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Abstract

This thesis addresses critical gaps in understanding the fluid dynamics generated by

submarine volcanic eruptions in both shallow and deep ocean environments. The

research utilizes a combination of analytical and numerical models in two and three

dimensions, integrating heat and mass flux associated with volcanic activity within

stratified ocean systems. For deep-sea eruptions, the primary focus is on developing a

comprehensive three-dimensional framework to analyze flow dynamics, with particular

attention to the generation of convective flows. The influence of oceanic stratification,

specifically temperature and salinity gradients, is systematically investigated to elu-

cidate their role in modulating convective flow patterns and shaping complex marine

processes. The research further investigates how different stratification intensities

ranging from strong to weak affect the behavior of volcanic plumes, as well as the

rotational dynamics that develop during sustained or gradual eruptions.

A significant component of the study involves examining how variations in ocean

stratification, which are increasingly affected by climate change and rising sea surface

temperatures, alter the generation and propagation of tsunamis triggered by sub-

marine eruptions. This aspect is explored using a two-dimensional potential theory

model to analytically evaluate the impact of stratification on tsunami wave dynam-

ics. Also, a 3-dimensional computational model is used to generate gravity waves by

applying a high heat flux at the seabed in a shallow environment. In addition, the

study presents a detailed analysis of the influence of submarine volcanic activity on

equatorial oceanic flows. This is accomplished by applying an established model for

equatorial ocean dynamics, deriving analytical solutions for flow velocities, and exam-

ining the interaction between volcanic-induced perturbations and ambient currents.

To simulate complex three-dimensional processes, the Process Study Ocean Model
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(PSOM) is employed, incorporating the effects of thermal and salinity stratification

and heat flux in both deep and shallow oceanic settings. These simulations provide

insight into the interplay between submarine volcanic activity and broader ocean cir-

culation, contributing to a more refined understanding of how such eruptions influence

oceanic flows and potentially impact global marine systems.

This thesis contributes to a deeper understanding of submarine volcanic phenom-

ena, providing new insights into how stratification modifies flow dynamics and surface

wave formation, with implications for predicting the impacts of volcanic eruptions in

changing oceanic conditions.
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Chapter 1

Introduction

The deep sea is the largest museum on earth, it contains more history

than all the museums on land combined, and yet we’re only now

penetrating it.
— Robert Ballard

Volcanic eruptions serve as pivotal mechanisms in the dynamic processes of magma

genesis and crustal accretion within the Earth’s geological framework. Operating

across temporal scales from transient events lasting mere hours to transformative pro-

cesses unfolding over years, these eruptions facilitate the deposition of newly formed

lava and fragmented ejecta. They also transmit thermal energy and magmatic volatiles

from the subterranean depths to the overlying atmosphere or aqueous environments,

instigating significant alterations to the surrounding terrain morphology and pertur-

bations to local ecosystems. Approximately 80 % of volcanic activity on Earth occurs

beneath the ocean’s surface, predominantly concentrated along subduction zones and

mid-ocean ridges within the geodynamic framework [7]. The intricate interplay of

deep-seated mantle dynamics governs this phenomenon, profoundly influencing the

chemical and bio-geochemical dynamics of the global oceans. Submarine volcanic

eruptions are intricately linked with hydrothermal processes, accompanied by the re-

lease of high-temperature magmatic gases. This complex phenomenon engenders both

perilous hazards and promising prospects for future endeavors, catalyzing discourse on

mineral deposit formation and the contentious domain of marine resource exploitation

[8].

Hydro-thermal activity also supports an astonishing diversity of seafloor vent
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ecosystems influencing global carbon and nutrient cycles [9, 10]. Most of the known

modern seafloor hydro-thermal systems, with their associated mineral deposits and

chemo-synthetic microbial biomes, occur at MORs and mature back–arc spreading

centers, typically at water depths of 2000 to 4000 meters [11, 12]. Five new hy-

drothermal vents have been identified recently along the East Pacific Rise (EPR) in

close proximity to the 10◦N latitude. Situated within the extensive mid-ocean ridge

system, these vents emerge where two tectonic plates diverge at a rate of approxi-

mately 11 centimeters (4.3 inches) annually [13]. The discovery of these novel sites,

coupled with the examination of rock samples, offers an unprecedented opportunity

for scientists to elucidate the velocity and trajectory of lava eruptions, as well as to

comprehend the profound implications of deep-sea lava emissions on hydrothermal

vent dynamics. This is particularly significant given the inherent challenges asso-

ciated with detecting and observing submarine eruptions at depths exceeding 500

meters [14]. Such investigations contribute invaluable insights into the complex in-

teractions between volcanic activity and hydrothermal systems within the deep ocean

environment.

Subaquatic volcanoes located within 500 meters of the ocean’s surface possess the

potential for immense explosions [15]. The eruption of the Tonga volcano in January

2022 stands out as the most explosive event of its kind in the past three decades. A

significant contributing factor to this eruption’s magnitude is attributed to the shallow

depth of the volcano’s crater, estimated to be within the upper 200 meters from the

ocean’s surface [15, 16]. In shallow water eruptions, when the molten lava interacts

with the ocean water, an almost instantaneous conversion into steam occurs. This

rapid phase transition results in an exponential expansion, as steam occupies over

1000 times the volume of liquid water. Consequently, the sea water’s transformation

into steam disrupts the lava into smaller fragments. These fragments subsequently

collide with other areas of liquid water, inducing further steam generation. This cas-

cading effect, known as the runaway effect, significantly contributes to the heightened

intensity observed in the Tonga volcanic eruption. The resultant tsunami, triggered

by the Tonga volcanic eruption, propagated across vast expanses, impacting regions

including Tonga, Fiji, American Samoa, Vanuatu, and the broader Pacific rim. This
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included the generation of far-field tsunamis which inflicted damage in distant loca-

tions such as New Zealand, Japan, the United States, the Russian Far East, Chile,

and Peru.

Marine life is often attracted to and thrives around the sights of volcanic erup-

tions [17]. During studies of the volcanoes near Guam, scientists discovered a notable

increase in the population of animals inhabiting the summits of these volcanoes, in-

cluding shrimp, crabs, and barnacles. These organisms flourish in the harsh, chemical-

filled circumstances that prevail atop undersea volcanoes, deriving nutrition from the

eruptive magma/tephra [17]. Additionally, hydrothermal vents, abundant in chemi-

cals, serve as energy sources for animal life, fostering rich and productive ecosystems.

This discovery has reshaped scientists’ understanding of the conditions capable of

supporting life on Earth and potentially elsewhere in the solar system. It underscores

the importance of learning more about volcanic and hydrothermal systems in the

deep sea, where new seafloor is formed, and unique communities of animals thrive in

high-pressure and high-temperature environments. Exploring these dynamic ecosys-

tems can provide valuable insights into the origins and sustenance of life in extreme

environments, shedding light on the broader questions of habitability and biodiversity

in the universe.

There is a substantial dearth of observational data regarding submarine volca-

noes deep beneath the ocean’s surface. This scarcity primarily stems from several

formidable challenges. Firstly, the immense pressure at great depths necessitates spe-

cialized and costly equipment capable of withstanding extreme conditions. Secondly,

the high temperatures emitted by submarine volcanoes can harm equipment and pose

safety hazards. Moreover, the unpredictable nature of volcanic activity, including

eruptions and releases of toxic gases, complicates close observation and data collec-

tion efforts. Accessibility is another significant hurdle, with many submarine volca-

noes situated in remote and difficult-to-reach locations, requiring extensive logistical

planning and financial investment. Additionally, current underwater drones, sensors,

and other equipment are still evolving to meet the demands of deep-sea exploration,

posing technical limitations. The overall expense of such missions is prohibitive, re-

stricting their frequency and scale. Furthermore, transmitting data from deep-sea
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environments to the surface is challenging due to signal absorption and scattering in

water, necessitating robust data storage and retrieval systems.

The considerable lack of observational data on submarine volcanoes deep below

the surface significantly impedes the study of these geological features. This limitation

poses challenges in accurately assessing volcanic hazards in underwater environments,

potentially affecting marine ecosystems and underwater infrastructure. Moreover, the

scarcity of data restricts the study of submarine volcanoes’ roles in global geochem-

ical cycles, vital for understanding Earth’s climate dynamics and ecosystem health.

However, advancements in technology, such as improved remotely operated vehicles

(ROVs), autonomous underwater vehicles (AUVs), and better sensor systems, along-

side international collaborations, are gradually enhancing our ability to study subma-

rine volcanoes.

1.1 Aim

This thesis seeks to address key gaps in the current understanding of the flows gener-

ated by submarine volcanic eruptions in both shallow and deep ocean environments.

The research focuses on developing analytical and numerical models in both two and

three dimensions, incorporating the heat and mass fluxes generated by submarine

volcanic eruptions in stratified ocean systems. In the case of deep ocean volcanic

eruptions, one of the primary aim is to provide a comprehensive three-dimensional

flow analysis, examining the mechanisms behind plume formation. Additionally, the

study will assess how temperature and salinity stratification influence convective flow

patterns in these dynamic marine environments. To further extend this, the study

will examine how ocean stratification, driven by climate change and rising sea sur-

face temperatures, affects the generation and propagation of tsunamis triggered by

submarine eruptions.

1.2 Central research questions

This thesis will be centered around the following central research questions:
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RQ1 : What kind of rotational, buoyant and horizontal flows are produced by the

gradual eruption of underwater volcanoes located deep beneath in the stratified

ocean?

RQ2 : How does the intensity of stratification (strong versus weak) influence the

buoyant rise of the plume?

RQ3 : What kind of rotational motion is generated by gradual volcanic eruptions

deep beneath in the stratified ocean?

RQ4 : How do submarine volcanic eruptions affect equatorial oceanic flows?

RQ5 : How are surface waves generated by shallow submarine volcanic eruptions

influenced by the ambient pycnocline in the ocean?

1.3 Objectives

RO1 Numerical modeling: To utilize Process Ocean Study Model (PSOM) [18, 19]

to simulate submarine volcanic eruptions occurring deep within stratified oceans.

The model will incorporate ocean stratification in terms of temperature and

salinity, along with heat flux at the seabed, to investigate the convective flows

generated by these volcanic eruptions. A full 3-dimensional analysis of these

flows will be carried out, and the impact of stratification intensity on the vertical

ascent of the plume in two stratified cases will be studied.

RO2 Free surface disturbances: To investigate the impact of gradually erupting

volcanoes deep in the oceans on free surface disturbances, focusing on two cases

defined by stratification related to temperature and salinity.

RO3 Impact on equatorial oceanic flows: To develop a 3-dimensional model

based on the methodologies in [20, 21] and derive analytical solutions to study

the impact of submarine volcanic eruptions on equatorial oceanic flows.

RO4 Impact of stratification on surface waves: To develop a 2-dimensional

linear model using potential function theory and the displacement potential
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function to model submarine volcanic eruptions. This model will incorporate

ambient stratification (thermocline/pycnocline) in the ocean to study the impact

of stratification on the surface waves generated by large submarine volcanic

eruptions in shallow environments.

RO5 Heat flux to ignite surface waves: To introduce large heat flux in a shallow

environment to generate surface waves from submarine volcanic eruptions using

ocean flow models such as the Process Study Ocean Model (PSOM).

1.4 Overview of the thesis

This thesis is divided into nine chapters.

Chapter 1 presents a general introduction to submarine volcanic eruptions and

the phenomena associated with these eruptions, including tsunamis, their impact on

and harboring of marine life, hydrothermal vents, and the economic and geopolitical

implications of these events. It also outlines the aims, objectives, and central research

questions of this work.

Chapter 2 reviews the existing literature related to submarine volcanic erup-

tions and other oceanography-related topics utilized in this study, providing a critical

evaluation of previous research.

Chapter 3 introduces the general fluid dynamic equations (mass conservation,

conservation of momentum, heat equation etc.) used to model fluid flow and dis-

cusses various approaches to modeling submarine volcanic eruptions, along with some

challenges inherent in modeling such phenomena.

Chapter 4 provides an introduction to a geophysical model designed to study

ocean flows. This model is developed using the equations presented in Chapter 3,

and the incorporation of a volcanic eruption into the PSOM model is also discussed.

Additionally, some applications of the PSOM model are reviewed, which proved useful

in setting up the PSOM experiment conducted as part of this study.

Chapter 5 and 6 focus on studying sub-aquatic flows generated by submarine

volcanic eruptions. Chapter 5 applies the model developed in Chapter 4 to numer-

ically simulate deep and gradual submarine volcanic eruptions by introducing heat
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flux at the seabed in two stratified scenarios: one based on temperature and the other

on salinity. These simulations cover regions spanning mid to high latitudes. Chapter

5 examines the rotational, radially convective, and vertical flows generated by these

eruptions. The local surface elevation in the two stratified cases is compared, and the

impact of stratification intensity on the buoyant rise of the plume is discussed.

The focus in Chapter 6 shifts to developing a model to study the impact of

these eruptions on equatorial oceanic flows and deriving analytical solutions for flow

velocities. The submarine eruption is incorporated by appropriately modifying the

density function, after which the Constantin-Johnson model for equatorial ocean flows

is employed to study the resulting dynamics including the ambient stratification.

The developed three-dimensional nonlinear model includes terms accounting for the

Coriolis effect and adheres to the β-plane approximation. Exact solutions are obtained

using an asymptotic system of equations.

Chapter 7 and 8 explore the flows generated on the free surface by subma-

rine volcanic eruptions in stratified domains. Chapter 7 develops a two-dimensional

model that incorporates ambient stratification and a velocity potential source func-

tion to examine the impact of submarine volcanic eruptions on the free surface in

a stratified environment. Analytical solutions are derived for cases with and with-

out stratification, with the velocity potential source function applied at the seabed.

Surface elevations are plotted and compared for both scenarios. The impact of the

volcanic source’s distance from the free surface and the size of the volcano on surface

elevation is also discussed.

Chapter 8 presents an alternative approach to modeling surface waves generated

by submarine volcanic eruptions. The three-dimensional nonlinear PSOM model in-

troduced in Chapter 4 is employed to study these gravity waves. By introducing a

large heat flux at the seabed in a shallow environment with a pycnocline, Chapter

8 examines the impact of convective flows on the free surface. The study compares

the effects of varying eruption intensities at the same depth on the free surface and

explores the impact of eruptions of the same intensity occurring at different depths.

Finally, Chapter 9 summarizes the conclusions of this research, highlighting the

major findings from Chapters 5, 6, 7, and 8. Broader implications and potential ap-
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plications of the work are discussed, along with possible directions for future research

based on the findings presented in this thesis.

Introduction(Chapter 1)

Literature Review(Chapter 2)

Modeling(Chapters 3 and 4)

Subsurface Flows(Chapters 5 and 6) Free Surface Flows(Chapters 7 and 8)

Conclusion and Future Work(Chapter 9)
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Chapter 2

Literature Review

2.1 Submarine volcanoes

Submarine volcanoes, often known as underwater volcanoes, are cracks or fissures on

the earth’s surface that are located underwater. These underwater volcanoes behave

similarly to those on land. They have the ability to erupt and create magma. There

are thousands of submarine mountains throughout the deep ocean, and nearly all

of them are volcanoes [22]. They form long continuous ridges along the extended

centre of the seafloor, arcuate chains along the subduction zone, and both linear

chains away from plate boundaries and widely distributed individually on seafloors.

Submarine volcanism is one of the most important geological processes on the planet,

forming a dense, low-lying, igneous crust that floors the vast ocean basins and covers

nearly two-thirds of Earth’s surface. Studies on active volcanoes around the Earth

provide important information for understanding the extent of volcanic activity in

different environments, but they focus on the aerial environment. Deep-sea eruptions

are much more difficult to detect and observe than aerial eruptions, but knowledge

on these eruptions is growing rapidly [6, 23, 24, 14].

The most famous collection of underwater volcanoes is part of the Ring of Fire.

It is an area in the basin of the Pacific Ocean in which an unusually high number of

eruptions and earthquakes occur. In the ring, there are volcanic arcs and belts, as well

as plate movement. There are approximately 452 volcanoes present in the ring [17].

Some of the submarine volcanoes which are part of Ring of Fire lie in the equatorial
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region in the Pacific and Indian Ocean (see Figure 2.1).

Figure 2.1: Land and submarine volcanoes in the ring of fire. Figure also depicts the
presence of submarine volcanoes in the equatorial region. Image source: Ring of Fire
Astroskiandhike CC BY-SA 4.0, via Wikimedia Commons.

Loihi Seamount, situated approximately 35 km southeast of the Big Island of

Hawaii, has long served as a pivotal case study in understanding volcanic processes.

The diverse range of basalt compositions found at Loihi has significantly reshaped

our understanding of the compositional evolution of Hawaiian and other oceanic is-

lands. Additionally, the discovery of various volcaniclastic materials, spanning from

glassy ash to basalt breccias, has enriched our knowledge of volcanic activity in such

environments [25, 26]. Despite its scientific importance, conducting regular and de-

tailed observations of Loihi has posed significant challenges. The seamount’s peak,

located nearly 1000 m below sea level, presents formidable obstacles to comprehensive

observation efforts, primarily due to the associated high costs involved.

The summit of the active submarine volcano Monowai, located in the Kermadec

Arc north of New Zealand, undergoes episodic elevation changes near the water sur-

face, fluctuating rapidly over periods ranging from weeks to decades. These fluctu-

ations are attributed to recurring cycles of volcano growth and swift flank collapse

[27, 28]. Monowai exhibits exceptionally high rates of growth and collapse, with vol-

ume changes estimated at 0.11 km3 per year for collapse and 0.63 km3 per year for

growth. Notably, the 2011 lava eruption of Axial Seamount, situated at the conver-

gence of the Cobb hotspot and the Juan de Fuca spreading center, was anticipated

through meticulous monitoring initiated after its 1998 eruption [29]. Furthermore,

active Vailulu’u Seamount, in close proximity to the Samoa hotspot and currently
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submerged at a depth of 590 meters, is experiencing such rapid growth that it is

projected to breach the ocean surface within decades [30].

The 2011–2012 submarine eruption off the coast of El Hierro in the Canary Islands

represents a unique event due to its proximity to land and the shallow depth at

which it occurred. This allowed for convenient monitoring and extensive studies,

distinguishing it from similar eruptions in the Pacific Ocean. The eruption, which

occurred approximately 2 km off the southern coast of the island, led to the formation

of a new volcanic structure that underwent significant morphological changes over a

four-month period, evolving from a single cone into a linear array of four cones.

Collapse of the edifice accompanied its rise, with streams of debris moving down the

valley in which the volcano was growing. The total volume of the volcanic complex

was estimated at 329 × 106 m3, with the actual cone constituting one third of this

volume. Notably, more than 200 similar cones have been identified on the submarine

flanks of El Hierro. Seismic activity preceding the eruption began in July 2011,

with earthquakes increasing in magnitude and migrating southward over subsequent

months. These seismic events were interpreted as reflecting magma migration from

the upper mantle to crustal depths, followed by relaxation around the magma reservoir

[31, 32].

The Hunga Tonga-Hunga Ha’apai volcano, part of the Tonga archipelago in the

South Pacific Ocean, has a history of eruptions dating back to 1912, with notable

events occurring in 1937, 1988, 2009, and 2014-2015. The volcano consists of two small

uninhabited islands located approximately 65 km from Tonga’s capital, Nuku’alofa.

In December 2021 and January 2022, the volcano experienced significant explosive

eruptions, with plumes reaching heights of up to 20-30 km. These eruptions triggered

tsunami warnings, and a minor tsunami was observed on 14th January 2022. The

subsequent massive eruption on 15th January 2022 resulted in a powerful shock wave

felt across nearby countries and even heard as far away as New Zealand, Alaska, and

Canada. The shockwave propagated globally and was detected by weather stations

around the world, highlighting the extraordinary scale of the event. The eruption,

described as a once-in-a-thousand-year event, led to significant atmospheric distur-

bances, with pressure waves observed circling the Earth multiple times. The United
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States Geological Survey (USGS) estimated the preliminary magnitude of the events

as 5.8, and active seismicity in the region was recorded leading up to the eruption

[33].

The 1850 tragedy involving the French warship Bayonnaise and the Beyonesu

Rocks epitomizes the inherent risks associated with maritime exploration in volcanic

regions. Situated within the largely submerged Myojinsho caldera, the Beyonesu

Rocks represent a fragment of the caldera’s rim, concealing a turbulent subaqueous

landscape characterized by volcanic unrest. The ill-fated encounter occurred amidst

the vessel’s surveying expedition of volcanic islands south of Tokyo Bay, where the

unsuspecting crew found themselves amidst the volatile realm of Myojinsho. The

eruption, shrouded beneath the tranquil surface of the ocean, unleashed submarine

pyroclastic flows, which swiftly overwhelmed the Bayonnaise, resulting in the tragic

loss of all 31 souls aboard [34]. This poignant event underscores the imperative for a

comprehensive understanding of volcanic hazards and their implications for maritime

activities. The Bayonnaise tragedy stands as a sobering reminder of the profound

interplay between human exploration and the formidable forces of nature, enriching

the discourse on the complex dynamics of volcanic risk management in maritime

contexts.

2.2 Ocean stratification

The distribution of water layers in bodies is determined by temperature and salinity.

The uppermost layer, called the epipelagic zone or sunlight zone, interacts with wind

and waves, promoting water mixing and heat distribution. Below this zone lies the

thermocline, which separates the warmer mixed surface water from the cooler deep

water. The thermocline is characterized by a rapid temperature drop from the mixed

layer to the colder deep water. The depth and intensity of the thermocline vary

seasonally and regionally, with semi-permanence in tropical regions, variability in

temperate zones (usually deepest in summer), and shallowness or absence in polar

regions where the water column remains cold throughout.

Another form of stratification is found in estuaries and coastal waters, where a
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layer of low-salinity water, produced by river flowing into the sea, lies on top of the

layer of salty water. The interface between the low- and high-salinity water is called

a halocline. Stratification can therefore be produced by temperature and salinity

and sometimes by both acting together. The interface between the water of different

density is called pycnocline.

Figure 2.2: Graph illustrating the temperature-depth profile of a tropical
ocean thermocline, emphasizing the abrupt temperature shift between 100 and
1000 meters. Additionally, highlight that the temperature remains relatively
stable beyond a depth of 1500 meters. Image source: CC BY-SA 3.0,
https://commons.wikimedia.org/w/index.php?curid=31055923.

Ocean stratification, including the presence of the thermocline, acts as a barrier

to water mixing and affects the vertical exchange of heat, carbon, oxygen, and other

constituents. In recent decades (1960-2018), there has been a substantial global in-

crease of approximately 5.3 % in ocean stratification (see [35, 36] for more discussions

on increased ocean stratification). This increase hampers the penetration of heat from

climate warming into the deep ocean, leading to surface temperature elevation. It also

reduces the ocean’s capacity to store carbon, which exacerbates global warming. Ad-
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ditionally, ocean stratification inhibits the vertical exchange of nutrients and oxygen,

impacting the food supply of marine ecosystems.

When there is a significant stratification of water, it can lead to the creation

of internal waves at the boundary between two distinct layers [37]. These internal

waves exhibit a much greater vertical displacement, often reaching tens of meters,

and move at a slower pace compared to surface waves. One of the earliest instances

of observing these internal waves occurred in the Kattegat, a strait located between

Denmark and Sweden. In Kattegat, there is a layer of freshwater from the Baltic

Sea that sits atop the saltier water from the North Sea. The Swedish oceanographer

Otto Petterson designed a buoy with specific characteristics: it had sufficient weight

to descend through the upper layer of water but lacked the weight to pass through

the deeper layer. As a result, this buoy remained positioned at the boundary between

these two layers. Attached to this buoy was a slender pole that extended above the

water’s surface. As the internal waves propagated along this interface, the tip of the

pole was observed to oscillate vertically, reaching heights of up to 5 meters [37].

