

)
, (V.9.19)

where ξ⃗(t) denotes the input noise from the bath. The drift matrix M is

M =

(
i(∆ − 2U|αss|2)− κ

2 −i
(
Uα2

ss + G
)

i
(
Uα∗2

ss + G∗) −i(∆ − 2U|αss|2)− κ
2

)
. (V.9.20)

Below threshold (αss = 0) this matrix simplifies and describes a stable linear
damped parametric oscillator. We now introduce the canonical quadratures

X̂ =
d̂ + d̂†
√

2
, P̂ =

d̂ − d̂†

i
√

2
, R⃗q =

(
X̂
P̂

)
. (V.9.21)

The transformation to quadrature variables is given by

R⃗q = VR⃗c, V =
1√
2

(
1 1
−i i

)
. (V.9.22)

The linearised Langevin equation in quadrature form is

d
dt

R⃗q = W R⃗q + η⃗(t), W = VMV−1, η⃗(t) = V ξ⃗(t), (V.9.23)

with W the drift matrix in quadrature coordinates and η⃗ the corresponding noise
vector. The input noise is Gaussian and white with zero mean, ⟨η⃗(t)⟩ = 0⃗, and
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symmetrised correlation

1
2
⟨η⃗i(t)⃗ηj(t′) + η⃗j(t′)η⃗i(t)⟩ = Yij δ(t − t′). (V.9.24)

For single-photon loss into a vacuum bath the diffusion (noise) matrix in the
quadrature basis is Y = κ

2 I2, which corresponds to vacuum input noise with
strength set by the loss rate. The linearised dynamics we discuss here, in agree-
ment with those derived from Keldysh action [358] by which it can be shown that
non-Gaussian fluctuations can be neglected in the thermodynamic limit, preserve
Gaussianity, so the state is fully specified by the first moments and the covariance
matrix (see Section I.3.2).

V.9.4 Finite-size scaling without spatial degrees of free-

dom

This section is based on Refs. [125, 339].

Scaling theory describes how physical observables behave near a critical point,
where fluctuations span all scales and correlation lengths diverge [376, 342, 340].
Initially developed for classical equilibrium phase transitions, it links macroscopic
behaviour to universal critical exponents and identifies the relevant scaling vari-
ables [377]. In conventional systems, spatial dimensionality governs the univer-
sality class and scaling relations. In models without spatial structure, such as
zero-dimensional systems or fully connected mean-field models, as in the driven-
dissipative Dicke and Kerr models we treat in this thesis, length scales and spatial
correlations lose their standard meaning. Here, finite-size (or rather generalised)
scaling is controlled by an extensive quantity, like a particle or mode number. In
infinitely coordinated systems, the so-called coherence number replaces the corre-
lation length, diverging in the thermodynamic limit [339, 378], Nc ∼ |g − gc|−ν∗ .
Assume we are interested in the finite-size scaling behaviour of a quantity that
diverges in the thermodynamic limit as the system approaches the critical point

A∞ ∼ |g − gc|−αA . (V.9.25)

The scaling hypothesis postulates the existence of a regular scaling function FA

such that, near gc and for large N,

AN ∼ |g − gc|−αA FA

(
N
Nc

)
. (V.9.26)
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Consequently, one expects a collapse of the curves when plotting

AN |g − gc|αA vs. N |g − gc|ν
∗
, (V.9.27)

and, at the critical point,
AN(gc) ∼ NαA/ν∗ . (V.9.28)

Interestingly, the effective exponent ν∗ is related to the mean-field correlation
length exponent νMF and the upper critical dimension dc of a corresponding short-
range model via

ν∗ = νMF dc. (V.9.29)

The approach detailed here will be adopted to investigate finite-size scaling at the
continuous DQPT in the open Kerr parametric oscillator in Section V.10.5.
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Chapter V.10

Thermodynamic universality in DQPTs

The results presented in this chapter are based on Ref. [125]. I performed the analyti-
cal and numerical calculations, carried out the data analysis, and wrote the manuscript.
The co-authors contributed to the conceptualisation of the work, discussed the results, and
provided feedback and revisions on the manuscript. The presentation closely follows this
reference.

A comprehensive understanding of the KZM and its universal thermodynamic
signatures in DQPTs (see Chapter V.9 for an overview) has remained elusive.
A central difficulty lies in identifying a meaningful measure of dissipation that
exhibits universal scaling, analogous to the excess work in the near-equilibrium
KZM, given that NESSs dissipate energy continuously, even without external driv-
ing. Moreover, in contrast to closed quantum systems, there is no natural notion
of “excitations” above a ground state in open dynamics: only the NESS is a nor-
malised density operator, while all other Liouvillian eigenmodes are traceless de-
cay modes rather than physical states (see Section I.3.3). Their “occupation” (i.e.,
spectral weight) therefore carries no interpretation as populations of excited states.

In this chapter, we resolve this conceptual challenge by leveraging recent advances
in the information geometry of quantum NESSs [78]. We show that in DQPTs, the
nonadiabatic entropy production naturally quantifies deviations from the NESS
manifold caused by finite-time driving. For continuous DQPTs, both the nonadia-
batic entropy production rate and its time-integrated counterpart display Kibble-
Zurek-like universal power-law scaling with the driving speed, determined by the
Liouvillian gap exponent γ and the KMB QFI critical exponent α. Remarkably, for
Gaussian bosonic systems we find that, to leading order, the total nonadiabatic
entropy production becomes independent of the driving speed. This highlights a
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Figure V.10.1: a), b) During a finite-time slow protocol approaching criticality, the evolving
state (blue line in b) eventually fails to adiabatically follow the instantaneous steady state
(red line in b) and departs from the steady-state manifold. This defines the freeze-out
point, g∗ = g(t∗), occurring when the intrinsic relaxation time τR exceeds the driving
time scale τD (V.10.3). The protocol thus separates into a quasiadiabatic and an impulse
regime, indicated in grey. Adapted from Ref. [125].

distinctive dynamical universality specific to Gaussian bosonic criticality. We val-
idate our analytical predictions numerically in the driven-dissipative Dicke and
Kerr models.

V.10.1 Set-up

We consider a continuous DQPT in an open quantum system governed by a GKSL
master equation dρ̂/dt = Lg[ρ̂] (see Eq. (I.1.8)), where the Liouvillian superop-
erator Lg depends on a control parameter g. The corresponding NESS π̂g, de-
fined by Lg[π̂g] = 0, undergoes a DQPT as g is tuned through its critical value
gc (see Section V.9.2). Relaxation toward the NESS is governed by the Liouvil-
lian gap ∆g (see Section I.1.4). Near a continuous DQPT, this gap closes alge-
braically [358, 379, 380, 101],

∆g ∼ |g − gc|γ, (V.10.1)

leading to a diverging relaxation time τR = ∆−1
g . The quantities ∆g and γ thus play

roles analogous to the Hamiltonian gap ∆H and critical exponent combination zν

in equilibrium quantum phase transitions (see Section V.9.2). Dynamical critical
behaviour in open quantum systems characterises the universal nonequilibrium
response of the system to slow parameter variations in the vicinity of a DQPT. To
probe this behaviour, we consider a linear ramp of a control parameter g towards
its critical value gc,

g(t) = g0 + (gc − g0)
t

τq
, ġ(t) ∼ 1

τq
, t ∈ [0, τq], (V.10.2)

where τq denotes the total quench duration. Far away from criticality, τR is short
compared to the external time scale of the drive, and the system has sufficient
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time to relax (close) to the instantaneous NESS. However, close to gc, the intrinsic
relaxation becomes too slow for the system to remain adiabatic. As discussed in
Section V.9.1, to formalise the boundary between these two regimes, it is useful
to invoke the standard reasoning behind the KZM. The key idea is to compare
two characteristic time scales: the driving time scale, which quantifies the rate
at which changes are imposed on the system, τD =

∣∣∆g/∆̇g
∣∣, and the intrinsic

relaxation time due to the dissipative dynamics τR(g). For a DQPT, the freeze-out
point is then defined by the moment at which these time scales become equal. If
we denote this time by t∗ = τq − t̄, with corresponding control-parameter value
g∗ = g(t∗), the condition reads

τD(g∗) =

∣∣∣∣∣∆g∗

∆̇g∗

∣∣∣∣∣ = τR(g∗), g∗ = g(t∗). (V.10.3)

Before this time, the system evolves quasiadiabatically. After this time, it de-
parts from the instantaneous NESS and enters the so-called impulse regime. This
behaviour is illustrated schematically in Fig. V.10.1. Importantly, the solution
of Eq. (V.10.3) yields the characteristic scaling relations that define the dissipa-
tive KZM. Using the fact that the Liouvillian gap closes near criticality as ∆g ∼
|g − gc|γ, one finds the standard KZM power laws for the impulse duration t̄ and
for the distance from criticality at freeze-out

t̄ ∼ τ
γ

1+γ
q , |g∗ − gc| ∼ τ

− 1
1+γ

q , (V.10.4)

as we discussed in Section V.9.1. These expressions thus generalise the familiar
results for isolated systems [116–118, 381, 382] to open quantum dynamics, with
the crucial modification that the Liouvillian gap replaces the Hamiltonian energy
gap as the quantity governing adiabaticity and critical slowing down. Thus, de-
spite the fundamentally nonequilibrium nature of DQPTs, the scaling behaviour
of slow quenches follows a structure directly analogous to the known KZM.

V.10.2 Impulse-regime identification through fidelity

dynamics

To test the adiabatic-impulse approximation when approaching a DQPT, we track
the Uhlmann fidelity to the instantaneous NESS along slow driving protocols (see,
e.g., Ref. [383]). The breakdown of adiabatic following then defines the impulse
regime and allows extraction of freeze-out scaling near the critical point. We
apply this approach to the open Dicke model, introduced in Section V.9.3.1. In
the thermodynamic limit, this model admits a Gaussian bosonic description, and
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Figure V.10.2: To identify the onset of the impulse regime, we compute the infidelity
to the instantaneous NESS along linear quenches of duration τq = 103, . . . , 105 from the
normal phase to the critical point in the open Dicke model. Left: Infidelity as a function
of time for different quench durations. The freeze-out time t∗ coincides with the point
along the protocol at which the infidelity first exceeds 6 × 10−3, signaling the breakdown
of adiabatic following. Center: Scaling of the freeze-out time t̄ = |t∗ − τq| with the quench
duration τq. A power-law fit to the four largest values of τq yields an exponent x =
0.4996 ± 0.0002, in excellent agreement with the theoretical freeze-out condition (V.10.4)
for γ = 1. Right: Scaling of the distance of the control parameter from criticality at
the freeze-out point. A power-law fit to the four largest values of τq gives an exponent
x = −0.525 ± 0.005, again consistent with the theoretical prediction (V.10.4) for γ = 1.
Parameters: g0 = gc − 10−2, g f = gc − 10−15, ωc = 1, ωz = 1, and κ = 0.2.

the fidelity between two states can be computed using their respective covariance
matrices, as we detail in Appendix A.6. We find clear signatures of the adiabatic-
impulse crossover when the system is driven to the critical point. The freeze-out
time t∗ is identified as the first time at which the infidelity exceeds a small thresh-
old (here 6 × 10−3). The extracted scaling exponents are robust under moderate
variations of this choice. Scaling of both the freeze-out time and the distance of
the control parameter from criticality with the protocol duration is consistent with
the predicted Kibble-Zurek scaling (V.10.4), confirming that the fidelity to the in-
stantaneous steady state provides a robust probe of the breakdown of adiabatic
following, as we show in Fig. V.10.2.

V.10.3 Universality of dissipation

In driven open quantum systems, any finite rate of change of external parame-
ters inevitably drives the system away from its instantaneous NESS. Quantifying
this departure is essential for characterizing the additional irreversibility and dis-
sipation that underlie KZM-like scaling. This role is played by the nonadiabatic
entropy production Σna (see Section I.2.5), which provides a rigorous measure
of how strongly the actual evolution deviates from the adiabatic trajectory that
would perfectly follow the family of NESSs π̂g [79, 384, 186]. Operationally, Σna

monitors how distinguishable the evolving state is from the instantaneous NESS.
This is most transparent when expressed in terms of the quantum relative en-
tropy. The instantaneous rate of nonadiabatic entropy production is given by (see
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Section I.2.5)

Σ̇na(t) = − d
ds

D
(

ρ̂s ∥ π̂g(t)

)∣∣∣∣
s=t

, (V.10.5)

where ρ̂s is the system’s state at time s, and π̂g(t) is the instantaneous NESS of
Lg(t). This expression makes the physical meaning explicit: Σ̇na(t) measures the
instantaneous rate at which the system’s state diverges from the steady state as-
sociated with the current value of the control parameter. Whenever the driving
prevents the system from perfectly tracking this manifold of NESSs, additional
entropy is produced, reflecting the added irreversibility inherent to finite-time
protocols. When the system is driven slowly enough that ρ̂t remains close to
π̂g(t), the deviation can be treated perturbatively. In particular, one expands ρ̂t

around π̂g(t) in powers of the driving speed ġ ∼ 1/τq, which plays the role of a
small parameter in the slow-driving expansion [314, 78, 75, 74, 195, 76]. Under
this expansion, and as shown in Ref. [78] and reviewed in Section IV.7.5, the lead-
ing nonvanishing contribution to the entropy-production rate is quadratic in the
driving speed, yielding

Σ̇na(t) ≈ ġ(t) ζg(t) ġ(t). (V.10.6)

Here, ζg is the thermodynamic metric on the space of control parameters (see
Section IV.7.5). Remarkably, this metric factorises into two conceptually distinct
quantities:

ζg = τg I(KMB)
Q (g), (V.10.7)

where τg is a generalised integral relaxation known from linear-response the-
ory [385], and I(KMB)

Q (g) is the KMB QFI associated with the instantaneous steady
state π̂g (see Section IV.7.5). As discussed in Section IV.7.2, the latter quantifies
the sensitivity of π̂g to changes in the parameter g, thereby linking nonequilib-
rium thermodynamics with information geometry. Importantly, the assumptions
underlying Eq. (V.10.6) remain valid up to the freeze-out point in a slow finite-
time ramp. This behaviour is explicitly demonstrated in Fig. V.10.3 a), which
shows that the metric approximation continues to hold until the system enters the
impulse regime.
To derive scaling relations for the nonadiabatic entropy production evaluated at
the freeze-out point, it is essential to understand how the two components of the
thermodynamic metric behave near the dissipative critical point. Specifically, we
must determine the scaling of the generalised integral relaxation time τg and of
the KMB QFI. We begin by analysing the generalised integral relaxation time, in-
troduced in Eq. (IV.7.75). To make its critical behaviour transparent, it is useful to
express the relevant correlation function in the spectral decomposition of the Li-
ouvillian. For this purpose, we expand operators in the biorthonormal eigenbasis
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{λn, |r̂n⟩⟩, ⟨⟨l̂n|} of the vectorised Liouvillian (see Section I.1.4), defined through

Lg|r̂n⟩⟩ = λn|r̂n⟩⟩, ⟨⟨l̂n|Lg = λn⟨⟨l̂n|, (V.10.8)

and satisfying the biorthonormality condition ⟨⟨l̂n|r̂m⟩⟩ = δnm. In this basis, the
time-evolved operator |F̂g(τ)⟩⟩ = eLgτ|F̂g⟩⟩ admits the expansion

|F̂g(τ)⟩⟩ = ∑
n

eλnτ|r̂n⟩⟩⟨⟨l̂n|F̂g⟩⟩. (V.10.9)

Substituting this expression into the correlation function appearing in the defini-
tion of the integral relaxation time yields

⟨F̂g, F̂g(τ)⟩π̂g = ∑
n

eλnτ ⟨⟨l̂n|F̂g⟩⟩ ⟨F̂g, r̂n⟩π̂g . (V.10.10)

The integral relaxation time is then obtained by integrating this correlation func-
tion over τ,

τg = −
∑
n>0

λ−1
n ⟨⟨l̂n|F̂g⟩⟩ ⟨F̂g, r̂n⟩π̂g

∑
n>0

⟨⟨l̂n|F̂g⟩⟩ ⟨F̂g, r̂n⟩π̂g

. (V.10.11)

Here, the sums run over all nonstationary modes n > 0. Since the Liouvillian
of a stable open quantum system satisfies Re(λn) < 0 for all n > 0, the integral
is well-defined and convergent. Near a dissipative phase transition, the spectral
gap of the Liouvillian closes, and the dynamics become dominated by the slowest-
decaying mode, corresponding to n = 1. Noting that the Liouvillian gap is defined
as ∆g = −Re(λ1), the above expression simplifies asymptotically, yielding the
scaling

τg ∼ 1
∆g

. (V.10.12)

Thus, the generalised integral relaxation time diverges with the inverse Liouvil-
lian gap, mirroring the familiar critical slowing down observed in equilibrium
phase transitions. Indeed, a compatible result was shown in Ref. [121] for closed
quantum systems, where the integral relaxation time diverges with the inverse of
the closing Hamiltonian gap. We now turn to the second constituent of the ther-
modynamic metric, the KMB QFI. Since the KMB QFI quantifies the sensitivity of
the instantaneous steady state π̂g to changes in the control parameter g, it plays
the role of a generalised susceptibility. Consequently, near a second-order DQPT,
it is expected to diverge algebraically,

