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Summary

The first chapter will deal with the one to one correspondence between the positive

hermitian Jordan triple systems and the bounded symmetric domains. We start by

defining the various Jordan systems. Then we continue by giving classification results

leading to the classification of the Jordan pairs under finiteness conditions. This is

followed by defining bounded symmetric domains, and some motivation on why they

became a topic of interest. Up to this point we will be dealing with the Jordan

systems over a general ring of scalars, we now restrict ourselves to the complex

number field. We show bounded symmetric domains are connected to the positive

hermitian Jordan triple systems. A look at Peirce decompositions of the Jordan

systems will prove important. With this completed, we deal with the one to one

correspondence mentioned. This will involve some results relating to Riemannian

manifolds and Lie theory, we can then present the result as presented by Ottmar

Loos in [Loos1]. A table of the classification is also included to conclude the chapter.

We note here that throughout this thesis when we say we are dealing with bounded

symmetric domains we mean circled bounded symmetric domains.

In the second chapter we look at some holomorphic extension theory. This is started

by looking at and defining manifolds and varieties. We then look at normal spaces

and normalisations of spaces with some extension theory. After that we look briefly at

Stein manifolds and domains of holomorphy, explaining their importance in relation

to (maximal) holomorphic and CR extension theory. We will also look at a CR

extension theorem due to Albert Boggess and John Polking. To complete this section

we will present a application to the extension theorem from the paper [KaupZait] by

Dimitri Zaitsev and Wilhelm Kaup.

Our third chapter is based on [KaupZait] giving an overview of results contained

within. We will look at orbits associated with bounded symmetric domains with

respect to (the connected identity component of) the automorphism group of the

domain. We look at various hulls and domains that are relevant to the extension

theory results of the paper. Then we state the results, and sketch the extension

theorem proof.

In the final chapter we will generalise these results. In [KaupZait] , the results are

for irreducible bounded symmetric domains, we will look at what happens in the

reducible case. We will introduce a generalised notation and generalise the results

from the irreducible case when needed.
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Chapter 1

Correspondence between bounded

symmetric domains and positive

hermitian Jordan triple systems

We first outline the various definitions of Jordan Structure, keeping in mind situations

when our field may not be of characteristic equal to 2, (Jordan algebras, quadratic

Jordan algebras, Jordan pairs and Jordan triple systems), and how they relate to one

another. We continue to discuss some classification results without proofs, including

non-degenerate alternative pairs with finiteness conditions and simple Jordan pairs

with a maximal idempotent.

The remainder of the chapter will be in more detail. Restricting to the case where

the base field (or module) is the complex numbers, we introduce positive hermitian

Jordan triple systems. We define the bounded symmetric domains. We give a proof,

using a method from [Loos1] of the one to one correspondence between bounded

symmetric domains and the positive hermitian Jordan triple systems.

1.1 Jordan Systems

1.1.1 Jordan Algebras

Definition A Jordan algebra structure A over a vector space J in a field k of char-

acteristic different from 2 is a binary operation ◦ on J such that for all x, y ∈ J we

have

1. It is commutative: x ◦ y = y ◦ x,

2. It is linear: x ◦ (y + z) = x ◦ y + y ◦ z, (αx) ◦ y = α(x ◦ y),

1
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3. It satisfies the following (partial associativity) property: x◦(x2◦y) = x2◦(x◦y).

We use the notation A := (J, ◦).

By defining a linear operator

L(x)y = x ◦ y

we get a mapping from J to the space Endk(J) of J . Note: Endk(J) is the set of

mappings from J to J which are linear with respect to the scalars k, i.e.

Endk(J) = {f : J 7→ J : f(x+y) = f(x)+f(y) and f(αx) = αf(x)∀α ∈ k, x, y ∈ J}.

So we can restate the 3 conditions above as follows,

1. L(x)y = L(y)x,

2. L(x) is linear in x,

3. L(x)L(x2) = L(x2)L(x),

where x ∈ J .

The Quadratic Representation

In the literature, considerable use is made of a quadratic map defined as follows

U(x) = 2L(x)2 − L(x2), for x ∈ J,

It can be shown that the algebra operation ◦ can be defined in terms of the

quadratic operator and vice versa when an identity element c ∈ J (with respect to

A) exists,

x ◦ y =
1

2
(U(x + y)c− U(x)c− U(y)c)

when we have the following axioms,

1. x 7→ U(x) is a quadratic map (or equivalently a homogeneous polynomial of

degree 2) which is a map X 7→ Endk(X)

2. U(c) = Id

3. U(c + x) − Id − U(x) = 0 implies x = 0

4. U(U(x)y) = U(x)U(y)U(x) for every x, y ∈ X.
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See, [Koech1].

We define a quadratic map in the following, and note that we are going to use a

k as a ring of scalars, rather than just a field, to introduce more generality.

Definition A map Q : V 7→ W between k-modules (k a commutative, associative

ring) is called quadratic if Q(λx) = λ2Q(x) for all λ ∈ k, and if

Q(x, y) := Q(x+ y) −Q(x) −Q(y),

is a symmetric k-bilinear map from V × V into W .

Recall that when the ring k is a field a k-module is just a k-vector space.

Homotopes

A homotope (sometimes known as a mutation) of Jordan Algebra A w.r.t z ∈ A is

an algebra with operation ⊥z defined as follows:

x ⊥z y := x ◦ (y ◦ z) + y ◦ (x ◦ z) − (x ◦ y) ◦ z.

This is also a Jordan Algebra, and its associated quadratic and linear maps are

Uz(x) := U(x)U(z), Lz(x)y := x ⊥z y.

It follows from, for example [Koech1] p.78, that

Lz(x)Q(x) = Q(x)Lx(z)

and it can be shown that the following holds

Qz(Qz(x)y) = Qz(x)Qz(y)Qz(x).

So there is not necessarily a unique Jordan algebra structure defined on the vector

space J , we may have different Jordan algebra structures defined for different elements

of A.

With this in mind we continue by defining Jordan algebras with a unit element in

a more general fashion. This more abstract, and general definition of a unital Jordan

algebra is given in [Loos2]. This approach is useful in motivating the definition of the

other Jordan systems. First we will give some preliminary definitions and results.



1.1 Jordan Systems 4

Definition By an extension of k we mean a commutative unital k-algebra. The

symbol ⊗ stands for ⊗k. By ⊗k we mean the tensor product (of k-modules) with

respect to k as the underlying ring of scalars. If V is an k-module and R is an

extension of k then the R-module

VR = V ⊗ R

is called the module obtained from V by extending scalars to R or simply a scalar

extension of V .

If we have a map T : V 7→ W , then we can define TR : T ⊗ Id, that is TR :

VR = V ⊗ R 7→ W ⊗ R = WR. For a bilinear map L : V × V 7→ W we define

LR : VR × VR 7→ WR by LR(v1 ⊗ r1, v2 ⊗ r2) = L(v1, v2) ⊗ r1r2 for all r1, r2 ∈ V and

v1, v2 ∈ R respectively. So for every extension R of k there is a unique quadratic map

QR : VR 7→ WR such that QR(xR) = Q(x)R. We will write Q rather that QR if no

confusion will occur.

It should be noted that we use the notation, Ux = U(x), Qx = Q(x) and Px = P (x)

which are standard in the literature. The quadratic map in a Jordan algebra is usually

denoted by U while in Jordan pairs the letter Q is commonly used, we will use P for

the triples.

We now introduce a more abstract definition of a Jordan algebra, this definition

and notation will helps to motivate the introduction of Jordan Pairs and Jordan

Triples.

Definition A unital quadratic Jordan algebra is a triple (J, U, 1) consisting of a

module J over some commutative unital associative ring k of scalars, a quadratic

map U from J into the endomorphism ring Endk(J) of J , and an element 1 ∈ J ,

called the unit element, such that the following identities hold in all scalar extensions.

U1 = Id, (1.1)

{x, y, Uxz} = Ux{xyz}, (1.2)

U(Uxy) = UxUyUx. (1.3)

Here {xyz} = Ux+zy − Uxy − Uzy is the linearisations of Uxy.

Note the correspondence between this definition and our previous definition. A stan-

dard example is Uxy = xyx, where x, y ∈Mn(C).
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1.1.2 Jordan Pairs

Before we define the other Jordan systems it may be useful to mention some reasons

why these generalisations came about. As we mentioned earlier, for a Jordan Algebra

A defined over a space E there is not necessarily a unique Jordan algebra structure

defined on E. We can produce more Jordan algebras if we already have one. It turns

out that it is useful to define the Jordan pairs (and Jordan triples) These systems give

us the ability to study a Jordan algebra and all its homotopes as one object. More

precisely, the automorphism group of a Jordan pair corresponds to the structure group

of a corresponding Jordan algebra, see [Loos2] p.iv. The structure group contains

Jordan algebra homomorphisms between different homotopes.

Let V + and V − be k-modules, and let

Qσ : V σ → Hom(V −σ, V σ)

be quadratic maps (the index σ always takes the values + and -). We define trilinear

maps V σ × V −σ × V σ 7→ V σ, (x, y, z) → {xyz}, and bilinear maps Dσ : V σ × V −σ →
End(V σ), by the formula

{xyz} := Dσ(x, y)z := Qσ(x, z)y

where Qσ(x, z) = Qσ(x + z) − Qσ(x) − Qσ(z). Obviously, we have {xyz} = {zyx}
and

{xyx} = 2Qσ(x)y.

Definition A Jordan pair over k is a pair V = (V +, V −) of k-modules together with

a pair (Q+, Q−) of quadratic maps Qσ : V σ → Hom(V −σ, V σ) such that, with the

notations introduced above, the following identities hold in all scalar extensions VR

of V :

Dσ(x, y)Q−σ(x) = Qσ(x)D−σ(y, x), (1.4)

Dσ(Qσ(x)y, y) = Dσ(x,Q−σ(y)x), (1.5)

Qσ(Qσ(x)y) = Qσ(x)Q−σ(y)Qσ(x). (1.6)

The validity of (1.4 - 1.6) in all scalar extensions is equivalent with the condition

that all linearisations of (1.4 - 1.6) hold in V . This turns out to be quite simple. For
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example since the second identity is of at most degree two, its validity is immediate

from the quadratic map extension we mentioned earlier. For more, see [Loos2].

It is not difficult to see that a Jordan algebra can be embedded in a Jordan pair.

Let V + = V − = J and Q+ = Q− = U . If we look at the pair denoted (J, J), it

satisfies (1.4) and (1.5) by definition and can be shown to satisfy (1.6), thus making

is a Jordan pair.

A homotope of the Jordan pair V = (V +, V −) with respect to some y ∈ V − is

a (not necessarily unital) Jordan algebra over the module V + denoted by V +
y , with

quadratic operators Ux = Q+(x)Q−(y) and squaring operation x(2,y) = Q+(x)y.

1.1.3 Jordan Triples

Definition A Jordan triple system is defined as a k-module T together with a

quadratic map P : T 7→ Endk(T ) satisfying the following identities in all scalar

extensions.

D(x, y)P (x) = P (x)D(y, x), (1.7)

D(P (x)y, y) = D(x, P (y)x), (1.8)

P (P (x)y) = P (x)P (y)P (x). (1.9)

Now, if we compare these defining identities to those of a Jordan pair we see the

following.

T gives rise to a Jordan pair (T,T ) by setting V + = V − = T and Q+ = Q− = P .

Not every Jordan pair is of this form since it is possible to construct counter examples

where V + and V − are not isomorphic as k-modules. So to obtain a Jordan triple

system from a Jordan pair, we must have some way of identifying V + and V −. We

define an involution of a Jordan pair to be a module isomorphism α : V + → V −

such that Q−(α(x)) = αQ+(x)α for all x ∈ V +. Then a Jordan pair with involution

gives rise to a Jordan triple system by setting T = V+ and Pxy = Q+(x)α(y). So

we have established a one to one correspondence between Jordan triple systems and

Jordan pairs with involution.

The reason the term triple is used is because we now have a triple product

T × T × T : {xyz} 7→ T
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which takes 3 elements of T and maps them to T . This product has many properties

such as being symmetric in the outer variables, amonst many others which we will

not look at at this time.

1.2 Classification of the non-degenerate simple Jor-

dan algebras

The proof needed to give the full classification will not be presented here. For a

complete proof of the classification classification, see [McCrimm]. We give some

results,but first we give some definitions.

We say that the quadratic map U is non-degenerate if it has zero radical Rad(U) :=

{z : U(z) = U(z, c) = 0} = 0, where U is a map from a space V onto itself. We say a

Jordan algebra is non-degenerate if its associated quadratic map is non-degenerate.

A Quadratic form U is a quadratic map from a module to the ring of underlying

scalars, U : V 7→ k.

A composition algebra is a unital linear algebra C which carries a nondegenerate

quadratic form U permitting composition in the sense that it is unital and satisfies

the composition law, i.e.

U(1) = 1, U(xy) = U(x).U(y)

for all x, y ∈ C. We refer to U as the norm.

A basepoint for a quadratic form, U , is a point, c, such that U(c) = 1.

We refer to an algebra with an involution, x 7→ x∗, as a ∗-algebra. In such an

algebra we define a norm n(x) and a trace t(x) as follows,

n(x) := x · x∗, t(x) := x + x∗.

In the case of a quadratic form, i.e. U : C → k, with basepoint c is unital if

U(c) = 1. A trace T is defined by T (x) := U(x, c), and the standard trace involution

is the linear map

x := T (x)c− x.

If we have an associative algebra A with product (of the elements x and y) denoted

by xy, we define A+ with the same space as A but with a new, commutative product,

x ◦ y := 1
2
(xy + yx), this being the Jordan product, thus giving A Jordan algebra

structure.
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An element e of a Jordan algebra is called an idempotent if e2 = e. A division

idempotent is one such that UeJ forms a Jordan division subalgebra, i.e. forms a

subalgebra where every non-zero element is invertible. Two idempotents e and f in

J are called orthogonal if e ◦ f = 0, this is denoted as e ⊥ f .

A Jordan algebra is said to have capacity n if it has a unit 1 which can be written

as a finite sum of n orthogonal division idempotents. It has finite capacity if it has

capacity n for some finite number n.

Let N be a cubic form on a k-module M over k with N : M → k being homoge-

neous of degree 3 and it extends to arbitrary scalar extensions K by

N(
∑

i

wixi) =
∑

i

w3
iN(xi) +

∑

i6=j

w2
iwjN(xi, xj) +

∑

i<j<k

wiwjwkN(xi, xj, xk),

where the N(xi, xj) is quadratic in xi and linear in xj, while N(xi, xj, xk) is symmetric

and trilinear and wi ∈ K. If we write N(x, y, z) as the linearisation of N(x), then we

define the trace, T (x) := N(c, x) and the spur, S(x) := N(x, c).

A cubic form is a Jordan cubic form if

1. it is nondegenerate at the base point in the sense that the trace bilinear form

T (x, y) := T (x)T (y) − S(x, y)

is a non degenerate bilinear form, where

S(x, y) := N(x, y, c),

and

2. the quadratic sharp map # : M →M , defined uniquely by

T (x#, y) = N(x, y).

Note that in the case of nondegeneracy the adjoint identity is all we need.

A ring is called Artinian, if it satisfies the condition that any descending sequence

of ideals stabilises, i.e. becomes constant, after a finite number of steps. By de-

scending we mean Ii ⊃ Ii+1, where Ii are the elements of the sequence. Noetherian

is in a sense the opposite of Artinian because it involves replacing the condition of

descending sequences with the same condition on ascending sequences, that is, as-

cending sequences stabilise after a finite number of elements. acc is used to denote

the ascending chain condition and dcc to denote the descending chain condition.
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A division algebra is an algebra where every non-zero element has a multiplicative

inverse contained in that algebra.

We say an involution, W 7→ Xsp on M2n(K) is of symplectic type if Xsp =

SX trS−1, for S the symplectic 2n× 2n matrix diag{s, s, . . . , s} with s =
(

0 1
−1 0

)

.

Definition Here is a list of the types of algebras we need:

1. J ord(U, c) : a degree-2 Jordan algebra of the quadratic form U with base point

c and product

2x ◦ y = T (x)y + T (y)x− U(x, y)c,

and U : M 7→ k. (We don’t divide by 2 in case our field is of characteristic 2.)

2. J ord(N, c) : a Jordan algebra constructed from a Jordan cubic form, N , with

basepoint c, (i.e. N(c) = 1) and product

x ◦ y :=
1

2
(x#y + T (x)y + T (y)x− S(x, y)1).

with

x#y := (x+ y)# − x# − y#

where the sharp mapping is defined as

x# = x2 − T (x)1 + S(x)1.

Also N : M 7→ K.

3. H(A, ∗) : algebra of hermitian elements (w.r.t. the involution X 7→ X∗), i.e.

x = x∗, of a linear algebra A with involution X 7→ X∗.

4. Mn(k) : algebra of n× n matrices with entries over a ring of scalars k.

5. Ex(A) := (A ⊕ Aop, ex), where ex(a, b) := (b, a) is called the exchange involu-

tion. Ex(A) also preserves the Jordan algebra structure on each component,

i.e. U(x1 ⊕ x2) = U(x1) ⊕ Q(x2). A
op is called the opposite algebra of A, if A

has product x · y, then we define x ·op y := y · x.

6. Hn(k,Γ)) : the twisted Jordan matrix algebra H(A, ∗Γ) of hermitian elements

of A = Mn(k) for the involution ∗Γ, we define X∗Γ = ΓX̄ trΓ−1 for the hermitian

matrix Γ = diag(γ1, . . . , γn) hermitian .So X∗Γ is clearly an involution.
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Theorem 1.2.1 A Jordan algebra is nondegenerate of finite capacity if and only if it

is the direct sum of a finite number of simple ideals of the following (Division, Spin,

or matrix) types:

Division type; a Jordan division algebra,

Quadratic type; a quadratic factor J ord(U,c) determined by a nondegenerate quadratic

form U with base point c over a field Ω (not split(see[McCrimm]) of dimension

2),

Albert type; a cubic factor J ord(N,c) determined by a Jordan cubic form N with

basepoint c (an exceptional Albert algebra) of dimension 27 over a field Ω,

Hermitian type; H(A, ∗) for a ∗-simple Artinian associative algebra A, where a ∗-
simple algebra is an algebra with no ∗-simple ideals, i.e. no ideals invariant

under that ∗ involution.

More specifically, the algebras of Hermitian type (w.r.t. A for a ∗-simple Artinian

associative algebra A) are twisted Jordan Algebras of the following types:

Exchange type; Mn(∆)+ for an associative division ring ∆ (A is a ∗-simple but

not simple, A = Ex(B) with exchange involution for a simple Artinian algebra

B = Mn(∆)),

Orthogonal type; Hn(∆,Γ) for an associative division ring ∆ with involution (A =

Mn(∆) simple Artinian with involution),

Symplectic type; Hn(Q,Γ) for a quaternion algebra Q over a field Γ with standard

involution (A = Mn(U) simple Artinian with involution of symplectic type).

For the proof, see [McCrimm] p.357.

1.3 Classification of the simple Jordan pairs with

a maximal idempotent

We need the structure theorem from the last section and alternative pairs to be able

to give the structure theorem we require in this section. [Loos2] gives details.

As in the last section, we will give a few definitions enabling understanding of the

classification.
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Definition Let A = (A+, A−) be a pair of k-modules with trilinear maps 〈, 〉 :

Aσ × A−σ × Aσ → Aσ, 〈x, y, z〉 → 〈xyz〉. A is called an associative pair if the

identities

〈uv〈xyz〉〉 = 〈u〈yxv〉z〉 = 〈〈uvx〉yz〉 (1.10)

are satisfied. A is called commutative if 〈xyz〉 = 〈zyx〉. A is an alternative pair if

the following identities hold.