2.3 Tsunami generated by sub-aquatic volcanic erup-

tions

Landslides, volcanic eruptions, changes in barometric pressure, and other events can

cause non-seismic tsunamis. Compared to tsunamis caused by tectonic earthquakes,

they often have a more complex source mechanism. Roughly 6 to 15% of all tsunamis

are incepted from non-seismic origins [38]. Volcanic eruptions account for a larger por-

tion of them. See Figure:2.3 for several causes of volcanic eruption induced tsunami.

Field observations suggest that explosive eruptions at depths less than approximately

500 m can disturb the free surface enough to give rise to water waves, e.g. Kick’em

Jenny in 1939 [39], Myojinsho volcano in 1952 [40, 41, 42], Ritter Island in 1972,

1974 [43, 44, 45], Karymskoye Lake in 1996 [46, 47, 48], Tonga volcanic eruption in

2022 [49, 16, 50, 51]. The erupting volcanic material perforate the water surface and

create a crater-like cavity (initial downward displacement) enveloped by a cylindrical
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bore [52, 53, 54, 55, 53]. This is followed by a formation of a water dome (upward

displacement) while the cylindrical bore propagates radially from the source to form

a leading wave. The consecutive gravitational collapse of the water dome generates

the second bore. The two bores, followed by smaller waves, travel radially from the

source [52, 56, 57, 53]. The initial surface displacement and the subsequent cavity

collapse have the potential to generate destructive tsunamis [40, 58, 46, 59]. Few of

the models developed to study the tsunami caused by sub-aquatic volcanic eruptions

are presented in [60, 61, 62, 63].

Figure 2.3: Several causes of volcanic eruption induced tsunami: a) underwater ex-
plosion; b)blast; c) pyroclastic flows; d) caldera collapse; e) subaerial failure; and
f)submarine failure [1]. Image source: Volcanic Eruption-Induced Tsunami in Indone-
sia: A Review [2] IOP Conf. Ser.:Earth Environ. Sci. Copyright IOP Publishing.

A two-dimensional linear model developed in [61], gives an estimate of the surface

waves elevation caused by sub-aquatic volcanic eruptions for a point source suspended

in water at some elevation, using potential function approach. This work is an ex-
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tension of the work presented in [60], to study the sea-surface disturbances generated

by underwater volcanic eruptions in compressible and incompressible seas with elastic

and stiff bottom.

2.3.1 Tsunami generated by Tonga volcanic eruption

The Hunga Tonga-Hunga Ha’apai (HTHH) submarine volcano, situated in the remote

Kingdom of Tonga in the South Pacific, erupted on January 15, 2022, with incredible

force. The eruption caused a succession of tsunami waves that were felt both nearby

and far away [16]. See Figure:2.5 for travel time plot of tsunami waves generated by

Tonga volcanic eruption. The west coast of Tongatapu, ’Eua, and certain islands in

the Ha’apai group were all reportedly hit by the waves, which reached heights of up

to 15 m, reported by the government of Tonga [16]. The wave heights of 0.2–1.2 m

[16] were observed on the tide gauges installed in ports and harbours of capital cities

in surrounding South Pacific Island nations, including Fiji, American Samoa, Cook

Islands and Vanuatu. For the Hawaiian Islands in the Central Pacific, the highest

wave heights were recorded on the northern shores of Kauai (Hanalei: 0.82 m) and

Maui (Kahului: 0.83 m) [16]. Japan, more than 7000 km away in the Northwest

Pacific, recorded tsunamis along the eastern coasts of the southern and northern

islands. Tsunami heights of 1.2 m and 1.1 m were observed in Kagoshima prefecture

and Iwate prefecture, respectively [16]. On the other side of the Pacific Rim, more

than 10,000 km from the Tonga eruption, on the coasts of Peru and Chile in the

Southeastern Pacific, a 2 m tsunami was observed.

Economic damage caused by Tonga volcanic eruption and tsunami generated by

it are estimated to be US$90 million which is about 18.5% of Tonga’s GDP [64]. Such

events impact tourism, agriculture, commerce and infrastructure activities. Nearly

20% of economic damage is caused by the agricultural, forestry and fishing sectors,

indicating the risk faced by small island states like Tonga, with an exceptionally high

degree of exposure to coastal flooding [64]. The tsunami had a significant impact

on neighboring countries in the region. Fiji, specifically the Lau Group, experienced

substantial damage to its schools, infrastructure, and fishing vessels. In New Zealand,

33



particularly in the North Island, several marinas faced the loss of floating docks and

vessels. Even in more distant places like Chile and Mexico, similar reports of damage

were noted [33]. The most extensively documented damage occurred in California

and Peru. In California, various harbors experienced damage to both aquatic struc-

tures such as floating docks and terrestrial assets like vehicles, facilities, and dredging

equipment. The estimated damage in Santa Cruz Harbor alone is approximately 6.5

million [16]. In the latter, the oil tanker Mare Doricum broke its mooring ropes at the

La Pampilla oil terminal, causing a polluting oil spill with subsequent environmental

problems [65].

The tsunami waves heavily impacted the archipelago southeast of Fiji. The result-

ing damage included the destruction of coral reefs, causing a significant loss of marine

life as many fish either died or migrated elsewhere. The catastrophe exacerbated

the challenges faced by Tongans, a majority of whom depended on subsistence reef

fishing, as indicated by 2019 World Bank statistics. In response to the disaster, the

Tongan government announced its intent to secure $240 million for recovery efforts,

particularly focusing on enhancing food security. In the immediate aftermath, the

World Bank contributed $8 million towards relief and recovery initiatives [66]. The

majority of Tonga’s territory is ocean, spanning nearly 700,000 square kilometres,

where subsistence fishing plays a crucial role in the nation’s diet despite commercial

fisheries contributing a mere 2.3% to the economy. The eruption incurred significant

losses, estimated at $7.4 million in the fisheries and aquaculture sector, mainly due

to damaged fishing vessels—especially impacting the small-scale fisheries—although

commercial vessels were also affected. The eruption’s precise impact on fish har-

vests remains challenging to gauge due to the lack of detailed government tracking of

subsistence fishing.

Scientists have observed troubling signs indicating a prolonged recovery for fish-

eries: young corals in the eruption affected coastal waters struggle to mature, once

thriving reefs are now barren, likely smothered by volcanic ash, depriving fish of cru-

cial habitats. A government survey noted the absence of marine life near the volcano,

while the tsunami disrupted coral formations, leaving fields of coral rubble. The vi-

brant sounds of a healthy underwater ecosystem vanished, replaced by an unsettling
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silence, indicating a significant disturbance in Tonga’s reefs, as reported in the survey.

Figure 2.4: A major tsunami event occurred in the Pacific basin on January 15, 2022,
at 4:27 GMT due to an undersea volcanic eruption near the Tonga Islands. The
National Oceanic and Atmospheric Administration’s Center for Operational Oceano-
graphic Products and Services (CO-OPS) detected the initial tsunami wave at their
monitoring station in Pago Pago, American Samoa, less than an hour after the erup-
tion. The tsunami wave had an estimated height of around 1.8 feet. The figure shows
the satellite image of the volcanic eruption in the Tonga-Hunga Ha’apai region [3].
Image credit: CSU/CIRA and JAXA/JMA

Figure 2.5: Travel time plot for the Tsunami generated by Tonga volcanic eruption
on January 15, 2022. DART stations (green triangles) and theoretical tsunami (long
wave) travel time (TTT) map. The contour intervals for the TTT is 1 hour. Blue star
represents the location of Hunga Tonga -Hunga Ha’apai volcano. Image source: Hunga
Tonga-Hunga Ha’apai volcano-induced sea level oscillations and tsunami simulations,
GNS Sci (2022) [4]. Copyright 2022 GNS Sci.
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2.4 Subaqueous flows induced by underwater vol-

canic eruptions

Subaqueous flows generated by submarine volcanic eruptions represent a complex

and understudied phenomenon. The extreme underwater conditions and limited ac-

cessibility make it challenging to observe and analyze these events in real-time. The

creation of density currents during submarine volcanic eruptions adds another layer of

complexity to our limited understanding of these phenomena. The interplay between

the buoyant plumes of volcanic gases and the denser mixtures of volcanic material and

seawater results in the formation of these currents. The recent volcanic eruption in

Tonga provided a unique and valuable opportunity for researchers to gain insights into

subaqueous flows induced by underwater volcanic events. This extraordinary event,

which was extensively documented through satellite imagery and ocean sensors, al-

lowed scientists to closely examine the formation and dynamics of density currents in

real time. One of the key observations made during the study of subaqueous flows

induced by the Tonga volcano eruption was the analysis of seabed topography and the

presence of tephra deposits in the vicinity. Researchers closely examined the seafloor

landscape to understand how its features influenced the direction and propagation of

density currents.

The ejected debris from the Tonga volcano, including rocks and ash, swiftly col-

lapsed into the ocean, forming exceptionally rapid volcaniclastic submarine density

currents [67]. These currents, the fastest ever recorded, moved along the submerged

volcano slopes and proceeded to travel across the seafloor, causing damage to nearly

200 kilometers of underwater cables, with one cable shifting more than 5 kilometers

due to the force. These findings underscore the vulnerability of our global communi-

cation systems to the impact of underwater volcanic activity, particularly considering

that approximately 95% of worldwide communications rely on these seafloor cables

[68]. Moreover, the disruption caused by such events highlights the pressing need

for improved monitoring and contingency plans to safeguard against future distur-

bances. In addition to the physical damage inflicted on the cables, the volcanic activ-

ity may also have long-term environmental consequences, affecting marine ecosystems
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and contributing to changes in oceanic conditions. As such, a comprehensive under-

standing of the interaction between underwater volcanic events and communication

infrastructure is crucial for mitigating potential risks and ensuring the resilience of our

interconnected world. Furthermore, the rapid response and coordination among inter-

national agencies following such incidents underscore the importance of collaborative

efforts in addressing emerging threats to global telecommunications infrastructure.

In their study [67], Clare et al. reported that these density currents underwent

a shift between two different flow behaviors, or rheologies. The appearance of the

deposits left behind by these currents, as well as their deposition on steep slopes of

the volcano, indicates that they likely started as dense, granular flows laden with

particles and propelled by gas, resembling pyroclastic density currents found on land.

Subsequently, the characteristics of the deposits suggest that these currents then

transformed into water-borne, particle-laden submarine density currents, commonly

referred to as turbidity currents. This transition between rheological behaviors not

only underscores the complex dynamics of underwater volcanic events but also high-

lights the need for refined models to accurately predict the behavior and impact of

such phenomena on submarine infrastructure. Moreover, understanding the mecha-

nisms driving these transitions is crucial for assessing the potential hazards posed by

volcanic activity in submarine environments and devising effective risk management

strategies. By elucidating the underlying processes governing the evolution of density

currents, researchers can better anticipate and mitigate the impacts of future volcanic

eruptions on underwater communication networks and other critical infrastructure.

2.5 Convection driven by heating at bottom bound-

ary

The phenomenon characterized by a horizontal temperature or heat flux difference

along a single boundary in a fluid is now recognized as ’horizontal convection.’ This

type of convection sets itself apart from the more familiar Rayleigh–Bénard and

Grashof forms, which involve heat transfer between either two horizontal or two verti-
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cal boundaries. In horizontal convection, the transport of heat flux doesn’t necessarily

traverse the entire depth of the fluid. Traditionally, it was believed that only a gradual,

diffusively-driven circulation could develop in proximity to the heat source and sink

[69, 70]. However, laboratory experiments and numerical investigations introducing

a horizontal temperature gradient have shown a circulation that extends throughout

the depth of the container [71, 72, 73].

It has been reported in [73], two convection cells arranged vertically were ob-

served. These cells circulated in the same rotational sense and extended the entire

length of the tank. The lower cell exhibited a robust circulation, while the upper

cell showed comparatively weaker movement, likely influenced by a minor horizontal

temperature gradient generated by heat transfer between the two cells. Additionally,

it was observed that in every instance, the flow in the two-cell mode underwent a

gradual transformation. The ascending plume slowly extended higher until, barring

the smallest heat fluxes, it ultimately reached the uppermost part of the container.

This evolution was primarily regulated by the upward diffusion of heat through the

depth of the upper cell, or at the very least, through a region characterized by a

substantial temperature gradient.

Through the majority of its vertical extent, the plume displayed turbulent charac-

teristics due to a pronounced mean shear existing between the ascending water and

the comparatively stationary interior [73, 71]. It is also pointed out that the flow

exhibited an extreme asymmetry between the size of the sinking and rising legs of

the convective overturning as all heat enters and leaves through the bottom. It is in

effect added by convection and eliminated by conduction. Thus, the asymmetry is

maintained by the relative efficiencies of heat transfer [71, 72].

2.6 Subglacial volcanism under the West Antarctic

Ice Sheet (WAIS)

The West Antarctic ice sheet (WAIS) faces a significant risk of collapse due to rising

ocean and surface temperatures. Recent findings [5, 74, 75, 76] based on ice core
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tephra reveal that subglacial volcanism has the potential to breach the ice sheet’s

surface, posing a considerable threat to WAIS stability. Through micro-CT analyses

on englacial ice core tephra, as well as in-depth shard morphology characterization

and geochemical analysis, it has been indicated that two tephra layers originated from

subglacial to emergent volcanism that penetrated the WAIS. These tephra deposits

occurred at the center of the ice sheet, near WAIS Divide, and were preserved in the

WDC06A ice core. The likely sources of these tephra layers are believed to be nearby

subglacial volcanoes, such as Mt. Resnik, Mt. Thiel, and/or Mt. Casertz.

Figure 2.6: A depiction of Antarctica featuring the locations of ice cores and active
volcanoes is presented. Additionally, an inset displays a topographical map of the
subglacial bedrock beneath the West Antarctic Ice Sheet (WAIS), highlighting the
positions of identified or inferred subglacial volcanoes. Image source:[5]. Copyright
Nature Scientific reports.

Evidence extracted from tephra layers within the WDC06A ice core indicates that

over the past 45,000 years, two subglacial eruptions breached the West Antarctic Ice

Sheet (WAIS). At approximately 44.5 thousand years ago, a basanitic eruption oc-

curred, depositing over 1 cm of tephra on the adjacent ice sheet. Subsequently, at

22.3 thousand years ago, a second eruption, characterized as trachyandesite to tra-

chydacite, left a 2 cm thick layer of tephra, containing shards exceeding 200 µm in

diameter. Micro-CT analysis conducted on these tephra layers revealed a complex

eruption history, marked by a combination of magmatic and phreatomagmatic phases

interspersed within predominantly phreatomagmatic eruptions. This marks the inau-

39



gural application of µCT to in situ ice core tephra, enabling the observation of spatial

distribution of tephra particles on an unprecedented scale.

The ongoing loss of ice from the WAIS is projected to reduce the ice sheet’s ele-

vation, potentially triggering a positive feedback loop by elevating volcanism in West

Antarctica. While there is currently no substantiated evidence linking heightened

volcanism to the Quaternary collapse of the WAIS, an escalation in volcanic activity

could generate increased basal meltwater, fostering enhanced ice flow and subsequent

ice loss, thereby perpetuating a positive feedback loop. The delicate equilibrium be-

tween deglaciation and volcanism may exert a profound influence on the stability of

the WAIS and, consequently, the ensuing rise in sea levels.

2.7 Equatorial oceanic flows

The seawater in the vicinity of the Pacific equator has several unique features. There

is the surface current, which flows west in the proximity of the equator, and a greater

current underneath it, which travels east the Equatorial Undercurrent (EUC) reported

by Cromwell and his colleagues in 1954. The flow field under the EUC decays swiftly

to a nearly quiescent abyssal layer [77, 78]. Equatorial ocean regions also present a

pronounced stratification, greater than anywhere else in the ocean [79].

The equatorial flow dynamics can be summed up broadly in the following three

properties

1. A shallow westward surface current flow (typically within the top 50m depth).

This is primarily limited to a few degrees on either side of the equator.

2. A powerful eastward undercurrent running at a significantly quicker rate than

the surface stream. This is largely in charge of vertically integrated transport.

A somewhat faint flow exists under this undercurrent.

3. Flow westward on both sides of the EUC, with eastward countercurrents pole-

ward of this. The Northern hemisphere has the strongest current, which touches

the surface.
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Constantin and Johnson have recently proposed a class of three-dimensional non-

linear models based on the classical fluid-dynamics approach to study the equatorial

oceanic flows [80, 20, 81, 82]. The mathematical model presented in [20] is math-

ematically consistent, capturing the essential properties of the flow observed in the

Pacific equatorial undercurrent (EUC), and avoids any oversimplification. The model,

for example, provides for the Coriolis effects caused by the Earth’s rotation and pre-

serves non-traditional terms introduced in the formulation. The model effectively

gives asymptotic solutions based on the assumption of slow evolution of a two-layer

flow in the equatorial direction. Some numerical simulations of this model to investi-

gate the properties of velocity field and flow paths have been carried out in [83, 21].

2.8 Critical Evaluation of Existing Literature

The models discussed [72, 73, 84] are relatively basic and do not provide a compre-

hensive three-dimensional analysis of the flows resulting from the introduction of heat

flux at the bottom boundary. The research presented in [71, 72, 73] also overlooks the

stratification in the fluid, and the experiments [73, 71] lack sufficient measurement of

horizontal flows induced by the introduction of heat flux at the bottom. While the

experimental results [84] consider fluid stratification based on salinity, the primary

focus is on studying vertical buoyant flows, neglecting the analysis of horizontal ve-

locities. One aim of this thesis is to provide a full 3-dimensional analysis of the flows

generated by the introduction of heat flux at the bottom in a stratified medium and

see how the flow structures are affected when the medium is stratified with respect

to (a) temperature and (b) salinity.

The model outlined in [61] for estimating surface wave elevation due to submarine

volcanic eruptions does not incorporate ambient stratification. Despite this limitation,

it extends the previous work [60] to analyze sea-surface disturbances resulting from

underwater volcanic events across various sea conditions, such as compressible and

incompressible seas with elastic and stiff bottom characteristics. Integrating ambient

stratification into the model could provide further insights into the dynamics of such

phenomena and enhance its applicability to a wider range of scenarios. One of the
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objective of this study is to formulate a two-dimensional model aimed at examining

the gravitational wave dynamics prompted by submarine volcanic eruptions within

stratified ocean environments.

Traditional models for tsunami generation focus on the displacement potential

function [61, 60], which captures initial surface displacement resulting from seismic

or non-seismic events like landslides and geological shifts. This approach typically

accounts for seabed displacement and mass flux but often does not fully incorporate

the complex dynamics introduced by submarine volcanic eruptions. Unlike other

events, submarine eruptions add not only mass but also significant heat to the water

column. This heat flux triggers convection currents, where buoyant forces lift high-

temperature, low-density water toward the surface, generating vertical flows that, in

shallow environments, can penetrate the water surface and create surface waves, as

has been pointed in [61, 60]. The inclusion of heat flux effects introduces complexities

like plume formation and water entrainment, which substantially influence vertical

velocities and, consequently, surface wave characteristics. To better understand these

effects, a three-dimensional ocean flow model [18, 19] will be applied to simulate high

heat flux scenarios in shallow water settings. By implementing a Gaussian heat flux

profile with varied intensity (e.g., 10,000 and 20,000 W/m2), differences in resulting

surface waves will be observed, particularly in relation to volcano depth below the

water surface.

The equatorial undercurrent plays a crucial role in ocean dynamics, exerting sig-

nificant control over factors like temperature, salinity, and nutrient levels in the equa-

torial thermocline. It also affects biological productivity, carbon exchange with the

atmosphere, and phenomena like the El Niño Southern Oscillation. Since Cromwell’s

discovery of these undercurrents in the 1950s, numerous studies have investigated

their behavior [85]. In recent years, several models have been developed to simulate

nonlinear equatorial ocean flows by researchers such as Constantin and Johnson (for

further discussions, see [86]), with some numerical simulations also presented [87, 88].

However, there are currently no models that account for the influence of submarine

volcanic eruptions on ocean flows near the equator in addition to the effects of the

equatorial undercurrents. As a result, our aim is to enhance a three-dimensional non-
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linear model based on the framework introduced in [20], incorporating the impact of

submarine volcanic eruptions. We will then seek to derive the precise solution for the

flow velocities under these conditions and contrast it with the scenario where volcanic

activity is absent, as described in [20]. Fig. 2.1 shows some of the submarine vol-

canoes which are part of Ring of Fire lie in equatorial region in Pacific and Indian

ocean.
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Chapter 3

Modeling of submarine volcanic

eruptions

To model the submarine volcanic eruptions we will first start with the equations gov-

erning the hydrodynamical flow of a viscous fluid of varying density and temperature.

In this Chapter we will obtain these basic equations along with other equations gov-

erning the submarine volcanic eruptions we will also provide different ways to include

submarine volcanic eruptions in a model and some general challenges that are faced

during the modeling of submarine volcanic eruptions.

Consider then a fluid in which the density ρ is the function of position xj(j =

1, 2, 3). Let uj denote the components of the velocity.

3.1 Equation of continuity

As the rate of change of mass contained in a fixed volume V of fluid is given by the

rate at which the fluid flows out of it across the boundary S. We can write this in

mathematical notation as

∂

∂t

∫
V
ρ dτ = −

∫
S
ρuj dSj, (3.1)

where dτ(= dx1, dx2, dx3) is the element of volume, S is the bounding surface of the

volume V and dSj represents a vector normal to the element of the surface dS. By

Gauss’s theorem the surface integral on the right hand side of equation (3.1) can be
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written in terms of volume integral and hence we have

∂

∂t

∫
V
ρ dτ = −

∫
V

∂

∂xj

(ρuj) dτ. (3.2)

Since (3.2) is true for an arbitrary volume V we will have

∂ρ

∂t
+ ∂

∂xj

(ρuj) = 0, (3.3)

above equation is known as the conservation of mass. For an incompressible fluid the

equation (3.3) reduces to
∂uj

∂xj

= 0. (3.4)

3.2 Equations of motion

We will first give an expression for the stress Pij acting in the direction of xj per unit

area on a element of surface normal to xi. The stress must be related to the rate of

increase of strain eij in the fluid. The expression for strain is given as

eij = 1
2

(
∂ui

∂xj

+ ∂uj

∂xi

)
. (3.5)

Since the stress and strain are related linearly we can write

Pij = ωij + qij;klekl, (3.6)

where ωij is a symmetric tensor and Pij tends to ωij when ekl = 0 and qij;kl is a tensor

of fourth rank. For an isotropic fluid, the forms of equation (3.6) are irrelevant to

arbitrary rotations and translations of the coordinate system. Thus ωij and qij;kl are

isotropic tensors (an isotropic tensor is a tensor that exhibits isotropy, which means

it behaves the same way in all directions) and have the form

ωij = −pδij (3.7)
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and

qij;kl = λδijδkl + µ(δikδjl + δilδjk), (3.8)

where p, λ and µ are arbitrary scalar functions of xi and δ is Kronecker delta. Note,

for a second-order tensor (e.g., a stress or strain tensor), isotropy implies that the

tensor’s components are the same in all coordinate directions and for a fourth order

tensor, it is characterized by a combination of constants that ensure isotropy in all

directions. Substituting the equations (3.7) and (3.8) in equation (3.6) we have

Pij = −pδij + λδijekk + 2µeij. (3.9)

When there is no strain, we define p as an isotropic pressure at xi. Hence we have

Pii = −3p = −3p+ 2µeii + 3λekk, (3.10)

which will give

λ = −2
3µ, (3.11)

therefore, Pij now takes the form

Pij = −pδij + 2µeij − 2
3µδijekk, (3.12)

the coefficient µ is known as the coefficient of viscosity. Terms proportional to µ in

equation (3.12) define the stress due to viscosity pij which is given as

pij = µ

(
∂ui

∂xj

+ ∂uj

∂xi

)
− 2

3µ
∂uk

∂xk

δij. (3.13)

If the fluid is incompressible using equation (3.4) viscous tensor takes the form

pij = µ

(
∂ui

∂xj

+ ∂uj

∂xi

)
. (3.14)
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In terms of the stress Pij we can write the hydrodynamical equation of motion as

ρ
∂ui

∂t
+ ρuj

∂ui

∂xj

= ρXi + ∂Pij

∂xj

, (3.15)

where Xi is the ith component of whatever external force maybe acting on the fluid.

