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Fluctuations and Geometry in Quantum Thermodynamics
Laetitia Paula Bettmann, Hilary Term 2026

ABSTRACT

Understanding thermodynamics at the quantum scale is a central challenge in
modern physics. Thermodynamic concepts were originally formulated for macro-
scopic systems, where fluctuations are negligible and quantum features are effec-
tively washed out. For quantum systems operating far from equilibrium, these
assumptions break down, motivating the development of nonequilibrium quan-
tum thermodynamics. At the same time, engineered quantum platforms, ranging
from superconducting circuits and cavity QED to mesoscopic conductors, now
provide experimentally accessible settings in which this theoretical framework
can be systematically tested and, increasingly, applied to practical tasks.

This thesis addresses a broad range of problems in the nonequilibrium thermo-
dynamics of open quantum systems, organised around two central themes: fluc-
tuations and geometry. Our work spans measurement-induced effects, stochastic
dynamics beyond the Markovian weak-coupling regime, information-geometric
aspects, and dissipative critical phenomena, and accordingly employs a wide ar-
ray of theoretical tools.

Specifically, we propose a model of measurement-boosted quantum transport
within the framework of repeated interactions, and demonstrate that measure-
ment backaction can enhance both the performance and stability of quantum heat
engines. We then introduce a method for directly sampling the time- and energy-
resolved statistics of thermodynamic quantities in strongly coupled, driven open
quantum systems, by combining Markovian embeddings with quantum-jump tra-
jectory unravellings.

Using tools from information geometry, we relate the temporal quantum Fisher
information to entropic fluxes in open quantum systems and develop a geometric
description of the thermodynamic cost associated with slow transitions between
nonequilibrium steady states. This approach yields general bounds on excess
entropy flux and nonadiabatic entropy production and, owing to their geomet-
ric origin, naturally suggests dissipation-minimising protocols based on geodesic
paths. Finally, we apply thermodynamic geometry to dissipative quantum phase
transitions, revealing dynamical universality in the nonadiabatic entropy produc-
tion under finite-speed driving. These results constitute a far-from-equilibrium
analogue of the celebrated Kibble-Zurek mechanism.
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Introduction 1

Introduction

The contributions of this thesis to the thermodynamics in open quan-
tum systems can be organised around two main themes: fluctuations
and geometry. Focusing on fluctuations, we demonstrate that mea-
surement backaction can stabilise the output power of a quantum heat
engine and develop a method to access stochastic thermodynamics
beyond the Markovian weak-coupling regime (Parts II-III). With re-
spect to geometry, we reveal a fundamental relation between quantum
information geometry and entropy dynamics, construct a geometric
description of the entropic cost incurred during slow-driving proto-
cols connecting different nonequilibrium steady states, and apply this
framework to uncover universal thermodynamic scaling in dissipative
quantum phase transitions (Parts [V-V). In the following, we motivate
these two perspectives by emphasizing their significance for both fun-

damental understanding and practical applications.

Thermodynamics provides a universal framework for describing how energy flows
and transforms in physical systems, originating in the study of thermal machines
such as heat engines or refrigerators. Central to this framework are two founda-
tional principles, known as the first and second laws of thermodynamics [1]. The
first law expresses the conservation of energy and identifies heat and work as its
modes of transfer, while the second law reveals a fundamental arrow of time in
physical processes and, in its Clausius form [2, 3], implies that entropy is pro-
duced during irreversible transformations. The breadth of this insight into “how
the world works” was famously captured by Boltzmann [4]: The general struggle
for existence of living beings is therefore not a fight for the elements — the elements of all
organisms are available in abundance in air, water, and soil — nor for energy, which is
plentiful in the form of heat, unfortunately untransformable, in every body. Rather it is a
struggle for entropy that becomes available through the flow of energy from the hot Sun to
the cold Earth.
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Viewed from this broader perspective, the remarkable success of thermodynamics
in diverse physical contexts, reflecting its largely model-independent structure,
motivates a careful examination of how its principles manifest at small scales.
As attention turned to such systems, it became increasingly clear that classical
thermodynamics, originally formulated in terms of averages over macroscopic en-
sembles, had to be extended to incorporate fluctuations and intrinsically quantum
effects.

Accordingly, this stimulated the development of stochastic thermodynamics [5], a
framework in which thermodynamic quantities, such as work, heat, and entropy
production, are defined along individual stochastic trajectories, allowing one to
access their fluctuations. A key achievement of this theory is the set of fluctuation
theorems [6], which quantify, for example, the exponentially suppressed probabil-
ity of entropy-decreasing events and thereby provide a trajectory-level refinement

of the second law.

In parallel, the field of quantum thermodynamics developed, seeking to under-
stand how classical thermodynamic concepts and laws emerge in the quantum
domain [7-10]. Open quantum systems play an important role in this context,
offering a description of how quantum systems interact with their surroundings
through energy and information exchange. Such interactions induce decoherence
and dissipation and, under suitable conditions, give rise to nonequilibrium steady
states (NESSs): stationary states that sustain persistent currents and continuously
produce entropy [11]. Within this setting, a natural question concerns the perfor-
mance and practical usefulness of artificial quantum thermodynamic devices [12—
14], for instance in supporting the operation of existing quantum hardware [15-17]
or in thermodynamic computing [18]. An important class of these devices are au-
tonomous machines [19, 20]. These require no time-dependent, external control:
heat exchanged with thermal reservoirs is converted into work through steady
currents. A prominent example is provided by quantum absorption refrigerators,
where cooling is achieved solely by exploiting thermal gradients [21]. Such de-
vices have recently been shown to be practically useful for the autonomous reset
of a superconducting qubit [17], a task of central importance for quantum infor-
mation processing. Remarkably, the coefficient of performance was found to be
comparable to that of macroscopic devices, while the reset operation can be com-
pleted in under 1 us. While this scheme does not yet match state-of-the-art active
reset times < 100 ns [22], it nonetheless represents a promising direction.

The experimental characterization of such quantum devices often relies on con-
tinuous measurement. Even weak measurements, however, perturb the system’s
dynamics and can influence energy transport [23], motivating a careful investi-
gation of how it affects the thermodynamic performance of quantum devices. In

this context, solid-state platforms provide a particularly versatile setting in which
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quantum point contacts (QPCs) act as sensitive charge sensors capable of mon-
itoring electron dynamics in real time [24-27]. A recent experiment employed
such a QPC to quantify the entropic cost of extracting classical ticks from a quan-
tum clock implemented as a double quantum dot (DQD) coupled to two thermal
baths [28].

Interestingly, the same DQD setup can also function as a quantum heat engine. In
Chapter I1.4 of this thesis, we show that the measurement backaction due to the
QPC can enhance the engine’s net output power while simultaneously reducing
both the current’s relative fluctuations and the entropic cost required to achieve
a given signal-to-noise ratio [29]. Thus, contrary to the common perception of
measurement as a purely detrimental disturbance, continuous monitoring can
be harnessed to improve the stability and thermodynamic performance of quan-
tum devices, extending previous reports [23, 30]. Our results are derived within
the repeated-interactions framework [31, 32], which provides a thermodynami-
cally consistent method for describing systems locally coupled to an environment
and evolving under the corresponding Gorini-Kossakowski-Sudarshan-Lindblad
(GKSL) master equations [33, 34].

GKSL master equations have proven highly successful in describing a wide range
of experimental observations, particularly in quantum optics [11]. Their valid-
ity, however, relies on several restrictive assumptions. In particular, the Marko-
vian approximation neglects memory effects, and the system-environment cou-
pling is assumed to be weak, suppressing the buildup of correlations between the
two. Such correlations can play a crucial role in the statistics of thermodynamic
quantities when the coupling strength increases or when the reservoirs exhibit
structured spectral densities [35]. This motivates the development of approaches
capable of capturing fluctuations beyond the Markovian and weak-coupling lim-
its. Achieving this in practice is difficult: traditional methods, such as nonequi-
librium Green’s functions and scattering theory [36-39] are typically restricted
to weakly interacting or slowly driven regimes [40-42], while path-integral tech-
niques [43, 44] are limited by system size [45, 46].

In Chapter II1.6 of this thesis, we address this challenge. Our approach combines
the mesoscopic-lead framework, in which an infinite-dimensional macroscopic
bath is replaced by a finite subsystem (the lead) that is itself weakly coupled
to an idealised thermal reservoir [47-50], with quantum-jump trajectory unravel-
lings [51]. This hybrid framework enables the time- and energy-resolved construc-
tion of distributions of thermodynamic quantities, while providing trajectory-
resolved insight into the physical mechanisms underlying rare fluctuations [52].
A parallel line of research seeks to extend quantum geometric tools, originally
developed for closed quantum systems, to open-system settings. These tools are

powerful: their well-developed mathematical structure allows us to leverage es-
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tablished results while often providing clear geometric intuition. The effort is fur-
ther motivated by recent experimental advances in condensed matter platforms,
which now enable direct probing of quantities such as the quantum geometric
tensor [53-55]. The imaginary part of this tensor corresponds to the Berry curva-
ture, which encodes local geometrical properties of energy bands and underlies a
variety of fascinating phenomena, including the quantum Hall effect, Chern insu-
lators, and topological superconductors, through its connection to global topolog-
ical invariants such as the Chern number, see, e.g., the review [56], and references
therein. Its real part is proportional to the quantum Fisher information (QFI),
which captures a state’s sensitivity to infinitesimal changes in external parame-
ters. More generally, the Fisher information and its quantum extensions appear
widely across physics, from metrology [57] to thermodynamics [58], with the lat-
ter being of particular interest in this thesis. In this context, we focus on the
Fisher information defined with respect to time, which admits a dynamical inter-
pretation: the temporal Fisher information quantifies the system’s intrinsic rate of
change. This interpretation forms the basis of fundamental quantum and classical
speed limits on state evolution [59-66]. Importantly, although seemingly abstract,
such geometric quantum speed limits have recently been explored experimen-
tally [67, 68], underscoring that they are not merely mathematical constructs but

experimentally accessible constraints.

In classical stochastic systems, the temporal Fisher information can be related to
entropic currents [69, 70], revealing a fundamental link between temporal infor-
mation geometry and thermodynamics. In Chapter IV.8 of this thesis, we provide
a fully quantum mechanical derivation of this connection. This allows us to gen-
eralise bounds on the rate of change of a system’s von Neumann entropy through
a non-negative quantum contribution that can be identified as the coherent part
of the so-called information geometric action with respect to the temporal QFI
metric [71]. This contribution can be interpreted as a “kinetic energy” associated
with the quantum state’s coherent evolution through state space.

Thermodynamic geometry, closely related to information geometry, provides a
framework for quantifying the thermodynamic cost of driving a system along
a path in its parameter space. This is achieved by endowing the space of con-
trol parameters of the system’s dynamical generator with a thermodynamic met-
ric, so that the cost of a protocol can be expressed as an action functional over
the path [72-78]. Operationally, this geometric structure is significant because
geodesic paths in parameter space correspond to optimal control protocols that
minimise excess dissipation, a feature that is particularly relevant for applications
such as the control of quantum heat engines, see Ref. [77], and references therein.
In this thesis, we focus on slow, finite-time protocols within Markovian, weak-

coupling regimes. Thermodynamic geometry in such settings has been extensively
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explored for classical thermal-state transitions [72, 74], for classical NESSs [75],

and more recently for transitions between quantum thermal states [76].

A comprehensive treatment of the most general case, transitions between quantum
NESSs, has, however, remained elusive. We present our analysis of this problem
in Section IV.7.5. Within the so-called Hatano-Sasa framework [79, 80, 5], the to-
tal entropy production and the corresponding entropic fluxes can be decomposed
into two distinct contributions: one quantifies the housekeeping dissipation re-
quired to sustain the system’s NESS currents, while the other captures the excess,
nonadiabatic dissipation generated by external driving. We show that the ther-
modynamic metric governing the dissipation incurred during the slow driving
of a parameter connecting different NESSs, as quantified by the nonadiabatic en-
tropy production, is closely related to the so-called Kubo-Mori-Bogoliubov (KMB)
quantum Fisher information metric, which naturally arises in quantum thermo-

dynamics due to its connection with the quantum relative entropy [78].

Among the manifold of NESSs supported by open quantum systems, a particu-
larly compelling class arises in systems that exhibit dissipative quantum phase
transitions (DQPTs): phase transitions that occur in the steady state of an open
quantum system, rather than in the ground state of a closed system [81]. DQPTs
arise from the nontrivial interplay between coherent unitary dynamics, generated
by the system Hamiltonian, external driving, and irreversible dissipative processes
induced by coupling to an environment, and exhibit rich and distinctly nonequi-
librium phenomenology [81]. Moreover, they provide the intriguing opportunity
to probe critical behaviour nondestructively, thanks to the system’s continuous,
intrinsic interaction with its environment [82]. They have been explored theoreti-
cally in photonic platforms [83-95], lossy polariton condensates [96-98], and spin
systems [99-107]. Experimentally, they have been observed in platforms ranging
from ultracold atomic gases [108, 109] to solid-state optical [110-112] and elec-
tronic [113] devices. A canonical example of a DQPT is provided by the open
Dicke model (see, e.g., Ref. [114]), which describes a large ensemble of atoms col-
lectively interacting with a single mode of a lossy optical cavity. As the atom-light
coupling strength is increased, the system undergoes a transition from a normal
phase, characterised by a negligible cavity photon occupation, to a superradiant
phase in which the cavity mode becomes macroscopically populated. Importantly,
this transition is experimentally accessible: it was first realised by Baumann et al.,
who coupled a Bose-Einstein condensate to a lossy optical cavity [108]. More
recently, Brunelli et al. [115] showed experimentally that the irreversible entropy
production in this system diverges as the critical point is approached, providing
compelling evidence that DQPTs are accompanied by a distinctive thermodynamic

signature.

While these results elucidate critical dissipative behaviour in stationary states,



they raise the question of how criticality manifests thermodynamically under driv-
ing. Addressing this question falls within the domain of dynamical universality,
a theoretical framework that explains how universal nonequilibrium behaviour
emerges from the universal equilibrium properties of continuous phase transi-
tions [116]. Near the critical point, both the equilibrium correlation length and
the intrinsic relaxation time diverge, giving rise to critical slowing down. As a
consequence, a system driven at a finite rate cannot adiabatically follow its in-
stantaneous equilibrium state in the vicinity of the transition. The Kibble-Zurek
mechanism (see, e.g., the review [116]) explains how this breakdown of adia-
baticity causes nonequilibrium dynamical response to be governed by equilibrium
universality classes. When a control parameter is slowly ramped across the tran-
sition, the competition between the externally imposed driving timescale and the
intrinsic relaxation time gives rise to a characteristic freeze-out scale, reflecting the
breakdown of adiabatic following. This scale depends only on equilibrium critical
exponents and the driving rate, and leads to universal power-law scaling of ob-
servables such as the excitation density and the excess work (the additional work
performed beyond the adiabatic, quasi-static limit), independent of microscopic
details [117-123]. In open quantum systems, the quantity playing an analogous
role to the excess work in closed systems is the nonadiabatic entropy production.
As discussed above, in the slow-driving regime this irreversibility cost admits a
natural geometric interpretation: it is governed by a thermodynamic metric de-
fined on the manifold of NESSs, which is closely related to the KMB QFI. Since
the KMB QFI acts as a generalised susceptibility and is expected to diverge at
critical points [124], the associated thermodynamic metric is likewise expected to
be highly sensitive to criticality.

In Chapter V.10 of this thesis, we show that this sensitivity gives rise to an emer-
gent universal thermodynamical scaling in open quantum systems undergoing
continuous DQPTs. Specifically, departures from the NESS manifold induced by
finite-time driving give rise to nonadiabatic entropy production that obeys Kibble-
Zurek-type scaling laws, governed by the same universal dynamical principles
that control critical response in driven closed quantum systems [125]. Impor-
tantly, our results, which we verify numerically for driven-dissipative Dicke and
Kerr models, are directly amenable to experimental verification. As mentioned
above, experiments on cavity-QED platforms have measured the cavity photon
flux to monitor entropy production [115], making it an ideal probe for the univer-

sal dynamical scaling we predict.

Throughout this thesis, we work in natural units and set i = kg = 1.
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Theory and methods
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Chapter I.1

Dynamics of open quantum systems

This chapter is based on Refs. [51, 11].

In realistic settings, quantum systems are never perfectly isolated but exchange
energy and information with their surroundings. While such couplings can hin-
der quantum technologies, for example in quantum computation [126], they also
underpin a wide range of physical phenomena and enable applications in quan-

tum thermodynamics [127, 19, 128], transport [129], and metrology [57].

This chapter introduces the basic tools used throughout the thesis to describe open
quantum systems. We start from completely positive and trace-preserving (CPTP)
quantum maps [11] and their Kraus representation. We then specialise to the
Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation [33, 34], which
captures the Markovian dynamics of systems weakly coupled to their environ-
ments (see Section [.1.1). This framework serves as the workhorse of open-system
theory throughout this thesis. Next, we discuss the adjoint (Heisenberg-picture)
evolution of operators (see Section 1.1.2), quantum-jump unravellings and their
interpretation in terms of continuous monitoring (see Section 1.1.3), and the Liou-
villian spectrum in the Liouville representation (see Section 1.3.3). We conclude
with nonequilibrium steady states and the Drazin inverse (see Sections. 1.1.5-1.1.6),
and briefly contrast global and local GKSL constructions (see Section 1.1.7).

