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The dimmed outlines of phenomenal things all merge into one another unless we put 

on the focusing-glass of theory, and screw it up sometimes to one pitch of definition 

and sometimes to another, so as to see down into different depths through the great 

millstone of the world.

James Clerk Maxwell



Abstract

Underst anding and ultimately controlling the dynamics of electrons and their spins is an 

important aspect of spin-based electronics. Recent experimental advances open up new 

possibilities for probing spin dynamics with very high spatial and temporal resolution, 

i.e. in atomic-sized systems and at sub-picosecond time scales. At these lengths and 

times quantum effects and atomistic details can not be neglected and the applicability 

of classical models is limited. Therefore, there is a need to develop new methodologies 

and computational tools for atomistic modeling of spin dynamics, in particular in the 

presence of electric currents. In this Thesis we construct a computational scheme, 

capable of describing the time evolution of spin systems both in isolation and under 

current-carrying conditions. The method has been developed in the spirit of the tight- 

binding model but it is transferable to more accurate first-principles methods such as 

density functional theory. This computational tool is then used to investigate time- 

dependent phenomena in the systems of interest.

Firstly, we study the dynamical response to external excitations of itinerant electrons 

in atomic chains. The calculated excitation spectra reveal a number of interesting 

features, characteristic of one-dimensional fermionic systems. Secondly, we explore the 

possibility of electrostatic gate control of the dynamical exchange interaction between 

two well-separated localized spin-impurities, linked by a mono-atomic chain. The spin 

dynamics is treated at the Ehrenfest level, with the interaction between the impurity 

spins and the itinerant electrons spins described by the s-d model. We demonstrate 

that by applying an electrostatic gate in the middle of the chain particular resonance 

conditions can be triggered, for which the dynamics becomes highly non-linear.

Finally, we present a time-dependent study of electron transport in a strongly corre

lated quantum dot. This is described within the framework of adiabatic lattice density 

functional theory, equipped with a novel exchange-correlation functional, specifically 

tailored to deal with electron correlations in one-dirnensional systems. In agreement 

with earlier findings, we show that Coulomb blockade manifests itself in the time- 

dependent transport as a dynamical state with rapidly oscillating currents and charge



densities. In addition, we calculate, from dynamical simulations in tlie long-time limit, 

the I-V characteristics of the dot and the linear-response conductance as a function 

of the gate voltage. In particular, we find a negative differential conductance (NDC) 

at some critical bias voltages, which becomes more pronounced with increasing the 

strength of the electron-electron interaction on the dot. Although calculations at the 

mean-held (Hartree) level do not reproduce this result, we show that the NDC is pri

marily caused by the hnite bandwidth of the electrodes. This is a strong indication that 

in the calculations performed with methods, that do not explicitly use the wideband 

approximation in the electrodes, one needs to carefully subtract the hnite-bandwidth 

effects, in order to attribute NDC solely to electron-electron interactions.
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Chapter 1

General Introduction

Tlie theory of qiiarituin mechanics successfully resolved the conflicts that emerged at 
the turn of the twentieth century from the attempts to use the laws of classical me
chanics and electrodynamics to explain atomic phenomena. The understanding of the 
experimental facts, which previously did not fit into the classical picture, such as the 
stability of atoms and the photoelectric effect, followed naturally from the quantum 
theory. However, when the new theory was applied to the description of the atomic 
structure using the concept of point-charge electrons, it produced the results that 
contradicted experiments. At that time the discrepancies were attributed to the “du- 
plexity” phenomena, since the experimentally observed number of stationary states for 
an electron in an atom appeared to be twice the number given by theory [60].

In the attempt to explain these phenomena, a number of physicists, including Som- 
nierfeld, Lande and Pauli, recognized the need to introduce a new degree of freedom, 
in addition to the charge and the angular momentum of an electron [251]. A physical 
interpretation of this new degree of freedom, or spin, as a consequence of an electron 
spinning around its own axis clockwise or anticlockwise, was proposed by Uhlenbeck 
and Goudsmit in 1925. However, it required Dirac’s fully quantum-mechanical rela
tivistic equation (1928), governing the motion of electrons, to show that the spin of 
the electron emerges naturally from mathematics [60]. It was later discovered that, in 
fact, the spin is the fundamental property of all elementary particles.

Despite its elusive quantum-mechanical nature, the existence of the spin has a pro
found effect on the physical world. Magnetism, a fundamental phenomenon whose 
applications are ubiquitous in many areas of technology, can only be understood in
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Chapter 1. General Introduction

the framework of quantum tfieory and it is a direct consequence of the existence of 
the electron spin and its statistics [10, p. 672], The fact that nucleons composing 
the atomic nuclei have spins allows the observation of the nuclear magnetic resonance 
(NMR) in absorption spectra [228], caused by transitions between nuclear spin levels 
in an applied magnetic field. This phenomenon is routinely used in magnetic resonance 
imaging (MRI) [92]. The same concept, applied to electronic spin levels, is the basis of 
the electron spin resonance (ESR) spectroscopy [205].

The more familiar quantum property of the electron - its charge - has already been at the 
heart of the microelectronics revolution, that followed the development of the integrated 
circuit in 1958 [129]. The continuous downscaling of the electronic devices, in which the 
information is expressed in the form of logical bits, “ones” and “zeros, corresponding 
to the existence or absence of electric charge, has led to unprecedented growth of the 
microelectronics industry. This is often summarized in Moores Law [1], which states 
that the number of transistors in an integrated circuit, and therefore the computer 
processing pow'er, doubles every 18 months. It is expected, however, that, as the size 
of individual logical elements approaches the ultimate atomic limit, this trend will not 
be able to continue [52], due to heat generation problems and (juantuni-mechanical 
effects. These major limitations stimulate the interest in alternative electronic devices, 
that would exploit both the charge and the spin of the electron. In fact, the classical 
magnetic data-storage technology is already using the electron spin indirectly through 
its macroscopic manifestation, e.g. the magnetization of a magnetic bit [173]. However, 
the possibility of directly using the spin as an intrinsic (luantum-mechanical property 
of the electron has come into focus only recently, with the advent of a new research 
field, the so-called spin electronics, or spintronics [59].

1.1 Spintronics: overview of the field

The origin of spintronics can be traced back to a number of fundamental discoveries 
that resulted from the investigations of spin-polarized electron transport in magnetic 
nanostructures in the late 1980s [68]. This includes the observation of the injection of 
spin-polarized current from a ferromagnet into a normal metal [115] and the discovery 
of the interlayer exchange coupling [81].^ The culmination of these research efforts has

^Interlayer exchange coupling is the interaction between the magnetizations of two ferromagnetic 
layers separated by a non-ferromagnetic spacer [236].
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been the discovery and explanation of the giant inagnetoresistance (GMR) effect [16, 
24],

GMR is observed in multilayered structures, for example in spin-valves, formed by 
alternating ferromagnetic (FM) and non-magnetic metal layers. Depending on the 
relative orientation of the magnetizations of the FM layers, the electrical resistance 
of such structures varies from small (for parallel orientation) to large (for antiparallel 
orientation), leading to a “giant” (large in magnitude) inagnetoresistance. The physical 
origin of this phenomenon is the difference in the conduction properties of the two spin- 
channels in a ferromagnet: an electron passing through the spin-valve will be scattered 
more if its spin is opposite to the direction of the magnetization of the FM layer.

Due to the interlayer exchange coupling, for a certain width of the non-magnetic spacer 
and in the absence of an external magnetic field, the magnetizations of the FM layers 
arc antiparallel to each other [24], which results in a large resistance. By applying a 
strong enough magnetic field, the magnetizations can be aligned parallel to each other, 
leading to a reduction of the electrical resistance. Therefore a GMR spin-valve can 
be used as a sensitive detector of changing magnetic fields, such as those arising from 
magnetic bits in a hard-disk drive. Indeed, soon after the discovery of GMR the first 
computer hard-disk drives, that employed the GMR elements in their read heads, have 
appeared on the market, accelerating even more the growth of magnetic data-storage 
density.

The operation of modern hard-disc read heads relies on the tunneling magnetoresistance 
(TMR) effect [118]. This effect is similar to GMR and it is observed in magnetic tunnel 
junctions (MTJ), which consist of alternating ferromagnetic and thin insulating lay
ers [182]. Magnetoresistance of such structures can be at least one order of magnitude 
larger than that of GMR sjjin-valves [108]. Furthermore, the arrays of MTJ elements 
have been combined with traditional semiconductor technology to form a new type of 
non-volatile memory, namely Magnetoresistive Random Access Memory (MRAM) [4].

Since the discovery and successful commercialization of GMR several lines of research 
have emerged [68], with the aim of finding new ways to control the spin, which will 
either add new functionalities to conventional electronics or help the development of 
devices that operate in a completely different way. The goal of semiconductor spin- 
tronics [14], for example, is to generate, manipulate and detect spin-polarized currents 
in semicondnetors, taking advantage of the long spin lifetime [128] and coherence [127] 
in these materials.
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Another important subdivision of spintronics relies on the spin-transfer torque (STT) 
mechanism [207], which allows to control the magnetization with spin-polarized cur
rents. STT arises from the transfer of angular momentum from the spin-polarized 
current to the magnetization of a magnetic system, an effect predicted by Berger [21] 
and Slonczewski [227] in the late 1990s. STT is at the heart of a new non-volatile 
technology, the so-called Spin-Transfer-Torque-based Random Access Memory (STT- 
RAM) [62], which has the advantage of lower power consumption and better scalability 
over conventional MRAM.

Molecular spintronics [221] is another rapidly growing area of research, whose aim is 
to combine the concepts and ideas of spintronics with the unique properties, versa
tility and functionality, associated with organic materials. A particularly attractive 
yet extremely challenging perspective is that of constructing spintronic devices based 
on single-molecule junctions, where a magnetic molecule is placed between metallic 
electrodes

Finally, one of the most ambitious goals of spintronics is the development of spin- 
based quantum computing and information processing, where electron spins and, in 
fact, nuclear spins are considered as robust candidates for qubits [87]. Although any 
practical realization is beyond reach of today’s technology, some spectacular exann)les 
of single-spin control and basic logic 0])erations has been already demonstrated in 
quantum dots [204] and nitrogen-vacancy (NV) color centers in diamond [88].

1.2 Spin dynamics and spin control

A unifying goal of all the diverse research activities in the field of spintronics is to 
exploit the spin degree of freedom as a new state variable for information processing 
and computation [73]. Understanding and controlling the dynamics of electrons and 
their spins in various solid-state and molecular systems at increasingly smaller time 
and length scales is an important step in this direction.

Recent experimental advances, among them scanning tunneling spectroscopy of mag
netic atoms on surfaces [91] and coherent control of single-spin centers in bulk me
dia [88], have demonstrated the possibility to probe the sj)in state with atomic reso
lution and even at the single-spin level. Moreover, the development of time-resolved 
optical pump-probe schemes has led to the first observation of magnetization dynamics
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at the picosecond scale [19] and later to the demonstration of ultrafast (femtosecond) 
laser-induced magnetization switching [130]. This clearly indicates that the ultimate 
time scale for spin dynamics is in the femtosecond range.

At these times and lengths, the conventional approaches to manipulating a magnetic 
state, using magnetic fields alone, are limited by scalability issues. This has trig
gered the search for alternative methods of spin control, that involve electric fields of 
some form [44]. In addition to laser-induced magnetization switching, other ways of 
inducing and manipulating spin dynamics by purely electrical means have been demon
strated. These include current-induced switching [141, 184], microwave oscillations of 
magnetization [132] based on the STT mechanism [207], and electrostatic control of 
the spin-density in spin-transistor type devices [113, 284].

1.3 Theoretical description of spin dynamics

The iif’ed for understanding and developing a quantitative description of spin dynamics 
at atomic time and length scales poses new challenges for theory. At these dimensions 
quantum effects and atomistic details can not be neglected and the applicability of clas
sical phenomenological models, based on macroscopic description of magneto-dynamics, 
is limited. It is therefore necessary to develop new methodologies and computational 
methods for atomistic modeling of spin dynamics. Explicitly time-dependent schemes, 
based on the integration of the equations of motion for the electronic and spin degrees of 
freedom, are expected to play an increasingly important role [235]. In particular, such 
real-time dynamical simulations may provide insight into the electronic and magnetic 
response of a system to external perturbations beyond the linear-response regime.

The extension of the density hmctional theory to time-dependent phenomena involving 
spins provides a natural platform for ab initio spin-dynamics simulations [37, 39, 160]. 
However, the existing practical implementations of ab initio spin dynamics [8, 9] are 
still limited to relatively small system sizes. Additional complications arise when the 
spin dynamics is investigated in the presence of electric currents. As this is essen
tially a spin-dependent electron transport problem, the methods that have been well- 
established for isolated systems need to be extended, in one way or another, to include 
the transport open-bonndary conditions [265]. At this point, we enter the realm of 
atomistic simulations of spin transport in the time domain [235] - a new field, which is 
still in its infancy, with many conceptual and technical challenges lying ahead.
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While large-scale spin-dynamics simulations of realistic systems, especially under cur
rent carrying conditions, have not yet become a routine, there is room for model studies 
and analysis. Particularly attractive are methods, that combine a tight-binding-based 
description of the electronic structure with advanced time-propagation algorithms for 
real-time simulations of spin dynamics [231]. It is also highly desirable that the elec
tronic open-boundary conditions are incorporated into the time-dependent scheme in a 
conceptually clear and efficient way, allowing for the investigations of time-dependent 
transport phenomena. Methods that satisfy these requirements have the advantage 
of a fully atomistic approach, combined with computational feasibility, and can be 
invaluable tools for modeling spin dynamics in isolated and current carrying systems.

1.4 Thesis Outline

This Thesis concerns time-dependent simulations of spin and charge dynamics in reduced- 
dimensional atomic-scale systems, both in isolation and in the presence of electric cur
rents. We will introduce the theoretical and computational framework for our approach, 
which will then be used to investigate time-dependent phenomena in the systems of 
interest. Special attention will be devoted to the discussion of relevant experimental 
advances and theoretical developments in the areas of magneto-dynamics and electron 
transport at the nanoscale.

'I’he Thesis is organized in the following way. Apart from this introductory chapter and 
conclusions (Chapter 7), there are five main chapters. The first three (Chapters 2 4) 
discuss the theory and modeling of spin dynamics in finite isolated systems. The last 
two (Chapters 5-6) deal with dynamical simulations of systems with open-boundary 
conditions. Each chapter is preceded by an extensive introduction, where we discuss 
the background and motivation for the work presented in a particular chapter.

In Chapter 2 we begin with a brief overview of the current state-of-the-art experimental 
techniques for probing spin dynamics at the atomic scale. We then discuss several ap
proaches to the theoretical description of spin-dynamic phenomena, from macroscopic 
models to fully atomistic formulations. The main focus of the chapter is to introduce 
the method behind the time-dependent atomistic simnlations of spin dynamics, per
formed in this Thesis. The method is based on the integration of the equations of 
motion for the density matrix of the system. The main electronic structure tool in this
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and the following two chapters is the tight-binding model (in later chapters we will 
make clear when onr description departs from this simple model). We also describe 
the mixed qnantnm-classical (Ehrenfest) scheme for spin dynamics, which is the ba
sis for dynamical simulations of atomic wires with magnetic impurities, carried out in 
Chapter 4. At the end of the chapter we discuss the numerical implementation of the 
time-integration algorithm, which is the common core in all closed- and open-boundary 
simulations, presented in this Thesis.

In Chapter 3 we use time-dependent simulations to calculate the dynamical response 
to external excitations of itinerant electrons in atomic chains. The purpose of the 
chapter is twofold. On the one hand, here we illustrate how the output of the real
time dynamical simulations can be analyzed and interpreted. In certain cases we also 
compare the numerical results to those obtained from analytical calculations. On the 
other hand the investigations presented in this chapter provide an insight into the 
dynamical properties of electronic degrees of freedom in atomic chains, described by a 
tight-binding Hamiltonian. We find that the excitation spectra, calculated from long
time dynamical simulations, exhibit features characteristic of one-dimensional fermionic 
systems and closely resemble the excitation spectra of quantum spin chains.

In Chapter 4 we discuss the possibility of electrostatic gate control of spin dynamics in a 
finite monoatomic wire linking two localized spin-carrying impurities (local spins). This 
is described as a quantum-classical dynamical system at the Ehrenfest level, where the 
itinerant electrons of the wire are described quantum-mechanically and the local spins 
are treated as classical angular momenta. The interaction between the two subsystems 
is described by the s-d model. We use the following strategy to induce and probe 
the spin dynamics in this system. One of the local spins, excited exteimally, acts as a 
spin-pumj), generating a disturbance in the itinerant spin density along the wire. The 
effectiveness of the spin-pumping communication between the two spins is measured by 
the dynamical response of the second local spin (the probe) in the form of transverse 
oscillations. We show that by applying an electrostatic gate to the interconnecting wire, 
the propagation of the spin-signal and, as a consequence, the dynamical communication 
between the two spin-centers can be enhanced, leading to a large swing of the probe 
spin for a certain range of gate voltages.

Chapter 5 is concerned with theoretical and computational aspects of time-dependent 
simulations of electron transport in nanoscale junctions. We start with a description
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of the Landauer approach to steady-state transport in systems of non-interacting elec
trons, where the key concepts of the electron transport theory are introdnced. We 
then present a detailed discussion of the noneqTiilibrium Green’s function formalism 
(NEGF), which allows one to treat interacting systems. In the rest of the chapter we 
describe onr implementation of the recently proposed multiple-probe battery (MPB) 
approach to electron transport. This approach is based on the NEGF formalism but it 
formulates the electronic transport problem using a novel geometry: the semi-infinite 
electrodes in the conventional transport setup are replaced by finite electrodes attached 
to a sea of probes, or reservoirs, which play the role of an external battery. The main 
advantage of the method is that, under certain approximations, one can derive an ef
fective equation of motion, which describes the evolution of the system in contact with 
the battery. We conclude the chapter by presenting a number of test simulations per
formed with the MPB method, including a time-resolved study of spin-excitations in 
an atomic chain with open boundaries.

In Chapter 6 we use the MPB method to study time-dependent electron transport in 
a strongly correlated quantum dot. Although here we do not specifically investigate 
any spin-dependent effects, this is an opportunity to test onr approach against the 
results available in the literature. In addition, this system has been the center of a 
number of recent theoretical studies, concerning the fundamental aspects of ah imtio 
transport theory for strongly correlated systems. Our theoretical framework is the 
adiabatic lattice density functional theory, equipped with a novel exchange-correlation 
functional, specifically tailored to treat electron correlations in one-dimensional sys
tems. In agreement with earlier findings, we show that Coulomb blockade manifests 
itself in the time-dependent transport as a dynamical state with rapidly oscillating cur
rents and charge densities. Furthermore, we investigate the effect of electron-electron 
interaction on the steady-state transport properties. In particular, we find negative 
differential conductance in some transport regimes. We relate this effect to both the 
electron-electron interaction and the finite bandwidth of the electrodes.

In addition to the standard chapters, this Thesis has three appendices, in which we 
clarify certain concepts and present the details of the calculations that were not included 
in the main text.

In Appendix A we illustrate the concept of avoided crossings, which is used in Chap
ter 4. We consider a dimer, described by a simple tight-binding Hamiltonian, with an 
electrostatic potential applied to one of the sites. We show that in the case of a non-zero
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hopping between the sites an avoided crossing is formed between the two eigenvalues 
of the Hamiltonian, calculated as functions of the applied potential.

In Appendix B we present the derivations that were omitted in the discussion of the 
multiple-probe battery method in Chapter 5. In particular, we elaborate on the per
turbation expansion for the time-evolution operator and on the exact expression for 
the open-boundary terms in the equations of motion.

In Appendix C we calculate the gate-voltage dependence of the linear-response con
ductance and charge density of a quantum dot, described by the Anderson impurity 
model. For this we use an approximate expression for the Green’s function of the dot 
in the presence of tunneling between the dot and the electrodes.

Finally, we summarize the work presented in this Thesis. We also highlight some 
remaining issues and topics that might be considered for further investigation.
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Chapter 2

Atomistic simulations of spin 
dynamics: theoretical framework

2.1 Introduction

'llie rapid development of the field of spintronics [59] over the past two decades has 
uncovered exciting and novel phenomena related to the dynamics of the electron spin 
in a wide variety of systems, ranging from bulk materials to spatially-confined struc
tures [95]. These phenomena include current-induced domain-wall motion [244], spin- 
wave confinement effects [54], spin-transfer-torque-induced magnetization switching [184], 
microwave oscillations [132], spin-pumping [218], femtosecond magnetization rever
sal [131], just to name a few. The lower limit for the length scales at which one could 
observe the dynamics of the spin degrees of freedom is shifting towards the atomic 
scale. Fueled by recent advances in newly-emerging fields of research, such as single
electron spintronics and spin-based quantum information processing and computing, 
the investigation of dynamics of single spins in solid state environment has indeed 
become possible [87]. The characteristic time scales of spin dynamics, accessible in 
experiments, also span many orders of magnitude, with the corresponding dynamical 
phenomena ranging from slow magnetization processes (t > 1 s), that can be detected 
using conventional magnetometers, to ultrafast (t ~ 1 fs) response of magnetic mate
rials following intense laser excitations.

The increasing ability to probe the spin dynamics with extremely high spatial and 
temporal resolution stimulates the development of new theoretical approaches, capable

11
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of adequately describing the dynamics of electrons and their spins at iiltrashort time and 
length scales. At these dimensions, where quantum effects become unavoidable, the use 
of classical phenomenological models is inappropriate and there is a need for (jiiantum 
atomistic approaches. Considerable efforts have been put into the development of ab 
initio based methods for spin dynamics [8, 9, 37, 39, 215] which potentially offer a very 
accurate description of dynamical {properties of magnetic materials. These efforts are 
currently focused on the extension of the density functional theory to time-dependent 
phenomena involving spins. Although the theoretical foundations of such a{)proach 
have been already laid out, it would not be an overstatement to say that this field is in 
its infancy. In particular, applications to large-scale simulations of realistic systems are 
still out of reach. Clearly, there is a demand for methods that fill the intermediate ga}) 
between semi-classical and ab initio approaches. One alternative is offered by time- 
dependent schemes based on model Hamiltonians, in {particular of tight-binding type, 
which have the advantage of a fully-atomistic description combined with conqpiitational 
feasibility. In this Thesis we use an implementation of such tinie-de{)endent tight- 
binding based scheme, which {provides a concc{Ptnally clear framework for simulations 
of spin dynamics in atomic-scale systems.

In this chapter we will review the existing ex{perimental techni({ues that cam be used 
to probe the dynamical behavior of s{pin systems. We will then discuss in more detail 
the relevant advances in the theoretical descri{ption of spin-dynamic phenomena, with 
an emphasis on atomistic a{P{proaches. An introduction to the conqputational scheme 
for modeling the spin dynamics employed in this Thesis will be given, with additional 
discussion of few technical details of the numerical implementation.

2.2 Probing spin dynamics at the atomic scale

There exist a wide range of experimental methods, including magnetic, electrical and 
optical techniques, which can be used to probe the magnetic state of the system at 
different time and length scales [95].

One of the most commonly used techniques to study magneto-dynamics is magneto
optical spectroscopy. This group of methods is based on magneto-optical effects, in 
which the polarization of light interacting with a magnetic material changes in a 
magnetization-de{)endent way. The Faraday effect and the magneto-optical Kerr ef
fect (MOKE) belong to this class of phenomena. Usually magneto-optics has a limited
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sample

detector

delay-line beam
splitter pulsed laser

Figure 2.1: Schematic of an optical pump-probe scheme. A laser pulse is divided 
in a pump- and a probe-part by a beam splitter. The time delay At between the 
pump- and the probe-pulse is controlled by a delay line which changes the optical 
path of the probe-beam. Both beams are focused on the same spot of the sample. 
After reflection (for MOKE) the probe beam is analyzed by a detector to obtain 
information on the state of the system at a specific (delay) time after the excitation 
produced by the pump pulse. Image is from M. van Kampen [259].

spatial resolution (si 100 nm) and it is rather a “collective” than atom-specific tech
nique. However, it has the unique advantage in terms of time resolution. In general, 
optics studies visible, ultraviolet, and infrared light. This is characterized approxi
mately by photon energies of 10“^ — 10^ eV, wavelengths in the range of 10 nm 
300 pm, frequencies ranging from THz to 10 PHz, which corresponds to time scales of 
the order of ps and fs.

The development of modern pulsed lasers with power densities larger than 10^® Wcm“^ 
and with very short pulse duration in the femtosecond and even attosecond regime [223] 
have brought the imaging of magneto-dynamics to the next level. The so called pump- 
probe (stroboscopic) techniques performed with fs-lasers allow one to address the dy
namics on ultrafast time scales. In a pump-probe experiment (see Fig. 2.1) the system 
under study is brought out of equilibrium by a pump-pulse, and after a certain time 
delay the state of the system, for instance its magnetization, is measured by a probe 
pulse. For optical measurement of the magnetization one can use MOKE, in which the 
polarization of the reflected probe pulse carries information about the magnetization of 
the material. In fact, the development of magneto-optical pump-probe techniques has 
lead to the first observation of magnetization dynamics on the ps and later on the sub- 
ps scale [19]. Recently, the X-ray magnetic circular dichroism (XMCD) spectroscopy, 
which has an important advantage of chemical element selectivity, was combined with
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fs-laser pulses to study ultrafast demagnetization of Ni [232], This was realized by 
using a fs-laser pulse to separate an ultrashort “slice” from an approximately 50-ps 
long X-ray pulse produced on the synchrotron.

The results of numerous ex{)eriments on ultrafast magnetization dynamics over the last 
decade have generated a number of interesting questions that are still heavily debated. 
It is not entirely clear, for instance, what are the microscoi)ic mechanisms that govern 
the changes in magnetization on such ultrafast time scales, in particular, the quenching 
of the magnetic moment after the interaction with a fs-laser pulse [131]. In fact, the 
research aimed at understanding the fundamental limits of magnetization dynamics 
at fs scale has merged into a new sub-discipline named ferntomagnetisrn [277]. This 
field is attracting signihcant attention at the moment since the ability to control the 
magnetization at such time scales would open up new possibilities for fast switching 
mechanisms in novel memory devices.

Other types of time-resolved magnetometry measurements include, for instance, spin 
polarized photoemission electron spectroscopy (SP-PEEM), measured on X-ray syn
chrotrons. This technique has high si)atial resolution (10 nm) and can probe magnetic 
systems at a relatively small time scale since it benehts directly from the pulsed nature 
of the light emission of X-ray synchrotrons with characteristic pulse-times of 20 100 ps.

Spin-resolved spectroscopy performed with a scanning tunneling microscope (STM) [see 
a cartoon in Fig. 2.2], which has sub-nanometer spatial resolution, can be classified as 
an electrical measurement.^ Recently, inelastic electron tunneling spectroscopy (lETS) 
with STM^ was used to measure the spin-excitation spectra of various atomic-scale 
magnetic structures, such as individual magnetic atoms from transition-metal group 
(Fe, Co, Mn), dimers and chains of atoms absorbed on surfaces [91, 97]. These are truly 
remarkable experiments, in which the in situ imaging, manipulation and spectroscopic

'Scanning tunneling microscopy is usually performed in two modes. The first mode, in which the 
STM tip is kept at a constant height while scanning the sample, provides a fast characterization of the 
surface. In the second mode, the height of the tip is adjusted at each lateral position on the surface in 
order to give a constant value of the current. This provides a high-resolution topography of the surface. 
Scanning tunneling spectroscopy (STS) can be performed at a given lateral position by sweeping the 
bias voltage and measuring the current, which allows one to construct an I-V characteristic. The 
differential conductance (dl/dV) can be obtained either by differentiating the I-V curve or by directly 
applying a voltage pulse and measuring the corresponding variation of the current (this can be done 
“on the fly” in the constant-current mode).

^The second derivative of the I-V curve obtained with an STM provides information about the 
vibrations of the sample just as in inelastic electron tunneling spectroscopy (lETS), this is why the 
technique is commonly called STM-IETS.
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Figure 2.2: A cartoon illustrating a basic STM experiment. An STM tip with an 
atomically sharp point can be positioned precisely (with snb-nanometer resolution) 
above the surface of the sample with the help of a piezoelectric scanner. A bias 
voltage is applied between the sample and the tip, which for sufficiently small tip- 
sample distances results in the tunneling current.

capabilities of STM serve as a tool to probe the magnetic response of the system with 
atomic resolution.

I'he idea of a pump-probe measurement was recently implemented in the STM geom
etry and was used to measure electron spin relaxation times in a Fe-Cu dimer with 
nanosecond time resolution [163]. In such all-electronic pump-probe scheme, a strong 
voltage pulse (the pump pulse) creates a spin-excitation of the surface atom and a 
weaker voltage pulse (the probe pulse) is then applied to read-ovit the spin state of the 
atom at time At after the pump pulse. Integrating the pump-probe current over many 
pump-probe cycles and varying At allows one to map out the dynamical evolution of 
the expectation value of the atom’s spin.

We note that there is a number of other experimental methods which may not provide 
the same high resolution as those mentioned above but are very well suited to study 
certain spin-dynamic processes. For instance, two complementary techniques, namely, 
ferromagnetic resonance and Brillouin light scattering (BLS) are commonly used to 
investigate small amplitude magneto-dynamics. In particular, BLS which can provide 
the resolution up to 30-50 pm and 1 ns has become a powerful tool for the observation 
of spin waves.

Another group of state-of-the-art techniques that have merged into a discipline on its 
own deals with single-spin dynamics in quantum dots and atomic impurities such as 
nitrogen-vacancy (N-V) centers in diamond. Although the fabrication of such systems
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has long become a routine, the problem of the initialization, manipulation and mea
surement (read out) of their spin state is technically very demanding and has been 
fully solved only recently. It is worth discussing in more details some of the recent 
achievements in this field.

The characteristic feature of single-spin systems is the discreteness of their energy levels. 
The existence of spin-dependent transitions between the levels allows the implementa
tion of several spin read-ont techniques in which the spin information is transferred to 
quantities that are more easily measured, such as an electric charge or the polarization 
of light, thus allowing for electrical or optical measurements. For instance, the opti
cal pnmp-probe scheme based on the Faraday effect was recently used to detect the 
time-averaged spin state of a single electron spin in a quantum dot [12]. N-V centers 
also have a discrete energy spectrum and strong transitions in the optical range, which 
provide the possibility of optical initialization and measurement [71].

The ability to manipulate the spin, c:ombined with the spin read-ont scheme, provides 
a full control over the spin state. Rotations of the single spin can be achieved by 
magnetic, electrical or optical means. The general principle for all methods is to drive 
coherent transitions between two spin states by applying an ap])ropriate excitation. 
The energy of this excitation determines the period of the rotation or, in other words, 
the time scale of the spin dynamics.

The most well-known approach is electron spin resonance (ESR). Generally speaking, 
ESR [205], also known as electron paramagnetic resonance (EPR), is a spectroscopic 
technique based on the absorption of electromagnetic radiation by a paramagnetic 
sample i)laced in a magnetic field. In a typical experiment an oscillating magnetic held 
/4c is applied perpendicular to the static magnetic field B. When the frequency of /4c 
matches the Zeeman sirlitting between the spin-up and spin-down levels, induced by 
B, e.g. fac = gp-Bid/h, the spin is effectively rotated. The practical realization of this 
idea have been demonstrated in both ciuantum dots [137] and N-V centers [88, 114]. 
The coherently driven oscillations of the electron-spin are called Rabi oscillations, and 
their frequency is defined by the amplitude of the alternating magnetic field, /uabi = 
9'MB^ac/2/i. Due to the limitations to the strength of an applied magnetic field, the 
corresponding period of single-spin rotations performed with ESR is typically limited 
to the nanosecond range. For applications in quantum information processing mnch 
faster operation times are required.



Chapter 2. Atomistic simulations of spin dynamics: theoretical framework 17

Using an oscillating electric field instead of a magnetic field was proposed as an alterna
tive to ESR. An electric field can be coupled to the spin through mediating mechanisms, 
snch as spin-orbit interaction or magnetic field gradient [146, 190]. In comparison to 
magnetic resonance, snch all-electrical control has the important advantage that it al
lows spins to be easily addressed locally, because electric fields are easier to confine to 
small regions of space than the magnetic ones. However, in terms of time resolution, 
the technique is also limited to the nanosecond scale.

Optical techniques also allow the coherent manipulation of spins and several experi
mental scheme have been proposed [20, 85, 109]. For example, in Ref. [20] the a.c. 
Stark effect^ was used to manipulate a single electron spin in a quantum dot. Short 
laser pulst^s with high instantaneous density were shown to induce rotations of the spin 
in a time interval as short as 30 ps, which is about three orders of magnitude faster 
than any magnetic or electrical manipulation of single spins.

2.3 Theoretical approaches to spin dynamics - dif

ferent levels of description

In the previous section we described several experimental techniques which can be used 
to probe a magnetic state of a system with different spatial and temporal resolution. 
In a similar way, one can distinguish between theoretical approaches to spin dynam
ics based on their ability to capture the prevailing physical mechanisms that govern 
the spin-dynamic phenomena at particular time and length scales. Starting at the 
macroscopic level, several methods and their range of applicability will be discussed 
below.

2.3.1 Landau-Lifshitz-Gilbert equation

On the long time scale of 100 ps 1 ns the main driving forces for magnetization dy
namics are external fields, magnetic dipole-dipole and spin-lattice interactions [277].

^In the [jresence of an electromagnetic wave, the energy of electronic transitions changes. In 
analogy to the effect first observed in static electric fields (Stark effect), this is called the optical or 
a.c. (dynamical) Stark effect.
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In this regime, the dynamics of the magnetization is mainly characterized i)y its pre- 
cessional motion, which is opposed to tlie damping that tends to align the magneti
zation in the direction of the effective magnetic field. The theoretical description of 
such jrrecessional motion including the effect of damping goes back to tlie phenomeno
logical Landau-Lifshitz-Gilbert (LLG) eqviation [77, 148]. This is the basic classical 
equation of motion for the magnetization, which enters the majority of models for 
magneto-dynamics, including large-scale micromagnetic implementations. The macro
scopic LLG equation has been very successful in describing precessional magnetization 
reversal in small magnetic particles and thin films [181]. The addition of terms due to 
the spin-transfer torque [21, 227] effect allows one to model experimentally observed 
current-induced oscillations of magnetization in spin-valve structures [63, 103]. The
oretical developments aimed at describing adiabatic and non-adiabatic effects in the 
domain wall motion driven by the spin-transfer torque are also largely based on the 
LLG equation [239, 243, 278].

VVe will now recall a heuristic derivation [181] of the equation describing the precessional 
motion of the magnetization based on simple considerations of classical mechanics. 
We will then discuss how the dissipative processes can be introduced in the eciuation 
through an additional phenomenological term.

Heuristic derivation of LLG equation

The classical angular momentum L [see Fig. 2.3(a)] of a particle'^ with respect to some 
point of origin is defined as

L = m {r X v), (2.1)

where rn is the mass, r is the i)osition and v is the velocity of the i)articlc.

For any force F acting on the particle equation of motion for the angular momentum 
reads

dL (dr \ ( dv\ ^
= 77M-T-xt)|-|-m(rx — )=0-|-rxF = r, (2-2)

dt \ dt 

where t = r x F is the torque.

dt J

The classical angular momentum can be related to a magnetic dipole moment of a 
closed planar loop in a uniform magnetic field B. The force dF acting on a current

‘^Hereafter vectors are denoted by bold characters.
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Figure 2.3: Vector representation of the angular momentnin (a) and of the magnetic 
dipole moment of a current loop (b).

element of length dl and current density i reads

dF — idl X B. (2.3)

After integration, we obtain the total torque exerted by the magnetic field on the 
current loop

t = iAx B, (2.4)

where A = An is a vector area, n being the unit vector perpendicular to the plane 
of the loop and A being the area of the surface enclosed by the loop. The magnetic 
dipole moment of the current loop [see Fig. 2.3(b)] can be then defined as

= iA. (2.5)

The current density, i, of a loop which has a radius r and carries a charge e moving 
with velocity v is given by

7 = (2.6)
27rr

This leads to the following relation between the magnetic dipole moment and the 
angular momentum

M = %L, (2.7)
e

where 7g = —(< 0) is the gyromagnetic ratio (here e and m. are, respectively, the 2m
charge and the mass of an electron). The equation of motion for the magnetic moment
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thus reads
dll

(2.8)

Although we have derived Eq. (2.8) l)y using solely the notions of classical mechanics, 
there is a deep analogy between the equation of motion for the magnetic dipole moment 
and its quantum mechanical counterpart for a free electron spin. In fact, using Ehren- 
fest’s theorem, the equation of motion for the expectation value (s) of the ciuantum 
mechanical spin operator s can be written as

d js) jt) ^ ]_

dt ih
s,H{t) (2.9)

(JhiiFor an isolated spin, subject to a magnetic field B{t), the Hamiltonian is // = —^s(t) ■
\c\h

Bit), where ub = ---- = 5.78810“^ eV/T is the Bohr magneton. By using the2rn
commutation relations for the spin operator

[Sq,.S^] lhtQ,jj^Sy, (2.10)

where (ag-y is the totally anti-symmetric Levi-Civita tensor with = 1, we obtain 
the following expression for the commutator in Eq. (2.9) for one of the projections of s

[Ja.,H(f)] = [SX, SyBy{t) + S^Ii^il)] =h
9hB

h
iffB

h

{By{t) [4,4] + [4,4]} =

ih{By{t)s, - B,{t)sy} . (2.11)

Furthermore we obtain the equation of motion for (s) in the final form

d (s) {t) g^iB
dt h

which is, clearly, similar to Eq. (2.8).

(s) [t) X B{t), (2.12)

Going back to the classical equation of motion [Eq. (2.8)], one can define the macro
scopic magnetization as the total dipole moment, or the sum of all the individual 
magnetic moments, per unit volume. This is essentially the macrospin approxima
tion, where the magnetization of the system is rei)resented by a single vector M. By 
taking into account that B = plqH (/xq is magnetic permeability of vacuum) and by
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introducing a new parameter 70 = Mo|7g| == ~t^ol%,i we obtain the following equation

dM{t)
dt

= -7oM(t) X Hit). (2.13)

It immediately follows from Eq. (2.13) that

d\Mit)\^
dt

and, for time-independent magnetic field H,

d{M{t) ■ H)

= 0. (2.14)

dt = 0. (2.15)

d’his means that the amplitude of vector M is constant and the angle between the mag
netization and the applied magnetic field is unchanged. Such conditions corresponds 
to the perfect Larmor precession (wdth frequency ui\^ = 7o^^i where H is the magnitude 
of the magnetic field), of the macroscopic magnetization M around the magnetic field 
[see Fig. 2.4(a)].

However, the precessional motion alone can not describe the behavior of the magneti
zation observed experimentally, for example, the saturation of the magnetization with 
applied magnetic field. The simplest way to account for this behavior is to introduce 
an additional term on the right-hand side of equation Eq. (2.13) that will tend to align 
the magnetization in the direction of the field

dMit)
dt = -7oM(f) X H{t)

Ms
M{t) X [M(0 X Hit)], (2.16)

where A/s is the saturation magnetization and cil is the Landau-Lifshitz damping 
constant. The above equation was proposed by Landau and Lifshitz [148] in 1935. It 
was later modified by Gilbert [76] in 1955, in order to overcome the unphysical solution 
for large damping parameters (ql > 1) [167]. The so-called Landau-Lifshitz-Gilbert 
(LLG) equation reads

(2.17)

where Cic. is the Gilbert damping parameter. It can be shown that the LLG equation 
[Eq. (2.17)] can be transformed back into the Landau-Lifshitz equation [Eq. (2.16)] by 
introducing new parameters 7q = and o'l = [167].
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Figure 2.4: (a) Lariiior precession of the magnetization vector Af around the 
magnetic field H as described by the equation of motion without the damping term 
[Eq. (2.13)]. In this case the magnetization rotates about the magnetic field direction 
with \M\ = const and a fixed angle between Af and H. (b) Schematic representation 
of the magnetization dynamics under combined action of the magnetic field and 
the damping [Eq. (2.16)-(2.17)]. In this case the magnetization rotates about the 
magnetic field direction but tends to align with H.

d’he first term in the LEG equation still represents the j)recessioii of the magnetization 
around the magnetic held while the second term describes the dissipation in the system. 
Due to this last term, the direction of the magnetization deviates from the precessional 
trajectory and spirals down with time until it becomes aligned wdth the direction of 
the magnetic held as showm schematically on Fig. 2.4(b). Note also that H{t) in 
Eq. (2.16) and Ecp (2.17) represents the effective magnetic held, which com])rises all 
external and internal (anisotropy and demagnetizing helds) magnetic held, acting on 
the magnetization.

The damping constant ac, is essentially a phenomenological parameter which does 
not contain any details on the physical mechanisms leading to dissipation. In fact 
understanding the microscopic origin of the damping is a notorious problem and it 
is currently a very active area of research since tailoring the damping constant is a 
key factor in the operation of memory devices. Possible mechanisms include spin-orbit 
interaction, magnon scattering processes, relaxation due to the presence of impurities 
and Eddy currents in the case of conductors. There have been several attempts to 
determine the damping from hrst-principles calculations [23, 78]. A new scheme for 
spin-dynamics simulations based on a modihed LEG equation with additional inertia 
terms was proposed in Ref. [23]. The inertia effect is incorporated into the equation 
of motion through a term proportional to the second derivative of the magnetization 
over time, e.g. of the form where I is the moment of inertia. This leads to
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nutations of the magnetization vector, a new type of motion compared to precession 
and damping. It is argued that the inclusion of such dynamical term combined with 
the first-principles-based calculations of the damping constant and the moment inertia 
may provide a suitable framework for investigation of ultrafast dynamics.

When electric current flows through a ferromagnetic material, the transfer of angular 
momentum occurs from conduction electrons to the local magnetization, a mechanism 
known as spin-transfer torque [21, 227]. In order to account for this current-induced 
effect, additional terms can be added to the phenomenological LLG equation. Since the 
motion of conduction electrons is typically much faster than that of the magnetization, 
the spins of the electrons tend to align with the direction of the local magnetization, 
leading to the adiabatic torque. Deviations from the adiabatic process are also possible, 
when the adiabatic approximation breaks down and the electrons essentially can not 
adapt to the local magnetization. This results in the non-adiabatic torque that can 
appear, for instance, in narrow inhomogeneous structures [168]. Understanding of the 
microscopic mechanisms of the non-adiabatic effect is still not complete [239, 243, 278]. 
Following the formulation of nonequilibrium current-induced effects in magnetization 
dynamics proposed by Zhang and Li [278], the torque can be introduced into the LLG 
ecpiation through the following terms

V; = -^M{t)x[M{t)x{u-S7)M{t)],

7'na = -^M(0 X (w v)M(t),
Ms

(2.18)

(2.19)

where u = • je is usually interpreted as the velocity of the electron flow, with je
being the direction of the current flow, / the current density, F the spin-current polar
ization of the system and A/s the saturation magnetization. The first term describes 
the adiabatic process, while the second one represents the non-adiabatic contribution 
to the torque, where a dimensionless parameter /? expresses the strength of the non- 
adiabaticity. Recently, the non-adiabatic torque, and, in particular, the parameter 
P, has been measured experimentally in different types of domain walls in permalloy 
nanowires [64].

The extensions of the basic LLG equation beyond the macrospin approximation can be 
used to construct theoretical models that provide a higher level of description of mag
netically ordered systems compared to the macroscopic one. This has been achieved in
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the rnicrornagnetic theory which is widely used for modeling magnetic domain struc
tures of various shapes and even for simulations of magnetic switching in memory 
elements [281].

2.3.2 Micromagnetics

The micromagnetic theory, or micromagnetics [30], essentially adopts a macroscopic 
view on the magnetic configuration of the system. However, usually the magnetic 
state is no longer represented by a single uniform magnetization vector M as in the 
macrospin approximation. Instead, the magnetization of the system Mir) and the 
effective field H{t) are considered to be continuous functions of the spatial variable r. 
The effective magnetic field can be calculated by minimizing the total energy of the 
system with respect to the magnetization

H(r)
dE{r)

' DM(r)
1 dE{r) 

M dm{r) ’
(2.20)

where m(r) represents the unit vector of the magnetization, M is the magnitude of the 
magnetization vector and E{r) is the total energy density. For a typical ferromagnet 
E{r) consists of several contribution, corresponding to different interactions that are 
present in the system

E{r) = E^,fr) -|- Ee^{r) -|- E„,^^{r) + F;zeeman(r), (2.21)

where Ean is the anisotropy energy density, Z?ex is flie exchange energy density, T'mag is 
the magnetostatic energy density and Fizeeman is the energy density due to the presence 
of external magnetic field (Zeeman energy density). The evaluation of these terms and 
the minimization of the total energy is the main part of the micromagnetic simulation. 
The temporal evolution of the magnetization is governed by the LLG equation. In 
practice, the system is spatially divided into a mesh of fine elements, or cells, and 
within each cell the magnetization Mi is assumed to be uniform. Vectors Mi evolve 
according to the discretized LLG equation which reads

dMAt) ,N N \ dMAt)’ =--toMi{t)xHi{t) + ^Mi{t)x ^
dt hk dt

(2.22)
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where H^{t) represents an effective field acting on the magnetization of each cell and 
A/s, is the saturation magnetization of ?'-th cell. The dynamics of the magnetic configu
ration, represented by a discrete mesh with Nm being the nnniber of cells, can
be calculated by integrating the set of equations given by Eq. (2.22). Such approach 
provides a description of the dynamical response of a magnetic system on the sub-/rm 
length scales, thus acting as a bridge between macroscopic and atomistic models.

The effect of thermal fluctuations can be included into the LEG equation through an 
additional stochastic term in the effective field H{t). This can be done in analogy 
with the Langevin equation, which is well-known from statistical mechanics and, in its 
original form, describes the Brownian motion of particles in a fluid. Such stochastic 
Langevin dynamics can be incorporated into the micromagnetic simulations to study 
thermally activated processes.

Despite the successes of the LLG-based models in describing the time-dependent prop
erties of magnetic systems, in particular, the precessional motion of the magnetization, 
the range of their applicability is limited to relatively slow processes and large length 
scales. In addition to the use of phenomenological parameters that are difficult to jus
tify on fnndamental grounds, a major intrinsic weakness of the LLG equation is the 
assumption that the properties of the magnetic system vary slowly on the atomic scale 
and that one can adopt an essentially macroscopic view on the magnetization. Such 
view gradually becomes invalid as one approaches the atomic scale, where quantum 
effects and interactions prevail. It is at dimensions below ~ 1 nni and at times lower 
than ~ 100 ps, that the concepts of the LLG equation, such as the magnetization itself, 
start to break down and one eventually needs to resort to quantum-mechanical models 
and analysis.

2.3.3 Atomistic approaches

Atomistic approaches based on a quantum-mechanical treatment of the electronic struc
ture of the system are capable of giving a much more accurate description of magne
tization dynamics compared to classical and semi-classical models that rely on the 
macroscopic api)roximation and ad hoc parameters. Such approaches would provide a 
suitable framework for including different physical mechanisms involved in the magne
tization dynamics and, ultimately, for constructing a first-principles based description 
of spin dynamics that enables the investigation of realistic systems. Although several
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computational schemes capable of describing the time evolution of the spin degrees of 
freedom in atomic-scale systems have been proposed [72, 144, 191, 225, 231, 254], atom
istic simulations of spin dynamics, in particular, explicitly time-dependent schemes, 
form an area of research in magneto-dynamics that is still not fully explored.

A natural platform for developing an ab initio spin dynamics method is the density 
functional theory (DFT). In a nutshell, DFT provides an efficient way of determining 
the ground-state properties of a many-electron system by calculating its ('(inilibrium 
electron density. A theoretical foundation of DFT is provided by the Hohenberg-Kohn 
(HK) theorems [98] which are formulated for any system which consists of electrons 
moving in an external potential Stated simply, the main conclusions of the
two theorems can be summarized as follows;

(!) the external potential ngxt(i')! and hence the total energy E of the system, is a 
unique functional of the electron density /i(r), which depends only on three spatial 
coordinates;

(2) the ground-state energy can be obtained variationally, e.g. the density that mini
mizes the total energy functional is the exact ground-state density.

