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A B S T R A C T

Advanced analytical tools have become crucial in today’s constantly changing and complex systems. Real-
time Principal Geodesic Analysis (RPGA) is a novel technique that provides a unique perspective for analyzing
nonlinear data on differentiable manifolds. Traditional linear methods are often inadequate when exploring the
complexities of such data. Orthogonal transformation techniques such as Principal Component Analysis (PCA)
and Principal Geodesic Analysis (PGA) are highly desirable for condition monitoring stochastically excited
systems in domains like mechanical, aerospace, and civil engineering. However, uncertainties and dynamic
fluctuations necessitate robust analytical methods for early change detection to ensure safety, performance,
and cost-effectiveness. Limitations posed by linear orthogonal transformation techniques such as PCA and its
recursive counterparts make it imperative to adapt these techniques to nonlinear situations where data does not
evolve in a flat Euclidean space. Significant advancements have been made in this field over recent decades,
with data-driven real-time algorithms such as RPCA, RCCA, and RSSA providing reliable solutions for complex
multidimensional problems. However, for curved space, the nonlinear RPGA technique takes center stage. It
is known for its effectiveness in extracting meaningful information from the complex data stream. This paper
explores the foundational concepts and methodologies underlying the transition from linear to nonlinear data
analysis. By examining examples such as stochastic geometric oscillator on S2, and the inverted spherical
pendulum cart system navigating a rough surface, we illustrate the significance of reliable, real-time damage
detection techniques provided by tools such as RPGA.
1. Introduction

In the field of complex dynamical systems, which often involve in-
teractions between geometry and stochasticity, there is a growing need
for advanced analytical tools that can help unravel the complexities
of these systems [1–4]. One of the biggest challenges in this field is
exploring geometric nonlinear data, where traditional linear methods
fail to provide accurate insights. To effectively perform this analysis,
Principal Component Analysis (PCA) and its recursive counterpart,
RPCA, prove to be useful starting tools [5–10]. Over the past decades,
remarkable progress has been made in the field of condition monitoring
on Euclidean spaces, with the development of algorithms for damage
detection, modal identification, and control [8,10,11]. Traditional algo-
rithms, though effective, are often limited by their offline nature and
are unsuitable for time-varying systems, such as condition monitoring
of wind turbines [12,13], bridge–vehicle interactions [14], and tuned
mass dampers, which are prone to frequent detuning due to changing
load conditions [15,16], ambient variations, and damages [17]. In
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response to these challenges, a new generation of data-driven, real-time
algorithms have emerged, including real-time Principal component
analysis (RPCA), recursive canonical correlation analysis (RCCA), and
recursive singular spectrum analysis (RSSA), providing more reliable
solutions for complex multidimensional problems [9,10]. However,
these techniques are inherently linear, rooted in linear algebra, and
thus require data to reside within Euclidean space. Given the con-
straints imposed by these linear techniques, it becomes imperative to
adapt and redesign them for nonlinear situations where data resides on
a differential manifold [18,19]. Recent advances, such as those utilizing
Isogeometric Analysis based on extended Catmull–Clark subdivision,
have shown promise in maintaining geometric exactness while allowing
for refined analysis [20]. Additionally, methods like quasi-harmonic
Bézier approximation offer innovative approaches to construct mini-
mal surfaces from given boundaries, demonstrating the efficiency and
applicability of such techniques in complex modeling scenarios [21].

The aim for addressing the aforementioned constraints leads to data-
driven methodologies like Principal Geodesic Analysis (PGA), rapidly
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gaining ground as a prominent approach to understand the dynamics
of nonlinear systems [3,4]. PGA considers the scale and curvature
effects within the analysis, enabling a comprehensive understanding
of the underlying geometric structures [22]. Similar to PCA [6,8],
PGA operates on response data, albeit focusing on nonlinear mani-
fold structures inherent in the system’s behavior. By capturing the
intrinsic geometry of the data manifold, PGA facilitates the extraction
of meaningful low-dimensional representations that encapsulate the
system’s underlying dynamics. This enables the monitoring of intricate
systems with reduced computational overhead [3], a crucial advantage
in real-time condition monitoring (CM) applications. The essence of
PGA lies in its ability to uncover the intrinsic geometric structure of
the system’s response data, thereby serving as a sensitive indicator of
its current state. However, the limitation of PGA lies in its inability
to adapt to real-time applications. The transition from PGA to Real-
time Principal Geodesic Analysis (RPGA) represents a natural evolution
in CM methodologies, addressing the need for adaptive and real-time
techniques to accommodate real-time structural conditions.

By iteratively updating the geodesic structure of the data manifold,
RPGA provides a mechanism for continuous monitoring and adaptation,
crucial for ensuring the reliability and accuracy of anomaly detection
in evolving systems. One compelling real-world motivation for RPGA is
the domain of condition monitoring (CM) for stochastically excited sys-
tems that span applications as diverse as aerospace, civil engineering,
and mechanical systems. In such systems, the inherent uncertainties
and dynamic fluctuations necessitate robust analytical methods for the
early detection of damage, which can have implications for safety,
performance, and cost-effectiveness. By examining real-world examples
such as the condition monitoring of wind turbines [3], computer vision
application [23], and the behavior of Pendulum tuned mass dampers
(TMDs) [24], the critical need for a tool like RPGA can be witnessed.
These systems are highly susceptible to changing environmental con-
ditions, loading variations, and structural damage, underscoring the
significance of reliable, real-time damage detection techniques.

The primary objective of this work is to develop and demonstrate
the efficacy of RPGA in real-time condition monitoring of complex
systems residing on curved spaces. By leveraging RPGA’s capability to
capture the intrinsic geometric structure of nonlinear data manifolds
adaptively, our aim is to provide a robust framework for early detection
of structural damage and dynamic changes in evolving systems. Numer-
ous numerical examples validate RPGA’s performance for the systems
with stochastic excitations. By monitoring key indicators derived from
the system’s response data, such as vibration patterns and dynamical
changes, RPGA aims to facilitate timely intervention and maintenance
scheduling, enhancing operational safety and cost-effectiveness in criti-
cal infrastructure. Through this investigation, we aspire to contribute to
the advancement of condition monitoring methodologies, particularly
in domains where traditional linear techniques prove inadequate in
capturing the intricate dynamics of evolving systems.

The present study makes several novel contributions to the field
of condition monitoring for manifold-based applications, outlined as
follows: Firstly, the study introduces Real-time Principal Geodesic Anal-
ysis (RPGA) as a novel framework specifically designed for analyzing
data residing on differential manifolds. This is a significant departure
from traditional techniques like PCA and RPCA, which are tailored
for Euclidean spaces. RPGA transcends the limitations posed by linear
techniques by leveraging the inherent geometric complexities of sys-
tems with nonlinear behaviors and complex geometries. The proposed
RPGA framework significantly differs from the work in literature [25],
even both methods share the same name, the underlying theories
and implementation strategies are distinct. Literature [25] focuses on
recursively removing variability in the principal geodesic directions
within homogeneous spaces whereas proposed RPGA in this work
is based on Eigen perturbation theory which ensures stability and
adaptability in capturing the data’s evolving structure making it more

effective for analyzing dynamic systems. This aspect expands the scope
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of condition monitoring methodologies to effectively analyze diverse
and intricate systems. Secondly, RPGA enables continuous monitoring
and adaptation by iteratively updating the geodesic structure of the
data manifold. This feature is crucial for accurate anomaly detection
in evolving systems, which is not adequately addressed by existing
methods. Finally, the efficacy of RPGA is demonstrated through nu-
merical investigations on various systems such as stochastic geometric
oscillator on S2, and the inverted spherical pendulum cart system.
These investigations validate RPGA’s effectiveness in detecting damage,
thereby reinforcing its significance in advancing condition monitoring
methodologies.