I.1.1 CPTP maps and GKSL master equations

We consider a quantum system S interacting with an environment E. The total

Hilbert space is the tensor product Hist = Hs ® Hg. The Hamiltonian of the
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Figure I1.1.1: Sketch of an open quantum system. A quantum system, described by the
Hamiltonian Hg, interacts with its environment, described by Hg, via the coupling Hamil-
tonian Hsg.

combined system takes the generic form
Htot = HS ® ﬁE + ﬁs & HE + HSE/ (I.1.1)

where Hg acts on the system, Hg on the environment, and Hgg represents their
interaction. The total density operator piot(t) evolves unitarily according to the

Liouville-von Neumann equation,

d A
aptot(t) = —i[Hiot, Prot (t)], (I1.1.2)

and the system and environment are assumed to be uncorrelated initially, so that
Prot(0) = ps(0) ® Ppg(0). The system of interest is described by the reduced den-
sity matrix ps(f) = Trg[ftwt(t)], which contains all information accessible through
system observables. Formally, the reduced dynamics define a family of linear,
completely positive, and trace-preserving maps (CPTP maps'), also referred to as

quantum channels, & acting on pg:

ps(t) = Elps(0)]. (L1.3)

In finite dimensions, any such map can be written in Kraus form [130, 11],
Eilbs) = Y Ki(t) ps Ki(t), Y K{R, =1. (L1.4)
k k

From a physical perspective, the Kraus operators Ki(t) encode how interactions
with the environment modify the system’s state. They can be obtained explicitly
as [11]

Rij(t) = /pj (i1 j), (I1.1.5)

1A map is CPTP if it is linear (£ (c1p1 + c2p2) = c1E(p1) + c2€(p2)), trace-preserving (Tr[E(p)] =
Tr[f]), as well as completely-positive (£ ® Iy maps positive operators to positive operators).
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where {p;} and {Jj)} are the eigenvalues and eigenstates of the initial environ-
mental state pg(0), and

U, = T exp {—i/ﬂt drt Htot(’()} (I.1.6)

is the unitary time-evolution operator of the full system-environment composite,
with 7 denoting the time-ordering operator. The pair of indices (i,) should be
understood as a single composite index labeling the Kraus operators.

This expression provides physical intuition: each Kraus operator represents a con-
ditional evolution of the system associated with a particular transition of the en-
vironment from |[j) (weighted by its probability p;) to [i) under the joint uni-
tary U;. In other words, the environment performs a (generally unobserved)
“measurement-like” interaction on the system, and the reduced dynamics arise
from averaging over all such conditional outcomes. We expand on this perspec-
tive in Section 1.1.3.

When the reduced dynamics is Markovian?, the maps {&;};>¢ are CP-divisible,
meaning that for any t > s > 0 there exists a completely positive and trace-
preserving propagator &5 such that & = &5 0 &. In this case, the evolution can

be written in time-ordered exponential form,

& = Eo = Texp Uot drﬁ(r)] , (L1.7)

where L(t) is the (generally time-dependent) generator of the dynamics, known
as the Liouvillian.

Its structure is strongly constrained by physical requirements: weak coupling to
the environment (Born approximation), factorised initial state, environment cor-
relation functions decaying on timescales much shorter than the system dynamics
(Markov approximation), and the environment’s influence on the systems being
much slower than the system’s internal dynamics (secular approximation). Under
such conditions, the evolution of the system state is governed by a GKSL master
equation [33, 34, 11, 51], whose general structure is guaranteed by the GKSL theo-
rem by which the generator £ of a quantum dynamical semigroup must take the

form

3P =Llpl = —i[H,p0O]+ L DILJp(t), DL]p = LpLT - 3{L'L,p}, (11.8)
]

2Quantum Markovianity admits several inequivalent definitions, such as complete positive di-
visibility, absence of information backflow, or validity of regression relations, reflecting different
operational notions of memory, see e.g. Ref. [131]. Here, we adopt the CP-divisible notion, which
is equivalent to the existence of a time-local GKSL generator.
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with I:j known as Lindblad or jump operators. For notational simplicity, we here
and in the following omit the subscript S on system operators. This mathemat-
ical form ensures the desired trace preservation and complete positivity of the
reduced dynamics.

In summary, the GKSL master equation emerges both as a fundamental struc-
tural result and as the effective description of a system’s dynamics when weakly
coupled to memoryless environments: it encodes the interplay of coherent Hamil-
tonian evolution and irreversible dissipative processes due to the interaction with
an environment, and provides a standard framework for the study of open quan-

tum systems.

I.1.2 Adjoint GKSL evolution of operators

In the preceding section, we discussed the evolution of quantum states under
the GKSL master equation (see Section [.1.1). The corresponding evolution of
operators in the Heisenberg picture is governed by the adjoint Liouvillian LT,
which acts on system operators A as

dA s PO R
T YA =il Al + Y (L]TALj — E{L]TLj,A}) : (1.1.9)

This equation defines the dynamics of observables in the Heisenberg picture, en-
suring consistency with the Schrodinger-picture evolution through the trace rela-
tion

Te[A L[p]] = Tr[L1[A]p], (1.1.10)

which establishes £ as the adjoint of £ with respect to the Hilbert-Schmidt inner
product (A, B) = Tr[A*B]. The adjoint Liouvillian preserves the identity operator,

L[] = 0, reflecting trace preservation of the density operator under L, i.e.,
Tr[L[p]] = 0. This property ensures that expectation values evolve consistently in
time: d Iy

ClAY =Tr|ASE| = e[ LtA]p] = (cH[A

(A =T [A dt} _Tr[c A] p} = (CYA]). (L1.11)

Here, we have focused on the Liouvillian £, but similar considerations apply
to any linear superoperator, since the definition of an adjoint with respect to
the Hilbert-Schmidt inner product and the consistency between Schrédinger- and
Heisenberg-picture evolution hold generally.
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Figure 1.1.2: Sketch of continuous monitoring of particle transfer between a quantum
system and its environment. The measurement outcomes are stored in a measurement
record. The system state evolves conditioned on this record, and expectation values of
system observables are computed with respect to the conditional state. As a result, ob-
servables evolve stochastically: abruptly when jumps are recorded, and smoothly when
no jumps occur.

I.L1.3 Quantum jump trajectories

In this section, we review the formalism of quantum jump trajectories. From
a mathematical perspective, quantum jump trajectories arise by unravelling the
GKSL master equation into stochastic evolutions of pure or mixed states [132].
From a measurement perspective, they describe the stochastic evolution of the
state conditioned on a sequence of detection events recorded in continuous mea-
surements, e.g., photon or charge counting [133]. This provides direct access to
trajectory-level fluctuations: expectation values become stochastic variables along
individual realisations (see Fig. I.1.2). We will make use of this in Chapter IIL.6.

To uncover the stochastic structure underlying the GKSL master equation, it is
useful to decompose the Liouvillian into contributions associated with continuous

no-jump evolution and discrete jump events, £ = Ly + L1, where
Lo[p] = —i (Heffﬁ - ﬁH;f> , Lq]p] = Zﬁl'f (0] = Zi]-pij. (1.1.12)
I ]

Here, we have introduced the effective non-Hermitian Hamiltonian®

. R A
Het = H - 3 Y LIL;. (1.1.13)
j

Here, £( generates a continuous, non-unitary evolution corresponding to the ab-
sence of detected quantum jumps, while £; accounts for discontinuous state up-
dates associated with detection events in the environment. This decomposition

suggests an interpretation in terms of continuous measurement. To make this ex-

3Indeed, the conditional no-jump evolution is a very natural way of implementing non-
Hermitian physics [134].
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plicit, we discretise time into small intervals of duration dt. Over a single time
step, the system evolution may be represented in terms of measurement operators

acting on the system state,
MO =1- iI:Ieff dt, M] = vdt ij, (I.1.14)

corresponding respectively to a no-jump outcome and a jump of type j occurring
within the interval dtf.

These operators satisfy the completeness relation up to order dt,

MMy + ZM* =1+ 0(d?), (1.1.15)

ensuring conservation of total probability. The measurement outcomes define a
measurement record r = {(t1,]1), (t2,j2), ...}, consisting of a sequence of jump
events labeled by their occurrence times ¢, and channels ji, or equivalently by the
sequence of outcomes observed in each discrete time step. Conditioned on a given
measurement record r, the system state is described by an unnormalised density
matrix p,(t), obtained by applying the corresponding sequence of measurement
operators to the initial state. For example, if no jump occurs during a time interval
[0, t], the conditional state evolves as

Prj(t) = e50[p(0)] = e~ ettt 5 (0) Tt (11.16)
The trace of the unnormalised state,

pr(t) = Tr [p:(1)], (1.1.17)

has a direct probabilistic meaning: it is the probability for observing the measure-

ment record 7 up to time ¢. In particular,

Psurv(t) =Tr [pxnj(t)} (I.1.18)

is the survival probability, i.e. the probability that no jump has occurred up to

time f. The normalised conditional state is obtained as

Or(t) = p[ﬁ( )t (L.1.19)

(6]

In this sense, the evolution of p;(t) can be viewed as a quantum analogue of a
Bayesian update, with each measurement outcome updating the conditional state

based on newly acquired information.

Since the formal solution of the GKSL master equation is p(t) = e!~[p(0)], we
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may use the decomposition £ = Ly + L; to expand the propagator using a Dyson

series,
0o ot ty ty
etﬁ = 2 / dtn/ dtn—l e / dtl e(t_t")ﬁoﬁle(t”_tnfl)ﬁo SN Eletlﬁo. (1.1.20)
a—0/0 0 0

Each term in this expansion corresponds to a quantum trajectory with exactly n
jumps occurring at times 0 < #; < --- < t; < t, with non-unitary evolution
generated by £ in between. The unnormalised density matrix associated with a

given measurement record r is therefore
Br(t) = elt=tboLy ;o £y 5 e [p(0)), (1.1.21)
and £ = X L4,;. Summing over all possible records yields

o(t) =) pr(t), (1.1.22)

establishing that the solution of the GKSL master equation is the ensemble average

over all quantum jump trajectories.

In the continuous-time limit, the evolution of the unnormalised conditional state

may be written as a stochastic differential equation,

dpr(t) = Lo[pr(D)] dt + 3 L1,[pr(1)] AN;, (1.1.23)
)

while the normalised conditional state evolves under

dpr = —ilH,p]dt — 5 L HILIL o, dt + Y GI[Lj)pr N, (1.1.24)
] )
with
N1 A "p\ré'l' A N1 A A A ~ AT A A A At A
G[Olo, = ™[0p, 01 H[O]pr = Opr + prO" — Tr[Opr + prO"]py,  (11.25)
r

E[dN]] = (LIL)),, dt, dN;dN; = §;ydN;. (1.1.26)

Here, G describes instantaneous updates due to detected jumps (dN; = 1), while
H describes continuous evolution between jumps (dN; = 0).
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I.1.4 Liouville representation and Liouville spectrum

For both analytical and numerical purposes, it is convenient to represent density
operators as vectors in a larger Hilbert space. This approach is known as the Li-
ouville representation or vectorization of the density matrix [11]. Given a density
operator p acting on a Hilbert space H of dimension d, we define its vectorised

form |p)) € c® by stacking the columns of p into a single column vector
p=Ypil)(jl — Zpg ® j)- (1.1.27)
L]

Here, {|i)} is an orthonormal basis of /. In this representation, the action of a

linear map £ on p can be written as a matrix multiplication

1E(0)) = E o), (1.1.28)

where £ € CT*% s the matrix corresponding to €. For example, if £[p] = ApB

with operators A and B on H, then in vectorised form
ElpI) = (BT ® A) |p)- (11.29)

The Liouville representation is particularly useful when dealing with the GKSL
master equation, as it allows one to treat the evolution of g as a linear differential

equation in a higher-dimensional vector space

L1 = L1, (11.30)

While this form is particularly convenient for numerical simulations, it also allows
us to analyse the spectral properties of the Liouvillian in matrix form. Since L is
not Hermitian, its spectrum may be complex with complex conjugate eigenpairs,

and distinct left and right eigenvectors
Ll = Ailra) - (BIL = A(E], (11.31)

where the left and right eigenvectors fulfil the biorthonormality condition ((f;| i) =
dij, and, importantly, ((I;] # (|7:)))". Further, ReA; < 0 ensures the physical re-
quirement that density matrices evolve toward a steady state without unphysical
exponential growth. In fact, the steady state is the zero-eigenvalue right eigen-
vector L|7ss)) = 0, with the vectorised identity matrix corresponding to the left
eigenvector, ensuring unit trace. Another important spectral feature is the so-
called Liouvillian gap

A =miny o{—ReA;}. (1.1.32)
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Its dynamical importance becomes apparent when we decompose the evolution
of the system from some initial state into that of Liouvillian eigenmodes. For
convenience, we order the Liouvillian eigenvalues by descending real parts, so
that...,ReAy; <ReA; < Ag = 0 and we, for simplicity, assume that A; is real. The

state evolves as

(1) = eE1p(0)) = I7ss)) + ) ci e [P, (I1.33)

i>0
where the spectral weights c; are set by the initial state, and trace preservation is
ensured since all Liouvillian eigenmodes, apart from the steady state, are traceless.

Since Re”; < 0, at long times
(1)) =~ |rss) +c1 €M |7y), (1.1.34)

and A; = —A sets the relaxation time scale. In Part V, this quantity will play
a central role: the closing of the Liouvillian gap is precisely what gives rise to

critical slowing down in DQPTs.

I.1.5 Nonequilibrium steady states

When a quantum system is coupled to one or several environments, its state typ-
ically relaxes toward a time-independent configuration known as a NESS. For-
mally, the NESS is defined as a stationary solution of the GKSL master equation,

S0 = £p() (11.35)

satisfying L[7ss] = 0. In thermal equilibrium with an environment at inverse
temperature § = 1/T, the so-called detailed balance condition® ensures that the
steady state is a Gibbs state feq o ePH [11], provided the dynamics is ergodic.
More generally, open quantum systems can be driven out of equilibrium by com-
peting dissipative processes, such as coupling to reservoirs at different tempera-
tures or chemical potentials, or by coherent external driving. In such situations,
the stationary state 7tss supports nonvanishing steady-state fluxes of energy, par-
ticles, or other observables, signaling a breakdown of detailed balance and giving
rise to a finite entropy production rate. For a discussion of entropy production

and related thermodynamic quantities, we refer to Chapter 1.2.

“For open quantum systems, detailed balance expresses a form of time-reversal symmetry of
the dissipative dynamics with respect to its stationary state. A GKSL generator satisfies quan-
tum detailed balance if it is self-adjoint with respect to a steady-state-weighted inner product,
such as the Kubo-Martin-Schwinger (KMS) inner product. Detailed balance implies the absence
of steady-state probability currents and vanishing entropy production, while its violation charac-
terises NESSs; see, e.g., Ref. [136].
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[.1.6 Drazin inverse of the Liouvillian

Because the steady state corresponds to the zero eigenvalue of £, the Liouvillian
is generally non-invertible. Nevertheless, in many contexts we are interested in
a notion of an “inverse” for £. To address this, it is convenient to introduce
the Drazin inverse £, a generalised inverse that acts on the complement of the
steady-state subspace. Effectively, we “invert what we can”. It proves particularly
useful for formally solving GKSL evolution equations, as we will demonstrate
with several examples throughout this thesis. The Drazin inverse £ satisfies

LLYL=L, LYLLT =LY, and LLT=LTL=T-7P, (L1.36)

where Py is the projector onto the kernel of L (i.e., the steady-state subspace, and
we assume a unique steady state).
If the Liouvillian £ is diagonalizable (see Section I.1.4), then the Drazin inverse

L7 can then be expressed in matrix form as

L=y

i#0 /M

17:)) (Tl (1.1.37)

where the sum runs over all nonzero eigenvalues. In this notation, the projector
onto the steady-state subspace is Py = |70)) (lo| = |7tss)) (], with {(Iy| = ((I| and
70)) = |7tss)). Alternatively, the Drazin inverse admits an integral representation

in terms of the propagator,
£ = [ dt (e =), (1.1.38)
0

which converges if all nonzero eigenvalues of £ have negative real parts [137].

I.1.7 Local versus global approaches

This section is based on Refs. [138-140], to which we refer for more detailed discussions.

Depending on how the system-bath coupling is treated in the derivation of the
GKSL master equation, one distinguishes between global and local GKSL mas-
ter equations. While both generate CPTP dynamics, they differ substantially in
their physical assumptions and thermodynamic properties. The global approach
is justified when internal interactions are comparable to system-bath coupling and
level splittings are well resolved, whereas local master equations are appropriate
in the limit of weak inter-system interactions or when baths couple on timescales

short compared to internal equilibration.
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In the global approach, the GKSL master equation is derived after diagonalizing

the full interacting system Hamiltonian,

Hs =Y Hy+ Hine, (1.1.39)
[

where Hiy describes interactions between subsystems. The jump operators are
constructed from eigenoperators A, (w) of Hs, satisfying [Hs, Ay (w)] = —w Ay (w).
For a single thermal reservoir, the steady state is the Gibbs state c?)ﬁ Ioe e‘ﬁHS, en-
suring detailed balance with respect to the full interacting Hamiltonian. From a
thermodynamic perspective, global GKSL master equations are consistent: heat
currents, work, and entropy production can be defined unambiguously, and the
second law of thermodynamics is satisfied. However, the approach becomes com-
putationally prohibitive for large many-body systems, as the jump operators are
highly nonlocal and depend on the full spectrum of Hs. Further, while thermo-
dynamically consistent, the global approach may fail to capture internal transport
properties, e.g. vanishing internal particle or energy currents in the NESS, even
when such currents are expected on physical grounds [141]. This occurs because
the baths induce transitions between global energy eigenstates, effectively bypass-
ing the local gradients that drive transport.

In contrast, local GKSL master equations are obtained by coupling each bath to a
local subsystem operator, for example to a site at the edges of a spin chain, ne-
glecting inter-system interactions during the derivation of the dissipator. In this
approach, one exploits the decomposition (1.1.39) and constructs the dissipator
from eigenoperators of the local Hamiltonians H,, defined through [FLX, ﬁm(w)] =
—wly(w), thereby neglecting the effect of inter-system interactions on the bath-
induced transitions. Consequently, the dissipator is often not diagonal in the
energy eigenbasis of Hs. While local master equations are particularly natural
for boundary-driven transport setups, for example, with spin chains or fermionic
lattices, they may lack thermodynamic consistency. Since dissipation does not
respect the full eigenstructure of Hs, the steady state of a locally thermalised
system is not, in general, a Gibbs state of the interacting Hamiltonian. As a
result, local master equations may predict entropy production rates that are in-
consistent with the second law [142], as discussed in Section 1.2.4.2. Although
this violation was later shown to be only apparent, arising beyond the order of
the employed approximation [143], it can nevertheless be advantageous to adopt
alternative descriptions of thermodynamic currents. One such approach is pro-
vided by repeated-interaction (collisional) models, which restore thermodynamic
consistency [31] and will be described in Section 1.2.4.3.
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Chapter 1.2

Thermodynamics of open quantum systems

Quantum thermodynamics seeks to understand how the laws of thermodynamics
emerge in the quantum regime, while also leveraging these universal principles
to both elucidate quantum phenomena and guide the design of useful quantum
devices [7-10]. Guided by these objectives, we explore a range of complementary

scenarios in open quantum systems.