Substituting the value of Pij in the above equation, we have

ρ
∂ui

∂t
+ ρuj

∂ui

∂xj

= ρXi − ∂p

∂xi

+ ∂

∂xj

(
µ

(
∂ui

∂xj

+ ∂uj

∂xi

)
− 2

3µ
∂uk

∂xk

)
. (3.16)

For an incompressible fluid with constant µ, above equation takes the form

ρ
∂ui

∂t
+ ρuj

∂ui

∂xj

= ρXi − ∂p

∂xi

+ µ∇2ui. (3.17)

It can be shown that equation (3.15) represent the conservation of momentum.

Integrating equation (3.15) over an arbitrary volume V we have

∫
V
ρ
∂ui

∂t
dτ +

∫
V
ρuj

∂ui

∂xj

dτ =
∫

V
ρXi dτ +

∫
V

∂Pij

∂xj

dτ, (3.18)

Using Gauss’s theorem, integral by parts and equation of continuity the above equa-

tion can be written as

∂

∂t

∫
V
ρui dτ =

∫
V
ρXi dτ +

∫
S
Pij dSj −

∫
S
ρuiuj dSj. (3.19)

Equation (3.19) expresses the conservation of momentum. It says, the rate of change

of the momentum contained in a fixed volume V of the fluid is equal to the volume

integral of external forces acting on the fluid elements plus the surface integral of the

normal stress acting on the surface S bounding the volume V minus the rate at which

the momentum flows out of V across the bounding surface S.

3.2.1 Equations of motion in rotating frame of reference

Consider a fluid in rotation about some fixed axis with a constant angular velocity Ω.

We will describe the motion as they appear to an observer at rest in a frame rotating
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about the same axis with same angular velocity. It should be noted that, the velocities

and acceleration observed by the observer at rest in the rotating frame of reference

will not be the same as the velocities and acceleration observed by an observer at

rest with respect to fixed inertial frame. Consider the inertial frame (ξ, η, ζ) with

respect to which the chosen coordinate system (x, y, z) is rotating with the angular

velocity Ω about the ζ-axis. It is also considered that the axis ζ and z coincide. The

transformation relating the two coordinate system is given as follows

x = ξcosΩt+ ηsinΩt, y = −ξsinΩt+ ηcosΩt, z = ζ. (3.20)

The components along the instantaneous directions of the axis of the rotating

frame of a vector q (with components qξ, qη, qζ) in inertial frame, will be given as

q∗
x = qξcosΩt+ qηsinΩt, q∗

y = −qξsinΩt+ qηcosΩt, q∗
z = qζ . (3.21)

Note that, (∗) is used to distinguish the components of vector obtained by this trans-

formation with the one that will be observed by the observer at rest in the rotating

frame, as having the physical meaning of q.

Differentiating (3.20) with respect to t we have

dx

dt
=
(
dξ

dt
cosΩt+ dη

dt
sinΩt

)
+ Ω(−ξsinΩt+ ηcosΩt), (3.22)

dy

dt
=
(

− dξ

dt
sinΩt+ dη

dt
cosΩt

)
− Ω(ξcosΩt+ ηsinΩt). (3.23)

The quantities dx
dt

and dy
dt

will be recognized by the observer at rest in the rotating

frame of reference as component ux and uy of the velocities of fluid element along

x and y directions. The quantities in the first brackets on the right hand side of

equation (3.22) and (3.23) are components along the instantaneous directions of x

and y of what is the velocity in inertial frame, denoted by u∗
x and u∗

y. Equations

(3.22) and (3.23) can now be written as

ux = u∗
x + Ωy, uy = u∗

y + Ωx, uz = u∗
z. (3.24)
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Equations above can be combined to give single vector equation

u = u∗ − Ω × r. (3.25)

Differentiating equations (3.22) and (3.23) with respect to t and substituting the

values of u∗
x and u∗

y from equation (3.24) we will have

(
du∗

dt

)∗

= du
dt

+ 2Ω × u − 1
2grad(|Ω × r|). (3.26)

In the above expression term 2Ω×u represents the Coriolis acceleration and 1
2grad(|Ω×

r|) represents the centrifugal force.

The equation of motion (3.16) will take the following form in the rotating frame

of reference

∂ui

∂t
+ uj

∂ui

∂xj

= Xi + 1
ρ

∂Pij

∂xj

+ ∂

∂xj

(1
2 |Ω × r|2) + 2ϵijkujΩk. (3.27)

where ϵijk is Levi-Civita symbol given by

ϵijk =



0, if i = j or j = k or k = i

1, if (i, j, k) is (1, 2, 3), (2, 3, 1) or (3, 1, 2)

−1, if (i, j, k) is (3, 2, 1), (1, 3, 2) or (2, 1, 3).

(3.28)

3.3 Viscous dissipation

Viscous dissipation refers to the conversion of mechanical energy into heat due to the

internal friction or viscosity within a fluid. It occurs when a fluid flows and experiences

shear stress, leading to the generation of heat as a result of the viscous forces acting

within the fluid. We will now obtain an expression for the rate of viscous dissipation.

Multiplying equation of motion (3.15) by ui and integrating over the volume V we

will have

1
2

∫
V
ρ
∂

∂t
u2

i dτ + 1
2

∫
V
ρuj

∂

∂t
u2

i dτ =
∫

V
ρuiXi dτ +

∫
V
ui
∂Pij

∂xj

dτ. (3.29)
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Using integration by parts, Gauss’s theorem and equation of continuity the above

integral can be simplified to give an expression for the rate at which kinetic energy

contained in a volume V of a fluid changes

1
2
∂

∂t

∫
V
ρu2

i dτ =
∫

V
ρuiXi dτ +

∫
S
uiPij dSj − 1

2

∫
S
ρu2

iuj dSj −
∫

V
Pij

∂ui

∂xj

dτ. (3.30)

In the above equation, the first term on right hand side represent the rate at which

the external forces do work on the element of the fluid in volume V , the second term

represents the rate at which the stress Pij works on the boundary S bounding the

volume V , the third term represents the rate at which energy flows out of the volume

V across S, finally, to explain the last term we need to expand the integrand first.

Using the definition of eij equation (3.5) and Pij equation (3.12) we have

Pij
∂ui

∂xj

= Pijeij = (−pδij + 2µeij − 2
3µδijekk)eij = −pejj + 2µe2

ij − 2
3µ(ejj)2. (3.31)

The first term on the right hand side of above equation is

−pejj = −p∂uj

∂xj

= p

ρ

(
∂ρ

∂t
+ uj

∂ρ

∂xj

)
, (3.32)

note that the term on the right hand side of above equation is obtained using the

equation of continuity . The volume integral of the quantity on the right hand side

of above equation represents the increase in the internal energy due to compression

which the fluid experiences. The remaining term

Φ = 2µe2
ij − 2

3µ(ejj)2 (3.33)

therefore, represents the rate at which energy dissipated, irreversibly, by viscosity in

each element of volume of the fluid.

We have seen that the law of conservation of mass and conservation of momentum

leads to the equation of continuity (3.3) and equation of motion (3.16), respectively.

Next, we will express the law of conservation of energy and see it will lead to the

equation of heat transport which will be used to model the heat flux introduced by
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volcanic eruption in our study.

3.4 The equation of heat transport

The energy E per unit mass of the fluid can be written as

E = 1
2u

2
i + cV T, (3.34)

where cV is the specific heat at constant volume (V ) and T is the temperature.

Considering the gain and loss of energy which occur in a volume V of the fluid, per

unit time, we have

∂

∂t

∫
V
ρE dτ = rate at which the work is done on the boundary S of V

by the stress Pij +

rate at which work is done on each element of the fluid inside

V by external forces −

rate at which energy is conducted in the form of heat across S −

rate at which energy is convected across S by the prevailing mass motion

=
∫

S
uiPij dSj +

∫
V
ρuiXi dτ +

∫
S
k
∂T

∂xj

dSj −
∫

S
ρEuj dSj, (3.35)

where k is the coefficient of heat diffusion. Using equations (3.30), (3.31) and (3.32)

we can write first term on the right hand side of equation (3.35) as

∫
S
uiPij dSj = 1

2
∂

∂t

∫
V
ρu2

i dτ + 1
2

∫
S
ρu2

iuj dSj −
∫

V
ρuiXi dτ−∫

V
p
∂uj

∂xj

+
∫

V
Φ dτ, (3.36)

also, an alternative forms for the third and the fourth terms in equation (3.35) are

∫
S
k
∂T

∂xj

dSj =
∫

V

∂

∂xj

(
k
∂T

∂xj

)
dτ, (3.37)
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and

−
∫

S
ρEuj dSj = −

∫
S
ρ(1

2u
2
i + cV T )uj dSj

= −1
2

∫
S
ρu2

iuj dSj −
∫

V

∂

∂xj

(ρujcV T ) dτ. (3.38)

Substituting equations (3.36), (3.37) and (3.38) in equation (3.35) we have

∫
V

∂

∂t
(ρcV T ) dτ =

∫
V

∂

∂xj

(
k
∂T

∂xj

)
dτ −

∫
V
p
∂uj

∂xj

dτ +
∫

V
Φ dτ−

∫
V

∂

∂xj

(ρujcV T ) dτ. (3.39)

Equation (3.39) holds for arbitrary volume V and using equation of continuity we will

have

ρ
∂

∂t
(cV T ) + ρuj

∂

∂xj

(cV T ) = ∂

∂xj

(
k
∂T

∂xj

)
− p

∂uj

∂xj

+ Φ. (3.40)

The equations (3.3), (3.12), (3.15), (3.33) and (3.40) are the basic hydrodynamic

equations usually accompanied by the equation of state.

3.5 Incorporating volcanic eruptions into the model

Adding heat flux: One of the most apparent methods to integrate volcanic eruptions

into a model is to incorporate the fluctuation of heat at the seabed or within the crater.

The derived heat transport equation (3.40) can be used in this regard. In the model,

this equation can be used to incorporate the heat flux generated by volcanic eruptions.

This heat flux contributes to the formation of a buoyant vertical plume, as reported

in [71, 72].

Adding vertical velocity flux at seabed: An alternative approach involves in-

corporating the vertical flow velocity at the seabed by modifying the bottom bound-

ary condition. This adjustment is motivated by the understanding that seawater

infiltrates the seafloor through cracks, undergoing heating by magma. This ther-

mal process triggers chemical reactions, leading to the conversion of seawater into

hydrothermal fluid. The resultant heated fluid is then expelled into the ocean, as
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detailed in [89].

It’s important to highlight that incorporating both the heat flux and vertical flow

at the seabed can collectively contribute to warming the incoming water, reducing its

density. This interplay creates a density deficiency, leading to gravitational convec-

tion, as elaborated in [84].

Integrating temperature-driven density variations in upward plume move-

ment: Another approach to account for the impact of a volcanic eruption involves

adjusting the density in tandem with the temperature fluctuations induced by the

buoyant plume. This entails acknowledging that the plume’s temperature diminishes

as it ascends through the ocean layers from the volcanic crater. This particular as-

sumption was incorporated in a recent study [90]. Nonetheless, the aforementioned

condition already takes into account the entrainment of water and the influence of

buoyancy by adjusting the density function accordingly. This specificity is particu-

larly tailored to the examination of density currents or submarine flows induced by

volcanic eruptions.

Displacement potential source function: Modeling a sudden and significant

eruption involves incorporating the instantaneous addition of mass flux to the sys-

tem. This approach was initially pioneered by Unoki and Nakano in 1953 [63]. Subse-

quently, Duffy in 1992 adopted this methodology in [60] for investigating the surface

waves produced by underwater volcanic eruptions. The function employed to model

this phenomenon is referred to as the instantaneous Duffy source function or dis-

placement potential source function. The Duffy source function models the initial sea

surface displacement caused by an underwater volcanic eruption or a similar event.

This displacement serves as the starting point for simulating the resulting tsunami

waves. The Duffy displacement potential source function for the vent size of radius

r0 is represented as follows

S = [θ(r) − θ(r − r0)]θ(t) (3.41)

where θ(·) is the Heaviside step function.
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3.6 Challenges of modeling volcanic eruptions in

fluid dynamics

Modeling volcanic eruptions within oceanic fluid dynamics is particularly challeng-

ing due to the extreme and complex conditions of these events. Volcanic eruptions

introduce intense heat, gases, high temperature, and particulates into the surround-

ing water, triggering rapid and dynamic processes that are difficult to capture using

standard fluid dynamics models. Traditional numerical oceanographic models are de-

signed to simulate gradual changes over broader spatial and temporal scales, making

them less effective for handling the abrupt, localized effects of eruptions. Simulating

these events requires fine spatial and temporal resolution to account for sudden shifts

in temperature, density, salinity and chemical composition near the eruption site.

One of the primary obstacles is the harsh environment of underwater eruptions.

At great depths, the high pressure around the seafloor alters the behavior of super-

heated fluids and gases. For example, water near an eruption site can be heated far

beyond its typical boiling point without vaporizing due to the extreme pressure. This

necessitates the use of specialized equations of state that incorporate deep-sea pres-

sure and temperature and density dynamics. Additionally, interactions between the

hot volcanic material and the colder surrounding seawater can trigger rapid cooling,

condensation, hydrodynamic instabilities and sometimes explosive reactions, further

complicating the modeling of heat and mass transfer.

Turbulence and mixing from eruptions add another layer of complexity. Hot, less

dense fluids from eruptions create buoyant plumes that rise rapidly through denser,

colder water, generating turbulent zones that are challenging to model. Such turbu-

lent behavior introduces numerical instability, which are difficult to handle in large

simulations with the current numerical framework. The turbulent mixing also involves

intricate interactions between buoyancy, momentum, and shear forces, which require

high-resolution modeling to represent accurately. However, such detailed modeling

demands significant computational resources, making it impractical for long-term

simulations. Ocean models typically use simplified approaches to approximate turbu-

lence, but these approximations often fall short when applied to the intense, localized
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turbulence generated by volcanic eruptions.

Eruptions also release dissolved gases, vapors and particles that alter the physical

and chemical properties of surrounding water, creating additional modeling challenges.

Gases such as sulfur dioxide and carbon dioxide, along with ash, metals oxides and

mineral particles, change water density, pH, and viscosity. The presence of solids

and gases requires treating the fluid as a multiphase flow, a process that is computa-

tionally complex and involves modeling the interactions between the different phases.

Simplifying these elements into bulk properties is a common workaround, but this

often reduces the accuracy of models in capturing the full effects of eruptions on the

ocean environment.

Another major challenge is the scarcity of observational data, as most eruptions

occur in deep, remote areas. Limited access to direct measurements of temperature,

pressure, and flow velocity around eruption sites due to high temperature, pressure

and other extreme conditions makes data collection difficult and costly, often relying

on indirect methods or specialized equipment like remotely operated vehicles (ROVs).

The lack of observational data complicates model validation and limits the reliability

of simulations. Furthermore, the unique characteristics of each eruption—such as

variations in magma composition, intensity, and duration—mean that data from one

eruption may not be applicable to others, requiring generalized assumptions that can

reduce the models’ specificity.

Finally, computational limitations pose a significant barrier to detailed eruption

modeling. High-resolution models that can capture fine-scale dynamics and turbu-

lence require substantial memory and processing power. Three-dimensional simula-

tions add another layer of complexity, making it difficult to achieve both accuracy

and computational efficiency. Consequently, many models alter spatial resolution or

simplify physical processes to make simulations feasible, though this often sacrifices

detail and accuracy.
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Chapter 4

A geophysical model to study

oceanic flows

Equations derived in Chapter 3 were utilized to develop a geophysical model called

PSOM (Process Study Ocean Model). PSOM is a three-dimensional, non-hydrostatic

computational fluid dynamical model for oceanographic applications [19, 18]. The

model utilizes a smooth boundary-fitted curvilinear grid to discretize the ocean do-

main, mapping the domain into a uniformly discretized cube in which solutions are

obtained. Here, only the independent variables (t, x, y, z) in physical space are trans-

formed into (τ, ξ, η, σ) in the computational domain, with dependent variables retain-

ing their cartesian orientation [91, 18]. The free surface of the ocean corresponds to

the top face of the cube in the computational domain. The seabed corresponds to the

bottom face of the cube and the four lateral boundaries of the ocean are taken to be

vertical surfaces. A σ-coordinate system is employed vertically, adapting smoothly to

both the varying bottom topography and the open water surface. The σ-coordinate

is defined as

σ =
(
z + d

h+ d

)
Nk, (4.1)

equation where Nk is the number of grid intervals in the vertical direction, d is the

depth of the ocean floor, h is the free-surface elevation and z is measured positive

upwards with reference to the mean sea level. The grid interval ∆σ is taken to be 1

and equation (4.1) is differentiated to obtain σt, σx, σy, σz and can easily be modified
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for graded grid or stretched grid.

The domain is discretized into a consistent smooth curvilinear grid (ξ, η) in the

horizontal plane, which remains constant over time. Since, the grid is same at each σ

levels. Hence

ξt = 0, ηt = 0, ξz = 0, ηz = 0.

The time variable is independent of spacial coordinates and is unchanged by the

mapping i.e., τ = t, Hence

τt = 1, τx = 0, τy = 0, τz = 0.

The model applies the control volume formulation and position the variables as

in [92]. The grid indices i, j, k corresponds to ξ, η, σ directions. Ni, Nj, Nk denotes

the number of grid intervals in each direction. For ∆ξ = ∆η = ∆σ = 1, the values

of ξ, η, σ coincides with the grid indices and range from 0 at the boundary surface to

Ni, Nj, Nk at the opposite boundary surface of the domain. Inside the domain, grid

cells are denoted using the indices i, j, k, where i = 1, ..., Ni, j = 1, ..., Nj, k = 1, ..., Nk.

To specify the boundary conditions, a layer of ghost cells has been placed outside the

domain’s boundary (at i = 0, i = Ni + 1, j = 0, j = Nj + 1, k = 0, k = Nk + 1). For

every grid cell, there are specific faces: east, west, north, south, top, and bottom,

represented as e, w, n, s, t, and b respectively. More details on the arrangements of

grid and variables can be found in [18].

The model can be operated in two different modes: hydrostatic and non-hydrostatic

[93, 94]. The approach employed is highly efficient and takes advantage of the fact

that the ocean’s depth is much smaller compared to its length, resulting in skewed

problem. This leads to the quicker solution for the non-hydrostatic pressure through

the use of multi grid method. The non-hydrostatic model has been utilized in various

process studies, such as how nutrients are transported vertically for phytoplankton

production [95] and examining the dynamics of submesoscale processes [94, 96]. The

non-hydrostatic model is a suitable and well-defined approach with open boundaries,

making it possible to use it as a nested model with high resolution, where time vary-

ing boundary conditions are employed from a general circulation model with coarser
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resolution. Therefore, this model is particularly useful for studies that require high-

resolution modelling with specific and limited region [97].

4.1 Governing equations

Neglecting the viscous effect and wind forcing the non-dimensional system that con-

stitute the quasi-non-hydrostatic free surface model presented in [19, 18] is given by

Ds

Dt
= 0 (4.2)

Du

Dt
+ 1
ϵ

(ghx + rx + δqx − fv + ϵδbw) = 0 (4.3)

Dv

Dt
+ 1
ϵ

(ghy + ry + δqy + fu) = 0 (4.4)

Dw

Dt
+ β

(
qz − bu− ϵλ

(u2 + v2)
a

)
= 0 (4.5)

ux + vy + ϵwz = 0 (4.6)

ρ = ρ(s, T ) (4.7)

∂h

∂t
+ ϵ

F2

[
∂

∂x

(∫ H/Dh

−d
udz

)
+ ∂

∂y

(∫ H/Dh

−d
vdz

)]
= 0 (4.8)

where
D

Dt
= ∂

∂t
+ u

∂

∂x
+ v

∂

∂y
+ ϵw

∂

∂z
(4.9)

Here x and y are eastward and northward distances and z is the distance from the

surface in a direction anti-parallel to gravity, t is time, ϵ is the Rossby number, F

is the Froude number and u, v and w are the velocity components in x, y and z

direction respectively. f and b are the dimensionless Coriolis parameters resolved in

the normal and tangential component on earth’s surface at a given point and are twice

the earth’s angular velocity. s represents the salinity, T the potential temperature, h

the elevation of the free surface, q the non-hydrostatic component of the pressure, r

the hydrostatic component of the pressure, ρ the potential density and a the distance

from the center of the earth. λ is the ratio of characteristic horizontal length scale to

the characteristic value of the earth’s radius, δ is the ratio of depth to length scale
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(aspect ratio) and H/D is the ratio of characteristic free-surface elevation to depth

scale. The transformed form of the equations (4.2)-(4.8) in the curvilinear coordinates

can be found in [18].

To simulate the volcanic eruption, we introduced a Gaussian heat flux profile at

the seabed (see Figure 4.1). By considering a small heat flux system will resemble a

slow volcanic eruption. Hence, we will use the equation of heat transport provided in

Chapter 3, to model the heat flow.

The governing equations outlined in Chapter 3 can be simplified to the provided

equations by taking into account the considerations and non-dimensionalization meth-

ods detailed in [19].

Heat flux profile

Figure 4.1: Example of Gaussian heat flux profile introduced at the seabed.

4.2 Boundary and initial conditions

The boundary conditions in the transformed coordinates are as follows:

The flux components u and v are assumed to be zero at the lateral boundaries of

the domain.

Due to heat flux at the bottom boundary we introduce the boundary condition at

59



seabed as

κ
∂T

∂z
= Q

ρcp

, (4.10)

where Q is specified heat flux at the bottom boundary, cp is the heat capacity, ρ is

the density.

At the time t = 0, the velocities u, v, and w are all initialized to zero, meaning

the water is initially motionless.

The detailed solution procedure of the equations (4.2)-(4.10) can be found in [18].

4.3 Setting-up PSOM

Download PSOM from GitHub. The following additional packages are required:-

1. Install gcc and gfortran using sudo apt-get install gcc gfortran

2. NetCDF libraries

(a) Install using sudo apt-get install libnetcdf-dev libnetcdff-dev

(b) Check NetCDF-C and FORTRAN configuration

nc-config{all

nf-config{all

(c) Install ncdump (used to view the data generated) using

sudo apt install netcdf-bin

(d) Install ncview (used to view the graphs) using

sudo apt install ncview

3. Install Makedepend using

sudo apt-get install xutils-dev

4. Install CMake using

sudo apt-get -y install cmake
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4.4 Running PSOM

After installing the required packages enter in the code folder and execute the fol-

lowing steps:

1. optfile: Open optfile using VIM or gedit and modify the following parameters:-

(a) fcomp = gfortran

(b) define netcdf=T (if netcdf is to be used or use F).

