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Abstract

The discovery of novel molecules and materials with desirable properties is a funda-

mental objective of chemical design. This involves searching through a vast space

of different possibilities, with an estimated 1060 plausible molecules of drug-like size.

As the demand for increasingly effective drugs and materials never ceases to grow,

traditional approaches relying on human intuition and trial-and-error are becoming

insufficient for the task. Data-driven solutions offer a paradigm shift, whereby large

chemical databases enable this vast space to be efficiently navigated. This thesis

demonstrates that generative models, based on deep-learning architectures, are capa-

ble of inverse design of novel molecules with targeted physicochemical and quantum-

mechanical properties.

In this work, two different conditional generative-modelling frameworks are pro-

posed. Firstly, a generative adversarial network (GAN) is used to generate molec-

ular conformations with selective total energy values. A local inversion algorithm

is developed to convert the generated atomic descriptors into interpretable atomic

structures. The second generative-modelling framework, MolGPT, employs a genera-

tive pre-trained transformer (GPT) model with text-based chemical representations.

A new representation called MolBlox is proposed, with a corresponding method to

invert the generated text into valid molecules. The model is conditioned using a vari-

ety of physicochemical and quantum-mechanical properties. In both frameworks, the

generated molecules are verified as being structurally valid, with accurate property

matching, as confirmed by density-functional theory (DFT) calculations.

This thesis concludes that these generative frameworks offer scalable solutions to

accelerate chemical design. Published work on local inversion and ongoing manuscripts

on conformation generation and MolGPT underscore their impact. These tools are

considered a promising avenue of further research, demonstrating the viability of au-

tomated methods in the discovery of novel pharmaceuticals and materials.

Keywords: Machine Learning, Inverse Design, Generative Modelling, Machine-

Learning Interatomic Potentials, DFT
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Chapter 1

Introduction

Chemical design involves the creation of novel molecules and materials which have

desirable qualities. This is a seemingly impossible task, with there existing as many

as 1060 possible small molecules 1 [1]. To put the size of this vast space of differ-

ent molecules into context, there are approximately 1080 atoms contained within the

universe [2], and only 108 molecules have thus far been synthesised [3]. Navigating

through this vast space of candidate molecules, and finding those few with the su-

perlative properties that are desired, can be thought of as the ultimate objective of

chemical design. This task is made harder by the fact that human progress continually

demands compounds with outstanding properties, above and beyond those currently

known [4]. It is a pre-eminent needle in a haystack problem, microscopically small

needles in an astronomically large haystack.

The traditional approach to chemical design heavily relies on the intuition of the

researcher, developed over years of careful study, combined with trial-and-error. The

efficacy of this slow and steady approach, deeply rooted in the scientific method, is

undeniable. However, as the demand for increasingly effective drugs and materials

never ceases to grow, the potential of this traditional design paradigm can be said to

decrease. There are fewer and fewer low hanging fruit which can be easily obtained [5],

with each new discovery requiring more effort than the last. Despite the ever increas-

ing levels of investment into research and development, there has been consistently

fewer drugs that actually enter clinical trials and reach markets successfully [6, 7].

This downward trend can be described using Eroom’s law (reverse of Moore’s law)

1A small molecule is typically defined as having an molecular mass less than 500 daltons.
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Chapter 1. Introduction

where the number of new drugs approved, per billion US dollars invested, halves every

nine years [5]. Reasons for this decrease, include the ‘better than the Beatles’ prob-

lem, where the efficacy of new prospective drugs must surpass that of existing drugs.

Increasing safety regulations and fewer low hanging fruit are also contributing factors.

Despite, a notable recent deviation away from Eroom’s law due to better information

availability and improved decision making [8], it is expected that the underlying prob-

lems will continue to stagnate drug development [9]. It is therefore essential, to create

innovative and effective tools which can be added into our chemical design arsenal.

The advent of computers has brought many new opportunities for improved chem-

ical design techniques. There are now large chemical repositories freely available

online [10–14], each containing various different classes of chemical compounds. A

very successful computational approach to chemical design is called virtual screening

[15–18]. This involves searching through some curated dataset until candidates with

suitable calculated properties are found. Some of these online repositories [11, 13, 14]

also contain unsynthesised virtual compounds, created using combinatorial chemistry

techniques [19]. They are used to dramatically increase the database size, allowing

for high-throughput virtual screening [20–22]. This generally entails using a series of

increasingly stringent selection criteria, in order to find candidates worthy of further

study. However, there are limitations to the virtual screening approach. Only regions

of chemical space explicitly included in the training dataset are able to be explored,

which is restricted by the intuition of the researcher curating the dataset [23, 24].

In this age of big data, generative machine-learning models are an emerging alter-

nate paradigm for chemical design [25,26]. They offer an efficient, scalable, customiz-

able approach that is data-driven. There exist various different generative-modelling

architectures [27–29], but they all have a common objective: to generate compounds

similar to those contained in the training dataset. They achieve this objective by

learning the underlying probability distribution of the dataset, which can then be

sampled from at will. Generative models allow chemical space to be navigated, po-

tentially discovering novel compounds in previously unexplored regions [30, 31]. An-

other major advantage of generative models is that they can be conditioned on some

additional property information [32, 33], allowing for selective generation. This fol-

lows an inverse design approach [4] where desired properties are first specified, and

2 Ph.D. Thesis



Chapter 1. Introduction

then the algorithm directly outputs corresponding samples. This eliminates the need

for exhaustive searches through vast combinatorial libraries in the hopes of finding a

compound with the desired property.

As previously stated, the ultimate goal of chemical design is have the ability to

selectively generate molecules or materials for some specified target property. This

thesis only considers molecular systems, but similar methods can be theoretically

applied to periodic systems. There exists a huge variety of suitable chemical proper-

ties that can be targeted. Among the most commonly used properties in generative

modelling are the so-called physicochemical properties [30,33–36], such as hydropho-

bicity [37], topological polar surface area [38], chemical synthesisability [39], and drug-

likeness [40]. These four properties are used as target properties in Chapter 6. These

physicochemical properties are of particular relevance to drug design. For example,

the polar surface area can be used as an indicator of the ability of a molecule to per-

meate through the blood brain barrier, which is essential for any drug to access the

central-nervous system [41]. Properties derived from quantum-mechanical electronic

structure calculations [42–44] can also be targeted [30, 45–48]. The HOMO-LUMO

gap, for example, is the energy difference between the highest occupied molecular

orbital (HOMO) and the lowest unoccupied molecular orbital (LUMO) [49]. High

values of this property may imply chemical stability, while lower values may indicate

chemical reactivity. It also affects optoelectronic properties, determining which wave-

lengths of light can be absorbed [50]. Finding molecules with desirable values for the

HOMO-LUMO gap is essential in the creation of novel organic semiconductors [51].

There exist many other classes of properties that are suitable for use as targets

in generative modelling, but are not considered in this work. These include AD-

MET properties (adsorption, distribution, metabolism, excretion, toxicity), which are

crucial to drug design [52, 53]. Generating molecules with reasonable ADMET prop-

erties [54–56] is vital in reducing attrition in preclinical and clinical trials [57], with

toxicity being of particular importance [58]. Another class of suitable properties are

those relevant to target-based drug design [59–65]. This involves the tailoring of

molecules to interact with specific receptors or enzymes. Related properties include

binding affinities [66] and inhibition concentrations [67]. Structural properties such as

polar surface area [68], molecular volume [69], and molecular docking scores [70, 71]
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also influence bioactivity.

In order to train a generative model to output novel molecules for selective prop-

erty values, some essential ingredients are required. Of primary importance, as in

any machine-learning application, is access to a large amount of good-quality data.

Such a training dataset would consist of pairs of molecules and associated property

labels. The molecules can be expressed in one of a number of different chemical rep-

resentations [72–75]. In scenarios where property labels are expensive to produce,

it can be beneficial to pre-train a generative model on a large, unlabelled dataset,

before fine-tuning it on a smaller, labelled dataset [76]. The next essential compo-

nent is a suitable generative modelling architecture, one that is compatible with the

chosen chemical representation. Some modifications must be made to the model ar-

chitecture [32,33] to facilitate the conditioning on property labels. The final required

component is some means of verification, of the structural validity of the generated

molecules, as well as the accuracy of the property conditioning. The desired property

values can be compared to the actual generated values to assess the success of the

property conditioning of the model. This necessitates having access to a property

calculator similar to that used in the creation of the training dataset. When inputted

desired property values, a successfully trained generative model will output random

molecules, similar to those included in the training dataset.

4 Ph.D. Thesis



Chapter 1. Introduction

Outline

A brief outline of this thesis is provided here. Besides the introduction and the

conclusion, there are five distinct chapters: two focused on methods and three on

results. Considering that the title of this thesis is ‘Generative Modelling for Chemical

Design’, the first methods chapter explains the machine-learning techniques involved

in generative modelling, while the second methods chapters details the physics of

chemical systems, and the related computational methods.

Chapter 2: This chapter introduces the machine-learning (ML) methods that

are used throughout this work. The fundamentals of ML are first described, in a

supervised-learning scenario where data labels are present. The inner workings of the

now-ubiquitous neural networks are then detailed. The different generative models

used in this thesis are then introduced: the generative adversarial network (GAN) [77],

and the generative pre-trained transformer (GPT) [76, 78].

Chapter 3: This chapter seeks to introduce the physics of the systems to which

generative modelling is applied. The relevant quantum mechanics (QM) [79] are de-

scribed, followed by the electronic structure calculation method of density-functional

theory (DFT) [80–82]. Machine-learned interatomic potentials (MLIAPs) [83, 84] are

then described, which are a computationally efficient alternative to DFT for some

properties. The various chemical representations and model architecture used in the

construction of these MLIAPs are then detailed. Particular attention is given to

many-body representations such as bispectrum components [75], due to their high

accuracy in QM property prediction tasks [85].

Chapter 4: This first results chapter is based on work published in Reference [86].

A method is developed that takes a many-body representation [75] and performs an

iterative optimisation procedure to find corresponding the Cartesian coordinates. This

is an approximate method, which only claims to perform a local inversion, and can

sometimes struggle with convergence. An improved method of initialisation using

multiple different structures is proposed. The inversion method is verified by com-

paring radial and angular distributions functions. Additionally, electronic structures

of the original and the inverted configurations are also compared.

Chapter 5: This chapter is the natural progression from the previous Chapter

4. It applies the developed local inversion method to its intended use case of gener-
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ative modelling. A generative adversarial network (GAN) [77] is trained to output

molecular configurations in the form of many-body descriptors [75], which can then

be inverted into human-interpretable Cartesian coordinates. The generated configu-

rations are compared to those from the training set using radial and angular distribu-

tion functions. Different versions of the GAN are trained using molecular dynamics

datasets [87] containing single and multiple molecule types. Another GAN is trained,

conditioned on density-functional theory (DFT) [80–82] properties [88], allowing for

the generation of configurations for specific properties values.

Chapter 6: This chapter uses language modelling to generate diverse molecules

for specified property values. A novel fragment-based textual representation called

MolBlox is developed as an alternative to the standard SMILES representation [72].

An inversion scheme to reconstruct generated MolBlox sequences into valid molecules

is detailed. The standard generative pre-trained transformer (GPT) [76,78] is modified

to form MolGPT [33], allowing for conditioning on molecular properties [37–40]. The

generated molecules are verified, after both pre-training on the GuacaMol dataset [89]

and fine-tuning on the QM9 dataset [14, 90]. The accuracy of conditioning on DFT

properties [50] is verified using the ETKDG conformer generation method [91,92] and

the PySCF implementation of DFT [42–44].

6 Ph.D. Thesis



Chapter 2

Machine Learning

The various machine-learning methods used in this work are detailed here. An intro-

duction to the basics of supervised learning is followed by a description of the workings

of neural networks. The two different generative model architectures used are then

illustrated: generative adversarial networks (GANs) and generative pre-trained trans-

formers (GPTs).

2.1 Introduction

Machine learning (ML) is a sub-field of artificial intelligence (AI) that uses proba-

bility theory and statistical methods to learn to make predictions based on data. It

is an automated procedure that learns on its own, with no requirement for human

intervention. Machine learning has been around since the 1950s and in that time has

seen booms and busts in interest. Among the first prominent applications of ML was

a solver for the game of checkers by Arthur Samuel [93]. ML and AI are experienc-

ing a huge surge in interest in the current age, particularly due to generative models

such as ChatGPT [94]. In order to define machine learning, it can be useful to first

consider what learning is. A concise definition, provided by Tom Mitchell [95], is that

learning occurs when performance P at a task T increases with experience E. It can

therefore be said that three essential elements are needed in any learning algorithm,

some quantifiable metric of performance, a clearly defined task or objective, and a

large amount of good-quality data to provide experience. There exists a huge variety

of ML algorithms, but a core concept common to all is that they seek to learn the

P. Cahalane 7



Chapter 2. Machine Learning 2.2. Supervised Learning

Figure 2.1: Diagram showing the basic workflow of a machine-learning algorithm. Raw
input data is taken and preprocessed into the appropriately scaled feature vectors.
The ML model is then trained on the dataset of feature vectors and once training is
completed, the model predictions are made.

function that maps input data to output data. Data lies at the heart of all machine

learning, enabling a model to learn to recognise patterns contained within and to

extrapolate out onto previously unseen data.

It is common to separate out ML algorithms into distinct branches such as su-

pervised, unsupervised, reinforcement, and generative. Each branch of ML contains

many unique algorithms but they share a similar paradigm. Supervised models are

among the most common and straightforward and are briefly illustrated below. This

chapter primarily draws upon the textbook “Deep Learning” by Goodfellow [96]. The

notation has been adapted for consistency. The generative models covered in Section

2.4 and Section 2.5 are largely based upon their original proposal papers [27,29,76,77].

2.2 Supervised Learning

A dataset consists of many individual examples or samples, where each sample can

take a variety of forms such as a sentence, an image, a vector, or a matrix. The

appropriate ML model can be determined based on what form each sample takes, and

what the task is. The representation that is used to describe each sample is called a

feature vector. For example, if the dataset consists of a series of images, the colour

of each pixel would be a feature [97–99]. Supervised learning algorithms are used in

the scenario where each dataset sample has a corresponding label or target. These

targets might, for example, be binary labels signifying whether an image is of a dog or

8 Ph.D. Thesis



2.2. Supervised Learning Chapter 2. Machine Learning

a cat. The objective of the model is then to learn to predict the correct target given

the feature vector, as shown in Figure 2.1. More formally, this can be considered as

learning the mapping f from each input feature vector x=(x1, x2, . . . , xnx) to output

targets y=(y1, y2, . . . , yny), where nx is the number of features and ny is number of

targets for every one of the m samples contained in the dataset {(x(i),y(i))}mi=1. The

format of the samples being inputted into the model is important, with appropriate

feature vectors often constructed from the raw samples in order to better facilitate

learning [95]. Each target can either be a scalar y or a vector y. Supervised learning

tasks are often distinguished based on whether the targets are continuous (e.g., house

prices) or discrete (e.g., cat or dog). If the targets are continuous, then the task

is called regression and if they are discrete, it is then called classification [96]. The

objective of a supervising learning model may be generalised as

f : x→ y . (2.1)

The objective of a machine-learning model f is characterised by containing a set

of learnable parameters or weights, θ, which are multiplied, in various ways, with

the features x to yield the predicted targets ŷ = fθ(x) [100]. During the training

of the model, the weights θ are tuned so as to minimise the difference between the

true target y and the predicted target ŷ [101]. This difference is quantified by the

loss function L(y, ŷ) of a model, of which there are many possibilities depending on

the task and on the format of the data [96]. The objective of a supervised learning

algorithm is to minimise this loss function over all m samples contained within the

training dataset. In a regression task, where targets are continuous, a mean-squared

error (MSE) loss function would be appropriate. If however, the targets are discrete as

in a classification problem, then a cross-entropy (CE) loss function might be used. In a

classification problem, every ith target y(i)=(y
(i)
1 , y

(i)
2 , . . . , y

(i)
ny ) is a vector representing

a probability distribution with ny categories. The MSE and CE loss functions [96]

are defined as

LMSE(y, ŷ) =
1

m

m∑
i=1

1

ny

ny∑
j=1

(
y
(i)
j − ŷ

(i)
j

)2
, (2.2)
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LCE(y, ŷ) = −
1

m

m∑
i=1

ny∑
j=1

y
(i)
j log(ŷ(i)

j ) . (2.3)

Regularisation

The learning process must be carefully monitored throughout, otherwise the per-

formance of the model may start to become worse with additional training. This

monitoring is typically done by separating out the dataset into different sub-datasets,

each serving a distinct purpose. There different splits are commonly used: the train-

ing set, the test set, and the validation set [96]. The training dataset is used by the

model to update its weights θ to minimise the defined loss function. The test set is

used to evaluate the performance of the model on unseen samples, with no update to

the model weights. And lastly, the validation set is used to select the best from mul-

tiple different models, which all have been trained using different hyperparameters.

These hyperparameters are parameters which must be defined before training, such

as the model size and the learning rate. A model with sufficient learning capacity

tends to overfit on the training set, essentially learning each individual sample, losing

the ability to generalise [96]. Therefore, as the model is trained, its performance on

the test set is monitored and the optimum model weights θ∗, which yield the best

performance on the test set are chosen. Examples of underfitting, optimum fitting,

and overfitting are shown in Figure 2.2. Overfitting can occur for numerous reasons

including too many training iterations and using an overly complex model. Early

stopping is commonly used, a process that halts the model training once the model

performance on the test set no longer increases [102]. Most methods of preventing

overfitting fall under the umbrella term of regularisation, which seeks to increase the

model’s generalisability at the cost of a small decrease in performance on the training

set.

Another commonly used method of regularisation is to include an additional term

into the loss function of the model that penalises weights that grow too large [96]. This

has the effect of reducing the risk of overfitting on the training dataset by stopping

the model from focusing on specific features. There is a coupling hyperparameter λ

that controls the strength of the regularisation [84]. Perhaps the most typically used

form of regularisation is called L2 regularisation or ridge regression [103] where the

10 Ph.D. Thesis
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Data

Under Fit

Data

Best Fit

Data

Over Fit

Figure 2.2: Diagram showing a machine-learning model (a deep neural network specif-
ically) fitted to some random-noise polynomial data. The model predictions are shown
in red. Early in training, the model exhibits underfitting (left). As training contin-
ues, the optimum fit is obtained (middle). Finally, the model overfits (right), learning
individual samples instead the underlying data distribution.

squared L2-norm is added to a loss function such as from Equation (2.2) as follows:

LReg(y, ŷ) = LMSE(y, ŷ) + λ
∑
θi∈θ

θ2i , (2.4)

where LReg is the new regularised loss function [104].

Gradient Descent

In order to obtain the optimal weights θ∗, some optimisation scheme must be em-

ployed to minimise the loss function L. Most machine-learning algorithms will use an

optimisation scheme based on gradient descent [105]. Model optimisation is a broad

field of study, meaning there are many different versions [106–108] of gradient de-

scent to choose from. Gradient descent is an iterative procedure that seeks to update

the model weights θ such that the loss function L decreases at each iteration step.

Considering that the model predicts the targets y as ŷ = fθ(x), any arbitrary loss
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function can be restated as L(θ)=L(y, fθ(x)), if x and y are ignored as arguments.

Optimising the weights θ is achieved by considering the N -dimensional surface formed

by the loss function L(θ) with respect to θ. The gradient of L(θ) with respect to

θ is ∇θL(θ), which represents a vector pointing in the direction of steepest ascent

along this surface. At each iteration, θ is updated along the opposite of this vector

as follows:

θ ← θ − η∇θL(θ), (2.5)

where η is the learning rate, a hyperparameter controlling the size of the step that

the gradient descent algorithm will take down the surface. Due to the nature of the

performance metric employed, the surface formed by the loss function L(θ) is often

non-convex, with many local minima contained within. Therefore, care must be taken

to set an appropriate value for the learning rate η. The optimization procedure will

be slow, if it is set too small, and if it is set too large, then θ may oscillate around

the local or global minima. There exist a large amount of advanced techniques for

improving and stabilising the gradient descent procedure, learning rate schedulers,

adaptive optimisation [106, 108], and gradient momentum [106,107].

The number of samples m contained in the dataset is often too large to be compu-

tationally feasible to calculate ∇θL(θ) over all m samples at each step of the gradient

descent procedure. This motivates the use of mini-batch gradient descent [109], where

only a small subset of mb samples are used to update θ at each step. In the case where

mb=1 it is then termed as stochastic gradient descent, but is rarely used due to the

inherently high levels of noise. It has been found that using an appropriately sized

mini-batch of samples provides the optimum balance between computational efficiency

and convergence stability [109]. Using a mini-batch also introduces some stochasticity

into the algorithm, which can help with overcoming local minima in the loss function

surface [110]. Mini-batch gradient descent is therefore the de facto standard in most

machine-learning applications. More formally, it updates the parameters θ as in

Equation (2.5) using an average of the gradient of the loss function as

∇θL(θ) =
1

mb

mb∑
i=1

∇θLi(θ) , (2.6)
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where ∇θLi(θ) is the gradient of the loss function L(θ) for each sample i in the

mini-batch.

One epoch is said to have occurred when the model has been updated using all m

training samples. This is equivalent to a total ofm/mb parameter updates as described

by Equation (2.6). The number of epochs is a hyperparameter which controls the total

training time, assuming that no early stopping regularisation halts the training first.

Feature Scaling

Feature scaling is an essential preprocessing step within the field of machine learning

whereby the dataset values are shifted to all have similar ranges. This has the effect of

giving all features an equal importance, restricting those features with higher values

from dominating. For example, consider a regression task of predicting the price of

a house y given features x such as square footage, number of bedrooms, etc. There

would be orders of magnitude of difference between the values of square footage (in

the 1000s) and number of bedrooms (around 3). This would artificially cause the

model to give a much higher degree of importance to square footage than may be

appropriate. Feature scaling eliminates this problem by ensuring that the distance

between the maximum and minimum values for each feature are similarly far apart.

The targets y are also scaled in a similar fashion. In most machine-learning models,

proper learning will not take place unless appropriate feature scaling is performed.

There are two primary methods of feature scaling commonly employed. The first is

normalisation, and it involves rescaling data to be contained within a specific range,

usually between zero and one. The second method is called standardisation, and it

works by transforming data to have a mean of zero and a standard deviation of one.

Consider a dataset of samples {x(1),x(2), . . . ,x(N)} that has a total of N samples,

with every ith sample x(i) = {x(i)1 , x
(i)
2 , . . . , x

(i)
Nf
} having Nf features. Feature scaling

is applied independently to every feature j, calculating the necessary statistics using

the jth features across all samples: xj = {x(1)j , x
(2)
j , . . . , x

(N)
j }. The equations for

normalisation and standardisation for each feature j are given respectively as
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x′
j =

xj −min(xj)

max(xj)−min(xj)
, (2.7)

x′
j =

xj − µ
σ

, (2.8)

where x′
j is the feature-scaled version of xj, with µmean and σ standard deviation [96].

2.3 Neural Networks

An artificial neural network (NN) is a mathematical model inspired by the physiology

of the brain, and has become the most widely used machine-learning algorithm. A

biological neuron is a type of cell contained with a brain in huge numbers, forming

a dense network which communicates through electrical signals. Each neuron re-

ceives many input signals from other neurons it is connected to, processes the signals

within the cell body, and transmits out one signal. An artificial neuron is a simple

mathematical representation of these biological functions [100]. Many such neurons

interconnected together is called a neural network. These computational models of

biological neural systems were first proposed in the 1940’s [111], but did not find any

notable success until Rosenblatt et al. [100] trained a network capable of learning to

perform binary classification. A so-called AI winter followed due in part to the lack of

sufficient computational resources. A major advancement was made by Rumelhart et

al. [101] 1 in developing the backpropagation algorithm that allowed for the training of

deep, multi-layer networks capable of learning complex, non-linear functions. It can

be said that the great potential of deep learning was first demonstrated by Krizhevsky

et al. [99] 2, with was a confluence of deep networks, trained on huge datasets [98] in

a parallel fashion [120].

The widespread use of neural networks comes from the fact that they are universal

approximators, which means that a neural network with a sufficiently large number

of learnable weights can approximate any measurable function to any desired degree

of accuracy [121]. Other reasons for the success of neural networks are that they can

1The secondary author of this landmark paper is Geoffrey Hinton, winner of the Nobel Prize in
Physics 2024. This is but one of the many landmark papers he has authored over the decades. He
is cited numerous times throughout this thesis [99,101,112–119].
2Another revolutionary paper authored by Hinton!
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(a) (b)

Figure 2.3: Diagram showing the fundamentals of neural networks. Panel (a) shows
a single neuron which sums a scalar bias b term onto the dot product of the input
activation vector h and weight vector w. A non-linear activation function (ReLU)
is then applied to form the scalar output activation. Panel (b) shows a diagram of
a basic fully connected neural network with two input neurons, two hidden layers of
four neurons each, and three output neurons.

generalise well to unseen test data, that they can be trained in a fully parallel manner,

and that their training time scales linearly with the training set size. The current

widespread adoption of neural networks stems from the availability of computational

power in recent decades, which the graphics processing unit (GPU) [120] has been

particularly noteworthy. Neural networks are most famously used in deep learning,

which entails using a network with an input layer and an output layer and then an

arbitrary number of hidden layers sandwiched in between. Deep neural networks

serve as powerful machine-learning algorithms, which have been applied with great

success to a wide range of problems including computer vision [97], natural language

processing [29], speech recognition [122], reinforcement learning [123], and generative

modelling [77].

Consider a dataset {(x(i),y(i))}mi=1 which contains a total of m data pairs with

feature vectors x= (x1, x2, . . . , xnx) and targets y= (y1, y2, . . . , yny), where nx is the

number of features and ny is the number of targets per sample. A deep neural network
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consists of NL sequential layers of neurons, with a total of n(l) neurons per layer l.

The input layer of a deep neural network fθ, with weights θ, takes the feature vectors

x, performs no operations, and feeds them as h(0) into the neurons of the first hidden

layer l=1. The number of neurons n(l=0) in the input layer must match the number

of feature vectors nx. Each neuron j in layer l takes inputs h(l−1)
k from each neuron k

in from the previous layer l− 1, performs a linear combination with learnable weights

w(l) ∈ Rn(l)×n(l−1) , and passes the result through a non-linear activation function σ(l)

with an output activation h
(l)
j . The activations vector h(l) outputted by each layer l

can be expressed as follows:

h[0] = x , (2.9)

h(l) = σ(l)
(
b(l) +

n(l−1)∑
k=1

w
(l)
k · h

(l−1)
k

)
, 1 ≤ l ≤ NL (2.10)

ŷ = h(NL) , (2.11)

where b(l) ∈ Rnl is a bias parameter also commonly learned by each neuron to add

flexibility in modelling complex functions. The input to activation function σ(l) can

be succinctly expressed as z(l). The total set of learnable parameters θ include both

the weights w and the biases b as {(w(l), b(l))}NL
l=1. Each layer in the model fθ(x) is

commonly termed as a linear layer, to which a non-linear activation function may be

applied.

Activation Functions

Activation functions are critical to the success of neural networks and are responsible

for their ability to learn complex patterns contained within the training data. The

purpose of activation functions is to introduce non-linearities into the network, with-

out which only simple linear functions could be described. There exists a whole zoo

of different activation functions to choose from [119,124–126], as shown in Figure 2.4.

By far the most common choice for the activation function in the hidden layers is

the rectified linear unit (ReLU) [119]. This ReLU function is said to be biologically

inspired [127], replicating real neurons that either fire or do not fire by outputting

zero for all negative inputs. Multiple variations of ReLU exist such as leaky ReLU
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Figure 2.4: Diagram showing various common neural network activation functions
that appear in this work.

(LeakyReLU) [125] where a small slope α∼ 0.1 is defined in order to avoid issue of

vanishing gradients caused by ReLU. However, the leak in LeakyReLU increases lin-

early which can cause undesirable effects if the neuron pre-activation output becomes

sufficiently negative. This motivated the Gaussian error linear unit (GeLU) [124],

which is smooth everywhere and still goes to zero as z→−∞. In the output layer L,

the range of the outputted predictions fθ(x)= ŷ must match that of the true targets

y. Therefore, the final activation function is often left linear, leaving the model un-

constrained and able to match the range of ŷ to y. In classification tasks, the softmax

activation function [128] is often used to assign each class i of ny total classes to a

probability distribution. Similarly, the sigmoid activation function [126] is used to

assign a probability between [0, 1] for binary classification tasks as well as being used

for regression tasks where yi ∈ [0, 1]. These activation functions are now defined:

ReLU(z) = max(0, z) , (2.12)

LeakyReLU(z) = max(αz, z) , (2.13)
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GeLU(z) = z ∗ Φ(z) , (2.14)

Softmax(zi) = ezi/
( ny∑

j

ezj
)
, (2.15)

Sigmoid(z) = (1 + e−z)−1 , (2.16)

where Φ is the cumulative distribution function for the Gaussian distribution and z

is the pre-activation output of a neuron.

Backpropagation

A neural network fθ(x) = ŷ is machine-learning algorithm that seeks to improve

its performance as measured by the loss function L(y, ŷ) by optimising its tunable

weights θ through gradient descent. The gradient descent method depends on taking

the derivative of the loss function with respect to each parameter ∇θL(y, fθ(x)) as

shown in Equation (2.5). This derivative ∇θL must be calculated with respect to ev-

ery learnable parameter {θi}Nθ
i=1, where Nθ is the number of parameters. The feature

vector x is propagated through the model in the forward pass as described in Equa-

tions (2.9) through (2.11). In the backward pass, the gradients ∇θL are calculated

for each layer subsequently using the chain rule. The pre-activation output of each

neuron in layer l can be defined as z(l), simplifying Equation (2.10) to h(l)=σ(l)(z(l)).

A loss function such as mean-squared error from Equation (2.2) might be used, where

L=(y−h(L))2 in the case of a single sample m=1. The gradients of the loss function

L with respect to the input :

∂L

∂x
=

∂L

∂h(NL)
· ∂h

(NL)

∂z(NL)
· ∂z(NL)

∂h(NL−1)
· ∂h

(NL−1)

∂z(NL−1)
· . . . · ∂z

(1)

∂x
, (2.17)

where NL is the number of layers. The gradients of L flow back through the network

in this fashion. Using the appropriate gradient terms at each layer l, the gradients of

the loss function L with respect to the weights w(l) and the biases b(l) can then be

calculated as
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∂L

∂w(l)
=

∂L

∂z(l)
· h(l−1) , (2.18)

∂L

∂ b(l)
=

∂L

∂z(l)
. (2.19)

All parameters θ={w, b} can then be updated using Equation (2.5). This param-

eter update forms the crucial step of the gradient descent algorithm.
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2.4 Generative Adversarial Networks

The majority of machine-learning models seek to learn to predict some quantity from

samples contained in the training dataset. After the model has learned on the training

dataset, it is applied to previously unseen test data, allowing new insights to be

gained. In contrast, generative models obey a different paradigm, seeking to learn to

generate samples similar to those in the training dataset. They primarily function by

approximating the underlying dataset distribution, which can then be sampled from

at will. After training has concluded, the generation stage or inference begins, where

this approximate distribution is sampled from. Generative models are typically able

to generate samples much faster at a much lower cost, be it a computational cost or

otherwise, than traditional methods [129]. The two main types of generative models

that are used in this work are (1) generative adversarial networks (GANs) [77] and

(2) transformers [29, 76].