This chapter establishes the thermodynamic framework used throughout the the-
sis. We begin from a microscopic description of a central system coupled to
thermal baths and formulate quantum thermodynamics for this standard class
of open quantum systems (see Section [.2.1). We then specialise to the particularly
tractable GKSL regime (see Section [.2.2) and summarise key notions for assess-
ing the performance of heat engines (see Section 1.2.3). We subsequently discuss
thermodynamics in the local GKSL approach (see Section 1.2.4), highlighting ap-
parent thermodynamic inconsistencies and their resolution within the repeated-
interactions framework, illustrated using a boundary-driven double quantum dot
(DQD) heat engine. Both the repeated-interactions framework and the DQD heat
engine play a central role in Chapter I1.4. We then introduce the entropic cost of
nonstationarity (see Section 1.2.5), which is relevant for Chapters IV.8 and V.10.
Finally, we review stochastic entropy production along quantum jump trajectories
and the associated fluctuation theorems (see Section 1.2.6), which are relevant for
Chapter IIL.6.

At a later stage, in Chapter I11.5, we extend this thermodynamic framework be-
yond the Markovian weak-coupling regime using the mesoscopic-leads approach.
Combined with quantum jump trajectories, this provides a methodology for study-
ing stochastic thermodynamics under strong coupling and non-Markovian dy-
namics, as explored in Chapter IIL6.

The connections between information geometry and quantum thermodynamics
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\

Figure 1.2.1: Illustration of a microscopic system described by a time-dependent Hamil-
tonian, which acts as a source or sink of external work. The system is coupled to two
thermal reservoirs characterised by temperatures T, and chemical potentials y,. Chemi-
cal work is performed when particles are driven against a chemical bias Ay. The system
exchanges particles and heat with the reservoirs via the particle and heat currents JI¥ and

12, respectively.

that are relevant for this thesis are introduced in Chapter IV.7 and further devel-
oped in Chapters V.8 and V.10.

I.2.1 Microscopic description

This section is based on Ref. [144]. The presentation closely follows this reference.

In the following, we consider a microscopic system S described by a time-dependent
Hamiltonian Hs(t), coupled to at least one fermionic or bosonic bath, as schemat-
ically shown in Fig. [.2.1. The total Hamiltonian is given by

Hiot(t) = Hs(t) + ) (Ha + Hsy), (12.1)

where H, is the free Hamiltonian of bath &, and Hs, describes the coupling be-
tween the bath « and the system. Further, we assume that the bath Hamiltonians
preserve their respective particle numbers, so that [Ha, N“] = 0, where N, is the
number operator of the a" bath. Further, we define the particle current from
reservoir « into the system as JN(t) = —%(N,x). Finally, we assume that the sys-
tem and the baths, prepared in thermal states at inverse temperature 8, = 1/T,

and chemical potential j,, are initially uncorrelated, so that the global state is

e*,Bzx (Ha*]/ltxﬁzx)

7 (1.2.2)

Prot(0) = ps(0) Q) @n, where @, =
14

Here, Z, = Tr [e_ﬁ“(Hﬂ_““N‘x)} denotes the partition function. The global state

evolves unitarily under Fltot(t), and the reduced system state is obtained by tracing
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out the baths, see Chapter I.1. Having this set-up in mind, we now focus on
the average thermodynamic currents in it. Since the global system is closed, any

change in its total energy must stem from work performed by an external protocol:

d{Hiot(t'))
dr

West (£) = (Fliot(1)) — (Hor(0)) = /O Y (1.2.3)

Since we assumed that only the system Hamiltonian is time-dependent, this re-

duces to the time integral of the expectation value of its instantaneous rate of

Wext () = /0 t dt’ <al:ést(,tl) > (1.2.4)

Here, we have also used that since the global state evolves unitarily, Tr [ﬁtotﬁtot] o

change

Tr [[ﬁtot, Htot]Htot} = 0, due to the cyclicity of the trace. Due to the nonzero chem-
ical potential of the baths, the system may also perform chemical work resulting
in an increase in the particle number within the baths. This is reflected in

Wehem (t) = — Zﬂa(<Na(t)> - <Na(0)>) . (I.2.5)
o
Combining these two contributions yields the total work: W(t) = Wepem(t) +

Wext(t). Next, following the general framework introduced by Spohn [145-149],
we define the entropy production as

(t) = D (ptotu) | ps(t) ®wa) . (12.6)

Here,
D(p || 6) = Tr[p(logp — log 0)] (12.7)

denotes the quantum relative entropy between the two density matrices ¢ and
0. By construction, the second law of thermodynamics, which can be stated
mathematically as £(¢t) > 0, is then automatically satisfied, since D (p || &) >
0. Further, this allows us to express the second law in the standard Clausius
form' [151, 2, 3, 146, 148]

5(£) = ASs(t) + Y BaQul(t) > 0. (12.8)

Here, ASg(t) denotes the change in the system’s von Neumann entropy, ASs(t) =

Here, we implicitly used our assumption that the baths are macroscopic, such that their tem-
peratures and chemical potentials can be taken to be constant. Otherwise, for finite baths, this
assumption pertaining to the temperatures and chemical potentials does not hold beyond a finite
time [150, 149].
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SVN(p(t)) - SVN(.@(O)) with
Sw(p) = ~Tr [plog), 12.9)

and the heat transferred into the a-th bath,

Qu(t) = (Ha(t)) — (Ha(0)) — pa (Nu(£)) — (Na(0))), (1.2.10)

weighted by the inverse bath temperatures ,. The second term,
[T=) BuQa(t), (1.2.11)
o

is typically referred to as the entropy flux from the system into its environment.
The balance (I.2.8) clarifies why X is called the entropy production: unlike con-
served quantities, entropy does not satisfy a continuity equation and can be irre-
versibly generated [151, 2, 3]. For a review on the topic of entropy production we
refer to Ref. [148].

Expressing the first law of thermodynamics, the change in internal energy of the
system is defined by the difference between work done on the system and heat
transferred into the environment, so that AU(t) = W(t) — Y, Qu(f). Further in-
tuition can be gained by using the definitions of both the total work and heat, as
well as Hior in Eq. (1.2.1), to find that the change in internal energy,

AU(t) = <Hs(t) + ZFIS,X(t)> — <Hs(0) + ZH&X(O)>, (1.2.12)

depends only on the system-related terms in the Hamiltonian. Note that here we
included the average interaction energy between the system and the baths in the
definition of the internal system energy. This choice, albeit self-consistent, is not
unique and is of particular relevance in the strong-coupling regime which we will
return to shortly [35].

At first glance, the above statements of work and heat seem to demand access to
the full microscopic details of the baths. Fortunately, this is not so, as the energy
current from the a-th bath can be expressed as

1) = - L) (A, B)) = ([ ) 1213)

Together with the particle current,

NOES = —i ([Hiot(t), No]) = i ([N, Hsa] ) , (1.2.14)
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Figure 1.2.2: The dynamics of a system coupled to a single thermal fermionic bath, shown
in a), is determined by b) the bath’s spectral density J(w), together with the bath’s Fermi-
Dirac distribution f(w), set by its chemical potential u and temperature T.

the heat current from the a-th bath can be rewritten as

J2(8) = JE() — paJN (1) (12.15)

This means that both the heat flowing into the a-th bath as well as contributions
to the total work take a significantly simpler form:

t t
Qult) = = [ aI2(E), Wanem(t) = Lo [ N (1),
Wext(t) = AU(t) — Z/Ot at'JE(t). (1.2.16)

We thus have arrived at a description of average thermodynamics quantities rely-
ing only on energy and the particle currents from the baths, the state of the system
and the system-bath coupling energy. To proceed, we assume that the baths con-
sist of infinitely many fermionic or bosonic modes and are initially prepared in
thermal states (see Eq. (1.2.2)). That is, we take them to be idealised reservoirs. We

set the a-th reservoir Hamiltonian to

A, = ijafa}az}ja, 1.2.17)
j=1

with 13]-,,‘ being fermionic or bosonic annihilation operators, and the subscript in-
dicates the mode j of the respective reservoir a. In addition, we let the system-
reservoir coupling take the form

Hgy =) (Aj,xé,il?m + A}‘al?},xéa), (12.18)
j=1
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Here, the operator ¢, denotes the system operator to which the a-th reservoir
couples. Under these assumptions (including (I.2.2)), which yield the canonical
model of thermal reservoirs, it can be shown that the dynamics of the system, the
currents from the reservoirs and the system-reservoir coupling energy are all fully

determined by the reservoir spectral functions [11],

oo
Tu(w) =271 Y | Ama (@0 — i), (1.2.19)
m=1
as well as the particle statistics in the reservoirs, i.e. the Fermi-Dirac or the Bose-
Einstein distributions, f,(w) = (ef«(@~1) £ 1)~1, as schematically shown for the
fermionic case in Fig. 1.2.2. This is quite remarkable: these quantities depend only
on the macroscopic characteristics of the reservoirs. Consequently, any collection
of reservoirs with identical spectral functions, temperatures, and chemical poten-
tials give rise to the same system dynamics and the same currents exchanged
between the system and the reservoirs. This observation is central to understand-
ing the working principle of the mesoscopic-leads approach introduced in Chap-
ter 111.5. However, there is a caveat: we have assumed that the reservoirs con-
tain infinitely many modes, which makes the calculation of these thermodynamic
quantities intractable. Moreover, without further approximations, the system’s
reduced dynamics is generally non-Markovian. In fact, only in the absence of ex-
ternal driving, and when the system is quadratic in bosonic or fermionic creation
and annihilation operators, can the long-time (steady-state) results be obtained ex-
actly using standard analytical techniques such as nonequilibrium Green’s func-
tions [152] or the Landauer-Biittiker formalism [153-155]. In the presence of ex-
ternal driving, even for quadratic systems, these approaches typically require per-
turbative methods [156—158].
We may consider two scenarios. In the first, the system couples only weakly to
its environment, and additionally, this interaction induces Markovian dynamics.
In such cases, the system’s evolution is governed by a GKSL master equation
(see Section 1.1.1). This framework renders the thermodynamic description more
tractable, since all thermodynamic quantities depend only on the instantaneous
state of the system, and it removes ambiguities associated with assigning interac-
tion energy between the system and the reservoirs, which can then be consistently
neglected. We examine the thermodynamics under these conditions in detail in
Section 1.2.2. Although certain caveats remain, such as potential thermodynamic
inconsistencies under specific circumstances (see Section 1.2.4.2), these can be ad-
dressed relatively easily, for instance, by employing the framework of repeated
interactions (see Section 1.2.4.3).
However, when the system couples strongly to its environment or exhibits non-

Markovian dynamics, the most straightforward numerical approach is to model
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finite, but sufficiently large baths and evolve the total system under full unitary
dynamics. A systematic implementation of this strategy is provided by chain-
mapping techniques [159-167], which allow one to choose a microscopic repre-
sentation of the baths that exactly preserves their spectral functions, leaving both
the dynamics and thermodynamics unchanged. This method, however, has its
practical limitations since the number of bath modes required grows with the
time the joint system is evolved for.

A versatile (and also physically motivated) alternative to treat strong-coupling dy-
namics and thermodynamics is the mesoscopic-leads formalism. We introduce it

in Chapter IIL.5, as it underpins results presented in the subsequent Chapter IIL.6.

I.2.2 GKSL regime

In the following, we restrict our attention to the particularly well-controlled GKSL
regime, in which the coupling between the system and the thermal reservoirs is
weak and can be assumed to be additive?, and the resulting system dynamics is
Markovian. Under these conditions, the system’s evolution is accurately captured
by a GKSL master equation, as discussed in Section I.1.1.

We consider a system with Hamiltonian H that conserves its particle number N
(i.e. [H,N] = 0) coupled to at least one thermal reservoir labeled by &, each
characterised by an inverse temperature 8, and chemical potential y,. The system

dynamics are governed by the GKSL master equation (in the form of Eq. (1.1.8)),
—— = L[p] = —i[H,p] +)_Da[0], (1.2.20)
o

where, for convenience, we collect into the dissipator D, all contributions arising

from the system’s coupling to reservoir a. To formalise this, we define

A
A

Lq|p] = —i[H, p] + Dap], (1.2.21)

as the generator corresponding to reservoir a alone, and we assume that under
L, the system would relax to the Gibbs state
eiﬁa(H —HaN) - N
Ly [d)a] =0, Wy = . Ly = TI'[E_'B”‘(H_WN)]. (I1.2.22)
49
Note that this constitutes a strong assumption. We adopt it here because, as will
be demonstrated below, it ensures a thermodynamically consistent description.

When this assumption fails, however, a more refined treatment becomes necessary.

2This assumption must be treated with care, as discussed in Ref. [168].
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This is the case, for instance, for local master equations (see Section 1.1.7).

We begin by examining the energetic exchanges between the system and its envi-
ronment, and define the system’s internal energy as U( ) = Tr[p(t) H], while the
energy and particle currents, JE = $(H) and JN = $(N), can be decomposed

into additive contributions from each reservoir,
JE=wlpDiA]], N =T|pDIN]], (12.23)

where D! denotes the adjoint of the dissipator D, (see Section 1.1.2). The rate at
which mechanical work is performed on the system by an external drive, i.e. the
power, is [169]

Tomecn(t) = Tr[p () H], (1.2.24)

while particle exchange with the reservoirs gives rise to the chemical work rate
Jiem (t Z T (1.2.25)

The total power is thus JW(t) = JW . (t) + J%__(t). Differentiating the internal
energy yields the first law of thermodynamics as a rate balance

du
— ="+, (1.2.26)
with JR(t) = ¥, ] and the heat currents flowing from the reservoirs into the

system are here defined by
= Ji — Hali- (1.2.27)

We now turn to entropic quantities. For a single reservoir with stationary Gibbs
state w (see Eq. (1.2.22)) at inverse temperature  and with chemical potential ,
the entropy production rate in state p(t) is [145]

(L) = —%D(p(t)ﬂd)) > 0. (1.2.28)

Using log @ = —B(H — uN) — log Z, one obtains

%(t) = dSVN — BJ°(), (1.2.29)

with the system’s von Neumann entropy Syn (see Eq. (1.2.9)) and heat current

JQ = JE — uJN. Equivalently, it may be written as
£() = ~Te[D[p(H)] (log p(t) — log @)] > 0, (12:30)

which expresses the second law of thermodynamics. In the presence of more than
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one reservoir, the system generally relaxes to a NESS that is non-Gibbsian, and

the entropy production is expressed in terms of the heat currents as

Z dSVN

Zﬁm . (1.2.31)

This definition is widely used due to its intuitive interpretation and practical rele-
vance. Its usefulness becomes particularly apparent in the steady state, where the
von Neumann entropy of the system is constant and %(¢) can be inferred solely
from current measurements. To elucidate its mathematical structure and connect
it to the single-reservoir expression in terms of the relative entropy, we first note
that the time derivative of the von Neumann entropy can be written as

dSVN ZTr t)]log p(t)], (1.2.32)

where we have used the decomposition of the generator introduced above and the
fact that each £, admits a Gibbs fixed point (see Eq. (I.2.22)). Furthermore, the

heat current associated with reservoir a can be expressed as

BaJ2(t) = —Tr[La]p(t)] log @4], (1.2.33)

where we have used the explicit form of @, and the assumption that the sys-
tem Hamiltonian conserves particle number. Combining these expressions, the
entropy production rate takes the form

ZTr | (log @, —logp(t))] > 0. (1.2.34)

This constitutes a generalised version of Spohn’s inequality (see Eq. (1.2.28)), which
guarantees the validity of the second law. It is important to emphasise, however,
that this non-negativity relies crucially on the assumption that each generator £,
admits a Gibbs state as its fixed point with respect to the full system Hamiltonian.
When this assumption fails, as is generally the case for local master equations
in which reservoirs couple to subsystems rather than to the system as a whole
(see Section 1.1.7), the entropy production defined via heat currents may become

negative. We will make this explicit in Sections 1.2.4.2.

I.2.3 A primer on heat engines

Thermal devices convert energy between heat and work and can operate as en-
gines, refrigerators, or heat pumps, enabled by their interaction with thermal

reservoirs.
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Figure 1.2.3: Illustration of a heat engine. The central working medium is coupled to hot

Ty

and cold reservoirs at temperatures Ty and Tc. Heat ]g absorbed from the hot reservoir
is partially converted into power ", while the remainder is released to the cold reservoir
via the heat current ]g .

The efficiency of a heat engine, as shown schematically in Fig. 1.2.3, is defined as
]W

_ (1.2.35)
TH

n

and the second law bounds it by the Carnot efficiency, which is reached only in
the reversible limit (X = 0), and finite entropy production reduces the steady-state
efficiency according to

Tc T

n=nc— sE<ne=1-7= (1.2.36)

JH Th
Fluctuations of thermodynamic currents are significant at small scales. In stochas-
tic thermodynamics, the thermodynamic uncertainty relation (TUR) links the dif-

fusion coefficient of a NESS current | to its mean (J) and total entropy production
rate X [170, 171]:

% > 2, (1.2.37)
with diffusion coefficient defined as
d t
D = lim = Var /0 ar' (). (1.2.38)

This implies that achieving high precision (small relative fluctuations) requires
greater dissipation, constraining the performance of nonequilibrium engines.
These relations have recently been extended to the quantum regime (see, e.g.,
Refs. [172, 173]).

The concepts presented here provide the foundation for analysing the perfor-
mance of a continuously monitored DQD heat engine in Chapter II. To further
establish the basis for this discussion, we now detail the dynamics and NESS
thermodynamics of the DQD heat engine in the local GKSL approach.
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a) b)

lo.
He = Qy
eV

Figure 1.2.4: a) Illustration of a quantum-dot-based heat engine with resonance energy
9. The quantum dot is tunnel-coupled at rate I' to hot and cold electron reservoirs with
Fermi distributions characterised by Ty, pp and Tc, uc, respectively. An electron that
traverses the quantum dot at energy ¢o removes heat Qp from the hot reservoir, converts
part of it into useful work, eV, and deposits the remaining part as heat, Q¢, in the cold
reservoir. Adapted from Ref. [177].
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I.2.4 Thermodynamics in the local GKSL approach

This section is based on Ref. [29]. The presentation closely follows this reference.