A practical implementation of DFT is based on the Kohn-Sham scheme [134] which 
provides a recipe for calculating the ground-state electron density by mapjring the 
interacting system to a system of non-interacting quasi-particles moving in an effective 
potential, which produces the same electron density, e.g. the one corresponding to 
the original interacting system. Although the DFT formalism is in principle exact, 
the effective potential in the Kohn-Sham DFT includes the exchange-correlation (XC) 
part, which contains information about all electron-electron interactions beyond the 
Hartree level. This XC functional is unknown and must be approximated. The most 
widely used approximation is the local density approximation (LDA), where the XC 
functional depends only on the electron density at the position, at which the functional 
is evaluated, and it takes the value corresponding to that of the homogeneous electron 
gas.

The generalization of DFT for a first-principles treatment of the spin degrees of free
dom, offered by spin-density functional theory (SDFT), provides a powerful tool for 
the calculation of spin-dependent properties of the system such as spin-densities and 
spin-resolved single-particle band structures. However, it is applicable only in the 
static regime since DFT itself is a ground-state theory by construction. The situation



Chapter 2. Atomistic simulations of spin dynamics: theoretical framework 27

has changed with the developiiieiit of time-dependent DFT (TDDFT) [170] which has 
brought the dynamical phenomena within the reach of DFT. The general formalism of 
TDDFT is based on the Rnnge-Gross (RG) theorem [215] which can be viewed as an 
extension of HK theorem to time-dependent systems. The RG theorem demonstrates 
that, for a given initial state (wave function), there is a unique mapping between the 
time-dependent external potential of a system and its time-dependent elec
tron density n(r, t). Similarly to the static case, one can use the time-dependent version 
of the Kohn-Sham scheme, where an auxiliary system of non-interacting electrons is 
constrncted and the corresponding time-dependent equations of motion are solved. The 
first explicitly spin-dependent version of TDDFT was proposed by Liu and Vosko [160]. 
Since then the foundations of time-dependent SDFT (TD-SDFT) has been laid out. 
The general equations of motion for the spin-density, which can also provide informa
tion on the spin-currents, have been derived from TD-SDFT by Gapelle et al. [39]. Note 
that the spin-resolved version of LDA is the local spin-density approximation (LSDA).

Although TDDFT provides a more suitable framew'ork for investigating dynamical pro
cesses, for instance, for the calculation of the energies of excited states of the system, 
it inherits some of the limitations which are intrinsic to DFT. One of the long-standing 
problems in DFT is the difficulty in treating strongly-correlated systems. This is at
tributed to the shortcomings of the typically used approximations to the XC functional, 
such as the LDA, which do not fully account for electron-electron interaction. The same 
problem persists in TDDFT as it also requires the knowledge of the time-dependent 
XC functional for practical applications. The most natural approximation to the time- 
dependent XC functional is the adiabatic local density approximation (ALDA), where 
the ground-state LDA functional is calculated for the instantaneous time-dependent 
density distribution. Clearly, such local (in space and time) approximation will suffer 
from the same limitations as its static counterpart.^ Moreover, it a[)pears that the non- 
locality problem affects TDDFT even in a more severe form. Additional complications 
arise from the time-dependence: if the non-locality in time is taken into account, e.g. 
the XC potential at time t depends on the density at an earlier time then at this 
earlier time a small volume element of the system, which is now located at position r, 
was located at a different position r'. In other words, the non-locality in time leads to 
the non-locality in space. An attempt to deal with this problem on a fundamental level 
is undertaken by time-dependent current density functional theory (TD-CDFT) [261],

®As wo will see in Chapter 6 time-dependent approaches to electronic transport combined with 
novel exchange-correlation functionals, carrying a derivative discontinuity, may provide insight into 
new dynamical phenomena originating from electron correlation.
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where the current density is considered as tiie primary iiuiependent variable together 
with tlie electron density.

A well-known practical scheme for ah initio spin dynamics was proposed by Antropov 
et al. in the mid 1990s [8, 9]. The authors introduced general equations of motion 
which describe spin dynamics in magnetic materials in the adiabatic approximation. 
The latter allows one to adopt a mixed quantum-classical description of the spin degrees 
of freedom in magnetic materials containing atoms with localized magnetic moments. 
Because of the difference in the characteristic energies of the itinerant and the localized 
spins [the intersite exchange integrals are typically much smaller (< 100 meV) than the 
characteristic band energies], the orientations of the local magnetic moments are con
sidered to be slowly varying in time compared to their magnitudes, and the angles of the 
magnetization are introduced as collective variables within DFT. These variables are 
represented by vectors and are essentially treated as classical degrees of freedom, anal
ogously to the nuclear coordinates in a Born-Oppenheinier ai)proximation (BOA) [27]. 
Such separation of the spin degrees of freedom is, in fact, justified in many systems 
with localized magnetic moments and has been used successfully to calculate experi
mentally verifiable quantities like spin-wave stiffness in transition metals [7, 156, 157]. 
Antropov’s scheme provides the theoretical footing for some large-scale numerical im
plementations of atomistic spin dynamics, as the one described in Ref. [225].

To conclude this section, we note that although methodological and computational 
schemes for ah initio simulations of spin dynamics have been developed, such simula
tions are usually computationally demanding. Alternative to that are model Hamilto
nian based approaches that provide a suitable framework for atomistic simulations of 
spin dynamics and can be, in principle, extended to ab initio schemes.

2.4 Spin dynamics in finite atomic-scale systems

In this section we describe the simulation method for spin dynamics used in this The
sis. The original formulation of the method can be found in Refs. [229, 231]. We start 
with the description of a general scheme for spin dynamics based on the Liouville-von 
Neumann equation and then discuss ai)plications to the systems of interest. In partic
ular, w'e consider an implementation of the tight-binding model within the proposed 
time-dependent formalism. We also discuss the Ehrenfest approach which wall be used
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to simulate the mixed quantum-classical dynamics in a system consisting of a number 
of localized magnetic impurities embedded in a low-dimensional atomic lattice.

2.4.1 General scheme for spin dynamics

The time evolution of any quantum-mechanical system, described by a Hamiltonian 
[Is, is governed by the Schrodinger equation

= I'h ll-sif)) (2.23)

where |'I's(0) i-‘’ ^ state vector® of the system, which is represented, according to Dirac 
notation, by a ket-vector in the Hilbert space (|^s(0) ^ ^)-

In the case of the time-independent Hamiltonian, we can make the following ansatz for 
a special class of solutions of Eq. (2.23) using the method of separation of variables

l'I's(O) = f{f) 1^) (2.24)

where the function f{t) only depends on time while \tp) is a time-independent part 
of the wave function. By inserting Eq. (2.24) into the time-dependent Schrodinger 
equation, we find

/(/.) = const ■ (2.25)

where E is the energy. The wave function \ip) thus satisfies the following equation

Its lip) = E \i)) . (2.26)

This is the time-independent, or stationary, Schrodinger equation, which essentially 
describes the stationary solutions of the time-dependent Schrodinger equation with 
the Hamiltonian Hs- The stationary solutions are represented by wave functions in 
the form |4's(f)) = where the time dependence enters only through a
phase factor meaning that during the time evolution the wave function only

®The .state vector can be specified in some representation with respect to a basis of orthogonal 
states \xi, defined by a complete set of simultaneously measurable physical observables {X} =

where the function a^/, t) is called a wave function in the X-representation. In
this chapter we will use “state vector” and “wave function” as interchangeable notions.
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accumulates a phase. Equation (2.26) can be considered as an eigenvalue problem for a 
Hermitian operator //s, for which the eigenvalues E are real and the eigenvectors |0), 
corresponding to different eigenvalues, are orthogonal. Although Eq. (2.26) is formally 
solvable, in reality, an exact solution can be found only for a limited range of models 
and systems of small size. In condensed matter physics, however, the systems of interest 
usually consist of a large number of interacting electrons and nuclei, which makes the 
Hamiltonian in Eq. (2.26) rather complicated and the associated wave function \if) 
practically impossible to calculate. This is the reason why one needs to resort to 
alternative methods such as DFT, which was discussed in the previous section.

In the general case of time-dependent Hamiltonian lls{t), one must solve Eq. (2.23). 
In principle, the formal solution of the time-dei)endent Schrbdinger equation is known. 
By introducing the unitary time-evolution operator Us, the solution can be written as

|’■I's(f)) — Us{t, to) l'I's(^o)) , 127)

where to is an arbitrary initial time. By inserting the above expression into equation 
E(i. (2.23) and integrating over time we obtain [46, p. 19]

Us{t) = Us{t,to) ~ ^ ^
f lMti)Us{li,fo)dh. (2.28)

Jto

Iterating Eq. (2.28) further we find

I^s(f, ^o) — 1 “ ^ ^ Es{ti)dti + ^—j^ Hs{t\) 11 sih) dt \ dt2 E ■■■, (2.29)
'^0 to

which leads to the following nested integral

Tn{t) = fdU r dt2... r ' dtJh{U)...lh{tn), (2.30)
t^-' Jto Jto Jto

where t > ti > ... > t„ > to- If one performs a permutation of any of the time variables 
ti, ...,tn in ill the new ordering the earlier times will still be on the right to the
later ones, while the value of the integral remains the same. Therefore, one can sum 
over all identical integrals obtained by the permutations. In order to do that, we can 
introduce the time-ordering operator P, which, in the case of two operators, reads

P[Hs{h)Hs{t2)] = Hs{ti)IIsit2)0ih - t2) - fh{t2)fh{tx)e{t2 - H), (2.31)
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wliere 0 is the Heaviside step function. The definition can be generalized to n operators 
as follows

Q n

Note that in the case of fermionic operators one uses Wick’s time ordering operator T, 
which is defined similarly to P in Eq. (2.31) but with a minus sign instead of a plus.

Finally, after summing over all permutations, we obtain

Ir> = ^ {-jY fdtv.. r ' dt„ T[Hs{h)...Hsitn)], (2.33)

and
UsitPo) = Texp hfJto

dTn^{T) (2.34)

where Pexp denotes the exponential series of time-ordered products. The above equa
tion is a formal solution of the time-dependent Schrbdinger equation for any Hamil
tonian //s(0- Clearly, if //s(t) is known as a simple function of time, the integral in 
Et}. (2.34) can be easily calculated. Another advantage of having an explicit expres
sion for the time-evolution operator becomes clear if we look at the evolution of the 
system in the interaction picture, in which the Schrbdinger picture Hamiltonian IIs{t) 
is divided into two parts

flsit) = Ho + V{t), (2.35)

where IIo is usually time-independent while V{t) represents a time-dependent pertur
bation. A state vector in the interaction picture is defined as

|4'i(/)) = C"'>Cft|Ts(t)), (2.36)

where |'I's(0) state vector in the Schrbdinger picture. The evolution of |Ti(t))
is given by

5|Ti(t))
i,h - at = C,(t)|Ti(0), (2.37)

where Vi{t) = and the formal solution for the time-evolution oper
ator in the interaction picture reads

U\{t,T) = Texp l^fYiit') (2.38)
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This expression can be expanded in powers of Vi and it is the basis of the time- 
dependent perturbation theory.

Since we do not intend to use a perturbative approximation and, in general, the 
Hamiltonian //s(0 is a complicated function of time, we go back to the original time- 
dependent Schrodinger equation. The vector |'I's(0) Eq. (2.23) describes acjuantum- 
mechanical state of the system and can be expanded in the basis of eigenvectors of any 
Hermitian operator A corresponding to an observable A so that

(2.39)

where 10*,) are eigenvectors of A, which form a complete set of orthogonal basis states 
in the Hilbert space, with corresponding eigenvalues Uk (--4 = a^ |(/>a,'))- The expec
tation value of A in a state |'I's(0) given by

.4) = (Ts(0|4|vI/s(0) = P, (2.40)

where uji^{t) = \ ((/>/>■ |4's(0) P represents the probability of hnding the system in the 
(jnatum state The statistical aspects of quantum mechanics can be represented
by the notion of an ensemble of noninteracting “replicas” of the system, which are in 
the same quantum state |'I's(0)) each rei)lica can be found in one of the states 
|(^A;) with the i)robal)ility cut(t). An ensemble introduced in such a w'ay is called a 
pure quantum ensemble. Physically, however, the realization of a pure ensemble is 
practically impossible tind, therefore, one has to deal with ensembles of a more general 
type, namely, with mixed ensembles, where a state of the system is represented by a 
statistical “mixture” of several quantum-mechanical states. Such mixed states can be 
conveniently described by using the concept of the density matrix, which is defined as^

P(0 = l'I'r(O) (4'r(f)| , (2.41)

^ In temperature-dependent problems {T A 0)i one needs to define p as a statistical operator: 1) 
p = jZc in the case of the canonical ensemble, in which the system is allowed to exchange heat
with the environment at fixed temperature, volume and number of particles; 2) p = 
for the grand-canonical ensemble, in which the system exchanges both heat and particles with the 
environment at fixed temperature, volume and chemical potential (p). The corresponding partition 
functions are dehned as Zc = Tre~^^ and Z = Tre~^^^where (3 = l/k^T and N the electron 
number operator.



Chapter 2. Atomistic simulations of spin dynamics: theoretical framework 33

where {|^r(0)} ^ set of arbitrary normalized quantum states and oJr > 0 is the
probability of finding the system of the ensemble in the state |'I'r(^)) with = 1-
The density matrix is a Hermitian and positive-definite operator with Trp = 1, where 
7’r denotes the sum over all diagonal elements, independent of the basis.

Importantly, the expectation value of an operator A, corresponding to a quantum- 
mechanical observable A, is now given by

■l) = (^r{t)\A\'^r{f)) = Tr \pA (2.42)

Thus in a mixed ensemble a state of the system is not a superposition of quantum 
states as in the pure ensemble [see Eq. (2.39)], but is a statistical “mixture” of different 
quantum states, which do not interfere for any observable A.

It follows from the time-dependent Schrodinger equation [Eq. (2.23)] and from the 
definition of p{t) [Eq. (2.41)] that the evolution of the density matrix is given by

dt h i:
p,H (2.43)

This is knowm as the Lionville-von Neumann, or quantum Liouville equation.

Finally, any operator A evolves according to the following equation in the Heisenberg 
picture

dA\i{t) _ dA\\{t) ^
~~dT~ ~ '~Wt~ h H{t),Auit) (2.44)

The density matrix is the quantum-mechanical analogue of the phase-space distribution 
function as it is defined in classical nonequilibrium statistical mechanics [283, p. 11]. 
In order to illustrate this analogy, we recall some of the basic concepts of statistical 
mechanics.

In Hamiltonian mechanics a dynamical state, or a microscopic state, of a system with / 
degrees of freedom is characterized by the set of generalized coordinates (q) = {qi,..., qj) 
and conjugate momenta (p) = (p],...,p/), or by a point (g,p) = (gi,..., g/;pi, ...,p/) in 
a 2/-dimensional phase-space E. The evolution of the microscopic state is given by a 
trajectory {{q), (p)} in E space while the phase variables qi{t) and p,(/,) vary according
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to the Hamilton equations

dqijt)
dt

dpijt)
dt

dH{q,p,t)
^p^

dl{{q,P,t)
dqi

(2.45)

(2.46)

where i = 1,...,/ and H{q,p,t) is the Hamiltonian, or the Hamiltonian function, of 
the system. For macroscopic systems, consisting of many particles, it is difficult to 
determine the microscopic state and its exact trajectory. Therefore, it is convenient 
to use a probabilistic interpretation of the dynamical processes, where one considers a 
statistical ensemble described by the distribution function p{q, p,t) which satishes

/ p(q,p,t)dr = 1. (2.47)

The (piantity du = p{q, p, t)dT is the probability of finding the system of the ensemble 
in the element dF of the phase space, close to the point {q,p) at time t.

The result of the measurement of the physical quantity A can be taken as an average 
value (>f) of the corresponding dynamical variable A{q,p,t) which reads

(A) = I A{q,p,t)p{q,p,t)dr. (2.48)

The distribution function satisfies the classical Louville equation, a classical analogue 
of the Liouville-von Neumann equation

(2.49)

where {,} denotes the Poisson bracket, which for any two functions p!\{q,p,t) and 

‘A2iq,P,l) is defined as

i=i

dpi dp2 dpi dp2
dcp dp., dp, dq, ■

(2.50)

The Liouville equation is a direct consequence of the Liouville’s theorem, which states 
that the volume of the phase space is conserved during the dynamical evolution of the 
system.

By differentiating a dynamical variable A{q, p, t) over time and by taking into account
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tliat the derivatives q and p are given by the Hamilton equations [see Eq. (2.46)], we 
obtain the equation of motion for A{q,p,t)

dA dA ( . i,.
(2.61)

which is, indeed, very similar to the quantum-mechanical equation for the operator A, 
corresponding to an observable A.

The above discussion clearly demonstrates a deep analogy between classical and quan
tum statistical mechanics and provides an intuitive understanding of the concept of 
the density matrix using a simple probability language. In particular, the most im
portant common concept in both theories is the Liouville equation [see Eq. (2.43) 
and Eq. (2.49)]. We will further explore the analogy between quantum and classical 
equations of motion when dealing with mixed quantum-classical simulations of spin 
dynamics within the Ehrenfest approximation (see Section 2.4.3).

The quantum Liouville equation provides a convenient and compact description of the 
time evolution of a (luantum-mechanical system and it is the central equation in our 
method for atomistic simulations of spin dynamics. As it is a first order differential 
equation,* it can be integrated using a reliable time-integration method. Once the 
density matrix is calculated, all the physical quantities of interest, including spin ob
servables such as spin-densities, can be obtained straightforwardly.

So far we considered Eq. (2.43) in its most general form without specifying the Hamil
tonian I{{t). In the next two subsections we will discuss some particular cases of the 
model Hamiltonian, which are most suitable for the description of the systems of in
terest such as atomic chains. We emphasize, however, that the time-dependent scheme 
based on Eq. (2.43) is applicable to a wide range of Hamiltonians, including ab initio 
ones. In the simplest case of LSDA, the evaluation of the Kohn-Sham Hamiltonian at 
each time step, following the modifications in the electronic density, can be incorporated 
into the time-integration loop for Eq. (2.43).

*More precisely, it is a system of {2N)^ equations if the operator p(t) is expres.sed in some spin- 
resolved basis (2 is for spin) and one considers an equation for each density matrix element
Pkk'{t) = {4>k\p{t)\4'k') hi this basis. The number of equations can be further reduced down to 2N{2N+ 
l)/2 if we take advantage of the hermicity of p and only consider the elements in the upper triangular 
part of the density matrix.
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2.4.2 Tight-binding model

The tight-binding (TB) model [10, p. 175] is a qnantnm-niechanical model that pro
vides a simple and yet physically motivated description of electronic states in materials. 
The name “tight binding” suggests that this electronic structure model describes the 
properties of tightly bound electrons. This implies that the overlap of atomic orbitals 
is small enough to consider the wave function of the electron to be rather similar to 
the atomic orbital of the atom it belongs to. In the practical electronic structure cal
culations within the TB approximation, one uses an approximate set of wave functions 
based on the superposition of wave functions of isolated atoms located at each atomic 
site. This concept goes back to the linear combination of atomic orbitals (LCAO) 
method [226], which was hrst used for approximating molecular orbitals and was ex
tended to the case of solids by Bloch. TB models are currently applied to a wide 
variety of problems in physics and chemistry. In many cases they give qualitatively 
accurate results for electronic properties of realistic materials, a well known exanij)le 
being graphene, a two-dimensional honey-comb lattice of carbon atoms. We also note 
that most of the celebrated models in condensed matter physics, such as the Hubbard 
model, are essentially btised on the TB Hamiltonian.

As the capabilities of accurate ab initio simulations of materials are constantly increas
ing, so does the demand for methods that are able to capture the important physics 
while still being fast enough to simulate large systems. This is particularly relevant for 
time-dependent simulations as in spin and molecular dynamics where ab initio based 
approaches are still limited to relatively small sizes and short times. The TB model 
offers an alternative to accurate but computationally demanding hrst-principles calcu
lations. Within the TB approximation one approaches the electronic structure problem 
by constructing a one-body Hamiltonian of the system and by solving the eigenvalue 
problem. In contrast to DFT, the TB model assumes only a minimal local basis of 
atomic orbitals and it is usually non-self-consistent. These approximations reduce the 
accuracy of the method but enable much faster calculations, a feature which is par
ticularly useful for large systems. The parameters entering the TB Hamiltonian, such 
as the overlap integrals, can be determined by fitting either to a set of experimental 
data (empirical TB) or to band structures and total energies obtained with advanced 
electronic structure methods (semi-empirical TB). A large number of semi-empirical 
TB-based models have been developed for a variety of crystalline metals, semiconduc
tors and insulators [194]. The simplest and still widely used method of paranietrization
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of the TB model, based on the two-center approximation for the TB Hamiltonian ma
trix elements, goes back to the work of Slater and Koster [226].

TB model for quasi-lD nanostructures on S'i(lOO) surface

Just as a practical example, which illustrates the usefulness of the TB model, we will 
consider one particular system, for which even a very simple TB Hamiltonian produces 
quite reasonable results, namely, quasi one-dimensional (ID) nanostructures on Si(lOO) 
surface. In fact, this surface has been one of the most intensively studied structures 
in the past decades due to its complexity and technological importance. Recently, this 
system has gained renewed attention from both experimental and theoretical commu
nities due to the possibility of creating quasi ID confinement on this surface, thus 
allowing to construct and explore real quantum wells [186].

The Si atoms terminating the Si(lOO) surface pair up to form dimers in order to reduce 
the number of dangling bonds per atom. The dimers are arranged in rows along the 
[110] direction and essentially form quasi-lD nanostructures, or nanowires, as shown 
schematically in Fig. 2.5(b). The remaining dangling bonds have been showm to give 
the main contribution to the surface states near the Fermi level. The tilting (buckling) 
of the dimers results in the redistribution of charge in the dimers and to the formation 
of the surface band gap between occupied tt and empty tt* dangling bond states. The 
latter (the empty tt* band) exhibits quasi-lD character leading to quantum confinement 
effects.

Notably, there exist several possibilities of the surface reconstruction for Si(lOO) surface, 
such as (c4 x 2), where the dimers are tilted in anti-phase both along and across 
the dimer rows, and (p2 x 2), where the buckling is alternating along the rows but 
is in-phase in the perpendicular direction. It is still not entirely clear which of the 
two reconstructions is the most stable. Recent theoretical works, based on the DFT 
calculation of the total energy of the surface configuration, demonstrate that the energy 
difference between the two possible reconstructions is indeed ejuite small (~ 0.5 rneV 
per Si-Si dimer) with (c4 x 2) being the most energetically favorable [169]. In our model 
calculations we consider a simpler case of the (p2 x 2)-reconstruction [see Fig. 2.5(b)], 
which requires a smaller unit cell.

The band structure of the 10-layer slab of the Si(lOO) surface in p2 x 2-reconstruction 
from Ref. [169] is presented in Fig. 2.5(a) [black lines]. The figure shows only the first 
two bands above the Fermi level which are effectively decoupled from the bulk states.
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Si(lOO) p2x2

Figure 2.5: (a) The black lines show the electronic band strnctnre of a 10-layer 
cut of the Si(lOO) surface in (p2 x 2)-reconstrnction reported in Ref. [109] (the cal- 
cnlation was performed for a relaxed strnctnre and a 2 x 2 snpercell using OpeiiMX^ 
simulation package, based on DFT with norm-conserving psendopotential and linear 
combination of pseudo-atomic localized basis set). Only the two bands originating 
from the surface states are shown. The thick purple lines show the fit of the two 
bands obtained from a tight-binding model for a nanowire formed by the dimer rows. 
The following parameters have been used: £i — 0.87 eV, = 5.0 eV, |7th| = 0.24 eV, 
lO'tbl “ lO'ttI “ lO'bbI = 0-09 eV. (b) Ball-and-stick representation of the
first three layers of the investigated surface (top view). The Si-Si dimers are shown 
in red and the top atoms of the dimers are represented by larger balls compared to 
the neighboring bottom atoms (from Ref. [237]). The square marks the basis for the 
TB calculation, consisting of two top and two bottom atoms, (c) Brillouin zone path 
used for electronic band strnctnre calculation.

One immediately notices that the bands exhibit dispersion only along the dimer row's 
direction (FJ and KJ') which, indeed, indicates a quasi-lD character.

It is quite natural to build a TB Hamiltonian on the basis of a quasi-ID lattice formed 
by the Si-Si dimers, in order to model the surface band structure. The unit cell for 
our TB calculation consists of four atoms, which constitute two neighboring dimers as 
shown in Fig. 2.5(b). We use the periodic conditions along the dimer rows in order 
to simulate an infinite nanowire and include only the nearest-neighbors interactions. 
Thus the parameters of the TB Hamiltonian are the on-site energies of the top (Tt) and 
bottom (Tb) atoms, the hopping integrals betw'een the top atoms (ytt) and the bottom 
atoms (7bb); the hopping integrals between the top atom and the bottom atom across
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the clirner rows (7tb) and along the dimer rows (7(b)- These parameters have been fitted 
to reproduce the main features of the bands calculated using DFT and the results are 
shown in Fig. 2.5(a) [purple lines]. Although the agreement between TB and DFT is not 
perfect, mainly due to the fact that the coupling to the underlying layers is not taken 
into account in the TB Hamiltonian, the character of the bands is well captured by the 
'FB model, in particular the absence of dispersion along the direction perpendicular to 
the dimer rows (JK). This essentially means that our quasi-lD model, with parameters 
fitted to DFT, can be used to investigate the properties of the nanostructures formed 
on the Si(lOO) surface. If one is interested in the dynamical properties, for instance, 
in the presence of magnetic impurities on the surface, the time-dependent scheme for 
spin dynamics simulations, discussed in the previous section, can be readily applied to 
this system.

Since the TB model provides a natural framework for the model Hamiltonian based 
description of atomistic systems, we will use it as a main electronic structure tool 
throughout this Thesis. In Chapter 3 and Chapter 4 we will consider systems in which 
the main components are ID chains of atoms. An isolated atomic chain consisting of 
N sites will be typically described by a spin-polarized single-band nearest-neighbors 
TB Hamiltonian, which can be conveniently written in the second quantization form 
as

/7tb= (2.52)
i, j = 1,

a =1, t

where + 7^ dij±i with on-site energies e, and the hopping integral 7^
between sites i and j (most of the time we will consider a single uniform hopping 7, 
which is the same for all sites); cf\cf) is the creation (annihilation) operator for an 
electron with spin-up {n =1) or spin-down (cv =|) at the atomic site i. In order to 
work with concise expressions, we will sometimes omit the limits of summation, for 
example the sum in Eq. (2.52) will be substituted by Yhija- wave functions of 
the Hamiltonian will be constructed in the basis of the spin-resolved atomic orbitals 
\ia) = I?') ® \a) where i = 1,..., N is atomic site index and a J. denotes the spin 
component.

To conclude the discussion on the TB model, we will derive the explicit expressions 
for the spin-currents, or spin-resolved bond currents, which arise from the dynamical 
evolution of the spin degrees of freedom in a system described by a TB Hamiltonian. 
This is particularly useful for Chapter 6, where we will use the definition of the bond
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current to construct the 1-V characteristics of a nanojunction, consisting of a single 
quantum dot attached to two ID leads described by a TB Hamiltonian.

Spin-currents in TB model

In the basis of spin-resolved atomic orbitals |fcr), the equation of motion for each 
density matrix element p’lf = {ai\p\ia) can be written as

dp7{t)
dt

1
ih j XI in

Here we consider a Hamiltonian of a more general type than the one in Eq. (2.52), 
namely

//(<) = ^ 7/™ cf -b ^ cf ■ Bft), (2.54)
tJ,o I a,0

where is the same as in Eq. (2.52) and <t = |((Tj,, cr^) is the electron sj)in oper
ator, {(Ti}i^x,y,z being the set of Pauli matrices. In the second term we have introduced 
a local coupling to an effective field Bft). This can represent the interaction with a 
magnetic held B{t), e.g Bft) = gpBB{t), or a Heisenberg-type interaction with the 
spin of a magnetic imi)urity S, e.g. Bfl) = JS{t) with ./ being the strength of the 
interaction (in the units of energy). Note that in the basis of localized atomic orbitals 
ep^f is essentially the electron population on site i in a spin state a (e is the electron 
charge).

We will dehne the current, or the charge flux, /„(7) as the amount of change of the 
on-site electron density in the time interval dt, e.g. /„(/) = Pnni^)-
then distinguish partial contributions to the current, namely, 7^(7) = ep""(7). For the 
spin-up case (cr =t) we have

AUO = epllit) = - pl[Hkn) + - Pnnllii) +
k^n

+
e
ih

k^n

(2.55)

where we have decomposed the sum over the site-index into parts with k = n and 
k 7^ n. Using the i)roperty of hermicity of the operators 77 and p we obtain a more
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concise expression 

2e

k^n
^ (lliyni) {KkPii) > (2-56)

2e

k^n
V' /TT2-^k ‘nk

■v^
* nn

where lH arises from the transfer of spin between sites n and k, represents the 
process which involves the change of spin at site n and /^|, describes the nonlocal 
contribution, which is due to the change of spin on different sites. Hereafter denotes 
the imaginary part. Note that the first term, I^, is similar to the bond current, defined

— 2ec>

essentially describes the charge transport between sites n and n + 1
by Todorov [245, 246] in a non spin-polarized case as In,n+l = ^^iHn. n+lPn+\,n), which

A similar expression can be written for the spin-down case {a =|)

= <^Pnn{^) - X! X]
k^n k^n

(2.57)

where the three contributions have the same meaning as those for the spin-np case.

In the presence of spin-mixing terms in the Hamiltonian, which act locally at site i [see 
the second term in Eq. (2.54)], the matrix elements of the form //“^ for i ^ j and a ^ (3 
are zero. Thus the terms vanish and one remains only with two contributions: one 
is and is related to the spin-transfer process which preserves the orientation of the 
spin, while the other, , represents the mixing of the spin-iip and spin-down channels 
locally at site n. Clearly, the latter is zero in the absence of the spin-mixing terms as 
in the Hamiltonian given by Eq. (2.52).

By taking into account only the nearest-neighbors interactions, we obtain

^ y‘n.n-\Pn-\,n/ ^ ^

2e..^ / ,,i I II \ 2e

^^(0 = (^^n+lPnll.n) + [f^unPun) - (2-58)
/i(0 = f»(//i!n-lPiil,n)

h
2e,+ (<UiPiVi,n) + ■ (2.59)

llie first two terms on the right-hand sides of both equations account for the transfer 
of spin from site n — 1 to n and from n to n -|- 1, respectively. We can then define a 
spin-resolved bond current

jcr _ ( TTua ua \
'n,n+l ^ V^'n,n+lrn + l,n/ ’ (2.60)
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which will be taken as the actual electric current through the bond (n, /; + !). The total 
charge bond current through the bond (n,n+l) can be calculated as /„,„+i = ^nn+i 
and the spin-polarized bond current as = /J,„_,.i — tnn+i-

2.4.3 Ehrenfest spin dynamics

In this section we set out the theoretical framework for Chapter 4, where we investigate 
the possibility of the electrical control of spin transfer in monoatomic chains incorpo
rating spin impurities. This is a brief introduction to the basic concepts and e(}uations. 
Some specific issues, such as the relevance of our model system to realistic materials, 
will be discussed in Chapter 4.

We employ the mixed quantum-classical Ehrenfest description of the spin dynam
ics [229, 231], in the sjurit of the s-d model, where the itinerant electrons are described 
by a TB Hamiltonian while the spins of the localized magnetic impurities are treated 
classically. The main assumptions underlying such cjuantum-classical description can 
be snmmarized as follows:

(1) At the fundamental level, the system is described by means of the s-d model [275, 
p. 221], where the magnetic moments of the impurities, originating from the deei)ly 
localized d-electrons, are coupled to the conduction s-electrons via an effective exchange 
interaction.®

(2) At the next level of approximation, in the limit of a strongly localized impurity, one 
assumes that the magnitude of the local magnetic moment is conserved and can thus 
be treated as an effective classical angular momentum, or local spin, at the ini{)urity 
site.

Similarly to the quantum-mechanical spin operators [see Eq. (2.10)], these local spins 
obey the following commutation relations [273]

(2.61)

®The s-d model has been designed for dilute magnetic alloys [136], e.g. non-magnetic metals incor
porating magnetic impurity atoms. The calculation of the resistivity in the third-order perturbation 
theory by using the s-d model leads to the logarithmic terms, diverging at T = 0 [135]. This is an 
indication of the resistance minimum observed at low temperatures, a signature of the Kondo effect. 
Another important result of the s-d model is the RKKY [123, 214, 274] interaction between localized 
spins. Note also that an extension of the s-d model to include a quantum treatment of the local 
spins has been proved very successful in describing inelastic spin-excitations for magnetic adatoms on 
metallic surfaces [107].
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where Sf with a = x,y, z is the a-th Cartesian projection of the local spin Si and e^pj 
is the totally anti-symmetric permutation tensor (e^yz = !)• Hereafter we will represent 
the local spins by the dimensionless unit vectors Sg defined as

= 4^,s (2.62)

wdiere S is the magnitude of the local spin and we will consider S — h in analogy 
with the quantum-mechanical equations of motion. Substituting «Sj in Eq. (2.61) by 
«Sj = iS • Si, we obtain the commutation relations for vectors S^

'7
i ’ (2.63)

where Sf are the Cartesian components of the dimensionless unit vector S', in the 
direction of the i-th local spin.

Hamiltonian and equations of motion

For a system consisting of a A^-sites long atomic chain and N (in general) spin im
purities, exchange-coupled to the itinerant spin-density on site i, the time-dependent 
Hamiltonians read

fut) =

//s(t) = J^S,(t)-0,(t).

(2.64)

(2.65)

The top expression is for the electronic subsystem. Here the notation is the same as 
in Ecj. (2.52) and Eq. (2.54) and 4/™ describes the matrix elements of a single-orbital 
nearest-neighbors Hamiltonian with on-site energies Ei and hopping integral 'y; J > 0 
is the exchange coupling strength.

The Hamiltonian Hs{t) of the classical spins describes the interaction of S', with the 
local effective field 0i{t), which reads

0^{t) = -Js^ft) 9hB
h SB,[t). (2.66)

Here the first term described the coupling of the local spin Sj to the electron spin- 
density, taken as the instantaneous expectation value of the conduction-electron spin 
at site i, e.g. s,(f) = ((t)^ (f). The second term describes the interaction wdth the
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external magnetic field wliicli can be applied locally to S,. We assume (j = 2 for 
the localized spins.

The equations of motions for the two subsystems then read

dp{t)
dt

dSft)
dt

h

= {s,{t),m)]
(2.67)

(2.68)

The first equation is the Liouville-von Neumann equation for the density matrix p, 
wliicT describes the quantum-mechanical system of itinerant electrons [see Eq. (2.43)]. 
The second one is the classical equation of motion for a dynamical variable Sft), which 
was derived earlier and is given in the general form by Eq. (2.51). The commutation 
relations for the local spin [see Eq. (2.63)] allow us to calculate the Poisson bracket in 
E(p (2.68) so that the classical equation of motion now reads

^ = 4s.(0xe,(0-dt S ^ ^ ^ (2.69)

The classical Liouville equation is formally equivalent to its quantum mechanic:al coun
terpart [see Eq. (2.12)], if one assumes that vector S', in Eq. (2.69) represents the 
expectation value of the quantum-mechanical spin and that its modulus remains con
stant.

Such mixed quantum-classical dynamics can be seen as a mapping onto the spin-space of 
the Ehrenfest approach to molecular dynamics [100, 102]. In fact, a widely used method 
for decoupling the dynamics of the heavy and slow ions from the dynamics of the 
light and fast electrons is based on the Born-Oppenheinier approximation (BOA) [27]. 
In this adiabatic approximation, one assumes that as the ions move, the electronic 
subsystem remains in the thermodynamic state, which minimizes its free energy for 
the given instantaneous ionic positions. A second method, which deals with some of 
the drawbacks of BOA, is the Ehrenfest approach, in which both electrons and ions are 
allowed to evolve according to their equations of motion. In these equations the two 
subsystems experience each other as external time-evolving classical fields. The ions 
are treated as classical particles, while the electrons are treated quantuni-niechanically.

The separation of dynamical variables that leads to the system of quantum-classical 
equations of motion given by Ecjs. (2.67)-(2.68) is, in principal, similar to Antropov’s 
adiabatic approximation to spin dynamics, which we briefly discussed in Section 2.3.3.
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Such adiabatic spin-dynamics (ASD) model is an approximation of the ab initio treat
ment of spin dynamics for materials with localized magnetic moments. The important 
difference between onr model and the ASD is in the choice of the single-electron Hamil
tonian. While in Antropov’s ASD one vises the Kohn-Sham Hamiltonian, onr model is 
based, in the present form, on a much simpler single-band non-interacting tight-binding 
Hamiltonian. This, however, allows ns to benefit from the computational feasibility of 
the tight-binding approximation and to go beyond the BOA. In fact, onr model can be 
used to simulate the dynamics of relatively large systems (of the order of 1000 atoms) 
at the Ehrenfest level.

2.4.4 Computational scheme - time integrator

In order to obtain the electronic density matrix and the Cartesian components of the 
local spins as functions of time, the coupled qnantnm-classical equations of motion 
[Ecjs. (2.67)-(2.68)] can be integrated numerically using a time integrator.

A time integrator is the core of any dynamical simnlation, and it is basically the scheme 
which rejvlaces a differential v'qnation in continnons time by a difference equation defin
ing approximate snapshots of the solution at discrete time steps. Long time interval 
simnlations require the integrator to be iterated a large number of times. In the case 
of our Ehrenfest dynamical system the number of time steps is of the order of 10“*. In 
such situations a reliable integrator is needed to ensure a successful simulation.

'hhe system of equations of motion described by Eqs. (2.67)-(2.68) falls into the category 
of initial value problems for a set of J\f coupled first-order differential equations^® for 
the functions i = 1,2,..., A/”, having a general form

dt
(2.70)

where the functions /* on the right-hand side are known. These equations need to be 
integrated siniultaneonsly over time, starting from the initial time t = to, given the 
initial conditions ^(to)- hi the Ehrenfest system the initial conditions include the local 
spin configuration {Sfto)} and the electron density matrix p{to) at the initial time.

'°For the Ehrenfest system containing Ns local spins embedded in an A^-sites long spin-polarized 
chain, Af = 3A^s + 2N {2N -|- 1) /2. See also the footnote on page 34.
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A number of numerical algorithms have been developed for the solution of this type 
of equations. The simplest implementation of the discretization procedure applied to 
Eqs. (2.70) results in the elementary one-step Euler’s method, given by the formula”

f/n-l-l 9n T (2.71)

which advances a solution from to -|- h, where h is the time step and
9n{9n+\) E the value of the function g[i) at the moment of time b,(f„_|_i). This method 
itself is rarely used in practice due to low accuracy and numerical instability, however 
it is conceptually important for many practical integration methods.

The Runge-Kutta methods [206, p. 704] is a class of the most frequently used inte
grators. A typical Runge-Kutta scheme propagates a solution over the time step h 
by performing several Euler-type steps, each involving an evaluation of the right-hand 
side functions /), and then using the obtained information to match a Taylor series 
expansion up to some higher order. We use the classical fourth-order Runge-Kutta 
(RK4) method, given by the following rule

^■l = f^f{tn,9n),

k‘2 = hf{tn + + -^),

^-3 = hf{tn + 2'-Jn + “i^),

^’4 = hf{tn + 9n + k's),

9n+i = 9n + 7>ik\ + 2/^:2 + 2A:3 -|- Aq) + C(h^), 
6

(2.72)

where 0{h^) is an error term, which means that the deviation of the exact solution 
from the numerical one, given by in Eq. (2.72) at time step n + 1, is smaller 
in absolute value than a constant times for h —> 0. This term, representing the 
intrinsic accuracy of the RK4 algorithm, essentially determines the accuracy of the 
entire numerical scheme, since the numerical round-off errors are usually much smaller 
than the errors due to the time-integration algorithm.

As a prior step to launching the time integrator, one needs to determine the initial 
conditions. This is done by performing a ground-state calculation, which gives the 
equilibrium electron density distribution for a given local configuration of the classical 
spins. At t.Q for a given orientation of S^{to) the electron density matrix p is constructed

^The difference equation is given for N — I, i.e, in a ID case, for simplicity.
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as
p{lo) ) (2.73)

where are the eigenstates of the spin-polarized electron Hamiltonian He\{io)
and /„ = /(cj.) are the occupation numbers distributed according to the Fermi-Dirac 
statistics.’^

'File dynamical evolution is triggered by applying an excitation to the system. Note, 
that the substitution of the ground state values of Si{to) and p{to) into the equations of 
motion leads to {S',(to), tfs{to)} = 0 and p{to), //ei(^o) = 0 so that no evolution can 
be obtained without perturbation. From mathematical point of view, such perturbation 
can be realized in several ways, for instance, by deviating the electron density matrix 
from its equilibrium at t = ti so that p{ti) = p{to) + Sp. This is, however, a rather 
artificial procedure unless the density p{li), constructed in such a way, is the ground- 
state density of the electron Hamiltonian, that has been perturbed in some physical 
way, for example, if //ei(ti) corresponds to some other configuration of the local spins, 
different from the initial one. Another possibility is, at t = C, to tilt one of the 
local si)ins with respect to its initial orientation, S,(/i) = •S',(to) + SS^. One can also 
change the local spin Hamiltonian IIs directly by applying a transverse magnetic field 
to one of the local spins, which leads to 0,(ti) = 0,(to) + ^^y^SBi^t). This results 
in the precession of S,, which, in turn, induces the evolution of the electronic spins. 
A general technical procedure behind the time-dependent simulation, which combines 
the ground-state calculation, the excitation and the time propagation, is illustrated in 
Fig. 2.6.

Information about the actual accuracy of the numerical scheme is extracted from the 
deviation of a conserved quantity from a constant value for a given time step over a typ
ical duration of the simnlation. The conserved cpiantities for the Ehrenfest dynamical 
system are

The total energy of the system Etot{l), which contains the contribution from 
the electronic subsystem, e.g. Ep\{t) = Tr p{t)Hf.\{t) , and from the subsystem 
of the local spins in the presence of an applied magnetic field, e.g. E^{t) = 

S,[t) • B,{t).

'^Hereafter f{E) denotes the Fermi-Dirac distribution and f(E) = 1/ where fce ~
8.617 eV K“’ is the Boltzmann constant, T is the temperature and /r is the chemical potential, which in 
this ca.se is ecpial to the Fermi energy Ef [159, p. 23]. The latter is determined so that Yh Pii{to) = Ne\ 
(Nei is the number of electrons in the system).



Chapter 2. Atomistic simulations of spin dynamics: theoretical framework 48

Ground state
S(ro) and p%)

calculate eigenstates of for 
a given configuration ofS

Excitation
pd\) = p(h)+5p -> [/»(/,), 

or
S(t,) = S{ta)+dS - [S(t,).

Figure 2.6: Selieme of the tiiiie-depeiideiit algorithm.

• The iiuiiiber of electrons in the system A^ei(0 which can be calculated as N^\[t) =

T,,Pnif)-

• The absolute value of each of the vectors Sft), e.g. |S'jp(/.) since S,{t) is consid
ered as a vector with constant magnitude.

• The total spin 5'tot(/) = E*

The conservation of these quantities has been verified within a relative error of 10“^% 
for a typical time step h = 0.01 fs and a typical total time of the simulation l\oi ~ 1 ps.

The main and most computationally demanding part of the time-integration ijrocedure 
is the multiplication of p and //pi (expressed in the atomic-orbitals basis), which is 
performed in order to calculate the value of p, //gi at each step inside one full RK4 
cycle. Each of the 2N x 2N elements of the matrix mnltiplication product is calculated 
as

2N

ip ■ J = 'y ^ pmk ■ ■
V / rnn _

(2.74)
k=\

Thus the total nnmber of operations involved in the matrix multiplication is {2NY. 
This can be significantly reduced if one takes advantage of the sparse nature of the
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Hamiltonian matrix. Indeed, since only the nearest-neighbors interactions are taken 
into account, the maximum number of non-zero elements in each column (or row) of 
the Hamiltonian matrix is equal to 4 (1 diagonal and 2 off-diagonal elements and one 
additional element in each row due to the interaction with the local spiid^). This gives
2N ■ 2N ■ 4 = 16A^^ operations and reduces the computational cost by TV

Finally, we note that the same numerical time-evolution algorithm will be used to 
solve the quantum-mechanical equations of motion [similar to Eq. (2.67) but with 
additional open-boundary terms] describing the time-dependent transport in Chapter 5 
and Chapter 6.

2.5 Summary

In this chapter we discussed the general motivation for atomistic spin dynamics and 
set out the theoretical and computational framework for practical simulations. We 
started with an overview of current state-of-art experimental techniques used to probe 
the dynamics of the spin degrees of freedom with very high resolution, reaching sub- 
nanometer length scale and femtosecond time regime. We then presented a brief as
sessment of the theoretical approaches capable of providing an adequate description of 
spin dynamics at dimensions comparable to those accessilrle in experiments. As purely 
empirical macroscopic models are unlikely to capture the relevant physics, the search 
for more appropriate models has been set in the realm of quantum atomistic simula
tions. A natural framework for such simulations is provided by the time-dependent 
density functional theory. However, in practice such simulations are computationally 
very demanding.

As a first step before an ab initio description is put forward, we considered a tight- 
binding based Ehrenfest scheme for spin dynamics, which can be applied to systems

the basis of spin-polarized atomic orbitals \ia), the electron Hamiltonian, as well as the density 
matrix, is composed of 4 blocks of dimension N x N, two of which contain the matrix elements 
of the form i\He\\i' and i|T/ei|V while the other two correspond to i\He\\i' 1^ and

I, i\He,\\i' t )• This can be written schematically as

//el = //eV //eV 
//eV

The exchange interaction with each local spin brings two off-diagonal complex elements, one in the 
//J|Eblock and the other in the //ei^Thlock.
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comprising localized magnetic moments and band-like electrons. In the Ehrenfest i)ic- 
ture, two subsystems are considered. One comprises itinerant electrons, whose evo
lution is governed by the Liouville-von Neumann equation, and the other - localized 
spins - represented by classical variables (vectors), evolving according to the classi
cal equation of motion, formally equivalent to its quantum-mechanical counterpart. 
The interaction between the two subsystems is introduced in the framework of the s-d 
model. All the components of the scheme, such as the model Hamiltonian, the Ehren
fest approximation and the time-integration method, have been discussed in details. 
Some practical applications will be presented in the following two chapters.



Chapter 3

Itinerant electron dynamics in 
atomic chains

3.1 Introduction

'I’lie term low-dimensional [111] refers to systems, which have at least one dimension 
smaller than the Fermi wavelength Ap, or to systems, which consist of a small number 
of atoms or molecules. At these length scales quantum effects dominate the elementary 
physical processes that determine the behavior of the system as a whole. As a result, 
the properties of low-dimensional systems, including optical, electronic, and magnetic 
ones, are often very different from those of their bulk counterparts.

From a theoretical point of view, low-dimensional systems are incredibly useful models 
to study. The main reason for this is their greater mathematical simplicity comjrared 
to that of systems in higher dimensions. This allows one to find solutions to some 
problems which are difficult, or impossible, to solve otherwise. At the same time 
even seemingly simple models often contain very rich physics. Perhaps, one of the 
most famous examples are one-dimensional (ID) systems of interacting particles. The 
progress in theoretical understating of their properties has lead to new concepts in 
physics, such as the Tomonaga-Luttinger liquid [75, p. 1].

Several examples of quasi-lD systems, for instance, linear polymer chains like polyethy
lene, have been available for a long time. However, the last decades have witnessed a 
real explosion in the realization of low-dimensional systems. As materials research has

51
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made great progress, new bulk materials with low-dimensional structure embedded in
side have been discovered. These include s])in-ladders [25] and other similar compounds 
which behave like arrays of ID spin chains [147]. Further advances in nanofabrication 
techniques have lead to realizations of isolated low-dimensional systems, such as quan
tum wires [268], nanotubes [53] and quantum dots [140], just to name a fewc

In recent years, a seemingly ultimate limit of miniaturization has been achieved: atomic- 
scale magnetic structures can now be assembled literally one atom at a time by using a 
scanning tunneling microscope (STM) [97]. Spin-excitation spectra of individual mag
netic atoms and ID chains of atoms absorbed on surfaces can be studied with inelastic 
electron tunneling spectroscopy (lETS) [91]. Moreover, the time-resolved analysis of 
magnetic properties of individual atoms can be carried out by using a recently proposed 
all-electron i)ump-i)robe scheme for spin-polarized STM [163].

