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Factorial states, upper multiplicity and norms of
elementary operators
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ABSTRACT

Let 7 be an irreducible representation of a C*-algebra A. We show that the weak™ approximation
of factorial states associated to 7w by type I factorial states of lower degree is closely related to the
value of the upper multiplicity My (7) of m. As a consequence, we give a representation-theoretic
characterization of those C*-algebras A for which the set of pure states P(A) is weak™-closed
in the set of factorial states F'(A). We also study the matricial norms and the positivity for
elementary operators 7' on A. We show that if My(w) > 1, then ||[T7|x < ||T||» for certain
k > n, and similarly that the n-positivity of T' implies the k-positivity of T™ (where T7 is
the induced operator on 7(A)). We use these localizations at 7 to give new proofs of various
characterizations of the class of antiliminal-by-abelian C*-algebras in terms of factorial states
and elementary operators. In the course of this, we show that antiliminal-by-abelian is equivalent
to abelian-by-antiliminal.

1. Introduction

A C*-algebra A is said to be antiliminal-by-abelian [9] if it is an extension of an antiliminal
C*-algebra by an abelian one. That is, either A has an abelian, proper, closed, two-sided ideal
J (possibly {0}) such that A/J is antiliminal or else A is abelian. This class of algebras
first appeared in [11] as being precisely the class for which the set of pure states P(A)
is weak*-dense in the set of factorial states F'(A4). Subsequently, it was shown in [9] that
the antiliminal-by-abelian C*-algebras also exactly solve two problems concerning elementary
operators on C*-algebras. That is, they are precisely the algebras for which every positive
elementary operator is completely positive, and they are also the algebras for which the cb-norm
of every elementary operator coincides with the operator norm. Thus the antiliminal-by-abelian
algebras could be seen to form an unexpected link between properties of elementary operators
and the approximation of factorial states.

In [21], new techniques made this link direct. In [21, Theorem 1.4], it was shown that the
k-positivity of an elementary operator can be tested by using factorial states for which the
associated Gelfand-Naimark-Segal (GNS) commutant is of type I; for j < k. From this, it
was shown that a certain approximation property of factorial states (which had previously
been shown equivalent to a notion of antiliminal by k-subhomogeneous in [11, Theorem 4.5))
exactly characterizes those C*-algebras for which every k-positive elementary operator is
completely positive [21, Corollary 4.6]. A further equivalent condition is that the cb-norm
of every elementary operator is equal to the k-norm [22, Theorem 4.5].

In this paper, we establish a new perspective on the links between factorial states,
representation theory and elementary operators by localizing in the spectrum A of A. We
begin by considering the approximation of factorial states associated with a fixed irreducible
representation 7 by type-I factorial states of lower degree (where a type-I factorial state ¢
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is said to have degree k if the GNS commutant m4(A)" is a factor of type I (1 <k < 00)).
We show that such approximation is closely related to the value of the upper multiplicity
My (m) of m (Theorem 2.1). From this, we are able to deduce an extensive list of corollaries
concerning the approximation of (factorial) states by type-I factorial states of specified
degree.

In particular, by restricting the approximating states to be pure (that is, of degree 1), we
show that P(A) is closed in F/(A) if and only if 7 is a Fell point for all 7 € A for which dim 7 > 1
(Corollary 2.6(a)). This result combines with an earlier characterization of the condition P(A) N
S(A) C F(A) (see [3, Corollary; 11, Theorem 3.5]) to recover Glimm’s description of those C*-
algebras for which P(A) is closed in the state space S(A) [16, Theorem 6]. This dissection of
Glimm’s theorem is somewhat analogous to the way in which the Glimm—Tomiyama—Takesaki
characterization of the condition P(A) D S(A) [15, 24] may be viewed as a combination of
[2, Theorem 3.3; 11, Theorem 3.4] (see the discussion in [11, pp. 131, 136]). We also show
that if the set F),(A), consisting of all those type I factorial states with degree at most n, is
closed in F(A) (or even in S(A)) for some positive integer n then so is Fj(A) for all integers
k> n.

In Section 3, we turn to the estimation of the matricial norms of an elementary operator T’
on A and of the induced operator T™ on 7(A) (see below). In Theorem 3.1, we apply Theorem
2.1 and the notion of tracial geometric mean from [23] to obtain inequalities || T7||x < [|T]|n
for certain values of k and n related to My (7). By using [21, Theorem 1.4], we also show that
the n-positivity of T implies the k-positivity of T™. The remainder of Section 3 is primarily
concerned with obtaining partial converses to Theorem 3.1. This concludes with Theorem 3.8
which shows that the failure of Fell’s condition for an irreducible representation 7 is very closely
related to the inequalities ||T7|,+1 < ||7||» and also to analogous conditions on matricial
positivity.

In Section 4, we show that our localized techniques are strong enough to recover the results
of [11, 21, 22] discussed above. In particular, Theorem 2.1 leads to an alternative proof of
[11, Theorem 4.5], and Theorem 2.1 and Corollary 3.7 lead to an alternative proof of [22,
Corollary 4.5] and the corresponding parts of [21, Corollary 4.6]. These proofs are combined
in Theorem 4.3. In preparation for this, we establish two elementary results which may be of
independent interest. The first (Proposition 4.1) draws on [4] to give simple characterizations
of antiliminal C*-algebras in terms of the upper multiplicity of irreducible representations.
The second (Proposition 4.2) includes the elementary, but apparently new, observation that
‘antiliminal-by-abelian’ is equivalent to ‘abelian-by-antiliminal’.

We end this section with some notation and preliminaries. We recall that if A is a C*-algebra
and 7w € /L then 7 is said to be a Fell point if there exist a neighbourhood V' of 7 and an element
a € A such that o(a) is a projection of rank 1 for every o € V [14, Section 4.1]. One of the
reasons for introducing the upper multiplicity My (7) of 7 in [4] was to quantify the extent to
which Fell’s condition may fail to hold. It was shown in [4, Theorem 4.6] that 7 is a Fell point
if and only if My(7) = 1. A convenient characterization of the inequality My (7) > k, in terms
of the convergence of pure states, is given in [6, Lemma 2.1].