I(KMB)
Q (g) ∼ |g − gc|−α, (V.10.13)
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Figure V.10.3: Example of a DQPT in the open Dicke model. a) The nonadiabatic entropy
production rate is shown as a function of time for linear ramps of the coupling strength
g from the normal phase to the critical point gc, with protocol durations τq specified in
the legend. Scatter points mark their respective freeze-out points t∗, set by (V.10.3), solid
lines show the exact result (V.10.5), and black dashed lines correspond to the slow-driving
approximation (V.10.6). b) Scaling of the nonadiabatic entropy production rate at the onset
of the impulse regime t∗ as a function of the protocol duration τq for a linear ramp of the
coupling strength g from the normal phase to the critical point gc. The scaling exponent
is found to be Σ̇na(t∗) ∼ τ

y
q with y = −0.508 ± 0.001, in excellent agreement with the

theoretical prediction y = (α − 2 − γ)/(γ + 1) with α = 2 and γ = 1. Parameters: cavity
frequency ωc = 1, atomic frequency ωz = 1, photon loss rate κ = 0.2, initial coupling
strength g0 = gc − 10−2, final coupling strength g f = gc − 10−15. Adapted from Ref. [125].

with a critical exponent α characterizing the information-geometric response of
the NESS. Combining this divergence with the previously derived scaling of the
generalised relaxation time, τg ∼ ∆−1

g ∼ |g − gc|−γ, we obtain the scaling of the
thermodynamic metric

ζg ∼ |g − gc|−(α+γ). (V.10.14)

This result directly connects the information-geometric properties of the NESS
manifold and spectral properties of the Liouvillian to the dissipative response to
the external driving. We are now equipped to evaluate the nonadiabatic entropy-
production rate at the freeze-out time t∗. Using the Kibble-Zurek scaling (V.10.4)
for the distance to criticality at t∗, together with the geometric expression for the
entropy-production rate (V.10.5), we find that for a linear ramp,

Σ̇na(t∗) ∼ τ
α−2−γ

γ+1
q . (V.10.15)

This relation, which constitutes our first principal result, shows that the nonadi-
abatic entropy-production rate at freeze-out obeys a universal power-law scaling
with the quench duration, determined solely by the critical exponents α and γ.
While the previous result concerns the rate evaluated at the onset of the impulse
regime t∗, we now shift our focus to the total nonadiabatic entropy generated over
the entire protocol of duration τq. Related analyses of total entropy production
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Figure V.10.4: Example of a DQPT in the open Dicke model. The nonadiabatic entropy
production as a function of time for different protocol durations τq of a linear ramp of
the coupling strength g from the normal phase to the critical point gc. We split the con-
tribution to the total (black squared markers) nonadiabatic entropy production into two
contributions, stemming from the adiabatic (blue cross markers) and the impulse regime
(red dot markers). Parameters: cavity frequency ωc = 1, atomic frequency ωz = 1, pho-
ton loss rate κ = 0.2, initial coupling strength g0 = gc − 10−2, final coupling strength
g f = gc − 10−15. Adapted from Ref. [125].

within scaling contexts have been explored in both classical phase transitions [119]
and closed-system quantum critical dynamics [121].
The total nonadiabatic entropy production follows from integrating the rate over
the adiabatic and impulse regimes

Σna(0, τq) =
∫ t∗

0
dt Σ̇na(t) +

∫ τq

t∗
dt Σ̇na(t) = Σna(0, t∗) + Σna(t∗, τq) . (V.10.16)

Importantly, Eq. (V.10.6) is valid only so long as the system’s state remains close to
the corresponding instantaneous steady state. This condition is satisfied through-
out the adiabatic regime but ceases to hold once the evolution enters the impulse
regime (see Fig. V.10.3a). Accordingly, the two regimes must be analysed on dif-
ferent conceptual footings.
Up to the freeze-out point, the nonadiabatic entropy production can be faithfully

approximated as the geometric path action associated with the thermodynamic
metric [78]

Σna(0, t∗) =
∫ t∗

0
dt ġ(t) ζg ġ(t). (V.10.17)

Using the freeze-out scaling relations (V.10.4), this becomes

Σna(0, t∗) ∼ 1
τq

∫ g(t∗)

g0

dg |g − gc|−(γ+α) ∼


1
τq

ln τq, γ + α = 1,

τ
α−2
γ+1

q , otherwise.
(V.10.18)
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In the impulse regime (t ∈ (t∗, τq]), critical slowing down prevents the system
from adjusting to the changing parameter, so the state remains essentially frozen
while g approaches gc. We can therefore approximate Lg(t) ≈ Lgc and model the
dynamics as relaxation under the final generator with steady state π̂gc . To be ex-
plicit, we evaluate Eq. (V.10.5) under the approximation that ρ̂t ≈ eLgc (t−t∗)ρ̂t∗ and
π̂g(t) ≈ π̂gc . This corresponds to the standard formulation of entropy production
for evolution under a fixed Lindblad generator Lgc [145]. Since the steady state is
strictly ill-defined in the thermodynamic limit at g = gc, π̂gc should be understood
as the limiting NESS approached from below. This approximation is valid in the
slow-driving regime of large τq, where δg = |g∗ − gc| can be treated as a small
parameter. The integrated nonadiabatic entropy production is then

Σna(t∗, τq) = D
(
ρ̂t∗ ∥ π̂gc

)
− D

(
ρ̂τq ∥ π̂gc

)
. (V.10.19)

This quantity is positive since, for Markovian dynamics, the quantum relative
entropy is contractive under CPTP maps, implying the monotonic decrease of
D(ρ̂t∥π̂gc). Consequently, the second term is either subleading compared to the
first or scales in the same way in the large-τq limit. Therefore, the scaling of
Σna(t∗, τq) is determined by the first term: it either dominates the second term,
or the leading contributions cancel, leaving only subleading corrections. Focusing
on the first term in Eq. (V.10.19) and using ρ̂t∗ ≈ π̂g∗ in the slow-driving limit, we
find (see Section IV.7.2)

Σna(t∗, τq) ∼ D
(
π̂g∗∥π̂gc

)
=

1
2
(δg)2 I (KMB)

g∗ + O(δg3) . (V.10.20)

It then follows that
Σna(t∗, τq) ∼ |g∗ − gc|2−α. (V.10.21)

Using the standard Kibble-Zurek scaling of δg with the quench time τq, we finally
obtain

Σna(t∗, τq) ∼ τ
α−2
γ+1

q . (V.10.22)

Remarkably, this coincides with the scaling found for the quasiadiabatic contri-
bution in the quasiadiabatic regime, so long as γ + α ̸= 1. From the preceding
analysis, we arrive at our second central result: the total nonadiabatic entropy
produced during a linear ramp toward the critical point, over a quench of dura-
tion τq, exhibits a universal scaling behaviour governed by the critical exponents
of the DQPT. Explicitly, we have

Σna(0, τq) ∼ τ
α−2
γ+1

q . (V.10.23)
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Figure V.10.5: Scaling of the symplectic eigenvalue of the soft mode with the square-
root of the inverse Liouvillian gap in the dissipative Dicke model. Parameters: cavity
frequency ωc = 1, atomic frequency ωz = 1, photon loss rate κ = 0.2. Adapted from
Ref. [125].

This relation highlights that the total entropy production is not merely a system-
specific quantity, but rather displays dynamical KZM-like universality, determined
solely by τq and the exponents α and γ associated with the KMB QFI and the Li-
ouvillian gap, respectively.

V.10.4 Gaussian bosonic systems

We now emphasise a striking property of DQPTs within the mean-field, Ising-like
universality class [386]. This class encompasses prototypical fully connected open
quantum systems that exhibit spontaneous Z2 symmetry-breaking, including the
open Dicke [366], Rabi [378], Kerr [358], and Lipkin-Meshkov-Glick [387] models.
Although these systems are generally non-Gaussian at finite size, their critical be-
haviour in the thermodynamic limit can be captured by an effectively Gaussian
bosonic description with critical behaviour dominated by a single soft mode. As
discussed in Section I.3.3, Gaussian states are fully characterised by their symplec-
tic eigenvalues. Their scaling will be crucial for the scaling analysis of observable
expectation values as we show in the following.

V.10.4.1 Critical scaling of the symplectic eigenvalues of Θ

We consider a Gaussian bosonic system whose covariance matrix evolves under a
Lyapunov differential equation (I.3.14), so that the NESS covariance matrix solves
the Lyapunov equation (I.3.16). In this section, we aim to understand the be-
haviour the soft-mode component of the steady-state covariance matrix in the
vicinity of a critical point gc in a continuous DQPT. Let λs denote the eigenvalue
of W, assumed to be diagonalisable, with smallest absolute real part (Liouvillian
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gap), and
Wvs = λsvs, w†

s W = λsw†
s , (V.10.24)

where vs is the right eigenvector and ws is the left eigenvector. We define the
projection of Θ onto the subspace of the slowest-decaying (soft) mode as

θs = w†
s Θ ws. (V.10.25)

Multiplying Eq. (I.3.16) from the left by w†
s and from the right by ws gives

(w†
s W)Θws + w†

s Θ(W†ws) = w†
s Yws. (V.10.26)

Using the eigenvector relations, we obtain the equation

λs θs + λ∗
s θs = ys, (V.10.27)

where ys = w†
s Yws, which we assume remains finite and non-zero across the

transition. Thus,
θs =

ys

λs + λ∗
s
=

ys

2 Re λs
. (V.10.28)

To understand the structure of the divergences, recall that the Lyapunov equation
admits the integral solution

Θ =
∫ ∞

0
etWYetW†

dt = ∑
i,j

vi (w†
i Ywj) v†

j

λi + λ∗
j

, (V.10.29)

using etW = ∑i etλi viw†
i and etW†

= ∑j etλ∗
j wjv†

j . As ∆g = |Re λs| → 0+, the
dominant term is the contribution

Θ =
ys

λs + λ∗
s

vsv†
s + Θreg, (V.10.30)

where Θreg represents the regular component and remains finite at the transition.
The divergent part is rank-one, hence in the two-dimensional canonical subspace
of the soft mode, Θs has one eigenvalue ∝ ∆−1

g and the other ∝ O(1). The co-
variance matrix of the slowest-decaying mode, in canonical coordinates, can be
written as

Θs =

(
⟨X̂2

s ⟩ 1
2⟨X̂sP̂s + P̂sX̂s⟩

1
2⟨P̂sX̂s + X̂sP̂s⟩ ⟨P̂2

s ⟩

)
, (V.10.31)

where (X̂s, P̂s) are the associated quadratures, chosen such that they satisfy canon-
ical commutation relations. The symplectic eigenvalue of this matrix is

νs =
√

det Θs . (V.10.32)
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Figure V.10.6: Left: The KMB QFI scales with a power law in the distance to the critical
point I(KMB)

Q (g) ∼ γ2

2 |g − gc|−α, with α = 2 ± 1 · 10−4, in the Gaussian open Dicke model.
Right: Here, we show that the slope obtained from a linear fit is 0.500001 ± 1 · 10−6,
which is in excellent agreement with the predicted γ2/2, with γ = 1. Parameters: cavity
frequency ωc = 1, atomic frequency ωz = 1, photon loss rate κ = 0.2. Adapted from
Ref. [125].

From the rank-one structure above, we have

det Θs ∼ ∆−1
g , νs ∼ ∆−1/2

g . (V.10.33)

The scaling behaviour of the soft mode symplectic eigenvalue is confirmed in the
Gaussian driven-dissipative Dicke model, see Fig. V.10.5.

V.10.4.2 Critical scaling of the KMB QFI

We now use the scaling behaviour of the soft-mode symplectic eigenvalue of the
NESS covariance matrix to understand why the KMB QFI diverges as γ2

2 |g − gc|−2

near a critical point for Gaussian bosonic states with a single soft mode, implying
α = 2. Notably, this exponent is universal within Gaussian bosonic models in the
sense that it is independent of the Liouvillian gap exponent or any other critical
exponent that typically appears in scaling predictions, making it a distinctive fea-
ture of these systems.
In Appendix A.2, we show that for zero mean Gaussian bosonic states, the KMB
QFI can be expressed as

I(KMB)
Q (g) =

1
2

∫ 1

0
ds Tr[AΘ̌ST(s)AS(s)Θ̌T], (V.10.34)

with S(s) = esiΩM and Θ̌ = Θ + iΩ/2. Let us first express X = iΩM in its
biorthonormal basis

X = ∑
i

λiviwT
i , wT

j vi = δij, (V.10.35)
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Figure V.10.7: Left: Complex spectrum of the drift matrix −W as a function of the coupling
strength g in the dissipative Dicke model (blue: real part, red: imaginary part). The
vertical dashed black line indicates the critical point gc at which the Liouvillian gap closes.
Right: Scaling of the Liouvillian gap with proximity of the coupling strength g to the
critical point gc: ∆g ∼ |g − gc|γ, in the dissipative Dicke model. From a numerical fit, we
obtain γ = 1.009 ± 0.001. Parameters: cavity frequency ωc = 1, atomic frequency ωz = 1,
photon loss rate κ = 0.2. Adapted from Ref. [125].

so that
S(s) = ∑

j
eλjsvjwT

j , ST(s) = ∑
j

eλjswjvT
j . (V.10.36)

The KMB QFI reads

I(KMB)
Q (g) =

1
2 ∑

ij
Tr
[

AΘ̌
∫ 1

0
e(λi+λj)s dswivT

i AvjwT
j Θ̌T

]

=
1
2 ∑

ij

eλi+λj − 1
λi + λj

Tr
[

AΘ̌wivT
i AvjwT

j Θ̌T
]

.
(V.10.37)

Equation (V.10.37) contains the factors Θ̌ = Θ + iΩ/2 and Θ̌T = Θ − iΩ/2. We
expect the ΘΘ-contribution to dominate near the critical point, since, as we have
shown in Section V.10.4.1, νs ∼ 1/

√
∆g and ∆g → 0. We further use that

A = ∂gM = iΩ∂gX

= ∑
j

iΩ∂gλjvjwT
j︸ ︷︷ ︸

Aλ
j

+ iΩλj∂g(vjwT
j )︸ ︷︷ ︸

AP
j

= ∑
j

Aλ
j + AP

j ,

(V.10.38)

so that A can be split into components involving the derivatives of the symplectic
eigenvalues (Aλ

j ) the projectors (AP
j ), respectively. We now perform the explicit

computation of the term involving the g-derivatives of λi, labelled with the super-
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script λ. We express Θ = (ΘiΩ)iΩ = ∑j νjvjwT
j iΩ, and find

I(KMB),λ
Q (g) =

1
2 ∑

ijklmn

eλi+λj − 1
λi + λj

×

× Tr

iΩ∂gλkvkwT
k︸ ︷︷ ︸

Aλ
k

νlvlwT
l iΩ︸ ︷︷ ︸

Θl

wivT
i iΩ∂gλmvmwT

m︸ ︷︷ ︸
Aλ

m

vjwT
j νnvnwT

n iΩ︸ ︷︷ ︸
Θn


=

1
2 ∑

ij

eλi+λj − 1
λi + λj

(∂gλjνj)
2 wT

j iΩwi vT
i iΩvj,

where have used that (iΩ)2 = 1, the cyclic property of the trace as well as the
biorthonormality condition. Since X = 2 coth−1(2ΘiΩ), ΘiΩ shares an eigenbasis
with X and their respective eigenvalues are related via λj = 2 coth−1(2νj), and

∂gλj = −
4∂gνj

4ν2
j − 1

g→gc−→ −
∂gνj

ν2
j

. (V.10.39)

From our analysis of the soft mode in Section V.10.4.1, we know that in the vicinity
of the critical point, the soft mode symplectic eigenvalue of the covariance matrix
diverges as νs ∼ 1/

√
∆g. Therefore, the soft mode symplectic eigenvalue of M

λs ∼ 1/νs vanishes. Further, the factors wT
j iΩwi and vT

i iΩvj are non-zero only for
the labels i and j referring to symplectic eigenvalues of opposite sign. Therefore,
there are two non-zero identical contributions to the sum, relevant to the scaling

(s,−s) and (−s, s). Further, we note that prefactor eλi+λj−1
λi+λj

reduces to 1, for the
dominant soft mode contribution, since λs → 0, and find

I(KMB),λ
Q (g) ∼ (∂gλj)

2ν2
j ≈

(
∂gνs

νs

)2

∼
(γ

2

)2
|g − gc|−2, (V.10.40)

Similarly, we find for the contribution involving the projector derivatives

I(KMB),P
Q (g) =

1
2 ∑

ijklmn

eλi+λj − 1
λi + λj

×

× Tr

iΩλk∂g(vkwT
k )︸ ︷︷ ︸

AP
k

νlvlwT
l iΩ︸ ︷︷ ︸

Θl

wivT
i iΩλm∂g(vmwT

m)︸ ︷︷ ︸
AP

m

vjwT
j νnvnwT

n iΩ︸ ︷︷ ︸
Θn


∼(∂gλj)

2ν2
j ∼

(γ

2

)2
|g − gc|−2

All other terms can be computed in an analogous fashion and can be shown to
be subleading or vanishing by the biorthonormality condition. Combining these
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Figure V.10.8: Left: Finite-size scaling analysis of the KMB QFI in the dissipative Kerr
model, revealing excellent agreement with the predicted α = 2. Parameters: parametric
drive amplitude G = 1.5, photon loss rate κ = 1. Adapted from Ref. [125].

findings, we obtain that the dominant scaling of the KMB QFI is

I(KMB)
Q (g) ∼ γ2

2
|g − gc|−2, (V.10.41)

so that the KMB QFI critical exponent is given by α = 2. Note that the prefactor
γ2

2 depends on the gap exponent, indicating that the KMB QFI indeed picks up on
the underlying equilibrium critical exponents.