1.2.4.1 The DQD heat engine

The boundary-driven DQD?, schematically shown in Fig. .2.5, can operate as an
autonomous heat engine (see, e.g., Ref. [175]). Experiments on quantum-dot-based
autonomous thermal machines, such as the device displayed in Fig. 1.2.4, have
shown that their efficiencies can approach the Curzon-Ahlborn limit* at maxi-
mum power, demonstrating the potential for nanoscale thermoelectric energy con-
version near fundamental limits. This makes this DQD system a well-controlled
and experimentally relevant platform for exploring the impact of measurement
backaction on thermodynamic currents and device performance, as discussed in
Chapter 1I.4 and originally reported in Ref. [29]. The following discussion pro-
vides the necessary foundation for this analysis.

We start from a microscopic model: the fermionic DQD in contact with two ther-

mal fermionic reservoirs is described by the Hamiltonian

H= HDQD + Z H,x + HDQD,R/ (1.2.39)
ae{H,C}

3A quantum dot is a nanoscale semiconductor structure in which electrons are confined in
all three spatial dimensions, resulting in discrete, atom-like energy levels. Quantum dots are
often referred to as “artificial atoms” and serve as platforms for studying quantum transport and
implementing quantum information processing [174].

“The Curzon-Ahlborn efficiency is the theoretical efficiency at maximum power for an endore-
versible heat engine operating between two thermal reservoirs [176].
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Figure 1.2.5: Schematic of the DQD heat engine. Two quantum dots are coupled via a
tunnelling amplitude t. Each dot exchanges particles and energy with an independent
thermal reservoir, characterised by the rates vy ), chemical potentials pyy(c), and temper-
atures Tyy(c). Adapted from Ref. [29].

where the DQD Hamiltonian reads
~ _ ata N AF A N
Hpgp = €16161 + €656 + t <C1C2 + c2c1> , (1.2.40)

(1)

with ¢, the fermionic annihilation (creation) operators of each quantum dot,
with onsite energies €1, and interdot tunnelling amplitude t. The reservoirs are

modelled as non-interacting fermionic reservoirs
Hy =Y eqrll iluj (1.2.41)
k
and their coupling to the DQD is described by

Hpopr = ) (gH,kéirCAH,k + goxlalox + h~C~> , (1.2.42)
k

with tunnelling amplitudes g,. Under standard assumptions (weak system-
reservoir coupling, Born-Markov approximation, wide-band limit, and reservoirs
maintained in local thermal equilibrium, see Section I.1.1) tracing out the reser-

voirs yields the additive local GKSL master equation

A

opap = Llppaop] = —i[Hpop, fpop] + Lulfpap] + Lc[dpap), (1.2.43)
Ly [ﬁDQD] = Yafa (Ga)D[él]pDQD + (1l — fu (ea))D[éa]ﬁDQD/ (1.2.44)

where fy(€4) = [1 +exp((éx — tta)/Tx)] ! denotes the reservoir Fermi functions.

1.2.4.2 Thermodynamic inconsistency

Having set up the model, we are now interested in its NESS thermodynam-

ics. However, apparent thermodynamic inconsistencies may arise in local master



Theory and methods 33

equations such as Eq. (1.2.43), as first discussed by Levy and Kosloff in Ref. [142]°.
Here, we briefly summarise their analysis of an apparent violation of the second
law of thermodynamics in this setting. For simplicity, we set uy = pc = 0. The
heat current flowing from the hot reservoir into the DQD is defined as (see Sec-
tion 1.2.2)

]5 = Tr [Hpgp Ln [fpgp]] - (1.2.45)

Evaluating the trace, in the NESS one finds that this expression can be written as

I8 = (fu(er) — fe(e2)) F, (1.2.46)

where F is a positive function of the DQD parameters. It is then evident that when
Bcer < Buel, the term (fu(e1) — fc(€2)) becomes negative (since puy = puc = 0),
implying that the heat current from the hot reservoir is negative. In the NESS,
]g = - ]g, so that the corresponding entropy production rate (see Eq. (1.2.31)),

2= (Bc - Bu) I3, (1.2.47)

is negative, suggesting an unphysical violation of the second law. This appar-
ent inconsistency arises from the definition of entropy production in terms of
the heat currents, which is guaranteed to be thermodynamically consistent only
when derived from a global master equation satisfying detailed balance (see Sec-
tion 1.2.2). The example thus illustrates that the local GKSL master equation
may fail to capture the correct thermodynamics in systems such as the boundary-
driven DQD [139, 178, 140]. While alternative approaches exist [143, 179-182, 139],
a widely used solution is to employ a framework that is thermodynamically con-
sistent by construction and reproduces the same reduced dynamics in the appro-
priate limit: the repeated-interaction framework [31], which we introduce in the

following section.

1.2.4.3 Framework of repeated interactions

To address the issue of thermodynamic inconsistencies in local GKSL master equa-
tions, Barra [31], building on earlier work [146, 147], formulated a description
within the repeated-interactions (or collisional) framework (see review [32] and
references therein). This approach derives effective GKSL generators from a fully
microscopic model in which the system interacts sequentially with independent,

identically prepared units (or ancillas) drawn from thermal reservoirs. Each unit

5Also global GKSL equations have shortcomings: for example, in some nonequilibrium setups
they may predict vanishing currents in the bulk even in a true NESS, failing to capture local
transport phenomena correctly [178].
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Yc ) )
A= IPY VY o
C | _’_ €]
g € N

Figure 1.2.6: In the repeated-interaction framework, the hot and cold reservoirs are repre-
sented by sequences of thermal qubits with energy splitting e; — g and €, — yc, respec-
tively. During each interaction of duration 7, one qubit per reservoir couples to the DQD.
Afterward, both qubits are replaced by new ones prepared in the same thermal state. The
populations of the qubit levels are determined by the temperature and chemical potential
of the respective reservoir. Adapted from Ref. [29].

interacts with the system for a finite duration before being replaced by the next.
Note that repeated-interaction schemes are also experimentally accessible, for in-
stance in trapped-ion platforms [183].

We now apply this framework to the example of a DQD heat engine (see Sec-
tion 1.2.4.1). In Fig. 1.2.6, we schematically illustrate how the two thermal reser-
voirs are modelled by periodically refreshed units, each consisting of a single
thermal qubit with energy splitting €; — yup and €, — ¢, respectively, so that the
qubit populations are set by the temperatures and chemical potentials of the cor-
responding reservoirs, T, = ,8;1 and .

The microscopic setup is described by the bare DQD Hamiltonian Hpgp from
Eq. (1.2.40) and the Hamiltonians of the reservoir qubits,

Hy = (€x — pa)Eién, (1.2.48)
with « € {H,C}. The DQD interacts with the qubit units via

6H:¢ﬁw$ﬁ+ﬁﬁo,ﬁC:¢%%QQ+@Q). (1.2.49)
The total Hamiltonian is thus

H=Hpop+ Y Hi+) Vi, (1.2.50)
14 [
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where V, = 9,/+/7°. The periodic resetting of the qubit units introduces an ex-
plicit time dependence into the total Hamiltonian, implying that external work is
required to sustain the dissipative dynamics generated by the local GKSL equa-
tion [31]. Each reservoir unit is initialised in a thermal state,

. (faler) 0 . ([ fcle2) 0
w/;H = ( 0 1 —fH(€1)> ’ w[gc = ( 0 1 —fC(€2)> . (1.2.51)

At the beginning of each interaction, the total density matrix is

p = Ppap ® Wpy @ Wp, (1.2.52)
N——

WR

and evolves unitarily for a duration T under U = exp(—iTH). After the n'h

interaction, the change in the system state is

ﬁDQD(TlT + T) — ﬁDQD(i’lT) = Trg aﬁDQD(TlT) & WR ut — ﬁDQD(nT) & C@R} .
(L.2.53)
Expanding U to second order in T and taking the limit of infinitely many infinites-
imal interactions (1 — co, T—0) yields the GKSL master equation

ppap = —i[Hpgp, fpap] + Y Dalpap), (1.2.54)
ae{H,C}

where the dissipators arising from the two reservoirs read

De[ppap] = Tra [0a(fpaD®@p, 0] — %Tra{z?i, (pDQD@gwﬁa)} . (1.2.55)

Substituting Eq. (1.2.49) into Eq. (1.2.55) yields the GKSL master equation (I.2.43).
The heat and work currents associated with reservoir & can be defined unambigu-
ously as [31]

1€ = —Du(Hy), TV = Dy (Hpgp + Ha), (I1.2.56)

where
Da(A) = Tr | (92 A8, — 182, A}) (poap © @) (12.57)

is the dissipator contribution of reservoir « in the limit T — 0.

In repeated-interaction (collision) models, the interaction Hamiltonian is often scaled as V, =
0y/+/T so that the cumulative effect of many short collisions remains finite in the continuous-
time limit T — 0. Mathematically, this ensures that the limit produces a well-defined GKSL

generator: L[p] = lim;_ £l lfp, where £ is the reduced map after a single collision. The /T
scaling guarantees that second-order contributions in V, yield a finite dissipation rate per unit

time.
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In the NESS, one finds that the average particle current from the hot reservoir into
the DQD is given by

€1>> _ AtPAf Yy
TaYC (4A€2 4 42) + 4[t]2 72

N = (fH(e1) — (¢t (1.2.58)

Here, Ae = €; — €1 denotes the detuning between the two quantum dots in the
DQD, Af = fu(e1) — fc(ep) is the difference in the Fermi distributions of the
reservoirs evaluated at the quantum dot energies, and ¥ = (yg + vc). Further,
the work currents into the DQD in the NESS are given by

. Ae . Ae
Wy = (rn; + VH) IRy Wc = (72 — ,”C) 1y,

(L2.59)
Wiot = — [(€1 — pr) — (€2 — pc)] JH-
Similarly, for the heat currents into the DQD in the NESS, we find
. N : N
= (€1 — ’ = — (€2 — ’
Qu = (&1 — pn) 1 Qc (e2—pc) Ju (12.60)

Qtot = [(é1 — pn) — (€2 — pc)] ]IZ}]-

Note here that the energy currents depend linearly on the particle current. This
is the so-called tight-coupling limit. It is a consequence of the weak-coupling

approximation made in deriving the GKSL equation and does not hold in general.

By the first law, Wiot + Qtot = (IfIDQD>. Here, <FIDQD> =Y. D« (Hpgp), and in the
NESS, this quantity vanishes. Clearly, Wiot = — Qiot-

Moreover, if the boundary-driven DQD is operated as a heat engine, then its effi-
ciency 7 is defined as

_ "Wt __€2-jc (1.2.61)
(0)% €1 — UH

Note now that the DQD operates as a heat engine, if the work current, i.e. the
power, from the DQD —Wiot > 0. This is so, if (fi(e1) — fc(e2)) > 0, so that
JY >0, and (e1 — pn) — (€2 — pc) > 0. By the first condition,

(€2 —uc) /Tc
1, 1.2.62
(€1 —pu) /Tu ~ ( )

and we find that 7 is bounded from above by the Carnot efficiency 7, since

Ie _ ne. (1.2.63)

1—
< T

Consistency with the second law can be shown by recognising that in the NESS,
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the entropy production rate can be expressed in standard thermodynamic form

: Qu (62—]4C €1—HH) N
A S~ . N >o. (1.2.64)
ae{H,C} Ta Ic T

1.2.5 Entropic cost of nonstationarity

This section is based on Ref. [78]. The presentation closely follows this reference.

This section distinguishes the entropy production and entropy fluxes that are in-
trinsic to NESSs from additional contributions that arise only in transient or driven
settings. We assume that the system evolves under GKSL dynamics (see Sec-
tions [.1.1 and 1.2.2).

As is standard in nonequilibrium thermodynamics [184], we start by expressing
the entropy balance in terms of the system’s von Neumann entropy change Sy,
the entropy flux to the environment I1, and the total entropy production rate X.
Although we have encountered it previously, we restate it here:

dSyn

T =L-IL (1.2.65)

We decompose the total entropy production into adiabatic and nonadiabatic con-
tributions [185, 186]

= Saa+Ena  Tna=—Tr|pi (logpr —log )|, (1.2.66)

where 71; denotes the instantaneous steady state of the Liouvillian L, param-
eterised by a set of time-dependent parameters 6;. The term X, represents the
g, and is
non-negative, Xna > 0, vanishing only when p; = 7;. The adiabatic entropy

instantaneous version of Spohn’s entropy production [145] relative to 7

production rate ¥,4 = ¥ — ¥, quantifies the continuous dissipation required to
maintain the NESS. In the steady state, ¥, = 0, so that Yngss = Z,q. In the special
case where the steady state is an equilibrium Gibbs state, the adiabatic contribu-
tion vanishes, and no entropy is produced. The splitting of the entropy production
into adiabatic and nonadiabatic contributions has a clear physical interpretation:
Yha quantifies the dissipation associated with driving or relaxation toward the in-
stantaneous steady state, while ¥4 captures the steady-state dissipation required
to sustain the NESS. Historically, the first decomposition of entropy flux was for-

mulated at the level of heat currents [187, 79, 188, 189]. Here, we consider the
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complementary decomposition of the entropy flux into two contributions
IT =TTy + ey, (1.2.67)

where Iy is the housekeeping entropy flux and Ile is the excess entropy flux [5].
By construction, the housekeeping flux coincides with the adiabatic entropy pro-
duction,

[Ty = Zag, (I.2.68)

since it is the only nonvanishing contribution in the steady state and quantifies
the entropy supplied by the environment to maintain the NESS. The excess flux,
which accounts for the entropy exchange due to changes in the control parameters,
is then defined as

[Tex = IT — Ty, (L2.69)

and can be rewritten in the compact form
T, = Tr [ﬁt log ﬁét]. (1.2.70)

Combining Egs. (1.2.65), (1.2.66), and (1.2.70), one obtains the generalised Clausius
inequality (see Refs. [79, 188] for a discussion in classical settings)
ds

a4 e =50 20, (1.2.71)

where the first equality constitutes a quantum generalisation of the Hatano-Sasa
relation [79]. The relation (1.2.71) provides a refined formulation of the second
law for driven open quantum systems. It expresses the instantaneous nonadi-
abatic entropy production as the sum of the system’s entropy change and the
excess entropy flux, thereby extending the Hatano-Sasa theorem to the quantum
regime [78].

In both classical and quantum systems, this decomposition admits an information-
geometric interpretation in the slow-driving regime: the nonadiabatic entropy
production can be viewed as a path action defined with respect to a thermody-
namic metric related to the (quantum) Fisher information [78, 75]. This connection
is discussed in detail in Section IV.7.5.

1.2.6 Stochastic entropy production and fluctuation the-

orems

This section is based on Refs. [190, 52]. The presentation closely follows these references.
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Fluctuation theorems are central to modern nonequilibrium statistical physics, as
they provide exact relations for the probability distributions of work, heat, and en-
tropy production, even far from equilibrium [5]. They deal with symmetries of the
entropy production under time-reversal, and quantify the likelihood of transient
violations of the second law in small systems or over short timescales. In doing
so, they link microscopic reversibility to macroscopic irreversibility. The theoreti-
cal development of fluctuation theorems in the 1990s was motivated by the study
of entropy production statistics in NESSs [191-193]. Within the framework of
stochastic thermodynamics, this line of research led to the Jarzynski equality [194]
and the Crooks fluctuation theorem [195], which characterise the statistics of
work performed during finite-time, time-dependent driving protocols and relate
nonequilibrium work distributions to equilibrium free energy differences. Fluctu-
ation theorems have since been generalised to the quantum regime [36, 196] and
were first experimentally verified using nuclear magnetic resonance (NMR) sys-
tems [197]. Subsequent demonstrations have been carried out on other platforms,
including quantum computers [198] and, more recently, photonic systems [199].

While the second law of thermodynamics asserts that entropy tends to increase in
irreversible processes, this holds strictly only on average. At mesoscopic scales,
fluctuations can be significant, and individual trajectories may temporarily de-
crease entropy, though such events are exponentially suppressed. In its most gen-
eral form, the stochastic entropy production generated along a single trajectory of

duration 7 is given by

Zot(rjo,e]) = log ( ig 8) . (12.72)

Here, Pr(r) and Pp(7) denote the probabilities of observing, respectively, the for-
ward trajectory r(o -] and its time-reversed counterpart 7o . The ratio Pr(r)/Pp(7)
thus quantifies how much more likely a given sequence of events is in the natu-
ral forward-time evolution of the system compared to the corresponding reversed
process. In other words, it provides a measure of the irreversibility associated
with that particular trajectory: the larger the ratio, the more strongly the trajec-
tory contributes to the overall increase of entropy’.

In this section, we establish a trajectory-level formulation of entropy production
suitable for quantum jump dynamics (see Section 1.1.3). This framework provides
the basis for accessing fluctuation relations, entropy production statistics, and

refined decompositions of entropy production that will be used in Chapter III.6.

“In terms of surprisal, the negative logarithm of the probability of an event, ¥, measures the
difference between the surprisal of the trajectory in the forward process and that in the backward
process. A larger value of Xy indicates that the trajectory is much more expected in the forward-
time evolution than in the reversed dynamics.
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Figure 1.2.7: Schematic of the TPM scheme. In the first measurement, the initial state
Po = p(0) is projected into its n'" eigenstate I19 with probability p3. Subsequently, this
state evolves according to the conditional evolution into p% = p,(7). Finally, p,(7) is
projected into the m'™" eigenstate IT7, of the unconditionally evolved initial state p; = p(7)
with probability p;7. The probability for the reverse trajectory to start in the eigenstate
[T}, is given by pY,. Adapted from Ref. [52].

1.2.6.1 Two-point measurement scheme

To assess the entropy produced along individual quantum jump trajectories, we
adopt the two-point measurement (TPM) scheme, illustrated schematically in
Fig. 1.2.7 (we refer to Ref. [190] for a detailed account). In this framework, the
stochastic time evolution of the system over the open interval (0, T), which pro-
duces a measurement record denoted by (g 1), is framed by two projective mea-
surements: one performed at the initial time t = 0 and another at the final time
t = 7. The full trajectory, including these two projective measurements, thus spans
the closed interval [0, 7] and is referred to as the forward trajectory. We denote its

full measurement record by (g .

