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We compute the light-hadron mass spectrum atb55.7 using theO(a)-improved Sheikholeslami-Wohlert
fermion action with two choices of the clover coefficient: the classical valuec51 and a mean-field or
tadpole-improved estimatec51.57. We compare our results with those of the GF11 Collaboration who use the
Wilson fermion action (c50). We find that changingc from zero to 1 and 1.57 leads to significant differences
in the masses of the chirally extrapolated and strange pseudoscalar and vector mesons, the nucleon, theD, and
also in the Edinburgh plot. A number of other quantities, for example,mV

22mP
2 , J, amK /amr , and

amK* /amr do not appear to change significantly. We also investigate the effect of changing the lattice volume
from approximately~2 fm!3 to ~2.6 fm!3. We find that the meson masses are consistent to within one standard
deviation and baryon masses are consistent to within two standard deviations.
@S0556-2821~97!04803-0#

PACS number~s!: 12.38.Gc, 11.15.Ha, 14.65.Bt

I. INTRODUCTION

Theab initio calculation of the light-hadron spectrum is a
major goal of lattice QCD. A calculation of the light-hadron
spectrum giving results in good agreement with experiment
would be a demonstration that QCD describes long-distance
strong-interaction physics. Furthermore, the calculation is an
essential precursor to the calculation of other nonperturbative
observables in QCD, such asBK , BB , leptonic, and semi-
leptonic decay matrix elements and the moments of the
nucleon structure function. Lattice calculations are, however,
subject to systematic errors from the nonzero lattice spacing,
the finite volume of the lattice, the extrapolation in the va-
lence quark mass to the chiral limit, and the quenched ap-
proximation. In this paper, the effects of the first two sources
of error will be examined.

Symanzik@1# proposed an improvement program for re-
ducing the dependence of observables on the lattice spacing,
a, by adding to the action higher-dimension operators with
appropriately calculated coefficients. This should enable a
more reliable extrapolation to the continuum limit, using data
at larger values of the lattice spacing. Given that the compu-
tational effort scales asa26 in the quenched approximation,
the potential savings are considerable.

The standard gluon action has discretization errors of

O(a2). The Wilson fermion action, on the other hand, has
discretization errors ofO(a). Therefore, the first step in the
Symanzik improvement program is to reduce the leading-
order error of the fermion action to the same order as that of
the gluon action. The resulting Sheikholeslami-Wohlert
~SW! action @2# introduces an extra operator,P(x), the so-
called clover term, to the original action, multiplied by a
parameterc:

SSW
F 5SW

F ~k,r !1a4 ckr (
x

c̄xP~x!cx , ~1!

whereSW
F (k,r ) is the standard Wilson action defined as

SW
F ~k,r !5a4(

x
H c̄xcx1k(

m
@c̄x~gm2r !Um~x!cx1m̂

2c̄x1m̂~gm1r !U†~x!cx#J , ~2!

and

P~x!5
2 ia

2 (
m,n

Fmn
c ~x!smn , ~3!

Fmn
c (x) is a lattice definition of the field strength tensor, de-
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There is a value of the parameterc, cnonpert, which re-
moves allO(a) errors from spectral quantities@4,5#. In this
paper, we compare the spectrum obtained using the Wilson
fermion action (c50) with that obtained using the SW ferm-
ion action with two choices ofc: the classical value,c51,
and a mean-field or tadpole-improved estimate ofcnonpert.
Other approaches to improvement are described in Refs.
@6–10#.

The tadpole-improved estimate ofc is obtained following
Lepage and Mackenzie@11# by replacing the gauge links,
Um(x) by

Ũm~x!5
1

u0
Um~x! . ~4!

We choose

u05^ 1
3 TrUh&1/4. ~5!

Consequently, the effect of tadpole improvement on the SW
action is to set

c5
c̃

u0
3 , ~6!

k5
k̃

u0
. ~7!

Tree-level theory should then provide more reliable esti-
mates of c̃ and the critical value ofk̃ which we denote
k̃crit ; we takec̃51 and expectk̃crit to be close to 1/8. This
prescription maintains theO(a) improvement and it is be-
lieved that the size of the remaining discretization error will
be reduced.