(c) define gotm=T (if gotm is to be used or use F).

2. sh tools/clean.sh: Before the start of any simulation, the environment needs

to be cleaned using this command (cleans all the contents inside the mkfile folder

except the files: nh and Makefile).

3. sh tools/configure.sh (compile PSOM using default setup). To compile the

specific experiment say experiment A use

sh tools/configure.sh experiment A

Running compile.sh will (1) create makefile in the folder mkfile, and (2) compile

the Fortran code. A failure during running the compile.sh most likely indicates

that there is an error in the Fortran code.

4. To run the model use

./exe/nh experiment A < ./experiment A/namelist experiment A

It uses namelist file to define the experiment’s parameters (exapmle, time step,

output path, user variables, etc.) ’ The output files are created in output

directory under parent folder (outside code folder).

5. To plot the data contained in .cdf files, first change the current directory from

code to output and then use

ncview filename

6. To view the data contained in the .cdf files use

ncdump filename
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4.5 Opening NetCDF files in Python

The data generated in NetCDF file in output directory can be open in python using

xarray package. The array data can then be plotted using Matplotlib library for

visualisation.

Figure 4.2: Example code snippet to effortlessly open NetCDF files in python.

4.6 Creating new experiment in PSOM

To begin a new experiment, you first create a directory for the experiment and

include subdirectories for organization. For instance, if the experiment is named

Volcanic flows, you would first create a directory called volcanic flows/, and

within it, two subdirectories: volcanic flows/inc and volcanic flows/src.

Next, you would copy any relevant subroutines from the model/ directory into the

volcanic flows/src subdirectory, where they can then be modified as needed. For

example, to copy the subroutine heat flux.f90 from the model/src directory to the

volcanic flows/src directory, you would use the following command:

cp model/src/heat flux.f90 volcanic flows/src

The compiling step includes a superseding procedure that will take into account the
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new version of heat flux.f90 and disregard the standard version from model/src.

More preciesely, it will create the makefile based on thie new state of the model (in

./mkfile), compile and create the executable exe/nh my experiment.

4.7 Defining model grid

The grid size is defined in size.h. To modify the grid size, copy size.h in the

experiment directory:

cp model/inc/size.h volcanic flows/inc

Choose the grid dimensions NI,NJ,NK (i.e., number of grid cells in x, y and z

directions) such that the grid can be subdivided a maximum number of times by a

factor of 2 to form ngrid level of grids. For example, choosing NI = 48, NJ = 24

and NK = 32 constrains the grid levels to ngrid= 4, as:

NI : 48; 24; 12; 6; 3 (Five grid levels)

NI : 24; 12; 6; 3 (Four grid levels)

NI : 32; 16; 8; 4; 2 (Five grid levels)

4.8 Defining parameters for the experiment

The file namelist defines key parameters related to the experiment (e.g., grid resolu-

tion, time step, fplane, diffusion, time step, output, ...). This file should be coppied

in experiment directory.

Some of the key parameters defined are as follows:

1. TIME SETTING

nsteps=1000, (number of time steps)

dtime dim=60d0, (time step (in sec))

2. HYDROSTATIC

fnhhy=1.0d0, (1 if simulation is non-hydrostatic, 0 otherwise)
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3. PLANETARY VORTICITY

fplane=0, ( 1 if simulation is on a f-plane, 0 if f varies as sin(latitude))

phi0deg=48, (phiθdeg is the central latitude (in degree))

4. DIFFUSION AND FRICTION

Kx=1d0, ( diffusion in the horizontal, x direction (in m*m/s) )

Ky=1d0, (diffusion in the horizontal, y direction (in m*m/s))

RR=0d0, (bottom friction (in m/s))

4.9 Application of PSOM model

Process Study Ocean Model (PSOM) has been widely used in oceanographic research,

particularly for studying the physical processes driving ocean circulation, mixing, and

turbulence at various scales [95, 94, 96, 98, 99, 100, 101, 102, 103, 104, 105, 97, 93, 106].

Here, we delve into the key applications of PSOM, with an emphasis on its relevance

to the oceanographic research.

1. Vertical mixing and ocean stratification: Vertical mixing in the ocean is a

fundamental process that influences the distribution of heat, nutrients, and dis-

solved gases between the surface and deeper layers. Ocean stratification, which

refers to the layering of water masses with different densities, is maintained or

disrupted by vertical mixing. This balance is critical for the ocean’s role in

regulating global climate and supporting marine ecosystems. PSOM has been

instrumental in studying the small-scale physical mechanisms underlying verti-

cal mixing, such as shear instabilities, internal wave breaking, and turbulence

induced by wind and surface forcing.

For instance, studies utilizing PSOM have shed light on how episodic wind

events drive the vertical transport of nutrients from nutrient-rich deep layers to

the euphotic zone, fostering biological productivity. Additionally, PSOM has

been used to explore how stratification patterns evolve in response to seasonal

changes and external forcing. The model’s ability to resolve fine-scale processes
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provides an ease in investigating the feedback between mixing and stratification,

with significant implications for climate modeling and ocean biogeochemistry.

2. Submesoscale dynamics and eddies: Submesoscale dynamics encompass

processes at spatial scales of 1 to 10 kilometers, which are smaller than those

typically resolved in traditional ocean circulation models. These processes, in-

cluding the formation and dissipation of submesoscale eddies, play a vital role

in the ocean’s energy cascade, transport mechanisms, and vertical exchanges.

PSOM’s high-resolution capabilities make it particularly well-suited for explor-

ing submesoscale features and their interactions with larger-scale flows.

For example, PSOM has been employed to study the life cycle of submesoscale

eddies and their role in vertical nutrient fluxes and horizontal dispersion. Such

studies have revealed that submesoscale eddies significantly enhance mixing and

redistribute heat, salt, and momentum, thereby influencing ocean circulation

patterns and energy dissipation. Furthermore, PSOM’s ability to model the

impact of submesoscale instabilities on mesoscale features has provided insights

into the processes that sustain small-scale variability in ocean systems.

3. Upwelling and ocean surface currents: Upwelling is a crucial oceanographic

phenomenon where deep, nutrient-rich waters are brought to the surface, fos-

tering primary production and supporting marine ecosystems. This process is

particularly pronounced in coastal regions and areas influenced by ocean surface

currents and eddy interactions. PSOM has been applied to investigate the mech-

anisms driving upwelling, including wind-driven circulation, Ekman transport,

and interactions with bathymetric features.

By simulating the coupling between surface currents and subsurface processes,

PSOM has helped clarify the dynamics of upwelling in regions such as the Cal-

ifornia Current System and the Benguela Upwelling System. The model has

also been used to assess how variations in wind forcing and mesoscale eddy

activity influence the intensity and spatial extent of upwelling. These studies

have important implications for fisheries management, carbon cycling, and the

prediction of biological hotspots.
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4. Turbulent mixing and convection: Turbulent mixing is a cornerstone of

oceanic energy and mass transfer processes, driving the exchange of properties

like heat, salt, and momentum. Convection, often triggered by surface cooling

or brine rejection during sea ice formation, further enhances this mixing, partic-

ularly in polar and subpolar regions. PSOM has been widely used to investigate

the intricate dynamics of turbulent mixing and convection under various forcing

conditions.

For example, PSOM simulations have provided detailed insights into how wind-

driven turbulence interacts with surface buoyancy fluxes to produce mixed layer

deepening. In regions such as the Southern Ocean, where strong winds and in-

tense convection dominate, PSOM has been employed to study the formation of

deep-water masses, a key component of the global thermohaline circulation. By

resolving turbulence at small scales, the model enables researchers to quantify

mixing rates and understand their variability across different ocean regimes.

5. Modeling ocean heat transport: Ocean heat transport plays a critical role in

regulating Earth’s climate by redistributing heat from the equator to the poles.

Understanding the contribution of small-scale processes like submesoscale eddies

and turbulent mixing to heat transport is vital for improving climate models.

PSOM’s capacity to simulate fine-scale processes has made it a valuable tool for

exploring the complexities of ocean heat dynamics.

For instance, PSOM has been used to assess how submesoscale features con-

tribute to lateral and vertical heat fluxes in the upper ocean. Studies have also

employed the model to evaluate the interplay between mesoscale and subme-

soscale processes in shaping regional heat budgets. These findings are crucial

for predicting the response of ocean heat transport to climate change and its

feedback on atmospheric circulation patterns.

6. Ocean currents and deep water circulation: Large-scale ocean currents,

including the meridional overturning circulation (MOC), are fundamental to

the global climate system. PSOM has been applied to study the dynamics of

these currents and the role of eddies and small-scale mixing in modulating their
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behavior. By resolving processes such as eddy-induced transport and bottom

boundary layer interactions, PSOM has advanced our understanding of deep

water formation and circulation.

For example, PSOM has been used to simulate the interaction between deep

western boundary currents and topographic features, shedding light on how

such interactions influence water mass transport. Additionally, the model has

been employed to investigate the sensitivity of the MOC to changes in surface

forcing, providing insights into its stability and potential tipping points under

future climate scenarios.

7. Oceanic fronts and boundary layers: Oceanic fronts, characterized by sharp

gradients in temperature, salinity, or velocity, are key sites of energy and mass

exchange in the ocean. Boundary layers, where the ocean interacts with the

atmosphere or seafloor, are equally critical for understanding momentum and

heat transfer. PSOM has been widely used to explore the dynamics of these

regions, which are often challenging to study in situ.

For example, PSOM simulations have revealed how frontal instabilities generate

submesoscale eddies, enhancing vertical fluxes of heat and nutrients. The model

has also been applied to study the structure and variability of boundary layers

under different wind and buoyancy forcing conditions, with implications for air-

sea interaction and sediment transport.

8. Ocean-atmosphere interaction and climate variability: The interaction

between the ocean and atmosphere drives many aspects of climate variabil-

ity, including phenomena like El Niño-Southern Oscillation (ENSO) and the

North Atlantic Oscillation (NAO). PSOM has been employed to investigate

how changes in atmospheric forcing, such as wind stress and heat fluxes, affect

ocean surface properties and circulation patterns.

Studies using PSOM have highlighted the role of submesoscale processes in

modulating air-sea fluxes and their feedback on larger-scale climate modes. For

instance, the model has been used to explore how submesoscale eddies influence

surface temperature anomalies during ENSO events, contributing to a more
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nuanced understanding of climate variability. These applications underscore

PSOM’s importance in bridging small-scale ocean dynamics and global climate

systems.

9. Seagrass Deformation and Instability in Canopy Flow: One of the ad-

vanced applications of the Process Study Ocean Model (PSOM) is in simulating

interactions between fluid flow and aquatic vegetation. A recent study used

a non-hydrostatic version of PSOM to investigate the dynamics of submerged

seagrass beds under unidirectional flow. The research focused on monami, a

phenomenon characterized by the synchronized waving of seagrass blades in

response to flow-induced instabilities. By incorporating the deformable and

buoyant properties of seagrass into PSOM, the study revealed critical insights

into the relationship between grass deformation, flow instability, and material

exchange.

The study also explored material exchange between the seagrass canopy and

overlying water. Results showed that higher Reynolds numbers and buoyancy

parameters produced stronger vortices and enhanced tracer exchange. However,

excessive grass deformation dampened vortex strength and reduced exchange

efficiency, highlighting an optimal range for material transport.

This application of PSOM offers valuable insights into coastal ecosystem pro-

cesses, such as nutrient transport and sediment dynamics. It also highlights the

model’s potential for further studies involving fluid-vegetation interactions and

ecosystem management.

The above detailed overview illustrates that PSOM is a versatile numerical mod-

eling framework and it has significantly contributed to advancing our understanding

of ocean dynamics, particularly in areas requiring high-resolution insights. With the

research presented in this thesis, we extend the application of PSOM model to the

realm of submarine volcanoes and hydrothermal vents. The introduction of heat flux

at seabed accounts for the heat introduced during these events.
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Chapter 5

Convection induced by deep

submarine volcanic eruption in

stratified oceans

To investigate the flows produced by small underwater volcanic eruptions, we will

utilize the PSOM model outlined in Chapter 4. In simulating the volcanic eruption,

we will incorporate a modest heat flux at the seafloor, as elaborated upon in Chapter

3. The ocean is linearly stratified in temperature and salinity with respect to depth.

However, the initial zonal, meridional and vertical velocities are all set to zero. This

means that at the outset of the simulation, there are no initial movements in the

horizontal and vertical directions. This initial condition provides a starting point

for the model to capture the evolution of currents and velocities as influenced by

the introduced heat flux during the underwater volcanic eruption. The subsequent

dynamics of the system will be shaped by the interplay between the imposed heat

source and the evolving flow patterns.

5.1 Scenarios explored through computational mod-

eling

This study explores two distinct scenarios based on geographical locations on Earth.

In scenario (a), the focus is on a region near the equator where temperature primarily
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governs stratification, and the presence of submarine volcanoes is notable, particularly

within the Pacific Ring of Fire [74]. Recent modeling efforts [90] delve into the impact

of submarine volcanic eruptions on equatorial flows, providing valuable insights. In

scenario (b), attention shifts to regions near the poles where the stratification is pri-

marily governed by salinity. The studies presented in [5, 74, 76, 75] discuss subglacial

volcanism beneath the west Antarctic ice sheet.

With the buoyancy frequency N2 = 10−5 1/s2 and a density gradient of 0.00103

kg/m4. The two aforementioned cases are initialized as follows in our study:

Case (a) maintaining a constant salinity of 32 ppt while the initial condition

for temperature varies from 1.9◦C to 16.2◦C, resulting in density ranging from 1029

kg/m3 at the seabed at a depth of 3000 meters to 1026 kg/m3 at the free surface.

Case (b) maintaining a constant initial temperature of 0◦C and varying salinity

initially from 36.89 ppt to 33.07 ppt, corresponding to density changes from 1029

kg/m3 at the seabed at a depth of 3000 meters to 1026 kg/m3 at the free surface.

In both the cases, a Gaussian heat flux distribution was implemented at the

seafloor, featuring a peak heat flux of 100 watts/m2 at the center (see Figure 5.1

(a)), given by

Q = 100e−( (x−xc)2

2(σx)2 + (y−yc)2

2(σy)2 )
, (5.1)

where xc and yc denotes the centre of the volcano with maximum heat flux and σx

and σy denotes the standard deviation along the x and y axis. This applied heat flux

decreases linearly in time to zero over the course of one week. Following this initial

week, the heat flux remains at zero for another few days (see Figure 5.1 (b)).

In addition to the two primary cases mentioned above, we also consider two sub-

cases where the initial intensity of stratification is reduced in comparison to the main

cases.

Sub-case (a) maintaining a constant salinity of 34.5 ppt while varying initial

temperature from 0◦C to 4.5◦C, resulting in density ranging from 1027.6 kg/m3 at

the seabed at a depth of 3000 meters to 1027.3 kg/m3 at the free surface.

Sub-case (b) maintaining a constant initial temperature of 0◦C and varying

salinity from 34.5 ppt to 34.10 ppt, corresponding to density changes from 1027.6
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kg/m3 at the seabed at a depth of 3000 meters to 1027.3 kg/m3 at the free surface.

The sub-cases are considered to assess the influence of stratification on the ascent

of the plume, as experimental studies have highlighted that stratification governs the

buoyant behavior of the plume [107, 108, 109].

The simulations were conducted on an f-plane, at a latitude of 45 degrees for sce-

nario (a) and 65 degrees for scenario (b). We use positive f even though case (b)

represents the southern ocean. The main objective is to present a comprehensive

three-dimensional picture of the flow, focusing on the analysis of rotational and radial

velocities to elucidate the mechanisms underlying plume formation and the entrain-

ment of cold seawater within the plume. A primary aim is to discern the impact of

temperature and salinity controlled stratification on the flows engendered by volcanic

eruptions.

(a)

(b)

Figure 5.1: (a) Heat flux profile introduced at the seabed, (b) linear variation in heat
flux with respect to time.
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5.2 Model parameters

The domain’s dimensions are 30 kilometers in both the x and y directions. The total

depth of the ocean is taken as 3000 meters. Mean salinity S0 = 35.70 ppt, mean

temperature T0 = 15◦C and mean density ρ0 = 1027 kg/m3. The value of earth’s

angular velocity is 7.272 × 10−5 rad/sec, the magnitude of Coriolis parameter is 10−4

rad/sec, the acceleration due to gravity on the surface of the earth at sea level is

9.81 m/s2, value of Earth’s radius is 6371 km. The grid dimensions are as follows

NI = 128, NJ = 128, and NK = 36 in x, y and z dimensions respectively. The

diffusion and viscosity in both the horizontal x and y directions is 2 m2/s and vertical

diffusion is 10−5 m2/s. Damping has been implemented at the boundaries to prevent

reflections generated when the flow reaches the perimeter.

5.3 Results

5.3.1 Angular velocity

In both the cases (a) and (b), rotational flows were detected in the region spanning

from the ocean floor to the free surface (Figure 5.2 (a)), a phenomenon highlighted

in [71, 72, 73] due to convection. However, our simulations reveal a noteworthy

observation: the flows gradually change from cyclonic near the seabed to anticyclonic

and, maintain this direction until the free surface. This alteration in flow direction

is consistent with findings in Rossby’s experimental study [71]. Further, alternating

behavior of the flow align with the sinusoidal pattern of vertical structure function

(see Figure 5.2 (b)), this indicates that the angular velocity variations at different

depths and horizontal positions are influenced by the structure of the baroclinic mode.

The depth at which the first baroclinic mode has a single zero crossing exhibits a

more varied pattern, with a shift between positive and negative values indicating

the transition from cyclonic to anticyclonic in both the cases (see Figure 5.2). The

identified rotational pattern further substantiates the conclusions outlined in [73],

wherein two vertically aligned convective cells are delineated. The rotation observed

in the upper cell is attributed to the heat transfer originating from the lower cell. In
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the current investigation, the upper cell exhibits an anticyclonic rotation, while the

lower cell has cyclonic rotation.

In both the cases, higher rotational speed was noted in the vicinity of the volcano,

with a subsequent decrease in rotational speed observed as one moves away from the

volcano. Specifically, it can be stated that the lower cell exhibited higher rotational

speed compared to the upper cell. On day 6, the peak angular velocity observed above

the volcano in the lower cell reached 0.24 m/s for case (a) and 0.23 m/s for case (b).

Meanwhile, the maximum angular velocity in the upper cell was 0.19 m/s for case (a)

and 0.17 m/s for case (b).

5.3.2 Radial flows

In Figure 5.3 (a) and (b), the alternating red and blue bands along r = 0 represent ra-

dial convection cells. The distribution of these cells around the central axis indicates a

balanced distribution of thermal energy and fluid flow in both the cases. This balance

occurs because the energy input from the heat flux is balanced by the convective heat

transport, resulting in a stable flow pattern. Such radial flow structures are consis-

tent with observations reported in previous experimental studies [109, 108, 107]. Also,

Figure 5.3 illustrates that as more heat is supplied to the system and the warm plume

rises, the number of radially convective cells also increases. This trend continues until

the heat flux approaches zero on day 7. Until this point, the intensity of both inward

(blue) and outward (red) flow velocities were maximum near the central axis (r = 0),

where the heat flux is most concentrated. As one moves horizontally away from the

central axis, the alternating bands of flow intensity gradually diminish, reflecting the

reduced influence of the heat flux with increasing distance from the center.

In case (b), axially symmetric cells emerge at the edges of the plume (Figure 5.3

(b) and 5.4). The development of such axially symmetric cells in salinity-stratified

environments has been observed in earlier experimental studies [109, 108]. This phe-

nomenon can be explained as follows: as the plume rises, radially convective cells form,

and the outward movement of these cells transports heated fluid from the plume’s

core towards its outer edges. This process causes warm water to accumulate near
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(a) Angular velocity

(b) First baroclinic mode

Figure 5.2: (a) Contour plots for angular velocity plotted in (r, z)-plane, showing a
cyclonic rotation near the seabed and anti-cyclonic rotation near the free surface. (b)
plot for first baroclinic mode.
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the plume’s boundary, creating a layer of heated fluid around the convective cells’

edge. At the plume’s periphery, the warm water encounters the cooler surrounding

fluid, which is at a temperature of 0◦C. This interaction results in sharp temperature

gradients (see Figure 5.5) and corresponding horizontal density differences (see Figure

5.7 (b)). The combination of these gradients and the stratified environment leads to

the formation of axially symmetric circular convective patterns around the plume (as

seen in Figure 5.4 and Figure 5.6). It is evident from Figure 5.3 that axially symmet-

ric flows also form in case (a), though they are relatively weak due to temperature

stratification. The temperature gradient, caused by the water being transported to

the plume’s edge, is small and smooth (see Figure 5.5), leading to the development

of a weak axial flow. However, this flow does not dominate the radial flows near the

central axis r = 0 as in case (b) (see Figure 5.6 (c and d)).

In case (b), as time progresses, the outward flow of hot water persists, leading to

an increased buildup of heat at the plume’s edges. As the temperature differences

between the warm boundary and the cooler surroundings intensify, the system be-

comes thermally unstable. This instability causes the breakdown of the symmetric

cells (Figure 5.4), driving the system into a more chaotic or irregular state of convec-

tion (as shown in Figure 5.3 (b), 5.6 (c) and (d)). The fluid flow becomes less orderly

and more turbulent as the heat continues to spread through the stratified liquid. Such

chaotic fluid behavior has been previously noted in earlier studies [109, 108]. In Figure

5.3 (b), it is observed that the axisymmetric flow or sheet at the plume’s edge moves

inward toward the plume’s center, progressively narrowing the plume. This process

continues until it reaches the center (see Figure 5.6). As noted in previous studies

[109, 108], a bell-shaped sheet structure forms outside the plume within a salinity-

stratified environment. This is also observed in our experiment for case (b) as can

be seen in Figure 5.4 (b), it should be noted that the axially symmetric cells formed

on the periphery of the plume gives rise to this bell shaped structure as discussed in

[109, 108].

Figure 5.6 shows line plots generated at various depths (z = 0 representing the

free surface, z = −1459 for an intermediate depth, and z = −2918 just above the heat

source), plotted against the variable x. As a continuous heat flux is applied to the
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system peaking on day 1 and gradually decreasing each day an inward flow appears

directly above the volcano on days 1 and 3. As we move upward to intermediate

depths, however, the flow shifts outward and continues outward to the free surface

(see Figure 5.6 (a) and (b)). Notably, in case (b) on day 3, there is a minor outward

flow near the bottom and a slight inward flow at both intermediate depths and the free

surface. This pattern is attributed to axial flows created by the sharp and substantial

temperature gradient in case (b) (see Figure 5.5), as discussed previously. On day

7, when the heat flux reduces to zero, an inward flow begins to develop at both the

intermediate depth and the free surface near the central axis r = 0 in case (a). As the

system progresses toward equilibrium, by day 9, an outward flow starts to emerge near

the seabed, while a dominant inward flows appear at the intermediate depth and the

free surface (see Figure 5.6 (c) and (d)). This can be attributed to cold water seeping

into the plume, as no additional heat flux is being introduced into the system. It is

important to note that, as previously mentioned, the system with variable salinity

exhibits chaotic behavior. Here, the flow developing at the edge of the plume starts

shifting toward the center, narrowing the plume and destabilizing the entire system,

as shown in the radial velocity plots for day 7 and day 9 in case (b) (Figure 5.6, (c)

and (d)) and density anomaly plots presented in Figure 5.7 (b).