〈uv〈xyz〉〉 + 〈xy〈uvz〉〉 = 〈〈uvx〉yz〉+ 〈x〈vuy〉z〉, (1.11)

〈uv〈xyx〉〉 = 〈〈uvx〉yx〉, (1.12)

〈xy〈xyz〉〉 = 〈〈xyx〉yz〉. (1.13)

Since these identities are of at most degree two in each variable they remain valid

in every scalar extension, and hence, AK is an alternative pair over K, for every

extension K of k. Note associative pairs are alternative by definition.

We define left, middle and right multiplication as follows,

Lσ(x, y)z = Mσ(x, z)y = Rσ(z, y)x = 〈xyz〉.

We will only be concerned with Mσ(x, z)y briefly in the following theorem.

Theorem 1.3.1 Let A = (A+, A−) be an alternative pair over k. Then A becomes

a Jordan pair over k, denoted by AJ , with quadratic maps Q : Aσ 7→ Hom(A−σ, Aσ)

given by

Q(x)y = 〈xyx〉 = M(x, x)y.

([Loos2] p.68)

Definition Let V = (V +, V −) be a Jordan pair over a ring k. A submodule m ⊂ V σ

is called an inner ideal if Q(m)V −σ ⊂ m.

Now, for each x ∈ V −σ, Q(x)V σ is an inner ideal, we refer to it as the principal

inner ideal generated be x. See [Loos2] p.103.

Definition A pair (x, y) ∈ V is said to be quasi invertible if x is quasi invertible

in the Jordan Algebra V +
y . That is, we say x is quasi invertible in V +

y if 1 − x is

invertible in the unital Jordan algebra k.1 ⊕ V +
y obtained from V +

y by adjoining a

unit element.

We say an element x ∈ V + is properly quasi invertible if (x, y) is quasi invertible

for all y ∈ Y −.
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A Jordan pair V is said to be semisimple if it contains no properly quasi-invertible

elements, i.e. its Jacobson radical is the null set, were the Jacobson radical consists

of the properly quasi invertible elements.

Definition A pair (x, y) ∈ V , where V is a Jordan pair, is called an idempotent

if x = Q(x)y and y = Q(y)x. It is standard notation to denote an idempotent as

e = (e+, e−). This corresponds to the Jordan algebra definiton of an idempotent in

the sense that eσ is an idempotent in the jordan algebra V σ
e−σ . With this in mind we

define

V σ
0 := Ker(Q(e−σ)) ∩Ker(D(eσ, eσ)),

V σ
1 := Ker(Id −D(eσ, e−σ)),

V σ
2 := Im(Q(eσ)),

A maximal idempotent is an idempotent witch satisfies the property that its the

Pierce component, V0(e) is 0.

Definition The associative pairs A(M,R, φ): Let R be an associative (not necessar-

ily commutative) k-algebra, and let M = (M+,M−) be a pair of k-modules such that

M+ is a left and M− is a right module. Consider a k-bilinear map φ : M+×M− → R

which is R-bilinear in the sense that

φ(ax, yb) = aφ(x, y)b,

for all a, b ∈ R, x ∈ M+, y ∈ M−. We say that φ is non-degenerate if φ(x,M−) =

0 =⇒ x = 0 and φ(M+, y) = 0 =⇒ y = 0. In order to describe this situation in a

more symmetrical way, let R+ = R and R− = Rop (Rop is called the opposite algebra,

it has the same underlying k-module and multiplication a·b := ba. The identity maps

R 7→ Rop and Rop 7→ R are anti-isomorphisms, usually written a 7→ a.) Consider M−

as a left R−-module in the obvious way. Also let a→ ā denotes the anti-isomorphism

Rσ → R−σ given by the identity map, and define φ+ = φ, φ− : M− ×M+ → R−

by φ−(y, x) = φ(x, y). Then φσ : M−σ ×Mσ → Rσ is hermitian in the sense that

φ(ax, y) = aφσ(x, y) and φσ(x, y) = φ−σ(y, x).

The pair of modules (M+,M−) becomes an associative pair over k, denoted by

A = A(M,R, φ), with

〈xyz〉 = φσ(x, y)z,

for x, z ∈ Aσ = Mσ, y ∈ A−σ = M−σ. For more properties see [Loos2] p.59.

Definition The alternative pairs A(X,K, α): Let K be an extension of k, and let
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X be a K-module. Suppose that there is given an alternating K-bilinear form α :

X × X → K. Let A+ = A− = X as K-modules, and let J+ : A− → A+ be an

arbitrary K-linear isomorphism. Define J− : A+ → A− by J− = −(J+)−1. Also set

α = α+ and define α− : A− × A− → K by α−(x, y) = α+(J+(x), J+(y)), so that

JσJ−σ = −IdAσ , ασ(Jσ(x), Jσ(y)) = α−σ(x, y).

Then A = (A+, A−) becomes an alternative pair over k of K, denoted by A =

A(X,K, α), with

〈xyz〉 = xασ(z, Jσ(y)) + Jσ(y)ασ(x, z),

for x, z ∈ Aσ, y ∈ A−σ. Again, for properties, see [Loos2] p.61.

Now we have enough to give a classification of the alternative pairs under certain

conditions.

Theorem 1.3.2 Alternative pairs classification. For a semisimple alternative

pair over k with dcc on principal inner ideals the following are equivalent.

1. The acc on principal inner ideals

2. the chain condition on idempotents (i.e. every increasing sequence of idempo-

tents must stabilise after a finite number of increases)

3. the existence of a maximal idempotent.

The simple pairs with these properties are up to isomorphism the following.

(A) A(M,R, φ) with R a simple Artinian algebra over k and φ non-degenerate.

(A’) The reverse A′ of a pair A of type (A).

(B) (C,Cop) with C a Cayley algebra (sometimes referred to as an octonion algebra)

over an extension field K of k.

(C) A(X,K, α) with X a vector space over an extension field K of k and α non-

degenerate.

For the proof, see [Loos2] p.127.

We want to show more of a link between the alternative pairs and Jordan pairs, we

do this by first giving the following definitions, then we give the standard embedding

theorem to give a correspondence.
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Definition Let A be an alternative pair, and let E = E(A) be the associative algebra

End(A+) × End(A−)op with componentwise operations, that is

ab = (a+b+, b−a−)

for a = (a+, a−) and b = (b+, b−) in E. Let EJ be the Jordan algebra associated with

E so that Uab = aba, a ◦ b = ab + ba in EJ .

The Jordan structure algebra is a quadratic Jordan subalgebra of E containing

the unit element of E,

J = J(A) = {a ∈ J∗ : a2 ∈ J∗},

where J∗ = J∗(A) is the set of all a ∈ E such that

a〈xyz〉 + 〈x, y, az〉 = 〈ax, y, z〉 + 〈x, az, y〉,

a〈xyx〉 = 〈ax, y, x〉,

for all x, z ∈ Aσ, y ∈ a−σ. Note that these also imply that

〈x, y, ax〉 = 〈x, ay, x〉.

now we look at the inner structure algebra, first we define

l(x, y) := (L(x, y), L(y, x))

where we use L(x, y)z = 〈x, y, z〉. The k-submodule F of E spanned by all l(x, y) ∈ A

is an ideal of J . We call F the inner structure algebra. To show these are well defined,

see [Loos2] p.81.

There exists a method of embedding an alternative pair into the corresponding

Jordan pair, this is known as the standard embedding, and is described in the following

theorem, which can be found in [Loos2] p.85.

Theorem 1.3.3 Standard embedding theorem. Let A = (A+, A−) be an alter-

native pair over k. With the above notations, let W σ = Jσ ⊕ Aσ (the direct sum of

k-modules), and define quadratic maps Qσ : W σ 7→ Hom(W−σ,W σ) by

Qσ(a⊕ x)(b⊕ y) = (aba + lσ(x, ay)) ⊕ (a(bx) + 〈xyx〉),
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where a ∈ Jσ, b ∈ J−σ, x ∈ Aσ, y ∈ A−σ. Then W = (W+,W−) is a Jordan pair,

called the standard embedding of A, with the following properties.

(a) e = (e+, e−) is an idempotent of W , and the Peirce spaces of W with respect to

e are

(1)

W σ
2 (e) = Jσ,W σ

1 (e) = Aσ,W σ
0 (e) = 0.

(2) For all x, z ∈ Aσ, y ∈ A−σ we have

〈xyz〉 = {{xyeσ}e−σz},

i.e. A = W1(e) as an alternative pair as in [Loos2] p8.2.

(b) Conversely, let V = V2 ⊕ V1 be a Jordan pair and A = V1 the associated alter-

native pair as in [Loos2] p8.2. Define fσ : V σ
2 → Jσ by f+(a) = f(a) as in

[Loos2] p8.10, that is, for (x, y) ∈ A we have f({xye+}) = l(x, y) and hence f

maps {V +
1 , V

−
1 , e

+} onto the inner algebra of A. f−(a) = f(a), and extend fσ

to a map hσ : V σ → W σ by hσ(a ⊕ x) = fσ(a) ⊕ x, (a ⊕ x ∈ V2 ⊕ V1). Then

h = (h+, h−) is a homomorphism of Jordan pairs which is the identity on V1.

In general, h is neither injective nor surjective.

(c) If A is non-degenerate (resp. semisimple) then so are the standard embedding

and the Jordan structure algebra of A.

So now we can divide the Jordan pairs with an empty V0 space into two mutually

exclusive types.

Theorem 1.3.4 The simple Jordan pairs V containing an idempotent e such that

V (e)0 = 0 are up to isomorphism either

1. Jordan pairs associated with simple unital Jordan algebras, or

2. standard embeddings of simple alternative pairs for which Jordan structure al-

gebras and inner structure algebras coincide.

So now with the classification of the Jordan algebras and the alternative pairs we

can give the following theorem, breaking the classification of the Jordan pairs (with

a maximal idempotent). For details of the proof, see [Loos2] p.133.

Theorem 1.3.5 For a semisimple Jordan pair over k with dcc on principal inner

ideals the following are equivalent.
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1. The acc on principal inner ideals;

2. the chain condition on idempotents;

3. the existence of a maximal idempotent.

The simple pair with these properties are precisely the following up to isomorphism.

(0) Jordan division pairs over k

(I) A(M,R, φ)J with R a simple Artinian k-algebra and φ non-degenerate

(II) (An(K), An(K)) with K an extension field of k, n ≥ 4 and An(K) are alternat-

ing matrices over K

(III) (Hn(D,D0), Hn(D,D0)) with D a division algebra with involution over k and

D0 an ample subspace, n ≥ 2

(IV) (I, I) where I is an outer ideal containing 1 in a Jordan algebra of a non-

degenerate quadratic form on a vector space over a an extension field K of k,

(U is an outer ideal of V if it satisfies Qσ(V σ)U−σ +{V σ, V −σ, Uσ} ⊂ Uσ, with

this it can be shown that if 1/2 is in the underlying scalars, then an outer ideal

is an ideal.)

(V) (M1,2(C), (M1,2(C
op)) with C a Cayley algebra over an extension field K of k.

(VI) (H3(C,K), H3(C,K)) with C as above.

We will not note the quadratic maps for this list, it can be found in [Loos2] p.138

along with the proof of the previous theorem, but we will do so for the next list. The

quadratic maps will be noted in the following.

Now we look at the case of an algebraically closed field k. It is known that the

only finite dimensional division pair over k is (k, k)J (see [Loos2] p.195). Also, up to

isomorphism, there is only one Cayley algebra over k. It follows for the previous list

that every simple finite-dimensional Jordan pair over k is contained in the following

list.

(Ip,q) (Mp,q(k),Mp,q(k)), p× q matrices over k.

(IIn) (An(K), An(K)) alternating n× n matrices over k.

(IIIn) (Hn(k), Hn(k)) symmetric n× n matrices over k.

In these first three cases, the Jordan pair structure is given by Q(x)y = xytx.
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(IVn) (kn, kn), with Q(x)y = q(x, y)x−q(x)y. Here q is the standard quadratic form

on kn, given by

q(x1, · · · , x2m) =
m
∑

i=1

xixm+i if n = 2m,

q(x0, · · · , x2m) = x2
0 +

m
∑

i=1

xixm+i if n = 2m+ 1.

(Note that there are no other ideals containing 1 in a Jordan algebras of

quadratic forms except the whole algebra since k is algebraically closed. This

is not hard to see using the fact that Q1 will generate the entire algebra.)

(V) (M1,2(C), (M1,2(C
op)) 1 × 2 matrices over the Cayley algebra C over k with

Q(x)y = x(y∗x).

(VI) (H3(C,K), H3(C,K)) the Jordan pair associated with the exceptional Jordan

algebra of 3 × 3 hermitian matrices over C.

See [Loos2] p.195.

1.4 Bounded symmetric domains and their classi-

fication

1.4.1 What is a bounded symmetric domain and why did

they arise?

Definition A bounded symmetric domain is an bounded open set which is symmetric

in the following sence, for any point x in a bounded symmetric domain, there exists

an biholomorphic involution, sx whose only fixed point is x. (A holomorphic function

which has a holomorphic inverse is called a biholomorphic function.) They arose when

trying to generalise the Riemann mapping theorem to higher (complex) dimensions.

See [Vági].

We now mention the Riemann mapping theorem, and outline its proof.

Theorem 1.4.1 The Riemann mapping Theorem Let G be a simply connected region

which is not the whole plane and let a ∈ G. Then there is a unique analytic function

f : G→ C having the properties:



1.4 Bounded symmetric domains and their classification 18

1. f(a) = 0 and f ′(a) > 0, i.e. the mapping is real and positive;

2. f is one to one;

3. f(G) = {z : |z| < 1}

Lemma 1.4.2 Let f : D → D be a one to one analytic map of the unit disk D onto

itself and suppose f(a) = 0. Then there is a complex number c with |c| = 1 such that

f = cφα. Where

φα(z) :=
z − a

1 − āz
,

i.e. a Mobius transformation. See [Conway] p.161

It can be shown that there is a one to one correspondence between analytic func-

tions from D → D. Mobius transformations can be shown to be a group under

composition. So we have a our group of biholomorphic maps and with the Riemann

mapping theorem we have transitivity and the remaining properties needed to make

the unit disc into a bounded symmetric domain. (To visualise this we can take the

map that rotates the unit disc by some angle, say 180o, this is an involution that

leaves the origin fixed, by composing this map with another biholomorphic map we

can construct maps that will have any other point in the unit disc as the unique fixed

point.)

Note also that the Riemann mapping theorem shows that each simply connected

region in the complex plane can be biholomorphically mapped to the unit disc in the

complex plane.

The unit disc is the simplest example of a bounded symmetric domain. In trying

to generalise this theorem to that of holomorphic functions of several variables, it

was discovered by Poincaré in 1907 that the theorem fails to extend to higher dimen-

sions. He proved that the Cartesian product of two unit discs is not holomorphically

equivalent to the unit ball C2 = {z ∈ C2 : |z1|2 + |z2|2 < 1} in C2. But both of these

objects are bounded symmetric domains, so the question of classifying these objects

came about.

So a study developed of domains with the essential properties of the above, these

became known as the bounded symmetric domains. Cartan eventually gave a com-

plete classification of them. (Note: Cartan’s method is different from the one we

use here, we use the method used by Ottmar Loos. As noted later, his method of

classification can be found in the book [Loos1].)
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1.4.2 Bounded symmetric domains, positive hermitian jor-

dan triple systems and the their 1-1 correspondence

Classification of the positive hermitian Jordan triple systems

Restricting the final classification result of the last section, that is the classification

of simple finite-dimensional Jordan pairs, to the field C instead of the more generic

ring k we obtain the following table. The table is then shown to correspond to the

positive hermitian Jordan triple systems, which we show to correspond to the jordan

pairs with involution, i.e. and involution x 7→ x∗ and is positive in the sense that

Q(x)x∗ ≥ 0 for all x in the Jordan pair.

(Ip,q) (Mp,q(C),Mp,q(C)), p× q matrices over the complex numbers.

(IIn) (An(C), An(C)) alternating n× n matrices over the complex numbers.

(IIIn) (Sn(C), Sn(C)) symmetric n× n matrices over the complex numbers.

In these 3 cases, the Jordan pair structure is given by

Q(x)y = xytx,

with standard matrix product. A positive involution is given by

τ(x) = x̄,

the complex conjugate. Now, suppose Q(x)τ(x) = xx̄tx = λx where λ ∈ C.

Then (xx̄t)2 = λ(xx̄t), and since xx̄t is positive semidefinite hermitian, it follows

(for instance by taking traces) that λ > 0 for x 6= 0.

(IVn) (Cn,Cn)

Q(x)y = q(x, y)x − q(x).y where q is a non-degenerate quadratic form on Cn

and q(x, y) = q(x + y) − q(x) − q(y). After a change of basis, we may assume

that q(x) = 〈x, x〉 =
∑

x2
i , and then q(x, y) = 2〈x, y〉. A positive involution is

given by τ(x) = x̄ (complex conjugation in each variable). Indeed, assume that

x 6= 0 and Q(x)x̄ = 2〈x, x̄〉x−〈x, x〉x̄ = λx, λx ∈ C. Then if 〈x, x̄〉 = 0, we have

λ = 2〈x, x̄〉 > 0 and if 〈x, x〉 6= 0, it follows by taking the scalar product with x

that 2〈x, x̄〉〈x, x〉 − 〈x, x〉〈x, x̄〉 = 〈x, x̄〉〈x, x〉 = λ〈x, x〉, hence λ = 〈x, x̄〉 > 0.

(V) (M1,2(OC), (M1,2(OC)) 1×2 matrices over the 8-dimensional Cayley algebra OC.

Q(x)y = x(x̃tx). where ˜ denotes the (C-linear) canonical involution of OC .
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(VI) (H3(OC), H3(OC)) the Jordan pair associated with the exceptional Jordan al-

gebra of 3×3 hermitian matrices over OC. These are hermitian with respect the

canonical involution, i.e. they satisfy x̃t = x. The Jordan structure is the one

induced from the Jordan algebra H3(OC), thus Q(x)y = 1
2
(x ◦ (x ◦ y) − x2 ◦ y)

where x ◦ y = xy+ yx. Note that type (V) may be embedded into type (VI) by

(x1, x2) →







0 x1 x2

x̃1 0 0

x̃2 0 0







A positive involution for these two cases is give by τ(x) = x̄, complex conjuga-

tion relative to the real Cayley division algebra O. Since the above embedding

commutes with τ , it suffices to prove that for type (VI). Here the fixed point set

of τ is the real Jordan algebra A = H3(O) which is known to be formally real,

i.e. x2 + y2 = 0 =⇒ x = y = 0. Hence, H3(OC) is the hermitification of A in

the following way. Let A be a real Jordan algebra, and let z∗ = x − iy denote

the complex conjugate of z = x + iy ∈ AC = A ⊕ iA, the complexification of

A. Then the Jordan pair (V −, V +) = (AC, AC) carries a hermitian involution

given by τ(z) = z∗, in other words, we have

Q(z)w̄ = P (z)w∗

Therefore τ is positive for z, w ∈ V = AC. This follows easily from the fact

that z → z∗ is an antilinear automorphism of period 2 of the Jordan algebra

AC. We call this the hermitification of A.

So as we see, all are positive Hermitian Jordan triple systems, hence we have all

of the positive hermitian Jordan triple systems.

Peirce decompositions of positive hermitian jordan triple systems

If we have a positive hermitian Jordan triple system with vector space E, then a Peirce

decomposition with respect to same idempotent can be defined on E as follows after

a few preliminarys.

We will take an arbitrary sequence of mutually orthogonal idempotents, e1, e2, . . . , es,

and then let e = (e1, e2, . . . , es).

Definition For all integers 0 ≤ j, k ≤ s we define

Vj,k = Vj,k(e) = {x ∈ V : {elelx} =
1

2
(δjl + δlk)x for all 1 ≤ l ≤ s}
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Now these are mutually complex orthogonal, so

V =
⊕

0≤j,k≤s

Vj,k.