Thanks to these remarkable ex})erimental advances, the investigation of low - dimen
sional systems has evolved from being merely a theoretical curiosity to one of the most 
important and rich fields in physics. This field is driven not only by the interest in 
fundamental science but also by the growing demand of information an communica
tion technology for the further miniaturization of devices dowm to the ultimate atomic 
scale [161, 197]. However, apart from the size, the key factor, which determines the 
performance of any realistic device, is the speed at which the information can be read 
and stored. This is ultimately related to a general question of how' the system responds 
to external stimuli, such as electric current, magnetic field or optical excitation. Such 
response is essentially a dynamical process and it is intrinsically connected to the dy
namical evolution of charge and spin degrees of freedom in the system. Theoretical 
models that can accurately describe the dynamics of electrons and their spins at the 
atomic scale are becoming valuable tools for understanding materials behavior.

In this chapter we use the computational scheme for atomistic simulations of spin 
dynamics, introduccxl in the previous chapter (see Section 2.4), to probe the dynamical 
response to external excitations of itinerant electrons in atomic chains. On the one 
hand, this serves as an introduction to the next chapter, wdiere the dynamics of a 
more complex system incorporating magnetic impurities is investigated. On the other 
hand, we take here the opportunity to illustrate the functionality of our time-dependent 
scheme using a simple tight-binding chain as a test platform and to introduce some 
basic concepts. In the next chapter, due to the complexity of the system considered, 
we will largely rely on numerical simulations since no exact solutions are available. In



Chapter 3. Itinerant electron dynamics in atomic chains 53

contrast to this, in the present chapter we take advantage of the relative simplicity of 
the model and perform a useful analytical calcnlation, which will allow us not only 
to test onr numerical approach against exact results but also to derive some general 
conclusions about the dynamics of the system.

The results presented in this chapter can be also viewed as an independent study of 
the dynamical properties of itinerant electrons in atomic chains subject to external 
excitations. We start with a brief discussion of the linear response method, which is 
an invaluable tool for calculating the dynamical response of the system in the case 
when the perturbation is weak. Although our method does not rely on the linear 
approximation and is therefore applicable to excitations of arbitrary strength, it is 
instructive to compare the results obtained from the time-dependent simulations with 
the linear response results. Throughout this chapter we mostly consider small external 
perturbations and, as we will demonstrate in the following sections, our results indeed 
show a good agreement with the linear response calculations. We will also make it clear 
when our method can provide insight beyond what is accessible by the linear response 
approach.

Going into more details, we use the computational scheme for time-dependent atom
istic simulations to calculate the real-time propagation of a locally produced excitation 
in the chain. The dynamics triggered by such excitation is then analyzed in the fre
quency domain. Next, the excitation spectra, calculated as the two-dimensional Fourier 
transforms of the nonequilibrium charge density distribution along the chain, are inves
tigated. These si)ectra reveal some characteristic features of excitations in ID systems 
and are particularly similar to the ones obtained for quantum spin chains. We resort 
to analytical analysis in order to explain these similarities. Finally, as a link to the 
next chapter, where we will be dealing with magnetic impurities embedded in atomic 
chains, we consider a classical Heisenberg model [117] for a system consisting of two 
coupled spins of the unit length. One of them represents the spin of the impurity and is 
set into the Larmor precession aronnd a locally applied magnetic field, while the other 
represents the spin of the itinerant electron. Surprisingly, this simi)le problem has a 
rather complex solution, which can be also found analytically.
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3.2 Dynamics upon weak perturbation: linear re

sponse

Linear response theory [276, f). 110] provides a general procedure to describe, in an 
approximate way, the nonequilibrium evolution of the system subject to an external 
perturbation, provided the latter is small enough. The main idea is to calculate the 
response of the system to the first order in the i)erturbation (hence the term “linear 
response”) by neglecting higher order non-linear contributions. This is indeed justihed 
if the perturbation is weak. Within the linear response framework one can derive an 
explicit expression for the response function, a quantity that measures a nonecjuilibrium 
response of the system to a weak perturbation, in terms of equilibrium dynamical 
quantities.

Consider a system subject to an external perturbation and described by the following 
flamiltonian

fl(t) = Ho + V[t), (3.1)

where /7o corresponds to the unperturbed system in ecpiilibrium while V{t) is the 
perturbation.^ One can determine the response of the system to the perturbation in 
terms of some physical observable A, for instance electric current or magnetization, 
by calculating the expectation value of the corresponding operator A, c.g. =

see Eq. (2.42)]. Here p{t) denotes the density matrix of the perturbed 
system described by the Hamiltonian II{t) in Eq. (3.1).

In the interaction picture (see Section 2.4.1 of Chapter 2) the density matrix is written 
as

p,(i) =

and its time evolution is given by the Liouville equation [Eq. (2.43)]

where Vi{t) = solution of Eq. (3.3) in the integral form reads

(3.2)

(3.3)

/5i(f) =-^ y Vi{t'),pi{t') dt'+ pi{-oo) (3.4)

^Such perturbation can represent, for instance, an electromagnetic field.
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Furthermore, we assume that in tiie remote past, e.g. at t —oo, the system is in 

eciuilibrium and is descril)ed by the Hamiltonian Ho so that /5i(—oo) = po, where po is 

constructed from the eigenvectors of //q.^ Next, by using the first-order perturbation 

theory in V one can write

Api(/) = Pi(/) -po
hfJ —»

l/,(0,Po dt' + 0[V^). (3.5)

The cjuantity Api(t) describes the deviation of the system from equilibrium due to the 

external perturbation V(t) in the linear response regime. The corresponding deviation 

of the expectation value of the operator A is given by

AA(t) = Tr [AMt) i,(0} = Tr { [vi(t'),

By using the cyclic property of the trace, we obtain

Po dt'. (3.6)

A Mt),m')) dt', (3.7)

where (•) = Tr {po ■}.

One can usually express the perturbation V{t) in terms of a generalized force f{t) and 

an operator B, corresponding to a conjugate observable B

v{t) = -mB.

VVe can now rewrite Eq. (3.7) as follows

/ + 00

x{t-t')f{t')dt',
■oo

where we have introduced the response function^

X{t-t') = -je{t~t'){ A{t-t'),B{Q)

(3.8)

(3.9)

(3.10)

^At. finite temperature po has to be constructed as an equilibrium statistical operator [see footnote 
in p]q. (2.41)].

^In general, we can define a two point response function = —^0{t — P) ^ |A(f), B(P)j ^
However, in equilibrium the evolution of the system should only depend on the time in
terval between the perturbation and the measurement (observation) so that (^^A{t), B{t'

'[/i(f-P),B(0)]) = ([A(0),/}(P-0]).
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Note that in the final forniula we omitted the subscript, which indicates the inter
action picture with respect to the external perturbation V{t). Indeed, since the only 
term not included in //q is V{t) [see Eq. (3.1)], we can assume that the operators are 
expressed in the Heisenberg picture while the expectation values are calculated using 
the perturbation theory in the interaction term V [276, p. 113].

The presence of the Heaviside step function 6{t — t') reflects the property of causality 
of the response function: one measures the response of the system at time t to a 
perturbation introduced earlier at time I' so that x = 0 for t < //. Note that the 
Fourier transform of the response function, x(‘^)) usually referred to as the dynamical 
susceptibility. One can also notice that the response function can be written as

x(^) = '^(o)) - (^(0) M^) (3.11)

where t = i — t'. By introducing the correlation function Cab[t) = we
obtain

; 9
(3.12)

The physical meaning of Eq. (3.10) and Eq. (3.12) can be understood as follows: the 
nonequihbrium response of the system to a weak external perturbation is determined 
entirely by its equilibrium fluctuations. This is the essence of the fluctuation-dissipation 
theorem [143].

We will use the concept of the dynamical susceptibility in Section 3.4 in order to cal
culate the response of an atomic chain to a small localized excitation in terms of the 
nonequililuium charge density distribution along the chain. This will be compared to 
the frequency portrait of dynamics, obtained directly from the time-dependent simu
lations.

In the following section we will introduce the model system considered throughout 
this chapter. We will also demonstrate how the dynamical simulations can be used to 
analyze the evolution of electronic degrees of freedom in atomic chains upon external 
perturbation.



Chapter 3. Itinerant electron dynamics in atomic chains 57

3.3 Excitations in atomic chains: time-domain anal

ysis

lliroughout this section we consider a ID atomic chain described by a single-band 
nearest-neighbors tight-binding Hamiltonian Htb [see Eq. (2.52) in Chapter 2]. In all 
simulations, if not specified otherwise, we use a chain of = 100 atoms, inter-site 
hopping 7 = —1.0 eV, and the half-filling, po = 0.5, or one-electron per site for a spin- 
polarized chain. We start by looking at local excitations, and by studying how these 
evolve in time along the chain. The excitation is produced on the first site (f = 1) by 
applying a Gaussian perturbation of the on-site potential Si, given by

Sei{t) = 5£\ e *2J (3.13)

where (5ei = 0.117| is the amplitude of the perturbation, f = 5 fs is the time at which the 
perturbation is produced, and c^ = 0.07/ is the Gaussian variance, which determines 
the width of ^ei(/). This procedure is illustrated schematically in Fig. 3.1. Note that 
we intentionally use a very general form of an external perturbation since it is merely 
a tool used to drive the system out of equilibrium, thus allowing us to observe the 
dynamics on the electronic (fs) time scale.

The initial perturbation generates a nonequilibrium charge distribution along the chain 
which can be described by the deviation of the charge density on site i from its ground- 
state value at / = /q, e.g. dpi{t) = ~ two spin channels
evolve independently, as there is no spin-mixing term in the Hamiltonian //tB) and 
their dynamics is identical. For this reason we only look at the evolution of the total 
nonequilibrium charge density 8pi, thus restricting ourselves to the case of charge- 
excitations. Our study, however, is general and it is as well valid for spin-excitations, 
as we will illustrate further in the next chapter.

The quantity 5pi{t) is obtained from the integration of the equations of motion using 
the time-propagation algorithm, which was presented in the previous chapter (we use 
the same procedure that was described in Section 2.4.4, with the only difference that 
there are no local spins and only one equation of motion needs to be integrated, namely 
the quantum Liouville equation for the electronic density matrix). The time evolution 
of 5pi for the first 300 fs of the total time of the simulation Tjot = 2 ps is displayed 
in Fig. 3.2. The first three panels of the figure [Fig. 3.2(a)-(c)] show three different
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snapshots of the time evolution of 8pi{t) along the chain, namely, at both ends (i = 1 
and i = N) and in the middle of the chain {i = N/2).

mmmm
j

Figure 3.1: Cartoon of the model system: an excitation is produced on the first 
site [i = 1) of the TV-sites long chain by applying a perturbation Se[{t) to the on-site 
potential. This leads to the dynamics of the charge density Sp.

Let ns focus on the dynamics of the charge density on the first site [see Fig. 3.2(c)]. 
The first sharp peak in 6pi{t) represents the disturbance, or excitation, introduced by 
the external perturbation 6e]{t). This initial disturbance is then transferred to the 
next sites along the chain. Once the incident excitation arrives at the last site, it gets 
reflected back, as the system considered here has perfectly reflecting boundaries. After 
the reflection, the excitation returns to the first site, resulting in the sec;ond peak in 
the charge density at / = 2r, where r is the time needed for the excitation to reach the 
last site (the traveling time).

The space and time evolution of the charge density, which is presented in Fig. 3.2(d), can 
be qualitatively characterized as the propagation of a spatially localized wave packet. 
The atomic chain itself can then be considered as a waveguide for propagating excita
tions, similarly to classical wave mechanics. Since the chain is finite and we assume 
l)erfect reflection at the boundaries, the wave packet essentially bounces between the 
two boundaries, gradually loosing its definition due to the interference of propagating 
and reflected “waves” which constitute the packet. Although the width of the wave 
packet naturally broadens with time, it travels along the chain with a practically uni
form group velocity. Figure 3.3 shows the calculated group velocity, Ug, as a function 
of the hopping integral 7. Such a dependence is obtained from our time-dependent 
simulations by calculating Ug = L/r, where L = N -a 'ls the length of the chain, a is the
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Figure 3.2: Time evolution of 5p^{t) = J2a Pifi^o) — Pi^W (^) * = (^)
i = N/2 and (c) t = 1. (d) Spatially-resolved time evolution of the charge density: 
Spi{t) as a function of time and position along the chain. The color shade represents 
the absolute value of Spi(t).

inter-site distance'* and r is the “one-way” traveling time [see Fig. 3.2(a)]. The linear 
dependence in Fig. 3.3 agrees very well with the simple analytical expression for the 
electron group velocity at the Fermi level, calculated for a ID tight-binding chain at 
half-hlling

1 f)FlLA Orvn
(3.14)TB _ 1 dE{k) 

® h dk k=kp

27 a
T’

where k is the wave-vector and kp is its value at the Fermi level.

3.4 Analysis of dynamics in the frequency domain

One can often get a better insight into the dynamics of the system by looking at its 
frec|uency i)ortrait. In order to investigate the dynamics of the itinerant electrons in the

'*In our model a is arbitrary and wc set a = 1.
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Hopping integral, y (eV)

Figure 3.3; Tlie group velocity Ug of the wave packet as a function of the hopping 
integral 7, obtained from the time-dependent simulation for each 7 (full circles). 
Solid line shows, for comparison, the analytical estimate given by Ecp (3.14).

frequency domain, we calcnlate the Fourier transforms oi 6f)t{t) for i = 1 and i = N. In 
fact, 6p,{t) is not a continuous function of time but it is sampled at evenly spaced time 
intervals h. Therefore, one needs to use the discrete version of the Fourier transform 
(dFT)5

dF
/ + OC ‘"S

i=i 

Ns

= /i ^ (3.15)
/ = !

where {ti = is a set of discrete points in time at which the function Spi{t) is
f 1sampled, Ng is the total number of time steps and is the set of the

corresponding frequencies (the angular frequencies are given by The

^We use a numerical implementation of the Fast Fourier Transform (FFT) algorithm [206, 
p. 490],which is based on the idea of decomposing the discrete Fourier transform of length Ng into the 
sum of two transforms of length Ns/2 each, one over the even elements of the original transform and 
the other over the odd ones. The recursive api)lication of this procedure leads to a significant reduction 
of the number of operations needed to compute a transform of length Ngi FFT needs 0{Ns log.2 Ng) 
operations compared to 0{Ng) in the case of straightforward matrix multiplication.
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positive frequencies are contained in the interval 1 < n < Ns/2 — 1, the nega
tive ones in the interval Ns/2 + I < n < Ng — I and n = 0 gives the zero fre
quency. The mode with index n = Ns/2 corresponds to the critical Nyquist fre
quency, t'c = =1=2^) one has to make sure that the function of interest is within 
the bandwidth given by the interval {—in order to avoid aliasing effects in 
the Fourier transform. In practice, we construct the dFT power portraits, where the 
x-axis displays angular frequencies a;„ > 0 (n = 0,..., Ns/2 — 1) and the y-axis the quan
tity {|dFT[^p,(/.)](tJ„)p -f |dFT[(5/9,(f)](<x;„+iv,/2)P} /2, where we have simply folded the 
spectrum at the symmetry point n = Ns/2.

The spectra obtained, denoted as dFT[()'pj(f)] (w) for f = 1 and i = N, are shown in 
Fig. 3.4. What is immediately noticeable is the large number of discrete modes, which 
constitute the frequency portraits. In order to understand this result we perform the 
linear response calculation using the method described in Section 3.2. By taking the 
definition of the response function in Eq. (3.10) and by setting A = pj and B = p\, we 
calculate the response of the system to a perturbation, applied to site 1 at time f = 0, 
in terms of the charge density, measured on site j at time t

Xi.j(0 = ([A;(0>Pi(0)]) = -jTr{pi{0) [/5(0), Pj(f)]} , f > 0 (3.16)

where the density matrix p(0) corresponds to the unperturbed Hamiltonian //tb (here 
we consider a non spin-polarized Hamiltonian for simirlicity); pj is the projection of the 
density matrix operator on the local atomic orbitals basis |i), where i represents the 
atomic site. The final expression for the response function reads

N

Xlj{f) = -T (^«IAl(0)l¥^rn) • (^m|Aj(0)|(p„) • (/„ - /„) ' 6 (3.17)
ri ,777= 1

where uJn = en/h^ e„ being the eigenvalues of //tbj and f„ are the eigenvalues of the 
density matrix operator, e.g. p| p>n)=fn\ By taking the Fourier transform of the
response function, we obtain

N

UJ — U}„ (3.18)
n,m=l

®ln fact, fn are the occupation numbers, distributed according to Permi-Dirac statistics [see 
Kq. (2.73)].
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where = Un — and

Xlf = (V?n|pi(0)|</?m) • {l>rn\pj{^)\^n) ' {fn In) =

C\jji Cj.^ Cjn (/„ fn)- (3.19)

Here the coefficients Cj„ = (?’|v?n) are defined as projections of the eigenvectors \ipn) on 
the atomic orbitals \i).

As one can see from Eq. (3.18), the response of the system in the frequency domain
IS given by a set of discrete modes with frequencies a;„„j and amplitudes The
absolute value of the dynamical susceptibility Xij(u;) for j = N is shown in Fig. 3.4 
(black line) and is in good agreement with the calculated Fourier transform of p/v(t).^ 
This is expected since in our time-dependent simulations the dynamics is triggered by 
a weak perturbation in the on-site potential of the first site, which generates only a 
small disturbance in the charge density distribution along the chain.
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Figure 3.4: The absolute value of the dynamical susceptibility |xi,/v(<^)|
[Eq. (3.19)], representing the response of the charge density on site N to a weak 
excitation produced earlier on site 1 (black line). Calculated Fourier spectra of Spi{t) 
(red line) and Sp^it) (green line), denoted as dFT[3pi(t)] (w) and dFT[3pyv(t)] (w), 
respectively. The frequency domain is represented by the dimensionless quantity 
/im/q (for this we always take the module of 7 so that huj/') > 0 for u) > 0).

In addition to the linear response analysis, we propose an alternative method for calcu
lating the dynamics of the system considered here, which can be carried out analytically 
without resorting to a linear approximation. We elaborate the details of such calcula
tion below.

^In the limit —> 00 the discrete modes in the spectra presented in Fig. 3.4 will merges into a
smooth “bell-shape” curve.
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In the previous section we used a Gaussian perturbation to drive the system out of 
ecpiilibrium. This perturbation effectively represents an additional time-dependent 
term in the Hamiltonian, e.g. SII{t) = S6i{t). However, after a short time tp from 
the start of the simulation (tp ^ 10 fs for the perturbation considered here), the term 
611(1) dies out and the dynamics is driven only by the time-independent Hamiltonian 
//'I B- For times t > tp vce can then write down the formal solution of the Lionville-von 
Nemnann equation [see Eq. (2.43)] for the density matrix

p(t) = (3.20)

where /5(tj) is the density matrix at time ti > tp. The same equation describes the 
evolution of the system, if we simply introduce a modification of the density matrix 
at the time t^ so that p(ti) is different from p(to), wdiich is obtained from the ground- 
state calculation. This would lead to a dynamics, very similar to the one described 
in the previous section. Although such an ad hoc perturbation of the density matrix 
seems more straightforward, we chose a more physical way of driving the system out 
of equilibrium, e.g. by applying an external perturbation, wTich may represent, for 
instance, a laser field.

In order to calculate the matrix elements of p(t) in Eq. (3.20), we introduce the basis 
formed by the eigenvectors {](/?„)of the Hamiltonian //tb, where the composite 
index n = {t,cr} labels the set of 2N spin-polarized eigenstates with i representing the 
site index and a =], j. the spin component. The density matrix elements in this basis 
read

Pmn(l) = {^PmW^)\<Pn) = Pmn(k) , (3.21)

where the frequencies ujmn defined as ujmn = (^m — ^n)lh with e„ being the eigen
values of //tb; Pmn(k) are the density matrix elements in the basis of the eigenvectors 
at t = ti-

As we are interested in the propagation of the excitation along the chain, we project the 
expression given by Ecj. (3.21) onto the basis that has a clear spatial meaning, namely, 
the basis of the spin-polarized local atomic orbitals \i a), where i represents the atomic 
site and a =|, J, is the spin component. The coefficients = (ia\ipn) are defined as 
projections of the eigenvectors |(^„) on the spin-resolved atomic orbitals (ice). Note 
that in the first subscript index and the superscript index always correspond to the 
atomic orbital, while the second subscript index labels the corresponding eigenvector.
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We start by substituting the initial density matrix elements, i.e. Pmn{ti) hi Ecp (3.21), 
by their projections on |icr)-basis

Prnnit) = 6 ^ ((/),„| I a) (a i| p{t,) | j/?) (/? j | ^,1)
la jP

ia jP

(3.22)

Note that this is equivalent to inserting Yha ' ^ IZip |/^■0(*/^l — ^
Eq. (3.21), where I is the identity operator for a complete orthogonal basis |fa).

The expression for the time-dependent density matrix in the |/ a )-basis reads

Pkf(f ) = Kt) cr') =

= ^ (ak\ (j),n) (0ml p{t) |0„) (0„| la') =
mn

= Pmnit)- (3.23)

By inserting Eq. (3.22) into Esq. (3.23), we arrive at the final expression for the density 
matrix elements in the basis of the spin-resolved atomic orbitals jirr)

I'trv) = E'" Ck,n Cin
ia jP

(3.24)

The above expression essentially means that the time evolution of the density matrix 
is governed by the energy spectrum of the time-independent Hamiltonian /^j b and, of 
course, the initial conditions p"^(C).

Equation (3.24) can be also written in a compact form

(3.25)

with the amplitudes ^^fmn as

A<ycr' _ a a'* a* J
^^kl,mn ^krn^'ln / ^ ^ ^im rij

ia jP

(3.26)

Importantly, Esq. (3.25) and Esq. (3.26) give the frequencies and amplitudes of the 
Fourier transform of the time-dependent density matrix.
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We note that for the uniform tight-binding Hamiltonian II^b with et = Eq the eigen

states can be calculated exactly, in particular, the eigenvalues read

e„ = eo + 27 cos
TT n

yv +1 (3.27)

where n = 1,..., and each e„ is doubly degenerate (because of spin) so that we have 

2N eigenvalues in total.

By using Esq. (3.27) we can calculate the frequencies uj.

-(-rx 4|7| sm
7r(m — n) 7r(m, -I- n)

_2{N + l)_
• Sin

.2(A^ + 1)_h h

where {uJrr,„}^ _ ^ forms a set of • (A^ — 1) positive frequencies.

(3.28)

m > n

For consistency with the notations used in the formula for the Fourier transform, we 

can, in principle, introduce a new index p, p = 1,..., N ■ {N — 1), labeling the frequencies 

as Up. By calculating the extrema of the function F{m,n) = Umnx w-e estimate the 

smallest (umin) and the largest {umax) frequencies in the spectrum, which are given by

iOr)

(jJri

37r^|7l 
(A^+ 1)2/),’ 
4|7|

(3.29)

(3.30)

The frequency Umax is calculated in the limit of A^ —>• 00 and corresponds to the 

edge of the tight-binding energy-spectrum, which spans the eigenvalues in the interval 

[—2|7|, 2|7|]. For the parameters typically used in our simulations the corresponding 

maximum period Tmax = ^ 1 ps is within the total time of the simulation while

the corresponding minimum period Tmin = ~ 1 fs is much larger than the typical
^max

time step h = 0.01 fs.

We have verified that the analytical spectrum and the functions p^f (/), constructed 

from Eq. (3.24), match perfectly the ones obtained from the time-dependent simula

tions, which conhrms the reliability of our time-integrator for the typical duration of 

the simulations.

We would also like to point out that the result presented in Eq. (3.24) is general 

and not limited to the tight-binding Hamiltonian //tb- In fact, it is valid for any
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tiirie-indepeiicleiit Hariiiltonian. In Chajiter 4 we will use such a result iu the situation 
when a uuuiber of local spins, represented by vectors oriented along a fixed direction, is 
introduced. In this case, the Haniiltonian, which contains, in addition to a tight-binding 
term, a local exchange interaction to static impurity spins, is again time-independent 
and, therefore, Eq. (3.24) can be used to calculate the Fourier transforms of the spin 
observables. The analysis of the combined dynamics of itinerant electrons and spin 
impurities will be also largely based on the information about the dynamical spectrum 
of the itinerant electrons, already contained in Eq. (3.24).

Finally, we note that similar analytical calculations for a time-independent Haniiltonian 
has been carried out in a pedagogical study reported in Ref. [263]. The authors used the 
wave function representation and provided a description of the propagation of an initial 
localized state in a finite tight-binding chain in terms of the probability amplitudes. 
Such description was then used to investigate the dynamics of a tight-binding chain 
with a local defect and with a random disorder.

3.5 Calculated excitation spectra

A further insight into the dynamics can be obtained by looking at the full excitation 
spectra. These are calculated as two-dimensional discrete Fourier transforms of Sp^{t). 
For that we use the generalization of Eq. (3.15) to two dimensions

N Ns

dFT[d'p,(0](A-’,,i^„)
j=i i=i 

N Ns

j = l /=1

^27nsj/N ^2ninl/Ns (3.31)

where rj = {j • is the set of discrete jioints in space, corresponding to the positions
of the atoms in the chain, and is the set of discrete points in the
reciprocal space (a = 1). The other notations are the same as in Eq. (3.15). The 
calculated excitation spectrum, denoted as dFT[^'pj(/)](A;,a;), is shown in Fig. 3.5.

This excitation spectrum reveals the key features of ID fermionic systems [75, p. 12], 
in particular a near-continuum of allowed modes in a certain region of (A:,a;)-space, 
defined by a low- and a high-energy dispersion functions. We discuss these features in 
more detail below.
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Figure 3.5; Two-dimensional Fourier transform of Spi(t). I'he color shade repre
sents the absolute value of dFT[(5pi(t)](A:,u;) and is logarithmically scaled for better 
contrast. The frequency domain is represented by the dimensionless quantity hm/y 
while the A>space is represented by ka/TT. Note that ka/n = 1 corresponds to k = 2kp, 
where kp =

The excitations in a ID electron system consirlered here can be viewed as particle-hole 
excitations, or a process where an electron is taken from below the Fermi level and is 
excited into a state with a higher energy, above the Fermi level. In other words, during 
this process a particle with momentum A;, is destroyed and a particle wdth momentum 
kf = ki + k is created. The momentnm of the excitation is thus equal to k. Importantly, 
the energy of the excitation, (A:), depends on both A:, and A:, therefore, if one looks 
at the energy (frequency) of the excitation as a function of momentnm, one, indeed, 
has a continuum of states. Of course, for a finite system considered here, we have a 
large but finite number of states.

In higher dimensions, the continuum extends to zero energy (frequency) for all k G 
[0,2A’/-’], because one can always create an excitation of arbitrary low energy. In ID 
systems, the Fermi surface is represented by just one point, tlierefore the energy of the 
electron-hole excitation can approach zero only for A: —> 0 and k 2kp. This is a 
general property of excitations in electron systems in ID and it is independent of the 
dispersion relation. Figure 3.5 essentially demonstrates this property in a special case 
of excitations in a ID tight-binding chain.

We will now’ look at some characteristic features of the excitation spectrum which are 
determined by the tight-binding dispersion relation, e.g. by the specific form of the 
eigenvalues of the electronic Hamiltonian /7tb-
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In the previous section, we have already established the analytical expression for the 
frequencies iOmn-, which contribute to the frequency portrait of the dynamics in atomic 
chains [see Eq. (3.28)]. We will now rewrite this expression in a more convenient form, 
by denoting and kj = (for m,n = and N oo the A-vectors
approximately lie in the region [0,7r]). The near-continuum of allowed excitations is 
thus defined as

in “^1^1 ■= — sm ( -

given the following conditions are satisfied

sm + k, (3.32)

e{ki) = So + 27 cos A', < Ep, 

e{ki A.') = £0 T 27 cos (Aj -|- k) > Ep,

(3.33)

(3.34)

or, in other words, the initial state with energy e(A'j) is occupied wliile the finite state 
with energy e{k\ -f A) is empty; Ep is the Fermi energy.

Based on equations Ec}. (3.32)-(3.34), one can introduce a parameter a, given by

a = arccosdEp - eo|/2|7|), (3.35)

and the following characteristic lines in (A, Ci;)-plane

a;i(A)

L02[k)

LO^{k)

4|7| . (k\ . (\k\
h \2j \2

lE,i.,C)sm(!h + „
4|7| . (k —— sm —

h V 2

(3.36)

(3.37)

(3.38)

The lower boundary of the excitation spectrum is given by co\{k). The upper boundary 
is given by uJ2{k) for |A| < tt — 2a and by i^3(A) for |A| > tt — 2a. One can immediately 
notice that a>3(A) does not depend on any other system parameters except the hopping 
7. The other two lines, however, strongly depend on the parameter a which, in addition 
to 7, is controlled by Eq and by Ep, or in other words by the band filling.^

®Here the on-site energy does not play a role since we only consider the trivial case when £0 = 0. 
However, according to Eq. (3.35) the modification of Sq can act in a way similar to the variation of 
Ep, or the band filling. We will use this similarity in the next chapter, where an electrostatic gate is 
introduced as a shift of the on-site energies of the atoms of a section of the chain, leading to a strong 
gate-dependence of the excitation spectrum.
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The variation of the excitation spectrum with the band filling is presented in Fig. 3.6, 
where in addition to po = 0.5 (the same as in Fig. 3.5) we considered two other cases, 
namely, po = 0.6 and po = 0.8. Indeed, one can observe significant differences in 
the spectra for different po- In the case of the half-filling, Ep = 0 and, for eo = 0, 
a = arccos(O) = |. This leads to LOi{g) = uj2(q) = ^ sin(A:), which gives the lower limit 
of the spectrum, while the upper limit is given by uj3{k) = ^ sin (|) [see Fig. 3.6(a)]. 

However, away from the half-filling [see Fig. 3.6(b) and (c)] this symmetry is distorted, 
and, clearly, all three characteristic lines are different. The most pronounced feature of 
the spectra for po ^ 0.5 is the shift of the zero-frequency point k = 2kp (marked by an 
arrow in Fig. 3.6) away from k = tt/a due to fact that the value of kp varies with Ep. 
As a result, we observe the apparent folding of the spectrum at k — 2kp, compared to 
Po = 0.5 case.
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Figurf: 3.6: Two-dimensional Fourier transform of Spi(t) for (a) po = 0.5, (b) 
Po = 0.6 and (c) po = 0.8. The color shade represents the absolute value of 
dFT[(5pi(t)](A:,a;) and is logarithmically scaled for better contrast. Three dashed 
black lines on each graph show LO\{k), u)2{k) and calculated using Eqs. (3.36)-
(3.38) for each value of po.

Interestingly, the mode-occupation patterns analogous to the ones presented in Fig. 3.6 
can be encountered in the analysis of dynamical properties of low-dimensional quantum 
spin models. The systems described by these models are, in fact, the true hallmarks 
of quantum magnetism and have been rigorously studied in the literature [185]. It 
is worth discussing in more detail the similarities between the excitation spectra of 
quantum spin chains and the ones obtained for the electronic tight-binding model.
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3.6 Similarities to quantum spin chains

The Hamiltonian, describing an ensemble of (luantnm spins coupled via Heisenberg 
exchange interaction in the presence of magnetic field h = hz, reads

I'lxvz = 5;^ (+ A ^ S', (3.39)
<ij>

where the spin operators s" are defined as with W‘^}a=xyz the set
of Pauli matrices (in the following h is set to 1 in order to simplify the notations), and 
J = {J^, represents the strength of the exchange interaction along the x-, y-
and ^-direction. The sum in the first term is over the nearest neighbors. The quantum
spin operators satisfy the commutation relation "'Cksf,s^ where is the
totally anti-symmetric Levi-Civita tensor with e^yz = 1-

The general Hamiltonian in Eq. (3.39) corresponds to the anisotropic XYZ Heisenberg 
model w'hich covers in the limiting cases some well-known specific models, such as the 
Ising model {J^ = = 0), isotropic XY model = J^, J~ = 0), antiferromagnetic
Heisenberg spin-1/2 model {J^ = = J > 0) etc.

For example, the Hamiltonian of the isotropic XY model can be written as

fixY = + 5fsf+i) + h ^»~+i + Y
i i i i

where s"*" = s* ± is^ are the spin raising and lowering operators (ladder operators), 
which satisfy fermionic commutation relations on the same site®

{4 > {K . Srt } = 0 (3.41)

and bosonic commutation relations on different sites

[4. ^m] = [4.5m] = «> (3.42)

where n ^ m.

®It is also easy to show that [s+jS"] = [s^,.s+] = and [sf,,.s“l = -K^mn (see
for example Ref. [166, p. 37|), where the commutator of two operators A and H is given by [A, B\ = 
AD — DA. However for the derivation presented here we need extra fermionic commutation relations 
for the ladder operators, for which we use the anti-commutator {A, D) = AD -f DA.
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Using the Jordan-Wigner transformation [55], whicii maps the Panli spin-operators 
to fermionic operators, one can formally map the Hamiltonian of a spin-1/2 chain 
to a tight-binding Hamiltonian. The logic behind the Jordan-Wigner fermionization 
approach is essentially the same as that of the bosonization approaches, such as the well- 
known Holstein-Primakoff transformation [99] which, in its original form, is a mapping 
of the angular momentum operators to boson creation and annihilation operators. The 
Jordan-Wigner fermionization was originally suggested as a rigorous framework for 
the description of spin-1/2 XY model [Eq. (3.40)]. It is an alternative to other well- 
known approaches to quantum spin models, such as the famous Bethe ansatz,^° exact 
diagonalization and other numerical methods. Here we follow Ref. [55] and perform 
the Jordan-Wigner transformation for the Hamiltonian given by Eq. (3.40).

We introduce the following fermionic operators

Ci=.s, , = (-2J‘) (-2^2’)... (-2s^_i) , n = 2,...,jV,

c\=K, =(-2>sf)(-2s^)...(-2s^_,)^:, n = 2,...,7V.

(3.43)

(3.44)

By using the fact that (—2.s^)^ = 1 and = —s^s^, it can be shown that, indeed, 
the introduced operators satisfy the commutation relations of Fermi type

{^nTrn} ^nmi {CnXm} (3.45)

I’lie inverse transformation reads

Sj Cl, 

£+ —
’1 U 1 s

- = Cn — ^ n = 1,..., N, 

n =

(3.46)

(3.47)

*°The Bolhe ansatz [18, 121] was originally developed by H. Bethe in 1931 to solve the antiferro- 
inagnetic Heisenberg spin-1/2 model. It is based on a “guess” about the exact form of the eigenstates 
of the Heisenberg Hamiltonian which can be written as a linear combination of the basis states having 
the same number of down-spins

y/ a(a:i,...,a;„)|3:i,...,a:;„),
l<.ri<...<a:„<£.

where \xi, ...,Xn) is the state in which n spins are flipped and L is the number of spins. Bethe’s idea 
was to deduce the form of the amplitudes n(.Ti, ...,x„), which eventually yield the exact eigenstates of 
the ground state in terms of the solution of a system of coupled nonlinear equations. Since Bethe’s 
original proposal, the method has been generalized to a large variety of models. As we will see 
in Chapter 6, the exact Bethe ansatz solutions of the Hubbard model in certain limits provide the 
basis for constructing an api)roximate exchange-correlation functional, which can accurately describe 
strongly-correlated systems in ID within the lattice density functional theory framework.
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By noticing that Cj Cj+i = { — 2sj) s^_^i = s^ we finally write down the Hamil
tonian of the spin-1/2 XY model in the Jordan-Wigner picture

"t? = E i+l + k) + h ^ C'Ci - (3.48)

This is essentially a spinless tight-binding nearest-neighbors Hamiltonian" with the 
intersite hopping 7 = ^ and the on-site energies to = h. The spectra of the two-particle 
excitations of such Hamiltonian, calculated by Derzhko [55] and shown in Fig. 3.7 (the 
figures have been taken from Ref. [55]), are very similar to the ones we investigated in 
the case of charge dynamics of the atomic chain. The characteristic lines a;](A;), co2{k) 
and U3{k), which define the excitation continunm in (A, w)-space, are now controlled 
by the strength of the exchange interaction J and the value of magnetic held h (see 
Fig. 3.7).
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Figure 3.7: The transverse dynamic structure factor, representing the two- 
fermion excitation spectrum of the spin-1/2 XY model in transverse magnetic field 
[Eq. (3.48)], for J = — 1 and (a) h=0, (b) /i=0.3 and (c) /i=0.6. The figures are from 
Ref. [55].

The dynamical quantities of interest in quantum spin models are the spin-spin corre
lation functions (f)sf(0)). In the linear response regime, the Fourier transform of

(0)), which can be written as s^^{q,u;)=^ / dt (s“ (O^f (0))

contract to the XY model, the general Heisenberg Hamiltonian given by Eq. (3.39) can not be 
transformed into a non-interacting tight-binding Hamiltonian. The .lordan-Wigner transformation in 
this case yields an interaction term of the form {c\ci — Hence, the simple analysis
that can be performed for the XY model is not possible in this case. However, some of the low-energy 
properties of the antiferromagnetic Heisenberg model, in particular the presence of gapless excitations 
and the absence of the long range order, are similar to those of the simpler XY model.
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is related, through the fluctuation-dissipation theorem [143], to the imaginary part of 
the Fourier transform of the dynamical susceptibility x”{Qi^)i ^ quantity that can be 
measured experimentally. In fact, the neutron scattering ci'oss-section is proportional 
to x''{q,uj) and, therefore, can be used as a tool to directly probe excitations in quantum 
spin systems.

The striking resemblance between Fig. 3.7 and Fig. 3.6 confirms that the excitation 
spectra, calculated from time-dependent simulations in the previous section, are indeed 
the linear response spectra. Note, however, that the agreement only holds in the case 
of weak external perturbations. As we will show in the next chapter (see Section 4.4 
of Chapter 4), wdiere we make full use of our time-dependent method, in the case of 
strcmg perturbations the dynamical evolution of the system deviates significantly from 
the linear response scenario.

o;

c

0.5
Wavevector (2n->4-i'

Figure 3.8: (a) Cartoon of spiiion excitations: a spin-flip in a perfectly ordered
antiferroinagnetic spin chain splits into two domain wall boundaries, illustrating two 
spinons, each carrying half of a spin-flip, (b) Inelastic neutron scattering data for 
KCuFa, plotted as a function of energy {E) and momentum (q) parallel to the chains 
of Cu2+ ions for T = 6K. The color indicates the size of the neutron scattering cross- 
section S{q,E) and the superimposed black dashed lines indicate the boundaries of 
excitation continuum, predicted at 7’ = 0 K by analytical calculations. Picture is 
taken from Ref. [147]. The inset shows the structure of KCuFs (from Ref. [75]).
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Remarkably, in nature there exist a number of materials that behave like ID spin 
chains. One well-known example is KCnFs [147]. This is a three-dimensional material, 
which due to its geometrical and molecular structure behaves like an array of weakly 
coupled s])in-l/2 chains. The magnetic ions in KCuFa carry a spin 5 = 1/2
due to one unpaired electron and are coupled into linear chains by a strong antifer
romagnetic interaction (J = 34 meV) through F“ ions. The chains are formed along 
c-axis [see inset in Fig. 3.8(b)] and the interaction between them is significantly smaller 
[J = —1.6 nieV) than the intra-chain interaction. At first glance, such a spin chain 
could be the simplest possible realization of an antiferromagnet, however, in reality 
the system fails to develop the long-range Neel ordering, where neighboring spins are 
aligned antiparallel to each other. This is consistent with the Merniin-Wagner the
orem [178, 179] which essentially states the absence of long-range ordered phases in 
one- and two-dimensional systems.'^ In relation to this point, one can mention the 
well-known failure of the classical spin-wave theory, which assumes small fluctuations 
around a classical ordered ground state, to describe excitations in antiferromagnetic 
Heisenberg model. In particular, an antiferroniagnetic Heisenberg spin-1/2 chain ap
pears to be a nnicjue correlated spin system with peculiar dynamical properties. The 
basic two-particle excitations in this model arc spinons [67]. These are topological 
excitations that can be visualized as a twist of tt in the spin order [see Fig. 3.8(a)] and 
can be represented by ciuasiparticles with spin equal 1/2.

An excunple of inelastic neutron scattering data for KCuFs is presented in Fig. 3.8. 
The figure reveals a mnlti-spinon excitation spectrum which forms a continuum over 
an extended region of energy (E) and wave-vector {q) space. The lower and upper 
boundaries of the continuum are given, respectively, by fnnctions Ei{q) oc J|sin((/o)| 
and E2{q) oc J|sin(Y)| (marked as black dashed lines on the graph), where a is the 
lattice [)aranieter. These functions have been predicted by analytical calculations based 
on the Bethe ansatz [183] and belong to the same class of characteristic lines as the 
ones we have encountered in the excitation spectra of monoatomic tight-binding chains.

In a more rigorous form, the theorem states that a continuous symmetry cannot be spontaneously 
broken at finite temperature in one- and two-dimensional systems. This can be intuitively understood 
as the absence of spontaneous magnetization and long-range order. The paper of Mermin and Wag
ner [179], for instance, contains a proof that at any nonzero temperature, one- or two-dimensional 
isotropic Heisenberg models with finite-range exchange interaction can be neither ferromagnetic nor 
antiferromagnetic. Interestingly, this result was already predicted in the work of Bloch (1930), where 
the foundations of the classical spin-wave theory were laid out.
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3.7 Introducing a single spin-impurity

In the last section of this chapter we will look at another analytically solvable model. 
As a first step towards modeling the combined dynamics of itinerant electrons and 
spin imptirities, we consider a simple system, presented in Fig. 3.9, where the spin 
of the impurity and the spin of the itinerant electron are treated as classical angular 
momentum vectors, S' and s, respectively. The two vectors are coupled via the exchange 
interaction J > 0. This is essentially a classical Heisenberg model for two spins, which 
can be formally obtained from the fully quantum Heisenberg model [see, for example, 
£((. (3.39)] in the limit of infinite magnitude of the quantum spin [117]. In addition 
to the exchange interaction, S is subject to a constant homogeneous magnetic field 
D = Bz. The equations of motion for the two vectors read

dt
ds
~dt

= .IS X s + 7gS X B, 

= Js X S.

(3.49)

(3.50)

where 7g is the gyromagnetic ratio. Hereafter, we w'ill denote the magnitude of 
magnetic field as H = By^.

Ecinations (3.49) and (3.50) form a system of nonlinear first-order differential equations 
where the unknowm functions are represented by vectors with three components in the 
Cartesian coordinate system, e.g. s = {53;,Sy,S2} and S = {S^, Sy, S^}. In order 
to find the solution of the system of equations, we irerform a transformation to the 
sj)herical coordinate system, characterized by the following unit vectors (see the inset 
in Fig. 3.9)

' COS ip sin 6 ' cos pcos 9 ' — sin p '
Ur = sin p sin 9 , U0 = sin pcos 9 , U^p cos p

1 cos 9 1 . — sin 9 j [ 0 /

^^Accordiiig to the laws of classical physics, a charged body rotating about an axis of symmetry, 
has a magnetic dipole moment /r and an angular momentum L. Both fi and L can be considered as 
vectors with certain module (magnitude) and direction. In the classical picture, presented in Fig. 3.9 
we assume vectors S and s equivalent to angular momentum L (in units of eV-s). The corresponding 
magnetic moment is related to the angular momentum through a gyromagnetic ratio, which for a 
classical spinning charged solid or particle with a uniform charge (e) and mass (m) distributions, is 
given by 7g = ^ (in units of s“*T“’). Here, for simplicity, we take e and m as being the value of 
the electron charge and the electron ma.ss, respectively. See also the discussion in Section 2.3.1 of 
Chapter 2.



Chapter 3. Itinerant electron dynamics in atomic chains 76

Figure 3.9: Model system: two classical vectors, representing the itinerant spin s 
and the spin of the impurity S coupled via the exchange interaction. The local spin 
is set to process around a magnetic field B, applied along the ^-direction. The inset 
shows the unit vectors {ur, uq, u^} of the spherical coordinate system. Here r is the 
radial coordinate, 8 is the polar, or inclination, angle and (p is the azimuthal angle.

where r is the radial coordinate, 6 is the polar angle and pi is the azimuthal angle. The 
unit vectors satisfy the following relations

Ur X U0 = u^, 

U0 X = Ur, 

UipX Ur = Uq. (3.51)

Starting with B = Bz = {0,0, B}, we obtain

Br = B cos 6, Be = —B sin^, B^ = 0, (3.52)

or
D = B (cos 9ur — sin 0 uq) . (3.53)

For simplicity, we assume that the magnitudes of vectors S and s are equal to unity 
and that

s = Ur- (3.54)
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Tlie impurity spin is also expressed through the unit vectors of the spherical coordinate 
system

S = aUr + (3 U0 + y u^, (3.55)

where a, (3 and 7 are unknown time-dependent coefficients which satisfy the following 
relation

«^ + /?^ + 7^ = l- (3.56)

By substituting Eqs. (3.53)-(3.55) into the equations of motion and by using Eq. (3.56), 
after some algebraic manipulations, we obtain the following equations of motion for the 
angles and 0

ip + B = 0,

0 + J ■ B ■ Sind = 0.

(3.57)

(3.58)

The first equation immediately leads to

^p{t) = -Bt + Lp{0), (3.59)

'I'he second equation is a nonlinear second-order differential equation. Interestingly, it 
is identical to the equation of motion of a simple gravity pendulum

0 -f- y sin 0 = 0, (3.60)

where angle 0 describes the deviation of the pendulum from the direction of the force 
of gravity, g is the acceleration due to gravity and I is the length of the pendulum 
rode. It is known that in the linear approximation, e.g. for small angle 0, sin 0^0 
and Eq. (3.60) has a simple periodic solution given by cos{y/g/lt). In the case of 
a linearized equation Eq. (3.58) the frequency is \/J B, which clearly confirms the 
existence of two driving forces in the system, namely the exchange interaction (./) and 
the locally applied magnetic field (B). However, in general, the solution of Eq. (3.58) is 
not trivial but it can be obtained by using Jacobi elliptic functions formalism[2, p. 567]

0it) = ±2 Am Q\/(2 J/J -t- ci){t -b AJ B 
2J B + Ci (3.61)

where c\ and C2 are arbitrary constants and Am,{x\m) denotes the Jacobi amplitude 
function. The latter is an inverse function of the elliptic integral of the first kind 
F{x\m) = /o^ yj==f=p7 ^Iso given by Am{x\ni) = d,n{x'\m,)dx', where
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dn{x'\m) is the Jacobi elliptic function with elliptic modulus m. Naturally, the ar
bitrary constants Ci and C2 can be found from the initial conditions for the angles 0 
and if.

4C

¥
ocD3cro

Exchange interaction, J (units of y)

Figure 3.10; Two leading frequencies in the Fourier spectra of Sx[t) and Sx{t) as 
functions of the exchange interaction J. Note that J is in the units of 7 and u) is in 
the units of The inset shows the corresponding amplitudes of u;i and 012 in the 
Fourier transform as functions of J. hi the initial state, S is parallel to B and s is 
slightly tilted from the 2-axis by angles 0(0) = ip(0) < 5“.

Once 6{t) and ip{t) are calculated, w'e can determine the position of the vector S in 
the spherical coordinate system by using the following relations for (3 and 7, obtaiiu'd 
from Eq. (3.50)

and, finally, cv = — /3^ — 7'^.

(3 = if ■ sin 61/ J,

7 = -e/j,

(3.62)

(3.63)

In order to investigate the dynamics of S and s in a wide range of parameters, we resort 
to the numerical solution of Eqs. (3.57) and (3.58) and calculate the time-dependent 
Cartesian components of S and s. By computing the Fourier spectra of the transverse 
(j;-) components of the impurity and itinerant spins as functions of time, we are able to 
identity two leading frequencies in the spectrum (these are the same for S and s since
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the motion of the two spins is synchronized). The dependence of these two frequencies 
on tlie strength of the exchange interaction J, for a fixed value of B, is shown in 
Fig. 3.10. Note that we scaled the units to match those we use in the fully quantum 
mechanical treatment of dynamics in atomic chain, e.g. we use the units of ^/h for the 
frequencies and 7 for J, where 7 is the typical value of the hopping parameter in the 
chain.

