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6Ã6 effective mass Hamiltonian for heterostructures grown on„11N…-oriented substrates

Woon-Ho Seo and John F. Donegan
Semiconductor Photonics Group, Department of Physics, Trinity College Dublin, Dublin2, Ireland

~Received 17 January 2003; published 27 August 2003!

The 636 effective mass Hamiltonian for semiconductor heterostructures grown on (11N)-oriented sub-
strates is derived and is compared with the 434 model. The hole subbands of InGaAs/InP single quantum
wells grown on (11N)-oriented substrates withN5` ~that is, ~001!#, 0, 1 are calculated using the effective
mass Hamiltonian as an example. The spin-orbit coupling affects the light-hole subband atkuu50, but it affects
all subbands at finitekuu for all substrate orientations. In the 434 model ~without spin-orbit coupling!, the
coupling between the heavy hole and the light hole is overestimated. At a critical uniaxial stress, the position
of the first heavy hole and the first light hole as the highest energy level cross over. The separation between the
first heavy hole and the first light hole is overestimated at the uniaxial stress below the critical value and is
underestimated above the critical stress in the 434 model. The spin-orbit coupling greatly affects the valence
band structures of the semiconductor heterostructures resulting in the modifications of the optical transitions
anisotropy for structures grown on (11N)-oriented substrates.

DOI: 10.1103/PhysRevB.68.075318 PACS number~s!: 73.21.Fg
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I. INTRODUCTION

Recently, many semiconductor heterostructures have b
successfully grown on high-index substrates.1–6 The growth
of GaAs/~Al,Ga!As quantum wells~QW’s! on non-~001!-
oriented substrates has attracted much interest for its po
tial in the fabrication of semiconductor nanostructures h
ing better crystallographic morphology. The self-organizi
growth mechanisms on planar and patterned high-in
semiconductor surfaces leading to high quality quant
wires ~QWR’s! and quantum dots~QD’s! have been devel
oped in GaAs materials.4,5 Also, high quality QD’s with uni-
form size distributions on high-index InP substrates ha
been fabricated.6 According to the substrate orientation, th
anisotropy in the interband optical transitions is changed
flecting the inherent anisotropy of the materials and
quantum confinement of electronic systems. Moreover,
anisotropy reveals the crystal direction which generates
most intense optical transitions. This information is very i
portant for optical device applications. For the interpretat
of the physical phenomena in these heterostructures gr
on high-index substrates, a detailed understanding of the
lence band mixing is needed. Effective mass theory is wid
used to calculate the energy band structures in semicondu
systems. The 434 and 636 Luttinger-Kohn models7,8 and
the 636 and 838 Kane models9–12 have been used for th
heterostructures grown on~001!-oriented substrate. Xia ha
proposed an effective mass theory for superlattices grown
(11N)-oriented substrates based on Luttinger’s theory wit
434 matrix including the coupling between the heavy a
light holes.13 Optical transitions involving the spin-orb
split-off bands in GaAs/AlGaAs~Ref. 14! and strained ZnSe
ZnS ~Ref. 15! superlattices have been observed. The str
effect introduces additional coupling between heavy-h
~HH! and light-hole~LH! bands, and spin-orbit split-off~SO!
bands.16 Therefore the inclusion of SO bands in valence ba
mixing is crucial for the explanation of the physical prope
ties of semiconductor heterostructures. According to Bah
the strain effect introduces a wave vector depend
0163-1829/2003/68~3!/075318~8!/$20.00 68 0753
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conduction-valence bands mixing.10 In this paper, we will
mainly focus on the mixing in valence band, therefore
choose to neglect the coupling between conduction band
valence band.

The purpose of this paper is to illustrate the coupling b
tween the HH, LH, and the SO bands with the strain in
heterostructures grown on (11N)-oriented substrates. Th
Kane model with spin-orbit coupling is derived in the bas
of p-like states uX&↑,uY&↑,uZ&↑,uX&↓,uY&↓,uZ&↓ and is
changed into the 636 Luttinger-Kohn model in angular mo
mentum basisu jmj& with j 5 3

2 , 1
2 by the unitary transforma-

tion for the structures grown on~110!-, ~111!-, ~112!-, ~113!-,
and (11̀ )-oriented substrates. The hole subband structu
the effect of the uniaxial stress along the growth direction
studied and compared for each substrate orientation with
without spin-orbit coupling.