The Peirce spaces multiply according to the rules

{Vj,mVm,nVn,k} ⊂ Vj,k

and all products that cannot be brought to this form will vanish.

It follows that

La =
∑

0≤j,k≤s

1

2

(

λ2
j + λ2

y

)

Pj,k.

We now show a further decomposition

V j,k := {x ∈ V|j|,|k| : {exe} = sign(jk).x}.

So clearly every V j,k is an R-linear subspace of V with V −j,k = iV j,k = V j,−k, and

V =
⊕

|j|≤k≤s

V j,k.

This is called the refined Peirce decomposition. Note that Vj,k = V j,k ⊕ V −j,k.

So now we can define the following spectral resolutions

La =
∑

|j|≤k≤s

1

2

(

λ2
j + λ2

k

)

P j,k, Qa =
∑

|j|≤k≤s

λjλkP
j,k,

Definition

V1(a) =
⊕

1≤j≤s

Vj,j, V1/2(a) :=
⊕

0≤j<k≤s

Vj,k,

V0(a) = V0,0 and A(a) =
⊕

1≤j≤s

V j,j.

Then

V = V1(a) ⊕ V1/2(a) ⊕ V0 and V1 = A(a) ⊕ iA(a).

Definition If we take an element, a of a positive hermitian Jordan triple system,

there exists a unique up to order set of idempotents e1, · · · , en such that

a = λ1e1 + · · ·+ λ1e1,
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where the λi are positive definite real numbers. This decomposition is known as the

spectral decomposition. We can also define a norm of some x ∈ V , this is known as

the spectral norm as

|x| := max
i

(λi).

See [Loos2] p.3.8-3.11.

(We will see this norm and composition again in chapter 3.)

The one to one correspondence

Definition Let V be a finite-dimensional complex vector space, we define the space

V − by having the same underlying space as V but with the multiplication operation

changed by complex conjugation, i.e. av denotes scalar multiplication in V and a · v
in V − as follows

a · v := av

where a ∈ C and v ∈ V −. Let D ⊂ V be open, f : D →W a differentiable map, and

df(z) :R V →R W the differential of f at z ∈ D. (Where RV denotes the underlying

real vector space.) Then df(z) decomposes

df(z) = ∂(z) + ∂f(z)

where ∂f(z) is C-linear and ∂f(z) is C-antilinear, i.e ∂f(z) : V− → W is C-linear.

For directional derivatives, we use the notation

dvf(z) = df(z) · v, ∂vf(z) = ∂f(z) · v, ∂vf(z) = ∂f(z) · v.

Looking at a circled bounded symmetric domain, we would like to define a Jordan

structure on it, in particular, that of a positive hermitian Jordan triple system. We

begin with this lemma, which can be found in [Loos2] p.2.2.

Definition We will use D to denote the unit ball with respect to the spectral norm

of the vecor space V . Aut(D) is the automorphism group of D, it is known to be a

Lie group.

Lemma 1.4.3 For every v ∈ V let ξv be the unique vector field in L(Aut(D)), (the

lie algebra of Aut(D)) which takes the value v at the origin. Then v − ξv(z) is a

homogeneous quadratic polynomial in z and is C-antilinear in v.
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With this in mind, we shall write

v − ξv(z) = Q(z)v,

now we have Q(z) : V − → V is a complex linear map and Q : V → Hom(V −, V ) is

a homogeneous quadratic polynomial. Hence

Q(x, z) = Q(x+ z) −Q(x) −Q(z) : V − → V

is bilinear and symmetric in x and z. For x, y, z ∈ V we define

{xyz} = D(x, y) · z = Q(x, z) · y.

Finally, we define Q : V − 7→ Hom(V, V −), D : V − × V → End(V −) and {xyz} ∈
V − for x, y, z ∈ V by

Q(z) · v = Q(z) · v = Q(z) · v

{xyz} = D(x, y) · z = {xyz}.

Now we have Jordan structure on D. we have the required quadratic maps form

the previous lemma and from above.

Theorem 1.4.4 Let D be a circled bounded symmetric domain. Then D is the open

unit ball of the spectral norm of the associated Jordan pair with positive hermitian

involution. Conversely, given a Jordan pair with positive hermitian involution, the

open unit ball of the spectral norm is a circled bounded symmetric domain whose

associated Jordan pair is the one given.

Before proving this we require some lemmas and definitions.

Definition Let M be a differentiable manifold. Let X be a vector field on M (i.e

a smooth section of the tangent bundle TM). It is known (see [Jöst] p.42) that for

each p ∈M ,there exists an open interval Ip ⊂ R with 0 ∈ Ip and a smooth curve

cp : Ip 7→M

with

ċp(t) =
dcp
dt

(t) = X(cp(t))

cp(0) = p.

The curve cp is called the integral curve of X through p.
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A Riemannian metric on a differentiable manifold M is given by a scalar product

on each tangent space TpM which depends smoothly on the base point p. A Rieman-

nian manifold is a differentiable manifold equipped with a Riemannian metric.

For a Riemannian manifold, a geodesic is a smooth curve, γ = [a, b] 7→ M , such

that d
dt
〈γ̇, γ̇〉 = 0 (with respect the the Riemannian metric 〈·, ·〉). (See [Jöst] for

details of parallel transport).

A diffeomorphism h : M → N between Riemannian manifolds is an isometry if it

preserves the Riemannian metric. That is for p ∈ M, v, w ∈ TpM , and if 〈·, ·〉M and

〈·, ·〉N denotes the scalar products in TpM and Th(p)N respectively, we have

〈v, w〉M = 〈dh(v), dh(w)〉N .

A vector field on a Riemannian manifold is a Killing vector field if LXh = 0,

where LX is the Lie derivative and h is the metric. LX is the derivative of h with

respect to change in X. We define LXY = [X, Y ], for more see [Jöst] p.47.

For more on the following lemma see [Jöst] sec 6.2 (p.259) for further detail.

Lemma 1.4.5 Let ξ be a Killing vector field on a locally symmetric Riemannian

manifold, and assume that dsp · ξ · sp = −ξ for some point p. Then the integral curve

of ξ through p is a geodesic.

Proof Let φt be the local one-parameter group generated by ξ (see [Jöst] p. 49), and

let x(t) = φt(p) be the integral curve of ξ through p. Since ξ is Killing, φt consists

of local isometries and therefore sx(t) = sφt(p) = φt ◦ sp ◦ φ−1
t . The assumption on ξ

implies that sp(x(t)) = x(−t). It follows that

sx(t/2)(x(t
′)) = φt/2 · sp(x(t

′ − 1

2
t)) = φt/2 · x(

1

2
t− t′)

= x(t− t′).

But differentiating with respect to t′ at t′ = 0 we see that x(t) satisfies the differential

equation

ẋ = −dsx(t/2) · v

where v = x(0) = ξ(p). On the other hand, let y(t) be the geodesic through p with

initial vector v. Then ẏ(t/2) is obtained from v by parallel transport along y(t), and

since sy(t/2) is an isometry, dsy(t/2) · v is obtained from dsy(t/2)ẏ(t/2) = −ẏ(t/2) by

parallel transport along y(t). This shows that

ẏ = −dsy(t/2) · v,
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and hence x(t) and y(t) satisfy the same differential equation with the same initial

condition x(0) = y(0) = p. And the result follows.

Lemma 1.4.6 Let (V, V −) be a Jordan pair with positive hermitian involution, and

for v ∈ V define the vector field ξv on V by

ξv(z) = v −Q(z) · v̄.

Then the integral curve of ξv through 0 is defined for all t and is given by

x(t) = tanh(tv).

We define tanh coordinate-wise as follows,

tanh(x) = tanh(λ1)e1 + · · · tanh(λn)en,

for x = λ1e1 + · · ·+ λnen, the spectral decomposition.

Proof Let v = λ1e1 + · · · + λnen be the spectral decomposition. Then we have

x(0) = 0 and ẋ =
∑

λi cosh−2(λit)ei. By orthogonality of the ei,

ξ(x(t)) = v −Q(x(t))v̄ =
∑

λi(1 − tanh2(λit))ei = ẋ.

Definition

B(x, ȳ) := Id −D(x, y) +Q(x)Q(y),

Lemma 1.4.7 Let D be the open unit ball of the spectral norm, and pick an Aut(V)-

invariant scalar product 〈, 〉 on V , Then

hz(u, v̄) = 〈B(z, z̄)−1 · u, v̄〉 (1.14)

defines a hermitian metric on D with respect to which the vector fields ξv are Killing

vector fields. The geodesic symmetry around 0 is s0 = −id, it is a global isometry.

Proof From the definition of the spectral norm and [Loos2] 5.14, we can write

B(x, x̄)yij = (1 − |λi|2)(1 − |λj|2)yij
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with yij ∈ Vij. so it is clear that B(z, z̄) is positive and self adjoint with respect to

<,>. Thus 1.14 defines a hermitian metric on D. An easy computation shows that

a vector field ξ is Killing if and only if

dξ(z)B(z, z̄) = dξ(z) ·B(z, z̄) +B(z, z̄) · dξ(z)∗, (1.15)

where ∗ denotes the adjoint relative to 〈, 〉.
Indeed, by definition, for X to be Killing we require LXh = 0. It can be shown

(see [Jöst] p.127) that this means

X · h(Y, Z) = h([X, Y ], Z) + h(Y, [X,Z])

for all vector fields Y, Z where [·, ·] is the lie bracket. It is enough to have this as a

basis (over the ring of differentiable functions) of the vector fields. In our situation,

where the manifold is just an open set in a vector space, this implies that we may

assume that Y = v and Z = w to be constant vector fields, and we choose to do so

for simplicity. If X = ξ(z) · ( ∂
∂z

) in obvious notation, suppressing the indices which

would appear when using a basis, then [X, Y ](z) = −(ξ ′(z) · v)( ∂
∂z

) and similarly for

[X,Z].

(LXh)(v, w) = 0

⇐⇒

ξ(z)(
∂

∂z
)〈B(z, z)−1v, w〉 − 〈B(z, z)−1ξ′(z)v, w〉 − 〈B(z, z)−1v, ξ′(z)w〉 = 0

⇐⇒

ξ(z)(
∂

∂z
)B(z, z)−1 = −B(z, z)−1ξ′(z) − ξ′(z)∗B(z, z)−1,

since this must hold for all v, w. Now use the standard formula for differentiating the

inverse of a matrix or operator A, i.e. dA−1 = −A−1 · dA · A−1, which here yields

ξ(z)
∂

∂z
B(z, z)−1 = −B(z, z)−1 · dξ(z)B(z, z) ·B(z, z)−1,

and the rest follows easily.

For ξ = ξv we have dξ(z) = −D(z, v̄) and hence dξ(z)∗ = −D(v, z̄). The left

hand side of 1.15 is −D(ξ(z), z̄)−D(z, ¯ξ(z))+Q(z, ξ(z))Q̄(z̄)+Q(z)Q̄(z̄, ¯ξ(z)). Now

1.15 follows by a straight forward computation, by expanding both sides and using
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the identities

D(x, y)Q(x) = Q(x,Q(x)y) = Q(x)D(y, x), (1.16)

D(x, y)D(z, y) = Q(x, z)Q(y) +D(x,Q(y)z), (1.17)

D(x, y)D(x, z) = D(Q(x)y, z) +Q(z, {xyz}). (1.18)

These are JP4, JP9 and JP13 as stated in [Loos2] respectively. From B(z, z̄) =

B(−z,−z̄) it follows that z → z̄ is an isometry and since its only fixed point is 0, it

is the geodesic symmetry.

Now we can prove Theorem 1.4.4;

Proof Suppose D is a (circled) bounded symmetric domain in V , and let ξv be

as defined earlier. Then ξv satisfies the hypothesis of 1.4.5 (with p = 0). Now

ξv(z) = v − Q(z)v̄ by definition of the Jordan structure associated with D and

1.4.6, the geodesic through 0 with initial vector v is given by Exp0(tv) = tanh(tv),

([Jöst] p.18). Since the Bergmann metric is complete, D = Exp0(V ) ([Jöst] p.26).

The function tanh is a real analytic diffeomorphism of R onto the open interval

(−1, 1). It follows from 3.18 and 3.19 of [Loos1] that x → tanh(x) is a real analytic

diffeomorphism of V onto {x ∈ V : |x| < 1}, and hence D is the open unit ball of the

spectral norm.

Conversely, let D be the open unit ball of the spectral norm of a Jordan pair with

positive involution. Clearly D is bounded and circled. Form 1.4.6 and the properties

of tanh, every point of D lies on an integral curve of some vector field ξv and the

integral curves are defined for all t ∈ R. Since the ξv are Killing by 1.4.7, it follows

that every point of D has a neighbourhood which is isometric to a neighbourhood of 0.

(That is by the definition of a Killing vector, it will preserve the metric in the direction

it points.) Again, by 1.4.7, D is locally symmetric. By 1.4.5, the geodesics through 0

are precisely the integral curves through 0 of the ξv and are therefore defined for all

t ∈ R. This shows that D is complete as a Riemannian manifold. Since Killing vector

fields on a complete Riemannian manifold are complete, the holomorphic vector fields

ξv generate global one-parameter sub-groups of holomorphic automorphisms of D,

and therefore D is homogenous. Being symmetric around 0, it is symmetric around

every point by homogeneity. Finally , it is clear that the vector fields, ξv, are precisely

those used in sec2 of [Loos1] to define the Jordan structure associated with D. Hence

the Jordan pair associated with D is the given one.

We say the unit ball of a Jordn pair V is an irreducible bounded symmetric domain
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if there does not exist non zero subspaces V1 and V2 such that V = V1 ⊕ V2 and

L(V1, V2) = L(V2, V1) = 0.

Table 1.1 contains the complete classification of the circled bounded symmetric

domains as presented in [KaupZait]. As noted earlier, every bounded symmetric

domain is biholomorphic to a circled bounded symmetric domain. We refer to the

first 4 countable categories of bounded symmetric domains as the classical ones, and

the remaining two elements as the exceptional elements.

Up to linear bijections, every circled bounded symmetric domain is on in this list.

The (reducible) circled bounded symmetric domains are the direct products of the

irreducible domains, i.e. D1 ×D2 × · · · × Dn.
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Bounded Symmetric Domains dim rank
Ip,q D = {z ∈ C

p×q : Ip − zz∗ > 0} pq r
IIp D = {z ∈ Cp×p : z′ = −z and Ip − zz∗ > 0}, where p ≥ 5

(

p
2

) [

p
2

]

IIIp D = {z ∈ Cp×p : z′ = z and Ip − zz∗ > 0}, where p ≥ 2
(

p+1
2

)

p

IVp D = {z ∈ Cn : (z|z) +
√

(z|z)2 − |〈z|z〉|2 < 2} n 2
V An exceptional domain in dimension n = 16 16 2
VI An exceptional domain in dimension n = 27 27 3

Table 1.1: The bounded symmetric domains



Chapter 2

Holomorphic extension theory

In this section we look at some holomorphic extension theory. We begin with some

definitions and results related to complex manifolds and varieties. This is followed

by a brief look at normal spaces. We then concentrate on extension theory. Moving

to the study of CR manifolds, we look at various definitions and finally state an

extension theorem for CR functions on CR manifolds.

2.1 Varieties, manifolds and vector fields

In the study of complex analysis (in several variables) polydisks are of significant

importance. ∆(a, r) = ∆(a1, . . . , an; r1, . . . , rn) = {z ∈ Cn : |zj − aj| < rj for 1 ≤
j ≤ n} where a = (a1, . . . , an) and r = (r1 . . . , rn). We call this the polydisk with

polyradius r centred at a.

We will define complex manifolds and varieties. First we define a holomorphic

functions in C
n, n ∈ N0.

Definition A complex valued function f defined on an open subset D ⊂ C
n is

holomorphic in D if each point a ∈ D has an open neighbourhood U such that the

function f has a power series expansion

f(z) =

∞
∑

i1,i2,...,in=0

ci1,i2,...,in(z1 − a1)
i1(z2 − a2)

i2 · · · (zn − an)in

which converges for all z ∈ U . The set of all functions holomorphic in D is denoted

by OD. (See [Gunn2] p.2.) By relatively closed we mean that the set D can be

considered as a subset of a set G which is closed in Cn and G ∩M = D.

Definition A complex submanifold of complex dimension k of an open subsetD ∈ Cn

30
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is a relatively closed subset M ⊂ D such that for every point a ∈ M there exists an

open neighbourhood Ua of a and a biholomorphic mapping F := Ua → ∆(0, R) onto

an open polydisc in Cn such that F (a) = 0 and that

F (Ua ∩M) = {z ∈ ∆(0, R) : zk+1 = . . . = zn = 0}

for some integer k, 0 ≤ k ≤ n.

We will now define a complex manifold. A second countable Hausdorff topological

space M is called a topological manifold of dimension d if each point a ∈ M has an

open neighbourhood homeomorphic to an open subset of R
d. (We say a topology is

second countable if its open sets are countable.) A coordinate covering {Uα, Fα} of

such a manifold is a covering of M by open sets Uα together with homeomorphisms

Fα : Uα → Vα, Uα are called the coordinate neighbourhoods and Fα are the coordinate

mappings.

If d = 2n, the space R2n can be identified with Cn, and the images Fα(Uα) = Vα

of the coordinate neighbourhoods can be viewed as subsets of Cn. The coordinate

covering {Uα, Fα} is called holomorphic if all of the coordinate transition maps are

holomorphic maps. A coordinate transition map is a map of the form Fβ ◦ F−1
α :

Fα(Uα ∩ Uβ) 7→ Fβ(Uα ∩ Uβ). Two holomorphic coordinate coverings are then called

equivalent if their union is again a holomorphic coordinate covering. An equivalence

class of holomorphic coordinate coverings is called a holomorphic structure, and a

topological manifold together with a fixed holomorphic structure is called a complex

manifold of (complex) dimension n. See [Gunn2] for further details.

Definition A holomorphic subvariety V of an open set U ⊂ Cn is a subset V ⊂ U

with the property that for each point a ∈ U there exists an open neighbourhood Ua

of a in U and finitely many holomorphic functions fa1
, . . . in Ua such that

V ∩ Ua = {z ∈ Ua : fa1
(z) = fa2

(z) = · · · = 0}

Definition If V is a holomorphic subvariety of an open subset of Cn, a holomorphic

function on V is a complex valued function f defined on the point set V , with the

property that for each point a ∈ V there exists an open neighbourhood Ua of the

point a in the ambient space C
n and a holomorphic function Fa in Ua such that

f |Ua ∩ V = Fa|Ua ∩ V .

Definition A map between holomorphic subvarieties V,W of open subsets UV ⊂
Cm, UW ⊂ Cn is called a holomorphic mapping if its coordinate functions are holo-
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morphic functions on V . The mapping F is called a biholomorphic mapping if it is

holomorphic and has a holomorphic inverse, i.e. it is bijective.

A holomorphic variety is a second-countable Hausdorff topological space V for

which there exists a covering by open sets Vα and homeomorphisms Fα : Vα → Wα

between the subsets Vα ⊆ V and holomorphic subvarieties Wα of open sets Uα ⊆ Cnα,

such that for each nonempty intersection Vα ∩ Vβ the composition

Fαβ := Fα ◦ F−1
β : Fβ(Vα ∩ Vβ) → Fα(Vα ∩ Vβ)

is a biholomorphic mapping. see [Gunn2], p.23-24.

As is clear, complex manifolds are a special case of varieties. For further results on

varieties, see [Gunn2].

Before we continue, we define germs of holomorphic varieties. To motivate this

we start with the standard definition of a germ of a (holomorphic) function on Cn.

Definition Two functions fU and gV that are holomorphic on Cn are called equiva-

lent at the point a ∈ U ∩ V if there is a neighbourhood W of the point a such that

W ⊂ U ∩ V and fU |W = gV |W . This is an equivalence relation (in the usual sense),

and an equivalence class is called a germ of a complex valued function at the point a.