As one can see from Fig. 3.10 , one of the frequencies, uj\, increases dramatically with 
increasing J, while the second one, a;2, saturates with J to a value close to the Larmor 
frequency The amplitudes of Ui and ^2, which measure the contribution of
each mode to the dynamical spectrum, behave differently: the amplitude decreases 
with J while the amplitude increases with J (see the inset in Fig 3.10). The 
trajectories of the two vectors and the corresponding Fourier transforms, calculated by 
using the exact solution are in agreement wdth those obtained from the time-dependent 
simulations for an isolated site with a fully quantum itinerant spin coupled to the spin of 
the impurity (represented by the angular momentum vector S). The physical meaning 
of the result presented in Fig. 3.10 is the following: {i) when the two driving forces J 
and B are comparable in magnitude, the dynamics of the system is determined by tw'o 
competing frequencies uj\ and U2, which give comparable contribution to the dynamical 
spectrum; [ii) when the strength of the exchange interaction increases, the two vectors 
are almost j^erfectly aligned (however, they rapidly process around each other with the 
large frequency cui oc J) and the system as a whole processes around the magnetic filed 
D with the frequency UJ2 close to the Larmor frequency.

The calculation presented here clearly demonstrates that even the sim])lest classical 
problem shown in Fig. 3.9 has a rather complex solution. For a system of several 
magnetic impurities embedded in an atomic chain, consisting of N atoms, the number 
of degrees of freedom is significantly larger. One should expect high complexity and 
nonlinearity in the possible solutions, especially if the system is subject to external 
time-dependent perturbations.

3.8 Summary

In this chapter we have investigated the time evolution of itinerant electrons in one
dimensional atomic chains upon an external perturbation. We have calculated, both
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analytically and nunierically, the frequency portraits of the dynamics. The excitation 
spectrum, calculated as the two-dimensional Fourier transform of the nonequilibrium 
charge density distribution along the chain, has been also studied. VVe found that the 
spectrum exhibits a number of interesting properties, characteristic of one-dimensional 
fermionic systems. Importantly, it forms a continuum in a certain region of energy 
and momentum space, and the shape of this region varies systematically with the 
system parameters. Finally, we have looked at the simj)le system, where the spin of 
the magnetic impurity is coupled to the itinerant spin and to the magnetic field on an 
isolated site. This problem was treated classically and the exact solution of the system 
of equations of motion was found. The calculated frequency portraits of the dynamics 
of the impurity spin demonstrate the deviation from simple Larmor precession due to 
the exchange coupling to the itinerant electron si)in In conclusion, the study carried 
out in this chapter, gives insight into the dynamical properties of itinerant electrons 
in atomic chains. This provides a part of the solution to the problem considered in 
the next chapter, where an atomic chain is used as a medium for the transfer of spin- 
excitations between two well sej^arated localized spin centers.



Chapter 4

Electrical control of spin dynamics 
in a one-dimensional device

4.1 Introduction

III magnetic memory devices, the magnetization vectors of individual magnetic ele
ments, which can be set either “up” or “down”, play the role of logical bits. A con
ventional way of recording a magnetic bit is by switching its magnetization from one 
orientation to another with an applied magnetic field. In fact, this is the basic work
ing principle of magnetic hard disks. However, with electronic industry successfully 
entering the nanoworld, the conventional approaches to manipulating a magnetic state 
using magnetic fields alone, face serious limitations.

One of the problems arising from the continuous miniaturization of electronic devices is 
known as the scalability issue: in contrast to electric fields, magnetic fields are difficult 
to confine at the nanoscale and the magnitudes of the fields required for field-induced 
switching do not scale down with device dimensions. This presents a great challenge 
for obtaining high-density memory storage. Moreover, magnetic fields used for mag
netization switching are typically produced by electric current lines [173], which is not 
very efficient due to unavoidable energy losses associated with Joule heating. These 
problems are experienced not only in conventional devices but also in novel spintronic 
applications such as Magnetoresistive Random Access Memory (MRAM) since the first 
concept of a working MRAM cell is indeed based on field-induced switching [4].

81
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In addition to that, it appears that fnndainental limitations exist to the speed at which 
magnetic switching can be realized. In fact, the most efficient mechanism involved in 
magnetic recording is precessional magnetization switching: when a magnetic field B 
is applied to a magnetic bit over a period of time r, the magnetization vector pre- 
cesses around the direction of the field until the quantity \B\ ■ t reaches a threshold 
value and the magnetization changes its orientation. Thus the pulse duration r essen
tially determines the switching time and, ultimately, the speed of the memory storage. 
Intuitively, one could assume that the switching speed can be significantly increased 
if strong enough fields and very short pulses are used. However, recent ex{)eriments 
demonstrated that this intuitive picture does not hold and there is a physical limit 
to the speed of magnetic recording. In the work of Tudosa et al. [256] ultrashort and 
intense magnetic field pulses (\B\ ^ few Tesla and r 2 ps), generated by relativistic 
electron beams, were applied to magnetic granular recording media (14-nni-thick hhns 
of CoCrPt). It was observed that at such extreme conditions precessional switching 
no longer takes j)lace at well-defined field strengths. Instead, the l^ehavior of magnetic 
grains becomes stochastic and the switching occurs randomly within a wide range of 
magnetic fields. These findings indicate that at time scales of 2 ps one reaches a 
fundamental limit for deterministic magnetization sw'itching.

In view of these limitations, considerable effort has been devoted to finding new ways 
to manipulate the magnetization. Since conventional semiconductor technology relies 
on electric fields to control the conductivity, it is also highly desirable to become able 
to control the magnetization and, in general, the spin state of a magnetic medium using 
electric fields [44]. It is anticipated that the new generation of magnetic information 
storage technology with high density and low power consumption would be possibly 
based on such electric-field control.

One way to manipulate spins by purely electrical means relies on the spin-transfer 
torque mechanism [21, 227]. This approach uses spin-polarized currents to control the 
direction of the magnetization and has been realized in various nanoscale materials 
ranging from magnetic multilayers [184] to, more recently, individual superparamag- 
netic nanoislands [141] and single atoms in STM-type geometry [164]. Spin-Transfer- 
Torque-based Random Access Memory (STT-RAM) has been considered as a [)romising 
candidate for a new type of devices, which could solve energy-consumption and scala
bility issues of MRAM. For practical STT-RAM implementations, however, it is crucial 
to reduce the critical current density needed to switch the magnetization, which at the 
moment is still quite high (w 10® A/cm^ [62]).
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Alternative to electric-cnrreiit control is the optical control, such as that in the laser- 
driven nltrafast magnetization switching [131]. Although, the first experiments on 
ultrafast spin dynamics demonstrated a rather destructive and uncontrollable effect 
of an intense thermal excitation produced by a laser pulse in a magnetic medium, 
new observations suggest that it is indeed possible to manipulate the magnetization at 
these time scales by using optical excitations. Recently, it was reported that circularly 
polarized fs-laser pulses can be used to non-thermally excite and coherently control 
the spin dynamics in magnetic materials, such as rare-earth orthoferrites [130]. In a 
somewhat different context, the optical manipulation of single spins in bulk media, 
such as N-V centers in diamond [88], is at the heart of the most promising candidates 
for solid-state quantum computing [13, 252].

Another alternative is based on the idea of an electrostatic control of the spin-density, 
i.e. of the construction of spin-transistor type devices [113, 284]. Recently, the concept 
of gate-modulated spin-pumping transistors has been studied theoretically in infinite 
graphene strips w'ith patterned magnetic implantations [82, 83]. Importantly, such de
vices rely on the efficient transport of spin information between two points in space and 
time, and recpiire the possibility to actively tune the spin-signal fluring its propagation.

In this Chapter we explore the possibility of electrical control of s])in transfer in atom
istic spin-conductors. We consider a finite monoatomic wire linking two localized spin
carrying impurities, e.g. local spins. When one of the local spins is set into precession, 
it generates a perturbation in the itinerant spin-density. This perturbation is carried 
through the wire by conduction electrons and can be detected in the dynamical response 
of the second spin. We show that the propagation of the spin-signal and, consequently, 
the dynamical communication between the two spin-centers, can be tuned by means 
of an electrostatic gate applied to the interconnecting wire. Our main finding is an 
enhancement of the spin-pumping communication for a certain range of gate voltages. 
Importantly, the resonant feature in the transmission of the spin-signal between the 
two local spins can be directly linked to the modification of the electronic structure 
of the wire induced by the applied electrostatic gate. The theoretical framework for 
the investigations reported in this chapter is that of the (|uantum-classical Ehrenfest 
dynamics, which was discussed in Section 2.4.3.
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4.2 Model system

A cartoon of the device considered in this chapter is presented in Fig. 4.1. This consists 
of an A^-sites long atomic wire (typically A^=100) interconnecting two magnetic centers. 
The latter, represented in the figure by two vectors, S\ and 82, enter our model as 
substitutional magnetic impurities positioned at the two ends of the wire, with their 
spins originating from the deeply localized d-electrons. One of them, say the left-hand 
side local spin i^i, is labeled as “driven”, as its precession is induced by an external 
perturbation. The other local spin, 82, located at the opposite end of the chain acts as 
a “probe”. This local spin does not interact with any external fields and only couples to 
the itinerant electrons of the chain. Hence 82 probes the magnetic excitations produced 
by the driven spin 81 as these propagate through the interconnecting wire. The device 
is described as a mixed quantum-classical system in the spirit of the s-d model and its 
dynamics is modeled at the Ehrenfest level. Since the theoretical framework of such 
spin dynamics was discussed in detail in Section 2.4.3, here we only write the explicit 
expressions for the Hamiltonians of the quantum electrons and the classical local spins 
together with their corresponding ecpiations of motion (EOMs). The time-dependent 
Hamiltonians of the two subsvstems read

//el(0 = //TB -of

i,j = 1,
q=T.J

o C, s -

a./3=Ti

•a/9

(4.1)

(4.2)

//s(0 = -8,{t) ■ [Js,{t) + gi.LQB\ - J82{t) ■ s,,{t) . (4.3)

The notations are the same as in Eq. (2.64) and Eq. (2.65) with 81 and 82 representing 
the unit vectors in the directions of the two local spins. The only difference compared 
to a more general Ehrenfest system, discussed in Section 2.4.3, is that only two local 
spins are considered. Thus the equations of motion [see Eq. (2.67) and Eq. (2.68)] can 
be conveniently written as

dt
d8n
dt

Pi

= {S„,//s} = ^X Jsi + gpiiB 
Jsn

for n — 1 
for n = 2

(4.4)

(4.5)
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The instantaneous on-site spin-density «*(/.) entering Eq. (4.5) is generated as

if) = 'ir [pif)f^]^ = P%^if)<^‘^‘" >
a0

i.e. it is the expectation value of the electronic spin at site i and time t.

(4.6)

The coupled EOMs are integrated numerically using the RK4 algorithm as discussed 
in Section 2.4.4. As a result the set of trajectories for the electronic spin-densities Si(t) 
and for the two classical spins Si{t) and S2{t) are obtained.

Figurk 4.1: Model system: two localized spin-impurities are electronically con
nected by a monoatomic wire, where electrons can flow. An electrostatic gate is 
applied to some of the interconnecting sites.

Note that the Hamiltonian of the local spins [see Eq. (4.3)] describes the interaction 
of the local spins with the conduction electrons (through instantaneous electron spin- 
density) and with the external magnetic field B = Bz = {0,0, H}, which is applied 
locally to S\ only, in order to drive its precession. This does not imply any true physical 
meaning of an extremely localized external magnetic field and is only an instrumental 
variable that we use to drive the precession of which gives rise to the spin-pumping 
in the system.

We restrict our treatment to the present form of the classical Hamiltonian since we are 
mainly concerned with the dynamical exchange interaction between the spins of the 
impurities mediated by the itinerant electrons (similarly to RKKY interaction [123, 
214, 274] in the static regime). Any additional non-conservative terms, such as those 
describing Gilbert damping, are explicitly omitted in this work, e.g. our system is 
conservative. We mention, however, that an almost identical set of equations, except



Chapter 4. Electrical control of spin dynamics tn a one-dimensional device 86

for a phenomenological damping term added to the equation of motion for the local 
spins (along the lines of the LLG ecination) has been used in Ref. [138] to study the 
real-time relaxation dynamics of the electron-spin coupled systems.

The effect of an electrostatic gate is incorporated in our model as a rigid shift of the on
site energies Ei ^ + where i E [<i, ^2] is a certain range of sites located in the middle
of the chain and Vg is the gate voltage. This region can also be re-interpreted as a part 
of a different material so that the same model system also describes a one-dimensional 
(ID) tri-layered heterostructure (tunnel junction or quantum well), in wdiicli the two 
peripheral layers are identical.

Since the existence of the localized spins is an essential requirement for the coupled 
quantum-classical spin dynamics, our model is most suitable for describing systems 
containing magnetic imi)urities embedded in non-niagnetic hosts. A number of rele
vant experimental set-ups comprising a noble metal surface with adsorbed transition 
metal atoms (or rare earths) [177] or individual (and chains of) magnetic adatoms on 
insulating surfaces [96, 97] can be found in the literature.

Although our model can be easily extended to higher dimensions, here we have focused 
on spin dynamics in a ID structure. A possible realization of such a model system are 
metallic carbon nanotubes doped with single substitutional magnetic imj)urities, which 
have been recently proposed as promising candidates for sj)intronics applications [82]. 
In a broader context, our model system is as a schematic representation of two (or sev
eral) magnetic devices (impurity atoms, adatoms or magnetic molecules) dynamically 
coupled through a low-dimensional atomic lattice.

An essential advantage of the approach is the ability to model the effects of arbitrary 
excitations. In fact, in contrast to linear-response methods, our simulations are not 
limited to small gate voltages, spatially-continnous electrostatic potentials or small- 
angle spin precession. This becomes particularly important for calculations with an 
applied electrostatic gate when the value of the gate voltage is comparable or larger 
than the typical energy scale of the system (this is defined by the hopping parameter 7). 
In this case the application of the perturbation theory is not justified since the external 
perturbation is significant and, therefore, one can expect deviations from the linear 
response result. Indeed, as we will see in Section 4.4, the time-dependent simulations 
of spin dynamics in the presence of an electrostatic gate for large gate voltages reveal 
a dynamical picture qualitatively different from that obtained in the case of small gate 
voltages, e.g. in the limit of weak perturbation.
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4.3 Dynamics of the itinerant spins with frozen im
purities

4.3.1 No external gate

As a preliminary step towards the combined quantnm-classical dynamics, we first ad
dress tlie dynamics of the spin-density of the itinerant electrons in the presence of the 
two local spins, whose directions are fixed, e.g. 2||2. A spin-excitation is produced 
by a small but hnite spatially-localized perturbation in the spin-density. As initial 
density matrix at Iq we use the one that corresponds to a perturbed Hamiltonian 

— ^l) h) which oue of the localized spins is slightly tilted in the x — z plane, such 
that Si{to — St) X z ^ dd <5°. However, at to we bring Si back to its original direction 
(51112) where it stays throughout the simulation. In other words we study the time 
evolution of the system with the two local spins parallel to each other starting from 
the ground state electronic ('harge density of the system where one of the two spins is 
tilted by a small angle.

As we showed in the previous chapter, the evolution of the density matrix for / > to is 
given by p{t) = (in the case of the frozen local spins //pi is time-
independent). When projected onto the basis of the spin-resolved atomic orbitals lirr), 
this expression describes the time evolution of the density matrix elements and also 
provides complete information about the dynamical spectrum in terms of frequencies 
and amplitudes [see Ecj. (3.24)]. Using this result we can derive similar expressions for 
the spin-densities Sj(t). Following the definition of the spin-density given in Eq. (4.6), 
the l-th Cartesian component {I = x, y, z) of the expectation value of the electron spin 
on a particular site k can be calculated as

= 2^Pkk^i =
ap

a0 \ mn 17 j6
C4nP7/(^o) erf,

or
apI W >

(4.7)

(4.8)
a/3 \ rnn
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where

Ktnn = Ckm 4* Y 4('»)’
27 jd'

(4.9)

and the frequencies a;„j„ = (e„, — e„)/h correspond to the differences between the 
eigenvalues e,„ of He\{to)-

The typical evolution of the spin-density of the itinerant electrons, resulting from the 
spin-excitation described above, is presented in Fig. 4.2. The trajectories of the on-site 
spin polarization Asf(f) = sf{t) — sf{to) calculated using Eq. (4.7) are identical (on the 
scale of the graph) to those obtained by the nunierical integration of the EOMs [i.e. 
from Ecj. (4.4)-(4.5)].

Figure 4.2: Spin-excitation in a one-dimensional wire, (a) Time-dependence of the 
spin-polarization on the first site (Asj) as obtained from the numerical integration 
of the EOMs and directly from Eci. (4.7). (b) Initial spin-polarization s^(fo) as a 
function of the site index, (c) Time and space evolution of Asf with the color shade 
representing the absolute value of Asf{t). Note that 2r is the spin wave-packet 
round-trip time as also seen in the bottom panel.

The spatial distribution of the initial spin polarization, sf(to), is shown in Fig. 4.2(b) 
and its subsequent evolution is presented in Fig. 4.2(c). Similarly to the charge-only 
case discussed in the previous chapter, the spatially-resolved temporal portrait of the 
spin dynamics can be view'ed as the propagation of a spin wave-packet. This travels 
along the wire with a practically uniform velocity very close to the Fermi level group 
velocity, as expected in view of the rather small overall local spin-polarization of the 
chain. The backbone of the packet is detectable even after a few tens of reflections at 
the ends of the wire. Such a feature demonstrates that this finite ID model atomic
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system is an efficient waveguide for spin wave-packets of femtosecond duration, at least 
over the investigated time scales of a few picoseconds.

Eciuation (4.8) can be used to calculate directly the dynamical spectra of particular 
si)in-observables. These match perfectly those calculated by performing the discrete 
Fourier transform of the time-dependent spin-densities obtained over the finite duration 
of the simulation. Clearly, in the absence of the localized impurities the frequencies 
uJmn (and their corresponding amplitudes) are identical to those calculated for a finite 
homogeneous tight-binding chain [see Section 3.4]. However, the interaction with the 
two frozen local impurities for J = jyj has a minor effect on the electron Hamiltonian, 
and, therefore, all frequencies are contained approximately in the interval [uJmin^^^max] 
with Wniin ~ 37r^|7|/(A'’ -|- 1)^^, and oomax ~ 4|7|//i [see Eq. (3.29)-(3.30)].

4.3.2 Electrostatic gate applied

The dynamics of the itinerant spins, as described by Ec}. (4.7), in the case of an electro
static gate applied to a section of sites in the middle of the wire cannot be expressed in 
a closed form as a function of Eg for arbitrarily big systems. Therefore we resort to our 
numerical integration scheme in order to investigate the spin dynamics in the presence 
of the gate. Before addressing the dynamics, however, we first analyze the ground- 
state electronic structure of the gated wire for different values of the gate potential 
Eg. Figure 4.3 shows the adiabatic variation of the eigenvalues for a non spin-polarized 
30-sites long chain without localized spins as a function of the gate potential Eg. The 
gate is applied to 10 sites in the middle of the chain, i.e. at the sites with indices 
going from ti = ll to ^2=20. Note that the energy-related quantities on all the fig
ures are in units of the hopping integral 7, which sets the energy scale for the entire 
system. According to their weights at the three subsections of the chain, calculated
as Q L.M.r? = E ieL.M.R ’ we distinguish three types of states depending on which 
of the three partial weights is the greatest (here c,„ = {l^n) is the projection of the 
eigenvector of Hp\ on the non-spin-polarized atomic orbital |z)). The eigenstates 
corresponding to the two peripheral un-gated regions (Ql and Hr) are degenerate by 
symmetry, as the gate is applied in the geometric center of the wire.

For Eg close to 0, the discrete energy spectrum consists of the eigenvalues in the range 
[—2|7|,2|7|]. With the increase of Eg the level-spacing distorts as the eigenvalues are 
affected differently by the gate. Certain eigenvalues grow nearly linearly with increasing
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Cg (these are shown as red squares in Fig. 4.3). The spatial distribution of these 
eigenvalues is predoniinantly concentrated in the gated region, i.e. they correspond to 
the region where the local on-site potentials have been niodihed.

8 -

6 -

T

V (units of y)g

Flc;ur<F: 4.3: Schematic of the gate-dependence of the ground-state energy spectrum 
of hfpi, e.g. The eigenvalues associated with the left-hand side of the wire
(fhd are marked with black circles, those originating from the states in the gated 
middle (Om) - with red squares and those corresponding to the right-hand side (Or) 
- with green diamonds. The inset shows a magnification of a region corresponding 
to intermediate values of Vg, illustrating the situation of avoided crossings.

For extremely large values of Fg (Fg > 4|7|) the chain is effectively split into three 
energetically-decoupled parts, the gated middle and the two identical un-biased j)arts 
(the left-hand side and the right-hand side of the chain). Most interesting, however, 
is the range of intermediate gate voltages, for which the three parts of the wire are 
substantially affected but not yet decoupled by the gate voltage. For such Fg avoided 
crossings occur between states localized in the gated and the non-gated regions.

Avoided crossings [149, p. 302] is an important and widely used concept in tiuantnm 
mechanics, which is closely related to the adiabatic theorem [242, ]). 6]. In the original 
Born and Fock formulation, the theorem essentially states that a quantum-mechanical
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system will remain in its instantaneous eigenstate if it is perturbed slowly enough by a 
Hamiltonian with a nonzero spectral gapd This condition has been removed, however, 
in later formulations. One can therefore distinguish between adiabatic and diahatic 
processes. In the first case (adiabatic process), the perturbation^ is applied slowly 
(compared to the characteristic time scale) so that the system has enough time to 
adapt to it. In such situations the adiabatic theorem holds and, if the initial state of 
the system at t = to was, for instance, one of the eigenstates of the initial Hamiltonian 
fl{to), at each subsequent moment of time t the system will be found in the corre
sponding eigenstate of the Hamiltonian H{t). The process described in Fig. 4.3 is an 
example of the adiabatic process since the gate potential was applied in the distant 
past (/ —> —oo) and at t = to we simply calculated the ground state of the system in 
the presence of the gate. In contrast to this, a rapid change in the external conditions 
(diabatic process) prevents the system from adapting to it. In this case, the final state, 
or the eigenstate of the perturbed Hamiltonian //(/), does not necessarily correspond 
to any of the eigenstates of the initial Hamiltonian H{to)- Importantly, in the case of 
a non-zero coupling term in the Hamiltonian (the hopping 7 in the case of the tight- 
binding chain) the eigenvalues of //(t) can not be degenerate and therefore will form an 
avoided crossing with the variation of the perturbation parameter (the gate voltage 
for the system considered here). In order to illustrate how exactly an avoided crossing 
occurs, we considered the effect of the gate potential on a simple two-level system (the 
calculations are presented in Appendix A).

Going back to Fig. 4.3, one immediately notices that when the system is parametrically 
driven towards the avoided crossing of two eigenvalues, this gives rise to additional 
low-fre(}uency lines in the dynamical spectrum, described by Eq. (4.7) and Eq. (3.24). 
Intuitively, this comes from the fact that two eigenvalues Cmo and e„o, for which [cmo — 
e„„) ^ 0, produce the frequency Wmono = (ema ~^m)/0. As we will demonstrate in 
the last section of this chapter the presence of the avoided crossings around the Fermi 
level for certain intermediate Eg directly yields an enhanced transmission through the 
gated wire at low frequencies.

A more detailed spectral analysis is obtained by the two-dimensional discrete Fourier 
transform (dFT) power portraits of (see Fig. 4.4) denoted as dFT[As^(t)] {k,uj). 
In the top three panels of the figure [Fig. 4.4(a)-(c)], we show the excitation spectra

^This means that the energy spectrum of the Hamiltonian is discrete so that there is a gap between 
the eigenvalue and the rest of the spectrum.

^Note that this is an arbitrary perturbation, e.g. it does not necessarily represent small external 
disturbances in the system as in perturbation theory.
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Figure 4.4; Top panels; dFT[As^(t)] [k^io) for a fixed band filling, po = 0-5, and 
different values of the gate potential, (a) Vg = 0.2|7|, (h) Fg = 2.2|7| and (c') Vg = 
4.6|7|. Bottom panels; dFT[As|(f)] (A;,cn) for = 0 and different values of the band 
filling, (d) po = 0-5, (e) po = 0.6 and (f) po = 0.8. The inter-site distance a is 
arbitrary. The color shade represents the absolnte value of dFT[As^(t)] {k,ui) and is 
logarithmically scaled for better contrast.

resulting from spin dynamics in the presence of the gate. The gate potential has been 
applied to the middle of the chain in the ground state, i.e. h'g j^] has
been added to /4i at t < Iq. We use the half-filling case, po = 0.5, or one electron 
per atom. The three panels in the bottom of the figure [Fig. 4.4(d)-(f)] show, for 
comparison, the two-dimensional dFT portraits of spin dynamics in the un-gated chain 
with frozen impurities for three different values of the band filling (these spectra are 
practically identical to the ones stemming from the charge-only dynamics, considered 
in the previous chapter and presented in Fig. 3.6).

As we already discussed in the case of charge-excitations in homogeneous atomic chains, 
the excitation spectra presented in Fig. 4.4(d)-(f) reveal key feature of ID fermionic 
systems that vary systematically with the band filling, in particular, they display a
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near-coiitinuuni of allowed modes in a certain {k,uj)-sp&ce region defined by a low- and 
a high-energy dispersion functions. Moreover, it is clear from Fig. 4.4 that the effect of 
the variation of Fg on the excitation spectra is quite similar to the effect of the band 
filling in the non-gated case. Due to the gate potential, the relative electron populations 
of the gated and gate-free parts of the chain change as the gated region is depopulated. 
For intermediate values of Vg [see Fig. 4.4(b)] the excitation spectrum is rather a 
superposition of two spectra with band fillings below and above 0.5 (approximately 
0.2 and 0.6). Furthermore, we find a substantially increased population of the low- 
frequency modes for all /i:-vectors, i.e. of the states that are forbidden for Fg = 0. 
For large Fg [see Fig. 4.4(c)] the middle part of the wire becomes almost completely 
depleted and the (A:,a;)-portrait corresponds effectively to the excitation spectrum of 
a single chain with a band filling po ~ 0.75, which is simfilar to the non-gated case 
presented in Fig. 4.4(f).

4.4 Combined quantum-classical spin dynamics in 

the presence of a gate

The inclusion of dynamic local spin-impurities in the model requires the numerical 
integration of the set of coupled non-linear EOMs [see Eq. (4.4)-(4.5)]. For a small 
number of classical spins the dynamics of the itinerant spin-density is qualitatively very 
similar to what is described by Eq. (4.7). The frequency-domain analysis of the classical 
spin trajectories by means of dFT reveals the characteristic signature of the discrete 
electronic spectrum with only additional modulations in the amplitudes around the 
Larmor frequency due to precession of the driven local spin. Si. The latter essentially 
acts as a spin-pump in the system (see cartoon of the model system in Eig. 4.1). We 
consider now the following situation: the quantum-classical spin system is in its ground 
state with 5'i,2]]2 until t = to, when the first local spin Si starts fluctuating to form a 
small misalignment with B — Bz = {0,0,/i}, such that Si[to) x z ^ d6 < 5°. This 
sets the entire quantum-classical spin system into motion. The typical trajectories of 
the transverse components 5'f(t) and S^it) and their frequency-domain dFT images 
for different values of the gate voltage are presented in Fig. 4.5.

In this case the excitation of a transverse spin-density at t = to by the initiation of 
the Larmor precession is very similar in nature to the excitation induced by tilting one
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Figure 4.5: Time evolution of the x-componeiits of the localized spins, Sf{t) (blue) 
and S^it) (red) [left] and the corresponding Fourier specdra, dFT[5'f(<)J(tj), [right] 
for three different gate voltages (a, d) Vg = 0.1|7|, (b, e) = 2.2|7| and (c, f)
Fg = 4.6|7|. The frequency-domain is represented by the dimensionless quantity 
fim/lqj and Qi = kuJiJ\j\ = 1.16 for |7| = 1 eV. Note that in the case of Vg = 2.2|7| 
different scales are used for the magnitudes of (f) and S^it) and their spectra (axes 
corresponding to S'2{t) are nuu’ked in red).

local spin investigated before in Section 4.3. In fact, it develops in a very similar way in 
the early stages of the time evolution. Just like in Fig. 4.2 a non-equilibrium transverse 
spin-density wave-packet is sent along the wire and both localized spins respond each 
time the packet reaches them. Figure 4.5(a) displays the case of a very small gate 
voltage Vg -C [q]. The frequency-domain image of the precessional motion of 5f(f) has 
the signature of the discrete electronic spectrum with an amplitude envelope that peaks 
at the Larnior frequency cul = 2pa/J//t. The clFT-portrait of the probe spin S^it) is 
very similar to that of Sf{t). Although significantly down-scaled in amplitude, it has 
the electronic-structure modes imprinted in its classical motion in the same way as it 
is for the driven spin. This qualitative behavior is observed for Fg = 0 and a range of 
small voltages Vg < jq] but it changes dramatically for gate voltages Vg > jq] [see Fig.
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4.5(b) and (c)]. The case of extremely big voltages > A\^\ (depicted in the bottom 
panel) is a trivial one for which the electrostatic barrier Cg is completely opaque to 
the electrons and the probe spin S2 does not respond to the Larnior precession of S\. 
Note also the rarefaction of modes in the spectrum due to the effective shortening 
of the chain by 2/3.

Special attention must be devoted to the intermediate Vg regime in which the dynamics 
of the probe spin is qualitatively different and uncorrelated to that of the driven one 
[see Fig. 4.5(b)]. The typical outcome of the real-time dynamics at such intermediate 
voltages I7I < Fg < djyj is that the probe spin starts accumulating very big transverse 
deflections. This is then fed back into the pumping spin which also deflects more but 
still {)reserves, to a great extent, its precession about the magnetic field.

It is worth noting that this self-amplification of the spin dynamics does not come 
at. a tof.al energy cost, as the model system described by Eq. (4.2)-(4.3) is completely 
conservative. As such we simply observe a conversion of electrostatic energy into “spin- 
energy” in the form of transverse (to the driving magnetic field) oscillations in the 
spin-density. This accumulation is related to the increasing energy transfer from the 
itinerant electrons to the localized moments, as illustrated in Fig. 4.6(a). Such an 
energy transfer is defined as AE{t) = |AE'ei(t) — AEs(/.)l, where AEe\/s{t) — Eei/s{t) — 
/7ei/s(fo), K\{t) = Tr[/3(t) • He\{t)] and Es{t) = -gfiBSi{t) ■ B The total energy 
conservation AEei{t) = —AEs{t) has been verified within a relative error of 10“^ %. 
The amplification of the energy transfer is characteristic of this Fg range (lyj < Fg < 
4|7|) [see the inset of Fig. 4.6(a)]. This effect can appear as a particular form of 
“heating” for the local spins, at the expense of electron gas, as within the time covered 
by the simulation (r^ 10 ps) the energy transfer seems to be irreversible. It is well- 
known that the typical Ehrenfest molecular dynamics (EMD) suffers from the inability 
to account for Joule heating processes [101] due to the lack of dynamical correlations 
between the electrons and the ions. It is not clear, however, whether this is the case 
for spin dynamics. Our simulations are limited to picosecond times and by no means 
imply a possible qualitative difference of the EMD and its spin counterpart.

The frequency-domain image of the localized spin trajectories [see Eig. 4.5(e)] for [y] < 
Fg < 4|7| shows a substantial qualitative difference for the driven and the probe spins. 
While around u)]^ the shape of the spectrum of Si is similar to the two extreme Fg cases, 
a significant amplitude is accumulated now at low frequencies. The main difference 
from the small Fg case, however, is in the spectrum of S2 which shows practically no
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response at the Larinor frequency but has very large amplitudes in the low frequency 
range.

0 500 1000
t(fs)

1500 2000

Figure 4.6: (a) Time evolution of the energy transfer, AE{f), between electronic 
and localized s])ins for Vg = 2.2|7|. The inset shows the maxinnim value of the energy 
transfer, AEmaxi for a fixed duration of sinmlation (2 ps) as a function of Vg. A red 
arrow indicates the particular voltage for which AE{t) is plotted, (b) Evolution of 
the electron populations of different parts of the chain for Vg = 2.2j7|. The two black 
dashed lines show the ecpiilibriiun populations of the gate-free parts (upper line) and 
of the gated middle section (lower line), i.e. the populations corresponding to the 
case when the gate is applied in the ground state.

This behavior in the classical spin dynamics, characteristic of certain gate voltages, 
stems from the dominance of the low frequency modes in the electron dynamics at 
those Vg. The effect can be seen also in the much simpler case of a non-spin-polarized 
uniform atomic wire subjected to an electrostatic gate applied in the middle. In the 
next section we will consider the charge dynamics associated with this situation and 
analyze the lowest frequency components entering Eq. (3.24) [see previous chapter]. 
The initial charge excitation, similarly to the transverse spin polarization in the model 
above, is triggered by a local electrostatic perturbation at the first site. It follows from 
Eq. (3.24) that, for certain values of Eg for which two adjacent adiabatic eigenvalues 
(em,em+i) around the Fermi level come closer to each other in an avoided crossing, the 
dynamical charge amplitude at the opposite end of the wire exhibits a peak at that 
particular very low frequency (e,„ — e,n+i)/h. In other words, at a certain gate voltage
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a coiiciition is created for resonant charge transfer between the three parts of the chain 
at low frequencies. This, in the case of itinerant transverse spin-polarization, promotes 
the enhanced reaction of the probe spin to the spin pumping produced on the other 
side of the gate.
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Figure 4.7: (a) dFT[A.sf (t)] (fc,a;) for Cg=0. (b) The difference be
tween dFT[Asf (t)] (fc, w) for Fg=2.2|7| and for Fg=0, defined as A = 
|dFT [.sf (t)] {k,aj)y^^2 2\'y\ ~ [^? (^)l (^'>‘^)vg=o I- color shade represents the
absolute value of dFT[A,sf (<)] (fc, u;) and A, respectively, and is logarithmically scaled 
for better contrast.

'File electronic part of fidl quantum-classical spin dynamics in the presence of the gate 
is shown in Fig. 4.7. As before we construct the two-dimensional clFT portraits of the 
si)in-density evolution. Providing additional A>resolved information, these give another 
perspective for interpreting the dramatic increase of the low-frequency oscillations of 
the probe spin at certain gate voltages, when compared to the case of the frozen local 
spins and electrons relaxed at t = to — 6t to the external gate potential (Fig. 4.4). In 
the latter case, the increased low-frequency occupations (with respect to the non-gated 
case) were attributed to the split of the ID system into subsystems with different 
average electron densities. Here we find a similar pattern, now in the presence of 
dynamically-coupled local spins and a gate abruptly introduced at t = to- Those two 
additional time-dependent factors result in a significant variation in time of the electron 
distributions in the gated and non-gated segments of the chain [see Fig. 4.6(b)]. The 
(IFT image in this case can be interpreted as a superposition of spectra corresponding 
to different po, resulting in a smearing of the low-frequency structure previously present 
in the (A:,cj)-space image. A comparison of the results for Hg = 0 and Vg = 2.2|7| is 
presented in Fig. 4.7. We find that the full dynamical portrait in the case of Hg = 0 
is rather similar to the results obtained for frozen-impurities (see Fig. 4.4), the only
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additional feature being the excitations at the Larnior frequency [see the bright feature 
corresponding to cDl hi Fig. 4.7(a)]. The difference (point-by-point subtraction of the 
contour plots) with the corresponding gated case, depicted in Fig. 4.7(b) shows that it 
is indeed mainly the lower frequency band of the spectrum, for any wave-vector, that 
gains occupation in the gated case.

4.5 Analysis of dynamical amplitudes

In this section we further illustrate the direct link between the modification of the 
energy-spectrum of the itinerant electrons Hamiltonian due to the applied gate po
tential and the enhanced spin transfer along the chain for particular range of gate 
voltages. We consider the eigenstate-resolved dynamical amjilitude corresponding 
to a mode with frequency uimn, associated to the transitions between the eigenstates 

and e„. The system is the simplified wire used for the spectroscopic analysis ju'e- 
sented in Fig. 4.3, i.e. it is a non-spin-polarized 30-sites long chain. The excitation is 
applied at t = <o simjily as a potential shift at the first atomic site. From Eci. (3.24) 
the dynamical amplitude at site i is dehned as

^ ^ (^kmCluPklito) , 
kl

such that
Pn{l)

mn

(4.10)

(4.11)

is the electron occupation at site i. This cjuantity is calculated at the last site, i = N, 
i.e. at the opposite side of the chain with respect to the perturbation. In Ecp (4.10) 
Cm = (*l7^ri) are on-site projections of the eigenvectors ]</?„) of the non-spin-polarized 
Hamiltonian //ei(V'g) for which the gate voltage Vg is applied between the sites i=\l and 
i=21. Note that, in contrast to the spin-polarized case, there is no need for additional 
spin-indices in the expression for dynamical amplitudes, and we now use the upper 
index to denote a particular site along the chain at which the corresponding electron 
charge-density is calculated [see Eq. (4.10)].

From all the pairs of adjacent eigenstates (em,em+i), which give rise to the lowest 
frequency modes u>,n,m+i = (cm “ in the dynamics, we identify in Fig. 4.8

For small gatethose which have the highest (in absolute value) amplitude
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voltages these are the eigenstates around the Fermi level but as Fg increases the modes 
with the largest amplitudes tend to arise where avoided crossings of eigenstates occur. 
'I'liese are also the modes with frequencies close to the lowest possible frequency for 
that particular gate voltage.

-1.1 (units ofy)

Figure 4.8: Adiabatic variation with the gate voltage of a few eigenvalues around 
the Fermi level (we have used £q = 0 and |7| = 1 eV, hence Fp = 0 at Fg = 0). 
Marked with black lines are the pairs of eigenstates {em,am+\) which give rise to the 
highest (in absolute value) dynamical amplitude at the last site N.

The actual highest amplitude at the last site, corresponding to the highlighted modes 
in Fig. 4.8, are depicted as a function of Fg in Fig. 4.9(a), together with the quan
tity ■ This represents the pessimistic estimate (considering all
modes orthogonal in phase) of the total low-frequency amplitude corresponding to all 
pairs of adjacent eigenvalues. Such curves demonstrate the resonant nature of the dy
namical site-occupation as a function of the gate voltage. Figure 4.9(a) also shows that 
the low frequency charge excitation peaks for intermediate gate voltages (for this case 
Fg ~ 2.5 I7I) can be related to the observed enhanced low-frequency coupling between
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the itinerant and localized spins for the intermediate Vg range. Interestingly, the two 
curves coincide for very low and very high voltages, showing that in this case the 

entire dynamics is practically due to just one mode (marked in black in Fig. 4.8). In 
the intermediate regime it is clear that there are more than one low-frequency modes 
which have a significant amplitude, although the one marked in Fig. 4.8 gives the 
leading contribution.

Figure 4.9: (a) The iiiaxiiinmi single-mode amplitude estimate for
the total low-frequency amplitude (see text for details) as a function of the
applied gate voltage, (b) The frequency of the mode related to the pair of eigenstates 
(m = 15) around the Fermi level, adiabatically evolved with the gate voltage, and 
(c) its corresponding amplitude as defined in Eq. (4.10).

For a particular pair of adjacent eigenstates there are a few instances where the adia
batic eigenvalues come closer together as a function of the gate voltage. In Fig. 4.9(b,c) 
we analyze the dependence of the frequency and the amplitude corresponding to the 
pair of eigenvalues just below and above the Fermi level in the ground state {m = 15 
for the 30-sites long chain at half-filling). We find that the dynamical charge amplitude 
on the last site peaks (as absolute value) every time the frequency passes through a 
minimum.
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4.6 Summary

III this chapter we have employed atomistic simulations of spin-dynamics (quantum- 
classical Ehrenfest dynamics) to investigate the effect of an electrostatic gate as a mean 
for controlling the indirect coupling between two distant localized spin-impurities in 
a finite one-dimensional wire comprising one hundred atoms. One of the impurities, 
precessing in external magnetic field, plays the role of a spin-pump and the response of 
the second (probe) spin was analyzed as a function of the gate potential applied to the 
interconnecting wire. We identified a range of external gate potentials for which the 
spin-pumping is extremely efficient and leads to a substantial excitation of transversely- 
polarized itinerant spin-density in the non-gated parts of the chain. This, in turn, 
produces a massive low-frequency swing of the probe spin. Such a resonant effect 
has been related to gate-induced avoided crossings in the electronic structure of the 
interconnect. For certain gate voltages these occur in the vicinity of the Fermi level 
and assist the enhanced transfer of charge/spin across the barrier. Evidences for this 
effect are also identified in the Fourier portraits of the calculated time-dependent spin- 
distributions.





Chapter 5

Time-dependent electron transport 
at the atomic scale: theoretical 
framework

5.1 Introduction

Ill the first part of this Thesis (Cliapters 2-4) we focused on the investigation of spin 
dynamics in finite atomic-scale systems. I'he electronic structure of our model sys
tems was described by a tight-binding (TB) Hamiltonian while the information about 
the dynamics was obtained by integrating the Lionville-von Neumann equation. This 
scheme has the basic ingredients of a fully atomistic approach and is capable of ade- 
(piately describing the time evolution of a spin system at the atomic scale. However, 
in its present form it describes perfectly conservative dynamics and, therefore, is only 
applicable to closed systems.' An interaction with the environment was incorporated 
in the model in the form of an external perturbation, introduced simply as an initial 
condition for the time-dependent equations of motion and used to drive the system out 
of equilibrium.

' According to the thermodynamic definition, a closed system does not exchange particles with 
the environment but is allowed to exchange energy and, therefore, it can be subject to deterministic 
external forces. Systems which do not exchange particles nor energy with their surroundings are called 
isolated. In this sense, the systems we considered in the previous chapters are closed but not isolated 
since we included interaction with an external magnetic field.

103
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Physical systems, however, are never truly closed and in reality one deals with open 
systems, which exchange energy and particles with their surroundings. An example of 
a physical process, in which the system interacts dynamically with the environment, 
is the electronic transport. In fact, investigation of various properties of materials and 
structures in the presence of electric currents is of great practical importance.

electrode electrode

Figure 5.1: Schematic of a typical electronic transport setup: a central region, 
representing a nanoscale object, is sandwiched between two macroscopic electrodes 
attached to a battery.

The ever improving ability to fabricate and manipulate nanoscale systems with un
precedented level of control, has enabled the study of electronic transport at the 
nanometer and sub-nanometer length scale. A typical experimental setup consists of 
a central nanoscopic region attached to two or more macroscopic electrodes (leads), 
as shown schematically in Fig. 5.1. Examples of structures, which can represent 
the central region and have lieen studied experimentally, include (luantum point con
tacts [260], nanowires [51], quantum dots and multi-dot systems [11], naiiotuhes [36] 
and molecules [188]. With the advance of a new field of molecular electronics [50], the 
latter are envisioned as active components in novel electronic devices.

Investigations of electronic transport through nanoscale objects have led to the discov
ery of a variety of new phenomena. At a fundamental level, the physical properties 
of such reduced-dimensional systems are dominated by quantum effects, among them 
electron correlations, which strongly affect the electronic transport. This is reflected in 
the term quantum transport, which is typically used to describe the motion of electrons 
through constrictions with transverse dimensions smaller than the electron wavelength. 
One of the hallmarks of quantum transport is single-electron charging which has been 
observed, for example, in tunnel spectroscopy of few-electron ([uantum dots [140]. Novel
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topics, which are attracting particular attention at the moment, include STM studies of 
few-atom clusters [97], Coulomb blockade and Kondo-type physics, manifesting them
selves in transport properties of quantum dots and single molecules [49, 79, 154].

'Idle experimental advances have been accompanied by significant jirogress in theoreti
cal understanding of electronic transport at the nanoscale [217, 220]. Apart from the 
fundamental interest in the fascinatingly rich physics that occurs at this length scale, 
the main objective here is to develop theoretical methods capable of accurately de
scribing and, ultimately, predicting the properties of realistic current carrying devices. 
'Idiis is, however, a remarkable theoretical challenge. In order to build efficient compu
tational tools for calculating electronic transport in real devices, one needs to combine 
advanced algorithms for modeling quantum transport with state-of-the-art electronic 
structure methods [209]. Ideally, such tools should be able to describe inelastic ef
fects and treat systems with strong electron-electron interactions as these are now 
intensively studied experimentally [89, 97]. The ability to deal with spin-dependent 
problems is also crucial in view of the great interest in electronic transport through 
magnetic materials [211]. Another important requirement is computational feasibility 
which is necessary to simulate large systems.

5.2 Formulation of the electronic transport prob

lem

In general, electronic transport is a nonequilibrium many-body problem, which is prac
tically impossible to solve exactly even for simplest models [187]. Over the years, many 
approaches to the electronic transport problem have been proposed, based on a certain 
number of approximations and assvimptions [217]. Typically, one is interested in the 
situation sketched in Fig. 5.1, where the central region is bridging two metallic elec
trodes attached to an external battery. The generation of electric current in such a 
structure relies on the battery, a device that continuously charges the surfaces of the 
electrodes by means of some alternative, for instance internal chemical, process. Hence 
a potential difference can be applied at the contacts between the electrodes and the 
battery, enabling the electric current to flow across the structure, from one electrode 
to the other.
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Figure 5.2: Typical interpretation of the electronic transport problem: an open 
system consisting of a scattering region bridging two electrodes, which are connected 
to external reservoirs. Each reservoir is kept at a fixed chemical potential (pL > Pli 
for the sake of definiteness), thus acting as an external battery. A positive bias 
voltage arises from the difference in the chemical potentials, e.g. V = {pi — p\\)/e.

riie majority of currently used theoretical approaches to electronic transport are based 
on the assnniption that tlie battery can be considered as a reservoir of electrons (see 
Fig. 5.2), i.e. it is an ideal system that can supply and receive carriers and energy 
wdthout the change of its internal state [57].^ The concejrt of a reservoir is similar to 
that of a thermostat in statistical physics. One further assumes that the reservoirs 
connected to the right and to tlie left electrode, representing the negative and the 
positive poles of the battery, are kept at different chemical potentials, pi, and pn, 
respectively.^ Thus the potential difference between the electrodes (bias), giving rise 
to the charge flow across the device, can be defined as F = (^i, — /xr) /e- hlhs idea is 
typically attributed to Landauer [110, 150, 151].

Furthermore, one can divide the methods dealing with the generic problem depicted in 
Fig. 5.2 into two main categories, namely, steady-state approaches and time-dependent 
schemes. The methods which belong to the first class are based on the assumption 
that the system, driven out of equilibrium by applied bias voltage, always evolves to
wards the steady state. The steady-state current can be then calculated as a balance

^ Another possibility to model a current flow through the device depicted in Fig. 5.1 is to consider 
the electrodes as oppositely charged plates of a capacitor [57, 219]. As the capacitor discharges, the 
electric current flows through the device. However, in the limit of infinitely long plates (electrodes) 
one can expect the steady-state current to be established.

^Note that, in principle, the chemical potential is defined strictly in thermal equilibrium. The 
applicability of this concept to the nonequilibrium situations is not straightforward and has been 
discussed in the literature [32, 57, 120].
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of currents entering and leaving the central (scattering) region using different tech- 
nicines [220]. One of the most popular among the many others is the nonqnilibrinm 
Green’s function (NEGF) technique. NEGF, combined with ah initio electronic struc
ture methods, provides a theoretical foundation for the majority of state-of-the-art 
electronic transport codes [210].

A well-known conceptual framework for establishing the steady-state transport has 
been proposed by Caroli et al. [40, 41, 42, 48]. In this so-called “contacting approach” 
the electrodes are disconnected from the scattering region in the remote past and are in 
equilibrium at two different chemical potentials. The coupling between the electrodes 
and the device is then switched on adiabatically, allowing the system to evolve towards 
the steady state. This formal approach has been used in the formulation suggested by 
Jauho, Wingreen and Meir [174, 271]. The authors derived a general and, in principle, 
exact expression for the nonequilibrium current through an interacting system attached 
to semi-infinite non-interacting reservoirs in terms of nonequilibrium Green’s functions 
(we will recall this result in Section 5.4). An alternative scheme, which can be used 
for time-dependent simulations of transport [144], has been introrluced by Cini [45], 
who considered the electrodes and the scattering region as being connected and in 
(xjuilibrium in the remote past. The system is then driven out of equilibrium by a 
perturbation in the form of an external scalar potential. It has been shown in Ref. [233] 
that for non-interacting systems, the “contacting approach” and the Cini scheme lead 
to the same steady state and that in the case of time-independent (dc) potentials the 
steady-state current does not depend on the history of the applied bias.