The paper is organized as follows. In the next section we
outline the computational methods. In Sec. III, we explore
three values of the clover coefficient atb55.7 by including
the results from the GF11 Collaboration@12#. The observ-
ables studied are: ther andp masses, vector pseudoscalar
mass splittings, theJ parameter~proposed by Lacock and
Michael @13#!, valences̄s meson masses, the spin 1/2 and
3/2 baryon masses, and the Edinburgh plot. A study is also
made of possible finite size effects by computing the spec-
trum at a smaller lattice volume, using one value of the clo-
ver coefficient. Finally, in Sec. IV, we present our conclu-
sions.

II. COMPUTATIONAL DETAILS

A. Simulation parameters

Two lattice sizes, 123324 and 163332, atb55.7, were
used, with 482 configurations generated on the former and
142 configurations on the latter. We used a combination of
the over-relaxation~OR! algorithm @14# and the Cabbibo-
Marinari ~CM! algorithm @15#. The gauge configurations
were separated by 100 compound sweeps, where a com-
pound sweep is defined as five OR sweeps followed by one
CM sweep. A detailed description of the algorithms used can
be found in@3#.

Quark propagators were calculated at twok values. These
values were chosen so that the corresponding quark masses

straddle the strange quark mass. On the larger lattice, propa-
gators were calculated using bothc51 and the tadpole-
improved value ofc51.57. On the smaller lattice, propaga-
tors were calculated using the tadpole-improved value ofc
only.

To increase the overlap of the operators with the ground
state, all of the propagators were calculated using both a
local source and a Jacobi-smeared source with r.m.s. radius
of 2.2a @16#. Local sinks were used for all propagators. The
propagators were calculated using the minimal residual algo-
rithm, which is described in detail in@3#.

The correlators used to extract the hadron masses are
listed in Table I; for further details see@17#. We computed
meson correlators using quarks degenerate and nondegener-
ate in mass, giving three possible mass combinations for
each meson state. Furthermore, each quark propagator can be
either local or smeared, giving three possible correlators for
each mass combination. However, we computed baryon cor-
relators only for degenerate quark masses, using either all
smeared or all local quark propagators. Therefore, for each
baryon state we have two mass combinations each with two
types of sources. In order to maximize the sample size, the
discrete time symmetry of the correlators was utilized and
the data fortP@0,T/2# averaged with the data atT2t, where
T is the temporal size of the lattice.

These calculations were performed on the Meiko i860
Computing Surfaces at the Edinburgh Parallel Computing
Centre.

B. Fitting

We have performed multiexponential fits of meson corr-
elators to

(
xW

^0uM ~xW ,t !M†~0!u0&5 (
n50

nmax

AncoshSmnS T22t D D ,
~8!

and baryon correlators to

(
xW

^0uB~xW ,t !B̄~0!u0&5 (
n50

nmax

@Bnexp~2mnt !

1Cnexp„2mn
P~T2t !…# . ~9!

TABLE I. Hadron operators. The quark fields may be smeared
and there is an implicit sum over spatial sites. Lower case latin
variables indicate color indices.

State JP Correlators G structure

Mesons P 02 ^P(t)P†(0)& P5c̄ag5c
a

V 12
^VW 1(t)•VW 1

†(0)& VW 15cagW ca

^VW 2(t)•VW 2
†(0)& VW 25cagW g4c

a

Baryons N 1
2

2 ^N1(t)N̄1(0)& N15«abc(c
aCg5c

b)cc

^N2(t)N̄2(0)& N25«abc(c
aCg4g5c

b)cc

D 3
2

2 ^D(t)D̄(0)&, D5«abc(c
aCgmcb)cc
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Bn is the amplitude of the state labeled byn, andCn is that
of the ~heavier! parity partner andnmax>1.

The following criteria for multiexponential fits have been
used: acceptable values for the quality of fit,Q, and
x2/NDF; stability of the result for the ground state mass;
agreement between the result obtained using a single-
exponential fit and a double-exponential fit; ability of the
fitting algorithm to resolve two masses.

The variableQ, which is a function ofx2 andn5NDF is
defined@18# as

Q~n,x2![
1

G~n/2!
E

x2/2

`

e2ttn/221dt . ~10!

It represents the probability that givenn normal, random,
uncorrelated variables, with a mean of 0 and unit variance,
have a sum of squares which is greater thanx2. An accept-
able value forQ lies around 0.5; a much smaller value indi-
cates that the model used is incorrect, whereas a value ap-
proaching 1 indicates that too many parameters are being
used. A criterion of stability which we used is that the mass
obtained does not change noticeably when the minimum
time slice of the fit was changed slightly. The parameters
were determined by minimizing thex2 using the Levenberg-
Marquardt algorithm@18,19#. Correlations between all time
slices, and types of operator for simultaneous fits, were in-

cluded. The covariance matrix was inverted using singular
value decomposition, without eliminating any eigenvalues.
The bootstrap algorithm@20#, using 1000 bootstrap sub-
samples, was used to determine the 68% confidence levels,
regenerating the covariance matrix for each subsample.