Let Foo(A) be the set of all states ¢ of a C*-algebra A for which m,(A)" is a type-l
factor. See [11, Section 2] for a detailed discussion of such states. In particular, there is
a continuous, open map 6 : Foo(A) — A such that 6(¢) is the unique unitary equivalence
class in A whose members are quasi-equivalent to the GNS-representation mg. It follows
from [11, Proposition 2.1] that if 7 € A and if dim 7 < m, then Fy(A) N0~ (x) = F,,,(4) N
0~ 1(m).

An elementary operator T on a C*-algebra A has the form T'(z) = > | a;ab; (x € A),
where n > 1 and ay, by, ..., ay, b, belong to the multiplier algebra M (A). If 7 is an irreducible
representation of A on a Hilbert space H,, then there is a unique extension to an irreducible
representation T of M(A) on H,. An elementary operator T on A (as above) induces an
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elementary operator T™ on 7(A) given by the formula
=Y wa)yw(bi) (y € 7(A)).
i=1

If an elementary operator T on A can be written in the form 7= """ | a;(-)b; for some n and
a1,b1,. .., a,,b, € A, then we say that T' is an elementary operator with coefficients in A.

2. Factorial states and upper multiplicity

Theorem 2.1, the main result of this section, shows how the upper multiplicity of an irreducible
representation 7 is related to the approximation of factorial states associated to m by type-I
factorial states of lower degree. Condition (1) is apparently stronger than the simpler condition
(2) but is, in fact, equivalent to it. The reason for including (1) is that it is needed for an
application to the norms of elementary operators (see Theorem 3.1).

THEOREM 2.1. Let A be a C*-algebra, let 1 <n < m < oo and let = € A. Consider the
following four conditions:

(1) Whenever ¢1,¢2 € Fi1(A) satisfy 0(¢1) = 0(¢p2) = 7, there exist nets ((bg\l)),\e/\ and

(8 xea in F,(A) such that 8(¢\")) = 6(¢?) for cach X and ¢\ —y ¢; (i = 1,2).

(2) {¢ € Fins1(A): 0(¢) = 7} € Fr(A);

(3) {(;5 € Foo(A)\ Fir(A) : 0(¢p) = w} N F,(A) is non-empty;

(4) My(w) > m/n.
Then (3) = (4) = (1) < (2). If dim 7 > m, then all four conditions are equivalent. If condition
(3) holds, then dimm > m.

Proof. The implication (1) = (2) is immediate. If dim 7 > m, then {¢ € Fy,,+1(A) \ F)n(4) :
0(¢) = 7} is non-empty and so (2) implies (3).

Now suppose that (3) holds but that My (7) < k, the integer part of m/n. By (3), there exists
¢ € Foo(A) \ Fp,(A) such that 0(¢) = m and ¢ € F,,(A). Since ¢ € Foo(A) \ Fp,(A) and 0(¢) =
m, there is a countable set S of positive integers, containing {1,...,m + 1}, and a set {fz :
i € S} of non-zero mutually orthogonal vectors in Hy such that ¢ = >, _o(m(-)&, &) (see [11
Proposition 2.1, proof of (i) and statement of (ii)]). On the other hand, since ¢ € F),(A), there
is a net (¢y) in F,(A) such that ¢ = lim ¢». By continuity, 7y := 0(¢y) — 7 in A.

Since My () <k, it follows from [8, Theorem 2.5(ii)] that there exist ¢ € AT and a
neighbourhood V of 7 in A such that 7(¢) is a rank one projection and rank(o(¢)) < k for all
o € A. Since m\ — m, we may assume that 7wy € V for all A\. Let £ be a unit vector in H, such
that 7(¢)¢ = £. By Kadison’s transitivity theorem, there exists a; € A such that m(a;)¢ =&,
for 1 < j < nk+1 (note that nk +1 < m+ 1). Since ¢\ — ¢, we have

det([9x(ajqaf)]7521) —x det([@(ajqa;)]7510).

Now temporarily fix A. Since ¢y € F,,(A) and 7x(¢) has rank at most k, the matrix
[Or(ajqa; )]”kﬂ can be expressed as a linear combination of nk or fewer matrices of the form
[(ma(aj)emr(a; )77,77)];”;:%, where 1 € H;, and e is a rank one projection. However, the latter
matrix has rank at most 1 because if v is a unit vector such that ev = v then emy(a})n = t;v
for some scalar t; and so (mx(a;)emx(a})n,n) = t;t;. Thus the matrix [y (ajqa;‘)]zl;-i% has rank
at most nk and hence has zero determinant.

It follows that

det([p(ajqa)]i5E) = 0.

7,7=1
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On the other hand,
$lajqa;) = Y (w(ay)m(@)m(a})ér, &)

res
= (m(a;)m(q)m(ai)&;,&5)
= (& m(ai)m(g)m(a;)"&s)-

Thus the matrix [gb(ajqaf)]zl;ii is diagonal, with (i,i)-entry equal to [|&]|*. Thus the

determinant is non-zero, giving the required contradiction.

(4) = (1). Assume that (4) holds and suppose that ¢1, ¢o € F,11(A) satisfy 0(¢1) = 0(¢p2) =
m. Let k be a positive integer such that My (7) > k > m/n, and let £ be a unit vector in H,. By
[6, Lemma 2.1], there exist a net (my) in A and, for each A, an orthonormal set {Mxs - M}
such that

(TG mia) — (w()6,6) (1 <j<k) (2.1)

Let A=A, if Ais unital, and A= A+Cl, if A is non-unital. For each o € A, let  be the
unique extension of o to A. Then, if j # [, it follows from [7, Lemma 2.5] that

(ma(@)njr,mxr) — 0 (a € A). (2.2)

Since ¢1 € Fp,11(A4) and 0(¢1) = m, there exist p € {1,2,...,m+ 1}, an orthonormal
set {&1,...,&} in H, and positive scalars ¢;,...,t, such that >.” ¢ =1 and ¢ =

v ti{m(-)&i, &) By Kadison’s transitivity theorem, there exist unitary elements uy, ..., u,
in A such that 7(u;)§ =& for 1 < i < p.

