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1 Introduction

Our aim is to establish existence of (nonnegative increasing) solutions to the
boundary value problem

2'(t) = wpf(t,z,2), t € (0,+00)

ax(0) — blim Z'(t) = k, Jim () =0 (1.2)
where a > 0,0>0, k>0, u >0, f(t,z, 2) is singular at z = 0 and z = 0 and
may change sign. Our result establishes this existence for sufficiently small
values of p and with relatively few conditions on f (a certain bound on |f| and
a negativity condition on f(¢,x, z) for small z). A parameter such as u can be
called a Thiele modulus, though this terminology is usually applied when the
interval is finite [4, 5].

Our basic method is to apply fixed point results for cones in Banach spaces
to get existence, but we have to apply this method to a sequence of nonsingular
integral equation problems that approximate the problem of interest. The
choice of the approximate problems is somewhat delicate as is the process of
establishing that the solutions to the approximate problems converge.

There is considerable literature which is relevant to our work. Stanék [14]
considers " = pq(t)f(t,z,2") (0 < t < T) with boundary conditions of the
type ax(0) — b2’ (0) = k > 0, 2(T") = 0. The methods of [14] are quite similar
in outline to ours, despite the finiteness of the interval, but [14] requires the
functions ¢ and f to be nonnegative (along with several other conditions).

Via the technique of upper and lower solutions Agarwal and O’Regan [2, 3]
discussed the existence of bounded solutions to equations

S 0) = [t ) (0<t<o0) (1.3
subject to a boundary condition az(0) — blim; o 2'(t) = ¢o. In the case p(t) =
1, A. Constantin [6] established the existence of bounded solutions to equations
of the same kind (subject to certain growth conditions on f). In [2, 3, 6] the
function f(t,x,z) is always assumed continuous for (z,z) € R2. In [15], again
with p(t) = 1, G. Yang considered positive solutions to (1.3) with boundary
conditions z(0) = a'(c0) = 0, allowing f(¢,z,z) to be singular at z = 0 and
z = 0 but requiring boundedness of f as © — 4o00. See also the general
references [12, 13| and the works [8, 10, 11, 16] but note that [10, 11, 16] do
not consider singular equations.

Theorem 1.1. Assume f € C([0,+00) x (0,+00) X (0,+00),R) and there
exist positive & € C[0,4+00), h € C(0,+00) and g € C(0,+00) with || P/ =
SUD4e[0,4-00) |D(t)] < +o0, fol h(s)ds < 400 and
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Jo~ ®(s) maxi o, 14q) M(x) ds < +00 for each ¢ > 1. Suppose
lf(t,y,2)| < P(t)h(y)g(z) (t>0,y>0,2>0). (1.4)

Assume also there is f € C(0,+00), G(t) < 0 and constants 0 <y < 1,5 >0
so that

f(t,z,z) < z7B(t) (t>0,2>0,0<2z<9). (1.5)

Then there is po > 0 so that for each p in the range 0 < p < pg (1.1)-(1.2)
has a solution x = xy with xo(t) > 0 and xy(t) > 0 (for allt > 0).

Our result implies the result of [15] but in contrast to [15], f may be
superlinear at © = +o00. In contrast to [3] we allow f to have singularities and
our hypotheses admit unbounded solutions. Our result does not generalise
several results from the literature where singularities are not considered such
as [6, Theorem 1]. In the proof of [6, Theorem 4], a specific singular equation
on [0, 00) is considered where f(t, z, z) is monotone in z and this special feature
of the equation is used in establishing the existence of solutions. In addition
the solution obtained is bounded below by a positive constant and so does not
approach the singularity at x = 0.

Some of our methods are inspired by [1] and [15]. As corollaries, we dis-
cuss boundedness and unboundedness of positive solutions and we give some
concrete examples where our methods allow us to give a specific value for py.

2 Preliminaries

We will consider two spaces of functions in addition to the space C(0, +00) of
continuous (R-valued) functions on the open interval (0,+o00) (and similarly
for other intervals in R). One is

C10,00] = {x € C[0,00) : z(c0) = tliin x(t) exists} :
(the continuous functions on the one point compactification of [0, c0)) normed
by the usual supremum ||z|| = sup,s [#(t)|. The other is C1[0,00) = {z €

C[0,00) : 2" € C|0, 00]} normed by ||z|| = max (supt20 |f(—f]y,suptzo ]a:’(t)|> It
is easy to verify that the existence of a'(00) = limy ., 2/(t) implies finiteness

|z(®)]

o+ See the following elementary lemma (with ¢(t) =1+ ¢).