Examples of the multiexponential fits for the pseudosca-
lar, vector, nucleon, andD are shown in Fig. 1 to Fig. 4. We
emphasize that these arenoteffective mass plots, but plots of
the mass obtained for a given fixedtmax and varyingtmin . In
obtaining results for the smaller lattice, despite having sig-
nificantly larger statistics, it was more difficult to satisfy the
above fit criteria than for the larger lattice. The pseudoscalar
mass was determined using all available smearing types and
a 2-exponential fit. Fit ranges of 3–12 and 3–16 were chosen
for the smaller and larger volumes, respectively. In the case
of the vector, the high statistics at the smaller volume al-
lowed the use of bothG matrices, listed in Table I, while for
the larger lattice, onlyVW 15c̄gW c was used. All three differ-
ent smearing types were used in both fits. Fit ranges of 4–12
and 4–16 were used and a 2-exponential fit.

As can be seen in Fig. 5 there is significant second and
even third state contamination for the nucleon when local
and smeared operators are used in the fit. Hence, only those
correlators calculated with smeared operators, with overlap
onto theJP51/22 state, were used to determineamN . The
contribution of the parity partner of Eq.~9! was found to be

FIG. 1. amP , amP8 , and Q
versustmin for c51.57, 163332,
k1 ,k250.13843, using local and
smeared propagators. The arrow
indicates which fit range was used
for the final result.

FIG. 2. amV , amV8 , and Q
versus tmin for c51.57 at
163332, k150.14077, k2

50.13843 using local and smeared
propagators. The arrow indicates
which fit range was used for the
final result.
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FIG. 3. amN , amN8 , and Q
versustmin for c51.57, 123324,
k50.14077, using only smeared
propagators. The arrow indicates
which fit range was used for the
final result.

FIG. 4. amD , amD8 , and Q
versustmin for c51.57, 163332,
k50.13843, using local and
smeared propagators. The arrow
indicates which fit range was used
for the final result.

FIG. 5. amN , amN8 , and Q
versustmin for c51.57, 123324,
k50.14077, using local and
smeared propagators.
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sufficiently suppressed iftmaxwas chosen to beT21. The fit
ranges, using a 2-exponential fit, were 2–11 and 2–15.

In the case of theD, the higher state contamination was
not as large as for the nucleon. Therefore, local and smeared
operators were used. The fit ranges were 5–11 and 5–15
with a 2-exponential fit.

III. RESULTS

The masses obtained for the pseudoscalar, vector,
nucleon, andD for each value of the clover coefficient and
combination of quark masses, are listed in Table II to Table
V. The larger lattice size corresponds to one used by the
GF11 collaboration with the Wilson fermion action and the
sameb @12#, so that we are also able to compare results for
nonzeroc with those forc50. One expects the effect of
changingc will be more noticeable at our coarse lattice spac-
ing than at a largerb. The effect of reducing the physical
volume to 123324 was also investigated, using the tadpole-
improved SW action.

A. Effect of clover coefficient

1. The chiral limit

For small quark masses, the bare mass of a quark on the
lattice can be defined as

amq5
1

2 S 1k 2
1

kcrit
D , ~11!

wherekcrit is a priori an undetermined function ofb. We use
the standard extrapolation in quark mass for pseudoscalar
mesons, neglecting possible logarithmic divergences de-
scribed by Sharpe@21#:

~amP!25bk1
ck

k
1O~k22! , ~12!

where

kcrit52
ck

bk
. ~13!