Next for a holomorphic subvariety. Holomorphic subvarieties V1, V2 of open neigh-

bourhoods U1, U2 of a point a ∈ Cn are called equivalent at the point a if there is an

open neighbourhood W of the point a such that W ⊂ U1 ∩U2 and V1 ∩W = V2 ∩W .

This is an equivalence relation, again, in the usual sense, and an equivalence class is

called a germ of a holomorphic subvariety at the point a. This germ will be denoted

by V or Va for the holomorphic subvariety V at the point a. The definition of a

germ of a holomorphic variety follows easily from this.

Definition We can define the structure of a ring with the germs of the holomorphic

functions on Cn as follows. For any two germs f and g at a, select representatives fU

and gV , respectively. If W is an open neighbourhood of a such that W ⊂ U ∩ V , the

germ of the function fU |W + gV |W is defined to be the sum f + g, and the germ of

the function (fU |W ) · (gV |W ) is defined to be the product f · g. It follows easily by

verification of the axioms of a ring that this is indeed a ring.

So we say that the ring of germs of holomorphic functions at a point a of a

holomorphic subvariety V is called the local ring of the subvariety at the point a or

of the germ Va, and is denoted by V Oa or Va
O.
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In the case of the germs of holomorphic varieties (at a point a), we proceed as

follows. Since the union and intersection of holomorphic subvarieties is a holomorphic

subvariety we speak of the holomorphic subvarieties V1∪V2 and V1∩V2 for holomorphic

subvarieties V1 and V2.

It is possible to define the germs of continuous functions at some point a in

our holomorphic variety instead. We could construct a ring, similar to the method

above, the ring is called the ring of germs of continuous complex-valued functions at

the point a and is denoted by Ca. We are concerned with holomorphic functions, so

we define the ring of germs of holomorphic functions at a and denote it by Oa. This

is an integral domain, so it has a well defined quotient field, which is called the field

of germs of meromorphic functions and is denoted Ma. See [Gunn2] p.2.

The standard notation for the germ of holomorphic functions in Cn at a is nOa.

Since we can easily change to coordinates making a the origin, the notation O =

O0 = nO = nO0 is commonly used.

Definition A germ V of a holomorphic subvariety is reducible if V = V1 ∪ V2 where

V1 and V2 are germs of holomorphic subvarieties and Vj 6= V . A germ that is not

reducible is irreducible.

We will need to look briefly at some of the important relations between complex

manifolds and holomorphic varieties. Again, [Gunn2] will be the main reference.

Definition A thin set in a holomorphic variety V is a subset X ⊂ V with the

property that for each point a ∈ V there are an open neighbourhood Ua of the

point a in V and a holomorphic function Fa in Ua such that the germ of fa in V Oa

does not vanish on any irreducible component of the germ of the variety V at a and

X ∩ Ua ⊂ {z ∈ Ua : fa(z) = 0}.

With this in mind we state the following.

Theorem 2.1.1 A holomorphic variety is a complex manifold outside a thin set.

[Gunn2] p.61.

Definition A point in a holomorphic variety V at which V is a complex manifold

is called a regular point of V . The set of all regular points comprises the regular

locus R(V ) ⊂ V , while the set of all singular points makes up the singular locus

S(V ) = V −R(V ) ⊂ V .

So sometimes a complex manifold is called a regular holomorphic variety.
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2.2 Normal Spaces

We deal with the theory as it is dealt with in [Gunn2]. We will define normal spaces

and normalisations, then we will give extension results, which we use in chapter 3

and 4.

Definition A function is said to be regular of degree v if f(0, · · · , 0, z) is a function

of z alone and has a zero of order v at the origin.

Definition A weakly holomorphic function in an open set U of a holomorphic variety

is a holomorphic function on the set of all points of U that are regular, i.e. R(V ),

and it is locally bounded in U . The set of all weakly holomorphic functions in U will

be denoted by V ÔU .

As noted earlier, V Oa is used to denote the germ of holomorphic functions at

a point a of a holomorphic variety V , we use V Ôa to denote the germ of weakly

holomorphic functions Therefore we have that V Ôa ⊃ V Oa. See section Q of [Gunn2]

for more results.

Definition A holomorphic variety V is said to be normal at a point a ∈ V if V Ôa =

V Oa. That variety is said to be normal if it is normal at each of its points.

2.2.1 Normalisations

Again, [Gunn2] will be the main reference.

Definition The normalisation of an irreducible germ V of a holomorphic variety is

that germ V̂ of a holomorphic variety for which V̂ O = V Ô, The normalisation of a

reducible germ of a holomorphic variety is the disjoint union of the normalisation of

the irreducible components.

The next definition is important to show a correspondence between germs and

their normalisations.

Definition A mapping π : V →W between two second-countable Hausdorff spaces

is a finite branched covering if:

1. π is a continuous, finite, proper, surjective mapping.

2. There are dense open subsets V0 ⊂ V,W0 ⊂ W such that V0 = π−1(W0) and

the restriction π|V0 : V0 →W0 is a covering mapping.
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π|V0 : V0 →W0 is called the regular part.

(Note: A mapping between two topological spaces is called finite if the inverse image

of each point is a finite set of points, and is called proper if the inverse image of each

compact set is compact.)

If π : V → W is a finite branched covering with regular part π|V0 : V0 → W0,

then over each connected component of W0 this regular part is a covering with a

finite number of sheets (a sheet corresponds to a connected component of V , but

not necessarily the same number of sheets over different connected components. The

maximum number of sheets of coverings over all connected components of W0 will be

called the order of the branched covering π : V → W and will be denoted by oπ.

Definition A holomorphic mapping π : V → W between two holomorphic varieties

is a finite branched holomorphic covering if:

1. π is a finite branched covering.

2. There is a regular part π|V0 : V0 → W0 of this branched covering for which

W −W0 is a holomorphic subvariety of W and π|V0 is a locally biholomorphic

mapping.

Definition The normalisation of a holomorphic variety V is that normal holo-

morphic variety V̂ for which there exists a finite branched holomorphic covering

π : V̂ → V of branching order one. For proof of the existence and uniqueness of V̂

and to see how this related to the definiton of the normalisation of an irreducible

germ of a holomorphic variety. see [Gunn2].

2.2.2 Extension results for normalised spaces

We now mention some extension theory relating to varieties and normal spaces. We

will use the results in the following chapters.

Theorem 2.2.1 Suppose that V is an irreducible normal holomorphic variety, that

W is a proper holomorphic subvariety of V , and that f is a holomorphic function on

V −W , then if dim W ≤ dim V − 2, then f extends to a holomorphic function on

all of V . [Gunn2] p.196.

Theorem 2.2.2 If V is a normal holomorphic variety, W is a holomorphic subva-

riety of V , and f is a holomorphic function on V −W that is locally bounded in V ,

then there is a holomorphic function f̃ on V such that f̃ |(V −W ) = f . If W does not

contain any irreducible components of V , the extension f̃ is unique. [Gunn2] p.191.
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Specifically, we will use these results in the main extension theorem in chapter 3,

and the generalisation in chapter 4.

2.3 Stein manifolds and domains of holomorphy

If you have a holomorphic function defined in some open set of Cn it may be possible

to extend its domain of definition with some uniqueness properties (due to the identity

theorem of holomorphic functions). In the classical study of complex analysis, certain

domains known as domains of holomorphy were defined. They were defined to be

maximal domains in the sense that it is not true that all holomorphic defined on

the domain of holomorphy can be extended to a larger domain. We will begin this

discussion with domains of holomorphy.

Definition A domain of holomorphy in Cn is an open subset D ⊂ Cn for which

there exists at least one function f ∈ OD that cannot be extended as a holomorphic

function through the boundary. That is not all functions defined on the domain can

be extended holomorphically to a larger open subset of Cn.

Definition An open subset D ⊂ Cn is called holomorphically convex if for any

compact subset K ⊂ D the set

K̂D = {a ∈ D : |F (a)| ≤ ||f ||K for all f ∈ OD}

is also compact. The set K̂D is the holomorphically convex hull of K in D.

Definition A mapping u : D → [−∞,+∞) defined in an open subset D ⊂ C is a

subharmonic function if :

1. u is upper semi continuous in D,

2. each point in a has an open neighbourhood Ua ⊂ D such that

u(a) ≤ 1

2π

∫ 2π

0

u(a+ reiθ)dθ

whenever ∆(a, r) ⊂ Ua.

(Recall that a mapping is upper semicontinuous if {z ∈ D : u(z) < r} is an is an

open subset of D for every real number r, or equivalently if

u(a) ≥ lim sup
z→a

u(z) = lim
ε→0

(

sup
0<|z−a|<ε

u(z)

)
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for every point a ∈ D.

Definition A mapping u : D → [−∞,+∞) defined in an open subset D ⊂ Cn is

plurisubharmonic if:

1. u is upper semicontinuous in D and

2. the restriction of u to any complex line through any point of D is a subharmonic

function on that line in D. (A complex line la,b w.r.t. a, b ∈ Cn is defined as

la,b = {a + bz : z ∈ C, for fixed a, b ∈ Cn}), so we require u(z) := u(a + bz) to

be harmonic in the set {z ∈ C : a+ bz ∈ D}.

Definition An open subset D ⊂ C
n is pseudoconvex if for any compact subset

K ⊂ D the set K̂D = {a ∈ D : u(a) ≤ supz∈K u(z),u∈ P(D)} is also compact.

Where P(D) is the set of continuous plurisubharmonic functions on D. The set K̂D

is the plurisubharmonically convex hull of K in D.

Now, an extremely important theorem that shows how these definitions relate;

Theorem 2.3.1 For an open subset D ⊂ Cn the following are equivalent:

1. D is a domain of holomorphy,

2. D is holomorphically convex,

3. D is pseudoconvex.

See [Gunn1] p. 166.

With the study of complex manifolds and holomorphic varieties, we need a new

way to define domains of extension. We now look at Stein manifolds which are more

general.

Definition A complex analytic (i.e holomorphic) manifold Ω of dimension n which

is countable at infinity (i.e. it is a countable union of compact subsets) is said to be

Stein if

1. Ω is holomorph-convex, that is,

K̂ = {z; z ∈ Ω, |f(z)| ≤ sup
K

|f | for all f ∈ O(Ω)}

2. If z1 and z2 are different points in Ω, then f(z1) 6= f(z2) for some f ∈ O(Ω).
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3. For every z ∈ Ω, we can find n functions f1, · · · , fn ∈ O(Ω) which form a

coordinate system at z.

Where we are using O(Ω) to denote the space of analytic functions in Ω. [Hörman]

p.116. It is quite easy to see that any domain of holomorphy satisfies these conditions.

It is easy to see that domains of holomorphy are Stein spaces. We say that a manifold

Ω̃ is a holomorphic extension of another manifold Ω if

1. Ω is an open subset of Ω̃,

2. The analytic structure of Ω is induced by that in Ω̃,

3. For every u ∈ O(Ω) we can find ũ ∈ O(Ω̃) so that u = ũ in Ω. (The function ũ

is uniquely determined by u, for Ω̃ is connected.)

Theorem 2.3.2 If Ω is a Stein manifold, and Ω̃ is a holomorphic extension of Ω,

then Ω = Ω̃. That is Stein manifolds are maximal in this sense. (See [Hörman]

p.138.)

The following theorem will be used in the following chapter.

Theorem 2.3.3 A complex manifold Ω is a Stein manifold if and only if there exists

a strictly plurisubharmonic function ψ ∈ C∞(Ω) such that Ωc = {z : z ∈ Ω, ψ(z) <

c} is relatively compact in Ω for every real number c. The set Ωc are then O(Ω)

convex. (See [Hörman] p.127)

Note the similarities to results on domains of holomorphy.

2.4 A CR-extension Theorem and modification

First we start with an approximation theorem. We will learn about the analytic disc

technique. After this we will see Bishop’s equation. Finally we give an overview of a

CR extension theorem by Baouendi and Treves.

2.4.1 An approximation theorem

This is due to Baouendi and Treves, its proof can be found in [Boggess] p.191.
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Theorem 2.4.1 Suppose p is a point in a generic CR submanifold M of C
n of class

C2 with dimRM = 2n − d, 0 ≤ d ≤ n. Given an open neighbourhood ω1 of p in

M , there exists an open set ω2 in M with p ∈ ω2 ⊂ ω1 so that each CR function of

class C1 on ω1 can be uniformly approximated on ω2 by an infinite sequence of entire

functions in Cn.

To clarify this statement we recall definitions..

Suppose X is a smooth N -dimensional manifold. A vector at a point p ∈ X is

any operator of the form

N
∑

j=1

aj

(

∂

∂xj

)

p

where each aj ∈ R.

The set of all vectors on X at p is called the (real) tangent space of X at p and is

denoted Tp(X).

Suppose V is a real vector space. The complexification of V is the tensor product

V ⊗R C (for short, V ⊗ C). As a vector over the reals V ⊗ C is generated by v ⊗ 1

and v ⊗ i for v ∈ V . V ⊗ C can be made into a complex vector space by defining

α(v ⊗ β) = v ⊗ αβ for α, β ∈ C and v ∈ V.

Suppose V is a real vector space. A linear map J : V → V is called a complex

structure map if J ◦ J = −I where I : V → I is the identity map.

For J : V 7→ V a complex structure map we consider the complexification J⊗ id :

V ⊗R C 7→ V ⊗R C and we denote the +i and −i eigenspaces of the complexified map

respectively by V 1,0 and V 0,1. So we have the decomposition

V ⊗ C = V 1,0 ⊕ V 0,1,

see [Boggess] p.43.

For example if we look at V = Tp(R
2n) ∼= Tp(C

n). We give R2n coordinates

(x1, y1, · · · , xn, yn). The standard complex structure for Tp(R
2n) is given as follows

J

(

∂

∂xj

)

=
∂

∂yj
and

J

(

∂

∂yj

)

= − ∂

∂xj
for 1 ≤ j ≤ n.

So we have J acting on R2n similar to how i acts on Cn
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For a point p ∈M , M a real submanifold of R
2n ' C

n, the complex tangent space

of M at p is the vector space

Hp(M) = Tp(M) ∩ J{Tp(M)}.

The complexified tangent bundle T C(M) of any real manifold M is defined as

TC(M) = ∪p∈MTp(M) ⊗ C.

We can define a complex conjugation on T C by requiring that v ⊗ z = v ⊗ z̄ for

v ∈ TpM and z ∈ C.

A submanifold M of Cn is called an embedded CR manifold or a CR submanifold

of Cn if dimRHp(M) is independent of p ∈M .

Definition Let M be a C∞ manifold and suppose L is a sub bundle of T C(M). The

pair (M,L) is called (an abstract) CR manifold or CR structure if

1. L ∩ L = {0} for each p ∈M .

2. L is involutive, that is, [L1, L2] belongs to L whenever L1, L2 ∈ L.

An example would be if M is a CR submanifold of Cn, then the pair (M,L) with

L = H1,0(M) is a CR structure.

Suppose (M,L) is a CR structure. A function (or distribution) f : M → C is

called a CR function if ∂̄f = 0 on M . So we need to define the operator ∂.

Definition The Cauchy-Riemann operator ∂̄ : E0,0(M) 7→ E0,1(M) and the operator

∂ : E0,0(M) 7→ E1,0(M) are defined by

∂̄ = π0,1 ◦ d

∂ = π1,0 ◦ d,

where we define

π1,0 : T ∗1,0(M) ⊕ T ∗0,1(M) 7→ T ∗1,0(M) and

π0,1 : T ∗1,0(M) ⊕ T ∗0,1(M) 7→ T ∗0,1(M).

Where d is the exterior derivative operator (as defined, for example, in [Boggess]

p.28).
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A CR submainfold M is called generic if dimRHp(M) is minimal (i.e. if the

manifold is of dim 2n − d in Cn then dimR(HpM) = 2n− 2d for p ∈ M). For some

equivalent conditions see [Boggess] p.102.

2.4.2 A CR extension Theorem

The extenstion theorem we reach at the end of this section is due to Al Boggess and

John C. Polking. As stated throughout the section, it can be found in [Boggess].

The Levi form

Definition We define the natural projection πp at p ∈M as

πp : Tp(M) ⊗ C → {Tp(M) ⊗ C}/(Lp ⊕ Lp).

For a CR manifold M with involutive tangent bundle L defined as above we

define the following. The Levi form at a point p ∈ M is the map Lp : Lp 7→
{Tp(M) ⊗ C}/(Lp ⊕ Lp) defined by

Lp(Lp) =
1

2i
πp{[L, L]p} for Lp ∈ Lp

where L is any vector field in L that equals Lp at p. This is independent of the choice

of L ∈ L. See [Boggess] p.156-7

The next definition is of the extrinsic Levi form, it is used for embedded CR-

manifolds. It relies on use of the metric of the ambient space, this results in the

orthogonal projection map

π̃p : Tp(C
n) 7→ Np(M)

where Np(M) is the orthogonal complement of Tp(M) in Tp(R
2n). We extend this

map to the complexification of the underlying space as follows,

π̃p := π̃p ⊗ id : Tp(C
n) ⊗ C 7→ Np(M) ⊗ C.

Definition The extrinsic Levi form of M at p is the map L̃p : H1,0
p (M) → Np(M)

given by π̃p ◦ J ◦ Lp.

Since H1,0
p and H0,1

p are J-invariant, we have

L̃p(Lp) =
1

2i
π̃p(J [Lp, Lp])
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where L is any H1,0(M)-vector field extension of Lp.

Now we will define the Levi cone.

Definition For p ∈M , let

Γp = {the convex hull of the image of L̃p} ⊂ Np(M).

Γp is called the Levi cone of M at p. For two cones Γ1 and Γ2 in Np(M) we say that

Γ1 is smaller than Γ2 if the closure of Γ1 ∩ Sp is a compact subset of the interior of

{Γ2} ∩ Sp, where Sp is the unit sphere in Np(M), and denote this by Γ1 < Γ2.

So we will state the extension theorem central to this section.

Theorem 2.4.2 Suppose M is a generic, CR submanifold of Cn of class Ck(4 ≤
k ≤ ∞) with dimRM = 2n− d, 1 ≤ d ≤ n− 1. Let p be a point in M so that Γp has

nonempty interior (with respect to Np(M)). Then for every neighbourhood ω of p in

M , there is an open set ω′ in M and an open set Ω in C
n such that

1. p ∈ ω′ ⊂ Ω ∩M ⊂ ω

2. for each open cone Γ1 < Γp, there is a connected neighbourhood ω1 of p in M

and an ε > 0 so that

ω1 + {Γ1 ∩Bε} ⊂ Ω

3. for each CR function f of class C1 on ω ⊂ M , there is a unique holomorphic

function F defined on Ω and continuous on Ω∪ω ′ with F = f on ω′, where Bε

is a open ball of radius ε about the origin.

In what follows we outline the proof of this extension theorem. (The proof of this

theorem can be found in [Boggess] sec. 14 and 15.)

The analytic disc technique

We are going to use the approximation theorem of Baouendi and Treves which we

stated earlier, this showed that a CR function on a CR submanifold M can be ap-

proximated on an open set ω ⊂ M by a sequence of entire functions. We want to

extend a given CR function to an open subset Ω of Cn, when we do this we will want

our sequences of approximating entire functions to be uniformly convergent on the

compact subsets of Ω. This is were the use of analytic discs comes in. An analytic

disc is a continuous map A : D → Cn which is holomorphic on D. The boundary of
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the analytic disc is the restriction of A to the unit circle S1 = ∂D. Usually in the

literature, the analytic disc and its boundary are identified with their images in Cn.

We want to show that each point in Ω is contained in (the image of) an analytic disc

whose boundary image is contained in ω. Suppose that {Fj} is a sequence of entire

functions that is uniformly convergent to a given CR function f on the open set

ω ⊂ Cn. From the maximal modulus principle for analytic functions, the sequence

of entire functions {Fj} must also converge uniformly on Ω. So the CR extension

theorem now becomes a theorem about analytic discs, i.e. if we prove the following

theorem then by the methods of this previous discussion the extension theorem will

follow.