of Sy

Lemma 2.1. If ¢(t) is continuous on [0,00) with infi>q@p(t)=3 > 0 and
lim @ =1, then there is K > 0 so that for each x(t) with 2’ € C|0, 0]

t—o0
[z()] _ |=(0)] :
sup < + Ksup |z'(t
te0,00) O(t) 0 £>0 )]
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im 2 —
and lim 56y =

Proof. Let Ky = supc(y o |7(t)] and Ky = sup,¢(g o) t/¢(t). Then
=B 1 ' f |(0)]
o0 o) z(0) +/O z'(s)ds 5

Given € > 0, choose T' > 0 so that |2/(t) — 2'(0c0)| < /3 and |1 — t/p(t)| <
e/(3K;) for all t > T. Then, for t > T

' (00).

< + K1 K.

2(T) — Ta'(c0) th(x’(s) —2'(0)) ds t oo
o+ () e
and, from the triangle inequality we deduce

z(t) x(T) -T2 (c0)| t—Te ¢
OB R e o SO R

for t > T} and T} large enough. O

<€

From [7] and [8] we know that C[0, co] and C [0, 00) are Banach spaces.
We will also consider the cone P of non-negative elements in C' [0, c0)

P={xe€CL[0,+00):z(t) >0,2'(t) >0 for t € [0,00)}. (2.1)
From the Arzela-Ascoli Theorem (or see [7]) we can state a criterion for
compactness in C0, o0].

Lemma 2.2. Let M C C[0,400]. Then M is relatively compact in C|[0, +00]
if and only if it is (norm) bounded in C|0,+o0] and equicontinuous at each
point of [0, 00]:

(a) sup{||z| : x € M} < 00, and

(b) for each ty € [0,00] and € > 0, there is a neighbourhood Uy of ty € [0, 00]
so that t € Uy, © € M implies |x(t) — xz(to)| < €.
The next lemma follows from [9, Lemma 2.3.1, Theorem 2.3.2].

Lemma 2.3. Let ) be a bounded open set in real Banach space E that contains
the origin, P be a convez closed cone in E which is proper (that is PN (—P) =
{0}) and A: QNP — P a continuous and completely continuous (that is, maps
bounded sets to relatively compact sets) operator. Suppose

Mz # z,Nr € 00N P, X € (0,1]. (2.2)

Then i(A,QN P, P) =1 (where i(A, Q2N P, P) is the fized point index of A on
QN P with respect to P) and the equation Ax = x has a solution x € QN P.



Positive solutions 1193

Lemma 2.4. Let 5 € C((0,00)) with 5(t) <0 (allt € (0,00)), and let p > 0,
T>0and0<~vy<1. Suppose x € P satisfies x(T) > 0, lim;_, 2'(t) = 0 and

() < pBt)(x(t)” (t €[T,00)).
Then

Y02 0 [ (A ar(s)) ds fort € [T,00)

where

t 1/(1=7)
ar) = (@=vn [G-Disenar)  @zT0)

T

Proof. Note that ap(t) is positive for ¢ > T and satisfies the integral equation

ar(t) = / (r = T)ar(M) (~B(r) dr (te[T.00).  (23)

T

Integration from ¢ to +oo yields that

() > —p / " B(s) (al(s))7 ds, t € [T, +o0).
Thus, for t > T,

z(t) >

Y]

o) = a(T)
uf | " B(r) (o(n) drds

| / B(r) (x(r))" drds

Y

> / (r = T)(=B(r)) (x(r))" dr.

Note that ar(T') = 0 < z(T') and hence there is some interval [T, ¢;) with
ty > 1 where x(t) > ar(t) holds. From the inequality

t

£(t) — ar(t) > / (r = T) ((@(r))" - (ar(r)") (~B(r) dr

T

(which follows using (2.3)) we can show that z(¢) > ar(t) remains true for all
t > T. This gives the conclusion of the lemma. O
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3 Proof of the main result

Lemma 3.1. Let f, € C(]0,+00) x [0,4+00) X [0, +00),R), ¢ > 0 and ¢; > 0.
Assume that for each M > 0 there is ®y; € L'[0,00) so that

v € Pzl < M = |folt, x(t),2'())] < Pu(t) (t20).

Forxz € P (P asin (2.1)), we define a function (Ax)(t) (ont € [0,00)) by

(Az)(t) = co + c12'(0) + /Ot max {O, /:o fo (7, 2(7), 2'(7)) dT} ds.

Then Az € P (for allx € P) and A: P — P is a continuous and completely
continuous map.