The foundations for the field that would become generative modelling was laid

in the mid-20th century, with early work on probabilistic and statistical modelling,

such as Shannon’s theory of information [130] and the Metropolis algorithm [131]. In

the subsequent decades there were some preliminary successes in generative modelling

using Markov chains [130,132,133], Boltzmann machines [114,115], and autoencoders

[101, 113]. It was not until 2014 with the introduction of GANs by Ian Goodfellow

[77] that the true potential of the field of generative modelling was demonstrated.

Since then, an explosion of interest has occurred, with the state-of-the-art progressing

rapidly each year. Deep convolutional GANs in 2015 [134] and Progressive GANs

[135] in 2017 both represented major advancements. Newer models have since been

developed that have surpassed the performance of GANs in pure generative-modelling

tasks such as normalizing flows [136, 137] and diffusion models [28, 138], but GANs

are still commonly used, especially when incorporated into hybrid models [139–142].

GANs still perform at the state-of-the-art level in some domains such as text to speech

synthesis [143]. The last few years has also seen the rapid rise of transformer models

[29, 76, 78, 144, 145], which were initially limited to the field of natural language but

have since been successfully applied to computer vision tasks as well [97]. Transformer-

based large language models (LLMs) have since become synonymous with artificial

intelligence (AI), being the most prominent machine-learning application that is used
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on a daily basis by non-experts. The generative models utilised in this work primarily

include GANs and transformers.

GANs consist of two separate sub-models that play a zero-sum game [146] against

each other [96]. These sub-models are:

Generator: a model that creates samples similar to those in its training

dataset.

Discriminator: a model that classifies samples as being either real (from the

training dataset) or fake (generated by the Generator).

The GAN is said to have converged when the generator G produces samples that

the discriminator D is unable to distinguish from those in the training dataset. When

successfully converged, G is considered to have learned a distribution pg that ap-

proximates the underlying training data distribution pdata. A GAN is called a latent

variable model, where G seeks to learn the mapping from an arbitrary latent space

vector z ∈ Rd of dimension d to the vector space of training samples x:

G : z → x . (2.20)

This latent space can be thought of as a prior distribution pz from which to

sample z, typically from either a standard Gaussian distribution zi∼N (0, 1) or from

a uniform distribution zi∼U(0, 1) for each component i out of dimension d. The

discriminator D has a scalar output quantifying its belief in whether x came from

pdata or from pg. Both G and D are typically neural networks with weights θg and

θd, but any other differentiable machine-learning model could be used. In the results

presented in this work, only deep, fully connected neural networks are used. Other

model types, such as convolutional neural networks [99, 109, 147] are commonly used

in high-dimensional computer vision tasks [134, 135, 148].

2.4.1 Vanilla GANs

The original GAN architecture presented in 2014 [77] is commonly referred to as the

‘vanilla GAN’. This is done in order to differentiate it from the numerous subsequent

versions. The fundamentals of the GAN architecture have remained the same, two
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neural networks competing in a zero-sum game [146] in order to learn the underlying

data distribution pdata. The output activation function of the discriminator D is a

sigmoid function, see Equation (2.16), which quantifies the network’s belief that the

inputted sample is either real or fake as a probability between zero and one, with one

being real and zero being fake.

The defining feature of the vanilla GAN is the use of the Jensen-Shannon (JS)

divergence [149] to measure the difference between the real data distribution pdata

and the generated data distribution pg at each training iteration. The loss functions

for G and D are respectively given as

LG = − E
z∼pz

[ log(1−D(G(z)))] , (2.21)

LD = −( E
z∼pz

[log(1−D(G(z)))] + E
x∼pdata

[ log(D(x))]) , (2.22)

where the notation E means the expectation value or average value over the entire

mini-batch. Equation (2.22) is based on the binary cross-entropy (BCE) loss. This

is a version of the cross-entropy loss from Equation (2.3), where there are only two

possible class labels y ∈ {0, 1} and a predicted class ŷ ∈ (0, 1). Despite the BCE

loss being used in Equation (2.22), the GAN is still effectively minimizing the JS

divergence between pdata and pg. A commonly made modification to vanilla GANs

to try to avoid the problem of vanishing gradients, is to train G to instead minimise

− E
z∼pz

[log(D(G(z))] [150].

2.4.2 Wasserstein GANs

GANs have been reformulated and improved numerous times since being originally

proposed. Using Wasserstein GANs (WGANs) [27] has become standard practice in

order to address mode collapse, which is a common problem in vanilla GANs. Mode

collapse is characterised by the variation in the samples outputted by G becoming

drastically reduced. This occurs when D cannot distinguish the real from the gen-

erated, meaning that negligible gradients are produced, which effectively halts all

learning. WGANs address this problem of mode collapse by changing the loss func-

tion metric from the original Jensen-Shannon divergence [149] to a Wasserstein loss

(also known as Earth Mover’s distance) [151]. The Jensen-Shannon divergence is
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noted to contain some undesirable properties that contribute to the problem of mode

collapse. These properties include not being a true metric that satisfies the triangle

inequality [27], being bounded between 0 and log(2), having no notion of the distance

between two non-overlapping distributions. The Wasserstein distance does not have

these unwanted properties and also benefits from being continuous everywhere and

differentiable almost everywhere [151]. This allows for much more stable training of

both D and G, while effectively eliminating the risk of mode collapse. The new and

improved loss functions of G and D in a WGAN are, respectively,

LG = − E
z∼pz

[D(G(z))] , (2.23)

LD = E
z∼pz

[D(G(z))]− E
x∼pdata

[D(x)] , (2.24)

where D is required to be a 1-Lipschitz function [152] due to the Kantorovich-

Rubinstein duality [151]. Lipschitz functions are a family of continuous differentiable

functions where the absolute value of the slope never exceeds some defined maximum,

which in this case is one. The output of D in a WGAN uses a linear activation

function, no longer representing a probability score, instead quantifying its belief that

the inputted samples are from the real distribution pdata or from the fake distribu-

tion pg. D seeks to maximise the Wasserstein distance between each distribution by

assigning larger positive scores to real samples and larger negative score to fake sam-

ples. Some form of regularization must be applied to enforce D to be a 1-Lipschitz

continuous function. If not done correctly then the model gradients will explode in

magnitude while maximising the outputted Wasserstein score. This can be avoided

in two main ways, by weight-clipping [27] or by adding a gradient-penalty term to

Equation (2.24) [153]. Weight clipping simply means to clamp the weights θd of D

to the interval θd ∈ [−c, c] where c is some small constant, typically c = 0.01. This

works by effectively constraining the magnitude of the output of D but it also nega-

tively reduces the learning capacity of the network. The more sophisticated approach

of introducing a gradient penalty term that penalises the gradients of D that devi-

ate too much from a norm of one. It is shown to improve performance over weight

clipping, but with a drawback of longer training times due to needing an additional

backward pass to calculate the required gradients [153]. The gradient penalty term
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is added with a weighting hyperparameter λgp to the discriminator loss function from

Equation (2.24) as follows:

LD = E
z∼pz

[D(G(z))]− E
x∼pdata

[D(x)] + λgp E
x̃∼px̃

[(||∇x̃D(x̃)||2 − 1)2] , (2.25)

where x̃ are interpolated samples drawn from the distribution px̃ formed along the

linear interpolation between pairs samples from pdata and pg. This random linear

interpolation is performed as x̃=γx+ (1− γ)xg where γ is a random number drawn

from the uniform distribution γ∼U(0, 1). The recommended default [153] of λgp=10

is used throughout this work.

2.4.3 Conditional GANS

Consider a dataset, where every sample x has an associated label y. A vanilla GAN

has no way of making use of these additional data labels. One can imagine a scenario,

where it is desirous to have the ability to generate samples xg for a specified target

label yg. These target labels yg can be user-defined or randomly drawn from the

same distribution as the training set labels py. For example, in image generation,

some text-based prompt yg is used to generate a corresponding image xg. Conditional

generative models faciliate this selective generation, with conditional GANs (CGANs)

[32] taking y as a secondary input into both G(z,y) and D(x,y). It this original

formulation of conditional GANs [32] y is simply just concatenated onto the inputs

z and x, with no further modifications. This method performed reasonably well, but

various improvements were subsequently made. One prominent innovation was made

by auxiliary classifier GANs (ACGANs) [139], where a secondary task of predicting y

as ŷ was integrated into D alongside the primary task of evaluating x as real or fake.

The labels y can represent discrete classes such as ‘robin, hummingbird, nail, . . .’

as in the ImageNet dataset [98] or they can be continuous values such as for molecule

properties. Suitable properties include electronic observables such as total energy,

HOMO-LUMO gap 3, and dipole moment [50]. In this work, one of the primary pur-

poses of using conditional GANs is to allow for the selective generation of molecules,

which have specific values of a given target property. Since the properties considered

3The HOMO-LUMO gap energy is not an actual observable, but is commonly used as a computa-
tional proxy for real observables such as electron excitation energy.
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Figure 2.5: Diagram showing the conditional GAN architecture used in this work.
The MNIST dataset of handwritten digits [109] is used. The generator G takes latent
vectors z and target labels yg as inputs and outputs a generated image xg that
corresponds to yg. The discriminator D is alternately inputted real images x and
generated images xg. The score outputted by D signifies its belief in whether the
inputted x is real or generated (fake). An additional network Y , that is pre-trained
on real data, predicts the class label ŷg given generated images xg. A secondary
training objective of minimising the difference between yg and ŷg is added to the
GAN.

are all continuous labels y, it means that most conditional GAN architectures are

unsuitable as they are designed for use with discrete labels. This motivated research

into other possible architectures.

It is possible to assign the primary task (real or fake) and the secondary task

(predicting labels) to different models: a standard discriminator D(x,y) and a new

label prediction model Y (x)= ŷ. The architecture of this style of conditional GAN is

shown in Figure 2.5. This would cause D to lose out on possible performance gains

from the additional task [154], but allows for specialised architectures to be used for

Y and the ability to pre-train Y on real samples before adversarial training [88]. This
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can be thought of as a multiple discriminator GAN, of which there are many variants

depending on the nature of the labels y [155–157]. There are other variants which

add an additional term onto the loss function G from Equation (2.23) [158,159]. This

forces G to learn to generate samples that tend to have lower values of this extra loss

term.

The approach taken here expands upon prior work [88, 160, 161], where just such

a label prediction model Y (x)= ŷ is incorporated into the workflow as an additional

term in the generator loss function 4. If y represents discrete class labels then Y would

be a classification model. If y are instead scalar values, then Y is a regression model.

The nature of the additional loss term that is added to the generator loss function of

Equation (2.23) depends on whether Y is a classification or a regression model. In the

example shown in Figure 2.5, where Y seeks to predict the handwritten digit shown

in each image, a cross-entropy loss term, like in Equation (2.3), is appropriate. If Y

is a regression model, then a mean-squared error (MSE) loss term is required, as in

Equation (2.2).

Assuming that y contains continuous scalar values, the difference between the

predicted ŷg of the generated samples xg and the target yg is summed onto the

generator loss function using a weighting hyperparameter λMSE as follows:

LG = − E
z∼pz

[D(G(z))] + λMSE E
yg∼py

[(yg − ŷg)
2] , (2.26)

where ŷg = Y (G(z)) and λMSE defaults to a value of 10. Training a GAN using

such a loss function will force G to output samples with predicted labels ŷ that align

with target labels yg. Depending on the nature of the dataset, it may be possible

to determine, computationally or otherwise, the actual true labels ỹ of the generated

samples xg=G(z). The efficacy of this proposed method of conditioning a GAN can

then be estimated by the difference between the desired label yg and the actual label

ỹ. This extra verification step is necessary in order to account for the error introduced

by using a ML model Y to predict ŷ. It is assumed that the method of determining

ỹ is much more expensive than Y , and is therefore not viable for inclusion within the
4Prior work was undertaken by this author as an undergraduate project where 2D Ising model
[162, 163] lattices were generated using a conditional GAN, similar to [88]. Pre-trained regression
models for temperature and energy (energy was analytically calculated) were incorporated into the
GAN. Additional mean-squared error terms were added to the loss function of G so as to enforce the
generated lattices to align with the desired property values.
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GAN inner training loop 5. For example, in the case of images of handwritten digits

as shown in Figure 2.5, it must be verified that using a target label of yg=2 actually

causes the generated image xg to display a number 2. In this scenario, the true labels

ỹ can be determined by eye, but in other cases rigorous calculations may be needed.

2.5 Transformers

It seems that the history of machine learning is defined by periodic major break-

throughs that lead to an explosion of interest and research. Examples include LeNet5

from 1998, used for handwritten digit recognition [109], and AlexNet from 2012 [99]

which influentially demonstrated the efficacy of deep learning, facilitated by parallel

training on GPUs [120] using large quantities of labelled data [98]. The introduction

of transformers in the seminal paper by Vaswani et al. [29] is undoubtedly just such

a breakthrough. It has revolutionised the field of natural language processing and is

largely responsible for AI becoming an practical tool accessible to even those without

technical expertise.

The original transformer architecture [29] consisted of two separate models: the

encoder and the decoder, with an intended use case of machine translational. The

encoder model would take sentences in English as input, and then use a novel atten-

tion mechanism to create context-rich embedding vectors, which the decoder model

would then use to output the appropriate French translation. However, it was quickly

noted that the proposed attention mechanism, used to quantify relationships be-

tween symbols in a sequence (e.g., words in a sentence), had great potential for more

than just machine translation. Widespread experimentation ensued, with encoder-

only models [145,164,165], decoder-only models [33,78,97,166], and encoder-decoder

variants [167, 168] all being proposed. For tasks which involve extracting meaning-

ful insights from sequences, then encoder-only models are more appropriate. Such

tasks may include text classification [169] or information extraction [170]. The most

well known encoder-only transformer is BERT (Bidirectional Encoder Representations

5To put this verification process within context, assume that xg are generated 3D molecules and Y
predicts molecule energies ŷ. An electronic structure code [42–44] that implements density-functional
theory (DFT) [80–82], can be used to determine the actual energies ỹ of the generated molecules
xg. Comparing ỹ to the desired or target energies yg gives a good estimate of how accurate the
conditioning is.
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from Transformers) [145]. These models can be adapted to different downstream tasks

by fine-tuning with different output layers and by reformatting the data.

Transformers fundamentally work by processing sequences of tokens into a context-

aware representation. Each layer in the model seeks to include more and more con-

textual information. It can be useful to develop an intuition about what is actually

meant by the context of a symbol or a token within a sequence. Consider the meaning

of the word ‘it’ in the following sentence: ‘she poured water from the vase into the cup

until it was empty’. It is clear to us that ‘it’ refers to the vase, which becomes empty.

There can be said to be a strong relationship or correlation between the words ‘vase’,

‘it’, and ‘empty’. However, consider a new sentence: ‘she poured water from the vase

into the cup until it was full’. Now the word ‘it’ instead refers to the ‘cup’, which

becomes ‘full’, with a strong relationship between these three words. The attention

mechanism seeks to quantify the strength of these relationships as a vector. As the

model is trained, it will learn and update these vectors so as to capture both the se-

mantic meaning of each word and also the context of each word within the sentence.

Similar logic applies to any type of sequence of tokens, not just words in a sentence.

This body of work is concerned with generative modelling and therefore only the

most suitable variant of transformers will be discussed: the Generative Pre-trained

Transformer (GPT). The GPT model is a decoder-only transformer, first proposed

by Radford et al. [78] of OpenAI. Multiple different iterations of the GPT model

have been trained, with minor architecture differences, on successively larger datasets

[76, 144, 171]. The number of learnable weights has increased dramatically at each

iteration, from 117 million in GPT1 [78] to over one trillion in GPT4 [171]. This

massive increase is a testament to the fact that deep learning has worked; scaling

a neural network allows it to become predictably better at learning any arbitrary

function [172].

2.5.1 Generative Language Modelling

The GPT model is a generative language model, which means that its objective is to

predict the next token in a sequence of tokens. A token can represent any arbitrary

symbol in a sequence, such as a word in a sentence [78] or a visual patch in an

image [97]. By learning to predict the next token, the GPT model approximates
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the underlying probability distribution of tokens. In a natural language scenario, the

goal is to have the ability to generate coherent, human-like text that obeys the laws

of grammar and is contextually relevant. One of the primary differences between

encoder-only and decoder-only models, is that decoder-only models (such as GPT),

are trained in an autoregressive fashion. This means that at each token prediction

step, the model can only see the preceding tokens, all succeeding tokens are masked.

This intuitively corresponds to how someone might go about memorising some body

of text: by first concealing every word, then progressively unmasking one word at a

time, reciting and learning from their mistakes as they go. A GPT model essentially

does just this, it predicts the next token in a sequence, adds it on to the end, and

repeats until the end of the sequence in reached. After each prediction, the output

of the model is fed back in as a new input, which is what is meant by autoregressive

or causal learning. An encoder-only model can see all tokens to the left and right

when making a prediction, which allows for insightful contexts but poor sequence

generation.

More formally, consider a dataset that contains m samples (x(1),x(2), . . . ,x(m)),

where each sample x consists of a sequence of tokens (t1, t2, . . . , tn) of variable length

n. The set of all unique tokens V contained within the dataset is called the vocabulary.

Given a partial sequence of tokens (t1, t2, . . . , tj) of length j, where j<n, the training

objective of a GPT model is to correctly estimate the probability that any token in

the vocabulary V could be the next token tj+1. Using this probability distribution,

an appropriate next token tj+1 is then randomly sampled from V . It is assumed that

sequences have an implicit natural ordering, with the probability of a sequence x

occurring being modelled as the chained probabilities of all the preceding tokens [173,

174]. The probability P (x) of a sequence x= (t1, t2, . . . , tn) occurring can therefore

be expressed as

P (x) = P (t1)P (t2|t1)P (t3|t1, t2) , . . . , P (tn|t1, t2, . . . , tn−1) ,

=
n∏

i=1

P (ti|t1, t2, . . . , ti−1) , (2.27)

where P (t2|t1) is the probability of token t2 after token t1. Equation (2.27) is funda-

mental to all generative language models and is therefore worthy of note.
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Tokens

The training dataset for a transformer consists of sequences of symbols or tokens,

which represent different things depending on the task. The actual transformer input

is a sequence of integers, where each integer is the index of the corresponding token

within the vocabulary V . A token could represent a musical note in a song [166], a

visual patch within an image [97,175], or a chemical bond of a molecule [33]. To apply

generative language modelling to the English language, a naive approach would be to

simply include every word and every punctuation mark as a separate token within the

model vocabulary. However, there are hundreds of thousands of words in the English

language, resulting in a prohibitively large model and vocabulary size. This is due to

the fact that the output layer of a decoder model is a linear layer (a fully connected

neural network layer) with one neuron for every token in V . Similarly, if individual

characters were used as tokens, then the training of the model would become too

expensive due to the increased sequence length and the lack of semantic information

contained in a character-level representation.

It is advantageous to break a raw sequence of tokens into more manageable pieces

in order to aid learning. A subword tokenisation algorithm such as byte-pair encod-

ing (BPE) [176, 177] does just this, by essentially compressing the dataset. Once the

desired vocabulary size is defined, the BPE algorithm will calculate the frequency of

each character in the dataset, and will iteratively merge common pairs of consecutive

characters until the specified vocabulary size is reached. It stores these merged char-

acters in a lookup table, which is used to tokenise any further sequences downstream.

All sequences generated by the model will be in this compressed form, and will need to

be ‘detokenised’ in order to become human interpretable. A word-level tokenisation

algorithm would struggle with out-of-vocabulary words, assigning them as unknown

<unk> tokens, while a character-level tokeniser would perform well. BPE seeks to

strike a balance between word-level and character-level tokenisation, by being reliable

with few <unk> tokens, while still retaining computationally efficiency and semantic

expressivity.

A number of additional special tokens are commonly defined and used for specific

purposes. These include the aforementioned unknown token <unk>. Some special to-

kens are required to be included in every sequence. Given a sequence x=(t1, t2, . . . , tn)
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of variable length n, a start-of-sequence token <sos> and an end-of-sequence token

<eos> are added such that x becomes (<sos>, t1, t2, . . . , tn, <eos>). The maximum

sequence length T is a hyperparameter of every transformer, which has a large impact

on the computational efficiency. The length of every sequence x is made uniform by

appending the appropriate T−(n+2) number of padding tokens <pad>. Any num-

ber of other task-specific special tokens can be included as required. Examples of

which include a <sep> token for separating questions and answers, a <cls> token for

classifying entire sentences, and language tokens such as <en> and <fr> for English

and French respectively. After the raw samples x have been tokenized using the BPE

algorithm, the necessary special tokens are included as an additional post-processing

step.

2.5.2 GPT Architecture

There exists a whole family of different GPT models [76, 78, 94, 144, 171], which are

the most successful example of decoder-only transformers. These models are used for

tasks such as text completion and text generation. The current state-of-the-art large

language models (LLMs) such as BERT [145] and GPT4 [171] contain huge amounts

of parameters and are trained on vast amounts of data. Training a LLM on that large

of a dataset is very computationally expensive, hence only large companies such as

Google [168] and OpenAI [94] will have the necessary resources. The term GPT has

become part of everyday language since October 2022 due to the revolutionary success

of ChatGPT [94]. Part of the success of GPT models is owed to their versatility, which

is characterised by the pre-training that is used. This means that a model is initially

trained in an unsupervised fashion, on a very large, diverse dataset that lacks any data

labels. This pre-trained model can then be fine-tuned on smaller, more task-specific

datasets which do contain data labels 6. The high degree of parallelism inherent in the

transformer architecture, facilitates large scale, distributed training on multiple GPUs,

which is instrumental to the success of GPT models. Due to OpenAI transitioning

away from being open source to being for-profit, GPT2 is the last version with all

of its architecture details publicly available [76], and it is therefore this version that

6It is possible to fine-tune a GPT model with just a domain-specific dataset and no labels. This
essentially consists of restarting training on this smaller dataset, perhaps with a smaller learning
weight. However, only supervised fine-tuning will be considered in this work.

P. Cahalane 31



Chapter 2. Machine Learning 2.5. Transformers

Masked Attention

Linear Linear Linear

Linear

Concat

Linear

Linear

GeLU

Dropout

 Masked  
Multi-Head Attention

Layer Norm

Fully Connected 
Neural Network

Layer Norm

Dropout

Dropout

Transformer
Block 1

Transformer
Block 2

Transformer
Block L

Layer Norm

Linear

Logits

Token
Indices

Input
Embedding

Output
Embedding

Output
Embedding

Input
Embedding

Output
Embedding

Input
Embedding

Embed Embed

Token
Positions

Figure 2.6: Diagram showing the full GPT architecture. The input of the GPT
model (green) is the sequence of token indexes in the vocabulary V . The model
output is an unnormalised probability distribution that each token in V will be the
next token in the sequence. There are a total of L transformer blocks (orange), with
each block consisting a masked multi-head attention mechanism (red) and a fully
connected neural network (blue).

is used throughout this thesis. The GPT model used in Chapter 6 is based on the

open-source implementation nanoGPT [178].

A GPT model consists of a series of L transformer blocks, which are powered by the

aforementioned attention mechanism 7. Each block consists of two core components:

a self-attention mechanism and a fully connected neural network. Every layer l in

a transformer model performs its operations on context-aware embedding vectors

7Considering that in a decoder-only model, attention is calculated entirely within the same sequence,
it can be more accurately termed as self-attention. In an encoder-decoder model, each transformer
block of the decoder takes in attention scores from the encoder, which is termed as cross attention.
It is beneficial for sequence to sequence tasks, but only self-attention scores are required for the
sequence generation task of a decoder-only model.
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hl ∈ RT×dmodel where T is the number of tokens in the sequence and dmodel is the

dimension of the embedding space. The layout of this section on the architecture of

the GPT model is now explained. The nature of input layer and the output layer

of the model will be illustrated first. Then, the transformer block and the attention

mechanism will be detailed. After which the sampling procedure used to select the

next token in the sequence from the probability distribution of all tokens is described.

Lastly, the specifics of fine-tuning a model on a labelled dataset are given.

Inputs and Outputs

All GPT models [76, 78] are based the original transformer architecture [29], whose

objective is to learn to transform any input sequence into a desired output sequence.

The initial input to the GPT model is a sequence of integers x ∈ ZT , where each

integer is the index of the corresponding token in the vocabulary V . These integer

indexes are then transformed into the token embedding vectors e ∈ RT×dmodel using

embedding layers [179]. An embedding layer is a learnable transformation that con-

verts categorical data into continuous, dense vectors of fixed size. These vectors aim

to capture semantic content of the input data, grouping similar inputs closer together

in vector space. Embedding layers are essentially a matrix We ∈ RV×dmodel that func-

tions as a lookup table, where V is the size of the vocabulary V . Each token index

i ∈ {0, 1, . . . , V−1} corresponds to the ith row of We. The elements in the matrix We

are both the embedding vectors and the learnable weights, which are updated during

backpropagation.

Some notion of the relative positions of the tokens within the sequence must be sup-

plied. Transformers are not sequential in nature, processing all tokens simultaneously,

meaning they do not inherently possess any way of distinguishing different orderings

of the same sentence. However, there exists a simple method of differentiating tokens

at different positions. An index j ∈ {0, 1, . . . , T−1} is assigned to every position and

then transformed into a learnable position embedding vector p ∈ RT×dmodel using a

another embedding layer with weight matrix Wp. These position embeddings p are

then directly summed onto the token embeddings e resulting in embeddings h0, which

are inputted into the first transformer block.

The input embeddings h0 are passed through a total of L transformer blocks,
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gaining a richer contextual representation after each block, resulting in final embed-

dings hL. The output layer is called a language modelling head, which is just a single

fully connected linear layer transforming the final embedding h
(t)
L ∈ Rdmodel for each

token t ∈ {0, 1, . . . , T−1} into unnormalised probability values for all V unique tokens

in V . These output values are called logits, and after applying a softmax activation

function as in Equation (2.15) to normalise the distribution (makes sure it correctly

sums to one), they represent the model’s estimate for the probability of each token

in V being the next token in the sequence. Actually predicting an appropriate next

token is a process called sampling or decoding, and is detailed after the workings of

the transformer block are explained. No bias terms are included in this linear layer,

resulting in learnable weights Wlm ∈ RV×dmodel , whose values are fixed to be the same

as those as of We from the input token embedding layer. This is done to enforce the

input embeddings h0 and output embeddings hL to remain consistent throughout the

model.

There are a number of hyperparameters that control the size and function of a

transformer. These include the number of tokens in the vocabulary nV , the number of

transformer blocks L, the number of attention heads nhead, the embedding dimension

dmodel, the attention vector dimension dk, and the dimension of the fully connected

neural network dfc. The weights of the GPT model are updated using mini-batch

stochastic gradient descent [110] with an Adam optimization scheme [106]. A cross-

entropy loss function, as shown in Equation (2.3), is the standard training objective of

a language model. This loss function measures the difference between the ground-truth

next token and the predicted probabilities for the next token. A softmax function is

used to convert logits to probabilities with the loss function. The ground-truth next

token probability distribution is simply a one-hot encoded vector, with a one at the

corresponding token index. This sparse ground-truth distribution means that the

cross-entropy loss function of a GPT model can be simplified as

L1(x, l) = −
1

T

T∑
i=1

logP (ti|t1, . . . , ti−1) , (2.28)

= − 1

T

T∑
i=1

log
(

exp(li,true)∑
j∈V exp(li,j)

)
, (2.29)
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where x is the sequence of tokens {t1, . . . , tT}, l ∈ RT×∥V∥ are the predicted logits

with logit li,true being the logit that corresponds to the ground truth token.

Transformer Block

The self-attention mechanism is responsible for encoding contextual information into

the embedding vectors h. For each token in the sequence, attention quantifies the

relative importance of every other token. Unlike in recurrent neural networks (RNNs)

[118], attention scores are not affected by the distance between the tokens. The

attention mechanism works by first transforming the embedding h
(t)
l ∈ Rdmodel for

each token t ∈ {0, 1, . . . , T−1} in each layer l ∈ {1, 2, . . . , L} into three separate

vectors: the query q(t), the key k(t), and the value v(t). Each of these three vectors

are constructed using a fully connected linear layer, yielding a total of three weight

matrices W{q,k,v} ∈ R d{q,k,v}×dmodel per layer l, where d{q,k,v} are the dimensions of the

corresponding vector. These linear layers are classified as being position-wise layers,

which means that they are independently applied to each token t resulting in final

vectors {q,k,v} ∈ RT×d{q,k,v} . Given vectors q, k, and v, attention is calculated as

Attention(q,k,v) = softmax
(
q kT

√
dk

)
v , (2.30)

where kT refers to transpose of k, and dk=dv is the dimension of key/query vectors

and is used to scale inputs of the softmax function so as to prevent saturation and

maintain stable gradients. This particular attention function is called the scaled dot-

product attention [29] but other variations exist within the literature, including sparse

sequences [180] and more efficient scaling with sequence length T [181].

Developing an intuition for the use of the query, key, and value vectors can be

useful in understanding the self-attention mechanism. The query is the token for

which it is desired to calculate attention. The key quantifies how relevant every other

token is to the query token. And the value contains the actual meaningful content

of each token. Attention can therefore be thought of as a weighted sum of the value

vectors, where the weights are determined based on how similar the query and the

key are.

The particular attention mechanism used in transformer is called masked multi-

head attention. Masked simply means that the attention mechanism can only see
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the preceding tokens in the sequence, the succeeding tokens are ignored. Multi-head

means that the attention mechanism described thus far is repeated in parallel a total

of nhead times. Each head i where i ∈ {0, 1, . . . , nhead−1} uses three different linear

layers, as can be in Figure 2.6, resulting in a total of 3∗nhead linear layers. Since all of

these linear layers will have weights W (i)
{q,k,v} that have different random initialisations,

they will all result in different q, k, and v vectors. The attentions of every head

are concatenated together, and passed through one final linear layer with a weight

matrix Wo to yield an output embedding h ∈ RT×dmodel , which has the appropriate

shape. Multi-head attention is a very successful mechanism for attending to different

aspects of the same sequence in multiple different ways. This provides an overall

richer contextual representation, with the model learning many types of dependencies

between tokens, such as long-range, short-range, semantics, syntax, style, etc. The

entire procedure can be calculated in parallel, unlike recurrent neural networks, which

massively increases scalability, facilitating the creation of the current generation of

large language models.

The output embedding of the multi-head attention mechanism is then passed

into a standard fully connected neural network. This neural network consists of two

linear layers with a GeLU activation function as from Equation (2.14) in between.