4’he second group of methods, e.g. methods that use explicitly time-dependent equa
tions to describe the evolution of current carrying systems, is mnch more restricted. 
Idle main difficulty in approaching the time-dependent electronic transport problem 
stems from the fact that the steady-state techniques are not easily transferable to time- 
dependent situations and essentially new concepts and theoretical formulations must 
be developed. These, however, have been attracting increasing attention due to their 
ability to provide information about the behavior of open systems, which is not ac
cessible by standard steady-state approaches [219]. This includes the description of 
transient regimes, i.e. the dynamical paths leading to the steady state, and response to 
time-dependent perturbation, for instance, to applied ac bias voltage. Time-dependent 
approaches also appear to be the only appropriate tools in situations when the estab
lishment of the steady-state regime itself is questionable [145].
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From a more formal point of view, dynamical simnlations provide a natural platform 
for investigating electronic transport. In fact, the application of steady-state methods, 
snch as those combining static DFT with the NEGF approach, to intrinsically time- 
dependent phenomena have been criticized on fundamental grounds [133]. To date, 
several schemes for time-dependent simulations of transport in nanoscale conductors 
have been proposed. These include model studies [58, 192, 196, 219, 282] and ah initio 
based formulations, such as TDDFT for open systems [15, 233, 280].

In this chapter we present an implementation of a recently proposed multiple-probe 
battery (MPB) approach [171] to electronic transport, which offers an explicit realiza
tion of an external battery. In practice, this is achieved by introducing the coupling 
between the electrodes and a large number of external probes, or reservoirs, which are 
in e(juilibrium at fixed chemical potentials. This setup [)rovides the possibility of con
structing a steady-state formalism, which gives a controllable approximation to the 
results obtained within the NEGF framework with semi-infinite electrodes. However, 
the main advantage of the MPB method is that it allows one to derive an effective 
quantum Liouville equation with explicit open-boundary terms, which account for the 
exchange of charge carries and energy between the system and the external reservoirs 
(battery).

Before setting up a theoretical framework for this approadi, we will discuss, in the 
following sections, some of the relevant topics of general transport theory. In particular, 
a brief overview of the main results of the Landauer approach [35], a cornerstone of 
ciuantum transport theory, and the basic concepts of the NEGF formalism [90] will be 
given.

5.3 Landauer approach to steady-state transport

A traditional viewpoint on the electric current as a response of a conductor to an 
applied electric field is shared by many approaches, starting from the classical Drude 
model [10, p. 7] and the semi-classical Boltzman equation (see Chapter 1 in Ref. [90]) 
to the famous linear-response Kubo formula [143]. An alternative way of looking at 
the electronic transport problem, formulated by Landauer [150], is to consider electron 
conduction as a scattering process that the indecent carrier flow undergoes inside the 
sample (device). Hence the conductance is associated with the quantum-mechanical
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probability for charge carriers to be transmitted across the device. I'he main advantage 
of this approach is that the problem of noneqnilibrinm electronic transport is essentially 
mapped onto a time-independent scattering problem.

The system considered in the Landaner approach is similar to the one depicted in 
Fig. 5.2. The reservoirs, connected to the electrodes L and R, are in equilibrium with 
chemical potentials /xl and /xr, respectively, and are populated according to the cor
responding Fermi-Dirac distributions. The latter are given by the following expression 
for a = L, R

faiE) =
1 (5.1)

where A:b ~ 8.617 eVK“^ is the Boltzmann constant. Importantly, the reservoirs are 
assumed to be totally reflectionless and phase-breaking. This means that they supply 
electrons into the leads according to the distributions fa{E) and absorb electrons, 
completely destroying their quantum-mechanical phases, while being unaffected by 
both processes. Thus the reservoirs simply act as sources of right- and left-going 
electrons, which are injected infinitely far into L and R at local equilibrium distributions 
f\XE) and fn{E), respectively.

'The electrodes are modeled as ballistic, e.g. scattering-free, conductors by assuming 
that their characteristic length I is much smaller than the electron mean free path 
^iifp {I << ^mfp)- Another important assumption of the Landaner approach is that of 
the non-interacting electrons. This allows one to formulate the conduction problem 
in terms of incoming and outgoing single-electron wave functions, which propagate in 
the electrodes and are scattered elastically by the potential in the central region. In 
the simplest case of a one-dimensional system one can consider the wave functions as 
Bloch waves propagating along a one-dimensional wire, or a scattering channel. In 
the absence of a scattering potential and of spin polarization the conductance of such 
system is given by

0„2

(5.2)r -t-'o — —r~ 

h
where Go is usually called the conductance quantum. This is one of the fundamental 
results of the Landaner approach, which means that the finite conductance emerges 
even in the case of ballistic electrodes and perfectly transmitting device.

In systems of higher dimensions one faces a multi-channel problem since several pos
sible waves w'ith the same energy can propagate in the electrodes. In principle, each 
scattering state i originating from the left electrode can be transmitted into a state j in
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the right electrode and vice versa. By calculating the total current through the system 
as a balance between currents originating from the left and from the right electrode, 
we obtain

2e
1 = T [nRiE)ME) - TnL{E)ME)] dE,

'' J -oo
(5.3)

where Tlr and Trr are the total transmission probabilities for the right-going and the 
left-going electrons, respectively. These are defined as

Ml A/r

Tlr(E) =

i=\ j=\
A/r A/l

i=\ j=\

(5.4)

(5.5)

where the summation is performed over all available scattering channels in the left and 
in the right electrodes (A/j^ and A/r, respectively) and l\j{E) denotes the probability 
for the wave with initial momentum ki to be transmittc'd across the central region into 
the final state with momentum kj at the same energy E. Assuming that 'Clr(/?) = 
1'hl{E) = T{E) (a condition for the conservation of the carrier fiux"*) we arrive at the 
final expression for the current

I =
2e /

 + OG

■

•OO

T{E) [hXE)-h{E)]dE. (5.6)

In the linear response regime, e.g. for (//r — /ur) —> 0, and in the zero-temperature limit, 
we find that / = G'V' with conduct ance G — 2e^T/h — G{fT, where T is evaluated at 
the Fermi energy of the electrodes (Ep) at equilibrium since the two chemical potentials 
differ negligibly from each other and from Ep, e.g. fip = Ep + e and //r = Ep — c with 
e ^ 0.5

The Landauer approach has been very successful in describing many fundamental phe
nomena in nanoscale transport, such as conductance (juantization. As was demon
strated, for instance, in the well-known experiment by van Wees et al. [260], the con
ductance of a quantum point contact, created by confining a two-dimensional elec
tron gas with the help of local gate-electrodes, exhibits steps which are nearly perfect 
integer-multiples of Gq. The fact that one can use the Landauer formula to describe 
the electronic transport in this quantnm system suggests that it indeed behaves like

"*This is always satisfied if the system possesses time-reversal symmetry.
^Note that for non spin-degenerate systems the expression for conductance G will contain an 

additional factor 1/2.
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a ballistic conductor and that the scattering events take place mainly at the potential 
barriers created by the local gates.

However, this single-particle scattering approach has its limitations. First of all, the 
Landauer formula does not offer an explicit expression for the transmission coefficient 
but only suggests that there is a direct link between current and transmission. More
over, the Landauer approach is, in principle, applicable only to non-interacting systems, 
or effectively to interacting systems described at the mean-field level. In order to in
clude the interactions in a systematic way, advanced approached such as NEGF are 
needed.

Note that a phenomenological way of describing inelastic (phase-breaking) effects in 
the electron conduction wit hin the scattering theory was suggested by Bfittiker [34]. In 
his approach the inelastic scattering events are simulated by attaching extra electrodes 
(voltage-probes) to the central region, in addition to a pair of electrodes between which 
the current flows (current-probes). These voltage-probes are connected to the corre
sponding reservoirs, kept at fixed chemical potentials. Although the voltage-probes 
<io not affect the total current, they introduce some randomness in the phases of the 
electron wave functions, which tends to break the phase coherence. Hence the cur
rent through the entire structure will have a coherent component, corresponding to 
the current generated by the current-probes, and the incoherent component due to the 
interaction with the voltage-probes.

5.4 Nonequilibrium Green’s function formalism

In classical physics and mathematics Green’s functions is a tool for solving inhomo
geneous linear differential equations of the form Cf{x) = s{x), where £ is a linear 
differential operator, s{x) is an inhomogeneity, or a source term, f{x) is an unknown 
function with x representing a variable or a set of variables. The Green’s function 
(GF), Q{x,x'), of a linear operator, £, satisfies, at a point x', a differential equation 
with a singular inhornogeneity, which reads

CQ{x,x') = 5{x — x'), (5.7)
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where d' is a Dirac delta function. The solution for the function f{x) can be then 
written in terms of the GF and the source term, namely

f{x) = J Q{x,x')s{x')dx'. (5.8)

The GF defined in this way allows one to calculate the response of the system at a 
point a: to a perturbation produced at a point x'. Since each operator L admits a GF, 
one can also think of the GF as the inverse of L, e.g. Q = £~F

Similarly, one can introduce the Green’s functions in quantum mechanics as an alter
native way of solving the Schrodinger equation [Eq. (2.23)]. These Green’s functions 
provide a versatile tool for evaluating the properties of generally interacting systems 
both in thermal equilibrium and under nonequilibrium conditions. The nonequilib
rium version of the formalism (NEGF) [119, 125] has become a popular method for 
calculations of quantum transport, in particular for system such as the one depicted 
in Eig. 5.2. One major advantage, offered by the NEGF method, is the possibility of 
mapping the infinitely long electrodes in the Landauer setup onto a hnite sub-space 
of the system. Moreover, many-body effects such as electron-electron and electron- 
phonon interactions, may be included in a systematic way within the NEGF formalism 
via perturbative techniejues [187].

We note, however, that the rigorous definition of the equilibrium GFs and their ex
tension to out-of-equilibrium situations is a subtle and mathematically complex sub
ject [165]. For this reason in the following sections we will only introduce the basic 
concepts of the NEGF formalism (omitting some important derivations) and its appli
cation to the steady-state transport problem [209].

5.4.1 Definitions

Following Ref. [166, p. 71] and [90, p. 38], we start with the formal dehnition of a 
time-ordered (causal) single-particle GF

G(r,/;r',F) = - j^{\T[tp{rJ)il}\r',t')\\) , (5.9)
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where 'if)^xj){'il:{x,t)) is a field operator® which creates (destroys) a particle at the 
position r and time t, and T is the time-ordering operator, or Wick’s operator for 
fermions [see the definition in Eq. (2.31)]. For t! > t the GF, defined by Eq. (5.9), 
gives the probability amplitude that at time t' a particle is created at position r' while 
at time t a particle is destroyed at position r, or in other words that the system is 
proi)agated from the point {r,t) to the point {r',t'). We will now clarify the meaning 
of the bra- and ket-vectors in Eq. (5.9).

In equilibrium and at zero-temperature |) represents the exact ground state j'l'o) of a 
fully interacting system described by the Hamiltonian H, e.g. H [dto) = E [dto). At 
finite temperature one needs to express the GF in terms of the density matrix operator 
p, defined as a statistical operator in the canonical or the grand canonical ensemble [see 
footnote in Ecp (2.41)]. In this case (j • |) represents the quantum-mechanical average, 
e.g. (I • I) = 7V{/5, •}. We note that in truly nonequilibrium situations the density 
matrix is, in principle, unknown [165, 166], in particular, at finite temperature it does 
not have the form of a statistical operator.

In addition to the time-ordered GF one can introduce retarded/advanced and “lesser 
than”/“greater than”^ GFs as follows

G’+(r, t] r\ t') = B{t - t') (j [^/(r, t)'i/^(r', /,')] |) , retarded, (5.10) 

C~{rJ.]r',t') = ^9{t'- t) {\[ip{r,t)'tl;\r',t')]\) , advanceA, (5.11) 

G^{r,t-,r\i') = (|^’^(r',/,')V-’(t’, t)|) , “lesser than”, (5-12)

G^{r,t\r'j') = --(|V.)(r,/:)^^(r', t')|) , “greater than”, (5.13)

® The field operators are defined through creation and annihilation operators such as

i’Hr) = tp{r) = ^Ukir)ck,

where {w.t(r)} is any complete set of single-particle eigenvectors.
^The “lesser than” and the “greater than” GFs are also sometimes called correlation functions. 

For simplicity we will refer to these functions simply as “lesser” and “greater”.
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where [ ] in the definition of denotes the commutator (anti-commntator for fermions). 
Note that these functions are not independent from each other, for instance

cr

- G-

c;+t,

G> -G^.

(5.14)

(5.15)

(5.16)

The retarded GF is very well suited for calculating the physical response of the system: 
G^ is different from zero only for t > t' and can be used to calculate the response at 
time t to an earlier excitation produced at time t'. The “lesser” and the ’’greater” GFs 
are directly linked to the physical observables such as the particle density

n{r,t) = {[(p^{r,t)ip{r,t)\) = G^(r,/.;r,/ + t).

Similarly, one can dehne the single-particle density matrix

(5.17)

p{r,r',t) = —th liin G^{r.t:r',t -f f).
e-.0*

(5.18)

Note, that in the localized orbital bmsis |i) = [ifr), wdiich is the usual choice of the 
basis throughout this Thesis, the operators will be substituted by the cre-
ation(annihilation) operators cj(c,) and the GF can be conveniently described by an 
operator G with the corresponding matrix G expanded over the basis. Hereafter we will 
use both the spatial form of the Green’s function given by Ecp (5.9) and its o})erator 
form.

5.4.2 Equilibrium Green’s functions

5.4.2.1 Perturbation expansion at zero and non-zero temperature

We will now briefly review the well-known techniques for calculating the GFs of inter
acting systems at both zero and finite temperature in equilibrium. We will start from 
the zero-temperature case.

Since, in general, the ground state of an interacting system |To) is unknown, it is 
desirable to express it in terms of quantities that are known or can be easily calculated, 
such as the ground state of a non-interacting system. In the interaction picture, the
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total Hamiltonian // is divided into a “simple”, in this case non-interacting, part //q 
and the perturbation V, which contains all the interactions. Let us denote the ground 
state of the non-interacting system described by the Hamiltonian Hq as |$o)- d lie 
main idea, which will allow us to relate |'I'o) to |$o), is to assume that the system was 
in the non-interacting ground state|<l>o) in the asymptotic past {t —> —oo) and that it 
returns to the same non-interacting ground state in the asymptotic future (/ -l-oo).
Technically, this idea can be implemented by writing the total interacting Hamiltonian
as

ft = //o + e-'l*'!/. (5.19)

where e is an infinitesimally small positive number, e.g. e —^ 0^. Equation (5.19) 
essentially means that the interactions, contained in V, are adiabatically switched on 
at t — cxD and adiabatically switched off at t —> -f-oo, which insures that at these 
limits H IIq and, therefore, |'Lo(ic!o)) —> |‘Lo)- The interacting ground state ITq) at 
time to can be expressed in terms of |$o) with the help of the time-evolutions oi)erator 
[see the definition in Eq. (2.27) in Section 2.4.1 of Chapter 2]

l'I'o(fo)) = U{to, -oo) |<I>o) (5.20)

and
('l'o(f-o)l = U{+oo,to) (4>o| • (5.21)

By substituting Eqs. (5.20) and (5.21) into the definition of the time-ordered GF [see 
Ecj. (5.9)1, we obtain the expression U{-\-oo,to)U{to, —oo) inside (| • |). One can define 
an object, called the 5-matrix, such as S{t,t') = U{t,t'')U^{t',t"). Thus we have

5(+oo, —oo) = U(+00, to)U{to, —oo). (5.22)

and
(<ho|r[5(+oo,-oo)^(r,t)V'^(r',f')]l^o)

= -h----------- (♦.|S(+oo,-00)14.,)----------- (5.23)

where 5(-t-oo, —oo) = Texp V{t\)dt\ and can be conveniently expanded in terms 
of the perturbation V as we have already discussed in Section 2.4.1 of Chapter 2 [see 
Eq. (2.38)]. This is usually referred to as the perturbation expansion on the Feynman 
contour, formed by the real-time axis (—oo,-|-oo).

At finite temperature, one has to evaluate the GF (and, in fact, the expectation value 
of any operator) in terms of the density matrix p = /Zq (here we chose the
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canonical ensemble for simplicity). One immediately notices that the factor is
formally equivalent to the time-evolution operator f/, if we assume that the system 
’’evolves” from some moment of time t to the complex time t — ihj3

Uito,to - ihjd) = e (5.24)

Using this result, one can set up the perturbation expansion of the time-evolntion 
operator in imaginary time r = it on the segment {to, to — ih(3) of the imaginary- 
time axis, or the Matsubara contour. The time-ordered GFs can be also redefined as 
imaginary-time, or Matsubara, GFs. Similarly to the zero-temperature case, the use of 
the adiabatic approximation allows one to evaluate the (luantum-mechanical averages 
over the non-interacting density matrix po — fZc-

Alternatively, the whole perturbation expansion of the GF can be summarized in the 
form the integral Dyson equation. In the case of the real-time GFs the Dyson equation 
reads

(i {r,t;r',t') ^ Co{r,t-,r'j') -I- j drid.r2dtidt2Co{r,t-,ri,ti)x

xE (ri,/i;r2,/2)G(r2,t2;r',/'), (5.25)

where Go is the GF of a non-interacting system. We have also introduced the self-energy 
S, a quantity which contains all the information about the effects of interactions on the 
single-particle dynamics. As we will see later, in the Landaner setup with semi-infinite 
electrodes the self-energy accounts for the “interaction” (coupling) between the central 
region and the leads.

5.4.2.2 Green’s functions in the energy domain

If the system is in equilibrium, the GF should depend only on the difference t — t'. 
Assuming that the system is also homogeneous, we can define G{x — x', t~t') = G{x, t), 
where we introduced new variables t = t — t' and x = x — x'. By taking for definiteness 
the zero-temperature definition of the GF in Eq. (5.9) and by differentiating it with 
respect to time, we find

— //^ G{x,t) = 6{x)6{t). (5.26)
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where we also assumed that // is a single-particle Hamiltonian. One can see from the 
above equation, that similarly to the general function Q in Eq. (5.7), the GF satisfies 
the Schrodinger equation with a singular inhomogeneity.

VVe can convert Eq. (5.26) into the energy (frequency) domain by performing the Fourier 
transform over time. Assuming that the Hamiltonian H is time-independent, we get

(e- //) G{x,E) = 6{x), (5.27)

where we defined the Fourier transform of G{x,t) as FT [G(rc, f)] (E) = G{x,E) = 
t) dt and used the fact that the Fourier transform of the Dirac delta 

function gives a unity. Equation (5.27) can be written in the operator form as

(e/-//) G(E) = /, (5.28)

where I is the identity operator with the same dimensions as //. Solving equation (5.28) 
is 6’quivalent to solving the time-independent Schrodinger equation and one can, indeed, 
think of G(E) as the inverse of the operator ^E/ — //j, e.g. G(E) = (^EI — fl^ , 

similarly to the definition of a resolvent. This definition as it is, however, does not take 
into acconnt the causality of the GF: if we perform the inverse Fourier transform of 
G(.r, E) we will not be able to recover the time-ordered GF G{x,t). We can correct 
the definition by introducing the retarded GF in the energy-domain such as

G'^(E) = lim.^^o+ (E -I- ?.e) / — // (5.29)

This is, in fact, a rather general result. It can be shown, using for instance the 
Titchmarsh’s theorem [266], that for a general response function Q{t) the causal
ity condition {G{t) is non-zero only for t > 0) implies that the Fourier transform 
FT [^(/)] (cu) = Q{ui) is analytic in the upper half-plane, which is equivalent to setting

Gioj) = lirn,-^o< ^(<^ + *e)-

The Fourier transform of the GF G(r, t) over both space- and time-coordinates can be 
calculated as

FT[G(r,0] {k,E) G(fc,E) = J dE J dre-''^'/V*''^G(r,t). (5.30)
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With the assiuiiptioiis of temporal and spatial homogeneity, we can take the two- 
dimensional Fourier transform of the Dyson equation [Eq. (5.25)], which reads

G{k, E) = Go{k, E) + Go(fe, E)T.{k, E)G{k, E). (5.31)

5.4.2.3 Spectral function

The spectral function of the system is defined as

A{k,E) = ^[G+ik,E)-G-{k,E)] = ^[G>{k,E)-G<{k,E)] =

IT
[G+(fc,E)], (5.32)

where we used the relation between and [Eq. (5.16)] and the fac't that G =
G'''h Note that 3 denotes the imaginary and 5? the real jjart.

With the help of the Fourier-transformed version of the Dyson equation [see Eq. (5.31)] 
we can rewrite the expression for the spectral function such as

2TrA{k,E) = iTE {k,E)[E+(k,PJ)-E-{k,E)]G-ik,PJ) = 

= G+{k,E)r{k,E)G-{k,E),

where E"*"(E“) is (retarded) advanced self-energy and we have introduced 

r(fc, E) = I [E+(fc, E) - T.-{k, E)] = -2^>E+(fe, E).

(5.33)

(5.34)

The spectral function satisfies

J dEA{k,E) = 1,

and the density of states, in general, can be evaluated as

/
dk

(5.35)

(5.36)

Note that for a non-interacting system A{k, E) = S {E — e^), where {e*,} are the eigen
values of the single-particle non-interacting Hamiltonian. The density of states is then 
given by D{E) = Tr [yl (fc, E)] = 6 {E - Ck).
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One can show, that for the system, which is in eqnilibrinm with an external reservoir 
at temperature T and chemical potential //, the following relations between G^ 
and A can be established®

G^{k,E) =

G<{k,E) = 27nf{E)A{k,E), 

G^{k,E) = -2m[l- f{E)]A{k,E).

(5.37)

(5.38)

(5.39)

By using Eq. (5.32), we immediately obtain

G<ik,E) = -2if{EYA[G^{k,E)] (5.40)

'I'lie above expressions suggest an intuitive interpretation of the “lesser” and the “greater” 
GP^s as occupations of single-particle states due to the Fermi distribution.

The physical meaning of the spectral function can be further clarified by using the 
concept of cjuasi-particles. It follows from the Dyson equation [Eq. (5.31)] that the 
retarded GP" can be written as

G+(fc, E) =
1

E -Ck- 5RE+(fc, E) - AAE+{k, E)'
(5.41)

where c^. are the eigenvalues of the non-interacting Hamiltonian //q. Note that E = 
linif^ot {E -P le) for the retarded GF. The poles of G'*' correspond to the values of E 
for which the denominator on the right-hand side of Eq. (5.41) is zero. In the absence 
of interactions, e.g. for = 0, the poles would occur at E = e^. In the
first-order approximation we can write the poles in the interacting case as

E = e, + 5RS+(fc,efc) + z^S+(fc,efc). (5.42)

By inserting the expression for the GF with poles defined by Eq. (5.42) into the defi
nition of the spectral function [Eq. (5.32)] we obtain

1
A{k,E) = —

3S+(fc,efc)
TT [E - e, - KS+(fc, ek)Y + [»E+(fc, e,)

(5.43)

®The relations between CG. and A are the manifestation of the fluctuation-dissipation theo
rem [143]. The proof of these relations involves a formal derivation using the exact eigenstates of the 
fully interacting Hamiltonian (see [90, p. 41] and [57, p. 227]).
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Therefore the spectral function contains the information on liow tlie eigenstates of tlie 
un[)erturbed Hamiltonian //q change in tlie presence of the interactions: the states are 
shifted by and are broadened into a Lorentzian with the width defined by 
The latter, in fact, coincides with F [see Eq. (5.34)], which is usually referred to as the 
broadening matrix. The new states can be associated with quasi-particle states with 
energies e*. ^ Cf. ■'RE+ and a finite lifetime r oc h/T.

Finally, the expressions for the self-energies, corresponding to the “lesser” and the 
“greater” GFs, are given by

E< = -2?./(F)9E+,

S> = 2«[1 -/(F)]3S+.

(5.44)

(5.45)

With the help of Eq. (5.34), we find the relation between anti the broadening
matrix F

t (^S> - E<) = 1 (S+ - E-) = f. (5.46)

The functions and E^ are called the in-scattering and the out-scatterrng self- 
energies, respectively, since the ciuantity can be interpreted as a rate with
which the particles are scattered in and out of the single-particle states tine to interac
tions.

5.4.3 Nonequilibrium Green’s functions Keldysh formalism

Although the equilibrium techniques provide a convenient way of calculating the time- 
ordered GFs, they can not be straightforwardly applied to the nonequilibrium situation. 
Let us consider, for example, a nonequilibrium system at zero temperature. In this case, 
the density matrix should be written as a statistical “mixture” of ciuantum states jT), 
6-g- P ~ P'l'I'I') ('I'1 j where is the probability to find the system in the state [T). 
The full GF can be then calculated as G = where G^, is evaluated using
Eq. (5.9) for each state |T). In the interaction picture, we can again re-write the total 
Hamiltonian Tl, describing the system in nonequilibrium, as

H = // + //'(/,), (5.47)

where // now represents the unperturbed (equilibrium) part of 77, which can in prin
cipal contain interactions, and II'{t) is the nonequilibrium perturbation, which drives
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the system out of equilibrium. By using the same strategy that we employed in the 
equilibritnn case, we obtain the following expression for Gqj

C^{r, t] r', t') = -j ('I'(+oo)|r[5(+oo, -oo)^(r, tf'ip^r', t')]l'I'(-oo)) , (5-48)

which is, indeed, very similar to Eq. (5.23) [for now we omit the normalization factor in 
the denominator]. One last step is required before one can proceed with the Feynman 
ex[)ansion, namely that the state of the system in the asymptotic future, |'I'(+oo)), is 
identical (down to a simple phase-factor) to the state in the asymptotic past, |4/(—oo)). 
Such assumption, however, is not at all justified in nonequilibrium since we can not 
exi)ect the system to return to the same ground state after it has been driven out of 
('(}uilibriuni via an external perturbation. On the contrary, we generally expect it to 
reach a new ground state, which is quite different from |'I'( —oo)).

The main purpose of the nonequilibrium techniques is essentially to avoid the reference 
to the unknown state l'I'(-l-oo)). One can do so by using once again the concept of the 
S-rnatrix

ITl’-l-oo)) = ^’(-l-oo, —oo) |'I'(—oo)). (5.49)

Physically, this corresponds to reversing the time evolution of the system from the 
asymptotic future back to the asymptotic past. This leads to

G^{r,t\r\t') = (T(-oo)S'(-oo, 4-00)1

7'[S{-\-oo,—oo)^p{r,t)'4>\r',t')] |T(—oo)) . (5.50)

Compared to the Feynman expansion (see Eq. 5.23), there is an additional S-rnatrix 
outside the time-ordering operator T[ ]. In order to push the S-matrix inside the T- 
product without allowing S(—oo,-foo) S'(+oo, —oo) to simply cancel each other, one 
can introduce the Schwinger-Keldysh contour, which is shown in Fig. 5.3, and redefine 
the time-ordering operator on this contour. Furthermore, similarly to the time-ordered 
GF, one can define the contour-ordered GFs such as

G{x, Tc; x', Tc) = {iTc [ij: (x, tc) {x', r^)] |) , (5.51)

where the new time-ordering operator 7), “orders” the field operators on the contour 
G = Cl IJC2 [see Fig. 5.3] which goes from —oo to Too {C\ branch) and then back to 
—oo {C2 branch); G C is the new time variable. Since the contour S'-matrix is unity.
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there is, in fact, no need in the normalization factor in the expression for the GF.

C, t f
_oo -|-oo

G t' t
Figure 5.3: Schwinger-Keldysh contour which consists of two branches - the “for
ward” branch C\, which extends from -oo to +oo, and the “backward” branch C2, 
which goes from -l-oo to — oc. Along C\ the later time t' is located to the right from 
the earlier time t, along C2 the later time t' is located to the left from the earlier time 
t.

In the Keldysh formalism^ one further employs the adiabatic approximation, o.g. one 
assumes that the nonequilibrium perturbation //' w'as swdtched on adiabatically from 
/ —> —CX3 to the present time t. However, it is not switched off at / ^ -boo as in the 
equilibrium case, but instead 'H = linp^o^ + e“"G/' (note that here we used the 
factor instead of This enables us to study noneciuilibrium stationary states
a long time after the perturbation has been switched on. The contour-ordered GFs 
can then be evaluated in the asymptotic state |'I'( — 00)), which corresponds to the 
equilibrium Hamiltonian //, and the equilibrium density matrix can be constructed as 
P = E>i-P'i'l'I'(-oo))('I'(-oo)|.

If the density matrix can be somehow calculated at some initial time /q, it is not 
necessary to refer to the asymptotic behavior of the system at t —> —00. Instead, the 
Schwinger-Keldysh contour can be generalized to the closed time contour, which goes 
from to to the latest of t or t' and then back to Iq.

Usually, one can assume that in the asymptotic past the system is non-interacting 
{// = Ho)- However, if one wishes to include the initial correlations, the equilibrium 
Hamiltonian H can be further partitioned into the non-interacting part Ho and the 
perturbation V, which contains the interactions. It can be shown that the interacting 
and non-interacting density matrices can be related via = e~^^^S{to — i(f, to) [165]. 
Hence, it is possible to re-formulate the problem on the imaginary-time contour, known

®We note that a different but equivalent formalism has been developed by Kadanoff and Baym [119]. 
In their work a set of integro-differential equations of motion for the nonequilibriuni (JFs, known as 
Kadanoff-Baym equations, has been derived. These are equivalent to the integral quantum kinetic 
equations of the Keldysh formalism [125].
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as Kadanoff-Baym contour, which contains, in addition to the two-branch contonr C, 
a segment (/q, “ */3) of the imaginary-time axis (as in the Matsnbara technicjne).

The GF in Eq. (5.51) can be further decomposed into four real-time GFs depending 
on which branch of the contour C the arguments tc and rf belong to

C{r,Tc;r',Tc) = <

G^{r,t-r',t') = -i{\r[i>{x,t)'ip^{x',t')]\) ,t,t' e Cu 
G<{r,t;r',t') = i {li/j^x',t')tl;{x,t)\) ,t E Ci,t! E C2, 
G>{r,t-,r',t') = -i{\'ip{x,t)ip^{x',t')\) ,t E C2,t' E C], 

, G^{r,t-,r',t') = -i{\f[\l){x,t)\f\x',t')]\),t,t' E C2

(5.52)

where G^ is the time-ordered GF and G^ is the anti-time-ordered GF with T being the 
anti-time-ordering operator, which orders operators in the opposite way compared to 
7’; G^^^^ is the lesser (greater) GF. The latter are not independent and can be related 
to the retarded (advanced) GFs. One then works with the object

G =

,G> G^
(5.53)

and its corresponding self-energy.

With the noneqnilibrium GFs, defined on the contour, each integral, which has the 
form

C(1,T)= j d{2)A{l,2)B{2,\') = {A,B) (5.54)

or, as in the Dyson equation [see Ecp (5.25)]

C(l, T) = I d{2) d{2') A{1,2) B{2,2') C(2', T) = {A, B, G) (5.55)

is the convolution integral on the two-branch contour C. Here we used the shorthand 
notation (1) = {x,tc). Such integrals can be transformed into the real-time integrals 
according to the Langreth rules [90, p. 68]

(/l,yi)«» = + (5.56)

{A,B)^ = A^B^, (5.57)

{A,B,Cy^^^ = A+fd+G<>^-hA+BO^G~ + A<>^B-G-, (5.58)

iA,B,G)^ = A^B^G^, (5.59)
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where the matrix products on the left-hand sides of equations denote the convolution 
integrals on the contour C, while the ones on the right-hand sides represent the integrals 
on the real-time axis from — cx) to -|-oo. With the help of the Langreth rules, the 
contour-ordered GFs in the Keldysh formalism can be treated in the same way as 
ordinary time-ordered GFs. By applying the set of rules, given by E(}s. (5.56)-(5.59), 
to the Dyson equation for the contour-ordered GFs, we obtain the central result of the 
Keldysh formalism, namely, the kinetic equation for the “lesser”(“greater”) GF

+ (7+S+) Go(/ + S-G-) + (5.60)

where is the free GF, wdiich corresponds to the non-interacting Hamiltonian Hq.
Note that this is an integral equation, in which the product of tw'o operators denotes 
the integral over the space- and time-variables (the latter belong to the real-time axis). 
It can be shown that for finite systems [165], the first term on the right-hand side of 
E(j. (5.60) disappears and one is left with

C<i» ^ (7+E<(>)G-, (5.61)

'File above eciuafion can be used for calculations of (luantum trans])ort.

5.4.4 Application to the steady-state transport

We will now demonstrate how' some of the concepts of the NEGF formalism can be 
applied to the steady-state electronic transport problem. Our model system is the 
same as in the Landauer approach, namely, a nanostructure coupled to two external 
reservoirs via scattering-free non-interacting electrodes (see Fig. 5.4).

As before we assume that the reservoirs are in equilibrium at chemical potentials and 
that electrons are injected and absorbed without perturbing the reservoirs. Here we 
consider the i)robleni with open-boundary conditions, where the semi-infinite electrodes 
are assumed to be in equilibrium and connected to the reservoirs infinitely far from the 
central region. The bias voltage is given by the difference in the chemical potentials, 
e-g- V = (pl - Mr) A-

As was outlined in the introduction to this chapter, we can use the adiabatic ap
proximation (Caroli’s “contacting approach”), where one assumes that the equilibrium 
conditions described above were satisfied in the remote past (t —oo), wdien the
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f^L A
• • •

scattering region

Mr/iR

y ■too

Figure 5.4: Electronic transport setup investigated within the NEGF framework: 
a scattering region bridging two semi-infinite electrodes, attached (at their infinite 
borders) to external reservoirs with chemical potentials occupied according to 
Fermi-Dirac distributions fa for a = L,R. Note that, in addition to the nanoscale 
device, the scattering region contains few layers from both electrodes.

electrodes w'ere disconnected from the central region and each of them was in equilib
rium with tlie corresponding reservoir. The coui)hng is then switched on adiabatically, 
allow’ing the steady-state to develop.

We make the following partition of the total Hamiltonian // describing the entire system 
(electrodes-bcentral region)

// — III -I- //lo + + fhc + Ifn + //rc + flcR, (5.62)

where Ha for n- = L,R is the Hamiltonian of the lead a, //c is the Hamiltonian of 
the central region, while other terms, namely //cq (and its Hermitian conjugate Ilac), 
denote the coupling between C and a. Importantly, there is no direct tunneling between 
L and R. Note also that in practical calculations the central region usually includes few 
slabs, or principle layers, from L and R, in order for the electrodes to be considered as 
bulk-like. The new scattering region, which now contains the device and the principal 
layers, is often referred to as the extended molecule.

The retarded GF of the isolated semi-infinite lead a is denoted as and satisfies

(z/ - Ha) .9+ = /, (5.63)

where we defined z = lim^^o' {E te).
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The retarded GF of the entire system, denoted as in order to avoid confusion with 
the GF of C, can be determined from the following equation

(z/ - //) = /. (5.64)

By re-writing the above equation in the block-matrix form, it is easy to show that the 
retarded GF of the central region in the presence of the leads is given by

G+ = - fla - E+
-1

where
S+ = E+ + E+.

(5.65)

(5.66)

The self-energy E+ due to the coupling between C and the lead a is given by

_
ocO • (5.67)

is related to the corresponding broadening matrix via E(p (5.46).

File strategy to calculate the steady-state current, flowing from the elec:trodes into the 
central region, is to define the current as the expectation value of the rate of change 
of the total particle number operator, e.g. /„ = wdiere = H/tea
particle number operator in the lead a (we employed a similar strategy for calculating 
the spin-currents in Section 2.4.2 of Chapter 2). Following Ref. [90, p. 162], the current 
originating from the electrode a is given by

Ia = j J dETr [f„(F;) ■ [g<{E) + UE) (g+(C) - G-(E))}] , (5.68)

where G^, G~ and G^ are retarded, advanced and “lesser” GFs of the central region 
in the presence of the electrodes.

The total steady-state current calculated as a balance of currents originating from the 
left and from the right electrodes, e.g. / = (/l — 7r)/2, reads

/ = dETr[[h{E)-rn{E)]G<{E)+

+ [h{E)h{E) - /RfR(F;)] ■ [g+(E) - G-{E)] } , (5.69)

where we have added a factor of 2 due to spin-degeneracy.
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By using Eq. (5.44), the in-scattering self-energy of the central region can be written 
as

? (/lEL +/rEh) , (5.70)

and from the kinetic equation for the “lesser” GF [Eq. (5.61)] we obtairE®

= G+t<G- = iG^ (/lEl + /rEr) G- (5.71)

With the help of the above equations and some algebraic manipulations [57, p. 244], 
we obtain the final expression for the current

dETr

By introducing T = Tr 
nomenological Landauer

ru{E)G^{E)h{E)G-{E) • {ME) - /r(£;)} .

ErG+ElG-

(5.72)

, we obtain an expression similar to the phe- 
brrnnla [Eq. 5.6]. Note that the calculation of the current 

nsing Eq. (5.72) boils down to calculating the self-energies S* for a = L, R since all 
the other (piantities entering the equation (G* and Eq) can be expressed in terms of 
these self-energies. The latter can be calculated using Eq. (5.67), provided the GFs 
of the isolated semi-infinite leads are known (usually these can be determined through 
their corresponding surface GFs).

To summarize this section, we would like to point out that the NEGF-based approach 
to calculating the current through a nanostructure placed between two semi-infinite 
leads, discussed above, in its present form is limited to the steady state. In the following 
section we will present the MPB method, which can be used to describe time-dependent 
effects in electronic transport.

5.5 Multiple-probe battery approach to electronic 

open boundaries

One of the main objectives of tliis Thesis is to construct a computational scheme for 
solving the time-dependent spin-transport problem at the atomic scale. As a theo
retical basis for such scheme we use the MPB approach proposed by Todorov and

^°Note that we used the assumptions of spatial and temporal homogeneity to convert the kinetic 
equation into the energy-domain.
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collaborators [171, 247]. This approach was initially developed in the context of corre
lated electron-ion dynamics and applied to problems related to ciirrent-indnced heating 
effects in atomic wires [172],

We will start with a brief description of the steady-state MPB formalism, where we will 
use the results of the previous section on the NEGF approach to steady-state transport. 
The detailed discussion of the time-dependent formalism will be then presented and 
will serve as a theoretical foundation for the next chapter. At the end of this chapter 
a number of test simulations using the MPB method will be presented. These include 
the calculation of the I-V characteristics for a resonant dimer, following Ref. [171], and 
the time-resolved study of spin-excitations in an atomic chain with open boundaries.

5.5.1 Transport setup

Before we proceed, it is important to mention that w'e work in the basis of spin-resolved 
atomic orbitals \ia) = ]f) (g) jcr) and all operators are expanded in this basis. More 
precisely, each operator A is represented by a matrix A, consisting of four blocks of 
dimension x Na, namely

AH ah)’A = (5.73)

where ^crijAji'cr'^ for a =t,i (see also the discussion in Section 2.4.4).

The model system considered in the MPB method is showm schematically in Fig. 5.5. 
The system S consists of the central region C, or device, attached to two large but 
finite electrodes, denoted as L and R. In order to model the current flow through 
the system, we use the following strategy. In contrast to the Landauer setup, where 
the electrodes are attached to the external reservoirs at their infinite boundaries, in 
the MPB method each site i of the hnite electrodes is attached to a probe Pj (see 
Fig. 5.5) through a Hamiltonian matrix element 7j. The ensemble of probes is denoted 
as P = {Pj} for i G L, R. The retarded (advanced) GFs of each probe in isolation is 
denoted as gp.{gp.)- The local density of states dpfiE) of the probe Pj is equivalent to 
the orbital-resolved spectral function and can be calculated by using Fcp (5.32) such 
that

(5.74)dp,(E) = --%+(£;).
TT ‘

The probes attached to the electrode a have a chemical potential and the electrons
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FiGURt: 5.5: Transport setup in the MPB method: the central region C is sand
wiched between two finite electrodes L and R. A probe Pj (i G L, R) is attached 
to each atom i in L and R electrode. The probes attached to L(R) are kept at a 
fixed chemical potential /iL(MR) and have the Fermi-Dirac distribution /[.(/r). The 
entire system, comprising the central region and the electrodes, is denoted as S. The 
bias voltage is introduced as the difference in the chemical potentials of the external 
probes.

are distributed according to the Fermi-Dirac distribution /„(F/’). The bias is then 
introduced as the difference between the chemical potentials, e.g. V = /ii, — //r (here 
V is in the units of eV). For symmetrically applied bias //l(r) = po i C/2, while in the 
asymmetric case we set //r = po + V and //.r = //q, where //.o is a reference chemical 
potential, which coincides with the Fermi energy of the electrodes (unless specified,
/lo = Er = 0).

In the previous section we obtained an explicit expression for the self-energies of the 
central region in the presence of two semi-infinite electrodes [Eqs. (5.67)]. Similarly, the 
self-energy S, of the system S due to the coupling to the ?'-th probe can be calculated 
as

S,(/^) = = iVdUE). (5.75)

In order to find the self-energy of S due to the coupling to all probes attached to a, 
we need to sum up all the individual contributions S, from the corresponding probes

\^o)l^gt,{E){ar\. (5.76)
iEa,(7

The total self-energy due to the presence of the probes, attached to both electrodes, is 
given by

E±(E) = E±(E) + E±(E). (5.77)
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5.5.2 Steady-state formalism

We will now discuss the steady-state MPB foriiialisin. The total Hamiltonian of the 
system S is partitioned in the same way as in Section 5.4.4, namely

lis = + llhC + + He + (5.78)

where the notation is the same as in Eq. (5.62). Here we assume that the Hamiltonian 
is time-independent. We also introduce the identity operator I%\ = cr 'I
for region M (M = L, C, R, P or S).

We assume that in the remote past the system S was in equilibrium and disconnected 
from the probes and that the coupling to the probes is switched on adiabatically, 
leading to the steady state. With these assumptions we can apply the steady-state 
NEGF formalism to the system depicted in Eig. 5.5. The only difference to our previous 
analysis (see Section 5.4.4) is that now the system S, which contains the finite electrodes 
and the device, is considered as a whole and the coupling to the probes plays a role of 
the external perturbation.

By using the kinetic equation [Eq. (5.61)], the “lesser” GE of S in the ])resence of the 
probes can be calculated as

G| = G'^E<Gs, (5.79)

where Gg (Gg ) is the retarded (advanced) GE of S and is given by

G|(E) = lim {E± te)h - fh - S^(G)
-1

(5.80)

The in-scattering self-energy entering Eq. (5.79) reads

S<(G) = ^ Pijac) + rR/K(G) (5.81)
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where the broadening matrices rr(R), defined through their corresponding self-energies 
via Eq. (5.34), are written as

fL(H)(/^) =-29E+ (E) = -253
t6L(R),£T

= -2 X =
i6L(R),(7-

= 27r X (iPiiE){(Ti\.
ieL{R)

(5.82)

Next, using Eq. (5.18), in which the density matrix is expressed in terms of the “lesser’' 
GF, and the kinetic equation [Eq. (5.79)], the density matrix of S reads

= T J a*{E)t<{E)Gs(E)dE. (5.83)

Finally, by using Eq. (5.72), the steady-state current through the non spin-degenerate 
system S can be calculated as

/'/ = - / dETr rn{E)Gt{E)h{E)Gs{E) ■ {/,(E) - ME)} . (5.84)

Hence the steady state of S under an applied bias voltage is completely determined by 
E(j. (5.83) and Eq. (5.84).

Further, we will make two assumptions that significantly simplify the formalism:

1. Idle conj)ling to the probes is identical for all sites in the leads and it is equal to 
7p-

2. The wideband approximation is used for the probes, e.g. the local density of states 
of the probes is an energy-independent constant, dp^{E) = d for all i € L, R and

= —md.

With these assumi)tions, the expressions for the retarded self-energy E+ [Eq. (5.77)], the 
broadening matrices Erqu) [Eq. (5.82)] and the in-scattering self-energy Eg [Eq. (5.81)]
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can be re-written as

E+ = -^r
2 Y. + Z 1 i a) [a i - -q4 - (5.85)

_i€L,cr 46R,cr

fL(R) = \ta) {oi\ = r/L(R), (5.86)
i&L{R)

t<{E) = i\rijL{E) + rnME)] = tr hXE)h + h[E)h , (5.87)

where we introduced a new parameter

r = 27r7pf/. (5.88)

It can be shown that the steady-state current and the density, calculated using the 
MPB approach, tend to coincide with those obtained by the NEGF method with semi- 
inhnite electrodes, in the limit of infinitely long leads, e.g. for ^ -I-cxd where is the 
length of the lead a {a = L, H), and weak coupling to the probes (yp 0). In order to 
demonstrate this, let us consider the reduced density matrix pc of the central region. 
The expression for pc has the same functional form as the one for ps [Eq. (5.83)], 
namely

Pc = ^J G+(E)a<(E)(7e(E)dE, (5.89)

where is the retarded (advanced) GF of C and is the in-scattering self
energy of C in the presence of the electrodes. By directly using the results obtained in 
Section 5.4.4, these quantities can be calculated as

lim (E±it) Ic- He- d^{E)
E-^0 +

{E) = z[-2^Ta+(E)A(E)-2Gajt(E)/H(E)].

(5.90)

(5.91)

Here = (T*-f-o-p represents the self-energy of C due to the coupling to both electrodes, 
with (7^ given by

a^{E) = Hcc.9^{E)HaC, (5.92)

where i^e retarded (advanced) GF of the electrode a for a = L, R. So far
the expressions for the GFs and self-energies of G are formally equivalent to the ones 
obtained by the NEGF method with semi-infinite leads. The only difference is that in 
the above equations corresponds not to the semi-infinite electrodes in isolation but 
to finite electrodes coupled to the probes. Thus the retarded (advanc('d) GF of the
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lead CY reads

9a{E) =
-I -1

lini {E± ie)la- fL-Y:^iE) 
(—>0+

r -
lim {E ± It) la — IIa i *"^^0

1 -1

(5.93)

In the limit of 7p ^ 0, T becomes infinitesimal [see Eq. (5.88)] and if, in addition, 
we set la +00, ga{E) in the above equation tends to coincide with the retarded 
(advanced) GF of the semi-infinite electrode [see Eq. (5.63)] and the NEGF result is 
recovered. Note, however, that as E is decreased and G is increased, E should remain 
larger than the typical energy level spacing in the electrodes. For one-dimensional 
(ID) TB electrodes, we can roughly estimate the average level spacing for the lead a 
as Acq « M'yctl/Ha, where is the hopping and Na is the number of sites in a.

VVe would like to point out that the MPB method does not depart conceptually from 
the Landauer approach, in which the opposite poles of the external battery are con
sidered as ideal reservoirs for electrons. However, in the MPB scheme the practical 
realization of the battery is different from that in the Landauer approach; instead of a 
pair of infinitely long leads, attached to the reservoirs at their infinite boarders, a large 
number of probes, or reservoirs, kept at equilibrium with well-defined chemical poten
tials, is distributed over the finite electrodes. The coupling to the probes, effectively 
introduced through the self-energies {SijigL.R, broadens each discrete energy level in 
the spectra of the electrodes by an amount given by E, turning them into metallic leads 
with continuous density of states. By simultaneously decreasing E and increasing la, 
an arbitrary good approximation to the two-terminal setup with infinitely long leads 
can be obtained (this point will be illustrated further by a practical example in Sec
tion 5.6). In technical terms, in the MPB method the calculation of the self-energies 
due to the coupling to L and R and, therefore, of the energy-dependent surface GFs of 
the semi-infinite leads is no longer required, since the effect of the external battery on 
the central region is determined solely by the coupling to the probes [see Eq. (5.85)]. 
This makes the MPB method very tractable computationally. Another important ad
vantage of the MPB method is the possibility of introducing the wideband limit in 
the probes while retaining the realistic band structure of the electrodes, in particular 
their finite bandwidth (the importance of this point has been discussed in Ref. [282]). 
Finally, by using the MPB transport setup, it is possible to construct a theoretical and 
compvitational framework for time-dependent simulations of transport. This will be
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discussed in the next section.