Proof. For x € P, let M = ||z|| and then

0 < (Az)(t)

= (Ax><0)+/tmax {o, /Oo fo (T,xm,x'(ﬂ)} dr ds
)(0) // Oy (1) drds

g<A>o+ﬂ@Mh<+w

IN

(We use || - ||; for the integral norm on L'[0, 00).) Moreover,

0 < (A:L‘)'(t):maX{O,/toofo(T,x(T),x'(T)) dr}
< /tOOCI)M(T)dT, Vt € [0, +00),

which yields that lim;_..(Az)'(t) = 0. Consequently, A : P — P is well
defined.

To show that A: P — P is continuous, we consider a convergent sequence
(xm)2_, in P converging to xy € P. By compactness of the sequence and its
limit there is M > 0 so that ||x,,|| < M for all m (and ||zo|| < M). Because
of the elementary inequality | max{0,u} — max{0,v}| < |u — v| we have

(A (£) — (Azo)' ()]
< [|h@%ﬁ%%ﬁﬂ—h@%@w%ﬂwf

< AﬂhvaﬂJMﬂwﬁun%vwmnnm. (3.1)
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Also,
| fo (7 2 (7), 23,(7)) = fo (7, 20(7), 2 (7))| < 20ns(7)

and (3.1) with the Lebesgue dominated convergence theorem then implies
(Az,,)' (t) — (Axp)'(t) uniformly for ¢ > 0. One can show in a similar way
that (Az,,)(0) — (Azp)(0) and then by Lemma 2.1, we have Ax,, — Axy.

Finally, let D C P be bounded and we claim that A(D) is relatively com-
pact in P (or equivalently in C [0, 00) since P is closed). Fix M > 0 so that
|z|| < M for x € D. We have

(Az) (1) < /too@M(s)ds (3.2)
< /OO@M(T)ds,

which implies that {(Az)" : x € D} is bounded. From (3.2) we see that the

functions (Az)" (z € D) are equicontinuous at co. To show equicontinuity at
point ¢y € [0, 00) observe that

(Az)(t) = maX{O, /t o (ra(r), 2 (1) dr}
_ maX{O, /tto fo (r2(7), 2 (7)) dr
+ /tooo fo (r,2(7), 2 (1)) dT}

from which we deduce that

|(Az)'(t) — (Az)'(to)| <

/t (), 2 (7)) dr

/t By () dr

and so it follows that {(Ax)(t) : * € D} is equicontinuous at ty. From
Lemma 2.2 we see that for any (z,,)3_, in D, there is a subsequence (which
we denote again by (z,,)°_;) so that (Ax,,) converges uniformly on [0, o] (to
some limit function in z € C[0, c0]). Passing to a further subsequence we may
assume also that lim,, ... (Az,,)(0) = 20(0) exists. From Lemma 2.1 we can
then conclude that lim,, . Az, = xo where xy(t) = z0(0) + fot z(r)dr. O

Lemma 3.2. Fiz f satisfying the hypothesis (1.4) of Theorem 1.1, u > 0,
a>0,b>0,k>0andn € N. Forx € P (P as in (2.1)), we define a
function (A,z)(t) (ont € [0,00)) by

(Apx)(t) = g + 23:’(0) + /Ot max {O, /:O —pfn (1, 2(7), 2'(1)) dT} ds,

<
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where we let f,(T,2,2) = f (T,:I: + TT“,z+ %) Then A,x € P (for allz € P)
and A,,: P — P 1is a continuous and completely continuous map.

Proof. The idea is to apply Lemma 3.1 with fo(t,z,2) = —pfn(7, 2, 2). What
we need is to establish the existence of @, € L'[0,00) for each M > 0 to
satisfy the assumption in Lemma 3.1.
To compress the notation we introduce
H..(t)= max h(z), G.y = max g(z). (3.3)

e<z<c(l47) e<z<M

For xz € P, it is easy to see that

0 < z(t) = z(0) +/0 2'(s)ds < z(0) + t||z|| < (1+1¢)||z|], Vt e [0,+00).