It is a position-wise neural network that uses the same weights {W1,W2} for each

token t in the sequence. The neural network’s output embeddings h
(t)
fc ∈ Rdmodel have

the same shape as the input embeddings as required. The dimension of the hidden

layer is controlled using a hyperparameter dfc that defaults to 4∗dmodels in the GPT2

architecture and in this work. Given the attention embeddings h
(t)
attn ∈ Rdmodel as

inputs, the neural network will calculate output embeddings h
(t)
fc for each token t as

h
(t)
fc = GeLU

(
h

(t)
attn W1 + b1

)
W2 + b2 , (2.31)

where b1 and b2 are bias parameter vectors for layers 1 and 2, respectively.

Besides the previously discussed attention mechanism and fully connected neural

network, there are three further components in each transformer block. These can

be listed in sequential order as (1) layer normalisation [117], (2) dropout [112], and

(3) residual connections [182]. These three techniques are applied to both the at-

tention layer and the neural network in that listed order. Layer normalisation scales
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embeddings such that they have a mean of zero and a standard deviation of one,

similar to Equation (2.7), using statistics calculated for each feature across the en-

tire mini-batch. Dropout is a biologically inspired regularisation technique used to

prevent overfitting, where neurons have a certain probability p of outputting zero.

Residual connections directly sum input embeddings to output embeddings, aiding in

the backpropagation of gradients of very deep networks. The places of application of

these three techniques can be clearly seen in Figure 2.6. They are added to improve

training stability, reduce overfitting, and help gradient flow.

Sampling

After the training of any generative language model such as GPT has concluded, the

inference stage begins, where the objective is to generate novel, coherent sequences.

Considering that the model simply estimates the probability that each token in the

vocabulary V will be next in the sequence, a procedure to actually select this next

token is required. This is referred to as decoding or as sampling. The outputs of

the GPT model are logits, which are unnormalised probabilities for each token in V .

During the inference stage, these logits are passed through a softmax function, as

defined in Equation (2.15), to yield normalised probabilities which sum up to one. A

naive sampling procedure would be to greedily select the token in V , which has the

highest probability, but this can cause sequences to exhibit a high degree of repetition

and incoherence. A more sophisticated method is to use beam search [183], which

considers the conditional probabilities of the next b tokens in the sequence, with the

best one being chosen in the end. This results in more coherent sequences than the

greedy approach, but it is computationally expensive due to multiple model calls being

required and it still has a tendency to repeat itself with common, safe phrases.

The sampling strategy that is used in both GPT2 [76] and in this work, is called

top-k sampling [184]. It works by restricting the candidate pool of next tokens to

only the top k highest-probability tokens. The probability distribution of these top k

tokens is once again normalised such that it sums up to one. The next token is then

chosen from this pool of k candidates, based on their probabilities. This sampling

method strikes a balance between avoiding highly unlikely tokens and maintaining a

high degree of coherence and diversity. An illustration of top-k sampling is shown
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in Figure 6.3. However, there exists a more modern sampling procedure called top-p

sampling [185], which restricts the candidate pool to include the minimum number of

tokens whose cumulative probability exceeds some threshold p. This is the strategy

used in GPT3 [144] and GPT4 [171]. It is not used in this work due to the lack of

any open-source code that is optimised for use in a parallel training scenario.

Another commonly used method of controlling the inference process of a generative

language model is to directly adjust the probability distribution generated by the

softmax activation function in the output layer. This is achieved by modifying the

original softmax function from Equation (2.15) to include a temperature term β, which

controls how much weight is given to the less probable tokens. This modified softmax

function is given as

Softmax(li, β) =
eβ li∑

j∈V e
β lj

, (2.32)

where li is the logit for the ith token in V . The temperature can be either defined as

β or as T , where β = 1
T

. If more diversity and creativity is desired in the generated

sequences then T > 1 will result in the less probable tokens being given a higher chance

of selection. However, this can cause a decrease in the coherence of the generated

sequences. Lowering the temperature T < 1 will result in the model choosing the

safer, more likely tokens, increasing coherence at the cost of a lack of variation. Setting

T =1 will leave the softmax probability distribution unchanged from its original form

in Equation (2.15). Choosing an appropriate temperature value during the inference

stage is important. For example, when generating English language text using the

ChatGPT API [94], a lower temperature value T ∼ 0.4 is often advised in order to

ensure that the text generated obeys proper grammar laws.

Fine-Tuning

After pre-training comes the next stage of fine-tuning, where the model undergoes

further training on a smaller, domain-specific dataset. Fine-tuning is usually done

in a supervised fashion on a labelled dataset. Utilising pre-trained weights, fine-

tuning allows limited computational resources to be spent in obtaining a model that

is trained for a specific task. Consider a dataset, where each sample is a sequence of

token x= (t1, t2, . . . , tT ) that has an associated data label y. A sample x is passed

38 Ph.D. Thesis



2.5. Transformers Chapter 2. Machine Learning

as an input into the GPT model as described, which outputs the Lth transformer

block’s final embeddings hL. An additional linear layer is defined, with weights Wy ∈

R∥y∥×dmodel , to predict y given the embedding vectors hT
L for the last token in the

sequence x. The primary training objective of predicting the next token as in Equation

(2.28), remains unchanged. A secondary training objective of predicting the target

label y can be added as:

L2(y, ŷ) = logP (y|t1, . . . , tT ) . (2.33)

These two different training objectives are then summed together with a coupling

term λ as

L3 = L2 + λL1 , (2.34)

where L3 is the updated loss function to be used to fine-tune the pre-trained trans-

former. However, if there are no data labels y available in this domain-specific dataset,

then the original loss function from Equation (2.28) can instead be used for fine-tuning

purposes.
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2.6 Summary

This chapter includes all of the machine-learning (ML) methods and algorithms that

are used throughout this work. A good knowledge of these algorithms is required

for proper interpretation of the main results of Chapter 5 and Chapter 6. A brief

summary of the contents of this chapter is now listed. First, a general introduction is

given, where ML is defined, with the fundamental workflow being illustrated. Next,

the most common ML paradigm of supervised learning was detailed, where each sam-

ple in the training dataset is labelled with additional information. Commonly used

loss functions, proper training methods to prevent overfitting, and feature scaling

procedures were all defined. The important gradient descent algorithm [105] was also

briefly demonstrated. After this, neural networks were introduced, with activation

functions [119,125] and the crucial backpropagation algorithm [101] being described.

The majority of this chapter was spent introducing the two key generative models

used in this work. The first of which are the generative adversarial networks (GANs)

used in Chapter 5. The original GAN formulation, or the so-called the vanilla GAN,

is first detailed. Then, the improved reformulation of Wasserstein GANs [27, 153],

and the conditional GANs [32] used with labelled datasets are both explained. The

second generative model that is described in this chapter are generative pre-trained

transformers (GPTs) [76, 78], which are used in Chapter 6. The original transformer

models [29] are introduced, followed by the principles of generative language mod-

elling. The architecture of the GPT model is then comprehensively explained, with

particular attention being given to the fundamental transformer block, which powers

the model. Sampling methods used to generate new sequences with the model are

then explained. The chapter closes with a description of how to fine-tune a GPT

model on a domain-specific dataset.
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Chapter 3

The Physics of Many Bodies

This chapter seeks to briefly detail the physics of interacting many-body systems, and

also some related machine learning (ML) applications. First, the relevant quantum-

mechanics (QM) equations are introduced. Density-functional theory (DFT) methods

that are used to efficiently calculate QM properties are then detailed. Representa-

tions that accurately encode local chemical environments into ML feature vectors are

illustrated. Suitable ML models for QM property prediction are then described.

3.1 Introduction

Given a system of atoms with known coordinates, quantum mechanics (QM) provides

a full description of the atomic interactions by means of the Schrödinger equation, see

Equation (3.1). However, the computational expense involved in performing full QM

calculations limits the system size able to be considered. A series of simplifications

can be made to increase this limit, at the cost of decreasing the level of accuracy

[186]. Coupled cluster (CC) [187, 188] calculations provide the most accurate means

of numerically solving the Schrödinger equation for most practical quantum-chemistry

applications. However, CC has a prohibitively large scaling of at best O(n6), which

typically renders it only applicable to systems with tens of atoms. Therefore, density-

functional theory (DFT) is used to computationally solve the Schrödinger equation,

due to the more manageable scaling of O(n3) [186]. There have been advances in

a linearly scaling O(n) version of DFT, but it assumes that electronic interactions

may be spatially truncated, which only true holds in very large systems. It also
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has a large computational overhead due to the complexity of implementation. The

scalings here mentioned are all relative to the number of basis functions n used to

describe the electronic wavefunction, where n generally increases with the number of

atoms. For these reasons, the traditional DFT implementation with its cubic scaling

is chosen as the method of performing quantum-mechanical calculations in this work.

All electronic structure theory presented in this chapter follows Reference [49].

3.2 Quantum Mechanics

The interactions between electrons and nuclei in a many-body quantum system can be

described using the Schrödinger equation [189]. Consider a system with Ne electrons

at positions r and Nn nuclei at positions R. The time-independent, non-relativistic

form of the Schrödinger equation [79] be written as

Ĥψ(r,R) = Eψ(r,R) , (3.1)

where ψ is the wavefunction, Ĥ is the Hamiltonian operator [79], and E is the total

energy of the system. The wavefunction ψ is a complex-valued eigenvector. Its physi-

cal meaning can be interpreted from its squared modulus |ψ(r,R)|2 corresponding to

the probability that the electrons and nuclei will be at positions r and R, respectively.

The Hamiltonian operator includes kinetic energy and potential energy terms for

both the electrons and nuclei as follows:

Ĥ = −
Ne∑
i

ℏ2

2me

∇2
i +

Ne∑
i<j

e2

|ri − rj|
−

Ne,Nn∑
i,I

ZI e
2

|ri −RI |

−
Nn∑
I

ℏ2

2MI

∇2
I +

Nn∑
I<J

ZIZJ e
2

|RI −RJ |
, (3.2)

= T̂e + V̂ee + V̂en + T̂n + V̂nn , (3.3)

where me is the mass of the electron with charge e, and MI is the mass of nuclei I with

atomic number ZI . Equation (3.3) more succinctly describes the individual Hamilto-

nian terms. The kinetic energies of the electrons and nuclei are T̂e and T̂n respectively.

Additionally, there are three Coulombic interaction terms: the electron-electron re-

pulsion V̂ee, electron-nucleus attraction V̂en, and the nucleus-nucleus repulsion V̂nn.
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In the Born-Oppenheimer (BO) approximation [190], the wavefunction ψ is decou-

pled into electronic ψe and nuclear ψn contributions as ψ(r,R)=ψe(r,R)ψn(R) [191].

As the nucleus mass is at least three orders of magnitude larger than the electron mass,

the nuclei can be assumed to remain stationary, while the electrons move dynami-

cally. Therefore, when calculating the electronic wavefunction ψe, the nuclei positions

are fixed at R, allowing the kinetic energy term T̂n to be neglected, and the nucleus-

nucleus energy Enn to become a classical additive term.

The electronic and nuclear Schrödinger equations under the BO approximation

are respectively:

(
T̂e + V̂ee + V̂en

)
ψe(r,R) + Enn = Ee(R)ψe(r,R) , (3.4)(

T̂n + Ee(R)
)
ψn(R) = Eψn(R) , (3.5)

where E is the total energy, and Ee(R) is called the potential energy surface (PES)

[192]. This PES is a hypersurface used to describe how the energetics of a system

change with respect to the nuclei positions. The PES is an important concept in the

field of quantum chemistry, especially in the construction of suitably representative

datasets used to train machine-learned interatomic potentials, see Section 3.5. In

electronic structure calculations the kinetic energy of the nuclei is neglected, meaning

that the PES energies Ee can be considered equivalent to the total energies E.

The nuclear Schrödinger equation is typically only solved in scenarios where a full

quantum-mechanical treatment of nuclear motion is required. Calculating ground-

state properties, predicting nuclear excitations, and modelling neutron stars are some

examples of such scenarios [193]. It is common to approximate Equation (3.5) by

using classical equation of motions, particularly in geometry optimisation [50] and

molecular dynamics [194]. However, the electronic structure of the system must first

be calculated, in a computationally feasible manner.
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3.3 Density-Functional Theory

The electronic Schrödinger equation from Equation (3.4) depends on 3Ne coordinates,

making it computationally intractable to solve directly for large systems [49]. There-

fore, a means to solve this equation more efficiently is required. This is provided by

density-functional theory (DFT), which reformulates the problem in terms of electron

density ρ(r), as described in the following section. Indeed, the Kohn-Sham formu-

lation of DFT allows the previous many-body wavefunction ψe to be replaced by a

single-body problem. Throughout this section, the Born-Oppenheimer approxima-

tion [190] is applied, with the nuclei remaining stationary at positions R, which will

be treated as implicit parameters hereafter.

The electron-nuclei interaction term V̂en is commonly treated as some external

potential, created by the nuclei, acting on each of the Ne electrons. This external

potential operator V̂ext is formed as a sum of the potentials on all electrons as

V̂ext =
Ne∑
i=1

Vext(ri) , (3.6)

with an expectation value for the external potential energy of:

Eext =

∫
ρ(r)Vext(r)dr , (3.7)

where ρ(r) is the single-electron density at position r:

ρ(r) = Ne

∫
|Ψe(r, r2, . . . , rNe)|2dr2 . . . drNe . (3.8)

The Hohenberg-Kohn (HK) Theorems [80] form the foundations of DFT. The

first of the two theorems shows that the ground-state electron density ρ(r) uniquely

determines the external potential Vext(r), up to some constant. Since the external

potential fully determines the electronic Hamiltonian Ĥ, it implies that the ground-

state wavefunction ψe, and all related properties thereof, are fully determined by the

electron density ρ(r). This theorem can be proven using the variational principle [80].

The second HK Theorem reformulates the ground-state total energy E as a func-

tional of the electron density ρ as follows:

44 Ph.D. Thesis



3.3. Density-Functional Theory Chapter 3. The Physics of Many Bodies

E[ρ] = T [ρ] + Eee[ρ] + Eext[ρ] + Enn , (3.9)

where T is the total kinetic energy of the Ne electrons, Eee is the electron-electron

energy, and Eext is the external potential energy. It is noted that the nucleus-nucleus

interaction energy Enn is a classical additive term, and not a functional of density ρ,

unlike the other terms. This second theorem can also be proved using a variational

principle [80].

3.3.1 Kohn-Sham Scheme

The Kohn-Sham (KS) approach [81, 195] reformulates the many-body Schrödinger

equation into a system of non-interacting electrons. A self-consistent field (SCF)

procedure is iteratively performed until the non-interacting electrons generate the

same electron density ρ(r) as fully interacting electrons would.

Under the KS formulation, the total energy of a system of fully interacting elec-

trons, in the presence of an external potential Vext(r) generated by some classical

nuclei, can be expressed as

E[ρ] = Ts[ρ] + Eext[ρ] + EHartree[ρ] + Exc[ρ] + Enn , (3.10)

where Ts is the total kinetic energy of the Ne non-interacting electrons, and EHartree

is the classical Coulombic electron-electron interaction energy, replacing the previous

Eee. Equation (3.10) resembles that of the HK total energy from Equation (3.9)

with one additional term: the exchange-correlation energy Exc that captures complex

many-body quantum-mechanical effects into one term, which must be approximated.

This new term consists of two components, the kinetic energy difference caused by

the non-interacting approximation, and the non-classical electron-electron interaction

energy that is not included in EHartree.

The three energy functionals that are different between these HK and the KS total

energy equations can be given as
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Ts[ρ] = −
ℏ2

2me

Ne∑
i=1

∫
|∇φi(r)|2dr , (3.11)

EHartree[ρ] =
1

2

∫ ∫
ρ(r)ρ(r′)

|r − r′|
drdr′ , (3.12)

Exc[ρ] = (T [ρ]− Ts[ρ]) + (Eee[ρ]− EHartree[ρ]) , (3.13)

where φi(r) are eigenstates of the following auxiliary KS equation for each electron i:

[
− ℏ2

2me

∇2 + Vs(r)

]
φi(r) = εiφi(r) , (3.14)

with orbital energies εi, and an effective potential Vs(r) of:

Vs(r) = −
Nn∑
I

ZI

|r −RI |
+

∫
ρ(r′)

|r − r′|
dr′ +

δExc[ρ]

δρ(r)
, (3.15)

= Vext(r) + VHartree(r) + Vxc(r) . (3.16)

Equation (3.15) makes the assumption that the external potential Vext(r) only

consists of electron-nuclei interactions, which is not always valid. This effective po-

tential Vs(r) is an approximate local potential in which the non-interacting electrons

move. It is used to solve Equation (3.14), yielding the KS orbitals {φi(r)}Ne
i=1. The

electron density ρ(r) can be calculated from these orbitals as

ρ(r) =
Ne∑
i=1

|φi(r)|2 , (3.17)

where the appropriate normalisation is enforced:

Ne =

∫
ρ(r)dr . (3.18)

The KS equations are, typically, iteratively solved using a self-consistent field

(SCF) cycle. A basis set [196] must be specified for the electron orbitals {φi(r)}Ne
i=1,

along with an initial guess for the electron density ρ(r), as according to Equation

(3.17). The corresponding effective potential Vs(r) is then used to solve Equation

(3.14), yielding updated orbitals and densities. This cycle is repeated until the differ-

ence in densities between subsequent iterations is less than some convergence thresh-
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old. After convergence, the ground-state densities ρ(r), KS orbitals φi(r), total ener-

gies E, and orbital energies εi can all be returned. Related properties such as dipole

moments and HOMO-LUMO gap energies can also be calculated [49]. The forces on

the nuclei I are related to the derivatives of the total energy E with respect to the

nuclei positions RI as

FI = −
∂E

∂RI

. (3.19)

The exact functional form for the exchange correlation term Exc is unknown, and

therefore, some level of approximation must be introduced. There exists a trade-off

between accuracy and computational cost in the choice of functionals [197]. In this

work, two different functionals are used: PBE [198] and B3LYP [199–202]. The first

is the simpler of the two, and is used in the MD-17 dataset [87] in Chapters 4 and

5. The PBE functional falls under the class of generalized gradient approximations

(GGA) [198], where the exchange-correlation energy depends on both the density

ρ(r) and its gradient |∇ρ(r)|. The B3LYP functional takes a more computationally

expensive, semi-empirical, hybrid approach, and is used in the QM9 dataset [14, 90]

in Chapter 6. It consists of a weighted sum of exchange and correlation energies

from both GGA and a local density approximation (LDA) [81, 203], where LDA has

no gradient dependency on the density ρ(r). An exact exchange energy term as

calculated by the Hartree-Fock methods [49, 204] is also included in the sum. The

parameters of the weighted sum are determined by fitting to experimental data [201].

All DFT calculations in this thesis are performed using the PySCF package [42–44].

Electronic structure calculations can be used to perform geometry optimisation or

structure relaxation. This allows some initial structure to be iteratively updated until

the forces on each nuclei are at a minimum. It is hoped that this will correspond to the

global minimum on the potential energy surface, but the structure may instead become

trapped in some local minima. Geometry optimisation works by first performing a

self-consistent field cycle on a structure, then calculating the nuclear forces, and finally

updating the nuclei positions to minimise these forces. These steps are repeated until

the structure is converged, which occurs when all forces are below some threshold.

The resulting equilibrium structure is often a more appropriate candidate for reporting

accurate QM property information.
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3.3.2 HOMO-LUMO Gap

This section, which follows Reference [205], introduces a property which is used

throughout Chapter 6. In the Kohn-Sham (KS) formulation of DFT, N interact-

ing electrons are modelled as a fictitious system of non-interacting electrons. One

key property often calculated using DFT is called the band gap (in periodic systems)

or the HOMO-LUMO gap (in finite systems). This is the energy difference between

the highest occupied molecular orbital (HOMO) and the lowest unoccupied molecular

orbital (LUMO). In KS-DFT, the HOMO-LUMO gap EKS
gap is calculated as:

EKS
gap = εLUMO − εHOMO , (3.20)

where εLUMO and εHOMO are respectively the LUMO and HOMO energies. This EKS
gap

refers to the energy difference between Kohn-Sham orbitals of the non-interacting

system. In the true system of N interacting electrons, there exist two related ob-

servables called the ionisation potential (IP), which is the energy required to remove

an electron, and the electron affinity (EA), which is the energy gained by adding an

electron. Physically, the gap relevant for reactivity and optoelectronic behaviour [51]

is the true gap or the fundamental gap Egap, defined as:

Egap = IP− EA . (3.21)

Even in exact DFT, the HOMO–LUMO gap EKS
gap does not equal the fundamental

gap Egap. When an electron is added to the system, the exchange–correlation potential

Vxc can jump discontinuously by a finite amount. This is known as the derivative

discontinuity ∆xc, separating the HOMO-LUMO gap from the fundamental gap:

Egap = EKS
gap +∆xc . (3.22)

Local and semi-local functionals [198,203] systematically underestimate the HOMO-

LUMO gap due to their lack of the derivative discontinuity [205]. This effect is more

prominent in molecular systems than in solids where N≫0. In conclusion, it should

be noted the HOMO-LUMO gap is not a physically relevant observable, it is a proxy

for the fundamental gap.
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3.4 Chemical Representation

In any machine-learning (ML) application, the construction of suitable feature vec-

tors is crucial for enabling accurate predictions to take place. These features are used

to describe each of the individual samples in the dataset. In chemical systems, the

representation determines a ML model’s accuracy, efficiency, and generalizability. It

is common to use simple, linear ML models [206] with a sophisticated chemical rep-

resentation [84, 207, 208]. This highlights that the foundation of the efficacy of ML

on chemical systems lies in the representation and not in the model. The availability

of structural data, in the form of atomic Cartesian coordinates, broadly determines

which representations can be chosen for any given task.

In scenarios where no three-dimensional (3D) structural data is available, then the

chemical representation must be primarily composition based. There exist many ML

applications that only consider chemical composition [209–211], mainly in predicting

the bulk properties of materials. In molecular systems, two-dimensional (2D) repre-

sentations [72,73,212,213] are widely used in the field of cheminformatics for property

prediction and drug discovery [30, 31, 33, 34, 214–219]. These 2D representations con-

sider molecules as a text-based graph with atoms being nodes and bonds being edges.

They contain information such as chemical species, bond types, and atom connec-

tivities but lack any notion of physical distance or atomic positions. This thesis is

primarily concerned with ML applications on 3D structural data. However, 2D rep-

resentations such as SMILES [72] and a newly proposed ‘MolBlox’ representation are

both used in Chapter 6, see Figure 6.1.

Incorporating structural information about the atomic coordinates has been shown

to dramatically improve the ability of ML models to successfully predict quantum-

mechanical properties such as total energies, band gaps, etc [220–222]. The most naive

choice for a 3D representation would be to use Cartesian coordinates r ∈ RNat×3,

where each of the Nat atoms are described by its x, y and z components. How-

ever, there are problems associated with using Cartesian coordinates as a descriptor,

primarily due to their lack of translational and rotational invariances. Cartesian co-

ordinates are an over-complete representation, see Figure 3.4, where every structure

corresponds to multiple different descriptors due to all the possible translations and

rotations. This hinders learning as the model will struggle to recognise that structures
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Figure 3.1: Diagram showing three different invariances that a suitable chemical rep-
resentation should have. The representation’s feature vectors must not change under
these three transformations. Panel (a) shows a global translation of the position of a
molecule. Panel (b) shows a molecule being rotated. Panel (c) shows a permutation
of the atom indices.

may in fact be similar, despite having very different descriptors. They also lack any

inherent physical meaning, e.g., no notion of bonding, electronic interactions, or other

chemical properties are encoded. For these reasons, it is desirous to convert the raw

Cartesian coordinates r into some descriptors x that are invariant with respect to

translations, rotations, and permutations of atom indices, as shown in Figure 3.1.

3.4.1 Many-Body Representations

Numerous different types of 3D representations are commonly used for machine-

learning property prediction [75, 85, 207, 208, 220–223] and inverse design tasks [224–

229]. However, the most effective way to predict quantum-mechanical properties to

a high degree of accuracy is to use many-body representations [75,207,208,230–232].

This style of representation encodes the local chemical environment around each atom,

using a series of many-body interactions as shown in Figure 3.2. They consider inter-

atomic distances (2-body) and interatomic angles (3-body), as well as other higher-

order interactions between atom triplets, quadruplets, quintuplets, etc. A key com-
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Figure 3.2: Diagram showing the constituents of a many-body descriptor for a single
atom within a molecule of aspirin. The atom’s local environment is encoded by
considering interactions between neighbours within a sphere of some cutoff radius.
Successively higher-order body terms are used, where n-body refers to interactions
between n different atoms. The 2-body term only includes interatomic distances,
while the 3-body term considers angles formed by triplets of atoms. The 4-body term
incorporates dihedral angles, and other such interactions between four atoms. Further
higher body terms can be included so as to increase the accuracy of the descriptor.

ponent of many-body representations is locality, where only nearby atoms are con-

sidered in the construction of the descriptors. As all interactions are internal, with

no reference to some external coordinate system, the descriptors do not change with

translations and rotations as required, making them an appropriately complete rep-

resentation. Some especially sophisticated representations [207, 208] consider 5-body

terms and beyond, making them essentially complete representations [233], with a one-

to-one mapping between structure and descriptor. Of the various many-body repre-

sentations available, symmetry functions [83,232] and bispectrum components [75,84]

are detailed here.

Compositional information is also encoded within these 3D structure-based rep-

resentations. Consider a dataset with m configurations (r(1), r(2), . . . , r(m)) expressed

in Cartesian coordinates. The dataset also contains the associated DFT energy values

(E(1), E(2), . . . , E(m)), which are the target properties to be predicted. Just using the

x, y, and z components that are contained in r for each of the Nat atoms is not suffi-

cient, in that some notion of the chemical species Zi of atom i must also be encoded.

This means that additional features (Z(1),Z(2), . . . ,Z(m)), where Z ∈ ZNat , are re-

quired by any ML model to be used on atomic systems. These chemical species Z
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are typically in the form of integer atomic numbers for each atom, hence the notation

Z. This assumes that the chemical composition varies for each sample. However,

in many cases, the dataset may consist of conformations or isomers, all having the

same composition Z, but different structures r. Throughout this thesis, when dis-

cussing some set of configurations {r(i)}mi=1, these composition features {Z(i)}mi=1 can

be assumed to be present, despite not being explicitly referenced.

Many-body representations enforce locality by only considering interactions be-

tween neighbours contained within a sphere, of cutoff radius rc, around the central

atom i. These many-body interactions are weighted using a cutoff function fc(rij)

that smoothly approaches zero as rij → rc , where rij is the distance between atom i

and atom j. Various cutoff functions exist, but the following is most commonly used:

fc(rij) =

0.5 ·
[
cos(

π rij
rc

) + 1
]

if rij < rc ,

0 if rij ≥ rc ,

(3.23)

where the value of rc is often heuristically defined so as to include a small number

of nearest neighbours. It can be considered as a hyperparameter, with an optimal rc
being that which gives the lowest error on the validation dataset. However, this is

rarely performed, as an entirely new dataset of feature vectors must be created for

each different rc, rendering most hyperparameter optimisation procedures [234, 235]

too computationally expensive.

3.4.2 Symmetry Functions

One of the first prominent methods of encoding local chemical environments of an

atomic system into feature vectors was introduced by Behler et al. [83]. The proposed

chemical representation utilised atom-centered symmetry functions (ACSFs) [83,232,

236], which are here detailed. A number of improvements to the original formulation

have been proposed over the years [236, 237]. The local environment of each atom i

is calculated as a sum of interactions between neighbouring atoms. A simple set of

Gaussian distributions are used as the basis set. As required, the representation is

invariant to translations, rotations, and permutations. Locality is enforced by using

a cutoff function like that of Equation (3.23).

Symmetry functions consist of radial and angular functions. The radial functions

52 Ph.D. Thesis



3.4. Chemical Representation Chapter 3. The Physics of Many Bodies

probe outwards in a series of spherical shells, measuring the frequency that neighbour-

ing atoms occur within these shells. These are commonly called the 2-body terms in

the ACSFs as they only consider interatomic distances between two atoms. The an-

gular functions work similarly, by successively probing the density of neighbouring

atoms at different solid angles. The angular functions encode 3-body terms into the

ACSFs, enhancing the accuracy of the representation. Both functions probe their

respective environments using successive Gaussian distributions. The widths and lo-

cations of these Gaussian distributions are varied to make each of the Nf different

features. The functions used in generating these radial and angular components for

each atom i are:

G rad
i,m =

all atoms∑
j ̸=i

e−η (rij−rs)2fc(rij) , (3.24)

G ang
i,m = 21−ζ

all atoms∑
j,k ̸=i

(1+ cos(θijk−θs))ζ exp
[
−η
( (rij+rik)

2
−rs

)2]
fc(rij)fc(rik) , (3.25)

where the index m is over the set of four hyperparameters: η, rs, ζ, and θs. The

Gaussian distribution widths are controlled by η and the peak locations by rs. The

parameter ζ specifies the width of the angular region probed and θs controls the peak

location. Typically, the distribution widths η and ζ are fixed while multiple values for

rs and θs are used. This is a convention used to limit the number of hyperparameters

that must be specified. The radial and angular components are then concatenated

into a feature vector.

3.4.3 Bispectrum Components

Another chemical representation that is used to describe local atomic environments is

that of called bispectrum components [75]. These are many-body representations that

are used throughout this work. The accuracy of symmetry functions and bispectrum

components is comparable [85] but the latter are chosen as they require fewer hyper-

parameters and generally use less feature vectors. Another reason for their adoption

in this work, is that the LAMMPS [238,239] implementation provides the derivatives

of the descriptors with respect to the positions of the atoms, which are required in

Chapter 4.
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Figure 3.3: Diagram showing the construction of many-body descriptors as feature
vectors encoding information about the local environment around each atom. Panel
(a) shows a configuration of benzene with a cutoff radius rc centered on atoms of each
species present. Panel (b) shows bispectrum components feature vectors for a carbon
atom and a hydrogen atom. Panel (c) shows the calculated bispectrum components
for all atoms in the benzene molecule visualised as a 2D colour plot.

Bispectrum components are constructed for each atom i by first modelling the

neighbouring atomic density distribution at arbitrary position r using a sum of delta-

functions:

ρi(r) = δ(r) +
∑
j

wsj fc(rij) δ(r − rj) , (3.26)

where w(sj) is a weight assigned to the species s of each atom j at position rj, the

interatomic distance rij is equal to |ri− rj|, and fc(rij) is the same cutoff function as

in Equation (3.23).