However, as noted by Bhattacharyaet al. @22# and Collins
et al. @23#, the terms which areO(k22) cannot be entirely
neglected for the quark masses used in this study. A linear
extrapolation in 1/k leads to a largex2/NDF, as can be seen
in Table VI. An estimate of the systematic uncertainty was
obtained by performing a quadratic fit through the three
masses and a linear fit to the two lightest masses. In all the
cases considered, the deviation from the original linear fit
was greater for the quadratic fit than for the linear fit to the
two lightest masses. The systematic error quoted in Table VI

TABLE II. Pseudoscalar masses at both volumes and values ofc.

c Ns
33Nt k1 k2 amP Fit range x2 NDF Q

1.57 123324 0.13843 0.13843 0.7361214
118 3–12 14.8 22 0.872

1.57 123324 0.14077 0.13843 0.638428
118 3–12 15.6 22 0.834

1.57 123324 0.14077 0.14077 0.529228
121 3–12 17.7 22 0.724

1.0 163332 0.14663 0.14663 0.7343213
119 3–16 33.9 34 0.474

1.0 163332 0.14948 0.14663 0.6458212
122 3–16 37.1 34 0.326

1.0 163332 0.14948 0.14948 0.5462212
125 3–16 43.8 34 0.121

1.57 163332 0.13843 0.13843 0.7355212
118 3–16 43.0 34 0.139

1.57 163332 0.14077 0.13843 0.6402212
122 3–16 44.8 34 0.102

1.57 163332 0.14077 0.14077 0.5319211
127 3–16 53.6 34 0.017

TABLE III. Vector masses at both volumes and values ofc.

c Ns
33Nt k1 k2 amV Fit range x2 NDF Q

1.57 123324 0.13843 0.13843 0.9381220
133 4–12 46.2 40 0.230

1.57 123324 0.14077 0.13843 0.8775226
139 4–12 39.6 40 0.488

1.57 123324 0.14077 0.14077 0.8153238
150 4–12 39.6 40 0.488

1.0 163332 0.14663 0.14663 0.8950221
141 4–16 24.2 31 0.802

1.0 163332 0.14948 0.14663 0.8325223
151 4–16 20.9 31 0.913

1.0 163332 0.14948 0.14948 0.7680235
161 4–16 22.0 31 0.882

1.57 163332 0.13843 0.13843 0.9357228
152 4–16 21.7 31 0.893

1.57 163332 0.14077 0.13843 0.8743238
164 4–16 22.7 31 0.861

1.57 163332 0.14077 0.14077 0.8093250
191 4–16 24.0 31 0.811
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is conservatively estimated to be the deviation of the qua-
dratic fit from the original linear fit.

We note that the value forkcrit is always larger when the
quadratic form is employed, regardless of the clover coeffi-
cient or lattice size used. Hence, results for other observables
will always be quoted with an entirely positive or negative
systematic error.

As can be seen from Table VI~including the GF11@12#
data for comparison!, kcrit approaches 1/8 asc is increased
from 0 to 1 and thatk̃crit in the tadpole improved case is
closer still.

2. Meson masses

In this section, the physical pseudoscalar and vector
masses are evaluated by extrapolation and interpolation in
the quark masses to the appropriate physical values. Certain
input parameters are necessary to do this. In particular, for
mesons containing up and down valence quarks~which are
assumed to be degenerate in mass and will be referred to
here as ‘‘normal’’!, one may use the experimental values for
Mp andM r ~we apply a convention that experimentally de-
termined masses are labeled with an ‘‘M ,’’ while those cal-
culated on the lattice are labeled with an ‘‘m’’ !. Effectively,
one of these sets the quark mass while the other sets the
lattice spacing.

The vector mass extrapolation has the following form:

amV5amr
crit1cV~amP!21O„~amP!3… , ~14!

where logarithmic terms due to the quenched approximation
have been discarded. The constant termamr

crit corresponds to
the vector mass in the chiral limit. Following the procedure
outlined by the GF11 collaboration, values ofamp and
amr are determined using the physical ratio

amp

amr
5
Mp

M r
50.1792 . ~15!

Once again, the systematic error due to higher-order cor-
rections is estimated by quadratically fitting all three masses
and performing a linear fit in the two lightest masses. The
deviation due to the quadratic fit was again found to be con-
sistently larger. An example of this is shown in Fig. 6. The
resulting values foramr ~including the GF11@12# data! are
quoted in Table VII. Having used the ratio of Eq.~15! to fix
the normal quark mass, the scale can be determined using
eithermp or mr .

It is useful to comparemr with the lattice measurement of
a gluonic quantity, where discretization errors areO(a2)
and, hence, can be expected to be smaller. We choose Som-
mer’s force parameter,r 0 @24#. We can extrapolate the GF11
values formrr 0 versusar0

21 to the continuum limit which
yields

mrr 0ua50
quenched52.0360.07 . ~16!