1 t+1
— < z(t) + ——< (1+ [lz|)(1 +1¢), Vte[0,+00).
Fix M > 0 and choose a ¢ > 1+ M big enough such that 1/c¢ < 1/n. Then,
for x € P with ||z|| < M,
1 t+1
S<a®) + 0 < (1 41), VEe 0, +00). (3.4)
c n

Thus, using (1.4),

| fulT, 2(7),2'(7))] = ’f (T’xm + T:L_l’aj/(ﬂ " l)’
< ®(7)h (x(T) + It 1) g (x'(T) + l)

T+ 1

< O(7)h (I(T) + ) G1/n|z)|+1/n- (3.5)

Together with (3.4) this implies that, for x € P with ||z|| < M,

[fo(r,2(7), 2" (7)) < ®as(7) = p®(7) Hyje.o(T) G jmsi1/m-

As @), € L'0,00) by the hypotheses, we can apply Lemma 3.1 to get the
result. O

Lemma 3.3. Fiz f satisfying the hypotheses (1.4) and (1.5) of Theorem 1.1,
w>0,a>0,0>0,k>0andn €N. Let A, be as in Lemma 3.2. If1/n <4,
0 < A<1andx € P satisfies xt = ANA,x, then

() = Aufn (¢, z(t), 2/ (1)), t € (0,400)

and '(t) > 0 fort > 0.
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Proof. Differentiating the formula defining A,, we have 2/(t) > 0 (for ¢ > 0),
x(t) > x(0) > 0, and lim;_, '(t) = 0. Because 1/n < §, thereis ty > 0 so that
0<a'(t)+1/n <0 for all t > ty. From (1.5) we then have f, (¢, z(t), z((t)) =
ft,z(t)+ (t+ 1) /n,z(t) + 1/n) < (x(t) + (t+1)/n)76(t) < 0 for t >ty and
so differentiating the formula defining A,, gives

(Anz) (1) = —p / T h(ratn) (@) dr (> ).

Since x = A,z and f, (7, 2(7),z5(7)) < 0 (for 7 >t > to) we deduce 2'(t) > 0
for t > t.

Thus {t € [0,00) : 2/(s) > 0Vs > t} is nonempty (it contains ;) and has
an infimum ¢*. If t* > 0 then we must have z'(t*) = 0. We will show now that
2'(t*) > 0 and this will also show that ¢* = 0, hence 2/(0) > 0 must hold. If
2/ (t*) = 0, then by continuity of 2’ we must then have ¢§ > ¢t* such that

1
0<a'(t), 2t)+—-<d (t"<t<ty,
n

and hence f, (7, z(7), 2(7)) < (x(1) + +7+ £)74(1) < 0 for t* < 7 < &5,
As 2'(t) > 0 for t* <t <tf, we have

' (t) = MA,z) (t) = —u)\/ fo (1y2(7), 2/ (7)) dr (3.6)

in the range t* <t < ¢j. In particular (3.6) holds for ¢t = ¢§ and, by continuity,
(3.6) also holds at ¢t = t*. Thus

0=2(t) = —pA /t*o fo (Ty2(7), 2 (7)) dr + 2'(t5) > 2'(t§) > 0,

a contradiction. We have therefore established t* = 0 (and 2/(0) > 0).
We can now verify directly that x must satisfy

2 (t) = Muf (8, 2(t), 2/ (1)), te (0,+00). O
U

Notation 3.4. We will continue to use the notatlon (3.3) with h and ¢ as in
the hypothesis (1.4). We also let I(z) fo sagT du. As g(u) > 0
we can see that [ is continuous and strlctly 1ncreasmg on [0 o0) with I(0) =
0 and I([0,00)) = [0, ) where I, fo g du € [0,00] may be finite
or infinite. Thus there is a monotone 1ncreasmg contmuous inverse function
I71:00,1) — [0,00) with I71(0) = 0.

Deﬁne, for R > 0.

HCDHOOh(S) + Rq)(S)Hl,l R(S) S S 1
WR(S) - { Rq)(S)Hl,liR(S) s> 1.

For po > 0 let J(po) = {e¢ > 0: po||Vel1 < I}
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Lemma 3.5. Assume that f satisfies the hypotheses of Theorem 1.1. Then,
using the notation above, there is g > 0 so that

c
sup > 1. (3.7)
ced(uo) &+ (2 + )T (o[ ell1)

Moreover, for such g there is Ry > 0 and € > 0 so that
k b 1
Ris> o (2 1) ) 4 ol W el 39

Proof. Fix R’ > k/a and then we can find po > 0 so that

1 e
Lo (||<I>||oo/ h(s) ds—l—R'/ O(s)Hi1+r(5) ds) < I
0 0

and
R/

0 (o (190 JL ) A5+ [ S o (9)d5))

We have p so that (3.7) holds.
Then there is R” > 0 so that R” > (k/a) + (b/a+ 1) I (po||Vrr1)-
Further, by continuity of I and its inverse, we can choose € > 0 so that

e
R'—¢> ot (5 - 1) I7H(I(e) + pol[ W relr)

and ¢ < R”. Then let R, = R" — «. O

Lemma 3.6. Assume that f satisfies the hypotheses of Theorem 1.1 and f,
is as in Lemma 3.2. Assume also that 0 < p < pg, Ry > 0 where g, Ry and
e > 0 satisfy (3.8) and n > ng > 1/ min{e,d}. Then the problem

() = pfa(t,x(t), 2 (1)), t € (0,400) (3.9)
2(0) = (g + gx'(O)) L (00 =0 (3.10)

has a solution x = x,, € P with 0 < ||x,|| < Ry and z},(t) > 0 for all t > 0.