In order to construct meaningful feature vectors that accurately describe the local

environment of each atom i, it is natural to expand the density ρi using a series of

basis functions. To avoid having to use both spherical and radial basis functions

with components (r, θ, ϕ), the density ρi from Equation (3.26) undergoes a Riemann-

like projection onto a 3-sphere, which is a unit sphere in 4D. By representing this

3D density distribution on the surface of a 4D sphere, it allows the density ρi to be

described entirely using angular basis functions with components (ϕ, θ, θ0) [230]. The
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appropriate transformation is given as

r =


x

y

z

→
ϕ = arctan(y/x) ,

θ = arctan
(√

x2+y2

z

)
,

θ0 = π r
r0
,

(3.27)

where r0 > rc is a parameter controlling which pole of the 3-sphere that the projection

is focused on. A complete natural basis can be formed using 4D spherical harmonics,

also called Wigner matrices [240]. These matrices are denoted as U j
m,m′ where j

consists of half integer values and m,m′= − j,− j+1, . . . , j− 1, j. The full basis

expansion of the density ρi for each atom i is given as

ρi(ϕ, θ, θ0) =
∞∑
j=0

j∑
m=−j

j∑
m′=−j

uji,m,m′ U
j
m,m′(ϕ, θ, θ0) , (3.28)

where uji,m,m′ are expansion coefficients that used to construct the bispectrum com-

ponents vectors for each atom i. These coefficients can be calculated as the inner

product of matrices U j
m,m′ and density ρi:

uji,m,m′ = ⟨U j
m,m′ |ρi⟩ , (3.29)

= U j
m,m′(0, 0, 0) +

∑
j

wsj fc(rij)U
j
m,m′(ϕ, θ, θ0) . (3.30)

These coefficients uji,m,m′ contain all of the necessary information about the local

environment of atom i. However, they are complex-valued and are not rotationally

invariant, and are therefore unsuitable for use as a set of descriptors. This motivates

the construction of the bispectrum components Bj,j1,j2 which are non-complex and

are invariant under rotations [230]. They are defined using a triple inner product of

the expansion coefficients uji,m,m′ as follows:

Bj,j1,j2 =

j1∑
m1,m

′
1=−j1

j2∑
m2,m

′
2=−j2

j∑
m,m′=−j

(
uji,m,m′

)∗
Cj,j1,j2

m,m1,m2
Cj,j1,j2

m′,m′
1,m

′
2
uj1i,m1,m

′
1
uj2i,m2,m

′
2
, (3.31)

where j1 and j2 are bounded as ∥j1−j2∥ ≤ j ≤ ∥j1+j2∥, and Cj,j1,j2
m,m1,m2

are coupling

coefficients, analogous to the 2-sphere Clebsch-Gordon coefficients [240]. Equation

(3.28) can be truncated with j, j1, j2 ≤ jmax, where the value of jmax [241] determines
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the number of features Nf for each atom which is given as

Nf =
(jmax + 1)(jmax +

3
2
)(jmax + 2)

3
. (3.32)

In conclusion, bispectrum components consider any system containing a total of

Nat atoms, and encode the local atomic environment around each atom as a vector.

These vectors form a matrix B ∈ RNat×Nf that is suitable for use in machine-learning

applications. The number of features Nf corresponds to the coarseness of the spatial

resolution of the representation, with this work using a default value of 2jmax = 8,

which corresponds to Nf =55. A diagram illustrating the construction of bispectrum

components is shown in Figure 3.3. They are invariant to translations, rotations, and

permutations as required, see Figure 3.1.

3.4.4 Completeness

Many-body descriptors such as the bispectrum components [75] are used to accu-

rately represent interactions between atoms within a system. However, the intrinsic

limitations of bispectrum components, and other similar representations such as sym-

metry functions, must be addressed. Both these representations satisfy the general

requirements for use as a descriptor, such as being as descriptive, differentiable, and

invariant to rotations, translations, and permutations. It was previously thought that

they formed a unique one-to-one bijective mapping between atomic structures r and

many-body descriptors x. This was disproved by Pozdnyakov et al. [233] who showed

that the same set of descriptors can be formed using different structures. Therefore,

bispectrum components can be considered an incomplete representation, see Figure

3.4. Despite this lack of completeness, many-body descriptors are still a much more

efficient representation than Cartesian coordinates where all translations, rotations,

and permutations of r yield a different x.

A many-body representation constitutes a complete basis for the atomic neigh-

bour density distribution, as in Equation (3.26), if and only if up to n-body terms

are included, where n is number of atoms in the system. Symmetry functions could

potentially be adapted to include additional higher-order terms like in the 3-body case

from Equation (3.25). However, each higher-order body term would need to be hand
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Figure 3.4: Diagram showing the three different possible mappings from atomic struc-
tures r to descriptors x. Panel (a) shows an over-complete scenario where a structure
can be described by multiple descriptors. Panel (b) shows the case where multiple
structures can map to the same descriptor. And lastly, panel (c) shows the ideal
scenario of a bijective mapping, with each structure corresponding to a unique de-
scriptor.

crafted and would introduce a number of additional hyperparameters. Bispectrum

components have no straightforward way of being reformulated to account for inter-

actions beyond that of the 4-body. This motivates the development of more complete

representations that do include higher-order terms.

The relative importance of successively higher-order body terms decays, with 2-

body and 3-body terms generally being the most predictive of the quantum-mechanical

properties, while higher-order terms may contribute minimally. This means that

truncating the body order can yield an acceptable accuracy, with negligible difference

between the full n-body case. The computational expense of calculating all these

n-body terms increases exponentially with n, meaning that the inclusion of terms

beyond that of the 5-body is rarely feasible.

In this work, only up to 4-body terms are considered, see Figure 3.2, but there

are other more accurate representations which allow for the inclusion of an arbitrary

number of body order terms. The first proposed method of including all n-body terms

was that of moment tensor potentials [231]. The atomic cluster expansion [207] was

later introduced, exhibiting a high degree of accuracy and versatility, making it widely

used [242–245]. The Jacobi-Legendre polynomials [208] have been recently proposed

as another method of including higher-order body terms.
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3.5 Interatomic Potentials

There exist scenarios where the computational expense involved in performing full

quantum-mechanical (QM) calculations render even the most inexpensive density

functional theory (DFT) approximations infeasible. Such cases motivate the use of

simpler interatomic potentials (IAP) that model the potential energy of a system as a

function of the atomic coordinates. IAPs provide a much more computationally effi-

cient alternative to DFT or coupled cluster [187,188]. This increased efficiency allows

for either a larger number of atoms or for a larger number of separate calculations to

be performed within the same time period. The forces acting on each atom are simply

the derivatives of this potential with respect to the atomic coordinates, which is why

IAPs are often called force fields. IAPs can be used to predict any quantity related

to the potential energy of a system such as phonon modes, Raman spectra, formation

enthalpies, heat capacities, phonon-predicted thermal conductivities, bulk and shear

moduli, elastic constants, and many others [49]. There exists a hierarchy of different

types of IAPs, with a trade-off between accuracy and computational expense.

The potential energy E of a system containing Nat atoms with coordinates r ∈

RNat×3 can be decomposed into a series of body order terms:

E =
∑
i

ϕ1(ri) +
∑
i<j

ϕ2(ri, rj) +
∑
i<j<k

ϕ3(ri, rj, rk) + . . . , (3.33)

where ϕn is a function that consider interactions between n different atoms. The

first term ϕ1 represents some external field, which is neglected in this work as no

systems with external fields are considered. Many simple IAPs such the Lennard-

Jones (LJ) [246] and the Morse [247] potentials can effectively predict the energy E of

appropriate systems by exclusively considering pairwise interactions as captured by

the ϕ2 term. These are classified as semi-empirical potentials, consisting of a simple

analytical functional form that is generally parametrised based on experimental data.

There exist more sophisticated IAPs that do consider many-body interactions

as described by the ϕ3 term in Equation (3.33). These include the Tersoff [248]

and Stillinger-Weber [249] potentials, which both combine 2-body and 3-body terms,

parametrised to describe covalently bonded materials. The embedded atom method

[250] is used for systems with metallic bonding, as it specifically incorporates a many-
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body electron density term. For modelling chemical reactions and complex dynamical

systems, ReaxFF [251] is typically used as an intermediary between classical force

fields and full quantum-mechanical calculations. Specific force-fields such as CHARM

[252] and AMBER [253] exist for studying large biomolecules such as proteins and

lipids. They consist of a summation of pairwise, angular, and torsional terms but

are not classified as true many-body potentials. They also contain Coulombic terms

for electrostatics and use the LJ potential for estimating Van der Waals interactions.

These force-fields are very computationally efficient due to simplifications such as

assuming fixed bond lengths.

A promising alternative to these traditional IAPs is to use machine-learned inter-

atomic potentials (MLIAPs). An IAP is simply a function that maps atomic coor-

dinates r to energies E, and a MLIAP seeks to learn this mapping. This is possible

as ML algorithms act as universal approximators [172] that can learn any function,

if supplied with sufficient training data. As previously mentioned in Section 3.4, the

Cartesian atomic coordinates r must first be transformed into some set of descriptors

x to facilitate efficient learning. Three separate components are needed for construct-

ing a MLIAP. The first is a dataset containing reasonable, converged structures with

energy values well distributed across the potential energy surface (PES). The second

component are descriptors that accurately describe each atom’s local chemical envi-

ronment. The final component is a suitable regressor: a ML model that predicts the

energy values E given the descriptors x. Two such structure-to-property models are

now detailed in the following sections.

3.5.1 Behler-Parrinello Neural Network

The same paper that introduced symmetry functions also introduced a new property

predictor model called a Behler-Parrinello neural network (BPNN) [83]. This BPNN

uses local many-body descriptors as an input. Symmetry functions are traditionally

used as the many-body descriptors in BPNNs, but bispectrum components are equally

valid and are used in this work. The key insight behind a BPNN is that the total

energy ET , of a molecule containing Nat atoms, can be decomposed into a sum of

atomic contributions Ei as follows:
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ET =
Nat∑
i=1

Ei . (3.34)

Using this decomposition, a BPNN predicts ET given an input of many-body de-

scriptors in the form x ∈ RNat×Nf , where Nf is the number of features. Compositional

information is encoded in BPNNs by initialising multiple separate neural networks

(f (Z1), . . . , f (ZNk
)), one for each of the Nk different chemical species contained within

the dataset. Each of these Nk networks are trained to predict the atomic energies Ei

of atom i if and only if the atom’s chemical species Zi matches that of the network.

The total energy ET is then calculated as a summation of all Nat atomic energies Ei.

For example, consider benzene which contains six atoms of carbon and six atoms of

hydrogen, yielding two separate networks f (C) and f (H). Assuming the ith atom is

carbon, then its atomic energy Ei is calculated as Ei=f
(C)(xi), where the model f (C)

is parametrised by weights θ(C).

There are a number of benefits to this BPNN architecture that is shown in Figure

3.5. BPNNs are compatible with configurations containing a variable number of atoms

and species, due to being able to call the relevant species sub-networks as many times

as needed. This allows for training on a wide range of diverse datasets. An additional

benefit is that BPNNs are efficient with the number of learnable parameters required.

They are still typically deep fully connected neural networks with many thousands of

parameters, but the same parameters are shared for each chemical species allowing the

model to be kept reasonably small and efficient. Due to being deep neural networks,

they have a large learning capacity, able to generalise out to unknown data regimes.

Linear network or shallower networks with less layers have a much smaller learning

capacity. This learning capacity issue is one of the main reasons that BPNNs are

chosen for use in Chapter 5.

3.5.2 SNAP Potential

The Spectral Neighbour Analysis Potential (SNAP) [84] is a simple MLIAP that

estimates the energy of a molecule as a linear combination of bispectrum components.

It assumes that the bispectrum components sufficiently capture the underlying physics

of the system so as to be learned by the unsophisticated linear model. A different
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Figure 3.5: Diagram showing the workflow and architecture of a Behler-Parrinello
neural network (BPNN) [83,236]. The Cartesian coordinates of an atomic system are
used to generate many-body descriptors for each atom i. These atom descriptors are
fed into the BPNN sub-network corresponding to the chemical species Zi of each of
the Nat atoms. The atomic energies outputted by each sub-network are then summed
as the predicted total energy Ê. A Spectral Neighbour Analysis Potential (SNAP)
has a very similar workflow, excepting that each sub-network is linear instead of fully
connected.

many-body representation could theoretically be used to construct a similar MLIAP.

SNAP has proved to be successful at predicting energies, forces, and stress tensors,

despite its apparent simplicity [254, 255]. It utilises a kernel ridge regression model

(KRR) [206], which assumes that the total energy of a molecule ET , containing Nat

atoms, can be decomposed into atomic contributions Ei similar to BPNNs in Equation

(3.34). In a system with Nk different species, the atomic energy Ei is estimated using

bispectrum components xi for atom i as follows:

Ei = w
(ki)
0 +w(ki) · xi , (3.35)

where ki is the chemical species of atom i and ws ∈ RNk×Nf are linear coefficients

with additional bias parameters w(ki)
0 . It is noted that SNAP models are extensible

to systems with a variable number of atoms due to parameters {w(ki)
0 ,w(ki)} being

reused for all atoms of that species ki. The total energy ET can be then calculated as
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a sum of these atomic energy contributions Ei as

ET =
Nat∑
i=1

(
w

(ki)
0 +w(ki) · xi

)
. (3.36)

The linear coefficients {w0,w} are randomly initialised, and are subsequently op-

timised so as to minimise the mean-squared error between the predicted energies ET

and the actual DFT energies E. In a KRR model, an additional regularisation term

is included to prevent overfitting, meaning the values of the parameters {w0,w} are

also minimised, typically using an L2 norm [256]. The strength of this regularisation

is controlled using a hyperparameter α. It is also possible to predict the atomic forces

and stress tensors using the derivatives of the total energy ET with respect to the

atomic positions r. The parameters {w0,w} are commonly optimised by minimising

a combination of energy, force, and stress losses, summed together with respective

coupling hyperparameters.
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3.6 Summary

The objective of this thesis is to use generative-modelling techniques to create new

atomic systems. The relevant machine-learning (ML) methods were previously de-

tailed in Chapter 2. The underlying physics of atomic systems are described in

this chapter, from a full quantum-mechanical (QM) perspective. The Schrödinger

equation [189] was introduced, as well as the non-relativistic Hamiltonian operator

for many-body systems [79]. Using the Born-Oppenheimer approximation [190], the

electronic Schrödinger equation was decoupled, allowing for the exploration of the

potential energy surface (PES) [49]. Density functional theory (DFT) [80–82] was in-

troduced as a computationally feasible means of calculating the properties of systems

containing many electrons and nuclei.

In this thesis, electronic structure calculations are performed at various different

stages. In the creation of the initial ML training datasets, each configuration is la-

belled with DFT properties. The atomic systems outputted by the trained generative

models are also verified using DFT. ML models are used instead of DFT inside the

inner training loop of a generative model, due to being much more computationally

inexpensive. Therefore, this chapter also detailed the techniques used in the construc-

tion of these ML structure-to-property models [83,84]. Of primary importance are the

feature vectors used to encode many-body interactions within the local atomic envi-

ronment around each atom. Bispectrum components [75] were selected for use in the

accurate prediction of QM properties throughout this thesis. Different structure-to-

property models that predict QM properties given these many-body descriptors were

then detailed. Simple linear SNAP models were contrasted with the deeper BPNNs.
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Chapter 4

Local Many-Body Inversion

A method to invert local many-body representations back into Cartesian coordinates

was developed in collaboration with Matteo Cobelli, and is presented here. This chapter

will first detail how the inversion algorithm works. Then it will demonstrate its efficacy

by inverting real samples from molecular dynamics trajectories. The method will then

be applied to its intended use case of generative modelling in Chapter 5.

4.1 Introduction

The main objective of this thesis is to apply generative-modelling techniques to chem-

ical systems. If trained correctly, the generative model will learn the underlying

dataset probability distribution, and can then be used to efficiently generate novel

data samples. It has been shown that leveraging three-dimensional structural infor-

mation about atomic positions can improve the accuracy of a machine-learning (ML)

model when predicting quantum-mechanical properties [220–222]. This motivates the

development of a generative model that is capable of learning from this structural

data. Configurations could then be generated for selective values of these quantum-

mechanical properties when using a conditional generative model, see Section 2.4.3.

The choice of how to encode chemical systems into suitable feature vectors is of

crucial importance. A configuration containing Nat atoms is initially described using

Cartesian coordinates r ∈ RNat×3. This would be an inefficient input into any ML

model, and is therefore converted into some other representation x ∈ RNat×Nf , where

Nf is the number of features. The most accurate structure-based chemical represen-
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tations are many-body representations [75, 207, 208, 230–232]. These representations

describe the local chemical environment around each atom as a series of interactions

between various neighbouring atoms, as can be seen in Figure 3.2. There exist a set

of translational, rotational, and permutational transformations that leave all internal

bond distances and angles the same, see Figure 3.1. These transformations change

the values of r but in reality the molecule remains physically unchanged. Therefore,

an effective set of many-body descriptors x should be invariant under these three

transformations. Another benefit of many-body representations is that they are local,

with nearby atoms being given a higher weight as compared to the distant neigh-

bours, which do not contribute. This locality allows systems with variable sizes to be

modelled. The bispectrum components [75, 84] many-body representation are used

throughout this work.

A challenge with generative modelling is that whatever representation the training

data is in, the generated data will also be in. This means that a representation is

suitable if and only if there exists a method to invert it back into its original, human-

interpretable form of Cartesian coordinates. A many-body representation must there-

fore be made invertible, with the Cartesian coordinates r able to be reconstructed as

r̃ given the many-body descriptors x=B(r). Having such an inversion method would

allow a generative model to be trained using many-body descriptors as features. The

generated many-body samples would then be inverted back into Cartesian coordinates

for analysis and verification. In this chapter, no generative modelling is performed,

only real configurations taken from a molecular dynamics trajectory [194, 257] are

inverted. This is in order to verify that the proposed inversion scheme works, before

applying it to its intended use case of generative modelling in Chapter 5.

This inversion problem is a difficult one to solve and only preliminary work has

been taken in this direction. Many-body representations are local in nature, with the

descriptors for each atom i only considering neighbouring atoms contained within a

sphere of some cutoff radius rc. Constructing a method to find the global solution

to this problem, with a one-to-one mapping from many-body descriptors back to

Cartesian coordinates is beyond the scope of this work. The local inversion method,

proposed here, only represents a first step towards the open problem of a general

inversion scheme.

66 Ph.D. Thesis



4.2. Inversion Algorithm Chapter 4. Local Many-Body Inversion

The structure of this chapter is now detailed. First, the main inversion algorithm is

outlined, with all relevant equations defined. The next section details an improvement

made to the initialisation of the algorithm. The efficacy of the method is verified in

Section 4.4 by analysing both the physical and the electronic structure of the inverted

configurations. A summary of the chapter is then provided in the conclusions section.

4.2 Inversion Algorithm

This proposed method considers the local inversion of many-body descriptors as a

structure optimisation problem. The initial idea and implementation for this method

was developed by Dr Matteo Cobelli. My contributions include rigorous testing, as-

sisting in the random noise term, improved coding implementation, multiple initial

configuration version, and electronic structure convergence studies. An initial atomic

configuration r(0) is optimised by means of gradient descent [105] until its correspond-

ing descriptors x(n)=B
(
r(n)

)
at the nth iteration are equal to the target descriptors

x̃ within some numerical tolerance. The target descriptors x̃ are those which are to

be inverted. A loss function L(r) is defined to compare the target descriptors with

the optimised descriptors. The optimum atomic configuration r̃ is that which min-

imises this loss function. Using the equilibrium atomic configuration as the starting

point r(0) for the optimisation procedure was initially thought to require the fewest

iterations. The method is designed for the target descriptors x to be the outputs of

a generative model. However, they can also be from known molecules in order to to

verify that the mapping B : r → x has been successfully inverted as B−1 : x → r̃

where r̃ ≈ r. The loss function at the nth iteration is defined as

L
(
r(n)

)
=

1

Nk

Nk∑
k=1

(∑
s∈Sk

x(n)
s −

∑
s∈Sk

x̃s

)2

, (4.1)

where the external sum runs over all Nk distinct chemical species, and the internal

sum runs over the set Sk of indices of atoms belonging to species k. This loss function

has been constructed to be permutationally invariant, meaning that the order of the
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atoms in x and x̃ are not required to be the same. As the loss function sums up the

descriptors for each chemical species, all that is required for the target descriptors is

the summed descriptors x̃ ∈ RNk×Nf instead of the previous x̃ ∈ RNat×Nf , where Nat

is the number of atoms and Nf is the number of features. This reduction in size of

the target descriptors means that fewer parameters are needed within the generative

model.

Using gradient descent, the coordinates for each atom i in the initial atomic con-

figuration r(0) ∈ RNat×3 are updated from the nth iteration to the (n+1)th iteration

as follows:

r
(n+1)
i = r

(n)
i − γ∇iL

(
r(n)

)
+ η e−νnεnoise , (4.2)

where γ is the learning rate. An additional noise term is also added in order to combat

the tendency for the method to become trapped in local minima of the loss function.

An exponential decay of the noise was found to improve the rate of convergence and

the stability of the algorithm. The strength of the noise term is controlled by the

coupling constant η and the lifetime of the exponential decay by ν. The noise vector

εnoise ∈ R3 is drawn from the uniform distribution εnoise ∼ U [−1, 1].

The derivative of the loss function L
(
r(n)

)
with respect to each Cartesian direction

rx, ry, and rz for each atom i can be written as follows,

∇iL
(
r(n)

)
= − 2

Nk

Nk∑
k=1

[(∑
s∈Sk

x(n)
s −

∑
s∈Sk

x̃s

)
·
∑
s′∈Sk

∇ix
(n)
s′

]
, (4.3)

where ∇ix
(n) are the derivatives of x(n). The choice of many-body descriptors is lim-

ited to those which have easily calculable derivatives. There exist open-source pack-

ages [258,259] that have implemented calculations of descriptors and their derivatives.

Since the same many-body descriptors x can be calculated using atomic configu-

rations r under all rotations or translations, it means that the mapping B : r → x

is not globally invertible due to the fact there is not a one-to-one bijective map-

ping. For every possible rotation and translation of r, there exists a global minima.

The many-body descriptors used in this work, namely bispectrum components [75],

can be considered incomplete [230] because it is possible that two distinct configu-

rations (not just related by rotation or translation) can yield the same descriptors,
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see Section 3.4.4. This is because bispectrum components only consider up to 4-body

interactions, see Section 3.4.3, based on interatomic angles between triplets of atoms

using a spherical harmonic basis. This can be alleviated by using more advanced,

complete representations such as atomic cluster expansion [207] or Jacobi-Legendre

polynomials [208] which are capable of including 4-body terms or higher. The inver-

sion problem can be considered highly non-convex and challenging to solve with simple

gradient descent. More sophisticated optimization techniques should be considered in

future work.

4.3 Multiple Initial Configurations

Using a simple gradient descent algorithm to solve a non-convex optimisation problem

is not ideal. The loss landscape is expected to contain many saddle points on which

gradients will vanish and further optimisation will not occur. The large number of

local minima provides further difficulties. Non-convex optimisation problems are com-

mon within the field of machine-learning, as optimising a neural network is just such

a problem. Advanced versions of the gradient descent algorithm such as adam [106],

rmsprop [107], and adagrad [108], which use adaptive learning rates and momentum

are almost universally employed. Other techniques that can be used to solve non-

convex optimisation problems include evolutionary algorithms [260], Bayesian opti-

misation [235, 261], and simulated annealing [262]. Integrating these more advanced

optimisation techniques within this local inversion method raises challenges, partic-

ularly since the workflow depends on the use of external packages [238, 258, 263] to

calculate the descriptors and their derivatives.

The initial atomic configuration r(0) was chosen by default to be the equilibrium

configuration as it seemed to make the method converge fastest. For molecules with

torsional degrees of freedom, such as ethanol, it was found that both the gradient term

and the noise term in the loss function of Equation (4.1) were unable to efficiently

explore across these spaces. A simple and naive solution to this problem was employed:

using multiple initialisations [264] with different initial atomic configurations. These

initial configurations would ideally span the torsional configuration space evenly. A

suitable set of initial configurations can be manually created using packages such
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as Avogadro [265, 266] which allows bond lengths, angles, and torsions to be freely

manipulated. For systems with a large amount of torsional degrees of freedom, a

method to automatically suggest plausible initial configurations was necessary over

the manual Avogadro method.

Given a dataset N which contains N atomic configurations, it is proposed to

automatically suggest initial configurations by selecting the maximally diverse subset

M. Computing the diversity of a set of configurations is commonly achieved by first

calculating descriptors x, then defining a pairwise similarity metric between these

descriptors, and finally, quantifying how similar each configuration is to every other

configuration as a matrix K ∈ RN×N . This is the outline for one method commonly

used [267,268] to calculate diversity, but many other methods exist [269–271] such as

using the root mean square deviation of Cartesian coordinates [272].

The similarity metric used in this work is based on the SOAP kernel method [230],

which uses different descriptors to the bispectrum components employed in this work,

but the metric should, in principle, work for any many-body descriptor. Each element

Kij of the matrix K compares the descriptors xi and xj for atomic configurations i

and j as follows,

Kij(xi,xj) =

(
xi · xj√

(xi · xi)(xj · xj)

)ζ

, (4.4)

where xi and xj are both flattened from a N×Nat matrix into a N∗Nat vector with Nat

being the number of atoms in each configuration. The integer exponent ζ ≥ 2 controls

the sensitivity of the kernel with respect to the variations in atomic positions, where

a default of ζ=4 is used for this work. Equation (4.4) is a positive definite function,

which outputs one if xi=xj and tends towards zero as the similarity decreases.

Finding the maximally diverse subset of moleculesM given this similarity matrix

K is the more challenging problem, due to the number of calculations needed for a

brute force approach [267]. A greedy algorithm [273] is therefore used to address this

computational inefficiency. The first atomic configuration to be added to the subset

M is that which has the minimum value in the sum of matrix K along each row∑N
i=1Kij. This can be considered the single most diverse configuration in the dataset

N . The brute force approach would be to remove this from N , calculate another
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Figure 4.1: Diagram of the workflow of the proposed inversion method. It is desired
to find the configuration that corresponds to some target descriptors. The maximally
diverse configurations from a molecular dynamics trajectory are used as initial guesses.
At each iteration, the positions of the initial configuration are updated, see Equation
(4.2), so as to minimise the difference between the target descriptors and the initial
descriptors, see Equation (4.1). AfterNinit iterations, the initial configuration with the
lowest loss is selected, and the procedure is continued for a total of Niter iterations. If
convergence is reached, the resulting target configuration has been updated sufficiently
that its descriptors are approximately equal to target descriptors. Therefore, the
target descriptor has been inverted, with an appropriate configuration found.

similarity matrix K ∈ R(N−1)×(N−1), and select the new most diverse configuration.

This would be repeated until M configurations have been added toM. This approach

would yield the optimum setM but would involve calculating Kij from Equation (4.4)

a total of
∏M−1

k=0 (N − k)2 times, making it computationally infeasible.

The more efficient, greedy algorithm [268] for determining the maximally diverse

subset M is used in this work. It works by first determining the single most diverse

configuration, adding it toM and removing it from N as before. The next configura-

tion added toM is the maximally diverse one from the configurations already within

M. This means that a prospective configuration need only be compared to the subset

M as opposed to the entirety of set N .
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Every element in the diverse subset M are to be used as initial atomic config-

urations for the loss procedure. Each iteration involves calculating Equation (4.1)

and Equation (4.2) in order to update the positions of the atomic configuration from

the last iteration. A total of Ninit iterations are performed, for each of the M ini-

tial configurations. After which, the initial configuration with the lowest loss value

from Equation (4.1) is chosen. It is desirous that this chosen initial configuration

has torsions similar to those of the target configuration. The loss procedure is then

restarted anew, using the chosen initial configuration after the Ninit iterations already

performed. A diagram of the full workflow is included in Figure 4.1.

4.4 Results

The dataset selected for use in the following sections is the revised MD-17 dataset [87].

The original MD-17 dataset [274–276] consists of long molecular dynamics (MD) tra-

jectories for ten separate small molecules, including ethanol, benzene, and aspirin.

The number of conformations in each trajectory varies from 99,999 for azobenzene

to 627,983 for benzene. The number of atoms ranges from nine in ethanol and mal-

onaldehyde to 24 in azobenzene. The MD trajectories are calculated at a resolution

of 0.5fs and a temperature of 500K. Each conformation is labelled with energies and

forces calculated using density-functional theory (DFT) [50,80–82] at the PBE+vdW-

TS [198, 277] level of theory, see Section 3.3 for more details. This is a benchmark

dataset that has been widely used, but has since been found to contain high levels

of numerical noise [87]. Hence, the revised MD-17 dataset [87] was created to reduce

this numerical noise, for a subset of 100,000 random samples from each trajectory.

This revised dataset reperforms all DFT calculations at the PBE/def2-SVP [198,278]

level of theory using very tight convergence criteria and dense DFT integration grids.

The general workflow for analysing the results of this local inversion method is as

follows. A number of atomic configurations r are sampled from the chosen dataset,

the corresponding many-body descriptors x = B(r) are calculated, which are then

inverted back into Cartesian coordinates r̃. The efficacy of the inversion method is

examined by comparing the original configurations r to the inverted ones r̃. Various

forms of comparisons are used in the following sections, such as through pair and an-
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Molecule Type Formula Number of Atoms
Ethanol C2H6O 9

Malonaldehyde C3H4O2 9
Benzene C6H6 12
Uracil C4H4N2O2 12

Toluene C7H8 15
Salicylic Acid C7H6O3 16
Naphthalene C10H8 18
Paracetamol C8H9NO2 20

Aspirin C9H8O4 21
Azobenzene C12H10N2 24

Table 4.1: A table showing the ten different molecule types contained within the
revised MD-17 dataset [87].

gular distribution functions. The electronic structure of the original and the inverted

configurations are also compared using DFT calculations.

The exact methodology used to perform all the local inversion calculations is now

detailed. Bispectrum components [75] are used as the many-body descriptors with

2jmax =8 and rc=3.6Å. All calculations of bispectrum components are performed in

LAMMPS [238, 239]. The parameters in the gradient descent algorithm in Equation

(4.2) are set as γ=3×10−7Å2, η=1×10−2Å, and ν=1×10−3. The loss procedure is

ran for a total of Niter=1×106 iterations, with M=50 different initial configurations,

each of which undergoes Ninit=500 iterations.

4.4.1 Pair and Angle Distribution Functions

We have two sets of atomic configurations, and need to tell if they are equivalent.

Each pair of corresponding original and inverted configurations should be identical,

if the inversion method works as intended. Therefore, the most straightforward way

to compare them would be to align the configurations by performing the necessary

translations and rotations so as to minimise the root-mean-square deviation (RMSD)

between them. This can be easily achieved using the rmsd package [279, 280] or the

RDKit package [281]. After alignment, the remaining RMSD deviation quantifies

how close the two configurations match. This analysis is not performed here in this

chapter, due to the following methods being considered sufficient.

Examining the pair and angular distribution functions are other ways to verify the
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Figure 4.2: Plot of the loss function of Equation (4.1) at each iteration throughout
the local inversion method. The loss procedure is rerun multiple times using different,
diverse initial configurations for Ninit = 500 iterations. The configuration with the
lowest loss is then used to continue the loss procedure until it reaches either conver-
gence or the maximum number of iterations Niter of 100,000.

validity of the inverted configurations. The pair distribution function considers the

distances between each pair of atoms in a set of configurations, and quantifies how

often they occur. The angular distribution function measures the distribution of the

set of angles formed by all possible atom triplets within a configuration. The package

auto-FOX [282] is used to calculate the angular distributions. An infinite cutoff radius

is used with all chemical species being given an equal weighting. As both pair and

angular distributions are internal functions, invariant to translations and rotations,

there is no need to align the configurations by minimising the RMSD as before. It

is hypothesised that, if the pair and angular distribution functions for the original

and the inverted configurations closely align, then the local inversion method can be
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considered successful.