5.3.3 Vertical flow

In Figure 5.7 (a) and (b), the vertical movement of the plume is evident from the

observed positive vertical velocity directly above the heat source. The addition of heat

to the system causes the water in this region to become warmer and, consequently,

less dense. This temperature-induced reduction in density generates a buoyant force,

which drives the heated fluid upwards. As a result, a vertical plume forms, with the

warm, rising fluid being convected away from the heat source. This plume is a clear

manifestation of the convective process, where the upward motion of the less dense,

heated fluid displaces the cooler, denser fluid around it. The formation of such plumes

is discussed in detail in [6, 110, 84]. Also, the fluid behavior observed in Figure 5.7

(a) and (b) is symmetric about r = 0, indicating that the plume is well-developed.
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(a) Case (a)

(b) Case (b)

Figure 5.3: Contour plots for radial velocity plotted in (x, z)-plane with y = 0 meters,
showing the radially convective cells in both cases and axially symmetric flow and
chaotic behavior in case (b).
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Figure 5.4: Contour plots for radial velocity for case (b) at z = 2350 in (x, y)-plane,
showing the axially symmetric cells/sheets and turbulent behavior on and after day
5.

Figure 5.5: Temperature gradient at z = 2837 for both case (a) and (b).
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(a) Day 1

(b) Day 3

Figure 5.6: (a) Line plots for radial velocity (m/sec) at different depths for different
days plotted against x (meters), red line shows the zero velocity value.

79



(c) Day 7

(d) Day 9

(Continued) Line plots for radial velocity (m/sec) at different depths for different days
plotted against x (meters), red line shows the zero velocity value.
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(a) Case (a)

(b) Case (b)

Figure 5.7: (a) Contour plots for vertical velocity plotted in (r, z)-plane and density
anomaly (calculated as: density at a particular day - the initial density) contours
for respective days, showing vertical movement of the plume and the corresponding
density anomaly introduced in both the cases in the plume and outside the plume.
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It can be observed from Figure 5.7 (a) and (b) that the horizontal extent of the

plume spans approximately 5, 500 meters on either side of the central axis at r = 0.

Beyond this region, alternating upward and downward flows are visible, indicating the

presence of vertical velocity gradients. These gradients arise from the accumulation

of warm water at the edges of the plume [109, 108, 107], as previously discussed.

The interaction between the rising warm water within the plume and the surrounding

cooler water generates these vertical velocity fluctuations. These gradients manifest

as alternating upward and downward flows in response to the differential buoyancy

between the warm water and the cooler surrounding water, as seen in the red (upward

velocity) and blue (downward velocity) bands outside the plume’s core.

From Figure 5.7 (a), it is evident that for case (a) when the heat flux drops to zero

on day 7, the upward flow within the plume begins to dissipate, and by day 9, the

plume exhibits a fully downward motion with in the region extended approximately

5000 meters from either side of the central axis. However, warm water continues

to move outward and accumulate at the edges of the plume, maintaining vertical

velocity gradients, which are small. Once the heat flux ceases, the overall vertical

velocity starts to decline. A maximum upward velocity of 3.39 × 10−2 mm/s and and

a maximum downward velocity of 3.45 × 10−2 mm/s were recorded on day 5, while

by day 9, the upward velocity decreased to 2.97 × 10−2 mm/s and downward velocity

increased to 4.32 × 10−2 mm/s respectively.

From Figure 5.7 (a) and (b) , a noticeable difference can be observed in the plume

structure between the two cases. In case (b), there is a distinct absence of strong

upward motion within a region extending approximately 5500 meters from the central

axis in both directions. This reduction in upward flow in the central area is likely

caused by salinity stratification, which, as discussed in previous studies [109, 108, 107],

inhibits the buoyant forces that drive vertical motion. Consequently, the central

rising plume is weakened, resulting in narrower regions of upwelling and downwelling

that are symmetrically positioned around r = 0 (see Figure 5.7 (b)). The density

anomaly contours in Figure 5.7 (a) and (b) show that the region near the seabed

with significant density changes is wider in Case (b) compared to Case (a). This

difference is due to the surrounding water outside the plume being at 0◦C in Case (b),
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which allows the transported hot water within the plume to accumulate toward its

edges, creating a larger region with distinct density variations. In contrast, Case (a)

features temperature stratification, so when hot water reaches the edge of the plume

due to horizontal convection, it mixes with ambient water of similar temperature.

This mixing stabilizes the temperature distribution and reduces sharp temperature

gradients and density anomalies, which are much more prominent in Case (b) (see

Figure 5.5(b) and 5.7(b)).

As highlighted by [109, 108], the sheet-like structure surrounding the plume grad-

ually narrows towards the central axis (x = 0), intensifying the plume’s instability,

which is clearly visible in Figure 5.7 (b). This instability causes an increase in the

velocity, as depicted in Figure 5.7 (b). Furthermore, it is worth noting that once the

sheet reaches the plume’s center, the flow becomes concentrated in the central region

(Figure 5.7 (b)) and gradually weakens away from the plume’s core.

5.3.4 Free surface elevation

Figure 5.8 illustrates the surface elevation for both cases, where the elevation is plotted

along the x-axis with y set to 0 meters. The plots illustrate a clear trend where

the surface elevation increases over time, peaking around day 7 for both salinity

and temperature variations, before slightly decreasing by day 9. This suggests that

the plume gradually builds in strength before reaching its maximum, after which it

dissipates. Case with variable salinity exhibits a slower initial build-up. For example,

on day 3, the surface elevation in the salinity variation case remains quite small

compared to the temperature case. This suggests that salinity-driven processes have

a slower impact on surface elevation compared to temperature-driven ones. In both

cases, the surface elevation drops to zero at distances around 7500 meters from the

plume’s center. This suggests that in the deep submarine eruptions the impact of the

plume is highly localized, with minimal disturbance far from the eruption site. In the

case with variable temperature, the maximum surface elevation reaches approximately

1.5 cm on day 7, whereas in case with salinity stratification, the maximum elevation

is lower, around 0.7 cm on day 7. The difference in elevation between the two cases
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can be attributed to the plume dynamics. In temperature stratified case, the plume

reaches a higher height compared to salinity stratified case (see Figure 5.9 (a) and

(b)) , leading to a more pronounced elevation. It should also be noted that in both

the cases the plume remains submerged and does not reach the free surface. As a

result, much of the energy from the deep-sea eruption is dissipated as it propagates

through the water column, leading to a smaller surface elevation in both the cases.

This relationship between surface elevation and the volcano’s depth relative to the

free surface is discussed in [111].

Figure 5.8: Free surface elevation plots plotted for variable x and fixed y = 0 meters.

5.3.5 Impact of stratification intensity on plume ascent

Figure 5.9 illustrate the temperature distribution along the depth across two primary

cases and two sub-cases, capturing the vertical ascent of the plume. As described

earlier, the sub-cases exhibit weak stratification, while the primary cases feature strong

stratification. In Figure 5.9 (a), it is evident that in the sub-case (a) with weak

stratification characterized by a temperature variations from 0◦C to 4.5◦C the plume

reaches the free surface in 1 day and 7 hours from the start of eruption. In contrast,

under strong thermal stratification, with a temperature range from 1.9◦C to 16.2◦C,

the plume doesn’t reach the free surface during the course of our simulations. While

in sub-case (b), characterized by weak salinity stratification with salinity variations

ranging from 34.10 ppt to 34.5 ppt, the plume reaches the free surface in 1 day and 11

hours, as shown in Figure 5.9 (b). However, in case where strong salinity stratification
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is present, with salinity variations between 33.07 ppt and 36.89 ppt, the plume does

not reach the free surface at any point during the course of the simulations (see Figure

5.9(b)). The influence of stratification intensity on the vertical ascent of the plume

has been discussed in previous studies [108].

The primary factor affecting the variations in plume behavior across these cases is

the degree of stratification, whether driven by temperature or salinity, along with the

resulting density gradients. In case of weak stratification, where density differences

between layers are small such as a density gradient of 1.09 × 10−4 kg/m4 in sub-

cases (a) and (b) compared to 1.08 × 10−3 kg/m4 in the two primary cases, limited

temperature or salinity variations provide only slight resistance to the buoyant forces

driving the plume. This allows the plume to rise more easily through the stratification,

leading to a faster vertical ascent. The weaker density gradient reduces resistance,

enabling the plume to move more rapidly through the water column. Conversely, in

the strong stratification cases, the substantial density gradients caused by significant

temperature or salinity differences create a much stronger barrier to the plume’s

vertical ascent. In both primary cases, strong stratification prevents the plume from

reaching the surface for the entire duration of the simulations, effectively trapping it.

5.4 Remarks

This Chapter explored the dynamics of fluid flows generated by submarine volcanic

eruptions, examining how temperature and salinity stratification impact flow struc-

tures in a stratified ocean environment. Through three-dimensional modeling, we

observed distinct rotational, radial, and vertical flow behaviors under varying stratifi-

cation conditions. Both stratified cases demonstrated a two-cell rotational structure,

with cyclonic flow near the seabed and anticyclonic flow closer to the surface, consis-

tent with previously observed patterns. Radial flows showed radially convective cells

in both cases, with the temperature-stratified environment yielding more stable flows.

In contrast, salinity stratification induced thermal instability over time, resulting in

axially symmetric cells at the plume’s periphery and chaotic flow patterns. This find-

ing underscores the sensitivity of convective flows in salinity stratified case to thermal
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(a)

(b)

Figure 5.9: Contour plots for temperature variation in case (a) and (b) plotted in
(x, z)-plane with y = 0 meters, showing plume is confined below the free surface in
strong stratified cases but reaches the free surface with in 48 hours from the eruption.
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gradients and stratification intensity.

Vertical flows showed consistent plume behavior across both stratification scenar-

ios, with heated, buoyant water rising from the seabed. In temperature-stratified

conditions, vertical velocity was initially high but decreased as the plume stabilized,

while the salinity-stratified case exhibited a narrower flow due to limited buoyancy.

Both cases displayed radially symmetrical vertical velocity patterns, with alternating

upward and downward flows around the plume (more pronounced in the salinity case)

due to interactions between warm and cool water. Stratification intensity played a

crucial role: weak stratification allowed the plume to reach the surface within 48

hours, whereas strong stratification confined the plume below the surface, limiting

vertical transport. Surface elevation was found to be localized, peaking around day 7

and reaching a maximum of 1.5 cm in the temperature case and 0.7 cm in the salinity

case.

Overall, these findings improve our understanding of how stratified conditions

affect underwater volcanic plumes, offering insights into their broader implications

for ocean circulation and surface dynamics. Future studies could enhance this model

by incorporating complex topographies and real-time eruption data, aiding in the

prediction of subaqueous volcanic impacts and related hazards.
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Chapter 6

Effect of submarine volcanic

eruption on equatorial oceanic

flows

In this Chapter, we develop a model inspired by the Constantin-Johnson model as

the basis, incorporating the influence of the submarine volcanoes on the oceanic flows

near the equator and derive analytical solutions. Unlike Chapter 5 where subsurface

flows were studied using numerical modeling in two stratified cases accounting for mid

and high latitudes, this Chapter focuses on the equatorial region (mid latitude). We

modify the Constantin-Johnson model ([20]) to include the eruption from submarine

volcanoes by considering appropriate density functions compatible with temperature

variation. The solution of the governing equations is derived following a singular per-

turbation approach and this asymptotic technique leads to the exact results, retaining

the nonlinear, three-dimensional structure of the model. Interestingly, the results also

demonstrate the versatility of the fundamental Constantin-Johnson model to form the

basis for other models representing several types of realistic situations.

6.1 Governing equations

We choose a coordinate system that rotates with the Earth, with x̄ pointing due

east, ȳ due north, and z̄ vertically upwards; see Figure 6.1 (We use over-bars to de-
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note physical variables; these will disappear when we introduce our non-dimensional

scheme). This chosen coordinate system is the one associated with the tangent plane

(and therefore consistent with the β-plane approximation). The β-plane approxima-

tion adopts a local flat Cartesian coordinate sysem, while still capturing the effects of

the curvature of the Earths surface. These coordinates are obtained from the original

spherical coordinate system by using a two-stage manoeuvre. First, the great circle

(the equator) is straightened to become the generator of a cylinder, its circular cross

section now representing the interior of the sphere. The coordinate perpendicular to

this, on the surface, is then be expressed as the arc length along the circular rim of the

cylinder, following the circumference at a mean radius of the Earth. The coordinate

ȳ in Figure 6.1 is in the direction of the tangent at a point on the equator. This is,

however, not the curvilinear coordinate which we denote by ¯̄y. In typical Cartesian

coordinates, the z-axis points vertically upwards from the centre of the Earth, for all

points on the surface; we denote the corresponding cylindrical (radial) coordinate by ¯̄z.

Figure 6.1: The rotating frame of reference based on tangent plane, with the x̄ axis
chosen horizontally due east, the ȳ axis horizontally due north and the z̄ axis vertically
upward.

Governing equations (Euler and mass conservation) with spatially varying density

are written as

ρ
Dū
Dt

+ 2Ω̄ × (ρū) = −∇̄p̄+ F̄, ∇̄.(ρū) = 0 (6.1)

where ū = (ū, v̄, w̄) is the velocity of the fluid corresponding to x̄ = (x̄, ȳ, z̄), t̄ is the
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time (and D/Dt̄ the associated material derivative), while p̄ and ρ are the pressure

and the spatially varying density, respectively. The body force is represented by F̄

and Ω̄ = Ω̄(0, cos θ, sin θ) is the angular-velocity vector describing the rotation of the

Earth (with |Ω̄| = Ω̄ ≈ 7.29 × 10−5rad s−1 and θ the angle of latitude).

We now invoke a suitable approximation of the Coriolis term close to the equator.

For small values of ¯̄y/R̄, where R̄ is the average radius of the earth we write the term

2Ω̄ × (ρū) as 2Ω̄(w̄− ¯̄yv̄/R̄, ¯̄yū/R̄,−ū), since sin θ ≈ θ and cos θ ≈ 1 for |θ| ≪ 1. This

is in effect the β-plane approximation, which is regarded as acceptable within about 2◦

of the equator [78]. We therefore have x̄ measured, equivalently, along the curvature

of the equator (eastwards) and ¯̄y measured along a line of longitude (northwards). It

may also be noted that with this same approximation, the curved surface of the earth

drops below the (x̄, ȳ)-tangent-plane by an amount of ¯̄y2/2R̄, approximately. This is

indeed, consistent with, and a consequence of the β-plane approximation. We thus

have ¯̄z = z̄ + 1
2 ȳ

2/R̄ and ¯̄y = ȳ (see [20] for more details). With this interpretation of

the chosen coordinate system, the distance from the gravitational field (its negative

gradient) becomes (0, 0,−g). The gravity terms appear only in ¯̄z-component equation.

The governing equations for a steady flow therefore become (writing ȳ for ¯̄y)

ρ(ūūx̄ + v̄ūȳ + w̄ū¯̄z) + 2Ω̄ρ(w̄ − ȳ

R̄
v̄) = −p̄x̄ , (6.2)

ρ(ūv̄x̄ + v̄v̄ȳ + w̄v̄¯̄z) + 2Ω̄ρ ȳ
R̄
ū = −p̄ȳ , (6.3)

ρ(ūw̄x̄ + v̄w̄ȳ + w̄w̄¯̄z) − 2Ω̄ρū = −p̄¯̄z − ρg, (6.4)

and

(ρū)x̄ + (ρv̄)ȳ + (ρw̄)¯̄z = 0 , (6.5)

with g as the constant acceleration due to gravity.

6.2 Modelling of density function

We now consider modelling the effect of the submarine volcano and the associated

density function. We model the density function motivated by [6] considering the ef-
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fect of temperature variation and volcanic ashes. We consider a hydrothermal plume

generated by a heat input at the seafloor. The stem of the plume is modeled as a col-

umn of hot water that propagates vertically within the ambient density stratification

of the ocean. The flow in the stem of the plume will entrain seawater, causing it to

cool and eventually rise to a height where it is heavier than the seawater. Following

an inertial overshoot, the flow will settle along a neutral level, forming the umbrella.

Figure 6.2: Density distribution (The hydrothermal plume forms a stem fed by lava
heating and/or release of intracrustal fluid, which accumulates and cools following
entrainment of ambient seawater, [6].)

We represent the variation in density by implicitly taking into account the thermo-

dynamic influence and the effect of equation of state (see for example [6]) and hence

modelling the effect of temperature variation and its impact on density. The water is

warm at the bottom and colder above the stratified layer (due to the entrainment of

the cold sea water), which gives rise to the inversion of density distribution i.e., lower

density at the bottom and higher density at the top in the plumic region. The den-

sity of the plume eventually matches the density of the layer above the stratification

where the water/tephra flows horizontally filling the umbrella. The mathematical

formulation of this is presented as follows.

6.2.1 Mathematical formulation including the stem and um-

brella of the plume

Let the volcano be located at x̄ = 0 on the seafloor. We also include the stratification

along ¯̄z = T̄ (x̄, ȳ). We consider a constant density ρ0 from z̄ = T̄ (x̄, ȳ) to ¯̄z =
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η̄(x̄, ȳ)(free surface). Due the presence of volcano there is a high temperature zone

near x̄ = 0 at the seafloor and hence a lower density compared to a location at a

shallow depth along x̄ = 0 . This zone is assumed to have a width of 2∆x̄v representing

the vertical plume until the level of the horizontal umbrella is reached. We assume

the length of the volcano to be sufficiently large alonng the ȳ axis as compared to the

width of the volcano 2∆x̄v. A cross-section in the (x̄, ¯̄v) plane is shown in Figure:

6.2. As we move up vertically from the sea-bed to ¯̄z = T̄ (x̄, ȳ) (along which there

is a horizontal spread of the volcanic ashes/materials (see Figure 3.2)), the density

increases linearly in the stem region of width 2∆x̄v, due to the entrainment of the

seawater in the stem of the vertical plume from either side of x̄ axis. Outside the

vertical stem of width 2∆x̄v, we have a region of constant density (1 + r)ρ0 (where r

is a small scalar constant) bounded by the sea bed at the bottom and ¯̄z = T̄ (x̄, ȳ) at

the top. In the top stratified layer, the density is assumed to have a uniform value of

ρ0. Also, we assume a linear variation of density on either side of the central vertical

plane x̄ = 0 along the horizontal line −∆x̄v ≤ x̄ ≤ ∆x̄v, within the stem of vertical

plume for any given value of z̄ between the seafloor and ¯̄z = T̄ (x̄, ȳ). Further, the

density along the length of the volcano i.e., along the ȳ axis in the plumic region of

width 2∆x̄v is assumed to be constant. Hence, the general expression for the density

below the stratified layer is expressed as

ρ(x̄, ¯̄z) = ρ0

((
1 − α

¯̄z + d̄

d̄− h̄

)
+
(

(r + α
¯̄z + d̄

d̄− h̄
) |x̄|
∆x̄v

))
,

where 0 ≤ α < 1 is a scalar, and d̄ and h̄ are the distances of the stratified layer and

the free surface respectively measured from the line x̄ = 0 on the sea-bed.

The vertical variation of the density in the plane x̄ = 0 in the layer below the

stratification is thus given by ρc(¯̄z) = ρ(0, ¯̄z) =
(
1 − α

¯̄z+d̄
d̄−h̄

)
ρ0.

We will first deal with the part in which we have variable density i.e., we first solve

our system with sea bed ¯̄z = −H̄(x̄, ȳ) and ¯̄z = T̄ (x̄, ȳ) as boundaries and consider

the plume of vertical width ∆x̄v symmetrically located around x̄ = 0.

Boundary conditions that we require are
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p̄ = P̄T (x̄, ȳ); w̄ = ūT̄x̄ + v̄T̄ȳ on ¯̄z = T̄ (x̄, ȳ) (6.6)

and

w̄ = ūH̄x̄ + v̄H̄ȳ on ¯̄z = H̄(x̄, ȳ) . (6.7)

6.3 Non-dimensionalization of equations

We now recast the governing equations in a suitable form by introducing non- dimen-

sionalization of the variables so that we can carry out an asymptotic analysis. We

will use the terminology used in ([20]) for simplification and non-dimensionalization of

the equations. We consider the value of density on the right-hand side of the volcano

(similar calculations will follow for the region on the left).

We use the following non-dimensionalization of the variables

x̄ = (x̄, ȳ, ¯̄z) = (L̄x, l̄y, h̄z),

ū = (ū, v̄, w̄) = Ū(u, l̄v/L̄, h̄w/L̄)

p̄ = ρ0Ū
2p

where the length scales are (L̄, l̄, h̄) and Ū is an appropriate speed scale. The velocity

components have been non-dimensionalised in a form that guarantees the existence

of a stream function, via a balance of terms of equal size, irrespective of whether the

flow is in the (x, z) or (y, z) frame.

Normalizing with respect to ρo (6.2) - (6.5) become

(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
(uux + vuy + wuz)+

2Ω̄ h̄

Ū

(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))(
x

∆xv

))
(w − l̄2

R̄h̄
yv) = −px , (6.8)
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l̄2

L̄2

(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
(uvx + vvy + wvz)+

2Ω̄ l̄2

ŪR̄

(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
yu = −py , (6.9)

h̄2

L̄2

(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
(uwx + vwy + wwz)−

2Ω̄ h̄

Ū

(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
u

= −pz − h̄

Ū2

(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
g , (6.10)

(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
(ux + vy + wz)+(

r + α

(
z + d

d− 1

))
u

∆xv

+ α

d− 1

(
x

∆xv

− 1
)
w = 0 (6.11)

with the boundary condition

p = P̄T (x̄, ȳ)/(ρ0Ū
2) = P0(x, y, z); w = uTx + vTy on z = T (x, y) (6.12)

and

w = uHx + vHy on z = H(x, y) (6.13)

where d = d̄/h̄ and ∆xv = ∆̄xv/L̄.

We redefine the pressure so that the pressure is expressed relative to the ambient

hydrostatic pressure. We write it as

P (x, y, z) = p(x, y, z) + gh̄

Ū2
z

(
1 − α

(
z/2 + d

d− 1

)
+
(
r + α

(
z/2 + d

d− 1

))
x

∆xv

)
.

(6.14)

Next, we set l̄ =
√
R̄h̄, Ω̄h̄

Ū
= ω. With this choice of l̄ we invoke the limiting process

described as (h̄/L̄)2 → 0 with (l̄/L̄)2 = (l̄/h̄)2(h̄/L̄)2 → 0 and all other parameters
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fixed. The governing equations (6.8) - (6.11) therefore take the form

(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
(uux + vuy + wuz)+

2ω
(

1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
(w − yv)

= −Px + zgh̄

Ū2∆xv

(
r + α

(
z/2 + d

d− 1

))
, (6.15)

2ω
(

1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
yu = −Py , (6.16)

2ω
(

1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
u = Pz , (6.17)

(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
(ux + vy + wz)+(

r + α

(
z + d

d− 1

))
u

∆wv

+ α

d− 1

(
x

∆xv

− 1
)
w = 0 (6.18)

with the boundary conditions

P (x, y, z) = P0(x, y, z) + T (x, y)κ(x, T (x, y)); w = uTx + vTy on z = T (x, y) (6.19)

and

w = uHx + vHy on z = H(x, y) (6.20)

where

κ(x, T (x, y)) = gh̄

Ū2

(
1 − α

(
T (x, y)/2 + d

d− 1

)
+
(
r + α

(
T (x, y)/2 + d

d− 1

))
x

∆xv

)
.