Proof. We will consider the continuous and completely continuous operator
A, of Lemma 3.2 (for n > ng) and we aim to apply Lemma 2.3 to each A,
where Q = {x € C [0, +00) : ||z]| < R;}. To that end, we claim that there is
nor € PNIY={xe€P:|z|| =R} withz=X A,z and 0 < A < 1.
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Assume on the contrary that the claim is false and x = xg € P, 0 < A\g <
1, n > ng satisfy |zo|| = Ry and 7y = MA,z9. By Lemma 3.3, 2”(t) =
Xopfn (t,z(t),2'(t)) (for t > 0). Thus, by (1.4),

~a) < uls (rantt+ a0 + 1)

< ud(t)h (xo(t) + %) g(zg(t) +1/n);

— (zp(t) +1/n) ag(t) t+1y
SO L1/ T 1 < pd(t)h (xo(t) + T) (xp(t) + 1/n).

Integrating between ¢ and oo we get

I(w(t) +1/n) — I(1/n)

< u[myghemg+sgl)dGM@+szl)

< ulmyghemg+szl)demg+szl). (3.11)

Since limy_, oo (zo(t) + (t +1)/n) = 400 and zo(t) + (t+1)/n is increasing,
there are two situations: either zo(¢)++ > 1forallt € [0, +00); or 2(0)+= <
1.

In the second case there is a unique 7' > 0 such that zo(T) + 27+ £ =1
and 1 < xo(t) + 2t + = < (R +¢)(1 +1t), Vt € [T,400). And integrating
between ¢t and oo we estimate (3.11) from above by

I(zy(t) +1/n) — I(1/n)

< [0 (s + 2L 0 (o + 211)
+M/Too¢)(3)h (xo(s) + 5‘721) d (IO(S) + 8‘721>
uucbnoo/:h (wo<8>+ S}tl) d(%(s” S}tl)

+u /Toocb(s)h (xo(s) + 321) (xg(s) + %) ds

< (1 [ B+ (4 [0 ) 05)

= p[| VR, el

IN

(Vt € [0,+00)). In the first case we get the same estimate by taking 7= 0 in
the above argument.
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Rearranging, and using (1/n) < I(g) together with monotonicity of 7!
we get

I(wo(t) +1/n)
7o(t)

by (3.8). Integrating again from 0 to ¢, we find

I(e) + pl|Wg 4elr

<
< I7H(IE) + pll P Rytellr) < Ry (3.12)

o(t) = 0(0) +/0 wg(s) ds < wo(0) + 17" (L(2) + pll ¥y l1)

from which it follows that

|20 (?)]

sup 20(0) + 17 (1(e) + pll Vg, 12]l1)
>0 1+t

b
< Mo 2 L) 4 17 (166) + W)
k b
< ky (— i 1) @) + W) < B (313)

by (3.8). From (3.12), (3.13) and 1/n < € we get Ry = ||xo|| < Ri, a contra-
diction. This establishes the claimed nonexistence of xg.

We can now apply Lemma 2.3 to A,, to obtain z,, € PN with z, = A, z,.
By Lemma 3.3, z = x,, must satisfy (3.9)—(3.10) and /,(t) > 0 for t > 0. O

Proof (of Theorem 1.1). Let ng be as in Lemma 3.6. For n > ny, let z,, € P
satisfy (3.9)—(3.10) and z7,(t) > 0 for all £ > 0. Let M,, = sup;c(y 4o0) 7, (t) and
n = inf,>n, M,. Now we show that n > 0. In fact, if n = 0, there is an {n;}
such that M, + % — 0 as j — 400 and we can assume M, + % < 0 (all 7).
Our assumption (1.5) implies that

t+1
U

00,00, 0) < 50) (0 + 1)t 11400,

Thus,

t+1
1

2,0 < 080 (10,0 + Z1) L e 100

and hence

2 (1) < uB()(an, (1)t € [1,+0).

By Lemma 2.4

OEY. / T () ds, € [1,+00)
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and this contradicts n = 0.

