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B̄ −→ πlν̄ at three lattice spacings FERMILAB-CONF-98/269-T
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The increasing accuracy of experimental results for the exclusive, semileptonic decay B̄ −→ πlν̄ requires a

similarly accurate calculation of the hadronic matrix elements, to determine |Vub|. We present preliminary results

for the form factors of the B to light meson decay mode. Using results from three lattices in the range 5.7 ≤ β ≤ 6.1

we study the dependence on the lattice spacing.

1. Introduction

In this report we present preliminary results
from our study of semileptonic B̄ → πlν̄ decays.
This exclusive decay mode can be used to extract
the CKM matrix element |Vub| which is currently
known to only ∼ 20% accuracy. The experimen-
tal error will be greatly reduced at B-factories, re-
quiring a similar reduction in the theoretical error
to place meaningful constraints on the unitarity
triangle.

For the first time the lattice spacing depen-
dence of the matrix elements for such decays is
studied. A similar analysis of D mesons is de-
scribed in Ref. [1]. Many of the simulation details
are the same as those described in Ref. [2], but a
brief summary is given in Table 1.†

Our strategy is to study the a-dependence
and perform the continuum extrapolations with
a light quark (active and spectator) at strange.
At β = 5.7 results are shown after the chiral
extrapolation and an estimate of the remaining
lattice spacing dependence is made based on our
study with strange light quarks. In a forthcom-
ing paper we will also perform a chiral extrapo-
lation at β = 5.9, allowing us to verify this a-
dependence. For both light and heavy quarks the
action is the tadpole-improved, Sheikholeslami-
Wohlert (SW) action with the plaquette value of
u0. For heavy quarks it is interpreted in the Fer-

∗talk presented by S. Ryan.
†Note that we have increased our statistics at β = 6.1 to

200 configurations.

β 6.1 5.9 5.7
Vol. 243 × 48 163 × 32 123 × 24

# cfgs. 200 350 300
csw 1.46 1.50 1.57

a−1 (GeV) 2.62 + 8
− 9 1.80+ 5

− 5 1.16 + 3
− 3

κh(= κb) 0.099 0.093 0.089
κl 0.1373 0.1385 0.1405

0.1410
0.1415
0.1419

Table 1. Lattice details; a = a1P−1S .

milab formalism [3]. The matrix elements and
currents are calculated at tadpole-improved tree
level as described in [3]. The calculation of the
current normalisation at one loop is underway [4]
and will be incorporated in our final results.

2. The Calculation

At each of the lattice spacings and for each mo-
mentum the required matrix element is extracted
from the three-point correlation function

C3pt(t, ~p, U) →
Zπ(~pπ)ZB(~pB)

2Eπ(~pπ)2EB(~pB)
×

e−Eπte−EB(T/2−t)〈π, ~pπ|V
µ|B, ~pB〉.

The energies and amplitudes of the two-point
functions were determined as described in Ref. [2].
In this simulation the B meson is at rest and
the light meson has momentum in lattice units
of (0,0,0), (1,0,0), (1,1,0), (1,1,1) and (2,0,0).

http://arXiv.org/abs/hep-lat/9810041v1


2

0.0 0.2 0.4 0.6 0.8 1.0
p(ss)

2
  (GeV

 2
)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

m
at

rix
 e

le
m

en
t

V4 (temporal component)
Vj (spatial component)

Figure 1. Matrix elements at β = 5.7 interpolated
to p ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.85, 1.0}
GeV.

The spatial and temporal components of the
matrix elements are interpolated in lattice mo-
menta to fixed physical values, which, being
matched at different lattice spacings, can be ex-
trapolated to a = 0. This introduces a depen-
dence on the quantity used to set the scale, al-
though it is found to be mild. Results are quoted
using the 1P-1S splitting in charmonium to de-
termine a−1. The linearly interpolated points are
shown in Figure 1; the final result depends only
mildly on using a different interpolating function.
Typical linear continuum extrapolations of the
matrix elements are in Figure 2. They show very
little a-dependence however, the lattice spacing
dependence does increase with ~pπ, as expected.

At β = 5.7 the matrix elements are extrapo-
lated quadratically to the chiral limit. For mo-
menta between 400 and 850 MeV the data fit
a quadratic form very well and have good chi-
squared. At ~pπ = 0 the results become less re-
liable because the B∗ pole causes the extrapola-
tion to rise rapidly with decreasing light quark
mass. It would be useful to have still-lighter
quarks to control this fit further, however excep-
tional configurations would have to be cured as in
eg. Ref. [5]. At higher momenta the fits once more
become less reliable due to large cutoff effects.
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Figure 2. Spatial and temporal components of
the heavy-light matrix element at ~pπ = 700 MeV
extrapolated to the continuum limit.

3. Results

Form factors are defined through

〈π(p)|V µ|B(p′)〉 = f+(q2)

[

p′ + p −
m2

B − m2
π

q2
q

]µ

+ f0(q2)
m2

B − m2
π

q2
qµ,

with q = p′ − p. One could then proceed to
determine the form factors at q2 = 0. How-
ever, we choose not to do so. Figure 3 illustrates
firstly that our results for f0(q2) and f+(q2)
agree with previous calculations using different
approaches [6,7] and secondly the huge range in
q2 over which lattice results must be extrapolated
to reach q2 = 0, thereby increasing the statisti-
cal error and introducing an unknown degree of
model dependence in the final result. Instead [8]
we focus on a quantity which can be determined
without recourse to a q2 extrapolation and which
can be used with experimental data to determine
|Vub|. The differential decay rate is such a quan-
tity, given by

dΓ

d|~pπ|
=

2mBG2
F |Vub|

2

24π3

|~pπ|
4

Eπ

∣

∣f+(q2)
∣

∣

2
. (1)

This is shown in Figure 4 where the dotted lines
define the range in pion momentum for which we
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Figure 3. The q2-dependence of f0 and f+ (in
the continuum limit) and a comparison with other
calculations. Note that the lattice data only in-
clude statistical errors.

believe our lattice calculation is most reliable, and
for which there are experimental results. Note
that the pπ = 0 region is experimentally inacces-
sible since the event rate is zero here.

4. Systematic Errors

Comparing data as in Figure 4 with the ex-
perimental measurements of exclusive branching
ratios of B mesons to pions, eg. in the range
400 ≤ pπ ≤ 850 MeV, it is possible to determine
|Vub|. Estimates of the contributions to the the-
oretical error in |Vub| are tabulated below. We
expect to improve upon these in our final results.

Statistics = 8% a-dependence = 5%
Pertn. th. = 5% Excited states = 2%

chiral extrap. = 7% mQ tuning = 1%

5. Conclusions

Our preliminary results indicate that lattice
spacing errors are under control and continuum
extrapolations are possible. The form factors we
extract agree with previous calculations for the
range of q2 where a lattice simulation is possible.
We present an alternative way to use lattice data
to determine |Vub|, namely by calculating the par-
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Figure 4. The differential decay rate (less the mo-
mentum independent pre-factors) as a function of
~pπ at β = 5.7, chirally extrapolated.

tial widths, which should reduce statistical and
systematic theoretical uncertainties [8].
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