2. Background

In the field of manifold analysis, various mathematical concepts
are essential. Consider a group , which represents a curved space
known as a Riemannian manifold. At any point 𝑥 on this manifold, there
exists a tangent space, denoted as 𝑇𝑥, which essentially describes
the directions in which one can move from 𝑥. The collection of all
these tangent spaces across the manifold forms what is known as the
tangent bundle, represented as  . A key element within this manifold
is the local metric, which helps measure lengths and angles. This metric
provides a way to calculate the norm (or size) of any vector 𝑉 in the
tangent space at 𝑥, denoted as ‖𝑉𝑥‖. Additionally, for a function 𝜓 that
maps real numbers to points on the manifold, the Riemannian gradient
at any point 𝑥 on the manifold is a vector indicating the direction of
steepest ascent of 𝜓 .

Now, let us delve into the notion of the covariant derivative. For
a vector field 𝑤 ∈  , the covariant derivative in the direction
of 𝑣 ∈ 𝑇𝑥 is represented as ∇𝑣𝑤. We assume that  possesses a
metric connection, as described in [19]. To facilitate the movement of
tangent vectors between different points on the manifold, the parallel
transport operator, denoted as 𝑃 (𝑥→𝑦)

𝑟 . It efficiently transports a tangent
vector from 𝑇𝑥 to 𝑇𝑦. For a more simplified viewpoint of express-
ing manifold as a locally Euclidean, the manifold exponential map is
employed, defined as exp ∶   → , with the action 𝑒𝑥𝑝𝑥(𝑣). Its
inverse operation, referred as ‘log’, is locally defined and denoted as
𝑙𝑜𝑔𝑦𝑥, where 𝑦 ∈ . To quantify the separation between two points
within the manifold , we introduce the Riemannian distance, denoted
as 𝑑(𝑥, 𝑦). With this notation in place, now these mathematical entities
can be individually defined as:

1. Metric tensor: Like the inner product (⋅) in Euclidean space, a
metric tensor, represented as 𝐠, is a fundamental building block
in differential geometry for a manifold . It makes defining
distances and angles easier. Metric tensors defined at each point
𝑝 ∈  that smoothly fluctuate with 𝑝 make up the metric tensor
𝐠 on . A metric tensor is a bilinear form defined on the tangent
space at every given point 𝑝 ∈ . The metric tensor can be
defined in two different ways. These are

(a) Intrinsic Approach: The intrinsic approach in differential
geometry is a foundational framework for characterizing
geometric structures without reference to external coordi-
nates or embeddings. It revolves around the notion of an
intrinsic metric tensor, denoted as 𝐠, which defines the
inner product between tangent vectors at each point on
the manifold. Geodesics, described by the equation ∇𝛾̇ 𝛾̇,
are the paths of shortest distance on the manifold, and
they provide essential information about the geometry.
In this approach, the focus is on the intrinsic properties
of the manifold, where the covariant derivative ∇(⋅)(⋅)
encodes information about how vectors change as they
move along the manifold. This approach enables the char-
acterization of curvature and other geometric properties
directly on the manifold, independent of any external

reference.
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(b) Extrinsic Approach: The extrinsic view of a manifold in-
volves embedding it within a higher-dimensional space.
Mathematically, a manifold can be described by an equa-
tion that delineates the points it occupies within the am-
bient space. For example, when viewed extrinsically, the
unit sphere is perceived as a subset of three-dimensional
Euclidean space. This perspective is often referred to as
the ‘‘bird’s eye view.’’ In this context, the manifold can
be expressed as:  ⊂ R𝑛, where  represents the man-
ifold of interest, and R𝑛 denotes the higher-dimensional
ambient space in which it is embedded. This extrinsic
view provides a means of understanding the manifold’s
relationship with its containing space.

2. Geodesics: The straightest possible path, referred to as a
geodesic, between two points on a surface can be mathematically
defined. A geodesic is essentially a curve that locally minimizes
its length, and it represents the path that a non-accelerating
particle would follow. In the context of flat planes, geodesics are
akin to straight lines. However, on a spherical surface, geodesics
manifest as large circles. These geodesics are intrinsically linked
to the Riemannian metric, which also influences the concepts of
distance and acceleration within a space, as documented in [26].
Geodesics possess several intriguing properties, including pre-
serving a consistent direction on a given surface. Furthermore,
any point along a geodesic arc can be associated with a nor-
mal vector that remains parallel to the surface at that specific
location. The Equation of Geodesic is given by:

𝑑2𝑢𝑘

𝑑𝜆2
+ 𝛤 𝑘𝑖𝑗

𝑑𝑢𝑖

𝑑𝜆
⋅
𝑑𝑢𝑗

𝑑𝜆
= 0 (1)

3. Parallel Transport: Parallel transport is a fundamental technique
in geometry employed to transport geometric information along
geodesic paths within a manifold. When a manifold is equipped
with an affine connection, it becomes possible to move vectors
within the manifold along curves while ensuring their paral-
lelism concerning the connection. Consequently, the parallel
transport, associated with a specific connection, serves as a
mechanism for seamlessly connecting the geometries of nearby
points or locally altering the manifold’s geometry along a given
curve. It is worth noting that while there may exist various par-
allel transport concepts, this definition pertains to one specific
method of linking the geometries of points along a curve [27].
The notion of covariant derivative is closely tied to the notion of
parallel transport along a curve. The parallel transport operator,
denoted as P𝑥→𝑦𝑟 , is a tool that helps move vectors along a curve
𝛾 on a manifold without changing their direction relative to
the curve. Suppose we have a curve 𝛾 that starts at point 𝑥′
and moves through the manifold. For vectors 𝑢 and 𝑤 at the
starting point, the parallel transport keeps the inner product of
these vectors constant along the curve. The covariant derivative,
which measures how a vector field 𝐸 changes as we move in a
particular direction 𝜔, is closely related to the parallel transport
operator. If the vector field 𝐸 does not change when parallel
transported along the curve, then 𝐸 is said to be parallel along
that path. This condition is mathematically described by

∇𝛾̇𝐸 = 0 (2)

A geodesic is a special type of curve on the manifold, where
the direction of movement along the curve (represented by 𝛾̇)
remains consistent as you move along the curve itself.

4. Exponential Mapping In the domain of Riemannian geometry,
the exponential map plays a pivotal role. This mathematical
map takes a subset of the tangent space 𝑇𝑝𝑀 of a Riemannian
manifold 𝑀 and maps it back onto the manifold itself. It is
closely tied to the canonical affine connection established by the
3 
Riemannian metric. The behavior of geodesics, the paths of least
distance on the manifold, is described by the geodesic equation,
as expressed in [27]:

𝑥̈𝑘 +
∑

𝑖,𝑗
𝛤 𝑘𝑖𝑗 (𝛾)𝑥̇

𝑖𝑥̇𝑗 = 0 (3)

For any vector 𝑉 in the tangent space 𝑇𝑥𝑀 at a point 𝑥 on the
manifold, there exists an interval 𝐼 around the origin 𝑂 and
a unique geodesic 𝛾(𝑡, 𝑥) ∶ 𝐼 → 𝑀 such that 𝛾(0) = 𝑥 and
𝛾̇ = 𝑉 . This geodesic is precisely what the exponential map
accomplishes, denoted as exp ∶ 𝑇𝑥𝑀 → 𝑀 . It maps each vector
𝑉 in the tangent space to a point on the manifold, represented
as exp𝑥(𝑉 ). A manifold 𝑀 is said to be geodesically complete if
the domain of the exponential map, denoted as Exp, covers the
entire tangent space 𝑇𝑥𝑀 for every 𝑥 in 𝑀 .