Let ¢ = min{d/2,n}. Since limy o 2/ (t) = 0, set 2/ (t,) = (, t, €
[1,400). Tt is easy to see that x/ (¢) is decreasing on [t,,, +00). Now we show
that

z(t) > ¢, t€0,t,],n > ng. (3.14)

In fact, if there is a ¢y € [0,t,] with 2] (t) < ¢, set t* = sup{t|z,(s) < ¢ for all
s € [to, t]}. Obviously, t* < t, with x] (t) < ¢ for all ¢ € [to,t") and a,(t*) = (.
Now (1.5) implies that

21(8) < () (xn@) ¥ ﬂ) e fto. b,

n

which yields that 2/ (t) is decreasing on [to,t*]. This is a contradiction to
xl (t*) = ¢ > 2} (tp) and establishes (3.14).

Since z,(t) > ¢ for all t € [0,t,] 2 [0, 1], z,(t) = ,(0) + fg x(s)ds > (t
for all t € [0, 1]. Since x,(t) is increasing on [0, +00), we know that x,(t) > ¢
for all t € [1,400), n € Ny. Then,

¢ <uz,(t)+ # <(Ri+¢e)(1+1t), te[l,+00).

From (3.9) and (1.4) we get

—(z, () + Yn)ay () (@,() +1/n)|z ()]
glap(t) +1/m)+1 = gz, () +1/n) +1
p () (2, (1) + 1/n)h(an(t) + (E+1)/n))  (t>0)

and integrating the inequality gives

[I(z! (ty) + 1/n) — I(z, (L) + 1/n)]
/: O(t)h (xn(t) + #) (x;(t) + %) dt' . (3.15)

(for 0 < t1,ty < 00). Then we have for t; > 1 and t5 > 1

IN

< n

1, (tr) +1/n) — I(,(t2) +1/n)| < pu

/ tQ(Rl +E)O(t) He gy 4o (1) dt’ _

t1

(3.16)
Iftl S 1 andtg S 1
[ (27,(t1) + 1/n) — I(x,(t2) + 1/n)]

t2 1 1
< u / O (t)h (xn(t) + i) d (xn(t) + i) dt'

" n n

xn(t2)+(t2+1)/n
< ol | h(s) ds (3.17)
xn(t1)+(t1+1)/n
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(3 16) and finiteness of [~ ®(s)Hijcc(s)ds guarantee that the functions
I(z),(t) + 1/n) (n > ny) are equlcontmuous at each point of [1,00). Since
{z!,(t)+1/n:n > ny} is bounded on [0, 1] by sup,, ||z,|| + 1/no < Ry + 1, the
functions belonging to {x,(t)+ (t+1)/n:n > no} are equicontinuous on [0, 1].
Together with (3.17) and the finiteness of fo s)ds (for T'=2R;+2 > 0) this
implies that the functions I(2, (t) + 1/n) (n 2 no) are equicontinuous at each
point of [0, 1]. Combining with equicontinuity on [1, 00) we get equicontinuity
at each point of [0, 00). Since I~ is uniformly continuous on [0, I(R; + 1/ng)],
we can deduce that the functions z/,(t) (n > ng) are equicontinuous at each
point of [0, 00). A similar argument, using x, (c0) = 0 shows, via

)+ 1) = 1 < | [ 6O Hem ] 2 ),

t1

that the functions are also equicontinuous at oo.

We can therefore apply Lemma 2.2 to conclude that there is a subsequence
(27,)72, of (27,)7L,, that converges uniformly on [0, o] to some limit function
y € C [0,00]. Passing to a further subsequence, and using compactness of
[ Ry] we can also assume that lim;_. 2,,(0) = § exists. We can then define

0 € CL[0,+00) by

i) =6+ [ () dr

and we can see from the fact that x,, satisfies (3.10) that 2 = zo must satisfy
the boundary conditions (1.2). As z,, € P we have 2¢(0) = § > 0. As
. () > 0 for all t we have zy(t) = y(t) = lim;_oc 27, (¢) > 0.

By continuity at oo and z((o0) = 0, there is ty > 0 so that z{(t) < /3 for
t € [to, 00). By uniform convergence, there is jo > 3/0 so that |z, (t)—zy(t)| <
6/3 for all j > jo and t€ [ty, 00). Hence 0 < ay (t) +1/n; < ¢ for all ¢ > t,,
J > jo. From (1.5) we have therefore

T+ 1

fw,xnj(f),x;j(f))s(xnj<f>+ )5(7) (7 = 10,) = jo).