V.10.5 Examples

We now illustrate our results in the context of the driven-dissipative Dicke (see
Section V.9.3.1) and Kerr model (see Section V.9.3.2), which both serve as paradig-
matic examples of open quantum systems exhibiting a DQPT and, importantly, are
experimentally realisable [108, 350, 367, 368, 111, 112, 115]. We begin by analysing
the closure of the Liouvillian gap in the open Dicke model in the thermodynamic
limit, with the goal of determining the critical exponent that characterises its alge-
braic vanishing near the transition. As discussed in Section I.3.2, the Liouvillian
gap can be extracted from the spectrum of the drift matrix W. Figure V.10.7
displays the full spectrum of W as a function of the coupling strength g and high-
lights the behaviour of the Liouvillian gap ∆g near the critical point. A numerical
fit in the normal phase yields γ = 1.009± 0.001, confirming that γ ≈ 1. This result
is in excellent agreement with previous studies [380]. Furthermore, we find that
the KMB QFI exhibits a clear algebraic divergence near the critical point, scaling
as

IKMB
g ≈ γ2

2
|g − gc|−2, (V.10.42)
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Figure V.10.9: Scaling of the thermodynamic metric ζg in the proximity to the critical
point: ζg ∼ |g − gc|x, in the dissipative Dicke model. We obtain x = −2.9953 ± 0.0009
via a numerical fit, which is in excellent agreement with our theoretical prediction x =
−(α + γ), with α = 2 and γ = 1. Parameters: cavity frequency ωc = 1, atomic frequency
ωz = 1, photon loss rate κ = 0.2. Adapted from Ref. [125].

as shown in Fig. V.10.6, where both the exponent and the prefactor are confirmed
numerically. This behaviour is in excellent agreement with the analytical scal-
ing predictions presented in Section V.10.4.2, demonstrating that the KMB QFI
faithfully captures the increasing sensitivity of the steady state as the system ap-
proaches criticality. We further validate our scaling prediction for the KMB QFI
through finite-size scaling analysis (see Section V.9.4) in the driven-dissipative
Kerr model, which admits an effective Gaussian bosonic description near the
critical point in the thermodynamic limit [358]. Our numerical analysis shows
excellent agreement with our theoretical predictions: Figure V.10.8 confirms a
critical exponent α = 2, consistent with the mean-field Ising universality class
with Z2 symmetry, characterised by the critical dimension dc = 4 and mean-field
correlation-length exponent νMF = 1/2. Furthermore, these results are in agree-
ment with similar analyses performed for other models within the same universal-
ity class [378, 388]. Building on these results, we observe that the thermodynamic
metric (V.10.7) exhibits the expected scaling ζ(g) ∼ |g − gc|−3, as illustrated, for
the open Dicke model, in Fig. V.10.9. Consequently, the nonadiabatic entropy-
production rate at the freeze-out point scales as

Σ̇na(t∗) ∼ τ
− γ

γ+1
q , (V.10.43)

with the exponent determined solely by the Liouvillian gap exponent γ. Remark-
ably, this scaling has a striking implication for the total nonadiabatic entropy gen-
erated over the entire protocol: to leading order, the total nonadiabatic entropy
production becomes independent of the quench duration,

Σna(0, τq) ∼ τ0
q . (V.10.44)
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In DQPTs, nonadiabatic effects can generate dissipation even for arbitrarily slow
driving to the critical point, unlike in isolated, fully connected quantum systems,
where finite-speed driving to a QPT produces excess work that vanishes univer-
sally as τq → ∞ [389, 390].
Finally, we confirm the predicted scaling of both the nonadiabatic entropy pro-
duction rate and its integrated value in the open Dicke model, as shown in
Fig. V.10.3b) and Fig. V.10.4, respectively.

V.10.6 Conclusion

In this chapter, we develop a comprehensive framework for characterizing crit-
ical quantum dynamics in open quantum systems, extending the Kibble-Zurek
paradigm to continuous dissipative quantum phase transitions. A central result is
the emergence of universal scaling laws for the nonadiabatic entropy production,
which quantifies excess dissipation and plays a role analogous to that of dissi-
pated work in closed systems [119–121, 123, 354]. We show that these scaling laws
are governed by the simultaneous closing of the Liouvillian gap and the diver-
gence of the KMB QFI, which together control the thermodynamic signatures of
irreversibility near criticality.
Information-geometric methods, and in particular the QFI metric, are well es-
tablished as sensitive probes of criticality, capable of detecting phase transitions
and delineating phase diagrams even when no local order parameter is avail-
able [279, 391–397, 305] (see Appendix A.1). Building on this insight, we demon-
strate that the information geometry of quantum NESS is directly tied to ther-
modynamic irreversibility induced by critical slowing down. This connection es-
tablishes a comprehensive framework for understanding dissipative universality
classes that extends beyond both near-equilibrium thermodynamics and purely
unitary quantum dynamics.
For Gaussian bosonic systems governed by a single soft mode, we find that the
quadratic divergence of the KMB QFI near criticality implies a leading-order nona-
diabatic entropy production that becomes independent of the driving speed. We
corroborate this prediction explicitly in the driven-dissipative Dicke model and
further substantiate it via finite-size scaling in the driven-dissipative Kerr oscil-
lator. More broadly, the open Kerr, Rabi, and Lipkin-Meshkov-Glick models fall
into the same universality class as the open Dicke model, namely the classical
mean-field Ising class [388]. As a result, they are expected to display identical
thermodynamic signatures in the vicinity of criticality, reflecting the emergent
classical dynamics of a Z2-symmetric order parameter.
Our results also underscore the potential for experimental exploration of entropic
currents in quantum devices. While stochastic entropy production has been mea-
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sured in classical systems to verify fluctuation relations such as the Hatano-Sasa
relation [79, 80, 398–402], only a few quantum experiments have directly accessed
such entropic currents [17, 28, 403–407, 115].
Looking forward, these results motivate time-resolved measurements also of other
experimentally accessible currents, such as the cavity photon flux in Dicke or Kerr
setups, which also follow Kibble-Zurek-type scaling, as we show in Appendix C.3.
Since the cavity photon flux is directly related to the entropic currents [408] and
has been experimentally measured [115], combined measurements of the Wigner
function and photon emission provide a promising route to reconstructing the
nonadiabatic entropy production in dissipative quantum critical dynamics. This
establishes a concrete bridge between theoretical predictions and feasible experi-
mental probes of nonequilibrium universality in open quantum systems.
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Final remarks and future work

This thesis investigated nonequilibrium thermodynamics in open quantum sys-
tems from multiple complementary perspectives, spanning regimes from weak to
strong system-environment coupling, incorporating both stochastic and ensemble-
averaged descriptions, and addressing dynamics both far from stationarity and in
nonequilibrium steady states (NESSs).

First, in Chapter II.4, we investigated the thermodynamic role of measurement
backaction on NESS currents in an autonomous quantum heat engine, based on
Ref. [29]. We studied a minimal yet experimentally relevant setup: a double quan-
tum dot coupled to two fermionic reservoirs, with one dot continuously moni-
tored via a quantum point contact. By formulating the problem within a repeated-
interactions framework, we obtained a thermodynamically consistent description
of continuous measurement. Within this setting, we showed that measurement
backaction, in contrast to the conventional view, is not inherently detrimental to
thermodynamic performance. On the contrary, it can enhance steady-state cur-
rents, improve their signal-to-noise ratio, and reduce the entropic cost required
to maintain currents at a fixed precision. This insight is particularly relevant for
realistic quantum thermal devices, where continuous monitoring is often unavoid-
able, for instance, to enable feedback or stabilisation protocols. Our results there-
fore suggest that measurement-induced effects can be deliberately harnessed as
a functional resource in the design and optimisation of nonequilibrium quantum
machines.

A second, methodological contribution of this thesis addresses current fluctua-
tions beyond the Markovian weak-coupling regime using the mesoscopic-leads
framework [47, 48, 50], which enables a thermodynamically consistent treatment
of strong coupling, non-Markovian dynamics, and time-dependent driving. In
Chapter III.6, we presented the results of Ref. [52], demonstrating direct access to
the full counting statistics of thermodynamic observables along individual quan-
tum trajectories with both temporal and energetic resolution. This level of access
connects to approaches based on large deviation theory and the thermodynamic
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analysis of quantum jump trajectory ensembles, which have been used, for in-
stance, to reveal dynamical phase transitions in continuously monitored open
systems [409–412]. While our explicit numerical implementations focused on
noninteracting fermionic systems, the general expressions for stochastic currents
derived here are valid for arbitrary systems. This opens the door to future appli-
cations in interacting settings, for example via tensor-network representations of
the extended system. More broadly, it lays the foundation for integrating quan-
tum measurement-based control into a consistent thermodynamic framework for
mesoscopic systems.

Finally, this thesis explored the role of information geometry in nonequilibrium
quantum thermodynamics, highlighting both the connection between temporal
quantum Fisher information (QFI) and entropy dynamics far from stationarity,
based on Ref. [71] (see Chapter IV.8), and its role in quantifying the entropic cost
of slow driving between NESSs via the nonadiabatic entropy production (see Sec-
tion IV.7.5), based on Refs. [78, 125]. In the first context, we extended classical
results of nonequilibrium thermodynamics [70, 69] to the quantum regime [71],
showing that temporal QFI is directly linked to the entropy dynamics in open
systems and establishing quantum generalisations of classical entropy bounds.
More broadly, the geometric framework developed here provides a promising
foundation for future studies of anomalous thermalisation phenomena, including
Mpemba-like effects [413], in both open and closed quantum systems. Studying
the temporal QFI at the single-trajectory level would be particularly interesting,
as it could reveal the stochastic fluctuations underlying the entropic dynamics
of these phenomena. First steps in this direction have recently been reported in
Refs. [414, 415]. In the second context, we showed that the Kubo-Mori-Bogoliubov
(KMB) QFI emerges as a central component of the thermodynamic metric quan-
tifying the entropic cost of slowly driving a system from one NESS to another,
based on Ref. [78].

Most notably, in Chapter V.10, we demonstrated further that this information-
geometric framework reveals genuine dynamical universality in continuous dis-
sipative quantum phase transitions (DQPTs) through thermodynamic quantities,
in particular the nonadiabatic entropy production, as originally demonstrated in
Ref. [125]. This observable captures the irreversibility of finite-time driving and
displays universal Kibble-Zurek-type scaling near critical points. Historically, the
Kibble-Zurek mechanism has linked the scaling of equilibrium correlations to the
system’s response under finite-time driving across continuous phase transitions.
Our results indicate that the same principles govern the response of driven open
quantum systems: the divergence of the KMB QFI metric near dissipative critical
points reflects this mechanism, likely imposing fundamental limits on statisti-
cal and thermodynamic length minimisation and on the feasibility of optimal or
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counterdiabatic control. A similar connection has recently been established for
classical second-order phase transitions [416] and has been explored in quantum
systems through quantum speed limits [417]. Extending these insights to DQPTs
would be a natural and exciting direction for future research. Importantly, we
also predict Kibble-Zurek-type scaling for experimentally accessible quantities,
such as the cavity photon flux in Kerr or Dicke-type models, making verification
possible in commonly used platforms [115]. Another interesting direction is to
extend our framework to settings beyond the Markovian weak-coupling regime.
In this context, a spectral theory of dissipative quantum phase transitions under
non-Markovian dynamics has been developed recently [355], providing a natural
starting point for exploring universal nonequilibrium scaling and thermodynamic
geometry in such open system settings.
Although not yet exploited in this thesis, our investigation of information geome-
try led us to identify a compact extension of the adiabatic gauge potential (AGP)
to density matrices evolving non-unitarily under a Liouvillian. We refer to this
object as the quasistatic gauge potential (QGP) (see Appendix D). In closed, uni-
tarily evolving systems, the AGP generates adiabatic evolution and counteracts
nonadiabatic transitions. The QGP plays an analogous role in open systems, see
also Ref. [418]. Moreover, the norm of the AGP is directly related to the QFI,
and establishing a similar connection for the QGP would be of significant interest.
This generalisation also naturally raises questions about counterdiabatic control
and its approximations in open systems, inspired by closed-system studies [419],
pointing to another promising avenue for future research.
More generally, quantum geometry in open quantum systems remains largely
unexplored. An intriguing route toward addressing this gap is to extend quan-
tum geometric tensors, originally defined for pure states, to the setting of mixed
states. In this context, the real part of the quantum geometric tensor naturally in-
volves the QFI. However, since mixed states admit an entire family of inequivalent
QFI metrics, one should correspondingly expect a family of quantum geometric
tensors for density matrices. In particular, exploring analogues of the Berry cur-
vature for mixed states could provide valuable insights. To date, progress has
been limited, with only a few works addressing the so-called Uhlmann curva-
ture, which in some sense complements the QFI obtained using the symmetric
logarithmic derivative. Potential applications of this framework include the study
of DQPTs [420], topological states in open systems or in finite-temperature set-
tings [421], and a systematic investigation of the differences between strong and
weak symmetry breaking in open quantum systems [422].
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Appendices

A Supplementary results on Gaussian models

A.1 Thermodynamic metric (Fermionic)

In this appendix, we derive an explicit expression for the thermodynamic metric
for Gaussian fermionic NESSs in terms of their covariance matrix.

For generality, we choose to work in the Majorana basis (ŷi) instead of the complex
fermionic basis (ĉi), using the convention

ŷi = ĉ†
i + ĉi , ŷi+N = i(ĉ†

i − ĉi) ,

π̂
λ⃗
=

e
1
4 Y⃗†·M·Y⃗

Z
, Y⃗ = (ŷ1, ŷ2, . . . , ŷ2N) ,

Σ̂ij =
1
2
[
ŷi, ŷj

]
, Θ

λ⃗,ij = Tr
[
Σ̂ijπ̂λ⃗

]
,

(A.1)

where N denotes the number of complex fermionic modes and {ŷi, ŷj} = 2δij.
We assume a Gaussian fermionic NESS, π̂

λ⃗
, as the fixed point of Gaussianity-

preserving GKSL dynamics with Liouvillian L
λ⃗

which depends on parameters λ⃗

with quadratic Hamiltonian and jump operators that are a linear combination of
the Majorana operators

Ĥ =
1
4

Y⃗† · h · Y⃗ , L̂r = ∑
i

cr
i ŷi. (A.2)

For a more detailed discussion, we refer to Chapter I.3. The metric is given by ζµν,
where ζµν = 1

2(ξµν + ξνµ) is the symmetric part of

ξµν = −Tr
[

∂ log π̂
λ⃗

∂λν
L+

λ⃗

∂π̂
λ⃗

∂λµ

]
. (A.3)
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First, we use the integral representation of the Drazin inverse

L+[Â] =
∫ ∞

0
dν eνL(π̂ Tr

[
Â
]
− Â) = −

∫ ∞

0
dν eνL(Â − π̂ Tr

[
Â
]
), (A.4)

so that we find

L+

[
∂π̂

∂λµ

]
= −

∫ ∞

0
dν eLν

(
∂π̂

∂λµ
− Tr

[
∂π̂

∂λµ

]
π̂

)
= −

∫ ∞

0
dν eLν

(
∂π̂

∂λµ

)
, (A.5)

since Tr
[

∂π̂
∂λµ

]
= 0. We now compute

∂π̂
λ⃗

∂λµ
using the identity

∂eX̂

∂λ
=
∫ 1

0
ds esX̂ ∂X̂

∂λ
e(1−s)X̂ , (A.6)

with X̂ = log π̂

∂π̂
λ⃗

∂λµ
=
∫ 1

0
ds π̂s ∂ log π̂

∂λµ
π̂1−s =

∫ 1

0
ds π̂s ∂ log π̂

∂λµ
π̂−sπ̂ . (A.7)

We find

∂ log π̂

∂λµ
=

1
4

Y⃗† · ∂M
∂λµ

· Y⃗ − 1/Z Tr

[
∂e

1
4 Y⃗†·M·Y⃗

∂λµ

]

=
1
4

Y⃗† · ∂M
∂λµ

· Y⃗ − 1
4

Tr
[∫ 1

0
dsπ̂sY⃗† · ∂M

∂λµ
· Y⃗π̂1−s

]
=

1
4

Y⃗† · ∂M
∂λµ

· Y⃗ − 1
4

Tr
[

Y⃗† · ∂M
∂λµ

· Y⃗π̂

]
= ˜̂Xµ,

(A.8)

where we have defined the conjugate forces ˜̂Xµ = X̂µ − Tr
[
X̂µπ̂

]
and X̂µ = 1

4Y⃗† ·
∂M
∂λµ

· Y⃗. Using this, we find

∂π̂
λ⃗

∂λµ
=
∫ 1

0
ds π̂s ˜̂Xµπ̂−sπ̂. (A.9)

Combining these results, we find

ξµν = −Tr
[

∂ log π̂
λ⃗

∂λν
L+

λ⃗

∂π̂
λ⃗

∂λµ

]
=
∫ ∞

0
dν

∫ 1

0
ds Tr

[
˜̂XµeνLπ̂s ˜̂Xνπ̂−sπ̂

]
=
∫ ∞

0
dν

∫ 1

0
ds Tr

[
M(ν)[ ˜̂Xµ]U (is)[ ˜̂Xν]π̂

]
,

(A.10)
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where we made use of the identity Tr
[
ÂeνL[B̂]

]
= Tr

[
eνL†

[Â]B̂
]
, and L† denotes

the Liouvillian’s adjoint, and we defined the dissipative-like Heisenberg propaga-
tor and unitary-like propagator

M(ν)[ ˜̂Xi] = eνL†
[ ˜̂Xi] , U (ν)[ ˜̂Xi] = e−

i
4 ν Y⃗†·M·Y⃗ ˜̂Xie

i
4 ν Y⃗†·M·Y⃗, (A.11)

respectively. Previously, we have introduced the conjugate forces

˜̂Xi = X̂i − Tr
[
X̂iπ̂

]
Î, (A.12)

where X̂i =
1
4Y⃗† · χi · Y⃗, with χi =

∂M
∂λi

. We next analyse X̂i:

X̂i =
1
4

Y⃗† · χi · Y⃗ =
1
4 ∑

jk
χ

jk
i ŷjŷk =

1
4
(
Tr[χi]Î − Tr[χiΣ]

)
, (A.13)

where we have defined Σ̂jk = 1
2 [ŷj, ŷk] and used its antisymmetry Σ = −ΣT.