II. THEORY

A. Effective mass theory

The three axes of the coordinate system used in this p
are defined as follows: the three axis is along the grow
direction, the two axis is in the@ 1̄10# direction, and the one
and three axes in the (11̄0) plane.u is the angle between th
three axis and thex-y plane wherex,y,z axes are the three
directions of the primitive vectors of a simple cubic Brava
lattice; asu varies from 0 top/2, the growth plane perpen
dicular to the three axis changes from (110) in successio
(111),(112),(113),(11̀), i.e., (001). Making the coordi-
nate transform

kx5
s

A2
k12

1

A2
k21
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k3 ,

ky5
s

A2
k11

1

A2
k21

c

A2
k3 ,

kz52ck11sk3 , ~1!
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TABLE I. Values ofa,b,d,e, f ,g for matricesA,B,C, . . . ,F8,G8.

a b d e f g

A s2

2
1

3s2c2

2
0 2

s3c

2
1sc3

1
2 s21c2 0 s4

2
1

s2

2
1c4

B 1
2 1

c2

2
0 2

sc

2

1
2 0 1

2 1
s2

2

C c2

2
1

c4

2
1s4 0 2

s3c

2
1s3c

c2

2
1s2 0 3s2c2

2
1

c2

2

D 0 2s2 0 0 2sc 0

F 0 2sc 0 0 2c2 0

G sc1sc322s3c 0 23s2c2 2sc 0 s3c1sc22sc3

A8 2
s2

4
2

3s2c2

4
0 s3c

4
2

sc3

2
s2

4
0 s4

4
2

s2

4
1s2c2

B8 1
4 2

c2

4
0 sc

4
2

1
4 0 1

4 2
s2

4

C8 2
c2

4
1

c4

4
1s2c2 0 sc3

4
2

s3c

2
c2

4
0 2

3s2c2

4
2

c2

4

D8 0 2
c2

2
0 0 sc

2
0

F8 0 sc

2
0 0 2

s2

2
0

G8 2
sc

2
2

sc3

2
1s3c 0 s2c2

2
2

s4

2
2

c4

2
sc

2
0 sc32

s3c

2
2

sc

2

e 6
nc-
,
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Jx5
s

A2
J12

1

A2
J21

c

A2
J3 ,

Jy5
s

A2
J11

1

A2
J21

c

A2
J3 ,

Jz52cJ11sJ3 , ~2!

wheres andc represent sinu and cosu, respectively. And the
matricesJi in the basesX,Y,Z are

J15I 0 0 0

0 0 2 i

0 i 0
I , J25I 0 0 i

0 0 0

2 i 0 0
I ,

J35I 0 2 i 0

i 0 0

0 0 0
I . ~3!

Inserting Eqs.~1! and~2! into the 333 Kane Hamiltonian in
X,Y,Z bases for hole energy states17

HI5Lk2I2~L2M !~kx
2Jx

21ky
2Jy

21kz
2Jz

2!22N~kxky@JxJy#

1kykz@JyJz#1kxkz@JxJz# !, ~4!

we obtain the 333 effective mass Hamiltonian in the~1,2,3!
coordinate system
07531
HI5Lk2I2~L2M !~Ak1
21Bk2

21Ck3
21Dk1k21Fk2k3

1Gk1k3!22N~A8k1
21B8k2

21C8k3
21D8k1k2

1F8k2k31G8k1k3!, ~5!

whereA,B,C, . . . ,F8,G8 are 333 matrices which have the
following form:

X5S a b d

b e f

d f g
D . ~6!

Values of a,b,d,e, f ,g which are functions ofs and c for
each matrix are presented in Table I. For constructing th
36 Kane Hamiltonian, the set of spin-dependent basis fu
tions ums& with m5X,Y,Z for G15 valence band states
and s5↑,↓ for spin-up and spin-down spinor
uX↑&,uY↑&,uZ↑&,uX↓&,uY↓&,uZ↓& are introduced. The tota
Hamiltonian is composed of thek•p partHk•p , and the spin-
orbit interaction partHSO

Hk•p5S HI 0

0 HI
D ~7!

and the spin-orbit interaction matrix in these bases is gi
by the expression
8-2
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HSO5
D

3 S 2 i 0 0 0 0 1

i 0 0 0 0 2 i

0 0 0 21 i 0

0 0 21 0 i 0

0 0 2 i 2 i 0 0

1 i 0 0 0 0

D , ~8!

whereD is the spin-orbit split-off energy. This is diagonal
the angular momentum basisu jmj& with j 5 3

2 , 1
2 for the four
07531
G8 heavy and light hole states and the twoG7 spin-orbit
split-off states, taking the valuesD/3,22D/3, respectively.
The new basis functions are generated by means of a un
transformation

u jmj&5(
ms

Ums, jmj
ums&, ~9!