U

Since x,, satisfies (3.9), Lemma 2.4 gives

2 (1) > p / (M) (<A dr (>t > o).

Taking limits as j — oo we see that z{ () > 0 holds for all ¢ € (ty,00). We
claim that in fact x((t) > 0 for all £ > 0. To see the claim, consider the set
{t >0:z((r) > 0Vr € (t,00)} C [0,00), a nonempty set since it contains .
Denote the infimum of this set by t*. If * > 0 then necessarily z((t*) = 0.
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We show that z{(t*) > 0 (so that t* = 0 and z((0) > 0). If z{(¢*) = 0, then
there is t; > t* so that aj(t) < §/3 for t* < ¢t < t;. By unform convergence
there is jo > 3/d such that |27, (¢) — 2o(t)] < d/3 for j > jo and all ¢. Hence
x, (1) +1/n; < 6 for t € [t*,t1) and j > jo. For j > jo fixed, consider

ti =sup{t; 1 a4, (t) + 1/n; < oVt € [t*,t;)} >t > t*. Note that

J

:L‘;:j(t) - anj(t7xnj(t)7‘r:’bj(t)
t

< u(xnj(t)+ ;1)75@)@ (tr<t<t) (318

by (1.5). If t; < oo, then z, (t;) = 0 + 1/n;, but this is impossible because
(3.18) implies § > z;, (t*)+1/n; > a5, (t7)+1/n; = 0. Thus 7 = oo for j > jo.
From Lemma 2.4 we have

T, (1) = M/too(om (M) (=B(r))dr (t =175 = jo)-

*

Taking the limit as j — oo shows z{(¢*) > 0. We have therefore shown that
t* = 0 and x5(t) > 0 for t > 0, which implies that z((t) > 0 for all t € (0, 4+00).
Consequently, since lim; ., ||2,, — o[/ = 0, we have

inf { min z,_ (s), min z; (s)} >0, t<l1

i>1 | selt1] seft,1] Y

and
inf { min z, (s), min x;(s)} >0, t>1.
J>1 | s€[1,t] se[Lt]

From

2 (1) — (1) = / foy (7, 0y (7, 2 (7)) iy £ € (0, 4+00),

letting j — +o00, the Lebesgue Dominated Convergence Theorem and (1.4)
guarantee that

t
xg(t) — xy(1) = u/ f(r,zo(7),25(7)) dr, t € (0,+00).
1
By direct differentiation, we have

xo(t) = pf (8, zo(t), 2(2)), t € (0, +00),

which is (1.1). We already established that © = z, satisfies (1.2). O
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4 Examples and consequences

Corollary 4.1. Assume that the hypotheses of Theorem 1.1 hold together with
one of the following conditions

(i) limy_oo t [ B(7) dT = —00
(ii) [, (T —t)B(1)dr = —o0 for some ty > 0.

Then all solutions of (1.1)—(1.2) with x(t) > 0 and 2'(t) > 0 for t € (0, 00)
are unbounded.

Proof. Let xy be a nonnegative and strictly monotone increasing solution of
(1.1)=(1.2). Since limy;_, (t) = 0, there is ¢ > ty so that 0 < z/(¢) < J for
all t € [t',00). From (1.5) and the integral form of (1.1) we have

() > / Ty (B dr (8.

Hence, for ¢t > t/,

xo(t) — xo(t') > // xo(T B(7)) dr ds

- // wo(r) (—A(r)) dr ds
+,u// (xo(T B(7)) dr ds

. / (r — ) (zo(r))(~B(r)) dr
Fult— ) / (o)) (—B(r) dr.

Given either of the two conditions we conclude z(t) — oo as t — oc. O

Corollary 4.2. Assume that the hypotheses of Theorem 1.1 hold and that for
each ¢ >0, ¢ > 1 there is T =T(,¢) € [1,00) satisfying

/ ! (c'/ ®(r) max h(x) dT) ds < 00
T s L <a<c(l+T)

(with 1(z) =[5 u/(g(u)+1)du). Then all solutions of (1.1)~(1.2) with x(t) >
0 and x( ) >0 fort € (0,00) are bounded.
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Proof. Let xy be a nonnegative and strictly monotone increasing solution of
(1.1)—(1.2). From the assumptions lim; o+ x( () exists and lim;_, () = 0.
It follows easily that zy € CL[0,00). As in (3.4) there is a ¢ > 0 such that
L <ao(t) <c(l+t) for all t € [1,+00). Then, we can see from (1.1) and (1.4)
that

|26()]
—zo(t)xo(t)/ (9(xo(t)) + 1)

p(E)h(zo(t))g(zo(t))
p®(t) max  h(x)||zol|, t€[1,+00).