The pair distribution function can be visualised either as the partial function,

where each chemical species combination (e.g., H-H, C-H, C-C) is individually dis-

played or as the total pair distribution function summed over all species combinations.

The total pair distribution functions for all ten molecules types included in the revised

MD-17 dataset are shown in Figure 4.3. Within this plot, a large sample of 10, 000 real

configurations are used for each molecule type in order to best estimate the ground

truth distributions. In comparison, only a small sample of 200 inverted configurations

are used. From this plot it is clear than the inversion method is capable of producing

configurations with a very similar set of pair distances as the real configurations.

There exist various molecular descriptors that are constructed only using inter-

atomic distances [283]. These representations can be termed as 2-body descriptors.

They are not ideal for use in learning potential energy surfaces due to being incom-

plete. Incompleteness refers to the possibility for multiple different distinct config-

urations to have the same set of internal interatomic distances [233]. Therefore, in

order to distinguish between many-body descriptors, one must also examine internal

angles or higher-order body terms. For this reason, the angular distribution functions

are here examined. All possible triplet angles are considered, centered on each species

(e.g., X-C-X, X-H-X). The total angular distribution function is the summation of all

these angles over every combination of species.

The total angular distribution functions for the same ten molecule type datasets

[87] are shown in Figure 4.4. From this figure, it can be observed that the distributions

for real and inverted configurations are very similar for all molecule types. There

exist minor differences, particularly in the cases of aspirin and azobenzene, the most

complex of the molecule types. However, it can be concluded that the local inversion

method has the ability to produce configurations containing realistic internal angles.

The local inversion method struggles to perform when the torsional angles of the

initial configuration are different to that of the target configuration. This motivated

the development of the method to use multiple initial configurations with different

torsional angles. The molecule ethanol provides a simple test case to study the inver-

sion method’s ability to resolve torsion angles. The partial pair and partial angular

distribution functions for original and inverted configurations of ethanol are shown
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in Figure 4.5. From the figure, it can be seen that the inverted configurations of

ethanol are similar to the original ones from the training set for all pair and angle

combinations. The C-C bond displays the most deviation which can be explained

due to a smaller sample set size; each ethanol configuration has only one C-C bond

as compared to, for example, 12 C-H bonds. Despite the tendency of the inversion

method to struggle converging across torsional space, it is capable of doing so in the

simple test case of ethanol.
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Figure 4.3: Plot of the total pair distribution functions for all ten molecules types
included in the revised MD-17 dataset [87]. This function considers every possible
distance between atoms i and j in a configuration. The real configurations are taken
directly from this dataset. The inverted configurations are attempts to reconstruct
these real configurations given their corresponding many-body descriptors. The real
distribution contains 10, 000 samples while the inverted one contains 200.
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Figure 4.4: Plot of the total angular distribution functions for all ten molecules types
included in the revised MD-17 dataset [87]. This function is over all possible triplet
angles θijk between atoms i, j, and k. The real configurations are taken directly
from this dataset. The inverted configurations are attempts to reconstruct these real
configurations given their corresponding many-body descriptors. The real distribution
contains 10, 000 samples while the inverted one contains 200.

78 Ph.D. Thesis



4.4. Results Chapter 4. Local Many-Body Inversion

1.6 2.4 3.2 4.0

rij [Å]
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Figure 4.5: Plot of the partial pair and partial angular distributions functions for
ethanol configurations from the revised MD-17 dataset [87]. The partial pair distri-
bution function measures the distances rij between atoms i and j over all possible
combinations of chemical species. The partial angular distribution function considers
every triplet angle θijk between atoms i, j, and k centered on all three species present
in ethanol. The real configurations are taken directly from this MD-17 dataset. The
inverted configurations are attempts to reconstruct these real configurations given
their corresponding many-body descriptors. The real distribution contains 10, 000

samples while the inverted one contains 800.
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4.4.2 Electronic Structure

The electronic structures of the original configurations and of the inverted configu-

rations are also compared to verify the efficacy of the inversion method. In order to

do this, a DFT calculator is required. The PySCF [42–44] package was chosen for

its ease of use. The version of PYSCF used was 2.1.1. PySCF uses Gaussian basis

sets [44] instead of plane-waves and is primarily used for molecular systems, with little

functionality for periodic boundary conditions [42]. The same PBE functional [198]

and def2-SVP basis set [278] were used as in the revised MD-17 dataset [87]. All

DFT calculations were performed using atom-centered Gaussian basis sets, with no

corrections for van der Waals forces or basis superposition error, and no periodic

boundary conditions. The default convergence criteria were used: an energy conver-

gence of 10−10 Ha and a maximum of 50 SCF cycles. However, the DFT calculations

in the revised MD-17 dataset were performed using ORCA 4.0.1 [284,285]. Therefore,

the energies of all of the original configurations included in the analyses here, are

recalculated using PySCF. This is done to eliminate any discrepancies that may arise

from comparing the results of two different DFT implementations, even if the same

functionals and basis sets were used. Both ORCA and PySCF have different default

convergence criteria leading to potentially different results. These recalculations using

PySCF allow for more accurate analysis of the energies of the inverted molecules.

The convergence of the inverted configurations’ energies to the energies of the

original configurations is examined. The inversion method has no knowledge of the

energies but, if it converges to the correct configuration, then it follows that it should

also converge to the correct target energy of the original configuration. The energies of

the updated configurations throughout the entire inversion process are shown in Figure

4.6 for a sample of malonaldehyde. This plot tracks the energy convergence of the loss

procedure using five different, diverse, initial configurations. It can be seen that some

initial configurations closely converge to the target energy, while some become trapped

in local minima, unable to correctly converge. These initial configurations that do not

converge are those with torsions, bond lengths, and angles very different from those

in the target configuration. It is noted that the initial configuration that most closely

converges to the target energy is that which has the furthest energy at the start of

the loss procedure. This demonstrates the ability of the inversion method to traverse
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Figure 4.6: Plot of the convergence of the energies of multiple different initial atomic
configurations to the target energy throughout the entirety of the loss procedure. All
energies are calculated using the DFT package PySCF [42–44]. The target energy is
the energy of a configuration of malonaldehyde from the revised MD-17 dataset [87].
The difference between the target energy and the best converged energy at the end of
the 50, 000 iterations is ∆E=0.0009 eV/atom.

across energy landscapes to the correct configuration. Figure 4.6 also showcases the

efficacy of using multiple initial configurations. It is clear that the initial configurations

with a very different geometry to the target one, have energies that are still diverging

even after 50, 000 iterations, compared to the best initial configuration which closely

converges in less than 10, 000 iterations.

The ability of the inversion method to correctly converge to the target energy is

demonstrated in Figure 4.6, but only for one sample of malonaldehyde. In order to

visualise the convergence of multiple samples, parity plots are used. A parity plot

is a common tool within the field of machine learning for analysing the accuracy

of some set of predictions. The target values are plotted on the x-axis versus the
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predictions on the y-axis. If the predictions are perfect, then all points will lie on the

trend line. A parity plot of the energy convergence of 200 configurations of ethanol is

shown in Figure 4.7. The relevant distributions are included within the parity plot.

The residual differences between the original and inverted energies are shown in the

bottom section of the plot. Ethanol was chosen due to having among the largest

energy ranges of ∼ 0.11 eV/atom of all ten molecules types. Ethanol also contains

some torsional degrees of freedom, and has only nine atoms present which aides in

the speed of computation. From the goodness of fit shown in Figure 4.7 it can be

concluded that the inversion method is able to reproduce the original DFT energies,

in the case of ethanol, to a remarkable degree of accuracy. The error in the worst

prediction (MAX score) is off by only 4.638×10−5 eV/atom.

The accuracy of the inversion method in reproducing configurations with the cor-

rect energy for the remaining nine molecule types is examined in Figure 4.8. The

high level of accuracy in the case of ethanol as seen in Figure 4.7, applies to a lesser

degree to the remaining molecules. This is primarily due to the increased structural

complexity which affects the ability of the method to reach convergence. For example,

after running the inversion method for 100, 000 iterations, the loss L(r) from Equa-

tion (4.1) for a configuration of ethanol would typically be ∼2×10−6 compared to an

azobenzene configuration of ∼1. It is expected that the final loss would be further

reduced by increasing the number of iterations and the number of initial configura-

tions. It was also expected that molecule types with more torsional degrees of freedom

would have a lower accuracy in reproducing target energies. However, since there are

no torsional degrees of freedom in benzene, uracil, and naphthalene, it means that

there other contributing factors to error than just torsions.
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Figure 4.7: A parity plot for ethanol configurations from the revised MD-17 dataset
[87]. On the x-axis are shown the DFT energies of these MD-17 ethanol configurations
and on the y-axis are the DFT energies of the corresponding configurations produced
by the inversion process. The central dotted line represents the perfect fit. A number
of metrics are included to quantify the goodness of fit, the Mean Absolute Error
(MAE), the Root-Mean-Square error (RMS), and the maximum error of the worst
prediction (MAX). The distributions of original and inverted energies are included
on the top and right respectively. The difference between the original and inverted
energies is included in the residual subplot at the bottom. A total of 200 ethanol
configurations are used.
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Figure 4.8: Parity plots for nine out of ten of the molecule types in the revised
MD-17 dataset [87] excepting ethanol. In each subplot, the x-axis shows the DFT
energies of these MD-17 configurations and on the y-axis are the DFT energies of the
corresponding configurations produced by the inversion process. The central dotted
line represents the perfect fit. The goodness of fit is measured using the Mean Absolute
Error (MAE) metric. The molecule types are arranged in order of increasing number
of atoms, ranging from nine atoms in malonaldehyde to 24 atoms in azobenzene. A
total of 100 samples are shown in each plot.
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4.5 Summary

In this chapter, a newly developed method was presented that takes a many-body

representation, and inverts it back into a human-interpretable atomic configuration

in Cartesian coordinates. It is an iterative, gradient-based method which requires

an initial starting configuration. The calculator [238, 239] used for generating the

many-body descriptors is called at each iteration, which can make it a somewhat

computationally expensive procedure for inverting large numbers of samples. The

target descriptors to be inverted and the descriptors of the initial configuration, are

compared at each iteration using a loss function, Equation (4.1). The gradients of

this loss function are used to update the initial configurations’ positions until the

method converges. The ability of the method to converge across torsional space was

found to improve by determining the most appropriate initial configuration from a

diverse subset of configurations. Only one many-body representation was tested, the

bispectrum components [75,84], but the method will theoretically work for all many-

body representation which have access to the relevant derivatives.

The efficacy of the method was verified by inverting real configurations, sampled

across a MD trajectory dataset [87] for various molecule types. It was determined

by examining pair and angular distribution functions that the inverted configurations

closely aligned with the original ones, validating the method. The ability of the

inversion method to reproduce DFT energies was also analysed. It was found that

the energies of ethanol configurations could be replicated with near perfect accuracy.

The remaining molecule types also exhibited a high, but lesser, degree of accuracy.
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Chapter 5

Generating Molecule

Conformations

This chapter is the natural progression of Chapter 4, applying the local many-body

inversion method to the descriptors outputted by a generative adversarial network.

The motivation for using many-body descriptors is detailed, based on preliminary

work. Versions including single and multiple molecule types in the training dataset

are analysed. Lastly, a method is developed to allow for the selective generation of

atomic configurations with some target property value.

5.1 Introduction

This chapter is concerned with the creation of molecule configurations using generative-

modelling techniques. Only conformations or conformers are considered, where bond

lengths, and bond rotations are varied, but the chemical composition and overall

bonding structure remains the same. It is essential that any atomic configuration

is realistic, since they are a basic starting point for understanding and predicting

a molecule’s (or material’s) behaviour. Electronic, thermal, and mechanical proper-

ties are all intrinsically based on the spatial arrangement of atoms within any sys-

tem [50, 194, 257]. Structure-based simulations use these atomic configurations for

an initial, in-silico assessment of the performance of a novel compound, without the

need for costly experiments [286, 287]. In the field of drug design, the ability of a
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candidate drug to successfully interact with the intended target binding site depends

on the 3D shape of the molecule [16, 70, 71]. The use of experimental techniques

such as X-ray crystallography [288], nuclear magnetic resonance [289], and scanning

tunnelling microscopy [290] for determining atomic structure forms the foundation

for all subsequent computational work. Traditional methods for determining atomic

structure can be very computationally demanding [49]. This motivates the use of

generative modelling, which can learn the underlying statistical distribution from a

large pre-existing dataset, and can then generate new samples at a fraction of the

cost [77]. They are even capable of selectively generating configurations with desired

values for some specified property like the total energy [30, 218, 224].

There exist numerous ways to create realistic atomic configurations using tools

such as Monte-Carlo sampling [194]. One particularly noteworthy method, that is rel-

evant to this work, is molecular dynamics (MD) [194, 257], which is briefly described

here. An MD trajectory consists of some initial configuration that has been evolved

over time. Some interatomic potential or force field [248, 251–253] is defined, and is

then used to update the positions and the velocities of the atoms at each timestep.

The level of accuracy of the chosen force field has a large impact on both the compu-

tational cost and the ability of the method to describe the system. If more accuracy is

desired, then ab-initio MD (AIMD) [291] can be used, where the interatomic interac-

tions are calculated using first principles quantum-mechanical calculations, typically

density-functional theory (DFT) [50, 80–82]. Instead of using an empirical force field

to calculate the forces on each atom, AIMD directly solves the electronic Schrödinger

equation under the Born-Oppenheimer approximation [190, 292]. Since this work is

interested in analysing the electric structure of atomic configurations, AIMD is exclu-

sively used.

The main dataset used in this chapter is the same as in the last, namely the re-

vised MD-17 dataset [87]. The original MD-17 dataset [274–276] is used in Section 5.2

which contains preliminary work. The subsequent sections all utilise the revised MD-

17 dataset [87] instead, due to the high level of numerical noise contained within the

original dataset. The MD-17 dataset consists of long molecular dynamics trajectories

calculated at a resolution of 0.5fs and a temperature of 500K. Every single config-

uration within each trajectory is labelled with energies and forces calculated with

88 Ph.D. Thesis



5.1. Introduction Chapter 5. Generating Molecule Conformations

Figure 5.1: Diagram showing the workflow to be used throughout this chapter.
The generative model, in this case a GAN, produces molecules in the form of high-
dimensional many-body descriptors by randomly sampling from a latent space. These
many-body descriptors are then transformed into human-interpretable atomic config-
urations in Cartesian coordinates using the developed local many-body representation
inversion method.

density-functional theory (DFT), see Section 3.3. There are ten separate molecule

types included, ranging from ethanol with nine atoms to azobenzene with 24. A full

list of all the ten molecule types, and additional relevant information, is shown in Ta-

ble 4.1. The revised MD-17 dataset randomly selects 100, 000 configurations from the

original MD-17 dataset for each molecule type. The DFT energies and forces for all

configurations are calculated using the PBE functional [198] and the def2-SVP basis

set [278], combined with strict convergence criteria and dense integration grids [87].

The type of generative model that is used in all sections of this chapter is a

Generative Adversarial Network (GAN) [77], see Section 2.4.2 for more details. A

GAN consists of two neural networks which compete against each other. The generator

G takes random noise latent vectors z∼pz as input and outputs synthetic data xg∼pg.

The discriminator D takes either real data x∼pdata or the generated data xg=G(z)

and must distinguish between the two. The weights of G and D are updated so as

to minimize the distance between the real data distribution pdata and the generated

data distribution pg. The Jensen-Shannon divergence [149] was originally used [77] to

measure the distance between these two distributions, but it was found to contain sub-

optimal properties leading to vanishing gradients. In the now ubiquitous Wasserstein
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GAN (WGAN) formulation [27], the Wasserstein-1 distance is used to measure the

distance between pdata and pg as W (pdata, pg). This distance W (pdata, pg) is continuous

everywhere and differentiable almost everywhere [27], a feature that reduces the risk

of vanishing gradients and mode collapse. More formally, a WGAN plays a zero-sum

game [146] with a Nash equilibrium [293, 294] found using the following minimax

objective:

min
G

max
D∈D

E
x∼ pdata

[D(x)]− E
xg∼ pg

[D(xg)] , (5.1)

which is constructed using the Kantorovich-Rubinstein duality [151] where D is the

set of 1-Lipschitz functions, which are strictly continuous functions with an absolute

value for the maximum slope of one [152]. Throughout the training of a WGAN, the

discriminator D must remain a 1-Lipschitz function. Two different methods can be

used to enforce this, (1) clipping all weights of D to within [−c, c] where c is some

small constant c ≈ 0.01, and (2) where the gradients of D are penalized if their norm

deviates from one, as described in Equation (2.25). This second method of a gradient

penalty is used in this work due it improving the quality of the generated samples.

There are two main components used in this workflow, as can be seen in Figure

5.1: the generative model and the many-body inversion method. Both contribute to

the total error of the workflow in their own way. The error inherent in the inversion

method can be estimated from the results shown in Chapter 4, where real descriptors

from the revised MD-17 [87] training set are inverted, instead of descriptors obtained

from a generative model. This effectively isolates the inherent error in the inversion

method. Therefore, the results shown in this chapter should be compared and con-

trasted to those shown in the last chapter in order to see the error caused by the

generative modelling part of the workflow.

Details on the various libraries used throughout this chapter are now provided.

The WGAN is implemented in PyTorch [295], a widely used deep learning framework

known for its flexibility and support GPU acceleration. The models were trained using

a Nvidia RTX 3060 Ti GPU, the funding for which was provided by the Irish Research

Council. The many-body descriptors of the bispectrum components were calculated

using LAMMPS [238,239]. The Atomic Simulation Environment (ASE) was used for

data reading and writing, manipulating molecule trajectories, and for visualisation
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[296, 297]. All DFT calculations were performed with PySCF [42–44]. The feature

scaling used throughout this chapter is to standardise many-body descriptors and to

normalise energies with the scikit-learn package [298], see Section 2.2 for more details.

SciPy [299] is used for the kernel density estimation.

The organisation of this chapter is as follows. First presented is some preliminary

work on generating configurations using GANs, primary credit for which is due to

Dr James Nelson. In Section 5.3, many-body descriptors are implemented as the

new chemical representation to be used within the GAN, facilitated by the local

inversion method developed in Chapter 4. The architecture of the GAN must be

correspondingly changed to accommodate this new representation. This improved

model undergoes two further modifications in the succeeding sections. In Section

5.4 multiple different molecule types are included within the training dataset of the

GAN. The second modification takes place in Section 5.5, where the GAN is adapted

to allow for the selective generation of configurations which have a specified value

for some observable property. The final section includes a summary of the presented

results.

5.2 Preliminary Work

The idea for my initial PhD project came from preliminary work by a former PhD

student Dr James Nelson, who graduated from the Computational Spintronics group

here in Trinity College Dublin in 2020. This preliminary work consisted of the creation

of a Generative Adversarial Network for the Discovery of Atomic Landscapes and the

Formation of new molecules (GANdalf). Primary credit for the work presented here

in Section 5.2 is therefore due to Dr Nelson. My contributions to his work include

helping to adapt the original GAN into a more sophisticated Wasserstein GAN, and

in the inclusion of an additional energy prediction model to allow for conditional

generation. A brief overview of the findings of this preliminary work is given here as

it is pertinent to the choices that were subsequently made. This preliminary work

motivated the direction of this chapter, and inspired the use of more advanced many-

body descriptors and the subsequent inversion method as described in Chapter 4.

The objective of the work presented in this section is create a generative model
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capable of learning how to output atomic configurations directly in Cartesian coor-

dinates. A Wasserstein GAN, see Section 2.4.2, is used as the generative model. A

simple representation based on various interatomic distances between neighbouring

atoms, see Figure 5.2, is used as the descriptor for each atom in order to enforce local-

ity. The original, un-revised version of the MD-17 dataset was used [274–276]. This

preliminary version of GANdalf is trained on the configurations contained within the

molecular dynamics trajectory for a single molecule type such as benzene.

5.2.1 Representation

The choice of which molecular representation is to be used has a critical importance

on the achievable accuracy within any machine-learning framework [85]. The most

naive way to represent an atomic configuration containing Nat atoms is with Cartesian

coordinates r ∈ RNat×3. However, directly learning Cartesian coordinates is very inef-

ficient because every translation, rotation, and permutation will alter the descriptors,

even though the configuration is essentially unchanged, see Figure 3.1. This means

that identical configurations, related by translation or rotation will yield differing

descriptors, confusing the model and hindering learning. Cartesian coordinates are

therefore said to be an over-complete representation [233], with the same configura-

tion yielding differing descriptors for all translations, rotations, and permutations, see

Figure 3.4. The way around this problem is to construct the descriptors using many-

body terms which only consider internal distance and angles, invariant to translations

and rotations. 2-body terms such as interatomic distances rij between atoms i and j

are calculated as

rij = |ri − rj| . (5.2)

Interatomic angles (triplet angles) θijk between atoms i and k, centered on atom

j are classified as being 3-body terms and are calculated as

θijk = arccos
(
(ri − rj) · (rk − rj)

rij rkj

)
. (5.3)

In this preliminary version of GANdalf, the descriptors were constructed as a

simple concatenation of these interatomic distances and angles. It was found that in-
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Figure 5.2: Diagram showing the descriptors for benzene (C6H6) used in the pre-
liminary version of GANdalf. These simple descriptors are entirely based on the
interatomic distances to the nearest neighbouring atoms. Panel (a) centered on a
carbon atom and panel (b) centered on a hydrogen atom, both show the relevant
interatomic distances used.

cluding information about the chemical species present in the molecule was essential

to allowing the GAN to learn. A disadvantage of this method is that the appropri-

ate descriptors must be hand-crafted for each molecule type being considered. For

example, the descriptors for each carbon and hydrogen atom in the molecule type of

benzene (C6H6) are respectively defined as

dC6H6
C = (rC1 , r

C
2 , r

C
3 , r

C
4 , r

H
1 , r

H
2 , r

H
3 , θ

CC
12 ) , (5.4)

dC6H6
H = (rC1 , r

C
2 , r

C
3 , r

H
1 , r

H
2 , θ

HH
12 ) , (5.5)

where rσi is the distance to the ith nearest neighbouring atom of species α and θαβij

is the distance between the ith nearest neighbouring atom of species α and the jth

nearest neighbouring of species β. The descriptors used here are local in nature, with

all features being based on nearest neighbours.
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5.2.2 Architecture

This preliminary version of GANdalf was trained using the architecture as shown in

Figure 5.3. It is a Wasserstein GAN [27, 153] like all the GANs in this chapter, with

the default hyperparameters taken from literature [27, 134, 153]. The generator G

is a fully connected neural network which takes normally distributed latent vectors

z as an input and outputs configurations containing Nat atoms in Cartesian coordi-

nates r ∈ RNat×3. In order to enforce translational invariance, the center of mass

m = 1
Nat

∑Nat

i=1 r(i) is subtracted from each atom r(i) in a generated configuration.

Both the real and the generated atomic configurations are then converted into de-

scriptors d as described in Equation (5.4) and Equation (5.5) for the case of benzene.

The architecture of the discriminator D was inspired by a Behler-Parrinello neural

network (BPNN) [83,232] as described in Section 3.5.1. The reasoning for this archi-

tecture choice was that the descriptor for each atom i only considered its nearby local

environment, without having a full global view. Using a BPNN-style model will then

allow it to be adaptable to different systems, which contain similar chemistries but

different structures. In this BPNN paradigm, a given target property y, is calculated

as a sum of atomic contributions yi as follows:

y =
Nat∑
i=1

yi

=
Nat∑
i=1

fZi
(di) , (5.6)

where fZi
is neural network which takes the local descriptor di as input for every

chemical species Zi. There is a separate neural network fZi
for all of the Nk chemical

species present. For example, in the case of benzene (C6H6), there are two neural

networks: fC and fH . Each one is called six separate times, once for each of the six

atoms of the corresponding species.

The specifics of the model architecture and training are now detailed. Both G and

D were trained using mini-batch stochastic gradient descent [110] with a batch size of

128. The rmsprop optimizer [107] was also used in both models, with a learning rate

of 5×10−5. The random noise latent vectors z were drawn from a normally distributed

latent space of dimension 100. The non-linear activation function ReLU [119] was used
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Figure 5.3: Diagram showing the architecture of the preliminary version of the GAN
model used to generate conformations for a single molecule type. The generator G
takes random noise z from the latent space pz as an input and outputs a molecule
rg in Cartesian coordinates. Both the real molecules r that are drawn from the
training set distribution pdata, and the generated molecules rg are converted into
descriptors d{g,data} based on interatomic distances between the nearest neighbours.
The species-wise discriminator D takes as inputs these descriptors d and outputs a
score quantifying its belief in whether the inputs are real or generated.

in G, while LeakyReLU [125] was used in D with a negative slope of 0.1, see Section

2.2 for more details. The original, un-revised version of the MD-17 dataset [274–276]

was used, which contains a total of 627, 233 configurations for the molecule type of

benzene. The benzene GANdalf model which is analysed in Figure 5.4, was trained

for a total of 1000 epochs on this full dataset. There are a total of four layers in

G, with {100, NG, NG, NG, Nat×3} number of neurons in each corresponding layer.

A BPNN-style model is used for D with Nk separate models, one for each chemical

species present. The first layer of each species-wise model takes the relevant descriptor

as input, with the number of input neurons matching the number of features in the

descriptor vector. In the case of benzene, there are eight features for carbon and six

features for hydrogen. The shape of the carbon model is {8, ND, ND, ND, 1} and the

hydrogen model shape is {6, ND, ND, ND, 1}. The size of the models are controlled

with the hyperparameters NG and ND with a default of 70 used being for both.
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5.2.3 Results

The validity of the atomic configurations outputted from the generator of this prelim-

inary version of GANdalf is analysed here. The partial pair distribution functions are

examined. These measure the number occurrences of each interatomic distance value

as a histogram, for each combination of species. It is hypothesised that, if the pair

distribution functions of real and generated configurations closely align, then GANdalf

has successfully learned the underlying distribution of the training data pdata. Due to

the fact that these preliminary descriptors need to be hand-crafted for each molecule

type, only benzene is considered here.

The partial pair distribution functions for benzene are shown in Figure 5.4. It can

be seen that all of the generated configurations contain realistic interatomic distances;

the generated distributions are fully bounded by the real distributions. However, there

exists an obvious bias, with the mean values of all the generated distributions, i.e.,

the positions of the peaks, being consistently underestimated. The variance of the

generated distributions, the distribution widths, is also underestimated compared to

those of the real distributions. The generated configurations of benzene look reason-

able when viewed as a 3D molecule [266, 296, 297], with no atoms out of place and

all chemical bonds looking correct. They may look reasonable but in reality, all in-

teratomic distances are slightly smaller than their actual ground-state value. Even a

small change in the position of the atoms can have a drastic effect on the configura-

tion’s electronic structure [42, 50]. Therefore, these generated configurations are not

of any real use due to their unphysical interatomic distances, and can be effectively

discarded. However, this preliminary method is still capable of generating configura-

tions in 3D, with some level of accuracy, and is therefore considered worthy of further

investigation.
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Figure 5.4: A plot of the partial pair distribution functions for atomic configurations
of benzene. The partial pair distribution function measures the distances rij between
atoms i and j over all possible combinations of chemical species. The real config-
urations are those taken from the original MD-17 training dataset [274–276]. The
generated configurations are those outputted from the preliminary version of GAN-
dalf as shown in Figure 5.3. The results are considered promising but the generated
configurations are far from indistinguishable from those in the training set.
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5.3 Single Molecule Type

The preliminary version of GANdalf, from the previous section, has demonstrated

sufficient accuracy to warrant further investigation, but it has also exhibited a ten-

dency to output biased atomic configurations. This section seeks to improve upon

these preliminary results and to develop an improved version of GANdalf 1 which will

not output biased configurations. Numerous different modifications were made, com-

bined, removed, and adapted, throughout a relatively long development process, in

order to find a reliable architecture. The architecture developed in this section forms

the foundation from which further major adaptions can be made, as detailed in Sec-

tion 5.4 and Section 5.5. The title of this section refers to the fact that this developed

architecture is only suitable for use with a training set consisting of different config-

urations of the same molecule type. For example, a set of atomic configurations of

benzene can be used to train a GANdalf model, but an entirely new model will need

to be trained on any other molecule type such as toluene or aspirin.

5.3.1 Representation

In order to improve the preliminary version of GANdalf so as to be able to generate

atomic configurations that are actually realistic, the most obvious thing to change is

the representation. The preliminary descriptors used, see Figure 5.2, were constructed

entirely using 2-body terms that only considered interatomic distances. It was hy-

pothesised that, using more sophisticated many-body representations [75, 207, 208,

230–232], which also consider 3-body interactions between triplets of atoms, would

increase the generation abilities of the model. Both the preliminary descriptors and

the proposed many-body descriptors, are local in nature, which means that the de-

scriptor (i.e., the feature vector) for each atom i is constructed entirely based on

its nearby environment. In the preliminary descriptors, the nearest neighbours are

explicitly defined, which means they must be hand-crafted for each molecule type

such as ethanol, benzene, or aspirin. Whereas, in many-body descriptors, locality is

enforced by each atom i only considering the neighbouring atoms within some cutoff

distance rc. They use a cosine cutoff function fc that smoothly goes to zero at rc. This

1GANdalf the White ...
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has the effect of giving the closer neighbouring atoms a higher relative importance,

while also not introducing any discontinuities that may hinder learning. Bispectrum

components were selected for use as the many-body representation due to their high

degree of accuracy [85] and their ease of computation in the open-source package

LAMMPS [238,239]. This also provides the relevant descriptor derivatives.

Changing GANdalf to incorporate many-body descriptors promised to increase the

accuracy of the model, but it also introduced some challenges. It was first attempted

to use the same architecture as that of previous preliminary work, see Figure 5.3, where

the generator G outputs molecules in Cartesian coordinates, then the descriptors are

calculated, before finally being inputted into the discriminator D. This has the major

benefit that it is possible for G to generate a large number of configurations, that are

already in the human-interpretable format of Cartesian coordinates. After training

has concluded, the inference stage begins, where only G, and not D, is of importance.

Training G to directly output in Cartesian coordinates makes this inference stage very

computationally efficient, with no need for the previously proposed local inversion

method.

Training G in the ideal scenario of directly outputting in Cartesian coordinates

also introduces a major drawback, which is that during the training stage, the descrip-

tors of each generated batch must be calculated at every training step. In the case

of the very simple preliminary descriptors, this additional computational expense is

trivial. Many-body descriptors, however, require a non-trivial computational expense

to calculate. This involves calling the calculator used to determine the many-body

descriptors (e.g., LAMMPS) at each training step. It was determined that this was

too much of an additional computational expense, and that the more promising line

of research was to develop an inversion method to find the Cartesian coordinates that

correspond to the generated many-body descriptors. When this decision was made,

the collaboration with Matteo Cobelli on the inversion method had already begun.