The initial state of the forward trajectory can be written in its spectral decomposi-
tion as p(0) = ¥; pI1Y. Under unconditional evolution, the system state, having
evolved for a duration T, is given by p(7) = T {efofﬁ(s)ds} p(0) = X, prIIf. Ac-
cordingly, p(0) and p(7) represent the ensemble-averaged initial and final states,
respectively. In the TPM scheme, the first projective measurement prepares the ini-
tial state of each trajectory. Specifically, this measurement projects the ensemble-
averaged initial state into its eigenstate 1), with probability p9. Thus, the initial
state of the trajectory is p,(0) = I1). This state then evolves conditionally up to
time 7. During this time, it follows the stochastic dynamics generating the cor-
responding measurement record r. The resulting final state of the trajectory is

denoted by p,(7). Att = T, a second projective measurement is performed in
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the eigenbasis of the ensemble-averaged final state, yielding the outcome IT}, with
conditional probability p}7 = Tr [I1},6,(7)]. For the corresponding time-reversed
trajectory, the probability to start in ITY, is given by its weight in the decomposition
of f(7), i.e. p},.

In the following, we assume that the jump operators come in pairs, corresponding
to particle transfer into (¢ = +) or out of (¢ = —) the system due to interactions
with thermal reservoirs. Each jump in channel k is associated with energy and
particle exchanges AE} and AN/, respectively. These paired jump operators are

assumed to satisfy a local detailed balance condition [200, 186],

L =11t /?, (12.73)
with associated entropy flux
AE} AN/
Asi = — | =K - £, 1.2.74
k ( T, Ha T, ) ( )

where T, and p, are the temperature and chemical potential of the reservoir a
that facilitates the jump. The measurement record between the two projective
measurements for the forward trajectory can then be written as

o) = {(th,kl,(?'l),. ey (t]Nj,kN].,O'N].)}, (1.2.75)

where N; denotes the number of recorded jumps.

For the corresponding time-reversed experiment, we consider the case in which
each projective measurement yields the same outcome as in the forward process.
Consequently, the measurement record of the backward trajectory between the
two measurements, 7 (g 1), is simply the time-reversed version of the forward mea-
surement record r g ;). Explicitly,

7(0,1’) = {(T - t]Nj’ kN]-/ _U-Nj)r (T - t]N]._ll kNj*l/ _U-Njfl)/ ceey (T - th/ kl/ _Ul)} ’
(L.2.76)
as discussed in Ref. [190].

1.2.6.2 Trajectory-level entropy production

The projection probabilities p{) and py, are of particular interest to us here, as they
enter directly into the expression for the total entropy production along a trajec-
tory (o) (see Eq. (1.2.72)), which within the TPM framework takes the form [190]

0
Zot(rj0,1) = log (I’;—g> + 1, (1.2.77)

m
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Here, we have separated Ziot(r|g)) into two contributions: a stochastic entropy
associated with the system along a trajectory, and the entropy flux exchanged with
the environment. The first term captures changes in the Shannon self-information,
or surprisal, of the system between the two projective measurements, and takes

the same form as in the classical counterpart [195, 201]. The entropy flux is given

by

T AE7 — 1, ANY
i TN
T

Hr(o,f) - Z Z

k oe{+,~}"Y

(1.2.78)

1.2.6.3 Integral fluctuation theorem

Taking the ensemble average over the forward trajectories r of the exponentiated
negative of the total stochastic entropy production, we obtain an integral fluctua-
tion relation, a central result of stochastic thermodynamics [192, 6, 202, 36, 203]

(e Tty = 1. (1.2.79)
Applying Jensen'’s inequality [204], (¢*) > e*, directly leads to the second law

(Ztot(r[0,11))r > 0. (1.2.80)

1.2.6.4 Uncertainty and martingale entropy production

It is well established that the total entropy production in nonequilibrium processes
can be decomposed in several physically meaningful ways [185, 205]. In earlier
sections, we have discussed decompositions into changes of the system entropy
and entropy fluxes into the environment (1.2.77), as well as into adiabatic and
nonadiabatic contributions (1.2.66)°.

Here, we instead adopt a different decomposition of the trajectory-dependent to-
tal entropy production X, separating it into a classical-like exponential martin-
gale contribution and a genuinely quantum term. Remarkably, both obey integral
fluctuation theorems [205]. This perspective can be motivated by an operational
question: given access to trajectory-level information about entropy production,
how useful is this information? In particular, can it be exploited to implement
feedback or stopping strategies that reduce entropy production and extract useful
resources, in the spirit of Maxwell-demon-like protocols [206, 207]? These ques-
tions have been addressed both theoretically and experimentally in Ref. [208].
The mathematical framework underlying such questions is provided by martin-

gale theory, which plays a central role in probability theory [209] and also quan-

8Under suitable conditions, related to commutation relations between the jump operators and
the NESS, these quantities can also be evaluated along individual quantum trajectories [186].
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titative finance [210]. A martingale is a stochastic process whose conditional ex-
pectation at any later time equals its present value, reflecting the absence of sys-
tematic trends once all available information has been taken into account. More
precisely, a stochastic process M(t) is a martingale if it is bounded, (M(t)) < oo,
and satisfies

(M(t) | Mig.0y) = M(2), (1281)

for all t > 7, where the conditional expectation is taken over all realisations con-
sistent with the history My ., up to time 7 [209].

In Ref. [205], Manzano et al. extended martingale theory to the quantum domain
within the framework of quantum jump trajectories, and demonstrated that the
total entropy production accumulated along a measurement record r( ;) can be
decomposed as [190]

Ztot(”[o,r]) = Zmar’c(T’[o,r]) + Zunc(r[O,T])~ (1.2.82)

The martingale entropy production is defined as
Zmart(jor]) = log iy + Sp(T) + Ty, (1.2.83)

and depends on the probability p) of the initial projective measurement outcome
and on the trajectory-resolved entropy flux Il . Its defining property is that the
negative exponential e~*mat constitutes a martingale along quantum trajectories,
ie.,

(e Fman®) | 11g pp) = ¢ Fman(®), (12.84)

for all t > 7, where (:|r|y;)) denotes conditional expectation given the past mea-
surement record [209]. Notably, unlike in classical stochastic thermodynamics, the
quantity e >t does not in general form a martingale in quantum systems. This
is due to the existence of the additional term, the uncertainty entropy production,
defined as

Zunc("(0,7) = —log p — Sp(T), (1.2.85)

where p;, denotes the probability of the outcome of the final projective measure-
ment and

5p(7) = — log[Tr [o-(1)p(T)]]. (12.86)

Here, p,(7) is the conditional state of the system given the measurement record
prior to the final projective measurement, while §(7) is the corresponding uncon-
ditional state. Equation (1.2.85) therefore quantifies the extra information gained
by knowing the specific measurement outcome, and hence the conditional state,

beyond what is contained in the unconditional density operator.
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Both contributions individually satisfy integral fluctuation theorems,

<e—zum>r —1, <e—2mart>r —1, (1.2.87)

and are therefore non-negative on average, (Lunc)r > 0 and (Zmart)r > 0 [190].
This decomposition separates trajectory-level entropy production into a classical-
like component and an intrinsically quantum contribution. The uncertainty en-
tropy production Xn originates from the final projective measurement and van-
ishes in classical systems. It is therefore non-extensive in time. By contrast, the
martingale contribution Xmart can grow extensively, for instance in NESSs, where
it is dominated by the accumulated entropy flux into the environment.

We revisit this decomposition in Chapter I11.6.
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Chapter 1.3

Methods for Gaussian models

When dealing with systems of bosons or fermions, many physically relevant quan-
tities admit compact closed-form expressions when the states and processes under
consideration are Gaussian [211-213]. If so, all correlations are fully characterised
by first and second moments, and thus Gaussian states constitute a natural ex-
tension of Gaussian distributions in classical probability. Importantly, all relevant
objects reduce to matrices of dimension at most 2N, where N is the number of
modes in the system. This leads to a drastic simplification: even for multimode or
otherwise complex configurations, Gaussian descriptions remain computationally
efficient and analytically tractable. Beyond their mathematical convenience, Gaus-
sian states are important in quantum physics because they are straightforward
to prepare, control, and measure in a wide variety of experimental architectures,
see Refs. [213-216] and references therein. These properties make the Gaussian
framework an indispensable tool throughout this thesis. In particular, it forms
the basis of the analysis of fermionic dynamics in Chapter I1I.6 and of bosonic
dynamics in Chapter V.10.

To provide a unified treatment of bosonic and fermionic systems, we consider a
set of N annihilation operators b;, which satisfy either the bosonic commutation
relations [b;, le;r] = J;; or the fermionic anticommutation relations {b;, lAa;r} = Jjj.
Throughout, when the notation & appears, the upper sign refers to bosons and the
lower sign to fermions. We define quadratures (for bosons) or Majorana operators
(for fermions) as

i

gi = — b+ b)),  pi= _Z(Bj —by), (13.1)

and construct the column vector R = (G1,---, 4N, P1, - -, f)N)T.
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[.3.1 Gaussian states

This section is based on Refs. [212, 217, 218].

General Gaussian states can be written in the form

_1REMR — L1 (bosons)
b= % 7 = | y/det(1—e10) (13.2)
V/det (1 —eM) (fermions).

with MT = M. For bosons, MT = M = M real and symmetric, while for fermions
MT = —M purely imaginary and skew-symmetric. The matrix M and the covari-

ance matrix © are related via

%coth (iQZM> i) (bosons)

0= (1.3.3)

Jtanh (M) (fermions).

The matrices M and © can be diagonalised in a suitable canonical (symplectic)
basis, which allows for a simple characterization of Gaussian states in terms of
their symplectic eigenvalues.

For bosonic systems, the covariance matrix © satisfies the symplectic condition
© +iQ)/2 > 0, known as the Robertson-Schrodinger uncertainty principle [219].
It guarantees that the quantum state described by © is physically valid. Intuitively,
it enforces the fundamental quantum constraint that the fluctuations of conjugate
variables cannot be arbitrarily small, and, for a single mode, it reduces to the
familiar Heisenberg uncertainty relation Var(4) Var(p) > 1. More generally, it en-
sures that the symplectic eigenvalues of ®, which can be interpreted as effective
mode occupations or “quantum uncertainties” in each canonical degree of free-
dom, are bounded below by 1/2. In this way, the inequality encodes the minimal
quantum noise present in any physical bosonic Gaussian state and guarantees the
positivity of the corresponding density matrix. The symplectic eigenvalues {v;}

of © are defined as the positive eigenvalues of i), i.e.,
Spec(iQO) = {£vy,..., vN} (I.3.4)
Equivalently, one can define symplectic eigenvalues {¢;} of M via the diagonal-

ization

M = ST P e, (1.3.5)
j

where S is a symplectic transformation (SQST = Q). The two sets of symplectic
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eigenvalues are related by v; = % coth %

For fermionic systems, the covariance matrix satisfies ®T = —©. Further, an ad-
ditional constraint due to the anticommuting nature of fermionic operators arises.
Specifically, ® must obey 0 < ® < 1, which ensures that the occupation numbers
of the fermionic modes remain physically valid, i.e., between 0 and 1, enforcing
the Pauli exclusion principle, which prevents any single-particle state from be-
ing doubly occupied. Equivalently, the eigenvalues of © correspond to the mode
occupations, and the inequality guarantees that the density matrix p remains pos-
itive semidefinite and properly normalised. The symplectic (or more accurately,

skew-symmetric) eigenvalues {v;} of © are defined via the spectrum of i®
Spec(i®) = {%vy,..., vy}, 0< v < 1. (1.3.6)

Similarly, M can be block-diagonalised by an orthogonal transformation O into
T 0 1
M=0"Pe; Lo O, 1.3.7)
j _

and the eigenvalues are related to the covariance matrix via v; = 3 tanh (€j/2). In
both the bosonic and fermionic cases, the symplectic eigenvalues completely char-
acterise the Gaussian state. We will use this property extensively in Chapters I11.6
and V.10.

I.3.2 GKSL dynamics

This section is based on Ref. [217]. The presentation closely follows this reference.

We consider general Gaussian dynamics governed by a GKSL master equation

with jump operators that are linear in the creation and annihilation operators,

L[p] = —i[H,p] + Y_v; DIbilp + 7 D[b]]p, (13.8)
i

where 'yii denote the corresponding jump rates, and a system Hamiltonian that is

quadratic

(BZ,],E;!'A;' + BT“.[}-BZ-) , (1.3.9)

A=-RT -Hg-R. (1.3.10)
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Here,

1 . . *
Hg :§(H2®(AiAT)+UZ®(BiB )+ 0y ® (AT F A) —ioy ® (BF BY)).

(L3.11)
The covariance matrix is defined as
i I A A
Q= iﬂij + (RiR;) — (R;)(R;), (L.3.12)
with symplectic form ) = (io,) ® Iy for bosons and () = —ilby for fermions.

To express the dynamics in terms of the covariance matrix, we use Wick’s the-
orem [220], which states that for a Gaussian state p, any fourth-order correlator
can be written in terms of products of second-order correlators. Let O; denote
operators that are arbitrary linear combinations of bosonic or fermionic creation

and annihilation operators. Wick’s theorem then yields

02)5(0304) £ (0103)5(0204),

= (1 . A G ) (1.3.13)
+ (0104)5(0203) 5 — 2 (01)5(02)5(03) 5(Ox) 5,

where the upper (lower) sign applies to bosons (fermions). analysing the evolu-
tion of the covariance-matrix elements under GKSL dynamics in the Heisenberg
picture (see Section 1.1.2), one finds that the covariance matrix satisfies a Lyapunov

differential equation,

d

d—(? = — (WO + W) +F, (1.3.14)
where W, known as the drift matrix, encodes the drift generated by the Hamilto-
nian and dissipation, and F, commonly referred to as the diffusion matrix, collects

the noise contributions:

1
5 ® +y_ bosons),
W=—OHg+ Lol, F={272 (re =) ) (1.3.15)

2 _%gy ® (7— +7+) (fermions),

and I' = y_ — 74. Consequently, the steady-state covariance matrix solves the
Lyapunov equation
WO+OW' =F. (1.3.16)

1.3.3 Liouville spectrum

This section is based on Refs. [221, 222].

The spectrum of the Liouvillian can be constructed directly from that of the drift
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matrix W. Assuming that £ is diagonalisable, its spectrum consists of all finite
linear combinations of the eigenvalues of W with coefficients determined by the
allowed occupation numbers [221, 222]. For bosonic systems, these coefficients

take non-negative integer values,

Spec(L) = {—Zni)\i

A; € Spec(W), n; € INO} , (1.3.17)

while for fermionic systems they are restricted to n; € {0,1},

Spec(L) = {— Y niAi| A € Spec(W), n; € {O,l}} . (1.3.18)

Therefore, the Liouvillian gap is given by

A= min |Re(w)|, (I.3.19)
weSpec(W)

for both bosonic and fermionic quadratic systems.
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PART II;

Stability of monitored quantum

devices
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Chapter 11.4

DQD heat engine under continuous measurement

The results presented in this chapter are based on Ref. [29]. I performed the analytical
and numerical calculations, carried out the data analysis, and wrote the manuscript. The
co-authors contributed to the conceptualisation of the work, discussed the results, and
provided feedback and revisions on the manuscript. The presentation closely follows this

reference.

In quantum mechanics, measurements differ fundamentally from their classical
counterparts in that they cannot, in general, be performed without disturbing the
system being observed. A quantum system is described by a state that encodes
the probabilities of different measurement outcomes. When a measurement is
performed, the outcome is not merely revealed but actively produced through
the interaction between the system and the measuring apparatus. This interac-
tion gives rise to measurement backaction, whereby the system’s state is updated
(or “collapsed”) conditioned on the measurement result. More concretely, mea-
suring an observable typically projects the system onto an eigenstate, or more
generally onto a post-measurement state described by a measurement operator
associated with the observed outcome (see Section 1.1.3). Unless the system was
already in such a state, this projection alters its subsequent evolution. Even weak
or continuous measurements, which extract information only gradually, introduce
backaction in the form of additional noise or dephasing. As a result, any attempt

to monitor a quantum system inevitably perturbs it [51].

Since measurements require coupling the system to an external detector, they are
naturally described within the framework of open quantum systems (see Chap-
ter .1). Motivated by the broader aim of this thesis to explore nonequilibrium

quantum thermodynamics, the central question addressed here is: How does con-
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Figure I1.4.1: a) Scanning electron microscope image of a device similar to the one mod-
elled in this section. Blue circles mark the two dots forming the DQD and the eye repre-
sents a charge sensor dot used for classical readout. V; and Vy are the voltages applied
to gate electrodes that control the number of charges within the left and right dot re-
spectively. Charge transport can occur from either source to drain, drain to source, or
any intermediary process (black arrows), influenced by an applied source-drain voltage
Vbap across the DQD. Adapted from Ref. [28]. b) Schematic representation of a DQD in
the two-terminal set-up, continuously monitored via an interaction between one quantum
dot in the DQD and a QPC with measurement strength I'. The particle current through the
QPC depends on the occupation of the monitored quantum dot. Adapted from Ref. [29].

tinuous measurement affect the performance and stability of autonomous quan-

tum thermal machines?