Similarly, for Tr
[
X̂iπ̂

]
we find

Tr
[
X̂iπ̂

]
=

1
4 ∑

jk
χ

jk
i Tr

[
ŷjŷkπ̂

]
=

1
4
(Tr[χi]− Tr[χiΘ]) , (A.14)

where we have defined the covariance matrix Θjk = Tr
[
Σ̂jkπ̂

]
. Therefore, combin-

ing the two terms yields

˜̂Xi =
1
4
(
Tr[χi]Î − Tr

[
χiΣ̂

])
− 1

4
(Tr[χi]− Tr[χiΘ]) Î = −1

4
Tr
[
χi(Σ̂ − Θ)

]
. (A.15)

Dissipative-like Heisenberg propagation

We now focus on the dissipative-like Heisenberg evolution under the superop-
erator M of the Σ̂ matrix of operators. To this end, we remember that in the
Heisenberg picture the evolution of operators is governed by

˙̂O = L†Ô = i[Ĥ, Ô] + ∑
r

L̂†
r ÔL̂r −

1
2
{L̂†

r L̂r, O}, (A.16)

where L† is the adjoint Liouvillian and we assume that the Hamiltonian is quadratic
in the Majorana operators, Ĥ = 1

4Y⃗† · h · Y⃗, and the jump operators are linear in
the Majorana operators, so that L̂r = ∑j cr

j ŷj.
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We next analyse the unitary contribution. To this end, we compute

i[Ĥ, ŷjŷk] =
i
4 ∑

lm
hlm[ŷl ŷm, ŷjŷk]

=
i
2 ∑

lm
hlm

(
δmjŷl ŷk − δl jŷmŷk + δmkŷjŷl − δlkŷjŷm

)
=

i
2 ∑

m

(
hmjŷmŷk − hjmŷmŷk + hmkŷjŷm − hkmŷjŷm

)
,

(A.17)

where we have used the canonical anticommutation relations (CARs). Similarly,

i[Ĥ, ŷkŷj] =
i
2 ∑

m

(
hmkŷmŷj − hkmŷmŷj + hmjŷkŷm − hjmŷkŷm

)
, (A.18)

so that
i[Ĥ, Σ̂] = i(hTΣ̂ + Σ̂h) = −i(hΣ̂ + Σ̂hT), (A.19)

where we have used the antisymmetry of h = −hT.

Next, we examine the contribution from the dissipator. To this end, we compute
using the CARs

L̂†
r ŷmŷn L̂r −

1
2
{L̂†

r L̂r, ŷmŷn} = ∑
k,l

cr∗
k cr

l

(
ŷkŷmŷnyl −

1
2
(ŷkyl ŷmŷn + ŷmŷnŷkyl)

)
= ∑

k
(cr∗

k cr
nŷkŷm − cr∗

k cr
mŷkŷn) + (cr∗

m cr
kŷnŷk − cr∗

n cr
kŷmŷk) ,

(A.20)

so that

∑
r

L̂†
r Σ̂mn L̂r −

1
2
{L̂†

r L̂r, Σ̂mn} = ∑
k

Bnkŷkŷm − Bknŷmŷk + Bkmŷnŷk − Bmkŷkŷn

= −2(Σ̂Re[B]T + Re[B]Σ̂)mn + 4Im[B]mn ,

(A.21)

where we have defined Bij = ∑r cr
i cr∗

j , and used that Bij = B∗
ji, and Re[B] = B+B∗

2

and iIm[B] = B−B∗
2 .

Combining the above results, we finally find the Lyapunov differential equation
for Σ̂

˙̂Σ = −(WDΣ̂ + Σ̂WT
D) + Y , (A.22)

with

WD = ih + 2Re[B], Y = 4Im(B). (A.23)
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The solution for the matrix Σ̂ is formally obtained as

Σ̂(t) = F(t)Σ̂FT(t) + G(t) , (A.24)

with

F(t) = e−WDt, G(t) =
∫ t

0
ds F(s)YF(s)T. (A.25)

We now compute the corresponding evolution of the covariance matrix (multi-
plied by the identity operator). We first note that since the identity operator is the
fixed point of L†, M(ν)[ΘÎ] = ΘÎ. On the other hand, by multiplying with the
fixed point and taking the trace

ΘÎ = Tr
[
Σ̂(t)π̂

]
Î = Tr

[
F(t)Σ̂FT(t)π̂

]
Î + Tr[G(t)π̂]Î

= F(t)Tr
[
Σ̂π̂
]
FT(t) + G(t)Tr[π̂]Î

= F(t)ΘFT(t) + G(t)Î,

(A.26)

so that

M(ν)[Σ̂ − ΘÎ] = F(ν)(Σ̂ − ΘÎ)FT(ν) . (A.27)

Finally, we arrive at

M(ν)[ ˜̂Xj] = −1
4

Tr
[
χjF(ν)(Σ̂ − ΘÎ)FT(ν)

]
. (A.28)

Unitary-like Heisenberg propagation

We now treat the unitary-like Heisenberg evolution with

U (ν)[ ˜̂Xi] = e−
i
4 ν Y⃗†·M·Y⃗ ˜̂Xie

i
4 ν Y⃗†·M·Y⃗. (A.29)

To this end, we note that, by analogy with the results derived for the unitary
contribution in the previous subsection, the equation of motion of the Σ matrix of
operators is

˙̂Σ = − i
4
[Y⃗† · M · Y⃗, Σ̂] = −(WUΣ̂ + Σ̂WT

U) , (A.30)

with WU = −iM. Further, we define S(t) = e−WU t = eiMt. Therefore, we obtain

Σ̂(t) = S(t)Σ̂(0)S(t)T. (A.31)
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Therefore, the unitarily propagated conjugate forces are (using that Θ should be
understood as ΘÎ)

U (ν)[ ˜̂Xj] = −1
4

e−
i
4 ν (Y⃗†·M·Y⃗) Tr

[
χi(Σ̂ − Θ)

]
e

i
4 ν(Y⃗†·M·Y⃗)

= −1
4

Tr
[
χie−

i
4 ν(Y⃗†·M·Y⃗)(Σ̂ − Θ)e

i
4 ν(Y⃗†·M·Y⃗)

]
= −1

4
Tr
[
χiS(ν)(Σ̂ − Θ)S(ν)T

]
.

(A.32)

Final Expression for the Metric

In the previous sections, we obtained

U (ν)[ ˜̂Xj] = −1
4

Tr
[
χjS(ν)(Σ̂ − Θ)S(ν)T

]
,

M(ν)[ ˜̂Xi] = −1
4

Tr
[
χi(F(ν)(Σ̂ − Θ)F(ν)T)

]
.

(A.33)

We now insert these into the previously obtained expression for the metric

ξij =
∫ ∞

0
dν

∫ 1

0
ds Tr

[
M(ν)[ ˜̂Xµ]U (is)[ ˜̂Xµ]π̂

]
=

1
16

∫ ∞

0
dν

∫ 1

0
ds Tr

[
π̂ Tr

[
χi(F(ν)(Σ̂ − Θ)F(ν)T)

]
Tr
[
χjS(is)(Σ − Θ)S(is)T

]]
.

(A.34)

The terms in the trace are

Tr
[
χi(F(ν)(Σ̂ − Θ)F(ν)T)

]
= −Tr

[
χiF(ν)ΘF(ν)T

]
+ ∑

jkmn
χ

jk
i FkmΣ̂mnFT

nj ,

Tr
[
χjS(ν)(Σ − Θ)S(ν)T

]
= −Tr

[
χjS(ν)ΘS(ν)T

]
+ ∑

xykl
χ

xy
j SykΣ̂klST

lx.
(A.35)
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To arrive at the final expression, we now multiply these and take the trace

Tr
[
π̂ Tr

[
χi(F(ν)(Σ̂ − Θ)F(ν)T)

]
Tr
[
χj(S(is)ΣS(is)T − Θ)

]]
=Tr

[
χiF(ν)ΘF(ν)T

]
Tr
[
χjS(ν)ΘS(ν)T

]
− Tr

[
χjS(ν)ΘS(ν)T

]
∑

jkmn
χ

jk
i Fkm Tr

[
Σ̂mnπ̂

]
FT

nj︸ ︷︷ ︸
Tr[χiFΘFT ]

− Tr
[
χiF(ν)ΘF(ν)T

]
∑
xykl

χ
xy
j Syk Tr

[
Σ̂klπ̂

]
ST

lx︸ ︷︷ ︸
Tr[χjSΘST]

+ ∑
xykl

∑
ijmn

χ
xy
j SykST

lxχ
ij
i Fjm Tr

[
Σ̂klΣ̂mnπ̂

]
FT

ni.

(A.36)

To compute the last term above, we make use of Wick’s theorem

Tr[yα1yα2 . . . yα2n π̂] = (−i)nPf
[
iΘ|α1α2...α2n

]
, (A.37)

where Θ|ijkl is the corresponding sub-matrix of Θ. We find that

Tr
[
yiŷjŷkylπ̂

]
= ΘijΘkl − ΘikΘjl + ΘilΘjk. (A.38)

Further,

Tr
[
Σ̂klΣ̂mnπ̂

]
=

1
4

Tr [[ŷk, ŷl][ŷm, ŷn]π̂]

=
1
4

Tr [(4ŷkŷl ŷmŷn − 2δmnŷkŷl − 2δkl ŷmŷn + δmnδkl)π̂] .
(A.39)

Therefore,

∑
xykl

∑
ijmn

χ
xy
j SykST

lxχ
ij
i Fjm Tr

[
Σ̂klΣ̂mnπ̂

]
FT

ni

= Tr
[
χiFΘFT

]
Tr
[
χjSΘST

]
− 2 Tr

[
FTχiFΘSTχjSΘ

]
.

(A.40)

With this, we finally arrive at

ξij =
∫ ∞

0
dν

∫ 1

0
ds Tr

[
M(ν)[ ˜̂Xµ]U (is)[ ˜̂Xµ]π̂

]
= −1

8

∫ ∞

0
dν

∫ 1

0
ds Tr[F(ν)†χiF(ν)(Θ − I)S(is)†χjS(is)(Θ + I)].

(A.41)

Note that the term in the trace is a product of matrices of dimension (2N × 2N),
as desired.

The most efficient (and stable) way of computing the integral
∫ ∞

0 dν F(ν)TχiF(ν)
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is to notice that
∫ ∞

0 dν F(ν)TχiF(ν) is the formal solution to the continuous Lya-
punov equation

(
WT

DX + XWD
)
= χi, for which numerical solvers are readily

available.

We now compute the S-evolution integral making use of the eigendecomposition
of M: ∫ 1

0
ds S(s)TχjS(s) =

∫ 1

0
ds eMsχje−Ms

= ∑
kl

∫ 1

0
ds Ueµks |k⟩ ⟨k|U†χjUe−µlsU†

= U ∑
kl

χ̃kl |k⟩ ⟨l|
eµk−µl − 1

µk − µl
U†.

(A.42)

First, we diagonalised the Hermitian matrix M via a unitary transformation U,
such that M = UΛU†, where Λ = diag(µi) contains the eigenvalues. The operator
χi is then transformed into the eigenbasis as χ

diag
i = U†χiU. A new matrix A is

constructed in the eigenbasis, with

Aij =

(χ
diag
i )ij

eµi−µj−1
µi−µj

, for i ̸= j,

(χ
diag
i )ii, for i = j.

(A.43)

For obtaining the diagonal elements we used that
∫ 1

0 ds eµkse−µls|m=n =
∫ 1

0 1 ds =
1. Finally, the result is transformed back to the original basis via UAU†. This
approach is numerically efficient and stable.

Example: Boundary-driven XY chain

We investigate a dissipative quantum phase transition (DQPT) in the boundary-
driven XY spin chain with Markovian noise [423], using the thermodynamic met-
ric. Our analysis is inspired by earlier work employing the quantum Fisher infor-
mation (QFI) metric [279].

The XY Hamiltonian is given by

H =
n−1

∑
i=1

(
1 + κ

2
σx

i σx
i+1 +

1 − κ

2
σ

y
i σ

y
i+1

)
+ h0

n

∑
i=1

σz
i , (A.44)

where σα
j denote the Pauli operators acting on the jth spin. The boundary spins

are coupled to two reservoirs, which is described by the Lindblad jump operators

L±
L =

√
Γ±

L σ±
1 , L±

R =
√

Γ±
R σ±

n , (A.45)

with σ±
j = (σx

j ± iσy
j )/2. The rates Γ±

L/R depend on the reservoir parameters
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Figure A.1: Phase diagram of the dissipative XY model in terms of the largest eigenvalue,
λmax, of the thermodynamic metric ζ. The black dashed lines show the theoretically
predicted critical lines. Parameters: N = 50, J = 1, γL = 0.8, γR = 0.6, fL = 0.275,
fR = 0.167.

according to

Γ+
L/R =

√
γL/R fL/R, Γ−

L/R =
√

γL/R(1 − fL/R). (A.46)

Using the Jordan-Wigner transformation [424], the model can be mapped exactly
onto a quadratic Majorana master equation [279]. As a consequence, the NESS of
the resulting Markovian dynamics is Gaussian, and distinct phases can be identi-
fied as functions of the Hamiltonian parameters (h0, κ). In particular, the model
exhibits a DQPT at the critical field

hc = 1 − κ2. (A.47)

Although additional transition lines are present, we do not explore them here, as
the model serves only as a representative example. A detailed analysis can be
found in Ref. [423].

We find that, similarly to the QFI [423], the thermodynamic metric provides a
clear diagnostic of the critical lines, as illustrated in Fig. A.1.

A.2 KMB QFI (Bosonic)

The Kubo-Mori-Bogoliubov (KMB) quantum Fisher information about parameter
g is defined as

I(KMB)
Q (g) =

∫ 1

0
ds Tr

[
ρ̂s(∂g log ρ̂) ρ̂1−s(∂g log ρ̂)

]
. (A.48)

Performing an analogous calculation to that presented in Appendix A.1, we find
that for Gaussian bosonic states with zero mean, the KMB QFI (see Chapter IV.7)
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is given by

I(KMB)
Q (g) =

1
2

∫ 1

0
ds Tr[χgΘ̌ST(s)χgS(s)Θ̌T], (A.49)

with S(s) = esiΩM and Θ̌ = Θ + iΩ/2.

A.3 Thermodynamic metric (Bosonic)

Generalising the results of Ref. [425] from Gaussian bosonic thermal states to
Gaussian bosonic NESS and assuming zero mean (⟨R⃗⟩ = 0), we find that the
single-parameter thermodynamic metric (see Section IV.7.5) is given by

ζg =
1
2

Tr
[
I(χg)

(
Θ − i

2 Ω
)
F (χg)

(
Θ + i

2 Ω
)]

. (A.50)

Here, we define χg = ∂gM, with M being the matrix defining the Gaussian NESS
(see Eq. (I.3.2)). Furthermore,

I(χg) =
∫ 1

0
ds
(
eisΩM)T

χgeisΩM, F (χg) =
∫ ∞

0
dν
(
eνA)T

χgeνA, (A.51)

with A = Ω
(

H − Im(CC†)
)
, where the matrix C = (⃗cT

1 , . . . , c⃗T
NL
)T encodes the

jump rates of the associated linear Lindblad jump operators L̂i = c⃗T
i · R⃗. In Ap-

pendix A.3, we discuss how this metric can be evaluated efficiently numerically. A
derivation of the thermodynamic metric for Gaussian fermionic states is presented
in Appendix A.1.

Efficient evaluation

In Section A.3, we presented Eq. (A.50), which allows the thermodynamic metric
of Gaussian bosonic states to be computed directly from their covariance matrix,
rather than from the full state. In this appendix, we show how the individual
terms composing the metric can be evaluated, simplifying both analytical calcula-
tions and the avoidance of certain numerical errors.

Unitary contribution We first evaluate the integral in I(χg). To this end, we
define

A = (iΩM)T, B = iΩM. (A.52)

Diagonalising yields

A = UADAU−1
A , B = UBDBU−1

B , (A.53)
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with DA, DB diagonal, and we can write

esA = UAesDAU−1
A , esB = UBesDBU−1

B . (A.54)

Substituting into I(χg), we find

I(χg) =
∫ 1

0
ds esAχgesB = UA

[ ∫ 1

0
ds esDA χ̃gesDB

]
U−1

B ,

χ̃g = U−1
A χgUB.

Let DA = diag(λ1, . . . , λ2n) and DB = diag(µ1, . . . , µ2n). Then

[
esDA χ̃gesDB

]
ij = χ̃gije

s(λi+µj). (A.55)

Hence, ∫ 1

0
ds es(λi+µj) =


eλi+µj − 1

λi + µj
, λi + µj ̸= 0,

1, λi + µj = 0.
(A.56)

We define

Jij = χ̃gij f (λi + µj), f (z) =


ez − 1

z
, z ̸= 0,

1, z = 0,
(A.57)

and find ∫ 1

0
ds es(iΩM)T

χgesiΩM = UA JU−1
B . (A.58)

Dissipative-like contribution For the dissipative-like term we evaluate

F (χg) =
∫ ∞

0
dν eνAT

χgeνA. (A.59)

This integral is the solution of the continuous Lyapunov equation [426]

ATY + YA = −χg, (A.60)

which can be solved efficiently using standard numerical routines.

A.4 Relative entropy (Bosonic)

Given two bosonic Gaussian states (see Section I.3.1), and assuming zero mean,

ρ̂ =
e−

1
2 RT ·M·R

Z
and σ̂ =

e−
1
2 RT ·N·R

Y
, (A.61)
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we may use the symmetry of M and N and the definition of the covariance matrix,
to show that the relative entropy is given by [211]

D(ρ̂||σ̂) = −1
2

Tr [(M − N)Θ]− log
Z
Y

, (A.62)

where Θ denotes the covariance matrix corresponding to the state ρ̂.