This includes a correction which the GF11 Collaboration
have used to eliminate finite volume effects, which rounds

TABLE V. D masses at both volumes and values ofc.

c Ns
33Nt k1 amD Fit range x2 NDF Q

1.57 123324 0.13843 1.5447268
187 5–11 8.3 8 0.409

1.57 123324 0.14077 1.35642127
1156 5–11 3.2 8 0.922

1.0 163332 0.14663 1.4834257
1112 5–15 11.0 16 0.808

1.0 163332 0.14948 1.2812292
1180 5–15 11.4 16 0.782

1.57 163332 0.13843 1.5251280
1125 5–15 10.4 16 0.845

1.57 163332 0.14077 1.31672143
1207 5–15 16.1 16 0.445

TABLE VI. Results forkcrit (k̃crit in the tadpole improved case!,
including the GF11 data at thisb for comparison. In the case of the
UKQCD data, the first error quoted is statistical and the second is
the systematic shift due to the fit to a quadratic form. The value of
x2/NDF quoted is for the linear fit.

Ns
33Nt c kcrit x2/NDF

123324 1.57 0.123480215
1151238 23.0

163332 0.0~GF11! 0.169405 6 52 ~stat!
163332 1.0 0.153184238

1371268 4.5
163332 1.57 0.123466226

1271176 5.5

FIG. 6. amV as a function of (amP)
2, Ns

23Nt5163332,
c51.57. The solid line indicates the central value for the linear fit
to all three masses. The dashed line is the quadratic fit. The calcu-
lated value foramr for the linear fit is also quoted.

TABLE IV. Nucleon masses at both volumes and values ofc.

c Ns
33Nt k1 amN Fit range x2 NDF Q

1.57 123324 0.13843 1.4147253
162 2–11 2.0 14 0.999

1.57 123324 0.14077 1.1741294
1106 2–11 6.4 14 0.955

1.0 163332 0.14663 1.3948271
196 2–15 20.3 22 0.564

1.0 163332 0.14948 1.1667284
1159 2–15 25.4 22 0.279

1.57 163332 0.13843 1.4231279
187 2–15 17.6 22 0.728

1.57 163332 0.14077 1.18532116
1187 2–15 23.1 22 0.397
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the result down by approximately 4%. Assuming thatr 0 and
the string tension,AK are related byr 0AK51.18 and inter-
polating the available string tension data fromb55.726.5,
one findsr 0 /a at b55.7 to be 2.94. One can then compare
our data formrr 0 at b55.7 as a function ofc with the
continuum limit from GF11. These results are plotted as a
function of c in Fig. 7, noting that there are significant dis-
cretization effects in the force parameter atb55.7 which
have not been taken into account. There is a clear trend to-
ward the continuum limit as the clover coefficient is in-
creased to its tadpole improved value.

The determination of meson masses containing strange
valence quarks requires as input the experimental mass of a
strange meson, for example,MK . With this mass as input,
one can determineamK by requiring:

amK

amr
5
MK

M r
50.643 . ~17!

From the condition of Eq.~17! and employing Eq.~14!, one
can then predictamK* fixed fromamK , which we refer to as
amK* (amK). Our results foramK* (amK) and the ratio
@amK* (amK)#/amr can be found in columns 3 and 4 of
Table VIII. We note that the ratio@amK* (amK)#/amr at
c51 is consistent to within 1 standard deviation with that at
c51.57 and that the central value lies several standard de-
viations below the experimental value. There are large sys-
tematic errors due to the chiral extrapolation at both values
of the clover coefficient, however, this error is smaller than
the difference between our results and experimental data.
The discrepancy in this ratio has also been noted atb56.0,
with c50 by Bhattacharyaet al. @22#.

The choice of strange meson is not unique. Instead, one
could have fixedamK* from

amK*
amr

5
MK*
M r

51.160 , ~18!

and through Eq.~14! one can then predictamK fixed from
amK* , which we refer to asamK(amK* ). Our results at both
clover coefficients for this mass and the ratio
@amK(amK* )#/amr are listed in columns 5 and 6 of Table
VIII. We note that the ratio@amK(amK* )#/amr is also con-
stant to within one standard deviation asc is changed from 1
to 1.57 and that the central value lies several standard devia-
tions above the experimental value. However, in this case,
the systematic errors due to the chiral extrapolation at both
values of the clover coefficient are so large that we cannot
demonstrate that these ratios are inconsistent with experi-
ment.