Theorem 2.4.3 Suppose M is a generic CR submanifold of Cn of class Ck, 4 ≤ k ≤
∞ with dimRM = 2n−d, 1 ≤ d ≤ n− 1. Let p be a point in M such that the interior

of Γp in Np(M) is nonempty. Then for each neighbourhood ω of p in M and for

each cone Γ < Γp, there is a neighbourhood ωΓ ⊂ ω and a positive number εΓ such

that each point in ωΓ + {Γ∩BεΓ} is contained in the image of an analytic disc whose

boundary image is contained in ω.

So we need to find suitable analytic discs. The proof of this requires Bishop’s equation

which we discuss in the next section.

Bishops equation

We will presume the coordinates are now in normal form (see [Boggess] p. 103), that

is we will fix a point p ∈M and assume the coordinates are in normal form, so that

p = 0 and

M = {(z = x + iy, w) ∈ C
d × C

n−d; y = h(x, w)}

when h is defined and where h : Rd × Cn−d → Rd is smooth of class C4 and h(0) =

0, Dh(0) = 0.

Given an analytic disc W : D → Cn−d, we want to find an analytic disc G : D →
Cd so that the boundary of the disc A = (G,W ) : D → Cn is contained in M . This

means we must satisfy

ImG(ζ) = h(ReG(ζ),W (ζ)) for |ζ| = 1.

We want to relate ImG(ζ) and ReG(ζ), we go about this as follows. Let S1 be

the unit circle in C. If u : S1 → Rd is a smooth function, then u extends to a unique

harmonic function on the unit disc D, which we also call u. This harmonic function
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has a unique harmonic conjugate in D, denoted by v, which vanishes at the origin.

The Hilbert transform of u is denoted by Tu : S1 → Rd is defined to be v|S1.

If G = u + iv : D → Cd is analytic and continuous up to S1, then T (u|S1) =

v|s1 + C where C = −v(ξ = 0). The function −iG = v − iu is also analytic and so

T (v|s1) = −u + c where c = u(ξ = 0). Conversely, if u, v : S1 → Rd are continuous

functions with u = −Tv+c, then u+ iv : S1 → Cd is the boundary values of a unique

analytic disc G : D → Cd with ReG(ξ = 0) = c.

Suppose u+ iv = G : D → Cd is an analytic disc with v(eiφ) = h(u(eiφ),W (eiφ))

for 0 ≤ φ ≤ 2π. We apply −T to both sides of this equation and obtain

u(eiφ) = −T (h(u,W ))(eiφ,W (eiφ)) + x, 0 ≤ φ ≤ 2φ

where x ∈ Rd is the value of u at ξ = 0. The above equation is referred to as Bishops

equation. Conversely, suppose the analytic disc W : D → Cn−d and the vector x ∈ Rd

are given, and suppose u : S1 → R
d is a solution to Bishop’s equation. From the

above discussion , the function

φ 7→ u(eiφ) + ih(u(eiφ),W (eiφ))

is the boundary values of a unique analytic disc G : D → Cd. Since ReG(eiφ) =

u(eiφ), the boundary of the analytic disc A = (G,W ) : D → Cn is contained in M .

Furthermore, ReG(ξ = 0) = x. A theorem on the solutions of Bishop’s equation

can be found in [Boggess] p.220, we state it here, after we define Hölder continuous

functions.

Definition Let L be ant normed linear space. A continuous function f : S1 7→ L is

said to be Hölder continuous with exponent α (0 < α < 1) if there is a finite positive

number M so that |f(eiφ1) − f(eiφ2)| ≤M |φ1 − φ2|α for all 0 ≤ φ1, φ2 ≤ 2π. The set

of all such functions is denoted by Cα(S1, L).

Now we state a theorem on solutions to Bishop’s equation, [Boggess] p.220.

Theorem 2.4.4 Fix 0 < α < 1. Suppose h : Rd × Cn−d 7→ Rd is of class C2 with

h(0) = 0, Dh(0) = 0. There is a δ > 0 such that if |x| < δ and W ∈ Cα(S1,Cn−d)

with ||W ||α < δ, then there is a unique element u = u(W,x) ∈ Cα(S1,Cd) that solves

Bishop’s equation with u(W = 0, x = 0) = 0. In addition, if h is of class Ck(k ≥ 2),

then there is a δ > 0 such that u : Cα(S1,Rd) depends in a Ck−1 fashion on x ∈ R

and W ∈ Cα(S1,Cn−d) with |x| < δ and ||W ||α < δ.
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The Levi form L̃ : C
n−d × C

n−d is

L̃(w, ŵ) =
n−d
∑

j,k=1

∂2h(0)

∂wj∂w̄k

wjŵk, w, ŵ ∈ C
n−d.

This is a bilinear form. It can be shown that the the extrinsic Levi form w 7→ L̃0(w)

can be identified with the map w 7→ L̃(w, w̄) ∈ Rd for w ∈ Cn−d. See p.160, p222

[Boggess] for further details.

Suppose Γ < Γ0 is the cone given in the statement of the analytic disc theorem.

We can find vectors X1, . . . , XN which lie in the image of L̃0 with

Γ < ΓX1,...,XN
⊂ Γ0

where ΓX1,...,XN
is the convex cone generated by X1, . . . , XN .

Since each Xj lies in the image of L̃0, there are vectors αj ∈ Cn−d with

Xj = L̃(αj, ᾱj) where 1 ≤ j ≤ N.

For t ∈ RN and w ∈ Cn−d, define the analytic disc

W (t, w)(ζ) = w +
N
∑

j=1

tjαjζj.

W depends smoothly on the parameters t ∈ RN and w ∈ Cn−d and we have

W (0, 0)(ζ) = 0.

Using a theorem on the solutions to Bishop’s equation (2.4.4) we have solutions

which form the analytic discs we require. Now we present the following lemmas, these

complete the proof of the analytic disc theorem.

The first lemma gives us conditions for the existance of the analytic discs.

Lemma 2.4.5 Given w an open neighbourhood of the origin in M , there is a δ > 0

and a map

A : {(t, x, w) ∈ R
n × R

d × C
n−d; |t|, |x|, |w| < δ} 7→ Oα(D,Cn)

of class C3 such that the boundary of each A(t, x, w) is contained in w ⊂ M for

|t|, |x|, |w| < δ. Furthermore, A(t, x, w)(ζ) = (G(, x, w)(ζ),W (t, w)(ζ)) and ReG(t, x, w)(ζ =

0) = x.

[Boggess] p.223.
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Now we have a result on the error term.

Lemma 2.4.6 Given η > 0 there are constants δ > 0, ε′ > 0 such that for |x|, |w| < δ

and |t| < ε′

A(t, x, w)(ζ = 0) = (x, h(x, w), w) +

(

0,
N
∑

j=1

t2jXj, 0

)

+ (0, ξ(t, x, w), 0)

where ξ : RN × Rd × Cn−d 7→ Rd is of class C3 and

|ξ(t, x, w)| ≤ η|t|2,

where η is a constant.

This lemma shows that each point in the set

Ω = {A(x, w, t)(ζ = 0); |t|, |x|, |w| < δ}

belongs to the image of an analytic disc whose boundary is contained in the given

open set ω for the analytic disc theorem. The set

ωΓ = {(x, h(x, w), w); |x|, |w| < δ}

is an open subset of M that contains the origin. So the proof of the analytic disc

theorem is complete once we have shown that for fixed x, w with |x|, |w| < δ, the

map

t 7→ f(x, w)(t) =

N
∑

j=1

t2jXj + ξ(t, x, w) with t ∈ R
N , |t| < ε′

parameterises a set that contains an open set of the origin in the cone Γ. We define

F̂ (t1, . . . , tN) =

N
∑

j=1

tjXj

and

F (x, w)(t1, . . . , tN) = f(x, w)(
√
t1, . . . ,

√
tN)

= F̂ (t1, . . . , tN ) + e(t, x, w)
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where the error e(t, x, w) = η(
√
t1, . . . ,

√
tN ) is continuous and satisfies the estimate

|e(t, x, w) ≤ η|t|

under the correct conditions, see [Boggess] p.227.

Lemma 2.4.7 Suppose X1, . . . , Xd are linearly independent vectors in Rd. Suppose

F̂ (t) =
∑d

j−1 tjXj. Suppose Γ < ΓX1,...,Xd
and ε′ > 0 are given. Then there exists

η, ε > 0 such that if F : Rd 7→ Rd is a continuous map with |F (t) − ˆF (t)| ≤ η|t|
for t = (t1, . . . , td) with tj ≥ 0, 1 ≤ j ≤ d, and |t| ≤ ε′, then the image of {t =

(t1, . . . , td) : tj ≥ 0, |t| < ε′} under F contains Bε ∩ Γ.

And with this result we have the required proof of theorem 2.4.3, the analytic disc

theorem. And with this in mind and the discussion before theorem 2.4.3, the proof

of the CR extension theorem follows.

2.4.3 A modified version of the extension theorem

We give a modified version of the CR extension theorem 2.4.2 as used in [KaupZait],

where it is refered to as a deformation version of the extension theorem. We will

have a look at it now.

We will use Nx ⊂ TxX to denote the (real) orthogonal complement of TxMx in

TxX. The Levi cone at x of Mx we denote by Cx. For every cone B ⊂ Nx we write

B < Cx if the intersection of the closure B with the unit sphere in Nx is contained in

the interior of the cone Cx. For every ε > 0 denote by Bε the intersection of B and

the open ball with center 0 ∈ Nx and radius ε in Nx.

Lemma 2.4.8 Let X = Cn with hermitian metric given by the standard scalar prod-

uct and let M ⊂ X be a smooth submanifold. Let ϕ : M → R be a smooth submersion

such that the submanifold Mx := ϕ−1(ϕ(x)) is generic in X for every x ∈M . Suppose

furthermore that B < Cy is an open cone in Ny for some y ∈ M , where Ny ⊂ TyX

is the normal space and Cy ⊂ Ny is the Levi cone of My at y. Then there exists an

open neighbourhood U of y in M and an ε > 0 such that for every x ∈ U

1. Wx := (U ∩Mx) +Bε is open in X and

2. every continuous CR-function on Mx extends to a function in C(Mx ∪Wx) ∩
O(Wx)
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(Note: A submersion is a smooth map f : M → N such that

dimM ≥ dimN

and the differential, (or Jacobian), is surjective at every x ∈ M .)

We now look at a proposition as proved in [KaupZait] which will be used for the

CR extension results in the next section.

Proposition 2.4.9 Let X be a complex manifold, M ⊂ X a smooth connected sub-

manifold and ϕ : M → R a smooth function such that Mx := ϕ−1(ϕ(x)) is a con-

nected compact generic submanifold of X for every x ∈M . Assume that there exists

on M a smooth vector field ξ with dϕ(ξ) > 0 such that πx(ξx) is the canonical pro-

jection TxX → TxX/TxMx. (This is the canonical projection with respect to the

norm on C
n and the chart mappings between X and C

n) Then for every a ∈M and

W := {x ∈M : ϕ(x) > ϕ(a)} there exists an open neighbourhood U of W in X such

that every continuous CR-function on Ma extends to a function in C(U ∪Ma)∩O(U).



Chapter 3

Orbits associated with bounded

symmetric domains

We start by defining orbits of bounded symmetric domains and state defining equa-

tions for them. The Pierce decomposition will then be looked at. We define important

domains and show them to be (maximal) holomorphic and CR extensions spaces, and

note that their closures are maximal for continuous extension. A look at the Levi

cone will be then necessary to allow the use of the extension theory from the last

section. This section is based on the paper [KaupZait].

3.1 Orbits of elements in bounded symmetric do-

mains

Let E be a complex vector space of finite dimension with a Jordan structure on it. Let

D ⊂ E be a bounded symmetric domain which we assume to be circular. We define

GL(D) = {g ∈ GL(E) : g(D) = D} and K to be the connected component of the

identity of GL(D). We will choose an arbitrary element a ∈ D and define the orbit

K := K(a). Note also that GL(D) = Aut(E), where Aut(E) is the group of all triple

automorphisms of E, i.e. {g ∈ GL(E) : g{xyz} = {gx, gy, gz} for all x, y, z ∈ E}.
Let K = ZS, where Z is the connected identity component of the center and S

is the semisimple (see [Bourbaki] III.9.8 ) commutator subgroup of K. With this

in mind we define S := S(a). We will now list the group S corresponding to each

bounded symmetric domain.

Ip,q: S is the group of all transformations z 7→ uzv′ with u ∈ SU(p) and v ∈ SU(q),

IIp: S is the group of all transformations z 7→ uzu′ with u ∈ SU(p),

49
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IIIp: S is the group of all transformations z 7→ uzu′ with u ∈ SU(p),

IVn: S = SO(n) acting in the standard way on Rn and Cn,

V: S = Spin(10),

VI: S is a compact exceptional group of type E6.. In each case z is an element of

the bounded symmetric domain in question..

Singular value decompositions

A rectangular matrix = (zjk) ∈ E, where E is the n × m space of complex values

matrices, is called diagonal if zjk = 0 holds for all j 6= k. Presume E has a Jordan

structure defined on it, so it will contain the bounded symmetric domain In,m. Then

from the singular value decomposition there exists a unique diagonal matrix d with

z = g(d) where g ∈ K and d ∈ ∆p := {x ∈ Rp : x1 ≥ · · · ≥ xp ≥ 0}, where x1, . . . , xp

are the diagonal entries of the diagonal matrix formed from our rectangular matrix

and p = min{x, y}. Here K can be identified with the action of SU(n) ⊗ SU(m)

on z ∈ D, the open unit ball of the spectral norm in E. The diagonal entries

σj(z) := djj for 1 ≤ j ≤ p are called the singular values of the matrix z. We have

σ1(z) ≥ σ2(z) ≥ · · ·σp(z) ≥ 0. Note that σj(z) is the jth biggest eigenvalue of

the hermitian matrix
(

0 z
z∗ 0

)

and σ(z)2 is the jth biggest eigenvalue of the hermitian

matrix zz∗. We see later that we can use this to define norms and hence the spectral

decomposition from chapter 1.

Recall that an element of a positive hermitian Jordan triple system, E, is called

a tripotent if e = {eee}. A tripotent is minimal if it cannot be written as the sum

of two non-zero tripotents. Denote by E the set of all sequences e = (e1, . . . , es) of

non-zero, mutually (triple) orthogonal tripotents (that is L(e, f) = L(f, e) = 0 for

tripotents e and f means e and f are orthogonal) ej ∈ E and call l(e) := s the length

of e. Then necessarily l(e) ≤ n = dim E and r := max{l(e) : e ∈ E} is called the

rank of E. Every e ∈ E with the maximal possible length l(e) = r is called a frame

in E. Every tripotent in a frame is minimal. See [Loos1].

In chapter 1 we noted that every element a ∈ E has a representation

a = λ1e1 + λ2e2 + · · ·+ λses

for a suitable sequence e = (e1, . . . , es) ∈ E and real coefficients λj. For convenience

we put

λ0 := 0 and λ−j := −λj for 1 ≤ j ≤ s.
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There always exists two extremal choices for the sequence e and the given element

a ∈ E.

1. The maximal length choice: Here e is a frame, i.e. s = r, and we assume in

addition that

λ1 ≥ λ2 ≥ · · · ≥ λr ≥ 0

holds. Then the coefficient λj is uniquely determined by a ∈ E and is called the jth

singular value of a, denoted by σj(a). In the matrix cases, this corresponds to the

simple example given earlier.

2. The minimal length choice: Here e is not necessarily a frame, but we require

λ1 > λ2 > · · · > λs > 0.

Under these assumptions the coefficients λj and the tripotents ej are uniquely deter-

mined by the element a. The integer s is called the reduced rank of a.

The functions σj : E → R can be shown to be K-invariant and continuous. Hence

also σ := (σ1, σ2, . . . , σr) : E → Rr is K-invariant. For every z ∈ E, every 1 ≤ p ≤ ∞
and every k = 1, 2, . . . ,∞ put

||z||p :=

(

r
∑

j=1

σj(z)
p

)1/p

, ||z||∞ := σ1(z) and |||z|||k :=
k
∑

j=1

σj(z).

As we have noted earlier, ||z||∞ is sometimes known as the spectral norm.

Recall that the bounded symmetric domain D ⊂ E given by

D := {z ∈ E : idE − L(z, z) > 0}

is the open unit ball with respect to the (spectral) norm || ||∞. Furthermore, || ||2
is the unique K-invariant Hilbert norm on E such that all minimal tripotents have

norm 1, so we have the unique Aut(E)-invariant inner product (x|y) on E with

(z|z) = ||z||22 for all z ∈ E.

We define µk(a) :=
∏k

i=1 σi(a).

For an odd function f : R 7→ C and a ∈ for some E we define

f(a) := f(λ1)e1 + f(λ2)e2 + · · · + f(λs)es.

We define sign(t) : R 7→ C where sign(t) = t/|t| for t 6= 0 and sign(0) = 0, this can be
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generalised to a ∈ E in the obvious manner, the result is a tripotent. So if we take

a ∈ E for a triple space E and then look at e = sign(a), we can look at the jordan

algebra Ee. Later we will use a+ := λ+
1 e1 + λ+

2 e2 + · · · + λ+
s es where we are using

x+ = x if x ≥ 0 and 0 otherwise for x ∈ R. We also define x† below,

Definition x† := λ†1e1 + λ†2e2 + · · ·+ λ†ses where we are using λ†
i = λ−1

i if a 6= 0 and

0 otherwise, λi ∈ R.

Ee is the Jordan algebra formed from the triple space E by defining the Jordan

product x ◦ y := {xey}.
It is known that a complex homogeneous polynomial N : E → C of degree

r := rank(E) called a generic norm on E which satisfies the following properties

exists on Ee: (i) N(e) = 1 for some tripotent e ∈ E and (ii) z ∈ E is invertible if

and only if N(z) 6= 0 for every z ∈ E. See [Loos2] sec. 16. which defines N(z) (and

mk(z, z) which we see in the following).

Defining equations for orbits

First, from [KaupZait], defining equations for complexifications of orbits are given.

It is known that when a is not an invertible element of the bounded symmetric

domain in question then KC(a) = E[ρ] where ρ = rank(a) and E[ρ] := {a ∈ E :

rank(a) = ρ}. And in the case when a is an invertible element of the Jordan algbra

E then KC(a) = {z ∈ E : N(z) = N(a)} ⊂ E[r] where r is the rank of the space E.

Under appropriate restriction we get the following equations for the orbits K(a)

and S(a):

K(a) = {z ∈ E : σ(z) = σ(a)}
= {z ∈ E : ||z||k = ||a||k for 1 ≤ k ≤ r}
= {z ∈ E : µk(z) = µk(a) for 1 ≤ k ≤ r}
= {z ∈ E : mk(z, z) = mk(a, a) for 1 ≤ k ≤ r},

where mk(z, z) :=
∑

k1<···<kj
σ2

k1
(z)σ2

k2
(z) · · ·σ2

kj
(z). Or since mj(z, z) = 0 for all

j > rank(z) we can say

K(a) = {z ∈ E[ρ] : mj(z, z) = mj(a, a) for 1 ≤ k ≤ ρ} if ρ = rank(a),
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where E[ρ] := {a ∈ E : rank(a) = ρ}. S(a) = K(a) if E is not a Jordan algebra or if

E is a Jordan algebra and a ∈ E is not invertable. In the case of S(a) we have

S(a) = {z ∈ K(a) : N(z) = N(a)}
= {z ∈ E : N(z) = N(a) and mj(z, z) = mj(a, a) for 1 ≤ j < r}

since mr(z, z) = |N(z)|2.

3.2 Tangent spaces of the orbits in terms of the

Pierce decomposition

In this section we note the relationship between the tangent spaces and the Peirce

decomposition.This correspondence helps us understand and work with them in a

more structured and elegant way.