3. Notion of means on 

To generalize means to manifolds, borrowing the knowledge from
the Euclidean case is wise. The point 𝑥̄, derived from a collection of
points 𝑥1,… , 𝑥𝑁 ∈ R𝑑 , is defined as the average calculated as 𝑥̄ =
1
𝑁

∑𝑁
𝑖=1 𝑥𝑖. This point possesses the special property of minimizing the

sum of squared Euclidean distances to the given data.

̄ = argmin
𝑥∈R𝑑

𝑁
∑

𝑖=1

‖

‖

𝑥 − 𝑥𝑖‖‖
2 . (4)

his well-established concept extends its reach by introducing a com-
rehensive range of mean estimators tailored to the specific distance
etric under consideration. Given that the manifold might not con-

orm to a linear space, the calculation of additive means may pose a
hallenge. One potential remedy for this challenge is employing the
haracterization mentioned above as an organic extension of the mean
or nonlinear scenarios. Nevertheless, it is essential to acknowledge that
his definition heavily relies on the chosen distance metric, which must
e thoughtfully selected to achieve the most intuitively natural means
f extension for manifolds. This consideration prompts us to explore a
ore suitable distance metric that inherently defines the mean, offering
s an intrinsic definition of this fundamental statistical concept.

.1. Extrinsic notion

In the context of an embedding represented by  ∶ 𝑀𝑝 → R𝑑 , the
xtrinsic mean is defined as:

𝛷 = argmin
𝑥∈𝑀𝑝

𝑁
∑

𝑖=1

‖

‖

‖

𝛷(𝑥) −𝛷
(

𝑥𝑖
)

‖

‖

‖

2
∀ 𝑥1,… , 𝑥𝑁 ∈𝑀𝑝 (5)

By utilizing the Euclidean norm, denoted as | ⋅ |, on R𝑝, the extrinsic
ean can be equivalently computed as the conventional arithmetic
ean of the transformed points 𝛷

(

𝑥𝑖
)

, followed by the projection of
ean on 𝑀𝑝. To establish this equivalence, it is necessary to introduce
projection mapping 𝜋 ∶ R𝑑 →𝑀𝑝, which can be defined as follows:

(𝑥) = argmin
𝑦∈𝑀𝑝

‖𝛷(𝑦) − 𝑥‖2, ∀𝑥 ∈ R𝑝, (6)

which leads to the following expression:

𝜇𝛷 = 𝜋

(

1
𝑁

𝑁
∑

𝑖=1
𝛷
(

𝑥𝑖
)

)

(7)

In Fig. 1, an example illustrating the extrinsic mean computation can be
observed. This computation utilizes the gradient descent algorithm as
defined in Eq. (5). In this illustrative example, we compute 𝜇𝛷, for the
data on the manifold embedded in R3. The process commences with an
initial estimate of the mean, labeled as 𝜇0. The dotted lines on the graph
show the objective function’s equipotential levels. As the intensity
drops, these lines change from red to blue, visually representing the
optimization procedure. Iteratively, distance function minimizes, as



S. Panda et al. Probabilistic Engineering Mechanics 78 (2024) 103689 
Fig. 1. Computing of the extrinsic mean. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
described in Eq. (5). This minimization entails successive steps, de-
picted by the orange trajectory in the graph. Nonetheless, this definition
possesses certain limitations, primarily because it necessitates  to
be embedded within R𝑛. Expressing a manifold explicitly for every
given problem may not always be feasible. Consequently, defining
an extrinsic mean, contingent upon an additional embedding of the
manifold, may not represent the most natural means of explaining the
concept of a mean. This prompts us to consider a different strategy:
creating a better distance metric to define the mean. Such an intrinsic
definition of the mean would provide a more intuitive and flexible way
to conceptualize this fundamental statistical concept.

3.2. Intrinsic notion

To derive a coherent definition of means on Riemannian manifolds,
it is essential to leverage the inherent distance metric made avail-
able through a metric tensor on the manifold. This natural distance
is known as the geodesic distance, and it exclusively relies on the
intrinsic geometry of the manifold. Assuming a pathwise connected
Riemannian manifold denoted as 𝑀𝑝 and the natural geodesic distance
function. Therefore, the intrinsic mean computation is analogous to the
minimization of the sum-of-square distance function:

𝑓 (𝑥) = 1
2𝑁

𝑁
∑

𝑖=1
𝑑
(

𝑥, 𝑥𝑖
)2 (8)

To guarantee that a solution to the optimization problem exists and is
unique, we assume that the points 𝑥1,… , 𝑥𝑛 ∈ 𝑀𝑝 are situated within
a compact and well-behaved region. To solve this problem, the study
uses the widely known gradient descent algorithm, also referred to
4 
as the steepest descent method. In this context, the logarithmic map
helps define the gradient of the function 𝑓 (𝑥), guiding the optimization
process. When the points 𝑥1,… , 𝑥𝑁 are located within a neighborhood
denoted as 𝑈 , it becomes feasible to use the logarithmic mapping to
express the geodesic distance, as indicated in Eq. (9). Consequently, for
any pair of points 𝑥 and 𝑦 within this neighborhood, for all 𝑥, 𝑦 ∈ 𝑈 ,
the expression is as follows:

𝑑(𝑥, 𝑦) = ‖

‖

log𝑥(𝑦)‖‖ (9)

Substituting Eq. (9) in Eq. (8), we get:

𝑓 (𝑥) = 1
2𝑁

𝑁
∑

𝑖=1

‖

‖

‖

log𝑥
(

𝑥𝑖
)

‖

‖

‖

2
∀ 𝑥 ∈𝑀𝑝 (10)

If we choose a point 𝑝 that is near 𝑥, we can rewrite this function using
a simplified notation, where 𝑥̃ = log𝑝(𝑥) and 𝑥̃𝑖 = log 𝑝

(

𝑥𝑖
)

. This results
in:

𝑓 (𝑥) ≃= 1
2𝑁

𝑁
∑

𝑖=1

‖

‖

𝑥̃ − 𝑥̃𝑖‖‖
2 (11)

This expression is essentially the same as another function 𝑓 (𝑥̃). The
point that minimizes this function, denoted by 𝜇̃, represents the average
position of the points 𝑥̃𝑖 within a space that is similar to a flat Euclidean
space R𝑝:

𝜇̃ = 1
𝑁

𝑁
∑

𝑖=1
log𝑝

(

𝑥𝑖
)

= 1
𝑁

𝑁
∑

𝑖=1
𝑥̃𝑖 = argmin

𝑥̃∈R𝑝
1
2𝑁

𝑁
∑

𝑖=1

‖

‖

𝑥̃ − 𝑥̃𝑖‖‖
2 . (12)

In this context, 𝜇̃ is a directional vector from point 𝑝 to the function
𝑓 ’s minimum. To compute ∇𝑓 (𝑥), the process is reversed by parallel
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Fig. 2. An illustration of the intrinsic mean computation.
transporting 𝜇̃ along the minimal geodesic that connects points 𝑝 and
𝑥.