However, a large number of calls to the many-body calculator LAMMPS must also

be made in the inversion method, as it works by iteratively updating some initial con-

figuration until its many-body descriptors match those of the target descriptor which

is to be inverted. This shifts the computational expense of calling the many-body

calculator from the training stage to the inference stage.
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It is noted that despite the efficacy of the local many-body inversion method, it

does slow down the inference stage. Therefore, the preliminary method of directly gen-

erating configurations in Cartesian coordinates underwent further investigation, but

this time using a many-body representation in the discriminator D. This is in spite

of the aforementioned additional computational expense of calling the many-body

calculator at each training step. The benefit of being able to directly generate in

Cartesian coordinates was deemed too great to ignore. However, in order to properly

train a GAN, the gradients of the loss function from Equation (2.25) are backpropa-

gated [101] from the output layer of D, all the way back through to the input of G.

An external package such as LAMMPS, being in between G and D, acts as a non-

differentiable layer through which gradients cannot flow. However, if the derivatives

of the descriptors with respect to the Cartesian coordinates are known, then it should

be possible to manually define the gradients to be used for backpropagation. This

was briefly tried but was not successfully achieved due to problems with the feature

scaling of the descriptor derivatives.

5.3.2 Architecture

Once it was decided to use a generator G that outputs many-body descriptors, facil-

itated by the newly-developed local inversion method, the next major design choice

was the architecture of the discriminator D. In the preliminary version of GANdalf,

the design of D was inspired by a Behler-Parrinello neural network (BPNN) [83,236],

see Section 3.5.1 and Figure 5.3, which has been widely used for prediction of proper-

ties of molecules and solids to great success [300–302]. Initial attempts at an updated

version of GANdalf that uses both many-body descriptors and a BPNN-style discrim-

inator were unsuccessful. In order to diagnose why, a simple test case was studied:

a dataset containing random distortions of the hydrogen molecule (H2). Being a di-

atomic molecule, the local environment for each atom is the exact same, resulting

in two identical descriptors for each configuration. Training this proposed version of

GANdalf on this hydrogen dataset also produced unusable outputs, but allowed for an

easy diagnosis of the problem. It was found that G would generate realistic descriptors

for each of the two atoms, but there were not identical as they should be. Since the

BPNN-style D quantifies the realism of each atom’s descriptor independently, with
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Figure 5.5: Diagram showing the architecture of the GAN model used to generate
conformations for a single molecule type. The generator G takes random noise z from
the latent space pz as an input and outputs many-body descriptors xg. The input of
the discriminator D alternates between real descriptors x and generated descriptors
xg, where x is drawn from the real data distribution pdata. The score outputted by
D signifies its belief in whether the inputted descriptors are real or generated.

no global view, it cannot distinguish between generated molecules with non-identical

descriptors and real molecules which do have identical descriptors. It is thought that

the reason that the BPNN-style D worked successfully in the preliminary version of

GANdalf is due to the fact that the descriptors were calculated at each training step,

enforcing the atoms of the generated molecules to be appropriately correlated. This

motivated the change from using a BPNN-style D to a fully connected D, which

utilises a global view of the molecule when quantifying its realism score.

The exact methodology used for training this version of GANdalf which generates

many-body descriptors for a single molecule type, is now detailed. Bispectrum com-

ponents [75,238,239] were used as the many-body representation, with the number of

features Nf determined by the value of 2jmax, where 2jmax=8 is used to yield Nf =55.

All the parameters used by the local many-body inversion method are kept the same

as those from Section 4.4. The architecture of the GAN employed is a Wasserstein

GAN [27,153], which has become effectively ubiquitous, with no real scenarios where

the original GAN formulation is superior.
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The generator G is a fully connected neural network which takes latent vectors

z as input and outputs molecules xg expressed in many-body descriptors, namely

the bispectrum components. Random noise latent vectors z were sampled from the

latent space z ∈ Rd, which is normally distributed z ∼ Nd(0, 1) with the dimen-

sion d defaulting to 100. The generator G contains five fully connected layers with

{d,NG, 2NG, 4NG, Nk×Nf} neurons in each corresponding layer, where NG = 60 is

a hyperparameter controlling the number of neurons, Nk is the number of chemical

species present and Nf is the number of features. The ReLU activation function [119]

from Equation (2.12) is used in all layers except the last, which is left linear with no

output activation function.

The discriminator D is a fully connected neural network that takes many-body

descriptors as inputs, alternating between generated descriptors xg and real descrip-

tors x, both in bispectrum components. The model outputs a score quantifying its

belief in whether the input is real or generated. It contains five fully connected layers

with {Nk×Nf , 4ND, 2ND, ND, 1} neurons in each corresponding layer, where ND=65.

The LeakyReLU activation [125] from Equation (2.13), is used with a negative slope

set to 0.2. Both gradient clipping [27] and gradient penalty versions of a WGAN are

implemented [153], see Section 2.4, with the gradient penalty version being chosen for

the superior quality of its outputs. However, it is noted that the training time for a

gradient penalty WGAN is much longer than that of one with gradient clipping. As

is standard procedure in WGANs, for every time the weights of G are updated, the

weights of D are updated five times.

Both models were trained using mini-batch stochastic gradient descent [110] with a

mini-batch size of 128. The learning rates for the rmsprop gradient descent optimizers

[107] in G and D were both set to 5×10−5. The size of the models G and D are

controlled by the hyperparameters NG and ND, respectively. These hyperparameters

are set such that D is ∼5−10% larger than G with the rationale being than D is the

model driving the learning as it is the only one which sees the training data. However,

the capacity of G and D must be balanced, otherwise mode collapse may occur, where

the model with the larger capacity learns to always trick the other, causing gradients

to vanish and learning to halt. The risk of mode collapse occurring can be minimised

by using a WGAN architecture [27,153], matching capacities in both models, and by
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carefully choosing the values of the hyperparameters.

A total of 100,000 configurations are contained within the revised MD-17 dataset

[87] for the ten molecules types 2. Each of these ten were randomly split into three

separate sets, the training set with 85% of the data, the test set with 10%, and

the validation set with 5%. The test set and the validation set are typically used

for overfitting prevention and for hyperparameter tuning, respectively. Within the

paradigm of generative modelling, the problem of overfitting is not of primary impor-

tance as in the usual regression or classification tasks. Default hyperparameters from

the literature are used [27,134,153]. Ordinarily a systematic hyperparameter search is

performed, using either grid search [234] or Bayesian optimisation [261]. This step was

not performed due to the relatively high expense of retraining a GAN from scratch

multiple times, and then applying the inversion method to a large number of config-

urations. Additionally, no one performance metric exists to choose the best model.

One could have been tailor made based on comparing the real and the generated pair

and angular distribution functions, but this was left undone due to the acceptable

level of performance already achieved with the default hyperparameters.

5.3.3 Results

This section deals with a version of GANdalf that is trained on many-body descriptors

of atomic configurations from a single molecular dynamics run. It is now desired to

analyse the realism of the generated atomic configurations by this version of GANdalf.

The section title of ‘Single Molecule Type’ refers to the fact that a different GAN

must be trained for each different molecule type (e.g., ethanol, benzene, aspirin, etc)

This yields a total of 10 different GANdalfs to be analysed, one for each molecule

type contained in the revised MD-17 dataset [87], see Table 4.1. The workflow to

be used, in all sections of this chapter, for generating atomic configurations is shown

in Figure 5.1. The generator G takes random noise latent vectors as input, and

outputs molecules expressed in many-body descriptors xg ∈ RNk×Nf , where Nk is the

number of chemical species and Nf is the number of features. The newly-developed

local many-body inversion method from Chapter 4, is then used to calculate the

2Nine of the ten molecule datasets have 100, 000 configurations, with azobenzene having only 99988
due to 11 failed DFT calculations, and the original MD-17 dataset [274–276] only containing 99999
configurations.
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appropriate atomic configuration rg ∈ RNat×3 in Cartesian coordinates, where Nat is

the number of atoms contained in the molecule type.

In order to verify the validity of the generated atomic configurations rg, as com-

pared to the real atomic configurations r from the training set, the pair and the

angular distribution functions are analysed. The pair distribution function measures

the frequency of interatomic distances rij between all atoms i and j within a con-

figuration. The angular distribution function similarly quantifies the frequency of

angles θijk for all possible atom triplets between atoms i, j, and k. Each of these

two functions can also be expressed as the partial pair or partial angular distribution

functions, where different combinations of chemical species are displayed individually.

For example, the partial pair distribution function for benzene (C6H6), would be sepa-

rated out into C-C, C-H, and H-H. The angular distribution function for benzene can

be separated out various different ways (such as C-C-C, H-H-H, C-H-C, H-H-C, etc)

but in this work all angles centered on a given species are summed over, irrespective

of the species of the other two atoms in the triplet (e.g., X-C-X, X-H-X). For more

details on the pair and angular distribution functions, see Section 4.4.1.

The pair distribution functions for all ten molecule types are shown in Figure 5.6.

It can be clearly seen that the generated atomic configurations have internal bond

distances that closely align to those contained within the real configurations. This

is especially evident when compared to the results obtained by using the preliminary

version of GANdalf shown in Figure 5.4. There do exist minor differences between

the real and the generated distributions, such as in the case of benzene. These dis-

crepancies are thought to mainly arise from the inherent problems in the many-body

inversion method. However, there is still some contribution to the error of the method

from the GAN. The final loss values obtained in the inversion method, from Equation

(4.1), tend to be higher for the generated descriptors xg than for real descriptors x

from the training set. This implies that there is some inherent difference between the

generated xg and the real x that the pair and angular distribution functions cannot

identify.

The angular distribution functions for both the real and the generated configu-

rations are shown in Figure 5.7. This figure shows that the internal angles between

any arbitrary triplet of atoms are very similar for real configurations and for gener-
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ated configurations. This similarity holds for all ten molecule types included in the

revised MD-17 dataset [87]. The minor deviations evident are no more than those

shown in Figure 4.4, which represents the minimum error possible in the inversion

method, with no generative model being used. As detailed in Section 4.3, the inver-

sion method struggles for systems with many torsional degrees of freedom. Therefore,

the partial pair and partial angular distribution functions are analysed in Figure 5.8

for the case of malonaldehyde, which consists of a chain of carbon and oxygen atoms,

containing many possible torsional angles. It can be seen in this figure that the triplet

angles are very realistic in the generated configurations. The interatomic distances do

exhibit some differences in species combinations which include carbon, in particular

with the peak height of the distributions. However, the peak locations and widths are

all accurate, with the relatively minor additional variance still being at an acceptable

level of deviation from the real configurations. It can therefore be concluded that

GANdalf is capable of generating descriptors that, when inverted, are similar to those

configurations included in the training dataset.
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Figure 5.6: Plot of the total pair distribution functions for all ten molecules types
included in the revised MD-17 dataset [87]. This function considers every possible
distance between atoms i and j in a configuration. The real configurations are taken
directly from this dataset. The generated configurations are the result of the local
inversion method being applied to the many-body descriptors generated by GANdalf.
The real distribution contains 10, 000 samples, while the generated one contains 200.
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Figure 5.7: Plot of the total angular distribution functions for all ten molecules types
included in the revised MD-17 dataset [87]. This function is over all possible triplet
angles θijk between atoms i, j, and k. The real configurations are taken directly
from this dataset. The generated configurations are the result of the local inversion
method being applied to the many-body descriptors generated by GANdalf. The real
distribution contains 10, 000 samples, while the generated one contains 200.
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0.0

1.5

3.0

O-C

1.6 2.0 2.4 2.8

rij [Å]
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Figure 5.8: Plot of the partial pair and partial angular distributions functions for
malonaldehyde configurations from the revised MD-17 dataset [87]. The partial pair
distribution function measures the distances rij between atoms i and j over all possible
combinations of chemical species. The partial angular distribution function considers
every triplet angle θijk between atoms i, j, and k centered on all three species present
in malonaldehyde. The real configurations are taken directly from this MD-17 dataset.
The generated configurations are the result of the local inversion method being applied
to the many-body descriptors generated by GANdalf. The real distribution contains
10, 000 samples, while the generated one contains 200.
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5.4 Multiple Molecules Types

After it was shown that this many-body descriptor version of GANdalf could success-

fully reproduce conformations of a single molecule type, the next step taken was to

include multiple different molecule types in the training set. In order to do this, a

conditional GAN, see Section 2.4.3, was used, where an additional input l, denoting

the molecule type, is integrated into both the generator G and the discriminator D.

This additional input is required so that the generated molecule descriptors xg can

undergo the local many-body inversion method to obtain configurations in Cartesian

coordinates r. If each generated configuration was not labelled with a specific molecule

type label l, then the inversion method would not know the initial configuration r(0)

with which to begin the optimisation procedure. The ultimate goal for training on

multiple molecule types in this fashion is to have the ability to generate new molecule

types. However, this is infeasible due to the inversion method requiring an initial

configuration that is reasonably close to the target configuration to be inverted. This

inability to generate new molecule types means that the benefit of training on multi-

ple molecule types is that it is efficient; one model is capable of performing the job of

many models. It also serves to demonstrate the versatility of the GANdalf framework.

5.4.1 Label Embedding

A method to encode categorical information such as molecule type into a vector l

is now required. Two ways to do this are considered: (1) one-hot encoding and (2)

embedding layers [179]. Both of these methods are borrowed from the field of nat-

ural language processing, where words in a text must be represented as numbers.

The one-hot encoded molecule type vectors for a training dataset containing ethanol,

malonaldehyde, and aspirin may be constructed as [1, 0, 0], [0, 1, 0], and [0, 0, 1] respec-

tively. One-hot encoding is the simplest method, but is only suitable for cases when

the total number of words (or molecule types) is small as it is a sparse representation.

Another disadvantage of this method is that each vector is linearly independent so no

notion of similarity is introduced.

The second possible method used to represent molecule types as vectors are em-

bedding layers [179] which seek to represent each word as a point in a vector space
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Figure 5.9: Diagram showing the architecture of the GAN model used to generate
conformations for multiple different molecule types. The generator G is inputted
random noise z from the latent space pz and molecule type labels lg from the set of
all possible labels pl. The outputs of G are many-body descriptors xg. The inputs of
the discriminator D alternate between real pairs (x, l) and generated pairs (xg, lg),
where x are real descriptors drawn from pdata and l are real labels drawn from pl. The
score outputted by D signifies its belief in whether the inputs are real or generated.

where similar words are grouped closely together. This is achieved by using a set of

learnable weights that are updated by backpropagating gradients. A major benefit of

this method is that, if properly trained, it learns some notion of the semantic meaning

of the labels [303]. This allows vector arithmetic to be performed on the labels pro-

jected into this vector space. For example, type vectors lX for some arbitrary molecule

type X could be constructed as follows: lbenzene − lhydrogen + lmethyl = ltoluene.

In both of these methods, the molecule type vector l is retrieved using indices

L. The one-hot encoded vectors are constructed by indexing the desired row out of

the identity matrix In where n is the number of labels. For example, given a label

index L=2 out of three possibilities {0, 1, 2}, the corresponding row of the identity

matrix I3 would be [0, 0, 1]. Embedding layers can be thought of as a simple lookup

table, storing the learnable embeddings for each molecule type index. Therefore, the

actual input into each model in both cases is just the label index L, not the type

vector l. This can be seen in Figure 5.9 which shows the architecture of GANdalf for

multiple molecule types as described. The constructed type vector l is then simply

concatenated onto the original model inputs.
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5.4.2 Results

A version of GANdalf that can be trained on a dataset containing multiple different

molecule types is now outlined. Consider that GANdalf is trained on descriptors

x ∈ RNk×Nf , where Nk is the number of chemical species present and Nf is the number

of features. It is therefore straightforward to include multiple molecule types with the

same species in the training set even if they have a variable number of atoms. However,

since the output layer of the generator G has Nk ∗Nf nodes, it cannot accommodate

molecule types which contain differing species. For example, a molecule type such as

ethanol which contains hydrogen, carbon, and oxygen atoms could not be included in

the same training dataset as benzene, which only contains hydrogen and carbon. It

may be possible to pad the descriptors x with appropriately shaped vectors, full of

zeroes for species which are not present in that particular molecule type. This would

allow GANdalf to work for both a variable number of atoms and a variable number

of species. The zero paddings would then be removed before the local many-body

inversion method. However, this possibility has not yet been investigated.

This multiple molecule version of GANdalf is trained in practically the same way

as the previous single molecule version. It uses the same hyperparameters as detailed

in Section 5.3.2 and the same inversion method parameters as in Section 4.4. The

major difference in this proposed architecture is that both G and D now require

the molecule type vector l as an additional input. This is simply concatenated onto

the end of the original input, which requires the input layer of the fully connected

neural network to be expanded to include an extra ∥l∥ neurons. In the case of G, the

original input of latent vector z, is concatenated with l to become z⊕ l, with a total

of ∥z∥+∥l∥ neurons in the input layer. In D, which takes many-body descriptors x

as input, the new multiple molecule input becomes x⊕ l, with (Nk×Nf )+∥l∥ neurons

in the input layer. Care must be taken with feature scaling, see Section 2.2, in this

multiple molecule version of GANdalf. This is achieved by applying feature scaling

to the descriptors x of each molecule type separately, only using statistics from that

particular molecule type. Since the descriptors x for each molecule type have different

ranges, mean values, and standard deviations, it is not appropriate to calculate the

feature scaling statistics using all molecule types.

A multiple molecule version of GANdalf was trained on a dataset consisting of
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benzene, toluene, and naphthalene. These three molecule types have 12, 15, and 18

atoms, respectively, and only contain hydrogen and carbon atoms. After training has

concluded, the inference stage begins where the generated many-body descriptors are

inverted back into the human-interpretable Cartesian coordinates, as shown in Figure

5.1. In order to generate descriptors of the desired molecule type, only the vector l

must be user defined, the latent vector z will be randomly sampled as usual. The

version of GANdalf analysed here was trained using one-hot encoded molecule type

vectors instead of embedding vectors. It is expected that using embedding vectors

will yield better results, when there are a large number of molecule types included.

One-hot encoded vectors are deemed sufficient for the current three molecule types.

To verify that GANdalf has learned the underlying data distribution of the real

descriptors, a large number of atomic configurations are generated by the means of

the local inversion method. The partial pair and partial angular distribution func-

tions for benzene, toluene, and naphthalene are shown in Figure 5.10, Figure 5.11,

and Figure 5.12, respectively. From these plots, it can be clearly seen that GANdalf

is fully capable to generate configurations of multiple molecule types, particularly

when compared to the preliminary results shown in Figure 5.4. It can therefore be

said that the atomic configurations generated by this version of GANdalf have inter-

nal interatomic distances and angles which are similar to those of the configurations

contained within the training set. Some minor deviations can be noted, particularly

in the hydrogen distribution functions. This physically corresponds to the H atoms

being too rigid, with not enough variation. This is believed to be a problem with

the inversion method. A possible solution, not yet investigated, would be to weight

H atoms more heavily than C atoms in calculating the bispectrum components in

LAMMPS [75,238], or in the inversion loss function from Equation (4.1).
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Figure 5.10: Plot of benzene’s partial pair and partial angular distributions functions
for configurations from the revised MD-17 dataset [87]. The partial pair distribution
function measures the distances rij between atoms i and j over all possible combina-
tions of chemical species. The partial angular distribution function considers every
triplet angle θijk between atoms i, j, and k centered on all three species present in
benzene. The real configurations are taken directly from this MD-17 dataset. The
generated configurations are the result of the local inversion method being applied
to the many-body descriptors generated by GANdalf. The real distribution contains
10, 000 samples while the inverted one contains 400.
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Figure 5.11: Plot of toluene’s partial pair and partial angular distributions functions
for configurations from the revised MD-17 dataset [87]. The partial pair distribution
function measures the distances rij between atoms i and j over all possible combina-
tions of chemical species. The partial angular distribution function considers every
triplet angle θijk between atoms i, j, and k centered on all three species present in
toluene. The real configurations are taken directly from this MD-17 dataset. The
generated configurations are the result of the local inversion method being applied
to the many-body descriptors generated by GANdalf. The real distribution contains
10, 000 samples while the inverted one contains 400.
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Figure 5.12: Plot of naphthalene’s partial pair and partial angular distributions func-
tions for configurations from the revised MD-17 dataset [87]. The partial pair distri-
bution function measures the distances rij between atoms i and j over all possible
combinations of chemical species. The partial angular distribution function considers
every triplet angle θijk between atoms i, j, and k centered on all three species present
in naphthalene. The real configurations are taken directly from this MD-17 dataset.
The generated configurations are the result of the local inversion method being applied
to the many-body descriptors generated by GANdalf. The real distribution contains
10, 000 samples while the inverted one contains 400.
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5.5 Property Conditioning

It would be desirable to have a GAN that is conditioned upon some observable molec-

ular property in order to allow for the selective generation of molecules with certain

values of this property. For example, it might be desirable to generate only stable

molecules with a low total energy. Additionally, it may be useful to increase the

number of configurations occupying certain regions of the property distribution that

is difficult to sample using traditional methods [194]. In this approach, both the gen-

erator G and the discriminator D would then take this property label as an additional

input [218]. A structure-to-property model, see Section 3.5, can be included in the

inner training loop in order to force the desired properties to align with the predicted

ones. Rigorous methods of calculating property information, such as DFT, would be

prohibitively slow for inclusion in the GAN training loop. Therefore, machine learned

interatomic potentials or force fields are used. Specifically, a Behler-Parrinello style

neural network (BPNN) is used due to its accuracy, large learning capacity, and inex-

pensive predictions [83,85]. A similar method was successfully used in the past on the

Ising model [162,163], allowing for the generation of 2D lattices with desired magneti-

sation, energy, and temperature values [88]. In theory, BPNN models are suitable for

predicting many different quantum-chemistry properties [300–302]. In this case, how-

ever, they are only applied to DFT total energy values [50]. This is due to the revised

MD-17 dataset [87] only containing energy values and no other molecular properties.

A diagram illustrating the architecture of this proposed version of GANdalf is shown

in Figure 5.13.

5.5.1 Property Predictor

There exist a number of criteria that a structure-to-property model must satisfy in

order to be valid for inclusion in the inner training loop of this property-conditioned

version of GANdalf. It needs to take configurations in the form of many-body de-

scriptors as an input and to output predictions for the target property values. The

model must also have a sufficiently large learning capacity in order to generalise to

the generated descriptors outputted by G. During the initial stages of training, these

generated descriptors xg are extremely noisy, with little resemblance to the real de-
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Figure 5.13: Diagram showing the architecture of the GAN model used to generate
conformations conditioned on property values. The generator G is inputted random
noise z from the latent space pz and desired property values eg, drawn from the
approximate distribution peg . The outputs of G are many-body descriptors xg. The
inputs of the discriminator D alternate between real pairs (x, e) and generated pairs
(xg, eg), where x are real descriptors drawn from pdata and e are real properties drawn
from pe. The score outputted by D signifies its belief in whether the inputs are real
or generated. The GAN is conditioned using a property predictor E, consisting of
Nk separate sub-models, one for each species Z. It predicts the property values of
the generated xg as êg where G is trained to minimise the difference between the
predicted êg and the desired eg.

scriptors x. If the learning capacity of the property predictor model is too low, then

these initial noisy descriptors will result in predictions that do not allow learning to

occur in G. Two different architectures were considered for use as the property pre-

dictor model E: a spectral neighbour analysis potential (SNAP) model [84], and a

Behler-Parrinello neural network (BPNN) [83, 236].

A SNAP model is a ridge regression model [103] that uses bispectrum components

[75] as the input representation, see Section 3.5.2. Ridge regression is just simple

linear regression with an additional regularization term that penalises the learnable

parameters that grow too large, see Section 2.2. It is an effective widely used model,
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particularly in scenarios with few data points. However, since it is only a linear model,

with few learnable parameters, it was found to be incapable of being successfully

integrated into the GANdalf training loop. The SNAP model was never able to provide

reasonable initial predictions for the properties of the noisy generated descriptors,

meaning that no learning could occur.

The next candidate architecture for use as the property predictor model E was

a BPNN, as detailed in Section 3.5.1. This style of model was first developed for

use with a representation of symmetry functions [232], but it was found to work

equally well with bispectrum components [75]. This is the model architecture that

the discriminator of Section 5.2 was modelled after. The architecture of a traditional

BPNN was modified somewhat for use in this work. The local many-body inversion

method only requires descriptors x ∈ RNk×Nf instead of the typical x ∈ RNat×Nf ,

where Nk is the number of species, Nf is the number of features, and Nat is the

number of atoms. Therefore, this proposed version of BPNN still requires a different

constituent network for each of the Nk species, but each one is only called once

compared to the multiple times in the traditional formulation. Only a very slight

reduction in accuracy was found to occur after this modification.

This BPNN structure-to-property model is pre-trained on real many-body descrip-

tors x and energies e from the training dataset. This pre-training is done in order

to prevent the model from learning the initial noisy generated descriptors xg [88]. It

uses LeakyReLU [125] from Equation (2.13) as the activation function in the internal

layers, with a negative slope α of 0.1. A sigmoid output activation function [126]

is used to match the normalised feature scaling that it applied to the property val-

ues. Each of the Nk sub-models in the BPNN consists of 5 fully connected linear

layers with {Nf , NE, NE, NE, 1} neurons in each corresponding layer, where NE is a

hyperparameter used to control the model size with a default of 80. The training

objective of the model was to minimise the mean-squared error (MSE) loss function
1
mb

∑mb

i=1(ei − êi)
2, where mb is the mini-batch size and ê are the predicted energies.

An Adam gradient descent optimiser [106] is used with a learning rate of 8×10−4.

Overfitting is prevented using early stopping, where the MSE on the test set is mon-

itored, with the best performing model being chosen if no improvement occurs after

400 epochs. The maximum number of training epochs was 1000.
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The accuracies of the BPNN model for each of the ten molecule types can be seen

in Figure 5.14. It is clear that all model predictions lie close to the dotted line of best

fit, and hence the models can be said to be reasonably accurate. The most accurate

results can be seen in the case of benzene, which is unsurprising considering it has

the least torsional degrees of freedom and only has 12 atoms. The worst accuracies

are exhibited in the case of aspirin, which has the most torsional degrees of freedom.
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Figure 5.14: Figure showing the parity plot accuracies of a Behler-Parrinello neural
network (BPNN) structure-to-property model for all ten molecule types in the revised
MD-17 dataset [87]. The x-axis shows the original DFT energy labels e from the MD-
17 dataset. The y-axis shows the BPNN predicted energies ê for the given many-body
descriptors x. Included are the mean-absolute errors (MAE) in units of eV/atom,
coefficients of determination R2 [304], and line of best fits for each of the ten molecule
types.
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5.5.2 Property Latent Space

Most generative models work by learning the mapping from a latent space to the

training data space. The latent space is simply a user-defined vector space of arbitrary

dimension d. Latent vectors z ∈ Rd, represent points in this vector space, and can be

randomly sampled using a multivariate probability distribution pz. The probability

distribution is commonly chosen as either a uniform distribution z ∼ Ud(−1, 1) or as

a normal distribution z ∼ Nd(0, 1). A normal distribution is used in this work, as

it matches the distributions of both the neural network weight initialisations and the

scaling of the feature vectors.

The objective of this work is to have the ability to selectively generate molecules

for a specified target property value. This is relevant in the scenario where the train-

ing dataset with samples x also contains additional class labels y. These labels y

might represent energy values, HOMO-LUMO gap values, see Section 3.3.2, or any

number of physically observable quantities. In this case, the labels y are not discrete

categories but are continuous values instead. Therefore, some adaptation to the stan-

dard formulation of a conditional GAN is required, as detailed in Section 2.4.3. In

this chapter, DFT total energy values [50] are the only properties that are used. But

the method should, in principle, extend to the use of other, more advanced properties.

Consider a dataset such as the revised MD-17 dataset [87], where each configuration

r ∈ RNat×3 contains Nat atoms, with associated labels of scalar DFT energy val-

ues e ∈ R. The training dataset consists of m pairs of real samples {(r(i) , e(i))}mi=1.

In comparison, an arbitrary number of generated configurations and target property

pairs {rg , eg} can be obtained. The set of real energies {e(i)}mi=1 forms a distribution

pe.

In the standard formulation of a GAN, with no conditioning, generated samples

G(z) form a distribution pg, which will approximate the distribution of real samples

pdata as pg ≈ pdata after training successfully completes. In order to have control

over the energies of the generated configurations, it is necessary to use a conditional

GAN, which takes a secondary input eg drawn from an additional energy latent space.

These latent energies eg represent the desired energies of the generated configurations

rg. How this energy latent space is defined is of importance. The standard GAN

latent space pz is rarely ever interacted with by the user, latent vectors z are simply
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Figure 5.15: Figure showing how the underlying property distribution pe is approxi-
mated as peg . Panel (a) shows how a kernel density estimation (KDE) is formed from
a summation of local density estimations around each random data point x. Panel (b)
displays a KDE fit and a histogram fit to a set of 500 naphthalene energy values taken
from the revised MD-17 dataset [87]. It can be seen that KDE is a more appropriate
choice as the histogram fit tends to overfit to the data.

randomly sampled. To selectively generate with specified energies, it is necessary

to enforce that the latent energies eg correspond, as close as possible, to the actual

DFT energies eDFT
g of the generated configurations rg. The most naive approach to

defining this energy latent space would be to just randomly sample real energies from

the training set {e(i)}mi=1, which is the approach taken in Fung et al. [225]. However,

the objective is to have a model that can extrapolate out to new data regimes and

to interpolate between known samples. It was thought that the model may do these

optimally, if it only uses real energies e throughout the training process. This leads

to the problem of how to approximate the real distribution of energies pe.

Methods from the field of probability density estimation [305–307] are used to

create an approximate distribution peg given the distribution of real energies pe. A

simple and intuitive method of using a histogram was initially explored. This approach

worked by placing all energies into bins of fixed width, ranging from the minimum
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to the maximum values 3, then calculating the cumulative distribution function. It

is then a matter of sampling, where the naive approach is to simply choose a bin

with the relevant probability from the cumulative distribution function, and then

sample a random latent energy eg from a uniform distribution between the upper and

lower bounds of that bin. It would have been better to sample from the cumulative

distribution function using inverse transform sampling [308]. This simple histogram

method was later changed to a more sophisticated, and easier to implement, kernel

density estimation [305, 306].

Kernel density estimation (KDE) is a widely used method for probability density

estimation. In histogram plots, for example, a smooth KDE curve is often included for

ease of visualisation. KDE is a non-parametric method that approximates a distribu-

tion as a smooth continuous function, which can then be sampled from at will [309].