We noted earlier the following proposition, the proof can be found in [KaupZait]

p.68.

Proposition 3.2.1 For every a ∈ E the tangent spaces to the orbits S = S(a) and

K = K(a) at a satisfy TaS ⊂ TaK = iA(a) ⊕ E1/2(a) and HaS = HaK = E1/2(a).

(See chapter 1 for details on these decompositions.)

Using the operators La and Qa (defined in chapter 1), we can define some more

useful operators:

Φa := 2(La +Qa),Ψa := 2(La −Qa) and

Θa := ΦaΨa = 4(L2
a −Q2

a),

where the last operator is complex linear unlike the other two. Obviously,

Φa =
∑

|j|≤k≤s

(λj + λk)
2P j,k,Ψa =

∑

|j|≤k≤s

(λj − λk)
2P j,k

Θa =
∑

0≤j≤k≤s

(λ2
j − λ2

k)
2Pj,k,

where Pj,k and P j,k are the orthogonal projections onto the subspaces Ej,k and Ej,k

respectively.

So it follows easily that
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Lemma 3.2.2 The operators Φa,Ψa and Θa satisfy

Φa(E) = E1/2(a) ⊕ A(a) = iΨa(E),

and

Θa(E) = E1/2(a) = Φa(E) ∩ Ψa(E)

is the maximal complex linear subspace of Φa(E) as well as of Ψa(E).

See [KaupZait] section 7.

3.3 Domains of (maximal) extension of orbits

The domains D(a) and B(a)

Let E be a factor and a ∈ E be an arbitrary element.

D(a) := {z ∈ E [p] : µk(z) < µk(a) for 1 ≤ k ≤ ρ}, ρ := rank(a),

is a bounded balanced domain in the complex analytic cone E [ρ], that is, tD(a) ⊂ D
for every complex number t with |t| ≤ 1. In the case a 6= 0 the domain D(a) is

non-empty, and its closure is the compact set Z(a). Its boundary ∂D(a) consists of

all z ∈ Z with µk(z) = µk(a) for some k ≤ ρ. The orbit K = K(a) coincides with

the subset {z ∈ Z(a) : µk(z) = µk(a) for all k ≤ ρ} ⊂ ∂D(a).

The domain D(a) is shown to be Stein in [KaupZait], section 10.5. The proof

starts with the case of a reduced (with respect to its singular values) a. The Levi

form points inside the domain in all sections of the boundary, showing that different

boundary sections are locally Stein and thus their intersection, ∂D(a), is locally Stein.

The theorem referred to in [Hörman], Theorem 2.6.10, proves that if this is the case,

then D(a) is Stein. Then a theorem of Behnke-Stein is used to prove that D(a) is

also Stein for non-reduced a ∈ E.

For every relatively compact domain D in a normed complex space X, where

dim(x) < ∞, we have the concept of minimal boundary. This is a minimal subset

M ⊂ D such that every f ∈ C(D) ∩ O(D) attains its maximum modulus in M .

Existence and uniqueness of the minimal boundary for D is well known, and its

closure is called the Shilov boundary of D. Both boundarys are contained in the

topological boundary ∂D of D by the maximum modulus principle. Now, for the

domain D(a) ⊂ E[ρ], a ∈ E arbitrary of rank ρ > 0, both boundaries coincide with

the orbit K(a). This is verified in [KaupZait] p.85.
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In the case a is invertible, the orbit S(a) is a generic and minimal CR-submanifold

of the complex manifold SC(a) = {z ∈ E : N(z) = N(a)}. For such a we put

B(a) := {z ∈ SC(a) : µk(z) ≤ µk(a) for all k < r},

if r := rank(a) = rank(E) > 1, and B(a) := 0 otherwise. We can see from a proof

similar to that for D(a) that B(a) is also Stein. It can be shown, similar to [KaupZait]

p.85, that S(a) coincides with the Shilov boundary of B(a) in SC(a) if B(a) 6= 0.

The domains Z(a), Y(a) and X (a)

Z(a) := {z ∈ E : µk(z) ≤ µk(a) for 1 ≤ k ≤ r}r := rank(E)

Y(a) := {z ∈ Z(a) : µρ(z) = µρ(a)}.ρ := rank(a)

X (a) := {z ∈ Z(a) : N(z) = N(a)}

see [KaupZait] p.81.

Note that Z(a) = D(a) and X (a) = B(a)

The following definition and the lemma that follows show that these spaces are

maximal extension sets (for continuous functions).

Definition Let M be Stein and let K ⊂ M which is a compact subset strictly con-

tained in M . Then we say thatK has a Stein neighborhood basis, or is holomorphically

convex, if for every open set U with K ⊂ U , there is a Stein domain V , such that

K ⊂ V ⊂ U .

Now with this definition in mind, we state and prove the following short lemma

from [KaupZait].

Lemma 3.3.1 For every a with rank(a) = ρ, the compact subset Z(a) ⊂ E [ρ] has a

Stein neighbourhood basis in E [ρ]. If a is invertible, then X (a) ⊂ SC(a) also has a

Stein neighbourhood basis in SC(a).

Proof Write a in the standard form

a = λ1e1 + · · ·+ λρeρ

using the maximal length choice. For every t > 1 consider at := tλ1e1 + λ2e2 +

· · · + λρeρ ∈ Eρ and bt := tλ1e1 + λ2e2 + · · · + λr−1er−1 + t−1λrer ∈ SC(a) in case
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a is invertible. Then the sets D(at) and B(bt) form the required basis. This follows

by looking at the singular value decompositions of the sets. The domains Z(a) is

bounded by the singular values of a, the domains D(at) are Stein and contain Z(a).

This is similar when a is invertible.

This will be noted later to show that we have maximal domains of holomorphic

extension.

3.4 The Levi cone

Definition The Levi form at a

Λa : HaK ×HaK → CTaK/HaK

is given by

Λa(x, y) ≡ ([ξ, η]a + i[iξ, η]a) mod HaK,

where ξ and η are any real CR vector fields on K with x = ξa and y = ηa. Also, see

[Boggess] p.156 and section 2.4.2.

Definition In a real vector space V of finite dimension a nonempty subset C ⊂ V

is called a cone if tC ⊂ C holds for all t > 0. With C ′ we denote the dual cone of

C, that is the set of all linear forms τ on V with τ(C) ≥ 0. If we have a cone C in

a space V equipped with an inner product (·|·) we identify the dual space of V with

V via y(x) = (y|x) and then we have

C ′ := {z ∈ V : (z|C) ≥ 0}.

space.

By proposition 3.2.2 we can identify CTaK/HaK with iA(a) and hence Λa(u, u) ∈
A(a) holds for all u ∈ HaK. Denote Ca ⊂ A(a) the convex hull of all such vectors

and call is the Levi cone of K at a.

In the following we define two closed cones, their use will is in the proposition

that follows. (We used Γ to denote the Levi cone in the last chapter.)

We define the following two cones to help understand the structure of the Levi

cone of K at a. See [KaupZait] 9.5.



3.5 The polynomially convex hull 57

Definition

Z(a) := {x ∈ A(a) : (x+
j |a†) +

∑

k<j

(xk|a†) ≤ 0 for j = 1, . . . , s}

X(a) := {x ∈ Z(a) : (x|a†) = 0} ⊂ Z(a)

Definition W (a) ∈ Ω(a) is the convex cone generated by all the vectors w ∈ Ω(a)

satisfying for some 1 ≤ j ≤ s the conditions

λjwj =

{

ek k < j

0 k > j
and λkwk is a minimal idempotent in A(ej).

So it can be shown that Z(a) is the dual of the cone −W (a) and X(a) of the cone

Ra† −W (a) in A(a), where a† is the pseudo inverse as defined earlier (page 52).

We also note the following important propositions that can be found in [KaupZait]

as Propositions 9.12 and 9.17.

Proposition 3.4.1 The Levi cone Ca at a is X(a) if a is invertible and is Z(a) if a

is not invertible. In particular, Ca is always a closed cone.

Proposition 3.4.2 The tangent cone at a to Z(a) satisfies TaZ(a) = Z(a) ⊕ TaK

for K = K(a).

3.5 The polynomially convex hull

The polynomial convex hull of the orbit K = K(a) is defined as

pch(K) = {z ∈ E : |f(z)| ≤ sup
z∈K

|f(z)| for all f ∈ C[z]},

where C[z] are the complex polynomials in z. It has been shown in [KaupZait] that

the polynomial convex hull pch(K) contains the set Z(a) and, in the classical case,

they are equal. In the recent paper [Kaup] the result has been extended to the

exceptional cases.

We know that any set to which we can uniquely extend each CR fruction defined

on K must be contained in the polynomially convex hull.
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3.6 Extensions theorems applied to bounded sym-

metric domains

Using the natation from [KaupZait] we write

Z := KC(a) ⊂ E and X := SC(a) ⊂ E.

We write Ẑ for the normalisation of Z that is homeomorphic to Z and biholomorphic

outside 0. See [KaupZait] p.91.

The main result of this section is the following theorem, it is one of the main

results of the paper [KaupZait].

Theorem 3.6.1 If a is not invertible, every continuous CR-function on K = S has

a unique continuous extension to Ẑ(a) that is holomorphic in its interior with respect

to Ẑ. If a is invertible, every continuous CR-function on K (resp. S) has a unique

continuous extension to Y(a) (resp. X (a)) that is holomorphic (resp. CR) in its

interior with respect to Z (resp. X). Furthermore, the sets Z(a),Y(a) and X (a) are

maximal in the following sense. If H is any domain in Ẑ (resp. Z or X) containing

the interior of Ẑ(a) (resp. Y(a) or X (a)) with the above extension property, then

necessarily H ⊂ Ẑ(a) (resp. H ⊂ Y(a) or H ⊂ Z(a)).

The proof follows from the next two propositions.

Proposition 3.6.2 Suppose that E is a factor and a ∈ E is not invertible. Then

every continuous CR-function f on K = K(a) has a unique continuous extension to

Z(a) that is holomorphic on D(a)\{0}.

In proving the above proposition, we use a lemma mentioned in [KaupZait].

Lemma 3.6.3 Let Y be a complex manifold and let A ⊂ Y be a closed real-analytic

submanifold of real codimension ≥ 2. Then every bounded holomorphic function on

Y/A has a holomorphic extension to Y .

The proof of this lemma is very similar to that of the extension theorem of normal

spaces, theorem 2.2.1.

The following is the proof of proposition 3.6.2, see [KaupZait] sec 12 for further

details.

Proof Fix a continuous CR-function f on K = K(a). Without loss of generality

it is assumed that a 6= 0, i.e. ρ := rank(a) > 0. We ignore the trivial case when
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a = 0. For every k ≤ ρ denote by Dk ⊂ D(a) the open subset of all elements

x ∈ D(a) of rank ρ that have at least k pairwise different singular values 6= 0. Then

Dρ ⊂ Dρ−1 ⊂ · · · ⊂ D1 = D(a) ∩ E[ρ] is the set of all reduced elements of rank

ρ in D(a). Furthermore, for every k ≤ ρ the compliment Ak := Dk−1\Dk is a (not

necessarily connected) real-analytic submanifold of Dk−1. All K-orbits in Dρ have the

same dimension and all other K-orbits in D(a) have lower dimensions. In particular,

Ak has codimension ≤ 2 in Dk−1 for all k ≤ ρ. We first prove that f extends

holomorphically to D(a)\{0}.
We look at two cases, the case where a is reduced and the case where a is not

reduced.

We start with the case that a is reduced, that is,

a =

ρ
∑

j=1

λjej

for real coefficients λ1 > . . . > λj > 0.

Denote by S the set of all elements x ∈∑ρ
j=1 xjej ∈ D(a) with x1 > · · · > xρ > 0.

Then clearly Dρ = K(S).

For every x ∈ S define γ : R → E for an open interval I containing {0, 1}, by

γ(t) :=

ρ
∑

j=1

λ1−t
j xt

jej.

Then γ(0) = a, γ(1) = x and there is an open interval I ⊂ R with 0, 1 ∈ I and

γ(t) ∈ Dρ for every t ∈ I. In particular the orbits K(γ(t)) all have the same dimension

for t ∈ I and there is a unique K invariant map φ : M 7→ I with φ ◦ γ|I = idI for

M := K(φ(I)). Also, there is a unique K-invariant smooth vector field ξ on the

smooth submanifold M ⊂ E[ρ] with ξγt = γ′(t) for all t ∈ I. For X := E[ρ] it

follows from the conditions of propositions 3.4.2 and 3.4.1 (page 57) are met and

hence if we apply theorem 2.4.9 with ξγ(t) = γ′(t) for all t ∈ I, it follows that

f ∈ C(W ∪ K) ∩ O(W ), where W is an open set such that φ−1(t) ⊂ W for all

0 < t ≤ 1. Since x ∈ S was arbitrary we get a holomorphic extension of f to Dρ,

we also denoted it by f , and it is continuous up to K in the following non-tangential

sense; the function is continuous in any wedge W = (U ∩ K) + Bε, where U is any

sufficently small neighbourhood of a point b ∈ K,B < Cb where Cb is the Levi cone of

K at b, and ε > 0 also sufficently small. Since for every c ∈ C\f(K) the CR-function

(f − c)−1 on K also has a holomorphic extension to Dρ, we have f(Dρ) ⊂ f(K). In

particular, f is bounded on Dρ.
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Now suppose that for k ≤ ρ the function f has a holomorphic extension to Dk.

We know that Ak := Dk−1/Dk is of dimension ≥ 2. Then applying lemma 3.6.3 (page

58), we see that f can be extended holomorphically to Dk−1. Using induction down

from k = ρ we conclude that f extends holomorphically to D1 = D(a) ∩ E[ρ]. Now

since D1 has a complex analytic compliment in D(a)\{0}, we can apply theorem 2.2.2

(page 35) and we get f has a holomorphic extension to D(a)\{0}.
For the non-reduced case, we take a sequence of reduced elements who’s limit is

our chosen non-reduced element, we now show this.

Let a be non-reduced. As a consequence of Prop 3.4.2 (page 57) we can choose a

cone B < Ca and a sequence (an) of reduced points in (a+B)∩D(a) with lim an = a

and D(an) ⊂ D(an+1) for all n. Then it follows from lemma 2.4.8 (page 47) that there

exists n0 ∈ N and a K-invariant open subset V of D(a) with an ∈ V for all n ≥ n0

such that f has a holomorphic extension to V . But then by case 1 the function

extends holomorphically to V ∪ (D(an)\{0}) for all n ≥ n0 and hence to D(a)\{0} =
⋃

n≥n0
D(an)\{0}. In any case, the normalisation of D(a) is homeomorphic to D(a)

and as a consequence we get a holomorphic extension f ∈ O (D(a)\{0}) that is

continuous up to K in the nontangential sense. For every 0 < t < 1 the function

ft defined by ft(z) = f(tz) is holomorphic on a neighbourhood of Z(a)\{0} in E [ρ].

Since f = limt↗1 ft is a uniform limit on K it is also uniform on D(a), that is, f

extends from D(a) ∪K to a continuous function on Z(a) = D(a).

Proposition 3.6.4 Suppose that E is a factor and a ∈ E is invertible. Then every

continuous CR-function f on S = S(a) (resp. K = K(a)) has a unique continuous

extension to X (a) (resp. to Y(a) = T(X (a))) that is holomorphic on B(a) (resp. CR

on T(B(a))).

This is similar to the last proposition for the holomorphic extension part, the proof

of the continuous extension is more complicated. Proving the extension to B(a) will

require the use of analytic annuli, as the existence of a suitable family of holomorphic

functions on B(a) converging uniformly to f is unclear.

An analytic annulus in Cn is a complex submanifold R ⊂ Cn such that there is

an analytic annulus A := {ζ ∈ C : s < |ζ| < t} for 0 < s < t and a biholomorphic

mapping A→ R that extends to a homeomorphism A→ R of the closures. It should

be noted that unlike discs, different analytic annuli may not be biholomorphically

equivalent. So we need to note the following lemma, whose proof can be found in

[KaupZait], Lemma 12.10.
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Lemma 3.6.5 Let (Rn) be a sequence of analytic annuli in E converging to an an-

alytic annulus R ⊂ E in the following sense: There is a sequence (φn) of home-

omorphisms φn : R → Rn converging uniformly to the identity transformation on

R. Suppose that (fn) is a sequence of functions fn ∈ C(Rn) ∩ O(Rn) such that the

sequence (fn ◦ φn) converges uniformly on the boundary ∂R := R\R. Then (fn ◦ φn)

converges uniformly on R to a function f ∈ C(R) ∩ O(R).

Now we will give the proof of proposition 3.6.4 which can also be found in

[KaupZait].

Proof Without loss of generality, assume B(a) 6= 0 which happens precisely when

the orbit S is not totally real (HaS 6= 0). For the extension to B(a), the main steps

of the proof are similar to those of prop 3.6.2. Fix a continuous CR-function on f on

S and put r := rank(a) = rank(E) as well as X := SC(a). For every k ≤ r denote

by Bk ⊂ B(a) the open subset of all elements x ∈ B(a) that have at least k pairwise

different singular values. Again, in a first case suppose that a is reduced and define S
with Br = S(S) as in the proof of prop 3.6.2. Also, for every x ∈ S define γ : R → E

the same formula as prop 3.6.4. Then γ(t) ∈ S(t) for 0 ≤ t < 1 and as in the proof of

prop 3.6.2 we conclude that f has a holomorphic extension to B(a) that is continuous

up to S in the nontangential sense (as in prop 3.6.2). The same extension property

follows in case a is not reduced (by using a suitable sequence (an) of reduced points

in B(a) converging to a, as in the proof of prop 3.6.2.

The proof that the extension of f to B(a)∪S can be extended continuously to the

closure of B(a) = X (a) requires some more care. Here the final step of the proof of

3.6.2 cannot be carried out since the existance of a suitable family (ft) of holomorphic

functions on B(a) converging uniformly to f is not clear. The proof given here uses

the fine stratification structure of the set X (a) and a construction of analytic annuli

connecting different strata.

Put N := {1, 2, . . . , r − 1}. We define the sets

XI := XI(a) := {z ∈ X (a) : µk(z) = µk(a) ⇔ k ∈ I},

where I runs over all subsets I ⊂ N with Xi 6= 0. For every integer j ≥ 1 denote

by Kj the union of all XI with cardinality ≥ j. Clearly Kr−1 = S and K1 = ∂B(a).

Denote by m the smallest integer such that the holomorphic extension f ∈ O(B(a))

is continuous up to Km in the following non-tangential sence: For every b ∈ Km the

limit limn f(zn) exists for every sequence (zn) in B(a) converging to b and satisfying

for some ε > 0 and all n the inequality dist(zn, ∂B(a)) ≥ εdist(zn,Km), where dist
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stands for the distance from a point to a subset with respect to a fixed norm on the

vector space E. From the first part of the proof we have non-tangential extension of

f to S = Kr−1 where m ≤ r − 1.

We wish to show that m = 1. Assume the contrary that m > 1 holds and

fix a point b ∈ Km−1 ⊂ ∂B(a) in the following. Fix q ∈ N in such a way that

σq(a) > σq1
(a) in case b ∈ XI . For every z ∈ B(a) we construct an analytic annulus

R(z) ⊂ B(a) with z ∈ R(z) in the following way: Write z as a linear combination

z =
∑

j σj(z)ej for some frame e = (e1, . . . , er) and define R(z) to be the choice of all

complex linear combinations
∑

j ej in B(a) converging to b and satisfying zj = σj(z)

for all j 6= q, q+1. Clearly, R(z) depends on the choice of the frame for z. Consider a

sequence (zn) in B(a) converging to b and satisfying dist(zn, ∂B(a)) ≥ εdist(zn,Km−1)

for some ε > 0 and all n.