∇𝑓 (𝑥) = −∇𝑣

(

1
𝑁

𝑁
∑

𝑖=1
log𝑝

(

𝑥𝑖
)

)

(13)

The extrinsic mean, 𝜇𝑗 , is estimated as follows. The following equation
describes updating this mean by making a single negative step. (also
refer to Fig. 2):

𝜇𝑗+1 = Exp𝜇𝑗

(

𝜏
𝑁

𝑁
∑

𝑖=1
log𝜇𝑗

(

𝑥𝑖
)

)

(14)

In Eq. (14), the step size is represented by the parameter 𝜏. Choosing
the step size parameter 𝜏 and the initial estimate 𝜇0 of the intrinsic
mean is important, as the gradient descent technique tends to converge
locally. One of the data points, such as 𝑥1, would be a good candidate
for the initial estimate 𝜇0 given well-localized data. However, deter-
mining an appropriate value for 𝜏 is more nuanced and depends on the
specific manifold. Fig. 2 illustrates a single step of the gradient descent
algorithm to compute the intrinsic mean. With a current estimate
denoted as 𝜇𝑗 , the algorithm calculates the gradient at this point and
proceeds along the geodesic in the opposite direction for a duration of
𝜏 units of time.

4. Principal geodesics analysis

Let us introduce Principal Geodesic Analysis (PGA), which is similar
to Principal Components Analysis (PCA) but designed specifically for
curved spaces, or manifolds. Our goal is to work with a dataset repre-
sented as 𝑥1,… , 𝑥𝑁 ∈ 𝑝 and identify unique sequences of geodesic
submanifolds. First, we aim to find a series of nested geodesic subman-
ifolds, denoted as 1 ⊊ 2 ⊊ ⋯ ⊊ 𝑝 = 𝑝. These submanifolds,
known as principal geodesic submanifolds, help us efficiently explore
the variability in the data by examining how the data points project
onto each of these submanifolds.

Next, we consider a sequence of one-dimensional geodesic sub-
manifolds, labeled as 𝑉 ,… , 𝑉 ⊂ 𝑝. These are called the principal
1 𝑝
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geodesic components and serve as a way to break down the data into
‘‘independent’’ components, similar to how PCA works with principal
components. Essentially, PGA offers a customized method for analyzing
data on manifolds, providing insights into their underlying structure
and variability.

Consider a set of closely located points 𝑥1,… , 𝑥𝑁 ∈ 𝑝. We can
calculate the intrinsic mean of this data, denoted as 𝜇. Now, let us focus
on a region 𝑈 ⊂ 𝑇𝜇(𝑝) around this mean, which includes the origin
(0). We perform a local transformation called the exponential map,
denoted by Exp𝜇 ∶ 𝑈 → Exp𝜇(𝑈 ). This region is special because any
geodesic submanifolds within it have well-defined projections, ensuring
their existence and uniqueness.

When projected onto the first main geodesic submanifold, 1, in this
case, the variance of the data should be maximized. Making use of the
diffeomorphism that the exponential map provides and ensuring well-
defined projection, one can express 1 as 1 = Exp𝜇 (span {𝑣1} ∩ 𝑈 ).
To find the optimal direction 𝑣1 within this submanifold, we seek the
direction that maximizes the following expression:

𝑣1 = argmax
‖𝑣‖=1

1
𝑁

𝑁
∑

𝑖=1

‖

‖

‖

log𝜇
(

𝜋
(

𝑥𝑖
))

‖

‖

‖

2
, (15)

where 𝜋 denotes the projection onto 1. Once we have determined
the first principal geodesic submanifold 1, we set 𝑉 1 = 1 =
Exp𝜇(span𝑣1 ∩ 𝑈 ). Next, with 1 defined, we can determine the second
principal geodesic submanifold, denoted as 2. This is constructed as
2 = Exp𝜇(span𝑣1, 𝑣2 ∩ 𝑈 ). Here, the direction 𝑣2 is chosen to maxi-
mize the variance of the data when projected onto this two-dimensional
geodesic submanifold  = Exp𝜇(span𝑣1, 𝑣2 ∩ 𝑈 ).

𝑣2 = argmax
‖𝑣‖=1

1
𝑁

𝑁
∑

𝑖=1

‖

‖

‖

log𝜇
(

𝜋
(

𝑥𝑖
))

‖

‖

‖

2
. (16)

The second principal geodesic component, denoted as 𝑉2, is charac-
terized by: 𝑉2 = Exp𝜇 (span {𝑣2} ∩ 𝑈 ).
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Algorithm 1 principal geodesic analysis algorithm
Input: Correlated data on manifold: 𝑋 ∈ 

Obtain intrinsic mean ⊳ Refer Eq. (2)
Project data on 𝑇𝑋 ⊳ Use matrix logarithm
Apply PCA on 𝑇𝑋
Obtain transformed response on 𝑇𝑋 ⊳ Refer Eqs. (15) and (16)
Project back data from 𝑇𝑋 to  ⊳ Use matrix exponential

Output: Decorrelated data: 𝑌 ∈ 

4.1. Computing PGA

Efficiently computing PGA hinges on an observation: once the tan-
gent vector 𝑣𝑘 ∈ 𝑇𝜇 (𝑝) are obtained, one can fully determine the
geodesics 𝑘 and 𝑉𝑘. Therefore, our primary focus is computation of
𝑣𝑘. Consider the scenario where 𝑣1,… , 𝑣𝑘−1 ∈ 𝑇𝜇 (𝑝) are already
computed, and our aim is to calculate 𝑣𝑘. Here’s how one can proceed:

𝑣𝑘 = argmax
‖𝑣‖=1

𝑣∈span{𝑣1 ,…,𝑣𝑘−1}⟂

1
𝑁

𝑁
∑

𝑖=1

‖

‖

‖

log𝜇
(

𝜋
(

𝑥𝑖
))

‖

‖

‖

2
, (17)

where,  = exp𝜇
(

span
{

𝑣1,… , 𝑣𝑘−1, 𝑣
}

∩ 𝑈
)

. Notably, since
{

𝑣1,… ,
𝑣𝑘−1, 𝑣

}

forms an orthogonal basis, one can transform the equation as
follows:

𝑣𝑘 ≃ argmax
𝑣∈span{𝑣1 ,…,𝑣𝑘−1}⟂

1
𝑁

𝑁
∑

𝑖=1

⟨

log𝜇
(

𝑥𝑖
)

, 𝑣
⟩2 . (18)

To maximize Var
(

⟨log𝜇 (𝑥𝑖) , 𝑣𝑘⟩
)

, find 𝑣𝑘 ∈ span
{

𝑣1,… , 𝑣𝑘−1
}⟂.

This interpretation is essentially consistent with traditional Principal
Component Analysis (PCA) calculated on the data log𝜇 (𝑥𝑖), under the
assumption that the first 𝑘−1 principal components are represented by
𝑣1,… , 𝑣𝑘−1. Consequently, one can show by induction that the principal
components of PCA computed on the data log𝜇 (𝑥𝑖) would yield a fair
approximation for the 𝑣𝑘 values. 1

𝑁
∑𝑁
𝑖=1 ⟨log𝜇 (𝑥𝑖) , 𝑣⟩

2 corresponds to
the classic sample variance of the data log𝜇 (𝑥𝑖) projected onto the one-
dimensional linear subspace spanned by 𝑣, since 𝑇𝜇 (𝑝) is a linear
space. Thus, we can reinterpret Eq. (18) as follows. Once these principal
components are obtained, the data in the tangent space 𝑇𝜇 (𝑝) can
be decorrelated along the direction of the principal components 𝑣𝑘, de-
noted as 𝑦𝑖 = 𝑣𝑘

(

𝜋
(

𝑥𝑖
))

. The decorrelated data on the given manifold
can then be retrieved by applying the exponential map exp𝜇 (𝑦𝑖) in the
direction of the orthogonal basis 𝑣𝑘.