By a variant of the usual division algorithm, p = ¢k — r, where ¢ > 1 and 0 < r < k. Then
g<n.Ifg>2and1<j<qg—1, then we define v; \ = Zle t:J/rQ(j,l)kﬁ'A(ui+(j71)k)77i,>\- Also,
whatever the value of ¢, we define

k—r
Vg = Zt;f(q_l)kﬁ/\(Ui+(q71)k)m,A-
i=1

If 1 < j < ¢—1, then it follows from (2.2) that

k k
1/2 ~ 1/2 ~
[ojall* = <Z ti-{-(j—l)kﬂ-)\(uﬂr(j1)k)77i7/\7Ztl.l,/-(j—l)kﬂ-)\(ulJr(jl)k)nl,)\>

i=1 =1
k
— hinzti+(j—1)k<7~r>\(ui+(j—1)k)7h',>\a7~T>\(Ui+(j—1)k)7h‘,>\>
i=1
k
= Zti+(j—1)k =p;  (say). (2.3)
i—1
Similarly
k—r
[vgAlI> —x Zti+(q—1)k =g (say). (2.4)
i=1

Therefore there exists a A; such that, for A > Ay and 1 < j < ¢, vjx # 0. Therefore, we may
define
Ui

Zm )\>>\131<j<Q)'
Js

Wi,
For A > \{, we define

q
W =57 i ma(Jwjn, win) € Ful(A)
j=1
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(recall that ¢ < n and note that >37_, pu; = 3°7_; t; = 1). Let a € A. Using (2.3) and (2.4), and
then (2.1) and (2.2), we obtain that

q
3 (@) = dim Y~ (ma@)vjag via)
j=1
q—1 k
= Ztl+(j*1)k<7r(a)ﬁ-(ul+(j 1)k:)§7 (ul+(j 1) )§>
j=11:=1
k—r
) tiv gDk (T(@)F (Ui (-1))&s 7 (Ui (g—1)1)E)
=1

S1m11arly, we may find Ay > \; and construct (;5 € F,(A) for all A > X\ such that 6( 5\2)) =
Ty = 0( ]\ ) for all A > )\y and gb)\ — ) Oo.

(2) = (1). Assume (2) and let N = dim 7. We have already seen that if N > m then (1) holds.
Also, if N < n then {¢ € F,41(4) : 0(¢) =7} C Fn(A) C F,,(A) and so (1) holds. Therefore
we may assume that n < N < m. Then (2) holds with m replaced by N — 1. Since dimm >
N —1, (1) holds with m replaced by N — 1. Since {¢ € Fy,11(A) : (¢) = 7} C Fn(A), we see
that (1) holds as required.

Finally, if (3) holds then, in particular, {¢ € Foo(A) \ Fi,(A) : 0(¢) = m} is non-empty and
so dim7 > m. U

COROLLARY 2.2. Let A be a C*-algebra, and let 1 < n < m < co. The following conditions
are equivalent:

(1) F.(A)n F(A) C F.(A);

(2) Fn(A) N Foo(A) C Frn(A);

(3) My(w) < m/n for all m € A for which dim7 > m.

Proof. Since Fi(A) C F(A), it is clear that (1) implies (2).

Suppose that (2) holds and suppose that m € A satisfies dim7 > m. Then it follows from
Theorem 2.1 ((4) = (3)) that My (7) < m/n.

Finally, suppose that (3) holds. Let U = {m € A : dim7 > m}, an open subset of A [13,
3.6.3(1)], and let .J be the ideal of A such that J = U (so that J = {0} if U is empty). Then
A/J is m-subhomogeneous and J is liminal [4, Corollary 4.9]. Hence A is postliminal and
so F(A) = Fo(A). Let ¢ € F,(A)NF(A) and let m = 0(¢). If dimn < m, then ¢ € F,,(A).
On the other hand, if dim7 > m, then My(n) < m/n and so ¢ € F,,(A) by Theorem 2.1
((3) = (4)). 0

The next result is a special case of Corollary 2.2 obtained by taking n = 1.

COROLLARY 2.3. Let A be a C*-algebra, and let m be a positive integer. The following
conditions are equivalent:

(1) P(A)N ( ) C Fru(A);
(2) P(A)NFo(A) C Fn(A);
(3) My(r) <m for all m € A for which dim7 > m.
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COROLLARY 2.4. Let A be a C*-algebra, and let m be a positive integer. The following
conditions are equivalent:

(1) F(A) N F(A) = o (A);

(2) Fm(A) N FOO(A) = Fm(A);

(3) 7 is a Fell point for all m € A for which dim 7 > m;

(4) Flmy21+1(A) N F(A) € Fin(A);

(5) Fin s 11(A) N Fao(A) C Fon(A).
Furthermore, if F,,(A) is closed in F(A), then Fy(A) is closed in F'(A) for all k > m.

Proof.  We begin by recalling from [4, Theorem 4.6] that, for = € A, My (r) =1 if and only
if 7 is a Fell point. Then the equivalence of (1), (2) and (3) follows from Corollary 2.2 by taking
n = m, and the equivalence of (3), (4) and (5) follows by taking n = [m/2] + 1 (in which case
My(w) < m/n if and only if My(w) = 1). The final part of the statement follows from the fact
that if (3) holds then it also holds when m is replaced by any k > m. O

The equivalence of (1) and (3) in the next result has been previously obtained by Larry
Brown (private communication). Recall that S(A) is the state space of a C*-algebra A.

COROLLARY 2.5. Let A be a C*-algebra, and let m be a positive integer. The following
conditions are equivalent:
(1) Fonl(A) (1 S(A) = Fyu(4);
(2) Fomjarsa(A) O S(A) C Fon(A); A
(3) A is liminal, A is Hausdorfl, and 7 is a Fell point for all m € A for which dim w > m;
(4) A is Hausdorff, and 7 is a Fell point for all m € A for which dim 7 > m.
Furthermore, if F,,,(A) is closed in S(A), then Fj(A) is closed in S(A) for all k = m.

Proof. Tt is clear that (1) implies (2). Suppose next that (2) holds. Then, in particular,
P(A)N S(A) C F(A). Hence A is liminal and A is Hausdorff by [11, Theorem 3.5] together
with [3, p. 252]. The remainder of item (3) follows from Corollary 2.4 ((4) = (3)).