It may be noted that on the right hand side in (6.15) an additional terms appears

which modifies the pressure gradient and is caused due to the influence of the volcanic

eruption.
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6.4 Form of pressure function

Let us introduce

u(x, z − 1
2y

2) = ϕζ(x, z − 1
2y

2) with ζ = z − 1
2y

2

and

u(x, z − 1
2y

2)
(

1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
= ϕ̄ζ(x, z − 1

2y
2, z)

leading to

Py = −2ωϕ̄ζy ,

Pz = 2ωϕ̄ζ .

We then have

P (x, y, z) = A(x) + 2ωϕ̄(x, z − 1
2y

2, z) (6.21)

where, A(x) is an arbitraty function. Once u is prescribed, one can then determine ϕ

and then ϕ̄. For convenience, we define ϕ(x, 0, 1
2y

2) = 0 which implies ϕ̄(x, 0, 1
2y

2) = 0

if u ̸= 0 at z = 1
2y

2.

We now investigate pressure boundary condition in more detail. We first describe the

boundary condition z = T (x, y) relative to the tangent plane by setting

T (x, y) = 1
2y

2 − ν(x, y) (6.22)

leading to the pressure on z = T (x, y) as

P0(x, y) = A(x) −
{1

2y
2 − ν(x, y)

}
κ
(
x,

1
2y

2 − ν(x, y)
)

+ 2ωϕ̄(x,−ν(x, y), T (x, y))

(6.23)

where ν(x, y) is a scalar function of x and y.
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6.5 Simplification of the model

Since the surface z = T (x, y) is identified with a plane parallel to the tangent plane

(and so follows the curvature in y direction), no further dependence on y is assumed,

i.e. ν(x, y) = ν(x). Also, this surface doesn’t evolve significantly in x-direction and

hence we remove the dependence on x, we have ν(x) = 0. Pressure at z = T (x, y)

becomes

P0(x, y) = A(x) −
{1

2y
2
}
κ(x, 1

2y
2) . (6.24)

We also invoke the condition of constant pressure along y = 0 leading to A(x) =

constant.

The base of the ocean is identified with the plane parallel to the tangent plane (and

so follows the curvature in y-direction), but we consider the dependence on x due the

presence of volcano. Thus, we choose to set

z = H(x, y) = 1
2y

2 −N(x) . (6.25)

Therefore, our system now becomes

(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))(
x

∆xv

))
(uux + vuy + wuz)+

2ω
(

1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
(w − yv)

= −2ωϕ̄x + zgh̄

Ū2∆xv

(
r + α

(
z/2 + d

d− 1

))
(6.26)

and

(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
(ux + vy + wz)+(

r + α

(
z + d

d− 1

))
u

∆xv

+ α

d− 1

(
x

∆xv

− 1
)
w = 0 (6.27)

with

w = yv on z = 1
2y

2; w + uN ′ − vy = 0 on z = −N(x) + 1
2y

2 ; (6.28)
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where prime denotes the derivative with respect to x, and u is assumed given as a

function of z on y = 0, and is therefore known across the (z, y) plane.

6.6 Method of solution

Due to the presence of the volcano there is a density difference which has an impact

on the flow. Hence, there is a non-zero velocity between z = T (x, y) and the sea-bed

in the plumic stem region, and we consider a zero velocity at the bed (i.e. the layer

of fluid just above the sea-bed is stationary).

Since ϕ(x, 0, 1
2y

2) = 0, we conclude that

ϕ(x, ζ) = −
∫ 0

ζ
u(x, ζ ′)dζ ′ for ζ < 0 (6.29)

and on using equation (6.27) in (6.26) we have

(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
(vuy + wuz − uvy − uwz)

+ 2ω
(

1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
(w − yv)−

α

d− 1

(
x

∆xv

− 1
)
wu = −2ωϕ̄x + zgh̄

Ū2∆xv

(
r + α

(
z/2 + d

d− 1

))
+(

r + α

(
z + d

d− 1

))
u2

∆xv

(6.30)

which will become

{v
u
E
}

y
+
{w
u
E
}

z
= E

u2

2ωϕ̄x − zgh̄
Ū2∆xv

(
r + α

(
z/2+d
d−1

))
−
(
r + α

(
z+d
d−1

))
u2

∆xv(
1 − α

(
z+d
d−1

)
+
(
r + α

(
z+d
d−1

))
x

∆xv

) (6.31)

where

E =
exp

(
2ω
∫ 0

ζ
dζ′

u(x,ζ′)

)
(
1 − α

(
z+d
d−1

)
+
(
r + α

(
z+d
d−1

))
x

∆xv

) with ζ = z − 1
2y

2 (6.32)
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and

ϕ̄(x, y, ζ) =

−
∫ 0

ζ
u(x, ζ ′)

(
1 − α

(
ζ ′ + 1

2y
2 + d

d− 1

)
+
(
r + α

(
ζ ′ + 1

2y
2 + d

d− 1

))
x

∆xv

)
dζ ′

ζ < 0 .

We now introduce a quasi-stream-function and set

v(x, y, z)
u(x, y, z)E(x, z − 1

2y
2) = Ψz . (6.33)

Integrating (6.31) with respect to z we have

Ψy + w

u
E = −Î (6.34)

where

Î(x, y, z) =
∫ 1/2y2

z

2ωϕ̄x(x, z′ − 1
2y

2) − z′gh̄
Ū2∆xv

(
r + α

(
z′/2+d

d−1

))
−
(
r + α

(
z′+d
d−1

))
u2

∆xv(
1 − α

(
z′+d
d−1

)
+
(
r + α

(
z′+d
d−1

))
x

∆xv

) E

u2dz
′ .

(6.35)

Expressions for v and w now becomes

v = u

E
Ψz and w = − u

E
(Ψy + Î) with u = u(x, ζ) . (6.36)

We can write (6.26) as

(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
(ux − yuζ

E
Ψz − uζ

E
(Ψy + Î))−

2ω
(

1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
(Ψy + Î

E
+ yΨz

E
)

=
−2ωϕ̄x + zgh̄

Ū2∆xv

(
r + α

(
z/2+d
d−1

))
u

(6.37)
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which gives

−


(
1 − α

(
z+d
d−1

)
+
(
r + α

(
z+d
d−1

))
x

∆xv

)
(yuζ + 2ωy)

E

Ψz−


(
1 − α

(
z+d
d−1

)
+
(
r + α

(
z+d
d−1

))
x

∆xv

)
(uζ + 2ω)

E

Ψy =

−2ωϕ̄x + zgh̄
Ū2∆xv

(
r + α

(
z/2+d
d−1

))
u

−(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))(
x

∆xv

))
ux+(

1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))(
x

∆xv

))
(uζ + 2ω

E
)Î . (6.38)

Let us define

F (x, ζ, z) = −

(
1 − α

(
z+d
d−1

)
+
(
r + α

(
z+d
d−1

))
x

∆xv

)
(uζ + 2ω)

E
. (6.39)

Then from (6.38), we have

yΨz + Ψy = G(x, ζ, z)/F (x, ζ, z) (6.40)

with

G(x, ζ, z) =
−2ωϕ̄x + zgh̄

Ū2∆xv

(
r + α

(
z/2+d
d−1

))
u

−(
1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))
x

∆xv

)
ux+(

1 − α

(
z + d

d− 1

)
+
(
r + α

(
z + d

d− 1

))(
x

∆xv

))
(uζ + 2ω

E
)I (6.41)

where

I(x, ζ, z) =

∫ 0

ζ

2ωϕ̄x(x, ζ ′) − (ζ′+ 1
2 y2)gh̄

Ū2∆xv

(
r + α

(
ζ′/2+ 1

4 y2+d

d−1

))
−
(
r + α

(
ζ′+ 1

2 y2+d

d−1

))
u2

∆xv(
1 − α

(
ζ′+ 1

2 y2+d

d−1

)
+
(
r + α

(
ζ′+ 1

2 y2+d

d−1

)) (
x

∆xv

)) E

u2dζ .

(6.42)
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We now find the characteristic curves for the solutions of (6.40) from the following

dz

y
= dy

1 = dΨ
G(x, ζ, z)/F (x, ζ, z) . (6.43)

The trajectories of the characteristic curve are given by the differential equation

y
dy

dz
= 1 . (6.44)

Thus, the characteristic curves take the form

z − 1
2y

2 = C (6.45)

where C is an arbitrary constant. Noting the form of the characteristics of the solution

of (6.40), we define a function

ξ(y, z) = z − 1
2y

2 . (6.46)

Let us seek a solution for Ψ in (6.40) of the form

Ψ(x, y, z) = yψ̄(x, ξ(y, z)) . (6.47)

This is consistent with the fact that the velocity v along y = 0 should be zero (for

symmetry). Therefore, we have

Ψy = ψ̄ − y2ψ̄ξ and Ψz = yψ̄ξ . (6.48)

Expressions in (6.48) when substituted in (6.40), gives

ψ̄ = G

F
(6.49)

leading to

Ψ(x, y, z) = y
G

F
. (6.50)
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Substituting the value of Ψ in v and w, we have

v = uy

E

(
FGζ −GFζ

F 2

)
(6.51)

and

w = −u
E

(
G

F
− y2Gζ

F
+ y2GFζ

F 2 + Î

)
. (6.52)

6.7 Example of a velocity profile

First, we present a possible example for the velocity profile for the classical flow of

undercurrents. We describe the free surface z = η(x, y) relative to the tangent plane

and set

z = η(x, y) = 1
2y

2 + σ(x, y) .

Free surface is identified with the plane parallel to the tangent plane (and so follows

the curvature in the y- direction), but we consider the dependence on x due to the

presence of the volcano. Thus, we choose to set

z = 1
2y

2 + σ(x); ζ = σ(x) .

The profile we consider is one of the classical profiles given in ([20]) for the flow

of undercurrents. The velocity is given by a quadratic-quartic profile as

uc(x, ζ) =
 U(x) − γ(x)ζ2 − δ(x)ζ4, σ(x) ≥ ζ ≥ −µ(x)

0, −µ(x) > ζ

with

µ(x) =
√

−γ +
√
γ2 + 4δU
2δ ,

where the simplest pair of rational powers (quadratic and quartic) are used. We

assume U > 0, γ > 0, δ > 0 and µ > 0. The quadratic-quartic structure here describe

the whole profile down to a zero speed, and then stagnant (stationary) conditions

below that. (There is another zero, of course, near to the surface, where switch from

westwards to eastwards. The maximum azimuthal speed is at ζ = 0 and most of the
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observed data indicate that the thermocline is situated above the line of maximum

azimuthal speed (see [20] for more details).

The speed of the spread of tephra (∼ 0.14 m/s [6]) in the layer above the stratifi-

cation is much higher then the current speed usually observed (typically <0.6 cm/s)

([6]). This is indicative of additional horizontal flow in the umbrella region of the

plume due to volcanic flow. Hence, an additional flow velocity symmetrical about a

point (in the umbrella region) vertically corresponding to the origin of the volcano,

needs to be added to the equatorial undercurrent profile and the modified undercur-

rent profile is thus given by

u(x, ζ) =
 uc(x, ζ) + uum , ζ ≥ 0

uc(x, ζ) , otherwise

where, uum = Uum if x ≥ 0 and uum = −Uum if x < 0. The term Uum is a positive

scalar representing the speed of the flow of the water/ash in the umbrella fed from

the vertical stem of the plume.

Figure 6.3: An example of a quadratic-quartic profile, with zero conditions deeper
down.

6.8 Remarks

The model proposed in this chapter shows that the flow velocities of the undercurrents

are influenced by parameters associated with the submarine volcanic eruptions such
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as the width of the vertical buoyant plume containing the ashes (related to ∆xv) and

the temperature gradient along the vertical direction in the plume (related to α). It

may be observed that when α → 0 and ∆xv → ∞ we recover the original Constantin-

Johnson model for the oceanic flows. Also, at the two vertical boundaries of the zone

containing volcanic ashes/materials, as x → ±∆xv the solution for the flow velocities

match the classical solutions from the Constantin-Johnson model. It is also worth

pointing out that there is a singularity in the solution when uζ + 2ω = 0. However,

this singularity appeared in the solutions in the Constantin-Johnson model too and

similar treatment can be pursued. It can also be noted from equations (6.51) and

(6.52) that the change in horizontal flow velocity will also affect the velocities in the

vertical direction.
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Chapter 7

Surface waves generated by

submarine volcanic eruption in a

stratified ocean

In this Chapter, we develop an analytical model by introducing the ambient stratifica-

tion in the ocean to study the surface waves generated by sub-aquatic volcanic erup-

tion, unlike Chapter 5 and 6 where the focus was to study the subsurface flows. The

developed equations with the initial and boundary conditions were linearized. The

linearized equations were solved using joint Laplace and Hankel transform Green’s

function method. The solutions were computed and the surface elevation was ob-

tained for an instantaneous Duffy source function revealing a beating phenomenon in

stratified ocean.

7.1 Model formulation

7.1.1 Governing equations

We express the following hydrodynamic model for conservation equation written in

terms of the potential function ϕ with volcanic excitation as

△ϕ∗ = −2q∗(t∗)δ(r
∗)δ(z∗ − z∗

0)
r∗ρ

(7.1)
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where △ denotes the Laplace operator in cylindrical coordinate, t∗ is the time, z∗

is the vertical coordinate (positive upwards), r∗ is the radial coordinate, ρ denotes

the density, δ(·) denotes the Dirac delta function and q∗(t∗) is the volcanic excitation

source strength as a function of time t∗ (see Figure 7.1 for schematic of the system).

A formulation of volcanic eruption without stratification in the ocean can be found

in [61].

While the domain under consideration has complex shape (that contains free sur-

face and uneven bottom), we concentrate on the problem with cylindrical symmetry

and with the ocean depth independent of horizontal coordinates. As shown by Peli-

novskij [38], the method of wave ray tubes can also be used for tsunami waves. Within

the ray the variation of bottom depth in the direction orthogonal to ray can be ig-

nored, and the main evolutionary effect comes from ray divergence, which is similar

to one taking place in the model with cylindrical symmetry.

Figure 7.1: Schematic of sub-aquatic volcano, with z∗ as the vertical coordinate (pos-
itive upwards) and r∗ as the radial coordinate. Volcano is located at the point (0, z∗

0)
with stratified layer at z∗ = H∗, free surface at z∗ = D∗ and seabed is at z∗ = 0. The
volcano has a vent size r∗

0.

The seabed is described by the surface z∗ = 0, while the unperturbed free surface

of water is given by z∗ = η∗(r∗, t∗) at z∗ = D∗. We denote the stratified layer

by z∗ = β∗(r∗, t∗) at z∗ = H∗. The coordinate r∗ is the horizontal distance from the

crater center (refer to Figure 7.1), and due to the assumed radial symmetry the angular

variable does not enter the equations, and thus can be omitted. Potential function in

the top and the bottom stratified layer are denoted by ϕ∗
1 and ϕ∗

2 respectively.
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Boundary conditions at the free surface are typically nonlinear [112]. For the

potential function the kinematic and dynamic boundary conditions on the free surface

are given as

∂ϕ∗
1

∂z∗ = ∂η∗

∂t∗
+ ∂ϕ∗

1
∂r∗

∂η∗

∂r∗ on z∗ = η∗(r∗, t∗) (7.2)

∂ϕ∗
1

∂t∗
= −1

2(∇ϕ∗
1)2 − gη∗ on z∗ = η∗(r∗, t∗) (7.3)

respectively, where η∗(r∗, t∗) is the free surface and g is the acceleration due to gravity.

For a substantial eruption, i.e., when the ratio of wave height to the ocean depth near

the crater is not small, the use of nonlinear boundary conditions becomes important.

However, in our case as the surface elevation is small compared to the water depth

from the volcanic source, we may ignore the nonlinear terms. Hence, we use the

following linearized condition on the free surface [112, 62, 61]:

∂2ϕ∗
1

∂t∗2 + g
∂ϕ∗

1
∂z∗ = 0 on z∗ = D∗. (7.4)

On the seabed the kinematic boundary condition is given as follows

∂ϕ∗
2

∂z∗ = 0 on z∗ = 0. (7.5)

where ϕ∗
2 is the potential function below the stratified layer till the sea bed.

There is a possibility of sheet vorticity appearing at the interface of the two strat-

ified layers as mentioned in [81]. Since this effect is localized, a simplification is to

consider the average of the two tangential velocities at the top and the bottom layers.

This would eliminate the tangential velocity imbalance. However, a condition on the

vertical velocity is still required to be imposed at the interface of the two stratified

layers and this is satisfied by the kinematic boundary conditions. Following [81], the

kinematic boundary conditions at the stratification are given by

∂ϕ∗
1

∂z∗ = ∂β∗

∂t∗
+ ∂ϕ∗

1
∂r∗

∂β∗

∂r∗ on z∗ = β∗(r∗, t∗)
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∂ϕ∗
2

∂z∗ = ∂β∗

∂t∗
+ ∂ϕ∗

2
∂r∗

∂β∗

∂r∗ on z∗ = β∗(r∗, t∗).

since change in β along r is small [20, 81], we linearize to get

∂ϕ∗
1

∂z∗ = ∂ϕ∗
2

∂z∗ on z∗ = H∗. (7.6)

We also introduce a combined dynamic and kinematic boundary condition on the

stratified layer for ϕ∗
2, similar to the one imposed on the free surface to capture the

movement of particles, around the stratified layer, which is expressed as

∂2ϕ∗
2

∂t∗2 + g
∂ϕ∗

2
∂z∗ = 0 on z∗ = H∗. (7.7)

It should also be noted that the stratified layer manifests an oscillatory behaviour due

to the presence of internal waves [81, 113, 114].

The volcano is considered as a point-source suspended in the water at some ele-

vation z∗
0 from the sea level. We justify this by the fact that the generated waves are

studied at a distance of much larger scale than the horizontal and vertical size of the

volcano.

7.1.2 Density distribution

We introduce a stratification at z∗ = H∗ and consider the density distribution mo-

tivated by [20]. The stratified layer separates a layer of relatively warm water (and

so less dense) from a deeper layer of denser, colder water; the difference in density

between these two layers is nearly 0.5%. We consider a uniform density ρ0 from the

free surface z∗ = D∗ till the stratification level z∗ = H∗ and (1 + α)ρ0 below the

stratification, where α is a small scalar constant.

It should also be noted that, when a volcano releases heat, the resulting effect

is the coalescence of the heated water into a turbulent column characterized by pre-

dominantly vertical convective motion [6]. This column of heated water is commonly

referred to as the stem of the vertical plume. The vertical plume will grow laterally

and cools down as it entrains ambient sea water. It has been reported [115] that the

temperature in the vertical plume falls off rapidly reaching nearly 30◦ Celsius at 10 m
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from the vent and nearly 6◦ Celsius at 100 m from the vent, and implies that by the

time the vertical plume reaches near the stratification the temperature of the plume is

nearly the same as of the sea water around it. Hence it may be assumed that the ver-

tical temperature increase in the vicinity of the volcano will have insignificant effect

on the stratified layer separating the layer of warm water with the layer of relatively

cold water. Thus it can be assumed that the stratification is preserved even in the

presence of volcanic eruption, justifying our stratified model.

Assuming water to be at rest before the beginning of eruption, we can set all

potential functions and its derivatives with respect to time equal to zero. This gives

us the following initial conditions:

ϕ∗
1(r∗, z∗, t∗ = 0) = 0 and ∂ϕ∗

1(r∗, z∗, t∗ = 0)
∂t∗

= 0; (7.8)

ϕ∗
2(r∗, z∗, t∗ = 0) = 0 and ∂ϕ∗

2(r∗, z∗, t∗ = 0)
∂t∗

= 0. (7.9)

The following are a few additional assumptions used in this modeling. First of all,

the conic structure of the volcano creating localized variation in ocean relief is not

taken into account. Another assumption is about the radial symmetry of the sea bed.

In reality, sea beds have two-dimensional heterogeneity, but it is not so important

in our analysis. As it was shown [38], the energy of tsunami waves propagate along

the ray tubes, and inside each (narrow) tube the depth variation along the coordinate

orthogonal to the ray can be ignored [62, 38]. We also impose the continuity of pressure

at the stratified layer i.e., P− = P+ where P± refer to the limits of the pressure P

from above and below the interface [81].

7.2 Non-dimensionalisation

The governing equations are given by

∂2ϕ∗

∂r∗2 + 1
r∗
∂ϕ∗

∂r∗ + ∂2ϕ∗

∂z∗2 = −2δ(r∗)δ(z∗ − z∗
0)

r∗ρ
q∗(t∗), (7.10)
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where ϕ∗ = ϕ∗
1 is the potential function in the top stratified layer and ϕ∗ = ϕ∗

2 is the

potential function in the bottom stratified layer. The boundary and initial conditions

are given as follows

∂2ϕ∗
1

∂t∗2 + g
∂ϕ∗

1
∂z∗ = 0 on z∗ = D∗, (7.11)

∂2ϕ∗
2

∂t∗2 + g
∂ϕ∗

2
∂z∗ = 0 on z∗ = H∗, (7.12)

∂ϕ∗
1

∂z∗ = ∂ϕ∗
2

∂z∗ on z∗ = H∗, (7.13)

∂ϕ∗
2

∂z∗ = 0 on z∗ = 0, (7.14)

ϕ∗
1(r∗, z∗, t∗ = 0) = 0 and ∂ϕ∗

1(r∗, z∗, t∗ = 0)
∂t∗

= 0, (7.15)

and

ϕ∗
2(r∗, z∗, t∗ = 0) = 0 and ∂ϕ∗

2(r∗, z∗, t∗ = 0)
∂t∗

= 0. (7.16)

It is assumed that the function 2q∗(t∗) is finite and is represented by Heaviside step

function in time. This can be interpreted as an eruption starting at t∗ = 0.

For non-dimensionalisation we consider the following: r∗ = D∗r, z∗ = D∗z, t∗ =√
D∗

g
t, ϕ∗ = S0D

∗√D∗gϕ, q∗(t∗) = ρ0S0D
∗2√D∗gq(t), δ(r∗) = δ(r)

D∗ , δ(z∗ −z∗
0) = δ(z−z0)

D∗ ,

where S0 is the non-dimensional amplitude of the displacement source related to the

total volume of the explosion, S0 = V
πr∗2

0 z∗
0

and V represents the volume of explosion.

D∗ is the total depth, g is the acceleration due to gravity.

The governing equations with the boundary and initial conditions now take the

form

∂2ϕ

∂z2 + ∂2ϕ

∂r2 + 1
r

∂ϕ

∂r
= −2δ(r)δ(z − z0)ρ0

rρ
q(t), (7.17)

where ϕ = ϕ1 is potential function in top stratified layer and ϕ = ϕ2 is the potential

function in the bottom stratified layer.
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∂2ϕ1

∂t2
+ ∂ϕ1

∂z
= 0 on z = 1, (7.18)

∂2ϕ2

∂t2
+ ∂ϕ2

∂z
= 0 on z = H, (7.19)

∂ϕ1

∂z
= ∂ϕ2

∂z
on z = H, (7.20)

∂ϕ2

∂z
= 0 on z = 0, (7.21)

ϕ1(r, z, t = 0) = 0 and ∂ϕ1(r, z, t = 0)
∂t

= 0, (7.22)

and

ϕ2(r, z, t = 0) = 0 and ∂ϕ2(r, z, t = 0)
∂t

= 0 (7.23)

where H = H∗

D∗ < 1.