For every n there is a decomposition zn =
∑

j σj(zn)en
j for some frame en =

(en
1 , . . . , e

n
r ) in E. Define with respect to this frame the analytic annulus R(zn) ⊂ B(a)

as above. The space of all frames in E is compact, therefore the sequence ((e)n has

a frame e as a point of accumulation. Let us assume for a while that e actually is a

limit. Then the sequence (R(zn)) converges to an analytic annulus R in the sence of

3.6.5. For this annulus b ∈ R as well as ∂R ⊂ Km holds by the choice of the index

q. By choosing smaller annuli Rn ⊂ R(zn) with zn ∈ Rn we can achieve that the

sequence (Rn) also converges to the annulus R and hence on the frame e.

Suppose that (z̃n) is another sequence converging to b as above such that the cor-

responding sequence of frames ẽn converges to b as above such that the corresponding

sequence of frames ẽn converges to a frame ẽ and hence gives a limit to the sequence

(f(z̃n)). We clain that the two limits coincide. Indeed, choose a sequence (wn) in

B(a) converging nontangnetially to b with respect to Km−1, where every wn has the

form wn =
∑

j wn,jej for suitable coefficients wn,j satisfying σj(b) = limn wn,j and

wn,j = wn,k if σj(b) = σk(b). Then lim f(zn) = lim f(wn) is clear since both limit

frame agree. Now b =
∑

j σj(b)ej =
∑

j σj(b)ẽj implies that every wn also has the

representation w + n =
∑

j wn,j ẽj, which implies lim f(z̃n) = lim f(wn). As a conse-

quence, f(b) := lim f(zn) does not depend on the sequence (zn). since b ∈ Km−1 was

arbitrarily chosen, f has a continuous extension to Km−1 in the nontangential sense

and therefore m is not minimal with respect to the property used for its definition,

that is, m = 1, or equivalently, for every b ∈ ∂B(a) and every sequence (zn) in B(a)

converging to b the sequence (f(zn)) converges. Since every convergent sequence in

∂B(a) can be approximated by a sequence in B(a) we derive that f has a contin-

uous extension to B(a) = X (a), completing the proof fot the extension to X (a) of

CR-functions on the orbit S.
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Now we must prove the extension result for a continuous CR function on K =

K(a) = T(S). Since the orbit K is foliated by S-ofbits, every continuous CR-function

on K extends to a function on Y(a) that is continuous on each subset t(X (a)) ⊂ Y(a)

with t ∈ T and holomorphic on its interior. Since the norm of the extension equals

the norm of the function itself and T acts transitively on the set of all S-orbits in

Y(a). Moreover, since the holomorphic tangent spaces of T(B(a)) coincide with those

of t(B(a)), t ∈ T, the extension is also CR on T(B(a)). This completes the proof.

To complete thm 3.6.1, we just note that the domains Z(a),Y(a) and X (a) are

in fact maximal in the sense mentioned earlier, we just note lemma 3.3.1.



Chapter 4

From the irreducible case to the

reducible

In this section we will generalise from the irreducible to the reducible case, i.e. we

will be dealing with bounded symmetric domains that may be the non-trivial direct

product of bounded symmetric domains.

Our main concern will be in showing how the extension results of the last chapter

generalise to the reducible case, i.e. when we have a (non trivial) product of factors.

4.1 The new product automorphism group

We now consider general (circled, but not necessarily irreducible) bounded symmetric

domains. D will be the unit ball of the spectral norm of a hermitian Jordan triple

system E, as before.

Aut(E) := {g ∈ GL(E) : g{xyz} = {(gx)(gy)(gz)} for all x, y, z ∈ E}

We denote by K the connected identity component of Aut(E), as we did for an

irreducible factor.

We know that E is a finite direct product of simple hermitian Jordan triple

systems,

E = E1 ⊕ E2 ⊕ . . .⊕ En,

where Ei, i = 1, . . . , n are irreducible factors. We will write x ∈ E as follows

x = x1 + x2 + . . .+ xn

64
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where xi ∈ Ei.

Theorem 4.1.1 For E a hermitian Jordan triple system and write E = E1 ⊕ E2 ⊕
. . .⊕En the decomposition of E as a sum of simple hermitian Jordan triple systems

Ei, 1 ≤ i ≤ n. Replacing E by an isomorphic copy of itself we assume that Ei is

isomorphic to Ej iff Ei = Ej, (1 ≤ i, j ≤ n).

Then g ∈ Aut(E) if and only if there exists gi ∈ Aut(Ei), (1 ≤ i, j ≤ n) and a

permutation σ of {1, 2, · · · , n} satisfying

1. Eσ(i) = Ei for all i ∈ {1, 2, · · · , n}

2. g(x1 + x2 + · · · + xn) = g1(xσ(1)) + g2(xσ(2)) + · · ·+ gn(xσ(n))

We can summarise this as Aut(E) = (
∏n

i=1 Aut(Ei)) Γ(E) where Γ(E) consists of

permutations of the factors (those g ∈ Aut(E) with gi = id for 1 ≤ i ≤ n).

Proof Choose x ∈ Ei, y ∈ Ej, z ∈ E. Presume Ei 6= Ej. We now choose x, y such

that {xyz} 6= 0. Let gi(x) ∈ Ej, gj(y) = y and g(z) = z, then {g(x), g(y), g(z)} =

0 for all z ∈ E. Hence g{xyz} = 0 for all z ∈ E and hence {xyz} = 0 for all z ∈ E

leading to a contradiction.

The identity component of K of Aut(E) will not contain any permutations (apart

from the identity) and so

K = K1 × K2 × · · · × Kn,

where Ki is the connected component of the identity in Aut(Ei). Then

[K,K] = [K1,K1] × [K2,K2] × · · · × [Kn,Kn]

and since S = [K,K], Si = [Ki,Ki] we have

S = S1 × S2 × · · · × Sn.

We also consider the complexification SC = SC
1 × SC

2 × · · · × SC
n . We will continue to

use this notation throughout the chapter.

4.2 The new Orbits

We define σk
i (z) := σi(zk) for 1 ≤ k ≤ ri as the singular values of E, z = z1 + z2 +

· · · + zn, ri = rankEi. This is in analogy with the singular values as used in section
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3.1 for irreducible components Ei of rank ri. Similarity we define µk
i (z) := µi(zk) for

1 ≤ k ≤ ri. We know from the last chapter that

Ki(ai) = {z ∈ Ei : µi
k(z) = µi

k(a) for 1 ≤ k ≤ ri}

and

Si(ai) = {z ∈ Ki(ai) : Ni(z) = Ni(a)} for

where Ni is the a generic norm associated with the component Ei. We also use

K(ai) = Ki(ai)

and

S(ai) = Si(ai).

4.3 Tangent spaces

We are concerned with the following proposition:

Proposition 4.3.1 For every a ∈ E the tangent spaces to the orbits S = S(a) and

K = K(a) at a satisfy TaS ⊂ TaK = iA(a) ⊕ E1/2 and HaS = HaK = E1/2(a).

This is similar to proposition 3.2.1, the irreducible version. The result follows

from proposition 3.2.1 without difficulty which will be explained in the following.

For a ∈ E = E1 ⊕ · · ·⊕En, we have Eα(a) = E1
α(a1)⊕ · · ·⊕En

α(an) for α = 0, 1/2, 1,

and A(a) = A(a1) ⊕ · · · ⊕ A(an) given the decomposition a = a1 + · · · + an with

respect to the above decomposition of E.

The operators Φa = 2(La + Qa),Ψa = 2(La + Qa) and Θa = ΦaΨa all become

direct sums, Φa =
⊕n

i=1 Φai
, Ψa =

⊕n
i=1 Ψai

and Θa =
⊕n

i=1 Θai
. This can be verified

by orthogonality of the factors E1, E2, · · · , En under Jordan multiplication. We have

that TaK = Ta1
K1 × · · · × Tan

Kn, this also holds for TaS and HaK. So it follows

from this that we have the above proposition for the reducible case.

4.4 The domains Z(a), X (a) and Y(a)

Definition Let i = 1, . . . , n and k = 1, . . . , ri. Let a ∈ E, a = a1 +a2 + · · ·+an with

ai ∈ Ei. Let

Z(a) :=
n
∏

i=1

Z(ai).
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Similarly we define

Y(a) :=
n
∏

i=1

Y(ai).

and

X (a) :=
n
∏

i=1

X (ai)

where Z(ai),Y(ai) and X (ai) are as defined in section 3.3.

Now for example we can write

Zi(a) = Z(ai) := {z ∈ Ei : µi
k(z) ≤ µi

k(ai) for 1 ≤ k ≤ ri}, ri := rank(Ei),

where i = 1, . . . , n and k = 1, . . . , ri. Let a ∈ E, a = a1 + a2 + · · ·+ an with ai ∈ Ei.

Definition We also need to define the cone Z(a),

Z(a) :=
n
∏

i=1

Zi(ai)

where Z(ai) as defined in section 3.4, we have

TaZ(a) =
n
∏

i=1

Tai
Zi(ai) and TaK =

n
∏

i=1

Tai
K.

The next two propositions follow easily and are the generalisations of proposition

3.4.1 and proposition 3.4.2. The above remarks help to clarify them.

Proposition 4.4.1 The Levi cone Ca at a is X(a) if a is invertible and is Z(a) if a

is not invertible. In particular, Ca is always a closed cone.

Proposition 4.4.2 The tangent cone TaZ(a) = Z(a) ⊕ TaK for K = K(a).

4.5 The domains D(a) and B(a)

We now look at D(ai) and B(ai) which where defined in 3.3.

Definition We have from the definition and the last chapter that a ∈ E, a = a1 +

a2 + · · ·+ an with ai ∈ Ei, (1 ≤ i ≤ n) and put ρi = rank(ai). Let

D(ai) := {z ∈ Ei[ρi] : µi
k(z) < µi

k(ai) for 1 ≤ k ≤ ρi}, ρi := rank (ai).
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Then we define

D(a) :=

n
∏

i=1

D(ai).

B(ai) := {z ∈ SC

i (a) : µi
k(z) < µi

k(ai) for all 1 ≤ k < ri}.

We define

B(a) :=
n
∏

i=1

B(ai).

Theorem 4.5.1 D(a) is Stein

Proof It is known that the direct product of Stein spaces/manifolds is also Stein, so

the result follows.

4.6 Hulls of orbits

Definition The polynomial convex hull of a compact set K ⊂ C
n is defined as

follows,

pch(K) = {z ∈ E : |f(z)| ≤ sup |f(K)| for all f ∈ C[z]}.

We are concerned with showing the following,

Theorem 4.6.1 Let Ki ⊂ Cni, 1 ≤ i ≤ m be nonempty compact subsets and K =

K1 × · · · ×Kn ⊂ Cn. Then

pch(K) = pch(K1) × · · · × pch(Km),

Proof We will do this first for the case of K = K1×K2, i.e. when it is the product of

two components. We will prove the inclusion in both directions, thus giving equality.

First we prove that

pch(K) ⊂ pch(K1) × · · · × pch(Km),

Begin with (a1, a2) ∈ pch(K). We will show that a1 ∈ pch(K). For this we start

with f(z1) which is a polynomial in z1. Now, put p(z1, z2) = f(z1). Now,

sup
z1∈K1

|f(z1)| = sup
(z1,z2)∈K

|p(z1, z2)|,

This is true since we are assumingK2 6= ∅. So |f(a1)| = |p(a1, a2)| ≤ sup(z1,z2)∈K |p(z1, z2)| =

supz1∈K1
|f(z1)|. This is true for all f in z1 so a1 ∈ pch(K1). The proof is similar for

a2 ∈ pch(K2), so the result follows.
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Now the converse. We start with (a1, a2) ∈ pch(K1)× pch(K2). we want to show

(a1, a2) ∈ pch(K). So we look at an arbitrary p(z1, z2). We claim

|p(a1, a2)| ≤ sup
(z1,z2)∈K

|p(z1, z2)|,

Fix b2 ∈ K2. Look at f(z1) = p(z1, b2), a polynomial in z1. Then

sup
z1∈K1

|f(z1)| = sup
z1∈K1

|p(z1, b2)|

≤ sup
(z1,z2)∈K

|p(z1, z2)|

Therefore, since a1 ∈ pch(K1), we have

|p(a1, b2)| = |f(a1)| ≤ sup
(z1,z2)∈K

|p(z1, z2)|

and this is true for any b2 ∈ K2.

Now put g(z2) = p(a1, z2), this is a polynomial in z2. so

|g(a2)| ≤ sup
z2∈K2

|g(z2)| = sup
z2∈K2

|p(a1, z2)| ≤ sup
z1,z2∈K

|p(z1, z2)|,

and we conclude

|p(a1, a2)| = |g(a2)| ≤ sup
(z1,z2)∈K

|p(z1, z2)|.

Theorem 4.6.2 The polynomial convex hull of K, pch(K), contains the set Z(a).

Proof This is as consequence of the previous theorem, Lemma 11.3 of [KaupZait]

and the fact Z(a) =
∏n

i=1 Zi(a).

From [KaupZait] it follows that for the classical cases we have pch(K) = Z(a).

This also follows for the exceptional cases (and therefore a mixture of both) from a

recent paper published by Wilhelm Kaup, [Kaup].

4.7 Extension theorems

We need to generalise some of the notation for section 3.6. Using the natation from

[KaupZait] we write

Z := KC(a) ⊂ E and X := SC(a) ⊂ E.
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We consider a (possibly) reducible product

E = E1 ⊕ · · · ⊕ En,

where each Ei is irreducible. For a = a1 + · · · + an ∈ E we say a is strongly

noninvertible if ai ∈ Ei is noninvertible for each 1 ≤ i ≤ n. It is invertible if each ai

is invertible in its respective factor.

We write Ẑ for the normalisation of Z. It is straight forward to show that Ẑ =
∏n

i=1 Ẑi. Where Zi = KC(ai) ⊂ E and Xi := SC(ai) ⊂ E. We restate theorem 3.6.1

from page 58, but keep in mind we may be dealing with reducible factors, theorem

3.6.1 referred only to the irreducible case.

Theorem 4.7.1 If a is strongly noninvertible, every continuous CR-function on K =

S has a unique continuous extension to Ẑ(a) that is holomorphic in its interior with

respect to Ẑ. If a is invertible, every continuous CR-function on K (resp. S) has

a unique continuous extension to Y(a) (resp. X (a)) that is holomorphic (resp. CR)

in its interior with respect to Z (resp. X). Furthermore, the sets Z(a),Y(a) and

X (a) are maximal in the following sense. If H is any domain in Ẑ (resp. Z or

X) containing the interior of Ẑ(a) (resp. Y(a) or X (a)) with the above extension

property, then necessarily H ⊂ Ẑ(a) (resp. H ⊂ Y(a) or H ⊂ Z(a)).

As with the reducible case, we break the theorem down into smaller parts, the

majority being contained the the following two theorems.

Proposition 4.7.2 Suppose that E is a product of factors and a ∈ E is strongly

noninvertible. Then every continuous CR-function f on K = K(a) has a unique

continuous extension to Z(a) that is holomorphic on O :=
∏n

i=1 (D(ai)\{0}).

Proposition 4.7.3 Suppose that E is a product of factors and a ∈ E is invertible.

Then every continuous CR-function f on S = S(a) (resp. K = K(a)) has a unique

continuous extension to X (a) (resp. to Y(a) = T(X (a))) that is holomorphic on B(a)

(resp. CR on T(B(a))).

We assume we are looking at domains that may be reducible. We note that lemma

2.4.8 and lemma 2.4.9 (lemmas 12.6 and 12.7 of [KaupZait], the deformation type

CR-extension theorem and the result that follows it, do not need to be generalised

for the reducible case.

Now, the majority of Prop. 4.7.2 remains similar to the irreducible version of the

proposition, proposition 3.6.2 on page 58. We write out the main steps as a list to

show clearer what must be done.
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• a is reduced with respect to the spectral decomposition (i.e. each ai is reduced

with respect to its spectral decomposition).

• For Ei we will use Dij ⊂ Di(a) the open subset of all x ∈ Di(a) of rank ρi

that has at least j pairwise different singular values that are not equal to 0. So

Dip ⊂ Diq when p ≤ q.

• We define a vector ρ = (ρ1, ρ2, · · · , ρn) and hence define E[ρ] =
∏n

i=1E[ρi]. We

also write Dρ =
∏n

i=1 Diρi
where Diρi

⊂ D(ai) is the set of all x ∈ D(ai) of

rank ρ that have at least k pairwise different singular values not equal to 0. So

Dp ⊂ Dq when p ≤ q. (by p ≤ q we mean pi ≤ qi for 1 ≤ i ≤ n.)

• Si is defined to be the set of elements

xi =

ρi
∑

j=1

xijeij ∈ Di(ai)

with xi1 > · · · > xiρi
> 0. Then Di(ρi) = K(Si) holds. So we define

S := S1 × · · · × Sn.

• Similarly, for each x ∈ S we define γ : R → E as

γ(t) := γ1(t) + · · ·+ γn(t),

where γi(t) : R → E is defined for the irreducible case as follows

γi(t) :=

ρi
∑

j=1

λ1−t
ij xt

ijeij.

Which obviously has γi(0) = ai, γi(1) = xi.

• Since the conditions of propositions 4.4.1 and 4.4.2 are satisfied - the generalised

versions of 3.4.1 and 3.4.2 (page 57) - we can apply the extension result pre-

sented in proposition 2.4.9 (page 48) since the conditions for this theorem to be

applied are therefore satisfied and, similar to the proof of the irreducible version

(prop 3.6.2), we get holomorphic extension up to Dρ in the same non-tangential

sense as the irreducible version of the theorem. We now show this.

– We start with Dρ =
∏n

i=1 Diρi
and we extend to

∏

i=1 Di1 using an induc-

tive argument involving lemma 3.6.3. Lemma 3.6.3 allows us to extend
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from Dρ to
∏

i=1 Di1 when used with an obvious inductive argument that

is very similar to the irreducible case.

– We know D(a)1 = D(a) ∩ E[ρ] and that
∏n

i=1 (Di(a)\{0}) is normal since

Di(a)\{0} for 1 ≤ i ≤ n. Since D1 (where the vector 1 = (1, · · · , 1))

has a complex-analytic complement in
∏n

i=1 (Di(a)\{0}) we get that f

has a holomorphic extension to
∏n

i=1 (Di(a)\{0}). This follows from the-

orem 2.2.2 which deals with holomorphic extensions from compliments of

varieties to varieties under conditions.

– The proof for a, when a is not necessarily reduced with respect to its

spectral norm follows by the same method as the irreducible case.

– The continuous extension to the boundary follows, also, just like the irre-

ducible case.

We now want to look at prop 4.7.3 which is the generalisation of prop 3.6.4 from

page 60. We start by looking at a continuous CR function defined on S(a), when

this is complete we look at K(a). The holomorphic extension part of the proof is

very similar to the previous proposition, so we leave out the details and look at the

continuous extension part, first for S(a).

• We define

N := {N1, · · · , Nn},

where Ni := {1, 2, . . . , ri − 1}. We will use

XI :=
n
∏

i=1

XIi

where I := (I1, . . . , In) and where XIi
corresponds to Ei and is defined as

XIi
= XIi

(a) = {z ∈ X (ai) : µk(z) = µk(a) ⇐⇒ k ∈ Ii}.

• We will use the vector m as follows, m = (m1, · · · , mn) and we will define

m < w to mean mi < wi for i = 1, . . . , n. Similarly we define >.

• So with this in mind we can write Km = Km1
×· · ·×Kmn

where Ki is the union

of all XIi
with Ii of cardinality ≥ i.

• What remains is the proof of the continuous extension up to B(a).
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• We trivially have an extension up to S = Kr−1 where r = (r1, r2, · · · , rn) and

r − 1 = (r1 − 1, r2 − 1, · · · , rn − 1).

• We want to show that we can extend our function to B(a) = K1. We will

presume we have continuous extension to Km > 1 but not Km−1 and then show

that this leads to contradiction, implying m = 1.