where
Ums, jmj
5

¨

2
1

A2
0

1

A6
0 0

1

A3

2
i

A2
0 2

i

A6
0 0 2

i

A3

0 A2

3
0 0

1

A3
0

0 2
1

A6
0

1

A2

1

A3
0

0 2
i

A6
0 2

i

A2

i

A3
0

0 0 A2

3
0 0 2

1

A3

©
, ~10!
ters

uc-
U32 ,
3

2L 52
1

A2
u~X1 iY!↑&,

U32 ,
1

2L 52
1

A6
u~X1 iY!↓&1A2

3
uZ↑&,

U32 ,2
1

2L 5
1

A6
u~X2 iY!↑&1A2

3
uZ↓&,

U32 ,2
3

2L 5
1

A2
u~X2 iY!↓&,

U12 ,
1

2L 5
1

A3
u~X1 iY!↓&1

1

A3
uZ↑&,

U12 ,2
1

2L 5
1

A3
u~X2 iY!↑&2

1

A3
uZ↓&. ~11!
Luttinger parameters are given in terms of Kane parame

g152
2

3

m0

\2
~L12M !,

g252
1

3

m0

\2
~L2M !,

g352
1

3

m0

\2
N. ~12!

From Eq.~5!, Table I, and unitary transformation, the 636
effective-mass Hamiltonian can be obtained for heterostr
tures grown on~11N!-oriented substrates, forN50,c51,s
50; N51,c5A2/3,s51/A3; N52,c51/A3,s5A2/3; N
53,c5A2/11,s53/A11; N5`,c50,s51; etc. The matrix
has the following form:
8-3
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H5
\2

2m0

¨

P1Q S R 0
1

A2
S A2R

S† P2Q 0 R 2A2Q 2A3

2
S

R† 0 P2Q 2S 2A3

2
S† A2Q

0 R† 2S† P1Q 2A2R† 1

A2
S†

1

A2
S† 2A2Q 2A3

2
S 2A2R P2D 0

A2R†
2A3

2
S† A2Q

1

A2
S 0 P2D

©
. ~13!

The values ofP,Q,R,S in Eq. ~13! for (11N)-oriented substrates whereN50,1,2,3, and` are presented in Table II

TABLE II. Values of P,Q,R, andS for the matrix in Eq.~13! for (11N)-oriented substrates.

N50 P52g1k2

Q52
g2

2
(2k1

22k2
22k3

2)2
3
2 g3(k2

22k3
2)

S52A3(g3k1k32 ig2k2k3)

R5
A3
2 $g2(2k1

22k2
22k3

2)2g3@(k2
22k3

2)1 i4k1k2#%

N51 P52g1k2

Q52g3(k1
21k2

222k3
2)

S52
A6
3

(g22g3)(k11 ik2)21
2A3

3
(2g21g3)(k12 ik2)k3

R5
A3
3

(g212g3)(k12 ik2)22
2A6

3
(g22g3)(k11 ik2)k3

N52 P52g1k2

Q52
g2

2
(k2

22k3
212A2k1k3)2

g3

2
(2k1

21k2
223k3

222A2k1k3)

S5
A6
3

g2@(k2
22k3

212A2k1k3)2 i (2k1k21A2k2k3)#

2
A6
3

g3@(k2
22k3

222A2k1k3)2 i (2k1k22A2k2k3)#

R52
A3
6

g2@(k2
22k3

212A2k1k3)1 i (8k1k214A2k2k3)#

1
A3
6

g3@(6k1
225k2

22k3
212A2k1k3)2 i (4k1k224A2k2k3)#

N53 P52g1k2

Q52
8

121g2(5k1
2111k2

2216k3
2118A2k1k3)2

3
121g3(27k1

2111k2
2238k3

2248A2k1k3)

S52
A6
121

g2@(15k1
2133k2

2248k3
2154A2k1k3)2 i (66k1k2122A2k2k3)#

2
A6
121

g3@(15k1
2133k2

2248k3
2267A2k1k3)2 i (66k1k2233A2k2k3)#

R52
A3
121

g2@(5k1
2111k2

2216k3
2118A2k1k3)1 i (198k1k2166A2k2k3)#

1
2A3
121

g3@(63k1
2255k2

228k3
219A2k1k3)2 i (22k1k2233A2k2k3)#

N5` P52g1k2

Q52g2(k1
21k2

222k3
2)

S52A3g3(k12 ik2)k3

R5A3@g3(k1
22k2

2)2 i2g2k1k2#
075318-4
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B. Uniaxial stress effects

In this section the effects of external uniaxial stress along the growth direction are discussed. InX,Y,Z bases the strain
Hamiltonian caused by a homogeneous strain is given by17

HI~«!5U l«xx1m~«yy1«zz! n«xy n«xz

n«xy l«yy1m~«xx1«zz! n«yz

n«xy n«xz l«xx1m~«yy1«zz!
U ~14!
- n-
nd
of

on-

ir
-

wherel 5Dxx
XX ,m5Dyy

XX ,n5Dxy
XY are the deformation poten

tials. This can be expressed as a form similar to a 333 Kane
Hamiltonian:

HI~«!5 l«I 2~ l 2m!~«xxJx
21«yyJy

21«zzJz
2!