5.5.3 Time-dependent formalism

5.5.3.1 General case

Let us consider the system S (electrodes+device) and the ensemble of probes P com
bined. This combined system, which we refer to as S -h P, is described by the time- 
dependent Hamiltonian //(/), which reads

Hit)^Hs{t) + Hspit) + Ihs{t) + Ih, (5.94)

where Hs{t) is the Hamiltonian of S given by Eq. (5.78), //sp(0 and //ns(C describe 
the coupling between S and P with Hsp{t) = 77pg(/), and flp is the Hamiltonian of the 
probes, which is assumed to be time-independent.

Further, we can re-group the terms composing the Hamiltonian H{t) into two parts a.s 
follows

Ho{t) = //s(0 + //f,

1/(0 = /7sp(0 +//fs(0,

(5.95)

(5.96)

where //o(0 describes S and P in isolation, while V{t) contains the interactions betweem 
the two subsystems, and fl{t) = flo{t) l7(0-

The total Hamiltonian II{t) and the partial Hamiltonians //o(0 1^(0 can be ex
pressed in a matrix form as

//(O =

//o(0 =

v>(0 =

f 77s(0 hhp{t) 
\Hps{t) flp ,

(m) o\

V 0 //p/’

/ 0 /7sp(0'

U7fs(0 0 ^

(5.97)

(5.98)

(5.99)
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Similarly, the density matrix p{t) of S + P is given by

P(0 =
Ps(0 Psp(0

vPPs(f) Pp ,
(5.100)

The equation of motion for p{t) reads

ihp{t)= II{t),p{t) (5.101)

By re-writing the above equation in matrix form, using Eq. (5.97) and Eq. (5.100), we 
immediately obtain the equation of motion for the reduced density matrix of S

ihps{t) = fh{l) Ps{t) + f{sp{t) Ppsit) - Ps{t) i'h{l) - Psp{t) =

= f'h{l),Ps{l) + f'fsp{l) pps{l) — Psp{t) flps{f), (5.102)L J '----------------- '̂
OB

where the last two terms are the open boundary (OB) terms stemming from the interac
tion between S and P. In order to calculate the OB terms we will use the time-evolution 
oi)erator, or propagator, formalism (see Section 2.4.1 of Cha]:)ter 2).

Similarly to the formal solution of the time-dependent Schrodinger equation [see Eep (2.27)], 
the solution of Eq. (5.101) can be written in terms of the time-evolution operator

p{t) = U{t,to)pito)U\t,to), (5.103)

where /.q is the initial time. We can also formally introduce the two-times density 
matrix p{t,T) such as

p{t,T) = fj{t,to)p{to)ClH'^Jo), (5.104)

where
p{t,t) = p{t).

The operator U{t,T) satisfies the following equations

(5.105)

= H{t)U{t,T),

U{t,t) = /,

(5.106)

(5.107)
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where / = /s + /p is the identity operator for S + P. Note that U can be also written 
in the matrix form as

/ Os{t,T) f/sp(/,r)\
U{t,T)

\lkps{t,T) Up{t,T)
(5.108)

Importantly, U is the total effective propagator and its component Us, for instance, 
describes the evolution of S in the presence of the probes. In contrast to this, one can 
introduce the total free propagator Uq such as

Uo{t,T)
Uos{1,t) 0 

0 Uov{t,T)
(5.109)

where the propagators Uos and f/op describe, respectively, the evolntion of the sub
systems S and P in isolation. The equations of motion for operators (Jq, Cqs and 
read

ih

ih

^ ()Uo{t,T) = !Mt)Uo[l,r),
dt

dUosihr)
= Hs{t)[Jos{t,T)

dt
dUop{t,T) = IIi> Uoiy{t,T),

dt

(5.110)

(5.111)

(5.112)

Since //p is time-independent, the solution of Eq. (5.112) can be found easily and it is 
given by

f/op(/.,r) = (5.113)

The perturbative expansion of the effective propagator IJ around the free propagator 
Uq leads to the equation analogous to the Dyson equation for the GF [Ecp (5.25)]

U{t,T) = lJo{t,T) + ^ j Uo{t,T')V{T')U{T',T)dT' = (5.114)

= + U{t,T')V{T')Uo{T',r)dT'. (5.115)

In Appendix B we j)rovide the proof of Eq. (5.115) obtained by using the Leibniz 
integral rule. Similar equations can be written for the Hermitian conjugate of U

lj\t,T) = = (5.116)

= y ^'^('r','r)C(r')f7o(Lr>/r'. (5.117)
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Note that the above equations can be conveniently written in the matrix form by using 
the matrix representations of U and Uq [see Eq. (5.108) and Eq. (5.109)], leading to 
separate expressions for each of the propagators Us, Up, Usp and Ups- By substituting 
these expressions into Eq. (5.103), one can derive the equation for psp{t), which is 
necessary to calculate the OB terms in Eq. (5.102). The details of the derivation are 
presented in Appendix B and here we only show' the final result

Pspil) = Usp{t,to)pp{to)Uop{t,tQ) -/ ps{t,T)Hsp{T)Uop{t,T)dT. (5.118)
Jto

By multiplying the above equation by Hps{t) and by using the perturbation expansion 
for Usp [see Eq. (B.13) in Appendix B], we find

PSP{t)f'lps{t) = \ [ Us{t,T)Hsp{T)Uop{T,to)pp{to)U^pit,to)Hpsit)dT -
Jto

ps{t,T)Hsp{T)[4p{t,T)nps{t)dT. (5.119)

By using Eq. (5.114) one can also show' that the propagator Us{t,T) satisfies 

l\{t,T) = UQs{t,T) + ^ j Uos{t,T')flsp{T)Ups{T',T)dT'. (5.120)

By using the expression for Ups = Cgm obtain

Us{t,T) = Uosit,T) + J dr J dT''Uos{t,T')nsp{T') X

Xllp{r',T'')flpsiT")Us{T",T). (5.121)

Equation (5.119), w'ith Us{t) given by Eq. (5.121), can be used to calculate the OB 
terms in the equation of motion for the density matrix S [see Eq. (5.102)]. We will 
further elaborate on these equations below.

5.5.3.2 Approximations

Wideband limit in the probes
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We will now try to simplify Eq. (5.119) for the OB term /5sp(/)//ps(0 and Ecp (5.121) 
for the propagator Us- Let us introduce

f^l{T,t) = lIsp{T)Uop{T,to)Pp{to)Uop{t,to)fhs{t),

K2{T,t) = f{sp{T)U^opfhs{t).

(5.122)

(5.123)

It follows from Eq. (5.113) that

r/oV(Lr) = C">^d-r)^ (5.124)

Formally, the operator the inverse Fourier transform of the density of states
operator of the probes, which is given by

dp{E) = 6{E - Hp) = ^\P)S{E - Ep){ P\, (5.125)

where |P) and Ep are the eigenvectors and the eigenvalues of //p, respectively. Indeed, 
we can write

J dp{E)E^'^/^dE = j 6{E - Hp)E^^^l^dE =

= J d{E - =

= eiiiptih (5.126)

where we used the fact that the Fourier transform of the Dirac delta function is unity. 
The density of states operator of P can be also written as

dp{E)=
i€L{R),a

(5.127)

since we still consider the situation when each probe Pj is coupled to only one atom i 
in the electrodes. Thus we obtain

f<2{T,t) = //sp('r)
[lehiR) )

Ilpsit). (5.128)
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As a next step, we impose the wideband limit in the i)robes, e.g. dp. = d. The above 
expression now reads

•/ —oo
= 2z/iE+(5(t - r), (5.129)

=2nhj5{t—T)

where we used the explicit expression for the coupling Hamiltonian, //sp = //ps =

7p(0 ih + -^F and introduced the time-dependent self-energy such as

E+(t) = -z 

E-(/,) = S'

m ^4 + hij ,

-{!)' = ^ (4. + in).

(5.130)

(5.131)

wdth r(/) = 2n'yp{t)d. Note that we assume that the coupling 7p is the same for all 
probes bnt we let it be time-dependent for now.

We can use similar argnments to calculate Ad(r, t) [Eq. (5.122)]. In adflition, we employ 
the following initial conditions for the density matrix of the probes

Pi>(/o) — /
+00 r+oc

fpfE)dp,{E)dE= / d fLiE)Ip + fH{E)lK dE, (5.132)

where fpfE) = /l(r)(E') for i G L(R). This leads to the following expression for 
A'i(r, 0

Ai
/ + 00

lp{rhp{t)d^E^^^-^^/^ ME)ip + /r(E)/h

•OO ^

/
+00

e''^-^('-r)AE<(E)dE,

•OO

dE =

2 /•+00 

2m
(5.133)

where

E<(E) = zsgn [7p(T)]sgn [7p(r)] y/r{T)r{t) [/l(E)/l -i /r(E)/r (5.134)

For time-independent coupling E^,(E') = E(E') [see Eq. (5.87)]. Note that our defini
tion of the self-energy slightly departs from that in Ref. [171], where the factor ^ is 
incorporated into Y.ff{E).
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By inserting the expressions for A'l and K2 into Eq. (5.119) and Eq. (5.121), we obtain

PSl>it)fhs{t) = t/ ^s{t,T)Ki{T,t)dT - ^ f ps{t,T)K2{T,t)dT =
Jto tfi' Jto

= - J‘ dr dEe^^^^~^^/^Us{t,T)t<{E) +
ih

+ / Ps{t.T)t {t)S{t-T)dT. 
Jto

^Psipt (t)

(5.135)

and

0s{t',r) = j ^^'^”^^os(f,^')^'2(T',r")f/s(r",r) =

= ^^os(^T) + ^y Oos{t,T')t^{T')fjs{T',T)dT. (5.136)

Tiie last equation is essentially an expansion of f/s aronnd a perturbation E^. This 
suggests that the propagator Us obeys the following ecpiation

ih du{t,T)
dt //s(/) + E+(0 f/s(/.,r), (5.137)

where /7s(0 + E+(/,) is an effective Hamiltonian for S with a self-energy [Ecj. (5.92)] 
due to the coupling to the i)robes.

Finally, by using Eq. (5.135), the equation of motion for the system S [Ecj. (5.102)] can 
be written as

ihpsit) = Hs{t),psit) - ps{t)^ (f)-h.c.

(5.138)

with f7s(/,r) given by Eq. (5.136). The first two terms after the commutator on the 
right-hand side of the equation are extraction, or drain terms, which are responsible 
for the loss of the electrons in the probes. The last two terms are injection, or source 
terms, which are responsible for injection of the electrons from the probes into S.

In the case of time-independent Hamiltonian //s and time-independent coupling qp, 
the propagator f/s and, therefore, the injection terms (IT), can be easily calculated.
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However, in the case of the time-dependent Hamiltonian, IT remain non-local in time 
and need to be approximated. Such approximation will be discussed below.

Dephasing factor

The main idea behind the approximate result for IT is to introduce a dephasing factor 
Q-{t-T)/TA gQ (-yjg terms in Eq. (5.138) read

rh \ 27r^

r+ao

J tQ j—OO
(5.139)

where corresponds to an energy scale A = h/T^. We also assume that the coupling 
7p(t) has been switched on over some early period to a constant value qp, so that r{t) 
has been replaced by T and tiff by The dephasing factor can be interpreted in two 
ways:

1. The relaxation time ta introduces dephasing, or decoherence in the injection 
process so that the injection of electrons from the probes into the leads is decou
pled, over the time interval ta, from the subsequent scattering of electrons by 
the time-dependent potential in the interior of the central region. This imposes a 
restriction on the size of the central region and therefore in practical calculations 
for ID systems we will always introduce a number of additional buffer sites (A^d) 
on both sides of the device. The value of A is determined in such a way that the 
distance traveled by electrons during the time interval ta = A//i is smaller than 
the distance between the electrodes and the interior of the central region, e.g. 
VgT^ < Ad (I,, where is the electron group velocity and a is the lattice constant 
(n = 1 in our calculations).

2. It can be shown (see Appendix B and Ref. [171]) that the introduction of the 
dephasing factor in IT is equivalent to replacing the Fermi-Dirac distributions 
/l(R)(A') of the probes by fictitious distributions /l(r)(E'), which have the same 
chemical potentials /iL(R) but are broadened by an amount 2A, compared to 
fh{R){E). The consequence of this is an additional broadening, proportional to 
A, in the I-V characteristics calculated with the time-dependent MPB method, 
compared to the steady-state MPB and the standard NEGF formalism with semi
infinite electrodes.

I’he advantage of introducing the dephasing factor is that the non-locality in IT can be 
eliminated. Let us decompose the Hamiltonian of S into two terms, one of which, Ilsg,
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is tiiiie-iiidependeiit wiiile the other, v{t), is tiine-dependent but operates only in the 
interior of C. Similarly to Eq. (5.115), we can write down the perturbation expansion 
of Us around Us^

Us{t, t) = OsoU, + T')v{T')Usoir', r). (5.140)

where f/so(C t) = J3y inserting the above equation into the expression
for IT, we obtain a new expression for the first of the Herniitian conjugate terms in 
Ecj. (5.139). Denoted as ITi, this term reads

ITi= -
ih \2ttiJ ^ J_^

xv{T')UsUr',T)t<{E). (5.141)

I'he combination of the last three terms in the integral kernel exi)resses the probability 
amplitude for a signal to be transmitted over the time-interval r — r' from the i)oint in 
L or R to the interior of C, where the time-dependent scattering potential £>(/) operatc's. 
Since r' < t due to the limits of integration, we have t' — t < t — t. However, the 
introduction of the dei)hasing factor effectively imposes t' ~ t > ta, w'hich j)revents 
the electrons injected into the leads from arriving to the interior of C over the time 
t' — r. This yields t — t > and, due to the exponent wdiich is significant
only for t — t < ta, the second term in Eq. (5.141) disappears. The first term can be 
further re-arranged as follows

- J dr j dEU'^d-r)lh^-(t-T)lr^ ^

■ (ii) { * £"
■ -Mi)/"'"'-"'ih

dET.<{E)- ^ E - //so - S+ + «/A
1 -1

t(t-r)
xe ^ fi-hso-s* Wa]u ^ 

ho
1 z

= -^y G£E)E<(E)rfe, (5.142)
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where
CliE) = E - /7so - ± ?J'A

1 -1
(5.143)

Finally, bringing together the expressions for the injection and the extraction term, the 
eciiiation of motion for ps reads

ihpsit) Hs{t),ps{t) + E+/5s(t) - ps(f)S +

+ /
 + 00 

•oo

1
2^1 .

t<{E)G^{E)-C4[E)t<{E) dE. (5.144)

Note that we kept the factor l/27r?, instead of incorporating it into S^, which is purely 
imaginary according to our definition [see Eq. (5.87)]. As discussed in Ref. [171], we 
will set A = r/2 in order to have only one free parameter instead of two. The initial 
density matrix ps{to) is constructed from the eigenstates of Us for the system S, which 
is in equilibrium and disconnected from the probes at the initial time. Tlie equation 
of motion is integrated numerically using the same time-integration scheme that was 
used for the dynamic simulations in closed systems (see Section 2.4.4). In addition to 
the usual commutator in the equation of motion one lu'eds to compute the OB terms. 
In practice, the coupling to the probes, which enters both injection and extraction 
terms and is effectively given by F, is switched on gradually over a short period of 
time Ty (ti' = 5 fs in all our simulations) and it is maintained constant afterwards, 
e.g. r(/) = F for t > Tj'. The extraction terms are evaluated at each time-step 
through the time-dependent density matrix ps(t) multiplied by E"*". In contrast, the 
injection terms are time-independent and can be calculated prior to the simulation for 
a fixed value of the applied bias voltage V, which enters the injection terms through 
the Fermi-Dirac distributions of the probes embedded in the in-scattering self-energy 

[see Eq. (5.87)]. Another technical detail that makes the calculation of the source 
terms very straightforward is that in the expression for the retarded (advanced) GE 
of S [see Eq. (5.143)] the denominator has a finite energy-independent imaginary term 
?,A (in addition, is also imaginary and energy-independent in the wideband limit). 
This means that Gg (E) does not have poles on the real axis and the integration over 
the energy can be easily performed. In contrast, in standard NEGE calculations of 
steady-state density and current one deals with the poles of the GFs on the real energy 
axis, which can be done by performing the integration over the complex contour and 
by using the Cauchy’s residue theorem.
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Figure 5.6: Test system A. Tlie central region consists of two atoms at positions 
i\ and <2, with the on-site energies £\ and £2 and the hopping 6 between them, 
embedded in a 2A^d-sites long mono-atomic chain. The electrodes are ID chains, 
attached to the left and to the right of the central region. is the nmnber of sites 
in the lead a, a = L, R. The hopping in the electrodes and in the chain is the same 
and is equal to 70. The hopping between each atom of the dimer and the neighboring 
atom is denotes as 7c.

5.6 Test simulations

5.6.1 Resonant dimer

In order to demonstrate the functionality of the MPB method in both the steady state 
(SS) and the time-dependent (I’D) regimes, we perform test simulations for the system 
presented in Fig. 5.6. The figure shows only the system S, e.g. electrodes-l-device, 
and the electrodes are assumed to be connected to tlie jirobes as in the general MPB 
setup depicted in Fig. 5.5. The central region consists of the dimer, e.g. of two atoms 
at positions and i2, surrounded by tw'o identical atomic chains, having atoms 
each. The electrodes L and R are also modeled as ID atomic chains with and Mi 
atoms, respectively. Each atom in L and R is connected to an external probe. The 
entire system S is described by a single-band nearest-neighbors TB Hamiltonian [see, 
for example, Eq. (2.52)] with the following parameters: (a) 70 is the hopping in the 
electrodes and in the chain, (b) 8 is the intra-dimer hopping, (c) 7c is the hopping 
between each atom of the dimer and the neighboring atom of the atomic chain, (d) 
£i and £2 are the on-site energies of the dimer atoms (the on-site energies of all other 
atoms in S are set to zero and so it is for the Fermi energy Ey).

Figure 5.7 shows the differential conductance of the dimer calculated using SS MPB 
method for three different configurations of the transport setup. The red curve corre
sponds to the MPB setup with M. = = 40) M = 20 and P = 0.3 eV (note that the
broadening P is in the units of energy) while the green one to the setup with the same
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Voltage, V(eV)
Figurp: 5.7: Differential conductance G = dl/dV of the dimer in the units of 
Go = 2e^/h as a fmiction of the applied bias voltage V, calculated with SS MPB 
method for three different sets of parameters of the MPB transport setup. The 
black-dashed line shows the exact NEGF result. The following parameters in the TB 
Hamiltonian of S are used: 7o = <5 = —3.88 eV, 7c-d = —0.5 eV, e\ = £2 = 0. The 
bias is applied symmetrically, e.g. /iL(R) = ±F/2.

lengths of the electrodes and the buffer region but with F = 0.75 eV. In contrast, the 
differential conductance shown in blue was obtained for the MPB setup with long leads, 
namely for N\^ = A^h = 100, = 20 and F = 0.3 eV. All three results are compared to
the one calculated using the steady-state NEGF method with semi-infinite electrodes, 
which we refer to as “exact NEGF”. For this we used the formalism, discussed in Sec
tion 5.4.4, with the current given by Eq. (5.72) and the retarded GF of the semi-infinite 
ID TB electrodes calculated via a well-known analytical formula [17, 229]

9a{E) V(F-e„)^-472 (5.145)

where 7^ is the hopping integral in the lead a and 6^ is the on-site energy for all 
atoms in a. For the system considered here 7^ = 70 and = 0 for a = L, R. The 
convention for the sign in front of the square root in Eq. (5.145) is the following: “-I-” 

for E > Ea — 2|7a| and for E < Ea — 2|7a|.
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A noticeable feature in Fig. 5.7 are the oscillations in the differential conductance (red 
curve) for relatively small Ni^ and small F, which is due to the large energy-level spacing 
in the leads. The oscillations can be significantly suppressed by either increasing F for 
a fixed N]^ (green curve) or by increasing for a fixed F (blue curve). The first 
option is equivalent to introducing a large artificial broadening in the sparse energy- 
level structure of the electrodes, wdiich, strictly speaking, is not a good approximation 
to infinitely long leads with continuous spectrum. The other possibility, in which 
the electrodes are long and F is small, indeed offers an approximate solution to the 
electronic transport problem in the two-terminal setup and the differential conductance 
calculated in this way is close to that obtained with the exact NEGF.

Further, we use the TD MPB method to calculate the 1-V charac-teristics of the reso
nant dimer. The results are presented in Fig. 5.8. Again, we use three different sets of 
parameters for the transport setup. The current through the dimer is calculated as a 
bond-current through the bond (^2, h + 1) [see Eq. 2.60]. The value of the steady-state 
current for each bias voltage V is obtained from the time-dependent simulation for the 
corresponding value of V after the steady-state has been established, i.e. wdien the 
variation of the current with time becomes negligible (see the iirset of Fig. 5.8). The 
I-V curves constructed in this w'ay are compared to the I-V calculated with SS MPB 
method for one set of parameters from the previous calculation (see Fig. 5.7). Note 
that the SS MPB result matches perfectly (on the scale of the graph) the exact NEGF 
result.

As one can see from Fig. 5.8, in the case of TD MPB the T V curves have an additional 
broadening (at resonance) compared to exact NEGF and SS MPB. The broadening is 
due to the relaxation-time approximation, which was used to derive the equation of 
motion for ps with temporally local extraction terms and time-independent injection 
terms (see Section 5.5.3.2). The amount of broadening is controlled by A = F/2, 
therefore as F is decreased the agreement between TD MBP and exact NEGF improves. 
Note that at the same time as F is decreased, we increase the length of the electrodes in 
order to keep a good approximation to the two-terminal setup with senii-inhnite leads.

The effect of the dephasing factor on the steady-state transport within TD MPB ap
proach is further illustrated in Fig. 5.9, where we plot the differential conductance of 
the dimer as a function of the bias voltage for the same parameters as in Fig. 5.8. 
In the case of exact NEGF the differential conductance approaches Go = 2e^/h at 
resonance, however, in the case of TD MPB the conductance peak broadens and its
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Voltage, V (eV)
Figure 5.8: Current I through the dimer as a function of the applied bias voltage 
V, calculated with TD MPB method for three sets of parameters and with SS MPB 
method for one set of parameters. The dashed line shows, for comparison, the exact 
NEGF result. The inset displays the time evolution of the current for F = 8 eV for 
all three configurations of the TD MPB setup. A horizontal dashed line represents 
the value of the steady-state current, obtained with exact NEGF for the same value 
of V, which coincides, on the scale of the graph, with the one obtained with SS MPB 
method. The parameters in the TB Hamiltonian of S are the same as in Fig. 5.7.

amplitude decreases as A = r/2 increases, w'hich is directly related to the broadening 
in the corresponding I-V curve. This observation also clarifies the interpretation of 
the dephasing mechanism as the introduction of the effective broadening in the Fermi- 
Dirac distributions of the probes. Replacing the initial distributions fL{R){E) by the 
broadened fictitious distributions fh(R){E) with the same chemical potentials results in 
the thermal-like smearing of the conductance peaks as in the presence of the non-zero 
electronic temperature, although all calculations are performed at T = 0. To further 
illustrate this point we plotted the exact NEGF conductance, calculated using the dis
tributions fh{R){E) but with a smearing introduced by 7’ yf 0 (see thin black line in 
Fig. 5.9), which is, indeed, similar to the broadened TD MPB conductance peaks. One 
can also notice a small asymmetry of the TD MPB conductance curves with respect to 
exact NEGF, which is not visible in the I-V characteristics. We associate this effect
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Figure 5.9: Differential conductance G = dl/dV of the dimer in the units of 
Go = 2e^ jh as a function of the applied bias voltage V, calculated using TD MPB 
and SS MPB for the same parameters as in Fig. 5.8. The exact NEGF conductance 
is shown for two values of the electronic temperature: T — 0 (dashed magenta line) 
and T = 700A' (thin black line).

with the discrete nature of the energy-levels in L and R, which may result in a slight 
shift in the position of the resonance.

Finally, we note that the calculations presented here were used to benchmark our 
implementation of the MPB method. The results for the differential conductance and 
the I-V characteristics of the resonant dimer, presented in Fig. 5.7 and Fig. 5.8 agree 
quantitatively with those reported in Ref. [171].

5.6.2 Spin-excitation in open atomic chain

In this section we use the TD MPB method to study real-time spin dynamics in an 
atomic chain. This familiar problem, that we have already considered in the previous 
chapters, has now been recast into a transport problem with oiien boundaries.
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Figure 5.10: Test system B. The central region consists of an impurity site at 
position io with a frozen local spin S, embedded in a 2Yd-atoms long chain, which is 
attached to two ID leads with Y^ atoms for a = L, R. During the time-dependent 
simulation, the orientation of the local spin remains parallel to the positive ^-direction 
for t < r but it is flipped at r = 400 fs and it is kept fixed afterwards. The parameters 
of the TB Hamiltonian of S are the following: the hopping 7 — — 1 eV and the on-site 
energies £i = 0 everywhere in S. The strength of the exchange interaction is given

S-bv J = 10-'*'

'Fhe system S is the same as the test system in the previous section (see Fig. 5.6), 
with Yl = Yr = 90, Nd = 30 and F = 0.35, but instead of the dimer we consider 
a single localized impurity with a s])iii S, as shown schematically in Fig. 5.10. This 
is coupled to the itinerant electron spin at the same site via the exchange interaction 
,/ > 0 (see, for example. Section 4.3 of Chapter 4). The orientation of the local spin 
is initially fixed along the positive z-direction. The spin-polarization of the ID system 
S, generated by the coupling to the local spin, is calculated at the initial time to as 

<(/o) = Puito) - Pu{to) and is shown in Fig. 5.11(b).

The electronic structure of S is again described by a single-band nearest-neighbors TB 
Hamiltonian with a uniform hopping 7 for all sites and on-site energies set to zero. 
The coui)ling to the impurity spin acts as a local magnetic field on site ?o- "f he initial 
density matrix /5(to) is constructed from the eigenvectors of the TB Hamiltonian of S 
with the local spin parallel to 2.

Figure 5.11(a) shows the spatially-resolved time evolution of the absolute value of the 
spin polarization, |s^|(/), along S. The boarders of the central region are marked with 
white vertical lines. We skip the initial stage of the dynamics, during which the system 
undergoes the process of equilibration with the probes, and show the time evolution 
380 fs after the start of the simulation, when the system has already reached the
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Figure 5.11: (a) Spatially-resolved time evolution of the spin-polarization in the 
electrodes and in the central region, 20 fs before and 100 fs after the spin-excitation. 
The color shade represents the absolute value of sf{t) and is logarithmically scaled 
for better contrast, (b) Initial spin-polarization of S as a function of the site index.
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steady-state. At time r = 400 fs an excitation is procinced at site to, which changes 
the direction of the local spin S from its initial orientation parallel to 2 to the opposite 
direction, where it is kept afterwards.

Bright rays stemming from the impurity site for t > r correspond to the spin-disturbance 
generated by the spin-flip. This propagates to the left and to the right of the impurity 
site and decays gradually in the electrodes. The interferences of spatially and tempo
rally oscillating spin-excitation waves in the central region also average ont with time, 
leading to a new steady-state for t > 500 fs.

Note that in the simulations described above the system S was attached to the external 
probes but without applying the bias voltage, e.g. /it = Ar = 0- This unique func
tionality, offered by the TD MPB approach, allowed us to construct a time-resolved 
portrait of the un-biased spin dynamics in the system with open-boundaries. We antic
ipate, however, that under applied bias voltage and with fully time-dependent iinpnrity 
spins, such open-boundary spin-dynamics simulations may be used for non-perturbative 
time-resolved modeling of STM spectroscopy on atomic clusters comprising magnetic 
impurities. In the model Hamiltonian approaches, for example in the work by Hurley et 
al. [107], such systems are described by the semi-empirical TB model, with parameters 
extracted from DFT, where the interaction between the conduction electrons and the 
spins of magnetic impurities is modeled by the s-d Hamiltonian. In order to relate to 
this static description of inelastic spin transport, the quantum-classical approximation 
to the s-d model employed in Chapter 4 will be extended to fully quantum treatment 
of the impurity spins. This is the objective of ongoing consideration.

5.7 Summary

In this chapter, we have reviewed some of the fundamental aspects of modeling the 
electronic transport at the atomic scale and presented the computational scheme for 
time-dependent transport simulations employed in this Thesis. We started with the 
formulation of the electronic transport problem in a generic setup, which consists of a 
nanoscale object bridging two macroscopic electrodes attached to an external battery. 
The poles of the battery have been replaced by two ideal reservoirs with well-defined 
chemical potentials, acting as a source and a drain for the charge-carriers. Further, the 
Landauer approach to the steady-state transport has been discussed, where a problem
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of an open system, which interacts dynamically with the reservoirs, has been recast into 
an open-boundary i)robleni with two semi-infinite electrodes. The famous Landauer 
formula for the conductance quantum and the phenomenological formula for the stearly- 
state current through a non-interacting scattering region attached to two ballistic elec
trodes has been revisited. After a general discussion of the Green’s function technique 
in the context of the many-body theory, we have discussed the non-equilibrium Green’s 
function formalism and its application to the steady-state transport in the Landauer 
setup with infinitely long electrodes. We have outlined the strategy for calculating the 
steady-state current in terms of the Green’s functions of the scattering region and the 
self-energies due to the presence of the electrodes.

Finally, we have introduced the multiple-probe battery approach to electronic trans
port. The central idea of the method is to use the finite electrodes with broadened 
energy levels, which gives an approximation to the semi-infinite leads with continuous 
spectrum, controlled by the broadening parameter F, In the time-dependent formal
ism, we derived, following Ref. [171], the extended quantum Liouville eciuation for the 
density matrix of the system, comprising finite electrodes and the scattering region, 
with explicit open-boundary terms. Two main approximations have been usc'd in the 
derivation: (i) the wideband limit in the probes and {vi) the relaxation-time approx
imation, which decouples over the time interval ta the injection of electrons into the 
leads and their subsequent interaction with the time-dependent scattering i)otential in 
the interior of the central region. The first approximation significantly simplifies the 
formalism while retaining the realistic electronic structure of the electrodes. The sec
ond approximation introduces a finite broadening in the Fermi-Dirac distributions of 
the probes which limits the resolution of the current-voltage characteristics. The latter 
can be improved by increasing ta, or, equivalently, by decreasing the energy parameter 
A = h/xA.

In the next chapter, we will apply the time-dependent multiple-probe battery method 
to a problem, which has recently attracted great interest, namely that of the time- 
dependent transport through a strongly correlated quantum dot.



Chapter 6

Time-dependent electron transport 
through a strongly correlated 
quantum dot

6.1 Introduction

Ill spite of considerable efforts, the development of accurate theoretical models for the 
description of electron transport at the nanoscale remains a challenge. As will be 
illustrated below, the main reason for this is the difRciilty in combining an efficient 
way of modeling the electron transport with an accurate description of the electronic 
structure.

One of the most commonly used approaches to the simulation of current carrying 
systems is based on the noneqnilibrium Green’s function (NEGF) formalism (see Sec
tion 5.4 of the previous chapter). When combined with the density functional theory 
(DFT) for electronic structure calculations, this method underpins the majority of the 
present state-of-the-art ab initio transport calculations [217, 220] and numerical algo
rithms [29, 66, 124, 152, 210, 216, 240, 241]. A typical DFT-bNFGF transport scheme 
is constructed in a very similar way to the NFGF-based approach to the steady-state 
transport in a generic two-terminal Landauer setup, that we considered in the previous 
chapter (see Section 5.4.4). Within this scheme the initial conditions are defined in the 
spirit of Garoli’s “contacting approach” [40, 41, 42, 48], where one assumes that in the 
remote past the electrodes are disconnected from the device and are in equilibrium with

153
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the external reservoirs, each at a well-defined chemical potential. The coupling between 
the electrodes and the device (the tunneling Hamiltonian) is assumed to be switched on 
adiabatically, allowing the steady state to develop. The electronic structure is treated 
at the DFT-level and the non-equilibrium charge density is calculated self-consistently. 
The current is obtained by using the Landauer-type formula [see Eq. (5.72)] for the 
steady-state current through the (generally interacting) scattering region, sandwiched 
between two non-interacting electrodes.

Despite their popularity, the standard steady-state DFT-I-NEGF transport schemes 
have a range of limitations [144]. A major issue, intrinsic to DFT, is the notorious 
difficulty in describing the electronic structure of strongly correlated systems, which 
has been attributed to the shortcomings of the commonly used approximations to the 
exchange-correlation (XC) functional. In fact, the simplest and the most popular ap
proximation is the local density approximation (EDA), in which the XC functional 
depends on the density at the point, where the functional is evaluated, and takes the 
value corresponding to that of the homogeneous electron gas. Clearly, such api)roxi- 
mation fails for systems, where the density fluctuates rapidly or is extremely localized, 
e.g. for systems, which behave differently from the homogeneous electron gas. This is 
indeed the case when electron correlations are strong. It has been recognized that one 
of the most significant incorrect features of the traditional approximate XC functionals 
is the lack of the so-important derivative discontinuity [201, 202].

6.1.1 Derivative discontinuity in static DFT

Hohenberg and Kohn have established that for a system of N electrons, subject to 
an external potential fext(’’)) fli^re exist an energy functional Ey[n], such that the 
minimization of Ey[n\ with respect to the variation of the charge density n(r), with a 
constraint f d^rn{r) = N, yields the ground-state density n(r) and the ground-state 
total energy E of the system. This is the essence of the Hohenberg-Kohn theorems [98]. 
The variation of the energy functional, with the nninber of particles conservation con
straint, can be performed by introducing the Lagrange multiplier p such as

6 |£'^[n] ~ E j d^rn{r) = 0. (6.1)
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The Euler-Lagrange equation for tiie density n{r) then reads

SE,[n]
Sn{r) = T,

where

T =
dE
ON'

(6.2)

(6.3)

Due to the formal similarity of Eq. (6.3) to the definition of a chemical potential for 
an open system, which can exchange energy and particles with a reservoir, fi has been 
associated with a chemical potential. However, fundamental questions arise about the 
applicability of the HK theorems and, as a consequence, of DET, to systems with a non- 
integer number of particles, which indeed might be the case in transport calculations, 
where the system is open to external reservoirs. In particular, it is not clear whether 
the total energy E is defined for a fractional particle number N and whether it is 
differentiable with respect to N.

In fact, the positive answer to both questions leads to a paradox. Consider a system 
consisting of two well-separated neutral atoms A and B in the empty space, w'ith 
respective chemical potentials and //b, such that pb < fiA- The total energy of 
the system Eab is given by the sum of the separate atomic energies Ea and Eb- It 
then follows from Eq. (6.1)-(6.3), that a fluctuation in the charge density, which shifts 
a fraction r/ > 0 of the electron charge from A to H, lowers the total energy, e.g. 
Eab = — Ba) < 0- This essentially means that molecules would dissociate at
large separations with fractional charges on the constituent atoms, which contradicts 
the reality.

Perdew et al. [201, 202] have extended the HK theorems to the case of non-integer 
particle numbers, by considering the quantum-mechanical state of an open system as 
a statistical mixture of pure states, corresponding to different particle numbers. In the 
simplest case, the wave function of a system with N = M + p electrons, where 
M is an non-negative integer {M > 0) and 0 < 77 < 1, is a statistical mixture of the 
wave functions 'I'm and Ta/+i, which correspond respectively to the states with M and 
M + l electrons. The respective probabilities of each state are 1 —77 and 77, which gives 
(1 — 77)A/ + r]{M + 1) = A/ -|- 77. The charge density of the A^-electron state is then 
given by

n{r) = (1 - p)nM{r) +pnM+i{r), (6.4)
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(b)

TV
FiGURr: 6.1: Sfhciiiatir of the dependence of the total energy, E, (a) and the deriva
tive of the total energy, dE/ON, (b) on the fractional particle niiinber N. The exact 
total energy, as defined by Perdew et al. [202], has a derivative discontinnity at inte
ger occupation, which means that its derivative {dE/dN) has a discontinuity at the 
integer value of N. The total energy obtained by using a local approximation to the 
XC functional, such as LDA, does not exhibit a derivative discontinuity and has a 
non-linear behavior between integer occupations.

w’here nA/(nA/+i) is the charge density of the state with M{M -|- 1) electrons. The 
minimization of the total energy functional Ey[n] with respect to variations of the 
charge density, which conserve the number of electrons {N = M //), yields the lowest 
average energy

/? = (!- -f- 71 Em+i, (6.5)

where £’a/(£'a/+i) is fhe total energy of the systems with M{M -t- 1) electrons, subject 
to the external potential t^ext

It follows from Ecp (6.5) that the dependence of the total energy E on the fractional 
particle number is a series of straight-line segments between the integer values, as 
shown schematically on Fig. 6.1(a). This means that F is a continuous function of N, 
however, its derivative, dE/dN = /x, has discontinuities at integer particle numbers [see 
a schematic illustration in Fig. 6.1(b)]. This is referred to as the derivative discontinuity 
of the total energy.

'It can be shown [202] that the minimization over the entire ensemble of pure states (not only over 
the two states with M and M + I electrons) leads to the same lowest energy as the one in Eq. (6.5), 
as far as the curve Em versus M is concave upwards (see Fig. 6.1).
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If we consider a single atom with an integer unclear charge Z, then the chemical 
potential /r, which is discontinnons at N = Z, can be calculated in two limits, e.g. for 
Z — I < N < Z [M = Z — 1) and for Z < N < Z 1 [M = Z). This can be written 
as

' Ez-Ez-x = -L Z-1<N<Z,

^ Ez+\ ~ ~ -^1 Z N Z 1,

where / is the ionization potential, or the energy required to remove an electron from 
an isolated atom or molecule, and A is the electron affinity, or the energy released when 
an electron is added to a neutral atom or molecule to form a negative ion. Therefore 
the size of the derivative discontinnity, defined as the difference between the values of 
dE/dN, cafculated in the limit N ^ Z for N approaching Z from the right {N > Z) 
and from the left {N < Z), is equal to I — A. Note that the presence of the derivative 
discontinuity in the occupation-dependence of the total energy resolves the issue witli 
the dissociation of atoms at large separations; even if an infinitesimal positive fractional 
charge // is added to the atom B, the chemical potential ps will jump discontinuously by 
I — A > 0, making the exchange of fractional charges between the atoms energetically 
unfavorable (in the periodic table / of a given atom is bigger than A of any other 
atom).

Notably, the total energy, entering the formulation of Perdew et ai, is assumed to be 
exact. In practical DFT calculations, however, the ground-state density and energy are 
constructed from the fictitious KS orbitals (cr =t, J, is the spin-index for the orbital 
a), whic'h satisfy the self-consistent single-particle Schrodiiiger equation

V +Vextir) + J 3 , n(r') SExc[n]dffi + Tair) = e>a(^)>2m ^ J |r — r'l ’ 5n{r]

where the spin-resolved density is expressed in terms of the KS orbitals such as

(6.7)

n (6.8)

and the total charge density is given by

n{r) = -I- (6.9)

In Eq. (6.8) are the occupation numbers for orbitals distributed according to 
the Fermi-Dirac statistics.
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The third term in the square brackets on the left-hand side of the KS equation [see 
Eq. (6.7)] is the Hartree, or Coulomb potential uh, which is given by the derivative of 
the Hartree, or Coulomb energy U\n] with respect to the charge density, e.g. CH[n](r) = 
5U[n\/8n{r), where U[n] reads

[/[n| =
n[r)n[r 
jr — r'j

(6.10)

The last term is the XC potential, uxCi which, similarly to (>h, is given by the deriva
tive of the XC energy Exc[n] with respect to the charge density, e.g. t’xci'^iK^) = 
SExc[n]/Sn{r).

Importantly, the XC energy, which contains the remaining part of the electron-electron 
interaction, is unknown and needs to be approximated. The simplest approximation to 
Exc is the LDA, and its spin-polarized version, the local spin density approximation 
(LSDA) [134]. In the LSDA the XC energy functional is calculated as

E-XC d'^rn{r)exc{n\‘n^), (6.11)

where exc{n\'>i'^) is the XC energy density of the homogeneous electron gas. The 
LSDA can be extended to include the terms depending on the gradient of the charge 
density, e.g. terms depending on \yn^(r). This is realized in the generalized gradient 
approximation (GGA) [200]. The latter is therefore capable of better describing systems 
with rapidly fluctuating charge density, however, it still uses the homogeneous electron 
gas as a reference system and it is still local.

It can be shown that the KS eigenvalues, or the orbital energies e^, obey the following 
relations, known as the Janak’s theorem [112]

dE
(6.12)

Hence the energy of the maximum occupied KS orbital, which is usually referred to as 
the highest occuipied molecular orbital (HOMO), coincides wdth the chemical potential, 
given by Eq. (6.6).

After the KS equations have been solved self-coiisistently, the ground-state charge 
density n(r) is constructed from the KS orbitals using Eqs. (6.8)-(6.9) and the total



Chapter 6. Time-dependent electron transport through a strongly correlated quantum 
dot

energy of the system Ctot is given by

2rn V fa+ J d^rn{r) next(^) + + ^xcW, (6.13)

where the first term on the right-hand side is the non-interacting kinetic energy and the 
second one represents the energy of the interaction with the external potential fext(^)- 
An alternative expression for the total energy reads [264]

/7tot = 5]/X + ^xcW-y’ rvxc[n]{r) ,3 , n{r)n{r')d^r \r — r’ (6.14)

where = /(e^ — Ep), with f{E)=l/ [exp{E/kQT) -h 1] being the Fermi-Dirac distri
bution and Ef the Fermi energy, determined in such a way that f d^r n{r)=N. The 
last three terms on the right-hand side of Eq. (6.14) are usually referred to as the double 
counting corrections to the first term, which is simply the sum of all KS eigenvalues, 
weighted with occupation nnmbers obtained from the Fermi-Dirac distribution.

As was shown earlier, the fundamental result of the density fnnctional theory for open 
systems with fractional particle number is the existence of the derivative discontinuity 
of the total energy at integer occupation. We will now illustrate how' this result is 
affected by the approximations usually made to the otherwise unknown XC functional.

The derivative discontinuity of the total energy, which in fact coincides with the fun
damental gap of the A^-electron system [47, 199], defined as the difference between the 
ionization potential and the electron affinity, can be written as

E„ = lim 8Ey[n]
I 8n{r)

6Ey[n\
N + 7] 5n{r)

Aks + AXC, (6.15)
N-1,

where Aks is called the KS single-particle gap, which is equal to the difference between 
the energy of the lowest unoccupied molecular orbital (cl^imo) that of the highest 
occupied molecular orbital (e^oMo) l6e N particles system, e.g. Aa'5 

Ckomo- 'i"6e contribution Axe comes from the XC energy and is given by

- .N_
-LUMO

Axe = bill
rj—^O

(^ExcM
Sn{r)

SExclri]
N+rj Sn{r) = V-XC ^xc> (6.16)

N-ri

where we have introduced = liin,,^o iixc|v±??. It is clear that the existence of 
the derivative discontinnity in the total energy, e.g. the existence of Eg, implies the
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existence of tfie derivative discontinuity in Exc (^^xc) and, as a conseciuence, tlie 
discontinuity in cxc at integer occupation. However, most of the approximate XC 
functionals used in practice, such as LDA and GGA, lack the derivative discontinuity 
(Axe —^ d) and have non-linear behavior between integer occupations, as illustrated in 
Fig. 6.1.

It is widely ac:cepted that these incorrect features have profound consequences on the 
DFT calculations performed with such functionals [47, 199]. The obvious drawback of 
neglecting Axe is the incorrect estimation of the fundamental gap. This, in turn, leads 
to underestimation of chemical barriers and band gaps of insulators and semicondnetors 
compared to ex])erimental values [269], and to errors in calculations of charge-transfer 
processes and transport [248, 249]. Several strategies have been proposed to deal 
with the issues mentioned above, which include the construction of more advanced XC 
functionals [199]. In particular, it has been shown that the self-interaction error [203], 
which is present in the typical approximations to the XC functional, is partially respon
sible for the suppression of the derivative discontinuity. They also lead to the incorrect 
estimation of ionization })otentials for molecules and contribute to incorrect positions 
being calculated for the valence bands of semicondnetors. Approximate self-interaction 
correction schemes have been developed [69, 198], which remove these errors, although 
without restoring in full the derivative discontinuity, and offer significant improvement 
over the traditional XC functionals, in particular for calculations of electron trans])ort 
in molecular junctions [248, 249].

To conclude the discussion on the limitations of DFT, we would like to point out that 
the latter is a formally exact theory and the limitations come solely from the approx
imations used in practical implementations. The ciuestion then naturally arises as to 
whether the KS DFT, equipped with a numerically exact XC functional exhibiting a 
derivative discontinuity, can accurately describe the electron transport in a nanojunc
tion, comprising a nanoscale object like a quantum dot or a molecule, weakly coupled 
to macroscopic electrodes. This is prototypical example of a system, where the deriva
tive discontinuity is of great importance. The role of the derivative discontinuity in 
calculating the transport through a nanojunction, described by the Anderson impurity 
model [5], has been discussed in several recent works [22, 234, 253].

In the work by Bergfield et al. [22] a novel XC functional has been proposed, which is 
based on the Bethe-ansatz solution of the Anderson iniptirity model, with a parametriza- 
tion that allows one to consider arbitrary coupling and correlation strengths. The DFT
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calculations of transport using this functional reproduce the exact results but only at 
zero temperature and in the linear-response regime. In particular, the conductance 
I)lateau, jn'edicted by the exact solution of the Anderson impurity model for tem
peratures below the Kondo temperature (see further discussion in Section 6.2.2), is 
recovered.

A similar result was obtained by Stefanucci and Kurth [234]. The authors derived a 
new approximate XC functional for the Anderson impurity model within the finite- 
temperature DFT framework, where the temperature effects are introduced by con
necting an isolated impurity, or a quantum dot, to a thermal bath. Importantly, such 
XC functional exhibits a derivative discontinuity at integer occupation in the zero- 
temperature limit. The DFT-I-NEGF approach, which employs this functional, is also 
able to reproduce the conductance plateau at T = 0. However, at finite temperature, 
the conductance is overestimated by an order of magnitude, compared to the exact 
result, obtained with the numerical renormalization group (NRG) approach. Hence 
the method, described in Ref. [234], can not describe the behavior of the system above 
the Kondo temperature, when instead of the plateau one expects to see two distinct 
j)eaks (for a single-level quantum dot), as the Coulomb blockade picture is restored. 
The authors suggest that this discrepancy might be due to the lack of the dynamical 
contribution to the XC functional within the static DFT-I-NEGF approach.

ddiese results indicate that the DFT-t-NEGF scheme equipped with advanced XC func
tionals can potentially provide a complete solution for electron transport at least in 
the zero-bias (and the zero-temperature) limit. However, further implications arise at 
hnite bias, where conceptual concerns reflect on the very applicability of the ground- 
state electronic structure theory, which DFT is, to the description of non-equilibrium 
electron transport, especially if electron correlations are signihcant [133, 262].

6.1.2 Steady state versus time-dependent approach

The KS eigenvalues correspond to the fictitious single-particle KS orbitals and 
therefore do not coincide with the true single-particle eigenstates of the many-electron 
system. Strictly speaking, the only observables, obtained from the KS equation;s [see 
E(j. (6.7)], that have a physical meaning are the ground-state charge density and the 
ground-state total energy of the system (we can add to this list chomO) which coincides 
w'ith the chemical i)otential). Hence the transmission coefficients, calculated with the
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DFT+NEGF method, have resonances at the KS excitation energies, whidi do not 
necessarily coincide with the true excitation energies. In addition, the information 
about transient and ac regimes is not available within the steady-state DFd'-t-NEGF 
transport scheme.

In view of these problems, a considerable effort has been put into the development of 
time-dependent approaches to transport (see, for example. Refs. [144, 219, 265] and 
references therein), in particular methods based on time-dependent (TD) DFT [170]. 
The latter, by construction, provides a more suitable framework to study dynamical 
processes. A theoretical foundation of TDDFT is provided by the Runge-Gross (RG) 
theorem [215], an analogue of the HK theorems of standard DFT, which establishes 
a unique nia[)ping between the TD external potential of the system and its
TD electron density n{r,t). In the TD version of the KS scheme an auxiliary system 
of non-interacting electrons, moving in TD effective potential, is constructed and the 
corresponding TD equations of motion are solved. The main advantage of the TDDF’T- 
based approaches is the possibility to investigate transport beyond the steady state, i.e. 
to study transient and ac responses, and to get access to the true excitation energies.