Now suppose that (3) holds. Since A is liminal and A is Hausdorft, it follows from [20,
Proposition 9] (see also [2, Theorem 5.2]) that F(A) N S(A) = F(A). Hence (1) holds by
Corollary 2.4 ((3) = (1)).

Clearly (3) implies (4), so assume now that (4) holds. Since the set of 7 € A for which
dimm > m is open [13, 3.6.3(i)], A has a closed two-sided Fell ideal J such that A/J is
m-subhomogeneous. Hence A is a type-I C*-algebra. Since A is Hausdorff, A is liminal.

The final part of the statement follows from the fact that if (3) holds then it also holds when
m is replaced by any k > m. ]

By taking m =1 in Corollaries 2.3 and 2.5, we obtain the following results for pure states.
Part (b) is (a slight variant of) a well-known theorem of Glimm [16, Theorem 6] (see the
discussion in [11, p. 136]).

COROLLARY 2.6. Let A be a C*-algebra.

(a) The following conditions are equivalent:

(1) PCA) N F(A) = P(A);

(2) P(A) N Fa(A) = P(A);

(3) m is a Fell point for all m € A for which dim7 > 1.
(b) The following conditions are equivalent:
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(1) P(A)NS(A) = P(A);

(2) A is liminal, A is Hausdorff, and  is a Fell point for all 7 € A for which dim7 > 1.

Glimm’s theorem is used in the proof of [11, Theorem 4.5]. We shall show in Section 4 that
the latter result can alternatively be obtained by using Theorem 2.1.

3. Upper multiplicity and elementary operators

THEOREM 3.1. Let A be a C*-algebra, let w € A and let n be a positive integer. Let k be
any positive integer such that k < nMy(w) (where it is understood that n x oo = 00).

(1) For every elementary operator T on A, [|T™ || < ||T|»-

(2) For every n-positive elementary operator T on A, T™ is k-positive.

Proof. If My(m) =1, then (1) and (2) are clear, so we assume that My(w) > 1. Then it is
sufficient to prove (1) and (2) for k = rn, a multiple of n with 1 < r < My(w). We will do this
by applying Theorem 2.1 ((4) = (1)) with m =k — 1 (so that My(w) > k/n > m/n).

We begin by recalling that the set of pure states associated to 7 is weak*-dense in P(mw(A))
(see, for example, [13, 3.4.2(ii)]). It follows that {¢ € F,41(A4) : 0(¢) = 7w} is weak*-dense in
Fi1(m(A)). Thus, given ¢1, da € Fppiq(m (A)), 1t follows from (1) of Theorem 2.1 that there
exist commonly—mdexed nets (qbg\ ))AeA and (qSA Jaea in F,(A) such that 6( g\l)) =6( 5\2)) for
each X\ and ¢)\ —y¢iom (i=1,2).

Let 7 be the umque extension of 7 to an irreducible representation of M(A), 5(;) the unique
extension of (b; to a state of M(A)) and ¢, the unique extension of ¢; to a state of (M (A))
(i =1,2). Since the map from S(A) into S(M(A)) defined by unique extension of states is
weak*-continuous, ¢>\) —x ¢, 07 (i=1,2).

Let T be an elementary operator on A. Thus T'(z) = Zil a;xb; (x € A), where a;,b; € M(A)
for 1 <i<N.

(1) Using the joint weak*-continuity of tgm as a function of the states (see the proof of [10
Lemma 2.1]), we obtain

tem((QUR()))i, 31): (QUF(B)):: @) = lim tem((Q(a*), 35 ), (Q(B), 33 ) < [Tl

by [23, Corollary 2.2]. Taking the supremum of the left-hand side over pairs (¢1, ¢2) satisfying
0(¢1) = 0(¢2), we obtain from [23, Corollary 2.2] that |17 ||m+1 < ||T]]n-
(2) Suppose that T is n-positive and a € A. Then by [21, Theorem 1.4],

N

Z¢1 a)") g1 (m(a)T(b;)) = Y (¢1 0 7)(asa")(¢1 o m)(abs)

i=1
= hmz oy 1) (a;a g\l)(ab ) =

Since this holds for all a € A and all ¢1 € Fy(w(A)), it follows from [21, Theorem 1.4] that 7™
is k-positive. L]

COROLLARY 3.2. Let A be a C*-algebra and suppose that w € A is a non-Fell point. Let
n>1.

(1) For every elementary operator T on A, |T™||p+1 < ||T||n-

(2) For every n-positive elementary operator T on A, T™ is (n + 1)-positive.
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Proof. Since My(w) > 1, n+ 1 < 2n < nMy(n). O

For the rest of this section, we consider the possibility of (partial) converses for Theorem 3.1.
For example, if My(n) = M < oo and n > 1, can we necessarily find an elementary operator
T on A such that ||T7|[x > ||T||, for k =nM + 17 Or, if My(n) < oo can we find n > 1 and
T with the same property? To see that this does not hold in general, consider the case when
7 is one-dimensional. Then T™ is always just a scalar and |77, = [|T™|| < ||T|| for all T
and all & > 1. More generally, if dim7 < nM, then || T7 ||y = |T™||nas and so |77 < [T
by Theorem 3.1. Thus we cannot obtain any converse if dim 7 < nM, even if we take n = 1.
Therefore we shall suppose that dim 7 > nMy () (which is, of course, automatically satisfied
if dim7 = 00).

We shall show in Theorem 3.6(1) that if we impose the further condition that {m} is open in

S(m):={o € A : 7 and o cannot be separated by disjoint open subsets of /1},

a condition that holds automatically if My(7w) = 1, then we can find the desired elementary
operator T on A. This leads easily to Corollary 3.7(1) which is a partial converse to
Corollary 3.2(1). Hand-in-hand with these results for norms, we obtain analogous results for
positivity.

Before proving Theorem 3.6, we need to establish two lemmas (Lemmas 3.3 and 3.5 below)
dealing with elementary operators which behave like certain known examples on a matrix
algebra. On the one hand, we have operators that behave like the transpose and, on the other
hand, operators that behave like an example due to Choi [12] of an operator C,, on M, (C)
which is (n — 1)-positive but not n-positive.