The massamf of the pure valences̄s vector state can be
determined similarly, but a valences̄s pseudoscalar,hs , is
not observed. However, using an estimate ofMhs

by Lipps
et al. @25#, we can estimate the ratio of these masses:

Mf

‘‘Mhs
’’

'
amV~ s̄s!

amP~ s̄s!
51.5 . ~19!

It is therefore possible to determineamV( s̄s), from Eq.
~14! and Eq.~19! without extrapolating to the chiral limit,
which we have seen previously, has large systematic errors.
The resulting masses are shown in Table IX.

Using the data from the GF11 Collaboration, it is possible
to calculateamV( s̄s) for c50 for b55.7 and the other
gauge couplings. Assuming a linear behavior with respect to

TABLE VII. Chirally extrapolated results for the vector and pseudoscalar, at the zero and normal quark
mass limits. The GF11 data at thisb is included for comparison. Another value foramr was also computed
by GF11 using a different smearing radius which is approximately 1–2 standard deviations smaller than the
one quoted here. In the case of the UKQCD data, the first error quoted is statistical and the second is the
systematic shift due to using quadratic chiral extrapolations. The value ofx2/NDF quoted is for the linear fit.

Ns
33Nt c amp amr

crit amr x2/NDF

123324 1.57 0.1250213
114259 0.6897275

1772349 0.6969274
1772327 6.7

163332 0.0~GF11! 0.5676679 ~stat!
163332 1.0 0.1113215

115256 0.6143286
1852325 0.6208286

1842309 2.4
163332 1.57 0.1228219

120260 0.67782106
11132357 0.68502106

11132336 2.1

FIG. 7. mrr 0 versusc. Statistical errors on the data points are
marked with solid lines. Systematic errors due to the quadratic chi-
ral extrapolation are marked, on the data points, with dashed lines.
The horizontal lines indicate the continuum limit from the GF11
data~a finite-volume correction has been included!, along with the
statistical error of the fit to the continuum. Systematic effects due to
discretization errors inr 0, which areO(a2) ~necessary for the ex-
trapolation to the continuum!, havenot been included.
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the lattice spacing, the continuum limit ofmV( s̄s)r 0 using
the GF11 data has been evaluated. It should be noted, how-
ever, that the linear extrapolation in the lattice spacing for
the GF11 data is very poor, having ax2/NDF of approxi-
mately 13, even though the fit is uncorrelated. It is likely,
therefore, that the continuum limit formV( s̄s)r 0 has a large
systematic error due to this fit. There is also a correction to
infinite volume which shifts the value downwards. The be-
havior ofmV( s̄s)r 0 with respect toc at b55.7 is shown in
Fig. 8. The absence of the systematic error due to the chiral
extrapolation demonstrates the effect of the clover coefficient
more clearly than frommrr 0. Again, we find there is a clear
trend toward the continuum limit as the clover coefficient is
increased to its tadpole improved value.

3. Mass splittings

Heavy quark effective theory~HQET! predicts that for
heavy-light mesons, the vector-pseudoscalar mass splitting,
DV2P5mV

22mP
2 is constant. This is borne out by experi-

ment, with MD*
2 2MD

2'0.53 GeV2 and MB*
2 2MB

2

'0.49 GeV2. A somewhat unexpected experimental result
is that this trend is continued into the light quark regime,
where the hyperfine splitting,DV2P , remains approximately
constant at 0.55 GeV2.

Quenched lattice simulations fail noticeably to reproduce
this behavior. HQET predicts thatDV2P is proportional to
^h̄smnF

mnh&, whereh is the heavy quark field. As the clover
term is of this form, naively one would then expect that
increasing the size of clover coefficient would reduce this
discrepancy at least for heavy-light systems. Tentative com-
parisons with thec50 andc51 actions atb56.2 with low
statistics indicated that the fall off in the splitting had de-
creased@3#.

In Fig. 9 the splittings from the three different values of
the clover coefficient are compared. The scale for each action
is chosen fromMK* . The slope](a2DV2P)/](amP)

2 is un-
affected by this choice. While there is a noticeable change in
the slope on going fromc50 toc51, the slopes atc51 and

c51.57 are consistent with each other. The remaining dis-
crepancy is presumably due to the error of the quenched
approximation.

4. The J parameter

As noted previously, it is useful to be able to compare
lattice spectrum results with existing experimental data with-
out an extrapolation to the chiral limit. The parameterJ,
defined as@13#

J[mK*
dmV

dmP
2 ,

mK*
mK

51.8 . ~20!

allows such a comparison. Existing quenched Wilson-like
fermion actions yield values aroundJ50.37 whereas an es-
timate of J using experimental data yieldsJ50.48(2). In
Fig. 10,J versusc ~including the calculated value ofJ at two
volumes from the GF11 Collaboration! is plotted. We find

J~b55.7,c51,163332!50.36167 ,

J~b55.7,c51.57,163332!50.366610 . ~21!