A visualisation of how the KDE is constructed using a sum of local density esti-

mations is included in of Figure 5.15(a). More formally, given a set of m samples,

(x(1), x(2), . . . , x(m)), independently drawn from the same distribution px, the density

f(x) is estimated. The local probability density is modelled around each sample x,

typically as a normalised Gaussian of the form:

K(x) =
1√
2π

e

(
−1
2
x2

)
, (5.7)

where K is said to be the kernel function. The final density estimation is taken as the

sum of all these local kernel densities for all samples x:

f(x) =
1

mh

m∑
i=1

K

(
x− xi
h

)
, (5.8)

where h is a smoothing parameter and m is the number of samples. The smoothing

parameter h is set according to Scott’s rule [307]: h=m
(
− 1
d+4

)
where d is the dimen-

sion of the distribution px, being equal to one in this work as only univariate property

distributions are considered (e.g., just energies).

In summary, kernel density estimation is used to form an approximate distribution

peg given the real distribution of properties pe of the training set. During the training

3Increasing these maximum and minimum energy bounds by an additional 5−10% was experimented
with. This allowed the model to extrapolate out into data regimes beyond that contained within the
training set.
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of this conditional version of GANdalf, the target or desired properties are drawn

from this approximated distribution peg . This allows the model to correctly learn the

underlying data distribution pdata, while still retaining the ability to generalise out to

new data regimes.

5.5.3 Results

The efficacy of this proposed method of property conditioning is now examined.

Proper analysis requires more than just the pair and angular distribution functions

already used. However, it is noted than the configurations generated using this con-

ditioning method do have similar distribution functions to those previously shown in

Figure 5.6 and Figure 5.7. It is briefly confirmed in Figure 5.16 that the generated

configurations are still structurally similar to the real ones. Then it must be verified

that the actual property values of the generated configurations correspond to the de-

sired values that were inputted into the GANdalf model. This can be thought of as

checking the tuning of a speaker; making sure that the outputted decibel level actually

matches what is specified by the speaker control dial.

The training details of this property-conditioned version of GANdalf are much

the same as described in Section 5.3.2. The additional latent energies eg are simply

concatenated onto the random noise vectors z, before input into both G and D. In

order to assign higher importance to the latent energies eg, they were concatenated

a total of ten times. This means that the number of neurons in the input layer of G

is therefore 10+∥z∥. An additional loss function term is added to G as described in

Section 2.4.3. This secondary training objective of G is to minimise the mean squared

error (MSE) difference between the latent energies eg and the BPNN predicted energies

êg. This MSE difference is added to the standard Wasserstein G loss function as

LG = − E
z∼pz

[D(G(z))] + λe E
eg∼peg

[(eg − êg)2], (5.9)

where λe is a coupling hyperparameter that defaults to 10 and peg is a approximation

of the real energy distribution.

A method to verify that the generated configurations are similar to the real con-

figurations is called Principal Component Analysis (PCA) [304,310]. This is a linear-
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Figure 5.16: Figure showing the principal component analysis (PCA) of the Cartesian
coordinates of the real and the generated atomic configurations of ethanol. PCA
is used to visualise high-dimensional data in a 2D space. The real configurations
are projected into this 2D space using PCA. The generated configurations are also
included using the same projection as the real data. The DFT energies of both are
included as colour bars. A total of 200 configurations are shown for both the real and
generated cases.

dimensionality reduction technique that projects high-dimensional data into a lower-

dimensional space using a set of orthogonal components. These components are chosen

along principal axes such that the variance of the data is maximised. PCA is com-

monly used to visualise multivariate datasets in a 2D or 3D space. Similar samples

will be grouped close together in this reduced space. In order to compare two different

datasets, the orthogonal components are determined using the first dataset and then

both datasets undergo the same transformation. This ensures that both datasets are

transformed into the same space. It is crucial that all data is properly feature-scaled

beforehand in order for the method to work, usually by standardising to a mean zero

and a standard deviation of one. In Figure 5.16, 200 real configurations r and 200

generated configurations rg of ethanol are compared using PCA. All configurations
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are first aligned by performing rotations and translations such that the root mean

square deviation between each configuration is minimised [279, 280]. Two distinct

bands can be seen in this 2D figure, with both sets of Cartesian coordinates r and

rg occupying them with a similar distribution. Energy values of every configuration

are included as colour bars. No groupings of similar energy values were found, with

real and generated energies seemingly randomly distributed. From this figure it can

be concluded that the sets of real and generated configurations are broadly similar.

Similar plots can be seen for the other nine molecule types.

The workflow used to verify the accuracy of this proposed conditioning method

is now detailed. The latent energies eg are inputted into the generator G, alongside

the usual random noise z. The generated many-body descriptors xg =G(z, eg) are

then inputted into the new regression model E, outputting the predicted energies

êg=E(xg). Measuring the alignment of the desired energies eg to the predicted ener-

gies êg serves as the first method of verification. The second, more rigorous method of

verification involves the use of DFT. Applying the local many-body inversion method

to the descriptors xg results in atomic configurations rg. The DFT energies eDFT
g of

the generated configurations rg can then be calculated using PySCF [42–44]. The

alignment of the desired energies eg to the actual generated DFT energies eDFT
g serves

as the fundamental test of this proposed conditioning method. Both of these verifi-

cation methods are shown in Figure 5.17.

The primary results of this chapter are shown in Figure 5.17 for all ten molecule

types. It shows parity plots with the desired energies eg on the x-axis and the BPNN

predicted energies êg and the DFT calculated energies eDFT
g on the y-axis. A number

of insights can be gained from examining these parity plots. Firstly, the property

conditioning method can be deemed to be successful. There exists a clear linear

relationship between the desired energies eg and the DFT calculated energies eDFT
g . It

is noted that eight out of ten of the GANdalf models have an R2 value [304] greater

than 0.8. As previously stated, the method of sampling the desired energies eg is of

importance. The method that is used throughout the training of GANdalf is to sample

from pge , which is the kernel-density estimate [309] of the real energy distribution pe.

This method of sampling eg was used to make the BPNN predictions shown in orange.

This shows the regions where the majority of training samples occur, and hence where
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the majority of learning occurs. It can be seen that the most accurate DFT energies

eDFT
g tend to lie in the regions containing the majority of the training samples.

The desired energies eg corresponding to the DFT energies eDFT
g that are shown

in blue in Figure 5.17, were uniformly sampled between the minimum and maximum

energies contained in the real distribution pe. This was done to showcase the full ca-

pabilities of the GANdalf model, whereby energetically reasonable configurations can

be generated even in those regions where few training samples occur. The accuracy

in these low-data regions is correspondingly lower but still obeys the correct linear

relationship in most cases. As the desired energies eg approach the maximum per-

missible value, the DFT energies become less and less accurate. There are a number

of prominent outliers in the high energy regions, particularly in the larger molecules

of paracetamol, aspirin, and azobenzene. It seems that the conditioning performance

is affected more by the number of species and the number of torsional degrees of

freedom than it is by the number of atoms. Azobenzene performs quite well despite

being the largest molecule with 24 atoms. Aspirin is once again the most difficult

case, exhibiting a very weak relationship between the desired and the DFT energies.

The accuracy of the property prediction model E, which is included in the GANdalf

inner training loop, is of critical importance. It is a direct source of error during

training, contributing to the uncertainty in the calculated DFT energies. In the best

case scenario, the error in the predicted energies êg of the generated descriptors xg

is comparable to the error of the real descriptors x as shown in Figure 5.14. Other

significant sources of error include the local many-body inversion method, with the

minimum possible error able to be estimated using Figure 4.7 and Figure 4.8. It is

noted error that the inherent error in the inversion method is particularly large in

the cases of aspirin and paracetamol. In conclusion, the inaccuracies shown by the

calculated DFT energies in Figure 5.17 are due to a number of factors including: (1)

the error of the predictor E, (2) the error in the inversion method, and (3) generating

in low-data regimes.
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Figure 5.17: Figure showing parity plots of property-conditioned GAN models for
all ten molecule types in the revised MD-17 dataset [87]. Each models’ accuracy is
assessed by comparing desired energies to the generated energies. The x-axis shows the
desired latent energies eg inputted into the generator G. The y-axis shows the energies
of the configurations outputted by the model. In blue, are the DFT energies eDFT

g of
the generated configurations rg after inversion, with their corresponding MAE and
R2 accuracies. In orange, are the BPNN predicted energies êg of the generated many-
body descriptors xg. The BPNN desired energies are sampled from the approximated
energy distribution peg used during training. The DFT desired energies are uniformly
sampled between the minimum and maximum values of the real distribution pe.
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5.6 Summary

This chapter uses generative modelling to create new atomic configurations that are

similar to those contained within the training dataset. The only training dataset

considered is one consisting of molecular dynamics trajectories [194] for ten different

small molecules [87]. Generative adversarial networks (GANs) [77] are used as the

generative model. The so-called GANdalf framework outputs configurations in the

format of many-body descriptors, such as bispectrum components [75]. This means

that a high degree of structural accuracy is learned by the model. These generated

descriptors are then converted into human-interpretable Cartesian coordinates using

the local many-body inversion method developed in Chapter 4. The use of this inver-

sion method places restrictions on GANdalf; the model cannot extrapolate out to new

molecule types that were not included in the training dataset. GANdalf can only gen-

erate conformations of the molecule types such as ethanol, aspirin, and paracetamol,

which were included in the training dataset.

The developmental history of GANdalf was detailed. Preliminary work was in-

cluded to illustrate the reasons for using many-body descriptors. The basic version

of the developed GAN architecture was then described. This first version works with

only one molecule type in the training dataset. It was shown that the pair and angular

distribution functions for both the real and generated configurations were similar. A

conditional GAN model [32] was successfully implemented to allow for the inclusion

of multiple molecule types in the training set. Finally, a machine learned interatomic

potential [83] was included in the GAN training loop, in order to selectively gener-

ate configurations with desired property values. It was confirmed that the desired

energy values align, to a reasonable degree of accuracy, with the density-functional

theory energies of the generated configurations. It can therefore be concluded, that

the proposed GANdalf framework is capable of generating realistic atomic configu-

rations for desired property values. This corresponds to an inverse design workflow

where structures are directly outputted for a given input property value.
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Chapter 6

Language Modelling of

Molecular Blocks

This chapter uses language modelling to generate diverse molecules for specified prop-

erty values. A novel fragment-based textual representation called MolBlox is devel-

oped. An inversion scheme to reconstruct the generated MolBlox sequences into valid

molecules is detailed. Molecules generated by pre-trained and fine-tuned models are

verified. Both physicochemical and quantum-mechanical properties are successfully

used for targeted generation.

6.1 Introduction

The objective of this chapter is to create a generative model that is capable of out-

putting a diverse range of novel molecules. In the previous Chapter 5, only confor-

mations of known molecule types were able to be generated. This lack of diversity is

considered a significant disadvantage of the GANdalf method and this chapter seeks

to address it. The design choices here taken are motivated by this requirement to

increase diversity in the generated molecules. The two major changes from Chapter

5 are (1) the generative-modelling architecture and (2) the chemical representation.

These two choices are required to be complementary; the model architecture must be

compatible with the representation. A text-based representation is adopted to allow

for increased diversity. This includes no three-dimensional (3D) structural informa-
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tion. The standard textual chemical representation is called SMILES [72], see Section

6.2.1. A molecule of paracetamol would have a SMILES of CC(=O)Nc1ccc(O)cc1. A

generative pre-trained transformer (GPT) is consequentially employed, as the most

appropriate generative model for a text-based representation, see Section 2.5.2. These

are notable differences, changing the intended use case of the workflow significantly.

The previous Chapter 5 used generative adversarial networks (GANs) [77], as they

were compatible with bispectrum components [75], the chosen chemical representa-

tion. Bispectrum components are essentially in the format of a 2D image (see Figure

3.3), which is what GANs are typically applied to [32,77,134,139,155]. The developed

GANdalf framework can only generate conformations of the molecule types included

in the training dataset. This is a major restriction, which is caused by the local many-

body inversion method from Chapter 4. Despite the fact that the inversion method

was instrumental in GANdalf’s ability to generate realistic 3D conformations, it is

now removed from the workflow. There are too many restrictions introduced by its

requirement for an initial structure to begin the inversion procedure from. In order

to fulfil the objective of increasing the diversity of the generated molecules, a less

sophisticated representation than many-body descriptors was adopted, allowing for

the removal of the inversion method.

Numerous different generative-modelling frameworks have been applied to chem-

ical systems in recent times. These include various combinations of model archi-

tectures and chemical representations. The landmark paper that first demonstrated

the potential of generative models was Gómez-Bombarelli et al. [30]. They gener-

ated novel molecules in a textual representation called SMILES, see Section 6.2.1, by

randomly sampling from the latent space of a variational autoencoder [113]. They

also showed that an additional property predictor model can be used to guide the

generation process, similar to our method presented in Chapter 5. Various other

early attempts have succeeded in generating SMILES strings [311, 312] but lack any

means of property-conditioning, which is required for effective inverse chemical de-

sign. Some success has been found at generating textual molecules with generative

adversarial networks [34,218] and with recurrent neural networks [313]. More modern

models are typically based on the transformer architecture [29], due to the success

of large language models [76, 78, 97, 144, 145, 164–169, 171]. Transformers are deemed
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highly compatible with the textual chemical representations considered here, as their

training objective is to learn the next symbol in any given sequence of text. Prominent

in this work is MolGPT [33], see Section 6.3, whose basic architecture is modified and

used as the generative model in this chapter.

As has been previously stated, a major objective of this thesis is to train generative

models that can create molecules for selective property values. As described in Chap-

ter 1, there are numerous different types of properties which are suitable depending

on the nature of the training data. There exist a number of so-called two-dimensional

(2D) properties that are commonly used in the field of cheminformatics [30, 33–36].

No 3D structural information is used in calculating these properties, only the SMILES

structure is, hence the name of 2D properties. Four different 2D properties are used

in this work for the conditioning of generative models. These include hydrophobicity

(logP) as measured by the logarithm of the octanol-water partition coefficient [37],

and the topological polar surface area (TPSA) [38]. Both of these can be consid-

ered physicochemical properties [314], which respectively affect biological absorption

and barrier permeability [41]. A synthetic accessibility score (SAS) [39] is used to

heuristically determine how easily a molecule can be synthesised, based on structural

complexity and fragment rarity. SAS values range from zero which is easily synthe-

sisable to ten which is considered difficult. A final 2D property is the quantitative

estimate of druglikeness (QED), which consists of a weighted sum of eight different

molecular properties 1. QED evaluates a molecule’s druglikeness as a score between

zero and one, with one being a high druglikeness.

Another aim of this chapter is to condition the generative model on properties

derived from quantum-mechanical electronic structure calculations [42–44]. These can

be classified as full 3D properties, requiring 3D atomic coordinates to be known, as

opposed to the previous 2D physicochemical properties [37–40] which only requires the

SMILES. Three such quantum-mechanical properties are considered as targets in this

work. These are the total energy at 0K, the HOMO-LUMO gap energy, see Section

3.3.2, and the dipole moment. The total energy includes kinetic energy, potential, and

internal energy contributions, see Section 3.3.1. It is crucial in assessing the stability

1These eight constituent properties of QED are: molecular weight, hydrophobicity, number of hy-
drogen bond donors, number of hydrogen bond acceptors, topological polar surface area, number of
rotatable bonds, number of aromatic rings, and number of structural alerts.
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of a molecular system. The HOMO-LUMO gap is the energy difference between

the highest occupied molecular orbital (HOMO) and the lowest unoccupied molecular

orbital (LUMO) [49]. High values of this property may imply chemical stability, while

lower values may indicate chemical reactivity. Lastly, the dipole moment is a vector

quantity that measures the difference between positive and negative partial charges

within a molecule. Polar versus non-polar is a fundamental concept in chemistry,

affecting solubility and general behaviour in electric fields. Having the ability to

selectively generate molecules for desired values of these 3D properties improves the

versatility and usefulness of the workflow.

The open-source cheminformatics package RDKit [281] is used throughout this

chapter. This package constructs a molecule object from a SMILES, which can then be

used to determine neighbouring atoms, physicochemical properties [37–40], and much

more. The ETKDG [91,92] method of conformer generation is used to convert SMILES

into 3D structures, as implemented by RDKit. The HuggingFace package [315, 316]

is used for tokenisation techniques. The GPT model is implemented using a modified

version of the open-source code NanoGPT [178]. PyTorch [295] is used as the deep

learning framework, for its ease of use and GPU acceleration. The density-functional

theory (DFT) [50] package PySCF [42–44] is used to perform electronic structure

calculations and geometry optimisations.

There are two different training datasets used in this chapter, one for pre-training

and one for fine-tuning. The pre-training dataset is called GuacaMol [89] and is widely

used as a benchmark for drug discovery tasks within the field of cheminformatics

[33,317,318]. It provides numerous standardised metrics that can be used to compare

to existing generative models. This dataset consists of around 1.5 million SMILES,

with the largest molecule containing 250 atoms. It is formed as a subset of the

ChEMBL database [12], which is manually curated to only contain bioactive molecules

with drug-like properties. This GuacaMol subset is created by filtering out salts, ions,

and SMILES of greater than 100 characters. Molecules which contain chemical species

other than H, B, C, N, O, F, Si, P, S, Cl, Se, Br, and I are not included. Furthermore,

molecules with a high degree of similarity [319] to a set of 10 marketed drugs 2 are

excluded, ensuring that these 10 drugs can be safely used as a holdout validation set.

2This set of known drugs is: aelecoxib, aripiprazole, cobimetinib, osimertinib, troglitazone, ra-
nolazine, thiothixene, albuterol, fexofenadine, and mestranol.
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The QM9 dataset [14, 90] is used to fine-tune a GPT model already pre-trained

on the GuacaMol dataset. QM9 is a smaller, more domain-specific dataset containing

134,000 molecules. It is formed as a subset of the GDB17 database [14], containing

only those molecules with fewer than nine atoms of the species (C,O,N,F), not in-

cluding hydrogens. The underlying GDB17 database contains synthetic molecules,

constructed using combinatorial techniques [19]. This means that QM9 allows for a

larger chemical space to be explored. The most significant feature of the QM9 dataset

is that every molecule is labelled with 12 different DFT properties. These DFT cal-

culations are performed using a B3LYP functional [199–202] and 6-31G(2df,p) basis

set [320,321], see Section 3.3.1. A series of increasingly strict electronic and geometric

convergence thresholds were employed. Despite QM9 containing both SMILES and

optimised 3D structures, the GPT model is only trained using SMILES. A number

of the 12 different 3D properties are used to condition the generative model. These

include the total energies, the dipole moments, and the HOMO-LUMO gaps.

The layout of this chapter is as follows. The newly-adopted text-based chemical

representation will first be introduced. Two different textual representation are used,

the standard SMILES as well as MolBlox, a new representation that is proposed in

this thesis. An inversion method to reconstruct the original SMILES from a given

MolBlox sequence is then described. Section 6.3 gives the specifics architecture of the

GPT model used in this chapter. The results of the workflow are then analysed, on

both the pre-training [89] and the fine-tuning datasets [14, 90]. The accuracy of the

property conditioning is also assessed.

6.2 Textual Representation

An objective of this chapter is to create a generative-modelling framework that ad-

dresses the limitations and challenges encountered during Chapter 5. It was there-

fore decided to replace quantum-mechanically accurate many-body descriptors with a

simpler representation, more appropriate for generating diverse molecules. The most

obvious candidate would be a two-dimensional (2D) representation such as SMILES

(Simplified Molecular Input Line Entry System) [72]. This is a method of encoding

molecules as a text-based string. It is compact and machine-readable, making it a

P. Cahalane 135



Chapter 6. Language Modelling of Molecular Blocks 6.2. Textual Representation

widely used representation within the field of cheminformatics. A visual example of

a molecule and its corresponding SMILES is shown in Figure 6.1. Molecular training

datasets [13, 89, 90] are commonly just a list of SMILES. There also exist large on-

line chemical databases [10, 11] which can be searched using SMILES. There already

exist multiple generative models trained to output molecules in a SMILES representa-

tion [30,33,218,322,323]. One way that our proposed method differentiates itself from

these existing methods is in the novel MolBlox representation. In this section SMILES

is first described, before progressing onto the proposed MolBlox representation.

6.2.1 SMILES

The SMILES representation is 2D, meaning that it only includes information such

as chemical species, bond types, and atom connectivities. No 3D information about

atomic positions is encoded, rendering SMILES unable to distinguish between differ-

ent conformations of the same molecule. However, there exist packages [91,324] which

can be used to generate estimates for the 3D atomic coordinates given a molecule in

SMILES. The small number of rules used to construct SMILES are now briefly de-

tailed. Each atom is denoted with its associated chemical symbol (C for carbon, N for

nitrogen, etc), except hydrogen atoms which are left implicit based on the remaining

valences. Adjacent atoms are either single (−), double (=), or triple (#) bonded, with

single bonds often being left unspecified. Parentheses are used to specify branches off

the proceeding sequence e.g., C(C=O)CO. In aromatic rings, where bonds alternate

between single and double, the atom symbols are generally made lowercase, with spe-

cial aromatic bonds used to dynamically specify single or double bonds. Aromatic

rings are properly closed by appending a number to adjacent atoms in the ring e.g.,

Oc1nccc(O)n1. Ionic charges (and explicit hydrogens) can be added using square

brackets e.g., CO[N+](=O)[O−].

The aim of generative language modelling is to predict the next token in a given se-

quence of tokens. These tokens can represent words in a sentence, notes in a song [166],

or visual patches in an image [97]. It is often necessary to split the raw dataset sam-

ples into some sequence of suitable tokens. In a natural language scenario, a balance

between word-level and character-level tokenisation is often considered optimal. The

set of all unique tokens, or the vocabulary, would therefore consist of subwords such as
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‘chem’, ‘istry’, and ‘bio’, ‘logy’. A similar tokenisation strategy must be performed on

SMILES to optimise them for use with language models. A SMILES tokeniser was de-

veloped by Schwaller et al. [325], and is widely used [33,322,323] as it is tailored for the

specific semantic structure of SMILES. It converts SMILES into a sequence of tokens,

for example, C(Cl)O would become [C,( ,Cl ,),O]. Atom symbols, parentheses, ions,

and bond types all are independently converted to tokens. In all tokenisation schemes,

it is standard practice to prepend a start-of-sequence token ‘<sos>’ and to append

an end-of-sequence token ‘<eos>’ to every sequence. Additionally, a padding token

‘<pad>’ is iteratively appended until the maximum sequence length T is reached. All

sequences must have the same dimension to allow for parallel training [120]. Various

other special tokens can be used depending on the training objective. The final step in

any tokeniser is to convert the tokens into integers that correspond to indexes in the

vocabulary, for example, the sequence [<sos>,C,( ,Cl ,),O,<eos>,<pad>,… ,<pad>]

might become [587,11,12,23,13,14,588,590,…,590].
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6.2.2 MolBlox

The text-based representation proposed in this work is called MolBlox, and is moti-

vated by the observation that all molecules essentially consist of a series of constituent

fragments or molecular blocks. The set of all possible molecular blocks is small, with

the vastness of the space of possible molecules [1] coming from the number of ways

these blocks can be combined. An analogy is that of LEGO toy blocks, where a small

set of blocks, with unique shapes and colours, can be used to construct an almost

endless variety of objects. One advantage of such a molecule fragmentation strategy

would be that it allows for more physical meaning to be encoded into the representa-

tion. Each fragment token would correspond to something physical, unlike in SMILES

where specific syntax tokens are required e.g., ‘(’, and ‘[’. It would also eliminate the

need for the model to learn the semantic structure of SMILES where, for example,

parentheses must be properly closed. The MolBlox vocabulary consists of the set of

all possible fragments.

MolBlox is an invertible representation that consists of text-based molecular blocks.

Being invertible means that a MolBlox sequence outputted by a generative language

model can be reconstructed back into a valid molecule. Considering that chemin-

formatics training datasets [13, 89] are typically just long lists of different SMILES,

MolBlox is designed to be SMILES-based. MolBlox takes a SMILES and decomposes

it into a sequence of molecular blocks, which can then be reconstructed to yield the

original SMILES. Each individual molecular block explicitly encodes the neighbouring

atoms around each non-hydrogen atom. Hydrogen atoms, with their valence of one,

do not affect molecular scaffolds. In SMILES, they are often left implicit, and can be

added based on remaining valencies. MolBlox does not require blocks to be centered

on hydrogen atoms in order to be fully descriptive and invertible. However, hydro-

gens are explicitly included as neighbours in each molecular block. Only the nearest

neighbours are considered: those atoms that are directly bonded to the central one.

This was a specific design choice in order to simplify the method. It is expected

that if larger fragments which included secondary or tertiary neighbours were also

included in the vocabulary, then the accuracy of the representation would increase.

As MolBlox are derived from SMILES, the same atom ordering is used, as well as the

same branching structure. If a SMILES contains N non-hydrogen atoms, then the
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Figure 6.1: Diagram showing the construction of MolBlox from SMILES. A uracil
molecule and its SMILES are shown at the top. The corresponding MolBlox sequence
is shown on the bottom, in both graphical form and in the actual text-based form.
In the text-based MolBlox representation, the central atom of each molecular block is
first specified, followed, in braces, by all nearest neighbours with their corresponding
bond types.

MolBlox sequence will be of length N . This means that MolBlox sequences are more

compact that tokenised SMILES sequences due to the latter requiring syntax tokens

for parenthesis and aromatics ring numbers.

In the MolBlox representation, each molecular block is essentially just a list of

nearest neighbouring atoms that are bonded to some central non-hydrogen atom, with

the bond types being explicitly specified. For example, consider a molecule of formic

acid with SMILES of O=CO; the corresponding MolBlox sequence would be [O{=C},

C{−H−O=O}, O{−C−H}]. In each molecular block, the central atom comes first,

followed by the neighbouring atoms in braces. The same bond type notation is used

as in SMILES, with one addition: ∼ is used to denote the bonds in an aromatic ring.

The valencies of aromatic bonds are unspecified, allowing for atom valencies to be

balanced dynamically, as implemented in the RDKit cheminformatics package [281].
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Rings are closed similarly to SMILES, by explicitly numbering two adjacent atoms

in the ring. Figure 6.1 illustrates the formation of a MolBlox sequence of separate

molecular blocks from a given SMILES. It can be seen from this figure, that adjacent

central carbons atoms are numbered as C1, allowing for the ring to be closed. Also

evident is that hydrogen atoms are included as neighbours within the braces, but not

as central atoms with their own molecular blocks. Similar to the SMILES tokenisation

scheme previously described, once a sequence of molecular blocks is obtained, it is must

then be converted into a sequence of integer indexes in the MolBlox vocabulary V .

Special tokens such start-of-sequence, end-of-sequence, and padding tokens are also

added as before.

6.2.3 MolBlox Inversion

In any generative model, the outputted samples will be in the same format as the

training data. This presents challenges in a scenario where the training data has

been transformed into some particular representation that is less easily interpretable,

but has desirable characteristics (such as MolBlox). An inverse transformation must

therefore be applied to the generated samples in order to interpret them. MolBlox are

constructed from SMILES, with there existing an inverse transformation from Mol-

Blox to SMILES. The MolBlox inversion method applies this inverse transformation,

reconstructing SMILES from a MolBlox sequence. The inversion method is simple in

principle but somewhat complicated in practice. A diagram showing an overview of

the inversion method is shown in Figure 6.2. The raw sequences outputted by the

generative model must first undergo some post-processing, where the special tokens

such as padding tokens are removed, leaving only the token indexes. These token

indexes are then converted back into their textual form using the vocabulary V . The

inversion method can then begin.

The inversion method works by combining all molecular blocks in the sequence

together. This combination process begins with the construction of a so-called proto-

type molecule, using just the first molecular block. The next block in the sequence,

which is called the candidate block, is then combined onto the prototype. It must be

ensured that this candidate block is combined onto the prototype at the appropriate

place, with the correct atom connectivities. This correct placement is determined by
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Figure 6.2: Diagram showing the inversion method that reconstructs a SMILES from a
MolBlox sequence. The labelled MolBlox sequence of molecular blocks is shown at the
top. The inversion process iteratively combines blocks together if they have matching,
unoccupied, bonded pairs. If there are multiple matches then one is randomly chosen,
with a subsequent full exploration of the decision tree. If there are no matches then
the preceding blocks are iteratively selected until a bond match is found. The inverted
SMILES is then determined using the fully recombined molecule.
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a matching procedure, which examines atom species and bond types. The inversion

method is an iterative process, where each successive molecular block in the MolBlox

sequence is added to the prototype, until the end of the sequence is reached.

Finding those correctly matching molecular blocks forms the bulk of the inversion

method. A key observation is that in order for two blocks to match, the central atom

of each must be included in the neighbouring atoms of the other. Determining which

neighbour refers to the central atom of the other block is achieved by comparing

atom species and bond types. For example, consider the case of formic acid (O=CO)

with MolBlox of [O{=C}, C{−H−O=O}, O{−C−H}]. The central atom comes first,

followed by neighbouring atoms in braces. The first block contains a bonded pair

O=C, while the second block has three bonded pairs: C−H, C−O, and C=O. The

second block’s last bonded pair of C=O is the only one of the three that matches

the first block’s O=C. Two matching bonded pairs must have the same atoms species

and the same bond types. It can therefore be concluded that the =O neighbour in

C{−H−O=O} is the central atom in O{=C}. Knowing this, the atoms in the other

bonded pairs of C−H and C−O can now be correctly placed in the prototype molecule.

Similarly, it can be concluded that the neighbour −C in the third block refers to the

central atom of the second block. All atoms in the molecule can therefore be placed,

the SMILES can be determined, and the inversion process can be considered complete.

There are three possible matching scenarios: single, multiple, or none. All three

are illustrated in Figure 6.2. The most straightforward case is that of a single match,

where atoms from the candidate molecular block can be immediately placed onto the

prototype. In the second case, where no matches exist, it either means the MolBlox

sequence is invalid and cannot be inverted, or else it means that the matching block to

the candidate exists earlier in the sequence. This happens due to MolBlox using the

same atom ordering as SMILES whereby branches are in parenthesis. It is impossible

to order atoms from a branched molecule using just a one-dimensional sequence; some

atoms which are not bonded together must be consecutive in the sequence. If there is

no initial match, the candidate block will be matched against other preceding blocks.

An example of this is shown in Figure 6.2 in rows 5a and 5b, where no match is

found between blocks 6 and 5, so the method then tries to match 6 and 4, which is

successful. It can be seen from the inverted SMILES at the bottom right of the figure,
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that the fifth atom is a branch, hence it is not bonded to the sixth atom and no match

was found. In the final of the three matching scenarios, multiple possible matches are

found, then one is randomly selected, and the inversion method is continued. The

unselected matches are considered as unchosen branches in a decision tree. For each

MolBlox sequence, the inversion method is repeated until every branch in the tree

has been explored. Most decision tree branches yield incomplete molecules which are

discarded. If multiple valid molecules are returned by the inversion method, then

all but the real one can be eliminated by comparing recalculated and pre-inversion

MolBlox sequences.

This inversion method is sufficiently computationally efficient that, even in its

unoptimised state, over ten thousand MolBlox sequences can be inverted every minute

on a standard laptop, even for large systems with hundreds of atoms. There remain

some specific edge cases where the inversion method fails. All molecules in the QM9

dataset [14, 90] and ∼ 96% of those in the GuacaMol dataset [89] can be successfully

inverted. It is hypothesised that this failure rate on the GuacaMol dataset can be

brought down by addressing more of these edge cases.