In the proofs, we will use the notation 7,, for the transpose mapping on M, (C) and we will
use the fact that ||7, ||z = min{k,n}. Indeed, since ||7,|| = 1, the fact that |7,/ < k follows
from a general estimate [18, Exercise 3.10 (ii)], while ||Z,||x = k (for k < n) follows from a
well-known argument [18, Exercise 1.8]. The fact that ||7,||c» = ||Zn]|» follows from [18, 8.11].
Combining these observations, one obtains the required formula ||7,|/x = min{k,n}.

The operator C,,: M,, — M,, from [12], is C,(z) = (n — 1)trace(x)I,, — z. We note that we
can express 7, and C, as elementary operators by the formulae

n
x) = Z ei jre; i, Co(x) = Z (n—1)e; jxe;j; — Z eiire; j,

ij=1 ij=1 ij=1

with {e; ; : 1 <,j < m+ 1} the standard system of matrix units in M, 41.

LEMMA 3.3. Let k and m be positive integers, and let H be a Hilbert space of dimension
k(m+1). Suppose that {F; ; m+11 is an (m 4+ 1) x (m+ 1) system of matrix units in B(H)
such that Zm+1 i = 1. Let T and C be the elementary operators on B(H) defined by

m+1
= Y F,;SF,;
i,j=1
and
m+1 m+1
C(S) = Z mFi’jSFj’i - Z Fi’iSFj’j
i,j=1 i,7=1

(for S € B(H)). Then
(i) |7|| = min{k,m + 1};
(ii) for r > 1, C is r-positive if and only if rk <
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Proof. Let L be the linear span of {F; ; : 1 <4,j < m+ 1}. Then we have a *-isomorphism
¢1 of My, 41 onto L given by

m—+1 m—+1
ol D Ngeig | = D AigFige
ij=1 ij=1

*

Since L is a factor, so is its commutant L', and there is a *-isomorphism © of L ® L’ onto

B(H) given by

OS®T)=ST (SeL,Tel).
By considering dimension, the finite-dimensional factor L’ is *-isomorphic to My. Let ¢ be a
*_isomorphism of M}, onto L’. Thus we have the following sequence of maps:

$106 -
M1 ® My, —— Lo L' -2 B(H).

Temporarily fix i,j,7,s € {1,2,...,m+ 1} and define elementary operators R on B(H) and
Ryi1on My, 1 by R(:) = F; j()Fys and Ryq1(-) = €;,5(-)ers. We claim that
Ro©o(¢1®¢2) =00 (p1®¢2) 0 (Ryp1 ®idy), (3.1)

where idy, is the identity map on M. By linearity, it suffices to check equality on e, , ® v,
where v € Mj,. Applying the left-hand side of (3.1), and using the fact that ¢o(v) € L', we
obtain

Fy jFpq02(V)Frs = F jFy o Frs$2(v)
= (00 (¢1 ® ¢2))(eijepg€r,s @ V),
as required. It follows from (3.1) and linearity that

T o000 (¢1®p2) =00 (¢1® p2) 0 (Tmy1 @ idy). (3.2)
and
CoBo(¢1® ) =00 (1 ®¢2)o (Crnpr @idy). (3.3)
From (3.2) we have
T = [|Tm+1 ®idi|| = | Tmsr || = min{k,m + 1}.
For r > 1, we may tensor both sides of (3.3) with id, and conclude that

C is r-positive <= Cy,11 is (kr)-positive <= kr < m. O

We denote by 7, the compact Hausdorff topology defined by Fell [14, Chapter II] on the set
Id(A) of all closed two-sided ideals of a C*-algebra A. Note that a net (I,) is Ts-convergent
to I in Id(A) if and only if ||ja + I,|| — ||la + I|| for all @ € A (see [14, Theorem 2.2]). In the
proof of the next result, we shall apply [17, Theorem 3.1]. This is a convenient generalization
of some classical results on extending matrix units (see [14, Theorem 3.1; 16 Lemmas 10 and
11; 24 p. 506]). We shall also use the notion of a primal ideal from [5].

LEMMA 3.4. Let A be a C*-algebra and let 1 <m < co. Suppose that m € A, that
dim7 >m and that My(w) < co. Let J be a primal ideal of A contained in kernw. There
exist elements a; ; € A (1 <i,j7 < m+ 1), and a 75-neighbourhood V' of J in Id(A) such that

(i) foreach K € V,{a;; + K :1< 1,7 <m+1}isan (m+ 1) x (m + 1) system of matrix
units in A/K;
(ii) m(a1,1) has rank I; -
(iii) for each o € gy A/K, 0(a1,1) has rank at most My(n) (in B(H,)).
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Proof.  Since My (m) < oo, it follows from [4, Theorem 4.4(i)] that w(A) contains K(Hy),
the algebra of compact linear operators on H,. Let {&1,...,&n+1} be an orthonormal set in
H, and let E; ; be the rank one projection onto the linear span of §; (1 < ¢ < m +1). Fori # j
let E; ; be the rank one partial isometry which maps £; to &. Then {El ji1<i,j<m+1}is
an (m+ 1) x (m + 1) system of matrix units in 7(A). Let F = ZmH E, ; and note that there
is a *-isomorphism of M,,;1(C) onto Em(A)E mapping the standard matrix unit e; ; to E; ;.

Let K =7 Y(K(H,)), a closed two sided ideal of A which properly contains J. Since
My(m) < oo and J is a primal ideal contained in kerm, {m} is relatively open in A/ J [8,
Proposition 2.1(ii)] and hence in K/J On the other hand, {7} is relatively closed in K/.J
because 7(K) is simple. Thus there is a *-isomorphism W of K(Hz) into K/J such that
moW =idk(g,)and oo W =0 for all 0 € K/J\ {7}. Note that if o € A/J and o ¢ K/J then
ooW =0 too.

Let B=V(En(A)E), a finite-dimensional C*-subalgebra of A/J. By [17, Theorem 3.1],
there is a linear map L : B — A and a 7s-neighbourhood U of J in Id(A) such that

(a) ¢gyo L =1idp,

(b) for every K € U, qx o L is a *-isomorphism of B into A/K.