7.3 Method of solution

We will solve the problem in two parts. First, in the region below the stratified layer

where the point source is located (with the potential function by ϕ2) and then in the

region above the stratified layer (with the potential function by ϕ1 ). We find the

Green’s functions

G1(r, z, t) = 1
2πi

∫ c+∞i

c−∞i
ept
∫ ∞

0
Ĝ1(k, z, p)J0(kr)kdkdp

and

G2(r, z, t) = 1
2πi

∫ c+∞i

c−∞i
ept
∫ ∞

0
Ĝ2(k, z, p)J0(kr)kdkdp

for the governing equations in both the cases. Where G1 and G2 are green’s functions

in the bottom and top stratified layers respectively. The solution for an arbitrary

source can be found by convoluting it with the Green’s functions [61, 60]. Here G1
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and G2 denote the Green’s function in the region below and above the stratified layer

respectively, J0 is the Bessel function of the first kind of order zero, k is Hankel-

transformed r coordinate, p is Laplace-transformed t variable, and Ĝ1 and Ĝ2 denote

the joint Hankel and Laplace transform of Green’s function in the top and the bottom

stratified layers respectively. The term q(t) is assumed to be a Heaviside step function

in time.

7.3.1 Region in the bottom stratified layer

In the region below the stratified layer, applying Laplace transform with respect to t

and Hankel transform with respect to r will give a system of equations as follows

d2Ĝ1

dz2 − k2Ĝ1 = 0, (7.24)

p2
(
Ĝ1
)

z=H
+
(
dĜ1

dz

)
z=H

= 0, (7.25)

dĜ1

dz
= 0 at z = 0 (7.26)

with continuity and jump conditions

(
Ĝ1
)

z=z0+∆z
=
(
Ĝ1
)

z=z0−∆z
, (7.27)

and (
dĜ1

dz

)
z=z0+∆z

−
(
dĜ1

dz

)
z=z0−∆z

= − 2
(1 + α)p (7.28)

where Ĝ1 denotes the joint Hankel and Laplace transform of Green’s function below

the stratified layer. The solution of the above equations is given as follows

Ĝ1(k, z, p) = 2cosh(kz0)
(1 + α)kp

(k(ekz + ek(2H−z)) + p2(ek(2H−z) − ekz))
(p2(1 + e2kH) + k(e2kH − 1)) ; for z0 ≤ z ≤ H

(7.29)

and
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Ĝ1(k, z, p) = 2cosh(kz)
(1 + α)kp

(k(ekz0 + ek(2H−z0)) + p2(ek(2H−z0) − ekz0))
(p2(1 + e2kH) + k(e2kH − 1)) ; for 0 ≤ z ≤ z0.

(7.30)

7.3.2 Region in the top stratified layer

In the region above the stratified layer there is no point source and hence the governing

equations become the Laplace equation in this region. Applying Laplace transform

with respect to t and Hankel transform with respect to r will lead the system of

equation as follows

d2Ĝ2

dz2 − k2Ĝ2 = 0, (7.31)

p2
(
Ĝ2
)

z=1
+
(
dĜ2

dz

)
z=1

= 0, (7.32)

and
dĜ1

dz
= dĜ2

dz
at z = H. (7.33)

The solution of the above equations is given as follows

Ĝ2(k, z, p) = − 2cosh(kz0)
kp(ksinh(kH) + p2cosh(kH))

(
p2(k(ekz + ek(2−z)) + p2(ek(2−z) − ekz))

(1 + α)(k(ekH − ek(2−H)) − p2(ek(2−H) + ekH))

)
.

(7.34)

It should be noted that with H = 1 and α = 0 (i.e., the case when there is no

stratification and hence uniform density), Ĝ2(k, z, p) becomes

Ḡ(k, z, p) = 2cosh(kz0)
kp(ksinh(k) + p2cosh(k))(kcosh(k(1 − z)) + p2sinh(k(1 − z))) (7.35)

which is the solution (Ḡ(k, z, p)) without stratification presented in [61].
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7.4 Surface elevation

The elevation of the free surface can be calculated using the boundary condition and

the fact that the solution is the convolution of the Green’s function and any source

function [61, 60]. Hence the joint Laplace and Hankel transformed surface elevation

is

η̂(k, p) = p2Ĝ2(k, 1, p)Ŝ(k, p) (7.36)

where Ŝ is the displacement potential source function and Ĝ2 is joint Laplace and

Hankel transformed Green’s function in the region above the stratified layer. We will

now analyze the surface water waves generated by a source situated at (0, z0) with

vent radius r0. It should also be noted that we are considering Ĝ2 because we are

interested in the surface waves and Ĝ2 represents the solution in the region above

stratified layer and till free surface.

7.4.1 Instantaneous Duffy Source

Introduced by Unoki and Nakano in 1953 [63] and adopted by Duffy in 1992 [60] the

instantaneous Duffy source function corresponds to instantaneously adding mass to

the system at z = z0, 0 < r < r0, where r0 is the radius of the vent. The waves

modeled due to a Duffy source could be considered as a conservative estimate of the

expected Tsunami waves [61]. The Duffy displacement potential source function for

the vent size of radius r0 is represented as follows

S = [θ(r) − θ(r − r0)]θ(t) (7.37)

where θ(·) is the Heaviside step function. Using equation (7.36) and applying inverse

Laplace and Hankel transforms we get surface elevation as a function of time t and

distance from the source r as follows

η(r, t) = 2r0

(1 + α)

∫ ∞

0

N

M
dk (7.38)
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where,

N = cosh(kz0)J1(kr0)J0(kr)(ω1sin(ω1t) − ω2sin(ω2t))

M = k(cosh(k(|H − 1|))sinh(kH) − sinh(k(|H − 1|))cosh(kH))

where η denotes the elevation due to instantaneous Duffy source, Jm denotes the Bessel

function of the first kind of order m, ω2
2 = ktanh(k(|H − 1|)) and ω2

1 = ktanh(kH).

Also, at H = 1 and α = 0 elevation η becomes the elevation for Duffy source presented

in [61] given by

η(r, t) = 2r0

∫ ∞

0
ωJ0(kr)J1(kr0)

sin(ωt)cosh(kz0)
ksinh(k) dk; (for H = 1 and α = 0) (7.39)

with ω2 = ktanh(k).

7.5 Numerical implementation and parametric anal-

ysis

Equations (7.38) and (7.39) were integrated numerically using global adaptive quadra-

ture [116, 117] and the results were plotted. Figure 7.2 (a) and (b) were plotted for

a total depth D = 1, stratified layer H situated at 0.8, a volcano located at z0 = 0.5

with vent size r0 = 0.05, α = 0.005 and for different values of non-dimensional dis-

tance r = 2.5, 5, 7.5, and 10 and Figure 7.3 (a) and (b) were plotted for the case with

no stratification while keeping all other parameters same as the previous case.

It can be inferred from Figure 7.2 (a) and (b) that the wave amplitude decreases

with time and distance which is consistent with the case with no stratification (see

Figure 7.3 (a) and (b)). However, from time histories in Figure:7.3 (b), it can be

seen that the waves show a beating behaviour as they travel gradually away from the

source, which is not observed in the case without stratification (Figure 7.3 (b)). From

equation (7.38), it can be seen that there are two frequencies ω1 and ω2, which cause

the beating phenomenon in the case when the stratified layer is present, where ω1 and

ω2 corresponds to the non-dimensional angular frequency of the free surface waves
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and the oscillating stratified layer respectively. Also, it should be noted that the case

with stratification has surface elevation of higher amplitude as compared to the case

without stratification, refer to Figure 7.2 and Figure 7.3. In particular the maximum

amplitude observed near the source for the case with stratification is 6.02351×10−3 as

compared to 5.66999 × 10−3 for the case without stratification. Increase in amplitude

of the surface elevation for the case with stratification may have been due to the effect

of the presence of the waves traveling along the stratified layer. The waves present at

the stratified layer may be considered as some form of transient internal waves (see

[114, 113, 81] for discussion on coupling of surface and internal waves).

From Figure 7.2 (b), it can be seen that the waves slowly die out at a point

with time. This is also the case when there is no stratification (Figure 7.3 (b)).

From equations (7.38) and (7.39), it can be seen that this decay is caused by the

broad banded frequency spectra over an infinite support leading to a decaying time

function. Figure 7.2 (b) and Figure 7.3 (b) shows that the decay time for the waves

for the case with stratification is larger than the wave decay time for the case without

stratification, which is caused due to the beating phenomenon present in the case

with stratification. It should be also noted from equations (7.38) and (7.39) that the

solution tends to zero as r → ∞.

From Figure 7.4, it can be seen that the amplitude of the surface waves increase

with increasing z0 i.e., the higher amplitudes were observed for the source which was

closer to the surface. From equation (7.38), the increase in wave amplitude with

increasing z0 can be explained due to the presence of the term cosh(kz0), which is

a strictly increasing function. Comparing Figure 7.2 (b) and Figure 7.5 (a) and (b),

it can be seen that the beating behaviour is strong for the case when the source is

located near the stratified layer (say z0 = 0.5 in Figure 7.2 (b)) and it is weak for the

case when the source is located away from the stratified layer (say z0 = 0.25 and 0 in

Figure 7.5 (a) and (b) respectively).

From Figure 7.6 (a), (b) and (c) it is observed that for a fixed location z0 of the

source in the ocean, on increasing the vent size r0 the amplitude of the surface waves

increases substantially which is an obvious observation from equation (7.38), as the

amplitude of the surface waves is directly proportional to the vent size. It can also
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be explained in terms of more eruptive mass being added to the system, for higher

values of r0, which require higher energy to generate and sustain the waves, hence

leading to a faster decay.

(a)

(b)

Figure 7.2: Spatial and temporal evolution of surface elevation for total depth D = 1,
stratified layer situated at H = 0.8, volcano located at z0 = 0.5 with vent size
r0 = 0.05 and α = 0.005. The plots show a beating behavior with waves eventually
decaying out.(a) A three dimensional plot of surface elevation and (b) Time histories
of surface elevation for different values of r.
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(a)

(b)

Figure 7.3: Spatial and temporal evolution of surface elevation for total depth D = 1,
without stratified layer, volcano located at z0 = 0.5 with vent size r0 = 0.05 and
α = 0.005. No beating phenomenon observed. (a) A three dimensional plot of surface
elevation and (b) Time histories of surface elevation for different values of r.
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(a) (b)

(c) (d)

Figure 7.4: Surface elevation plots for different values of z0 at a fixed value of r = 2.5,
i.e., near the source, α = 0.005, stratified layer at H = 0.8 and vent size r0 = 0.05.
Plot for elevation (a) when volcano is situated at z0 = 0 (at the sea bed), (b) when
volcano is situated at z0 = 0.25, (c) when volcano is situated at z0 = 0.55 and (d)
when volcano is situated at z0 = 0.75 (near the stratified layer).

Comparing Figure 7.2 (b), Figure 7.3 (b) and Figure 7.7 it can be seen that as

H is approaching the free surface Z = 1, for a fixed location of a volcano, z0 and a

fixed vent size, r0 the solution is converging to the case with no stratification, which

is consistent with the analytical claim (see equations (7.38) and (7.39)). In particular,

for a volcano located at z0 = 0.5 with a vent size r0 = 0.05, the maximum elevation

observed at a radial distance of r = 2.5 from the volcano, when the stratified layer is

located at H = 0.8 is 2.5739 × 10−3, when the stratified layer is located at H = 0.9 is

1.9104×10−3 and when the stratified layer is at H = 1 (i.e., there is no stratification)

is 1.4788 × 10−3.
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(a)

(b)

Figure 7.5: Surface elevation plots for r = (2.5, 5, 7.5, 10), H = 0.8, α = 0.005,
r0 = 0.05, (a) for z0 = 0 and (b) z0 = 2.5. A faint beating phenomenon is observed
for the case when volcano was near the seabed, i.e., far away from the surface.
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(a)

(b)

(c)

Figure 7.6: Surface elevation plotted for different vent sizes with fixed location of
stratified layer H = 0.8, fixed location of volcano z0 = 0.5, α = 0.005 and various
values of radial distance from the source r = 2.5. (a) r0 = 0.05, (b) r0 = 0.25 and (c)
r0 = 0.55. Higher amplitudes were observed for higher values of r0.
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Figure 7.7: Surface elevation plots for stratified layer at H = 0.9, volcano at z0 = 0.5,
α = 0.005, vent size r0 = 0.05.

7.6 Remarks

In this chapter, an analytical model for tsunami generated by sub-aquatic volcanic

eruption was formulated using potential function and by introducing stratified layer

in the ocean. The fluid is considered to be inviscid because viscous forces in the ocean

are negligible as compared to the buoyant and gravitational forces. It is observed that

the analytical solution of the case with stratification converges to the case without

stratification when the stratified layer approaches the free surface. The wave elevation

in both the cases tends to zero as the radial distance tends to infinity. The free surface

waves with higher amplitude and beating behaviour were observed in the case with

stratification unlike the case without stratification. It is observed that the wave

amplitude increases with the vent size and with decreasing the distance of the vent

from the free surface.
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Chapter 8

Three dimensional modelling of

surface waves generated by shallow

submarine volcanic eruption

As mentioned in Chapter 2, substantial submarine volcanic eruptions occurring within

the top 500 meters from the water’s surface are likely to produce waves on the surface.

Traditional tsunami generation models employ a displacement potential function to

account for the initial displacement caused by seismic or non-seismic events at the sea

surface, as done in Chapter 7. This approach incorporates the addition of mass flux

or seabed displacement due to various factors such as landslides or other geological

activities. However, submarine volcanic eruptions not only introduce mass to the

system but also generate a significant heat flux which is the focus of this chapter.

Some of the recent studies [118, 119] also discuss the same mechanism for surface

wave generation due to submarine volcanic eruptions.

8.1 Scenarios explored through computational mod-

eling

The tsunami generation process is complex but can be summarized as follows: As

the volcano erupts, it forces an initial upward movement of the water column directly

above the site of the eruption. This sudden displacement creates a dome-shaped
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structure on the ocean’s surface, a visible bulge formed by the rapid rise of water.

Following the initial uplift, the water that was forced upward begins to collapse back.

This collapse results in the formation of a trough directly above the volcanic site. The

water rushes back down, creating a localized depression in the ocean surface. From

this trough, waves start to propagate outward in all directions. The energy from the

eruption causes these waves to travel rapidly across the ocean surface. As they move

away from the trough, the waves grow in height and spread out [52, 53, 54, 55, 56,

57, 40, 58, 46, 59].

The heat flux causes convection flows driven by buoyant forces acting on the high-

temperature, less dense water near the volcano. Consequently, this results in the

upward movement of water. In a shallow environment with substantial heat flux, this

vertical flow can penetrate the free surface and generate surface waves. Incorporating

the heat flux introduces high temperatures near the volcano and includes the phe-

nomenon of plume generation and the entrainment of water into the plume. This

affects the vertical velocity (as discussed in Chapter 5), consequently impacting the

generation of the surface waves.

We will utilize the three-dimensional ocean flow model outlined in Chapter 4 to

examine the surface waves generated by the introduction of a high heat flux at the

seabed in a shallow environment. A Gaussian heat flux profile, as depicted in Figure

4.1, will be applied at the seabed with significant heat flux values. We will investigate

two different heat flux levels (10000, 20000 watts/m2) at the seabed and compare the

resulting surface waves. Additionally, we will analyze the surface elevation for the

cases with different depth of volcano from free surface. This analysis aims to identify

the best-case scenario for shallow volcanoes near the coast, which could potentially

cause damage to infrastructure and coastal communities.

8.2 Model parameters and initial conditions

The model parameters will remain consistent with those assumed in Chapter 5, with

the exception that the total depth will be set to 300 meters for both the cases. The

initial velocities u, v, and w, along with the initial surface elevation h, are all set
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to zero. The boundary conditions will be the same as those assumed in Chapter 5.

Initial salinity is set to be 35 ppt, initial temperature varies from 15◦ C to 9.16◦ C

(see Figure. 8.1) and initial density varies from 1027.09 to 1025.97 kg/m3.

(a) Initial temperature

(b) Initial density

Figure 8.1: Plots for initial temperature and density profile.

8.3 Results

8.3.1 Case 1: Heat flux 20, 000 watts/m2

A Gaussian heat flux profile was applied to the seabed, with the peak heat flux

reaching 20, 000 watts per square meter at the coordinates (x, y) = (0, 0) and gradually

decreasing to zero in both directions.

Figure 8.2 (a) illustrates that one minute after the eruption begins, a dome-shaped

structure forms on the free surface. Following this, the vertical dome undergoes a

gravity collapse, creating a trough from which waves propagate outward on both sides
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(see Figure. 8.2 (b)-(d)), as discussed in [118, 119]. Figure 8.2 (b)-(d) demonstrate

that with the continuous addition of heat flux at the seabed, the surface elevation

increases, reaching approximately 1 meter at t = 11 minutes and 2 meters at t = 13

minutes. Additionally, these figures show that as the heat flux continues to be added

and the wave elevation rises, the domain of influence of the waves on the surface

expands. Specifically, in fig 8.2 (b), at t = 6 minutes, the waves dissipate within a

range of 5000 meters on both sides, with the elevation reaching zero at this distance.

However, Figure. 8.2 (c) and (d) indicate that there is a positive elevation at 5000

meters from the source, with the elevation decreasing to zero around 6000 meters

from the source in both directions.

8.3.2 Case 2: Heat flux 10, 000 watts/m2

In this case, a Gaussian heat flux, peaking at 10000 watts/m2 at the coordinates

(x, y) = (0, 0), was applied to the bottom boundary.

In case 2, the initial upward displacement of the surface is observed six minutes

after the eruption. As more heat flux is added, the initial dome-like structure collapses

due to gravity, forming a trough. Subsequently, waves begin to propagate outwards

from both sides of the trough (see Figure 8.3 (a)-(d)). Even after 13 minutes post-

eruption, the surface elevation remains minimal, with a maximum of 0.02 meters.

However, with continuous heat flux input (eruption) for over 20 minutes, the surface

elevation increases significantly, reaching approximately 1.5 meters at 24 minutes after

the initial eruption. At this point, the influence of the surface waves extends up to a

range of 5000 meters (see Figure 8.3 (d)).

8.3.3 Comparison of case 1 and 2

It should be noted that in case 1, a heat flux of 20, 000 watts/m2 was introduced

at the seabed. Due to the large energy input, the simulations were executed for 15

minutes to ensure numerical stability.

In both cases, the phenomenon of surface wave generation is consistent with the

findings discussed in [118, 119]. However, higher elevations were observed in a shorter
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(a) h at time t = 1 minute

(b) h at time t = 6 minutes.

(c) h at time t = 11 minutes.

(d) h at time t = 13 minutes.

Figure 8.2: Plots of h for case 1 at different time from the eruption.
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(a) h at time t = 6 minute

(b) h at time t = 13 minutes.

(c) h at time t = 20 minutes.

(d) h at time t = 24 minutes.

Figure 8.3: Plots of h for case 2 at different time from the eruption.
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time span in case 1, where a larger heat flux was introduced at the seabed. This is

because a larger heat flux rapidly heats the water around the volcano, increasing the

temperature more significantly compared to case 2, for example after 6 minutes from

the eruption the temperature near the volcano in case 1 was 600◦C whereas in case

2 it was around 110◦C (see Figure 8.4). Consequently, the water becomes less dense,

resulting in a larger buoyant force. This causes the water to be convected upward

more quickly, reaching the surface sooner and with higher impact velocity creating

larger waves. It can further be noted from Figure 8.2 (d) and 8.3 (b) that at 13

minutes after the eruption the highest wave elevation in case 1 was 2 meters where as

in case 2 it was around 0.03 meters.

Figure 8.4: Temperature profile above the volcano for case 1 and 2 at 6 minutes.

The extent of the wave impact on the free surface varies between the two cases,

despite observing nearly the same wave elevation. In the first case, when a two-meter

wave was observed, the domain of influence extended approximately 6000 meters in

both directions (see Figure 8.2 (d)). However, in the second case, with a nearly

two-meter wave, the domain of influence was limited to within 5000 meters in both

directions from the source (see Figure 8.3 (d)).
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8.3.4 Comparison of the surface elevation with different depth

values and fixed heat flux

For a fixed heat flux of 10,000 watts/m2, the total depth of the system was reduced

to 200 meters with heat flux at the seabed. This scenario corresponds to the crater

of the volcano being closer to the free surface compared to case 2. In both cases, a

constant heat flux was applied continuously for 24 minutes.

As depicted in Figure 8.6 (a) and 8.3 (a), six minutes after the eruption, an

initial uplift with very small elevation was observed when the volcano was 300 meters

from the free surface. In contrast, when the volcano was located 200 meters from

the free surface, a trough and waves were observed six minutes after the eruption.

Figure 8.5 (b) illustrates that 24 minutes after the eruption, a higher wave elevation

was observed when the volcano was closer to the free surface. Specifically, a wave

elevation of approximately 7.5 meters was recorded when the volcano was 200 meters

from the free surface. In comparison, a wave elevation of approximately 1.7 meters

was observed when the volcano was situated 300 meters from the free surface. These

observations of increased wave elevation when the volcano is closer to the free surface

have been corroborated in other studies [61].

8.4 Remarks

In this Chapter, a Gaussian heat flux was applied to the seabed to simulate the surface

waves generated by submarine volcanic eruptions. The study explored the mechanism

behind surface wave generation during major shallow submarine volcanic eruptions by

applying heat flux to the seabed and found a strong correlation with previous research

[118, 119]. It was observed that larger waves resulted from higher heat flux values and

when the heat source was closer to the water surface. These findings are consistent

with earlier studies and observations, such as those reported in [61]. This study

proposes an alternative methodology for modeling tsunamis generated by submarine

volcanic eruptions. By incorporating heat flux at the bottom boundary, the tsunami

generation process accounts for the complex phenomena of vertical tephra transport
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(a)

(b)

Figure 8.5: Surface wave elevation for the cases with variable depth and fixed heat
flux.

131



(plume generation) and the entrainment of ambient seawater into the vertical plume,

which impacts vertical velocity, as discussed in previous studies [71, 72].
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Chapter 9

Conclusion and future work

This thesis has centered on developing mathematical models and conducting numer-

ical simulations to analyze the flows generated by submarine volcanic eruptions in a

stratified environment.

To simulate deep submarine volcanic eruptions, we utilized the well-established

geophysical model PSOM [19, 18], introducing a moderate heat flux at the seabed.

The simulations considered two primary cases for domain stratification—one based on

(a) salinity and the other on (b) temperature—as well as two sub-cases with reduced

stratification intensity for each primary scenario. Stratification intensity emerges as a

key factor in controlling the vertical ascent of the plume in both stratified scenarios:

in cases of strong stratification, the plume remains confined below the free surface,

whereas under weak stratification, the plume reaches the free surface within 48 hours

of eruption.

In both the stratified scenarios, rotational effect was observed throughout the

entire domain. Near the heat source, cyclonic rotation occurred, which gradually

transitioned into anti-cyclonic rotation extending up to the free surface. This pattern

divided the domain into two distinct structured cells: the lower cell exhibited cyclonic

rotation, while the upper cell maintained anti-cyclonic rotation. Radial flows showed

radially convective cells in both the stratified cases, with the temperature-stratified

environment yielding more stable flows. In contrast, salinity stratification induced

thermal instability over time, resulting in axially symmetric cells at the plume’s pe-

riphery and chaotic flow patterns. This finding underscores the sensitivity of convec-
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tive flows in salinity stratified case to thermal gradients and stratification intensity.

Vertical flows showed consistent plume behavior across both stratification scenar-

ios, with heated, buoyant water rising from the seabed. In temperature-stratified

conditions, vertical velocity was initially high but decreased as the plume stabilized,

while the salinity-stratified case exhibited a narrower flow due to limited buoyancy.

Both cases displayed symmetrical vertical velocity patterns, with alternating upward

and downward flows around the plume (more pronounced in the salinity case) due to

interactions between warm and cool water. Surface elevation was found to be local-

ized,reaching a maximum of 1.5 cm in the temperature stratified case and 0.7 cm in

the salinity stratified case.