In solid-state quantum devices, the state of a charge qubit is typically monitored
via weak, continuous measurement using a quantum point contact (QPC) posi-
tioned near the qubit [223]. The QPC conductance depends on the local electro-
static environment, allowing partial information about the qubit’s charge state to
be extracted from the measured current [51]. This information gain is unavoidably
accompanied by backaction, manifesting as measurement-induced dephasing. To
investigate the thermodynamic consequences of such continuous monitoring on
quantum thermal devices, three ingredients are required: (i) a quantum-coherent
system, (ii) thermodynamic gradients driving the system into a NESS capable
of delivering power, and (iii) a measurement mechanism that introduces back-
action. We adopt a minimal model satisfying these criteria: a boundary-driven
autonomous DQD quantum heat engine (see Section 1.2.4.1), with one dot contin-
uously monitored by a QPC acting as a weak charge sensor [224, 225]. This setup is
of high experimental relevance. It has enabled bidirectional single-electron count-
ing [226, 227], provided the first experimental verification of the current fluctua-
tion theorem in mesoscopic systems [228], and, more recently, facilitated studies
of the entropic cost of extracting classical ticks from a quantum clock [28]. Fig-
ure I1.4.1 shows a scanning electron microscope image of a device similar to the

one modelled here, along with a schematic representation of the setup.
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I1.4.1 Set-up

We now proceed to derive the GKSL dynamics of the continuously monitored,
boundary-driven DQD. The total Hamiltonian in the microscopic description of

this configuration is

H=Hpop+ Y. H«+ Harc+ Hpopr + Hpaoparce, (IL.4.1)
ae{H,C}

where Hpop, Hy, and Hpgpr are defined in Egs. (1.2.40), (1.2.41) and (1.2.42),

respectively. The QPC is modelled as a tunnel junction

A At s At s At s
Hopc = ), Waklyplak+ ) Tix <aR,kﬂL,k’ + aL,k’aR,k) ‘ (IL4.2)
xe{LR}k kK’
with &5:2 fermionic operators, and 7y the tunnelling amplitude. The interaction

between the first quantum dot and the QPC reads

Apopaee = ¥ xeptin (a;lkahk, + a{,k/aR,k) ) (I1.4.3)
kK
where X ;v quantifies the change in tunnelling amplitude when the quantum dot
is occupied. Under the standard assumptions of low temperature, a narrow trans-
port window and unidirectional QPC current (see, e.g., Refs. [229, 230]), and upon
neglecting the baseline QPC tunnelling contributions, this yields

ppop,r = L[ppapr] + I'D [5151} ppop,r = Lt [Ppap,r] (IL.4.4)

where I is the effective measurement-induced dephasing rate, and is proportional
to the sensitivity of the QPC current to the dot occupation n; = (¢1¢;), and L[]
is defined in Eq. (1.2.43).

I1.4.2 Composite QPC unit

We now incorporate the QPC within the repeated interaction framework and
model it as a composite unit consisting of two qubits, each representing one of
the QPC leads. The qubits have energy splitting () — ur and ) — yy, respectively,
and are coupled via a tunnelling term with amplitude 7. The bare Hamiltonians
of the DQD and the reservoir units, Egs. (1.2.40) and (I.2.48), remain unchanged,
while the QPC unit Hamiltonian, Eq. (I1.4.2), becomes

Agre = (Q — ur)akar + (Q — pp)ata + T (ﬁEﬁL 4 ﬁ{ﬁR) ) (IL4.5)
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Figure I1.4.2: In the framework of repeated interactions, we model the interaction of the
DQD with the QPC with periodically refreshed units comprised of two qubits, i.e. one
qubit per QPC lead. The energy splitting of the qubits is () — pg(1)), respectively. They
are coupled via a tunnelling interaction with amplitude 7. The qubits are initialised
so that the qubit in the right lead is occupied while the qubit in the left lead is empty,
resulting in a unidirectional current from right to left. Adapted from Ref. [29].

with the convention ur > .

At the beginning of each interaction, we assume that the global density matrix
factorises into independent states of the DQD, the two reservoir units, and the
QPC unit. Furthermore, the QPC unit is assumed to be initially separable into @y,
and @g (see Fig. 1.4.2). Accordingly, the initial state of the total system reads

p = PpaDr ® Wp,; @ Wp. @ WR ® WL, (IL.4.6)

o
where wpg,; and wp. are given in Eq. (1.2.51), respectively.

In the regime in which Eq. (I1.4.4), including the dissipator accounting for the
QPC, is valid, namely |eV|, Topc < pi, iR, so that the QPC operates in a narrow
transport window and the current is effectively unidirectional, and assuming low

temperatures, we set

10 00
R = , wy = . 11.4.7
R ( 0 O) L ( 0 1) ( )

Since the QPC couples only to the first quantum dot with strength /T, we write

the interaction Hamiltonian as
darc = VT ¢y (ﬁE&L + a{aR) , (IL4.8)

while the DQD-reservoir interactions 0y and 9¢ are given by Eq. (1.2.49).

Applying the repeated interaction framework and following the derivation out-
lined in Section [.2.4.3, we find that the GKSL master equation for the DQD is
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Figure 11.4.3: Work, heat and particle currents as a function of the measurement strength.
(a) In the NESS, the total work current out of the DQD — W, (black solid line) exhibits
an extremum at the measurement strength I'ey; and is larger than its value in the absence
of measurement up a measurement strength of Iy, as indicated by the dashed grey lines

and the grey box. Here, also the work current between DQD and QPC —WQDI?g (blue solid

line) and the heat current between the hot reservoir and the DQD Qyy (red solid line) are
shown. (b) The average particle current attains a maximum at the measurement strength
I'ext and exceeds its magnitude in the absence of measurement up a measurement strength
of Iy, as indicated by the dashed grey lines and the grey box. Parameters: Ty = 3, Tc =1,
ug =05, uc =151 =2, =21, t =0.025, yg = yc = 0.025. Adapted from Ref. [29].

given by

ppapr = —i[Hpap, fpapr] + Y. Dy [0paD,rl, (I1.4.9)
«e{H,C,QPC}

with the dissipators D, defined in Eq. (I.2.55). This procedure reproduces the
DQD-QPC master equation presented in Eq. (I1.4.4).

II.4.3 Thermodynamic description

Equipped with this microscopic model, we now study NESS currents, which are
either induced by, labelled with subscript “QPC”, or altered in the presence of
the QPC. As a first step, we validate that our description is thermodynamically
consistent. Employing the formalism described in Section 1.2.4.2, we find that the
heat and work currents are given by

]Spc =—evriete), J8=(a—pun)Nr J8=—(e2—uc) iy (14.10)

and

T'Ae

A A YaAe
Jope = m]ﬁ,r +eVI(dfe), T = <1~ 7 + P‘H) Kt

W o_ Yche )N
Je (r+'7C+'YH e ) Jiir

(I1.4.11)
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where eV = ur — ur, Ae = €2 — €1 denotes the detuning between the two quantum
dots in the DQD and 4 = (g + 7c). The particle current across the DQD in the
presence of the QPC, indicated by the subscript I', is given by

N _ atan) 48 fycrn (T + ) [t
Jur = TH (fH(el) (clc1>> = . <4A€2 N (r+7)2) ) |t|2, (I1.4.12)

where Af = fr(e1) — fc(ez) is the difference in the Fermi distributions of the
reservoirs evaluated at the quantum dot energies. Consistency with the first law
of thermodynamics for the NESS immediately follows since

(Apap)tot = Y W+ =o. (I1.4.13)
a=QPCH,C
Note that the QPC’s work and heat current can be divided into two contributions:
one associated with the particle current through the DQD, ]ﬁ/r, and the other
associated with the change in particle current through the QPC as a function of
the monitored dot occupation, A ]IQ\’PC = I'(¢1¢1). We express this in the form

I'Ae

N w WDQD , fWQPC

]SPC =—eVAJope,  Jopc = T+ 7]11¥’r +eVAISpe = ]QPCQ + ]QP% . (11.4.14)
As expected, the energy current associated with changes in the QPC particle cur-

rent, A ]gPC' satisfies Watt’s law'.

We now examine how continuous measurement influences the thermodynamics
of the DQD when it operates as a heat engine. In this setting, the particle current
through the DQD, ]ﬁIL r- is the relevant energy carrier. Consequently, the heat and
work currents arising from A ]gPC, which are internal to the QPC unit, should not
contribute to the engine’s efficiency or to the entropic cost associated with driving
the DQD particle current. We therefore define

Jioe =T + 1 + 156", (IL4.15)

As shown in Fig. [1.4.3, the magnitudes of all NESS thermodynamic currents, Egs.
(I1.4.10), (I1.4.11) and (I1.4.12), are initially enhanced as the measurement strength
I' increases. Moreover, the total output power — ]tV(Yt exhibits an extremum at ey,
a point to which we will return below. Since the DQD heat engine operates in the
tight-coupling regime, the nontrivial dependence on I' originates entirely from the
particle current in Eq. (I1.4.12). This naturally raises the question of whether the
measurement provides any advantage in terms of efficiency. We argue that the

!Watt’s law, in the context of electronic transport, states that the energy current (the power) is
given by the product of the voltage drop and the particle current (P = VI) [231].
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Figure I1.4.4: Quantum dot occupations and coherences as a function of the measurement
strength. (a) The single quantum dot occupations ;3 = <€1r(2)€1(2)) exhibit an extremum
at the measurement strength I'e,; and return to their original value in the absence of
measurement at measurement strength I'y, as indicated by the dashed grey lines and the
grey box. (b) At I'ex the real and imaginary part of the coherence (¢1¢;) coincide and
Im(¢1é,), which in the NESS is proportional to the average particle current, exhibits an
extremum. Parameters: Ty = 3, Tc = 1, yy = 0.5, uyc = 1.5, €1 =2, o = 2.1, t = 0.025,
YH = Yc = 0.025. Adapted from Ref. [29].

relevant notion of efficiency is given by

_ ot
Jn
which counts only the energy currents associated with particle transport through
the DQD. In the tight-coupling limit, this efficiency is independent of the de-
phasing strength. However, this conclusion may change once the weak-coupling
approximation is relaxed. Lastly, the entropy production rate associated with the
thermodynamic cost of sustaining the NESS particle current through the DQD is

o e JE— e N
Spop = — <,3ng + ﬁcj(%’) = ( 1 TH‘M H_ € TC”C) INe >0 (417)

The total entropy production rate, Siot = ZDQD + ZQPC > (0, satisfies the second
law, since also Xopc = —Bqpc ISPC = Bapc eV ]gPC > 0, with Bopc = 1/ Topc.

I1.4.4 Measurement-boosted transport

In the previous section, we found that the particle current ]g,r exhibits a marked
dependence on the measurement strength I'. Continuous monitoring induces de-
phasing within the DQD [24], and as I' becomes large, the loss of coherence due to
the dephasing ultimately suppresses transport altogether via the quantum Zeno

effect [232]. In this strong-measurement regime, the DQD can no longer sustain
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coherent tunnelling, and its steady state reduces to a tensor product of the states

of the two dots, each individually thermalised with its corresponding reservoir,

. | fule) 0 fe(e2) 0
Ff DQD_( 0 1—fH<e1>>®( 0 1—fc<e2)>' (419

However, for an intermediate range of measurement strengths, which depends
both on the system parameters and the couplings to the reservoirs, we observe
dephasing-enhanced particle transport, in agreement with previously reported
results [233-239]. To understand this effect, we analyse the NESS particle cur-
rent in the steady state through the rate equations for the single quantum dot
occupations, 1y(y) = (61(2)61(2)% and their coherence (¢1¢)

d ie / AT A * /ata
<f11:1> <fH - <C1C1>> + i (t(c{@} +t <c§c1>> — Np+ N, (419)

TH
i) [y, 72T
|

L e————]w?g+ﬁ*@£@>+wkﬁ), (I1.4.20)

d(cler)
dt

d ata
<;2tcz> 0e (fc - <C2cz>) i (t(c{c}) - t*<a;@1>) = I - T (I1.4.22)

+T o
_ _me_V }@ﬂg_u(Q&g+«qq», (IL4.21)

Here, JIY scr denotes the NESS average particle current from the hot/cold reser-
voir into the DQD, while [} represents the NESS average current between the two
quantum dots within the DQD. In the NESS, ]ﬁ]/r = —]g r= —]{g and therefore
it suffices to focus on ]ﬁ/r. Figure I1.4.4 shows the impact of the measurement
strength I" on the NESS occupations of the individual quantum dots and on their
coherence. While the occupations of the single dots, n; and n;, vary with I, the
total DQD occupation n = n; + np remains constant. While the QPC performs
work on the DQD, as shown in Fig. 11.4.3, this work only redistributes the oc-
cupancy of the eigenstates of the DQD Hamiltonian Hpgp associated with total
occupation n = 1. And since the QPC does not exchange particles with the DQD,
the total occupation 7 is conserved despite the redistribution. Solving the system
of equations above, we find that the occupations of the individual quantum dots,

nq and n,, reach extremal values at

Text = 2|Ae| — 7. (I1.4.23)
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Figure 11.4.5: Relative fluctuations and the thermodynamic uncertainty relation ratio
(TURR) of the particle current as a function of the measurement strength. (a) Dephas-
ing due to measurement-induced backaction can reduce the relative fluctuations of the
particle current up to a measurement strength of I'j,. The relative fluctuations are minimal
at measurement strength T',. (b) Similarly, the TURR, expressing the trade-off between
the entropic cost and the relative fluctuations of the particle current, is minimal at T,
and is reduced up to I, which is significantly larger than Iy and I'j. Parameters: reser-
voir temperatures Ty, Tc = 3,1; we set T = (Ty + Tc)/2; reservoir chemical potentials
un, pc = 0.5T,1.5T; quantum dot energies €1, €2 = 2T,2.1T; interdot hopping amplitude
t = 0.025T; coupling to reservoirs ¢, yu = v = 0.025T. Adapted from Ref. [29].

Additionally, the measurement strength at which the dot occupations coincide
with their values in the absence of measurement, 11 ,,(I'o) = 17,2(0), is

4A€e?
Ty = —=¢

— — 7. (I1.4.24)
indicating that measurement-assisted particle transport occurs for I' < Ty, as il-
lustrated in Fig. (11.4.3).

I1.4.5 Fluctuations and entropic cost

TURs capture a fundamental trade-off between the relative fluctuations of a stochas-
tic thermodynamic current in classical Markovian NESS heat engines and the en-
tropic cost of their driving [170, 240, 241, 171, 242], as discussed in Section 1.2.3.

Here, we numerically investigate the relative fluctuations of the particle current
]i\{’ ¢~ as well as the TUR ratio (TURR), defined as DXpgp/ ]ﬁ’r% The correspond-
ing diffusion coefficient D can be straightforwardly computed using established
methods [243, 36, 244, 51] based on the power spectrum S(w), which is often more
accessible experimentally. In particular, D is obtained from the zero-frequency

component, D = S(w = 0). The diffusion coefficient can be expressed in vec-
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torised form (see Section 1.1.4) as [243]
D=5(0) =M —2({|£,.LTL,|0), (I1.4.25)

where |1)) denotes the vectorised identity, |0)) the vectorised steady-state density

matrix, and

L1[p] = Y e Lid Ly (I1.4.26)
k

Here, L; is the jump operator corresponding to a detector click with outcome
ik, and L7 is the Drazin inverse of the Lindbladian £ associated with the GKSL

master equation (see Section I.1.6). The dynamical activity M is defined as
M=Y 2Tr [tkpi,j . (I1.4.27)
k

As we evaluate the diffusion coefficient of the fluctuating particle current between

the DQD and the hot reservoir, we select the measurement operators

Ly e {\/ Tufuler) &, \/’YH (1— fu(er)) 51} ’ (11.4.28)

with associated outcomes i € {41, —1}. We observe that the relative fluctuations

of the particle current, quantified by D/ < ]ﬁ, r>2, can be suppressed maximally at
I and remain suppressed up to I, effectively stabilizing the current, as illus-
trated in Fig. (I1.4.5). This behaviour occurs provided that the system parameters
and reservoir couplings are suitably chosen. Next, we observe that the TURR can
approach its lower bound even for very weak measurement strengths I', as shown
in Fig. (I1.4.5) for certain parameter regimes, indicating that dephasing induced
by the measurement backaction can reduce the TURR even beyond the regime
of dephasing-assisted transport. It is important to note that in this scenario, the
TURR varies while the engine efficiency remains constant. This behaviour, how-
ever, is a consequence of the tight coupling between energy and particle currents

and should be regarded as a pathological effect.

I1.4.6 Conclusion

Fluctuations in thermodynamic currents play a central role when assessing the
practical usefulness and stability of quantum heat engines. In this Part, we have
shown that continuous measurement, often regarded as detrimental to coherent
quantum devices, can instead play a constructive role, simultaneously enhanc-
ing the average particle current while suppressing its relative fluctuations. To

demonstrate this effect, we considered a minimal yet genuinely quantum and ex-
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perimentally accessible setup: a boundary-driven DQD continuously monitored
via a QPC coupled to one of the dots. A crucial step in our analysis was to show
that the commonly used local GKSL master equation for the DQD, interacting
with two thermal reservoirs and monitored by a QPC, admits a rigorous micro-
scopic derivation within the thermodynamically consistent repeated-interactions
framework. Within this setting, we identified the relevant entropy production rate
associated with sustaining the particle current through the DQD as determined
solely by the heat exchanged with the thermal reservoirs and their temperatures.
Importantly, this contribution is positive and depends on the QPC temperature
only through the induced measurement strength I'. In the formal limit of a zero-
temperature QPC, I' remains finite but the entropy production associated with the
QPC diverges, pointing to an open conceptual issue: how a realistic measurement
apparatus should be incorporated into a consistent thermodynamic description of
continuously monitored quantum systems. Our results further show that contin-
uous monitoring can lower the entropic cost required to maintain a fixed signal-
to-noise ratio in the particle current. Consequently, the entropy associated with
the precision of the particle flux, which is often more directly accessible experi-
mentally than energy flow, can be reduced without violating the thermodynamic
uncertainty relation.

This study offers a solid starting point for more refined future investigations.
Natural extensions include models incorporating realistic reservoir spectral den-
sities using more sophisticated collision-based approaches [245-247], or within the

mesoscopic-leads approach [144, 50, 248, 52], which we discuss next.
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PART I1I:

Fluctuations in the mesoscopic-leads

approach
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Chapter IIL.5

Ensemble description

This chapter is based on Refs. [52, 249, 50, 144].

Recent advances in nanotechnology have enabled unprecedented control over
quantum devices, including implementations of quantum thermal machines [12,
13, 19]. These devices have begun to demonstrate practical functionality, such as
the autonomous reset of a superconducting qubit [17]. Among the most promis-
ing platforms for realizing autonomous quantum thermal devices are electronic
setups of this kind, as well as semiconductor quantum dots [177]. Such progress
has broadened experimental investigations in mesoscopic physics beyond con-
ventional charge transport, opening the way to controlled manipulation of heat
currents in nanoscale systems [177, 250]. Providing a faithful theoretical descrip-
tion of such devices is, however, highly nontrivial. One must simultaneously ac-
count for coherent quantum dynamics, finite-temperature effects, strong system-
reservoir coupling, and, in some cases, significant many-body interactions within
the working medium. Widely used approaches based on local quantum master
equations [11] (see Section 1.2.2) rely on perturbative and Markovian assumptions
that can severely restrict their range of validity. In particular, they may fail to cap-
ture far-from-equilibrium quantum coherences [141, 251, 168] and, at finite tem-
peratures, can even lead to predictions that are incompatible with fundamental
thermodynamic principles [142, 140] (see Section 1.2.4.2). Moreover, external driv-
ing can induce pronounced non-Markovian effects [252, 253], further challenging

the applicability of these standard descriptions.