22n~«xy@JxJy#1«xz@JxJz#1«yz@JyJz# !. ~15!

In the case of the uniaxial stressT along the growth direction
~that is, three axis!, the stress tensor components

Tab5tatbT, a,b5x,y,z, ~16!

tx5ty5
c

A2
,tz5s, ~17!

and the strain tensor components

«xx5@~S112S12!tx
21S12#T

5F S 1

C112C12
tx

2D tx
2

2
C12

~C1112C12!~C112C12!
GT, c.p.,

«xy5
1

2
S44txtyT5

1

2

1

C44
txtyT, c.p., ~18!
07531
where S11,S12,S44 are the cubic elastic compliance co
stants,C11,C12,C44 are the elastic stiffness constants, a
c.p. refers to the terms obtained by the cyclic permutation
indices. From Eq.~18! it can be obtained that

«xx1«yy1«zz5~S1112S12!T5S 1

C1112C12
DT ~19!

is independent of orientation, i.e., this term represents a c
stant energy shift. Using Eq.~18! the Hamiltonian in Eq.~15!
can be rewritten as

HI~«!5 lCaI 2~ l 2m!$~Cbtx
22Cd!Jx

21~Cbty
22Cd!Jy

2

1~Cbtz
22Cd!Jz

2%22nCf$txty@JxJy#1txtz@JxJz#

1tytz@JyJz#%, ~20!

where

Ca5
T

C1112C12
, Cd5

C12T

~C1112C12!~C112C12!
,

Cb5
T

C112C12
, Cf5

T

2C44
, ~21!

and I is 333 identity matrix, respectively. The Pikus-B
deformation constantsav ,b, andd are related to the defor
mation potentialsl ,m,n in Eq. ~14! by
FIG. 1. Hole subbands for the In0.53Ga0.47As/InP quantum wells grown on (11N)-oriented substrates with~a! N5`, ~b! N50,
~c! N51.
8-5
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av5
l 12m

3
, b5

l 2m

3
, d5

n

A3
. ~22!

With the same procedures, the 636 strain Hamiltonian in the angular momentum basis can be written as

H~«!5

¨

P«1Q« S« R« 0
1

A2
S« A2R«

S« P«2Q« 0 R« 2A2Q« 2A3

2
S«

R« 0 P«2Q« 2S« 2A3

2
S«

A2Q«

0 R« 2S« P«1Q« 2A2R«

1

A2
S«

1

A2
S« 2A2Q« 2A3

2
S« 2A2R« P« 0

A2R« 2A3

2
S«

A2Q«

1

A2
S« 0 P«

©
, ~23!
As/
ex-
nd
ell

2 3 h
5370 meV, and the SO energyD5360 meV are used. The
where

P«5avCa , ~24!

Q«52bCb2S bCb2
1

A3
dCf D S 9

4
c423c2D ,

S«5A3S bCb2
1

A3
dCf D S s3c2

3

2
sc3D ,
07531
R«5
A3

4 S bCb2
1

A3
dCf D ~3c422c2!.