6.3 MolGPT

Once it was decided to adopt a text-based representation instead of the previous

many-body representation, the next major design choice was the generative-modelling

architecture. Various different architectures have previously been used to generate

molecules as SMILES. These include variational autoencoders [30], generative adver-

sarial networks [218], and recurrent neural networks [313]. However, it was concluded

that the hugely successful [76, 78, 97, 144, 145, 164–171] transformer architecture [29],

which is specifically designed for learning sequences of text, would yield the best re-

sults. As this thesis is concerned with generative modelling, the specific variety of

transformer that is used is a generative pre-trained transformer (GPT) [76, 78].

The workings of a GPT model are fully detailed in Section 2.5.2, but a brief

summary is given here. Figure 2.6 shows the full GPT architecture, with a condensed

version being shown in Figure 6.3. Consider a sequence of tokens x = (t1, t2, . . . , tT ) of

fixed length T . A token can be any arbitrary symbol in a sequence such as a words in
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Figure 6.3: Diagram showing the architecture of MolGPT. Panel (a) shows model in-
puts being embedded and summed, before being concatenating with molecular prop-
erty vectors. The resulting embeddings are then passed through L transformer blocks,
yielding output logits. Panel (b) illustrates how MolGPT predicts the next token in
a MolBlox sequence. First, MolGPT outputs unnormalised probability scores (logits)
that each token in the vocabulary will be next. Top-k sampling redistributes the
probabilities to only the k most likely tokens, and then randomly chooses one.
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a sentence [29], or notes in a song [166]. The set of all unique tokens contained within

the dataset is called the vocabulary V . Each token is then represented as an integer

index corresponding to its location in the vocabulary V . Given a partial sequence of

tokens (t1, t2, . . . , tj) of length j where j <T , the training objective of a GPT model

is to correctly estimate the probability that any token in the vocabulary V could be

the next token tj+1. Given this estimated probability distribution, an appropriate

sampling method, such as top-k [184], chooses a realistic next token tj+1. This top-k

sampling method is illustrated in Figure 6.3.

All transformers consist of a series of L transformer blocks, acting on embedding

vectors hl ∈ RT×dmodel at layer l, where T is the maximum sequence length and dmodel

is the dimension of the embedding space. These embeddings hl are trained to contain

an increasingly rich contextual understanding of the tokens within the sequence. Each

transformer block first applies the attention mechanism from Equation (2.30), followed

by a fully connected neural network layer, outputting updated embeddings hl+1. A

GPT model is inputted the sequence of token indexes in the vocabulary V , as well as

the token positions within the sequence. As both indexes and positions are integers,

they must first be converted to appropriate vectors, which is achieved using embedding

layers [179]. These two vectors are then summed together to form input embeddings

h0. The output layer L of a GPT model uses the embeddings h
(tj)
L ∈ Rdmodel of token

tj to predict the next token tj+1 in the sequence using a linear layer. These output

embeddings hL contain a deep contextual understanding of the sequence, which can

be used as feature vectors in various other prediction tasks, besides the standard next

token prediction. A pre-trained GPT model is typically then fine-tuned on a smaller,

more domain-specific dataset, that may or may not contain additional labels y. The

output embeddings hL are used to predict labels y, allowing for conditional generation

of sequences x for a desired y.

Transformers have already being applied to materials [170,326,327] and molecular

systems [33,322,323,325]. In particular, Bagal et al. [33] introduced MolGPT, a gen-

erative pre-trained transformer (GPT) [76,78] applied to datasets [13,89] of molecules

in SMILES. The standard SMILES tokenization scheme [325] was employed in Mol-

GPT, with a novel method of conditioning on molecular properties. The architecture

of MolGPT is that of a standard GPT [76,78], see Section 2.5.2, besides this method

P. Cahalane 145



Chapter 6. Language Modelling of Molecular Blocks 6.4. Results

of property conditioning 3. In this work, a similar MolGPT architecture is applied

to molecules in the MolBlox representation instead of SMILES. In Section 6.4.2, it

is proposed to fine-tune this model on a dataset which contains molecular properties

derived from full 3D electronic structure calculations [90]. MolGPT uses a linear layer

to convert the scalar molecular properties y ∈ Rny into a suitable vector p ∈ Rdmodel ,

for ny distinct properties. Each sequence of tokens is then conditioned by concatenat-

ing this molecular vector p to the previous input embeddings h0. This conditioning

process allows the model to associate molecules with their corresponding molecular

properties, allowing for the selective generation of molecules by specifying some de-

sired molecular properties.

6.4 Results

To verify the effectiveness of this conditional language-modelling framework, the gen-

erated molecules must be compared to the real molecules from the training dataset. If

the generated molecules are indistinguishable to the real ones, then the model can be

considered to have successfully learned the underlying probability distribution of the

training dataset. Various means of comparing the generated and the real molecules

can be used. Additionally, the accuracy of the conditioning on molecular properties

must be determined. This is achieved using parity plots which compare the desired

property values inputted into the model against the actual calculated values of the

generated molecules. A number of different versions of MolGPT are trained in order

to analyse the framework’s efficacy in various different scenarios. For example, models

can be trained with no property-conditioning, where no desired property values are

used as model input. Alternatively, a model can be trained to require any number

of different properties. The more properties included, the more control over the con-

ditional generation process is obtained. However, a disadvantage of this is that the

model will then require multiple inputs to be specified in order to function.

The training procedure for a MolGPT model is as follows. The default settings

from the open-source implementation nanoGPT [178] are used unless otherwise stated.

All training data is compiled into binary files to avoid loading the entire dataset into

3In original paper by Bagal et al. [33], they use two additional inputs: molecular properties and a
Murcko scaffold [328]. In this work only the molecular properties are used, the scaffolds are neglected.
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memory at once. All molecular properties are feature-scaled to a mean of zero and

standard deviation of one, see Section 2.2. The embedding dimension dmodel defaults

to 128. The number of transformer blocks L and the number of transformer head nhead

are both set to four. A maximum sequence length T of 100 and 120 are respectively

used for MolBlox and SMILES. Mini-batch gradient descent [105] was performed using

the Adam optimiser [106] with a learning rate of 6×10−5, and an effective batch size

of 160. A total of 400,000 updates were performed in pre-training, with a further

200,000 in fine-tuning. All models were trained using a Nvidia RTX 3060Ti GPU, the

funding for which was provided by the Irish Research Council. After training, top-k

sampling was used, as shown in Figure 6.3, with k=500 and a softmax temperature

of one, see Equation (2.32).

6.4.1 Pre-Training with 2D Properties

The GuacaMol dataset [89] serves as a benchmark, allowing similar methods of gen-

erating SMILES [329–332] to be compared. This is implemented as a GuacaMol code

repository [333], which provides standardised methods of evaluating model perfor-

mance. There are five different metrics included in the GuacaMol benchmarks. These

are validity, uniqueness, novelty, Kullback–Leibler (KL) divergence [334], and Fréchet

ChemNet distance (FCD) [335], which are all expressed as a percentage. The validity

score measures the percentage of generated molecules which have valid SMILES with

the correct semantic structure. The uniqueness score measures how often the gener-

ated molecules are repeated, where a score of 100% signifies that there is no repetition.

The novelty score measures how many of the generated molecules are already present

within the training dataset, with low scores indicating overfitting. The KL divergence

measures the distance between distributions of various physicochemical properties [89].

Lastly, the FCD score compares generated and training molecules using a neural net-

work called ChemNet [335], which is trained to predict biological activities of drugs.

The performances of MolGPT, trained on both MolBlox and SMILES, are compared

in Table 6.1 to various other methods of generating SMILES [329–332]. It can be

concluded that MolGPT performs well, using either MolBlox or SMILES. A slightly

lower validity rate is shown by the MolBlox version, perhaps due to unresolved edge

cases in the inversion method, but it displays the highest KL divergence score.

P. Cahalane 147



Chapter 6. Language Modelling of Molecular Blocks 6.4. Results

Model Validity Uniqueness Novelty KL Div. FCD
DiGress [329] 85.2 100 99.9 92.9 68
DisCo [330] 86.6 86.6 86.5 92.6 59.7

Cometh [331] 98.9 98.9 97.6 96.7 72.7
DeFoG [332] 99.0 99.0 97.9 97.9 73.8
G2PT [336] 95.3 100 99.5 95.6 92.7

MolGPT + SMILES 90.3 99.9 96.5 98.4 89.7
MolGPT + MolBlox 84.0 99.9 95.2 98.8 89.5

Table 6.1: Table showing the GuacaMol dataset [89] benchmarking metrics [333] for
our proposed models compared to various other similar methods.

The most straightforward method of analysing the generated molecules’ quality is

to visually inspect them. In Figure 6.4 it can be seen that the generated molecules

look visually similar to real ones from the training dataset. It can also be seen that

generated molecules from a property-conditioned model appear to be smaller in size

and less diverse. This indicates that the model has successfully learned to associate

property values with particular regions of chemical space, which can then be selectively

sampled from at will.

Another method of verifying the realism of the generated molecules involves exam-

ining their various different property distributions. In Figure 6.5, the distributions of

2D properties such as logP and TPSA are shown. It is evident that the 2D properties

of the generated molecules form similar distributions to the training set molecules, re-

gardless of whether MolBlox or SMILES were used as the representation. Also shown

in Figure 6.5 are molecule size and chemical composition distributions, which are

both correctly aligned. However, the MolBlox generated molecules under-represent

the very infrequent chemical species such as boron, silicon, and selenium. This is

thought to occur due to MolBlox having a much larger vocabulary size than SMILES,

with a higher proportion of tokens discarded during top-k sampling. The frequency

of molecular blocks containing these improbable species can be increased by adjusting

either k or the softmax temperature, see Equation (2.32).
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Figure 6.4: Diagram comparing real molecules from the GuacaMol dataset [89]
to molecules generated using MolGPT with a MolBlox representation. Panel (a)
shows real molecules randomly selected from this GuacaMol dataset. Panel (b)
shows molecules generated with no property conditioning. Panel (c) shows property-
conditioned generated molecules that aim to be similar to central-nervous system
drugs [41, 337], with low polar surface area [38], medium hydrophobicity [37], and
high druglikeness [40].
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Figure 6.5: Figure analysing the properties, sizes, and compositions of molecules gen-
erated by MolGPT when pre-trained on the GuacaMol dataset [89]. Real GuacaMol
molecules are compared against generated molecules from two different MolGPT mod-
els: one trained using MolBlox and another using SMILES. The top four plots show
the distributions of different 2D properties [37–40] for molecules generated with no
property-conditioning. These 2D properties are hydrophobicity (logP) [37], druglike-
ness (QED) [40], synthesisability (SAS) [39], and polar surface area (TPSA) [38]. The
bottom left plot shows distributions of the total number of atoms. The bottom right
plot shows the number of atoms of each chemical species per 10,000 molecules.
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The efficacy of conditioning MolGPT on 2D properties is now analysed. Various

different models are used, trained on both MolBlox and SMILES representations.

Parity plots are employed to show the discrepancy between the desired property values

inputted into the model, and the actual calculated values of the generated molecules.

Conditioning on a singular property versus conditioning on multiple properties is also

compared. In Figure 6.6, four different MolGPTs are trained, one for each 2D property.

Random desired property values are uniformly sampled across the entire training set

range, showing the accuracy of the conditioning in all regions. It is clear that MolBlox

is equally accurate as SMILES, with little discernable difference between the two. The

conditioning can broadly be considered accurate, particularly in the cases of logP and

TPSA, with coefficients of determination R2 [304] being close to one. However, it is

clear that the conditioning on SAS fails for scores below eight. This is unexpected

considering that a MolGPT with no property-conditioning previously produced the

correct SAS distributions in Figure 6.5. These low values of SAS are more useful,

as they signify easily-synthesisable molecules. It is not fully understood why the

SAS scoring algorithm [39] fails for these generated molecules, more investigation is

needed. Similarly, in Figure 6.7, MolGPT is conditioned using all four 2D properties,

displaying slightly reduced accuracies as measured by R2 values. In Figure 6.7, the

desired properties are randomly selected properties of real molecules, which accounts

for the reduced range as compared to Figure 6.6.
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Figure 6.6: Figure showing parity plots for property-conditioning MolGPT on the
GuacaMol dataset [89], with each 2D property being trained separately. These 2D
properties are hydrophobicity (logP) [37], druglikeness (QED) [40], synthesisability
(SAS) [39], and polar surface area (TPSA) [38]. Two different MolGPT models are
compared: one trained using MolBlox and another using SMILES. The desired prop-
erty values inputted into the model are compared against the actual calculated values
of the generated molecules. The desired property values are randomly chosen between
the maximum and minimum values occurring in the training dataset for each prop-
erty.
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Figure 6.7: Figure showing parity plots for property-conditioning MolGPT on the
GuacaMol dataset [89], with all four 2D properties being trained simultaneously.
These 2D properties are hydrophobicity (logP) [37], druglikeness (QED) [40], syn-
thesisability (SAS) [39], and polar surface area (TPSA) [38]. Two different MolGPT
models are compared: one trained using MolBlox and another using SMILES. The
desired property values inputted into the model are compared against the actual cal-
culated values of the generated molecules. Property values of molecules randomly
chosen from the training dataset are used as the desired values.
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6.4.2 Fine-Tuning with DFT Properties

After finishing the pre-training on the GuacaMol dataset, it is then possible to fine-

tune on a more domain-specific dataset. The QM9 dataset [14, 90] is an excellent

candidate as it contains DFT calculated properties, which can be used to condition

the model. Every molecule in this dataset has three components: SMILES, DFT prop-

erties, and molecular geometries. Only the SMILES and the DFT properties are used

as inputs into the MolGPT model. The QM9 dataset uses the CORINA conformer

generation method [324] to propose initial molecular geometries for SMILES, which

are a subset of the large GDB17 database [14]. These initial geometries then undergo

successive stages of geometry relaxations, using increasingly strict electronic and geo-

metric convergence criteria, as implemented by the Gaussian 09 DFT code [338]. The

properties of the optimised geometries are then calculated using the B3LYP func-

tional [199–202] and a 6-31G(2df,p) basis set [320, 321], see Section 3.3.1.

To verify the accuracy of conditioning MolGPT on DFT properties, a similar pro-

cedure must be used to convert the generated SMILES into molecular geometries to

calculate their DFT properties. However, due to QM9 using proprietary software

packages, some open-source alternatives are employed in this work. The ETKDG

conformer generation method [91, 92] is used instead of CORINA [324]. It employs

experimental-torsion distance geometry (ETDG), with added aromatic knowledge

(K), to assign atomic coordinates, with appropriate interatomic distances, from known

atom connectivities as specified by SMILES. Experimental knowledge of torsions is

used to rotate specific atoms until a realistic molecular geometry is obtained. This

freely-available method exhibits comparable, if not improved, performance to those

commercial packages such as CORINA [339].

A similar geometry optimisation procedure to that of QM9 is then used. The

ETKDG molecular geometries are first relaxed using a force-field [340], followed by two

successive stages of relaxation using the PySCF package [42–44]. The first stage uses a

computationally inexpensive PBE functional [198] with a def2-SVP basis set [278]. In

the second stage of relaxation, the final B3LYP functional [199–202] and 6-31G(2df,p)

basis set [320, 321] are used. Other than the basis set and functional, the same DFT

parameters and design decisions were used as in Section 4.4.2. It is expected that

using a more similar geometry optimisation procedure to that of QM9 would allow
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Figure 6.8: Diagram showing the workflow used to assess the accuracy of condition-
ing MolGPT on DFT properties from the QM9 dataset [14, 90]. For a given set of
desired DFT properties, MolGPT outputs 2D molecules as SMILES or as MolBlox.
The ETKDG conformer generation method [91,92] converts a 2D SMILES into a 3D
molecule. DFT calculations and geometry optimisations are then performed using
PySCF [42–44]. The desired and the generated DFT properties can then be com-
pared.

for the accuracy of the property-conditioning to be more accurately assessed.

The quality of the molecules generated by the fine-tuned MolGPT can be assessed

as before, by visual inspection and by comparing real and generated property distri-

butions. In Figure 6.9, real molecules from the QM9 dataset are displayed next to

generated molecules. It can be seen that the generated molecules look visually simi-

lar. Also shown are some molecules generated by a version of MolGPT conditioned on

both 2D properties and DFT properties, further demonstrating the versatility of the

proposed framework. The distributions of molecule sizes are compared in Figure 6.10,

with both MolBlox and SMILES versions showing a similar distribution to the real

training set molecules. In Figure 6.10, the chemical composition of these fine-tuned,

generated molecules is determined to closely align to the training set composition.

It is considered necessary to perform a brief ablation test, where components of the

workflow are removed to better assess the performance of the property-conditioning.

This ablation involves removing the generative model, and just comparing the DFT

properties from the QM9 dataset to those obtained using PySCF on the ETKDG

molecular geometries. The top row of plots in Figure 6.11 show the results of this

ablation. It can be concluded that the EKTDG geometry optimisation procedure
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Figure 6.9: Diagram comparing real molecules from the QM9 dataset [14, 90] to
molecules generated using MolGPT with a MolBlox representation. Panel (a) shows
real molecules randomly selected from this QM9 dataset. Panel (b) shows molecules
generated with no property conditioning. Panel (c) shows property-conditioned gen-
erated molecules that aim to be similar to central-nervous system drugs [41,337], with
low polar surface area [38], medium hydrophobicity [37], high druglikeness [40], low
DFT total energy, and medium HOMO-LUMO gap energy.
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Figure 6.10: Figure analysing the size and composition of molecules generated by Mol-
GPT when fine-tuned on the QM9 dataset [14,90]. Real QM9 molecules are compared
against generated molecules from two different MolGPT models: one trained using
MolBlox and another using SMILES. On the left distributions of the total number of
atoms are shown. On the right is shown the number of atoms of each chemical species
per 10,000 molecules.

introduces a large source of error into the workflow, particularly in the case of dipole

moments. The difference is lower after optimisation but is still deemed significant 4.

This deviation acts as a lower limit on the accuracy of the property-conditioning veri-

fication process; even if the conditioning of MolGPT is perfect, the difference between

the desired and the generated properties will still exhibit at least this level of inaccu-

racy. It is worth noting that only relates to the verification process, not the actual

model. Therefore, it is expected that the generated properties would more closely

align to the desired ones if the same conformer generation method and relaxation

procedure was used as in QM9.

Finally, the accuracy of the conditioning of MolGPT on DFT properties is assessed.

The workflow for doing this is shown in Figure 6.8. Parity plots are used to compare

the desired DFT properties inputted into the model against the calculated properties

of the generated molecules. This analysis is shown in Figure 6.11, for separate models

trained on both MolBlox and SMILES. Three properties from the QM9 dataset are
4It is noted that PySCF [42–44] and Gaussian 09 [338] resulted in near identical calculated properties,
when the same geometries and the same functional and basis set were used.
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used to condition the model: total energies, HOMO-LUMO gap energies, and dipole

moments [49]. It can be seen from the lower six plots in Figure 6.11 that the success

of the property conditioning is heavily affected by the molecular geometries suggested

by the ETKDG method. The property-conditioning seems more successful when

MolBlox are used as the representation, motivating their continued use. This increased

accuracy shown by the MolBlox representation could be due to the larger vocabulary

size [341], which allows for more fine granularity in describing a molecule as a sequence.
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Figure 6.11: Figure showing the accuracy of conditioning MolGPT on total energies,
HOMO-LUMO gaps, dipole moments from the QM9 dataset [14,90]. The top row of
plots serves as an ablation, showing the discrepancy between the QM9 dataset values
and the PySCF [42–44] calculated values on structures obtained from the ETKDG
conformation generation method [91, 92]. The middle row of plots shows the desired
DFT values versus the actual DFT values of molecules generated by MolGPT with a
MolBlox representation. The bottom row of plots similarly shows the accuracy of the
property conditioning of MolGPT when trained on SMILES.
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6.5 Summary

Motivated by the challenges encountered in Chapter 5, a language-modelling work-

flow was created, allowing a diverse range of molecules to be generated for selective

values of certain properties. A text-based representation was adopted instead of the

previous many-body representation. This facilitated the desired increase in diversity,

at the cost of losing 3D structural information. A generative pre-trained transformer

(GPT) [76,78] was employed as the generative-modelling architecture. The model was

conditioned using some so-called 2D properties [37–40], which don’t require any 3D

structure to calculate. These include physicochemical properties such as hydropho-

bicity [37] and polar surface area [38].

A major contribution of this chapter was a proposed text-based chemical repre-

sentation called MolBlox. This representation aims to be more physically inspired

than the standard text-based representation of SMILES [72]. MolBlox decomposes

a molecule into a sequence of textual molecular blocks. A method to invert these

molecular blocks back into a whole molecule, with an interpretable SMILES, was de-

veloped. MolBlox are specifically designed for use in a generative language modelling

scenario. An existing architecture called MolGPT was implemented [33], to adapt the

standard GPT architecture for conditional property generation.

The large GuacaMol dataset [89] was used for pre-training and the QM9 dataset

[14,90] was used for fine-tuning. The MolGPT architecture was applied to both Mol-

Blox and SMILES representations, conditioned on various different combinations of

properties. The efficacy of the workflow was initially analysed using the GuacaMol

benchmarking statistics such as validity, uniqueness, and novelty rates. It was veri-

fied that the generated molecules had similar distributions of size, chemical species,

and properties as the training set molecules. The property conditioning was deemed

reasonably accurate, except for the synthetic accessibility scores (SAS) [39], which

suffered from unexplained errors. MolGPT was then fine-tuned on the QM9 dataset,

property conditioned on a number of DFT properties. These generated molecules

were similarly validated. Considering the model has no knowledge of 3D structure,

property conditioning on DFT total energies and HOMO-LUMO gaps was deemed to

work surprisingly well. However, the model only showed a slight correlation between

desired values and calculated values for the case of dipole moments.
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Conclusions

The objective of this thesis was to implement generative-modelling workflows that can

output novel molecules. Particular importance was placed on conditional generation,

where molecules with some set of desirable properties can be selectively generated. It

can be concluded that this thesis introduces novel workflows with sufficient capabilities

to have satisfied this objective to a reasonable degree. However, further testing and

experimental verification is needed to fully validate the findings of this work. Each

chapter in this thesis is concluded with a summary section, which the reader should

view for more details on each chapter. Additionally, a more succinct overview of each

chapter is provided at the end of Chapter 1.

Chapter 2 was the first of two methods chapters. It introduces the fundamentals of

machine learning. A supervised learning scenario was described, where each sample x

in the training dataset has a corresponding label y. The workings of neural networks

were then detailed, as they form the basis of most machine-learning algorithms. The

majority of the chapter was spent introducing the two different generative-modelling

architectures used throughout this work: generative adversarial networks (GANs) [77]

and generative pre-trained transformers (GPTs) [76, 78].

Chapter 3 detailed the actual physical systems to which these generative mod-

els were applied. This thesis only considers molecular systems, but similar methods

could theoretically be applied to periodic systems. Density-functional theory (DFT)

was introduced as the preferred method of performing electronic structure calcula-

tions. Machine-learned interatomic potentials (MLIAPs), which predict quantum-

mechanical (QM) properties at a fraction of the cost of full DFT calculations, were
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then introduced. MLIAPs require a sophisticated chemical representation to describe

interacting systems as feature vectors to accurately predict these QM properties.

Many-body representations were introduced as an efficient means of describing such

systems, particularly bispectrum components [75].

In Chapter 4, a method of transforming many-body representations back into

Cartesian coordinates was proposed. This inverse transformation starts from a speci-

fied initial structure, which is iteratively updated to minimise a defined loss function.

At the end of the procedure, the updated initial structure should have many-body

descriptors equal to those which were to be inverted. The intended use case of the

method was to allow a generative model to benefit from the accuracies of a many-

body representation, while still being able to interpret the generated samples. A

full global inversion not being guaranteed, due to the cut-off functions used in the

many-body descriptors. The accuracy of the inversion method was shown to diminish

with increasing system size and torsional degrees of freedom. Additionally, there are

a number of undesirable characteristics of the inversion method. It is a stochastic,

gradient-based method which can often fail to converge, falling into local minima. The

topology of the surface of the loss function requires further examination. It is also

an inherently sequential process, which cannot be parallelised, acting as a bottle-neck

in a generative-modelling workflow. The requirement that some initial structure be

specified drastically limits the method’s potential use cases. It is hypothesised that

the method would benefit from integrating other components into the workflow, to

ease the amount of work the gradient-based optimisation needs to do. For example,

some torsional structure search [342], with fixed interatomic distances. Despite its

drawbacks, this local inversion method does facilitate the generation of realistic 3D

configurations.

Chapter 5 applied the inversion method from Chapter 4 to its intended use case

in a generative-modelling framework. A framework called GANdalf was further de-

veloped, using a generative adversarial network (GAN) to produce new 3D molecules

directly in the format of a many-body descriptor. The inversion method was then used

to convert these generated many-body descriptors into human-interpretable Cartesian

coordinates. The generated molecules were verified to have similar distributions of

bond distances and angles as the training set molecules. Single or multiple differ-
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ent molecule types can be included in the training dataset. A property-conditioned

version of GANdalf was trained to output molecules for specified DFT total energy

values. As the GANdalf framework uses the many-body inversion method, it shares

all the same problems and challenges. The biggest restriction of GANdalf is that it

cannot extrapolate out to new molecules types. This is due to the inversion method

requiring some initial structure from which to begin its iterative process. If GANdalf

were to output novel molecule types, the inversion process would not know from where

to begin. However, there are still scenarios where GANdalf may be useful. It can suc-

cessfully learn the underlying probability distribution of a training dataset, allowing

for selective generation of molecules in those hard-to-sample regions of a molecular

dynamics trajectory.

One potential improvement to the GANdalf framework would entail having a gen-

erator capable of outputting samples directly in Cartesian coordinates, eliminating

the need for the inversion method altogether. This was previously attempted, see

Section 5.2, but it led to unrealistic outputs. It was later attempted to generate in

3D, while still retaining the accuracy of a sophisticated many-body representation

within the discriminator, see Section 5.3.1. This led to significantly slower training

times as these many-body descriptors needed to be calculated by an external library

in the inner training loop of the GAN. This also interrupted the backpropagation of

gradients, as it constitutes a non-differentiable layer in the model. It was attempted

to manually implement these derivatives, allowing for proper backpropagation, but

problems with feature scaling were encountered. However, it can be considered that

the ideal version of GANdalf would have a generator outputting directly in Carte-

sian coordinates, and a discriminator learning from the accuracies of a many-body

representation.

Another problem with GANdalf is that the property-conditioning is sometimes

inaccurate. This is especially the case for larger molecules types such as aspirin, as

shown in Figure 5.17. This discrepancy between the desired properties and the cal-

culated properties is significantly more evident in the case of DFT calculated values.

According to the internal structure-to-property regression network, the property con-

ditioning is actually working as intended. The problem is therefore that this internal

regression network is not sufficiently accurate as compared to DFT. It is hypothe-
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sised that a more accurate regression model would improve the property conditioning.

Perhaps some active learning scheme [343, 344] could be implemented to update the

weights of this regression network throughout the GAN training. A different potential

improvement would be to change to model architecture from a GAN to a diffusion

model [28,138]. This is a more modern architecture, typically considered more stable

and versatile than GANs, with higher quality outputs. However, this would be a

relatively minor change, keeping the same fundamental workflow.

In Chapter 6 a generative language model was used to produce molecules using

a textual representation. This facilitated a larger degree of diversity as compared to

GANdalf, at the cost of losing 3D structural information. A new text-based represen-

tation called MolBlox was proposed and compared to the existing SMILES represen-

tation [72]. A method to invert MolBlox back into the more interpretable SMILES

representation was detailed. The standard generative pre-trained transformer (GPT)

was modified into MolGPT [33], allowing for the conditioning on molecular proper-

ties. MolGPT was pre-trained on the GuacaMol dataset with 2D physicochemical

properties [37–40]. It was then fine-tuned on the QM9 dataset [14, 90] with DFT

properties. In both cases, the generated molecules were verified as being similar to

those contained in the training set. The 2D property conditioning was deemed reason-

ably accurate, except for the synthetic accessibility score (SAS) [39], which suffered

from unexplained errors. For the 3D property conditioning, only high or low values of

dipole moments were able to be reliably specified. This was a much lower granularity

than was possible for the total energies or the HOMO-LUMO gaps.

A major motivation for developing the MolBlox representation was to allow some

symbolic notion of 3D structure to be incorporated. A generative language model

could then output molecules directly in 3D, despite only using a text-based represen-

tation. This has not yet been successfully achieved, due to challenges with inverting

such a representation. However, MolBlox can still theoretically be adapted to include

3D structure. One potential way would be to find the number of distinct geometry

classes for unique token in the vocabulary. Each molecular block could then be mod-

ified like C{=C−H−H}X, where X would be a number symbolically signifying the

geometry class. Such a scheme would result in generated molecules with known atom

connectivities, and known local geometries for each molecular block. The problem
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would then be to correctly align each molecular block with appropriate torsional an-

gles. A similar method to the ETKDG conformer generation process [91,92] could be

used, where a large database of experimentally determined torsions are queried. Or

perhaps a Bayesian optimisation [235,261] scheme could be used to search across the

space of all possible torsions until a suitably stable configuration is found [342].

A significant contribution of Chapter 6 was the fine-tuning on the QM9 dataset

[14,90], and the subsequent conditioning on DFT properties. This fine-tuning retains

the benefits of a 2D representation such as versatility and efficiency, while also allowing

the generation of molecules for selective values of DFT properties. To verify the accu-

racy of the conditioning on DFT properties, a similar workflow is used as in the con-

struction of the QM9 dataset, as seen in Figure 6.8. However, this thesis uses different

packages to those used in the QM9 dataset, ones that are open-source. The conformer

generation tool of ETKDG [91, 92] is used instead of CORINA [324]. Additionally,

DFT calculations and geometry optimisations are performed using PySCF [42–44]

instead of Gaussian 09 [338]. These two differences make assessment of the property

conditioning difficult, as seen in the row of plots in Figure 6.11. It is noted that PySCF

is a similar DFT implementation to Gaussian 09, with near identical calculated prop-

erty values when using the same B3LYP functional [199–202] and 6-31G(2df,p) basis

set [320, 321]. An accurate assessment of the 3D property conditioning should adopt

a conformer generation and geometry optimisation procedure more similar to that of

QM9. Alternatively, an entirely new fine-tuning dataset could be constructed.

In conclusion, this thesis seeks to provide novel solutions to the problem of chemi-

cal design. Generative-modelling techniques, based on machine-learning methods, are

proposed as an alternative paradigm to the traditional approach of chemical design.

Particular importance is placed on accurate property conditioning of these genera-

tive models, allowing for the generation of molecules with desired values of specified

properties. Two different molecular generation frameworks are proposed, one using

sophisticated many-body descriptors and the other using a versatile text-based rep-

resentation. Inversion methods are developed to interpret the generated molecules.

These two frameworks are both considered successful examples of generative models

applied to molecular systems.
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