Let a;; = L(V(E; ;) € A (1 <i,j <m+1). Observe that, by (b), (i) holds for all 7,
neighbourhoods V' C U. Regarding 7 in the usual way as an irreducible representation of both
A and A/J, we have

7T(a171) = (7'(' o0qyo Lo \If)(El,l) = (’/T o ldB o \I/)(El’l) = El,l

and so (ii) holds.

Suppose that there is no 7s-neighbourhood V (iJ\such that (iii) holds. Then there is a net
(Kg) in U which is 7-convergent to J and m, € A/K, such that, for each «, rank(m,(a1,1)) >
My (). Using the 74-compactness of Id(A) and passing to a subnet if necessary, we may assume
that there exists I € Id(A) such that ker 7, — I (75). For each a € A,

lla+ J|| =lim|ja + K| = lim ||a + ker 7, || = |la + I]|.

Thus J C 1.
Let &, be a unit vector fixed by the projection m,(a1,1). We shall show that

(Ta()as€a) = ¢ = (7(1)E1, &1)- (3-4)

Let x € A. Then E;im(x)E11 = AEq1,1, where A\ = ¢(z ) Since gy(ai,1) =¥(E11), m(ais
za;q — Aaq,1) = 0. Recalling that 0o ¥ =0 for all o € A/J\ {m}, we obtain gq;(a11xa11 —
Aai 1) =0. Since J C I, gr(ar,1xa11 — Aa1,1) = 0 and so ||ma(ar,12a1,1 — Aai,1)|| — 0. Hence

Ear€a) = lim(mo (a1,12a1,1)60, Ea) = im(ma(Aar1)a, &) = A = o().

)
This establishes (3.4).
Let ¢ = My(m) + 1. Since rank(my(a1,1)) > ¢, there is an orthonormal set {5&1), e ,5&4)} in
the range of m,(ay 1) for each a. Since £, was an arbitrary unit vector fixed by m(ai 1), it
follows from (3.4) that for 1 <i < ¥, (ma(+) ,@,5&“) — ¢. Applying [8, Lemma 5.2(i)] to the
net (m,), we obtain that

lim(m, (

MU(ﬂ') = MU(ﬂ', (Wa)) = (= MU(ﬂ') + 1,
a contradiction. Hence there is a 75-neighbourhood V' of .J such that V' C U and (iii) holds. [
If K is a closed two-sided ideal of a C*-algebra A, then the quotient map A — A/K extends

uniquely to a *-homomorphism of M (A) into M(A/K). Hence each elementary operator S on
A induces an elementary operator S4,x on A/K such that Sy, (a+ K) = S(a) + K (a € A).
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LEMMA 3.5. Let A be a C*-algebra and let 1 < m < co. Suppose that w € A and dim 7 >
m > My(r). Let J be a primal ideal of A contained in ker 7.

There exists a Ts-neighbourhood V' of J in Id(A) and elementary operators T and C' on A
with coefficients in A such that

(i) |IT™||my1 = m+1 and C™ is not (m + 1)-positive;
(ii) for each K € V, ||[T4 k|| < My(7) and Cy /g is r-positive for 1 < r < m/My(r);
(iii) there is a projection E € w(A) of rank m + 1 with T™(-) = T™(E(-)E) and C™(-) =
C™(E()E).

Proof. There is a 7s-neighbourhood V of J in Id(A) and elements a; ; € A (1 < 7,7 <m+1)
satisfying (i), (i) and (iii) of Lemma 3.4. We define

m—+1 m+1 m—+1
T(z) = Z a;jzra;; and C(x)= Z ma; jTa;; — Z a;xa;; (v € A).
1,j=1 ,j=1 1,j=1

Let B j =7(a;;) (1<i,j<m+1)and E = ZZ? E, ;, a projection of rank m + 1. Then

m+1 m+1 m+1
T™()= Y Ei;()Ei; and C™()= > mE;;()Ej;— Y Eii()E;;
ij=1 Q=1 ij=1

Since EE; j = E; j = E, ;E for all i and j, condition (iii) is satisfied.
There is an isometric *-isomorphism ¥ of M,,.1(C) onto En(A)E mapping the standard
matrix unit e; j to E; ;. Then T7" oW =W o 7,41 and C" oW = W o C,4q. Thus
1T™ |m+1 2 1T Era)Ellm+1 = | Tms1llmyr =m+1

(in fact, equality holds). Also since Cp, 11 is not (m + 1)-positive, neither is C™|gr(4)g nor C™.

To show (ii), let K € V and o € A/K. Let k =rank(o(a1,1)) < My(w) and F; ; = o(ai,;)
(1<i,7<m+1),an (m+1) x (m + 1) system of matrix units in c(A4) (unless k£ = 0 in which
case F; ; =0 for all ¢ and j). Then

m—+1 m+1 m—+1
T°()= > F;()F; and C7()= > mF;()Fi— Y Fi()F;
ij=1 ij=1 ii=1

If k=0 then T2 =0=C". If £ >0, then by Lemma 3.3 and the fact that compression by
Zgﬁl F; ; is contractive and completely positive, we obtain that [|T7| < k < My(w) and that
C? is r-positive whenever rk < m. Since k < My(w), C7 is r-positive whenever rMy(r) < m.

Letting o vary in A/K we conclude from [9, Lemma 1(v), (iv)] that |74, x| < My(7) and
that C'/ is r-positive whenever r < m/My(). O

Let A be a C*-algebra and 7 € A. Recall that
S(m)={o € A : 7 and o cannot be separated by disjoint open subsets of fl}

THEOREM 3.6. Let A be a C*-algebra and suppose that w € A is such that My(r) =M <
oo and M < dimw. Suppose in addition that {m} is relatively open in the set S(m). Let n be
any positive integer such that n < (dimm)/M.