What is therefore needed is a framework that remains thermodynamically consis-
tent while accurately describing strong system-reservoir coupling and far-from-
equilibrium dynamics, yet remains computationally tractable for driven many-

body systems. Several alternatives have been developed in this direction, in-
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Figure II1.5.1: A central system S coupled to a single reservoir at temperature T and
chemical potential y (a) approximated in the mesoscopic-leads formalism (b). All L lead
modes with on-site energies €, couple to the same site in the central system, with hopping
interaction of strength x;. The lead modes are damped through their coupling to a residual
reservoir at the same temperature T and chemical potential y, with damping rate -y4.
The extended system, comprised of the central system and the lead modes, in state p
is shaded in grey. c¢) The mesoscopic lead comprised of damped modes gives rise to
an effective spectral density J°f(w) that is a sum of Lorentzian spectral densities. By
tuning the damping of each mode and its coupling to the system, one can approximate
the spectral density of the infinite bath depicted in Fig. 1.2.2. Subfigures a)-b) are adapted
from Ref. [52].

cluding nonequilibrium Green’s function techniques [254] and path-integral meth-
ods [255]. While powerful, these approaches are perturbative in the system-bath
coupling and can become difficult to apply in the presence of strong interactions
or time-dependent driving, motivating the search for complementary methods.
The mesoscopic-leads approach (see Refs. [52, 249, 50, 144] and references therein)
provides such a framework for fermionic, potentially interacting systems coupled
to macroscopic thermal reservoirs. In this approach, each infinite reservoir is re-
placed by a finite set of modes that are continuously damped toward thermal
equilibrium via Lindblad-type jump operators, yielding an accurate approxima-
tion of continuum baths while preserving a Markovian GKSL description at the
level of an extended system. A key advantage of this construction is that it enables
the use of standard analytical and numerical techniques for GKSL dynamics, such
as quantum-jump trajectory methods, which we employ in Chapter III.6.

The basic setup is illustrated in Fig. II1.5.1 for the case of a single reservoir. Specif-
ically, in the mesoscopic-leads approach, each infinite reservoir, labelled by a, at
temperature T, and chemical potential y, and with spectral density J,(w), is re-
placed by a finite mesoscopic lead composed of [, modes, each coupled to the

same system site p,,

Lo

L

a At A 2 TR st 5

Ho= Y eapll yap, Hou =Y. (xakdmaa,k + K;;,Xaa/kdm) : (I1L5.1)
=1 =

The system comprises Ng modes with annihilation operators {cf]}]l\]:sl and Hamil-

tonian Hs(t). The residual reservoirs of each lead mode are chosen to have a
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flat spectral density [48, 49], and effective damping rate 7, ; (typically one sets
Yak = €xk+1 — €xk corresponding to a uniform discretization of the reservoir

spectrum) [256-261]. Consequently, the coupling rate between the system site and

modes in lead a is given by k. = /Ju(w)7V,x/27, and the effective spectral
density perceived by the system is a sum of Lorentzian spectral densities, each

centred at a lead mode’s energy €, ,

h |Karc |y
T (W) = akl Tk ) (11L5.2)
@) = L e P T (/2P

which can be tuned to approximate J,(w) with high accuracy. This is shown
schematically in Fig. II1.5.1 ¢). In the limit /[, — oo, and for suitably chosen
parameters, the dynamics in the presence of the original infinite reservoirs are
recovered. As discussed in Section 1.2.1, this is crucial: within this limit, the
system’s (thermo)dynamics are fully determined by the reservoirs” spectral func-
tion together with their macroscopic properties, such as temperatures and chem-
ical potentials. For finite [,, finite-size effects or deviations from Markovianity
may arise, but these vanish as I, — oo, ensuring a faithful representation of the
infinite-reservoir dynamics. For a detailed discussion of subtleties and conver-

gence limitations in parameter selection, we refer to Ref. [262].

II1.5.1 Dynamics

Crucially, the dynamics of the extended system, composed of the system and the

lead, are Markovian and evolve under a GKSL master equation,

dpA N NR Iy .
4 = CHHA+ )Y Y ) DL, (II1.5.3)
a=1k=10==%

with ﬁ;k =\ /f)’zx,kfa,kﬁzlk and I:;’k = /Yax(1 = fux)dur, where H = Hs+ Y, Hy +

Hs,, and fax = f(€yx) denotes the Fermi occupation of the residual reservoir of
mode k in lead « evaluated at the lead mode’s onsite energy €, . For convenience,

we define
Lo [0] = D [Lg,] p. (IIL5.4)

Unlike conventional weak-coupling master equations, the mesoscopic-leads ap-
proach treats the coherent system-lead coupling explicitly. Strong-coupling and
memory effects are naturally encoded in the dynamics of the lead modes, while

the overall evolution of the extended system remains Markovian. This provides a
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bridge between fully microscopic and phenomenological reservoir models, while
retaining computational efficiency and the toolbox that comes with GKSL master
equations. In Chapter II1.6, we will make use of this advantage in the following
way: we apply a quantum jump trajectory unravelling, discussed in Section 1.1.3,

to the GKSL dynamics of the extended system.

In this thesis, we restrict our analysis to the case where the extended system
is governed by a non-interacting and non-pairing fermionic Hamiltonian and is
initially prepared in a Gaussian fermionic state. This restriction allows the full
dynamics to be reduced to closed equations for two-point correlations, leading
to an efficient covariance-matrix description. Here, a fully general description in
terms of Majorana operators, as presented in Section 1.3.2, is not required and
working with standard (non-Hermitian) fermionic operators is sufficient. Then,
the Hamiltonian of the extended system may be written in a quadratic form H =
Ng+L

Zf\;s:lL Hjjelé;, with annihilation operators of the extended system {¢;};°] . Here,

for notational convenience, we have made the transformation

{dl, e ’dNS’ ﬁl,l/ e ’ﬁl,ll’ ce ﬁNR,lf ce ’ﬁNRrZNR} — {@1, ce /6N5+L} . (IHSS)

Since the GKSL dynamics (I11.5.3) preserves Gaussianity (see Section 1.3.2), at any
time ¢, the density matrix of the extended system can be written in the Gaussian

form
o= -M(t)-€

p(t) = —Za) (I1.5.6)

where ¢ denotes the vector of system and lead fermionic operators, ¢; = ¢;. The
matrix M(t) and the partition function Z(t), ensuring normalization of the state,

are given by

1-C(t) 1
M(t) =1 — ), Z(t) = ¥———. 1L.5.7

0=t ) 20 W97

Since the state p(t) is now fully determined by its covariance matrix C(t), the
dynamics can be formulated in terms of matrices of size (Ns+ L) x (Ns+ L),
where L =), I, allowing for efficient computations even for systems with many
modes. Within the Heisenberg picture, the ensemble (unconditional) dynamics of

the covariance matrix elements C;; = Tr [é;rézﬁ} is determined by

dCj; 5}5i> < nota] SR At a >
- (S = (il £ £ e foel

where £}, is the adjoint dissipator to £, (see Section 1.1.2) and L] [A] =
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yie £+ [A]. In particular,

i A= Y DU[L]A (I1.5.9)
oe{t,-)

where D [L] A = LTAL — 3{L*L, A}. The covariance matrix C of the extended
system then evolves under the Lyapunov differential equation [263], Eq. (1.3.14),
with

W =iH+ %F, I'ik = v and  Fg = Yifr (II1.5.10)

Here, both I' and F are diagonal matrices. In the steady state, dC/dt = 0, and the
corresponding covariance matrix therefore solves the Lyapunov equation (1.3.16).

III.5.2 Thermodynamics

Within the mesoscopic-leads framework, we identify the relevant currents as those
exchanged between the lead modes and the residual reservoir, termed external
currents, rather than the internal currents exchanged between the system and the
leads. This distinction is crucial, since in mesoscopic experiments (e.g., measure-
ments performed via an ammeter), the observed signal typically corresponds to
reservoir currents, especially in the strong-coupling regime where coherences and
hybridization blur the boundary between system and environment. For a detailed
treatment of internal versus external currents in the mesoscopic-leads formalism,
see Refs. [144, 249].

Particle current The average particle current Iy(t) flowing into the extended
system is defined through the continuity equation for the total particle number

Ns+L A-|-A
operator, N = 2] ¢i ¢,

A,

In(t) :—N ZR (II1.5.11)

where Iy, (1) = (£}[N]) denotes the particle current flowing into lead &, and
In(t) = 2521 In, (t) is the net current entering the extended system. Note that the
total particle current arises entirely from the contributions of the residual reser-
voirs. In terms of the matrices F, and I'y, the average current into lead « can be
written as

IN, (1) = Tr [Fy — T2 C(1)]. (II1.5.12)

Inserting the explicit forms of F, and Iy then yields

Iy
InE) = Y Yia(fea — (€F 1lha))- (II1.5.13)
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In this form, the expression highlights that the unconditional particle current is
determined entirely by the occupations of the lead modes relative to their corre-

sponding reservoir distributions.

Energy current The average total energy current Ir(t) flowing into the extended
system is analogously defined via the continuity equation for the Hamiltonian H
of the extended system,

A (3) (II1.5.14)

with I, (t) = (£} [H]), and denotes the energy current flowing into lead a. The
net energy current entering the extended system is then Ig(f) = 2551 I, (1).

In terms of the matrices F and I', the energy current can be expressed as
Ie(t) = Tr | PH(#) — %F(C(t)H(t) LH(HC®) ] - (ITL5.15)

Substituting the explicit form of the Hamiltonian, we recover

Z yrex(fr — (ckck Z Yk Kkpdpﬂk + Kkp cfp>, (II1.5.16)

which agrees with results derived in Ref. [50]. This expression explicitly shows
that the energy current is determined both by the occupations of the lead modes
relative to their reservoir distributions and by the hybridization between system
and lead modes.

Heat current and entropy production The total average external heat current is
given by
Io(t) =Y Io,, with Ig, = Ig, (t) — paln, (£). (I11.5.17)
44

Further, we express the entropy production rate, see Refs. [146, 148, 147], as the
difference between the temperature-weighted dissipated heat current, the entropy
flux, and the change in the instantaneous von Neumann entropy of the extended
system, so that the entropy production rate is given by

%(t) = Ssi(t) Z,BalQa , (I11.5.18)

with von Neumann entropy of the extended system Sgp (t) = Syn(0sL(f)) (see
Eq. (1.2.9)). For a detailed analysis of entropy production in the mesoscopic-leads
framework, we refer to Ref. [249].

This ensemble-level description provides the foundation for accessing not only
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average thermodynamic currents, but also their fluctuations via quantum trajec-
tory unravellings of the extended GKSL dynamics, which we develop in the next

chapter.
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Chapter I11.6

Stochastic description

The results presented in this chapter are based on Ref. [52]. I performed the analytical
and numerical calculations, carried out the data analysis, and wrote the manuscript. The
co-authors contributed to the conceptualisation of the work, discussed the results, and
provided feedback and revisions on the manuscript. The presentation closely follows this

reference.

The fluctuating flows of particles and heat exchanged between an open system
and its environment are governed not only by thermodynamic biases, but also
by the reservoir spectra, which can be highly structured [35]. Capturing the re-
sulting full counting statistics, rather than only average currents, is particularly
challenging in a regime highly relevant to mesoscopic thermal devices: strong
system-reservoir coupling, finite temperature, and arbitrary time-dependent driv-
ing. In this regime, standard weak-coupling Markovian master equations break
down, while established alternatives face complementary limitations. Nonequilib-
rium Green’s functions and scattering theory [37, 36, 38, 39] are typically restricted
to weakly interacting or slowly driven settings [40-42], and path-integral ap-
proaches [43, 44, 264] are so far confined to small, nonintegrable systems [265, 46]
and become prohibitively costly in larger many-body problems [266]. Moreover,
many methods provide access only to characteristic functions of integrated cur-
rents, so extracting distributions or higher moments requires numerical differen-
tiation or Fourier transforms, which can be ill-conditioned and introduce substan-
tial errors.

In this chapter, we present our approach [52], which addresses these obstacles
within the mesoscopic-leads framework introduced in Chapter I1L.5. The key idea

is to embed the non-Markovian, strongly coupled problem into an extended sys-
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1) Monitor lead modes 2) Collect measurement record r . 4) Compute expectation value of
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Figure II1.6.1: Particle transfer between each lead mode and its associated residual reser-
voir is monitored and recorded in the measurement record r. The expectation value of
an observable O is computed with respect to the state conditioned on . When a quan-
tum jump is recorded, the state undergoes an abrupt update, leading to an instantaneous
change in the expectation value of the observable. During the intervals between jumps,
the state evolves smoothly following the no-jump conditional evolution. Adapted from
Ref. [52].

tem, the central system plus a finite set of damped lead modes, whose dynamics
obey a GKSL master equation. Non-Markovianity here refers to the reduced dy-
namics of the central system obtained after tracing out the mesoscopic lead, while
the embedded system-lead evolution itself remains Markovian. This Markovian
embedding enables the use of quantum-trajectory unravellings (see Section 1.1.3)
to evaluate thermodynamic quantities along single stochastic realizations. By
direct sampling over trajectories, we obtain the full probability distributions of
charge, heat, and entropy production in driven, strongly coupled open quantum
systems, without relying on numerically delicate transform procedures. Ther-
modynamic consistency at the stochastic level is established by verifying integral
fluctuation theorems for the total, uncertainty, and martingale entropy produc-
tion [190, 205]. As an application, we investigate heat fluctuations during finite-
time information erasure in a driven quantum dot strongly coupled to a fermionic
reservoir. Altogether, the results extend trajectory-level quantum thermodynam-
ics to regimes that combine strong coupling, reduced non-Markovian dynamics,
and arbitrary time-dependent driving.

II1.6.1 Dynamics

In the mesoscopic-leads formalism, the stochastic dynamics of the extended sys-
tem are unravelled by monitoring particle exchange between each lead mode and

its residual reservoir (see Section 1.1.3). This monitoring is described by the fol-
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lowing measurement operators,

dt & A A . R
EZ Lot —idtA,  M{=+Vdtlf, 1<k<L, (lL6.1)

with lik+ = /7 fk € and I:]: = /7(1 — fx) & describing absorption and emission
events, and 1 the identity operator. Here, the lead index a and the mode index
within each lead are combined into a single index k running over all lead modes.
The measurement record is 7o) = {(t},k,0) [0 < t; < T}, registering a jump at
time t; in mode k, with ¢ = + (—) indicating particle transfer onto (off) the lead
mode. We neglect the possibility of multiple simultaneous jumps. At each time

€ (0,7), the system state is updated conditioned either on no jump or on the
occurrence of a jump. Under these measurement operators, the evolution of p un-
ravels into a continuous ‘no-jump’ evolution, punctuated by instantaneous jump-
induced updates of the conditioned density matrix g,, described by the stochastic
jump equation (see Section 1.1.3)

A S TET A 1 ¢ fotfo| A e 701 A
dor =—i[Hp]dt—23% ) H[LZ‘LLk}prdtJrZ Y GILY] prdNY.
k=1ce{+,-} k=1loe{+,-}
(IIL.6.2)

The superoperators, G and H, acting on a state p,, are defined in Eq. (I.1.25).
While here we assume ideal detection efficiency in all measurement channels, a
more general treatment that accounts for imperfect detection or alternative mea-
surement setups is detailed in Ref. [52]. The expectation values conditioned on
the measurement record, are defined as (-), = Tr[f, -]. For a Gaussian fermionic
system, both ensemble averages and individual trajectories can be fully described
using the covariance matrix [52, 267, 217, 268]. In particular, for single trajectories,
the conditioned covariance matrix is defined as Cj; = Tr [c*ézﬁr} In the following,
we discuss the evolution of C" during no-jump per1ods and its update upon de-
tection of jumps. We first focus on the interval between two consecutive jumps,
(t1, 1 km—1,0m-1) and (t},,km,0m). For times t € (t; ,,t;,), no jumps occur,
dN{(t) = 0 for all k and ¢, and the covariance matrix evolves smoothly according
to

dc;j(t):i<[H ]*@D dt—%i y <H+ [tg*iﬂ 6}éi>rdt. (IIL6.3)

=loe{+,—}

Here, H™ is the adjoint superoperator to H (see Eq. (1.1.25) and Section 1.1.2).
Expanding Eq. (II1.6.3) generates terms that are quartic in the creation and annihi-
lation operators of the extended system. Crucially, we can exploit the fact that the
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initial state is Gaussian and that the conditional evolution along any single trajec-
tory preserves Gaussianity [267]. Using Wick’s theorem [220] (see Section 1.3.2 and
Eq. (1.3.13)), we obtain a Riccati-type differential equation governing the evolution
of the no-jump conditioned covariance matrix of the extended system

dC’ r ryst r r
4 = (V' +CVh) +CBC, (IIL.6.4)

where B=T1—2F, V =iH + %B = W — F. W and F are defined in Eq. (II1.5.10).
Between jumps, the survival probability Psury (see Eq. (I.1.18)) evolves according
to the differential equation

%() = —Paur(t) Y (ig'ig) (IIL6.5)
k=1oe{+,—} ’
and decays as
t
Psurv(t) = Psurv(ty, ,) exp (— /t K(s)ds> , (I1L.6.6)
Jm-1

where K(s) = Tr [FC"(s)] + Tr [(T — F)C"(s)],and C" =1 —C".
We now consider the jump updates. When a jump of type oy, occurs in lead
mode kj, at time t,, recorded in the measurement record as (tj,,, ku,0n), the
conditioned covariance matrix C” is updated instantaneously. At the moment of
the jump, t = t;,, the stochastic increment satisfies dN{ (t},,) = kk,,d00,, € 10,1},
so that

dcy(ty,) = (9* |pr Lin| &t @,->r (t),), (IIL6.7)

where G denotes the adjoint superoperator to G (see Section 1.1.2). The jump up-
date resets the survival probability to unity, Psurv(tﬁ) = 1, while the conditioned
covariance matrix is updated according to C’(t;;) = Cr(tfm) + dC;j(t i) Here, for
any time-dependent quantity A(t), we adopt the shorthand A(t*) = limy_,;+ A(s).
For a jump onto the lead mode k;, (¢, = +), then

. (ANT(t; )\ -
dc’(t;,) = C” (?f) c’ (I11.6.8)
Otherwise, for a jump off the lead mode k;;, (o = —)

dc’(t;,) = —C’ (dN_C—Stfm)) C’. (I1.6.9)
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For notational ease, we use the shorthand

dN+(t)> _ AN () (dN_(t)> _dN (1) 111.6.10
( ' Ju 1-C7 C" Civ (610

Combining the smooth no-jump evolution with the instantaneous jump-induced
updates, we obtain a stochastic master equation that generates the conditional
trajectories C"

dcr(t) = [—(VCr +Cvh + Cchﬂ dt+ ¢ (de(t)) cr—c (dN(t)> cr.

cr Cr
(IlL.6.11)
Applying Itd’s lemma [135], the stochastic increments satisfy
E[ANE (1) £(pr(1)] = dtE[(EF'ET) (1) F(pr(1)] . (I1.6.12)

Averaging over trajectories therefore eliminates the stochastic terms and yields the

unconditional evolution of the covariance matrix, recovering Eq. (1.3.14).