However, most of TDDFT-based approaches still suffer from the shortcomings of static 
DFT unless non-local approximation to the XC functional are used [145]. Other con
ceptual concerns have also been raised, for example, whether the steady state can be 
achieved within the TD approach if the electrodes are treated as non-interacting [235], 
which is usually the case in practical calculations.

It is important to mention that TDDFT has been established for isolated systems. In 
contrast to this, in the transport setup one deals with effectively infinite system, which 
consists of the scattering region in contact with macroscopic or mesoscopic electrodes. 
Several conceptually different strategies have been proposed to extend the TDDFT 
framework to include the electronic open-boundary conditions. Following the classi
fication proposed by Y. Wang et al. in Ref. [265], the TDDFT formulations can be 
divided into several groups according to how the transport boundary conditions are 
treated:

1. The first group of methods is suited for the investigation of closed nonequilibrium 
systems, where macroscopically large leads are approximated by finite atomic 
clusters. The advantage of such approximation is that the TDDFT formalism 
for isolated systems can be applied to the electron transport problem without
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any changes. However, it is clear that the steady state can be established only 
in the transient regime before the finite-size effects in the leads start to affect 
the transport [33, 43, 250]. In addition, it is not straightforward to introduce an 
applied bias in this case. The method has been used to calculate quasi steady- 
state currents in finite nanoscale junctions [33].

2. Another strategy, originally proposed by Kamenev and Kohn [120], is to develop 
an approach that does not assume the presence of two reservoirs, maintained at 
two different chemical potentials, as in the standard two-terminal Landauer setup. 
A practical scheme for calculations of electron transport in molecular devices, 
based on this idea, has been developed by Burke and co-w'orkers [32, 133]. This 
approach takes advantage of the periodic boundary conditions in the electronic 
circuit, or the ring topology, thus avoiding the conceptual difficulties of having 
two different chemical potentials. The system is put on a ring, threaded by a 
magnetic flux, which is equivalent, through a gauge transformation, to applying 
a spatially uniform electric field thronghout the entire system. The finite system is 
then proi)agated using the single-particle KS master equation^ with a dissipative 
term, which accounts for the coupling between the system and a heat bath, or a 
reservoir.

3. The third group of methods relies on the separation of the system into the device 
region and two semi-infinite leads, similarly to the treatment within the standard 
NEGF approach. The TD KS equations are then solved for the central region, 
with the effect of the leads accounted for by properly defined self-energies. Several 
practical scheme, based on this idea, has been proposed [235, 280]. An interesting 
ab initio methodology has been developed recently by Zheng et al. [279, 280]. In 
their work a numerical scheme is proposed based on the combination of TDDFT 
and quantum dissipation theory. In particular, a self-energy density functional is 
introduced, which effectively describes the dissipative interactions of the device 
region and the enviromnent, leading to TD equations of motion for the reduced 
density matrix of the device.

^In general, a master equation is a phenomenological set of first-order differential equations, which 
describe the time evolution of the probability for a system to occupy a particular state of a discrete set 
of states. The master equation approach is widely used for modeling of the electronic transport [189]. 
'I'he quantum Liouville equation with a dissipative term, or the Lindblad equation [57, p. 28], can be 
viewed as a generalization of the master equation. It describes the evolution of an open quantum 
system coupled to a reservoir, beyond the Hamiltonian dynamics.
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Another theoretical approach, which belongs to the last group, has been proposed by 
Stefanucci et al. [144, 235]. This approach uses the Cini (partition-free) scheme [45] in 
which, in contrast to the “contacting approach”, the entire system electrodes-l-device 
is driven out of equilibrium by applying an external, local in both space and time, 
TD potential. Such perturbation can represent an electric field, generated by putting 
the system between two capacitor plates far aw'ay from the system boundaries, or by 
directly modifying the on-site potential in the electrodes, e.g. by introducing a shift in 
their on-site energies.

More recently this scheme, further equipped with a novel XC functional carrying the 
physical derivative discontinuity, has been used by Kurth et al. [145] to study the TD 
transport through a quantum dot in the Coulomb blockade (CB) regime. We will refer 
to this work extensively throughout this chapter. In particular, the authors have put 
forward an important novel description of CB as an intrinsically dynamical process, 
which is inaccessible by conventional steady-state transport models. In the dynamical 
CB regime, the system does not evolve towards the steady state but remains in the 
dynamical state, characterized bj^ rapidly oscillating currents, which correspond to 
charging and discharging of the quantum dot.

6.1.3 Combining a new approach to electron transport with a 

novel exchange-correlation functional

In the work, presented in this chapter, we use the TD multiple-probe battery ap
proach [171, 247] (TD MPB) to investigate the electron transport through a strongly 
correlated open quantum dot. We have shown in Section 5.5 of the previous chapter that 
the TD MPB time-propagation scheme is based on the integration of the Liouville-von 
Neumann equation of motion for the reduced density matrix of the system, where open 
boundaries are introduced through explicit source and drain terms. For the TD Hamil
tonian of the quantum dot, entering the equation of motion, we adopt the description 
used by Kurth et al. [145]. This is based on the adiabatic Bethe ansatz local-density 
approximation [38, 158] (adiabatic BALDA, or ABALDA) to the XC functional, which 
exhibits the derivative discontinuity at half-filling.

By investigating the real-time evolution of the current through the quantum dot, we 
indeed observe, in agreement with Kurth et al., that for a certain set of parameters the
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system does not reach a steady state but rather remains in a dynamical state, char
acterized by cnrrent oscillations. Further, we attempt to establish a link between the 
time-dependent and the steady-state pictures of transport. In particular, we construct 
the current-voltage characteristics of the quantum dot from TD simulations, performed 
for a wide range of parameters (we calculate the time-averaged cvirrent in the long-time 
limit in cases when the steady state is not achieved). Importantly, we observe a drop 
of the cnrrent as a function of the source-drain voltage and, as a consequence, negative 
differential conductance (NDC) above critical bias voltages, which is not reproduced 
at the mean-field (Hartree) level of description.

'I'liis is particularly interesting in view of some recent contrasting results. On the one 
hand a number of studies, based on several distinct rnany-body approaches [28, 61, 187] 
to non-equilibrium transport through an interacting dot, attribute NDC in the I-V 
characteristics mainly to electron-electron interactions. On the other hand, it has been 
demonstrated by Baldea and Koppel [17] that in the case of the exactly solvable model 
for a non-interacting dot within the steady state formalism, the finite bandwidth in the 
electrodes can lead to pronounced NDC in a wide range of parameters. In our work we 
hnd a numerical proof that this result can be generalized to the interacting case and 
I’D transport. Our calculations suggest, however, that for the system considered here, 
the NDC is dne to a combination of two effects, namely electron-electron interaction 
on the dot and the finite bandwidth of the electrodes.

We will start, in the following section, with a brief reminder of the basic physics of 
ciuantum dots, in particular of Coulomb blockade. We will then introduce the model 
system and our theoretical framework, i.e. the DFT-based description of a strongly 
correlated cjuantum dot with the BALDA XC functional and its extension to the time- 
dependent regime. Finally, we will present the results on time-dependent and steady- 
state transport properties of a correlated quantum dot coupled to one-dimensional (ID) 
non-interacting leads, obtained with the TD MPB method.

6.2 Phenomenology of quantum dots

Quantum dots are small metallic or semiconductor islands in which electrons are con
fined [140]. When the size of the dot is comparable to the Fermi wavelength Ap of 
the electrons that occtipy it, the system exhibits a discrete, or quantized, energy spec
trum. Due to discrete energy levels quantum dots share many properties of atoms
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(a)

Figufif: 6.2: (a) Schematic of a quantum dot in lateral geometry. The quantum 
dot (QD) is coupled to a source and a drain electrode via tunnel barriers, allowing 
the current through the device, to be measured as a function of the applied bias 
voltage, V4d, and the gate voltage, Vg. (b) Scanning electron microscope image of a 
GaAs-(Ga,Al)As double quantum dot device, showing the gate electrodes (light gray) 
on top of the snrface (dark gray). The two white circles indicate the two quantnm 
dots, connected via tunable tunnel barriers to the source (S) and to the drain (D) 
electrodes, indicated in white (from Ref. [65]).

and are soinetinies called “artihcial atoms”. It is important to bear in mind, however, 
that the typical size of a (luantmn dot is L « 100 nm and the energy-level spacing is 
Ac « 0.1 nieV. In conti'cist, the characteristic length and energy scales of atoms differ 
by roughly four orders of magnitude {L ^ 0.1 mn and At « 1 eV). Therefore quantum 
dots open up new opportunities for experimental research, which are not available in 
atoms.

From a fundamental point of view, the possibility to probe a small entity of conhned 
interacting electrons, for example via transport measurements, is already an exciting 
prospect in itself. However, the great interest in quantum dots in the past decade has 
been also fueled by the possibility of building new' technological apjrlications. Some of 
the recent applications, that take advantage of the remarkable properties of (piantum 
dots, in particular their optical properties, include quantum dot lasers [153] and the use 
of quantum dots as novel efficient reagents for biomedical imaging [116]. Quantum dot 
systems are also considered as promising candidates for solid-state-based quantum com
puting [162] with basic quantum operations already demonstrated experimentally [204].

In a real experimental transj)ort setup, a quantum dot can be connected via tunneling 
junctions to source and drain reservoirs, in order to allow electron transport across the 
system. By attaching current and voltage probes to these reservoirs, one can measure
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the electronic properties of the dot in response to the applied bias voltage, or source- 
drain voltage, The dot can be also coupled to one or more gate electrodes, which 
can be used to tune the local electrostatic potential of the dot, Cg, with respect to 
the reservoirs. Such a device, which is usually called a single-electron transistor [122], 
is shown schematically in Fig. 6.2(a). Similar and even more complex devices, for 
example, consisting of two coupled quantum dots, as the one presented in Fig. 6.2(b), 
can be fabricated and studied experimentally. The ultimate limit would be a device, 
which consists of a single atom sandwiched between two contacts. Such “single-atom 
transistor” incorporating a transition-metal (Co) complex, designed in such a way that 
electron transport occurs through well-defined charge states of a single atom, has been 
realized experimentally [195]. This device exhibits prototypical quantum phenomena, 
sucli as Coulomb blockade and the Kondo effect.

Lateral quantum dot systems, as the one shown in F’ig. 6.2(b), are formed by gate de
pletion of a two-dimensional electron gas at the interface between two semiconductors. 
Such systems are perhaps the most studied as they offer the highest degree of tunabil- 
ity and can also be investigated theoretically by using relatively simple models. The 
constant interaction (Cl) model [139], which we will consider below, offers a convenient 
description of some of the fundamental results of transport experiments on quantum 
dots and also provides an intuitive explanation of the Coulomb blockade phenomenon.

6.2.1 Coulomb blockade

In the Cl model the effect of the Coulomb interaction among the electrons in the dot, 
and between the electrons in the dot and those in the environment, is expressed in 
terms of a single parameter, a constant capacitance C. The latter can be decomposed 
into three terms

c = a + a, + Cg, (6.17)

where Cg is the capacitance between the dot and the source electrode, Cj between the 
dot and the drain electrode (the drain is grounded), and Cg between the dot and the 
local gate. The energy E{N) of a A^-electron quantum dot can be then calculated as

EiN) =
[-\e\{N-No)-haVsd + C\V,Y

2C

N

+ (6.18)
71=1
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where Nq is the number of electrons in the dot at zero gate voltage. The terms CglCd 
and CgCg represent the charge on the dot, induced respectively by the source-drain 
voltage and by the gate voltage.^ The last term in Eq. (6.18) is a sum over all the 
occupied single-particle energy levels which are assumed to be independent of the 
number of electrons and of the Coulomb interaction on the dot (they can depend, 
however, on an applied magnetic field).

It is convenient to define the chemical potential of the dot. This can be written as

p = E{N) - E{N - 1) = - yVo - 0 Ec - ^ {aKa + C\V^) + e/v, (6-19)

where Ec = jC is the charging energy and cn is the highest occupied single-particle 
energy level. The chemical potential measures the energy required for adding the N- 
th electron to the dot and, therefore, the above expression essentially describes the 
transition between the {N — 1)- and the A^-electron ground state. We can then dehne 
the effective energy levels of the dot corresponding to the chemical potentials
for different electron numbers (see Fig. 6.3). These discrete levels are separated by the 
so-called addition energy

E^diN) = p{N + 1) - /r(yV) = Ec + At, (6.20)

where Ec gives a purely electrostatic contribution, while Af is simply the difference 
between two consecutive single-particle quantum levels t/v+i and e.g. Ae = t/v+i —

(-N-

Due to the conservation of energy, the electron transi)ort through the dot can occur 
only if the chemical potential level pi falls within the bias window, which is defined 
by the region of energy between the chemical potential of the source and that of the 

drain (//l and //r, respectively), e.g. for //,l > p > Hr with Esd = Hi - Th (^sd is in 
the units of eV). Only if these conditions are satisfied, an electron can tunnel from the 
source onto the dot, and then tunnel off to the drain, without either a loss or a gain 
in energy, since two consecutive chemical potential levels are separated by the energy 
barrier ifadd = Ec + Ae. In fact, the charging energy Ec can be quite large (of the 
order of few nieV) due to a very small capacitance of the dot. Figures 6.3(a) and (b) 
show the linear-response regime. If the alignment of the chemical potential levels of

^Note that the expression of the form describes the energy stored by a capacitor with a
capacitance C and a charge Q on each of tlie plates.
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Figure 6.3: A schematic illustration of the effective energy level structure of the 
quantum dot in the constant interaction model, (a) Linear-response regime. If no 
level falls within the bias window between the chemical potentials of the source (//l) 
and of the drain (pr) electrodes, than the number of electrons on the dot is fixed 
due to Coulomb blockade and is equal to Af — 1 for a particular case shown here. 
As a result, no current flows through the dot. (b) By changing the gate voltage, 
the position of the quantum dot levels shift, which results in lifting the Coulomb 
blockade. The level p{N) now falls within the bias window so that the number of 
electrons on the dot can alternate between N and N —1, resulting in a single-electron 
tunneling current, (c) By applying the source-drain voltage, the chemical potential of 
the source electrode (pt) is effectively shifted upwards. The level g,{N) falls within 
the bias window and the Coulomb blockade is lifted, allowing the current to flow 
through the dot.

the dot with respect to /xr and //.r is such as shown in Fig. 6.3(a), the energy required 
for the transition from p(A^ — 1) to p(A^), e.g. for adding an extra electron to the dot, 
is simply not available. As a result, the number of electrons in the dot remains fixed 
and no current can flow through the dot. This effect is known as Coulomb blockade.

'I'he Coulomb blockade can be lifted by either changing the gate voltage or the source- 
drain voltage. Let us consider the first possibility. Changing Vg is equivalent to tuning 
the electrostatic potential locally on the dot with respect to that of the reservoirs. This 
effectively shifts the entire “ladfler” of chemical potential levels up or down depending 
on the sign of Vg. The result of shifting the levels by the gate voltage is shown in 
Fig. 6.3(b). Now the level //(A^) is within the bias window and the A^-th electron can 
tunnel from the source electrode onto the dot. After it tunnels off to the drain, another 
electron is supplied by the source so that effectively the number of electrons on the dot 
is alternating between A^ — 1 and N. This process is called single-electron tunneling.

The dependence of the current (conductance) through the dot in the linear-response 
regime, obtained by sweeping the gate voltage and measuring the current, exhibits 
peaks at certain values of the gate voltage as shown in Fig. 6.4 [a schematic illustration 
is shown in Fig. 6.4(a) and an actual experimental observation reported in Ref. [208]
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Figure 6.4: (a) A schematic illustration of the Coulomb blockade oscillations. The 
dependence of the current (/) through the dot as a function of the gate voltage (Vg) in 
the linear-resi)onse regime exhibits peaks, corresponding to single-electron tunneling 
events. In the valleys between the peaks the number of electrons is fixed due to 
Coulomb blockade, (b) Experimentally observed Coulomb blockide oscillations in 
the gate-voltage dependence of the current through a Coulomb island at two different 
temperatures (from Ref. [208]). The contrast between the Coulomb blockade valleys 
and peaks gets sharper at lower temperature.

is shown in Fig. 6.4(b)]. The peaks occur every time one of the chemical [)otential 
levels is aligned with and /r^, allowing the single-electron tunneling current to flow 
through the dot. In the valleys between the peaks, the number of electrons on the dot 
is hxed due to Coulomb blockade."' The distance between the j)eaks corresponds to the 
addition energy Cajd and therefore provides information about the energy spectrum of 
the cpiantum the dot.

Another way to lift the Coulomb blockade is achieved by changing the source-drain 
voltage, I4d. For asymmetrically applied bias (the drain is grounded), increasing Csd is 
equivalent to shifting up the chemical potential of the source electrode [see Fig. 6.3(c)]. 
This increases the separation between //l and /jr and, if the chemical potential level 
of the dot falls within the bias window, the current can flow. As a result, the I-V 
characteristic of the quantum dot, e.g. the current measured as a function of the 
applied bias voltage, exhibits a “step” [see Fig. 6.5(a)] every time an electron is added 
to the dot, e.g. every time a new chemical potential level is dragged into the bias

‘‘Note that the number of electrons on the dot (A) is a well-defined quantity as long as the conduc
tance of the tunnel junctions connecting the dot to the electrodes is small compared to the conductance 
quantum G'o = (Go = e^/h for non spin-degenerate systems). In quantum dot devices formed
in semiconductor heterostructures the conductance of the tunnel junctions can be tuned continuously. 
Increasing the conductance of the junctions gradually leads to distortion of the periodic pattern in 
6'(Fg) or /(Fg), where G is the conductance, due to mesoscopic conductance fluctuations.
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Figure 6.5: (a) A schematic illustration of the “Coulomb staircase”. The current 
through the quantum dot (/) as a function of the source-drain voltage (14d) is a series 
of “steps”, corresponding to incremental charging of the dot. (b) Experimentally 
measured I- V characteristics of a Coulomb island for two different values of the gate 
voltage (from Ref. [208]).

wdndow. Such behavior is known as the “Coulomb staircase” and has been observed 
experimentally [see Fig. 6.5(b)].

In transport exjreriments on quantum dots, one usually measures the current or dif
ferential conductance, r///dl4ci, while varying the bias voltage for a series of different 
values of the gate voltage. The resulting pattern, shown schematically in Fig. 6.6(a), is 
referred to as the “Coulomb diamond”. Inside the diamond-shaped regions, the number 
of electrons is fixed due to Coulomb blockade, and no current can flow. The region, in 
which the number of electrons is equal to N, is marked in gray in Fig. 6.6(a). Outside 
these regions, the Coulomb blockade is lifted and the tunneling of electrons can occur. 
An example of the experimental observation of the “Coulomb diamond” in a GaAs- 
(Ga,Al)As quantum dot from Ref. [86], is shown in Fig. 6.6(b). The main difference 
between the experimental data and a schematic illustration, presented in Fig. 6.6(a), is 
a number of additional lines emerging from the edges of the diamond-shaped regions, 
which indicate transport through excited states.

Although the Cl model provides an elementary understanding of how the quantiza
tion of charge and energy in quantum dots leads to effects like Coulomb blockade and 
Coulomb oscillations, it is based on a number of crude approximations. In this model 
the Coulomb interaction is parametrized by a classical ad hoc parameter - the capaci
tance of the dot C - and it is expressed in terms of the charging energy Ec of a single 
electron charge on a capacitor. In addition, one assumes that the single-particle levels
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Figure 6.6: (a) A schematic illustration of the “Coulomb diamond” in the differen
tial conductance as a function of the source-drain and the gate voltages. The number 
of electrons is fixed and the current is zero inside the diamond-shaped regions. The 
edges of the “diamonds” indicate the onset of the current. The addition energy F’add 
can be determined from the graph, (b) Experimentally measured differential con
ductance of the GaAs-(Ga,Al)As quantum dot as a function of the source-drain and 
the gate voltages (from Ref. [86]).

of the clot do not depend on the number of electrons and on the electron-electron in
teraction, which is not the case in real many-electron systems. Such assumption is, in 
principle, justified when the energy level spacing At is much larger that the character
istic energy of interactions, expressed through the charging energy Ec- This condition 
is partially satisfied in few-electron vertical cpiantum dots but does not hold in lateral 
quantum dots, where the transport measurements contradict the predictions of the 
model [139]. For a rigorous treatment of intricate electron-electron interaction effects, 
advanced quantum models are required. This will be the subject of Section 6.3.

We will finish the overview of the phenomenology of quantum dots by discussing yet 
another fundamental phenomenon observed in quantum dot systems, namely the Kondo 
effect.

6.2.2 Kondo effect in quantum dots

As the temperature is lowered, the phonon-scattering contribution to the resistivity of a 
metal decreases. Therefore, it is expected that the resistivity will decrease and saturate 
to a finite value determined by scattering from crystal defects. However, a series of
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Figure 6.7: A magnetic impurity embedded in a metallic host, (a) At high tem
peratures {T >> Tk) the effective interaction between the spins of the conduction 
electrons and the spin of the impurity is almost zero and therefore the impurity acts 
as a normal non-magnetic defect, (b) At temperatures below the Kondo temperature 
(7k) a bound-state (a singlet) is formed between the spin of the impurity and the 
surrounding conduction electrons of the host, leading to the screening of the impurity 
and therefore to the enhancement of scattering and the increase in the resistivity of 
the metal.

pxiieriments performed in the early 1930s revealed that the resistivity of noble metals, 
such as An, measured at temperatures as low as 10 K, exhibits a minimum and increases 
as the temperature is lowered further. This effect remained unexplained for a long time. 
It was later realized that the resistivity minimum is related to the presence of dilute 
magnetic impurities in a metal. A breakthrough in the theoretical understauding of 
this pheiiomeiiou occurred iu 1964 when Kondo applied the s-d model to the impurity 
prolilem and found that in the third-order perturbation theory the electron-impurity 
scattering has logarithmic divergences in the zero-temperature limit [135]. This work 
has led to the formation of a new research topic named the “Kondo problem”, e.g. the 
problem of a magnetic impurity embedded in a non-magnetic host. This problem was 
fully solved in 1975 by Wilson [270], using the NRG approach. Importantly, it has been 
shown that below the characteristic temperature, the so-called Kondo temperature 
(Y’k), a magnetic impurity forms a singlet with the surrounding sea of conduction 
electrons, which leads to the increase of the resistivity (see Fig. 6.7).

The concept of a magnetic impurity in a host metal can be also applied to single- 
electron transistors: a (luantum dot, which possesses a spin, behaves like a magnetic 
impurity and the electrons, tunneling between the electrodes and the dot, act as the 
conduction electrons of the host. The expectation that the Kondo physics should
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Figure 6.8: The Koiido resonance in the single-level quantuni dot attached to the 
source and the drain electrodes, (a) In the initial state the energy level of the dot is 
below the chemical potentials of the electrodes and is occupied by an electron with 
spin up. Here we consider the linear-response regime, e.g. 14^ w 0 and g\g\\ « F’f- 
(b) Due to quantum uncertainty, the spin-up electron c'an tunnel off to the drain, 
leaving the dot in a classically forbidden virtual state with a hole below Ey. (c) If 
a spin-down electron then tunnels from the source onto the dot, the final state of 
the system is such as if the spin of the electron on the dot has been flipped and an 
excitation has been produced at the Fermi level of the leads.

manifest itself in the transport properties of quantuni dots has been conhrmed by the 
experimental observations of the Kondo effect in small semiconductor quantum dots in 
the late 1990s [49, 79]. It appeared, how'ever, that the interplay between the tunneling 
electrons and the (luantmn dot has a different effect on the conductance (resistivity) 
compared to that between the impurity and conduction electrons in a bulk metaf. For 
temperatures below' 7k the conductance of a ciuantum dot increases as a new' mechanism 
for transport becomes available.

Let us consider a quantum dot with a single si)in-degenerate level, attached to tw'o 
electrodes in the linear response regime, e.g. for Fsd ~ 0. The level of the dot, whicli has 
energy cj, is below the Fermi level of the leads and it is occupied by a spin-u[) electron. 
The energy cost of adding another electron to the dot is given by the cliarging energy 
Ec (we will see in the next section that for a single-level quantum dot, described by the 
Anderson impurity model, this is expressed tlirougli the Coulomb repulsion parameter 
U). However, due to the Heisenberg uncertainty principle, the spin-up electron can 
momentarily tunnel out of the dot into the drain electrode, leaving the quantum dot in 
tlie otherwise proliibited virtual state with no electrons [see Fig. 6.8(b)]. If an electron 
witli a spin down then tunnels from the source onto the dot, the system is found in 
the state shown in Fig. 6.8(c). It appears as if the spin of the electron on the dot has 
been flipped. The combination of many of such cycles generates a new state, or a new 
conduction channel, at the Fermi level of the leads, known as the Kondo resonance and 
observed in quantum dots at temperatures below /]<.
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C.
FiGurJE 6.9: A cartoon illustrating the characteristic features of the linear-response 
conductance (G) of the quantum dot, which exhibits the Kondo effect, as a function 
of the gate voltage (V^)- If the number of electrons on the dot is odd, the Kondo 
resonance occvirs, leading to an increase in the conductance and to a plateau in G(Vg). 
With increasing T the conductance plateau is suppressed [238].

So far we considered the simplest case, in which the dot is occupied with one electron 
and tlierefore has a spin S = 1/2. However, the same arguments can be used in the 
general case of a quantum dot with an odd number of electrons, which also has S = 1/2. 
For a dot with an even number of electrons and 5 = 0 the Kondo resonance does not 
occur. As the number of electrons on the dot can be controlled by the gate voltage, the 
linear-response conductance of the quantum dot as a function of Kg displays the pattern 
showm in Fig. 6.9. As one can see from the graph, the system is alternating between 
the high- and the low-conductance regimes. The former corresponds to odd number 
of electrotis and is sometimes called the Kondo plateau, while the latter corresponds 
to even number of electrons on the dot. For temperatures above 7k the odd-even 
asymmetry of the conductance is lifted and the familiar Coulomb blockade regime is 
recovered.

We will further comment on the possibility of describing the Kondo physics of (piantum 
dots by means of the Anderson impurity model in the following section. Note, however, 
that we do not fully address this topic in the present work due to the inherent limitations 
of our model.



Cliapter 6. Time-dependent electron transport through a strongly correlated quantum 
dot 176

6.3 Lattice density functional theory for a strongly 

correlated quantum dot

6.3.1 Model system and transport setup in the multiple-probe 

assembly

We consider the model system depicted in Fig. 6.10. This is the simplest model for a 
single-electron transistor, which consists of a single-level cpiantum dot attached to two 
finite ID leads, each having atoms. Since we will use the TD MPB method to
study electron transport in this system, we include two A'^j-sites long atomic chains on 
each side of the dot. This is a necessary condition for the introduction of a generic 
dephasing mechanism in the injection process within the TD MPB approach (see Sec
tion 5.5.3.2).

.Pi I—1

sd N

Figurk 6.10: Model system: a quantum dot attached to two ID leads, each com
prising N^/ii sites. Here 70 is the hopi)ing integral in the leads and 7c is the lead-dot 
hopping. Fg denotes the gate voltage, acting locally on the dot, and yd is the source- 
drain voltage applied across the entire system. In the multiple-probe assembly, each 
atom i in L and R is coupled to an external probe Pj. The probes, connected to 
L(R) have a Fernii-Dirac distribution /l(/r) and a chemical potential giXtiR) with
Tsd = PL - PR.

6.3.2 Anderson impurity Hamiltonian for an interacting nano

junction

The Anderson impnrity model [5] is a paradigmatic model in condensed matter physics, 
among other models such as the Hubbard model and the s-d model, that have been 
developed for the description of strongly correlated systems. Starting from the pioneer
ing works of Hubbard [104, 105] in 1960s, the investigation of magnetic and transport
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properties of strongly correlated systems using these basic models have contributed to 
the understanding of intriguing phenomena originating from electron correlations, such 
as metal-insulator phase transition, high-7c superconductivity, heavy fermion effects 
and the Kondo effect. These models also played an important role in the development 
of advanced theoretical tools for electronic structure calculations of strongly correlated 
materials, such as the dynamical mean-field theory (DMFT) [6, p. 47].^

The Anderson impurity model was originally introduced to study the Kondo problem. 
In the case of a linear dispersion relation for the conduction band, the exact solution 
of the model is provided by the Bethe ansatz [255]. In the general case, a powerful 
tool is the NRG, which was first applied to the Kondo Hamiltonian® and later to the 
Anderson impurity model [142, 270].

I’lie Anderson impurity model has been also used for the description of quantum dot 
systems within the transport picture [175], such as the one depicted in Fig. 6.10, where 
the quantum dot, attached to two non-interacting electrodes, plays the role of a single 
impurity. The total Hamiltonian of the system thus reads

/7s = /7„ + /7t + /7qd.
n=L,R

(6.21)

Here the first term is the nearest-neighbors single-orbital tight-binding (TB) Hamilto
nian of the left («=L) and right (a=R) lead, wTitten as

fia = Ga Cfl + Y (70 Cfl Cr+la + h.C^ , (6.22)

where eia are the on-site energies and 70 is the hopping integral; is the creation
(annihilation) operator for an electron with spin cr (<7=1, J.) at the atomic site i in the

®The DMFT method takes advantage of the great simplifications that arise in the theory of strongly 
correlated electrons if the problem is treated in large-dimensional space {d —» 00) [180], or equivalently 
for lattices with a large number of nearest neighbors. This allows one to map the lattice problem with 
strongly correlated electrons onto an effective impurity problem with local time- or energy-dependent 
(dynamical) mean-field, where the dependence of the field on the wave vector, responsible for spatial 
correlations, can be neglected in the limit d —> 00. An important result, obtained with the DMFT 
applied to the fhibbard model [74], is the famous three-peak spectral structure with a central cjuasi- 
particle peak at the Fermi energy and two broad side peaks corresponding to lower and upper Hubbard 
bands. This structure was later observed in experimental spectra and was used to explain, for instance, 
the metal-insulator transition with increasing the Coulomb interaction strength.

®The Kondo Hamiltonian, or the Kondo impurity model, is the fully quantum s-d model, which 
can in fact be derived from the Anderson impurity model in the case of extremely localized impurity. 
As shown by Schrieffer and Wolff [224] the two models become equivalent in the limit of small s-d 
mixing.
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lead a (the index i = 1,Na runs from left to right for a=R and vice versa for q:=L). 
Note that the two atomic chains on both the sides of the dot are also described by a 
TB model wdth the hopping integral 70 and they are included in the Hamiltonian of 
the leads. Therefore, despite the addition of the two atomic chains, which are not part 
of the leads, the Hamiltonian in Eq. (6.21) does not deviate from the standard one [31, 
p. 152].

The second term in Eq. (6.21) describes the tunneling between the ciuantinn dot and 
the two adjacent sites and it is given by

fh = (7c Co^ c^L + 7c Co^ c^H + Z'-C.) (6.23)

where Cq\cq) is the creation (annihilation) operator for an electron with spin a on the 
dot and 7c is the hopping integral between the dot and site i=l in the lead cr.

Finally, the Hamiltonian of the quantum dot reads

IIqd = Trdnkn, (6.24)

The first term reijresents the non-interacting single-particle part of the Hamiltonian,
with 14 the on-site energy of the dot, acting as a local gate voltage. The second
term describes the Coulomb interaction between two electrons with opposite spins on 
the dot, with U [U > 0) being the charging energy, which expresses the strength of the 
Coulomb repulsion. Here ho=CQ^CQ is the dot site-occupation operator.

The intra-atomic Coulomb repulsion term {U hoho) reduces the probability of the dou
ble occui)ation and the energy cost of putting two electrons on the dot is determined 
by the value of U. In a more general form, it is the basis of the Hubbard model, which 
is given by the following the Hamiltonian

//Hubbard "i '7) (6.25)
ija

where ']ij s the hooping matrix element between sites i and j and TJ is the
electron number operator for site i and spin a. Clearly, the expression of the form 
U is an ai)proximation to a more general two-body interaction Hamiltonian

Hint 'y ^ J/21^31^4 ^1/2 ^<^3 >
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where ui is the composite index, which includes the spin. The simplified interaction 
term only takes into account the Coulomb repulsion between electrons on the same 
site, which is indeed the dominant contribution to the electron-electron interaction for 
systems that can be described in terms of localized orbitals.

The standard approach to electron transport through an interacting nano junction is the 
Keldysh nonequilibrium Green’s function formalism (see Section 5.4.3 of the previous 
chapter), where the nonequilibrium state is realized through the adiabatic switching-on 
of the lead-dot coupling. For an open quantum dot, described by the Anderson impurity 
model, a formula for the electric current beyond the linear-response regime has been 
proposed and the derivation can be found in the textbook of Hang and Jauho [90, 
p. 170].

In practice, the current can be calculated by using the approximate expression for the 
Green’s function (GF) of the dot in the presence of the tunneling between the dot 
and the electrodes. Within this ap])roximation higher order correlations, responsible 
for the spin-fli]) events on the dot during the tunneling process, are explicitly omitted, 
riierefore the Kondo physics is not accessible by this approach. In particular, the 
linear-response conductance, calcnlated by using the approximate GF, always displays 
two Coulomb peaks as a function of the gate voltage, with the separation between the 
peaks controlled by the charging energy U. The first peak is due to the presence of the 
conduction channel, when the empty and the singly-occupied states are degenerate and 
one electron can be added to the dot. The second peak comes from another possible 
channel, which is open when the singly- and the doubly-occupied states are degenerate 
and the second electron is added. This result can be found in the textbook of Bruns 
and Flensberg [31, p. 166]. The results of our own calculations of the linear response 
conductance are presented in Appendix C.

However, in order to account for Kondo-like correlations, a more careful treatment is 
needed. This was done, for example, in the work of Hershfield, Davies and Wilkins [93, 
94], who calculated the non-linear I-V characteristics and differential conductance of 
the quantum dot, described by the Anderson impurity model, by using the second- 
order (in U) perturbation theory. Their calculations reveal a signature of the Kondo 
resonance near the Fermi energy.

In fact, it is practically imi)ossible to solve the problem exactly (analytically) and 
therefore any careful treatment of electron transport in the interacting case requires
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the use of perturbation techniques, which is in general a difficult task/ Alternatively, 
one can use numerical many-body methods to solve the problem non-perturbatively. 
Recently, a number of numerical approaches based on the Keldysh formalism have been 
developed, such as the extension of quantum Monte Carlo (QMC) to the nonequilibrium 
situations [267] and the time-dependent density matrix RG (TD-DMRG) for cjuantum 
dots coupled to one-dimensional reservoirs [28].

The lattice density functional theory (LDFT) provides a method for calculating the 
ground-state properties of strongly-correlated systems, which has the advantage of its 
computational feasibility over many-body methods. A numerical approach, based on 
the extension of LDFT with a suitable XC functional to time-dependent phenomena, 
combined with open-boundary conditions for cjuantum transi)ort, offers an alternative 
solution for the nonecjuilibrium transi)ort jrroblem in interacting nanojuctions.

6.3.3 Bethe-Ansatz Local Density Approximation

LDFT was originally proj)OS(>d by Gunnarsson and Schbnhannner [84, 222] as an ex
tension of the standard ab initio DFT to lattice models. In the LDFT framework the 
HK theorems and the KS scheme are reformulated in terms of the site occuj)ation, 
/q, instead of the electron density n{r). As standard DFT, LDFT is also in i)rinci- 
ple exact and it is only limited by the accuracy of a j)articular aiJjrroximation to the 
XC functional. In the most commonly used ajrproximation (LDA) the XC energy is 
ajrjjroximated locally by that of the homogeneous electron gas, which plays the role 
of a reference system, whose proi)erties, including correlations, are transferred by the 
LDA into the DFT-description of the system under study. The main idea behind the 
most popular improvements upon the LDA is to deal with the local ajiinoximation, 
for example, by introducing the dependence of the XC energy on the gradient of the 
electron density like in GGA.

A different strategy has been suggested for constructing approximate XC functional 
for LDFT: one can keep the local density but try to choose a better reference system

natural approach, which is to do a perturbation expansion in terms of the tunneling Hamiltonian, 
is not applicable in this case due to the fact that the unperturbed Hamiltonian is the two-body 
interacting Hamiltonian of the dot. The latter is not quadratic in terms of creation and annihilation 
operators and therefore the Wick’s theorem, which transforms an arbitrary jiroduct of creation and 
annihilation operators into a sum of normal ordered products (creation operators are to the left of 
annihilation operators), does not apply in this case. This makes the usual perturbation expansion 
impossible. The jjerturbation theory can be instead constructed in terms of the charging energy 
U [187].
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(different from the homogeneous electron gas). In fact, a large class of low-dimensional 
models can be solved exactly, for example, by Bethe ansatz. Therefore the solutions 
of these models in the homogeneous case can be used to construct an LDA functional. 
This can be then applied to the problems in the inhomogeneous case within the LDFT 
framework, which is much less restricted in terms of the size of the problem compared 
to exact many-body techniques [3].

Lima et al. [158] proposed a formulation of the LDA for a ID homogeneous (infi
nite) Hubbard model with a uniform hopping 7 [see Eq. (6.25)] based on the exact 
Bethe-ansatz (BA) solution [155]. In order to construct an approximate XC function, 
a parametrization of the total energy density (total energy per site) must be obtained 
as a function of U and the band-filling n, which is a constant for a homogeneous Hub
bard model. The parametrization, proposed by Lima et ai, analytically interpolates 
between three limits, in which the exact analytic expressions for the total energy can 
be extracted from the BA solution: {t) U 0 and any n < 1, {it) U oc and any 
n < 1, and (Hi) n = 1 and any (/. The proposed expression for the BA energy density 
reads

.,BA |n,(/| = mj) sm
TT

Trn
mu) (6.26)

where is a parameter that can be determined for each value of U by solving the 
following transcendental equation

2/3 sm
TT

poo
= -4 / dx -

Jo ■'

Jo{x)Ji{x)
X [1 -t- exp(f/j:/2|7|)] (6.27)

In the above equation Jq and Ji are respectively the zero and first order Bessel functions. 
Lhe expression on the right-hand side is the exact BA expression for the total energy 
at half-filling. The parameter /? is thus determined in such a way, that for n = 1 
Ecj. (6.26) becomes exact for any U. In addition, Eq. (6.26) is constructed in such a 
way that it coincides with the exact BA result in the other two limits, namely U = 0 
{(3 = 2) and U 00 {j3 = \). It has been shown that between these limits the exact 
and the approximate XC energies agree quantitatively [158].

In order to construct the BA XC energy e^^ln, U], one needs to subtract from the total 
energy e^^[n,U] the Hartree energy, e\{\n,U] and the non-interacting kinetic energy, 
e[n,U = 0], as it is done in ab initio DET. The BA XC potential then
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given by the functional derivative of efQ[n,f/]

_ U] s (e®''[n, U] - enln, U] - e[n, U = 0])
Sn 6n

(6.28)

The approximate Bethe-arisatz LDA (BALDA) potential is then defined as a local 
counterpart of

vT^^KU] = v^^\n,U] (6.29)
n—*ni

We can now apply this strategy to the many-body Hamiltonian of the quantum dot 
in Eq. (6.24). Within the LDFT framework this can be mapped onto an effective 
single-particle KS Hamiltonian, which reads

f fo = [no] no. (6.30)

Here no is the charge density of the dot and i’ks E Ihe effective Kolm-Sham potential, 
which is written as a sum of three terms

'’KS [no] — + TT + "xc [no] ■ (6.31)

The second and third terms are respectively the Hartree and the XC potential. Before 
the XC potential can be approximated, we need to make some modihcations to the 
original BALDA potential. Since the latter is derived for a uniform Hubbard model 
with the Coulomb interaction U and the nearest-neighbors hopping 7, the relevant 
parameter in this case is C/y. In the case of a weakly coupled quantum dot the 
relevant parameter is, in fact, U/'yc with 7c << 7. The modihed BALDA potential, 
specifically tailored to a nonuniform conhguration with a weakly coupled dot, has been 
introduced in Ref. [145]. The only difference with respect to the original potential is 
that in the limit 7c ^ 0, the XC potential of the isolated dot is correctly reproduced.

Following Kurth et ai, we define the BALDA potential for the dot such as

[7io] = e{l- no)4c [’^^o] - 0{no - l)4c [2 - "0],«) (6.32)

where

'^xc [»o] =
Uno

27 c
/7rno\ , nriocos(—J+cosI — (0.33)



Chapter 6. Time-dependent electron transport through a strongly correlated quanhim. 
dot 183

Here the parameter (d is determined for each U from Eq. (6.27) with 7 substituted by 

Ic-

As tlie original BALDA potential, exhibits a discontinuity at no=l, i.e. at
the phase transition of the ID Hubbard model, which corresponds to opening of the 
gap in the energy spectrum. In practice, we use a continuous approximation to the 
BALDA potential [145], where the true discontinuity, expressed through the Heaviside 
step function 6{no), is replaced by a function /(no) = l/(e“"”/“ + 1) with a. being a 
smoothing parameter. This gives ^(1 — n-o) = /(I — no) and 9{no — 1) = 1 — /(I — no). 
We use a = 10“^, which guarantees a very sharp slope at no = 1. Figure 6.11 shows 
the BALDA potential, r^xc (we omit the BALDA notation for simplicity), defined 
in Eq. 6.32, and the total effective KS potential [see Eq. (6.31)] as functions of the 
occupation of the dot for three different values of U.

o

U
X

nr nr

Figure 6.11: (a) The BALDA potential (nxc) and (b) the total effective KS poten
tial (I’Ks) as functions of the occupation of the dot (no) ioi U — I, U = 2 and U — 3. 
'Lhe following parameters are used: 7c = —0.3 eV, 1^ = 2 eV.

In our simulations we consider three levels of description: [i) U = 0, or non-interacting 
case, for which the effective potential of the dot is simply given by t’KS=F"g, {ii) vxc 0, 
or the Hartree approximation, where the potential on the dot is t'H=f4 + U no/2; and 
(^^^) the full discontinuous effective potential, given by Eq. (6.31), which we refer to as 
vks for clarity.

We introduce the time-dependence in the Hamiltonian of the quantum dot, by means 
of the adiabatic approximation, where uks is assumed to depend on time only through
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the instantaneous charge density of tiie dot

'<’KS(0 = [«0 (/')]■ (6.34)

The XC BALDA potential in the adiabatic approximation reads

^xc ^(0 = ^xc'^“^[no(/.)]. (6.35)

Such approximation to the XC functional is referred to as adiabatic BALDA (ABALDA).

The question of the applicability of such adiabatic local approximation to the descrip
tion of non-equilibrium transport in strongly correlated systems has been addressed 
in recent two works respectively by Uinionen et al. [257] and Khosravi et al. [126] 
In particular, a comparative study between the TDDFT approach with ABALDA 
(TDDFT-f ABALDA) and many-body perturbation theory, applied to the out-of- ecjui- 
librium Anderson impurity model, has been carried out in Ref. [257]. The results 
obtained with both approaches have been tested against numerically exact results ob
tained with TD-DMRG. It was found that, in general, tlie TDDFT+ABALDA ap
proach is in good qualitative agreement with many-body perturbation theory over a 
wide range of parameters. However, in many cases it overestimates the steady-state 
currents. This problem was linked to the shortcomings of the local approximation to 
the XC functional and to the absence of electron correlations inside the electrodes. 
Moreover, it was demonstrated in Ref. [126] that the inclusion of dynamical corre
lations, or memory effects, might eliminate the multistability in the density and the 
current, which can be fonnd within the TDDFT-f-ABALDA a])proach. These are strong 
indications that more advanced, non-local both in space and time, approximations to 
the XC functional are required. However, as was demonstrated in Ref. [145] and as it 
will be shown here, the ABALDA already provides valuable insights into TD transport 
in strongly correlated systems.

6.3.4 Transport equations

4’he calculations of electron transport in the system depicted in Fig. 6.10 are performed 
using the MPB method. Since the latter was describe in detail in the previous chapter, 
here we restrict ourselves to a brief summary. In the TD MPB approach the time- 
dependent equation of motion for the density matrix ps{f ) of the system in the presence
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of the external probes reads

ihps{t) fh{t),Ps{t) + ps(f) — Ps(f) S + (6.36)

+
1 r

27r^
t<{E)a^{E)-C4{E)t<{E) dE.

I’he first two terms after the commutator are extraction (drain) terms, while the last 
one is the injection (source) term. (7+ {G~) is the retarded (advanced) Green’s function 
of the system and it is given by

a --{E) = (e/s //so - ± ii Is
-1

(6.37)

where //so = r time-independent part of //s(f) [see
E(}. (6.21)] and A is a dephasing factor. The self-energies due to the presence of the 
external probes and the in-scattering self-energy are written as

t<{E) = i\ME)k + h{E)In

(6.38)

(6.39)

with the broadening F defined as F = 27r7pd, where 7p is the coupling to the probes, 
assumed to be identical for all sites in the leads, and d is an energy-independent con
stant, which represents the surface density of states of the probes (constant) within the 
w'ide-band limit; /m is the identity operator in region M (M=L, R, S).

In order to investigate the open-boundary electron dynamics in the time domain, 
Eq. (6.36) is numerically-integrated by using the fourth-order Runge-Kutta (RK4) algo
rithm [206, p. 704]. As initial condition, we use the density matrix ps{to) of an isolated 
dot (not coupled to the probes), constructed from the eigenstates of the Hamiltonian 
//s- The open boundary terms are switched on over a short time interval of 5 fs and 
maintained throughout the simulation. The current through the dot is then calculated 
as a bond current between the dot and the adjacent site on the right [see the definition 
of the bond current in Eq. (2.60)]. The typical parameters of the MPB setup used in 
our simulations, unless specified otherwise, are A^l/r = 90 and = 20. We have tested 
that further increasing the size of the system does not lead to significant difference in 
the I-V characteristics. In order to have one free parameter instead of two, we use the 
condition A=F/2, which has been discussed in detail in Ref. [171], and F = 0.35 eV in 
our simulations.
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In the following section we re[)ort the results of the investigation of electron transport 
through a strongly correlated quantum dot. First, the I-V characteristics of a non
interacting quantum dot, calculated by using the TD MPB method, are compared to 
the analytic results, obtained with the NEGF a})j)roach. In the non-interacting case we 
will also discuss possible sources of NDC in the I-V characteristics. In the second part 
of Section 6.4, we will present tlie results of the time-dependent transport calculations 
for the dot in the CB regime. Finally, we will propose an explanation for the observed 
NDC in the I-V characteristics.

6.4 Results

6.4.1 Non-interacting case

As a test of the applicability of the TD MPB method we first examine the non
interacting case {U = 0). For this situation, we directly compare the I-V characteristics 
obtained from the TD simulations to the ones calculatcxl by using the standard NEGF- 
based Landauer solution, w'hich we refer to as exact NEGF. The comparison is presented 
in Fig. 6.12, where the current is plotted as a function of the source-drain voltage for 
the non-interacting level aligned with the Fermi level in the leads (Eg = Ep = 0). In 
the case of the TD MPB approach, the value for the steady-state current is obtained 
from the I’D simulation for the corresponding value of Esd after the steady-state luis 
been established, i.e. when the variation of the current with time becomes negligible. 
In the case of the exact NEGF method, we use the well-known analytical exi^ression for 
the non-equilibrium current through a non-interacting resonant level (NIRL), coupled 
to two semi-infinite electrodes (see Ref. [17] and Ref. [90, p. 165])

^EN = J dE
rL(E)rR(E)

[E-V^-k{E)Y + [T{E)l2\
x[A(E)-/a(E)]. (6.40)

Here A(E) = Al(E) -)- Ar(E) and F(E) = rL(E) -f rK(E) represent, respectively, the 
real and the imaginary part of the total self-energy due to the presence of electrodes, 
with Al(r) and Fi^r) given by

Al(r)(E) - ^El(r),

7o
rL(R)(/?) = ^f'(270 -|i?L(R) 

7o
2 _ F20 ^^L(R)

(6.41)

(6.42)
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where Ea = E — Sa, Sa being the on-site energy in the lead a [a =L, R). To obtain 
the expression for the current within the NIRL model, we have employed the same 
analytical expression for the surface GF of a one-dimensional semi-infinite TB lead 
that w'as nsed for the calculation of the I-V characteristics of the resonant dimer in 
Section 5.6.1 of the previous chapter [see Eq. (5.145)].