1<a<e(1+t)

Integrating we get

1(zh(1)) — 1(0) < o /f@(ﬂ max  h(z)dr, t € [L,+00),

% <z<c(l+47)

and hence (since I(0) = 0 and ™' is monotone) if ¢ € [ty,00) for {5 > 1
sufficiently large

ap(t) < I (u”on /:O(P(T) max )h(x) d7'> :

%<x§c(l+7’

Integrating both sides and using the hypothesis we get xy bounded. O

Ezxample 4.53. Consider the boundary value problem

{ g’ = pemt (aP 4 2P + 27) (cost + (2/) — (2/)7%) (t € (0,00))
z(0) —2/(0) =0, limy o 2'(t) =0
(4.1)

where a1 > 0, as > 0, by > by >0,0<bg <1,b; <1and g > 0. Then there
is g > 0 so that, for 0 < p < po, the problem has a bounded nonnegative
strictly monotone increasing solution. If by + 1 < 2 — ay, pg = +00.

To see that this is so we apply Theorem 1.1 and Corollary 4.2, where
k=0,a=b=1®0() =ec ' h(z) =a" + 22 + 275 g(z) =1+ 2% + 279,
§ = (1/3)Y92 ~ = b, and B(t) = —et. It is easy to see that (1.4) and (1.5)
hold. Theorem 1.1 guarantees that there is po > 0 so that for 0 < pu < pgo the
problem has a nonnegative strictly monotone increasing solution.

Moreover, since lim, o+ jrmmams = 1, there is a § with 1 > d5 > 0
1+a
such that for 0 S u S (50, m Z %UlJraQ. Thus

z u z u1+a2
I(z) = / ey = / du
o 1+ g(u) o 14 2u + yuta:

/ SN = (0 2 < ),
2 22 + az)

v
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which implies
1
IMy) < 22+ a)y)F=, 0<y < I(5). (4.2)

Since lim, o [ ®(7)Hije,o(7) dr = 0 (with the notation (3.3)), there is a
T =T(¢,c) > 0 such that max (¢, 1) [" ®(7)Hi)eo(7) dr < I(d). Then (4.2)
yields that

/TOO a (C, / B el dT) ds

1
0 0 2Fag
< / (2(2 + &2)0// D(T)H/c,e(T) dT) " ds < +oo.

T

As a result Corollary 4.2 guarantees that the solutions to (4.1) are bounded.
Assume now by +1 < 2 — aq. For z > 1,

I(z) = /Oz%g(u)du

> I(1) + m['z%al — 1],

we have 1([0,00)) = [0, 00) and

1

2> 11 ([(1)+m

[2279 — 1]) , 2> 1.

Let y = I(1) + z5——[22"% — 1], so that y > I(1) can be arbitrary with z > 1.

3(2—a1)
Hence
1
ITHy) < (B2 -a) (y— 1)+ D=7 (y = 1(1)). (4.3)
Finally, for any po > 0, consider (3.7). We have already noted I, =
oo and so J(ug) = [0,00). It is easy to see that, with the constant ¢y =

1
1@llo Jo R(s) ds,

k b o
y (_ + 1) ! (,Uo (Co + c/ D(s) max h(zx) d5)>
a a 0 1<a<(14c)(1+s)
< 217! (,uo (CO +3c(1 +¢)" / e (1 +s)™ ds)) .
0

From (4.3), it is easy to see that if by + 1 < 2 — @, then the left hand side of
(3.7) is oo for all py. Thus (4.1) has solutions for all p (if by + 1 < 2 — a4).
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Ezample 4.4. Consider the boundary value problem (on ¢ € (0, 00))

(4.4)

{ Jr— ,U(l t)_2 (l‘bl _'_xbg +x—b3> (1 + (x/)al _ (l")_@)
z(0) =0, limy_ 2/(t) = 0,

where 1 > a1 >0,a,>0,1>0,>0,1>by>0,1>03>0and p > 0. Then
there is a po > 0 such that the problem (4.4) has an unbounded nonnegative
strictly monotone increasing solution for all 0 < p < pg.

To see that this is so we apply Theorem 1.1, Corollary 4.1, where £ = 0,
a=1,0=0,0(t)=(1+1)2 h(z) =a" + 22 + 275 g(2) =1+ 2% 4 279,
§=(1/3)%2 ~=b; and B(t) = —(1 + )72

To apply Corollary 4.1 note that [~(7 — 1)5(r) dr = —oc.
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