III.6.2 Monte Carlo trajectory sampling

We now provide a brief overview of the numerical implementation of trajectory
sampling based on the covariance matrix, which relies on the following Monte

Carlo algorithm:
* Draw a random number R; between 0 and 1 (uniformly distributed).

¢ Time evolve the survival probability Psyv and the covariance matrix C’, con-

ditioned on the measurement record r, for a duration of length t; such that
Psurv(t]) = Ri.

* The probability for a jump prescribed by the collapse operator L} after time
t; to occur is given by

(LT (1)

R (111.6.13)

Pk,a(t]) =

* Draw a second random number R; between 0 and 1 (uniformly distributed)
to determine which jump to perform: the corresponding collapse operator

L,‘:Z is the first one for which the ordered sum

L
Y, Y. Puolt) >R (IIL.6.14)
k=1ce{+,-}
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Note that by definition, 2}%:1 Yoe{+,—} Pro(ty) = 1. Finally, the covariance
matrix is updated according to the corresponding jump as detailed in Sec-
tion I11.6.1.

Crucially, P (t;) can be easily expressed in terms of the diagonal elements of the
covariance matrix, since (L;/TL"), = 7, fi(1 — Cf) and (L. TL. ), = 1e(1 — fi)CLy.

II1.6.3 Particle and energy currents

Within our framework, we discuss current fluctuations through the statistics of
the integrated current along individual quantum trajectories.

By interpreting the conditional state p, as our best guess of the system’s state
given the measurement record, we compute the corresponding currents with re-
spect to pr. This state evolves as new measurement data is acquired, reflecting a
Bayesian update of the observer’s knowledge, consistent with the standard theory
of quantum trajectories [51]. We now show that the resulting stochastic currents
recover standard average values while producing thermodynamically consistent
fluctuations (see Section 111.6.4).

As for the average currents, the corresponding stochastic currents can also be ex-
pressed in terms of the conditioned covariance matrix C". The results presented
here assume perfect detection in all measurement channels. A more general treat-
ment, including imperfect detection and alternative measurement configurations,
is provided in Ref. [52].

Particle current We define the net particle current conditioned on the measure-
ment record through a continuity equation, and thus, along a single trajectory,
I}, (#), it is given by

d(N),

NRr
5 = Y I (t), (IIL6.15)
a=1

with I} (f) = Zgil I, (t). Here, the inferred particle current into lead « reads

1 {a o Teotso] « i NS ”
5 Y ¥ [N [If|a)der Y, ¥ T[NG[I7]6)] AN
k=1oe{+,-} k=1ce{+,-}

I§ (f)dt =
(IIL.6.16)

We express it in terms of C" and find
+ —
Iy, (t)dt =Tr [C"B,C" — B,C"] dt + Tr [CV (dN“ (t)> C_T} —Tr {Cr (M) Cr} ,

C_r Cr
(111.6.17)
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where B, =TI’y — 2F, with

Fkk, Fkk if k-mode in lead w,
(Ta)per (Fa)pe = (I1L6.18)
0 otherwise.

We use the shorthand

+
(ngT (t)) _ dNC'—‘fl‘c(t) if k-mode in lead «,
cr kk 0 otherwise, ([L6.19)
(dN,; (t)) _ dl\gg((t) if k-mode in lead «,
cr kk 0 otherwise.

The Bayesian character of the current is explicit in Eq. (I11.6.17). In particular, even
a detected extraction event (corresponding to the last term) does not necessar-
ily yield a current of —1. The reason is that the covariance matrix encodes also
our prior uncertainty about the particle number in the extended system. Conse-
quently, while a quantum jump unambiguously signals the detection of an elec-
tron, it does not imply a deterministic change of —1 in the system’s occupation.
Instead, the inferred change reflects an update of our probabilistic knowledge
conditioned on the measurement outcome. Performing an ensemble average we
recover Eq. (I11.5.12).

Energy current Similarly, along a single trajectory, the energy current into the
extended system via lead «, inferred on the basis of the measurement record as
discussed in Section I11.6.3, is given by

I (t)dt = Tr [B,X (CTHCr — %(HC’ + CYH))] dt

_ (IIL.6.20)
~ (ANS (1) = dN; (t)
+ Tr [HCr <#) Cr} —Tr {HCr (#) Cr] ,
summing to the total inferred energy current
NRr
IE(t) =Y I (1) (II1.6.21)
a=1

Accordingly, the change in energy in the extended system along a single trajectory
in time interval [0, 7] conditioned on the measurement record is given by

AE'(7,0) = /O " I(n)at. (I116.22)
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Performing an ensemble average, we recover Eq. (II1.5.15). Further, we define the

total inferred heat current as
Nr
IG(t) =Y 15, (1), (I11.6.23)
x=1
where I, (t) = Ig (t) — pal}, (t). Analogously, the total heat exchange is given by

AQ'(7,0) = /0 "I (Hat. (I1L.6.24)

Measurement energy In trajectory-level energy balance relations derived from
stochastic master equations with jump operators that are not eigenoperators of
the system Hamiltonian, a particular contribution can be identified [269, 270, 142].
The physical interpretation of this term is, however, ambiguous: depending on the
perspective adopted, it has been associated either with a “quantum heat” [271] or
with a “measurement work” [269, 270, 190].

This measurement energy current along an individual trajectory is defined as [190]

dt & aconta L A aaa
dt=-5Y ¥ T [H{Lg Lo,pr}} +ary Y (ALY,
k=1ce{+,—} k=loe{+,—}
L Te [L9 Fine L0,
r HintLp Or
+ Z Z le(cf <]ia+]i(7>
k=1ce{+,—} r Lx/r

L T i(ﬂ'ta,[ﬁ[ A L .
T SR DR IVE A LU o VT
(LTTLY)»

k=1oe{+,—} k=loe{+,—-}

(I11.6.25)

For the contribution through lead « we find

Iy, dt =Tt {Ba <C’HCr - %(HCT + CYH))] dt

+ —
T Kdé\’ ) certcr} Ty K%) certcr]

(I11.6.26)

+
— %Tr {(dga ) (CrH()Cr + CrH()Cr)}

1 dN, - -
I [(2) eme e

The total measurement energy current is obtained simply as the sum over the

contributions from the different leads

Nr
Ity = Y Iy, (I11.6.27)
a=1
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For the ensemble average, we find
1
E [Igy] = =5 Tr [[(HintC + CHiny)] (I1.6.28)

Interestingly, upon inserting the explicit form of the system-lead interaction (see
Chapter 1I1.5),

Nr I
Hint = Hsp(t) = Ko xdh, A +h.c, (I11.6.29)
a=1k=1
one obtains
1 Mk L N .
E[Ip,] = —5 Yo ) ek <K,X,kdpaﬁk - K;kakdp,x>. (111.6.30)
a=1k=1

The quantity E[If,,| therefore coincides precisely with the contribution to the en-
ergy current arising from coherent hopping between the lead modes and their re-
spective coupling sites in the central system, see Eq. (II1.5.16). Terms of this form
have appeared in a variety of related settings, including the repeated-interactions

framework [138], which we introduced in Section 1.2.4.3.

II1.6.4 Entropy production

In Section 1.2.6, we discussed the entropy produced in the TPM scheme,

0
p
Ziot(r[0,r]) = log (p—%) + 1Ly, (II1.6.31)
as well as the corresponding integral fluctuation theorem. In the following, we
show that the statistics of entropy production along single trajectories in the
mesoscopic-leads formalism also satisfy the integral fluctuation theorem, thereby
demonstrating thermodynamic consistency at the level of fluctuations.

To this end, we now show how to efficiently obtain the projection probabilities
P9 and pf,, as well as the covariance matrix of the post-measurement state C’(0)

following the first projective measurement.
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II1.6.4.1 Efficient computation along trajectories

Probability for the forward trajectory to start in |s,)

We assume the initial state of the extended system, §(0), to be Gaussian. A con-
venient way to express such a state is in the form

o= -M(0)-E
P(()) = W’ c= (Cl,cz,...,ch+L),
(II1.6.32)

where 1! are the eigenvalues of M(0), and Z;(0) = 1+ e~ The 2Ns+L eigenval-

ues of §(0) are
0 Ns+L ,—uls)
= . I1I.6.

Here, s, = s,%s%...anstL is a binary string, with si, € {0,1}. Further, y? =

(U+M (ou) .» and U diagonalises the covariance matrix of the initial state C(0).
The 2Ns+L eigenvectors of §(0) are given by

Ng+L

Is.) = [T (dh) o). (IIL6.34)
i=1

It is important to note that fermionic Fock states are Gaussian as they are con-

nected to the vacuum by a Gaussian unitary

Ng+L . S;‘l
sn) = Us |0), Us = J] (d}*di) , (I11.6.35)
i=1
and .
N ~ d S] = 0 ,
d = udul = ¢/ ( f ) (I1L.6.36)
+d] (s =1),

where £ stands for a phase factor which is not relevant for whether state is Gaus-
sian or not. We then find { dA;-, dA;:f} = djk, and so Us is Gaussian. The probability of
projecting p(0) onto its eigenstate |s,) in the first projective measurement is given

P

Covariance matrix after the first projective measurement

Given the covariance matrix C(0), computed with respect to the ensemble-averaged
initial state p(0), we can diagonalise it to obtain the single-particle eigenmodes

of the extended system. This is done by finding the unitary matrix Up that di-
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agonalises C(0), i.e. C(0) = UpAU], where A = diag(eigenvals(C(0))). Each
eigenvalue thus corresponds to the occupation probability of one of the eigen-
modes defined by Uy. The covariance matrix C"(0), evaluated with respect to the
eigenstate |s,) of the initial density matrix p(0), can be constructed from the di-
agonal occupation matrix in the eigenmode basis as C"(0) = Ugns, U}, where the

elements of 15, are given by (ns,);; = (sx| t;lA;dAi |Sn).

The set of all such matrices {ns,} corresponds to the 2NsL possible diagonal ma-
trices whose entries are binary strings of length Ng + L, with each entry being
either 0 (unoccupied) or 1 (occupied). For example, for Ng + L = 2, the set is
{ns;} = {diag(0,0), diag(0,1), diag(1,0), diag(1,1)}. This construction provides
an explicit way to obtain the covariance matrix of each possible initial eigenstate.

Probability to project into m™- eigenstate of §(7)

Since the ensemble average final state of the extended system p(7) is Gaussian, it
takes the form
R e~ ¢ M(7)E L )
p(T):W, C:(C1/CZ/---1CNS+L)/
Ng+L e*}lf(i?tji

Zi(t) '

(11..6.37)
i=1

where u¥ are the eigenvalues of M(t), and Z;(t) = 1+ e *i. The eigenvalues of

p(7) are
o pet (II1.6.38)
pm_ 1 Zi(T)/ .0.
and the eigenvectors of p(7T) are given by
Ns+L ;
sm) = [T (dF) 0). (I11.6.39)

i=1

Our aim is now to compute the probability of the final state of the trajectory p.(7)
to be projected into the eigenstate |s,) (here in the original, operational basis) of
the ensemble average density matrix of the final state §(7), with |s,) (s9,| = IT},,

P = Tr[0r(T) [sy) (siul] - (I1.6.40)

Importantly, we are looking for a way to compute it given only the covariance
matrix C(T) of the ensemble average of the final state p(7) and the covariance

matrix C"(7) of the final state of the trajectory p,(7).
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To this end, we first write §,(7) in the eigenmode basis of p(7)

o—dQd
0r(7) = , (IIL6.41)

so that plf = Tr [3}(7) [sm) (su-
Using the functional determinant formula [272, 273], which maps a many-body

expectation value onto a determinant in single-particle space, we find

1
iy = ydet [1 — g, + nsme—Q} , (IL.6.42)

where |s,;;) = U]|sy,) and ns, = diag ({s#,...,s%ﬁL}). The above expression

can be further simplified by expressing both Q and Y in terms of the covariance
matrix C"(7), defined in the eigenbasis of C(7). This representation helps to avoid
numerical instabilities that may arise from eigenvalues in the spectrum that are
close to 0 or 1. That is,

1-C"(1)

0 (I1.6.43)

Q:log{ }, Y:det{

so that

p;;;f = det [(1 - nSm)(l - Cr/(T)) + nSmCW(T)} : (III644)

Probability for the backward trajectory to start in |s,,)

What remains to be determined is the probability for the reverse trajectory to
begin in the eigenstate |s,;) of the ensemble-averaged final state p(7). This proba-
bility corresponds to the eigenvalue p}, of p(7) associated with |s,,), as defined in
Eq. (II1.6.38). It can therefore be computed using the same procedure outlined in
Section I11.6.4.1.

II1.6.4.2 Uncertainty and martingale entropy production

In Section 1.2.6.4, we introduced the uncertainty and martingale entropy produc-
tion (see Eq. (1.2.85) and Eq. (1.2.83), respectively), which each fulfil an integral
fluctuation theorem [205]. To compute these quantities efficiently, we first note
that the entropy flux HT(o,T) (see Eq. (1.2.78)) can be evaluated directly from the
measurement record. Moreover, in Section I11.6.4.1, we established that the projec-
tion probabilities p and p}, can be expressed in terms of covariance matrices. In

the following, we show that the remaining contribution,

S(t) = —log(Te[p, (1) p(1)]), (I1L6.45)
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where p,(7T) denotes the state conditioned on the measurement record prior to the
second projective measurement and p(7) the corresponding unconditional final
state, can likewise be computed solely in terms of covariance matrices. To this
end, note that for two Gaussian fermionic states p; = e~CMi€/7, and P2 =
e—C-Mp:C / Z3, using the Baker-Campbell-Hausdorff formula,

74'1'. ."7"1-. .C — — —
e ¢ Mlce ¢ Mzc:—(_frl-'Ml'C—E*'Mz' —(_?rl-'[Ml,Mz]-C—l—....

One can then show that e=¢ Mi€e=T""M2T — p="X€ with x = log (eMieM2). Using

the relation

Tr [e*c*f.x.z} — det [1+eX], (I11.6.46)
we find
Te [orpa] = 21 JZZA;Q%), (IIT.6.47)
so that
So(7) = —lo det <1 +€_MW)€_MP(T>> (I11.6.48)
S Zp, (1) Zp(x) o

I11.6.4.3 Integral fluctuation theorems for entropy production

To provide a proof of principle that the integral fluctuation theorems for the total,
martingale, and uncertainty entropy productions are correctly verified within our
mesoscopic-leads description, we consider the simple setup of a single quantum
dot, described by the Hamiltonian Ay = edtd, coupled to a fermionic reservoir
within the mesoscopic-leads formalism, as illustrated in Fig. I11.6.2. For simplicity,

we assume the reservoir has a flat spectral density,

I, we [—wmax/wmax] ’
J(w) = (I11.6.49)

0, otherwise,

where I' denotes the coupling strength between the quantum dot and the reser-
voir, and wmayx is a hard cutoff. The lead-mode energies {¢x}, the couplings {x;}
between the dot and the lead modes, and the damping rates {7} of the resid-
ual reservoirs are chosen following the procedure in Chapter II1.5, with {e;} ob-
tained via linear discretization. Trajectories are generated using the TPM scheme,
performing projective measurements in the eigenbasis of the extended system’s
steady state at both the start and end of each trajectory, as described in Sec-
tion I11.6.4.

We find that the integral fluctuation theorems for Ztot(r[ﬂlﬂ), Zunc(r[olf]), and
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Figure I11.6.2: Left: Schematic of a single dot coupled to a fermionic reservoir in the
mesoscopic-leads formalism. Right: Verification of the integral fluctuation theorem in the
TPM scheme for the total entropy production (black), the uncertainty entropy production
(blue) and the martingale entropy production (red) in the steady state. The insets show
the distribution of Xt (left) and Xyne (right). The estimated probability densities P(Z¢ot)
and P(Xync), respectively, are obtained by dividing the number of counts over the total
number of trajectories. Parameters: L = 10, up to 30000 trajectories, wWmax = 1, € = Wmax/4,
I' = Wmax/8, T = Wmax, # = Wmax/16, I'T = 50. Both figures are adapted from Ref. [52].

Zmart(r[(),r]) are each individually satisfied for their respective distributions af-
ter the second projective measurement. Specifically, the functionals <efzt°t(r[°'7]) >r,
<eiZ““C(r[0'T])> , and <672m“t(y[0rf])> all converge to 1 as the number of trajectories
in the simulations increases, as shown in Fig. 111.6.2. Notably, convergence for
the uncertainty entropy production X is achieved most rapidly, consistent with
the findings in [190]. For all cases, approximate convergence occurs after about
100 trajectories, which aligns with the typical scale required for the unconditional
density operator in standard quantum trajectory simulations. However, full con-
vergence of Lot and Lmart demands roughly two orders of magnitude more trajec-
tories, reflecting the need to adequately sample the tails of the distributions when
probing such detailed statistical properties of the reservoir. By verifying the fluc-
tuation theorems for entropy production, we have confirmed the thermodynamic
consistency of the mesoscopic-leads approach at the stochastic level, represent-
ing a central result of this Part. Importantly, our framework inherently accounts
for measurement conditioning along individual trajectories, enabling an analysis
of how entropy production decomposes into contributions from uncertainty and
martingale terms. The inset of Fig. I11.6.2 displays the estimated distributions of
the total and uncertainty entropy production, P(Zt) and P(Xync), respectively.
The distribution of the total entropy production closely resembles a shifted Gaus-
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