(1) There exists an elementary operator S on A with coefficients in A such that
15 luas 1 > 1S

(2) There exists an n-positive elementary operator R on A with coefficients in A such that
R™ is not (nM + 1)-positive.
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Proof. By hypothesis, there is a closed two-sided ideal I of A such that 7€ I and
INS(r) = {x}. Thus 7 is a separated point of I. Let m = nM. Regarding 7 as an clement of I,
it is still the case that My (7m) = M < oo [8, Lemma 2.7] and also dim7 > m. Let J = I Nkerm,
a primitive and hence primal ideal of I. Applying Lemma 3.5 to I, m and J, we obtain a 7,-
neighbourhood V of J in Id(7), and elementary operators T' and C on I, with coefficients in
I, and a projection E of rank m + 1 in 7(I) such that

(i) |T™|m+1 = m+1 and C™ is not (m + 1)-positive;
(ii) for each K € V, || T}k < My(n) and C;/k is n-positive;

(iii) T7(-) =T™(E(-)E) and C™(-) = C™(E(-)E).

Since 7 is a separated point of I, the identity map from Prim(7) with the Jacobson topology
to (Prim(I), 75) is continuous at J [13, 3.9.4(a)]. Thus V N Prim(I) contains a Jacobson-open
neighbourhood U of J in Prim(I). There exists a closed two-sided ideal L of I such that
Prim(L) ={PNL:PeU} and, since 7 € L, there exists a positive element ¢ € L such that
lle]l = 1 and 7(c) = E. We define elementary operators S and R on A by

S(x) =T(cxc) = (T|p)(cxe) (z€A)
and
R(z) = C(ecxe) = (C|p)(cxe) (z € A).

It follows from (iii) that S™| ;) = T™ and R”|(;y = C™. Hence, by (i), [|S™|lms1 = m + 1 and
R™ is not (m + 1)-positive.

Let o be an irreducible representation of L and let ¢ be the unique extension of ¢ to an
irreducible representation of I on the Hilbert space H,. Then K :=kerg € U C V. Hence, since
(TIL)7 = (T7)|o(ry, we have ||(T|)7|| < | T7]| < |T1/k|l < M. It follows from [9, Lemma 1(v)]
that || T|.]| < M and hence ||S]| < M. Hence, using [18, Exercise 3.10(ii)],

1Sl < nll S| < nM < m+ 1 <[5 lma-

With o and K as in the previous paragraph, we have C7/ is n-positive and hence so is Ce.
Since (C11)? = (C7)|s(1), we obtain that (C|L)7 is n-positive. It follows from [9, Lemma 1(iv)]
that C|p, is n-positive. Finally, R = ¢ o C|1 o D, where D is the (completely positive) mapping
from A into L given by D(xz) = cxc and ¢ : L — A is the inclusion, and so R is n-positive. [

The proof of Theorem 3.6 shows that one may replace the condition on S(m) by the
assumption that 7 is a separated point of A, for then one may apply Lemma 3.5 directly to
A with J = ker 7. Alternatively, if My(7w) < oo (so that 7(A) D K(H,)) and 7 is a separated
point of A then {r} is automatically open in its closure S(r). For a separable C*-algebra A,
the set of separated points in A is a dense G subset (13, 3.9.4].

COROLLARY 3.7. Let A be a C*-algebra and n a positive integer. Suppose that © € A and
that dim7 > n.

(1) Suppose that |T™||,+1 < ||T||n for all elementary operators T on A with coefficients in
A. Then My(m) > 1, that is, m is not a Fell point.

(2) Suppose that for every n-positive elementary operator T' on A with coefficients in A, T™
is (n + 1)-positive. Then My (m) > 1.

Proof. (1) Suppose that My (7) = 1. Then {r} is relatively open in S(7) [4, Lemma 4.3].
By Theorem 3.6(1) (with M = 1), there exists an elementary operator T"on A with coefficients
in A such that [|T™|,,+1 > ||T||». This contradicts the hypothesis.

The proof of (2) is similar, using Theorem 3.6(2). O
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Combining Corollaries 3.2 and 3.7, we obtain the following result.

THEOREM 3.8. Let A be a C*-algebra, let m € A and suppose that dim 7 > 1. The following
conditions are equivalent:

(1) My(m) > 1 (that is, 7w is not a Fell point);

(2) for alln > 1 and all elementary operators T on A, || T™||n+1 < ||T||n;

(3) there exists a positive integer n < dimm such that for all elementary operators T' on A
with coefficients in A, | T™ ||ln+1 < ||T|n;

(4) for alln > 1 and every n-positive elementary operator T on A, T™ is (n + 1)-positive;

(5) there exists a positive integer n < dimm such that for every m-positive elementary
operator T on A with coefficients in A, T™ is (n + 1)-positive.

4. Factorial states and norms of elementary operators

In this section, we shall apply Theorem 2.1 to give an alternative proof of [11, Theorem 4.5], and
the results of Section 3 to give alternative proofs of [22, Corollary 4.5] and the corresponding
parts of [21, Corollary 4.9]. We shall also need the following two propositions, which may be
of independent interest.

ProrosITION 4.1. Let A be a C*-algebra. The following conditions are equivalent:
(1) My(r) = oo for all w € A;

(2) My(n) > 1 for all w € A;

(3) A is antiliminal.

Proof. (2) = (3). Suppose that A has a non-zero postliminal ideal J. Then J contains a
non-zero ideal I with continuous trace [19, 6.2.11]. Let 7 € I. Then 7 is a Fell point of A and
so My(m) =1 by [4, Corollary 4.2].

(3) = (1). Suppose that there exists 7 € A such that My () < co. Then by [4, Proposition
2.3(ii)] there is a non-empty open subset U of A such that My(c) < oo for all o € A. Let .J
be the non-zero ideal of A such that .J = U. By [4, Remark 2. .4(b); 8, Lemma 2.7], the upper
multiplicity of each element of .J (when computed relative to J ) is finite. Hence J is liminal by
[4, Corollary 4.9]. O

The next proposition is elementary but, perhaps, slightly surprising. It shows, in particular,
that the notion of ‘antiliminal-by-abelian’ [9] is the same as ‘abelian-by-antiliminal’.