To examine the impact of submarine volcanic eruptions on equatorial oceanic

flows, a detailed three-dimensional model was developed, building on the work of

Constantin and Johnson [20, 81]. This model incorporated a density function designed

to capture the density variations resulting from the formation of the vertical plume and

its umbrella structure due to the eruption in a stratified domain. Analytical solutions

indicated that flow velocities of the currents in the ocean domain are influenced by

eruption-related factors, including the width of the buoyant vertical plume containing

volcanic ash and the temperature gradient along the plume’s vertical axis. Moreover,

any changes in horizontal velocities were found to impact vertical velocity dynamics.

To simulate surface waves generated by submarine volcanic eruptions in domains

with and without stratification a two-dimensional model based on potential function

theory was developed. Analytical solutions indicated that, as the stratified layer

approaches the free surface, the solution for the stratified case converges to that of

the non-stratified case. In both cases, wave elevation diminishes to zero as the radial

distance approaches infinity. However, in the stratified case, the free surface waves

displayed higher amplitudes and a beating pattern, a behavior not observed in the

non-stratified case, this was due to the internal waves generated at the stratified

layer. Additionally, wave amplitude was found to increase with the vent size and as

the vent’s depth relative to the free surface was decreased.

Finally, the three-dimensional computational model PSOM was utilized to inves-

tigate surface wave generation due to high heat flux introduced at the seabed within
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a shallow domain. This study presents an alternative theory for modeling tsunamis

triggered by submarine volcanic eruptions. By incorporating heat flux at the bot-

tom boundary, the model captures the complex dynamics of vertical tephra trans-

port (plume formation) and the entrainment of surrounding seawater into the plume,

which significantly influences vertical velocity. The surface waves generated exhibited

a strong correlation with previous studies that modeled wave generation from subma-

rine eruptions using velocity potential source functions and laboratory experiments.

It was observed that larger surface waves resulted from higher heat flux values and

when the heat source was positioned closer to the water surface, findings that align

with earlier research and the two-dimensional model developed in this thesis.

9.1 Broader implications of the work

This research work is crucial for advancing our understanding of the far-reaching

impacts of submarine volcanic eruptions. By developing detailed mathematical mod-

els and simulations, this work lays the foundation for assessing the implications of

eruptions on underwater infrastructure, such as fiber-optic cables, which are vital for

global communications and are vulnerable to the intense pressures, thermal dynamics,

and high velocities generated by such eruptions. Furthermore, the findings contribute

to tsunami modeling, offering insights into potential wave patterns and heights that

could threaten coastal communities. Understanding the dynamics of plume formation

and flow velocities in a stratified ocean has important implications for predicting the

spread of volcanic ash and other particulates, which can affect marine ecosystems,

fisheries, and the deposition of metals.

Submarine eruptions also pose a significant threat to coral reefs, which are es-

sential to marine biodiversity and support fish populations that are crucial to the

economies of small island nations, particularly those in the Ring of Fire and near

subduction zones. Damage to these ecosystems can lead to declines in fish stocks,

impacting food security and livelihoods in these regions. On a broader scale, this

research aids in understanding geological changes in volcanic regions, which could

impact territorial boundaries, leading to geopolitical implications as countries evalu-
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ate underwater territory and resources. Additionally, the study of subaqueous flows

and their interactions with equatorial ocean currents offers valuable insights into how

large-scale eruptions can influence broader oceanic circulation patterns, potentially

affecting climate and ocean health on a global scale. By providing a comprehensive

look at the dynamics of submarine volcanic eruptions, this work is a step toward more

resilient infrastructure, improved early-warning systems, and better-informed policies

to safeguard communities, ecosystems, and economic stability.

9.2 Future work

Future work could expand on this study by incorporating additional environmen-

tal variables and refining the accuracy of the numerical model to better capture the

complex dynamics of submarine volcanic eruptions. One key area for exploration is

the inclusion of more intricate seabed topographies, which would help simulate erup-

tions in diverse geological settings and assess how uneven or layered seabeds influence

plume behavior and wave generation. Additionally, future studies could integrate

chemical reactions between volcanic gases and seawater, providing a more compre-

hensive understanding of underwater volcanic effects on ocean chemistry, which has

significant implications for marine life and carbon cycles. The models could also be

expanded to analyze the interaction of multiple, simultaneous eruptions within a re-

gional system, offering insights into cumulative effects on ocean currents, sediment

displacement and regional seismicity. Beyond improving the physical models, future

work could also focus on coupling these simulations with real-time data from undersea

monitoring networks, using machine learning techniques to predict eruption impacts

on a faster timescale. Such advancements would enhance predictive capabilities, al-

lowing for proactive measures to mitigate risks to underwater infrastructure, marine

ecosystems, and coastal populations.
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Appendix A

Mathematical functions and

definitions

A.1 Heaviside step function

The Heaviside step function θ(x), also called the unit step function, is a discontinuous

function, whose value is zero for negative arguments x < 0 and one for positive

arguments x > 0,

θ(x) =


0 if x < 0

1 if x > 0

 (A.1)

The function is often used in control theory and signal processing mathematics to

describe a signal that switches on at a specific moment and stays on eternally.

A.2 Dirac delta function

The Dirac delta function on a real line can be defined as a function which is zero

everywhere except the origin, where it is infinite,

δ(x) =


0 if x ̸= 0

+∞ if x = 0

 (A.2)
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which is also constrained to satisfy

∫ +∞

−∞
δ(x)dx = 1. (A.3)

The Heaviside function can also be viewed as an antiderivative of the Dirac delta

function,

θ(x) =
∫ x

−∞
δ(t)dt. (A.4)

A.3 Stream function

An incompressible fluid satisfy the conservation equation

∇.v = 0, (A.5)

where v is the velocity field, in two-dimensional cartesian coordinate system (A.5)

can be written as
∂u

∂x
+ ∂v

∂y
= 0 (A.6)

where u and v are horizontal and vertical velocity components respectively. Equation

(A.6) implies the existence of a function ψ such that

u = ∂ψ

∂y
, v = −∂ψ

∂x
(A.7)

called the stream function. A family of curves ψ = constant represent ”streamlines”,

hence, the stream function remains constant along a stream line.

A.4 Euler equation

Let B be any property of the fluid (mass, momentum, energy, etc.) and let b = dB/dm

be the intensive value of B (amount of B per unit mass) in any small element of the

fluid. For the arbitrary moving and deformable control volume, the instantaneous

total change of B in the material volume (MV ) is equal to the instantaneous total

change of B within the control volume (V ) plus the net flow of B into and out of
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the control volume through its control surface (S). Let ρ denotes the density of the

fluid, n the outward normal to the control volume surface, v(t,x) the velocity of

the fluid, vs(t,x) the velocity of the deforming control volume surface, and vr(t,x)

the relative velocity by which the fluid enters/leaves the control volume, then the

Reynolds transport theorem gives

(
dB
dt

)
MV

= d

dt

(∫
V (t)

bρ dV

)
+
∫

S(t)
bρvr · n dS, (A.8)

which can be reduced to

(
dB
dt

)
MV

=
∫

V

(
∂

∂t
(ρb) + ∇ · (ρbv)

)
dV, (A.9)

using material derivative we will have

(
dB
dt

)
MV

=
∫

V

(
D

Dt
(ρb) + ρb∇ · v

)
dV. (A.10)

Newton’s law in Lagrangian coordinates can be written as

(
d(mv)
dt

)
MV

=
(∫

V
f dV

)
(A.11)

where f is the external force per unit volume acting on the material volume.

A.4.1 Non-conservative form

Taking B = v in equation (A.10) we will get

∫
V

(
D

Dt
(ρv) + (ρb∇ · v) − f

)
dV = 0 (A.12)

for integral to be zero at any control volume, the integrand has to be zero. Expanding

the material derivative and using equation of continuity we will have

ρ

(
∂v
∂t

+ (v · ∇)v
)

= f. (A.13)

Equation (A.13) is the non-conservative form of the Euler equation.
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A.4.2 Conservative form

Conservative form is obtained by taking b = v in equation (A.9)

∫
V

(
∂

∂t
(ρv) + ∇ · (ρvv) − f

)
dV = 0 (A.14)

for integral to be zero at any control volume, the integrand has to be zero. We will

get conservative form of Euler equation as

∂

∂t
(ρv) + ∇ · (ρvv) = f (A.15)

where ρvv is the dyadic product.
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Appendix B

Key ocean-related phenomena

B.1 Mesoscale and submesoscale flows

Mesoscale flows refer to atmospheric or oceanic circulations that occur on a spatial

scale of tens to hundreds of kilometers and have a time scale of several hours to

several days. These flows are typically generated by horizontal pressure gradients and

are influenced by Earth’s rotation, as well as variations in temperature and moisture.

Submesoscale flows, on the other hand, occur on smaller spatial scales of less

than 10 kilometers and have a shorter time scale of hours to days. They are often

generated by turbulence and are influenced by a range of factors, including wind,

currents, and temperature gradients.

Both mesoscale and submesoscale flows play important roles in the Earth’s atmo-

sphere and oceans, and they can have significant impacts on weather, climate, and

marine ecosystems. Understanding these flows and their interactions is important

for improving our ability to predict and mitigate natural disasters and for managing

marine resources.

B.2 Phytoplankton

Phytoplankton are microscopic, photosynthetic organisms that float in the ocean and

other bodies of water. They produce about half of the planet’s oxygen and form the

base of the marine food web, providing essential nutrients for other marine organisms.
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Phytoplankton come in many shapes and sizes, including diatoms, dinoflagellates, and

cyanobacteria. They are found in all types of aquatic environments and play an impor-

tant role in nutrient cycling, food web dynamics, and carbon dioxide uptake. Changes

in their abundance and distribution can have significant impacts on marine ecosys-

tems, making monitoring and understanding phytoplankton populations important

for managing the health of our oceans and other bodies of water.

Phytoplankton are an important indicator of water quality and ecosystem health.

Changes in their abundance and distribution can be caused by a range of factors,

including climate change, nutrient pollution, and over fishing. Understanding phyto-

plankton populations is important for managing the health of our oceans and other

bodies of water, as they play a critical role in maintaining the health of marine ecosys-

tems and the planet as a whole.

B.3 Spice

In the realm of oceanography, the term ”spice” (symbolized by τ) refers to fluctuations

in both temperature and salinity within seawater, either across space or time. These

fluctuations maintain the water’s density at a constant level. Essentially, for a given

spice level, any rise in temperature is counteracted by a corresponding change in salin-

ity to uphold the density of the water. When temperature increases, density typically

decreases, yet an increase in salinity counterbalances this by boosting density. This

phenomenon of density-compensated thermohaline variability is prevalent throughout

the upper layers of the ocean. In simpler terms, warmer and saltier water is consid-

ered ”spicier,” while cooler and less salty water is described as ”mintier.” This concept

provides vital insights into the intricate dynamics of oceanic processes, serving as a

fundamental principle in understanding the behavior of marine environments. When

the density ratio is 1, any variations in thermohaline properties constitute spice, and

there are no density fluctuations present.

Seawater density, determined by salinity and temperature, controls much of the

movement of water and thermohaline flow in the ocean. Changes in potential tem-

perature Θ and salinity s, are multiplied α with their thermal expansion and haline
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contraction coefficient β equal to each other; αdΘ and βdS are both proportional

to a change in density and are both terms of the linearized equation of state of the

ocean. This similarity (αdΘ = βdS) is supposed to be relevant for understanding the

consequences of sea water mixing.

B.4 Baroclinic mode

Baroclinic modes describe the vertical structure of waves in a stratified fluid like

the ocean. They arise due to variations in density with depth, leading to different

responses to forces (such as wind or tidal forces) at different depths. These modes

help in analyzing the internal waves and currents that propagate through the ocean’s

layers.

B.4.1 Characteristics of the first baroclinic mode

1. Vertical structure: The first baroclinic mode is characterized by a single zero

crossing in the vertical profile of the velocity field, indicating a change in the

direction of wave velocity once with depth. In this mode, the surface and deeper

layers move in opposite directions, meaning they are out of phase.

2. Density and Pressure: In this mode, the density perturbations are such that

the upper layer (above the zero crossing) and the lower layer (below the zero

crossing) move in opposite directions. The pressure gradients are aligned to

maintain this structure, balancing the horizontal differences in density.

3. Wavelength and Speed: This mode generally has a longer wavelength com-

pared to higher-order modes and usually propagates faster because it involves

the interaction of the entire water column.

4. Energy Propagation: The first baroclinic mode is essential for transferring

energy from the surface, where wind and atmospheric forces act, to the deeper

ocean layers. It significantly impacts the dynamics of large-scale ocean circula-

tion and mixing.
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5. Thermocline Involvement: The thermocline, a layer with a steep tempera-

ture gradient, typically marks the transition point (zero crossing) for the first

baroclinic mode. Water above and below this layer moves in opposite directions.

B.4.2 Mathematical representation

The vertical structure of the first baroclinic mode can be described by solving the

linearized equations of motion for a stratified fluid, leading to an eigenvalue problem.

The first eigenfunction corresponding to the lowest eigenvalue represents the first

baroclinic mode of the equation,

∂2Φ
∂z2 +

(N2(z)
c2

)
Φ = 0. (B.1)

Here: Φ(z) is the vertical structure function, N(z) is the buoyancy frequency, a

measure of the stratification and c is the phase speed of the wave.

B.4.3 Steps to calculate the first baroclinic mode

1. The buoyancy frequency N(z), which measures the stratification of the ocean,

is given by:

N(z) =
√

−g
ρ0

dρ

dz

where: g is acceleration due to gravity, ρ0 is a reference density and dρ
dz

is the

vertical density gradient.

2. Set up the eigenvalue problem (B.1).

3. Apply boundary conditions.

4. Solve the eigenvalue problem. Numerical methods are typically used to solve

this problem, such as:

• Finite Difference Method: Discretize the vertical domain into grid

points and solve the resulting matrix eigenvalue problem.
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• Shooting Method: Integrate the differential equation from the surface

to the bottom and adjust the phase speed c until the boundary conditions

are satisfied.

B.5 Haline Contraction and Thermal Expansion in

Seawater

Haline contraction and thermal expansion are key physical properties that deter-

mine how seawater density responds to changes in salinity and temperature. These

mechanisms are essential for understanding ocean dynamics, influencing circulation,

stratification, and mixing processes in the ocean.

B.5.1 Haline contraction

Haline contraction describes the increase in seawater density as salinity rises. When

more salts dissolve in the water, the overall mass per unit volume increases, resulting in

higher density. The haline contraction coefficient (β) quantifies how seawater density

varies in response to changes in salinity and is given by:

β = 1
ρ0

(
∂ρ

∂S

)
T

(B.2)

where, ρ0 is reference density, rho is the density of sea water, S is salinity and T is

constant temperature.

Haline contraction is most significant in regions where evaporation exceeds pre-

cipitation, such as subtropical gyres, or where sea ice formation leaves behind saltier

water, such as in polar regions. Salty water is denser than freshwater and tends to

sink, driving deep ocean currents and contributing to the global thermohaline circu-

lation.
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B.5.2 Thermal Expansion

Thermal expansion refers to the tendency of water to become less dense (expand)

as its temperature increases. As seawater is heated, the kinetic energy of the water

molecules increases, causing them to move apart and occupy more space. This re-

duces the overall density of the water. The degree to which seawater expands with

temperature is characterized by the thermal expansion coefficient (α), defined as:

α = − 1
ρ0

(
∂ρ

∂T

)
S

(B.3)

where, ρ0 is reference density, rho is the density of sea water, S is constant salinity

and T is the temperature.

For typical seawater, the thermal expansion coefficient increases with both rising

temperature and salinity. In warm tropical regions, this effect is particularly pro-

nounced, contributing to significant stratification of the water column.

B.5.3 Combined effects

The interplay between haline contraction and thermal expansion is the driving force

behind thermohaline circulation, a vital component of the global ocean system charac-

terized by large-scale currents shaped by density differences stemming from variations

in temperature and salinity. In colder regions, the effects of haline contraction domi-

nate, resulting in denser water that sinks to the depths of the ocean, while in warmer

areas, thermal expansion decreases density, allowing water to rise and spread out.

This complex interaction not only facilitates vertical and horizontal movement

of seawater but also plays a crucial role in regulating climate by redistributing heat

and nutrients throughout the world’s oceans. As warm, nutrient-rich surface waters

flow toward the poles, they cool and sink, creating a dynamic system that influences

weather patterns and marine ecosystems.

Understanding these processes is essential for accurately modeling ocean circula-

tion, assessing the impacts of climate change, and predicting sea-level rise. As global

temperatures continue to rise and salinity patterns shift, the delicate balance of ther-
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mohaline circulation becomes increasingly important for maintaining the health of

the oceans.

B.6 Thermohaline circulation in Bay of Bengal

The Bay of Bengal, a large and dynamic body of water bordered by India, Bangladesh,

and Myanmar, is significantly influenced by thermohaline circulation, which is driven

by variations in temperature and salinity. This circulation is essential for understand-

ing the region’s ocean dynamics, as it plays a crucial role in nutrient distribution,

climate regulation, and marine ecosystem health.

B.6.1 Freshwater Input and Salinity Gradients

One of the most significant factors affecting thermohaline circulation in the Bay of

Bengal is the influx of freshwater from major rivers such as the Ganges, Brahmaputra,

and Meghna. These rivers discharge substantial volumes of freshwater into the bay,

resulting in lower salinity levels near the river mouths. This freshwater input creates

a stratified water column, where less dense, lower-salinity surface waters float above

denser, saltier waters. The salinity gradient is a critical driver of density differences,

leading to the vertical and horizontal movement of seawater.

B.6.2 Seasonal Variability

The seasonal variations in the Bay of Bengal, especially during the monsoon season,

have a significant effect on thermohaline circulation. This period sees heavy rainfall

and increased river discharge, which elevate freshwater levels and subsequently reduce

surface salinity, disrupting circulation patterns. Conversely, during the dry season,

higher evaporation rates can raise salinity and density in certain regions, causing

water to sink and trigger downward currents.
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B.6.3 Nutrient Transport and Marine Productivity

Thermohaline circulation is crucial for nutrient transport within the Bay of Bengal,

significantly influencing the region’s marine ecosystem. As currents carry nutrient-

rich waters from the depths to the surface, they bolster productivity, sustaining vital

fisheries that support local communities. This dynamic circulation not only enhances

the availability of essential nutrients but also facilitates the upwelling of cold, nutrient-

dense water, which is fundamental for the growth of phytoplankton the foundation of

the marine food web.

Furthermore, the interplay between thermohaline circulation and local biogeo-

chemical processes fosters a diverse and vibrant ecosystem, contributing to rich bio-

diversity. Various marine species, including commercially important fish, thrive in

these nutrient-laden waters, making the bay an essential area for both fishing com-

munities and marine life. By supporting various habitats, such as mangroves and

coral reefs, thermohaline circulation helps maintain the ecological balance, underscor-

ing the bay’s significance not only as a resource for local economies but also as a

critical environment for global marine health.
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“Coherent pathways for vertical transport from the surface ocean to interior,”

Bulletin of the American Meteorological Society, vol. 101, no. 11, pp. E1996–

E2004, 2020.

159



[99] M. Freilich, C. Poirier, M. Dever, E. Alou-Font, J. Allen, A. Cabornero,

L. Sudek, C. Choi, S. Ruiz, A. Pascual, et al., “3d intrusions transport active

surface microbial assemblages to the dark ocean,” Proceedings of the National

Academy of Sciences, vol. 121, no. 19, p. e2319937121, 2024.

[100] G. Spiro Jaeger and A. Mahadevan, “Submesoscale-selective compensation of

fronts in a salinity-stratified ocean,” Science advances, vol. 4, no. 2, p. e1701504,

2018.

[101] G. Spiro Jaeger, Stratified and stirred: monsoon freshwater in the Bay of Bengal.

PhD thesis, Massachusetts Institute of Technology, 2019.

[102] S. Ruiz, A. Mahadevan, A. Pascual, M. Claret, J. Tintore, and E. Mason,

“Multi-platform observations and numerical simulations to understand meso

and submesoscale processes: A case study of vertical velocities in the western

mediterranean,” New Frontiers in Operational Oceanography, pp. 117–130, 2018.

[103] S. Mukherjee, S. Ramachandran, A. Tandon, and A. Mahadevan, “Production

and destruction of eddy kinetic energy in forced submesoscale eddy-resolving

simulations,” Ocean Modelling, vol. 105, pp. 44–59, 2016.

[104] M. Freilich and A. Mahadevan, “Coherent pathways for subduction from the

surface mixed layer at ocean fronts,” Journal of Geophysical Research: Oceans,

vol. 126, no. 5, p. e2020JC017042, 2021.

[105] R. Laxenaire, S. Speich, B. Blanke, A. Chaigneau, and C. Pegliasco, “A new

insight on the indo-atlantic exchange achieved by indian ocean eddies assessed

by satellite altimetry and argo profiling float data.,” in 2016 Ocean Sciences

Meeting, AGU, 2016.

[106] G. Vieira, M. Allshouse, and A. Mahadevan, “Seagrass deformation affects fluid

instability and tracer exchange in canopy flow,” Scientific reports, vol. 13, no. 1,

p. 3910, 2023.

[107] V. Tupitsyn and Y. Chashechkin, “Free convection above a point source of heat

in a stratified fluid,” Fluid Dynamics, vol. 16, no. 2, pp. 180–188, 1981.

160



[108] Y. Chashechkin and V. Belyaev, “Regimes of free thermally concentrated con-

vection over a point heat source,” in Soviet Physics Doklady, vol. 27, p. 923,

1982.

[109] Y. Chashechkin and V. Tupitsyn, “Structure of free convective flow over a point

source of heat in a stratified liquid,” in Soviet Phys.–Doklady, vol. 24, pp. 862–

864, 1979.

[110] H. Jones and J. Marshall, “Convection with rotation in a neutral ocean: A study

of open-ocean deep convection,” Journal of Physical Oceanography, vol. 23,

no. 6, pp. 1009–1039, 1993.

[111] M. Kanojia, S. Gurusamy, and B. Basu, “Modeling of tsunami generated in

stratified oceans by sub-aquatic volcanic eruptions,” Physics of Fluids, vol. 35,

no. 5, 2023.

[112] L. Sretenskii, “Theory of wave motions in a fluid,” Moscow Izdatel Nauka, 1977.

[113] D. Henry and G. Villari, “Flow underlying coupled surface and internal waves,”

Journal of Differential Equations, vol. 310, pp. 404–442, 2022.

[114] D. Henry and G. Villari, “Flow dynamics for coupled surface and internal deep-

water waves,” Annali di Matematica Pura ed Applicata (1923-), pp. 1–26, 2022.

[115] E. Baker, J. Lavelle, R. Feely, G. Massoth, S. Walker, and J. Lupton, “Episodic

venting of hydrothermal fluids from the juan de fuca ridge,” Journal of Geo-

physical Research: Solid Earth, vol. 94, no. B7, pp. 9237–9250, 1989.

[116] A. Quarteroni, R. Sacco, and F. Saleri, Numerical mathematics, vol. 37. Springer

Science & Business Media, 2010.

[117] L. Shampine, “Vectorized adaptive quadrature in matlab,” Journal of Compu-

tational and Applied Mathematics, vol. 211, no. 2, pp. 131–140, 2008.

[118] Y. Liu and H. Fritz, “Physical modeling of spikes during the volcanic tsunami

generation,” Physics of Fluids, vol. 35, no. 6, 2023.

161
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