III. RESULTS AND DISCUSSION

The valence subband structure is calculated for InGa
InP QW’s with various substrate orientations as a test
ample for the spin-orbit coupling effect on valence ba
structure. The InGaAs is lattice-matched to InP, the w
width is Lw560 Å, the Luttinger parameters areg1
514.0,g 55.4,g 56.2, the valence band offsetV
ss
FIG. 2. Hole subbands for the quantum wells grown on~a! (11̀ )-, ~b! ~110!-, ~c! ~111!-oriented substrates under the uniaxial stre
T51.03109 Pa.
8-6
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FIG. 3. Hole subbands for the quantum wells grown on~a! (11̀ )-, ~b! ~110!-, ~c! ~111!-oriented substrates under the uniaxial stre
T52.03109 Pa.
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hole subbands for the In0.53Ga0.47As/InP QW’s grown on
(11N)-oriented substrates withN5` @that is,~001!#, 0,1 are
shown in Figs. 1~a!–1~c!, respectively. The solid curves ar
with the spin-orbit coupling and the dotted curves are wi
out the spin-orbit coupling. Atk15k250, the light-hole
~LH! energy levels are affected by the spin-orbit coupling
all substrate directions, which is shown by the large diff
ence between the light-hole energies calculated with
spin-orbit coupling and without the spin-orbit coupling.
contrast, the heavy-hole~HH! energies are not affected b
the spin-orbit coupling. As is shown in Eq.~13!, the LH
bands are strongly coupled with SO bands atk15k250 in
contrast to the case of HH bands which is independent f
the coupling for the specific substrate orientations of~001!,
~111!. In those cases the coupling strength between HH
SO bands is in proportion to the fractions of (g22g3),
which is negligible as a reasonable approximation. Howe
both HH’s and LH’s are affected by the spin-orbit coupling
finite k1 andk2 so that the hole subbands are pushed upw
by the SO band. The LH confinement energies are quite s
lar for the three substrate directions with and without sp
orbit coupling. By contrast, the HH confinement energies
reduced for~110!- and ~111!-oriented substrates, reflectin
the increase in effective mass. In Fig. 1~c! the position of the
third heavy-hole~HH3! and LH1 is changed by the spin-orb
coupling for the~111!-oriented substrate showing that qua
tum confinement effects are underestimated in the mo
without spin-orbit coupling. This can be seen from the fa
that LH1 is the fourth level in wider (Lw5100 Å) QW with
and without spin-orbit coupling for~110!- and~111!-oriented
substrates.

The hole subbands for QW’s grown on (11N)-oriented
substrates under the external uniaxial stress along the
growth direction are calculated with spin-orbit coupling. T
elastic stiffness constantsC1159.991,C1254.924,C44
54.887 (1010 Pa) and the Pikus-Bir deformation constan
av51.075,b521.753,d526.058 ~eV! are used. Figures
2~a!–2~c! and Figs. 3~a!–3~c! show the hole subbands fo
QW’s grown on~001!, ~110!, and ~111!-oriented substrate
07531
-

-
e

m

d

r,
t
rd
i-
-
e

el
t

he

under the uniaxial stressesT51.0 and 2.03109 Pa along the
growth direction. The position between the second hea
hole and the LH1 is changed at a critical stressT50.3
3109 Pa for the~001! substrate andT50.43109 Pa for the
~110! and~111! cases. For~110! and~111! cases, the valence
band mixing is increased by the stress below the criti
stress at which the highest level changed from HH1 to LH
resulting in an anticrossing of the HH1 and LH1 subban
Under uniaxial stress the HH subbands are not affected
spin-orbit coupling atk15k250. The LH in-plane effective
mass is underestimated by ignoring the spin-orbit coupli
At a stressT52.03109 Pa, the first level is LH1 and the
critical stress for the HH1 and LH1 crossing over is arou
1.3 and 1.4 (109 Pa) for ~001! and ~110!, ~111! substrates,
respectively. Over the critical stress, the valence band mix
is weakened and the separation between the HH1 and LH
underestimated in the 434 model. Below the critical stress
the separation is overestimated in the 434 case. As quantum
well width increases, the critical stress decreases becaus
subband splitting from quantum confinement effects
creases with the increasing well width@for example, the criti-
cal stress is around 0.7 and 0.8 (109 Pa) for~001! and~110!,
~111! substrates, respectively, in 100 Å QW#.

IV. CONCLUSION

The 636 effective-mass Hamiltonian is derived for he
erostructures grown on (11N)-oriented substrates. To unde
stand the optical properties of the semiconductor heterost
tures grown on the high index substrate for the dev
applications, knowledge of the accurate valence subb
structures is required. Since the spin-orbit coupling chan
the HH and the LH coupling, this gives strong effects on t
anisotropy in the interband optical transitions. Therefore
inclusion of the SO band in the valence subband calcula
is necessary for studying the inherent anisotropy of the h
index substrates and the quantum confinement of the e
tronic systems. To investigate the effects of uniaxial stres
the growth direction with spin-orbit coupling, the 636 strain
8-7
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Hamiltonian is presented. The valence band mixing is
creased by the uniaxial stress below the critical value
which the HH1 and LH1 cross over. The LH1 becomes
first level and is well separated from the HH1 over the cr
R

m

-

i,

,

07531
-
t

e
-

cal stress. Under high uniaxial stress, the spin-orbit coup
decreases the confinement of the LH1 due to the increa
effective mass, greatly affecting the optical transiti
properties.
n,

in
1Z.Y. Xu, Z.L. Yuan, B.Z. Zheng, B.S. Wang, and D.S. Jiang,
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