PROPOSITION 4.2. Let A be a C*-algebra and k a positive integer. The following conditions
are equivalent:
(1) A is k-subhomogeneous or A is antiliminal or A has a k-subhomogeneous ideal I such
that A/I is antiliminal;
(2) A is k-subhomogeneous or A is antiliminal or A has an antiliminal ideal J such that
A/J is k-subhomogeneous;

Proof. (1) = (2). Suppose that A has a k-subhomogeneous ideal I such that A/I is
antiliminal. Let

U={rnecA:dimnr >k},
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a non-empty open subset of A [13,3.6.3(i)]. Let J be the (non-zero) ideal of A such that J = U.
Since I and J are disjoint, I N J = {0}. it follows that the quotient map ¢; : A — A/I maps J
injectively onto an ideal of A/I. Hence J is antiliminal. By construction,

Z/\J:{wefl:dimwgk}

and so A/J is k-subhomogeneous.

(2) = (1). Suppose that A has an antiliminal ideal J such that A/J is k-subhomogeneous.
Let V be the interior of A/J (regarding the latter as a closed subset of A) and let I be the
ideal of A such that [ = V. Then I is k-subhomogeneous (unless V' is empty in which case
I ={0}) and INnJ={0}.

The quotient map ¢q; : A — A/I maps J injectively onto an ideal of A/I. Moreover, q;(J)
is an essential ideal of A/I since J is dense in A/I (regarded as subsets of A). Since .J is
antiliminal so is ¢7(.J) and hence so is A/ (for, if K were a non-zero liminal ideal of A/I, then
qr(J) N K would be a non-zero liminal ideal of ¢;(.J)). O

We now show how Theorem 2.1 and the results of Section 3 enable us to recapture the
following combination of [11, Theorem 4.5; 21, Corollary 4.6; 22, Corollary 4.5].

THEOREM 4.3. Let A be a C*-algebra and n a positive integer. The following conditions
are equivalent:

(1) F,.(A) is weak*-dense in Fuo(A);

(2) F,.(A) is weak*-dense in F,11(A);

(3) A is n-subhomogeneous or A is antiliminal or A has a n-subhomogeneous ideal I such

that A/I is antiliminal;

(4) | T||es = ||T||n for every elementary operator T on A;

(5) IT|lns+1 = |T||5 for every elementary operator T on A with coefficients in A;

(6) every n-positive elementary operator on A is completely positive;

(7) every n-positive elementary operator on A with coefficients in A is (n + 1)-positive.

Proof. (1) = (2). This is immediate.

(2) = (3). Let U ={m € A:dimm > n}, an open subset of A. If U is empty then A is
n-subhomogeneous.

Suppose that U is non-empty and let J be the ideal of A such that J=U.Let 7 € U. Since
dim 7w > n, there exists ¢ € Fj,11(A4) \ Fn(A) such that 6(¢) = 7. By (2), ¢ € F,(A). It follows
from Theorem 2.1 ((3) = (4)) that My(w) > n/n = 1. By [4, Remark 2.4(b); 8, Lemma 2.7],
the upper multiplicity of each element of J (when computed relative to J ) is greater than 1. By
Proposition 4.1, J is antiliminal. If J # A then, by definition of U, A/.J is n-subhomogeneous.

We have shown that A satisfies condition (2) of Proposition 4.2 and so, by that proposition,
condition (3) holds.

(3) = (1). Since Fy(A) (the set of type-I factorial states of finite degree) is norm-dense
in F(A), it suffices to show that F;(A) C F,(A). If A is n-subhomogeneous then Fy(A) =
F,(A). Therefore, we may assume that A/I is antiliminal where either I = {0} or I is an
n-subhomogeneous ideal of A. -

Suppose that ¢ € Fy(A) \ F;,(A) and let 0(¢) = 7. Since ¢ ¢ F,(A), m € A/I. By Proposi-
tion 4.1, My(r) = oo (in A/I and hence in A). There exists m > n such that ¢ € F,1(A4)\
Fn(A). Hence dimm > m. Since My(m) = oo > m/n, it follows from Theorem 2.1 ((4) = (2))
that ¢ € F,(A).

(3) = (4). Let T be an elementary operator on A. By (3) and [9, Lemma 2(ii)], we may
reduce to the two cases where A is either n-subhomogeneous or antiliminal. Suppose first that
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A is n-subhomogeneous. For 7 € A, we have | 7|, = ||T7||,, [18, Proposition 8.10]. Then (4)
follows by taking the supremum over 7 and using [9, Lemma 1(v)].

Suppose now that A is antiliminal and m > n. Let w € A. By Proposition 4.1, My (7) = oo.
Hence, by Theorem 3.1(1), |77 ||, < ||T|». Taking the supremum over = € A, we obtain that
IT|m < IIT||n [9, Lemma 1(v)]. Finally, taking the supremum over m > n, we obtain that
1Tl = T -

(4) = (5). This is immediate.

(5) = (2). If F,,11(A) = F,,(A), then there is nothing to prove, so suppose that ¢ € F,,11(A) \
F,(A) and let m = 0(¢). Then dim 7 > n. Assuming (5), and using [9, Lemma 1(v)] again, we
have

1T It < N Tllnta = Tl

for all elementary operators 7" on A with coefficients in A. By Corollary 3.7(1), My(mw) > 1.
By Theorem 2.1 ((4) = (2) ), ¢ € F,(A).

(3) = (6). Let T be an n-positive elementary operator on A. By (3) and [9, Lemma 2(i)],
to show that T is completely positive we may reduce to the two cases where A is either
n-subhomogeneous or antiliminal. Suppose first that A is n-subhomogeneous. For 7 € 151, we
have T™ is n-positive by [9, Lemma 1(iv)] and 7(A) is *-isomorphic to M, (C) for some r < n.
Hence T™ is completely positive by [18, Theorem 6.1]. Hence T is completely positive by [9,
Lemma 1(iv)].

Suppose now that A is antiliminal and m > n. Let 7 € A. By Proposition 4.1, My(7) = oo.
Hence, by Theorem 3.1(2), T™ is m-positive. Since this holds for all = € A, it follows from (9,
Lemma 1(iv)] that T" is m-positive as required.

(6) = (7). This is immediate.
(7) = (2). This is similar to the proof that (5) implies (2), but uses [9, Lemma 1(iv)] and
Corollary 3.7(2). O
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