A.5 Von Neumann Entropy (Bosonic)

The symplectic eigenvalues {νj} of the covariance matrix are given by the positive
eigenvalues of the matrix |iΩΘ| (see Section I.3.1). In particular, the von Neumann
entropy can be expressed solely in terms of the symplectic eigenvalues as [212]

SvN =
N

∑
j=1

f (νj), f (ν) =
(

ν + 1
2

)
log
(

ν + 1
2

)
−
(

ν − 1
2

)
log
(

ν − 1
2

)
. (A.63)

A.6 Uhlmann fidelity (Bosonic)

The Uhlmann fidelity is defined as

F(ρ1, ρ2) = Tr
√√

ρ1ρ2
√

ρ1. (A.64)

Given two bosonic Gaussian states, it can be computed as [212]

F(ρ1, ρ2) = F0(ρ1, ρ2)e−
1
4 (r̄1−r̄2)

T(Θ1+Θ2)
−1(r̄1−r̄2), (A.65)

with

F0(ρ1, ρ2) =

det
(

2
(√

1 + 1
4(VΩ)−2 + 1

)
V
)

det(Θ1 + Θ2)


1/4

, (A.66)

and
V = ΩT(Θ1 + Θ2)

−1
(

1
4

Ω + Θ2ΩΘ1

)
. (A.67)

B Dissipative Lipkin-Meshkov-Glick model

This appendix is based on Ref. [387].

The Lipkin-Meshkov-Glick (LMG) model is a paradigmatic model of a fully con-
nected spin system, originally introduced to study collective interactions and
quantum phase transitions in nuclei and many-body systems [427]. In the con-
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text of open quantum systems, it also serves as a minimal platform to explore
DQPTs [387, 428, 429]. Physically, the model describes an ensemble of N effec-
tive spin-1

2 degrees of freedom with all-to-all anisotropic interactions, subject to
dissipation induced by coupling to a memoryless environment. In solid-state re-
alisations, examples include engineered magnetic moments on metallic surfaces
interacting with spin-polarised conduction electrons; in quantum optics or cold
atoms, similar collective spin dynamics can be realised by coupling atoms to opti-
cal cavities or reservoirs [387].

The coherent part of the dynamics is given by a collective spin Hamiltonian acting
in the maximally symmetric sector of total spin s = N/2:

Ĥ = −h Ŝz −
γx

2s
Ŝ2

x −
γy

2s
Ŝ2

y, (B.1)

where ˆ⃗S = (Ŝx, Ŝy, Ŝz)T are collective spin operators with [Ŝα, Ŝβ] = iεαβγŜγ. Here,
h is an external magnetic field, and γx, γy parameterise the strength of anisotropic
collective spin-spin interactions. The explicit 1/s scaling ensures a well-defined
thermodynamic limit s → ∞ with extensive energy [387].

To model dissipation, the system is coupled to memoryless reservoirs that induce
quantum jumps. Under conditions such as large bias voltage and weak coupling
to electronic leads, the environmental influence on the spin degrees of freedom
can be treated in the Born-Markov approximation, yielding a GKSL master equa-
tion [387]:

d
dt

ρ̂ = L[ρ̂] = −i[Ĥ, ρ̂] + ∑
i
D[L̂i]ρ̂, (B.2)

with the dissipator

D[L̂i]ρ̂ = L̂iρ̂ L̂†
i −

1
2
{L̂†

i L̂i, ρ̂}. (B.3)

The set of jump operators is chosen in accordance with the polarisation of the
reservoir and reads [387]

L̂z =

√
Γ
2s

S̃z, L̂+ =

√
Γ
2s

1 − p
2

S̃+, L̂− =

√
Γ
2s

1 + p
2

S̃−. (B.4)

Here, Γ denotes the overall quantum jump rate, proportional to the absolute value
of the applied bias voltage, while the dimensionless parameter p ∈ [−1, 1] charac-
terises the polarisation of the reservoir and controls the imbalance between raising
and lowering spin-flip processes. The tilde indicates that the collective spin op-
erators are quantised along the polarisation axis of the reservoir. We restrict to a
parallel set-up, so that one has S̃α = Sα.

In the thermodynamic limit N → ∞, collective spin models admit a systematic
semiclassical description. One defines rescaled spin components ˆ⃗m = ⟨ ˆ⃗S⟩/s,
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which evolve according to nonlinear mean-field equations derived from L. Fluc-
tuations around the mean-field solutions can be treated via a Holstein-Primakoff
mapping (see Section V.9.3.1), which maps small deviations of the collective spin
away from a classical orientation onto a bosonic mode. In the large-s limit (ther-
modynamic limit), the Liouvillian becomes quadratic in the bosonic operators,
and the steady state is Gaussian, allowing analytical access to spectral properties
of the Liouvillian (see Section I.3.3), including the closing of the Liouvillian gap
at the DQPT [387].

The model used in Ref. [387] exhibits a variety of NESS phases and the au-
thors identify a second order phase transition between the phases they label by
I∥ (unique stable NESS) and II∥ (two steady states related by symmetry). For
our purposes it suffices to restrict to these two phases, and we thus refer to the
I∥ phase as the normal phase and the II∥ phase as the symmetry-broken phase.
Further, it is found that at this second order DQPT, the Liouvillian spectral gap
vanishes as ∆ ∼ s−1, and the von Neumann entropy exhibits logarithmic diver-
gence SvN ∼ ln s [387]. In the thermodynamic limit, treated within the Holstein-
Primakoff approximation (see Section V.9.3.1), when introducing the coefficients

κ = η
[
(2h + γx + γy)

2 − 4p(h + γx)(h + γy) + (1 − p)p2Γ2
]
,

δ = η(γy − γx)
(
2h + γx + γy + ipΓ

)
,

η−1 = 2p
[
4(h + γx)(h + γy) + Γ2p2

]
,

(B.5)

the steady-state von Neumann entropy can be computed using

SvN = p+ ln p+ + p− ln p−, (B.6)

where
p± =

1
2

(
1 ±

√
(1 + 2κ)2 − 4 δ̄ δ

)
(B.7)

are related to the eigenvalues of the fluctuation mode covariance matrix of the
Holstein-Primakoff boson.

In Appendix C.1 we show that, in the thermodynamic limit, this entropy exhibits
a logarithmic divergence with the distance to the critical point of the I∥ ↔ I∥
continuous phase transition as the collective spin-spin coupling γx is varied, in
agreement with the analytical prediction presented in the same section.
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Figure C.1: Logarithmic scaling of the von Neumann entropy in the proximity to the
critical point: SvN ∼ −γ

2 log |g − gc|. Left: driven-dissipative Dicke model. We obtain
γ/2 = 0.49999977 ± 4 · 10−8 via a numerical fit. Parameters: cavity frequency ωc = 1,
atomic frequency ωz = 1, photon loss rate κ = 0.2. Right: open LMG model. We obtain
γ/2 = 0.500015 ± 4 · 10−6 via a numerical fit. Parameters: magnetic field strength h =
1, collective spin-spin coupling along the y-axis γy = 2, jump rate Γ = 0.2, reservoir
polarisation p = 0.2.

C Supplementary results on critical scaling in Gaus-

sian bosonic models

C.1 Critical scaling of the von Neumann entropy

We consider a Gaussian bosonic system whose covariance matrix evolves under a
Lyapunov differential equation (I.3.14), so that the NESS covariance matrix solves
the Lyapunov equation (I.3.16). Here, we aim to understand the behaviour of
the von Neumann entropy of the NESS in the vicinity of a critical point gc in a
continuous DQPT. To this end we use the scaling of the symplectic eigenvalues
with the distance to the critical point, presented in Section V.10.4.1. For large νs,
the von Neumann entropy contribution of this mode (see Appendix A.5),

s(νs) ≃ log νs +O(1), (C.1)

diverges logarithmically as log
(

∆−1/2
g

)
. Therefore, the total von Neumann en-

tropy is dominated by the soft mode contribution,

SvN ∼ −1
2

log
(
∆g
)

. (C.2)

Assuming an algebraic vanishing of the Liouvillian gap (∆ ∼ |g − gc|γ), it follows
that

SvN ∼ −γ

2
log (|g − gc|) . (C.3)
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Figure C.2: Finite-size scaling analysis of the von Neumann entropy in the dissipative Kerr
model as a function of the distance to the critical point (left panel) and at the critical point
(right panel). Here, 1/U → ∞ corresponds to the thermodynamic limit [430]. Parameters:
parametric drive amplitude G = 1.5, photon loss rate κ = 1.

We validate the predicted logarithmic divergence of the NESS von Neumann en-
tropy at the critical point in Gaussian bosonic systems both in the thermody-
namic limit in the open Dicke model, as shown in Fig. C.1, the open LMG model,
as shown in Fig. C.1 (see Appendix B and Ref. [387] for the model), and via
finite-size scaling (see Section V.9.4) of the driven-dissipative Kerr model (see Sec-
tion V.9.3.2). Following standard practice, we analyse the derivative of the entropy
with respect to the control parameter, which converts the logarithmic divergence
into a power-law scaling. The results, in excellent agreement with the theoretical
prediction, are shown in Fig. C.2.

C.2 Critical scaling of the excess entropy flux

The excess entropy flux, to first order in the driving speed, is given by

Π̇ex(t) ≈ −ġ∂gSvN(π̂g). (C.4)

In Appendix C.1, we have shown that for bosonic Gaussian models, the von Neu-
mann entropy diverges logarithmically with the closing Liouvillian gap at the
transition (see Eq. (C.2)). Since we assume an algebraic vanishing of the Liouvil-
lian gap, we obtain

∂gSvN(π̂g) ∼ ∂g log |g − gc| ∼
1

|g − gc|
. (C.5)

Therefore,

Π̇ex(t) ∼
ġ

|g − gc|
. (C.6)
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Figure C.3: Example: DQPT in the open Dicke model. Left: The excess entropy flux
as a function of time for different protocol durations τq = 102 . . . 105 of a linear ramp
of the coupling strength g from the normal phase to the critical point gc. The scatter
points indicate the onset of the impulse regime. Right: Scaling of the excess entropy flux
upon entering the impulse regime with the protocol duration τq of a linear ramp of the
coupling strength g from the normal phase to the critical point gc. We find Π̇ex(t̄) ∼ τx

q
with x = −0.501 ± 0.004. This numerical finding is in excellent agreement with out
theoretical prediction x = − γ

γ+1 with γ = 1. Parameters: cavity frequency ωc = 1, atomic
frequency ωz = 1, photon loss rate κ = 0.2, initial coupling strength g0 = gc − 5 × 10−2,
final coupling strength g f = gc − 10−15.

Note that given a linear protocol of duration τq, the impulse regime sets it at

|ḡ − gc| ∼ τ
− 1

γ+1
q . Therefore,

Π̇ex(t∗) ∼
ġ

|ḡ − gc|
∼ τ−1

q τ
1

γ+1
q = τ

− γ
γ+1

q . (C.7)

We find excellent agreement with this theoretical prediction for the dissipative
quantum Dicke model in the thermodynamic limit (see Section V.9.3.1), for which
γ = 1 (see Section V.10.5), as shown in Fig. C.3.

C.3 Critical scaling of the cavity photon flux

To obtain the cavity photon flux in terms of the covariance matrix, it is useful to
first write the general jump superoperator as [217]

J [ρ̂] = ∑
ij

VjiR̂iρ̂R̂j , (C.8)

with V = 1
2I2 ⊗ (ν+γ+ + ν−γ−) +

1
2 σy ⊗ (ν+γ+ − ν−γ−), where γ± are the photon

absorption and emission rate, respectively (see Eq. (I.3.8)). The average current
then is given by [217]

J = Tr [J [ρ]] = Tr

[
∑
ij

VjiR̂iρ̂R̂j

]
= ∑

ij
Vji⟨R̂jR̂i⟩ = Tr

[
VΘ̃

]
+ rTVr , (C.9)
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Figure C.4: Scaling of the NESS cavity photon number in the proximity to the critical
point: ⟨â† â⟩g ∼ |g − gc|−γ, in the driven-dissipative Dicke model. We obtain γ = 1.0032 ±
0.0006 via a numerical fit, which is in excellent agreement with our theoretical prediction
x = 1. Parameters: cavity frequency ωc = 1, atomic frequency ωz = 1, photon loss rate
κ = 0.2.

with weights ν−i associated with jump operators describing the extraction of par-
ticles (b̂iρ̂b̂†

i ), and ν+i associated with injection (b̂†
i ρ̂b̂i), and

Θ̃ = Θ − i
Ω
2

, (C.10)

using the convention Ω = (iσy)⊗ IN. For the settings considered in the driven-
dissipative Dicke and Kerr models, dissipation arises solely from a single jump
operator associated with cavity photon loss. We therefore set ν− = 1 and ν+ = 0.
In this case, the NESS photon flux is directly proportional to the cavity photon
occupation,

J = γ− ⟨â† â⟩. (C.11)

Consequently, any divergence of the cavity photon number at a dissipative critical
point is directly reflected in a corresponding divergence of the photon flux.

We now turn to the scaling of the cavity photon number. This follows from the
divergence of the soft-mode occupation, which can be inferred directly from the
structure of the steady-state covariance matrix. As shown in Section V.10.4.1, in the
vicinity of the dissipative critical point the dominant contribution to the covariance
matrix is rank one and scales as Θs ∼ ∆−1

g vsv†
s , while all remaining contributions

remain finite. When restricted to the canonical phase-space subspace of the soft
mode, this implies that only a single quadrature variance diverges as ∆−1

g , whereas
the conjugate quadrature remains O(1). The occupation of the soft mode,

ns =
1
2

(
Tr Θs − 1

)
, (C.12)

therefore diverges as ns ∼ ∆−1
g ∼ |g − gc|−γ.
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Figure C.5: Finite-size scaling analysis of the cavity photon flux in the open Kerr model
as a function of the distance to the critical point (left panel) and at the critical point (right
panel). Here, 1/U → ∞ corresponds to the thermodynamic limit [430]. Parameters:
parametric drive amplitude G = 1.5, photon loss rate κ = 1.

As a result, the photon flux exhibits the same critical divergence,

J ∼ |g − gc|−γ. (C.13)

We confirm this scaling prediction in the open Dicke model in the thermodynamic
limit, as shown in Fig. C.4, and via finite-size scaling in the driven-dissipative Kerr
oscillator, as shown in Fig. C.5. Further, evaluating this expression at the freeze-
out point (V.10.4), we obtain

J(g∗) ∼ |g∗ − gc|−γ ∼ τ
γ/(γ+1)
q . (C.14)

Hence, the experimentally accessible photon flux evaluated at the freeze-out point
obeys Kibble-Zurek-type scaling.

D Quasistatic gauge potential

In this appendix, we discuss the quasistatic gauge potential, an open-system ana-
logue of the adiabatic gauge potential. It serves as the generator of quasistatic
transformations for systems evolving under GKSL dynamics. The adiabatic theo-
rem states that a quantum system initially prepared in an eigenstate of a Hamil-
tonian will remain in that eigenstate if the Hamiltonian varies sufficiently slowly.
This principle underpins many applications in quantum state preparation, quan-
tum computation, and thermodynamics. For open systems, an analogous state-
ment can be formulated: a quantum system that starts in a NESS of a Liouvillian
will remain in that state (or rather “close” to it), provided the Liouvillian changes
sufficiently slowly.
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D.1 Derivation

To derive the form of the quasistatic gauge potential, we begin from the instanta-
neous steady-state condition

Lg(t)[π̂g(t)] = 0. (D.1)

Applying the time derivative, we find that

d
dt

Lg(t)[π̂g(t)] = L̇g(t)[π̂g(t)] + Lg(t)

[
d
dt

π̂g(t)

]
= 0 . (D.2)

Solving for d
dt π̂g(t), we obtain

d
dt

π̂g(t) = −L+
g(t)L̇g(t)[π̂g(t)]. (D.3)

Alternatively, in terms of the derivative with respect to the parameter g (applying
the chain rule), we find

∂gπ̂g = −L+
g ∂gLg[π̂g]. (D.4)

These expressions motivate the definition of a quasistatic response superoperator
Ag, which serves as an open-system extension of the adiabatic gauge potential,
defined as (compare to unitary case: i[Ĥg, [Ĥg, Ag]] = [∂gĤg, Ĥg]):

At[π̂g(t)] =
d
dt

π̂g(t) = −L+
g(t)

d
dt

Lg(t)[π̂g(t)]. (D.5)

and
Ag[π̂g] = ∂gπ̂g = −L+

g ∂gLg[π̂g]. (D.6)

This can be derived starting from Lg[π̂g] = 0 with ρg+δg ≈ π̂g + δg dπ̂
dg . In the

case of Hamiltonian driving, so that Ĥ(t) = ∑k λk(t)X̂k, one finds that Ak[·] =
iL+[X̂k, ·].
The above equation may be expanded in the vectorised Liouvillian eigenmodes,
simply using L+

g(t) = ∑n>0
1

λn(g(t)) |n(g(t))⟩⟩⟨⟨n(g(t))| and vec(π̂g(t)) = |π̂g(t)⟩⟩:

d
dt

|π̂g(t)⟩⟩ = − ∑
n>0

1
λn(g(t))

|n(g(t))⟩⟩⟨⟨n(g(t))|L̇g(t)|π̂g(t)⟩⟩. (D.7)

D.2 Connection between QGP and AGP

Next, we establish a connection between the quasistatic gauge potential for GKSL
dynamics and the adiabatic gauge potential for unitary evolution. To this end, let
Ĥ = ∑n En|n⟩⟨n| be the spectral decomposition of the Hamiltonian. Consider the
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superoperator LU[·] = −i[Ĥ, ·]. In the eigenbasis of Ĥ, the operator |n⟩⟨m| is an
eigenoperator of LU with eigenvalue −i(En − Em),

LU[|n⟩⟨m|] = −i[Ĥ, |n⟩⟨m|] = −i(En − Em)|n⟩⟨m|. (D.8)

In vectorised form, using the identity vec(ÂX̂B̂) = (B̂T ⊗ Â) vec(X̂), we write

vec(LU[X̂]) = −i(Î ⊗ Ĥ − ĤT ⊗ Î)vec(X̂). (D.9)

Thus, the vectorised representation of LU is

LU = −i(Î ⊗ Ĥ − ĤT ⊗ Î), (D.10)

and its eigenvalues are −i(En − Em), with eigenvectors vec(|n⟩⟨m|). Now, we let
LU[·] = −i[Ĥg, ·] be the coherent Liouvillian generated by a family of Hamiltoni-
ans Ĥg, and let ρ̂ = |0⟩⟨0| be the instantaneous ground state of Ĥg with eigenvalue
E0. We aim to compute how the quasistatic gauge potential acts on the instanta-
neous Hamiltonian ground state density matrix

AU
g [ρ̂] = −L+

U
(
∂gLU[ρ̂]

)
, (D.11)

where L+
U denotes the Drazin inverse of LU, to connect our results to closed

system adiabatic perturbation theory. First, observe that

∂gLU[ρ̂] = −i[∂gĤg, ρ̂]. (D.12)

We then apply L+
U to the commutator. In the eigenbasis {|n⟩} of Ĥg, the operators

|n⟩⟨m| form a complete basis of the operator space and satisfy

L+
U [|n⟩⟨m|] =


i

En − Em
|n⟩⟨m| if n ̸= m,

0 if n = m.
(D.13)

Expanding the commutator,

[∂gĤg, ρ̂] = ∑
n ̸=0

(
⟨n|∂gĤg|0⟩|n⟩⟨0| − ⟨0|∂gĤg|n⟩|0⟩⟨n|

)
, (D.14)
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and applying L+
U yields

−L+
U
(
∂gLU[ρ̂]

)
= iL+

U
(
[∂gĤg, ρ̂]

)
=i ∑

n ̸=0
(⟨n|∂gĤg|0⟩

i
En − E0

|n⟩⟨0| − ⟨0|∂gĤg|n⟩
i

E0 − En
|0⟩⟨n|)

= ∑
n ̸=0

1
En − E0

(
⟨n|∂gĤg|0⟩|n⟩⟨0|+ ⟨0|∂gĤg|n⟩|0⟩⟨n|

)
.