4.2. PGA and orthogonal projections

Geodesics, the fundamental paths on Riemannian manifolds, serve
as crucial constructs in various fields, including differential geometry,
physics, and machine learning. Notably, in shape analysis and manifold
learning, geodesic paths play a pivotal role in capturing intrinsic struc-
tures and relationships within data. Principal Geodesic Analysis (PGA),
a robust framework for analyzing shape spaces, leverages geodesic
paths to uncover the underlying structure of data sets, enabling efficient
representation, comparison, and interpolation of shapes. Building upon
this foundation, we delve into the interaction between geodesics and
orthogonal modes, exploring how geodesics can be conceptualized as
orthogonal projections onto shape spaces, thus providing a compre-
hensive understanding of their geometric properties and applications.
This investigation enriches our theoretical understanding of geodesics
and paves the way for practical implementations in various data-driven
tasks, from shape modeling to dimensionality reduction. Principal Com-
ponent Analysis (PCA) involves deriving the principal components
by identifying the eigenvectors of the covariance matrix of the data,

which denote the directions of maximum variance. Each principal 𝑀

6 
component 𝑣𝑖 is orthogonal to the others, forming a basis for the data
space. Similarly, Principal Geodesic Analysis (PGA) operates within the
tangent space of a manifold. At every point 𝑝 on the manifold, the
tangent space (𝑇𝑝𝑀) encompasses all potential tangent vectors at that
location, offering a local linear approximation to the manifold. The
orthogonal modes on the tangent space, denoted as 𝜉𝑖, capture the local
deformation of the manifold. These modes are obtained by analyzing
the principal geodesics, which are the paths of maximum deformation
along the manifold. Mathematically, the modes 𝜉𝑖 are orthogonal and
form a basis for the tangent space 𝑇𝑝𝑀 . For a manifold based dynamical
ystem with the responses on manifold as 𝐗 =

[

𝑥1,… , 𝑥𝑁
]

, the mean
𝜇 can be obtained using the Karchar’s mean [28] and the covariance
matrix 𝑅 = 1

𝑁−1

[

log𝜇 (𝐗)
] [

log𝜇 (𝐗)
]𝑇 can be expressed as a standard

Eigenvalue problem as,

𝐑𝐕 = 𝐕𝜦 (19)

where, 𝐕 and 𝜦 are the eigenvectors and eigenvalues on the 𝑇𝑝𝑀 .
These eigenvectors can be used to obtain the orthogonal responses on
𝑇𝑝𝑀 as 𝐕𝑇

(

log𝜇 (𝐗)
)

and then it can be projected back to the manifold
as Exp𝜇

(

𝐕𝑇
(

log𝜇 (𝐗)
))

. In Principal Component Analysis (PCA), each
principal component captures a unique source of variation in the
data. Similarly, in Principal Geodesic Analysis (PGA), each orthogonal
mode signifies a distinct direction within the data space, representing
specific patterns or structures inherent in the dataset. This frame-
work finds applications in analyzing and understanding complex data
on curved manifolds, such as shape analysis, image processing, and
dimensionality reduction.

5. Proposed methodology

With a grasp of the underlying concept of the intrinsic mean, it
becomes possible to define a real-time version of Principal Geodesics
Analysis (PGA) as an analogue of Real-time Principal Components
Analysis (RPCA) specifically designed for manifolds. The objective is
to extract the principal geodesics, which play a crucial role in compre-
hending dynamical systems within the context of the present study. To
begin this process, it is essential to comprehend the workings of Batch
PGA, as it will furnish the initial estimates for the real time algorithm
while ensuring its stability. Let us consider a set of points, denoted as
𝐗 =

[

𝑥1,… , 𝑥𝑁
]

, belonging to the manifold 𝑀𝑝. The primary goal is
to derive the principal geodesics, which are fundamental components
for understanding the dynamics of the investigated systems. To achieve
this, a real-time version of PGA is introduced, mirroring the Real-time
Principal Components Analysis approach but tailored for manifolds.
The initial step involves grasping the functioning of Batch PGA, which
serves two purposes. Firstly, it provides the initial estimates required
for the real-time algorithm to commence its iterative procedure. Sec-
ondly, it ensures the stability of the entire process. A preliminary
understanding of the principal geodesics can be obtained by employing
Batch PGA, serving as a solid foundation for the subsequent real-
time analysis. A preliminary step in the Real-time Principal Geodesics
Analysis (PGA) involves conducting Batch PGA using a batch of 100–
500 samples from the dataset 𝐗. The intrinsic mean of the batch data
is calculated as follows:

𝜇 = 1
𝑁

𝑁
∑

𝑖=1
log𝑥1

(

𝑥𝑖
)

(20)

In Eq. (20), 𝑥𝑖 represents the 𝑖th sample in the dataset 𝐗, and
denotes the total number of samples in the batch. The intrinsic

ean, 𝜇, estimates the batch data’s central tendency in terms of their
ogarithmic coordinates concerning a chosen reference point, 𝑥1. Sub-
equently, the batch data is projected onto the tangent space at the
ntrinsic mean, denoted as 𝑇𝜇𝑀𝑝. This projection is necessary because
he typical calculus operations are not directly defined on the manifold
𝑝. Transferring the batch data to the tangent space at the mean makes
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it feasible to perform computations and analyses analogous to R𝑝, thus
nabling the application of conventional mathematical techniques. The
hoice of the intrinsic mean as the reference point for the tangent space
rojection ensures that the resulting tangent space captures the local
eometry of the data around the mean. This facilitates the processing
nd analysis of the data within the tangent space framework, enabling
he application of statistical and geometric techniques well-defined in
uclidean spaces. By performing Batch PGA and projecting the data
nto the tangent space at the intrinsic mean, the subsequent processing
nd analysis of the dataset 𝐗 can be carried out effectively. This
pproach leverages the intrinsic mean as a reference point and utilizes
he tangent space to perform computations and analyses analogous
o those in Euclidean spaces. Therefore, the projected data can be
ritten as log𝜇

(

𝑥𝑖
)

. This data is then utilized for the formation of data
ovariance matrix as,

𝑘 =
𝑘

𝑘 − 1
𝐑𝑘−1 +

1
𝑘 − 1

[

log𝜇
(

𝑥𝑘
)] [

log𝜇
(

𝑥𝑘
)]𝑇 (21)

e subsequent crucial step in Principal Geodesics Analysis (PGA) in-
olves the eigen decomposition of the covariance matrix. This process
an be framed as an optimization problem known as the Standard
igenvalue Problem (SEVP). Formally, the SEVP is defined as follows:

ax
𝐕

(

𝐕𝑇𝐑𝐕
)

, subject to 𝐕𝑇𝐕 = 𝐈, (22)

here 𝐑 ∈ R𝑑×𝑑 is the covariance matrix. By solving this optimization
roblem, the matrices 𝐕 ∈ R𝑑×𝑑 and 𝜦 ∈ R𝑑×𝑑 , which represent
he eigenvalues and eigenvectors, respectively, are provided to the
EVP by the resultant solution. This can be expressed as in Eq. (19).
he obtained solution from the SEVP represents the initial eigenspace,
hich serves as a basis for subsequent real-timeupdates in PGA. The

eal-timeupdate process consists of three main components: updating
he intrinsic mean, updating the covariance matrix, and updating the
igenspace using an eigenperturbation technique. In each iteration
f the real-timeupdate, the intrinsic mean is refined based on the
pdated estimates obtained from the previous iteration. This involves
onsidering the logarithmic coordinates of the data points concerning
he updated mean. Similarly, the covariance matrix is updated by
ncorporating the information from the updated intrinsic mean and the
ogarithmic coordinates of the data points. This updated covariance
atrix captures the local variations and correlations within the dataset.

urthermore, the eigenspace is updated by applying an eigen pertur-
ation technique, which involves incorporating minor variations to
he eigenvectors and eigenvalues obtained from the previous iteration.
his allows for adapting the eigenspace to capture the evolving data
tructure. By iteratively performing these three components, the real-
ime PGA algorithm refines the estimates of the principal geodesics,
eading to an improved understanding of the dynamical systems un-
er analysis. The real-timeupdate process ensures that the algorithm
onverges towards more accurately representing the underlying data
tructure, facilitating practical analysis and interpretation. Next, the
xpression for updating the mean is as follows, assuming a current
stimate 𝜇𝑘 for the extrinsic mean:

𝑘+1 =
1
𝑁
𝜇𝑘 + Exp𝜇𝑘

(

𝑁 − 1
𝑁

𝑁
∑

𝑖=1
log𝜇𝑘

(

𝑥𝑘
)

)

(23)

onsequently, it is possible to update the 𝐑 iteratively as,

𝑘 =
𝑘 − 1
𝑘

Σ−1
𝑘 Σ𝑘−1𝐑𝑘−1Σ𝑘−1Σ

−1
𝑘 + 1

𝑘

(

log𝜇𝑘
(

𝑥𝑘
)

)𝑇 (

log𝜇𝑘
(

𝑥𝑘
)

)

(24)

Using 𝐑𝑘 = 𝐕𝑘Λ𝑘𝐕𝑘𝑇 Eq. (24) we get,

𝑘Λ𝑘𝐕𝑘
𝑇 = 𝐕̂𝑘−1

[

(1 − 𝜆)Λ𝑘−1 + 𝜆𝐕̂𝑇
(

log𝜇𝑘
(

𝑥𝑘
)

)(

log𝜇𝑘
(

𝑥𝑘
)

)𝑇
𝐕̂𝑘

]

𝐕̂𝑇
𝑘−1

(25)

igenperturbation approaches address the increasing computational

ost of estimating covariance using Eqs. (24) at each time step as the

7 
ample size increases. This entails updating the covariance matrix’s
igenvalues and eigenvectors. The parameter 𝜆 represents the memory
epth and typically falls within the range 0 ≤ 𝜆 ≤ 1, with specific
alues chosen based on requirements. In this context, 𝜆 can be set as
1
𝑘 . The Eigenvector update is provided as 𝐕𝑘 = 𝐕𝑘−1

(

𝐼 +∆𝑉
)

and the
update of eigenvalue is given as, Λ𝑘 =

(

Λ𝑘−1 +∆𝛬
)

. The eigenspaces
are subjected to small perturbations ∆𝑉 and ∆𝛬. These perturbations
can be substituted into Eq. (19), which can then be rewritten as follows:

𝐕𝑘Λ𝑘𝐕𝑘𝑇 = 𝐕𝑘−1
[

Λ𝑘−1 +∆𝛬 +Λ𝑘−1∆𝑉
𝑇

+∆𝑉Λ𝑘−1 +∆𝛬∆𝑉
𝑇 +∆𝑉∆𝛬

]

𝐕𝑘−1𝑇
(26)

Through a comparison of Eqs. (25) and (26), it is clear that the first-
order perturbation, eliminating terms of second order (that is, ∆𝛬∆𝑉 𝑇

and ∆𝑉∆𝛬), can be written as follows:

𝛬 +Λ𝑘−1∆𝑉
𝑇 +∆𝑉Λ𝑘−1

𝐕̂𝑇
(

(1 − 𝜆)Σ−1
𝑘 𝛥𝜇𝑘𝛥𝜇𝑇𝑘Σ

−1
𝑘 + 𝜆

(

log𝜇𝑘
(

𝑥𝑘
)

)(

log𝜇𝑘
(

𝑥𝑘
)

)𝑇
)

𝐕̂𝑘
(27)

The eigenspaces undergo updates accordingly after evaluating the
erturbation matrices using Eq. (27). However, owing to the real-
imenature of the framework, there might be ambiguity in the per-
utation of the updated eigenspaces. This ambiguity can be resolved

y rearranging the eigenvectors based on the decreasing order of their
orresponding eigenvalues. As alterations unfold in the system evolving
ithin the manifold, the principal geodesics within the manifold are
lso defined. The framework projects the principal components back
rom 𝑇𝜇𝑘𝑀

𝑝 to 𝑀𝑝.

𝑘 = Exp𝜇𝑘
(

𝐕̂𝑇𝑘
(

log𝜇𝑘
(

𝑥𝑘
)

))

(28)

elying solely on monitoring changes in the eigenspace might not
e sufficient to detect instances of damage. Therefore, employing a
ondition indicator capable of magnifying the impact of changes in the
igenspace becomes essential, thereby enhancing its detectability.

. A note on the connection between RPCA on R𝒏 and RPGA on S𝟐

The algorithm, RPGA, constitutes an approach to damage detection
ooted in the domain of order eigenperturbation (FOEP). It finds its
nique niche when dealing with data residing on the spherical manifold
2. In this intricate mathematical framework, the data points are not
ust raw numerical values but are situated on the spherical surface,
dding complexity to the analysis. To unravel the underlying struc-
ure, RPGA projects this data onto the tangent bundle, TS2, a space
here tangent vectors capture the local geometry of the manifold. The

ovariance matrix can be expressed as:

𝑘 =
𝑘

𝑘 − 1
𝐑𝑘−1 +

1
𝑘 − 1

[

log𝜇𝑘
(

𝑥𝑘
)

] [

log𝜇𝑘
(

𝑥𝑘
)

]𝑇
(29)

the mean 𝜇𝑘 is obtained through the intrinsic formulation of the mean
as expressed in Eq. (14). The principal geodesics are then extracted
from this transformed space in real-time, effectively characterizing the
essential features of the data. Operations on the tangent space become
possible owing to the Euclidean-tangent space diffeomorphism. This
process forms an eigenspace that encapsulates the intrinsic properties
of the spherical data.

Now, the transformation of perspective makes this connection be-
tween RPGA and RPCA intriguing. Imagine merging the manifold S2
and its associated tangent space TS2 into a unified Euclidean subspace,
which negates the projection of the data to TS2. By doing so, we transi-
tion from the intricate spherical representation to a more conventional
Euclidean space R𝑛, and the block covariance matrix takes up the form

𝐑𝑘 =
𝑘

𝑘 − 1
𝐑𝑘−1 +

1
𝑘 − 1

𝑥𝑘𝑥
𝑇
𝑘 (30)

In this new setting, the RPGA algorithm converges to RPCA, a widely
used technique for data analysis in Euclidean spaces. This transition
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Fig. 3. A schematic of the proposed framework showcasing the functionality of the condition indicator.
T
e

𝛤

ighlights the interaction between different geometric spaces and how
he choice of representation can significantly impact the selection and
erformance of data analysis algorithms, shedding light on the powerful
onnection between RPGA on S2 and RPCA on R𝑛.

.1. Condition indicator (CI)

n this study, a novel approach has been developed to detect tem-
oral damage in the evolving system manifold by introducing a new
ondition indicator. The CI calculates the dissimilarity between the
urrent transformed vector and a reference pattern derived from a
inear combination of the current pattern [29]. To ensure self-reliance
n the algorithms, condition indicators (CI) are employed to evaluate
hanges in the updated eigenspace and accentuate these alterations.
hanges in the system can be detected by comparing the current pattern
ith a base pattern. The current framework takes the response on the

ransformed space 𝜓𝑘 as input for processing.

𝑘 = argmax
(

𝜓𝑘
(

𝜓𝑘
)𝑇

)

(31)

𝐕𝑘

8 
he current pattern is shaped by a sequence of 𝛷𝑘 with a dimension of
mbedding 𝑑, and it is subsequently organized into a Hankel matrix.

𝑘 =
[

𝑘 𝑘−1 𝑘−2 … 𝑘−𝑑+1
]𝑇 (32)

A reference pattern of the eigenstructure is created by linearly combin-
ing the current pattern components.