TABLE VIII. Results for the strange mesons at both volumes andc, usingMK ~columns 3 and 4! and
MK* ~columns 5 and 6! to fix the strange quark mass. The first error quoted is statistical and the second is the
systematic shift due to the use of a quadratic chiral extrapolation.

Ns
33Nt c amK* (amK) @amK* (amK)#/amr amK(amK* ) @amK(amK* )#/amr

123324 1.57 0.78267218 1.12262128 0.50569265 0.72466294

163332 1.0 0.69869221 1.12462124 0.44729
18253 0.72166285

163332 1.57 0.771210
111221 1.12563128 0.491212

113260 0.71768288

TABLE IX. Masses for the valences̄s states, defined from fix-
ing the ratioamV( s̄s)/amP( s̄s) to 1.5.

Ns
33Nt c amV( s̄s) amP( s̄s) x2/NDF

123324 1.57 0.83166 0.55464 6.7

163332 1.0 0.74228
17 0.49565 2.4

163332 1.57 0.82129
110 0.54726

17 2.1

FIG. 8. mV( s̄s)r 0 versusc. The horizontal line indicates the
continuum limit from the GF11 data~a finite-volume correction has
been included!. Systematic effects due to discretization errors in
r 0, which areO(a2) ~necessary for the extrapolation to the con-
tinuum!, havenot been included.
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The values ofJ from Eq. ~21! and Eq.~24! below, for
both nonzero values ofc and both volumes, agree with the
world average of the quenched data, and disagree with the
experimental estimate. It should be noted thatJ is trivially
related to the slope](a2DV2P)/](amP)

2 outlined in the pre-
vious section. We, therefore, expect that the prescription that
solves the anomalous behavior ofDV2P will also solve the
disagreement inJ.

5. Baryons

We extrapolate the nucleon mass to the normal-quark
limit assuming a linear dependence on the quark mass:

amN5amN
crit1cN~amP!21O„~amP!2… . ~22!

We extrapolate theD mass likewise. The final results for the
nucleon andD are quoted in Table X and Table XI, respec-
tively.

From the combined results for the pseudoscalar, vector,
and nucleon masses, we show the ‘‘Edinburgh’’ plot in Fig.
11. One finds a statistically significant difference between
the ratios at each value ofc. As c is increased, the trend of
the data is towards the phenomenological curve of Ono@26#.
Furthermore, the ratiomN /mr approaches the experimental
valueMN /M r , but even atc51.57 is still approximately
13% too large.

B. Finite volume effects

The masses obtained for the 123324 lattice are listed in
Table II to Table V. As stated previously, it proved to be
somewhat more difficult to extract reliable masses for this
volume. As before,k̃crit is evaluated with a statistical and
systematic error to be

k̃crit~b55.7,c51.57,123324!50.1234822
12124 , ~23!

which agrees with the result from the larger volume and has
a similarly sized systematic error. Likewise, as shown in Fig.
12, the hyperfine splittings are consistent to within 1 stan-
dard deviation. The chirally extrapolated and strange meson
masses are determined as in Sec. III A 2 and the results listed
in Table VII and Table VIII. Once again, the results are
consistent to within one standard deviation with those on the
larger volume. Similarly, the parameterJ is determined to be

J~b55.7,c51.57,123324!50.35767 , ~24!

which is consistent with the larger volume.

TABLE X. Chirally extrapolated results for the nucleon, at the
zero and normal quark mass limit. Thex2/NDF is not quoted as the
number of degrees of freedom is equal to the number of data points.

Ns
33Nt c amN

crit amN(amp)

123324 1.57 0.916215
116 0.931215

115

163332 1.0 0.891224
123 0.902223

123

163332 1.57 0.931228
130 0.945228

129

TABLE XI. Chirally extrapolatedD masses, at the zero and
normal quark mass limit. Thex2/NDF is not quoted as the number
of degrees of freedom is equal to the number of data points.

Ns
33Nt c amD

crit amD(amp)

123324 1.57 1.156224
123 1.167223

122

163332 1.0 1.036224
125 1.047224

125

163332 1.57 1.091230
130 1.103230

129

FIG. 9. The hyperfine splittingmV
22mP

2 versusmP
2 for all the

three values ofc at b55.7, 163332.