(D.15)

The quasistatic gauge potential superoperator thus generalises the adiabatic gauge
potential operator to open quantum systems evolving under GKSL dynamics.



Bibliography 189

Bibliography

[1] H. B. Callen, Thermodynamics and an Introduction to Thermostatistics, 2nd ed.
(John Wiley & Sons, Nashville, TN, 1985).

[2] R. Clausius, Annalen der Physik 169, 481 (1854).

[3] R. Clausius, Annalen der Physik 201, 353 (1865).

[4] E. Broda, Berichte zur Wissenschaftsgeschichte 6, 103 (1983).

[5] U. Seifert, Reports on Progress in Physics 75, 126001 (2012).

[6] C. Jarzynski, Annual Review of Condensed Matter Physics 2, 329 (2011).

[7] J. Goold, M. Huber, A. Riera, L. d. Rio, and P. Skrzypczyk, Journal of Physics
A: Mathematical and Theoretical 49, 143001 (2016).

[8] S. Vinjanampathy and J. Anders, Contemporary Physics 57, 545 (2016).

[9] F. Binder, L. A. Correa, C. Gogolin, J. Anders, and G. Adesso, eds., Thermo-
dynamics in the quantum regime, 2018th ed., Fundamental Theories of Physics
(Springer International Publishing, Cham, Switzerland, 2019).

[10] S. Campbell, I. D’Amico, M. A. Ciampini, J. Anders, N. Ares, S. Artini,
A. Auffeves, L. B. Oftelie, L. P. Bettmann, M. V. Bonança, T. Busch, M. Camp-
isi, M. F. Cavalcante, L. A. Correa, E. Cuestas, C. B. Dag, D. Salambô,
S. Deffner, A. del Campo, A. Deutschmann-Olek, S. Donadi, E. Doucet,
C. Elouard, K. Ensslin, P. Erker, N. Fabbri, F. Fedele, G. Fiusa, T. Fogarty,
J. A. Folk, G. Guarnieri, A. S. Hegde, S. Hernández-Gómez, C.-K. Hu, F. Iem-
ini, B. Karimi, N. Kiesel, G. Landi, A. Lasek, S. Lemziakov, G. Lo Monaco,
E. Lutz, D. Lvov, O. Maillet, M. Mehboudi, T. M. Mendonça, H. J. D. Miller,
A. K. Mitchell, M. Mitchison, V. Mukherjee, M. Paternostro, J. P. Pekola,
M. Perarnau-Llobet, U. G. Poschinger, A. Rolandi, D. Rosa, R. Sanchez, A. C.
Santos, R. S. Sarthour, E. Sela, A. Solfanelli, A. M. de Souza, J. Splettstoesser,
D. Tan, L. Tesser, T. V. Vu, A. Widera, N. Yunger Halpern, and K. Zawadzki,
Quantum Science and Technology (2025).

[11] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum Systems (Oxford
University Press, 2007).

[12] R. Kosloff and A. Levy, Annual Review of Physical Chemistry 65, 365 (2014).

http://dx.doi.org/10.1002/andp.18541691202
http://dx.doi.org/10.1002/andp.18652010702
https://doi.org/10.1002/bewi.19830060111
http://dx.doi.org/10.1088/0034-4885/75/12/126001
http://dx.doi.org/10.1146/annurev-conmatphys-062910-140506
http://dx.doi.org/10.1088/1751-8113/49/14/143001
http://dx.doi.org/10.1088/1751-8113/49/14/143001
http://dx.doi.org/10.1080/00107514.2016.1201896
https://doi.org/10.1088/2058-9565/ae1e27
http://dx.doi.org/10.1093/acprof:oso/9780199213900.001.0001
http://dx.doi.org/10.1146/annurev-physchem-040513-103724


Bibliography 190

[13] G. Benenti, G. Casati, K. Saito, and R. S. Whitney, Physics Reports 694, 1
(2017).

[14] N. M. Myers, O. Abah, and S. Deffner, AVS Quantum Science 4 (2022).

[15] J. Baugh, O. Moussa, C. A. Ryan, A. Nayak, and R. Laflamme, Nature 438,
470 (2005).

[16] A. Solfanelli, A. Santini, and M. Campisi, AVS Quantum Science 4 (2022).

[17] M. A. Aamir, P. Jamet Suria, J. A. Marín Guzmán, C. Castillo-Moreno, J. M.
Epstein, N. Yunger Halpern, and S. Gasparinetti, Nature Physics 21, 318
(2025).

[18] P. Lipka-Bartosik, M. Perarnau-Llobet, and N. Brunner, Science Advances
10 (2024).

[19] M. T. Mitchison, Contemporary Physics 60, 164 (2019).

[20] J. Antonio Marín Guzmán, P. Erker, S. Gasparinetti, M. Huber, and
N. Yunger Halpern, Reports on Progress in Physics 87, 122001 (2024).

[21] A. Levy and R. Kosloff, Physical Review Letters 108 (2012).

[22] J. Ding, Y. Li, H. Wang, G. Xue, T. Su, C. Wang, W. Sun, F. Li, Y. Zhang,
Y. Gao, J. Peng, Z. H. Jiang, Y. Yu, H. Yu, and F. Yan, Physical Review
Applied 23 (2025).

[23] B. Bhandari and A. N. Jordan, Physical Review Research 4 (2022).

[24] Y. Levinson, Europhysics Letters (EPL) 39, 299 (1997).

[25] I. L. Aleiner, N. S. Wingreen, and Y. Meir, Physical Review Letters 79, 3740
(1997).

[26] L. Stodolsky, Physics Letters B 459, 193 (1999).

[27] M. Büttiker and A. M. Martin, Physical Review B 61, 2737 (2000).

[28] V. Wadhia, F. Meier, F. Fedele, R. Silva, N. Nurgalieva, D. L. Craig, D. Jirovec,
J. Saez-Mollejo, A. Ballabio, D. Chrastina, G. Isella, M. Huber, M. T. Mitchi-
son, P. Erker, and N. Ares, Physical Review Letters 135 (2025).

[29] L. P. Bettmann, M. J. Kewming, and J. Goold, Physical Review E 107 (2023).

[30] L. Buffoni, A. Solfanelli, P. Verrucchi, A. Cuccoli, and M. Campisi, Physical
Review Letters 122 (2019).

[31] F. Barra, Scientific Reports 5 (2015).

[32] F. Ciccarello, S. Lorenzo, V. Giovannetti, and G. M. Palma, Physics Reports
954, 1 (2022).

[33] G. Lindblad, Communications in Mathematical Physics 48, 119 (1976).

[34] V. Gorini, A. Kossakowski, and E. C. G. Sudarshan, Journal of Mathematical
Physics 17, 821 (1976).

http://dx.doi.org/10.1016/j.physrep.2017.05.008
http://dx.doi.org/10.1016/j.physrep.2017.05.008
http://dx.doi.org/10.1116/5.0083192
http://dx.doi.org/10.1038/nature04272
http://dx.doi.org/10.1038/nature04272
http://dx.doi.org/10.1116/5.0091121
http://dx.doi.org/10.1038/s41567-024-02708-5
http://dx.doi.org/10.1038/s41567-024-02708-5
http://dx.doi.org/10.1126/sciadv.adm8792
http://dx.doi.org/10.1126/sciadv.adm8792
http://dx.doi.org/10.1080/00107514.2019.1631555
http://dx.doi.org/10.1088/1361-6633/ad8803
http://dx.doi.org/10.1103/PhysRevLett.108.070604
http://dx.doi.org/10.1103/PhysRevApplied.23.014012
http://dx.doi.org/10.1103/PhysRevApplied.23.014012
http://dx.doi.org/10.1103/PhysRevResearch.4.033103
http://dx.doi.org/10.1209/epl/i1997-00351-x
http://dx.doi.org/10.1103/PhysRevLett.79.3740
http://dx.doi.org/10.1103/PhysRevLett.79.3740
http://dx.doi.org/10.1016/S0370-2693(99)00659-0
http://dx.doi.org/10.1103/PhysRevB.61.2737
http://dx.doi.org/10.1103/5rtj-djfk
http://dx.doi.org/10.1103/PhysRevE.107.044102
http://dx.doi.org/10.1103/PhysRevLett.122.070603
http://dx.doi.org/10.1103/PhysRevLett.122.070603
http://dx.doi.org/10.1038/srep14873
http://dx.doi.org/10.1016/j.physrep.2022.01.001
http://dx.doi.org/10.1016/j.physrep.2022.01.001
http://dx.doi.org/10.1007/BF01608499
http://dx.doi.org/10.1063/1.522979
http://dx.doi.org/10.1063/1.522979


Bibliography 191

[35] P. Talkner and P. Hänggi, Reviews of Modern Physics 92 (2020).

[36] M. Esposito, U. Harbola, and S. Mukamel, Reviews of Modern Physics 81,
1665 (2009).

[37] Y. Blanter and M. Büttiker, Physics Reports 336, 1 (2000).

[38] B. K. Agarwalla, B. Li, and J.-S. Wang, Phys. Rev. E 85, 051142 (2012).

[39] M. Esposito, M. A. Ochoa, and M. Galperin, Phys. Rev. B 91, 115417 (2015).

[40] M. Moskalets and M. Büttiker, Phys. Rev. B 70, 245305 (2004).

[41] M. Moskalets, Phys. Rev. Lett. 112, 206801 (2014).

[42] E. Potanina, C. Flindt, M. Moskalets, and K. Brandner, Phys. Rev. X 11,
021013 (2021).

[43] E. Aurell, Phys. Rev. E 97, 062117 (2018).

[44] K. Funo and H. T. Quan, Phys. Rev. E 98, 012113 (2018).

[45] M. Kilgour and D. Segal, The Journal of Chemical Physics 143 (2015).

[46] M. Popovic, M. T. Mitchison, A. Strathearn, B. W. Lovett, J. Goold, and P. R.
Eastham, PRX Quantum 2, 020338 (2021).

[47] A. Imamoglu, Physical Review A 50, 3650 (1994).

[48] B. M. Garraway, Physical Review A 55, 4636 (1997).

[49] B. M. Garraway, Physical Review A 55, 2290 (1997).

[50] M. Brenes, J. J. Mendoza-Arenas, A. Purkayastha, M. T. Mitchison, S. R.
Clark, and J. Goold, Physical Review X 10 (2020).

[51] H. M. Wiseman and G. J. Milburn, Quantum Measurement and Control (Cam-
bridge University Press, 2009).

[52] L. P. Bettmann, M. J. Kewming, G. T. Landi, J. Goold, and M. T. Mitchison,
Phys. Rev. E 112, 014105 (2025).

[53] M. Kang, S. Kim, Y. Qian, P. M. Neves, L. Ye, J. Jung, D. Puntel, F. Mazzola,
S. Fang, C. Jozwiak, A. Bostwick, E. Rotenberg, J. Fuji, I. Vobornik, J.-H.
Park, J. G. Checkelsky, B.-J. Yang, and R. Comin, Nature Physics 21, 110
(2024).

[54] S. Kim, Y. Chung, Y. Qian, S. Park, C. Jozwiak, E. Rotenberg, A. Bostwick,
K. S. Kim, and B.-J. Yang, Science 388, 1050 (2025).

[55] J. Yu, B. A. Bernevig, R. Queiroz, E. Rossi, P. Törmä, and B.-J. Yang, npj
Quantum Materials 10 (2025).

[56] C.-K. Chiu, J. C. Teo, A. P. Schnyder, and S. Ryu, Reviews of Modern Physics
88 (2016).

[57] M. G. A. Paris, International Journal of Quantum Information 07, 125 (2009).

http://dx.doi.org/10.1103/RevModPhys.92.041002
http://dx.doi.org/10.1103/RevModPhys.81.1665
http://dx.doi.org/10.1103/RevModPhys.81.1665
http://dx.doi.org/10.1016/S0370-1573(99)00123-4
https://link.aps.org/doi/10.1103/PhysRevE.85.051142
https://link.aps.org/doi/10.1103/PhysRevB.91.115417
https://link.aps.org/doi/10.1103/PhysRevB.70.245305
https://link.aps.org/doi/10.1103/PhysRevLett.112.206801
https://link.aps.org/doi/10.1103/PhysRevX.11.021013
https://link.aps.org/doi/10.1103/PhysRevX.11.021013
https://link.aps.org/doi/10.1103/PhysRevE.97.062117
https://link.aps.org/doi/10.1103/PhysRevE.98.012113
http://dx.doi.org/10.1063/1.4926395
https://link.aps.org/doi/10.1103/PRXQuantum.2.020338
http://dx.doi.org/10.1103/PhysRevA.50.3650
http://dx.doi.org/10.1103/PhysRevA.55.4636
http://dx.doi.org/10.1103/PhysRevA.55.2290
http://dx.doi.org/10.1103/physrevx.10.031040
http://dx.doi.org/10.1017/CBO9780511813948
https://link.aps.org/doi/10.1103/3msj-9qgb
http://dx.doi.org/10.1038/s41567-024-02678-8
http://dx.doi.org/10.1038/s41567-024-02678-8
http://dx.doi.org/10.1126/science.ado6049
http://dx.doi.org/10.1038/s41535-025-00801-3
http://dx.doi.org/10.1038/s41535-025-00801-3
http://dx.doi.org/10.1103/RevModPhys.88.035005
http://dx.doi.org/10.1103/RevModPhys.88.035005
http://dx.doi.org/10.1142/S0219749909004839


Bibliography 192

[58] W. Janke, D. A. Johnston, and R. Kenna, Physica A: Statistical Mechanics and
its Applications Proceedings of the XVIII Max Born Symposium "Statistical
Physics outside Physics", 336, 181 (2004).

[59] S. Deffner and S. Campbell, Journal of Physics A: Mathematical and Theo-
retical 50, 453001 (2017).

[60] T. Nishiyama and Y. Hasegawa, Unified speed limits in classical and quan-
tum dynamics via temporal fisher information (2025).

[61] L. Mandelstam and I. Tamm, The uncertainty relation between energy and
time in non-relativistic quantum mechanics, in Selected Papers, edited by
B. M. Bolotovskii, V. Y. Frenkel, and R. Peierls (Springer Berlin Heidelberg,
Berlin, Heidelberg, 1991) pp. 115–123.

[62] N. Margolus and L. B. Levitin, Physica D: Nonlinear Phenomena 120, 188
(1998).

[63] M. M. Taddei, B. M. Escher, L. Davidovich, and R. L. de Matos Filho, Physi-
cal Review Letters 110 (2013).

[64] S. Ito and A. Dechant, Physical Review X 10 (2020).

[65] D. P. Pires, M. Cianciaruso, L. C. Céleri, G. Adesso, and D. O. Soares-Pinto,
Phys. Rev. X 6, 021031 (2016).

[66] L. P. García-Pintos, S. B. Nicholson, J. R. Green, A. del Campo, and A. V.
Gorshkov, Physical Review X 12 (2022).

[67] D. P. Pires, E. R. deAzevedo, D. O. Soares-Pinto, F. Brito, and J. G. Filgueiras,
Communications Physics 7 (2024).

[68] J. Bringewatt, Z. Steffen, M. A. Ritter, A. Ehrenberg, H. Wang, B. S. Palmer,
A. J. Kollár, A. V. Gorshkov, and L. P. García-Pintos, Physical Review Re-
search 7 (2025).