-4 0 2

Figure 6.12: Current through the cinantum dot, /q, as a function of the source-drain 
voltage, Fsd, for zero gate voltage (Fg=0), calculated using the both exact NEGF 
and the TD MPB method, and for two configurations of the leads: £l/r=0 
^l/r=4iFid/2. The inset shows the I-V characteristics obtained with the TD MPB 
approach for £l/r=0 three different gate voltages, V^=1.0, 1.5 and 2.0 eV. The 
following parameters are used: 7o=-1.0 eV, 7c=-0.1 eV and £'f=0. The source- 
drain voltage is applied symmetrically, /hl/r^Ef ± V^^/2. In order to achieve a 
better agreement with the exact NEGF results we use the improved MPB setup with 
E\,(k) = 250, = 90 and P = 0.15.

We consider two possible limits for the on-site energies in the electrodes: {i) the highly 
conducting regime with eQ=0 for all atoms in a =L, R and {ii) the weakly conducting 
regime for which the on-site energies in L(R) are shifted in accordance with the re
spective electrochemical potential, eL(R)=d:Fd/2. As expected, the difference between 
the /- V curves calculated in these two limits becomes significant at large bias, since
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tlie transmission in case (ii) rapidly drops to zero once the bias voltage exceeds the 
bandwidth of the leads (4|7o|). This high-bias NDC effect, stemming entirely from 
the finite electrode band-with, is a well-understood feature of steady-state transport 
in low-dimensional, yet uncorrelated, electron systems [17]. VVe also note that the 
low-bias agreement between the two transport limits can, in principle, be extended to 
arbitrarily high biases Kd by increasing 70 > 14d/4.^

An encouraging result is that for both the transport limits the TD MPB method 
reconstructs rather well the exact NEGF I-V. The agreement is particularly good in 
the highly conducting limit. The smearing of the abrupt I-V features at low bias and 
again the NDC drop at 14^ ^ 47o for the weakly conducting limit are inherent to the 
TD MPB method [171]. These are due to the dephasing factor, which simplifies the 
equation of motion for the density matrix by eliminating temporal non-localities in the 
injection process.

In order to eliminate the drop in the current at large bias voltages and to focus on the 
electron interaction in the (luantum dot, we will use the £:l(r)=0 limit in all the further 
calculations presented. In this case, the saturation current at high voltages is entirely 
determined by the position of the resonant level, set by the gate voltage Vg (see the 
inset of Fig 6.12), relatively to the electrodes band center. As the resonant the level 
approaches the band-edge of the leads [Vg < 270), the saturation current decreases. In 
Section 6.4.2.2 we wall recognize the contribution of the latter effect to the drop in the 
current as a function of the source-drain voltage.

6.4.2 Interacting case

6.4.2.1 Time-dependent transport

While in the non-interacting case the TD current through the dot always reaches the 
steady-state, in the case when electron-electron interaction is considered this is not 
guaranteed. In fact for certain values of the source-drain voltage, for which the charge 
density of the dot approaches unity, the system is driven into a dynamical state, where 
current, density and on-site potential oscillate [145] without ever reaching a steady- 
state.

®We have established that if I70I is increased from 1 eV to 3.88 eV, the results for the current, 
obtained by using two limits for the on-site energies of the leads, differ by at most 3% for I4(i=4 eV 
and for Vg ranging between 0 and 1 eV.
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Figurk 6.13: Real-time evolution of the quantum dot: (a) Charge density of the 
dot (rro) for four different values of the source-drain voltage, 14^ = 1.3, 1.6, 1.7, and 
1.9 eV. The inset shows the fluctuation of the density around unity, Sno, defined as 
5no = (no —1) x 10^. (b) Current through the dot, /q, for two values of 14d- lsd = l-6 eV 
(black solid line), which corresponds to the oscillating regime, and 14^ = 1.3 eV (black 
dashed line) where no oscillations are observed. Note that the corresponding Kohn- 
Sham potential (uks) [red solid line] is also in the oscillating regime (14^ = 1.6 eV). 
The following parameters are used: 70= —1.5 eV, 7c = —0.3 eV, £'f = 1.5 eV, U=2.0 eV, 
£f(r)=0 is taken as a reference of energy. The source-drain voltage is applied asym
metrically {gi—-Ep + 14d, Pr—F'f)-

File question w^e address here is whether such dynamical state can be captured by the 
MPB method. The results of our calculations are shown in Fig. 6.13. For all values of 
the source-drain voltage below a critical value Fg" a steady-state is achieved. However, 
for source-drain voltages above oscillations indeed develop in all the transport- 
related cjuantities. As shown in Fig. 6.13 for this range of F^j the density qtiickly 
reaches the critical value of uq = 1. At the same time the first jump of the on-site 
potential occurs, followed by a series of almost rectangular pulses [see Fig. 6.13(b)]. Due 
to the derivative discontinuity at no = 1, the on-site potential reaches an oscillating 
regime, abruptly alternating in time between two values, one just below and the other 
just above the discontinuity. This translates into oscillations of the charge density 
around riQ = 1 [see the inset in see Fig. 6.13(a)] and also into oscillations in the current
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[Fig. 6.13(b)]. The oscillations in all calculated quantities are in the femtosecond and 
sub-femtosecond range.

Below, we elaborate on the dynamical features observed for different values of 14d- 
The height of the pulses in Uks(0 is equal to the height of the jump of uksI^] the 
derivative discontinuity and it is mainly governed by the value of the charging energy 
U. The width of the pulses increases with increasing 14^. This essentially means that 
the larger is \4d) the longer the system tends to stay in the state with a larger on-site 
potential, corresponding to the density no > 1. Further increasing Kjd will hnally lead 
to a steady-state. The exact value of the threshold voltage, 1/", is difficult to determine 
since the on-site potential changes with time. From simple considerations, however, we 
established that 1/^' > UKs[h], where h is a value of the charge density just below 1. 
For the set of parameters used here 14" « 1.5 eV.

As discussed by Kurth et ai, the dynamical state of the quantum dot described above 
is a manifestation of dynamical Coulomb blockade. By applying a large enough source- 
drain voltage the dot can be charged. However, when the charge reaches the critical 
value r?o = 1, the on-site potential immediately increases by an amount proportional 
to the Coulomb repulsion U, thus preventing further charging. This essentially corre
sponds to the CB regime. In addition, the TD simulations reveal that in this regime 
the quantum dot is alternating betw'een two states, separated by an energy barrier 
determined by U. These two states corresjjond to the fluctuation of the charge on the 
dot around tiq = 1, which originates from the fact that the BALDA potential has a 
discontinuity at tiq = 1 but it is a smoothly varying function of rio away from this 
occupation.

It follows from the discussion that the dynamics of the quantum dot in the CB regime, 
calculated with the TD MPB method, is in a good agreement with the results reported 
in Ref. [145] both qualitatively and quantitatively. We have established numerically 
that the two different methods reproduce practically identical dynamical trajectories 
for all the observables in the long-time limit in the case of an interacting system. 
The remaining differences are limited to the early stage of the time evolution. A 
characteristic feature of the on-site potential of the dot, observed in Ref. [145], is a 
transition period just after the start of the oscillations, where the series of rectangular 
pulses in the time-dependent Uks is preceded by a larger pulse whose width increases 
with \4d- This characteristic transient pulse is not present in our calculations (see 
Fig. 6.13).
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Figure 6.14: Real-time evolution of the quantum dot in the closed-boundary setup: 
(a) Charge density of the dot {no) for three different values of the source-drain 
voltage, 14cj = l-2, 1-3, and 1.4 eV. Current through the dot, /q, [thick lines] and 
the corresponding Kohn-Sham potential, vks, [thin lines] for (b) Fsd = l-2 eV, (c) 
14d = l-3 eV, and (d) 14^ = 1.4 eV. The parameters are the same as in Fig. 6.13. The 
source-drain voltage is applied as a rigid shift of the on-site energies in the left lead.

In order to establish to what extent the transient pulse is determined by the initial 
conditions, we performed TD simulations for the same system as shown in Fig. 6.10 
but without attaching the external probes, i.e. for a closed-boundary finite system. 
Instead, we applied the source-drain voltage as a rigid shift of the on-site energies 
in the left lead, i.e. a term 14^ has been added to the Hamiltonian
for O' = L [see Eq. (6.22)] at the start of the TD simulation. We used longer leads 
[^h{R) =220] and limited the time of the simulations to 100 fs, which is sufficient to 
observe the time propagation before the reflections from the finite boundaries start to 
affect the dynamics. The time-dependence of the charge density, current and on-site 
potential, obtained from the closed-boundary simulation, is presented in Fig. 6.14. In 
contrast to our open-boundary simulations, we indeed observed ciualitatively the same 
transient regime as in Ref. [145]. This is mainly characterized by an earlier onset of
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the CB oscillations for larger source-drain voltages and by the increase of the width of 
the first pulse in the time-dependence of the Kohn-Sham potential with increasing 14d-

Finally, we note that in the earlier works by Rodrigues et al. [212, 213] the effect 
of electronic correlations on the transport properties of a quantum dot in the CB 
regime has also been addressed. The authors performed a time-dependent study of the 
Anderson impurity model, based on the decoupling procedure to solve the equation of 
motion for a single-particle operator [104], By varying the parameters of the dot and 
the value of the applied bias voltage, they identihed a s{)ecial region of the parameter 
space, in which no stationary solution is possible. This region clearly corresponds to the 
CB regime. In the time-dependent simulations the authors observed highly non-linear 
self-sustained oscillations in the current and in the charge density in the picosecond 
range. Although these are qualitatively and quantitatively different from those found 
in Ref. [145] and in our work, they have also been attributed to strong correlations. 
It is worth mentioning that the interest in Coulomb interaction-induced nonlinearities 
and multistubilities in quantum transport, can be traced back to the observation of 
nonlinear effects in three-dimensional double-barrier heterostructures [80], manifested 
as a bistability in the negative differential resistance region of the /- V characteristics.

6.4.2.2 Steady-state transport from time-dependent simulations

In the previous section we demonstrated that, within a certain range of parameters, the 
discontinuity of the DFT i)otential prevents the quantnm dot from evolving towards 
the steady state. Outside such range, however, a steady-state is achievable. Here 
we determine the steady-state current through the dot for various gate voltages and 
map out the corresponding I-V curves. For situations, where the dot is trapped in 
oscillations, we take as steady-state cnrrent its time-average in the long-time limit.

The linear response conductance as a function of Vg is depicted in Fig. 6.15. This 
is calculated as the finite-difference ratio A/o/A\4d close to zero bias (for the very 
low but finite bias Al4d = 0.01 eV) and represents an aj)proximation to the zero-bias 
differential conductance. In the non-interacting case, the conductance is composed of 
a single peak centered at around Fg=1.5 eV, which corresponds to the Fermi level of 
the leads. This is expected from the steady-state picture of transport through a non
interacting resonant level. In principle the width of the resonance peak is given by 
the dot-lead hopping integral 7c. In our TD MPB calculations, however, there is an
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Figure 6.15: Differential conductance of the dot as a function of the gate voltage 
(Fg) for the Kohn-Sham potential, r;Ks, [thick solid lines] and for the Hartree po
tential, r>H, [dashed lines] with U=l, 2, and 3 eV, and for the non-interacting case 
(thin solid line). The inset shows a comparison between the density-dependence of 
^’KS (solid lines) and nn (dashed lines) for the same values of U. Parameters are the 
same as those of Fig. 6.13 and Fsd = 0.01 eV.

additional resonance broadening factor (r^) related to the dephasing condition in the 
e(|nations of motion. Its corresponding energy unit, A = /i/r^, can be associated to a 
fictitious temperature, smearing the electronic energy distributions in the leads [171]. 
As a result, a suppression of the transmission resonance proportional to 1/A is also 
expected. This is the reason why the amplitude of the conductance peak in the non
interacting case (see Fig. 6.15) is below the conductance quantum Go = 2e^/h.

In the interacting case the Anderson impurity model predicts a conductance plateau 
for 7’ < 7k and two distinct Coulomb peaks in the conductance as a function of the 
gate voltage for T > 7k (see Fig. 6.9). While the former is a signature of the Kondo 
effect for a singly-occupied dot, the latter are manifestation of charge quantization at
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the dot and correspond to each of the two integer electron nnniber states, in which the 
dot is inhabited by one or two electrons, respectively. Hence in the zero-temperature 
limit and for zero bias one expects to see the conductance plateau. Rec’ently reportf'd 
results [22, 234] suggest that the DFT-I-NEGF approach with the XC functional, which, 
like the BALDA one, exhibits a derivative discontinuity at integer occupation, is able to 
reproduce this behavior quantitatively. This is an indication that our time-dependent 
approach might also be able to describe the zero-temperatnre linear-response regime.^ 
Below we describe our findings.

In the case of the Hartree approximation, the gate-voltage dependence of the conduc
tance represents a broad asymmetric peak, whose width is proportional to U. In the 
case of the full discontinuous effective potential (uks), one can distinguish a special 
range of the gate voltages, roughly between the position of the U = 0 resonance level, 
Vres = ^F) ail'll file value Kes “ for which we observe features in the conductance 
quite different from the Hartree-only case. The width of this region increases with 
increasing IJ and is given by the value of the jump of the on-site potential r’Ksi'^o] at 
the discontinuity. For the TD calculations with cks and for Vg in this range no steady- 
state is achieved. Hence, the conductance curves in this region of Fg, which resemble 
a plateau for large (/, carry some degree of arbitrariness, associated with the interpre
tation of the time-averaged TD current. In fact, for those gate voltages, which drive 
the charge density of the dot close to unity, even the calculation of the ground-state 
is problematic from a numerical view'point, because of the derivative discontinuity. In 
such cases we used the following iterative procedure. Let be the value of the gate 
voltage, for which the ground-state (initial) density is calculated self-consistently, while 
Fg*^ -|- SVg is the value of the gate voltage for which the self-consistent calculation does 
not converge. In this case, the final density, obtained at the end of the TD simulation 
with Fg=Fg‘^, is taken as initial density for the simulation with Fg=Fg° -|- (jFg.

In Fig. 6.16, we present a more detailed comparison between the transport-related 
quantities, calculated for uks I'm for a particular value of U {LI = 2) and for 
U = 0. The region of the gate voltages, for which no steady state is found, is marked 
on the graph by the dashed vertical red lines. The most striking difference between 
the results obtained with the Hartree approximation and with the full discontinuous 
effective potential can be seen in the gate-voltage dependence of the charge density

®Note that our model is the zero-temperature one. The only thermal-like effects enter the TD MFB 
formulation through a dephasing mechanism in the process of injection of carriers from the battery 
into the leads, which acts like a fictitious temperature, smearing the Fernu-Dirac distributions in the 
leads.
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FlGUEiE 6.16: (a) Differential conductance, (b) charge density and (c) the Kohn- 
Shain potential of the dot as functions of the gate voltage (Vg) for the full discontin
uous potential, ukS; [thick solid lines] and for the Hartree potential, uh, [dashed lines] 
with U=2 eV, and for the non-interacting case (thin solid line). The vertical dashed 
lines on all three panels mark the range of gate voltages, for which the charge density 
of the dot is around unity and therefore no steady state is found due to the derivative 
discontinuity. Parameters are the same as those of Fig. 6.13 and 14d = 0.01 eV.

[see Fig. 6.16(b)]. In the case of uh the discharging of the dot with increasing Vg is 
nionotonic. In contrast, in the case of uks fhe dependence exhibits an almost step-like 
feature at uq = 1 due to the discontinuity. If fact, for all values of Vg in the special 
range the time-averaged charge density is approximately unity, e.g. the dot is singly- 
occupied. The smoothing of the discrete step for the values of Vg outside this range, is 
determined entirely by the shape of r^Ks[?^io] away from the discontinuity: ?;ks[^o] has 
an upward slope for 0 < no < 1 and 1 < no < 2 [see Fig. 6.11(b)].

In the same way, from the time-averages in the long time-limit, we map out the I-V 
characteristics of the interacting dot (uks) at a given Vg (see Fig. 6.17). A remarkable 
feature of the /- V curves is the drop of the current and therefore the negative differential
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Figure 6.17: Current through the dot, Iq, a function of the source-drain voltage, 
I4cli for t’KS and different values of U. The horizontal dashed lines represent the 
corresponding saturation currents Is (see text for the exact definition). The following 
parameters are used: 70=—3.88 eV, 7^=—0.5 eV, £'p = 1.5 eV, V^=2.0 eV.

conductance (NDC) at large source-drain voltages, which is almost negligible for small 
U but increases with increasing U.

For all values of U the current initially increases with increasing V^d as the dot is 
charging. It then reaches its maximum value as the charge density approaches no = 1. 
This point corresponds to a threshold source-drain voltage which is roughly the 
same for all values of U. Beyond I/", the system is driven into a dynamical state 
(where the steady-state current is calculated by averaging out the oscillations). In the 
limit of very large l/gd, the dot recovers its long-time tendency to a steady state and 
the average current saturates. At saturation and beyond, the dot occupation is above 
1 and the on-site potential assumes a value above the discontinuity. Hence, the on-site 
energy at the dot is proportional to the jump of the Uks at no = 1, i.e. it is proportional 
to U.
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Figure 6.18: Current (a), density (b) and on-site potential (c) of the dot as a 
function of the source-drain voltage, for vks with C = 5 eV and for r’n with 
{7 = 9 eV. The inset shows uks finh I’H as fnnctions of the dot density for the 
corresponding values of U. The parameters are the same as those in Fig. 6.17.

As discussed in Section 6.4.1 for the non-interacting case, the saturation current de
creases with increasing the dot on-site potential, because of the finite bandwidth of 
the electrodes. For the same reason here the drop of the current becomes larger when 
U increases. In fact a large U corresponds to a large value of the steady-state on-site 
potential, wdiich then approaches the electrodes’ band-edge. In order to confirm this 
conjecture, we com[)are the saturation current Is calculated at finite U, with that for 
{/=0 and Vg equal to the steady-state on-site potential corresponding to that obtained 
at the same U. Indeed Is matches quite well the value of the current obtained at large
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source-drain voltages in the I-V characteristics of the interacting dot (see horizontal 
dashed lines next to each curve in Fig. 6.17). This argument can obviously be reversed, 
i.e. the NDC cannot be observed, if the variation of the on-site i)otential at the deriva
tive discontinnity, determined by U, is much smaller than the electrodes’ bandwidth. 
For instance, for the same set of parameters used before for the dot-f-electrodes system, 
such NDC-free situation is found for U = 2 eV {U 4|7o| for 70 = 3.88 eV). In this 
case the drop of the current above 14^'' is practically negligible.

Importantly, the NDC displayed in Fig. 6.17 is not found in 1-V curves calculated 
within the Hartree apirroximation, even for large values of U (see Fig. 6.18). When 
comparing calculations at the Hartree level wuth those performed w'ith the complete 
Kolm-Sham potential we intentionally use different [I. These are selected in such a way 
that the value of the potential at no = 1 is identical in the tw'o calculations [see the inset 
in Fig. 6.18(c)], i.e. in such a way that the two calculations give the same saturation 
current. At variance with the complete Kohn-Sham case, in the Hartree only problem 
the current, as well as the density and the on-site potential, monotonically increase 
with V'sd until the saturation is reached. Based on these numerical results we can 
argue that the existence of the discontinuity in uxc (he. the derivative discontinuity 
in the XC energy) is a necessary condition for the occ'iirrence of the NDC in the /- 
V characteristics. The shallow increase of the on-site potential with the charging, 
produced by the opening of the bias window, keeps the resonant level away from the 
electrodes band edge and allows the current to rise. Once the on-site charge exceeds 
no = 1 and the resonant level energy shoots up towards the band-edge, the currents 
drops. The averaged dynamical current monotonically approaches its saturation value 
corresponding to a steady-state solution.

6.5 Summary

In this chapter, we have investigated the electronic transport through a strongly cor
related quantum dot by using the multiple-probe battery method for time-dependent 
simulations of open systems. Our aim was two-fold. Firstly, we tested the applicability 
of this new method to a problem involving strong correlations as in Coulomb blockade 
and compared the results to those obtained by Kurth et al. in Ref. [145], where a 
conceptually different approach to time-dependent transport was employed. In partic
ular, the results reported in Ref. [145] suggest a novel picture of Coulomb blockade as
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an intrinsically dynamical process, during which the system does not evolve towards 
the steady state. Onr investigations of the real-time dynamics of the quantum dot 
confirmed these findings. Indeed, we observed self-sustained oscillations in the current, 
density and effective on-site potential, which originate from the derivative discontinuity 
of the approximate exchange-correlation potential used.

Secondly, we addressed the question of how the results, obtained from the time- 
dependent simulations, can be related to a more familiar steady-state picture of trans
port through a strongly correlated quantum dot. In particular, we calculated the 
time-averaged current through the dot in the long-time limit in two regimes: (i) vary
ing the local-gate voltage for a small but finite source-drain voltage, i.e. the linear 
response regime; (h) varying the source-drain voltage for a fixed local-gate voltage. In 
the first regime, we have demonstrated the effect of the Cotilomb repulsion strength 
on the shape of the conductance curves. In the second regime, we have found that 
the I-V characteristics of the quantum dot exhibit a drop in the current and, as a 
consequence, a negative differential conductance, which increases with increasing the 
charging energy U. The observed NDC occurs at a critical bias voltage and for a range 
of parameters, for which the dot is in the oscillatory Coulomb blockade state and no 
steady state is found. Moreover, the NDC is present only when the quantum dot is 
described at DFT level in which the approximate XC potential exhibits the derivative 
discontinuity at unitary occupation. Our calculations suggest, however, that the full 
explanation of the current drop and of the NDC needs to take into account also the 
effect of the realistic band structure of the electrodes, namely the finite bandwidth.
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Chapter 7

Conclusions and Future work

With the growing interest in exploring and exploiting the spin degree of freedom for 
applications in data storage and processing, there is an increased need for a detailed 
atomistic description of spin dynamics. A number of methodological and computa
tional schemes for atomistic magneto-dynamics been developed so far [72, 144, 191, 
225, 231, 254]. Although large-scale fully ab initio simnlations of magnetic systems 
are still computationally expensive, approximate methods for spin dynamics arc be
coming feasible [225] and have been already applied to realistic materials with complex 
magnetic ordering at the atomic scale [8].

A less explored area, compared to magneto-dynamics of isolated systems, is that of 
real-time simnlations of spin transport and current-driven spin dynamics in nanoscale 
and atomic-scale systems. These however are potentially powerful tools for under
standing and modeling of next generation electronic devices. As the techniques for 
fabrication and manipulation of nanoscale systems are being perfected, the focus of 
the experimental and theoretical research is shifting towards investigations of electron 
transport in nanoscale junctions [211]. Numerical algorithms for first-principles calcu
lations of electronic transport in such devices have been firmly established in the case 
of steady-state transport [210]. In contrast, the extension of the existing methods to 
time-dependent phenomena is a relatively new avenue of research. Yet the importance 
of time-dependent effects in electron transport, inaccessible by standard steady-state 
approaches, has been already recognized [145, 219, 272].

In view of these developments, the main objective of the present dissertation has been 
that of constructing a time-dependent computational scheme, capable of describing

201
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the time evolution of spin systems under cnrrent-carrying conditions. Onr strategy has 
been to first implement a fully atomistic time-dependent method for spin dynamics 
in isolated systems and further extend it to include electronic open-boundary condi
tions. The method has been developed in the spirit of the tight-binding model but 
it is transferable to more accurate first-principles methods such as density functional 
theory [70].

We began in Chapter 2 by providing an overview of the underlying theoretical and 
computational framework for closed-bonndary simnlations of spin dynamics. This is 
based on the integration of the quantum Liouville eciuation [283], which is the ana
logue of the time-dependent Schrodinger equation for mixed ensembles and describes 
the time evolution of the density matrix, associated with a given system. We then 
discussed the implementation based on the tight-binding model and on the Ehren- 
fest approximation to spin dynamics. The latter is a spin-version of the well-known 
method for molecular dynamics (bearing the same name) [100, 102], wdiicli allows one 
to separate electronic and spin degrees of freedom and to treat them onto two diflerent 
platforms - as quantum and classical variables, respectively. However, unlike in the 
Born-Oppenheimer approximation [27], which is also used in molecular dynamics and 
is the basis for adiabatic ab mitio spin dynamics [9], the two subsystems interact with 
each other dynamically.

In Chapter 3 we investigated the charge-only dynamics in mono-atomic chains. Our 
long-time dynamical simulations allowed us to map out the excitation spectra by 
calculating the Fourier transform of the dynamical charge-density distribution along 
the chain over both the space and time coordinates. The spectra revealed a nnm- 
ber of interesting features, which vary systematically with the system parameters and 
bear a close resemblance to the excitation spectra of one-dimensional Heisenberg spin 
chains [56, 183].

In Chapter 4 we focused on the electrostatic gate control of the dynamical exchange 
interaction between two well-separated localized spin-impurities, linked by a mono- 
atomic wire. The spin dynamics was treated at the Ehrenfest level, with the interac
tion between the impurity spins and the itinerant electrons spins described by the s-d 
model [275]. We showed that by applying an electrostatic gate in the middle of the 
wire particular resonance conditions can be created, for which the dynamics becomes 
highly non-linear.
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Chapter 5 was entirely devoted to the theory of electron transport in nanoscale junc
tions. We started with the general formulation of the electron transport problem in 
the two-terminal Landauer setup and then incrementally added new concepts to the 
discussion. In particular, we described the nonequilibrium Green’s function (NEGF) 
approach to the steady-state transport [90]. We then presented our implementation of 
the multipl(v])robe battery (MPB) method [171, 247] for the description of the time 
evolution of current-carrying systems.

In the MPB transport setup a central region (device) is attached to two large but 
finite electrodes, with each atom in the electrodes coupled to an external probe via a 
Hamiltonian matrix element. The probes, attached to the left and to the right electrode, 
represent the opposite poles of the battery. The electric current flow is generated by 
the potential difference at the contacts between the battery and the electrodes, which 
is introduced as the difference between the chemical potentials of the left- and the 
right-hand side probes. The time-dependent version of the method is based on the 
integration of the effective quantum Liouville equation with explicit source and drain 
terms. These are derived with the help of two main approximations, namely the wide
band limit in the probes (but not in the electrodes) and the presence of the dephasing, 
or deeoherence, mechanism in the process of injection of carries from the probes into 
the electrodes. We have implemented a spin-polarized time-dependent and steady- 
state versions of the MPB method. As a test we have performed quantum-classical 
time-domain simulations of spin-excitations in atomic chains.

I’he simplicity and generality of the MPB method makes it well-suited for the im
plementation of first-principles schemes for spin dynamics. An ideal platform for this 
is provided by time-dependent density functional theory, within the time-propagation 
formalism using a localized atomic orbital basis set [176, 230]. In addition, the MPB 
method can be parametrized in such a way that a reasonable approximation to trans
port in a conventional two-terminal setup with semi-infinite leads can be obtained even 
for relatively small electrode size (few tens of atoms). The size of the buffer region 
between the device and the electrodes, which has to be long enough for the injection to 
be considered incoherent, may be also reduced by using two- or three-dimensional slabs 
instead of mono-atomic chains. In this case, due to the additional degrees of freedom, 
the speed of the signal, propagating from the leads to the interior of the central region, 
is decreased. Therefore the dephasing condition may be satisfied for a smaller number 
of atoms, compared to the one-dimensional case. These simplifications can, in princi
ple, rediice the system size down to a range accessible by first-principles calculations.
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Examples of systems, that we envision as possible candidates for first-principles-based 
time-dependent simulations of transport, include quantum point contacts - narrow 
atomic-sized constrictions between wide conducting regions (electrodes) [258, 260].

Another possible line of research, this time within the model-Hamiltonian framework, 
is to combine some of the methods discussed in Chapter 4 with the MPB approach to 
transport. Recently the unique spectroscopic capabilities of the low-temperature scan
ning tunneling microscope (STM), combined with in situ manipulation and imaging 
techniques, have been used to study magnetic and electronic properties of quantum 
nanostructures [91]. In particular, it has become possible to measure the conductance 
spectra of isolated and magnetically coupled transition-metal atoms (Fe, Co, Mn) de
posited on non-magnetic substrates [97, 193]. This has stimulated theoretical efforts 
to explain the features found in experimental I- V curves, in particular associated with 
the spin-flip i)rocesses (see Ref. [107] and references within). A recent theoretical work 
on spin-transport properties of monoatomic magnetic chains and individual transition- 
metal atoms has been very successful in quantitatively describing the experimental 
results [106, 107]. The calculations are based on the s-d model, which describes the 
coupling between the conduction electrons spins and the spins of magnetic atoms. The 
electron transport is described within the steady-state NEGF formalism. However, in 
this work the inelastic spin-flip scattering processes are introduced perturbatively, up to 
a certain order in the s-d exchange interaction. This is due to the fact that in the NEGF 
formalism the many-body Green’s function of the system in the presence of elecdron 
tunneling has to be calculated via a perturbation expansion of the interaction {s-d) 
Hamiltonian. In contrast, we expect that our numerical scheme for time-dependent 
spin transport, within the approximations inherent to the MPB method, is able to 
deal with arbitrary interaction strengths as it does not rely on the perturbation theory. 
Our immediate objective is to extend the quantnm-classical model, presented in Chap
ter 4, to a fully quantum s-d Hamiltonian [275] and to further incorporate it into the 
MPB transport setup. With these numerical tools we intend to address the problem of 
spin-flip inelastic electron tunneling spectroscopy from a time-dependent perspective.

Finally, in Chapter 6 we presented a time-dependent study of electron transport through 
a strongly-correlated quantum dot. The many-body Hamiltonian of the dot, described 
by tlie Anderson impurity model [5], has been mapped onto an effective single-particle 
Kohn-Sham Hamiltonian in the framework of the adiabatic lattice density functional 
theory. We used the Bethe-ansatz local density approximation (BALDA) for the 
exchange-correlation (XC) functional, proposed by Lima et al. [158]. Notably, this
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approximate functional has a derivative discontinuity at integer occupation, a funda
mental i)roperty of the exact XC functional [47, 199, 202]. In the time-dependent 
regime, we found self-sustained oscillations in all transport-related properties (calcu
lated as functions of time) in the range of parameters corresponding to the Coulomb 
blockade regime. This behavior, originating from the derivative discontinuity of the XC 
functional, has been previously observed in the calculations by Kurth et al. [145], where 
the same description for the quantum dot was used but the time-dependent electron 
transport was treated in a conceptually different way. In addition, we were able to 
calculate, from dynamical simulations in the long-time limit, the I-V characteristics of 
the dot and the linear-response conductance as a function of the gate voltage. Recent 
studies suggest that the zero-temperature linear-response conductance in the Ander
son impurity model, calculated from the Kohn-Sham levels for a numerically exact XC 
functional [22, 253] and for a novel temperature-dependent functional which exhibits a 
derivative discontinuity [234], reproduces closely that computed with many-body ap
proaches. Our results for the linear-response conductance, calculated with the BALDA 
functional, qualitatively agree with these findings.

In the case of the I-V characteristics, we found a negative differential conductance 
(NDC) at some critical bias voltages, which becomes more pronounced with increas
ing the charging energy U (this parameter expresses the strength of electron-electron 
interaction on the dot). Although the Hartree (mean-field) calculations do not repro
duce this result, we showed that the NDC is primarily caused by the finite bandwidth 
of the electrodes. The effect of the electron-electron interaction on the steady-state 
transport through a Coulomb island has also been addressed in several recent works 
by using many-body perturbation theory [61, 187] and time-dependent density matrix 
renormalization group (TD-DMR,G) [28]. These studies also found NDC in the I-V 
curves, which occurs at large bias voltages and increases with increasing U. In all 
the above mentioned works the NDC has been attributed mainly to electron-electron 
interactions. Therefore it would be instructive to further compare our results to those 
obtained with many-body approaches, which did not use the wideband approximation 
in the electrodes. This is the case for the TD-DMRG-based study, reported in Ref. [28], 
where finite electrodes with realistic band structure were used. In a certain range of 
the parameter space, particularly for large bias voltages and large Coulomb interaction 
strengths, one may expect that the finite-bandwidth contribution to NDC is not negli
gible and great care should be taken when attributing NDC solely to electron-electron 
interactions [17].





Appendix A

Adiabatic perturbation in a 
two-level system

We consider a system which consists of two sites (a dimer), described by a tight-binding 
Hamiltonian with on-site energies e\ = £2 = £0 and a hopping integral 7 7^ 0 between 
the sites. A time-dependent perturbation in the on-site potential of the first site is 
introduced at the initial moment of time t = Iq such than £i ^ Eq + V{i)-

I'he Hamiltonian matrix fl{t) corresponding to the Hamiltonian of the system H{t) 
at subsequent moment of time t after the perturbation, expressed in the basis of the 
localized atomic orbitals |1) and |2), reads

If i t) =
£o + y{t) 7

7 ^0,
(A.l)

We further assume that the gate potential was introduced in the remote past (to ^ 
— cxd) and V{1) — V for all times t later than to- d’lie eigenstates of the Hamiltonian 
//(t) thus read

ei(t) = e, = i (2eo + 1/- ,

62(0 = ^ (2eo + K + 1/472 -I-1/2j

(A.2)

(A.3)

I'he dependence of the two eigenstates on the value of V is presented in Fig. A.l. It 
follows immediately from the figure that the two curves corresponding to ei and €2 lie
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V

Figure A.l: Adiabatic variation of eigenvalues of H{t) with the gate potential V: 
ei{f) [red] and e2{t) [blue]. The dashed lines show the diabatic eigenvalues eo and 
£0 + Vh

in the area defined by two asymptotes, namely, Cj = £o Jtnd = £o + Since in 
the case of the non-zero hopping 7 the eigenvalues of //(f), given by Eq. (A.2) and 
Etp (A.3), can not be degenerate, an avoided crossing [149, p. 302] is formed between 
ei{V) and e2{V) around V = Q. The asymptotic values Cj and are given by tlie 
diagonal elements of the Hamiltonian matrix [see Ecj. (A.l)], e.g. by the eigenvalues of 
// in the case of isolated sites (7 = 0), and can be referred to as diabatic eigenvalues. 
The diabatic eigenstates describe the evolution of the system in the case of an inhnitely 
short perturbation. This can be intuitively understood as follows. If the time scale of 
the perturbation r is much smaller than the characteristic time of the interaction [/t/7 
for the system described by Eq. (A.l)], the system will not change its configuration 
over the time-interval r and its constituents would evolve independently. In the case 
of the dimer with the gate potential V applied to one of the atoms, the eigenvalues 
corresponding to the diabatic eigenstates £o-i-V and eo are the atomic orbitals ]1) and 
]2), respectively.

We note that the purpose of the derivation presented in this Appendix is merely to
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illustrate the concept of the avoided crossing for a system subject to a dynamic per
turbation in the form of an electrostatic gate potential, as discussed in Chapter 4. The 
examj)le considered here is similar to a more canonical example of a two-level system 
in an external magnetic field.
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Appendix B

Multiple probe approach: 
derivations

B.l Perturbative expansion of the time-evolution 

operator

Here we provide a proof for the following equation [see Eq. (5.115)]

U{f, t) = Uo{t, ^ r')E(r')f/o(r', r)dr'. (B.l)

L('t us denote the left-hand side of Eq. (B.l) as M and the right-hand side as N. By 
using the equation of motion for U [see Eq. (5.107)], we find

IF =
(B.2)
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In order to calculate the derivative of N we use the Leibniz integral rule 

dN d[Io{t,T) d 1
dt

'Llius we have

Mf
dt ih+ 717^“/ U{t,T')V{T)Uo{T',T)dT' =dt dt

— flo{t)Uo{t,T) d- (L ' Uo{t,T) +
=i =H{t)-Ho{t)

l>(r')(/„(T'.r)<ir' =

1{t)lJ{ty) + -[H{t) - H,{t))Uo{hT) +

J H{t)U{t,T')V{T')Uo{T\T)dT' =

^ ^//(f.)(/o(LT) + ^ y /7(/.) f/(/,r')B(r')(/o(T',r)dr'

Uo{t, '^) + ^'r')V{t')IX{t\ T)dT
ih

/
I

V =N

\

Assunhng the initial conditions for A/ and N are the same, we find

(B.3)

(B.4)

(B.5)

M = N. □ (B.6)

B.2 Calculation of the open-boundary terms

In this section we derive the expression for /5sp(f) given by Eq. (5.118). In order to do 
this, we will re-write the formal solution of the Liouville-von Neumann equation for the 
total density matrix p{t) [Eq. (5.103)] in the matrix form. For this we need the matrix 
representations of the total density matrix p{t) and the corresponding propagator U{t), 
which have been already introduced and are given by Eq. (5.100) and Eq. (5.108), 
respectively. We also need the block-matrix representation of the density matrix at the
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initial time to, which can be written as

p(^o) =
Psifo 0

0 Pn(^o),
(B.7)

where we assnmed that psp{to) = ppsit-o) = 0. Hence, the equation for p{t) in the 
matrix form reads

^ Ps{l) Psp(0\ 
,Pps(0 Pp{1) )

Us{t,to) Usp{t,to) 

(7g(t,to) Ogp{t,to)
f7pg(t, to) Up{t, to)

/5s(^o) 0
0 pp{to)

(B.8)

By solving this matrix equation, the following expression for the off-diagonal element 
psp{l) of fhe total density matrix is obtained

PHp{t) — Pps(0 — f7sp(t,/o)pp(fo)f7p(/, to) + f7s(t,/o)ps(to)f7sp(/., to). (B.9)

Let us denote the first term on the right-hand side of Eq. (B.9) as '1\ and the second 
one as

VVe perform the same procedure with Eq. (5.117), which represents the perturbative 
expansion of , e.g. we substitute the full effective propagator fA, the free propagator 
Uq and the interaction Hamiltonian = /7gp -f /7pg, entering the equation, by their 
matrix representations. The following equation is thus obtained

'Ulihto) Ulp{t,to)
OUfJo) f7,t(/,,/,o)

/f7otg(t,to) 0 \
V 0 uUt,to))

1 r /f7f(r,to) f7gV(r,to) 
u7fg(r,to) Ul{T,to)

0
/7ps(^)

/7^p(^) 'uU^^,t) 0
. 0 UUtM),

(B.IO)
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By solving the above equation for each element of the matrix on the left-hand side, we 
find

ulitM
\ f' ^

= ^ds(^^o)-^y 7'sV(Bfo)/7ps(T)f/Js(t,T)dr, (B.ll)

ulitM) = f^dp(^^o)-^y f/,ts(T,<o)/7sp(T)t/oV(7^)(^B (B.12)

f7sp(L to) = “4 / 7/d(r,to)//sp(r)7/oV(t,T)dr.
J to

(B.13)

By inserting Eq. (B.12) into Ti and Eq. (B.13) into and obtain

'l\ — Usp{t,to)pp{to)Uop{t,to)—

T2 = f Os{t,to)hito)OliT,tQ) Hsp{T)Ul^y>{t,T)dT =
Jtn '-------------------------------------- ---------------------------------------- '

=Ps(Cr)

/ ds(f,r)//sp(r)f/,|p(t,r)dr. (B.15)

Since the second terms on the right-hand sides of Eq. (B.14) and Eq. (B.15) are 0, we 
obtain the final expression for /3sp(f)

If'
PHp{t-) = Osp{t,to)pp{to)Uop{t,to) - ^ PH(/,T)/7sp(T)r/op(/, r)f/r. (B.16)

This coincides with Eq. (5.118). □

B.3 Dephasing factor in the injection terms

The purpose of this section is to demonstrate that the introduction of the dephasing 
factor in the injection terms is equivalent to replacing the Fermi-Dirac distri
butions of the probes fa{E) with effective broadened distributions fa{E) for a — L, R. 
Let us consider the following integral

/.()

J-b
(B.17)
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where t > 0 and 6 > 0. The limits of integration can be extended to as follows

J = J+ 00
{6{uj + h) — 0{ijo)] dui, (B.18)

where the difference between the Heaviside step functions in the square bracket satisfies

(cu + 6) - 0{lu)]

>Q,u;E [-6,0]
< 0,(j; e (—oo, 6) (J (0, +oo)

(B.19)

One of the available smooth analytical approximations to the Heaviside step function 
0{x) reads

n 1 1
(B.20)d(x) — lim

k—*-\-oo
- H— arctan(A:x) 
2 7r

For finite k, 9{x) = [| + ~ arctan(A’a;)] is an approximation to the Heaviside step func
tion with a smoothing parameter k. By inserting the above equation into Ecj. (B.18), 
we othain

J duj = J arctan[/i’(c<;-b 6)1-----arctan(/^a;)| do-’. (B.21)

Let us denote
f{uj,h) = — {arctan[A'(cu + 6)] — arctan(A:(x;)}.TT (B.22)

For 6 -f-cxo, arctan[A:(a; -I- 6)] —» | and we get

f{uj)= lim f{uj,b) = ------ arctan(A:a;).
6->+oo 2 TT

(B.23)

Figure B.l shows the distribution f{uj) as a function of the argument uj for two values 
of the smoothing parameter k, namely for k = 10 and k — 100 and for a very large 
(positive) k {k ^ oo). Assnming that — k is large enough so that ^ 1,
Eq. (B.21) can be re-written as

/0 y’+oo

b J
(B.24)

where /{co) is given by Eq. (B.23) with k = ta- Finally, by converting the argument 
of the distribution / into the energy-domain, we obtain

/n(^) = ^ - arctan [{E - Pc»)/A],
Z TT

(B.25)
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where a = L, R. The fictitious distributions fa{E) satisfy faiti-a) = 1/2 and /a(+oo) =
0, similarly to the original Ferini-Dirac distributions fa{E). While in the zero-temperature 
limit {T = 0) fa{E) are step functions, the fictitious distributions fa{E) are step func
tions smoothened by 2A. □

Figure B.l; The distribution /(u;) as a function of uj for k = 10, k = 100 and a 
very large positive k {k oo).



Appendix C

Anderson impurity model for a 
strongly correlated quantum dot: 
approximate solution

We consider electron transport through a Coulomb island (quantum dot) between two 
one-dimensional semi-infinite non-interacting leads, described by the Anderson impu
rity model. The Hamiltonian of the system reads

= X] H Ca ci cfa + (^0
a=L.R t,fT a=L,R

+ Y + 7c Cq^ C^r + /?.C.)

a

+ Y^d^o+U n^ni, (C.l)

where are the on-site energies, 70 is the hopping integral and is the creation
(annihilation) operator for an electron with spin a ((T=|, J.) at the atomic site i of the 
lead o; Co^(co) is the creation (annihilation) operator for an electron with spin a on 
the dot and 7c is the hopping integral between the dot and site i=\ in the lead a. In 
the Hamiltonian of the dot (last two terms) is the on-site energy of the dot, which 
can be controlled by the local gate voltage Cg, [/ (f/ > 0) is the charging energy, which 
expresses the strength of the Coulomb repulsion, and nQ=Co^Co is the site-occupation 
operator of the dot. We will further assume that el = fi = Cd-
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The spin-resolved Green’s function (GF) of the dot in isolation is given by

r{E) = 1 - n?,
+E-ta E-ta-U^

(G.2)

where cr denotes the spin opposite to a and is the spin-density of the dot. For the 
retarded (advanced) GF E = linp^o+ E ± le.

As a next step, one needs to introduce the coupling to the leads. In the simplest case, 
the retarded (advanced) GF of the interacting dot in the {)resence of the tunneling 
between the dot and the leads can be written as [90, p. 171]

C-<r,±(^E) = +
E - Cd - E± i? - td - G - S± '

(C.3)

where we have introduced the self-energy E due to the coupling to both leads, which 
now substitutes the infinitesimal e in the expression for the GF of the isolated dot. By 
neglecting the real part of the self-energy in the wideband limit and by assuming that 
the broadening matrix F is an energy-independent constant (F = 'Inj^d with d being 
the density of states in the leads), we can substitute E^ in Ecp (C.3) by ^iF/2.

'File spectral function is then given by

1
TT

1
27r

F(l-0
{E-Cdf + {r/2f +

Frin

[E-e^-Uf+ {r/2f (C.4)

The spectral function is represented by the sum of two Lorentzians, centered respec
tively at Cd + E. This two-peak structure corresponds to the Coulomb blockade
physics: the first peak, located at E — corresponds to adding an electron to the 
dot, while the second peak, centered around E = + U, corresponds to adding an
extra electron, which requires the energy U.

In order to calculate the total current I through the Coulomb island, we use the general 
formula for the steady-state current

n{E) G<{E)+

-t- [fUE)raE) - /HfR(i:;)] • [g+{E) - G-{E)] Y , (C.5)
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where Fq = r/2 for a = L, R. Here is given by the approximate expression in 
Ec}. (C.3). The trace can be omitted in the case of a single level quantum dot since the 
dimension of all matrices entering Eq. (C.5) is unity.

It can be shown that in the case of proportionate couplings, e.g. for Fj^ = AFr, where 
A is a constant (here A = 1), the above expression for the current can be re-written in 
a simplified form

(C.6)

Here fa is the Fermi-Dirac distribution in the lead a.

Finally, in the linear-response regime the expression for the current reads

F.FLi R

El + r, G^'^-+{E) - G"^'-{E) df{E)
dE (C.7)

where /(E) = l/{1-I- exp [(E — Ep) /A-bE]} wdth Ep being the Fermi level of the leads 
(Ep = 0 in our calculations). This has to be solved self-consistently together we the 
ecjuations for the spin-densities iE. The latter are calculated as equilibrium spin- 
densities

= J f{E)^GE^'+{E)dE. (C.8)

Fhe calculated linear-response conductance and the total charge density of the dot 
are plotted in Fig. C.l as functions of ej/F for several values of the charging energy. 
In the non-interacting case {U = 0) the conductance exhibits a single peak, centered 
around Ep = 0, which is expected from the steady-state picture of transport through a 
non-interacting resonant level. In the interacting case, two distinct peaks are formed, 
centered respectively around Ep and around Ep — E. These are manifestation of charge 
quantization at the dot and correspond to each of the two integer electron number 
states, in which the dot is inhabited by one or two electrons, respectively.

d’he discharging of the dot with increasing the on-site potential ej, with the respect 
to the Fermi level in the leads, is shown in Fig. C.l(b). While in the U — 0 case the 
charge density drops rapidly from no = 2 to no = 0 with a sharp resonance at Ep, in 
the interacting case the charge density is approximately unity for the gate voltages in 
the range [Ep — E, Ep]. This corresponds to the valley between the two conductance 
peaks, where the current is zero and the number of electrons on the dot is fixed. Note
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Figure C.l: (a) The normalized linear-response conductance G/Gq {Go = 2e^jli) 
as a function of ^d/F for [//F = 0, C//F = 2, 17/F = 5, and \JjV — 10. (h) The total 
occupation of the quantum dot, n — ~ ^ function of e^/F for the
same values of U/T.

that we observed similar trend in the gate-voltage dependence of the charge density, 
when the dot was described at the DFT-level with the XC functional approximated by 
the BALDA [see Fig. 6,16(b)]. However, in that case the charge density was unity due 
to the fact that for Vg G [ifp’ — LI, /7p] the dot was in the dynamical state, characterized 
by the oscillation in all calculated (piantities and by no ~ 1 at the discontinuity. In 
contrast to Fig. C.l, we did not observe two distinct peaks in the linear-response 
conductance, obtained with the BALDA. Instead, the conductance curve for Vg G 
[i?p — U, ifi.'] resembles a plateau corresponding to the odd number of electrons on the 
dot (n = 1), which is in principle a correct feature of the Anderson inqiurity model 
at zero temperature. It is important to mention, however, that in this range of gate 
voltages the current was calculated as a time-average current in the long-time limit and 
the conductance curve carries some degree of arbitrariness.



Appendix D

Publications stemming from this 
work

A. Pertsova, M. Staineiiova and S. Sanvito, Electrical control of spin dynamics in 
ite one-dimensional systems, Phys. Rev. B 84, 155436 (2011).

• A. Pertsova, M. Stamenova and S. Sanvito, Time-dependent electron transport, 
through a strongly correlated quantum dot: Midtiple-probe open boundary condi
tions approach, arXiv;12()4.0937vl [cond-inat.nies-hall] (also submitted to PRB).

• A. Pertsova and S. Sanvito, Time-dependent simulations of spin inelastic electron 
tunneling spectroscopy on atomic clusters (in preparation).
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