– Lemma 3.6.5 (page 60) concerning analytic discs is used to get the exten-

sion to KIm−1
. ∂B(a) = K1 so we have the continuous extension to B(a)

as we require. We go about this as follows.

∗ We need b ∈ Km−1 as follows.

∗ Fix q ∈ N satisfying σq(a) > σq+1(a) in case b ∈ Km and q 6∈ I in case

b 6∈ Km.

∗ Now we can apply Lemma 3.6.5 since we have a suitable family of

analytic discs, this does not depend on choice of frame as shown in

[KaupZait].

∗ This gives us extension to Km−1 and we have a contradiction, implying

that we have continuous extension to ∂B(a) = Kr−1 as we required,

and it follows by induction hypothesis that we have extension up to

Kr−1 = ∂B(a).

• We also need to look at the case of a CR function defined on the orbit K = TS,

where our function will extend continuously to Y(a) = TX (a) and extends

holomorphically to TB(a). The proof for this part follows form the method of

the irreducible case.

4.7.1 Another method

In this section we will attempt a more intuitive and general method. The last method

did not manage to generalise the results to the case of arbitrary products of bounded

symmetric domains. We have only worked on a = a1 + · · ·+ an that where invertible

(i.e. each ai is invertible in its respective Ei or products of non-invertible elements)

We wish to prove the result for a combination. We will do this by using the results

from the end of chapter 3, prop 3.6.2 (page 58) and prop 3.6.4 (page 60).

Before we start the main proposition it will prove useful to define the following

domains, we choose a fixed a,

U(a) =
n
∏

i=0

Ui(a) where Ui(a) = Zi(a) if ai is not invertible and
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Ui(a) = Yi(a) if ai is invertible, also

T (a) =

n
∏

i=0

Ti(a) where Ti(a) = Zi(a) if ai is not invertible and

Ti(a) = Xi(a) if ai is invertible.

Note that Ui(a) = Ti(a) in the case that ai is not invertible. The domains U(a)

and T (a) will be useful for the study of the CR extensions relating to the orbits K

and S respectively. We note that their normalisations are

Ûi(a) = Ẑi(a) if ai is invertible,

Ûi(a) = Ŷi(a) = Yi(a) if ai is not invertible,

T̂i(a) = Ẑi(a) if ai is invertible,

T̂i(a) = X̂i(a) = Xi(a), in the case that ai is not invertible.

It should also be noted that a function that is CR and continuous on an open set

of Cn can also be said to be holomorphic on that set. With this notation in mind we

now state our main proposition.

Theorem 4.7.4 For a point a ∈ E, we take domains Di(a) and Bi(a). We look at

the following boundary sets, which we denote by D̃i, with D̃i = Ki(a) (D̃i = Si(a)).

Any CR function defined on D̃ =
∏n

i=1 D̃i can be extended to a CR function on

the domain D̂ =
∏n

i=1 D̂i. In the case D̃ = K(a), D̂i = D̂i(a) if ai is noninvertible

and D̂i = TB̂(a) if ai is invertible. In the other case where D̃ = S(a), D̂i = D̂i(a)

when ai is noninvertible and D̂i = B̂i(a) when ai is invertible.

Proof We break the proof into several parts.

1. We will prove the theorem for the case of the product of 2 domains, the result

for an arbitrary product of n domains then follows by induction.

We are going to deal with S orbits first. We will generalise to K orbits in a

later step by using the fact that the K orbits can be foliated by S orbits.

For the non-invertible ai we will let Fi = Fi(a) = Di(a), F̃i = F̃i(a) = S(a) =

K(a) and for invertible ai we let Fi(a) = Fi = Bi(a) and F̃i(a) = F̃i = S(a). If

f is a function defined on the S(a) orbit then we just continue, otherwise if the

function is defined on the K(a), then we will restrict it (to a function on the

S(a) orbit) as follows. We take a function f defined on the boundary D̃1 × D̃2.
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We first restrict this function to F̃1 × F̃2. Now we are dealing with the case of

S(a) orbits.

We restrict this function to a point b2 on F2 giving us a function on F̃1, which

we call fb2 . We will choose our points b1 and b2 to be reduced with respect to

their individual factors.

2. We apply extension theory to our restricted function fb2 , with b2 ∈ F̃2 to get

an extension of fb2 to F̂1. For each b2 ∈ F2 we now have an extension of fb2 in

F̂1 × F̃2 that is holomorphic on F̂ .

3. For f defined on F̂1 × F̃2, we show that for any fixed b1 ∈ Dρ1
,we have the

function fb1 is

(a) continuous and

(b) CR

on the domain F̃2. This leaves us with a function that is CR and continuous

on Dρi
× F̃2 with respect to F̃2. We will define Dρ again later. We have used it

in the proof of Prop. 3.6.2 and Prop. 4.7.2.

4. Because of the last step, for a fixed b1 ∈ Dρ1
, we apply extension theory to the

function fb1 defined on F̃2 to give us an extension to Dρ2
.

5. We show that we now have a function f that is defined on Dρ1
×Dρ2

. We must

show that thos function is holomorphic

6. We note how to extend this result by induction to the case of an arbitrary

product of n irreducible factors.

7. Now that we have holomorphic extension to the set
∏n

i−1 Dρi
, we will show how

we can further extend to a function which is holomorphic on
∏n

i=1 F̂i

8. We have so far chosen bi to be reduced points. Now we look at the case when

they might not be reduced.

The proof follows in a similar manner to Thm. 3.6.2

9. We now extend the result to K orbits

10. We show the uniqueness of the extension and the maximality of the domain we

have extended to.
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Part 1

First we take a CR-function f which is defined on D̃1×D̃2. We restrict this function to

one defined on F̃1× F̃2. We will choose an arbitrary point b = b1 +b2 on the boundary

set F̃1 × F̃2. We define two CR functions as follows, fb2(x) = f(x, b2), x ∈ F̃1 and

fb1(y) = f(b1, y), y ∈ F̃2. So these functions are the restrictions of f to F̃1 and F̃2

respectively relative to the point b ∈ F̃ .

Part 2

We can extend fb2 to a larger domain in the following fashion, fb2 extends as a

function that is holomorphic on F̂1. We still denote this function by fb2 since the

extension is unique. The element b2 ∈ F̃2 was chosen arbitrarily so it follows that we

have an extension of the function f to F̂1 × F̃2 that is holomorphic on F̂1.

Part 3

We wish to show that fb1 is CR and continuous on F̃2. We already know that fb2 is

holomorphic on F̂1 with respect to Ẑ1 (and continuous up to F1 in each slice F1 × b2

for all b ∈ F̂1 × F̃2).

Part 3 (a)

We will now show that f is continuous on Dρ1
× F̃2. Recall the definition of Dρi

from

p.59 (and p.70 for the reducible case). For b2 ∈ F̃2, we know that the function fb2 is

continuous on F1 up to the boundary U1. So all that remains to be shown is that the

function is continuous with respect to b2 ∈ F̃2.

We will use a proof by contradiction. We assume that for a fixed b1 ∈ Dρ1
that

the function fb1 is not continuous for some b2 ∈ F̃2. We show below that this will

imply that the function is not continuous at some point in the boundary F̃1. This

implies a contradiction since we have assumed the function to be continuous on F̃1.

This will lead to the conclusion that the function is continuous at b2 ∈ F̃2.

For a fixed b2 ∈ F̃2, we know that for any b1 ∈ Dρ1
, that the value of the function

fb2(b1) can be found by integrating around a closed path on the boundary set F̃1.

This is true since we used analytic disks to prove the extension to these values in our

CR extension theorem for manifolds Thm. 2.4.2. Thm. 2.4.8 relys on Thm. 2.4.2 in

a manner that we can see the existence of the analytic disks also. So does Thm. 2.4.9

since it used the Thm. 2.4.8 in a manner where we are still relying on the analytic

disks.
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We now look at analytic disks. (We have already seen analytic disks in our section

on Bishops equation.) If we have a continuous function u : S1 → Rd defined on the

boundary of the unit complex disk, we can extend this to a function w = u+ iv which

is holomorphic on the interior of the unit complex disk, v is the harmonic conjugate

of u. The function can be written as follows using Poisson integrals

w(z0) =
1

2π

∫ 2π

0

w(eiθ)
1 − |z0|2
|z0 − eiθ|2dθ.

We have analytic disks defined on Dρi
⊂ F1 as follows: For a specific b1 ∈ F1, Ab1 is

a holomorphic mapping from the unit complex disk to F1 in a manner such that the

boundary of the complex disk is mapped into the boundary F̃1 and we have Ab1(0)

maps to b1.

We continue keeping b1 ∈ Dρ1
(a) fixed. So the function will take the following

form

fb1(b2) = f(b1, b2) = f(Ab1(z0), b2) =
1

2π

∫ 2π

0

fb2(Ab1(e
iθ))

1 − |z0|2
|z0 − eiθ|2dθ

for any b2 ∈ Dρi
. We have chosen to integrate around a closed path on the boundary

of F̃1.

The path of integration is continuous. The function fb2 is continuous along this

path. The analytic disk mapping Ab2 is continuous. Finally, the remaining function

in the integral is continuous on the range of integration. If the function was discon-

tinuous at the value fb1(b2), the it would imply the integral must have a discontinuity,

but as we have just discussed, this cannot be the case.

We will later prove continuity of the function on the remaining values in the set

F1. We now know that the function is continuous on each slice F1 × a2 and that it is

continuous on the set Dρ1
.

Part 3 (b)

First we will prove that fb1 is CR at a fixed b2 ∈ F̃2 for some b1 ∈ F1. If we show

that this is CR on F̃2 (with respect to F̃2 for fixed b2 ∈ F̃2) then the result follows

since b2 was chosen as a arbitrary element in F̃2.

Take the function gb2 = ∂2fb2 . as stated earlier, b2 is fixed, so we don’t have to

worry about ∂2 working on different tangent tangent spaces, it specifically works on

the tangent space at the point b2 restricted to F̃2. We know this function is defined

on the set F̃1. We also know that gb2 = 0 identically on the boundary set F̃1.
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We note that the ∂2 operator and the integration operator applied to fb2 commute

since they are independent. This can be seen more clearly since b2, and the integral

is being evaluated over values in F̃1, and the operator ∂ is independent from F̃1.

∂2f(Ab1(z0), b2) = ∂2
1

2π

∫ 2π

0

(

f(Ab1(e
iθ), b2)

1 − |z0|2
|z0 − eiθ|2

)

dθ

=
1

2π

∫ 2π

0

∂2

(

f(Ab1(e
iθ), b2)

1 − |z0|2
|z0 − eiθ|2

)

dθ

=
1

2π

∫ 2π

0

0dθ

= 0

We can move ∂2 inside the integral in the above equation since the variables we

are applying the ∂2 to are independent from the values the integral is being evaluated

over.

F̃1 is the Shilov boundary of F1, so by the maximum modulus theorem and the

conditions of our theorem that all CR functions on F̃1 extend to functions on F1, we

have gb2 extends to F1 as the trivial function gb2 = 0. So now we have gb2 = ∂2fb2 = 0

on F1. This implies that the function fb2 is CR (with respect to F̃2) at the fixed point

b2 for any choice of b1 ∈ Dρ1
and hence this means the function fb2 is CR on the set

F̃2 at the point b2. Finally, since our choice of b2 was arbitrary we now have that f

(defined on D1 × F̃2) is CR with respect to F̃2.

Part 4

Now we return to look at the function f which is defined on the domain Dρ1
(a)× F2

as described earlier. We choose a restriction to some point b1 in Dρ1
and call this

function fb1 . From part 3, we know this function is CR and continuous on F̃2, so

it satisfies the conditions of our extension theorem, Thm. 3.6.1 and hence we can

extend it to a function which is holomorphic on F2 and continuous up to the boundary

of F2, i.e. Dρ2
(a), we continue to notate it by fb1 since we such an extension to be

unique.

Part 5

We now have a function f that is defined on Dρ1
× Dρ2

. We look at the function

f defined on Dρ1
× Dρ2

. We must show for some b2 ∈ Dρ2
that this function is

holomorphic on the domain Dρ1
. This follows by similar methods to Part 3(b).
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∂b1f(b1, Ab2(z0)) = ∂b1

1

2π

∫ 2π

0

(

f(b1, Ab2(e
iθ))

1 − |z0|2
|z0 − eiθ|2

)

dθ

=
1

2π

∫ 2π

0

∂b1

(

f(b1, Ab2(e
iθ))

1 − |z0|2
|z0 − eiθ|2

)

dθ

=
1

2π

∫ 2π

0

0dθ

= 0

We note that in the above equation, the operator ∂b1 is the usual complex deriva-

tive operator acting on a subset of Cm that is biholomorphic to neighbourhood of b1

in the set Dρ1
. We explain more below how the equation follows.

Use an operator that maps the (locally a point back to Cm) and then apply ∂b1

as it is defined on Cm. We call the operator ∆. So in our case ∂b1 is a function on a

subset of Cm.

∂b1f(b1, b2) := ∂b1f(∆(x1), b2) := ∂b1fb2(∆(x1))

where ∆(x1) = b1.

We know that the function is holomorphic with respect with respect to Dρ1
on the

boundary set D̃2 we are integrating with respect to. Also we know that this range of

integration is independent from the variables that ∂b1 is diffentiating with respect to.

We now know that this function is holomorphic on Dρ1
×Dρ2

. This follows since

we know the restrictions fb1 to b1 ×Dρ2
for b1 ∈ Dρ1

and fb2 to Dρ1
× b2 for b2 ∈ Dρ2

are holomorphic.

Part 6

We have only worked so for with the product to two factors. To continue, we must

now generalise the result for the product of n factors. To do this we will use the Dρ,

for the vector ρ. We note that all the results we have proven so far will continue to

be valid with its usage.

Part 7

Here we will use similar result to last section to show extensions from Dρ to
∏n

i=1 Di1.

Then we note that
∏n

i=1 Di1 has an analytic compliment in F . With this we can apply

a previous theorem.
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We will use a method from Prop. 4.7.2 (page. 70). We look at the vector

ρ = (ρ1, · · · , ρ2) and hence define E[ρ] =
∏n

i−1E[ρi]. We also write D1ρ =
∏n

i=1 D1ρi

where Diρi
⊂ D(ai) is the set of all x ∈ D(ai) of rank ρ that have at least k pairwise

different singular values not equal to 0. So Dp ⊂ Dq when p ≤ q. (by p ≤ q we mean

pi ≤ qi for 1 ≤ i ≤ n.)

Since the conditions of propositions 4.4.1 and 4.4.2 are satisfied - the generalised

versions of 3.4.1 and 3.4.2 (page 57) - we can apply the extension result presented

in proposition 2.4.9 (page 48) since the conditions for this theorem to be applied are

therefore satisfied and, similar to the proof of the irreducible version (prop 3.6.2),

we get holomorphic extension up to Dρ in the same non-tangential sense as the

irreducible version of the theorem.

We start with Dρ =
∏n

i=1 D1ρi
and we extend to

∏n
i=1 Di1 using an inductive

argument based on (the Hartogs type result) lemma 3.6.3. Lemma 3.6.3 allows us

to extend from Dρ to
∏n

i=1 Di1 when used with an inductive argument that is very

similar to the irreducible case. We know D(a)1 = D(a) ∩ E[ρ]. Since D1 (where the

vector 1 = (1, · · · , 1)) has a complex-analytic complement in
∏n

i=1 F̂i we get that f

has a holomorphic extension to
∏n

i=1(F\{0}). This follows from theorem 2.2.2 which

deals with holomorphic extensions from compliments of varieties to varieties under

conditions.

Part 8

We have so far chosen bi for i = 1, · · · , n to be reduced points (with respect to their

spectral norm). Now we look at the case when they might not be reduced.

The proof follows in a similar manner to Thm. 3.6.2. Take a point a and presume

at least one of our ai, i = 1, · · · , n is not reduced (otherwise we have nothing to

prove). We know we can choose a closed cone B < Ca by Prop. 4.4.1 and Prop.

3.4.1. We can therefore choose a sequence of reduced points (ai) in (a + B) ∩ F̂ (a)

with lim ai = a and F̂ (ai) ⊂ F̂ (ai+1) for all i. It then follows from Thm. 2.4.8

that there exists i0 ∈ N and an S invariant open subset V of F̂ (b) with bi ∈ V for

all i ≥ i0 such that f has a holomorphic extension to V . But then from the last

parts of the proof, since ai is not reducible, the function f extends holomorphically

to V ∪
(

F̂ (ai)\{0}
)

for all i ≥ i0 and hence to F̂\{0} =
⋃

i≥i0
F̂ (ai)\{0} that is

continuous up to S(a) in the nontangential sense discussed in Thm. 3.6.2.

We know want to show we have continuity up to the boundary for these elements.

fix b2. We look at Prop. 4.7.2 and Prop. 4.7.3.
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Part 9

We have shown the result for S orbits and Ki orbits for invertible ai elements (since

Ki(a) = Si(a) in these cases). We now need to show that our generalisation also

works for any K orbit. We note the final part of Prop. 3.6.4 to show that this is

the case as our result follows similarly. This will give us the extension to the set

Yi(a) = TXi(a) as required. This goes as follows.

For an invertible ai, since the orbit Ki(a) = T(Si(a)) is foliated by S orbits, every

continuous CR-function on Ki(a) extends to a function on Yi(a) that is continuous

on each subset t(Xi(a)) ⊂ Yi(a) with t ∈ T and holomorphic on its interior. Since the

norm of the extension equals the norm of the function itself and T acts transitively

on the set of all Si orbits in Yi(a), the extension is continuous on Yi(a). We are

more interested in the following, since the holomorphic tangent spaces of T(Bi(a)))

coincide with those of t(Bi(a)), t ∈ T, the extension is also CR on T(Bi(a)).

If we are looking at our function f , the above result applies to a restriction of this

function to the orbit relating ot the ith factor. For the entire function will become CR

on the required set because of the same reasoning mentioned above, the holomorphic

tangent spaces will of Ti(B(a)) coincide with those of ti(B(a)) for ti ∈ Ti. We are

using Ti as the restriction of the of T to the ith factor.

Part 10

To complete the theorem we must show that the extension is unique and the set we

have extended to is maximal.

The maximality of the extension follows from the maximality of the extension to

the restriction to either D1 or D2. If the function was able to extend to a larger

domain, then one of the restrictions would be able to extend to a larger domain, and

since we have that the set we extended to already, this would lead to a contradiction.

So we have that our extension is maximal.

We have not shown if the function f is continuous up to the boundary. By

observation of the previous theorem, we can get continuous extension up to sections

of the boundary, but at present I cannot find an extension to the complete boundary.

One method that might work is to use an argument similar to the method used

in the sketched proof of Thm. 4.7.3. This method can be modified to include Ki(a)

orbits too.
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4.8 Conclusions

We have extended results from irreducible bounded symmetric domains to reducible

bounded symmetric domains. This involved generalising notation and some observa-

tions on generalising results from the irreducible case.

We described one method of extension, which only gives us a partial extension.

In the final section we completed a theorem that allows for the generalisation of

the holomorphic extension results for a product of (irreducible) bounded symmetric

domains.

The author now believes that a combination of the first sketched proof and the

second method we have shown would be another method of proving the extension

of the proof. Using this method we could also show the continuity part of the proof

that we mentiond at the end of the last section. Perhaps this approach would be

more natural than the second approach.

The original aim of the second method was to complete a theorem that would use

the results of the irreducible case to generalise. This was not how the result worked

out. Similar in both methods, we had to use methods from the proofs of the results

for the irreducible case.

It might be a better approach to use combination of the two methods as mentioned

above.

Further work could be done on explicitly stating what the equation is for the

extended function f . The author believes the equation will be an integral equation

with its range of integration being over the boundary values of our bounded symmetric

domain.
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Vol. 139, Birkhäuser, 2003. ISBN: 3-7643-6912-4.
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