[69] S. B. Nicholson, A. del Campo, and J. R. Green, Physical Review E 98 (2018).

[70] S. Ito, Phys. Rev. Lett. 121, 030605 (2018).

[71] L. P. Bettmann and J. Goold, Phys. Rev. E 111, 014133 (2025).

[72] G. E. Crooks, Physical Review Letters 99 (2007).

[73] P. Salamon and R. S. Berry, Physical Review Letters 51, 1127 (1983).

[74] D. A. Sivak and G. E. Crooks, Physical Review Letters 108 (2012).

[75] D. Mandal and C. Jarzynski, Journal of Statistical Mechanics: Theory and
Experiment 2016, 063204 (2016).

[76] M. Scandi and M. Perarnau-Llobet, Quantum 3, 197 (2019).

[77] P. Abiuso, H. J. D. Miller, M. Perarnau-Llobet, and M. Scandi, Entropy 22,
1076 (2020).

https://www.sciencedirect.com/science/article/pii/S0378437104000469
https://www.sciencedirect.com/science/article/pii/S0378437104000469
https://www.sciencedirect.com/science/article/pii/S0378437104000469
http://dx.doi.org/10.1088/1751-8121/aa86c6
http://dx.doi.org/10.1088/1751-8121/aa86c6
https://arxiv.org/abs/2504.04790
https://arxiv.org/abs/2504.04790
http://dx.doi.org/10.1016/S0167-2789(98)00054-2
http://dx.doi.org/10.1016/S0167-2789(98)00054-2
http://dx.doi.org/10.1103/PhysRevLett.110.050402
http://dx.doi.org/10.1103/PhysRevLett.110.050402
http://dx.doi.org/10.1103/PhysRevX.10.021056
https://link.aps.org/doi/10.1103/PhysRevX.6.021031
http://dx.doi.org/10.1103/PhysRevX.12.011038
http://dx.doi.org/10.1038/s42005-024-01634-5
http://dx.doi.org/10.1103/h6lj-d6yt
http://dx.doi.org/10.1103/h6lj-d6yt
http://dx.doi.org/10.1103/PhysRevE.98.032106
https://link.aps.org/doi/10.1103/PhysRevLett.121.030605
https://link.aps.org/doi/10.1103/PhysRevE.111.014133
http://dx.doi.org/10.1103/PhysRevLett.99.100602
http://dx.doi.org/10.1103/PhysRevLett.51.1127
http://dx.doi.org/10.1103/PhysRevLett.108.190602
https://dx.doi.org/10.1088/1742-5468/2016/06/063204
https://dx.doi.org/10.1088/1742-5468/2016/06/063204
http://dx.doi.org/10.22331/q-2019-10-24-197
https://doi.org/10.3390/e22101076
https://doi.org/10.3390/e22101076


Bibliography 193

[78] A. M. Lacerda, L. P. Bettmann, and J. Goold, Phys. Rev. E 112, L022101
(2025).

[79] T. Hatano and S. Sasa, Phys. Rev. Lett. 86, 3463 (2001).

[80] M. Esposito and C. Van den Broeck, Physical Review E 82 (2010).

[81] L. M. Sieberer, M. Buchhold, J. Marino, and S. Diehl, Rev. Mod. Phys. 97,
025004 (2025).

[82] B. Öztop, M. Bordyuh, O. E. Müstecaplioglu, and H. E. Türeci, New Journal
of Physics 14, 085011 (2012).

[83] H. Carmichael, Physical Review X 5 (2015).

[84] H. Weimer, Phys. Rev. Lett. 114, 040402 (2015).

[85] M. Benito, C. Sánchez Muñoz, and C. Navarrete-Benlloch, Physical Review
A 93 (2016).

[86] J. J. Mendoza-Arenas, S. R. Clark, S. Felicetti, G. Romero, E. Solano, D. G.
Angelakis, and D. Jaksch, Physical Review A 93 (2016).

[87] W. Casteels, R. Fazio, and C. Ciuti, Physical Review A 95, 012128 (2017).

[88] W. Casteels, F. Storme, A. Le Boité, and C. Ciuti, Physical Review A 93,
033824 (2016).

[89] W. Casteels and C. Ciuti, Physical Review A 95, 013812 (2017).

[90] N. Bartolo, F. Minganti, W. Casteels, and C. Ciuti, Physical Review A 94
(2016).

[91] M. Foss-Feig, K. R. A. Hazzard, J. J. Bollinger, and A. M. Rey, Phys. Rev. A
87, 042101 (2013).

[92] M. Biondi, G. Blatter, H. E. Türeci, and S. Schmidt, Physical Review A 96
(2017).

[93] A. Biella, F. Storme, J. Lebreuilly, D. Rossini, R. Fazio, I. Carusotto, and
C. Ciuti, Physical Review A 96 (2017).

[94] V. Savona, Physical Review A 96 (2017).

[95] C. Sánchez Muñoz, A. Lara, J. Puebla, and F. Nori, Physical Review Letters
121 (2018).

[96] L. M. Sieberer, S. D. Huber, E. Altman, and S. Diehl, Physical Review Letters
110, 195301 (2013).

[97] L. M. Sieberer, S. D. Huber, E. Altman, and S. Diehl, Physical Review B 89
(2014).

[98] E. Altman, L. M. Sieberer, L. Chen, S. Diehl, and J. Toner, Physical Review
X 5 (2015).

https://link.aps.org/doi/10.1103/9f6l-d766
https://link.aps.org/doi/10.1103/9f6l-d766
https://link.aps.org/doi/10.1103/PhysRevLett.86.3463
http://dx.doi.org/10.1103/PhysRevE.82.011143
https://link.aps.org/doi/10.1103/RevModPhys.97.025004
https://link.aps.org/doi/10.1103/RevModPhys.97.025004
https://dx.doi.org/10.1088/1367-2630/14/8/085011
https://dx.doi.org/10.1088/1367-2630/14/8/085011
http://dx.doi.org/10.1103/PhysRevX.5.031028
http://dx.doi.org/10.1103/PhysRevA.93.023846
http://dx.doi.org/10.1103/PhysRevA.93.023846
http://dx.doi.org/10.1103/PhysRevA.93.023821
https://link.aps.org/doi/10.1103/PhysRevA.95.012128
https://link.aps.org/doi/10.1103/PhysRevA.93.033824
https://link.aps.org/doi/10.1103/PhysRevA.93.033824
https://link.aps.org/doi/10.1103/PhysRevA.95.013812
http://dx.doi.org/10.1103/PhysRevA.94.033841
http://dx.doi.org/10.1103/PhysRevA.94.033841
http://dx.doi.org/10.1103/PhysRevA.96.043809
http://dx.doi.org/10.1103/PhysRevA.96.043809
http://dx.doi.org/10.1103/PhysRevA.96.023839
http://dx.doi.org/10.1103/PhysRevA.96.033826
http://dx.doi.org/10.1103/PhysRevLett.121.123604
http://dx.doi.org/10.1103/PhysRevLett.121.123604
https://link.aps.org/doi/10.1103/PhysRevLett.110.195301
https://link.aps.org/doi/10.1103/PhysRevLett.110.195301
http://dx.doi.org/10.1103/PhysRevB.89.134310
http://dx.doi.org/10.1103/PhysRevB.89.134310
http://dx.doi.org/10.1103/PhysRevX.5.011017
http://dx.doi.org/10.1103/PhysRevX.5.011017


Bibliography 194

[99] T. E. Lee, S. Gopalakrishnan, and M. D. Lukin, Physical Review Letters 110
(2013).

[100] J. Jin, A. Biella, O. Viyuela, L. Mazza, J. Keeling, R. Fazio, and D. Rossini,
Physical Review X 6 (2016).

[101] E. M. Kessler, G. Giedke, A. Imamoglu, S. F. Yelin, M. D. Lukin, and J. I.
Cirac, Physical Review A 86, 012116 (2012).

[102] T. E. Lee, H. Häffner, and M. C. Cross, Physical Review A 84 (2011).

[103] C.-K. Chan, T. E. Lee, and S. Gopalakrishnan, Physical Review A 91 (2015).

[104] M. F. Maghrebi and A. V. Gorshkov, Physical Review B 93 (2016).

[105] R. Rota, F. Storme, N. Bartolo, R. Fazio, and C. Ciuti, Physical Review B 95
(2017).

[106] D. Roscher, S. Diehl, and M. Buchhold, Physical Review A 98 (2018).

[107] V. R. Overbeck, M. F. Maghrebi, A. V. Gorshkov, and H. Weimer, Physical
Review A 95 (2017).

[108] K. Baumann, C. Guerlin, F. Brennecke, and T. Esslinger, Nature 464, 1301
(2010).

[109] F. Ferri, R. Rosa-Medina, F. Finger, N. Dogra, M. Soriente, O. Zilberberg,
T. Donner, and T. Esslinger, Physical Review X 11, 041046 (2021).

[110] M. Fitzpatrick, N. M. Sundaresan, A. C. Y. Li, J. Koch, and A. A. Houck,
Physical Review X 7, 011016 (2017).

[111] S. R. K. Rodriguez, W. Casteels, F. Storme, N. Carlon Zambon, I. Sagnes,
L. Le Gratiet, E. Galopin, A. Lemaître, A. Amo, C. Ciuti, and J. Bloch, Phys-
ical Review Letters 118, 247402 (2017).

[112] T. Fink, A. Schade, S. Höfling, C. Schneider, and A. Imamoglu, Nature
Physics 14, 365 (2018).

[113] G. Beaulieu, F. Minganti, S. Frasca, V. Savona, S. Felicetti, R. Di Candia, and
P. Scarlino, Nature Communications 16, 1954 (2025).

[114] P. Kirton, M. M. Roses, J. Keeling, and E. G. D. Torre, Advanced Quantum
Technologies 2, 1800043 (2019).

[115] M. Brunelli, L. Fusco, R. Landig, W. Wieczorek, J. Hoelscher-Obermaier,
G. Landi, F. Semião, A. Ferraro, N. Kiesel, T. Donner, G. De Chiara, and
M. Paternostro, Physical Review Letters 121 (2018).

[116] A. del Campo and W. H. Zurek, Int. J. Mod. Phys. A 29, 1430018 (2014).

[117] W. H. Zurek, U. Dorner, and P. Zoller, Physical Review Letters 95, 105701
(2005).

[118] A. Polkovnikov, Phys. Rev. B 72, 161201 (2005).

http://dx.doi.org/10.1103/PhysRevLett.110.257204
http://dx.doi.org/10.1103/PhysRevLett.110.257204
http://dx.doi.org/10.1103/PhysRevX.6.031011
https://link.aps.org/doi/10.1103/PhysRevA.86.012116
http://dx.doi.org/10.1103/PhysRevA.84.031402
http://dx.doi.org/10.1103/PhysRevA.91.051601
http://dx.doi.org/10.1103/PhysRevB.93.014307
http://dx.doi.org/10.1103/PhysRevB.95.134431
http://dx.doi.org/10.1103/PhysRevB.95.134431
http://dx.doi.org/10.1103/PhysRevA.98.062117
http://dx.doi.org/10.1103/PhysRevA.95.042133
http://dx.doi.org/10.1103/PhysRevA.95.042133
https://doi.org/10.1038/nature09009
https://doi.org/10.1038/nature09009
https://doi.org/10.1103/PhysRevX.11.041046
https://link.aps.org/doi/10.1103/PhysRevX.7.011016
https://link.aps.org/doi/10.1103/PhysRevLett.118.247402
https://link.aps.org/doi/10.1103/PhysRevLett.118.247402
https://www.nature.com/articles/s41567-017-0020-9
https://www.nature.com/articles/s41567-017-0020-9
https://www.nature.com/articles/s41467-025-56830-w
http://arxiv.org/abs/1805.09828
http://arxiv.org/abs/1805.09828
http://dx.doi.org/10.1103/PhysRevLett.121.160604
https://doi.org/10.1142/S0217751X1430018X
https://link.aps.org/doi/10.1103/PhysRevLett.95.105701
https://link.aps.org/doi/10.1103/PhysRevLett.95.105701
https://doi.org/10.1103/PhysRevB.72.161201


Bibliography 195

[119] S. Deffner, Physical Review E 96, 052125 (2017).

[120] Z. Fei, N. Freitas, V. Cavina, H. T. Quan, and M. Esposito, Physical Review
Letters 124, 170603 (2020).

[121] P. Nazé, M. V. S. Bonança, and S. Deffner, Entropy 24, 666 (2022).

[122] Y. Shen, Z. Jiang, Y. Huang, B. M. Cleary, Y. Jiang, G. M. Rotskoff, and A. M.
Lindenberg, Quantifying and minimizing dissipation in a non-equilibrium
phase transition (2025).

[123] Z. Ma, A. K. Mitchell, and E. Sela, Phys. Rev. Lett. 135, 130402 (2025).

[124] A. Carollo, D. Valenti, and B. Spagnolo, Physics Reports 838, 1 (2020).

[125] L. P. Bettmann, A. M. Lacerda, M. T. Mitchison, and J. Goold, Thermody-
namic universality across dissipative quantum phase transitions (2025).

[126] J. Preskill, Quantum 2, 79 (2018).

[127] L. M. Cangemi, C. Bhadra, and A. Levy, Physics Reports 1087, 1 (2024),
quantum engines and refrigerators.

[128] P. P. Potts, Quantum Thermodynamics (2024).

[129] Y. V. Nazarov and Y. M. Blanter, Quantum Transport (Cambridge University
Press, Cambridge, England, 2009).

[130] K. Kraus, States, effects, and operations, 1983rd ed., edited by A. Bohm, J. D.
Dollard, and W. H. Wootters, Lecture Notes in Physics (Springer, Berlin,
Germany, 1983).

[131] H.-P. Breuer, E.-M. Laine, J. Piilo, and B. Vacchini, Reviews of Modern
Physics 88 (2016).

[132] K. Mølmer, Y. Castin, and J. Dalibard, Journal of the Optical Society of Amer-
ica B 10, 524 (1993).

[133] H. Carmichael, An Open Systems Approach to Quantum Optics: Lectures Pre-
sented at the Université Libre de Bruxelles October 28 to November 4, 1991
(Springer Berlin Heidelberg, 1993).

[134] A. Purkayastha, Physical Review A 105 (2022).

[135] K. Itô, Nagoya Mathematical Journal 3, 55 (1951).

[136] R. Alicki, Reports on Mathematical Physics 10, 249 (1976).

[137] J. J. Koliha and I. Straškraba, Applications of Mathematics 44, 289 (1999).

[138] G. De Chiara, G. Landi, A. Hewgill, B. Reid, A. Ferraro, A. J. Roncaglia, and
M. Antezza, New Journal of Physics 20, 113024 (2018).

[139] M. Cattaneo, G. L. Giorgi, S. Maniscalco, and R. Zambrini, New Journal of
Physics 21, 113045 (2019).

https://link.aps.org/doi/10.1103/PhysRevE.96.052125
https://link.aps.org/doi/10.1103/PhysRevLett.124.170603
https://link.aps.org/doi/10.1103/PhysRevLett.124.170603
https://www.mdpi.com/1099-4300/24/5/666
https://doi.org/10.48550/ARXIV.2511.12814
https://doi.org/10.48550/ARXIV.2511.12814
https://link.aps.org/doi/10.1103/vn83-mt2v
http://dx.doi.org/10.1016/j.physrep.2019.11.002
https://arxiv.org/abs/2512.05074
https://arxiv.org/abs/2512.05074
http://dx.doi.org/10.22331/q-2018-08-06-79
https://www.sciencedirect.com/science/article/pii/S0370157324002710
http://arxiv.org/abs/2406.19206
http://dx.doi.org/10.1103/RevModPhys.88.021002
http://dx.doi.org/10.1103/RevModPhys.88.021002
http://dx.doi.org/10.1364/JOSAB.10.000524
http://dx.doi.org/10.1364/JOSAB.10.000524
http://dx.doi.org/10.1007/978-3-540-47620-7
http://dx.doi.org/10.1007/978-3-540-47620-7
http://dx.doi.org/10.1103/PhysRevA.105.062204
http://dx.doi.org/10.1017/S0027763000012216
http://dx.doi.org/10.1016/0034-4877(76)90046-X
http://dx.doi.org/10.1023/A:1023032629988
http://dx.doi.org/10.1088/1367-2630/aaecee
http://dx.doi.org/10.1088/1367-2630/ab54ac
http://dx.doi.org/10.1088/1367-2630/ab54ac


Bibliography 196

[140] P. P. Hofer, M. Perarnau-Llobet, L. D. M. Miranda, G. Haack, R. Silva, J. B.
Brask, and N. Brunner, New Journal of Physics 19, 123037 (2017).

[141] H. Wichterich, M. J. Henrich, H.-P. Breuer, J. Gemmer, and M. Michel, Phys-
ical Review E 76 (2007).

[142] A. Levy and R. Kosloff, EPL (Europhysics Letters) 107, 20004 (2014).

[143] A. S. Trushechkin and I. V. Volovich, EPL (Europhysics Letters) 113, 30005
(2016).

[144] A. M. Lacerda, A. Purkayastha, M. Kewming, G. T. Landi, and J. Goold,
Phys. Rev. B 107, 195117 (2023).

[145] H. Spohn, J. Math. Phys. 19, 1227 (1978).

[146] M. Esposito, K. Lindenberg, and C. Van den Broeck, New Journal of Physics
12, 013013 (2010).

[147] D. Reeb and M. M. Wolf, New Journal of Physics 16, 103011 (2014).

[148] G. T. Landi and M. Paternostro, Reviews of Modern Physics 93 (2021).

[149] P. Strasberg and A. Winter, PRX Quantum 2 (2021).