𝜌𝑘 = 𝜂
𝑑
∑

𝑖=1
𝑐𝑖𝑘−𝑖+1 (33)

The extremum principle must be applied to optimize the linear com-
bination coefficients 𝑐𝑖 to estimate the reference pattern 𝜌𝑘. 𝜂 = 1∕

√

𝜈
is used to compute this constant, where 𝜈 represents the eigenvalues
of the Hankel covariance matrix 𝛤𝑘𝛤 𝑇𝑘 . A normalization constant, 𝜂,
ensures that 𝜌𝑘 forms an orthogonal vector. This procedure guarantees
that the eigenstructure’s properties are faithfully represented in the
reference pattern.

𝑐𝑘 = argmax
𝛾

‖

‖

‖

‖

𝑑
∑

𝛾𝑘(𝑖)𝑡−𝑖+1

‖

‖

‖

‖

2

(34)

‖

‖

𝑖=1 ‖

‖
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Fig. 4. Stochastic linear system: Representation of the condition indicator using RPCA framework.
d
c
f

𝐾

𝜔

T
d

he eigenvectors of the Hankel covariance matrix 𝛤𝑘𝛤 𝑇𝑘 are denoted
y 𝛾. Subsequently, the CI, which signifies the disparity between the
urrent and reference patterns, is evaluated. This step is crucial for
etecting any deviations or changes between the two patterns, aiding
n identifying potential damage instances.

𝐈(𝑘) = 𝜌𝑘−1
𝑇𝑘 (35)

This method detects differences between the reference and cur-
ent patterns, thus pinpointing potential instances of damage. Any
eviation in the values of the CI indicates damage occurring at that
pecific moment. Additionally, a flowchart depicting the functionality
f the condition indicator within the RPGA framework is provided in
ig. 3.

. Numerical experiments

This section presents the efficacy of the proposed RPGA framework
or anomaly detection to three distinct systems: a stochastic geometric
scillator on S2, and an inverted spherical pendulum suspended from a
art. This comprehensive exploration demonstrates RPGA’s versatility
nd adaptability, making it a valuable tool for diverse real-world
ystems with complex dynamics.

.1. Geometric description of a stochastic linear oscillator on S2

Oscillators have garnered significant attention due to their capacity
o simulate intricate physical phenomena and contemporary structures
ithin Euclidean space. Presently, researchers are exploring the appli-

ation of these oscillators in modeling satellite and drone trajectories,
s well as controlling artificial limbs and modeling robots, within
anifold spaces [30–32]. This section aims to furnish a geometrically
recise solution of a linear oscillator situated on a sphere, thereby
alidating the effectiveness of the proposed algorithm. Towards this,
onsider

𝑥̈ + 𝑐𝐐𝑥̇ + 𝑘𝐐𝑥 = 𝜎𝑊̇ (36)

here, 𝑚, 𝑐 and 𝑘 represents the generic system properties, and, 𝐐 =
2 −1 0
−1 2 −1
0 −1 1

⎤

⎥

⎥

⎦

. 𝜎 is a representation of the magnitude of the stochastic

xcitation 𝑊̇ . Eq. (36) characterizes a single-mass three-degree-of-
reedom (3DOF) system, with its degrees of freedom designated along
he x, y, and z directions, denoted as (𝑥1, 𝑥2, 𝑥3) ∈ R3. In the state-space
epresentation, Eq. (36) can be represented as,
9 
𝑥̇ = 𝑦
𝑦̇ = − 𝑐

𝑚𝐐𝑦 −
𝑘
𝑚𝐐𝑥 + 𝜎𝑊̇

(37)

Operating within the Euclidean space and devoid of geometric con-
straints, the RPCA algorithm [8], tailored for Euclidean spaces, ef-
fectively discerns instances of damage in the system. However, the
complexity intensifies when the system is confined to evolve on a
spherical surface, introducing constraints. In this scenario, the task of
damage identification becomes more intricate. The foundational work
outlined in literature [19] provides the base for extending the conven-
tional potential function to operate on the curved space by substituting
the generic distance on the Euclidean space with the Riemannian
distance. In the current study, d (𝑎, 𝑏) = |log𝑎 (𝑏) |𝑎 is the Riemannian
istance function. In the context of the geometric oscillator under
onsideration, driven by a white Gaussian process Ẇ, the expressions
or kinetic and potential energies are delineated as follows:

= 1
2
⟨𝜔,𝜔⟩, 𝑉 = 1

2
𝛾d2 (𝑝, 𝑟) (38)

Through the formulation of the Lagrangian function and the application
of the stochastic variational principle, one can derive the governing
equation for the motion of the undertaken system:

̇ = 𝛾
(

𝑝 × log𝑝 (𝑟)
)

− 𝜂⟨𝜔,𝜔⟩(𝜈−1) (𝜔 × 𝑝) + 𝐹𝑐𝑜𝑠 (𝜁𝑡) + 𝛽Ẇ (39)

In this context, (𝑝, 𝜔) ∈ S2 × T𝑝S2 represent the state variables.
he damping coefficient is denoted as 𝜂 = 0.5 ∈ R, the damping
egree as 𝜈 = 1.3 ∈ R, the coefficient 𝛾 = 1 ∈ R, and 𝑟 =

[1, 0, 0] ∈ S2 signifies the pivotal point. The kinematic equations are
given by 𝑝̇ = 𝜔 × 𝑝. The harmonic excitation has an amplitude 𝐹 = 0.1
and a forcing frequency 𝜁 = 1. Simulation on S2 with the canonical
metric utilizes results from [19] to estimate distance metric and matrix
logarithm. Initial position and angular velocity are [

√

3;
√

3;
√

3]𝑇 and
[0.2; 0.3; −0.4]𝑇 , respectively. The system exhibits an anomaly that is ar-
tificially introduced by abruptly reducing the coefficient 𝛾 to 80% of the
existing stiffness at 6000th sample. The obtained results for the damage
identification are illustrated in Fig. 5, wherein a distinct and prominent
peak at the 6000th sample clearly indicates the presence of the anomaly
within the system. Whereas, Fig. 4 shows the anomaly identification
using Euclidean based algorithm RPCA, which provides an erroneous
eigenspace thereby fails to provide the instance of anomaly in the
undertaken system.

7.2. Inverted pendulum cart system moving on a rough surface

This section provides the efficacy of the proposed algorithm for
the anomaly detection of the inverted spherical pendulum cart system
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Fig. 5. Geometric stochastic linear system: Representation of the condition indicator using manifold based RPGA framework.
Fig. 6. Stochastic pendulum cart system: Global trajectory of the cart in R3 (red line) and pendulum on S2 (black line) with the initial conditions 𝑥(0) = [0, 0, 0], 𝑥̇ = [0, 0, 0], 𝑞 =
[0, 0,−1], 𝜔 = [0.2, 0.3, 0.5]. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
traversing on a rough surface with 𝑝 ∈ S2 and 𝜔 ∈ T𝑥S2 are the position
and angular velocity of the pendulum, and, 𝑥 ∈ R3 and 𝑥̇ ∈ R3 being
displacement and velocity of the cart. The Lagrangian of the system can
be formulated as:

L̂(𝑝, 𝑥𝑐 , 𝜔, 𝑥̇𝑐 ) =
1
2
(𝑀𝑐 + 𝑚)⟨𝑥̇𝑐 , 𝑥̇𝑐⟩ − 𝑚𝑙𝑥̇𝑐𝑇 𝑝𝛬𝜔 + 1

2
𝑚𝑙2⟨𝜔,𝜔⟩ − 𝑚𝑔𝑙𝑒𝑇3 𝑝

− 1
2
𝑘⟨𝑥𝑐 , 𝑥𝑐⟩ (40)

where 𝑒3 = [0, 0, 1] will be in the positive z direction. The equation
of motion is directly formulated in the Lie algebra (𝐩̂, 𝝎̂) ∈ 𝑇𝑆2 in
the state space form after the kinematic equation of the pendulum
integrating the stochastic term is included:

d

⎡

⎢

⎢

⎢

⎢

⎣

𝐩̂
𝝎̂
𝑥𝑐
𝑥̇𝑐

⎤

⎥

⎥

⎥

⎥

⎦

⏟⏟⏟
𝝉

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝜔𝛬

−
(

𝐴11 (𝑚𝑔𝑙𝑝 × 𝑟) + 𝐴12

(

𝑚𝑙
(

𝜔𝛬
)2 𝑝 + 𝐶𝑥̇𝑐 +𝐾𝑥𝑐

))𝛬

𝑥̇𝑐
−𝐴21 (𝑚𝑔𝑙𝑝 × 𝑟) − 𝐴22

(

𝑚𝑙
(

𝜔𝛬
)2 𝑝 + 𝐶𝑥̇𝑐 +𝐾𝑥𝑐

)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

d𝑡
𝜸

10 
+

⎡

⎢

⎢

⎢

⎢

⎣

0
(

𝐴11𝑝 × 𝛽1
)

d𝐵1 +
(

𝐴12𝛽2
)

d𝐵2
0

(

𝐴21𝑝 × 𝛽1
)

d𝐵1 +
(

𝐴22𝛽2
)

d𝐵2 + 𝜎d𝐵3

⎤

⎥

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝜹𝒓 dB𝒓

(41)

where,
[(

𝐴11
)

3×3
(

𝐴12
)

3×2
(

𝐴21
)

2×3
(

𝐴22
)

2×2

]

=
[

𝑚𝑙2𝐼3 𝑚𝑙𝑝𝛬

−𝑚𝑙𝑝𝛬 (𝑀 + 𝑚)

]−1

. For this study’s

simulation, the parameters used are 𝑀𝑐 = 100 kg, 𝑚 = 0.9 kg, 𝑙 = 1 m,
𝑘 = 1000 N∕m, and 𝑔 = 9.81 m∕s2. Here, 𝑝̂0 = [0, 0,−1]𝑇 and 𝜔̂0 =
[0.2, 0.3, 0.5]𝑇 . The stochastic differential equation (SDE) detailed in
Eq. (41), governing 𝐩̂ and 𝝎̂, conforms to the Lie algebraic structure and
undergoes simulation using the geometric Ito-Taylor–1.5 framework.
Regarding the SDEs in Eq. (41), we obtain the Kolmogorov operators
for variables 𝑥𝑐 and 𝑥̇𝑐 , and then apply the proposed framework for
updating the system states. The surface roughness is simulated using
a stochastic process in 𝑧-direction with zero mean and 𝜎 as 0.1. The
inverted Pendulum-cart system exhibits an anomaly that is artificially
introduced by abruptly reducing the stiffness of the cart to 80% of the
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Fig. 7. Stochastic pendulum cart system: Local trajectory of the pendulum on S2 with the initial conditions 𝑞 = [0, 0,−1], 𝜔 = [0.2, 0.3, 0.5].
Fig. 8. Stochastic pendulum cart system: Representation of the condition indicator using manifold based RPGA framework.
original stiffness at the 2000th sample. Fig. 6 shows the trajectory of the
cart (red line) on R3 and the trajectory of the inverted spherical pendu-
lum (black line) on S2. For the better clarification Fig. 7 shows that the
response of inverted pendulum lies on a unit 2-sphere. The obtained
results for the damage identification are illustrated in Fig. 8, wherein
a distinct and prominent peak at the 2000th sample clearly indicates
the presence of the anomaly within the system. For the comparison of
the effectiveness of the proposed algorithm with the offline algorithm
PGA, Fig. 9 presents the condition indicator for the undertaken system
11 
through the use of offline PGA algorithm. A change in mean of CI
can be observed at around 2000 samples in Fig. 9, which shows that
PGA algorithm can estimate the approximate time of the damage.
This limitation arises owing to the offline nature of the algorithm.
From Figs. 8 and 9 it is clear that the proposed framework accurately
identifies the precise time-point of the anomaly in the system. In regard
to sensitivity analysis, Fig. 10 illustrates the confidence intervals (CIs)
for the system under various damage scenarios. The figure reveals that
the proposed framework can effectively detect damage instances of up
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Fig. 9. Stochastic pendulum cart system: Representation of the condition indicator using manifold based PGA framework.
Fig. 10. Stochastic pendulum cart system: Damage sensitivity test for 20%, 15%, 14% and 10% damage.
to 15%, but beyond that threshold, it exhibits spurious peaks alongside
the damage indication. Notably, the proposed algorithm fails to identify
any damage at or below the 10% threshold for structural damage which
is the same conclusion as in the case of spherical pendulum system.
Another aspect of the analysis involves conducting a study to assess
the sensitivity of parameters within the system under consideration.
This examination delves into how variations or perturbations in specific
parameters affect the overall behavior and performance of the system.
By systematically varying the parameters 𝑀𝑐 , m, l and k independently,
while maintaining the remaining parameters constant, insights can be
gleaned into the system’s response and its susceptibility to changes
in different factors. The damage detectability for varying parameter
scenarios is given in Table 1. This parameter sensitivity study pro-
vides valuable information for understanding the system’s robustness,
identifying critical parameters that significantly influence its behavior,
and refining the modeling and control strategies to enhance overall
performance.
12 
8. Conclusions

This research introduces Real-time Principal Geodesic Analysis
(RPGA) as a novel method for conducting condition monitoring of
systems operating within differentiable manifolds. RPGA offers a robust
framework for extracting meaningful information from manifold-based
data, enabling more accurate and precise health assessments. fur-
thermore, the study systematically applies RPGA to distinct systems:
the stochastic geometric oscillator on S2, and a spherical pendulum
suspended from a cart. This comprehensive exploration demonstrates
RPGA’s versatility and adaptability, making it a valuable tool for
diverse real-world systems with complex dynamics. To gauge RPGA’s
effectiveness, the research performs a comparative analysis by contrast-
ing condition monitoring results obtained through RPGA with those
generated by RPCA, a monitoring scheme tailored for R2. This rigor-
ous comparison underscores RPGA’s superiority in providing accurate
health assessments for systems on differentiable manifolds, thereby
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Table 1
Damage detectability for varying parameters for inverted pendulum cart system.
M_c Detectability m Detectability l Detectability k Detectability

10 Yes 0.01 Yes 0.1 Yes 100 Yes
50 Yes 0.5 Yes 0.5 Yes 500 Yes
200 Yes 5 No 1.5 Yes 2000 Yes
400 No 10 No 2.0 No 3500 Yes
600 No 20 No 2.5 No 5000 Yes
emphasizing its practical significance in the field of complex systems
analysis. Moreover, the study includes a sensitivity test to determine
the threshold at which the proposed RPGA algorithm starts produc-
ing erroneous results. Findings reveal that the proposed framework
effectively detects damage instances of up to 15%, but beyond this
threshold, it exhibits spurious peaks alongside damage indications.
Notably, RPGA fails to identify any damage at or below the 10%
threshold for structural damage.

To address the limitation of detecting damage below 10%, future
research could explore enhancements such as incorporating higher-
order perturbation terms or incorporating the error arising owing to
the consideration of first order error perturbation. Other possibilities
include leveraging machine learning algorithms to improve sensitivity
and accuracy. These potential improvements could significantly extend
the applicability and effectiveness of RPGA in various engineering
contexts, ensuring more reliable condition monitoring and damage
detection in complex systems.
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