FIG. 10. The parameterJ againstc for all values ofc and
volumes. The horizontal line indicates the ‘‘experimental value’’;
GF11, c50, 163332 ~s!; GF11, c50, 243332 ~3!; UKQCD,
c51.0, 163332, ~L!; UKQCD, c51.57, 163332, ~h!; UKQCD,
c51.57, 123324 ~1!.
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Both baryons are more strongly affected by the size of the
lattice. The nucleon masses at bothk ’s are approximately
two standard deviations smaller than in the larger volume.
This is somewhat unexpected as other studies in quenched
QCD using Wilson-like fermions indicate that the nucleon
mass falls with increasing size over a similar range of vol-
umes@usingamr to determine the lattice spacing, we see that
our volumes vary from~2 fm!3 to ~2.6 fm!3 approximately#.
We note that theQ values for the fit to the nucleon masses
on the 123324 lattice are very close to 1, which may indi-
cate that the statistical errors are underestimated. We find the
extrapolated value

amN~b55.7,c51.57,123324!50.931215
115, ~25!

which is also two standard deviations smaller than in the
larger volume. TheD masses at bothk ’s lie approximately
two standard deviations above the values on the larger lat-
tice, and

amD~b55.7,c51.57,123324!51.167223
122. ~26!

IV. CONCLUSIONS

In this paper, we have examined the effect, atb55.7, of
changing the clover coefficient and volume on the quenched
light-hadron spectrum computed using the SW fermion ac-
tion. As the clover coefficient is increased, there is better
agreement between the perturbative~tree-level! and nonper-
turbative calculation ofkcrit . When the clover coefficient is
changed fromc50 ~the Wilson action! to c51 ~the SW
action! andc51.57 ~the tadpole-improved SW action! there
is a significant difference in the masses of the chirally ex-
trapolated and strange pseudoscalar and vector mesons, in
the nucleon andD masses and in the Edinburgh plot.

Interestingly, a number of other quantities, for example
mV
22mP

2 , J and the ratiosamK /amr andamK* /amr do not
appear to change significantly asc is changed from 1.0 to

1.57. As the finite volume effects appear to be under control,
and these observables have been chosen to avoid the system-
atic errors due to the chiral extrapolation, the possible re-
maining systematic errors are the effect of quenching the
gauge configurations and a possibly large deviation of the
mean field estimate of the clover coefficient fromcnonpert. It
would, therefore, be very interesting then to examine the
behavior of these quantities in any future studies in full QCD
under changes in the value of the clover coefficient.

In changing the volume from approximately~2 fm!3 to
~2.6 fm)3, the mesonic observables are consistent to within
one standard deviation. Baryon masses are consistent to
within two standard deviations. Unfortunately, with this data,
one cannot differentiate between differentAnsätzeused for
describing the volume behavior of masses@27,28#.

The Alpha Collaboration@5,29# has calculated the clover
coefficient nonperturbatively for 6.0<b<6.8. In general, the
coefficients obtained through this approach are significantly
larger than those obtained via tadpole improvement, al-
though the coefficients converge asb is increased. Our data
appears to suggest thatcnonpertcould atb55.7 be somewhat
larger than the tadpole improved value.

Currently, we are carrying out an analysis of the quenched
light hadron mass spectrum atb56.0 andb56.2 using the
tadpole improved SW action@30#. This will directly explore
whether better scaling is achieved usingc51/u0

3 than with
c51.
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FIG. 11. The Edinburgh plot for all three values ofc. FIG. 12. (amV)
22(amP)

2 plotted against (amP)
2 for c51.57,

Ns
23Nt5163332 and 123324.

55 1557EFFECT OF TREE-LEVEL AND MEAN-FIELD . . .



@1# K. Symanzik,Mathematical Problems in Theoretical Physics,
edited by R. Schraderet al., Lecture Notes in Physics Vol. 153
~Springer Verlag, Berlin, 1982!; K. Symanzik,Proceedings of
the Trieste Workshop on Nonperturbative Field Theory and
QCD ~World Scientific, Singapore, 1982!, p. 61.

@2# B. Sheikholeslami and R. Wohlert, Nucl. Phys.B259, 572
~1985!.

@3# UKQCD Collaboration, C. R. Alltonet al., Nucl. Phys.B407,
331 ~1993!.
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