[150] P. Strasberg, M. G. Díaz, and A. Riera-Campeny, Phys. Rev. E 104, L022103
(2021).

[151] S. Carnot, Réflexions sur la puissance motrice du feu et sur les machines
propres à développer cette puissance (1824).

[152] H. Haug and A.-P. Jauho, Quantum kinetics in transport and optics of semi-
conductors, 2nd ed., Springer Series in Solid-State Sciences (Springer, Berlin,
Germany, 2007).

[153] Y. Imry and R. Landauer, Rev. Mod. Phys. 71, S306 (1999).

[154] M. Büttiker, Phys. Rev. Lett. 57, 1761 (1986).

[155] M. Büttiker, Phys. Rev. B 38, 9375 (1988).

[156] M. F. Ludovico, M. Moskalets, D. Sánchez, and L. Arrachea, Physical Review
B 94 (2016).

[157] A. Riera-Campeny, M. Mehboudi, M. Pons, and A. Sanpera, Phys. Rev. E 99,
032126 (2019).

[158] K. Brandner, Zeitschrift für Naturforschung A 75, 483 (2020).

[159] A. Nazir and G. Schaller, The reaction coordinate mapping in quantum ther-
modynamics, in Thermodynamics in the Quantum Regime (Springer Interna-
tional Publishing, 2018) pp. 551–577.

[160] I. de Vega, U. Schollwöck, and F. A. Wolf, Phys. Rev. B 92, 155126 (2015).

[161] A. W. Chin, A. Rivas, S. F. Huelga, and M. B. Plenio, Journal of Mathematical
Physics 51, 092109 (2010).

http://dx.doi.org/10.1088/1367-2630/aa964f
http://dx.doi.org/10.1103/PhysRevE.76.031115
http://dx.doi.org/10.1103/PhysRevE.76.031115
http://dx.doi.org/10.1209/0295-5075/107/20004
http://dx.doi.org/10.1209/0295-5075/113/30005
http://dx.doi.org/10.1209/0295-5075/113/30005
https://link.aps.org/doi/10.1103/PhysRevB.107.195117
https://doi.org/10.1063/1.523789
http://dx.doi.org/10.1088/1367-2630/12/1/013013
http://dx.doi.org/10.1088/1367-2630/12/1/013013
http://dx.doi.org/10.1088/1367-2630/16/10/103011
http://dx.doi.org/10.1103/RevModPhys.93.035008
http://dx.doi.org/10.1103/PRXQuantum.2.030202
https://link.aps.org/doi/10.1103/PhysRevE.104.L022103
https://link.aps.org/doi/10.1103/PhysRevE.104.L022103
https://link.aps.org/doi/10.1103/RevModPhys.71.S306
https://link.aps.org/doi/10.1103/PhysRevLett.57.1761
https://link.aps.org/doi/10.1103/PhysRevB.38.9375
https://doi.org/10.1103%2Fphysrevb.94.035436
https://doi.org/10.1103%2Fphysrevb.94.035436
https://link.aps.org/doi/10.1103/PhysRevE.99.032126
https://link.aps.org/doi/10.1103/PhysRevE.99.032126
http://dx.doi.org/10.1515/zna-2020-0056
http://dx.doi.org/10.1007/978-3-319-99046-0_23
https://link.aps.org/doi/10.1103/PhysRevB.92.155126
https://doi.org/10.1063/1.3490188
https://doi.org/10.1063/1.3490188


Bibliography 197

[162] P. Strasberg, G. Schaller, T. L. Schmidt, and M. Esposito, Phys. Rev. B 97,
205405 (2018).

[163] J. Prior, A. W. Chin, S. F. Huelga, and M. B. Plenio, Phys. Rev. Lett. 105,
050404 (2010).

[164] M. P. Woods, M. Cramer, and M. B. Plenio, Phys. Rev. Lett. 115, 130401
(2015).

[165] M. P. Woods and M. B. Plenio, Journal of Mathematical Physics 57, 022105
(2016).

[166] F. Mascherpa, A. Smirne, S. F. Huelga, and M. B. Plenio, Phys. Rev. Lett. 118,
100401 (2017).

[167] A. Garg, J. N. Onuchic, and V. Ambegaokar, The Journal of Chemical Physics
83, 4491 (1985).

[168] M. T. Mitchison and M. B. Plenio, New Journal of Physics 20, 033005 (2018).

[169] R. Alicki, Journal of Physics A: Mathematical and General 12, L103 (1979).

[170] A. C. Barato and U. Seifert, Physical Review Letters 114 (2015).

[171] P. Pietzonka, A. C. Barato, and U. Seifert, Physical Review E 93 (2016).

[172] T. Van Vu and K. Saito, Physical Review X 13 (2023).

[173] D. Reiche, J.-T. Hsiang, and B.-L. Hu, Entropy 24, 1016 (2022).

[174] R. Hanson, L. P. Kouwenhoven, J. R. Petta, S. Tarucha, and L. M. K. Vander-
sypen, Reviews of Modern Physics 79, 1217 (2007).

[175] Y. S. Liu, X. F. Yang, X. K. Hong, M. S. Si, F. Chi, and Y. Guo, Applied Physics
Letters 103 (2013).

[176] F. L. Curzon and B. Ahlborn, American Journal of Physics 43, 22 (1975).

[177] M. Josefsson, A. Svilans, A. M. Burke, E. A. Hoffmann, S. Fahlvik, C. The-
lander, M. Leijnse, and H. Linke, Nature Nanotechnology 13, 920 (2018).

[178] J. O. González, L. A. Correa, G. Nocerino, J. P. Palao, D. Alonso, and
G. Adesso, Open Systems & Information Dynamics 24, 1740010 (2017).

[179] P. Strasberg, Physical Review E 100 (2019).

[180] A. Soret, V. Cavina, and M. Esposito, Physical Review A 106 (2022).

[181] A. Hewgill, G. De Chiara, and A. Imparato, Physical Review Research 3
(2021).

[182] P. P. Potts, A. A. S. Kalaee, and A. Wacker, New Journal of Physics 23, 123013
(2021).

[183] P. Schindler, M. Müller, D. Nigg, J. T. Barreiro, E. A. Martinez, M. Hennrich,
T. Monz, S. Diehl, P. Zoller, and R. Blatt, Nature Physics 9, 361 (2013).

https://link.aps.org/doi/10.1103/PhysRevB.97.205405
https://link.aps.org/doi/10.1103/PhysRevB.97.205405
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.105.050404
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.105.050404
https://link.aps.org/doi/10.1103/PhysRevLett.115.130401
https://link.aps.org/doi/10.1103/PhysRevLett.115.130401
https://doi.org/10.1063/1.4940436
https://doi.org/10.1063/1.4940436
https://link.aps.org/doi/10.1103/PhysRevLett.118.100401
https://link.aps.org/doi/10.1103/PhysRevLett.118.100401
https://doi.org/10.1063/1.449017
https://doi.org/10.1063/1.449017
http://dx.doi.org/10.1088/1367-2630/aa9f70
http://dx.doi.org/10.1088/0305-4470/12/5/007
http://dx.doi.org/10.1103/physrevlett.114.158101
http://dx.doi.org/10.1103/PhysRevE.93.052145
http://dx.doi.org/10.1103/PhysRevX.13.011013
http://dx.doi.org/10.3390/e24081016
http://dx.doi.org/10.1103/RevModPhys.79.1217
http://dx.doi.org/10.1063/1.4819852
http://dx.doi.org/10.1063/1.4819852
http://dx.doi.org/10.1119/1.10023
http://dx.doi.org/10.1038/s41565-018-0200-5
http://dx.doi.org/10.1142/S1230161217400108
http://dx.doi.org/10.1103/PhysRevE.100.022127
http://dx.doi.org/10.1103/PhysRevA.106.062209
http://dx.doi.org/10.1103/PhysRevResearch.3.013165
http://dx.doi.org/10.1103/PhysRevResearch.3.013165
http://dx.doi.org/10.1088/1367-2630/ac3b2f
http://dx.doi.org/10.1088/1367-2630/ac3b2f
http://dx.doi.org/10.1038/nphys2630


Bibliography 198

[184] S. R. de Groot and P. Mazur, Non-Equilibrium Thermodynamics (Dover Publi-
cations, New York, 1984).

[185] M. Esposito and C. Van den Broeck, Phys. Rev. Lett. 104, 090601 (2010).

[186] G. Manzano, J. M. Horowitz, and J. M. R. Parrondo, Physical Review X 8
(2018).

[187] Y. Oono and M. Paniconi, Progress of Theoretical Physics Supplement 130,
29 (1998).

[188] H. Ge, Phys. Rev. E 80, 021137 (2009).

[189] H. Ge and H. Qian, Physical Review E 81, 051133 (2010).

[190] G. Manzano and R. Zambrini, AVS Quantum Science 4 (2022).

[191] D. J. Evans and D. J. Searles, Physical Review E 50, 1645 (1994).

[192] D. J. Evans and D. J. Searles, Advances in Physics 51, 1529 (2002).

[193] G. Gallavotti and E. G. D. Cohen, Physical Review Letters 74, 2694 (1995).

[194] C. Jarzynski, Physical Review Letters 78, 2690 (1997).

[195] G. E. Crooks, Physical Review E 60, 2721 (1999).

[196] M. Campisi, P. Hänggi, and P. Talkner, Reviews of Modern Physics 83, 771
(2011).

[197] T. B. Batalhão, A. M. Souza, L. Mazzola, R. Auccaise, R. S. Sarthour, I. S.
Oliveira, J. Goold, G. De Chiara, M. Paternostro, and R. M. Serra, Physical
Review Letters 113 (2014).

[198] A. Solfanelli, A. Santini, and M. Campisi, PRX Quantum 2 (2021).

[199] H. Li, J. Xie, H. Kwon, Y. Zhao, M. S. Kim, and L. Zhang, Science Advances
11 (2025).

[200] J. M. Horowitz and J. M. R. Parrondo, New Journal of Physics 15, 085028
(2013).

[201] U. Seifert, Physical Review Letters 95 (2005).

[202] S. Ciliberto, Physical Review X 7 (2017).

[203] M. Campisi, Journal of Physics A: Mathematical and Theoretical 47, 245001
(2014).

[204] J. L. W. V. Jensen, Acta Math. 30, 175 (1906).

[205] G. Manzano, R. Fazio, and e. Roldán, Physical Review Letters 122 (2019).

[206] J. M. R. Parrondo, J. M. Horowitz, and T. Sagawa, Nature Physics 11, 131
(2015).

https://books.google.com/books/about/Non_equilibrium_Thermodynamics.html?id=HFAIv43rlGkC
https://link.aps.org/doi/10.1103/PhysRevLett.104.090601
http://dx.doi.org/10.1103/PhysRevX.8.031037
http://dx.doi.org/10.1103/PhysRevX.8.031037
https://doi.org/10.1143/PTPS.130.29
https://doi.org/10.1143/PTPS.130.29
https://link.aps.org/doi/10.1103/PhysRevE.80.021137
http://arxiv.org/abs/0911.3984
http://dx.doi.org/10.1116/5.0079886
http://dx.doi.org/10.1103/PhysRevE.50.1645
http://dx.doi.org/10.1080/00018730210155133
http://dx.doi.org/10.1103/PhysRevLett.74.2694
http://dx.doi.org/10.1103/PhysRevLett.78.2690
http://dx.doi.org/10.1103/PhysRevE.60.2721
http://dx.doi.org/10.1103/RevModPhys.83.771
http://dx.doi.org/10.1103/RevModPhys.83.771
http://dx.doi.org/10.1103/PhysRevLett.113.140601
http://dx.doi.org/10.1103/PhysRevLett.113.140601
http://dx.doi.org/10.1103/PRXQuantum.2.030353
http://dx.doi.org/10.1126/sciadv.adq6014
http://dx.doi.org/10.1126/sciadv.adq6014
http://dx.doi.org/10.1088/1367-2630/15/8/085028
http://dx.doi.org/10.1088/1367-2630/15/8/085028
http://dx.doi.org/10.1103/PhysRevLett.95.040602
http://dx.doi.org/10.1103/PhysRevX.7.021051
http://dx.doi.org/10.1088/1751-8113/47/24/245001
http://dx.doi.org/10.1088/1751-8113/47/24/245001
http://dx.doi.org/10.1103/PhysRevLett.122.220602
http://dx.doi.org/10.1038/nphys3230
http://dx.doi.org/10.1038/nphys3230


Bibliography 199

[207] K. Maruyama, F. Nori, and V. Vedral, Reviews of Modern Physics 81, 1
(2009).

[208] G. Manzano, D. Subero, O. Maillet, R. Fazio, J. P. Pekola, and E. Roldán,
Physical Review Letters 126 (2021).

[209] D. Williams, Probability with Martingales (Cambridge University Press, 1991).

[210] S. R. Pliska, Introduction to mathematical finance (Blackwell, London, England,
1997).

[211] A. Serafini, Quantum continuous variables, 2nd ed. (CRC Press, London, Eng-
land, 2023).

[212] J. B. Brask, Gaussian states and operations – a quick reference (2022).

[213] A. Ferraro, S. Olivares, and M. Paris, Gaussian states in quantum information
(Bibliopolis, 2005).

[214] X. Wang, T. Hiroshima, A. Tomita, and M. Hayashi, Physics Reports 448, 1
(2007).

[215] R. J. Glauber, Physical Review 131, 2766 (1963).

[216] J. R. Klauder and B.-S. Skagerstam, Coherent states: Applications in physics
and mathematical physics (World Scientific Publishing, Singapore, Singapore,
1985).

[217] G. T. Landi, M. J. Kewming, M. T. Mitchison, and P. P. Potts, PRX Quantum
5, 020201 (2024).

[218] J. Surace and L. Tagliacozzo, SciPost Physics Lecture Notes (2022).

[219] H. P. Robertson, Physical Review 34, 163 (1929).

[220] G. C. Wick, Physical Review 80, 268 (1950).

[221] T. Prosen and T. H. Seligman, Journal of Physics A: Mathematical and The-
oretical 43, 392004 (2010).

[222] T. Barthel and Y. Zhang, Journal of Statistical Mechanics: Theory and Ex-
periment 2022, 113101 (2022).

[223] H. van Houten and C. Beenakker, Physics Today 49, 22 (1996).

[224] W. G. van der Wiel, S. De Franceschi, J. M. Elzerman, T. Fujisawa, S. Tarucha,
and L. P. Kouwenhoven, Reviews of Modern Physics 75, 1 (2002).

[225] G. B. Cuetara and M. Esposito, New Journal of Physics 17, 095005 (2015).

[226] T. Fujisawa, T. Hayashi, R. Tomita, and Y. Hirayama, Science 312, 1634 (2006).

[227] B. Küng, C. Rössler, M. Beck, M. Marthaler, D. S. Golubev, Y. Utsumi, T. Ihn,
and K. Ensslin, Physical Review X 2 (2012).

[228] Y. Utsumi, D. S. Golubev, M. Marthaler, K. Saito, T. Fujisawa, and G. Schön,
Physical Review B 81 (2010).

http://dx.doi.org/10.1103/RevModPhys.81.1
http://dx.doi.org/10.1103/RevModPhys.81.1
http://dx.doi.org/10.1103/PhysRevLett.126.080603
http://dx.doi.org/10.1017/CBO9780511813658
http://arxiv.org/abs/2102.05748
http://dx.doi.org/10.1016/j.physrep.2007.04.005
http://dx.doi.org/10.1016/j.physrep.2007.04.005
http://dx.doi.org/10.1103/PhysRev.131.2766
http://arxiv.org/abs/2303.04270
http://arxiv.org/abs/2303.04270
http://dx.doi.org/10.21468/SciPostPhysLectNotes.54
http://dx.doi.org/10.1103/PhysRev.34.163
http://dx.doi.org/10.1103/PhysRev.80.268
https://dx.doi.org/10.1088/1751-8113/43/39/392004
https://dx.doi.org/10.1088/1751-8113/43/39/392004
https://dx.doi.org/10.1088/1742-5468/ac8e5c
https://dx.doi.org/10.1088/1742-5468/ac8e5c
http://dx.doi.org/10.1063/1.881503
http://dx.doi.org/10.1103/RevModPhys.75.1
http://dx.doi.org/10.1088/1367-2630/17/9/095005
http://dx.doi.org/10.1126/science.1126788
http://dx.doi.org/10.1103/PhysRevX.2.011001
http://dx.doi.org/10.1103/PhysRevB.81.125331


Bibliography 200

[229] H.-S. Goan, G. J. Milburn, H. M. Wiseman, and H. Bi Sun, Physical Review
B 63 (2001).

[230] H.-P. Breuer, Physical Review A 68 (2003).

[231] D. J. Griffiths, Introduction to electrodynamics, 5th ed. (Cambridge University
Press, Cambridge, England, 2023).

[232] W. M. Itano, D. J. Heinzen, J. J. Bollinger, and D. J. Wineland, Physical Re-
view A 41, 2295 (1990).

[233] L. D. Contreras-Pulido, M. Bruderer, S. F. Huelga, and M. B. Plenio, New
Journal of Physics 16, 113061 (2014).

[234] M. B. Plenio and S. F. Huelga, New Journal of Physics 10, 113019 (2008).

[235] P. Rebentrost, M. Mohseni, I. Kassal, S. Lloyd, and A. a. Aspuru-Guzik, New
Journal of Physics 11, 033003 (2009).

[236] A. M. Lacerda, J. Goold, and G. T. Landi, Physical Review B 104 (2021).

[237] J. J. Mendoza-Arenas, T. Grujic, D. Jaksch, and S. R. Clark, Physical Review
B 87 (2013).

[238] G. S. Engel, T. R. Calhoun, E. L. Read, T.-K. Ahn, T. Mančal, Y.-C. Cheng,
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